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The behavior of a three-dimensional, nonrelativistic, quantum mechanical harmonic oscillator is
investigated under the influence of three distinct types of randomly fluctuating potential fields.
Specifically, kinetic (or transport) equations are derived for the corresponding stochastic Wigner equation
(the exact equation of evolution of the phase-space Wigner distribution density function) and the stochastic
Liouville equation (correspondence limit approximation) using two closely related statistical techniques, the
first-order smoothing and the long-time Markovian approximations. Several physically important averaged
observables are calculated in special cases. In the absence of a deterministic inhomogeneous potential field

(randomly perturbed, freely propagating particle), the results reduce to those reported previously by

Besieris and Tappert.

1. INTRODUCTION

In a previous paper,! referred to in the sequel as
Paper I, kinetic equations were derived for the stochas-
tic Wigner equation (the exact equation of evolution of
the phase-space Wigner distribution density function)
and the stochastic Liouville equation (correspondence
limit approximation) associated with the quantized non-
relativistic motion of a particle described by a stochas-
tic Schréodinger equation having a deterministic back-
ground potential field independent of the space and time
coordinates. It is our purpose in this paper to lift the
latter restriction and investigate specifically the be-
havior of a three-dimensional quantum mechanical

harmonic oscillator experiencing a random perturbation.

Consider the stochastic Sehrddinger equation

.y 72

t>1, X&R3, (1.1a)
Ho(x, -inl ta ——fl—2v2+V(x £ (1.1b
op 4 ax7 i - 2”] s 50)5 . )
P(x, ty; o) = iy (X). (1.1c)

Here, the Hamiltonian H,, is a self-adjoint, stochastic
operator depending on a parameter o €A, (A, F, P)
being an underlying probability measure space, In addi-
tion, ¥(x,¢; o), the complex random wavefunction, is an
element of an infinitely dimensional vector space H,
and V(X,{; @) is the potential field which is assumed to
be a real, space- and time-dependent random function.

In the course of this work we shall deal explicitly with
the following three distinct categories of the potential
field:

(i) VX, b a)=zkx’+ VX, £ a), (1, 2a)
(i) VX, ¢ a)=3kx1+6G(; o), (1. 2b)
(iii) V(x,7; a)=3k[x— adH(t; a)], (1. 2¢)

where x = |X{, %k is a positive real constant number, and
& is a fixed vector quantity. The first category corre-
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sponds to a linear harmonic oscillator immersed in a
zero-mean, space- and time-dependent, random poten-
tial field 6V (X, #; ¢); the second one is the case of a
harmonic oscillator whose frequency is modulated by
the zero-mean, time-dependent, random field 3G{¢; a);
finally, the third type of potential is associated with a
harmonic oscillator whose equilibrium position is per-
turbed via the zero-mean, time-dependent, random
function 8H(¢; o), (This is also closely linked to the
Brownian motion arising from a randomly forced
harmonic oscillator, )

The random quantum mechanical harmonic oscillator
problem corresponding to potential fields of types (ii)
and (iii) has already been investigated extensively by
several workers under specific restrictive assumptions
regarding the random processes §G(¢; o) and 8H{¢; o), We
cite here the early treatment of the Brownian motion of
a quantum oscillator by Schwinger, 2 and the quantum
theory of a randomly modulated harmonic oscillator by
Crosignani ef al,® and Mollow. * A more complete ac-
count of the statistical analysis of the quantum mechani-
cal oscillator, with applications to quantum optics, can
be found in the recent review article by Agarwal,®

Besides its generic significance in quantum mechan-
ics, the random harmonic oscillator is of fundamental
importance in other physical areas since it provides a
dynamic model incorporating salient features common
to all of them. For example, Schridinger-like equations
of the form (1.1) and (1. 2) play a significant role in
plane and beam electromagnetic and acoustic wave
propagation. They are usually derived from a scalar
Helmholtz equation within the framework of the
parabolic (or small-angle) approximation. Statistical
analyses of optical wave propagation in randomly per-
turbed lenslike media have been undertaken by
Vorob’ev, ® Papanicolaou ef al, ,” McLaughlin, ¢ Beran
and Whitman, ® and Chow, 1 Along the same vein, start-
ing from a space—time parabolic approximation to the
full wave equation, Besieris and Kohler!! have recently
considered the problem of underwater sound wave prop-
agation in the presence of a randomly perturbed
parabolic sound speed profile.
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It is our intent in this paper to present a unified
stochastic kinetic analysis of the random harmonic
oscillator, which is equally applicable to the three
types of potential field in (1, 2), without imposing physi-
cally unjustifiable restrictions on the random processes
6V, 8G, and 6H. Special emphasis will be placed on the
additional effects contained in our formulation as com-
pared with previously reported results. Finally, it
should be pointed out that although the discussion in this
paper is restricted to the quantum mechanical random
harmonic oscillator, the main results are also applica-
ble to other physical problems by virtue of the state-
ments made in the previous paragraph.

2. THE STOCHASTIC WIGNER DISTRIBUTION
FUNCTION

The phase-space analog of the equal-time, two-point
density function for a pure state,

p(x27 Xy, £ 0)= d)*(xb £ 0)¢(x1, t; Q/),

is provided by the Wigner distribution function which is
defined as follows!?:

f%,p, t; @)= @ui)? [ ;dy explip-y/h)
Xp(X+3y,X- 2y, f; a).

2.1)

(2.2)

This quantity is real, but not necessarily positive
everywhere, It can be shown {(cf. Appendix A; also Ref.
13), in general, that |f(X,p, {; @)l < (#r)™ for any
realization o ¢ A, Provided that f(X,p, {; ¢) is normal-
ized (to unity), this means that the Wigner distribution
function is different from zero in a region of which the
volume in phase space is at least equal to (#7)3, Hence,
f(x,p, ;&) can never be sharply localized in X and p.
This situation is a reflection of the uncertainty
principle,

The total wave energy and wave action are given in
terms of the Wigner distribution function as follows:

(2. 3a)
(2.3b)

E= [ qdx [ sdpH(x,p, t; ) (X, D, ; @),
A= [ gdx [ 3dpfix,p,1; a),

Here, H(X,p,!; @) is the Weyl transform of the operator
H,, and is given explicitly as

HE,D,15.0) = 5o 2+ V&, 0), b= b, (2.4)
The total wave energy is not conserved since the poten-
tial field is assumed to be time dependent, On the other
hand, the total wave action is conserved because of the
self-adjointness of the Hamiltonian operator, a proper-
ty satisfied by the three types of potential fields in
(1.2).

The time evolution of the Wigner distribution function

is governed by the equation

L 1%, b, 1 )= LF (%,p, 55 @), (2. 52)

0
Lfx,p, 5 0) =~ = p. 2 fix,p, 15 0) + (K, b, 15 ),

(2. 5b)

The potential-dependent term on the right-hand side of
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(2. 5b) can be cast into the following three useful
representations:

(i) 6fx,p, t;a)= [ 3dp’ K(X,p- ', {; ¢)f(X,p’, 1; @),
K(x,p,t; o) = @) (2rh)™ [ ;dy exp(ip - y/h)
x(V(x- 2y, 0) - V(x+3y,1; 0)];
(2. 8a)
(i) 6f(x,p, t; @)= (@) @ui)? [ 3dy explip- y/h)
Xp(X+ 2y, X~ 3y,1; @)
x[V(x- iy, 0) - V(x+ 3y, 4 0)l;
(2. 6b)
(iii)

Gf(xy P t; a)= V(x’ 4 a) %

ML _
i3 (55 )50

We shall refer to the exact equation of evolution of
f(x,p,!; a) as the stochastic Wigner equation,

(2. 6¢)

It is seen from (2. 6¢) that in the correspondence limit
(r—0),

of(x,p, 4 a)= a—V(x,t; @) - a—f(x,lo,t; a)+ o).
X ap

2.7

Within the limits of this approximation, we shall refer
to (2.5) as the stochastic Liouville equation.

We shall next list the specific realization of
6f(x,p, {; @) corresponding to the three choices of the
potential field V(x,#; @) in (1.2):

) &x,p,l0)= (kx' ;—p + aixﬁV(x,t;oz))
Xf(x,p,t; o) +O(F®); (2.8a)
ii ey =[x 2 ) L3
(ii) Qf(X,D,l,a)~<kx o + kG a)x ap>
X fix,p,l;0); (2. 8b)
(iii) or(x,p,¢; a)—(kx- 2 —kOH{t; a)a - a_)
Py li0)= p ; p
Xf(x,p, t; @) (2. 8¢c)

It should be noted that the last two expressions for
6f(x,p, t; @) are exact. This is due to the special forms
of the representations for V(x,#; a) in (1.2b) and (1.2c).

3. GENERAL EQUATIONS FOR THE MEAN
WIGNER DISTRIBUTION FUNCTION

The stochastic Wigner distribution function f and the
operator L [cf. Eq. (2.5a)] are next separated into
mean and fluctuating parts:

f(x’pvl; a):E{f(x’pyl; a)}+ 5f(x)p) t; 0!),
L=E{L}+5L.

(3.1a)
(3.1b)

On the basis of the first-order smoothing approxima-
tion, 1"~'° one obtains the following general kinetic equa-
tion for the ensemble average of f:

Besieris, Stasiak, and Tappert 360



(aa_t - E{L})E{ A%, 0,15 @)}

= ft dr E{sL(t) exp[TE{L}]5L(t - )} E{f(x, D,/ - T; &)}

0

(3.2)

In deriving (3.2) it has been assumed that 5f(x,p,0; a)
=0 and that E{L} is independent of the time variable.
[The latter condition is satisfied for the three types of
potential fields prescribed in (1.2)]. This kinetic equa-
tion is uniformly valid in time. The right-hand side of
(3.2) contains generalized operators (nonlocal, with
memory) in phase space.

Various levels of simplification can be obtained by
introducing additional constraints. For example, the
long-time Markovian results in the simpler kinetic
equation

(2 - 5le)) Utx, s 1)
= f wdT E{5L () exp[TE{L}]6L(t - 7)}

[¢]

xexp[- TE{L}1E{f(x,p,; @)} (3.3)

This particular functional form is due to Van Kampen, *°
1t should be pointed out, however, that this expression
is identical to Eq. (3.3) of Paper I. A detailed discus-
sion of the long-time Markovian approximation can be
found in Refs. 20 and 21. Here, we mention simply that
in addition to the usual assumptions entering into the
first-order smoothing approximation (cf. Refs. 17—19),
the derivation of (3.3) presupposes that E{f} vary slow-
ly on the scale of the correlation time of §L.

Having established an expression for the mean Wigner
distribution function by solving either of the above
kinetic equations, physical observables, such as the
average probability density, the average probability
current density, the centroid of a wavepacket, the
spread of a wavepacket, etc., can be found by taking
appropriate phase-space moments (cf. Paper I).

If the mean Wigner distribution function is normalized
to unity, i.e.,

Radx\[ﬂsdpE{f(x;p’t;a)}:1’ (3.4)
the following general relationship holds:
D0 =@ah® fodx [odp [El/x,p, ;)lP< 1. (3.5)

[A proof of (3.5) is outlined in Appendix B. ] Equality
holds if and only if E{f}is a “pure” state. Otherwise,
E{f} is said to represent a “mixed” state, and D (which
we shall call the degvee of cohevence) is less than unity.

4. KINETIC THEORY FOR THE STOCHASTIC
WIGNER EQUATION

The results of the previous section are specialized
here to the stochastic Wigner equation (2.5) correspond-
ing to the potential field given in (1.2a), viz., V(x,¢; o)
=3kx® + 5V(X,t; a). It is convenient to use for this
purpose the representation (2, 6a) for 8A(x,p,!; a).

A. The first-order smoothing approximation

The mean and fluctuating parts of the operator L in
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(2.5) are given explicitly as follows:

1 d 0
. 2 .2 4.1
mp ax+kx ap’ ( )

SL = [,qdp’ 6K(x,p -p',(;a)(*),
SK(X, P, t; @)= (i) {2n)° [ 5 dy explip - y/F)
x[6V(x - 3y,t; a) - 6V(X+3Y,4; 0)].
(4.2Db)

E{L}=-

(4.2a)

Introducing (4.1) and (4.2a) in (3.2), we determine the
following equation for the ensemble average of the
Wigner distribution function within the framework of
the first-order smoothing approximation:

9 1
(at _p aX —kx- )E{f(x py[ o l'_eE{fx P 5 a)}’

(4.3a)
OE{f(x,p,1; @)}
= fot dr fdep’ fR3dp” E{pK(x,p-p’,t; o)
XBK[X cosw,T — (P’ /mw,) Sinw,T, Xm w,Sinw,T
+p” cosw,T -p”,t - 7; aJIE{f [X cosw,T
—(p’/mw,) sinw,T,p", ¢ =T}, (4. 3b)

where w,=(k/m)*/?. In deriving this equation we have
made use of the well -known propagator property

oo (Lo on o) eeo

= g[x cosw,T - (p/mw,) sinw,T, Xmw, sinw,T +p cosw,T].

(4.4)

For the sake of simplicity, we shall assume that
dV(x, t; @) [which enters into (4. 3b) via the defining
equation (4.2b)] is a spatiallv homogeneous, wide-sense
stationary random process, viz.,

Iy, ) =E{sV(X, ;) 6V{x -y, ¢t ~-T; a)}. (4.5)

The correlation function is even in both y and 7. In our

subsequent work we shall require the spectrum [i.e.,

the space —time Fourier transform of Iy, 7)], viz.,
T(p,u) = F{T(y, 7)}. It is related to the space—time

Fourler transform of §V(x, #; @), viz., 6%(p,u)

=F {6V(x,t; @)} in the following manner:

E{6V(p, u) 6V(p’ ')t = 6(p + p' )5l + 0 )B(p, ). (4.6)

It should be noted that T(p,«) is real, nonnegative, and
even in both p and #.

The operator © on the right-hand side of (4.3a) can
now be evaluated explicitly. The resulting kinetic equa-
tion for the mean Wigner distribution function assumes
the following form:

d 1 i
(aﬁ Lo i 2)elrtep, o)

fdp deQx p,p, T)( { [xcoswo‘f-—g(p+p)

X
mwyg

sinw,T, —3(p —P’) + xmw, sinw,T + 2(p +p’)

XCoSw,T, ! —T; a]} —E{f[x coOSw,T ~3(p+p")
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X

oo SinweT, + 3P ~p") +Xmw, sinw,7 +3(p+p’)
0

XCoSw,T,! - T, a] }>,

Q(x,p,p’, )= (207 f dyT(y, )

R3

(4.7a)

X cos‘:y {p-p)/Ht+(p-p")

1
X (x cosw,T — 3(p+p’) o sinwT — x)/ﬁ]
0
(4.7p)

This rather formidable integrodifferential equation con-
stitutes a uniform approximation, valid for any value

of time, from which short and long time limiting cases
can be considered. (The latter will be dealt with in de-
tail in the following subsection.) The right-hand side of
(4.7) contains a generalized operator (nonlocal, with
memory) in phase space due to the presence of random
fluctuations in the potential field, as well as to the in-
teraction of these random inhomogeneities with the de-
terministic profile of the potential field. No special as-
sumptions concerning the scale lengths of the potential
fluctuations have been made in deriving (4,7). The only
condition (which is implicit in the first-order smoothing
approximation) is that the potential fluctuations be suf-
ficiently small. Finally, it should be noted that in the
limit w,—~ 0 (absence of deterministic inhomogeneities),
(4.7) coincides with Eq. (4.5) of Paper I,

B. The long-time Markovian approximation

By imposing additional restrictions, the kinetic equa-
tion (4. 7) can be simplified considerably. The long-
time Markovian approximation [cf. Eq. (3.3)] yields the
following expression:

a 1 2 2 N
(a—[ * }}Ip 12). 4 —kx ap>E{f(x; p”: a)f

— [ @ w2 EL B, 1 o0k - B, 5 0,

R3
(4.8a)
wx,p,p’) = % / dr f‘(p -p,7) cos[(p -p’)- (xcoswo'r
[

’ 1 .
~z(p+p )m% sinw,T —x)ﬁz'],

where f‘(p, T) is the spatial Fourier transform of the
correlation function I{y, 7).

(4.8b)

Equation (4. 8) has the form of a radiation transport
equation, or a Boltzmann equation for waves (quasi-
particles in phase space). The expression for the
transition probability [cf. Eq. (4.8b)]is space-depen-
dent (in contradistinction to the case of a potential field
having a constant deterministic part), and obeys the
principle of detailed balance, viz., W(x,p,p’)
= W{x,p’,p). The latter implies conservation of prob-
ability (total mean action).

The integration over 7 on the right-hand side of
(4. 8b) can be carried out explicitly resulting in the
following more revealing form for the transition
probability:

362 1. Math. Phys,, Vol. 19, No. 2, February 1978

Wx,p,p)= 25 W, (x,p,p'),

n==oo

2 b
W.(x,p,p') = ,ﬁﬂ J, (%) cos (ﬁ: -n g—){cos [n(é + 72—T>]

X f(p -p’, nliw,) — sin[iz (6 + g)]

(4.9a)

f‘,,(p —-p’, nfiw,) }, (4. 9b)
a=1[x-(p-p) P+ [(p*-p)/Cmwy) P2, (4.9c¢)
b=x-(p~-p), (4.94d)
S=tan - 2mwyb/(p? —p'H)]. (4.9e)

dJ, in (4.9b) denotes an ordinary Bessel function of the
nth order, and I(p —p’,n/w,) is the Hilbert transform
of the spectrum I(p —p’,n%w,) with respect to the sec-
ond argument, viz.,

. 1 f* (-, w)
(-, nlw,) = nP _wdww—nh'wo .

The representation of the transition probability W in
(4.9a) as an infinite sum is a manifestation of the dis-
crete nature of the quantum mechanical stochastic
harmonic oscillator, The term W, for example, can
be interpreted as the transition probability of the scat-
tering event that changes the energy of the particle by
an amount equal to n7w,.

(4.10)

If the correlation function I(y, 7) decreases rapidly in
T, so does the spectrum I'(p, ) in #, and its Hilbert
transform T;,(p, #) with respect to its second argument.
Under these conditions, since the Bessel functions and
the sinusoidal terms in (4. 9b) are bounded, it is possi-
ble to approximate the transition probability W in (4. 9a)
by a sum of the first few terms, i.e.,

N

W=7, W

n=-N

s (4.11)
where the integer N can be estimated from our knowl -
edge of the correlation fime of the random process
8V(x, 7 a).

It is clear from (4. 8b) that in the limiting case w,—~0
(stochastically perturbed free particle),

9 e ~ 2 ’2
W(p,p') = = /(: drT(p-p’, 7) cos[r(ﬁ; - %) Pi],
(4.12)

which, upon integration, yields the following expression
for the transition probability,
, 27 2 . pE o p”
Wip,p')= + F<p—p, = om (4.13)
[cf. Eq. (4.7), Paper I|. The same result can be also

obtained from (4. 9) provided that the operations lim, .,
and infinite summation are not interchanged.

We shall close this subsection with the following re-
mark: If the lower limit in the integral on the right-
hand side of (4.8b) were replaced by — (this corre-
sponds to the specification of initial data at /= —~ in-
stead of /=0), the expression for W, in (4.9b) would
be modified as follows:
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123)co( -n3) oslo(o+ )]

W,,(x, p, p’) = —}f—
(4.14)

X f‘(p -p’, nhw,).

The terms in (4. 9b) proportional to the Hilbert trans-
form Tp(p ~p’, nHiw,), which are absent in (4,14), can
be interpreted as representing the effect of “switching
on” the interaction between the random fluctuations of
the potential field and the inhomogeneous deterministic
background at the finite time #=0. In the special case of
a potential field with a constant deterministic part, one
has the relationship

1
WLTMA

to==c0

WLT™A (4. 15)
for the transition probabilities corresponding to initial
data prescribed at {,=0 and {,= -, respectively.
(LTMA is an abbreviation for the term long-time
Markovian approximation. )

C. Kinetic equations in special cases

We shall derive here the explicit form of the kinetic
equation in the long-time Markovian approximation
limit for several special types of the random function
SV(x,/; a).

Case (i): 8V(x,{; @) has d-function correlations in
time,

Let Ty, 7) = ¥(y)6(7). It follows, then, that I'(p,u)
= v(p), where y(p) is the Fourier transform of y(y). The
transport equation (4. 8) specializes in this case to

a KA
(a; ;p - kx- ——)E{fxp,z,a)}

= / dp’ W(p, p' E{f(x,p’, ; a)} - E{/(x,p,; 2)}],
RS
(4.16a)

W(D,P’)=;;—2‘?(p~p’). (4.16b)
The right-hand side of (4.16a), with W given in (4. 16b),
is identical to Eq. (5.1) of Paper L It is, therefore,
due solely to the random fluctuations of the potential
field, The terms in the more general kinetic equation
(4. 8) arising from the interaction of the deterministic
profile and the random fluctuations of the potential field
are completely eliminated in this special case.

The spectrum %(p) is real, nonnegative, and even. As
a consequence, the transition probability W(p,p’) [cf
Eq. (4.16b)] is real, nonnegative, and obeys the
(detailed balance) property W(p,p’)=W(p’,p). The
latter implies conservation of probability (total mean
action). On the strength of the principle of detailed
balance, together with the nonnegativity of the transi-
tion probability, it follows, also, that the degree of
coherence introduced in Sec. 3 is a monotonically de-
creasing function of time, viz., (d/dt)D{{) < 0.2

The scattering rale (also called the extinction coef-
Jicien! or collision frenquency) is defined in general as

P)= [ 3dp’ W(p,p’). (4.17)

In the case under consideration here, the scattering
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rate is independent of p and is given by

1
V:i_i_z '}’(O). (4.18)

Using this result, (4.16) can be rewritten in the follow-

ing form:
9 1 d ?
(5 + 20 s~ 2+ g 1O BB, )
1

= / ap'#(p - p)ELAX, ', ¢ @)}

RS

(4.19)

Starting from the convolution-type integro-differential
equation (4, 19), with the prescribed initial condition
E{f(x,p,0; a)}=f,(x,p), it is possible to determine a
Green’s function G(x,x’,p,p’, ) such that*

E{f(x,p, i )}= [ od® [ dp’ Gx,x',p, 0, t),(X',p").
(4.20)

This is a useful expression because, for specific statis-
tics ¥(y) [or, equivalently, $(p)] and initial data f;(x, p),
physically important averaged observables can be found
directly from (4.20) by taking phase-space moments,
without having to solve first explicitly for the mean
Wigner distribution function. (This procedure is illu-
strated in Appendix C.)

It can be shown by means of the Donsker —Furutsu—
Novikov?®*~2® functional method that for a potential field
fluctuation 6V(x,¢; @) which constitutes a 6-correlated
(in time), homogeneous, wide-sense stationary, Gauss-
ian random process, the kinetic equation (4, 16) for the
mean Wigner distribution function is the exact statisti-
cal equation. (The proof will not be presented here
since it is similar to that given in the Appendix of Paper

1)

Case (ii): 6V(x,#; @) has no time dependence.

Assuming that T'(y, 7)=¥(y), we have f(p,u):?(p)é(u).

The transition probability W becomes

9 -
W(X,P,P'):F}’(p—p')/ d7cos

0

asin(w,7+8)-b
;Z 3

(4.21)

where a, b, and 8 are defined in Eqs. (4.9¢)—(4.9e).

It must be pointed out that the condition for the applica-
bility of the long-time Markovian approximation [i. e.
E{f} should vary slowly on the scale of the correlatlon
time of 6V(x,¢; )] is clearly violated in this case. In
this sense, (4.21) should be considered only as a for-

mal result. Finally, in the limit as w,—~ 0, (4,21) re-
duces to Eq. (5.4) of Paper I, viz.,
, 77 . I)Z P,z
w =27
(p,p")= = Pp-p')0 (Zm 5 )- (4.22)

Case (iii): 6V(x,!; @) has 6-function correlations in
space.

_ Let T'(y, 7)=(2a%)*5(y)¥(7). It follows, then, that
I'(p,u)=7(u), where ?{u) denotes the time Fourier
transform of ¥(7). The mean Wigner distribution func-
tion evolves in time according to (4. 8a), with the
transition probability given by
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0

W(x,p,p')= 2 (4.23a)

W (x,p,p’) = —J (r>cos(; n%){cos [n <6 + %)]
X P(nkiw,) ~ sm[ <6 + 2>]?H(nﬁwo)}.

(4.23Db)

¥4 liw,) stands for the Hilbert transform of the tem-
poral spectrum $(nfiw,) [cf., also, Eq. (4.10)].

W, (x,p,p"),

5. KINETIC THEORY FOR THE STOCHASTIC
LIOUVILLE EQUATION

The results of Sec. 3 will now be specialized to the
stochastic Liouville equation, i.e., Eq. (2.5), with the
specific realizations of 6f(x,p,(; @) given in (2. 8a)—

(2. 8c).

A. V(x, t;o) = 1/2kx? + §V(x, t;00)

The mean part of the operator L in (2.5) is given in

(4.1). On the other hand, the fluctuating part of L as-
sumes the following form,
L= -2 8V(x, 45 @) -~ + O(?) (5.1)
ax e ap ) )

On the basis of the first-order smoothing approximation
only [cf. Eq. (3.2)], one has the kinetic equation

0 1 ¢ g
(a_t +—pr o — kX $>E{f(x,p,t, a)}

:;5 [/ dTE{a—a° V(x,t: a) GV(x' b= fx)}

0

Xaip,E{_f(x’,p’,[—T;a)}], (5.2)
where
%X’ =xcosw,T - (1/mw,)p sinw,7, (5.3a)
P’ =P cosw,T + mw X sinw,T. (5.3Db)
By virtue of the homogeneity and stationarity of the
random function 8V(x,¢; o) (cf. Sec. 4 A),
E{iGV(x,t: a)i, BV(X', 1 ~T; a)}: i T(y, ),
X oxX oy oy
(5.4)
where
y=x-x" =x(1 - cosw,T) + (1/mw,)p sinw,T. (5.5)

Finally, Eq. (5.2) can be written as follows:
<i Lo 2 ik

of mp ax )E{jx P, 4 @)

:%- [f:dr 4dy6<y—x(

2 sinw,7 9 6
X oae 0
( 575y T(y, T)) ( mw, X CosSw,T ap>

1 .
XE(f|Xcosw,T — P sinw,T, peosw,”

+mwXsinw,7,f - T; oz) }]
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)

(5.6)

For random fluctuations which are statistically homo-
geneous, wide-sense stationary, and 6 correlated in
time [I'(y, 7) = ¥(y)8(7)], the time integration on the
right-hand side of (5.6) can be carried out explicitly,
with the result

(a%-+ip 75 ~ kX >E{f(xp,ta)}

m

2 d .
25'[D'$E{f(x5p,t~a)}]y (573,)

82
D= zllm <,‘y 8y (Y)>.

The right-hand side of this transport equation is identi-
cal to that in Eq. (6.2) of Paper I, which was obtained
under the assumption that w,=0. This shows that there
is no interaction between the deterministic potential
field profile and the random variations under the pres-
ently specified statistical properties. It should also be
noted that if, in addition to the prescribed properties,
oV(x,!; o) is a Gaussian process, the kinetic equation
(5. 7) is the exact statistical equation for the mean
Wigner distribution function within the stochastic
Liouville approximation. (The proof of an analogous
statement can be found in the second part of the
Appendix in Paper I,)

(5. Tb)

Equation (5. 7) is a variant of the equation of Kva-
mers.?® A fundamental solution for it can be found by a
method introduced by Wang and Uhlenbeck, ¥ Equation
(5.7) can be also obtained from (4.19) or, equivalently,
from the three-dimensional analog of (Cla) (cf.
Appendix C). If, in the latter, the term ¥(%u) is expand-
ed to order 7%, and an inverse Fourier transform is
performed with respect to variables u and q [cf. Eq.
(C2)], the ensuing transport equation is identical to
(5.7). As a result, the expressions for the first- and
second-order averaged observables listed in Appendix
C remain unchanged. However, third- and higher-order
observables calculated on the basis of (C1) will contain
terms of at least first order in 7%, which will be absent
in the corresponding Liouville approximation.

In the long-time Markovian approximation, (5.2)

simplifies to

212
ETEMS e
a2,
op

—kX- >E{f(x p,f; )}

= (D‘“(x p)- —I—, +D®(x,p) -

)E{fx p,t; o)l

{(5.8)

This is a Fokker —Planck equation in phase space. The
space- and momentum-~dependent dyadic diffusion coef-
ficients are given by

D‘”(x, p) —
o 1 .
f daT fdy é(y - x(1 = cosw,T) - P Smon)
o R3 Wy
82
X ( 3y ay F(y,‘r))coswor, (5. 92)
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D®(x,p)=
) dr dy oy - x(1 —cosw,7) ~ sinw T)
»/(: fe3 y <Y 0 mw, P 0
82 sinweT
X (_ oy oy Ty, T)) mw, (5. 9b)

Equation (5. 8) can be derived by applying the long-
time Markovian approximation directly to the stochastic
Liouville equation. Alternatively, it can be derived
from the transport equation corresponding to the long-
time Markovian approximation of the stochastic Wigner
equation [cf. Eq. (4.8)] under the restriction that
8V (x,{; ) varies slowly in space. This can be done by
following the method used by Landau to derive the
Fokker —Planck equation for a plasma from a Boltzmann
equation (cf. Paper I and Ref. 31).

B. Vix, t;a) = 1/2kx? [1+6G (¢t:a)]

The exact stochastic Wigner equation assumes in this
case the form

2 1 bl i
(a_z + P 3 —kx- 55>f(x,p,t, @)

— kG )X - -a%f(x,p,t;a). (5. 10)

One has, then, in the first-order smoothing
approximation,

2 1 0 0
(5 e oz e 5p) UG

_ 2_3_. I,_a_ r o .
=k o [[d'rl"(f)xx ap,E{f(x P ,t—T,a)}],

(5.11)

where T'(7)= E{6G(t; a)6G(t - T; @)}, and x’,p’ are given
in (5.3). The kinetic equation (5.11) can be rewritten as
follows:

2 1 d 0
(}ﬁ + ;n-P H —kX- %) E{,f(x;p’tv a)}

0 1
=kP—- del‘(‘r)x XCOSw,T — psinw,T

ap o mw,

sinw,7 2 ad

o | ——0 _ ___ + —\E

(mwo % coswo-rap) {f(xcoswof

~ Psinwy 7, Pcosw,T + mwXsinw,7,t - T; a) .
mwy

(6.12)

For a harmonic oscillator whose frequency is modula-
ted by a wide-sense stationary, 6-correlated random
process, viz., I'(1)=D6(7), where D is a constant, the
integration on the right-hand side of (5.11) can be per-
formed explicitly, yielding®?

9 1 ] d
(al + Zp . ﬁ — kX - %)E{f(x,pst;a)}

:kZD(x- 8%) E{f(x,p,t; 2)} (5.13)

The one-dimensional version of this equation was
derived previously by Mollow (cf. Ref. 4).
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Equation (5. 13) corresponds to a Fokker —Planck
equation in phase space, with a quadratic diffusion
coefficient. The latter is due entirely to the presence of
random fluctuations. No exact fundamental solution for
(5. 13) seems to be possible to the general case. How-
ever, closed systems of equations for moments of any
order can be obtained. For example, since

E{x(t; @)} = [ dx [, dpXE{A(X,p, £; )},
Efp(t; @)y=[ sdx [ ,dppE{f(x,p,t; a)},

one derives from (5.13) the following equations of
motion:

(5.14a)
(5. 14b)

d 1
EE{x(t; )= %E{p(t; a)l, (5.15a)

%E{p(t; a)} = - kE{x(t; @)}. (5.15b)

The initial conditions required for their solution are
obtainable from (5. 14), viz.,

E{x(O;a)}:fdefogdpr{f(x,p,O; a)l=x,, (5.16a)
E{p(0; a)}= [ jax [ dppE{/(x,p,0: a)}=p,.
(5.16b)
It then readily follows that
E{x(t; a)}=x,coswyt + (k/m) ™/ ?p, sinw,t, (5.17a)
E{p(t; a)}=p,cosw,t — (k/m)!/ 2%, sinw,l, (5.17)

where w,=(k/m)'/2., We next note the following: (1) The
random perturbation 6G(¢; «) in this case has no effect
whatsoever at the level of the first two moments. (This,
of course, is not the case for higher moments); (2)
Equation (5. 17) gives the expressions for the position
and momentum of a classical harmonic oscillator
characterized by a frequency w,. This is due to the fact
that the stochastic Liouville equation (5. 10) is identical
to the equation governing the classical distribution
function f,{x,p,t; )= 6[x - x(¢; 2)15[p - p(t; ¥)],

f(x,p,0; ) =06(x - x,)6(p — p,), where (d/dt)x(}; )
=(/mplt; @), (d/dt)p(t; @) =~ k[1+56G(t;n)]x(t; @), and
x(0; a) =%, p(0; v)=p,.

In the long-time Markovian approximation, (5.11)
simplifies to the Fokker —Planck equation

0 1 0 d
(a—t+;P'&'—kx'%)E{ﬂx,P,l:d)}

I SCENT L0 L0 .9

‘(ap D (x,p) ap+ap D'¥(x,p) %
xE{f(x,p,t; a)}.

The two dyadic diffusion coefficients are given as
follows:

D‘”(x,p):[sz dTF(T)coszon]xx

0

(5.18)

K " .
_<2mw0/ d'rl"(T)stwOT)xp, (5.19a)

0

D(z)(x, p)= _[(;i’_)z / drT(7) sinzon]xp

0

k® o
+(2mw0 [d'rl‘(r)sm wo'r)xx. (5.19b)
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In general, no exact solution to (5.18) seems to be
possible. Nevertheless, closed systems of equations
for moments of any order can be obtained by taking
appropriate phase-space moments. For example, using
the definitions of the average position and momentum
[ef. Eq. (5.14)], the following equations of motion can
be readily derived from (5, 18):

(% E{x(t; o)} = %E{p(t: )}, (5.20a)

L plp(t: )= = kE(; o)+ e E{x(t; o)} - ¢, E{p(t; )},

dt
(5,20b)
with the constant coefficients ¢, and ¢, given by
s w
¢, = / dTT(7)8in2w,T (5.21)
1 2mw0 . [C]
AN A
s :(;——-) dTT(7) sin®w,T. (5.22)
mw,, o

The latter one may be expressed in terms of the spec-
trum I'«) as follows,

R 27 A A
cz,(ﬁ.__m%) 2((0) - 2w, (5.23)
On the other hand, the former one may be written as

2

kT

C,= 2—177—(.0—0 5 T, (2uw,), (5.24)
where
~ 2 e .
T,Q2w,)= - dTT (1) sin2w,T
0
(R A |
=—p f @) du (5.25)
T o U =2w,

is the Hilbert transform of I:‘(u).

Eliminating E{p(/; &)} between (5.20a) and (5. 20b),
we obtain the second-order equation

@

A Bl b+ e, - B q)}+w§(1 - Zf-;)E{x(l; o)}

O
=0 (5.26)

for the mean position vector. It is clear from this ex-
pression that the presence of random fluctuations has a
significant effect, even at the level of the first statisti-
cal moment. The average position is damped by an
amount proportional to ¢,. According to (5.23), this
damping may be negative when the fluctuations are
particularly strong at twice the unperturbed frequency.
Furthermore, a shift in the oscillator frequency arises,
which is determined by the Hilbert transform of the
spectrum of the correlation function T'(7), Identical re-
sults have been reported recently by Van Kampen (cf.
Ref. 20) who applied the long-time Markovian approxi-
mation directly to the equations of motion of one-dimen-
sional classical harmonic oscillator, The coincidence of
his results with ours is not surprising at all since the
mean trajectory of the quantum mechanical oscillator is
exactly the same with the path traversed by a classical
harmonic oscillator., [More generally, this statement is
valid whenever the potential field V(x,; ) in (1.1) is
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such that the exact Wigner equation is of the form of a
Liouville equation. |
C. Vix, t;o) = 1/2k[x-adH{t; )] ?

The Wigner distribution funetion is governed in this
case exactly by the stochastic Liouville equation

2 1 3 P
L p . .2 )
(az P oy TR ap>f(X,P,l.oz)

¢
:kf)H(l;u)a'a—I;f(x,p,l;a). (5.27)
The corresponding kinetic equation for the mean Wigner

distribution function in the first-order smoothing ap-
proximation has the form

4 1 0 d
<-a—t + ;Z—p -a-; —-kX ﬁ)E{f(x,p,t:a)}

2 ¢ sinw,7 a
e / arT Taa-(——o——'—+ 4)
ap [ . (r) mw, &x COSwoT ap

. 1 ;
XE(flXcosw,T— —— psinw,7,Ppcosw,T
mw,

+mwXsinw, 7,/ - T: q)}] ,

where T(7)=E{8H({; w)0H{I - 7; 2}

(5.28)

For a random process 6H(/; a) which is wide-sense
stationary and & correlated in time, viz., T'(7)=D5(7),
where D is a constant, the time integration in (5.28) can
be carried out explicitly, The resulting transport equa-
tion is

0 1 2 ¢
(a_t Py — kX ap>E{f(x,p,1f. )}

a 2
:k2D<a-a—p)E{_f(x,p,/;rx)}. (5.29)
If, in addition to the above assumptions 6H(l; ) is a
Gaussian random process, (5.29) is the exac! statisti-
cal equation for E{f(x,p, ¢ @)}

The stochastic Liouville equation (5.27) is identical
to the equation governing the classical distribution
function f,(x,p, ¢; ) =[x - x{; 2)16[p — p(/; ¥)],
fx,p,0:4)=05(x - x,)0{p - p,) associated with the
Brownian motion of a simple, classical, harmonic
oscillator, viz., (d/dO)x{(; o) = 1/m)pt; a), (d/dOp(t; a)
= —kx(t; o)+ adH(t; «), with x(0; 2)=x,, p(0; ¥)=p,.
Equation (5. 29) has an exact fundamental solution since,
except for the initial condition, it is identical to the
equation satisfied by E{f, (x,p,/; )}, and the latter has
been studied extensively (cf. Ref. 30).

In the long-time Markovian approximation, (5.28)
reduces to the simpler transport equation

d 1 d 2
<—a—z + Ep . a~x‘ —-kx- ap>E{f(x,p’t' (I)}’

:(g_.D(l),i_F_a..

il N
= ot 7 Dm'ﬁ) E{f(x,p,l; @)},

(5.30)

The dyadic diffusion coefficients are given by the ex-
pressions
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D = (% J," a7 (1) coswyTaa, (5. 31a)

’)2 g
D‘”:(—L—/ dTF(T)sinwo'r)aa.
MWy 0
They can be easily written in terms of the spectrum
I'(x) and its Hilbert transform I'y(u) as follows:
DD =nrtaal (wy)/2,
D =ﬂk2aaf‘ﬂ(w0)/(2mwo).

Since both D' and D'’ are constant, it is possible to
determine a general fundamental solution for the
Fokker—Planck equation (5, 30).

(5. 31b)

(5. 32a)
(5. 32b)

APPENDIX A: THE UNCERTAINTY PRINCIPLE
IN PHASE SPACE

On the basis of the Schwartz inequality,
7%, p, £; 0) | < @nR)S[ [o5dy |4*(x+ Ly, 1; 0)[2]

X[ fos Ay [0 - 3y, ;) [?). (A1)
Consider the integral
L= [ady|v*(x+1iy,t;0) [P =6 [ (A2)

The total action, however, is conserved for every
realization o € A, and is assumed to be normalized to
unity (cf. Sec. 2), Therefore, 7,=6. Similarly,

L= [sdy [9(x- 1y, t;0)[2=6.
Using these results in (A1) we obtain, finally,

|F(x, p, t; )| < (r)

(A3)

Vo< A, (A4)

APPENDIX B: DEGREE OF COHERENCE

Given a wavefunction ¢(X, t; &), the degree of co-
hevence, D(t), is defined as follows:

DX(1) = (@nh)? [isax [ 5 aplE{r(x, p, 1; )}
= [ %, [ozdxy |E{* (%, t; 0)0(xy, 1; )},

This quantity is intimately linked with the irreversible
loss of information (coherence) due to the statistical
fluctuations.

(B1)

The degree of coherence is characterized by the

property
DY) <1, (B2)

the equality holding for the case of a purely coherent
state. To show this we note that in the absence of ran-
dom fluctuations (B1) reduces to

D)= foadXy fosdXy [0¥ (%, 00 (%, 1) |2
= Jad% |00, O [P1L [sax [0y, 0|2 ]=1, (B3)

the final equality following because of the conservation
of the total action,

To prove the inequality D?(¢) < 1, which holds for a
partially coherent (mixed) state, we use the Cauchy—
Schwartz inequality, *® viz. ,

| E{w*(x, £; a)o(xg, 15 a)}b |2

< E{[ 0y, t; @) [ME{ [v(xy, t; @) |2}, (B4)

in conjunction with (B1), We then have
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DM1) < [ f 5%, B[00, £; ) [PV [ d%; E{|0(xy, £; @) [7}]

= 1: (B5)
the last equality following from the fact that the total
mean action is conserved and is normalized to unity,

APPENDIX C: INTEGRATION OF THE KINETIC
EQUATION (4.19)

We shall integrate here the transport equation (4, 19)
and use the result to determine several averaged ob-
servables. For simplicity, we shall restrict the dis-
cussion to the one-dimensional case.

Taking a double Fourier transform of (4.19), we ob-
tain the initial value problem

-ﬁ!z [¥(0) ~ Y(ﬁu)]}E{f (q,u,t; 0)}=0,

{Cla)
E{flq,u, 0; )} =folg, ), (C1b)
where
E{f(q,u, t; @)}
=@n)? [Ddx [ dpexpl-ilgx +up)E{flx, p, t; @)},
(c2)
We next introduce a new function
2lg,u, 1) =exp(WDE{f (g, u, t; @)}, (C3)

together with a new set of variables (r, ¢), defined by
the relations

)1/t (C4a)
(C4b)

The equation for the time evolution of g(¢, f) = glr sing,
(mk)Y %y cosg, t] now takes the following form,

u=(mk)1 ycose,

q =vsing.

(37 +0sg - 7 7050, 0 =0, (c53)

g(6,0) =24(0), (C5b)
where ¥(¢) =v[(mk)1 *hr coss).

The solution of (C5) can be found by the method of
characteristics. It is given by

t
§(¢,t)={eXp%1;r de?(qb—on)}gfo(rb—wot). (Ce)
0

Returning to the original variables, we finally have

E{flq,u,t; &)}
g sinw, )]
0

t
1
:exp[ vt + 7 / dry(fzucoswoﬂr
0
Xfo(q coswyf — Mmwt sinw,f, # coswyf + ;;Z—(;- s'mw(,/).
0

(€7)

Many important averaged physical observables can be
found directly from (C7), making use of the fact that the
moments of E{fx p,t; @)} can be expressed in terms of
derivatives of E{f(q,u t; a)}. For example, the aver-
aged total energy of the system is given by the formula
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o w0 2
ElE@t)}= / dx / dp<-§;7-+§kx2)E{f(x,/>,t;a)}

_oefl e )
=- (27) ZmWE{f(q,u,f,a)}

3 sz
e Pl o) (c8)
q q=u=0

Substituting (C7) into the above expression, we obtain
E{E()}=E{E(0)}~ v"(0)t/2m. (€9

Since y"(0) <0, we can see immediately that this model
predicts amplification of the energy of the particle due
the stochastic variations of the potential field. The
formula (C9) is also valid for the case of free propaga-
tion (wy,— 0). For the three-dimensional case, (C9) is
replaced by

E{E(O)}=E{E(0)}- 3" (0)t/2m. (C10)

Expressions for other physical averaged observables
are listed below:

(i) Mean centroid of a wavepacket:

Bl ()} = Elx (0)} coswyt + —— E{p,(0)} sinwyl;
mw,
(Cl1a)

(ii) Mean momentum:
E{p (1)} = E{p,(0)} coswyf = mw,E{x,(0)} sinwyt; (C1l1b)
(iii) Spatial spread of a wavepacket:

E{ok(t)} = E{o2(0)} cos’wqt + (mwy) 2E{0* (0)} sin®w,t

1 2 . y*(0)
x o E{0Z,(0)} sin2w,! w0
x(—,— _ sin2w01> ; (Cl1e)
2 4(1)0
(iv) Momentum spread of a wavepacket:
E{o}(t)} = E{d} (0)}cos®wyt + (mw,) E{02(0)}
X sin*wyt - mwoE{0%,(0)} sin2wt
t sin2wgf
—y ()5 + S c11d
y (0)(2 o ) C11a)

In the limit as wy —~ 0 (free propagation), these results
simplify as follows:

0 B, 0=l O} + o Blp O)); (C12)
@) E{p.t)t=E{p.0)}; (C12b)
() E{o30}=BloZ0)} + -z EGH O}

- %E{oip(o)}t— 13%)} £, (C12¢)
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(iv) E{o}@®)}=E{o}(0)}-»" ().

It is interesting to note that the average spread of a
wavepacket grows with time due to the presence of
stochastic fluctuations. The growth is proportional to
the first power of time for a particle in the field of an
elastic force, and to the third power of time for a free-
ly propagating particle, On the other hand, the spread
of momentum grows linearly with time in both cases.

(C12d)
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