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Abstract The performance of branch-and-bound algorithms for deterministic global optimization is strongly
dependent on the ability to construct tight and rapidly convergent schemes of lower bounds. One metric of
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convergence order of reduced-space lower bounding schemes (and helping mitigate clustering in the process)
for problems which do not possess such a structure is demonstrated.
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1 Introduction

Global optimization has found widespread applications in various areas of engineering and the sciences [11].
Deterministic global optimization algorithms attempt to determine an approximate optimal solution within a
specified tolerance and terminate with a certificate of its optimality in finite time [13]. While efficient algo-
rithms are known for classes of convex optimization problems [4], no such algorithms are currently known for
most classes of nonconvex problems. Deterministic global optimization algorithms for nonconvex problems
usually involve the concept of partitioning the domain of (‘branching on’) the decision variables [13]. The
performance of branch-and-bound algorithms for deterministic global optimization is strongly dependent on
the ability to construct tight and rapidly convergent relaxations of nonconvex functions.

Since the worst-case running time of all known branch-and-bound algorithms is exponential in the di-
mension of the variables partitioned, it may be advantageous to utilize ‘reduced-space’ algorithms which only
require branching on a subset of the variables (as opposed to ‘full-space’ branch-and-bound algorithms which
may branch on all of the variables) to guarantee convergence. Despite the potential advantages of reduced-space
algorithms for nonconvex problems [3, 9, 10, 38], such methods have not been widely adopted in the litera-
ture and in commercial software. One potential reason is that most widely-applicable reduced-space branch-
and-bound algorithms often do not seem to exhibit favorable convergence rates compared to their full-space
counterparts [22]. The convergence properties of reduced-space branch-and-bound algorithms have not been
thoroughly investigated, although some progress has been made in this direction [8, 38]. The reader is directed
to the work of Epperly and Pistikopoulos [10] for a survey of reduced-space branch-and-bound algorithms.

One metric of the efficiency of a deterministic branch-and-bound algorithm is the order of convergence
of its bounding scheme, which, for the case of unconstrained optimization, compares the rate of convergence
of an estimated range of a function to its true range [23]. Recently, Bompadre and coworkers [5, 6] devel-
oped the notions of Hausdorff and pointwise convergence orders of bounding schemes and established sharp
rules for the propagation of convergence orders of bounding schemes constructed using McCormick [20], Tay-
lor [25], and McCormick-Taylor [28] models. In addition, they showed that if a function is twice continuously
differentiable, the scheme of relaxations corresponding to its envelopes is at least second-order pointwise con-
vergent which, in turn, implies Hausdorff convergence of at least second-order. Najman and Mitsos [24] used
the framework developed in [5, 6] to establish sharp rules for the propagation of convergence orders of multi-
variate McCormick relaxations [37]. Khan and coworkers [17] developed a continuously differentiable variant
of McCormick relaxations [20, 37], and established second-order pointwise convergence of schemes of the dif-
ferentiable McCormick relaxations for twice continuously differentiable functions. Also note the definition of
rate of convergence of bounding schemes for geometric branch-and-bound methods proposed by Schobel and
Scholz [30], and the proof of second-order Hausdorff convergence of centered forms in [18, 31]. Establishing
that a scheme of relaxations is at least second-order Hausdorff convergent is important from many viewpoints,
notably in mitigating the so-called cluster effect in unconstrained global optimization [7, 39]. Recently, the
authors of this work have analyzed the cluster problem for constrained global optimization and determined
that, under certain conditions, first-order convergence of the lower bounding scheme may be sufficient to avoid
the cluster problem at constrained minima [15]. However, an analysis of convergence order for constrained
problems is currently lacking.

In this work, we investigate the convergence orders of some full-space and reduced-space deterministic
branch-and-bound algorithms by extending the convergence analysis of Bompadre and coworkers to con-
strained problems. Specifically, we propose a definition of convergence order for lower bounding schemes,
analyze the convergence orders of commonly-used full-space lower bounding schemes, and analyze the conver-
gence orders of some widely-applicable reduced-space lower bounding schemes in the literature. Throughout
this work, we tacitly assume that a branch-and-bound algorithm utilizes efficient heuristics for finding feasible
points which determine a global optimal solution early on in the branch-and-bound tree.

This paper is organized as follows. Section 2 formulates the problem of interest, and provides some back-
ground definitions. Section 3 develops the notion of convergence order of a lower bounding scheme, and Sec-
tion 4 provides some results on the convergence orders of commonly-used full-space lower bounding schemes.
Section 5 lists some widely-applicable reduced-space lower bounding schemes in the literature, provides some
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results on their convergence orders, and highlights the importance of constraint propagation in reduced-space
branch-and-bound algorithms. Finally, Section 6 lists the conclusions and some avenues for future work.

2 Problem Formulation and Background

Consider the problem

Hxllyn f(x,y) (P)

s.t. g(X,y) S 07
h(x,y) =0,
xeX,yev,

where X C R™ and Y C R"” are nonempty convex sets, f: X xY — Rand g: X xY — R™ are partially convex
with respect to x, i.e., f(-,y) and g(+,y) are convex on X for eachy € Y, h: X x Y — R™E is affine with respect
to x, i.e., h(-,y) is affine on X for each y € Y, and 0 denotes a vector of zeros of appropriate dimension. The
following assumption will be made throughout this work.

Assumption 1 The sets X and Y are compact, and the functions f, g, and h are continuous on X x Y.

When the dimension ny, of the Y-space corresponding to the nonconvexities in the functions in Problem (P)
is significantly smaller than the dimension n, of the X-space, it may be computationally advantageous to
partition only the Y-space during the course of a branch-and-bound algorithm (assuming, of course, that the
reduced-space algorithm is guaranteed to converge). However, the convergence rate of a reduced-space branch-
and-bound algorithm may be different compared to a similar full-space algorithm, which makes it difficult to
judge a priori whether using a reduced-space branch-and-bound approach would be advantageous. Before we
analyze the convergence orders of some full-space and reduced-space lower bounding schemes in the literature,
we need to define formally the notion of convergence order for constrained problems. For this purpose, we
review some relevant definitions [5, 6].

Throughout this work, we use IZ to denote the set of nonempty, closed, and bounded interval subsets of
Z C R", Ry and R_ to respectively denote the sets of nonnegative and nonpositive reals, z; to denote the
jth component of a vector z, (21,22, ,2,) to denote a vector z € R” with components z1,22,--+,z, € R,
(v,w) to denote the column vector [vT WT}T corresponding to (column) vectors v and w, ||z|| to denote the

g
h

corresponding to vector-valued functions g : Z — R™ and h : Z — R", conv(S) to denote the convex hull of a
set S C R”, and int(S) to denote the interior of a set S C R”.

Euclidean norm of a vector z € R”, { } to denote a vector-valued function with domain Z and codomain R””

Definition 1 (Width of an Interval) Let Z = [z-,zV] x -+ x [z, z}] be an element of IR". The width of Z,
denoted by w(Z), is given by
w(Z):= max (zf —z-).

=1, n

Definition 2 (Distance Between Two Sets) Let Z,V C R". The distance between Z and V, denoted by d(Z,V),
is given by
d(zZ,V):=inf ||z—v|.
zeZ,

veV

Note that the above definition of distance does not define a metric; however, it will prove useful in defining
a measure of infeasibility for points in X x Y for Problem (P). The following result holds.
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Lemmal Letz,v € R", and let K C R" be a convex cone. Then
d({z},K) —d({v},K) <d({z—v},K).
Proof See [32]. O
Corollary 1 Let z,v € R"™ . Then
d({z},R" x {0}) —d({v},R” x {0}) <d({z—v},R" x {0}).
Proof This result is a direct consequence of Lemma 1. a

Lemma 2 All norms on R" are equivalent. Specifically, if ||Hp and H||q are two norms in R" for any p,q €
NU{+} with p # q, then there exist constants c1,c> € Ry such that ci||z]|, < ||z[|, < c2]lz[|,, Vz € R".

Furthermore, for (p,q) = (1,2), ¢ = 1 provides a valid upper bound and for (p,q) = (+%,2), ¢ = /n
provides a valid upper bound.

Proof For the first part of the lemma, see, for instance, [29, Theorem 4.2]. The second part of the lemma
follows from the inequalities

2 c 2 c 2 c c 2
l23=S2<32+3 S 2l =al;
=1 =1

=15
and
n
l2ll3 = 3\ <2 < n max 2= njz|)3
Z i=1,.n

for any z € R". g

Definition 3 (Lipschitz Continuous Function) Let Z C R". A function f : Z — R is said to be Lipschitz
continuous with Lipschitz constant M > 0 if | f(z;) — f(2z2)| < M||z1 — 22|, Vz1,22 € Z.

Remark 1 Locally Lipschitz continuous functions are Lipschitz continuous on compact subsets of their do-
mains. Therefore, the assumption that the functions f, g, and h in Problem (P) are Lipschitz continuous on
X x Y is not particularly strong when Assumption 1 is made.

Definition 4 (Hausdorff Metric) Let X = [x",xY] and Y = [y, yY] be two intervals in IR. The Hausdorff
metric between X and Y, denoted by dy (X,Y), is given by

dy(X,Y) = byl Y =Y = inlx — inbe— vl L
1 (X,Y) =max{[x" =y~ [x" —y"|} = max glgryrg;llx y\,l;lea;ggllx yl

Definition 5 (Inclusion Function) Let V C R” and suppose f: V — R is continuous. For any Z C V, let f(Z)
denote the image of Z under f. A mapping F : IV — IR™ is called an inclusion function for f on IV if, for every
Z eV, wehave f(Z) C F(Z).

Definition 6 (Range Order) Let V C R” be a bounded set. Let f: V — R be continuous, and let F' be an
inclusion function for f on IV. The inclusion function F is said to have range of order o > 0 at a point v e V
if there exists T > 0 such that for every Z € [V withv € Z,

w(F(2)) < w(Z)°.

The function f itself is said to have a range of order o > 0 at v € V if its image f has range of order o at v.
The functions F and f are said to have ranges of order & > 0 on V if they have ranges of order (at least) o at
each v € V, with the constant T independent of v.
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The reader is directed to Remark 3 for a discussion on the assumption that the set V in the above definition
be bounded. Since the convergence order analysis in this work is asymptotic in nature (see Remark 4 and
Lemma 5), we will need the following asymptotic notations.

Definition 7 (Big O and Little o Notations) LetZC R, f: Z — R,and g : Z — R. We say that f(z) = O(g(z))
as z — z € Z if and only if there exist §,M > 0 such that

lf ()| <Mlg(z)|, VzeZwith|z—2z] <.
Similarly, we say that f(z) = 0(g(z)) as z — Z € Z if and only if for all M’ > 0 there exists 8’ > 0 such that
|f(2)| <M'|g(z)], VzeZwith|z—z] <d.
Note that unless otherwise specified, we consider Z = 0 in this work.
The following lemma is from Proposition 11.7 in [14].

Lemma 3 Let Z C R" be nonempty, and f :Z — R and g : Z — R be bounded on Z. Then

sup f(z) —supg(z)
€2

< sup|f(z) —g(2)],
€2 €2

<sup|f(z) —g(2)|-

€2

inf /2~ inf (2

Definition 8 (Convex and Concave Relaxations) Given a convex set Z C R” and a function f:Z — R, a
convex function f3":Z — R is called a convex relaxation of f on Z if f3"(z) < f(z), Vz € Z. Similarly, a
concave function f3° : Z — R is called a concave relaxation of f on Z if f5°(z) > f(z),Vz € Z.

Definition 9 (Convex and Concave Envelopes) Given a convex set Z C R" and a function f: Z — R, a convex
function f3"°™ : Z — R is called the convex envelope of f on Z if f;"*™ is a convex relaxation of f on Z and
for every convex relaxation f5':Z — R, we have f; ™ (z) > f5¥(z), Vz € Z. Similarly, a concave function
77" 1 Z — R is called the concave envelope of f on Z if f7°“" is a concave relaxation of f on Z and for

cc.env

every concave relaxation f3¢: Z — R, we have f;,""(z) < f5¢(z),Vz € Z.

The following result establishes sufficient conditions for lower semicontinuity of the convex envelope. Note
that a weaker version of this result is presented in [26, Corollary 17.2.1], and stronger versions of this result are
stated without proof in [9, Page 349] (where the assumption that the function f is bounded above is relaxed)
and in [34, Page 253] (where the assumptions that the function f is bounded above and the set W is bounded
are relaxed).

Lemma4 Let W C R™ be a nonempty compact convex set and f: W — R be a lower semicontinuous function
on W bounded above by M. Let fy,;"*™ denote the convex envelope of f on W . Then fy,;™ is lower semicontin-
uous on W.

Proof The function f is lower semicontinuous on the compact set W iff its epigraph {(x,r) : x € W,r > f(x)}
is closed. Consequently, the set S := {(x,7) : x € W,r > f(x),r < M} is compact. Theorem 17.2 in [26] implies
that conv(S) is a compact convex set. Therefore, the set conv(S) U{(x,r) : x € W,r > f(x)} is closed, which
implies that {(x,r) : x € W,r > f"™(x) } is closed, which in turn implies that f;;*"" is lower semicontinuous
onW. O

Remark 2 Although convex and concave relaxations of classes of functions can be constructed on general con-
vex sets, the typical application requires construction of relaxations on bounded intervals. Therefore, we will
implicitly assume that the sets X and Y are intervals and that relaxations are constructed on intervals in sub-
sequent sections. The assumption that X and Y are intervals is not restrictive since general convex constraints
defining X and Y that are available in factorable form can be equivalently reformulated to appear as part of the
constraints g and h. The proposed definitions of convergence order in the next section will be based on schemes
of relaxations constructed on intervals. Note that similar notions of convergence order can be developed for
schemes of relaxations constructed, for instance, on simplices.
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3 Definitions of Convergence Order

This section reviews the definitions of convergence orders of schemes of relaxations [5, 6] and defines the
convergence order of a (reduced-space) lower bounding scheme. It is also shown that the convergence order of
a convergent scheme of relaxations at a point is governed by the tiny intervals around that point. We begin with
the following definition, adapted from [5, Definition 6], that defines schemes of relaxations in a reduced-space.

Definition 10 (Schemes of Convex and Concave Relaxations) Let V C R™ and W C R™ be nonempty
convex sets, and let f : V x W — RR. Suppose, for every Z € IW, we can construct functions fi%,:V xZ — R
and fy,, : V X Z — R that are convex and concave relaxations, respectively, of f on V x Z. The sets of functions
(fiYz)zetw and (fyS.;)zemw define schemes of convex and concave relaxations of f in W, respectively, and
the set of pairs of functions (f5%,, fS7)zew defines a scheme of relaxations of f in W. The schemes of
relaxations are said to be continuous when fi7",, and fi5,, are continuous on V x Z for each Z € IW.

Bompadre and coworkers [5, 6] define Hausdorff convergence of inclusion functions. Note that an inclusion
function can be associated with schemes of relaxations in a natural way (see [5, Definition 7]).

Definition 11 (Hausdorff Convergence Order of an Inclusion Function) Let V € TR™ and W C R™ be
nonempty sets, 2 : V x W — R be a continuous function, and H be an inclusion function of 2 on I(V x W).

The inclusion function H is said to have Hausdorff convergence of order § > 0 at a point w € W if for each
bounded Q C W with w € Q, there exists T > 0 such that

du(h(V x 2),H(V x Z)) <tw(Z)f, VZcIQ withw € Z.

Moreover, H is said to have Hausdorff convergence of order § > 0 on W if it has Hausdorff convergence of
order (at least) f at each w € W, with the constant T independent of w.

In the context of (constrained) global optimization, the following definition of convergence of schemes of
convex and concave relaxations is more pertinent.

Definition 12 (Convergence Order of Schemes of Convex and Concave Relaxations) Let V C R™, W C
R™ be nonempty convex sets, and f: V x W — R be a continuous function. Let (5% ,)zctw and (f5S.,)zew
respectively denote schemes of convex and concave relaxations of f in W.

The scheme of convex relaxations (fyY,,)zemw is said to have convergence of order 8 > 0 at w € W if for
each bounded Q C W with w € Q, there exists T > 0 such that

. . B .
<V.’z§1€1‘fszf(v,z) — (vJ;gXZf&VXz(v,z) <tw(Z)f, VZelQwithweZ.

Similarly, the scheme of concave relaxations (S, ,)zciw is said to have convergence of order § >0 atw € W
if for each bounded Q C W with w € Q, there exists T > 0 such that

sup  fysz(v,z)— sup  f(v,z) < ‘L’CCW(Z)ﬁ, VZ € 1Q withw € Z.
(v,iz)eVxZ (v,iz)eVxZ

The scheme of relaxations (fi5%.,, i) zemw is said to have (Hausdorff) convergence of order § >0 atw € W
if the corresponding schemes of convex and concave relaxations have convergence of orders (at least) 3 at
w. The schemes (fyY,;)zeiw and (fiyS.,)zemw are said to have convergence of order § > 0 on W if they have
convergence of order (at least) 3 at each w € W, with constants T¢" and 7 independent of w.

Definition 13 (Pointwise Convergence Order of Schemes of Convex and Concave Relaxations) Let V C
R™, W C R™ be nonempty convex sets, and f : V x W — R be a continuous function. Let (3", ,)zew and
(f5z)zew respectively denote schemes of convex and concave relaxations of f in W. The scheme of convex
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relaxations (fyY,,)zerw is said to have pointwise convergence of order y > 0 at w € W if for each bounded
QO C W with w € Q, there exists T > 0 such that

sup  |f(v,z) — fitz(v,2)| <t (Z)7, VZelQwithwe Z.
(v,iz)eVxZ

Similarly, the scheme of concave relaxations (fyS,;)zciw is said to have pointwise convergence of order y >0
at w € W if for each bounded Q C W with w € Q, there exists T > 0 such that

sup |5z (v,z) — f(v,2)| < t°w(Z)7, VZelQ withw e Z.
(v,iz)eVxZ

The scheme of relaxations ( £\, fySz)zemw is said to have pointwise convergence of order y > 0 at w € W if
the corresponding schemes of convex and concave relaxations have pointwise convergence of orders (at least)
y at w. Furthermore, the schemes of relaxations are said to have pointwise convergence of order y > 0 on W if
they have pointwise convergence of order at least y at each w € W, with constants T¢ and 7°¢ independent of
w.

Note that we simply say that a scheme of relaxations, (fy% . 7% )zciw, of a function f: V x W — R in
W has (pointwise) convergence order of y > 0 if it has (pointwise) convergence of order y on W.

Remark 3 Definitions 11, 12, and 13 are based on a modification (see [16, Definition 9.2.35]) of the definitions
of convergence order proposed in [5, 6], which incorporates the set Q. Note that the use of the set Q is necessary
when the schemes of relaxations are constructed on unbounded sets, but may be omitted (set to W) when the
schemes of relaxations are constructed over bounded sets (which is the typical application). Henceforth, the
use of O shall be omitted for brevity since we are only interested in compact sets V and W (see Assumption 1).

Remark 4 The pointwise convergence order of a convergent scheme of convex and concave relaxations on
W is governed by the strength of the relaxations over small intervals in W. This observation is made pre-
cise in Lemma 5. Also note that the pointwise convergence order of schemes of either convex, or concave
relaxations (as per Definition 13) can be arbitrarily high for nonlinear functions in contrast to the pointwise
convergence order of schemes of convex and concave relaxations (see Theorem 2 in [5]). For instance, consider
the function f: [0,1] x [0,1] =: V x W — R with f(v,w) = v?> — \/w and a corresponding scheme of convex re-
laxations (f5".,)zemw defined by £5Y,,(v,z) = v* — /w on [wk,wY] C [0, 1]. The scheme of convex relaxations

(f5%.7)zew has arbitrarily high pointwise convergence order on W.

Remark 5 Unlike the pointwise convergence order of a scheme of relaxations, the convergence order of a
scheme of convex and concave relaxations can be arbitrarily high for any function. For instance, consider the
scheme of constant relaxations of the function f: [0,1] x [0,1] =: V x W — R with f(v,w) =w — /v defined by
5, (nz) =wt—1, £ ,(v,z) =wV on [wk,wY] C [0, 1]. The scheme of constant relaxations (5. ,, £, /) ze1w

has arbitrarily high convergence order on W, but is not pointwise convergent of any order on W.

Lemma5 Let V C R™,W C R™ be nonempty compact convex sets and f:V xW — R. Let (f3%,)zcw
denote a scheme of convex relaxations of f in W with pointwise convergence order y¢ > 0 and corresponding
prefactor T > 0 (on W). If there exist constants y > y<¥, T > 0, and & > 0 such that for every Z € IW with
w(Z) <9,
sup  |f(v.z) = iz (v,2)| < Tw(Z)",
(v,z)eVxZ

then (fy\ ;) zetw converges pointwise with order y to f on W .

Proof Since (fy\.;)zemw converges pointwise with order y°¥ to f on W which is compact, there exists M > 0
such that

sup  |f(v,z) — filz(v,2)] < ‘ECVW(Z)YCv <M, VZecIw.
(v,z)eVxZ
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The desired result then follows from the fact that for every Z € IW,

swp 7(v0) = v < (v 41 ) wid)

(v,iz)eVxZ

O

Results similar to Lemma 5 are applicable to other notions of convergence order presented in this work.
Note that if the constant 6 in Lemma 5 is relatively small, then the bound on the prefactor obtained can be
relatively large making the result weak on intervals with w(Z) > 6.

The next result shows that for schemes of relaxations, the notion of pointwise convergence is stronger than
the notion of convergence in Definition 12 (also see [5, Theorem 1]).

Lemma 6 Let V C R™, W C R™ be nonempty compact convex sets, and (1. ;) zetw and (S, ) zetw respec-
tively denote schemes of convex and concave relaxations of a bounded function f:V xW — R in W. If either
scheme has pointwise convergence of order y > 0, it has convergence of order 3 > .

Proof By noting from Definition 13 that

sup  |f(v,z) = filz(v,2)| S TVw(W)T, VZ eIW,
(v,iz)eVxZ

sup |z (v,z) — f(v,z)| < TW(W)Y, VZ elW,
(v,z)eVxZ

the result follows from Lemma 3 via

inf f(v,z)— inf _filz(v,z) < sup  [f(v,2) = fylz(Vi2)|, VZeIW,

(v,z)eVxZ (v,z)eVxZ (vz)EVXZ

and

sup  fiSz(v.z)— sup f(v,z) < sup |fySz(v.2) = f(v,2)], VZeIW.
(v,iz)eVxZ (viz)eVxZ (viz)eVxZ

O

The following lemma establishes mild sufficient conditions under which the scheme of envelopes of a
function is first-order pointwise convergent.

Lemma 7 Let W C R™ be a nonempty compact convex set and f : W — R be Lipschitz continuous on W . Let
(f75, 175°™) zetw denote the scheme of envelopes of f in W . Then the scheme (5", {7°"™) ze1w is at least

first-order pointwise convergent on W .

Proof We wish to show that there exists T > 0 such that for every Z € IW,

sup|f(z) — f7"" (2)] < Tw(Z),
zeZ

sup|f(z) — 77" (2)] < Tw(Z).
zcZ

Consider the scheme of relaxations (f5", fv°)zemw defined by

f7'(2) = min f(w), f7(z) = max f(w), VZeIW.

w
From the fact that f7¥ and f7° are convex and concave relaxations of f in Z and the assumption that f is
Lipschitz continuous, we have that (5", f5¢) zemw is at least first-order pointwise convergent on W. The desired

cvenv  pcc.env

result then follows from the definition of (7", 7 ) zemw - O
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The definitions provided thus far facilitate a theoretical analysis of the (reduced-space) convergence order
of a scheme of relaxations to a corresponding scalar function, or, in the context of global optimization, provide
a way to analyze theoretically the (reduced-space) convergence order of a (lower) bounding scheme for an
unconstrained problem. The subsequent definitions seek to extend naturally the analysis of convergence order
to constrained problems.

Definition 14 (Convergence Order of a Lower Bounding Scheme) Consider Problem (P) (satisfying As-
sumption 1). For any Z € IV, let .# (Z) = {(x,y) € X X Z : g(x,y) <0,h(x,y) = 0} denote the feasible set of
Problem (P) with y restricted to Z.

Consider a scheme of lower bounding problems (.Z(Z)) zc1y for Problem (P). We associate with the scheme
(ZL(Z))zery a scheme of pairs (0(Z), 9c(Z))zery, where (O(Z))zery is a scheme of lower bounds on the

scheme of problems min _ f(x,y) and (Fc(Z))zery is a scheme of subsets of R+ that indicate
(xy)eZ(2) zely
the feasibility of the lower bounding scheme (.Z(Z))zcry. The schemes (O(Z))zcry and (Sc(Z))zery (are

required to) satisfy

0(Z)< min f(x,z), VZely,

T (x2)€Z(2)

d(Ic(2),R™ x {0}) < d ( L"ﬂ (X x Z),R™ x {0}) , VZely,

O(Z)=+o = d(I(Z),R™ x{0}) >0, VZely,

{ﬂ (X x Z) denotes the image of X x Z under the vector-valued function [g

where h
bounding problems (.Z(Z))zery is said to have convergence of order § > 0 at

} . The scheme of lower

1. afeasible point y € Y if there exists T > 0 such that for every Z € IV withy € Z,

min x,z) —O(Z gerﬁ.
min f(2) —0(2) <Tw(Z)

2. an infeasible point y € Y if there exists T > 0 such that for every Z € IV withy € Z,

d (E(X x Z),R™ x {0}> —d(Jc(2).R" x {0}) < tw(2)’.

The scheme of lower bounding problems is said to have convergence of order > 0 on Y if it has convergence
of order (at least) 3 at each y € Y, with constants T and 7 independent of y.

Remark 6 Definition 14 is motivated by the requirements of a lower bounding scheme to fathom feasible and
infeasible regions in a branch-and-bound procedure [13]. The first condition requires that the sequence of lower
bounds converges rapidly to the corresponding sequence of minimum objective values on nested sequences of
intervals converging to a feasible point of Problem (P). On nested sequences of intervals converging to an infea-
sible point of Problem (P), the second condition requires that the sequence of lower bounding problems rapidly
detect the (eventual) infeasibility of the corresponding sequences of intervals for Problem (P). In simple terms,
the first condition can be used to require that feasible points with ‘good objective values’ are fathomed rather
easily, while the second condition can be used to require that infeasible points that are ‘close to the feasible
region’, as determined by the distance function d, are fathomed with relatively less effort [15]. Note that Def-
inition 14 reduces to the definition of convergence order for unconstrained minimization in [39, Definition 1]
when n,, m;, and mg are all set to zero.
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Definition 14 can be readily applied to analyze the convergence order of a convex relaxation-based lower
bounding scheme as follows.

Suppose, for each Z € 1Y, we associate a convex set X (Z) such that X D X(Z) D Fx(Z), where Fx(Z) :=
{xeX:3JyeZst g(x,y) <0,h(x,y) =0} denotes the projection of .%(Z) on X. The set X(Z) could, for
instance, correspond to an interval subset of X that is obtained using bounds tightening techniques [2] when
y is restricted to Z (the motivation for considering the set X(Z) in the definition of convergence order below
will become clear in Section 5). Note that the restriction X (Z) D #x(Z) can be relaxed when optimality-
based bounds tightening techniques are employed. Also note that unless otherwise specified, we simply use
X(Z)=X,VZely.

By an abuse of Definition 10, let ( f;‘(’Z)X 2)zery and (gg(v(z)xz)ZGHY denote continuous schemes of con-

cv

vex relaxations of f and g, respectively, in Y, and let (hx(z)xzvhgfc(z)x ~)zely denote a continuous scheme of
relaxations of hin Y. For any Z € 1Y, let

FNZ)= {(X,Y) €EX(Z)xZ: g§(v<z)xz(X,Y) < Oahg(v(z)xz(XJ’) < Ovh;fc(z)xz(XJ’) > 0}

denote the feasible set of the scheme of convex relaxations. The lower bounding scheme (.Z(Z))zcry with

(ﬁ(z))ZGHY = ( min (Z>f§\(IZ)xZ(X»Z)> )

(x,z)eF Y Zely
(SFc(2)) zery = ({(V,W) ER™ XR™ :v=gy(7.,(x2). by, ,(x,2) <W<h{,, ,(x2)

for some (x,z) € X(Z) x Z})ZGHY (1)

is said to have convergence of order § > 0 at

1. afeasible pointy € Y if there exists T > 0 such that for every Z € IY withy € Z,

. T p
xiBoy T D T (PR, ) T2 6) S THE)

2. an infeasible point y € Y if there exists T > 0 such that for every Z € IV withy € Z,
d ([ﬂ (X(Z)x Z),R™ x {0}) —d(Ic(Z),R™ x {0}) < 7w(Z)F,

where .#¢(Z) is defined by Equation (1).

Definition 14 can also be used to analyze the convergence orders of alternative lower bounding schemes
such as those based on Lagrangian duality (see Section 4.2).

4 Full-Space Branch-and-Bound Algorithms

In this section, we present some results on the convergence order of lower bounding schemes for Problem (P)
when both the X and Y sets may be partitioned during the course of the branch-and-bound algorithm (we
consider schemes of relaxations in X x Y instead of schemes of relaxations in Y as was considered in Section 3).
This section is divided into two parts. First, we look at the convergence order of lower bounding schemes
which utilize convex and concave relaxations (see, for instance, [1, 17, 20, 36, 37] for techniques to construct
relaxations) of the objective and the constraints for the lower bounding scheme. Next, the convergence order
of duality-based lower bounding schemes (see, for instance, [9]) is investigated.
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4.1 Convex relaxation-based branch-and-bound

This section derives bounds on the convergence order of convex relaxation-based lower bounding schemes
by making assumptions on the convergence orders of the schemes of relaxations used by the lower bounding
schemes. The reader is directed to [5], [6], [24], and [17] for details on how to construct schemes of (convex)
relaxations that have the requisite convergence orders.

The following result establishes a lower bound on the convergence order of the lower bounding scheme at
infeasible points based on the convergence orders of schemes of convex relaxations of the inequality constraints
and schemes of relaxations of the equality constraints. Note that this is the primary result that is used to derive
a lower bound on the convergence order of such relaxation-based lower bounding schemes at infeasible points.

Lemma 8 Let (gjj’Z)ZGMXxy), j=1,---,my, denote continuous schemes of convex relaxations of g1, ,gm,,
respectively, in X X Y with pointwise convergence orders )/;Vl >0, ,Yem > 0 and corresponding constants
‘Egc"’l s Ty and (hi,vz,hi?z)m(my k=1,--- ,mg, denote continuous schemes of relaxations of hy,--- , by,
respectively, in X X Y with pointwise convergence orders Y1 >0, ,Ypm, > 0 and corresponding constants
Th1s s Thomy - Then, there exists T > 0 such that for every Z € (X X Y)

d (E(Z),R’"’ x {0}> —d (Ic(2),R™ x {0}) < Tw(2)’,

where I¢(Z) is defined as
Te(Z) = {(v,W) € R™ xR ;v = g (x,), b/ (x,) < w < h&(x,) for some (x,y) € Z}.,

and B is defined as

= min min Y%,  min .
P {je{l,---,m,}yg” ke{l,---,mf}yh’k}

Proof Suppose Z € [(X xY). Then foreach j€ {l,--- ,mi},k€ {1, -+ ,mg}, we have from Definition 13 that

max |gi(x,y) — 5% (x,y)| < 1%w(Z)"e7,
(X,y)ez‘gj( y) gj,Z( y)‘— g,] ( )

max |hk (Xa y) - hin(Xa y)| < Th,kW(Z)Yh‘ka
(xy)e€z ’

max |hk (X7 y) - hiCZ (X7 y)| < Thka(Z) Yh‘kv
(xy)e€z ’ '

since (85%)zer(xxy) and (A%, hi%)ze1(x xy) converge pointwise to g; and ., respectively, on X x Y with
orders y,"; and yx. Let (x7',y7) € Z and (v3',w3’) € Sc(Z) such that v = g7 (x7',y7'), h7' (x7,y7) <
wy <hE(xy,yy), and d({(v§', wy)}, R™ x {0}) = d (Ic(Z),R™ x {0}). The existence of (x§',y$") and
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(v, wY') follows from the continuity of g5, hS’, and hy’ and the compactness of Z. We have

d( ;ﬂ (2),R™ x {0}) —d (Ie(2),R™ % {0})

<a({ e oo b r o)) —a(t0g w22 (o)

<a({ g g -0zmn b mm )

< 180 ¥5) —v5' + (¥ v |

< e ¥5") — 85 (v -+ max ((x57,35) — (v . I x5, 5) — B 5 )

< max ||g<x,y>—g?<x,y>u+max{ max.[h(xy) ~hS'(x,y)]l, max [h(x,y) ~hS(x. y>||}
yA (x,y)ez (x,y)eZ

(xy)e .
my mg mg

< ) max |gj(x,y) — g5z (X,y)|+max kE max |hk(X7Y)—hi,vz(X»Y)\akE max [h(x,y) — k7 (x,y)|
£ xy)ez “ (xy)ez ) (xy)ez

my o mg
< E Tg?’jw(Z)yg-,.i +kz T w(Z) 1k
= =
mg
(E rcvw X XY) TP 4 E T w(X < Y)Yh,kﬁ) w(Z)ﬁ,
k=1

where Corollary 1 is used to derive Step 2, Step 3 follows from the triangle inequality, and Lemma 2 is used to
derive Step 6. The desired result follows by choosing T as

mg
T= (E -L-CVW XXY Yg/ +Erh,kW(X><Y)yh’kﬁ) .
k=1

O

Note that the conclusions of Lemma 8 hold even when the schemes of convex relaxations ( gj"z) ZEI(X xY) >

Vj€e{l,---,m}, and (h{%)zci(x xy), Yk € {1,--- ,mp}, are merely lower semicontinuous, and the schemes of
concave relaxations (hicz) zel(xxy)> Yk € {1, ,mg}, are merely upper semicontinuous.

Remark 7 The analysis in Lemma 8 can be refined under the following assumptions. Let (gj':/z)ZeH(XxY)’

Jj=1,---, my, denote schemes of convex relaxations of gy, -, gm,, respectively, in X x Y with convergence
orders /3cv >0, ,Bgm, >0 and corresponding constants r ,rgml, and let (hi"z,hk Z)ZGH(XXy> k=
1,---,mg, denote schemes of relaxations of &y, --- , iy, , respectlvely, in X x Y with convergence orders f3, | >
0, Sl ﬁh,mE > 0 and corresponding constants Ty, , Tp,m, . Suppose for each interval Z € I(X x Y), there

exists (xz,yz) € Z such that

4 ({(xy2)} B x 0}) = d ([;‘ﬂ ()R {0}> ,

(XZaYZ)Gargmingj(XaY)» vj€{17"'7m1}7
(xy)€Z

either (xz,yz) € argmin h(X,y), or (Xz,yz) € argmax i (x,y), Vke{l,--- ,mg}.
(xy)ez (xy)ez

Then, there exists T > 0 such that for every Z € [(X x Y)

d ({ﬂ (Z),R™ x {0}) —d(ﬂc(z)’erl % {0}) < ‘Ew(Z)ﬁ,
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where f is defined as

. . v .
P :=min min  f,%, min  PBug e
{16{17"'71711} 87 ke(lmg)

Note that the above assumptions are trivially satisfied when Problem (P) only has one constraint (cf. Exam-
ple 1).

The following example demonstrates the importance of a sufficiently high convergence order at nearly-
feasible points (also see [15, Example 4]).

Example 1 Let X =[0,0],Y =[—1,1],m; = 1, and mg = 0 with f(x,y) =y and g(x,y) = —y. For any [0,0] x
WV =Zel(X xY),let £5(x,y) =y, & (x,y) = —yV — (Y —y-)* for some constant o > 0. Note that
(=N zeI(x xv) has arbitrarily high pointwise convergence order and arbitrarily high convergence order on X XY,
whereas (3")zc1(x xy) has min{a, 1}-order pointwise convergence and c-order convergence on X x Y.

Pick 8 € (0,1) and let € € (0,8). Let y“ = =8 — ¢, yY = —8 + €. The width of Z is w(Z) = 2¢. We have
2(Z) =[6 —&,6 + €], which yields d(g(Z),R™) = 8 — ¢ (this confirms that g is infeasible at each (x,y) € Z).
Furthermore, g5 (Z) = [6 — ¢ — (2¢)%,6 — & — (2¢)*], which yields d(g5' (Z), R™) = max{0,6 — & — (2¢)*}.
Therefore, for ¢ sufficiently small, the lower bounding problem detects the infeasibility of Z and we have
d(g(Z),R™) —d (g% (Z),R™) = (2¢)*, which implies that convergence of the lower bounding scheme at the
infeasible point (0, —9) is at most of order a.

For o = 1, the maximum value of ¢ for which the interval Z can be fathomed by infeasibility by the lower

bounding scheme is € = %, whereas for oo = 0.5, the maximum value of & for which the interval Z can be

2
fathomed by infeasibility by the lower bounding scheme is & = (% V1426 ) , which is 0(82) for & < 1.

Therefore, a lower bounding scheme with a low convergence order at infeasible points may result in a
large number of partitions on nearly-feasible points before they are fathomed, thereby resulting in the cluster
problem.

The next result shows that under mild assumptions on the objective, the constraints, and the schemes of
relaxations, first-order convergence to a global minimum is guaranteed.

Theorem 1 Consider Problem (P). Suppose f, g;, j=1,---,my, and hi, k =1,--- ,mg, are Lipschitz contin-
uous on X X Y with Lipschitz constants My, Mg 1, -+ , Mgy, My 1, -+ , My, , respectively. Let (fg")ZGH(XXy),
(gj-YZ)ZGH(XXy), Jj=1,---,my, denote continuous schemes of convex relaxations of f, g1, ,&m, respectively,
in X XY with pointwise convergence orders }/}" >1, )/;"1 > 1, Ygm, = 1 and corresponding constants 1:}",
T;,"l’ T, - Let (hijlzvhzfz)ZGH(XxY)’ k=1,--- ,mg, denote continuous schemes of relaxations of hy,--- , by,
respectively, in X X Y with pointwise convergence orders Y1 > 1, ,Ypm, > 1 and corresponding constants
Th1y s Thmy - The scheme of lower bounding problems (£ (Z)) zci(x xy) with

oz = min V(x, > ,
e . W) B

(Je(Z))zerxxyy = ({ (v, W) ER™ xR™ v =gf'(x,y).hg'(x,y) < w < hF(x.y)
for some (x,y) € Z})ZGH(XX},>

is at least first-order convergent on X x Y .

Proof Lemma 8 establishes first-order convergence at infeasible points (x,y) € X x ¥ with the prefactor T
independent of (x,y); therefore, it suffices to prove first-order convergence at feasible points (x,y) € X X ¥
with a prefactor independent of (x,y).

In order to do so, suppose . (X x Y) # 0 and consider Z € [(X x Y) such that ZN.Z (X x Y) # 0. Let

FNZ)={(xy) € Z:g7 (x,y) <0,h7 (x,y) <0,h7 (x,y) > 0}
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denote the feasible set of the convex relaxation-based lower bounding scheme. Then

min X,y) — min V(x,

ol ) S0Y) = omin, 2 Y)

= min X,y)— min X, + min X,y) — min (X,
((x,y>ef<2>f 3 i) Y)) (<x,y>efCV<Z>f( )7 gy 72 y))

< min X,y) — min X, +  max x,y) — 5 (x,y)], 2)
((&y)efﬂz)ﬂ y) <X-,Y)€9°V<Z)f( y)) (xy)e7(2) Foy) = 72 Cy)l

where the above inequality follows from Lemma 3. The second term in Equation (2) can be bounded from
above as
max__|f(x,y) — f5'(x.y)| < TEW(2)7,
e 00y) = 5 )l < 7 wi)
since (f5") Zel(x xy) converges pointwise to f on X X ¥ with order y}v >1.

Let (x},y5) € argmin f(x,y) and (x5',y5') € argmin f(x,y). The first term in Equation (2) can be
(xy)e#(2) (xy)eZ(Z)
bounded from above as

min X,y) — min X, = f(x5,v5) — f(x5),y5
(min, F0x0) = min ) ) = )~ F055)
<Myy/ne+nyw(Z),

where the last step follows from the Lipschitz continuity of f on X X Y and Lemma 2.
Plugging in the above bounds in Equation (2), we get

i ) - i 7 ) <(M x+ ,+ v XXYV}V71 Z7
i FOy) = ominfS(x ¥) < (M /mcte, + 2 wX < V)7 ) w(2)

which establishes first-order convergence of (-£(Z)) ze1(x xy) at feasible points (x,y) € X x ¥ with the prefactor
independent of (x,y). O

The following examples show that the convergence order of the lower bounding scheme may be as low as
one under the assumptions of Theorem 1.

Example 2 Let X = [—1,1],Y = [—1,1], m; = 1, and mg = 0 with f(x,y) = 2x+2y and g(x,y) = —x —y.
For any [xL,aV] x ylyV] =1 Z € I(X x ), let £5¥(x,y) = 2x+ 2y and g'(x,y) = —xV —yY. The scheme
(f2")zer(x xy) has arbitrarily high pointwise convergence order on X x Y and the scheme (g5')zcr(x«y) has
first-order pointwise convergence on X x Y. Note that (87")zer(x «y) has arbitrarily high convergence order on
X xY.

Let x" =yt = —¢,xY =yV = ¢ with 0 < ¢ < 1. The width of Z is w(Z) = 2¢. The optimal objective value
of Problem (P) on Z is 0, while the optimal objective of the lower bounding problem on Z is —4¢. Convergence
at the point (0,0) is, therefore, at most first-order.

Example 3 LetX =[—1,1],Y =[—1,1],m; = 1,and mg = 0 with f(x,y) =2x+2y and g(x,y) = —x—y.For any
e aV] x [yl yV] =1 Z € I(X x Y), let £5¥ (x,y) = 20" +2y" and g5 (x,y) = —x —y. The scheme (f5")zer(x xy)
has first-order pointwise convergence on X x Y and the scheme (7')zci(x«y) has arbitrarily high pointwise
convergence order on X x Y. Note that (f3") zeI(x xy) has arbitrarily high convergence order on X x Y.

Letxl =yt = —¢,xY =yV = ¢ with 0 < ¢ < 1. The width of Z is w(Z) = 2¢. The optimal objective value
of Problem (P) on Z is 0, while the optimal objective of the lower bounding problem on Z is —4¢. Convergence
at the point (0,0) is, therefore, at most first-order.
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Example 4 LetX =[0,0],Y = [—1,1],m; = 1,and mg = 0 with f(x,y) =y and g(x,y) = min{—0.5y, —y}. For
any [0,0] x V] = Z € I(X x ¥) with y* <0 <V, let

U—0.5y%  0.5yyY
f e =y g ey) =gy
Note that g7 corresponds to the convex envelope of g on Z. The scheme (f7")zcr(x«y) has arbitrarily high
pointwise convergence order on X x Y and the scheme (g%") zel(x xy) has first-order pointwise convergence on
X x Y. Note that (g3) zeI(x xy) has arbitrarily high convergence order on X x Y.

Let yv = —¢,yV = £ with 0 < & < 1. The width of Z is w(Z) = 2¢. The optimal objective value of Prob-
lem (P) on Z is 0, while the optimal objective of the lower bounding problem on Z is —%. Convergence at the
point (0,0) is, therefore, at most first-order.

Example 5 Let X =[0,0],Y =[—1,1],m; =0,and mg = 1 with f(x,y) =y and h(x,y) = min{—0.5y, —y}. For
any [0,0] x yb,yY] =1 Z € [(X x ¥) with y& <0 < yY, let

U L LU
y- —0.5y 0.5y~ cc .
, K7 (x,y) =min{—0.5y, —y}.
yU _yL yU —yL Z ( ) { }

7 (xy)=y, h7(x,y)=—

Note that /%’ and A$ correspond to the convex and concave envelopes of & on Z, respectively. The scheme
(f2")ze1(x xy) has arbitrarily high pointwise convergence order on X x Y and the scheme (h3',h5) zc1(x «y) has
first-order pointwise convergence on X x Y. Note that (h7',h7’) zc1(x «y) has arbitrarily high convergence order
onX xY.

Let yv = —¢,yV = £ with 0 < & < 1. The width of Z is w(Z) = 2¢. The optimal objective value of Prob-
lem (P) on Z is 0, while the optimal objective of the lower bounding problem on Z is —%. Convergence at the
point (0,0) is, therefore, at most first-order.

Despite the fact that the schemes of relaxations used in Examples 4 and 5 correspond to the envelopes
of the functions involved (unlike those used in Examples 2 and 3), we only have first-order convergence at
the global minimizer (0,0). However, the reader can verify that first-order convergent lower bounding schemes
may be sufficient to mitigate the cluster problem in Examples 4 and 5, whereas at least second-order convergent
lower bounding schemes are required to mitigate the cluster problem in Examples 2 and 3 [15]. Furthermore,
Examples 2 to 5 illustrate that high convergence orders of schemes of relaxations of the objective and con-
straints do not guarantee a high convergence order of the lower bounding scheme (cf. Remark 7) at constrained
minima (which may be required to mitigate clustering). This is because a high convergence order of a scheme
of relaxations of the objective function may only place a restriction on the gap between the minimum value of
the relaxation and the minimum value of the objective function without taking the feasible region into account;
this restriction may not be sufficient in a constrained setting because the gap between the minimum value of the
relaxed problem and the minimum value of the original problem may be relatively large when their respective
feasible regions are taken into consideration (see Example 3 for an extreme case). Similarly, a high convergence
order of a scheme of relaxations of the constraints may not exclude infeasible regions of the search space in
which the objective function value is less than the optimal (constrained) objective value (Example 2 provides
an extreme case), potentially leading to relatively large underestimation gaps.

The following result proves second-order convergence at certain points in X x Y.

Theorem 2 Consider Problem (P). Suppose f is Lipschitz continuous on X X Y with Lipschitz constant M.
Let (f5") zel(x xy) denote a continuous scheme of convex relaxations of f with pointwise convergence order
)/;V > 2 and corresponding constant 17]?".

Suppose there exists a feasible point (x',y') € .F (X x Y), continuous schemes of convex relaxations
(gj-?’Z)ZGH(XXy), j=1,---,my, of g1,--,8m, respectively, in X XY, continuous schemes of relaxations
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(h7 i) zenx xy), k=1, ;mg, of hi, -+ , by, respectively, in X X Y, and a constant 6 > 0 such that for
each Z € I(X x Y) with (x',y") € Z and w(Z) < 8, we have

d (9(2» argmin f(x,y>> < tw(2)" 3)
(xy)eF(Z)

for constants y > 2 and ¥ > 0. Then, the scheme of lower bounding problems (£ (Z)) zci(x xy) with

oz = min (X, ,
O Dhseien = min  FO00)

(Fe(2))zerxxyy = ({(v.w) ER™ xR™ v =gf'(x,y).hg'(x,y) < w < hF(x.y)
for some (x,y) € Z})ZGMXXy)

is at least min{y§", y }-order convergent at (xf,yh).

Proof Suppose Z € I(X x Y) such that (x',y") € Z and w(Z) < §. From the proof of Theorem 1, we have

min X,y) — min (X,

oot V) Ty T T2 0Y)

< min X,y) — min X, + min X,y) — min V(x, >
((X-,Y)e?(l)f( y) (x7y)€a¢°v(l)f( y)) ((X-,Y)G«%V(Z)f( y) (X-,Y)GJ'”“V(Z)]CZ( y)

< min X,y) — min X, T tw(2)'F . %)
((x,y)eé’z(Z)f( Y) (x,y)eﬁf”(l)f( y)) )

Consider (x},yy) € argmin f(x,y). Choose (Xz,¥7) € .Z(Z) and (x3',y3) € argmin f(x,y) such that
(xy)eZ(2) (xy)eZ<(Z)

d({(%2,92) 1. {(x5,¥9)}) < tw(Z)" (note that (Xz,97) and (x3',y%") exist by assumption). The first term in

Equation (4) can be bounded from above as

min X,y) — min X, y) = f(x5,y5) — f(x5,y5
(x,y)e?(Z)f( y) (X,y)eﬁcv(l)f( ) =f(xz,¥2) — f(xZ¥7)

< f(ﬁ27y2) _f(X%vvy%v)
<Mpd({(%2,52)} . {(x2,¥7)})

where Step 3 above follows from the Lipschitz continuity of f. Therefore, from Equation (4),

min X,y) — min (X,
e ) 7 g2y 2 BY)

< (Mffw(x x ¥ )! T ey (X x Y)Vf”“‘i“{yfvﬂ}) w(z)mm

The desired result follows by analogy to Lemma 5 by noting that the lower bounding scheme (£(Z)) zc1(x xv)
has convergence of order at least one at (x',y’) from Theorem 1. g

The key assumption of Theorem 2, Equation (3), is rather unwieldy since verifying it involves the solution

of the optimization problem ( )min . f(x,y) for each Z € I(X x Y) with (x,y") € Z and w(Z) < 8. The
XY)EF(Z

following more restrictive (but potentially more easily verifiable) condition implies Equation (3):
30 >0,1 >0,y >2: dy(F(2),F(2)) <iw(Z)", VZecl(X xY) with (xf,yf) €Zandw(Z) <9.

The following example shows that the convergence order may be as low as two under the assumptions of
Theorem 2.
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Example 6 Let X = [—1,1],Y = [—1,1],m; = 1, and mg = 0 with f(x,y) = —xy and g(x,y) =x+y— 1. For
any [xb xY] x Pty =1 Z € (X x Y), let

% (,y) = max {2y + (=)t — (=)t by (= (AU g () =aby L

The scheme (f3") zeI(x xy)» Which corresponds to the scheme of convex envelopes of f on X x Y, has (at
least) second-order pointwise convergence on X x Y (see [S, Theorem 10]) and the scheme (g%")zer(x «y) has
arbitrarily high pointwise convergence order on X x Y. Note that (f7")ze1(x xy) has arbitrarily high convergence
orderon X x Y.

Letat =yl =0.5—¢,xY =yV =0.5+¢ with 0 < £ <0.5. The width of Z is w(Z) = 2¢. The optimal objec-
tive value of Problem (P) on Z is —0.25, while £5(0.5,0.5) = —0.25 — ¢2 and g'(0.5,0.5) = 0. Convergence
at the point (0.5,0.5) is, therefore, at most second-order.

Note that the use of feasibility-based bounds tightening techniques is ineffective in boosting the conver-
gence order for the above example. This is in contrast to the similar Example 16 where the use of constraint
propagation techniques improves the convergence order of reduced-space branch-and-bound algorithms (see
Examples 17 and 18 in Section 5.2).

Remark 8 Theorem 2 requires, at a minimum, second-order pointwise convergence of the scheme of convex
relaxations (f3") zel(x xy)» Which cannot be achieved in general by relaxations constructed purely using interval
arithmetic [23]. Consequently, lower bounding schemes constructed using interval arithmetic can, in general,
only be expected to possess first-order convergence (see Theorem 1). When the functions f, g, and h are twice
continuously differentiable, references [27] and [35] imply that polyhedral outer-approximation schemes of
second-order pointwise convergent schemes of relaxations, that are employed by most state-of-the-art soft-
ware for nonconvex problems (P) [2, 21, 36], also produce second-order pointwise convergent schemes of
relaxations.

The following corollary of Theorem 2 shows that second-order convergence is guaranteed at points (X,y) €
X x Y such that g(x,y) < 0, assuming Problem (P) contains no equality constraints (note the weaker assumption
on the pointwise convergence order of the scheme (f5") zel(x xy)» and the slight abuse of notation in the de-
scription of .#¢(Z) where we simply discard the components corresponding to h since mg = 0). A consequence
of the corollary is that second-order convergence to unconstrained minima is guaranteed.

Corollary 2 Consider Problem (P) with mg = 0. Suppose f is Lipschitz continuous on X xY . Let (f3") ZEI(X xY)
denote a continuous scheme of convex relaxations of f in X XY with pointwise convergence order }/}" >1,and

convergence order [3}" > 2 with corresponding constant 1:;“. Furthermore, let ( gj.YZ) zel(Xxy), J =1, ,my, de-
note continuous schemes of convex relaxations of g1, -, gm, , respectively, in X x Y with pointwise convergence
orders )/;"1 >0, Ygm > 0 and corresponding constants Tgf’l, Ty

Suppose (x3,y%) € X x Y is such that g(x5,y%) < 0 (i.e. (x3,y%) is a Slater point). Then, the scheme of
lower bounding problems (£ (Z))zci(x xy) With

oz = min (X, ,
O Dseien = (om0

(Jc(2))zenx xv) = (82 (Z)) zer(x xv)
is at least Bj"-order convergent at (x5,y).

Proof Since we are interested in the convergence order at the feasible point (xs,ys), it suffices to show that the
assumptions of Theorem 2 hold.

Let g;(x5,y%) = —¢; <0, j=1,---,my. Since g, is continuous for each j € {1,---,m} by virtue of
Assumption 1, there exists §; > 0, Vj € {1,---,my}, such that ||(x,y) — (x°,¥°)]|,. < 8; implies |g;(x,y) —
g;i(x5,y5)| < % (see Lemma 2).
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Define  := min §;,and note that 8 > 0. Consider Z € I(X x ¥) such that (x5,y%) € Z and w(Z) < 6.

JE{L e my }
For each (x y) €Z,je{l,--- ,my} wehave |g;(x,y) —gj(xé,ys)\ < %.Consequently, for eachje {1,-++,my},
gi(x.y) <=4, V(x,y) €Z.Since g (x.y) < g(x.y) < —+.V(x,y) € Z, we have g (x,y) < — . V(x.y) € Z,
i.e.every pomt in Z is feasible for Problem (P) and the lower bounding problem .#(Z).

Therefore, 6 := min §;,any (Xz,§z) € argmin f(x,y),y =B’ +1,and 7 = 0 satisfies the (neces-
Je{l, - mr} (x,y)eZ(Z)
sary) assumptions of Theorem 2 which yield an upper bound on the first term in Equation (4). The second term
in Equation (4) can be bounded from above as

min X, min X,y) = min — min f5¥(x,
<Xﬁy)ggmmf( y) - g min, fz( ¥) = (min AL ) <mezz( y)

< 'w(z)P

since f3" converges with order /3°V to fonX xY,and .#(Z) = Z. Substituting the above bounds in Equa-
tion (4), we obtain

min X,y) — min V(xy) <tiw(Z Bi*.
(X7y)€y<z)f( y) (x,y)e%V(Z)fZ( y) f (2)

The desired result follows by analogy to Lemma 5 by noting that the lower bounding scheme (£ (Z)) zer(x xy)
is at least first-order convergent at (x5,y%) from Theorem 1. g

Note that the bound on the prefactor obtained from Corollary 2 for convergence at points where a constraint
is ‘nearly active’ can be relatively large (also see the comment after Lemma 5).

Remark 9 Corollary 2 does not apply to Problem (P) with active constraints; however, Theorem 2 can be used
to demonstrate second-order convergence when Problem (P) contains active convex constraints (note that this
includes affine equality constraints) if the schemes of relaxations of the active constraints are the (convex)
functions themselves and the scheme of convex relaxations of the objective function is second-order pointwise
convergent. Examples 8 and 9 illustrate cases where the above modification of Corollary 2 does not apply
when the schemes of relaxations of active convex constraints are not the constraints themselves (note that if the
schemes of relaxations of active convex constraints used are the constraints themselves, then the convergence
orders of the lower bounding schemes in these examples would be arbitrarily high at their minimizers), thereby
highlighting the importance of convexity detection in boosting the convergence order.

The following example shows that the convergence order of the lower bounding scheme is dictated by the
convergence order, /3;", of the scheme (f7")zc1(x xy) When the assumptions of Corollary 2 are satisfied.

Example 7 Let X = [0,0],Y = [0,1], m; = 1, and mg = 0 with f(x,y) = y* —y? and g(x,y) = 1 — 2y. For
any [0,0] x [y",yV] = Z € [(X x Y), let f5"(x,y) = y* — (" +)Y)y + "V, €5 (x,y) = 1 — 2y. The scheme
§28) Zel(XxY) has second-order pointwise convergence and second-order convergence on X x Y, while the
scheme (g%") zel(x xy) has arbitrarily high pointwise convergence order on X x Y.

Letyt = % —g,yV = % + ¢ with 0 < € <0.25. The width of Z is w(Z) = 2¢. The optimal objective value
of Problem (P) on Z is —0.25, while the optimal objective of the lower bounding problem on Z is —0.25 — &2.

Convergence at the point (0 is, therefore, at most second-order.

Vi
Example 8 Let X = [—3,3],Y = [-3,3], m; = 1, and mg = 0 with f(x,y) —x+y and g(x,y) = x> +y* —8.
For any [x,xY] x b yY] = Z € [(X x Y), let £ (x,y) =x+Yy, 85 (x,y) = x> +y* — 8 — (w(Z))?. The scheme

(f2")ze1(x xy) has arbitrarily high pointwise convergence order on X x Y, while the scheme (g3")zc1(x xy) has
second-order pointwise convergence on X x Y.

Let X =yt = 2 —¢,xY =yYU = —2 4 ¢ with 0 < & < 1. The width of Z is w(Z) = 2¢. The optimal
objective value of Problem (P) on Z is —4, while the optimal objective of the lower bounding problem on
Zis —V16+8¢2 = —4 — £2 + O(e*) for ¢ < 1. Convergence at the point (—2,—2) is, therefore, at most
second-order.
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Example 9 LetX = [0,1],Y =[0,1],m; = 1,and mg = 0 with f(x,y) = —x —y and g(x,y) = x> + 2xy+y* — 1.
For any [x%,xY] x [y, yY] =1 Z € (X x ¥), let

() =—x—y, g5 (xy)=x"+2max {x"y+ylxr—xtyt Yy 4+ yUx -2V 437 — 1.

The scheme (f7")zer(xxy) has arbitrarily high pointwise convergence order on X x Y, while the scheme
(&%) zel(x xy) has second-order pointwise convergence on X x Y.

Letxl =yt =0.5—¢,xY =yV = 0.5+ ¢ with 0 < € <0.5. The width of Z is w(Z) = 2¢. The optimal
objective value of Problem (P) on Z is —1, while the point (0.5 —0.25¢%,0.5+ 0.582) is feasible for the lower
bounding problem on Z with objective value —1 —0.25¢2. Convergence at the point (0.5,0.5) is, therefore, at
most second-order.

The next result provides a slight generalization of Corollary 2 by showing that under the assumptions of
Corollary 2, the lower bounding scheme (£ (Z))zci(x«y) in fact exhibits (at least) second-order convergence
on a neighborhood of (x5,y3) (this result is motivated by the assumptions on the convergence order of the
lower bounding scheme in the analysis of the cluster problem in [15]).

Corollary 3 Consider Problem (P) withmg = 0.Suppose f is Lipschitz continuous on X xY . Let (f3") ze1(x xy)
denote a continuous scheme of convex relaxations of f in X XY with pointwise convergence order }/}" >1,and

convergence order /3;" > 1 with corresponding constant r;v. Furthermore, let (g;"z) zel(xxy), J =1, ,my, de-

note continuous schemes of convex relaxations of g1, -, gm, , respectively, in X x Y with pointwise convergence
CV CV : CcV CcvV

orders Yea > 0, Ygm, > 0 and corresponding constants Tl s Ty -

Suppose (x3,y%) € X X Y such that g(x5,yS) < 0 (i.e. (x3,y%) is a Slater point). Then, 38 > 0 such that the
scheme of lower bounding problems (£(Z)) ze1(x xy) with

0z = min ~ f7" XJ) :
(O Dz = (i F00)

(Fc(2))zenx xy) = (82 (Z)) ze1(x xv)

xy) ~ (.59 < 8.

is at least ;" -order convergent on {(X, y):

Proof Let g;(x5,y5) = —¢; <0, j=1,---,my. Since g; is continuous for each j € {1,---,m;}, there exists
8;>0,Vje{l,---,my},suchthat || (x,y) — (x5,y%) ||, < 8, implies |g;(x,y) —g,(x%,¥%)| < &; (see Lemma 2).
Define § ;= min d;, note that 8 >0, and let § := %.

JE{L - my}

Consider Z € I(X x ¥) with ZN{(x,y) : [|(x,y) — (x%,¥%)|., < 6 } # 0 and w(Z) < §. Similar to the proof
of Corollary 2, it can be shown that

. . cv cv B
min X,y) — min X,y) <t w(Z) .
B O0Y) = mi, ) 2 (RY) S T w(Z)

The desired result follows by analogy to Lemma 5 by noting that the lower bounding scheme (-Z(Z)) zer(x xy)
has at least first-order convergence on {(x,y) : || (x,y) — (x°,¥%)||,, < 8 } from Theorem 1. |

s

While it may appear that the neighborhood of a Slater point on which second-order convergence of the
lower bounding scheme is guaranteed by Corollary 3 can be unnecessarily small, Example 10 shows that a
stronger result cannot be deduced without additional assumptions.

A natural question is whether second-order convergence is guaranteed on X x ¥ when second-order point-
wise convergent schemes of (convex) relaxations of f, g1, ,&m,, A1, -+, are used by the lower bounding
scheme. The following example shows that even when schemes of (convex) envelopes are used to underes-
timate smooth functions f, g, and h, at most first-order convergence can be guaranteed at certain points in
X xY.
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Example 10 Let X = [0,0],Y = [~1,1], m; = 1, and mg = 0 with f(x,y) = —y and g(x,y) = y*. For any
[0,0] x [—¢€,e] == Z € I(X xY) with £ > 0, let

—0.25¢3 4+0.75¢%y, ify<0.5¢

oV x,y) = —y, cv x,y) = .
2 (xy)=—y, &7 (x,y) {y37 ify>0.5¢

Note that the scheme (f3") zeI(x xy) has arbitrarily high pointwise convergence order on X x Y and the scheme
(&7) zeI(x xv)» Which is the scheme of convex envelopes of g on X X Y [19], has (at least) second-order point-
wise convergence on X x Y. Also note that (g7') zer(x xy) has arbitrarily high convergence order on X x Y.

The width of Z is w(Z) = 2¢. The optimal objective value of Problem (P) on Z is 0, while the optimal
objective of the lower bounding problem on Z is —%. Convergence at the point (0,0) is, therefore, at most
first-order.

Despite the fact that we only have first-order convergence at the global minimizer in Example 10, the reader
can verify that the natural interval extension-based lower bounding scheme along with the interval bisection
branching rule and lowest lower bound node selection rule is sufficient to mitigate the cluster problem for this
case [15].

The following result establishes second-order convergence of a convex relaxation-based lower bounding
scheme at a feasible point (xf, yf) € X x Y when second-order pointwise convergent schemes of relaxations are
used and the dual lower bounding scheme (see Section 4.2) is second-order convergent at (xf,yf). This result
will be used to prove second-order convergence of such convex relaxation-based lower bounding schemes at
KKT points in Corollary 4.

Theorem 3 Consider Problem (P), and let (Xf, yf) € X XY be a feasible point. Suppose the dual lower bound-
ing scheme has convergence of order 3; > 0 at (Xf,yf) with a corresponding scheme of bounded dual vari-

ables ( (Méxﬂyf) ) )"(Zx ) ) ) Zel(XxY)

f of f of
with (M<ZX ’y>,)»(zx ’”) € R x R™E,

(not necessarily optimal, but which yield f3;-order convergence at (Xf, yf) )

“(fo,yf)H < o and H)\.(fo’yf)H <A, VZe I(X xY), for some con-

stants {t,A > 0 (see Section 4.2). Let (f7") ze1(x xv) (gj-YZ)ZGH(XXy), j=1,---,my, denote continuous schemes
of convex relaxations of f, g1, ,8m,;, respectively, in X x Y with pointwise convergence orders )/;V > 1,
Ye1 = 1.+ Yem, = 1 and corresponding constants T7", Tg\, -+, Tgy, . Let (hlcc,vzth?Z)ZGH(XxY)’ k=1, ,mg,
denote continuous schemes of relaxations of hy,--- ,hy,, respectively, in X XY with pointwise convergence
orders yp1 > 1, Ynm, > 1 and corresponding constants Ty 1, , Tpm;, - Then, the scheme of lower bounding

problems (£ (Z))zci(x xy) with

(O@en = min, Foxw)

(xy)eze ZEN(X xY)
(Je(Z)) zerx ) = ({(v,w) €R™ xR™ v =g7'(x,y).hZ'(x,y) < w < hF(x.y)

for some (x,y) € Z})ZeH<XxY)

Vg e _ min })/hJ(} ,Ba } -order convergent at (x',y").
: g

is at least min < min y}", min
j€ k€{17...7

{L"'yml}

f of f of
Proof Let 8 :=min {min {Y;V’je{rlr,l»i»?m,})/g’vj’ke{{?»i'r,lmg})/h’k} »ﬁd} ,and let p, = y<zx v >,A.Z = A.<Zx ¥ >,VZ €
I(X x Y), denote the scheme of dual variables corresponding to the dual lower bounding scheme (we omit
the dependence of the dual variables on (xf,y!) for ease of exposition). Since we are concerned about the
convergence order at the feasible point (xf,yf), it suffices to show the existence of T > 0 such that for every

Z € I(X xY) with (x!,y7) € Z,

min X,y) — min v(x,y) < Tw(Z)P.
(x7y)€y<z)f( y) (x,y)eﬁfc"(Z)fZ( y) (2)
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Consider Z € I(X x Y) with (x|,y") € Z. By virtue of the assumption that the dual lower bounding scheme,
with the dual variables fixed to ((pz,Az))zei(x xy)- has convergence of order B, at (xf,y"), we have

min f(x.y)— min [£(xy)+ulg(xy) +Ah(xy)| < Tw(2). )
(xy)eZ(2) (xy)ez

Choose Az ,Az_ € R suchthat Az =Az —Az_,[[Az:], < A, and Az —|lo < A.

Lety:= min{yf ,

i , i . We h
el mml}yg i H,H-I,lmf}}/h"k} e have

min, |7(x.y) +uhe(x,y) +Agh(xy)| — min f5(x.y)

< min_ | f(x.y)+ ule(x.y) + AZh(xy)] -
(x.y)€Z

sup min [ £5(xy)+ uTey (x.) +AThS (x.y) + AThE (x.¥)]
u>0.4;>0,1,<0 (X¥)EZ

< min [£(xy)+nlg(x.y)+Ag h(xy) ~A7_h(xy)| -
(x.y)€Z

min, (75" (6,y) + uhed! (63) + A 5 (x,y) ~ AL b (x,y)]

< max [(f(w)— 7' (x,¥)) + 1z (8(xy) — g7 (x,y) +
(x.y)€Z

AL (h(x,y) = b (x,¥) + A% _ (b (x,¥) ~h(x.y)

< max (f(x,y)—f5'(x,y)+ max pz(g(x,y) — g5 (x,y))+
(xy)ez (xy)ez

max Az, (h(x,y) —h$'(x,y))+ max A7 (h¥(x,y) —h(x,y))
(x.y)ez (x.y)ez

CV eV S 3
<tPw(Z) + E rgw(Z) 542y AT, pw(Z)k
= =1

g( WX xY)" 2 w(X x Y)lei™ V+2;Arhka><Y)V”k V) w(Z)7, (6)

where Step 1 follows from weak duality and Step 3 follows from Lemma 3.
Therefore, from Equations (5) and (6), we have

min X,y) — min V(X,y) = min X,y) — min x,y)+ pre(x,y) + ATh(x,y)| +
Wi fOy) = min S Gy) = min ) - min [£(63)+ ki) + AZR(GY)

min X,y)+ purg(x,y) +ArTh(x,y)| = min (X,
min |F(xy) +ugg(ey) HAzh(xy)| = min ()

<tw(2)P,

where the prefactor 7 is defined as

mg
T:= ( T w(X x Y)" B E atgw(X xY) Tei P 12 E Aty w(X x Y )P L w(X xY)ﬁdﬁ)
k=
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4.2 Duality-based branch-and-bound

In this section, we investigate the convergence order of a Lagrangian dual-based lower bounding scheme.
Before we define the convergence order of the scheme, the Lagrangian dual problem is introduced and some of
its properties are outlined.

The dual problem of Problem (P) that is obtained by dualizing all of the constraints g(x,y) < 0 and
h(x,y) = 0 is given by

sup g(u,A) (D)
A

st.u eRYA ERME,
where g : R x R"E — R, defined by

g(u,A):= min f(xy)+u"gxy)+ATh(xy), V(,A)€RY xR,
(x,y)eX xY
is the Lagrangian dual function. Let min (P) and sup (D) respectively denote the optimal objective values of
Problem (P) and Problem (D). From weak duality, we know that min (P) > sup (D), which validates the use of
Problem (D) as a lower bounding problem.
The following result shows that the lower bounds obtained by solving the Lagrangian dual Problem (D) are
stronger than those obtained by solving any convex relaxation-based lower bounding problem.

Lemma 9 Consider Problem (P), and suppose Z € I(X xY). Let f5" and g5 denote convex relaxations of f
and g, respectively, on Z, and let h§ and hi denote convex and concave relaxations, respectively, of h on
Z. Furthermore, assume that strong duality holds for the convex relaxation-based lower bounding problem
mi(nZ : 15Y(X,Y). Then the lower bound obtained by solving the Lagrangian dual problem is at least as strong as

Fcv

that obtained by solving the above convex relaxation-based lower bounding problem, i.e.,

sup - min [ £(x,y)+"g(x,y)+ A h(xy)| - min f5"(x.y) > 0.
u>01 (XY)€Z F(Z)

Proof Since strong duality holds for the convex relaxation-based lower bounding problem, the difference be-
tween the lower bounds can be rewritten as

sup  min [f (x,¥) +u'g(x,y) +1Th(x,y)] -
u>0A (x,y)€Z

sup - min [ £ (x,y) + e (x.y) + ATH (x.¥) + AThE (x.y)|
P04, >04,<0 (%y)€Z
= s min [f(xy)+Texy) +ATh(xy) +ATh(xy)| -
p>0A;>04,<0 (XY)EZ
sup - min [ 5(xy) + g5 (x,¥) +AThE (x.y) + ATHE (x.¥)|
u>0.A,>04,<0 (X¥)EZ

>0

)

where the last step follows from the fact that V(x,y) € Z,u > 0,A; > 0,A, <0,
Fxy) + 0 g(x,y) +ATh(x,Y) +Ah(xy) > £ (x,y) + 08 (x,y) + A1hS (x,y) + A, hF (x,y).
O

The following result due to Diir [8] establishes the condition under which the dual lower bounding problem
detects infeasibility.
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Lemma 10 Consider Problem (P) (satisfying Assumption 1). We have

sup(D) =+ <= conv (E(X X Y)) N (RT’ x {0}) —0.

Proof The result follows, in part, by replacing h(x,y) = 0 with h(x,y) <0 and —h(x,y) < 0 and using Theorem
2in [8]. 0

Definition 14 can be applied to analyze the convergence order of the above duality-based lower bounding
scheme as follows.
The scheme of dual lower bounding problems (£(Z))zci(x «y) With

(02))zercer) = ( sup  min [f(x,y>+uTg<x,y>+ATh<x,y>}) ,
u>02 (Xy)€Z ZEI(X xY)

(Se@))zexixn) = ( ([;ﬂ <z>>>
ZeI(X xY)

is thus said to have convergence of order f > 0 at
1. a feasible point (x,y) € X x Y if there exists T > 0 such that for every Z € (X x Y) with (x,y) € Z,

min _ f(v,w)— sup min [f(V,W)+[tTg(V,W)+A.Th(V,W)] < rw(Z)ﬁ.
(v,w)eF(Z) u>0.A (v,w)ez

2. an infeasible point (x,y) € X x Y if there exists T > 0 such that for every Z € [(X x Y) with (x,y) € Z,

d <E(Z)’le X {0}) —d (conv (E(Z)) R x {0}) <zw(Z)P.

We associate with the dual lower bounding scheme, (-Z(Z))zcr(x ). at a feasible point (x,y), a scheme

of dual variables ((;4<Zx"y> A (Zx’y ))) zel(x xy) corresponding to the solution of the scheme of dual lower bounding

problems (0(Z)) zex(x xy) With (x,y) € Z (note that sup (D) may not be attained, in which case we assume that
dual variables that yield a dual function value arbitrarily close to the supremum are available). Using Lemma 10,
we next show that if the convex relaxation-based lower bounding problem corresponding to Problem (P) that
is obtained by replacing the functions in Problem (P) with their envelopes is infeasible, then sup (D) = 4.

Lemma 11 Let (gj',vz)Ze]I(XxY)) j=1,---,my, denote (any) schemes of convex relaxations of g1, ,&m, in
X XY and (hi?]z»hi?z)ZeH(XxY)’ k=1,---,mg, denote (any) schemes of relaxations of hy,--- ,ly, in X X Y.
Then for each Z € 1(X xY), we have

d (H(z),ﬂ%’"' x {0}) >d (conv (E(z)) JR™M % {0}) >d(SIc(Z),R™ x {0}),

where I¢(Z) is defined as
Fc(Z) = {(v,w) e R xR"E : v =g3'(x,y),hy’ (x,y) <w < h¥(x,y) for some (x,y) € Z}.
Proof The first inequality trivially holds. To prove the second inequality, we first notice that
4 (S(@). B x (0)) = d (Fe(2). B x {0}).
where .7¢(Z) is defined as
Ic(Z) = {(v,w) ER™ xR" : v > g (x,y),h (x,y) < w < h§(x,y) for some (x,y) € Z}.

Note that .%¢(Z) is a convex set since it can be represented as the direct sum of two convex sets.

Since conv { } (Z)) is the smallest convex set that encloses [;ﬂ (Z), the desired result follows. O

g
h
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Theorem 4 Consider Problem (P). Suppose strong duality holds for the scheme of convex relaxation-based
lower bounding problems for Problem (P) obtained by using the schemes of (convex) envelopes of f, g, and
h. If the assumptions of Theorem 1 hold for the functions f, g, h, and the schemes of (convex) envelopes of
f, g and h, the dual lower bounding scheme is (at least) first-order convergent on X x Y. Furthermore, if the
assumptions of Theorem 2 hold for the schemes of (convex) envelopes of f, g, and h and (Xf, yf) € X XY, the
dual lower bounding scheme is (at least) second-order convergent at (Xf,yf).

Proof From Lemma 11, we have that the convergence order of the dual lower bounding scheme at an infeasible
point (x,y) € X XY is at least as high as the convergence order at (x,y) of the convex relaxation-based lower
bounding scheme obtained by using the schemes of (convex) envelopes of f,g, and h. Lemma 9 implies that the
lower bounds obtained using the dual lower bounding scheme are at least as tight as the lower bounds obtained
using the schemes of (convex) envelopes of f, g, and h. The desired result follows from Definition 14. a

Note that the conclusions of Theorem 4 hold even if the schemes of relaxations of f, g, and h do not
correspond to their envelopes, so long as the (remaining) assumptions of Theorem 4 are satisfied.

Remark 10 The assumption of strong duality is in fact not required to show first-order convergence of the dual
lower bounding scheme when all functions in Problem (P) are Lipschitz continuous. For this case, the proof
of first-order convergence at infeasible points follows from Lemmata 7, 8, and 11, and the proof of first-order
convergence at feasible points follows from Proposition 1 in [8].

Theorem 4 makes no assumptions on the boundedness of schemes of dual variables. This is reflected in
the application of the dual lower bounding scheme to Example 10 where the optimal scheme of dual variables
can be unbounded (note, however, that first-order convergence of the dual lower bounding scheme at the global
minimizer of Example 10 can be achieved using bounded schemes of dual variables when the dual problem is
not solved to optimality). Furthermore, Example 6 shows that the convergence order of the dual lower bounding
scheme can be as low as two at (x!,y') when the assumptions of Theorem 2 are satisfied for the schemes of
(convex) envelopes of f, g, and h (see Lemma 14). The following result shows that in the absence of equality
constraints, the dual lower bounding scheme has arbitrarily high convergence order at unconstrained points.

Proposition 1 Consider Problem (P) with mg = 0. Suppose f and g;,¥j € {1,--- ,my}, are Lipschitz contin-
uous on X x Y . Furthermore, suppose (x5,y%) € X x Y such that g(x>,y%) < 0 (i.e. (x>,y°) is a Slater point).
The dual lower bounding scheme has arbitrarily high convergence order at (x5,y").

Proof The proof is relegated to Appendix A.1 since it is similar to the proof of Corollary 2. g

Remark 11 Proposition 1 as stated does not apply to Problem (P) with active constraints; however, it can be
modified to demonstrate second-order convergence when Problem (P) contains active convex constraints (note
that this includes affine equality constraints) if f is twice continuously differentiable, and strong duality holds
for the scheme of relaxations of Problem (P) in which only the active (convex) constraints are included and f is
replaced by its scheme of convex envelopes (see Remark 9). Proposition 1 can also be extended to demonstrate
arbitrarily high convergence order of the dual lower bounding scheme on a neighborhood of (x5,y%) in a
manner similar to Corollary 3.

The next result shows that the dual lower bounding scheme is second-order convergent at KKT points when
the functions f, g, and h in Problem (P) are twice continuously differentiable.

Theorem 5 Consider Problem (P). Suppose int(X x Y) is nonempty, and f, g, and h are twice continuously
differentiable on int(X x Y). Furthermore, suppose there exists (x*,y*) € int(X xY), p* € R, and A" € R™E
such that (x*,y*, uw*,A") is a KKT point for Problem (P). The dual lower bounding scheme is at least second-
order convergent at (x*,y*).
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Proof Let L(x,y,u,A) = f(x,y) +u'g(x,y)+ ATh(X, y) denote the Lagrangian of Problem (P). Since we are
concerned about the convergence order at the feasible point (x*,y*), it suffices to show the existence of T > 0
such that for every Z € I(X x Y) with (x*,y*) € Z,

min  f(x,y)— sup min L(x,y,u,A) < Tw(Z)".
(xy)eZ(2) u>0.4 (XY)EZ
We have
sup min L(vavy‘vl) > min L(X»Y»H*»)v*)
n>0A (x,y)eZ (x,y)eZ

= min [L(X*vy*a M*al*) +VXL(X*7y*7 M*al*)T(X_ X*)
(x.y)ez

FV LKLY A (y -y - 0w(Z)?)]

= min_ [f(x",y") —0(w(2)*)]

> f(x',y") —0(w(2)?).

Note that Step 3 above uses L(x*,y*, u*,A") = f(x*,y*), VxL(x*,y*, u*,A") = 0,and VyL(x*,y*, u*,A") =0
by virtue of the assumption that (x*,y*, u*,A™) is a KKT point for Problem (P). Therefore,

min  f(x,y) — sup min L(x,y,p,A) < O(w(Z)?),
(xy)EZ(2) u>0.2 (XY)EZ

which establishes the existence of 7 for all Z € I(X x Y) with (x*,y*) € Z by analogy to Lemma 5 since the
dual lower bounding scheme is at least first-order convergent at (x*,y*). O

A corollary of Theorems 3 and 5 is that second-order convergence at KKT points is guaranteed for convex
relaxation-based lower bounding schemes in which second-order pointwise convergent schemes of relaxations
are used.

Corollary 4 Consider Problem (P). Suppose int(X x Y) is nonempty and f, g, and h are twice continu-
ously differentiable on int(X x Y). Furthermore, suppose there exists (x*,y*) € int(X xY), u* € R, and
A" € R™E such that (x*,y*,u*,A") is a KKT point for Problem (P). Let (f2")zerx xy)» (g;',VZ)ZG]I(XxY)) j=
1,---,my, denote continuous schemes of convex relaxations of f, g1, ,8m,, respectively, in X X Y with point-
wise convergence orders y}" >2, )/;Vl 22, ’Yg-,vml > 2 and correspondin.g constants %", rgﬁ,--- ,r(;:%[. L?t
(hi‘,/zvhi?z)ZeH(XxY)) k=1,---,mg, denote continuous schemes of relaxations of hy,--- ,hy,, respectively, in
X XY with pointwise convergence orders yp 1 > 2, ,Ypm, > 2 and corresponding constants Ty 1, , T my -
Then, the resulting scheme of convex relaxation-based lower bounding problems for Problem (P) is at least
second-order convergent at (x*,y*).

Proof The result holds as a consequence of Theorems 3 and 5, by using p, = p*, Az = A", it = ||u*..,
A = ||A"||,, in Theorem 3. O

The following example shows that the convergence order may be as low as two under the assumptions of
Theorem 5.

Example 11 Let X = [-2,2],Y = [0,3],m; = 1, and mg = 1 with f(x,y) =x+y, g(x,y) = —y* +y+2, and
h(x,y) = x. Consider intervals [0,0] X 2 —¢,2+¢] =:Z € [(X xY) with 0 < ¢ < |. Note that w(Z) = 2¢, and



26 Rohit Kannan, Paul 1. Barton

that (0, 2, %, — 1) is a KKT point for Problem (P). The optimal objective value of Problem (P) on Z is 2, while
the optimal objective value of the Lagrangian dual-based lower bounding problem on Z can be derived as

O(Z)= sup min x+y+u(—y2+y+2)+)»x

u>0.1 (xY)EZ

= su;())min{(2—£)+,u (—2—e)?+(2-e)+2),2+e)+u(—2+e)*+(2+e)+2)}
u>

= su[())min{(2—£)—|—u (3e—¢?),2+e)+u(-3e—¢?)}
u>

where Step 2 follows from the fact that the minimum of a concave function on an interval is attained at one of
its endpoints, and the value of u in Step 4 is obtained by equating the two arguments of the inner min function
in Step 3. Convergence of the dual lower bounding scheme at the point (0, 2) is, therefore, at most second-order.

Finally, we show that the dual lower bounding scheme is (at least) first-order convergent even when the
dual problem is not solved to optimality.

Theorem 6 Consider Problem (P). Suppose f, g;, j=1,---,my, and h, k = 1,--- ,mg, are Lipschitz con-
tinuous on X X Y with Lipschitz constants My, Mg\, , Mg, My 1, -+, My ., respectively. Furthermore,
suppose the dual lower bounding scheme involves at most ng > 1 iterations of an algorithm applied to the
dual at each node of the branch-and-bound tree. In addition, suppose the branch-and-bound algorithm uses

first-order (Hausdorff) convergent schemes of constant relaxations (glf_z, g}{z) j=1,-,my on

Zel(Xxy)’

X XY to overestimate (g j (Z)) ) and first-order (Hausdorff) convergent schemes of constant relaxations

L U
(hk7z’hk=Z)ZeH(XxY)’ k Zel(X xY
laxations can be obtained, for example, using interval arithmetic [23]), sets u; = 0 at each iteration of the
algorithm applied to the dual on Z if gEZ < 0 (i.e., when inequality constraint j is determined to be inactive

Zel(XxY

=1,---,mg, on X XY to overestimate (Ek(Z)) ) (such schemes of constant re-

on Z by gEZ ), and determines the dual lower bounding problem on Z to be infeasible either when gljjz > 0 for
any j € {1,--- ,my} (i.e., when inequality constraint j is determined to be unsatisfiable on Z by gI;Z), or when

0¢ [hk,z»hlgz} forany k€ {1,--- ;mg} (i.e., when equality constraint k is determined to be unsatisfiable on Z

by (hk,thg.z) ). Assume that the absolute values of the schemes of dual variables generated by the dual lower
bounding scheme are bounded from above by M. Then the dual lower bounding scheme is at least first-order
convergenton X X Y.

Proof From the assumption that (85,2» gEZ)

j:17"'7mlaand (hkzvh]gz :1,"',ME,

Zel(XxY)’ )zel(x xY) k
are first-order convergent on X x Y, the determination of infeasibility of the dual lower bounding problem on
Zif glf_z >0 forany je{l,---,m},orif 0 ¢& {hkz,hgz] for any k € {1,---,mg}, Proposition 1 in [6], and
Lemma 8, we conclude that the dual lower bounding scheme has at least first-order convergence at infeasible
points (although the dual lower bounding scheme detects infeasibility of infeasible points in X X Y at least as
quickly as any convex relaxation-based lower bounding scheme (see Lemma 11), we assume that the schemes

L LU - L U
<g1=Z’gij>z€]1(ny) J= 1y my,and (hkvz’hkaz>ze]1(XxY) ok
since we are only allowed to use at most n, iterations of an algorithm applied to the dual).

Next, suppose F (X xY) # 0 and Z € [(X xY) with ZN F(X xY) # 0. Let J; denote the set of in-

equality constraints that are potentially active at some point in Z as determined by g;Z,gEZ) ,le. Jz =

=1,---,mg, are available to detect infeasibility

{ je{l,-- my}: g}-{z > 0}. Let (jt,,Az) € R’ x R™E denote the pair of dual variables corresponding to
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the dual lower bound on Z after at most ny iterations of an algorithm applied to the dual with i;7 =0,V €

{1,---,m}\Jz, and let (Xz,¥7) € argmin f(x,y) + A, g(X,y) —|—i§h(x,y). Note that the condition fi;7 =0,
(x.y)€Z

Vje {1,---,my}\Jz can be guaranteed by a suitable initialization of the dual variables and by suitably mod-

ifying the dual variables generated by the algorithm applied to the dual (this modification of the dual lower

bounding scheme is once again necessitated by the assumption that at most n, iterations of an algorithm ap-

plied to the dual are used). For each j € Jz, we have

6]
-, — max gi(x,y) <tw(Z
8z (xy)e g]( )_ jw( )

for some constant T; > 0 by virtue of the fact that the scheme of constant concave relaxations (g}JZ) )
“) Zel(X xY

has first-order convergence on X x Y. Since g}-JZ >0,Vj € Jz, and g; is Lipschitz continuous on X x Y, this
implies

gi(x,y)>— (‘cj—l—Mg_,j,/nx—l—ny) w(Z), Y(x,y)€Z,Vje sz

Let (x},yy) € argmin f(x,y). We have
(xy)eZ(2)

=T
in X,y) — min x,y) + irg(x,y) + A h(x,
Jmin FOy) = min |£(xy) + de(x,y) +Azh(xy)
* ok s = = I 7T,
=f(xz,¥7) — [f(X27YZ) + y8(%z.¥z) +A'Zh(X27YZ)}

* - - = = ;T B
= (f(x2,¥7) — f(%2,¥z)) — 2 0jz8i(Xz,¥z) + Az (h(x7,y7) —h(Xz,5z))
Jjelz
mg _
<My|(x5,y5) — (X2,52) || + 2 Bz (Tj+ Mg j/nx+my) w(Z) + Y M z| M| (x7,¥7) — (%2.92) |
i€ty =1
mg
< (Mf Ny +ny + 2 M, (rj—i—Mg’j,/nx—i—ny) —|—; MxMhﬁk,/nx—l—n),) w(Z)
JeJz =1
my mg
< | Mpy/nxFny+ 3 Meo (Tj 4+ Mg j/nc - 1y) + Y MecMi oy /n -y | w(Z),
j:l k=1

which establishes the desired result. O

5 Reduced-Space Branch-and-Bound Algorithms

In this section, we present some results on the convergence orders of some widely-applicable reduced-space
lower bounding schemes in the literature [9, 10] for Problem (P) when only the set ¥ may be partitioned during
the course of the algorithm. This section is divided into two parts. First, we consider a convex relaxation-
based reduced-space lower bounding scheme for a subclass of Problem (P) [10] and investigate its convergence
order. Next, we look at the convergence order of a duality-based reduced-space lower bounding scheme [9,
Section 3.3] for Problem (P). Algorithm 1 outlines a generic reduced-space branch-and-bound algorithm for
Problem (P).
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Algorithm 1 A generic reduced-space branch-and-bound algorithm

Initialize:

1. Iteration counter k = 0, bounds X° and Y° on x and y, respectively, after the optional application of
preprocessing techniques to the input data, and tolerances & > 0, ¢/ >0, and £* > 0 such that ¢/ + ¢ < ¢.

2. Domain of the root node M” := X° x Y°, and the initial partition 2° = {M°}.

3. Current best feasible point {(x',y")} = 0, upper bound UBD = +, lower bound for the root node
LBD" = —oo, minimum {(x*,y*)} = 0, and the optimal objective function value UBD* = 4.

repeat

1. If 22k = 0, terminate. Otherwise, pick n € {n e NU{0}: M" € ,@k} using some node selection
heuristic and set 2%+1 « 2K\ {M"}.

2. (Optional) Solve the (reduced-space) upper bounding problem on M" with a tolerance of € to try
and determine a feasible point. Update UBD, (x',y") if a feasible solution better than the current best
solution is obtained.

3. (Optional) Apply finite reduced-space bounds-tightening techniques to obtain X" C X", ¥ C Y".
Set X" « X", Y" « Y". If either X" or Y" is empty, goto Step 6.

4. Solve the reduced-space lower bounding problem on M” to &‘-optimality to obtain the lower bound
LBD" (if the lower bounding problem on M" is infeasible, set LBD" = +). If node n can be fath-
omed, goto Step 6.

5. Partition M” into M™ and M"2 by branching only on the Y-space. Set 2K+! « k1 {pmmiu
{M"},LBD" = LBD"™ = LBD".

6. Set K1 — P\ IMp e ¥ LBDP > UBD— ¢}, k —k+1.

until 2% =0
Set UBD* = UBD and (x*,y*) = (x',y") if UBD < 4.

It should be noted that Algorithm 1 merely provides the backbone of a generic reduced-space branch-and-
bound algorithm. In practice, the order in which the subproblems are solved may vary and additional subprob-
lems may be solved to speed up the convergence of the algorithm. The reader is directed to references [10]
and [9] for two widely-applicable instances of Algorithm 1, and for examples of their application. In the re-
mainder of this section, we investigate the convergence orders of the reduced-space lower bounding schemes
described in [10] and [9].

5.1 Convex relaxation-based branch-and-bound for problems with special structure

Epperly and Pistikopoulos [10] proposed a reduced-space branch-and-bound algorithm for Problem (P) when
mg = 0 (note that this condition can be relaxed as detailed below), and the functions f and g;,Vj € {1,---,my},
in Problem (P) are each of the form

w(x,y) = w(x) + 3w (x)wf () +wP(y), (W)
icQ

where Q is a finite set of indices, and the functions wA, w8 wC, and w? satisfy:

. wA and w? are convex on X.

wC and wP” are continuous on Y.

. Strongly consistent convex and concave relaxations are available for w© and w” on Y.
. w8 and w€ have continuous tight bounds.

. For each i € Q, at least one of the following two conditions must hold:

a. wB(x) = ¢/ x for some constant ¢; € R,

b. w§(y) >0forallyeY.
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Epperly and Pistikopoulos [10] state that equality constraints can be equivalently reformulated using pairs
of inequalities; however, the above assumptions restrict the functional forms of the equality constraints 7y,
k=1,---,mg,to

he(x,y) =Y (/%) wi (y) +wP(y). (Weq)
€0
Suppose for each Z € 1Y, we associate an interval X (Z) such that 0X D X(Z) D #x(Z), where (X denotes
the interval hull of X (note that we make the implicit assumption (see Remark 2) that X is an interval in
this section). Assumption 3 can be restated as follows: there exists a continuous scheme, (wf’zcv, wlCZCC) Zely, of
relaxations of wiC, i € Q,inY with pointwise convergence order in > 0, and there exists a continuous scheme of
convex relaxations, ( g"cv) zely» of wP in Y with pointwise convergence order y?€¥ > 0. Assumption 4 can be
replaced by the following: there exist schemes of constant relaxations ( fZL, ?ZU) zernx and (w; ZL, S’ZU) Zely »
i€Q,of w¥and wl inX and Y respectlvely, with (Hausdorff) convergence orders ﬁB “>0and ﬁic’c >0.In
addition, we assume that the range order of w , Vi € Q, is greater than zero on Y (cf. Lemma 12).
Under the above assumptions, Epperly and Pistikopoulos [10] show that underestimating each function
w(x,y) of the form (W) using the scheme (w§("<2) .z)zely of convex relaxations defined by

W(z)xz(%¥) = w (%) + 2 Wiz (%) w7 (), (W)

where, for each i € Q, the scheme of convex relaxations (wB C.ov

X "<Z) o Z) zeTy 18 obtained using McCormick’s product
rule [20] as

BU  Cev By C:U _  BU ,CU
WixzWiz ¥)+wi KWz —wii Wiz WL >0
max BL | Cev B cL_ BL CL ) 1 WIX(Z)
Wixz)Wiz (¥) +wi (X)wiz — Wixz)Viz
BU | Ccc cU__BU _CU
wPCo (x,y) = { max Wixiz iz (¥) w7 (Rwi “Wix@Wiz - itw?Y <0
iX(z)xz\%:Y) = WL WO (y) 4 B (x)wCk B CL » EWix () ’
ixz)Wiz \¥ i X)Wz =Wix)Wiz
BU _C, By C:U _  BU ,CU
Wix(z)" Wiz (¥)+w (X)WiZ “WixWiz o .
maxq o G LEL L CL , otherwise
Wi,X(Z) (Y) + WB(X) lX(Z) Wiz

yields a convergent reduced-space lower bounding scheme with any accumulation point of the sequence of
lower bounding solutions solving Problem (P) when the subdivision process is exhaustive on Y and the selection
procedure is bound improving.

Before we investigate the convergence order of the reduced-space lower bounding scheme in [10], we look

BL | B. .
at the propagation of the convergence orders of the relaxation schemes (w;7",w U) ZeI0X > (wlCZC v, ZCZC Vzery»

cL CU
(wiz Wiz )zewy, Vi € Q, and (wZ' Y)zery to the convergence order of the reduced—space scheme of convex

relaxations (w?(z)X ,)zely - Note that unless otherwise specified, we simply use X (Z) = OX (= X), VZ € IY.
The following result provides sufficient conditions for the scheme of convex relaxations defined by (W) to
have pointwise convergence of a given order on Y.

Lemma 12 Let X C R™, Y C R™™ be nonempty compact convex sets and f : X xY — R be a function of the
form (W) such that
FiX Y5 (xy) — wA )+ S nf (y) + w0 (y).
€0
Assume that w?, w ,VieQ, and wD are continuous, and for each i € Q, wC has range of order ocC >1

on Y with corresponding constant ri " Let (W SZC V,WSZC Vzery and (wZ Y)ze1y respectively denote continuous
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schemes of relaxations of w ,i € Q, and wP in Y with pointwise convergence orders }/C > 1 and yP<¥ > 1
and corresponding constants T¢ and T2, Let (w; ZL, ZBZU)ZGHDX and (w; ZL, ZCZU) zely respectively denote
schemes of constant relaxations of wi in X and wi inY,Vie Q,with (Hausdorff) convergence orders ﬁi >0
and ﬁic’c > 1 and corresponding constants ‘Ef  and ‘EiC . Then the continuous scheme of convex relaxations

( f)?(lz)xz) zety of the form (W) defined by

X(z)xz(X%¥ X) + E WBCcv 2)x2(%:¥) )+ woN(y), Y(x,y)€X(Z)xZ,

has pointwise convergence of order at least min {min { min {aic, ﬁic’c, ch}} yP ’CV} onY.

i€Q

Proof From Equation (W), we have for each (x,y) € X(Z) x Z:

f(x,y>—f;zz)xz<x,y>—< x)+ S wB W () + w0y >>< +2wBC“xzxy+w§“<y>>

i€Q
BC, D,
= (WP om () —wi,x(%xz<x,y>) + (WP - ).
i€Q
Depending on whether wh X( ) >0, w ( ) < 0, o0r 0 € (WfS(L(z)’Wf&Léz)} for each i € Q, we have that
(wﬁg (x)ws(y) — wfg(CZV) 7% y)) is bounded from above either by

[ WE () = (Wit Wi (9) +wleowy =i, wid) |

or by
[WEGowE(y) — (whal wis )+ —wh, wid )]

for each (x,y) € X(Z) x Z. Consequently, it is sufficient to show the existence of constants 7;, 7, > 0 such that

( (%) + > wl (x)wf (y) +w (y))—

() eX(2) %2 “
( 0+ 3 (vl (Wil @) b omy —wiil Wiy ) + ?“(y)) < Tw(2)!
#
and
(x,y)gl)?()})xz (WA(X) +i€EQW?(X)W?(y) +WD(y)) -
(M/A(xwgg(wfx‘{) W) oy — Wi, wid ) + 3%)) <mw(2),

where y := min {mm{min{aic ,ﬁic’c,yic }} ,yD=°"} to prove that ( fX )ZGHY converges pointwise to f

i€Q
with order y on Y. The ensuing arguments prove the existence of 7;; the existence of 7, can be proven analo-

gously.
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We have V(x,y) € X(Z) x Z:

(o 3 wrsntior 10 -
(w*‘<x> P (Wi ) Py — il wis’) + w?W(y)) )

= (E W?(X)WiC(Y) - (wf}’xz)wg’;v(y) + W?(x)wg’zu - wf)’(U(awg’ZU)) + (wD(y) - wg’cv(y)> . @)
€0

Note that )wlc(y) - WS’ZU‘ can be bounded from above as

w (y) — WS'ZU’ = ‘ (w,»c(y) — max wf(y)) + (max WwE(y) _WiC,ZU) ‘

yezZ yezZ ’
Cc,U
< Wi (y) —max W?(y)' + | max wé (y) —wiy

< (Tic’rw(Z)O‘iC {5 e g1 el o 'C}> wizy™ e}

<MSw(z)P", wyez,

with ME := rl.C’rw(Y)O‘iC*ﬁiC'r —l—‘EI.C’CW(Y)ﬁic‘cfﬁic‘r and BC" := min {ac .C’C}.

i i

The first term in Equation (7) can be bounded as

(wE e (v) = (Wi )+l s =il wi ) )

icQ
= 2 KW?(X) —Wf}}izo (W,C(Y) —WS’ZU) +Wf§iz> (wlc(y) — wlCZCV(y))}
<
< 3 ef 00 =l [ ) = | i) (o 0 -5 )|
1S
< S MFCw(z)""
i€Q
SMBCW(Z)yBc7 V(x,y) € X(Z) x Z, 8)

where the constants M2, yBC and Mfc, yiBC, Vi € Q, can be computed as

BC_,BC . . C,
M= 3 MPCw(X)T Ty = ming %, = min{ "1},
i€Q

Cr
MBC = {M?’IMICW(Y)[}" ¢ +M?’2‘El~cw(Y)y"C7Y"BC] )

l

B

B
M2 = max wh(x) — min wh(x)+ TP wx)P, MP? .= mz}?w?(x) + 2w (X)P
Xe Xe

xeX !
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The second term in Equation (7) is simply bounded as

cv

WP (y) =) (y) < Pw@)", vy ez, )

From Equations (8) and (9), we have

max
(xy)eX(2)xZ

(wx) S () +wD<y>) .

i€Q

(WA(") + 3 (Wl )+l -l i) *Wg’cv(”) '
€0

D,cv

< (MBCW(Y)V”C*Y F Py *V) w(Z)",

which proves the existence of ;. a
The following remark is in order.

Remark 12

1. Suppose wC is Lipschitz continuous on ¥ for each i € Q. We then have o€ >1,Vi€ Q.1f y€ > 1 and € >
1, V}j € Q, and yPV > 1, we have from Lemma 12 that ( f)C(YZ)X Z) zely has at least first-order convergence
onY.

2. LetX =[1,2],Y =[—1,1],and f(x,y) = xy. For any [—¢,¢] =: Z € IV with € > 0, consider the scheme of
convex relaxations ( f;(V(Z)X z)zery of finY with

f)c(‘(/Z)xZ(xJ) =max{y—ex+¢,2y+ex—2¢}.

The above scheme corresponds to the tightest possible scheme of convex relaxations in the reduced-space,
but has at most first-order pointwise convergence on Y. This is in contrast to Theorem 10 in [5] where
the scheme of convex envelopes of any twice continuously differentiable function was shown to have
pointwise convergence order of at least two on X X Y. Note that if Q = 0, the pointwise convergence order

of the scheme of convex relaxations ( f;‘(’ax Z) zely 1s dictated by the pointwise convergence order of the

scheme (w?’cv) zely » and second-order pointwise convergence of ( f)?(lz)x ~)zely can be achieved by using
the scheme of convex envelopes of wP if it is twice continuously differentiable. Also note that Theorem 2
in [5], which states that the pointwise convergence order of a scheme of relaxations of a nonlinear twice
continuously differentiable function can be at most two on X x Y, naturally holds over Y as well.

The following result establishes a lower bound on the convergence order of the reduced-space lower bound-
ing scheme proposed in [10] at infeasible points.

Lemma 13 Consider Problem (P), and suppose functions g;, j = 1,--- ,my, are each of the form (W) and

functions hy, k =1,---  mg, are each of the form (Weq). Let (g;&(Z>XZ)Z€HY, j=1,---.my, denote continu-

ous schemes of convex relaxations of g1, ,gm,, respectively, in Y with pointwise convergence orders y;"’l >
. A%

0, Ygm, > 0 and corresponding constants 3"\, , T}, and let (hi?]X(Z)xZ’hi,CX(Z)XZ)ZGHY’ k=1,---,mg,

denote continuous schemes of relaxations of hy,--- , hy,, respectively, in Y with pointwise convergence orders

Y1 >0, Vpme > 0 and corresponding constants Ty 1, , Ty my - Then, there exists T > 0 such that for every

zely

p (E@«a «2) B x {0}) ~d ()R (0)) < (2P,
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where I¢(Z) is defined as

Ic(2) = {(V,W) ER™ xR™ :v= g;:(v(z)Xz(X7Y)ah§(v(z)><z(X7Y) <w< hgfc(z)xz(XaY)

Sfor some (x,y) € X(Z) x Z}
and B is defined as

= min min %,  min .
P {je{l,---,m,}yg” ke{l,---,mf}yh’k}
Proof The proof is similar to that of Lemma 8 and is therefore omitted. a

Definition 15 (Feasible Point in the Reduced-Space) Consider Problem (P). A point y € Y is said to be
feasible (in the reduced-space) if there exists x € X such that (x,y) is feasible for Problem (P).

The following result establishes first-order convergence of the reduced-space lower bounding scheme pro-
posed in [10] at a feasible point in the reduced-space when first-order pointwise convergent schemes of relax-
ations are used and the reduced-space dual lower bounding scheme (see Section 5.2) is first-order convergent.

Theorem 7 Consider Problem (P). Suppose the functions f and g;, j=1,---,my, are each of the form (W)
and functions hi, k= 1,--- mg, are each of the form (Weq). Let y' €Y be a feasible point in the reduced-space
for Problem (P). Suppose the reduced-space dual lower bounding scheme (see Section 5.2) has convergence

f f
of order By at Y and a corresponding scheme of dual variables ((y% ,A% ))Z W (not necessarily optimal,

£ of f
but which yield Bq-order convergence at y') with (u% ,]\.%) € RT’ x R™ME Hu% H < u and )

y 3
.0
VZ € 1Y, for some constants f,A > 0. Let (f)c(YZ)Xz)zgﬂy, (g;&(z>xz)zeﬂy, j=1,---,my, denote continu-
ous schemes of convex relaxations of f, g1, ,8&m,, respectively, in Y with pointwise convergence orders
vi =Ly =1 > 1 and corresponding constants Tj", Ty, , Ty, - Let (n% Yz )xzvhli.cx(z)xz)ZGHY’
k=1,---,mg, denote continuous schemes of relaxations of hy,- - -, hy,., respectively, inY with pointwise con-
vergence orders yp 1 > 1, Ypm; > 1 and corresponding constants Ty 1, , Ty, - Then, the scheme of lower
bounding problems (£(Z))zc1y with

C
’ ygaml

(0(2))zew = (( p fX 2% ))ZGHY’

y)EFY(Z
(Fe@)ze = ({(vw) € R™ <R v =850, (x,¥), 05 (%,¥) S WS B (x,)

for some (x,z) € X(Z) x Z})ZGHY

min Y., min Y54 . o-order convergent at y' .
jefin Vel in },ﬁ g y

is at least min {min {yf ,
Proof The proof is similar to that of Theorem 3 and is therefore omitted. g

Definition 16 (Unconstrained Point in the Reduced-Space) Consider Problem (P) with mg = 0. A point
y €Y is said to be unconstrained (in the reduced-space) if there exists > 0 such that Vz € Y with ||z—y| < 0,
we have g(x,z) <0, Vx € X.

The next result establishes first-order convergence of the reduced-space lower bounding scheme proposed
in [10] at unconstrained points in the reduced-space when a first-order convergent scheme of relaxations of the
objective is used by the (convergent) lower bounding scheme.
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Proposition 2 Consider Problem (P) with mg = 0. Suppose the functions f and g;, j = 1,--- ,my, are each of
the form (W). Let ( f)c(YZ)X Z) zely denote a continuous scheme of convex relaxations of f in' Y with convergence
order /3]?v > 0 and corresponding constant 17]?", (gj.?’)((Z)X Z)zely, j = 1,---,my, denote continuous schemes of
convex relaxations of gi,--- ,&m,, respectively, in Y with pointwise convergence orders y;"l >0, Ygm >0
and corresponding constants r;f’l, Ty

Suppose y® €Y is an unconstrained point in the reduced-space, and the scheme of lower bounding problems

(ZL(Z))zery with

(O@zeri= (| min | Frten))

(x,y)e.F7 zely

(Fc(2))zey = (@%V(z>xz(X(Z) x Z))Zdy

has convergence of order f € (0, /3;“] at yS. Then the scheme of lower bounding problems (£ (Z))zc1y is at

least ﬁ;"-order convergent at yS.
Proof The proof is relegated to Appendix A.2 since it is similar to the proof of Corollary 2. a

Note that Proposition 2 can be generalized in a manner similar to Corollary 3 to show that the above lower
bounding scheme has ﬁ;"—order convergence on a neighborhood of y>.

The following example shows that the convergence order of the reduced-space lower bounding scheme is
dictated by the convergence order, /3;", of the scheme ( f;‘gz)x ~)zely under the assumptions of Proposition 2.

Example 12 LetX =[—1,0.1],Y = [~1,1],m; = 1,and mg = 0 with f(x,y) = x> +y* and g(x,y) = x+y—0.5.
For any [y“,yY] =: Z € IY, let

£ )= 45 00 if0 €ty

X, = . 1
X(2)xz\%Y 2+ min{ ()2, (V)2 — (Y —y4)3,  otherwise
g§(v<z)xz(xvY) =x+y—0.5.

The scheme ( f;‘(’Z)X Z) zeTy has first-order pointwise convergence on Y and third-order convergence on Y, while

the scheme (gg(‘?z) zery has arbitrarily high pointwise convergence order on Y.

><Z)

Let yv = —¢, yY = ¢ with 0 < & < 0.1. The width of Z is w(Z) = 2¢. The optimal objective value of
Problem (P) on Z is 0, while the optimal objective of the lower bounding problem on Z is —8¢>. Convergence
at the point y = 0 is, therefore, at most third-order.

It is natural to wonder at this stage whether the reduced-space lower bounding scheme in [10] has ‘similar
convergence properties’ to the full-space lower bounding scheme that was analyzed in Section 4.1. Example 16
presents a case where the reduced-space lower bounding scheme in [10] only has first-order convergence at a
constrained minimizer that is a KKT point (cf. Example 6, Theorem 2 and Corollary 4). The following example
shows that the reduced-space lower bounding scheme in [10] may have a convergence order as low as one even
for unconstrained problems with smooth objective functions.

Example 13 Consider the following instance of Problem (P):
min 2x% +x%y —xy* 4 (y—0.5)?
xy
st.xe[—1,1],ye[0,1].

The global minimum, (x*,y*), of the above ‘unconstrained problem’ is x* = ZT‘/ﬁ -3,y = @ — 1 with
optimal objective value v* = 2(x*)? + (x*)%y* —x*(y*)% + (y* — 0.5)2.
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Consider [y* —¢,y" +¢] =: Z € IV with € € (0,0.25]. The reduced-space lower bounding scheme in [10]
yields
0(Z)= min 2x* +wi+wy+ (y—0.5)

X,Y,W1,W
st.owp > X2y —e¢),
wi > y+x°(y +e)— (¥ +e),
wa >y —x(y +e)’ = (V' +e),
wy > (V)2 =2y — &> —x(y* — &)’ + (" —¢)?,
xe[-L1],ye —¢e,y +e].

Note that the point (xg, Y5, w] z,wh ;) = (x*,y", (x*)2(v" — &), —(")* — &> —x*(y* —&)>+ (y* — £)?) is feasible
for the lower bounding scheme with objective value 2(x*)? + w?z —|—w£_’Z +(y —0.5)> =v* 2" y*e — (x*)%e —
xe?— 2y*e. Therefore, we have
o8 D) = iR, Fr(a(vy) 2 ()2 +2"e? +2y"e — 2"y
= (0.5(x")2 +0.5x" e +y* —x"y") w(Z)
=0.5(14ex")w(2)
>0.5w(Z),

which establishes that the reduced-space lower bounding scheme in [10] has at most first-order convergence at
(the reduced-space minimizer) y*.

Remark 13 Example 13 provides an instance of Problem (P) for which the minimum is unconstrained but the
reduced-space lower bounding scheme in [10] is only first-order convergent at the reduced-space minimizer.
Therefore, the lower bounding scheme in [10] could face severe clustering for this example [7, 39]. Note that
this is in contrast to the full-space lower bounding schemes in Section 4 which can achieve at least second-order
convergence at the above minimizer and thereby mitigate clustering.

The presence of the terms x>y and —xy” in the objective function in Example 13 plays a crucial role in
limiting the convergence order of the reduced-space lower bounding scheme in [10] (see Remark 12). Ad-
ditionally, the analysis in Example 13 implies that the scheme of relaxations of its objective function has at
most first-order Hausdorff convergence on Y. Theorem 10 in Section 5.2 implies that the reduced-space lower
bounding scheme in [10] has second-order convergence at KKT points when all of the functions in Problem (P)
are twice continuously differentiable and separable in x and y.

5.2 Duality-based branch-and-bound

Diir and Horst [9, Section 3.3] outlined a reduced-space branch-and-bound algorithm in which they used La-
grangian duality to obtain lower bounds (also see [3, 8]). Diir and Horst [9] prove that when a constraint
qualification holds for the reduced-space convex relaxation-based lower bounding scheme with each function
in Problem (P) replaced by its (convex) envelope on X x Z (for each Z € IIY), the subdivision process is ex-
haustive on Y, and the selection procedure is bound improving, then any accumulation point of the sequence of
reduced-space dual lower bounding solutions solves Problem (P).

The reduced-space Lagrangian dual lower bounding problem is in essence the same as its full-space coun-
terpart Problem (D), with the major difference being that we only branch on the Y-space in the reduced-space
dual lower bounding scheme to converge. We associate with the reduced-space dual lower bounding scheme,
(L(Z))zer, at a feasible point in the reduced-space y, a scheme of dual variables ((pu3,,A%))zery correspond-
ing to the solution of the scheme of dual lower bounding problems (&'(Z))zcry with y € Z. Diir and Horst [9,
Section 4] also outlined classes of problems for which the reduced-space dual lower bounding problem can be
solved to optimality. The following result, analogous to Theorem 4, holds.



36 Rohit Kannan, Paul 1. Barton

Theorem 8 Consider Problem (P). Suppose strong duality holds for the reduced-space convex relaxation-
based lower bounding scheme for Problem (P) obtained by using the schemes of (convex) envelopes of f, g,
and h. Then, the reduced-space dual lower bounding scheme has at least as high a convergence order as
the reduced-space convex relaxation-based lower bounding scheme obtained by using schemes of (convex)
envelopes.

Proof The proof is similar to that of Theorem 4 and is therefore omitted. a

The following result from [9] states that when the constraints in Problem (P) are affine on X x Y, the lower
bounding scheme corresponding to schemes of (convex) envelopes provides the same scheme of lower bounds
as that obtained using the dual lower bounding scheme.

Lemma 14 Consider Problem (P), and suppose the constraints in Problem (P) are affine in x and y, i.e. g:
(x,y) — Agx+B,y —c¢, and h: (X,y) — Ayx+ B,y — ¢;,. In addition, suppose Problem (P) is feasible and
strong duality holds for Problem (P) for y restricted to any feasible point in Y . Then the lower bound obtained
by solving the dual problem on Z € 1Y is the same as the lower bound obtained by solving the relaxation of the
original problem on Z with the objective function f replaced by its convex envelope on X X Z.

Proof See Proposition 2.1 in [9]. a

Lemma 13 (in conjunction with Lemma 11) guarantees that the reduced-space dual lower bounding scheme
has at least first-order convergence at infeasible points for the subclass of Problem (P) for which the algorithm
of Epperly and Pistikopoulos is applicable when the functions w ,Vi € Q, and wP corresponding to each of
the constraints are Lipschitz continuous. The following result shows that first-order convergence at infeasible
points is guaranteed for a more general class of problems in the form of Problem (P) even when constraint
propagation techniques are not used.

Lemma 15 Let X C R™, Y C R™ be nonempty compact convex sets, f : X x Y — R be Lipschitz continuous
on X x Y with Lipschitz constant My. Suppose f is partially convex with respect to X, i.e. f(-,y) is convex on
X for eachy € Y. For any Z € 1Y, let [y : X X Z — R denote the convex envelope of f on X x Z. Assume
that for each X € X, there exists a subgradient s(y;X) € dxf(X,¥)|x=x such that each s;(y;X), i =1, ,ny, is
Lipschitz continuous on Y with Lipschitz constant M. Then, the reduced-space scheme of convex envelopes
(A7) ze1y has pointwise convergence of order at least one on'Y .

Proof We wish to prove the existence of a constant T > 0 such that

max |f(X,¥) — fyuz (X,¥)| <ww(Z), VZely.
(x,y)eX xZ

Note that the existence of the maximum in the above expression follows from the (Lipschitz) continuity of f,
Lemma 4, and the compactness of X x Y. Consider Z € IV, and let (x},y;) € argmax |f(X,y) — fyug (X,¥)|.

(x,y)eX xZ
We have

max |f(x,y) = fx\7 (%) = f(x2.¥2) = fx\7 " (x2.¥7)

(x,y)eX xZ
=max|f(xz,y) — fylz (Xz,¥)|. (10)
yEZ
Since f(-,y) is convex on X for each y € Y, we have

F(xy) = F(x5,¥) +s(y:x3) T (x—x)
= f(xz,y) +wz(x,y)
2 fgv,enV(X§7y) + Wg(VxZ(X»y)v V(X,y) €EXXZ,
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where s(y;x7) € dxf(X,y)[x=x; is a subgradient of f(-,y) at X such that s;(y;x7), Vi € {1,---,n.}, is Lip-
schitz continuous on Z with Lipschitz constant My, f;"“" (x},-) denotes the convex envelope of f(x5,-) on
Z, wz(x,y) := s(y;x})T(x —X5) is a function of the form (W), and wg, , is a convex relaxation of wz on
X X Z of the form (W) with first-order (pointwise) convergent schemes of estimators of s(y;X) used in its
construction.

Since f is Lipschitz continuous on X x Y and f;;"™ (x},-) is the convex envelope of f(x},-) on Z, we have
from Lemma 7 that

max|f(x.y) = £ (. ¥)| < Mpw(2).

Using Lemma 12 with w8 (x) = (x; — x7,), wE(y) = si(y;x), why = min (xi —xt5), why = max (xi —xi5),
; : xe " ; XE ,

C,cv _CL ok C,cc _ . CuU _ ya—— .
wiy (Y)=wiz = Iynelg si(y;x7),and wi 7 (y) = wiy = Iyeazx si(y;X5), we can show the existence of a constant

T 2 0 SuCh tha‘
X Z ’3 7 X y <7 Z
< ,Y>€X><2|w ( ) WXX ( ’ )| — W( )’

From the above two inequalities, we have

L5 9) wz(x,9) = (5557 059) 402 5.) | < (g4 7) w(2).

Using wz(x%,y) =0, we obtain
max|f (x,¥) = (2" (. ¥) +w%5z(x7,¥))| < (M7 +7) w(2).

cv.env

Since the convex envelope of f on X x Z, fy>", is, by definition, tighter than the convex relaxation

TV (x5, ) +wg, £ at X5, we have from Equation (10) that

max| £(x,¥) = 37 (Y| < (My+F)w(2),
which proves the existence of t. a

Note that the assumptions of Lemma 15 are readily satisfied if f is a Lipschitz continuous function of the
form (W) that is composed of continuous functions wh, wf ,Vie Q,and wP and Lipschitz continuous functions
wS, Vi € Q. An instance for which the assumptions of Lemma 15 are not satisfied is f(x,y) = |y||x +y+ 1|
with X = [—1,1] and Y = [—1, 1]. The following examples provide instances for which the assumptions of
Lemma 15 are satisfied, but where the functions involved are not in the form (W).

Example 14 LetX = [—1,1],Y = [—1,1],and f(x,y) = exp(xy). We have My = v/2exp(1), s(y;x) = yexp(xy),
and M = 2exp(1) satisfying the assumptions of Lemma 15.

Example 15 LetX = [—1,1],Y =[—1,1],and f(x,y) = —|y|v/x+y+3. We have My =4, s(y;x) = —2\/)%,

and M, = 1 satisfying the assumptions of Lemma 15.

The next result shows that the reduced-space dual lower bounding scheme has arbitrarily high convergence
order at unconstrained points in the reduced-space.

Proposition 3 Consider Problem (P) with mg = 0. Suppose y° € Y is an unconstrained point in the reduced-
space. Furthermore, suppose the reduced-space dual lower bounding scheme has convergence of order p >0
atyS. Then the reduced-space dual lower bounding scheme has arbitrarily high convergence order at yS.

Proof The proof is relegated to Appendix A.3 since it is similar to the proof of Proposition 1. g

The following result establishes first-order convergence of the reduced-space dual lower bounding scheme
even in the absence of constraint propagation.
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Theorem 9 Consider Problem (P). Suppose f, g;, j=1,---,my, and hi, k =1,--- ,mg, are Lipschitz contin-
uous on X X Y with Lipschitz constants Mg, Mg 1, -+, Mg, . Mp 1, -+ , My, 1, , respectively, and assume that the
assumptions of Lemma 15 hold for g and h. Assume, in addition, that Problem (P) is feasible, and that strong
duality holds for Problem (P) for y restricted to any feasible point in Y . Furthermore, suppose the set of optimal
dual variables for Problem (P) restricted to any feasible'y € Y is bounded (with the bound independent of y).
Then the reduced-space dual lower bounding scheme is at least first-order convergent on Y .

Proof Lemmata 11, 13, and 15 imply that the dual lower bounding scheme is at least first-order convergent at
any infeasible point y € Y with the prefactor independent of y (note that the conclusion of Lemma 13 does not
depend on the schemes of relaxations of the constraints being in the form (W*¢")).

Define F(y, u,A) := r;g)r(l Fx,y)+uTeg(x,y) —|—A.Th(x, y). We first show that F (-, u,A) is Lipschitz con-

tinuous on Y for any (u,A) € R} x R"2. Consider (u,A) € R} X R™E and yy,y, € Y. We have
|F(y17“7A‘)_F(y27“7A‘)|

| (i rx.v0)+ wats30) 2 "hixn) ) = (i 0592+ walxy) 2 hixyo) )|
< max | (£(x,y1) = £(x.¥2)) + BT (g(x.¥1) ~8(x.¥2)) + A" (h(x,¥1) = h(x,y2))|

< max |/ (x,.y1) = f(x.y2)| +max |07 (g(x, 1) — g(x.y2) |+ max [A(h(x,y1) ~h(x.y2)

= (Mf+ > lwMg i+ Y, |)‘k|Mh,k> [y1 =y,
&

=
where Step 2 follows from Lemma 3, and Step 4 follows from the Lipschitz continuity of the functions involved.

Suppose .#(Y) # 0 and Z € Y such that ZN.% (Y) # 0. Since strong duality holds for Problem (P) with y
restricted to any feasible point in Y, Problem (P) can be equivalently expressed on Z as

min  f(x,y) = min sup F(y,u,A).
(xy)eZ(Z) ( ) yez (u, A)Gle «RME ( )

By strong duality and ZN.% (Y) # 0, there exists a minimizer (y}, uy,A,) of the above ‘dual form’ of Prob-
lem (P) when y is restricted to Z. We have

min f(xy) -~ s min [f(xy)+u"gxy)+ A h(x,y)
(x,y)EF(Z) (4.A)eR™ xR"E (x,y)eX xZ
= |F(yz,uz,Az)—  sup min F(y,pu,7)

(u, A)Gle RME yez

g\ (V5 M3 15) ~ min F (3, 5, 1)

F(yy puy, A7) —F(¥z.1u5,A7)|

( +E|M]ZM81+;}‘I<Z|MI1I<> lyz =¥zl

<Mf+ EMwMg,—F EMothk> Viw(Z),

where ¥z € argmin F(y,u%,A5), Mw = sup max { || * (), |1A"(¥)| } is an upper bound on the norm of
yE€Z
pairs of optimal dual variables (u*(y), A" (y)) € argmax F(y, u,A), and the penultimate step follows from the
u>0,A
Lipschitz continuity of F(-,u,A)onY. O
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The assumption that the set of optimal dual variables for Problem (P) restricted to any feasible y € Y is
bounded can be replaced with the less restrictive assumption that there exists an optimal dual variable pair
(u*(y),A"(y)) € argmax F(y,p,A) for eachy € Y such that sup max { || * (y)|... [A"(¥) [l } < Moo.

u>0.A yey

A corollary of Theorems 7 and 9 is that first-order convergence is guaranteed for the convex relaxation-
based reduced-space lower bounding scheme in [10] when first-order pointwise convergent schemes of re-
laxations on Y are used in its construction. Instead of proving first-order convergence of the lower bounding
scheme in [10] at feasible points under the assumption that schemes of bounded optimal dual variables exist,
we show that the reduced-space lower bounding scheme in [10] enjoys first-order convergence at any feasible
point in the reduced-space under the (less restrictive) assumption that strong duality holds for Problem (P) with
y fixed to the feasible point.

Corollary 5 Consider Problem (P). Suppose the functions f and g;, Vj € {1,--- ,m;}, are Lipschitz con-
tinuous on X x Y with Lipschitz constants My, My 1, -+, Mg n,, respectively, and are each of the form (W).
Furthermore, suppose functions hy, k = 1,---  mg, are Lipschitz continuous on X x Y with Lipschitz constants
My, My, respectively, and are each of the form (Weq). Suppose y!' €Y is a feasible point in the reduced-
space and strong duality holds for Problem (P) when 'y is fixed to y'. Let ( fal)xz) 7€y, (gj-j/X(Z>XZ)Z€]IY,
Jj=1,---,my, denote continuous schemes of convex relaxations of f, g, ,&m,, respectively, in Y with point-
wise convergence orders y}v > 1, y;_"’l > 1, Ygm, = 1 and corresponding constants r;v, r;_"’l st Tam, - Let
(hi:/)((z) w7 hi,cx(z) xZ)ZGHY’ k=1,---,mg, denote continuous schemes of relaxations of hy,- - - , hy,, respectively,
in Y with pointwise convergence orders Yp1 > 1, ,Ypm; = 1 and corresponding constants Ty 1, , Ty ny -
Then, the scheme of lower bounding problems (£ (Z))zc1y proposed in [10] is at least first-order convergent
aty'.

Proof Let ( uY ! A f) € argmax F(y', u,A) be an optimal pair of dual variables for y fixed to y in Problem (P).
u>0,A

Suppose Z € IY with y' € Z. Similar to the proof of Theorem 9, we have

min _ f(x,y) = sup min [f (x,y)+u"g(x,y) + A h(x,y)
(xy)eZF(2) (wA)ER! XRME (xy)eXxZ
<|F (yf, uyf,}\.yf - sup min F(y, u,A)
(M,A)GRTXR’”E yez
<|F (¥, uyf,)»yf) —min F (y’ uyf,lyf)'
yezZ
<t'w(2),

f f f
for some constant T > 0. The result then holds as a consequence of Theorem 7 by using u = yyf, AL =AY,
= f
n= Hyyf ,and A = Hly H in Theorem 7. ]

The following example shows that the convergence order of the reduced-space dual lower bounding scheme
may be as low as one at constrained minima.

Example 16 Consider the following instance of Problem (P):

min —xy
xy
st.x+y<1,

xe[-1,1],ye[0,1].
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The optimal solution is (x*,y*) = (0.5,0.5) with optimal objective value —0.25. When the inequality constraint
is dualized, the following dual function is obtained:

q(u) = min —xy+tux+y—1)

st.xe[—1,1],y€[0,1].
Consider [y*,yY] = [0.5—¢,0.5+¢] =: Z € IY with & € (0,0.5]. In order to derive the dual function

g(u)= min —xy+u(x+y—1)
xe[—1.1]

yepyYl

as an explicit function of u, we partition the domain of u to obtain

(u—1)yY, if u <yt
g(u) = min{(u — 1)y, (u+ 1)y —=2u}, ifyb <u<yY
(w4 1)y" —2u, if u>yY

when the bounds on x are taken to be [—1, 1] irrespective of the bounds on y. The dual lower bound can therefore

be derived as: 5 U
O =1y
su =
le()) q(r) 14+0.5(Y —yb)

Therefore, for [y“,yY] = [0.5 — &,0.5 + €], the dual lower bound can be derived as

(—0.5—¢)(0.5+¢) (0.5+¢)?

su = =—
sup (1) T+e T+e

Consequently,

. (0.5+¢)*>  0.75¢ +¢?
min  —xy — su =—-0.25+ =
(xy)€F(Z) Y uzl()) a(k) 1+e¢ 1+¢

>0.75¢,

which implies that the dual lower bounding scheme is at most first-order convergent at y*.

Remark 14 Example 16 provides an instance of Problem (P) for which both the reduced-space dual lower
bounding scheme [9] and the reduced-space lower bounding scheme in [10] (this follows from Lemma 14)
are only first-order convergent at the minimizer. Furthermore, for each y € [0, 1], the reduced-space objective
function v : [0, 1] — R can be derived as

v(y) = min —xy
X

st.x+y<1,
xe[-1,1],

which reduces to v(y) = y* —y. It can be seen that y* = 0.5 is an unconstrained minimum of the reduced-space
objective v(y), which implies that at least second-order convergence of the reduced-space lower bounding
scheme is typically required at y* to mitigate clustering [7, 39].

Therefore, neither reduced-space lower bounding scheme can be expected to avoid clustering for this ex-
ample. Note that this is in contrast to the full-space lower bounding schemes in Section 4 which can achieve at
least second-order convergence at (x*,y*) and thereby mitigate clustering [15].

Note, however, that the use of constraint propagation techniques by reduced-space lower bounding schemes
can potentially increase their convergence order as demonstrated by Examples 17 and 18. This demonstrates
the importance of constraint propagation techniques in reduced-space lower bounding schemes, which has not
been emphasized in [9, 10].
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Example 17 Consider the instance of Problem (P) in Example 16 with Z = [y“,yY] C [0, 1],y* <0.5,yY >0.5.

Suppose we use constraint propagation to derive X (Z) = [—~1,1 —y"]. The dual function can be derived as
nOY=yH) Yot -1, if <yt
q(u) = § min{u(yY —y1) +y70F = 1), (u+ Dyt —2u}, iyt <p <y,
(u+ 1)y —2u, if u>yY

which yields the dual lower bound

L U L. U L
+yU — -2
Oy —yy)(y )_’_yL.

sup g(u) =
MZI()) ( ) 2+yU—2yL

Consider y* = 0.5 —¢,yY = 0.5+ ¢ for some ¢ € (0,0.5). The dual lower bound reduces to

sup 4(4) —e3—4.5¢2-0.75¢ —0.375
u = .
e 15+ 3¢

Consequently,

3 2
. > +4.5¢-4+0.75¢ +0.375
min —Xxy — su =-0.25+
o3y~ T S ale) 1513¢

|
— 025+ -
T 15

1
=—0.25+ (e +4.56% +0.75¢ +0.375) (1 —2¢ +4e> + O(&?))

(e +4.5¢2 +0.75¢ +0.375) (1 +2¢) !

=324+ 0(¢%)

< 1e?,

for some constant T > 0 (where we may assume that the above inequality holds for ¢ = 0.5 as well).
Consider any nondegenerate interval Z = [y*,yY] C [0,1] with 0.5 € Z and construct Z O Z such that
Z =[y* —¢,y" +¢&] with e = max{yV —y*,y* —y*}. We have

min  —xy — sup  min —xy+ugx,y)]< min  —xy —sup min |[—xy+ ug(x,y
(xy)€F(Z) u>0(x.y)eX(Z)xZ | (o) (xy)EZF(2) Mz()(x,y)eX(Z)xZ[ (x,y)]

grsz

<tw(Z)?,

which implies that the reduced-space dual lower bounding scheme with constraint propagation is second-order
convergent at y*.

Figure 1 illustrates the performance of the lower bounding schemes considered in this work in a bare-bones
branch-and-bound framework for Examples 16 and 17. The branch-and-bound framework was implemented
in MATLAB®, and the (convex) lower bounding problems were solved using the CVX [12] package. The
lowest lower bound node selection rule and the interval bisection branching rule (which bisects the domain
of the variable whose interval has the largest width) were used by the branch-and-bound algorithm. Since
Example 16 is not particularly challenging, it is assumed that a local solver finds its global solution at the root

node of the branch-and-bound tree (i.e., the upper bound is set to the optimal objective value at the root node).

In addition, the bounds on x and y were modified to [—1, 1-— %} and [%, 1] , respectively, to prevent the

full-space lower bounding schemes from branching at the optimal solution and (fortuitously) converging early

(this modification enables a truer characterization of the convergence rates of the lower bounding schemes).
Figure 1a plots the number of iterations of the branch-and-bound algorithm versus the (absolute) termina-

tion tolerance for the full-space lower bounding schemes, the reduced-space lower bounding schemes without
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(a) Comparison of the number of branch-and-bound iterations
versus the termination tolerance between the different lower
bounding schemes

(b) Comparison of the number of branch-and-bound iterations
of the reduced-space lower bounding schemes without con-
straint propagation with the predictions from the cluster prob-
lem model for different termination tolerances

Fig. 1: (Left Plot) Plots of the number of iterations of the branch-and-bound algorithm versus the absolute
termination tolerance for the lower bounding schemes considered in this work for Example 16. The solid line
indicates the number of iterations of the full-space lower bounding schemes, the dashed line indicates the num-
ber of iterations of the reduced-space lower bounding schemes without constraint propagation, and the dash-
dotted line indicates the number of iterations of the reduced-space lower bounding schemes with constraint
propagation. (Right Plot) Comparison of the number of iterations of the reduced-space branch-and-bound al-
gorithms without constraint propagation for Example 16 with the corresponding cluster problem model. The
dashed line indicates the number of iterations of the reduced-space lower bounding schemes without constraint
propagation, and the dash-dotted line indicates the predicted number of iterations from the cluster problem
model.

constraint propagation (see Example 16), and the reduced-space lower bounding schemes with constraint prop-
agation (see Example 17). Note that both full-space (reduced-space) lower bounding schemes considered in
this work result in the same lower bound for this problem (see Lemma 14). It can be seen that the full-space
lower bounding schemes and the reduced-space lower bounding schemes with constraint propagation perform
significantly better than the reduced-space lower bounding schemes without constraint propagation for small
tolerances, and that they exhibit a much more favorable scaling with a decrease in the termination tolerance as
well. Furthermore, the advantage of using constraint propagation techniques in the reduced-space lower bound-
ing schemes is evident, and its use puts the reduced-space lower bounding schemes at an advantage compared
to the full-space lower bounding schemes. Figure 1b illustrates that the dependence of the number of iterations
on the termination tolerance for the reduced-space lower bounding schemes without constraint propagation is
in good agreement with their associated cluster problem models (see [15, Corollary 4] for the details of the
cluster problem model). Note that the prediction of the number of iterations from the cluster problem model
in Figure 1b is obtained by fitting the prefactor in the cluster model (i.e., intercept of the line in the plot; the
slope of the line is determined by the cluster model using the estimate of the convergence order of the lower
bounding scheme obtained from this work) against the number of iterations obtained from the computational
experiments. It is worth mentioning at this stage that only basic versions of the lower bounding schemes con-
sidered in this work have been used to generate Figure 1; the performance of the lower bounding schemes may
be significantly different if they are implemented within a state-of-the-art branch-and-bound framework that
solves additional subproblems to speed up their convergence.

The following example illustrates another instance of Problem (P) for which constraint propagation plays
a crucial rule in boosting the convergence order of the convex relaxation-based reduced-space lower bounding
scheme in [10].
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Example 18 Consider the following instance of Problem (P):

min exp(x) —4x+y
Xy

s.t. x> +xexp(3 —y) < 10,
x€[0.5,2],ye[-1,1].

The optimal solution of the above problem, which is a constrained minimum, is (x*,y*) = (1.029,0.838)

the ‘exact’ optimal solution can be determined as follows: x* is the (unique real) root of the function (4 —
exp(x))(10x—x*) —x* —101in [0.5,2],and y* := 3 —1In (10;(—,?*)2)) with optimal objective value approximately
equal to —0.480. The reader can verify that (x*,y*, u*) is a KKT point for Problem (P), where u* := Wl%y*) .
This implies, in particular, that the full-space lower bounding schemes in Section 4 can be designed to be at
least second-order convergent at (x*,y*) (see Theorem 5 and Corollary 4). The reader can also verify that
second-order convergence of the lower bounding scheme may be sufficient to mitigate the cluster problem
around (x*,y*) [15].

Since all of the functions in the above instance of Problem (P) are in the form (W), both the reduced-space
lower bounding schemes considered in this section can be employed to solve it. The ensuing arguments show
that the convex relaxation-based reduced-space lower bounding scheme in [10] is only first-order convergent
at y* when constraint propagation techniques are not used.

Consider [y&,yV] := [y* —&,y* +¢] =: Z € IY with 0 < £ <0.1. The reduced-space lower bounding scheme
in [10] yields

O(Z) = min exp(x) —4x+y
Xy

s.t.x? +2exp(3 —y) +xexp(3 —y-) — 2exp(3 —y") < 10,
x> +0.5exp(3 —y) +xexp(3—yU) —0.5exp(3 —yY) < 10,
x€[0.5,2],y € pt,yY].

Note that the point

o (Ve —yY)) +40+2 (exp(3— 1Y) —exp(3—y*)) —exp(3—3Y)
(xz,¥7) = 3 Y

is feasible for the above lower bounding scheme with objective value exp(x%) - 4x§ + y%. Furthermore,

— <¢ (exp(3—yY))* +40+2 (exp(3—3Y) —exp(3 —y°)) —exp(3 —yV)
X, —x" = >

v <exp<3—y*>>2+4o—exp<3—y*>>
2

>0.2e+4o0(¢),
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where the details pertaining to the derivation of the above inequality are presented in Appendix A.4. Therefore,
we have

oo gy = T, oy F(apaoy) 2 (xpla) =4 +57) = (eXp(xg) 4 +ny>
= (exp(x") —exp(af) ) +4 (xf —x")
= (4—exp(x")) (xZ X ) +o (’xg—x*
> (xz X

)-l—o(‘xz x* )
>0.2¢40(¢)

(&
>0.05w(Z)

)

for ¢ < 1, which establishes that the reduced-space lower bounding scheme in [10] has at most first-order
convergence at y* (note that first-order convergence of the scheme follows from Corollary 5). This is rather
unfortunate because y* can be seen to be an unconstrained minimizer of the reduced-space objective function
v:[—1,1] — R, which can be derived (around y = y*) to be

v(y) =exp (x*(y)) —4x"(y) +y, Vye€[0.5,1],

where x* : [0.5,1] 3 y — [0.5,2] is given by

.\ (exp(3—y))’ +40—exp(3—y)
x(y) = 3 ,

which implies that at least second-order convergence of the reduced-space lower bounding scheme at y* is
typically required to mitigate clustering [7, 39].

We next show that when constraint propagation is used to infer (exact) bounds for x on Z, second-order
convergence of the reduced-space lower bounding scheme in [10] can be achieved. Note that for [yL,yU} =
" —e,y"+¢] = Z e lY with 0 < ¢ <0.1, the best possible (interval) bounds that can be obtained for x are
x € X(Z) = [x5,xY] with

exp(3—yY))* +40 —exp(3 —yV
5 os, o Ve ) 40 e )

The reduced-space lower bounding scheme in [10] with constraint propagation yields

O(Z) = min exp(x) —4x+y
Xy

st.x? +x7exp(3 —y) +xexp(3 —yF) —xJexp(3 —yb) < 10,
X2 +0.5exp(3 —y) +xexp(3 —yY) —0.5exp(3 —yY) < 10,
x€[0.5,x5],y € Pyl

By noticing that the first constraint in the above relaxation of Problem (P) is always active at the solution of the
relaxed problem, we can reformulate the reduced-space lower bounding problem as

0(2) = Jnin, exp (%z(y)) —4(Fz(y) +,

where X7 : Z >y — [0.5,x7] is given by

C ep(3—y1)) 40+ 4 (exp(3—y1) — exp(3—y)) —exp(3 — ")
¥z(y) = 3 :
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We have (see Appendix A .4 for details)
. . (exp(3 —y") +exp(3 —y) +4x7) (exp(3 —y") —exp(3—y))
Tz(y) —x"(v) =
2 (\/(exp(3 —y1))? +40 +4x5 (exp(3 —yL) —exp(3—y)) + \/(exp(3 —y))? —1—40)

(exp(3—y-) —exp(3—y))
2

o (exp(3 —»") —exp(3-))
2 (\/(exp(B —31))? +40+4xY (exp(3 —y&) —exp(3 —y)) + \/(exp(3 —y))? —|—40)

)

with0 < o < Te + 0(82) for some T > 0. Consequently, we have Yy € Z that
o e +0(e2) (exp(3—y1) —exp(3—)
Xz(y) —x"(y) < ( ) )
( (exp(3—y )) +40 +4x5 (exp(3 —y-) —exp(3—)) +\/ (exp(3—y))* —|—40)
2

+0(¢?)

<ie

for some 7 > 0, since exp(3 —y~) —exp(3 —y) is O(¢). Note that ¥z(y) > x*(y), VZ. Therefore, on intervals
" —e,y"+e]=Z eIy with0 < ¢ <0.1, we have

(Xﬁyl)léljggmf(x,y) (xy?% Xz xz(x,y):l)neigf(f()y) I}rggf(xz()y)

< f;leag\f(x*(y),y) — f(xz(y),y)]
= r;leag\exp(f () —exp(¥z(y)) +4%z(y) — 4x"(v)|
= f;laX\ (4—exp(x"(y))) (Fz(y) —x"(v)) + 0 (Xz(y) —x* ()|

< max|2 (¥2(y) =¥ () +0 (F2() =¥ ()|
ye

<2%e’ +0 (%)
<Tw(Z)?
for ¢ < 1, which establishes second-order convergence of the scheme at y* when restricted to symmetric

intervals around y*.

Consider any nondegenerate interval Z = [yL, U] € Iy with y* € Z and w(Z) < 0.1, and construct Z > Z
such that Z = [y* — &,y* + ¢] with ¢ = max{yY —y*,y* —y-}. We have

min X, mm x,y) < min x,y) — min _ fy} X,
o ?<Z>f( y) = iR, fx 1xz(%:¥) <”69@}‘( ¥) L Z>fx(z)xz( ¥)
<tw(Z)?
<47w(Z)?,

which implies that the convex relaxation-based reduced-space dual lower bounding scheme with constraint
propagation is second-order convergent at y*.

Finally, we show that the reduced-space dual lower bounding scheme in [9] has at least second-order
convergence at y* even when constraint propagation is not used to infer bounds on x. Consider [y“,yV] =: Z € TY
with w(Z) < 0.1. The feasible region of the original problem on Z is given by

F(Z) ={(x,y) €[0.5,2] x ") x <x*(»)}-
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The convex hull of the feasible region on Z is given by
conv(F(Z)) = {(x,y) €[0.5,2) x /"y :x < (0) },

where x;;° denotes the concave envelope of x* on Z. It is not hard to see that dy (.7 (Z),conv(.Z (Z))) < ¥w(Z)?
for some 7 > 0 (this partly follows from the fact that x* is twice continuously differentiable on [y* —0.1,y* 4+
0.1] and the fact that (x;°°) ,_, converges pointwise to x* with order at least two on [y* —0.1,y* +0.1]). Since
the dual lower bounding scheme produces a lower bound that is at least as tight as any convex relaxation-based
scheme, we have

o) TSP B ) T e S i ) ez zy )
=f(x",y") = f(%2,52)
<f(%z,9z) — f(%z,5z)
<My||(%z,9z) — (%z,52) |l
<Msiw(Z)%,

where (%7,57) €  argmin  f(x,y), (&2,97) € F(Z) is chosen such that ||(%z,97) — (¥z,57)|| < Tw(Z)?,
(x,y)econv(.7(Z))

and My denotes the Lipschitz constant of f on [0.5,2] x [—1,1]. Since the Lagrangian dual-based reduced-

space lower bounding scheme is at least first-order convergent at y* from Theorem 9, it is at least second-order

convergent at y* by analogy to Lemma 5.

Figure 2 illustrates the performance of the convex relaxation-based full-space and reduced-space lower
bounding schemes in the bare-bones branch-and-bound implementation for Example 18 (note that we do not
consider the Lagrangian dual-based full-space and reduced-space lower bounding schemes for the numerical
experiments for this example because we do not have closed-form expressions for the lower bounds obtained
using those schemes). Once again, the convex lower bounding problems were solved using the CVX [12]
package, and the lowest lower bound node selection rule and the interval bisection branching rule were used
by the branch-and-bound algorithm. Since Example 18 is not particularly challenging, we assume that a local
solver finds its global solution at the root node of the branch-and-bound tree (i.e., the upper bound is set to the
optimal objective value of the problem at the root node).

Figure 2a plots the number of iterations of the branch-and-bound algorithm versus the (absolute) termi-
nation tolerance for the full-space convex relaxation-based lower bounding scheme, the reduced-space con-
vex relaxation-based lower bounding scheme without constraint propagation, and the reduced-space convex
relaxation-based lower bounding scheme with constraint propagation. It can be seen that the full-space lower
bounding scheme and the reduced-space lower bounding scheme with constraint propagation perform signifi-
cantly better (for small tolerances) and exhibit a much more favorable scaling with a decrease in the termination
tolerance compared to the reduced-space lower bounding scheme without constraint propagation. Furthermore,
there is a clear advantage in using constraint propagation techniques in the reduced-space lower bounding
scheme, and its use makes the performance of the reduced-space lower bounding scheme superior to that of
the full-space lower bounding scheme for this example. Figure 2b shows that the number of iterations versus
the termination tolerance for the reduced-space lower bounding scheme without constraint propagation closely
follows the prediction from its associated cluster problem model (see [15] for the details of the cluster problem
model). Note, once again, that the prediction of the number of iterations from the cluster problem model in Fig-
ure 2b is obtained by fitting the prefactor in the cluster model against the number of iterations obtained from
the computational experiments. We wish to reiterate that only basic versions of the convex relaxation-based
lower bounding schemes have been used to generate Figure 2; the performance of the lower bounding schemes
may be significantly different if they are implemented within a state-of-the-art branch-and-bound framework
that solves additional subproblems to speed up their convergence.
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(b) Comparison of the number of branch-and-bound iterations
of the convex relaxation-based reduced-space lower bound-
ing scheme without constraint propagation with the predictions
from the cluster problem model for different termination toler-
ances

(a) Comparison of the number of branch-and-bound iterations
versus the termination tolerance between the convex relaxation-
based lower bounding schemes

Fig. 2: (Left Plot) Plots of the number of iterations of the branch-and-bound algorithm versus the absolute ter-
mination tolerance for the full-space and reduced-space convex relaxation-based lower bounding schemes con-
sidered in this work for Example 18. The solid line indicates the number of iterations of the convex relaxation-
based full-space lower bounding scheme, the dashed line indicates the number of iterations of the convex
relaxation-based reduced-space lower bounding scheme without constraint propagation, and the dash-dotted
line indicates the number of iterations of the convex relaxation-based reduced-space lower bounding scheme
with constraint propagation. (Right Plot) Comparison of the number of iterations of the convex relaxation-
based reduced-space branch-and-bound algorithm without constraint propagation with the corresponding clus-
ter problem model. The dashed line indicates the number of iterations of the convex relaxation-based reduced-
space lower bounding scheme without constraint propagation, and the dash-dotted line indicates the predicted
number of iterations from the cluster problem model.

The following result shows that the reduced-space dual lower bounding scheme is second-order convergent at
KKT points even in the absence of constraint propagation when all of the functions in Problem (P) are twice
continuously differentiable and separable in x and y.

Theorem 10 Consider Problem (P), and suppose f,g;, j=1,--- ,m;, and hy, k= 1,--- ,mg, are separable in
x and y. Suppose int(X x Y) is nonempty, and f, g, and h are twice continuously differentiable on int(X xY).
Furthermore, suppose there exists (X*,y*) € int(X x Y), p* € R, A* € R™ such that (x*,y*,u*,A") is a
KKT point for Problem (P). The reduced-space dual lower bounding scheme is at least second-order convergent
aty*.

Proof Let L(x,y,u,A) = f(x,y) +u'g(x,y)+ ATh(X, y) denote the Lagrangian of Problem (P). Since we are
concerned about the convergence order at the reduced-space feasible point y*, it suffices to show the existence
of T > 0 such that for every Z € IY with y* € Z,

min  f(x,y)— su min  L(x,y,u,A) < tw(Z2)%.
(x,y)€Z(2) ( ) uz()l,)l (x,y)EX xZ ( ) ( )
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We have

sup min L(X7y7 ”‘71) > min L(X,y, H*,A*)
u>0A (XY)EXXZ (x,y)EXXZ

i * * * * * s\ T «
> —
_<x-,)gl€l§(l><z |:L(X Y HTA )+VXL(X Y 1A ) (X X )]

i [LOY A VAL A ()

—|—(Vy (VXL(X*,y*, u*,l*)T(x—X*)))T(y -Yy)
FVL Y A (- y') - 0w(2)?)]

= min x5,y — O(w(Z)?
— i [76) - 0(w(2))

> f(x',y") —0(w(2)?).

Note that we have used the fact that L is partly convex with respect to x in Step 2, that L(x*,y*, u*,A") =
FX*,¥%), ViL(X*,y*, u*,A") = 0, VyL(x*,y*, u*,A") = 0 in Step 4 since it is assumed that (x*,y*, u*,A")
is a KKT point for Problem (P), and that Vy (VxL(x*,y*, u*,)\.*)T(x — x*)) = 0 in Step 4 by virtue of the
assumption that the Lagrangian is separable in x and y. Therefore,

min X,y) — su min L(x,y,u,A) < O(w(Z)?),
(x7y)€y<z)f( y) “ZOI?A min (x.y,1,4) <O(w(Z)")

which establishes the existence of T for all Z € IY with y* € Z by analogy to Lemma 5. g

Note that the assumption of separability in Theorem 10 can be replaced with the weaker assumption that
VayL(x*,y*, u*, A7) is the zero matrix.

Remark 15 Similar to Corollary 5, it can be shown that the reduced-space lower bounding scheme in [10] has
second-order convergence at KKT points even in the absence of constraint propagation when all of the functions
in Problem (P) are separable in x and y and second-order pointwise convergent schemes of relaxations are used.
Furthermore, under the above assumption of separability, the reduced-space lower bounding schemes in [10]
and [9] can be shown to possess second-order convergence at infeasible points and unconstrained points in the
reduced-space under suitable assumptions on the lower bounding schemes (see Remark 12). Consequently, the
convergence properties of the reduced-space lower bounding schemes considered in this section are similar
to their counterpart full-space lower bounding schemes in Section 4 when all of the functions in Problem (P)
are twice continuously differentiable and separable in x and y. Example 11 provides an instance wherein the
convergence order is exactly two at y* under the assumptions of Theorem 10.

6 Conclusion

A definition of convergence order for constrained problems has been introduced. The definition reduces to
previously developed notions of convergence order for the case of unconstrained problems. An analysis of the
convergence order of some full-space and reduced-space branch-and-bound algorithms has been performed.

It has been shown that convex relaxation-based full-space lower bounding schemes enjoy first-order con-
vergence under mild assumptions and second-order convergence at KKT points when second-order pointwise
convergent schemes of relaxations of the objective and the constraints are used. Furthermore, the importance of
a sufficiently high convergence order at nearly-feasible points has been demonstrated. Lagrangian dual-based
full-space lower bounding schemes have been shown to have at least as large a convergence order as convex
relaxation-based lower bounding schemes. In addition, it has been shown that Lagrangian dual-based lower
bounding schemes where the dual function is not exactly optimized still enjoy first-order convergence.
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The convergence order of the reduced-space convex relaxation-based lower bounding scheme of Epperly
and Pistikopoulos has been investigated, and it has been shown that the scheme enjoys first-order conver-
gence under certain assumptions. However, their scheme can have as low as first-order convergence even at
unconstrained points which can lead to clustering. It has also been shown that the reduced-space dual lower
bounding scheme enjoys first-order convergence and that its convergence order may be as low as one for con-
strained problems. In that regard, the importance of constraint propagation in boosting the convergence order
of reduced-space lower bounding schemes has been demonstrated. Furthermore, it has been shown that when
all of the functions in Problem (P) are twice continuously differentiable and separable in x and y, the above
reduced-space lower bounding schemes can achieve second-order convergence at KKT points, at unconstrained
points in the reduced-space, and at infeasible points.

Future work involves determining whether full-space lower bounding schemes can achieve second-order
convergence on a neighborhood of constrained minima that are KKT points (such a result may be required to
mitigate the cluster problem at such constrained minima - see [15, Proposition 2], for instance), analyzing the
convergence orders of some other widely-applicable reduced-space lower bounding schemes in the literature
(see, for example, [33]), and determining sufficient conditions on the constraint propagation scheme to ensure
second-order convergence of reduced-space lower bounding schemes at constrained minima that satisfy certain
regularity conditions.
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A Proofs

A.1 Proof of Proposition 1

Proposition 1 Consider Problem (P) with mg = 0. Suppose f and g;,Vj € {1,--- ,my}, are Lipschitz continuous on X X Y. Fur-
thermore, suppose (x5,y5) € X x Y such that g(x5,y%) < 0 (i.e. (x3,y%) is a Slater point). The dual lower bounding scheme has
arbitrarily high convergence order at (x3,yS).

Proof The arguments below are closely related to the proof of Corollary 2.
Since we wish to prove that the dual lower bounding scheme has arbitrarily high convergence order at the feasible point (x5,yS),
it suffices to show that for each § > 0, there exists T > 0, 8 > 0 such that for every Z € I(X x ) with (x,y%) € Z and w(Z) < 9,

. . B
min  f(x,y)—sup min [f(x,y)+ uTgx,y)] <tw(Z B
(xy)eZ(2) ( u>0 (XJ)GZ[ ty) ()] @
and the desired result follows by analogy to Lemma 5 by observing that the dual lower bounding scheme is at least first-order
convergent at (x5,yS).
Let g;(x5,y%) = —¢; < 0,V,j € {1,--- ,m}. Since g; is continuous for each j € {1,---,m;}, there exists §; > 0, Vj €
{1,--+,my}, such that ||(x,y) — (xs7y5)\|Oc < §; implies |gj(x7y)fgj(xs7ys)| < &—2’ (see Lemma 2).
Define 0 := {min }6j, and note that 8 > 0. Consider Z € I(X x Y) such that (x5,y%) € Z and w(Z) < §. For each (x,y) €
je{l,my
Z, je {1, ,m;} we have |g;(x,y) —g;(x5,y%)| < %/ Therefore, for each j € {1,--- ,m}, gj(x,y) < —% <0,V(x,y) € Z.
Consequently,

sup min_[f(x,y)+p"g(x,y)] > min_f(x,y)
(x,y)€Z

u>0 (xy)€Z
= min_f(xy)
(xy)eZ(2) (
since Problem (P) is effectively unconstrained over the small intervals Z around (x5,yS), which implies =0 and § = ) {Ilnin }6 i
jell mmy
satisfy the requirements. O

A2 Proof of Proposition 2

Proposition 2 Consider Problem (P) with mg = 0. Suppose the functions f and g;, j = 1,--- ,my, are each of the form (W). Let
( f)t(‘(lz)xz)ZG]IY denote a continuous scheme of convex relaxations of f in'Y with convergence order [3’;" > 0 and corresponding
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constant r;", ( gj"X 2)x Z) zely, j = 1,-++ ,my, denote continuous schemes of convex relaxations of g1, -+ ,gm, , respectively, in Y with
pointwise convergence orders V;Vl >0, Vg, > 0 and corresponding constants 17;"1 S Ty

Suppose yS €Y is an unconstrained point in the reduced-space, and the scheme of lower bounding problems (£ (Z))ze1y with

ﬁZ — . "CV )
(0(2))zery ((x,y)gl}n“(z)fﬂz)xz(x’y)>zdy'

(Fe@)zew = (82 (X(2) x2))

Zely

has convergence of order B € (0,B5"] at yS. Then the scheme of lower bounding problems (£ (Z))ze1y is at least B -order

convergent at yS.

Proof The proof is similar to the proof of Corollary 2.

Since yS is an unconstrained point in the reduced-space and g j is continuous for each j € {1,--- ,my} by virtue of Assumption 1,
38 > 0 such that Vz € Y with |z —y5||,, < 8 (see Lemma 2), we have g(x,z) < 0,¥x € X.

Consider Z € TY with yS € Z and w(Z) < 8. We have g(X(Z) x Z) C R™ and g;‘g(z)xz(x(z) x Z) C R™ . Consequently,

min f(X,y) - min )f)c(‘(lz)xz(xay) f)?(lz)xz(xvy}

i = min f(x,y) — min
(x,y)eZ(2) (x,y)eFV(Z (x.y)eX(Z)xZ (x.y)eX(Z)xZ

< rjc»vw(Z)ﬁfc'v.

The desired result follows by analogy to Lemma 5 based on the assumption that (£ (Z))zecry is at least 3-order convergent at
S
y’>. O

A.3 Proof of Proposition 3

Proposition 3 Consider Problem (P) with mg = 0. Suppose y5 € Y is an unconstrained point in the reduced-space. Furthermore,
suppose the reduced-space dual lower bounding scheme has convergence of order > 0 at yS. Then the reduced-space dual lower
bounding scheme has arbitrarily high convergence order at yS.

Proof The proof is closely related to the proof of Proposition 1.

Since y® is an unconstrained point in the reduced-space and g j is continuous foreach j € {1,--- ,m;} by virtue of Assumption 1,
there exists 8 > 0 such that Vz € Y satisfying ||z —y®||,, < 8 (see Lemma 2), we have g(x,z) <0, Vx € X.

Consider Z € IY with w(Z) < §. Since (X (Z) x Z) C R, Problem (P) can be reformulated as

min X,y) = min X,y).
(x,y)e.,‘?(Z)f( Y) (x,y)EX(Z)XZf( Y)

The dual lower bound can be bounded from below as

su min x,y)+ u'g(x, > min  f(x,y).
uz%(x,y)EX(Z)xZ[f( y)+utgxy)] (mex(z)xzf( y)

The desired result follows by analogy to Lemma 5 and the assumption that the dual lower bounding scheme is at least -order
convergent at yS. m]
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A 4 Proof of Arguments in Example 18

Proof We first show that xl, —x* > 0.2¢ +-0 ().

Xy —

; x*_<¢(exp<3yU>>2+40+2(exp(3yU)exp(ay*»exp(ayU) (exp(ay*))2+40exp(3y*)>
2 2

((eXP(3 —yY))* ~ (exp(3 —y*))z) +2(exp(3—yY) —exp(3—y")) L (exp(—y") —exp(3 —Y)
2 (\/(exp(3 —3Y))% +40+2 (exp(3 —yV) —exp(3—y*)) + \/(exp(3 —y)? +40> 2
_ (exp(3—yY) +exp(3—y") +2) (exp(3—»") —exp(3 1)) N
2 (\/(exp(3 —Y9))2 +40+2 (exp(3—yY) —exp(3—y*)) + \/(exp(3 —y))? +40>
(exp(3—y") +exp(3—y*) +2) (exp(3 —y") —exp(3 —y"))
2 (\/(exp(3 —y*—0.1))2 +40+2 (exp(3 —y* —0.1) —exp(3—y*)) + \/(exp(3 —y*))? +40>

(exp(3—y") —exp(3—y"))
2
>0.025 (exp(3—y*) —exp(3—Y))
=0.025exp(3—y")e+o(e)
>0.2e+o0(g).

(exp(3—y") —exp(3—y"))
2

>

+

Next, we derive an expression for ¥z (y) — x*(y).

2 2

) . \/(exp(%yL))zJr40+4X‘zJ (exp(3—y+) —exp(3—y)) —exp(3—y") 1/ (exp(3—y))* +40 —exp(3—y)
Tz(y) —x"(y) =

B ((exp(3=31))* = (exp(3-))?) +4xY (exp(3—3") — exp(3 ) .
2 (\/(exp(3 — 1)) +40+4xY (exp(3 —yL) —exp(3—y)) + \/(eXP(3 - +4o>

(exp(3—y) —exp(3—y"))
2
(exp(3—»F) +exp(3—y) +4x7) (exp(3—y*) —exp(3—))

2 <\/(exp(3 —¥1))? +40+4xY (exp(3 —yb) —exp(3—y)) + \/(exp(3 -y)’ +40>

(eXP(3fyL)2*eXP(3*y)). a1

We next establish the dependence of the different terms in Equation (11) on &. We first derive an expression for exp(3 —y&) +
exp(3—y) +4xY.

exp(3 —yb) +exp(3 —y) 4 4xy

=exp(3—y"+¢)+exp(3—y) +2\/(exp(3 —y* —£)* 440 —2exp(3—y* —¢)

=exp(3 —y*) +exp(3—y) +eexp(3 —y*) + O(e?) +2\/(exp(3 —y)? 1 =26 +0(£2)] +40
—2exp(3—y*) [1—e+0(e?)]

112
=24/ (exp(3—y*))> + 40+ exp(3 —y) —exp(3 — y*) + 3exp(3 — y*)e — _2(expBy)e +0(g?).

(exp(3—y*))* +40
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Next, we derive an expression for 4xJ (exp(3 —y) —exp(3—y)).

8 (o031 ~oxp( ) = (2y/(exp( -y e +40- 2e8p(3-5" —e) ) (exp3 —3" +)—exp(3-)
= (2 (exp(37y*))2+4072exp(37y*)> (exp(3—y" +¢&) —exp(3—y))+O(¢?)

= (2 (exp(3—y*))* +40 — 2exp(3 —y*)> (exp(3—y") —exp(3—y) +exp(3—)")e) + O(&?).

Finally, we consider \/(exp(3 —y1))? +40 +4xY (exp(3—y+) —exp(3—y)) + \/(exp(3 —))? +40.

\/(exp(3—y1))? + 40+ 439 (exp(3 — y1) —exp(3 —3)) +/ (exp(3—y))? +40
= \/(exp(3 — v +£))* +40+4xY (exp(3 —yt) —exp(3 —y)) + \/(exp(3 —))2+40
43 (exp(3 —y%) —exp(3—)) +2(exp(3 —y*))? e + O(¢?)
(exp(3 7y*))2 +40

(exp(3—y"))’e

:\/(exp(3 =)’ +40+ \/(exp(3 )P A0 2 Y
(exp(3—y*))* +40

= (exp(3—y*))2+40\/1+ +1/(exp(3—y))* +40

( (exp(3—)*))” +40 —exp(3 —y*)) (exp(3—y") —exp(3—y) +exp(3 —y*)¢)

+0(£?).
(exp(3—y"))* +40

Substituting the above expressions in Equation (11), we get

N . a (exp(3 —y") —exp(3 —y))

2 (\/(exp(3 —y1))? +40+ 427 (exp(3 —y-) —exp(3—y)) + \/(eXP(3 -)? +4o> 7

with

o=/ (exp(3— 7)) +40 — \/(exp(3 ~7))* + 40+ exp(3 1) —exp(3 ") -

( <exp<3—y*>>2+407exp<3—y*>) (exp(3—y") —exp(3 1)
+3exp(3—y")e—

(exp(3—y*))* +40

3(exp(3—y*)) e _( (eXP(3*y*))2+4076xp(3—y*))exp(37y*)5

+0(¢?)
(exp(3—y*))* +40 (exp(3—y*))* +40
- ( exp(3 —y') +exp(3 —y) —1) (exp(3—y") —exp(3—)) -
\/(exp(3 —y)? +40+ \/(exp(3 —))?+40

( (exp(3—)*))* +40 —exp(3 —y*)> (exp(3—y") —exp(3—y))
+3exp(3—y")e—

(exp(3—y*))? +40

3 (exp(3 7y*))2 e ( (exp(3 *)’*))2 +40 —exp(3 7)}*)) exp(3—y*)e

(exp(3fy*))2+40 B (exp(3fy*))2+40
<te+0(e?)

+0(e?)

for some £ > 0 since y € Z = [y*,yY] with w(Z) = O(&) and each term in the expression for o is O(¢). Note that a > 0 (since
Tz(y) =2 (). o
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