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Slotted waveguides embedded in aircraft skin panels may not support a buckling load without failure in the copper
waveguide due to stress concentrations created by the corners of the slots. To create designs strong enough to avoid
compressive failure before buckling instability, an initial offset in the copper waveguide may be added so that the
supporting skin cover and backplane take additional load to prevent failure at the waveguide slot corners. A structural
model is developed to include a gap in the eigenvalue analysis through a prestress term, and subsequently to account for
the gap in an optimization procedure. Additionally, a curve fit is used to account for local buckling modes that reduce the
plate buckling mode of the final panel design. These factors combine to allow for a low-fidelity model to account for the
gap and local buckling without the need for a high-fidelity model using plate or contact modeling. This low-fidelity model
is then run through an optimizer, producing designs that are stronger and/or lighter for a fraction of the computational

cost of prior high-fidelity models.

Nomenclature
A = area
dy = slotwidth
d; = slot centerline offset
ds = waveguide height
E = Young’s modulus
G = shear modulus
K, = concentration factor
P, = critical buckling load
Py, = axial load before gap closure

r = fillet radius

s = nearest slot corner distance

t, = thickness of material/location X
u = axial displacement

w = transverse displacement

o = copper end offset

&, = strain of type x

vy, = Poisson’s ratio

stress of type x

I. Introduction

HEN a structure is composed of multiple materials, the differ-

ing material properties often lead to different limiting stress
values for each material. As a result, structures may see certain
materials fail before others due to the uneven loading and the varying
stiffness and strength properties for each material. One type of
structure that suffers from this is the structurally embedded load-
bearing slotted waveguide [1]. These so-called slotted waveguide
antenna stiffened structures (SWASSs) [2,3] are aimed at integrating
the waveguides used by weather radars, communications antennas,
and similar systems into the skin of the aircraft itself in a load-bearing
capacity to reduce the overall mass of the aircraft. Because antennas
are typically not intended to support loading, they are surrounded by
stronger materials to shoulder portions of the loads and prevent them
from buckling or deforming in ways that compromise their electro-
magnetic performance. Brooks and Canfield [1] showed that a load-
bearing copper waveguide could not withstand the compressive loads
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before buckling instability of the structure, despite the presence of
additional supporting material. The SWASSs being analyzed here are
based upon the fourth proposed design shown by Kim et al. [2] for an
aircraft skin panel, which was composed of a metallic inner wave-
guide surrounded by a fiberglass sleeve, a fiberglass skin outer mold
line (OML), and graphite epoxy skin of the aircraft panel inner mold
line IML) as in Fig. la.

Each material has its own independent thickness shown in Fig. 1b,
whereas the slot dimensions themselves use the same nomenclature
as depicted in Fig. lc. Each of these individual waveguides is
wrapped in fiberglass before they are combined into a larger panel,
as shown in Fig. la, with the total number dictated by the desired
radiation pattern/strength and the space between wing spars

Copper’s high stiffness value results in it shouldering a sizable
portion of the load, but the low yield stress m that it fails well
before the supporting graphite—epoxy IML skir fiberglass sleeve
and outer skin. To alleviate this issue, one solution is to implement an
initial gap between the copper waveguide and the end of the support-
ing materials as in Fig. 2. A gap is created by sliding the copper
waveguide tube into the fiberglass wrap so that the copper tube slides
freely. This allows the fiberglass wrap and composite skins to absorb
loading as they deform until the copper encounters the loading sur-
face so that it does not fail prematurely.

However, the modeling of the initial gap leads to issues when
analyzing the structure’s buckling characteristics because the copper
waveguide is free to slide within the supporting materials. The
standard eigenvalue finite element analysis relies upon a set of nodes
placed along the structure’s length; but, because the copper does not
experience initial loading before the gap’s closing, it does not com-
press axially with these initial nodes. However, the copper does resist
the transverse deflection, and thus cannot be ignored before the gap’s
closing.

The approach described here accounts for the initial gap in the
eigenvalue analysis, thereby allowing low-fidelity models to properly
model the gap’s impact without the need for computationally expen-
sive contact modeling for use within an optimization procedure.

The low-fidelity model replaces the several thousand elements
required for the higher-fidelity model with a series of two element
types: those with slots and those without, as shown in Fig. 3b, with
nodes placed at the ends of each slot shown as black dots. Each node
ensures displacement and rotation are continuous between elements,
whereas the nodes beyond the ends of the first and last waveguides
pinned in. Three-dimensional (3-D) models of both individual wave-
guides and full panels are pinned along their outer edges, as shown in
Fig. 4. The transverse location of these edges is determined by the
location of the beam axis used in the corresponding one-dimensional
(1-D) models, which will be detailed further in Sec. III. The stress
concentrations created by the slot corners are accounted for using a fit
developed by Brooks and Canfield [1], whereas the need for contact
modeling is eliminated by the update in the eigenanalysis detailed in
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OML without slots
(fiberglass)

Core tube wrap without
slots (fiberglass)

Solts cut in
metallic surface

IML (CFRP)

a)

Fig.1 V' _zuide conceptand components. The SWASS panel is composed of the inner metallic waveguide, the fiberglass sleeve and outer mold line, and
the CFRI in1 2r mold line, with the material thicknesses and waveguide dimensions specified by its target function.

Waveguide

Fig.2 Offset proposal. The supporting material will extend a distance é beyond one end of the waveguide insert.
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Fig. 3 Model fidelities: a) finer mesh requiring remeshing every time
parameters are changed, and b) coarse 1-D mesh (black dots are nodes)
that can be easily updated within an optimization routine.

Simply Supported Edge

Fig.4 Simply supported edge conditions. Plate models are constrained
on their outer edges along a plane corresponding to the transverse
location of the beam axis.

the following. In this analysis, the nodal points on the supporting
materials are chosen based upon the gap length and the initial stress
required to close the gap. Doing so ensures that these initial nodes
align with the corresponding nodes on the previously unloaded
copper waveguide when the gap is closed. Using this choice of nodes
allows for consistent postgap displacement among all materials,
whereas the pregap displacements are still accounted for.

II. Gap Modeling Using Prestress Terms

Due to the presence of the offset, the standard eigenvalue problem
must be updated to account for the change in stiffness that occurs

when the gap is closed. Just as in the standard eigenvalue problem, the
total potential energy may be used to formulate the eigenanalysis:

n=uv+vVv (1)

The main difference stems from the change to the strain energy U that
now includes additional terms for initial strains g, or initial stresses
0y, although they typically would not be used at the same time [4]:

U= /(% {G}T[E]{é‘} - {e}T[E]{gO} + {€}T{60}) dv @)

based upon the relationship
{o} = [E]({e} — {eo}) + {00} (©)

This method will account for the gap by using either the initial strain
term to account for the displacement needed to close the gap due to
an axial load and shorten it to the same length as the copper wave-
guide within, or by using the initial stress term to represent the load
needed to close the gap. Similar methods have been used for
analyzing the eigenfrequencies of structures under follower load-
ing, as in the work of Goyal and Kapania, but these looked at their
effects on eigenfrequency analysis rather than eigenvalue buckling
analyses [3].

In Eq. (1), V corresponds to the potential of the applied axial load,
which is equal to the applied load multiplied by the distance by which
the beam is shortened [6]:

L
V=P/e”m @)
0

For both strain energy and applied load potential terms, the axial
strain for a beam can be expanded as [7]

e B du+1 dw 2+1 du2+ d*w
R R P 2 \dx a2
(5)
where €,, corresponds to the strain of the nodal/midplane, and «,,

corresponds to the curvature. Substituting Eqgs. (2), (4), and (5) into
Eq. (1) and assuming only the axial strains are substantial,


Joseph Brooks
Sticky Note
CFRP can be expanded into "Carbon Fiber Reinforced Polymer (CFRP)"


BROOKS AND CANFIELD 3

I = /(% [E](e,)* — [Elereq + exao) dv + P/L excdx  (6)
0

Although the offset distance is dictated as a design variable in the
larger optimization procedure, the term used is dictated by the
analysis method employed. For an eigenvalue problem, the initial
stress term is used to account for the closed gap: after which, the
displacements in the sleeve and copper waveguide are the same.
Alternatively, the initial strain term can be used for a two-step load-
displacement analysis as a validation case.

The eigenvalue problem may be formulated by setting the first
variation of Eq. (6) to zero. Focusing on the total strain energy
term and distinguishing between the postgap strain ¢, and the initial
strain &,

1 1
sU = / (EEéeceC +5 Eecdec + Eéeceo) dV = 58U, + 8U, (7)

Expanding Eq. (7) in terms of the relationship within Eq. (5) and
consolidating like terms [8],

du\ déu d2w\ déu du\ d*éw
= EA EO|— )|— + EQ| — | ——
o A [ (dx) ax Q(de) ax t Q(dx) e

d*w\ d*sw déu dug d*sw duy
Ell — EA— E —
+ (dxz) dx? + dx dx Q dx* dx
déu d*w d*w d’w
+E EI d 8
Cuc e T e | ®

e 3 ()
0 2 \ dx 2 \dx dx
e (o) ()
dx dx dx 2\dx) dx) dx
oozt () ()
dx dx dx dx ) dx
du dou du dou
+2(d))dx+EQ( )dxdx

wee(s () +3(5) ) @

() )
et )
o) ()
ol ) o))

d Wy 1/(d Ug 2 d25w
EQ\=|— —|— d
+ Q(Z(dx) +2(dx) a® | ©
where 5U, corresponds to the higher-order terms that are neglected in

the analysis. In each of these terms, Q corresponds to the first area
moment of inertia:

EQ = /Esz (10)

In a homogeneous structure, Q would be equal to zero when taken
about the structure’s centroidal axis. However, for structures com-
posed of multiple materials, these values become nonzero and are

proportional to the areas of each kth material multiplied by its
distance above or below the global centroidal axis:

EQ=/Esz=[E(zk+zo)dAzzoA 11

Returning to the potential of the applied compressive load P from
Eq. (4), inserting Eq. (5) updates the equation such that [6]

L Lidu 1(du\? 1 /[(dw)?
V="p x=P | [Z=+2(Z) +2(5=) Jax 2
A Eux A (dx+2(dx) +2(dx) ) (12)
In an inextensible beam, the neutral axis is assumed to be a constant
length, and therefore all du/dx terms are zero, leaving only the term
corresponding to the end shortening due to transverse deflection as

the structure buckles. Looking next at the first variation, as was done
with the strain energy, the equation becomes

L(déu dudbu dw doéw
=P —_— 1
ov A(dx+dxdx+dxd )dx (13)
Substituting Egs. (8) and (13) back into the first variation of Eq. (1)
results in [8]

du\ déu 2w\ déu
O[T =0 = EA EQ(— ) —
g 0 A |: (dx) ax ' Q(d 2) dx

d*sw dw\ d*sw
+ Q( x) dx? +E1(dx) dx?
+EA@%+EQd25wduo £ 4"
dx dx dx? dx dx dx?
d*sw dzwo (d du déu  dw d&w)]dx
dx? dx ' dx dx = dx dx

+ 68U, + 8V° (14)

déu d Wy

+ EI

where

_Z(kak + 6:My) 15)
k=1

for k = 1 to n nodes.

With the formulation complete, and neglecting higher-order terms,
the equation can next be discretized in accordance with the finite
element method. The exact nature of the representative equations for
axial and transverse displacements will vary, depending upon which
beam elements are employed, such as Euler-Bernoulli beam ele-
ments or Timoshenko beam elements. In both cases, the equations
used will be composed of some combination of both linear shape
functions and the Hermite cubic shape functions, with the former
being used for axial deformation.

For a Timoshenko beam element, an additional constraint equation
is added, relating the rotation € to both the derivative of the transverse
displacement w and the shear rotation y [9]:

=04y (16)

This updates the transverse displacement w so that it can be divided
into a portion due to bending w;, and a portion due to shear w,, with
the latter only dependent upon the shear load V:

w = w;, + wy (17)
dw,
Ys — xGAy (18)
dx
where
_ -V
V= Ga
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Rather than the standard Hermite cubic shape functions, the shape
functions used for these Timoshenko elements are found in the work
of Przemieniecki [10]. Nevertheless, for either element type, an issue
between the original, undeformed element lengths L, and the short-
ened element lengths L that are present after initial strain gy. As a
result, two sets of nodal displacements exist in the finite element
analysis of this model: those for before any load was applied, and
those for after the initial strain is reached.

Discretizing in accordance with either element type and integrat-
ing over the initial length L, the initial displacements can be
represented by

U Py
Wig Fio
0 M
Koy b= " (19)
U0 =Py
W Faq
00 My

where K, corresponds to the initial stiffness matrix; and P, F', and M
correspond to the axial force, shear force, and moment at each end of
the element before the gap’s closing, respectively. Discretizing
Eq. (14) and integrating across each element’s now shortened length
result in the following nodal form of the equation:

where K corresponds to the element stiffness matrix, and N corre-
sponds to the geometric stiffness matrix. Using the relationship in
Eq. (19), Eq. (20) can then be updated to

uj Uy P

wy Wig F,

0, 010 M,

([K]+ PIN)) + | [Kol -

Uy Uz -P

Wy Wao F,

0, 00 M,
u PO P
wy Fio F,
0, Mo M,

= ([K] + P[N)) + - =0 (21

Uy —P() -P
wy Fy Fy
0, My M,

Using the identities outlined within the work of Przemieniecki [10],
the K and N matrices become

[K]=
up IZ500) up P E 0 @ _@ 0 _@
L L L L
wy Wig wy F
) ) ; p 0 12E1 6EI 12E1 6EI
(K] u' +[Ko) M'O + P[N] u‘ - [') L(1+0,) L*(1+®) L(1+@,) L(1+9)
2 20 2 -

- EQ 6EI (4+®)El _EQ 6EI  (2-®,)EI
w2 W20 w2 2 L L(1+®,) L(1+®,) L L[X1+®,) L1+,
0 0 0 M

g 20 g : EA 0 EQ  EA 0 EQ
Uy U1 p L T L T
wi Wio Fi 12E1 6EI o 12E1 6EI
0 0 M TL3(1+0,) LX(1+,) L31+®,) L}(1+9,)
=(K]+PINDY bk T =1 T =0 o)
z 20 -P EQ  6El  (Q-®)El EQ 6EI  (4+®,)EI
w, Wao F, L 12(1+®,) L(+®,) L L[X(1+®,) L(1+®,) |
0, 02 M, (22)
- .
- 0 0 _L 0 0
L L
0 (5 + (1+11>v)2> 1 0 - (5 + (1+11>v)2) 1
5L 10(1 + @,)? 5L 10(1 + @,)?
1 L. 3 0 1 L2 + 10D + 502)
101+ ®,)2 60 (1+@,)? 10(1 + @,)> 60(1 + @,)>
[N] = ! | (23)
- 0 0 - 0 0
L L
1 1
0 - (5 + (1+<1>>\.)2) _ 1 (5 + (1+<1>x)2) _ 1
5L 10(1 + @,)2 5L 10(1 + ®,)>
1 L2 + 10D + 502) 1 L 5 3
10(1 + @,)? 60(1 + ®@,)? 10(1 + ®,)> 60 (14 @,)?
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where

12E1

* T kGA,L? (24)
As stated earlier, if the beam is homogeneous, then the EQ terms
would go to zero due to symmetry, and the matrix in Eq. (22) would
reduce to the standard form shown in the work of Przemieniecki
[10]. Additionally, if the materials’ shear stiffnesses are increased to
near infinity, then ®; would reduce to zero and both matrices would
further reduce to their Euler-Bernoulli forms.

III. Single Waveguide Implementation

For the foregoing revised eigenvalue problem, an example wave-
guide [3] was generated to test the procedure against a load-
displacement analysis. The cross-sectional areas that were used to
calculated cross-sectional properties for the 1-D finite element model
(FEM) are shown in Fig. 5, with Fig. 5a denoting the unslotted cross
section and Fig. 5b denoting the slotted cross section.

Each material has its own independent thickness, as denoted in
Table 1, alongside the dimensions corresponding to the waveguide
itself (d1—dg). The copper thickness is divided between the top slotted
surface 7, and the unslotted sidewalls and bottom ¢.,. The fiberglass
thicknesses are separated between the sleeve around the copper
waveguide 7, and the outer mold line #,; but, due to the unaligned
nature of the fiberglass fibers, there are no internal ply thicknesses.
The graphite—epoxy composite used for the IML, however, is divided
between the thicknesses of the 0 deg plies #,,, the 45 deg plies 7,45,
and the 90 deg plies 7,,. The lower limits of each ply thickness
are based upon manufacturable minimum gauge thickness, but the
optimization process discussed later heavily favors the 0 deg plies
in all designs using a [0, 90]; or [0 +45 —45 90]; layup, eliminating
the need to round thicknesses to integers of this minimum ply
thickness.

Due to the electromagnetic requirements, the copper waveguide’s
thicknesses are defined outward from the inner chamber, for which
the width is defined by ds and the height by dg. With the basic
waveguide shape created, the slots are then cut into the upper surface
based upon how many are required for a given design. Every slot
starts as a rectangle with a width of d; and a length of d,. Each slot is
offset from the centerline of the waveguide by distance d5 and from
each successive slot by d,. For the low-fidelity models, the length-
wise location for each node corresponds to the ends of each slot,
dividing it between two types of elements: those with a slot and those
without, as shown in Fig. 5. Within Fig. 5, green corresponds to the
graphite epoxy, orange corresponds to S-glass fiberglass, and brown
corresponds to the copper waveguide itself, with each one’s relevant
material properties shown in Table 2. Copper [11] has a higher
stiffness as compared to that of the unaligned S-glass fiberglass listed
by AZO materials [12], and it is much denser and slightly weaker than
the unidirectional T300/5208 graphite—epoxy [13] laminates used for
the supporting IML.

Unslotted Centroid

a)

b)

Table1 Variable nomenclature: waveguide design variables
Bounds
Lower, Upper,
Dimension Representative mm mm
Waveguide dimensions
Slot width dl 1 3
Slot length a2 PR I
Slot offset (midslot to midline) d3 2 7
Slot spacing d4 —_ _
Waveguide inner width ds —_— —_—
Waveguide inner height d6 8 12
Waveguide length L —_ _
Slot corner fillet radius r 0.0833 1.5
Material thicknesses
Copper thickness (slotted surface) t. 0.125 2
Copper thickness (unslotted [ 0.125 2
surface)
Fiberglass thickness ty 0.125 2
Outer-mold-line thickness Ifo 0.125 2
Graphite—epoxy thickness (0 deg) Toq 0.1 0.95
Graphite—epoxy thickness (45 deg) Laas 0.0325 0.95
Graphite—epoxy thickness (90 deg) Ton 0.0325 0.95
Table 2 Material properties
Young’s modulus, Density,
GPa Poisson’s ratio kg/m?
Copper (C26000) 110 0.35 8960
Fiberglass 89 0.22 2490
Graphite—epoxy Axial: 132.38 vy orvyz: 0.24 1800
(T300/5208) Transverse: 10.76 V531 0.49

The 1-D model is placed under a compressive axial load while
pinned at each end and is composed of alternating elements with
either unslotted or slotted cross sections, as shown in Figs. 5a and 5b,
respectively. Although the nodes may be placed anywhere the user
desires, the varying cross sections shown in Fig. 5 indicate that the
transverse location for each element’s modulus weighted centroid y,,,
centroid y,., and center of mass y,, will vary as

2P EA; - Yui
== __ -7 25
o Y EA; @
for i = 1 to n areas:
27 Ai Vi
Ye =Twn s (26)
‘ 21A

di

- ds
Beam Axis 9
t(‘s

Slotted Centroid

Fig.5 Varying cross section. Along the waveguide’s length, the presence of a slot causes the waveguide’s cross section to change, influencing its stiffness,

between a) unslotted cross sections and b) slotted cross sections.
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6 BROOKS AND CANFIELD

for i = 1 to n areas:

Z:?A4i‘ymi
T @7
for i = 1 to n areas.

The beam axis used in the MATLAB models was located halfway
between the modulus weighted centroids for the slotted and unslotted
sections shown in Figs. 5a and 5b. This is due to the presence of the
slot causing the neutral axis to shift down relative to its location in the
unslotted cross section, and so a common beam axis between the two
locations was chosen for the 1-D models to cancel out many of the
nodal moments as the load moves between slotted and unslotted
elements. This beam axis runs along the centerline for larger panels,
which would appear in the center of the middle waveguide for panels
with an odd number of waveguides, as in Fig. 5, whereas panels with
an even number of waveguides would result in the beam axis running
between two individual waveguides. With the beam axis chosen, the
stiffnesses are then calculated about that chosen axis:

El=} E;-(I; + Aid) 28)

for i = 1 to n areas.

In Eq. (28), d; corresponds to the distance between the target axis
and the local centroidal axis for each subarea on the cross section.

Based upon the dimensions for Kim and Canfield’s design 4 [3], a
initial load-displacement analysis shows that the structure should
buckle before copper failure occurs. The blue and green curves in
Fig. 6 become unstable as the transverse deflection increases without
abound as the axial load approaches the critical buckling load, which
is indicated by the dashed blue and green horizontal lines for Euler—
Bernoulli and Timoshenko critical buckling loads, respectively. The
solid magenta horizontal line indicates the load that causes compres-
sive failure by yielding of the unslotted copper. For the slotted copper,
Fig. 6 shows that, well the below the critical buckling load, the copper
will fail due to the stress concentration present at the slot corners, as
indicated by the dotted—dashed horizontal line. Even if the fillet
radius is increased to its maximum value of half the slot width, as
in the analyses in Sec. 1V, failure still occurs before reaching the
buckling load.

In contrast, Fig. 7 shows how implementing an initial offset of only
0.8 mm delays the copper loading long enough to increase the corner
failure load to slightly more than the predicted buckling load when
using Timoshenko beam elements. Now, the corner failure load

x10%
25+
2
z
®
o 1.5
|
°
Q
T
%
< 1f
05 P, Timoshenko - P_. Euler-Bemoulli
Timoshenko Displacement Euler-Bernoulli Displacement
Unslotted Failure Load ~ -~ Corner Failure Load
0 L | | ) | )
0 0.002 0.004 0.006 0.008 0.01 0.012

Transverse Displacement (m)

Fig. 6 Nominal buckling analysis. Buckling occurs before unslotted
copper failure, but local failure at slot corners occurs well before
buckling.

3 7><'IO‘t
25+
— 2
Z
©
I
o
=15
o
Q
a
<
1t
0.5 | PCr Timoshenko - PCr Euler-Bernoulli
Timoshenko Displacement Euler-Bernoulli Displacement
fffff Corner Failure Load
0 L | | ) | )
0 0.002 0.004 0.006 0.008 0.01 0.012

Transverse Displacement (m)

Fig. 7 Gap implementation. Inclusion of an initial gap delays loading
copper, allowing the supporting materials to take most of the load and
prevent local failure by yielding of the copper at the slot corners.

4
45 x10

4+
g 35
©
]
o]
a3+
o
3
%W Fmmmmmmmmmmmmmmmmmmmmmmmmm e oo,
w25
o)
c
/o)
O 2+t

) F’Cr Timoshenko
15+ s S F’Cr Euler-Bernoulli
N R Corner Failure
1 . L . . \ . \ )
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Gap Length (mm)

Fig.8 Critical load vs gap length. As the gap length increases, more and
more of the load is absorbed by the supporting material.

(dashed line) is simultaneous with the slot corner failure (dotted—
dashed line).

Further increase in the offset linearly increases the load at which
copper failure will occur, as shown in Fig. §, but this is limited by the
potential buckling of the supporting material before the gap’s closure,
which is accounted for in the optimization routine described next.

IV. Optimization

The inclusion of the EQ terms to account for nonuniform cross
sections and the gap to prevent premature failure of the copper insert
allows for an optimization procedure to account for them and to
develop designs that do not fail due to stress, leading to designs that
are lighter and/or stronger. Within the optimization procedure, a low-
fidelity model of the designs is subjected to constraints that ensure the
waveguide dimensions are physically feasible, that they meet mini-
mum loading and maximum mass constraints, and that they meet the
necessary electromagnetic performance requirements. Additionally,
the optimization allows for designs to be tested both with and without
the initial gap to show its impact.

Throughout the course of the multiobjective optimization, the two
objectives employed were to minimize the mass and maximize the
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buckling load by using a MATLAB implementation [14] of sequen-
tial quadratic programming [15]. The initia'Poreto front was gen-
erated using the weighted sums method:

min f=n-fi+0-n-f (29)
Pcr()_Pcr
fi=—— (30)
! Pcr()
M =M o0
f — tot tot (3])
g MtotO

where P represents the minimum acceptable buckling load, and
M o represents the maximum acceptable total mass. The fron* as

Ml then filled in through the use of the epsilon-constraint method, *h

chooses of the objectives in Eq. (29) while constraining the other to a
parametrically varying value e:

min f; subjectto f, <€ 32)
min f, subjectto f; <€ (33)

Depending upon the value being optimized, the other is converted
into a constraint where P or Mo in the numerator are replaced by a
target value along the suspected Pareto front based upon the initial
results from weighted sums [16].

In both the epsilon-constraint and weighted sums methods, a
set of 24 nonpositive inequality constraints are imposed: g; <0,
j=1,...,24 forg I given in Tables 3-7. The first nine constraints
in Table 3 are grouped together as geometric constraints because they
ensure the geometry of the waveguide is feasible.

Constraints g through g5 ensure that the waveguide is wider than
itis tall and that the slots do not overlap with one another or with the
edges of the walls of the waveguides themselves. Constraints g¢ and
g7 ensure that any designs created are no worse than the worst
acceptable design; when filling in the Pareto front using epsilon-
constraint method, they will be updated with the target value in place
of My or Py, depending upon which term is being optimized.
Constraint gg ensures that the fillet radius is no larger than half of the

Table 3 Geometric constraints

g1 = dg —ds
& =d +2x(dy +1,)—ds
8 =2xd, —ds
g =dy—d,
85 = d2 + (nslols - 1) >kd4 _Lc

_ Mtol_MlmO
8= My

tot0
g = PcrOP_Pcr
cr0

83 = 5

gy =t, —2mm

Table4 Stress constraints

Ogy — Ogyj
__ e gyield,
810 =
Ogyield,
Oyt — Oy
_ Oa gyield,
gu=—7T—"—"
Ogyield,
O — Ofyield
So=—""""
Ofyield
_ Ocomer — 6cyie1d
83 =" _—~—
o-cyie]d
_ O, — chield
84 =———
o-cyield

Table 5 Gap constraints

5
L —e
815 = L= N =
€er
816 =—6
Table 6 Electromagnetic
constraints
d?l - d3
=—=-0.1
817 s
dy —d3
gig = ——— 0.1

Table 7 Panel constraints

max(ac »O0fs Ug) - (D-bollom dimple)

821 =
max (6., 6y, 0,)
max(o., 67) = (Cside dimple)
822 =
max (o, oy)
__ max(c., 65) — (Giop dimple)
823 =
max(c,.o/)
g3y = Lapvtiea = Prouciae
24 P

applied

slot width, which would result in an overall shortening of the slot and
the ends having no points perpendicular to the slot sides. Finally, gq is
a sizing constraint that, when combined with the bounds in Table 1,
ensures that the inner and outer mold lines have the same maximum
thickness, regardless of ply thicknesses within the IML.

The second set are stress constraintsin Table 4 ensure no material
exceeds its yield criteria before buckling.

Constraints g;o and g;; verify that none of the plies within the
graphite—epoxy fail due to axial stress or transverse stress in their
local coordinate systems. Similarly, constraints g;, and g4 ensure
that the stresses within the fiberglass sleeve, the fiberglass outer mold
line, and the copper waveguide do not exceed their yield stresses,
respectively. However, g3 also ensures that the stress concentrations
at the corners of the slots in the copper waveguide’s upper surface do
not exceed the yield stress for copper either. The aim of g3 is to
ensure local failure does not occur before buckling, thereby prevent-
ing degradation in performance (either structural or electromagnetic)
due to local failure.

The next pair of constraints in Table 5, g5 and g,¢, ensures that the
gap itself is feasible. Constraint g5 ensures that the axial strain
immediately before the supporting material buckles must be greater
than the strain required to close the initial gap. Constraint gi¢
prevents infeasible negative gaps from arising during the optimiza-
tion procedure.

The next set of constraints in Table 6 is aimed at ensuring the
electromagnetic performance of the waveguide. Constraints g7 and
g1s ensure that the centerline spacing d; is within 10% of the
theoretical target value ds,, as calculated in accordance with Mis-
ilmani et al.’s equation 2 [17]. Constraints g9 and g, ensure that the
waveguide wavelength 4, is within 10% of the chosen slot spacing.
The 10% limit is chosen to ensure the slots remain in phase with one
another because shifting the slot locations a few millimeters can
cause the design to resonate with a frequency outside of the design’s
bandwidth. If the slots are no longer in phase, the radiation patterns
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from each slot will not reinforce one another properly and the overall
performance will be degraded.

The final set of four constraints in Table 7 includes those dealing
specifically with the expansion of the single waveguide into a panel of
multiple waveguides together. Expanding the designs into panels
simply supported on all sides introduced a phenomenon known as
dimpling, as illustrated in Fig. 9.

As a result, the constraints in Table 7 were introduced to prevent
this phenomenon, as well as ensure the panel meets its loading
requirements.

Constraints g,;, 27, and g,3 prevent dimpling of the bottom, sides,
and top edges of the panel in accordance with the work of Ley et al.

[18]:
_ 2B (Y
O'dimple - (1 _ l/;) (T) (34)

The equation is formulated in terms of the face sheet’s Young’s
modulus E, Poisson’s ratio v, and thickness ¢, as well as the cell
size 5. Within the waveguide designs, the material values are based
upon the material present on each face, whereas the “cell size” is
based upon the corresponding dimension of the internal void. Look-
ing back at Fig. 5, s is set equal to ds for the top and bottom surfaces,
whereas s is set equal to dg for the sidewalls. These differences in
materials and thicknesses result in the three separate constraints.
Finally, g,4 ensures that the buckling load for a simply supported
panel is greater than the load applied to the X-47B’s wing panel. The
value of the applied panel load P, may be adjusted in this final
constraint to design panels located anywhere along the wingspan, in
accordance with internal loads obtained from a global FEM for the
whole wing structure.

The first iteration of the procedure used weighted sums to attain an
outline of the Pareto front, followed by the epsilon-constraint method
to fill in the gaps between the weighted sums points. The driving

Critical load factor=1.7853E-5 Surface: Total displacement (m) (5]
0.2 m

Yol = X ~ T 0.02

Fig.9 Dimpled panel model. Narrower panels pinned on all sides tended
to see local failure, known as dimpling.

constraints within the optimization procedure were the yield stress of
the copper waveguide at the slot corners, the maximum offset length
of the gap, the centerline slot spacing, and the dimpling of the top
surface. Looking first at the centerline offset, this value contributed to
the s/D term in the approximation for the stress concentration factor
at the slot corners [1]:

d 0.0308 (=025
K, = (—4.262(5) + 4.712) (1 + 5 )(5) (33)

This equation was developed through the use of high-fidelity models
in a prior publication [1], allowing the optimizer’s low-fidelity mod-
els to properly account for the stress concentrations at the slot corners.
To reduce the stress concentration factor, the optimizer would attempt
to increase s/D, but doing so would adversely affect the reflection
coefficient [17] and harm the design’s electromagnetic performance;
s0, the lower mass designs still fell short of the maximum centerline
spacing.

Looking next at the maximum gap offset length, it was closely tied
to the corner stress as well due to its ability to reduce the percentage of
the load the copper experienced before buckling. However, if the gap
was increased too much, the surrounding materials would begin to
buckle before the copper ever came into contact with the loading
surface. The inclusion of the dimpling constraints (implemented after
high-fidelity models showed such failures) made designs without an
initial gap impossible because at least one constraint was always
violated. Removing the dimpling constraints and setting the offset to
zero resulted in the small Pareto front shown in Fig. 10, which is
entirely dominated by the Pareto front for designs with a gap. The
gap drastically increases the buckling load the designs can support
while also decreasing the corresponding mass due to the models
without gaps needing to thicken the copper to prevent failure at the
slot corners.

The designs without a gap also could not satisfy the stress con-
straints without the variable wall thickness of the copper waveguide,
even with the dimpling constraints removed. If all four walls were
required to be the same thickness, no feasible designs were found.
Instead, allowing the slotted surface thickness to vary allowed the
surrounding walls to be thickened, and thus take some of the load
away from the slotted surface and its concentration factors. The impact
of allowing this variable thickness can also be seen in the gap models,
with the variable thickness designs achieving slightly lower masses for
the same buckling load or larger buckling loads for the same mass.
Both were achieved by allowing the optimizer to thicken the slotted
surface without the mass penalty of thickening the other three surfaces.
Allowing the antennas to shoulder a portion of the loading turns them
into multifunctional structures that are stronger than designs in which
the copper remained entirely unloaded, whereas the gap allows the
designs to be much lighter and stronger than the designs loading the
copper from the offset.

16 x10°
14 — g B
=12 goR ™
ko] g%
© L A
3 o ® ¥ Original
o 10 goR & Constant Thicknesses with Gap
= O Variable Thicknesses with Gap
= . + Variable Thicknesses without Gap
S 81 . * Utopia
om
o g E
N [
4+ gca™®"
2 B " -
2 | | | | | |
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Fig.10 Optimized pareto front. The gap allowed for designs with lower masses and/or stronger buckling loads, whereas the front without a gap is entirely

dominated.
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Table 8 Pareto design point
Dimension Value, mm
dl 3.0
d2 15
d3 3.0
d4 19
d5 22.86
d6 12
t, 0.125
tes 0.125
tr 0.5213
tro 1.067
tea 0.6984
Tan 0.0325
Loss 0 ([0, 90], layup)
r 1.5

1.1

Table9 Optimized element and objective values

Unslotted elements Slotted elements

EL N - m? 343.7 340.5
EA, MN 8.832 8.790
kAG, MN 1.408 1.395

Table 10  Pareto optimal
objective values

Objective variables Objective values
P 5291 kN
Mo 0.0738 kg

For the bottom-left edge of Fig. 10’s Pareto front, the designs took
the copper thicknesses to their minimum thickness of 0.125 mm for
all four edges due to copper having the highest density of all three
materials used. Consequently, the gap and thicknesses of the inner
and outer mold layers gradually increased to raise the buckling load.
These designs are the closest to the utopia point due to the wider range
of mass values as compared to the range of buckling loads, with the
one closest to the utopia when all constraints are active having the
values given in Table §. The optimized design thickens the outer mold
line and O deg plies of the graphite—epoxy while also taking the slot
width and fillet radii to their maximum values.

The optimum in Table § results in a buckling load er than the
nominal design while also being significantly lighter. The slots cause
a slight penalty in all three properties shown in Table 9, but the cross-
sectional property values remain relatively similar between the ele-
ments where a slot is present and those that are not within the overall
waveguide.

Due to the length of the Pareto front, the designs can vary greatly
between those that favored a minimized mass versus a maximized
buckling load. The former favored enlarged slots with minimal
copper thickness, whereas the latter favored smaller slots but a thicker
slotted surface thickness to compensate for the increased concen-
tration factor. Additionally, as the thicknesses increased in the sup-
porting materials for the higher buckling load designs, the gaps also
increased in aroughly linear fashion to keep the portion of the load in
the copper from causing local failure at the slot corners.

V. Panel Application

After optimizing a single waveguide, the next step was to combine
multiple waveguides into a panel that can be placed within the skin of

38.2 ft
Proposed Pane!

Location

ooy
'
'
[,

62.1 ft
i § | 38.2 ft |
30.9 ft
(Folded)

Fig. 11 X-47B dimensions and areas. Using the listed dimensions, the
r-equired areas, lengths, and thicknesses could be estimated [19].

a target aircraft, such as Northop Grumman’s X-47B. Although the
exact load distributions are not available, a representative loading
distribution can be created using the aircraft’s publicly available
geometry (shown in Fig. 11) and the maximum gross takeoff weight
(MGTOW) to estimate a wing-root moment of 10 x 10° Ib - in.

Units are left as imperial to be consistent with the publicly avail-
able data from Northrop Grumman. The most restrictive case used for
optimization used the listed MGTOW of 44,000 1b [19], a flight load
factor of three, and a factor of safety of 1.5. Several assumptions were
made when estimating the wing loading, including that the lift would
be generated entirely by the portion of the wings outside of the engine
nacelle, the lift distribution on the inboard section is linear due to its
rapidly narrowing chord length, and elliptical lift on the constant
chord length outboard section. These assumptions resulted in the
moment distribution as a function of spanwise location, shown
in Fig. 12.

To estimate the compressive load experienced by a panel in the
upper skin of the wing, the moment is divided by the corresponding
wing depth at each spanwise location, assuming that the moment is
entirely supported by compressive and tensile loads in the upper and
lower skins, respectively, whereas the shear is entirely supported by
the internal spars. Dividing further by the chord length at each
spanwise location, an estimate for the load per unit chord that any
panel must support is shown in Fig. 13. This shows that, despite the
decreasing moment value, the shortening chord length resulted in a
spike near the hinge where the maximum load per unit span occurs.
The loading was converted from pounds per foot to newtons per
centimeter, but the spanwise location is shown in imperial units to
match with the dimensions given by Northop Grumman.

The underlying rib and spar spacings were unknown, but varying
numbers of waveguides can be combined to form a panel of any
desired width. For the purpose of the optimization, a panel was

Ib-ft

800,000
600,000
400,000

200,000

L L I . bft
5 10 15 20 25

Fig. 12 X-47B moment distribution. The moment decays exponentially
as it approaches the wingtip.
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Skin Load per Unit Chord (N/cm)
6000
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Fig. 13 Load per unit span. The shortening chord lengths result in a
spike near the hinge.

modeled as having 16 slots per waveguide and 12 waveguides per
panel so as to fit into a portion of a panel between two connection
points visible near the trailing edge of the wing in Northrop Grum-
man’s public release [20] and approximated in Fig. 11. Due to the
placement of the cables, it is assumed that 10 ribs are spaced in
roughly 1 ft intervals along the span of the wing’s inboard section.
With this assumption, the panel outlined in Fig. 11 would contain
two waveguide panels split down the centerline by one of the
wing’s ribs.

Models with similar aspect ratios showed that local modes were
prevalent, even when what appeared to be global buckling modes
were seen. As a result, buckling occurs well before the loads pre-
dicted by the beam equations of Timoshenko and Gere [21]. To
account for panel buckling below the buckling load of a single
waveguide beam, a curve was fit to the high-fidelity panel FEM
critical load [Eq. (36)] based upon multiple aspect ratios and cro:
sectional dimensions was plotted alongside the data in Fig. 14:

BROOKS AND CANFIELD

tf l‘” tfﬂ
k=1-0.1524-({—] 403924 - — ) + 03593 - | —
tfo 1, lg

+3.888- (%) —47.74 - (%)) -m~09%51 1 0.8553  (36)

where a /b is the ratio of the panel’s width over its length, and m is the
total waveguides. The panel factor £ can then be multiplied by the
number of waveguides times the buckling load for a single waveguide
from the prior analyses, allowing the 1-D models to now be used
within the optimization of a larger panel. The panel’s right edge is
located roughly 2 ft from the assumed wing root in Fig. 13, requiring
it to support a load of 185.9 N/mm.

Using the same optimization procedure as for the single wave-
guides, a Pareto front of potential designs is developed, with designs
ranging from those with a very low mass and low buckling loads to
designs with a substantially increased buckling load and larger mass,
as shown in Fig. 15.

A line connecting a point near the lower-left end of the Pareto front
marks the point closest to the utopia and shows, just as with the single
waveguide, the large variance in mass leads to the optimum given in
Table 11 favoring a decreased mass over an increased buckling load.
Large slots and small thicknesses decrease the copper mass, whereas
the favoring of graphite—epoxy over fiberglass gives the best strength
to mass increase.

For this design, as with many on the lower-left end of the Pareto
front, the driving constraints are the dimpling constraints that
ensured the fiberglass sleeve and outer-mold-line thicknesses are
thick enough, whereas the graphite—epoxy is thickened to provide
the largest increase in strength for the lowest increase in mass.
Although the properties for an individual waveguide are lower for
the optimized panel design, when compared to their individually

3
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Fig. 14 COMSOL data and curve fits. The curve fit tracks the COMSOL data, following an exponential decay.
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Fig.15 The 12-waveguide panel optimization. The lower half of the front keeps the copper to a minimum by increasing the supporting materials, whereas
the upper half is forced to add back copper to further increase its strength.
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Table 11 Optimized panel
dimensions
Dimension Value, mm
dl 3.0
d2 15
d3 2.424
d4 19
ds 22.86
d6 10.42
t. 0.125
teg 0.125
tr 0.3343
tro 0.4854
toa 0.3599
ton 0.0325
Lgas 0 ([0, 90], layup)
r 1.5
3 0.7506
Table 12  Panel optimized
properties
Unslotted  Slotted
EL kN - m? 1.608 1.581
EA, MN 60.48 59.99
kAG, MN 10.69 10.54

Table 13  Pareto optimal panel design

Objective variables
P
M total

Objective values
253.4 kN
0.7462 kg

optimized counterparts, the panel size ensures that the properties in

Table 12 are still strong enough to meet the load requirements.
Additionally, this design had a predicted panel factor of k =

1.7322 tha' . ien compared against the results from a higher-fidelity

8 COMSOL 1< lel, was only 0.69% less than the COMSOL model’s

panel factor of k = 1.7442. The buckled structure in Fig. 16 shows
the final panel buckles with a global buckling mode, although its load
is slightly less; this is likely due to the inability to properly model the
contact modeling when the gap closes. Instead, a prestress is used to
approximate the load present upon the gap’s closure.

Critical load factor=2.3363E-5 Surface: Total displacement (m)
0.3

z

)'.E___' x

a)

2

11

With a fully optimized design, the panels can withstand the 4.5
load factor required for an X-47B’s flight loads while still fitting into
a panel roughly 1 ft? in size and weighing only about 1.65 Ib.

VL

The presence of stress concentrations at the corners of a wave-
guide’s slots necessitates the inclusion of an initial gap between the
supporting material and the metallic waveguide to ensure local failure
does not occur before the buckling of the whole structure. Through
the use of a prestress term, the gap is accounted for within the
standard eigenvalue analysis, avoiding the need to perform load-
displacement analyses for every design. This is especially useful
when used within a larger design optimization procedure, enabling
the use of an eigenvalue buckling analysis that was impossible
beforehand. The gap’s inclusion allows for drastic increases in buck-
ling load and/or decreases in mass as compared to the designs without
it. To expand the optimization to full panel designs, curve fits were
generated based upon data taken from high-fidelity models. Using
the high-fidelity data, an equation was generated to relate the buck-
ling load of the panel (simply supported on all four sides) to the
buckling load of a single waveguide design. With both the gap, the
stress concentration factor, and the panel approximation included,
the computational load for the optimization was drastically reduced
and the need for both contact and plate modeling eliminated, allowing
for the optimization to simplify the procedure from a high-fidelity 3-
D panel model down to a 1-D beam model that could be rapidly
optimized using a low-fidelity mesh.

Conclusions
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