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INTRODUCTION

Many times when estimating small probabilities, one finds that the
usual approaches to estimation are inadequate. TFor instance, the usual
estimates of some parameter may be too crude, e.g., estimating cell prob-
abilities for a multidimensional contingency table in which most of the
cell frequencies are’zero. In other cases the usual approach may not
be the most efficient method for obtaining the desired estimates. Two
topics dealing With these problems are here discussed.

In Part I, -the problem of eStimating cell frequencies in a multi-
nomial or contingency-table framework is considered. Of special impor-
tance are those circumstances in which zero cell frequencies appear.
Attention is centered primarily on multinomial and r x ¢ contingency
tables because the results are in a form readily understood. Extensions
of derivations to multidimensional tables, though not difficult, are not
emphasized because of the complexity of the results. A review of tech-
niques used in estimation for contingency tables with some comparisons
of these techniques is given in Chapter 1. The introduction and deriva-
tion of the Maximum Likelihood/Entropy (ML/E) estimation techmique are
given in Chapter 2. In Chapter 3 we describe the procedures necessary
to obtain the ML/E estimates‘under varying conditions. Chapter 4 deals
with properties of the ML/E estimator as well as asymptotic and small
sample cbmperisons with other estimation techniques. In Chapter 5 we
demonstrate how the ML/E estimation technique may be applied to a multi-

dimensional contingency table.



We assume that the contingency tables are "pure'" in the sense of
Good (1956), that is, that there is no natural ordering of the rows nor
of the columns, or, gt_leaSt'if there is, that this source of informa-
tion is to be disregarded.

In Part IT we consider\the‘calculation of the Kolmogorov-Smirnov
one—sample statistic. Chapter 1 deals with the methods which have been
presented as procedures to calculéte'this statistic. In Chapter 2 we
show that an approximation method due to Li-Chien can be reduced to
evaluating a linear combination of derivativés of two basic functions.
The relationship between the theta functions and this approximation
method is given in Chapter 3. In Chapter 4 we present a.transformation
of this approximation method useful when the left tail afea probability
is small. The relationships between various methods, recommendations
for a usable range for each method, and an analysis of errors obtained

by use of the approximation method are given in Chapter 5.



PART T
Maximum Likelihood/Entropy Estimation
CHAPTER T

Probability Estimation for Contingency Tables

This chapter begins by introducing some notations, definition of
terms, and the sampling distributions encountered in this work. A
summnry of the techniques promoted by different authors for prob-i
ability estimation in multinomial an& contingency table situations

with some comparisons of these techniques follows.

1.1 Notationband Definitions

Historically a contingency table has been defined as a tabular
representation of cross—-classified non-negative integers which are con-
sidered as a sample drawn from a population. Good (1965) extended this
. concept to population contingency tables which are composed of a set of
probabilities. Bishop et al (1975) use '"contingency tables" to denote
arrays of smoothed frequencies for different models, inter alia. In

this work we will call all of these forms contingency tables. Therefore

the entries in a contingency table may be non-negative numbers such as
integers, real non-integers, or probabilities, depending on the particular
system which the table represents. Though the table itself is obviously
discrete, it may be used to characterize a continuous distribution. The
table is described as having rows, columns, layers, etc. for each dimen-
sion or "facet".
. , .th
Define nij as the sample frequency of the cell in the i~ row and

jth column in a two-dimensional table. This table would therefore be



1.1
composed of non-negative integers. DefineA{wij} as the set of cell
brobabilities of the.population from which the sample is drawn. Let

:{pij} be the set of probability estimates determiﬁed by implementing

some estimation procedure. The marginal totals may then be defined as

T, =% T,., T , =L T,. for the population table
ie A | ej -, Tij
| i
P;, =2 P..>P, . =2L1P,. for the sample probability
RO T table
and n,, = z n.., 0 . = z n, . for the sample frequency
i IR S table
with the corresponding grand totals 1 = 1w = X 'IT.j, l=p, ,=2 p.j,
j h|
and N = n,, = Ia ., where % is defined as the summation over all values
J i

of i ¢ I, where I is the set of numbers with a particular characteristic,
. . ;s k
e.g., all the frequencies in a specified row. Note that n_ means

k _ k k
(m,) =2 nij) , not % Z(nij) .

i3 A

In the gourse of estimition, one may have to consider information
about the margins. This information can result from previous experimen-
tation, a priori knowledge, or restrictions due to the sampling model.
Somé examples of cases in which marginal totals may be fixed at some
specified values are when:

1) the population margin values are known

2) the margins of another table taken from the same population are

~to be fitted

3) the margins of another table taken from a different population

are to be fitted
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4) the sample margins are to be kept fixed

5) the marginai values to be fitted are dete;mined before sampling
or 6) the margins to be fitted are obtained through a very large

éample so that these margins may be considered as a good
apprqximation to the population margins.

Note that there is a distincfion between fitting and fixing margins.
Margins are fixed at the values in the sample table; they are fifted to
values obtained from another source.

These different possibilities represent differences in sampling
methods and estimation objectives andeill be treated in more detail
later. {

An alternative notation for contingency tables is to express fhe

cell values in vector format. Thus an r x c table {nij} can be

written as a vector of length rc in the following arrangement:

oo ]

ees I ...nzc 1’131 re .

[nyy ngy 1c M1

Gower (1968) describes and lists an Algol computer program to convert
such arrays to vectors. This notation is particularly useful when a
multidimensional table is under consideration. For example a table

with five dimensions would have typical element n, . . . .

ii.i.i,i
172737475
first notation and n, using the second where i is a scalar. This

using the

vector notation is also useful in some theoretical work in which the
first notation can again become relatively cumbersome. -However, in
practice, the first notation is preferred because of the visibility

of the appropriate margins, and will be used here. Any deviations
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from the first notation will be clearly marked.

In Chapter 3 certain terms from the area of mgthematical program-—
ming will be used. For a more complete explanation of terms and/or
techniques than that given below; refer to a book dealihg with this area.

Many procedures are based on manipulation of a function, called
an objective functiom, of the celi frequencies and of the probabilities.
We either wish to maximize or minimize (more gemerally, to optimize)
this function with respect to the probabilitiés subject to certain
constraints. Sometimes these procedures are based on iterative methods
which require‘a feasible solution, that is, a solution which satisfies
all the constraints. In addition some methods require the use of a
basis. Each variable is associated with a single column vector in
the matrix determined by the constraints. A basis is a set of
linearly independent vectors which span the column vectors in this
matrix.. A basic variable is a variable associated with a vector im

the basis. A non-basic variable is not a basic variable.

1.2 Sampling Méthods and Distributions

‘A contingency table composed of cell frequencies can arise from
numerous sampling procedures, however, oﬁly the more common methods
will be discussed here. The sampling distributions afe»presented in
order of increasing constraints on the system.
Definition A random variable X has a Poisson distribution with parameter
m > 0 if

e
Pr(X=x] = ———

- x=0,1,...
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If a contingency table is constructed of cells whose frequencies

are determined by an independent Poisson process over a fixed period
of time T, then the observations in the cells have‘independent Poisson

distributions and their joint distribution is

L 1 Y pi
1 1
e J m, . J

Pr[Xll=xll,..., ch=xrc] = g F —
. 1] 1]

where E(X.,.) =m,, =n 7., .
ij ij e ij

Definition If an array X = (Xll,..., ch) has a probability function

given by
no-! X, .
= - [ 1]
Pr(Xy =2y qseees X om® I =gy T0 (my,/n )
ig ijt i ]

for nonnegative integers Xij and nonnegative real mij > 0 for all i and
j with z I ms = ? Lxg. = n__, then the joint distribution of X is
i i3

called the multinomial distribution. This definition of the multinomial
distribution is given in a non-standard notation because of its usage
in connection with contingency tables in this work.

This distribution occurs when sampling until a specified total
sample size is achieved. When the array X is a vector of length 2,
we havekthe binomial distribution.

If we are given a marginal column of row totals and that the rows
are independent, then the distribution of the cell frequencies given

that the row margins are fixed is called a product multinomial and is

expressed as



1.2
%5 Xi5
Pr[X; =% 50005 ch=xrc|x1°""’ x =050 (mijlxi-)
i, i
J .
where Z m,, = ¥ X,, = X, .
PRSI & is

Definition Assume a population of N objects, M of which have a particu-
lar characteristic (say type 1), and a sample of size n with X of these
objects being type 1. TFor max(0, ntM-N) X x = min(n, M), X has the

hypergeometric distribution given by

¢ &Y

X n—xX

Pr[X=x] =
)

Definition Assume a population of N objects, Ni of which are type 1
t

z Ni = N), and a sample of size n, taken without replacement, where
i

Xl,,.., Xt are the random variables representing the number of objects

X

of types 1,..., t, respectively. The joint distribution of Xl,..., -

is the multivariate hypergeometric distribution given by

If ;n r X c contingency table is obtained through sampling with both
margins fixed and entry into columns is independent of entry into rows,
then the set of cell counts are jointly multivariate hypergeometrically
distributed (see Yates (1934), Stevens (1938), or Fisher (1934, 21.02));
In contingency tables of two or more dimensions, one must examine

the constraints to check whether any variables are included in more than
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one constraint. If so, the models become even more complicated and are
closely related to the quasi-multinomial distribution of Rudolph (1967).
These models have differemt log-likelihoods than those mentioned earlier.

When % Z mi. =mn,_ , the kernel of the likelihood function is the

i]
same for the Poisson, Multinomial, and Product Multinomial models, that

is,log-likelihood = K+ ¥ % n,.ln(m
i]

=K+ % I n,.ln(n
. . 1] *
i

w..) for
. . ij
ij

1)
constant K.
The estimation procedures examined in tﬁis work deal with the
sampling models that have log-likelihoods containing these terms.
‘Though not discussed in this work, contingency fables can arise

through categorizing a continuous distribution. Relevant references

are Lancaster (1969) and Kendall and Stuart (1973).

1.3 Introduction to Probability Estimation for Contingency Tables

The history of probability estimation for contingency tables has
been characterized by a multitude of philosophical approaches. These
methods can be ldosely classified into tﬁo groups:

1) methods which optimize some function of the probability estimates
and cell ffequencies (known as the objecfive function) with or
without knowledge of margin totals, and

2) methods which estimate probabilities for tables with small or
zero cell‘frequencies by using either some prior distribution
or a specified adjustment procedure.

These.classifications are not necessarily distinct and may have

considerable overlap. This may occur when the same form for a prob-
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ability estimator is developed using different approaches. Examples
of overlap of different techniques are:

1) Maximum Likelihood estimation (in group 1) and Maximum
Likelihood/Entropy (in groups 1 and 2) under certain conditioms,
and

2) the methods of Steinhaus, Bayes-Laplace, and Perks-Jeffreys
(all in group 2) mentioned in Section 2.1.

In many cases the techniques followed parallel developments and

influenced each other. The progress of methods in each group will be
considered seﬁarately'unless the overlap is of significant influence

on the technique.

1.4 Estimatibn through Optimization

Estimation by optimization was first dominated by the methods of
Minimum Chi Squared as defined by Pearson (1900) and Maximum Likelihood
(see Fisher (1922)). Then Deming and Stephan (1940) considered the
problem of minimizing the function i ; (ﬁi. - n"pij)z/nij subject to
fixed known margin totals. This corrisponds to the method of least
squares in which the sample frequencies are weighted by their own
reciprocals. The authors developed the normél equations for the prob-
lem énd proposed the iterative proportional fitting procedure (IPFP)
as a method to solve the equations. A weakness in this method is that
the cell frequencies are restricted to positive numbers, that is, zero

cell counts were not permitted.

Stephan (1942) indicated two additiomal flaws:
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1) although the marginal restrictions were satisfied, the normal
equations were only approximately satisfigd, and
2) a>proof of the convergence of the IPFP.had not yet been found.
Deming (1943) extended the procedure to situations in Wﬁich only
one margin is known. In addition, he considered three-dimensional tables

with various combinations of margins,A{wi._},'{ﬂ'j },'{w_.k}, and faces,

w3, o

1. 1, {Wi-k}’ fixed and known.

ﬂ_jk

Smith (1947) obtained a system of simulténeous nonlinear equations
for the probabilities in terms of the marginal restrictions. He also
compared the methods of Minimum Chi Squared, Maximum Likelihood, and the
method of weighted least squares as used by Deming and Stephan (1940)
to show that the methods were approximately equivalent.

Neyman (1949) defined a class of estimators called Best Asymptotic
Normal (BAN) which had certain desirable asymptotic properties. Included
in this élass are Maximum Likelihood, Minimum Chi Squared, and Minimum
ﬁodified Chi Squared (see Neyman and Pearson (1930-31, 1933), Wilks
(1935, 1938), and Quade and Salama (1975)).

Lewis (1959) comsidered approximations to discrete probability
distributions by using distributions which are products of marginal
distributions of the original one in an attempt to maximize the infor-
mation content in a limited amount of storage. He then chose that
product distribution which was the Minimum Information (Maximum Entropy)
extension of the component distributions (those distributions with the
same margins). For example, in the framework of a 2™ contingency table,

he wished to estimate the cell probabilities using products of the
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marginal probabilities. Brown (1959) extended the argument to distribu-
tions which can emplqy any set of marginal distribptions instead of only
product approximations. He described an iterative procedure identical
to IPFP and showed that the approximation improved at each step of the
iteration with Minimum Information (Maximum Entropy) as the criterion.

Ireland and Kullback (1968) &eveloped a rigorous proof of’the
convergence of the IPFP and showed that it converged to the Minimum
Discrimination Information estimates rather tﬁan the least squares
estimates. Their proof was based on an extension of Brown's work which
confirmed a statement in‘Good (1965, p. 75) in which this extension of
IPFP was called the "iterative scaling procedure'.

Caussinus (1965) proved that the IPFP converges for certain
contingency tables and demonstrated convergence when exactly one cell
frequency is zero. Fienberg (1970a) gives a geometric proof of the
IPFP for two-way contingency tables based on concepts presented in
Fienberg (1968).

Bishop (1967) showed that Brown's non~-rigorous proof could be
extended to any multi-dimensional table by using a duality theorem of
Good (1963, 1965) which gives a relationship between Maximum Likelihood
estimation and Maximum Entropy estimation for contingency tablés. Sﬁe
then showed that the IPFP could be used to derive Maximum Likelihood
estimates for a variety of log-linear models developed by Birch (1963).
These models were anticipated by Good (1956) in connection with Bayesian
estimates for small cell frequencies in contingency tables. Birch had

proved that corresponding to any particular log-linear model, there
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exists a .subset of all the marginal totals of a given table which is a
set of sufficient conditions for .that model and, as suggested by Darroch
(1962), this set can be used in.the IPFP to generate Maximum Likelihood
estimates.

Haberman (1972) gives a Fortran program to calculate these estimates.
Darroch and Ratcliff (1972),genérélized'this'method to a larger class of
models. Haberman (1974) gives a rigorous general presentation of log-
linear models and indicates results for a lafge class of models for
frequency data.» Gokhale (1971) considered the IPFP as dependent on a
‘minimal set of sufficient statistics for usual margins and generalized
the method to a non-minimal set of sufficient statistics for unusual
margins. This method corresponds to fixing a weighted sum of the cell

 frequencies, e.g., fixing the sum of the main diagonal entries at a
specified value. When the underlying model is complicated, this method
has the advantage of its routine applicability since a set of minimal
sufficient statistics may be difficult to obtain.

The restriction that all cell counts must be positive can be
relaxed so long as zero cell counts do not form a system which leads to
negative pfobabilities. This idea is shown in Bishop, Fienberg and
Holland (1975) and bears repeating. Assume we have the observed fre-
quencies in the top 2 x 2 x 2 table given in Figure 1.4.1, where b, c,
d, e,'f, g > 0. If a positive estimate for the first cell is desired,
say A, then for fixed margins we have the bottom table in the same
figure; and find a negative eﬁpected'frequency‘for the last cell. The
expected or estimated values of the cells must therefore bé the observed

values in' this example (if the marginal totals are left unchanged).
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Figure 1.4.1 Observed and Estimated 2 x 2 x 2
Contingency Tables with Zero Cell
Frequencies. '
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However, other less constrained situations may occur in which zero
cell frequencies still result in zero estimates. This is intuitively
disturbing and has led to the problem of adjtstment of zero cell fre-
quencies discussed in the next section. Comparisons of some of the
methods mentioned in the present section will be made at the end of

the chapter.

1.5 Adjustment of Zero Cell Frequenéies

In the analysis of frequency‘data, it is not uncommon to encounter
zéros in some cells. These zeros cause problems when various linearizing
scales such as logarithms, logits, or probits are used to transform the
counts. Therefore some adjustment must be made in order to use these
transformations.

Another difficulty occurs when probabilities associated with -
particular cells in é contingency table are reported as zero. A prob-
ability of 0/5 should usually exceed a probability of 0/5000 where 5
and 5000 are total frequencies, yef many methods consider these two
values as equal.

A distinction between two types of zeros must be made. A fixed
ze;d is a zero cell frequency which arises due to a true zero probability
for that cell. TFor example a cell whose frequency is defined as the
number of “Pregnant Males'" should have zero cell probability (as well
as zero cell frequency). A random zero is defined as a zero occurring
in a rare But non-empty category, e.g., the number of chimney_sweeps

from Rhode Island. An estimation procedure might change a random zero
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to something positive, but must leave fixed zeros unaltered.

The history of zero cell estimation is especiglly repléte with
_ different approaches for varying circumstances.

The problem of zero frequencies dates back to Laplace (1774) who
reasoned thét in the binomial situation with r successes out of N trials,
the probability of a success at tﬁe next trial is (r + 1)/(N + 2).

This inference is known as Laplace's .Law of Succession. Lidstone (1920)
generalized this method to adding ome pseudolcount.to each cell in a
multinomial problem.

Jeffreys (1961) and Perks (1947) independently propoéed invariance
theories leading to the estimate (r + %)/(N + 1) for binomial sampling.
For a t-category multinomial sampling problem, Jeffreys' theory pro-
duced the same flattening constant of %, whereas Perks advocated 1/t.
Perks (1967), after extensive correspondence with Good, agreed that
using a flattening constant of 1/t, which he had previously advocated,
was 1inadequate.

Imrey and Koch (1972) and Koch et al (1972) used 1/t in place of
observed zero cell counts to avoid singularities in the estimated co-
variance matrix of the probability vector when data are missing in the
paired comparison of two political polls.

Gart (1962) and Haldane (1955) generalized the work of Jeffreys to
adding % of a pseudo count to each cell of a contingency table.

Berkson (1955), in an analysis of Minimum Logit Chi Square, used
’(ZN)"1 as a working value for cells with zero frequencies in order to

avoid the necessity of ignoring these observations. Goodman (1963,1964)
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and Plackett (1962) following Berkson prefer adding % count only to
the empty cells in testing the null hypothesis of zero second-grder
interaction in three-dimensional tables for which the value of
eijk = 1n(nijk) is required. |

Lindley (1964) by way of contrast suggested subtracting % from

each multinomial cell when using an improper prior proportional to

-1
j with all nj > 0. Bartlett (1935) suggested adding % of a pseudo

I
count to each emﬁty cell.

Bishop and Mosteller (1969) add an érbitrary constant to all the
cell frequencies, derive a model using the log~linear framework mentioned
previously, and then subtract this constant from the expected values to
overcome difficulties with empty cells.

Good (1956) presented the association-factor method (as well as
weighted lumping methods) which follows from the definition of the
amount of information in one proposition concerning another, i.e.,
log'{P(E.F)/[P(E)P(F)]} where E and F are the two propositions. The
equivalence to the log-linear models developed independently by Birch
(1963) is immediate, though this model was used in a Bayesian way.

Goodman (1968) in an analysis of quasi-independence, that is,
independence for a specified subset of cells, arrived at estimated
expected frequencies by ignoring the empty ceils and using an extension
of the IPFP. Fienberg (1970b) and Savage (1973) provided conditions to
ensure the existence of unique nonzero Maximum Likelihood estimates for’
the cells of incomplete tables obtained by deleting the missiﬁg or a

priori zero cells, even when other cells contain zero counts due to
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sampling variation. Young and Young (1975, 1976) use a weighted least
squares estimator with weights of a comstant and a zero assigned to
nonzero and zero cells, respectively. This is equivalent to simply
ignoring fixed zero cell frequencies.

Huber and Lellouch (1974) wished to estimate the distribution of
a discrete vector variable when the size of the sample is small compared
to the size of the contingency table representing all possible values of
the variable. They proposed a variant of thé log—~linear models based on
a generalization to the assumption of multinormality in the continuous
~case.

For situations with a total.sample size of zero, Good (1963)
suggested the use of Maximum Entropy with appropriate marginal con-
straints for hypothesis formulation and showed that the derived prob-
ability estimates must be pésitive for all cells. Zellner (1971)
regards the amount of information in a distribution as minus its
entropy and prefers to maximize the gain in information associated
with an observation by maximizing the expected amount of information
that observation provides.

Trybula (1958) suggested using the estimator that minimizes the
maximum value of its risk function under quadratic loss.

Goodman (1959) estimated all the cell probabilities in two-way
contingency tables using only the margins without assuming independence.
Instead he made certain assumptions about a set of two-way tables, such
as identical transition probabilities, and obtained his estimates by

least squares. For example, let 49 = nll/nl and Ap1 = nZl/n2 be
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the transitional probabilities leading from row 1 to column 1 and from
row 2 to column 1 respectively. Then ng = qllnlr + q21n2. + error.
With such an equation for each 2 x 2 table, we can estimate 91 and qu.

Makeham (1891) assumed that a sample of m white balls and n black
 balls has been chosen with replacement from an urn with probability p
of choosing a white ball. He fouﬁd that the probability of a white ball
being chosen on the next trial was between m/(m + n) and p and wrote this
as.(m + rp)/(m + n + r) for arbitrary r, indépendent 6f m + n. Stabler
(1892) found that r is not independent of m + n, but was in fact equal
tom+mn - 1.

Johnson (1932) considered the postulate that the expectation of pj
is dependent only on N, nj, and t; the remaining cell frequencies n,s
i # j being irrelevant. From this he deduced that the estimate of pj
should be (nj + k)/ (N + tk) where k depends only on t and is strictly
positive.

Good (1965, 1967) developed an argument for estimating k in the
probability estimator (ni + k)/(N + tk) by extending Johnson's postulate
to the concept of Type IT Maximum Likelihood with symmetric Dirichlet
priors. The estimated value of k is found to be essentially a functiomn
of the roughness of the sample. Fienberg and Holland (1972) discuss
this estimator in terms of the maximum number of "small" cell prob-
abilities for which the smoothed estimator has smaller risk than the
unsmoothed estimator. Good (1965, 1967, 1976b) and Good and Crook (1974)
consider placing a Type III distribution on k to obtain essentiaily

linear combinations of symmetric Dirichlet distributioms. This method
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gives a form for mixed Dirichlet priors which can be used for both
significance testing as well as probability estimation.

Fienberg and Holland.(l970, 1973) consider a different form of
mixed Dirichlet priors mentioned in passing by Good (1967) to estimate
the cell probabilities in a contingency table. The Pseudo-Bayes

estimator presented by Fienberg and Holland is given by

Py = (p; + K0/ + K

where ﬁi is the Maximum Likelihood estimator. It should be noted that
in the Multinbmial case with Ai = t—l, this estimator becomes
pi = (ni + &/t)/(N + i) which is exactly the form of the estimator
given in Good (1965). The difference between the two estimators is
fhat Fienberg and Holland calculate ﬁ by minimizing the expeéted fisk
based on a squared error risk function. Good prefers to estimate ﬁ
using the Type II Maximum Likelihood method. Since both methods are
exaﬁplesvof procedures using Dirichlet priors, only one will be chosen
for later comparison with other estimators. In any subsequent discussion,
the estimator described as the Pseudo-Bayes estimator will in fact be
the estimator p* proposed by Fienberg and Holland. Sutherland, Holland,
and Fienberg (1974) extend the Pseudo-Bayes concept using different
estimators for ﬁ and Ai .

The Pséudo-Bayes method, since it involves the estimation of a
hyperparameter, is an example of what Good (1965) calls the Bayes/

non-Bayes compromise. The notion of a compromise between Bayesian

and non-Bayesian methods dates back at least to Good (1952) where it
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was.expressed in terms of probabilities of higher and higher "types'.

Leonard (1972, 1973) proposed estimation methods for row, column,
and interaction effects in a two-way contiugehcy table when the use of
exchangeable priors is considered reasonable. These methods lead to
the estimation of "shrinking parameters" that cause Maximum Likelihood
estimates to be shrunk towards a éentral value. The procedure is useful
even when zero cell frequencies are present and does not force certain
effects to be zero in such a case.

For estimating the Binomial parameter, Schafer (1976) considered
modifying the Minimum Variance Unbiased estimator of Armold (1972) for
situations in which certain values which the estimator can attain are
excluded from the set of possible estimates. For instance, it is
possible to restrict the parameter space to the open interval (0,1) a
priori, that is, making estimates of 0 or 1 impossible. Farebrother
(1977) compares this estimator to Maximum Likelihood and finds con-
ditions for preferring ML or Schafer's estimator on the basis of Mean

Squared Error.

1.6 Detailed Comparisons of Certain Methods

‘Some of the methods presented in Section 1.4 are easy to compare
on the basis of their objective functions, yet it is not immediately
seen how these different criteria affect the probabiiity estimates.
Procedures aeveloped by Smith (1947) and El-Badry and Stephan (1955)
offer this opportunity. The develoﬁment for Maximum Likelihood
; Estimation is given in great detail; the results for other methods

are found in a similar manner. Note that the method of Maximum Entropy
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mentioned in Section 1.5 because of its relation to estimation of zero
cell counts is also described here due to the similarity to the
optimization procedures.

Definition The method of Maximum Likelihood for an r x ¢ contingency
table is defined as obtaining'thevset of prqbability esfimatesA{pij}
which maximizeé the objective function L = ? ; (nij/n_‘)ln ﬂij and
satisfies the particular marginal constrainzsjimposed by the sampling

method as well as satisfying X Pij = 1.
ij

Theorem 1.6.1 The Maximum Likelihood estimator of ﬂij can be expressed

as

_ -1 .
pij (nij/n__)(oci + Bj) for all (i,3), (1.6.1)

where G, and Bj are functions of the marginal constraints

1,..,c

RN
"
[

o
(AT
Il

ij 3

and .. = a, i = eesT.
n ? le a, i 1,..,r
J
Note: it appears at first that there are r + ¢ independent constraints

on-1.6.1. However there are only r + ¢ - 1 constraints since X b, =
' h|

Proof:
The objective function and constraints may be written in one equation

using the Lagrangian multipliers o and Bj as
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. ‘
L” = ; ?(nij/n”)lnﬂij - ? mi(§ ﬁij - ai) - ? Bj(? wij - bj). (1.6.2)
ij i i h| i
Taking partial derivatives with respect to ﬂij yields

* -, .‘
oL /Bﬂij = ni./(n T,.) - o, - Bj for all i,3. (1.6.3)

Setting the expression on the right equal to zero and substituting the

estimators for the probabilities gives

0= nij/(n--pij) - oy = Bj for all i,j, (1.6.4)

and finally

P = g/ )y + sj)'l . (1.6.5)

Corollary 1If the only constraint on the probabilities is that their sum

‘be equal to 1, then

Py = nij/n.' for all i,j. (1.6.6)

Proof:
The single constraint is achieved by putting a, = a{constant) and

Bj:= 0 for all j in equation 1.6.2. Then 1.6.4 becomes

O=n“/@“pm)—a

or

on, iy = Dyy
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Summation over i and j gives o = 1 and équation 1.6.6 immediately
follows. Note: Equation 1.6.6 gives of course the familiar Maximum
Likelihood estimator for the multinomial distribution.
Corollary 1If the row margins alone are coﬁstraiﬁed, equation 1.6.5

reduces to

pij = ainij/ni° for all i,j. (1.6.7)

Proof:

Byphamg8j=0:%raU@jhlLéJ,weoMmm

nij = pijuin°' for all 1i,j. ,(1'6'8)

Summation over j gives

ni. = Pi.ain.'
= a.n.n
1 1 e e
and a, = ni‘/(ain._) for all i,j. (1.6.9)

”Combining 1.6.8 and 1.6.9 gives
P.. = a.n,./n. for all 1i,j.
ij iij i
Corollary The Maximum Likelihood estimator Pij given in equation 1.6.5
must satisfy

n, /p.j - nic/pic - nrj/prj + nrc/prc = 0 for all i,j.. (1.6.10)
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Proof:
Equation 1.6.10 follows at once from equation 1.6.5 since the left side

of equation 1.6.10 equals

n_.(ocz.L + Bj) - n_.(oai + Bc) -n, (o + Bj) + n_.(ocr + Bc).

Tables 1.6.1 and 1.6.2 give these results in tabular form and show
the corresponding results for the other indicated methods. Note that

while a;» bj, Dy.s D5 0,5 T and c are the same for each method, oy

ij
and Bj may be quite different.

The sets of equations derived for each of the estimation methods
are necessary, but not sufficient, conditions for the estimators. TFor

example assume that we have a 2 x 2 contingency table with cell fre-

quencies'{nij} and given margin totals‘{mi‘, m_j} to be fitted such that

1,2

=]
~
B
+
=]
=
Il

1,2

=}
~~
B
+
]
L
1

If the method of Maximum Likelihood estimation is used, we have that the

estimators must satisfy the equation-

ny1/Pyy = Byp/Pyy = My /Pyy 0y, Py, = 0.

Define pij = nij/n.. for i, j = 1, 2. These estimators obviously satisfy
the above equation, yet cannot be the Maximum Likelihood estimators since
the margin constraints are not satisfied. The same estimators can be

used to disprove sufficiency for Minimum Chi Squared, Minimum Modified
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Chi Squared, and Minimum Discrimination Information. For Maximum
Entropy, we need an estimator with the form pij ='(rc)—1.
If we include the condition that the marginal constraints must be
satisfied, then this condition and the necessary equations (such as

(1.6.10)) are jointly necessary and sufficient.

Theorem 1.6.2 Given an r X ¢ contingency table with cell frequencies

'{nij} such that o5 # 0 for all i,j and a set of marginal constraints
on the rows and columns. Then the Minimum Discrimination Information
method yields probability estimates which satisfy to 0(1) the equation

in Table 1.6.2 for the method of Maximum Likelihood.

Proof:
Let'{pij} be the set of probability estimators which is obtained through
the method of Minimum Discrimination Information} it is therefore a

set of estimators which satisfies
1n(nij/pij) - 1n(nic/pic) - 1n(nrj/prj) + ln(nrc/prc) =0 (1.6.11)
for all i,j.
For 0 2 nij/Pij S 2n__ which will be true with high probability for n_,
large enough and.pij # 0 for all i and j, we can expand each of the

logarithmic terms in a Taylor series about n,, . Equation 1.6.11 can

then be written as
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_ SN ] _ K, k
0 = In(n, ) + kil (-1) (nij/pij n, ) /(kn, )
-G, - L D, o, - m, ) Gl
| > kel ' k,, k
- }n(n,,) - kil ( 1)- (nrj/Prj n, ) /(kn,))
+ 1n(n, ) + I (—l)k+l(n /p.. - n_.)k/(kn%.)

k=1 rc "rc '

This can be reduced to

o
Il

/oy =m0/ - @y /o, =0 0/ - (@ /e =0 )/n,

k+1 k

¥ @ /o, -n, )/, + I [(-1)

k
I /Gen )1y /ey = 0,

k k k
;. /p;, ~ 0, - (nrj/prj —n, )+, /e -n )]

L]

= - - kL, kel
0=mn . /p;; ~m; /P, n /o *tm Jp * kiz [/ (kn.. )]

k k k
[(nij/P:.Lj ) - (g Sey Rl s /e o m)

+ @ [fp  -n )k]. Since we have 0 2 n,./p,. £ 2n__ and
re “re o 13 " 13

L : L
- 2 < . < + 2 . .
mﬁ nﬁ)hh._ptj_(gu nﬁ)hh_ for all i and j,

LI
P

(n,./p.. - n )k is of the order of nk /nl/zk or n
lJ ij e ) ij

Since the series converges, all terms beyond k = 2 must be smaller than

the terms at k = 2. Therefore the series is 0(n, /n, ) = 0(1). The
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terms of the form hij/pij are all of order O(n, ), so, as n,, + =, the

terms of order 0(l) become relatively insignificant. Thus we have
0 = nij/pij - nic/pic - nrj/prj + nrc/prc + 0(1). (1.6.12)

We therefore have that the Minimum Discrimination Information
estimates satisfy the equation for Maximum Likelihood to 0(1).
Note that "large" in this situation means that the minimum nij must be

greater than or equal to 4 for the theorem to hold. This lower limit

L
is obtained through combining n../p.. £ 2n and (n,. - n’.)/n =
. 1] i] L4 ij ij oo
L ‘ .
Py 2 (g, + n;j)/n.. , both of which will be true with high probability

for n,, large enough and pij # 0 for all i and j.

Theorem 1.6.3 Given an r X ¢ contingency table with cell frequencies
{nij} such that nij # 0 for all i and.j, and a set of constraints on
the margins. Then the Minimum Discrimination Information method yields
probability estimates which satisfy to 0(1) the equation in Table 1.6.2

for the method of Minimum Modified Chi Squared.

Proof:
We can write the necessary equations for Minimum Discrimination Informa-
tion as given in Table 1:.6.2. Expanding each of the logarithmic terms

in a Taylor series about n!

similar to the proof of theorem 1.6.2 yields
the desired result.
This theorem is also a large-sample result, although not as restric-—

tive as in the previous theorem. The necessary conditions are now

0 £p../n.. £2/n which reduces to n.. 2 1.
ij' "1 . ij
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CHAPTER 2

The Maximum Likelihood/Entropy (ML/E) Estimator

This chapter deals with Maximum Likelihood/Entropy estimation - its
history, forms, and derivation. Two different estimators for the hypef—
parameter A are derived and discussed. Finally the ML/E method is
defined in terms of optimizing a specified function of the probabilities
and sample frequencies subject to the particuiar constraints being

imposed.

2.1 History of Maximum‘Likelihood/Entfopy Estimation

The purpose of the Maximum Likelihood/Entropy estimation procedure
was to generalize the Maximum Likelihood (ML) technique to situations
when small probabilities are to be estimated an& the standard ML
estimator is inadequate. In addition when no sample exists the tech-
nique should give meaningful results by reducing to a method of some
interest, e.g., the method of Maximum Entropy.

The idea of maximizing some linear combination of the entropy and
the log-likelihood first appeared in Good (1963) in which it is presented

as

Maximize £ £ (n., - w..)ln(rw..)
- i ij ij
1]
subject to the restraints. He mentioned that this method would presumably
estimate ﬂij somewhere between ﬂi. w_j and nij/n s thereby resembling
the methods of Good (1956).
Good (1965) describes this procedure as equivalent to the selection

of the distribution of maximum final credibility, assuming the logarithm

31
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of the initial density to.be proportional to the entropy, that is,
kT .
the initial demsity is proportional to I T * . This estimation

i
procedure was compared tothe'Bayes-Laplace estimates and Perks-Jeffreys

estimates for varying casesﬂinutﬁe binomial situation. Good (1975b)
mentions that this prior does not depend on the size of the sample.
Good (1969a) suggests the‘use“pf‘fhis technique when sampling word
digraphs. Good and Gaskins (1972) generalize the concept to continuous
distributions by using a "roughness penalty".based on derivatives of
the density function rather than on entropy.

Chew (1971) wished to estimate the probability of success in a
reliability problem after 14 previous trials were suCces;es. He com-
pared a number of techniques on the basis of reasonableness of the
calculated estimates, p, of success. He found that Maximum Likelihood
resulted in p = 1, intuitively too high. The Maximum Information

estimate described in Good (1965) was the solution to
In(p/(1 - p)) =x/p - (N - x)/(1 - p)

where x is the number of successes in N trials. Chew calculated this
p as 0.93. He also considered the Bayes estimate which for a uniform
prior leads to Laplace's Law of Succession (p = 0.9375), as well as

Beta priors with estimator form
p=(o+x+1)/(a+B8+N+2)

where o and B are the parameters of the Beta distribution. Finally he
examined an estimator due to Steinhaus (1957) which minimized the

expected (long-run) loss, rather than minimizing the maximum loss at
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each stage. This estimator has the form
5 5
p=(x+N/2)/N+ N

and value p = 0.8946 for this case. Note that for N = 4 this estimator
has the same form as the Bayes-Laplace estimator and for N = 1 the form
is the same as the Perks-Jeffreys.estimator. Good (1972) discusses the
hiéforical background, logic, improvements, and extensions of Chew's

results.

2.2 Derivation of Type II Likelihood Function

The derivation of the Maximum Likelihood/Entropy (ML/E) estimation
procedure is based on the.In;erse Probability Theorem quoted in Perks
(1947), and in Jeffreys (1961) where the result is attributed to Bayes.
It states that the posferior probability is proportional to the prior

probability times the likelihood, that is,
Posterior <« Prior x Likelihood.

The method of Type IT Maximum Likelihood (Good (1965)) is then
used to calculate the probability estimates. This particular procedure
is termed "Bayesian in Mufti" by Good and Gaskins (1972) or Pseudo-Bayes
by Fienberg and Holland (1973). A full dress Bayesian approach would
involve the maximization of an expected utility. Here we make no
assumptions concerning the utility and instead maximize the posterior
probability as -a function of a hyperparameter of the populatipn prob-

abilities.
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First comsider the case for a t-category multinomial. Let
P((Wi)il) and P((ni)l(ﬂi)) represent the prior probability and the like-~
1lihood respectively, where X is a hyperparameter. Then the Type II

likelihood P((ni)Jk) can be expressed as

P((ni)ll}\) =t{{...f P((ni)](ni))la((ﬂi)]x) dmy...dm - (.2.2.1)
r owm S 1
i=1 *

Under the proper sampling conditions, the likelihood is given by

n,
= ] ! 1
P((ni)](wi)) (n../Qni.)g moo
i i
~AT,
Now assume the prior distribution is proportional to II ™ + Then
o, AT,
P((m,)|A) = ¢TI 7, * where [¢(\)]~! = /e .S T, T dm ...dm
i ' . i . i 1 t-1
: 1 t-1 1
T w, =1
i=1 *
Therefore
t  DimATyg
t{i..f 121 T dwl...dwt_l
<
RESR L
= = .2.2
2|0 = |5 n,! € -amg (2.2.2)
i Sooof T m, dm,...dmw
=1 i=1 1 1 t-1
z T =1
i=1

andlk* is that value of A which maximizes P((ni)]x). A* is called the

Type II Maximum Likelihood estimator for A.
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. . . . ; . o o))
2.3 Derivation of Posterior Distribution for {Wi}

If an ordinary prior for the‘{ﬂi} is assumed, then we are concerned

with maximizing the posterior density of the'{ﬂi}, that is,

E R TR IR IS RS
1 .
However
B((r) | ()0 = BO(r,), (a,),0) /B((n,),0)
= BP((r.), @) [MEO)/R(@) [MRO)
= P [ (r))RCm) [D /R |1 (2.3.2)
Now

In((r ) [ (@),0)) = In(() [ (1)) + (1) [1)) - In(®((a,) M)

t t ,

= K, + -E niln(ﬁi) + K2 - .E Xwiln(ﬂi) - K3
i=1 _ i=1

(2.3.3)

where Kl, KZ’ and K, do not depend on'{ﬂi}. Finally maximizing the

3

posterior with respect to.{wi} is equivalent to maximizing the logarithm

of the posterior with respect tov{ﬂi}, so-%?x} ln(P((ﬂi)‘(ni),A) is
i
equivalent to
Max t ’
{0} ‘E (ni flﬂi)ln(ﬂi) . (2.3.4)
i i=1

(1) TInstead of using the ordinary notation for contingency tables, in

this section we will use the vector motation given in Section 1.1.
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2.4 Definition of Maximum Likelihood/Entropy Estimation
The method of Maximum Likelihood/Entropy for an r x c contingency

table is defined as

r c
= X X L. = AT, )in(w,
Q ;Fljﬂ_ﬁHJ' U)n(lﬁ

Maximizing
{wij}
subject to the particular set of comnstraints associated with the problem
under coﬁsideration. A is a hyperparametér of the parent populatiﬁn
which may be estimated from the sample by the methods given in Section
2.5, or may be defined as having a specific value based on other
considerations.

The set of constraints does not have to form a set of linearly
independent conditions, though for simplicity this is to be preferred.
There may‘be numerical methods which require all conditions to be
linearly indepeﬁdent. The constraints must be consistent, that is,
the set of constraints must be éuch that a solution does exist. If
the constraints are "only just' consistent in the sense of Good (1963),
estimates still exist, but some estimates may be zero.

It is possible to extend the ML/E method to other log-likelihood
functions. For example, if both rows and columns are fixed and used
to terminate sampliﬁg, the log-likelihood for an r x ¢ contingencey

table would. be

¥ . - -
K + % nijln(ﬂ ) % ni.ln(wi_) ? n.jln(ﬁ._)

ij Mg j J
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for constant K. TIf AL Zﬂi.ln(ﬂij) were then subtracted from the log-
1]

likelihood function, we would have the objective function for ML/E

estimation.

* (1)

2.5 Estimation of A

The multidimensional integrals given in equation 2.2.2 reduce for
the binomial distribution to univariate integrals which are then rela-
tively easy to calculate using knOWn‘numerical techniques, for exémple,
Romberg Integration as described in Gerald (1970). The double integrals
éssociated with the trinomial distribution become more difficult to
manipulate but are still manageable.

Increasing the dimensionality of the integrals further makes the
problem much more complex. Methods for multiple integration have been
developed, but are often not applicable to particular situations. As
an example, we may consider the Centroid Method of Numerical Intégration
presented by Good and Gaskins (1969, 1971), one of the simpler methods.
Unfortunately as the number of categories increases, the storage require-
ments get exceedingly large. Good and Gaskins (1969) mention that for
single precision accuracy, the one-point centroid method using four terms
requires approximately 30000 + 8p°(p - 1)1 bytes of sforage where p is
the dimensionality 6f the integration. For a 20-category Multinomial
this would require 1.4 million bytes, which is a considerable percentage

of the available core storage on most current computers.

(1) 1Instead of using the ordinary notation for contingency tables, in

this section we will use the vector notation given in Section 1.1.
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flﬂi niflﬂ, ‘
Simple approximations to II T and II m + apparently are not
i v i
sufficiently accurate for evaluating the integrals.

An application of Schwarz's Inequality for integrals appeared

promising. The inequality states that

b b
t] £(x) g(x)dx]? < f
a

b .
[£(x)]%dx j [g(x)]%dx. (2.5.1)
a a
Applying the inequality to the numerator of equation 2.2.2 yields

t ni—Aﬁi _
[ J...J T, dn. ...dw 12 <

g-1  i=1 T ool
T, £1
i=1 *
€-1 -2Am, 2n -2 t-1 2n,
[tfi..f izlﬂi dwi...dﬂt_l][t{i..f T iglﬂi dwl...dwt_l]
< <
L Lm =1 (2.5.2)

i=1 i=1

By Dirichlet's Multiple Integral (see Gradshteyn and Ryshik (1965),

eqn, 4.635.2, p. 621), the second integral on the right becomes

t-1
I (2a)!
i=1 +

P(2n_-2nt+t-1) 0

1 ZntﬁZA(l—x) 2n -2n¢tt-2
1 - x) X dx . (2.5.3)
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Now _
1 ZnthX(l—x) Zn.—Znt+t—2
J a - x) . X dx
0
1 2n.-2Xx Zn.—Znt+t—2
= f X 1 - x) dx
0 ' '
1 2n, ' 2n.-2nt+t—2
= J X exp(-2Axlnx) (1 - x) ' dx
O .
1 2n, = ' m 2n_ -2n, +t-2
= j x ° % (-Zk)m-ggl%zl— (1 - %) t dx
. m:
0 m=0
m 1 2n.4m 2n_-2n_+t-2
- t . .,
- ¢ 4 3) J x (1nx)™ (1 - x) - dx
m=0 ‘ 0
o m Zn.—2nt+t—2 2n -2n +t-2 k
_ (=22) m . t (~1)
= I oy () mt X K ‘ )
=0 : k=0 (2nt+m+k+l)
o 0 2n,~2n +t=2 2n -2n +t-2 )X
= % (2)) b " ~—) (2.5.4)
m=0 =0 (Znt+m+k+l)

Note that in the above derivation the one-dimensional integral may be
found in Gradshteyn and Ryshik (1965, eqn. 16, p. 551).

Combining equations 2.5.3 and 2.5.4 gives

t-1 (2n.)! o 2I1-_Znt-l_t-z 2n =-2n . +t-2\. k
I o _21.+t—l> 5 (Zk)m . . kt (-1) — .
g=1 © VL TEnY =0 k=0 (20 +mikt1)

(2.5.5)
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In this derivation, Wt was given some importance by letting

t-1
T =1- L m,
t .
i=1
However any “j may be expressed in this manner, so, to restore the

symmetry, we must average equation 2.5.5 over all j, and obtain

| — -
'H. (Zni). - 2n, 2nj+t 2 o0 20 +t=2 K
o1y i 0" s T (1) —
(2.5.6)
To obtain a similar result for the denominator in equation 2.2.2,
let n, = 0 for all i. Then equation 2.5.6 reduces to
o t=-2 k
e 2@ 5 (O —= (2:5.7)
m=0 k=0 (mtk+1)

By using the ratio of the two inequalities, we should have a reason-

able approximation to the square of the posterior, that is,

(2 (|12 = HED

! - -
‘ .H. (Zni). - 2n, 2nj+t 2 o0 -2n +t=2 k
1 it oo™ ¢ T (1)
joi T(Zn.onj+t—l) n=0 k=0 k (Znt+m+k+l)m+l
o : t-2 k
5 (2A>m T (tiz) ( l)m+l
=0 =0 (mtk+1)

(2.5.8)

T -
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Therefore maximizing equation 2.5.8 with respect to A shogld be
approximately equivalent to maximizing equation 212.2 with respect to
~A. This was checked against the exact integral for the binomial case
and equation 2.5.8 was found to be a reasonable épproximation.

However there is one difficulty with this method. Note that the
numerator in equation 2.5.8 has altriple summation with Binomial co-
efficients in the terms. For a problem with either a large sample size .
or a large number of categories, this method-also becomes impractical.

The last method to be considered here evolved from the resemblance
between the estimator for L given in Good (1965) and the estimator for
ML/E in the multinomial case derived in section 3.1. Good found that -
the Type II Maximum Likelihood estimation procedure using a symmetric

Dirichlet prior leads to

) ni+k
p, = —— (2.5.9)
1 n.+tk*
*
where k maximizes
t
n ! '(tk) T F(ni+k)

- i=1 (2.5.10)
T ol (T)" T +tk)

i=1

In section 3.1, we derive

%
n, - A. p,lnp, .
p. = S - R (2.5.11)

%
n, - A .E pilnpi
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as the ML/E estimator for the multinomial case. As a first approxima-

t
tion let k* = -A* p.lnp, and tk* =-2% z p.lonp, . Then
: i i : . i i
i=1
% %,, =
A= —-tk"/(2 p.lnp.) . (2.5.12)
' =1 *+ 7t

Checks against the eiact integral'for the binomial using this estimator
were within 5%. Comparisons against.competitive methods in section 4.5
demonstrate its adequacy for estimation. Eqﬁation 2.5.12 will be used
as the form for A* in the later discussions of the ML/E method.

A comment on the estimation should bevmade. All of the developments
are based on estimating A* by treating the'{ni} as if a multinomial
sampling scheme had generated it. However the actual sampling model
may be‘quite different. The question then arises as to the effect of
the sampling model on the value’of X*. For similar situations, Zellner
(1971) prefers using priors which are independent of sample size, but
dependent on the sampling procedure. Good (1976a) states his view that
"in primciple" priors should not depend on the sample procedure.

In this case, the true (but unknown) X is related to the roughness
in the population and is not affected by the‘sample. The estimate A”
should therefore measure only the roughness of the'{ni} independent of
,how’it is obtained. We therefore follow Good in ignoring the sampling.

*
procedure when estimating A with A .



CHAPTER 3

Estimation Using ML/E

In this chapter we analyze the algorithms to be used for ML/E
estimation. Algorithms are presented for the two cases for which the
estimation procedure can be reduced to a simple iterative scheme. For
the more general case, two methods for calculating the probability
estimates are presented. The first is a more complicated iterative
scheme analogous.to, though more com?licated.than, the IPFP. We call
this new iterative scheme the Iterative Maximum Likélihood/Entropy
Scaling, abbreviated as IML/ES. The second method is a general non-

linear optimization procedure adapted to this situation.

3.1 Sample Size Fixed
Estimation when ; ? wi. = 1 is the only constraint occurs when the
31
contingency table is coistructed through multinomial or Poisson sampling
and theré is no marginal information which the sampling procedure must
use.

Once 2* has been calculated, we may obtain the probability estimates

by maximizing

%
Q = ; ;(n:.Lj - A wij)ln(wij) - a(§ ? wij -1) . (3.1.1)
i3] 1]
Now .
‘ %
%Q n,./m.. - A - A*ln(ﬂ..) - o (3.1.2)
om, ., ij i3 : ij’
1]

and

43
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— — * — * — 'Y
0 = nij/pij AT = A ln(pij) o (3.1.3)
Rearranging terms and taking summation over i and j yields
. S .
o =mn, =2 =2 2Ip,dnlp,.) (3.1.4)
1]
and substituting back into equation 3.1.3 gives
% .
n,, - A p,.In(p..)
p,, = —H+—=—2l for all i,j. (3.1.5)
ij %
n -\ % Zop..ln(p..)
LR 3 i j lJ 1J

Coﬁpare this formula to those given in Table 1.5.1 under the '"no margins
fixed" heading. Note that eqﬁation 3.1.5 requires an itérative procedure
to calculate the set of probability estimates. By calculating |
mij = n..pij for all i and j, we obtain .the smoothed'frequencies.

The calculating formula given in equation 3.1.5 can be used instead
of the more general and therefore more time-consuming method described
in section 3.3.

Good (1965, p. 38) gives an example for which n, = 0, n

ng = 3, n, = 3, and ng = 12. The smoothed frequencies using the method

described in the monograph are 0.70, 2.35, 3.18, 3.18, and 10.59,
respectively, for k* = 0.8531. The corresponding smoothed frequencies
1 5 = 3.38, m,

= 10.78. The ratio of the two posterior distributions assuming that

*
using ML/E and A" are m, = 0.04, m, = 2.42, m = 3.38, and

05

the entropy prior is in fact true is 1.413.
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3.2  0ne Margin Fixed
Estimation when one set of marginal totals, say rows, is fixed can
occur in a number of situations, for example,
1. sampling until the row totals are equal to a previously speci-
fied set of values (product multinomial sampling),
2. adjusting the sample row marginal totals to a set of marginal
totals known to be proportional to the population marginal
probabilities,
3. adjusting the sample row marginal totals to the mérginél
totals of another contingency table obtained previously.
For a given value ofAk* we may obtain the probability estimates
by maximizing
x )
Q = i ? (nij - A wij)ln(wij) - i ai(§ Wij - ai) (3.2.1)
where {ai} is the set of Lagrangian‘multipliers,'{ai} is the set of
margins to be fitted, and Z ai = 1. TFollowing a procedure similar to

i
that in Section 3.1 gives

0Q  _ g% g% - .
T nij/wij AT = A ln(wij) o (3.2.2)
1]
— - *__ ’* — ‘
. N %
O.P.. =1n,, = A p.. = A p..1n(p..), (3.2.4)

it1ij ij - ij - ij ij
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3 z -
and remembering that : pij ai,
J
’ % %
= - A - )z 1 . .2.5
%% T M. T3 T jpij nlpy ;) (3
Substituting equation 3.2.5 back into 3.2.3 givés
a (n., - A*p, In(p..)) :
Pij = =&l % L1 L1 for all i,j. (3.2.6)
- Ay ,
o P T p Py 3in(pyy)

Compare this formula to those given in Table 1.5.1 under the "row

margin fixed" heading. We again require an iterative procedure to cal~-
culate the probability estimates. Equation 3.2.6 may be used in place
of the more general technique described in section 3.3 when the proper
conditions hoid. Finally the smoothed freqﬁencies may be obtained by

calculating mij =n pij

If the sampling were done using the product multinomial model

with say, rows fixed, then the log-likelihood would be

K+ZZZn,  ln(r,,) - n, In(r, ) £for constant K.
i ij ij ; 1t i

However pi_ = P.. = ai, so the estimator still has the form given in

5 i

i J
equation 3.2.6.

3.3 Two Margins Fixed

Estimation when both margins are fixed can occur in similar situa-

tions to those mentioned in Section 3.2. Now, however, two sets of
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marginal totals are to be fitted. ©Note that if both margins are fixed
a priori and are‘used to terminate the sampling process, a.significance
test for independence should be conducted. If the hypothesis of inde-
pendence can not be rejected the table can be separated into its
component parts. If the hypothe31s is rejected we can still use ML/E
to estimate the probabilities since the kernel of the log—llkellhood
function is in the proper form.

The problem is now one of maximizing

. N .
Q=ZLZ (@, -Am () -, ECr,, —a,)-Zv,E7r,, -b,).
19 1 ij ij i Ly i i PRENRPE & j
(3.3.1)
The partial derivatives with respect to the ﬂij are
0Q__ n,./m.., - A - A ln(w 5 -y, = v (3.3.2)
oT. . ij" i3 - i 3’
ij ,
therefore
0=mn../p.. - A* = 2"In@..) = u, - v (3.3.3)
i3'P13 T Pij i T Ve e
and
n,, - A*p_. (1 + 1n(p..))
p.. = —= = 1 for all i,j. (3.3.4)

i +
ij (ui vj)

L { = = i
etting Hy n_.ai and vj n..sj gives



48

3.3

*

Pij = n..(ai T Bj) for all 4i,j. (3.3.5)

Compare this equation to those in Table 1.5.1 under the "two margins

fixed" heading. The corresponding equation to those in Table 1.5.2 is

_ . ]
/p n, /p, mrj/prj + an/prc - A ln(pijprc/p. p..) =0

n,. ‘s .
ij “ij ic “ic ictrj

(3.3.6)
Equations 3.3.4 require not only some kind of iterative scheme, but
are also functions of the Lagrangian multipliers o and Bj which cannot
be removed by substitution. We therefore require a more general
algorithm for solution of the problem than was givenbfor the cases
with sample size and one margin fixed. We derive such a method below.

Rewriting equation 3.3.3 gives

- _ A% _ 4% _ _
0 nij _} pij A Pijln(pij) ”ipij vjpij . (3.3.7)

Summation over j gives

% %
0=n, A a; - A ;pijln(pij) - wa, - ; v

P
ie i
i ‘ ' i J 1]

or

I
(o)

where ZXp..
i

- IV )
Hy = (ni. A a; = A ?pijln(pij) ? \)jpij)/ai . (3.3.8)
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Similarly, suﬁmation over i gives
v. = (a. =2, =A% p. . In(p..) - L wp..)/b (3.3.9)
.= mn,. . ,.10p. .} — .P.. . e Je
3 F SR T T R f & O L £ A T ST
where I pij = bj . Equations (3.3.8) and (3.3.9) form r + c equations;
i
however I a, = b, =1, soonly ¥ + ¢ — 1 are linearly independent.

i | .
Therefore equations (3.3.7)-(3.3.9) form a system of rc + r + ¢ - 1

non—-linear equations in as many unknowns. * We can solve this set of
equations using the following algorithm, termed the Iterative Maximum
Likelihood/Entropy Scaling (IML/ES) procedure:

1. Set v, =0 and k = 0,

2. Célculate initial probabiiity estimates so that pi?) # 0 for

all i and j, e.g.,

p(k) - (nij + (rc)'l?/(n.. + 1) for all i and j,

ij
3. Calculate N
(k) _ (k) * * (k) .
uy o= nic/pic A = A 1n(pic ) fori=1,.., r,

4. Calculate

(k1) _ S N €9 &)y _ (k) _ (k)
v =@, - Ab, -2 i Py ln(pij ) E Wi Py )/bj

j=1,.., c-1,
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5. Calculate

N DR ?\*a - 2%z p! (o), (p,( 3 v-('k+l)p(k)

h .- , >.)/a
i i , T4
3 J i J iy i

6. Calculate

(k+1) ( ) (k) (k+l) (k+1)
. = (n,, - K In "+ .
iy (g = @O + ug v )
i=1,.0, T
j=1l,.., ¢,
7. £ p§?+l) is sufficiently close to p(j) for all i and j, stop.

Otherwise set k = k + 1 and go to step 4.

This algorithm was used to calculate the ML/E estimates for the
observed table, Table 3.3.1(a). Fortk* = 50 and the fitted margins in
the table, thekML/E estimates are given in Table 3.3.1(b).

In addition to the IML/ES procedure, a different method from
the area of non-linear programming was considered. This procedure is
the Generalized Reduced Gradient (GRG) method of Lasdon et al (1973,
1975a, 1975b, 1975¢). The GRG ﬁethod treats a general non-linear
optimization problem in the same manner as the Simplex Method of
lineaf programming treats.linear optimization problems. An initial
feésible point is used to describe a set of basic and non-basic
variables which in some neighborhood of the feasible point can be used
to optimize>the objective function for a specified range of the basic
variables. GRG then solves the original problem by solving a sequence
of reduced problems using unconstrained minimization algorithﬁs. After

a reduced problem is solved, GRG examines the basic variables to
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discover any violations of inequality comstraints. If such a viola-
tion occurs, this variable is removed from the basis and a new variable
not on a boundary is placed in the basis. After this change of basis,
there is now a new reduced problem to be solved. This operation con-
tinues until one of a set of specified stopping rules terminates the
iteration in the neighborhood of ﬁhe optimal solution.

Ireland and Kullback (1968) give an observed contingency table
shown in Table 3.3.2(a) and describe the MDI.smoothed'frequéncies for
given population row and colummn margin totals given in Table 3.3.2(b).
The corresponding ML/E estimates obtained by the GRG method use
A* = 5,599 calculated from the data and have the same values as those
givén in Table 3.3.2(b). This similarity is not surprising since
A*/l9l75 is small, where 19175 is the sample size. For such a large
sample we would not expect a large effect due to A*; in fact, the
asymptotic properties of ML/E should become evident in such a situation.

If we wished to smooth the data keeping the margins fixed at their
sample values, we would obtain Table 3.3.2(a) as the ML/E estimates
With,A* = 5.599 and the MDI estimates, that is, we would not change
the observed frequencies. To be a bit more precise, the probability
estimates are not identical, but the differences are not large enough
to affect the values of Table 3.3.2(b). If we had fixed A" at 100
prior to taking the sample and wished to obtain the ML/E estimates
for fixed margins, Table 3.3.2(c) would result. If the log-linear
method were applied to this data with both margins fiied, Table

3.3.2(d) would result. Since the log-likelihood ratio is very large
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TABLE 3.3.1

Artificial Sample

(a) Observed Frequencies

75 53

5

7 8 13

0 1 4
Totals 12 84 70

Totals
26 159
6 34
2 7
© 34 200

(b) ML/E Estimates with Fitted Margins

and 2* = 50

8.59 77.54 44.58
6.66  8.47 9.71
0.75 3.99 5.71

Totals 16.0 90.0 60.0

Totals
25.29 156.0
5.16 30.0
3.55 14.0

34.0 200.0



Totals

783
517
207

-1507

53

TABLE 3.3.2

Ireland and Kullback Data

(a) Observed Frequencies

7426
928
373

8727

4709
622
337

5668

2145
703
425

3273

Totals

15063
2770
1342

19175

(b) Smoothed Frequencies with Fitted Margins

Totals

771
529
201

1501

7504
974
371

8849

4709
646
332

5687

(¢) Smoothed Frequencies

Totais

Totals

785
515
207

1507

7423
930
374

8727

4708
623
337

5668

2044
695
399

3138

with A* =

2147
702
424

3273

(d) Independence Frequencies

1184
218
105

1507

6856
1260
611

8727

4452
819
397

5668

2571
473
229

3273

Totals

15028
2844
1303

19175

100

Totals

15063
2770
1342

19175

Totals

15063
2770
1342

19175



54

3.3
for this pafticular model, interaction must be present, and Table
3.3.2(a) would have to be chosen as the set of logjlinear estimates,
though not in the Bayesian form of the log~linear model of Good (1956).

Note that Table 3.3.2(d) is the table of independence frequencies.

3.4 Extensions to Multidimensional Contingency Tables and other

Constraints

The IML/ES procedure has been ektended to multidimensional tables
with varying cqnstraints. The present form of IML/ES takes approximately
the same amount of CPU time as GRG. For example, in a 4 x 2 x 3 x 3
contingency table with the main margins fixed, IML/ES required 264
CPU seconds and GRG required 248 CPU seconds on an IBM 370/158 to
arrive at the same solution.

Extensions beyond the r X ¢ contingency table with fixed margins
do not require different methods for estimation; the only differences
occur in description of the problem.

The use of the GRG procedure to obtain ML/E estimates requires
the development of a subroutine describing the objective function and
the constraints being applied to the system. Because of the generality
of.the procedure, the constraints can take on many forms other than
the standard fixed margins. Examples are:

1. fix the frequency of specific cells such as fixed or struc-

tural zeros,

2. fiﬁ a specified sum of frequéncies not in the same row or

column,
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3. fix a ratio of two cell frequencies, or

4. adjust a sample multidimensional table to a specified face

or a higher dimensional "margin'".

Not all the examples given above appear to have applications in
any reasonable situation, but this versatility may become important in
estimation under unusual circumsténces.

The IML/ES procedure mentioned above is restricted to fixing or
fitting the ordinary margins or faces of é cohtingency table, so it
would not be able.to obtain estimates in examples 2 or 3.

When first analyzing a contingency table, it is wise to test for
independence of certain margins and faces. If the structure of the
table is such that specific hypotheses of independence can not be
fejected, the table can be separated into smaller tables which then
simplifies the estimation of the probabilities.

Chapter 5 describes the application of ML/E to a particular multi-
dimensional contingency table using both the GRG method and the IML/ES

method with varying constraints on the table.



CHAPTER 4

Properties of ML/E

This chapter presents some of the properties of the ML/E method
of estimation. We first consider certain characteristics of the ML/E
method under specified conditions. The relationship between ML/E and(
other Pseudo-Bayes methods is described. The asymptotic and small-
sample properties of ML/E and oﬁher methods are then calculated and
compared. Finally recommendations fér the use of ML/E in different

situations are given.

4.1 TUniqueness of Estimates

Now that we have a method for calculating‘k* and the set'{pi}
(using the vector notation of section 1.0), it is appropriate to
question the uniqueness of these estimates.

Theorem 4.1.]1 Assume a sample‘{ni} is arranged in a contingency table

%
of two or more dimensions and a value for A 1is calculated. Then the
set of probability.estimates'{pi} found using the ML/E estimation
procedure is unique for constraints which are linear in the prob-

abilities.

Proof:

v . '
Let Q = X (ni - A ﬂi)ln(wi) be the expression whose extreme values are
sought when the variables ™, are restricted by a certain number of side

“conditions glcg) = 0, o4, gm(ﬂ) = 0. Form

¢(Wl,..,ﬂn)v= Q - ? uigicﬂ) WhereA{ui} is a set of constants.

56
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Consider the set of equations
B¢(ﬂl,..,wn) :
Py =0 i=1,..,n (4.1.1)
i
gk(ﬂl,..,ﬁn) =0 k=1,..,m. (4.1.2)

Lagrange determined that if the point (WL""Wn) is a solution to the
first n equations 4.1.1, then it will also solve the set 4.1.2. Assume
that the constraints are not "only jﬁst" consistent in the sense of
Good (1963) so that no pj is forced to equal zero. Since these con-
straints are defined to be linear in the probabilities,

82Q  _ 3%
9w _om,  om._om,
i ] i ]

* .
-n_ /7% - A" /7, i=j
1 1 : i

=0 otherwise (4.1.3)

Equations 4.1.3 are strictly negative for fixed_l* > 0, n, 2 0, and

0 < LA < 1, so the local maximum found by the use of Lagrangian

multipliers and Theorem 7.9 in Apostol (1964, p. 152) is also the

global maximum in the region of feasible solutions by Bard (1974, p. 49).
Levin and Reeds (1977) give a proof of the uniqueness of k*., A

shorter, but not quite complete, proof was given by Good (1975a). Since

e
_ AF = —tkk/ (3 piln(pi)), the value of_}\< is unique.

i
Therefore the solution set {pi} of probability estimates is

unique for a sample and set of constraints. Note that when the con-

straints are "only just" consistent, we can ignore the estimates which
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are forced to zero so that the Hessian matrix does mnot involve these
particular estimates. Once the nonzero estimates are calculated, we

can replace the zero estimates in their proper positioms.

4.2 Properties Under Special Conditions
The ML/E method has certain properties under special conditions
which are considered here. First the relation of ML/E to Maximum
Likelihood and Maximum Entropy will Ee discussed.
Property 1 When A* = 0, the Maximum Likelihood/Entropy estimator is
equal to the Maximum Likelihood estimator. -
Progertz>2 When the total sample size is zero, the Maximum Likelihood/
Entropy estimator is equal to the Maximum Entropy estimator.
Properties 1 and 2 are obvious from the definitions of the
estimation procedures.
Property 3 For finitg sample size, the Maximum Likelihood/Emntropy
.estimator approaches the Maximum Entropy estimator as A® approaches

infinity.

4 . & . . .
Maximizing Q = Z (ni A Wi)ln(ﬂi) subject to some comnstraints is
i

the same as maximizing Q'

%
I (ni/A - ﬂi)ln(ﬂi) subject to the same
i
%
constraints. As X > «, Q' » =% wiln(wi).
i

Property 4 Define
X2 = (t/n)) I (o, - /)%,
: .
If X2 < ¢t - 1, the ML/E estimator becomes the Maximum Entropy estimator.

This property follows from Property 3 combined with the fact that

k* = ® wyhen X2 < t - 1.
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Property 5 If the constraints on the system are "only just" consistent
in the sense of Good (1963), the probability éstimates for cells with
zero frequencies may also be zero.
Property 5 is a direct result of the definition of "only just"
consistent. The ékample in Section 1.3 is an example of a system

which has constraints that are "only just' consistent.

4.3 Pseudo-Bayes Estimation and ML/E

Philosophically the ML/E method and the Pseudo-Bayes methods of
Good, Fienberg, and Holland are‘very close, the difference being in
the form of the prior. Of course, all these methods shift the prob-
ability estimates away from the Maximum Likelihood estimates. . The
question arises as to how these shifts are produced.

The Pseudo-Bayes methods use an estimator of the form

pg = (ni + k)/(n, + tk) for all i (4.3.1)

in the Multinomial case. This can be rewritten as
p¥ ='[n /G, + tk)]p; + k/(n, + tk) for all i (4.3.2)
where ﬁi is the ML estimator. Therefore p* and ﬁ are related linearly

for fixed n_, t, and k.

On the other hand
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- g% : 4k
Ry )3 = @y = N oy )10l By )3 D/ = N Doy ) Il oy )3 1)
for all i (4.3.3)
= @, /8)p; = Ny ) Il ey ) 1D /6 for all 1 (4.3.4)

where ¢ = n, - A*i(pML/E)iln[(pML/E)i], andvaL/E is not a linear
function of 5.

Both types of methods are functions of the roughnesé of the sample
through their respective hyperparameters, k and l*. For comparison
purposes assume both hyperparameters are fixed. Néw p* is a linear
function of ﬁ. However PML/E is still a function of the roughness
of the sample through the denominator of equation 4.3.4. We must
therefore include another condition on the sampie, e.g., all fre-
quencies but the first are equal. With this condition, n,6 = 20, and
t = 5, the possible samples are: [(0,1),(5,4)], [(4,5)], [(8,1),(3,4)1,
[(12,1),(2,4)1, [(16,1),(1,4)], and [(20,1),(0,4)], where (x,y) means
that there are y cells with frequency x in a sample.

If we fix A" = 4 we have the curve labeled Py1/E in Figure 4.3.1.
The line labeled p* corresponds to Pseudo-Bayes estimates when k = 1.
In addition lines for A = k = 0 and A = k = ® are included in Figure
4.3.1 to show the effects on the probability estimates when the hyper-

parameters are at their bounds. Note that PML/E = p* = p when A = k = 0.

4.4 BAN Estimators and Asymptotic Properties
Neyman (1949) defines a class of estimators termed best ésymp—

totically normal (BAN) estimators whose asymptotic properties are the
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0.0

Figure 4.3.1' Comparison of 5, p*, and p
for n, = 20 and t = 5. ML/E

20
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A

same as those of the Maximum Likelihood estimators. That is, if @i

is a BAN estimator of a parameter Oi, it has the following properties:

~

1) Oi is consistent for Oi

~

i
2) Oi approaches in distribution N(@i, ci/nz) for some constant Ui

and 3) for any other sequence of estimators satisfying properties 1

. % ‘ . .
and 2 with constants ci, Gi 2 6, . BAN estimators are sometimes termed

i
regular BAN (RBAN).

Neyman proved that certain estimation procedures lead to BAN

estimators. In particular he showed that minimizing

n,, -—n w,,
COREES Bgp =Ty

ij ij

for nij > 0 leads to BAN estimators for the population probabilities.
Analysis of Neyman's procedure shows that the proof depends on the
form of the (X')? statistic only through‘the first and second deriva-
tives of (X')? with respect to the 7..'s evaluated at n,, = n_ T,
ij ij e ij
Therefore if we have an estimation procedure dependent on some statistic

S such that -

38 3(x")2
1 5 = gﬂ ) = 0 (4.4.1)
Holg =n wm,, ol =,
:LJ ®e lJ lJ [ ) lJ
328 _a2(xnH)? _
and 2) o = Toal. = Zn.‘/Trij (4.4.2)
ij - ij
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with mixed second partial derivatives equal to zero, then use of
Theorem 5 in Neyman (1949) or Lemma 1 in Taylor (1953) shows that the

estimators are BAN estimators.

Theorem 4.4.1 The Maximum Likelihood/Entropy Estimation pfocedure

leads to BAN estimators when z* is finite.

Proof:
Assume‘l* < o,

Define S = (=2n_ /(o , + A))(% ? (nij - Aﬂij)ln(ﬂij) - u'c) where u is
a vector of Lagrangian multip;iirs and ¢ is a vector of constraints
linear in the ﬂij's. 1f we minimize S, we can take the first deriva-
tive of S with respect to ﬂij and by setting this equal to zeré, we
have condition 1 (equation 4.4.1). We also have that

328 .

an2,
1]

(_2n°°/(ﬁ'°_+‘A))(—nij/ﬂij - A/ﬂij)

Lo M., ) n,.=o_  m,.
lJ L) lJ 1J e l_]

(2n, /(o +'A))(n"ﬁij/ﬂij + A/ﬂij) = 2n”./7Tij

We therefore have agreement with both the conditions given in equations

4.4.1 and 4.4.2 and have that the estimators obtained using S are BAN

estimators. Finally it is clear that minimizing S is equivalent to
aximizi =L % (n,., - Ar,.)In(7,,) with he m,.'s and

m zing Q o (n1J 4 13) ( lJ) W respect to the i3

subject to the same constraints as S. Thus the Maximum Likelihood/

Entropy procedure also leads to BAN estimators when A~ is finite,

verifying a conjecture by Good (1969b).
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% . . p . .
When A" is infinite, the first derivative of S no longer exists,

so ML/E is not BAN for all A*.

4.5 Special Asymptotics

Fienberg and Holland (1973) derive a method for asymptotic com-
parisons of probability estimates: of sparse multinomials which they then
use to demonstrate the asymptotic properties of four methods of estima-
tion, namely: |

1) Maximqm Likelihood

2) Add % pseudo count to each cell

3)‘ Minimax

4) Pseudo Bayes.
This comparison can be seen in Figure 4.5.1 and Table 4.5.1. The
basis of the comparison is defined by Fienberg and Holland as
D= (N/t) f (n(x) - 1/t)2 dx (in their notation) where m(x) is a

continuous approximation to m, w, = N/(N + t/2), and N/t is held

0
constant as t approaches infinity.
They mention that it is difficult to calculate the expected risk
in general for theif proposed estimator (Pseudo-Bayes) because the
es;imator is dependent on the sample. The ML/E method has not onlyl
this difficulty, but in addition, has the characteristic that there
is no closed analytical form of the estimator. Therefore no compari-

son of this type is possible for the general case. However it is

possible to estimate the form of the expected risk.
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Setting D = 0 implies ﬂij = (rc)”! for all i,j. Define
2=317x - 2 . =
X L L (nij n -Wij) /(n..ﬂij) At D = 0 we hgve

i]
X2 = (re/n,)) L% (o, - n, [(xre)?
i3
= (rc/n;,) L (nij)2 -n,,
i3
and
EX? ='Crc/n..j LI E(nij)2 —:n._

1]

(re/n,.) % [(n, /(xc)) (L = 1/(xc)) + n?_/(xc)?] - n,
ij

.

(re/n, )@, )@ - 1/(xc)) +n,, - n

. e

re - 1.

Good (1975a) showed that when X2 = rc - 1, k* must be . Thus
we have K* = o by equation 2.5.12. In Section 4.2 we showed that
A* = o implies pij = (rc)—l, and therefore the expected risk at D = 0
is also equal to zero. The point at D = 0 in Figure 4.,5.1 is exact.
The dotted line from that point is an estimate of the expected risk
fo; ML/E based on the fact that it must asymptote to the same function

as the Pseudo-Bayes estimator of Fienberg and Holland.

4,6 Small Sample Properties
Sections 4.4 and 4.5 show the asymptotic properties of ML/E
estimation, but give no indication of what sample size is necessary

for these properties to be meaningful. In this section we show that
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TABLE 4.5.1

Leading Term in Expansion of Risk Function
for Four Estimators of m

Estimator : Leading Term

Maximum. Likelihood (5) ' 1
‘ L
Minimax (pM) 1-2/N°
Goodman, Jeffreys (p') w% + (1 - WO)ZD

| Pseudo-Bayes (p*) D% + 3D + 1)/ (D + 2)2



67

>

1.00

Figure 4.5.1 Leading terms of risk functions for five
‘ estimators of m with t = 20 and n,_ = 100
(See Table 4.5.1 for notation).
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these properties manifest themselves in binomial and trinomial problems
with:n. = 15. All cpmparisons are based on the specificAway in which
A is determined.

A criterion must be established for the purpose of comparing
different methods. The measure to be used will be the expected.risk
defined by |

R =n, E(|[x - 2 = a, Bz (r, - p)?]
1,
where the summation is taken over all cell categories.

Other risk fuﬁctions could have been considered as well. TFor

instance

R=n_ E i (wi - pi)zlﬂi or R=mn_E i ﬂi(l - pi)/[pi(l‘— ﬂi)]
would give comparisons based»on proportional error rather than absolute
error. This difference would be important when analyzing a procedure
independent of other competing techniques. However the squared error
risk function is easier to manipulate and is sufficient for the com-
parisons to be done here.

We first examine expected risk in the Binomial problem for the
following estimators:

1. Py > Minimax

2. p , Maximum Likelihood

3. p* , Pseudo-Bayes

and 4. Maximum Likelihood/Entropy.

Pvr/E ‘
The expected risk of Py as given by Fienberg and Holland (1973)
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is (/n /@ + /n ))?( - t7!) = 0.3158 when t = 2 and n = 15.

The expected risk for Maximum Likelihood is

R. .

n, E[2 (v, - ni/n.)z]
i

It

n I E(m? - 2m.n,/n_ + n2/n?)
B S G S

2 2+ - + 2
n, i (ﬂi ZWi ﬁi(l Wi)/n' Wi)

- 2
L (my = mg)
1

1 -1 72,
. 1
i

The risks for'p* and PML/E cannot be derived so easily since the
expected values of these estimates do not have closed-form expressions.

Instead we use

=
il

a, E[('ﬂ'l - Pl)2 + (1T2 - p2)2]

n, E[(vrl - pl)2 + (1 - ™o 1+ Pl)Z]

2n, E[(1) = p)?]

|
I
B
™

- 2

where B(n"hl’ﬂl> is the Binomial probability of cell frequency 0y

occurring in a sample of size n, with cell probability ™

Figure 4.6.1 shows the‘risk functions (times n, = 15) fof the

four different estimators. Note that the estimators PML/E and p*
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have larger risks than p towards the boundaries and smaller‘risks near
the center. The risks for both'pML/E and p* apprqach 0 as Ty approaches
either 0 or 1, so the behavior of these estimators is satisfactory.
However the ratio of the risk of Py to any of the others mnear the
boundary approaches «, and for some purposes this property may be un~—

satisfactory. is not considered further.

Py

It is worthwhile considering Figure 4.6.1 with respect to the

average expected risk, that is,

=

R(G/m)£(j/m)
0

I~

J

where R(j/m) is the expected risk at j/m and f(j/m) is the weight one
places on each probability with .?Of(j/m) = lf Of course the prob-
abilities are continuous in the 3;ﬁge [0,1], but this discrete function
can give an indication of how our weightings affect the average expected
risk. For instance if we were to believe tﬁat all the probabilities
were equally likely, we would place £(j/m) =‘(m.-{-l)—1 for all j. If we
felt that the middle probabilities were more likely to occur, we would
place highér welghts on them and correspondingly lower weights on the
boundaries. Table 4.6.1 gives some weights for three cases with m = 10
and . the corresponding values of the average expected risk for each
estimation procedure.

Note that as the weights are concentrated closer to the center,

the risk for ML/E first increases slightly but then decreases consider-

ably. The increase at the beginning is due to the increased weights
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placed on those probabilities with the "ears'" on the risk function in
Figure 4.6.1. As the sample size increases these ears move towards
the risk function of Maximum Likelihood.

Figure 4.6.2 gives a two-dimensional representation of the situa-
tion for the trinomial case. The curves are contours of constant rétio
of the risks associated With‘ﬁ ana Pyr/E* When this ratio is less than

1 is superior to ﬁ. This figure shows that pML/E is con-

> Pur/e
siderably bet;er'than ﬁ over a large region near the center and
boundaries. This property is not surprising given the knowledge
that ML/E has a tendency to smooth estimates towards the center.
However ML/E does well over a large region of the probability space
including a large portion of the boundaries.

Figure 4.6.3 gives the same comparison for pML/E and p* with
pML/E superior to p* for values less than 1. Again we have improve-
ment near the center and a poorer showiﬂg further away, though now
the differences are not as convincing as in the previous figure. The
similarity between the risks of the two estimators PML/E and p* in the
binomial case makes this relation an expected result.

bFigure 4.6.3 shows an important characteristic of Pyr /R Note
that the portion of the probability space near the edges has risk
ratio less than unity. This property is presumably caused by the
superiority of ML/E in the binomial situation near the equiprobabie
case. These edges apparently approximate this condition. 'If therefore

appears reasonable to suggest the use of ML/E when there is more than

one non-zero probabilities, but less than the total possible number of
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Risk of
Py
Risk of
p*
" ; y
Risk of PML/E

| I | !

0 2 4 8 8

Figure 4.6.1 Comparison of Expected Risks in
Binomial Case for n, = 15.

1.0
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TABLE 4.6.1

Average Expected Risks for Three Weight Functions

Weights
Probability A B c
0.0 1 0.09. 0.03 0.01
0.1 0.09 0.05 0.02
0.2 ' 0.09 0.07 0.04
0.3 0.09 0.10 0.10
0.4 0.09 0.15 0.18
0.5 0.09 0.20 0.30
0.6 0.09 0.15 0.18
0.7 0.09 0.10 0.10
0.8 0.09 0.07 0.04
0.9 0.09 0.05 0.02
1.0 0.09 0.03 0.01
Risk ( x 15)
Estimator A B C
Py 4.738 4.738 4.738
P 4.501 5.862 6.594
p” 4.501 5.076  5.143
5.215 5.219 4,769
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(0,0,1)

0.50

1.50 0.75
1.25

1.00

(1,090) ' (0’1,0>

vL/E °OVer P)

Figure 4.6.2 Contours of constant risk ratio (p
forn, =15 and t = 3.
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(0,0,1)

P &\

(1,0,0) (0,1,0)

Figure 4.6.3 Contours of comnstant risk ratio (pML/E over p*)
' for n, = 15 and t = 3.
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non—-zero probabilities, i.e., ML/E is preferable if one is on an edge
but not on a vertex. We conjecture that this property can be general-

ized to more dimensions.

4.7 Recommendations

The Pseudo-Bayes estimators of Good, Fienberg, and Holland; and
the ML/E estimator have similar characteristics in that all provide:

1. estimates superior to the Maximum Likelihood estimates when

interest is solely in the cell probabilities
and 2. methods for removing zeros in observed contingency tables
when these zeros could hamper additional analyses.

For these purposes, the ML/E estimatof is preferred because of
its slight edge in risk (ref. Section 4.6) and thé simplicity of cal-
culation when there are no constraints on the margins (ref. Section
3.1). The Pseudo-Bayes methods are also possible choices; selection
being dependent upon which estimation philosophy the user believes
to be the most appropriate for his particular situation.

When constraints must be.considered, the problem becomes more
difficult. It is possible to use the Pseudo-Bayes estimators to remove
zeros and then use another method to fit the margins. Unfortunately no
distribution theory on this type of épproach has been done. The
asymptotic distribution of ML/E is known, but the calculations of the
ML/E estimaﬁes when margin constraints are present quickly become
complex. Currently both methods used to calculate ML/E estimétes are
rather time—~consuming. Making the Iterative ML/E Séaling algorithm

more efficient in terms of CPU time would help alleviate this problem.



77

4.7

Significance tests for independence should be performed so that
the contingency table may be separated into smaller components when
possible.

In addition the set of constraints may be such that zero prob-
ability estimates occur, i.e., when the constraints are "only just"
consistent. This situation may afise when the sample margins are
fixed; it is less common when the margins are fitted to a set of
margins from another source. When the constraints are "only just"
consistent, one must take care to formulate the estimation procedure
so that problems with zero estimates do not occur in tﬁe Hessian

matrix.



CHAPTER 5
Estimation of Probabilities in a Multidimensional
Contingency Table - Food Selection by Beavers
In this chapter we examine a multidimensional contingency table
obtained by sampling and compare the estimates of cell frequencies

using the methods of log—linear models and ML/E.

5.1 Description of the Table and Log-Linear Estimates

The data in Table 5.1.1 were collected by Jenkins (1975) in a
study of food selection by beavers. He examined the interactions
among the variables genus, diameter, site, and selection (for gnawing),
by calculating the expected frequencies under a vafiety of models and
comparing them to the observed frequencies. Ultimately he wished to
find the simplest' model whi¢h adequately explained the data.

The models were fitted using the log-linear analysis described in
Fienberg (1970c) and then were evaluated using the iikelihood—ratio
statistic as the measure of goodness of fit with the level of signifi-
cance set at 5%. Let "genus" be variable 1; "'choice'", variable 2;
"diameter", variable 3; and "site', variable 4. A model is specified
as follows: [(1), (2), (3), (&)1, or [(134), (12), (23)]; where the
model [(1), (2), (3), (4)] means that each of the variables is indepen-
dent of all the otﬁers.‘ Similarly, the model [(134), (12), (23)]
means that variables 1, 3, and 4 are jointly dependent, variables 1
and 2 are dependent, and variables 2 and 3 are dependent. The model
chosen by Jenkins to explain the data was [(123), (14), (34)], that

is, choice (2) depends jointly on genus (1) and diameter (3), sgenus (1)

78
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5.1
depends on site (4), and diameter (3) depends on site (4). The
expected frequencies for this model are given in Iable 5.1.2 and should
be compared with the data in Table 5.1.1.

In addition, the estimates for the model [(1), (2), (3), (4)] are
- given in Table 5.1.3 and will be used for additional comparisons. Note
that these estimates are a very péor fit of the data and that this
model would be rejected using the likelihood-ratio statistic at a 5%

significance level.

5.2 ML/E Estimates

The data in Table 5.1.1 were also examined using the ML/E proce-—
dure. Note that there are zero expected frequencies in Table 5.1.2
which indicates that the constraints are "only just" consistent. The
ML/E estimates using [(123), (14), (34)] with A* = 567 are given in
Table 5.2.1 and should be compared with the log-linear estimates in
Table 5.1.2 and the original data in Table 5.1.1.

The estimates in Table 5.2.2 are the values obtained using the
model [(1), (2), (3), (4)] and zF = 567. Though we have a much simpler
model than that used in Table 5.2.1, we have still retained some of
the structure of the tab1e. Table 5.2.2 is a much better fit to the
original data than Table 5.1.3, thou%h worse than Table 5.2.1 or
Table 5.1.2.

Now assume that we were given the margins in Table 5.2.3 obtained
from a much larger sample, so that these margins are more likeiy to

be close to the true population margins than those obtained from the
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5.2
sample in Table 5.1.1. Using ML/E on Table 5.1.1 with A* = 567 and
the margins fromATable 5.2.3, we would obtain Tab;e 5.2.4 as the ML/E
estimates for the fitted margins.

In addition if we had determined that the zero fréquencies in
cells (1111), (1211), (3111), and (3211) in Table 5.1.1 were in fact
fixed zeros, then the ML/E estimafes for Table 5.l.i\using A* = 567
and the margins from Table 5.2.3 would be those estimates given in

Table 5.2.5.
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TABLE 5.2.3

Margins to be Fitted for Table 5.2.4

Margin Variable Values
1 Genus 125, 150, 130, 162
2 Choice : 150, 417
3 Diameter 160, 195, 212

4 ’ Site 100, 185, 282
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PART IT

Methods for Calculation of the v
Kolmogorov--Smirnov One-Sample Statistic

CHAPTER 1

' Introduction to the Kolmogorov-Smirnov One-Sample Statistic

Lex X be a random variable with continuous probability distribution

function
.FX(X) = Prob(X s\x).'

Let a random sample of N observations be taken from this distributionm,
. s , .
arranged as order statistics Xl’ XZ’ oo XN’ where Xl < X2 £ ... 2 XN .

Let

0 for x <.X1

= i ' L i = . —.
SN(x) i/N for Xi x < Xi+l | (i=1,2, ..., N-1)

IA

X,

1 for XN

the "empirical distribution function".

Kolmogorov (1933) introduced the statistic

DN = sqplSN(x) - FX(X)I.
X
He obtained recursion formulae for

F (2) = Prob(d < N7, .1

and showed that this probability is asymptotically equal to Ko(z)

97
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defined by

Ky(2) =1+ 2 z -1k 'zk‘z . (1.2)

k=1
For a proof of this limiting distribution, a convenient reference is
Durbin (1973).

Several calculations of (1.1) have been made using various methods.
Smirnov (1948) tabulated the limiting distribution (1.2). Birnbaum
(1952)1 used Kolﬁogorov‘s recursion formulae to tabulate (1.1) for

- 1(1)100 and ¢ = 1(1)15 where ¢ = zN°. Li-Chien (1956) derived an

approximation for (1.1) which Korolyuk (1960)2 wrote in the form:

oo

f‘N(z) -1 N R (), (1.3)
r=0
where
. 91,22 .
K, (2) = c—4z/3)kz D k2T (1.4)
K, (2) = (-1/9) z (-1) [f - 4(E; + 3)k2z2 + 8k“z“]e'2k222, (1.5)
k=1
and
o 2.2
Ry(2) = (22/27) E.(rl)kﬂkz[f2/5 - 4(f, + 45)k?z%/15 + giclzh]e 2KE
k=1

(1.6)

1The expression for K. (z) in Birnbaum (1952) contains a misprint:
0
'z/N instead of z/N%.

2The expression for K3(z)'in Korolyuk (1960) should be multiplied by k2.
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where

£ =12 - 41~ (DY, £, = SK2 + 22 = 1501 - (D172,

Table 1.1 shows the contributions of Ki(z) d=0,1, 2, 3) for various
values of z. Terms beyond KB'Were not necessary since the coefficient
N-?r forces rapid convergence to zero for these terms.

Kolmogorov (1933) mentioned that if z is very small (1.2) converges

slowly and can be replaced by the asymptotic formula
5 -1 2,-2
@2m) “z7* exp(-w<z"4/8),

and Feller (1948), using Jacobi's formula ((3.3) below), gave the more
complete formula
L o
R, (z) = @m)’z 1 5 exp[-(2k - 1)2%72z72/8]. (1.7)
k=1
Durbin (1973) transformed the recursion formulae of Kolmogorov into a
method for calculating (1.1) exactly using matrix multiplication.

Here we transform the series for Kl(z); Kz(z), and K3(z) into
series analogous to (1.7) so that the results are useful when z‘is
smqll, that is, when the evaluations‘of left-hand tail-area probabilities
are required. We also méke comparisons of the various formulae in terms
of speed of calculation and show the usable ranges of the approximation
formulae. |

Left-hand tail-area probabilities for D, are required for testing

N

whether a fit is '"too good to be true'". Such a test is useful in the

following situation.



O.S

1.0

1.5

2.0

2.5

Contributions of KO, Kl’ Kz, and K

100

TABLE 1.1

3

for Various Values of z in (1.3)

Ko

.03605

.73000
.97778
.99933

+99999

K

.10660
.17866
.02222
.00089

.00001

Ky
.01561
-.06089
.01666
.00298

.00010

Ky

-.09091
.05245
-.01074
.00346

-.00015
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Suppose that we are estimating a probability density function by
the method of "penalized'likelihobd", that is,‘by the maximization of
an'ekpression of the form L. ~ B, where L denotes the log-likelihood
pertaining to a putative density: function £, and ¢ is some functional
-of f called the roughness of f. This method of density estimation is
nonparametric in the usual senSe'fhat it does not constrain the density
function to belong to ény specific family, so that B is best described
as a "hyperparameter', especially as it can be regarded as a pérameter
in a prior when the method is interpreted in a Bayesian manner, that
is, when the interpretation is that -we are to maximize the posterior
density of f in function space, where the prior is proportiomnal to
exp(-B%). If we took B = 0, the method would imply that the integrated
form of £ was the empirical distribution function, f would be unreason-
ably rough, and the Kolmogorov-Smirnov statistic would vanish. - Thus
we can detect whether the hyperparameter B is too small by reference
to the left or 1owgr tail of the Kolmogorov-Smirnov distribution, and
whether it is too large by the right or upper tail of this statistic,
or of some otéer statistic, such as X2 ("chi-squared"). This technique
for selecting the hyperparameter was used in relation to some real
(histogram) data from high-energy scattering experiments, with
N = 25752 (Good (1971), Good and Gaskins (1971, 1972, 1974)). For
example, when z = 00,2804 we have a lower tail probability P = 0.000001535.
It may not be possible to interpret this as a true probability in the
application, because the hypothesis for f has been chosen in terms

of the histogram, that is, it has been fitted to the data. It may
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be better to describe P as a 'measure of overagreement", that is, as
a quantitative indication that the‘Correspéﬁding value of B was too
small. There might be a better quantitative indication.but we do

not know of one. (A value of B was then found, which was suggeéted
for other reasons, that gave a lower tail-area probability of 0.10

to the Kolmogorov-Smirnov statistic and an upper tail-area proEability
to X2 of 0.215. This value of B is acceptable.)

Another use of the lower taiy of the Koimogorov statistic occurs
when a test due to Ajne is used for testing whether a number of points
are distributed randomly on a circle, a questionvthat has application
to geophysics, to bubble-chamber experiﬁents, and to the migration of
birds. Durbin (1973, p. 39) points out that the upper tail of Ajne's
distribution can be expressed in terms of the lower tail of the

Kolmogorov-Smirnov distribution.



CHAPTER 2

Expressions Involving Différentiation

Equations (1.2), (1.4), (1,5) and (1.6) can be expressed in terms

containing derivatives with respect to z of (1.2) and of

o 12,2 ’
Ki(z2) =1+2% e 2Kz (2.1)
k=1
We write
‘ &
Ay(2) = K;(2), &,(2) = K(2) (2.2)
and
_dr w _ _db ok _
An(z) = P Ko(z), An = A Ko(z) n=1, 2, ...) . (2.3)
Then
. % U, T
8,(2) = - & (-1)F se2ze (2.4)
e =91:2.,2
A’l‘(z) - - % 8k2ze K% (2.5)
=1
® 912, 2
b,(2) = & (-DF[32:Ma2 - gi2] & K
k=1
- 12,2 _ '
= 1 DY 32r422. 7K o, o () (2.6)
k=1 |
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and

A3(Z)
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A;(z) =L [32k%z2 - 8k%] e
o _91,.2.,2
= % 32k4z2e 2K 4
=1

1 (-1)F[-128K623 + 32k"z + 64
k=1

5 (-1)X[-128K623 + 96kY4z] e 2
k=1

-3 (-1)k 128k6z3e
k=1

—2k2z2

From equation (l.4), we have

i

K (z)
1 k=1

Al(z)/6 .

From equation (1.5), we have

1]

K, (2)

Il

- 42 - B{1 - (-1)XT + 3)K222 + 8K424] e

(-1/9) ZV (—l)k[fl - 4(fl + 3)k2z
k=1

-1/9) = D2 - 51 - 15
k=1

(<4z/3) £ (-1)F 12e

FZk%Z?

z-lAi(Z) s

 _op2.2
qu] e 2k<z

k222

2 -2k222

2 + 8kMz"] e

—2k2z2

-1 - -2
+ 3z Az(z) 3z Al(z) .

-2k2 72

2.7)

(2.8)

(2.9)
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= (-1/9) & (DE[E + K2 - 10k222 + 8K4ZY - 4kt22] e
k=1

—2k2z2

- (1/9) [% - Zk?zzl
k=1

.e—zkzz2

= (-1/9)[—Ao(z)/4 - z_lAi(z?/S + 1024, (2)/8

+ {z2(4,(2) —ké‘lAlcz))}/a + (—Azcz) + 2714, (2))/8
+ B5(2) [4 + 2K, (2) /4]

= [28(2) - 8z, (2) = (222 = 1)6y(2) - 207 (2) - 2zAi(Z)]/72 .

(2.10)
From equation (1.6), we have
had o 91,22
Ky(z) = (22/27) I (—1)k kz[f2/5 - 4(f, + 45)k2z2/15 + 8kMz*] e 2k%z
k=1
- - k. oo ' k
= (22/27) & (1) k2{k2 + 22/5 - 3[1 - (-1)"1/2
k=1
-2k2z2

- 4(5K2 + 22 - 15[1 = (-1)¥1/2 + 45)k222/15 + BK*z4} e
= (2/27) [~294, (2)/80 + (322)7 (A, (2) - 274, (2))
- 238(2&2(2) - AICZ))/480 f~8z2(A3(z) - 32'1A2(z) + BZ-ZAl(z))

/128 + (A3(z)'-_3z'1A2(;) + 3z-2A1(z))/96]
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= [-26A (z) - 148zh,(z) - (302 - 5)A,(z)

- 607 (2) - 30283(2)1/6480. | (2.11)



CHAPTER 3

Relationship to:Theta Functions

Definitions of the theta functions Oi(v, t) may be found, for

example, in van der Pol and Bremmer (1959). Only Oz(v, t) and 03(v, t)

are of interest here and are given by the equations:

0,(v, £) = I exp{-m(k-%)2t + 27i(k-%)v}
= t—% T (-l)k exp{-w(k+v)2/t}

Os(v, t) = ¥ exp{-mk?t + 2mikv}
k=~

r  exp{-w(k+v)2/t}
k==c0

[}
ot

In each of (3.1) and (3.2), the first equation provides a definition

(3.1)

(3.2)

and the second one depends on Jacobi's transformation of theta functions

(for example, Whittaker and Watson (1963, § 21.51)),

o

k2 @ .
I e kfn/e cos 21ka = t L exp{-kZyt - 2rkat}

k== =00

L -ma?t
e

We now introduce the definitions:

D
Il

9 62(2) = GZ(D, Loz~ 2)

D -
I

= 63(z)l='®3(0, Lrz"2)

107

(3.3)

(3.4)

(3.5)
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(@ _ @), ., _ d
87 =8, (2) = P 2 (3.6)
@ . (m, .,  _a '
6y =057 (2) = A 03 (3.7)

Letting v = 0 and t = %7z 2 in (3.1) gives

oo

=L 912,22
0,00, B1z™2) = () z 2 (1)K 2Kz (3.8)
) k== ' )
Combining (3.8) and (1.2) yields
% ’ .
Ry(z) = () z=1e, (0, 4mz7?)
= &m) 2z le, . (3.9)

2

Using the same substitutions in (3.2) and combining with (2.1) yields

1
CON 2'193(0, LMz 2)

KS(Z)

1]
~
o
3
-~ .
N
N
|
—
D

3 (3.10)

We can now calculate the various derivatives needed for expressing
Ki(z); i=1, 2, 3 in terms of the theta functions using equations
(3.9) and (3.10). The notation An(z); n=20,1, 2, ... is defined

in Chapter 2.
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MOIENCORN Pal Sl (3.11)
82 = (%ﬁ>%,[z-1e§1?,— 220, (3.12)
A, (2) = ) [z*legz) - 2z‘ze§1) + 22739, (3.13)
@) = am* 210D - 22720§D + 227%,] (3.14)

A2 = (%w)%-[z'le§3) - 32-2652)+ 6z-3e§1) - 6z7,] . (3.15)

From (2.9) and (3.11)

K (=) = A,()/6 = ) [e7leD) - 2720,1/6 . (3.16)

From (2.10) and (3.9)-(3.13)
KZ(Z) = [ZAO(Z) - 8zAl(z) - (222 - l)Az(z)
- ZAg(z) - 2203 (2)1772

1 -
= (am* [22710, - 82(z 1e§1)

- (222 - l)(z_19§2) - 22—2951) + 22‘362)

omln = oneem1a @) _ =
22710, 2z(z P z 93)]/72
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- am” [~z = z71e{P - ¢ + 25720

+ (627! +-2z73)62 - Zé§1)1/72 (3.17)

From (2.11) and (3.11)-(3.15)

R,(2) = [-26, (2) -'148zA2(z)'- (302% - 5)4,(2)

- GOAicz)'- 30245 (2)1/6480

1

(1/21T)/2 [~26(z_16§l) - z—zez) - 1482(2-1852) - 22_2951) + 22—362)

(3022 - 5)(2'16§3) - 3z—2652) + 6z—36§l) - 62_462)

- 60(z‘1e§1),-'z‘293) - 30z(z'1e§2) - zz’zegl) + 2z”3e3)]/6480

&) [~(30z - 5z‘1)e§3) - (58 + 15z-2)e§2)

+ (90z 1 + 302—3)6§1) - (90z 2 + 302‘“)92 - 306§2)]/6480 . (3.18)

As far as we know, tables of the second and third derivatives of the
theta functions are not yet available. When they become available the

formulae of this section may be found convenient.



CHAPTER 4

Expressions of Ki(z).when z is Small

2

1

If we giﬁe a the value % and t the value %7z < in (3.3) we obtain

(1.7) whereas if t is given the same value and a the value 1 we obtain

12,2 L. = . - -
e 72k2T * 21 exp(-4m2272) T exp{-%k?w2z 2-kn?z 2}

- ) k==

|
[l
~
Ny
3
L

Kg (z) =

il
~
N
3
-2
N

13 exp(-%k2n2z72) . (4.1)
g r— :

We can now calculate the transformed equations for Ai; i=1, 2, 3 and

A%; i=1, 2 as in Section 2.

1
5 - -
Ay (z) = (Bm)° I [-z72 + 72z27%(k + %)?] exp{-4m2(k + %)2z72} (4.2)
. k=_oo
1y ® _
A (2) = Gm) 7 T [-272 + m22 *K2] exp(-n2k?z2) (4.3)

k==

1 - -
A, (z) = G2 [2273 - 572275k + %)2 + iz T(k + L)H]
k:—oo

exp{-*m?(k + %)%z 2} (4.4)

% - L ® _ :
AZ(Z) = (1) ° % [2273 - 57227%k2 + wz=7k4] exp(-%m2k2z2) (4.5)

= =00

oL ® _
Ay (2) = GEM?2 LT [-6z % + 2712276 (k + &)2
k.-:—oo '

- 120%278 (k + W% + 75210 (k + 5)6] exp{~-%m2(k + %)22°2} (4.6)
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From equations (2.9) and (4.2), we have

AlCZ) /6

K (2)

L) T (624)71 [n2(k + )2 - 22] expl-um2(k + %)2272} (4.7)
k: 00,

From equations (2.10), (1.7), and (4.1)-(4.4), we have
Ky (z) = [20,(z) - 82h; (2) - (22° - 1)4,(2) - 200 (z) - 2205 (2)1/72

S - 2 - _ -
=-(&m) 2(72) 7L T[22 1 - 8z(-z7% + mlz Y(k + %)?)
k=~ ' .

- (222 - 1)(2273 = 572275k + B2 + w427 (k + HM)]

exp{-4m2(k + %)2z72}

1 @ - _ -
+ (&) (72) 7Y £ [-227) - 22(-272 + w2z7%k2) ]

2= OO

exp (-4m2k2z-2)

(o]

K,y (2) = &M T (722771 [(625 + 22%) + .m2(22% - 522)

O

o+ B2+ A - 227) (k + DY) expl-tnl(k + %)%z %)

1 ® .
- (1) T (3623)71n2k? exp(-%m12k2z72) ‘ (4.8)
k==
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From equations (2.11) and (4.2)~(4,6), we have

Ky(2) = [-264 (2) - 148zd,(z) ~ (302% - 5)A,(2)

- GOA;(Z) - 30243 (2)71/6480

1 - -
= (4m) 7(6480)71 T [-26(-2z 2 4 w227 (k + %)2)
k“=-(.n .

1482z (2273 - 5712z75(k +W%)2 + otz Tk + L)Y

(3022 = 5)(=6z7% + 2772276 (k + %)2 - 1274278 (k + L)Y

16210 (k + %)6] exp{-4n2(k + %)2272}

+

L oo
+ (&7) 2(6480)71 £ [-60(-z=2 + 72z7%4Kk2)

= e CO

30z(2z73 - 572275k?2 + 72z77k2)] exp(-%4m2k2z2)

1, :
Ky(2) = ()" 1 (64802'%)71 [-(902% + 302°)
k=—e

- 72(96z% - 135z") (k + %)2 + w4(212z% - 6022) (k + H)*

- 763022 - 5) (k + %)6] exp{-y2(k + %)2z72}

1 ® L ’
+ (5w T (21628)71 [-nYKY + 372k222] exp(~%w2k2z72)

=00

(4.9)
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An alternative method for the derivation of these formulae is by the

use of the Poisson Summation formula which can be expressed as

T fx@/A) =2r2zZ f£0m) (4.10)
where
£4 (L) = I e A ax (4.11)

Under regularity conditions one of the applications of the Poisson
Summation Formula is to prove Jacobi's Transformation. In this work

it was used as a check on the derivations of equations (1.7), (4.1)

i
and (4.7)-(4.9). Llet f(x) = e X", Then by equation (4.11) we have

L —n2g2
f5(t) = 1" e . Substitution into equation (4.10) gives
o 2 112 @ 2 2m2
z ﬂ% e " /A =AX e Am

(4.12)

This equation is in the form necessary to transform equations (1.4)-(1.6)
into (4.7)-(4.9). The equations (4.7)-(4.9) are not necessarily in the
form best suited for calculations, especially for extremely small z.

vIn this situation the calculations should be made with care so that

computer rounding does not introduce large errors into the final result.



CHAPTER 5

Comparison of Methods and Recommendations

Durbin's method for calculating the'ekact tail area probability
of the Kolmogorov-Smirnov Statistic requires the computation of the
Nth power of a matrix of 1 + Z[ZVN] rows or columms, where [sz]
denotes the integral part of z¥N.. It is therefore easy to carry out
on a computer when zVN is small and N is not ektremely large. Of
course the Nth power of a matrix ¥ can be obtained by first expressing
N in the binary éystem of notation, and then multiplying together the
aﬁpropriate selection of the matrices M, M2, M*, M8, ces o It is
therefore doubtful whether N would ever be large enough in practice
to cause trouble when z¥N is not large. The method using the reCu;sion
formulae is equivalent to the matrix method, and therefore has the
same limitation.

The values obtained from Li-Chien's approximation formulae, or
our transformation of them, were compared with the exact values from
the recursion formulae tabulated by Birnbaum in our Table 1.1l. For
each combination of ¢ and N, the first entry is the approximation
value and the second is the value obtained from Birnbaum's Table 1.
Our Table 5.1 shows that the approximation is correct to five décimal
pléces by the time N = 100.

Table 5.2 compares the approximation formulae with the limiting
distributioﬁ KO given by (1.2). 1In this table the entry for a specific
combination of z and N gives the probability determined by the approxi-

mation formulaé. The value given by K. does not depend on N so here

0

there is only one entry for each z.
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For comparison of Li-Chien's formulae with the transformed
formulae, a computer program was written to count_the number of terms
in each series necessary to'achieve five decimal place accuracy for
Ki(z); i=0, ..., 3. Table 5.3 summarizes the results. For
z ; 1.2, the number of terms needed for each method is the same;
but the complekity of the transfofmed formulae makes their calculation
more difficult. The exact point where both methods require the same
amount of effort will de?end on the computer; but will usually depend
primarily on the number of multiplications. A good rule of thumb is
to use the transformed formulae when z £ 0.8; otherwise the formulae
given by Li-Chien and Korolyuk would be easier to use.

Figure 5.1 shows the recommended range of z and N for each method
mentioned in this»paper using the criterion of accuracy to five

significant figures.
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TABLE 5.1

Comparison of Birnmbaum's Table 1 with Li~Chien's Approximation

60
.00000
.00306
.22563
.63429
.87593
.96808
.99375

.99907

.00000
.00349
.23242
.64035
.87889
.96916
.99406

.99914

N
- 80
.00000
.00031
.10396
.45369
.75363
.91087
.97374

.99370

or Its Transformation

.00000
.00033
.10597
45664
.75557
.91182
.97412

.99382

100

.00000
.00003
04678
.31533
.62937
.83504
.93791

.98016

.00000
.00603
.04678
.31533
.62937
.83504
.93791

.98016
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.TABLE 5.3

Number of Térms:NeceSSary to Obtain
‘'Five Decimal-Place Accuracy

Li-Chien's Approximation Transformed Approxiﬁation

z [@.2),2.4),(1.5),(1.6)] [@.7),.7),(4.8),(4.9)1]
0.05 64
0.1 30
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.5

=
w

L P &S B W LWwWwWw W W W N NN

W W W W W W w &~ U
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TOPICS ON THE ESTIMATION OF SMALL PROBABILITIES
by.

Wolfgang Pelz
© (ABSTRACT)

In Part I the Maximum Likelihobd/Entropy (ML/E) method of estima-
tion of the céll probabilities'for multinomial and contingency.table |
probiems is derived and discussed. This metﬁod is a generalization of
the Maximum Likelihood estimator to situations when small probabilities
are to be estimated and the standard Maximum Likelihood estimator is
inadequate. ‘In addition when no sample exists the technique gives
meaningful results by reducing to the methqd of Maximum Entropy. The
ML/E method is based on assuming an entropy prior on the cell prob-
abilities and closely resembles the Pseudo-Bayes methods of Good,
Fienberg, and Holland in which Dirichlet priors are assumed. Methods
for calculating the ML/E estimates for varying circumstances including
multidimensional tables are presented. Comparisons with other estima-
tion methods are made and recommendations for selection of the more
appropriate method in particular situations are given.

In Part II we consider the Kolmogorov-Sﬁirnov one-sample statistic.
Various methods for calculating the Kolmogorov-Smirnov one—sample
statisti have been developed in the literéture. A transformation of
an approximation method is here derived and some of its properties
discussed. The main value of the new formulae is to obtain better

convenient approximations in the lower tail than have been possible



using other methods. The formulae are related to the theta functions.
The relationships between various methods are given, as ﬁell as |
recommendations for each method of a usable range of the independent
variable. An analysis is made-of the errors obtained by use of the

approximation.



