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Heat Flux Reconstruction in a Multimaterial Gauge with
Multiple Embedded Temperature Sensors

John C. Weinell

(ABSTRACT)

Creating heat flux maps is one of the major data reduction tasks of ground-test hypersonic

facilities. The ability to embed multiple high-frequency sensing elements offers improved

performance of over other types of heat flux gauges, such as Schmidt-Bolter gauges, when

there is significant lateral heat flux, i.e., close to the leading edge of fin elements and wings.

Hypersonic flow heat transfer tests with mismatched materials were conducted in a Mach

6 hypersonic facility to demonstrate the ability of embedded-sensor gauges to measure the

vector heat flux. A novel algorithm to reconstruct the thermal field in the gauge and extract

both the lateral and normal components of the heat flux vector is discussed. The main

innovation of this work is a least squares approach to balance the impulse response for

mismatched gauge materials. The reconstruction approach is verified using virtual tests

carried out with finite element simulations on gauges with different distributions of epoxy

and metal. Validation is carried out on hypersonic wind tunnel tests with both matched

and mismatched gauge-article materials. The main findings of this research are that the

intergauge heat flux that arises due to mismatched materials is important and accounts for

more than 10% of the normal heat flux.



Heat Flux Reconstruction in a Multimaterial Gauge with
Multiple Embedded Temperature Sensors

John C. Weinell

(GENERAL AUDIENCE ABSTRACT)

Creating detailed surface maps of heat flux is key to understanding how objects behave in

extreme hypersonic environments, such as those experienced by spacecraft or high-speed air-

craft. This work develops an algorithm that uses multiple temperature sensors to reconstruct

the heat flux on an exposed surface while also accounting for intergauge heat flux and heat

flux with the surrounding material. The main innovation of this work is a new approach

to match the heat flux at the interface between different materials within the gauge. These

methods are validated using both computer simulations and real-world wind tunnel exper-

iments, with both matching and mismatched materials. Findings show that accounting for

heat flow with the surrounding material can have a significant effect on the reconstructed

surface flux—sometimes more than 10%.
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Accurate measurement of surface heat flux under high-speed aerodynamic conditions is crit-

ical for understanding the thermal state and behavior of hypersonic boundary layers and

for the design of thermal protection systems in aerospace applications. Hypersonic vehi-

cles such as reentry capsules experience extreme heating, especially near leading edges and

stagnation points where boundary layers transition from laminar to turbulent regimes. Re-

liable heat flux data is essential to capture these complex flow-thermal interactions, validate

computational models, and inform design choices that ensure vehicle integrity and safety.

Traditional direct heat flux measurement techniques, such as Schmidt-Boelter gauges and

thin-film sensors, although widely used and highly accurate in many aerospace applications,

have notable limitations in hypersonic testing environments. Schmidt-Boelter gauges typ-

ically have large footprints and are difficult to position closely on contoured surfaces like

leading edges, potentially disturbing the boundary layer and altering local heat transfer con-

ditions [1]. Thin-film and surface-mounted sensors, while offering better spatial resolution,

are often prone to boundary layer disruptions and may lack the high-temperature resilience

needed in long-duration hypersonic flows.

Most traditional reconstruction methods for inferring heat flux from time resolved tempera-

ture measurements assume one-dimensional heat conduction normal to surfaces [2] and fail to

account for lateral heat flux effects. Lateral conduction becomes significant in regions with

complex geometry, material mismatches, and non-uniform heating (e.g., fin roots, swept

1
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wings, curved leading edges). These effects, if unaccounted for, result in underestimated or

erroneous heat flux reconstructions, compromising the usefulness of the measurements.

To address these challenges, advanced gauge technologies utilizing embedded temperature

sensors within multi-material matrices have been developed [3]. These Discrete Thermal

Measurement (DTM) gauges embed multiple high-frequency sensing elements arranged in

complex internal geometries that minimize surface thermal discontinuities and reduce bound-

ary layer disturbances. By placing sensors at varying depths and azimuthal positions, these

gauges can resolve both normal and lateral heat flux components, enabling the reconstruction

of two-dimensional vector heat flux maps. This sensor layout, combined with sophisticated

mathematical reconstruction algorithms, holds promise for improved spatial and temporal

resolution of hypersonic heat flux data.

The core scientific challenge tackled in this research is the development and validation of a

novel heat flux reconstruction algorithm capable of accurately estimating multi-component

heat flux vectors on exposed surfaces of multi-material hypersonic gauges. The proposed

algorithm employs a Galerkin method approximation of the heat conduction Green’s func-

tions in complex, multi-partitioned geometries, enabling the mathematical modeling of heat

conduction in discontinuous materials with mismatched thermal properties.

The algorithm incorporates a piecewise polynomial expansion of the Green’s functions with

Neumann boundary conditions to represent heat diffusion in each material partition, enforc-

ing continuity of heat flux and temperature at internal interfaces. A modified least squares

approach balances the reactionary heat fluxes exchanged across material cuts, including

their time-dependent causal behavior, leading to a robust and physically consistent solution.

The heat flux spatial-temporal distribution is represented using tensor products of B-spline

bases radially, axially, and circumferentially, allowing efficient regularization and resolution

of spatial features.
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Experimental validation is conducted through wind tunnel tests in a Mach 6 hypersonic wind

tunnel, using canonical test articles instrumented with these advanced gauges. The experi-

ments demonstrate that lateral heat flux contributions due to material mismatch account for

over 10–30% of the total reconstructed heat flux, depending on the volumetric ratio of epoxy

insulation and the thermal conductivity contrasts. Neglecting these lateral effects leads to

systematic under- or over-prediction of heat flux, highlighting the necessity of the advanced

multi-material reconstruction method.

The remainder of this thesis is organized as: Chapter 2 contains a review of relevant research

pertaining to methods of obtaining heat flux measurements; Chapter 3 covers the theory of

the multimaterial greens function reconstruction. Chapter 4 examines verification cases

of the algorithm with numerical methods; Chapter 5 describes the experimental setup for

validation cases; and Chapter 6 reviews the results of the validation cases with experimental

data.

This research advances the state-of-the-art in hypersonic heat flux measurement by enabling

detailed mapping of complex heat flux vector fields on sophisticated multimaterial gauges,

essential for advancing the fundamental understanding and technological development of

hypersonic aerothermodynamics.



This purpose of this literature review is to examine the primary methods employed for heat

flux determination, highlighting their working principles, advantages, and limitations with

relevance to this current research. Beginning with the Schmidt-Boelter gauge, a common

gauge type for direct heat flux measurement, the discussion addresses its operational ba-

sis in Fourier conduction, along with the accuracy concerns introduced by boundary layer

disturbances and radial conduction effects.

The review then transitions to thin film heat flux gauges (TFHFGs), which leverage advances

in thin film technology to provide high-frequency, minimally intrusive measurements suitable

for transient environments, particularly at high Mach numbers.

Finally, consideration is given to indirect gauge types using time-resolved temperature data,

such as thin film surface temperature sensors and slug calorimeters, both of which offer

valuable alternatives in conditions where direct measurement proves insufficient.

Heat flux measurements are generally split into two categories: the measurement of heat

flux using spatial temperature gradients across a material with known thermal properties;

And secondly, the estimation of heat flux using time resolved temperature measurements.

4
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The Schmidt-Boelter (S-B) gauge is a common type of gauge used for direct heat flux mea-

surement, that is based on spatial temperature gradients. A Schmidt-Boelter gauge measures

heat flux by wrapping a fine thermocouple wire around a high-conductivity thermal resis-

tance wafer [4], as depicted in Fig 2.1.

Figure 2.1: Depiction of a Schmidt-Boelter style gauge.

Junctions between the wire and wafer form a thermopile that generates a voltage propor-

tional to the temperature difference across the wafer, allowing calculation of heat flux using

Fourier’s law of conduction. The gauge is typically flush-mounted with the measurement

surface and surrounded by potting material for smooth integration. These gauges function

by using the one-dimensional Fourier’s law of heat conduction, producing an output voltage

proportional to the local temperature difference across a thin thermopile wafer:

q = �k
dT

dz
(2.1)

where q is the heat flux, k is the thermal conductivity, and dT/dz is the temperature gradient

through the wafer.

In high-speed flows, particularly at high Mach numbers, two primary issues compromise
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the accuracy of S-B gauge measurements. When an S-B gauge is flush-mounted within

a low-conductivity material, its surface temperature is typically much lower than that of

the insulation. This abrupt temperature step disturbs the local thermal boundary layer,

generating a higher convective heat flux to the gauge than would occur at the insulation

alone [5]. This boundary-layer augmentation can inflate readings by a factor of two or more,

resulting in over-conservative TPS designs [5].

The second problem is with radial conductive heat transfer. The cooler S-B gauge also acts

as a heat sink, drawing heat radially from the hotter surrounding insulation [6]. This heat

inflow again causes the indicated flux to exceed the true local value at the wall, compounding

boundary layer effects. The extent of this error depends on the ratio of the gauge thermal

conductivity to that of the surrounding material, contact resistance, and precise details of

the gauge’s installation.

Schmidt-Boelter gauges can significantly overestimate heat flux due to disturbances in the

boundary layer and lateral (radial) conduction from surrounding higher-temperature insula-

tion. These errors arise because the gauge’s material and surface temperature typically differ

from the surrounding material, altering local flow and heat transfer. Alternative measure-

ment techniques that better match wall and gauge materials, and directly account for lateral

heat flux, are needed for more accurate, representative results in these extreme environments

Thin film heat flux gauges (TFHFGs) sre being developed as an evolution of thin film tem-

perature sensors. The early development of these sensors focused on utilizing thin metallic

films that could convert temperature differences into measurable electrical signals. Collins et

al. noted that TFHFGs were first used to record heat transfer in shock tunnel environments,
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showcasing their quick response capability and minimal interference with the measurement

surface [7]. Variants of these gauges were established through the sputtering of thin layers

of materials such as platinum onto substrates like polyimide [7, 8].

Research by Siroka et al. emphasized the intricacies of calibration and design of double-sided

thin film RTD (resistive temperature detector) heat flux gauges, which have been increasingly

deployed in complex heat flow environments due to their enhanced sensitivity and reliability

[9]. These developments laid the foundation for the integration of TFHFGs in various exper-

imental setups, facilitating a better understanding of their operational principles, including

thermal conduction and response time characteristics.

The adaptability of TFHFGs allows for their use in various configurations, including direct

heat flux measurements where conventional sensors fail. Dongare et al. underscored their

capability for short-duration measurements in fluctuating thermal environments, which en-

hances the applicability of such sensors in fields requiring rapid thermal assessment [10].

Their studies indicate that TFHFGs can be directly affixed to surfaces of irregular shapes,

improving the accuracy of localized heat transfer rate assessments [10].

In terms of technology, developments such as employing nanofluids and thin film evapora-

tion techniques have improved the performance metrics of TFHFGs under different opera-

tional conditions. Chen and Lin proposed thermal analysis methodologies on nanofluids and

demonstrated their efficacy in enhancing heat transfer properties, which can potentially be

integrated with TFHFG technologies to maximize their performance [11].

The application of TFHFGs in high Mach number environments represents a significant

area of interest due to the unique challenges and demands associated with hypersonic flows.

Buttsworth and Jones demonstrated the effectiveness of transient thin film heat flux probes

in identifying stagnation temperatures, crucial for accurate measurements in high-speed jets
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where conventional methods may falter due to the need for high-frequency response [12].

Overall, TFHFGs capable of accurately measuring heat flux in hypersonic conditions not

only broaden the understanding of thermal dynamics at high speeds but also contribute to

improving design parameters for future aerospace vehicles. These advancements indicate a

growing recognition of the role TFHFGs play in high-speed aerodynamics research, where

precise heat transfer data is critical for material selection and engine performance optimiza-

tion.

An alternative to direct heat flux measurement through temperature gradient based methods,

is indirect heat flux measurement using time-resolved temperature data. This category

typically uses a single sensor, and makes several assumptions about the geometry of the

surrounding body.

Thin film heat flux gauges (TFHFGs) are specifically designed to measure heat transfer rates

directly. They consist of a thin conductive film that experiences temperature changes when

subjected to heat flux; this temperature change is translated into a heat flux value using

calibrated equations that consider the sensor’s geometry and thermal properties [13]. These

devices are adept at capturing rapid thermal responses, making them ideal for transient heat

flux measurements.

In contrast, thin film temperature sensors can be used to sense temperature at a surface

and estimate the heat flux through mathematical models or empirical formulas. The esti-

mation relies on established relationships between temperature gradients and heat transfer
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coefficients, employing techniques such as the Fay-Ridell method, which is applicable to

hypersonic conditions and relates stagnation point heat flux to freestream conditions [14].

The key distinction lies in the operational principle: TFHFGs measure heat directly while

temperature sensors require conversion from temperature readings, leading to higher poten-

tial uncertainties in dynamic environments. For instance, studies by Lee et al. indicate that

while the Fay-Ridell method can provide useful estimates, it may underestimate heat flux

due to factors such as freestream turbulence and surface chemistry variations [13, 14].

Research involving high Mach number flows necessitates accurate heat flux measurements

to ensure the structural integrity and performance of aerospace vehicles. The intricacies of

thermal loads resulting from shock waves and airflow patterns can severely affect temperature

readings, leading to discrepancies when using estimation methods.

Studies by Takahashi et al. underscore that conventional estimations like those from the

Fay-Ridell formula typically do not capture these complexities adequately, often leading to

significant underestimations of the actual heat flux experienced during reentry scenarios [15].

The limitations of prediction equations under these conditions further reinforce the preference

for direct measurement approaches such as TFHFGs, which can accommodate the complex

thermal dynamics without the uncertainties introduced through indirect estimations.

Additionally, Lee et al.’s analysis highlighted how experimental values using the Fay-Ridell

formula often deviated from those obtained through advanced calorimetric measurements,

prompting a re-evaluation of its applicability in hypersonic conditions [13].

Slug calorimeters also used time resolved temperature data to estimate heat flux, but do so

in a different method than thin film surface temperature gauges. These consist of a thermal
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mass (the slug) encased in an insulating sleeve, typically made of materials like copper or

similar metals, enabling it to withstand extreme heat environments found in high Mach

number flows. The slug absorbs heat flux from the working fluid, leading to an increase in

temperature that can be detected by embedded thermocouples or other temperature sensors.

When exposed to a heat flux q, the slug absorbs thermal energy, causing its temperature to

rise; this is monitored by embedded temperature sensors. The operation is fundamentally

governed by the one-dimensional unsteady heat conduction equation:

�cp
@T

@t
= k

@2T

@x2
(2.2)

where � is the slug’s density, cp its specific heat, k its thermal conductivity, and T temper-

ature. Applying energy balance, heat flux can also be approximated from the temperature

rise over time as:

q =
Mcp

A

dTavg

dt
(2.3)

with M the slug mass, A its frontal area, and Tavg its average temperature. In practice, losses

and nonideal effects may require a more complex model (e.g., exponential decay corrections)

to account for multidimensional conduction and heat loss

To extract heat flux data, models are applied that consider one-dimensional heat conduction

and potentially account for lateral heat conduction effects that result from the physical

configurations and material interactions within the calorimeter. As a result, the calculated

heat flux can be directly tied to the temperature readings from the internal sensors, providing

critical data for understanding thermal loads in applications such as aerospace engineering,

materials science, and fire safety research.
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Brune and Morrow performed an extensive uncertainty analysis on slug calorimeters in a

hypersonic arc-jet facility, illustrating the complexities introduced by thermal conduction

and spatially varying heat flux [16]. Their findings affirm the necessity for employing slug

calorimeters equipped with detailed calibration and analytical modeling to ensure reliable

data.

Wang et al. discussed methods to extend the operational limits of slug calorimeters, focus-

ing on enhancing measurement accuracy amidst high-enthalpy conditions [17]. They assert

that reducing the slug’s residence time in the flow can significantly increase the heat flux

measurement upper limits, which is critical for applications involving intense thermal envi-

ronments.

One primary problem involves the impact of spatial variation in the heat flux across the

calorimeter’s surface, particularly in environments where the heat transfer is asymmetric

due to the flow dynamics. As highlighted by Brune and Morrow, nonideal effects such as

multidimensional thermal conduction and backface losses contribute to measurement dis-

crepancies, which can misrepresent the actual heat flux experienced by the slug calorimeter

[16].

Additionally, the rapid thermal response required in hypersonic testing can exacerbate the

challenges. Slug calorimeters, typically designed for steady-state conditions, may struggle

to accurately convey transient heat flux signals during rapid thermal events. This notion is

supported by Gardarein et al., who emphasized that transient heat responses in high enthalpy

plasma flows can lead to potential errors if the calibration and impulse response functions of

the sensors are not rigorously applied or understood [18]. Furthermore, Holmberg and Diller

demonstrate that the time scales for heat transfer in such high-speed flows require advanced

calibration techniques to accurately capture transient effects, corroborating the challenges

faced in this area [19].



The heat transfer algorithm developed attempts to reconstruct two components of the heat

flux from a set of sensors distributed in a multimaterial solid matrix. Based on Fig 3.1, the

goal is the evaluation of the space-time varying heat flux on two surfaces. The heat flux

vaies spatialy and with time on each surface. Such variation is approximated as the product

of coefficients times basis functions in cylindrical coordinates aligned with the gauge axis,

_q1(r; �; t) =

n1X
k=1

b�1
k

bBk(r; �; t); _q2(z; �; t) =

n2X
k=1

b�2
k

bBk(z; �; t) (3.1)

where _q1(r; �; t) is normal heat flux, parallel to the axial direction of the gauge, and _q2(z; �; t) is

the lateral heat flux parallel to the radial direction. The basis functions bBi
k are required to

have compact support in order to simplify the coefficient evaluation using the impulse re-

sponse approach detailed below. We use B-splines of different order, because they are easily

integrated when appearing in convolution products with the polynomial Green’s function.

The basis is thus obtained as the following tensor product,

bB1(r; �; t) = B (r; n1; dr) 
 B (�; n�; d�) 
 B (t; nt; dt) ; (3.2)

bB2(z; �; t) = B (z; n2; dz) 
 B (�; n�; d�) 
 B (t; nt; dt) (3.3)

where B (r; n1; dr) the one-dimensional clamped B-splines of order dr with n1 knots. They

also support different degrees of overlapping that can be very powerful in regularizing ill-

12
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posed problems such as the inverse heat conduction. The heat flux reconstruction problem,

Figure 3.1: Schematic of the reconstruction problem

also called inverse problem, is to find the coefficients �̂ in eq (3.1) that best approximate

the unknown heat flux given the temperature at distributed sensors.

In order to solve this problem we estimate the temperature response at each sensor, indicated

with two letters TG in Fig 3.1, to each basis function actuation. In this work, such thermal

(impulse) responses are evaluated using the gauge Green’s function

�i
k (xj; yj; zj; tj) =

ZZ

i

Z tj

0

G (xj; yj; zj; �; �; �; tj; �) bBi
k(� ; �; �; �)d�d�d�d�;

leading to the final equation

npX
i=0

niX
k=0

�i
k (xj; yj; zj; tj) b�i

k = Tj; 8j 2 [1; NsNt]

where Ns is the number of sensors and Nt is the number of time samples. For the sake of

brevity, we introduce the total number of samples as Nsamples = NsNt and the number of
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features of the model nfeature = nt �n� �(n1 +n2). The equation is solved for the coefficientsb�j
k given the temperature at the sensors Ti: It is also written in matrix vector form by

flattening the indices k and j thus writing A(k�1)n1+i;j = �i
k (xj; yj; zj; tj) and X�;(k�1)n1+i =b�i

k.

The Green’s function approximation requires the three following steps. The Galerkin ap-

proach [20] is used to approximate the eigendecomposition of the heat conduction linear

operator in bounded geometries, then the three-dimensional delta function is decomposed

in the orthonormal basis formed by the eigenfunctions, and finally the method of Variation

of Parameters is applied to solve for the non-homogeneous problem that defines the Green’s

function [20, pp. 387-404]. The choice of the vector basis used in the Galerkin’s method is

critical to the accuracy of the solution as demonstrated by Nguyen and Massa [21].

To take advantage of orthogonal polynomial bases, an isoparametric mapping of the ge-

ometry from the three-dimensional Cartesian coordinates x; y; and z to the isoparametric

coordinates u; v; and w is performed. The mapping is evaluated in terms of Legendre

polynomials (Pn)n2N0 in the intervals u 2 [�1; 1], v 2 [�1; 1] and w 2 [�1; 1]

fx; y; zg =
HxX
i=0

HyX
j=0

HzX
k=0

n
c

(x)
ijk; c

(y)
ijk; c

(z)
ijk

o
Pi (u) Pj (v) Pk (w) ; (3.4)

where H is the maximum degree of the mapping. The coefficients ci;j;k are determined by

least squares approximation of a set of boundary coordinates xj;k yi;k zi;j. We use 70 points

in each coordinate to represent all faces of the solid domain boundary. The corresponding

mapped coordinates uj;k vi;k wi;j are evaluated as the shortest path along the curved surface
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between a point on the boundary and the left edge of such surface. This measure is also

known as the graph geodesic distance. This approach is able to generate the isoparametric

surface directly from the CAD model of the item.

We choose the same spatial basis of Legendre polynomials of degree H used for the isopara-

metric mapping to represent the temperature field (solution). This choice leads to polynomial

formulas for the integrand in the Galerkin’s approximation of the Green’s function, which can

be easily evaluated in mapped coordinates. A tensor product of the Legendre’s polynomials

is used for the solution

	 (u; v; w) = spanfPi(u)Pj(v)Pk(w); k = 0; : : : ; Hx; i = 0; : : : ; Hy; j = 0; : : : ; Hzg �

� spanf	i (u; v; w) ; i = 1 : : : ; Ng;

(3.5)

where N =
Q

s2fx;y;zg(Hs + 1) is the total number of polynomial bases per subdomain.

A multi-material approach to the determination of the Galerkin’s was proposed by Nguyen

et al. [22]. It is based on introducing the ratios between the thermal conductivity kp of a

particular domain partition p and the reference value k0 used in the dimensionless Kirchhoff

transform of the temperature,

� � 1

k0T0

Z T

T0

k dT : (3.6)

Such a transform is introduced to remove temperature dependent variations in thermal

conductivity from the governing equation. A ratio of thermal diffusivities is defined in the

same way, i.e., by dividing the thermal diffusivity of a material/domain partition by the

reference state �0.

Therefore, let ~kp � kp

k0
and ~�p � �p

�0
, the interaction matrices between pairs of basis elements
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are defined as

A
(p)
i;j � �~kp

Z 1

�1

Z 1

�1

Z 1

�1

J rx;y;z	i � rx;y;z	j du dv dw; (3.7)

and

B
(p)
i;j �

~kp

~�p

Z 1

�1

Z 1

�1

Z 1

�1

J 	i	j du dv dw; (3.8)

with J the Jacobian of the mapping J � det
�

@(x;y;z)
@(u;v;w)

�
. The Cartesian gradients in eq (3.7)

are evaluated from the mapped ones using rx;y;z = cof
�

@(x;y;z)
@(u;v;w)

�
ru;v;w, with cof indicating

the cofactor matrix.

Then, the generalized symmetric eigenvalue problem

Avi = ��iBvi;

is solved for the real eigenvalues �i and the linearly independent eigenvectors vi. Denot-

ing with V and � the square matrices of the eigenvectors and the diagonal matrix of the

eigenvalues respectively, set

P = (V B)�T ; (3.9)

where �T denotes the inverse transpose and

G (~; t;~ 0; t0) =
NX

n=1

NX
i=1

NX
j=1

Vn;jPn;i exp (��n;n (t � t0)) 	i (~) 	j (~ 0) ; (3.10)

where N is the size of the Galerkin basis. Because the eigenvectors of symmetric matrices

are orthogonal the normalization condition V BT V T = 1 can be applied as a scaling on V .
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Thus, the approximation of Green’s function is

�n � �n;n (3.11)

G(n)
rx �

NX
j=1

Vn;j	j (~) ; 8n � N (3.12)

G (~; t;~ 0; t0) =
NX

n=1

G(n)
rx (~) G(n)

rx (~ 0) exp (��n (t � t0)) ; (3.13)

where � � t�t0 is the cotime of the approximation. The major advantage of using Legendre’s

polynomials is that the matrix B is diagonal for constant Jacobian (parallelepiped domains).

For curved domains, a Legendre basis leads to a better condition number of the linear system

in eq (3.9) than the simple polynomial basis introduced by Ref. [20], which is responsible

for the growth of round off error associated with high-order polynomial bases [22].

Equation (3.13) highlights the existence of a polynomial basis of the characteristic solutions

G
(n)
rx , with members that have two orthogonality properties with respect to the integration

in the solution domain 
,

8n; m � N

8>><>>:
R



G

(n)
rx G

(m)
rx dV = �m;n

�
R



rG

(n)
rx � rG

(m)
rx dV = �m;n�n:

(3.14)

These orthogonality properties guarantee that the heat conduction solution determined by

Green’s function in eqn. (3.13) would be exact if the underlying temperature distribution

were a polynomial, which justifies the excellent convergence of the Galerkin approximation

method when compared to the separation of variables approach as discussed by Massa and

Schetz [3].

This approach is applied to all the partitions of the geometry composed of the same material,

i.e., such that their thermal conductivity and diffusivity are functions of the temperature
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only. The focus of this research is on thermal effects due to mismatched material, detailed

in the following section.

The thermal conductivity changes either due to its dependence on temperature or its de-

pendence on material. The former is easily accounted for by using the Kirchhoff’s transform

as detailed in the previous section, the latter requires a change to the solution algorithm to

account for the heat flux created by the mismatched partitions of the gauge. While this con-

tribution is generally small compared to the applied heat flux, the construction of industrial

gauge places the sensor next to the material partition thus magnifying its contribution.

A polynomial approximation of the Green’s function is by construction continuous. To

account for jumps in the first derivatives of the temperature, multi-material approximations

can be obtained by first constructing piecewise approximations as detailed in Section 3.1,

then matching the heat flux and temperature on both sides of the interface. In principle,

the matching can be performed either before the least squares solution or after, i.e., either

the true Green’s function of the multimaterial problem is built or the problem is solved on

material subpartitions and the unknown inter-material heat flux is determined by solving

for additional equations that impose the continuity of temperature at the material cuts.

The former approach is more convenient because it gives the possibility of applying error

estimation and regularization to the entire system.

Consider a multimaterial partition of the solution domain as shown in Fig 3.2 with nm

material partitions (3 in this example) and nc internal interfaces (nc = 2), which are denoted

cuts in this work. The exposed surface is 
 = [i
i and the internal surfaces Sj are the

intersections of the corresponding domains Di. In the following we will focus on an internal
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surface (cut) shared by the domains labeled as �, Sj = \�D�. The multimaterial Green’s

Figure 3.2: Schematic of the multimaterial partitions

function is decomposed as the sum of piecewise monomaterial polynomial approximations

plus an internal (intragauge) contribution,

G =
nmX
i=1

Gi
u( ; t; �; � ) ( ; � 2 
i) +

nCX
j=1

Hj ( ; t; �; � ) ( 2 N(�j)))

where N represents the set of subdomains neighboring the intragauge interface Sj and is

the indicator function. The continuity of the heat flux at the cut implies that the function

H can be expressed as

Hj;� ( ; t; �; � ) = �
ZZ

Sj

Z t

�

G�
u ( ; t; ; �) hj ( ; �; �; � ) d�dz;

where the superscript � indicates either side of the interface and the sign in front of the

integral accounts for the change in normal directions across the cut j. Continuity of the

temperature across the cut leads to

��G�
u ( ; t; �; � ) =

X
j

ZZ
Sj

Z t

�

X
j�

Gj�
u ( ; t; ; �) hj( ; �; �; � )d�dz; (3.15)

where the lower bound of the time integral in the right-hand side enforces causality. This

condition can also be loosely enforced by requiring hj ( ; �; �; � ) = 0 for � < �: In order to



20

solve this equation for all the locations x 2 Sj, for generic values of the covariable � and for

t � �; we expand the cut response in bases that are similar to those used to resolve the heat

flux on the surface, i.e., we use B-spline bases,

hj ( ; �; �; � ) =
X
i2nB

bhj
i (�; �)

� bB (Sj) 
 bB(�)
�

i
= bhj (�; � ) : bB ( 2 Sj; �) ;

where the hat symbol denotes vectors of the same size as the cut basis and the dot product

refers to product in that vector space. The cut basis is in general different for each cut,bBc;j = bB ( 2 Sj; �). To solve for the cut response term ĥ efficiently, we project the continuity

equation on the bases of the surface heat flux, which can be either the lateral or the normal,

by integrating eq (3.15) over the exposed surface � 2 
. Exchanging the orders of integration

we obtain

�
�

ZZ

�

Z t

0

G�
u ( ; t; �; � ) bBi

k (� 2 
�; �) d� d
i =

X
j

ZZ



Z t

0

bhj (�; � ) bBi
k (� 2 
; �) d
id� :

ZZ
Sj

Z t

�ki

X
j�

Gj�
u ( ; t; ; �) bB ( 2 Sj; �) d�dz;

(3.16)

where the integrals b
j
k;i �

RR



R t

0
bhj (�; � ) bBi

k (� 2 
; �) d�d
 are the cut thermal responses

which represent the response of an intragauge material partition to an applied impulse with

the shape of a B-spline basis and �ki is the lower bound of the B-spline basis function bBi
k(�);

i.e., bBi
k (� < �ki ) = 0. This separation of the integrals in the cut equations are valid if

the surfaces 
 and S have zero intersection, which is true for all gauges investigated in

this research and the time bases have a narrow compact support. The matrix elementscMj( ; t) �
RR

Sj

R t

�ki

P
j Gj

u ( ; t; ; �) bB ( 2 Sj; �) d�dz depend only on the geometry and

can be evaluated independently of the simulations. This is typically accomplished in a
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pre-processing stage in order to carry out a real-time evaluation of the heat flux. The

cut responses are important for two reasons: 1) they are the only quantity that needs to be

evaluated in the algorithm to model the multimaterial gauges, 2) they can be evaluated using

FEM simulations (see later on in this document) thus allowing us to verify the algorithm

independently of the data. The cut equations become

�
�

ZZ

�

Z t

0

G�
u ( ; t; �; � ) bBi

k (� 2 
�; �) d�d
i =
X

j

b
j
k;i:

cMj( ; t): (3.17)

This equation is solved using collocation. A set of times tl and locations over the cut are

chosen to enforce the cut continuity and least squares are used to determine the coefficients

b
j

�
�

ZZ

�

Z tl

0

G�
u ( l; tl; �; � ) bBi

k (� 2 
�; �) d�d
i =
X

j

b
j
k;i:

cMj( l; tl); (3.18)

leading to a set of 2 nxy uncoupled least squares with solution size nBnC . An algorithm that

evaluates the matrix coefficients without directly enforcing causality

cMj( ; t) �
ZZ

Sj

Z t

0

X
�

G�
u ( ; t; ; �) bB ( 2 Sj; �) d�dz

is significantly more efficient, because the pseudoinverse of the least-squares algorithm must

be evaluated only once for the of 2 nxy response coefficients. In the following we will show

that enforcing causality leads to a better matching against the verification problems.

The sensor (thermal) responses from both boundaries feature a contribution from each mono-

material partition �uj
k plus a contribution �mj

k from each multimaterial cut
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�j
k (xi; yi; zi; ti) = �uj

k (xi; yi; zi; ti) +

nCX
l=1

�mj;l
k (xi; yi; zi; ti) ( i 2 N (�l)) ;

with

�mj;l
k (xi; yi; zi; ti) = � b
l

k;j:

ZZ
Sl

Z t

0

G�
u ( ; ti; ; �) bBc;l(z; �)d�dz;

which will be denoted as cut thermal response. Thus, the gauge impulse response is evaluated

as the sum of the partition responses plus the summations of the cut thermal responses.

Direct evaluation of the cut impulse responses has the advantage of having a more direct

physical interpretation compared to the Green’s function that will be verified using finite

element simulations in Section 4.3.

The space-time integration of the products of Green’s function and basis elements can be

performed very efficiently in case of a Galerkin approximation of the former and a tensor

product definition of the latter,

Gu =
NX
k

bGk(x; y; z)Gk(�; �; �) exp(��k(t � �)); bB(�; �; �; �) = Bs(�; �; �) 
 Bt(�);

leading to evaluating the matrix coefficients as the product of space-like terms

cMj;k;s ( ; t) =

ZZ
Sj

Bs(�; �; �)Gk(�; �; �)d�d�d�

and time-like terms

cMj;k;t ( ; tl) =

Z tl

0

Bt(�) exp (��k (tl � �))d�:

The integration of time-splines and exponential functions have simple closed-form solutions;

so, does the integration of spatial splines and polynomial approximations of the Green’s



23

function, which makes this method appealing.



The first set of verification problems was performed on a one-dimensional multimaterial

domain with different thermal conductivities but identical diffusivity. The spatial variation

in diffusivity was found to have a secondary effect on the thermal response. The domain

is composed two slabs of thermal conductivity k1 and k2. The thermal conductivity of the

bottom material is set equal to that of reference stainless steel k2 = 16W/(m � K), while the

top is varied according to k1 = k2/Rk where Rk is varied in [2; 10]. The depth of the cut

(material interface) is also varied according to � = 1 mil/R� where R� is varied in [1; 10].

The overall depth of the domain is 0:375 in. An adiabatic boundary condition is applied to

the bottom and a heat flux equal to _qn = q =
n

0:224157e0:452448t2�2:30729t+7:75016t
o

kW/m is

imposed at the top. The value of such heat flux is an exponential fit based on an experimental

measurement performed by Ruda [23] to validate one-dimensional model. This is a purely

virtual test (not a validation). A numerical solution of the heat conduction problem with

an heat flux equal to q applied at one end of the domain is obtained using a grid-adaptive

numerical method of lines with relative error bound 1 � 10�10, the temperature on such a

boundary is recorded and processed with the algorithm, the virtual heat flux is reconstructed

and compared to the assigned value.

Verification plots are shown in the three figures Fig 4.1 Fig 4.2 and Fig 4.3, showing the effect

24
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of maximum order of polynomial in the Green’s function expansion, the effect of varying the

ratio of thermal conductivity, the effect of varying the depth of the cut. In Fig 4.2 and Fig 4.3

the dashed lines are obtained using a single material reconstruction. This one-dimensional

analysis confirms the validity of the new formulation and remarks the fast convergence of

the Green’s function scheme. The error of the single material reconstruction is proportional

to the ratio of thermal conductivities and inversely proportional to the distance between the

cut and the sensor.

Figure 4.1: Convergence of the cut algorithm using a one-dimensional problem: effect of
varying the order of integration of the Green’s function with k2/k1 = 8; � = 1 mil.

Figure 4.2: Verification of the cut algorithm using a one-dimensional problem: effect of
varying the ratio of thermal conductivities with N = 10; � = 1 mil. Dashed lines are
monomaterial while solid lines are multimaterial reconstructions.
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Figure 4.3: Verification of the cut algorithm using a one-dimensional problem: effect of
varying the cut depth with k2/k1 = 10; N = 10. Dashed lines are monomaterial while solid
lines are multimaterial reconstructions.

With the heat flux on exposed boundaries defined as a tensor product of B-spline compo-

nents, we see in Fig 4.4 the relationship between individual heat flux components and the

thermal response seen at each sensor location. The Galerkin Greens Function method pro-

vides a direct forward model for the thermal response at a sensor for a load that is defined in

terms of spline coefficients. The reconstruction method is based on finding the coefficients

to the heat flux B-spline definition that provides the best fit to the measured temperature

response.

Looking at a single heat flux spline component and multiple sensor locations, we see a

response at each location that is proportional to the applied flux. Fig 4.5 demonstrates this

with a component on the normal boundary and sensors located at various depths.

We used finite element analysis to evaluate the forward model (thermal response to heat flux)

and reverse model (heat flux reconstruction from temperature response) for a multi-material
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Figure 4.4: Relationship between spline heat flux components and thermal response

gauge. A multi-material gauge composed of an aluminum core and two epoxy channels was

used. The ratio of thermal conductivities for this gauge is kepoxy/kcore = 0:007.

The forward model using the Galerkin Greens function approach was compared directly

against FEM by applying a single spline component of heat flux as an applied load. Fig

4.6 shows a matching response for both methods, for the exposed (normal) and embedded

(lateral) surfaces.
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Figure 4.5: Sensor response to a single applied heat flux spline component

Figure 4.6: Thermal response to single component of heat flux for the normal and lateral
boundaries

We next evaluated the reconstruction method for a case with this same gauge design and a

heat flux applied to multiple boundaries. A spatially uniform, time dependent heat flux was

applied on the normal and lateral boundaries using an FEM simulation. The temperature

response was probed at six locations which were then used as inputs for the reconstruction

method. Fig 4.7 shows a comparison results with an applied heat flux of 150kW/m2 to
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10kW/m2 to 10 on the normal boundary and 5kW/m2 to 0kW/m2 on the lateral boundary.

Figure 4.7: Heat flux applied on multiple boundaries

A second FEM simulation was run with the same applied heat flux on the normal boundary,

and zero heat flux applied on the lateral boundary. We similarly see good agreement with

the reconstructed heat flux in Fig 4.8.

Figure 4.8: Heat flux applied on single boundary
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A single material gauge was used to evaluate heat flux reconstruction for a non-axisymmetric

lateral heat flow. A stainless steel gauge with three equally spaced columns of sensors was

used. The sensor orientation and heat flow direction are described in Fig 4.9. The gauge

diameter was 3.175mm (1/8 in) and was placed inside a 25.4mm (1 in) square surrounding

of matching material. A heat flow of �100W was applied to one side of the surrounding

material. Additionally, a convective load was applied to the exposed surface with h =

1500W/m2K.

Figure 4.9: Sensor position in single material gauge

We see in Fig 4.10 the reconstructed heat flux (dashed lines) compared to the values probed

from the FEM simulation. This case shows a heat flow angle from Fig 4.9 of � = 0�. For

this case, we expect sensors at position 2 and position 3 to have identical heat flux from

symmetry.

In Fig 4.11 we see a case with identical applied loads, but the gauge has been rotated to give

� = 45�. We expect in this case to have unique values for heat flux across all three positions.
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Figure 4.10: Directional heat flow, � = 0�

Figure 4.11: Directional heat flow, � = 45�
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Several multichannel geometries were analyzed to approximate realistic gauges used by the

aerospace industry in hypersonic/supersonic tests. Among these, three 4-channel gauges

and one 6-channel gauge have been use to test the two variations of the multi-material

algorithm: the fast approach where causality of the cut responses is not enforced and the

slower (causality enforced) version. Because the cut thermal response must be evaluated

only for the first dt + 1 impulses, the difference in execution time between these two versions

of the algorithm is proportional to the order of the time-splines. The frontal sections of the

gauge geometries are shown in Fig 4.12. The three 4-channel gauges in this figure differ by

the volumetric fraction of core material (SS316) in the gauge, reported as � in the caption

to each plot in Fig 4.12. All gauges were analyzed with one single sensor per channel. A

staggered scheme identical to that in Fig 4.13c is used for the sensor depth.

The reconstructed heat flux with n1 = n2 = n� = 1; nt = 20 is shown in Fig 4.14, thus

verifying that i) the algorithm is accurate independently of the core volumetric fraction, ii)

the error of the monomaterial approximation increases as the volumetric fraction decreases,

iii) a small but consistent improvement in the reconstruction is obtained when causality

of the cut thermal response is explicitly enforced, and iv) the accuracy gain of enforcing

causality increases with the number of channels.

We performed finite element analysis of a multi-material gauge embedded in a surface with

different material combinations in order to observe the reactionary lateral heat flow across

the contact boundary when the exposed surface has an applied heat flux. The experimental
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� = 0:78 � = 0:84

� = 0:63 � = 0:424

Figure 4.12: Multichannel gauges.

case with a rigid 10K gauge and a stainless steel wedge is used as the reference case for

mismatched materials.

Geometrically, the gauge is modeled by a cylindrical core of one material with six equally
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Figure 4.13: Core and epoxy partitions of the embedded sensors gauge. Also shown are the
locations of slices for lateral heat flux. Sensor depth d given in inches.

spaced channels of epoxy. The core material is modeled with a thermal diffusivity of � = 0:32

mm2/s and the epoxy is modeled with � = 0:55 mm2/s. The reference experiment used this

gauge with a wedge material of stainless steel having a thermal diffusivity of � = 4:1 mm2/s.

One of the cylinder end faces designated as the top surface is exposed to high mach number

flow, resulting in heat flow into the gauge. The sensor depths of 3.175 mm (0.125 in) and

6.350 mm (0.250 in) are defined in reference to this surface. The boundary condition here

is an applied heat flux consistent with the recorded magnitude of the reference experiment.

The opposing face designated the bottom surface is not exposed to the flow and has been

modeled with an adiabatic boundary condition.

For the FEM simulations, a transient thermal analysis was done to find the reaction heat

flow across the embedded contact surface of the gauge. We see in Fig 4.16 the resulting

temperature traces at depths consistent with the sensor depths in the physical gauge. Using

an adiabatic boundary for the contact surface produces poor results in the case of mismatched

materials. Fig 4.17 shows the same analysis using matching materials for the experimental

case with a stainless steel wedge and gauge.
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� = 0:78 � = 0:84

� = 0:63 � = 0:424

Figure 4.14: Multichannel gauges.

We see in Fig 4.18 the average heat flux across the lateral boundary. This was taken as the

total reaction heat flow over the area of the lateral surface. The negative sign of the values

indicates heat flow out of the gauge. In Fig 4.19 we see how the lateral heat flux changes

with depth and time, and that the negative value of the total heat flow across the surface

is the result of high lateral heat flux near the exposed surface. At larger depths the heat

flux becomes slightly positive. The values were taken along two lines on the lateral surface,

which are depicted in Fig 4.13b, one in the epoxy channel and one along the core material.
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Figure 4.15: Applied heat flux.

Figure 4.16: Simulated temperatures at different depths for rigid 10K gauge and steel wedge.

Figure 4.17: Simulated temperatures at different depths for steel gauge and steel wedge.
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Figure 4.18: Lateral heat flux reaction.

Figure 4.19: Lateral heat flux along core and epoxy lines.



Experiments were carried out by Ahmic Aerospace at the Texas A&M Mach 6 Quiet Tunnel

(M6QT) on blunted wedges with different angle of attacks at Mach 6.0. An actively controlled

expansion diffuser [24] allows performing measurements at design conditions for up to 10-

20 seconds, thus allowing to test the heat flux reconstruction algorithm beyond the initial

transient stage.

The flow total temperature was set to 330�F, and three free-stream Reynolds number of

f3; 5; 7g106 were investigated. The reconstruction of the embedded sensors gauge was initially

tested on all cases and uniform agreement was obtained, thus results are only reported for the

Re = 3 � 106 case. The test article in this case is a blunted wedge with a 1 in. leading edge

radius and 7° semiangle shown in Fig 4.13a. A series of seven distributed embedded sensor

gauges (DTM) at angles -30°, -15°, 0°, 15°, 30°, 45°, 60° with respect to the free-stream were

placed on the curved leading edge. A Medtherm Schmidt-Boelter total heat flux (THF) gauge

was placed at free-stream angle of 0°, which will be used as a reference measurement [25].

The stagnation point heat flux measured by the Medtherm THF gauge was validated against

several analytical heat flux theories, including CFD-RANS calculations, Fay-Riddell [26]

and empirical formulas [27], thus it is a trusted reference measurement for all conditions.

The smaller footprint and the ability of contouring the top profile of the embedded gauges

(DTM) allows for measurements at different locations on the curved leading edge. This

research investigates only the heat flux at the stagnation point. A series of direct-potted

38
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surface temperature gauges were also placed on the article to investigate/compare the present

work against the one-dimensional approximation, i.e., Cook-Felderman [2] formula. These

measurements are only described briefly in the present work, because the high-level of noise

and the large error compared to the DTM measurements makes them of limited scientific

interest.

All sensors within the DTM gauge were oven-calibrated prior to testing. For external data

collection, the oven temperature is read with a standard Type-T thermocouple, with an

average uncertainty of �0.73�F. Sensor responses were recorded at oven temperatures of

70�F and from 150�F to 350�F in 50�F intervals. The sensor response was recorded and

fitted with a quadratic curve. Curve fit errors were determined using the standard error

of estimate [28, ch.8]. All uncertainties are within 95% confidence and are assumed to be

uniformly distributed. The average uncertainty across all the sensors was calculated to be

0.30%.

Sample experimental temperatures time traces are shown in Fig 5.1 at the stagnation point

of the wedge with zero angle of attack. The two representative sensors are labeled with the

letter TS. In this experiment the sensor location were at a depth of 3.175 mm (0.125 in)

for TS1 and 6.35 mm (0.250 in) for TS2. A total of six sensors per gauge were used in

the experiments. The sensors are placed in thin epoxy channels as shown in Fig 4.13b and

attached to the core material with a thin layer of glue of thickness � less than 0:5 mil. A

staggered scheme with sensor depths shown in Fig 4.13c was used for the DTM gauges.

Different wedge and core materials were used in the experiments to induce lateral heat flux

as a result of the thermal conductivity mismatch. The present research focuses on four run

conditions described in table 5.1 which were all performed at zero angle of attack. This subset

of the test data was also chosen in order to obtain different signal responses by changing the

core thermal conductivity. The Rigid 10K core case investigates the ability of the estimation
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Figure 5.1: Temperature traces for different wedge and gauge materials.

approach to determine heat flux with weak signals, as those anticipated in high-temperature

tests where the sensors must be thermally insulated from the hot gas.

Table 5.1: Run Conditions for algorithm validation

Run ID Wedge Gauge Re

101 Aluminum Aluminum 3 � 106

104 Stainless Steel Stainless Steel 3 � 106

111 Aluminum Stainless Steel 3 � 106

118 Stainless Steel Rigid 10K 3 � 106

The thermal properties of the gauge and wedge are summarized in table 5.2. The epoxy
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material was produced by Aremco and used to electrically insulate the sensor. The thermal

conductivity of all materials was analyzed at Ahmic Aerospace using a proprietary mea-

surement apparatus based on laser flash analysis [29]. The accuracy of this method was

estimated to be approximately 5% for thermal conductivity and diffusivity analyses [30].

The gauge geometry is input in the reconstruction algorithm as a CAD file and an auto-

mated meshing tool (Trimesh) is used to decompose the geometry in tetrahedra, for which

the integrals described in the sections below can be evaluated analytically using a mapping

transformation. Because of the ill-posedness of the inverse problem at high frequency, nu-

merical approximations of the integrals lead to a poor conditioned system and to large error

in the heat flux.

Table 5.2: Material Properties

Property Al 6061 SS 316 Epoxy Rigid 10K Glue

k (W/mK) 167.0 16.3 1.16 0.54 0.15

cp(J/kgK) 896 500 1220 990 1260

� (kg/m ) 2700 8000 1740 1700 1130

� (mm /s) 69 4.1 0.55 0.32 0.11



The focus of the validation effort has been on four wind-tunnel experiments previously

summarized in table 5.1. Reconstructions results were obtained using Legendre polynomials

of order (Hx = 3; Hy = 3; Hz = 6) in the Cartesian directions x; y; z for the Green’s function

of each of the seven regions of Fig 4.13b. The total number of modes included in Galerkin’s

method is N = 7�112 = 784. A comparison of the heat flux reconstructions with polynomial

orders (3; 3; 6) and (2; 2; 5) is shown in Fig 6.1 for a not regularized reconstruction of run

111 with one boundary only. The single boundary solution avoid the use of many lateral

splines needed to model the lateral heat flux supported by the material mismatch and the

regularization error that does not converge spectrally with an increase in the number of

modes. Heat flux reconstructions were carried out using B-splines bases with nt = 30,

n1 = 1, n2 = 4 and n� = 1. The number of features must be smaller than the number

of samples. Because N is, typically, very large, a large number of coefficients can be used

theoretically. Nonetheless the model estimation is very ill-posed unless both nt < Nt and

nc � n�(n1 +n2) < N occur simultaneously. Our initial choice was motivated by the limited

number of sensors for this particular gauge N = 6, all at the same radial location and

with two different z locations. For such a gauge layout, with two effectively distinct sensor

locations, a maximum of 2 spatial splines n1 +n2 � 2 can be obtained without regularization.

Regularization can resolve systems that are spatially under determined but spatio-temporally

determined [31] due to the large size of the time sequences for each sensor N � nt.

42
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Figure 6.1: Convergence of normal heat flux component versus the number of polynomials
used to represent the Green’s function.

Cases 118 and 111 feature mismatched materials for the wedge and the gauge. The large

difference in material thermal conductivity supports a lateral heat flux that must be ac-

counted for in order to properly reproduce heat flux values. In order to visualize the lateral

heat flux, a simulation of linear heating with Q = 100 kW/m and duration of 30 seconds

on an article composed by two concentric cylinders of SS316 (inner) and AL 6061 (outer)

is performed. A surface plot of the temperature difference (T � T0; K) is shown in Fig 6.2

where the spatial coordinates are in the radial and axial directions. The green domain is

the Aluminum and the yellow is SS316. The slope of the isothermal lines at the interface

between the two material is proportional to the lateral heat flux. A thin region of lateral heat
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flux is formed at the interface between the two materials. Since it is not possible to simulate

the full geometry of the wedge, the reconstruction algorithm treats this multimaterial con-

tribution as an external heat flux that must be evaluated by the optimization procedure of

the least squares reconstruction. The wall-normal and lateral heat flux maps evaluated via

Figure 6.2: FEM simulation of linear heating in a multimaterial cylinder with linear heating:
temperature difference (T � T0; K) at four times.

reconstruction of the two cases are shown in Fig 6.3. The lateral map in the left colorplot

is plotted in the r � z coordinates. The figure shows that thin region of negative lateral

heat transfer k @T
@r

< 0 is predicted by the reconstruction, indicating that energy leaves the

system. A much stronger lateral contribution is obtained in the 118 case. We also notice

that in this case the lateral heat flux response is delayed with respect to the test start time,

which is due to the slow thermal response of the Rigid 10K material. For a given set of sensor
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Figure 6.3: Space-time maps of the heat flux for the mismatched cases.
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temperature measurements, a negative lateral heat transfer is conducive of a larger normal

component. The effect of lateral transfer on the match between the normal reconstruction

and the reference gauge is shown in Fig 6.4, which compares the one and two boundary

reconstructions. The lateral component accounts for approximately 31 % of the heat flux for

run 111 and a much larger percentage for run 118. It is therefore a significant component

that must be accounted for when using mismatched materials in heat transfer gauges. This

includes the usage of insulating layers to enforce a one-dimensional heat flux. The main dis-

agreement between reconstruction and reference gauge is at the peak heat flux, which is due

to the unsteady boundary layer formation during wind tunnel startup, when the boundary

layer thickness is very small. The resolution of the startup heating is particularly inaccurate

for the 118 run because the ratio in thermal conductivity between wedge and gauge is larger,

and thus the lateral heat flux has a shorter length scale.

Figure 6.4: Comparison of heat flux reconstruction results on the normal surface using a
1-boundary and 2-boundary method for mismatched cases against heat flux measured using
a Medtherm Schmidt-Boelter style gauge.
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We turn now our attention to the two matched material test cases, runs 101 and 104 (cf.

table 5.1). The novel gauge design is an improvement with respect to previous gauges such

as those we analyzed in Ref [22] because the sensors are mounted parallel to the direction

of the normal heat flux, and thus they are less affected by thermal resistances due to the

glue layers used to secure the sensors to the core of the gauge. An analysis of the effect of

the glue layer thickness on the reconstructed heat flux is shown in Fig 6.5, that uses 101

and 104 as validation test cases. Here � is the thickness of the glue layer in thousandth of

an inch (mil). The thermal conductivity of the glue was set equal to 0:151 W/mK based on

experimental testing conducted during the present research. Glue layer thinner than 0.5 mils

were measured during manufacturing quality assessment. The gauge measurement is very

weakly affected by the glue layer differently from gauges with surface mounted sensors [22]:

the peak heat flux is affected while the plateau is virtually unchanged. The aluminum gauge

(101) is more strongly affected than the stainless steel counterpart. Case 101 features also

the worst agreement among the four cases analyzed in this research. Further analysis on the

case shows that a simple one dimensional infinite solid approximation performs well, while,

at the same time, performing poorly for the other cases. Based on this analysis, it is clear

that case 101 is affected by thermal losses at the bottom boundary, which are not accounted

for in the present model.
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Figure 6.5: Effect of glue layer thickness on the reconstruction of the two matched-material
cases. � is the glue layer thickness in mils. Compared against heat flux measured using a
Medtherm Schmidt-Boelter style gauge.

The verification section has shown that the new least squares procedure is able to determine

the multimaterial Green’s function and solve for the interface heat flux accurately. That

contribution is analyzed in more details in this section using the matched-material cases

as validation. A comparison between the reconstruction of Run 104 and 101 with and

without intergauge contributions (i.e., those due to the epoxy-metal cuts) is shown in Fig

6.6. This analysis shows that the interface heat flux due to the material mismatch accounts

for approximately 20% of the total heat flux. This figure of merit is constant for the other

two validation cases (111 and 118). Fig 6.6 also shows that the enforcement of causality

in the multi-cuts connection conditions leads to a small but consistent improvement of the

heat flux estimation. For the geometry under consideration the multi-material approach

reconstructs a set of six lateral heat flux maps, one per epoxy channel, which are all coupled
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Figure 6.6: Effect of multi-material cuts on the reconstruction of matched cases. Compared
against heat flux measured using a Medtherm Schmidt-Boelter style gauge.

together by the reconstruction algorithm. The heat transfer rate varies weakly along the

interface; its value is shown in Fig 6.7 in mapped coordinates over the surface of one cut

and at various instants in the heating of the article. The multi-material heat transfer rate

develops immediately after the peak heating and is fairly constant over time. The heat

transfer rate is maximum at the surface and gradually decreases moving toward the depth

of the gauge because this contribution is due to the mismatch between the two materials

which creates a gradient of temperature pointing towards the low thermal conductivity epoxy

sub-region.

The effect of including multiple embedded sensors on the reconstruction is demonstrated

in Fig 6.8, where the three-dimensional reconstructions are compared to the one-dimensional

(green) analogs evaluated with the exact Green’s function for a semi-infinite uniform ma-

terial and using information from the top (closest to the boundary layer) sensor only. The
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Figure 6.7: Multimaterial heat transfer rate at the material interface for one channel of case
104.

convolution integrals of the one-dimensional Green’s function and the heat flux is performed

analytically, thus the only numerical approximation is the expansions of the heat flux in a

B-spline basis of order dt = 3. The thermal field reconstructions are compared to the ref-

erence Medtherm measurements. The main take-away from this investigation is that using

multiple embedded sensors is important to resolve peak heat-fluxes occurring during the

establishment of the boundary-layer. The mismatched conditions are particularly affected

by the error in the one-dimensional approximation.
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