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(ABSTRACT) 

An algorithm to design simple gain scheduled nonlinear PID controllers for nonlinear 

plants is investigated. Design information is obtained from measurements of the nonlinear 

plant about selected equilibrium points. 

Simulations are performed on two different nonlinear CSTR models. The first 

simulation produced an unexpected result: that linear output feedback performed better 

than state feedback for the particular model. The second simulation showed that the 

nonlinear PID controller performed as well as a complex nonlinear controller. 

A literature search for similar nonlinear controllers concluded that the nonlinear PID 

controller presented in this thesis did not provide a unified framework for previous work.
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CHAPTER 1 

Introduction 

The study-of nonlinear systems and the failure of linear controllers to adequately 

operate such systems over the wide range of interest has led to the development of nonlinear 

controllers that adapt themselves to changing plant dynamics. These controllers can vary 

widely in scope and complexity, depending on the approach to obtain a desirable control 

law. Practical application of such controllers, however, can be quite difficult and most plant 

operators don’t trust new, sophisticated control schemes. This has generated interest in 

simplifying nonlinear controllers while maintaining reasonable system performance. 

One approach to simplification has been modifying classical linear control structures 

so that they will operate over a wider range. A modification scheme that is routinely applied 

is a technique called ‘gain scheduling’, where the controller gains are varied with respect to a 

plant variable. The controller gains become nonlinear functions of a plant variable and 

result in a nonlinear form of a classical controller. The methods used in developing these 

nonlinear controllers, however, can still lead to complicated controller schemes and might 

require extensive plant testing before the controller can be implemented. 

A nonlinear PID controller framework is presented in Rugh(1987). This framework 

involves gain scheduling the controller gains as a function of the plant input. After 

linearizing the nonlinear plant the controller gains are tuned using the Ziegler-Nichols 

specifications, which involves determining the ultimate gain and the ultimate period of the 

plant. The resulting nonlinear gain functions can be rather complex and difficult to 

implement. In the absence of a nonlinear plant model extensive testing would be needed to



determine the ultimate gain and ultimate period before the controller could be designed. 

In this thesis the basic nonlinear PID controller framework presented in Rugh(1987) 

is used. However, instead of using the Ziegler-Nichols tuning specifications to determine the 

controller gains, a simpler technique to determine the nonlinear gain functions is developed. 

This technique is then applied to several systems to determine how well this simplification 

works in practice. After reviewing the literature on other similar nonlinear control schemes, 

some conclusions wil] be presented.



CHAPTER 2 

Non-Linear PID Controllers 

Linear PID controllers are well known classical controllers that have been studied 

intensely for many years. However, with recent interest in modeling and controlling non- 

linear systems, the limitations of operating the non-linear system with a single linear 

controller have become readily apparent. Frequently the linear controller will operate well 

within a local family of set points but the global performance is not satisfactory. Global 

performance in this context means the ability to operate the system over a large range of set 

points in a narrow strip near the system equilibrium curve. The goal of this chapter is to 

describe a non-linear PID controller design scheme that attempts to improve global 

performance while maintaining the local operating properties of the linear controller. 

The design process begins with a linearization of the non-linear plant. Several 

linearization techniques are known but the technique used here is a first order Taylor Series 

method (Wiberg, pp. 8-9). Consider a n‘” order plant model with equations of the form: 

X(t) = f(x, (t),x2(t),....Xn(t),u(t)) 

Xo(t) = fo(x1(t),x2(t),....xn(t),u(t)) 

Xn(t) = fn(xi(t),xo(t),....Xa(t),u(t)) (2.1) 

y(t) = fn41(X1(t),X2(t),.-.»xn(t),u(t)) (2.2)



where i is any integer from 1 to n. Since the non-linear PID controller design is SISO, the 

plant family is limited to SISO plants. An equilibrium point is defined as follows: 

O = £1(X1(09)X2¢eq) + 9Xn(eg)Y(eg)) 

O = fo(X1(egyX2(eq)2’ Xn (eg) U(eg)) 

0 = fa(X1(eq)sX2(eq)2""»Xn(eq)4(e9)) (2.3) 

Y(eq) = f+ 1(X1(09)X2(eq)--Xn(eq) 4 (eq)? (2.4) 

With n + 1 equations and n + 2 unknowns there are an infinite number of solutions. The 

set of equilibrium points may be parametrized by the input Weg): The plant can be 

linearized about any equilibrium point by the use of first order Taylor Series of the form: 

X5i(t) = SPs rest] + Ty y-us(t) 

Xso(t) = do[Pas itt) + Ty ,-u5(t) 

bal = Spraymut] + Peng (2.5) 

volt) = STP s%es(t)] + Prenatal (2.6)



  

    

        

II 1(eq)*2(eq)?* 1X n(eq) (eq) 

of, 
Te. = | 2.8 

LOU P1(eg)%2(e9) 1X n(eg) (eg) 2) 

where the delta indicates a deviation variable (e.g. x5(t) = x(t) — Xoeq)): These 

equations can be written in linear state space form: 

Ax(t) = Ay-Ax(t) + By-Au(t) (2.9) 

Ay(t) = Cy-Ax(t) + Dy-Au(t) (2.10) 

Pia Tie Pin 

Poi Pa Poin 
Ay = (n x n) (2.11) 

r,, 1 | Ph n 

- - ~ 4T 

Pie Pasi 

Tou Pn4i2 

Bu = (n x 1), Cu = (1 x n) (2.12-2.13) 

Pre Pasin 

Du | Paste | (2.14)



Ax(t)=| | (ax 1) (2.15) 

Ax(t)=| | (x 1) (2.16)     
Au(t) = u,(t), Ay(t) = y,(t) (2.17-2.18) 

where u indicates an association with a particular equilibrium point. Selection of an 

equilibrium operating point will result in unique Ay, By, Cy, and Dy coefficient matrices 

that describe the plant dynamics in a local neighborhood near the selected equilibrium 

point. The eigenvalues of the Ay matrix can be analyzed for stability and a transfer function 

can be calculated in the following manner: 

Gy(s) = Cy-(s-In _- Ay)? By + Du (2.19) 

where [, is an x n identity matrix and u indicates that the transfer function is associated 

with a particular equilibrium point. This process can be repeated for other equilibrium



points and stable regions of plant operation in the neighborhood of the equilibrium curve 

can be determined. 

Normally, a single equilibrium point would be chosen and a single linear PID 

controller designed for operating the system. Ideally, in the case of a nonlinear PID 

controller all points along the plant equilibrium curve are used for designing a set of linear 

PID controllers. All points along the equilibrium curve would be used so that the exact 

character of the controller gain variations would be known. However, this would result in an 

infinite set of controllers so a finite set of equilibrium points are used and the resulting 

controller gain variations are approximated by the use of linear splines. Design performance 

characteristics are chosen that may vary with the equilibrium point and any available 

technique may be used to select the controller gains. This set of linear PID controllers will 

provide basis for a single non-linear PID controller whose linearization about each of these 

points gives the desired linear PID controller equation: 

Cu(s) = K,(u ) ¢ N2c) b kcy )+s (2.20) Wes IN (eg) s 3h(eq) 

where u indicates that the controller transfer function is associated with a particular plant 

equilibrium point. 

The gains from the set of linear PID controllers are used in a linear spline curve 

fitting technique (Gunzburger): 

a < u(t) <b 

K,(u(t)) = 2 — u(y) + SO     -(u(t) — a), i = 1,...,3 (2.21)



where a and b are equilibrium control values from chosen set points. This is called gain- 

scheduling with respect to the plant input and allows the controller to alter gains such that 

the designed performance characteristics are maintained. Using the same non-linear PID 

controller state equations as in Rugh(1987), these non-linear functions are used in the PID 

controller state equations: 

a(t) = K,[2(t)]-e(t) (2.22) 

u(t) = z(t) + K,[2(t)]-e(t) + K,[2(t)]-é(t) (2.23) 

where e(t) is the error between the command signal and the output of the plant. This 

controller at any closed-loop equilibrium point has the following properties: the error e(t) is 

zero and the controller state z(t) at equilibrium is equal to the equilibrium plant input. 

As a verification, the controller state equations are linearized using first order Taylor 

Series with e(t) as the controller input and u(t) as the output: 

f,(a(t),e(t)) = Ke[2(b)}-e(t) (2.24) 

f(2(t),e(t)) = 2(t) + K,[z(t)]-e(t) + Ka[z(t)]-€(t) (2.25) 

C(eq) = 9: €(eg) = 9 2g) = Yeo) (2.26-2.28) 

. 4, _ Of, a 
Z(t) = Fe acca cence #0 + [Be feceqys€ (egy eq) 8



Of, | + [ae 

= K4(2(69))-€(eq)25(t) + Ko(z;.9))-es(t) 

  
e s(t) . -e 

4(eq)©(eq)©(eq) 

= K(u(.4))-e5(t) (2.29) 

of. u,(t) = (32 s(t) 
    

af, 
200g) (eq)*(eq) OD) + 5 

af, 
+ Fe 

[3 + Ki (2(¢9))-€¢e9) + K5(2¢69))-€ceq) |:20(t) + K,(2,4))-1-e5(t) 

. -e 

2(eq)©(eq)?€(eq) 

  
é s(t) . -e 

Z(eq)©(eq)©(eq) 

+ K3(Z(eq))-€s(t) 

= 25(t) + Ky(uc,,))-es(t) + K3(uc.g))-€5(t) (2.30) 

Converting these state equations to transfer function form (assuming the controller state 

initial condition is u;,,) and the error initial condition are both zero): 

Ko(ueg)) 
Ss 

Zu(s) = -Eu(s) (2.32) 

Uu(s) = Zu(s) + K,(u.4))Eu(s) + K3(u(.,))-s-Eu(s)



10 

Rate) (6) + K,(u,.,))*Eu(s) + K3(u;.,))*s-Eu(s) (2.33) 

K2(uceg)) 
—s Cy(s) = a = K,(u,,)) + + Ka(u/.,))°8 (2.34) 

which is the linearized form of the non-linear PID from equation 2.20.



CHAPTER 3 

Control Of A Constant Volume, Non-Adiabatic, Continuously Stirred Tank Reactor 

The details of the plant and the linear state feedback controller for this example are 

from Hoo and Kantor(1985). The process to be controlled is the chemical reaction within a 

constant volume, non-adiabatic, continuously stirred tank reactor (CSTR). This requires 

regulating reactor parameters so that a certain conversion rate from reactants to products is 

maintained. The model describing the CSTR is given by: 

ee] (3.1) x, = —x, + Da-(1 — x,)-e 

Xo 
1+ Xo/7 

Xo = —x, + B-Da-(1 — x,)-e — u-(Xo — Xe) (3.2) 

where x, is the conversion, x, is the dimensionless temperature, u is the dimensionless heat 

transfer coefficient, x- is the dimensionless cooling jacket temperature, Da is the Damkohler 

number, and B is the dimensionless heat of reaction. If Xo(eq) = & represents a desired 

equilibrium operating temperature for the CSTR then the equations for the equilibrium 

values of conversion and control are given by: 

pase a7; | 

= (3.3) 

1+ pai? 71 

X(eq)(@) = 

ll
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—a + B-x,,, 
4) (3.4) Yea (a) = 

Figure 1 shows the reactor equilibrium curve (temperature vs. conversion) and Figure 2 

shows the equilibrium values of the control with respect to a. The parameters of this CSTR 

model are given in Table 1. The dimensionless heat transfer coefficient u acts as the input to 

the plant and the dimensionless temperature x, acts as the output to the plant. 

The equilibrium point Xi(eq) = 0.5, Xo(eq) = 3 was chosen as a reasonable operating 

point for the CSTR as it corresponds to moderate temperature and conversion. The 

linearized system at this equilibrium point is unstable and compensation is needed to 

operate the system in a stable manner. 

Figure 3 shows a phase plot of the system operating with a linear state feedback 

controller. A linear controller was designed to place the eigenvalues of the closed-loop 

linearization about the operating point at -2. For initial conditions in the neighborhood of x 

— [1 4]", the system has transients with large overshoots in both temperature and 

conversion. The controller sends moderate initial control values to the plant when the initial 

state conditions are x = [.1 4]? andx = [11 5]?. The initial state and control values for 

the phase plot of Figure 3 are given in Table 2. 

A linear PID was designed at the same equilibrium point as the state feedback 

controller. The plant is linearized using Taylor Series (see Chapter 2) and then modeled by: 

Xs, = (—1 — Da-p):x;, + [Daa — X1(eq)) HY [X59 (3.5) 

X59 = (—B-Da-p)-x5, + [-1 + B-Da-(1 — Xi(eq)) "HY — eg |°X50
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+ (—a + Xe) Us (3.6) 

Ys = X50 (3.7) 

_ lr) 
wre , v= (1 + a/7y (3.8-3.9) 

where delta indicates a deviation variable (e.g., Xs9(t) = X2(t) — X2(,,)). Due to the 

difficulty of building an ideal differentiator a high-pass filter was used to approximate the 

differentiator. At low frequencies the high-pass filter resembles an ideal differentiator but at 

high frequencies it resembles a proportional gain. The linear controller transfer function is 

given by: 

  K Ka-s 
Cis) =K, + $+ stag 

K a-K = (K, + Ks) + 3 - sy 4 (3.10) 

and leads to the state equations: 

i,(t) = Kp-e(t) (3.11) 

X(t) = —a-x,(t) + a-e(t) (3.12) 

u(t) = x(t) — Ky-xa(t) +(K, + Ks)-e(t) (3.13)



14 

where a = 10 in this example. The transfer function of the linearized plant model at the 

equilibrium point Xi(eq) = 0.5, Xo(eg) = 3, Ueg) = 0.3333 is: 

—3-(s + 2) G(s) = 
uls) = 3995526 — 1.3216 
  (3.14) 

with a zero at —2 and poles at 1.5232, —0.8679. The closed-loop performance characteristics 

chosen were a time constant of 0.3 s and 94.0% damping. A root locus design technique was 

used to calculate the controller gains and, after some gain adjustment, resulted in the 

following controller transfer function: 

  C(s) = -5 -2-- as (3.15) 

The system with this controller transfer function has stable closed-loop poles (Figure 4) and 

adequate local performance characteristics 

(Figure 5). 

This example was intended to show that a system using a linear PID controller has 

good local performance but poor global performance. A nonlinear PID controller designed 

from a set of locally designed linear PID controllers would then show an improved global 

performance over a single linear PID controller. Simulations with this linear PID show that 

the system has reasonable performance over a wide range of initial conditions. However, the 

linear PID controller has superior performance to the system using the linear state feedback 

controller at certain initial conditions. Figure 6 shows a phase plot of the system with the 

linear PID controller, using the same initial conditions as the system with the linear state
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feedback controller. Table 3 gives the initial state and control values for the phase plot of 

Figure 6. A comparison of Tables 2 and 3 will show that when the initial value of the 

dimensionless temperature x» deviates from the chosen operating value (x2 = 3) the initial 

control value from the linear PID controller is much larger than the initial control value 

from the linear state feedback controller. The linear PID controller begins the simulation 

with zero initial conditions for its interna] states. The initial control value is therefore a 

function of the initial error and the feedthrough term (due to the increased proportional gain 

caused by the differentiator approximation) from the linear PID controller. The larger initial 

control values in the region of initial conditions x = [1 4] force the linear PID controlled 

system towards the designed operating point more quickly than the linear state feedback 

controlled system, as can be seen from a comparison of Figures 3 and 6. However, the initial 

control values in the region of initial conditions x = [.1 3]? are lower for the linear PID 

controller than for the linear state feedback controller due to the low value of the initial 

error. The linear PID controlled system has to drift until the control is large enough to force 

the system towards the designed operating point. The linear state feedback controller uses 

moderate control values to move the system towards its designed operating point in a direct 

manner. Conclusion: dynamic output feedback may provide better performance at certain 

initial conditions than state feedback for non-linear systems.
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Table 1. Parameters for CSTR Model used in Chapter 3 

  

Dimensionless Cooling Jacket Temperature: Xe = 0 

Damkohler Number: Da = 0.05 

Dimensionless Heat of Reaction: B = 8 

y = 2100 

Equilibrium Conversion: Xy = 0.5 

Equilibrium Dimensionless Temperature: Xo = 3 

  

Table 2. Initial State and Control Values for the Phase Plot of the Linear State Feedback 

Controlled System of Figure 3 

  

x, = 0.9 Xo = 1 u = —3.8375 

x, = 0.7 X» = 1 u = —3.3041 

x, = 0.5 X, = 1 u = —2.7707 

xX, = 0.3 X, = 1 u = —2.2373 

x, = 0.1 Xo = 1 u = —1.7039 

x, = 0.1 Xo = 2 u = —0.1519 

x, = 0.1 X, = 3 u = 1.4001 

x, = 0.1 Xp = 4 u = 2.9521 

x, = 0.1 Xq = 4.5 u = 3.7281 

xX, = 0.1 Xo = 9 u = 4.5041 

 



17 

Table 3. Initial State and Control Values for the Phase Plot of the Linear PID Controlled 

System of Figure 6 

  

x, = 0.9 X, = 1 u= —14 

X, = 0.7 X, = 1 u= —14 

Xx, = 0.5 X, = 1 u= —14 

xX, = 0.3 X, = 1 u= —14 

x; = 0.1 Xo = 1 u= —14 

x, = 0.1 X, = 2 u=-—7 

x, = 0.1 Xp = 3 u=0 

xX, = 0.1 Xo = 4 u=7 

x, = 0.1 X_ = 4.5 u = 10.5 

x, = 0.1 Xo = 5 u= 14 
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CHAPTER 4 

Control Of An Ideal Continuously Stirred Tank Reactor 

The details of the plant and the linear controller for this example are from 

Economou, Morari and Palsson (1986). The process to be controlled is a reversible 

exothermic reaction conducted within an ideal continuously stirred tank reactor (CSTR). 

The chemical equation describing the reaction is given by: 

ATR (4.1) 
ky 

and the model describing the CSTR is given by: 

Ao = }-(A; — Ao) — ky(To)-Ao + ky(To)-Ro (4.2) 

Ro = 4.(R; — Ro) + ky(To)-Ao — ky(To)-Re (4.3) 

. —AHp 1 
To = —at-(ky(To)-Ao — ky(To)-Ro) + #:(T; — To) (4.4) 

Pvp 

k,(To) = Cy-exp| eae ? 
oO 

k_,(To) = C_,-exp lace | (4.5-4.6)   

The parameters and the desired equilibrium operating point are given in 

Table 4. The control objective is to operate the system near the equilibrium peak point to 

24
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maximize the output product concentration while maintaining closed-loop stability. The 

input temperature T; acts as the input to the plant and the output product concentration 

Re acts as the output to the plant. 

The reactor equilibrium curve (Figure 7) was obtained by setting the state equations 

equal to zero and solving for Ao, Roe, To and T;. A maximum point occurs in the curve at a 

output temperature of 438.5° K and an output product concentration of 0.5088 mol /1. 

According to Economou, Morari and Palsson (1986): 

Note that because of the conversion maximum, the system gain 

changes sign as the operating point changes from one side of the 

maximum to the other. Systems of this type are not “integral 

controllable”; i.e., they cannot be stable over the entire operating 

region when controllers with integral action are employed. 

The solution that Economou, Morari and Palsson (1986) recommends for the linear 

controller is the removal of the “no offset requirement” (i.e. remove the integrator). This 

allows the possibility of a stable linear controller over the entire region of interest. The type 

of controller they used is a simple proportional controller with a gain of 1500. 

The solution offered by the nonlinear PID controller presented here allows integral 

control to operate over the entire region. The controller gains are scheduled to change sign 

when the plant changes sign, permitting stability for the system. One of the potential 

drawbacks to this technique is synchronizing the change in sign of the plant and the 

controller. If the actual peak of the equilibrium curve differs significantly from the 

calculated peak undesirable dynamics could occur.
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Six points along the equilibrium curve were chosen as design points for the set of 

linear PIDs. These points are shown in Figure 7 as small x’s and are given in Table 5. A 

point was not chosen at the peak of the equilibrium curve due to the linearized system 

having zero steady state gain at this point. The desired performance characteristics of the 

closed-loop system were chosen as a time constant of 50 s and 70.7% damping. A root locus 

design technique utilized a linearized model of the plant about each equilibrium point. The 

linearized plant is modeled by: 

x,(t) = Ao, x_(t) = Ro, xg(t) = To (4.7-4.9) 

  (4.10-4.11) 

Xpilt) = [—4 — ky(Pocey) frat) + [k-a(Tocegy) fXo0l) 

+ [ —ki(To¢eq))*Aocegy # + k-a(Toceqy) Rocegy'# |Xoa(t) (4.12) 

sso(t) = [ki (Poceqy)]|Xoult) + [—4 — k-a(Toceqy) | *e(t) 

+ | ki(To¢eq))Aocegy'# — k-1(Tocegy)"Rooceg)"# | Xsalt) (4.13) 

X53(t) = [¥-K1(Toceqy) | X01 (t) + [—¥-k-1(Tocegy) | ¥s2(t) 

+ |» [ks (Tacegy)Aaceay'# — k-a(To(eq))"Rocegy'# } - 1 |-xss(t)
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+ [A] ust) (4.14) 

ya(t) = Xpa(t) (4.15) 

where delta indicates a deviation variable (e.g., X52(t) = X(t) — X2(,,)) from the Taylor 

Series used to form this linearized model. Due to the difficulty of modeling an ideal 

differentiator a high-pass filter was used to approximate the differentiator. The linearized 

controller transfer function is given by: 

K2(u(.,)) K3(u(.4))°S 
3 + Cu(s) = K,(uy..y) + s+a 
  

a-K3(U(.4)) 
st+a 

  

K,(u e€ ) 

= (Ky (uc.gy) + K3(U¢4))) + = v ~ 

— (Ki (4¢e4)) + K3(u¢¢9)))°8" + (a-K,(uc.g)) + Ko(ucegy))8 + a-Ka(u(.,)) 
  

s? + a-s 

(4.16) 

which results in the state space equations: 

X(t) = KJ x,(t)]-e(t) (4.17) 

X2(t) = —ax, + ae(t) (4.18) 

u(t) = x(t) — Ks[x,(t)]-xo(t) + [K,[xi(t)] + Ka[x.(t)] ]-e(t) (4.19) 

where a = 1 in this example. At any closed-loop equilibrium point this controller has the



28 

following properties: x;(t) = u(,,), Xo(t) = 0, and e(t) = 0. The non-linear controller was 

constructed by interpolating the gains at each chosen equilibrium point (given in Table 6) 

using linear spline equations of the form (Gunzburger): 

ec <u(t)<d 

K,(u(t)) = FO) K (6) ¢ PO 9) Ka) (4.20) 

where i = 1,...,3 represents the gain associated with each element of the PID. Substituting 

x,(t) for u(t) leads to the state space model of the non-linear PID controller as described by 

equations 4.17-4.19. 

As an example of the design process, the calculation of the controller at one of the 

chosen equilibrium points is detailed. At the equilibrium point with output temperature T. 

= 377.5 °K, output product concentration Ro = 0.3022 mol/1, output reactant 

concentration Ag = 0.6978 mol/l, and input temperature T; = 376.0 °K, the linearized 

plant transfer function is: 

  

~6 -8 2.780x107*-s + 4.634x10 (4.21) Gy = 
ue 53 4 5.934x1072-s? + 1.145x1073-s + 7.225x107° 

with a zero at —1.667x107?, and poles at —2.592x107?, —1.742x107”, and —1.600x107?. 

To obtain closed-loop system dynamics of a 50 s time constant and 70.7% damping, the root 

locus plot of the closed-loop system must pass through the point -0.02 + j-0.02. From 

classical control theory the following equation is true of all root locus plots (Biernson, pp. 

495-497):
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S$ (42; — D> Zp; = £k-180° (4.22) 
s=1 j=l 

where Zz; is the angle of a line drawn from a chosen point in the root locus plane to a open- 

loop zero, Zp; is the angle of a line drawn from the same chosen point in the root locus 

plane to a open-loop pole, m is the number of open-loop zeros, n is the number of open-loop 

poles, and k is any arbitrary integer. Since the controller poles are known to be 0 and —1, 

the sum of the angles of the controller zeros can be calculated using equation 4.22: 

2, = —0.01667, p, = —0.02592, p, = —0.01742 (4.23-4.25) 

ps = —0.01600, p, = 0, ps = —1 (4.26-4.28) 

Za, = Arctan| —yyig5f OU — —80.55° (4.29) 

Zp, = Arctan| —ya5G0i O03 = —106.5° (4.30) 

Zp, = Arctan| —Tyrgg} OUD — —82.65° (4.31) 

Zp; = Aretan| —yyiggF OD = —78.69° (4.32) 

Zp4 = Arctan| 59.05 = —45.00° (4.33) 

Zp, = Aretan| =O. | = —178.8° (4.34)
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22, _ ZPi _ ZPy —_ ZP3 _ ZP4 _ ZDps = 411.1° = 231.1° + 180.0° 

Ltn + Laz = —231.1° 

(4.35) 

(4.36) 

For simplicity, the controller will have a double zero on the real axis in the root locus plane: 

Zh = Lt3, = —115.6° 

. 0.02 —115.6° = Arctan| O05 05 | 

_ [__=0.02_}_ 999 = — a= lant TEX 0.02 = —0.02956 

This results in the linearized controller transfer function: 

Ke:(s + 2.956x 1077)? 
s-(s + 1) 
  

Cu(s) = 

_ Ke-(s? + 5.913107? +s + 8.741x 1074) 
a s? +s 

  

(4.37) 

(4.38) 

(4.39) 

(4.40) 

where K, is the controller transfer gain required to force one of the closed-loop system poles 

to be —0.02 + j-0.02. Figure 8 shows a root locus analysis of the system with Ke = 8585 

and the resulting closed-loop poles. Comparing equation 4.40 with equation 4.16 results in 

the following values of the controller gains:



31 

  

-4 

Ko(uc,,)) = SeBT4l xl” — 7.504 (4.41) 

K.-5.913x107? — K,(u,, 
K,(u,..)) = 5 (40) _ 500.1 (4.42) 

These controller gains (along with the controller gains from the other five linear PID 

designs) are used in the linear spline equations to form the nonlinear PID gains. Plots of 

these gains with respect to T,; are shown in Figures 9-11. 

With this type of controller, good performance is expected with regard to small state 

disturbances due to the design. The error associated with linear splines is bounded by 

(Gunzburger): 

  

Ix-""(u(t)) |, -(d — ©)? 
8 

jerror| < (4.44) 

where & is the true nonlinear gain function and i = 1,...,3 represents the gain associated 

with each element of the PID. The maximum bound for the error occurs between two 

inflection points and, after examining plots of the nonlinear gain functions, the system 

response to small state disturbances near the equilibrium point Ro = 0.4800 mol/l, To. = 

468.4 °K was observed. This particular point was chosen because it appeared to be between 

two inflection points and, therefore, some error in the linear spline functions is possible. As 

can be seen from Figure 12, when the system operates under an output temperature 

disturbance, the output product concentration adjusts quickly to the new output 

temperature. When the system moves back to the commanded operating point, overshoots



32 

in temperature and concentration occur. When the system operates under an output product 

concentration disturbance, the temperature will begin to change and then the system 

corrects itself and moves back to the commanded operating point with no overshoot. 

In the study of CSTR operation, there are several operating conditions that have 

particular interest. One of these operating conditions is startup performance. If startup 

performance is poor then safety restrictions could be exceeded or a loss of reactor efficiency 

could occur. The reactor startup was simulated with the following initial conditions: output 

product concentration Ro = 0 mol/1, output reactant concentration Aj = 1.0 mol/], 

output temperature 330.0 °K, input temperature 330.0 °K, and the controller initial state x 

= [330.0 O}T. A first-order exponential filter with a 60 s time constant was used to smooth 

the step changes in command signal. Figure 13 shows the input response of the reactor. The 

large variation of the input temperature T, in the first minute of the simulation is due to 

the initial condition of the second controller state (the one that approximates the 

differentiator). With a change in the command signal there is a large variation of the second 

controller state (Figure 14) and this causes the variation of input temperature T;. A lower 

bandwidth command signal filter might reduce the initial command signal rate of change 

and thereby reduce the large variation in the second controller state that affects the input 

temperature response. Figure 15 shows that the variation of the input temperature T, affects 

the smoothness of the output temperature T,. Figure 16 shows that the output product 

concentration R, moves smoothly from its initial value to its final value of 0.5080 mol /1. 

Figure 17 shows a phase plot of output temperature T, versus output product concentration 

Ro. The system has a smooth transition to the desired operating point even with the large 

variation of input temperature T;. Figure 18 shows the output of the first controller state. 

Another CSTR operating condition worth investigating is system performance with
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regard to parameter variations. A realistic variation is a disturbance in the input reactant 

concentration A;. Simulations of the system operating near the peak equilibrium point with 

a —2% input reactant concentration disturbance (A;) show that the nonlinear PID 

controller has definite advantages over the linear controller. The disturbance forces a 

downward shift in the equilibrium curve (due to the reduction of input reactant 

concentration A, (Figure 19) and the system can never approach the commanded conversion 

rate. The desired control strategy is to operate the system at the maximum conversion rate 

until the disturbance is removed. The linear controller forces the system to a higher 

operating temperature until the commanded value of the output product concentration is 

met. However, this forces the system beyond the peak equilibrium point and the system 

becomes unstable. Figure 20 shows how the input temperature T; climbs dramatically after 

the system crosses the peak of the equilibrium curve (T, at the peak is 436.0 °K). Figure 21 

shows the output temperature T, increasing exponentially after crossing the peak 

equilibrium point. Figure 22 shows the output response and how the output product 

concentration Ro decreases exponentially in response to the input temperature T,. Figure 23 

is a phase plot of output temperature T, versus output product concentration Ro. This 

shows that the system is increasing the output temperature in an vain attempt to increase 

the output product concentration. Since the system is operating on the right side of the peak 

equilibrium point, this has the effect of decreasing the output product concentration and, 

hence, the system is now unstable. The nonlinear controller operates the system at the peak 

equilibrium point of the shifted equilibrium curve (Ro = 0.4986 mol/], 

To. = 438.5 °K) to maximize the conversion rate. At this point the gains of the controller 

approach zero and the system continues to operate in a stable manner. However, when the 

disturbance is turned off (after 20 minutes), the system is extremely slow in returning to its
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previous operating point. Figure 24 shows the input response and how the input temperature 

T, levels off when it approaches the peak equilibrium point. When the disturbance is turned 

off, the input temperature slowly drops as the system begins to return to its equilibrium 

value. Figure 25 shows how the output temperature T, also levels off at the peak 

equilibrium point, and slowly drops towards its previous point. Figure 26 shows the output 

response and how, after the disturbance is turned off, the output product concentration Ro 

returns to the peak equilibrium value. Figure 27 is a phase plot of output temperature 

versus output product concentration. This plot shows the system moving smoothly to the 

peak of the shifted equilibrium curve and hardly moving when the disturbance is turned off. 

Figures 28 and 29 show the responses of the controller states. 

Comparison of the nonlinear PID controller performance with the performance of the 

computationally complex nonlinear IMC controller performance described in Economou, 

Morari, and Palsson (1986) shows some favorable results. The phase plots of the two 

systems under startup conditions are somewhat similar, but the nonlinear PID controlled 

system initially has a more rapid increase in output temperature T, than the nonlinear IMC 

controlled system. When the CSTR is operating under the —2% input reactant disturbance 

A, the plots of output product concentration R. and input temperature T,; are remarkably 

similar. However, when the disturbance is turned off the nonlinear IMC controller moves the 

system back to the previous operating point more rapidly than the nonlinear PID controller. 

Improving the performance of the nonlinear PID controlled system after the 

disturbance is turned off poses some problems. Letting the gains go to zero at the peak of 

the equilibrium curve removes any control over the system at this point. In order to return 

to controlled operation the system must move away from the peak equilibrium point. 

However, as in the case of the input reactant concentration disturbance, the controller is
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forcing the system to operate at the peak equilibrium point. This raises the question of 

whether one or more of the controller gains should be nonzero at or near the peak 

equilibrium point. A nonzero gain in this region could cause undesired system dynamics or 

even instability. Further study of this type of controller could address this problem and 

possibly find a solution.
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Table 4. Parameters for the CSTR Model used in Chapter 4 

  

Flow Rate per Unit Volume T= 60s 

Forward Rate Constant C, =5 x 10° s7* 

Reverse Rate Constant C_,.=1*x 10° s7? 

Forward Activation Energy Q,; = 10 000 cal/mol 

Reverse Activation Energy Q_, = 15 000 cal/mol 

Ideal Gas Constant ® = 1.987 cal /mol-°K 

Heat of Reaction —AHp = 5000 cal /mol 

Density p=1kg/l 

Heat Capacity Cp = 1000 cal /kg-*K 

Input Reactant Concentration A, = 1.0 mol/l 

Output Reactant Concentration Ao = 0.4920 mol /] 

Input Product Concentration R,; = 0.0 mol /1 

Output Product Concentration Ro = 0.5080 mol/1 

Input Stream Temperature T, = 432.0°K 

Output Stream Temperature To = 434.5°K 
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Table 5. Six Points from the Reactor Equilibrium Curve used to Design the Nonlinear PID 

  

Point 1 Ro = 0.0492 mol /1] To = 323.2°K Weg) = 323.0°K 

Point 2 Ro = 0.3022 mol/1 To = 377.5°K Weg) = 376.0°K 

Point 3 Ro = 0.4602 mol /] To = 408.3°K Weg) = 406.0°K 

Point 4 Ro = 0.4800 mol /1 To = 468.4°K Weg) = 466.0°K 

Point 5 Ro = 0.3008 mol /1 To = 563.5°K Weg) = 562.0°K 

Point 6 Ro = 0.1999 mol /1 To = 643.0°K Weg) = 642.0°K 

  

Table 6. Gains of the Set of Linear PIDs Corresponding to the Six Points in Table 5 

  

Point 1 K, = 200.3 K, = 25.14 K3; = 3.889x107 

Point 2 K, = 500.1 K, = 7.504 K; = 8085 

Point 3 K, = 675.1 K, = 13.56 K, = 8069 

Point 4 K, = —1290 K, = —35.69 K3, = —1.102x10* 

Point 5 K, = —1293 K, = —38.24 K3, = —1.028x10* 

Point 6 K, = —2144 K, = —63.83 K3; = —1.696x107 
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CHAPTER 5 

Towards A Unified Framework ? 

When an industrial system has dynamics that change substantially over the operating 

range of interest (especially true of nonlinear systems), adaptive control schemes are a viable 

alternative to fixed parameter control schemes. The self-adaptive control scheme referred to 

as ‘gain scheduling’, where the controller parameters are scheduled as functions of a plant 

variable, is in wide use and is the basis for the nonlinear PID design scheme in this thesis. 

The purpose of this chapter is to examine other nonlinear PID design schemes and to 

determine if the one presented in this thesis provides a unified framework. 

In Marini and Georgakis(1984), a two part study of low-density vessel reactors is 

undertaken. Part 1 presents a three stage model for the reactor and Part 2 shows that a 

linear controller cannot operate the system over the entire range of interest, thereby 

suggesting some form of adaptive control. The unstable dynamics of the reactor are shown 

to be related to the deviation of the reaction rate R(M(t),T(t),I.(t)) from its equilibrium 

value R(Ms,Ts,los), where M is the monomer concentration, T is the polymerization 

temperature, I, is the initiator feed and the s subscript indicates an equilibrium value. This 

suggests that the controller be based on this reaction rate deviation and an ideal nonlinear 

controller expression which controls I, to keep the reaction rate at its steady-state value is 

obtained: 

R(M(t),T(t),Jo(t)) = R(Mz,Ts,los) (5.1) 

The closed-loop dynamics of the system with this controller are: 
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Ko — —X5 (5.3) 

where x; = M — Ms and x, = T — Ts. These equations are obtained without linearization 

and are valid for any magnitude of x, and x4. Therefore, the reactor is always closed-loop 

stable. An ideal linearized controller expression is calculated as: 

R R 
U= -| qi + Fe | (5.4) 

where U = I, — Ios and R,, Ro, and Rg are described as: 

_ OR 
Ry = oR A Vale (5.5) 

_ OR 
Ry = FM, Toslo (5.6) 

_ oR 
Rs = @1|Ms,Ts,los (5.7)   

At this point the following assumptions are made: the total enthalpy, 8-M + T (where @ is 

the dimensionless heat of reaction), of the reactor is always at steady state; the monomer 

concentration in all three stages of the reactor is the same; the contribution of the first two 

stages of the reactor to the reaction rate R is negligible; and in each stage, the radicals 

termination rate is equal to the production rate. This leads to the final form of the
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controller: 

  
F7(Ts I 

U= Ea + Ki-(T; — T) + PLS _ ny] (5.8) 

F(T) = Da-exp| [1 — +} aera (5.9) 

I, = Day-exp|y — 7] (5.10) 

where I, is the steady state value of initiator concentration, K¢ and r| are similar to tuning 

parameters used in classical PI controllers, 1] is the dimensionless initiator activation 

energy, a takes into account the fluid dynamic characteristics of the reactor model, r, is the 

initiator decomposition rate, and Da; is the initiator Damkohler number. This is a linear PI 

controller with an additional term that takes into account the nonlinearities of the reactor 

model. The chosen operating equilibrium values of initiator concentration I, and reactor 

temperature T, will determine the controller gains and the magnitude of the nonlinear term. 

The (Ts; — T) term in the controller equation is the error term. This nonlinear ‘reaction 

rate’ controller does not have the same general form as the nonlinear PID controller. The 

nonlinearity occurs in the controller equation independent of the proportional and integral 

gains, which are linear in nature. If the controller is linearized about a temperature 

equilibrium point, the resulting controller has gains that are function of a chosen operating 

point. The nonlinear PID gains are scheduled with respect to the input of the plant. Also, 

the purpose of this controller is not to extend the range of equilibrium point operation but
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rather to stabilize the system about a single equilibrium point. 

The nonlinear PID design scheme used by Jutan(1989) was suggested by Clark(1984), 

who wanted a controller with derivative action that didn’t amplify excessive process 

measurement noise. Clark’s suggestion was a PI controller with proportional gain variations 

based on the magnitude of the error such that with small errors the controller gain would be 

small, resulting in low noise amplification, but with large errors the larger controller gain 

would cause the system to have a faster response. The proportional gain is described by the 

equation: 

Kp = Ky-[1 + K,e(t)]] (5.11) 

Jutan’s objections to Clark’s controller are: 

...the loss of derivative information would be a serious 

impediment for controlling processes with large time constants. 

Also, we believe that information on the trend of past errors, in 

addition to the magnitude of the current error, is important in 

determining the current control action. 

Jutan modifies the variable proportional gain in Clark’s controller such that a trend 

function as well as the magnitude of the error determines the proportional gain. The 

controller is given by: 

m(t) = Ke} [ett — a-A(t)-le(t)|] + 1 Liett)-at] (5.12)
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where m(t) is the controller output, K. is the proportional constant, e(t) is the process error, 

a is a tuning constant for the nonlinear term, 9 (t) is the trend function, and T; is the 

integral constant. The trend function ((t) is a linear regression estimate based on current 

and previous process measurements and is described by: 

a(t) = 0.3-[y(t) — y(t — 3-T)] + a — T) — y(t — 2-T) | (5.13) 
  

This is preferred over a trend function based on the error since set point changes would 

cause rapid error trend fluctuations. The resulting trend function has less trend change 

response than a differentiator, but has less noise sensitivity. Jutan goes on to develop ITAE 

tuning formulae for this controller and to show through simulations that this controller has 

better performance and less noise sensitivity than a linear PID. This nonlinear PI(D) 

controller is basically a PI controller with the proportional gain scheduled as a function of 

the output of the plant and thus has same general form as the nonlinear PID controller in 

this thesis. The purpose of this controller is to provide better performance with respect to a 

single equilibrium point, not a range of equilibrium points. 

In Alvarez, Alvarez and Gonzalez(1989), a global nonlinear control law is developed 

for a nonlinear continuous stirred tank reactor (CSTR). The CSTR is modeled by: 

let 

a
 l| 7 (Ce _ c) _ ko-c-e (5.14) 

T (=a), lt (5.15) h -Aw #-(Te — T) - Viper (T — Te) +
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where c is the reactor concentration, w is the volumetric flow rate, V is the reactor volume, 

Ce is the feed concentration, ko is the frequency factor for first-order kinetics, Eg is the 

activation energy, R is the universal gas constant, T is the reactor temperature, Te is the 

feed temperature, hy is the heat transfer coefficient, Ay is the heat transfer area, p is the 

fluid density, cp is the fluid specific heat capacity, T; is the coolant temperature and 

(— AH) is the reaction heat generation per mole reacted. If an equilibrium point is chosen as 

an operating point and the equilibrium values of the state and input values are represented 

by by é, T, ¢-, T. and T. then the reactor model can be rewritten as: 

x = f(x) + g-u: x,fg € R? andu eR (5.16) 

Tr (5.17) 

lasts 

fii) = Oe — OE + xy) — aE + 

fo(X1,X2) = O-Te + y-Te — (8+ 7)-(T + x2) + a-B-(E + x,)-€ (5.18) 

g.= 0,8 = 7 (5.19-5.20) 

where x} = c — ¢, x» = T — T,u = T. — T, are deviation variables and the new 

  

E (—AH) 
arameters are defined asa = ko, 0 = $,6 = =3, 8 = , and 

° ve R (pep) 
hw:A . . . 

= wv" _. The desired control law is described by: 
7 (V-p-cp) 

u = p(x), pw-R (5.21)
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where W is an open, connected set in R? where the functioning of the controller is assured. 

Both p and W depend on the selection of a particular equilibrium point as the operating 

point. Differential-geometric techniques are used to transform the nonlinear system to a 

linear system. The authors point out that the definition of globality they use is not a 

property over the plane but is: 

...to designate a property over a well-defined domain as 

contrasted to a neighborhood about a point. 

This definition of globality is the basis for the development of nonlinear controllability, 

transformability, and asymptotic stability for a particular operating region in general. After 

designing linear P and PI controllers for the linear system, a transformation back to the 

original coordinates results in a global, nonlinear, two input P controller given by: 

U = kyi-Pi(Xy5X2) + kpo-Po(X,X2) + P3(X1,X2) (5.22) 

X} — 5.23 
¥*f,2(%1,X2) ( 

Pi(x) = 

£,(x1,X2) 
xX = OOO 5.24 

P2(x) ¥*£1o(X1,X2) ( ) 

£11(X1,X2)-f,(x1,X2) 1 x)= - wet Ne 8 f(x Xx 5.25 P3(x) ¥-fyo(%q5X9) x 2(X1,X2) ( ) 

and a global, nonlinear, two input PI controller given by:
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u = Kkpy-Pi(x) + KpoPo(x) + kiy-Ps(x) + kyo-Palx) + Ps (x) 

Xj x) = ——_———_~ 
Pi(x) ¥*fio(x1,X9) 

£:(X1,X2) x) = —— 
Pa(x) ¥*£19(X1)X2) 

fx,-dt 

x) = ———_. 
Pal) ¥+f12(%1,X2) 

p4(x) =~ ft,(x,,x2)-dt 

¥+f,2(x1,X2) 

£11(%1,X2)-f,(%1,x2) 1 x) = — ee — f(x], x Ps(x) ¥-£19(%15X9) ¥ 2(X15X2) 

where: 

  

asa T+ 
Of; a-6-(€ + x,)-e ( *2) 

X2 (T + x2) 

(5.26) 

(5.27) 

(5.28) 

(5.29) 

(5.30) 

(5.31) 

(5.32) 

(5.33) 

If the nonlinear PI controller is manipulated it can be made to resemble a two input, linear 

PID controller. If the nonlinear PI controller is rewritten as: 

u = kpi(x)-x, + kpo(x)-f,(x) + kp3(x)-fo(x) + ki, (x)-[ fx -dt]
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+ kjo(x)-[ ffi(x)-dt] (5.34) 

kpi(x) = 5S (5.35) 

52(X) = = eS (5.36) 

k5a(x) = oe —4 (5.37) 

k3,(x) = eS (5.38) 

kjo(x) = Kia (5.39) 
¥*f,2(%1,X2) 

and the approximations f,(x) = x,, f.(x) = x,, and constant gains are made, then the 

resulting controller is given by: 

a k,°X, + ko-[ fxy-dt] + kg°X, + k4:Xo (5.40) 

This shows that the nonlinear PI controller resembles a two input PID controller with 

variable gains. The gains are scheduled as functions of x, and x2, which were previously 

defined as deviations from the chosen equilibrium values of the reactor concentration c and 

the reactor temperature T, respectively. This nonlinear PI controller doesn’t have the same 

form as the nonlinear PID controller. It assumes a known state and the variable integrator 

gain is not generated in the same way. 

As can be determined from the various design schemes presented in this chapter and
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the one presented in this thesis, all of these design schemes use controllers where some or all 

of the gains can be varied. The details of the design scheme can vary widely, depending on 

the aspects of the problem to be solved and the determination of the control law. However, 

in all cases the design schemes result in gain scheduling that involves the output or states of 

the plant. The nonlinear PID presented in this thesis uses gain scheduling based on the 

input to the plant. In addition the controllers presented in this chapter are concerned with a 

single equilibrium point whereas the nonlinear PID controller is designed to operate over a 

wide range of equilibrium points. This leads to the conclusion that, although gain scheduled 

controllers have been studied previously in the literature, the nonlinear PID controller 

presented here does not provide a unified framework. Also, since the controllers presented in 

this chapter are designed to operate at a single equilibrium point, these other nonlinear 

controller schemes are not capable of solving the control problem associated with the system 

described in Chapter 4.



CHAPTER 6 

Conclusions 

The results of the simulations of the ideal CSTR in Chapter 4 help support the 

argument that a simple controller works as well as a complex controller. The nonlinear PID 

controller will operate a system that fails under the control of a single linear controller. It 

also performs as well as a nonlinear IMC controller, which is much more complex than the 

nonlinear PID controller. 

The simulations of the constant volume, non-adiabatic CSTR in Chapter 3 produced 

some unexpected results. A single linear PID controller performed better than a state 

feedback controller on a nonlinear system at certain initial conditions. This leads to the 

conclusion that the performance of a linear output feedback based controller can be better 

than the performance of a state feedback based controller for certain nonlinear systems. 

The other nonlinear PID controllers detailed in Chapter 5 revealed a variety of 

schemes for improving performance of the classical PID algorithm. However, the nonlinear 

PID controller presented here did not provide a common framework with these other control 

schemes. One reason was that the nonlinear PID controller in this thesis scheduled gains as 

a function of the plant input, while the other controller schemes scheduled gains as a 

function of the plant output. Another reason was the fact that 

the other controller schemes were designed to operate near one particular equilibrium point, 

not a range of equilibrium points like the nonlinear PID controller presented here. 

Future investigation could lead to improving the controller performance. One 
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suggestion is modifying the gain variations near system sign changes such that the system 

remains controlled and responds faster to removal of the parameter disturbance. Another 

suggestion is the use of cubic splines to approximate the nonlinear gain functions. This 

would result in a smoother approximation and might reduce any problems with sudden gain 

changes in the neighborhood of a selected design point.
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