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ABSTRACT (Academic) 

This work presents an alternative approach to power system computations, Graph Trace Analysis 

(GTA), and applies GTA to the power flow problem. A novel power flow algorithm is presented, 

where GTA traces are used to implement a modified Gauss-Seidel algorithm coupled with a 

continuation method. GTA is derived from the Generic Programming Paradigm of computer 

science. It uses topology iterators to move through components in a model and perform 

calculations. Two advantages that GTA brings are the separation of system equations from 

component equations and the ability to distribute calculations across processors. The 

implementation of KVL and KCL in GTA is described. The GTA based power flow algorithm is 

shown to solve IEEE standard transmission models, IEEE standard distribution models, and 

integrated transmission and distribution models (hybrid models) constructed from modifying IEEE 

standard models. The GTA power flow is shown to solve a set of robustness testing circuits, and 

solutions are compared with other power flow algorithms. This comparison illustrates convergence 

characteristics of different power flow algorithms in the presence of voltage stability concerns. It 

is also demonstrated that the GTA power flow solves integrated transmission and distribution 

system models. Advantages that GTA power flow bring are the ability to solve realistic, complex 

circuit models that pose problems to many traditional algorithms; the ability to solve circuits that 

are operating far from nominal conditions; and the ability to solve transmission and distribution 

networks together in the same model.  
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ABSTRACT (General Audience) 

Power system engineers rely on modeling and analysis of the electric grid to ensure reliable 

delivery of that electricity to consumers. The algorithms currently being used for this purpose are 

designed to simulate either the high voltage transmission networks, or the low voltage distribution 

networks. The rapid growth solar photovoltaics (PV) based distributed generation over the last few 

years, which is expected to continue in the near future, has demanded a change in this modeling 

and analysis approach. As the penetration levels of distributed generation increase, accurate 

analysis of such an electric grid cannot be performed if either the distribution or the transmission 

network topology is neglected in the models. Integrated transmission and distribution system 

modeling and simulation, where transmission and distribution networks are modeled as one single 

unit, has become an important research area in recent years.  

This work contributes to this research area by presenting an algorithm that can be used to solve 

(find operating point) of integrated transmission and distribution system models. An algorithm that 

can find a solution of challenging network topologies and operating under severe conditions is also 

presented. Finally, an application of the algorithm is discussed where the impact of solar PV-based 

distributed generation on voltage stability limits of the electric grid is studied by using an 

integrated transmission and distribution system model. The dissertation shows that by solving 

integrated transmission and distribution system models using this algorithm, insights about the 

impact of solar PV-based distributed generation on the stability limits of the electric grid can be 

obtained, which the transmission only or distribution only models cannot provide.
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CHAPTER 1 – INTRODUCTION 

 

1.1 PROBLEM STATEMENT 
 

In power systems it is common to use different algorithms to solve the power flow problem for 

transmission and distribution systems. Algorithms used for solving transmission networks apply 

matrix based algorithms [1, 2]. These algorithms work well for meshed networks where line 

impedances have small R/X ratios. However, while convergence rates are excellent for these 

algorithms under normal operating conditions, they require a Jacobian matrix to be factorized at 

every iteration. This operation is computationally intensive, and can require large amounts of 

computational time for larger networks. In addition, they have poor convergence when the system 

is heavily loaded, and with systems that have large R/X ratios, such as distribution systems. 

Furthermore, convergence may not occur if initial conditions for the power flow algorithm are not 

sufficiently close to the solution, which can often be the case for extreme operating conditions. It 

is also common for these algorithms to restrict the size of a system that may be solved, with 

representative restrictions ranging from 15,000 to 100,000 nodes. 

For distribution networks, transmission network algorithms show slow to no convergence [3, 4]. 

This is due to the radial, or lightly meshed, nature of the network, and large R/X ratios. Distribution 

networks are unbalanced in many ways: number of phases, unbalanced construction or line 

impedances, unbalanced loading, and unbalanced distributed generation.  Power flow algorithms 

used for distribution networks are different from transmission system algorithms. The 

forward/backward sweep method for distribution networks has been used by many distribution 

power flow algorithms [5].  
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With the growth of generation resources at the distribution level, power flow solutions of hybrid, 

or integrated transmission and distribution models, are needed [6, 7], including  the ability to solve 

hybrid models that include detailed substation models and even downtown network models. 

Another matter of concern is the ability of the power flow algorithm to provide a solution to the 

system under extreme conditions. In recent years the increase in peak load demand and increase 

in power transfers among utilities has elevated concerns about system voltage security. A 

particular difficulty encountered is when the Jacobian of the Newton-Raphson power flow 

becomes singular at the steady-state voltage stability limit [8]. Thus, Newton-Raphson based 

power flow solutions near the steady-state voltage stability limit are prone to divergence and/or 

error. 

 

1.2 RELATED WORK 
 

Because of the nonlinear equations in the power flow problem, all of the algorithms are iterative, 

where most algorithms converge in a few iterations [1].  One of the most common power flow 

algorithms is the Fast Decoupled Power Flow [2]. Some algorithms employ sparse matrix 

techniques [9], which reduces the number of floating point operations, and thereby the computation 

time. Further reduction in computation time may be achieved via utilizing sparse matrices in 

parallel computing [10].  One approach [11] uses parallel processing employing a Jacobian matrix 

for the radial distribution systems. Still other methods use distributed computation for solving 

transmission systems [12].  
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In attempts to overcome the numerical instability in some algorithms, some methods have tried 

using double precision computation and anti-divergence algorithms [4]. Other work suggests 

modifications to the Newton-Raphson and Fast Decoupled power flow algorithms [3, 13]. 

However, these approaches suffer from limitations.  

Another numerical approach to solving the power flow is the continuation method [14]. With this 

method the singularity of the Jacobian can be avoided by reformulating the power flow equations 

and applying a locally parameterized continuation technique. Using this method the reformulated 

set of equations remains well conditioned and divergence problems are not encountered. 

Based on the sweep method, power flow solution methods have been developed for lightly meshed 

networks [15, 16]. With these algorithms the system is fragmented into radial networks and solved 

using sweep-based methods. A compensation technique is then used to solve the mesh equations. 

However, these algorithms become inefficient for heavily meshed systems. Improvements have 

been developed for this method by constructing a sensitivity matrix that saves time in execution 

[16, 17].  

 

1.3 CONTRIBUTIONS 
 

In this work an alternative approach for power systems computations, Graph Trace Analysis 

(GTA), is described and used to solve the power flow problem. GTA and topology iterators have 

been used for over 20 years to develop many different algorithms [18]. GTA based power flow 

algorithms have been implemented that solve transmission, radial distribution, lightly meshed 

distribution, and heavily meshed distribution, all in the same model [19].  It has been demonstrated 

that GTA algorithms can solve multi-domain models, and that the same algorithm can be used to 
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analyze across different engineering domains [20]. These abilities derive from the generic 

programming architecture that GTA is based on, and the object-oriented approach used in existing 

GTA algorithms, where system equations can have no knowledge of the internal behavior of the 

components.  

This work provides a description of GTA topology iterators and graph traces, including the 

implementation of Kirchhoff voltage (KVL) and current (KCL) laws. A new power flow 

algorithm, based on Graph Trace Analysis (GTA) [21], is presented. 

Here, a modified Gauss-Seidel (GS) algorithm is coupled with a continuation method based on 

line impedances and is implemented using GTA, referred to hereafter as the GS-GTA power flow 

algorithm.  The GS-GTA algorithm does not employ any matrices, which allows for distributing 

the model and the algorithm calculations across multiple processors without the need for a master 

processor or parallel processing computer equipment [22]. It is shown that the GS-GTA 

algorithm’s computational complexity is approximately linear with respect to the number of nodes 

in the system. 

It is demonstrated that the GS-GTA power flow can solve a set of circuits, referred to as robustness 

testing circuits, which pose problems for many traditional power flow algorithms. It is also 

demonstrated that the GS-GTA power flow can solve transmission and distribution topologies in 

the same model.   
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1.4 OUTLINE 
 

This dissertation is organized as follows. Chapter II provides a review of the most popular 

techniques for load flow computation. In chapter III, a review for GTA is presented. The concept 

of topology iterators is introduced and the application of GTA to circuit analysis is discussed. 

Chapter IV presents the GS-GTA algorithm with a continuation method, including a simple 

example of the GTA based power flow algorithm. Case studies are introduced in chapter V, 

including a set of robustness testing circuits. GTA power flow solutions for the robustness testing 

circuits, IEEE standard transmission models, IEEE standard distribution models, and models that 

include both transmission and distribution, are compared with other commonly used power flow 

solvers. Finally, chapter VI reviews contributions and proposes future work. 
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CHAPTER 2 – REVIEW OF LOAD FLOW METHODS 

 

2.1 INTRODUCTION 
 

The load flow, or power flow problem, is required to find the steady-state operating point of an 

electric power system. Given the load demand at consumption buses and the power supplied by 

generators, the aim is to obtain all bus voltages and complex power flowing through all network 

components.  

The power flow solver is the most widely used application in power systems, both in operations 

and planning. The power flow solver can be either a stand-alone tool or a function within more 

complex processes, such as stability analysis, optimization problems, or contingency analysis.  

During daily operations the load flow is the basic tool for security analysis, identifying potential 

unacceptable voltage deviations or component overloads.  Power flow is also used by planning 

engineers to simulate different future scenarios that may be needed for a forecasted demand. 

The power flow solution works in two steps. The first and most important one is to find the 

complex voltage at all buses. Conventional linear circuit analysis techniques are not useful because 

of complex powers being specified as binding constraints, leading to a set of nonlinear equations. 

The second step consists of computing values for the remaining variables of interest, such as active 

and reactive power flows, ohmic losses, currents, and many others. In this chapter, the most 

popular techniques for load flow computation are explained in detail.  
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2.2 NETWORK MODELING 
 

All power system components (lines, cables, and transformers) connecting different buses can be 

represented with a two-port π model. Given the complex voltages of the terminal buses, sending 

and receiving power flows are calculated, which then allows for calculating power losses. 

The power flow analysis involves solving the whole network. Traditionally this solution is 

approached with the node or bus admittance matrix. Formation of the bus admittance matrix is 

considered next.  

Consider a generic bus i, as shown in Figure 1, connected through series admittances to other 

buses. In addition, a small shunt admittance directly connected to the neutral or ground node may 

exist, representing the total charging current. The net current injected into the bus by generators or 

loads, 𝑰𝑖, follows Kirchhoff’s current law, which is, 

 𝑰𝑖 =∑𝑦𝑖𝑗(𝑽𝑖 − 𝑽𝑗) + 𝑦𝑠𝑖𝑽𝒊
𝑗∈𝑖

 (1) 

,where 𝑽𝑗 denotes the complex voltage at bus j, and 𝑗 ∈ 𝑖 refers to the set of buses 1, 2, . . . ,m 

directly connected to bus i. Reordering the terms yields 

 𝑰𝑖 = [∑ 𝑦𝑖𝑗 + 𝑦𝑠𝑖𝑗∈𝑖 ]𝑽𝑖 − ∑ 𝑦𝑖𝑗𝑽𝑖𝑗∈𝑖   (2) 

  

Repeating the above derivation for the whole set of n buses leads to the nodal equations, which 

can be written in matrix form as follows: 
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 𝑰 = 𝒀𝑽 (3) 

, where Y is the 𝑛 × 𝑛 bus admittance matrix, and the elements of the column vectors V and I 

represent complex node voltages and net injected currents, respectively. The elements of matrix Y 

can be obtained by comparing the ith row of Equation (3). 

 
𝑰𝑖 =∑𝑦𝑖𝑗𝑽𝑗

𝑛

𝑖=1

    𝑖 = 1,2, … , 𝑛 (4) 

with Equation (2) leading to 

 

𝒀𝑖𝑖 = [∑𝑦𝑖𝑗 + 𝑦𝑠𝑖
𝑗∈𝑖

] ; 𝒀𝑖𝑗 = −𝑦𝑖𝑗 (5) 

 

Figure 1: Elements connected to a generic bus i. 

The diagonal elements of Y are calculated by adding all admittances connected to the respective 

bus, whereas the off-diagonal elements are simply the negative of the admittance between the 
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respective buses. In case there are several admittances in parallel, the equivalent admittance (that 

is, the sum of such admittances) should be previously computed. The great majority of off-diagonal 

elements will be zero because a bus is usually only directly connected to a few buses. 

 

2.3 PROBLEM FORMULATION 
 

In addition to the 𝑛 linear equations of (4), representing the network topology and components, 

the following power constraint should be enforced at each bus: 

 𝑺𝑖 = 𝑺𝐺𝑖 − 𝑺𝐿𝑖  =  𝑽𝑖𝑰𝑖
∗ (6) 

, where 𝑺𝑖 is the net complex power injected to bus i, obtained as the difference between the 

complex power injected by generating elements, 𝑺𝐺𝑖, and the complex power absorbed by loads, 

𝑺𝐿𝑖. Also, 𝑺𝐿𝑖 can be used to reflect the effect of other passive components not included in matrix 

Y. The net complex power injection applied to all buses can be written in matrix form as: 

 𝑺 =  𝑑𝑖𝑎𝑔(𝑽)𝑰∗ (7) 

, where S is the column vector consisting of bus complex powers, and 𝑑𝑖𝑎𝑔(𝑽) represents a 

diagonal matrix whose elements are the elements of vector 𝑽. 

Given Y, Equations (3) and (7) represent a system of 2𝑛 complex equations in terms of the 3𝑛 

complex unknowns 𝑺, 𝑽, and 𝑰. In theory, knowing 𝑛 of such unknowns, the resulting nonlinear 

system can be solved to obtain the remaining 2𝑛 variables. However, in practice the complex nodal 

currents are rarely known or specified in advance. Therefore, they are usually removed from the 
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unknown set by substitution of Equation (3) into Equation (7). This leads to the following 

nonlinear set of n complex equations: 

 𝑺 =  𝑑𝑖𝑎𝑔(𝑽)[𝒀𝑽]∗ (8) 

Expressing the complex power in terms of active and reactive powers, 𝑺 = 𝑃 + 𝑗𝑄, and using 

rectangular coordinates for the elements of the admittance matrix, 𝒀 = 𝐺 + 𝑗𝐵, the above 

expression can be written as 

 𝑃 + 𝑗𝑄 =  𝑑𝑖𝑎𝑔(𝑽)[𝐺 −  𝑗𝐵]𝑽∗ (9) 

 
𝑃𝑖 +  𝑗𝑄𝑖 = 𝑽𝑖∑(𝐺𝑖𝑗 − 𝑗𝐵𝑖𝑗)𝑽𝑗

∗

𝑛

𝑗=1

         𝑖 =  1, 2, . . . , 𝑛 (10) 

The methods used to solve the load flow problem cannot directly work with the above equations, 

because the conjugate operator “∗” prevents the application of derivatives in complex form. For 

this reason, it is common to split them into 2𝑛 real equations. Usually, complex voltages are 

expressed in polar form, 𝑽 = 𝑉∠𝜃, leading to 
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𝑃𝑖 = 𝑉𝑖∑𝑉𝑗(𝐺𝑖𝑗𝑐𝑜𝑠𝜃𝑖𝑗 − 𝐵𝑖𝑗𝑠𝑖𝑛𝜃𝑖𝑗)

𝑛

𝑗=1

         𝑖 =  1, 2, . . . , 𝑛 (11) 

 
𝑄𝑖 = 𝑉𝑖∑𝑉𝑗(𝐺𝑖𝑗𝑠𝑖𝑛𝜃𝑖𝑗 − 𝐵𝑖𝑗𝑐𝑜𝑠𝜃𝑖𝑗)

𝑛

𝑗=1

         𝑖 =  1, 2, . . . , 𝑛 (12) 

Each node provides two equations and four unknowns, which means that two variables per node 

should be specified to solve the resulting load flow equations. Based on which variables are 

specified, buses can be categorized into two main types: 

 Load or PQ buses: Both active and reactive power absorbed by the sum of loads connected 

at the bus are specified. Assuming the power generated locally is zero (𝑃𝐺𝑖 = 𝑄𝐺𝑖 = 0), 

this leads to the following bus constraints: 

 𝑃𝑖 = 𝑃𝑖
𝑠𝑝 = −𝑃𝐿𝑖

𝑠𝑝; 𝑄𝑖 = 𝑄𝑖
𝑠𝑝 = −𝑄𝐿𝑖

𝑠𝑝
 (13) 

leaving the voltage components, 𝑉𝑖 and 𝜃𝑖, as unknowns.  

 Generation or PV buses: These are buses where the voltage regulator of a local generator 

keeps the voltage magnitude to a specified value (𝑉𝑖
𝑠𝑝

). Furthermore, the active power 

injected by the generator is usually set based on cost (economic dispatch). Taking into 

account the possible load demand, the resulting constraints are therefore 

 𝑃𝑖 = 𝑃𝑖
𝑠𝑝 = −𝑃𝐺𝑖

𝑠𝑝 − 𝑃𝐿𝑖
𝑠𝑝; 𝑉𝑖 = 𝑉𝑖

𝑠𝑝
 (14) 

, leaving 𝑄𝑖 and 𝜃𝑖 as unknowns.  

If only the above two types of buses are considered, all injected active powers should be specified 

in advance, which requires that ohmic losses be known in advance. However, power losses depend 
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on the resulting power flows and cannot be accurately determined until the load flow itself is 

solved. Therefore, the active power of at least one generator should be left as an unknown. 

Fortunately, when performing steady-state AC analysis, the voltage phase angle of an arbitrary bus 

needs to be set to zero. This represents the phase angle reference for the remaining sinusoidal 

waveforms. For convenience, the voltage phasor of the generating bus whose active power remains 

unspecified is taken as reference for phase angles. This particular PV bus, known as the slack or 

swing bus, is usually chosen from those generating buses with largest capacity, frequently being 

in charge of frequency regulation. In summary, for the slack bus the voltage magnitude and phase 

angle are fully specified, whereas active and reactive power components are unknowns. 

For very large systems, power losses may exceed by far the capacity of certain generators. 

However, if an estimation of power losses is available, which is usually the case, then all generators 

can share a fraction of those losses. This way the slack bus will be responsible only for the power 

system imbalance, in addition to its own power.  

Let 𝑛𝐿 be the number of PQ buses. Then, the number of PV buses, excluding the slack bus, will 

be 𝑛𝐺 = 𝑛 − 𝑛𝐿 − 1. It will be assumed that the first 𝑛𝐿 buses correspond with PQ buses, followed 

by ordinary PV buses, and then the slack bus. Following this classification of buses, the load flow 

equations in polar form are 
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𝑃𝑖
𝑠𝑝 = 𝑉𝑖∑𝑉𝑗(𝐺𝑖𝑗𝑐𝑜𝑠𝜃𝑖𝑗 − 𝐵𝑖𝑗𝑠𝑖𝑛𝜃𝑖𝑗)

𝑛

𝑗=1

         𝑖 =  1, 2, . . . , 𝑛𝐿 + 𝑛𝐺  (15) 

 
𝑄𝑖
𝑠𝑝 = 𝑉𝑖∑𝑉𝑗(𝐺𝑖𝑗𝑠𝑖𝑛𝜃𝑖𝑗 − 𝐵𝑖𝑗𝑐𝑜𝑠𝜃𝑖𝑗)

𝑛

𝑗=1

         𝑖 =  1, 2, . . . , 𝑛𝐿 (16) 

Solving the load flow consists of finding the set of phase angles 𝜃𝑖, 𝑖 = 1, 2, . . . , 𝑛𝐿 + 𝑛𝐺 , and the 

set of voltage magnitudes 𝑉𝑖, 𝑖 = 1, 2, . . . , 𝑛𝐿, satisfying the 2𝑛𝐿 + 𝑛𝐺  equations of (15) and (16). 

Specifying the complex voltage of the slack bus and leaving its complex power unknown simply 

means that its respective pair of equations will be ignored during the load flow process. Such 

equations will be used afterward to calculate the slack complex power. 

In the same way, the 𝑛𝐺  Equation (12) excluded from Equation (16) will provide the reactive 

power required by each generator to keep its voltage at the specified value. As the reactive power 

capability of generators is bounded, it is necessary to verify that none of the limits are violated, 

which complicates and slows down the solution process.  

As the resulting system of equations is nonlinear, its solution necessarily involves an iterative 

process, for which appropriate initial values should be given to the voltages or state variables. 

Although finding suitable initial values may not be trivial in the general case, the so-called flat 

start is generally used for the load flow problem. It consists of setting 𝜃𝑖
0 = 0 for every bus and 

𝑉𝑖
0 = 1 for PQ buses, reflecting the fact that voltage magnitudes normally fall within a relatively 

narrow band around 1 pu, while phase angle differences between adjacent buses are also small. 

Once Equations (15) and (16) are solved, any other desired variable can be computed. The power 

flows leaving bus i for an element connected between buses i and j can be obtained from 
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 𝑃𝑖𝑗 = 𝑉𝑖𝑉𝑗(𝐺𝑖𝑗𝑐𝑜𝑠𝜃𝑖𝑗 − 𝐵𝑖𝑗𝑠𝑖𝑛𝜃𝑖𝑗) − 𝐺𝑖𝑗𝑉𝑖
2 (17) 

 𝑄𝑖𝑗 = 𝑉𝑖𝑉𝑗(𝐺𝑖𝑗𝑠𝑖𝑛𝜃𝑖𝑗 − 𝐵𝑖𝑗𝑐𝑜𝑠𝜃𝑖𝑗) + 𝑉𝑖
2(𝐵𝑖𝑗 − 𝑏𝑠,𝑖𝑗) (18) 

where 𝑏𝑠,𝑖𝑗 represents the shunt susceptance associated with the π model. In case there are several 

components connected in parallel between buses i and j, it is necessary to use individual parameters 

associated to each π model, since the elements of the bus admittance matrix represent aggregated 

values. 

Similarly, total network losses (both active and reactive) can be computed, either by adding the 

power injections at all buses or by adding the losses corresponding to each individual component.  

 

2.4 SOLUTION METHODS 
 

Because of the limited computing power and amount of memory available in primitive computers, 

simple methods iterating on a bus each time were adopted. The common feature of these methods 

is that just a single row is manipulated, instead of the entire admittance [23, 24] or impedance 

matrices [25-27]. Even though their practical feasibility is questionable these days, some of these 

methods are still used in commercial packages, and will be considered below. 

 

2.4.1 Gauss–Seidel Method 

 

This scheme sequentially sweeps each node, updating its complex voltage in terms of the voltages 

of neighboring buses. In general, finding the vector x satisfying the nonlinear system 
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 𝑓(𝑥) = 0 (19) 

can be re-written as a fixed-point problem, 

 𝑥 = 𝐹(𝑥) (20) 

, whose solution, starting from the initial value 𝑥0, is iteratively obtained through the sequence: 

 𝑥𝑖
𝑘+1 = 𝐹𝑖(𝑥1

𝑘+1, … , 𝑥𝑖−1
𝑘+1, 𝑥𝑖

𝑘 , … , 𝑥𝑛
𝑘)        𝑖 = 1,2, … , 𝑛 (21) 

Most recent values of variables already updated (𝑖 = 1,2, … , 𝑖 − 1) are used when computing 𝑥𝑖. 

Relating to the load flow problem, from the many ways Equation (10) can be rewritten, the 

following has proven to be effective: 

 

𝑽𝑖
𝑘+1 =

1

𝒀𝑖𝑖
[
𝑃𝑖
𝑠𝑝 − 𝑗𝑄𝑖

𝑠𝑝

(𝑽𝑖
𝑘)∗

−∑𝒀𝑖𝑗𝑽𝑗
𝑘+1 −∑ 𝒀𝑖𝑗

𝑛

𝑗=𝑖+1
𝑽𝑗
𝑘

𝑖−1

𝑗=1

]          𝑖 = 1,2, … , 𝑛 − 1 (22) 

The iterative process is stopped when the voltage satisfies the convergence criteria 

 𝑚𝑎𝑥
𝑖
|𝑽𝑖
𝑘+1 − 𝑽𝑖

𝑘| ≤ 𝜀 (23) 

, where ε is a sufficiently small threshold (for example, 0.0001). 

Although the computational cost per iteration is moderate, the convergence of this method is linear. 

This means that the tolerance decreases almost linearly with the number of iterations, and tends to 

increase as the dimension n of the system increases. This presents an important limitation for large 
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systems, as the computational burden and corresponding solution time increase considerably as 

larger and larger systems are solved. The number of iterations can be significantly reduced by 

using an acceleration factor α, as follows 

 [𝑽𝑖
𝑘+1]

𝑎𝑐𝑐
= 𝑽𝑖

𝑘 + 𝛼(𝑽𝑖
𝑘+1 − 𝑽𝑖

𝑘) (24) 

,whose value should not exceed 2.0 to avoid divergence. Empirically α has been determined to 

have optimal values between 1.4 and 1.6. 

However, Equation (22) cannot be directly applied to PV buses for two reasons: (1) 𝑄𝑖
𝑠𝑝

 is 

unknown for those buses and (2) the resulting voltage magnitude after each iteration will differ 

from the specified value. The first problem is avoided by replacing 𝑄𝑖
𝑠𝑝

 by the value computed 

with the best available voltages. The second problem is avoided by scaling the estimated voltage 

so that the phase angle is updated, but the specified voltage magnitude is retained: 

 [𝑽𝑖
𝑘+1]

𝑐𝑜𝑟𝑟
= 𝑉𝑖

𝑠𝑝𝑽𝑖
𝑘+1/𝑉𝑖

𝑘  (25) 

Nowadays, the only practical application of the Gauss–Seidel method is to use it as a starter of the 

Newton–Raphson method, and only in the cases for which the Newton-Raphson method does not 

converge from the flat voltage profile start. 
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2.4.2 Impedance Matrix Methods 

 

The inverse of the bus admittance matrix 

 𝑍 = 𝑌−1 (26) 

, known as the bus impedance matrix, is usually used in fault analysis. When the network is weakly 

connected to ground (very small shunt admittances), matrix Y is almost singular, and Z is 

numerically ill-defined. This problem is prevented by eliminating the slack bus and working with 

the resulting reduced matrix.  

Let 𝑽𝑟 and 𝑰𝑟 be the vectors obtained by removing the slack bus variables. Then, Equation (3) can 

be rewritten as  

 𝑰𝑟 = 𝒀𝑟𝑽𝑟 + 𝒀𝑠𝑽𝑠 (27) 

where 𝒀𝑟 is the admittance matrix obtained by removing the row and column of the slack bus, 𝒀𝑠 

is the eliminated column, and 𝑽𝑠 is the slack bus voltage. Reordering the terms leads to 

 𝑽𝑟 = 𝒁𝑟[𝑰𝑟 − 𝒀𝑠𝑽𝑠] (28) 

, where 𝒁𝑟 = 𝒀𝑟
−1 is the reduced bus impedance matrix. Starting from a set of initial voltages 𝑽𝑟

0, 

bus currents are obtained from 

 𝑰𝑖 = (𝑃𝑖
𝑠𝑝 − 𝑗𝑄𝑖

𝑠𝑝)/𝑽𝑖
∗         𝑖 = 1,2, … , 𝑛 − 1 (29) 

The bus currents resulting from (29) are substituted back into Equation (28), and the process is 

repeated until convergence is obtained. 
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This procedure allows several improvements to be implemented, all of them leading to better 

convergence than the Gauss–Seidel method. The price paid for the improved convergence comes 

from matrix 𝒁𝑟 being full, which means that the cost per iteration grows with 𝑛2. If sparsity 

techniques [9, 28] are adopted, this burden is significantly reduced by using a triangular 

factorization of 𝑌𝑟, instead of using its explicit inverse.  

 

2.4.3 Newton–Raphson Method 

 

This method successively updates unknown values through first-order approximations of the 

nonlinear functions. Using the first two terms in the Taylor series expansion of Equation (19) 

around 𝑥𝑘 yields 

 𝑓(𝑥) ≅ 𝑓(𝑥𝑘) + 𝐹(𝑥𝑘)(𝑥𝑘+1 − 𝑥𝑘) = 0 (30) 

, where 𝐹 = 𝜕𝑓/𝜕𝑥 is the Jacobian matrix of 𝑓(𝑥). Then, starting from the initial value 𝑥0, 

corrections ∆𝑥𝑘are obtained by solving the linear equation system: 

 −𝐹(𝑥𝑘) ∆𝑥𝑘 = 𝑓(𝑥𝑘) (31) 

and updated values 𝑥𝑘+1 from 

 𝑥𝑘+1 = 𝑥𝑘 + ∆𝑥𝑘  (32) 

The iterative process is stopped when 
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 𝑚𝑎𝑥
𝑖
|𝑓𝑖(𝑥

𝑘)| ≤ 𝜀  (33) 

, for a sufficiently small ε. For values of 𝑥0 close to the solution, the Newton–Raphson method 

converges quadratically. However, when it diverges, it does so quadratically as well. Irrespective 

of the network size, starting from the flat voltage profile, it takes from three to five iterations to 

attain convergence [29], but the number of iterations can significantly increase when adjustments 

are considered, such as changing transformer taps for some control purpose. 

Unlike the simpler methods described before, which can be implemented in complex form, the 

need to carry out derivatives in the presence of the conjugate operator requires that the system of 

equations be separated into its real components.  

The polar formulation of the Newton-Raphson equations is the most popular formulation, and is 

provided as follows. Vector 𝑥 consists of the following 2𝑛𝐿 + 𝑛𝐺  elements: 

 𝑥 = [𝜃|𝑉]𝑇 = [𝜃1, 𝜃2, . . . , 𝜃𝑛 − 1|𝑉1, 𝑉2, . . . , 𝑉𝑛𝐿]
𝑇  (34) 

, and the nonlinear functions can be expressed, for every bus, as the mismatch (error) between the 

specified power and the power computed with the most recent x value. That is 

 𝑓(𝑥) = [∆𝑃|∆𝑄]𝑇 = [∆𝑃1, ∆𝑃2, . . . , ∆𝑃𝑛 − 1|∆𝑄1, ∆𝑄2, . . . , ∆𝑄𝑛𝐿]
𝑇 (35) 

where 
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∆𝑃𝑖 = 𝑃𝑖

𝑠𝑝 − 𝑉𝑖∑𝑉𝑗(𝐺𝑖𝑗𝑐𝑜𝑠𝜃𝑖𝑗 − 𝐵𝑖𝑗𝑠𝑖𝑛𝜃𝑖𝑗)

𝑛

𝑗=1

         𝑖 =  1, 2, . . . , 𝑛𝐿 − 1 (36) 

 
∆𝑄𝑖 = 𝑄𝑖

𝑠𝑝 − 𝑉𝑖∑𝑉𝑗(𝐺𝑖𝑗𝑠𝑖𝑛𝜃𝑖𝑗 − 𝐵𝑖𝑗𝑐𝑜𝑠𝜃𝑖𝑗)

𝑛

𝑗=1

         𝑖 =  1, 2, . . . , 𝑛𝐿 (37) 

Using the above notation and dividing the Jacobian into blocks, Equation (31) applied to the load 

flow problem becomes [1, 30]: 

 
[
𝐻 𝑁
𝑀 𝐿

]
𝑘

[
∆𝜃
∆𝑉/𝑉

]
𝑘

= [
∆𝑃
∆𝑄
]
𝑘

  (38) 

and Equation (32) becomes 

 
[
𝜃
𝑉
]
𝑘+1

= [
𝜃
𝑉
]
𝑘

+ [
∆𝜃
∆𝑉
]
𝑘

 
(39) 

The use of ∆𝑉/𝑉 instead of ∆𝑉 makes the Jacobian matrix more symmetrical (note that structurally 

the Jacobian is fully symmetric, but not numerically).  

Using the derivative formula,  

 −𝜕(𝑓𝑖
𝑠𝑝 − 𝑓𝑖)/𝜕𝑥𝑗 = 𝜕𝑓𝑖/𝜕𝑥𝑗  (40) 

,where f is either P or Q, and x refers to V or θ, the Jacobian  block elements are obtained according 

to their definitions as follows: 

 𝐻𝑖𝑗 = 𝜕𝑃𝑖/𝜕𝜃𝑗;          𝑁𝑖𝑗 = 𝑉𝑗  𝜕𝑃𝑖/𝜕𝑉𝑗
𝑀𝑖𝑗 = 𝜕𝑄𝑖/𝜕𝜃𝑗;          𝐿𝑖𝑗 = 𝑉𝑗 𝜕𝑄𝑖/𝜕𝑉𝑗

 (41) 

The resulting expressions are as follows:       
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𝐹𝑜𝑟 𝑖 ≠ 𝑗          

𝐻𝑖𝑗 = 𝐿𝑖𝑗 = 𝑉𝑖𝑉𝑗(𝐺𝑖𝑗𝑠𝑖𝑛𝜃𝑖𝑗 − 𝐵𝑖𝑗𝑐𝑜𝑠𝜃𝑖𝑗)

𝑁𝑖𝑗 = −𝑀𝑖𝑗 = 𝑉𝑖𝑉𝑗(𝐺𝑖𝑗𝑐𝑜𝑠𝜃𝑖𝑗 + 𝐵𝑖𝑗𝑠𝑖𝑛𝜃𝑖𝑗)
  

 

 
𝐹𝑜𝑟 𝑖 = 𝑗               

𝐻𝑖𝑖 = −𝑄𝑖 − 𝑉𝑖
2𝐵𝑖𝑖 𝑁𝑖𝑖 = 𝑃𝑖 + 𝑉𝑖

2𝐺𝑖𝑖
𝑀𝑖𝑖 = 𝑃𝑖 − 𝑉𝑖

2𝐺𝑖𝑖 𝐿𝑖𝑖 = 𝑄𝑖 − 𝑉𝑖
2𝐵𝑖𝑖

 
(42) 

There are many common terms among the Jacobian expressions, and those used in calculating the 

mismatch vectors ∆𝑃 and ∆𝑄, which should be taken into account to save computational effort. 

This way, the Jacobian is nearly a by-product of the computation of the power mismatch vectors. 

Solving the load flow problem using the Newton–Raphson method consists of the following steps: 

1. Initialize the state vector with the flat voltage profile or with the solution of a previous 

case. 

2. Compute [∆𝑃|∆𝑄] and the Jacobian elements. If all components of the mismatch vector 

are in absolute value lower than ε, then stop. Otherwise, continue. 

3. Obtain [∆𝜃|∆𝑉/𝑉] by solving the system Equation (38). 

4. Update [𝜃|𝑉] using Equation (39) and go back to step 2. 

For each PV bus, an equation is removed from the above system, which is one of the advantages 

of the polar formulation. 

In many cases, convergence is improved if ∆𝑄 is replaced by ∆𝑄/𝑉, which is simply achieved by 

dividing each row (or equation) by its correponding 𝑉𝑖. This way the only nonlinear term with 

respect to 𝑉𝑖 in ∆𝑄𝑖/𝑉𝑖 is 𝑄𝑖
𝑠𝑝/𝑉𝑖, which is relatively small compared with the other terms. 
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2.4.4 Fast Decoupled Load Flow 

 

Regardless of the effective computational techniques used in the Newton-Raphson 

implementation, execution times can be unacceptable for certain online applications, especially 

those dealing with multiple cases and very large networks. Sometimes speed of solution is as 

important as accuracy, which justifies the efforts devoted in the 1970s to developing fast versions 

of the Newton–Raphson methodology. 

The first simplification is to ignore the Jacobian dependence on the current state. However, since 

the Jacobian is essentially a by-product of the power mismatch computation, the major 

computational saving that comes from the use of a constant Jacobian is from its triangular 

factorization. Furthermore, as the convergence rate slightly decreases, the extra iterations required 

are compensated by the computational savings. 

The second and most important simplification comes from considering the weak coupling between 

active powers and voltage magnitudes, and the weak coupling between reactive power and phase 

angles [31, 32]. This translates into numerical values of matrices N and M in Equation (38) being 

significantly smaller than those of the diagonal blocks H and L. Inspecting Equation (42), this is 

mainly due to two reasons: (a) phase angle differences between adjacent buses are rather small, 

implying that 𝑐𝑜𝑠𝜃𝑖𝑗 ≈ 1 and 𝑠𝑖𝑛 𝜃𝑖𝑗 ≈ 0 and (b) for high-voltage transmission networks the ratio 

𝑟/𝑥 = 𝑔/𝑏 ≪ 1. Therefore, it is expected that the performance of decoupled models is less 

satisfactory when solving heavily loaded systems and lower voltage levels.  

Among several decoupled Newton–Raphson formulations proposed in the literature, the most 

successful is the fast decoupled load flow (FDLF), published in 1974 [2]. In addition to zeroing 

matrices N and M, the following simplifications are made: 
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1. The scaled mismatch vectors ∆𝑃/𝑉, ∆𝑄/𝑉 are used instead of ∆𝑃, ∆𝑄. 

2. Because 𝑄𝑖is usually lower than 1 pu and 𝐵𝑖𝑖 typically ranges between 20 and 50 pu, it 

is assumed that: 

𝑐𝑜𝑠𝜃𝑖𝑗 ≈ 1; 𝐺𝑖𝑗𝑠𝑖𝑛 𝜃𝑖𝑗 ≪ 𝐵𝑖𝑗 ; 𝑄𝑖 ≪ 𝐵𝑖𝑖𝑉𝑖
2     

3. For active subproblem, voltage magnitudes are set to 1 pu, shunt reactors and capacitors 

are ignored in matrix H, including π models, and voltage regulators of transformers are 

ignored. 

4. Regarding the reactive subproblem, phase shifting transformers are ignored in matrix L. 

Using the previously mentioned assumptions, Equation (38) is reduced to the following decoupled 

systems: 

 𝐵′∆𝜃 = ∆𝑃/𝑉 (43) 

 𝐵′′∆𝑉 = ∆𝑄/𝑉 (44) 

, where matrices 𝐵′ and 𝐵′′, being constant, need to be built and factorized only once. Moreover, 

experiments showed that ignoring line resistances in matrix 𝐵′ benefits the convergence 

significantly. This way, the elements of the matrices 𝐵′ and 𝐵′′ become  

𝐵𝑖𝑗
′ = −

1

𝑥𝑖𝑗
;             𝐵𝑖𝑖

′ =∑1/𝑥𝑖𝑗
𝑗∈𝑖

 

𝐵𝑖𝑗
′′ = −𝐵𝑖𝑗;               𝐵𝑖𝑖

′′ = −𝐵𝑖𝑖 
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, where 𝑥𝑖𝑗 is the series reactance of the element connecting buses i and j, 𝐵𝑖𝑗 is the (𝑖, 𝑗) imaginary 

component of the bus admittance matrix, and 𝑗 ∈ 𝑖 signifies the set of buses j adjacent to bus i.  

To obtain a solution using this method, an iterative process consisting of repeatedly solving 

Equations (43) and (44) sequentially is used, where at each iteration the most recent values of 𝜃 

and 𝑉 are used, until both ∆𝑃 and ∆𝑄 satisfy the convergence criterion. The convergence rate of 

the FDLF is almost the same as the coupled version during the first iterations, but it slows down 

as the solution is approached. In any case, the extra iterations required are well compensated since 

the computational cost per iteration can be between four and five times less than that of the 

standard Newton–Raphson method. This makes the FDLF the perfect tool in those applications 

involving a large number of load flow solutions (e.g. optimal power flow and contingency 

analysis). 

 

 

2.4.5 DC Power Flow 

 

Even though both 𝑃 and 𝑄 are nonlinear functions of 𝑉 and 𝜃, some reasonable linear 

approximations between 𝑃 and 𝜃 can be found, resulting in the so-called DC load flow. This 

method is based on the assumption that 𝑉𝑖 = 1 at all buses. Therefore, sacrificing the ability to 

track reactive power flows or any other voltage related data. With this assumption, the flow of 

active power, given by Equation (17), is simplified to 
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 𝑃𝑖𝑗 = 𝐺𝑖𝑗(𝑐𝑜𝑠𝜃𝑖𝑗 − 1) + 𝐵𝑖𝑗𝑠𝑖𝑛𝜃𝑖𝑗 (45) 

Considering that phase angle differences between adjacent buses are small (𝑐𝑜𝑠𝜃𝑖𝑗 ≈ 1 and 

𝑠𝑖𝑛 𝜃𝑖𝑗 ≈ 𝜃𝑖 − 𝜃𝑗) leads to  

 𝑃𝑖𝑗 = 𝐵𝑖𝑗(𝜃𝑖 − 𝜃𝑗)  
(46) 

where 𝐵𝑖𝑗 is 

 𝐵𝑖𝑗 =
𝑥𝑖𝑗

𝑟𝑖𝑗
2+𝑥𝑖𝑗

2 =
1/𝑥𝑖𝑗

1+(𝑟𝑖𝑗/𝑥𝑖𝑗)
2  

(47) 

where 𝑟𝑖𝑗 and 𝑥𝑖𝑗 are the series resistance and reactance, respectively. For values of 𝑟/𝑥 < 3, which 

is typical in transmission networks, the error introduced when 𝐵𝑖𝑗 is replaced by 1/𝑥𝑖𝑗 is lower 

than 1%. Therefore, Equation (46) becomes 

 
𝑃𝑖𝑗 =

1

𝑥𝑖𝑗
(𝜃𝑖 − 𝜃𝑗);    (𝜃𝑖 − 𝜃𝑗) = 𝑥𝑖𝑗𝑃𝑖𝑗  

(48) 

Let 𝐴 represent the branch-to-node incidence matrix, 𝜃 the vector of bus phase angles, both of 

them reduced by removing the slack row, 𝑋 a diagonal matrix of branch reactances, and 𝑃𝑓 the 

vector of branch active power flows. Then Equation (48) can be written in matrix form as follows: 
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 𝐴𝑇𝜃 = 𝑋𝑃𝑓 (49) 

 𝑃𝑓 = [𝑋
−1𝐴𝑇]𝜃 (50) 

Since all branch resistances are ignored, the sum of all active powers is zero. This means that the 

slack bus power is a linear combination of the remaining buses. Conservation of Power can be 

applied to the power flows to find the net injected powers, 𝑃, using 

 𝑃 = 𝐴𝑃𝑓  (51) 

Finally, eliminating branch power flows by substituting Equation (50) into Equation (51), the 

desired linear relationship between power injections and phase angles is obtained as 

 𝑃 = [𝐴𝑋−1𝐴𝑇]𝜃 = 𝐵𝜃 (52) 

, where matrix 𝐵 has the same structure (sparse and symmetric) as that of the bus admittance 

matrix, and its values are computed using only branch reactances.  

Phase angles can be removed from the equation, leading to a linear relationship between power 

flows and power injections: 

 𝑃𝑓 = [𝑋
−1𝐴𝑇𝐵−1]𝑃 = 𝑆𝑓𝑃 (53) 

Each element of matrix 𝑆𝑓 provides the sensitivity between the respective power flow and power 

injection. This expression is useful for analyzing power flow changes due to branch or generator 

outages. Also, the so-called power transfer distribution factors (PTDF), which are used to 
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determine power transfer capabilities in competitive electricity markets, can be obtained from 

matrix 𝑆𝑓. 

Although the DC model is lossless, actual power losses can be estimated in terms of active power 

flows by using the form 𝑅𝑖𝑗𝑃𝑖𝑗
2 . 

 

2.4.6 Radial Distribution Networks 

 

A majority of distribution networks are designed and built so that at least an alternative path is 

provided in case a feeder (note, feeder is a term used to describe an electrical distribution circuit) 

section fails for any reason, which leads to meshed configurations. The vast majority of 

distribution feeders are operated in a radial configuration. This is done to reduce both the short-

circuit power and the complexity of the switching and protection systems. This means that, at the 

distribution level, reliability is sacrificed to reduce cost. 

Feeders are characterized by high 𝑟/𝑥 ratios. This results in a very poor performance of the FDLF, 

and the Newton–Raphson method also suffers when applied to heavily loaded feeders.  

On the other hand, the configuration of the most common feeders (radial topology, a single source 

of power) is suitable for the development of other iterative numerical methods, which are simpler 

than and which also can outperform Jacobian-based algorithms.  Here these methods will be 

referred to as sweep methods.  Sweep methods are an adaptation of applying the Impedance Matrix 

Method to radial networks [17]. Only the single-phase version will be discussed here. 
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Consider a radial network with 𝑛 buses, numbered from the source in such a way that each bus 

precedes its successors downstream. Starting with the flat start profile 𝑽0, the solution process 

consists of three steps, which are repeated until the complex voltages at two consecutive iterations 

satisfying a convergence criterion 

1. Starting with the estimated voltages, calculate the net current drawn from each bus 

 𝑰𝑖
𝑘 = (𝑺𝑖

𝑠𝑝/𝑽𝑖
𝑘)∗ + 𝑦𝑠𝑖𝑽𝑖

𝑘         𝑖 = 𝑛, 𝑛 − 1,… , 2  
(54) 

, where 𝑺𝑖
𝑠𝑝

is the complex power absorbed by the local load at bus 𝑖 and 𝑦𝑠𝑖 is the shunt 

admittance connected to the bus. 

2. Sweeping all tree branches in a backward direction (upstream), calculate branch currents 

𝑰𝑖𝑗 by using Kirchhoff’s current law 

 𝑰𝑖𝑗
𝑘 = 𝑰𝑗

𝑘 + ∑ 𝑰𝑗𝑚
𝑚∈𝑖,𝑚≠𝑖

         𝑗 = 𝑛, 𝑛 − 1,… , 2 (55) 

, where 𝑖 and 𝑗 are the sending and receiving buses, respectively. In practice, steps 1 and 2 

can be merged as a single step. 

3. Sweeping the tree in the opposite direction (downstream), bus voltages are updated from 

the head by considering the branch voltage drops: 

 𝑽𝑗
𝑘+1 = 𝑽𝑖

𝑘+1 − 𝑧𝑖𝑗𝑰𝑖𝑗
𝑘          𝑗 = 2,3, … , 𝑛 (56) 

where 𝑧𝑖𝑗 is the series impedance of branch 𝑖 − 𝑗, and the complex voltage of the feeding 

bus, 𝑉1, is specified (slack bus). 
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Because of the radial topology of the system, there is no need to explicitly build and handle any 

impedance or admittance matrix. A linked list is sufficient to perform the forward and backward 

sweeps. 

A more robust version is introduced by working with branch power flows, instead of branch 

currents [16]. For this version, Equation (54) is replaced by 

 𝑺𝑖
𝑘 = 𝑺𝑖

𝑠𝑝 + 𝑦𝑠𝑖
∗
(𝑽𝑖

𝑘)
2
         𝑖 = 𝑛, 𝑛 − 1,… , 2 (57) 

Then, the forward sweep updates voltages from 

 
𝑽𝑗
𝑘+1 = 𝑽𝑖

𝑘+1 − 𝑧𝑖𝑗 [
𝑆𝑖𝑗
𝑘

𝑽𝑗
𝑘]
∗

         𝑗 = 2,3, … , 𝑛  (58) 

 

In subsequent chapters, the performance of a number of power flow programs based on the 

methods described in this chapter will be compared among themselves and also with a new power 

flow approach based upon Graph Trace Analysis. It should be noted that upon convergence none 

of the methods considered here go back and check that KVL, KCL, and power balances are 

satisfied. 
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CHAPTER 3 – GRAPH TRACE ANALYSIS 
 

In this chapter a review of Graph Trace Analysis (GTA) is provided. How topology iterators are 

used to implement traces is discussed. These traces are used to apply basic circuit laws to solve 

the power flow problem. 

3.1 REVIEW OF GRAPH TRACE ANALYSIS 
 

Graph Trace Analysis (GTA) is derived from the Generic Programming concept of Computer 

Science, where containers, that store objects, offer iterators to algorithms [33].  Algorithms use the 

iterators to process through the objects stored in the container.  The Generic Programming 

paradigm is illustrated graphically in Figure 2.a.   

With GTA, the Computer Science iterator is specialized to a topology iterator. The components of 

the physical system model are stored in a container, and the components offer topology iterators 

to analysis algorithms.  Topology iterators are used to implement traces through the components, 

and to locate components that are physically connected together.  

There is a unique edge in the graph (the graph that describes the topology of the model) associated 

with each component in the physical system model.  Here it is assumed that the component and its 

associated edge have the same unique identifier.  It is also assumed that the topology iterators can 

be used to process either through model components or through edges of the graph associated with 

the model.  Here the terms “component” and “edge” are used interchangeability. The topology 

iterators of GTA are illustrated graphically in Figure 2.b. 
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In traditional graph theory both nodes and edges are used in describing a graph [34].  In GTA the 

graph is only considered to have edges, where the topology iterators associated with an edge 

contain information that may be used to locate neighboring edges.  Figure 3 provides a graphical 

illustration of a topology iterator owned by edge A being used to locate edge B.  There are two 

fundamental topology iterators, feeder path and cotree feeder path (or simply, cotree) iterators.  A 

cotree identifies an edge in a graph, which, if removed, breaks an independent loop.  

In traditional graph theory each edge has two associated nodes, and if the graph is directed, there 

is a starting node and an ending node. In GTA the start of an edge and end of an edge are defined 

with respect to the feeder path trace.  The feeder path trace for an edge traces back to the one-and-

only-one starting edge for the forward trace.  The starting edge here is always associated with a 

component that is a source, or more exactly, a reference source. A system may have any number 

of reference sources, but each component will have one-and-only-one reference source. 

a. Generic Programming 

Algorithm Container 
Iterator 

b. Graph Trace Analysis 

Analysis 

Algorithm 

Physical 

System Model 

Topology Iterator 

Figure 2: Graph Trace Analysis Extension of the Generic Programming Modeling Paradigm of Computer Science 
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Topology iterators may be used to implement KVL and KCL. GTA may be viewed as using 

topology iterators to trace through a graph, creating sets of components (e.g., components in an 

independent loop), and then applying operators to the “trace created sets,” where the applied 

operators may result in the creation of new sets [35] .   

GTA can be used to implement numerical analysis algorithms for solving systems of equations.  

An object-oriented feature that is implemented with GTA is the separation of system equations 

(e.g., KVL and KCL) from component equations.  That is, system equations can only obtain 

information that can be measured at the connection points (or terminals) of the components, and 

the system equations can have no knowledge about the internal behavior of the component. It will 

be demonstrated in later chapters that a single GTA based power flow algorithm can solve all 

major topologies associated with electric power systems.  

 

 

 

edge B edge A 

Tail of arrow located at 

edge that owns iterator 

Head of arrow located at 

edge that is referenced by ti 

ti 

Figure 3: Topology Iterator (ti) Arrow Representation: Edge A uses topology iterator ti to retrieve edge B 
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3.2 TOPOLOGY ITERATORS 
 

In GTA, each component 𝑝 has one, and only one, reference source. Each component 𝑝 has a 

measurement reference, which is defined away from its reference source. Thus, current flow 𝑖 is 

positive if it is flowing away from its reference source 𝑠. This is illustrated in Figure 4. 

 

 

In describing the traces, each edge is identified by an integer that is unique within the model. These 

integer identifiers, as shown in Figure 5, are placed by the edges on the model and are used to 

describe the edges included in the traces. Table 1 defines key trace sets. The forward and backward 

traces are used to trace through every edge referenced to the same source, where each edge 

referenced to the source is only included in a forward or backward trace once.  

Table 1: Definition of some GTA trace sets 

Trace Set Definition 

𝐹𝑇𝑖 Ordered set created with recursive application of forward iterator 𝑓 starting at 

component 𝑖; if 𝑖 is not specified, then the forward trace starts at the reference 

source under consideration 

𝐵𝑇𝑖  Ordered set created with recursive application of backward iterator 𝑏 starting at 

component i; if 𝑖 is not specified, then the backward trace starts at the ending 

component associated with the reference source under consideration  

𝐹𝑃𝑖  Ordered set created with recursive application of feeder path iterator 𝑓𝑝 starting 

at component 𝑖 

𝐿𝑇𝑐𝑡  Ordered set created by the union of recursive application of 𝑓𝑝, starting at cotree 

edge 𝑐𝑡, with recursive application of 𝑓𝑝, starting at adjacent edge for 𝑐𝑡  

− + 𝑣 

𝑖 𝑠 

. . . 

Figure 4: Voltage and Current conventions for GTA model, where S is the reference source for component with current i. 
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The forward and backward traces for the circuit in Figure 5.a can be defined as 𝐹𝑇 = {1,2,3} and 

𝐵𝑇 = {3, 2, 1}, respectively. For Figure 5.b the feeder path traces for components 3, 4, and 5 are 

𝐹𝑃3 = {3, 2, 1}, 𝐹𝑃4 = {4, 2, 1}, and 𝐹𝑃5 = {5, 6, 7}, respectively. The loop trace for the cotree 

element of Figure 5.b is created by the union of the feeder path traces of the components connected 

at the cotree, and is given by 𝐿𝑇3 = {3, 2, 1, 5, 6, 7}. 

 

 

 

A topology iterator for a component 𝑝 returns a component that is topologically related to 

component 𝑝. Four commonly used iterators are: 

 𝑝[𝑓]: forward topology iterator for component 𝑝 that returns the component in the forward 

trace direction, where [] is an overloaded operator for component p, and f  is the forward 

topology iterator argument (for example array index or pointer) 

 𝑝[𝑏]: backward topology iterator for component 𝑝 that returns the component in the backward 

trace direction 

1 

2 

𝑓 

 

𝑏 

 

(a) 

3 
𝑓 

 

𝑏 

 

𝑓𝑝 

𝑐𝑡 

7

65

𝑓𝑝 𝑓𝑝𝑎𝑑𝑗  
𝑓𝑝 𝑓𝑝 

𝑓𝑝 

(b) 

1 

2 3 

4 
𝑓𝑝 

× 

Figure 5: Basic Circuits. Part (a) shows a radial circuit, and (b) shows a looped circuit. 
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 𝑝[𝑓𝑝]: feeder path topology iterator notation for component 𝑝 that returns the feeder path 

component for 𝑝, a component that is physically connected to 𝑝 and which supplies power to 

𝑝 from the reference source for p 

 𝑝[𝑐𝑡]: cotree topology iterator notation for component 𝑝 that returns the cotree component 

associated with 𝑝, a component that is physically connected to 𝑝 and which, if removed from 

the graph, breaks an independent loop.  Either the feeder path trace from 𝑝[𝑐𝑡] or the feeder 

path trace for the adjacent component of 𝑝[𝑐𝑡] terminates on the feeder path source for 𝑝. 

There are many methods that may be used to implement topology iterators, including arrays, maps, 

and pointers. The four topology iterators discussed above may be considered as a quadruply linked 

list that contains a doubly linked list as follows: 

 
𝑞𝑢𝑎𝑑𝑟𝑢𝑝𝑙𝑦 𝑙𝑖𝑛𝑘𝑒𝑑 𝑙𝑖𝑠𝑡

{
 

 
𝑝[𝑓]

𝑝[𝑏]
 }  𝑑𝑜𝑢𝑏𝑙𝑦 𝑙𝑖𝑛𝑘𝑒𝑑 𝑙𝑖𝑠𝑡

𝑝[𝑓𝑝]                                       

𝑝[𝑐𝑡]                                       

 (59) 

Thus, 𝑝[𝑓] and 𝑝[𝑏] represent the doubly linked list of computer science.  𝑝[𝑓𝑝] and 𝑝[𝑐𝑡] provide 

physical connectivity information for 𝑝 and are used in writing equations.  The forward and 

backward traces may be used to process through all the components in the model, and when 

calculations are performed at a component 𝑝, the feeder path and/or cotree topology iterators are 

used to implement the calculations.   

To obtain a source object, an array of systems with index 𝑖: 𝑠𝑦𝑠[𝑖] is used along with an array of 

sources for each system with index 𝑛: 𝑠𝑦𝑠[𝑖]. 𝑠𝑜𝑢𝑟[𝑛]. Thus a source object 𝑝 may be obtained by 

 𝑠 =  𝑝 =  𝑠𝑦𝑠[𝑖]. 𝑠𝑜𝑢𝑟[𝑛] 
(60) 

where 𝑠 and 𝑝 are both assigned to the same source component. 
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Using topology iterators, algorithms can navigate through the system using forward, backward, 

feeder path, and cotree traces.  Other traces can also be defined.  It should be noted that the feeder 

path iterator and the cotree iterator are fundamental in that the forward and backward iterators can 

be derived from knowledge of the feeder path and cotree iterators.  

The forward trace component for component 𝑝, 𝑝1, is given by 

 𝑝1 = 𝑝[𝑓] (61) 

The last component in the forward trace from source 𝑠, is given by 

 𝑝𝑒𝑛𝑑 = 𝑠[𝑒] (62) 

, which provides the last component in the forward trace from source 𝑠, or the component from 

which a backward trace maybe be performed. Topology iterators are illustrated in Figure 6.  

 

 

Building on the previous definitions, a notation will now be introduced for employing topology 

iterators in algorithms, or applications. Variable 𝑣𝑎𝑟[𝑥] for component 𝑝 for application 𝐴𝑃𝑃 is 

given by  

 𝐴𝑃𝑃[𝑝]. 𝑣𝑎𝑟[𝑥]   
(63) 

where: 𝐴𝑃𝑃(𝑝) is an application manipulating or calculating values for component 𝑝. 

𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 

𝑝4  =  𝑝1[𝑓𝑝]      

       =  𝑝1[𝑏] 

       = 𝑝2[𝑏] 

 

𝑝1  𝑝3 =

𝑝1[𝑓]  
𝑝𝑒𝑛𝑑 = 𝑠[𝑒] 𝑠 

𝑝2  

Figure 6: Illustration of Topology Iterators 
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 𝑣𝑎𝑟[𝑥] is a specific variable defined for the application with argument 𝑥. 

Some examples using this notation are as follows: 

 𝑃𝐹[𝑝]. 𝑣[3] = three-phase voltage array, 𝑣, for component 𝑝 calculated by the power flow 

application 𝑃𝐹. 

 𝑃𝐹[𝑝[𝑓]]. 𝑣[3]= three-phase voltage array, belonging to the power flow application PF, for 

the forward trace component of component 𝑝. 

The voltage across a given component 𝑝 for phase 𝑝ℎ may be calculated using  

 𝑃𝐹[𝑝[𝑓𝑝]]. 𝑣[𝑝ℎ] −  𝑃𝐹[𝑝]. 𝑣[𝑝ℎ] (64) 

 𝑅𝐴[𝑝]. 𝑑𝑜𝑤𝑛𝑡𝑖𝑚𝑒 = downtime for component 𝑝 calculated by the Reliability Analysis 

application 𝑅𝐴. 

Reference [36] illustrates how traces can be used to develop sets for reliability analysis.  The 

notation makes it easy for different applications to be brought together to work as a team. 

 

3.3 CIRCUIT ANALYSIS WITH GTA 
 

GTA syntax for basic circuit analysis is now illustrated, where to simplify the discussion notations 

for the application (e.g., 𝑃𝐹 or 𝑅𝐴) and three phases are dropped.  The voltage drop across 

component 𝑝 in the circuit of Figure 7 is given by 

 𝑣[𝑝]  =  𝑣[𝑝[𝑓𝑝]]  −  𝑖[𝑝]  ∙  𝑧[𝑝] (65) 
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and component 𝑝 current, as a result of implementing KCL for components, is given by 

 𝑖[𝑝] = 𝑖[𝑝1] + 𝑖[𝑝2] + 𝑖𝐿[𝑝] + 𝑖[𝑝[𝑐𝑡]]  
(66) 

Currents for all components in the system can be calculated with one reverse trace by 

 𝐵𝑇 → { 𝑖[𝑝] = 0|𝑖[𝑝]+= 𝑖𝐿[𝑝] + 𝑖[𝑝[𝑐𝑡]], 𝑖[𝑝[𝑓𝑝]]]+= 𝑖[𝑝]} (67) 

where  ‘+=’ is an operator that takes the value of the left-hand side, sums it to the right-hand side, 

and then re-assigns the result to the left-hand side. 

‘→ ’ is the set element operator that for 𝑆 → 𝐵 applies operations in 𝐵 to every element 𝑝 of set 𝑆 

‘|’ is used to define the end of the initialization section. 

 

 

 

 

 

KVL for cotree 𝑐𝑡 in the circuit of Figure 7 is given by  

 𝐿𝑇𝑐𝑡  →  { 𝑣𝑠𝑢𝑚 = 0 | 𝑣𝑠𝑢𝑚 += 𝑣[𝑝[𝑓𝑝]] –  𝑣[𝑝] } (68) 

where 𝐿𝑇𝑐𝑡 is the set of components in the loop associated with the cotree component 𝑐𝑡.  

The backward trace set BTS associated with source 𝑠 is given by     

Figure 7: Implementation of KVL and KCL with GTA 

𝑝2 

𝑝1 

𝑣[𝑝[𝑓𝑝]] 

𝑖[𝑝[𝑓𝑝]] 

𝑖[𝑝[𝑐𝑡]] 

𝑖𝐿[𝑝] 

 

𝑝[𝑓𝑝] 

𝑣[𝑝] 

X: cotree element 

  : Load 

X > 



39 
 

 𝐵𝑇𝑠 = { 𝑝 = 𝑠[𝑒] | 𝑝 = 𝑝(𝑏)}  (69) 

where:  𝑝 = 𝑠[𝑒] is used to initialize the trace to the last component. 

𝑝() is a topology iterator for component 𝑝 that is recursive and continues to return components 

until none exist. 

GTA notation will be used to describe the power flow algorithm discussed in Chapter 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



40 
 

CHAPTER 4 – ROBUST GTA ALGORITHM 
 

In this chapter we introduce a new GTA power flow algorithm using a modified Gauss-Seidel that 

is coupled with a continuation method. This is done to increase both computational speed and 

robustness. The GTA power flow algorithm is described using the notation introduced in Chapter 

3.  

 

4.1 GENERATING COTREE EQUATIONS WITH LOOP TRACES 
 

The GS-GTA power flow solution presented here uses topology iterators and the GTA notation 

discussed previously in [37]. While tracing loops a Gauss-Seidel equation can be built and solved 

for the cotree current of each loop. Consider the cotree shown in Figure 8.  KVL for the loop in 

Figure 8 is given by (70) and (71) 

 +∆𝑉𝑥 + ∆𝑉𝑐𝑡 − ∆𝑉𝑦 = 0 
(70) 

 ∆𝑉𝑐𝑡 = −∆𝑉𝑥 + ∆𝑉𝑦  
(71) 

,where 𝑐𝑡 is a cotree edge and where ∆𝑉𝑥, ∆𝑉𝑦, ∆𝑉𝑐𝑡 are the voltage drops across components 𝑥, 𝑦, 

and 𝑐𝑡, respectively, and 𝐼𝑥 , 𝐼𝑦, 𝐼𝑐𝑡 are the currents flowing through the components, respectively.  
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  Assume that the cotree edge 𝑐𝑡 is associated with a zero impedance component (components that 

are used to create cotrees in a model, such as sectionalizing devices, in reality often have a very 

small impedance that is generally neglected in power flow solutions). Thus, here the voltage drop 

across cotree edges is assumed to be zero. Setting the cotree voltage in (71) to zero, and writing 

the equation in terms of impedances and currents we have 

 0 = −𝑍𝑥𝐼𝑥 + 𝑍𝑦𝐼𝑦  (72) 

 0 = −𝑍𝑥(𝐼𝑥 − 𝐼𝑐𝑡) − 𝑍𝑥𝐼𝑐𝑡 + 𝑍𝑦(𝐼𝑦 + 𝐼𝑐𝑡) − 𝑍𝑦𝐼𝑐𝑡  (73) 

 𝐼𝑐𝑡(𝑍𝑥 + 𝑍𝑦) = −𝑍𝑥(𝐼𝑥 − 𝐼𝑐𝑡) + 𝑍𝑦(𝐼𝑦 + 𝐼𝑐𝑡) (74) 

Solving for the cotree current on the left hand side of (74) as the cotree current at iteration 𝑘 + 1, 

and taking the right hand side quantities to be at iteration 𝑘, we have an equation that can be used 

in a Gauss-Seidel iteration [38] 

 
𝐼𝑐𝑡
𝑘+1 =

−𝑍𝑥(𝐼𝑥
𝑘−𝐼𝑐𝑡

𝑘 )+𝑍𝑦(𝐼𝑦
𝑘+𝐼𝑐𝑡

𝑘 )

𝑍𝑥+𝑍𝑦
  

(75) 

𝑥 𝑦 

- 

∆𝑉𝑦   ∆𝑉𝑥  𝐼𝑦  

𝐼𝑐𝑡  

● 

+        ∆𝑉𝑐𝑡       - 

𝐼𝑥  < 
> 

● × ● 

+ 

- 

+ 

𝑐𝑡 

Figure 8:Voltage changes and current flows for loop consisting of three edges 

– x, y, and ct, where ct is the cotree edge 
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Equation (75) can be implemented as a loop trace is performed, and thus does not have to be 

explicitly written. Thus, as the power flow convergence progresses, parameter changes can occur 

to components in a loop, and those changes will be taken into account during the next trace 

iteration. 

4.2 CONTINUATION OF GAUSS-SEIDEL  
 

When circuits become heavily meshed, this means loops will have larger overlapping impedance. 

Poor convergence rates are associated with high overlapping loop impedances. As overlapping 

impedances increase, the off-diagonal entries in the impedance matrix become larger with respect 

to the diagonal entries.  A measure of convergence of the Gauss-Seidel algorithm relies on the 

matrix being diagonally dominant (∑ |𝑎𝑖𝑗| < |𝑎𝑖𝑖|𝑗≠𝑖  for each row 𝑖). However, with the ratio 

between off-diagonals and diagonal entry for each row gets larger and closer to one, the 

convergence rate becomes slower.  

 𝜌 ≤ ‖
−𝑎𝑖𝑗

𝑎𝑖𝑖
‖
∞
= 𝑚𝑎𝑥

𝑖

1

|𝑎𝑖𝑖|
∑ |𝑎𝑖𝑗|𝑗≠𝑖 < 1  (76) 

This can be avoided by scaling the off-diagonal entries of the Z matrix gradually from 0% to 100%. 

This can be viewed as solving the loops as if they are completely independent in the first iteration 

of the algorithm, and then gradually scaling the overlapping loop impedances as the iterations 

progress, until the scaling factors on the impedances become unity.  

 

𝑥𝑖
𝑘+1 =

1

𝑎𝑖𝑖
(𝑏𝑖 − 𝜌∑𝑎𝑖𝑗  𝑥𝑗

𝑘+1

𝑖−1

𝑗=1

)            

𝑖 = 1,2, … , 𝑛 𝑎𝑛𝑑 𝜌 = 0, 0.2, … , 0.8, 1 

(77) 
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4.3 GAUSS-SEIDEL GTA POWER FLOW ALGORITHM 
 

The GS-GTA power flow algorithm is presented here in terms of GTA notation [37]. The algorithm 

employs three application objects, which are 

 The power flow object [39] itself, 𝑃𝐹, whose responsibility is to calculate voltages, 

currents, and power flows for every component in the system. 

 An immittance object, 𝑍, whose responsibility is to calculate impedances and admittances 

for every component in the system as a function of temperature, where either sequence 

impedances, phase impedances, or harmonic impedances may be requested.  Here 

fundamental phase self and mutual impedances are used. 

 A load object, 𝐿, whose responsibility is to calculate load values for every load bus in the 

system, where the load itself may have a voltage dependency and/or time dependency. 

In the GS-GTA power flow algorithm it is assumed that all cotrees are implemented with switches 

that have zero impedance, and for the first iteration (i.e., k = 1), cotree flows are assumed (typically 

assumed to be zero unless a time series power flow is being performed, in which case initial 

conditions come from the solution of the previous iteration).  The algorithm is given by 

 𝑆 → 𝐹𝑇𝑠 →  { 𝑃𝐹[𝑝]. 𝑣𝑘 = 𝑃𝐹[𝑝[𝑓𝑝]]. 𝑣𝑘 − ℎ𝑘  𝑍[𝑝]. 𝑧 × 𝑃𝐹[𝑝]. 𝑖
𝑘} (78) 

 𝑆 → 𝐵𝑇𝑠 →  { 𝑃𝐹[𝑝]. 𝑖𝑘 = 0, 𝑝 = 𝑠[𝑒]  |𝑃𝐹[𝑝]. 𝑖𝑘+= 𝑢𝑘𝐿[𝑝]. 𝑖𝐿
𝑘 

+𝑃𝐹[𝑝]. 𝑖𝑦
𝑘 + 𝑃𝐹[𝑝[𝑐𝑡]]. 𝑖𝑘   , 𝑃𝐹[𝑝[𝑓𝑝]]. 𝑖𝑘+= 𝑃𝐹[𝑝]. 𝑖𝑘  } (79) 

 𝐶𝑇 → 𝐿𝑇𝑐𝑡
𝑘 → { 𝑧𝑘[𝑐𝑡] = 0 | 𝑧𝑘[𝑐𝑡]+= ℎ𝑘  𝑍[𝑝]. 𝑧} (80) 
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 𝐶𝑇 → 𝐿𝑇𝑐𝑡
𝑘 → { 𝑉𝐹𝑘[𝑐𝑡] = 0 | 𝑉𝐹𝑘[𝑐𝑡]+= ℎ𝑘  𝑍[𝑝]. 𝑧 × (𝑃𝐹[𝑝]. 𝑖

𝑘 − 𝑃𝐹[𝑝]. 𝑖𝑘[𝑐𝑡])} (81) 

 
𝐶𝑇 → {𝑖𝑘+1[𝑐𝑡] =

𝑉𝐹𝑘[𝑐𝑡]

𝑧𝑘[𝑐𝑡]
} 

(82) 

 𝐸𝑟𝑟𝑜𝑟𝑐𝑡 = 𝐶𝑇 → {𝑒𝑘[𝑐𝑡] = |𝑃𝐹[𝑐𝑡[𝑓𝑝]]. 𝑣𝑘| − |𝑃𝐹[𝑐𝑡[𝑎𝑑𝑗]]. 𝑣𝑘|} (83) 

 𝐸𝑟𝑟𝑜𝑟𝑐𝑡 → 𝐹𝑜𝑟𝐴𝑙𝑙[𝑒[𝑐𝑡] < 𝜀1] (84) 

 𝑆 → {𝕊𝑖𝑛 = 0|𝕊𝑖𝑛+= 𝑃𝐹[𝑠]. 𝕊
𝑘} (85) 

 𝑆 → 𝐹𝑇𝑠 → {𝕊𝑜𝑢𝑡 = 0|𝕊𝑜𝑢𝑡+= 𝑃𝐹[𝑝]. 𝕊
𝑘} (86) 

 𝐸𝑟𝑟𝑜𝑟𝕊 = 𝕊𝑖𝑛 − 𝕊𝑜𝑢𝑡 < 𝜀2 (87) 

where ‘→ ’ is the set element operator, such that for 𝑆 → 𝐵 applies operations in 𝐵 to every element 𝑝 of 

set 𝑆 

 

𝑆 is a set of sources, and 𝑠 is an element of set 𝑆 

𝑃𝐹[𝑝] = power flow object associated with component 𝑝 

𝑍[𝑝] = immittance object associated with component 𝑝 

𝑍[𝑝]. 𝑧= impedance matrix for component 𝑝 

ℎ𝑘 = immittance continuation scaling factor as a function of iteration number 

𝐿[𝑝] = load estimation object associated with component 𝑝 

𝐿[𝑝]. 𝑖𝐿= voltage dependent load current vector for component  𝑝 

𝑢𝑘 = load continuation scaling factor as a function of iteration number 

𝑘 = iteration index 

𝑃𝐹[𝑝]. 𝑣𝑘= phase voltage vector for component 𝑝 at iteration 𝑘  

𝑃𝐹[𝑝]. 𝑖𝑘= phase current vector for component 𝑝 at iteration 𝑘 
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𝑃𝐹[𝑝]. 𝑖𝑦
𝑘= shunt current vector for component 𝑝 at iteration 𝑘 

 𝐶𝑇 = set of cotrees 

𝑧𝑘[𝑐𝑡]= summation of impedance around a loop for cotree 𝑐𝑡 at iteration 𝑘 

𝑉𝐹= voltage drop summation around a loop with cotree current contributions factored out 

𝐸𝑟𝑟𝑜𝑟𝑐𝑡= set of voltage errors across cotree components 

𝑒𝑘[𝑐𝑡]= voltage error across cotree component 𝑐𝑡 at iteration 𝑘 

𝜀1, 𝜀2 = convergence tolerance 

𝑃𝐹[𝑝]. 𝕊𝑘= complex power for component 𝑝 at iteration 𝑘 

𝕊𝑖𝑛= complex power produced by sources 

𝕊𝑜𝑢𝑡= complex power consumed by components, including losses and loads. 

𝐸𝑟𝑟𝑜𝑟𝕊= | 𝕊𝑖𝑛 - 𝕊𝑜𝑢𝑡 |. 

Let us now consider the GS-GTA power flow algorithm described by Equations (78) – (87). Using 

forward traces, the voltage drops associated with all tree edges are calculated by equation (78). 

This updates the voltages at the end of each component. When the continuation method [21] is 

used, line impedances and/or loads are scaled as a part of the solution. Using backward traces, the 

currents for all components are calculated using (79).  

If the set of cotree components, CT, is empty, then equations (80) – (84) are skipped. If cotree 

components exist, then cotree currents are solved for in equations (80) – (81).  Equation (80) 

calculates loop impedances, equation (81) calculates voltage drops around loops, where the cotree 

current has been factored out, and equation (84) updates the estimates for all cotree currents.  

Equations (83) - (84) check to see if all voltage drops across cotree components are within the 

convergence criteria.  Then, equations (85) – (87) check that the power balance is within the 

convergence criteria.  The convergence criteria for both (84) and (87) have to be satisfied for the 

algorithm to converge.  
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In traditional power flow algorithms equation substitutions are used to derive a system of 𝑛 

equations in 𝑛 unknowns, where 𝑛 represents a set of independent variables (e.g., node voltages). 

In contrast, here the GS-GTA algorithm iterates using 2𝑛 variables (i.e. flows and voltages for 

each component). It should be noted that in the GS-GTA solution, KVL and KCL equations are 

explicitly solved every iteration via the forward, backward, and cotree traces.   

 

4.4 COMPUTATIONAL COMPLEXITY 
 

An important step in algorithm development is considering time complexity. Big O notation is 

the most common metric for calculating time complexity to evaluate an algorithm [40]. It 

describes the execution time of a task in relation to the number of steps required to complete it. 

Or in a more simple way, it describes how does the execution time of an algorithm increases with 

the increase in the size of the modeled system. 

The complexity of GS-GTA algorithm has been assessed here in an empirical manner. A circuit 

with a certain number of nodes has been used to record the simulation time. Then duplicates of 

this circuit have used to predict the complexity growth of the algorithm with model size.  

Figure 9 shows how the simulation time grows with the number of nodes in the model. The figure 

also contains two regression lines to fit the curve, linear and quadratic. The quadratic regression 

fits the curve to the equation 5 ∙ 10−11𝑥2 + 2 ∙ 10−5𝑥 + 0.0178, and the linear regression fits the 

curve to 3 ∙ 10−5𝑥 − 0.4735. For the quadratic fit it may be noted that the coefficient of the 

quadratic term is six orders of magnitude smaller than the linear term. In addition, it may be noted 

that the linear line fits the curve well. This can also be explained in terms of the 𝑅2 of the regression 
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model. While the nonlinear curve has 𝑅2 = 0.9999  which is essentially 1, the linear curve has 

𝑅2 = 0.99 which is still close enough to be considered a good fit of the data. This is an indication 

that the computational complexity of the algorithm can be considered to be linear to a certain 

extent. The circuit used in this analysis is the same hybrid model discussed in section 5.1 later in 

the dissertation. 

 

Figure 9: Computation complexity of GS-GTA algorithm as a function of number of nodes 
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CHAPTER 5 – CASE STUDIES 
 

The GS-GTA based power flow described in the previous chapter will be verified against accepted 

solutions for both IEEE standard transmission and standard distribution networks, and will be used 

to solve models that include transmission, substations, and distribution, all in the same model (i.e., 

a hybrid model). One reason for solving hybrid models is to analyze the operation of the power 

system with high penetration of renewables at the distribution level. 

This section is divided into four parts. First, the GS-GTA power flow solution is verified against 

IEEE standard models, and a set of hybrid models derived from IEEE standard models. Next, the 

GS-GTA power flow algorithm is used to solve a real-world integrated transmission and 

distribution system. Third, a set of robustness testing circuits is used to compare GS-GTA power 

solutions against seven other power flow solvers. Finally, the GS-GTA power flow is used to study 

the impact of certain additions (DSR and solar PV) on the steady-state voltage stability of the 

system. 

 

5.1 IEEE STANDARD MODELS 
 

It has been demonstrated that the GS-GTA power flow considered here can solve transmission 

systems, radial distribution systems, and hybrid systems [37]. Table 2 shows a list of IEEE 

standard transmission and distribution system models that have been used to verify the GS-GTA 

power flow, and a list of models created from standard IEEE models that have been solved. The 

table shows for each circuit the number of components, generators, solar PVs, and loops included 

in the model. Note that some of the modified and/or hybrid circuits have had solar PV added.  
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Table 2: IEEE standard models used to verify GS-GTA power flow solution along with modified and hybrid models obtained 

from IEEE standard models. 

 
Model name Components Generators Solar PV Loops/Cotrees 

IEEE 

Standard 

Transmission 

Circuits 

IEEE 14 transmission 3-ph 49 5 - 7 

IEEE 30 transmission 3-ph 89 6 - 12 

IEEE 39 transmission 3-ph 99 10 - 16 

IEEE 57 transmission 3-ph 18 7 - 24 

IEEE 118 transmission 3-ph 424 54 - 69 

IEEE 

Standard 

Distribution 

Circuits 

IEEE 37 distribution 73 1 - - 

IEEE 13 distribution 32 1 - - 

IEEE 34 distribution 61 1 - - 

IEEE 123 distribution  224 1 - - 

IEEE Composite 286 1 - - 

IEEE 4 Grnd Ld 10 2 - - 

IEEE 4 Open Del Ld 10 2 - - 

IEEE 4 Ungrnd Ld 10 2 - - 

Modified  

and Hybrid 

Circuits 

From 

Standard 

IEEE Models 

IEEE 39 transmission 3-ph 

unbalanced 

187 10 - 8 

IEEE 39 transmission - 123 

distribution with PV 

22033 23 58 27 

IEEE ISM 39-14-123 23442 72 - 87 

IEEE 9 transmission – 123 

distribution 

3300 9 - 1 

The results of the standard IEEE transmission and distribution test systems have been confirmed 

against published, accepted solutions. Figure 10 and Figure 11 show a comparison between the 

published and GS-GTA solutions for the voltage magnitudes for the IEEE 118 bus transmission 

system modeled in three phases, and the IEEE 123 distribution system, respectively [41, 42].  

 

Figure 10: IEEE 118 transmission 3-ph result comparison between GS-GTA and published solution  
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Figure 11: IEEE 123 distribution result comparison GS-GTA and published solution 

Some of the hybrid models that have been solved were built by combining standard IEEE 

transmission and distribution system models into a single model, where substation models are used 

to connect the transmission system to the distribution system, and where the transmission system 

model has been converted to three-phase [43]. 

The modified and hybrid circuits shown in Table 2 were originally standard IEEE test systems that 

have been altered and/or combined to make more complex, larger systems. The IEEE 39 

transmission 3-ph unbalanced model has unbalanced transmission lines [44]. The IEEE 39 

transmission–123 distribution with PV model has the IEEE 39 transmission 3-ph model as the 

transmission circuit, where 12 of the 19 loads in the transmission system model have each been 

replaced with 8 distribution networks, each consisting of 12 unbalanced IEEE 123 distribution 

feeders. In addition, the model includes PV generation at the distribution level added to selected 

buses. More details about this model can be found in [45]. The IEEE ISM 39-14-123 model 

includes the IEEE 39 transmission 3-ph system as the transmission network, ten IEEE 14 

transmission 3-ph systems as sub-transmission networks, where each of the IEEE 14 transmission 
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3-ph models has ten IEEE 123 distribution feeders (thus there are 100 IEEE 123 distribution 

models in the IEEE ISM 39-14-123 system).  

In the IEEE 39 transmission – 123 distribution with PV system there are thirty-one MW’s of PV 

generation, operating at unity power factor, that have been added to the distribution system 

connected to the transmission system at Bus 23. Also, 5 MW of PV generation, operating at unity 

power factor, have been added to the distribution system connected to Bus 12.  The total PV 

generation represents about 5% of the total system generation. Table 3 compares the power flow 

results with and without the PV generation.  As can be seen in Table 3, adding PVs to the 

distribution system at Bus 23 changed the power flows at the bus, and increased the imbalance 

from 12% to 35%.  

Table 3 Transmission system flows before and after adding PVs to IEEE 39 

 Bus 23 of the IEEE 39 Bus System 

 Before Adding PV After Adding PV 

 kW kVAR kW kVAR 

Phase A 9,526 4,487 -865 4,243 

Phase B 9,128 2,054 -1,446 2,062 

Phase C 11,449 2,895 742 2,652 

With the PVs in service, the voltage phase angles on Bus 23 advance by about 0.16 degrees on all 

three phases. This results in pushing power, previously flowing into Bus 23 from other sources, 

away from Bus 23.  The addition of the PV generation at the distribution level results in flows 

throughout the transmission system being redistributed. As shown in Table 4, the flows on line 21-

16 decreased by 7%, while the flows increased by 7% on line 19-16. 
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 Table 4 Flows on lines 21-16 and 19-16 before and after adding PV 

 

 

 

 

 

 

A comparison on size of model and speed of solution between the GS-GTA and ATP [46] power 

flow algorithms is now provided.  ATP is limited to a maximum model size of 30,000 buses, where 

each phase in a connection is a bus (which means a three phase terminal counts as three buses). 

The GS-GTA power flow algorithm is only limited by the size of computer memory available.   

Power flow convergence times for the GS-GTA and ATP power flows are compared using a hybrid 

model constructed from standard IEEE transmission and distribution system models.  The hybrid 

model used in the comparison consists of the WECC-9 bus transmission system [47] model 

supplying 21 distribution systems, each of which is created from the IEEE 123 bus standard 

distribution system.  In this hybrid model the 21 distribution systems replace approximately 20% 

of the original load on the WECC-9 bus system. The model contains 3300 components, and 

approximately 2592 nodes.  A schematic of the model in DEW is shown in Figure 12.  

 Line 21-16 Line 19-16 

Phase w/o PV 

(kW) 

with PV 

(kW) 

% Change w/o PV 

(kW) 

with PV (kW) % Change 

A 12690.2 13526.4 6.59% 16826.2 15628.9 -7.12% 

B 12596.5 13449.6 6.77% 16121.2 14903.7 -7.55% 

C 12979.9 13846.2 6.67% 19601.3 18369.8 -6.28% 
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Figure 12: Hybrid model consisting of WECC-9 bus transmission system and 21- IEEE 123 bus standard distribution system 

models.   

Solving the power flow for this hybrid model took on average 0.85 seconds using GS-GTA, 

compared to 2.12 seconds for ATP (excluding the time it takes ATP to compile the circuit, which 

on average is around 20 seconds). Thus, the GS-GTA algorithm solves approximately 2.5 (25, if 

compile time is included) times faster than the ATP algorithm. Both solutions agree to within 2% 

across all bus voltage magnitudes and power flows.  

 

5.1.1 Voltage Stability for IEEE 39 Bus 

 

In this study, the standard IEEE 39 bus transmission system model is used to investigate 

convergence of heavily loaded transmission systems. Figure 13 shows the 39-bus system, which 

contains 10 generators [48]. Steady-state voltage stability curve calculations are performed and 

voltage results are recorded for Bus 26 shown in Figure 13. 

IEEE 123 bus standard distribution 

WECC 9 bus transmission 
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Figure 13: Standard IEEE 39 Bus Transmission System Model used for steady-state, voltage stability curve calculations 

 

Figure 14 shows the steady-state voltage stability curve calculations from five power flow solvers 

- GS-GTA, NR, and Vendors 1-3. The figure shows that only GS-GTA was able to solve all loading 

conditions up to the tip of the nose (λ=1.7).  Vendor 2, Vendor 3, NR and Vendor 1 did not 

converge after reaching load levels of λ=0.18, λ=0.36, λ=0.43, and λ=1.0, respectively. The value 

of λ here is the load scaling with respect to the nominal load.  The nominal load for the 39 bus 

system is 6150 MW. 

Study Bus 
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Figure 14: Voltage stability curve for IEEE 39 Bus circuit, comparing GS-GTA, NR, Vendor 1, Vendor 2 and Vendor 3 

 

 

5.2 REAL-WORLD INTEGRATED TRANSMISSION AND DISTRIBUTION SYSTEM  
 

This case study uses a model of real system, which includes transmission, radial distribution, 

lightly meshed distribution, and heavily meshed distribution networks. The model is shown in 

Figure 15. This model is multi-phase with 117,727 components, of which 66,132 are three-phase, 

1080 are two-phase, and 50,515 single-phase. The model has 250,501 nodes, 268 feeders, 11863 

load buses, and 11,957 transformers, 57 of which are LTCs, most of which are interconnected in 

lightly meshed distribution. It contains 6 independent loops at the transmission voltage level and 

184 independent loops at the distribution voltage level, of which 115 loops occur in heavily meshed 

networks and 69 loops occur in lightly meshed distribution.  All loads are modeled with an 8760 

load model.   
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Figure 15: Model of real transmission and distribution networks combined in a single model, where distribution includes radial, 

lightly meshed, and heavily meshed distribution.  Arrow and cross indicate substation location where time varying power flow 

plot is shown in Figure 16   

 

Figure 16 shows a plot of the time varying power flow for a weekday in July occurring at the 

substation marked with a cross in Figure 15, where the power flow at the substation has a good 

balance. For this case study GS-GTA solutions are compared with another GTA solver [49], 

referred to here as DEW-GTA, power flow solutions. None of the other power flow solvers 

considered previously can handle transmission and distribution circuits together in the same model. 

 
Figure 16: Time varying three-phase power flow for a weekday in July occurring at the marked substation location in Figure 15. 
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A special feature of the system of Figure 15 is that it contains 203 network protectors, which allow 

power flow in one direction only.  Thus, the network topology may change during power flow 

iterations.  When the GS-GTA algorithm detects power flow in the reverse direction for a network 

protector, the algorithm opens the network protector. The GS-GTA algorithm handles the changing 

topology of the network by updating the local topology iterators [37] at the network protectors 

affected.   

 

In time series power flow calculations over a 24-hour period, GS-GTA was able to solve the circuit 

in Figure 15 in 29.8 seconds on average, compared to 28.8 seconds on average for the sensitivity-

matrix based DEW-GTA algorithm. It may be noted that the model solves within 4.5 seconds when 

all network protectors and controllers (e.g. capacitor banks and transformer tap changers) are 

locked. The large difference in solution time is an indication of how computationally expensive 

the process of opening and closing the network protectors is, in addition to any controller action. 

The initial condition on all network protectors was set to closed, and when the time series analysis 

finished seven network protectors were open.  The solutions from the two different power flow 

calculations were within 0.1% of one another.  Even though the DEW-GTA calculation solved 

slightly faster, the GS-GTA calculation supports distributed computations much better than the 

DEW-GTA calculation. 

This is because as discussed in Chapter 4, the GS-GTA completely relies on traces to solve meshed 

networks. The DEW-GTA power flow shows advantages in terms of speed of convergence when 

the circuit does not have a large number of loops [21]. However, when the number of loops grows 

large, constructing and solving the sensitivity matrix involves significant computations. 
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5.3 ROBUSTNESS TEST CIRCUITS 

The GS-GTA power flow solution is now compared with solutions from a number of widely used, 

primarily matrix based, power flows.  In this comparison a set of ten circuits that represent real-

world connections and/or extreme loading, impedance or voltage conditions are used.  These 

circuits are referred to here as robustness testing circuits. More details about the circuits and their 

solutions can be found in Appendix A – Robustness Testing Circuits Data and Appendix B – 

Robustness Testing Circuits Solutions. Table 5 provides descriptions and schematics for the ten 

robustness-testing circuits. Two of the robustness testing circuits, circuits 3 and 6, were employed 

in [21]. 

Table 5: Descriptions and schematics of robustness testing circuit models used in power flow comparisons 

Stiff 

Circuit 

Number 

Circuit Description Circuit Schematic 

1 Heavily loaded looped system 

 

  

 

 

 

 

 

 

2 Single phase loop inside of 

three-phase loop 

 

 

 

 

3 Four substation transformers 

connected in parallel 
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4 Low impedance loops, as might 

occur in a downtown network, 

where the cables have the same 

impedance 

 

 
  

5 Heavily loaded radial system 

 

  

6 Low impedance and high 

impedance lines running in 

parallel and serving loads 

differing in magnitude by a 

factor of 1000. 

 
  

7 Low impedance loops, as might 

occur in a downtown network, 

where the cables have different 

impedances 

 
  

8 Incorporating structural 

components – poles and 

manholes, such as occur in GIS 

systems - along with switches in 

parallel 
  

9 Three-phase voltage source with 

one phase set to zero volts (used 

to test the ability of a power flow 

algorithm to calculate a fault 

current) 

 

 

10 Three wire secondary system 
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Table 6 and Table 7 show the power flow comparisons between GS-GTA and three open source 

power flow algorithms [46, 50, 51] and four transmission system power flow commercial products 

(referred to as Vendor 1 – Vendor 4 in Table 6 and Table 7), where the legend is shown at the 

bottom of the table.  

 

Table 6: Robustness testing circuit model comparisons between the GS-GTA power flow and other transmission power flow 

algorithms 

Stiff Circuit 

Number 

GS-GTA 

Version 11 

PowerWorld 

Version 18 

Vendor 1 

PSLF 

Version 16.1 

Vendor 2 

PSSE 

Version 32 

Vendor 3 

1   0.5% Difference 0.3% Difference 

2     

3     

4   0.1% Difference  

5  5% Difference 22% Difference 1.3% Difference 

6  10% Difference 0.8% Difference 12% Difference 

7     

8      

9     

10     

Legend  Converged with correct answer                  Couldn’t model                                                           

 Didn’t converge                                       % Converged with difference.  
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Table 7: Robustness testing circuit model comparisons between the GS-GTA power flow and other distribution power flow 

algorithms 

Stiff Circuit 

Number 

GS-GTA 

Version 11 

ATP 

Version 5.9 

GridLAB-D 

Version 3.2 

OpenDSS 

Version 7.6.5.18 

CYME 

Version 

Vendor4 

1     2% Difference 

2    0.32% Difference 13.55% Difference 

3      

4    7.4% Difference 2.6% Difference 

5    25% Difference  

6    38% Difference  

7  0.17% Difference  15.6% Difference  

8   0.5% Difference    

9       2% Difference 

10         12.61% Difference 

Legend  Converged with correct answer                  Couldn’t model                                                                                 

 Didn’t converge                                       % Converged with difference.  

 

From the tables above, all power flow solutions failed to solve all of the robustness testing circuits 

except for the GS-GTA and ATP power flows.  When a power flow algorithm failed to solve a 

robustness testing circuit, it was due to one of the following three reasons:  

1. Not being able to model features included in the circuit, such as switches in parallel 

2. Not converging to a solution 

3. Converging to a solution that did not agree with the solution obtained from multiple other 

power flow algorithms.  

The GS-GTA power flow algorithm is able to provide accurate solutions to all ten robustness-

testing circuits. For every circuit at least one other algorithm is used to verify the GS-GTA 

algorithm solution. The ATP (Alternate Transients Program) power flow provides accurate 

solutions to eight of the circuits, and vendor 3 only provides accurate solutions to four of the 

circuits.  OpenDSS and Vendor 2 can only solve two of the circuits, and GridLAB-D and Vendor 

1 are not able to solve any of the circuits accurately.   
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Two robustness-testing circuits are used to compare the GS-GTA power flow against the Newton-

Raphson (NR) power flow algorithm.  Convergence properties of the algorithms are investigated 

along with the ability to calculate the steady state voltage stability curve.   

The circuits shown in Table 8 are used to compare the convergence properties of the GS-GTA 

algorithm against other power flow algorithms [37]. For the first case, a Newton-Raphson 

algorithm programmed by the authors is used in the comparison.  Programming of the Newton-

Raphson algorithm was performed so that the behavior of the elements of the Jacobian matrix 

could be investigated. In the second case, the performance of different Newton-Raphson based 

power flows, including the one programmed by the authors, are compared with the GS-GTA 

algorithm. 

Table 8: Robustness testing circuits 5 and 6 

Case 

Number 

Case Name Circuit Model Parameters 

1 High 

impedance 

loop 

 

 

 Source: 13.2kV Yg 

Line 2:  R = varies – see Table 9 

Line 3:  R = 1 Ohms 

Lines 4, 5, 6:  R = 0.1 Ohms 

Load 5: varies – see Table 9 

Load 6: 1kW/phase 

2 Radial 

circuit 

 

 

 

 

 

 

 

 

 

 

Source: 13.2kV Yg 

Each line impedance:  

R + jX = 2.5 + j6.0 Ohms 

Load 1: varies – see Table 10 

Load 2: varies – see Table 10 

Load 3: varies – see Table 10 
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5.3.1 Case 1: High Impedance Loop  

In this case the Newton-Raphson algorithm used in the comparison was programmed by the 

authors, and is referred to as the NR algorithm. A parametric study is performed with the Case 1 

circuit of Table 8, where the load at Bus 5 and the impedance of Line 2 are varied as shown in 

Table 9. Table 9 also shows the voltage magnitudes calculated at Bus 5 for both solutions, and the 

condition number [52] of the Jacobian matrix for the NR algorithm.  

Table 9 shows that as the line impedance or loading level are increased, a point is reached where 

the NR algorithm does not converge to a solution. It may be noted from Table 9 that the condition 

number of the Jacobian increases as the line impedance or loading level increase, where increases 

in the condition number indicate that the matrix is becoming ill-conditioned. The GS-GTA 

algorithm converges for all parametric studies.  In addition, Kirchhoff voltage and current laws, 

along with the power balance, are satisfied for all of the GS-GTA solutions. 

 

 

Table 9: Case 1 voltage magnitude results at bus 5 and Jacobian condition number as a function of impedance of Line 2 and load 

at Bus 5 

Case Load 

(MW) 

Impedance 

(ohms) 

Condition Number of 

Jacobian 

NR Solution Bus 5 

Voltage Magnitude 

(pu) 

GS-GTA Solution Bus 

5 Voltage Magnitude 

(pu) 

Difference 

1.1 0.001 1 71 1 1 0 

1.2 1 1 72 0.9891 0.9891 0 

1.3 10 1 82 0.8776 0.8777 0 

1.4 12 1 85 0.848 0.8481 0 

1.5 12.22 1 88 0.8445 0.8446 0 

1.6 0.001 10 130 1 1 0 

1.7 1 10 132 0.9808 0.9808 0 

1.8 10 10 192 0.7493 0.7493 0 

1.9 12 10 265 0.6568 0.6566 0 

1.10 12.22 10 476 0.6425 0.6424 0 

1.11 0.001 100 142 1 1 0 

1.12 1 100 145 0.9791 0.9793 0 

1.13 10 100 233 0.7132 0.7131 0 

1.14 12 100 581 0.5673 0.5673 0 

1.15 12.22 100 NA Did Not Converge 0.5049 NA 
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Let us now look at what the elements of the Jacobian matrix are doing as a function of the algorithm 

iteration step.  It should be noted that all elements of the Jacobian show similar behavior. 

Therefore, a single element, the (8,8) element, was chosen for illustration. Three parameter 

variations are considered in this evaluation of the Jacobian matrix elements, where the Line 2 

impedance is set at 100 ohms and the Bus 5 load varies from 10 to 12.22 MW, as in cases 1.13-

1.15.  Figure 17 shows how the value of the (8,8) element of the Jacobian varies as a function of 

the NR iteration step as parameterized by the load variation.  At the last loading value, 12.22 MW, 

the NR does not converge.    

 
Figure 17: Jacobian (8,8) element variation with iteration for cases 1.13, 1.14, and 1.15 with loading levels of 10MW, 12MW, 

and 12.22MW, respectively. 

 

Steady-state voltage stability is also used here as a measure of the robustness of power flow 

algorithms. The voltage stability (nose) curve for the circuit of Case 1 shown in Table 8 is shown 

in Figure 18, where λ is a load multiplier with respect to the base case load of 10MW. The nose 

curve was calculated using a continuation power flow algorithm, abbreviated here as Cont-PF, 

presented in [14]. The nose curve of Figure 18 was also calculated using GS-GTA, and the results 
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agreed with those of the Cont-PF algorithm. The NR algorithm was not able to converge beyond 

λ=0.925, whereas GS-GTA was able to solve to the tip of the nose curve, λ=1.11.  

 
Figure 18: Voltage stability curve with 100 Ohm impedance for NR, Cont-PF, and GS-GTA algorithms, where the NR algorithm 

failed at λ=0.925, and GS-GTA and Cont-PF converged all the way to the curve nose where λ=1.11 

 

5.3.2 Case 2: Radial Circuit 

 

The Case 2 circuit in Table 8 is used to compare GS-GTA against widely used implementations 

of the Newton-Raphson algorithm, in addition to the NR power flow algorithm developed by the 

authors and considered in Case 1. The solutions are also compared to an analytical solution, where 

the following equations are used as the basis for the analytical solution: 

 𝑉2 = 𝑉1 − 𝐼2𝑍2 = 1.0 − 𝐼2𝑍2 (88) 

 𝑉3 = 𝑉2 − 𝐼3𝑍3 (89) 

 𝑉4 = 𝑉3 − 𝐼4𝑍4 (90) 

 𝐼4 = 𝐼𝐿4 (91) 

 𝐼3 = 𝐼4 + 𝐼𝐿3 = 𝐼𝐿4 + 𝐼𝐿3 (92) 

 𝐼2 = 𝐼3 + 𝐼𝐿2 = 𝐼𝐿4 + 𝐼𝐿3 + 𝐼𝐿2 (93) 

 

  

● NR 

● GS-GTA, Cont PF 
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For the analytical solution, equations (91)-(93) are substituted into equations (88)-(90), and then 

(88)-(90) are solved for V2, V3, and V4. Whether the system of equations is linear or nonlinear 

depends on the load type. Here a nonlinear, constant power load is used. 

The analytical solution is compared in Table 10 with a number of widely used power flow solvers 

[50, 53-55], including DEW-GTA. Table 10 shows the results for the voltage at node 4 of the Case 

Study 2 circuit of Table 8. Note that two of the solutions, the solution from the ATP algorithm and 

the GS-GTA solution, agree exactly with the analytical solution, and thus these solutions are 

shown in the same column.  From Table 10 it may be noted that many of the algorithms converge 

to a solution that does not agree with the analytical solution.  Values shown in bold in Table 10 

represent converged values that differ from the analytical solution by more than 1%.  The largest 

error in a converged value occurs in subcase 2.7, where the error is 7 %. 

Plots of node 4 voltage errors for each subcase of Table 10 are shown in Figure 19. When the 

loading conditions are low, all of the power flow solvers have little to no error. However, once the 

loading increases beyond the loading of case 2.4, some of the algorithm errors become significant. 

All power flow algorithms, except GS-GTA, ATP, and DEW-GTA had large errors, or were not 

able to converge to a solution, beyond case 2.5. 
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Table 10: Case 2 circuit node 4 per unit voltage solutions from different power flow solvers for varying loading levels. Node 4 

voltage values shown in bold differ from the verified solution by more than 1%. 

Sub-Case Load Level 

(kW) 

Analytical, 

ATP, and 

GS-GTA 

(pu) 

DEW-

GTA 

Version 

10.74 

(pu) 

NR 

(pu) 

 

GridLAB-D 

Version 3.2 

(pu) 

Vendor 1 

(pu) 

 

Vendor 2 

(pu) 

 

Vendor 3 

(pu) 

 

2.1 300/400/500 0.8282 0.8282 0.8282 0.8282 0.8288 0.8283 0.8282 

2.2 350/450/550 0.7936 0.7938 0.7938 0.7937 0.7961 0.794 0.7937 

2.3 400/500/600 0.7505 0.7505 0.7505 0.7505 0.7512 0.7505 0.7505 

2.4 450/550/650 0.6893 0.6897 0.6893 0.6893 0.6912 0.6896 0.6897 

2.5 460/560/660 0.6723 0.673 0.6723 0.6723 0.6746 0.6729 0.6748 

2.6 470/570/670 0.6517 0.6528 0.6517 0.6517 0.6548 0.6533 0.6594 

2.7 480/580/680 0.6239 0.625 0.6239 0.6239 0.6306 0.6291 0.6436 

2.8 490/590/690 0.5808 0.5816 Did Not 

Converge 

Did Not 

Converge 

0.6059 0.5969 0.6216 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 19: Percent errors for voltage at node 4 for Case Study 2 circuit as loading level is increased for different power flow 

solvers 
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It should be noted that when convergence becomes difficult, some of the power flow solvers apply 

approximations, such as switching constant power loads to impedance loads, in order to achieve 

convergence.   

Figure 20 shows the voltage stability curve calculated with the Cont-PF algorithm for Case 2 

circuit, where the GS-GTA algorithm obtained the same solution as the Cont-PF algorithm. Note 

that the value of λ in Figure 20 scales the subcase 2.1 load of Table 10.  In Figure 20 the maximum 

loading point beyond which algorithms do not converge, or do not calculate accurate results, are 

shown. The Vendor 3, NR, and Vendor 2 algorithms were not able to converge beyond λ=0.795, 

λ=0.894, and λ=0.894, respectively. The GS-GTA was able to solve all loading conditions, 

including the maximum loading point at λ=0.944. 

 
Figure 20: Voltage stability curve for Case Study 2 circuit comparing GS-GTA, Cont-PF, NR, Vendor 2, and Vendor 3 

 

 

 

 

 

NR, Vendor 2 ● 

Cont PF, GS-GTA ● 

Vendor 3 ● 
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5.4 DSR AND PV IMPACT ON VOLTAGE STABILITY LIMIT 
 

With the potential of plotting the steady-state voltage stability curve using the GS-GTA algorithm, 

it is possible to study the voltage stability limit on different topologies of the power system. This 

expands the previously known continuation of power flow algorithm [14], applied on transmission 

networks only, to include any integrated transmission and distribution model. Moreover, this 

allows us to study the impact of different additions, like DSRs and PVs, on the voltage stability 

limit of the system. In this section we discuss two cases: DSR application on a simple circuit, and 

integration of PVs at the distribution level in a hybrid model.  

 

5.4.1 DSR Application 

 

For this case study we will use the circuit shown in Figure 21. This circuit demonstrates a very 

common application for DSRs.  

 

Figure 21: Circuit for DSR case study with 230kV and 345kV parallel lines 

 

The circuit has a 345kV source, a nominal load of 400MW, and two parallel lines with different 

operating voltages, namely 230kV and 345kV, with thermal limits of 150 MW and 480 MW, 

respectively. With the existence of two parallel transmission lines, it is common for one of these 
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lines to reach its thermal limit with plenty of capacity on the second line. Therefore, it is desired 

to push some of the power through the second line, which allows more power transfer capability 

of the whole network. The 230 kV line reaches its thermal limit at a 465 MW load. However, the 

345 kV still has some capacity. Therefore, a good solution would be to install DSRs at the 230 kV 

line to push more power through the 345 kV line and release the congestion in the 230 kV line. 

The installation of 140 DSR modules at each phase with an impedance of 1mH/module allows the 

circuit to transfer more power before reaching thermal limits. DSRs allow 60 MW to be transferred 

to the load before both lines hit their thermal limits at the same time.  

It is of interest to evaluate how the addition of DSRs affects the voltage stability limit of the system. 

Figure 22 shows the voltage stability curves for the circuit with and without the addition of DSRs. 

It can be seen that the voltage stability limit of the system was reduced by almost 24MW ((1.87-

1.81)*400MW = 24). However, this shift is less than half the amount of power DSRs allowed to 

be delivered by the system.  

 

Figure 22: Voltage stability curves for circuit in Figure 21 with and without DSRs 
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5.4.2 Stability Curve for Hybrid Models with PV 

 

Another interesting case to consider the impact on the voltage stability limit is a hybrid model with 

PV integration at the distribution level. The circuit is shown in Figure 23. The original IEEE 39 

bus transmission network loads were scaled down to approximately 10% of their original nominal 

values, and each load was replaced with 8 IEEE 123 bus distribution feeders. The complete model 

is made up of 6,445 components, 223 are at the transmission level and the rest are distribution 

components. 331 PV units were added at the distribution level with an output of 680MW. The total 

load of the system is 689MW, which means PV at the distribution level is supplying 99% of the 

generation. The PV generation at the distribution level pushes 129 MW into the transmission 

system. In addition, the system is three phase and has an imbalance of 15%.  

 

 

Figure 23: Hybrid model of IEEE 39 bus for transmission network and 17 distribution feeders made from IEEE 123 distribution 

circuits. 
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To study the voltage stability impact of PV in the distribution level, two cases are considered here, 

with and without PV generation. The voltage stability curves for both cases are shown in Figure 

24.  

 

Figure 24: Voltage stability curves for hybrid circuit in Figure 23 with and without PV generation 

 

We can notice that the voltage stability curves are almost identical until a load scaling factor of 

λ=11 is reached. Beyond this point, we notice that the system with PV generation has a better 

voltage profile, all the way to the tip of the curve. In addition, we can notice that the system with 

PV generation has a larger voltage stability margin. The maximum loading point for the system 

without PV is λ=13.3, while it is λ=13.9 for the system with PV generation. This difference means 

that the system can handle 413.4 MW more load with PV generation before voltage collapse, in 

comparison with the system without PV generation. 

It should be taken into account that this does not merely show that we have more generation in the 

system with the addition of PV generation and, therefore, the system can handle more load. During 

our study no limits are placed on the 10 transmission generators and they are available to supply 
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as much power as the system requires. Thus, this is an indication that the presence of Distributed 

Energy Resources (DER) at the distribution level can have a positive effect on the voltage stability 

of the system by increasing the margin before voltage collapse. 
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CHAPTER 6 – CONCLUSIONS AND FUTURE WORK  
 

 

6.1 CONCLUSIONS 
 

With the growth of generation resources at the distribution level, integrated transmission and 

distribution modeling is becoming more important. In addition, power flow solvers need to provide 

accurate answers for realistic circuit models under extreme loading and voltage conditions.  

A new power flow algorithm, where Graph Trace Analysis (GTA) is used to implement a modified 

Gauss-Seidel algorithm coupled with a continuation method, is presented. The new algorithm is 

referred to as the GS-GTA power flow algorithm.   

It has been shown that GS-GTA power flow is able to solve both transmission and distribution in 

the same model.  It was also demonstrated that the GS-GTA based power flow could solve a variety 

of hybrid models, including models with reverse power flow from distribution to transmission 

[37].   

The GS-GTA approach to solving the power flow problem is fundamentally very different from 

the Newton-Raphson approach. The overall system of equations to be solved consists of 

Component Equations (CE), Kirchhoff Voltage Law Equations (KVL), and Kirchhoff Current Law 

Equations (KCL). Assuming a system with n busses (not counting the reference), with the Newton-

Raphson approach, the KVL (in terms of node voltages) are substituted into the CE, and that result 

is in turn substituted into the KCL to produce a system of n equations in n unknowns, the node 

voltages. After that, the first two terms of a Taylor series expansion are used to linearize the 
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nonlinear system of equations, and the linear model is iteratively solved to arrive at a solution, and 

the solution is not checked against KCL and KVL.  

On the other hand, GS-GTA converges a system of 2m equations in 2m unknowns, where m is the 

number of components in the system, for which no equation substitutions are used.  During each 

iteration of the GTA power flow, KVL and KCL are explicitly implemented and checked using 

traces.  That is, unless both KVL and KCL are satisfied, the GS-GTA power flow does not 

converge. This results in a very robust power flow solution, as demonstrated by the examples 

presented. 

The robustness of the GS-GTA power flow has been investigated and compared to the robustness 

of traditional power flow algorithms. Using a set of test circuits that represent features of real 

power system construction, a comparison between different types of traditional algorithms 

(Newton-Raphson and Forward/Backward Sweep) that solve transmission and distribution 

networks has been performed. It was demonstrated that the GS-GTA power flow was the only 

algorithm capable of solving the example circuits.  

In comparing the GS-GTA power flow against the most accurate of the power flow algorithms 

tested, the GS-GTA power flow could solve models that are orders of magnitude larger, and on a 

specific example the GS-GTA power flow was demonstrated to solve 2.5 times faster. 

The GS-GTA power algorithm was also shown to be able to solve a model of a real system, which 

included transmission, radial distribution, lightly meshed distribution, and heavily meshed 

distribution networks, all in one system. This model contained over 200 network protectors. These 

network protectors create an extra challenge for power flow algorithms as the network topology 

often changes between power flow iterations.  However, such changing topology does not add any 
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additional topology computation burden to the GS-GTA power flow. This is opposed to matrix-

based algorithms, which would require re-construction of matrices due to the topology changes. 

As implemented, the only GS-GTA power flow limitation on model size is available computer 

memory, where a one million-component model requires approximately 2 GB of computer 

memory [10].  Because GS-GTA calculations work in terms of traces, GS-GTA based calculations 

can be distributed across processors by simply distributing the model. In addition, using the 

method described in this work, which does not require matrices, but completely relies on traces, 

the algorithm can be distributed across multiple processors without the need for a master or 

controlling processor.  

The ability of the GS-GTA algorithm to solve for the steady-state voltage stability curve, or nose 

curve, was also tested. It was shown that the GS-GTA algorithm could be used to calculate the 

nose curves, and the answers produced by the GS-GTA algorithm were verified using a different 

continuation power flow algorithm. 

The ability to solve for the steady-state voltage stability curve allows studying the behavior of 

more complicated systems, other than transmission networks. It is of interest to study the impact 

that the addition of PV or DSR, for example, have on the system voltage stability limits. Examples 

presented show that GS-GTA is able to perform this type of voltage stability analysis.  No other 

power flow algorithm has been reported that 

 Can analyze steady state voltage stability for systems with DSRs 

 Can analyze steady state voltage stability for integrated transmission and distribution 

models, where high PV penetration exists in the distribution system. 
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6.2 FUTURE WORK 
 

As part of the future work, we are interested in implementing the GS-GTA algorithm using 

distributed computation and record algorithm running speed differences. The fact that the GS-GTA 

algorithm does not rely on matrices makes distributing the algorithm by distributing the model on 

multiple processors possible [22]. For large systems distributing the model and calculations 

running on the model will decrease the convergence time. We are also interested in investigating 

GS-GTA based time series analysis and compare it with traditional methods. Time series analysis 

is more important now in power systems with distributed generation. The intermittency of 

renewable energy resources requires time series analysis in order to capture the changes that the 

power system experiences due to rapid fluctuations in generation. 

Another part of proposed future work is to develop a theory behind the reason why GTA based 

algorithms are more robust than traditional algorithms. We would also like to investigate non-

Jacobian Newton-Raphson algorithms. In this dissertation we show how Newton-Raphson 

algorithms struggle in many conditions, and the culprit in most of these cases is the Jacobian 

matrix. Therefore, we would like to compare the GS-GTA algorithm with a Krylov space based 

Newton-Raphson. 
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APPENDIX A – ROBUSTNESS TESTING CIRCUITS DATA 

 

Case 

number 

Case Name Circuit model Parameters Case 

description 

1 Double circuit with 

single load   

 

 

Source: 13.2kV Yg  

Each line impedance:  

X = 0.174 Ohms 

Load: 2 GW balanced 

Heavily loaded 

looped system 

2 Stiff 3-phase circuit 

with 1-phase loop 

 

 

 

 

Source: 13.2kV Yg 

Each 3-ph Line: 

R+jX = 0.8+j1.9 Ohms 

1-ph Line:  

R+jX = 0.4+j0.95 

Ohms 

Load 4: 2.5MW phase 

A  

Load 5: 10MW  

Single-phase 

loop inside of 

three-phase 

loop 

3 Four parallel 

transformers 

 

 

 

Source: 34.5kV Yg 

Each Transformer:  

34.5/13.8 kV 

Each transformer 

impedance:   

X = 5.576 Ohms 

Load: 10MW balanced 

Four substation 

transformers 

connected in 

parallel 

4 Stiff low 

impedance loop 

 

 

 

 

Source: 13.2kV Yg 

Each line impedance:   

X = 1.7 Ohms 

Load: 80MW per phase  

Low 

impedance 

loops as might 

occur in a 

downtown 

network where 

cables have the 

same 

impedance 

5 Radial circuit with 

three loads 6 miles 

apart 

 

 

 

 

Source: 13.2kV Yg 

Each line impedance: R 

+ jX = 2.5 + j6.0 Ohms 

Load 1: 500kW/phase 

Load 2: 600kW/phase 

Load 3: 700kW/phase 

Heavily loaded 

radial system 

6 High impedance 

loop 

 

 

 Source: 13.2kV Yg 

Line 1-2:   

R = 1000 Ohms 

Line 1-3:   

Low 

impedance and 

high impedance 

lines running in 
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R = 1 Ohms 

Line 2-3:   

R = 0.1 Ohms 

Line 2-4:   

R = 0.1 Ohms 

Line 3-5:   

R = 0.1 Ohms 

Load 4: 12 MW/phase 

Load 5: 1kW/phase 

parallel and 

serving loads 

differing in 

magnitude by a 

factor of 1000. 

 

7 Loops with small 

difference 

impedance 

  

 

 

Source: 13.2kV Yg 

Line impedances:   

jX = j 0.17424 Ohms 

jX = j 0.17249 Ohms 

jX = j 0.17075 Ohms 

Load: 1.50GW 

balanced 

 

Low 

impedance 

lines such as 

might occur in 

a downtown 

network where 

cables have 

different 

impedances 

 

8 Switches in parallel 

with poles 

 

Source: 13.2kV Yg 

Line impedance:   

jX = j 1.74 Ohms 

Load: 10MW balanced 

 

Incorporating 

structural 

components, 

poles and 

manholes, and 

parallel 

switches into 

the analysis  

9 Fault using IPS 

 

Source: 13.2kV Yg 

Each Line impedance:  

jX = j 1.74 Ohms 

Load 1: 10MW 

balanced 

Load 2: 1MW balanced 

Fault impedance: X=0 

Simulating 

faults by 

setting one 

phase of 

voltage source 

to zero 

10 Three wire 

secondary system 

 

Source: 12.47kV Yg  

Line impedance:  

Loads 

Detailed circuit 

of a secondary 

system beyond 

distribution 

transform 
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APPENDIX B – ROBUSTNESS TESTING CIRCUITS 

SOLUTIONS 
 

Table 11: Robust test circuit 1 bus voltages 

Component 

Name Phase 

VMagKv 

(A) 

VMagKv 

(B) 

VMagKv 

(C) 

VAngD

g (A) 

VAngD

g (B) 

VAngD

g (C) 

Bus 1 ABC 7.62 7.62 7.62 0.00 -120.00 120.00 

Bus 2 ABC 7.62 7.62 7.62 0.00 -120.00 120.00 

Bus 3 ABC 6.60 6.60 6.60 -30.00 -150.00 90.00 

 

Table 12: Robustness test circuit 1 line currents 

Component 

Name 

Phase IMagA (A) IMagA (B) IMagA (C) IAngDg 

(A) 

IAngDg 

(B) 

IAngDg 

(C) 

line 1 ABC 21868.54 21868.54 21868.54 -29.97 -149.97 90.03 

line 2 ABC 21867.82 21867.82 21867.82 -29.95 -149.95 90.05 

line 3 ABC 21867.82 21867.82 21867.82 150.05 30.05 -89.95 

line 4 ABC 21867.82 21867.82 21867.82 150.05 30.05 -89.95 

 

Table 13: Robustness test circuit 2 bus voltages 

Component 

Name Phase 

VMagKv 

(A) 

VMagKv 

(B) 

VMagKv 

(C) 

VAngDg 

(A) 

VAngDg 

(B) 

VAngDg 

(C) 

Bus 1 ABC 7.62 7.62 7.62 0.00 -120.00 120.00 

Bus 2 ABC 6.69 7.05 7.05 -10.17 -125.47 114.53 

Bus 3 ABC 6.37 6.56 6.56 -14.86 -131.83 108.17 

Bus 4 A 6.46   -13.83   

Bus 5 ABC 5.97 6.16 6.16 -22.36 -139.11 100.89 

 

Table 14: Robustness test circuit 2 line currents 

Component 

Name Phase 

IMagA 

(A) 

IMagA 

(B) 

IMagA 

(C) 

IAngDg 

(A) 

IAngDg 

(B) 

IAngDg 

(C) 

Line 1-2 ABC 763.26 437.29 437.29 -18.55 -138.95 101.05 

Line 2-3 ABC 299.99 437.29 437.29 -19.88 -138.95 101.05 

Line 2-4 A 463.40     -17.69     

Line 3-4 A 138.01     -27.08     

Line 3-5 ABC 437.26 437.29 437.29 -22.15 -138.95 101.05 
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Table 15: Robustness test circuit 3 bus voltages 

Component 

Name Phase 

VMagKv 

(A) 

VMagKv 

(B) 

VMagKv 

(C) 

VAngDg 

(A) 

VAngDg 

(B) 

VAngDg 

(C) 

Bus 1 ABC 19.92 19.92 19.92 0.00 -120.00 120.00 

Bus 2 ABC 7.95 7.95 7.95 -4.20 -124.20 115.80 

 

Table 16: Robustness test circuit 3 transformers currents 

Component 

Name Phase 

IMagA 

(A) 

IMagA 

(B) 

IMagA 

(C) 

IAngDg 

(A) 

IAngDg 

(B) 

IAngDg 

(C) 

Xfmr 1 ABC 41.84 41.84 41.84 -4.13 -124.13 115.87 

Xfmr 2 ABC 41.84 41.84 41.84 -4.16 -124.16 115.84 

Xfmr 3 ABC 41.84 41.84 41.84 -4.13 -124.13 115.87 

Xfmr 4 ABC 41.84 41.84 41.84 -4.13 -124.13 115.87 

 

Table 17: Robustness test circuit 4 bus voltages 

Component 

Name Phase 

VMagKv 

(A) 

VMagKv 

(B) 

VMagKv 

(C) 

VAngDg 

(A) 

VAngDg 

(B) 

VAngDg 

(C) 

Bus 1 ABC 7.62 7.62 7.62 0.00 -120.00 120.00 

Bus 2 ABC 6.69 6.69 6.69 -28.68 -148.68 91.32 

 

Table 18: Robustness test circuit 4 line currents 

Component 

Name Phase 

IMagA 

(A) 

IMagA 

(B) 

IMagA 

(C) 

IAngDg 

(A) 

IAngDg 

(B) 

IAngDg 

(C) 

line 1 ABC 2099.32 2099.32 2099.32 -28.65 -148.65 91.35 

line 2 ABC 2099.32 2099.32 2099.32 -28.65 -148.65 91.35 

line 3 ABC 2099.40 2099.40 2099.40 -28.67 -148.67 91.33 

line 4 ABC 2099.32 2099.32 2099.32 -28.65 -148.65 91.35 

line 5 ABC 2099.32 2099.32 2099.32 -28.65 -148.65 91.35 

 

Table 19: Robustness test circuit 5 bus voltages 

Component 

Name Phase 

VMagKv 

(A) 

VMagKv 

(B) 

VMagKv 

(C) 

VAngDg 

(A) 

VAngDg 

(B) 

VAngDg 

(C) 

Bus 1 ABC 7.62 7.62 7.62 0.00 -120.00 120.00 

Bus 2 ABC 6.73 6.73 6.73 -9.95 -129.95 110.05 

Bus 3 ABC 6.19 6.19 6.19 -18.53 -138.53 101.47 

Bus 4 ABC 5.94 5.94 5.94 -23.65 -143.65 96.35 
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Table 20: Robustness test circuit 5 line currents 

Component 

Name Phase 

IMagA 

(A) 

IMagA 

(B) 

IMagA 

(C) 

IAngDg 

(A) 

IAngDg 

(B) 

IAngDg 

(C) 

line 1-2 ABC 235.10 235.10 235.10 -18.14 -138.14 101.86 

line 2-3 ABC 170.41 170.41 170.41 -21.29 -141.29 98.71 

line 3-4 ABC 91.85 91.85 91.85 -23.65 -143.65 96.35 

 

Table 21: Robustness test circuit 6 bus voltages 

Component 

Name Phase 

VMagKv 

(A) 

VMagKv 

(B) 

VMagKv 

(C) 

VAngDg 

(A) 

VAngDg 

(B) 

VAngDg 

(C) 

Bus 1 ABC 7.62 7.62 7.62 0.00 -120.00 120.00 

Bus 2 ABC 7.62 7.62 7.62 0.00 -120.00 120.00 

Bus 3 ABC 6.05 6.05 6.05 0.00 -120.00 120.00 

Bus 4 ABC 5.73 5.73 5.73 0.00 -120.00 120.00 

Bus 5 ABC 6.05 6.05 6.05 0.00 -120.00 120.00 

 

Table 22: Robustness test circuit 6 line currents 

Component 

Name Phase 

IMagA 

(A) 

IMagA 

(B) 

IMagA 

(C) 

IAngDg 

(A) 

IAngDg 

(B) 

IAngDg 

(C) 

Line 1-2 ABC 1.73 1.73 1.73 180.00 60.00 -60.00 

Line 1-3 ABC 1572.99 1572.99 1572.99 0.00 -120.00 120.00 

Line 2-3 ABC 1572.86 1572.86 1572.86 0.00 -120.00 120.00 

Line 2-4 ABC 1574.59 1574.59 1574.59 0.00 -120.00 120.00 

Line 3-5 ABC 0.13 0.13 0.13 0.00 -120.00 120.00 

 

Table 23: Robustness test circuit 7 bus voltages 

Component 

Name Phase 

VMagKv 

(A) 

VMagKv 

(B) 

VMagKv 

(C) 

VAngDg 

(A) 

VAngDg 

(B) 

VAngDg 

(C) 

Bus 1 ABC 7.62 7.62 7.62 0.00 -120.00 120.00 

Bus 2 ABC 6.61 6.61 6.61 -29.85 -149.85 90.15 

 

Table 24: Robustness test circuit 7 line currents 

Component 

Name Phase 

IMagA 

(A) 

IMagA 

(B) 

IMagA 

(C) 

IAngDg 

(A) 

IAngDg 

(B) 

IAngDg 

(C) 

line 1 ABC 21768.02 21768.02 21768.02 -29.82 -149.82 90.18 

line 2 ABC 21995.38 21995.38 21995.38 -29.83 -149.83 90.17 

line 3 ABC 22212.26 22212.26 22212.26 -29.82 -149.82 90.18 
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Table 25: Robustness test circuit 8 bus voltages 

Component 

Name Phase 

VMagKv 

(A) 

VMagKv 

(B) 

VMagKv 

(C) 

VAngDg 

(A) 

VAngDg 

(B) 

VAngDg 

(C) 

Bus 1 ABC 7.62 7.62 7.62 0.00 -120.00 120.00 

Bus 2 ABC 7.59 7.59 7.59 -5.72 -125.72 114.28 

 

Table 26: Robustness test circuit 8 line currents 

Component 

Name Phase 

IMagA 

(A) 

IMagA 

(B) 

IMagA 

(C) 

IAngDg 

(A) 

IAngDg 

(B) 

IAngDg 

(C) 

line 1-2 ABC 436.02 436.02 436.02 -5.49 -125.49 114.51 

 

Table 27: Robustness test circuit 9 bus voltages 

Component 

Name Phase 

VMagKv 

(A) 

VMagKv 

(B) 

VMagKv 

(C) 

VAngDg 

(A) 

VAngDg 

(B) 

VAngDg 

(C) 

Bus 1 ABC 7.62 7.62 7.62 0.00 -120.00 120.00 

Bus 2 ABC 3.79 5.38 7.61 -5.30 -79.05 117.13 

Bus 3 ABC 0.06 7.62 7.62 89.95 -30.00 120.00 

 

Table 28: Robustness test circuit 9 line currents 

Component 

Name Phase 

IMagA 

(A) 

IMagA 

(B) 

IMagA 

(C) 

IAngDg 

(A) 

IAngDg 

(B) 

IAngDg 

(C) 

line 1-2 ABC 2216.28 2874.69 218.69 -84.79 105.31 117.13 

line 2-3 ABC 2179.34 3310.97 218.69 -96.17 104.73 -62.87 

 

Table 29: Robustness test circuit 10 bus voltages 

Component 

Name Phase 

VMagKv 

(A) 

VMagKv 

(A') 

VAngDg 

(A) 

VAngDg 

(A') 

Bus 1 AA' 0.118441 0.118441 0.061787 179.9382 

Bus 1' AA' 0.118354 0.118354 0.073149 -179.927 

Bus 2 AA' 0.114035 0.114035 -0.01427 179.9857 

Bus 2' AA' 0.11367 0.11367 0.034748 -179.965 

Bus 3 AA' 0.110211 0.110211 -0.16176 179.8382 

Bus 3' AA' 0.110032 0.110032 -0.13678 179.8632 

Bus 4 AA' 0.092372 0.092372 -0.41842 179.5816 

Bus 4' AA' 0.090128 0.090128 -0.50092 179.4991 
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Table 30: Robustness test circuit 10 line and transformer currents 

Component 

Name Phase 

VMagKv 

(A) 

VMagKv 

(A') 

VAngDg 

(A) 

VAngDg 

(A') 

Bus 1 AA' 0.12 0.12 0.06 179.94 

Bus 1' AA' 0.12 0.12 0.07 -179.93 

Bus 2 AA' 0.11 0.11 -0.01 179.99 

Bus 2' AA' 0.11 0.11 0.03 -179.97 

Bus 3 AA' 0.11 0.11 -0.16 179.84 

Bus 3' AA' 0.11 0.11 -0.14 179.86 

Bus 4 AA' 0.09 0.09 -0.42 179.58 

Bus 4' AA' 0.09 0.09 -0.50 179.50 

 


