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Timothy C. Allison

ABSTRACT

Although the finite element method is often applied to analyze the dynamics of
structures, its application to large, complex structures can be time-consuming and errors
in the modeling process may negatively affect the accuracy of analyses based on the
model. System identification techniques attempt to circumvent these problems by using
experimental response data to characterize or identify a system. However, identification
of structures that are time-varying or nonlinear is problematic because the available
methods generally require prior understanding about the equations of motion for the
system. Nonlinear system identification techniques are generally only applicable to
nonlinearities where the functional form of the nonlinearity is known and a general
nonlinear system identification theory is not available as is the case with linear theory.
Linear time-varying identification methods have been proposed for application to
nonlinear systems, but methods for general time-varying systems where the form of the
time variance is unknown have only been available for single-input single-output models.
This dissertation presents several general linear time-varying methods for multiple-input
multiple-output systems where the form of the time variance is entirely unknown. The
methods use the proper orthogonal decomposition of measured response data combined
with linear system theory to construct a model for predicting the response of an arbitrary
linear or nonlinear system without any knowledge of the equations of motion. Separate
methods are derived for predicting responses to initial displacements, initial velocities,
and forcing functions. Some methods require only one data set but only promise accurate
solutions for linear, time-invariant systems that are lightly damped and have a mass
matrix proportional to the identity matrix. Other methods use multiple data sets and are
valid for general time-varying systems. The proposed methods are applied to linear time-
invariant, time-varying, and nonlinear systems via numerical examples and experiments
and the factors affecting the accuracy of the methods are discussed.
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1. Introduction

The Finite Element (FE) method is commonly used to analyze the dynamics of complex
structures [1]. Although the method is very powerful and its extensive use in analyses is
therefore justified, some of its limitations become apparent when it is applied for analysis
of very large, possibly nonlinear structures with millions of degrees of freedom. Months
may be required to develop the geometry and form the element mesh for such models.
After the model is completed the analysis may require days or weeks of processing time
[2]. Finally, there is no guarantee that the analysis will accurately predict behavior of an
actual structure. The analysis may be incorrect due to modeling errors (e.g., incorrect
assumptions about damping or linearity), parameter errors (e.g., inaccuracy of Young’s
modulus), or other factors [3]. For this reason, model updating and validation procedures
are often employed to ensure that the model accurately produces results that are

consistent with experimental measurements.

Many system identification methods have been developed that use experimental response
data to improve or create numerical modes for structures. For example, modal analysis is
commonly used to compare resonant frequencies and/or mode shapes of linear FE models
with experimental results [4]. Model updating is also considered a type of system
identification because it applies experimental data to improve the numerical model [5].
Other system identification methods have been developed for linear and nonlinear
systems that attempt to develop a numerical model from the data when no finite element

model is available. However, current nonlinear identification techniques are only



developed for systems where the functional form of the nonlinearity is known ahead of

time.

Linear time-varying systems may be well-suited to model the behavior of nonlinear
systems and time-varying system identification has been proposed as an alternative to
nonlinear system identification [6], but most linear time-varying identification methods
require a prior understanding of the functional form of the time variance. A general
method for time-varying system identification was proposed for biological systems in [7],
but its application is limited to single-input single-output systems and a large number of
data sets are required. Perhaps due to these limitations, linear time-varying methods have

not yet been applied for nonlinear system identification.

This dissertation proposes new methods for time-varying system identification of
multiple-input multiple-output systems where understanding of the form of the time
variance is not required. The methods are based on the Proper Orthogonal Decomposition
(POD), a statistical tool for extracting dominant information from experimental data. The
POD has been applied in a variety of fields such as fluid mechanics, economics, heat

transfer, and, recently, structural dynamics.

The POD is attractive because it can be applied to any linear or nonlinear system to
express a measured response as a summation of modes [3]. These modes are generally
different from the familiar eigenmodes of a (linear time-invariant) system and can

represent the measured response (even for a nonlinear system) to any desired degree of



accuracy by using enough dominant modes. The POD is a linear procedure but it does
“not do the physical violence of linearization methods” and has been referred to as a
“safe haven in the intimidating world of nonlinearity” [8]. The system identification
methods proposed in this dissertation use the POD to cast a measured response into the
framework of a modal sum. Ideas from linear system theory and mode summation theory
are then applied to develop methods for using the data in the POD to express the response

of the system to new excitations.

The research in this dissertation contributes to the existing literature in several ways.
First, new methods for identifying time-varying systems from experimental data are
defined. These methods do not require any knowledge regarding the form of the time
variance in the structure. Next, the methods are applied to nonlinear systems and the
strengths and weaknesses of time-varying identification for nonlinear systems are
discussed. Finally, new insight into the POD for structural systems is gained as the POD

is applied in new ways to system identification.

This dissertation is comprised of six chapters and an appendix. The following chapter is a
literature review that discusses the current state-of-the-art in linear time-varying and
nonlinear system identification and summarizes many of the limitations of existing
theory. The background and calculation of the POD is also summarized and previous
applications of the POD to system identification are reviewed. Chapter 3 derives time-
varying system identification methods for systems responding to initial displacements,

initial velocities, forcing functions, or a combination of all three. Since methods



involving applied loads require the deconvolution of noisy data, a discussion on the
difficulties of deconvolution when noise is present is also presented and a solution
method is proposed. An overview of various sources of error in the methods is also given.
Chapters 4 and 5 apply the methods to numerical models and experimental data for linear
and nonlinear systems and present remarks regarding the accuracy of the methods for
various types of systems. Finally, conclusions and recommendations for future research
are contained in Chapter 6. The appendix at the end contains Matlab codes that were

used to implement the proposed identification methods.



2. Literature Review

This section offers a brief review of system identification theory for both nonlinear and
linear systems and also discusses the proper orthogonal decomposition and its previous

applications to structural dynamics and system identification.

System identification can be most generally described as “the process of developing or
improving a mathematical representation of a physical system using experimental data”
[9]. Keeping this broad definition in mind, a variety of research topics such as modal
testing, system realization, and model updating can all be classified as different

approaches to system identification.

In this dissertation, two distinct classes of system identification methods are defined. The
first class is composed of methods that must be used in conjunction with an existing
numerical model (e.g. a finite element model). As described in Chapter 1, the finite
element method is used very extensively in structural dynamics analysis and a wide
variety of methods exist for improving these existing models. The second class of
methods is those that may be used to develop a model without any prior representation of
the system. These methods seek to find input/output models of a given system based
solely on experimental measurements. Due to the difficulties that may be associated with
finite element modeling, this research is involved with extending this latter class of

methods.



2.1 Nonlinear System Identification
The current state of the art in nonlinear system identification techniques is thoroughly

reviewed in [3], but a summary of the relevant information is presented here.

Although there are many nonlinear system identification methods, generally all follow
the same essential pattern illustrated in Fig. 2.1. First, the experimental data are examined
to verify that the system in question is, in fact, responding nonlinearly to the specific
input. Next, the location, type, and functional form of the nonlinearity must be
determined. Finally, once the nonlinear forms present in the structural equations of
motion have been established, the nonlinear parameters (e.g. cubic spring constant, joint

parameters, Coulomb friction constant, etc.) can be estimated.

Several methods exist for evaluating the presence of nonlinearity in a signal, but the most
popular methods use measured frequency response function (FRF) data from different
excitation levels. Nonlinear systems generally do not follow the principle of
superposition and their frequency of response typically changes with varying excitation
amplitude [3, 10, 11]. Therefore, the FRFs obtained from inputs of varying amplitudes
will show amplitude and frequency discrepancies. More recent methods use the Hilbert

transform and can detect the presence of nonlinearity from a single FRF [12, 13].



1. Detection Yes or No ?

Aim:detect whether a nonlinearity is present or not (e.g., Yes)

2. Characterization — Whar? Where? How?

Aim: a. determine the location of the non-linearity (e.g.. at the joint)
b. determine the type of the non-linearity (e.g., Coulomb friction)

c. determine the functional form of the non-linearity

[e.g.,jm(\'._i‘) = sign (y)]

A\

3. Parameter estimation How much ?

Aim: determine the coefficient of the non-linearity (e.g., o = 5.47)

Y

T O y) = 5.47 sign (y) at the joint

Fig. 2.1 Nonlinear System Identification Process (from [3], used with author’s
permission)

Once the presence of nonlinearity is established, the next step in the system identification
process is characterizing the nonlinearity, i.e. determining its location, mechanism, and
functional form. “Characterization is a very challenging step” [3] in the nonlinear system
identification process because there exists a wide variety of mechanisms for nonlinearity.
The location of a nonlinearity is typically determined by engineering judgment and
knowledge about the system (e.g., a joint is a likely source of nonlinearity), which is
generally acceptable for simple structures. For complex structures, several methods have

been developed to locate nonlinearities [14-16].



Once the nonlinearity has been located, it must be classified, i.e. the mechanism of the
nonlinearity must be identified. Questions that must be answered at this stage are “(i)
does the nonlinearity come from stiffness or damping (or both)? (ii) does the system have
hardening or softening characteristics? (iii) is the restoring force symmetric or
asymmetric? (iv) is the nonlinearity weak or strong? (v) is the restoring force smooth or
non-smooth?” [3] and (vi) does the system have multiple equilibrium positions? Analysis
of the FRFs of the system combined with engineering experience will typically yield

insight into the classification process [12, 17].

Next, the functional form of the nonlinearity must be identified, i.e. the nonlinear
equation(s) relating the system’s dynamics must be defined. If the functional form is not
recognizable from the classification of the nonlinearity or from the body of literature, one
typically assumes that the functional form of the nonlinearity can be accurately
represented by a polynomial series. This assumption may be inaccurate (e.g. for non-
smooth nonlinearities [3]) and the method may also suffer from poor numerical

conditioning [18].

If all of the nonlinearities in the system have been successfully characterized, then one
reaches the final step in the nonlinear system identification procedure, namely, parameter
estimation. Several established methods for parameter estimation are reviewed in [3], but

the author concludes that although progress is being made, parameter estimation is still



only tractable for simple structures and further research must be completed to estimate a

large number of parameters for complex systems.

In some cases, methods may be available for creating a nonlinear model without
determining the type or functional form of the nonlinearity. The Volterra kernel method
[3, 19] is a popular method for this type of “black box” identification of nonlinear
systems. The Volterra method assumes that the functional mapping input to output can be
represented as a generalization of the convolution operator, namely the Volterra series.
As long as the series converges for a system, identification may be accomplished by
identifying the Volterra kernels in each term of the series. The Volterra kernels are
typically correlated and can be calculated directly by solving a set of integral-equations.
However, this calculation can be difficult and Volterra kernels are often expressed in
terms of orthogonalized functions (e.g. a Wiener series) that are much simpler to
determine. Unfortunately, systems with discontinuous or non-smooth nonlinearities (e.g.
joints or vibroimpacts) do not have a Volterra series representation [3] and the method

cannot be used for such systems.

Some key points may now be made about the current state of the art in nonlinear system
identification based upon this review. First, although progress is being made, nonlinear
system identification is still an active field of research and must continue to progress in
order to accommodate complex structures or structures whose nonlinear functional forms
are not well understood. Second, due to the wide variety of nonlinearities that may exist,

nonlinear system identification “will have to retain its current ‘toolbox’ philosophy” [3]



for the foreseeable future. Thus, identification of nonlinear structures for which the

nonlinearities cannot be adequately characterized remains out of reach.

What may be the key difficulty encountered with nonlinear system identification is
explained in [3]:
“[O]ne is forced to admit that there is no general analysis method that can
be applied to all systems in all instances, as it is the case for modal
analysis in linear structural dynamics...Two reasons for this failure,
namely the inapplicability of various concepts of linear theory and the
highly ‘individualistic’ nature of nonlinear systems. A third reason is that
the functional which maps the input to the output is not known
beforehand...this represents a major difficulty compared with linear
system identification for which the structure of the functional is well
defined.”
Due to the inherent limitation of nonlinear theory described above, the research described
in this dissertation develops several /inear methods for system identification that, while
suffering from limitations of linear theory, can be applied to any nonlinear system and are
more accurate than other linear system identification techniques in the sense that the

methods can reconstruct the original nonlinear response accurately regardless of the type

of nonlinearity.

2.2 Linear Time-Varying System Identification

As explained in Section 2.1, the limitations and complexities of nonlinear theory motivate
the application of linear system identification methods to nonlinear systems. Linear
theory, of course, is unable to capture many of the behaviors exhibited by nonlinear
systems, but linearization is nevertheless performed quite often because powerful tools

and intuition have been developed for linear systems. Linearization is often justified

10



because many nonlinear systems are locally linear, i.e. their behavior is approximately

linear over a limited range of motion.

Almost all linear system identification techniques that are presently used (e.g. the
Eigensystem Realization Algorithm) assume that, in addition to being linear, the system
is time-invariant [9]. Although this restriction simplifies the mathematics considerably,
linear time-varying systems are better suited to model the dynamic behavior of nonlinear
systems and linear time-varying system identification has been proposed (but never
actually applied) as an attractive alternative to nonlinear system identification [6].
Unfortunately, as is the case with nonlinear system identification methods, most linear
time-varying system identification methods require an a priori knowledge of the nature of
the time variation. If there is even a slight error in the assumed form of the time variation,

these methods have been shown to completely fail [20].

A general method for modeling arbitrary linear time-varying systems was proposed for
biological applications in [7]. Unfortunately, the method requires a very large number of
data sets (equal to the number of time samples required to capture the system’s impulse
response function, i.e. until the impulse response dies out) and is only developed for
single-input single-output systems. However, this method is, to this author’s knowledge,

the only method available for arbitrary linear time-varying system identification.

The methods proposed in this research extend the capabilities of current linear time-

varying system identification methods. The new methods require fewer data sets than the

11



method presented in [7] and may be applied to multiple-input multiple-output systems. In
addition, the new methods are derived and based on the familiar concepts of mode
summation theory in structural dynamics. Finally, the methods are also applied to

nonlinear systems as proposed in [6] and their performance is evaluated.

2.3 The Proper Orthogonal Decomposition (POD)

The POD is a statistical method for extracting significant shapes and their corresponding
amplitude modulations that are present in a displacement field time history. The POD is
an attractive tool because it is a linear procedure and its governing mathematics is
therefore relatively straightforward. However, it is often applied to both linear and
nonlinear problems to extract dominant information from a response. In fact, the POD
has been referred to as a “safe haven in the intimidating world of nonlinearity” because it

is a linear procedure but does “not do the physical violence of linearization methods” [8].

The POD, also known as the Karhunen-Loéve decomposition or principle component
analysis, has been applied in many fields, including fluid mechanics, statistics,
oceanography, meteorology, psychology, and economics. The method has been used in
fluid mechanics to extract coherent structures from a turbulent flow [8] or to generate a
basis for model reduction of unsteady viscous flows [21]. The POD has also recently
been applied in structural dynamics for model order reduction [22-27], vibration control
[28, 29], structural health monitoring [30-32], modal analysis [33, 34], sensor validation

[35, 36], nonlinear vibration analysis [37, 38], and system identification [39-42]. A more
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detailed overview of the applications of the POD in structural dynamics may be found in

[43].

The POD can be computed by several methods [43]. This section explains how the POD
is computed with the singular value decomposition of a snapshot matrix. First, a system
response is generated by exciting the system by applying a load or imposing an initial
condition, or both simultaneously. Next, the displacement at m degrees of freedom is

sampled » times and the data are arranged in a “snapshot” matrix W :

2.1)

Next, the singular value decomposition of W is computed:

. T
W =UsV 2.2)

In Eq. (2.2), the columns u, of U are the Proper Orthogonal Modes (POMs), the
columns Vv, of V" are the proper orthogonal coordinate (POC) histories that correspond to
each POM, and X is a diagonal matrix whose diagonal elements o, are the proper

orthogonal values (POVs) corresponding to each POM. The POC histories describe the
amplitude modulation of each POM and the POVs describe the relative significance of
each POM in the response W [43, 44]. If the system is a linear and lightly damped with a
mass matrix proportional to the identity matrix then the POMs will be equal to the linear

normal modes [44]. For nonlinear systems if a single nonlinear normal mode is excited
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then the first POM is a linear approximation to the excited nonlinear normal mode [44,

45]. The percentage of signal energy captured by a single POM u, is given by

— O-i
&= - (2.3)

m
ZO']«

J=1

Typically, only POMs that constitute a certain percentage of signal energy (e.g. 99% or
99.9%) are considered [8, 33, 43]. If kK dominant POMs are considered then we may
approximate ¥ as a summation of POMs and corresponding POC histories, shown below
(noting that ¥ is diagonal):
k

W~ ;a[u[vf (2.4)
We note that even signals generated by nonlinear systems may be represented by a
summation of POMs. The POMs are “appealing for nonlinear system identification”, in
part because they “obey a ‘sort of principle of superposition’ due to the fact that the
original signal is retrieved when all of the modal contributions are added up” [3]. In
addition, the POMs are the optimal basis for reconstructing the original displacement
efficiently. In other words, W may be approximated using fewer POMs than any other

modes while maintaining the same level of accuracy. Finally, it should be noted that the

POMs and POC histories are orthonormal:

Tyr _ Ty, _
vuuvu=vvwr=I (2.5)
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Although this section has focused on calculation of the POMs, POVs, and POC histories
by performing a singular value decomposition, these quantities may also be determined
when calculating the POD by other methods [43]. The singular value decomposition is
used in this instance for its simplicity and convenient expression as a summation of

modes.

Most applications of the POD use only the POMs, meaning that only the spatial
information about the system is obtained. The only documented use for the POC histories
is to examine their frequency content to determine which linear normal modes are
represented in each POM [33, 43]. This research describes a new application for the POC
histories by using them with the other components of the POD to predict the response of

the system to new excitations.

Finally, there are features of the POD that affect its usefulness for modeling applications.
First, the POMs are excitation dependent, i.e. although a few dominant POMs may
accurately describe the original response, there is no guarantee of their accuracy when
they are used to predict the response to a new excitation. Although research is being
performed to develop an a priori estimate of this error [45], a satisfactory estimate is still
beyond reach. Another limitation presents itself when the POD is applied for model
reduction of a large system. In order to construct an original data set and determine
dominant POMs, one must first simulate a response using the full-order model.

Therefore, the POD is most useful for model reduction applications where multiple
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responses must be simulated. Despite these limitations, the POD is considered a useful

tool for structural dynamics analyses, particularly for nonlinear systems.

2.4 Use of the POD in Structural Dynamics System Identification
The POD has been used for structural dynamics system identification purposes in several
recent publications. This section reviews the literature and discusses how the research

presented in this dissertation differs from existing methods.

First, two publications describe research that combines the POD with other established
system identification methods. References [39] and [40] use a limited number of
dominant POMs to significantly reduce the number of coordinates in a measured data set.
Then, the Eigensystem Realization Algorithm (ERA) is applied to the reduced coordinate
data to construct a reduced-order state space model for the system. The research
described in this dissertation formulates a new linear time-varying system identification
method and can be applied to nonlinear systems without requiring characterization of the

nonlinearities.

Another strategy for system identification is model updating, where experimental data are
compared with simulation data from a finite element model and adjustments are made to
the finite element model so that its prediction matches the experiment. The POD has been
applied in a model updating strategy in [41]. Specifically, the POMs are compared for
both experimental and simulated data and an optimization procedure is employed to

estimate nonlinear parameters. Unfortunately, a model updating approach requires that a
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finite element model be constructed and a simulation be generated for comparison with
the experimental data. The methods presented in Chapter 3 construct a predictive model

from experimental data without requiring prior construction of a finite element model.

Finally, a method was presented in [42] for detecting nonlinearity in a system. As the
degree of nonlinearity was increased a transfer of energy from low to high order POMs
was observed as measured by the corresponding POV. Although this method is useful for
the first step of the nonlinear system identification process, it does not yield a model and
the remaining steps of the process must be completed before a model is obtained. The

method proposed in this research differs in that it yields a predictive model for a system.

To summarize, the methods proposed in this research improve upon previous applications
of the POD to system identification in two ways. First, the proposed methods construct a
predictive model for time-varying or nonlinear systems. Second, the proposed methods
are able to construct the model without requiring any prior knowledge regarding the

equations of motion for the structure.
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3. Development of POD-based System Identification Methods

In this section, new POD-based system identification methods are presented for three
classes of system responses. The first methods apply to systems that are excited only by
initial conditions and whose response is accordingly labeled a free response. Next,
methods are developed for systems that are subjected to an applied forcing function and
start at rest. Because the responses of these types of systems are entirely due to the
applied forces, their response is termed a forced response. Systems responding to both
initial conditions and applied forces are considered in the “mixed response” section.
Since both the forced- and mixed-response methods involve deconvolution operations, a
section on the challenges of deconvolution is also included with a description of a
proposed solution method. Finally, a section is included that discusses the various sources

of error that are present in the predicted responses for various methods.

3.1 Proper Orthogonal Coordinate Histories
Because all of the methods involve modifying the proper orthogonal coordinate (POC)
histories in order to predict responses to new excitations, an analytical expression for the

POC histories is developed in this section. The displacement w(x,z) of a vibratory system

is governed by the (generally time-varying) equation

M{iv, )+ Dbt} + Liw,t} = £ (x,t) 3.1)

Where M, D, and L are mass, damping, and stiffness operators, respectively, and

f (x, t) is a distributed forcing function. At this point we do not make any assumptions
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about the form of M, D, and L other than that they are linear. The solution to Eq. (3.1)

may be computed by approximating the displacement variable with a modal sum:
W(x,t)z Zui (x)Tl (t) (3.2)

In this paper we assume that the POMs are used as the modes u,(x). If this is the case
then the modal coordinates 7; (l‘ ) are equivalent to the POCs scaled by the POVs. In other
words, the scaled POC histories V, = o,V, are time-sampled forms of the modal

coordinates. We may then combine Egs. (3.1) and (3.2) to obtain a matrix ordinary

differential equation for the POCs:
M{(e)T(e)+ D(e)T(e)+ K ()T(t)=qle) (33)

In Eq. (3.3), the quantities M (t), D(t), and K (t )are the mass, damping, and stiffness
matrices formed by taking inner products of the POMs with the respective operators [47].

The quantity q(t) is a vector of modal forces obtained by forming the inner product of
the POMs with the applied load f (x, t). In general, the matrices in Eq. (3.3) are full and

an expression for the POCs is found by converting Eq. (3.3) to state form:

{18}:’4(%;8}”@)‘*@ G

In Eq. (3.4), A(t) and B(¢) are state matrices formed from M (¢), D(t), and K(¢):
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0 1
o= [—M ()" K@) -m()" D(t)} (3-5)

0|y 66)

The solution to Eq. (3.4) is given by [47]:

] -obfo ot -

T(0) (3.7)
where ®(¢) is the state transition matrix, which for time-varying systems can be
computed from the Peano-Baker series [48]:

(D(t) =] +J-A(O'l )dO'l +jA(O'1 )jA(O‘z)dO'ZdO'I +... (38)
0 0 0

The scaled POC histories are obtained from the upper-half partition of Eq. (3.7), i.e.

T@)=[0() @ (f)]{T(O;} * J(;CDIZ (= e =)ale)d (3.9)

T(0

where ®(¢) is partitioned into four equal submatrices:

(3.10)

If a system is linear, lightly damped, has a mass matrix proportional to the identity
matrix, and is responding to initial conditions only, then the POMs are equivalent to the

eigenmodes of the system [44, 45] and the mass and stiffness matrices in Eq. (3.3) are
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diagonal. If proportional damping exists, then the damping matrix is also diagonal and

the state matrix A(t) is a block matrix composed of four equally sized submatrices that
are diagonal. If A(t) is composed of diagonal submatrices, then so are all of the integrals
of A(t)and matrix products of A(¢) with its integrals in Eq. (3.8). Because every term in
Eq. (3.8) is composed of diagonal submatrices, then the submatrices of CD(t) in Eq. (3.10)

are all diagonal.
An example is now presented of a system that meets the requirements for the POMs to be

equal to the eigenmodes. Consider the nondimensional mass-spring system shown in Fig.

3.1.

k=1 k=1 k=1

=1 m=1

Ca &
-

m=1

m
] £ 47
L

R o~

Fig. 3.1 Example Mass-Spring System with Equal Masses

The mass matrix for the system is

<

I
S O =
S = O
—_— O O

and the stiffness matrix is
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This system is undamped and the mass matrix is proportional to (in fact, it is equal to) the

identity matrix. The eigenmodes (scaled so that they are orthonormal) for the system are:

0328 0.737 —0.591
[vi wy w;3]=]0591 0328 0.737
0.737 -0.591 —0.328

The system is given an initial displacement of W = [0 0 I]T and the response is

sampled every 0.1 s for 120 seconds. The proper orthogonal modes for the system may be

computed from the measured response and are equal to:

0.3246  0.7398 —0.5893
[u; u; u,]=[05836 03337  0.7403
0.7443 —0.5843 —0.3235

We note that the order of the POMs is not the same as that of the eigenmodes. This is
because the third eigenmode is most active in the measured response and is therefore
approximated by the POM that corresponds to the highest POV, i.e. the first POM. The
POMs and eigenmodes, although very similar, are not exactly equal. However, the study
in [45] demonstrated empirically that the difference in POMs and eigenmodes disappears
as number of samples and the total measurement time increase. In this case, we will show

that the POMs and eigenmodes are similar enough that the assumption of diagonal
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submatrices of ®(¢) holds. The PO-modal mass and stiffness matrices are calculated to

be:

M'=

S O
S~ O
— O O

1.5546 0.0004 0.0126
K'={0.0004 3.2469 0.0178
0.0126 0.0178 0.1983

We note that although the modal stiffness matrix is not diagonal, it is diagonally

dominant. The modal matrices may now be used to form the state matrix 4 :

4o 033 133
_K’ 03)(3

Finally, the state transition matrix ®(¢) may be formed at every time step from the series

in Eq. (3.8). Although it is impractical here to show all of the data at multiple time steps,

we can illustrate the diagonal dominance of the various submatrices of ®(z) by

examining the 2-norm of each matrix element over a time range. The values of each

element of ®(t) were calculated at every 0.1 s for 10 seconds and a vector was formed

containing the time-series data for each element, i.e.:

I q’zj(fl) |
Dy

.(f 2)

®;;(1100)

=i =
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The 2-norm of each vector @ jj was then calculated. The 2-norms for each element of

®(¢) are shown below:

~ [50.60 0.0 001 3240 000 0.02 ]
Nenl, |@nl, - @, | | 000 4936 000 000 1590 o0.01
[0, @], 1001 000 5333 002 0.0 240.57
: 7834 0.00 001 50.60 0.0 0.0l
[@61], |®@gs]l, | | 000 167.66 0.01 000 49.36 0.00
[ 0.01 001 944 001 000 5333

Clearly, the diagonal terms in each of the four submatrices of ®(¢) contain much larger

values than the off-diagonal terms. Thus, we will describe methods for systems that are
lightly damped with a mass matrix proportional to the identity matrix where these terms
are neglected. Even in cases where the POMs are not exactly equal to the eigenmodes,
the modal matrices may be diagonally dominant and the approximation may still be

accurate, as was demonstrated by this example.

3.2 Free Response

This section provides several methods for using the POMs and POC histories obtained
from a system’s response to an original set of initial conditions to predict the system’s
response to other initial conditions. Specifically, if an initial displacement is used to
generate the original response, a method is presented for predicting the response to a new
initial displacement, and likewise for velocities. An original method termed ‘POV
Recalculation’ is described first that was developed without using the state-space
concepts described in Section 3.1 (see [49] and [50]). The method of POV recalculation

is then explored in the state-space framework to show that it is equivalent to assuming
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that the modal matrices are diagonal. Finally, a new method is proposed using multiple

data sets for systems that may have full modal matrices.

3.2.1 Method of POV Recalculation

This section describes the original proposed method for performing free response
predictions. As shown in Eq. (2.2), the matricesU ,V and X describe completely a
system’s response to an excitation without requiring information about the system’s

governing equations of motion. Suppose that an initial displacement profile w, or
velocity profile W, was imposed to form . We now wish to modify the matrices to
describe the system’s response to a different initial displacement profile W, . Since the

matrices U,V and X represent a given response (linear or nonlinear) as a modal sum,
we draw upon ideas from mode summation theory to develop a method for modifying

them to predict a response to a new set of initial conditions.

When solving vibration problems (e.g., the wave equation) analytically using separation
of variables, a typical approach is to express the response as a summation of spatial
eigenfunctions, temporal functions, and coefficients that indicate the relative significance
of each mode in the response. While the eigenfunctions and temporal functions do not
depend on the initial conditions, the significance coefficients do depend on them and are
calculated using inner products of the eigenfunctions with the initial displacement or

velocity profile [51].
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Our original approach mimics this pattern and assumes that U and /' do not change for

a given system, but that the participation of each POM, measured by o, , changes to
represent the response to new initial conditions. If these assumptions are made then the

response W to W, may be written as

(3.11)

where the tilde notation indicates that the values in the diagonal matrix £ have changed,

although S is still diagonal. Methods for calculating the new POVs are now presented

separately for responses to initial displacements and initial velocities.

We now explain how to calculate the new POVs for a system excited by initial
displacements. We begin by writing the first column of Eq. (3.11), which corresponds to

the initial time¢ =1¢,:

k
W, ~ le Ui (3.12)

In Eq. (3.12), the scalar v, , is the first element in each POC history v,. The new POVs
o, are the only unknowns in Eq. (3.12). We recall that the POMs are orthonormal and
multiply both sides of Eq. (3.12) on the left by u’ to eliminate all but the j* term in the

summation. The resulting equation may be solved for g, :

(3.13)
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We note that Eq. (3.13) is valid for any POV-initial displacement pair. Inserting the

original POVs and original initial displacement profile into Eq. (3.13) yields:

_ufwo o
o, = ,j=12,... k. (3.14)

Vio

Because the original POVs are finite we may conclude that the initial value of each POC

history v, ; is nonzero and that new POVs calculated from Eq. (3.13) will always be
finite. After the new POVs &, have been calculated, the response to W, may be

approximated using Eq. (3.11), replacing the dummy index variable j with i.

If an initial velocity profile W, is applied to form ', the response to a different velocity

profile WO may be calculated using the same reasoning given for initial displacements.

However, we first take the time derivative of Eq. (3.11) in order to deal with velocities

instead of displacements:

. k
- -
W= 5uv, (3.15)
i=1
We consider the first column of Eq. (3.15), corresponding to ¢ =¢,:
k
W, = Zo-iuivi,o (3.16)
i=1

Again, we may use the orthogonality of the POMs to solve for the POVs. For initial

velocities, the new POVs are calculated from
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5A: " ,j=1,2,...,k.

(3.17)

In Eq. (3.17), the time derivative of the POC histories at ¢ =, may be calculated from
the original velocity profile W, if it is known. Eq. (3.17) is valid for any set of initial
velocity and corresponding POVs, so we may replace &, and WO with the original values

and solve for v,

utw,

S P
Vo= > ,j=12,... k. (3.18)

J

By using the new POVs calculated from Eqgs. (3.13) (for initial displacements) or (3.17)
(for initial velocities) in Eq. (3.11), we are able to predict the free response of a system to
a variety of initial conditions using only data obtained from the original POD. A
flowchart describing the POVR method for initial displacements is shown in Fig. 3.2
below. The method for initial velocities is very similar and a separate flowchart is not

provided.

28



Measure original
response W

A 4

Calculate POD (Eq.
2.2)

A 4
Calculate new POVs for
response to W, (Eq. 3.13)

\ 4

Use new POVs to predict new
response (Eq. 3.11)

Fig. 3.2 Flowchart for POVR Method

3.2.2 POV Recalculation from a State-Space Perspective

This section interprets the method given in 3.2.1 from the perspective introduced in
Section 3.1 and exposes a hidden assumption in the first method. If we assume that the
original response was formed by imposing an initial displacement on the structure then

the expression for the scaled POC histories is quite simple:
T(t)=(l)11(l‘)T(0) (3.19)

If we assume that @, (t) is diagonal (a true assumption if the conditions outlined in

Section 3.1 are met) then the expression is simplified even more and a single scaled POC

history can be written as

Tj(t)=q)11,j(f)Tj(0) (3.20)
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or in time-sampled form at all time steps as
J 7T T A, (3.21)

where ¢, ; is a vector containing the values of the j” diagonal element of ®,,(¢) at

every time step. The POC history may be modified to represent the response to a new

initial condition:

= > V0
V.= Vv = ~
j=811,;Y50 P (3.22)
The initial values for the scaled POC histories are related to the initial displacement
profiles through a POM:
. = r ~
["j,o Vo ]: ujlw, W] (3.23)

Finally, we may insert Eq. (3.23) into Eq. (3.22) to rewrite the modified POC history as

=o,V,—=0,V, (3.24)

where o is the new POV obtained from Eq. (3.13). Eqgs. (3.20) — (3.24) show that the

method of POV recalculation explained in Section 3.2.1 assumes that the modal matrices
in Eq. (3.3) are diagonal, although this assumption was not obvious from the formulation
of the method. It is trivial to show that the same assumption is made for initial velocity
profiles. The method of POV recalculation is therefore invalid for structures with

arbitrary damping or with a mass matrix not proportional to the identity matrix.
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3.2.3 Multiple Data Set Method

The previous section demonstrated that the method of POV recalculation is only valid for
structures with light or no damping and mass matrices proportional to the identity matrix.
This section proposes a method for using multiple data sets to identify relevant matrices
®,,(¢) (for initial displacements) and ®,,(¢) (for initial velocities) without assuming
anything about their form. Examination of Eq. (3.19) suggests that data sets resulting
from k linearly independent initial velocity profiles may be used to solve for @, (t) First
the data sets must all be approximated in terms of the original POMs because the state-
space formulation in Section 3.1 used only one set of POMs (see Eq. (3.2)). This

approximation is peformed as:

w=uuT(w)=u(P7) =12,k (3.25)

In Eq. (3.25), the columns of ’ ¥ now describe the time modulations of the original POMs

in the new response. The new POC histories for all k£ data sets at a particular time step

t; can now be written in terms of @, (¢;):

Di(t) j‘;l(tz) 1’:91(%')
vz.(ti) Vz.(ti) vz.(ti)=q)11(fi)[\70 20y o k00]=®11(ti)l}0 (3.26)
i (t;) 292(&') k‘;k(tt)

If the initial displacement profiles are linearly independent then we may solve for @,,(;):
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_|Palt) Za() e 0a(e) [
: S (3.27)

After ®,(z;) has been obtained from Eq. (3.27) at every time step, the POC histories

representing a response to a new initial displacement profile may be calculated at each

time step from

¢ >
() =@y (t; )00 (3.28)

k
70 s
W2 u,v; (3.29)

The procedure is very similar for initial velocity profiles. The POC histories for £ data

sets may be expressed as

Dy (t;) 22‘31(%') 1]:‘3 ;)
Vz(ti) Vz.(ti) Vz.(ti)=q)12(fi)[</o g k00]=®11(fi)r}o (3.30)
() 29,() 5 (e;)

where the initial time derivatives of the POC histories may be calculated using the

original initial velocity profiles and the original POMs, i.e.
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ko

o 200 -~ %iol=uTlwe 2w, Wo (3.31)

If the initial velocity profiles are chosen so that they are linearly independent then we

may solve for @, (ti ):

(3.32)

Finally, the POC histories corresponding to a new initial velocity profile are calculated

from

(3.33)

and the new response in physical coordinates may be obtained from Eq. (3.29).

Both of the free response methods obtained in this section are very similar to the method
proposed in [52] for solving for the full state transition matrix dD(t). The method
proposed here requires far fewer data sets, however, because (1) only the submatrices of
CD(t) that are necessary for predicting the response of the displacement states are
calculated and (2) the size of d)(t) is reduced considerably because the optimality of the

POD allows the original response to be approximated by only using a few dominant

POMs.
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A flowchart describing the MDS method for initial displacements is given in Fig. 3.3.
The method for initial velocities is trivially similar and a separate flowchart is

unnecessary.

Measure original data
set W and w,

\ 4

Calculate POD (Eq. 2.2). Determine k&
for a desired signal energy percentage

A 4

Measure k-1
supplemental data sets

\ 4

Express all data sets in terms of original
POMs (Egs. (3.25) and (3.31))

A 4

Calculate ®(;) at every
time step from Eq. (3.27)

A 4

Calculate new scaled POC
histories from Eq. (3.28)

A 4

Predict new response from
Eq. (3.29)

Fig. 3.3 Flowchart for MDS Method
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3.3 Forced Response

This section builds upon this concepts introduced in Section 3.1 to develop two methods
(see [53]) for modifying the POC histories obtained from a system’s forced response to
create a system model for predicting system responses to new loads. If the system starts

at rest, the POCs are found from the upper half of the second term in Eq. (3.7):

T0)= [ €l eX(ekir = c()ale) 639

0

In Eq. (3.34), the square matrix C(t) is of dimension & and is defined as the upper-half

partition of the matrix product CD(t)B(t) ,1.e.

c)=[o, () @12(t){MOl} =, ()M (3.35)

Eq. (3.34) shows that the POC histories are the result of a matrix-vector convolution. Our

strategy for system identification, then, is to calculate the matrix C (t) through
deconvolution methods. Once C(t) has been calculated, the response of the system to

new loads may be predicted by convolving C(¢) with a new modal force vector.

We will now set up the deconvolution problem that must be solved to compute the
matrix C(¢) at each time from the POC histories. First, we write the i” row of Eq. (3.34)

in time-sampled form to express a scaled POC history as a sum of convolutions

V,=C,*(q,+C, *q, +---+C, *(, (3.36)
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where the n-vectors ¢, and q; are the time-sampled forms of C; (t) and ¢q; (t),

respectively. Next, we sample the applied load f (x,t) at the same locations and time

steps used to form W in Eq. (3.1) and store the data in a force matrix F :

FACYRWACOREERWACH

(3.37)

The modal forces are computed by taking the inner product of the POMs with the force

matrix:

q,=u’(F)i=12,..k (3.38)

The convolution of ¢; and q; in the time domain may be written as a summation [58]:

S
(Cij *qutS]: At ZCU [tp h] [tS—P+llS = 1’2""’” (3 39)
p=1 '
When the summation in Eq. (3.39) is performed for all times s=1,2,...,n, the convolution

may be written as a matrix-vector product:

SRR
RS ey B (3.40)
qj[t}’l] qj[tl’l—l] qj[tl] Cij[fn]
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We will refer to the Toeplitz matrix O . in Eq. (3.40) as a convolution matrix for g ,. We

now use convolution matrices to write each convolution in Eq. (3.36) as a matrix-vector

product:
U, =00C,+0,C+--+0,Cy (3.41)
Now we may write the convolution for all £ POC histories in matrix form:

Cit C1 - Cpn

I}z[Ql 6 - G 0152 szz C/§2 =[Q1 0, - Qk]E (3.42)

Cik Cor - Ci

In Eq. (3.42), the matrix C contains the information in C(t)at all n time steps. The
dimensions of C are nk x k . We are unable to solve for C by solving Eq. (3.42) because
it is a system of only nk equations and C is composed of nk” unknown terms. The next
two sections present two methods for computing C . First, as explained in Section 3.1,
systems that meet special conditions will have a diagonal C(t) matrix, and the

deconvolution may be performed separately for each POM using only a single load-
response data set (see [54]). If the system does not meet the necessary conditions then we

propose a second method that incorporates load and response data from multiple load

cases in order to add rows to Eq. (3.42) and solve for the full C matrix (see [55]).

3.3.1 The Single-Load Method
If a system is lightly damped and has a mass matrix proportional to the identity matrix,

then the POMs are equivalent to the eigenmodes of the system and we can conclude that
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the matrix C(¢) in Eq. (3.35) is diagonal because @, (¢) and M (¢)are both diagonal. In
this case, the terms in Eq. (3.42) due to off-diagonal elements of C(t) vanish and the

diagonal elements of C (t)can be calculated by solving the linear system

V,=0c,,i=12,...k (3.43)

Once the diagonal elements of C(¢) have been calculated, we can use them to form

modified POC histories to represent the response to a new load f(x,t). First, ?(x,t) is

written in matrix form as F and new modal forces g; are formed as in Eq. (3.38). Next,
the modal forces are convolved with the diagonal elements of C(t) to form new POC

histories:

(3.44)

In Eq. (3.44), the matrices Q are convolution matrices formed from the new modal
forces. Finally, the new POC histories are used with the original POMs to predict the

response of the system to F :
~ k ,:‘T
W=;“f"f (3.45)

A flowchart describing the SL method is shown in Fig. 3.4.
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set W and F
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Calculate POD using Eq. (2.2)
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\ 4

Solve Eq. (3.43) for
c.. for each mode

A 4

Calculate new scaled POC
histories from Eq. (3.44)

\ 4

Predict new response from
Eq. (3.45)

Fig. 3.4 Flowchart for SL Method

3.3.2 The Multiple-Load Method

If the structure does not meet the conditions required for the single-load method, it is

possible to use multiple sets of load-response data to solve for C . When we measure
response data from a second applied load, the response may be approximated using the

original POMs as
wuU" (w)=u(77) (3.46)

where the columns of 2V are the time modulations of the original POMs in the second

measured response. We use the original POMs because the expression for C(t) was
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developed using only one set of POMs in Eq. (3.2). The modal forces may also be

computed for the second load case using the original POMs:
*q, =u! (*F) (3.47)

In Eq. (3.47), *F is a matrix similar to F in Eq. (3.37), but it contains force data for the

second load case. We may repeat this procedure for & sets of load and response data and

add a sufficient number of rows to Eq. (3.42) to solve for C :

I}A QJ Qf ka
V B Q Q ::: %5 (3.48)
AI} le sz ka

In Eq. (3.48), ’ Qi is defined as the convolution matrix for the i” modal force and the ;"

load case. Once C has been identified by solving Eq. (3.48), we may compute POC

histories for the response to a new force F . New modal forces are calculated as in Eq.

(3.38) and formed into convolution matrices as shown in Eq. (3.40). The new POC

histories are then calculated by convolving the new modal forces with C :
V-|o o - alc (349)

Once the new POC histories have been calculated, Eq. (3.45) may be used to calculate the
predicted response of the system to the new load. A flowchart for the ML method is

provided in Fig. 3.5.
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Fig. 3.5 Flowchart for ML Method

3.4 Mixed Response
The previous sections introduced methods for using strictly free or forced responses of a
system to predict new free or forced responses, respectively, but the methods could not be

combined, i.e. a measured free response could not be used to predict a forced response or
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vice versa. This section describes a method from [56] and [57] for using measured mixed
responses of a system to form a predictive model for both free and forced responses. The
method assumes that the structure is lightly damped and that the mass matrix is
proportional to the identity matrix and that the POMs are therefore equal to the

eigenmodes.

We begin by measuring three distinct sets of response data that all result from separate

combinations of both applied loads and initial conditions. The data are arranged in

snapshot matrices “W , "W and ‘W . We now calculate the POD of the first snapshot

matrix:
w=(ufsfrr)= (vl (3.50)

In Equation (3.50) we have combined the POVs with the POC histories. Equation (3.50)
is an approximation because we have kept only the k& dominant POMs. We may

approximate the snapshot matrix "/ using the first set of POMs as

bWz(aUXaUTXbW) Gsh)

where the approximation is now transformed into the subspace spanned by the POMs

‘U . We may rewrite Equation (3.51) as

v (aUXbI}T) G:52)
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where °V7 contains the time modulations of the POMs “U in the response " . Similarly,

‘w can be approximated by

CWz(”UXCI}T) (3.53)

where

epT _ (aUT XCW) (.54

Using the POV recalculation and single-load identification methods outlined in the
previous sections, we now write each POC history as a superposition of free and forced

responses:

agy, _a a a

Vi_ O-i,dispvi,disp+ O-i,velvi,vel+ Qicii (355)
by, b b b

Vi_ O-i,dispvi,disp—i_ Ui,velvi,vel+ Qicii (356)
oy _c ¢ ¢ ~

Vi_ O-i,dispvi,disp+ Ji,velvi,vel+ Qicii (357)

The modal forces used to form the matrices “Q. ! Q. and “'Q. are all computed using the

POMs “U. The terms V.

iaip@nd Vv, are POC histories for calculating the response to

initial displacements and velocities, respectively. The term C, may be considered a

discretized modal impulse response function. We wish to solve forv % and C as

i,disp ° i,vel »

they will allow us to predict system responses to new initial displacements, initial
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velocities, and loads, respectively. However, Egs. (3.55) - (3.57) represent only three

matrix equations and there are nine matrix unknowns.

Additional equations may be found by considering the initial displacement and velocity
profiles used to generate ‘“w, "wand ‘w . We can compute the ratio of two displacement

related POVs as

"w, | (3.58)

Similarly, the remaining displacement POV ratio and the velocity POV ratios can be

computed as

cO_ - (HUTXCWO) (359)

"W, | (3.60)

W, ) (3.61)
The final two equations are obtained by recalling the orthonormality of POC histories:

T —
Vi,dispvi,disp =1

(3.62)

T —
VivaVive =1 (3.63)
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Egs. (3.55) - (3.63) represent a system of linear equations that may be solved to obtain

v v and ¢, for i=1, 2, ..., k. Once these quantities are obtained they may be

idisp ° ivel »
used as explained in the previous sections to predict the response of the system to any

combination of initial displacements or applied loads.

If mixed response data are used to predict the response to initial velocities then the
method given in Section 3.2.1 must be modified slightly. In Section 3.2.1 the initial time
derivative of each POC history was calculated from Equation (3.18). If mixed response

then the initial time derivative v,

i,0,ve

data are used to identify Vv, , can not be calculated

i,vel

in the same way because there are no POVs directly corresponding to v In this case,

ivel *

however, we can approximate v, a

v ~ Vi,vel (12 ) B vi,vel (tl)
i,0,vel ~ A[ (364)

The MR method is described in a flowchart in Fig. 3.6 below.
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Fig. 3.6 Flowchart for MR Method

3.5 Deconvolution and Least Squares Methods

The methods given in Sections 3.3 and 3.4 for forced and mixed responses both involve
solving deconvolution problems. This section reviews the difficulties associated with the
deconvolution of noisy signals and describes the total least squares method for
calculating acceptable solutions in the presence of noise. Although the existing literature
does not discuss a matrix-vector deconvolution problem (such as exists in Eq. (3.48)), all
of the principles discussed in this section apply equally well to a matrix-vector
deconvolution. An excellent review of deconvolution theory is given in [59]; this section

will provide a summary of the theory and its associated difficulties and then introduce the

total least squares method as an appropriate solution technique.
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The convolution of two signals h(t) and x(t) in the time domain is given by

y(t) = jh(t — T)x(r)dr = jx(t - T)h(T)dZ’ (3.65)

and is usually symbolized by the ‘*’ operator:
30) = (o) x0) = () ) 666

Deconvolution is the procedure of determining /() from knowledge of x(¢) and y(z).

Deconvolution has no direct mathematical definition in the time domain other than being
the inverse of Eq. (3.65). In the frequency domain, however, convolution is expressed as

multiplication
Y(jw)=H(jo)X(jo) (3.67)

and deconvolution is performed by division of frequency spectra:

H(]a))= . (3.68)

With exact knowledge of x(¢) and y(t), deconvolution is possible and A(t) can be
determined exactly in the frequency domain from Eq.. (3.52) or in the time domain by
solving a system of linear equations as in Eq. (3.43). In practice, however, x(t) and y(t)
are not known exactly, but are obtained from noisy measurements. The measured signals,

denoted x, () and y,(¢), can be expressed as
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x,(6)=x(t)+ x,(¢) (3.69)
7, (6)= y(6)+ 2. (¢) (3.70)

where x,(¢) and y,(¢) are unknown error components. Expressing the true signals in

terms of measured and error components into Eq. (3.67) yields
Y,(jo)-Y,(jo)= H(jo)X,(jo)- X, (jo) (3.71)

Eq. (3.71) cannot be solved for H ( ja)) because the error components are unknown.

Instead, we solve for

H,(jo)=2>F ) (3.72)

which may or may not be a good approximation to H ( ja)). In fact, we can examine the
approximation by rewriting Eq. (3.71) and comparing it with Eq. (3.72). The

approximation is

Y. (o)
*X. o) " W) (3.73)

-\ Y(jo) Y, (je)-Y.(jo)
MU0 X(a) " X, o)-X.(o)

Unfortunately, there are several situations where this approximation fails, resulting in a

very poor estimate of H ( J a)) First, there are regions where X ( J a)) may be very small
(and, from Eq. (3.67), Y ( Jj a)) is small as well). The resulting approximations that
X(ja)) ~X, (]a)) and Y(ja)) =Y, (]a)) are then likely to be inaccurate and the ratio

Y, ( ja))/ X, ( j a)) may be orders of magnitude off [59]. Another special case is where
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X(jw)=—-X,(jo), resulting in infinite values for H ,(jw). These errors in H(jo)

may dominate the entire behavior of the time-domain signal, obscuring all meaningful

details of 4, (¢)[59].

Although this description has utilized the frequency-domain form of deconvolution in Eq.
(3.68) for explanation, the same errors exist when deconvolution is performed entirely in
the time domain [59]. Due to these errors, the deconvolution problem cannot be solved
uniquely and is therefore often referred to as “ill-conditioned” or “ill-posed” [60]. It is

possible, however, to calculate an acceptable estimate for 4, (t) using least squares

methods [58].

We recall that the deconvolution problem for single- and multiple-load methods can be
solved by solving the linear systems in Egs. (3.27) and (3.32), respectively. A general

system of linear equations may be written as

Ax=b

(3.74)

where 4 € R™" is called the data matrix b € R is typically known as a vector of
observations. If the system represents the structural deconvolution problems in Egs.

(3.43) and (3.48), then A4 corresponds to a modal force and b corresponds to a POC

history, which is calculated from measured displacements. Therefore, uncertainty in

force and displacement measurements result in errors in 4 and b, respectively.
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The least squares approach to deconvolution considers only errors in 5 and may be cast

in terms of calculating x, [58] such that
Axyg =b+r (3.75)

where we minimize ||5||2 subject to the constraint that b+ r € Range(A). In other words,

we allow b to vary the minimum amount required so that it falls in the column space of

A . The solution may be computed as

xp=(d"4) ATb=a"p (3.76)

where A" is the Moore-Penrose pseudoinverse of 4 . If measurement errors are present
in the displacements only and the applied is known exactly then a least-squares estimate

will yield an accurate response prediction [58].

The total least squares method is designed for application when errors in both 4 and b

are significant and can be posed as solving for x,,¢ such that

(A + E)ITLS =b+r (3.77)

and for which we minimize H[E|5]HF subject to b+ KeRange(A—i—E), where ||||F

signifies the Frobenius norm. The total least squares problem is “equivalent to the

problem of solving a nearest least squares problem of minimizing ||(A +E ))_c—(lg + ﬂ| ,
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where nearness is measured by the...Frobenius norm” [58]. We may calculate x, ¢ by

first forming an augmented matrix C:

C= [A|Z_7] (3.78)

Reference [58] shows that if the singular value decomposition of C is computed as

cC=U_zz. V! (3.79)

then a total least squares solution may be calculated from the » most dominant right

singular vectors of C:

- T
(ZVC,nH,i[VC,l,i VC,2,1’ VC,n,i]]

Xns = (3.80)

(1 - Zr: VC%,nH,ij
i=1

Reference [58] gives a method for choosing a value for » based on the signal-to-noise

ratio of the measured data.

Finally, we note that the proposed algorithm for total least squares from [58] assumes that
weighting matrices for the problem are equal to the identity matrix. A more general total

least squares method is formulated by solving Eqn. (3.77) while minimizing

HD[E r]T

o where D and T are diagonal weighting matrices with positive diagonal

terms. It is possible, perhaps even probable, that non-identity weighting matrices will

yield a more accurate solution, but this topic is left for future research.
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3.6 Sources of Error
Several types of error will be present in predictions made with the POD-based methods
presented in this section. This section discusses four probably sources of error, namely

projection error, diagonalization error, linearization error, and deconvolution error.

The first type of error is called “projection” error because the original problem is
projected onto a reduced subspace spanned by a limited set of dominant POMs. Because
of this projection, the model can only accurately predict a response matrix that may be
spanned by the original set of POMs. If a new excitation is introduced that generates a
response that cannot be expressed by the original POMs then the prediction will be
inaccurate. An extreme example arises when a model constructed from a response that is
restricted to one plane is used to predict the response an excitation that excites motion
that is restricted to a perpendicular plane. In this case, the measured POMs are entirely
unable to represent the responses to these new initial conditions and the method predicts
no response at all. Therefore, when constructing the model it is desirable to use a
response to that exhibits a wide variety of motion in order to generate POMs that can

represent responses to a large selection of new excitations.

Projection error is also encountered when a limited set of POMs is used as a basis for
model reduction (linear or nonlinear). Despite the presence of this error, POMs are often
used for model reduction and it is assumed that the error will be low. Currently there is
no satisfactory method for estimating this error ahead of time, although an attempt has

been made in [46]. Their method estimates an upper bound for the projection error, but
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they assume that the new excitation is similar to the original one and admit that the
method is invalid for excitations that are substantially different. Because there is no

indication of how similar is similar enough, the method has no guarantee of accuracy.

Another source of error for several of the methods lies in the assumption that the matrices
®y(t), ®y5(), andC (t) are diagonal. In reality, structures will not generally meet the

conditions required for these matrices to be diagonal and the resulting error is called
“diagonalization” error. The mass matrix of almost any real structure will not be
proportional to the identity matrix (e.g. even the mass matrix for a beam element is not
diagonal). The damping of a system may also be heavy and the damping matrix is
generally not proportional to a linear combination of the mass and stiffness matrices.
When the conditions are not met exactly then the accuracy of the method will suffer.
However, the damping may be light and the mass matrix may be diagonally dominant
with diagonal terms that are similar even if they are not identical. In these cases the
solution may be accurate enough that it may be appropriate to use methods that assume

diagonal ®(r), ®,(¢), and C(t) matrices.

When the methods are applied to nonlinear systems, a linear time-varying model is
obtained that will match the measured nonlinear response exactly. For nonlinear systems,
a new excitation can result in a significant change in the natural frequencies of the system
and/or cause the system exhibit new behaviors [10, 11]. The model constructed from
these linear methods will be unable to predict these new effects and we call the resulting

error “linearization” error. However, the model may be used to accurately predict the
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structure’s response to an excitation that is “nearby” the original one. This error is
inherent in using linear methods to identify nonlinear systems, but may be acceptable

when nonlinear methods cannot be applied due to difficulties described in Chapter 2.

Another manifestation of linearization error occurs when multiple data sets are used to
construct the model. When these methods are applied to identify a linear time-varying
system, each data set results from a system that varies with time in the same way over
time, i.e. the time variance repeats itself in each data set. Nonlinear systems will exhibit
different time-varying behaviors in each data set and therefore all of the data sets cannot
be represented by the same linear time-varying system. The methods, then, will identify
an “average” linear time-varying system in the sense that it contains characteristics from
each measured response and can reconstruct all of the original responses accurately (as
long as they can be accurately expressed by the chosen POMs). When the methods are
applied to predict the response to a new excitation, amplitude errors may present that
result from a combination of periodic signals of varying frequencies. Due to the
differences in frequencies, each signal will move in and out of phase with the others and
the combined signal will exhibit amplitude distortions as a result (this is analogous to
averaging two sine waves of slightly different frequencies). This error will grow with the
strength of the nonlinearities in the system because the frequency content in each data set

will differ more in the presence of strong nonlinearities than weak ones.

Finally, as explained in the previous section, the deconvolution operations in the forced

and mixed response methods cannot be performed exactly when noise is present in the
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data. The magnitude of this error will depend on the quality of the data and is likely to be
very high if the data are very noise. As with linearization error for multiple data sets, an
interesting compromise arises because of the deconvolution and projection error. In order
to minimize projection error, one may desire to use a large number of POMs in the
identification methods. Unfortunately, this will generally lead to higher deconvolution

error because the noise level is higher in the lower POMs and POC histories.

3.7 Summary

This chapter has explained the theory behind five methods for identification of linear
time-varying systems. The methods extend the capabilities beyond other existing
methods in that they may be applied to multiple-input multiple-output systems, they
require only a small number of data sets, and no knowledge regarding the form of the

time variance in the structure is necessary to obtain a predictive model.

The methods are summarized in Table 3.1 below. The methods are referred to as POVR,
MDS, SL, ML, and MR for the Proper Orthogonal Value Recalculation”, “Multiple Data
Set”, “Single-Load”, “Multiple-Load”, and “Mixed Response” methods, respectively.
The table shows the excitation type each method is valid for, and types of error that are
expected to be present in the methods’ predictions for linear systems (other than errors
related to noise in the data). These error types are abbreviated as “Proj” for projection
error and “Diag” for diagonalization error. The table also shows the number of data sets
(NDS) required be each method, as well as any assumptions made by the method other

than that the system is linear.
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Table 3.1 Summary of Proposed System Identification Methods

Method | Excitation Type | Error NDS | Assumptions

POVR | Initial Conditions | Proj, Diag 1 Diagonal ®(z) or @1, (¢)

MDS Initial Conditions | Proj k None

SL Loads Proj, Diag 1 Diagonal C(¢)

ML Loads Proj, k None

MR Both Proj, Diag 3 Diagonal C(¢), @,;(¢) and @, ()
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4. Numerical Examples

This chapter applies the methods described in Chapter 3 to three beam models and a
satellite truss model. The strengths and weakness of each method when applied to various

types of systems are then discussed at the end of the chapter.

4.1 Beam Models

The three beam models are shown in Fig. 4.1. The first model is a linear time-invariant
(LTI) undamped cantilever beam. Next, a time-varying tip mass is attached to the tip of
the beam to convert it to a linear time-varying (LTV) system. The LTI beam is also
converted to a nonlinear (NL) system by attaching a cubic spring to the tip. A dashpot is

also attached to the nonlinear beam to simulate damping. All of the beam models were

made of steel (E = 29x108 psi, p = 500 Ibm/ft’) and had dimensions of 24 x 1 x 0.75
inches. Finite element (FE) models were created for each beam using 24 beam elements.
The spring force (over the tip displacement range seen in simulations) for the nonlinear
beam is shown in Fig. 4.2 and the time variance in the tip mass for the second beam is

shown in Fig. 4.3 along with their respective governing equations. The value of the

dashpot was 0.2 1bf-s/in.
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Fig. 4.1 LTI (top), LTV (middle), and NL (bottom) Beam Models
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Fig. 4.2 Cubic Spring Force for Nonlinear Beam Model
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Fig. 4.3 Time Variation of Tip Mass for LTI Beam Model

The Newmark method [61] was applied to simulate the exact response of each beam
model to various excitations and the appropriate methods were applied to predict the
response of the beam to new free, forced, or mixed responses as shown in the respective

following sections.

4.1.1 Free Response

The FE models were used to simulate the exact response of each model beam model to
four initial displacement profiles, shown in Fig. 4.4. Each displacement profile was
generated by applying static loads to the LTI beam. The displacement profile w, was
generated by applying static loads of 300, 200, and -260 Ibf at locations 17, 18, and 24
inches from the root of the beam. Profiles w, and w, were formed by applying static

loads of 100 and -300 Ibf at locations 24 and 8 inches from the root of the beam,
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respectively. Finally, the initial displacement profile W3 was formed by applying loads

of 2000 and -1300 Ibf at locations 14 and 18 inches from the beam root. The free
responses of each model to each initial displacement were simulated for 0.05 seconds
(approximately twice the fundamental period of 0.0238 seconds for the linear beam) and
the vertical displacements at 25 points were captured at every time step (0.1 milliseconds)

to form W . Thus the dimensions of W were (25 x 500) for both models.

Vertical Displacement, in

0 5 10 15 20 25
Distance Along Beam, in

Fig. 4.4 Applied Initial Displacement Profiles

Next, the POD was computed from each beam’s response to W, and the method of POV

recalculation (POVR) was applied to simulate the responses of each of the beams to

initial displacement profile W3 . The free response method using multiple data sets (MDS)
was also applied to predict the response to W3 using the responses to initial displacement
profiles Wy and w, as supplementary data sets. The responses were simulated using the

first three POMs, which corresponded to 99% of the signal energy in the LTI beam’s
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response to W,,. The three most dominant original POVs (calculated from the measured

response to W, ) and recalculated POVs (for the response to W3) are shown in Fig. 4.5
for the LTI beam. The “index” on the horizontal axis simply denotes the order of each
POV in dominance (i.e. the largest POV is first, the second-largest POV is second and so
on). The original POVs drop off very quickly, showing that only a few POMs are
necessary to represent the measured response accurately. This figure also illustrates how
the significance of each mode changes in response to the different initial displacement

profiles. For example, the first POV for both beams is larger in response to W, than to

W3, indicating that the first POM is more active in the response to W, than to W3. The

original and recalculated POVs for the LTV and NL beams show similar behaviors and

are not shown.
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Fig. 4.5 Original and Recalculated POVs for Linear Beam Model
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In order to represent the displacement of every point at each time step, a displacement

norm is defined as:

wlz. ]|, = vwlr, ] wlr ] (4.1)

Direct comparison of time-series data is generally considered a very strict validation
metric for a model, but is useful in this case because it can be used to express all of the
prediction data in a single plot for easy comparison with ‘exact’ results from a finite
element model. The displacement norms at each time step calculated by the FE models

and the POVR and MDS methods for the linear beam responses to W3 are shown in Figs.

4.6 and 4.8 for the LTI and LTV beams, respectively. The percent errors in each

prediction were calculated at each time step from the equation

“|WFE [ti ]|2 - prredicted [ti] 2‘

W e [ ]|2 (4.2)

PE[t; |=100% x

and are shown in Figs. 4.7 and 4.9 for the LTI and LTV beams. These figures show that
the MDS method predicts the displacements very accurately (nearly always < 5% error)
for the linear beams in response to the new initial displacement profiles. Small
inaccuracies exist in the MDS prediction are attributed to projection error, i.e. the POMs
from the response to W, are not optimal for predicting the response to W3 . The percent
error is relatively high at locations where the displacement norm of the FE model is close
to zero, resulting in a very small number in the denominator of Eq. (4.2). The POVR
method works very well for the LTI beam, although it is not as accurate as the MDS

method due to the diagonalization error described in Section 3.6. For the LTV beam,
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however, the POVR method does not provide an accurate prediction. The diagonalization
error for the LTV beam is expected to be much greater because the large value of the tip

mass results in a mass matrix with diagonal terms that are not close in value.
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Fig 4.6 Displacement Norms for LTI Beam Model in Response to wj
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The displacement norms and corresponding percent errors for the nonlinear beam’s
response to W3 are shown in Figs. 4.10 and 4.11. It is very apparent that, in this case,

significant errors exist in the predictions generated by both the POVR and MDS methods.
Frequency errors exist in both predicted responses, and significant amplitude errors are
present in the MDS method’s response. The frequency errors result in phase shifts that
increase with time and are visible in the percent error plots as the error increases in
magnitude over time. Both the frequency and amplitude discrepancies are most likely
manifestations of linearization error, i.e., they can be attributed to the fact that the natural
frequencies of the nonlinear beam change with each new initial condition and the POD-
based methods are unable to reproduce (POVR and MDS methods) or interpret (MDS
method) the changing frequencies appropriately. The significant amplitude errors in the

response predicted by the MDS method result from the method attempting to create an
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“average” time-varying model from periodic signals of different frequencies. The various
responses are out of phase with each other and their combination results in the amplitude
distortions that are present. For this model and the corresponding excitation sets, the
POVR method is actually more accurate than the MDS method. Projection error (for both
methods) and diagonalization error (for the POVR method) are both present as well, but

they are dwarfed by the linearization error.
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Fig. 4.10 Displacement Norms for NL Beam Model in Response to w3
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Next, we applied the methods described in Section 3.2 to the three beam models (Fig.
4.1) to predict the initial velocity response of each beam. As with the initial displacement
example, FE models for each beam were used to simulate the exact response of each
beam to multiple initial velocity profiles, shown in Fig. 4.12. The initial velocity profiles
were constructed by applying 1000-1bf impulses to locations 19, 15, 11, 7, and 3 inches
from the root of the LTI beam and measuring the resulting velocity changes. Four POMs
and POC histories (capturing 99% of the original signal energy) were obtained from the

response of each model to the initial velocity profile W, and used to predict responses to
W, for each beam using both the POVR and MDS methods. The maximum tip
displacements of the nonlinear beam in response to W,, W, W,, W3, and W4 were

0.30, 0.26, 0.18, 0.10, and 0.03 inches, respectively, so that the nonlinear spring was

excited at various levels of its nonlinear range.
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The displacement norms and error percentages (compared with FE model results) in
predicted by the POD methods are plotted in Figs. 4.13 and 4.14 for the LTI beam. These
figures show the same trend that was visible for in the LTI beam’s response to initial
displacements: the MDS method is more accurate than the POVR method because the
mass matrix for the LTI beam is not proportional to the identity matrix. Overall, however,
the errors are higher than was observed for initial displacements. This error increase is

attributed to an increase in projection error, e.g. the POMs that comprise 99% of the

energy in response to W, are insufficient to predict the response to W4 with greater

accuracy than shown in Fig. 4.13.
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Figs. 4.15 and 4.16 show the response predictions and percent errors for the LTV beam.

Again, the error is higher using the POVR method than the MDS method, likely because
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the large mass at the tip of the beam increases the diagonalization error. The level of error
for the MDS method in this response is approximately the same as for the LTI beam, and

is attributed to projection error.
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The response predictions generated by the POVR and MDS methods for the nonlinear
beam are compared with finite element model predictions in Figs. 4.17 and 4.18 below.
Both response predictions exhibit a slight frequency error (the increasing phase
difference between signals is visible in the percent error plot for the MDS method as the
error increases over time) and is assumed to be a result of linearization effects. The
linearization error is also present for the POVR method but it is difficult to see in the

percent error plot because errors associated with diagonalization are also present.
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4.1.2 Forced Response

This section describes the application of both the single- and multiple-load methods (see
Section 3.2) to numerical models of the beams in Fig. 4.1. First, finite element models of
the beams were used to simulate the exact response of each beam to a 500-1b vertical 0.5-
millisecond pulse (see Fig. 4.19) applied at locations 2, 7, 11, 16, and 23 inches from the
root of the beam, shown approximately as locations 1, 2, 3, 4, and 5 in Fig. 4.20. The
pulse applied at point 1 is called load 1, the pulse applied at point 2 is called load 2, and
so on for all five loads. The responses of each model to each force were simulated for
0.05 seconds and the vertical displacements at 25 points were captured every 0.1
milliseconds to form W . Thus the dimensions of W were (25 x 500) for all three beam

models.
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Fig. 4.19 Pulse Load Applied to Beam Models
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Next, the POD was computed for each beam from the response to load 1 and both the
single-load (SL) and multiple-load (ML) methods were applied to simulate the responses
of each beam to load 5. The first four POMs were considered, corresponding to 99% of
the original signal energy. For the ML method, responses to loads 2, 3, and 4 were used

as supplementary loads to solve for off-diagonal elements of C(t).

The displacement norm at each time step was calculated for the FE results and the
predictions obtained using the single-load (SL) and multiple-load (ML) methods. Fig.
4.21 shows the displacement norms for the LTI beam’s response to load 5, and Fig. 4.22
shows the percent errors for displacement norms of the SL and ML methods. The figures
show that while both methods are able to predict the displacement of the LTI beam
accurately when compared with the FE model, the ML method is more accurate than the
SL method. This accuracy difference is attributed to the fact that the beam does not have

a mass matrix proportional to the identity matrix as the SL method assumes.
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The displacement norms and percent errors for the LTV beam are shown in Figs. 4.23

and 4.24 for both SL and ML methods. The figures show that although the ML method is
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able to predict the displacement of the LTV beam very accurately when compared with
the FE model, the SL method is terribly inaccurate. The large tip mass that is present in
the LTV beam likely leads to very high diagonalization error when the SL method is

applied.
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Fig 4.23 Displacement Norms for LTV Beam Response to Load 5
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The displacement norms for response of the NL beam are shown in Fig. 4.25, and the
percent errors for both the SL and ML methods are shown in Fig. 4.26. The amplitude of
the displacement norm decreases over time due to the damping effect of the dashpot.
Again, the ML method provides a better prediction than the SL method because it does

not assume a diagonal C (t) matrix. The percent error for the ML method increases over

time due to linearization error. Linearization error is, of course, also present for the SL

method, but it is combined with diagonalization error and is more difficult to visualize in

Fig. 4.26.
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4.1.3 Mixed Response

This section applies the mixed response (MR) method described in Section 3.4 to the
beam models in Fig. 4.1. The Newmark method was used to simulate the exact response
of each model to three excitation sets consisting of initial displacements and velocities
and an applied force. The initial displacement and velocity profiles for the beams are
shown in Figures 4.27 and 4.28, respectively, and a 500-1b vertical pulse was applied for
0.5 millisecond (see Fig. 4.19) at locations 21, 12, and 3 inches from the beam root for
respective excitation sets a, b, and c. The responses of each beam model to each
excitation set were simulated for 50 milliseconds and the vertical displacements at 25

points along each beam were captured every 0.1 milliseconds to form W . Thus the

dimensions of ‘W, "W and ‘W were (25 x 500) for all beam models.
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Fig. 4.27 Initial Displacements in Excitation Sets a, b, and c
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Fig. 4.28 Initial Velocities in Excitation Sets a, b, and ¢

Next, the POD was computed for each beam’s response to the first excitation set and the

MR method described in Section 3.4 was applied to identify v v and c, for each

i,disp > ivel »

beam. These quantities were used to simulate the response of both systems to a new
initial displacement W, a new initial velocity \7v0, and a new applied load £ (l‘ ), shown

in Figures 4.29, 4.30, and 4.31, respectively. The responses were simulated using the first

four POMs, which corresponded to 99% of the signal energy.
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Fig. 4.31 New Load Applied Vertically at Beam Tip

The displacement norms at each time step calculated by the FE model and the MR
method for response of the LTI beam to each excitation are shown in Figs. 4.32, 4.34
and 4.36, with respective error percentages in Figs. 4.33, 4.35, and 4.37. All six
figures show that the POD-based model predicts the displacements satisfactorily
(generally less than 20% error) for the LTI beam, but the errors are significant. The

errors are attributed to a combination of projection and diagonalization error.
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The displacement norms at each time step calculated by the FE model and the MR
method for the LTV beam are shown in Figs. 4.38, 4.40, and 4.42 for the responses to the
initial displacement, initial velocity, and load, respectively. The corresponding error
percentages are shown in Figs. 4.39, 4.41, and 4.43. The figures show that MR method
does not provide good predictions for the LTV beam model for any of the excitations,
particularly the response to the initial velocity and applied load. These high errors are

attributed to the fact that the tip mass causes high diagonalization error.
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The displacement norms for the NL beam are shown in Figs. 4.44, 4.46, and 4.48 for the
three new excitations, with corresponding error percentages in Figs. 4.45, 4.47, and 4.49.
In each figure the results obtained using the MR method are plotted with the exact results
obtained by the FE models. The figures show that the MR method is capable of
generating a reasonably accurate response prediction, although several sources of error
are present. Projection errors and diagonalization errors are probably present, although
diagonalization error is significantly lower than for the LTV beam because the model
approximately meets the conditions for C (t) to be diagonal. The response predictions for
the NL beam contain additional linearization errors that show up as frequency and

magnitude discrepancies in Figs. 4.44 and 4.46.
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4.2 Satellite Truss Model
In this section, the POVR, MDS, SL, and ML methods from Sections 3.2 and 3.3 are
applied to a satellite truss structure, one element of which is shown in Fig. 4.50. The MR

method is not applied because the diagonalization error is anticipated to be very high

based on the results from the POVR and SL methods.

The cross section of a truss element is an equilateral triangle as shown in Fig. 4.50, and
the length of each side is 3 meters. Each element is constructed of 21 truss members,
many of which share the same geometry and material properties (see Table 4.1). The

members all have hollow circular cross sections and are joined by idealized pin joints.
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Fig. 4.50 Cross Section and Schematic View of a Single Truss Element [Courtesy
Armaghan Salehian]

Table 4.1 Truss Member Geometry and Material Properties

Members Length | Diameter | Thickness Young’s Density

(ft) (in) (in) Modulus (psi) | (Ibm/ft®)
1,1°,2,2°,3,3° 9.8 3 0.04 1.00E+07 112.3
4,5,6,7,7°,8,8°,9,9° 9.8 1 0.02 1.00E+07 112.3
10,10°,11,11°,12,12° 13.9 1 0.02 1.00E+07 112.3
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The motion of each truss element was described by nine coordinates that are defined in
Fig. 4.51. Only motion in the X;-X; plane is considered and the displacement of the three
top joints is described by A; A3 and As. The displacements of the two bottom joints at
each cross-sectional face are assumed to be equal due to the symmetry of the truss
structure and are described by A, A4 and Ag. Rotation of the three cross-sectional faces
about the X3 axis is described by the coordinates ®,, ®,, and ©s. Fifty truss elements
were assembled together lengthwise (the three boundary degrees of freedom at each truss
segment boundary overlapped with the boundary degrees of freedom of the elements on
either side) and pinned boundary conditions were applied to each end of the assembled
truss structure. The dimension of the global mass and stiffness matrices with boundary
conditions applied was therefore 299. After 3 seconds, the stiffness matrix for the 10"
truss element from the left boundary was removed from the global stiffness matrix to
simulate a fracture (i.e. the 10™ truss element breaks off and disappears). As a result, the
remaining truss sections on the right and left of the break are free to exhibit rigid-body

rotation around each pinned end. The structure is therefore a linear time-varying system.

Fig. 4.51 Coordinates for Truss Element [Courtesy Armaghan Salehian]
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4.2.1 Free Response

The POVR and MDS methods that were discussed in Section 3.2 for predicting responses
to initial displacements and velocities are applied to the satellite truss structure in this
section. First, six initial displacement profiles were formed by applying static loads as
shown in Table 4.2. The responses to each initial displacement were simulated for 10
seconds using the FE model for the truss using the Newmark method with a time step of

0.05 s, so the dimensions of W were (299 x 200) for each response.

Table 4.2 Static Loads Applied to Generate Initial Displacements for Truss

Force (Ibf) DOF DOF Description

W 11.3 140 A, on 23" truss element from left boundary
W, -16.9 50 A, on 8" truss element from left boundary

22.5 80 A; on 13" truss element from left boundary
W5 -6.7 200 A, on 33" truss element from left boundary
Wy 67.4 290 A, on 48" truss element from left boundary
we 18.0 56 A, on 9™ truss element from left boundary

-13.5 170 A, on 28" truss element from left boundary
W -89.9 20 A, on 3" truss element from left boundary

Next, the POD was computed from the response to W; and the POVR method was
applied to predict the response to Wgwith 5 POMs (99% of the original signal energy).
The MDS method was also applied to predict the response to W¢ and the responses to

W, - W5 were used as supplementary data sets. The displacement norms and percent

errors for the response predictions are shown in Figs. 4.52 and 4.53, respectively. The
relatively large displacements due to the rigid body rotation of the two truss segments
after the break at 3 seconds are clearly visible in all of the displacement norms. The
POVR method generated a less accurate prediction than the MDS method, probably due

to diagonalization error, but the predicted responses for both methods are reasonably
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accurate. Projection error is likely present in the predictions from both methods, but is

quite small in this case (the MDS method has very low error).
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Fig. 4.52 Displacement Norms for Truss Model in Response to W
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Fig. 4.53 Percent Error of Displacement Norms for Truss Model in Response to W
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Next, eight initial velocity profiles were generated by applying 1125-1bf impulses to
various points along the truss and measuring the change in velocity. The locations of the

impulsive loads are given in Table 4.3 below.

Table 4.3 Impulsive Loads Applied to Generate Initial Velocities for Truss

Force (Ibf) DOF | DOF Description
W 1125 80 A, on 13" truss element from left boundary
W 1125 140 A, on 23" truss element from left boundary
W 1125 170 A, on 28" truss element from left boundary
Wy 1125 50 A on 8" truss element from left boundary
W 1125 20 A, on 3" truss element from left boundary
W 1125 200 | A; on 33" truss element from left boundary
W 1125 230 | A; on 38" truss element from left boundary
Wg 1125 110 | A, on 18" truss element from left boundary

The POD was computed from the response to W; and the POVR method for initial
velocities was applied to predict the response to Wg with 7 POMs (99% of the original
signal energy). The MDS method was also applied to predict the response to Wg and the
responses to W, - W5 were used as supplementary data sets. The displacement norms
and percent errors for the response predictions are shown in Figs. 4.54 and 4.55,
respectively. Again, the relatively large displacements due to the rigid body rotation of
the two truss segments are clearly visible in the plots of the displacement norms. The
error is higher than for the initial displacement case for both methods due to an assumed
increase in projection error. In this case, the MDS method produced a satisfactory

response prediction, but the accuracy of the POVR method is unacceptable due to what is

assumed to be high diagonalization error. Although the same system was used for initial
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displacements and velocities, the diagonalization error may change because it depends on

the POMs, which are excitation-dependent.
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Fig. 4.54 Displacement Norms for Truss Model in Response to Wg
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4.2.2 Forced Response

This section applies the SL and ML methods from Section 3.3 to predict the forced
response of the satellite truss structure. A 225-1bf pulse load (lasting 0.4 s) was applied to
six points along the structure (see Fig. 4.56) and the Newmark method was applied to
simulate the transient response of the system to each load for 10 seconds. The loads were
applied at the A, DOF at truss elements numbers 23, 18, 33, 13, 8, and 38 (counting from

the left boundary).
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Fig. 4.56 Pulse Load Applied to Satellite Truss Model

The POD was computed from the response to the load applied at truss element 23, and
the SL method was applied to predict the response of the structure to the load applied to
element 38 with 5 POMs (99% of the original signal energy). The ML method was also
applied and the responses to loads applied to truss elements 18, 33, 13, and 8 were used

as supplementary loads. The displacement norms for both methods and the FE method
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and the percent errors for the SL and ML methods when compared to the FE method are

shown in Figs. 4.57 and 4.58, respectively.

The plots show that the ML method produces a very accurate prediction, but that there
are significant errors in the prediction generated by the SL method. Again, the large
errors in the SL method’s prediction are attributed to diagonalization error. Projection
error likely affects the accuracy of both methods slightly and can be visualized in the ML

method’s response prediction.
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Fig. 4.57 Displacement Norms for Truss Model in Response to Load
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4.3 Concluding Remarks

This chapter has applied the system identification methods described in Chapter 3 to four
systems: linear time-invariant (LTI) and linear time-varying (LTV) beams, a nonlinear
(NL) beam, and a linear time-varying satellite truss model. The errors that were visible in
the response predictions for the various models are attributed to the sources described in
Section 3.6. For linear (both LTI and LTV) beam examples, the MDS and ML methods
produced accurate predictions with percent error generally less than 10% for initial
displacements and loads and 20% for initial velocities (the projection error was higher for
initial velocity responses). The POVR, SL, and MR methods also produced satisfactory
predictions for the beams with a reasonably uniform and diagonally dominant mass
matrix, e.g. the LTI beam. For other models (such as the LTV beam) that did not meet

these requirements, the error was extremely high in many cases.

The methods’ application to the NL beam highlighted the strengths and weaknesses of a
linear time-varying approach to nonlinear system identification. The methods were able
to construct a predictive model for a nonlinear system without requiring any knowledge
about the form of the nonlinearity. In addition, the methods are formulated so that they
are able to accurately reconstruct the nonlinear responses in the original data. The
methods must be used with caution, however, as several of the drawbacks of using a
linear time-varying method for identification of nonlinear systems were highlighted in the
predictions for the NL beam. In several cases, linearization error manifested itself as
frequency and/or amplitude discrepancies between the response predicted by the methods

and a finite element model prediction. These errors are a result of imposing a linear
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framework onto a nonlinear system. However, the methods will predict the response of a
nonlinear system to a new excitation accurately if it is ‘nearby’ the response(s) in the

original data set(s).

Finally, the POVR, MDS, ML and SL methods were applied to a satellite truss model to
assess the effectiveness of the methods when they are applied to models that are more
complex than simple beam models. The predictions generated for the truss model indicate
that the methods may be applied to complex structures and achieve results with the same
accuracy as for the simple beam models, i.e. the results indicate that the complexity of the

satellite model did not present any additional problems at all for the methods.
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5. Experimental Verification

The forced and mixed response methods described in Chapter 3 all involve performing
the deconvolution of two or more signals. As explained in Ssection 3.5, the
deconvolution problem can be difficult to solve when noise is present in the data. The
total least squares method was introduced in Section 3.5 in order to calculate an
acceptable estimate of the deconvolved signal. In this section, the single-load (SL) and
multiple-load (ML) methods are applied two experimental data from a linear beam and a
nonlinear beam and the total least squares method is applied to perform the
deconvolution of the data. Sections 5.1 and 5.2 describe the experiments and results for
the linear and nonlinear beams, respectively, and Section 5.3 presents some concluding

remarks about the effectiveness of the total least squares method.

5.1 Linear Beam

This section applies the system identification methods from Section 3.3 to experimental
data obtained from the linear cantilever beam shown in Fig. 5.1. Although the beam is a
simple system, it is sufficient for verifying that the methods presented in this paper can be
used with experimental data. The beam is constructed from aluminum and is 20 inches
long with a 1” x 0.125” cross-section. A Ling Dynamical Systems permanent magnet
shaker was set up next the beam as shown in Fig. 5.2 and excited with a single
rectangular pulse so that the sting struck the beam impulsively and a PCB 208C02 load
cell measured the force applied to the beam at the striking location. Loads were applied in

this manner at locations 4, 8, and 12 inches from the root of the beam. Although double
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or triple impacts occurred for all of the load cases, the system identification methods are

valid for any applied load and the extra hits do not interfere as long as they are measured.

7

For each load case, a Polytec OFV-303 laser vibrometer was set up to measure the

transverse displacement of the beam at different locations 0, 4, 8, 12, 16, and 20 inches
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from the root of the beam. The shaker was used in order to apply the same load six times
while the laser vibrometer measured the displacement of one point each time. The force
and displacement response data were sampled every 0.1 milliseconds for 10.24 seconds (

equal to the fundamental period of 0.1024 s), so the dimensions of W were (6 x 1024).

The force data obtained from the load cell were composed of the actual force applied to
the beam and the inertial force experienced by the load cell due to the rapid pulse. In
order to identify the actual force applied to the beam, the shaker was pulsed without
impacting the beam and the resulting inertial load was measured. The shaker was then
pulsed so that it impacted the beam and the two signals were compared to identify the
impulsive loads that are applied to the beam (see Fig. 5.3 for example). This procedure
was repeated for all three load cases to extract the applied force data and the resulting
forces are shown in Fig. 5.4. No other methods of noise removal were employed to filter

the force or displacement data.
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Fig. 5.4 Forces Applied to Various Beam Locations

Next, the POD was computed from the beam’s response to the load applied 8” from the

root. The first two POMs (shown in Fig. 5.5) were considered, corresponding to 90% of
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the original signal energy. The first four POVs are shown in Fig. 5.6. Next, both the
single-load (SL) and multiple-load (ML) methods were applied to simulate the response
of the beam to the load 4” from the root. For the multiple-load method, the response to
the load 12” from the root was used as a supplementary load to solve for off-diagonal

elements of C(t). Fig. 5.7 shows the displacement norms (see Eq. (4.1)) for the linear

beam response to the load 4” from the root that were calculated by the SL and ML
methods. Fig. 5.8 shows the percent errors (see Eq. (4.2)) for the displacement norms of

the SL and ML methods compared with the measured data.
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Fig. 5.5 Two Most Dominant POMs for Linear Beam
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These figures show that while both the SL and ML methods are able to predict the
displacement of the linear beam satisfactorily when compared with the measured
response, the ML method is the more accurate of the two. The error is higher in the SL
method’s prediction because the method assumes that the mass matrix of the beam is
proportional to the identity matrix, which is not true. The sharp increases in percent error
near 0, 5, and 10 ms are due to the fact that the magnitude of the displacement norm is

very low at those times and the percent error is calculated by dividing by a very small

number.

5.2 Nonlinear Beam

This section describes the application of the forced response methods from Section 3.3 to

a nonlinear experiment. A rubber band with stiffness of 0.12 1b/in was attached to the tip
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of the linear beam from Section 5.1 (Fig. 5.1). The rubber band provides a nonlinearity
for the system because it provides linear stiffness when the beam tip deflects away from
where the rubber band is attached (see Fig. 5.9) but then provides zero stiffness when the
beam tip deflects toward the rubber band attachment point (the rubber band buckles as

shown in Fig. 5.10).

Fig. 5.9 Rubber Band Acting as Linear Spring
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Fig. 5.10 Rubber Band Providing no Stiffness

In order to determine if the nonlinearity affected the response over the excitation range
seen in the experiment, five impulses of increasing strength were applied to the point 4
inches from the root of the beam using the same shaker setup shown in Figs. 5.1 and 5.2.
The five loads are shown in Fig. 5.11. The tip displacement of the beam in response to
each impulse was measured and then scaled by the corresponding impulse magnitude.
For a linear system, the principle of superposition dictates that the scaled tip
displacements should be equal. Instead, the scaled tip displacements for this system,
shown in Fig. 5.12, decrease as the impulse magnitude is increased, showing that the

system does not satisfy superposition.
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Fig. 5.12 Scaled Tip Displacements for Various Impulse Magnitudes
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In addition to not satisfying superposition, the response of the nonlinear beam contains

slightly different frequency content in the responses to various impulse magnitudes. The

frequency discrepancies manifest themselves as phase differences in the signals that grow

with time. The response to the 1.8-1b impulse was defined as a baseline and the phase lag

of the other responses behind the baseline was measured at 500, 1000, 1500, and 2000 ms

after impact. The phase lags are shown as percentages of the fundamental period of the

reference linear beam (10.24 ms) for each of the impulse magnitudes in Fig. 5.13. From

Fig. 5.13 we conclude that the lowest frequency of the system increases with the

excitation magnitude, indicating that the nonlinearity is active in the beam response.
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Once the presence of the nonlinearity was verified, the beam was excited by three loads

applied at points 4, 12, and 16 inches from the root of the beam. The loads applied to the

beam were extracted from the load cell output by measuring and subtracting out the
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inertial loads as was done for the linear beam. The loads are shown in Fig. 5.14. The
tension in the rubber band drew the beam back into contact with the shaker more often,
leading to multiple impacts for each load case, sometime for as long as 6 ms after the

initial impact.
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Fig. 5.14 Forced Applied to Locations on Nonlinear Beam

The response of each beam was measured for a fundamental period (10.24 ms) and

sampled every 0.01 ms. The POD was calculated from the response to the load applied 12
inches from the root and the SL and ML methods were used to predict the response to the
load applied 4” from the root, with the ML method using the response to the load applied

16” from the root as a supplementary data set.

The displacement norms for the SL and ML methods and the actual response are all

shown in Fig. 5.15 and the percent errors for the SL and ML methods are shown in Fig.
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5.16. The ML method is does not suffer from diagonalization error and is therefore
generally more accurate than the SL method, although there is a sharp increase in the
percent error for the ML method near 9 milliseconds. This error increase may be caused
by errors in the deconvolution procedure or linearization error (the signals are slightly out
of phase at 9 ms). The linearization error is smaller than was visible for the nonlinear
example in Chapter 4 because the nonlinearity in the experimental beam is not as strong

as in the numerical example.
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Fig. 5.15 Displacement Norms for NL Experimental Beam Response to Load at 4”
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5.2 Concluding Remarks

This section applied the SL and ML forced response methods from Section 3.3 to
experimental data from a linear beam and a nonlinear beam. The total least squares
method was applied to solve the deconvolution problem because the data were corrupted

by measurement noise.

Both the SL and ML method produced accurate predictions for both beams without
requiring any information about the equations of motion governing the beam, including
the geometry, material properties, damping, boundary conditions, form of nonlinearity,
etc. The ML method produced more accurate results than the SL method because
diagonalization error was not present. The linearization error was much lower for the

nonlinear beam presented in this section that for the numerical example in Chapter 4
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because the nonlinearity was not as strong as in the example. The results show that the

methods may be applied to experimental data to generate accurate predictions

The experimental results show that the SL. and ML methods may be successfully applied
to actual experimental data, but they also highlight some of the difficulties associated
with noisy data. First, a smaller number of POMs were used for the experimental models
in order to keep the deconvolution error low. As was explained in Section 3.6, the POD
serves as a type of filter and most measurement noise is contained in the POMs and POC
histories with low POVs as long as the noise is not the dominant part of the signal. Thus,
as more POMs are used for the model, the noise in the POC histories increases and it is
more difficult to perform the deconvolution accurately for the less-dominant POC
histories. Second, the overall error for the predictions in this section is higher than was
visible for the beams in Chapter 4 because the noisy data makes the deconvolution
operation less accurate. However, the error increase is relatively small (approximately 5-
10%) and we conclude that the total least squares method provided an accurate solution

to the deconvolution problems in the SL and ML methods.
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6. Conclusions and Recommendations

This chapter summarizes the research presented in the previous chapters and presents
conclusions about the strengths and weaknesses of the identification methods that were
explained in Chapter 3 and applied to systems in Chapters 4 and 5. The contributions of
the research are explained, and several recommendations for future research are also

presented.

This dissertation has presented five methods (see Chapter 3) for linear time-varying
system identification based on the proper orthogonal decomposition. The methods
identify input/output models (i.e. a physical model is not obtained) to predict the dynamic
response of a structure to initial conditions and applied loads and do not require any
knowledge regarding the equations of motion for the structure such as the form of the
time variance, damping, boundary conditions, etc. The method of proper orthogonal
value recalculation (POVR) and the multiple data set (MDS) method may be applied
when a structure is excited only by initial displacements or velocities, and the single-load
(SL) and multiple-load (ML) methods were proposed for systems that start at rest and are
subjected to a load. Finally, the mixed response (MR) method is proposed for the case

where a structure is excited by a combination of initial conditions and loads.

Chapters 4 and 5 have described the application of the methods to various numerical and
experimental systems. The MDS and ML methods were able to provide accurate
predictions consistently for linear time-invariant and linear time-varying systems. The

POVR, SL, and MR methods provide satisfactory predictions for linear systems in cases
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where the proper orthogonal modes are equal (or approximately equal) to the system’s
eigenmodes, but these methods must be used with caution as their predictions were

shown to be inaccurate for systems that do not meet this requirement.

All of the methods were also applied to nonlinear systems to explore the advantages and
disadvantages of using time-varying methods for nonlinear system identification. The
clear advantage of using the proposed methods is that they may be applied to any
nonlinear system, even if the form of the nonlinearity is unknown. The methods, although
based on linear system theory, are able to accurately reproduce the original data sets
generated by the nonlinear system. However, when they are applied to predict the
response of the system to new excitations, errors may be present because the methods
rely on linear theory. The methods will not be able to accurately predict responses with
new frequency content or other nonlinear phenomena that were not measured in the

original response.

The strength of the MDS and ML methods is their ability to construct models without
requiring any knowledge of the equations of motion of the structure, unlike most other
time-varying identification methods. Although they require measurement of multiple
input/output data sets, the number required is minimized by the optimality of the proper
orthogonal modes. The advantage of the POVR and SL methods is that they require only
a single data set. However, they are only valid for systems with mass, damping, and
stiffness matrices that are diagonalized by the proper orthogonal modes and can yield

inaccurate results for systems and/or excitations that do not meet these criteria. The MR
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method may be applied to systems that are excited by a combination of initial conditions
and loads and requires only three data sets to form a model, but it relies on the same
assumptions as the POVR and SL methods. All of the methods are also based on familiar
ideas of mode summation and linear system theory and are therefore quite intuitive. A
weakness of all of the methods is that a method for predicting the error in predicted
response is not yet available. In addition, experimental testing of large, complex

structures may present difficulties that have not been addressed here.

This work contributes to the existing body of knowledge in several ways. First, the
proposed methods extend the capabilities of current linear time-varying identification
methods by enabling the identification of multiple-input multiple-output systems without
requiring the functional form of the time variance to be known. The research also
presents a new application of the proper orthogonal decomposition to system
identification and gives insight into the meaning of the proper orthogonal coordinate
histories. Finally, the methods have been applied to nonlinear systems and the merits and

drawbacks of such an approach have been assessed.

There are several opportunities for continuing research with the proposed methods.
Although sources of error present in the various methods have been described in Chapter
3, methods for quantifying and predicting the error were not explored. The ability to
generate error bounds for predictions generated by the various methods would enhance

the methods considerably.
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Another area of potential research lies in adapting the identification methods for
substructuring applications. As mentioned previously, the cost and difficulty associated
with testing a large and complex structure may be great, and in many cases a finite
element model is available before a structure is ever built. In these cases, it may be
profitable to define certain components experimentally and incorporate them into the
finite element model. An experimental test of a component may be considerably simpler
than for a whole structure. If the component is time-varying or nonlinear, it may be
simpler to construct an experimental model using these methods than to build a finite
element model of the component. Traditionally, substructuring is accomplished by
assembling experimentally defined mass, damping, and stiffness matrices for a

component into the finite element matrices for a model.

Since the methods proposed in this research do not yield mass, damping, and stiffness
matrices explicitly, a nontraditional approach to substructuring may be required. It may
be possible to incorporate the effects of a substructure by performing a two-step analysis,
i.e. by simulating the response of the finite element portion of the model, translating it
into inputs for the experimental component, and using the predicted outputs as inputs for
the finite element model at the following time step. The computational costs associated

with such an approach may be high and should be included in any study of this concept.

Finally, the methods described in this dissertation have been developed for situations

where displacements are measured and forces are applied. However, in many cases,

vibration tests are performed by applying base excitations instead of loads. Acceleration,
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strain or stress output may be of more interest than displacements. It may be possible to
adapt the methods for different types of inputs and outputs that will be useful for other

applications.
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Appendix 1: Matlab Codes

This appendix contains the Matlab codes used for applying the system identification
methods described in Chapter 3 and generating the figures in Chapter 4. Separate m-files
are provided for (1) initial displacements, (2) initial velocities, (3) forced responses (both
single- and multiple-load methods), and (4) mixed responses.

1. Response to initial displacements

%Application of POD-based identification method
%Free response to initial displacements

%Tim Allison

%August 2007

clear all
close all
clc

%define the vector of sample times
T = [0:1e-4:499e-4];

%load Files that contain responses to various initial displacement
profiles

load dispO
DO = d;

D00 = d(:,1);
load displ
D1 = d;

D10 = d(:,1);
load disp2
D2 = d;

D20 = d(:,1);
load disp3
D3 = d;

D30 = d(:,1);

%define a "true” response, i.e. the response you want to predict
Dtrue = D3;

%use function "icresp_disp® to predict response using POD method
%the function is defined at the bottom of this m-file
Dnew_povr = icresp_disp(D0,Dtrue(:,1),3);

%use function "icresp_disp multi® to predict response using MDS method
%the function is defined at the bottom of this m-file
Dnew_mds = icresp_disp_multi([DO D1 D2],Dtrue(:,1),T);

%calculate displacement norms and percent errors

for i=1:1:length(T)
dtnorm(i) = norm(Dtrue(:,i));
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dnnorm_povr (i) = norm(Dnew_povr(:,i));

dnnorm_mds(i) = norm(Dnew_mds(:,1));

perr_povr (i) = 100*abs(dtnorm(i)-dnnorm_povr(i))/dtnorm(i);
perr_mds(i) = 100*abs(dtnorm(i)-dnnorm_mds(i))/dtnorm(i);

end

%plot displacement norms
plot(100*T,dtnorm, "k*)

hold on

plot(100*T,dnnorm_povr, "k--")
plot(100*T,dnnorm_mds, "k--", "LineWidth",2)
xlabel ("Time, ms")

ylabel ("Displacement Norm, In%)

legend("FE Model*,"POVR Method","MDS Method™)

%plot percent error

figure(2)

plot(100*T,perr_povr, "k")

hold on

plot(100*T,perr_mds, "k",“"LineWidth",2)
xlabel ("Time, ms®)

ylabel ("Percent Error, %)
legend("POVR Method"®,"MDS Method")

Yom————————— define function icresp disp--—---————————————————
function Dnew = icresp_disp(old_disp,new_idisp,nmodes)
%

%definition of inputs and outputs

%

% inputs: old _disp = old displacement response matrix
% new_idisp = new initial displacement profile
% nmodes = number of POMs to use

%

% outputs: Dnew = new displacement prediction matrix

%

%calculate the POD from the old displacement
[U,S,V]=svd(Dold);

%solve for new POVs
Snew = (U(:,1l:nmodes)"*DOnew)./V(1,1:nmodes)";

%Form new response matrix with new POVs
Dnew = U(:,1l:nmodes)*diag(Snew)*V(:,l:nmodes)";

end %end of function definition for "icresp_disp”

Y—————————— define function icresp_disp_multi---————--—————-
function Dnew = icresp_disp_multi(Dold,DOnew,T)

%determine number of cases (=nmodes)
ntimes = length(T);

[nrow,ncol] = size(Dold);

nmodes = ncol/ntimes;
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%calculate POD and convert displacements to scaled POC histories
[U,S,V1l]=svd(Dold(:,1l:ntimes),“econ®);

U=U(:,1:nmodes);
Vold = U"*Dold;
VOnew = U"*DOnew;

%arrange matrix of initial displacements in modal space
for 1=1:1:nmodes

V(:,:,i) = Vold(:,l+ntimes*(i-1):ntimes*i);

VO(:,i) = Vold(:,1l+ntimes*(i-1));
end

%arrange V for all modes at each time step
for j=1l:1:ntimes
for i=1:1:nmodes
for k=1:1:nmodes %ncases, really
Vik,1) = V(k,J,1);
end
end
phillj(:,:,J) =
Vnew_transp(:,j)
end

nv(V0);

Vi*i
= phillj(:,:,J)*V0Onew;

Dnew = U*Vnew_transp;

end %end of function definition for "icresp disp multi*

2. Response to initial velocities

%Application of POD-based identification method
%Free response to initial velocities

%Tim Allison

%August 2007

clear all
close all
clc

%define the vector of sample times
T = [0:1e-4:499e-4];

%load files that contain responses to various initial velocity profiles

load velO

DO = d;

v00 = v(:,1);
load vell

D1 = d;

v10 = v(:,1);
load vel?2

D2 = d;

132



v20 = v(:,1);

load vel3
D3 = d;
v30 = v(:,1);

load vel4
D4 = d;
v40 = v(:,1);

%define a "true” response, i.e. the response you want to predict
Dtrue = D4;

%use function "icresp_velo®™ to predict response using POVR method
%the function is defined at the bottom of this m-file
Dnew_povr = icresp_velo(DO,v00,v40,4);

%use function "icresp_velo multi® to predict response using MDS method
%the function is defined at the bottom of this m-file
Dnew_mds = icresp_velo multi([DO D1 D2 D3],[v00 v10 v20 v30],v40,T);

%calculate displacement norms and percent errors
for i=1:1:length(T)
dtnorm(i) = norm(Dtrue(:,i));
dnnorm_povr (i) = norm(Dnew_povr(:,i));
dnnorm_mds(i) = norm(Dnew_mds(:z,1));
perr_povr (i) = 100*abs(dtnorm(i)-dnnorm_povr(i))/dtnorm(i);
perr_mds(i) = 100*abs(dtnorm(i)-dnnorm_mds(i))/dtnorm(i);

end

%plot displacement norms
plot(100*T,dtnorm, k")

hold on

plot(100*T,dnnorm_povr, "k--")
plot(100*T,dnnorm_mds, "k--","LineWidth",2)
xlabel ("Time, ms®)

ylabel ("Displacement Norm, in%)

legend("FE Model*, "POVR Method®,"MDS Method*®)

%plot percent error

figure(2)

plot(100*T,perr_povr, "k")

hold on

plot(100*T,perr_mds, "k","LineWidth",2)
xlabel("Time, ms®)

ylabel ("Percent Error, %)
legend("POVR Method"®,"MDS Method")

Yom————————— define function icresp velo-————————————————————
function Dnew = icresp_velo(old _disp,vOold,vOnew, nmodes)

%

%definition of inputs and outputs

%
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% inputs: old disp = old displacement response matrix

% vOold = old initial velocity profile
% vOnew = new initial velocity profile
% nmodes = number of POMs to use

%
% outputs: Dnew = new displacement prediction matrix
%

%calculate the POD from the old displacement
[U,S,V]=svd(Dold);

%solve for original POC time derivatives
VdotO(1,1:nmodes) = (U(:,1:nmodes)"*v0old)./diag(S(1:nmodes,l1l:nmodes));

%solve for new POVs
Snew = (U(:,l:nmodes)"*vOnew)./Vdot0(1,1:nmodes)";

%form new response matrix with new POVs
Dnew = U(:,1:nmodes)*diag(Snew)*V(:,l:nmodes)";

end %end of function definition for "icresp_velo’

Yom————————— define function icresp velo--———————————————————
function Dnew = icresp_velo _multi(Dold,VOold,VOnew,times)

%determine number of cases (=nmodes)
ntimes = length(times);

[nrow,ncol] = size(Dold);

nmodes = ncol/ntimes;

%calculate POD and scaled POC histories
[U,S,T1]=svd(Dold(:,1:ntimes), "econ®);
U=U(:,1:nmodes);

Told = U"*Dold;

TdOnew = U"*VOnew;

TdOold = U"*VOold;

for 1=1:1:nmodes
T(:,:,1) = Told(:,1+ntimes*(i-1):ntimes*i);
end

%arrange V for all modes at each time step
for j=1:1:ntimes
for i=1:1:nmodes
for k=1:1:nmodes %ncases, really
Tk, i) = T(k,J,i);
end
end
phil2j(:,:,3)
Vnew_transp(:
end

nv(TdOold);

Tj*i
= phil2j(:,:,J)*TdOnew;

)

Dnew = U*Vnew_transp;
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end %end of function definition for "icresp_velo multi’

3. Response to Applied Forces

%Application of POD-based identification method
%Forced response, single- and multiple-load methods
%Tim Allison

%August 2007

clear all
close all
clc

%define the vector of sample times
T = [0:1e-4:499e-4];

%load files that contain responses to various loads
load forcel.mat

F1 = F;
D1 = d;
load force2.mat
F2 = F;
D2 = d;

load force3.mat
F3 = F;
D3 d;

load force4.mat
F4 F;
D4 d;

load force5.mat
F5 = F;
D5= d;

%set the exact answer
Dtrue = D5;

%use both multi-load and single-load methods to predict response
%the functions "podforce® and "podforce mloads®" are defined at
%the bottom of this m-file

%single load method
Dnew_sl = podforce(D1,F1,F5,T,4);

%multiple load method
Dnew_ml = podforce_mloads([D1 D2 D3 D4],[F1 F2 F3 F4],F5,T);

%calculate displacement norms and percent error
for 1=1:1:length(T)

dtnorm(i) = norm(Dtrue(:,i));

dnnorm_sl(i) = norm(Dnew_slI(:,1));
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dnnorm_ml (i) = norm(Dnew_ml(:,1));

p_err_sl(i) = 100*abs(dtnorm(i)-dnnorm_sl(i))/dtnorm(i)

p_err_ml(i) = 100*abs(dtnorm(i)-dnnorm_ml(i))/dtnorm(i)
end

%plot displacement norms

plot(100*T,dtnorm, k")

hold on

plot(100*T,dnnorm_sl, "k--")
plot(100*T,dnnorm_ml, "k--","LineWidth",2)

xlabel ("Time, ms™)

ylabel ("Displacement Norm, in")

legend("FE Model*®,*SL POD Model®, "ML POD Model*®)

%plot percent errors

figure(2)

plot(100*T,p_err_sl,"k")

hold on
plot(100*T,p_err_ml,“"k--","LineWidth",2)
xlabel("Time, ms®)

ylabel ("Percent Error, %")

legend("SL POD Model®,"ML POD Model*®)

Yom————————— define function podforce---——————————————————
function Dnew = podforce(Dold,Fold,Fnew,T,nmodes)

%

%definition of inputs and outputs

%

% inputs: Dold old displacement response matrix

% Fold = old force matrix

% Fnew = new forcing function

% T = vector of time steps

% nmodes = number of POMs to use

%
% outputs: Dnew = new displacement prediction matrix
%

%calculate delta t (time step size)
dt = T(length(T))/(length(T)-1);
[ndof,ntimes] = size(Dold);

%calculate the POD using the "old" data set
[U,S,V] = svd(Dold, "econ®);

%use only the specified number of POMs

%note that we include POVs in the POC histories
U = U(:,1:nmodes);

S S(1:nmodes,1:nmodes);

V = (S*V(:,1:nmodes)")";

%Calculate the modal forces (old and new)
Qold U"*Fold;
Qnew U**Fnew;

%for each POC history we form convolution matrices from the old and new
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%modal forces and deconvolve the old one out and convolve the new one
in
%
%1f noise is present then the deconvolution step is performed by a
%Function called "tlsdeconv® instead of "deconvolve®
%
%function definitions for *“form _conv_mat®, "deconvolve®, and
"tlsdeconv*®
%are given below
for i=1:1:nmodes

Q_unhat_oldi = form_conv_mat(Qold(i,:)); %form convolution matrix
for the old modal force

Q_unhat_newi = form_conv_mat(Qnew(i,:)); %form convolution matrix
for the new modal force

Cii(:,i) = deconvolve(V(:,1),Q _unhat_oldi);

%Cii(:,1) = thsdeconv(V(:,1),Q unhat oldi); %noisy case

Vnew(:,1) = Q_unhat_newi*Cii(:,1); %doing the deconvolution and
convolution as matrix multiplications
end

%Finally, calculate Dnew with modified POC histories
Dnew = U*Vnew";

end %end of function definition for "podforce-

Yom————————— define function podforce mloads----—--——-———————-
function Dnew = podforce_mloads(Dold,Fold,Fnew,T)

%

%definition of inputs and outputs

%

% inputs: Dold old displacement response matrices

% Fold = old force matrices
% Fnew = new forcing function
% T = vector of time steps

%
%
% outputs: Dnew = new displacement prediction matrix
%

%calculate some dimensions and the time step size
ntimes = length(T);

dt = T(ntimes)/(ntimes-1);

[ndof,ncols] = size(Dold);

%count the number of old load sets. this is equal to the number of POMs
nloads = ncols/ntimes;
nmodes = nloads;

%separate out the old displacement and force data sets from the input
for 1=1:1:nmodes

D(:,:,0) Dold(:,1l+ntimes*(i-1):ntimes*i);

F(:,:,0) Fold(:,l+ntimes*(i-1):ntimes*i);
end

clear Dold Fold

137



%do the POD of the first load and keep only required number of POMS
[ul,S1,v1] = svd(D(:,:,1),"econ");

Ul = Ul(:,1l:nmodes);

S1 = S1(1:nmodes,l:nmodes);

Vi (S1*V1(:,1:nmodes)")"; %scaled POC histories

%Form the modal forces for all load cases using the first POMs only
for i=1:1:nmodes

q(z,z,1) = UL"*F(:,:,0);
end

%Form scaled POC histories for other load cases
%
%note that POC histories for supplemental cases are not formed with an
SVD;
%they are formed using the original POMs!
for i=1:1:nmodes
Vscal(:,:,1) = (U1"*D(:,:,1))";
end
clear D S1 F

%calculate Qbar. this is a giant matrix of convolution matrices with
all
%Forces
%
%the function “form_conv_mat® is defined below
for 1=1:1:nmodes
for j=1:1:nmodes
qi = q(:,:,10);
Qbar((i-1)*ntimes+l:i*ntimes, (J-1)*ntimes+l:j*ntimes) =
form_conv_mat(qi(J.,:)):
end
end

%assemble POC histories for load cases into large matrix
V = Vscal(:,:,1);
ifT nmodes > 1
for i1=2:1:nmodes
V = [V; Vscal(:,:,1)];
end
end

%do the coupled deconvolution

%

%if the data are noisy, need to use the "tlsdeconv® function

%

%Ffunction definitions for “deconvolve®™ and "tlsdeconv® are given below
C = deconvolve(V,Qbar);

clear V Qbar

%Calculate new Q bar matrix. This is not a square matrix...it is just a
row
%of convolution matrices for the new modal forces
Qnew = U(:,1l:nmodes) "*Fnew;
for 1=1:1:nmodes
Qbarnew(:, (i-1)*ntimes+1l:i*ntimes) = form_conv_mat(Qnew(i,:));
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end

%Now calculate Vnew by convolution
Vnew = Qbarnew*C;

%Finally, calculate Dnew
Dnew = Ul*Vnew";

end %end of function definition for "podforce mloads*

Yom————————— define function form_conv_mat------——-———————-
function A = form_conv_mat(a)

%

%this function forms a convolution matrix for a vector

ntimes = length(a);

function h = deconvolve(y,X)

0

chis function deconvolves an input x from an output y for cases when
&Tgad measurement has little or no noise

0

Qx must be in convolution matrix form

h = pinv()™*y;

end %end of function definition for "form_conv_mat”

function h = tlsdeconv(y,X)

0

chis function deconvolves an input x from an output y for cases when
;Tgad measurement is noisy

0

Qx must be in convolution matrix form

%form augmented matrix and calculate its SVD
C=[Xyl;

[U.S,V] = svd(C);

[nrow,ncol]=size(S);

%choose number of singular vectors to use based on condition number of
%augmented matrix

r=0;

tol = 1000; %based on SNR of data
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for 1=1:1:nrow
cn(i) = S(1,1)/8(i,i1);
if cn(i) <= tol
r = r+l;
end
end

%TLS technique using r singular values. calculation of r needs to be
%automated, not specified like it is now
n = length(V) - 1;
num = zeros(n,1);
suml = O;
for i=1:1:r
num = num + V(n+1,i)*V(1l:n,i);
suml = suml + V(n+1,i)"2;
end
den = 1 - suml;
h= num/den;

end %end of function definition for "tlsdeconv”

3. Mixed Response Method

%Application of POD-based identification method
%Mixed Response Method

%Tim Allison

%August 2007

clear all
close all
clc

%define the vector of sample times
T = [0:1e-4:499e-4];

%load files that contain responses to various initial displacement

profiles
load comb_a
Da = d;
Velo_a = v;
Fa = F;
load comb b
Db = d;
Velo b = v;
Fb = F;
load comb c
Dc = d;
Velo _c = v;
Fc = F;

%load new_velo %initial velocity
%load new_disp %initial displacement
load new load

Dtrue = d;
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Vtrue = v;
Fnew = F;

%calculate POD for case a
[Va,Sa,va] = svd(Da, "econ®);
Ua = Ua(:,1l:nmodes);

Sa = Sa(l:nmodes,l:nmodes);
Va Va(:,l:nmodes);

%calculate scaled POC histories. Note that for cases b and c, POC
histories

%are not calculated from the SVD.

Va_hat = (Sa*va")";

Vb_hat (Ua*"*Db) " ;

Vc_hat (Ua"*Dc) ";

%initial displacement profiles, initial velocity profiles, and modal
forces

%for 3 cases

dOoa = Da(:,1);

dOb = Db(:,1);
dOc = Dc(:,1);
vOa = Velo_a(:,1);
vOb = Velo b(:,1);
vOc = Velo _c(:,1);
ga = Ua"*Fti;
gb = Ua®"*Fmi;
qc = Ua"*Fbi;

%loop over modes and calculate POC histories for displacements and
%velocities as well as diagonals of the C matrix
for 1=1:1:nmodes

%POV ratios

rbad =(Ua(:,i)"*dOb)/(Va(:,i)"*d0a);

rbav =(Ua(:,i)"*vOb)/(Va(:,i)"*v0a);

rcad =(Ua(:,i1)"*doc)/(Va(:,i)"*d0a);

rcav =(Ua(:,1)"*v0c)/(Va(:,i)"*v0a);

Rcb = (rcav-rcad)/(rbav-rbad);

%Fform convolution matrices for modal forces
%
%the function "form conv_mat" is defined below

Qa = form_conv_mat(qa(i,:));
Qb = form_conv_mat(gb(i,:));
Qc = form_conv_mat(qc(i,:));

%now start solving the system

Q = Qc-rcad*Qa-Rcb*(Qb-rbad*Qa);

dtCbar((i-1)*500+1:1*500,1) = inv(Q)*(Vc_hat(:,i)-rcad*Va_hat(:,i)-
Rcb*(Vb_hat(:,i)-rbad*vVa_hat(:,i1)));

V_iv(:,1) = (1/(rbav-rbad))*(Vb_hat(:,i)-rbad*va_hat(:,i)- (Qb-
rbad*Qa)*dtCbar ((i-1)*500+1:1*500,1));

V_id(:,1) = Va_hat(:,i)-V_iv(:,1)-Qa*dtCbar((i-1)*500+1:1*500,1);
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end
V_id t = V_id";

%Calculate new free resp to initial displacement
A = (Ua"*Dtrue(:,1))./V_id _t(l:nmodes,1);

D _new_id = Ua*diag(A)*V_id_t;

%Calculate new free resp to initial velocity
delta_t = tspan(2)-tspan(l);

%estimate initial time derivatives of V_iv
for i=1:1:nmodes
V_iv_dot0(i,1) = (V_iv(2,i) - V_iv(l,i))/delta_t;
end
A = (Ua"*Vts(:,1))./V_iv_dotO;
D new_iv = Ua*diag(A)*V_iv";

%Calculate new forced resp (assumes 4 POMs are used)
gnew = Ua"*Fnew;

Qnew(:,1:500) = form_conv_mat(gnew(l,:));
Qnew(:,501:1000) = form_conv_mat(gnew(2,:));
Qnew(:,1001:1500) = form_conv_mat(gnew(3,:));
Qnew(:,1501:2000) = form_conv_mat(gnew(4,:));

D _new_f = Ua*(Qnew*dtCbar)";

%add up contributions from initial conditions and loads
Dnew = D new_id + D _new_iv + D _new_ f;

%calculate displacement norms and percent error
for i=1:1:length(T)

dtnorm(i) = norm(Dtrue(:,i));

dnnorm(i) = norm(Dnew(:,i));

p_err(i) = 100*abs(dtnorm(i)-dnnorm(i))/dtnorm(i);
end

%plot displacement norms
plot(100*T,dtnorm, "k")

hold on

plot(100*T,dnnorm, "k--","LineWidth",2)
xlabel("Time, ms®)

ylabel ("Displacement Norm, in%)
legend("FE Model™,"POD Model ™)

%plot percent error
figure(2)
plot(100*T,p_err, k")
xlabel ("Time, ms")

ylabel ("Percent Error, %)

Yom————————— define function form_conv_mat------——-———————-
function A = form_conv_mat(a)

%

%this function forms a convolution matrix for a vector

ntimes = length(a);
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S
fliplr(a(l:i1));

end %end of function definition for "form_conv_mat”
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