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ABSTRACT

Determining the locations of devices in mobile ad-hoc networks (MANETs), wireless sensor
networks (WSNs), and cellular networks has many important applications. In MANETs, which are
useful in disaster recovery, rescue operations, and military communications, location information is
used to enable location-aided routing and geodesic packet forwarding. In WSNs, whose applications
include environmental monitoring (e.g., for precision agriculture) and asset tracking in warehouses,
not only is location information useful for the self-organization of the network, but in addition, tying
locations to the sensor observations is crucial for adding meaning to the sensed data. In cellular
networks, location information is used to provide subscribers with location-based services in addition
to providing public service answering points with potentially life-saving location information during
emergency calls. These applications are largely not new, which is evidenced by the fact that the
literature is quite rich with localization studies presented over the span of many years. Because of
this, it may be surprising to learn that there is a lack of analyses concerning the fundamental factors
impacting localization performance.

Fundamentally, localization performance depends upon three factors: (i) the number of devices
participating in the localization procedure, (ii) the locations of the participating devices, and (iii) the
quality of the positioning observations gathered from the participating devices. For the most part,
these factors cannot reasonably be considered deterministic. Instead, at any point in time, random
effects within a network and its surroundings will determine these factors for individual positioning
scenarios. Unfortunately, there are currently no analytical approaches for characterizing localization
performance over these random factors. Instead, researchers either provide analytical results for a
deterministic set of factors or use complex system-level simulations to obtain general performance
insights. While the latter certainly averages over the random factors, the validity of the results is
limited by the simulation assumptions. Any change in a network parameter requires running a new
time-consuming simulation.

In this dissertation, we address current deficiencies in several ways. We present a new model for
tractably analyzing network localization fundamentals. This is demonstrated through fundamental
analyses of hearability and geometry. Further, collaboration among non-reference devices has
recently garnered increasing interest from the research community as a means to (i) improve
positioning accuracy and (ii) improve positioning availability. We present fundamental analyses
of both of these potential benefits. As a result of our work, we not only characterize several key
performance metrics, we also demonstrate that there exist new tractable ways to analyze localization
performance.
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Chapter 1

Introduction

Geolocation (also called positioning, localization, and position location) is deeply ingrained in our
daily lives and has been studied by the scientific community for many years [1–5]. This is because
determining the locations of devices, whether in mobile ad-hoc networks (MANETs), wireless sensor
networks (WSNs), or cellular networks, has many important applications. In MANETs, which are
useful in disaster recovery, rescue operations, and military communications, location information
is used to enable location-aided routing and geodesic packet forwarding [6–11]. In WSNs, whose
applications include environmental monitoring (e.g., for precision agriculture) and asset tracking in
warehouses, not only is location information useful for the self-organization of the network, but in
addition, tying locations to the sensor observations is crucial for interpreting the sensed data [12–14].
Lastly, in cellular networks, which provide nearly ubiquitous communication capabilities, location
information is used to provide subscribers with location-based services in addition to providing
public service answering points with potentially life-saving location information during emergency
calls [15–17].

A seemingly simple solution for providing universal location information in the aforementioned
networks is to take advantage of prevalent global navigation satellite systems (GNSS), e.g., GPS,
GLONASS, and Galileo; however, such systems are not always available or reliable. For example,
MANETs and WSNs often consist of large numbers of devices, meaning that it is often not
economically viable to equip all devices with GNSS receivers. Instead, it is likely that only a portion
of the devices are equipped with GNSS receivers, allowing those devices to locate themselves and
then serve as reference points with which the remaining devices communicate in order to then
calculate their own locations using some well-established localization technique. On the other hand,
GNSS receivers are standard equipment in all new cellular devices; however, these devices are often
used indoors where the satellite signals may be too weak to provide reliable location estimates.
Until recently, the Federal Communications Commission (FCC) mandate requiring cellular network
operators to locate those calling 911 to within certain accuracy requirements included only outdoor
location accuracies [18, 19]. Accordingly, the predominant way cellular network operators have
met the requirements of the mandate is by relying on GPS. In January of 2015, however, the FCC

1



Javier Schloemann Chapter 1. Introduction 2

expanded its mandate to include a phase-in of indoor positioning requirements, citing that the bulk
of emergency calls now originate indoors [20]. While accurate outdoor positioning using GPS is
reliably available under clear sky conditions, many years of positioning study have not yet resulted in
equally reliable positioning methods in urban canyons and indoor scenarios. Consider the classical
example of locating emergency personnel (e.g., firefighters) indoors, where the inability of existing
techniques to provide accurate indoor positioning has recently been described as a dilemma “where
people [are] literally dying within a hundred feet of safety” [21]. Despite this, economic limitations
dictate that GNSS are likely to be the only widespread dedicated location systems in the foreseeable
future. Thus, with the advent of these new indoor location requirements imposed by the FCC, it is
becoming increasingly imperative for cellular network operators to be able to fall back on accurate
terrestrial localization techniques.

Regardless of the technique or the type of network, geolocation performance fundamentally
depends upon three things: (i) the number of participating reference devices, (ii) the geometry or
locations of these reference devices relative to the device being localized, and (iii) the accuracies
of the positioning observations. When these factors are assumed deterministic, fundamental
localization performance can be studied analytically using the Cramér-Rao lower bound (CRLB)
(e.g. [22–24]). The CRLB is a metric from estimation theory which provides a lower bound on the
mean square error (MSE) performance of an unbiased estimator [25]. It is particularly useful for
(i) comparing estimators and (ii) understanding how close a particular positioning technique comes
to achieving the theoretical minimum mean square error (MMSE) performance. However, since
assumptions must be made on the above factors, the validity of a CRLB analysis is limited to the
assumptions made. Unfortunately, insights into the general performance of a network localization
technique cannot be gathered by considering only a deterministic set of assumptions. This is
because none of the aforementioned factors may reasonably be considered deterministic. Instead,
the different possible locations of the device to be located, the topology of the reference devices
relative to this device, and random variations in the channel conditions will (i) affect the number of
reference devices capable of participating in the localization procedure, (ii) result in those reference
devices providing a mix of both good and bad topologies for localization, and (iii) determine the
qualities of the positioning observations.

This brings us to the essence of how this dissertation contributes to the state-of-the-art in
localization. While the literature is very rich with algorithms and techniques designed to improve
positioning performance [13, 14, 24, 26–49], the performance of these approaches is typically
evaluated in one of two non-ideal ways. On the one hand, if the aim is to provide an analytical
result, then the CRLB is typically employed and studied using a deterministic set of assumptions
as discussed above. Unfortunately, there is no standard set of assumptions, meaning that a fair
comparison of the results in any two papers is usually difficult or impossible. On the other hand, if
the aim is to provide a result which is averaged across the different positioning scenarios which may
be encountered, i.e., averaged over the above factors, then Monte Carlo simulations are employed.
While the simulation-based approach certainly provides greater insight into the general performance
of a localization technique, the insights are still constrained to the network parameter values assumed
during simulation design. This means that understanding how a change in any parameter affects
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localization performance requires nothing short of implementing and executing a revised set of
complex system-level simulations. Consequently, any insights from the results gathered using these
two approaches should be considered specific to the chosen assumptions, rather than being truly
general. Ideally, localization performance should be analyzed through fundamental metrics which
are characterized in terms of the network parameters. While the CRLB is certainly a fundamental
metric, there is currently no known approach for characterizing it in this way. This is unfortunate
because for almost all practical positioning systems, e.g., cellular network localization, it is much
more important to understand localization performance in terms of the network parameters than it is
to understand it for a limited set of deterministic scenarios. On the whole, the deficiency of current
analysis techniques has led to a lack of fundamental analyses of general localization performance.
In this dissertation, we make significant contributions to the localization literature by presenting not
only four fundamental analyses of localization performance, but also a new tractable model which
may serve as the springboard for future fundamental analyses.

1.1 Noncollaborative positioning, Chapters 2 and 3

The first part of this dissertation focuses on noncollaborative positioning. We use this term to refer
to traditional network localization techniques in order to emphasize their distinction from network
localization techniques which further employ additional observations between mobile devices. A
classic example of a noncollaborative positioning method is that of terrestrial cellular network
localization, which is a primary focus of our work here.

1.1.1 Motivation

Altogether, the vast majority of both coverage and positioning studies in cellular networks have
relied on simulation-based results. This is largely due to the fact that these networks are often
modeled using widely-accepted grid-based models which do not lend themselves to tractable
analyses. Although communication is the primary concern of network operators, cellular system
designers have no choice but to also cater to localization demands due to federally-mandated
regulations [17]. As a result, the need to satisfy conflicting communication and localization
goals has a name among system designers–the hearability problem, due to the fact that increasing
hearability from neighboring cells for the purposes of positioning is contrary to the principles of
cellular system design [50]. Since balancing communication and localization goals must be done
during system design, it is appropriate to characterize localization performance in terms of the
network parameters. Unfortunately, there currently exist no analytical approaches for performing
this type of characterization.
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1.1.2 Contributions of Chapter 2

In Chapter 2, we present a new approach to studying network localization, one which is com-
plementary to the most common previous approaches, e.g., analysis of the CRLB or employing
simulation-based techniques. Specifically, we present a very general model, which considers ref-
erence devices deployed according to a homogeneous PPP, and allows the derivation of tractable
expressions for localization performance metrics using tools from point process theory [51] and
stochastic geometry [52]. The final expressions are in terms of the network parameters and thus
may be used to gain insights into how individual parameters affect the metric under consideration.
Furthermore, any insights gained from the analysis are not tied to a specific positioning scenario, but
are instead naturally averaged over all positioning scenarios which may be encountered for a given
set of network parameters. The model includes the ability to consider partially-loaded networks,
coordination among reference devices, and frequency reuse as a means to reduce interference. Thus,
the model is comprehensive enough for studying cellular network localization, though it may also
be applied to the study of positioning in other types of networks, e.g., WSNs and MANETs.

Following the presentation of the model, its utility is demonstrated through the characterization
of a fundamental factor impacting positioning performance – the number of participating devices.
After tying this metric to positioning accuracy, upper bounds and approximations for the distribution
of the number of participating devices are derived using the proposed model. From this analysis,
we then use the newly-derived expressions to draw insights into localization performance in
cellular networks. Specifically, we highlight the fact that localization performance is limited by
the interference from the BSs participating in the localization procedure. While BS coordination
helps mitigate this up to a point, it is shown that frequency reuse is essential for providing reliable
positioning service in cellular networks. This need to employ frequency reuse has been observed
previously, but only by first going through the process of running many complex system-level
simulations.

1.1.3 Contributions of Chapter 3

In Chapter 3, we complement the hearability analysis of Chapter 2 with a study of the geometric
component of localization performance, i.e., we characterize the geometric conditions of the
participating BSs in terms of network parameters. A well-known and fundamental metric used in
localization for evaluation the favorability of specific geometries to localization is the geometric-
dilution-of-precision (GDOP) [16, 53]. This metric is closely related to the CRLB [2, 54], and as
such also suffers from an inability to be characterized for nondeterministic positioning scenarios,
i.e., in terms of the network parameters. Thus, we present a new tractable metric based on the
angular separations of BSs, which can be used to gain insights into how network parameters
affect localization geometries. We consider TDOA positioning, which is typically the first-choice
fallback technique for cellular network localization when GNSS systems are unavailable, and
present a strong relationship between the proposed metric and the GDOP. After this relationship is
established, we characterize the metric for the model proposed in Chapter 2. Lastly, we demonstrate
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a particularly practical application of this metric – the ability to quickly determine the probability
that a mobile device is inside the convex hull of the BSs – a widely-recognized indicator of
positioning performance among localization researchers.

1.2 Collaborative positioning, Chapters 4 and 5

In recent years, collaboration between devices has received more and more attention as a means to
improve positioning performance, both for MANETs and WSNs [13, 14, 55–59] [5, Chp. 23] as
well as, more recently, for traditional cellular networks [45, 60]. Collaborative positioning extends
the classic localization problem by introducing additional observations between unlocalized nodes
in the hopes of obtaining the following benefits (i) more accurate location estimates and (ii) an
increased ability to calculate position fixes.

1.2.1 Motivation

While most papers assume that collaboration will help improve positioning accuracy, the question
of whether or not collaboration is inherently beneficial, even on a small scale, has not been fully
addressed in the literature. There have been a substantial number of simulation results primarily with
a focus on sensor networks and tracking applications (e.g., see [61–64]) which generally conclude
that collaboration is helpful for their particular setup, but nothing to the best of our knowledge in
terms of fundamental analyses applicable to arbitrary network sizes without specific observation
models. Thus, there is a need to look at the question of whether collaboration, at any scale and for a
very general model, is inherently valuable to location-aware networks.

While inaccurate positioning is certainly undesirable, the inability to calculate a position estimate
at all is even more so. Thus, the first objective in any location system is to make sure that the device
to be located can receive positioning signals from a sufficient number of BSs in order to calculate
a position fix. This is far from guaranteed, something to which cellular network designers will
attest (see the hearability problem discussed above). Even if it were to be shown by the analysis
of Chapter 4 that collaboration reduces the CRLB, that result could not imply that some of the
benefit received is due to an increased ability to calculate position fixes. This is because a CRLB
analysis cannot take into account errors due to ambiguities (such as the flip ambiguity [65]) since
the Fisher information calculations consider only the peakedness of the log-likelihood functions of
the observations in the vicinity of the true device locations (even though the log-likelihood may be
the same for many other locations).

With the exception of some MANET and WSN studies which use very simplistic models,
e.g., [66], which does not consider interference and thus models coverage regions using elementary
circular disks, we are not aware of any fundamental analytical studies of exactly how valuable
collaboration is for increasing localizability, i.e., the ability to calculate position fixes.



Javier Schloemann Chapter 1. Introduction 6

1.2.2 Contributions of Chapter 4

As mentioned above, there is a need to look at the question of whether collaboration, at any scale
and for a very general model, is inherently valuable for improving positioning accuracy in location-
aware networks. In order to consider this in a fundamental way, Chapter 4 presents a study on the
effect of collaboration on the CRLB of network positioning errors. Since it is not uncommon for
practical localization systems to have to estimate nuisance variables alongside the desired positions
(e.g., in TOA-based localization with non-line-of-sight biases), this is also incorporated into the
analysis. Specifically, we provide a fundamental proof that collaboration at any scale and under very
general conditions is inherently beneficial in multidimensional positioning problems, which is a
significant generalization of all previous related work on this subject. Our analysis is not constrained
to any specific dimensionality or specific observation types and error models, and is thus applicable
to scenarios with non-homogeneous noise statistics as well as positioning with mixed observation
types. Furthermore, whereas most previous work (such as any asymptotic analysis) is clearly
targeted toward dense sensor networks, the insights from our work apply to both cellular networks
as well as to dense sensor networks. A practical insight from this analysis is that enhancing cellular
network localization using one-to-one opportunistic collaborative connections is certainly worth
further study as a means for improving positioning performance.

1.2.3 Contributions of Chapter 5

As a complement to Chapter 4, Chapter 5 explicitly considers the following question: how does
enhancing the classical localization procedure with a collaborative link impact the availability
of position fixes? In order to address this question, we employ a graph-theoretic approach to
derive the conditions required for a device’s location to be determined without ambiguity for the
small-scale (specifically, two device) collaborative localization setup using ranging observations. In
addition, reasonable conditions required to guarantee unique localizability using range-difference
observations to BSs, e.g., using TDOA in cellular networks, are also presented. Using these
conditions, we present analytical expressions for the probability of unique localizability with and
without collaboration for (i) the scenario without shadowing, (ii) the scenario with shadowing and
universal frequency reuse, and (iii) the scenario with shadowing and frequency reuse. All of the
resulting expressions account for network self-interference, something which is usually omitted from
MANET and WSN studies. As a result of the analysis, we observe that in the absence of shadowing,
it is the separation between collaborators that dictates the amount of the localizability benefit
received from collaboration. However, when shadowing is present, the dependence of the benefit on
the separation is significantly reduced, although the best case gains are very similar. Lastly, when
both shadowing and frequency reuse are considered, the results show that the gains in localizability
due to collaboration are quite significant, which demonstrates that inter-device collaboration (e.g.,
using device-to-device (D2D) communication in LTE) is potentially very powerful in cellular
networks.
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Chapter 2

Towards a Tractable Analysis of
Localization Fundamentals in Cellular
Networks

2.1 Overview

When dedicated positioning systems, such as GPS, are unavailable, a mobile device has no choice
but to fall back on its cellular network for localization. Due to random variations in the channel
conditions to its surrounding base stations (BS), the mobile device is likely to face a mix of
both favorable and unfavorable geometries for localization. Analytical studies of localization
performance (e.g., using the Cramér-Rao lower bound) usually require that one fix the BS geometry,
and favorable geometries have always been the preferred choice in the literature. However, not
only are the resulting analytical results constrained to the selected geometry, this practice is likely
to lead to overly-optimistic expectations of typical localization performance. Ideally, localization
performance should be studied across all possible geometric setups, thereby also removing any
selection bias. This, however, is known to be hard and has been carried out only in simulation.
In this chapter, we develop a new tractable approach where we endow the BS locations with a
distribution by modeling them as a Poisson point process (PPP), and use tools from stochastic
geometry to obtain easy-to-use expressions for key performance metrics. In particular, we focus on
the probability of detecting some minimum number of BSs, which is shown to be closely coupled
with a network operator’s ability to obtain satisfactory localization performance (e.g., meet FCC
E911 requirements). This metric is indifferent to the localization technique (e.g., TOA, TDOA, AOA,
or hybrids thereof), though different techniques will presumably lead to different BS hearability
requirements. In order to mitigate excessive interference due to the presence of dominant interferers
in the form of other BSs, we incorporate both BS coordination and frequency reuse in the proposed
framework and quantify the resulting performance gains analytically.

9
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2.2 Prior art and motivation

Regardless of the technique, geolocation performance fundamentally depends upon three things: (i)
the number of participating BSs, (ii) the geometry or locations of these BSs relative to the device
being localized, and (iii) the accuracy of the positioning observations. When these factors are
deterministic, localization performance is typically studied analytically using the Cramér-Rao lower
bound (CRLB) (e.g. [22–24]). Furthermore, since localization systems are being discussed, the
topologies considered are often ones favorable to location estimation (such as by using a carefully
controlled set of scenarios to avoid poor geometries, e.g. [23]). This approach, however, is not
appropriate for studying cellular localization performance because none of the aforementioned
factors may reasonably be considered deterministic. Instead, the different possible locations of the
mobile device within a network, the topology of the BSs relative to the mobile device, and random
variations in the channel conditions will (i) affect the number of BSs capable of participating in the
localization procedure, (ii) result in those BSs providing a mix of both good and bad topologies
for localization, and (iii) define the strengths of the received BS signals which directly impact the
accuracies of the positioning observations. Clearly, only a very large set of deterministic scenarios
could provide insight into localization performance over all possible variations of the above. Even
so, crafting realistic scenarios requires the assumption of specific system design parameters and
propagation conditions, meaning that any insights from the results would be specific to the chosen
assumptions, rather than being general. This makes a classic metric such as the CRLB not suitable
for a general analysis.

In this work, our focus is on providing a truly general analysis of one metric which we will see
is indicative of a network operator’s ability to meet its mandated localization accuracy requirements–
the number of successfully detectable BSs. For communication, it is ideal for a mobile device to
receive a strong signal from its serving BS and weak signals from all its neighbors. For localization,
on the other hand, it is increasingly beneficial for a mobile device to receive usable signals from
more and more neighbors. Although communication is the primary concern of network operators,
cellular system designers have no choice but to also cater to localization demands. As a result, the
need to satisfy these conflicting goals has a name among designers–the hearability problem, due to
the fact that increasing hearability from neighboring cells for the purposes of positioning is contrary
to the principles of cellular system design [50]. In order to provide a general analysis of cellular
hearability, it is appropriate to characterize this metric across all possible network topologies and
channel conditions for the aforementioned reasons.

One field of study in which random network topologies are considered when discussing local-
ization is that of wireless or ad-hoc sensor networks. However, these studies differ from the cellular
scenario we consider in that the sensor network literature almost certainly ignores interference and
propagation effects, instead opting to define coverage using some fixed detection range [23, 80, 81],
though in rare cases the received signal strength may be used to define a circular coverage region
when shadowing is also considered [66]. In order to apply to cellular networks, our analysis differs
by not only including interference, but also by employing a model enriched with additional cellular
and localization-specific parameters.
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Lastly, when cellular networks are specifically considered, they are typically studied using the
popular hexagonal grid model, making analytical results difficult to come by. Instead, network
designers resort to complex system-level simulations using a common set of agreed-upon evaluation
parameters [82], as is clear from the 3GPP standardization process [83]. This can also be seen in the
limited amount of literature on hearability [60, 84, 85]. Though simulation-based, the work in [84]
and [85] is most similar to ours in that the focus is on studying cellular hearability (in GSM and
WCDMA [84] and LTE [85]). Interference, coordination, and fractional load are considered, but
in the end, one is left with only simulation results, from which it is not possible to gather general
insights into how localization performance is impacted by system design parameters and propagation
effects. This motivates the need for a tractable analytical model that can provide preliminary design
insights and will either circumvent the need for simulations completely or limit the ranges of
the simulation parameters. In [86] and [87], such tractable, yet accurate, analytical models were
developed to study the coverage and rate of single-tier and multi-tier cellular communication
systems, respectively. It was shown that the spatial layout of the BSs in cellular networks can be
tractably and realistically modeled using Poisson point processes (PPPs), especially as cellular
networks continue to deviate from centrally-planned macro-cell networks to networks which include
an increasing number of more arbitrary small-cell deployments such as picocells and femtocells.
This opens the door to the use of powerful tools from stochastic geometry to derive closed form
expressions for key performance metrics. Motivated by these advances, we develop a similar
approach to lend tractability to the analysis of localization systems.

2.3 Contributions

The main contributions of this chapter are as follows.

A general model for studying localization in cellular networks: In Section 2.4, we build on the
foundations of [86] and [87] and present a tractable model specifically for studying localization in
cellular networks. The model includes average network load, the ability for BSs participating in
the localization procedure to coordinate transmissions (e.g., through joint scheduling in LTE [50]),
and is easily adapted to frequency reuse when frequency bands are assigned randomly. From [86],
it is easy to see that self-interference from the network often leads to poor coverage probabilities
even when the reception of only a single signal is required. Since localization procedures require
the successful reception of multiple signals and are thus even more demanding, localization systems
typically necessitate the integration of signals over time in order to improve detectability. Our model
assumes that this integration provides some fixed processing gain, while fast fading is excluded
under the assumption that it is averaged out at the receiver. This exclusion of small-scale fading
effects in our model agrees with the state-of-the-art 3GPP simulation models [82].

Definition and characterization of accuracy-related hearability metric: We define a metric in order
to study the number of BSs whose signals arrive with sufficient quality to successfully participate in
a localization procedure. After presenting a clear relationship between the metric and positioning
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accuracy, upper bounds and approximations for the distribution of this metric are derived using
the proposed model, resulting in expressions that are closed-form in some special cases of interest,
while easy-to-compute integral expressions for the others. A dominant-interferer type analysis is
employed [88, 89], whereby the strongest interference source is always treated exactly, leading to
remarkably accurate approximations, nearly indistinguishable from truth.

Design insights: Lastly, we present results and draw out some interesting observations useful in
the design of localization systems. We make evident the fact that localization performance is
limited by the interference from the BSs participating in the localization procedure. It is shown that
mitigating this interference through BS cooperation helps up to a point, beyond which the true gains
in localization performance are realized through frequency reuse. The need to employ frequency
reuse for accurate positioning has been observed previously, but only by first going through the
process of running many complex system-level simulations. In LTE, for example, a reuse of six was
deemed necessary for downlink TDOA positioning, a verdict reached after many simulations [83].

2.4 A new model for the analysis of cellular positioning

We now formally describe the proposed model. The key notation presented in this section is
summarized in Table 2.4.1.

2.4.1 Spatial base station layout

The locations of the BSs are modeled using a homogeneous PPP Φ ∈ R2 with density λ [52]. Due
to the stationarity of a homogeneous PPP, the device to be localized is assumed to be located at
the origin o. If the interference is treated as noise at the receiver, the most appropriate metric that
captures link quality is the signal-to-interference-plus-noise ratio (SINR). For the link from some
BS x ∈ Φ to the origin, the SINR can be expressed as:

SINRx =
PSx‖x‖−α∑

y∈Φ
y 6=x

PSy‖y‖−α + σ2
, (2.1)

where P is the transmit power, Sz denotes the independent shadowing affecting the signal from
BS z to the origin, α > 2 is the pathloss exponent, and σ2 is the noise variance. Note that (2.1)
represents the SINR prior to any processing gain, yet as will be evident in the sequel, positioning
systems typically have to work at lower target SINRs, thereby necessitating the need for some form
of processing gain. In general, the post-processing SINR will include some multiplicative factor γ
representing the processing gain, which depends upon system parameters (e.g. integration time)
and is assumed to average out the effect of small scale fading. This is the reason why the SINR
expression in (2.1) does not contain a fast fading term, which is consistent with current models for
evaluating cellular positioning performance [82]. Those conversant with stochastic geometry-based
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Table 2.4.1: Summary of Key Notation

Notation Description

α Path loss exponent (α > 2)
‖ · ‖ `2-norm
o Origin (location of the typical user)
Φ PPP of BS locations
λ Density of Φ

xi (x̂i) Location of the ith closest (active) BS in Φ

Ri (R̂i) Distance of xi (x̂i) from the origin
γ Processing gain
β Post-processing SINR required for a successful wireless link
L Number of participating BSs
p Activity factor among L participating BSs
q Average network load for non-participating BSs
Ω Number of participating BSs interfering with the Lth BS

b(θ, r) A ball centered at θ with radius r
|A| The Lebesgue measure of region A
Ac The complement of region A
B ⊆ A Region B is a subregion of A
A\B The set (or region) A excluding its overlap with B
1(·) Indicator function, 1/0 when its argument is true/false
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analyses of wireless networks will recognize that the absence of fast fading on the serving link,
specifically one from the exponential family of distributions (e.g., Rayleigh fading), adds to the
technical challenge of a localization system analysis. Lastly, although we consider interference as
noise, the gain from some multiuser detection technique, such as interference cancellation, can be
abstracted into the proposed model using the processing gain parameter γ [90].

2.4.2 Selection of participating base stations

As is common in communication system analyses, serving BSs are selected according to the
strongest BS association policy, measured using average signal strength, which typically includes
long time-scale effects such as shadowing and pathloss. Now, consider that we desire to use a
total of L BSs for positioning. Thus, we assume that the L BSs which provide the highest average
received power make up the set of participating BSs. Their successful participation, however, is
not guaranteed as there is some post-processing SINR threshold β (or equivalently, pre-processing
SINR threshold β/γ) above which the signals from the participating BSs must arrive in order for
them to successfully contribute to the localization procedure. In the absence of shadowing, the set of
potential BSs simply corresponds to the set of the L nearest BSs. When shadowing is considered and
BSs are selected according to average signal strength, the effect of shadowing may be absorbed as a
perturbation in the locations of the BSs provided that the fractional moment E

[
S2/α
z

]
<∞ [91,92].

Thus, when this condition is fulfilled and without loss of generality, we define a new equivalent
PPP with density λE

[
S2/α
z

]
. In doing so, we ensure that the strongest BS association policy in

the original PPP is equivalent to the nearest BS association policy in the transformed PPP. For
notational simplicity, we will continue to represent the transformed PPP by Φ with density λ, under
the assumption that if shadowing is present, it is already reflected in the density of Φ. Note that
the condition on the fractional moment is fairly mild and will almost always be satisfied by the
distributions of interest, including the most common assumption of log-normal shadowing with
finite mean and standard deviation [92]. As a final note, it has been shown that for SINR, shadowing
causes even more regular network models, such as the common hexagonal lattice, to behave like a
PPP model [93–95]. This further validates the use of a PPP to model BS locations.

2.4.3 Base station coordination and network load

BS coordination and network load are modeled through two activity factors, p and q, respectively.
During a localization procedure, the L participating BSs coordinate with each other and attempt to
blank their own transmissions while the others are active, but are unable to do so with probability p
due to network traffic demands. The remaining BSs are assumed active with probability q, which
is simply the average network load [96]. For simplicity of exposition, let us order the BSs in the
now shadowing-transformed Φ in terms of increasing distance from the origin such that the location
of the kth farthest BS from the origin is denoted by xk ∈ Φ. We now enrich the previous SINR
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expression in (2.1) for the signals arriving from the participating BSs (i.e., xk for k ∈ {1, . . . , L})
by including BS coordination and network load as follows:

SINRk(L) =
P‖xk‖−α

L∑
i=1
i 6=k

aiP‖xi‖−α+
∞∑

j=L+1

bjP‖xj‖−α + σ2

, (2.2)

where ai and bj are independent indicator random variables (fixed throughout the localization
procedure) modeling the thinning of the interference field by taking on value 1 with probabilities
p and q, respectively. Note that SINRk is now a function of L because of the potentially different
activity factors for the participating BSs and the rest of the network. The number of active
participating BSs interfering with the Lth BS is Ω =

∑L−1
i=1 ai, which is a binomial random variable

with probability mass function

fΩ(ω) =

(
L− 1

ω

)
pω(1− p)L−1−ω, ω ∈ {0, . . . , L− 1}. (2.3)

2.4.4 Base station range distributions

From (2.2), it is clear that the SINRs are dependent on the distances of the BSs from the origin,
rather than the locations themselves. Thus, it is worthwhile to characterize these. Let Rk = ‖xk‖
and R̂m = ‖x̂m‖, where x̂m is now the mth farthest active BS. This is illustrated in Figure 2.4.1 for
the closest active (R̂1) and Lth closest overall (RL) BSs. The distribution of RL is known to be [97]:

fRL(r) = e−λπr
2 2(λπr2)L

r(L− 1)!
. (2.4)

Now, conditioned on the location (or distance) of the Lth BS and Ω, we present a useful lemma for
understanding the distribution of the locations of the Ω active participating BSs.

Lemma 2.1. Conditioned on the location of the Lth BS, the Ω active BSs closer to the origin are
distributed according to a binomial point process (BPP) (i.e., in a uniformly random manner) inside
the circle of radius RL centered at the origin.

Proof. See Appendix A.1. �

Using Lemma 2.1, we obtain the following distribution for the most dominant (i.e., closest active)
interferer, given the distance of the Lth BS and Ω. This is formally presented below.

Lemma 2.2. The cumulative distribution function of the closest active BS distance R̂1 given RL

and Ω is

FR̂1|RL,Ω(r|RL,Ω) = 1−
(
R2
L − r2

R2
L

)Ω

. (2.5)
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Activity

factor p

Activity

factor q

RL

R̂1

Figure 2.4.1: THE PROPOSED MODEL. The mobile device is denoted by the filled square and
actively transmitting BSs are denoted by solid circles.
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Proof. See Appendix A.2. �

Let A = b(o,RL)\b(o, R̂1), where b(θ, r) represents a ball of radius r centered at θ. We have the
following lemma characterizing the distribution of the Ω− 1 remaining active BSs in the annular
region A.

Lemma 2.3. Conditioned on R̂1 and RL, the Ω− 1 active BSs located inside the annular region
b(o,RL)\b(o, R̂1) are distributed according to a BPP.

Proof. See Appendix A.1. �

2.5 Localization performance

As mentioned in the introduction, localization performance fundamentally depends on the number
of positioning observations, their accuracies, and the locations of the participating BSs relative to
the device being localized. These three factors are all highly interdependent. For instance, both the
number of BSs whose signals arrive with sufficiently-high SINRs to participate in the localization
procedure and the quality of their positioning observations are strongly dependent on the interference
field, which is itself driven by the realized network deployment. Thus, a full characterization of
localization performance would take into account all possible geometric conditionings of the BSs
over all possible channel conditions, a task which is extremely difficult. By taking into account
even just the number of participating BSs averaged over the channel conditions, however, valuable
insights into localization performance may be gleaned. Thus, in this section we focus on hearability,
while geometry is the focus of the following chapter.

2.5.1 Base station participation and geolocation performance

A clear relationship exists between the number of BSs involved in positioning and a cellular
network operator’s ability to meet its geolocation performance requirements [83]. In order to see
this, consider handset-based TDOA positioning, such as Observed Time-Difference-Of-Arrival
or OTDOA in LTE. The FCC E911 mandate requires that operators employing handset-based
localization estimate the locations of mobile devices to within an accuracy of 50m 67% of the time
and 150m 90% of the time [17]. Using the model described in the previous section with a BS
deployment density equivalent to that of an infinite hexagonal grid with 500m intersite distances, a
shadowing standard deviation of 8 dB, and a pathloss exponent of α = 3.76, an example localization
system was simulated requiring a pre-processing SINR β/γ = −13 dB for successful signal
detection [98]. A fully-loaded network was assumed with no BS coordination (i.e., p = q = 1)
and clock inaccuracies at each BS modeled normally with a standard deviation of 100ns. The
SINR threshold determines which BSs may successfully participate in the localization procedure,
while an individual ranging observation is modeled as the sum of an exponentially-distributed



Javier Schloemann Chapter 2. Towards a Tractable Analysis of Cellular Positioning 18

0 20 40 60 80 100 120 140 160
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Positioning error (m)

P
(P

o
s
it
io

n
in

g
 e

rr
o

r 
≤
 A

b
s
c
is

s
a

)

 

 

L ≥ 1

L ≥ 2

L ≥ 3

L ≥ 4

L ≥ 5

L ≥ 6

L ≥ 7

L ≥ 8

L ≥ 9

Figure 2.5.1: IMPACT OF BS PARTICIPATION ON MEETING FCC E911 REQUIREMENTS: Po-
sitioning performance of an OTDOA-like system with settings derived from [98] (see text). A
performance curve must pass through both horizontal dashed lines in order to meet the FCC
mandate.

non-line-of-sight bias with a mean of 30m and a zero-mean Gaussian random variable with a
variance based on the exact SINR and calculated using the well-known TOA ranging CRLB [99]
using a signal bandwidth of 10 MHz. Lastly, positions were estimated using the algorithm presented
in [4] with the strongest BS selected as the reference BS. The resulting localization performance
is shown in Figure 2.5.1 for several minimum BS hearabilities. From this particular example, a
network operator might conclude that, with universal frequency reuse on the positioning signals, a
hearability of 6 BSs would be required to be in compliance with the requirements of the FCC E911
mandate.

Motivated by this connection, we now formally propose a metric to study the number of BSs
able to successfully participate in a localization procedure for a given target SINR β and processing
gain γ.

Definition 2.1 (Participation metric). For a given BS deployment φ ∈ Φ, let Υ represent the
maximum number of selectable BSs such that all successfully participate in a localization procedure.
This can be mathematically defined as:

Υ = arg max
`

`×
∏̀
k=1

1

(
SINRk(`) ≥

β

γ

)
. (2.6)

Note that this metric differs from a traditional metric such as the CRLB in that it is not directly
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tied to a specific positioning accuracy value, though it is still closely related. Its advantage lies in its
tractability when characterized over all the possible BS topologies, whereas the CRLB, on the other
hand, does provide direct insight into achievable positioning accuracy, but only for deterministic
networks, quickly becoming intractable to characterize over all BS topologies.

2.5.2 Participation from a desired number of base stations

While generally better localization performance can be attained by increasing BS participation, the
probability of obtaining some desired number of successful BS connections is known to decrease
sharply as the number increases. How this fundamental factor influencing localization system
performance changes across different parameter sets is exactly the objective of our study. Thus,
it is desirable to understand exactly how Υ is impacted by the network design parameters and
propagation effects, averaged over the geometric conditions and channel variations.

Definition 2.2 (L-localizability probability). For a given φ ∈ Φ, a mobile device is said to be
L-localizable if at least L BSs may successfully participate in the localization procedure. The
probability of this occurring is simply:

PL = P (Υ ≥ L) = E

[
L∏
k=1

1

(
SINRk(L) ≥ β

γ

)]
. (2.7)

It may be insightful to step back and consider a specific application of PL. Note that the first
objective in any location system is to make sure that the device to be located can detect positioning
signals from a sufficient number of BSs (i.e., that it is localizable). By this, we simply mean that
an estimate of the device’s location can be found without ambiguity. In the noiseless case, this
means that there can only be one solution. In the noisy case, this means that there is a single global
minimum to the appropriate cost function. Commonly-accepted minimum values of L for the
unambiguous operation of a localization system in the R2 plane are 2, 3, and 4 for AOA, TOA/RSS,
and TDOA, respectively. Thus, for example, P4 can be equivalently thought of as the coverage
probability of TDOA positioning.

For two edge cases of interest, that with no BS coordination (p = 1) and that with perfect BS
coordination (p = 0), it is straightforward to infer from (2.2) that

1 (SINRk(L) ≥ β) ≥ 1 (SINRl(L) ≥ β) (2.8)

for all k ≤ l ≤ L. This simply means that the received SINR from a BS farther from the mobile
device is lower than that of a closer BS, implying that the probability of L-localizability in (2.7) can
be equivalently expressed as

PL = E [1 (SINRL(L) ≥ β/γ)] . (2.9)
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Figure 2.5.2: LOWER BOUNDING THE INTERFERENCE: As in Figure 2.4.1, transmitting/quiet
BSs are denoted by filled/hollow circles and the device to be localized is denoted by the filled
square.

With partial BS coordination (0 < p < 1), the relationship in (2.8) does not hold in certain corner
cases. These rare occurrences have a minimal impact on our analysis, and we proceed by using the
expression for PL in (2.9) for all p. In the numerical results, we will validate that (2.9) is in fact an
accurate approximation of PL for all p by comparing with the true PL, which jointly considers the
SINRs of all participating BSs.

2.5.3 A simple bound on PL

We now derive an upper bound on L-coverage probability by (i) considering the closest interferer’s
location exactly, (ii) placing the remaining Ω− 1 active interior interferers at the edge of the field
of participating BSs, and (iii) ignoring thermal noise and all distant BSs. We illustrate this setup
in Figure 2.5.2, which applies the above considerations to the network realization of Figure 2.4.1.
Note that the interference from all BSs beyond the Lth BS is ignored, while the active interior BSs
have been pushed out to the same distance as the Lth BS. The dominant interferer, however, has
been left untouched.

Theorem 2.4 (Upper bound on L-coverage probability). The probability that a device can success-
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fully utilize a desired L BSs for positioning is upper bounded by

PL(p, q, α, β, γ, λ) ≤
χ∑

ω=0

(
1−

(
γ

β
− (ω − 1)

)− 2
α

)ω

fΩ(ω), (2.10)

where χ = min{L− 1, bγ/βc}.

Proof. See Appendix A.3. �

One thing we notice immediately from (2.10) is that the bound is independent from the BS de-
ployment density λ. This is in line with similar observations made in coverage analyses for
interference-limited networks (i.e., network interference dominates thermal noise) [86, 87]. We will
return to this observation at the end of this section. In the special case when all participating BSs
transmit simultaneously, the above bound reduces to a simple closed-form expression.

Corollary 2.4.1 (The special case of p = 1). When all participating BSs transmit simultaneously,

PL(1, 1, α, β, γ, λ) ≤

(
1−

(
γ

β
− (L− 2)

)− 2
α

)L−1

, (2.11)

for β < γ
L−1

, and zero otherwise.

Proof. When p = 1, fΩ(L− 1) = 1 and the result follows from (2.10). �

From this result, we see that as greater numbers of participating BSs are desired, the probability of
attaining those numbers of BSs with sufficiently strong connections decreases dramatically. Note
that by rearranging (2.11), we also obtain a useful lower bound on the processing gain required to
achieve some desired L-localizabity probability.

Corollary 2.4.2 (Lower bound on processing gain with no BS coordination). The processing gain
required to reach a desired L-coverage probability PL when p = 1 is lower-bounded by

γ ≥ β

((
1− PL

1
L−1

)−α
2

+ L− 2

)
. (2.12)

2.5.4 Approximations of PL

Let

I1 =
Ω∑
i=2

P‖x̂i‖−α (2.13)
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be the aggregate interference due to the active BSs (if any) between x̂1 and xL. Furthermore, let

I2 =
∞∑

j=L+1

bjP‖xj‖−α (2.14)

be the aggregate interference due to the infinite field of BSs located further than the Lth BS. Clearly
then, when Ω ≥ 1,

SINRL(L) =
PR−αL

PR̂−α1 + I1 + I2 + σ2
. (2.15)

In this section, we will approximate (2.15) and in turn PL by making the following assumption.

Assumption 2.1. We assume that if the dominant interferer (i.e., the closest active BS) is con-
sidered exactly, the remaining interference terms in (2.15), namely I1 and I2, may be accurately
approximated by their means conditioned on R̂1, RL, and Ω.

This type of dominant interferer analysis has been employed previously with desirable results [88,
89] and will yield remarkably simple, yet accurate, approximations in our analysis, as will be
demonstrated later. This is because considering R̂1 exactly and I1 using its mean (conditioned on
R̂1), results in an accurate approximation of the total interference due to the BSs closer than xL,
which is typically the performance-limiting term.

In interference-limited networks, Assumption 2.1 allows us to replace SINRL(L) in (2.9) by

SIRL(L) =
PR−αL

PR̂−α1 + E[I1|R̂1, RL,Ω] + E[I2|RL]
, (2.16)

where SIR stands for the signal-to-interference ratio. As the deployment density grows, the
assumption of interference-limited networks increases in validity, and since our work is motivated
by the reuse of existing infrastructures, such as cellular networks with small cell extensions which
have relatively high deployment densities, we aver that it is quite reasonable. Expressions for the
above conditional means are presented in the following lemmas.

Lemma 2.5. The expected value of I1 conditioned on R̂1, RL, and Ω is

E[I1|R̂1, RL,Ω] =
2P (Ω− 1)

2− α
· R

2−α
L − R̂2−α

1

R2
L − R̂2

1

, (2.17)

for Ω ≥ 1, and zero otherwise.

Proof. See Appendix A.4. �

Lemma 2.6. The expected value of I2 conditioned on RL is

E[I2|RL] =
2Pπqλ

α− 2
R2−α
L , (2.18)
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for α > 2, and unbounded otherwise.

Proof. See Appendix A.5. �

By inserting the results of Lemmas 2.5 and 2.6 into (2.16), we obtain increasingly specialized (and
simpler) approximations of the L-localizability probability. In order to proceed, however, we must
first account for the case when Ω = 0, in which case R̂1 in (2.16) has no meaning. Thus, we first
derive an approximation of PL for the special Ω = 0 case, which incidentally corresponds to the
perfect coordination (p = 0) scenario.

Proposition 2.7. Under Assumption 2.1, the probability of L-localizability with perfect BS coordi-
nation in interference-limited networks is

PL(0, q, α, β, γ, λ) = 1−
L−1∑
`=0

e−
α−2

2qβ/γ

(
α−2

2qβ/γ

)`
`!

. (2.19)

Proof. See Appendix A.6. �

Once again, the density of the BS deployment does not appear to affect PL. With this special case
out of the way, we now proceed, starting with our most general result.

Theorem 2.8. Under Assumption 2.1, the probability that a mobile device is able to localize itself
using L BSs in interference-limited networks is

PL(p, q, α, β, γ, λ) =

1−
L−1∑
`=0

e−
α−2

2qβ/γ

(
α−2

2qβ/γ

)`
`!

 fΩ(0) +
4(λπ)L

(L− 1)!

L−1∑
ω=1

fΩ(ω)

∫ ∞
0

∫ rL

0

1

 r−αL

r̂−α1 + 2(ω−1)
2−α ·

r2−α
L −r̂2−α

1

r2
L−r̂

2
1

+ 2πqλ
α−2

r2−α
L

≥ β

γ

 r̂1(r2
L − r̂2

1)ω−1r
2(L−ω)−1
L ωe−λπr

2
L dr̂1 drL.

(2.20)

Proof. See Appendix A.7. �

Thus, we obtain an expression which requires only double integration in order to determine PL,
and though the outside integral has an infinite integration bound, the expression is not difficult
to evaluate numerically thanks to the decaying exponential term in the integrand. To appreciate
the value of this approximation, consider the p = 1 scenario in which case the first term in (2.20)
disappears and the summand need only be evaluated at ω = L− 1. Though the authors did not have
localization in mind, the exact expression for the k-coverage problem in the absence of fast fading
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in [100, Corr. 7] applies directly to PL for p = q = 1. A cursory glance at the exact expression
in [100] reveals its cumbersome nature, involving sums over many multi-fold integrals even in the
absence of thermal noise, which is considerably more complex in comparison to (2.20). Moreover,
by applying a slight secondary approximation and multiplying E[I2|RL] in (2.16) by E[R2

1]/R2
1,

where E[R2
1] = 1

πλ
[97], (2.20) is further reduced, yielding a single-integral expression applicable

to the general case.

Corollary 2.8.1. Under Assumption 2.1, the general expression for PL in (2.20) may be further
(and consequently, less reliably) approximated for interference-limited networks by

PL(p, q, α, β, γ, λ) = PL(0, q, α, β, γ, λ)fΩ(0) + 2
L−1∑
ω=1

fΩ(ω) ω

∫ ∞
1

1

(
xα +

2(ω − 1)

2− α
· x

2 − xα

x2 − 1
+

2qx2

α− 2
≤ γ

β

)
(1− x−2)

ω−1

x3
dx. (2.21)

Proof. See Appendix A.8. �

This expression is instantly and accurately evaluated in a numerical computation environment such
as MATLAB. We now briefly describe how the introduction of the additional terms into (2.16)
reduces (2.20). The key is that after some algebraic manipulation, (2.16) may now be expressed as
follows (see (A-5) in the appendix):

SIRL(L) ≈ 1(
RL
R̂1

)α
+ 2(Ω−1)

2−α ·

(
RL
R̂1

)2

−
(
RL
R̂1

)α
(
RL
R̂1

)2

−1

+ 2q
α−2

(
RL
R̂1

)2

, (2.22)

which contains R̂1 and RL only through their ratio X = RL/R̂1. The cumulative distribution
function of this ratio admits the simple form of FX(x) = (1− 1/x2)Ω, which is readily obtained
from (2.5). For the special case of α = 4, this additional approximation needn’t be used, however,
as a single integral expression is obtained directly from (2.20).

Corollary 2.8.2. Under Assumption 2.1 and for the special case of α = 4 in interference-limited
networks,

PL(p, q, 4, β, γ, λ) =

χ∑
ω=0

fΩ(ω)

∫ √
γ/β−ω
πqλ

0

1− 1√
γ/β − πqλr2 + (ω−1)2

4
− ω−1

2

ω

fRL(r)dr,

(2.23)

where χ = min{L− 1, bγ/βc}.
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Proof. See Appendix A.9. �

For fully-loaded networks (i.e., p = q = 1), (2.23) simplifies further to the following expression.

Corollary 2.8.3. Under Assumption 2.1 and for the special case of α = 4 in fully-loaded
interference-limited networks,

PL(1, 1, 4, β, γ, λ) =

∫ √
γ/β−(L−1)

πλ

0

1− 1√
γ/β − πλr2 + (L−2)2

4
− L−2

2

L−1

fRL(r)dr, (2.24)

for β < γ
L−1

and zero otherwise.

For larger values of L and higher values of p, it may be reasonable to ignore the I2 term in (2.16)
under the assumption that the interference due to the Ω active participating BSs dominates that of
the rest of the network. By doing so, expressions not requiring any integration may be found for the
special cases covered in Corollaries 2.8.2 and 2.8.3.

Corollary 2.8.4. Under Assumption 2.1 and when α = 4, PL for networks limited by the interference
from the nearby BSs participating in the localization procedure is

PL(p, q, 4, β, γ, λ) =

χ∑
ω=0

fΩ(ω)

1− 1√
γ/β + (ω−1)2

4
− ω−1

2

ω

, (2.25)

where χ = min{L− 1, bγ/βc}.

Proof. Consider the limit of (2.23) as q → 0. The parenthetical term becomes independent of r
and may be pulled out of the integral, while the remaining integral covers the probability density
function fRL(r) over the entirety of its domain, thus evaluating to 1. �

Corollary 2.8.5. Under Assumption 2.1 and when α = 4, PL for fully-loaded networks limited by
the interference from the nearby BSs participating in the localization procedure is

PL(1, 1, 4, β, γ, λ) =

1− 1√
γ/β + (L−2)2

4
− L−2

2

L−1

, (2.26)

for β < γ
L−1

and zero otherwise.

Interestingly, when interference from the participating BSs is ignored in (2.19) and when distant
network interference is ignored in (2.25) and (2.26), the resulting expressions are independent of
the BS deployment density. This is termed as scale invariance in the literature and is known to hold
for most of the metrics that are derived from SINR when the thermal noise is negligible or ignored
(interference-limited scenarios), e.g., see [86, 87].
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2.6 Numerical results and discussion

We now study the tightness of the bound and the approximations, as well as gather insights from
numerical results. For consistency, all results were gathered using a BS deployment density
equivalent to that of an infinite hexagonal grid with 500m intersite distances (i.e., λ = 2/(

√
3 ·

5002 m2)) and a shadowing standard deviation of 8 dB. While our analytical expressions were
derived by focusing solely on the post-processing SINR from the Lth BS surpassing β, the truth data,
which is compiled through simulation using an average of 1000 BSs, contains no such approximation
and considers the SINRs from all L participating BSs jointly with each required to surpass β. Let
us first consider PL for L = 4 in the case of α = 4 and fully-loaded networks (p = q = 1), the setup
considered in Figure 2.6.1. To interpret the meaning of this figure, it may be helpful to provide
a simple example. Consider a cellular localization system employing TDOA observations and
requiring a post-processing SINR of at least −6 dB for successful operation after experiencing a
10 dB processing gain due to its integration time (i.e. β/γ = −16 dB). Figure 2.6.1 tells us that
when all BSs in the network are fully-loaded (i.e., actively transmitting), unambiguous TDOA
positioning (i.e., using L = 4 or more BSs) is possible only 50% of the time, a result consistent with
the fact that universal frequency reuse (e.g., using synchronization signals) was deemed untenable
for positioning signals in LTE. Also in this figure, the truth data is compared against the closed-form
bound in Corollary 2.4.1, the nice closed-form approximation in Corollary 2.8.5 which ignores
distant interference, as well as the simple single-integral approximation in Corollary 2.8.3. We
note that the bound is tight for the high-reliability regime, which is the range of greatest interest
(localizability probabilities greater than 0.75). For low probabilities of localizability, the bound
diverges by a maximum of around 3 dB. However, this low coverage range is not very desirable for
system design, anyway. In addition to the bound, the closed-form approximation performs well for
PL > 0.6, while the single-integral approximation provides a remarkably tight approximation which
is invariably indistinguishable from truth across all SINR values. The key factor in enabling these
accurate approximations is that the locations of the strongest BS (i.e., the dominant interferer) and
the Lth BS are considered exactly.

Inspired by the results in Figure 2.6.1, we now delve deeper into the approximation of Theo-
rem 2.8 in (2.20) and its single-integral counterpart in (2.21) to examine how they perform under
more general conditions, such as across the range of realistic pathloss exponents. Figure 2.6.2
shows that the former remains almost indistinguishable from truth for all α values, while the latter is
very tight in the high-reliability regime for α > 3 and exhibits a noticeable deviation (amounting to
less than 1 dB) when α = 3. For PL < 0.5, the single-integral approximation deviates significantly,
however, due to the fact that the interference from beyond the Lth BS becomes more influential with
a higher SINR requirement. This deviation is further accentuated by our intentional selection of
disadvantageous p and q values, where p = 2/3 partially de-emphasizes the interference from the
closest BSs and q = 1 is the worst case q for the single-integral approximation since it maximally
emphasizes the distant interference term where the additional approximation lies. Nevertheless,
this single-integral approximation for the general parameter case performs well even under these
adverse conditions for the higher PL values of interest, and will only improve with more favorable
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Figure 2.6.1: AN INITIAL COMPARISON: This figure compares the true PL with the bound and
several approximations for L = 4, α = 4, and p = q = 1. The most accurate approximation is
indistinguishable from truth, and requires a simple analytical evaluation instead of a tedious Monte
Carlo approach.

values of p and q. On the other hand, subsequent figures will make it evident that the approximation
in Theorem 2.8 and its exact derivatives remain extremely accurate across the ranges of all network
parameter values.

As discussed in Corollary 2.4.2, the upper-bound on coverage provides a useful closed-form
lower-bound on the processing gain required to obtain a desired L-localizability probability, which
is likely a specification set prior to system design. From Figure 2.6.3, it is clear that for p = 1 and
high desired values of PL, the bound provides a tight criterion for the minimum processing gain
required. Unfortunately, a closer look reveals that the processing gains required are impractically
high, highlighting the need for some sort of interference mitigation. Moreover, consider that both
bounds are very tight in the region of interest despite the fact that the interference from beyond the
Lth BS is fully present (i.e., q = 1), while the bound derivation essentially assumes q = 0. This
provides more insight into the nature of the interference, revealing that the localization performance
is limited by the interference from other participating BSs (which is consistent with conclusions
drawn from LTE positioning simulations [83]), prompting one to consider coordination amongst
the BSs as the desired interference mitigation technique. This becomes even more evident as the
propagation conditions become more severe, such as indoors, where higher path loss exponents
demand higher processing gains to achieve the same PL as seen in Figure 2.6.4.

Through Figure 2.6.5, we demonstrate the value of mitigating interference through BS coor-
dination. With the BSs beyond the Lth BS fully-loaded, we note an increasing benefit from BS
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(b) Corollary 2.8.1

Figure 2.6.2: GENERAL THEOREM 2.8 APPROXIMATIONS across a range of pathloss exponents
for L = 4, p = 2/3, and q = 1.
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Figure 2.6.3: THE IMPORTANCE OF INTERFERENCE MITIGATION: Processing gains required to
achieve PL = 0.8 without any sort of interference mitigation (p = 1) for q = 1 and α = 4.
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Figure 2.6.4: THE IMPACT OF PATH LOSS: Processing gains required for desired PL values grow
exponentially with the pathloss exponent. (PL = 0.8, L = 4, p = q = 1.)
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Figure 2.6.5: THE BENEFIT OF BS COORDINATION: These L-localizability probabilities em-
phasize the gains achievable through the coordinated mitigation of participating BS interference.
(L = 4, α = 4, q = 1.)

coordination as the degree of the coordination is incrementally increased. The large improvement in
hearability from p = 1 to p = 0 again sheds light on the issue of interference from nearby BSs. In
fact, at its least detrimental point, the interference from the L− 1 closest BSs accounts for nearly a
10 dB drop in signal quality. That’s roughly the equivalent of going from successfully obtaining
eleven to obtaining only four BSs in the network considered in Figure 2.6.6. While coordination
is able to help significantly, a closer look at Figures 2.6.5 and 2.6.6 makes it clear that more is
necessary in order to reach the truly high L-localizability probabilities at reasonable SINR values.
The most prevalent technique to further reduce the interference is that of thinning the interference
field by separating nearby transmitters in frequency, which is discussed next.

2.6.1 Application to frequency reuse

An effective technique to reduce interference from co-located transmitters is that of frequency reuse,
commonly included in wireless standards [101]. If a total of K frequency bands are available
and we independently assign one of the bands to each x ∈ Φ with equal probability, we can
easily incorporate frequency reuse into our model by considering the transmission activity on each
band separately using independent PPPs whose densities are that of the original PPP thinned by
the frequency reuse factor K. Let us denote the number of detectable BSs in the kth band by
nk. For L-localizability, we thus require

∑K
k=1 nk ≥ L. The main technical difference between

this analysis and that already presented is that we are now obliged to evaluate the probability of
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Figure 2.6.6: THE COST OF INVOLVING MORE BSS: This figure underscores the high cost of
obtaining a greater desired number of BSs, particularly in the high-reliability regime. (α = 4,
p = 1/2, q = 3/4.)

being able to detect exactly n BSs in a given frequency band. Under the localization setup we
consider, it is not difficult to show that when p = q this can be readily determined by considering
the difference between the probabilities of n and n + 1 localizability. The p = q condition isn’t
particularly restrictive, as it still allows us to model average network load and only removes the
ability to perform per-band BS coordination (which isn’t done in practice, anyway). From here,
the expression for the L-localizability probability with frequency reuse is procured by simply
considering all combinations of {n1, . . . , nK} for which

∑K
k=1 nk ≥ L. This is formally stated in

the following theorem.

Theorem 2.9 (L-localizability probability with random frequency reuse). The L-localizability
probability with random frequency reuse and reuse factor K is:

PKL(p, q, α, β, γ, λ) = 1−
L−1∑
l=0

∑
{n1,...,nK}∑

i ni=l

K∏
i=1

(
Pni

(
p, q, α, β, γ,

λ

K

)
− Pni+1

(
p, q, α, β, γ,

λ

K

))
.

(2.27)

This expression is easily implemented in software using a recursive function and any of the previous
expressions for evaluating PL may be substituted into (2.27). Using the worst-case interference
scenario (p = q = 1), the value of frequency reuse is clearly demonstrated in Figure 2.6.7 for K = 3
and 6, which correspond to the values used in LTE when positioning using cell-specific reference
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Figure 2.6.7: THE VALUE OF FREQUENCY REUSE is undeniable for improving PL. Here, L = 4,
α = 4, p = q = 1.

signals (CRS) and positioning reference signals (PRS), respectively. Since random frequency reuse
makes no attempt to intelligently separate interference sources, gains from planned frequency reuse
are likely to be even better.

2.6.2 Example LTE use case

Although the model presented in this chapter is general and not tied to any specific localization
system, here we provide an example of how our model may be initially related to an existing
technique. Consider the scenario of OTDOA positioning in LTE using the PRS, for which it is
reasonable to assume that up to six close BSs may be selected to localize a mobile device without
interfering with each other due to a frequency reuse factor of six among the PRS. BSs farther away
may still interfere, however. This setup may then be treated as one with perfect coordination (p = 0)
among the L = 6 participating BSs, while the expected interference from beyond the sixth BS is
adjusted using q ≤ 1 in accordance with the average network load. The processing gain γ ≈ 15 dB
from the length-31 Gold sequences used in the PRS while α = 3.76 per 3GPP assumptions [82].
Furthermore, even PRS power boosting may be accounted for in a preliminary way by considering
the power boost at the participating BSs as an equivalent power reduction at the interfering BSs.
Practically, this may be implemented by reducing the value of q, the ultimate value of which will
depend on the amount the participating BSs’ powers are boosted.
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Figure 2.6.8: CONVERGENCE TO PPP: Hearability results gathered using a regular grid model
converge to those gathered using a PPP model as the shadowing standard deviation σs increases.
(β/γ = −10 dB, α = 4, p = q = 1.)

2.6.3 Similarity between PPP and hexagonal grid hearability

We now briefly revisit our assumption of BSs distributed according to a PPP and show that this model
yields hearability results which are comparable to those yielded by the well-accepted hexagonal
grid model. As discussed in [93–95], increased shadowing causes more regular network models to
appear Poisson when considering received signal strength-based metrics. In Figure 2.6.8, hearability
results using the two models are compared for several increasing shadowing strengths (note that,
as discussed previously, the PPP results are invariant to shadowing strength), p = q = 1, and
β/γ = −10 dB, and it is clear that the models are converging. Furthermore, frequency reuse causes
the models to provide similar results for higher values of L even at lower shadowing strengths. This
is shown in Figure 2.6.9 for K = 6, σs = 8 dB, and the other parameters the same as above. While
there will always be some difference in the hearability results using the two models, the results
using actual deployments likely lie somewhere in between the two, as was discovered in [86] for
cellular coverage.

2.6.4 Hearability comparison of the PPP analyis and a 3GPP simulation

Finally, we now briefly compare the results of our PPP-based hearability analysis with those of an
actual complex system-level simulation. In Figure 2.6.10, hearability results are presented using
L = 4, α = 4, p = q = 1, and σs = 8 dB for (i) universal frequency reuse (K = 1), (ii) a frequency
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Figure 2.6.9: COMPARISON WITH FREQUENCY REUSE: When K > 1, the models agree for
greater values of L even at a lower σs = 8 dB. A required L > 10 is not typically expected.
(β/γ = −10 dB, α = 4, p = q = 1, K = 6.)
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Figure 2.6.10: COMPARISON OF PPP MODEL WITH 3GPP SIMULATION: This figure provides
an example of the similarity in hearability results obtained using the PPP model and a complex
system-level 3GPP simulation. Here, L = 4, α = 4, p = q = 1, σs = 8 dB.
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Table 2.6.1: Summary of 3GPP Simulation Parameters

Parameter Setting

Cell layout Hexagonal grid, 127 cell site
Intersite distance (ISD) 500m
Pathloss model L = 128.1 + 40 log10R dB
Shadowing standard deviation, σs 8 dB
Shadowing correlation 0.5 (between sites), 1 (between sectors)
Max antenna gain, Gm 15 dBi (3 sectors per site)
Antenna pattern A(θ) = Gm −min(12 · [θ/65◦]2, 30) dB
eNodeB power 43 dBm
UE noise figure 9 dB
Frequency reuse factor 1, 3, 6 (planned)

reuse factor of K = 3 (e.g., the CRS in LTE), and (iii) a frequency reuse factor of K = 6 (e.g., the
PRS in LTE). The model used to obtain the 3GPP simulation results is much more complex than the
PPP analysis, as evidenced by the simulation parameters summarized in Table 2.6.1. Despite all of
this, the final hearability results are actually quite similar. Moreover, we note once again that both of
these approaches assume certain models, neither of which perfectly capture actual BS deployments.
Instead actual deployments are likely more regular and less regular than the PPP and 3GPP models,
respectively. Thus, actual hearability results observed in practice likely lie somewhere between
what is predicted by these two models.

2.7 Conclusion

In this chapter, we have employed concepts from point process theory and stochastic geometry in
order to provide a new tractable model for studying localization in cellular networks. The model
is accompanied by an analysis of hearability, which is shown to be an important metric providing
insight into fundamental localization performance, and easy-to-use analytical expressions for this
metric are provided. This is in contrast to most previous approaches, which either provide insights
specific to deterministic deployments or rely on time-consuming simulations, neither of which
allow for the drawing of general insights. While more base stations participating in localization
is beneficial to its accuracy, the analytical results show that obtaining an increasing number of
successful base stations connections decreases exponentially. The primary culprit for this is the
interference due to the participating base stations themselves. When base stations coordinate (e.g.,
through a network controller), more of them are able to successfully participate in the localization
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procedure. However, in the end, it is clear that the greatest gains in hearability are realized through
frequency reuse. This is consistent with the findings during the standardization of LTE positioning,
where this conclusion was reached after performing many complex system-level simulations.

We have only scratched the surface of the model, which may be used to extend this work
in many different ways. Besides hearability, understanding how other metrics, such as ones
focused on network geometry, are affected by changes in design parameters would yield valuable
contributions to the localization literature. This will be discussed in the following chapter. In
addition, recognizing how directional antennas and power control affect localization performance
would be helpful to cellular system designers. Lastly, location information can be gathered in
diverse ways, for example by simply knowing that one is able to hear a low-power femtocell, which
lends itself nicely to the consideration of different classes of base stations through multi-tiered
heterogeneous networks [87].



Chapter 3

A New Metric for Evaluating Base Station
Geometries in Cellular Positioning

3.1 Overview

In this chapter, we present a new metric for characterizing the geometric conditions encountered in
cellular positioning based on the angular spread of the base stations (BSs). The metric is shown
to be correlated with the geometric dilution of precision (GDOP), yet has the benefit of being
characterizable in terms of the network parameters for BS layouts modeled according to a Poisson
point process (PPP). As an additional benefit, the metric is shown to immediately yield a device’s
probability of being inside or outside the convex hull of the BSs, which localization researchers will
widely-recognize as being a strong indicator of localization performance.

3.2 Prior art and motivation

As discussed in the previous chapter, the vast majority of cellular positioning studies rely on
simulation-based results largely due to the fact that cellular networks are often modeled using
widely-accepted grid-based models which do not lend themselves to tractable analyses. Further,
it has been recently shown that modeling cellular base station (BS) deployments according to
a homogeneous Poisson point process (PPP) is both reasonable and valuable for improving the
tractability of network analyses. Specifically, not only are PPPs becoming more representative of
current BS deployments, they also allows tools from stochastic geometry to be brought to bear on
network analyses, resulting in increased tractability compared to grid-based approaches.

Motivated by the desirable properties of a PPP-based analysis approach, a new model for
studying the fundamentals of cellular positioning was presented in the previous chapter. Recall
that the three fundamental components determining localization performance are (i) the number of

37
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participating BSs, (ii) the geometry or locations of these BSs relative to the device being localized,
and (iii) the accuracy of the positioning observations. Chapter 2 presented accurate analytic
expressions for the first component, i.e., BS hearability. In this chapter, we complement the previous
hearability analysis with a study of the geometric component of localization performance, i.e., we
characterize the geometric conditions of the participating BSs. A well-known and fundamental
metric used in localization for evaluation the favorability of specific geometries to localization
is the geometric-dilution-of-precision (GDOP) [16, 53]. This metric is closely related to the
CRLB [2, 54], and as such also suffers from an inability to be characterized for nondeterministic
positioning scenarios, i.e., in terms of the network parameters. This motivates the need for a new
tractable metric which can be used to gain insights into how network parameters affect localization
geometries.

3.3 Contributions

The main contribution of this chapter is as follows.

Definition and characterization of accuracy-related geometric conditioning metric: We define
a metric in order to study the geometric conditions of those BSs which are able to successfully
participate in a localization procedure. We consider TDOA positioning, which is typically the first-
choice fallback technique for cellular network localization when GNSS systems are unavailable, and
present a strong relationship between the proposed metric and the geometric dilution of precision
GDOP. This is significant because the GDOP is a well-known fundamental metric describing the
geometric conditions of reference devices. A benefit of the GDOP is that it is closely tied to the
CRLB which is commonly employed to bound localization performance. However, for this same
reason, a drawback of the GDOP is that there are no known techniques for characterizing the GDOP
for non-deterministic setups. In contrast, the proposed metric is shown to be easily characterizable
in terms of the network parameters.

3.4 System model

We now formally describe the system model. A summary of the key notation is provided in
Table 3.4.1.

3.4.1 Spatial base station layout

The locations of the BSs are modeled using a homogeneous PPP Φ ∈ R2 with density λ [52]. Due
to the stationarity of a homogeneous PPP, the device to be localized is assumed to be located at the
origin o. For the link from some BS x ∈ Φ to the origin, the signal-to-interference-plus-noise ratio
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(SINR) is expressed as:

SINRx =
PSx‖x‖−α∑

y∈Φ
y 6=x

PSy‖y‖−α + σ2
, (3.1)

where P is the transmit power, Sz denotes the independent shadowing affecting the signal from
BS z to the origin, α > 2 is the pathloss exponent, and σ2 is the noise variance. Furthermore,
localization systems often include some sort of multiplicative processing gain γ due to integration,
which is assumed to average out the effect of small scale fading.

3.4.2 Average network load

The BSs are assumed active with probability f , which represents the fraction of BSs actively
transmitting at any point in time, i.e., the average network load [96]. In terms of the model presented
in Chapter 2, this simply means that p = q = f . The SINR expression in (3.1) for the signal arriving
from some BS x now becomes:

SINRx =
PSx‖x‖−α∑

y∈Φ
y 6=x

ayPSy‖y‖−α + σ2
, (3.2)

where the ay are independent indicator random variables modeling the thinning of the interference
field by taking on value 1 with probability f .

3.4.3 Number of participating base stations

For localization, it is well-known that including an increasing number of BSs in the localization
procedure results in a general improvement in positioning accuracy. Thus, we assume that for
purposes of localization, a device will take advantage of as many BSs as it can successfully detect
(or hear), i.e., all BSs whose signals arrive with some minimum link quality. Specifically, a BS x
participates in the localization procedure when γ · SINRx ≥ β, where β is the post-processing SINR
threshold above which the signals from the BSs must arrive in order for them to be successfully
detected. Let N =

∑
x∈Φ 1(SINRx ≥ β/γ) represent the number of BSs hearable at the origin. In

this work, we employ the hearability results derived in Chapter 2 so that

P(N = L) = PL(f, f, α, β, γ, λ̃)− PL+1(f, f, α, β, γ, λ̃), (3.3)

where λ̃ = λE[S
2/α
z ] is the shadowing-transformed density of the original PPP Φ modeling the BS

deployment and PL(f, f, α, β, γ, λ̃), the probability of hearing at least L BSs in interference-limited
networks (including cellular networks), is obtained from the hearability expressions presented in
Chapter 2 (specifically, Theorem 2.8 and its corollaries).
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Table 3.4.1: Summary of Key Notation

Notation Description

α Path loss exponent (α > 2)
‖ · ‖ `2-norm
o Origin (location of the typical user)
Φ PPP of BS locations
λ Density of Φ

λ̃ Shadowing-transformed density of Φ

γ Processing gain
β Post-processing SINR required for a successful wireless link
L Number of participating BSs
f Average network load
1(·) Indicator function, 1/0 when its argument is true/false

3.5 Geometric characterization of cellular positioning

A particularly nice property of the GDOP is that it is closely related to the Crámer-Rao lower bound
(CRLB), the lower bound on the mean square error (MSE) of an unbiased position estimator. In this
chapter, we consider downlink TDOA positioning, e.g., OTDOA in LTE [98], which is typically the
first-choice fallback technique in cellular networks when a global navigation satellite system, such
as the Global Positioning System, is unavailable. If the errors in the time difference measurements
between the arrivals of different BS positioning signals exhibit a common standard deviation of σt
seconds, then the CRLB may be calculated from the GDOP as follows [54]:

CRLB = c2 · σ2
t · GDOP2, (3.4)

where c is the propagation speed of the radio-frequency signals. While it is not difficult to calculate
the GDOP for specific positioning scenarios, we are not aware of any technique for characterizing
the distribution of the GDOP over all positioning scenarios which may be encountered for a given
set of network parameters.

In order to characterize the geometric conditions of BSs, we now introduce an alternate metric
to the GDOP which is based on the angular spread of the BSs from the mobile device.

Definition 3.1 (Maximum angular separation metric). Consider L participating BSs, where the
angle from the origin to the `th BS is θ`, measured from some common baseline. For convenience,
we number the BSs in order such that θ1 < θ2 < . . . < θL and let ∠` = θ`+1 − θ` for 1 ≤ ` < L
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Figure 3.5.1: The MAXIMUM ANGULAR SEPARATION METRIC is the maximum of the ∠i values,
i.e., ∠max = ∠3 in this L = 4 scenario.

and ∠L = 2π − (θL − θ1). This is illustrated in Figure 3.5.1 for L = 4. The metric

∠max = max{∠1, . . . ,∠L} (3.5)

is then the maximum angular separation between the BSs.

Next, we show that there is a significant coupling between ∠max and the GDOP. In order to
compare the distributions of the two metrics, we simulated 2 million TDOA positioning scenarios
with f = 1, α = 4, β/γ = −10dB, log-normal shadowing with a standard deviation of σs = 8dB,
and a BS density of λ = 2/(

√
3 · 5002) m−2 which is equivalent to that of an infinite hexagonal

grid with 500m intersite distances (ISD).1 In Figure 3.5.2, the distributions of the GDOP are
plotted for all scenarios whose ∠max values fell within the specified ranges. Small values of ∠max

(approximately 3π/4 and below) are tightly coupled with low GDOP values. As ∠max increases,
the actual GDOP values are less predictable, though it is clear that higher ∠max values are tied
to higher GDOPs (in fact, the GDOPs can be lower bounded). An alternate way to look at the
connection between the metrics is through a correlation analysis. In Table 3.5.1, the Spearman rank
correlation [102] and the well-known Pearson’s product-moment (linear) correlation between ∠max

and the GDOP are shown for several values of L. First, we note that the linear correlation between
∠max and GDOP is quite poor. This is not unexpected, considering that it is difficult to draw a
linear relationship between one metric whose values are limited to between 0 and 2π and a second

1Note that we consider α = 4 throughout this chapter because (i) it is close to the α = 3.76 value used in 3GPP
positioning studies [82] and (ii) it allows us to use simplified expressions for hearability in Chapter 2.
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Figure 3.5.2: RELATIONSHIP BETWEEN THE GDOP AND ∠max in cellular TDOA positioning.
For small values of ∠max, the GDOP is very predictable, while larger values of ∠max provide a
good indication of the minimum geometric dilution that can be expected.

Table 3.5.1: Correlation Between ∠max and GDOP

Correlation Metric L = 4 L = 5 L = 6 L ≥ 4

Spearman’s ρ rank 0.908 0.927 0.924 0.912
Pearson’s, GDOP 0.029 0.513 0.659 0.023
Pearson’s, log(GDOP) 0.843 0.870 0.880 0.871

metric which is unbounded. On the other hand, we note that the Spearman rank correlation is quite
good (above 0.9 for all values of L). This implies several things: (i) that ∠max is a good metric
for comparing the geometries of two positioning scenarios and (ii) that the relationship between
∠max and GDOP can be modeled well by some monotonic function. Though determining the best
monotonic function which relates ∠max and GDOP is outside the scope of this chapter, consider the
Pearson correlation between ∠max and log(GDOP) shown in Table 3.5.1. The fact that there is a
significant coupling implies that there exist some values of m and b for which GDOP = em∠max+b

provides a simple and reasonable approximate transformation between the two metrics.

Now that a relationship between the two metrics has been established, we continue our analysis
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Figure 3.5.3: THE IMPACT OF THE NUMBER OF BSS: As more BSs participate in the localization
procedure, the distributions of ∠max become increasingly more desirable (i.e., there is a general
reduction in the ∠max values encountered).

by characterizing the distribution of ∠max. First, for some fixed value of L,

P(∠max ≤ ϕ|N = L) =

χ∑
n=0

(
L

n

)
(−1)n

(
1− nϕ

2π

)L−1

, (3.6)

where χ = min {L, b2π/ϕc} [103]. This distribution arises in several closely tied problems in
mathematics: (i) the probability of fully covering a unit circle’s perimeter with L randomly-placed
arcs of length ϕ [104], (ii) the random division of the interval [0, 2π) at L − 1 points [105], and
(iii) the connectivity of random interval graphs [106]. In Figure 3.5.3, the theoretical distribution
of P(∠max ≤ ϕ|N = L) is plotted for several different values of L and verified to match the
∠max distributions observed in the aforementioned simulation. As expected, higher values of L are
desirable for reducing both the minimum and maximum values of ∠max. Similarly, higher values of
L are known to yield generally lower GDOP values.

Since the distribution of the number of hearable BSs depends on the network parameters, it
is worthwhile to characterize the distribution of ∠max across different L values weighted by the
probability of hearing L BSs. Consider only those scenarios where N ≥ 4, i.e., those times when
sufficient BSs are hearable to ensure unique localizability using TDOA [107]. Then,

P(∠max ≤ ϕ|N ≥ 4) =
P(∠max ≤ ϕ,N ≥ 4)

P(N ≥ 4)
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=
∞∑
L=4

P(∠max ≤ ϕ,N = L)

P(N ≥ 4)

=
∞∑
L=4

P(∠max ≤ ϕ|N = L)P(N = L)

P(N ≥ 4)
. (3.7)

Note that although the summation limits are infinite, it is not difficult to calculate (3.7) with a
high accuracy since P(N = L)→ 0 for even relatively low values of L (e.g., see Figure 2.6.8 in
Chapter 2). While this behavior eases computation, it makes it increasingly more difficult to obtain
lower values of ∠max as the expected number of BSs required to satisfy ∠max ≤ ϕ is

E[L] =

bϕ/2π−1c∑
n=1

(−1)n ·
(
1− nϕ

2π

)n−1(
nϕ
2π

)n+1 ,

which grows on the order O (ϕ−1 logϕ−1) as ϕ→ 0 [105].2

3.6 Numerical results and discussion

In this section, we present some insights into how the network parameters affect the distribution
of ∠max and also reveal a particularly valuable geometric insight which is easily obtained from
the ∠max metric. First, let us consider how altering the required pre-processing SINR, β/γ, which
is a measure of detection sensitivity, affects the distribution of ∠max. In Figure 3.6.1, (3.7) is
plotted for target pre-processing SINRs between −6dB and −14dB (the range of values suggested
at different points throughout 3GPP positioning studies). While hearability clearly improves as
shown in Chapter 2, the effect on the distribution of ∠max is surprisingly small. In Figure 3.6.2, we
again consider (3.7), but now versus changes in the average network load f . We see that reducing
the network load has a significantly greater effect on the geometric conditions measured using
∠max. Consider the values at P(∠max ≤ π|N ≥ 4) highlighted by the dashed lines in Figures 3.6.1
and 3.6.2. As the network load decreases from f = 1 to f = 0.1, P(∠max ≤ π|N ≥ 4) increases
from 0.5 to 0.95. This is significant because by evaluating P(∠max ≤ π|N ≥ 4), one immediately
obtains the probability of being inside the convex hull of the BSs, which is known to be a strong
indicator of localization performance [108]. This is demonstrated in Figure 3.6.3 for both L = 4
and L ≥ 4, which reveals a drastic increase in the GDOPs when the device to be localized is outside
the convex hull of the BSs compared to when it is inside the convex hull, where the GDOP values
are essentially upper-bounded by 4.

2The term O denotes the standard big-O notation which is used to describe the asymptotic behavior of a function.
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Figure 3.6.1: THE IMPACT OF RECEIVER SENSITIVITY: While being able to detect BS signals at
lower SINRs generally improves hearability, the effect on geometry is not as pronounced as might
be expected. (f = 0.5, α = 4, σs = 8dB, λ = 2/(

√
3 · 5002) m−2.)
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Figure 3.6.2: THE IMPACT OF AVERAGE NETWORK LOAD: Reducing the network load yields
a significant improvement of the distribution of ∠max. In particular, by considering ∠max ≤ π,
we observe a drastic improvement in the probability of being inside the convex hull of the BSs.
(β/γ = −10dB, α = 4, σs = 8dB, λ = 2/(

√
3 · 5002) m−2.)
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Figure 3.6.3: LOCALIZATION PERFORMANCE INSIDE AND OUTSIDE THE CONVEX HULL: This
figure illustrates the value of being inside the convex hull, where GDOP values are almost certainly
below 4, compared to the unbounded GDOP values observed by devices outside the convex hull.
(β/γ = −10dB, α = 4, σs = 8dB, λ = 2/(

√
3 · 5002) m−2.)

3.7 Conclusion

In this chapter, we presented an alternate metric to the well-known GDOP for characterizing
the geometric conditions of the base stations in cellular localization. The metric is based on the
maximum angular separation between BSs, which was shown to be correlated with the GDOP. In
contrast to the GDOP, which is limited to studying the geometric conditions of fixed positioning
scenarios, our metric can be tractably characterized in terms of the network parameters across
all positioning scenarios. Additionally, the metric can be employed to immediately obtain the
probability that a device will be inside or outside the convex hull of the BSs, which is a widely-
recognized indicator of localization performance.



Chapter 4

On the Value of Collaboration for
Improving Positioning Accuracy

4.1 Overview

Recently, extensive simulation-based research has shown a benefit to collaboration in wireless
location estimation. However, an open question is “Is collaboration always inherently beneficial
for location estimation?” In this chapter, we answer this question affirmatively under very general
conditions and prove that the Cramér-Rao lower bound is strictly decreasing when nodes attempting
to determine their locations collaborate, with very mild restrictions. More specifically, for a network
of arbitrary size, we establish the value of collaboration in node positioning problems by proving
that the inclusion of an additional collaborator strictly reduces the Cramér-Rao lower bound of the
original network nodes’ position estimates. Previous work has shown a related result; however, only
for one and two-dimensional positioning using pairwise observations. We generalize previous work
in several ways: 1) by presenting results which apply to any dimensionality, 2) by generalizing
to any observation types, including allowing for mixed observation types and models, and 3) by
including nuisance parameter estimation. Several mild conditions arise during the derivation of the
proof which must be satisfied in order to claim a strictly-decreasing lower bound, and these are
discussed. Additionally, the results of our analysis allow us to draw further insights into the value
of collaboration for the individual nodes in the original network as well as for the newly-introduced
collaborator. The theoretical results are supported by numerical results considering the special case
of time-of-arrival-based positioning in both line-of-sight and non-line-of-sight conditions. Lastly,
we draw some qualitative insights into the factors which affect the value of collaboration.

47
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4.2 Prior art and motivation

The existing literature contains several works with similar concepts; however, this work differs in
several substantial ways. In [28], the authors showed that increased collaboration strictly decreases
the CRLB of the sum of the mean square errors (MSEs) of all nodes in a network, specifically for the
one-dimensional positioning problem. The derivation is presented in the context of one-dimensional
parameter estimation using pairwise observations, and thus excludes the possibility of different
reference observation types such as time-difference-of-arrival (TDOA) which is common in cellular
positioning. Furthermore, the work is discussed in the context of dense sensor networks in which
non-line-of-sight (NLOS) effects can essentially be ignored. This is evidenced by the authors’
time-of-arrival (TOA) observation model selection, which is equivalent to the standard Gaussian
line-of-sight (LOS) TOA observation model plus a constant (known) NLOS bias. This choice
leads to identical CRLBs in both LOS and NLOS conditions, and more importantly results in a
proof which doesn’t encompass the scenario in which additional nuisance parameters, such as the
NLOS biases, are estimated but not directly of interest. While the Gaussian model in [28] is valid
for dense networks with short-range measurements, the model is less applicable to more general
location-aware networks such as cellular networks. Besides generalizing this previous work, the
analysis in our work allows for the drawing of further insights, such as the value of collaboration
for individual nodes and not just for the network as a whole. In [109], the effect of an additional
collaborator on the positioning accuracy of both the overall network and individual nodes is studied,
with results specific to pairwise LOS TOA ranging in two dimensions. The analysis relies on an
assumption of homogeneous noise statistics and is not readily extendable to the case where all TOA
observations do not share the same noise model. A similar setup to [109] is considered in [22] for
fully-connected networks. Through simulation, the authors show that the average CRLB for a fixed
set of central nodes tends to decrease as the network grows, though there are no insights into any
conditions required for a decreasing CRLB, since the network is assumed fully-connected. In [58],
the authors derive probabilistic scaling laws of the collaborative positioning performance using
wideband pairwise observations under an asymptotic regime (i.e., when the number of nodes→∞).
These results provide an excellent analysis of how pairwise collaborative positioning accuracy
generally scales with the number of source and reference nodes; however, the results cannot be
used to answer the question of whether collaboration is inherently beneficial for specific network
topologies since the results summarize only probabilistic behavior over all networks of a given
size. Lastly, the work in [110] discusses the scaling behavior of the positioning accuracy at some
initial set of nodes when collaborating nodes are added to a network and pairwise distance/angle
observations are employed. The scaling expressions are derived using an asymptotic analysis, either
by considering the addition of a large number of new collaborators, a large number of initial nodes,
or both. Both analyses in the asymptotic regime, however, leave it unclear as to whether the addition
of a single collaborating node in any particular scenario is inherently beneficial to location-aware
networks. Thus, for the general location estimation problem, the question remains: For arbitrary
dimensions and observation types, is the addition of even just a single additional collaborator
inherently beneficial, and if so, under what conditions and for whom?
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4.3 Contributions

The main contributions of this chapter are as follows.

A fundamental proof on the value of collaboration for improving positioning accuracy: In this
chapter, we advance the state of the art by providing a fundamental proof that collaboration at any
scale and under very general conditions is inherently beneficial in multidimensional positioning
problems. We do this by generalizing previous work which requires a new approach to proving the
value of collaboration, one which is based on a direct expression for the reduction in the CRLB of
the network positioning MSE matrix. Our analysis is not constrained to any specific dimensionality
or specific observation types and error models, and is thus applicable to scenarios with non-
homogeneous noise statistics as well as positioning with mixed observation types. Furthermore,
whereas most previous work (such as the asymptotic analyses) is clearly targeted toward dense
sensor networks, the insights from our work apply to both cellular networks as well as to dense
sensor networks. Hence, our results are more general and apply to any scale network and any
level of collaboration. This tangible difference is evident when we show that there are minimum
connectivity conditions which must be met for collaboration to be useful in reducing the theoretical
lower bound on positioning error, something which is not mentioned in the asymptotic analyses,
since these minimum conditions are not a factor when the addition of a large number of collaborators
is assumed. One scenario to which this work applies which may be of particular interest due to its
practicality is that of enhancing cellular network localization using collaborative connections. A
practical example is that of enhancing OTDOA positioning in LTE using collaborative TOA range
estimates between nearby devices. This was the setup of the industry-sponsored work presented
in [60] and is also one of the setups considered in Chapter 5.

Qualitative insights into the factors which affect the value of collaboration: The theoretical analysis
in this chapter demonstrates that collaboration is inherently beneficial to position estimation by
reducing the CRLB of the position estimation errors. Exactly how much the CRLB is reduced is
affected by several different factors. Thus, after presenting the aforementioned proof, we focus on
collaborative TOA-based position estimation (the most common setup considered for MANET and
WSN localization) and use a simulation-based approach to draw some insights into how different
factors affect the location accuracy benefits experienced by the devices throughout the network.

4.4 System model

In this section, we formulate the extended network model used to study the impact of increased
collaboration, describe the framework for general observations containing positioning-related
information, and review the calculation of the fundamental limits on parameter estimation. Some of
the key notation used throughout this chapter is summarized in Table 4.4.1.
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Table 4.4.1: Summary of Key Notation

Notation Description

θ Unknown positioning parameters of original nodes
κ Parameters introduced after network extension
η/ξ Parameters not directly of interest (before/after)
F/G FIM of network localization problem (before/after)

F(θ)/G(θ) EFIM of F/G for the parameters of interest θ
Jρν Submatrix of FIM J pertaining to rows ρ and columns ν
Jρ Shorthand for Jρρ

tr (M) Trace of matrix M
rank (M) Rank of matrix M

4.4.1 Extended network model

Consider a network consisting of M nodes whose positioning parameters are unknown and to be
estimated (source nodes) and R nodes for whom these parameters are well-known (reference nodes).
Let θi ∈ RD represent the vector of the D unknown parameters at the ith source node1 and let

θ =
[
θ>1 θ

>
2 · · · θ>M

]>
(4.1)

represent the vector of positioning parameters for all nodes of interest. In this chapter, our focus is
on collaborative position estimation, in which source nodes seek to improve the estimation accuracy
of their parameters by making additional observations between themselves. In particular, our aim is
to determine whether (and if so, under what conditions) collaboration is inherently beneficial to
position estimation.

In order to study the value of collaboration, our work is framed within the context of extending
an M -node collaborative network to an (M + 1)-node collaborative network and studying the
resulting impact of the additional collaboration on the original M nodes. Note that by letting
M = 1, this work applies equally to the scenario of going from noncollaborative positioning to
collaborative positioning. A simple illustrative example for the extended network model is shown
in Figure 4.4.1 for pairwise observations, where the dashed content represents the expansion of the
network via additional collaboration. While our analysis is not restricted to observations which
can be depicted strictly using pairwise connections, this illustrative example will be used in several

1Note that while position coordinates are spatially limited in dimensionality to R3, D is not upper bounded by this
value. For several simple examples of D > 3, consider the problem of additionally estimating source node velocities in
vehicular networks or the additional estimation of unknown time parameters as required in GPS systems (for which a
collaborative extension has recently been proposed [45]).
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M+1

Reference Node

Source Node

Figure 4.4.1: In this chapter, we investigate the value of collaboration in multidimensional
positioning by considering the effect of extending an existing M node collaborative network with
an additional (M + 1)th collaborating node. The dashed content represents the expansion of the
network following the introduction of the additional node.

places for its simplicity in portraying several concepts which arise in this chapter.

4.4.2 General observation model

In the first part of this work, our analysis is not confined to any specific observation types (e.g.,
TOA, RSS, etc.). Instead, for an M -node network, we simply require that observations provide
some sort of insight into ϑj ⊆ θ, a subset of all unknown position parameters, measurable using
the Fisher information metric. In other words, for each observation zj ,

zj ∼ fzj(zj;ϑj,ηj), (4.2)

where ηj represents a vector of nuisance parameters specific to observation zj (and independent of
the nuisance parameters of other observations)2 and the probability density fzj(zj;ϑj,ηj) meets
the regularity conditions required to calculate the Fisher information. Note that if any observation

2Note that using this framework, parameters which are not directly related to the physical node locations but are
also not independent across observations, such as clock offsets, are considered parameters of interest. However, we will
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introduces a nuisance parameter for which no prior information exists, then that observation does
not contribute to the CRLB due to the infinite remaining uncertainty in that parameter. For a simple
example of this, consider range observations in mixed LOS and NLOS conditions for which no
information on the NLOS parameters is available. It was shown in both [111] and [112] that, in this
scenario, only the LOS range observations contribute to the CRLB. Therefore, in the subsequent
discussion, whenever we refer to observations, we mean observations which contribute to the CRLB.
In practice, an estimator may obtain prior information on nuisance parameters such as the NLOS
bias distributions from field experiments or statistical models [113, 114].

4.4.3 Generalized Fisher information matrix

In our positioning context, θ in (4.1) consists of DM constant parameters relating to the D-
dimensional positioning parameters at each of the M nodes. Let z represent the vector of all
observations and let L represent the length of η =

[
η>1 η

>
2 · · ·

]> and note that this value will
depend on both the network connectivity and the types of observations available. Finally, let
Ω = [θ> η>]> be the vector of all unknown parameters. In order to gain insight into the information
available in the estimation problem, we utilize the generalized Fisher information matrix [115]

J , JD + JP, (4.3)

where the information gained from the observations is included in

JD = E z

[
(∇Ω log fz(z; Ω)) (∇Ω log fz(z; Ω))>

∣∣∣Ω]
and prior information on Ω is included in

JP = EΩ

[
(∇Ω log fΩ(Ω)) (∇Ω log fΩ(Ω))>

]
.

In the expressions above,∇Ω represents the gradient operator with respect to the vector Ω, and fz(·)
and fΩ(·) represent the joint probability distribution functions of z and Ω, respectively. Finally,
note that J in (4.3) will be a (DM + L)× (DM + L) positive semi-definite matrix.

4.4.4 Cramér-Rao lower bound

The performance of unbiased position estimation is commonly studied through theoretical lower
bounds on estimation variance, primarily due to the variance’s equality with the MSE, the most
common positioning performance measure. In unbiased estimation, the inverse of the Fisher
information matrix produces one such lower bound on the covariances, Σ, of the parameter

see that this does not preclude us from making conclusions about the value of collaboration for the parameters related
specifically to the physical node locations.
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estimates:
Σ � J−1, (4.4)

where � (�) denotes positive semi-definite (definite) matrix partial ordering. In the literature, J−1

in (4.4) is commonly referred to as the Cramér-Rao lower bound or CRLB [25], while the entire
expression is often called the information inequality.

4.4.5 Equivalent Fisher information matrix

In this work, we are interested in the lower bound of the MSEs of only the subset θ of all the
estimated parameters Ω. Let

J =

[
Jθ Jθη

J>θη Jη

]
,

where Jθ represents the portion of the information matrix pertaining only to θ, Jη represents the
portion of the information matrix pertaining only to η, and Jθη contains the information coupling
between θ and η. If we let

[
J−1
]
θ

represent the submatrix of J−1 pertaining to the parameters θ,
then

J(θ) = Jθ − JθηJ−1
η J>θη (4.5)

is the equivalent Fisher information matrix (EFIM) of θ [112]. J(θ) is also the Schur complement
of Jη in J [116] and is equivalent to J for the parameters θ in the sense that it contains all of the
information necessary to determine the CRLB of θ:[

J−1
]
θ
≡ [J(θ)]−1 .

4.5 Proof of decreasing CRLB

In this section, we study the value of collaboration by directly analyzing the effect that increased
collaboration has on the lower bound of the MSE matrix of a set of parameter estimates at the
original nodes. As described in Section 4.4.1, we are interested in the relationship between the
CRLB of the mean square estimation error of a subset of parameters at M source nodes before
and after collaborating with an additional (M + 1)th source node. Let θ =

[
θ>1 θ

>
2 · · · θ>M

]>
represent the parameters of interest at the original M nodes and let F(θ) and G(θ) represent the
corresponding EFIMs in the M -node and (M + 1)-node estimation problems, respectively. In order
to compare the CRLBs, we make the initial assumption that F(θ) is nonsingular. In other words,
the M -node CRLB must exist in order to draw comparisons to it.

Lemma 4.1. Given a collaborative positioning network with positioning parameters θ, the resulting
effect on the lower bound of the MSE matrix of an unbiased estimator of θ due to the expansion of
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the network by a single node can be expressed as

G(θ)−1 = F(θ)−1 −
r∑

k=1

gkD−1
k SkD−1

k , (4.6)

where
gk =

1

1 + tr
(
D−1
k Sk

) , (4.7)

Sk is a rank-one matrix composed of the product of the kth non-zero eigenvalue of the Schur
complement of the new information and the outer-product of its corresponding eigenvector (see
Appendix B.1), and

D−1
k+1 = D−1

k − gkD−1
k SkD−1

k

is defined recursively with stopping condition D1 = F(θ).

Proof. We first establish the relationship between F(θ) and G(θ). Let

F =

[
Fθ Fθη

F>θη Fη

]
(4.8)

represent the (DM + L)× (DM + L) FIM of the M -node estimation problem with L nuisance
parameters, where Fθ is the DM ×DM upper-left submatrix pertaining to the parameters θ. It is
clear from (4.5) that the EFIM

F(θ) = Fθ − FθηF−1
η F>θη. (4.9)

If the (M+1)th node introducesQ new nuisance parameters ζ through new observations, expressing
the (DM + L+D +Q)× (DM + L+D +Q) matrix G in the same form as F in (4.8) results in

G =

[
Gθ Gθξ

G>θξ Gξ

]
,

where
ξ> =

[
η> κ>

]
,

κ> =
[
θ>M+1 ζ

>
]
,

Gθ = Fθ + Gθ,n,

Gθξ =
[
Fθη Gθκ

]
,

Gξ =

[
Fη 0
0 Gκ

]
, (4.10)

and the subscript “n” indicates the new information from the additional observations in the network
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about the existing parameters θ. If necessary, recall that Table 4.4.1 provides a summary of some of
the key notation used in the expressions presented here. Since our interest is in the original nodes’
positioning parameters θ, the elements of θM+1 and their corresponding information are included
in Gθκ and Gκ. Conditioning on the existence of G−1

κ ,

G(θ) = Gθ −GθξG−1
ξ G>θξ

= Fθ − FθηF−1
η F>θη + Gθ,n −GθκG−1

κ G>θκ. (4.11)

Substituting (4.9) into (4.11),

G(θ) = F(θ) + Gθ,n −GθκG−1
κ G>θκ. (4.12)

In order to address the nonsingularity condition on Gκ, note that Gκ may be viewed as the FIM of
the single-node estimation problem at node (M + 1) with the original M source nodes considered
as reference nodes, as shown in Figure 4.5.1 for pairwise positioning observations. It is evident that
Gκ is nonsingular whenever the addition of the (M + 1)th node results in at least D independent
observations which together cover all parameters in θM+1. Noting this as the minimum connectivity
condition of the (M + 1)th node, we now continue under the assumption that this condition is
satisfied. Note that in practice, one would expect this condition to be satisfied since a node is
unlikely to expend its energy in order to connect to a collaborative network with no benefit to itself
(or to the other nodes, as will be shown later).

Having shown that G(θ) is the sum of F(θ) and several other components, we will now show
that their inverses exhibit an analogous relationship. In order to do so, we introduce a theorem on
the inverse of a sum of matrices presented by Miller in [117].

Theorem. Let A and A + B be nonsingular matrices, and let B have rank r. Express B as the sum
of r rank-one matrices Bi such that both B = B1 + B2 + · · · + Br and each intermediate matrix
Dk+1 = A + B1 + · · ·+ Bk is nonsingular for k = 1, . . . , r. If D1 = A, then

D−1
k+1 = D−1

k − gkD−1
k BkD−1

k ,

where gk = 1

1+tr(D−1
k Bk)

. Finally, for k = r, we arrive at the following recursive solution to the

inverse of the matrix sum:

D−1
r+1 = (A + B)−1 = D−1

r − grD−1
r BrD−1

r . (4.13)

If we let
S = Gθ,n −GθκG−1

κ G>θκ, (4.14)

then we can rewrite (4.12) as follows:

G(θ) = F(θ) + S. (4.15)
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M+1

Reference Node

Source Node

Figure 4.5.1: The network presented in Figure 4.4.1 with only the connections introduced by node
(M + 1) and all original nodes treated as reference nodes. The FIM of this single-node estimation
problem is Gκ in (4.10).
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Now, G(θ)−1 = (F(θ) + S)−1 and we can use the theorem above with A = F(θ) and B = S as long
as all of the theorem’s conditions are met, which is the case as shown in Appendix B.1. We then
apply the theorem in order to combine (4.13) and (4.15) and arrive at our end result in (4.6). �

In order to study the effect of increased collaboration on the lower bound on the aggregated
MSE of the parameters of interest at the M nodes in the original network (θ), we now define the
reduction of this lower bound as follows:

∆CRLB = tr
(
F(θ)−1

)
− tr

(
G(θ)−1

)
. (4.16)

From this, we arrive at the following corollary.

Corollary 4.1.1. The effect on the lower bound of the network aggregate mean square error of an
unbiased estimator of θ due to the expansion of a collaborative network by a single node can be
expressed as

∆CRLB =
r∑

k=1

tr
(
gkD−1

k SkD−1
k

)
. (4.17)

Proof. Substituting (4.6) into (4.16),

∆CRLB = tr
(
F(θ)−1

)
− tr

(
F(θ)−1 −

r∑
k=1

gkD−1
k SkD−1

k

)

=
r∑

k=1

tr
(
gkD−1

k SkD−1
k

)
. (4.18)

�

While we have taken the liberty of calling ∆CRLB the reduction in the CRLB, we have not yet
shown that ∆CRLB ≮ 0, i.e., that it is not, in fact, an increase. However, we will show through the
following results that ∆CRLB ≥ 0 with equality only when the addition of a collaborating node
fails to meet some minimum conditions.

Theorem 4.2. Though the extension of the collaborative positioning network introduces new
unknowns into the overall estimation problem, the lower bound on the aggregated mean square
errors of the unbiased estimates of θ is never adversely affected, i.e., ∆CRLB ≥ 0.

Proof. First, let us show that for any symmetric matrix A 6= 0 and positive definite matrix B, ABA
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is positive definite. For x 6= 0,

x>ABAx = x>A>BAx (A = A>)

= (Ax)>B(Ax)

= y>By (y = Ax 6= 0)

> 0 (B � 0).

(4.19)

Since it will be required later, note that using the same approach, we can easily show that if B � 0,
then ABA � 0.

Using (4.19), we are now able to show that tr
(
D−1
k Sk

)
> 0 in (4.7). Since Sk � 0, it has a

symmetric principal square root Ak � 0. Then,

tr
(
D−1
k Sk

)
= tr

(
D−1
k AkAk

)
(Sk = AkAk)

= tr
(
AkD−1

k Ak

)
(cyclic property of trace)

> 0 (AkD−1
k Ak � 0).

Therefore,

gk =
1

1 + tr
(
D−1
k Sk

) ∈ (0, 1) > 0. (4.20)

Finally, knowing that Dk is symmetric and that Sk � 0 for all k = 1, . . . , r, it is clear from (4.19)
that D−1

k SkD−1
k � 0 and, therefore,

gkD−1
k SkD−1

k � 0 (4.21)

in (4.17) for all k = 1, . . . , r. Finally, the sum of a set of positive semidefinite matrices remains
positive semidefinite, and its trace is nonnegative. �

Corollary 4.2.1. ∆CRLB is strictly positive for all S 6= 0.

Proof. Follows from (4.17), (4.21), and the fact that the trace of a positive semidefinite matrix with
nonzero rank is strictly positive. �

Equality can only occur when r = 0 (i.e., S = 0). Thus, as long as S 6= 0, increased collaboration
strictly decreases the CRLB of the parameters of interest θ at the M nodes in the original network.
Next, we provide a simple derivation of the conditions required to guarantee S 6= 0 or, equivalently,
that collaboration will be strictly beneficial.

Theorem 4.3. Whenever the extension of a network by a single collaborator introduces at least
N > D independent observations covering all parameters in θM+1 and at least one parameter in θ,
S 6= 0 and collaboration is strictly beneficial from a CRLB point-of-view.
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Proof. Let X and Y be the number of new independent reference and collaborative observations
made after the introduction of node (M + 1), respectively. The nonsingularity condition on Gκ

is satisfied by any combination of D independent observations together covering all parameters
in θM+1 (i.e., the position parameters of the (M + 1)th node) and thus N = X + Y ≥ D.
Postmultiplying the second submatrix column of Gn in (B-1) by the linear matrix transformation
G−1

κ G>θκ and subtracting the result from the first submatrix column, we get

P =

[
Gθ,n −GθκG−1

κ G>θκ Gθκ

0 Gκ

]
=

[
S Gθκ

0 Gκ

]
. (4.22)

Since rank is not altered by elementary transformations, the ranks of Gn and P are identical.
Moreover, it is clear from (4.22) that the rank of P is rank (S) + rank (Gκ). This approach
was used by Guttman in [118] to show that the Schur complement of a nonsingular matrix is
nonsingular; however, the intermediate result above is useful in its own right and is therefore
commonly called the Guttman rank additivity formula. If a total of Q new nuisance parameters are
introduced through all of the new observations, then rank (Gn) = rank (P) = min{D,X}+Y +Q,
rank (Gκ) = dim{Gκ} = D +Q, and, consequently, rank (S) = (min{D,X}+ Y +Q)− (D +
Q) = min{D,X}+ Y −D. It is obvious now that rank (S) 6= 0 only when min{D,X}+ Y > D,
which implies that there must be at least one new collaborative observation and that the total number
of new independent observations N > D. �

We have shown that the CRLB is strictly decreasing whenever the additional collaborator
introduces at least D + 1 observations, at least one of which must include another source node.
Intuitively, if the (M + 1)th node does not connect to any of the existing source nodes, it cannot
possibly help the original source nodes since the result is essentially two disconnected networks.
Furthermore, D new observations provide only just enough information for the additional node
to locate itself in D-dimensional space from a CRLB perspective, and thus there is in essence no
information left over to share with the rest of the network. Note that the requirement of D + 1 new
observations agrees with the results presented in [28] and [109] for the one and two-dimensional
cases, respectively. Furthermore, note that the satisfaction of this requirement consequently leads to
the satisfaction of the condition required for the existence of G−1

κ in (4.11) and (4.12) encountered
during the derivation of Lemma 4.1. Next, we introduce several corollaries which stem from the
results presented above.

Corollary 4.3.1. When the minimum connectivity condition is met, the CRLB of the MSE of every
parameter in θ is reduced.

Proof. Using (4.6) and focusing only on the k = 1 index, the lower bound of the MSE matrix is
reduced by g1F(θ)−1S1F(θ)−1. Now, from (4.20) and Appendix B.1, we know g1 > 0 and

F(θ)−1S1F(θ)−1 = F(θ)−1u1λ1u>1 F(θ)−1

= λ1(F(θ)−1u1)(F(θ)−1u1)>, (4.23)
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where λ1 > 0 and F(θ) and u1 come independently from the original observations and the new
observations, respectively. From here, it is clear that the `th element on the diagonal of (4.23) is λ1

times the square of the inner product of the `th row of F(θ)−1 and u1. This inner product is almost
surely nonzero for nodes placed in a continuous probability space since F(θ) and u1 are generated
from independent observations. It is sufficient to have considered the k = 1 index, since the other
indices of k cannot reduce the benefit as a result of (4.21). �

From Corollary 4.3.1, we can also see that the extent to which the estimation of a particular
parameter benefits from collaboration depends on two factors: how much uncertainty remains about
the particular parameter (the `th element on the `th row) and how correlated the parameter is with
other parameters (the other elements in the `th row). While the relationship itself is complicated, it
is easy to see that a simple scaling of the `th row of F(θ)−1 results in a corresponding scaling of the
reduction of the `th parameter’s MSE CRLB. The conclusion in Corollary 4.3.1 and this subsequent
insight is corroborated by [109] for the two-dimensional LOS TOA positioning setup.

Corollary 4.3.2. Connecting two previously-disconnected collaborative positioning networks, each
with an existing CRLB, is beneficial to both networks.

Proof. The previous analysis can be extended to consider the joining of two networks, rather than
simply the addition of an additional node. The condition that both networks have an existing
CRLB implies that F(θ)−1 exists for the first network and that the nodes in the second network
make enough observations to localize themselves. Then, the new observation which now connects
both networks satisfies the requirement of the single collaborative observation proved necessary in
Theorem 4.3 for a strictly decreasing CRLB. Since the networks may be arbitrarily switched in the
analysis, it follows that both networks benefit. �

Corollary 4.3.3. Whenever collaboration is beneficial for the original M nodes, it is also beneficial
for the additional (M + 1)th node as well.

Proof. If the additional collaborator previously had fewer than D reference observations, then
it was previously completely unable to calculate its position due to bearing an underdetermined
estimation problem and any ability to now calculate a position fix is an improvement. On the
other hand, if the additional collaborator already had D or more reference observations, then it can
be considered a single-node network with an existing CRLB and the result follows directly from
Corollary 4.3.2. �

Applying Corollary 4.3.3 to the aforementioned example of enhancing cellular positioning using
collaboration, it is now clear that two nearby cellular devices will both inherently benefit by going
from pure noncollaborative TDOA network positioning to even just including one collaborative
range measurement between themselves.
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4.6 Discussion of results within the context of
time-of-arrival-based positioning

We now numerically support the results of the previous section by specializing our focus to the
two-dimensional collaborative location estimation scenario using TOA observations in both LOS
and NLOS environments. Note, however, that the scope of the previous analysis reaches further
than just to collaborative TOA positioning.

4.6.1 TOA system model

4.6.1.1 Ranging observations

Connections are established between nodes in the network in order to gather information on
the separation between them. We now consider TOA ranging, a well-known technique used to
determine ranges by measuring the propagation time of signals between nodes [16,119]. This is often
accomplished using two-way TOA ranging protocols [120], ultra-wide-bandwidth signals [14, 37],
and one of the many estimation techniques discussed in [5]. The ideal relationship between the TOA
observation z (more specifically, the signal’s time-of-flight) between two nodes and the distance d
separating the nodes is d = c · z, where c is the propagation speed of the RF signals.

4.6.1.2 Measurement models

Since practical systems do not operate in ideal noiseless environments [121], we employ the
following measurement model for the noisy observations. The TOA measurements are assumed
to be affected by both a Gaussian noise component as well as an exponentially distributed bias,
which is a common model employed when considering NLOS TOA ranging [24, 122]. For a given
timing error standard deviation of σTOA seconds and a mean NLOS bias of λ seconds, the TOA
measurement between two nodes is modeled as follows:

z =
d

c
+N

(
0, σ2

TOA

)
+ exp(λ), (4.24)

where N (µ, σ2) represents a realization of a Gaussian random variable distributed with mean µ
and variance σ2, and exp(λ) represents a realization of the positive NLOS ranging bias distributed
exponentially with mean λ.
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4.6.2 Relationship to general observation model

For the TOA observation model in (4.24) and when some prior knowledge of the NLOS bias
distribution exists, the lower bound on estimation accuracy can be determined by casting the
estimation problem as one where the NLOS biases

η = [η1 η2 · · · ηL]> (4.25)

are nuisance parameters estimated in conjunction with the location parameters θ [111]. Therefore,
ηj in (4.2) equals ηj , the scalar NLOS bias affecting the jth observation zj . As previously mentioned,
prior information on the NLOS bias distributions may be gleaned from field experiments or statistical
models [113, 114] and is incorporated into the CRLB through the JP term of the information matrix
in (4.3).

4.6.3 Numerical support of improved estimation performance

In this section, we support the results of Section 4.5 through numerical results obtained via simula-
tion in MATLAB. Toward this end, 100,000 random network and noise realizations with M = 4
source nodes and R = 3 reference nodes were simulated within a 100m × 100m area. In order
to focus on the collaborative connections, the minimum number of reference nodes which suffice
to remove the degrees of freedom of translation, rotation, and reflection were selected. All of the
nodes were randomly connected; however, care was taken to verify certain things. First, it was
verified that all of the original M nodes were sufficiently connected in order to localize themselves
(i.e., that the M -node CRLB, F(θ)−1 in (4.16), existed). Next, a depth-first search was used to
verify that the resulting graph was strongly connected (i.e., that the random connections yield only
one collaborative network, rather than multiple disconnected networks). Lastly, it was verified
that the (M + 1)th node satisfied the condition derived for a strictly decreasing CRLB (at least
three connections in total with at least one being collaborative). Finally, we would like to draw
the reader’s attention to the fact that, due to its more intuitive relationship to absolute positioning
error, the root mean square error (RMSE) measure is used in the figures rather than the MSE
measure. Thus, ∆RMSE represents the reduction in the sum of the original M nodes’ root mean
square positioning errors as observed in the simulations and ∆RCRLB is now the reduction in the
theoretical lower bound of the same measure. The relationships between ∆MSE and ∆RMSE and
their CRLB equivalents are explained in Appendix B.2.

To incorporate the prior information on the NLOS biases, the collaborative maximum a poste-
riori (MAP) estimator was derived and implemented. In [111], the authors present the optimum
receiver for the noncollaborative analog of our estimation problem and mention that the CRLB is
asymptotically achieved by the MAP estimator. Their derivation of this result, although for noncol-
laborative positioning, can easily be applied to the collaborative scenario with the same conclusion.
In both cases, however, achievability requires that σ2

TOA be sufficiently small and that the NLOS
biases be in the neighborhood of a local maximum of fη(η) (which for the exponentially-distributed
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biases in (4.24) simply means that they also be sufficiently small). In practice, these conditions
are typically not fulfilled and our simulation parameters are chosen in order to reflect this fact,
meaning that for NLOS scenarios we should not expect the MAP estimation performance to match
the CRLB.

In Figure 4.6.1, we present the cumulative distribution functions (CDFs) of both the theoretical
reductions in the CRLB of the network aggregate RMSEs and the observed reductions in the RMSE
using the MAP estimator for σ2

TOA = 2/c2 (a ranging error variance of 2m2) and λ = 20/c (a mean
NLOS ranging bias of 20m). An inspection of Figure 4.6.1 quickly reveals that ∆RCRLB > 0
always, which agrees with the theoretical result presented in Section 4.5. Furthermore, we see that
increased collaboration has a generally greater positive impact in NLOS conditions than in LOS
conditions. While in the LOS case, ∆RCRLB tracks ∆RMSE very closely, the NLOS equivalent
results track each other only loosely. This discrepancy is due to several factors. Firstly, the MAP
estimator’s performance approaches the CRLB only asymptotically, whereas in our more practical
scenarios with a limited number of observations, position estimation under NLOS conditions is
often biased [123] violating the CRLB’s assertion of unbiased estimation. Secondly, our simulation
contains no constraint to verify that the realized NLOS biases are in the neighborhood of a local
maximum of fη(η), i.e., near zero, which would be defeating to the NLOS model. In fact, the vast
majority of the realized biases were quite large (with a mean of 20m). In spite of this, there is an
upside to the discrepancy: there appear to be a significant number of cases where the MAP estimator
benefits more from the additional collaboration than the CRLB analysis would indicate, though we
also note that the maximum gains are not quite as large as predicted by the CRLB.

4.6.4 Insights into factors affecting the value of collaboration

In this section, we aim to shed some more light into the factors which may increase or decrease
the gains from collaboration, while also looking at how the benefits are distributed throughout the
network. Though collaboration is clearly strictly beneficial to the entire network in a mean square
sense, the extent to which it is beneficial is affected by the conditions surrounding the estimation
scenario. We now use Figures 4.6.2–4.6.5 to draw some brief qualitative insights into the impact of
various parameters on the value of collaboration in NLOS positioning.

From Figure 4.6.2, we can see that, all other parameters being equal, the benefit received from
extending a collaborative network increases with reduced observation quality. This is not an entirely
straightforward conclusion since the newly-introduced observations are also of reduced quality.
Also note that as the mean NLOS bias λ is significantly reduced, the conditions under which the
MAP estimator achieves the CRLB are approached, and ∆RMSE begins to follow ∆RCRLB more
closely (e.g., in the λ = 2/c case). Next, in Figure 4.6.3 we consider the effect of increasing the
number of source nodes. We can see that as the number of source nodes increases, the minimum
gains for the entire network tend to be higher while the maximum gains tend to be lower. In other
words, the variability of the gains is reduced and the benefit from collaboration becomes more
predictable. Note that in general, the per-node benefit remains higher for smaller networks. In
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Figure 4.6.1: POSITIONING PERFORMANCE IMPROVEMENT: CDFs of ∆RCRLB (dashed) and
∆RMSE (solid) simulated over a large number of random network topologies and connectivities
under LOS and NLOS signal propagation conditions using TOA signal metrics. Recall that the
RMSEs (and the CRLBs thereof) being compared are the aggregated values over the M original
nodes. Finally, note that ∆RCRLB > 0 always, as predicted from the results in Section 4.5.
(M = 4, R = 3, σ2

TOA = 2/c2, λ = 0 (LOS), 20/c (NLOS).)
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Figure 4.6.2: THE IMPACT OF NLOS BIAS: CDFs of ∆RCRLB and ∆RMSE forR = 3, M = 4,
and σ2

TOA = 2/c. (λ = TOA NLOS bias mean.)

order to see this further, we plot in Figure 4.6.4 the average CRLB of the RMSE at one source
node as more and more collaborators are added to its network. It is clear that the benefit from
each subsequent collaborator is generally diminished as the network grows, which agrees with the
insight in the discussion of Corollary 4.3.1 since the uncertainty at the source node decreases with
every additional collaborator. Also, we see that as the collaborative network increases in size, the
placement of the reference nodes becomes less important. This is seen by the convergence of the
solid line (where the three reference nodes are placed in an ideal geometry, uniformly distributed
in angle about the original source node leading to the smallest possible geometric dilution of
precision [54] for this scenario) with the dashed line (where the reference nodes are randomly
placed). The results further indicate that the factor which limits performance in these cases is the
number of reference nodes. Finally, Figure 4.6.5 shows that as more reference nodes are available,
the benefit of increased collaboration decreases for the network as a whole, a result which agrees
with intuition.

Lastly, we now focus on the individual nodes, rather than the entire network, in order to draw
some insights into how a node’s position in the network affects the benefit it receives from the
increased collaboration. Figure 4.6.6 shows that the benefit from the new collaboration generally
decreases for nodes which are further from the new collaborator (where distance is measured by
the minimum number of hops required to get from one node to the other as determined using
Dijkstra’s algorithm [124]). Thus we conclude that there is a certain dilution that occurs as the
information is spread throughout the network. On the other hand, Figure 4.6.7 reveals that the
less connected a node is in the first place, the more likely it is to receive a greater benefit from
a new collaborator (note that we use the term k-connected to mean that a particular node has k
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Figure 4.6.3: THE IMPACT OF THE NUMBER OF SOURCE NODES: CDFs of ∆RCRLB and
∆RMSE for R = 3, λ = 20/c, and σ2

TOA = 2/c. (M = number of source nodes.)
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Figure 4.6.4: POSITIONING PERFORMANCE SCALING: Average RMSE CRLB at Node 1 as a
function of the collaborative network size under various reference node scenarios for λ = 20/c
and σ2

TOA = 2/c2. (R = number of reference nodes.)
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Figure 4.6.5: THE IMPACT OF THE NUMBER OF REFERENCE NODES: CDFs of ∆RCRLB and
∆RMSE for M = 4, λ = 20/c, and σ2

TOA = 2/c2. (R = number of reference nodes.)

collaborative connections in the original network). Though a greater connectedness results in more
avenues through which a node may receive the new information, a more-connected node’s ability
to locate itself is typically better initially than that of a less-connected node. This results in a
reduced likelihood of the more-connected node receiving as great of a benefit from the additional
collaborator as the less-connected node, which will generally possess a greater initial uncertainty.
As a final note, observe that all of the nodes simulated for the CDF plots in Figures 4.6.6 and 4.6.7
exhibited strictly positive reductions in the CRLBs of their individual RMSEs after the collaborative
network was extended. This outcome that every node benefits is a direct result of Corollary 4.3.1.

4.7 Conclusion

In this chapter, we studied the value of collaboration in multidimensional collaborative network lo-
calization. We showed that for a general observation model which may include nuisance parameters,
it is inherently beneficial for a network of nodes to include more nodes in the collaborative estimation
effort, thereby strictly reducing the CRLB of the network aggregate mean square positioning error
as well as the mean square positioning errors at all of the individual nodes. The results presented,
which are valid for arbitrary dimensions, arbitrary (and mixed) observation types, and allow for
nuisance parameters, are a generalization of previous results, which have focused specifically on
pairwise observations in the absence of nuisance parameters for limited dimensionalities. Additional
insight is provided through the proof that collaboration improves the estimation accuracy of all
positioning parameters. Thus, even if the position parameters include elements not directly related
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Figure 4.6.6: THE BENEFIT OF PROXIMITY: CDFs of ∆RCRLB for individual nodes at various
hop distances from the newly-introduced collaborator. It is clear that in general, a node which
is closer to the additional collaborator benefits more than a more distant node. (M = 8, R = 3,
λ = 20/c, and σ2

TOA = 2/c2.)
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NEW COLLABORATOR: CDFs of ∆RCRLB for individual nodes with varying degrees of initial
connectedness within the original network. (M = 8, R = 3, λ = 20/c, and σ2

TOA = 2/c2.)
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to the source node locations (such as clock offsets), one can still be sure that collaboration improves
the estimation of the location-specific parameters. Furthermore, the work provides insight into
the value of collaboration for reasonably-sized (rather than just asymptotically large) networks,
including the scenario of a single source node collaborating with only a second source node. This
is of particular interest for cellular network scenarios, which are relatively sparse compared to the
more commonly studied sensor network scenarios. Previous work which considered scaling laws
for position estimation in collaborative networks showed that collaboration is generally beneficial
by analyzing the asymptotic regime. However, through our analysis, we showed that there is a point
at which collaboration is not beneficial in reducing the lower bound on the achievable estimation
accuracy, when certain minimum connectivity conditions are not satisfied. Following the proof,
this chapter considered the special case of TOA positioning in NLOS conditions through which
Monte Carlo simulations were used to numerically support the theoretical results. Lastly, qualitative
insights into the factors affecting the value of collaboration were given. This work motivates further
study of collaborative techniques even for small networks (such as one-to-one cellular collaborative
networks) as well as designs for better estimators, since it is now clear that any amount of increased
collaboration meeting some mild connectivity conditions is always inherently valuable to the nodes
involved and will strictly decrease the CRLB of the position errors.



Chapter 5

On the Value of Collaboration for
Improving Positioning Availability

5.1 Overview

In this chapter, we mathematically characterize the improvement in device localizability achieved
by allowing collaboration among devices. Depending on the detection sensitivity of the receivers in
the mobile devices (MDs), it is not unusual for a device to be localized to lack a sufficient number
of detectable positioning signals from localized devices to determine its location without ambiguity
(i.e., to be uniquely localizable). This occurrence is well-known to be a limiting factor in localization
performance, especially in communications systems. In cellular positioning, for example, cellular
network designers call this the hearability problem. We study the conditions required for unique
localizability and use tools from stochastic geometry to derive accurate analytic expressions for
the probabilities of meeting these conditions in the noncollaborative and collaborative cases. We
consider the scenario without shadowing, the scenario with shadowing and universal frequency
reuse, and, finally, the shadowing scenario with random frequency reuse. The results from the
latter scenario, which apply particularly to cellular networks, reveal that collaboration between two
devices separated by only a short distance yields drastic improvements in both devices’ abilities to
uniquely determine their positions. The results from this analysis are very promising and motivate
delving further into techniques which enhance cellular positioning with small-scale collaborative
ranging observations among nearby devices.

5.2 Prior art and motivation

There is a rich body of literature concerning the study of mobile ad-hoc networks (MANETs)
and wireless sensor networks (WSNs), both for connectivity as well as positioning. The former

70
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is important because without connectivity, there is no communication, ultimately rendering the
network ineffective. A significant portion of previous work deals with percolation-based connectiv-
ity [125–128], which studies how system parameters affect the ability to obtain an infinite connected
component in a network of randomly-distributed devices. It is standard practice to model device
locations according to a homogeneous Poisson point process (PPP) since MANETs and WSNs
exhibit no concrete backbone structure and deployments are typically not rigidly planned. From the
localization perspective, a substantial portion of work is focused on collaborative or cooperative
localization, whereby MDs gather position-related observations amongst themselves in addition to
their observations from BSs and simultaneously estimate their locations. While analysis is known to
be hard and the majority of papers eventually resort to simulation-based insights (e.g., see [61–64]),
the results of Chapter 4 can be used to show that enhancing a classical localization procedure
with collaboration is beneficial to positioning accuracy. Specifically, a device making just a single
collaborative connection to a secondary device meeting some minimum BS connectivity condition
enjoys a strict reduction in the Cramér-Rao lower bound (CRLB) of its positioning error. However,
one thing a CRLB analysis does not do is take into account errors due to ambiguities (such as
the flip ambiguity [65]) since the Fisher information calculations consider only the peakedness of
the log-likelihood functions of the observations in the vicinity of the true device locations (even
though the log-likelihood may be the same for many other locations). Thus, as a complement to
Chapter 4, the present work explicitly considers the value of collaboration as a means for taking a
device from not being able to locate itself to where it’s able to locate itself without ambiguity, i.e.,
to localizability.

Much the same as in MANETs and WSNs, the cellular network literature is very rich with
connectivity analyses (in the form of coverage probabilities), though in contrast, it is not quite as
rich in terms of localization studies. Primarily, this is due to the fact that location information is
nowhere near as crucial to cellular networks as it is to, say, WSNs, where location tagging adds
meaning to the collected data. With the proliferation of smart phones enabling location-based
services as well as increased pressure due to federal regulations such as the FCC E911 mandate [17],
however, positioning of cellular devices has recently garnered increasing interest. On the whole, the
vast majority of both coverage and positioning studies have relied on simulation-based results, which
leave it unclear as to how the value of collaboration is impacted by the network parameters. This is
largely due to the fact that cellular networks are often modeled using widely-accepted grid-based
models which do not lend themselves to tractable analyses. An example which is related to the
present work is [60], which used simulation results to show that collaboration provides an increase
in the availability of positioning fixes in LTE networks using the OTDOA handset-based positioning
method. Recently, several landmark coverage papers have appeared which model cellular base
station (BS) deployments according to a homogeneous Poisson point process (PPP) (e.g., [86, 87]).
They note that the popular grid-based models are themselves highly-idealized and becoming more
obsolete as cellular networks deviate from centrally-planned macro-cell networks to networks
which include an increasing number of more arbitrary small-cell deployments such as picocells and
femtocells. This same approach was taken in Chapter 2, which analytically studied the hearability of
far away BSs for the purposes of cellular positioning after showing that there is a coupling between
hearability and a cellular network operator’s ability to meet specific location accuracy requirements
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(e.g., the FCC E911 requirements). Among other things, the results in Chapter 2 can be used to
determine the probability that a device will be unable to locate itself without ambiguity when only
using positioning observations from BSs, i.e., noncollaborative localization. The present work
expands on this and studies how much a collaborative link helps improve a device’s ability to locate
itself without ambiguity.

We consider a classical localization procedure extended with a single collaborative link, resulting
in an estimation problem which consists of two unknown device locations which are then estimated
simultaneously. While more complex than the original noncollaborative estimation problem, the
addition of a collaborative link may allow a MD which is otherwise not able to locate itself using a
classical procedure to be able to uniquely determine its location. Understanding exactly how often
collaboration helps in this regard is the purpose of this study. In accordance with previous works,
BSs are modeled according to a homogeneous PPP. The MDs are modeled similarly, using a second
(independent) PPP, which agrees with the uniformly-random modeling of MDs in MANETs, WSNs,
3GPP simulations, as well as the cellular literature [129].

5.3 Contributions

The main contributions of this chapter are as follows.

Derivation of unique localizability conditions for two-device collaborative localization: In Sec-
tion 5.5, we employ a graph-theoretic approach to derive the conditions required for a MD’s location
to be determined without ambiguity for the small-scale (specifically, two device) collaborative
localization setup using ranging observations. Reasonable conditions required to guarantee unique
localizability using range-difference observations to BSs are also presented.

Analytic expressions for the probability of unique localizability with collaboration: For the scenario
without shadowing, we provide an exact analysis of the probability that a device hearing a certain
number of BSs and collaborating with a secondary device hearing a certain number of BSs will go
from not being uniquely localizable to being uniquely localizable. We then combine these results
with our previous work on hearability and provide accurate approximations for the probability of
unique localizability with and without collaboration when using range-based and range-difference-
based observations from BSs. The resulting expressions account for network self-interference,
something which is often omitted from MANET and WSN studies. Furthermore, we also present
accurate approximations of these same probabilities for the scenario with shadowing, which is
included in the vast majority of cellular propagation models.

Insights into the expected gains due to collaboration: Lastly, we present results which shed light
on the factors affecting the value of collaboration for improving unique localizability. We observe
that in the absence of shadowing, it is the separation between collaborators which dictates the
benefit received from collaboration. However, when shadowing is present, the dependence of the
benefit on the separation is significantly reduced, although the best case gains are very similar.
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Table 5.4.1: Summary of Key Notation

Notation Description

α Path loss exponent (α > 2)
‖z‖ `2-norm of vector z

o Origin (location of the typical user)
Φ/Ψ PPP of BS/MD locations (independent)
λ/ν Density of Φ/Ψ
β Target SINR
A\B The set (or area) A excluding B
|A| The Lebesgue measure of region A

G = (V,E) The graph G consisting of vertices V and edges E
S ′ ⊆ S S ′ is a subset of set S
S ′ ( S S ′ is a proper (or strict) subset of set S
Nz The number of hearable BSs at MD z

S [`]
z The set of ` BSs with highest received SINRs at MD z

|S| The cardinality of set S
1(·) Indicator function, 1/0 when its argument is true/false

The value of collaboration is then considered with shadowing and frequency reuse, and the results
show that the gains due to collaboration are drastically improved. This demonstrates that inter-
device collaboration (e.g., using device-to-device (D2D) communication in LTE) is potentially very
powerful in cellular networks.

5.4 System model

We now formally describe the system model. The key notation presented in this section and used
throughout this chapter is summarized in Table 5.4.1.

5.4.1 Base station and mobile device locations

The locations of the BSs and MDs are modeled using two independent homogeneous PPPs
Φ, Ψ ∈ R2 with densities λ, ν [52, 130], respectively. If the interference is treated as noise
at the receiver, the most appropriate metric that captures link quality is the signal-to-interference-
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plus-noise ratio (SINR). For the link from some BS x ∈ Φ to some MD z ∈ Ψ, the SINR can be
expressed as:

SINRx→z =
PFx→z‖x− z‖−α∑

y∈Φ
y 6=x

PFy→z‖y − z‖−α +N
, (5.1)

where P is the transmit power, Fg→h denotes the slow fading coefficient due to shadowing affecting
the signal from BS g to MD h, α > 2 is the pathloss exponent, and N is the noise variance at the
receiver.

In order to improve the hearability of far away BSs, positioning systems typically have to work
at lower SINRs than communications systems, thereby necessitating the need for some form of
processing gain, which will depend upon system parameters such as the signal integration time.
As a side effect, the processing gain techniques employed are assumed to average out the effect of
small-scale fading. Thus, the SINR expression in (5.1) does not contain a fast fading term, which
is consistent with common models for evaluating MANET, WSN, and even cellular positioning
performance [82].

5.4.2 Base station participation

For localization, it is well-known that including an increasing number of BSs in the localization
procedure results in a general improvement in positioning accuracy. Thus, we assume that for
purposes of localization, a device will take advantage of as many BSs as it can successfully detect
(or hear), i.e., all BSs whose signals arrive with some minimum link quality. Specifically, a MD z
includes a BS x in its localization procedure when

SINRx→z ≥ β, (5.2)

where β is the SINR threshold (prior to any processing gain) above which the signals from the BSs
must arrive in order for them to successfully contribute to the localization procedure (i.e., this is the
hearability condition). Note that in the presence of shadowing, the set of included BSs at z will not
necessarily correspond to the set of BSs which are geographically closest to z.

5.4.3 The collaboration-extended localization procedure

In this chapter, we consider the impact of extending a classical location estimation procedure with a
single collaborative ranging observation. Formally, we define a classical localization procedure as
one where an unlocalized device communicates only with BSs, gathers position-related observations
(e.g., RSS, TOA, or TDOA), and solves the resulting single-location estimation problem to determine
its location. For MANETs and WSNs, this type of setup corresponds to that employed in [66]. For
cellular networks, this corresponds to any downlink positioning method, e.g., OTDOA [98].
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5.5 Unique localizability

The first objective in any localization system is to make sure that the devices to be located are
uniquely localizable [65, 131], which is defined next.

Definition 5.1 (Unique device localizability). A mobile device is uniquely localizable if an estimate
of the device’s location can be found without ambiguity. In the noiseless case, this means that
there can only be one solution to the set of non-linear equations that relate the observations to
the unknown position. In the noisy case, this means that there is a single global minimum to the
appropriate cost function.

For classical positioning techniques based on observations between the MD and the BSs, it
is widely-accepted that the unique localizability condition simplifies to whether or not a mobile
device is able to hear a sufficient number of BSs. Conventional minimum values on the number of
BSs required to guarantee the presence of an unambiguous solution to the localization problem in
the R2 plane are 2, 3, and 4 for triangulation (e.g., AOA), trilateration (e.g., TOA and RSS), and
multilateration (e.g., TDOA) techniques, respectively. The unique device localizability conditions
are much less straightforward for collaborative networks and require a topological analysis of the
network as a whole [132]. Naturally, researchers have also been interested in the conditions required
for an entire network to be uniquely localizable.

Definition 5.2 (Unique network localizability). A network is uniquely localizable when all of the
devices within the network are uniquely localizable.

Interestingly and perhaps counterintuitively, the necessary and sufficient conditions for all
devices in a network to be uniquely localizable using range-based observations were found prior
to the corresponding conditions for the individual devices. Consider a network consisting of
C collaborating MDs and B ≥ 3 unique noncollinear BSs to which the MDs are connected.
Let the grounded network graph1 G = (V,E) be the graph whose vertices V correspond to the
N = B+C network nodes and whose edges E represent all wirelessly-connected pairs (BS→MD
and MD↔MD) as well as all BS pairs. Now, the necessary and sufficient conditions for unique
network localizability with perfect ranging observations in R2 are as follows [131]:

C1 (Rigidity) The grounded graph G must contain a total of 2N − 3 independent edges. Using
Laman’s condition [133], we can restate this condition as follows: there must exist some
graph G′ = (V,E ′ ⊆ E) where |E ′| = 2N −3 for which there are no subgraphs G′′ = (V ′′ ⊆
V,E ′′ ⊆ E ′) where |E ′′| > 2|V ′′| − 3 edges.

C2 (Triconnectedness) Every vertex V in G must be the endpoint of at least 3 edges in E.

1A grounded network graph differs from a traditional network graph in that additional edges are introduced between
all pairs of immovable vertices (i.e., BSs) in order to reflect the rigidity among these vertices.
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C3 (Reduntant rigidity) If any edge of G is removed, the ensuing graph must remain rigid. In
other words, all subgraphs G′ = (V,E ′ ( E) where |E ′| = |E| − 1 must satisfy Condition
C1 above.

First, Condition C1 removes graph flexibility, which is defined as the ability to continuously vary
the node locations while still satisfying all edge length constraints from the ranging observations.
Next, Condition C2 removes the possibility of pairs of devices being reflected in such a way as to
still satisfy all edge length constraints (i.e., flip ambiguities). Lastly, Condition C3 removes the
possibility of flex ambiguities, i.e., that upon the removal of an edge, the graph loses its rigidity and
becomes flexible allowing nodes to be repositioned in such a way which again satisfies all edge
length constraints (including the removed edge constraint, which can then be reinserted).

Remark 5.1. As mentioned in [131], the above conditions provide (i) a generic characterization of
unique localizability and (ii) assume error-free ranging observations. Regarding (i), the conditions
hold for almost all configurations of network devices placed using our PPP models, since the
randomization causes degenerate configurations to appear with zero probability in a continuous
space [131]. Regarding (ii), we note that this is essentially required in order to derive these graph-
theoretic localizability conditions. While errors may introduce degenerate cases, we will assume
that they do not introduce additional global minima into the cost function.

For this specific study, focusing on how the collaboration of one MD with another MD impacts
unique localizability, we can use the above conditions for unique network localizability to obtain
the necessary and sufficient conditions for unique device localizability (which we will henceforth
also just call localizability) using ranging observations. These conditions are formally presented in
the following proposition.

Proposition 5.1 (Two-device collaborative localizability using ranging observations). Using rang-
ing observations, a device u capable of collaborating with a second device v is uniquely localizable
in R2 iff one of the following conditions is met:

L1 u is directly connected to at least three BSs

L2 u is directly connected to two BSs, v is directly connected to at least two BSs, and combined,
u and v are connected to at least three unique noncollinear BSs.

Proof. For Condition L1, consider the smallest scenario which satisfies the condition, i.e., where a
lone MD u is connected to exactly three BSs. It is a trivial exercise to show that this scenario meets
Conditions C1-C3 for network localizability, which is equivalent to unique device localizability
(Definition 5.1) since u is the only MD in the network. Adding connections from u to additional
BSs cannot violate any of these conditions. For Condition L2, consider the smallest scenarios which
satisfy the condition, i.e., where both MDs are connected to exactly two BSs. There are two possible
connectivity scenarios, one with three and one with four unique BSs, as illustrated in Figure 5.5.1.
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 u

 v

(a) Three unique BS example.

 u

 v

(b) Four unique BS example.

Figure 5.5.1: The grounded graphs for the smallest scenarios satisfying Condition L2, with both
MDs (represented by the hollow squares) connected to exactly two BSs (represented by the filled
circles) and (a) three and (b) four unique BSs combined. The solid lines represent the BS→MD
links, the dashed line is the collaborative MD ↔ MD link, and the dotted lines are not actual
wireless links, but instead represent the BS to BS edges included in grounded graphs.
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First, note that the graphs are symmetric about the collaborative link, i.e., u and v may be arbitrarily
switched without a change in the labeled grounded graph. Thus, since the two devices exhibit a
symmetry in terms of graph connectivity, it is not possible to deem one localizable without deeming
the other so as well, which implies that device localizability is equivalent to network localizability.
From here, it is not difficult to verify that both scenarios in Figure 5.5.1 satisfy Conditions C1-C3
above. Adding additional BSs connected to v cannot violate these conditions. Since Condition L2
leads to network localizability, it clearly also leads to device u’s unique localizability. Now, if u
is connected to fewer than two BSs, it will always be subject to a flip ambiguity due to its lack of
triconnectedness (Condition C2). Lastly, if u is connected to two BSs and v is connected to fewer
than two BSs, then u does not belong to a redundantly rigid graph component that includes three
vertex-disjoint paths to three BSs,2 meaning that it will again not be uniquely localizable. Thus, we
have arrived at the necessary and sufficient localizability conditions for device u in our problem
setup when using range-based observations. �

Remark 5.2 (Noncollaborative localizability using ranging observations). Note that Condition L1
above, which does not involve the secondary device v, is the only condition for (and is thus the
definition of) noncollaborative unique localizability when using ranging observations. This is easily
verified by applying Conditions C1-C3 to any network with C = 1 MD and B ≥ 3 noncollinear
BSs.

Until now, all of the previous discussion on localizability has been specific to range-based
observations. Since cellular positioning is often accomplished using range-difference observations
(e.g., OTDOA in LTE), we are also particularly interested in this setup. Since no localizability
conditions exist yet for this setup, we will use the following assumption.

Assumption 5.1 (Two-device collaborative localizability using range-difference observations).
Using range-difference observations from BS signals, a device u capable of obtaining a range
observation from a second device v is uniquely localizable in R2 iff one of the following conditions
is met:

D1 u is directly connected to at least four BSs [107]

D2 u is directly connected to three BSs, v is directly connected to at least three BSs, and
combined, u and v are connected to at least four unique noncollinear BSs.

Remark 5.3 (Noncollaborative localizability using range-difference observations). Paralleling
Remark 5.2, Condition D1 is the well-known condition required to guarantee noncollaborative
localizability when using range-difference observations [107].

2See the RR3P condition in [132].
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5.6 Improvement in localizability through collaboration

Using the conditions presented in the previous section, we now move forward with our analysis of
the impact a single collaborative link has on a device’s ability to locate itself without ambiguity. Let
Nz =

∑
x∈Φ 1(SINRx→z ≥ β) represent the number of BSs hearable at some device z, where we

recall that β is the SINR threshold for successfully detecting BS signals. If Lnc represents the event
that device u is capable of localizing itself using only its BS connections, then

P(Lnc) = P(Nu ≥ `+ 1), (5.3)

where ` = 2 in the case of ranging observations to BSs (Condition L1) and ` = 3 in the case of
range-difference observations to BSs (Condition D1). Now, let S [`]

z represent the set of ` BSs whose
signals arrive with the highest SINRs at some device z. Then, the probability of Lc, the event that
device u is localizable when capable of collaborating with a second device v, is

P (Lc) = P (Lnc) +
∞∑
n=`

P
(
Nu = `,Nv = n,

∥∥S [`]
u ∪ S [n]

v

∥∥ ≥ `+ 1
)

(a)
= P (Lnc) +

∞∑
n=`

P
(
Nu = `,Nv = n,

∥∥S [`]
u ∪ S [n]

v

∥∥ ≥ `+ 1
∣∣S [`]

u 6= S [`]
v

)
P
(
S [`]

u 6= S [`]
v

)

+
∞∑
n=`

P
(
Nu = `,Nv = n,

∥∥S [`]
u ∪ S [n]

v

∥∥ ≥ `+ 1
∣∣S [`]

u = S [`]
v

)
P
(
S [`]

u = S [`]
v

)
(b)
= P (Lnc) +

∞∑
n=`

P
(
Nu = `,Nv = n

∣∣S [`]
u 6= S [`]

v

)
P
(
S [`]

u 6= S [`]
v

)

+
∞∑

n=`+1

P
(
Nu = `,Nv = n

∣∣S [`]
u = S [`]

v

)
P
(
S [`]

u = S [`]
v

)
(c)
= P (Lnc) +

∞∑
n=`

P
(
Nu = `,Nv = n

∣∣S [`]
u 6= S [`]

v

)
P
(
S [`]

u 6= S [`]
v

)

+
∞∑
k=1

P
(
Nu = `,Nv = `+ k

∣∣S [`]
u = S [`]

v

)
P
(
S [`]

u = S [`]
v

)
, (5.4)

where ` = 2, 3 for range and range-difference observations, respectively, (a) follows from the
law of total probability and Bayes’ rule, (b) follows from (i) the fact that Nu = `, Nv = n ≥ `,
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and S [`]
u 6= S [`]

v imply that
∥∥∥S [`]

u ∪ S [n]
v

∥∥∥ ≥ ` + 1 and (ii) the fact that S [`]
u = S [`]

v implies that∥∥∥S [`]
u ∪ S [`]

v

∥∥∥ 6≥ ` + 1, and (c) follows from a simple rewriting of the lower limit in the second
summation.

5.6.1 The no shadowing case

First, we consider the scenario without shadowing. When shadowing is absent, i.e., Fg→h = 1
in (5.1) for all g and h, ranking the BSs by decreasing SINRs is equivalent to ranking them by
increasing distances from the receiver. In other words, there is a strong correlation between the
hearable BSs at two nearby devices. Following this train of thought, we now note that in (5.4),

P
(
Nu = `,Nv = `+ k

∣∣S [`]
u = S [`]

v

)
→ 0

quickly as k increases. Intuitively, a hearability mismatch of k BSs is unlikely, even for small values
of k, when the closest ` BSs to u and v are conditioned to be the same. We now remove this term
by letting P

(
Nu = `,Nv = `+ k

∣∣∣S [`]
u = S [`]

v

)
= 0 since k ≥ 1 and approximate (5.4) as

P (Lc) ≈ P (Lnc) +
∞∑
n=`

P
(
Nu = `,Nv = n

∣∣S [`]
u 6= S [`]

v

)
P
(
S [`]

u 6= S [`]
v

)
. (5.5)

Lastly, we make the following assumption which will simplify the analysis of the conditional joint
hearability probability.

Assumption 5.2 (Independent base station hearability). When two devices have different sets of `
strongest base stations, their joint hearability probability may be calculated as the product of their
individual hearability probabilities. Mathematically, this means

P
(
Nu = m,Nv = n

∣∣S [`]
u 6= S [`]

v

)
= P (Nu = m)P (Nv = n) ,

where ` = 2, 3 is used for range-based and range-difference-based localization, respectively.

Under Assumption 5.2, we arrive at the following final expression for P(Lc) in (5.5):

P (Lc) ≈ P (Lnc) +
∞∑
n=`

P (Nu = `)P (Nv = n)P
(
S [`]

u 6= S [`]
v

)
= P (Nu ≥ `+ 1) + P (Nu = `)P (Nv ≥ `)P

(
S [`]

u 6= S [`]
v

)
. (5.6)

Exact expressions for the hearability terms in (5.6) (i.e., all terms except P(S [`]
u 6= S [`]

v )) are
presented in [100]. The exact calculations, however, are extremely involved and time consuming,
leading us to employ the approximations presented in Chapter 2, which are nearly indistinguishable
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u v
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rv
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Figure 5.6.1: A LUNE is formed by the region of one circle which is outside its intersection with
another partially-overlapping circle. The area of the lune,A, depends on ru, rv, and d as described
in (5.7).

from truth and can be calculated instantly. Specifically, P(Nz ≥ L) = PL(1, 1, α, β, 1, λ), where
the right-hand term is presented in Theorem 2.8. In the following section, we will derive an exact
expression for the remaining term.

5.6.2 Probability that two devices share the same set of closest BSs

Recall that MD u is the device whose localizability is being directly considered and MD v is a
secondary device with whom u is able to collaborate. Due to the stationarity of homogeneous PPPs
and Slivnyak’s Theorem [52], the statistics of Φ and Ψ are unaffected by the arbitrary placement of
a finite number of MDs in R2. Thus, without loss of generality, let u be located at the origin o and
v be a random distance D away and located at v = [D 0]>, where > is the matrix transpose operator.
We begin our derivation of P(S [`]

u 6= S [`]
v ) without considering the distribution of D, but rather by

conditioning on D = d. In order to proceed, we first need to understand the following shape.

Definition 5.3 (Lune). Consider two partially-overlapping circles with radii ru and rv whose centers
are separated by distance d, as shown in Figure 5.6.1. Region A is called a lune and its area is [134]

A(ru, rv, d) =
1

2

√
(ru + rv + d)(rv + d− ru)(d+ ru − rv)(ru + rv − d)

+ r2
u sec−1

(
2dru

r2
v − r2

u − d2

)
− r2

v sec−1

(
2drv

r2
v + d2 − r2

u

)
. (5.7)
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Next, we present a set of lemmas which are necessary to characterize the probability that two
devices u and v, separated by distance d, share the same set of ` closest BSs. Two lemmas are
necessary in order to capture the two key geometric conditions which arise: when the `th farthest
BSs to u and v are (i) the same and (ii) different.

Lemma 5.2. The probability that u and v, separated by distance d, have the same set of ` closest
base stations, while also having the same `th closest BS, is

P(S [`]
u = S [`]

v ,S [`−1]
u = S [`−1]

v |D = d) =

2

π(`− 1)!

∫ ∞
0

∫ π

0

(
πr2 − A(r,

√
r2 + d2 − 2rd cos θ, d)

πr2

)`−1

× e−λ(A(
√
r2+d2−2rd cos θ,r,d)+πr2) (λπr2)`

r
dθ dr. (5.8)

Proof. See Appendix C.1. �

Lemma 5.3. The probability that u and v, separated by distance d, have the same set of ` closest
BSs, while differing in their `th closest BSs, is

P(S [`]
u = S [`]

v ,S [`−1]
u 6= S [`−1]

v |D = d) =

2(`− 1)

π(`− 1)!

∫ ∞
0

1

πr2

∫ π

0

∫ d+r

√
r2+d2−2rd cos θ

(
πr2 − A(r, x, d)

πr2

)`−2

× e−λ(A(x,r,d)+πr2)φrange(d, r, x)
x(λπr2)`

r
dx dθ dr, (5.9)

where

φrange(d, r, x) = 2 cos−1

(
d2 + x2 − r2

2 · d · x

)
.

Proof. See Appendix C.2. �

Combining the two lemmas, we arrive at the following theorem.

Theorem 5.4. The probability that two devices u and v, separated by distance d, share the same
set of ` closest BSs is

P(S [`]
u = S [`]

v |D = d) = P(S [`]
u = S [`]

v ,S [`−1]
u = S [`−1]

v |D = d)

+ P(S [`]
u = S [`]

v ,S [`−1]
u 6= S [`−1]

v |D = d). (5.10)
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Proof. By the law of total probability, the probability that the two mobile devices have the same set
of ` closest BSs is simply the sum of the probabilities presented in Lemmas 5.2 and 5.3. �

Corollary 5.4.1. When devices u and v (separated by distance d) both successfully hear exactly `
base stations, the probability that collaboration between them will result in a combined hearability
of at least `+ 1 unique base stations is

P(‖S [`]
u ∪ S [`]

v ‖ ≥ `+ 1|D = d) = P(S [`]
u 6= S [`]

v |D = d) = 1− P(S [`]
u = S [`]

v |D = d). (5.11)

In order to endow D with a distribution, let us now consider device v to be the K th closest MD
to u. Since the MDs are modeled according to a homogeneous PPP with density ν, it follows from
Slivnyak’s theorem [52] that the distribution of the distance from any device to its K th neighbor,
D = DK , is [97]

fDK (d;K, ν) = e−νπd
2 2(νπd2)K

d(K − 1)!
. (5.12)

Clearly, K = 1 represents a case of particular interest, i.e., u collaborates with its closest neighbor.
Now, for the general K th neighbor setup, we arrive at the following theorem.

Theorem 5.5. The probability that device u and its K th closest neighboring device v share the
same set of ` closest base stations is

P(S [`]
u = S [`]

v ) =
2

(K − 1)!

∫ ∞
0

P(S [`]
u = S [`]

v |D = y)e−νπy
2 (νπy2)K

y
dy. (5.13)

Proof. The result is obtained by deconditioning (5.10) on D = DK , i.e.,

P(S [`]
u = S [`]

v ) = EDK

[
P(S [`]

u = S [`]
v |DK)

]
.

�

Corollary 5.5.1. Conditioned on device u and its K th closest neighbor v both successfully hearing
exactly ` base stations, the probability that collaboration among them will lead to a combined
hearability of at least `+ 1 unique base stations is

P
(
‖S [`]

u ∪ S [`]
v ‖ ≥ `+ 1

)
= P

(
S [`]

u 6= S [`]
v

)
= 1− P

(
S [`]

u = S [`]
v

)
. (5.14)

Finally, (5.14) in Corollary 5.5.1 is the exact expression for P(S [`]
u 6= S [`]

v ) in (5.6), which, when
combined with the hearability results in Chapter 2, yields P(Lc), the probability of unique localiz-
ability in the collaborative scenario.
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5.6.3 The shadowing case

Now, we consider the unique localizability problem in the presence of log-normal shadowing.
The difficulty in analyzing this scenario lies in the fact that, unlike in the no shadowing case, the
set of ` strongest BSs at some device z, S [`]

z , is no longer directly tied to the ` geographically
closest BSs to z. Thus, we cannot use the geometric analysis of the previous section for comparing
the sets of strongest BSs at two MDs. Instead, we note that P

(
‖S [`]

u ∪ S [`]
v ‖ ≥ `+ 1

∣∣∣D = d
)

=

P

(
S [`]

u 6= S [`]
v

∣∣∣D = d
)
→ 1 for all d as the shadowing standard deviation σs increases. This

behavior is shown in Figure 5.6.2 for ` = 2, α = 4, and a shadowing correlation of 0.5 between
the received signals at u and v from the same BS. In order to get an initial tractable expression for
the shadowing case, we then use the simplifying assumption that P

(
S [`]

u 6= S [`]
v

)
= 1 and invoke

Assumption 5.2 to arrive at the following approximation of (5.4) for the shadowing case:

P (Lc) ≈ P (Lnc) +
∞∑
n=`

P (Nu = `)P (Nv = n)

= P (Nu ≥ `+ 1) + P (Nu = `)P (Nv ≥ `) . (5.15)

An exact expression for (5.4) in the shadowing case is significantly more challenging to derive and
is outside the scope of this chapter. Nevertheless, it will be evident in the following section that
(5.15) is surprisingly accurate.

5.7 Numerical results and discussion

In this section, we present numerical results and use them to draw insights into the value of
collaboration for improving unique localizability. We begin by focusing on the no shadowing case
and taking a look at the number of unique BSs among the closest BSs at two devices.

5.7.1 Sufficient unique base stations versus collaborator separation

First, let u and v be two devices separated by distance d as described in Section 5.6.2. Further-
more, recall that ` in (5.4) equals 2 and 3 for range-based and range-difference-based localization,
respectively. When both devices successfully hear exactly ` BSs, neither is localizable per the
conditions presented in Proposition 5.1 and Assumption 5.1. The key differentiator in determining
whether collaboration between these devices will be beneficial to localizability is whether or not
the two devices hear a combined ` + 1 or more unique BSs. When d is fixed, it is the density of
the BSs which will affect the probability of obtaining a sufficient number of unique BSs. This is
illustrated in Figure 5.7.1 for ` = 2, where (5.11) in Corollary 5.4.1 is plotted versus d for various
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Figure 5.6.2: THE IMPACT OF SHADOWING on the probability that collaboration will increase
the number of unique BSs involved in the positioning procedure when two collaborators, separated
by distance d, each hear exactly ` = 2 BSs. (α = 4.)
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Figure 5.7.1: UNIQUENESS AMONG CLOSEST NODES: The probability that two devices, sepa-
rated by distance d and each hearing exactly ` = 2 BSs, will benefit in terms of their combined
number of unique BSs (Corollary 5.4.1).
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BS densities λ. Note that the densities are multiples of the PPP density which results in the same
average number of BSs per unit area as an infinite hexagonal grid with 500m intersite distances
(ISD). For a fixed separation d, it is obvious that a higher BS density leads to a greater likelihood
that collaboration will be beneficial in this scenario. While collaboration with farther devices also
increases this likelihood, Figure 5.7.1 reveals that there is a certain distance beyond which it is not
necessary to collaborate.

5.7.2 Sufficient unique base stations versus collaborator selection

Next, let v be the K th neighbor of u in the PPP of MDs Ψ. Given that both devices successfully hear
exactly ` BSs, Figure 5.7.2 presents the probabilities that a collaborative link between u and v will
be beneficial to their unique localizabilities for (a) range and (b) range-difference observations from
the BSs for various MD densities (expressed as the average number of MDs per BS or cell). The
results show that selecting the closest neighbor, with whom it may likely be easiest to collaborate,
is not necessarily a good idea, especially when a MD is in the neighborhood of a large number of
other MDs. The nearest neighbors are valuable when MD densities are low, but even then, selecting
a farther neighbor is typically more beneficial (up to a point). By revisiting (5.12), it becomes
clear that higher values of K and lower values of ν lead to greater probabilities of longer distances
separating u and v. Thus, we see that ultimately, it is the separation between collaborators that
is the driving force behind determining the value of collaboration, which leads us to present all
subsequent results in light of the distance d separating the collaborating devices.

5.7.3 Unique localizability with range and range-difference observations

Now, we consider the benefit of collaboration to localizability and how it is impacted by the
SINR threshold β. For α = 4, which we consider throughout as it is close to the α = 3.76
value used in 3GPP positioning studies [82] and allows the use of simplified expressions from
Chapter 2, and various collaborator separations d, Figures 5.7.3 and 5.7.4 show (a) the probability
of unique localizability and (b) the absolute increase in these probabilities provided through
device u’s collaborative link with device v for range-based and range-difference-based localization,
respectively. We note that for both ` = 2 and ` = 3, the approximation in (5.6) is within an
absolute error of 0.02 from the truth, which is gathered via simulation. Furthermore, we see that
the benefit from collaboration is a non-monotonic function of β. For range-based positioning,
β = −9 dB appears to be a sweet spot which maximizes the collaborative benefit, providing an
approximately 6% to 22% absolute increase in the probabilities of unique localizability for the
values of d considered. For range-difference-based positioning, there appears to be a range of
β values over which the benefit from collaboration is maximized, while overall, the benefit is
reduced compared to that of range-based positioning. Interestingly, this range from approximately
β = −10 to −14 dB (highlighted in the figures with dotted lines) is right in line with the SINR
thresholds discussed in 3GPP for the hearability of farther away BSs [83, 98]. These results bode
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Figure 5.7.2: THE IMPACT OF NEIGHBOR SELECTION: The analysis of Corollary 5.5.1 reveals
the benefit of selecting farther neighboring devices for increasing their combined number of unique
BSs.
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Figure 5.7.3: UNIQUE LOCALIZABILITY in range-based positioning (e.g., using RSS or TOA
observations) for various collaborator separations d. The separation plays a major role in how
beneficial collaboration will be. Note that the dotted lines at β = −10 and −14 dB delineate the
range of SINR threshold values considered in 3GPP for far away BSs, which is just below where
the peak collaborative benefits are obtained. (α = 4.)
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Figure 5.7.4: UNIQUE LOCALIZABILITY in range-difference-based positioning (e.g., using TDOA
observations from BSs) for various collaborator separations d. The separation plays a major role in
how beneficial collaboration will be. Note that the dotted lines at β = −10 and −14 dB delineate
the range of SINR threshold values considered in 3GPP for far away BSs, which coincides with
the peak collaborative benefits. (α = 4.)
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well for the use of small-scale device-to-device collaborative ranging as a means to combat the
hearability problem and improve the localizability of MDs in cellular networks. For example, when
β = −12 dB, an MD collaborating with another MD d = 150m away observes an 8% absolute
increase in its unique localizability probability, a relative improvement of nearly 40% from the 21%
in the noncollaborative case. Despite this significant relative improvement, an overall localizability
probability of 29% is still not acceptable for cellular positioning. Randomization due to the presence
of shadowing, which is a more applicable scenario for cellular positioning, may actually help
matters, as discussed next.

5.7.4 The impact of shadowing on localizability

At this time, we consider the impact of shadowing using log-normal shadowing with σs = 8 dB
and a correlation of 0.5 between the signals received at two devices originating from the same
BS. Recall that (5.15) was derived using some very simplifying assumptions, including that two
devices each hearing ` BSs certainly hear at least `+ 1 unique BSs, independent of the separation
distance. Figure 5.7.5 reveals that this was, in fact, not a bad assumption. For both range-based
and range-difference-based positioning, the separation between the devices plays a highly-reduced
role in the localizability probability compared to its role in the no shadowing case. Moreover,
it is observed that the presence of shadowing is quite beneficial, primarily for increasing the
probability that collaboration will improve localizability for shorter device separations d. This is
more clearly observed in Figure 5.7.6, which plots exactly this improvement in localizability using
range-difference observations from BSs for various different separations. For all values of d, the
benefit from collaboration is very similar, which is quite different from the no shadowing case
considered before, where the benefit clearly grew along with the collaborators’ separation. Note that
the peak localizability benefits, in the vicinity of 10% to 11.5%, are once again obtained between
β = −10 dB and −14 dB, the range of values commonly considered for β in 3GPP. Revisiting
the example from the previous section (β = −12 dB, d = 150m), we see that shadowing has
further improved the probability of unique localizability in the collaborative case from 29% to 32%.
While these results are promising and any improvement is welcome, it is clear that the additional
collaborative link is not sufficient to provide truly-reliable localizability performance, at least not
without frequency reuse, which we consider next.

5.7.5 The impact of frequency reuse on cellular localizability

To conclude our analysis, we lastly consider how frequency reuse, commonly included in wire-
less standards [101], affects the value of collaboration for improving the probability of unique
localizability. If a total of K frequency bands are available and we independently assign one of
the bands to each x ∈ Φ with equal probability, we can easily incorporate frequency reuse into
our model by considering the transmission activity on each band separately using independent BS
PPPs whose densities are that of the original BS PPP thinned by the frequency reuse factor K. We
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Figure 5.7.5: THE IMPACT OF SHADOWING on the probability of unique localizability for various
collaborator separations d. Due to the approximation in (5.15), the collaborative analysis lines
overlap completely. Comparing with Figures 5.7.3 and 5.7.4, it is clear that shadowing significantly
increases the benefit of collaboration, especially for smaller values of d. (α = 4.)
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Figure 5.7.6: THE IMPROVEMENT DUE TO SHADOWING on the probability of unique localizabil-
ity for range-difference-based positioning. Here, the benefit from collaboration peaks at exactly
the SINR thresholds which have been considered in 3GPP for far away BSs, between β = −10 to
−14 dB as highlighted by the dotted lines. (α = 4.)

consider a cellular positioning setup in which devices measure range-difference observations to
BSs (e.g., OTDOA in LTE) and include correlated log-normal shadowing using the same parameter
values as in Section 5.7.4. If the number of hearable BSs in the kth band at some device z is
nkz, then the total number of BSs hearable at device z is NK

z =
∑K

k=1 n
k
z. Following the same

logic as was employed in Section 5.6.3 and letting ` = 3, we obtain P(Lnc) = P(NK
u ≥ 4) and

P (Lc) ≈ P (NK
u ≥ 4) + P (NK

u = 3)P (NK
v ≥ 3) as the revised expressions of (5.3) and (5.6) for

this frequency reuse setup.3 For a frequency reuse factor of K = 3, which pertains to OTDOA
positioning using cell-specific reference signals (CRS) in LTE, the probabilities of unique local-
izability are plotted in Figure 5.7.7. While it is immediately clear that localizability has already
improved drastically across the entire SINR range for noncollaborative positioning compared to
its universal frequency reuse K = 1 counterpart in Figure 5.7.5b, collaboration adds an additional
drastic improvement to the probability of unique localizability in this cellular scenario. In fact,
collaboration appears to have a type of processing gain effect allowing for β values between 2 to
5 dB higher than in noncollaborative positioning in order to achieve the same probability of unique
localizability. Remarkably, this is true even when the collaborating devices are separated by only
d = 10m. Although the peak benefits are not in the β = −10 to −14 dB range anymore, we make a
final remark here that the benefit from collaboration is sufficient to remove location ambiguities
completely within this range. This could be very significant to cellular network operators, potentially
making it possible to meet FCC E911 requirements using the CRS and fewer frequency bands than

3Using random frequency reuse, P(NK
z ≥ L) = PKL(1, 1, α, β, 1, λ) in Theorem 2.9.



Javier Schloemann Chapter 5. Collaboration and Positioning Availability 93

−20 −15 −10 −5 0 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

SINR Threshold, β (dB)

P
(L

n
c)
,
P
(L

c
)

 

 

Solid: Truth

Dashed: Analysis

Noncollaborative

Collaborative, d = 10m

Collaborative, d = 50m

Collaborative, d = 150m

Collaborative, d = 250m

Collaborative, d = 500m

(a) Probability of unique localizability.

−20 −15 −10 −5 0 5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

SINR Threshold, β (dB)

P
(L

c
)
−

P
(L

n
c)

 

 

Solid: Truth

Dashed: Analysis

d = 10m

d = 50m

d = 150m

d = 250m

d = 500m

(b) Absolute increase in unique localizability probability.

Figure 5.7.7: THE IMPACT OF FREQUENCY REUSE on unique localizability in range-difference-
based positioning for various collaborator separations d and a reuse factor of K = 3. We note
that frequency reuse greatly enhances the benefit of collaboration (even at very short d = 10m
communication ranges), which in turn may allow the employment of lower frequency reuse factors
in cellular positioning. (α = 4.)
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the current K = 6 with positioning reference signals (PRS), which was deemed impossible for
noncollaborative cellular positioning [83].

5.8 Conclusion

In this chapter, we presented a tractable analysis of the impact of a single collaborative link on the
probability of a mobile device being able to locate itself without ambiguity (i.e., being uniquely
localizable). This is in contrast to previous works, which have primarily relied on simulations
to study collaborative positioning in similar setups that include network self-interference. In the
absence of shadowing and all other things being equal, the results show that collaboration is more
beneficial to range-based than range-difference-based positioning systems. This makes logical
sense since for two devices separated by some fixed distance, the sets of the two closest BSs to
each device are less likely to be identical than the sets of the three closest BSs to each device, thus
providing a greater likelihood of increasing the number of unique combined BSs. For both types
of systems, it quickly becomes apparent that the key element affecting the value of collaboration
is the separation between the devices; however, this is promptly deemphasized in the presence
of shadowing. Although shadowing helps, the results make it clear that collaboration will not be
sufficient to notably mitigate the hearability problem in cellular positioning systems employing
universal frequency reuse. The localizability benefit from collaboration is greatly enhanced with
frequency reuse, and it is seen that for a positioning system similar to that of OTDOA in LTE using
CRS, a single collaborative link is sufficient to ensure unique localizability at the SINR detection
thresholds commonly considered in 3GPP for cellular positioning (around -10 dB and below). These
results are significant and demonstrate that short-distance small-scale collaboration, which is the
most reasonable scenario for cellular networks, is a very worthwhile pursuit and likely to be a
significant aid in the fight against the hearability problem. In order to understand this further, we
suggest that future work consider the exact localizability analysis in the shadowing case as well as
present techniques for accurate device-to-device ranging.



Chapter 6

Conclusion

In this dissertation, we highlighted a major deficiency in present start-of-the-art localization studies,
namely the lack of a tractable analytical approach for studying fundamental localization performance
metrics. Motivated by recent advances in cellular coverage analyses made possible by modeling base
station deployments according to a Poisson point process, we addressed this deficiency by presenting
a new model specifically for studying localization performance. The model is comprehensive enough
for cellular localization studies, i.e., it allows for the easy integration of average network load, base
station coordination, network self-interference, and frequency reuse, but need not be limited to
cellular networks. The value of the model lies with several interesting properties. For one, the model
allows established analytical tools from the field of stochastic geometry to be brought to bear on the
localization analysis, thus resulting in increased tractability. Furthermore, performance analysis
results derived using the model can be naturally averaged over the random factors which govern
localization performance – the number of participating devices, the locations of the participating
devices, and the qualities of the positioning observations. This is in contrast to what can be done
using existing fundamental metrics, such as the Crámer-Rao lower bound and the geometric dilution
of precision, both of which have yet to be characterized in a similar way.

Besides presenting this model, we validate our claim that it enables the tractable analysis
of localization fundamentals. In Chapter 2, we employ the model to perform a comprehensive
analysis of base station hearability, known to be the performance limiting factor in cellular network
localization. Without the need to implement and execute complex-system level simulations, which
is still the state-of-the-art analysis technique during cellular standardization processes, we quickly
characterized how base station hearability is impacted by different network parameters. Due to
the presence of strong self-interference from the cellular network, we observed that with universal
frequency reuse only prohibitively high processing gains or near-perfect base station coordination
allows for sufficient hearability to even calculate position fixes. In fact, it was shown that realistically,
a frequency reuse factor of six is required to provide reliable positioning service. This same
determination was made during the LTE standardization process, but not before many simulations
were run over a period of many months. In addition to studying hearability, in Chapter 3 we also
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presented and characterized a new metric, correlated with the well-known geometric dilution of
precision, for studying the distribution of the base station geometries in terms of network parameters.
Surprisingly, we learned that widely varying the receiver sensitivity did not have a significant effect
on geometry, though one would certainly expect increased hearability. On the other hand, it was
seen that the geometric conditions of the base stations greatly improves during times of reduced
network load (e.g., at night). Since frequency reuse was shown to provide drastic improvements in
hearability and localization geometries generally improve with an increased number of base stations,
we expect frequency reuse to provide a similarly drastic improvement in localization geometries.

At present, cellular network positioning techniques have been exclusively noncollaborative,
i.e., they have relied only on receiving positioning observations from base stations. However, the
study of collaborative positioning, that is, enhancing traditional localization techniques by gathering
positioning observations between mobile devices in addition to the base station observations, has
been a very active area of research in recent years. The driving force behind much of the research
has been the assumption that collaboration must be beneficial for improving both the accuracy of
position estimates as well as the availability of position estimates. However, these assumptions have
never been thoroughly verified. From simulation-based results, most researchers have concluded
that collaboration does appear to be valuable, though there are still some who are unconvinced. In
Chapters 4 and 5, we presented analytical studies on the value of collaboration in terms of both
of the commonly-assumed benefits. In Chapter 4, we proved that collaboration between mobile
devices strictly reduces the Crámer-Rao lower bound of the mean square positioning error, given
that some minimum connectivity conditions are met. In Chapter 5, we studied collaboration in terms
of its ability to improve the availability of position estimates. In the absence of shadowing, we saw
that unless two devices are very far apart, the benefit of collaboration to localizability left a lot to be
desired. In the presence of shadowing, the need to communicate with far away devices in order to see
a benefit in localizability was significantly reduced, though the best case benefits from collaboration
were mostly unchanged. When frequency reuse was included, drastic benefits in localizability were
observed from collaboration. Combined, the results from Chapters 4 and 5 are valuable because
they definitively motivate further research into collaborative localization techniques, especially by
cellular network operators, who will soon have no choice but to bolster their network positioning
capabilities with the impending phase-in of new indoor positioning requirements.



Appendix A

Appendices for Chapter 2

A.1 Proof of Lemmas 2.1 and 2.3

Let i < j, n ≤ Ξ, Ξ be the number of BSs between xi and xj , A = b(o, ‖xi‖+ δ/2)\b(o, ‖xi‖ −
δ/2), B = b(o, ‖xj‖ + ε/2)\b(o, ‖xj‖ − ε/2), C = b(o, ‖xj‖ − ε/2)\b(o, ‖xi‖ + δ/2), D ⊆ C,
b(θ, r) represent a ball of radius r centered at θ, δ and ε be small modifications to the regions of A,
B, and C, and NH be the number of points in regionH. Then,

P(ND = n|xi, xj) = lim
δ,ε→0

P(ND = n|NC = Ξ, NB = 1, NA = 1)

(a)
= lim

δ,ε→0

P(ND = n,NC = Ξ, NB = 1, NA = 1)

P(NC = Ξ, NB = 1, NA = 1)

= lim
δ,ε→0

P(ND = n,NC\D = Ξ− n,NB = 1, NA = 1)

P(NC = Ξ, NB = 1, NA = 1)

(b)
= lim

δ,ε→0

P(ND = n)P(NC\D = Ξ− n)P(NB = 1)P(NA = 1)

P(NC = Ξ)P(NB = 1)P(NA = 1)

=
P(ND = n)P(NC\D = Ξ− n)

P(NC = Ξ)

=
(λ|D|)ne−λ|D|/n!

(λ|C|)Ξe−λ|C|/Ξ!
· (λ(|C| − |D|))Ξ−ne−λ(|C|−|D|)

(Ξ− n)!

=
Ξ!

n!(Ξ− n)!

(
|D|
|C|

)n(
1− |D|
|C|

)Ξ−n
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from which it follows that the Ξ BSs inside the annular region limδ,ε→0 C = b(o, ‖xj‖)\b(o, ‖xi‖)
make up a BPP. Note that (a) follows from Bayes’ rule and (b) follows from the fact that regions A,
B, C\D, and D are all completely disjoint in the limit. By letting i = 0, j = L, and defining x0 , o
(i.e., ‖x0‖ = 0), the BSs inside the circular region b(o, ‖xL‖) are shown to make up a BPP, thus
proving Lemma 2.1. By letting i = 1 and j = L, Lemma 2.3 is proved.

A.2 Proof of Lemma 2.2

Let x̂ be an active BS that is uniformly distributed inside the circular region b(o,RL). Then, for
Ω ≥ 1 (required for x̂ to exist),

FR̂1|RL,Ω(r|RL,Ω) = P(R̂1 ≤ r|RL,Ω)

= 1− P(R̂1 > r|RL,Ω)

= 1− P(min{x̂ : ‖x̂‖ < RL} > r|RL,Ω)

(a)
= 1−

∏
{x̂:‖x̂‖<RL}

P(‖x̂‖ > r|RL)

(b)
= 1−

∏
{x̂:‖x̂‖<RL}

πR2
L − πr2

πR2
L

= 1−
(
R2
L − r2

R2
L

)Ω

,

where (a) and (b) follow from Lemma 2.1.

A.3 Proof of Theorem 2.4

Let Ω ≥ 1 so that x̂1 and consequently, R̂1, exist. Here, we derive an upper bound on L-coverage
probability by considering (i) the closest interferer’s location exactly, (ii) the remaining Ω− 1 active
interior interferers at their maximum possible distance RL, and (iii) ignoring thermal noise (i.e.,
N = 0). While the Ω = 0 can be treated separately, we will see that it can be trivially incorporated
into the final expression obtained here. Now,

PL(p, q, α, β, γ, λ,Ω ≥ 1)
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= P

(
PR−αL∑∞

i=1 PR̂
−α
i − PR−αL

≥ β

γ
,Ω ≥ 1

)

≤ P

(
PR−αL∑Ω+1

i=1 PR̂
−α
i − PR−αL

≥ β

γ
,Ω ≥ 1

)

(a)
= P

(
R−αL

R̂−α1 +
∑Ω

i=2 R̂
−α
i

≥ β

γ
,Ω ≥ 1

)

(b)

≤ P

(
R−αL

R̂−α1 + (Ω− 1)R−αL
≥ β

γ
,Ω ≥ 1

)

= P

(
R̂−α1 ≤ R−αL

(
γ

β
− (Ω− 1)

)
,Ω ≥ 1

)

= P

(
R̂1 ≥ RL

(
γ

β
− (Ω− 1)

)− 1
α

,Ω ≥ 1

)

(c)
= P

(
min{‖x̂‖ :‖x̂‖ < RL} ≥ RL

(
γ

β
− (Ω− 1)

)− 1
α

,Ω ≥ 1

)

(d)
= EΩ≥1

ERL
 ∏
{x̂:‖x̂‖<RL}

P

(
‖x̂‖ ≥ RL

(
γ

β
− (Ω− 1)

)− 1
α

∣∣∣∣∣RL,Ω

)

= EΩ≥1

ERL
 ∏
{x̂:‖x̂‖<RL}

πR2
L − π

(
RL

(
γ
β
− (Ω− 1)

)− 1
α

)2

πR2
L

· 1
(
β

γ
≤ Ω−1

)


= EΩ≥1

ERL
(1−

(
γ

β
− (Ω− 1)

)− 2
α

)Ω

1

(
β

γ
≤ Ω−1

)

= EΩ≥1

(1−
(
γ

β
− (Ω− 1)

)− 2
α

)Ω

1

(
β

γ
≤ Ω−1

)
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=

χ∑
ω=1

(
1−

(
γ

β
− (ω − 1)

)− 2
α

)ω (
L− 1

ω

)
pω(1− p)L−1−ω, (A-1)

where χ = min{L− 1, bγ/βc}, (a) follows from R̂Ω+1 , RL and pulling the dominant interferer
out of the sum, (b) follows from the fact that R̂i ≤ RL for i ≤ Ω, (c) follows from x̂1 being the
shortest distance from the origin among all interferers, and (d) follows from Lemma 2.1. Next,
we note that when Ω = 0, there are absolutely no interferers anywhere and the probability of
successfully detecting the only transmitting BS is unity. Evaluating the summand in (A-1) in the
case of ω = 0 returns P(Ω = 0) which is then simply equal to PL(p, q, α, β, γ, λ,Ω = 0). By the
law of total probability,

PL(p, q, α, β, γ, λ) = PL(p, q, α, β, γ, λ,Ω = 0) + PL(p, q, α, β, γ, λ,Ω ≥ 1)

=

χ∑
ω=0

(
1−

(
γ

β
− (ω − 1)

)− 2
α

)ω (
L− 1

ω

)
pω(1− p)L−1−ω,

where χ = min{L− 1, bγ/βc}, which is the final result.

A.4 Proof of Lemma 2.5

Let x̂ be an active BS that is uniformly distributed inside the annular region b(o,RL)\b(o, R̂1).
Then,

E[P‖x̂‖−α|R̂1, RL]
(a)
=

∫ RL

R̂1

Pr−α
2r

R2
L − R̂2

1

dr

=
2P

R2
L − R̂2

1

∫ RL

R̂1

r1−αdr

=
2P

R2
L − R̂2

1

(
r2−α

2− α

∣∣∣∣RL
r=R̂1

)

=
2P

2− α
· R

2−α
L − R̂2−α

1

R2
L − R̂2

1

,

where (a) follows from the BPP condition proved in Lemma 2.3. Lastly, the mean of the sum of the
interference from all interferers located inside the annular region b(o,RL)\b(o, R̂1) is simply the
sum of their individual means, from which the result follows.
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A.5 Proof of Lemma 2.6

In order to accommodate partial network loading, q is the fraction of the far-off BSs transmitting
throughout the localization procedure, which can be modeled using an equivalent thinned PPP Ψ
with density qλ.

E[I2|RL] = E

 ∑
x∈Ψ\b(o,RL)

P‖x‖−α


(a)
= qλ

∫
bc(o,RL)

P‖x‖−αdx

= Pqλ

∫ 2π

0

∫ ∞
RL

r−αr dr dθ

= 2Pπqλ

∫ ∞
RL

r1−αdr

= 2Pπqλ · r
2−α

2− α

∣∣∣∣∞
r=RL

=


2Pπqλ

α− 2
R2−α
L , α > 2

∞, α ≤ 2,

where (a) follows from Campbell’s theorem [52].

A.6 Proof of Proposition 2.7

PL(p, q, α, β, γ, λ|Ω = 0)
(a)
= PL(0, q, α, β, γ, λ)

= ERL

[
1

(
PR−αL
E[I2|RL]

≥ β

γ

)]

= ERL

[
1

(
γ

β
≥ E[I2|RL]

PR−αL

)]
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= ERL

[
1

(
γ

β
≥

2Pπqλ
α−2

R2−α
L

PR−αL

)]

= ERL

[
1

(
γ

β
≥ 2πqλ

α− 2
R2
L

)]

= ERL

[
1

(
α− 2

2πqλβ/γ
≥ R2

L

)]

= ERL

[
1

(
RL ≤

√
α− 2

2πqλβ/γ

)]

= P

(
RL ≤

√
α− 2

2πqλβ/γ

)
(A-2)

(b)
= 1−

L−1∑
`=0

e−
α−2

2qβ/γ

( α−2
2qβ/γ

)`

`!
,

where (a) follows from the fact that conditioning on zero active interferers among all participating
BSs is the same as assuming perfect coordination among all participating BSs and (b) follows from
the fact that (A-2) is simply the probability that at least L BSs lie inside the region b

(
o,
√

α−2
2πqλβ/γ

)
.

A.7 Proof of Theorem 2.8

Consider the case when Ω ≥ 1 in the following derivation and note that the Ω = 0 case has been
addressed separately in Proposition 2.7.

PL( p, q, α, β, γ, λ,Ω ≥ 1)

= P

(
SIRL ≥

β

γ
,Ω ≥ 1

)

= EΩ≥1

[
ERL

[
ER̂1

[
1

(
SIRL ≥

β

γ

∣∣∣∣R̂1, RL,Ω

)∣∣∣∣RL,Ω

]]]

= EΩ≥1

[
ERL

[
ER̂1

[
1

(
PR−αL

PR̂−α1 + E[I1|R̂1, RL,Ω] + E[I2|RL]
≥ β

γ

)∣∣∣∣∣RL,Ω

]]]
(A-3)
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= EΩ≥1

ERL
ER̂1

1
 PR−αL

PR̂−α1 + 2P (Ω−1)
2−α · R

2−α
L −R̂2−α

1

R2
L−R̂

2
1

+ 2Pπqλ
α−2

R2−α
L

≥ β

γ

∣∣∣∣∣∣RL,Ω

 .
(A-4)

The result follows by integrating over the densities of R̂1, RL, and Ω ≥ 1, and adding the result of

PL(p, q, α, β, γ, λ,Ω = 0) = PL(p, q, α, β, γ, λ|Ω = 0)P(Ω = 0),

where PL(p, q, α, β, γ, λ|Ω = 0) is given in (2.19) and P(Ω = 0) = fΩ(0) is given in (2.3).

A.8 Proof of Corollary 2.8.1

Beginning with (A-3) and multiplying the E[I2|RL] term by E[R̂2
1]/R̂2

1 = 1/(πλR̂2
1),

PL(p, q, α, β, γ, λ,Ω ≥ 1)

= EΩ≥1

ERL
ER̂1

1
 PR−αL

PR̂−α1 + E[I1|R̂1, RL,Ω] + E[I2|RL]
E[R̂2

1]

R̂2
1

≥ β

γ

∣∣∣∣∣∣RL,Ω



= EΩ≥1

ERL
ER̂1

1
 PR−αL

PR̂−α1 + 2P (Ω−1)
2−α · R

2−α
L −R̂2−α

1

R2
L−R̂

2
1

+ 2Pπqλ
α−2

R2−α
L · 1

πλR̂2
1

≥ β

γ

∣∣∣∣∣∣RL,Ω


(a)
= EΩ≥1

[
EX

[
1

(
1

Xα + 2(Ω−1)
2−α ·

X2−Xα

X2−1
+ 2q

α−2
X2
≥ β

γ

)∣∣∣∣∣Ω
]]

, (A-5)

where (a) follows from letting X = RL/R̂1, and noting that FX(x) = (1 − 1/x2)Ω, which is
readily obtained from (2.5), is no longer a function of R̂1 or RL. The final expression is obtained by
integrating over the support of X ∈ [1,∞) and subsequently summing over the probability mass
of Ω ≥ 1. Lastly, the Ω = 0 case is included in the same way as in the proof of Theorem 2.8 in
Section A.7.



Javier Schloemann Chapter 1. Appendices for Chapter 2 104

A.9 Proof of Corollary 2.8.2

We begin with (A-4) and evaluate at α = 4.

PL(p, q, 4, β, γ, λ,Ω ≥ 1)

= EΩ≥1

ERL
ER̂1

1
 PR−αL

PR̂−α1 + 2P (Ω−1)
2−α · R

2−α
L −R̂2−α

1

R2
L−R̂

2
1

+ 2Pπqλ
α−2

R2−α
L

≥ β

γ

∣∣∣∣∣∣RL,Ω

∣∣∣∣∣∣
α=4

= EΩ≥1

ERL
ER̂1

1
 1

1
(
RL
R̂1

)α
+ 2(Ω−1)

2−α ·
R2
L−R̂

2−α
1 RαL

R2
L−R̂

2
1

+ 2πqλ
α−2

R2
L

≥ β

γ

∣∣∣∣∣∣RL,Ω

∣∣∣∣∣∣
α=4

= EΩ≥1

ERL
ER̂1

1


1(
RL
R̂1

)α
+ 2(Ω−1)

2−α ·

(
RL
R̂1

)2

−
(
RL
R̂1

)α
(
RL
R̂1

)2

−1

+ 2πqλ
α−2

R2
L

≥ β

γ



∣∣∣∣∣∣∣∣∣∣∣∣
RL,Ω







∣∣∣∣∣∣∣∣∣∣∣∣
α=4

(a)
= EΩ≥1

[
ERL

[
ER̂1

[
1

(
1

Xα + 2(Ω−1)
2−α ·

X2−Xα

X2−1
+ 2πqλ

α−2
R2
L

≥ β

γ

)∣∣∣∣∣RL,Ω

]]]∣∣∣∣∣
α=4

= EΩ≥1

[
ERL

[
ER̂1

[
1

(
1

X4 + 2(Ω−1)
2−4

· X2−X4

X2−1
+ 2πqλ

4−2
R2
L

≥ β

γ

)∣∣∣∣∣RL,Ω

]]]

= EΩ≥1

[
ERL

[
ER̂1

[
1

(
1

X4 + 2(Ω−1)
2
· X2(X2−1)

X2−1
+ πqλR2

L

≥ β

γ

)∣∣∣∣∣RL,Ω

]]]

= EΩ≥1

[
ERL

[
ER̂1

[
1

(
1

X4 + (Ω− 1)X2 + πqλR2
L

≥ β

γ

)∣∣∣∣RL,Ω

]]]
(b)
= EΩ≥1

[
ERL

[
ER̂1

[
1
(
Y 2 + (Ω− 1)Y + πqλR2

L ≤ γ/β
)∣∣RL,Ω

]]]
= EΩ≥1

[
ERL

[
ER̂1

[
1
(
Y 2 + (Ω− 1)Y ≤ γ/β − πqλR2

L

)∣∣RL,Ω
]]]

(c)
= EΩ≥1

[
ERL

[
ER̂1

[
1
(
Y 2 + (Ω− 1)Y ≤ κ−1

)∣∣RL,Ω
]]]
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(d)
= EΩ≥1

[
ERL

[
ER̂1

[
1

((
Y +

Ω− 1

2

)2

− (Ω− 1)2

4
≤ κ−1

)∣∣∣∣∣RL,Ω

]]]

= EΩ≥1

[
ERL

[
ER̂1

[
1

((
Y +

Ω− 1

2

)2

≤ κ−1 +
(Ω− 1)2

4

)∣∣∣∣∣RL,Ω

]]]

(e)
= EΩ≥1

[
ERL

[
ER̂1

[
1

(
−
√
κ−1 + (Ω−1)2

4
≤ Y + Ω−1

2
≤
√
κ−1 + (Ω−1)2

4

)∣∣∣∣RL,Ω

]]]†

= EΩ≥1

[
ERL

[
ER̂1

[
1

(
−
(√

κ−1 + (Ω−1)2

4
+ Ω−1

2

)
≤ Y ≤

√
κ−1 + (Ω−1)2

4
− Ω−1

2

)∣∣∣∣RL,Ω

]]]

(f)
= EΩ≥1

[
ERL

[
ER̂1

[
1

(
0 ≤ Y ≤

√
κ−1 +

(Ω− 1)2

4
− Ω− 1

2

)∣∣∣∣∣RL,Ω

]]]

(g)
= EΩ≥1

[
ERL

[
ER̂1

[
1

(
X2 ≤

√
κ−1 +

(Ω− 1)2

4
− Ω− 1

2

)∣∣∣∣∣RL,Ω

]]]

(h)
= EΩ≥1

[
ERL

[
ER̂1

[
1

(
−
√√

κ−1+
(Ω−1)2

4
− Ω−1

2
≤ X ≤

√√
κ−1+

(Ω−1)2

4
− Ω−1

2

)∣∣∣∣∣RL,Ω

]]]‡

(i)
= EΩ≥1

ERL
ER̂1

1
1 ≤ X ≤

√√
κ−1 +

(Ω− 1)2

4
− Ω− 1

2

∣∣∣∣∣∣RL,Ω


(j)
= EΩ≥1

ERL
ER̂1

1
1 ≤ RL

R̂1

≤

√√
κ−1 +

(Ω− 1)2

4
− Ω− 1

2

∣∣∣∣∣∣RL,Ω



= EΩ≥1

ERL
ER̂1

1
 RL√√

κ−1 + (Ω−1)2

4
− Ω−1

2

≤ R̂1 ≤ RL


∣∣∣∣∣∣∣∣RL,Ω





= EΩ≥1

ERL
P
 RL√√

κ−1 + (Ω−1)2

4
− Ω−1

2

≤ R̂1 ≤ RL

∣∣∣∣∣∣∣∣RL,Ω







Javier Schloemann Chapter 1. Appendices for Chapter 2 106

= EΩ≥1

ERL
FR̂1|RL,Ω(RL|RL,Ω)− FR̂1|RL,Ω

 RL√√
κ−1 + (Ω−1)2

4
− Ω−1

2

∣∣∣∣∣∣∣∣RL,Ω





(k)
= EΩ≥1


ERL


1−

(
R2
L −R2

L

R2
L

)Ω

−


1−


R2
L −

 RL√√
κ−1+

(Ω−1)2

4
−Ω−1

2

2

R2
L



Ω





= EΩ≥1

ERL

R

2
L −

R2
L√

κ−1+
(Ω−1)2

4
−Ω−1

2

R2
L


Ω



= EΩ≥1

ERL
1− 1√

κ−1 + (Ω−1)2

4
− Ω−1

2

Ω

(l)
= EΩ≥1

ERL
1− 1√

γ/β − πqλR2
L + (Ω−1)2

4
− Ω−1

2

Ω

= EΩ≥1

∫ √
γ/β−Ω
πqλ

0

1− 1√
γ/β − πqλr2 + (Ω−1)2

4
− Ω−1

2

Ω

e−λπr
2 2(λπr2)L

r(L− 1)!
dr

 (A-6)

=

χ∑
ω=1

(
L− 1

ω

)
pω(1− p)L−1−ω

×
∫ √

γ/β−ω
πqλ

0

1− 1√
γ/β − πqλr2 + (ω−1)2

4
− ω−1

2

ω

e−λπr
2 2(λπr2)L

r(L− 1)!
dr, (A-7)

where χ = min{L − 1, bγ/βc}. In (a) we perform the substitution X = RL
R̂1

, in (b) we perform
the substitution Y = X2, in (c) we perform the substitution κ−1 = γ/β − πqλR2

L, and (d) is
a result of completing the square. The † in (e) signifies that, from this point on until the ‡, the
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innermost expectation arguments include the indicator 1
(
κ−1 ≥ − (Ω−1)2

4

)
. Then, (f) follows

from the fact that Y ≥ 1, meaning that Y ≥ 0 also and (g) follows from reversing the substitution
in (b). Similar to before, the ‡ in (h) signifies that, from this point on until the ./, the innermost
expectation arguments include the more strict indicator 1 (κ−1 ≥ 0). Further, (i) follows from
the fact that X ≥ 1, which also requires a new even more strict indicator (marked by the ./) of
1 (κ−1 ≥ Ω) in the innermost expectation arguments. This final indicator can also be expressed as

1 (γ/β ≥ πqλR2
L + Ω) = 1

(
RL ≤

√
γ/β−Ω
πqλ

)
1 (Ω ≤ γ/β). These last two indicators define the

summation and integration limits in the final expressions (A-6) and (A-7). Continuing, (j) follows
from reversing the substitution in (a), (k) follows from (2.5) proved in Lemma 2.2, (l) follows
from reversing the substitution in (c), and (A-7) is obtained by taking the expectation over R̂1 and
Ω ≥ 1. Note that the final summand in (A-7) is also valid for Ω = 0, and therefore this case need
not be treated separately, but may instead be included by letting the summand contain the ω = 0
case, yielding the final expression

PL(p, q, 4, β, γ, λ) =

bγ/βc∑
ω=0

(
L− 1

ω

)
pω(1− p)L−1−ω

×
∫ √

γ/β−ω
πqλ

0

1− 1√
γ/β − πqλr2 + (ω−1)2

4
− ω−1

2

ωe−λπr2 2(λπr2)L

r(L− 1)!
dr.



Appendix B

Appendices for Chapter 4

B.1 Applicability of Miller’s Theorem

In this appendix, we show how our problem may be framed such that all conditions required in order
to use Miller’s theorem are satisfied by our application. Note that we began with the assumption
that F(θ)−1 exists. Therefore, F(θ) � 0 and nonsingular. Next, we must verify the nonsingularity
of the sum (F(θ) + S). Consider the FIM, Gn, of the network shown in Figure B.1.1 consisting of
all observations in G except those included in F,

Gn =

[
Gθ,n Gθκ

G>θκ Gκ

]
. (B-1)

Clearly, S in (4.14) is the Schur complement of Gκ in Gn. The Schur complement condition for
positive semidefiniteness [135] states that for any symmetric matrix M of the form

M =

[
A B
B> C

]
, (B-2)

if C � 0, then
M � 0 ⇐⇒ A− BC−1B> � 0. (B-3)

It is clear from (B-1)–(B-3) that S � 0 as long as Gκ � 0, which is a condition we already set
when discussing (4.11) and (4.12). It is not difficult to verify that the sum of a positive definite
matrix and a positive semidefinite matrix is positive definite, the result of which makes it evident
that (F(θ) + S) is always positive definite and, thus, nonsingular and invertible.

The next step requires a decomposition of S as a sum of rank-one matrices in such a manner as
to guarantee the nonsingularity of Dk+1 for k = 1, . . . , r, where r = rank (S). In order to do this,
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M+1

Reference Node

Source Node

Figure B.1.1: The network presented in Figure 4.4.1 highlighting only the additional links not
included in the original M -node collaborative estimation problem. The FIM of this network is Gn
in (B-1).
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we perform an eigendecomposition of S. Since S � 0, it is well known that it may be rewritten as

S = UΛU>, (B-4)

where U is a matrix whose columns consist of the eigenvectors of S and Λ is a diagonal matrix
containing the corresponding eigenvalues of S. Assuming the nonzero eigenvalues of S appear first
on the diagonal of Λ, we can rewrite (B-4) as the following sum:

S =
r∑

k=1

ukλku>k

=
r∑

k=1

Sk, (B-5)

where uk represents a vector of the kth column of U and λk is the kth nonzero eigenvalue of S.
Clearly, in (B-5), every Sk = ukλku>k � 0 and has only one nonzero eigenvalue, λk > 0. Since
D1 = F(θ) � 0, it follows from our previous discussion that Dk+1 � 0 and is thus nonsingular for
all k = 1, . . . , r. This completes our verification that all conditions required by Miller’s theorem
are satisfied by our approach.

B.2 Relationship between network aggregate MSE and
RMSE reductions

In this appendix, we briefly describe the relationship between ∆MSE and ∆RMSE, which refer to
the reductions in the sum of the original network nodes’ individual positioning MSEs and RMSEs,
respectively. In the system setup considered in Section 4.6, if σ2

x,i and σ̃2
x,i represent the MSEs of

the x-coordinate estimate at node i before and after increased collaboration (and analogously for the
y-coordinate), then

∆MSE =
M∑
i=1

(σ2
x,i + σ2

y,i)− (σ̃2
x,i + σ̃2

y,i)

and

∆RMSE =
M∑
i=1

√
σ2
x,i + σ2

y,i −
√
σ̃2
x,i + σ̃2

y,i.

Let ∆CRLB and ∆RCRLB represent the reductions in the CRLBs of the network aggregate MSE
and RMSE, respectively. Corollary 4.2.1 states that ∆CRLB > 0 only when mild connectivity
conditions are met (which they always are in the simulations of Section 4.6). Corollary 4.3.1 further
states that when the mild connectivity conditions are met, both σ2

x,i > σ̃2
x,i and σ2

y,i > σ̃2
y,i for all i.

Since the CRLB of the MSE (and therefore also the CRLB of the RMSE) exhibits no change when
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the mild connectivity conditions are not met, these corollaries indicate that

∆CRLB > 0 ⇐⇒ ∆RCRLB > 0. (B-6)

Since relating RMSE to the positioning error is typically more intuitive compared to the MSE
(consider the simple fact that the units are in m as opposed to m2), we chose to plot RMSE results
in Section 4.6. The relationship in (B-6) is clearly supported by the simulation results.



Appendix C

Appendices for Chapter 5

C.1 Proof of Lemma 5.2

First, we define the variables used in the derivation, which are also highlighted in Figure C.1.1.
As usual, let u and v represent two MDs separated by distance d. The location of the `th closest
BS to u is x` and its distances to u and v are the random variables R` and R̄`, respectively. Next,
U is the region covered by the circle centered at u with radius R` and V is the region covered by
the circle centered at v with radius R̄`. For any region H, the number of BSs inside the region
is denoted by NH. Lastly, θ is a random variable which represents the angle of x` relative to the
baseline connecting u and v, i.e., x` = R` · [cos θ sin θ]>. Now,

P
(
S [`]

u = S [`]
v ,S [`−1]

u = S [`−1]
v

∣∣D = d
)

(a)
= ER`

[
Eθ

[
P
(
S [`]

u = S [`]
v ,S [`−1]

u = S [`−1]
v

∣∣d,R`, θ
)]]

(b)
= ER`

[
Eθ

[
P
(
NU∩V = `,NV\(U∩V) = 0

∣∣d,R`, θ
)]]

(c)
= ER`

[
Eθ

[
P (NU∩V = `|d,R`, θ)P

(
NV\(U∩V) = 0

∣∣d,R`, θ
)]]

(d)
= ER`

[
Eθ

[(
|U ∩ V|
|U|

)`−1

e−λ|V\(U∩V)|

]]

=

∫ ∞
0

∫ 2π

0

(
|U ∩ V|
|U|

)`−1

e−λ|V\(U∩V)|fθ(θ|r) fR`(r; `, λ) dθ dr
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u v
d

R̄ℓ

U

V

xℓ

Rℓ

θ

Figure C.1.1: THE SETUP OF LEMMA 5.2. This figure illustrates the setup used in the proof of
Lemma 5.2 and highlights its key variables.

(e)
=

1

π

∫ ∞
0

∫ 2π

0

(
|U ∩ V|
|U|

)`−1

e−λ(|V\(U∩V)|+πr2) (λπr2)`

r(`− 1)!
dθ dr

(f)
=

1

π

∫ ∞
0

∫ 2π

0

(
πr2 − A(r,

√
r2 + d2 − 2rd cos θ, d)

πr2

)`−1

× e−λ(A(
√
r2+d2−2rd cos θ,r,d)+πr2) (λπr2)`

r(`− 1)!
dθ dr

(g)
=

2

π(`− 1)!

∫ ∞
0

∫ π

0

(
πr2 − A(r,

√
r2 + d2 − 2rd cos θ, d)

πr2

)`−1

× e−λ(A(
√
r2+d2−2rd cos θ,r,d)+πr2) (λπr2)`

r
dθ dr,

where (a) follows from fixing the location of x`, i.e., fixing both R` and θ and taking the expectation
over their distributions, (b) follows from the fact that, conditioned on x`, for S [`]

u = S [`]
v and

S [`−1]
u = S [`−1]

v , there must be total of ` BSs in both U ∩ V and U ∪ V , (c) follows from the
independence of regions U ∩V and V\(U ∩V), (d) follows from calculating the probability that the
`− 1 BSs known to be inside U are all in U ∩ V and calculating the void probability of V\(U ∩ V),
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u v
d

R̄ℓ

U

V

xℓ

x

Rℓ

θ

Figure C.2.1: THE SETUP OF LEMMA 5.3. This figure illustrates the setup used in the proof of
Lemma 5.3 and highlights its key variables.

(e) follows from fθ (θ|r) = fθ (θ) = 1/2π and, just like (5.12),

fR`(r; `, λ) = e−λπr
2 2(λπr2)`

r(`− 1)!
, (C-1)

(f) follows from

|U| = πR2
` , (C-2)

|U ∩ V| = πR2
` − A(R`, R̄`, d), (C-3)

|V\(U ∩ V)| = A(R̄`, R`, d), (C-4)

where R` = r and R̄` =
√
r2 + d2 − 2rd cos θ here, and (g) follows from multiplying by 2 and

halving the integration limits of θ due to symmetry.

C.2 Proof of Lemma 5.3

Again, we first define the variables used in the derivation, which are also highlighted in Figure C.2.1.
As before, let u and v represent two MDs separated by distance d. The location of the `th closest
BS to u is x` and its distance to u is R`. Let X = {x1, . . . , x`−1} represent the unordered set of
` − 1 closest BSs to u and X̄ = {X̄1, . . . , X̄`−1} their corresponding distances to v. Let x ∈ X
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be the location of the `th closest BS to v and R̄` ∈ X̄ the corresponding distance between the two.
Next, U is the region covered by the circle centered at u with radius R` and V is the region covered
by the circle centered at v with radius R̄`. For any regionH, the number of BSs inside the region is
denoted by NH. The random variable θ represents the angle of x` relative to the baseline connecting
u and v. Now,

P
(
S [`]

u = S [`]
v ,S [`−1]

u 6= S [`−1]
v

∣∣D = d
)

(a)
= ER`

[
Eθ

[
P
(
S [`]

u = S [`]
v ,S [`−1]

u 6= S [`−1]
v

∣∣d,R`, θ
)]]

(b)
= ER`

[
Eθ

[
`−1∑
i=1

P
(
X̄i = max{X̄}, NV = `

∣∣d,R`, θ
)]]

(c)
= ER`

[
Eθ

[
`−1∑
i=1

EX̄i

[
Eφi

[
P
(
X̄i = max{X̄}, NV = `

∣∣d,R`, θ, X̄i, φi
)]]]]

(d)
= ER`

[
Eθ

[
`−1∑
i=1

∫ d+R`

√
R2
`+d2−2R`d cos θ

∫ π+cos−1
(
d2+x2−`2

2·d·x

)
π−cos−1

(
d2+x2−`2

2·d·x

)
(
|U ∩ V|
|U|

)`−2

× e−λ|V\(U∩V)|fφ (φ|d,R`, x) fx (x|d,R`) dφ dx
]]

(e)
= ER`

[
Eθ

[
`−1∑
i=1

∫ d+R`

√
R2
`+d2−2R`d cos θ

(
|U ∩ V|
|U|

)`−2

e−λ|V\(U∩V)|fx (x|d,R`) dx

]]

(f)
= (`− 1)ER`

[
Eθ

[∫ d+R`

√
R2
`+d2−2R`d cos θ

(
|U ∩ V|
|U|

)`−2

e−λ|V\(U∩V)|φrange(d,R`, x)x

|U|
dx

]]

(g)
=
`− 1

2π

∫ ∞
0

∫ 2π

0

∫ d+r

√
r2+d2−2rd cos θ

(
|U ∩ V|
|U|

)`−2

× e−λ|V\(U∩V)|φrange(d, r, x)x

|U|
fR`(r; `, λ) dx dθ dr

(h)
=
`− 1

π

∫ ∞
0

1

|U|

∫ π

0

∫ d+r

√
r2+d2−2rd cos θ

(
|U ∩ V|
|U|

)`−2

× e−λ|V\(U∩V)|φrange(d, r, x)x fR`(r; `, λ) dx dθ dr
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(i)
=
`− 1

π

∫ ∞
0

1

πr2

∫ π

0

∫ d+r

√
r2+d2−2rd cos θ

(
πr2 − A(r, x, d)

πr2

)`−2

× e−λA(x,r,d)φrange(d, r, x)x fR`(r; `, λ) dx dθ dr,

(j)
=

2(`− 1)

π(`− 1)!

∫ ∞
0

1

πr2

∫ π

0

∫ d+r

√
r2+d2−2rd cos θ

(
πr2 − A(r, x, d)

πr2

)`−2

× e−λ(A(x,r,d)+πr2)φrange(d, r, x)
x(λπr2)`

r
dx dθ dr,

where (a) follows from fixing the location of x`, i.e., fixing both R` and θ and taking the expec-
tation over their distributions, (b) follows from the law of total probability by summing over the
probabilities that each of the ` − 1 points in the interior of U is the furthest point from v and
that there are exactly ` points in the resulting region V , (c) follows from fixing the location of
xi = v + X̄i · [sinφi cosφi]

> (similarly to (a)) and taking the expectation over its distribution, (d)
follows from rewriting the two inner expectations as integrals and adjusting the integration bounds
to remove values which lead to trivial zero-valued integrands, (e) follows from the fact that the
integration over φ is nothing less than a complete integration of its density over its entire support,
(f) follows from the fact that the summand is independent of the index i and from substituting in
the conditional density of x, where

φrange(d,R`, x) = 2 cos−1

(
d2 + x2 −R2

`

2 · d · x

)
is the arc length of the perimeter of circle V inside circle U , (g) follows from rewriting the two
outer expectations as integrals, (h) follows from multiplying by 2 and halving the integration limits
of θ due to symmetry, (i) follows from (C-2)-(C-4) where R` = r and R̄` = x here, and (j) follows
from substituting in the expression of fR`(r; `, λ) provided in (C-1).
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