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CHAPTER I 

1.1 Introduction to Time Series 

Most statistical procedures are designed to be used with data 

originating from a series of independent experiments or survey 

interviews. The resulting data, or sample, x., i = 1, 2, ••• , T 
1 

are taken to be representative of some population. The statistical 

analysis that then follows is largely concerned with making refer-

ences about the properties of the population from the sample. With 

this type of data, the order in which the sample is presented to 

the statistician is irrelevant. With time series data, this is by 

no means the case. 

A time series is a sequence of values ordered by a time param-

eter, such as hourly temperature readings. This dissertation con-

cerns the analysis of time series which are similar to the previous-

ly observed ones. Specifically, one assumes the existence of a 

population of time series and an underlying mechanism which generates 

independent parameters for each member of the population. We further 

assume that we have previously observed several members of the popula-

tion, Notice that we are not assuming the replication of a time 

series with fixed parameters. 

1.2 Purpose 

To illustrate the problem more clearly, consider a researcher 

in U.S. Department of Labor who is concerned with the relationship 

between layoff rates in manufacturing at time t and time t-k. Let 

1 
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the layoff rates at time t be represented by xt. The researcher assumes 

that the relation is of the form xt = Px + E where pis the un-t-1 t 

known parameter, and Et is a random error. In order to use this 

equation for predicting layoff rates in a given year for different 

months, the parameter p must be estimated. 

This is done by obtaining monthly data for 12 months on the lay-

off rates in previous years. For different years one might expect a 

similar relationship to hold between xt and xt_ 1 . 

It seems reasonable that for different years the parameter will 

not be same. In certain years, factors that have not been considered 

in the model, such as interest rate, consumer price index, inflation 

rate, etc., would effect a different relationship between xt and 

xt_ 1 • Therefore, for different years, the parameter takes on dif-

ferent values. 

The estimate of the parameter (P) for a given year is a function 

only of the data taken from that year. Intuitively, it seems that a 

better estimate could be obtained if we use the data taken from other 

years. 

It should be pointed out that the parameters themselves are dif-

ferent from year to year, and thus all the data can not be pooled to 

estimate the parameter. 

Let us assume that the values of the parame~er vary from year 

to year in an unpredictable manner, therefore they are random vari-

ables. If the parameter for each year was known, then the histogram 

might provide evidence for some underlying distribution on the 

parameter. 
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The underlying distribution of the parameter will be referred 

to as a prior distribution. However, the exact form of the prior 

distribution will not be known to the researcher. In the Empirical 

Bayes approach, the researcher does not assume any specific fort:1 

for the prior distribution. 

The main purpose of this example is to show how additional es-

timates of the parameter can be used to improve the estimate in the 

present situation. Various estimators using past information will 

be proposed and comparisons will also be made to the maximum likeli-

hood estimator. 

1.3 Covariance, Weakly Stationary and Autocorrelations, Consider a 

process xt, defined for all integer values oft. In general, the 

process will be generated by some scheme involving random inputs, and 

so xt will be a random variable for each 

will be an n x 1 vector random variable. 

t and (x , xt , 
tl 2 

' .•. ' xt ) 
n 

To fully characterize such 

random variables, one needs to specify distribution functions. Let 

the mean of xt be defined by µt' µt = E(xt), and the covariance be-

tween xt and x will be Y = cov (xt, x) = E[(xt-µ )(x -µ )], s t,s s t s s 

so that Yt,t is the variance of xt. The linear properties of the 

process can be described in terms of just these quantities. This 

dissertation concerns only the analysis of linear and weakly station-

ary process es. 

A process xt will be said to be weakly stationary if the mean 

of xt is equal toµ and the variance of xt = crx2 < 00 for all t, i.e. 

2 Ext=µ and var xt = cr < oo for all t and cov (xt, x) = Y = Y t s t-s s-
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so that, a 2 - y 
X - o' Thus a weakly stationary process will have mean 

and variance that do not change through time, and the covariance 

between values of the process at two time points will depend only 

on the difference in time between these time points and not on the 
Yt 

Let pt= , then pt will be called the autocor-
yo 

times themselves. 

relation of the process. 

1.4 The Autoregressive Model 

A process generated by the equation xt = axt-l + Et (1.4.1) 

where Et are uncorrelated (o, a2) random variables and lal < 1, is 

one of the simplest and most often used models in time series analysis. 

xt in equation (1.4.1) is called first-order autoregressive 

process. In general, the pth order autoregressive process is defined 

by the stochastic difference equation 

(1.4.2) 

Under the weakly stationary condition, xt can be written in the form 

X = t 

00 

r 
j=O 

b. e:t .• J -J 
(l.4,3) 

Mann and Wald (14) studied the estimation problem. 2 Let Et - N(O, a), 

then the maximum likelihood estimates a. satisfy the normal equations: l. 
T p 
r xt xt-j - r 

t=l i=l 

T 
a. L X • X • 

l. t=l t-l. t-J 
= 0 for j = 1, ... ' p (1.4.4) 

For the first order A.R. process, xt = ax 1 + E , the conditional 
t- t 

M. L. E.* is: 

*The computation of the maximum likelihood estimators is greatly sim-
plified if we assume that x1 is fixed and investigate the conditional 
likelihood. 
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T 
E xt X t-1 t=2 (1.4.5) a = T 2 l: X 
t=2 t-1 

1.5 Regression with Time Series Errors 

The model with first-order autoregressive errors can be written 

as 

Yt = x' B + u 
- t t 

t = 1, 2, ••• , T 

where 

x' t = (xl , t ' x2 , t ' • • • ' xk, t) 

E - N(O, a2) and E(E E) = 0 fort# s. Let us assume that yt = 
t t s 

S xt + ut and ut = Put-l + Et then yt can be written as 

Note: x's are explanatory variables, that is, fixed and known num-

bers, and o2 is known. 

The conditional M.L.E. for p and Sare 

(1.5.1) 

and 



with 

6 

T 
r (yt - Sxt)(yt-1 - Sxt-1) 

t=2 P=------------
T 
E ( Sx )2 

yt-1 - t-1 t=2 

Let, p be known, then 

r (xt - Pxt_1) (S) (xt - Pxt_ 1) 
=-------------

L (xt - Pxt-1)2 

= s 

and 

2 
var (Sip) = ____ cr ___ 2 

r (xt - pxt-1) 

Therefore, 

( S I P) • N ~' _r_(_x_t ___ cr_:x-t--1-)-2] 

When Sis known, then 

p = 

(1.5.2) 
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Let 8 = S, then we can write ut = yt - S xt and the M.L.E. of p 

is: 

Cochrance-Orcutt ( 6) have proposed a method for the solution of the 

normal equations (1.5.1), (1.5.2) known as the two step least squares 

procedure. 

1.6 The Moving Average Model 
q 

We shall call the time series xt, defined by xt =Et+ _r aJ. Et-J"' 
J=l 

where q is an integer, aj are real numbers (parameters) and Et are 

independent and normally distributed with mean O and variance cr2 , a 

moving average process of order q. 

It is easily verified that 

and Y = 0 for Isl > q. s 

Takings= 0 giv~s 

q 
}:: 2 var xt = Yo = a 

j=O 
a. 2 

J 

(1. 6 .1) 

for Is I ~ q 
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It is immediately seen that an MA(q) process, with q <~,is 

always weakly stationary. 

It follows from 1.6.1, that, for a moving average process of 

order q, the autocorrelations P are all zero for s > q. Thus, the s 

autocorrelation function takes a simple and easily recognized form. 

For example, consider the MA(l) process x = E + aE 1 which has 
t t t-

a 
first autocorrelation P = and clearly !P1 1 ~. 5. It can 

. 1 1 + a2 
easily be proved that the largest possible first autocorrelation pl 

achievable from an MA(q) process is 

Pl (max)= cos [n/(q+2)] 

A.1.6. The backward operator B, which is frequently employed for 

notational convenience, is an operator on a time sequence with the 

property Bxt = xt-l" Thus, on reapplication 

k B xt = x t-k 

This operator will often be used in polynomial form, so that d0 xt + 

d 1 xt-l + d2 xt_ 2 + ..• + dr xt-p can be summarized as d(B) xt where 

B.1.6 

Under stationarity condition, it is easily verified that AR(p) 

process could always be written in an MA(~) form. Suppose p = 1 then 

AR(l) (i.e. xt = axt-l + Et' lal < 1) can be written as xt = r 
j=O q 

r 
j=O 

aj E . since lal < 1 and aj ~ 0 as j ~ ~ 
t-J 
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1. 7 The Mixed Autoregressive-Muving AYerage Model 

An obvious generalization of the MA and AR models that includes 

them as special cases is the mixed model in which xt is generated by 
p q 

x + E a. xt . = e: + E a. e:t-k where e:t are uncorrelated and 
t j=l J -J t k=O J 

normally distributed with mean zero and variance 0'2 (known). 

For the ARMA(l,l) process xt + ax 1 = e:t + Se: 1 it is t- t- easily 

varified that 

(x ) = Y = 1 - 2aa +a2 0'2 var t 0 1-a.2 

yl = (l+aS) (a+ S) 0'2 
1-a 2 

Ys = cov (xt, xt-s) = (-a) Ys-1 s > 2. 



CHAPTER II 

2.1 Spectral Analysis (Introduction) 

The previous chapter was largely concerned with the description 

of time series in terms of models - known as the time domain approach. 

There is, however, an alternative approach, known as spectral or 

frequency-domain analysis, that often provides useful insights into 

the properties of a series. 

Let xt be a stationary process with autocovariance Y5 = 
Ys 

cov (xt, xt-s) and corresponding autocorrelations Ps = ~- The auto-
0 

covariance generating function Y(Z) is defined by Y(Z) = E 
alls 

and it will be assumed that this function exists, at least for 

y Zs 
s 

lzl = 1. 

The function of particular interest in this chapter is defined by 

f(w) = ~rr Y(Z) where Z = 

1 -iws 
= zrr [ ys e 

alls 

Yo 1 
[ = -+- Ys cos 

2rr rr s>l 

Note: ys = y_s· 

-iw e 

(sw) 

The function f(w) is called the spectral density function. 

10 
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From the definition it is seen that 

(1) f(w + 27Tk) = f(w) for integer k so, f(w) is periodic out-

side the interval (-rr, rr) and thus one needs to consider the function 

only over this interval. 

(2) f(w) = f(-w) i.e. f(w) is symmetric, so it is usual to plot 

f(w) vs. 

(3) 

from the 

w only for O _:: w _:: rr. 

Jrr . 
l.SW Ys = e f(w) dw, 

fact th~; Jrr ei(k-s)wdw 
-rr 

this important property 

= ) O if k # s1 
( 2rr ifk=sj 

follows 

Thus, the sequence Ys and the function f(w) comprise a Fourier trans-

form pair, with one being uniquely determined by the other, so that 

the time-domain approach, which concentrates on the ys sequence and 

the models derived from it, and the frequency domain approach, which 

is based on interpretation of f(w) are theoretically equivalent to 

each other. The function f(w) has the properties of a probability 
Yo 

density function when w s [-rr, rr] since f(w) _: 0 and third property 

of f(w), so Jrr f(w) = 1. Since the covariance function of a sta-
-rr Yo 

tionary time series is the correlation function multiplied by the 

variance of the process we have ys = Jrr eiws dF(w). The function 
-rr 

F(w) have been called the spectral distribution function, and it is 

usual to write F(w) = Jw f(w)dw. The other fundamental relation 
-rr Yo 

is that the time series itself can be expressed as follows: 

Jrr itw x = e dZ (w) 
t -rr 
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where Z(w) is an orthogonal stochastic process, and 

E {dZ(w) dZ(A)} = 0 ifW'fA 

= AO dF(w) if w = A 

Since f(w) and Ps are Fourier transforms of one another, it follows 

that xt possesses a spectral density function of the form 

1 f(w) = 27T 
co 
t" -iwk 
'" Yk e 

k=-co 

Recall that we have taken {Et} to be a time series of uncorrelated 

N(O, cr2) random variables. The spectral density of {Et} is fE(w) = 

co cr2 1 
k=EcoYk cos wk since =-27T 27T 

f 7T f (w) iwk (1T cr2 iwk y = e d w = 
J-7T 27T e d w k -7T 

J1T 2 = 5:_ cos 27T 
-TT" 

(wk) d w 

if k = 0 

otherwise. 



13 

2.2 Estimates of the Spectral Density 

A stationary Gaussian process is described completely by its 

mean Ext==µ and its covariance sequence E(xt - µ)(xt+k - µ) == Yk' 

k == 0, 1, 2, ••. , or equivalently by its mean and spectral function 

F(w) or equivalently by its mean and spectral density, f(w) .. 

Let us suppose thatµ is equal to zero, and ck is an estimate 

of Yk' where ck is 

T-k 
C == C == _L L X X 
k ~ T-k t=l t t+k 

t = 0, 1, 2, ... , T-1 

It is easily verified that ck is an unbiased estimate of yk. There 

is another useful estimate of Yk. It is: 

where 

c' k 
1 = -T 

T 
C = --

S T-s 

T-k 
E 

t=l 

c' s 

" c' reduces the mean squared error of f(w). s 

The sample spectral density is 

" f(w) = I(w) = 
1 T . 2 I E x eiwt I 

2TrT t=l t 
we: [-rr, Tr] 

By rearranging (2.2.1), one can see that 

I(w) 
T-1 

== 1:_ E 
2rr j=-(T-1) 

CI • 
J 

iwj 
e 

1 T-1 1 T-jjl 
= 2 E (T r xt xt+k) 

rr j=-T+l t=l 

(2.2.1) 

iwj 
e 
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T-1 1 =-
2TT 

r 
j=-T+l 

C 1 • COS (wj) 
J 

W E [-TT, TT] 

I(w) is called the periodogram of the time series. 

2.3 Moments of the Estimate of Spectral Density 

Let us consider the first and second order moments of the sample 

spectral density I(w) defined by (2.2.1). The first order moment is 

l T-1 ill 
E(I(>..)) = 2TT r (1 - T) yj cos (wj) 

j=-(T-1) 

JTT T-1 I . , 
r (1 - ~) cos (vj) cos (wj) f(v) dv 

-TT j=-T+l 

since EC'k = (T-lkl) Yk/T. This can also be written 

1 
E(I(w)) = 2TTT 

1 
= 2TTT 

1 =--2rrT 

L T 
r 

t,s=l 

T r 
t=l 

cos v(t-s) cos w(t-s) f(v) dv 

ei(v-w)t!2 f(v) dv 

J:,rs~n t (v-w)Tl2 f(v) dv L~1n 2 (v-w) J 
Early investigators found that I(w) is approximately unbiased, but 

not consistent i.e. 

E(I(w)) • f(w) 

var (I(w)) • f 2 (w) for any T. 
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2.4 Smoothing the Periodogram 

In order to obtain consistent estimates, Daniell ( 7) suggested 

that a time series of length! be divided into n segments (subseries), 

each of length m, where T = m·n. Let Ij(w) be the periodogram of 
th 

the j segment and {c'. } the corresponding autocovariances. Then, J,S 
the average of the spectral estimates over all segments could be 

used as a smoother estimator. 

n 
I(w) = l E I.(w) 

n j=l J 

n 
= 21 E (n-l E c. ) 

rr lsl<m j=l J,s 
isw e 

1 =- r Isl 1 
I I (l - m) n(m-lsl) 
s <m 

Em c. 
j J ,s 

isw 
e (2.4.1) 

Now Em c. is,a sum of products of the xt x , but not all such . J ,s t+s 
J 

products, for the term xt xt+s is included only if xt and xt+s fall 

in the same subseries of the series. There are m-lsl terms in each 

c. , and thus J,S 

1 
(m - Isl) E 

j 
m cj ,s 

is the average of these products. It seems reasonable to replace 

this part of (2.4.1) by Tc /(T-ls I)= c /(1 - lsTI), the average of s s 

all available products of the form x x +. This leads to the 
t t s 

modified function 



I(w) = 1 L 
2 1T lsl<m 

where 

1 =-
21T 

1 _ hl 
m 

ws = 1 - hl 
T 

1 - ill 
m 

16 

isw 
C e 

s 

isw l L 
w 

s 
C 

s 
e = w c cos(sw) 

27T Is I <m s s 

(2.4.2) 

The function I(w) defined in (2.4.2) is known as the Barlett spectral 

density estimate, and the numbers w are the corresponding lag weights. s 

Other Smoothing Coefficients 

A. General Blackman-Tukey Estimates 

Blackman and Tukey ( 1) have proposed two estimates (called han-

ning and hamming by them) which are special cases 

f(w) = I(w) 

1 for O _2 a _2 4 

1 1TS = 2 1T E (1 - 2a + 2a cos-) cos (ws) c 
Is I <m m s 

B. Hanning. A case of the Blackman-Tukey estimate is 

1 a= 4 , then 

1 f(w) = I(w) = 2rr t 
Is I <m 

1TS (1/2 + 1/2 cos-) cos (ws) c m s 
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C. Parzen. Two smoothing coefficients which yield small mean squared 

error are due to Parzen. 

... 
f(w) = 1 I(w) = 27T 

1 = 27T 

Another suggestion by 

1 f(w) = I(w) =- 27T 

2 +-27T 

~ s 2 Isl 
~ (1 - --i-) (1 - ~) cos (ws) c 

Is I <m m s 

2 
E s (ws) (1 - -) cos C 

lsl<m 2 s 
m 

Parzen is form even 

m/2 2 
6 ht.) E (1 - 6 ~+ cos (ws) C 

-m/2 2 3 s = m m 

-m/2 - 1 
E (1 - J.tl)3 (ws) cos C m s s = -m 

2.5 The Approximate Distribution of Smoothed Spectral Estimates 

s 

Suppose that x1 , x2 , ... , xT are observation from a stationary 

Gaussian time series. Recall, 

I(w) 
... 1 

= f (w) = 27T 
T-1 

E 
j=-T+l 

iwj cj e -1r < w < 

Let I*(w) be the periodic extension of I(w) t0 the entire real line, 

so that I*(w) has period 27T and I(w) = I*(w) for -7T < w < 1r. 

Let k be any fixed integer and define 

1 
A(w) = 2k+l ~ I*[ 2; (s(w; T) + j)'l -7T < w < 7T 

j=-k 'J 

where for each w, s (w; T) is the smallest integer minimizing 
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lw - 2; s (w; T) J. 

It can be shown, see Brillinger ( 3) that for w :/, 0 (mod 7T) A(w) is 

approximately distributed as 

Thus 

1 f(w) x2 (4k+2) or (4k+Z)A(w) ~ x2 (4k+2) 
4k+2 f (w) 

2k 
f (A(w) If (w)) ~ (A(w)) 

(f(w))2k+l 
exp {-(2k+l) A(w)} f(w) 



CHAPTER III 

3.1 Empirical Bayes Estimation 

Suppose there is an unobservable random parameter e which 

takes on values in a set 0, and that 8 has the distribution function 

G(8). G(8) is called the prior distribution. Suppose there is an 

observable random variable x with the known family of conditional 

distribution functions {F(xl6); 8 E 0}. We are interested in esti-

mating 8 by using the observation X. Let us suppose that this pro-

cedure occurs periodically with the same unknown G(8), therefore, 

we have a sequence 

and 

Robbins (18) in 1955 introduced Empirical Bayes analysis and the 

theory and applications were developed by Robbins (18), Krutchkoff 

(12), Martz (15), Rutherford (19) and others. In the estimation 

problem, a decision space Dis defined which coincides with the 

parameter space 0, along with a decision function o(x) which takes 

on values in D. For each o(x) and 8 a loss function is defined as 

L ( o(x) , e) ~ o. 

The loss function represents the loss incurred in choosing 

5(x) as the estimate of e. A Bayes estimator is the o(X) which 

minimizes the overall expected loss. 

19 
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That is 

R(G) = E [L(o*(x), 8)] 

= min E [L(o(x), 8)] 
o(x) 

= min R (o, 8) 
o(x) 

where R(o(x), 8) is called the risk of o(x) with respect to G and 

R(o(x), 8) = f L(o, 8) dF(x, 8). R(G) is called the Bayes risk 
X 

and o*(x) is called a Bayes decision procedure with respect to G. 

2 
Consider a quadratic loss function L(o(x), 8) = (o(x)-8) then 

the Bayes estimator of e when xis observed can be shown to be E(Sjx). 

Proof: Let R(o(x), x) = f e (o-e) 2 dF(ejx) 

= E((c-e/ jx] 

2 21 .. E(o-2oe+e x) 

= a2 - 2aE(ejx) + E(e 2 1x) 

= (o-E(Slx)) 2 + var (Six) 
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where var (8!x) = E[(8-E(8!x)) 2 !x]. Since var (8!x) does not depend 

on o it is obvious that R(o, x) is minimized if o(x) = E(8!x) this 

is a Bayes decision procedure. 

Martz (15) has developed this result for the multivariate case. 

Recall, the Bayes decision procedure is a decision procedure o* such 

that u(o*) = max u(o) where u(o) is the utility of o, Since the 
0 

prior distribution of e is unknown, we cannot obtain o*, but by 

using past experience, we should at least expect u(o(x 1 , x2 , ... , 'b)) 
p 
+ u(o*) as n + oo, Then we say that o(x 1 , x2 , ... , xn) is asymptotical-

ly optimal. However, when the parameter space 0 is unbounded, then 

for certain loss functions, like, squared error loss function, it is 

often impossible to find such an estimator. 

For squared error loss function Rutherford and Krutchkoff (20) 

have verified that if for y > 0 and some real number B, the prior dis-

tribution is such that 

2+y E{jej } 2. B < oo 

then "e: asymptotically optimal" estimators can be found. 

3.2 The Classes of Families of Distributions 

Rutherford and Krutchkoff (19) have found general classes of 

families of distributions {F(x!e), e e: 0} (called F1 , F2 , F3) for 

which empirical Bayes estimators, e, can be found. In this disserta-

tion, two types of these families of distributions, F2 and F3 , have 

been used. 
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3.2.1 Families of the form F2 if 

(1) x is continuous for all 6 e: 0, and 

(2) the density function f(xl6) is such that 

1 af <x I 6) 
f(xl6) ax = a(x) + b(x) 6 

where b(x) # 0. So, we can write 

6 = a(x) + b(x)6 - a(x) 
b(x) 

1 1 af <x I 6) 
= b (x) • f <x I 6) ax 

a(x) 
- b(x) 

Using f (x) = t t <x I ai dG(6) and dF(6lx) f(xl6) dG(6) 
f(x) 

E(6lx) af(xl6) dF(6lx) a(x) 
ax • b (x) f (x I 6) - b (x) 

= Ia 
a£ (x I 6) f (x 6) dG(6) a(x) 

ax b(x)f(x 8) f(x) - b(x) 

1 J of(xl6) dG(S) a(x) = b(x)f(x) - b(x) ax 

1 !x f f(xl6) dG(8) a(x) 
= b(x)f(x) - b(x) 

1 af(x) a(x) = - b(x) b(x)f(x) ax 

we get 



23 

(assuming the order of integration and differentiation can be 

interchanged). From x1 , x2 , ... , one can find a consistent estimator 

for the marginal density f(x), see Parzen (16) and Rutherford (19). 

3.2.2 Families of the Form F3 

A family of distributions {F(xl6); 6 e 0} belongs to F3 if 

(1) xis a vector (size k > 1) of conditionally independent and iden-

tically distributed continuous random variables; (2) there is a sta-

tistic T, sufficient for 6, with a density of the form 

t k/v <e) q(t, 6) fort in some interval 

otherwise. 

where v < k is an integer and h(k) does not depend on tor 6· Since 

these are k independent and identically distributed random variables 

in X, the density of the sufficient statistic based on (k-v) components 

is given by 

= r ho(k-v) 
fk-v(tl6) l 

k-v/v 
(.!.) q(t, 6); tin some interval 

6 
otherwise. 

It follows that 

t k-v/v 
6fk(tl6) = h(k) <e) t q(t, 6) 

so we can write 

th(k) 
6 = h(k-v) 

fk-v (t I e) 
fk(tle) 
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Therefore 

• 

= th(k) t fk-v(tle) fk(tle) dG(e) 
h(k-v) fk(tle) fk (t) 

th(k) fk-v(t) 
= h(k-v) fk (t) 

The empirical Bayes estimator is found by estimating the ratio 

3.2.3 Estimation of Density Functions 

Parzen (16) has found consistent estimators of densities. In 

order to estimate a density function f(t), as is necessary for class 

F2 and F3 , the consistent estimators 

will be used, where h 

f sin (~)] 2 

x-x i <211) 
= N-1/5 ~~~~~(-x_i_-x_)_2_ 

N i=l 

In Order to estl. ·mate df(x) th · t · , e cons1.s ent estimators dx 



fN(x+h) -fN(x) 
f' (x) = ~~~~~~~
N h 
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will  be  used.  In  order  to  estimate  the  density  of  a  sufficient  (for 

8) statistic  T  based  on  (k-1)  observation,  the  technique  used  by 

Rencher (17) will  be  used. 

k-1 
where ti*=~ ti' i  = 1,  2,  ...  ,  N. his  same  as  before, N is  the 

number  of  past  experiences  and  t.,  i  = 1,  2,  ...  ,  N is  the  sum  of 
l. 

past  data. 

3.3 Empirical  Bayes  Estimators  for  the  Chi-Squared  Density 

Assume  that  x hns the  exponential  density, f(xl8) = i -x/8 e  . 

Suppose  that x1, x2,  ...  , xn are  independent  observations  of x, and 
n 

let  t  = r 
i=l 

distribution. 

then  tis  a  sufficient  statistic  for 8 and  has  gamma 

-t/8 
e 

So, fn(tJ8) belongs  to  class F3, where 

h(n) = ~- 1~ q(t, 8) = (e-t/8/t) 
(n-1) ! ' 



Therefore 

E(eit) = t • h(n) 
h(n-v) 
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f (t) n-v 
f (t) n 

where f (t) is the marginal density of the sufficient statistic. n 

Since 

h(n) 1 then h(n-1) = n-1' 

E (8 It) t fn-1 (t) 
= --n-1 f (t) n 

Therefore, we obtain Empirical Bayes estimator, by substituting con-

sistent estimators for f (t) and f 1 (t). n n-



ChAPTER IV 

Empirical Bayes Estimates of Time Series Parameters 

4.1 Prediction With the AR Model 

Given T observations x1 , x2 , ... , xT of a AR(P), we would like 

to predict the (T+k)th observation, where k is a positive integer. 

(Note: th The prediction is sometimes called the forecast of the (T+k) 

observation.) Let us suppose that k = 1, and we are interested in 

forecasting xT+l' 

Let us assume that xT+l is a parameter, since it is a quantity 

which we wish to estimate. Let 

x' = -T 

Therefore, E(xT+ll~, ~'T) = a 1xT + a2xT-l + ..• + ap xT-P+l since 

xT+l = e::T+l + al xT + · · • + ap xT-P+l' 

In order to minimize the expected loss function L(xT+l' xT+l) = 

(xT+l - xT+l) 2 it is necessary to use the Bayes estimate o~ ~ (with 

squared error loss function), E(~l~T), since the Bayes estimate of 

E(xT+llxT) = f xT+l f(xT+l,~T) dxT+l 
XT+l 

27 
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xT+l f(xT+l,~T' ~p) g (~j~) dxT+l-, 
I ..... 

d~p 

. x* - p· Thus ue need to find the 

empirical Bayes estimate of~· 

) 
4.2 Empirical Bayes Estimates of the AR Parameters 

that 
A 

a -

P = 1, first order AR model xt = axt-l + sf Durbin ( 8) 

1-a2 N(a, ~n~) apP.roximately, where a is the M.L.E. of a. 

For 

Launer (13) showed that 

showed 

E(aj~T) = E(al~, u) # E(al~) 

T 
where u = E x2 ._ 1 and is a random variable. He proposed using the 

j=2 J 
marginal empirical Bayes estimator which was found by Clemmer and 
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Krutchkoff ( 5 ). In order to obtain the empirical Bayes estimate 

of a, we seek a form of the Bayes estimator for a that is useful 

in the empirical Bayes approach. 

Recall, 
T T-1 
E xtxt-1 E xtxt-1 

t=2 t=2 xT-lxT 
a = = + T 2 T 2 T 2 I: E I: X t-1 X t-1 X t-1 t=2 t=2 t=2 

Note: This dissertation concerns the empirical Bayes procedure based 

on a time series generated by a stationary, Gaussian process i.e. 

\ N (0, cl) and o2 is known. 

Thus 

E(~la, xT-l) = 

where 

T-1 

E-+ 
u 

2 
x T-1 

a u 

c-= E xt x 1 , u = 
t=2 t-

T 2 
E X t-1 

t=2 

X -T-1 

Therefore, 

£(ala, ~T-1) = 

or 

u exp 
2 

{- u 
2 2 

2o x T-l 
(~ C 

u 
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2 2 

(;la, ~T-1) - N [(~ + x ~-1 a), x T-1 
2 

u 

It is easily verified that 

Thus 

d A I <la f(a a, !.t-l) 
f(ala, XT-l) 

2 u ------cr2 2 
x T-1 

A 

(a 

cr2 h f(ala, !.t-1) ua 
f(~Ja, xT_1 ) + 2 

a= - • 
u 

X T-1 

C 

u 

C 

2 

2 
x T-1 
--a) 

u 

x T-1 

By taking expectation, we get 

E(ala, xT-l) = 
ua 

2 
X T-1 

C -2-,---- + 
x T-1 

d A I 
J 

da f(a a, xT-1) A 

f(ala, !.T-1) dG (ala, xT-1) 
a 

By using the law of conditional probability, we have 

J !a f(ala, ~T-l) 
f (' J ) dG (a J a, !.r-1) = 

a a a, ~T-1 

~(ala, ~T-l) g (a, !.t_ 1)dal 

L Ia f(i, xT-l la) dG(a) -J 



31 

L h f ( a I a, ~T-1) g (a, ~T-1 )da 

= Ia f(a, XT-lla) dG (a) 

By interchanging the order of integration and differentiation, 

d 
da a £(ala, XT-1) g (a, ~T-1) da 

= ---,,----,::------t----...,......,,------J f(a, ~T-l a) dG (a) 

d 
da Ia f(a, a, ~T-1) da = 

f(a, ~T-1) 

h f(a, ~T-1) 

f (a, ~T-1) 

Therefore, we get 

d A 

A cl"" f ( a , xT 1 ) =~--c-+ a --
2 2 f(a, XT 1 ) 

x T-1 x T-1 - -

2 cr 
u (4.2.1) 

We obtain empirical Bayes estimator 

stituting consistent estimators for 

corresponding to (4.2.1) by sub-
A d A 

f(a, ~T-l) and~ f(a, ~T-l). 

Consistent estimators for multivariate densities were provided 

by Cacoullos ( 4). 

4.3 Forecasting Several Steps Ahead from an Estimated Model 

The forecasting theory developed in time series was based on the 

assumption that the coefficients in a model were given. In practice, 

of course, these quantities must be estimated from sample data and 

coefficient estimates substituted into the corresponding formulas. 
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To see the effect of this on forecasting more than one step ahead, 

consider the first-order AR model: 

k Given x1 , ... , xT, then the optimal linear forecast of xT+k is a xT. 
k The usual procedure is to substitute a for a in (a xT). Unfortunate-

ly, ak is a biased estimator cf ak, fork> 1. For example k = 2, an 

"2 .... 2 "2 2 asymptotically unbiased estimator is given by a = a +a .... where 6 .... 
a a 

is the unbiased estimated variance of a. 

4.3.1 Forecasting Several Steps Ahead for a First Order AR Using 

Empirical Bayes Estimate of the Coefficient 

Let xt = axt-l + Et where Et - N(O, a2). The problem is that, 

having observed ~,T = (x1 , x2 , ... , xT) one wishes to predict xT+k' 

It is easily shown that the predictor xT+k of xT+k is obtained 

by appealing directly to the well-known result in Bayesian statistics 

that, for a quadratic loss function, the mean of xT+k given xT, i.e. 

akxT, evaluated by the posterior density g (a lxT) is optimal. There-

fore xT+k = [E(akl~T)] xT. 

In order to obtain xT+k' one needs to obtain an empirical Bayes 

estimate of k a • A ( 2 Fork= 2, xT+2 =Ea) xT. To evaluate the second 

moments, we note tha.t 

la - --=-2_u_ a + 
L x T-1 
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- (u2) ( 2u ) f(ala, ~T-1) 
a x T-1 

i A -:z f(a la, ~T-l) 2 [, 
_da_~------,.- = (~) a 

f (ci la, ~T-l) cr2 

where 

Thus 

T 2 
u = "' X C = '-' t-1' t=2 

d2 
A 

~ f(ala, ~T-l) 

f(ala, ~T-1) 

- 2 au 
2 

x T-1 

Therefore 

" ( u '- 2 
x T-1 

2 
= (.2:._) ( u ) + 

u 2 

) ( C 
2 

x T-1 

X T-1 

)a+2< u) 2 
x T-1 

2 ) i + 2 ac 
2 

1u ) ( u -,z 2 
a x T-1 

) 

x T-1 

/ 

r 2c I a E(a1a, ~ ) - 2 E(a a, x ) 
T-1 x T-l T-1 
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d 2 
A 

- ( u 
2 

2 ) a.2 _ ( C 
2 

2 
) 0 .2 2 J + (-) 

--:z f(ala, xT-l) 
da I 
-f-(-x 1---)- dG (a Ja, ~T-l) a a, xT-l u 

x T-1 x T-1 

In order to obtain E(a 2 la, xT_1) one needs to evaluate 

dG (ala, ~T-l) = 

f(ala, ~T-l) g(a, ~T-l) da 
ft(a, xT_1 la) dG (a) 

(4.3.1.1) 

f(ala, ~T-l) g(a, xT-l) da d2 f A AZ f(a, a, ~T-l) da 
da a = -----------= _ __....___,._ __________ _ 

f(a, ~T-l a) dG (a) 

d2 
A 

-2 f (a, XT-1) 
da =-------f(a, XT-l) 

f (~, XT-1) 

where f(a, xT-l) = J f(a, XT-lla) dG (a). It can also be written as 
a 

Therefore, we can obtain an empirical Bayes estimator corresponding 

to (4.3.1.1) by substituting consistent estimators for f(a, ~T-l) 
i A 

and -:z f(a, ~T-l). Fork= 3 
da 

2(~)2 ( -u ) (a __ u_ a+ _c_) 
0 2 2 2 2 

X T-1 X T-1 X T-1 
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' £(ala, ~T-l) + (~) 

(~) ( u ) (a _ u 
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3 
(a - _2_u_ a + _2_c_) 

X T-1 x T-1 

C a+--) 2 02 2 2 
x T-1 x T-1 x T-1 

3 ( A I ) 3 (u ) 2 ( u ) T* f ( A I ) T* f a a, ~T-1 - o2 2 a a, xT-1 

where 

T* = (a - 2u 
x T-1 

C a+ -2--) 
x T-1 

x T-1 

31A ) Thus, we can get E(a a, ~T-l , by using (4.3.1.2). 

d4 A I ---:2;" f(a a, xT_1) = 
da 

4 A j 
T* f(a a, xT-l) 

(4.3.1.2) 

Fork= 4 

3 
- 6 (~) ( u ) T*2 f ( A I ) + 3 (u ) ( u ) f ( A I ) o2 2 a a, xT-1 -;;r 2 a a, xT-1 

x T-1 x T-1 . 

For k = 5 

4 2 
- 10 (:i) ( 2u ) T*3 f(ala, xT-l) + 15 (~) ( 2u ) 

x T-1 x T-1 

• T* f(ala, ~T-l) 
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4.4 Empirical Bayes Estimates of AR(2) Parameters 

For second order AR model xt =Et+ a 1 xt-l + a2 xt_ 2 , 

Box and Jenkins ( 2) have found approximate maximum likelihood esti-

mates of the AR parameters, and ai, satisfying the following equations: 

which, in a matrix notation, can be written 

where 

22 D2,P+l 

D2,P+l D3,P+l DP+l,P+l 
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where 

A -1 Therefore a= DP ~. For P = 2 

where 

ci = D -l d = 
2 -

T 2 
E X t-1 

t=3 

+ XT+l-j XT+l-i 

T 2 
E x t-2 

t=S 

Let x*r-2 = (x2 , x3 , ... , xT_2 , xT_1). Therefore 

where 
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Let us suppose E(x1) = µ1 , E: • Thus, 
t 

By substituting Ex1 and E(xTI~, x*T_2) in (4.4.1) we get: 

~ + X 
E(dla, x* ) = 11 T-1 

- - - T-2 
c22 + XT-2 

(xT-1' XT-2) 

(xT-1' xT-2) 

where c11 and c22 are fixed 

Thus 

where 

2 2 
(x2x3 + XT-2 XT-1~ 2 -1 

(x2 + x T-1) 
= a D2 

2 2 
(x2x3 + xT-2 xT-1) (x3 + x T-2) / 

? -1 -1 = a- D2 F D2 

-1 
D2 

-1 
Di 
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Therefore 

Thus 

a log f(il~, ~*T-Z) 
a A 

2 
ell+ (x T-1 

2 
x T-2) a 

a 
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Ba = D2 a - + r} (
ell) a log f(~I~, ~*T_2) 

a a 
c22 

where 
2 

x T-1 

B = 

2 2 
(x 2 + x T-1) 

F = 

Therefore 

2 

1 a log f(~I~, x*T_2) 
F D -

2 aa 

is singular. 

X T-2 

2 2 
(x 3 + X T-2) 

+ 0"2 FD -1 
2 



where 
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f(il~, ~*r-2) g(~, ~*r-2) da Jf(~, ~*r_2 la) dG (a) 

a 
a..-02 F D -1 a 

2 

a2 F D -l 
2 

f(~, x*r-z ~) dG (~) 

By substituting consistent estimators for f(~., ~*T_ 2) and 

a " aa f(a, ~*T_ 2), we can get empirical Bayes estimator for 

Ba i.e. E(B~li_, ~*r_2). 



CHAPTER V 

5.1 Empirical Bayes Estimation of the Spectral Density 

In section 2.5, we have found that the estimate of f(w) is 

approximately distributed as gamma. 

Let us suppose that the estimation problem has occurred N-1 

times previously. 

Let us define Aj(w) to be the estimate of spectral density 

for the jth experiment (time series), 1 < j < N. If Aj (w) represents ,i 

thekestimate in the ith subinterval of jth time series and if Aj(w) = 

I A .. (w) then A .. (w) belongs to F3 (see section 3.2.2), 
i=-(k+l) J,i J ,i 
i = -(k+l), -k, -k+l, •.• , k-1, k; j = 1, 2, •.. , N, Since 

(1) ~ = (Aj,-(k+l)(w), Aj,-k(w), •.• , Aj,k(w)) is a vector of 

size (2k+l) of independent and identically distributed continuous 
k 

random variables, (2) There is a statistic AN(w) (= I AN .(w)) 
i=-(k+l ,i 

sufficient for f(w), with a density of the form 

. 1 tN(w) (4k+2)12k 
f(2k+l)(AN(w)lf(w)) = 2k+l f(~) 

(2k) ! 2 

• exp [-1/2 (A:::;) (4k+2)] 

Therefore 

h(2k+l) (2k+1) 2k = ~----,-,---
( 2 k ! ) 2 

[ AN(w) J 
q(AN(w), f(w)) = exp L f(w) (2k+l) 

42 



Thus 

(2k) h(2k) = ~~~ (2k-1)!2 
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E(f(w) IAN(w)) = AN(w) • h(Zk+l) h(2k) 
f2k(AN(w)) 

f2k+l (AN(w)) 

where fZk+l (~(w)) is the marginal density of the sufficient statistic 

since 

then 

h(2k+l) 
h(2k) 

l 2k 
= (l + 2k) 

E (f (w) l~(w)) 

Therefore, we obtain empirical Bayes estimator, by substituting con-

sistent estimators for f 2k(AN(w)) and fZk+l (AN(w)). 

where 

Let fN,(Zk+l)(~(w)) = fZk+l (~(w)) then 

1 N 2 
fN,(Zk+l)(A__(w)) = ~- I [sin(f.)/f.] -~ 2rrNh i=l 1 1 

l/ N _ 2 1/2 
h = N- S [ ~ (A.(w) - A(w)) /NJ 

i=l 1 

A(w) 
N 

= Nl E A. (w) 
. 1 1 1= 

see Rencher (17 ) . 
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5.2 The ARMA Parameterization 

The following assumption will be made about all time series xt 

mentioned in this dissertation. 

Assumption. The joint distribution of x1 , ... , xT is a multivariate 

normal distribution with mean zero and variance-covariance matrix E. 

One way to analyze time series data is to assume a parameteriza-

tion known as the autoregressive-moving average (ARMA) parameteriza-

tion. Recall, a time series process is an Aru-1A (p,q) if it satisfies 

the following equation. 

a., X , 
J t-J = E + t 

q 
E 

j=l 
8, E , 
J t-J 

(5.2.1) 

where Et is a sequence of uncorrelated and normally distributed random 

variables with mean zero and variance cl-. Special cases of the ARMA 

(p,q) are moving average mA(q) = ARMA (O,q) and the autoregressive 

AR(P) = ARMA (P,O). The parameters in (5.2.1) are a.1 , a.2 , •.• , a.P' 

s1, ... , S since we are assuming cl-is known. q 

Let us denote the parameter vector by 

... , a. 
P' 

s s S ) I l' 2' ... , q 

Therefore, we can write the likelihood function as follows: 

(5.2.2) 

One can use the approximate likelihood which is due to Whittle (21), 

however we are using a different but equivalent approach. 



45 

Let f(w) be a spectral density, which for convenience will now 

be assumed to be defined over (O, 2n) rather than (-n, n). Now, 

f(w) is symmetric about n. Define 

iwt f(w) e dw (5.2.3) 

The function a is the covariance function corresponding to the spec-

tral distribution function 

F(w) - J: £(A) dA 

When Tis large, the integral (5.2.3) could be approximated by the 

following formula: 

a(t) -

where 

2n 
T (5.2.4) 

Let us suppose that xt is a stationary Gaussian process with covari-

ance function a given by (5.2.3). 

Note: In the following paragraph tha likelihood for the ~T = 

(x1 , x2 , ..• , xT)' is computed approximately by using the covariance 

function a given by (5.2.4). 

Let A be a T x T matrix: 



A= 

0 

0 

0 

0 

0 

Define the vectors 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 
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[l iwk 2iwk Tiwk], uk= ,e ,e , ••. ,e 

and the matrix 

Let D be a diagonal matrix. 

iw~ 
D d . (e .t. = 1ag 

iwz iwr 
e , .•. , e ) 

0 

0 

0 

0 

1 

0 

k = 1, 2, ... , T 

Then AM= MD and MH* = M*M = I where M* is the conjugate transpose of 

M. Thus A= MDM*. Now, the variance-covariance matrix of ~T = 

T 
t: = t: 

j=l 
cr(j)Aj = 

T 
L 

j=l 
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T 
Dj] = M [ :E cr(j) M* 

j=l 
T 

Dj th 
The matrix :E CJ (j) is diagonal, and the k diagonal element is 

j=l 

T ijwk T T 2 rr iwnj iWkj 
:E cr (j) e = :E :E T f(wn)e . e 

j=l j=l n=l 

T T ; f 2 nf (wT-k) ifkf.T 
2 rr ij(w +wk) =- :E f(w) :E e n T n=l n j=l 21rf (wo) if k = T 

since f is symmetric about rr and exponential function sums to zero 

unless n = T - k or n = -k. Let 

one can find that 

x' -T 
-1 

T 
:E 

t=l 

-1 
xT = x'T ME M* ~T 

= 
T l T 
:E {7r :E 

k=l t=l 

where the periodogram I(wk) is defined 
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1 T iWkt 2 
!(wk) =- E xt e I 21i t=l 

In similar way, one can find that 

T 
IE I = n (2 7Tf (wk)) 

k=l 

T T 
Since, E = M [ E cr(j) Dj] M*, the matrix E cr(j) Dj is diagonal, and 

j=l j=l 
the kth diagonal element is 27Tf(wk). Therefore, 

T T 
= (27r)-T/ 2 exp {-1/2 I E log (27rf(wk) + E I(wk)/f(wkj} 

k=l k=l 

5.3 The Empirical Bayes Estimate of Moving Average and Autoregressive 

and Mixed Models Using Spectral Density 

The techniques we shall use are based on estimates of the spectral 

density, and approximate likelihood. 

5.3.1 Autoregressive With P Parameters 

The spectral density of the Pth order AR time series xt defined 

by 

= e: 
t (5.3.1.1) 

where ap # O, and e:t are uncorrelated and normally distributed, i.e. 

e:t - N (O, cr2), is given by 

. . p . . -1 
a. e-iwJ) ( E a. e1WJ)] 

J j=O J 
(5.3.1.2) 
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where a0 = 1, the proof of this theorem can be seen in Fuller ( 9). 

We have shown in section 2.3, that I(wk) is approximately unbiased 

but not consistent, therefore, we use better estimator for f(wk), 

say, f(wk) where 

.... "'2 p -iwkj p iwkj -1 a [( E f(wk) =- a. e ) ( E a. e )] (5.3.1.3) 27T j=O J j=O J 

where a., j = 1, 2, ••• ,Pare maximum likelihood estimates of a., 
J J 

a0 = 1. Recall 

.... 

T I(wk) 
+ E f( ) ]} 

k=l wk 

(5.3.1.4) 

Thus, by substituting f(wk) for I(wk) in (5.3.1.4), then we get 

Then 

T 1 T 1 T -1 
= - 2 log 27T - - E log 27T + 2 E log f (wk) 

2 k=l k=l 

where 

Thus 
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A 

a log f(~TI~) 

aa. 
J 

-iw j P iwkj iwkj P -iw j 
[ (e k ) ( 2: .i. e ) + (e ) ( 2: a. e k ) ] 

j=O J j=O J 

2 2 
= c2;) [f(wk)] (2 cos (wkj)) + c2;) [f(wk)] 

cr cr 
c'. a -J 

where 

£ 1 j = (2 cos (wk (j-1)) , ... , 2 cos (wk (P-j))) 

Let us define C to be a matrix P x P, where the jth row of C is c' ., -J 

then 

2 2 A 2 A 

= (2n) [f(w )] E_ + ( ;) [f(wk)] Ca 
0 2 k cr (5.3.1.5) 

where 

d' = (2 cos wk, ... , 2 cos p wk) 
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A 

f(xTI ~) a log 1 T af(wk) 1 
aa = - - I: 

f (wk) (5.3.1.6) 
2 k=l aa 

therefore 

a log f(xTla) 1 T 
(27T) 

2 1 = I: [f(wk)] C a (f (w ) ) a a 2 k=l 2 a k 

(5.3.1. 7) 

The particular parameterization of the spectral density which will be 

considered is 

n 
I: ej • y. (wk) 

j=l J 

where e = (e 1 , e2 , ... , en)' is the parameter vector. The integer 

n will be assumed to be fixed and the set {yj; j = 1, 2, ..• , n} will 

be assumed to consist of known functions. 

It can be shown that the reciprocal spectral density of an AR(P) 

parameterization may be written as 

P+l 
I: 

j=l 
(5. 3 .1. 8) 

where the relationship between the parameter vector~ and~ of the 

AR(P) is 
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271" P 2 
(1 + I a k); j = 1 

o2 k=l 

471" e. = 
J cr2 

P-j+l 
( I ak+j _ 1 ak - a j _ 1) ; j = 2 , 3 , . • • , P 

k=l 

1 Thus, by substituting f( ) in (5.3.1.7), we get 
wk 

a log f(~T I~) 
aa = 

where h' = (cos(O), cos (wk), .•. , cos (Pwk)) 

A 

a log f(~T I~) 
aa 

1 T 2 A 2 A 

= [- - I (-2"..) (f( )) Ca h'] e 
2 k=l cr2 wk 

where 

(5.3.1.9) 
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B =( [- l i (2;r) (f( )) 2 c _ah'] + [- .!. i (27T) (f(wk)) 2 _d h']J l 2 k=l 0"2 wk 2 k=l 0"2 !J 

Bis P x (P+l) matrix. In addition, we need to find 

where 

a log f(~TI~, cr2) 

acr2 

a log f (xT I~, 0"2) 

"2 dO" 

of(wk) f(wk) 
= 

aa2 "2 
O" 

Therefore 

" 0"2) a log f(xT 1~, 
aa2 

Thus, by substituting 

a log f (~T ~. 0"2) 

aa2 

= l' e where l' 

1 T of(wk) 1 = -2 L 
f(wk) "2 k=l d(j 

1 T f(wk) 1 = - - L 
2 k=l "2 f(wk) O" 

1 in (5.3.1.10), we get f(wk) 

" 
1 T f(wk) 

= -1 L • h I e 
"2. k=l O" 

A 

1 T f(wk) 
= -2 L h' "2 k=l O" 

(5.3.1.10) 
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h' = (cos (0), cos (wk), ... , cos (Pwk)) 

L t d f . ( a2) ( a2). e us e 1ne m = a1 , ... , ap, = ~' 

shown that 

= 

alog f (~TI!!!_) 

a~ 

B e 

= 

l' e 

= 

B 

l' 

olog f (~T I!!!_) 

a! 

a log f (~TI!!!.) 

a;2 

e = A e 

Then, it is easily 

where A is a nonsingular matrix (P+l) x (P+l). Thus, 

Then 

-1 e = A 

= A -1 

E(~j~) 

-1 
= A 

a log f (~TIE!) 
am 

1 ai(~Tlm) 
t<~T I!!!_) 

. 
am 

-1 f. 1 
= A 

r<~T I!!!.) 
. 

L 1 ai <~r I!!!.) 
f(~T I!!!.) om 

df(xTlm) 
dG <~I~) am 

g(~le) dG(e) 
f (!!!_) 
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= A -1 

-l I = A e 

where, 

and 

since i = f(xT), then 

where 

Thus 

-1 = A 

f J 2 . 1 
e f (ffi) 

J 2 1 ai <~T I~) 
e J f (~) ~ dG(~) 

f (m) dG(~) 
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since, there is a 1 - 1 relationship between~ and m, therefore 

-1 J2 J 
= A f (m) e dG (~) = 

By interchanging the order of integration and differentiation, we 

obtain 

(5. 3.1.11) 

We obtain empirical Bayes estimator corresponding toA(S.3.1.11) by 
af (~T) 

substituting consistent estimators for J, f(!!!_) and~~~ 
3!!!. 



CHAPTER VI 

6.1 Analysis of Multiple Series 

The spectral representation of vector time series follows in a 

straightforward manner from that of univariate time series. Let us 

suppose that 

x(t) = 

is a multivariate Gaussian process with zero mean and continuous 

spectrum. 

If we let f(w) denote the matrix with typical element f. (w), JID 
we have the matrix representation 

f(h) = J,r eiwh f(w) dw 
-7T 

0, 

f(w) 1 L'. -iwh f(h) = e 21T h=-°' 

Therefore, the estimate of f(w) can be represented in matrix form, 

by the expression 

0, 

A 1 
f(w) = 

-iwh 
L'. e WM(h) C(h) 

h=-CIO 

which is called a weighted covariance estimator. The weight function 

WM(h) is called a lag window, and integer Mis the lag number, and 

57 
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C(h) denote the matrix with elements c. (h), where J,m 

c. (h) J,m 

N-h 
= _Nl E x.(t+h) x (t),• h = 0, 1, ••• , N-1 

J m t=l 

Thus, the vector finite Fourier transform can be written as 

Z(w) = 
1 N -iwt 

--- 112 E x(t) e 
(21rN) t•l 

and the periodogram matrix is 

IN(w) = Z(w) Z*(w) 

where asterisk designates conjugate transpose. Then, the smoothed 

periodogram estimator is 

(N/2] 
f(w) = E K(w-wk) IN(wk) 

k=-~;lJ 

2 Tik. where wk=~ and K(w-wk) is called weight function. For the Daniell 

estimator K(w - wk)= t. 
6.2 The Complex Wishart Distribution 

Let x1 , x2 , ... ,~be independent N x 1 vectors, each complex 

normal with O means and covariance matrix E, then the N x N matrix 

p 
W = E 

j=l 
x. x*., 

J J 

has a complex Wishart distribution with P degrees of freedom and co-

variance matrix E, denoted Wc(P, N, E). The density is 
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1 -1 -tr(I W) 
e r (P) i r Ip 

N 

where P _:: N, W > 0 and 

= (7T)(l/2)(N-l)N fN(P) 
N 
II 

j=l 
r (P-j+l) 

6.3 The Approximate Distribution of Smoothed Spectral Estimates 

Recall, the Daniell estimator 

n 

[n/2j 
I I (w -w) 

r=-[n;l1 N k v 
(6.3.1) 1 = -

where n = f and r is given by 

f7T 2 
r = N/rr WM (w) dw -,,. 

Then, it can be shown that nf(wk) is approximately the sum of n in-

dependent, identically distributed random matrices of the form 

(6.3.2) 

where Z(wk) has multivariate complex normal distribution with mean 0 

and covariance matrix f(wk). Goodman (10) has found that the sum of 

n independent identically distributed matrices of the form (6.3.2) 

has the complex P-dimensional Wishart distribution. 

6.4 Empirical Bayes Estimate of a 2 x 2 Spectral Density Matrix 

In section 6.3, we have shown that S has the complex Wishart 

distribution Wc(2, n, f(w)), where 
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and 

Using (6.4.1) we can write 

Thus 

log f (SI£) a log lsln-Z - tr(f- 1S) n 

Recall, 

then 

with 

I 2 A A A 2 Is = n (f f - f ) xx yy xy 

(6.4.1) 

(6.4.2) 

(6.4.3) 
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A 

f -2f yy xy 
p = 

A A 

-2f f xy xx 

a log lsln- 2 _ s 
a P - (n-2) (n) 1si 

tr (f- 1S) = lnfl (f f + f f -2f f ) XX YY XX yy xy xy 

a tr (f-lS) _ f ap - nm 

Then it is easily verified that 

f S l a log fn(slf) 
i7T"f = (n-2) ~ - -II 1 1S1 n ap (6.4.4) 

Therefore, we can obtain empirical Bayes estimate fore, from (6.4.4) 
f where e = m 

f I_ A J alog f (fjf) A - n-2 f 1 n I 
E(lfT f) = nm- n aP dG(f f) 

n-2 =- n 

a A I 
= n-2 f _ .!. J aF f n (f f) 

n TIT n f <tiO n 

f (f If) dG(f) n 
f C) n f 



A 

where f (f) n = I 
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(6.4.5) 

f (fl£) dG(f). n 

Thus, we can get empirical Bayes estimator corresponding to 
A 

(6.4.5), by substituting consistent estimators for f (f) and n 
a A aP fn (f). Since Z(w) has multivariate complex normal distribution 

V 

with mean zero and covariance matrix f(wk), therefore Z has multi-

variate complex normal distribution with mean O and covariance matrix 

1 . -n f(wk), sin~e Zand Sare (conditionally) independent. Hence the 

joint conditional distribution of Zand Scan be expressed as 

f (Z, slf) = f(zlf) . f (S If) n n 

It follows from (6.4.4) that 

f = (n-2) Th lfl 

Let us write fas 

f = A - B 

where A= (n-2) Th lfl 

B = .!_ lfl n 

olog f (SI f) n 

then 

I A dF(flZ, S) = J<n-2) Th 1£1 dF(flZ,S) 
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_ _ Sf f(Zjf)fn(Sjf) 
- (n 2) TsT jf I fn (z,S) dG(f) 

Using (6.4.2) we can write 

- s J -, !s! fn-l(Sjf) 
- (n-2) TsT f(Z f) (n-2)(n-1) f (z,S) dG(f) 

n 

fn-l (Z,S) 
f (Z,S) n 

alog f (sif) f{zlf)f (slf) f B dF(f lz,s) = fn1 If I ___ n__ n 
aP fn(z,S) dG(f) 

df (SI f) I n • f (Z f) dG(f) 
ap fn(z,s) 

(assuming we can interchange the order of integration and 

differentiation). Therefore, by using (6.4.2) we can write 

1 = - • n 
i a f Is I I -1 f (z,S) , aP (n-2)(n-1) fn-1 (S f)f(Z f) dG(f) 

.n 

1 1 = --,-----n(n-l)(n-2) f (z,S) n 

s +-· n fn-l (Z, S)] 
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Thus, the empirical Bayes estimator off is 

• S fn-1 (Z, S) 
E(f Jz,s) + = n-1 • f (z,S) n 

1 1 
n(n-l)(n-2) f (z, S) n 



CHAPTER VII 

The Estimation of Moving Average and Autoregressive 

and Mixed Models, Using Spectral Methods 

7.1 Moving Average 

The likelihood function of MA process, under Gaussian assump-

tion, can be written as 

I -T/2 I 1-1/2 -1 L(xT ~) = (2ir) E exp {-1/2 x' T E ~T} 

-1 Therefore, it is a function of quadratic form x'T E ~T' 

5.2, we have shown that 

I -1 ' 
~TE ~T 

(7 .1, 1) 

In section 

(7 .1.2) 

Thus, in order to get an approximate maximum likelihood estimator, we 
-1 have to minimize ~'TE xT. This leads to the equations 

where 

q T 
E CLl Z: 

l=O j=l 

I(w.) cos (k-l)w. 
= O; k = 1, 2, , .. , q; CLO = 1 

f 2 (w.) 
J 

(7 .1.3) 

f (w.) 
J 

cr2 I t ikw. 12 
= 2,r CLk e J 

k=O 

These equations are very difficult to solve. If we replace f(w.) by 
J 

" f(wj) then our estimation equations become 

65 
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q 
" (1) T I(w.) cos (k-l)w. 

r al }: = O• k = 1, 2, q; "2 ' ... ' 
l=O j=l f (w.) 

J " (1) a = ao = 1 (7.1.4) 0 

The superscript (1) on & (l) is meant to differentiate it from the 1 

other estimator, a1 . 

Hannan (11) has shown (7.1.4) does not given an improved esti-

mator and he found that ~(l) gives us a better estimator, i.e. an 

asymptotically efficient estimator, where 

-(1) " "(l) a = 2a - a (7 .1.5) 

We can write (7.1.4) as 

(7.1.6) 

" where A is a q x q matrix with entries (A) ij = a. . ; i,j = 1, 2, ... ' 1-J 

and 

-1 T "2 " I(w.) k 0, 1, 2, ak = T }: cos (kw.)/ f (w.) ; = ... ' q 
j=l J J J 

Theorem 1 

Let xt be generated by a moving average of order q, i.e. 

q 
xt = Et + al E 1 + ... + a E = }: ak Et-k' a = 1 t- q t-q 0 0 

for which the zeroes of h(m) must lie outside the unit circle, i.e. 

xt is invertible, and Et is iid N(O, cr2) then ~(l) converges to a and 

q 
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If (a(l) - a) is asymptotically normal with zero mean and covariance 

matrix o-1 , where~ has ¢(i-j) in row i, column j, and 

1 J7T 1 
Hk) = 21r I i\ 2 

-TI h(e) I 
Dk e d>.. 

Note: h(m) = 1 + a1m + a2m2 + ..• + aqmq. See Hannan (11) for proof. 

7.2 Autoregressive Process 

Let us assume that we have a pth order AR model, i.e. 

S. xt . = e: J -J t 

It can be verified that approximate maximum likelihood estimators 

satisfy in the following equation. 

p A (1) 
E S1 

l=O 

and 

T 
E 

j=l 
I(w.) cos (k-1) w. = 

J J 

p 
E S eikwJ· 

k=O k 

O; k = 1, 2, 

A (1) 
So = 1 

A(l) A-1 A A 
We may write (7.2.1) as S = -B b where Bis a p x 

A 

entries (B) .. = 
l.J 

A 

b .. ; i,j J.-J 
A -1 

= 1, 2 , ... , p and bk = T 

(kw.); k = 0, 
J 

1,2, ••. ,p. 

Theorem 2 

... , p 

(7.2..1) 

p matrix 
T 
E I (w.) 

j=l J 

with 

cos 

Let xt be generated by a autoregressive of order P for which 

the zeroes of g(m) must lie outside the unit circle, i.e. xt is sta-
2 ·c1) tionary, and e:t is i.i.e. N(O, a) then S converges to Sand 
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1-f (S(l) - S) is asymptotically normal with zero mean and covariance 

-1 matrix~ , where~ has ~(i-j) in row i and column j, ~(k) = 

.!__f 'IT 

271' 
-71' 

Note: 2 g (m) = 1 + t\ m + S2m + ... + See Hannan (11) for proof. 

7.3 Empirical Bayes Estimate of the Moving Average Parameters 

Now 

-c1) a <I>-l 
In Section 7.1, we found that~ - N(7r ~T). Thus, 

log f c_; (1) j~) a - ~T (~ (1) - ;) <I>-1 <i (1) - 7¥) 

a log f (ii (l) ls0 = 
aa (l) 

1 -1 - (1) a 
- T <I> (5:_ - 7? 

for which 

a = 
T3/2 <I> a log f(i(l) I.ED 

-(1) a~ 

In order to determine the empirical Bayes estimators, we substitute 

a consistent estimator for <I>, then we have 

Therefore 

a log f(~(l) I a) 
- (1) a~ 
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~(l) f (;_ (1)) oci. ·-

By estimating f(;(l)) and f'(~(l)) = a f(;(l)) consistently; aa. (1) ·-

however, we obtain an empirical Bayes estimator for.'.::.· 

7.4 Empirical Bayes Estimate of the Autoregressive Parameters 

We noted previously that S(l) - N (~, ~-l/T). Therefore, 

In order to get the empirical Bayes estimators, we substitute a con-
-1 A-1 sistent estimator for f , danoted by~ , then we have 

where 

Now 

a 1 o g t <! < 1) I ~) 
3.§_ (1) 

for which 

Thus, 
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(7.4.1) 

We obtain empirical Bayes estimator corresponding to (7.4.1) by sub-

stituting consistent estimators for f(§_(l)) and 



CHAPTER VIII 

Estimation of the Autocorrelation (Serial Correlation) 

In regression analysis of economic time series a situation often 

arises in which a certain observed quantity represents a dependent 

variable at one time and an independent variable at a later time, for 

instance, the following relation may exist between xt (price at time 

t) and xt-k (price at time t-k). 

xt = pk x k + E where k > 1 t- t -

A kth order serial correlation, pk, is a measurement of a serial de-

pendence between xt and xt-k' 

8.1 The Estimation of Serial Correlation 

In the process xt = pk xt-k + Et, k > 1 where the Et are indepen-

dent drawing from a normal distribution with mean zero and variance 
2 a (known), the parameter Pk may have any positive or negative values. 

The process will only be stationary one if !Pk! <·1. It can be 

shown that, the conditional maximum likelihood estimate of Pk is 

T 
I: 

t=k+l 
2 T 

E X t-k 
t=k.+2 

In most cases, pk is denoted by rk, where 

71 
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T 
L xt X t-k t=k+l 

rk = T 2 L X 
t=l t 

T 2 T 2 T-k 2 (T-k)cr 2 since both L X and L X t-k = L X t estimate in 
t=k+l t t=k+l t=l 

the case of stationary process with mean zero these may be replaced 

by 
T 
L 

t=l 
x2 (possibly multiplied by (T-k)/T). 

t 

8.2 Empirical Bayes Estimate of Pk 

Recall, 

T 
L 

t=k+l 
2 

X t-k 

where pk is the conditional M.L.E. of pk. 

A 

pk = 

Thus, 

where 

T-1 
L 

t=k+l 
T 
L 

t=k+l 

T-1 
L 

t=k+l 

xt xt-k 

2 
X t-k 

+ 
XT XT-k 
T 2 L x 

t=k+l t-k 

T 
I: 

t=k+l 
2 

X t-k 



X -T-1 

Therefore 

f c pk I Pk, ~T-1) = 

or 

It is easily verified 

Thus 

d A I 
~ f{Pk pk' ~T-1) 

k 
f(pk,pk' XT-1) 

2 a p = - • 
ul 
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exp L-ul 
v'i1TO XT-k 

2 
ul 

= - 2 2 
cl x T-k 

By taking expectation, we get 

C 
2 

x T-k 

d A I 

2 
ul 

2 2 
2a x T-k 

(pk 

2 
x T-k 

2 
u 1 

cl - - -
ul 

cl 
2 

x T-k 

( ~ f(Pk Pk, xT-1) 

~ ( Ip ) dG{Pkl pk' XT-1) Pk k' ~T-1 
k 

(pk 
cl - --
ul 

2 
x T-k 

pk) ul 

By using the law of conditional probability, we have 

2 p~J X T-k 
ul 
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f(pklPk, ~T-1) g (pk' ~T-1) dpk 
J f (pk' ~T-11 pk) dG (pk) 

By interchanging the order of integration and differentiation 

= 

= 

= 

~Jpk f(Pk. pk' ~T-1) dpk 

f (i\, XT-l) 

The~efore, we get 

cl 
2 

X T-k 
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We obtain empirical Bayes estimator, by substituting consistent esti-
A d A 

mators for f(Pk, xT_1) and do f(pk, ~T-l). 
·k 



CHAPTER IX 

Unobservable Variables in Regression 

9.1 Unobservable Variables and Errors in Variables 

In econometric analysis, we often find that there are variables 

which affect the observable variables but which are not themselves 

directly observable. Unobservable variables may be due to measure-

ment error in the observed magnitudes, and variables such as "Pernia-

nent Income" or "Expected Price" are examples. 

9.2 Statistical Consequences of Errors in Variables 

When errors and inaccuracies exist in explanatory variables x, 

what effect will this measurement error have on the sampling properties 

of the conventional or least squares estimator? 

Let us assume 

t 
I: 

j=-s 
f3. X • + e: 
J n-J n 

Suppose that e: and x are independent for all m, n where e:. 's are n m i 

i.i.d., normally distributed with mean zero and variance a2 (a 2 is 

known). 

First, we discuss the case j = 1, that is, 

Y = f3x + e: (9 2 1) t t t . . 

where 

(9.2.2) 
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x*t is the observed or measured value of the true value xt and ut 

denote errors of observation. Substitution of (9.2.2) into (9.2.1) 

results in 

or 

yt = Sx* + e where e = £ - Sut t t t t 

In this case, even if we make the usual favorable assumptions that 

ut and et are mutually and serially independent with constant variances 
2 2 (cr u and cr ), independent of the true value xt and E(ut) = E(et) = O, 

so that x*t - E(x*t) = ut, the covariance between x*t and et does not 

vanish because 

Thus the classical assumption that the stochastic term is independent 

of the regressor is not met and the least squares estimate of the 

parameters will be biased. The bias of 

T T 2 
S = E (xt - x) (yt - y)/ E (xt - x) 

i=l i=l 

E ( S) = S + E [ r T (xt - i) et l 
E (x - x) 2 

t=l t 

The bias will not disappear as the sample size becomes infinity large, 

and the inconsistency is reflected in terms of the probability limit as 



where 
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T 

~ 

P lim (S-S) 

E (xt -x) et/T 
1 = P lim ~~~~~
T  -2 

T 
E(xt-x) 
1 

e/T 

lim 
T 

T 
E 
1 

a 2 = 
x* 

-2 
(xt-x) /T 

P lim 
T 
i: 

1 

E (xt-x) /T 
1 

Sa 
2 

~ u 
- --=  -

2 
ax* 

-2 
(xt-x) /T  and 

a 
X 

Sa 
2 
u 

2 
+ a 

2 
u 

a 2 = 
u 

P lim 
T 
i: 

1 
ut2/T are  assumed  to  exist. 

The  asymptotic.  bias  indicates  that Swill always  underestimate S by 
Sa 2 2 2 
a~ which  can  be  small  only  if ax or ax* is  relatively  larger  than 

X2 
a In  other  words,  asymptotic  bias  can  be  small  only  if  the  varia-
u 

tion  of  the  true  variable  is  large  relative  to  that  of  the  measurement 

errors. 

9.3  Estimating  the  Coefficient (S), Using  Spectral  Method 

Recall,  we  have  the  relation  between  spectral 

If  we  assume,  that xt is  stationary  with  absolutely  continuous  spectrum, 

then  we  can  estimate S from  the  approximate  relation. 
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,. 
f ('-k) yx = 8 ei"k fx("k) where A = 2nk k 2M 

f f can be computed from mean corrected data. Thus yx' X 

M f ("-) , " 1 yx 1< -i/\k 8=- E -------e 
ZM k=-M+l ~(\) 

It can be shown that for large T, the distribution of the /r (6-8) is 

f f /'-) 
normal with mean zero and variance ~TI f ('-) dA, see Hannan (11). 

-n y 

9. 3.1 Empirical Bayes Estimate of 8 

We noted previously that 

Therefore 

f ( e I e) CZ: exp { - tv ( s -~>2 } 

1 f ( " I > 1 < 0 _ ~>2 og e e a: - 2V µ VT 

In order to get the empirical Bayes estimators, we substitute a con-

sistent estimator for V, and is denoted by V, then we have 

where 

" " 1 " 8 2 log f ( e I e) a: - 2v ( 8 - 7r) 

,. 1 
V=- 2nT 

ITI f ( ,-) 
E 

-,. _,..(A..,..) 
-TI f 

X 



Thus, 

d log f ( a I 6) = 
dA 6 
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1 A 6 v < 6 - 7r) 

6 = ff 6 + V T112 d log f ( a Is) 
d§ 

E( a Is) = If 8 + V Tl/ 2 

= v'T 8 + V T112 J 
h-f <sl 6) 

f ( S ! 6) 
B 

-:-x-dd f ( s) 
= v'T ~ + V Tl/2 _B~-,-

1-' f (13) 

log f(s!6) ds dG (6!S) 

.f(SlS)dG(S) 
f <e) 

(9.4.1) 

We obtain empirical Bayes estimator corresponding to (9.4.1) by sub-
A d A 

stituting consistent estimators for f(S) and d§ f(S). 

9.4 Unobservable Variables in Linear Regression With MA(q) Errors 

In this section we are concerned with estimating Sin the linear 

model with moving average errors of order q. This model is given by 

and 

For q 

fort Is and la! < 1. The covariance matrix for ut is 



E[~t ~' t] 
2 = cr W where 

W= 

1 + CL2 

Ct. 

0 

0 

0 

u 

1 

CL 

+ 

CL 

0 

0 

0.2 

81 

cr 2 = u 
cr 2 (1 + r:i). e: 

0 

Ct. 

1 + CL2 

0 

0 

For known o. the GLS estimator for the 8 is given by 

f3 = X' t.fl J.. 

X 1 'Jw-1 X 

Estimating the Coefficient (8), Using Spectral Method 

Recall, we have the relation between spectral 

0 0 

0 0 

0 0 

1 + CL2 Ct. 

CL 1 + CL 2 

If we assume, that xt is stationary with continuous spectrum, then we 

can estimate 8 from the approximate relation. 

f (A, ) = yx i{ 

2Tl'k 
2M 

where f f can be computed from mean corrected data. Therefore yx' 



" l M f (;\) 
B = 2M L ·'1x ) 

k=-M fx k 
e 
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-iA. k 

It can be shown that for large T, the distribution of v'T(a-8) is 

normal with mean zero and variance 

!.._ f,r 
2 ,r 

-,r 

f O.) u 
f ( \) 

X 
dA, see Hannan (11). 

9.5 Unobservable Variables in Linear Regression With AR(P) Errors 

In this section we are concerned with estimation of the linear 

model 

where the u'ts are autocorrelated, and 

ut = pl ut-1 + P2 ut-2 + . . . + Pp ut-P + Et 

For p 1, 2 2 = u = put-l + Et where E(Et) = O, E(E t) = crE t ' 
for t 'f s, IP I < 1. The covariance matrix for ut is 

2 T-1 r1 p p • • • p 

cr/ E Cu u 'l -t -t =--2 
1-p 

p l 

2 p p 

T-1 T-2 p p 

p 

1 

T-3 p 

T-2 p 

T-3 p 

E(EtEs) 

We can use 2 step least square method for estimating 8 and p. 

= 0 
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9.6 Empirical Bayes Estimate of S With AR(P) or MA(q) or ARMA(p,q) 

Errors 

We noted previously that 

6 - N (~, V) where V = 2;T f (A) u 
f (A) 

X 

Therefore f(SIS) er: exp {- ~V (S - h/} 

In order to get the empirical Bayes estimators, we substitute a consis-
,. 

tent estimator for Vandis denoted by V, then we have 

where 

d log f ( s IS) = 
d§ 

Therefore 

- "*' (6 - L-) 
V 1T 
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rrv f 
d A I 

rr s + 
dS f ( S S) f (BIS) dG(S) = 

f cs Is) 
. 

f < s) 
s 

d A 

vT e+ 
A d s f ( S) 

= Irv f(s) (9.6.1) 

We can obtain empirical Bayes estimator corresponding to (9.6.1) by 
A d A 

substituting consistent estimators for f(S) and-... f(S), We can 
d6 

generalize the simple linear regression case to a multiple regression, 

in which we have~ explanatory variables (P > 1), with AR or MA or 

ARMA errors. 

9.7 Regression With Time Series Structure in ut and xt 

For the linear model xt = S xt + ut, we have considered various 

time series model about ut, where the independent variable(s) xt does 

not follow any "time series model". However, when ut follows an ARMA 

process, it is possible that xt also follows an AR..."1A model; therefore, 

we can write the model as 

y t = S xt + ut where 

Let's consider the simple model. 

( yt = l3 X + U t t 

u = pu 1 + st 

( x: = 

t-

,\x 1 + e 
t- t 

£ . 
t-q 



85 

Where the et are normal independent (O, cre2) random variables, the 
2 et are normal independent (O, cre) random variables, et is independent 

of e. for all t,j and jpj < 1, l\j < 1. For known p the GLS estimator 
J 

for Sis given by 

2 T 
(l-p) xlyl + E (xt - pxt-l)(yt - pyt-1) 

A t=2 
S=---------------------

2 2 T 2 
(1-P) x1 + E (xt- Pxt_ 1) 

t=2 

Estimating the Coefficient (S). Using Spectral Method 

Recall, we have the relation between spectral 

i\ 
f (\)=Se fx(\) yx 

If we assume that xt is stationary with continuous spectrum. Then we 

can estimate S from the approximate relation 

where 

A 

f (\k) yx 

f yx' f 

1 s =- 2M 

can 
X 

M 
E 

k=-M 

be computed from mean corrected data. Therefore, 

A 

fyx(\k) -i>.. k e 1x (\k) 



CHAPTER X 

10.1 An Example 

The monthly seasonally adjusted United States layoff rates 

and total accession rates in manufacturing from 1966 to 1977 is 

given in Table I. (See Amini (1).) 

Let the layoff (or total accession) rates at time t be repre-

sented by xt. The usual relationship assumed between layoff rates 

(or total accession rates) at time t and time t-1 is of the form 

(10.1.1) 

whereµ and pare the unknown parameters, and Et is a random error. 

This assumption will be made here and tested. If this is the true 

model, then the residuals constitute a white noise process. Thus, 

if the true values of the Et were known, then the sample autocorre-

lations of the residuals would give a very clear indication of any 

departures from white noise behavior. Unfortunately, in practice it 

is necessary to estimate the coefficient of equation (10.1.1), and so, 
~ 

denoting the estimate of P by p. What one has available are estimated 

residuals. 

~ ~ 

Et= (xt - µ) - p(xt-1 - µ) 

It seems reasonable to expect the autocorrelations 

~ 
T T 

~ 2 
rk(E) = I E E k/ I E 

t=k+l t t- t t=l 
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TABLE I. 

The Monthly Seasonally Adjusted United States Layoff Rates in Manufacturing (per 100 
Employees). 

Layoffs 
Year Jan. Feb. Mar. April May June July Aug. Sep. Oct. Nov. Dec. 

1966 J.2 1.1 1.1 1.1 1.1 1.2 1.5 1.2 1.0 1.1 1.2 1.3 

1967 1.4 1.5 1.6 1.5 1.4 1. 3 1.4 1.3 1. 3 1. 3 1.2 1.2 

1968 1.4 1.3 1.2 1.2 1.2 1.2 1.3 1.3 1.2 1.2 1.1 1.1 

1969 1.0 1.1 1.1 1.0 1.0 1.3 1.1 1.2 1.2 1. 3 1.3 1.4 
co 

1970 1.5 1. 7 1.8 1.9 1.9 1. 9 1.6 1. 9 1.9 2.2 2.0 1. 7 ---.I 

1971 1. 7 1.5 1.5 1.5 1.6 1.5 1.5 2.0 1. 7 1.5 1.4 1. 3 

1972 1.2 1.2 1.1 1.2 1.1 1.4 1.3 1.1 1.0 1.0 .9 .9 

1973 .8 . 7 .8 .8 .8 .8 1.1 .9 .8 .8 .9 1.1 

1974 1.3 1.2 1.1 1.1 1.1 1.2 1.2 1.4 1.4 1.9 2.4 2.5 

1975 2.9 2.9 2.6 2.5 2.5 2.2 1. 7 1. 7 1. 7 1.6 1.5 1. 3 

1976 1.1 1.0 1.2 1. 3 1.3 1.4 1.4 1.5 1.5 1.5 1.3 1.2 

1977 1.2 1.4 1.1 1.1 1.1 1.2 1.3 1. 3 1. 3 1.1 .9 1.0 

1978 .9 .9 .9 .9 PLO 

p = preliminary. 

- ~ 

p = .60150599 p = .46388790 



TABLE I. (Cont'd.) 

The Monthly Seasonally Adjusted United States Total Accession Rates in Manufacturing 
(per 100 Employees). 

Total Accession 
Year Jan. Feb, :t-far. April May June July Aug. Sep. Oct. Nov. Dec. 

1966 4.9 5.0 5.3 5.1 5.0 4.9 4.9 5.0 5.0 4.9 4.7 4.7 
1967 4.5 4.4 4.3 4.3 4.4 4.5 4.4 4.3 4.4 4.4 4.5 4.6 
1968 4.4 4.4 4.6 4.6 4.6 4.5 4.5 4.7 4.6 4.8 4.9 4.9 
1969 4.9 4.8 4.9 4.9 4.7 5.0 4.7 4.5 4.7 4.6 4.5 4.6 

ex, 
1970 4.4 4.4 4.0 4.0 4.1 4.1 4.3 3.9 3.9 3.8 3.7 3.8 ex, 

1971 3.8 3.7 3.7 3.8 3.8 3.8 3.8 4.0 4.0 3.9 4.0 4.2 
1972 4.3 4.3 4.4 4.3 4.4 4.2 4.3 4.4 4.4 4.6 4.6 4.9 
1973 5.0 5.1 5.0 4.8 4.7 4.6 4.6 4.6 4.7 4.8 4.9 4.7 
1974 4.7 4.6 4.5 4.5 4.6 4.3 4.2 4.1 3.9 3.6 3.1 3.1 
1975 3.1 3.2 3.2 3.7 3.6 3.7 4.0 4.0 3.8 3.7 3.8 3.9 
1976 4.1 4.2 4.3 4.1 4.0 3.8 3.8 3.8 3.7 3.6 3.9 4.1 
1977 4.0 4.6 4.2 4.0 4.1 3.9 3.8 3.8 3.9 3.8 3.9 4.5 
1978 4.0 4.0 4.0 4.2 4.1 P3,9 

A 

p = .50531292 p = .30782837 
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TABLE II. 

MSE and Standard Error of MSE for the Estimates of the 
First Order AR Parameter. 

p - u(.455, .555), e: - N(O, .002) 

Classical 
,. 

MSE(p) = .0578743 

Standard Error= .003081243 

Empirical Baies ,., 
Experiences MSE(p) S.E. R 

12 .0319950 .000996953 .5528 

p - exp(. 71), e: - N(O, .002) 

Classical 
,. 

MSE(p) = .0588847 

Standard Error= .002955245 

Empirical Baies 
,.. 

Experiences MSE(p) S.E • R 

12 .0398491 • 001249441 .6767 
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to yield valuable information about possible model inadequacies. 

Therefore, the comparison of rk(~) with bounds± 2 S.D. (rk(s)) 

should provide a general indication of possible departure from white 

noise behavior in the Et, The results of diagnostic checks are shown 

in Table III. This indicates that a first order autoregressive model 

is appropriate. 

In order to use equation (10.1.1) for forecasting layoff (or 

total accession) rates in a given year, for different months, the 

parameter p must be estimated. Table III shows that the values of the 

p vary from year to year in an unpredictable way. Therefore, let us 

assume that the values of the parameter (p) is a random variable from 

year to year. At the time we wish to estimate pN (the present value 

of p, i.e., p77), we have the sequence of observed values ~ 6 , ~ 9 , 

x70' ••• , x76' !77· Let zl2 = (~6' ~7' .•• , !77) with z12 the 

corresponding random variable. In the empirical Bayes method we used 

z12 to estimate P77 • In the classical method we used f 77 to estimate 

The results of these estimation methods are shown in Table I. 

Note that the estimates do indeed differ. Which one is better re-

mains to be shown. 

10.2 The Simulation Study and its Results 

In order to demonstrate the superiority of the empirical Bayes 

procedure, we decided to simulate data similar to the data of the 

previous example. p was constrained to be near .5, so that the varia-
A 

tion in p would be similar to that of Table III. See Table IV. 
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Table III 

p = classical estimate of p 

p = empirical Bayes estimate of p 

S. D. (p.) = standard deviation of· p 
l. 



Year pi 

19E6 .2393 

1967 .8143 

1968 .9357 

1969 .7098 

1970 .3798 

1971 .2899 

1972 .6668 

1973 .3170 

1974 .7030 

1975 .7520 

1976 .8335 

1977 .4639 

*Indicates that AR(l) 
is not rejected. 
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Table III (Cont'd.) 

Layoffs 

S.D.(p.) Test of Model i:i'. ]. 1 

.2603 yes* .5194 

.1676 yes .9341 

.1020 yes .7814 

.2032 yes .6779 

.2670 yes* -.5619 

.2762 yes* .6749 

.2152 yes .8669 

.2737 yes* .3942 

.2052 yes . 7215 

.1903 yes .7813 

.1594 yes .9154 

.2550 yes .6015 

is an appropriate model but H0 : p = 0 
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Table III (Cont'd.) 

Total Accessions 

Year pi S.D.(p.) Test of Model pi l. 

1966 .6660 .2154 yes .80140 

1967 .5992 .2311 yes .51020 

1968 .9401 .0985 yes . 97260 

1969 .4172 .2623 yes* .64470 

1970 .9269 .1086 yes .63611 

1971 .9255 .1091 yes .8447 

1972 .9616 .0794 yes .9851 

1973 .8221 .1643 yes .8754 

1974 .7330 .1962 yes .9980 

1975 .9331 .1039 yes .8261 

1976 . 7705 .1841 yes • 7913 

1977 .3078 .2738 yes* .5053 

*Indicates that AR(l) is an appropriate model but H0 : p = 0 
is not rejected. 



Table IV 

Sample of Simulated Data 
p 

1 1.3 1.2 1.4 1.4 1.4 1.4 1.6 1.5 1.8 1.5 1.4 1.6 .6392 

2 1.6 1.5 1.4 1.2 1.2 1.3 1.2 1.6 1.4 1.4 1.5 1.5 .3818 

3 1.5 1.2 1.1 1.3 1.6 1.5 1.3 1.1 1.0 1.6 1. 7 1. 7 .4632 

4 1. 7 1.6 1.5 1.4 1.3 1.5 1.5 1.6 1.4 1.2 1.2 1.4 .5231 

5 1.4 1.4 1.5 1.6 1. 7 1. 6 1.5 1. 3 1.2 1.3 1.3 1.0 .8782 
\.0 
-"" 

6 1.0 1.3 1.6 1.4 1.3 1.4 1.6 1.6 1.3 1.1 1.2 1. 7 .1934 

7 1. 7 1.6 1.6 1.9 1.4 1.3 1.5 1.2 1.0 1.0 1.0 .9 .8115 

8 .9 1.2 1.2 1.3 1.0 1.3 1.3 1.3 1.3 1.4 1.3 1.3 .3581 

9 1.3 1.2 1.1 1.1 1.1 1.0 1.3 1.5 1.3 1.2 1.0 1. 2 .7484 

10 1.2 1.4 1.3 1.5 1.6 1.5 1.5 1.5 1.2 1.5 1.5 1.1 .1204 

11 1.1 1.3 1.5 1.5 1.4 1.4 1.5 1.5 1.4 1.5 1.6 1.3 .4724 

12 1. 3 1.1 1.4 1.4 1.5 1. 3 1.4 1.4 1.4 1.5 1.5 1.4 .7643 
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The empirical Bayes estimator (4.2.1) was investigated for 

N = 12 (number of past experiences) so that the variation in p would 

be similar to that of Table III. The observation x were construct-
it 

ed according to the model. (See Table IV.) 

where i = 1, 2, •.• , N denotes the particular experience and t = 1, 2, 

12 d h b . . h. h . th . .•. , enotes t e o servation wit int e i experiment. The values 

for p., E .. were randomly generated using uniform and exponential den-i iJ 
sity functions for p. and normal density function for s ... i iJ 

For each experiment, the estimate p. was found by (1.4.5) and 
i 

stored. The empirical Bayes estimate was found using past (and present) 
A 

values of pi, i.e., pi (i = 1, 2, •.. , 12) were found and then pi. 

i = 1, 2, .•• , 12 were used to obtain ; 12 (empirical Bayes estimate of 

In this manner a run of 12 experiences was simulated and empiri-

cal Bayes estimate was calculated. Since the true parameter values 

were known, the squared error for estimate could be found, and by 

averaging the results of 5000 repetitions of the entire run of 12 ex-

periences, the mean squared errors were estimated. For example, p12 

was given independently 5000 times arid the average of the squared error 

(p12 - p12) 2 was found. 

The object of the Monte Carlo study is to compare the empirical 

Bayes estimator pN given by (4.2.1) with the conditional maximum like-
A 

lihood estimator p12 given by (1.4.5). 
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Our criterion for comparison is mean squared error, and we there-

fore observe the ratio 

R = empirical Bayes mean squared error 
maximum likelihood mean squared error 

Table II shows the value of R, MSE(p), MSE(p), obtained for the time 

series of 12 observations for p - U(.455, .555), E - N(O, .002) and 
1 -p/8 p - exponential with parameter 8 = .71, f(p) = - e , where .455 
B 

< p < .530, E - N(O, .002). It was found that the empirical Bayes 

estimators produced smaller mean squared errors than the maximum like-

lihood estimator (see Table II). 

Note that the empirical Bayes estimators have about half the mean 

squared error of the maximum likelihood estimators. 

10.3 Summary 

In this dissertation empirical Bayes estimators were obtained for: 
p 

(1) The autoregressive model, X = L aj xt . + Et' t j=l -J 
q 

(2) The moving average model, X = L ej Et-j + Et' t j=l 

(3) The mixed autoregressive-moving average model, 

p 
xt + L aJ. xt-J' = 

j=l 

q 
Et+ L 8, Et ., 

j=l J -J 

(4) The regression with time series errors, Yt = Bxt + ut; 

(5) The spectral density function, f(w), 

(6) Multiple time series, 



97 

(7) Serial correlation, 

(8) Unobservable variables in regression. 

The monthly seasonally adjusted United States labor turnover rates in 

manufacturing were analyzed. It was found that the AR(l) is an appro-

priate model for layoff rates and total accession rates. 

Empirical Bayes and classical estimates of AR(l) parameter, p, 

were computed. 

By Monte Carlo simulation the empirical Bayes estimator of first 

order autoregressive parameter, p, was shown to have smaller mean 

squared errors than the conditional maximum likelihood estimator for 

11 past experiences. 
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EMPIRICAL BAYES METHODS IN TIME SERIES ANALYSIS 

by 

Taghi M. Khoshgoftaar 

Abstract 

In the case of repetitive experiments of a similar type, where 

the parameters vary randomly from experiment to experiment, the 

Empirical Bayes method often leads to estimators which have smaller 

mean squared errors than the classical estimators. 

Suppose there is an unobservable random variable e, where e - G(e), 

usually called a prior distribution. The Bayes estimator of 8 cannot 

be obtained in general unless G(8) is known. In the empirical Bayes 

method we do not assume that G(8) is known, but the sequence of past 

estimates is used to estimate e. 
This dissertation involves the empirical Bayes estimates of vari-

ous time series parameters: The autoregressive model, moving average 

model, mixed autoregressive-moving average, regression with time series 

errors, regression with unobservable variables, serial correlation, 

multiple time series and spectral density function. In each case, 

empirical Bayes estimators are obtained using the asymptotic·distribu-

tions of the usual estimators. 

By Monte Carlo simulation the empirical Bayes estimator of first 

order autoregressive parameter, p, was shown to have smaller mean 

squared errors than the conditional maximum likelihood estimator for 

11 past experiences. 
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