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The most commonly used von Mises yield criterion [43] 

will be used in this study. Unlike Tresca's yield 

criterion, von Mises' yield criterion provides a smooth 

yield surface free of corners which present -a source of 

ambiguity. The von Mises yield criterion states that 

plastic deformation initiates when the second invariant of 

the deviatoric stress tensor reaches a critical value. 

Subsequent yielding is given by the second invariant of the 

deviatoric part of (o .. - a .. ) where a .. are the components l.J l.J l.J 
of a reference point inside the yield surface. These 

components are· initially zero but' change as the yield 

surface translates during plastic deformation depending upon 

the work hardening rule. 

be written as 

The von Mises yield criterion can 

(2.4.6) 

In the uni axial case where the irii tial yield stress is 0 0 , 

Eqn. (2.4.6) reduces to 

(2.4.7) 

This provides the initial value of k 2 • Note that J 2 is 

related to the equivalent uniaxial stress evaluated using 

(o .. - a .. ) in place of o .. in Eqn. (2.4.3) as l.J l.J l.J 
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(2.4.8) 

Therefore, through the combination of Eqns. (2.4.7) and 

(2.4.8), the von Mises yield criterion can be expressed as 

o = o 0 (2.4.9) 

It can be easily verified that the yield surface produced by 

the von Mises criterion is convex. 

· In the constitutive equations to be derived later, Eqn. 

(2.4.5) will be used as the mathematical expression of the 

yield criterion for generality. Eqn. (2.4.9) or any other 

specific yield criterion can then be substituted into the 

final constitutive relationship. 

Calculation of the plastic components of strain is 

accomplished through the use of the flow rule. Drucker [44] 

defined work hardening to mean that useful net energy over 

and above the elastic energy cannot be recovered from a 

material. Upon loading 

do .. de .. > 0 1J 1J 

when unloading occurs 

E do . . ( de . . - de 1. J. ) 0 
1] 1] 

(2.4.10) 

(2.4.11) 

If the total strain can be decomposed into elastic and 

plastic components as 



then Egn. (2.4.11) becomes 

p . 
da .. de .. 0 

1] 1) 
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(2. 4.12) 

(2.4.13) 

By representing the stress and plastic strain increment 

tensors as nine dimensional vectors and ! respectively, 
p 

daijdeij can be expressed as the following dot product. 

p 
da .. de .. ·=.§•~= 1.§1 1!1 cos 1'I o· (2.4.14) 

1) 1) 

where 1'I is the angle between~ and l- For the dot product 

to be greater than or equal to zero, the angle 1'I must be 
0 less than or equal to 90. Examining ~n arbitrary point on 

the yield surface and an arbitrary vector E, Figure 2. 4, 

some ~mportant information can be n~ted. If~ must form an 

acute angle with E and if ..§_ is drawn with its head at P, 

then all the possible stress vectors.§.. are limited by a line 

perpendicular to E. Since each stress vector must originate 

inside or on the yield surface, the limiting line is a 

tangent to the yield surface. Therefore, Eis perpendicular 

to the yield surface which is known to be convex. This can 

be expressed mathematically as 

(2.4.15) 

where is a constant of proportionality which will be 
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E 

Figure 2.4 Illustration of a Convex Yield Surface 
with a Perpendicular Plastic Strain 
Increment 
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determined later 

af/ are the components of the normal to the ao .. 
l. J 

yield surface 

Equations (2.4.15) are an expression of the flow rule since 

they permit the calculation of the components of increments 

of strain once the constant of proportionality dA is known. 

The following discussion addresses the issue of what is 

commonly referred to as the work hardening rule. The work 

hardening rule provides for the modification of the yield 

surface during plastic deformation. The three common work 

hardening rules are isotropic hardening, kinematic hardening 

and combined hardening. 

Under the isotropic hardening rule, the yield surface 

is expanded as plastic deformation takes place. However, as 

yield surface expands, it remains unchanged in orientation 

and position, Figure 2.5(a). 

According to the kinematic hardening rule, the yield 

surface is allowed to translate while maintaining its 

original size and orientation, Figure 2. 5 (b) . Prager [45] 

proposed that this translation should be in the direction of 

the strain increment. Ziegler [46] later proposed that the 

translation should be in the dtrection of a vector 

connecting the center of the yield surface to the point 

representing the state of stress of the material. This has 

proven to be a better approximation to the real situation. 
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Yield Surface after 
Plastic Deformation 

Initial Yield Surface 

01 
(a) Isotropic Hardening 

Yield Surface after 
Plastic Deformation 

Initial Yield Surface 

01 
(b) Kinematic Hardening . 

(c) Combined Hardening 

Yield Surface 
after Plastic 
Deformat.ion 

Yield Surface 

Figure 2.5 Illustration of the Isotropic, Kinematic, 
and Combined Hardening Rules 
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The combined hardening rule is simply a combination of 

the isotropic and kinematic hardening rules and allows for a 

translation as well as an expansion of the yield surface, 

Figure 2.S(c). In the development of the constitutive 

relationship to come, the combined hardening rule will be 

used for generality since isotropic and kinematic hardening 

are included as special cases. 

Finally, the elastic stress-strain equations given by 

Hooke's law are utilized. These are given by 

where C .. 1.Jmn are the components 

(2.4.16) 

of the fourth order 

constitutive tensor. 

The four basic components of the small deformation 

plasticity theory can then be stated mathematically as 

(2.4.17) 

p dX ( aF I ) de .. = 
l. J ao .. 

l. J 
(2.4.18) 

da .. = dµ(oij - a .. ) 
l. J l. J (2.4.19) 

do .. C .. de E 
Cijmn(demn de 

p 
= = - mn) l. J J.Jmn mn (2.4.20) 

where Jdfp represents a dependence of k 2 on the equivalent 

plastic strain history 

dµ is a constant of proportionality for the flow 

rule which will be determined 
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The total derivative of Eqn. (2.4.17) gives what is 

called the consistency condition. 

aF aF ( / a ) do . . + ( / a ) da . . = 2 kdk 
oij 1J aij 1J 

(2.4.21) 

It can be noted that 

(2.4.22) 

Therefore Eqn. (2.4.21) can be written as 

aF I a ( do . . - da . . ) = 2 kdk 
oij 1J 1J 

(2.4.23) 

The combination of Eqns. (2.4.18) and (2.4.20) gives rise to 

do .. = C.. [de - d)..(aF/ )] 
1J 1Jmn mn aomn (2.4.24) 

and utilizing Eqns. (2.4.24) in Eqn. (2.2.23) one obtains 

aF/ [C (d - dA(aF/ ao. . ijmn emn ao 1J mn 
) ) - da . . J = 2 kdk 

1) 

I. 

(2.4.25) 

Next, if Eqn. (2.4.25) is rearranged and Eqn. (2.4.18) is 

used 

d).. ( aF/ ) C ( aF/ ) = ao. . ijmn ao 1J mn 
aF la ( C. . de - da .. ) - 2kdk o .. 1Jmn mn 1J 

1] 
(2.4.26) 

( aF/ ) = ( aF/ ) C de -ao ao. . ijmn mn mn 1J 
daij - d)../ d)..2kdk (2.4.27) 

) + 

(2.4.28) 
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Hence Egns (2.4.24) can be rewritten as 

( 2. 4·. 29) 

Now define a quantity c such that 

aF P · I a ( do . . - cde . . ) = o O'ij 1) 1) 
(2.4.30) 

Note that c is a scaling factor which is used to force the 

inner product of aF/ d (d d P) to be zero. If aa . . an oij - c eij 
1) 

these tensors are thought of as vectors in nine dimensional 

stress space, then it would be analogous to constructing a 

vector normal to the yield surface. The combination of 

Egns. (2.4.30) and (2.4.23.) gives 

aF P la (cde .. - da .. ) = 2kdk O'ij 1) 1) 
(2.4.31) 

and the application of Eqns. (2.4.18) in Eqns. (2.4.31) 

results in 

p 
2kdk/ de .. da. ·; 

= dA + 1 J 1 J dA 2 (2.4.32) 

This allows Egns. (2.4.29) to be rewritten as 
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The quantity c can be found from Egns. (2.4.30) and (2.4.18) 

to be 

p 
de .. da. ·; p p 

C = iJ iJ de de 
rs rs 

For the uniaxial loading case 

(2.4.34) 

(2.4.35) 

(2.4.36) 

(2.4.37) 

The equivalent uniaxial stress and the equivalent uniaxial 

plastic strain increments can be substituted into Egn. 

(2.4.37) to yield c for the rnultiaxial loading case. 

(2.4.38) 

where 

do = ( 1/2) [ ( da 11 - da 2 2) 2 . + ( da 2 2 - do 3 3 ) 2 + ( da J 3 - da 11) 2 + 

p 
+ ( de3 J 

(2.4.39) 

( 2. 4. 40) ' 

do Note that / drp is the slope of the equivalent uniaxial 

stress-equivalent uniaxial plastic strain diagram which can 

be constructed from the uniaxial stress strain diagram. 

Substituting Egn. (2.4.38) into Egns. (2.4.33) results in 



do .. 1J 
* = C.. de 1Jmn mn 
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* aF C. . = C. . - [C. . ( la ) C 1Jmn 1Jmn 1JVW otu 

[ ( aFI )C ( aFI ) + (213) dold.:P ao rspg ao .. rs pg 

(2.4.41) 

) J 
pg 
( 2. 4. 42) 

Equations (2.4.41) and (2.4.42) allow the calculation of the 

cons ti tuti ve tensor and the stress increment tensor. To 

determine the movement of -the yield surf ace dµ must be 

obtained. A combination of Egns. (2.4.19) and (2.4.23) 

gives rise to 

aF I a [ do . . - d µ ( o ... o.. 1J 1J 1J 
(2.4.43) 

aF dµ = [ ( la ) do . . -
0. . 1J 

J. J 

aF 2kdkJ I [ la ( o - a ) J o mn mn mn 
(2.4.44) 

Equations (2.4.19), (2.4.41), ( 2. 4. 42), ( 2. 4. 43) , and 

(2.4.44) allow the calculation of the increment in the 

stress tensor and the movement of the yield surface. These 

equations constitute the theory of plasticity for small . 

deformations similar to that developed in [47]. 

For the purpose of obtaining results for elastic-

plastic problems in this work, the uniaxial stress-strain 

curve is assumed to be piecewise linear with up to four 

branches (Figure 2.6). This curve is assumed to be 

identical in both tensfon and compression. Because of this, 

some strategy must be implemented to keep the error to a 



a 
a( a .. ) 

l.J 

a 

a( o .. +do .. 
l.J l.J 

a( a •. ) 
l.J 
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do(da .. ) l.J 

~do(da .. ) l.J 

(a) Scaling to Yield Point 

error in do 

subincrement in dE 

(b) Subincrementation 

Figure 2.6 Illustration of Scaling to the Yield 
Point and Subincrementation 
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minimum when moving past an elbow in the piecewise linear 

uniaxial stress-strain curve. 

When the material is at some elastic stress level and a 

strain increment is imposed which causes the material to go 

plastic, that is, pass the yield point for the uniaxial 

stress-strain curve, then the strain increment can be broken 

into two parts. The stress and strain increments can be 

scaled such that the yield point is reached exactly and then 

the remaining part of the strain increment is used to obtain 

the final stress level using the plasticity relationships 

developed. 

Assume a point in the material is at an elastic stress 

level given· by C, • •• 
J. J 

When a strain increment is 

imposed, the increment in stress is given by 

(2.4.45) 

If the material remains elastic, the next total stress 

tensor is given·by 

~- . = o .. + do .. 
J.J J.J J.J 

(2.4.46) 

If the uniaxial stress is greater than the yield stress 

(2.4.47) 

then yield is initiated and a factor tis defined such that 

* 0 .. = 
J. J 

A 
o. . + t do .. 

J.J J.J 
(2.4.48) 
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and 

(2.4.49) 

This yields a quadratic equation int for which the solution 

is given by 

t = [-B + I B2 - 4 A CJ/ 
(2 A) 

where 

A = 2 ( d~ 11 ) 2 + 2 ( d~ 22 ) 2 + 2 ( do 33 ) 2 - 2 do 11 do 22 

2 de1 J J c:ia' 11 + 6 ( dci' 12 ) 2 + 6 ( d~ 13 ) 2 + 6 ( d; 2 3 ) 2 

The remaining strain increment 

* de . . = ( 1 - t ) de . . l.J l.J 

(2.4.50) 

(2.4.51) 

(2.4.52) 

(2.4.53) 

(2.4.54) 

is used to evaluate an additional stress increment from the 

plasticity relations (see Figure 2.6(a)). 

The part of the incremental strain tensor which causes 

plastic deformation is broken _up into a number of smaller 
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subincrements and the stress increment for each subincrement 

is found using the plastic:i.ty relations and these 

subincrements are added up. This subincrementation 

procedure is followed to minimize the error in the stress 

increment caused by passing subsequent elbows in the stress-

strain curve (see Figure 2.6(b)). 

If unloading occurs, the material behaves elasticly. 

When the material is reloaded to the point where yielding 

reinitiates, 

implemented. 

scaling to the point of yield is again 

2.5 Incremental Potential Function 

An updated Lagrangian form of the principle of virtual 

work as discussed earlier can be written as 

/V1Cijmn~Eijo~EmndV1 + /V 11aijo~11ijdV 1 + /V 00 p~uiMuidV0 -

/A ~T.o~u.d.A1 - JV 1P~F.Mu.dV1 = 0 (2.5.1) 
l 1 1 l 1 1 

For the continuum these equations imply a_ system of 

nonlinear partial differential equations. However for the 

discretized finite element model of the continuum they 

reduce to a system of second order ordi•nary differential 

equations in time as discussed in the introduction. However 

for solving the problem as an equivalent unconstrained 

minimization problem Eqns. (2.5.1) must be transformed into 

a nonlinear scalar function of the generalized nodal 

displacements. 
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The transformation to a nonlinear scalar function can 

be accomplished provided a few assumptions are made [16]. 

If the increments in the body force per unit mass vector and 

the surface traction vector are assumed to be locally 

conservative then incremental potential functions exist for 

these quantities. If Eqns. (2.3.9) representing the 

increment in acceleration are substituted into Eqns. (2.5.1) 

a potential function for the inertia forces can also be 

found. To obtain an incremental strain energy function the 

material must be assumed to be incrementally conservative. 

So there exists a function tiU such that 

otiu = tis .. otiE .. 1J 1J 

The principle of virtual work is now rewritten as 

(2.5.2) 

(2.5.3) 

(2.5.4) 

The incremental potential function is then seen to be 

ti11 = 1v11;2 c .. tiE .. tiE dV 1 + 1Jmn 1J mn 

/V11/2 io .. ( atiuk/ ) ( atiuk/ ) dV i + 1J a1x. a1x-
1 J 

/v00Pl/~(tit)2(1/2 tiuitiui - titluitiui - (tit)2/2 l •• u. tiu. )dVo 
1 1 
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(2.5.5) 

Unconstrained minimization of~~ yields the solution which 

satisfies the incremental equations of equilibrium. 

An alternative way of constructing a scalar function 

for minimization is the nonlinear least squares function. 

The nonlinear least squares approach is extremely general 

and applicable even to cases where a potential function is 

not known or does not exist. 

nonlinear equations is given as 

F(~u) = 0 - - -

Thus, if the system of 

(2.5.6) 

then the artificial potential function used is 

(2.5.7) 

It can be easily verified that f has a minimum for that 6u 

which satisfies Egns. (2.5.6). Hence, all solutions to 

Egns. (2.5.6) (both stable and unstable) can be obtained by 

minimizing the nonlinear least squares function given in 

Egn . ( 2 . 5 . 7 ) . 



CHAPTER 3 

ALGORITHMS AND STRATEGIES FOR NONLINEAR PROBLEMS 

3.1 Literature Review 

There are numerous algorithms and strategies which can 

be used for the unconstrained minimization of a nonlinear 

-function of several variables or for the solution of 

simultaneous nonlinear equations of several variables using 

the nonlinear least squares approach. 

First, it should be noted that these two approaches to 

nonlinear problems are related. In the unconstrained 

minimization problem, the nonlinear· scalar function of 

several variables is minimized by finding the value of the 

unknown variables for which the gradient vector of the 

nonlinear function vanishes. This gradient vector is 

nothing but the system of nonlinear equations of equilibrium 

that are required to be solved. Solving the system of 

nonlin~ar equations is also analogous to the unconstrained 

minimization of the least squares function as discussed 

previously. The Hessian matrix or matrix of second 

derivatives of the nonlinear scalar function is then 

analogous to the Jacobian matrix of the nonlinear equations. 

There is, however, one subtle difference between the two 

approaches. The energy scalar function when minimized 

yields only stable equilibrium configurations. The 

minimization of the nonlinear least squares function yields 

52 
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both stable and unstable equilibrium configurations. Having 

recognized the connection between these two approaches, it 

suffices to say that the following discussion pertaining to 

the unconstrained minimization approach can just as easily 

be applied to the solution of simultaneous nonlinear 

equations. 

One way in which algorithms are classified is based 

upon the order of the function derivatives calculated or 

approximated by the algorithm. For example, Powell's 

conjugate directions algorithm [49] requires only the 

evaluation of the nonlinear function. The conjugate 

gradient algorithm of Fletcher and Reeves [50] requires 

gradient evaluations in addition to function evaluations. 

Newton's 

matrix 

method requires 

in addition to 

evaluations. 

the evaluation 

both function 

of the 

and 

Hessian 

gradient 

Newton's method is a very powerful algorithm, however 

as . the number of variables increases the Hessian matrix 

becomes costly to evaluate in light of the tremendous number 

of elements in the matrix, no~ to mention the fact that the 

inverse of this matrix is also required in the calculation 

of the Newton direction. A number of Newton-like algorithms 

called quasi-Newton or variable 

evolved to remedy this problem. 

metric algorithms have 

Davidon, Fletcher and 

Powell [51] proposed an algorithm which approximates the 
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inverse to the Hessian matrix-~ initially, and then improves 

the approximation after each iteration by a rank two update 

formula making use of the information gained in that 

iteration. The update formula is based upon satisfying the 

secant equation 

(3.1.1) 

as well as preserving the Hessian's positive definiteness 

and symmetry. In Egns. (3.1.1) 

(3.1.2) 

(3.1.3) 

and f is the function to be minimized. The Davidon, 

Fletcher, Powell algorithm can be used with or without an 

exact line search to minimize the function in the direction 

of travel as long as the step gaurantees a function decrease 

If an exact line search is utilized the 

Davidon, Fletcher, Powell algorithm has the added property 

that it generates H-conjugate directions and the method is 

superlinearly convergent. In other words for any two 

generated directions §i and §j 

T s. H s. = _O (3.1.4) 
-1 = -J 

for i ¢ j. The Davidon, Fletcher, Powell algorithm has been 

used quite successfully except for a few cases where the 



55 

Hessian approximation becomes singular ~ausing a breakdown 

in the algorithm. This led to the emergence of the so-

cailed BFGS rank two update formula proposed simultaneously 

by Broyden [52,53], Fletcher [54], Goldfarb [55], and Shanno 

[56] which also satisfies Egns. (3.1.1) and preserves 

symmetry and positive definiteness of the inverse Hessian 

matrix approximation. Numerical experiments with the BFGS 

algorithm [75] suggest that this algorithm is superior to 

all other known update formulas for unconstrained 

minimization problems. 

For nonlinear problems with a large number of 

variables, there are variable metric updates which exploit 

sparsity of the Hessian matrix. Such an algorithm was 

proposed by Schubert [60]. Toint [61,62] proposed an 

algorithm which exploits symmetry as well as sparsity in the . 
Hessian matrix. These update formulas also satisfy Egns. 

(3.1.1) subject to the constraint of retaining sparsity in 

the case of Schubert's algorithm and sparsity and symmetry 

in Toint's algorithm. 

The exact Hessian is sometimes not known or is too 

expensive to evaluate. A good approximation to the Hessian 

matrix can be obtained by the finite difference formula 

applied to the gradient vector. In general, to evaluate an 

n x n Hessian matrix, n+l gradient evaluations are needed. 

Curtis, Powell, and Reid [63] proposed a scheme (CPR) for 
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approximating the Hessian matrix by finite differencing. 

When the Hessian is sparse, the scheme reduces the number of 

gradient evaluations required. Powell and Toint [64] 

proposed a strategy (PT) which exploits symmetry as well as 

sparsity in the Hessian matrix, thereby further reducing the 

number of gradient evaluations required. 

It is well known that Newton's method is not globally 

convergent, that is, a good starting point is essential to 

the convergence of the algorithm. However, it can be made 

globally convergent by applying a backtracking scheme in the 

Newton direction, but this does not take full advantage of 

the n-dimensional quadratic model of the function being 

minimized. Another way Newton's method can be made to have 

a large radius of convergence is by using a strategy in 

which the reduction and rate of reduction of the n 

dimensional quadratic model of the function are used as the 

criteria for accepting successive movements towards the 

solution. Such a strategy is given by Dennis and Schnabel 

[65] which not only controls the length of a step in 

reducing the function value but also controls the direction 

of travel for various steplengths. In other words, the full 

n-dimensional quadratic model is used in marching to the 

solution. 

Newton and quasi-Newton algorithms are based upon a 

quadratic model of the potential function governing a 
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specific problem. If the Hessian matrix or matrix of second 

derivatives is not positive definite Newton's method breaks 

down. It is therefore necessary to coerce the matrix to be 

positive definite if not already so. Gill and Murray [66] 

developed a modified triple factorization method which 

forces the Hessian matrix to be positive definite while 

obtaining a matrix which is closely related tc>" the non-

positive definite one. Another strategy which can be used 

when the Hessian is non-positive definite is that proposed 

by Fiacco and McCormick [67]. These strategies are ful~y 

discussed in later sections. 

3.2 Description of Selected Algorithms and Strategies 

3.2.1 Newton's Method 

Newton's method is a powerful algorithm for minimizing 

a nonlinear function of several variables. It is based upon 

minimizing a quadratic approximation to the nonlinear 

function. In order to minimize a function f (~), it is 

* required to find the vector of variables~ which satisfy 

* Vf(~) = 0 (3.2.1) 

Starting from a point ~, a .quadratic approximation to the 

function f(~) can be constructed as 

(3.2.2) 

The quadratic model can be minimized by findings such that 
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Vm(~ + ~) = Q. That is 

(3.2.3) 

or 

.§_ = (3.2.4) 

The vector of unknown variables is then updated by 

(3.2.5) 

and the process is repeated until some convergence criteria 

is met such as 

II v f < > II < e: (3.2.6) 

The above procedure becomes a quasi-Newton method when 

an appr?ximation b, to the Hessian matrix is used instead of 

calculating the exact Hessian matrix H. 

3.2.2 The Broyden, Fletcher, Goldfarb, Shanno (BFGS) 

Algorithm 

Al though quite efficient, Newton's method involves a 

great deal of computational effort in· calculating the 

Hessian matrix at every iteration. This is one of the major 

reasons for the development of Hessian update formulae. The 

BFGS algorithm [52-56] provides one such update formula. 

The BFGS algorithm has proven to be a very powerful 

tool in solving unconstrained minimization problems. It has 

• 
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the properties that if the initial approximation to the 

inverse Hessian matrix Bis symmetric and positive definite, = 
successive updates will also be symmetric and positive 

definite. 

Starting from an initial approximation to the vector of 

unknown variables (which can be taken to be the null 

vector) and a positive definite approximation to the inverse 

Hessian matrix (which can be taken to be the identity 

matrix), the next iteration is obtained by 

p. = - B. 'i7f(~i) -1 =1 (3.2.7) 

and 

x. 1 = x. + t. .Ei -1+ -1 1 
(3.2.8) 

where ti is chosen to decrease a certain norm of the 

function or its gradient in the search direction. The 

inverse Hessian approximation is then updated by 

T T 
(~i¥~ + .eX ~i)/ T 

.e X 
(3.2.9) 

where 

s = (3.2.10) 

(3.2.11) 

This procedure is then repeated until some convergence 
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criterion is satisfied. 

The BFGS algorithm has been found to be the best 

Hessian or inverse Hessian update for unconstrained 

minimization [75]. However, it is not possible to extend 

the algorithm to problems involving a large number of 

variables because of the following reasons. 

The BFGS update for the Hessian approximation is 

nonsparse, even though the actual Hessian may be sparse. 

Thus, it requires an entire upper triangular portion of the 

matrix, thereby placing prohibitive demands for core storage 

requirements. The BFGS update for the inverse Hessian 

approximation is also nonsparse. Although this may be 

consistent with the inverse of a sparse matrix not being 

generally sparse, the update causes storage problems none 

the less. Strang and Matthies [57] showed that the BFGS 

algorithm could be applied to sparse systems without the 

need for storing the entire upper or lower triangular 

portion of the matrix. Rather than update the Hessian 

matrix directly, they instead store the vectors required for 

the updating process and the calculation of the direction of 

travel. Therefore, the initially sparse Hessian matrix and 

a number of updating vectors are stored. This gets 

cumbersome as the number of iterations grows, therefore they 

discard the update vectors and recalculate the sparse 

Hessian matrix every few iterations. Lately, Hughes, et. 
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al. [58] and Griewank and Toint [59] have used the BFGS 

algorithm on an element by element (EBE) basis. This work 

is currently under investigation and its effectiveness for 

large scale nonlinear problems remains to be seen. 

3.2.3 Schubert's Algorithm 

As the need to solve larger problems and the desire to 

minimize required storage space grew, update formulae were 

developed to take advantage of the structure of many 

nonlinear problems. Schubert's algorithm involves an update 

formula which takes sparsity of the Hessian matrix into 

account. 

Schubert [60] proposed a modification of Broyden's 

method [68] for updating the Hessian matrix. As before, 

A. p. = - ~f1. (3.2.12) 
=1 -1 

X. l = X. + t. p. ( 3 . 2 . 13) 
-1+ -1 1-1 

but now the next Hessian approximation is obtained row by 

row where for the kth row 

Ak A J:t k ( 1 t. ) k *T I = + [~f(~i+l) - - ~f (~i) ]_pi -i+l -i 1 

[t.p 
1-

*T *] .p. 
1-1 

(3.2.14) 

where * is obtained from by setting to those p. p. zero 
-1 -1 

components corresponding to known zeros in H~-

A major problem with this updating formula is that even 
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if the initial Hessian matrix is symmetric and positive 

definite, its symmetry and positive definiteness are not 

maintained after updating. Because of this fact, a special 

sparse linear equation solver is needed to accomodate 

matrices that are not symmetric or positive definite. 

Experiments with this algorithm indicate that it may not be 

suitable for nonlinear problems of structural mechanics 

[69]. 

3.2.4 Toint's Algorithm 

Another update formula which tries to minimize the 

storage requirements by taking advantage of the structure of 

nonlinear problems was proposed by Toint. 

Toint [61,62] proposed an updating formula for the 

Hessian matrix which not only preserves the known sparsity 

pattern of the matrix but also exploits its symmetry. The 

update is obtained by calculating the smallest correction 

matrix in the Frobenius norm subject to some linear 

constraints which include the sparsity conditions. 

Starting from initial guesses ~o and ~o to the vector 

of unknown variables and the Hessian matrix respectively, a 

direction of travel is obtained from Eqns. (3.2.12), and the 

new vector of unknown variables is found using Eqns. 

(3.2.13) where ti is found by applying a line search to the 

direction p. in order to minimize the function value. The 
-J. 

Hessian matrix is then updated and the procedure is 
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repeated. 

To update the Hessian matrix, let H be 

Hessian matrix with known sparsity conditions 

H .. = 0 
J. J 

(i,j) e I 

a symmetric 

(3.2.15) 

The updating problem is to find a new approximate Hessian A* 

such that 

A* = A + (3.2.16) 

A*T = A* 
= - (3.2.17) 

* 0 A .. = 
J. J 

(i,j) EI (3.2.18) 

A* .§. = Y. (3.2.19) 

where 
I. 

(3.2.20) 

(3.2.21) 

* But the above conditions on A are generally not sufficient 

to determine it uniquely, * therefore A is forced to be as 

close as possible to A with respect to the Frobenius norm 

( the sum of the squares of the matrix elements). So the 

correction matrix Eis obtained from = 

min 1/2 ilE '1
1 2 ·=IF (3.2.22) 



subject to 

E .. = 0 , (i,j) e I 
1J 
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For convenience let~ be given by 

.r = ¥. - A .§. = 

and define vectors i by YL 

i 

{ ( i / j ) ; I w. = s. 
J ] 

0 I ( i / j ) e I 

Then Eqn. (3.2.23) can be written as 

n i 
! E .. w. = r. 
j=l iJ J 1 

Since Eis symmetric it can be rewritten as 

Now Eqn. (3.2.22) is seen to be 

min 1/8 II<~ + ~T)IIF2 

subject to 

n i ! ( B .. + B .. ) wj = 2 r. 
j=l 1J J1 1 

(3.2.23) 

(3.2.24) 

(3.2.25) 

(3.2.26) 

(3.2.27) 

(3.2.28) 

(3.2.29) 

(3.2.30) 

(3.2.31) 
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Equation (3.2.30) will force to zero all elements not 

appearing in the constraints and thereby satisfy Eqn. 

(3.2.24). Writing the Lagrangian function of the 

optimization problem given by Eqns. (3.2.30) and (3.2.31) 

n n 
t(~,1) = 1/8 I I (B 2 iJ' + B2 J.i + 2 BiJ.BJ.i) -

i=l j=l 
n n i 
I X.[I (B1.J. + B .. ) wJ. - 2r.] 
i=l 1 j=l J1 1 

Differentiating the Lagrangian with respect to 

setting the derivatives equal to zero yields 

= 1/2 ( B . . + B .. ) - X . w~ - X . w~ = 0 
1] ]1 1 J J 1 

(3.2.32) 

B .. 
1] 

and 

(3.2.33) 

The correction matrix can be seen from Eqns. (3.2.33) to be 

(3.2.34) 

Introducing Eqns. (3.2.34) into Eqns. (3.2.28"} gives 

(3.2.35) 

This is a linear system of equations in A which can be 

written as 

Q X = = !: (3.2.36) 

where 

i w~ 
n 

[W~]Z Qij = wj + l: cL. 1 k=l 1] 
(3.2.37) 

Q can be shown to be positive definite (see ref. (61]), 
= 
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therefore 1 is well defined as l_ong as none of the vectors 

~i are null vectors. 
i . 

Also if some~ are null vectors, then 

the system of equations can be reduced by eliminating the 

rows and columns corresponding to the contribution of the 

null ~i vectors, thus leading to a reduced linear system in 

terms of the remaining X's which are well defined. 

A serious drawback of Toint' s algorithm is that. the 

updated sparse Hessian approximation is not guaranteed to be 

positive definite. 

3.2.5 The Curtis, Powell, Reid (CPR) Strategy 

An alternative to using update formulae to approximate 

Hessian matrices is to evaluate the approximate Hessian 

matrix using a finite difference scheme. In order to do 

this with forwa:;:-d differences, for example, the gradient 

vector must be evaluated n+l times where n is the number of 

rows or columns in the Hessian matrix. Therefore a large 

number of calculations is required. The CPR strategy is one 

method of reducing the number of calculations involved ~n 

approximating the Hessian matrix by straight forward finite 

differencing. 

Curtis, Powell, and Reid [63] proposed a strategy (CPR) 

for approximating a sparse Hessian matrix using finite 

differencing which reduces the number of calculations 

required. The CPR strategy divides columns of the Hessian 

matrix into groups, such that, in each group the row numbers 
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of the unknown elements of the column vectors are all 

different (Figure 3.l(a)). Each group after the first is 

formed by applying the same strategy to columns ~ot included 

in previous groups. The number of groups for the banded 

matrices of typical finite element models is usually quite 

small compared to the number of degrees of freedom of the 

model. After the ini t.ial evaluation of the gradient vector 

only as many more gradient evaluations as the number of 

groups are required to approximate all the nonzero elements 

of the Hessian matrix using a . one sided finite difference 

approximation. Using forward differencing 

where 

for all but the j th element 

for the j th element 

and h. is some suitable step size. 
J 

(3.2.38) 

(3.2.39) 

Unfortunately, the CPR strategy does not account for 

symmetry of the Hessian matrix in the formation of groups. 

It would appear that the calculations can be reduced even 

further if symmetry of the Hessian matrix is accounted for 

along with its sparsity. 

3.2.6 The Powell, Toint (PT) Strategy 

Powell and Toint [64] proposed a strategy for 
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Figure 3.1 Illustration of Dividing the Nonzero 
Elements of a Hessian Matrix into Groups 
by the CPR and PT Strategies 
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approximating the Hessian matrix which accounts for both 

symmetry and . sparsity of the matrix in the formation of 

groups, Figure 3. 1 (b), thereby reducing even further the 

number of gradient vector evaluations requ_ired for 

approximating the Hessian matrix. 

This strategy divides the elements of the lower 

triangular part of the sparse, symmetric Hessian into groups 

using the same procedure followed by the CPR strategy thus 

reducing the number of groups. However, some of the 

elements must be corrected by a back substitution strategy 

because the effect of the upper triangular elements was 

ignored during the calculation. 

For a clearer understanding of the PT strategy consider 

applying the strategy to the matrix in Figure 3. 2. In 

keeping with the CPR strategy the elements of the lower 

triangular portion are divided into groups as shown and 

three groups are.obtained. The elements are then calculated 

from 

where 

n 
d = l: h.e. 
-k i=l 1-1 

where hi= 0 if i is not a column number in group k. 

(3.2.40) 

(3.2.41) 

(3.2.42) 
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Figure 3.2 Illustration of the Evaluation of the 
Elements of a Hessian Matrix by the 
PT Strategy 
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In particular, for the matrix in figure 3.2 

£1 = ( h1 0 h3 0 hs )T 

£2 = ( 0 h2 0 0 0 )T 

.sh = ( 0 0 0 h 4 0 )T 

(3.2.43) 

so 

(3.2.44) 

A 92 = X.2 = 'ii'f (~a + £2) - 'ii'f(~o) 

A22h2 ·= 'ii'f2 (~a + fh > 'ii'f 2 (~a) 

A12h2 = 'ii'f 1 (~a + Q.2) 'ii'f1(~0) (3.2.45) 

A42h2 = 'Jfd~a + ~;h) 'Jf4(~0) 

A Q3 = X1 = 'ii'f(~o + Q3) - 'ii'f(~o) 

} A44h4 = 'Jf 4 (~a + 91) 'ii' f 4 ( ~a ) 

As4h4 = 'Jf s (~a + g3 ) 'ii'fs(~o) 

(3.2.46) 

It can be seen that the elements boxed in Figure 3. 2 are 

determined as in the CPR strategy, Eqn. ( 3. 2. 38), and the 

upper triangular part of the matrix is obtained by using 
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symmetry, but some elements, A21 and A43 , must be corrected 

by subtracting the value of other terms in 

triangular part which affected them. Thus 

A21 = [Vf 2 (~o + sh> Vf2(~o)J I h1 A23h3/h1 } A43 = [Vf4(~0 + .s;h > - Vf4(~o)J / h3 - A4s hs /hl 

3.3 Proposed Algorithms for Nonlinear Equations 

3.3.1 The Double Dogleg Strategy 

the upper 

(3.2.47) 

It is well known that even with a positive definite 

Hessian or its positive definite approximation, Newton's 

method is not globally convergent, that is, a good starting 

point is essential for convergence. In fact, with a bad 

starting point Newton's method may actually diverge if the 

full Newton step is always accepted. Powell [70] first 

proposed a dogleg scheme which when ~ombined with Newton's 

method yields a globally convergent algorithm. Dennis and 

Schnabel [65] developed the double dogleg strategy as an 

improvement over Powell's initial scheme. 

Newton's method for unconstrained minimization 

approximates a scalar function of several variables, f(~), 

about a point ~c by a quadratic model of the type 

(3.3.1) 

where 2 is the step taken away from and ~c is an 

approximation to the Hessian off(~) at ~c which is coerced 
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to be positive definite if not already so. 

To render Newton's method globally convergent, two 

conditions must be satisfied. A suffi.ciently large decrease 

inf values must be achieved for the step taken and the rate 

of decrease off in the direction§ at~= ~c •§must be 

smaller than the rate of decrease off in the direction§ at 

x. These criteria can be expected to be satisfied if the -c 
point~+ is accepted based upon 

(3.3.2) 

where a is taken to be small (10-4 ). 

Standard backtracking along the Newton or quasi-Newton 

direction by choosing shorter steplengths from a quadratic 

or cubic model of the function built from function and 

gradient information in the Newton direction can achieve 

convergence, however it fails to utilize then-dimensional 

quadratic model including the model Hessian during 

backtracking. The double dogleg strategy on the other hand 

uses then-dimensional quadratic model to choose a new step 

direction as well as shorter steplengths. 

There is a certain region within which the quadratic 

can be trusted to adequately approximate the ·model 

funct"ion. Let 6c denote the radius of such a trust region 

around the current point x. -c 
enough, that is if 

If the trust region is large 
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(3.3.3} 

where 11§.NII is the distance to the Newton point from the 

current point x , -then the Newton steo. is used · since the -c 
Newton point is the global minimizer of m. In other words, 

C 

(3.3.4} 

X = X + §N (3.3.5} -+ -c 

The new point ~+ is checked for acceptability using Eqn. 

(3.3.2). If the iterate~+ is found to be acceptable, a new 

quadratic model is constructed around~+' the trust region 

radius 6 is updated, and the next iteration is begun. 
C 

However, if the trust region radius 6c is less than the 

Newton steplength, then the direction of sis determined as 

being that direction which corresponds to the optimum 

solution of the .constrained problem 

Minimize m (x + _s} (3.3.6} 
C -c 

Subject to~§~ s 6c (3.3.7} 

From the theory of constrained optimization, the necessary 

and sufficient conditions for an optimum are given by 

µ > 0 (3.3.8} 

such that 
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(3.3.9) 

Thus the curve~(µ) shown in Figure 3.3 is a curve that runs 

smoothly from the Newton step whenµ= Oto 

:: - l/ 'iJf ( X ) µ- -c (3.3.10) 

when µ gets large. Therefore, when oc is very small the 

solution to Eqns. (3.3.6) and (3.3.7) is approximately in 

the steepest descent direction. There is no analytical 

method of determining µc > 0 such that ll~(µc) II = oc when 

oc < llsNII, therefore an approximate solution must be found. 

The double dogleg strategy provides such an approximate 

solution to Eqns. (3.3.6) and (3.3.7). 

The double dogleg is an approximation to the~(µ) curve 

and must have its two properties. The distance from the 

current point ~c must increase monotonically, and the value 

of the quadratic model function must decrease monotonically 

along the double dogleg. The elbows of the double dogleg 

are chosen to guarantee these properties. The first elbow 

is chosen to be the Cauchy point of the quadratic modei 

which is the minimum of the quadratic model in the steepest 

descent direction. Thus 

X = X + S -cp -c -cp 

where 

(3.3.11) 



X -c 
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Figure 3.3 Illustration of the~(µ) Curve 
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s = -H'f(x ) -cp - -c (3.3.12) 

(3.3.13) 

A point ~N is then chosen to be the second elbow along the 

Newton direction such that the two properties of the double 

dogleg are satisfied. The point ~N is chosen as 

X" = X + S"' -N -c -N (3.3.14) 

where 

N s""' = n_s -N (3.3.15) 

n = o.sr + 0.2 (3.3.16) 

and r is a quantity determined from the relation 

(3.3.17) 

and is given by 

(3.3.18) 

If 15c > !!§NII, then ~+ is taken to be ~N- If i!§NII < 15c < 

il§.NII, then ~+ is given by 

If ii§cpll < 15c < 11§.NII, Figure 3.4, then the next iterate~+ 
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-'vf(x) - -c 

Figure 3.4 Illustration of Choosing~+ by the 
Double Dogleg Strategy 
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is obtained from 

(3.3.20) 

where 6 is chosen such that 

(3.3.21) 

. If 6 < lls II, then x+ is given as · 
C -cp -

(3.3.22) 

For ~+ to be an acceptable point it must satisfy Eqn. 

-· (3.3.2). If not, the trust region radius is reduced. The 

reduction factor is determined by the quadratic backtracking 

strategy utilizing f(~c), and the directional 

derivative Vf(~c)T(~+ - ~c) to fit a parabola and determine 

the new trust region radius corresponding to the minimum of 

this parabola. The new trust region radius is given by 

6 = - 6c [Vf(~c)T(~+ - ~c)J / 

2[f(~+> - f(~c) - Vf(~c>T<~+ - X )] -c (3.3.23) 

If~+ passes the acceptability test, a larger step may 

be attempted by doubling the size of the trust region if the 

quadratic approximation is modeling the function f closely 

as by 

1 /).f di < 0.1 11 L'1fl-pre (3.3.24) 



where 

6f = f(~+) - f(~c) 

6fpred = me(~+) - f(~c) 
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(3.3.25) 

(3.3.26) 

If the trust region radius cannot be increased any further, 

~+ is taken to be the next point and the quadratic model is 

redefined utilizing !!+ or an approximation to it. A new 

trust region radius is determined to begin the next 

iteration as follows. 

If l6fl 0.7Sj6fpredl , o+ = 2 oc 

If 16£1 < 0.ll6fpredl / o+ = oc/2 

(3.3.27) 

(3.3.28) 

3.3.2 Strategies Invoked with Nonpositive Definite Hessian 

Approxi·ma ti ons 

3. 3. 2 ·. 1 The Gi 11-Murray Strategy 

Newton and quasi-Newton methods are based upon a 

quadratic model of the function being minimized. This model 

breaks down when the Hessian matrix or its approximation is 

not positive definite. Since a positive definite Hessian 

matrix is basic to Newton and quasi-Newton algorithms, some 

type of strategy is needed to handle the situation when the 

Hessian is not positive definite. One type of strategy is 

to force the matrix to be positive definite. 

The strategy proposed by Gill and Murray [66] ·for 
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coercing a non-positive definite matrix into a positive 

definite one is based upon the triple factorization 

procedure where the Hessian matrix li is decomposed into a 

lower triangular part~ and a diagonal part R such that 

(3.3.29) 

If h .. and 1 .. represent the components of the Hessian and l.J l.J 
lower triangular matrix corresponding to the i th row and j th 

column and if dj represents the component of the diagonal 

matrix corresponding to the j th row and column, the triple 

factorization procedure determines the components of D and L 
.=. = 

by 

j-1 
d. = h .. I 1. 2 d 

J JJ r=l Jr r (3.3.30) 

j-1 -1 1. . = (h .. I 1. 1. d r> d. i = j+l, ... ,n l. J • l. J r=l Jr ir J 
(3.3.31) 

The Gill-Murray strategy is identical to the triple 

factorization procedure except that the diagonal elements 

are modified to be positive, to be greater than some 

parameter i5 in order to avoid numerical difficulties when 

the Hessian matrix is very ill-conditioned, and to bound the 

off diagonal terms by some constant 62 in order to be sure 

the matrix is positive definite. The resulting 

factorization will be the same as the triple factorization 

of a matrix~* given by 
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(3.3.32) 

where E is a diagonal matrix. The modified factorization = 
procedure goes as follows. First define 

and 

c .. 
1) 

j-1 
l: lJ. rcJ. r 
r=l 

j-1 
= hiJ. - l: lJ.rcir, i=j+l, ... ,n 

r=l 

and then set 

(3.3.33) 

(3.3.34) 

(3.3.35) 

in order to make the diagonal element positive and to avoid 

numerical difficulties. The diagonal element dj can now be 

modified in order to ensure that the resulting j th column 

7i elements lijdj , i = j + 1, ... , n are bounded by a and that 

the off diagonal elements of~ are bounded by a2 • Let 

8 = max { I c . . I · , i = j + 1, . . . , n } ( 3 . 3 . 3 6 ) 
1) 

1% 
- - 2 If 82 a2 dj, the elements lijdj ·are bounded by a. If not 

the diagonal element must be modified. Therefore 

d . = max { d. , a 2 ;a 2 } ( 3 . 3 . 3 7) 
J J 

Now the elements of the j th column of L can be calculated by .. 
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, i = j+l, ... , n 

In terms of the correction matrix E, 

max 

j-1 
l: • lJ. rcJ. r 
r=l 

= 

(3.3.38) 

(3.3.39) 

(3.3.40) 

The parameter 6 can be suitably chosen to be the unit 

roundoff 21-t of the computing machine. The constant e is 

chosen to minimize the max norm of~ given that~ is defined 

by Eqns. ( 3. 3. 40). Since the elements of are given by 

Eqns. (3.3.40), the j th element of E must be bounded by = 

(3.3.41) 

Substituting Eqns. ( 3. 3. 38) into Eqns. ( 3. 3. 34) and using 

the fact that 11 .. d I < e 1J J 

(3.3.42) 

where 

. = max { I h . . I , i = j + l , ... , n } 
J 1J 

(3.3.43) 

Since 8 is given by Eqn. (3.3.36) it must be bounded by 

(3.3.44) 

From Eqns. (3.3.33), l¢jl must satisfy the bound 

I¢.! lh .. ! + (j-1)e 2 
J JJ . 

(3.3.45) 
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Let 

~=max {~j' j=l,2, ... ,n} (3.3.46) 

and 

(3.3.47) 

Then it is easily seen that the max norm 

n 
!IE II = max { l: IE .. I } 
= i j=l iJ 

(3.3.48) 

is bounded by 

(3.3.49) 

This function of pis minimized when 

Q.2 = ~/ .., ./,..,..( n-2,....._-l_,.) (3.3.50) 

but since the bound on~§~ is crude 

p2 = ~/n (3.3.51) 

can be used in practical computation. A lower bound oft on 

p2 assures that sufficiently positive definite matrices are 

not modified and so the choice of pis 

p2 = max { o, ~/n, 2 1-t} (3.3.52) 

where the machine precision is introduced for the case where 
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ll!jll = o. 

3.3.2.2 The Fiacco-McCormick Strategy 

Another strategy for dealing with non-positive definite 

Hessian matrices has been proposed by Fiacco and McCormick 

[67]. This strategy takes into account two major problems 

with Newton's method when choosing a search direction. One 

problem is that when the Hessian matrix is not positive 

definite the Newton direction may result in an increase in 

the function value trying to be minimized. A way to 

alleviate this problem is to choose the search directions 

such that 

and (3.3.53) 

when the Hessian has negative eigenvalues. Another problem 

is if the inverse of the Hessian does not exist, in other 

words, at least one eigenvalue is zero. 

search direction can be chosen from 

Q. and T "i/f < 0 §_ = §_ 

or 

"i/f and T Vf < 0 s = .£ 

In this case the 

(3.3.54) 

(3.3.55) 

The Fiacco-McCormick strategy calculates a descent 

directions from Eqns. (3.3.53), (3.3.54), or (3.3.55) based 

upon the sign of the elements of the diagonal matrix of the 
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triple factorization of the Hessian matrix. The assumption 

is therefore made that the triple factorization exists for 

the Hessian matrix under consideration. Once the triple 

factorization has been accomplished such that 

(3.3.56) 

the diagonal matrix is examined. 

If has all positive diagonal elements the step is 

given by 

s = (3.3.57) 

where ilf is the gradient vector of the potential function 

from which~ is also obtained. 

If R has some negative elements then solve 

where the elements of a are given by 

a.= 
J 

when d. > 0 
J 

when d. < 0 
J 

(3.3.58) 

(3.3.59) 

If ~Tilf s 0, take§= t_, otherwise take§__= - t_. The search 

direction 2 then satisfies Eqn. (3.3.53). 

If has all non-negative elements but at least one 

zero then find t Q such that 

(3.3.60) 



87 

If tT Vf < 0, then take~= t. If !T Vf > 0, then take~= 

- t. However, if tT Vf = 0 for all t Q which solve Egns. 

(3.3.60), then solve 

H t = = - Vf (3.3.61) 

In this case a solution to Egns. (3.3.61) exists by 

Fredholm's theorem of the alternative. Once again if tT Vf 

0, set~= t, otherwise set~= - !• 

Remember that this strategy is based upon the 

assumption that the triple factorization exists. The 

factorization cannot exist if zeros are encountered in the 

matrix anywhere except the final element. diagonal 

Therefore, in order to obtain the factorization, the 

elements of the diagonal matrix are not allowed to be 

smaller in magnitude than some e except for the final 

element. 

3.3.3 A Strategy for Successive Hessian Calculations 

The calculation of the Hessian matrix of a nonlinear 

function, especially for large scale problems, can be a task 

which requires extremely serious considerations as regards 

both core storage and computational cost. These two factors 

may make the difference between being able to solve the 

problem or not. This has led to the popularity of Hessian 

matrix update formulas which approximate successive Hessian 
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matrices by altering the present Hessian matrix based upon 

information gained during the present iteration. For very 

large scale problems, a strategy which is highly desirable 

is one used by the modified Newton-Raphson's method wherein 

the Hessian matrix is calculated initially and then used for 

a few iterations. Unfortunately, Newton-Raphson's method is 

not globally convergent. Because the quasi-Newton's method 

with the double dogleg strategy has a wide radius of 

convergence it allows us the luxury of using a positive 

definite approximaton to the Hessian matrix while 

guaranteeing convergence 

problems, such a strategy 

to the solution. For 

is likely to make an 

nonlinear 

algorithm 

more efficient even though a larger number of iterations may 

be needed for convergence to the solution. These effects 

can be balanced by monitoring the progress made toward 

locating a solution of a nonlinear problem during succes~ive 

iterations, and calculating a new exact Hessian matrix only 

when the progress being made is unacceptable. One measure 

of progress is the rate at which the norm of the gradient 

vector of the nonlinear function is decreasing. By 

monitoring the gradient norm over a succession of 

iterations, say five, some measure of the effectiveness of 

using a particular Hessian matrix is obtained. By making 

some sample runs on a geometrically nonlinear static 

problem, it was determined that the best results were 
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obtained if the Hessian matrix was reevaluated when the 

gradient norm did not decrease by a factor of 200 over 5 

iterations. A strategy such as this may be a viable 

alternative to update formulae. 

3.3.4 Extension of Double Dogleg Strategy for Solving 

Nonlinear Equations 

The double dogleg strategy can be extended for 

developing global methods for systems of nonlinear equations 

(3.3.62) 

by attempting to minimize the least squares function 

(3.3.63) 

This least squares function is modeled by 

(3.3.64) 

where 

(3.3.65) 

is the Jacobian matrix of Fat x. - -c The steepest 

descent direction and Newton direction for the model 

function are given respectively by 

s = i(~c)T f(~c) (3.3.66) -cp 

N . -1 
F(~c) (3.3.67) § = J(_2Sc) 
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Note that the Newton direction, Egns. (3.3.67) is the same 

as for unconstrained minimization if F(~) = Vf(~). Hence, 

global methods for nonlinear equations can be developed by 

applying the double dogleg strategy to the positive definite 

quadratic 

quadratic 

model 

model 

given in 

me implies 

Egn. ( 3. 3. 64) . 
T 

J(.2S.c) ~(~c) 

Note 

as its 

that the 

Hessian·. 

This is quite different from the Hessian off(~) at~= ~c· 

One extremely redeeming feature of the quadratic model of 

Egn. (3.3.64) is that the Hessian approximation JTl is 

guaranteed to be positive definite even though the Jacobian 

matrix J of f is not. = Thus the double dogleg strategy 

applied to Egn. (3.3.64) has no difficulty in locating both 

stable and unstable equilibrium configurations. 

'· 
3.3.5 Locating Multiple Solutions using Deflation 

The globally convergent quasi-Newton method utilizing 

the double dogleg strategy has limitations in the vicinity 

of limit and bifurcation points and along unloading branches 

for nonlinear problems in structural mechanics, especially 

when used in the context of energy minimization. One of the 

most significant payoffs of the globally convergent quasi-

Newton method utilizing the double dogleg strategy for 

solving systems of nonlinear equations is its ability to 

locate equilibrium configurations [72] along unloading 

branches. The algorithm experiences no problems associated 
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with using non-positive definite Jacobian matrices which are 

characteristic of unloading paths. This is because, as 

alluded to before, the Hessian matrix J = of the 

approximate quadratic model of f is positive definite as 

long as g is nonsingular. With the ability to find 

equilibrium configurations on unloading paths, finding 

multiple solutions at a given load level becomes a simple 

task through the use of deflation. 

Starting with an initial guess ~a and utilizing the 

quasi-Newton method with the double dogleg strategy for 

systems of nonlinear equations, the first equilibrium 

configuration at a given load level is found. 

Additional equilibrium configurations for that load level, 

if they exist, can be found by deflating the least squares 

function given in Egn. (3.2.63) yielding 

(3.3.68) 

and minimizing this function with an initial guess of 

~ 1 = ~: (1 + E) withe being a known perturbation. If the 

algorithm does not conv~rge to a local minimum, the second 

equilibrium configuration is guaranteed to be found. If a 

second equilibrium conf_iguraton is found,· then a third 

solution can be located by deflating the function ohce again 

as 

(3.3.69) 
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and minimizing f*. This deflation process can be continued 

as many times as necessary. Indeed, by changing the 

function through deflation the nonlinear equations and the 

Jacobian matrix are also altered. For example, when looking 

for a third equilibrium configuration and attempting to 

minimize Egn. (3.3.69), the nonlinear equations take the 

form 

(3.3.70) 

such that f* = 1/2 F*T r*. The Jacobian matrix~(~)* can be 

easily verified as being 

(3.3.71) 

where 

(3.3.72) 

* * * * Y = - ~o~ 2 (~ - a1) + - ~1~ 2 (~ - ~o)J / 

* * tll~ - ~o II II~ - ~1 IIJ (3.3.73) 

The inverse of the Jacobian matrix which is also required 

can be obtained explicitly as 

l/a~(~)-1~ VT i<~)-1] 

(3.3.74) 
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where 

These equations allow the minimization of f* by the 

quasi-Newton method with the double dogleg strategy while 

continuing to exploit sparsity and symmetry in the Jacobian 

matrix, g_ of F. This is because all that is needed in the 

application of the double dogleg strategy are 

J *TF* J*-1 and not which may be nonsparse. -= - -==-
From Eqns. 

*-1 * · *T * (3.3.71) and (3.3.74) it is clear that J F and J can 

be evaluated easily using the original sparse Jacobian of 

the undeflated function. 

One problem which comes up in the deflation technique 

for finding multiple solutions is that the least squares 

function given in Eqn. (3.3.68) of (3.2.69) can have a 

number. of local minima which do not correspond to 

equilibrium configurations. In principle, the deflation 

technique that has been just described can still be used by 

'deflating out' each of the ·local minima as they are 

encountered. That is to say, all equilibrium solutions as 

well as the local minima can be considered as poles and a 

new deflated function defined. But the whole process tends 

to be extremely unwieldy if the number of local minima are 

large. A strategy which can overcome this problem is 

tunnelling [73,74]. This is a strategy which in effect 
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passes by all the local minima with a higher function value 

than the starting point in order to obtain a good initial 

guess to the next equilibrium configuration. The use of 

deflation in conjunction with tunnelling for solving 

nonlinear problems of structural mechanics has been 

demonstrated by Kwok, Kamat and Watson in reference [74] and 

hence will not be elaborated upon here. 



CHAPTER 4 

THE FINITE ELEMENT COMPUTER CODE 

4.1 Description of Limitations and special features 

In order to conduct a study of quasi-Newton algori thrns 

and strategies for solving static and dynamic, geometrically 

and materially nonlinear problems in structural mechanics, a 

finite element computer code was written. 

The computer code utilizes the updated Lagrangian 

formulation described in Chapter 2. A derivation of the 

first and second derivatives of the potential energy 

function needed to obtain the gradient vector and the 

Hessian matrix can be found in Appendix B. The computer 

code is limited to problems of large deflection but small 

strain. This limitation allows an extension of the small 

deformation plasticity theory to be utilized when the 

response of an elastic-plastic material is required. 

Currently a single element is available in the finite 

element code. The element is a sixteen noded, three 

dimensional, i soparametric element ( see Figure 4. 1). 

element was chosen for its generality and versatility. 

This 

The 

element easily adapts to beam, plate, shell or general three 

dimensional problems. Since the thrust of the work is to 

develop an algori thrn for problems with a large number of 

degrees of freedom, this particular element has relevance 

because finite element models with three dimensional 

95 
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Figure 4.1 Illustration of the Sixteen Noded, Three 
Dimensional, Isoparametric Element 
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elements involve a fairly large number of degrees of 

freedom. 

There are a number of special features and limitations 

of the computer code which deserve mention. 

The capability for dynamic analysis is limited to 

problems wnich are impulsively loaded or to problems which 

have initial velocities or accelerations prescribed. The 

response is obtained through the use of an implicit direct 

integration scheme (the Newmark beta method). 

In static analysis, a "loading" may be specified in two 

different ways. Either by applying concentrated forces to 

nodes or by prescribing nodal displacements. 

The code also has the capability of prescribing what are 

known as multi-point constraints. Such constraints permit 

nodes to move as a linear combination of other nodes. This 

feature is especially useful in modeling two dimensional or 

axisymmetric problems using the three dimensional elements. 

Since the thrust of this work is to develop a robust and 

efficient algorithm for large scale nonlinear problems that 

have sparse and symmetric Hessian matrices, the finite 

element computer code utilizes a skyline storage scheme 

[36]. In this storage scheme, the symmetry and sparsity of 

the Hessian matrix is taken advantage of by storing only the 

elements in the upper triangular portion of the matrix which 

fall within a skyline. Outside the skyline all elements are 
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zero and are not stored. This tremendously reduces the 

amount of storage space required to handle the Hessian 

matrix. 

Spatial integrations required for the calculation of the 

energies, first, and second derivatives are performed by the 

Gauss quadrature integration 

points within an element is 

scheme. The number of Gauss 

also variable in the finite 

element code. The user can choose between four different 

arrangements of Gauss points in the x, y, 

The choices are 2x2xl, 2x2x2, 3x3xl, 

and z directions. 

and 3x3x2. The 

characteristic dimensions of the structure being modeled 

determines the choice of number of Gauss points. 

4.2 Verification problems 

In order. to verify the finite element computer code, 

five nonlinear problems were chosen to illustrate the code's 

ability to handle different types of nonlinear behavior. 

Two are geometrically nonlinear static problems, the third 

is a geometrically nonlinear dynamic problem, the fourth is 

an elastic-plastic dynamic problem and the fifth is a 

materially and geometrically nonlinear dynamic problem. 

4.2.1 The Snap Through Buckling of an Elastic Arch Under a 

Concentrated Load at its Crown 

This problem exhibits only geometrically nonlinear 

behavior. The material is assumed to be linearly efastic 
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and isotropic. The geometry and material properties are 

shown in Figure 4. 2. Half of the arch was modeled using 

five elements as shown in Figure 4.2. The nodes on the back 

surface of the arch were constrained to move with the nodes 

on the front surface of the arch in the plane of the arch. 

A 2x2xl Gauss point configuration was used for the Gauss 

quadrature integration. The concentrated crown load versus 

crown displacement is given in Figure 4. 3 and is compared 

with results obtained previously by reference [69]. The 

response obtained compares very well with that obtained 

previously. 

4.2.2 The Static Response of a Clamped Beam with a 

Central Concentrated Load 

This problem also exhibits only geometric nonlinearity 
'· 

but of a different nature. Because of its flexibility the 

beam behaves more like a string and exhibits a stiffening 

character in its load response curve. The material is 

assumed to be linearly elastic and isotropic. The geometry 

and material properties are given in Figure 4.4. Half the 

beam was modeled by five elements as shown in Figure 4.4. 

The nodes on the back surface of the beam were constrained 

to move with the nodes on the front surface of the beam in 

the plane of the beam. A 2x2xl Gauss point configuration was 

used for the integration. The central concentrated load 

versus central displacement response is given in Figure 4.5 
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and is compared with results obtained previously by 

reference [8] . Again the response obtained compares very 

well with that given by reference [8]. 

4.2.3 The Dynamic Response of a Clamped Beam with a 

Central Impulsively Applied Concentrated Load 

This is a dynamic problem which exhibits only geometric 

nonlinearity. The material is assumed to be linearly 

elastic and isotropic. The geometry and material properties 

are given in Figure 4.4. The finite element model is the 

same as given in Figure 4.4. A 2x2xl Gauss point 

configuration was used for spatial integrations and the 

Newmark beta method was used for time integration with 

6 = 0.25 and r = 0.50 and dt = 0.0001 sec. Figure 4.6 shows 

the central displacement versus time response which is 

compared with results obtained previously [8] which also 

used the Newmark beta method with the same values of 6 and r 
but a time increment of 0.000025 sec. The results obtained 

again compare favorably with previous results. 

4.2.4 The Dynamic Response of an Elastic-plastic Simply 

Supported Beam with an Impulsive Uniformly 

Distributed Load 

This problem exhibits only material nonlinearity as 

small displacements are assumed. The material is assumed to 

be elastic-perfectly plastic and to obey the von Mises yield 
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condition. The geometry and material properties are given 

in Figure 4. 7. One quarter of the beam is modeled by six 

elements as shown in Figure 4. 7. Again the nodes on the 

back surf ace of the beam are constrained to move with the 

nodes on the front surface of the beam in the plane of the 

beam. A 2x2xl Gauss point configuration is used for Gauss 

quadrature integrations. The Newmark beta method is used 

for time integration with B = O. 25 and r = O. SO and at = 
0.00005 sec. The central displacement versus time response 

is given in Figure 4.8 and is compared with the results 

obtained previously by reference [SJ which also used the 

Newmark beta method with the same values for B, r, and at 

used here. The results obtained agree very well with those 

obtained previously. 

4.2.5 The Dynamic Response of an Elastic-plastic Clamped 

Beam with Prescribed Initial Velocity 

This dynamic ·problem exhibits geometric as well as 

material nonlinearity. The problem's geometry is given in 

Figure 4. 9. The finite element model and material 

properities are given in Figure 4.9. Again, the nodes on 

the back surf ace of the beam are constrained to move with 

the nodes on the front surface of the beam in the plane of 

the beam. A 2x2xl Gauss point configuration is used for 

Gauss quadrature integration. The Newmark beta method is 

used for time integration with B = 0.25 and r = 0.50 and at 
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= 0 . 00001 sec . The material is assumed to obey the von 

Mises yield condition and the isotropic work hardening rule. 

The central displacement versus time 

Figure 4 .10 and "is compared with the 

obtained previously by reference 

independent 

appears that 

those that 

differences 

numerical prediction by 

experimental 

are modeled. 

conditions 

This is 

in slopes of the curves 

response is given in 

experimental results 

[26] and another 

reference [27]. 

are different 

evident from 

initially when 

It 

from 

the 

the 

response is essentially elastic and geometrically nonlinear. 
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CHAPTER 5 

RESULTS AND CONCLUSIONS 

5.1 Evaluation of the PT Strategy 

An alternative to the evaluation of an exact Hessian 

matrix is the approximation of the Hessian matrix by a 

finite difference scheme. The PT strategy is such a scheme 

for sparse, symmetric Hessian matrices. 

It has been shown [78] that for linear analysis, 

evaluation of the Hessian matrix of a potential energy 

function for a finite element model by the PT strategy can 

be more cost effective than evaluating the stiffness matrix 

of the model element by element using an assembly process. 

However, this was shown to be true only for the case of 

finite element models where the stiffness matrix has a small 

mean bandwidth thereby minimizing the number of groups 

required by the PT strategy. For nonlinear analysis, this 

can also be seen to be true. Consider the static response 

of the clamped beam with a central concentrated load. The 

finite element model used contained five elements and 

resulted in 47 degrees of freedom. The PT strategy required 

16 groups and the Hessian matrix was evaluated in 0.56 sec 

on an IBM 3081 Model K 32M. The exact Hessian matrix was 

evaluated in 0.73 sec. Therefore the PT strategy should be 

cost effective for this problem. However, for the snap 

through buckling response of the elastic, simply supported, 

112 



113 

shallow arch with a concentrated load at its crown, the 

finite element model (five elements and 79 degrees of 

freedom) required 24 groups by the PT strategy. The Hessian 

matrix was calculated by the PT strategy in 0.95 sec whereas 

the exact Hessian matrix was evaluated in 0.76 sec. 

Therefore, if the bandwidth of the finite element model's 

Hessian matrix is minimized, there is a possibility that the 

PT strategy will be cost effective. 

Another argument in favor or the PT strategy is the 

ease with which it can be coded as opposed to coding the 

second derivatives of the potential energy function or the 

tangent stiffness matrix of the nonlinear finite element 

model. Since many of the recent solution algorithms [57,58] 

use an updating.scheme rather than calculate exact Hessian 

matrices, approximating the Hessian matrix by the PT 

strategy may be extremely appropriate for starting or 

restarting such algorithms. 

5.2 Description of Algorithms Tested for Unconstrained 

Minimization 

A number of algorithms were tested on different types of 

nonlinear problems, and a discussion of the results obtained 

will follow. However, in order to facilitate the discussion 

of the results this section is dedicated to the description 

of the different algorithms tested and to the assigning of 

an associated, yet abbreviated, name. The algorithms are as 
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follows. 

(1) BFGS - This algorithm is the standard Broyden, Fletcher, 

Goldfarb, Shanno algorithm. The algorithm starts with the 

identity matrix as the Hessian approximation for the first 

load or time step. For successive steps, the last Hessian 

approximation from the previous step is used as an initial 

approximation. Within a load or time step, the BFGS update 

formula discussed in Chapter 3 is used to update the Hessian 

approximation. 

(2) NA - This is the standard Newton algorithm. An exact 

Hessian of the potential energy function is calculated and 

the full Newton step is taken at every iteration within a 

time or load step. 

( 3) NAO - This algorithm is the same as NA except that in 

the case of a non-positive definite Hessian matrix, the last 

positive definite Hessian matrix is used to calculate the 

Newton step. 

(4) NAGM - This is the same as NA except that in the case of 

a non-positive definite Hessian matrix, the Gill-Murray 

strategy is used to coerce the Hessian matrix into a 

positive definite matrix. 

(5) NAFM - This algorithm is also the same as NA except that 

in the case of a non-positive definite Hessian matrix, the 

Fiacco-McCormick strategy is used to obtain the step taken. 

(6) TNA This algorithm calculates an exact Hessian 
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initially. After every iteration thereafter, the Hessian is 

updated using Toint's sparse, symmetric update formula. 

Again the full Newton step is always taken. For successive 

load or time steps, the last Hessian matrix at the end of a 

previous step is taken as the initial approximation. 

( 7) TNAR - This algorithm is the same as_ TNA except that 

when Toint's update formula causes the Hessian approximation 

to be non-positive definite, a new exact Hessian matrix is 

obtained and the algorithm is restarted. 

(8) TNARO - This algorithm is the same as TNAR except that 

when an -exact Hessian is non-positive definite the -last 

positive definite Hessian matrix is used. 

(9) TNAGMR - This algorithm is the same as TNA except that 

when a Hessian matrix is non-positive definite, the Gill-

Murray · strategy is used to coerce the matri~ to be positive 

definite and a step is taken after which a new exact Hessian 

matrix is obtained. 

(10) TNAFMR - This algorithm is the same as TNA except that 

when a Hessian matrix is non-positive definite, the Fiacco-· 

McCormick strategy is. used to obtain an appropriate step 

then a new exact Hessian matrix is evaluated. 

( 11) MNA - This is ·a modified Newton algorithm where an 

exact Hessian is calculated initially and that same Hessian 

matrix is used as long as an acceptable reduction in the 

gradient norm is obtained over a finite number of 
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iterations. Through a number of trial calculations it was 

determined that a good choice is to expect over five 

iterations a reduction in the gradient norm by a factor of 

200. Again, the full Newton step is taken on every 

iteration. 

( 12) MNA0 - This algorithm is the same as MNA except that 

when the Hessian matrix is· non-positive definite the last 

positive definite Hessian matrix is used. 

(13) MNAGM - This algorithm is the same as MNA except that 

when the Hessian matrix is non-positive definite, the Gill-

Murray strategy is used to coerce the Hessian to be positive 

definite. 

(14) MNAFM - This algorithm is the same as MNA except that 

when the Hessian matrix is non-positive definite, the 

Fiacco-McCormick strategy is used to obtain an acceptable 

step. 

(15) DD0 - This is Newton's method with the double dogleg 

strategy as discussed in Chapter 3. An exact Hessian is 

calculated at every iteration and when the Hessian matrix is 

non-positive definite, the last positive definite Hessian 

matrix is used. 

(16) DDGM - This is the same as DD0 except that when a non-

positive definite Hessian matrix is encountered, the Gill-

Murray strategy is used to coerce the Hessian to be positive 

definite. 
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(17) DDFM - This algorithm is the same as DDO except that 

when the Hessian matrix is non-positive definite, the 

Fiacco-McCormick strategy is used to obtain the appropriate 

Newton direction. 

(18) MDDO - This algorithm is the same as DDO except that an 

exact Hessian matrix is calculated initially and the same 

Hessian is used as long as an acceptable reduction in the 

gradient norm is obtained over a number of iterations as 

described in MNA. 

(19) MDDGM - This algorithm is the same as MDDO except that 

when the Hessian matrix is non-positive definite, the Gill-

Murray strategy is used to coerce the Hessian matrix to be 

positive definite. 

(20) MDDFM - This algorithm is the same as MDDO except that 

when the Hessian ,.matrix is non-positive definite, the 

Fiacco-McCormick strategy is used to obtain an appropriate 

quasi-Newton direction. 

(21) TDDRO - This is Newton's method with the double dogleg 

strategy and Toint's update formula. The Hessian is 

calculated exactly initially. For every iteration 

thereafter, the Toint update formula for sparse, symmetric 

Hessian matrices is used. When the Hessian approximation 

becomes non-positive definite due to Toint's update formula, 

a new exact Hessian is calculated and the algorithm is 

restarted. If an exact Hessian matrix is non-positive 
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definite, the last positive definite one is used. 

Successive load or time steps use the last Hessian from the 

previous step for an initial approximation. 

( 22) TDDGMR - This algori thrn is the same as TDDRO except 

that when a non-positive definite Hessian matrix is 

encountered, the Gill-Murray strategy is used to coerce the 

Hessian to be positive definite for that iteration after 

which a new exact Hessian matrix is evaluated. 

(23) TDDFMR - This algorithm is the same as TDDRO except 

that when the Hessian matrix becomes non-positive definite, 

the Fiacco-McCormick strategy is used to determine an 

appropriate guasi-Newton direction for that iteration after 

which a new exact Hessian matrix is evaluated. 

5 .. 3 Algori thrns for Uncon.strained Energy Minimization 

Applied to Geometrically Nonlinear Static Problems 

An investigation of the algori thrns discussed in the 

previous sect:,i.on was conducted on the first two 

geometrically nonlinear static problems. Force loading was 

used and the effect of the size of the load increment and 

the size of the problem was studied. The two problems used 

to conduct this study were the clamped beam with a central 

concentrated load as discussed in Section 4. 2. 2. and the 

snap through 

shallow arch 

buckling of an elastic, simply supported, 

with a concentrated load at its crown as 

discussed in Section 4.2.1. 
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The clamped beam with a central concentrated load, the 

response for which is given in Figure 4.5, was loaded to a 

maximum load of 1600 lbs. in increments of 1600 lbs., 800 

lbs. , 400 lbs., 200 lbs. , 100 lbs. , 50 lbs. , and 25 lbs. 

using each of the algorithms discussed previously to obtain 

the solution. Table 5.1 gives the results in terms of CPU 

time normalized by the CPU time for the BFGS algorithm. The 

BFGS algorithm was used as the normalization basis because 

it is increasingly being used by many analysts. Two special 

symbols are seen in the tables that will be presented. The 

first symbol, D, represents divergence of the solution 

algorithm at some point in the analysis. The other symbol, 

NC, represents a failure of the algorithm to converge after 

a finite number (50) of exact Hessian evaluations. Looking 

at Table 5.1, a number of things are noticed. First of all, 

every one of the algorithms utilizing the double dogleg 

strategy was able to converge to the correct solution 

independent of the size of the load increment. It can also 

be seen that for large load increments, DDO, DDGM, and DDFM 

are considerably more efficient than their full Newton step 

counterparts NA, NAO, NAGM, and NAFM. In fact for extremely 

large load increments, DDO, DDGM, and DDFM are faster than 

BFGS even though they evaluate an exact Hessian matrix at 

each iteration which is an expensive procedure compared to 

the updating procedure of BFGS. As the load increment 
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Table 5.1 Results for the Static Response of an Elastic, 
Clamped Beam with a Central Concentrated Load. 
CPU Times are Presented Normalized with Respect 
to the CPU Time for BFGS. 

Algorithm Load Increment (LBS.) 
1600 800 400 200 100 50 25 

BFGS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
NA 1.46 1. 55 1. 68 1. 75 1.81 1.88 1. 62 
NAO 1.46 1.55 1.68 1. 75 1. 81 1.88 1. 62 
NAGM 1.46 1.55 1.68 1. 75 1. 81 1.88 1. 62 
NAFM 1.46 1.55 1. 68 1. 75 1.81 1.88 1. 62 
TNA D D D D D D D 
TNAR D D D D 0.73 0.62 0.61 
TNARO NC NC NC NC 0.73 0.62 0.61 
'l;'NAGMR D D D D D D D 

TNAFMR NC NC NC NC NC NC NC 
MNA D D D D D D D 

MNAO D D D D D D D 
MNAGM D D D D D D D 
MNAFM D D D D D D D 
ODO 0.61 0.91 1.23 1.56 1. 66 1. 85 1. 63 
DDGM 0.61 0.91 1.23 1. 56 1. 66 1. 85 1. 63 
DDFM 0.61 0.91 1.23 1. 56 1. 66 1.85 1. 63 
MDDO 0.39 0.48 0.57 0.65 0. 64- 0.67 0.69 
MDDGM 0.39 0.48 0.57 0.65 0.64 0.67 0.69 
MDDFM 0.39 0.48 0.57 0.65 0.64 0.67 0.69 
TDDRO 0.37 0.47 0.69 0.71 0.69 0.70 0.68 
TDDGMR 0.51 0.54 0.63 0.84 0.77 0.70 0.69 -
TDDFMR 0.57 0.54 0.62 0.71 0.74 0.72 0.68 
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decreases, DDO, DDGM, and DDFM become approximately the same 

as NA, NAO, NAGM, and NAFM until for small load increments, 

DDO, DDGM, and DDFM become slightly slower than their full 

Newton step counterparts because of the additional 

calculations made to evaluate the potential energy function 

at each iteration and guarantee a decrease in that function. 

This is the price that a more robust algorithm like the 

double dogleg algorithm can be always expected to pay. 

The algorithms that take full Newton steps using a 

modified approach to Hessian evaluations (MNA, MNAO, MNAGM, 

MNAFM) and those using the Toint updating formula (TNA, 

TNAR, TNARO, TNAGMR, TNAFMR) show deficiencies for solving 

this particular problem, 

well comparatively for 

however, TNAR and TNARO do quite 

the small load increments. The 

algorithms with the modified approach and the Toint updating 

formula using the double dogleg strategy (MDDO, MDDGM, 

MDDFM, TDDRO, TDDGMR, TDDFMR) show a great deal of promise 

as they are comparatively efficient and converge to the 

solution independent of the load increment. It should also 

be noted that the exact Hessian matrices calculated were 

always positive definite so that Gill-Murray, Fi:acco-

McCormick, and old Hessian strategies were ?nly activated by 

those algorithms which utilized Toint's update formula. 

Upon scrutinizing results from TDDRO, TDDGMR, and TDDFMR, 

the comparative effectiveness of· these strategies seems at 
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best inconsistent. More results may be necessary to resolve 

the inconsistency. 

The snap through buckling response of an elastic, 

simply supported, shallow arch with a concentrated load at 

its crown, the response for which is given in Figure 4.3, 

was studied next. The arch was loaded up to a maximum load 

of 4000 lbs. using increments of 4000 lbs., 2000 lbs., 1000 

lbs., 500 lbs., 250 lbs., 125 lbs., and 62.5 lbs. and each 

of the algorithms was used to find the solution. Table 5.2 

shows the results obtained. Since force loading was used 

with energy minimization, the entire response curve cannot 

be tracked. Only the stable equilibrium configurations can 

be found with the result that when the load level is above 

the limit point a jump in the response to the next stable 

branch is noticed. In this load step non-positive definite 

Hessian matrices are encountered. Hence the problem is 

ideal for evaluating the Gill-Murray and Fiacco-McCormick 

strategies. Again, the table gives a record of CPU time 

normalized with respect to the CPU time required for the 

BFGS alg.ori thm. From a quick look at Table 5. 2 many of the 

same trends mentioned previously continue to appear. First 

of all, all of the double dogleg algorithms consistently 

converge to the solution. It can also be seen that the 

double dogleg algorithms where the Hessian matrix is 

evaluated at every iteration (DDO, DDGM, and DDFM) are 
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Table 5.2 Results for the Snap Through Bucking Response 
of an Elastic, Simply Supported, Shallow Arch 
with a Concentrated Load at its Crown (five 
element model). CPU Times are Presented 
Normalized with Respect to the CPU Time for BFGS. 

Algorithm Load Increment (LBS.) 
4000 2000 1000 500 250 125 62.5 

BFGS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
NA 0.65 0.82 1. 31 D D D D 
NAO 0.65 0.82 1. 31 2.13 3.09 3.35 3.97 
NAGM 0.65 0.82 1.31 2.04 2.85 3.32 3.81 
NAFM 0.65 0.82 1. 31 2.28 2.69 3.40 3.94 
TNA D D D D D D D 
TNAR 0.57 0.65 D D D D D 
TNARO 0.57 0.65 2.73 1. 59 1. 49 1. 59 1. 57 
TNAGMR D D D D D D D 
TNAFMR NC NC NC NC NC NC NC 

MNA D D D D D D D 
MNAO D D D D 0.82 D D 
MNAGM D D D D D D D 
MNAFM D D D D D D D 
DDO 0.54 0.76 1. 64 2.29 2.28 2.88 2.85 
DDGM 0.54 0.76 1.35 1. 75 2.18 2.65 2.79 
DDFM 0.54 0.76 1.20 1. 60 1.88 2.40 2.69 
MDDO 0.41 0.50 1.00 1. 06 1.18 1.20 1.16 
MDDGM 0.41 0.57 0.76 0.87 0.98 ·l. 02 1.07 
MDDFM 0.41 0.43 0.78 0.89 0.99 0.99 1.06 
TDDRO 0.47 0.70 1. 75 1. 40 1. 79 1. 98 1. 87 
TDDGMR 0.52 0.59 1.29 1. 30 1. 59 1. 71 1. 77 
TDDFMR 0.50 0.58 1.06 1.17 1.38 1. 72 1. 62 
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convincingly more efficient than their full Newton step 

counterparts (NA, NAO, NAGM, and NAFM). It should.also be 

noted that for extremely large load increments, every 

algorithm which converged was faster than BFGS. However, 

overall, the modified double dogleg algorithms (MDDO, MDDGM, 

and MDDFM) were the only algorithms to remain close to the 

BFGS algorithm for the smaller load increments. An 

interesting fact to note at this point is the success of 

TNARO especially relative to the double dogleg conterparts 

( TDD RO, TDDGMR, and TDDFMR) . Al though the re are i so 1 a ted 

cases to the contrary, there is evidence seen in Table 5~2 

to illustrate that the Gill-Murray and Fiacco-McCormick 

strategies have an edge over just taking an old Hessian 

matrix when the present Hessian matrix is not positive 

definite. The Fiacco-McCormick strategy, overall, seems to 

be slightly better at obtaining an appropriate quasi-Newton 

direction than the Gill-Murray strategy. 

In order to determine the effect the _size of the 

problem has on the algorithms, a ten element model ( 154 

degrees of freedom) and a twenty element model (304 degrees 

of freedom) of half the elastic, simply supported, shallow 

arch was generated. Using the same load increments and 

maximum load, the algorithms were used to determine the 

solution. Table 5.3 contains the results for the ten 

element arch and Table 5. 4 contains the results for the 
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Table 5.3 Results for the Snap Through Bucking Response 
of an Elastic, Simply Supported, Shallow Arch 
with a Concentrated Load at it- Crown (ten 
element model). CPU Times are Presented 
Normalized with Respect to the CPU Time for BFGS. 

Algorithm- Load Increment (LBS. ) 
4000 2000 1000 500 250 125 62. 5 

BFGS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
NA 0.32 0.51 D D D D D 
NAO 0.32 0.51 0.96 1.12 1. 42 1. 55 2.04 
NAGM 0.32 0.51 0.82 1.01 1. 50 1.94 2.51 
NAFM 0.32 0.51 0.88 1.21 1.50 2.05 2.57 
TNA D D D D D D D 
TNAR 0. 30 0.37 D D D D D 
TNARO 0.30 0.37 0.47 0.67 0.66 1.00 0.98 
TNAGMR D D D D D D D 
TNAFMR NC NC NC NC NC NC NC 
MNA D D D D D D D 
MNAO 0.21 D D D D D D 
MNAGM D D D D D D D 
MNAFM D D D D D D D 
DDO 0.30 0.44 0.82 1.26 1. 41 1. 68 2.15 
DDGM 0.30 0.44 0.60 0.87 1.06 1. 61 2.01 
DDFM 0.30 0.44 0.59 0.84 1. 06 1.44 1. 76 
MDD0 0.23 0.32 0.52 0.63 0.67 0.68 0.82 
MDDGM 0.23 0.29 0.36 0.45 0.54 0.61 0.71 
MDDFM 0.23 0.27 0.35 0.43 0.50 0.58 0.70 
TDDR0 0.34 0.43 1.17 0.54 2.24 0.92 1.04 
TDDGMR 0.31 0.39 0.52 0.65 0.83 0.91 1.06 
TDDFMR 0. 28 0.36 0.48 0.58 0.77 0.86 1.00 
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Table 5.4 Results for the Snap Through Bucking Response 
of an Elastic, Simply Supported, Shallow Arch 
with a Concentrated Load at its Crown (twenty 
element model). CPU Times are Presented 
Normalized with Respect to the CPU Time for BFGS. 

Algorithm Load Increment (LBS. ) 
4000 2000 1000 500 250 125 62.5 

BFGS 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
NA 0.10 0.21 0.34 0.51 0.65 D D 
NAO 0.10 0.21 0. 34 0.51 0.65 0.85 1.00 
NAGM 0.10 0.21 0.34 0.51 0.65 0.77 0.97 
NAFM 0.10 0.21 0. 34 0.51 0.65 0.83 1.02 
TNA D D D D D D D 
TNAR D D D 0.48 D 0.53 D 
TNARO 0.09 0.20 0.55 0.47 0.53 0.53 0.51 
TNAGMR D D D D D D D 
TNAFMR D NC NC NC NC NC NC 

' 
MNA D D D D D D D 
MNAO D 

I 
D D D D D D 

MNAGM D D D D D D D 
MNAFM D D D D D D D 
DDO 0.12 0.20 0.34 0.46 0.60 0.80 1.16 
DDGM 0.12 0.20 0.34 0.46 0.60 0.78 0.99 
DDFM 0.12 0.20 0.34 0.46 0.60 0.78 0.99 
MDDO 0.09 0.13 0.16 0.22 0.26 0.33 0.52 
MDDGM 0.09 0.13 0.16 0.22 0.26 0.32 0.35 
MDDFM 0.09 0.13 0.16 0.22 0.26 0.32 0.35 
TDDRO 0.10 0.16 0.25 0.33 0.37 0.54 0.60 
TDDGMR 0.15 0.19 0. 24 0.29 0.37 0.49 0.56 
TDDFMR 0.12 0.16 0.24 0.33 0.38 0.44 0.44 
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twenty element arch. Looking at Tables 5. 3 and 5. 4, the 

same trends noted before are seen again. All of the double 

dogleg algorithms converged to the solution whereas many of 

the full Newton step algorithms did not. For the twenty 

element model, Table 5.4, there is suprisingly little 

difference between the algorithms with the double dogleg, 

which evaluate the Hessian matrix at every iteration {DDO, 

DDGM, and DDFM), and their full Newton counterparts {NA, 

NAO, NAGM, and NAFM). Also note that these algorithms are 

all more efficient than the BFGS algorithm except for the 

smallest-load increment. Again, the modified double dogleg 

algorithms {MDDO, MDDGM, and MDDFM) were the most efficient 

algorithms, but once again the TNARO algorithm is 

surprisingly successful and efficient in locating all 

solutions. The Gill-Murray and Fiacco-McCormick strategies 

again present a very slight improvement over using an old 

Hessian matrix when the present Hessian matrix is not 

positive definite. The Fiacco-McCormick strategy seems· to 

be the most efficient but again no definitive statement can 

be made. 

5.4 Unconstrained Energy Minimization Algorithms Applied to 

Dynamic problems 

The best algorithms from the study 

nonlinear static problems 

and TNARO) 

(MDDO, MDDGM, 

of geometrically 

MDDFM, TDDRO, 

TDDGMR, TDDFMR, were evaluated on the three 
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dynamic problems containing different degrees and types of 

nonlinearities. The results are given in Table 5.5. 

The CPU time normalized with respect to the CPU time 

for the ODO algorithm is shown. Since the steps are small 

for time dependent problems, the TNARO algorithm was 

expected to be competitive and it proved to be so for the 

clamped beam with only geometric nonlinearity. However, when 

material inelastici ty was considered as in the second and 

third problems, MDDO, MDDGM, and MDDE'M again show their 

relative efficiencies. 

5.5 Extension to a Large Scale Problems 

The algorithms which proved most efficient in the study 

of the geometrically nonlinear problems (MDDO, MDDGM, MDDE'M, 

TDDRO, TDDGMR, TDDE'MR, and TNARO) were then evaluated on the 

problem of predicting the post buckling response of. an 

elastic thin square plate with a small imperfection under a 

uniformly distributed edge load. Figure 5.1 gives the 

geometry and material properties as well as the finite 

element model used. The total compressive load versus the 

out of plane displacement of the plate center is given in 

Figure 5.2. In evaluating the algorithms on this problem, a 

large load step (1000 kips) was chosen to locate the 

equilibrium configurations at 1000 kips, 2000 kips, and 3000 

kips. The solid curve was generated using small load steps 

(100 kips). The results are given in Table 5.6. Table 5.6 
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Table 5.5 Res~lts for Three Dynamic Problems with Different 
Degrees and Types of Nonlinearities. CPU Times 
are Presented Normalized with Respect to CPU 
Time for DDO. 

(a) Geometrically Nonlinear, Elastic Clamped Beam 

DD0 MDD0 MDDGM MDDFM TDDR0 TDDGMR TDDFMR TNAR0 

1.00 0.48 0.48 0.48 0.48 0.51 0.48 0.46 

.(b) Materially Nonlinear, Simply Supported Beam 

DD0 MDD0 MDDGM MDDFM TDDR0 TDDGMR TDDFMR TNAR0 

1.00 0.28 0.28 0.28 0.36 0.36 0. 36 0.38 

(c) Geometrically and Materially Nonlinear, Clamped 
Beam 

DDO MDDO MDDGM MDDFM TDDR0 TDDGMR TDDFMR TNAR0 

1.00 0.68 0.68 0.68 0.72 0.72 0.72 0.73 
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Figure 5.1 The Geometry, Material Properties, and 
Finite Element Model for a Simply Supported 
Square Plate with an Initial Imperfection 
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Table 5.6 Results for the Buckling of a Simply Supported 
Square Plate with an Initial Imperfection. CPU 
Times are Presented Normalized with Respect to 
CPU Time for DD0. 

DDO MDD0 MDDGM MDDE'M TDDR0 TDDGMR TDDE'MR TNAR0 

1.00 0.42 0.36 0.45 0.65 0.62 0.42 NC 

Computations were performed on an IBM 3081 Model K 32M 

CPU Time for DDO was 288.35 sec. 
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presents CPU time normalized with respect to the CPU time 

required for the DDO algorithm. Looking at these results, 

the overall effectiveness of the MDD algorithms as a group 

is again seen relative to the other algorithms. The 

effectiveness of the Gill-Murray and Fiacco-McCormick 

strategies is further clouded by these results since the 

Gill-Murray strategy gave a vast improvement over the MDDO 

algorithm and the Fiacco-McCormick strategy did not while 

the Fiacco-McCormick strategy gave the best results in the 

TDD algorithms. It should be noted that TNARO did not 

converge to an equilibrium configuration during the analysis 

even when it was allowed to evaluate the exact Hessian 

matrix twice as many times in a load step as the other 

algorithms. 

This problem 

characteristics of 

clearly. First, 

serves to bring out two important 

the proposed algorithm (MDDO) very 

that the algorithm performance is 

insensitive to the scale of the problem and second, that the 

ability of the algorithm to obtain accurate solutions is 

in&~~sitive to the size of the load step. 

5.6 Locating Multiple Equilibrium Configurations using the 

Deflation Technique 

One major advantage of solving a nonlinear problem by 

the nonlinear least squares approach as opposed to the 

unconstrained minimization of a potential energy function is 
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the capability to locate multiple equilibrium configurations 

through a deflation scheme [72]. To show this capability, 

the snap through buckling of an elastic, simply supported, 

shallow arch with a concentrated load at its crown was 

studied once more, and an attempt was made to locate all 

equilibrium configurations at different load levels. The 

deflation technique mentioned in Chapter 3 was used after 

finding the first equilibrium configuration for each load 

level, and a search for a second equilibrium configuration 

was carried out with a limit on the number of iterations 

(15). If a second equilibrium configuration was not found, 

it was assumed that no additional equilibrium configurations 

existed and the next load step was taken. If a second 

equilibrium configuration was found, the deflation procedure 

was repeated and a search for a third equilibrium 

configuration commenced. The deflation procedure was 

applied to Newton's method with and without the double 

dogleg strategy. Newton's method without the double dogleg 

strategy was not able to locate any multiple equilibrium 

configurations. However, Newton's method with the double 

dogleg strategy was able to locate all equilibrium 

configurations at any load level. Figure 5. 3 shows the 

equilibrium configurations found using a 500 lb. load 

increment. This again illustrates the power of the globally 

convergent double dogleg algorithm as well as an advantage 

'· 
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Figure 5.3 Illustration of Multiple Equilibrium 
Configurations for the Simply Supported 
Arch 
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gained by solving the system of nonlinear equations of the 

finite element model over solving the unconstrained 

minimization of the potential energy function of the finite 

element model. 



CHAPTER 6 

SUMMARY 

In this work, an evaluation of a number of quasi-Newton 

algorithms and strategies for sparse, symmetric Hessian 

matrices was performed. It was shown how these quasi-Newton 

algorithms could be applied to the unconstrained 

minimization of a nonlinear function as well as a nonlinear 

least squares approach to solving a system of nonlinear 

equations. The best of· these algorithms were evaluated for 

a problem with a fairly large number of degrees of freedom 

with a large load increment. From this study it is 

concluded that the proposed quasi-Newton method with the 

double dogleg strategy and an automatic control on Hessian 

evaluations is the best algorithm for all of the problems 

considered in this investigation. The algorithm had no 

difficulty converging to solutions regardless of the size of 

the model and regardless of the size of _the load or time 

step. The ~dvantage of being able to take large load or 

time steps may lie in those problems which involve the 

location of critical points (limit or bifurcation points) of 

structures with minimal computational effort. 

All the other algorithms which utilized the 4ouble 

dogleg strategy were consistently better able to converge to 

the solution - a clear validation of the globally convergent 

property of the double dogleg strategy. Also, the double 

137 
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dogleg algori thlns were more efficient overall than their 

counterparts which take only full quasi-Newton steps. 

Therefore, using the double dogleg strategy which does not 

always take the full quasi-Newton step both improves 

robustness and efficiency. For small load steps the TNARO 

algorithln did surprisingly well but was not competitive for 

large load steps. The study of strategies t:nat must be 

followed when the Hessian matrix is not positive definite 

proved inconclusive since both the Gill-Murray and Fiacco-

McCormick strategies were almost equally efficient. 

However, both strategies were for the most part better than 

using an old positive definite Hessian matrix. The PT 

strategy was found to be cost effective only ·in the case of 

problems for which the Hessian matrix has a small mean 

bandwidth resulting in a small number of groups required for 

the evaluation of the Hessian matrix by this strategy. 

Finally, the usefulness of the double dogleg strategy in 

solving a system of nonlinear equations via the nonlinear 

least squares approach and in locating multiple equilibrium 

configurations using deflation speaks for the versatility of 

the proposed algorithm. 

In conclusion, the quasi-Newton algorithln proposed in 

this dissertation (MDDO) is both robust and efficient for 

small as well as large scale problems. Because sparsity and 

symmetry of matrices is exploited, the algori thln does not 
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place unreasonable demands on core storage requirements. 

Furthermore, using the deflation technique with tunnelling 

the algorithm can be extremely useful for post-buckling 

response studies of structures involving many stable and 

unstable branches. 
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APPENDIX A 

DERIVATION OF FIRST AND SECOND PIOLA-KIRCHHOFF STRESS 

TENSORS AND THE EQUATIONS OF MOTION IN TERMS OF THOSE 

QUANTITIES 

If there is a force vector dTi acting on some 

infinitesimal area dA of a body in its deformed 

configuration, then there must be a corresponding force 

vector dT 0 i acting on the corresponding undeformed area dA 0 

of the body in its initial configuration. Stress vectors 

d f . d b th 1 . . t. t. f dT · / d dT O • / are e ine y e 1m1 ing ra ios o 1 dA an 1 dAa 

and stress tensors in each configuration can be defined in 

terms of these stress vectors. Cauchy's equation 

dT. = o . . n.dA 
1 )1 J (A.1) 

·where nj are the components of the unit normal vector to dA 

defines the Cauchy stress tensor. Two ot~er stress tensors 

can be defined by 

. L = dTa. T .. 0 n .dAa 
1 J 1 J 

(A.2) 

(A.3) 

where L the components of the force vector acting on dTa. are 1 
dAa obtained by the Lagrangian rule 

K the components of the force vector acting on dTai are 

dAa obtained by the Kirchhoff rule 

Tji are the components of the first Piela-Kirchhoff 
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stress tensor 

S .. are the components of the second Piela-Kirchhoff J l. 
stress tensor 

0 nj are the components of the unit normal vector to 

dAo 

The Lagrangian and Kirchhoff rules are given respectively by 

L dTi (A.4) dTo. = l. 

K aai/ dT. (A.5) dTo. = l. ax. J J 

where a. are the components of the coordinate vector in the 
l. 

initial configuration and xj are the components of the 

coordinate vector in the deformed configuration. Therefore 

dT. = dT L = T n dA l. OJ.• ••O • 0 J l. J (A.6) 

dT. aai/ 
J ax. 

J 
(A.7) 

and 

(A.8) 

Consider two line elements dxi and oxi in the deformed 

configuration corresponding to dai and 6ai in the initial 

configuration. The area dA of a parallelogram with sides 

dxi and oxi is given by 

n.dA 
l. 

(A.9) 
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where eijk is the permutation symbol. The area dA 0 would be 

given by 

(A.10) 

Then 

(A.11) 

Multiplication of both sides of Eqns.. (A.11) by aai/ ax 
m 

gives 

(A.12) 

The conservation of mass equation 

(A.13) 

with the determinant written as 

d t (aa / ) aa. 1 aa. 1 aak/ erst e n ax = eijk 1 ax J ax ax m r s t 
(A.14) 

can be utilized to obtain 

aa. / dA P; d P; dA 1 ax on1. a= e X uX = n m mrs a p r s Op m (A.15) 

Substitution of Eqns. (A.15) into Eqns. (A.8) results in 

a . . a P /. aak/a ankdAa 
J1 p X. 

J 
= = 

(A.16) 

from which the first and second Piola-Kirchhoff stress 
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tensors can be defined as 

_ p ax . _ p ax ax. 
ak. - / k/" T . . - / k/" 1/" S . 1 0 p ca. J1 0 p ca. ca Jm 

J J m 
(A.17) 

It can be easily seen that if the Cauchy stress tensor is 

symmetric then the second Piela-Kirchhoff stress tensor will 

also be symmetric, but the first Piela-Kirchhoff stress 

tensor will not be symmetric. 

The equations of motion are also affected by the change 

in reference configuration. Consider a body moving in 

space, Figure A.l. Newton's second law states that the 

total force acting on a particle dV2 is equal to the mass 

2PdV2 times its acceleration 2u .. 
1 

The total force is equal 

to the sum of surf ace and body forces. The equations of 

motion for each particle can be summed over the entire body 

and what results is 

(A.18) 

where JA 2o.dA2 is the summation of surface forces acting on 
2 1 · 

the· body, JV 2p 2f. dV2 is the sum of all body forces on the 
2 ' 1 

body and 

the body. 

becomes 

2 •• JV 2p u.dV2 is the sum of all acceleration terms for 
2 1 

Using Cauchy's equation, a. = a .. n., Eqns. (A.18) 
1 J 1 J 

(A.19) 

Applying Gauss' theorem to Eqns. (A.19) results in 
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a. 
1. 

Configuration 2 
(time= t+6t) 

Figure A.1 Illustration of Surface and Inertial Forces 
on a Body Moving in Space 
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2 •• 
/V 2P u.dV2 

2 l. 
(A.20) 

This equation is valid for any arbitrary region of the body 

in motion so considering a particle one obtains 

(A.21) 

In order to obtain the equations of motion ref ered to the 

initial configuration of the body, return to Eqns. (A.18) 

and rewrite the integrals over the initial configuration 

using 

2 a. dA2 = 5TidAa ! l. 

2P 2f i dV2 = oP5F. dVa 
l. 

2p 2u.dV2 = aP 2ii. dVo 
l. l. 

Now 

From Eqns. (A.2) and (A.16) 

L 
2oT- = dTa·; - 2T = l. l. dAa - o ji anj 

Therefore 

/ a2x. / 25 2 = 
A l. a o k. onkdAo + /V 0PoF.dV 0 o oXj J o l. 

Applying Gauss' theorem gives 

(A.22) 

(A.23) 

(A.24) 

2 .. 
/V oP u. dVo 

0 l. 
(A.25) 

I. 
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+ JV oPaF.dVo 
0 l. 

= 2. •• 
JV oP u.dVo 

0 l. 

(A.26) 

Considering a single particle 

(A.27) 

Eqns. (A.27) can easily be transformed to an equation 

refered to configuration 1 ( time=t) by following the same 

procedure. This results in 

. (A.28) 



APPENDIX B 

FIRST AND SECOND DERIVATIVES OF THE INCREMENTAL POTENTIAL 

ENERGY FUNCTION-

The incremental potential energy function for a body 

using the updated Lagrangian formulation is given by Egn. 

(2.5.5) as 

6,r = Jvll/2 cijkl6Eij6EkldV1 + 

J 1/2 io .. a6uk/ a6uk/ dV i + 
V1 J.J a1xi a1xj 

!Vo 0P;e(6t)2[1/2 6ui6ui - 6tlui6ui -

- JA 6T.6u.dA1 - JV 1P6F.6u.dV1 
1 l. l. 1 l. l. 

(6t) 2 ; l .. A ]dV 2 U. u.U. o 
l. l. 

( B .1) 

When the body is discretized into finite elements, Egn. 

(B.l) is evaluated for each element and then the sum of the 

incremental potential energies for the elements will be the 

incremental potential energy for the body. That is 

N 
6,r = I 6,r 

i=l ei 
(B. 2) 

where N is the number of elements and 6,re is obtained by 

applying Egn. (B.l) to each element. If body forces are 

neglected and only concentrated forces are applied at nodal 

points the incremental potential energy for an element can 

be rewritten as 

6,r = e JV 1/2 C .. kl tiE .. 6Ekl dV 1 + 
le l.J l.J e 

JV 1/2 10 .. atiuk/ atiuk/ dV 1 + 
J.J a1x-. a1x. e le l. J 

!Voe 0P;e(tit)2[1/2 tiuitiui - titluitiui 

154 



155 

(B. 3) 

and the total potential energy becomes 

N 
Li,r = I: Li,r LiP . Liq. j=l,2,3, ... ,M (B.4) 

i=l e. 
1 J J 

where M is the number of degrees of freedom 

LiPj is the load corresponding to the j th degree of 

freedom 

Liqj is the incremental displacement corresponding to 

the j th degree of freedom 

A three dimensional, sixteen node, isoparametric 

element, shown in figure 4 .1, was chosen for use in the 

finite element code. Since the ·element is isoparametric, 

the volume integrals over the element can be transformed to 

integrals suitable for evaluation by Gaussian quadratures 

over the simpler parent element. 

l 1 l * 
Jvf(x,y,z)dV = {~!if (r,s,t) det~ drdsdt (B. 5) 

where x,y,z are the coordinates of a point in the element 

r,s,t are the coordinate$ of a point in the parent 

element 

* f (r,s,t) = f(x(r,s,t),y(r,s,t),z(r,s,t)) 

X = N X 

! a a 
y = Naya a = 1,2, ... ,16 (B.6) 

z = N z a a 

•' 
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where Na is the th a interpolation polynomial which is a 

function of r,s,t and is the same for the displacement 

approximations in an element. 

coordinates of the a th nodal point. 

z a are the 

Det J is the 

determinant of the Jacobian matrix of the transformation. 

It relates derivatives in the x, y, z coordinate system to 

derivatives in the r,s,t parent element coordinate system. 

a ax1 aY/ az1 a 1ar ar ar ar 1ax 
a ax1 aY/ az 1 a 
I-as as as as lay (B.7) 

a ax1 aY/ az1 a 
1 at at at at 1 az 

and 
-1 

ax1 
ar 

aY/ 
ar 

az1 ar 
J = ax1 aY/ az1 
= as as as (B.8) 

ax1 at 
aY/ 

at 
az1 at 

The determinant of the Jacobian is not a constant but 

is a function of position. Because of its occurance in the 

integrand, integrations must be done numerically. The 

method commonly used is a Gauss quadrature scheme which 

transforms the integration of a function into the weighted 

summation of the function evaluated at specific points. 

i = 1,2, ... ,L (B. 9) 

where Lis the number of Gauss points 



157 

fi = f(xi,yi,zi) = the function evaluated at the i th 

Gauss point 

W. is the weighting constant corresponding to the i th 
l. 

Gauss point 

The Gauss quadrature scheme can integrate exactly a 

polynomial of order (2n-l) or less with n Gauss points. 

The strain energy can be rewritten also by constructing 

a stress and strain vector from the corresponding tensors 

and reducing the fourth order 

appropriately. 

1/2 C AE AE = 1;2 c* AE*AE* ijklu iju kl aeu au e 

where 

tlE~ = 6E1 l 6E: = 2 6E21 

6E: = 6E 22 6E: = 2 6E11 

6E: = 6E 33 6E: = 2 6E 12 

6s* * * = Cae6Ee a 

6S~ = 6S 11 6s: = 6S21 I 6s: = 6S22 6s: = 6S 13 

* 6s: 6S 3 = 6S33 = 6S 12 

I 

constitutive tensor 

a,e = 1,2,3,4,5,6 

(B.10) 

(B.11) 

(B.12) 

(B.13) 

Now the incremental potential energy function for the 

body can be written as 
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N 
61T = l: 61T j=l,2,3, ... ,M (B.14) 

i=l 

where 

(B.15) 

The first and second derivatives are required for this 

incremental potential energy function in order to solve the 

problem of unconstrained minimization of the incremental 

potential energy by Newton's method. The first derivative 

or the gradient of the incremental potential energy function 

corresponds to the system of nonlinear equations for the 

problem and the second derivatives or the Hessian matrix 

corresponds to the Jacobian matrix of the nonlinear 

equations. 

The first derivative of the incremental potential 

energy function with respect to the degrees of freedom tiqb 

is given by 

where 

N 
= l: 

i=l 
- 6P b b= 1 , 2 , 3 , . . . , M (B.16) 
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and 

* a1 (a6u 11 ) + a6uk/ a 1 a6E 1 / = a6qb a6qb a1x1 a 1X1 a6qb 

* a6E 2/ = a 1 ( a6u21 ) + a6uk/ a1 
a6qb a6qb a 1X2 a 1X2 a6qb 

* a 1 ( a6u 31 ) cl6E3/ = + a6uk/ a1 
a6qb a6qb a 1X3 a1x3 Mqb 

Also 

6u. = N 6u. 
1 a 1 a 

a= 1,2,3, ... ,16 

(B.17) 

( a6uk/ ) 
a 1X1 

( a6uk/ ) 
cl 1X2 

( a6uk/ ) 
cl 1X3 

(B.18) 

(B.19) 

(B.20) 

(B.21) 



The· second 

with respect to 

a2A,r I = aAqbaAqd 

where 

2 * a AE 1 / = aAqbaAqd 
2 * a AE2 / = aAqbaAqd 
2 * a AE 3 / = aAqbaAqd 
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1 if Auia corresponds to Aqb 

0 if Au. does not correspond to 
l. a 

derivatives of the potential energy function 

the degrees of freedom are found from 

w· aAE* cc* aAEa/ B/ aAq + aB aAqd b 

(B.23) 

a 1 ( aAuk/ ) 
aAqb a1X1 

a1 (aAuk/ ) 
aAqd a 1X1 

a1 ( aAuk/ ) 
aAqb a1x2 

a1 ( aAuk/ ) 
aAqd a1X2 

a1 ( aAuk/ ) 
aAqb a1X3 

a1 ( aAuk/ ) 
aAqd a 1X3 
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With these first and second derivatives of the 

potential energy function the exact gradient vector and 

Hessian matrix can be obtained. 
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