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Efficient Reinforcement Learning for Control

Vasanth Reddy Baddam

(ABSTRACT)

The landscape of control systems has evolved rapidly with the emergence of Reinforcement

Learning (RL), offering promising solutions to a wide range of dynamic decision-making

problems. However, the application of RL to real-world control systems is often hindered

by computational inefficiencies, scalability issues, and a lack of structure in learning mech-

anisms. This thesis explores a central question:

To address this,

we present a progression of approaches—starting with time-scale decomposition in small-

scale systems and moving towards structured and adaptive learning strategies for large-scale,

multi-agent control problems. Each chapter builds upon the previous one by introducing new

methods tailored to the complexity and scale of the environment, culminating in a unified

framework for efficient RL-driven control.



Efficient Reinforcement Learning for Control

Vasanth Reddy Baddam

(GENERAL AUDIENCE ABSTRACT)

In recent years, artificial intelligence has begun to play a major role in how we design systems

that make decisions—like self-driving cars, automated drones, or smart energy grids. One of

the most powerful tools in this space is , a method where computers

learn to make decisions by trying things out and improving over time based on feedback.

But using this method in real-world systems can be challenging. It often requires too much

computing power, struggles to scale up to complex situations, and lacks clear guidance on how

to learn efficiently. This thesis tackles a key question:

To

answer this, we explore a step-by-step journey—starting with simple systems that operate

on different time-scales, and gradually moving toward larger, more complex settings with

many interacting components. Along the way, we develop new techniques that help systems

learn in a more structured and adaptable way. In the end, we bring these ideas together

into a flexible framework that makes reinforcement learning more useful for the complex,

real-world systems of the future.
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Modern control systems are increasingly deployed in dynamic, uncertain, and large-scale

environments—from real-time aerospace operations to multi-robot systems operating in human-

populated spaces. These systems require control algorithms that are not only mathemati-

cally rigorous and performant but also adaptable, scalable, and data-efficient. Reinforcement

Learning (RL) has emerged as a powerful tool to tackle such challenges, offering model-free

adaptability and data-driven optimization. However, conventional RL often suffers from slow

convergence, instability in complex environments, and a lack of interpretability—especially

when applied to control systems with high dimensionality or distributed agents.

The central motivation of this thesis is to bridge this gap: How can we design RL-based

controllers that combine the adaptability of data-driven learning with the structure and

efficiency required for real-world deployment? We aim to answer this by building a sequence

of innovations that scale from small-scale, analytically tractable systems to decentralized

multi-agent systems in social settings.

To address this overarching question, the thesis is organized into three parts, each targeting

a specific challenge in the broader control-learning landscape:

1



2

• focuses on efficiency in model-free RL for time-varying systems, particularly in

finite-horizon control tasks where dynamics evolve over time and models are unknown.

• investigates the role of structure and sparsity in control design, introducing

both model-based and model-free sparse architectures that improve scalability and

interpretability.

• tackles adaptive learning in complex, high-variance, and multi-agent environ-

ments by leveraging curriculum learning for policy generalization in dynamic real-world

scenarios.

Each part contributes a distinct innovation while building upon the foundation laid by the

previous one, creating a unified progression toward scalable and robust learning-based con-

trol.

This section synthesizes the literature across all three parts of the thesis to provide a cohesive

view of existing work on reinforcement learning (RL) and control for complex systems. The

research contributions of the thesis build upon these foundations and address critical gaps.

The control and analysis of

time-varying systems have long been a topic of interest, especially in applications such as

rocket landing [80] and energy-efficient electronics [89, 61]. Traditional solutions rely on

solving time-varying Riccati equations (for linear systems) or Hamilton-Jacobi equations

(for nonlinear ones), which are significantly harder than their time-invariant counterparts. A

promising workaround has emerged from singular perturbation theory, which decomposes the

2
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�i�Q�T�Q�H�Q�;�v �/�m�`�B�M�; �i�`���B�M�B�M�;�- �Q�7�7�2�`�B�M�; �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v ���M�/ �`�2�/�m�+�2�/ �+�Q�K�T�m�i���i�B�Q�M �B�M �K�m�H�i�B�@

���;�2�M�i �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�;�X

�j�X�*�m�`�`�B�+�m�H�m�K �G�2���`�M�B�M�; �7�Q�` �_�Q�#�m�b�i �J�m�H�i�B�@�_�Q�#�Q�i �L���p�B�;���i�B�Q�M�,�q�2 �7�Q�`�K�m�H���i�2 ��

�+�m�`�`�B�+�m�H�m�K �H�2���`�M�B�M�; �7�`���K�2�r�Q�`�F �7�Q�` �2�7�7�B�+�B�2�M�i �T�Q�H�B�+�v �i�`���B�M�B�M�; �B�M �/�v�M���K�B�+�- �K�m�H�i�B�@���;�2�M�i�-

�T���`�i�B���H�H�v �Q�#�b�2�`�p���#�H�2 �2�M�p�B�`�Q�M�K�2�M�i�b�X �P�m�` ���T�T�`�Q���+�? �T�`�Q�;�`�2�b�b�B�p�2�H�v �b�+���H�2�b �7�`�Q�K �b�B�K�T�H�2�`

�i�Q �K�Q�`�2 �+�Q�K�T�H�2�t �b�Q�+�B���H �M���p�B�;���i�B�Q�M �b�+�2�M���`�B�Q�b �#�v �p���`�v�B�M�; �?�m�K���M �/�2�M�b�B�i�v�- �`�Q�#�Q�i �+�Q�m�M�i�-

���M�/ �2�M�p�B�`�Q�M�K�2�M�i���H �b�i�`�m�+�i�m�`�2�X �h�?�`�Q�m�;�? �T�Q�H�B�+�v �`�2�m�b�2�- �#�m�7�7�2�` ���m�;�K�2�M�i���i�B�Q�M�- ���M�/ �+�Q�Q�`�@

�/�B�M���i�2�/ �K�m�H�i�B�@���;�2�M�i �i�`���B�M�B�M�;�- �r�2 �/�2�K�Q�M�b�i�`���i�2 �b�i�`�Q�M�; �;�2�M�2�`���H�B�x���i�B�Q�M ���M�/ �`�Q�#�m�b�i�M�2�b�b �i�Q

�T�`�2�p�B�Q�m�b�H�v �m�M�b�2�2�M �b�+�2�M���`�B�Q�b�X

�9�X���M �A�M�i�2�;�`���i�2�/ �6�`���K�2�r�Q�`�F �"�`�B�/�;�B�M�; �h�?�2�Q�`�v ���M�/ �_�2���H�@�q�Q�`�H�/ �a�+���H���#�B�H�B�i�v�,

�h�?�2 �/�B�b�b�2�`�i���i�B�Q�M �T�`�2�b�2�M�i�b �� �+�Q�?�2�b�B�p�2 �T�`�Q�;�`�2�b�b�B�Q�M �7�`�Q�K ���M���H�v�i�B�+���H�H�v �;�`�Q�m�M�/�2�/ �+�Q�M�i�`�Q�H

�Q�7 �b�K���H�H�@�b�+���H�2 �b�v�b�i�2�K�b �i�Q �b�T���`�b�2 �+�Q�Q�`�/�B�M���i�B�Q�M �b�i�`���i�2�;�B�2�b �7�Q�` �?�B�;�?�@�/�B�K�2�M�b�B�Q�M���H ���;�2�M�i�b�-

�+�m�H�K�B�M���i�B�M�; �B�M �b�+���H���#�H�2 ���M�/ ���/���T�i�B�p�2 �H�2���`�M�B�M�; �7�Q�` �+�Q�K�T�H�2�t �?�m�K���M�@�`�Q�#�Q�i �B�M�i�2�`���+�i�B�Q�M�X

�h�?�B�b �B�M�i�2�;�`���i�B�p�2 �T�2�`�b�T�2�+�i�B�p�2 �#�`�B�/�;�2�b �7�Q�m�M�/���i�B�Q�M���H �+�Q�M�i�`�Q�H �i�?�2�Q�`�v �r�B�i�? �b�i���i�2�@�Q�7�@�i�?�2�@���`�i
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�e �+�Ñ�ž�ÿ���¶�� �S�Y

�`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�;�- �Q�7�7�2�`�B�M�; �T�`���+�i�B�+���H �B�M�b�B�;�?�i�b ���M�/ �i�Q�Q�H�b �7�Q�` �`�2���H�@�r�Q�`�H�/ �/�2�T�H�Q�v�K�2�M�i�X

�h�Q�;�2�i�?�2�`�- �i�?�2�b�2 �i�?�`�2�2 �T���`�i�b �i�`���+�2 �� �+�Q�?�2�`�2�M�i �T���i�?���7�`�Q�K �7�Q�m�M�/���i�B�Q�M���H �K�Q�/�2�H�b �i�Q �b�+���H���#�H�2

���`�+�?�B�i�2�+�i�m�`�2�b ���M�/ �7�B�M���H�H�v �i�Q ���/���T�i�B�p�2 ���;�2�M�i�b���Q�7�7�2�`�B�M�; �� �?�Q�H�B�b�i�B�+ �7�`���K�2�r�Q�`�F �7�Q�` �`�2�B�M�7�Q�`�+�2�K�2�M�i

�H�2���`�M�B�M�;�@�#���b�2�/ �+�Q�M�i�`�Q�H �B�M �+�Q�K�T�H�2�t ���M�/ �m�M�+�2�`�i���B�M �2�M�p�B�`�Q�M�K�2�M�i�b�X

�e



�S���`�i �A

�1�7�7�B�+�B�2�M�i �_�G �7�Q�` �a�K���H�H�@�a�+���H�2 �h�B�K�2�@�o���`�v�B�M�;

�a�v�b�i�2�K�b



�*�?���T�i�2�` �k

�a�B�M�;�m�H���` �S�2�`�i�m�`�#���i�B�Q�M�@�#���b�2�/

�_�2�B�M�7�Q�`�+�2�K�2�M�i �G�2���`�M�B�M�; �Q�7 �h�r�Q�@�S�Q�B�M�i

�"�Q�m�M�/���`�v �P�T�i�B�K���H �*�Q�M�i�`�Q�H �a�v�b�i�2�K�b

�h�?�B�b �+�?���T�i�2�` �7�Q�+�m�b�2�b �Q�M �i�?�2 �T�`�Q�#�H�2�K �Q�7 �Q�T�i�B�K���H �+�Q�M�i�`�Q�H �7�Q�` �7�B�M�B�i�2�@�?�Q�`�B�x�Q�M �i�B�K�2�@�p���`�v�B�M�; �b�v�b�@

�i�2�K�b �r�B�i�? �m�M�F�M�Q�r�M �/�v�M���K�B�+�b�- �� �b�2�i�i�B�M�; �r�?�2�`�2 �i�`���/�B�i�B�Q�M���H ���M���H�v�i�B�+���H ���M�/ �K�Q�/�2�H�@�#���b�2�/ �K�2�i�?�@

�Q�/�b �Q�7�i�2�M �7���B�H �/�m�2 �i�Q �+�Q�K�T�H�2�t�B�i�v ���M�/ �i�?�2 �M�2�2�/ �7�Q�` �7�m�H�H �K�Q�/�2�H �F�M�Q�r�H�2�/�;�2�X �q�2 �b�T�2�+�B�7�B�+���H�H�v

�b�i�m�/�v �i�r�Q�@�T�Q�B�M�i �#�Q�m�M�/���`�v �Q�T�i�B�K���H �+�Q�M�i�`�Q�H �T�`�Q�#�H�2�K�b �B�M �H�B�M�2���` �b�v�b�i�2�K�b ���M�/ �T�`�Q�T�Q�b�2 �� �`�2�B�M�@

�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �U�_�G�V �7�`���K�2�r�Q�`�F �i�?���i �H�2�p�2�`���;�2�b �b�B�M�;�m�H���` �T�2�`�i�m�`�#���i�B�Q�M �i�?�2�Q�`�v �i�Q �/�2�+�Q�K�T�Q�b�2

�i�?�2 �;�H�Q�#���H �+�Q�M�i�`�Q�H �T�`�Q�#�H�2�K �B�M�i�Q �i�r�Q �i�`���+�i���#�H�2 �b�m�#�T�`�Q�#�H�2�K�b�, �� �7�Q�`�r���`�/�@�i�B�K�2 �`�2�;�m�H���i�Q�` ���M�/ ��

�#���+�F�r���`�/�@�i�B�K�2 �`�2�;�m�H���i�Q�`�X

�P�m�` ���T�T�`�Q���+�? �2�M���#�H�2�b �K�Q�/�2�H�@�7�`�2�2 �H�2���`�M�B�M�; �Q�7 �i�?�2�b�2 �`�2�;�m�H���i�Q�`�b �B�M�/�2�T�2�M�/�2�M�i�H�v�- �m�b�B�M�; �Q�M�H�v

�B�M�T�m�i�@�Q�m�i�T�m�i �/���i���- ���M�/ �i�?�2�M �7�m�b�2�b �i�?�2�K �B�M�i�Q �� �;�H�Q�#���H�H�v �M�2���`�@�Q�T�i�B�K���H �+�Q�M�i�`�Q�H �T�Q�H�B�+�v�X �h�?�B�b

�7�Q�`�K�m�H���i�B�Q�M �B�b �T���`�i�B�+�m�H���`�H�v �r�2�H�H�@�b�m�B�i�2�/ �7�Q�` ���T�T�H�B�+���i�B�Q�M�b �r�?�2�`�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b ���`�2 �b�T�2�+�@

�B�7�B�2�/ ���i �#�Q�i�? �2�M�/�b �Q�7 �i�?�2 �i�B�K�2 �?�Q�`�B�x�Q�M�- �b�m�+�? ���b �B�M �i�`���D�2�+�i�Q�`�v �Q�T�i�B�K�B�x���i�B�Q�M �Q�` �2�M�2�`�;�v�@�2�7�7�B�+�B�2�M�i

�b�v�b�i�2�K �i�`���M�b�B�2�M�i�b�X

�h�Q �p���H�B�/���i�2 �i�?�2 �7�`���K�2�r�Q�`�F�- �r�2 ���T�T�H�v �B�i �i�Q �i�?�2 �+�Q�M�i�`�Q�H �Q�7 ���M �_�G�* �+�B�`�+�m�B�i �r�B�i�? �i�B�K�2�@�p���`�v�B�M�;

�p�Q�H�i���;�2 �+�Q�M�b�i�`���B�M�i�b���� �`�2�T�`�2�b�2�M�i���i�B�p�2 �2�t���K�T�H�2 �Q�7 �i�`���M�b�B�2�M�i �7�B�M�B�i�2�@�?�Q�`�B�x�Q�M �+�Q�M�i�`�Q�H �B�M �2�H�2�+�i�`�B�+���H
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�l�Y�S�Y �T���ñ�ª�ã�¶�è �7�ñ���è���ã�ž���Ô�ñ�é �N

�b�v�b�i�2�K�b�X �h�?�2 �`�2�b�m�H�i�b �/�2�K�Q�M�b�i�`���i�2 �i�?���i �i�?�2 �H�2���`�M�2�/ �T�Q�H�B�+�v �+�Q�M�p�2�`�;�2�b �i�Q �i�?�2 �i�`�m�2 �Q�T�i�B�K���H

�b�Q�H�m�i�B�Q�M ���b �i�?�2 �i�B�K�2 �?�Q�`�B�x�Q�M �B�M�+�`�2���b�2�b�- �/�2�b�T�B�i�2 �i�?�2 ���#�b�2�M�+�2 �Q�7 �2�t�T�H�B�+�B�i �b�v�b�i�2�K �K�Q�/�2�H�b�X

�h�?�B�b �+�?���T�i�2�` �+�Q�M�i�`�B�#�m�i�2�b �i�Q �i�?�2 �/�B�b�b�2�`�i���i�B�Q�M�ö�b �Q�p�2�`���`�+�?�B�M�; �;�Q���H �Q�7 �/�2�p�2�H�Q�T�B�M�; �2�7�7�B�+�B�2�M�i ���M�/

�b�+���H���#�H�2 �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �i�2�+�?�M�B�[�m�2�b �#�v �i���+�F�H�B�M�; �+�Q�M�i�`�Q�H �T�`�Q�#�H�2�K�b �B�M �M�Q�M�b�i���i�B�Q�M���`�v

���M�/ �i�B�K�2�@�b�2�M�b�B�i�B�p�2 �2�M�p�B�`�Q�M�K�2�M�i�b�X �A�i �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �Q�m�` �T�m�#�H�B�+���i�B�Q�M�,�( �(�d�9�-�d�e�-�d�y�-�d�k�-�j�d�)�)�X

�k�X�R �S�`�Q�#�H�2�K �6�Q�`�K�m�H���i�B�Q�M

�*�Q�M�b�B�/�2�` �i�?�2 �H�B�M�2���` �i�B�K�2�@�p���`�v�B�M�; �b�v�b�i�2�K �2�t�T�`�2�b�b�2�/ �#�v �i�?�2 �/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�,

dx
dt

= A(t)x(t) + B(t)u(t) �U�k�X�R�V

�r�?�2�`�2x(t) 2 Rn �-u(t) 2 Rm �-A(t) 2 Rn� n ���M�/B (t) 2 Rn� m ���`�2 �i�?�2 �b�v�b�i�2�K �b�i���i�2�b�- �+�Q�M�i�`�Q�H

�B�M�T�m�i�- �b�i���i�2 �K���i�`�B�t ���M�/ �B�M�T�m�i �K���i�`�B�t�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �K���i�`�B�+�2�bA(t) ���M�/B (t) ���`�2 �b�K�Q�Q�i�?

�7�m�M�+�i�B�Q�M�b �Q�7 �i�B�K�28 t 2 [0; T] ���M�/ �+���M �#�2 �m�M�F�M�Q�r�M�X �h�?�2 �+�Q�M�i�`�Q�H �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �/�2�b�B�;�Mu(t)

�i�Q �/�`�B�p�2 �i�?�2 �b�v�b�i�2�K �b�i���i�2�bx(t) �7�`�Q�K �i�?�2 �B�M�B�i�B���H �b�i���i�2x(0) = x0 �i�Q �i�?�2 �7�B�M���H �b�i���i�2x(T) = xT

�r�B�i�?�B�M �� �i�B�K�2 �T�2�`�B�Q�/T ���M�/ �K�2���M�r�?�B�H�2 �K�B�M�B�K�B�x�2 �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M

J =
Z T

0
x> (t)Q(t)x(t) + u> (t)R(t)u(t) dt �U�k�X�k�V

�r�?�2�`�2�-Q(t) = Q> (t) � 0 ���M�/R(t) � 0 8 t 2 [0; T]: �h�?�2 �K���i�`�B�+�2�bQ(t) ���M�/R(t�V ���`�2 ���b�b�m�K�2�/

�i�Q �#�2 �b�K�Q�Q�i�? �7�m�M�+�i�B�Q�M�b �Q�7 �i�B�K�2�X �q�2 �7�m�`�i�?�2�` �?���p�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; ���b�b�m�K�T�i�B�Q�M�b�,

���b�b�m�K�T�i�B�Q�M �R�X�h�?�2 �T���B�`(A(t); B(t)) 8 t 2 [0; T] �B�b �+�Q�M�i�`�Q�H�H���#�H�2 ���M�/ �i�?�2 �T���B�`(A(t);
p

Q(t)) 8 t 2

[0; T] �B�b �Q�#�b�2�`�p���#�H�2�X

���b�b�m�K�T�i�B�Q�M�e�B�b �� �b�i���M�/���`�/ ���b�b�m�K�T�i�B�Q�M ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �i�?�2�Q�`�v �Q�7 �Q�T�i�B�K���H �+�Q�M�i�`�Q�H �(�9�)�X �h�Q

�N



�R�y
�+�Ñ�ž�ÿ���¶�� �l�Y �b�Ô�é�Ì���ã�ž�� �T�¶���������ª�ž���Ô�ñ�é�A�ª�ž���¶�² �`�¶�Ô�é�Å�ñ���«�¶�è�¶�é�� �H�¶�ž���é�Ô�é�Ì �ñ�Å �i�'�ñ�A�T�ñ�Ô�é��

�#�ñ���é�²�ž���- �Q�ÿ���Ô�è�ž�ã �+�ñ�é�����ñ�ã �b�-�����¶�è��

�b�Q�H�p�2 �i�?�2 �Q�T�i�B�K���H �+�Q�M�i�`�Q�H �T�`�Q�#�H�2�K�- �r�2 �/�2�7�B�M�2 �i�?�2 �>���K�B�H�i�Q�M���B���M �7�m�M�+�i�B�Q�M �7�Q�` �i�?�2 �b�v�b�i�2�K �U�k�X�R�V

���b �(�9�)�,

H = x> (t)Q(t)x(t) + u> (t)R(t)u(t) + p> (t)(A(t)x(t) + B(t)u(t)) �U�k�X�j�V

�r�?�2�`�2�-p(t) 2 Rn �B�b �i�?�2 �+�Q�@�b�i���i�2 �2�[�m���i�B�Q�M �i�?���i �b���i�B�b�7�B�2�b�,

_p(t) = �r xH = � Q(t)x(t) � A> (t)p(t): �U�k�X�9�V

�h�?�2 �+�Q�M�i�`�Q�H �H���ru(t) �7�Q�` �i�?�2 �/�v�M���K�B�+ �b�v�b�i�2�K �U�k�X�R�V �i�?���i �K�B�M�B�K�B�x�2�b �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M

�U�k�X�k�V �B�b �;�B�p�2�M �#�vr uH = 0�,

u(t) = � R(t)B > (t)p(t): �U�k�X�8�V

�P�m�` �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �H�2���`�M �i�?�2 �Q�T�i�B�K���H �+�Q�M�i�`�Q�H�H�2�`u(t) �;�B�p�2�M �#�v �U�k�X�8�V �7�Q�` �i�?�2 �b�v�b�i�2�K �U�k�X�R�V

�r�B�i�?�Q�m�i �i�?�2 �M�2�2�/ �i�Q �F�M�Q�r �i�?�2 �b�v�b�i�2�K �K���i�`�B�+�2�bA(t) ���M�/B (t)�X

�k�X�k �a�B�M�;�m�H���` �S�2�`�i�m�`�#���i�B�Q�M�@�#���b�2�/ �.�2�b�B�;�M

�A�i �B�b �F�M�Q�r�M �i�?���i �7�Q�` �+�Q�M�i�`�Q�H �T�`�Q�#�H�2�K�b �i�?���i ���`�2 �7�Q�`�K�m�H���i�2�/ �Q�p�2�` �� �7�B�M�B�i�2 �i�B�K�2 �B�M�i�2�`�p���Ht 2 [0; T]�-

�i�?�2 �+�H�Q�b�2�/�@�H�Q�Q�T �b�v�b�i�2�K �/�v�M���K�B�+�b �#�2�?���p�2 �B�M �i�r�Q �i�B�K�2 �b�+���H�2�b �(�9�3�)�X �h�?�2 �b�2�T���`���i�B�Q�M �Q�7 �i�B�K�2 �b�+���H�2�b

�B�b �/�2�T�2�M�/�2�M�i �Q�M �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �i�B�K�2 �B�M�i�2�`�p���HT�X �A�M �i�?�B�b �r�Q�`�F�- �r�2 �H�2�p�2�`���;�2 �i�?�B�b �T�?�2�M�Q�K�2�M�Q�M

�#�v �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �+���b�2 �r�?�2�M �i�?�2 �i�B�K�2 �M�2�2�/�2�/ �i�Q �i�`���M�b�7�2�` �i�?�2 �b�v�b�i�2�K �b�i���i�2 �7�`�Q�K �Q�M�2 �B�M�b�i���M�i

�i�Q ���M�Q�i�?�2�` �B�b �b�K���H�H �+�Q�K�T���`�2�/ �r�B�i�?T�X �h�?�B�b ���H�H�Q�r�b �i�?�2 �b�v�b�i�2�K �i�Q �#�2 �K�Q�/�2�H�2�/ �B�M �� �b�B�M�;�m�H���`�H�v

�T�2�`�i�m�`�#�2�/ �7�Q�`�K�X ���+�+�Q�`�/�B�M�;�H�v�- �T�`�2�p�B�Q�m�b �r�Q�`�F �(�9�3�) �?���b �b�?�Q�r�M �i�?���i �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q ���+�?�B�2�p�2 ��

�b�m�#�@�Q�T�i�B�K���H �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �+�Q�M�i�`�Q�H �T�`�Q�#�H�2�K �r�?�2�MT �B�b �b�m�7�7�B�+�B�2�M�i�H�v �H�Q�M�; ���M�/ �K���i�`�B�+�2�bA(t) ���M�/

B (t) ���`�2 �F�M�Q�r�M�X �A�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�b�- �r�2 �b�?�Q�r �i�?���i �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q ���+�?�B�2�p�2 �� �b�B�K�B�H���` �`�2�b�m�H�i

�r�B�i�?�Q�m�i �`�2�[�m�B�`�B�M�; �i�?�2 �b�v�b�i�2�K �K���i�`�B�+�2�b �i�Q �#�2 �F�M�Q�r�M �i�?���M�F�b �i�Q �2�K�T�H�Q�v�B�M�; �� �`�2�B�M�7�Q�`�+�2�K�2�M�i

�H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K�X �h�Q�r���`�/�b �i�?�B�b �;�Q���H�- �r�2 �b�i���`�i �#�v �b�2�i�i�B�M�; �m�T �i�?�2 �b�B�M�;�m�H���` �T�2�`�i�m�`�#���i�B�Q�M

�R�y



�l�Y�l�Y �b�Ô�é�Ì���ã�ž�� �T�¶���������ª�ž���Ô�ñ�é�A�ª�ž���¶�² �/�¶���Ô�Ì�é �R�R

�K�Q�/�2�H �Q�7 �i�?�2 �b�v�b�i�2�K�X �q�2 �7�B�`�b�i �M�Q�`�K���H�B�x�2 �i�?�2 �i�B�K�2 �T�2�`�B�Q�/0 �i�QT �i�Q �i�?�2 �B�M�i�2�`�p���H[0; 1] �#�v

�B�M�i�`�Q�/�m�+�B�M�; �i�?�2 �b�+���H�2�/ �i�B�K�2

� =
t
T

�U�k�X�e�V

���M�/ �/�2�7�B�M�B�M�;

" = 1/ T �U�k�X�d�V

���M�/ �i�?�2�M �`�2�+�Q�M�b�i�`�m�+�i�B�M�; �U�k�X�R�V�- �U�k�X�k�V�- �U�k�X�9�V�- ���M�/ �U�k�X�8�V �i�Q �Q�#�i���B�M

"

2

6
4

dx
d�

dp
d�

3

7
5 =

2

6
4

A(� ) 0

� Q(� ) � AT (� )

3

7
5

2

6
4

x

p

3

7
5 +

2

6
4

B(� )

0

3

7
5 u; �U�k�X�3�V

u(� ) = � R(� )B > (� )p(� ); �U�k�X�N�V

J = T �
Z 1

0
x> (� )Q(� )x(t) + u> (� )R(� )u(� ) dt; �U�k�X�R�y�V

�r�?�2�`�2x(0) = x0 ���M�/x(1) = xT �X �6�Q�` �i�?�2 �b�v�b�i�2�K �/�2�b�+�`�B�#�2�/ �#�v �U�k�X�3�V �i�Q �#�2 �B�M �b�i���M�/���`�/ �b�B�M�;�m�H���`

�T�2�`�i�m�`�#���i�B�Q�M �7�Q�`�K�- �r�2 �K���F�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; ���b�b�m�K�T�i�B�Q�M�,

���b�b�m�K�T�i�B�Q�M �k�X�h�?�2 �2�B�;�2�M�p���H�m�2�b �Q�7 �i�?�2 �>���K�B�H�i�Q�M�B���M �K���i�`�B�t

MH ,

2

6
4

A(� ) � B (� )R� 1(� )B > (� )

� Q(� ) � A> (� )

3

7
5 �U�k�X�R�R�V

�H�B�2 �Q�7�7 �i�?�2 �B�K���;�B�M���`�v ���t�B�b8 � 2 [0; 1]�X

�h�?�B�b ���b�b�m�K�T�i�B�Q�M �B�K�T�H�B�2�b �i�?���iMH �- �r�?�B�+�? �B�b �i�?�2 �+�H�Q�b�2�/�@�H�Q�Q�T �K���i�`�B�t ���7�i�2�` �b�m�#�b�i�B�i�m�i�B�M�; �U�k�X�N�V

�B�M �U�k�X�3�V�- �B�b �M�Q�M�b�B�M�;�m�H���`8 � 2 [0; 1]�X �q�2 ���`�2 �;�Q�B�M�; �M�2�t�i �i�Q �/�2�+�Q�m�T�H�2 �i�?�2 �/�v�M���K�B�+�b �Q�7 �U�k�X�3�V�X

�R�R



�R�k
�+�Ñ�ž�ÿ���¶�� �l�Y �b�Ô�é�Ì���ã�ž�� �T�¶���������ª�ž���Ô�ñ�é�A�ª�ž���¶�² �`�¶�Ô�é�Å�ñ���«�¶�è�¶�é�� �H�¶�ž���é�Ô�é�Ì �ñ�Å �i�'�ñ�A�T�ñ�Ô�é��

�#�ñ���é�²�ž���- �Q�ÿ���Ô�è�ž�ã �+�ñ�é�����ñ�ã �b�-�����¶�è��

�h�Q ���+�+�Q�K�T�H�B�b�? �i�?�B�b �i���b�F�- �r�2 �m�b�2 �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �(�9�3�)

2

6
4

x

p

3

7
5 =

2

6
4

I I

Pa(�; " ) Pb(�; " )

3

7
5

2

6
4

xa

xb

3

7
5 : �U�k�X�R�k�V

�A�i �B�b �b�?�Q�r�M �B�M �(�G�2�K�K�� �k�X�j�- �(�9�3�)�) �i�?���i�- �m�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M�b �Q�7 �i�?�B�b �T���T�2�`�- �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M

�U�k�X�R�k�V �B�b �M�Q�M�b�B�M�;�m�H���` �7�Q�` �b�m�7�7�B�+�B�2�M�i�H�v �b�K���H�H": ���+�+�Q�`�/�B�M�;�H�v�- �m�b�B�M�; �U�k�X�R�k�V�- �b�v�b�i�2�K �U�k�X�3�V �r�B�i�? �U�k�X�N�V

�+���M �#�2 �i�`���M�b�7�Q�`�K�2�/ �B�M�i�Q

"
d
d�

xa = A(� )xa + B(� )ua(� ); �U�k�X�R�j�V

"
d
d�

xb = A(� )xb + B(� )ub(� ); �U�k�X�R�9�V

�r�?�2�`�2

ua = � R(� )B > (� )Pa(�; " ); �U�k�X�R�8�V

ub = � R(� )B > (� )Pb(�; " ); �U�k�X�R�e�V

���M�/Pa(�; " ) � 0 ���M�/Pb(�; " ) � 0 ���`�2 �i�?�2 �`�Q�Q�i�b �Q�7 �i�?�2 �/�B�7�7�2�`�2�M�i�B���H �_�B�+�+���i�B �2�[�m���i�B�Q�M

" _P = � A> (� )P � PA(� )

+ PB(� )R(� )B > (� )P � Q(� ):
�U�k�X�R�d�V

�_�2�K���`�F �k�X�R�X�G�2�i" ! 0 �B�M �U�k�X�R�d�V �b�Q �i�?���i �r�2 �?���p�2

� A> (� )P � PA(� ) + PB(� )R(� )B > (� )P � Q(� ) = 0 : �U�k�X�R�3�V

�A�i �B�b �b�?�Q�r�M �B�M �(�9�3�) �i�?���i �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �U�k�X�R�3�V �/�Q�2�b �2�t�B�b�i ���M�/ �i�?���i �i�?�2 �+�H�Q�b�2�/ �H�Q�Q�T �K���i�`�B�t

A(� ) � B (� )R� 1(� )B > (t)P(� ) �B�b �>�m�`�r�B�i�x �7�Q�` �2���+�?� 2 [0; 1]: �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �b�Q�H�m�i�B�Q�M �?���b

�R�k



�l�Y�l�Y �b�Ô�é�Ì���ã�ž�� �T�¶���������ª�ž���Ô�ñ�é�A�ª�ž���¶�² �/�¶���Ô�Ì�é �R�j

�i�r�Q �`�Q�Q�i�b �Q�7 �i�?�2 �7�Q�`�KP = Pa(� ) � 0 ���M�/P = Pb(� ) � 0:

�q�2 �i�`���M�b�7�Q�`�K �M�2�t�i �i�?�2 �b�B�M�;�m�H���` �T�2�`�i�m�`�#���i�B�Q�M �b�v�b�i�2�K �U�k�X�R�j�V�@�U�k�X�R�9�V �B�M�i�Q �i�?�2 �#�Q�m�M�/���`�v �H���v�2�`

�b�v�b�i�2�K �#�v �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �i�B�K�2�@�b�+���H�2 �+�?���M�;�2


 =
�
"

; � =
1 � �

"
: �U�k�X�R�N�V

�A�M �p�B�2�r �Q�7 �U�k�X�R�N�V ���M�/ �_�2�K���`�F�k�X�R�- �i�?�2 �#�Q�m�M�/���`�v �H���v�2�` �b�v�b�i�2�K �B�b �Q�#�i���B�M�2�/ �#�v �b�2�i�i�B�M�;" ! 0

�B�M �U�k�X�R�j�V�@�U�k�X�R�d�V�X �h�?�B�b �H�2���/�b �i�Q �i�?�2�B�M�B�i�B���H � �̀2�;�m�H���i�Q�` �T� �̀Q�#�H�2�K

dxa

d

= A(0)xa + B(0)ua; xa(0) = x0; �U�k�X�k�y�V

�r�B�i�? �i�?�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�`ua �B�M �i�?�2 �7�Q�`�K

ua(
 ) , � K axa(
 ) = � R(0)B > (0)Pa(0)xa(
 ); �U�k�X�k�R�V

�r�?�B�+�? �K�B�M�B�K�B�x�2�b �i�?�2 �+�Q�b�i �7�m�M�+�i�B�Q�M

J(xa; ua) =
Z 1

0
x>

a Q(0)xa + u>
a R(0)ua d
; �U�k�X�k�k�V

���M�/ �i�?�2�i�2�`�K�B�M���H � �̀2�;�m�H���i�Q�` �T� �̀Q�#�H�2�K

dxb

d�
= � A(1)xb � B (1)ub; xb(1) = xT �U�k�X�k�j�V

�r�B�i�? �i�?�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H�H�2�`

ub(� ) , � K bxb(� ) = � R(1)B > (1)Pb(1)xb(� ); �U�k�X�k�9�V

�R�j



�R�9
�+�Ñ�ž�ÿ���¶�� �l�Y �b�Ô�é�Ì���ã�ž�� �T�¶���������ª�ž���Ô�ñ�é�A�ª�ž���¶�² �`�¶�Ô�é�Å�ñ���«�¶�è�¶�é�� �H�¶�ž���é�Ô�é�Ì �ñ�Å �i�'�ñ�A�T�ñ�Ô�é��

�#�ñ���é�²�ž���- �Q�ÿ���Ô�è�ž�ã �+�ñ�é�����ñ�ã �b�-�����¶�è��

�r�?�B�+�? �K�B�M�B�K�B�x�2�b �i�?�2 �+�Q�b�i �7�m�M�+�i�B�Q�M

J(xb; ub) =
Z 1

0
x>

b Q(1)xb + u>
b R(1)ub d�: �U�k�X�k�8�V

�A�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�- �r�2 �/�2�p�2�H�Q�T �� �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K �i�Q �b�Q�H�p�2 �i�?�2 �B�M�B�i�B���H ���M�/

�i�2�`�K�B�M���H �`�2�;�m�H���i�Q�` �T�`�Q�#�H�2�K�b �U�k�X�k�y�V�@�U�k�X�k�8�V �r�B�i�?�Q�m�i �i�?�2 �M�2�2�/ �7�Q�`A(t) ���M�/B (t) �i�Q �#�2 �F�M�Q�r�M�X

�h�Q�r���`�/�b �i�?�B�b �;�Q���H�- �r�2 �7�B�`�b�i �b�?�Q�r �i�?���i �r�2 �+���M �m�b�2 �i�?�2 �Q�`�B�;�B�M���H �b�v�b�i�2�K �b�i���i�2 �i�Q ���T�T�`�Q�t�B�K���i�2

�i�?�2 �B�M�B�i�B���H ���M�/ �i�2�`�K�B�M���H �b�v�b�i�2�K �b�i���i�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�h�?�2�Q�`�2�K �k�X�k�X�*�Q�M�b�B�/�2�` �i�?�2 �b�v�b�i�2�K�b�U�k�X�R�V�- �U�k�X�k�y�V���M�/�U�k�X�k�j�V�- �i�?�2�M �i�?�2� �̀2 �2�t�B�b�i�b"1 > 0 ���M�/

0 < t c < 1 �b�m�+�? �i�?���i �7�Q�` ���H�H" 2 (0; "1]�- �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �B�M�B�i�B���H � �̀2�;�m�H���i�Q�` �T� �̀Q�#�H�2�Kxa(
 ) �B�M

�i�?�2 �i�B�K�2 �B�M�i�2�`�p���H� 2 [0; tc) ���M�/ �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �i�2�`�K�B�M���H � �̀2�;�m�H���i�Q�` �T� �̀Q�#�H�2�Kxb(� ) �B�M �i�?�2

�i�B�K�2 �B�M�i�2�`�p���H� 2 (tc; 1] ��� �̀2 ���T�T� �̀Q�t�B�K���i�2�/ ���b�R

xa(
 ) = x(� ) � O ("); �U�k�X�k�e�V

xb(� ) = x(� ) � O ("): �U�k�X�k�d�V

�S� �̀Q�Q�7�X���+�+�Q�`�/�B�M�; �i�Q �h�?�2�Q�`�2�K �k�X�R �B�M �*�?���T�i�2�` �e �Q�7 �(�9�3�)�- �7�Q�`� 2 [0; 1]�- �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2

�b�v�b�i�2�K �B�b �;�B�p�2�M ���b

x(� ) = xa(
 ) + xb(� ) + O("): �U�k�X�k�3�V

�6�Q�` �i�?�2 �i�B�K�2 �B�M�i�2�`�p���H� 2 [0; tc)�- �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �U�k�X�k�j�V �B�b �;�B�p�2�M ���b

xb(� ) = �2� A (1) � xb(0) �
Z tc

0
�2� A (1)( � � l )B(1)ub(l ) dl �U�k�X�k�N�V

�.�2�7�B�M�2 �M�2�t�i �i�?�2 �i�B�K�20 < t c < 1 �b�m�+�? �i�?���i �i�?�2 �+�Q�M�i�`�Q�H�H�2�`ua �B�b ���+�i�B�p�2 �B�M �i�?�2 �T�2�`�B�Q�/� 2 [0; tc)�X

�R�h�?�2 �b�v�K�#�Q�HO �/�2�M�Q�i�2�b �i�?�2 �ô�Q�`�/�2�` �Q�7 �K���;�M�B�i�m�/�2�ô ���M�/ �B�b �/�2�7�B�M�2�/ ���b� 1(" ) = O(� 2(" )) �B�7 �i�?�2�`�2 �2�t�B�b�i �T�Q�b�B�i�B�p�2
�+�Q�M�b�i���M�i�bk ���M�/c �b�m�+�? �i�?���ij� 1(" )j � k j� 2(" )j ; 8 j" j < c �X

�R�9



�l�Y�k�Y �H�¶�ž���é�Ô�é�Ì �ñ�Å �b���ž���¶ �7�¶�¶�²�ª�ž�«�á �+�ñ�é�����ñ�ã �R�8

�.�m�`�B�M�; �i�?�B�b �T�2�`�B�Q�/�- �i�?�2 �i�2�`�K�B�M���H �`�2�;�m�H���i�Q�` �b�v�b�i�2�K �B�b �M�2�B�i�?�2�` �2�t�+�B�i�2�/ �M�Q�` �+�Q�M�i�`�Q�H�H�2�/�- �B�X�2�X�-

ub(� ) = 0 �X ���b �� �`�2�b�m�H�i�- �i�?�2 �7�B�M���H �`�2�;�m�H���i�Q�` �b�v�b�i�2�K �b�i���i�2 �B�M �i�?�2 �T�2�`�B�Q�/� 2 [0; tc) �B�b �;�B�p�2�M ���b

xb(� ) = �2� A (1) � xb(0) � d�2� c(1� � )/ " = O("); �U�k�X�j�y�V

�r�?�2�`�2c = kA(1)k; d = kxb(0)k�X �L�Q�i�B�+�2 �i�?���i �b�B�M�+�2� 2 [0; tc) ���M�/0 < (1 � � ) < 1 ���M�/

0 < " << 1 �r�2 �?���p�2O(d�2� c (1 � � )
" ) = O(") �(�9�9�)�X ���+�+�Q�`�/�B�M�;�H�v�- �B�M �p�B�2�r �Q�7 �U�k�X�k�3�V ���M�/ �U�k�X�j�y�V ���M�/

�7�Q�`� 2 [0; tc)�- �r�2 �?���p�2x(� ) = xa(
 ) + O("):

�a�B�K�B�H���`�H�v�- �B�i �+���M �#�2 �b�?�Q�r�M �i�?���i�- �7�Q�`� 2 (tc; 1]�- �i�?�2 ���T�T�`�Q�t�B�K���i�2 �b�Q�H�m�i�B�Q�Mxb(� ) �B�b �;�B�p�2�M ���b

xb(� ) = x(� ) � O (")�X

�k�X�j �G�2���`�M�B�M�; �Q�7 �a�i���i�2 �6�2�2�/�#���+�F �*�Q�M�i�`�Q�H

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �7�Q�H�H�Q�r �� �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; ���T�T�`�Q���+�? �i�Q �H�2���`�M �i�?�2 �B�M�B�i�B���H ���M�/ �i�2�`�K�B�M���H

�`�2�;�m�H���i�Q�` �T�`�Q�#�H�2�K�b �U�k�X�k�y�V�@�U�k�X�k�8�V �b�2�T���`���i�2�H�v�X

�k�X�j�X�R �A�M�B�i�B���H �_�2�;�m�H���i�Q�` �G�2���`�M�B�M�; �S�`�Q�#�H�2�K

�h�?�2 �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �H�2���`�M �i�?�2 �7�2�2�/�#���+�F �+�Q�M�i�`�Q�H �;���B�MK a , R(0)B > (0)Pa(0) �7�Q�` �i�?�2 �b�v�b�i�2�K

�/�2�b�+�`�B�#�2�/ �B�M �U�k�X�k�y�V �r�B�i�?�Q�m�i �F�M�Q�r�B�M�; �i�?�2 �b�v�b�i�2�K �/�v�M���K�B�+�b�X �G�2���`�M�B�M�; �B�b �/�Q�M�2 �m�b�B�M�; �i�?�2 �K�2���@

�b�m�`�2�K�2�M�i �/���i�� �Q�7 �b�v�b�i�2�K �b�i���i�2�bx ���M�/ �+�Q�M�i�`�Q�Hua �b�m�+�? �i�?���i �+�Q�M�i�`�Q�Hua = � K ax �Q�T�i�B�K�B�x�2�b �i�?�2

�+�Q�b�i �7�m�M�+�i�B�Q�M �/�2�b�+�`�B�#�2�/ �B�M �U�k�X�k�k�V�X �L�Q�i�2 �i�?���iPa(0) �B�b �i�?�2 �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 ���H�;�2�#�`���B�+ �_�B�+�+���i�B

�2�[�m���i�B�Q�M�,

A> (0)Pa(0) + Pa(0)A(0) � Pa(0)B(0)R(0)B > (0)Pa(0)

+ Q(0) = 0 :
�U�k�X�j�R�V

�R�8



�R�e
�+�Ñ�ž�ÿ���¶�� �l�Y �b�Ô�é�Ì���ã�ž�� �T�¶���������ª�ž���Ô�ñ�é�A�ª�ž���¶�² �`�¶�Ô�é�Å�ñ���«�¶�è�¶�é�� �H�¶�ž���é�Ô�é�Ì �ñ�Å �i�'�ñ�A�T�ñ�Ô�é��

�#�ñ���é�²�ž���- �Q�ÿ���Ô�è�ž�ã �+�ñ�é�����ñ�ã �b�-�����¶�è��

�r�?�2�`�2P �
a �B�b �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �_�B�+�+���i�B �2�[�m���i�B�Q�M �U�k�X�j�R�V�X �h�?�2 �Q�T�i�B�K���H �7�2�2�/�#���+�F �;���B�M �B�M �i�?�B�b �+���b�2

�B�b �;�B�p�2�M �#�vK �
a = � R(0)B > (0)P �

a �X �h�?�2 �Q�T�i�B�K���H �p���H�m�2�b ���`�2 �i�?�2�M �7�Q�m�M�/ �m�b�B�M�; �i�?�2 �E�H�2�B�K���M�M�b

���H�;�Q�`�B�i�?�K �(�9�e�) ���b �7�Q�H�H�Q�r�b�X

�R�X�a�Q�H�p�2 �7�Q�`P k �Q�7 �i�?�2 �G�v���T�m�M�Q�p �2�[�m���i�B�Q�M

A>
k (0)P k

a + P k
a Ak(0) + Q(0)

+ P k
a B(0)R(0)B > (0)P k

a = 0:
�U�k�X�j�k�V

�k�X�l�T�/���i�2 �i�?�2 �7�2�2�/�#���+�F �;���B�M�,

K k+1
a = R(0)B > (0)P k

a ; �U�k�X�j�j�V

�r�?�2�`�2Ak(0) = A(0) � B (0)K k
a �X �h�?�2 �K���i�`�B�tPa(0)k ���M�/ �i�?�2 �;���B�MK k+1

a �+���M �#�2 �H�2���`�M�2�/

�B�i�2�`���i�B�p�2�H�v �7�Q�H�H�Q�r�B�M�; �i�?�2 ���#�Q�p�2 �b�i�2�T�b �#�m�i �Q�M�H�v �r�?�2�M �i�?�2 �K�Q�/�2�H �/�v�M���K�B�+�b ���`�2 �F�M�Q�r�M�X ���b �r�2

���b�b�m�K�2�/ �i�?���i �i�?�2 �K�Q�/�2�H �/�v�M���K�B�+�b ���`�2 �m�M�F�M�Q�r�M�- �r�2 �7�Q�H�H�Q�r �� �7�2�r �b�i�2�T�b �i�Q �2�H�B�K�B�M���i�2 �i�?�2 �m�b�2

�Q�7 �K�Q�/�2�H �/�v�M���K�B�+�bA(0) ���M�/B (0) �B�M �H�2���`�M�B�M�; �i�?�2 �+�Q�M�i�`�Q�H�H�2�`�X

�*�Q�M�b�B�/�2�` ���M ���`�#�B�i�`���`�v �+�Q�M�i�`�Q�H �b�B�;�M���Hu0 �(�9�R�) �i�Q �2�t�+�B�i�2 �i�?�2 �b�v�b�i�2�K �U�k�X�k�y�V�X ���+�+�Q�`�/�B�M�;�H�v�- �r�2

�/�2�7�B�M�2 �i�?�2 �+�Q�M�i�`�Q�H �T�Q�H�B�+�vua = u0 � K k
a xa + K k

a xa �r�B�i�?K k
a > 0 ���M�/ �7�2�2�/ �B�i �#���+�F �i�Q �U�k�X�k�y�V �i�Q

�;�2�i
dxa

d

= Ak(0)xa + B(0)(u0 + K k

a xa); �U�k�X�j�9�V

�r�?�2�`�2Ak(0) = A(0) � B (0)K k
a �X �h�Q�r���`�/�b �2�H�B�K�B�M���i�B�M�; �i�?�2 �/�2�T�2�M�/�2�M�+�2 �Q�7A(0) ���M�/B (0)�-

�r�2 �/�2�7�B�M�2 �i�?�2 �G�v���T�m�M�Q�p �7�m�M�+�i�B�Q�MV k(xa) = x>
a P k

a xa�X �h���F�B�M�; �i�?�2 �/�2�`�B�p���i�B�p�2 �Q�7 �i�?�B�b �7�m�M�+�i�B�Q�M

���H�Q�M�; �U�k�X�j�9�V �H�2���/�b �i�Q

d
d


(x>
a P k

a xa) = x>
a (A>

k (0)P k
a + P k

a Ak(0))xa

+ 2( u0 + K k
a )> B(0)> P kxa:

�U�k�X�j�8�V

�R�e



�l�Y�k�Y �H�¶�ž���é�Ô�é�Ì �ñ�Å �b���ž���¶ �7�¶�¶�²�ª�ž�«�á �+�ñ�é�����ñ�ã �R�d

�_�2�T�H���+�B�M�;� Qk(0) = ( A>
k (0)P k

a + P k
a Ak(0)) = � Q(0)� K > R(0)K �7�`�Q�K �U�k�X�j�k�V ���M�/B > (0)P k =

R(0)K k+1
a �7�`�Q�K �U�k�X�j�j�V �H�2���/�b �i�Q

d
d


(x>
a P k

a xa) = � x>
a Qk(0)xa + 2( u0 + K k

a )> R(0)K k+1
a xa: �U�k�X�j�e�V

�L�Q�i�B�+�2 �i�?���i �U�k�X�j�e�V �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7A(0) ���M�/B (0): �A�M�i�2�;�`���i�B�M�; �#�Q�i�? �b�B�/�2�b �Q�7 �U�k�X�j�e�V �Q�M �i�?�2

�B�M�i�2�`�p���H[
; 
 + �
 ]

x>
a (
 + �
 )P k

a xa(
 + �
 ) � x>
a (
 )P k

a xa(
 )

� 2
Z 
 + �





�
K k

a + u0
� T

R(0)K k+1
a xa dw

= �
Z 
 + �




x>

a Qk(0)xa dw:

�U�k�X�j�d�V

�q�2 �i�?�2�M �2�t�T�`�2�b�b �U�k�X�j�d�V �B�M �+�Q�K�T���+�i �7�Q�`�K �m�b�B�M�; �i�?�2 �E�`�Q�M�2�+�F�2�` �T�`�Q�/�m�+�i �U
 �V

x>
a P k

a xa =
�
x>

a 
 x>
a

�
�p�2�+

�
P k

a

�
; �U�k�X�j�3�V

���M�/ �i�?�2�M �U�k�X�j�3�V �B�b �m�b�2�/ �i�Q �i�`���M�b�7�Q�`�K �i�?�2 �i�2�`�K �7�`�Q�K �U�k�X�j�d�Vx>
a (
 + �
 )P k

a xa(
 + �
 ) �

x>
a (t)P k

a xa(t) �B�M�i�Q

x>
a (
 + �
 )P k

a xa(
 + �
 ) � x>
a (
 )P k

a xa(
 ) =
h

x>
a 
 x>

a

�
� 
 + �





i �
�p�2�+(P k

a )
�

:
�U�k�X�j�N�V

���M�/ �i�?�2 �M�2�t�i �i�2�`�K �7�`�Q�K �U�k�X�j�d�V

�
u0 + K k

a x
� >

R(0)K k+1
a xa =

h�
x>

a 
 x>
a

� �
I n 


�
K k

� >
R(0)

�
+

�
x>

a 
 u>
0

�
(I n 
 R(0))

�
K k+1

a

�U�k�X�9�y�V

�R�d



�R�3
�+�Ñ�ž�ÿ���¶�� �l�Y �b�Ô�é�Ì���ã�ž�� �T�¶���������ª�ž���Ô�ñ�é�A�ª�ž���¶�² �`�¶�Ô�é�Å�ñ���«�¶�è�¶�é�� �H�¶�ž���é�Ô�é�Ì �ñ�Å �i�'�ñ�A�T�ñ�Ô�é��

�#�ñ���é�²�ž���- �Q�ÿ���Ô�è�ž�ã �+�ñ�é�����ñ�ã �b�-�����¶�è��

�l�b�B�M�; �U�k�X�9�y�V �i�Q �i�`���M�b�7�Q�`�K �i�?�2 �i�2�`�K �7�`�Q�K �U�k�X�j�d�V� 2
R
 + �





�
K k

a xa + u0
� T

R(0)K k+1
a xa dw �B�M�i�Q

� 2
Z 
 + �





�
K k

a xa + u0
� T

R(0)K k+1
a xa dw =

�
�
2

� Z 
 + �




x>

a 
 x>
a dw

�
�
I n 
 (K k)> R(0)

�
�

�

�
�
2

� Z 
 + �




x>

a 
 u>
0 dw

�
(I n 
 R(0))

�
�

�U�k�X�9�R�V

�r�?�2�`�2� =
�
�p�2�+(K k+1

a )
�

���M�/ �7�B�M���H�H�v �i�?�2 �H���b�i �i�2�`�K �7�`�Q�K �U�k�X�j�d�V

x>
a Qk(0)xa =

�
x>

a 
 x>
a

�
�p�2�+(Qk(0)) : �U�k�X�9�k�V

�l�b�B�M�; �U�k�X�9�k�V�- �i�?�2 �i�2�`�K�
R
 + �



 x>
a Qk(0)xa dw �#�2�+�Q�K�2�b

�
� Z 
 + �




x>

a 
 x>
a dw

�
�p�2�+(Qk(0)) : �U�k�X�9�j�V

�l�b�B�M�; �U�k�X�j�N�V�- �U�k�X�9�R�V ���M�/ �U�k�X�9�j�V �i�Q �2�t�T�`�2�b�b �i�?�2 �Q�7�7�H�B�M�2 �T�Q�H�B�+�v �B�i�2�`���i�B�Q�M �U�k�X�j�d�V �B�M �i�?�2 �7�Q�`�K

h
x>

a 
 x>
a

�
� 
 + �





i �
�p�2�+(P k

a )
�

� 2
�� Z 
 + �




x>

a 
 x>
a dw

�
�
I n 
 (K k)> R(0)

�
�

�

� 2
�� Z 
 + �




x>

a 
 u>
0 dw

�
(I n 
 R(0))

�
�

= �
h

x>
a 
 x>

a

�
� 
 + �





i
�p�2�+(Qk(0)) :

�U�k�X�9�9�V

�k�X�j�X�k �G�2���`�M�B�M�; �S�`�Q�+�2�/�m�`�2

�"�2�7�Q�`�2 �T�`�Q�+�2�2�/�B�M�; �7�m�`�i�?�2�`�- �B�i �b�?�Q�m�H�/ �#�2 �2�K�T�?���b�B�x�2�/ �i�?���i �i�?�2 �H�2���`�M�B�M�; �B�M �i�?�2 ���#�Q�p�2 �b�i�2�T�b �B�b

�#���b�2�/ �Q�M ���b�b�m�K�B�M�; �`�2�/�m�+�2�/ �K�Q�/�2�H�b �U�k�X�k�y�V ���M�/ �U�k�X�k�j�V �Q�7 �i�?�2 �b�v�b�i�2�K �M�2���` �i�?�2 �#�Q�m�M�/���`�B�2�b�-

�R�3



�l�Y�k�Y �H�¶�ž���é�Ô�é�Ì �ñ�Å �b���ž���¶ �7�¶�¶�²�ª�ž�«�á �+�ñ�é�����ñ�ã �R�N

�?�Q�r�2�p�2�`�- �B�M �T�`���+�i�B�+�2�- �r�2 �Q�M�H�v �?���p�2 ���+�+�2�b�b �i�Q �i�?�2 �Q�`�B�;�B�M���H �b�i���i�2 �B�M�7�Q�`�K���i�B�Q�Mx(� )�X �q�B�i�? �i�?�2

�?�2�H�T �Q�7 �h�?�2�Q�`�2�K �R�- �r�2 �r�B�H�H �b�?�Q�r �H���i�2�` �i�?���i �i�?�2 �H�2���`�M�B�M�; �T�`�Q�+�2�/�m�`�2 �B�b �`�Q�#�m�b�i �i�Q �i�?�B�b �p���`�B���i�B�Q�M

���b �Q�M�H�v �i�?�2 �Q�`�B�;�B�M���H �b�i���i�2 �Q�7 �i�?�2 �b�v�b�i�2�K �B�b �m�b�2�/ �7�Q�` �H�2���`�M�B�M�;�X

�.���i�� �*�Q�H�H�2�+�i�B�Q�M�,�.�m�`�B�M�; �H�2���`�M�B�M�;�- �r�2 �+�Q�H�H�2�+�i �/���i���- �i�?�2 �b�i���i�2 �b�T���+�2x(� ) ���M�/ �+�Q�M�i�`�Q�H �T�Q�H�B�+�v
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