EMPIRICAL BAYES METHODS IN

TIME SERIES ANALYSIS

by

Taghi M. Khoshgoftaar

Dissertation submitted to the Graduate faculty of the
Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

in

Statistics

APPROVED:

Dr. Richard G. Krutchkoff, Chairman
Dr. Klaus H. Hinkelmann Dr. Robert V. Foutz
Dr. Raymond H. Myers Dr. Jerry E. Mann

May 1982

Blacksburg, Virginia



ACKNOWLEDGEMENTS

I would like to express my appreciation to the following:

Dr. Richard G. Krutchkoff for guidance, patience and help in
preparing this dissertation.

Dr. Robert V. Foutz for co-reading a handwritten copy of the
manuscript, making many helpful suggestions. I also benefitted
earlier from some conversations with Dr. Foutz concerning the
material covered in Chapter V.

Dr. Klaus H. Hinkelmann, Dr. Raymond H. Myers and Dr. Jerry E.
Mann for serving on my thesis committee.

Miss Patsy Galliher for her typing this dissertation skillfully.

ii



TABLE OF CONTENTS

Chapter I Page
1.1 Introduction .+ .« ¢ v & v v 4o 4 4 e e e e e e e e e e W 1
1.2 PUTPOSE v v v ¢ o o o o o o o o o o o o o v o v e v o1
1.3 Covariance, Weakly Stationary and Autocorrelations , , , 3

1.4 The Autoregressive Model ., . . . . . . ¢ ¢« ¢ v v + ¢« + o« &
1.5 Regression With Time Series Errors . . . « « ¢« « o &« + « 5
1.6 The Moving Average Model . . . . . . + « v ¢« ¢« « v o « o« 1
1.7 The Mixed Autoregressive-Moving Average Model . . . . . . 9
Chapter II
2.1 Spectral Analysis (Introduction) . . . . . . . . . . . .10
2.2 Estimates of the Spectral Density . . . ¢« « « « « « . . .13
2.3 Moments of the Estimate of Spectral Demnsity . . . . . . .14
2.4  Smoothing the Periodogram . . . . « « ¢« ¢ ¢« ¢« « « « « . .15

2.5 The Approximate Distribution of Smoothed Spectral
EStimates o« ¢ o ¢ o ¢ o o o o s ¢ o s s s e e e e e o o. W17

Chapter III
3.1 Empirical: Bayes Estimation . . . . . . . . ¢« « « . . . .19
3.2 The Classes of Familie; of Distributions ., . . . . .. .21
3.3 Empirical Bayes Estimators for the Chi-Squared Density, .25
Chapter IV
4.1 Prediction With the Autoregressive Model . . . . . . . .27

4.2 Empirical Bayes Estimates of the Autoregressive
PArameterS . o « o o + o o o o & o+ e o 4 4 e o o o« .28

4.3 Forecasting Several Steps Ahead From an Estimated Model ,31
4.3.1 Forecasting Several Steps‘Ahead for a First Order
AR Using Empirical Bayes Estimate of the
Coefficient .« v o & o & o v o o o o o o« o o o« & 233

iii



iv

4.4 Empirical Bayes Estimates of the AR(2) Parameters . .

Chapter V

5.1 Empirical Bayes Estimation of the Spectral Density

5.2 The Autoregressive Moving Average (ARMA)
Parameterization . . . . . . ¢ 4 0 0 e 0 e e e e

5.3 The Empirical Bayes Estimate of Moving Average and

Autoregressive and Mixed Models Using Spectral Density.

5.3.1 Autoregressive With p Parameters . . . . . .

Chapter VI
6.1 Analysis of Multiple Series . . ¢« « ¢« ¢« ¢« ¢ « « « «
6.2 The Complex Wishart Distribution . . . . . . . « . .

6.3 The Approximate Distribution of Smoothed Spectral
Estimates . . & & ¢ ¢ o o o o o o s e 4 e e e e e

6.4 Empirical Bayes Estimate of a 2 x 2 Spectral Density
Matrix . L] . . . L] . . . . L] . . . . . L] . . . . . .

Chapter VII

The Estimation of Moving Average and Autoregressive and Mixed

Models, Using Spectral Methods . . . . . .« . « ¢« « &« .
7.1 Moving Average Process . . . ¢« v ¢ ¢« 4 o o o o o o o
7.2 Autoregressive Process . . .+ v 4 4 o 4 e 0 oo

7.3 Empirical Bayes Estimate of the Moving Average
Parameters . ¢ o« ¢ ¢ ¢ ¢ o 4 6 e e e e e e e s e

Chapter VIII
Estimation of the Autocorrelation (Serial Correlation)
8.1 The Estimation of Serial Correlation . . . . . . .
8.2 Empirical Bayes Estimate of Serial Correlation (pk) .
Chapter IX
Unobservable Variable in Regression . « . . . . . .
9.1 Unobservable Variables and Errors in Variables .

9.2 Statistical Consequences of Errors in Variables

36

42

44

48

48

57

58

59

59

65
65

67

68

71
71

72

76
76

76



Chapter IX (Cont'd.)

9.3 Estimating the Coefficient (g), Using Spectral Method
9.3.1 Empirical Bayes Estimate of (B)

9.4 TUnobservable Variables in Linear Regression With MA(q)
EXTXors « o ¢« o ¢ ¢ ¢ o o ¢ 6 e 6 e s o s e o« o o e

9.5 Unobservable Variables in Linear Regression With AR(P)
EXTors « o ¢ o ¢ o ¢ o o o ¢ o o o o o o o o o o o o o

9.6 Empirical Bayes Estimate of (g) With AR(P) or MA(q) or
ARMA(P,q) ETTOrS &« v ¢ ¢ v 4 ¢ ¢ o « o o o« o o o o o o

9.7 Regression With Time Series Structure in u, and X, .-

Chapter X

10.1 An Example « « ¢ ¢ o ¢ o o o o o s 0 s s e 6 e 0 o o s

10.2 The Simulation Study and Its Results . . . . . . . . .

10.3 Summary . . . . . L. L e e e e e e e e e e e e e

BIBLIOGRAPHY , , . . . . . . .

VITA .

. . . . . . . . . . . . . . . . . . . . . . . . o o .

78

79

80

82

83

84

86
90
96
98

100



LIST OF TABLES

Table » Page

I The Monthly Seasonally Adjusted United States
Layoff Rates in Manufacturing (per 100 Employees) . . 87

11 MSE for the Estimates of the First Order AR
Parameter « « « « & s o+ o s b 6 e o e e v e 0 e o » 89

III . . . . . . . o . . e o . . . . . ) . . . . o e . e o 91

IV  Sample of Simulated Date . . . « ¢ ¢« +v « « o o« o« o & 94

vi



CHAPTER I

1.1 Introduction to Time Series

Most statistical procedures are designed to be used with data
originating from a series of independent experiments or survey
interviews. The resulting data, or sample, Xs5 i=1,2, ..., T
are taken to be representative of some population. The statistical
analysis that then follows is largely concerned with making refer-
ences about the properties of the population from the sample. With
this type of data, the order in which the sample is presented to
the statistician is irrelevant. With time series data, this is by
no means the case.

A time series is a sequence of values ordered by a time param-
eter, such as hourly temperature readings. This dissertation con-
cerns the analysis of time series which are similar to the previous-
ly observed ones. Specifically, one assumes the existence of a
population of time series and an underlying mechanism which generates
independent parameters for each member of the population. We further
assume that we have previously observed several members of the popula-
tion. Notice that we are not assuming the replication of a time

series with fixed parameters.

1.2 Purpose
To illustrate the problem more clearly, consider a researcher
in U.S. Department of Labor who is concerned with the relationship

between layoff rates in manufacturing at time t and time t-k. Let



the layoff rates at time t be represented by Xy The researcher assumes
that the relation is of the form x, = Oxt_l + et where p is the un-
known parameter, and € is a random error. In order to use this
equation for predicting layoff rates in a given year for different
months, the parameter p must be estimated.

This is done by obtaining monthly data for 12 months on the lay-
off rates in previous years. For different years one might expect a
similar relationship to hold between X, and X _q°

It seems reasonable that for different years the parameter will
not be same. In certain years, factors that have not been considered
in the model, such as interest rate, consumer price index, inflation
rate, etc., would effect a different relationship between X, and
X, 1" Therefore, for different years, the parameter takes on dif-
ferent values.

The estimate of the parameter (p) for a given year is a function
only of the data taken from that year. Intuitively, it seems that a
better estimate could be obtained if we use the data taken from other
years.

It should be pointed out that the parameters themselves are dif-
ferent from year to year, and thus all the data can not be pooled to
estimate the parameter.

Let us assume that the values of the parameter vary from year
to year in an unpredictable manner, therefore they are random vari-
ables. If the parameter for each year was known, then the histogram

might provide evidence for some underlying distribution on the

parameter.
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The underlying distribution of the parameter will be referred
to as a prior distribution. However, the exact form of the prior
distribution will not be known to the researcher. In the Empirical
Bayes approach, the researcher does not assume any specific form
for the prior distribution.

The main purpose of this example is to show how additional es-
timates of the parameter can be used to improve the estimate in the
present situation. Various estimators using past information will
be proposed and comparisons will also be made to the maximum likeli-

hood estimator.

1.3 Covariance, Weakly Stationary and Autocorrelations, Consider a

process x_, defined for all integer values of t. In general, the

t,

process will be generated by some scheme involving random inputs, and

)

g eees X, )

1 5 tn
will be an n x 1 vector random variable. To fully characterize such

so X, will be a random variable for each t and (xt s, X

random variables, one needs to specify distribution functions. Let

the mean of X, be defined by ¥ _, U,_ = E(xt), and the covariance be-

t’ 't
tween x. and X will be Yo g = COV (xt, xs) = E[(xt-ut)(xs-us)],

so that Yt,t is the variance of X, . The linear properties of the
process can be described in terms of just these quantities. This
dissertation concerns oniy the analysis of linear and weakly station-
ary processes.

A process X, will be said to be weakly stationary if the mean

of X, is equal to UM and the variance of X, = sz < » for all t, i.e.

2
= = < = =
E X, K and var X, =0 <> for all t and cov (xt, xs) Yeos = Yoot



so that, sz =Y, Thus a weakly stationary process will have mean
and variance that do not change through time, and the covariance
between values of the process at two time points will depend only
on the difference in time between these time points and not on the
times themselves. Let e =.%E , then ot will be called the autocor-
o
relation of the process.
1.4 The Autoregressive Model
A process generated by the equation X, = axt;l + €, (1.4.1)
where €. are uncorrelated (o, 02) random variables and Ial <1, is
one of the simplest and most often used models in time series analysis.
X, in equation (1l.4.1) is called first-order autoregressive

h , . .
process. In general, the pt order autoregressive process is defined

by the stochastic difference equation

X, =a; x + ... + ap xt-p + S (1.4.2)
Under the weakly stationary condition, X, can be written in the form
x, = £ b, e_ .. (1.4.3)

Mann and Wald (l4) studied the estimation problem. Let €, ~ N(O, 02),

then the maximum likelihood estimates ;i satisfy the normal equations:
T
I x, ,%x ,=0forj=1, ..., p (1.4.4)

For the first order A.R. process, x, = a xt_1 + et, the conditional

M. L. E.* is:

*The computation of the maximum likelihood estimators is greatly sim-
plified if we assume that Xy is fixed and investigate the conditional
likelihood.



a2 (1.4.5)

1.5 Regression with Time Series Errors
The model with first-order autoregressive errors can be written

as

where

1

B = (00 %, 0 )

CRCECINY Xk,t

§'= (Bl’ 62’ e Bk)

et ~ N(O0, 02) and E(et es) =0 for t # s. Let us assume that Ve =

B x 4+ u and u_ = pu

+ € e wri a
N . . -1 N then Y, can b ritten as

Ve = Dyt_l + B(Xt - Dxt_l) + et

Note: x's are explanatory variables, that is, fixed and known num-
bers, and 02 is known.
The conditional M.L.E. for p and B are

, -ex._1) (v -ex )
B = (1.5.1)

and



o= (1.5.2)

with
El(y, - oyt_l)lp,sl = B(x, - Px ;)

Let, p be known, then

z - -
(xt OXt_l) (yt Oyt_l)

E(Ble) = E >
L (xg = px )
_ L (xt - pxt_l) (B) (xt - pxt-l)
2
z (xt - pxt_l)
=B
and
n o2
var (8|p) = 5
LG - oox )
Therefore,
R 52
(Ble) ~ N|8,

2
(kg =% )

When B is known, then



A

Let B = B, then we can write Gt =Y. - 8 X, and the M.L.E. of p

is:

Cochrance-Orcutt ( 6) have proposed a method for the solution of the
normal equations (1.5.1), (1.5.2) known as the two step least squares

procedure.

1.6 The Moving Average Model

q

defined by X, =€, + jil aj et-j’

where q is an integer, aj are real numbers (parameters) and et are

We shall call the time series Xes
independent and normally distributed with mean 0 and variance 02, a
moving average process of order q.

It is easily verified that

E X, = 0
Yg = cov (xt, xt-s) = E (Xt xt-s) = (1.6.1)
e +a o . +...+a al] for |s| < q

s 1 s+l q-s q -

and Yo = 0 for lsl > q.

Taking s = 0 gives

var X

1]
=<
]
Q
Il .0
R



It is immediately seen that an MA(q) process, with q < «, is
always weakly stationary.

It follows from 1.6.1, that, for a moving average process of
order q, the autocorrelations pg are all zero for s > q. Thus, the

autocorrelation function takes a simple and easily recognized form.

For example, consider the MA(l) process X, =€, + ae._, which has
a
first autocorrelation P, = ——— and clearly Ip ] < . 5. It can
1 1+ o2 1 —=

easily be proved that the largest possible first autocorrelation Py

achievable from an MA(q) process is
0y (max) = cos [m/(q+2)]

A.1.6, The backward operator B, which is frequently employed for
notational convenience, is an operator on a time sequence with the

property th =X Thus, on reapplication

t-1°

This operator will often be used in polynomial form, so that dO X, +

d, x + d, x

t-1 2

£=2 . dr xt-p can be summarized as d(B) X, where

- 2 P
d(B) = dj + d;B + d,B" + ... de

B.1.6

Under stationarity condition, it is easily verified that AR(p)

process could always be written in an MA(«) form. Suppose p = 1 then
[o:]
e, - < . = 5 gd
Aﬁ(l) (i.e. x, = ax _, + et,lal 1) can be written as x, Lo ae s
£ al ¢ . since la| <1 and al > 0 as j e,

j=0 £



1.7 The Mixed Autoregressive-Moving Average Model
An obvious generalization of the MA and AR models that includes

them as special cases is the mixed model in which X, is generated by
P q
= z

X3 e+ o B. €._i ¥here € _ are uncorrelated and

normally distributed with mean zero and variance 02 (known) .

x, +

t %
j=1

For the ARMA(1,1) process x_ + ax__, = €, + Bet

it is easi
e-1 t is easily

t -1

varified that

2
var (x)) = 15 = 1= 208 +8% 2

0 1 o2
y. = (1+aB) (o + B) o2
1 2
1-a
Yg = cov (xt, Xt—s) = (-0) Yoo s > 2.



CHAPTER II

2.1 Spectral Analysis (Introduction)

The previous chapter was largely concerned with the description
of time series in terms of models - known as the time domain approach.
There is, however, an alternative approach, known as spectral or
frequency-domain analysis, that often provides useful insights into
the properties of a series.

Let X, be a stationary process with autocovariance YS =

<2

cov (xt, xt—s) and corresponding autocorrelations Ds = —Ea The auto-
0

covariance generating function Y(Z) is defined by Y(Z) = & Y z8
all s

and it will be assumed that this function exists, at least for |ZI = 1.

The function of particular interest in this chapter is defined by

f(w) = %; Y(Z) where Z = e *¥
- %}_ 5 Y, o 1ws
all s
Y
0 1
= E?'+ = Z Y_ cos (sw)

Note: Ys =Y .

The function f(w) is called the spectral density function.

10
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From the definition it is seen that

(1) f(w+ 2mk) = f(w) for integer k so, f(w) is periodic out-
side the interval (-7, T) and thus one needs to consider the function
only over this interval.

(2) f(w) = £(-w) i.e. f(w) is symmetric, so it is usual to plot

f(w) vs. wonly for 0 <w < m,

i .
(3) Yg = f etV f(w) dw, this important property follows
-T T . 0 .
from the fact that J el(k_s)wdw = %f , f S
o o if k = s

Thus, the sequence Ys and the function f(w) comprise a Fourier trans-
form pair, with one being uniquely determined by the other, so that
the time-domain approach, which concentrates on the Y4 Sequence and
the models derived from it, and the frequency domain approach, which

is based on interpretation of f(w) are theoretically equivalent to
f(w)

"o
density function when w € [-m, 7] since f(w) > 0 and third property

each other. The function has the properties of a probability

T

of f(w), so J f%ﬁl = 1. Since the covariance function of a sta-
-Tm 0

tionary time series is the correlation function multiplied by the

. T i .
variance of the process we have Ys = I elws dF(w). The function
-7

F(w) have been called the spectral distribution function, and it is
de.

Yo
is that the time series itself can be expressed as follows:

W
usual to write F(w) = J The other fundamental relation
-7

T
x, = J eitw dZ(w)
-
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where Z(w) is an orthogonal stochastic process, and

E {dz(w) dz(M)}

1]
o

if w# A

AO dF (w) if w= X

Since f(w) and pg are Fourier transforms of one another, it follows

that X, possesses a spectral density function of the form

Recall that we have taken {Gt} to be a time series of uncorrelated

N(O, 02) random variables. The spectral density of {et} is fe(w) =

® 2
1 g A
o7 k=§myk cos wk = 75 since
™ [ 2 .
_ iwk _ g iwk
Yk = I-n f(w) e d w= . > d w

b1 2
= J 7 cos (wk) d w
-7 )

[ if k=0

0 otherwise.
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2.2 Estimates of the Spectral Density
A stationary Gaussian process is described completely by its

mean E X, = U and its covariance sequence E(xt - u)(xt+ - M) =Y

k k?
k=0,1, 2, ..., or equivalently by its mean and spectral function
F(w) or equivalently by its mean and spectral density, f(w)..

Let us suppose that M is equal to zero, and Cx is an estimate

of Yk’ where L is

, Tk
=C-k=ﬁt§1 £t Ptk £=0,1,2, ..., Il

It is easily verified that Cp is an unbiased estimate of Vi There

is another useful estimate of Yk' It is:
c' -1 Tgk X, X
k T =1 t “t+k
where
c_ = L c'!
s T-s s
c's reduces the mean squared error of f(w).

The sample spectral density is

~ T
f(w) = I(w) = ?__}r'f | £ x_e™t| 2 4 [-m, =] (2.2.1)
t
t=1
By rearranging (2.2.1), one can see that
T-1 o T-1 T-|3| .
1 iwj _ 1 1 - iwj
I(w) =>=— ¢ c'. e === I (= I x x%X,,)e
2m j==(T-1) b 27 j=-T+1 T t=] °© t+k



14

1 T-1
5 z c', cos (wj) we [-m, 7]
j=-T+1

I(w) is called the periodogram of the time series.

2.3 Moments of the Estimate of Spectral Density
Let us consider the first and second order moments of the sample
spectral density I(w) defined by (2.2.1). The first order moment is
T-1

- I (1 - 1%40 Y. cos (wj)
j=-(T-1) J

I)—'

E(I(A) = 3

p (M T |31
= J z (1 - =5 cos (vi) cos (wj) £(v) dv
-1 j=-T+1

since EC'k = (T-lkl) Yk/T. This can also be written

E(I(w))

m T
1
—_ z - -
G J cos v(t-s) cos w(t-s) f£(v) dv

-T t,s=1

™ T .
-1 J l z el(v-w)t|2 f(v) dv
-1 t=1

- 1 Iﬂ sin
-T

sin

(v=w)T 2
f(v) dv

(v-w)

NN -

Early investigators found that I(w) is approximately unbiased, but

not consistent i.e.
E(I(w)) = f£(w)

var (I(w)) = fz(w) for any T.
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2.4 Smoothing the Periodogram

In order to obtain consistent estimates, Daniell ( 7) suggested
that a time series of lengthq; be divided into n segments (subseries),
each of length m, where T = m*n. Let Ij(w) be the periodogram of
the jth segment and {c'.,s} the corresponding autocovariances. Then,

the average of the spectral estimates over all segments could be

used as a smoother estimator.

n
T =3 & I,
j=1
Ll @l s oy oisw
2T |3l<m j=1 j,s
-1 T _ lsl 1 T isw
2™ ||« @ -5 n(m-[s|) 3 s (2.4.1)

Now Z m c, s is,a sum of products of the x, X but not all such

j b

f e X
products, for the term xt t+s

t+s’

is included only if X, and x s fall

t+

in the same subseries of the series. There are m-|s| terms in each

cj s? and thus
b

1
n(m - |s|) J,s

is the average of these products. It seems reasonable to replace

s |

this part of (2.4.1) by T cs/(T—ISI) = cs/(l - —ErJ, the average of
all available products of the form X, X o This leads to the

modified function



16

- 1 1 - — .
I(w) = CXd z m c o1lsw
lslw T _IsT s (2.4.2)
T
1 isw 1 z
= = z w c e = = w_c_ cos(sw)
2m iS|<m s s 2T ISl<m
where
-
Vs T _Isl
T

The function I(w) defined in (2.4.2) is known as the Barlett spectral

density estimate, and the numbers w, are the corresponding lag weights.

Other Smoothing Coefficients
A. General Blackman-Tukey Estimates
Blackman and Tukey ( 1) have proposed two estimates (called han-

ning and hamming by them) which are special cases

f(w) = I(w) = %; | T (1 - 2a + 2a cos %E) cos (ws) cq
s|<m

for 0 < a_j-%

B. Hanning. A case of the Blackman-Tukey estimate is

a =-% , then

Fw) = Iw) = 5= | L
S

1 (1/2 + 1/2 cos %i) cos (ws) cg
<m
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C. Parzen. Two smoothing coefficients which yield small mean squared

error are due to Parzen.

2
2 1 s Is,
f(w) = I(w) = 5= (1L -= (1 --—= cos (ws) ¢
2m |s|<m m2 T S
1 32
=== I (1 -3) cos (ws) ¢
2m ls|<m m2 s
Another suggestion by Parzen is for m even
. m/2 2 3
B = 1w =L 2 @-6% 46l cos we) e,
s = -m/2 m m
-m/2 -1
2 T Isl 3
+ T - (1 - )~ cos (ws) cg

2,5 The Approximate Distribution of Smoothed Spectral Estimates

Suppose that Xy X +esy X, are observation from a stationary

2!

Gaussian time series. Recall,

T

X . Tl
I(w) = f(w) = ET T cj
j=-T+1

Let I*(w) be the periodic extension of I(w) tc the entire real line,
so that I*(w) has period 27 and I(w) = I*(w) for -m < w < 7,

Let k be any fixed integer and define
A(w) = 5= r  I* g-Tl(s(w' T) + )| -1 <w<m
2k+1 j T ’ - =

where for each w, s (w; T) is the smallest integer minimizing



18

2T

T S (w; T)|.

v -

It can be shown, see Brillinger ( 3) that for w # 0 (mod 7) A(w) is

approximately distributed as

ﬁ FGw) X2 (4k+2) or ﬂfﬁ%‘-@— - 2 (4k+2)
Thus
Aaw))k AGw)
f(A(w)|f(w))&————2Tg_1- exp {-(2k+1) FoF

(£(w))



CHAPTER III

3.1 Empirical Bayes Estimation

Suppose there is an unobservable random parameter € which
takes on values in a set 9, and that 6 has the distribution function
G(9). G(9) is called the prior distribution. Suppose there is an
observable random variable x with the known family of conditional
distribution functions {F(xle); 6 € O}. We are interested in esti-
mating © by using the observation X. Let us suppose that th;s pro-
cedure occurs periodically with the same unknown G(9), therefore,

we have a sequence

(61, xl), (92, xz), e (Sn, xn) where ei T G(9)
and

X, T F(X|91) i=1,2, ..., n.

Robbins (18) in 1955 introduced Empirical Bayes analysis and the
theory and applications were developed by Robbins (18), Krutchkoff
(12), Martz (15), Rutherford (19) and others. In the estimation
problem, a decision space D is defined which coincides with the
parameter space 0, along with a decision function &(x) which takes
on values in D. For each 6(x) and 6 a loss function is defined as
L(s(x), € > 0.

The loss function represents the loss incurred in choosing
5(x) as the estimate of 8. A Bayes estimator is the §(X) which

minimizes the overall expected loss.

19
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That is

R(G) = E [L(8*(x), 6)]

min E [L(8(x), ©)]
§(x)

min R (8, )
8§(x)

where R(8(x), 0) is called the risk of §(x) with respect to G and
R(8(x), 8) = J L(S§, 6) dF(x, 6). R(G) is called the Bayes risk
X

and &§*(x) is called a Bayes decision procedure with respect to G.

2
Consider a quadratic loss function L(8(x), 8) = (8(x)-6)" then

the Bayes estimator of 6 when x is observed can be shown to be E(Slx).

Proof: Let R(S8(x), x) J (6-9)2 dF(e|x)
0

E[(s-8)° |x]

E (8% 266 + 67 |x)

E]

& - 26&(s|x) + E(67]x)

52 _ 26E(9]x) + E2(8]x) + E(®%|x) - E2(0]x)

(5-E(8|x))% + var (8]x)
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where var (elx) = E[(G-E(Glx))zlx]. Since var (elx) does not depend
on 6§ it is obvious that R(S, x) is minimized if §(x) = E(elx) this
is a Bayes decision procedure.

Martz (15) has developed this result for the multivariate case.
Recall, the Bayes decision procedure is a decision procedure &* such
that u(§*) = max u(S8) where u(S) is the utility of 8. Since the
prior distribugion of 6 is unknown, we cannot obtain &%, but by
using past experience, we should at least expect u(5(xl, Kyy wees Xh))
E u(s*) as n > », Then we say that 6(x1, Xy sees xn) is asymptotical-
ly optimal. However, when the parameter space O is unbounded, then
for certain loss functions, like, squared error loss function, it is
often impossible to find such an estimator.

For squared error loss function Rutherford and Krutchkoff (20)

have verified that if for vy > 0 and some real number B, the prior dis-

tribution is such that
2+
E{|]g| '} <B <=
then "e asymptotically optimal' estimators can be found.

3.2 The Classes of Families of Distributions
Rutherford and Krutchkoff (19) have found general classes of

families of distributions {F(x|6), 6 € 0} (called F

~

1’ F2, F3) for

which empirical Bayes estimators, 6, can be found. In this disserta-

tion, two types of these families of distributions, F, and F_, have

2 3’

been used.
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3.2.1 Families of the form F2 if

(1) x is continuous for all 6 €O, and
(2) the density function f(xle) is such that

gep e SRR

where b(x) # 0. So, we can write

g - a(x) +b(x)8 - a(x)
- b(x)

_ 1 1 #x[9)  a)
T b(x) " f(x[8) 9x b(x)

Using f(x) = J f(xle) dG(9) and dF(elx) f(xlging(e) we get
0

- i (x|8) dF(8]x) _a(x)
E(8]x) = [ N S CID )
0

f (x| 8) £(x]0) . dG(8) _ a(x)
. 3x  b(x)E(x]0) f(x) bx)

_ 1 3f (x| ) a(x)
YO J e A YY)

-1 3 - ax)
S TmiG % J £:19) 46 (®) - 55y

13 _a)
b(x)f(x) ox b(x)
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(assuming the order of integration and differentiation can be
interchanged). From Xy X5, ..., ONE can find a consistent estimator

for the marginal density f(x), see Parzen (16) and Rutherford (19).

3.2.2 Families of the Form F3

A family of distributions {F(x|6); 6 € O} belongs to Fy if
(1) x is a vector (size k > 1) of conditionally independent and iden-
tically distributed continuous random variables; (2) there is a sta-
tistic T, sufficient for 6, with a density of the form
k/v

h(k) (%0 q(t, 8) for t in some interval

£,(c]0) =
0 otherwise.

where v < k is an integer and h(k) does not depend on t or g. Since

these are k independent and identically distributed random variables
in X, the density of the sufficient statistic based on (k-v) components

is given by

k-v/v
hk-v) & q(t, 8)s t in some interval
_ 0
£, (tle) =
v 0 otherwise,
It follows that
¢ k-v/v
of, (£[8) = h(k) (B t a(e, 9

SO we can write

Lt ke 19
h(k-v) fk(t[e)
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Therefore

of, (t|9)

E(8]t) J 6dF(8|t) = j ———— dG(8)
0 o f®

- tr(l(k> J £, (tle) £ (c]8) a6(®
h(k-v) :
Vg TEETE) £ (©)

_th) | Tk
h(k-v) = £, (5)

The empirical Bayes estimator is found by estimating the ratio

fk-v(t)
EACH

3.2.3 Estimation of Density Functions
Parzen (16) has found consistent estimators of densities. 1In
order to estimate a density function f(t), as is necessary for class

F2 and F3, the consistent estimators

x-xi 2
t 9 = L Yy sin G
N 2™h X~-X,
i=1 ( 1)
2h

= 2

-1/5 ,//N (x5 =)
will be used, where h = N z —
i=1

df (x)

In order to estimate
dx

, the consistent estimators
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fN(x+h) - fN(x)
h

fly®) =

will be used. In order to estimate the density of a sufficient (for
0) statistic T based on (k-1) observation, the technique used by

Rencher (17) will be used.

t-ti*
n,k-1"" 2mNh [t—t.*}
i=1 i
2h
% - k-1 . . .
where ti il v ty, 1 = 1, 2, ..., N. h is same as before, N is the

number of past experiences and ti’ i=1, 2, ..., N is the sum of

past data.

3.3 Empirical Bayes Estimators for the Chi-Squared Density

Assume that x has the exponential density, f(xl@) = %- e-x/e.

Suppose that X{s Xgs ..y X, are independent observations of x, and
n

let t = Z Xgs then t is a sufficient statistic for 9 and has gamma
i=1
distribution.

— 1 .1 e_t/e

£ (t]8) =
n ) (n-l)!6n

= z;:%yr C%)n (e_t/e/t)

So, fn(t|9) belongs to class F3, where

—t/8
h(n) =(_n—iT , q(t, 8) = (e t/

-

/t)
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Therefore

h(n) . fn—v(t)
h(n-v) fn(t)

E(8]t) = t -

where fn(t) is the marginal density of the sufficient statistic.

Since
h(n) _ 1
h(n-1) ~ n-1° ther
f (t)
_ _t n-1
E(ole) = 3 E_(0)

Therefore, we obtain Empirical Bayes estimator, by substituting con-

sistent estimators for fn(t) and fn_l(t).



CRAPTER IV
Empirical Bayes Estimates of Time Series Parameters

4.1 Prediction With the AR Model

Given T observations X1s Xgs sees Xp of a AR(P), we would like
to predict the (T+k)th observation, where k is a positive integer,
(Note: The prediction is sometimes called the forecast of the (T+k)th
observation.) Let us suppose that k = 1, and we are interested in
forecasting x

T+1°

Let us assume that X4l is a parameter, since it is a quantity

which we wish to estimate. Let

ng = (xl, Xps eees xT);g'P = (al, dys wees aP).

' =
Therefore, E(XT+1|§P’ §_T) a;¥q + ayXp_q + ... + ap Xp_pyq since
Xppp = fpyp T A¥p Y oee F3p Xppyg-
In order to minimize the expected loss function L(xT+l, xT+1) =

(£T+1 - xT+l)2 it is necessary to use the Bayes estimate of a (with

squared error loss function), E(EPIET)’ since the Bayes estimate of

Xpyp 18
Expy lxp) = J %ppy £Opy [2p) dxpy,
¥+l
Ja L{ Xppp EGopys Ep 2p) dxgy dap
_J2p J¥pp

£(X, s Xmy 8p) dx da
Jip JxTﬂ T+1° E10 2p) ¥y 9

27
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£( da

Ja JX Xppp £ (Xpyys Xps 2p) dxp) dag
3p JXpg

g (xp)

Xppy ECpal X 2p) 8 (xps 2p) dapy day
_ 1% T

g(xp)

-
) J a U x xpg EGopalxps 3p) 8 (aplxp) dxtr+l| dap
=p T+1 !

—

- J g(aplxp)  Elxp,lxp, 2p) dap

- La'l . ko= cen !
Ia g (gPl Xp) - &'p x*, da, where x*p = (xq, Xp_;, X ps1)
—-p

Therefore E(x = E(EPIET)' . E?P' Thus we need to find the

r+1l Xp)

empirical Bayes estimate of

)

4.2 Empirical Bayes Estimates of the AR Parameters

éP'

For P = 1, first order AR model x_ = ax._1 + ee Durbin ( 8) showed

t

that a ~ N(a, i ) approximately, where a is the M.L.E. of a.

Launer (13) showed that

E(a Ii’r) = E(ala, u) # E(ala)

T

where u = L ij-l and is a random variable. He proposed using the
3=2

marginal empirical Bayes estimator which was found by Clemmer and



29

Krutchkoff (5). 1In order to obtain the empirical Bayes estimate
of a, we seek a form of the Bayes estimator for a that is useful

in the empirical Bayes approach.

Recall,
T T-1
z X X X X X
S g=2 tot-1 =2t t-1 . Xp_1%p
T T T
T 2 T 2 L 2
X -1 | X -1
g=2 °© =2 t=2

Note: This dissertation concerns the empirical Bayes procedure based
on a time series generated by a stationary, Gaussian process i.e.

e_ " N(O, 02) and o® 1s known.

t
Thus
x2
° _c T-1
E(ala, ET-l) " + " a
where

T-1 T 9
c= I X X s U L x __

£=2 t t-1 £=2 t-1

Xp_1 = (xl, Xgs vees XT-l)

Therefore, . -

2
2 X
f(ala, §T_1) = u exp {- ——525——— (a - %-- -1 a)z}
VZng Xr_q 20 x T-1 “

or
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2 2

X X
- - c T-1 T-1 .2
ala, Xr_p) N[(u+ T a), 5 Uj]
u
It is easily verified that
d ° 2
da f(f"a’ o) 2 P o R
f(ala, x._,) 2 2 u u
T-1 0" x T-1
Thus
d ~
2 GGy .
T u f(ala, x, ) 2 2
T-1 Xrop X1
By taking expectation, we get
. e
E@ald, x_ ) = 2 +
¥ -1 T-1
d -
23 da fg?’a, ET-l) dG (a]é X <)
u ] f(ala, Xp_;) > =T-1

By using the law éf conditional probability, we have

Q; f(%]a,

3 )
J f(ala,
a .

Er-1
Xp_p)

4G (ala, ) =

Er1

%; f(%la, Xr_q) £(ala, X7_p) %J(a, Xp_p) da
f(ala, §T-l) J f(a, X1 la) dG(a)
a
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L %af £(ala, ET-ll g (a, ET_l)da
Ja f(a, ET_lla) dG (a)

By interchanging the order of integration and differentiation,

4

_ & Ja £(dla, Xp_q) 8 (8, X ;) da
J f(a, ET-IIé) dG (a)
d A d A
_da J'a £@, a, xp ) da 5z £, %0
£(a, 2._;) £(a, 20 4)
Therefore, we get

ua c %z'f(é’ 1) o2

E(ald, ET-l) = xz —x2 + 3, ET_l) i (4.2.1)
T-1 = T-1

We obtain empirical Bayes estimator corresponding to (4.2.1) by sub-
. . . . A d A
stituting consistent estimators for f(a, ET—l) and i3 f(a, ET-I)'
Consistent estimators for multivariate densities were provided

by Cacoullos (4).

4.3 Forecasting Several Steps Ahead from an Estimated Model

The forecasting theory developed in time series was based on the
assumption that the coefficients in a model were given. In practice,
of course, these quantities must be estimated from sample data and

coefficient estimates substituted into the corresponding formulas.
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To see the effect of this on forecasting more than one step ahead,

consider the first-order AR model:

= + e
e T8 17 %

Given x eee, X, then the optimal linear forecast of x is akx .

1 T+k T

, . A . k
The usual procedure is to substitute a for a in (a xT). Unfortunate-

T’

1y, ék is a biased estimator cf ak, for k > 1. For example k = 2, an
asymptotically unbiased estimator is given by a‘ = 52 + 025 where 625

is the unbiased estimated variance of a.

4.3.1 Forecasting Several Steps Ahead for a First Order AR Using

Empirical Bayes Estimate of the Coefficient

2
= + ~ a i
Let X, axt_1 St where €t N(O, ). The problem is that,

. ] = . .
having observed x T (xl, Xps sees xT) one wishes to predict X

It is easily shown that the predictor Xrek of Xy 18 obtained

by appealing directly to the well-known result in Bayesian statistics

that, for a quadratic loss function, the mean of Xrek given x i.e.

T’

akxT,evaluatedby the posterior density g (alzT) is optimal. There-
k
fore 2., = [E(a IET)] Xpe

In order to obtain x , one needs to obtain an empirical Bayes

T+k

estimate of ak. For k = 2, x = E(az) Xpe To evaluate the second

T+2

moments, we note that

’
a2 2

N _ 2_2 _ u ~ c -
" f(ala, ET—l) = (02) [} 5 a+ 5 -} f(ala, ET—l)
a X

T-1 T-1
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u u A
- (5 ) £@la, x;_))
T-1
or
2
d A
—A_Z- f(a la, _}ET_l) 2 2
da _ - & a - —Y 54 Cc
f(ala, X, l) 2 <2 2
T-1 X121
u u
- &
X 11
where
T, T-1
u= I X _ ,,¢= I X . X
pogy -l oy t-l 7t
Thus
2
d .
da f(ala, ET-l) 2 c 2 u 2 2 ac
fala, =0 =la" + () () &+ 2
I O e X x X
T-1 T-1 T-1
a ~ u C ~ U u
-2 2“ d-2 (5 ) (5 )a‘j-(—j) (&
X1 X1 *r1a1 o X4
Therefore
E(a%]a, x )= Dy (o ) +
a 18y Xp u’ 2
T-1
n ; R . 2
2 () () d+2 () 4E@[E, x ) -5
*p1 ¥ X o1 =1 %
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a? |
4 tla, x. )
2 2 42 2J 422 T-1

A2 c

a” - ( )+ () ‘
2 u f(ala, %, ,)
T-1 T-1

dG (aié,

)

u
- ()
T-1

Xra1

(4.3.1.1)

. 2.
In order to obtain E(a Ia, ET—l) one needs to evaluate

2
d R
J déz f(ala, ET-].) l
% dG 5 =
£(dla, x;_) (ald, xp_y)
—dzz £(ata, x;_) £(al ) g(a, x. ) da
J da ala, X1, > 27-1

f(d]a, ET-l) ) Jf(é, ET-lla) dG (a)

d2 d2 n
— f(ala, ET—l) g(a, ET—I) da = I f(a, a, §T—l) da
- da a _ da a
£(a, x;_;/2) dG (a) £(a, x,_;)
=T-1
2
d -
= f(a, ET-l)
_ da

where f(a, §T-l) = J f(4, §T_l|a) dG (a). It can also be written as
a

£@3, xp_) = £Glxp ) ¢ hlxgp)

Therefore, we can obtain an empirical Bayes estimator corresponding

to (4.3.1.1) by substituting consistent estimators for f(a, §T-l)
2
and d_ f(a, %, ;). For k = 3
~2 =T-1
da
d3 »I u 2 -u u c
;jg f(ala, x; ;) = 2(35) () @-— a+—)
a T-1 X1 11
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3 3

. ~ u u A Cc "~

f(a [a, Xp ) * (02) (a - = d+—) £(dla, Xr_q)

X X
T-1 T-1

u u u Cc

- (0-2) ( 2 ) (a - 2 a + 2 )
X -1 X p1 X1

3
_Lu 3 ~ _ u (2 u % ~
- & @la, x ) -3 & o) £@la, x, )
I-1 (4.3.1.2)
where
_ __u ~ c
T-1 X

Thus, we can get E(a3|§, ET-l)’ by using (4.3.1.2). For k = 4

& 4

—_— f(gla, X ,) = (EE) ’1‘*4 f(éla, X
o

X, P
ig T-1 T-1

3
-6 & 2 £Gla, x, ) + 3 & &) £(dla, x

Xr_y)
¥ a1 1

For k = 5

5 5
Qj— f(éla, ET-l) = %) T*> f(éla, X

da 02 _T-l)

u 2

) %3 f(éla, ET-l) + 15 C;g) (;52——)

T-1

2

“>4<
- 10 (—
 x T-1

« T* f(éla, X

—T—l)
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4.4 Empirical Bayes Estimates of AR(2) Parameters

For second order AR model X, = €, + a; X4 + ay X, _o»

Box and Jenkins ( 2) have found approximate maximum likelihood esti-

mates of the AR parameters, and ags satisfying the following equations:

Djg =3 Dyy +a, Dy tap Dy oy
Dyj3 =3 Dy + @) Dyg *tap Dy pyy

Dy p41 = F1 D2 ps1 Y 3P3 pe1r T oo T 3 Doy pig

which, in a matrix notation, can be written

-~

d=Dp 2

where

A S

= , . ' =
(al, Bys sees aP), d (D12’ Dl3’ ey Dl,P+l)

3l

22 Doz e+ Dypyg
P23 P33 D3 ps1
DP = . .

Dy p+1 P3,p41 ** Dpar 41
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where
= = . A +.
Dy = D41 =% X5 v ¥ ¥ F * X1 *re1-g
Therefore a = DP-1 d. For P =2
-1
. -1, [DPaa Daj / D12
ars= D2 d= !
Dy3  Dig \D13 )
where
T T
2 2
D,, = I x D..= L x
22 £=3 t-1 33 =5 t-2
D23 = x2x3 + x3x4 + ... + XT-Z xT_1
D12 = xlx2 + x2x3 + ... + xT-l xT
D13 = xlx3 + x2x4 + ... + xT_2 xT

Let 5} Therefore

T-2 = (g X3s wees Xpps Fpp)-

-1
*
r-2) =D, Edla, x

]

)

E(dla, x* 722

c, + x, E(x,) + x
E(Qjé; x* 1 2 1

-1 EGpla, Efr-zf\

+ %y E(x)) + xp_, E(xgla, -’S*T-z)/ (4.4.1)

7-2)
€2

where

cl = XX, FxNX, ...

2¥3 T X3%, tXpo ¥
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02 = xzxa + x3x5 + ... + XT~3 XT_l

Let us suppose E(xl) = U Recall Xp = a; X

1 %po1 + ay Xp_o + Et. Thus,

lo

a, x

* =
E(xp la, x T-2) T3 X3 t Ay X,

By substituting Exl and E(XTI§) 5?T—2) in (4.4.1) we get:

c1p t Xpoy Gepops ®pp) 3\

E(dla, x* ) =
o T + ( )
€22 T Xpop ¥ro10 *ro i/
where cll and c22 are fixed
c =c, + x, H

11 71 2 1

Cop = ¢y T X3 1y
Thus
Gla, x*. ) - N @t -Edla, x*. ), V)
ala, X*p_, ) dla, x*p_5),
where
2 2 2 \
vop-l [ (2 o) T GgxgtEp, X ) !
2 (x,%, + x X ) 02 (x 2 + x2 ) 2
2%3 T Xp_y Xq 3 T-2
2 2
) Gy % gy) (xp%3 + Xp_p ¥py)
= g D2 %—J_
2 2
(xyxy + xp_5 X7_5) (3" + x7p ) /
2 - -
= o*p trp L
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f(éli, i*’I'—Z) « exp - 1/2 [é - E(éli, X _2)]' V..l [_a: -

E(élg, X _,)]

Therefore
1" vt s -

log f(éli’ x*, ) « - 1/2 [a-E(aIa 0,

E(ala X*o_ 2)]

dlog f(ala x* ) _
= —T-2 -Vl[a—E(a|a xTZ)]

oa

d log f(éla, x*_ )
. 218, X' -1
i+ v = =D, E(dla, x*_,)

Dzi + D2V 3 é
X X ) a
T-1 *r-2/ 2
x2 ) a
&ro1 ¥rop -2’ &
( T-l T-1 *T-2
X2 i
\\°22 Xpo1 X2 T-2 /

Thus
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3 *
3 log £(dla, x*;_,)

€11
-5 2 -1 -1
Ba=Dy 4~ +p,0,  F, =

22
‘11 3 log £(ala, x* )
=D. a - +02FD_1 — = = T-2
2= c 2 9a
22
where
2 X
* -1 Xro1 *ro2
B = is singular.
x2
*p-1 *r-2 T-2
4
2 2
(") + x7p_y) (x,%5 + Xp_o %p_g)
F =
(x,x, + x X 1) (x2 + %2 )
2%3 ¥ Xp_p ¥pg 3 T-2
Therefore

c
a - ~ 11 2 -

9
—7-f(éla X )
98 = == = T-2 .
— ~ dG a, x*
c 3
- *
/ll 54 f(alaaiTz)
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3 * *
£dla, x T-27 g(g, X*p_,) da
Jf(_é_, x*._,la) dG (a)

c 3 A
—_— * *
=D 5-/ H +?Fp L A Jf(éli’ X*pp) 8(2, 2y p) da
2= 2 J £(a, x*;_,[a) 4G (a)
€22
‘11 2 [f(a a, x*_ ) da
= D4 - + o Fp, 7L 24 — = -T2 o
2= 2 Jf @, x*;_,[2) d6 (2)
€22
¢ 3_ i, x*
e [N Lo )
= 3 *
2 2 £@E, x*;_,)
€22

where
2 * = oy *
£(3, x*p_,) Jf @, x*_,la) dc@@

By substituting consistent estimators for f(&, E*T—Z) and

9_
2

Ba i.e. E(Bg[é, x*

f(é, E*T-Z)’ we can get empirical Bayes estimator for

T—2>'



CHAPTER V

5.1 Empirical Bayes Estimation of the Spectral Density

In section 2.5, we have found that the estimate of f(w) is
approximately distributed as gamma.

Let us suppose that the estimation problem has occurred N-1
times previously.

Let us define A,(w) to be the estimate of spectral density

h|
for the jth experiment (time series), 1 < j & N. If A.il i(w) represents
b
. . th . . th
the estimate in the i~ subinterval of j time series and if Aj(w) =
k

z A, i(w) then A, i(w) belongs to F3 (see section 3.2.2),
i=—(k+1) 37 3>

i=-(k+), -k, =k+1, ..., k-1, k; § =1, 2, ..., N. Since

) éﬁ = (Aj,-(k+1)(w)’ Aj,-k(w)’ e Aj,k(w)) is a vector of

size (2k+1) of independent and identically distributed continuous

k
random variables, (2) There is a statistic A, (w) (= z A, . (W)
N , N,i
i=-(k+1
sufficient for f(w), with a density of the form
| 1 AN(w)(4k+2) 2k
£ (A (W) [£(w)) = :
(2k+1) N (2k)!22k+l f(w)

Ay(w)
- exp [-1/2 EIH) (4k+2) ]

Therefore

(2k+1) 2K

h(2k+l) = (2K 12

AN(W)
q(AN(W), f(w)) = exp |- EI) (2k+l):\

42
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(2k)

h(2k) = 372

Thus

£, (Ag ()
E(f () [Ay(0)) = Ay(w) - h}gz(lzcg) o By

Faren Ay ()
where f2k+l(AN(w)) is the marginal density of the sufficient statistic
since
Rt 4 Ly%
h(2k) 2k
then

2k £, (A (W))
E(f(w)lAN(w)) = A (w1 +%g ) fit_’_‘?gAN(W))

Therefore, we obtain empirical Bayes estimator, by substituting con-

sistent estimators for ka(AN(w)) and f2k+l(AN(w)).

Let £y (ore1) By(M) = fp 4y (Ay(W)) then

1 N

. 2
N, 2ke1) By ) = g B BeEn(E) /8]

1

where

£, = [AgG) - A, (0)]/2h

N 1/2
n= 83T - B
i=1

N
L Ai(w) ; see Rencher (17).
i=1

A(w) = %I-
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5.2 The ARMA Parameterization

The following assumption will be made about all time series X,

mentioned in this dissertation.

eees X, is a multivariate

Assumption. The joint distribution of x T

l’

normal distribution with mean zero and variance-covariance matrix Z.
One way to analyze time series data is to assume a parameteriza-

tion known as the autoregressive-moving average (ARMA) parameteriza-

tion. Recall, a time series process is an ARMA (p,q) if it satisfies

the following equation.

3 q
x + L o, x ,=¢€ + L B e |, (5.2.1)

where € is a sequence of uncorrelated and normally distributed random

variables with mean zero and variance 02. Special cases of the ARMA
(p,q) are moving average mA(q) = ARMA (0,q) and the autoregressive

AR(P) = ARMA (P,0). The parameters in (5.2.1) are Gl, Gos wees O

Bl’ cees Bq since we are assuming o is known.

Let us denote the parameter vector by

m = (al’ aza ceey O'P’ Bl’ 82’ ey q

Therefore, we can write the likelihood function as follows:

~T/2 lz] -1/2 exp {- %ni'T . X} (5.2.2)

L = 2 %

One can use the approximate likelihood which is due to Whittle (21),

however we are using a different but equivalent approach.
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Let f(w) be a spectral density, which for convenience will now
be assumed to be defined over (0, 27m) rather than (-7, 7). Now,

f(w) is symmetric about m. Define

™ .
a(t) = f £Fw) eVt du (5.2.3)
-7

The function o is the covariance function corresponding to the spec-

tral distribution function

W
F(w) = I £(A) da
0

When T is large, the integral (5.2.3) could be approximated by the

following formula:

T .
o(t) = 2L 3 f(wk)elwkt (5.2.4)

T =1

where

Let us suppose that X, is a stationary Gaussian process with covari-

ance function ¢ given by (5.2.3).

Note: In the following paragraph the likelihood for the Xp =
(xl, Xps enes xT)' is computed approximately by using the covariance
function o given by (5.2.4).

Let Abe a T x T matrix:
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(b 1 0 0|
0 0 1 0
0 0 0 ) 0
A = . .
0 0 0 0
0 0 0 1
1 0 0 ) 0
- —

Define the vectors

W.

K, e21wk’

= [1, e cee, @YY k=1, 2, ..., T

Uy

and the matrix

M = %E [ul, Uys vens uT]

Let D be a diagonal matrix.

iwa iw iw
D = diag (e *, e 2, ceey € T)

Then AM = MD and MM* = M*M = I where M* is the conjugate transpose of

M. Thus A = MDM*, ©Now, the variance-covariance matrix of Xp =

(xl, Koy ooe xT)' is
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T .
=M [ I o) D] mx

T j th
The matrix I o(j) D° is diagonal, and the k diagonal element is
3=l
T 14 T T PR s s
JwW iwp] 1
I a(j) e k. r I Z% f(w )e e Yk
j=1 j=1 n=1
”r T T 43 (o) 2ﬂf(wT_k) if k# T
== I f(w) I e n k/ =
n=1 i=1 2nf(w0) if k=T
= 2wf(wk)

since f is symmetric about 7T and exponential function sums to zero

unless n = T - k or n = -k. Let
E = 27 diag (f(wl), ey f(wT))

one can find that

1] — 1
X'p I oXp = X'pME M ox,
T T ; -1
1 1wkt
= I {Vr- I x, e } o {2nf(w )}
DT K
X e =
[ =1 £00)

where the periodogram I(wk) is defined
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1 T
I(wk) = oF | i X e

In similar way, one can find that

T
T (27 Gw)
k=1 k

|z

T T

Since, Z=M[ Z 0(3) DJ] M#*, the matrix I 0(j) D? is diagonal, and

th j=1 ji=1
the k~— diagonal element is 2ﬂf(wk). Therefore,
- -1/2 T I
L(x.|lm) = (2m exp {-1/2 [ T 1log (27f(w, ) + I TI(w )/f(w I}
=T — k=1 k k=1 k k

5.

3 The Empirical Bayes Estimate of Moving Average and Autoregressive
and Mixed Models Using Spectral Density

The techniques we shall use are based on estimates of the spectral

density, and approximate likelihood.

5

where ap # 0, and €

€

.3.1 Autoregressive With P Parameters

The spectral density of the Pth order AR time series X, defined

P
x, + I a,x_ .=¢ (5.3.1.1)

. are uncorrelated and normally distributed, i.e.

. ~ N (0, 02), is given by

.. P -
a, e "My (T a, ™y (5.3.1.2)
o 3 520 1

2

(o
£,00) = 57 [
J

W ttd



where ay = 1, the proof of this theorem can be seen in Fuller (9).
We have shown in section 2.3, that I(wk) is approximately unbiased
but not consistent, therefore, we use better estimator for f(wk),

say, f(wk) where

82 P P
£ (w, ) = 57 [(2 a. e ) (i a, e )] (5.3.1.3)

where aj, j=1, 2, ..., P are maximum likelihood estimates of aj,

a, = 1. Recall

0
T T I(w)
f(x.|a) = (2m) T exp (- [ L log Qrf(w,)) + & —— 1}
e 2 k=1 K ey £00)
(5.3.1.4)

Thus, by substituting E(wk) for I(wk) in (5.3.1.4), then we get

. ) T T £(w)
f(ET[é) = (2m) /2 exp {--% [ £ 1log (Zﬁf(wk)) + =z f(wk) 1}
k=1 k=1 k
Then
T T
log f(leé) = - %-log 2T - %- I log 2m + %- I log f-l(wk)
k=1 k=1
1 T
-= I f@w)/f(w)
N
where

P L
a = (al, 3ys wens aP)

Thus
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a ~ ~
log f(x;|a) o1 'g 1 af(wk)
%, 2 2 TG 33
(w) 2 P -iwj P dwj -2
32 =2—n[(2 a; e ) (2 ay e )]
h| j=0 j=0
-iw j P iw, j iw j P -iw j
[e ) (I 4, e “)4( ¥)(za, e ¥
j:O J j=0 J
2w P 2 27 2 ~
= —— 3 e £ '
(02) [£(w )] (2 cos (w 3)) + (62) [£(w, )] c'ya
where

Ejj = (2 cos (wk(j-l)), eees 2 COS (wk(P-j)))

A

a=(ag, 3y, +eey 8,)'5 13 <P

t
Let us define C to be a matrix P x P, where the j B row of C is Eﬁj’

then
aE(wk) am. 2 24+ &y [fu )]2 c 2
—5z " (0—2) [f(wk)] = 2 k (5.3.1.5)
where
L -
d' = (2 cos wk, .y 2 COS P wk)
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3 log £(x, 2) T 3 (w)
= =] k
therefore
9 log f(x la) T - 2 .
=T '= 1 2m 1
- =-5 I (=) [fWw)] ca (=
4 2 k=1 02 k f(wk)
T 2
1 2T 2 1
-5 I =) [fWw)] 4d () (5.3.1.7)
2 k=1 c2 k f(wk)

The particular parameterization of the spectral density which will be

considered is

1 _
f(wk) j

N 3

e, « y.(w)
L3 Tk
where e = (el, €5 +nes en)’ is the parameter vector. The integer
n will be assumed to be fixed and the set {yj; j=1,2, ..., n} will
be assumed to consist of known functions.
It can be shown that the reciprocal spectral density of an AR(P)

parameterization may be written as

= 5 ey * cos ((j-l)wk) (5.3.1.8)

where the relationship between the parameter vector e and a of the

AR(P) is
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a k); j=1 (5.3.1.9)

4m
2 2p?
g

j=P+1
and yj(wk) = cos [(j-l)wk]; j=1, ..., P+1

Thus, by substituting in (5.3.1.7), we get

.
f(wk)

3 log f£(x.la) T . .
—T—=-12 & cenican e
2 k=1 ©

T ~
-3 2 & Emnian e
k=1 o©

where h' = (cos(0), cos (wk), vee, COS (Pwk))

3 log E(ﬁ la) T - ~
=02 & Gwnicanle
< k=1 o©

1 T 2w : 2

-G I E@N dh'le=Be

k=1 o©

where
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T T ~
27 - 2 "~ 1 2 2 '
B { F3 5 P et can v g I D G any

B is P x (P+1) matrix. In addition, we need to find

3 log £(xgla, o)

36

3 log £(xpla, o) | T @)
-~ = -7 2
302 2 k=1 302 f(wk)
where
Bf(wk) f(wk)
3G 52
Therefore
~ =-3 z RIS (5.3.1.10)
30 k=1 g Yk

Thus, by substituting ??%—T in (5.3.1.10), we get
k

9 log f(x [3, 02) T f(w,)
27 1 k .
A = - ? 2 AZ : E 3
I} =] O
T E(w
= 1" e wherel' = _% 5 Azk) h'
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h' = (cos (0), cos (wk), ce., COS (Pwk))

Let us define m = (al, sees 3ps 02) = (a, 02).
shown that

9log £(xy|m) |

dlog £ (xp|m)

Then, it is easily

= )&
ph]
3 log f(xp|m)
362 ]
Be B
= = e=Ae
1'e 1
where A is a nonsingular matrix (P+1l) x (P+1l). Thus,
el 3 log f(xp|m)
= om
-1 1, . af(ﬁmlﬁ)
f(i'l' Iﬂ) om
Then
1 3¢ (xp [ m) .
~—— dG (g|m)

B(xq ig) . om

_g(nle) dc(e)

o fGxp[m) °m £ (@)
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5xp) 3m) 1 g@mle) of (xp|m)

= a1 =17 .
" e [ xp) @ Tixpw £ (@) om

=t J 2= acqle p PGy lm) i
B e (m dF (xp |m) "f@ = om (e)

where,

dF (xpm) = £Gaplm) 30xy)
and

dc(mle) = gmle) 3(m)
since é_= f(§T), then

dcmle) = 3] aF(eg )

where
3(xm)
_ =T
MTC)
Thus
3£(x |m)
~ -1 2 1 —T '~
E(elm) = A J R i— ——— dG(e)
gim e £ (m o £,
ag(iT IE)

£ (m) Y

+ dG(e)
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since, there is a 1 - 1 relationship between e and m, therefore

fxple) = £Gap|m)

By interchanging the order of integration and differentiation, we

obtain

2 af(x )
~ . _l J . —T
E(elm) = A £ @ = (5.3.1.11)

We obtain empirical Bayes estimator corresponding to (5.3.1.11) by

~ of (-}ET)
substituting consistent estimators for J, f(m) and




CHAPTER VI

6.1 Analysis of Multiple Series
The spectral representation of vector time series follows in a
straightforward manner from that of univariate time series. Let us

suppose that

xl(t)
X, (t)

x(t) =

xP(t)

is a multivariate Gaussian process with zero mean and continuous
spectrum.
If we let f(w) denote the matrix with typical element fjm(w),

we have the matrix representation

™ iwh
T'(h) = J e f(w) dw
-7

8

£(w) = e7IVR )

N[
3
™

h..oo
Therefore, the estimate of f(w) can be represented in matrix form,
by the expression

DTy ) cn)
h=-

Ew) = 3=

which is called a weighted covariance estimator. The weight function

WM(h) is called a lag window, and integer M is the lag number, and

57
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C(h) denote the matrix with elements Cj m(h), where
b
N-h

1
= e 2 . = -
cj’m(h) N o1 xj(t+h) xm(t), h=20,1, ..., N-1

Thus, the vector finite Fourier transform can be written as

1 N -iwt
Z(w) = _l—/2 I x(t) e
(2mN) t=1

and the periodogram matrix is
W) = Z(w) Z% ()

where asterisk designates conjugate transpose. Then, the smoothed
periodogram estimator is

A (v/2]

f(w) = z K(w—wk) IN(wk)

- _5_]

where Wy = gﬁ& and K(w—wk) is called weight function. For the Daniell
: =1
estimator K(w - wk) =¥

6.2 The Complex Wishart Distribution
Let X5 Xgs ceey Xp be independent N x 1 vectors, each complex

normal with O means and covariance matrix £, then the N x N matrix

has a complex Wishart distribution with P degrees of freedom and co-

variance matrix I, denoted WC(P, N, Z). The density is
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-1
_ l. = IWIP—N e-tr(z W)
) H

where P > N, W > 0 and

Tr)(1/2)(N-1)N

I (®) = ( I (P-j+1)

==

6.3 The Approximate Distribution of Smoothed Spectral Estimates

Recall, the Daniell estimator

-1 -
¥ T a Iy (w-w ) (6.3.1)

where n = 7 and r is given by

XL
2

m
r = N/T J_" WMz(w) dw

Then, it can be shown that nf(wk) is approximately the sum of n in-

dependent, identically distributed random matrices of the form
= *
IN(wk) Z(wk) Z(wk) (6.3.2)

where Z(wk) has multivariate complex normal distribution with mean 0
and covariance matrix f(wk). Goodman (10) has found that the sum of
n independent identically distributed matrices of the form (6.3.2)

has the complex P-dimensional Wishart distribution.

6.4 Empirical Bayes Estimate of a 2 x 2 Spectral Density Matrix
In section 6.3, we have shown that S has the complex Wishart

distribution WC(Z, n, f(w)), where
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(n/ 2]
S = I I (w, -w)
v=-[?:£ NY'k
2
fxx(wk) fxy(wk)
f(wk) =
fxy(wk) fyy(wk)
and
£ (Slf) - |S|n_2 exp[-tr f-lS]
n 2

T Tn-1) |£]®
j=1

Using (6.4.1) we can write

|s]

el sl = vy

£l

Thus

log fn(Slf) a log lSIn—z - tr(f-lS)

Recall,
; £\
. XX Xy
S=nf=n )
£ £
Xy yy
then
s| =n?( £ -£ 2
XX'yy Xy

with

(6.4.1)

(6.4.2)

(6.4.3)
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>
>

£ -2f
vy Xy
P = R .
-2f f
Xy XX
-2
31 s|® S
& 1! ™ e @ Tt

er (£1s) = 'llfl"l' (Exxfyy + £ )

£ -2t f
XX yy Xy Xy

Then it is easily verified that

d log £ (slf)
f S 1 n
TeT " (n-2) ST~ & 3 (6.4.4)

Therefore, we can obtain empirical Bayes estimate for 8, from (6.4.4)

where 6 = 17?r
. slog £_(£|£) )
f jpy .n-2 £ 1 n
E(—l?[-|f) = TA nJ > dG(£|£)
3 ~
~n2 _f _ljﬁ’-f“(flf) dG(£]£)
n [f] =n fn(§|f)

) A A
a2 : -ijﬁfn(flf) . fn(flf) dG(£)
n |f] n fn(flf) £ (P
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(
_—T (6.4.5)

where £_(f) = J £_(E]£) d6().

Thus, we can get empirical Bayes estimator corresponding to
(6.4.5), by substituting consistent estimators for fn(g) and
%F fn(g). Since Z(wv) has multivariate complex normal distribution
with mean zero and covariance matrix f(wk), therefore Z has multi-
variate complex normal distribution with mean 0 and covariance matrix
1

;-f(wk), since Z and S are (conditionally) independent. Hence the

joint conditional distribution of Z and S can be expressed as
£ @, sle) = £@le) - £ (sl

It follows from (6.4.4) that

dlog £_(S|f)
S 1
f = (n—2)-|—STIfI -3 Ifl 3;

Let us write f as
f=A-B

where A = (n-2) TET lf|

dlog £ (Slf)
L gl 3

n oP

(o]
]

then

JA dF(£|z, s) = J(n-Z) Tz—r |f| dF(£|Z,S}
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S
5|

£(Z|£)f_(S]|£)
Jlf[ 1 dG (f)

= (ee2) 1 E@Z5)

Using (6.4.2) we can write

s (.~ Is] £-1610)
@2 /¢ @10 G £ 0

s fn_l(Z,S)
m-1 fn(Z,S)

slog fn(Slf) f(EIf)fn(slf)
5P fn('z‘,S)

B dF(f|z,S) = & |£ ]

—

dG(f)

f_(s|f) =
J 1 Ifl n f(Z]f) 4G (£)

n oP ) fn(fas)

1 1
n

3 _
AR J|f| £_(S|D)EE|E) d6(f)

(assuming we can interchange the order of integration and

differentiation). Therefore, by using (6.4.2) we can write

1. _ 1 3 S 3
S £.Z5) e J‘(BTiTl(n-_l) £, (SIDEE|E) da6(D)
1 1 N

n(n-1) (n-2) £ (Z,5) Y [lSIfn-l(E’S)]

= 1 1 3 - S . —
TIED @D LGS sl g2 £ @) +2 - £ @E,9)]




Thus, the empirical Bayes estimator of f is

S fn—l(z’s)

. +
n-1 fn(Z,S)

E(f|Z,s) =

1 1
n(n-1) (n-2) fn(Z,S)

S
n

s| & £ @ +35 _ @,9)]



CHAPTER VII

The Estimation of Moving Average and Autoregressive

and Mixed Models, Using Spectral Methods

7.1 Moving Average
The likelihood function of MA process, under Gaussian assump-

tion, can be written as

-T/2 -1/2 -1

L(xgm) = (2m) |z exp {-1/2 x', £~ x;} (7.1.1)
Therefore, it is a function of quadratic form EjT Z_l Xpe In section
5.2, we have shown that

T

x' rt ERL —Y (7.1.2)

k=1 f(wk)

Thus, in order to get an approximate maximum likelihood estimator, we

have to minimizez(_'T Z-l X This leads to the equations
q T I(w.,) cos (k-1)w,
I o = L l-osk=1,2, ..., q05=1
1=0 j=1 f (wj)
(7.1.3)
where
2 q . 2
o}
f(w.)=§—|2 O‘kelkwl
J T k=0

These equations are very difficult to solve. If we replace f(wj) by

f(w,) then our estimation equations become

65
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q T I(w.,) cos (k-1)w,
~ (1
b al( ) g S l-o;x=1,2, ..., q
1=0 j=1 £f7(w,)
’ a =a D o1 (7.1.4)
O 0 . .
The superscript (1) on &l(l) is meant to differentiate it from the
other estimator, &1.
Hannan (11) has shown (7.1.4) does not given an improved esti-

p ¢ Y]

mator and he found that o gives us a better estimator, i.e. an

asymptotically efficient estimator, where

MACO NP PR Y (7.1.5)

We can write (7.1.4) as

s - 21 ; (7.1.6)
where A is a q x q matrix with entries (A)ij = gi—j; i,j =1, 2, ,
and

-1 T ~2
a, =T I I(w.) cos (kw,)/f“(w.); k=0,1, 2, ..., q
k =1 h| b |
J
Theorem 1

Let X, be generated by a moving average of order q, i.e.

X =€+ 0, € + ... + 0o =€ = =1

t t 1 "t-1 q t-q *

k ft-k’ %0

O ™M

for which the zeroes of h(m) must lie outside the unit circle, i.e.

X, is invertible, and €, is iid N(O, 02) then &(1) converges to o and

t
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/E (&(l) - &) is asymptotically normal with zero mean and covariance

matrix Q-l, where ¢ has ¢(i-j) in row i, column j, and

o(k) = =

T 1 1Ak
27

~ e dA
- @ |?

Note: h(m) = 1 + a,m + azmz + ... + aqmq. See Hannan (11) for proof.

7.2 Autoregressive Process

Let us assume that we have a pth order AR model, i.e.

It can be verified that approximate maximum likelihood estimators

satisfy in the following equation.

P .(1) T
z Bl L I(w,) cos (k-1) w, =0; k=1, 2, ..., p
1=0 j=1 J
éo(l) -1 (7.2.1)
and
2 0B o
f(w,) = _2_“_ I T Bk elkWJ ] 2
J k=0

We may write (7.2.1) as 3(1) = --B-l b where ﬁ is a p x p matrix with
T
s i,j=1, 2, ..., p and b, = T-'l z I(wj) cos

entries (ﬁ).. =b
ij k j=1

i-
(kwj); k=0,1, 2, ..., p.
Theorem 2

Let X, be generated by a autoregressive of order P for which
the zeroes of g(m) must lie outside the unit circle, i.e. X, is sta-
(e

: A 2
tionary, and e is i.i.e. N(0, ¢7) then converges to B and
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YT (3(1) R) is asymptotically normal with zero mean and covariance

matrix W-l, where ¥ has y(i-j) in row i and column j, (k) =

T . - .

L ____%;____ellk dA and B(l) = 28 - 3(1).

2m iA 12
-1 lge™)]

Note: g(m) = 1 + 81m + 82m2 + ... + Bpmp. See Hannan (11) for proof.

7.3 Empirical Bayes Estimate of the Moving Average Parameters

- (1) o o7t

In Section 7.1, we found that & “ N( 75 s HETO- Thus,

. - a9 - o
£GP wa exp (- 2= @1 -3 o @B - 5y

~ Q
log fQZ(l)Ig) . - %f (é(l) =) 0 (a(l) 7%5

Now

3 log f(é(l)Jg)‘= 1l (a(l) 2
25, (1) T’

for which

o= /2 5 2 log fgz{))l_) b ogl/2

In order to determine the empirical Bayes estimators, we substitute

a consistent estimator for ¢, then we have

/2 1), 325 3 log f(a(l)la)
&= o Z (1)

Therefore
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3 ~
@(1)15_ (g_(l))

+ T3/2 5

“(D),_ /2 S

E(g‘g ) f(&(l))

(1)) _ 3 _

By estimating f(a( )) and f' (a ~(1) f(a( )) consistently;

however, we obtain an empirical Bayes estlmator for a.

7.4 Empirical Bayes Estimate of the Autoregressive Parameters

We noted previously that B(l) ~ N ( L w-l/T). Therefore,

:
£ Do exp (- 3 @ -5 vt @D - o)

~ B
Le® -5

- . 8

)

In order to get the empirical Bayes estimators, we substitute a con-

sistent estimator for T—l, denoted by Q-l, then we have

» -~ gy -1 s _E

1og 1P |pa - 1 D - 5D ¢ e -
where

~ P -1 .

¥ = {150 By by} B
Now

3 log %fﬁfl)lﬁ) 13 ~-1 (éfl) _ 7%

38 (1) T

for which

g = p3/2 § _dlog f(§_1)|8) 7t/2 éfl)

23D
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p - > ccal) -
81Dy - /2 5 | p3/2 J 3 log fg%i) 8 46 @5®)
8 °8

9 ~(1)
- . £(8777|8) = (1)
= /2 g1 4 32 J ) s 9 s (llﬁl-dc(e)
8 £(8°77|R) £(8°7)
2w, g FE )
_ A2 ), 32 (7.4.1)
LI toee)

We obtain empirical Bayes estimator corresponding to (7.4.1) by sub-

stituting consistent estimators for f(E‘l)) and

d g (1)
ag (1) EETD.



CHAPTER VIII
Estimation of the Autocorrelation (Serial Correlation)

In regression analysis of economic time series a situation often
arises in which a certain observed quantity represents a dependent
variable at one time and an independent variable at a later time, for
instance, the fol;owing relation may exist between X, (price at time

t) and Xy (price at time t-k).

£ = Pk X + € where k > 1

th . , . .
A k7 order serial correlation, Py» 1s a measurement of a serial de-

e .
pendence between X, and Xk

8.1 The Estimation of Serial Correlation
= > i -
In the process X, Pr Xk + €ps k > 1 where the €, are indepen
dent drawing from a normal distribution with mean zero and variance
2 -
¢~ (known), the parameter Py may have any positive or negative values.

The process will only be stationary one if lpkl <"1l. It can be

shown that, the conditional maximum likelihood estimate of Ok is

ek *t

In most cases, 5k is denoted by Ty where

71
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T
z X X
= S
k r o,
I x ¢
t=1
T 2 T 2 T-k 2 2
since both & x . and I x ek = I x . estimate (T-k)0° in
t=k+1 t=k+1 t=1
the case of stationary process with mean zero these may be replaced
T
by I xzt (possibly multiplied by (T-k)/T).
t=1

8.2 Empirical Bayes Estimate of P

Recall,

T

z X, X
~_ t=ktl t Ttk
Pk T

2
L F ek
t=k+1

T-1
z X, X
A t=k#1 © K *r *pk
o, = +
k T T
z x2 z x2
e=k+l K oy UK
Thus,
2
c X
1 -k
ECop |y s Xn 1) = —+ ——X o
k!"k T-1 ul ul k
where
T-1 T
C, = L X. X u, = x2
1 tTe-k’ 1 t-k
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Xr_q = (xl, Xgs oo xT—l)

Therefore
2
. u Y1
£ Loy Xy 1) = g exp 2 2
T-k 20”7 x
T-k
or
C X2 X2
N 1 T-k T-k
(o loys xp ) - N [(u_+ u KW T2
1 1 u
1
It is easily verified
d o
= £ lo, , x; ) 2
dok k' "k’ =T-1 _ uy (5 ) El._
£(0, [Py » Xm_q) 2 2 k u
k'"k? =T-1 ¢ X i 1
Thus
d ~
2 a5 EGlews 2 )y g c
0 -9 . k + _ 1
u £(o, (P> Xm_q) 2
1 k!Pk> Ep-1 S
By taking expectation, we get
u, 0
~ 1k c
By loys 2p) = 57 - 3
¥rk ¥k
d A
52 J a5, £@ oy, xp ) ;
+ — dG(e, [P, , X
uy o £ 101 Xp_;) k'"k’ =T-1

)

By using the law of conditional probability, we have
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d ~
T £o ey xp_p)

J dey -
- dG (py |y s Xp_q) =
Py £(6, lo» xp ;) k1Pk? =1-1

d -~
—— £(p, |0y X 1) A
dp, k1P -1 206 ey, xp_ 1) 8 oy Xp_p) dRy

o (o [Py X ;) If(ok, Xp_110,) dG(p,)

4

J a8, £ oy 2p 1) 8 (o X ) APy
Pk

= £(0,, Xm 4]0.) dG(p,)
[pk k> =T-1'"k k

By interchanging the order of integration and differentiation

d -~
df, Jok oy loys 2y 1) & (oys xpp) dPy

J £(Py» Xp_pley) dGloy)
°k

d ~
EE‘[ E(Os Py Ep_y) doy
d ~
B, FCe X))
£Cs Xp_p)
Therefore, we get
d o
u,p c dé f(pk’ X7 l) 2
E(,le,, xp ) ; ko 5 LS kf(o ) L
x X K Zp-1 Y1
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We obtain empirical Bayes estimator, by substituting consistent esti-

P
Kk Xrop) and o (6, xp g).

mators for f(5



CHAPTER IX
Unobservable Variables in Regression

9.1 Unobservable Variables and Errors in Variables

In econometric analysis, we often find that there are variables
which affect the observable variables but which are not themselves
directly observable. Unobservable variables may be due to measure-
ment error in the observed magnitudes, and variables such as ''Perma-

nent Income'" or "Expected Price'" are examples.

9.2 Statistical Consequences of Errors in Variables

When errors and inaccuracies exist in explanatory variables x,
what effect will this measurement error have on the sampling properties
of the conventional or least squares estimator?

Let us assume

Suppose that En and x  are independent for all m, n where ei's are
i.i.d., normally distributed with mean zero and variance 02 (02 is

known) .

First, we discuss the case j = 1, that is,

t t

x* =x +u (9.2.2)
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x*t is the observed or measured value of the true value X, and u,

denote errors of observation. Substitution of (9.2.2) into (9.2.1)

results in

wk -
Ve B(x N ut) + €

t

or

c x* e, where e ¢ But

<
I

In this case, even if we make the usual favorable assumptions that

u, and Et are mutually and serially independent with constant variances
2
G ) =0,

and 02), independent of the true value x, and E(ut) = E(e

t t

so that x*t - E(x*t) =u, the covariance between x*t and e does not

vanish because

E[x*t - E(x*t)]et = E ut(et - But) = -Bczu

Thus the classical assumption that the stochastic term is independent
of the regressor is not met and the least squares estimate of the

parameters will be biased. The bias of

- T _ _ T _ 2
B = .Z (x, - x) (v, "Y)/.Z (x, - x)
i=1 i=1 .

T —

A i (xt - x)et

E(B) = 8 + E | =
> -2
I (x. - x)
g=1 °©

The bias will not disappear as the sample size becomes infinity large,

and the inconsistency is reflected in terms of the probability limit as
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P lim (é—B) = P lim L

where

T

-2
= i z -
Ux* P lim ! (xt x) /T and

T
=P lim 2 utZ/T are assumed to exist.
1

g 2

u

The asymptotic bias indicates that 8 will always underestimate B by
Bo 2

u , . 2
> which can be small only if o, or Ok

5 is relatively larger than
X
cuz. In other words, asymptotic bias can be small only if the varia-

tion of the true variable is large relative to that of the measurement

errors.

9.3 Estimating the Coefficient (B), Using Spectral Method

Recall, we have the relation between spectral
i
A) =
fyx( ) = 8e™" £_(X)

If we assume, that X, is stationary with absolutely continuous spectrum,

then we can estimate B from the approximate relation.
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21k

~ _“i)\kA _
fyx(xk) =B e fx(lk) where Ak = 5

A

fyx’ fx can be computed from mean corrected data. Thus

M f .
O S T U 1
M BN

It can be shown that for large T, the distribution of the /T (é-B) is
£ (D)
normal with mean zero and variance o J ?ETTT dA, see Hannan (11).

9.3.1 Empirical Bayes Estimate of B8

We noted previously that

. 8 1 T fe())
B ~ N (7— , V) where V = 7T j fx(l)
-7

dx

Therefore

E(Blo) = exp (- 3z (B - G073

log £(3]®) = - 3= (- 50)°

In order to get the empirical Bayes estimators, we substitute a con-

. sistent estimator for V, and is denoted by V, then we have

log £(8]8) = - 35 (B - 5p°

where
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d log £(BlB) _ 1 .2 B
6 =/T 5+ v /2 4 log £(8]8)

dg

Thus,

B(p|d) = /T 4+ ¥ T/ [ d 1°gdfé(éls) a6 (8]
8

d ~
— £(8]8) A
dg . £(8]B)
FGR f(m 4¢ (8)

[}

&)
W >
+

<>
]

|--l
~
[\
’g;

(9.4.1)

We obtain empirical Bayes estimator corresponding to (9.4.1) by sub-

stituting consistent estimators for £(B) and %g £(R).

9.4 Unobservable Variables in Linear Regression With MA(q) Errors
In this section we are concerned with estimating B8 in the linear

model with moving average errors of order q. This model is given by

Ve = B X, + u.s t=1, 2, ..., T

and
+ €
%q “t-q

2 2
where E(et) =0, E(e t) =g, E(etes) =0

For q = 15 up =e_+a €. c

1

for t # s and |a| < 1. The covariance matrix for u, is
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' _ _ 2 2
E[Et u' ] = Ou W where 0 © = 0 1 + a%).
1+ o? o 0 X 0 0
o 1+ a2 o . 0 0
2
0 o 1+ a . 0 0
w= L] . L] LN L] L]
0 0 0 ) 1+ o? o
0 0 0 .o o l+a

x' w-1Xx

Estimating the Coefficient (B), Using Spectral Method

Recall, we have the relation between spectral

ix

fyx(k) = Be fx(k)

If we assume, that x, is stationary with continuous spectrum, then we

t

can estimate B from the approximate relation.

p P 0.8 . © 2tk
fyx(lk) = Be fx(l = —

where fyx’ f can be computed from mean corrected data. Therefore
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. M £ () -ir
B = =— z azzﬁ——— e
M ey fx( k)

k

It can be shown that for large T, the distribution of /f(é—s) is

normal with mean zero and variance

1 Jﬂ fu(k)
27 —r fx(l)

d\, see Hannan (11).

9.5 Unobservable Variables in Linear Regression With AR(P) Errors
In this section we are concerned with estimation of the linear

model
Ve = th + us t=1, 2, 3, ..., T

where the u'_s are autocorrelated, and

t
ut = pl ut-l + p2 ut_2 + ... F Pp ut-P + €¢
For P =1, u_ = pu + ¢, where E(e_ ) = 0 E(e2 ) =0 2 E(e,e ) =0
R t-1 t t ’ t e’ t's
for t # s, Iol < 1l. The covariance matrix for u, is
T-1
rl o p2 . e P _7
P i o .. oT2
2 0? 0 1 c.oopt3
Elu u ']l = Je
-t -t ° 7 2
l-p 0 . . . .

We can use 2 step least square method for estimating B and p.
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9.6 Empirical Bayes Estimate of B With AR(P) or MA(q) or ARMA(p,q)
Errors
We noted previously that
™
£,

3 B .
B ~ N (75, V) where V = 7T J_ RE
T Tx

dA

~ 1 2 g (2
Therefore £(8|8) = exp {- 5V (B - 7EQ }

- 1 ~ B2
log £(8|8) = - 5% (8 e
In order to get the empirical Bayes estimators, we substitute a consis-

tent estimator for V and is denoted by V, then we have

1

” - 2
log £(8le)= - 5 (B - £p)

where

6= Fps T2 4 1ogdfé(sls)

Therefore

EBR) = /T 8+ v 1t/2 J d 1°gdfé(-3[3) dG (8| 8)
8
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= /T B+ TV (9.6.1)

We can obtain empirical Bayes estimator corresponding to (9.6.1) by
substituting consistent estimators for f(é) and %E f(é). We can
generalize the simple linear regression case to a multiple regression,
in which we have P explanatory variables (P > 1), with AR or MA or

ARMA errors.
9.7 Regression With Time Series Structure in u_ and x

t t

For the linear model X, = 8 X, + u,, we have considered various

time series model about U, where the independent variable(s) X, does
not follow any 'time series model". However, when u, follows an ARMA

process, it is possible that x, also follows an ARMA model; therefore,

t
we can write the model as
Ve = B X, + u, where
ug + al -1 + a2 U, + ...+ Q u _p = € + Al et-l + ... + Aq
xt + Yl xt-l + Y2 xt_2 + ... + Yf xt-P = et + Ol £-1 + ...+ Oq t—q

Let's consider the simple model.

B +
Xp T U

«
-t
u

[
]

+
pu Et

t t-1
= e
( T B
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Where the e, are normal independent (O, oez) random variables, the
€, are normal independent (O, 082) random variables, e, is independent
of sj for all t,j and [p| <1, |A| < 1. For known p the GLS estimator

for B is given by

T
2
@) xyyy F czz (x, = ex ), = 0y,_5)
o T 2. 2, I 2
(1-07) x. "+ T (x.- Px,_ ,)
1 ey X t-1

Estimating the Coefficient (B), Using Spectral Method

Recall, we have the relation between spectral

i\
fyx(x) =B e fx(k)

If we assume that X, is stationary with continuous spectrum. Then we

can estimate B from the approximate relation

: = 8 o1 £ .oy = 2Tk
E ) = B el K E () A = 50

A

where fyx’ fx can be computed from mean corrected data. Therefore,

£ (A -iX
é = —]z'ﬁ Ig ; ()\k; e .
k=-M fx( k

k



CHAPTER X

10.1 An Example

The monthly seasonally adjusted United States layoff rates
and total accession rates in manufacturing from 1966 to 1977 is
given in Table I. (See Amini (1).)

Let the layoff (or total accession) rates at time t be repre-
sented by X, The usual relationship assumed between layoff rates

(or total accession rates) at time t and time t-1 is of the form

(xt - ) = o(xt_1 - u) + ¢ (10.1.1)

t

where u and ¢ are the unknown parameters, and €, is a random error.
This assumption will be made here and tested. If this is the true
model, then the residuals constitute a white noise process. Thus,

if the true values of the €, were known, then the sample autocorre-
lations of the residuals would give a very clear indication of any
departures from white noise behavior. Unfortunately, in practice it
is necessary to_estimate the coefficient of equation (10.1.1), and so,

denoting the estimate of p by p. What one has available are estimated

residuals.

e, = (x

¢ g T W) melx W

It seems reasonable to expect the autocorrelations

™
N
[}
S~
[ e o |
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TABLE I.

The Monthly Seasonally Adjusted United States Layoff Rates in Manufacturing (per 100
Employees).

Layoffs
Year Jan. Feb. Mar. April May June July Aug. Sep. Oct. Nov, Dec.

1966 1.2 1.1 1.1 1.1 1.1 1.2 1.5 1.2 1.0 1.1 1.2 1.3
1967 1.4 1.5 1.6 1.5 1.4 1.3 1.4 1.3 1.3 1.3 1.2 1.2
1968 1.4 1.3 1.2 1.2 1.2 1.2 1.3 1.3 1.2 1.2 1.1 1.1
1969 1.0 1.1 1.1 1.0 1.0 1.3 1.1 1.2 1.2 1.3 1.3 1.4
1970 1.5 1.7 1.8 1.9 1.9 1.9 1.6 1.9 1.9 2.2 2.0 1.7
1971 1.7 1.5 1.5 1.5 1.6 1.5 1.5 2.0 1.7 1.5 1.4 1.3
1972 1.2 1.2 1.1 1.2 1.1 1.4 1.3 1.1 1.0 1.0 .9 .9
1973 8 .7 .8 .8 .8 .8 1.1 .9 .8 .8 9 1.1
1974 1.3 1.2 1.1 1.1 1.1 1.2 1.2 1.4 1.4 1.9 2.4 2.5
1975 2.9 2.9 2.6 2.5 2.5 2.2 1.7 1.7 1.7 1.6 1.5 1.3
1976 1.1 1.0 1.2 1.3 1.3 1.4 1.4 1.5 1.5 1.5 1.3 1.2
1977 1.2 1.4 1.1 1.1 1.1 1.2 1.3 1.3 1.3 1.1 9 1.0
1978 .9 .9 .9 .9  Proo

p = preliminary.

6 = .60150599 o = .46388790

L8



TABLE I. (Cont'd.)

The Monthly Seasonally Adjusted United States Total Accession Rates in Manufacturing
(per 100 Employees).

Total Accession
Year Jan. Feb. Mar. April May June July  Aug. Sep. Oct. Nov. Dec.

1966 4.9 5.0 5.3 5.1 5.0 4.9 4.9 5.0 5.0 4.9 4.7 4.7
1967 4.5 4.4 4.3 4.3 4.4 4.5 4.4 4.3 4.4 4.4 4.5 4.6

1968 4.4 4.4 4.6 4.6 4,6 4.5 4.5 4.7 4.6 4.8 4.9 4.9
1969 4.9 4.8 4.9 4.9 4.7 5.0 4.7 4.5 4.7 4.6 4.5 4.6
1970 4.4 4.4 4.0 4.0 4.1 4.1 4.3 3.9 3.9 3.8 3.7 3.8
1971 3.8 3.7 - 3.7 3.8 3.8 3.8 3.8 4.0 4.0 3.9 4.0 4.2

1972 4.3 4.3 4.4 4.3 L 4.2 4.3 44 4.4 4.6 4.6 4.9
1973 5.0 5.1 5.0 4.8 4.7 4.6 4.6 4.6 4.7 4.8 4.9 4.7
1974 4.7 4.6 4.5 4.5 4.6 4.3 4.2 4.1 3.9 3.6 3.1 3.1
1975 3.1 3.2 3.2 3.7 3.6 3.7 4.0 4.0 3.8 3.7 3.8 3.9
1976 4.1 4.2 4.3 4.1 4.0 3.8 3.8 3.8 3.7 3.6 3.9 4.1
1977 4.0 4.6 4.2 4.0 4.1 3.9 3.8 3.8 3.9 3.8 3.9 4.5
1978 4.0 4.0 4.0 4.2 4.1 P3.9

~ A

p = .50531292 p = .30782837
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TABLE II.

MSE and Standard Error of MSE for the Estimates of the
First Order AR Parameter.

p ~ u(.455, .555), ¢~ N(0, .002)

Classical
MSE(p) = .0578743

Standard Error = .003081243

Empirical Bayes

»
Experiences MSE(p) S.E. R
12 .0319950 .000996953 .5528

o ~ exp(.71), € ~ N(O, .002)

Classical
MSE(p) = .0588847

Standard Error = .002955245

Empirical Bayes

~
Experiences MSE(p) S.E. R

12 .0398491 .001249441 .6767
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to yield valuable information about possible model inadequacies.
Therefore, the comparison of rk(é) with bounds + 2 S.D. (rk(é))
should provide a general indication of possible departure from white
noise behavior in the €pe The results of diagnostic checks are shown
in Table III. This indicates that a first order autoregressive model
is appropriate.

In order to use equation (lQ.l.l) for forecasting layoff (or
total accession) rates in a given year, for different months, the
parameter p must be estimated. Table III shows that the values of the
6 vary from year to year in an unpredictable way. Therefore, let us
assume that the values of the parameter (p) is a random variable from
year to year. At the time we wish to estimate oN (the present value
of p, i.e., p77), we have the sequence of observed values 266’ §69’

12 = (§66’ 567’ ceay &77) with le the

corresponding random variable. In the empirical Bayes method we used

Xygs +ovs Xoey X0 Let z

z,, to estimate p In the classical method we used X_, to estimate

12 77° 77

°77°
The results of these estimation methods are shown in Table I.

Note that the estimates do indeed differ. Which one is better re-

mains to be shown.

.10.2 The Simulation Study éﬁd its Results

In order to demonstrate the superiority of the empirical Bayes
procedure, we decided to simulate data similar to the data of the
previous example. o was constrained to be near .5, so that the varia-

tion in 5 would be similar to that of Table III. See Table IV.
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Table III

classical estimate of ¢

] V>

empirical Bayes estimate of p

S.D.(Si) standard deviation of p
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Table III (Cont'd.)

Layoffs
Year 51 S.D.(Si) Test of Model Ei
19€56 .2393 .2603 | yes* .5194
1967 .8143 .1676 yes .9341
1968 .9357 .1020 yes .7814
1969 .7098 .2032 yes .6779
1970 .3798 .2670 yes* -.5619
1971 .2899 .2762 yes* .6749
1972 .6668 .2152 yes .8669
1973 .3170 .2737 yes* .3942
1974 .7030 .2052 yes .7215
1975 .7520 .1903 yes .7813
1976 .8335 .1594 yes .9154
1977 .4639 .2550 yes .6015

*Indicates that AR(1l) is an appropriate model but Hy: p = 0
is not rejected.



Table III (Cont'd.)

Total Accessions

Year Py S.D.(Si) Test of Model Py
1966 .6660 .2154 yes .80140
1967 .5992 .2311 yes .51020
1968 .9401 .0985 yes .97260
1969 L4172 .2623 yes* .64470
1970 .9269 .1086 yes .63611
1971 .9255 .1091 yes .8447
1972 .9616 .0794 yes .9851
1973 .8221 .1643 yes .8754
1974 .7330 .1962 yes .9980
1975 .9331 .1039 yes .8261
1976 .7705 .1841 yes .7913
1977 .3078 .2738 yes* .5053

*Indicates that AR(1l) is an appropriate model but HO: o =0
is not rejected.



Sample of Simulated Data

Table IV

>

P
1 1.3 1.2 1.4 1.4 1.4 1.4 1.6 1.5 1.8 1.5 1.4 1.6 .6392
2 1.6 1.5 1.4 1.2 1.2 1.3 1.2 1.6 1.4 1.4 1.5 1.5 .3818
3 1.5 1.2 1.1 1.3 1.6 1.5 1.3 1.1 1.0 1.6 1.7 1.7 .4632
4 1.7 1.6 1.5 1.4 1.3 1.5 1.5 1.6 1.4 1.2 1.2 1.4 .5231
5 1.4 1.4 1.5 1.6 1.7 1.6 1.5 1.3 1.2 1.3 1.3 1.0 .8782
6 1.0 1.3 1.6 1.4 1.3 1.4 1.6 1.6 1.3 1.1 1.2 1.7 .1934
7 1.7 1.6 1.6 1.9 1.4 1.3 1.5 1.2 1.0 1.0 1.0 .9 .8115
8 .9 1.2 1.2 1.3 1.0 1.3 1.3 1.3 1.3 1.4 1.3 1.3 .3581
9 1.3 1.2 1.1 1.1 1.1 1.0 1.3 1.5 1.3 1.2 1.0 1.2 . 7484
10 1.2 1.4 1.3 1.5 1.6 1.5 1.5 1.5 1.2 1.5 1.5 1.1 .1204
11 1.1 1.3 1.5 1.5 1.4 1.4 1.5 1.5 1.4 1.5 1.6 1.3 4724
12 1.3 1.1 1.4 1.4 1.5 1.3 1.4 1.4 1.4 1.5 1.5 1.4 .7643

%6
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The empirical Bayes estimator (4.2.1) was investigated for
N = 12 (number of past experiences) so that the variation in p would
be similar to that of Table III. The observation x_t were construct-
i

ed according to the model. (See Table IV.)

Gog g mm) =gy g m W) ey

where 1 = 1, 2, ..., N denotes the particular experience and t = 1, 2,
«+e, 12 denotes the observation within the ith experiment. The values
for Py eij were randomly generated using uniform and exponential den-
sity functions for Ch and normal density function for Eij'

For each experiment, the estimate Si was found by (1.4.5) and
stored. The empirical Bayes estimate was found using past (and present)
values of Si’ i.e., Bi i=1, 2, ..., 12) were found and then Si.
i=1, 2, ..., 12 were used to obtain 512 (empirical Bayes estimate of
P12

In this manner a run of 12 experiences was simulated and empiri-
cal Bayes estimate was calculated. Since the true parameter values
were known, the squared error for estimate could be found, and by
averaging the results of 5000 repetitions of the entire run of 12 ex-
periences, the mean squared errors were estimated. For example, 512
was given independently 5000 times arid the average of the squared error
(512 - plz)2 was found.
The object of the Monte Carlo study is to compare the empirical

Bayes estimator SN given by (4.2.1) with the conditional maximum like-

lihood estimator 512 given by (1.4.5).
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Our criterion for comparison is mean squared error, and we there-

fore observe the ratio

empirical Bayes mean squared error
maximum likelihood mean squared error

Table II shows the value of R, MSE(p), MSE(p), obtained for the time
series of 12 observations for p ~ U(.455, .555),¢ ~ N(0O, .002) and

p ~ exponential with parameter B = .71, f(p) = l-e_p/e, where .455

< p < .530, € ~ N(O, .002). It was found that the empirical Bayes
estimators produced smaller mean sqﬁared errors than the maximum like-
lihood estimator (see Table II).

Note that the empirical Bayes estimators have about half the mean

squared error of the maximum likelihood estimators.

10.3 Summary
In this dissertation empirical Bayes estimators were obtained for:

(1) The autoregressive model, X, = ) i *e-j + s

I
o~

Q

X

(2) The moving average model, x

]

[ e J¥a
™
™
+
™

()

-

t

(3) The mixed autoregressive-moving average model,

(4) The regression with time series errors, Ve = th + u;

u, = pu + €

t t-1 t?

(5) The spectral density function, f(w),

(6) Multiple time series,
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(7) Serial correlation,

(8) Unobservable variables in regression.
The monthly seasonally adjusted United States labor turnover rates in
manufacturing were analyzed. It was found that the AR(1l) is an appro-
priate model for layoff rates and total accession rates.

Empirical Bayes and classical estimates of AR(1l) parameter, p,
were computed.

By Monte Carlo simulation the empirical Bayes estimator of first
order autoregressive parameter, p, was shown to have smaller mean
squared errors than the conditional maximum likelihood estimator for

11 past experiences.
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EMPIRICAL BAYES METHODS IN TIME SERIES ANALYSIS

by

Taghi M. Khoshgoftaar

Abstract

In the case of repetitive experiments of a similar type, where
the parameters vary randomly from experiment to experiment, the
Empirical Bayes method often leads to estimators which have smaller
mean squared errors than the classical estimators.

Suppose there is an unobservable random variable 8, where 8 ~ G(8),
usually called a prior distribution. The Bayes estimator of 6 cannot
be obtained in general unless G(6) is known. In the empirical Bayes
method we do not assume that G(8) is known, but the sequence of past
estimates is used to estimate 6.

This dissertation involves the empirical Bayes estimates of vari-
ous time series parameters: The autoregressive model, moving average
model, mixed autoregressive-moving average, regression with time series
errors, regression with unobservable variables, serial correlation,
multiple time series and spectral density function. In each case,
empirical Bayes estimators are obtained using the asymptotic-distribu-
tions of the usual estimators.

By Monte Carlo simulation the empirical Bayes estimator of first
order autoregressive parameter, p, was shown to have smaller mean
squared errors than the conditional maximum likelihood estimator for

11 past experiences.
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