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Efficient Reinforcement Learning for Control

Vasanth Reddy Baddam

(ABSTRACT)

The landscape of control systems has evolved rapidly with the emergence of Reinforcement
Learning (RL), offering promising solutions to a wide range of dynamic decision-making
problems. However, the application of RL to real-world control systems is often hindered
by computational inefficiencies, scalability issues, and a lack of structure in learning mech-
anisms. This thesis explores a central question: U0 000 OO 0OO0000O 0O00CDOOOOOIO0O0
10000000 0IDOOooioOD 0000 000 000 DOooO 0hooooibo 000 0ob0 0O00o0o0000o0td - 0oodo
00000 DOO 000oDoot bob b0ooooo Doobodo 0o 00Dooooobt D00 0odoiod To address this,
we present a progression of approaches—starting with time-scale decomposition in small-
scale systems and moving towards structured and adaptive learning strategies for large-scale,
multi-agent control problems. Each chapter builds upon the previous one by introducing new
methods tailored to the complexity and scale of the environment, culminating in a unified

framework for efficient RL-driven control.



Efficient Reinforcement Learning for Control

Vasanth Reddy Baddam

(GENERAL AUDIENCE ABSTRACT)

In recent years, artificial intelligence has begun to play a major role in how we design systems
that make decisions—Ilike self-driving cars, automated drones, or smart energy grids. One of
the most powerful tools in this space is DII0I0D00OOO0 10000000, a method where computers
learn to make decisions by trying things out and improving over time based on feedback.
But using this method in real-world systems can be challenging. It often requires too much
computing power, struggles to scale up to complex situations, and lacks clear guidance on how
to learn efficiently. This thesis tackles a key question: 100 000 0O OO0 O00OD0DOOOOIOO0
I0000000 OO0 0ooi0o0Do0 0BO000i00 00O 00Do0iooo 000 00ODioo 0ooobal 00toodoo To
answer this, we explore a step-by-step journey—starting with simple systems that operate
on different time-scales, and gradually moving toward larger, more complex settings with
many interacting components. Along the way, we develop new techniques that help systems
learn in a more structured and adaptable way. In the end, we bring these ideas together
into a flexible framework that makes reinforcement learning more useful for the complex,

real-world systems of the future.



LUHioouiby

0000 00 00 00 O000000D fotoool 0000o oool doitoboo

v



LoUDodingdbood

This Ph.D. journey has been nothing short of a rollercoaster—marked by exhilarating highs,
humbling lows, successful acceptances, and painful rejections. These experiences have shaped
me into someone more resilient, patient, and hopeful than I was at the start. None of this
would have been possible without the unwavering support, guidance, and encouragement of
the many people around me. I would like to take this space to thank them sincerely. First
and foremost, I would like to express my deepest gratitude to my advisors, Dr. Hoda and Dr.
Boker. This journey would not have been possible without their mentorship. I still remember
how, back in 2020, they took me into their lab when I was still very raw—uncertain about my
research direction and with a communication style that needed refinement. Over the years,
they have shaped me into the researcher I am today—more focused, articulate, and grounded.
Their constant support and belief in my potential gave me the confidence to keep going, even
during the most difficult phases. I am immensely thankful to Suat Gumussoy from Siemens,
my mentor and a key pillar of support since my very first internship. When I began, I had
little understanding of writing clean, modular, and structured code. Suat patiently guided
me through these fundamentals, and his mentorship has had a lasting impact on the way I
approach both coding and research. I am also deeply grateful to him for awarding me the
Siemens grant, which supported my research, and for serving on my committee. I would
also like to extend my sincere thanks to my committee members, Dr. Watson and Dr. Cho,
for their valuable time, thoughtful feedback, and continued guidance throughout my Ph.D.
Their insights have been instrumental in shaping the quality and direction of my thesis. My
heartfelt thanks to my mentors Vaishnav Tadiparthi and Behdad Chalaki at Honda Research

Institute, who helped me stay focused on a singular research objective during moments of



distraction or uncertainty. Their practical guidance and constant encouragement helped me
improve both my technical depth and my communication with peers and collaborators. I
want to take a moment to thank two teachers who were not directly part of my Ph.D. journey
but were instrumental in getting me started on the research path during my undergraduate
years: Dr. Kusum Verma and Dr. Rajesh Kumar. Without their early encouragement and
inspiration, I might never have entered academia or research at all. To my fellow travelers in
this Ph.D. journey, thank you for walking alongside me. A special thank you to Dr. Akshita
Jha, who graduated with me and has always been just a phone call away whenever I was
overwhelmed or needed to discuss a research problem. I also deeply appreciate Dr. Shailik
Sarkar and Dr. Padmaksha Roy, who supported me from the day I landed in the U.S., and Dr.
Hongjie, my labmate, for his constant support, insightful conversations, and encouragement
throughout this journey. To my roommates and close friends—Vinay Mutyala, Venkat,
Tarun Rao, Harshit, Tarun Singh, Jaswanth, and others—thank you for being a source of
comfort, laughter, and stability. I am also grateful to my friends Nikhita Sattiraju, Karthik
Kesiraju, Jyothika, and Manish Govind for always being there for me. I would like to express
my deepest gratitude to Ananya, whose unwavering support has been a cornerstone of my
Ph.D. journey. Through every setback, every rejection, and every moment of self-doubt, she
stood by me with empathy, patience, and strength. Her presence brought a sense of calm
during chaotic times, and her belief in me never wavered, even when I struggled to believe in
myself. I am forever grateful for her friendship and for being a constant source of emotional
strength and clarity throughout this journey. A very special thanks to Chandan Reddy,
Sindhu Chava, Tetiana, and Kumar Sai, who have had a profound and lasting impact on my
Ph.D. journey—not just academically, but personally. These have been my lifelines through
the toughest phases, always just a call away when I needed someone to talk to, vent to, or
simply share a quiet moment of reflection. Whether it was celebrating small wins, navigating

the heartbreak of paper rejections, or enduring long stretches of uncertainty, they stood by

vi



me with patience, humor, and kindness. We’ve shared countless late-night conversations,
walks filled with life advice, and spontaneous plans that helped me recharge when things
got overwhelming. Their ability to lift my spirits with jokes, grounding words, or just their
presence is something I will always treasure. The fun times we’ve had together—filled with
food, laughter, and lightness—balanced out the chaos of research and made this journey not
just bearable, but meaningful. I am also deeply thankful to Jim Murphy, who gave me my
very first part-time job in the U.S. at a time when everything felt new and uncertain. His
warmth, humility, and welcoming smile made me feel at home, and his kindness has left a
lasting impression. I will always carry deep respect and gratitude for his role in helping me
get started in this new chapter of life. Finally, I owe everything to my family. My heartfelt
thanks to my parents, Rajeshwar and Ganga, for their endless sacrifices, unconditional love,
and unwavering belief in me. [ am forever grateful that they supported my decision to
pursue a Ph.D. and stood by me every step of the way. To my sister, Aarthi, thank you for
always bringing joy and fun into my life. I am grateful to my uncle, also named Rajeshwar,
for being a constant source of inspiration and support throughout this journey, and to my
brother-in-law Jeevan for his steady encouragement. Lastly, I want to honor the memory of
my grandfather, Vittal, who, though not here to witness this achievement, remains a guiding
presence in my life. I also thank my grandmother, Gangu, and all my family members—
uncles, aunts, cousins—who have played a role, big or small, in shaping who I am today. This
thesis is not just the culmination of my academic work—it is the product of a community of

people who believed in me. Thank you all, from the bottom of my heart.

vii



L0opodon

Qoo oo 0odbooo i
O O
1.1 Motivation . . . . . . . . L 1
1.2 Thesis Organization . . . . . . . . . .. .. 1
1.3 Related Work . . . . . ..o 2
1.4 Contributions . . . . . . . . L 4

I 0 [ [

000 OD0iO00 O0Oooon 0opoodo 0
2.1  Problem Formulation . . . . . .. .. ... ... 9
2.2 Singular Perturbation-based Design . . . . . . ... ... ... ... ... .. 10
2.3 Learning of State Feedback Control . . . . . . . .. ... ... ... ..... 15
2.3.1 Initial Regulator Learning Problem . . . . . . . .. . ... ... ... 15
2.3.2 Learning Procedure . . . . . . . . .. ... Lo 18
2.3.3 Terminal Regulator Learning Problem . . . . . ... ... ... ... 20
2.3.4  Analysis of the closed-loop system performance . . . ... ... ... 21
2.4 Simulation Example . . . . ... .. oo 28



2.5 Conclusion . . . . . . 31

2.6 Appendix . . ... 32

Uooo0Doooon Lhiuitdooion »Jooobot 0o Lhooouuy buoitod Lot booioo oo

000 0o
3.1 Problem Formulation . . . . . . . ... .. ... ... ... 39
3.2 Control Design using Singular-Perturbation analysis . . . . . . .. .. .. .. 40
3.2.1 Forward Regulator . . . . . ... .. .. oo 41
3.2.2 Backward Regulator . . . . . ... ... 0oL 42
3.2.3 Near Optimal Performance . . . ... ... ... ... .. ...... 42
3.3 Main Results . . . . . .. 43
3.3.1 Learning Based Design . . . . . . .. .. ... 0L 43
3.3.2 Convergence Guarantees . . . . . . . . . . . . ... 47
3.4 Examples . . . . .. 48
3.4.1 RLCircuit . . .. ... 49
3.4.2 Nonlinear System . . . . . . . . ... .. 50
3.4.3 Robot Manipulator . . . . . . ... ... ... ... ... 51
3.5 Conclusion. . . . . . .. 53

0o0000obo oo boooot toooidioot 0ot U Ooooodr O tooooboob booboooo oa

4.1 Notation . . . . . . . . s, 58

X



4.2 Dynamical System and Problem Formulation. . . . ... ... .. ... ... 59

4.3 Bottom-up Sparse Controller Design . . . . . . . . ... ... ... .. ... 61
4.3.1 Gradient Search: One-Step Look Ahead . . . .. ... ... ... .. 61
4.3.2  Structured Controller Tuning . . . . . . . . .. ... ... ... ... 63

4.4 Analysis . . . . .. 64
4.4.1 Convergence Analysis . . . . . . . . ... ... 64
4.4.2 Computation Complexity Analysis . . . . .. ... ... .. .. ... 66
4.4.3 Convergence Analysis . . . . . . . . .. ... 67

4.5 Benchmark Examples . . . . . . . . ... oo oo 69
4.5.1 Motivational Example . . . . . . .. ... ... 0L 70
4.5.2 Trade-off: One Step Ahead vs n-Step Ahead . . . . . . . . ... ... 73
4.5.3 Large-Scale Examples . . . . . . .. .. ... L. 74
4.5.4 Motivational Use Case for Measurement Reduction . . . . . .. . .. 75

4.6 Conclusion and Future Works . . . . . .. .. .. ... ... L. 76

00000000 D ODo0boko U0 ftotibooibd Cotooibo Oooboo thoubbooooo 0U Looood

10 JOIDINOD0O00 DOOnoiOoooo 0o
5.1 Introduction . . . . . . ... 80
5.2 Background . . . .. ..o 82
5.2.1 Reinforcement Learning . . . . . . . .. .. ... ... ... ... 82
5.2.2 Deep Q-Networks . . . . . . . . .. ... 85



5.3 BUN : Bottom Up Network . . . . . ... ... ... ... ... ... .... 85

5.4 Experiments . . . . . ... 89
5.4.1 Benchmark Algorithms . . . . . . . ... ... ... ... ... ... . 90
5.4.2 Environments . . . .. . ..o 90
5.4.3 Implementation Details . . . . .. ... ... .. .. ... .. ..., 92
54.4 Results . . . . . 93
5.4.5 Robustness . . . . ... 99
54.6 Robustness . . . . . ... 99
5.5 Analysis on Weight Emergence with T . . . ... ... ... ... ..... 100
5.6 Conclusion. . . . . . . .. 102

0oooiooooiod 0o 00botito 0ooobbld 0ol Jodoodiibbdit oitodoodd buoooo

Hooiboood 000
6.1 Introduction . . . . . . . . .. 107
6.2 Preliminaries . . . . . . . .. o 109
6.2.1 Problem Formulation . . . . . . ... ... ... ... ... 109
6.2.2 Dynamics . . . . . ... 110
6.2.3 Reward Functions . . . . .. .. .. ... .. 0oL 110
6.3 Single-robot Policy . . . . . . .. .. 111
6.4 Multi-Robot Training . . . . . . . . . .. . .. 113
6.5 Curriculum Learning . . . . . . . . . .. oo 116

x1



6.6 Experiment . . . . . . . ... 119

6.6.1 Simulation Environment . . . . ... .. o000 119

6.6.2 Complexity of Social Navigation Scenarios . . . . . .. ... .. ... 120

6.6.3 Benchmarks . . . . . .. ... .o 121

6.6.4 Experiment Settings . . . . . . ... ... Lo 122

6.7 Results. . . . . . . 122
6.8 Conclusion. . . . . . . . 128
(000000000 000

xii



Lob i Oidbood

2.1

2.2

3.1

3.2

3.3

RL Circult . . . . . . 28

Plots (a), (b) and (c) illustrate the state space trajectory for the state X(t)

for different values of " and Plots (d), (e) and (f) illustrates the control law

u(t) for different values of ™. . . . . . . ... L 29
(a) State trajectory for " =05 . ... ..o 29
(b) State trajectory for " =0.1 . . .. ... Lo oo 29
(c) State trajectory for "' =0.05. . . . . .. ... ... L. 29
(d)  Controller for " =05 . . .. ... 29
(e) Controller for "= 0.1 . . . .. ... ... 29
(f) Controller for " =0.05 . . . . . .. ... . oL 29

(Top) The state space trajectory X and (Bottom) the control law u for the
system (3.27) is depicted using plots for various values of " = 0:5;0:1, and

0:05, respectively. . . . . . . .. 48

The state space trajectory for the state X for the system (3.28) is depicted

using plots for various values of " = 0:5;0:2, and 0:1 accordingly. . . . . . . . 49

The state space trajectory of the robotic manipulator system (3.31) is depicted

using plots for various values of T = 5; sec, 10 sec, and 20 sec, from left to



4.1

4.2

4.3

4.4

4.5

4.6

4.7

Decentralized control gain matrix F that controls each mass individually for

mass-spring system of size N =20. . . . .. .. ... ... ... ... 71

Achieved cost comparison: Our approach (.-) and [54] (o-). The elbow point

is the vertical dashed line. . . . . . . . . . . ... 72

Elbow time comparison: Our approach (.-) and [54] (o-) for a given mass-

spring system of size and n-steps look ahead, (ny; N) = (20;5); (40; 10); (100; 20); (200; 50); (400; 10C

Comparison of the number of tunable links: Our approach (right, red) and

[54] (left, blue). . . . . . . .. 72

Elbow time comparison: Our approach (right, red) and [54] (left, blue). . . . 73

(Left) Achieved cost comparison for different values of n. (Right) Elbow time

comparison for different value of n for mass-spring system of size N =20. . . 74

The number of non-sparse elements in the control gain matrix is 526, and the

cost for both sparse controllers is the same. The feedback controller elements

of the state Xyem are sparse. . . . . . . . . ... 76

(a) Sparse structured controller for the power grid system using [54]. . . 76

(b) Sparse structured controller for the power grid system using our ap-
proach. . . . .. 76

Xiv



5.1 The BUN approach involves a two-step. 1. Weight Initialization: Weights are
initialized so that i'" agent’s observation 0; is directly mapped to its action
a; without any dependence on the other agent’s observation. 2. Weight
Emergence: We then grow the weights across the agents according to the
highest magnitude gradient signal. The Green dotted line represents the

newly emerged weights/connections. . . . . . . ... ... L.

5.2  Learning curve during the training of Cooperative Navigation environments.
Agents on SS and SS + CC are trained for 20000 time-steps while on SS+C
are trained for 500000 time-steps. The plots show the mean episode reward

over 10 random seeds. . . . . . ...

XV



2.3

Comparison between BUN (left) and Rigl. (right) on the Simple Spread
with Communication (SS+C) and Simple Spread with Cross Communica-
tion (SS+C) environments at t = 0, 6, and 10 and t = 0, 10, and 25. Small
circles indicate landmarks, and Big circles indicate Agents. In SS+C, the
white agent is assigned a white landmark, while the black agent is assigned
a black landmark. In SS+CC, the white agent is penalized twice as a black
agent to reach the black landmark, while red and black agents are assigned
to the red landmark. The black agent is aggressive to reach the red landmark
as it is penalized twice as the red agent to reach the red landmark. In both
environments, the agents trained using BUN tried to grasp the information
of their target landmarks from their fellow agents and reach the target land-
marks. On the other hand, the agents trained using Rigl struggle to establish
the connection between agents. In SS+C, the black agent reaches the black
landmark, establishing that it only learned the local behavior but did not
establish the connection between the white agent. See the video for complete

trajectories provided in the supplementary material. . . . . . . . . . .. ...

xvi



0.4

6.1

6.2

6.3

In this comparison, we examine the training approaches of BUN and RiglL
within the context of the SS+CC environment. These figures showcase the
evolution of neural network weights in both methods. In the BUN approach,
training starts with local weight initialization (a), where agents operate in-
dependently. Agent observations follow a specific sequence, with black and
white agents preceding red. The aim is to establish connections between
agents (highlighted in red boxes) with no emergence of weights across agent
red and agent white (green boxes). The weights in BUN emerge within a
fixed budget (b = 30), as depicted in (b). Conversely, RigL: exhibits a differ-
ent pattern of weight emergence, as seen in (c¢). Unlike BUN, RigLi introduces
random weight connections. These structural weight emergence patterns shed
light on the results presented in the accompanying table and the agent tra-
jectories in Figure 5.1, highlighting each approach’s distinct communication

and coordination strategies. . . . . . . . ... ... oL

Multi-robot training architecture with a centralized critic and decentralized

actor of robot 1. . . . .

Progression of tasks from ; to k and their corresponding generated experi-
ence replay buffers from 151 to Iﬁk. Blue dotted line indicates the use of that

policy on the indicated task to generate the experiences. . . . . . . ... ..

00000 Impact of increasing human density with randomized positions on
system performance, with N = 1. 000000 Comparing different approaches
under a mix of human policies, with N = 1 and M = 15. 0000000 Effect of

increasing the number of robots while keeping the number of humans constant



6.4 Performance with increasing number of Robots and Humans

xviii



Looooot O

000 JDO0i00oion

Modern control systems are increasingly deployed in dynamic, uncertain, and large-scale
environments—from real-time aerospace operations to multi-robot systems operating in human-
populated spaces. These systems require control algorithms that are not only mathemati-
cally rigorous and performant but also adaptable, scalable, and data-efficient. Reinforcement
Learning (RL) has emerged as a powerful tool to tackle such challenges, offering model-free
adaptability and data-driven optimization. However, conventional RL often suffers from slow
convergence, instability in complex environments, and a lack of interpretability—especially

when applied to control systems with high dimensionality or distributed agents.

The central motivation of this thesis is to bridge this gap: How can we design RL-based
controllers that combine the adaptability of data-driven learning with the structure and
efficiency required for real-world deployment? We aim to answer this by building a sequence
of innovations that scale from small-scale, analytically tractable systems to decentralized

multi-agent systems in social settings.

Qg Uodiid bbdbbidboed

To address this overarching question, the thesis is organized into three parts, each targeting

a specific challenge in the broader control-learning landscape:



2 Qogogoo ot

o 00U O focuses on efficiency in model-free RL for time-varying systems, particularly in

finite-horizon control tasks where dynamics evolve over time and models are unknown.

« OO0 00 investigates the role of structure and sparsity in control design, introducing
both model-based and model-free sparse architectures that improve scalability and

interpretability.

o [JUO0 OOU tackles adaptive learning in complex, high-variance, and multi-agent environ-
ments by leveraging curriculum learning for policy generalization in dynamic real-world

scenarios.

Each part contributes a distinct innovation while building upon the foundation laid by the
previous one, creating a unified progression toward scalable and robust learning-based con-

trol.

N o o [

This section synthesizes the literature across all three parts of the thesis to provide a cohesive
view of existing work on reinforcement learning (RL) and control for complex systems. The

research contributions of the thesis build upon these foundations and address critical gaps.

OIlO0IO00000 0DoobO0 000 Di0D00CIooibo0 ODO000I The control and analysis of
time-varying systems have long been a topic of interest, especially in applications such as
rocket landing [80] and energy-efficient electronics [89, 61]. Traditional solutions rely on
solving time-varying Riccati equations (for linear systems) or Hamilton-Jacobi equations
(for nonlinear ones), which are significantly harder than their time-invariant counterparts. A

promising workaround has emerged from singular perturbation theory, which decomposes the
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H2Kb-2M #HBM; 277B+B2Mi M/ b+ H #H2 H2 "MBM; rBi?Qmi " 2[r
T Qp2 +QMp2 ;2M+2 ;m ~ Mi22b M/ /2KQMbi® i2 2KTB'B+ H T2
/IvM KB+ H bvbi2KbX

kXa+ H #H2 aT ‘b2 ‘+?Bi2+im'2b 7Q° >B;?@.BKZMBBQWQh 2 QMi
;- /IB2Mi@/ Bp2M M/ #QiiQK@mTbT "bBivi2+?MB[m2biQ2M #H:
IBK2MbBQM Hbvbi2KbX 6Q  KQ/2H@# b2/ b2iiBM;b-r2BMi " Q/m:
[2bB;Mi? i BM+ 2K2Mi HHv m;K2Mib +QKKmMB+ iBQM HBMFb r°
#m/;2ibX 6Q  KQ/2H@7 22 b+2M "BQb-r2 BMi"Q/m+2 i?2 "QiiQt
bT "b2-/vM KB+- M/ /2+2Mi° HBx2/ M2m™  H "+?Bi2+im 2 i? i [
iQTQHQ;v/mM'BM; i BMBM;- Q772 'BM; BMi2 T 2i #BHBiv M/ "2/
;2Mi "2BM7Q +2K2Mi H2 "MBM; X

iX*m "B+mHmMK G2 "MBM; 7Q° _Q#mbi JMHIiB@qQZQIKMpBi2iBQM
+m "B+mHmMK H2 MBM; 70 K2rQ F 7Q 277B+B2Mi TQHB+v i BI
T 'iB HHv Q#b2'p #H2 2MpB ' QMK2MibX Pm' TT'Q +? T Q; 2bt
iQ KQ 2 +QKTH2t bQ+B H M pB; iBQM b+2M "BQb #v p "vVBM; ?m
M/ 2MpB QMK2Mi H bi'm+im 2X h? Qm;? TQHB+v 2mb2- #m77
/IBM i2/ KmHIB@ ;2Mii° BMBM;-r2 /2KQMbi  i2 bi QM; ;2M2" HB
T 2pBQmbHV mMb22M b+2M "BQbX

9XM AMi2;" i2/ 6° K2rQ' F "'B/;BM; h?2Q'v M/ _2 H@qQ H/ a+ H
h?2 /Bbb2'i iBQM T 2b2Mib +Q?2bBp2 T°Q; 2bbBQM 7°QK M |
Q7 bK HH@b+ H2 bvbi2Kb iQ bT b2 +QQ /BM iBQM bi' i2;:B2b 7
+mHKBM iBM; BM b+ H #H2 M/ / TiBp2 H2 "MBM; 7Q" +QKTH2t
h?Bb BMi2; iBp2 T2 bT2+iBp2 #°B/;2b 7QmM/ iBQM H +QMi QH
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"2BM7Q +2K2Mi H2 "MBM;- Q772 'BM: T +iB+ HBMbB:?ib M/iQ

hQ:2i?2 - i?22b2 i?°22 T “ib i° +2 +Q?2°2Mi T i? 7°QK 7QmM/ iBQN
“+?2Bi2+im 2b M/ 7BM HHviQ / TiBp2 ;2Mib Q772 'BM; ?QHBbLIiB+
H2 "MBM:@# b2/ +QMi"QH BM +QKTH2t M/ mM+2"i BM 2MpB QMK 2\



S 1 A

177B+B2Mi _G 7Q aK HH@a+ H2 hBK
avbi2Kb



*? Ti2 K

aBM;mH  S2 im # iIBQM@# b2/
_2BM7Q +2K2Mi G2 MBM; Q7 hr
"OmM/ v PTIBK H*QMi QH avbi

h?Bb +? Ti2  7Q+mb2b QM i?2 T'Q#H2K Q7 QTiBK H +QMi'QH 7Q" 7
i2Kb rBi? mMMFMQrM /vM KB+b- Db2iiBM;r?2°2i  /BiBQM H M HviB+
Q/b Q7i2M 7 BH /m2 iQ +QKTH2tBiv M/ i?2 M22/ 7Q" 7mHH KQ/2H
bim/virQ@TQBMi #QmM/ v QTiBK H +QMi'QH T ' Q#H2Kb BM HBM?2
7Q +2K2MiH2 "MBM;U_GV 7 K2rQ Fi? iH2p2 ;2bbBM;mH T2 im
i?72 :HQ# H+QMi'QH T Q#H2K BMiQ irQ i  +i #H2 bm#T Q#H2Kb, 7
# +Fr "/@iBK2 2;mH iQ X

Pm> TT'Q +? 2M #H2b KQ/2H@7 22 H2 "MBM; Q7 i?2b2 “2;mH iQ"
BMTmi@QmiTmi /i - M/i?2M 7mb2b i?2K BMiQ ;HQ# HHv M2 ~@C
7Q°KmH iBQM Bb T "iB+mH "Hv r2HH@bmBi2/ 7Q" TTHB+ iBQMb r?
B7B2/ i #Qi? 2M/b Q7 i?2 iBK2 ?Q ' BxQM-bm+? b BM i D2+iQ v QTi
bvbi2K i® MbB2MibX

hQ p HB/ i2 i?2 7° K2rQ F-r2 TTHv BiiQ i?2 +QMi'QH Q7 M _G* +B
PQHi :2 +QMbi> BMib 2T 2b2Mi iBp2 2t KTH2 Q7 i° MbB2Mi 7BMBi
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bvbi2KbX h?2 “2bmHib /2KQMbi> i2 i? i i?2 H2 "M2/ TQHB+v +QMp
bOHMIBQM b i?2 iBK2 2Q °BXxQM BM+'2 b2b- /2bTBi2i?2 #b2M+2 Q’

h?Bb +? Ti2  +QMi 'B#mi2b iQ i?2 /Bbb2 i iBQM6b Qp2° “+?BM; ;Q F
b+ H #H2 "2BM7Q +2K2Mi H2 "MBM; i2+?MB[m2b #v i +FHBM; +QM
M/ iBK2@b2MbBiBp2 2MpB QMK2MibX Ai +Q@ @ 2HEQMAj@) R M Tm#t

kXR S Q#H2K 6Q KmH iBQM

*QMbB/2 i?72 HBM2 " iBK2@p VvVBM; bvbi2K 2tT 2bb2/ #v i?2 IB772

% = A(t)x(t) + B(t)u(t) UkXRYV

r?2°2t) 2 R"-u(t) 2 R"-A(t) 2 R" " MB(@{)2R"™ 2 i?2 bvbi2K bi i2b- +QMi
BMTmi- bi i2 K i'Bt M/ BMTmi K i"Bt- "2b TR®iBWBHVX 2 DKRQIB+2D

7TMM+iBQMBQIGBKM/ + M #2 MMFMQrMX h?2 +QMi QH @ D2+iBp2
iQ /"Bp2i?2 bvbiXK) i @K i?72 BMBKR)E kg i@ i?2 7B M MTh+ k2

rBi?BM iBK2TT2MBR2 Mr?BH2 KBMBKBxXx2 i?2 Q#D2+iBp2 7mM+iBQN

Z

J= X (OQ)x() + u” (HR()uU(L) dt UkXkV
0

(22 ) =Q>(t) 0 MR() 08t2[0;T]: h?2 K i B¥3bMR(tV "2 bbmK2/
iQ #2 bKQQi? 7mM+iBQMb Q7 iBK2X g2 7m i?2° ? p2 i?2 7TQHHQIBM;

bbmKTiBQMRX (BU):B(D) 8t2[0:T] Bb +QMi QHH #HEA(M Q@) 8B 2

[0:T] Bb Q#b2 p #H2X

bbmKTiBBM bi M/ */ bbmKTIiBOM ++Q /BM:iQ i?2 i?2QC Q7 QTIE

N
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Ry #0 é27 -Qy Oeéza+ié fAab- fe
bQHP2 i?22 QTiBK H+QMi"QH T ' Q#H2K-r2/27BM2i?2 > KIB®RQM B M
b9,

H = x” (0)Q(t)x(t) + u” (t)R(t)u(t) + p~ (t)(A(t)x(t) + B(t)u(t)) UKXjV

r?2°p)2R" Bb i?2 +Q@bi i2 2[m iBQM i? ib iBb7B2b,
)= r H= Q)x() A”({®)p(t): UkX9V

h?2 +QMi Q) HQ  i?2 /vM KB+ bX\Bi2Ki KUBMBKBxXx2b i?2 Q#D2+iBp2
WKk Xk Bb ;BpR M #0 ,
u(t) = R(1)B” (t)p(t): UkX8V

Pm> Q#D2+iBp2 Bb iQ H2 "M i?20@ TiBpC M ¥D8I7T Q0 HR2 b VARK U
rBi?2Qmii?2 M22/iQ FMQr i?2 b i KBK)IXB +2b

kXk aBM;mH ~ S2 im # iBQM@# b2/ .2bB;M

AiBb FMQrMi? i7Q +QMi'QH T Q#H2Kbi? i "2 7Q KteHOiT-Qp2 " 7E
i72 +HQb2/@HQQT bvbi2K /vM KB+b #23> 2 BMbi2Q@ i BiKB2QMM QHRIBK 2 b -
Bb/2T2M/2Mi QM i?2 H2M;i? QI7X %2M BKRbBIDIF prE H2p2 ;2 i?Bb T?21
#v +QMDbB/2 BM; i?2 + b2 r?2M i?2 iBK2 M22/2/iQ i° Mb72  i?2 bvbi2
iQ MQi?2 Bb bK HH +DKTh?BbrBiRAQrb i?2 bvbi2K iQ #2 KQ/2H2/ BM
T2 im #2/ 7Q KX ++Q /BM;H®-3T? 2pBTITM i@ FHi Bb TQbbB#H2 iQ

bm#@QTiBK HbQHMIBQM iQ i? 2N +BoMimQ A B+ B 2M RHKvraRm : MM/ K i B+
B(t) "2 FMQrMX AM i?2 M2ti b2+iBQMb-r2 b?Qri? i Bi Bb TQbbB#H?2
rBi?Qmi "2[mMB BM; i?2 bvbi2K K i'B+2b iQ #2 FMQrM i? MFb iQ 2K
H2 "MBM; H;Q Bi?KX hQr /b i?Bb ;Q H- r2 bi “i #v b2iiBM; mT i?2

Ry
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KQ/2H Q7 i?2 bvbi2KX g2 7B bi MQ K HEX2i Q?2?B R R [RAPEHQ /
BMi"Q/m+BM:; i?2 b+ H2/ iBK2

:% UkXeV
M/ /27BMBM;
"=1T UkXdV
M/ i?22M " 2+QM bkXWRKBAMKAD- MKXBIQ Q#i BM
2 3 2 32 3 2 3
§eZ-970 0 79 g8l UkX 3V
P Q() AT() p 0
u( )= Rz(l)B>()p(); UkXNV
I=T ¥ (O)QUXM+ u(R(IU( ) dt UKXRyV

0

F?2250)= X0 MK(L)=xr X 6Q  i?2 bvbi2K /2bkXBH#Q #2vBM bi M/ */ bBM;mF
T2 im'# iBOQM 7Q K- r2 K F2 i?2 7TQHHQrBM; bbmKTiBQM,

bbmKTiBQM?2X2B;2Mp Hm2b Q7 i?2 > KBHIiQMB M K i Bt

2 3
A B( )R ()B>
9() ()R () ()E

Q() A~ ()

My, UkXRRYV

HB2 Q77 i?2 BK 8BK[0\]XBb

h?Bb bbmKTiBQM BKTFHBBRABD i?2 +HQb2/@HQQT K i BXW7i2  bm:
BMKKWG- Bb MQMBBR[ONHX g2 "2 ;QBM; M2ti iQ /2+QmTH2KRABX/VM KB-

RR
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a7 OnéAaz 2 10eéAn «Teé HYz ¢Oé
R k #0 é27 -Qy Oeéza+ié fAab- fe
hQ ++QKTHBb? i?Bb i bF-r2 mb2 32 i° Mb7Q K iBQM (
2 3 2 32 3
X | | X
97 £=9 £9 7 L. UKXRKV
p Pa(;") Po(;") Xb

AiBbb?QrM BM (GIBKK? KXmN/2 i?2 bbmKTiBQMb Q7 i?Bb T T2 -i?2

KXKKBDHMQMbBM:mH ~ 7Q b m#B +BI M kkvNKB Bbii2 AU B i R XUN
+ M #2i° Mb7Q K2/ BMiQ

"dixa=A( )Xa+ B( )ua( ); UKkXRjV
d

"X = A+ BOu( )

UkXRO9V
r?2°2
Ua= R()B7()Pa(:"); UKkXR8V
up= R()B7()Ps(:"); UkXReV

MPa(:") 0 MP,(:") 0 "2i?2 QQibQ7i?2/B772 2MiB H B++ iB 2[n

"= A”()P PA()
UkXRdV
+PB()R()B” ()P Q():
_2K "F kX@ZXi! 0 BMKKRMQ i? ir2? p2

A°()P PA()+PB()R()B ()P Q()=0: UkXR3V

Ai Bb b?2Qr\ BMi(i?2 bQHmMKX@E @ZbWtBbi M/ i? i i?2 +HQb2/ HQQ"
A()

B()R X )B>(®)P() Bb >m rBix 7Q2 [2H?6m i?2 KQ 2-i?2 bQHmMiBQN\

Rk
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irQ "QQib Q7 iPZPYPIK 0 MP=Py() O

g2 i° Mb7Q K M2ti i?2 bBM;mH ° T2 kKXR{@UBEBWbDQhLZKHAQ MM/ v H v:
bvbi2K #v +QMbB/2 ' BM; i?2 iBK2@b+ H2 +?2 M;2

= == UKXRNV
AM pB2KkRENM/ 2KK¥R?2 #QmM/ v H v2 bvbi2K Bb Q%li BM2/ #v b
BMKKR@UIX h?Bb H2 /BM@BiB2H "2;mH iQ T ' Q#H2K

% = A(0)Xa + B(0)ua; Xxa(0) = Xo; UkXKkyV

FBi? i?2 722/# +F wQ BIM QA2HRQ " K

Ua( ), Kaxa( )= R(0)B”(0)Pa(0)xa( ); UkXkRYV

r?B+? KBMBKBx2b i?2 +Qbi 7mM+iBQM

Z,

J(Xa; Ug) = X; Q(0)x4 + u; R(O)u, d ; UkXkkV
0

M/ i?i2 KBM H "2:mH iQ T Q#H2K

%: ADX, B@Wuy Xol) = Xt UkXKjV
(Bi? i?22 722/# +F +QMi"QHH2"

us( ), Kexp( )= R(1)B”(1)Py(L)xe( ); UkXk9V

Rj
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reB+? KBMBKBx2b i?72 +Qbi 7mM+iBQM
Zl
J(Xp; Up) = . Xy Q(1)Xp + up R(L)upd : UkXk8V
AM i?2 M2ti b2+iBQM- r2 /2p2HQT "2BM7Q +2K2Mi H2 "MBM; H:Q
i2°KBM H "2:mH iQkXNI@WBKDI DQmi i?2 MER/MBQ) iQ #2 FMQrMX
hQr /b i?Bb :Q H-r2 7B bi b?Qri? ir2 + M mb2i?2 Q'B;BM H bvbi2
i?72 BMBiB H M/ i2 ' KBM H bvbi2K bi i2b- "2bT2+iBp2HvX

h?2Q 2K kKXRXIbB/2  i?2 XRRKOVYM /KX N i22M i?22°2"2+BbiM/

O<te<lbm+?i? i 7@ (OfH i?2 bQHMIBQM Q7 i?2 BMBiBy(H BVMmH iQ"

i72 iBK2 BMi2[0ptH M/ i?22 bQHMIBQM Q7 i?2 i2 KBMuH) BMH 2Q" T°C
iBK2 BMi2Z2 ftcd] "2 TT QtBK R2/ b

Xa( )=x() O (") UkXkeV

xo( )= x() O (*): UkXkdV

S QQ#XQ /BM; iQ h?2Q 2K kXR BMEI3?7TQ2[0el]Q 7?7 bQHMIBQM Q7 i?
bvbi2K Bb ;Bp2M b
X( )= Xa( )+ xp( )+ O("): UkXk3V

6Q° 1?72 iIBK2 BRI[21)-H?2 bQHmMIBXQWBR7: Bp2M b

Z .
xpo( )= 22® xy(0) 2A0C DB (1)ug(l) dl UkXKkNV
0

27BM2 M2ti i@2tiBKI2bm+? i? i 1?2 + QMBI HHRP2 BM i22 [:2) R Q/

Rh?2 bvK®QRMQi2b i?2 6Q /2" Q7 K ;MBim/26,(Ni# Bb J2)J BM2P252 2tBbi TQbBiBp2
+QMbikMNME bm+2 i) kj 2(")j; 8j"j<c X

R9
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.m BM; i?Bb T2 'BQ/- i?2 i2’KBM H “2:mH iQ  bvbi2K Bb M2Bi?2" 2
u( )=0X b “2bmHi-i?2 7BM H "2;mH iQ  bvbi20h) BHBBIpi2A T2 BQ/

xo( )= 2@ x,(0) d2¢¢ V"= O("); UkXjyV

r72°@= kAQLk; d = kxp(OkX LQiB+2 i? i BEMI2MO< (I )< 1 M/
O<"<< 1722 pd2°=)= O(") 99X ++Q /BM;Hv- BMNSB2K Ny WM/
7Q2[0t)-r2 ? @)= Xa( )+ O("):

aBKBH "Hv- Bi + M #2 b?@(tM1]? ii227 T’ T QtBK i2 %,QHBHBBM2M b
Xp( )=x() O ()X u

kXj G2 "MBM; Q7 ai 12 622/# +F *QMi QH

AM i?Bb b2+iBQM-r2 7QHHQr "2BM7Q +2K2Mi H2 "MBM; TT Q +7? i
“2:mH iQ T GXHBMVBb2T ~ i2HvVX

kX]XR AMBIB H _2;mH iQ G2 MBM,; ST Q#H2K

h?2 Q#D2+iBp2 Bb iQ H2 "M i?2 7TR2/[#R{BB*QMiORHQ BR®2 bvbi2K
I2b+ B#2KXBMYrBi?Qmi FMQrBM; i?2 bvbi2K /vM KB+bX G2 MBM; Bb i
bm 2K2Mi/ i Q7 bvix2K /b+QMi; QiH+? i? | +QMi QM QTIiBKBx2b i?2
+Qbi 7TMM+iBQM /XIX4A/KB #2Q iBMA0) Bb i?2 bQHMIBQM iQ i?2 H:2#  B-
2[m iBQM,

A~ (0)Pa(0) + P2(0)A(0)  Pa(0)B(0)R(0)B~ (0)P4(0)

+Q(0) = 0:

UKXjRV

R8
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72, Bbi?2bQHMIBQM Q7 i?2 KBMX hR2[@TiBRMIUT22/# +F; BMBM i
Bb ;Bp24 #v R(0)B>(0)P, X h?2 QTiBK Hp Hm2b 2 i?2M 7QmM/ mbBM;
H:Q Bi®K p 7TQHHQrbX

RXAQHpPYQ7 i?2 Gv TmMQp 2[m iBQM

AL (0)P3+PZAL(0) + Q(0)

UkXjkV
+ P¥B(0)R(0)B~ (O)PX =0:
KXT/ i2i?2 722/# +F ; BM,
KX = R(0)B” (0)PX; UkXjjV

r?2 B (0) = A(0) B(OKEX h?2 K iPRO* M/ i?22 ; BM + M #2 H2 M2/
Bi2" iBp2HvV 7TQHHQrBM; i?2 #Qp2 bi2Tbh #mi QMHv r?2M i?2 KQ/2H
bbmK2/i? ii?2 KQ/2H /vM KB+b 2 mMMFMQrM-r2 7QHHQr 72r bi2
Q7 KQ/2H /vINOKBMB(@O) BM H2 "MBM; i?2 +QMi ' QHH2 X

*QMbB/2° M "#Bi v +QMORIKQEB+NBIA i?2 KXKEK ¥+Q /BM;Hv- r2
[27TBM2 i?2 +QMmg@HOTQ§i<B4+M§Xa rBiK[a‘> 0 M/ 722/ Bi # kRNQQ
121

dx,

g A (0)X4 + B(0)(Uo + KXxy); UkXjoV

r?2 2¢0) = A(0) BOKEX hQr /b 2HBKBM iBM; i?2A@)T 2WBRY-+2 Q7
(2 /27BM2 i?2 Gv TmMWO@E.VYmMMPHB®M FBM; i?22 /2 Bp iBp2 Q7 i?Bb 7
HQMXMOH2 /b iQ

d > > >
5 (X3 PaXa) = X2 (A (O)P5 + PyA(0)Xa
UkXj8V

+2(up + K57 B(0)” P*x,:

Re
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_2TH +BMQ) = (A7 (0)PL+PEA(0) = Q(0) K R(0O)K 7" QKX M (0)P* =
ROKEL 7 QKXNM H2 /b iQ

TP = X QuOMa + 2(o+ KE) ROK S x,: UkXjeV

LQiB+2 iRXiMJBb BM/2T 2MOR M BXT): AMi2;  iBM; #Qi?kdE\eIDpMI7 D
BMi2[p H ]

Xa( + IPXxa( + ) x3()Paxa( )
zZ .
2 KX+ up ' R(O)K K1 x, dw UkXjdV
zZ .

X3 Qk(0)x, dw:
g2 i?2M 2tTkK2ONOBRM +QKT +i 7Q K mbBM; i?72 E §M2+F2 T Q/m+i U

XPSxa= x7 X2 p2Pr; UkXj3V

a a a !

M/ i?22MXP8 Bb mb2/ iQ i° Mb7Q K i?RXiNKK ?—‘Q)lP;‘kJa( + )
X5 ()Paxa(t) BMiQ

Xo( + IPaxa( + ) Xz ( )Paxa( )= .
h [ UkXjNV
X2 X pARY) :
M/ i?22 M2ti i2 K KX@K U
U+ KXx "R(O)K K*1x, =
XX x3 1, KKTR@O) + UkX9yV

X3 Ug (I R() K"

Rd
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R,
IbBMEX¥YiQ i° Mb7Q K i?2 iRXHUZ2 QK KExa+ Uy ' R(O)K K x, dw BMiQ

VAN

2 KXxa+ U ' R(O)K X x, dw =
VAN

2 x; xzdw 1, (K¥”R(0) UKX9RV
Z .

2 X5 ugdw (I, R(0))

r?2°2= paKkK?) M/ 7BM HHvi?2 H bkKMWK 7 QK U

Q0= X; X p2AQO): UKX9kV

R .
IbBMEXI¥k i22 i2 K™ x2Qu0)xadw #2+QK2b

4

+

X5  xzdw p2(€«(0)): UkX9jV

IbBMEXMKXYRMANY)iQ 2tT 2bb i?2 Q77HBM2kKQHEBW v?RIZQIiBQM U

h i
X2 Xz paARY)
Z +
2 X, xzdw 1, (K¥)”R(0)
z . UKkX99V
2 X5 ugdw (I, R(0))
h [

= X X3 p2A(0):

kXjXk G2 "MBM; S'Q+2/m 2

"27Q 2T Q+22/BM; 7Tm i?2 - Bi b?QmH/ #2 2KT? bBx2/i? ii?2 H2 ~
# b2/ QM bbmKBM; "2/ mkiNyKID/Kk2HtH Q7 i?2 bvbi2K M2 ~ i?2 #QmM/

R3
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