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III. INTRODUCTION

The usual practice in many engineering problems is to
neglect secondary effects. However, if secondary effects are
to be neglected safely, a knowledge is required of their in-
fluence on the problem. In many instances, neglect of sec-
ondary effects introcduces serious errors. The purpose of thils
thesis is to investipate the influence of secondary effects on
beams on elastic foundations and vibrating beams. The seconaary
effects that are considered for beams resting on elastic founda-
tions are shear anc normal pressure; while thLe effects of shear,
rotatory inertia, and lateral inertia are considered for
vibrating beams.

(1,2)

The well~known classical theory for beams on elastic
foundations is based on the assumption that the moment in the
bean is propof%ional to the curvature of the neutral axis, and
no effects of shear or normal pressure are included. Recently,
a new theory was presented by ?rederick(B) which included the
effects of shear and normal pressure. This theory is derived
using a variational principle anu the equations of linear
elasticity. In the first part of this thesis the equations

of Frederick are derived by considering only the equations of

linear elasticity. The new theory is then applied to {a) a




semi-infinite beam with a moment on the end, and to {b) a finite
beam with clamped ends deflected by equal loads on its ends.
The deflection, moment, and shear for each beam is compared with
the results obtained from the classical theory.

The classical results for a laterally vibrating beam with

no secontdary effects were obtained by Rayleigh(h). An equation

including shear and rotatory inertia was deduced by TimoshenkoCS).

Other work has been done on this problem by bavies(lz),
Jacobaon(IBJ, Goena(lh), and Kruszcwsk1(7), in which Timoshenko!'s
equations were applied to particular problems. Traill-Nash and
Collar(e) derived the differential equation for a vibrating beanm
in a manner similar tc Timoshenko, and apprlied it to beams with
all the usual end conditions. One matter of unusual interest is
that, at sufficlently high frequency, a complete new spectrum of
natural frequencies appears when both shear and rotatory inertia
effects are taken into account.

In the second part of this thesis an equation is derived
for a freely vibrating beam which includes the effects of shear,
rotatory inertia, and lateral inertia. This equation is ceduced
using the equations of motion in a manner similar tc the pro-
cedure followed in the first part for a beam on an elastic founda-

tion. A comparison is then made to show the influence of secondary

-



ef{fects by considering a vertical wave in an infinite beam.

The new spectrum of frequencies appears when shear and rota-
tory inertia or shear, rotatory inertis, anc lateral inertia

are included.




IV. HREVIEW OF LIT!RATURD

The classical theory for beams resting on elastic founca-

tions is given by Timoshenko(l) and Hetenyi(Z), but neither

ceneiders the influence of seconuary effects. Frederickiz)
derives an eguation from a variational principle and the equa=-
tions of linear elasticity without the simplifying assumptions
of zero shear deformation and zero normal pressure. The theory
ie then applied to an infinite beam resting on an elastic
foundation with a single concentrated load, and the deflection
and mament curves are compared with the classical theory. The
theory indicates that the moment is slways smaller than the one
calculated by the claseical theory, and the classical theory can
be 100 per cent in error.

The classical thecry for a vibrating beam was deduced by
quleigh(s); and although rotatory inertia was consicered, the
classical equation was principally studied. Timoshenko(é)
derives an equation for a laterally vibrating bar using the
assumption that moment is proportional to the slope of the
deflection curve, and then corrections are made to take into

account. the effects of shear and rotatory inertia. The

correction for rotatory inertia and shear together is




approximately two per cent when the wave length 1ls ten times
longer than the depth of the bean.

Using the eguation derivea by Timoshenko, bavies(lz),
Jacobsen(ls), Goena(lh), and Kruszewsk1(7) apply it to par-
ticular problems. bavies applies it to the case of a loaded
fixed-free bar, Jacobsen neglects rctatory inertia effects
and studies vibration probleme of buildings, and Goens investi~-
gates the vibration of a free-free bar. Kruszewski stuales the
gizultaneous effects of rotatory inertia and shear on a canti-
lever beam and a free-free beam (antisymmetrical and symmetrical
modes). Graphs of the ratio of natural frequency to natural
frequency of bear excluaing secondary effects versus coefficient
of shear rigidity are given for different values of a coefiicient
of rotatory inertia.

(8)

Recently, Traill-Nash and Collar made a more complete

study of the problem. The differential equation of the vibrating
beam is derived in a method similar to Timoshenko's, and then the
equation is put intc a aimensionless form. Appropriate {requency
equations are derived for all the usual end conditions; the modi-
fied equations are given when either or both the effects of shear
and rotatory inertia are neglected. One matter of unusual inter=-

est is that, at sufficiently high frequencies, a complete new

spectrum of natural frequencies appears when both shear and




rotatory inertia effects sre taken into account. This arnears
to be the first time this spectrum has been noticed. A4Also,
experimenial results are compared with calculated natursl fre-
quencies {or a free-free beam when the following effects are
considered: (a) benaing (B) only, (b) tending and shear (B + &),
and {c) bending, shear, and rotatery inertia (B + & + RI). vwhen
the experimental and calculated frequency are compared, the mean
error for (a) (B) is 21 per cent for fundamental and 112 per
cent for first overtone, (b) (B + S) is 2 per cent for funda~
mental and 3 per cent for first overtone, and {c) (8 + S + RI)
is 1 per cent for fundamental and first overtone. It is con~
cluded by Traill-Nash and Collar that shear effects should

always be incluced in calculations of frequency of vibration.




V. INVESTIGATICN

A. Influence of Secondary kffects on Beams on Elastic Foundations

l. Theory
Using the equations of linear elasticity, an approxi-

mate solution is derived for a rectangular beam resting on an
elastic founcation. The displacements (u, v, w) and the stress
(0x) arec expanded by a Taylor's series in the z uirection with
second order terms neglected. Also, the usual winkler-Zimmermann
hypothesis for beams on elastic founcations is used. In order to
change the equations of elasticity which are in terms of stresses
and strains into equations containing only stress resultants,
the equations of elasticity are integrated over the depth of
the beam. Five equations are deduced which are solved simul-
taneously to give a differential equation for the deflection of
the beam.

Consider a uniform beam shown in Figure l(a) and an element
of the beam, Figure 1(b). The positive direction for coordinates,

normal pressure, shear, snd moment are incicated by arrows.




Figure 1

Notation and Coordinate System

The following assumptions were made
Ox = Tx(x¥) + 3 0%, (%)
w = O
. = 0O
u = u(x,y) + suz(x,y)
v = ¥(x,y) + zvy(x,y)
w = w(x,y) + 2w;(x,y)

g = -ku(x, =8) = -l

where (la), (1d), (le), and (1f) can be obtained by a Taylor's

expansion of true function of x, y, and ¢z in the z-direction

(1a)
(1b)
(1c)
(14)
(1e)

(11)

(1g)




and neglecting terms of order two and higher in z. Assumption

(1g) is the usual assumption that the reaction force of the
foundation is proportional at every point to the deflection of
the beam at that point.

The usual stress resultants

h

2
Mx‘bf O'xsdz
-8
2

h
2
Px- b j’ O"x ds

IN -y

and the boundary conaitions
Oy (1, D) = - qy(x)
Og (%, = 2) = = qp(x,w)
Tyg (%, b .g.) =0
Tys (x, & -g) =0

are now considered with the equilibrium equations from the

theory of elasticity with no body forces.

(2a)

(2b)

(2¢)

(3a)
(3b)
(3¢)
(3d)




0 dc,
_T;x_z_*ajﬂ’___g__o (ie)

Jx oy dz

Multiplying (4a) by 2, integrating with respect to z over
the depth of the beam, and satisfying boundary condition (3c);
it follows that

0

u’-g‘--vx-o (5)
ox

From (4b), (1b), (1lc), and (3d) it follows that
Tyg = O (everywhere) (6)

Integrating (4c) over the depth of the beam and using
boundary conditions (3a) and (3b), it follows that

v
—Z+ (g =q)b =0 (7
dx




Using assumption (la), integrating over the depth of the

beam, and assuming there are no loads on the ends of the beam,
the following result is obtained

o, =0 (8)

Multiplying assumption (la) by z and integrating with
respect to z over the depth of the veam, the following is
obtained

12 My =
bh3

Ox = (9
which is the usual equation used in elementary theory.
The remaining stresses Tye and O‘z are determined from

('43), (Bd)) (5), and (ltc): (3&): (Bb); (7)’ respectively; by
integrating with respect to 2z from a point in the beam to an

outer surface. These stresses are

3v 2
g [ ) ] oo

q1 * 9

Og = - ( (11)

)o(qz-q1>[%hf-%]




Integrating (1d) and (lc) over the depth of the bea: it

follows that{the displacement resultants are taken as zero)

i=0 (12)
V=0 (13)

Ifr (1¢) is multiplied by z and integrated with respect to
z over the depth of the beam; and since Uj ejuals rotation of

elements,Q, the following is obtained

njps

a,..]a?.f usds (14)

-3
2

If the stress-strain relations {15) and (16)

€ " g.;‘ - ':E [o*x - V(o * o-!)] (15)
6s .9_! = % [O'5 - V(O-X + 0")] {16)

os




-17-

are used with (9) and (11), multiplied by 2z, and integrated

with respect to z over the depth of the beam, it followe that

a0 % 6V (o -
o i e (ay = q3) | (17)
A ET 1 REY )

Using {1f), (1g), and (18); multiplying (16) by

[z - :32] ; substituting (9) and (11) into (16); and
3G

integrating with respect to 2z over the depth of the beam; it

follows that
- 1 e h 6V Hx]
s KR TR 5L 19)
a5

The quantity [ - ] is used so that the energy is kept a

h
3 ('2")

minimum {see reference 3).
It can be seen that shearing-strains )’Jw and )’y 5 8F¢
sero using (1b) and (6) with (202) and (20¢), whileY,, is

the usual equation (20b).




2
Multiplying (20b) by [1 - (ﬁi) ] » (again to keep
energy & minimum) and integrating over the depth of the beam

it follows that

ao.ﬁ..é‘._
dx 50bh *

Using assumptions (lg) and solving (5}, (7), (17), (19),

and (21) for W, My, and V., the following are obtained

dxde 5EIC | g2

Fu [K&iﬂ]ﬂfﬂ-.l?ﬂL}i

(—=+1
ic &IC 2K

‘[bhz(z +V) ,hk )] d2qy [b hk ]ql

o

1 kh = o
qu.ibl(].#-z-i)ql*Dlw*Dz

khy 341 dw aw

(20a)

(20b)

(20e)

(21)

(22)

(23)

(24)




wiisre C 1+ 5

- 3y(2 +V ) kh
R=C* =%k

2
w g e

thng‘-]-'-c—

K

The complimentary sclution to (22) is

- - -

Weomp ™ C1 © 8 cosBx + C, e X sinBx + Cy e "% cos Bx
-aX -
+C e sin bx (25)

where the following notation ie used

cos W --332'5

S5EIC



The general solution to (22) can be found by finding a
particular sclution for the loading function qy> and adding
the complimentary solution (25).




-21-

2. fSemi-infinite Beam Problem

One way to investigate the influence of secondary

effects on a beam resting on an elastic foundation is to solve

particular problems and make a comparison with the classical

theory. Therefore, two problems are studied; the first is a

seni-infinite beam with a moment on the end (Figure 2).

Mo

- X —

TT7T77N 77777777777 7777 7777777777

Flgure 2

Semi-infinite Beam Problem



“22=

The boundary conditions are the following

for x = Q My = My {26a)
Vg = O (26b)
for X — @ Ky = O (26¢)
vx = 0 (26d)
w=0 {26e)

The solution to (22) is composed of the complimentary fumc-
tion and particular integral, but in this case the particular
integral is zero. Therefore, equation (25) is the solution to
this problem, where the constants remain to be determined. By

boundary condition (26e), equation (25) reduces to

- ax - ax

W=Cse cos bx + C, sin bx (27)

Using (23) and (24) with boundary conditions (26a) and
(26b), the constants C; and C, are determined. For V = /4
and x = O, Equation (27) is plotted (Figure 3) using the
dimensicnless parameters kh and.iLE&h. The results obtained

E Mo
ueing the classical theory are also plotted in Figure 3.
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W Ehb

)

in terms of -;5l can be determined fram (27) and is plotted in

Figure 4. Equation (23) is used to determine the moment

with %}-‘- = 1, the deflection parameter, , along the beam

parameter, Mx/“o along the beam (Figure 5); anc the shear
Ve h
parameter, —%—, is calculated from (24) (Figure 6). In

My

Figures L to 6, the classical results are also given to show

the influence of secondary effects.
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3., Finite Beam Problem

The second problem considered is a finite beam with

clampec enas deflected by equal loads on its ends {Figure 7).

7 77 v Vv

Figure 7

Finite Beam Problem

The boundary conditions are the following for x = 2 L

e S (28a)
Q=0 (28b)

In this case the particular integral is again zero; so
equation (25) ie the solution to this problem. Equation (25)
can be written in terms of trigonometric and hyperbolic func-

tions; and since the loading ie symuetrical in this case, only

the even terms will remain. Then, (25) can be written as




W= Ay cos Tx cosh ax + Ah gin Tx sinh ax (29)

Using the bouncary conditicns (23a) anc {(28:) with

equaticns (21) and (24) the constants Ky and Aa are ceter-

mined for
.ik!’. - 1.0 (30a)
1
VU = Z (BOb)
L ,
£=10 (30e)

Then, (29) is rut intc dimensionless forr having tte para=

x w
meters h and 5

the noment parsmeter, Mx/Eth, enC st ear parameter, Vx/EbS, are

an¢ is plotted in Fizure 2. From (23) and (24)

obtained ond plotted in rigures 9 ana 10, respectively. The
resulle obtained using the clascical theory are zlsc shown in
Fi ures  to 1C.

The bcundary ccnolitions above are in terms of the deflec~
ticn, &, at the ends cf the beam; but a relstion can be deter-
ninec betweer the lozu, P, and the deflecticn. The load is equal

to the total chear, V

o bt the end of tre bean; and usinz (24), a

relation between the load and the deflection is ensily obtained.
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B. Influence of ‘econdary Effects on Vibrating Beams

1. Theory
Previously, the theory was developed for a static

beam on an slastic foundation. Now, the theory will be devel-
oped for a freely-vibrating beam in a similar manner. As
there is very little difference in the two derivations, only
basic changes and final results will be given.

Since a freely-vibrating beam is being considered, the
modulus of the founcvation, k, is zero; and normal pressure, 4y
is zero. All the other assumptions and bounuary conditions re-
main the same. The equilibrium equations (4a) and (4c) are modi-

fied so that they become the equations of motion (31) and (32).

90y Wy , 9Ty _ 0% (31)
oT o0, 2w
0Txs , 9Tys (32)

ox oy 0z Patz

Following the same procedure as in the case of a beam on

an elastic foundation, and taking into consideration the inertia

terms in (31) and (32) the following are obtained




0% .y . po Pa
x "t P
x ot
v e
—Z = pbh X
dx atl
M - 2 3
_é._c_!,,..&q.p.!.,af_!o p-l-/-—: aa
ox EI 5E g¢2 10 E gxgt2
6 9%
Q=6 x5y

Solving (33), (34), (35), and (36) for W the following

is obtained
o5, pth 9%, g2 0&, [-e+gz.-6p ] adk™
Lt v v %
25 EG  gy2geh 10 E gydge2

1f Vo, is considered zero in equation (15), then the two
sixth derivative terms and % term drop out of (37) whict is
the equation ueduced by Timoshenko. The ciassical eguation

consists of the first two terms of (37) and these terms are cue

to bending. The term due to vertical deflection from shear is

(33)

(34)

(35)

(36)

(37)




6p a“"‘:

- (38)
oG dx28t2

and the terms due to rotatory inertia arse

P
b0 O m (from shearing) (392)

b
- .Q. 0 LA (frcm bending) (39b)
& @x;‘adt.‘2

The thres cther terms rrevicusly men‘cione'cz are effects of
lateral inertia. The proint that shoulc ve noticeu lLere is
that (3%a) ccmes from the right eide of (31). fThis clearly
shows that (39a) is an effect of rotatery inertia <ue to
shear rather than an effect of vertical chearinyg aefliecticn

which is not explained clearly by Tinmcshenko.



2. Comparisca with sifferent Secondary iffects Incluced

In order to obtain a genernl comrarisen of the in=
fluence oif scconcary effects on a vibrating Lenr, a vertical

wave (40) is consicered in an infinite bean.

e s sin 2L (x - ot) (40)

A

Also, ¢, ic defined as

(41)

Co

oIl

which is the velocity of 2 longitudinal wave in a heam.
If Lenting tems alone are considered in (37), and equs-
tions (40) and (41) are substituted in (37); then it follows

that for V = -11:,

[
h o 5512 % (42)
“hen the various secondary effects are included in (37),
h
‘X can be written as some functlon of -ée-. This is done for (a)
o

bending and rotatory inertia (B + RI); (b) bending and shear
(B + S); (c) bending, shear, and rotatory inertia (B + & + RI);

and (d) bending, shear, rotatory inertie, and lateral inertia




=37

(B+ £+ RI +Ll). The results are plotted in Figure (11). The
exact solution (plane strain) is also shown in Figure (11). This
result was cbtained by Lamb(m) and used by x«:indlin(g}.

It should be noticed that the second spectrum appears when
either (B + S + RI) or (B + S ¢ RI ¢ LI) is consicered. These

two modes take place with different angles of rotation.
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VI. DISCUSSICHN OF HECULTS Axl CONCLUS IONS

The purpose of this thesis has been to investigate the
influence of secondary effects for beams resting on elastic
foundaticns and vibrating beams. Two problems have been
presented for beams on elastic foundations and a general com-
parison has been made for an infinite vibrating beam.

For the semi-infinite beam on an elastic foundation, the
grestest effects of shear and normal pressure occur when %? is
large (Figure 3). The maximum deflection parameter (Ficure &)
is larger by the new theory, and the maximum moment parameters
(Figure 5) are the same by the two theories due to boundary
conditions. The maximum shear parameter (Figure 6) by the
new theory is smaller than that by the classical theory.

For the finite beam problem, the maximum deflection
parameter (Figure 8) occurs at the ends of the beam and is
the same by both theories due to boundary conditions. The
maximum moment (Figure 9) and shear (Figure 10) parameters

by the classical theory are larger than those calculated by

the new theory.
It is concluded that shear and normal pressure shoulc be

jncluded when the height of the beam or the modulus of the

founaation is large. For the two problems presented here and




for the provlem brr Trederick(B), it is sren that the zaximum

deflection rarameter 1: larger anc the maximun moment and
srear raraieters are srnaller than thost ziven by bie clavsical
t! zery {bouncar; ccenaitions may cause certaln rarumeters Lo te
esuz2l). It should alsc be noticed that tie clussical treory
glves z "safe" answer fcr stress ir these exauples.

Tre influence of secondary effects on a vibrating beam
(Firurc 11) nre now considered. Lor the lower specirun the
resultes arc nearl: the same as the exact theory when the
follewir- secondary cifects are ircluded: (a) sghear, {b)
ghear an¢ rotatery incrtia, and {¢) ghear, rotutert irertis,
and lateral inertis. For.cther cases, the result: cgrec

with the oxact treory for emall values of -g% o lye ohon

e

—%r e 1nree for a vibrating bean rroblem, offecte of thea
sronld be ‘acluced. 'The cther secondary offecte would ke
tte problem more complex, yet acd littie to isyrove thc
recults. The lateral irertia tcrme ri bt becore dmpertunt
fer a vibratine vear with large norzal pressure, cucl 1% a
beam on a foun.ation,

The uprer spectrw. aprears only fer (3 ¢ ¢+ 27) ond
(B+ &+ HI + LI). ~ror tre lower spectrrr, the bead vibraties

moetlv in shear for large values of b winile for =rall values

A

of —%r the beam is most in bending. (ne physical explanaticn




(8)

of the upper spectrum is that there is a rescnant inter-

acticn between the rctatery inertis forces (resulting {rom

‘bending zction) and shear ferces. The investigztion of the

seccond spectrum is beyont the scope of this thesis and very
little work has been done on it. Perraps a further study of

this problec will be made by someone.
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