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Acoustic Boundary Condition Estimation in a 

Near-Scale Gas-Turbine Combustor 

by 

Andrew D. Wright 

J. Robert Mahan, Chairman 

Mechanical Engineering 

(ABSTRACT) 

A method for determining the specific acoustic admittance of the inlet and outlet 

ports of a combustion chamber is presented. Parameter estimation techniques of Gauss 

linearization and genetic algorithms are employed to recover the acoustic boundary 

conditions. These techniques are used with a combination of two resources: dynamic 

pressure measurements obtained during combustor operation, and a finite element 

method-based model of the combustion chamber. 

Results of a theoretical analysis are presented which show that the method is 

capable of accomplishing its mission. An observation of particular significance is the lack 

of sensitivity of the pressure mode shape to relatively large changes in the acoustic 

boundary conditions.
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1.0 Introduction 

1.1 Introduction 

Recognition of the harmful effects of some industrial combustion by-products has 

caused increasingly restrictive standards to be placed on CO and NOx emissions. 

Traditional approaches to meeting the requirements include water injection and emission 

scrubbers. These methods, however, can be very costly to implement. One relatively 

recent method of meeting the standards for industrial gas turbine engines is the use of 

lean, premixed combustion systems. Lean combustion systems operate at relatively low 

temperatures, discouraging the production of CO and NOx pollutants. Unfortunately, 

though, these systems have been found to be somewhat susceptible to fuel-feed 

instability. 

Fuel-feed instability is a form of combustion instability that is caused by pressure 

fluctuations which accompany turbulent combustion. Under certain conditions these 

fluctuations can become sufficiently strong to actually modulate the equivalence ratio of 

the fuel-oxidizer mixture arriving at the flame front. When this occurs at a dangerous 

frequency (usually a resonant frequency of the burner), a fuel-feed instability may occur.



This instability, when present, results in excessive vibration and noise levels, which can 

lead to problems such as accelerated wear of seals and bearings, fatigue failure of sheet- 

metal components such as combustion liners and transition ducts, and even harmful 

physiological effects. In extreme cases the fuel-feed instability can lead to catastrophic 

failure of the combustion system. 

Therefore it is desirable to eliminate the problem of fuel-feed instability in lean 

premixed combustion systems. One approach to accomplishing this is to investigate the 

dynamic behavior of combustion systems using mathematical models, and then to use 

this information, along with existing design standards, to design new combustors. By 

addressing the problem in the design stage, the need for costly prototypes and post- 

production modifications would be largely eliminated. 

Existing combustion system dynamic models are difficult to apply, however, 

because of their dependence on knowledge of the acoustic boundary conditions of the 

combustion system. For practical combustion systems the acoustic boundary conditions 

are difficult, if not impossible, to determine theoretically. Therefore discovery of a 

method for determining the acoustic boundary conditions would signify a large step 

toward solving the problem of fuel-feed instability. Such a method could be used to 

study how impedance conditions of various practical combustors vary with frequency, 

and this knowledge could then be used in the design of combustion systems. 

The objective of the current study is to develop a method for determining the 

acoustic boundary conditions of a combustion chamber using a mathematical model



based on the finite element method (FEM) with experimentally obtained dynamic 

pressure measurements. Introductory theory pertaining to combustion instability, 

acoustic boundary conditions, finite element modeling, and parameter estimation are first 

presented. Then an extensive discussion of the final method and sample results are 

given. 

The current study lays the groundwork for future work in the prediction and 

elimination of fuel-feed instability. The method could be employed to produce scaling 

laws for the acoustic boundary conditions of various types of combustors. Accurate 

estimates of the boundary conditions obtained from such laws could then be utilized by 

designers, improving the reliability of mathematical simulations. 

1.2 Literature Review 

The following is a review of literature pertinent to the study. Areas of interest 

include combustion instability, acoustic boundary conditions, and parameter estimation 

techniques. 

1.2.1 Combustion Instability 

Combustion oscillations are characterized by a closed-loop cause-and-effect 

relationship between pressure and heat release oscillations in a combustion chamber. 

Lord Rayleigh [1] first recognized and qualitatively described this relationship in the 

nineteenth century. Since then combustion oscillations, and the possible subsequent



instabilities, have become recognized as a persistent problem in a variety of combustion 

apnlications, ranging from liquid-fueled rockets to gas turbines. Putnam [2] quantified 

Rayleigh’s Criterion in 1971, and his approach has been the basis of many analyses of 

combustion instability. 

Proposed methods for preventing combustion oscillations range from design 

criteria presented by Baade [3], to active control by cyclic fuel injection proposed by 

Richards et al. [4]. However, as Richards et al. state, “practical solutions to instability 

problems are often clouded by uncertainties over the specific mechanisms driving a given 

oscillation.” Although the acoustic boundary conditions are not a direct driving 

mechanism, they do contribute indirectly by providing an environment in which 

instabilities can occur. 

1.2.2 Acoustic Boundary Conditions 

The acoustic boundary condition is a significant phenomenon which occurs at any 

place where a traveling acoustic wave encounters a change in transmission medium. 

Such conditions play practical roles in systems including the flanged, open-ended ducts 

of musical instruments, the closed-ended ducts of organ pipes, and the sound deadening 

walls of an anechoic chamber. 

Study of the acoustic boundary conditions of open-ended ducts has been of 

continuing interest for over a century. Interest stems from the many practical 

applications of ducted systems, ranging from industrial gas-turbine combustors to



residential ventilating systems. Open-ended ducts represent an important special case, 

and by studying open-ended duct impedance, much can be learned about the acoustic 

behavior of other duct terminations. The initial contribution to the field came in 1948 

when Levine and Schwinger [5] presented their classic analytical treatment of open- 

ended duct terminating impedance. They addressed a system of plane-wave propagation 

in an open-ended circular duct of negligible wall thickness with no mean flow and in the 

absence of temperature gradients. 

The first extension of this inaugural work came from Carrier [6] in 1956. He 

considered the same open-ended duct but introduced mean flow inside and outside of the 

duct. A major conclusion was that flow exiting the duct at low Mach numbers ( < 0.3 ) 

has little effect on radiated sound from the duct. 

The effect of finite wall thickness on impedance was treated by Ando [7] in 1969. 

He, like Levine and Schwinger, assumed plane wave propagation with no mean flow and 

no temperature gradients. Ando’s results indicate a significant influence on the acoustic 

impedance due to wall thickness ratio, and are in good agreement with experimental 

results. 

Johnson and Ogimoto [7,8] present results concerning the effects of mean flow 

and frequency in 1980. As in reference 6, it was found that low Mach number flow has 

little or no impact. Frequency, on the other hand, was shown to have a strong influence 

on terminating impedance.



AS systems of interest became less idealized (i.e. nonisentropic, elevated 

temperatures), strict analytical treatment gave way to experimental analyses. The first 

experimental study of the effects of heated flow on radiation impedance is given by 

Cummings [10] in 1977. In measuring the terminating impedance of an open-ended 

circular duct at elevated temperatures with low air flow, he showed that resistance (the 

real component of impedance) changes with temperature while reactance (the imaginary 

component) does not. Mahan, Cline, and Jones [11] substantiate this finding, and present 

a correlation for the resistance based upon the temperature difference between the duct 

exit plane and the ambient. Cline [12] goes on to experimentally show that the duct 

terminating impedance is dominated by the reactance at low frequencies, but tends 

toward a resistance domination at higher frequencies. 

Many experimental analyses, of which references 10 through 12 are examples, 

use the standing wave tube technique to determine the normal acoustic impedance. This 

method is based on a mapping of the pressure maxima and minima in the standing wave 

pattern, and is well documented in Chapter 9 of Kinsler and Frey [13]. The newer two- 

microphone approach has been proven to be just as accurate as, and much faster than, the 

standing wave tube method in determining duct terminating impedance. 

The two-microphone method is an empirical approach that allows for very rapid 

determination of acoustic impedance by application of Fast Fourier Transform analysis. 

Seybert and Ross [14] published the pioneering paper on the subject in 1977. Chung and 

Blaser [15,16] furthered the work by adding a third microphone to enhance the results of



low-coherence cases. Howard [17] uses the method to examine the impedance resulting 

from high-temperature flow in a circular duct. In addition to comparisons to the standing 

wave tube method, reference 17 contains extensive results of experimentally determined 

impedances. 

The author knows of no previous attempt to estimate the acoustic boundary 

conditions of a combustion chamber using a finite element model in conjunction with 

dynamic pressure measurements. 

1.2.3 Parameter Estimation 

According to Beck and Arnold [18], formal discussions of parameter estimation 

were first presented by Legendre [19] and Gauss [20] in 1806 and 1809, respectively. In 

his work, Gauss described a least-squares method which he used to determine the orbits 

of planets about the sun. The method of least-squares is based on the minimization of an 

error function. Typically, the error function is the sum-of-squares of differences between 

experimentally determined and mathematically predicted values. By minimizing such a 

function, one can determine estimates of the unknown constants in the mathematical 

model. A general sum-of-squares function is given by Beck and Arnold [18] as 

S=))(¥,-7,)’. (1) 
i=] 

In this expression Y is an experimental observation, 1 is a corresponding predicted value, 

m is the number of observations, and S is the error function to be minimized.



Beck and Arnold go on to describe various methods of parameter estimation, 

including the Gauss linearization method. This method attempts to minimize the sum-of- 

squares function, S, by differentiating it with respect to the unknown parameters and then 

equating the result to zero. Modifications to the Gauss method proposed by Box and 

Kanemasu [21] and Bard [22] are also described by Beck and Arnold. Box and 

Kanemasu suggest a quadratic instead of linear local approximation of S, while Bard 

suggests that S should always decrease from one iteration to the next. 

More recently, evolutionary algorithms, of which genetic algorithms are a 

subgroup, have been used for parameter estimation. Heitkoetter et al. [23] define 

evolutionary algorithms as “computer-based problem solving systems which use 

computational models of some of the known mechanisms of evolution as key elements in 

their design and implementation.” Heitkoetter goes on to give concise explanations of the 

background, theory, and common usage of the major evolutionary algorithms, including 

genetic algorithms, evolutionary programming, evolution strategies, classifier systems, 

and genetic programming. 

The development and pioneering work in genetic algorithms was started by John 

Holland in the early 1960s at the University of Michigan. Holland’s three works in 1962 

[24,25,26] represent the dawn of genetic algorithms in the United States. The next major 

breakthroughs for genetic algorithms came in 1975. Holland published his Adaptation in 

Natural and Artificial Systems [27], which is recognized as the pioneering textbook in



the field. Also, in his doctoral dissertation [28] at the University of Michigan, DeJong 

established the efficiency of using genetic algorithms for optimizing functions. 

Today, numerous texts and technical papers may be found which describe 

methods for implementing genetic algorithms. Books by Goldberg [29] and Davis [30] 

present excellent explanations of the theory and application of genetic algorithms, as well 

as extensive reviews of the literature.



2.0 Theoretical Background 

In this chapter theoretical ideas that are fundamental to the study are introduced. 

These ideas include: combustion instability, acoustic boundary conditions, parameter 

estimation techniques, and FEM-based numerical modeling. 

2.1 Combustion Instability 

A standard for predicting fuel-feed instability has been derived by Mahan [31], 

and the discussion presented here closely follows his development. 

A specific type of combustion instability, known as fuel-feed instability, is 

brought about by periodic combustion oscillations. Combustion oscillations are 

characterized by two separate but interrelated phenomena: the unsteady component of 

the burning rate of the flame, and the oscillation of pressure at the flame front. In certain 

circumstances, these two phenomena may be tied together in a closed-loop cause-and- 

effect relationship in which the pressure oscillations are both the cause of and are caused 

by the flame oscillations. 

10



In the nineteenth century, Lord Rayleigh [1] recognized that periodic pressure 

oscillations could be encouraged by periodic heat release at the same frequency. This is 

due to the fact that heat release at constant volume leads to an increase in pressure. 

Furthermore, Rayleigh pointed out that the heat release in combustion chambers often 

tends to be periodic, or at least have a periodic component. Since the time of Rayleigh, it 

has been shown that this periodic heat release occurs at a broad range of frequencies in 

turbulent combustion. Depending on the geometry and temperature distribution of the 

burner, one of these frequencies may be picked out for amplification according to 

Rayleigh’s observation. 

The phase relationship between the pressure and heat release oscillations is 

critical to self-excited combustion oscillations. If the heat release occurs out of phase 

with the pressure wave (i.e. the heat release oscillation is in its positive half-cycle while 

the pressure oscillation is in its negative half-cycle) then energy is removed from the 

pressure wave. If, however, the heat release is in phase with the pressure wave (i.e. both 

are in their positive half-cycle during more than half of the cycle) then energy will be 

added to the pressure wave. These two conditions are illustrated in Figure 1. In the 

latter situation, the amplitude of the pressure oscillation will grow until a limit cycle is 

reached where further gains are negated by losses and nonlinearities. 

In some cases the amplitude of the pressure fluctuations can become sufficiently 

large to actually modulate the fuel and/or air flow into the chamber, causing the mixture 

flow arriving at the flame front to oscillate between leaner and richer mixtures. If the 

1]
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timing of this mixture oscillation provides a slightly richer mixture at the flame front in 

phase with the pressure oscillation, then the pressure amplitude is driven even higher at 

that frequency and the combustor is said to be unstable. It should be noted that the 

amplitude of the fluctuation in equivalence ratio can be as small as one-millionth or less 

of the steady value and still provoke an instability. It should also be emphasized that 

turbulent combustion provides a wide band of uncorrelated “noise” concentrated in the 

frequency band between 20 and 600 Hz, a frequency range that often includes the 

resonant modes of practical combustion chambers. 

Rayleigh’s criterion can be quantified in the form of the integral 

T Ip = [ p(tyq(t + t)dt, (2) 

where p(t) represents the harmonic pressure oscillation, q(t) the harmonic heat release, T 

the common period of both, and 7 the time delay between the maximum of q(t) and the 

minimum of p(t). In general, a combustion system becomes more unstable as the value 

of the integral becomes more positive. Therefore, a burner is inherently unstable when 7 

= T/2 (the value of I, is maximized in the positive sense) and inherently stable when Tt = 

T (the value of I, is maximized in the negative sense.) 

For the most part, practical combustion chambers have the property that an 

instability is most likely to occur at the lowest acoustic mode. In long, can-type 

combustors, the lowest mode is usually the first axial mode. This case is presented here 

as an illustrative example, although the fundamental ideas apply equally well to more 

practical combustors and to radial and circumferential modes. The lowest axial mode for 

13



a combustor which is “closed” at the head end and “open” at the exhaust end is the 

quarter-wave mode, for which 

] 
Li =—A, 3 0 = (3) 

where L,, is the length of the combustion chamber and A is the wavelength of the 

standing pressure wave. This condition is depicted in Figure 2. From elementary 

physics, the frequency, f, is 

Cc Cc f=—=——_, 4 
n AL. “) 

where c is the speed of sound in the burner. Then the period of the oscillation, T, can be 

expressed as 

Tat= Ss, (5) 

The symbol t in Equation 2 represents the so-called “critical time delay,” which is the 

amount of time it takes an element of fuel mixture to be convected from the head end of 

the mixing chamber to the flame front. This time delay can then be expressed in terms of 

the effective mixing chamber length, L,, and the mean mixture convective velocity, U,., 

as 

  T= (6) 
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Combining the Equations 5 and 6 and the discussion of Equation 2, there results 

  Ime }_© |-4 for stable operation, and (7) 
L.. Van 

L Cc . 
—m |——|=2 for unstable operation. (8) 
L,, Vin 

A “stability map” can be constructed from these relations, and is shown in Figure 

3. The abscissa represents the axial distance traveled from the head end of the mixing 

chamber, with the flame front (x,,) represented as a vertical line. The ordinate represents 

a nondimensional time (L,,c)/(L,U,,). The curves labeled with t(x) represent the time 

required by a fuel element to be convected from the head end of the mixing chamber to a 

given axial location, x. The stability map shows that three curves, the vertical line 

representing the flame front, the horizontal line representing odd-integer multiples of the 

first mode half-period, and the time-delay curve, must intersect to trigger a fuel-feed 

instability. This suggests that it is possible to avoid an instability by altering one or more 

of the curves. 

The location of the flame front is determined by the convective velocity of the 

flame and the velocity of the fuel mixture; it is where these two quantities are equal, as 

seen in Figure 4. As the fuel mixture enters the combustion chamber (exits the mixing 

chamber), it decelerates to a point where its velocity is equal to that of the flame itself. 

As a result, the vertical line at x, on the stability map can be moved by changing either of 

these velocities. 

16
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L,. = axial length of combustion chamber 

L.. = axial length of mixing chamber 

c = thermodynamic speed of sound 

U,, = mean velocity of fuel mixture 

X = axial distance 

X,, = axial distance form fuel injector to flame front 

t(x) = time for fuel mixture to travel axial distance x 

Figure 3. Stability Map for Premixed, Can-Type Combustors.



    

  

Figure 4. Location of the Flame Front Due to Velocity Conditions 

The flame speed is a function of the fuel and the fuel temperature, and can 

therefore be modified by changing the fuel temperature. The velocity of the fuel mixture 

can be altered in a number of ways. One way is to modify the geometry of the 

combustion chamber to control the velocity of the fuel during its deceleration. Another 

is to change the velocity of the fuel before its deceleration. The velocity of the fuel 

mixture, U,., can be expressed as m/(pA,) where m is the time averaged constant mass 

flow rate of the mix, p is the mean mass density, and A, is the cross-section area of the 

mixing chamber. This suggest that one can alter the velocity of the fuel arriving at the 

flame front by changing any of these quantities. 

The time delay curves represent another avenue for modifying the stability map, 

and can be changed in a number of ways. Since these curves represent the time it takes 

for the fuel mixture to travel from the injector to the flame front, it follows that their 

18



�s�h�a�p�e� �i�s� �d�e�p�e�n�d�e�n�t� �u�p�o�n� �t�h�e� �a�v�e�r�a�g�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �m�i�x�t�u�r�e� �a�n�d� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �m�i�x�i�n�g� 

�c�h�a�m�b�e�r�.� �A�n�o�t�h�e�r� �a�p�p�r�o�a�c�h� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �t�i�m�e� �d�e�l�a�y� �c�u�r�v�e�s� �i�s� �t�o�  ��s�p�r�e�a�d �� �t�h�e� �f�u�e�l� �t�h�a�t� 

�i�s� �a�r�r�i�v�i�n�g� �a�t� �t�h�e� �f�l�a�m�e� �f�r�o�n�t�.� �T�h�i�s� �c�a�n� �b�e� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �r�e�l�e�a�s�i�n�g� �f�u�e�l� �a�t� �d�i�f�f�e�r�e�n�t� 

�l�o�c�a�t�i�o�n�s�,� �d�i�f�f�e�r�e�n�t� �t�i�m�e�s�,� �o�r� �i�n� �d�i�f�f�e�r�e�n�t� �d�i�r�e�c�t�i�o�n�s� �i�n� �t�h�e� �m�i�x�i�n�g� �c�h�a�m�b�e�r�,� �a�n�d� �h�a�s� �t�h�e� 

�e�f�f�e�c�t� �o�f�  ��b�r�o�a�d�e�n�i�n�g �� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �c�u�r�v�e�s� �o�n� �t�h�e� �s�t�a�b�i�l�i�t�y� �m�a�p�.� 

�L�a�s�t�l�y�,� �t�h�e� �s�t�a�b�i�l�i�t�y� �m�a�p� �c�a�n� �b�e� �a�d�j�u�s�t�e�d� �b�y� �c�h�a�n�g�i�n�g� �t�h�e� �a�c�o�u�s�t�i�c�s� �o�f� �t�h�e� 

�c�o�m�b�u�s�t�i�o�n� �c�h�a�m�b�e�r�.� �T�h�e� �h�o�r�i�z�o�n�t�a�l� �l�i�n�e�s� �o�n� �t�h�e� �m�a�p� �r�e�p�r�e�s�e�n�t� �i�n�t�e�g�e�r� �m�u�l�t�i�p�l�e�s� �o�f� �t�h�e� 

�f�i�r�s�t� �l�o�n�g�i�t�u�d�i�n�a�l� �p�r�e�s�s�u�r�e� �m�o�d�e� �h�a�l�f�-�p�e�r�i�o�d�,� �a�n�d� �c�a�n� �b�e� �m�o�d�i�f�i�e�d� �b�y� �a�l�t�e�r�i�n�g� �t�h�i�s� �m�o�d�e�.� 

�O�n�e� �w�a�y� �o�f� �a�c�h�i�e�v�i�n�g� �t�h�i�s� �i�s� �t�o� �c�h�a�n�g�e� �t�h�e� �a�c�o�u�s�t�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�f� �t�h�e� 

�c�o�m�b�u�s�t�i�o�n� �c�h�a�m�b�e�r�.� 

�F�r�o�m� �t�h�e� �a�b�o�v�e� �d�i�s�c�u�s�s�i�o�n�,� �i�t� �i�s� �s�e�e�n� �t�h�a�t� �a� �n�u�m�b�e�r� �o�f� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �a�v�a�i�l�a�b�l�e� 

�f�o�r� �c�o�n�t�r�o�l�l�i�n�g� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �p�r�e�m�i�x�e�d� �c�o�m�b�u�s�t�o�r�s�.� �T�h�e�s�e� �i�n�c�l�u�d�e� �(�b�u�t� �m�a�y� �n�o�t� �b�e� 

�l�i�m�i�t�e�d� �t�o�)�:� �t�h�e� �l�e�n�g�t�h� �a�n�d� �d�i�a�m�e�t�e�r� �o�f� �t�h�e� �m�i�x�i�n�g� �c�h�a�m�b�e�r�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �f�u�e�l� 

�m�i�x�t�u�r�e�,� �t�h�e� �i�n�j�e�c�t�i�o�n� �c�o�n�d�i�t�i�o�n�s� �o�f� �t�h�e� �f�u�e�l�,� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �m�o�u�t�h� �o�f� �t�h�e� �m�i�x�i�n�g� 

�c�h�a�m�b�e�r�,� �a�n�d� �t�h�e� �a�c�o�u�s�t�i�c�s� �o�f� �t�h�e� �c�o�m�b�u�s�t�i�o�n� �c�h�a�m�b�e�r�.� 

�T�h�e� �a�b�o�v�e� �d�i�s�c�u�s�s�i�o�n� �c�a�n� �a�l�s�o� �b�e� �d�e�v�e�l�o�p�e�d� �f�o�r� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �a�n�d� �r�a�d�i�a�l� �m�o�d�e�s�,� 

�a�n�d� �f�o�r� �a�n�n�u�l�a�r�-�t�y�p�e� �c�o�m�b�u�s�t�o�r�s�,� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �v�a�l�u�e�s�.� 

�2�.�2� �A�c�o�u�s�t�i�c� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� 

�A� �t�r�a�v�e�l�i�n�g� �a�c�o�u�s�t�i�c� �w�a�v�e� �t�h�a�t� �e�n�c�o�u�n�t�e�r�s� �a� �c�h�a�n�g�e� �i�n� �t�r�a�n�s�m�i�s�s�i�o�n� �m�e�d�i�u�m� �m�u�s�t� 

�s�a�t�i�s�f�y� �c�e�r�t�a�i�n� �c�o�n�s�e�r�v�a�t�i�o�n� �l�a�w�s� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� �o�f� �t�h�e� �t�w�o� �m�e�d�i�a�.� �T�h�e�s�e� �l�a�w�s� �a�r�e� 

�1�9



�c�o�n�t�i�n�u�i�t�y� �o�f� �p�r�e�s�s�u�r�e� �(�t�h�e� �p�r�e�s�s�u�r�e�s� �o�n� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �i�n�t�e�r�f�a�c�e� �a�r�e� �e�q�u�a�l�)� �a�n�d� 

�c�o�n�t�i�n�u�i�t�y� �o�f� �n�o�r�m�a�l� �v�e�l�o�c�i�t�y� �(�e�a�c�h� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �v�e�l�o�c�i�t�y� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� 

�m�u�s�t� 

�a�d�d� �u�p� �t�o� �z�e�r�o�)�.� �I�n�f�o�r�m�a�t�i�o�n� �g�o�v�e�r�n�i�n�g� �h�o�w� �t�h�e� �w�a�v�e� �w�i�l�l� �s�a�t�i�s�f�y� �b�o�t�h� �c�o�n�t�i�n�u�i�t�y� 

�r�e�q�u�i�r�e�m�e�n�t�s�,� �b�y� �r�e�f�l�e�c�t�i�n�g� �s�o�m�e� �o�f� �i�t�s� �e�n�e�r�g�y� �a�n�d� �t�r�a�n�s�m�i�t�t�i�n�g� �t�h�e� �r�e�s�t�,� �i�s� �c�o�n�t�a�i�n�e�d� �i�n� �a� 

�q�u�a�n�t�i�t�y� �k�n�o�w�n� �a�s� �t�h�e� �a�c�o�u�s�t�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�.� �P�r�e�c�i�s�e� �v�a�l�u�e�s� �o�f� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �d�e�p�e�n�d� �o�n� �t�h�e� �s�o�u�r�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �e�n�c�l�o�s�u�r�e�,� �a�n�d� �t�h�e� 

�e�x�t�e�r�n�a�l� �p�r�e�s�s�u�r�e� �f�i�e�l�d�.� �T�h�e� �l�i�m�i�t�i�n�g� �c�a�s�e�s� �o�f� �s�u�c�h� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �d�e�p�e�n�d� �u�p�o�n� �t�h�e� 

�p�a�r�t�i�c�u�l�a�r� �t�y�p�e� �o�f� �a�c�o�u�s�t�i�c� �w�a�v�e�.� �F�o�r� �a� �s�t�a�n�d�i�n�g� �w�a�v�e�,� �t�h�e� �l�i�m�i�t�i�n�g� �c�a�s�e�s� �o�f� �t�h�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �a�r�e� �a�  ��h�a�r�d �� �w�a�l�l�,� �a� �b�l�o�c�k�e�d� �c�o�n�d�i�t�i�o�n� �w�h�i�c�h� �a�l�l�o�w�s� �n�o� �t�r�a�n�s�m�i�s�s�i�o�n� �(�u ��=�0�)�,� 

�a�n�d� �a�  ��p�r�e�s�s�u�r�e� �r�e�l�e�a�s�e�, �� �w�h�i�c�h� �a�l�l�o�w�s� �c�o�m�p�l�e�t�e� �t�r�a�n�s�m�i�s�s�i�o�n� �(�p ��=�0�)�.� �F�o�r� �a� �t�r�a�v�e�l�i�n�g� 

�w�a�v�e�,� �t�h�e� �h�a�r�d� �w�a�l�l� �c�o�n�d�i�t�i�o�n� �i�s� �t�h�e� �s�a�m�e�,� �a�n�d� �i�t�s� �c�o�u�n�t�e�r�p�a�r�t� �i�s� �a�  ��m�a�t�c�h�e�d �� �b�o�u�n�d�a�r�y�.� 

�A�c�o�u�s�t�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �f�u�n�c�t�i�o�n�s� �t�h�a�t� �a�r�e� �m�o�s�t� 

�c�o�m�m�o�n�l�y� �e�x�p�r�e�s�s�e�d� �a�s� �a�c�o�u�s�t�i�c� �i�m�p�e�d�a�n�c�e�,� �w�h�i�c�h� �i�s� �t�h�e� �c�o�m�p�l�e�x� �r�a�t�i�o� �o�f� �c�o�m�p�l�e�x� 

�p�r�e�s�s�u�r�e� �t�o� �c�o�m�p�l�e�x� �p�a�r�t�i�c�l�e� �v�e�l�o�c�i�t�y�,� 

�Z�=� �P�e� �(�9�)� 
�u� 

�T�h�e� �i�n�v�e�r�s�e� �o�f� �i�m�p�e�d�a�n�c�e�,� �t�e�r�m�e�d� �a�d�m�i�t�t�a�n�c�e�,� �c�a�n� �a�l�s�o� �b�e� �u�s�e�d�.� �O�f�t�e�n� �t�i�m�e�s�,� �a�c�o�u�s�t�i�c� 

�i�m�p�e�d�a�n�c�e� �i�s� �n�o�r�m�a�l�i�z�e�d� �b�y� �w�h�a�t� �i�s� �k�n�o�w�n� �a�s� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�m�p�e�d�a�n�c�e�.� �T�h�i�s� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�m�p�e�d�a�n�c�e� �i�s� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� �m�a�s�s� �d�e�n�s�i�t�y� �a�n�d� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �s�p�e�e�d� 

�o�f� �s�o�u�n�d� �o�f� �t�h�e� �m�e�d�i�u�m�,� �p�,�c�,� �a�n�d� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �i�n�d�e�x� �o�f� �r�e�f�r�a�c�t�i�o�n� �f�o�r� �l�i�g�h�t� �w�a�v�e�s�.� 

�T�h�e� �n�o�r�m�a�l�i�z�e�d� �i�m�p�e�d�a�n�c�e� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�2�0



�c�a�r�e�r�s� �(�1�0�)� �Z� 

�w�h�e�r�e� �r� �i�s� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �c�a�l�c�u�l�a�t�e�d� �i�n� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �s�t�a�n�d�i�n�g� �w�a�v�e� �t�u�b�e� 

�t�e�c�h�n�i�q�u�e�,� �o�r� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �r�a�d�i�a�t�i�o�n� �r�e�s�i�s�t�a�n�c�e� �a�n�d� �r�e�a�c�t�a�n�c�e�,� �R� �a�n�d� �X�,� 

�Z�=�R� �+� �x�X�.� �(�1�1�)� 

�A�s� �s�t�a�t�e�d�,� �t�h�e� �m�a�j�o�r�i�t�y� �o�f� �a�c�o�u�s�t�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �a�n�a�l�y�s�e�s� �r�e�p�o�r�t� �t�h�e�i�r� �r�e�s�u�l�t�s� �i�n� �t�h�e� 

�f�o�r�m� �o�f� �n�o�r�m�a�l�i�z�e�d� �i�m�p�e�d�a�n�c�e�,� �e�i�t�h�e�r� �b�y� �r�e�p�o�r�t�i�n�g� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�r� �t�h�e� 

�r�e�s�i�s�t�a�n�c�e� �a�n�d� �r�e�a�c�t�a�n�c�e�.� �T�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y�,� �h�o�w�e�v�e�r�,� �d�e�a�l�s� �w�i�t�h� �t�h�e� �s�p�e�c�i�f�i�c� �a�c�o�u�s�t�i�c� 

�a�d�m�i�t�t�a�n�c�e�.� �T�h�e� �s�p�e�c�i�f�i�c� �a�d�m�i�t�t�a�n�c�e� �i�s� �t�h�e� �c�o�m�p�l�e�x� �r�e�c�i�p�r�o�c�a�l� �o�f� �t�h�e� �s�p�e�c�i�f�i�c� �i�m�p�e�d�a�n�c�e�,� 

�a�n�d� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �R� �a�n�d� �X� �a�s� 

�R�R�.� �x� 
�y� �p�.�c�(�R�?� �+�X�?�)� �p�,�c�(�R�?� �+�X�?�)� 
� � �(�1�2�)� 

�E�x�p�r�e�s�s�i�n�g� �t�h�e� �r�e�a�l� �p�a�r�t� �a�s� �@� �a�n�d� �t�h�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t� �a�s� �w� �g�i�v�e�s� �y� �=� �a� �-� �j�w�.� �(�T�h�e� �s�y�m�b�o�l� 

�y� �u�s�e�d� �h�e�r�e� �r�e�p�r�e�s�e�n�t�s� �a�c�o�u�s�t�i�c� �a�d�m�i�t�t�a�n�c�e�,� �a�n�d� �s�h�o�u�l�d� �n�o�t� �b�e� �c�o�n�f�u�s�e�d� �w�i�t�h� �t�h�e� �t�a�r�g�e�t� 

�p�a�r�a�m�e�t�e�r� �v�e�c�t�o�r� �Y� �u�s�e�d� �l�a�t�e�r�.�)� �P�h�y�s�i�c�a�l�l�y�,� �o�&� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �o�f� �a�c�o�u�s�t�i�c� 

�e�n�e�r�g�y�,� �a�n�d� �m�u�s�t� �b�e� �n�o�n�-�n�e�g�a�t�i�v�e�.� �T�h�e� �q�u�a�n�t�i�t�y� �y� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�t�o�r�a�g�e� �o�f� �a�c�o�u�s�t�i�c� 

�e�n�e�r�g�y�,� �a�n�d� �c�a�n� �b�e� �a�n�y� �r�e�a�l� �v�a�l�u�e�.� �I�n� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y�,� �a� �m�e�t�h�o�d� �f�o�r� �m�e�a�s�u�r�i�n�g� �a� �a�n�d� �y� 

�i�s� �s�o�u�g�h�t�.� 
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�2�.�3� �P�a�r�a�m�e�t�e�r� �E�s�t�i�m�a�t�i�o�n� 

�O�f�t�e�n� �t�i�m�e�s�,� �o�n�e� �c�a�n� �c�r�e�a�t�e� �a� �n�u�m�e�r�i�c�a�l� �m�o�d�e�l� �o�f� �a� �p�h�y�s�i�c�a�l� �p�r�o�c�e�s�s�,� �b�u�t� �s�t�i�l�l� �n�o�t� 

�b�e� �a�b�l�e� �t�o� �e�v�a�l�u�a�t�e� �t�h�a�t� �m�o�d�e�l� �b�e�c�a�u�s�e� �o�f� �a� �l�a�c�k� �o�f� �r�e�q�u�i�r�e�d� �i�n�f�o�r�m�a�t�i�o�n�.� �T�h�i�s� 

�i�n�f�o�r�m�a�t�i�o�n� �g�e�n�e�r�a�l�l�y� �t�a�k�e�s� �t�h�e� �f�o�r�m� �o�f� �p�a�r�a�m�e�t�e�r�s� �a�n�d�/�o�r� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�P�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �i�s� �a� �p�r�o�c�e�s�s� �i�n� �w�h�i�c�h� �v�a�l�u�e�s� �o�f� �u�n�k�n�o�w�n� �c�o�n�s�t�a�n�t�s� �t�h�a�t� �a�p�p�e�a�r� �i�n� 

�m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l�s� �a�r�e� �e�v�a�l�u�a�t�e�d�.� �T�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n�,� �o�r� �f�u�n�c�t�i�o�n� �o�p�t�i�m�i�z�a�t�i�o�n�,� 

�p�r�o�b�l�e�m� �i�s� �a� �t�y�p�e� �o�f� �v�a�l�u�e�-�b�a�s�e�d� �p�r�o�b�l�e�m� �i�n� �w�h�i�c�h� �t�h�e� �t�a�s�k� �i�s� �t�o� �f�i�n�d� �t�h�e� �s�e�t�(�s�)� �o�f� 

�p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �m�a�x�i�m�i�z�e� �(�o�r� �m�i�n�i�m�i�z�e�)� �a� �f�u�n�c�t�i�o�n�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� 

�p�r�o�b�l�e�m� �c�a�n� �b�e� �a�p�p�r�o�a�c�h�e�d� �i�n� �a� �n�u�m�b�e�r� �o�f� �w�a�y�s�.� �O�n�e� �m�a�y� �e�l�e�c�t� �t�o� �s�e�a�r�c�h� �f�o�r� �a� �s�o�l�u�t�i�o�n� 

�u�s�i�n�g� �a�n� �a�n�a�l�y�t�i�c� �m�e�t�h�o�d�,� �a� �b�r�u�t�e�-�f�o�r�c�e� �m�e�t�h�o�d�,� �a� �c�a�l�c�u�l�u�s�-�b�a�s�e�d� �(�g�r�a�d�i�e�n�t�)� �s�t�r�a�t�e�g�y�,� �a�n� 

�e�v�o�l�u�t�i�o�n�a�r�y� �s�t�r�a�t�e�g�y�,� �o�r� �a�n�y� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e�s�e�.� 

�F�o�r� �m�a�n�y� �p�r�a�c�t�i�c�a�l� �p�r�o�b�l�e�m�s� �o�f� �m�o�d�e�r�a�t�e� �c�o�m�p�l�e�x�i�t�y� �a�n�d� �p�a�r�a�m�e�t�e�r� �d�o�m�a�i�n�,� 

�a�n�a�l�y�t�i�c� �a�n�d� �b�r�u�t�e�-�f�o�r�c�e� �m�e�t�h�o�d�s� �c�a�n� �b�e� �q�u�i�c�k�l�y� �d�i�s�c�a�r�d�e�d� �a�s� �p�l�a�u�s�i�b�l�e� �s�o�l�u�t�i�o�n� 

�t�e�c�h�n�i�q�u�e�s�.� �A�n�a�l�y�t�i�c� �t�e�c�h�n�i�q�u�e�s� �r�e�q�u�i�r�e� �e�x�t�e�n�s�i�v�e� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �s�y�s�t�e�m� �a�n�d� �a�l�s�o� 

�r�e�q�u�i�r�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�o� �b�e� �s�m�o�o�t�h� �a�n�d� �d�i�f�f�e�r�e�n�t�i�a�b�l�e�.� �N�e�i�t�h�e�r� �o�f� �t�h�e�s�e� 

�r�e�q�u�i�r�e�m�e�n�t�s� �a�r�e�,� �f�o�r� �t�h�e� �m�o�s�t� �p�a�r�t�,� �m�e�t� �b�y� �p�r�a�c�t�i�c�a�l� �p�r�o�b�l�e�m�s�.� �B�r�u�t�e�-�f�o�r�c�e� �m�e�t�h�o�d�s�,� 

�s�u�c�h� �a�s� �e�n�u�m�e�r�a�t�i�v�e� �o�r� �r�a�n�d�o�m� �s�e�a�r�c�h�e�s�,� �c�a�n�n�o�t� �e�f�f�i�c�i�e�n�t�l�y� �c�o�p�e� �w�i�t�h� �e�v�e�n� �a� �m�o�d�e�r�a�t�e�l�y� 

�s�i�z�e�d� �s�e�a�r�c�h� �s�p�a�c�e�.� �I�t� �s�i�m�p�l�y� �t�a�k�e�s� �t�o�o� �l�o�n�g� �t�o� �e�v�a�l�u�a�t�e� �e�v�e�r�y� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n�.� 

�T�h�i�s� �l�e�a�v�e�s� �t�h�e� �p�r�o�b�l�e�m� �s�o�l�v�e�r� �w�i�t�h� �t�w�o� �t�o�o�l�s�:� �g�r�a�d�i�e�n�t� �t�e�c�h�n�i�q�u�e�s� �a�n�d� 

�e�v�o�l�u�t�i�o�n�a�r�y� �c�o�m�p�u�t�a�t�i�o�n�.� �G�r�a�d�i�e�n�t� �s�t�r�a�t�e�g�i�e�s� �a�r�e� �w�e�l�l� �s�u�i�t�e�d� �f�o�r� �f�i�n�d�i�n�g� �l�o�c�a�l� �e�x�t�r�e�m�a� 

�i�n� �a�n� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �s�u�c�h� �a�s� �a� �s�u�m�-�o�f�-�s�q�u�a�r�e�s� �e�r�r�o�r� �f�u�n�c�t�i�o�n�.� �T�h�e�s�e� �m�e�t�h�o�d�s� �e�m�p�l�o�y� 
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�t�h�e� �f�i�r�s�t� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�o�  ��c�l�i�m�b �� �(�o�r�  ��d�e�s�c�e�n�d � ��)� �a� �n�e�a�r�b�y� 

 ��p�e�a�k �� �(�o�r�  ��v�a�l�l�e�y�. � ��)� �T�h�e� �b�e�n�e�f�i�t� �o�f� �s�u�c�h� �s�t�r�a�t�e�g�i�e�s� �i�s� �r�a�p�i�d� �c�o�n�v�e�r�g�e�n�c�e� �u�p�o�n� �a� �l�o�c�a�l� 

�e�x�t�r�e�m�e�.� 

�T�h�e� �m�a�j�o�r� �d�r�a�w�b�a�c�k� �o�f� �g�r�a�d�i�e�n�t� �t�e�c�h�n�i�q�u�e�s� �i�s� �t�h�e� �i�n�h�e�r�e�n�t�l�y� �l�o�c�a�l� �s�c�o�p�e� �o�f� �t�h�e� 

�s�e�a�r�c�h�.� �T�h�e�s�e� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �e�x�t�r�e�m�e�l�y� �s�e�n�s�i�t�i�v�e� �t�o� �s�t�a�r�t�i�n�g� �p�o�s�i�t�i�o�n�s�,� �a�n�d� �w�i�l�l� �u�s�u�a�l�l�y� 

�s�t�o�p� �w�h�e�n� �a�n�t�i�c�i�p�a�t�e�d� �i�m�p�r�o�v�e�m�e�n�t�s� �n�o� �l�o�n�g�e�r� �o�c�c�u�r�.� �R�a�n�d�o�m� �r�e�s�t�a�r�t� �i�s� �o�f�t�e�n� �e�m�p�l�o�y�e�d� 

�i�n� �a�n� �a�t�t�e�m�p�t� �t�o� �o�v�e�r�c�o�m�e� �t�h�i�s� �p�r�o�b�l�e�m�,� �b�u�t� �a� �l�a�r�g�e� �s�e�a�r�c�h� �s�p�a�c�e� �m�a�y� �c�a�u�s�e� �t�h�i�s� 

�p�r�o�c�e�d�u�r�e� �t�o� �b�e� �i�n�e�f�f�i�c�i�e�n�t� �o�r� �e�v�e�n� �i�n�e�f�f�e�c�t�i�v�e�.� 

�G�r�a�d�i�e�n�t� �t�e�c�h�n�i�q�u�e�s� �a�l�s�o� �d�e�p�e�n�d� �u�p�o�n� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �d�e�r�i�v�a�t�i�v�e�s�.� �P�r�a�c�t�i�c�a�l� 

�o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �g�e�n�e�r�a�l�l�y� �d�o� �n�o�t� �l�e�n�d� �t�h�e�m�s�e�l�v�e�s� �t�o� �t�h�i�s� �n�o�t�i�o�n� �o�f� �a� �s�m�o�o�t�h�,� 

�d�i�f�f�e�r�e�n�t�i�a�b�l�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �I�n�s�t�e�a�d�,� �u�s�e�r�s� �o�f�t�e�n� �l�o�c�a�l�l�y� �l�i�n�e�a�r�i�z�e� �t�h�e� �m�o�d�e�l� �w�i�t�h� �a� 

�t�y�p�e� �o�f� �n�u�m�e�r�i�c�a�l� �a�p�p�r�o�x�i�m�a�t�i�o�n� �a�n�d� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�,� �w�h�i�c�h� �n�e�c�e�s�s�a�r�i�l�y� �i�n�t�r�o�d�u�c�e�s� �e�r�r�o�r� 

�a�n�d� �u�n�c�e�r�t�a�i�n�t�y� �i�n�t�o� �t�h�e� �m�e�t�h�o�d�.� �A�n�d� �e�v�e�n� �i�f� �d�e�r�i�v�a�t�i�v�e�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d�,� �t�h�e�r�e� �i�s� �t�h�e� 

�p�o�s�s�i�b�i�l�i�t�y� �t�h�a�t� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �m�a�y� �b�e� �p�o�o�r�l�y� �d�e�f�i�n�e�d�,� �o�r�  ��f�l�a�t�, �� �w�h�i�c�h� �l�e�a�d�s� �t�o� 

�c�o�n�v�e�r�g�e�n�c�e� �p�r�o�b�l�e�m�s�.� 

�E�v�o�l�u�t�i�o�n�a�r�y� �c�o�m�p�u�t�a�t�i�o�n� �m�e�t�h�o�d�s� �(�o�r� �e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m�s�)�,� �o�n� �t�h�e� �o�t�h�e�r� 

�h�a�n�d�,� �a�r�e� �w�e�l�l� �s�u�i�t�e�d� �t�o� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �o�f� �a� �c�o�m�p�l�e�x� �n�a�t�u�r�e� �a�n�d� �s�i�z�a�b�l�e� �s�e�a�r�c�h� 

�s�p�a�c�e�.� �E�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m�s� �a�c�h�i�e�v�e� �t�h�e�i�r� �r�o�b�u�s�t�n�e�s�s� �(�b�a�l�a�n�c�e� �b�e�t�w�e�e�n� �e�f�f�i�c�i�e�n�c�y� �a�n�d� 

�e�f�f�e�c�t�i�v�e�n�e�s�s�)� �b�y� �u�s�i�n�g� �s�e�a�r�c�h� �a�l�g�o�r�i�t�h�m�s� �b�a�s�e�d� �o�n� �t�h�e� �m�e�c�h�a�n�i�c�s� �o�f� �n�a�t�u�r�a�l� �s�e�l�e�c�t�i�o�n�.� 

�M�o�r�e� �p�r�e�c�i�s�e�l�y�,� �e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m�s� �m�a�i�n�t�a�i�n� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� �i�n�d�i�v�i�d�u�a�l� �s�t�r�u�c�t�u�r�e�s� 

�t�h�a�t� �a�r�e� �a�l�l�o�w�e�d� �t�o� �e�v�o�l�v�e� �t�o� �a�n� �o�p�t�i�m�u�m� �s�t�a�t�e� �a�c�c�o�r�d�i�n�g� �t�o� �c�e�r�t�a�i�n� �r�u�l�e�s�.� 
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�E�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m�s� �d�i�f�f�e�r� �f�r�o�m� �t�r�a�d�i�t�i�o�n�a�l� �(�a�n�a�l�y�t�i�c�a�l�,� �e�n�u�m�e�r�a�t�i�v�e�,� �c�a�l�c�u�l�u�s�-� 

�b�a�s�e�d�)� �t�e�c�h�n�i�q�u�e�s� �i�n� �t�h�a�t� �t�h�e�y�:� �(�1�)� �m�a�i�n�t�a�i�n� �a�n�d� �s�e�a�r�c�h� �f�r�o�m� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� �p�o�i�n�t�s� 

�i�n�s�t�e�a�d� �o�f� �a� �s�i�n�g�l�e� �p�o�i�n�t�,� �(�2�)� �u�s�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e�s� �(�f�i�t�n�e�s�s�)� �t�o� �g�u�i�d�e� �t�h�e� �s�e�a�r�c�h� 

�i�n�s�t�e�a�d� �o�f� �d�e�r�i�v�a�t�i�v�e�s� �o�r� �o�t�h�e�r� �a�u�x�i�l�i�a�r�y� �k�n�o�w�l�e�d�g�e�,� �a�n�d� �(�3�)� �u�s�e� �p�r�o�b�a�b�i�l�i�s�t�i�c�,� �r�a�t�h�e�r� �t�h�a�n� 

�d�e�t�e�r�m�i�n�i�s�t�i�c�,� �t�r�a�n�s�i�t�i�o�n� �r�u�l�e�s�.� �A� �k�e�y� �p�o�i�n�t� �t�h�a�t� �w�a�r�r�a�n�t�s� �e�m�p�h�a�s�i�s� �i�s� �t�h�e� �f�a�c�t� �t�h�a�t� 

�e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m�s� �d�o� �n�o�t� �r�e�l�y� �o�n� �t�h�e� �e�x�i�s�t�e�n�c�e� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �t�o� �c�o�m�p�l�e�t�e� �t�h�e�i�r� 

�s�e�a�r�c�h�.� �I�t� �s�h�o�u�l�d� �a�l�s�o� �b�e� �n�o�t�e�d� �t�h�a�t� �e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �n�o�t� �a� �r�a�n�d�o�m� �s�e�a�r�c�h� �f�o�r� �a� 

�s�o�l�u�t�i�o�n�.� �R�a�n�d�o�m�i�z�e�d� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �u�s�e�d�,� �b�u�t� �t�h�e� �e�n�d� �r�e�s�u�l�t� �i�s� �d�i�s�t�i�n�c�t�l�y� �n�o�n�r�a�n�d�o�m�.� 

�B�e�n�e�f�i�t�s� �o�f� �e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m�s� �i�n�c�l�u�d�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�i�m�p�l�i�c�i�t�y� �a�n�d� �a� �v�e�r�y� 

�p�o�w�e�r�f�u�l�,� �r�o�b�u�s�t� �s�e�a�r�c�h� �t�o�o�l�.� �T�h�e� �p�r�o�m�i�n�e�n�t� �s�h�o�r�t�c�o�m�i�n�g� �i�s� �a� �s�a�c�r�i�f�i�c�e� �o�f� �p�e�a�k� 

�p�e�r�f�o�r�m�a�n�c�e� �f�o�r� �s�p�e�c�i�f�i�c� �p�r�o�b�l�e�m�s� �i�n� �e�x�c�h�a�n�g�e� �f�o�r� �r�e�l�a�t�i�v�e�l�y� �h�i�g�h� �p�e�r�f�o�r�m�a�n�c�e� 

�t�h�r�o�u�g�h�o�u�t� �a� �l�a�r�g�e� �s�p�e�c�t�r�u�m� �o�f� �p�r�o�b�l�e�m�s�.� �T�h�e�s�e� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �p�o�o�r�l�y� �s�u�i�t�e�d� �f�o�r� 

�p�r�o�b�l�e�m�s� �w�h�e�r�e� �e�f�f�i�c�i�e�n�t� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d�s� �a�r�e� �a�l�r�e�a�d�y� �k�n�o�w�n� �t�o� �e�x�i�s�t�.� �A�s� �a� �r�e�s�u�l�t�,� 

�e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �u�s�e�d� �w�h�e�n� �a�l�l� �e�l�s�e� �f�a�i�l�s�.� 

�A� �r�e�a�s�o�n�a�b�l�e� �c�o�n�c�l�u�s�i�o�n� �f�r�o�m� �t�h�e�s�e� �e�x�p�l�a�n�a�t�i�o�n�s� �o�f� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d�s� �w�o�u�l�d� �b�e� �t�o� 

�u�s�e� �a�n� �e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �l�o�c�a�l�e� �o�f� �t�h�e� �g�l�o�b�a�l� �m�i�n�i�m�u�m�,� �a�n�d� �t�h�e�n� 

�u�s�e� �a� �g�r�a�d�i�e�n�t� �t�e�c�h�n�i�q�u�e� �t�o� �z�e�r�o� �i�n� �o�n� �i�t�.� 

�2�.�3�.�1� �T�h�e� �G�a�u�s�s� �M�e�t�h�o�d� 

�N�u�m�e�r�o�u�s� �t�e�c�h�n�i�q�u�e�s� �c�a�n� �b�e� �e�m�p�l�o�y�e�d� �i�n� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n�,� �S�.� �O�n�e� �o�f� �t�h�e� �s�i�m�p�l�e�s�t� �a�n�d� �m�o�s�t� �e�f�f�e�c�t�i�v�e� �i�s� �a� �g�r�a�d�i�e�n�t�-�b�a�s�e�d� �t�e�c�h�n�i�q�u�e� �k�n�o�w�n� 
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�a�s� �t�h�e� �G�a�u�s�s� �l�i�n�e�a�r�i�z�a�t�i�o�n�,� �o�r� �j�u�s�t� �G�a�u�s�s�,� �m�e�t�h�o�d�.� �F�o�r� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l�s�,� �t�h�e� �G�a�u�s�s� 

�m�e�t�h�o�d� �i�s� �a�n� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�s�s� �t�h�a�t� �m�o�d�i�f�i�e�s� �a�n� �e�s�t�i�m�a�t�e�d� �p�a�r�a�m�e�t�e�r� �v�e�c�t�o�r� �b�y� �s�p�e�c�i�f�y�i�n�g� 

�d�i�r�e�c�t�i�o�n� �a�n�d� �s�i�z�e� �o�f� �c�o�r�r�e�c�t�i�o�n�s� �t�o� �t�h�a�t� �v�e�c�t�o�r� �i�n� �e�a�c�h� �s�t�e�p�.� �R�e�d�e�f�i�n�i�n�g� �t�h�e� �s�u�m�-�o�f�-� 

�s�q�u�a�r�e�s� �e�r�r�o�r� �f�u�n�c�t�i�o�n� �i�n� �E�q�u�a�t�i�o�n� �|� �y�i�e�l�d�s� 

�m� 

�S�=�[�Y�-�P�@�)�'�T�Y� �-� �P�=� �d�[�y�,� �-�P�,�6�)�]� 
�i�=�]� 

�2� 
�;� �(�1�3�)� 

�w�h�e�r�e� �Y� �a�n�d� �P� �a�r�e� �v�e�c�t�o�r�s� �o�f� �o�b�s�e�r�v�e�d� �a�n�d� �p�r�e�d�i�c�t�e�d� �v�a�l�u�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�n� �t�h�e� �c�u�r�r�e�n�t� 

�s�t�u�d�y�,� �t�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �d�y�n�a�m�i�c� �p�r�e�s�s�u�r�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �Y�,� �i�s� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� 

�d�y�n�a�m�i�c� �p�r�e�s�s�u�r�e� �o�b�s�e�r�v�e�d� �a�t� �t�h�e� �f�i�r�s�t� �p�r�e�s�s�u�r�e� �p�r�o�b�e�,� �Y�,� �i�s� �t�h�e� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t� �o�f� 

�t�h�e� �p�r�e�s�s�u�r�e� �f�r�o�m� �t�h�e� �s�a�m�e� �p�r�o�b�e�,� �Y�,� �i�s� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �f�r�o�m� �t�h�e� 

�s�e�c�o�n�d� �p�r�o�b�e�,� �a�n�d� �s�o� �o�n�.� �S�i�m�i�l�a�r�l�y�,� �P�.� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l�l�y� �p�r�e�d�i�c�t�e�d� �v�a�l�u�e� �o�f� 

�Y�,�.� �T�h�e� �B� �t�e�r�m� �i�s� �a� �v�e�c�t�o�r� �o�f� �t�h�e� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s� �u�p�o�n� �w�h�i�c�h� �P� �i�s� �d�e�p�e�n�d�e�n�t�.� �I�n� �t�h�e� 

�c�u�r�r�e�n�t� �r�e�s�e�a�r�c�h�,� �B� �i�s� �a� �v�e�c�t�o�r� �o�f� �t�h�e� �f�o�u�r� �a�c�o�u�s�t�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�:� 

�B�,� �=� �R�e�l�y�]�,� 

�B�,� �=�I�m�[�y�?�]�,� 
�(�1�4�)� 

�B�,� �=� �R�e�l�y�"�)�,� 

�B�,� �=� �I�m�[�y�s�"�]�.� 

�I�n� �t�h�e� �G�a�u�s�s� �m�e�t�h�o�d�,� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �S� �i�s� �a�c�h�i�e�v�e�d� �b�y� �s�e�t�t�i�n�g� �t�h�e� �m�a�t�r�i�x� 

�d�e�r�i�v�a�t�i�v�e� �o�f� �S� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �B� �e�q�u�a�l� �t�o� �z�e�r�o�,� �a�n�d� �t�h�e�n� �f�i�n�d�i�n�g� �B�'� �=� �B� �w�h�i�c�h� �b�e�s�t� 

�s�a�t�i�s�f�i�e�s� �t�h�e� �r�e�s�u�l�t�i�n�g� �e�x�p�r�e�s�s�i�o�n�,� 

�V�,�S� �=� �2�[�-�X�(�B�Y�I�L�Y� �-� �P�B ��)� �=� �0�.� �(�1�5�)� 
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�I�n� �t�h�i�s� �e�x�p�r�e�s�s�i�o�n�,� �X�(�B�'�)� �i�s� �c�a�l�l�e�d� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x�,� �a�n�d� �i�s� �d�e�f�i�n�e�d� �a�s� 

�X�(�B ��)� �=� �[�V�,�P�*�)�T�'�.� �(�1�6�)� 

�T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x� �i�s� �t�h�e� �m�a�t�r�i�x� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �v�e�c�t�o�r� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� 

�t�h�e� �p�a�r�a�m�e�t�e�r�s� �b�e�i�n�g� �e�s�t�i�m�a�t�e�d�.� �I�t� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �a�m�o�u�n�t� �o�f� �c�h�a�n�g�e� �e�x�p�e�r�i�e�n�c�e�d� �b�y� �P� �d�u�e� 

�t�o� �s�l�i�g�h�t� �p�e�r�t�u�r�b�a�t�i�o�n�s� �i�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s�.� �I�n�d�i�v�i�d�u�a�l� �e�l�e�m�e�n�t�s� �o�f� �X� �a�r�e� �o�b�t�a�i�n�e�d� 

�u�s�i�n�g� �n�u�m�e�r�i�c�a�l� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�,� �s�u�c�h� �a�s� �t�h�e� �f�o�r�w�a�r�d� �d�i�f�f�e�r�e�n�c�e� �t�e�c�h�n�i�q�u�e�,� 

� � 

�o�P�.� 
�X�.�.� �= � ��,� �1�7�a� �i� �3�B�.� �(�1�7�a�)� 

�o�r� 

�P�.�(�b�,�,�.�.�.�,�b�,� �+� �6�b�,�,�.�.�.�,�b�,�)� �- ��P�.�(�b�,�,�.�.�.�,�b�,�,�.�.�.�,�b� �x�X�,� �=� �(� �1� �J� �J� �m�)� �(� �1� �J� �n�m�)� �(�1�7�b�)� 

�d�b�,� 
�J� 

�T�h�e� �G�a�u�s�s� �m�e�t�h�o�d� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x� �b�e� �l�i�n�e�a�r�l�y� �i�n�d�e�p�e�n�d�e�n�t�,� �a�n�d� �a� 

�c�h�e�c�k� �m�u�s�t� �b�e� �i�n�c�l�u�d�e�d� �t�o� �v�e�r�i�f�y� �t�h�a�t� �d�e�t�[�X�"�X�]� �#� �0�.� 

�T�w�o� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �a�r�e� �u�s�e�d� �t�o� �s�o�l�v�e� �f�o�r� �B ��.� �F�i�r�s�t�,� �X�(�B�'�)� �i�s� �r�e�p�l�a�c�e�d� �b�y� �X�(�b�)�,� 

�w�h�e�r�e� �b� �i�s� �a�n� �e�s�t�i�m�a�t�e� �o�f� �B�'�.� �S�e�c�o�n�d�,� �P�(�B ��)� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �u�s�i�n�g� �t�h�e� �f�i�r�s�t� �t�w�o� �t�e�r�m�s� �o�f� �a� 

�T�a�y�l�o�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �f�o�r� �P�(�B�'�)� �a�b�o�u�t� �b�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �e�q�u�a�t�i�o�n� �f�r�o�m� �t�h�e�s�e� 

�a�p�p�r�o�x�i�m�a�t�i�o�n�s�,� 

�X�"�(�b�)�L�Y� �-� �P�(�b�)� �-� �X�(�b�)�(�B ��-�b�)�]� �=� �0�,� �(�1�8�)� 

�i�s� �l�i�n�e�a�r� �i�n� �B�'�,� �a�n�d� �c�a�n� �r�e�a�r�r�a�n�g�e�d� �t�o� �y�i�e�l�d� 

�B �� �=� �b� �+� �[�X�*�(�b�)�X�(�b�)�]�[�X�"�(�b�)�(�¥� �-� �P�(�b�)�)�]�.� �(�1�9�)� 
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�T�h�e�o�r�e�t�i�c�a�l�l�y�,� �t�h�e� �a�b�o�v�e� �e�x�p�r�e�s�s�i�o�n� �s�h�o�u�l�d� �g�i�v�e� �a� �n�e�w� �p�a�r�a�m�e�t�e�r� �v�e�c�t�o�r�,� �f�'�,� �t�h�a�t� �i�s� �a� 

�b�e�t�t�e�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�h�a�n� �t�h�e� �p�r�e�v�i�o�u�s� �v�e�c�t�o�r�,� �b�,� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �E�q�u�a�t�i�o�n� �1�5�.� �A� �m�o�r�e� 

�c�o�m�p�a�c�t� �n�o�t�a�t�i�o�n� �f�a�c�i�l�i�t�a�t�e�s� �t�h�e� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�s�s�,� �a�n�d� �r�e�s�u�l�t�s� �i�n� �t�h�e� �G�a�u�s�s� �l�i�n�e�a�r�i�z�a�t�i�o�n� 

�e�q�u�a�t�i�o�n� 

�b!"�?� �=� �p�®� �+� �[�X!"�x�%�y� �c�x!"�y� �7� �P�® ��)�)�,� �(�2�0�)� 

�w�h�e�r�e� �k� �i�s� �t�h�e� �i�t�e�r�a�t�i�o�n� �n�u�m�b�e�r�,� �b!"� �i�s� �t�h�e� �k�"� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e� �v�e�c�t�o�r�,� �b ��* �� �i�s� �t�h�e� �(�k�+�1�)�"� 

�p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e� �v�e�c�t�o�r�,� �X �� �=� �X�(�b!"�)� �i�s� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �b!"�,� �Y� �i�s� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�s�e�r�v�e�d� �p�r�e�s�s�u�r�e� �v�e�c�t�o�r�,� �a�n�d� �P�®� �=� �P�(�b!"�)� �i�s� �t�h�e� �p�r�e�s�s�u�r�e� �v�e�c�t�o�r� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �b ��.� 

�A�n� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �v�e�c�t�o�r�,� �d�e�s�i�g�n�a�t�e�d� �a�s� �b ��,� �i�s� �n�e�e�d�e�d� �t�o� �b�e�g�i�n� 

�t�h�e� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�s�s�.� �O�n�c�e� �s�t�a�r�t�e�d�,� �t�h�e� �p�r�o�c�e�s�s� �c�o�n�t�i�n�u�e�s� �u�n�t�i�l� �a� �p�r�e�d�e�t�e�r�m�i�n�e�d� �n�u�m�b�e�r� 

�o�f� �i�t�e�r�a�t�i�o�n�s� �i�s� �r�e�a�c�h�e�d�,� �o�r� �u�n�t�i�l� �a�n�y� �c�o�m�p�o�n�e�n�t� �o�f� �b� �u�n�d�e�r�g�o�e�s� �a� �n�e�g�l�i�g�i�b�l�e� �c�h�a�n�g�e� �f�r�o�m� 

�o�n�e� �e�s�t�i�m�a�t�e� �t�o� �t�h�e� �n�e�x�t�.� �B�e�c�k� �a�n�d� �A�r�n�o�l�d� �g�i�v�e� �a� �c�r�i�t�e�r�i�o�n� �f�o�r� �t�h�e� �l�a�t�t�e�r� �a�s� 

�[�b�e�r� �_� �b!"�|� 

 ��p�4�5�,� �<� �5�,� �f�o�r�i�=� �1�,�2�,�.�.�.�,�m�,� �(�2�1�)� 

�w�h�e�r�e� �5� �=� �1�x�1�0�"� �a�n�d� �8�,� �=� �1�x�1�0�"�.� 

�T�h�e� �G�a�u�s�s� �m�e�t�h�o�d� �i�s� �e�f�f�e�c�t�i�v�e� �f�o�r� �b�o�t�h� �l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� �p�r�o�b�l�e�m�s� �w�h�e�r�e� �t�h�e� 

�g�l�o�b�a�l� �m�i�n�i�m�u�m� �i�s� �w�e�l�l� �d�e�f�i�n�e�d� �a�n�d� �t�h�e� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e�s� �a�r�e� �i�n� �t�h�e� �n�e�i�g�h�b�o�r�h�o�o�d� �o�f� �t�h�a�t� 

�m�i�n�i�m�u�m�.� �S�e�r�i�o�u�s� �p�r�o�b�l�e�m�s�,� �i�.�e�.� �n�o�n�c�o�n�v�e�r�g�e�n�c�e�,� �c�a�n� �b�e� �e�n�c�o�u�n�t�e�r�e�d�,� �h�o�w�e�v�e�r�,� �i�f� 

�t�h�e�s�e� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �n�o�t� �m�e�t�.� 
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�2�.�3�.�2� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m�s� 

�A�s� �s�t�a�t�e�d� �e�a�r�l�i�e�r�,� �e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �s�e�a�r�c�h� �m�e�t�h�o�d�s� �b�a�s�e�d� �o�n� �t�h�e� 

�m�e�c�h�a�n�i�c�s� �o�f� �n�a�t�u�r�a�l� �s�e�l�e�c�t�i�o�n�;� �a� �s�u�r�v�i�v�a�l�-�o�f�-�t�h�e�-�f�i�t�t�e�s�t� �e�v�e�n�t� �i�n� �w�h�i�c�h� �p�a�r�a�m�e�t�e�r�s� 

�c�o�m�p�e�t�e� �i�n� �t�h�e� �s�e�a�r�c�h� �s�p�a�c�e�.� �B�e�f�o�r�e� �e�m�b�a�r�k�i�n�g� �o�n� �a� �d�e�t�a�i�l�e�d� �t�h�e�o�r�e�t�i�c�a�l� �e�x�p�l�a�n�a�t�i�o�n� �o�f� 

�g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s�,� �i�t� �m�i�g�h�t� �b�e� �h�e�l�p�f�u�l� �t�o� �d�e�f�i�n�e� �c�e�r�t�a�i�n� �t�e�r�m�s� �t�h�a�t� �w�i�l�l� �b�e� �u�s�e�d�,� �a�n�d� �h�o�w� 

�t�h�e�y� �r�e�l�a�t�e� �t�o� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y�.� �A� �c�h�r�o�m�o�s�o�m�e� �i�s� �a� �s�i�n�g�l�e� �p�a�r�a�m�e�t�e�r�,� �a� �s�i�n�g�l�e� �c�o�m�p�o�n�e�n�t� 

�o�f� �a�B� �v�e�c�t�o�r�.� �A�n� �i�n�d�i�v�i�d�u�a�f�i�s� �a� �s�e�t� �o�f� �f�o�u�r� �c�h�r�o�m�o�s�o�m�e�s�,� �a� �c�o�m�p�l�e�t�e� �B� �v�e�c�t�o�r�.� �A� 

�p�o�p�u�l�a�t�i�o�n� �i�s� �a� �g�r�o�u�p� �o�f� �i�n�d�i�v�i�d�u�a�l�s�;� �a�n�d� �a� �g�e�n�e�r�a�t�i�o�n� �i�s� �a� �s�p�e�c�i�f�i�c� �i�t�e�r�a�t�i�o�n� �s�t�e�p� �o�f� �t�h�e� 

�p�o�p�u�l�a�t�i�o�n�.� �P�a�r�e�n�t�s� �a�r�e� �i�n�d�i�v�i�d�u�a�l�s� �i�n� �t�h�e� �c�u�r�r�e�n�t� �g�e�n�e�r�a�t�i�o�n� �t�h�a�t� �r�e�p�r�o�d�u�c�e� �t�o� �c�r�e�a�t�e� �a� 

�c�h�i�l�d�,� �w�h�i�c�h� �i�s� �a� �n�e�w� �i�n�d�i�v�i�d�u�a�l� �i�n� �t�h�e� �n�e�x�t� �g�e�n�e�r�a�t�i�o�n�.� 

�I�n� �t�h�e�i�r� �b�a�s�i�c� �f�o�r�m�,� �e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m�s� �m�a�i�n�t�a�i�n� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� �i�n�d�i�v�i�d�u�a�l�s� 

�a�n�d� �a�l�l�o�w� �t�h�i�s� �p�o�p�u�l�a�t�i�o�n� �t�o� �e�v�o�l�v�e� �t�o� �a�n� �o�p�t�i�m�a�l� �s�t�a�t�e�.� �A�n� �i�n�d�i�v�i�d�u�a�l� �r�e�p�r�e�s�e�n�t�s� �o�n�e� 

�p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �p�r�o�b�l�e�m�,� �a� �s�e�t� �o�f� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �d�o�m�a�i�n�.� �I�n�d�i�v�i�d�u�a�l�s� �a�r�e� �o�f�t�e�n� 

�r�e�p�r�e�s�e�n�t�e�d� �u�s�i�n�g� �a�  ��c�h�a�r�a�c�t�e�r� �s�t�r�i�n�g�, �� �s�u�c�h� �a�s� �a� �b�i�n�a�r�y� �n�u�m�b�e�r�.� �E�a�c�h� �i�n�d�i�v�i�d�u�a�l� �h�a�s� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �i�t� �a�  ��f�i�t�n�e�s�s�, �� �w�h�i�c�h� �i�s� �a� �m�e�a�s�u�r�e� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l�'�s� �a�b�i�l�i�t�y� �t�o� �s�o�l�v�e� �t�h�e� 

�p�r�o�b�l�e�m�.� �T�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �i�s� �g�u�i�d�e�d� �b�y� �r�u�l�e�s� �c�a�l�l�e�d�  ��s�e�a�r�c�h�, �� �o�r� 

 ��r�e�p�r�o�d�u�c�t�i�o�n�, �� �o�p�e�r�a�t�o�r�s�.� �T�h�e�s�e� �o�p�e�r�a�t�o�r�s� �a�r�e� �d�e�s�i�g�n�e�d� �w�i�t�h� �t�h�e� �k�n�o�w�l�e�d�g�e� �t�h�a�t� �s�o�m�e� 

�i�n�d�i�v�i�d�u�a�l�s� �o�f� �a� �p�o�p�u�l�a�t�i�o�n� �h�a�v�e� �a� �b�e�t�t�e�r� �f�i�t�n�e�s�s� �t�h�a�n� �o�t�h�e�r�s�,� �a�n�d� �t�h�a�t� �t�h�e�s�e� �b�e�t�t�e�r� 

�i�n�d�i�v�i�d�u�a�l�s� �s�h�o�u�l�d� �b�e� �m�o�r�e� �l�i�k�e�l�y� �t�o� �s�u�r�v�i�v�e� �a�n�d� �p�r�o�p�a�g�a�t�e� �t�h�e�i�r� �a�t�t�r�a�c�t�i�v�e� �q�u�a�l�i�t�i�e�s�.� �I�n� 

�t�h�i�s� �w�a�y�,� �e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m�s� �a�t�t�e�m�p�t� �t�o� �m�i�m�i�c� �t�h�e� �n�a�t�u�r�a�l� �s�e�l�e�c�t�i�o�n� �p�r�o�c�e�s�s�e�s� �o�f� 

�b�i�o�l�o�g�i�c�a�l� �s�y�s�t�e�m�s�.� 
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�T�h�e� �e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m� �u�s�e�d� �i�n� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y� �i�s� �a� �v�e�r�s�i�o�n� �o�f� �a� �g�e�n�e�t�i�c� 

�a�l�g�o�r�i�t�h�m�.� �S�i�m�p�l�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �i�n�f�l�u�e�n�c�e� �t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �u�s�i�n�g� 

�t�h�r�e�e� �o�p�e�r�a�t�o�r�s�:� �r�e�p�r�o�d�u�c�t�i�o�n�,� �c�r�o�s�s�o�v�e�r�,� �a�n�d� �m�u�t�a�t�i�o�n�.� �F�i�t�n�e�s�s�-�p�r�o�p�o�r�t�i�o�n�a�t�e� 

�r�e�p�r�o�d�u�c�t�i�o�n� �i�s� �a� �p�r�o�b�a�b�i�l�i�s�t�i�c� �s�e�l�e�c�t�i�o�n� �p�r�o�c�e�s�s� �f�o�r� �p�a�r�e�n�t�s� �o�f� �o�f�f�s�p�r�i�n�g� �i�n� �t�h�e� �n�e�x�t� 

�g�e�n�e�r�a�t�i�o�n�.� �I�t� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �f�i�t�n�e�s�s� �o�f� �i�n�d�i�v�i�d�u�a�l�s� �i�n� �t�h�e� �p�a�r�e�n�t� �g�e�n�e�r�a�t�i�o�n�,� �a�n�d� �e�n�s�u�r�e�s� 

�t�h�a�t� �m�o�r�e� �h�i�g�h�l�y� �f�i�t� �i�n�d�i�v�i�d�u�a�l�s� �h�a�v�e� �a� �h�i�g�h�e�r� �n�u�m�b�e�r� �o�f� �o�f�f�s�p�r�i�n�g� �i�n� �t�h�e� �s�u�c�c�e�e�d�i�n�g� 

�g�e�n�e�r�a�t�i�o�n�.� �C�r�o�s�s�o�v�e�r� �i�s� �a� �p�r�o�c�e�s�s� �i�n� �w�h�i�c�h� �t�w�o� �s�e�l�e�c�t�e�d� �p�a�r�e�n�t�s� �e�x�c�h�a�n�g�e� �p�o�r�t�i�o�n�s� �o�f� 

�t�h�e�i�r� �c�h�a�r�a�c�t�e�r� �s�t�r�i�n�g�s� �t�o� �f�o�r�m� �n�e�w� �i�n�d�i�v�i�d�u�a�l�s�.� �M�u�t�a�t�i�o�n� �r�a�n�d�o�m�l�y� �c�h�a�n�g�e�s� �t�h�e� �v�a�l�u�e� �o�f� 

�a� �b�i�t� �i�n� �t�h�e� �c�h�a�r�a�c�t�e�r� �s�t�r�i�n�g� �o�f� �a� �n�e�w� �i�n�d�i�v�i�d�u�a�l�.� 

�T�h�e�s�e� �t�h�r�e�e� �o�p�e�r�a�t�o�r�s� �s�e�r�v�e� �t�o� �p�e�r�f�o�r�m� �s�p�e�c�i�f�i�c� �f�u�n�c�t�i�o�n�s� �i�n� �t�h�e� �e�v�o�l�u�t�i�o�n�a�r�y� 

�p�r�o�c�e�s�s�.� �A�n�y� �e�v�o�l�u�t�i�o�n�a�r�y� �p�r�o�c�e�s�s�,� �w�h�e�t�h�e�r� �b�i�o�l�o�g�i�c�a�l� �o�r� �c�o�m�p�u�t�e�r� �b�a�s�e�d�,� �r�e�q�u�i�r�e�s� 

�d�i�v�e�r�s�i�t�y� �a�n�d� �a� �s�e�l�e�c�t�i�o�n� �r�o�u�t�i�n�e�.� �T�h�e� �s�e�l�e�c�t�i�o�n� �r�e�q�u�i�r�e�m�e�n�t� �i�s� �f�u�l�f�i�l�l�e�d� �b�y� �t�h�e� 

�r�e�p�r�o�d�u�c�t�i�o�n� �o�p�e�r�a�t�o�r�.� �R�e�p�r�o�d�u�c�t�i�o�n� �e�x�p�l�o�i�t�s� �t�h�e� �a�t�t�r�a�c�t�i�v�e� �q�u�a�l�i�t�i�e�s� �o�f� �h�i�g�h�l�y� �f�i�t� 

�i�n�d�i�v�i�d�u�a�l�s� �b�y� �f�o�c�u�s�i�n�g� �m�o�r�e� �a�t�t�e�n�t�i�o�n� �o�n� �s�u�c�h� �i�n�d�i�v�i�d�u�a�l�s�.� �T�h�e� �d�i�v�e�r�s�i�t�y� �r�e�q�u�i�r�e�m�e�n�t� �i�s� 

�f�u�l�f�i�l�l�e�d� �b�y� �t�h�e� �i�n�i�t�i�a�l� �p�o�p�u�l�a�t�i�o�n� �a�n�d� �t�h�e� �c�r�o�s�s�o�v�e�r� �a�n�d� �m�u�t�a�t�i�o�n� �o�p�e�r�a�t�o�r�s�.� �A� �r�a�n�d�o�m� 

�i�n�i�t�i�a�l� �p�o�p�u�l�a�t�i�o�n� �i�n�t�r�o�d�u�c�e�s� �a� �l�a�r�g�e� �a�m�o�u�n�t� �o�f� �d�i�v�e�r�s�i�t�y� �a�t� �t�h�e� �s�t�a�r�t� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�.� 

�C�r�o�s�s�o�v�e�r� �a�n�d� �m�u�t�a�t�i�o�n� �e�x�p�l�o�r�e� �n�e�w� �a�r�e�a�s� �o�f� �t�h�e� �s�e�a�r�c�h� �s�p�a�c�e� �b�y� �p�e�r�t�u�r�b�i�n�g� �t�h�e� 

�i�n�d�i�v�i�d�u�a�l�s� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� 

�T�h�e� �e�v�o�l�u�t�i�o�n�a�r�y� �a�l�g�o�r�i�t�h�m� �u�s�e�d� �i�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �i�s� �a� �s�l�i�g�h�t� �d�e�v�i�a�t�i�o�n� �f�r�o�m� �a� 

�t�r�u�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�.� �W�h�i�l�e� �t�h�e� �b�a�s�e� �l�o�g�i�c� �a�n�d� �o�p�e�r�a�t�o�r�s� �a�r�e� �t�h�e� �s�a�m�e�,� �t�h�e� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �i�n�d�i�v�i�d�u�a�l�s� �i�s� �d�i�f�f�e�r�e�n�t�.� �I�n�s�t�e�a�d� �o�f� �u�s�i�n�g� �c�h�a�r�a�c�t�e�r� �s�t�r�i�n�g�s� �t�o� �r�e�p�r�e�s�e�n�t� 
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�i�n�d�i�v�i�d�u�a�l�s�,� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y� �u�s�e�s� �f�o�u�r� �r�e�a�l�-�v�a�l�u�e�d� �f�u�n�c�t�i�o�n�s�.� �T�h�i�s� �a�l�t�e�r�a�t�i�o�n� �d�e�c�r�e�a�s�e�s� 

�t�h�e� �c�h�a�n�c�e�s� �o�f� �f�i�n�d�i�n�g� �t�h�e� �g�l�o�b�a�l� �m�i�n�i�m�u�m�,� �b�u�t� �p�r�o�v�i�d�e�s� �f�o�r� �v�e�r�y� �f�a�s�t� �p�o�p�u�l�a�t�i�o�n� 

�c�o�n�v�e�r�g�e�n�c�e�.� 

�T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �i�s� �t�o� �c�r�e�a�t�e� �a�n� �i�n�i�t�i�a�l� �p�o�p�u�l�a�t�i�o�n�.� �E�a�c�h� 

�i�n�d�i�v�i�d�u�a�l� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �c�o�n�s�i�s�t�s� �o�f� �f�o�u�r� �r�e�a�l�-�v�a�l�u�e�d� �v�a�r�i�a�b�l�e�s�:� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� 

�p�a�r�t�s� �o�f� �t�h�e� �i�n�l�e�t� �a�n�d� �o�u�t�l�e�t� �a�c�o�u�s�t�i�c� �a�d�m�i�t�t�a�n�c�e�s�.� �T�h�e� �s�e�a�r�c�h� �s�p�a�c�e� �i�s� �c�o�n�s�t�r�a�i�n�e�d� �i�n� �t�h�a�t� 

�t�h�e� �r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �a�d�m�i�t�t�a�n�c�e� �m�u�s�t� �b�e� �n�o�n�-�n�e�g�a�t�i�v�e�.� �T�h�i�s� �s�t�e�m�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� 

�r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �a�d�m�i�t�t�a�n�c�e� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �o�f� �a�c�o�u�s�t�i�c� �e�n�e�r�g�y�.� �A�n�o�t�h�e�r� 

�c�o�n�s�t�r�a�i�n�t� �i�s� �a�l�s�o� �p�l�a�c�e�d� �o�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �s�e�a�r�c�h� �s�p�a�c�e�,� �a�n�d� �i�s� �e�x�p�l�a�i�n�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�1�.�2�.� 

�O�n�c�e� �t�h�e� �i�n�i�t�i�a�l� �p�o�p�u�l�a�t�i�o�n� �i�s� �g�e�n�e�r�a�t�e�d�,� �a� �t�w�o�-�s�t�e�p� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�s�s� �i�s� �e�n�t�e�r�e�d�.� 

�T�h�e� �f�i�r�s�t� �s�t�e�p� �i�s� �t�o� �e�v�a�l�u�a�t�e� �S� �f�o�r� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�,� �a�s� �i�n� �E�q�u�a�t�i�o�n� �1�3�.� 

�T�h�i�s� �s�u�m�-�o�f�-�s�q�u�a�r�e�s� �e�r�r�o�r� �i�s� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �f�i�t�n�e�s�s� �o�f� �i�n�d�i�v�i�d�u�a�l�s�.� �A� �h�i�g�h�l�y� �f�i�t� 

�i�n�d�i�v�i�d�u�a�l� �p�r�o�v�i�d�e�s� �a� �b�e�t�t�e�r� �s�o�l�u�t�i�o�n� �(�t�h�e� �p�a�r�a�m�e�t�e�r� �s�e�t� �r�e�s�u�l�t�s� �i�n� �a� �l�o�w�e�r� �s�u�m�-�o�f�-�s�q�u�a�r�e�s� 

�e�r�r�o�r�)� �t�h�a�n� �a� �l�e�s�s� �f�i�t� �i�n�d�i�v�i�d�u�a�l�.� 

�W�i�t�h� �t�h�e� �f�i�t�n�e�s�s� �o�f� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �d�e�t�e�r�m�i�n�e�d�,� �t�h�e� �s�e�c�o�n�d� �p�a�r�t� �o�f� �t�h�e� �i�t�e�r�a�t�i�v�e� 

�p�r�o�c�e�s�s� �c�a�n� �b�e�g�i�n�.� �T�h�i�s� �h�a�l�f� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �t�h�r�e�e� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s�:� �r�e�p�r�o�d�u�c�t�i�o�n�,� 

�c�r�o�s�s�o�v�e�r�,� �a�n�d� �m�u�t�a�t�i�o�n�.� �R�e�p�r�o�d�u�c�t�i�o�n� �b�e�g�i�n�s� �b�y� �r�a�n�k�i�n�g� �t�h�e� �i�n�d�i�v�i�d�u�a�l�s� �a�c�c�o�r�d�i�n�g� �t�o� 

�t�h�e�i�r� �f�i�t�n�e�s�s�,� �w�i�t�h� �a� �h�i�g�h� �f�i�t�n�e�s�s� �(�l�o�w� �S�)� �b�e�i�n�g� �g�o�o�d� �a�n�d� �a� �l�o�w� �f�i�t�n�e�s�s� �(�h�i�g�h� �S�)� �b�e�i�n�g� �b�a�d�.� 

�A�f�t�e�r� �t�h�e� �i�n�d�i�v�i�d�u�a�l�s� �a�r�e� �r�a�n�k�e�d� �e�a�c�h� �o�n�e� �i�s� �a�s�s�i�g�n�e�d� �a� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �b�e�i�n�g� �c�h�o�s�e�n� �a�s� �a� 

�p�a�r�e�n�t�.� �T�h�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� �a�r�e� �f�i�t�n�e�s�s�-�p�r�o�p�o�r�t�i�o�n�a�t�e�,� �w�i�t�h� �t�h�e� �s�u�m� �o�f� �a�l�l� �e�q�u�a�l� �t�o� �1�.�0�.� �F�o�r� 

�e�a�c�h� �c�h�i�l�d� �i�n� �t�h�e� �n�e�x�t� �g�e�n�e�r�a�t�i�o�n� �t�w�o� �p�a�r�e�n�t�s� �a�r�e� �s�e�l�e�c�t�e�d� �u�s�i�n�g� �r�a�n�d�o�m� �n�u�m�b�e�r�s� �a�n�d� �t�h�e� 
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�p�r�o�b�a�b�i�l�i�t�i�e�s�.� �T�h�i�s� �p�r�o�c�e�s�s� �c�a�n� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �t�h�e� �s�p�i�n�n�i�n�g� �o�f� �a� �r�o�u�l�e�t�t�e� �w�h�e�e�l� �w�h�e�r�e� 

�s�p�a�c�e� �o�n� �t�h�e� �w�h�e�e�l� �i�s� �a�l�l�o�c�a�t�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �f�i�t�n�e�s�s�.� �I�n�d�i�v�i�d�u�a�l�s� �o�f� �h�i�g�h� �f�i�t�n�e�s�s� �a�r�e� �g�i�v�e�n� 

�m�o�r�e� �s�p�a�c�e� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �a�r�e� �m�o�r�e� �l�i�k�e�l�y� �t�o� �b�e� �c�h�o�s�e�n� �a�s� �a� �p�a�r�e�n�t�.� �A�t� �t�h�i�s� �p�o�i�n�t�,� 

�r�e�p�r�o�d�u�c�t�i�o�n� �i�s� �o�v�e�r� �a�n�d� �c�r�o�s�s�o�v�e�r� �b�e�g�i�n�s�.� 

�T�h�e� �c�r�o�s�s�o�v�e�r� �o�p�e�r�a�t�i�o�n� �h�a�s� �b�e�e�n� �m�o�d�i�f�i�e�d� �t�o� �a�c�c�o�m�m�o�d�a�t�e� �t�h�e� �c�h�a�n�g�e� �i�n� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �i�n�d�i�v�i�d�u�a�l�s�.� �I�n�s�t�e�a�d� �o�f� �e�a�c�h� �p�a�r�e�n�t� �p�a�s�s�i�n�g� �o�n� �a� �p�a�r�t� �o�f� �a� �c�h�a�r�a�c�t�e�r� 

�s�t�r�i�n�g� �t�o� �t�h�e� �c�h�i�l�d�,� �t�h�e� �p�a�r�e�n�t�s� �p�a�s�s� �t�h�e� �r�e�a�l�-�v�a�l�u�e�d� �f�u�n�c�t�i�o�n�s�.� �E�a�c�h� �o�f� �t�h�e� �f�o�u�r� �v�a�l�u�e�s� 

�(�c�h�r�o�m�o�s�o�m�e�s�)� �i�n� �t�h�e� �o�f�f�s�p�r�i�n�g� �a�r�e� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �c�h�r�o�m�o�s�o�m�e�s� �i�n� �t�h�e� �p�a�r�e�n�t�s�.� �T�h�e� 

�n�e�w� �c�h�r�o�m�o�s�o�m�e� �c�a�n� �b�e� �a�n� �e�x�a�c�t� �d�u�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�h�r�o�m�o�s�o�m�e� �i�n� �t�h�e� 

�f�i�r�s�t� �p�a�r�e�n�t�,� �i�t� �c�a�n� �b�e� �a�n� �e�x�a�c�t� �d�u�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�h�r�o�m�o�s�o�m�e� �i�n� �t�h�e� 

�s�e�c�o�n�d� �p�a�r�e�n�t�,� �o�r� �i�t� �c�a�n� �b�e� �a�n� �a�v�e�r�a�g�e� �o�f� �t�h�e� �t�w�o�.� �T�h�e� �t�h�r�e�e� �p�o�s�s�i�b�i�l�i�t�i�e�s� �h�a�v�e� �a�n� �e�q�u�a�l� 

�c�h�a�n�c�e� �o�f� �o�c�c�u�r�r�i�n�g� �a�n�d� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �a� �r�a�n�d�o�m� �n�u�m�b�e�r� �d�r�a�w�.� �O�n�c�e� �t�h�e� �n�e�w� 

�c�h�r�o�m�o�s�o�m�e�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d�,� �c�r�o�s�s�o�v�e�r� �e�n�d�s� �a�n�d� �t�h�e� �c�h�r�o�m�o�s�o�m�e�s� �a�r�e� �c�h�e�c�k�e�d� �f�o�r� 

�m�u�t�a�t�i�o�n�.� 

�E�a�c�h� �c�h�r�o�m�o�s�o�m�e� �i�n� �t�h�e� �o�f�f�s�p�r�i�n�g� �i�s� �c�h�e�c�k�e�d� �f�o�r� �m�u�t�a�t�i�o�n�,� �I�f� �m�u�t�a�t�i�o�n� �o�c�c�u�r�s�,� 

�t�h�e�n� �a� �c�o�m�p�l�e�t�e�l�y� �n�e�w� �v�a�l�u�e� �i�s� �a�s�s�i�g�n�e�d� �t�o� �t�h�e� �c�h�r�o�m�o�s�o�m�e� �(�i�n� �a�c�c�o�r�d�a�n�c�e� �w�i�t�h� �t�h�e� 

�c�o�n�s�t�r�a�i�n�t�s� �o�n� �t�h�e� �s�e�a�r�c�h� �s�p�a�c�e�.�)� 

�T�h�e� �e�n�t�i�r�e� �p�r�o�c�e�s�s�,� �s�e�l�e�c�t�i�o�n� �o�f� �p�a�r�e�n�t�s� �a�n�d� �s�u�b�s�e�q�u�e�n�t� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �f�o�u�r� 

�o�f�f�s�p�r�i�n�g� �c�h�r�o�m�o�s�o�m�e�s�,� �i�s� �r�e�p�e�a�t�e�d� �f�o�r� �a�s� �m�a�n�y� �c�h�i�l�d�r�e�n� �a�s� �w�i�l�l� �b�e� �i�n� �t�h�e� �n�e�x�t� 

�g�e�n�e�r�a�t�i�o�n�.� �I�n� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y� �a�n� �e�l�i�t�i�s�t� �s�t�r�a�t�e�g�y� �i�s� �e�m�p�l�o�y�e�d� �i�n� �w�h�i�c�h� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� 

�i�n� �t�h�e� �b�e�s�t� �f�o�u�r� �i�n�d�i�v�i�d�u�a�l�s� �i�n� �t�h�e� �c�u�r�r�e�n�t� �p�o�p�u�l�a�t�i�o�n�s� �p�a�s�s�e�d� �d�i�r�e�c�t�l�y� �t�o� �t�h�e� �n�e�x�t� 
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�g�e�n�e�r�a�t�i�o�n�.� �S�o� �w�i�t�h� �a� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �o�f� �f�o�r�t�y�,� �t�h�i�r�t�y�-�s�i�x� �c�h�i�l�d�r�e�n� �m�u�s�t� �b�e� �i�n�s�e�r�t�e�d� �i�n�t�o� 

�t�h�e� �n�e�w� �g�e�n�e�r�a�t�i�o�n� �a�l�o�n�g� �w�i�t�h� �t�h�e� �f�o�u�r� �b�e�s�t� �f�r�o�m� �t�h�e� �p�a�r�e�n�t� �g�e�n�e�r�a�t�i�o�n�.� �(�S�o�m�e� 

�t�e�c�h�n�i�q�u�e�s� �a�l�l�o�w� �f�o�r� �t�h�e� �c�r�e�a�t�i�o�n� �o�f� �m�o�r�e� �c�h�i�l�d�r�e�n� �a�n�d� �t�h�e�n� �h�o�l�d� �a� �f�i�t�n�e�s�s�-�b�a�s�e�d� 

�t�o�u�r�n�a�m�e�n�t� �t�o� �s�e�e� �w�h�i�c�h� �o�n�e�s� �a�d�v�a�n�c�e� �t�o� �t�h�e� �n�e�x�t� �g�e�n�e�r�a�t�i�o�n�.�)� 

�W�i�t�h� �t�h�e� �n�e�w� �g�e�n�e�r�a�t�i�o�n� �c�o�m�p�l�e�t�e�,� �t�h�e� �f�i�t�n�e�s�s� �o�f� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �i�s� �o�n�c�e� �a�g�a�i�n� 

�d�e�t�e�r�m�i�n�e�d� �a�n�d� �t�h�e� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�a� �a�r�e� �c�h�e�c�k�e�d�.� �I�f� �t�h�e� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�a� �a�r�e� �n�o�t� �m�e�t� �t�h�e�n� 

�t�h�e� �p�r�o�c�e�s�s� �r�e�t�u�r�n�s� �t�o� �b�u�i�l�d� �a� �n�e�w� �g�e�n�e�r�a�t�i�o�n�.� �T�h�e� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�a� �i�n� �t�h�i�s� �c�a�s�e� �a�r�e� �a� 

�m�a�x�i�m�u�m� �n�u�m�b�e�r� �o�f� �g�e�n�e�r�a�t�i�o�n�s� �a�n�d� �a�n� �a�c�c�e�p�t�a�b�l�e� �l�o�w�e�s�t� �S� �v�a�l�u�e�.� �I�f� �e�i�t�h�e�r� �o�f� �t�h�e�s�e� 

�c�r�i�t�e�r�i�a� �a�r�e� �m�e�t�,� �t�h�e�n� �t�h�e� �p�r�o�c�e�s�s� �w�i�l�l� �n�o�t� �b�e�g�i�n� �a�n�o�t�h�e�r� �i�t�e�r�a�t�i�o�n�.� 

�T�h�r�o�u�g�h�o�u�t� �t�h�e� �e�n�t�i�r�e� �p�r�o�c�e�s�s� �t�h�e� �a�v�e�r�a�g�e� �f�i�t�n�e�s�s� �i�s� �c�a�l�c�u�l�a�t�e�d� �a�n�d� �s�t�o�r�e�d� �f�o�r� 

�e�v�e�r�y� �g�e�n�e�r�a�t�i�o�n� �t�o� �t�r�a�c�k� �c�o�n�v�e�r�g�e�n�c�e�.� �A�l�s�o�,� �t�h�e� �a�b�s�o�l�u�t�e� �l�o�w�e�s�t� �f�i�t�n�e�s�s� �a�n�d� �i�t�s� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �i�n�d�i�v�i�d�u�a�l� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �s�t�o�r�e�d�.� 

�2�.�4� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l�:� �D�Y�N�A�M�I�T�E� 

�P�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�3� �r�e�q�u�i�r�e� �a� �m�a�t�h�e�m�a�t�i�c�a�l� 

�m�o�d�e�l� �t�h�a�t� �p�r�e�d�i�c�t�s� �a� �m�e�a�s�u�r�a�b�l�e� �e�v�e�n�t�.� �T�h�e� �s�i�m�u�l�a�t�i�o�n� �u�s�e�d� �i�n� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y� �i�s� �a� 

�f�i�n�i�t�e�-�e�l�e�m�e�n�t�-�m�e�t�h�o�d� �(�F�E�M�)�-�b�a�s�e�d� �m�o�d�e�l� �t�h�a�t� �p�r�e�d�i�c�t�s� �t�h�e� �a�c�o�u�s�t�i�c� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �i�n� �a� 

�c�o�m�b�u�s�t�i�o�n� �c�h�a�m�b�e�r�.� �I�t� �i�s� �c�a�l�l�e�d� �D�Y�N�A�M�I�T�E� �a�n�d� �i�s� �a� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �a� �p�r�e�v�i�o�u�s�l�y� 

�e�x�i�s�t�i�n�g� �p�r�o�g�r�a�m� �c�a�l�l�e�d� �D�Y�N�A�M�O�D�E�,� �w�h�i�c�h� �w�a�s� �c�o�n�c�e�i�v�e�d� �a�n�d� �d�e�v�e�l�o�p�e�d� �b�y� �P�r�o�f�.� �J�.� 

�R�.� �M�a�h�a�n� �[�3�1�]� �o�f� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�n�i�c� �I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� �U�n�i�v�e�r�s�i�t�y�.� 
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�2�.�4�.�1� �T�h�e�o�r�y� 

�P�r�o�g�r�a�m�s� �D�Y�N�A�M�O�D�E� �a�n�d� �D�Y�N�A�M�I�T�E� �a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �s�a�m�e� �f�u�n�d�a�m�e�n�t�a�l� 

�t�h�e�o�r�y�:� �a�n� �F�E�M�-�b�a�s�e�d� �m�o�d�e�l� �i�s� �u�s�e�d� �t�o� �p�r�o�v�i�d�e� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� 

�n�o�n�h�o�m�o�g�e�n�e�o�u�s� �a�c�o�u�s�t�i�c� �w�a�v�e� �e�q�u�a�t�i�o�n�.� �T�h�i�s� �e�q�u�a�t�i�o�n� �d�e�s�c�r�i�b�e�s� �t�h�e� �a�c�o�u�s�t�i�c� �p�r�e�s�s�u�r�e� 

�f�i�e�l�d� �d�u�e� �t�o� �a� �p�o�i�n�t� �h�e�a�t� �s�o�u�r�c�e� �d�i�s�t�r�i�b�u�t�i�o�n�,� �a�n�d� �i�s� �g�i�v�e�n� �b�y� �[�3�1�]� �a�s� 

�1� �p�_�g�a�y�_�P�a�t�t�-�D�%�q� 
�a� �o�t �� �a�t�?� �°�o� 

�(�2�2�)� 

�T�h�e� �f�i�n�i�t�e�-�e�l�e�m�e�n�t�-�m�e�t�h�o�d� �i�s� �a�b�l�e� �t�o� �p�r�o�v�i�d�e� �a� �s�o�l�u�t�i�o�n� �t�o� �s�u�c�h� �a�n� �e�q�u�a�t�i�o�n� �b�y� �e�f�f�e�c�t�i�v�e�l�y� 

�r�e�d�u�c�i�n�g� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�.� �A�s� �e�x�p�l�a�i�n�e�d� �b�y� �R�e�d�d�y� �[�3�4�]�,� �r�e�d�u�c�t�i�o�n� �o�f� �o�r�d�e�r� 

�i�s� �a�c�h�i�e�v�e�d� �b�y� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �a� �t�e�s�t� �f�u�n�c�t�i�o�n� �a�n�d� �t�h�e� �s�p�r�e�a�d�i�n�g� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� 

�e�q�u�a�l�l�y� �o�v�e�r� �t�h�e� �t�e�s�t� �f�u�n�c�t�i�o�n� �a�n�d� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� �(�w�h�i�c�h�,� �i�n� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y�,� 

�i�s� �t�h�e� �a�c�o�u�s�t�i�c� �p�r�e�s�s�u�r�e� �f�i�e�l�d�,� �p�(�x�,�y�,�z�,�t�)�.�)� �T�h�e� �f�i�n�i�t�e�-�e�l�e�m�e�n�t�-�m�e�t�h�o�d� �a�l�l�o�w�s� �t�h�e� �p�r�o�b�l�e�m� 

�t�o� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �a� �m�a�t�r�i�x� �f�o�r�m�u�l�a�t�i�o�n� �a�s� 

�(�K�,� �+� �M�,�)�P�,� �=�F�,� �(�2�3�)� 

�w�h�e�r�e� �P�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �a�c�o�u�s�t�i�c� �p�r�e�s�s�u�r�e�,� �F�,� �t�h�e� �h�e�a�t� �s�o�u�r�c�e� �a�t� �t�h�e� �n�o�d�e�s�,� �a�n�d� �(�K�,� �+� �M�,�,�)� 

�r�e�p�r�e�s�e�n�t�s� �t�h�e�  ��s�t�i�f�f�n�e�s�s �� �o�f� �t�h�e� �m�e�s�h�.� �O�n�c�e� �i�n� �t�h�i�s� �f�o�r�m�,� �m�a�t�r�i�x� �i�n�v�e�r�s�i�o�n� �t�e�c�h�n�i�q�u�e�s� 

�c�a�n� �r�e�a�d�i�l�y� �b�e� �u�s�e�d� �t�o� �s�o�l�v�e� �f�o�r� �t�h�e� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�,� �P�.�.� 

�T�h�e� �r�e�s�u�l�t�i�n�g� �s�o�l�u�t�i�o�n� �i�s� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �b�e�c�a�u�s�e� �t�h�e� �d�o�m�a�i�n� �o�f� �t�h�e� �p�r�o�b�l�e�m� �i�s� 

�d�i�s�c�r�e�t�i�z�e�d� �i�n�t�o� �a� �m�e�s�h� �o�f� �n�o�d�e�s� �a�n�d� �e�l�e�m�e�n�t�s�,� �a�n�d� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �i�s� �o�n�l�y� �s�o�l�v�e�d� 

�a�t� �t�h�e� �n�o�d�a�l� �p�o�i�n�t�s�.� �S�o�l�u�t�i�o�n�s� �a�t� �o�t�h�e�r� �l�o�c�a�t�i�o�n�s� �m�u�s�t� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d�,� �u�s�u�a�l�l�y� �b�y� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �b�e�t�w�e�e�n� �n�o�d�a�l� �v�a�l�u�e�s�.� �A� �d�e�t�a�i�l�e�d� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �F�E�M� �m�o�d�e�l� �u�s�e�d� �i�n� �t�h�e� 

�c�u�r�r�e�n�t� �s�t�u�d�y� �i�s� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �A�.� 
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�I�t� �i�s� �i�n� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �t�h�a�t� �t�h�e� �a�c�o�u�s�t�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �f�o�u�n�d�.� �F�r�o�m� 

�[�3�1�]�,� �t�h�e� �M�,� �c�o�m�p�o�n�e�n�t�s� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�M�,� �=� �-�@�p�,�(�y� �-� �S�,�)�,� �(�2�4�)� 

�w�h�e�r�e� 

�y� �=� �R�e�l�y�,�n�,� �+� �y�n�,� �+� �y�,�n�,�]� �+� �j�i�m�l�y�,�n�,� �+� �y�n�,� �+� �y�,�n�,�]� �(�2�5�)� 

�i�s� �t�h�e� �c�o�m�p�l�e�x� �s�p�e�c�i�f�i�c� �a�c�o�u�s�t�i�c� �a�d�m�i�t�t�a�n�c�e�.� �T�h�i�s� �a�d�m�i�t�t�a�n�c�e� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �u�n�i�f�o�r�m� 

�o�v�e�r� �a�n� �e�l�e�m�e�n�t� �a�n�d� �i�s� �c�a�p�a�b�l�e� �o�f� �h�a�v�i�n�g� �a� �n�o�n�z�e�r�o� �v�a�l�u�e� �o�n�l�y� �a�t� �t�h�e� �b�o�u�n�d�i�n�g� �s�u�r�f�a�c�e�s� 

�o�f� �t�h�e� �d�o�m�a�i�n� �(�i�.�e�.� �t�h�e� �c�o�m�b�u�s�t�o�r� �w�a�l�l�s� �a�n�d� �p�o�r�t�s�.�)� �T�h�e� �t�e�r�m� �S�,� �i�n� �E�q�u�a�t�i�o�n� �2�4� 

�r�e�p�r�e�s�e�n�t�s� �t�h�e� �v�a�l�u�e� �o�f� �v�o�l�u�m�e� �i�n�t�e�g�r�a�l� �i�n� �t�h�e� �F�E�M� �p�r�o�c�e�s�s�,� �a�n�d� �h�a�s� �n�o� �e�f�f�e�c�t� �o�n� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�T�h�r�e�e� �s�i�g�n�i�f�i�c�a�n�t� �a�s�s�u�m�p�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �p�l�a�c�e�d� �u�p�o�n� �t�h�e� �a�d�m�i�t�t�a�n�c�e�s� �i�n� 

�D�Y�N�A�M�O�D�E� �a�n�d� �D�Y�N�A�M�I�T�E� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �s�i�m�p�l�i�f�y�i�n�g� �t�h�e� �t�a�s�k� �a�t� �h�a�n�d�.� �T�h�e� 

�f�i�r�s�t� �i�s� �t�h�a�t� �t�h�e� �w�a�l�l�s� �o�f� �t�h�e� �b�u�r�n�e�r� �a�r�e�  ��h�a�r�d�. �� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �a�d�m�i�t�t�a�n�c�e� �i�n� �a� �w�a�l�l� 

�e�l�e�m�e�n�t� �i�s� �z�e�r�o�,� �r�e�s�u�l�t�i�n�g� �i�n� �t�h�e� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �n�o�r�m�a�l� �t�o� �t�h�e� �w�a�l�l� 

�b�e�i�n�g� �z�e�r�o�.� �J�u�s�t�i�f�i�c�a�t�i�o�n� �f�o�r� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n� �l�i�e�s� �i�n� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �w�a�l�l�s� �o�f� �t�h�e� �c�a�n�d�i�d�a�t�e� 

�b�u�r�n�e�r� �a�r�e� �r�e�l�a�t�i�v�e�l�y� �r�i�g�i�d�  �� �n�o� �p�o�r�o�u�s� �o�r� �f�l�e�x�i�b�l�e� �c�o�m�b�u�s�t�i�o�n� �l�i�n�e�r�,� �o�r� �s�i�m�i�l�a�r� �d�e�v�i�c�e�,� 

�t�h�a�t� �c�o�u�l�d� �a�l�l�o�w� �f�o�r� �t�h�e� �d�a�m�p�i�n�g� �o�f� �a�c�o�u�s�t�i�c� �e�n�e�r�g�y� �i�s� �p�r�e�s�e�n�t�.� 

�T�h�e� �s�e�c�o�n�d� �a�s�s�u�m�p�t�i�o�n� �i�s� �t�h�a�t� �t�h�e� �a�d�m�i�t�t�a�n�c�e� �i�s� �p�u�r�e�l�y� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l�.� �T�h�i�s� 

�r�e�s�u�l�t�s� �i�n� �a� �n�o�n� �z�e�r�o� �v�a�l�u�e� �i�n� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�r�e�c�t�i�o�n� �(�y�,� �#�0�)�,� �a�n�d� �z�e�r�o� �v�a�l�u�e�s� �i�n� �t�h�e� 

�r�e�m�a�i�n�i�n�g� �d�i�r�e�c�t�i�o�n�s� �(�y�,� �=� �y�,� �=� �0�.�)� �T�h�i�s� �a�s�s�u�m�p�t�i�o�n� �i�s� �j�u�s�t�i�f�i�e�d� �i�n� �t�h�a�t� �i�n� �t�h�e� �c�u�r�r�e�n�t� 
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�l�i�m�i�t�e�d� �a�p�p�l�i�c�a�t�i�o�n� �o�n�l�y� �t�h�e� �l�o�w�-�f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �c�a�n�d�i�d�a�t�e� �b�u�r�n�e�r� �i�s� �b�e�i�n�g� 

�s�t�u�d�i�e�d�,� �a�n�d� �s�o� �o�n�l�y� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �p�r�e�s�s�u�r�e� �m�o�d�e�s� �a�r�e� �p�r�e�s�e�n�t�.� 

�T�h�e� �t�h�i�r�d�,� �a�n�d� �f�i�n�a�l�,� �a�s�s�u�m�p�t�i�o�n� �i�s� �t�h�a�t� �t�h�e� �a�d�m�i�t�t�a�n�c�e� �i�s� �s�p�a�t�i�a�l�l�y� �u�n�i�f�o�r�m� �o�v�e�r� 

�t�h�e� �e�l�e�m�e�n�t� �f�a�c�e�s� �i�n� �t�h�e� �i�n�l�e�t� �a�n�d� �e�x�h�a�u�s�t� �p�o�r�t�s�.� �T�h�i�s� �a�s�s�u�m�p�t�i�o�n� �i�s� �j�u�s�t�i�f�i�e�d� �i�n� �t�h�a�t� �t�h�e� 

�r�a�n�g�e� �o�f� �f�r�e�q�u�e�n�c�i�e�s� �b�e�i�n�g� �s�t�u�d�i�e�d� �i�s� �w�e�l�l� �b�e�l�o�w� �t�h�e� �c�u�t�-�o�n� �f�r�e�q�u�e�n�c�y� �f�o�r� �h�i�g�h�e�r� �(�n�o�n�-� 

�l�o�n�g�i�t�u�d�i�n�a�l�)� �m�o�d�e�s�;� �i�.�e�.� �o�n�l�y� �l�o�n�g�i�t�u�d�i�n�a�l� �p�r�e�s�s�u�r�e� �w�a�v�e� �s�h�a�p�e�s� �w�o�u�l�d� �b�e� �p�r�e�s�e�n�t� �e�v�e�n� �i�f� 

�t�h�e� �t�w�o� �a�d�m�i�t�t�a�n�c�e�s� �w�e�r�e� �a�l�l�o�w�e�d� �t�o� �h�a�v�e� �r�a�d�i�a�l� �o�r� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�s�.� 

�2�.�4�.�2� �M�o�d�i�f�i�c�a�t�i�o�n�s� �t�o� �D�Y�N�A�M�O�D�E� 

�I�n� �t�h�e� �c�r�e�a�t�i�o�n� �o�f� �D�Y�N�A�M�I�T�E�,� �t�w�o� �m�a�j�o�r� �m�o�d�i�f�i�c�a�t�i�o�n�s� �w�e�r�e� �a�p�p�l�i�e�d� �t�o� 

�D�Y�N�A�M�O�D�E�:� �(�1�)� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �d�o�m�a�i�n� �w�a�s� �a�l�t�e�r�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �c�a�n�d�i�d�a�t�e� 

�c�o�m�b�u�s�t�o�r�,� �a�n�d� �(�2�)� �t�h�e� �a�c�o�u�s�t�i�c� �p�r�e�s�s�u�r�e� �a�n�d� �h�e�a�t� �s�o�u�r�c�e� �f�u�n�c�t�i�o�n� �a�r�e� �t�r�e�a�t�e�d� �a�s� �c�o�m�p�l�e�x�-� 

�v�a�l�u�e�d� �r�a�t�h�e�r� �t�h�a�n� �r�e�a�l�-�v�a�l�u�e�d� �f�u�n�c�t�i�o�n�s�.� �T�h�e� �o�r�i�g�i�n�a�l� �g�e�o�m�e�t�r�y� �o�f� �D�Y�N�A�M�O�D�E� �i�s� �t�h�a�t� 

�o�f� �a�n� �a�n�n�u�l�a�r�-�t�y�p�e� �c�o�m�b�u�s�t�o�r� �w�i�t�h� �u�n�i�f�o�r�m� �i�n�n�e�r� �a�n�d� �o�u�t�e�r� �r�a�d�i�i�.� �T�h�i�s� �i�s� �c�h�a�n�g�e�d� �i�n� 

�D�Y�N�A�M�I�T�E� �t�o� �t�h�e� �M�E�T�C� �g�e�o�m�e�t�r�y� �o�f� �a� �c�a�n�-�t�y�p�e� �c�o�m�b�u�s�t�o�r� �h�a�v�i�n�g� �t�w�o� �d�i�f�f�e�r�e�n�t� �o�u�t�e�r� 

�r�a�d�i�i�.� �T�h�e� �c�h�a�n�g�e� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� �a�n�d� �i�t�s� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �c�o�n�n�e�c�t�i�v�i�t�y� �a�r�r�a�y� �i�n� �t�h�e� �s�u�b�r�o�u�t�i�n�e�s� �C�O�O�R�D�S� �a�n�d� �C�O�N�N�E�C�T�.� �W�o�r�t�h� 

�n�o�t�i�n�g� �i�s� �t�h�a�t� �t�h�e� �e�l�e�m�e�n�t�s� �a�l�o�n�g� �t�h�e� �c�e�n�t�r�a�l� �a�x�i�s� �a�r�e� �s�t�i�l�l� �s�i�x�-�s�i�d�e�d� �b�r�i�c�k� �e�l�e�m�e�n�t�s�,� �b�u�t� 

�w�i�t�h� �t�h�e� �l�e�n�g�t�h� �o�f� �o�n�e� �s�i�d�e� �c�o�l�l�a�p�s�e�d� �t�o� �z�e�r�o�.� �T�h�i�s� �m�o�d�i�f�i�c�a�t�i�o�n� �i�s� �s�u�g�g�e�s�t�e�d� �b�y� �B�a�t�h�e� 

�[�3�2�]� �a�n�d� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �5�.� 
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�T�h�e� �c�o�n�v�e�r�s�i�o�n� �t�o� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �v�a�r�i�a�b�l�e�s� �i�s� �a�c�h�i�e�v�e�d� �b�y� �d�a�t�a�-�t�y�p�e� �d�e�c�l�a�r�a�t�i�o�n�,� 

�a�n�d� �b�y� �r�e�c�o�g�n�i�z�i�n�g� �a�n�d� �a�d�d�r�e�s�s�i�n�g� �a� �s�l�i�g�h�t� �c�h�a�n�g�e� �i�n� �t�h�e� �M�,� �t�e�r�m�.� �I�n� �D�Y�N�A�M�O�D�E� �t�h�e� 

�r�e�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �a�c�o�u�s�t�i�c� �a�d�m�i�t�t�a�n�c�e� �1�s� �n�e�g�l�e�c�t�e�d�,� �r�e�s�u�l�t�i�n�g� �i�n� �t�h�e� �e�x�p�r�e�s�s�i�o�n� 

�M�,� �=� �-�o�p�,�(�I�m�[�y�]� �-�S�,�)� �,� �(�2�6�)� 

�b�u�t� �t�h�e� �c�o�m�p�l�e�x� �d�e�r�i�v�a�t�i�o�n� �i�n� �D�Y�N�A�M�I�T�E� �y�i�e�l�d�s� 

�M�,�,� �=� �o�p�,�(�y� �-� �§�,�,�)�.� �(�2�7�)� 

�A�n� �e�x�a�m�p�l�e� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e�.� �I�f� �y� �i�s� �e�x�p�r�e�s�s�e�d� �a�s� 

�y�=�a�+� �j�y�,� �(�2�8�)� 

�t�h�e�n� �j�y� �m�u�s�t� �b�e� 

�j�y� �=� �-�W� �+� �j�a�.� �(�2�9�)� 

�T�h�i�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�u�s�t� �b�e� �r�e�c�o�g�n�i�z�e�d� �a�n�d� �t�h�e� �c�o�d�e� �c�h�a�n�g�e�d� �a�c�c�o�r�d�i�n�g�l�y�.� 

�T�h�e�s�e� �m�o�d�i�f�i�c�a�t�i�o�n�s� �a�l�l�o�w� �D�Y�N�A�M�I�T�E� �t�o� �r�e�t�u�r�n� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �(�o�r� 

�m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �a�n�g�l�e�)� �o�f� �t�h�e� �d�y�n�a�m�i�c� �p�r�e�s�s�u�r�e� �a�t� �e�a�c�h� �o�f� �t�h�e� �s�p�e�c�i�f�i�e�d� �n�o�d�e� 

�l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �c�a�n�d�i�d�a�t�e� �c�o�m�b�u�s�t�o�r�.� 
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�F�i�g�u�r�e� �5�.� �C�o�l�l�a�p�s�e� �o�f� �O�n�e� �S�i�d�e� �o�f� �a� �S�i�x�-�S�i�d�e�d� �E�l�e�m�e�n�t� 
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�3�.�0� �A�p�p�r�o�a�c�h� 

�T�h�e� �u�n�d�e�r�l�y�i�n�g� �t�h�e�o�r�y� �o�f� �t�h�e� �a�p�p�r�o�a�c�h� �p�r�e�s�e�n�t�e�d� �h�e�r�e� �i�s� �t�h�a�t� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� 

�o�b�s�e�r�v�e�d� �p�r�e�s�s�u�r�e�s� �c�a�n� �b�e� �u�s�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �a� �n�u�m�e�r�i�c�a�l� �m�o�d�e�l� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�a�c�o�u�s�t�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �F�o�r� �t�h�e�o�r�e�t�i�c�a�l� �a�n�a�l�y�s�e�s�,� �t�h�e� �p�r�e�s�s�u�r�e� �v�e�c�t�o�r�,� �Y�,� �i�s� 

�o�b�t�a�i�n�e�d� �b�y� �s�e�n�d�i�n�g� �a� �r�e�a�l�i�s�t�i�c� �p�a�r�a�m�e�t�e�r� �v�e�c�t�o�r� �t�o� �D�Y�N�A�M�I�T�E�.� �I�n� �t�h�i�s� �w�a�y� �t�h�e� �u�s�e�r� 

�k�n�o�w�s� �t�h�e� �t�r�u�e� �t�a�r�g�e�t� �p�a�r�a�m�e�t�e�r� �v�e�c�t�o�r�,� �B�,� �a�n�d� �c�o�m�p�a�r�i�s�o�n�s� �b�e�t�w�e�e�n� �i�t� �a�n�d� �t�h�e� �f�i�n�a�l� 

�e�s�t�i�m�a�t�e� �c�a�n� �b�e� �m�a�d�e�.� �I�n� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�a�l�y�s�e�s�,� �Y� �i�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �a� �d�a�t�a� �f�i�l�e� �t�h�a�t� 

�c�o�n�t�a�i�n�s� �a�c�t�u�a�l� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �p�r�e�s�s�u�r�e� �v�a�r�i�a�t�i�o�n�s� �d�e�t�e�c�t�e�d� �b�y� �p�r�o�b�e�s� �i�n� �a� �c�a�n�d�i�d�a�t�e� 

�c�o�m�b�u�s�t�o�r�.� 

�3�.�1� �E�q�u�i�p�m�e�n�t� 

�T�h�e� �e�q�u�i�p�m�e�n�t� �u�s�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� �t�h�e� �P�r�o�g�r�a�m� �E�S�T�I�M�A�T� �a�n�d� �a� �n�e�a�r�-�s�c�a�l�e� 

�g�a�s�-�t�u�r�b�i�n�e� �c�o�m�b�u�s�t�o�r�,� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.� �T�h�e� �c�o�m�b�u�s�t�o�r� �i�s� �p�r�o�v�i�d�e�d� �a�n�d� �o�p�e�r�a�t�e�d� �b�y� 

�t�h�e� �U�n�i�t�e�d� �S�t�a�t�e�s� �D�e�p�a�r�t�m�e�n�t� �o�f� �E�n�e�r�g�y� �M�o�r�g�a�n�t�o�w�n� �E�n�e�r�g�y� �T�e�c�h�n�o�l�o�g�y� �C�e�n�t�e�r� 

�(�M�E�T�C�)�,� �l�o�c�a�t�e�d� �i�n� �M�o�r�g�a�n�t�o�w�n�,� �W�e�s�t� �V�i�r�g�i�n�i�a�.� 

�3�8



�c�o�m�b�u�s�t�i�o�n� 
�c�h�a�m�b�e�r� 

�m
�u�

d�e
�o�

t�d
� 

�e�
o� 

 �
 �
� 

�t�
e�

n�
 

�i� � � 

� � 

� � 

� � � � � � 

� � 

� � � � 
� � � � 

� � 

�-� 

�|� �Z�S� �S�O�R�T�A� �O�I�C� �e�r� �R�T� �°� 
�A�I�C�S� �P�O�C�O� �A�I�G� �h�y� �S�i�g� �a�n� 
�E�e�n� �a� 

� � �o
�l�

e
� 

� � � � � � � � �I�e
� 

�r�
y�

 �|� � � � � �U
�.�.

�i�L
�,� 

�e
�e

� 
�e� 

�i
�i
� �/� 

�< ��_�_�_�_�_�»� 
�~� � �-�1�7�.�0�5�i�n�.� 

�4�3�.�3�1� �c�m� 

�Z� 
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�3�.�1�.�1� �T�h�e� �M�E�T�C� �C�o�m�b�u�s�t�o�r� 

�T�h�e� �c�a�n�d�i�d�a�t�e� �c�o�m�b�u�s�t�o�r�,� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�,� �i�s� �a� �n�e�a�r�-�s�c�a�l�e�,� �c�a�n�-�t�y�p�e� �b�u�r�n�e�r� �w�i�t�h� 

�t�w�o� �d�i�s�t�i�n�c�t� �s�e�c�t�i�o�n�s�.� �T�h�e� �f�i�r�s�t� �s�e�c�t�i�o�n� �h�a�s� �a�n� �a�x�i�a�l� �l�e�n�g�t�h� �o�f� �8�.�0�5� �i�n�.� �(�2�0�.�4�4�7� �c�m�)� �a�n�d� �a� 

�c�o�n�s�t�a�n�t� �i�n�n�e�r� �r�a�d�i�u�s� �o�f� �7�.�6�2�5� �i�n�.� �(�1�9�.�3�6�7�5� �c�m�)�,� �w�h�i�l�e� �t�h�e� �s�e�c�o�n�d� �s�e�c�t�i�o�n� �h�a�s� �a�n� �a�x�i�a�l� 

�l�e�n�g�t�h� �o�f� �9�.�0� �i�n�.� �(�2�2�.�8�6� �c�m�)� �a�n�d� �a� �c�o�n�s�t�a�n�t� �i�n�n�e�r� �r�a�d�i�u�s� �o�f� �2�.�0� �i�n�.� �(�5�.�0�8� �c�m�)�.� �T�h�e� �e�n�t�i�r�e� 

�a�p�p�a�r�a�t�u�s� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �o�f� �s�t�a�i�n�l�e�s�s� �s�t�e�e�l� �a�n�d� �i�s� �w�a�t�e�r�-�c�o�o�l�e�d�.� �C�o�m�b�u�s�t�i�o�n� �i�s� �f�u�e�l�e�d� �b�y� �a� 

�m�i�x�t�u�r�e� �o�f� �n�a�t�u�r�a�l� �g�a�s� �a�n�d� �a�i�r� �t�h�a�t� �i�s� �m�i�x�e�d� �b�y� �a� �s�w�i�r�l� �v�a�n�e�.� �T�h�e� �f�u�e�l� �m�i�x�t�u�r�e� �e�n�t�e�r�s� �t�h�e� 

�b�u�r�n�e�r� �t�h�r�o�u�g�h� �a� �2�.�7�5� �i�n�.� �(�6�.�9�8�5� �c�m�)� �d�i�a�m�e�t�e�r� �p�o�r�t� �i�n� �t�h�e� �f�i�r�s�t� �s�e�c�t�i�o�n�,� �a�n�d� �t�h�e� �p�r�o�d�u�c�t�s� 

�o�f� �c�o�m�b�u�s�t�i�o�n� �e�x�i�t� �t�h�r�o�u�g�h� �a� �2�.�0� �i�n�.� �(�5�.�0�8� �c�m�)� �d�i�a�m�e�t�e�r� �p�o�r�t� �i�n� �t�h�e� �s�e�c�o�n�d� �s�e�c�t�i�o�n�.� �T�h�e� 

�m�e�a�n� �o�p�e�r�a�t�i�n�g� �p�r�e�s�s�u�r�e� �i�s� �1�4�9�.�7� �p�s�i� �(�1�.�0�3�2�2� �M�P�a�)�,� �a�n�d� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e�s� �f�r�o�m� 

�3�6�8�0�°�F� �(�2�0�2�7�°�C�)� �i�n� �t�h�e� �h�e�a�d� �e�n�d� �t�o� �2�6�9�0�°�F� �(�1�4�7�7�°�C�)� �i�n� �t�h�e� �e�x�h�a�u�s�t� �p�l�a�n�e�.� 

�F�o�u�r� �d�y�n�a�m�i�c� �p�r�e�s�s�u�r�e� �p�r�o�b�e�s� �a�r�e� �i�n�s�t�a�l�l�e�d� �i�n� �t�h�e� �c�o�m�b�u�s�t�o�r�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� 

�7�.� �T�h�e�s�e� �p�r�o�b�e�s� �r�e�t�u�r�n� �a� �t�i�m�e� �s�e�r�i�e�s� �o�f� �t�h�e� �d�y�n�a�m�i�c� �p�r�e�s�s�u�r�e� �w�h�i�c�h� �i�s� �t�h�e�n� �c�o�n�v�e�r�t�e�d� �t�o� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �(�m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �a�n�g�l�e�)� �v�i�a� �F�F�T�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� 

�v�a�l�u�e�s� �c�a�n� �t�h�e�n� �b�e� �c�o�n�v�e�r�t�e�d� �t�o� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� 

�d�e�v�i�a�t�i�o�n� �a�b�o�v�e� �t�h�e� �m�e�a�n� �v�a�l�u�e�,� �r�e�s�u�l�t�i�n�g� �i�n� �e�i�g�h�t� �i�n�d�e�p�e�n�d�e�n�t� �m�e�a�s�u�r�e�m�e�n�t�s� �a�t� �a�n�y� 

�p�a�r�t�i�c�u�l�a�r� �f�r�e�q�u�e�n�c�y�.� �T�h�e�s�e� �e�i�g�h�t� �m�e�a�s�u�r�e�m�e�n�t�s� �c�o�n�s�t�i�t�u�t�e� �t�h�e� �t�a�r�g�e�t� �v�e�c�t�o�r�,� �Y�,� �t�h�a�t� �i�s� 

�s�e�n�t� �t�o� �p�r�o�g�r�a�m� �E�S�T�I�M�A�T�.� �A�s� �e�x�p�l�a�i�n�e�d� �i�s� �S�e�c�t�i�o�n� �2�.�3�.�1�,� �Y�,� �i�s� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �o�f� 

�t�h�e� �d�y�n�a�m�i�c� �p�r�e�s�s�u�r�e� �o�b�s�e�r�v�e�d� �a�t� �t�h�e� �f�i�r�s�t� �p�r�o�b�e�,� �Y�,� �i�s� �t�h�e� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� 

�p�r�e�s�s�u�r�e� �f�r�o�m� �t�h�e� �s�a�m�e� �p�r�o�b�e�,� �Y�,� �i�s� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �f�r�o�m� �t�h�e� �s�e�c�o�n�d� 

�p�r�o�b�e�,� �a�n�d� �s�o� �o�n�.� 
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�3�.�1�.�2� �P�r�o�g�r�a�m� �E�S�T�I�M�A�T� 

�T�h�e� �e�s�t�i�m�a�t�i�o�n� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y� �i�s� �a� �F�O�R�T�K�A�N�-�7�7� 

�c�o�m�p�u�t�e�r� �c�o�d�e� �c�a�l�l�e�d� �E�S�T�I�M�A�T�.� �I�t� �i�s� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �g�r�a�d�i�e�n�t�-�b�a�s�e�d� �G�a�u�s�s� 

�m�e�t�h�o�d� �a�n�d� �a�n� �e�v�o�l�u�t�i�o�n�a�r�y� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�.� �B�y� �e�x�p�l�o�i�t�i�n�g� �t�h�e� �a�d�v�a�n�t�a�g�e�s� �o�f� �b�o�t�h� 

�t�e�c�h�n�i�q�u�e�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �f�o�r� �E�S�T�I�M�A�T� �t�o� �a�r�r�i�v�e� �a�t� �a�c�c�u�r�a�t�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �a�c�o�u�s�t�i�c� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �n�e�a�r�l�y� �a�n�y� �c�a�n�d�i�d�a�t�e� �s�y�s�t�e�m�.� �E�S�T�I�M�A�T� �u�s�e�s� �t�h�e� �F�E�M� �m�o�d�e�l� 

�D�Y�N�A�M�I�T�E� �i�n� �i�t�s� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �d�y�n�a�m�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �c�o�m�b�u�s�t�o�r�.� 

�F�i�v�e� �m�a�j�o�r� �s�t�e�p�s� �c�o�m�p�r�i�s�e� �t�h�e� �m�a�i�n� �b�o�d�y� �o�f� �E�S�T�I�M�A�T�:� �(�1�)� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� 

�t�a�r�g�e�t�s�,� �(�2�)� �a�n� �i�n�i�t�i�a�l� �s�e�a�r�c�h� �u�s�i�n�g� �t�h�e� �G�a�u�s�s� �m�e�t�h�o�d�,� �(�3�)� �a� �s�e�a�r�c�h� �u�s�i�n�g� �t�h�e� �g�e�n�e�t�i�c� 

�a�l�g�o�r�i�t�h�m�,� �(�4�)� �a� �s�e�c�o�n�d� �s�e�a�r�c�h� �w�i�t�h� �t�h�e� �G�a�u�s�s� �m�e�t�h�o�d�,� �a�n�d� �(�5�)� �p�o�s�t�-�p�r�o�c�e�s�s�i�n�g� �o�f� �t�h�e� 

�r�e�s�u�l�t�s�.� �T�h�e�s�e� �s�t�e�p�s�,� �a�l�o�n�g� �w�i�t�h� �a�d�d�i�t�i�o�n�a�l� �l�o�g�i�c�,� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �8�.� 

�A�s� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e�,� �t�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� �v�e�c�t�o�r�,� �Y�,� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �t�h�e�o�r�e�t�i�c�a�l�l�y� 

�o�r� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �F�o�r� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y� �Y� �i�s� �a� �1� �x� �8� �v�e�c�t�o�r� �m�a�d�e� �u�p� �o�f� �f�o�u�r� �r�e�a�l� �a�n�d� 

�f�o�u�r� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �o�f� �m�e�a�s�u�r�e�d� �p�r�e�s�s�u�r�e� �a�t� �a� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y�.� 

�W�i�t�h� �t�h�e� �t�a�r�g�e�t� �v�e�c�t�o�r� �d�e�t�e�r�m�i�n�e�d�,� �E�S�T�I�M�A�T� �e�n�t�e�r�s� �a� �t�w�o�-�s�t�e�p� �l�o�o�p� �c�o�n�s�i�s�t�i�n�g� �o�f� 

�t�h�e� �c�r�e�a�t�i�o�n� �o�f� �a� �r�a�n�d�o�m� �s�t�a�r�t�i�n�g� �p�o�s�i�t�i�o�n� �a�n�d� �t�h�e� �s�u�b�s�e�q�u�e�n�t� �G�a�u�s�s�i�a�n� �e�s�t�i�m�a�t�i�o�n� �f�r�o�m� 

�t�h�i�s� �p�o�s�i�t�i�o�n�.� �T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �l�o�o�p� �i�s� �t�o� �f�i�n�d� �t�h�e� �g�e�n�e�r�a�l� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �g�l�o�b�a�l� 

�m�i�n�i�m�u�m� �o�f� �t�h�e� �e�r�r�o�r� �f�u�n�c�t�i�o�n�,� �S�.� �T�h�e� �g�e�n�e�r�a�l� �l�o�c�a�t�i�o�n� �i�s� �d�e�f�i�n�e�d�,� �i�n� �t�h�i�s� �c�a�s�e�,� �a�s� �a�n� �a�r�e�a� 

�i�n� �t�h�e� �s�e�a�r�c�h� �s�p�a�c�e� �w�h�e�r�e� �t�h�e� �s�i�g�n� �(�+�/�-�)� �o�f� �e�v�e�r�y� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�e�c�t�o�r�,� �P�,� �i�s� 

�t�h�e� �s�a�m�e� �a�s� �t�h�e� �s�i�g�n� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �t�a�r�g�e�t� �v�e�c�t�o�r�,� �Y�.� �T�h�i�s� 

�l�o�o�p�i�n�g� �p�r�o�c�e�s�s� �s�e�a�r�c�h�e�s� �f�o�r� �s�u�c�h� �a�n� �a�r�e�a� �b�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �s�i�g�n�s� �o�f� �P� �a�n�d� �Y� �d�u�r�i�n�g� 
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�G�a�u�s�s�i�a�n�e�s�t�i�m�a�t�i�o�n�s� �f�r�o�m� �r�a�n�d�o�m� �S�t�a�r�t�i�n�g� �p�o�s�i�t�i�o�n�s� �i�n� �t�h�e� �s�e�a�r�c�h� �s�p�a�c�e�.� �T�h�e� �l�o�o�p� 

�c�o�n�t�i�n�u�e�s� �u�n�t�i�l� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �p�a�r�a�m�e�t�e�r� �s�e�t�,� �b ��,� �i�s� �f�o�u�n�d�,� �o�r� �u�n�t�i�l� �a� �p�r�e�s�e�t� �m�a�x�i�m�u�m� 

�n�u�m�b�e�r� �o�f� �r�e�s�t�a�r�t�s� �i�s� �s�u�r�p�a�s�s�e�d�.� 

�T�h�e� �G�a�u�s�s� �m�e�t�h�o�d� �i�t�s�e�l�f�,� �t�h�e� �l�o�g�i�c� �o�f� �w�h�i�c�h� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �9�,� �i�s� �l�i�m�i�t�e�d� �t�o� 

�e�i�g�h�t� �i�t�e�r�a�t�i�o�n�s� �p�e�r� �r�e�s�t�a�r�t�.� �A�l�s�o�,� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e� �e�r�r�o�r�,� �S�,� �m�u�s�t� �d�e�c�r�e�a�s�e� �f�r�o�m� �i�t�e�r�a�t�i�o�n� �t�o� 

�i�t�e�r�a�t�i�o�n�.� �T�h�e� �s�u�b�r�o�u�t�i�n�e� �G�A�U�S�S� �t�e�r�m�i�n�a�t�e�s� �a�n�d� �a� �r�a�n�d�o�m� �r�e�s�t�a�r�t� �o�c�c�u�r�s� �i�f� �e�i�t�h�e�r� �o�f� 

�t�h�e�s�e� �c�o�n�d�i�t�i�o�n�s� �i�s� �v�i�o�l�a�t�e�d�.� �D�u�r�i�n�g� �t�h�e� �e�x�e�c�u�t�i�o�n� �o�f� �G�A�U�S�S� �t�h�e� �p�a�r�a�m�e�t�e�r� �s�e�t� �w�i�t�h� �t�h�e� 
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�T�h�e� �f�i�r�s�t� �s�t�e�p� �i�s� �t�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �s�u�m�-�o�f�-�s�q�u�a�r�e�s� �e�r�r�o�r� �f�o�r� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l�,� �a�n�d� 

�s�u�b�s�e�q�u�e�n�t� �r�a�n�k�i�n�g� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �a�c�c�o�r�d�i�n�g� �t�h�e�s�e� �S� �v�a�l�u�e�s�.� �A�f�t�e�r� �b�e�i�n�g� �r�a�n�k�e�d�,� �t�h�e� 

�b�e�s�t� �t�w�e�n�t�y� �i�n�d�i�v�i�d�u�a�l�s� �o�f� �t�h�e� �f�o�r�t�y�-�m�e�m�b�e�r� �p�o�p�u�l�a�t�i�o�n� �a�r�e� �s�e�l�e�c�t�e�d� �a�s� �p�o�s�s�i�b�l�e� �p�a�r�e�n�t�s�.� 

�T�h�e� �f�i�r�s�t� �f�o�u�r� �c�h�i�l�d�r�e�n� �o�f� �t�h�e� �n�e�x�t� �g�e�n�e�r�a�t�i�o�n� �a�r�e� �e�x�a�c�t� �d�u�p�l�i�c�a�t�e�s� �o�f� �t�h�e� �b�e�s�t� �f�o�u�r� �p�a�r�e�n�t�s�.� 

�F�o�r� �e�a�c�h� �o�f� �t�h�e� �r�e�m�a�i�n�i�n�g� �t�h�i�r�t�y�-�s�i�x� �c�h�i�l�d�r�e�n�,� �t�w�o� �p�a�r�e�n�t�s� �a�r�e� �s�e�l�e�c�t�e�d� �a�n�d� �g�e�n�e�t�i�c� 

�i�n�f�o�r�m�a�t�i�o�n� �i�s� �p�a�s�s�e�d�.� �E�a�c�h� �o�f� �t�h�e� �f�o�u�r� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �o�f�f�s�p�r�i�n�g� �c�a�n� �b�e� �e�i�t�h�e�r� �a�n� �e�x�a�c�t� 
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�d�u�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �c�h�r�o�m�o�s�o�m�e� �i�n� �t�h�e� �f�i�r�s�t� �p�a�r�e�n�t�,� �a�n� �e�x�a�c�t� �d�u�p�l�i�c�a�t�i�o�n� �o�f� �t�h�a�t� �o�f� �t�h�e� 

�s�e�c�o�n�d� �p�a�r�e�n�t�,� �o�r� �a�n� �a�v�e�r�a�g�e� �o�f� �t�h�e� �t�w�o�.� �O�n�c�e� �a� �n�e�w� �c�h�r�o�m�o�s�o�m�e� �i�s� �d�e�t�e�r�m�i�n�e�d� �i�t� �i�s� 

�c�h�e�c�k�e�d� �f�o�r� �m�u�t�a�t�i�o�n�,� �w�h�i�c�h�,� �i�f� �i�t� �o�c�c�u�r�s�,� �r�a�n�d�o�m�l�y� �c�h�a�n�g�e�s� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� 

�c�h�r�o�m�o�s�o�m�e�.� �T�h�e� �m�u�t�a�t�i�o�n� �r�a�t�e� �i�n� �G�E�N�E�T�I�C� �i�s� �s�e�t� �a�t� �8�0� �o�c�c�u�r�r�e�n�c�e�s� �o�u�t� �o�f� �1�0�0�0�,� 

�w�h�i�c�h� �i�s� �c�o�n�s�i�d�e�r�e�d� �h�i�g�h� �b�y� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �s�t�a�n�d�a�r�d�s�.� �A�f�t�e�r� �t�h�e� �n�e�w� �g�e�n�e�r�a�t�i�o�n� �i�s� 

�c�o�m�p�l�e�t�e�,� �t�h�e� �p�r�o�c�e�s�s� �e�i�t�h�e�r� �r�e�p�e�a�t�s� �i�t�s�e�l�f� �o�r� �t�e�r�m�i�n�a�t�e�s�.� �T�h�e� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�a� �a�r�e� �a� 

�m�i�n�i�m�u�m� �s�u�m�-�o�f�-�s�q�u�a�r�e�s� �e�r�r�o�r� �(�1�.�0� �x� �1�0 �� �p�s�i �� �(�4�.�7�5�4� �x� �1�0!"�*� �P�a�)�)�,� �o�r� �a� �m�a�x�i�m�u�m� 

�n�u�m�b�e�r� �o�f� �g�e�n�e�r�a�t�i�o�n�s� �(�2�0�)�.� �W�h�e�n� �e�i�t�h�e�r� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�a� �i�s� �m�e�t�,� �G�E�N�E�T�I�C� �e�n�d�s� �a�n�d� 

�s�e�n�d�s� �t�h�e� �i�m�p�r�o�v�e�d� �e�s�t�i�m�a�t�e�,� �i�n�t�e�r�m�,� �b�a�c�k� �t�o� �t�h�e� �m�a�i�n� �c�o�d�e�.� �O�n�c�e� �a�g�a�i�n�,� �i�t� �s�h�o�u�l�d� �b�e� 

�n�o�t�e�d� �t�h�a�t� �t�h�e� �p�r�o�p�o�r�t�i�o�n�s� �o�f� �t�h�e�s�e� �s�e�a�r�c�h� �p�a�r�a�m�e�t�e�r�s� �(�n�u�m�b�e�r� �o�f� �p�a�r�e�n�t�s� �t�o� �c�h�o�s�e� �f�r�o�m�,� 

�n�u�m�b�e�r� �o�f� �e�x�a�c�t� �d�u�p�l�i�c�a�t�e�s�,� �c�r�o�s�s�o�v�e�r� �t�e�c�h�n�i�q�u�e�,� �m�u�t�a�t�i�o�n� �r�a�t�e�,� �a�n�d� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�a�)� �a�r�e� 

�f�o�r�m�e�d� �a�t� �t�h�e� �d�i�s�c�r�e�t�i�o�n� �o�f� �t�h�e� �a�u�t�h�o�r�.� �I�t� �i�s� �q�u�i�t�e� �p�o�s�s�i�b�l�e� �t�h�a�t� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �w�i�l�l� �w�o�r�k� 

�b�e�t�t�e�r� �f�o�r� �d�i�f�f�e�r�e�n�t� �c�o�n�d�i�t�i�o�n�s�.� 

�T�h�e� �f�o�u�r�t�h� �s�t�e�p� �i�n� �E�S�T�I�M�A�T� �i�s� �a�n�o�t�h�e�r� �G�a�u�s�s�i�a�n� �e�s�t�i�m�a�t�i�o�n�,� �u�s�i�n�g� �i�n�t�e�r�m� �a�s� �t�h�e� 

�S�t�a�r�t�i�n�g� �p�o�i�n�t�.� �T�h�i�s� �e�s�t�i�m�a�t�i�o�n� �i�s� �u�s�e�d� �t�o� �p�i�n�p�o�i�n�t� �t�h�e� �g�l�o�b�a�l� �m�i�n�i�m�u�m� �o�f� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e� 

�e�r�r�o�r� �f�u�n�c�t�i�o�n�,� �a�n�d� �r�e�t�u�r�n�s� �t�h�e� �f�i�n�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�,� �f�i�n�a�l�.� �T�h�i�s� �p�a�r�a�m�e�t�e�r� �s�e�t� �a�n�d� �i�t�s� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �p�r�e�s�s�u�r�e� �v�e�c�t�o�r� �a�r�e� �t�h�e�n� �p�o�s�t�-�p�r�o�c�e�s�s�e�d� �i�n� �t�h�e� �l�a�s�t� �s�t�e�p� �o�f� �E�S�T�I�M�A�T�.� 

�3�.�2� �A�n�a�l�y�s�i�s� 

�T�h�e� �a�n�a�l�y�s�i�s� �i�n� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y� �i�s� �p�u�r�e�l�y� �t�h�e�o�r�e�t�i�c�a�l�;� �a�t� �t�h�e� �t�i�m�e� �o�f� �t�h�i�s� �w�r�i�t�i�n�g� 

�d�a�t�a� �i�s� �n�o�t� �a�v�a�i�l�a�b�l�e� �f�r�o�m� �t�h�e� �M�E�T�C� �c�o�m�b�u�s�t�i�o�n� �r�i�g�.� �T�h�e� �a�n�a�l�y�s�i�s� �c�o�n�s�i�s�t�s� �o�f� 
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�e�s�t�i�m�a�t�i�o�n�s� �b�a�s�e�d� �o�n� �a� �v�a�r�i�e�t�y� �o�f� �c�o�n�d�i�t�i�o�n�s�,� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �1�,� �u�s�i�n�g� �t�w�o� �d�i�f�f�e�r�e�n�t� 

�g�e�o�m�e�t�r�i�e�s�:� �t�h�e� �l�o�n�g�,� �o�p�e�n�-�e�n�d�e�d� �p�i�p�e� �u�s�e�d� �b�y� �H�o�w�a�r�d� �[�1�7�]�,� �a�n�d� �t�h�e� �M�E�T�C� �b�u�r�n�e�r�.� 

�T�h�e� �n�i�n�e� �s�e�t�s� �o�f� �a�c�o�u�s�t�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n� �T�a�b�l�e� �1� �w�e�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �[�1�7�]�,� �a�n�d� 

�e�a�c�h� �c�a�n� �b�e� �u�s�e�d� �t�o� �c�r�e�a�t�e� �a� �u�n�i�q�u�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� �v�e�c�t�o�r�,� �Y�,� �u�s�i�n�g� �p�r�o�g�r�a�m� 

�D�Y�N�A�M�I�T�E�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�e� �a�n�a�l�y�s�i�s�,� �t�h�e�n�,� �i�s� �t�o� �s�e�e� �i�f� �E�S�T�I�M�A�T� �c�a�n� �u�s�e� �Y� �t�o� 

�r�e�c�o�v�e�r� �t�h�e� �k�n�o�w�n� �p�a�r�a�m�e�t�e�r� �s�e�t� �w�h�i�c�h� �w�a�s� �u�s�e�d� �t�o� �c�r�e�a�t�e� �Y�.� 

�T�o� �s�i�m�u�l�a�t�e� �t�h�e� �u�n�c�e�r�t�a�i�n�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �p�h�y�s�i�c�a�l� �d�y�n�a�m�i�c� �p�r�e�s�s�u�r�e� 

�m�e�a�s�u�r�e�m�e�n�t�s�,� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �Y� �a�r�e� �n�o�r�m�a�l�l�y� �p�e�r�t�u�r�b�e�d� �a�b�o�u�t� �t�h�e�i�r� �e�x�a�c�t� �v�a�l�u�e�s� 

�b�e�f�o�r�e� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �b�e�g�i�n�s�.� �T�h�i�s� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �u�s�i�n�g� �t�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� �v�a�l�u�e� �a�s� �t�h�e� 

�m�e�a�n�,� �a�n� �a�s�s�u�m�e�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�n� �t�h�e� �p�r�e�s�s�u�r�e� �m�e�a�s�u�r�e�m�e�n�t�,� �a�n�d� �a� �u�n�i�f�o�r�m� 

�r�a�n�d�o�m� �n�u�m�b�e�r� �g�e�n�e�r�a�t�o�r�.� �T�h�e� �r�e�s�u�l�t� �i�s� �a� �r�a�n�d�o�m�,� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �p�e�r�t�u�r�b�a�t�i�o�n� �o�f� 

�e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �v�a�l�u�e� �i�n� �Y�.� 

�F�o�r� �t�h�e� �c�a�s�e�s� �i�n�v�o�l�v�i�n�g� �t�h�e� �s�i�m�p�l�e� �o�p�e�n�-�e�n�d�e�d� �p�i�p�e� �g�e�o�m�e�t�r�y�,� �u�n�c�e�r�t�a�i�n�t�i�e�s� �o�f� 

�z�e�r�o�,� �o�n�e�,� �a�n�d� �f�i�v�e� �p�e�r�c�e�n�t� �a�r�e� �a�p�p�l�i�e�d� �t�o� �Y�.� �T�h�e�s�e� �v�a�l�u�e�s� �w�e�r�e� �c�h�o�s�e�n� �b�e�c�a�u�s�e� �a� �o�n�e�-� 

�p�e�r�c�e�n�t� �u�n�c�e�r�t�a�i�n�t�y� �i�s� �c�o�m�m�o�n� �i�n� �r�e�p�o�r�t�e�d� �m�e�a�s�u�r�e�m�e�n�t�s�,� �a�n�d� �z�e�r�o� �a�n�d� �f�i�v�e� �p�e�r�c�e�n�t� �m�a�y� 

�b�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �l�i�m�i�t�i�n�g� �c�a�s�e�s� �i�n� �e�i�t�h�e�r� �d�i�r�e�c�t�i�o�n� �f�r�o�m� �o�n�e� �p�e�r�c�e�n�t�.� �F�o�r� �t�h�e� �c�a�s�e�s� 

�i�n�v�o�l�v�i�n�g� �t�h�e� �M�E�T�C� �g�e�o�m�e�t�r�y�,� �o�n�l�y� �u�n�c�e�r�t�a�i�n�t�i�e�s� �o�f� �z�e�r�o� �a�n�d� �o�n�e� �p�e�r�c�e�n�t� �a�r�e� �a�p�p�l�i�e�d�.� 

�T�h�e� �u�s�e� �o�f� �a� �f�i�v�e�-�p�e�r�c�e�n�t� �u�n�c�e�r�t�a�i�n�t�y� �i�s� �o�m�i�t�t�e�d� �s�i�n�c�e� �t�h�i�s� �l�i�m�i�t�i�n�g� �c�a�s�e� �i�s� �s�t�u�d�i�e�d� �i�n� �t�h�e� 

�s�t�r�a�i�g�h�t�,� �o�p�e�n�-�e�n�d�e�d� �p�i�p�e� �g�e�o�m�e�t�r�y�.� 

�T�h�e�r�e�f�o�r�e�,� �e�a�c�h� �o�f� �t�h�e� �n�i�n�e� �t�a�r�g�e�t� �p�a�r�a�m�e�t�e�r� �s�e�t�s� �h�a�s� �f�i�v�e� �d�i�f�f�e�r�e�n�t� �t�h�e�o�r�e�t�i�c�a�l� 

�s�i�t�u�a�t�i�o�n�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �i�t�:� �t�h�r�e�e� �v�a�l�u�e�s� �o�f� �u�n�c�e�r�t�a�i�n�t�y� �f�o�r� �t�h�e� �s�i�m�p�l�e� �g�e�o�m�e�t�r�y�,� �a�n�d� 
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�t�w�o� �v�a�l�u�e�s� �f�o�r� �t�h�e� �M�E�T�C� �g�e�o�m�e�t�r�y�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �a�d�m�i�t�t�a�n�c�e�s� �f�o�r� �e�a�c�h� �c�a�s�e� �a�r�e� 

�e�s�t�i�m�a�t�e�d� �t�w�i�c�e�,� �w�i�t�h� �t�h�e� �t�w�o� �e�s�t�i�m�a�t�e�s� �b�e�g�i�n�n�i�n�g� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �s�t�a�r�t�i�n�g� �p�o�i�n�t�s� �i�n� �t�h�e� 

�s�e�a�r�c�h� �s�p�a�c�e�.� �T�h�e� �s�t�a�r�t�i�n�g� �p�o�i�n�t�s� �a�r�e� �c�r�e�a�t�e�d� �r�a�n�d�o�m�l�y�,� �a�n�d� �e�x�a�m�i�n�i�n�g� �Y� �c�a�n� �p�r�o�v�i�d�e� �a� 

�p�r�i�o�r�i� �k�n�o�w�l�e�d�g�e� �a�b�o�u�t� �h�o�w� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �r�a�n�d�o�m� �b�o�u�n�d�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �a�c�o�u�s�t�i�c� 

�t�h�e�o�r�y� �d�i�c�t�a�t�e�s� �t�h�a�t� �a� �l�o�w� �a�d�m�i�t�t�a�n�c�e� �b�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �p�r�e�s�s�u�r�e� �a�n�t�i�-�n�o�d�e�,� �a�n�d� �h�i�g�h� 

�a�d�m�i�t�t�a�n�c�e� �w�i�t�h� �a� �p�r�e�s�s�u�r�e� �n�o�d�e�.� �I�n� �t�h�e� �c�u�r�r�e�n�t� �a�n�a�l�y�s�i�s�,� �r�a�n�d�o�m�l�y� �g�e�n�e�r�a�t�e�d� 

�a�d�m�i�t�t�a�n�c�e�s� �t�h�a�t� �c�o�r�r�e�s�p�o�n�d� �t�o� �a� �p�r�e�s�s�u�r�e� �a�n�t�i�-�n�o�d�e� �l�o�c�a�t�i�o�n� �a�r�e� �w�i�t�h�i�n� �t�h�e� �r�a�n�g�e� �o�f� �+�5� 

�f�t ��/�l�b�,�s� �(�+� �0�.�0�3�1�8� �m ��/�N�-�s�)�;� �a�n�d� �a�d�m�i�t�t�a�n�c�e�s� �t�h�a�t� �c�o�r�r�e�s�p�o�n�d� �t�o� �a� �p�r�e�s�s�u�r�e� �n�o�d�e� �a�r�e� �i�n� �t�h�e� 

�r�a�n�g�e� �o�f� �+�2�0� �f�t�'�/�l�b�,�s� �(�4�0�.�1�2�7�3� �m ��/�N�-�s�)�.� �T�h�e�s�e� �m�u�l�t�i�p�l�e� �e�s�t�i�m�a�t�e�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �t�o� 

�s�t�u�d�y� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �p�r�o�c�e�s�s� �t�o� �s�t�a�r�t�i�n�g� �p�o�s�i�t�i�o�n�.� 

�O�v�e�r�a�l�l�,� �4�5� �e�s�t�i�m�a�t�e�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �b�a�s�e�d� �o�n� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �a�n�a�l�y�s�i�s�.� �T�h�e�y� �a�r�e� 

�l�a�b�e�l�e�d� �a�s� �C�a�s�e�s� �1� �t�h�r�o�u�g�h� �1�8�,� �w�h�e�r�e� �C�a�s�e�s� �1� �t�h�r�o�u�g�h� �9� �i�n�v�o�l�v�e� �t�h�e� �s�i�m�p�l�e� �g�e�o�m�e�t�r�y� �a�n�d� 

�C�a�s�e�s� �1�0� �t�h�r�o�u�g�h� �1�8� �i�n�v�o�l�v�e� �t�h�e� �M�E�T�C� �g�e�o�m�e�t�r�y�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�s� �a�r�e� 

�a�n�a�l�y�z�e�d� �a�n�d� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �n�e�x�t� �c�h�a�p�t�e�r�.� 
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�4�.�0� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �a�r�e� �p�r�e�s�e�n�t�e�d�,� �e�x�p�l�a�i�n�e�d�,� �a�n�d� �d�i�s�c�u�s�s�e�d�.� 

�T�h�e� �e�s�t�i�m�a�t�e�d� �c�o�m�p�l�e�x� �a�c�o�u�s�t�i�c� �a�d�m�i�t�t�a�n�c�e� �v�a�l�u�e�s� �f�o�r� �C�a�s�e�s� �1� �t�h�r�o�u�g�h� �1�8� �a�r�e� �p�r�e�s�e�n�t�e�d� 

�i�n� �T�a�b�l�e�s� �2� �t�h�r�o�u�g�h� �1�0�.� �T�w�o� �m�a�j�o�r� �p�o�i�n�t�s� �c�a�n� �b�e� �m�a�d�e� �f�r�o�m� �t�h�e�s�e� �r�e�s�u�l�t�s�.� �F�i�r�s�t�,� �t�h�e� 

�p�r�o�c�e�s�s� �p�e�r�f�o�r�m�s� �v�e�r�y� �w�e�l�l� �i�n� �e�s�t�i�m�a�t�e�s� �i�n�v�o�l�v�i�n�g� �z�e�r�o� �u�n�c�e�r�t�a�i�n�t�y� �o�n� �t�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� 

�v�a�l�u�e�s�.� �O�f� �t�h�e� �3�6� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�i�s� �t�y�p�e�,� �2�4� �r�e�t�u�r�n� �a�d�m�i�t�t�a�n�c�e� �v�a�l�u�e�s� �t�h�a�t� �a�r�e� �n�e�a�r�l�y� 

�i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �t�a�r�g�e�t�s�.� �M�o�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y�,� �o�n�l�y� �t�h�r�e�e� �t�i�m�e�s� �o�u�t� �o�f� �e�i�g�h�t�e�e�n� �d�i�d� �n�e�i�t�h�e�r� 

�o�f� �t�h�e� �t�w�o� �e�s�t�i�m�a�t�e�s� �f�o�r� �a� �p�a�r�t�i�c�u�l�a�r� �c�a�s�e� �r�e�t�u�r�n� �a� �p�e�r�f�e�c�t� �e�s�t�i�m�a�t�e�.� �S�e�c�o�n�d�l�y�,� �i�t� �c�a�n� �b�e� 

�s�e�e�n� �t�h�a�t� �t�h�e� �h�e�a�d�-�e�n�d� �a�d�m�i�t�t�a�n�c�e�s� �a�r�e� �c�o�n�s�i�s�t�e�n�t�l�y� �e�s�t�i�m�a�t�e�d� �c�l�o�s�e�r� �t�o� �t�h�e� �t�a�r�g�e�t�s� �t�h�a�n� 

�t�h�e� �e�x�h�a�u�s�t�-�e�n�d� �a�d�m�i�t�t�a�n�c�e�s�.� �T�h�i�s�,� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �h�e�a�d� �e�n�d� �i�s� �t�h�e� �l�o�c�a�t�i�o�n� 

�o�f� �a� �p�r�e�s�s�u�r�e� �a�n�t�i�-�n�o�d�e� �a�n�d� �t�h�e� �e�x�h�a�u�s�t� �a� �p�r�e�s�s�u�r�e� �n�o�d�e�,� �i�s� �v�e�r�y� �i�n�t�e�r�e�s�t�i�n�g�.� 

�R�e�s�u�l�t�s� �i�n� �a� �d�i�f�f�e�r�e�n�t� �f�o�r�m� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e�s� �1�1� �t�h�r�o�u�g�h� �4�6�.� �T�h�e�s�e� �f�i�g�u�r�e�s� 

�s�h�o�w� �t�h�e� �i�d�e�a�l�i�z�e�d� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� �f�i�e�l�d�s�,� �w�h�i�c�h� �a�r�e� �p�r�o�d�u�c�e�d� �b�y� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �i�n� �T�a�b�l�e� 

�1� �a�n�d� �a�r�e� �n�o�t� �p�e�r�t�u�r�b�e�d�.� �T�h�e�y� �a�l�s�o� �s�h�o�w� �t�h�e� �e�r�r�o�r� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �r�e�l�a�t�i�v�e� 

�t�o� �t�h�e� �t�a�r�g�e�t�s� �f�o�r� �e�a�c�h� �t�h�e�o�r�e�t�i�c�a�l� �c�a�s�e�.� �T�h�e� �o�r�g�a�n�i�z�a�t�i�o�n� �o�f� �t�h�e� �f�i�g�u�r�e�s� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�5�3



�F�i�g�u�r�e�s� �1�1� �t�h�r�o�u�g�h� �1�9�.� �T�h�e�s�e� �c�o�n�t�a�i�n� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �s�i�m�p�l�e� �g�e�o�m�e�t�r�y� �c�a�s�e�s� 

�i�n�v�o�l�v�i�n�g� �o�n�e� �a�n�d� �f�i�v�e� �p�e�r�c�e�n�t� �u�n�c�e�r�t�a�i�n�t�y� �o�n� �t�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e�s�.� �E�a�c�h� �f�i�g�u�r�e� 

�h�a�s� �f�o�u�r� �s�u�b�f�i�g�u�r�e�s� �(�l�a�b�e�l�e�d� �a�,� �b�,� �c�,� �a�n�d� �d�)�.� �S�u�b�f�i�g�u�r�e� �a� �i�s� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� 

�o�f� �t�h�e� �n�o�n�p�e�r�t�u�r�b�e�d� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� �a�n�d� �s�u�b�f�i�g�u�r�e� �b� �i�s� �t�h�e� �r�e�l�a�t�i�v�e� �e�r�r�o�r� �b�e�t�w�e�e�n� 

�t�h�e� �t�a�r�g�e�t� �a�n�d� �e�s�t�i�m�a�t�e�d� �p�r�e�s�s�u�r�e� �f�i�e�l�d�s�.� �S�u�b�f�i�g�u�r�e� �b� �s�h�o�w�s� �t�w�o� �c�u�r�v�e�s� �f�o�r� �e�a�c�h� 

�o�f� �o�n�e�-� �a�n�d� �f�i�v�e�-�p�e�r�c�e�n�t� �u�n�c�e�r�t�a�i�n�t�y� �b�e�c�a�u�s�e� �t�w�o� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s�e�s� �a�r�e� 

�c�o�n�d�u�c�t�e�d� �f�o�r� �e�a�c�h�;� �t�h�e� �t�w�o� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s�e�s� �a�r�e� �b�e�g�u�n� �a�t� �d�i�f�f�e�r�e�n�t� �s�t�a�r�t�i�n�g� 

�p�o�s�i�t�i�o�n�s� �i�n� �t�h�e� �s�e�a�r�c�h� �s�p�a�c�e�.� �S�u�b�f�i�g�u�r�e�s� �c� �a�n�d� �d� �a�r�e� �t�h�e� �s�a�m�e� �i�n�f�o�r�m�a�t�i�o�n� �f�o�r� �t�h�e� 

�i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �p�r�e�s�s�u�r�e�.� 

�F�i�g�u�r�e�s� �2�0� �t�h�r�o�u�g�h� �2�8�.� �T�h�e�s�e� �f�i�g�u�r�e�s� �c�o�n�t�a�i�n� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �s�i�m�p�l�e� �g�e�o�m�e�t�r�y� 

�c�a�s�e�s� �i�n�v�o�l�v�i�n�g� �z�e�r�o� �u�n�c�e�r�t�a�i�n�t�y� �o�n� �t�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e�s�.� �T�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� 

�f�i�e�l�d�s� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �i�n� �F�i�g�u�r�e�s� �1�1� �t�h�r�o�u�g�h� �1�9� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �a�r�e� �n�o�t� 

�r�e�p�l�o�t�t�e�d� �i�n� �t�h�e�s�e� �f�i�g�u�r�e�s�.� �W�h�a�t� �i�s� �s�h�o�w�n� �i�s� �t�h�e� �r�e�l�a�t�i�v�e� �e�r�r�o�r� �c�u�r�v�e�s� �f�o�r� �t�h�e� �r�e�a�l� 

�a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �o�f� �p�r�e�s�s�u�r�e�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �a�r�e� �p�l�o�t�t�e�d� �s�e�p�a�r�a�t�e�l�y� �f�r�o�m� 

�t�h�e� �o�n�e�-� �a�n�d� �f�i�v�e�-�p�e�r�c�e�n�t� �e�s�t�i�m�a�t�e�s� �d�u�e� �t�o� �t�h�e� �v�a�s�t� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� 

�r�e�l�a�t�i�v�e� �e�r�r�o�r�.� �A�g�a�i�n�,� �t�h�e�r�e� �a�r�e� �t�w�o� �c�u�r�v�e�s� �l�a�b�e�l�e�d� �a�s� �z�e�r�o�-�p�e�r�c�e�n�t� �u�n�c�e�r�t�a�i�n�t�y� 

�b�e�c�a�u�s�e� �t�w�o� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s�e�s� �w�e�r�e� �c�o�n�d�u�c�t�e�d� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �s�t�a�r�t�i�n�g� �p�o�i�n�t�s�.� 

�F�i�g�u�r�e�s� �2�9� �t�h�r�o�u�g�h� �3�7�.� �T�h�e�s�e� �f�i�g�u�r�e�s� �c�o�n�t�a�i�n� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �M�E�T�C� �g�e�o�m�e�t�r�y� 

�c�a�s�e�s� �i�n�v�o�l�v�i�n�g� �o�n�e�-�p�e�r�c�e�n�t� �u�n�c�e�r�t�a�i�n�t�y� �o�n� �t�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e�s�.� �T�h�e� �f�o�r�m�a�t� �i�s� �t�h�e� 
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�s�a�m�e� �a�s� �t�h�a�t� �f�o�r� �F�i�g�u�r�e�s� �1�1� �t�h�r�o�u�g�h� �1�9�,� �e�x�c�e�p�t� �t�h�a�t� �n�o� �f�i�v�e�-�p�e�r�c�e�n�t� �u�n�c�e�r�t�a�i�n�t�y� 

�e�s�t�i�m�a�t�e�s� �a�r�e� �r�e�p�o�r�t�e�d�.� 

�F�i�g�u�r�e�s� �3�8� �t�h�r�o�u�g�h� �4�6�.� �T�h�e�s�e� �f�i�g�u�r�e�s� �c�o�n�t�a�i�n� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �M�E�T�C� �g�e�o�m�e�t�r�y� 

�c�a�s�e� �i�n�v�o�l�v�i�n�g� �z�e�r�o� �u�n�c�e�r�t�a�i�n�t�y� �o�n� �t�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e�s�.� �T�h�e� �f�o�r�m�a�t� �i�s� �t�h�e� �s�a�m�e� �a�s� 

�t�h�a�t� �f�o�r� �F�i�g�u�r�e�s� �2�0� �t�h�r�o�u�g�h� �2�8�.� 

�T�h�e� �r�e�a�s�o�n� �f�o�r� �r�e�p�o�r�t�i�n�g� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �a�c�o�u�s�t�i�c� 

�p�r�e�s�s�u�r�e� �s�h�o�u�l�d� �b�e� �e�m�p�h�a�s�i�z�e�d�.� �N�o�r�m�a�l�l�y�,� �r�e�s�u�l�t�s� �i�n�v�o�l�v�i�n�g� �p�r�e�s�s�u�r�e� �a�r�e� �n�o�t� �p�r�e�s�e�n�t�e�d� �i�n� 

�t�h�i�s� �f�a�s�h�i�o�n�;� �h�o�w�e�v�e�r�,� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y� �u�s�e�s� �t�h�e� �t�w�o� �c�o�m�p�o�n�e�n�t�s� �a�s� �s�e�p�a�r�a�t�e� 

�o�b�s�e�r�v�a�t�i�o�n�s� �(�o�r� �t�a�r�g�e�t�s�)� �i�n� �t�h�e� �p�r�o�c�e�s�s� �t�h�a�t� �e�s�t�i�m�a�t�e�s� �t�h�e� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �a�c�o�u�s�t�i�c� 

�a�d�m�i�t�t�a�n�c�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �t�w�o� �c�o�m�p�o�n�e�n�t�s�,� �a�n�d� �t�h�e� �r�e�l�a�t�i�v�e� �e�r�r�o�r� �b�e�t�w�e�e�n� �t�h�e� �t�a�r�g�e�t�s� 

�a�n�d� �e�s�t�i�m�a�t�e�s�,� �a�r�e� �r�e�p�o�r�t�e�d� �s�e�p�a�r�a�t�e�l�y�.� 

�I�n� �t�h�e� �r�e�s�u�l�t�s�,� �t�h�e� �r�e�l�a�t�i�v�e� �e�r�r�o�r� �p�l�o�t�s� �a�r�e� �b�a�s�e�d� �o�n� �h�o�w� �w�e�l�l� �a� �s�e�t� �o�f� �e�s�t�i�m�a�t�e�d� 

�p�a�r�a�m�e�t�e�r�s� �r�e�p�l�i�c�a�t�e�s� �t�h�e� �i�d�e�a�l� �(�n�o�n�p�e�r�t�u�r�b�e�d�)� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� �f�i�e�l�d�.� �T�h�e� �i�d�e�a�l� �p�r�e�s�s�u�r�e� 

�f�i�e�l�d�,� �w�h�i�c�h� �i�s� �p�r�o�d�u�c�e�d� �f�r�o�m� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �i�n� �T�a�b�l�e� �1�,� �i�s� �u�s�e�d� �b�e�c�a�u�s�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �o�f� 

�t�h�i�s� �p�a�r�t� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� �t�o� �s�e�e� �h�o�w� �a�c�c�u�r�a�t�e�l�y� �E�S�T�I�M�A�T� �c�a�n� �r�e�c�o�v�e�r� �a� �t�a�r�g�e�t� 

�p�a�r�a�m�e�t�e�r� �s�e�t ��n�o�t� �h�o�w� �c�l�o�s�e�l�y� �i�t� �c�a�n� �m�a�t�c�h� �a� �s�l�i�g�h�t�l�y� �p�e�r�t�u�r�b�e�d� �p�r�e�s�s�u�r�e� �f�i�e�l�d�.� �W�i�t�h� �t�h�a�t� 

�i�n� �m�i�n�d�,� �t�h�e� �f�o�r�m�u�l�a� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �r�e�l�a�t�i�v�e� �e�r�r�o�r� �i�s� 

�E�,� �a�s� 
�Y�,� �i� 

� � �x� �1�0�0�%� �,� �(�3�0�)� 
� � 
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�w�h�e�r�e� �E�,� �i�s� �t�h�e� �r�e�l�a�t�i�v�e� �e�r�r�o�r�,� �i�n� �p�e�r�c�e�n�t�,� �a�t� �l�o�c�a�t�i�o�n� �i�,� �Y�,� �i�s� �t�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� �a�t� �i�,� �a�n�d� �P�,� 

�i�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�a�l� �o�r� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �p�r�e�s�s�u�r�e� �f�i�e�l�d�.� �T�h�e� 

�p�r�e�s�s�u�r�e� �f�i�e�l�d�s� �f�o�r� �C�a�s�e�s� �1� �t�h�r�o�u�g�h� �1�8� �a�r�e� �s�a�m�p�l�e�d� �a�t� �[�F�E�M�]� �n�o�d�e�s� �a�l�o�n�g� �t�h�e� �c�e�n�t�e�r�l�i�n�e� 

�o�f� �t�h�e� �b�u�r�n�e�r�.� �W�h�i�l�e� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s� �i�s� �c�o�n�d�u�c�t�e�d� �u�s�i�n�g� �o�n�l�y� �f�o�u�r� �n�o�d�a�l� �p�o�i�n�t�s� �o�f� 

�o�b�s�e�r�v�a�t�i�o�n�,� �t�h�e� �r�e�s�u�l�t�s� �a�r�e� �r�e�p�o�r�t�e�d� �f�o�r� �t�h�e� �e�n�t�i�r�e� �l�e�n�g�t�h� �o�f� �t�h�e� �c�o�m�b�u�s�t�o�r� �(�w�h�i�c�h� 

�c�o�n�s�i�s�t�s� �o�f� �1�1� �n�o�d�e�s� �f�o�r� �t�h�e� �s�i�m�p�l�e� �g�e�o�m�e�t�r�y� �a�n�d� �1�2� �f�o�r� �t�h�e� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �M�E�T�C� 

�g�e�o�m�e�t�r�y�.�)� 

�I�n� �e�x�a�m�i�n�i�n�g� �F�i�g�u�r�e�s� �1�1� �t�h�r�o�u�g�h� �4�6�,� �s�o�m�e� �o�b�s�e�r�v�a�t�i�o�n�s� �a�r�e� �c�o�m�m�o�n� �t�o� �e�v�e�r�y� 

�c�a�s�e�.� �F�i�r�s�t�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�a�t� �o�f� 

�t�h�e� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�,� �g�e�n�e�r�a�l�l�y� �b�y� �t�w�o� �o�r� �t�h�r�e�e� �o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e�.� �T�h�i�s� �i�m�p�l�i�e�s� 

�t�h�a�t� �t�h�e� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �a�c�o�u�s�t�i�c� �p�r�e�s�s�u�r�e� �i�s� �d�o�m�i�n�a�t�e�d� �b�y� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t�.� �I�t� �c�a�n� �b�e� 

�s�e�e�n� �i�n� �t�h�e� �r�e�s�u�l�t�s� �t�h�a�t� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s�  ��r�e�c�o�g�n�i�z�e�s �� �t�h�i�s�,� �b�e�c�a�u�s�e� �t�h�e� �r�e�l�a�t�i�v�e� �e�r�r�o�r� 

�o�f� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �i�s� �a�l�m�o�s�t� �a�l�w�a�y�s� �l�e�s�s� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t� �a�t� �t�h�e� 

�s�a�m�e� �l�o�c�a�t�i�o�n�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s� �p�a�y�s� �m�o�r�e� �a�t�t�e�n�t�i�o�n� �t�o� �t�h�e� 

�d�o�m�i�n�a�n�t� �t�e�r�m�,� �i�.�e�.� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �p�r�e�s�s�u�r�e�.� �S�e�c�o�n�d�,� �t�h�e� �w�o�r�s�t� �(�h�i�g�h�e�s�t�)� 

�r�e�l�a�t�i�v�e� �e�r�r�o�r� �i�n�v�a�r�i�a�b�l�y� �c�o�i�n�c�i�d�e�s� �w�i�t�h� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �p�r�e�s�s�u�r�e� �n�o�d�e�s� �(�p�l�a�c�e�s� �w�h�e�r�e� �p �� �=� 

�0�)�.� �T�h�i�s� �i�s� �t�o� �b�e� �e�x�p�e�c�t�e�d�,� �g�i�v�e�n� �t�h�e� �e�x�t�r�e�m�e�l�y� �s�m�a�l�l� �p�r�e�s�s�u�r�e� �m�a�g�n�i�t�u�d�e�s� �a�t� �t�h�e�s�e� �p�o�i�n�t�s�.� 

�F�i�g�u�r�e�s� �1�1� �t�h�r�o�u�g�h� �1�9� �r�e�v�e�a�l� �t�h�a�t�,� �f�o�r� �t�h�e� �m�a�j�o�r�i�t�y� �o�f� �t�h�e� �c�a�s�e�s�,� �o�n�e� �o�r� �b�o�t�h� �o�f� �t�h�e� 

�e�s�t�i�m�a�t�e�s� �i�n�v�o�l�v�i�n�g� �o�n�e�-�p�e�r�c�e�n�t� �u�n�c�e�r�t�a�i�n�t�y� �a�r�e� �b�e�t�t�e�r� �t�h�a�n� �t�h�o�s�e� �i�n�v�o�l�v�i�n�g� �f�i�v�e�-�p�e�r�c�e�n�t� 

�u�n�c�e�r�t�a�i�n�t�y�,� �a�s� �s�e�e�n� �i�n� �F�i�g�u�r�e�s� �1�1�,� �1�4�,� �a�n�d� �1�9�.� �S�o�m�e�t�i�m�e�s�,� �h�o�w�e�v�e�r�,� �t�h�e� �l�a�r�g�e�r� 

�u�n�c�e�r�t�a�i�n�t�y� �e�s�t�i�m�a�t�e�s� �y�i�e�l�d� �b�e�t�t�e�r� �r�e�s�u�l�t�s�,� �a�s� �i�n� �F�i�g�u�r�e� �1�7�.� �T�h�i�s� �i�s� �m�a�d�e� �p�o�s�s�i�b�l�e� �b�y� �p�o�o�r� 
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�d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �g�l�o�b�a�l� �m�i�n�i�m�u�m� �o�f� �t�h�e� �e�r�r�o�r� �f�u�n�c�t�i�o�n�,� �S�.� �P�o�o�r� �d�e�f�i�n�i�t�i�o�n�,� �w�h�i�c�h� �c�a�n� �b�e� 

�t�h�o�u�g�h�t� �o�f� �a�s� �f�l�a�t�n�e�s�s� �i�n� �t�h�e� �e�r�r�o�r� �f�u�n�c�t�i�o�n�,� �c�a�n� �a�l�l�o�w� �a� �s�e�t� �o�f� �p�a�r�a�m�e�t�e�r�s� �t�o� �m�e�e�t� �t�h�e� 

�s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�a� �o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s� �w�e�l�l� �b�e�f�o�r�e� �t�h�e� �t�r�u�e� �m�i�n�i�m�u�m� �i�s� �f�o�u�n�d�.� �T�h�i�s� 

�l�e�a�d�s� �t�o� �a� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �p�r�o�c�e�s�s� �t�o� �s�t�a�r�t�i�n�g� �p�o�s�i�t�i�o�n�;� �t�h�a�t� �i�s�,� �e�s�t�i�m�a�t�e�s� �w�h�i�c�h� �a�p�p�r�o�a�c�h� 

�f�r�o�m� �d�i�f�f�e�r�e�n�t� �d�i�r�e�c�t�i�o�n�s� �r�e�a�c�h� �d�i�f�f�e�r�e�n�t� �r�e�s�u�l�t�s�.� 

�A�l�s�o� �s�e�e�n� �i�n� �t�h�e�s�e� �f�i�g�u�r�e�s� �i�s� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �r�e�l�a�t�i�v�e� �e�r�r�o�r� �o�f� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� 

�o�f� �t�h�e� �p�r�e�s�s�u�r�e�,� �f�o�r� �b�o�t�h� �o�n�e�-� �a�n�d� �f�i�v�e�-�p�e�r�c�e�n�t� �e�s�t�i�m�a�t�e�s�,� �c�o�n�s�i�s�t�e�n�t�l�y� �l�i�e�s� �b�e�l�o�w� �a� �v�a�l�u�e� 

�o�f� �t�e�n� �p�e�r�c�e�n�t� �a�t� �l�o�c�a�t�i�o�n�s� �t�h�a�t� �d�o� �n�o�t� �c�o�i�n�c�i�d�e� �w�i�t�h� �a� �p�r�e�s�s�u�r�e� �n�o�d�e�.� �O�n�l�y� �t�w�o� �o�f� �t�h�e� �3�6� 

�e�s�t�i�m�a�t�e�s� �h�a�v�e� �a� �r�e�l�a�t�i�v�e� �e�r�r�o�r� �v�a�l�u�e� �h�i�g�h�e�r� �t�h�a�n� �t�e�n� �p�e�r�c�e�n�t� �a�l�o�n�g� �t�h�e� �e�n�t�i�r�e� �l�e�n�g�t�h� �o�f� �t�h�e� 

�b�u�r�n�e�r�.� �T�h�e�s�e� �a�r�e� �a� �o�n�e�-�p�e�r�c�e�n�t� �u�n�c�e�r�t�a�i�n�t�y� �e�s�t�i�m�a�t�e� �i�n� �C�a�s�e� �3� �a�n�d� �a� �f�i�v�e�-�p�e�r�c�e�n�t� 

�u�n�c�e�r�t�a�i�n�t�y� �e�s�t�i�m�a�t�e� �i�n� �C�a�s�e� �9�,� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �1�3�b� �a�n�d� �1�9�b�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �M�o�r�e� 

�s�i�g�n�i�f�i�c�a�n�t� �i�s� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�s� �i�n�v�o�l�v�i�n�g� �o�n�e�-�p�e�r�c�e�n�t� 

�u�n�c�e�r�t�a�i�n�t�y� �g�e�n�e�r�a�l�l�y� �h�a�v�e� �a� �r�e�l�a�t�i�v�e� �e�r�r�o�r� �v�a�l�u�e� �b�e�l�o�w� �u�n�i�t�y�,� �i�.�e�.� �b�e�l�o�w� �o�n�e� �p�e�r�c�e�n�t�.� �I�n� 

�a�l�l� �b�u�t� �C�a�s�e� �7�,� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�7�b�,� �a�t� �l�e�a�s�t� �o�n�e� �o�f� �t�h�e�s�e� �e�s�t�i�m�a�t�e�s� �r�e�t�u�r�n�s� �r�e�l�a�t�i�v�e� �e�r�r�o�r� 

�v�a�l�u�e�s� �l�e�s�s� �t�h�a�n� �u�n�i�t�y� �a�l�o�n�g� �t�h�e� �e�n�t�i�r�e� �l�e�n�g�t�h� �o�f� �t�h�e� �b�u�r�n�e�r� �(�e�x�c�e�p�t� �a�t� �p�r�e�s�s�u�r�e� �n�o�d�e�s�)�.� 

�T�h�e� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �i�n� �F�i�g�u�r�e�s� �1�1� �t�h�r�o�u�g�h� �1�9�,� �b�e�i�n�g� �o�f� �a� 

�s�i�g�n�i�f�i�c�a�n�t�l�y� �s�m�a�l�l�e�r� �m�a�g�n�i�t�u�d�e� �t�h�a�n� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t�,� �g�e�n�e�r�a�l�l�y� �h�a�s� �a� �h�i�g�h�e�r� �r�e�l�a�t�i�v�e� 

�e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �i�t�.� �W�h�i�l�e� �t�h�e� �e�r�r�o�r� �v�a�l�u�e�s� �o�f� �a� �f�e�w� �e�s�t�i�m�a�t�e�s� �l�i�e� �e�n�t�i�r�e�l�y� �b�e�l�o�w� �o�n�e� 

�p�e�r�c�e�n�t�,� �a�s� �s�e�e�n� �i�n� �F�i�g�u�r�e� �1�1�d�,� �m�o�s�t� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�s� �p�o�s�s�e�s�s� �e�r�r�o�r� �v�a�l�u�e�s� �i�n� �t�h�e� �r�a�n�g�e� �o�f� 

�1�0� �t�o� �1�0�0�0� �p�e�r�c�e�n�t�.� 
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�F�i�g�u�r�e�s� �2�0� �t�h�r�o�u�g�h� �2�8� �c�o�n�t�a�i�n� �t�h�e� �e�r�r�o�r� �p�l�o�t�s� �o�f� �t�h�e� �z�e�r�o� �u�n�c�e�r�t�a�i�n�t�y� �e�s�t�i�m�a�t�e�s� �f�o�r� 

�C�a�s�e�s� �|� �t�h�r�o�u�g�h� �9�.� �B�o�t�h� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �o�f� �p�r�e�s�s�u�r�e� �h�a�v�e� �m�u�c�h� 

�l�o�w�e�r� �(�b�e�t�t�e�r�)� �e�r�r�o�r� �v�a�l�u�e�s� �t�h�a�n� �t�h�o�s�e� �f�o�r� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �e�s�t�i�m�a�t�e�s� �i�n�v�o�l�v�i�n�g� �o�n�e�-� �a�n�d� 

�f�i�v�e�-�p�e�r�c�e�n�t� �u�n�c�e�r�t�a�i�n�t�y�.� �O�n�l�y� �f�o�r� �o�n�e� �e�s�t�i�m�a�t�e� �o�f� �C�a�s�e� �8�,� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�7�a�,� �d�i�d� �t�h�e� 

�r�e�l�a�t�i�v�e� �e�r�r�o�r� �o�f� �t�h�e� �d�o�m�i�n�a�n�t� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �r�e�m�a�i�n� �a�b�o�v�e� �a� �v�a�l�u�e� �o�f� �o�n�e� �p�e�r�c�e�n�t� �f�o�r� 

�t�h�e� �e�n�t�i�r�e� �l�e�n�g�t�h� �o�f� �t�h�e� �b�u�r�n�e�r�.� 

�R�e�s�u�l�t�s� �o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s�e�s� �f�o�r� �C�a�s�e�s� �1�0� �t�h�r�o�u�g�h� �1�8�,� �w�h�i�c�h� �i�n�v�o�l�v�e� �t�h�e� 

�M�E�T�C� �g�e�o�m�e�t�r�y�,� �a�r�e� �d�e�p�i�c�t�e�d� �i�n� �F�i�g�u�r�e�s� �2�9� �t�h�r�o�u�g�h� �4�6�.� �O�n�e� �v�e�r�y� �n�o�t�i�c�e�a�b�l�e� �d�i�f�f�e�r�e�n�c�e� 

�b�e�t�w�e�e�n� �t�h�i�s� �a�n�d� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�t� �o�f� �f�i�g�u�r�e�s� �i�s� �i�n� �t�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� �m�o�d�e� �s�h�a�p�e�s�.� 

�A�l�t�h�o�u�g�h� �C�a�s�e�s� �1�0� �t�h�r�o�u�g�h� �1�8� �u�s�e� �t�h�e� �s�a�m�e� �p�a�r�a�m�e�t�e�r� �s�e�t�s� �a�s� �C�a�s�e�s� �1� �t�h�r�o�u�g�h� �9�,� �t�h�e� 

�M�E�T�C� �g�e�o�m�e�t�r�y� �c�o�n�s�t�r�a�i�n�s� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �m�o�d�e� �s�h�a�p�e� �t�o� �t�h�a�t� �o�f� �a� �q�u�a�r�t�e�r�-�w�a�v�e� �i�n� �a�l�l� 

�c�a�s�e�s�,� �w�h�i�l�e� �i�n� �t�h�e� �s�i�m�p�l�e� �l�o�n�g�-�p�i�p�e� �g�e�o�m�e�t�r�y� �t�h�e� �m�o�d�e� �s�h�a�p�e� �c�h�a�n�g�e�s� �w�i�t�h� �f�r�e�q�u�e�n�c�y�.� 

�T�h�e� �m�o�s�t� �s�i�g�n�i�f�i�c�a�n�t� �r�e�s�u�l�t� �s�e�e�n� �i�n� �F�i�g�u�r�e�s� �2�9� �t�h�r�o�u�g�h� �3�7� �i�s� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� 

�r�e�l�a�t�i�v�e� �e�r�r�o�r� �v�a�l�u�e�s� �o�f� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �e�s�t�i�m�a�t�e�d� �p�r�e�s�s�u�r�e� �f�o�r� �o�n�e�-�p�e�r�c�e�n�t� 

�u�n�c�e�r�t�a�i�n�t�y� �e�s�t�i�m�a�t�e�s� �i�s� �g�e�n�e�r�a�l�l�y� �a�r�o�u�n�d� �0�.�1�.� �T�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �t�h�i�s� �i�s� �n�o�t� �l�i�m�i�t�e�d� �t�o� �t�h�e� 

�a�b�i�l�i�t�y� �t�o� �p�r�e�d�i�c�t� �t�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� �f�i�e�l�d�;� �i�t� �a�l�s�o� �g�i�v�e�s� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� 

�p�r�o�c�e�s�s� �t�o� �p�r�e�d�i�c�t� �t�y�p�e�s� �o�f� �m�o�d�e� �s�h�a�p�e�s�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �s�u�g�g�e�s�t� �t�h�a�t�,� �i�n� �i�t�s� �c�u�r�r�e�n�t� �f�o�r�m�,� 

�t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s� �i�s� �m�o�r�e� �a�d�e�p�t� �a�t� �r�e�c�o�v�e�r�i�n�g� �p�a�r�a�m�e�t�e�r�s� �f�r�o�m� �l�o�w�e�r�-�o�r�d�e�r� �m�o�d�e� 

�s�h�a�p�e�s�.� 

�A� �f�i�n�a�l� �r�e�s�u�l�t� �l�i�e�s� �i�n� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �o�n� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �(�1�)� 

�t�h�e� �p�r�e�s�s�u�r�e� �n�o�d�e�s� �a�n�d� �a�n�t�i�-�n�o�d�e�s�,� �a�n�d� �(�2�)� �t�h�e� �a�c�o�u�s�t�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� 
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�p�r�e�s�s�u�r�e� �f�i�e�l�d� �i�s� �m�o�r�e� �s�e�n�s�i�t�i�v�e� �t�o� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �a�r�e� �c�o�i�n�c�i�d�e�n�t� �w�i�t�h� �p�r�e�s�s�u�r�e� 

�a�n�t�i�-�n�o�d�e�s�,� �w�h�i�l�e� �i�t� �i�s� �l�e�s�s� �s�e�n�s�i�t�i�v�e� �t�o� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �a�r�e� �c�o�i�n�c�i�d�e�n�t� �w�i�t�h� 

�p�r�e�s�s�u�r�e� �n�o�d�e�s�.� �C�o�m�p�a�r�i�n�g� �t�h�e� �t�a�b�u�l�a�t�e�d� �a�d�m�i�t�t�a�n�c�e� �r�e�s�u�l�t�s� �a�n�d� �t�h�e� �p�l�o�t�t�e�d� �p�r�e�s�s�u�r�e� 

�r�e�s�u�l�t�s� �r�e�v�e�a�l�s� �t�h�a�t� �t�h�e� �r�e�l�a�t�i�v�e� �e�r�r�o�r� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �i�s� �a�f�f�e�c�t�e�d� �m�o�r�e� �b�y� �t�h�e� �h�e�a�d�-� 

�e�n�d� �a�d�m�i�t�t�a�n�c�e�,� �w�h�e�r�e� �a� �p�r�e�s�s�u�r�e� �a�n�t�i�-�n�o�d�e� �o�c�c�u�r�s�,� �t�h�a�n� �b�y� �t�h�e� �e�x�h�a�u�s�t�-�e�n�d� �a�d�m�i�t�t�a�n�c�e�.� 

�L�o�w�-�e�r�r�o�r� �c�a�s�e�s� �a�l�m�o�s�t� �a�l�w�a�y�s� �p�e�r�f�e�c�t�l�y� �e�s�t�i�m�a�t�e� �t�h�e� �h�e�a�d�-�e�n�d� �a�d�m�i�t�t�a�n�c�e�,� �w�h�i�l�e� �t�h�e� 

�e�x�h�a�u�s�t�-�e�n�d� �a�d�m�i�t�t�a�n�c�e� �m�a�y� �b�e� �s�l�i�g�h�t�l�y� �e�r�r�o�n�e�o�u�s�.� �T�h�i�s� �c�a�n� �b�e� �s�e�e�n� �i�n� �C�a�s�e� �6� �i�n� �t�h�e� 

�O�n�e�-�p�e�r�c�e�n�t� �u�n�c�e�r�t�a�i�n�t�y� �e�s�t�i�m�a�t�e�s�:� �f�r�o�m� �T�a�b�l�e� �7�,� �b�o�t�h� �e�s�t�i�m�a�t�e�s� �m�i�s�s�e�d� �t�h�e� �e�x�h�a�u�s�t�-�e�n�d� 

�a�d�m�i�t�t�a�n�c�e�s� �b�y� �r�o�u�g�h�l�y� �t�h�e� �s�a�m�e� �a�m�o�u�n�t� �b�u�t�,� �a�s� �s�e�e�n� �i�n� �F�i�g�u�r�e� �1�6�b�,� �t�h�e� �e�s�t�i�m�a�t�e� �t�h�a�t� 

�m�o�r�e� �c�l�o�s�e�l�y� �m�a�t�c�h�e�s� �t�h�e� �h�e�a�d�-�e�n�d� �a�d�m�i�t�t�a�n�c�e�s� �h�a�s� �a� �m�u�c�h� �l�o�w�e�r� �r�e�l�a�t�i�v�e� �e�r�r�o�r�.� 
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�5�.�1� 

�5�.�0� �C�o�n�c�l�u�s�i�o�n�s� �a�n�d� �R�e�c�o�m�m�e�n�d�a�t�i�o�n�s� 

�C�o�n�c�l�u�s�i�o�n�s� 

�B�a�s�e�d� �o�n� �t�h�e� �w�o�r�k� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �t�h�e�s�i�s�,� �i�t� �m�a�y� �b�e� �c�o�n�c�l�u�d�e�d� �t�h�a�t�:� 

�E�v�e�n� �t�h�o�u�g�h� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y� �d�e�a�l�s� �o�n�l�y� �w�i�t�h� �l�o�n�g�i�t�u�d�i�n�a�l� �m�o�d�e� �s�h�a�p�e�s�,� �r�a�d�i�a�l� 

�a�n�d� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �m�o�d�e�s� �c�o�u�l�d� �a�l�s�o� �b�e� �t�r�e�a�t�e�d� �w�i�t�h� �t�h�e� �p�r�o�c�e�s�s�.� �T�h�e� �a�c�c�u�r�a�c�y� 

�o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s�,� �h�o�w�e�v�e�r�,� �i�s� �e�x�p�e�c�t�e�d� �t�o� �d�e�c�r�e�a�s�e� �a�s� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� 

�t�h�e� �p�r�e�s�s�u�r�e� �m�o�d�e� �s�h�a�p�e� �i�n�c�r�e�a�s�e�s�.� 

�T�h�e� �p�o�o�r� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �g�l�o�b�a�l� �m�i�n�i�m�u�m� �o�f� �t�h�e� �e�r�r�o�r� �f�u�n�c�t�i�o�n� �c�a�n� �r�e�s�u�l�t� �i�n� 

�p�r�e�m�a�t�u�r�e� �s�t�o�p�p�a�g�e� �o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �c�a�n� �p�r�o�d�u�c�e� �p�o�o�r� 

�p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s�.� 

�T�h�e� �p�o�o�r� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �g�l�o�b�a�l� �m�i�n�i�m�u�m� �o�f� �t�h�e� �e�r�r�o�r� �f�u�n�c�t�i�o�n� �c�a�n� �r�e�s�u�l�t� �i�n� �a� 

�s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s� �t�o� �s�t�a�r�t�i�n�g� �p�o�s�i�t�i�o�n� �i�n� �t�h�e� �s�e�a�r�c�h� �s�p�a�c�e�.� 
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�T�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �i�s� �l�e�s�s� �s�e�n�s�i�t�i�v�e� �t�o� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �a�r�e� �l�o�c�a�t�e�d� �a�t� 

�p�r�e�s�s�u�r�e� �n�o�d�e�s�,� �a�n�d� �m�o�r�e� �s�e�n�s�i�t�i�v�e� �t�o� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �a�r�e� �l�o�c�a�t�e�d� �a�t� 

�p�r�e�s�s�u�r�e� �a�n�t�i�-�n�o�d�e�s�.� 

�T�h�e� �p�r�e�s�s�u�r�e� �m�o�d�e� �s�h�a�p�e� �i�s� �g�e�n�e�r�a�l�l�y� �n�o�t� �e�x�t�r�e�m�e�l�y� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�;� �t�h�e� �g�e�n�e�r�a�l� �m�o�d�e� �s�h�a�p�e� �c�a�n� �b�e� �r�e�c�o�v�e�r�e�d� �e�v�e�n� �w�h�e�n� 

�t�h�e�r�e� �i�s� �a� �r�e�l�a�t�i�v�e�l�y� �l�a�r�g�e� �e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�R�e�c�o�m�m�e�n�d�a�t�i�o�n�s� 

�B�a�s�e�d� �o�n� �t�h�e� �w�o�r�k� �p�r�e�s�e�n�t�e�d� �a�n�d� �t�h�e� �c�o�n�c�l�u�s�i�o�n�s� �d�r�a�w�n�,� �i�t� �i�s� �r�e�c�o�m�m�e�n�d�e�d� �t�h�a�t�:� 

�F�o�r� �w�o�r�k� �w�i�t�h� �h�i�g�h�e�r� �o�r�d�e�r� �l�o�n�g�i�t�u�d�i�n�a�l�,� �a�s� �w�e�l�l� �a�s� �w�i�t�h� �r�a�d�i�a�l� �a�n�d� 

�c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �p�r�e�s�s�u�r�e� �m�o�d�e� �s�h�a�p�e�s�,� �t�h�e� �F�E�M� �m�e�s�h� �s�h�o�u�l�d� �b�e� �r�e�f�i�n�e�d� �a�n�d� �m�o�r�e� 

�p�r�e�s�s�u�r�e� �o�b�s�e�r�v�a�t�i�o�n�s�/�t�a�r�g�e�t�s� �s�h�o�u�l�d� �b�e� �u�s�e�d�.� �I�t� �i�s� �r�e�c�o�m�m�e�n�d�e�d� �t�h�a�t� �m�o�r�e� 

�d�e�t�a�i�l�e�d� �s�t�u�d�i�e�s� �b�e� �c�o�n�d�u�c�t�e�d� �i�n� �w�h�i�c�h� �t�h�e� �o�p�t�i�m�a�l� �m�e�s�h� �d�e�f�i�n�i�t�i�o�n� �a�n�d� �n�u�m�b�e�r� �o�f� 

�o�b�s�e�r�v�a�t�i�o�n�s� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�o�r� �a� �s�p�e�c�i�f�i�c� �m�o�d�e� �s�h�a�p�e�.� �B�o�t�h� �s�p�e�c�i�f�i�c�a�t�i�o�n�s� �w�o�u�l�d� 

�n�e�c�e�s�s�a�r�i�l�y� �d�e�p�e�n�d� �u�p�o�n� �t�h�e� �n�u�m�b�e�r� �o�f� �a�n�d� �s�p�a�c�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �p�r�e�s�s�u�r�e� �m�a�x�i�m�a� 

�a�n�d� �m�i�n�i�m�a� �i�n� �t�h�e� �s�t�a�n�d�i�n�g� �w�a�v�e� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�t� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �f�r�e�q�u�e�n�c�y�.� 

�T�h�e� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�a� �o�f� �t�h�e� �p�r�o�c�e�s�s� �s�h�o�u�l�d� �b�e� �m�a�d�e� �m�o�r�e� �s�t�r�i�n�g�e�n�t� �t�o� �p�r�e�v�e�n�t� 

�p�o�o�r� �e�s�t�i�m�a�t�e�s�.� 
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�M�u�l�t�i�p�l�e� �e�s�t�i�m�a�t�e�s�,� �e�a�c�h� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �s�t�a�r�t�i�n�g� �p�o�s�i�t�i�o�n�s�,� �s�h�o�u�l�d� �b�e� �m�a�d�e� �f�o�r� �a�n�y� 

�s�i�n�g�l�e� �b�u�r�n�e�r� �c�o�n�d�i�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �m�u�l�t�i�p�l�e� �e�s�t�i�m�a�t�e�s� �(�t�h�e� �f�i�n�a�l� �s�u�m�-�o�f�-� 

�s�q�u�a�r�e�s� �e�r�r�o�r� �a�n�d� �t�h�e� �p�r�e�s�s�u�r�e� �m�o�d�e� �s�h�a�p�e�)� �c�a�n� �t�h�e�n� �b�e� �c�o�m�p�a�r�e�d�,� �a�n�d� �t�h�e� �b�e�s�t� �o�f� 

�t�h�e� �g�r�o�u�p� �c�a�n� �b�e� �i�d�e�n�t�i�f�i�e�d�.� 

�F�i�n�a�l�l�y�,� �i�t� �i�s� �s�t�r�o�n�g�l�y� �r�e�c�o�m�m�e�n�d�e�d� �t�h�a�t� �a�n� �a�n�a�l�y�s�i�s� �b�e� �p�e�r�f�o�r�m�e�d� �u�s�i�n�g� 

�e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �f�o�r� �v�e�r�i�f�i�c�a�t�i�o�n� �p�u�r�p�o�s�e�s�.� �A�n� �i�n�d�e�p�e�n�d�e�n�t� �m�e�a�s�u�r�e� �o�f� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �s�u�c�h� �a�s� �a� �t�w�o�-�m�i�c�r�o�p�h�o�n�e� �t�e�c�h�n�i�q�u�e� �m�e�a�s�u�r�e�m�e�n�t�,� �c�o�u�l�d� �b�e� 

�c�o�m�p�a�r�e�d� �t�o� �e�s�t�i�m�a�t�e�d� �v�a�l�u�e�s�.� 
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�T�a�b�l�e� �1�.� �P�a�r�a�m�e�t�e�r�s� �U�s�e�d� �t�o� �C�r�e�a�t�e� �T�a�r�g�e�t� �P�r�e�s�s�u�r�e� �V�e�c�t�o�r�s� 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � � � � � � � � � � � � � 

�F�r�e�q�u�e�n�c�y� �H�e�a�d�-�E�n�d� �|� �E�x�h�a�u�s�t�-�E�n�d� �H�e�a�d�-�E�n�d� �E�x�h�a�u�s�t�-�E�n�d� 
�T�e�m�p�e�r�a�t�u�r�e� �|� �T�e�m�p�e�r�a�t�u�r�e� �A�d�m�i�t�t�a�n�c�e� �A�d�m�i�t�t�a�n�c�e� 

�(�R�e�,� �I�m�)� �(�R�e�,� �I�m�)� 
�H�z� �°�F� �°�F� �f�t ��/�l�b�,�-�s� �f�'�/�l�b�,�-�s� 

�°�C� �°�C� �m ��/�N�-�s� �x� �1�0�°� �m ��/�N�-�s� �x� �1�0�°� 
�C�a�s�e�s� �1� �a�n�d� �1�0� �3�0�0� �1�4�5�6� �1�0�5�6� �(�0�.�0�3�7�1�,� �0�.�0�0�4�6�)� �(�2�.�4�2�1�2�,� �-�1�0�.�6�0�7�8�)� 

�7�9�1� �5�6�9� �(�0�.�2�3�6�2�,� �0�.�0�2�9�3�)� �(�1�5�.�4�1�3�1�,� �-�6�7�.�5�2�8�3�)� 
�C�a�s�e�s� �2� �a�n�d� �1�1� �4�0�0� �1�4�5�6� �1�0�5�6� �(�0�.�0�3�0�5�,� �-�0�.�0�0�9�8�)� �(�2�.�4�5�8�1�,� �-�7�.�5�7�6�4�)� 

�7�9�1� �5�6�9� �(�0�.�1�9�4�2�,� �-�0�.�0�6�2�4�)� �|� �(�1�4�.�7�8�7�7�,� �-�4�5�.�4�0�3�3�)� 
�C�a�s�e�s� �3� �a�n�d� �1�2� �5�0�0� �1�4�5�6� �1�0�5�6� �(�0�.�0�2�4�0�,� �-�0�.�0�0�5�0�)� �(�1�.�9�2�7�9�,� �-�6�.�0�8�2�9�)� 

�7�9�1� �5�6�9� �(�0�.�1�5�2�8�,� �-�0�.�0�3�1�8�)� �|� �(�1�2�.�2�7�2�8�,� �-�3�8�.�7�2�3�2�)� 
�C�a�s�e�s� �4� �a�n�d� �1�3� �3�0�0� �1�5�8�0� �1�1�8�0� �(�0�.�0�3�7�1�,� �0�.�0�0�4�6�)� �(�1�.�8�6�5�8�,� �-�1�1�.�2�9�6�9�)� 

�8�6�0� �6�3�8� �(�0�.�2�3�6�2�,� �0�.�0�2�9�3�)� �(�1�1�.�8�7�7�5�,� �-�7�1�.�9�1�5�1�)� 
�C�a�s�e�s� �5� �a�n�d� �1�4� �4�0�0� �1�5�8�0� �1�1�8�0� �(�0�.�0�3�0�5�,� �-�0�.�0�0�9�8�)� �(�1�.�2�6�3�1�,� �-�8�.�5�2�0�3�)� 

�8�6�0� �6�3�8� �(�0�.�1�9�4�2�,� �-�0�.�0�6�2�4�)� �(�8�.�0�4�1�0�,� �-�5�4�.�2�3�9�5�)� 
�C�a�s�e�s� �6� �a�n�d� �1�5� �5�0�0� �1�5�8�0� �1�1�8�0� �(�0�.�0�2�4�0�,� �-�0�.�0�0�5�0�)� �(�1�.�8�8�7�4�,� �-�6�.�4�0�4�4�)� 

�8�6�0� �6�3�8� �(�0�.�1�5�2�8�,� �-�0�.�0�3�1�8�)� �|� �(�1�2�.�0�1�5�0�,� �-�4�0�.�7�6�9�8�)� 
�C�a�s�e�s� �7� �a�n�d� �1�6� �3�0�0� �1�9�5�0� �1�5�5�0� �(�0�.�0�3�7�1�,� �0�.�0�0�4�6�)� �(�1�.�5�7�5�0�,� �-�1�4�.�6�6�4�4�)� 

�1�0�6�6� �8�4�3� �(�0�.�2�3�6�2�,� �0�.�0�2�9�3�)� �(�1�0�.�0�2�6�3�,� �-�9�3�.�3�5�2�3�)� 
�C�a�s�e�s� �8� �a�n�d� �1�7� �4�0�0� �1�9�5�0� �1�5�5�0� �(�0�.�0�3�0�5�,� �-�0�.�0�0�9�8�)� �(�1�.�6�7�0�1�,� �-�9�.�5�7�8�4�)� 

�1�0�6�6� �8�4�3� �(�0�.�1�9�4�2�,� �-�0�.�0�6�2�4�)� �{� �(�1�0�.�6�3�1�7�,� �-�6�1�.�1�0�2�6�)� 
�C�a�s�e�s� �9� �a�n�d� �1�8� �5�0�0� �1�9�5�0� �1�5�5�0� �(�0�.�0�2�4�0�,� �-�0�.�0�0�5�0�)� �(�1�.�3�7�5�4�,� �-�7�.�1�5�2�3�)� 

�1�0�6�6� �8�4�3� �(�0�.�1�5�2�8�,� �-�0�.�0�3�1�8�)� �(�8�.�7�5�5�7�,� �-�4�5�.�5�3�0�9�)� 
� � 

�A�l�l� �c�a�s�e�s� �u�s�e�:� 

�H�e�a�t� �R�e�l�e�a�s�e� �=� �1�2�0�0�.�5� �B�T�U�/�I�b�,�,� �(�2�7�9�2�.�4� �k�J�/�k�g�)� �@� �n�o�d�e�s� �1� �t�h�r�o�u�g�h� �7�6� 
�M�e�a�n� �P�r�e�s�s�u�r�e� �=� �1�4�.�6�9�9� �I�b�/�i�n �� �(�1�.�0�1�3� �x� �1�0�°� �P�a�)� 

�C�a�s�e�s� �1� �t�h�r�o�u�g�h� �9� �u�s�e� �t�h�e� �s�t�r�a�i�g�h�t� �p�i�p�e� �g�e�o�m�e�t�r�y�:� 
� � 

�=� 
�H�e�a�d� �E�n�d� 

�=� 
�E�x�h�a�u�s�t� �E�n�d� 

�C�a�s�e�s� �1�0� �t�h�r�o�u�g�h� �1�8� �u�s�e� �t�h�e� �M�E�T�C� �g�e�o�m�e�t�r�y�:� 

� � � � 
�H�e�a�d� �E�n�d� 

�E�x�h�a�u�s�t� �E�n�d� 
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� 



�T�a�b�l�e� �2�.� �E�s�t�i�m�a�t�e�d� �A�d�m�i�t�t�a�n�c�e� �V�a�l�u�e�s� �f�o�r� �C�a�s�e�s� �1� �a�n�d� �1�0�.� 

� � 

�C�a�s�e� 
�N�u�m�b�e�r� 

�H�e�a�d�-�E�n�d� 
�A�d�m�i�t�t�a�n�c�e� 

�(�R�e�,� �I�m�)� 
�f�t�/�b�e�s� 

�m�?�/�N�-�s� �x� �1�0�°� 

�E�x�h�a�u�s�t�-�E�n�d� 
�A�d�m�i�t�t�a�n�c�e� 

�(�R�e�,� �I�m�)� 
�f�/�l�b�r�e�s� 

�m�/�N�-�s� �x� �1�0�°� 
� � 

� � 

� � 

�(�2�.�4�2�1�2�,� �-�1�0�.�6�0�7�8�)� 
� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � � � 
�s�t�r�a�i�g�h�t� �p�i�p�e�,� �1� �(�0�.�0�3�7�1�,� �0�.�0�0�4�6�)� 

�0�%� �u�n�c�e�r�t�a�i�n�t�y� �(�0�.�2�3�6�2�,� �0�.�0�2�9�3�)� �|� �(�1�5�.�4�1�3�1�,� �-�6�7�.�5�2�8�3�)� 
�s�t�r�a�i�g�h�t� �p�i�p�e�,� �1� �(�0�.�0�3�7�1�,� �0�.�0�0�4�6�)� �(�2�.�4�2�4�1�,� �-�1�0�.�6�1�2�7�)� 

�0�%� �u�n�c�e�r�t�a�i�n�t�y� �(�0�.�2�3�6�2�,� �0�.�0�2�9�3�)� �|� �(�1�5�.�4�3�1�6�,� �-�6�7�.�5�5�9�5�)� 
�s�t�r�a�i�g�h�t� �p�i�p�e�,� �1� �(�0�.�0�3�6�5�,� �0�.�0�0�1�4�)� �(�1�.�7�1�7�5�,� �-�1�3�.�3�4�5�0�)� 

�1�%� �u�n�c�e�r�t�a�i�n�t�y� �(�0�.�2�3�2�3�,� �0�.�0�0�8�8�)� �|� �(�1�0�.�9�3�3�2�,� �-�8�4�.�9�5�3�1�)� 
�s�t�r�a�i�g�h�t� �p�i�p�e�,� �1� �(�0�.�0�3�6�4�,� �0�.�0�0�0�5�)� �(�3�.�4�9�8�4�,� �-�9�.�1�4�5�2�)� 

�1�%� �u�n�c�e�r�t�a�i�n�t�y� �(�0�.�2�3�1�6�,� �0�.�0�0�2�9�)� �|� �(�2�2�.�2�7�0�7�,� �-�5�8�.�2�1�7�5�)� 
�s�t�r�a�i�g�h�t� �p�i�p�e�,� �1� �(�0�.�0�3�4�2�,� �-�0�.�0�1�1�1�)� �|� �(�3�.�7�3�0�6�,� �-�2�9�.�2�7�1�8�)� 

�5�%� �u�n�c�e�r�t�a�i�n�t�y� �(�0�.�2�1�8�0�,� �-�0�.�0�7�0�5�)� �|� �(�2�3�.�7�4�8�5�,� �-�1�8�6�.�3�4�1�4�)� 
�s�t�r�a�i�g�h�t� �p�i�p�e�,� �1� �(�0�.�0�3�3�9�,� �-�0�.�0�1�5�4�)� �(�4�.�8�3�0�5�,� �-�6�.�5�0�1�5�)� 

�5�%� �u�n�c�e�r�t�a�i�n�t�y� �(�0�.�2�1�5�9�,� �-�0�.�0�9�8�3�)� �|� �(�3�0�.�7�5�0�8�,� �-�4�1�.�3�8�8�0�)� 
�M�E�T�C� �g�e�o�m�e�t�r�y�,� �1�0� �(�0�.�0�5�2�3�,� �0�.�0�0�4�2�)� �(�4�.�2�9�9�7�,� �-�2�.�7�1�6�8�)� 
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�O�s�c�i�l�l�a�t�i�o�n� �C�o�n�t�r�o�l� �b�y� �C�y�c�l�i�c� �F�u�e�l� �I�n�j�e�c�t�i�o�n�, �� �P�a�p�e�r� �p�r�e�s�e�n�t�e�d� �a�t� �t�h�e� 
�A�S�M�E� �T�u�r�b�o� �E�x�p�o� �C�o�n�f�e�r�e�n�c�e�,� �H�o�u�s�t�o�n�,� �T�e�x�a�s�,� �J�u�n�e� �1�9�9�5�.� 

�5�.� �L�e�v�i�n�e�,� �H�.� �A�n�d� �J�.� �S�c�h�w�i�n�g�e�r�,�  ��O�n� �t�h�e� �R�a�d�i�a�t�i�o�n� �o�f� �S�o�u�n�d� �f�r�o�m� �a�n� �U�n�f�l�a�n�g�e�d� 
�C�i�r�c�u�l�a�r� �P�i�p�e�, �� �P�h�y�s�i�c�a�l� �R�e�v�i�e�w�,� �V�o�l�.� �7�3�,� �n�o�.� �4�,� �p�p� �3�8�3�-�4�0�6�,� �1�9�4�8�.� 

�6�.� �C�a�r�r�i�e�r�,� �G�.� �F�.�,�  ��S�o�u�n�d� �T�r�a�n�s�m�i�s�s�i�o�n� �f�r�o�m� �a� �T�u�b�e� �w�i�t�h� �F�l�o�w�, �� �Q�u�a�r�t�e�r�l�y� �o�f� 
�A�p�p�l�i�e�d� �M�a�t�h�e�m�a�t�i�c�s�,� �V�o�l�.� �1�3�,� �p�p� �4�5�3�-�4�6�1�,� �1�9�5�6�.� 

�7�.� �A�n�d�o�,� �Y�.�,�  ��O�n� �t�h�e� �S�o�u�n�d� �R�a�d�i�a�t�i�o�n� �f�r�o�m� �S�e�m�i�-�I�n�f�i�n�i�t�e� �C�i�r�c�u�l�a�r� �P�i�p�e� �o�f� �C�e�r�t�a�i�n� 
�W�a�l�l� �T�h�i�c�k�n�e�s�s�, �� �A�c�u�s�t�i�c�a�,� �V�o�l�.� �2�2�,� �p�p� �2�1�9�-�2�2�5�,� �1�9�6�9�/�1�9�7�0�.� � � 

�8�.� �J�o�h�n�s�t�o�n�,� �G�.� �W�.�,� �a�n�d� �K�.� �O�g�i�m�o�t�o�,�  ��S�o�u�n�d� �R�a�d�i�a�t�i�o�n� �f�r�o�m� �a� �F�i�n�i�t�e� �L�e�n�g�t�h� 
�U�n�f�l�a�n�g�e�d� �C�i�r�c�u�l�a�r� �D�u�c�t� �w�i�t�h� �U�n�i�f�o�r�m� �A�x�i�a�l� �F�l�o�w�,� �P�a�r�t� �I�:� �T�h�e�o�r�e�t�i�c�a�l� 
�A�n�a�l�y�s�i�s�, �� �J�o�u�r�n�a�l� �o�f� �t�h�e� �A�c�o�u�s�t�i�c�a�l� �S�o�c�i�e�t�y� �o�f� �A�m�e�r�i�c�a�,� �V�o�l�.� �6�8�,� �p�p� �1�8�5�8�-� 
�1�8�7�0�,� �1�9�8�0�.� 

�9�.� �J�o�h�n�s�t�o�n�,� �G�.� �W�.�,� �a�n�d� �K�.� �O�g�i�m�o�t�o�,�  ��S�o�u�n�d� �R�a�d�i�a�t�i�o�n� �f�r�o�m� �a� �F�i�n�i�t�e� �L�e�n�g�t�h� 
�U�n�f�l�a�n�g�e�d� �C�i�r�c�u�l�a�r� �D�u�c�t� �w�i�t�h� �U�n�i�f�o�r�m� �A�x�i�a�l� �F�l�o�w�,� �P�a�r�t� �I�I�:� �C�o�m�p�u�t�e�d� 
�R�a�d�i�a�t�i�o�n� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s�, �� �J�o�u�r�n�a�l� �o�f� �t�h�e� �A�c�o�u�s�t�i�c�a�l� �S�o�c�i�e�t�y� �o�f� �A�m�e�r�i�c�a�,� 
�V�o�l�.� �6�8�,� �p�p� �1�8�7�1�-�1�8�8�3�,� �1�9�8�0�.� 
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�1�0�.� 

�l�l�.� 

�1�2�.� 

�1�3�.� 

�1�4�.� 

�1�5�.� 

�1�6�.� 

�1�7�.� 

�1�8�.� 

�1�9�.� 

�2�0�.� 

�C�u�m�m�i�n�g�s�,� �A�.�,�  ��H�i�g�h� �T�e�m�p�e�r�a�t�u�r�e� �E�f�f�e�c�t�s� �o�n� �t�h�e� �R�a�d�i�a�t�i�o�n� �I�m�p�e�d�a�n�c�e� �o�f� �a�n� 
�U�n�i�l�a�n�g�e�d� �D�u�c�t� �E�x�i�t�, �� �J�o�u�r�n�a�l� �o�f� �S�o�u�n�d� �a�n�d� �V�i�b�r�a�t�i�o�n�,� �V�o�l�.� �5�2�,� �n�o�.� �2�,� 
�p�p� �2�9�9�-�3�0�4�,� �1�9�7�7�.� 

�M�a�h�a�n�,� �J�.� �R�.�,� �J�.� �G�.� �C�l�i�n�e�,� �a�n�d� �J�.� �D�.� �J�o�n�e�s�,�  ��A� �T�e�m�p�e�r�a�t�u�r�e� �C�o�r�r�e�l�a�t�i�o�n� �f�o�r� �t�h�e� 
�R�a�d�i�a�t�i�o�n� �R�e�s�i�s�t�a�n�c�e� �o�f� �a� �T�h�i�c�k�-�W�a�l�l�e�d� �C�i�r�c�u�l�a�r� �D�u�c�t� �E�x�h�a�u�s�t�i�n�g� �H�o�t� 
�F�l�o�w�, �� �J�o�u�r�n�a�l� �o�f� �t�h�e� �A�c�o�u�s�t�i�c�a�l� �S�o�c�i�e�t�y� �o�f� �A�m�e�r�i�c�a�,� �V�o�l� �7�5�,� �p�p� �6�3�-�7�1�,� 
�1�9�8�4�.� 

�C�l�i�n�e�,� �J�.� �G�.�,� �T�h�e� �E�f�f�e�c�t�s� �o�f� �N�o�n�i�s�e�n�t�r�o�p�i�c� �F�l�o�w� �o�n� �t�h�e� �A�c�o�s�u�t�i�c� �R�a�d�i�a�t�i�o�n� 
�I�m�p�e�d�a�n�c�e� �o�f� �a�n� �U�n�f�l�a�n�g�e�d� �C�i�r�c�u�l�a�r� �T�u�b�e�,� �M�.�S�.� �T�h�e�s�i�s�,� �V�i�r�g�i�n�i�a� 
�P�o�l�y�t�e�c�h�n�i�c� �I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� �U�n�i�v�e�r�s�i�t�y�,� �M�a�r�c�h�,� �1�9�8�0�.� 

�K�i�n�s�l�e�r�,� �L�.� �E�.�,� �A�.� �R�.� �F�r�e�y�,� �A�.� �B�.� �C�o�p�e�n�s�,� �a�n�d� �J�.� �V�.� �S�a�n�d�e�r�s�,� �F�u�n�d�a�m�e�n�t�a�l�s� �o�f� 
�A�c�o�u�s�t�i�c�s�,� �T�h�i�r�d� �E�d�i�t�i�o�n�,� �J�.� �W�i�l�e�y� �P�u�b�l�i�s�h�e�r�s�,� �1�9�8�2�.� 

�S�e�y�b�e�r�t�,� �A�.� �F�.�,� �a�n�d� �D�.� �F�.� �R�o�s�s�,�  ��E�x�p�e�r�i�m�e�n�t�a�l� �D�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �A�c�o�u�s�t�i�c�a�l� 
�P�r�o�p�e�r�t�i�e�s� �U�s�i�n�g� �T�w�o�-�M�i�c�r�o�p�h�o�n�e� �R�a�n�d�o�m� �E�x�c�i�t�a�t�i�o�n� �T�e�c�h�n�i�q�u�e�, �� 
�J�o�u�r�n�a�l� �o�f� �t�h�e� �A�c�o�u�s�t�i�c�a�l� �S�o�c�i�e�t�y� �o�f� �A�m�e�r�i�c�a�,� �V�o�l�.� �6�1�,� �p�p� �1�3�6�2�-�1�3�7�0�,� 
�1�9�7�7�.� 

�C�h�u�n�g�,� �J�.� �Y�.�,� �a�n�d� �D�.� �A�.� �B�l�a�s�e�r�,�  ��T�r�a�n�s�f�e�r� �F�u�n�c�t�i�o�n� �M�e�t�h�o�d� �o�f� �M�e�a�s�u�r�i�n�g� �I�n�-�D�u�c�t� 
�A�c�o�u�s�t�i�c�a�l� �P�r�o�p�e�r�t�i�e�s�,� �P�a�r�t� �I�:� �T�h�e�o�r�y�, �� �J�o�u�r�n�a�l� �o�f� �t�h�e� �A�c�o�u�s�t�i�c�a�l� �S�o�c�i�e�t�y� �o�f� 
�A�m�e�r�i�c�a�,� �V�o�l�.� �6�8�,� �p�p� �9�0�7�-�9�2�1�,� �1�9�8�0�.� 

�C�h�u�n�g�,� �J�.� �Y�.�,� �a�n�d� �D�.� �A�.� �B�l�a�s�e�r�,�  � ��T�r�a�n�s�f�e�r� �F�u�n�c�t�i�o�n� �M�e�t�h�o�d� �o�f� �M�e�a�s�u�r�i�n�g� �I�n�-�D�u�c�t� 
�A�c�o�u�s�t�i�c�a�l� �P�r�o�p�e�r�t�i�e�s�,� �P�a�r�t� �1�]�:� �E�x�p�e�r�i�m�e�n�t�, �� �J�o�u�r�n�a�l� �o�f� �t�h�e� �A�c�o�u�s�t�i�c�a�l� 
�S�o�c�i�e�t�y� �o�f� �A�m�e�r�i�c�a�,� �V�o�l�.� �6�8�,� �p�p� �9�0�7�-�9�2�1�,� �1�9�8�0�.� 

�H�o�w�a�r�d�,� �R�.� �E�.�,� �A�c�o�u�s�t�i�c�a�l� �B�e�h�a�v�i�o�r� �o�f� �a� �T�u�r�b�u�l�e�n�t�,� �D�u�c�t�e�d�,� �P�r�e�m�i�x�e�d�,� �H�y�d�r�o�g�e�n�-� 
�F�l�a�m�e� �B�u�r�m�e�r�,� �M�.�S�.� �T�h�e�s�i�s�,� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�n�i�c� �I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� 
�U�n�i�v�e�r�s�i�t�y�,� �A�u�g�u�s�t�,� �1�9�8�5�.� 

�B�e�c�k�,� �J�.� �V�.�,� �a�n�d� �K�.� �J�.� �A�r�n�o�l�d�,� �P�a�r�a�m�e�t�e�r� �E�s�t�i�m�a�t�i�o�n� �i�n� �E�n�g�i�n�e�e�r�i�n�g� �a�n�d� �S�c�i�e�n�c�e�,� 
�J�.� �W�i�l�e�y� �P�u�b�l�i�s�h�e�r�s�,� �N�e�w� �Y�o�r�k�,� �1�9�7�7�.� 

�L�e�g�e�n�d�r�e�,� �A�.� �M�.�,� �N�o�u�v�e�l�l�e�s� �M�8�t�h�o�d�s� �P�o�u�r� �l�a� �D�S�t�e�r�m�i�n�a�t�i�o�n� �d�e�s� �O�r�b�i�t�e�s� �d�e�s� 
�C�o�m�l�l�t�e�s�,� �P�a�r�i�s�,� �1�8�0�6�.� 

� � 

�G�a�u�s�s�,� �K�.� �F�.�,� �T�h�e�o�r�y� �o�f� �t�h�e� �M�o�t�i�o�n� �o�f� �H�e�a�v�e�n�l�y� �B�o�d�i�e�s� �M�o�v�i�n�g� �a�b�o�u�t� �t�h�e� �S�u�n� �i�n� 
�C�o�n�i�c� �S�e�c�t�i�o�n�s�,� �r�e�p�r�i�n�t�e�d� �b�y� �D�o�v�e�r� �P�u�b�l�i�c�a�t�i�o�n�s�,� �I�n�c�.�,� �N�e�w� �Y�o�r�k�,� 

�1�8�0�9�/�1�9�6�3�.� 
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�2�1�.� 

�2�2�.� 

�2�3�.� 

�2�4�,� 

�2�5�.� 

�2�6�.� 

�2�7�.� 

�2�8�.� 

�2�9�.� 

�3�0�.� 

�3�1�.� 

�3�2�.� 

�B�o�x�,� �G�.� �E�.� �P�.�,� �a�n�d� �H�.� �K�a�n�e�m�a�s�u�,�  ��T�o�p�i�c�s� �i�n� �M�o�d�e�l� �B�u�i�l�d�i�n�g�,� �P�a�r�t� �I�l�,� �O�n� �N�o�n�-� 
�L�i�n�e�a�r� �L�e�a�s�t� �S�q�u�a�r�e�s�, �� �T�e�c�h�n�i�c�a�l� �R�e�p�o�r�t� �N�o�.� �3�2�1�,� �U�n�i�v�e�r�s�i�t�y� �o�f� 
�W�i�s�c�o�n�s�i�n�,� �D�e�p�t�.� �O�f� �S�t�a�t�i�s�t�i�c�s�,� �M�a�d�i�s�o�n�,� �W�i�s�.�,� �N�o�v�.� �1�9�7�2�.� 

�B�a�r�d�,� �Y�.�,� �N�o�n�l�i�n�e�a�r� �P�a�r�a�m�e�t�e�r� �E�s�t�i�m�a�t�i�o�n�,� �A�c�a�d�e�m�i�c� �P�r�e�s�s�,� �I�n�c�.�,� �N�e�w� �Y�o�r�k�,� 
�1�9�7�4�.� 

�H�e�i�t�k�o�e�t�t�e�r�,� �J�.�,� �a�n�d� �D�.� �B�e�a�s�l�e�y�,�  ��T�h�e� �H�i�t�c�h�h�i�k�e�r ��s� �G�u�i�d�e� �t�o� �E�v�o�l�u�t�i�o�n�a�r�y� 
�C�o�m�p�u�t�a�t�i�o�n�, �� �U�S�E�N�E�T�:� �c�o�m�p�.�a�i�.�g�e�n�e�t�i�c�.� 

�H�o�l�l�a�n�d�,� �J�.� �H�.�,�  ��C�o�n�c�e�r�n�i�n�g� �e�f�f�i�c�i�e�n�t� �A�d�a�p�t�i�v�e� �S�y�s�t�e�m�s�, �� �I�n� �M�.� �C�.� �Y�o�v�i�t�s�,� �G�.� �T�.� 
�J�a�c�o�b�i�,� �a�n�d� �G�.� �D�.� �G�o�l�d�s�t�e�i�n� �(�E�d�s�.�)�,� �S�e�l�f�-�o�r�g�a�n�i�z�i�n�g� �S�y�s�t�e�m�s�,� �(�p�p�.�2�1�5�-� 
�2�3�0�)�,� �S�p�a�r�t�a�n� �B�o�o�k�s�,� �W�a�s�h�i�n�g�t�o�n�,� �1�9�6�2�.� 

� � 

�H�o�l�l�a�n�d�,� �J�.� �H�.�,�  ��I�n�f�o�r�m�a�t�i�o�n� �P�r�o�c�e�s�s�i�n�g� �i�n� �A�d�a�p�t�i�v�e� �S�y�s�t�e�m�s�, �� �I�n�f�o�r�m�a�t�i�o�n� 
�P�r�o�c�e�s�s�i�n�g� �i�n� �t�h�e� �N�e�r�v�o�u�s� �S�y�s�t�e�m�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �I�n�t�e�r�n�a�t�i�o�n�a�l� �U�n�i�o�n� 
�o�f� �P�h�y�s�i�o�l�o�g�i�c�a�l� �S�c�i�e�n�c�e�s�,� �V�o�l�.� �3�,� �p�p� �3�3�0�-�3�3�9�.�,� �1�9�6�2�.� 

�H�o�l�l�a�n�d�,� �J�.� �H�.�,�  ��O�u�t�l�i�n�e� �f�o�r� �a� �L�o�g�i�c�a�l� �T�h�e�o�r�y� �o�f� �A�d�a�p�t�i�v�e� �S�y�s�t�e�m�s�, �� �J�o�u�r�n�a�l� �o�f� 
�t�h�e� �A�s�s�o�c�i�a�t�i�o�n� �f�o�r� �C�o�m�p�u�t�i�n�g� �M�a�c�h�i�n�e�r�y�,� �V�o�l�.� �9�,� �n�o� �3�.�,� �p�p� �2�9�7�-�3�1�4�,� 
�1�9�6�2�.� 

�H�o�l�l�a�n�d�,� �J�.� �H�.�,� �A�d�a�p�t�a�t�i�o�n� �i�n� �N�a�t�u�r�a�l� �a�n�d� �A�r�t�i�f�i�c�i�a�l� �S�y�s�t�e�m�s�,� �T�h�e� �U�n�i�v�e�r�s�i�t�y� �o�f� 
�M�i�c�h�i�g�a�n� �P�r�e�s�s�,� �A�n�n� �A�r�b�o�r�,� �M�i�c�h�i�g�a�n�,� �1�9�7�5�.� 

�D�e�J�o�n�g�,� �K�.� �A�.�,� �A�n� �A�n�a�l�y�s�i�s� �o�f� �t�h�e� �B�e�h�a�v�i�o�r� �o�f� �a� �C�l�a�s�s� �o�f� �G�e�n�e�t�i�c� �A�d�a�p�t�i�v�e� 
�S�y�s�t�e�m�s�,� �D�o�c�t�o�r�a�l� �D�i�s�s�e�r�t�a�t�i�o�n�,� �U�n�i�v�e�r�s�i�t�y� �o�f� �M�i�c�h�i�g�a�n�,� �1�9�7�5�.� 

�G�o�l�d�b�e�r�g�,� �D�.� �E�.�,� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m�s� �i�n� �S�e�a�r�c�h�,� �O�p�t�i�m�i�z�a�t�i�o�n�,� �a�n�d� �M�a�c�h�i�n�e� 
�L�e�a�r�n�i�n�g�,� �A�d�d�i�s�o�n�-�W�e�s�l�e�y� �P�u�b�l�i�s�h�i�n�g� �C�o�.�,� �I�n�c�.�,� �R�e�a�d�i�n�g�,� �M�a�s�s�a�c�h�u�s�e�t�t�s�.� 
�1�9�8�9�.� 

�D�a�v�i�s�,� �L�.� �(�E�d�.�)�,� �H�a�n�d�b�o�o�k� �o�f� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m�s�,� �V�a�n� �N�o�s�t�r�a�n�d� �R�e�i�n�h�o�l�d�,� �N�e�w� 
�Y�o�r�k�,� �1�9�9�1�.� 

�M�a�h�a�n�,� �J�.� �R�.�,�  ��R�e�c�o�v�e�r�y� �o�f� �A�c�o�u�s�t�i�c�a�l� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� �i�n� �G�a�s� �T�u�r�b�i�n�e� 
�C�o�m�b�u�s�t�o�r�s� �f�r�o�m� �D�y�n�a�m�i�c� �P�r�e�s�s�u�r�e� �M�e�a�s�u�r�e�m�e�n�t�s� �U�s�i�n�g� �a� �F�i�n�i�t�e�-� 
�E�l�e�m�e�n�t�-�B�a�s�e�d� �M�o�d�a�l� �A�n�a�l�y�s�i�s� �C�o�d�e�, �� �R�e�s�e�a�r�c�h� �P�r�o�p�o�s�a�l� 
�S�u�b�m�i�t�t�e�d� �t�o� �U�n�i�t�e�d� �S�t�a�t�e�s� �D�e�p�a�r�t�m�e�n�t� �o�f� �E�n�e�r�g�y� �M�o�r�g�a�n�t�o�w�n� �E�n�e�r�g�y� 
�T�e�c�h�n�o�l�o�g�y� �C�e�n�t�e�r�,� �D�e�c�e�m�b�e�r� �1�9�9�4�.� 

�B�a�t�h�e�,� �K�.� �J�.�,� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �P�r�o�c�e�d�u�r�e�s� �i�n� �E�n�g�i�n�e�e�r�i�n�g� �A�n�a�l�y�s�i�s�,� �P�r�e�n�t�i�c�e�-�H�a�l�l�,� 
�I�n�c�.�,� �E�n�g�l�e�w�o�o�d� �C�l�i�f�f�s�,� �N�e�w� �J�e�r�s�e�y�,� �1�9�8�2�.� 

�1�2�9



�3�3�.� �T�i�r�a�,� �N�.� �E�.�,� �D�y�n�a�m�i�c� �s�i�m�u�l�a�t�i�o�n� �o�f� �S�o�l�a�r� �C�a�l�i�b�r�a�t�i�o�n� �o�f� �t�h�e� �T�o�t�a�l� �E�a�r�t�h� �V�i�e�w�i�n�g� 
�C�h�a�n�n�e�l� �o�f� �t�h�e� �E�a�r�t�h� �R�a�d�i�a�t�i�o�n� �B�u�d�g�e�t� �E�x�p�e�r�i�m�e�n�t� �(�E�R�B�E�)�,� �M�a�s�t�e�r� �o�f� 
�S�c�i�e�n�c�e� �T�h�e�s�i�s�,� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�n�i�c� �I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� �U�n�i�v�e�r�s�i�t�y�,� 
�B�l�a�c�k�s�b�u�r�g�,� �V�i�r�g�i�n�i�a�,� �D�e�c�e�m�b�e�r� �1�9�8�7�.� 

�3�4�.� �R�e�d�d�y�,� �J�.� �N�.�,� �A�n� �I�n�t�r�o�d�u�c�t�i�o�n� �t�o� �t�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�t�h�o�d�,� �M�c�G�r�a�w�-�H�i�l�l� �B�o�o�k� 
�C�o�m�p�a�n�y�,� �N�e�w� �Y�o�r�k�,� �1�9�8�4�.� 
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�A�p�p�e�n�d�i�x� �A� 

�C�o�n�t�a�i�n�e�d� �h�e�r�e� �i�s� �a� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �u�s�e�d� �b�y� �P�r�o�g�r�a�m� 

�D�Y�N�A�M�O�D�E� �a�n�d� �S�u�b�r�o�u�t�i�n�e� �D�Y�N�A�M�I�T�E�.� �I�t� �i�s� �a�d�a�p�t�e�d�,� �n�e�a�r�l�y� �v�e�r�b�a�t�i�m�,� �f�r�o�m� �a� 

�d�e�r�i�v�a�t�i�o�n� �w�r�i�t�t�e�n� �b�y� �D�r�.� �J�.� �R�.� �M�a�h�a�n� �[�3�1�]� �i�n� �1�9�9�4� �a�s� �p�a�r�t� �o�f� �a� �r�e�s�e�a�r�c�h� �p�r�o�p�o�s�a�l�.� 

�A�.�1� �T�h�e�o�r�e�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� 

�T�h�e� �n�o�n�h�o�m�o�g�e�n�e�o�u�s� �a�c�o�u�s�t�i�c� �w�a�v�e� �e�q�u�a�t�i�o�n� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �a�c�o�u�s�t�i�c� �p�r�e�s�s�u�r�e� 

�f�i�e�l�d� �p�(�x�y�,�z�,�t�)� �(�1�b�/�f�t ��)� �d�u�e� �t�o� �a� �p�o�i�n�t� �h�e�a�t� �s�o�u�r�c�e� �d�i�s�t�r�i�b�u�t�i�o�n� �q�(�,�y�,�z�,�t�)� �(�f�t�-�l�b�/�l�b�_�,�)� �i�s� 

�1�?� �(�y�-�D�e� �+� �_� �V ��p� �_ �� �p� �Y� �o�g� 

�a�>� �o�O� �a�e� �o�t� 
�(�A�l�)� 

�w�h�e�r�e� �a�,� �(�f�t�/�s�)� �i�s� �t�h�e� �s�t�e�a�d�y�-�f�l�o�w� �s�p�e�e�d� �o�f� �s�o�u�n�d�,� �p�,� �(�1�b�,�/�f�t ��)� �i�s� �t�h�e� �s�t�e�a�d�y�-�f�l�o�w� �m�a�s�s� 

�d�e�n�s�i�t�y�,� �a�n�d� �y� �i�s� �t�h�e� �s�p�e�c�i�f�i�c� �h�e�a�t� �r�a�t�i�o�,� �¢�/�c�,� �T�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �e�q�u�a�t�i�o�n� �A�l� �a�s�s�u�m�e�s� �t�h�a�t� 

�t�h�e� �f�l�u�i�d� �i�s� �a�n� �i�d�e�a�l� �g�a�s� �u�n�d�e�r�g�o�i�n�g� �a�n� �i�s�e�n�t�r�o�p�i�c� �p�r�o�c�e�s�s�.� �C�o�n�s�i�s�t�e�n�t� �w�i�t�h� �t�h�i�s� 

�a�s�s�u�m�p�t�i�o�n�,� 

�a�,� �=� �Y�R�T�I�.� �»� �(�A�2�)� 

�w�h�e�r�e� �R� �(�f�t�-�l�b�/�l�b�,�-�R�)� �i�s� �t�h�e� �g�a�s� �c�o�n�s�t�a�n�t� �o�f� �t�h�e� �m�e�d�i�u�m�,� �T�J�,� �(�R�)� �i�s� �t�h�e� �l�o�c�a�l� �s�t�e�a�d�y�-�f�l�o�w� 

�a�b�s�o�l�u�t�e� �t�e�m�p�e�r�a�t�u�r�e�,� �a�n�d� �g� �(�=�3�2�.�2� �f�t�-�l�b�,�/�l�b�,�s ��)� �i�s� �t�h�e� �r�e�q�u�i�r�e�d� �d�i�m�e�n�s�i�o�n�a�l� �c�o�n�s�t�a�n�t�;� �a�n�d� 

� � �= ��,� �A�3� �P�,� �R�L�.� �(�A�3�)� 

�w�h�e�r�e� �®� �(�l�b�/�f�t ��)� �i�s� �t�h�e� �l�o�c�a�l� �s�t�e�a�d�y�-�f�l�o�w� �p�r�e�s�s�u�r�e�.� �D�u�e� �t�o� �t�h�e� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�s� �a�n�d� 

�l�a�r�g�e� �t�e�m�p�e�r�a�t�u�r�e� �v�a�r�i�a�t�i�o�n�s� �i�n� �a� �g�a�s� �t�u�r�b�i�n�e� �c�o�m�b�u�s�t�o�r�,� �t�e�m�p�e�r�a�t�u�r�e�-�d�e�p�e�n�d�e�n�t� �s�p�e�c�i�f�i�c� 

�h�e�a�t�s� �s�h�o�u�l�d� �b�e� �u�s�e�d� �i�n� �c�o�m�p�u�t�i�n�g� �t�h�e� �l�o�c�a�l� �s�p�e�c�i�f�i�c� �h�e�a�t� �r�a�t�i�o� �y�.� �E�q�u�a�t�i�o�n� �A�l� �a�l�s�o� 

�1�3�1



�a�s�s�u�m�e�s� �t�h�a�t� �p�/�P� �<�<� �1�.�0�,� �i�.�e�.� �s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n�s� �a�r�e� �a�s�s�u�m�e�d�.� �E�q�u�a�t�i�o�n� �A�1� �c�a�n� �b�e� �u�s�e�d� 

�t�o� �f�i�n�d� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �w�i�t�h�i�n� �a�n� �e�n�c�l�o�s�u�r�e�,� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �a�c�o�u�s�t�i�c� �i�m�p�e�d�a�n�c�e� 

�c�o�n�d�i�t�i�o�n�s� �a�r�e� �k�n�o�w�n� �a�t� �t�h�e� �w�a�l�l�s�.� �T�h�e� �f�i�n�i�t�e�-�e�l�e�m�e�n�t� �m�e�t�h�o�d� �(�F�E�M�)� �i�s� �u�s�e�d� �t�o� �s�o�l�v�e� 

�e�q�u�a�t�i�o�n� �A�l�.� 

�A�.�2�_� �S�o�l�u�t�i�o�n� �U�s�i�n�g� �t�h�e� �F�i�n�i�t�e�-�E�l�e�m�e�n�t� �M�e�t�h�o�d� 

�T�h�e� �d�e�v�e�l�o�p�m�e�n�t� �i�s� �b�e�g�u�n� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �e�q�u�a�t�i�o�n� �A�l� �b�y� �a� �t�e�s�t� �f�u�n�c�t�i�o�n� �A� �a�n�d� 

�t�h�e�n� �i�n�t�e�g�r�a�t�i�n�g� �o�v�e�r� �a� �v�o�l�u�m�e� �e�l�e�m�e�n�t� �i�n� �t�h�e� �p�h�y�s�i�c�a�l� �x�,�y�,�z� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�,� 

�N�O� �p� �,�O�p� �,�A�e�p� �A�p� �d�A�p�,�(�y ��-�1�)�0�°�¢�q� �A�C�P� �_�4�7�°�P�_�y�°�P�_�4�°�P�_�A�P�o� �d�x�d�y�d�z� �=� �0�.� �A�4� �i�e� �a�e� �O�x�?� �d�y�?� �d�z�?� �a� �o�a�r�}� �A�"�)� 
�@� 

� � � � 

�N�o�t�e� �t�h�a�t� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� �b�e�i�n�g� �d�e�v�e�l�o�p�e�d� �i�n� �r�e�c�t�a�n�g�u�l�a�r� �c�o�o�r�d�i�n�a�t�e�s� �e�v�e�n� �t�h�o�u�g�h� �t�h�e� 

�g�e�o�m�e�t�r�y� �o�f� �a� �c�y�l�i�n�d�r�i�c�a�l� �b�u�r�n�e�r� �w�o�u�l�d� �s�e�e�m� �t�o� �r�e�q�u�i�r�e� �d�e�v�e�l�o�p�m�e�n�t� �i�n� �c�y�l�i�n�d�r�i�c�a�l� 

�c�o�o�r�d�i�n�a�t�e�s�.� �T�h�i�s� �i�s� �b�e�c�a�u�s�e� �t�h�e� �s�o�l�u�t�i�o�n� �s�p�a�c�e� �w�i�l�l� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �u�s�i�n�g� �s�i�x�-�s�i�d�e�d� 

�p�r�i�s�m�a�t�i�c� �v�o�l�u�m�e� �e�l�e�m�e�n�t�s� �w�h�i�c�h� �a�r�e� �c�a�p�a�b�l�e� �o�f� �b�e�i�n�g� �m�a�p�p�e�d� �i�n�t�o� �a� �r�e�c�t�a�n�g�u�l�a�r� �m�a�s�t�e�r� 

�e�l�e�m�e�n�t�.� �T�h�e� �a�n�a�l�y�s�i�s� �w�i�l�l� �b�e� �f�o�r�m�u�l�a�t�e�d� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �t�h�e� �p�h�y�s�i�c�a�l� �x�,�y�,�z� �c�o�o�r�d�i�n�a�t�e� 

�s�y�s�t�e�m�,� �a�n�d� �t�h�e�n� �a�t� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �t�i�m�e� �t�h�e� �a�n�a�l�y�s�i�s� �w�i�l�l� �b�e� �m�a�p�p�e�d� �i�n�t�o� �t�h�e� �&�,�7�,�¢� 

�c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �m�a�s�t�e�r� �e�l�e�m�e�n�t�.� �T�h�i�s� �m�a�p�p�i�n�g� �a�l�l�o�w�s� �t�h�e� �F�E�M� �t�o� �c�o�n�f�o�r�m� �t�o� �i�r�r�e�g�u�l�a�r� 

�g�e�o�m�e�t�r�i�e�s�.� 

�T�h�e� �a�n�a�l�y�s�i�s� �i�s� �c�o�n�v�e�r�t�e�d� �t�o� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �b�y� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �a�c�o�u�s�t�i�c� 

�p�r�e�s�s�u�r�e� �f�i�e�l�d� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� 

�p�l�i�y�z�t�)�=�P�l�o�y�z�e �� �,� �(�A�S�)� 

�w�h�e�r�e� �j�=� �J�-�1�.� �T�h�i�s� �s�e�p�a�r�a�t�i�o�n� �o�f� �v�a�r�i�a�b�l�e�s� �l�e�a�d�s� �t�o� �a� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �m�o�d�e� �s�t�r�u�c�t�u�r�e� �i�n� 
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