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II. SYMBOLS

_§_>}gx_x}_b_g_]_, Definitions Dimensions
1

x, y, z Rectangular coordinates L

M u, V, w Components of displacwxents L
b Width of beam L

· h Height of beam L
ql Prggsgäcmon uppersurfaceqz

Pressure on lower surfaceer um M/1.·x·2
(Tx, O}, 0; Normal components of stress I-!/LT2
Tv, Tu, Tyz Shearing-stress components M/L'1'2
6x, 6Y, 65 Unit elongations

L
yxy, Yß, );,$ Shearing-·etrain components

k Modulus of foundation M/L2‘l‘2
I

HX Benciing moment HL2/T2 1
Vx Total shear ML/T2

L

Fx Total load ML/T2
C1 Rotation of elements
1/ Foisson's ratio L
G Modulus of rigioity s/1:1*2 L

E Modulus of elasticity M/LT2

,0 Mass per unit volume 1%/L3

1
1
1
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III. INTHODUCTION

The usual practice in many engineering problems is to

neglect secondary effects. However, if secondary effects are

to be neglected safely, a knowledge is required of their in-

fluence on the proble. In many instances, neglect of sec~

ondary effects introduces serious errors. The purpose of this

thcsis is to investigate the influence of secondary effects on

beams on elastic foundations and vibrating beams. The secondary

effects that are considered for beans rcsting on elastic founda—

tions are shear and normal pressure; while the effects of shear,

rctatory inertia, and lateral inertia are considered for

vibrating beams.

The well-known classical theory(1’2) for beams on elastic

fcundations is based on the assumption that the moment in the

beam ie proportional to the curvature of the neutral axis, and

no effects of shear or normal pressure are included. Recently,

a new theory was presented by Frederick(3) which included the

effects of shear and normal pressure. This theory is derived

using a variational principle and the equations of linear

elasticity. In the first part of this thssis the equations

of Frederick are derived by considering only the equations of

linear elasticity. The new theory is then applied to (a) a

¥
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...6-eemi·infinitebeam with a.moment on the end, and to (b) a finite

bes with clampsd ends deflected by equal loads on its ends.

The deflection, moment, and shear for each beam is cmpared with

the results obtained from the classical theory.

The classical results for a laterally vibrating beam with

no secondary effects were cbtained by Haylsigh(L). An equation

including shear and rotatory inertia was dsduced by Timoshenko(5).

Other ork has been done on this problem by bawies(12),

— Jacobeen(l3), Goene(l“), and Kruszewski(7), 1n·which Timoshenko's

equations were applied to particular probles. Traill-Nash and

Collar(8) derived the differential equation for a vibrating been
‘ in a manner similar to Timoehenkc, and applied it to beams with

all the usual end conditions. One matter of unusual interest is

that, at sufficiently high frequency, a complete new spectrum of

natural frequsncies appears when both shear and rotatory inertia

effects are taken into accout.

In the second part of this thesis an squation is derived

for a frsely vibrating beam which includes the effects cf shear,

rotatory inertia, and lateral inertia. This equaticn is deduced N
using the equations of motion in a manner similar tc the pro-

cedure followed in the first part for a beam on an elastic founda—
}

tion. A comparison is then made to show the influence cf secondary N

N
N
N

’ I



effecta by ccnaidering El vertical wave in an infirxite bea.m•

The neu spectrum cf frequencies appears when shear ami z*¤ta·~

tory inertia er ahear, rotatery incrtia, ami lateral inertia

are iz1clucied•

I
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IV. R}#;vI1«;h GF LITt—iF1A'IURE

The classical theory for beams resting on elastic founda·
tions is given by Timoshenko(l) and Hetenyi(2), hut neither
coneidere the influence of secondary effects. Frederlckig)
derives an equation from a variational principle and the equa·

tions of linear elasticity without the simplifying assumptione
of zero shear deformation and zero normal pressure. The theory
is then applied to an infinite beam resting on an elaetic

foundation with a single conentrated load, and the deflection

and moment curves are compared with the classical theory. The

theory indicates that the moment ie always smaller than the one
calculatd by the classical theory, and the classics theory can

be 100 per cent in error.

The classical theory for a vibrating beam was deducd by

Rayleigh(S); and although rotatory inertia was consiuered, the

classical equation was principally studied. Timoshenkow)

derivee an equation for a laterally vibrating bar using the

assumption that moment is proortional to the slope of the

deflection curve, and then corrections are made to take into

account the effects of ehear and rotatory inertia. The

correction for rotatory inertia and shear together ie

R
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approximately two per cent when the wave length is ten times

longer than the depth of the been.

Using the quation ÖBFÄVBO by Timoshenko, baviestlz),

Jacobsen(l3), Goens(l&), and Krussewski(7) apply it to par-

ticular problems. bewies applies lt to the case of a loaded

fixsd·free bar, Jacobsen neglects rotatory inertia effects

and studies vibration problems of buildings, and Goens investi-

gates the vibration of a free—free bar• Kruszswski studies the

simultaneous effects of rotatory inertia and shear on a canti·

lever beam and a free-free beam (antisymmeträcal and symmetrical

modes)• Graphs of the ratio of natural frequency to natural

frequency of beam excluoing secondaqy effects versus coefficient

of shear rigidity are given for different values of a coefficient

of rotstory inertia•

Reoently, Tralll·Nash and Collar(8) made a more complete

study of the problem, The differential equation cf the vibrating

beam is derived in a method similar to Timoshenko's, and then the

equation is put into a oimensionlees form. appropriate frequency

euations are derived for all the usual end conditions; the modi-

fied equations are given when either or both the effects of shear Ä

and rotatory inertia are neglected. One matter of unusual inter· Ä

est is that, at sufficiently high frequencles, a ccmplete new Ä

spectrwn of natural frequencies appears when both shear and Ä

Lggggg
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rotatory inertia effects are taken into account. This appears

to be the first time this spectrum has been noticed„ Also,

experimental results are compared with calculated natural fre—
quencies for a free·free beam when the following effects are

considered: (a) bending (B) only, (b) bending and shear (B + S),

and (c) bending, shear, and rotatory inertia (B + S + RI). when
the experimental and calculated frequency are compared, the mean

error for (a) (B) is 2l per cent for fundamental and 112 per
cent for first overtone, (b) (B + S) is 2 per cent for funda—

mental and 3 per cent for first overtonc, and (c) (B + S + RI)
is l per cent for fundamental and first oVertone„ It is con·

cluded by Traill~Nash and Collar that shear effects should

always be included in calculations of frequency of Vibration.

1
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V. INVESTIGATIGN

A. Influence of Secondggy Effects on Beams on Elastic Foundations

1. Qhgggg
Using the equations of linear elasticity, an approxi-

mate solution is derived for a rectangular beam rssting on an

elastic foundation. The dieplaoements (u, v, w) and the stress

(Oi) are expanded by a Taylor°s series in the z direction with
second order terms neglected. Also, the usual sinkler-Zimmermann
hypothesis for beams on elastic foundations is used. In order to

change the equations of elasticity which are in terms of stresses

and strains into equations containing only stress resultants,
the equations of elasticity are integrated over the depth of

·

the beam. Five equations are deduced which are solved simul-

taneously to give a differential equation for the deflection of

the beem.

Consider a uniform beam shown in Figure l(a) and an element

of the beem, Figure l(b). The positive direction for coordinates,

nonmal pressure, shear, and moment are indicated by arrcws. h

}
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gg ¤„(¤)

.1.
0} 1;:2

QM "·=
q2¢x,«) *

(a) (*3)
Figure 1

Notation ard Coordinate System

The following assumptions were made
{

‘ G", ·· ö‘,,(¤<,y) + ¤ U,1(¤¤,y) (la)

cry ·· 0 (ic)
¤ ··· °¤Y(¤¤,Y) + $1-l_1(X•Y) (ld)
V · ”'7(¤¤•:v) * ZV]_(¤•Y) (le)
V ·· ”¤7¤(>=,;r) + ¤V;(¤¤„y) (lf)

qz ·· ··kV(=<„ ·§) · ··kvB {16) {

where (la}, (ld), (le), and (lf) can be obtained by a. Taylows
- expansion of true function of x, y, and z in the z··ciirect:I.on

{
{ —_T _. 4T. t;_ __ _
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and neglecting terms of order two and higher in z. Assumption

(lg) is the usual assumption that the reaction force of the

foundetion is proportional et every point to the deflection of

the been at that point•

The usual stress reeultants

3*.
2

Mx •· b
f

Gx s dz (Za)

D
g

2

2
Vx • b dz (2b)

3*.° 2

32
· b f cx es (ze)

- 31
2

and the boundery COHGÄSÄOHS

h E
. O; (x, g) ·· - q1(x) (Ba) E

O'; (¤¤• — gg) ·· · q2(¤=„¤) (Bb) 3n
Ta (ac, 1.%) •· O(Bo)are

now considered with the equilibrium equaticme from the

theory of elasticity with no body forcee•



.‘Z.‘·.T.2=.+‘?.‘f¤+‘Ü.==2¤..0 (M,)
dx dy ds

€E2s.~:„.€iTx,'lT2x.¤ (M,)
dx dy da

6 6 der
dx dy dz

Multiplying (La) by 2, integrating with respect to z over

the depth of the beam, and satietying boundary condition (Be);

itfduomsumt

d
dx

From (hb), (lb), (lc), and (Bd) it follows that

Tiz - O (everywhere) (6)

Integratinß (hc) over the depth of the beam andusingboundary

conditions (Ba) and (Bb), it follows that

dV

g

dx



Using assumption (la), integrsting over the depth ef the

beam, and assuming there are no loads on the ends of the beam,

the following result is dbtsiued

0;;- 0 (8)

Multiplying assuption (la) by z and intsgrating with

respect to z over the depth of the been, the follewing is

obtained

12 Mx z
bh}

which is the usual equation used in elementary theory,

The remaining stresses rg, andtii are determined Iron

(Aa), (Bd), (5), end (hc), (Ba), (Bb), (7), respectivelarz by
integrating with respect to 2 {ram a point in the beam to an

outer surface, These stresses are 1

“ 2bh[Q1
° Q2 Bs 223“ 2 2 1 zu h3 ( 1 ·



Iötagfätißß (ld) 8HÖ (IC) OVG! Cha depth cf Chi!baalfäreuqwa

t,hgt,(the displacement resultante are taken ae zero)

Y. ¤ O (12)

7 •¤ O (1.3]

If (ld)_ ie multiplied by z and integrated with respect to

s over the depth of the beam; and since H1 eqvuals rotation of

•l¤¤ente,ü , the following is obtained

.*12

2

lf the stress-strain relations (15) and (16)

öu 1 __ez ° Q" " E (15)
X

öw ,_ 1

b
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are used with (9) and (11), multiplied by z, and integrated

with respect te z over the depth of the beam, it followe that

dx EI SET! Y

- -
“ < + 1 ee"'·r "'B " *55 Q1 Q2

Using (li'), (lg), and (18); multiplying (16) by (

Z3Z " ·-····;;··-5 ; substituting (9) and (ll) inte (16); and3(vj)

intsgrating with respect to z ever the depth ef the besm; it

1'ollows that

1 _g_ h 6 1/Mx]*
•-•uu•••u·ru••¤uu·uruuur•nr• nur * cu nur nuuurn 1"B äh}: W+70Eq1 ssen (9)
(1 * 35 T7

s3
The quantity s ·~ -----— is used so that the energ is kept a

2 0*12
2

minimum (see reference 3).
It can be seen that shearingwtrains YW and Yyz ¤!'¢

zero using (lb) and (6) with (20a) and (20c), while Yu is
the usual equatien (20b)•
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7 " J; T '0V6 ¤w

7 .. L-, .M . Mx‘ Q XI az ax (Rob)

1 .Y„ Gryz o (ana;

2
biultiplying (zob) by (again to xaap

mary a minimm) and intsgrating over the depth of the beam

it follow that

dä 6 .
Q an Q •¤••••¤• Van sebn

“‘Usingasammptions (lg) and aolvlng (5), (7), (17}, (19),
and (21) for ä, Mx, amd Vx, the following are obtafmed

2siv - aaa nä . [xu.;
qxü- SEIC d_x2 BIC

bhz 2 ) hk @*4
(gg}

10 MIC ZE ((12 EIC 2E

. 1 — M ·-dd
By ,L .**2 ....L$5.I

I



viixura C =· l +

C kh
S bhzkD •

•·—·-· 2 V1 lo K ( "‘ )
“ICD2 ' ‘ *92*

The complimsntaxy solution to (22) ia

Wcomp -01 e ucosßx + C2 sax sinßx + C3 a °-sx c¤sBx
:51 __·•· Ch a sin bx (35)

where the following notation is used

2mCBOBCU ¤¤ E-
'5 -

ili cos (-5;-)

Q wE •¤ L sin E
u ,, .EISL xs

xßxnzsmz
5EIC

Ä



The general solution to (22) can bo found by finding a
particular solution for the loading function ql, and adding
the complimontary solution (25)•

1
1
1

. 1

1
1
1

1
1



2• Semi-dnfinite Beam Problem

One way to inveatigate the influence of secondary

effects on a beam resting on an elaetic founriation is to sclve

particular problems and make a comparison with the classical

theory• Therefore, two problems are etudied; the first is a

semi-infinite beam with a moment on the end (Figure 2)•

z

Mo

Figure 2

S¤mi·-infinite Beam Problem



The boundaxy conditions are the following

for an ~ O Mx ·· ··M° (26a)
vx - o (26b)

vx · o (266)

Ü • 0 (26e)

The solution to (22) is composed of the complimentary {unc-

tion and particular integral, but in this case the particular

integral is zero, Therstore, equation (25) is the solution to

this problem, where the constants remain to be determined, By

boundary condition (26e), equation (25) reduces to

(27)

Using (23) and (21,) with boundary conditions (26a) and

(26b), the constants C3 and cg are determined, For 1/ • 1/1+

and 2: -· O, Equation (27) i: plotted (Figure 3) using the

dimensionless parameter: -e-gk} and The results obtained
using the classical theory are also plotted in Figure 3,
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with ·= 1, the deflection parameter,
%!‘-Q,

along the beam

in terms of can be determined from (2?)°a.nd is plotted in

Figure 1+. Equaticn (23) is used to determine the moment

parameter, Mx/Mo along the beam (Figure 5); and the ehear

parameter, ·-Yäzä, ie calculated from (ZA) (Figure 6)• In
Figures 1+ to 6, the claseieal results are else given to show
the influence of secondary effeetm
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3• Finite Beam Problem

The second problem considered is a finite beam with

clampeu ends deflected by equal loads on its ends (Figure 7)•
I
I
I
I
I

Z I
IL L

x

Figure 7
Finite Beam Problem

The boundary conditions are the following for x •¤ 1 L

7: • 8 (28:1)

O, • 0 (28b)

In this case the parti.cular integral is again zero; so

equation (25) is the solution to this problmx. Equstion (25)

can be written in tems of trigonometric and hyperbolic {unc-

tions; and since the loading is symmetrical in this case, only

the even terms will remain. Then, (25) can be written as



'W ¤ Al cos Ei cosh“äX + Ah ein Bk sinh'Ek (29)

Using the bounoary conditions (23a} and (Ash) with

equsticns (21) and (äh} the constants Al and A2 are deter-

mined for

kh
E- - 1.0 (BGA)

1V · Z (Bob)
-1= -· 10 (30e)h

Then, (29) is put into dimsnsionless form having tte para—

meters·ä’and·§ and is plotted in Figure 8. From (J3) and (QL)

the moment parameter, Mx/Ebhö, and skear parameter, Vx/Ebß, are

obtained and plotted in Figures 9 ann 10, respectivoly. The

results ohtained using the classical theory are also shown in

Figures 8 to 10.

The beandary conditions above are in terms of the deflec·
tion, 5 , at the ends of the beam; but a relation can be deter-

mineo between the loan, P, and the deflectlon. The load is equal
to the total shear, Vg, at the end of the been; und using (Za}, a

relation between the load and the deflection is easily obtained.
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B. Influence of äeoondagy Effects on Vibratigg Beams

1. Theog

Previously, the theory was developed for a static

beam on an elastic foundation. Now, the theory will be deve1·

oped for a freelywibrating beam in a similar manner. As

there is very little difference in the two derivations, only

basic changes and final results will be given.

Since a freely-vibrating beam is being considered, the

modulus of the foundation, k, is zero; and normal pressure, ql,

is zero. All the other aseumptions and boundary conditions re~

main the same. The equilibrium equations (La) and (Ac) are modi·

fied so that they become the equations of motion (Bl) and (32).

Ö Ö ÖT3 •· ..-fg + ...22 •¤
P ä {31)

Öx

Ö!arÖT öo' 2....x...E + ....Z§ + .......E • (33)
Öx Öy Öz dg-,2

Following the same procedure as in the case of a beam on

an elsstio foundation, and taking into consideretion the inertia

terms in (31) and (32) the following are obtained



-2u· (
t

Mx ugs ö2czg; ·· Vx * P ·j2··· E
(33)

Mx - pw ”2‘°* um_ ax aß

.‘2..‘2..'§.=. ..’{.V.P1+ .’!.!1P..2Z€.. (35)ax EI PS2 P10 E äxötz

6 ÄEQ " 5 Gm, Vx dx (36)

se1v1¤s (33), (Bu), (35), am (36) rer G the following
ia obtained

5. p.*2..*2?..2§+éé..£+ [-2.22-22.] ..*25.äxh EI M2 5 E0 Ma E 5 E 5 G M2M2

2 6 ·- 2 6 -+ P.EPZ<.*‘.. .2.1. - ,02.2.. .2.1. .. O (37)25 22* 0x2a+.’+ l° E 0x‘•az2
If 1/0; is considered zero in equetion (15}, then the two

eixth derivetive terms and G?-1% term drop out of (37) whißh 18
the equation ueduced by Timosheukm The classical equation

corxsists of the first two terms of (37) and these terms are oue

to bending• The term due to vertical. cieflection from shear is



l \·3S· I

1,...ö‘ %€‘*‘2l2 (38)
öx.öt

and the terms due tc rotatory inertia are

6 2 6"‘;—4Q—-——- (from shearing) (39a)5 m ML

6’*ä (from bending) (39b)
A öxgötz

The three other terms previously Hßntlüüüü are effects cf

lateral i¤ertia„ The point that should oe noticea here is

that (39a) came: from the right side of (31). This clearly

shows that (39a} is an effect of rotatory inertia due to

shear rather than an effect of vertical shearing ueflecticn

which is not explaiued clearly by Timoshenko„



° ..36..

2. Ccmgerlscn with Different ä*econda.r“J Effects Included
In order- to obtain a general cemrarf erm ef the in-·

fluence cf secondaxjy effects cm a vim-r•.t5.np ham., vertical

wave (LO) *1.:: considerczd in an irzi'ir1ite beam.

'w7:·-kein-Q->-ä—T·(x•ct) (1+0)

Also, co ie defined as

Eg s J: Al0 P > ( }
L

which is the velocity of a longitudlnal wave inaIf

bencai:-rg; terms alone ure coneiciered in (37), and e1ua·

tions (AO) and (1+1) are substituted in (37); then it. fnllows
that for 1/ ¤ l;

L

0

When the various eecondary effects are included in (37),
h
X can be er-itten ae some function of -5-. This ie done for (a)o
bending and rotatoxy inertia (B + RI); (b) bending and ahear

(B + S); (c) bending, ahear, and rotatory inertia {B + 5 + RI);

and, (d) bending, shear, rotatory inertia, and lateral inertia



I
I

I I·37· I
I
I
II
I
I

(B + E + BI + L1), The results are plotted in Figure (1l)• The

exact solution (plane strain) is also shown in Figure (11). This
Iresult was obteined hy Lamb(lO) end used by Mindlin(9)• I
IIt should be noticed that the second spectrum appears when
I

either (B + S + RI) or (B + S + R1 + LI) is considered. These I
I

two modes take place with different angles of rotatiom

I

I
II
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VI. DISCUSEION OF HELUETh ahr CONCLUsIONS

The purpose of this thesis has been to investigate the

influence of secondary effects for beams resting n elastic

foundaticns and vibrmting beams. Two problems have been

presented for beams on elaetic foundations and a general com-

parison has been made for an infinite vibrating beam.

For the smui-infinite beam on an elastic foundation, the

greatest effects of shear and normal pressure occur when ·%? is

large (Figure 3). The maximum deflection parameter (Figue A)

is larger by the new theory, and the maximum moment parametere

(Figure 5) are the same by the two theories due to boundany

conditions. The maximum shear parameter (Figure 6) by the

new theory is smaller than that by the classical theory.

For the finite beam problem, the maximum deflection

parameter (Figure 8) occurs at the ends of the beam and is

the same by both theories due to boundary conditions. The

maximum moment (Figure 9) and shear (Figure 10) parametere

by the classical theory are larger than those calculated by

the nw theory.

It is conclude that shear and normal pressure should be

included when the height of the beam or the modulus of the

Iounuation is large. For the two problems presented here and



T
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for the preblem by it. is seven that tim ·eaxih;u:s

deflectine parameter ia larger and the maximum moment end

shear parameters are smallcr than those given hg the classical

tlecry {heunearg conditions may cause certain ysrtmeters te te

¢eual)• lt should also be noticed that tra classical theory

gives a “safe" answer for stress ir these examples,

The influence of secondary effects on a vihrating team

(Figur: lll are now considered, (or the lower syectrum the

results arc nearlr the same es the exact theory ehem the

follcwirv seccndary effects are included: (al shear, fb)

shear anc retatory incrtia, and fc) sheur, rotatnr* inertis,

and lateral inertia. For other cases, the results agree;..

with the exact trcory for small values of —§T orly, thun

—%: is lerne for a vihrating been problem, effects of zheer

should be included. The ether secondaty effects would make

the problem more complex, yet acc little to improve tte

results. The latcral irertia terms night hecrre important

for s ribratinc near with large norsal pressure, cue? as a

beam on a founuatinn,

The upper epectrun appears only fer (P + ; + hf) and

(B + S + RI + L3), For the lower spectrus, the rem: vibrates

mestly in shear for large values of -§e while for smallvaluesof‘—§r

the beam is most in bending. Lne physical explanation K



1 *'·1‘

0
of the upper spectrum(8) is that there is a. reeonant inter~

action between the rotatory inertie. forcee (reeulting from

lbenciing metiox:) amd eheer forces„ The investigation of the

second epectrum is beyona. the scope of this thesie ami very

little work has been done on it. Perhepe e further etuoy of

'

this problm. will be made by eomeonm
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