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Higher-Degree Immersed Finite Elements for Second-Order Elliptic Interface Problems

Mohamed Ben Romdhane

ABSTRACT

A wide range of applications involve interface problems. In most of the cases, mathematical
modeling of these interface problems leads to partial differential equations with non-smooth
or discontinuous inputs and solutions, especially across material interfaces. Different numeri-
cal methods have been developed to solve these kinds of problems and handle the non-smooth
behavior of the input data and/or the solution across the interface. The main focus of our
work is the immersed finite element method to obtain optimal numerical solutions for inter-
face problems.

In this thesis, we present piecewise quadratic immersed finite element (IFE) spaces that are
used with an immersed finite element (IFE) method with interior penalty (IP) for solving
two-dimensional second-order elliptic interface problems without requiring the mesh to be
aligned with the material interfaces. An analysis of the constructed IFE spaces and their
dimensions is presented. Shape functions of Lagrange and hierarchical types are constructed
for these spaces, and a proof for the existence is established. The interpolation errors in
the proposed piecewise quadratic spaces yield optimal O(h3) and O(h2) convergence rates,
respectively, in the L2 and broken H1 norms under mesh refinement. Furthermore, numerical
results are presented to validate our theory and show the optimality of our quadratic IFE
method.

Our approach in this thesis is, first, to establish a theory for the simplified case of a linear
interface. After that, we extend the framework to quadratic interfaces. We, then, describe
a general procedure for handling arbitrary interfaces occurring in real physical practical
applications and present computational examples showing the optimality of the proposed
method. Furthermore, we investigate a general procedure for extending our quadratic IFE
spaces to p-th degree and construct hierarchical shape functions for p = 3.
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Chapter 1

Introduction

Mathematical modeling of a physical phenomenon in a domain consisting of multiple ma-
terials often leads to interface problems. Many important applications such as charging in
space [25], projection methods for Navier-Stokes equation [19, 20], and shape and topol-
ogy optimization [26] consist of solving interface problems. In this chapter, we first present
the model second-order elliptic interface problem considered in this work. Next, we survey,
from the literature, several existing methods that are used to solve interface problems and
we briefly present the immersed finite element method. We conclude this chapter with an
overview and the organization of this thesis.

1.1 The Model Interface Problem

We consider the following model interface problem{
−∇(β∇u) = f, on Ω,
u|∂Ω = g.

(1.1.1a)

Without loss of generality, we assume that Ω ⊂ R2 is a rectangular domain consisting of
two sub-domains Ω+ and Ω− separated by an interface Γ as illustrated in Figure 1.1. The
coefficient β is given by

β(x, y) =

{
β+, on Ω+,

β−, on Ω−,
(1.1.1b)

where β+ and β− are two positive constants. The true solution u and its flux are continuous
across the interface Γ as

[u]Γ = 0, (1.1.2a)

and

[β
∂u

∂n
]Γ = 0, (1.1.2b)
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Figure 1.1: A two-material domain Ω.

where [u]Γ = u+|Γ − u−|Γ denotes the jump of u across the interface Γ. Here u± = u|Ω±

and ∂u
∂n

= n · ∇u denotes the normal derivative of u on the interface Γ with n being a unit
normal vector to Γ.

1.2 Applications of the Model Interface Problem

Interface problems with discontinuous coefficients across the interface are encountered in
many fields such as: electromagnetics, materials science, and fluid dynamics. Thus, many
applications involve our model interface problem. We will briefly mention two applications:
electrostatic leviation of lunar dust and topology optimization.

1.2.1 Electrostatic Levitation of Lunar Dust

Lunar dust has an electrostatic charge that highly increases its ability to cling to everything,
which may cause serious problems for spacecraft and astronauts such as: vision obscuration,
false instrument readings, thermal control problems, and breathing problems for astronauts
[25, 29]. To understand the interaction between the different space objects and its effect
to the electric field, a simulation of the solar winds and the movement of the lunar dust
is required. One efficient method to perform the simulation is called Particle-In-Cell (PIC)
method [62], which involves solving an interface problem, similar to our model interface
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problem, consisting of the equation

−∇(β∇ϕ) = ρ, (1.2.1)

where ϕ is the electric potential, ρ is the charge density, and β is the dielectric parameter
which is piecewise constant.

1.2.2 Topology Optimization

Topology optimization constitutes an important step in designing continuous structures and
mainly consists of finding the optimal material layout minimizing an objective functional
under some constraints. In many practical applications, the constraint is a given partial
differential equation similar to our model interface problem. For instance, for the heat
conduction optimization problem treated in [26], if the domain Ω is a multi-material domain,
a discontinuous optimal conductivity distribution k(x) needs to be determined [29] so that
the heat is minimized over the domain Ω, under the constraints

∇(k∇T ) + f = 0, in Ω, (1.2.2)

T = 0, on ΓD, and (k∇T ) · n = 0, on ΓN ,

where T is the temperature, f is the heat source, ΓD is the Dirichlet boundary, and ΓN is
the Neumann boundary with unit normal vector n. The constraint (1.2.2) is the same as
our model interface problem.

1.3 Methods to Solve the Model Interface Problem

First, let us note that solving the model problem (1.1.1a) with discontinuous coefficients
and/or singular source terms using standard numerical methods does not usually lead to
optimal accuracy of the solution across the interface, although these methods are efficient
for smooth solutions. Hence, solving interface problems efficiently and accurately remains a
challenge because of the non-smoothness or the discontinuity of the input data and/or the
solutions, as well as the non-smoothness of the interface geometry in some applications. For
instance, although in many applications the restriction of the solution to every sub-domain
may be H2 (as it is the case for our model second-order elliptic problem), the global solution
is not H2 on the whole domain, which causes many standard methods to fail to solve these
problems efficiently.

Many numerical methods have been developed to solve the model interface problem (1.1.1a).
We present a brief review of standard and recent methods for solving interface problems,
related to this thesis.
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1.3.1 The Standard Finite Element Methods

The standard finite element methods may be used to solve interface problems. The main
feature of the standard finite elements is that the basis functions are developed independently
from the problem, however, the mesh is formed according to the problem in order to ensure
convergence and optimal convergence rates [9, 13, 18]. As a result, all conventional FE
methods do not allow any interface to cut through the elements, and a body-fitted mesh has
to be created according to the material interfaces. Hence, Galerkin finite element methods
with body-fitted meshes and standard linear basis functions produce second-order accurate
approximations to the solution of an interface problem [5, 13, 18, 28, 64]. However, the
restriction of body-fitted meshes leads to many drawbacks, such as the need for multiple
remeshing in applications with moving interfaces and the difficulty or impossibility of the
use of uniform meshes. In fact, multiple body-fitted meshes generations is very difficult
and time consuming for applications involving an interface or a domain with complicated
geometry. This restriction becomes more severe with moving interfaces since a new mesh has
to be generated at each time step. Another main restriction for solving interface problems
using the standard finite elements theory is the need of higher-order approximation for the
actual interface to obtain optimal convergence rates. In fact, it was shown by J. Li et al.
[40] that when the FE method uses polynomials of degree p, the order of approximation of
the interface has to be equal to 2p, to guarantee optimal convergence rates in both L2 and
H1 norms.

1.3.2 The Immersed Boundary Methods

The immersed boundary (IB) method was introduced in 1972 by Peskin [50, 51, 52] to study
flow patterns around heart valves and study blood flow in the heart. Later, it has been
applied to many other problems involving fluid dynamics in general, and in biophysics par-
ticularly. Different variants of the IB approach currently exist, due to several modifications
and refinements of the method in many works during the 1980s and 1990s (for instance,
Clarke et al. 1986, Zeeuw & Powell 1991, Berger & Aftosmis 1998) [47].

The immersed boundary method can be considered as a mathematical formulation based on
a mixture of Eulerian and Lagrangian variables, as well as a numerical scheme. Eulerian
variables and Lagrangian variables are related by interaction equations based on a Dirac
delta function; and are defined, respectively, on a fixed Cartesian mesh and on a curvilin-
ear mesh having the freedom to move through the fixed Cartesian mesh. The numerical
scheme involves a smoothed approximation to the Dirac delta function based on the inter-
action equations. For instance, in the IB method applied to fluid dynamics, finite difference
methods with periodic boundary conditions may be used in solving the interface problem by
representing the entire fluid domain by a uniform background grid [46]. The main advantage
of the IB method is that it overcomes the problem of computation cost in mesh update algo-
rithms since the interface is automatically tracked. However, this method still has a major
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disadvantage consisting of the assumption of a fiber-like one-dimensional immersed structure
which limits accurate representation of immersed flexible solids occupying finite volumes, in
addition to the limitations of this method in resolving fluid domains with complex shapes
and boundary conditions.

Following the ideas and work on the IB method, the immersed interface methods (IIM) were
developed as an alternative approach to treat interface problems.

1.3.3 The Immersed Interface Methods

The immersed interface methods (IIM) were first introduced by LeVeque and Li [38, 39] to
solve elliptic problems with discontinuous coefficients using finite difference methods. The
basic idea of the IIM is to discretize the equations on a uniform Cartesian grid and to
explicitly incorporate the jumps into the finite difference equations. One main advantage of
the IIM is its ability to efficiently produce solutions on uniform meshes using fast solvers, as
well as to handle complex interface geometries.

1.4 Review of Immersed Finite Elements

1.4.1 Motivation of the Immersed Finite Element Methods

Immersed finite element (IFE) methods are very useful in solving many engineering and
scientific problems, such as problems in material sciences, electromagnetism, fluid dynam-
ics, and biological processes [27]. As mentioned in the previous section, the standard finite
element method with body-fitted meshes can be used to solve interface problems with stan-
dard problem-independent finite element basis functions, but, in order to guarantee optimal
convergence of standard finite element solutions, elements which are cut by the interface
are not allowed [9, 13, 18]. This restriction leads to several drawbacks, for instance, (i)
the need for large number of remeshing steps when solving problems with moving inter-
faces, (ii) excessive mesh refinement to resolve small structures such as thin layers in the
domain, (iii) prohibition of the use of uniform meshes when solving general interface prob-
lems. In order to circumvent the limitations of the standard finite element method, op-
timal first-order IFE methods allowing elements to be cut by the interface were proposed
[2, 3, 17, 27, 30, 31, 33, 34, 37, 41, 42, 43, 44]. IFE methods use meshes that are not
necessarily body-fitted on which piecewise polynomial finite element spaces are constructed
according to interface jump conditions. Elements that are cut by the interface are referred
to as interface elements; otherwise, they are called non-interface elements. Similarly, the
proposed meshes contain interface and non-interface edges.
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1.4.2 Review of the IFE Methods

In the 1970s and 1980s, Babuska et al. [7, 8] proposed the generalized finite element method,
based on the idea of locally solving the interface problem on an element and constructing
the shape functions in that element. They developed local basis functions which may be
non-polynomials and are capable of capturing many important features of the exact solu-
tion. As an extension of the framework developed by Babuska and Osborn [7, 8], the recently
developed IFE methods [2, 3, 17, 27, 29, 30, 31, 33, 37, 41, 43, 44] are based on a similar idea
and use the jump conditions to construct the reference shape functions with polynomials.
The basic idea of IFE is to adapt the finite element method to handle interface problems
by employing piecewise polynomial shape functions that satisfy the interface jump condi-
tions. This idea is similar to Hsieh-Clough-Tocher macro elements [21] in which piecewise
cubic polynomials on three sub-triangles are used to satisfy the required continuity. Optimal
immersed finite element methods were first developed for piecewise linear and bilinear poly-
nomial approximations [37, 41, 43, 44]. Adjerid and Lin [2, 3] developed optimal high-order
IFE spaces and used them with local discontinuous Galerkin method in one-dimension. Nu-
merical results were presented and optimal convergence rates has been achieved under both
h and p refinements. Later, He, Lin and Lin [29, 32] investigated IFE discontinuous Galerkin
formulations for two-dimensional problems. A bilinear IFE space was constructed in [30, 45]
and used with a symmetric [22] and non-symmetric [49] DG method.

1.4.3 Description of the IFE Methods

The IFE method was developed to get rid of the limitation of the conventional finite element
method in solving interface problems with discontinuous coefficients. It can also be consid-
ered as an alternative approach to the immersed boundary method, that is able to exhibit
second-order convergence rates. The IFE method combines ideas from the finite element
method and the immersed interface method. It incorporates the discretization from the fi-
nite element method into the framework of an immersed interface method leading Y. Gong,
B. Li, and Z. Li [27] to call it ”immersed-interface finite-element method”. IFE method rep-
resents a fast and accurate solver of elliptic interface problems. For instance, in a long-time
simulation of interface dynamics, IFE method may be able to solve such problems with no
remeshing steps.

The IFE method allows using finite elements that are cut by the interface which eliminates
the need for using body-fitted meshes and uses interface-independent meshes to solve inter-
face problems. The main feature of the immersed finite elements is that the basis functions
are constructed and developed according to the interface problem, while the mesh can be in-
dependent of the problem. As a result, meshes used by IFE methods consist of the following
two types of elements:

1. non-interface elements which do not intersect the interface, and are equipped with
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standard local FE basis functions;

2. interface elements which are cut by the interface, and are equipped with IFE basis
functions satisfying interface jump conditions.

In general, the number of interface elements is much smaller than the number of non-interface
elements, making the computational costs for the IFE method and the standard method com-
parable.

First, let us recall from [41] a description of the one-dimensional linear IFE spaces and shape
functions developed in 2001 by Zhilin Li, who considered the model problem

−(β(x)u′(x))′ + q(x)u(x) = f(x), 0 ≤ x ≤ 1

u(0) = 0, u(1) = 0.

with

α ∈ (0, 1), β(x) =

{
β−, for x ∈ [0, α),
β+, for x ∈ (α, 1].

(1.4.1)

[u]α = [βux]α = 0. (1.4.2)

In a uniform partition 0 = x0 < x1 < · · · < xn = 1 of [0, 1] with step size h, assume that the
interface point is inside the element [xj, xj+1]. Then, two piecewise linear basis functions at
xj and xj+1 were constructed as follows. The basis function ϕj can be written as

ϕj(x) =


a1 x+ b1 , for xj−1 ≤ x < xj
a2 x+ b2 , for xj ≤ x < α
a3 x+ b3 , for α ≤ x < xj+1

0 , otherwise

(1.4.3)

Enforcing the continuity at xj, the two jump conditions (1.4.2) at α, and the three Lagrange
nodal value conditions ϕj(xj) = 1, ϕj(xj−1) = ϕj(xj+1) = 0, the following expression for ϕj

was obtained [41]:

ϕj(x) =



x−xj−1

h
, xj−1 ≤ x < xj

xj−x

D
+ 1, xj ≤ x < α

(xj+1−x)

rD
, α ≤ x < xj+1

0, otherwise,

(1.4.4)

7



where r = β+

β− , and D = h− β+−β−

β+ (xj+1 − α).

Similarly, the following ϕj+1 was obtained [41]:

ϕj+1(x) =



x−xj

D
, xj ≤ x < α

(x−xj+1)

rD
+ 1, α ≤ x < xj+1

xj+2−x

h
, xj−1 ≤ xj+1 < xj+2

0, otherwise.

(1.4.5)

In this thesis, we extend IFE ideas to develop quadratic IFE spaces and methods that can
be used to solve elliptic interface problems on either uniform or unstructured meshes. We
recall the main features of these IFE methods:

i)- The interface is allowed to cut through edges of the mesh allowing the use of a static
mesh, even for problems with moving interfaces. Furthermore, the IFE method may
be used with any mesh, including a Cartesian mesh which may be highly desirable in
many applications.

ii)- Physical jump conditions as well as eventual artificial jump conditions are enforced
on the interface, and are extended locally to homogeneous jump conditions on every
element in the mesh.

iii)- New finite element basis functions, satisfying the homogeneous jump conditions, are
constructed on interface elements. These basis functions depend on the interface loca-
tion and the enforced jump conditions [18, 35].

iv)- Optimal O(hp+1) convergence rates similar to those of the finite element method with
a body-fitted mesh [13, 18, 27, 37, 41, 43, 44].

v)- Can be more efficient than conventional finite element method for some applications
[24, 29].

1.5 Research Objectives

In our current research work, we propose quadratic IFE spaces combined with a penalized
finite element formulation for solving two-dimensional interface problems. We present a
general procedure for constructing optimal piecewise quadratic IFE spaces on triangular
meshes and linear interfaces. Standard finite element shape functions are used on non-
interface elements. On interface elements we construct piecewise quadratic shape functions
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that satisfy the same interface jump conditions as the true solution, which have been used
to construct linear and bilinear IFE shape functions [30, 43]. As observed in [17], extra
constraints need to be carefully introduced in order to uniquely determine the higher-order
IFE functions with optimal performance. Following the idea proposed in [2, 3], we require
that each quadratic immersed shape function satisfies the continuity of a second-order elliptic
operator. The proposed quadratic IFE spaces combined with a penalized finite element
formulation are able to optimally represent the non-smooth behavior of the solution across
the interface without requiring the mesh to be aligned with the material discontinuity.

1.6 Organization of the Thesis

This thesis is organized as follows. In Chapter 1, we introduce existing methods to solve
interface problems and present a review of the IFE method to solve elliptic interface prob-
lems. In Chapter 2, we discuss the extended jump constraints and use them to construct
quadratic IFE spaces, assuming a linear interface. In Chapter 3 we further show that such
IFE spaces exist and determine their dimensions. In Chapter 4, we present numerical re-
sults to demonstrate the approximation capability of the proposed quadratic IFE spaces. In
Chapter 5 we introduce an IFE method with interior penalty using the proposed quadratic
IFE spaces and present numerical results showing the optimal convergence of the method.
In Chapter 6, we discuss the extension of the quadratic IFE spaces to higher degree and
present a general procedure for the construction of higher order IFE shape functions. In
Chapter 7, we discuss the extension of our work to quadratic interfaces. Two approaches
are proposed (isoparametric approach and an affine approach), then, numerical results are
presented. Moreover, a procedure of handling general interfaces with quadratic IFE spaces
is presented together with numerical results showing the optimality of the method. Finally,
we conclude with a few remarks and discuss possible future work in Chapter 8.
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Chapter 2

Quadratic Immersed Finite Element
Spaces for Linear Interfaces

2.1 Introduction

In this chapter, we consider quadratic immersed finite elements for the model interface
problem (1.1.1a) with a linear interface Γ defined by the equation

y = Ax+B. (2.1.1)

We first discuss the jump conditions for constructing quadratic immersed finite element
spaces that will be used later to solve the model interface problem. Next, we investigate the
dimensions of these spaces and some of their properties.

2.2 Quadratic IFE Spaces

Let Pk denote the two-dimensional polynomial space in R2

Pk = {p, | p =
k∑

l=0

l∑
i=0

cliξ
iηl−i}, (2.2.1)

and let Th be a regular triangular mesh of size h formed for the domain Ω, where h is the
maximum diameter in the mesh, i.e., h = max

T∈Th

diam(T ). The set of interface elements is

denoted by T i
h . Similarly, edges that are cut by the interface are called interface edges;

otherwise, they are referred to as non-interface edges. As illustrated in Figure 2.1, every
interface element T = △V1V2V3 can be split as

T = T+ ∪ T−, where T± = T ∩ Ω±. (2.2.2)
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Figure 2.1: A physical interface element.

In the discussion from now on, we will use V4, V5 and V6 to denote the midpoints of the edges
of a triangular element T = △V1V2V3 such that

V4 =
1

2
(V1 + V2), V5 =

1

2
(V2 + V3), V6 =

1

2
(V3 + V1).

We will also use D and E to denote the two intersection points of the interface Γ with the
edges of the triangle T , as illustrated in Figure 2.1.

First, we introduce the following quadratic IFE spaces locally on an arbitrary interface
element T

R1(T ) = {U, |U |T± ∈ P2, [U ]T∩Γ = [β
∂U

∂n
]T∩Γ = [β∆U ]T∩Γ = 0}, (2.2.3a)

R2(T ) = {U, |U |T± ∈ P2, [U ]T∩Γ = [β
∂U

∂n
]T∩Γ = [β

∂2U

∂n2
]T∩Γ = 0}. (2.2.3b)

On an interface triangle T , let φ(x, y) be a piecewise quadratic function written as

φ(x, y) =

{
φ+(x, y) , on T+

φ−(x, y) , on T−,
(2.2.4)

where φ±(x, y) ∈ P2. Thus, φ is determined by 12 independent parameters. A piecewise
quadratic function φ ∈ R1(T ) satisfies

[φ]Γ = 0, (2.2.5a)

[β n · ∇φ]Γ = 0, (2.2.5b)

[β∆φ]Γ = 0. (2.2.5c)

11



The two conditions (2.2.5a) and (2.2.5b) follow from the physical jump conditions (1.1.2a)
and (1.1.2b), however the jump equation (2.2.5c) is suggested by the continuity of the right-
hand side in (1.1.1a).

Guided by the work of the one-dimensional IFE methods in [2, 17] we can also construct
piecewise quadratic functions that satisfy, instead of (2.2.5c), the following alternative con-
dition for the second normal derivative

[β
∂2φ

∂n2
]Γ = 0, (2.2.6)

which leads to the piecewise quadratic polynomial space R2(T ).

Since interface jump conditions (2.2.5c) and (2.2.6) are not in the original interface problem,
we call them the extended interface jump conditions. These extended jump conditions are
needed to uniquely determine the quadratic IFE functions in Ri(T ), i = 1, 2, on each
interface element T ∈ Th and to guarantee the desired optimal approximation capability.

As it is often the case for finite element, the discussion is performed on a reference element,
then every element of the mesh is mapped to the reference element. Hence, following this
reasoning, we now describe how to use the reference triangle T̂ = △V̂1V̂2V̂3 to define the
functions in Ri(T ), i = 1, 2, where V̂1 = (0, 0)t, V̂2 = (1, 0)t and V̂3 = (0, 1)t. Without loss
of generality, we assume that the vertices of each interface element T = △V1V2V3 ∈ Th are
arranged such that the vertex shared by its two interface edges is V3. As usual, each element
T = △V1V2V3 ∈ Th with Vi = (xi, yi)

t can be considered as the image of T̂ through the affine
mapping F−1 : T̂ → T defined by

F−1(x̂, ŷ) = V1 + (V2 − V1)x̂+ (V3 − V1)ŷ =

(
x
y

)
. (2.2.7a)

Thus, the related mapping F : T → T̂ can be written as

F (x, y) = J

(
x
y

)
− J V1 =

(
x̂
ŷ

)
, J =

(
x2 − x1 x3 − x1
y2 − y1 y3 − y1

)−1

. (2.2.7b)

In order to construct the function φ on T , we construct a piecewise quadratic function φ̂ on
the reference element T̂ , then we use the mapping F defined in (2.2.7b) to obtain:

φ(x, y) = φ̂(x̂, ŷ) = φ̂(F (x, y)). (2.2.7c)

Since the interface is linear, it intersects two edges of every interface triangle creating 12
possible cases as shown in Figure 2.2. Furthermore, interface elements can be grouped into
three types. Elements of Type I are shown in the first column with one vertex on one side of
the interface and the remaining five nodes on the other side; elements of Type II are shown
in the second column where two nodes are on one side and the remaining four nodes are on
the other side, and elements of Type III are in the third column where the six nodes are
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reference triangles
Type I Type II Type III

physical triangles

Figure 2.2: Interface elements of Type I and corresponding reference triangle (1st column),
elements of Type II and corresponding reference triangle (2nd column), and elements of Type
III and corresponding reference triangle (3rd column).
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equally distributed on both sides of the interface. All interface elements of a given type are
mapped to the corresponding reference interface triangle shown in the first row of Figure
2.2.

For each type of reference triangles, we refer to the sub-domain of T̂ containing vertex V̂3 as
T̂ 1 and let T̂ 2 = T̂ \ T̂ 1.

The discontinuous material coefficient β̂ on the reference interface triangle T̂ is written as

β̂ =

{
β̂1, on T̂ 1,

β̂2, on T̂ 2,
(2.2.8)

where β̂i = β± if T̂ i = F (T±).

In order to construct piecewise quadratic functions on the reference triangles, we need to
map the jump conditions to the reference triangles. First, we translate the interface jump
conditions (1.1.2) to the piecewise quadratic function φ̂ on Γ̂ = F (Γ ∩ T ):

[φ̂]Γ̂ = 0, (2.2.9a)

[β̂ n̂ · ∇̂φ̂]Γ̂ = 0, (2.2.9b)

where n̂ = Jn and ∇̂φ̂ = (∂x̂φ̂, ∂ŷφ̂)
t.

In fact, by chain rule, we have

∇φ(x, y) = Jt∇φ̂(x̂, ŷ), (2.2.10)

then
n · ∇φ = nt∇φ = ntJt∇φ̂ = (Jn)t∇φ̂. (2.2.11)

Hence
n · ∇φ = n̂ · ∇̂φ̂ , (2.2.12)

with
n̂ = Jn. (2.2.13)

We notice that, in general, n̂ is not normal to Γ̂ = F (Γ ∩ T ).

Next, we discuss how to translate the extended interface jump conditions (2.2.5c) and (2.2.6)
to the reference element T̂ . Since ∇φ = Jt∇̂φ̂, we obtain

∆φ = ∇ · ∇φ = (Jt∇̂) · (Jt∇̂)φ̂. (2.2.14)

Then, on T̂ , the extended jump condition (2.2.5c) becomes

[β̂(Jt∇̂) · (Jt∇̂)φ̂]|Γ̂ = 0. (2.2.15)

14



We further note that the second normal derivative can be written as

∂2φ

∂n2
= (n · ∇) (n · ∇)φ. (2.2.16)

Thus, (2.2.6) leads to the following condition on T̂ :

[β̂(n̂ · ∇̂)(n̂ · ∇̂)φ̂]|Γ̂ = [β̂
∂2φ̂

∂n̂2 ]Γ̂ = 0. (2.2.17)

Hence, on a reference element T̂ , we need to construct the following function space:

R̂1(T̂ ) = {Û ∈ P̂2(T̂ ), | [Û ]Γ̂ = 0, [β̂
∂Û

∂n̂
]Γ̂ = 0, [β̂(Jt∇).(Jt∇)Û ]Γ̂ = 0}, (2.2.18)

and

R̂2(T̂ ) = {Û ∈ P̂2(T̂ ), | [Û ]Γ̂ = 0, [β̂
∂Û

∂n̂
]Γ̂ = 0, [β̂

∂2Û

∂n̂2 ]Γ̂ = 0}, (2.2.19)

where
P̂2(T̂ ) = {p̂ | p̂|T̂ i ∈ P2, i = 1, 2}. (2.2.20)

2.3 Properties of Quadratic IFE Spaces

We will now discuss the properties of the IFE spaces R̂k(T̂ ), k = 1, 2, determine their
dimensions, and show how to construct their bases. In the discussion below, we note that
any polynomial π̂ ∈ P̂2 can be written as

π̂(x̂, ŷ) =


6∑

i=1

ciL̂i(x̂, ŷ), if (x̂, ŷ) ∈ T̂ 1,

6∑
i=1

ci+6L̂i(x̂, ŷ), if (x̂, ŷ) ∈ T̂ 2,

(2.3.1)

where L̂j, j = 1, . . . , 6, are the standard Lagrange quadratic shape functions on T̂ associated

with nodes V̂i, i = 1, 2, · · · , 6.

Let T be an arbitrary smooth interface triangle and let T̂ = F (T ) be the associated reference
triangle cut by the interface Γ̂ : ŷ = ax̂ + b, as illustrated in Figure 2.2. We recall that F
is the standard affine mapping given in (2.2.7) and that the unit normal vector n to the
physical interface Γ is mapped to n̂ = Jn which, in general, is not normal to Γ̂.

In the next lemma we show that n̂ = (n̂x, n̂y)
t cannot be parallel to Γ̂ when F is an invertible

affine mapping.
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Lemma 2.3.1. Let T be an arbitrary interface element cut by a linear interface Γ. If F is
the standard affine mapping from T to to the reference element T̂ , then

an̂x − n̂y ̸= 0. (2.3.2)

Proof. First, the unit normal vector to the interface Γ̂ defined by the equation ŷ = ax̂ + b
can be written as

N̂ =
1√

1 + a2
(a,−1)t

with inner product

n̂ · N̂ =
an̂x − n̂y√
1 + a2

. (2.3.3)

If n̂ is parallel to Γ̂, then the inner product n̂ · N̂ = 0. Hence the line containing Γ and all
lines perpendicular to it are mapped onto the line containing Γ̂. This means F maps R2 onto
the line containing Γ̂. This violates the one-to-one property of F and proves the lemma.

2.3.1 Properties of R̂2(T̂ )

Here we prove that R̂2(T̂ ) is a non trivial linear space with dimension six.

Lemma 2.3.2. Let π̂ ∈ P̂2(T̂ ) be defined by (2.3.1) with coefficients c = (c1, c2, . . . , c12)
t ∈

R12 and P1 = Ê, P2 = D̂ and P3 = (D̂ + Ê)/2 as illustrated in Figure 2.2. Then

π̂ ∈ R̂2(T̂ ) if and only if c ∈ N(A), (2.3.4)

where N(A) is the null space of the 6× 12 rectangular matrix A defined by

A =

 A0 −A0

A1 −r̂A1

A2 −r̂A2

 (2.3.5a)

with r̂ = β̂2

β̂1
and

A0 =

 L̂1(P1) L̂2(P1) L̂3(P1) L̂4(P1) L̂5(P1) L̂6(P1)

L̂1(P2) L̂2(P2) L̂3(P2) L̂4(P2) L̂5(P2) L̂6(P2)

L̂1(P3) L̂2(P3) L̂3(P3) L̂4(P3) L̂5(P3) L̂6(P3)

 , (2.3.5b)

A1 =

 ∂L̂1

∂n̂
(P1)

∂L̂2

∂n̂
(P1)

∂L̂3

∂n̂
(P1)

∂L̂4

∂n̂
(P1)

∂L̂5

∂n̂
(P1)

∂L̂6

∂n̂
(P1)

∂L̂1

∂n̂
(P2)

∂L̂2

∂n̂
(P2)

∂L̂3

∂n̂
(P2)

∂L̂4

∂n̂
(P2)

∂L̂5

∂n̂
(P2)

∂L̂6

∂n̂
(P2)

 , (2.3.5c)

A2 =
(

∂2L̂1

∂n̂2 (P1)
∂2L̂2

∂n̂2 (P1)
∂2L̂3

∂n̂2 (P1)
∂2L̂4

∂n̂2 (P1)
∂2L̂5

∂n̂2 (P1)
∂2L̂6

∂n̂2 (P1)
)
. (2.3.5d)
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Proof. We first show that the condition is necessary. Assume that π̂ ∈ R̂2(T̂ ), then

[p̂]Γ̂ = 0, (2.3.6a)

[β̂
∂p̂

∂n̂
]Γ̂ = 0, (2.3.6b)

[β̂
∂2p̂

∂n̂2 ]Γ̂ = 0. (2.3.6c)

The jump condition (2.3.6a) is satisfied by enforcing [π̂](Pi) = 0, i = 1, 2, 3, which can be
written as

6∑
j=1

cjL̂j(Pi)−
6∑

j=1

cj+6L̂j(Pi) = 0, i = 1, . . . , 3,

or (
A0,−A0

)
c = 0. (2.3.7)

Similarly, the jump condition (2.3.6b) is satisfied by enforcing [β̂ ∂π̂
∂n̂

](Pi) = 0, i = 1, 2, which
can be written as

6∑
j=1

cj
∂L̂j

∂n̂
(Pi)− r̂

6∑
j=1

cj+6
∂L̂j

∂n̂
(Pi) = 0, i = 1, 2,

or (
A1,−r̂A1

)
c = 0. (2.3.8)

The third condition (2.3.6c) is satisfied by enforcing [β̂ ∂2π̂
∂n̂2 ](P1) = 0, which can be written as

6∑
j=1

cj
∂2L̂j

∂n̂2 (P1)− r̂
6∑

j=1

cj+6
∂2L̂j

∂n̂2 (P1) = 0.

This is equivalent (
A2,−r̂A2

)
c = 0. (2.3.9)

Combining (2.3.7), (2.3.8) and (2.3.9) yields Ac = 0.

Reversing the arguments above can show that the condition is also sufficient.

In the next lemma we show that the nullity of A defined in (2.3.5a) is equal to 6.

Lemma 2.3.3. Under the assumptions of Lemma 2.3.2, the nullity of the matrix A defined
in (2.3.5a) is equal to 6.
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Proof. Let us consider the 6× 6 submatrix of A

Ac =

 A0

A1

A2

 . (2.3.10)

A direct calculation gives its determinant as follows:

det(Ac) =
32

(1 + a)4
(1− b)4(an̂x − n̂y)

4. (2.3.11)

By the fact b ̸= 1 and Lemma 2.3.1 we can show that Ac is invertible, hence, the rank of A
is equal to 6. Then, we finish the proof by applying the the rank-nullity theorem:

rank(A) + nullity(A) = 12. (2.3.12)

In the next lemma we establish the existence of an isomorphism between R̂2(T̂ ) and N(A).

Theorem 2.3.1. If A is the matrix defined by (2.3.5a), then the following statements hold

1. There exist an isomorphism Ψ from the quadratic IFE space R̂2(T̂ ) to the null space
N(A).

2. The dimension of R̂2(T̂ ) is equal to 6.

3. A set of vectors {bi, i = 1, . . . , 6} ⊂ R12 form a basis of N(A) if and only if
{Ψ−1(bi), i = 1, . . . , 6} form a basis of R̂2(T̂ ).

Proof. For each π̂ ∈ R̂2(T̂ ) we can represent it in the form given in (2.3.1) and define the
mapping Ψ : R̂2(T̂ ) → N(A) by

Ψ(π̂) = (c1, c2, . . . , c12)
t. (2.3.13)

From the definition of Ψ, one can easily show that Ψ is linear, i.e.,

Ψ(λa+ µb) = λΨ(a) + µΨ(b), ∀ a,b ∈ R12 and λ, µ ∈ R. (2.3.14)

Establishing that Ψ is injective is straight froward by setting Ψ(π̂) = Ψ(ζ̂) we show that
π̂ = ζ̂.

Next, we show that Ψ is surjective. In fact, for any c = (c1, . . . , c12)
t ∈ N(A), we can use

Lemma 2.3.2 to form a piecewise quadratic polynomial π̂ ∈ R̂2(T̂ ) of the form (2.3.1). Thus,
for all c ∈ N(A) there exists π̂ ∈ R̂2(T̂ ) such that Ψ(π̂) = b.

Hence, the mapping Ψ is an isomorphism between R̂2(T̂ ) and N(A). Using Lemma 2.3.3
yields dim(R̂2(T̂ )) = dim(N(A)) = 6.

Since Ψ is an isomorphism, each basis of N(A) is mapped into a basis of R̂2(T̂ ) which
completes the proof.
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2.3.2 Properties of R̂1(T̂ )

In this section we will show that R̂1(T̂ ) has properties similar to those for R̂2(T̂ ).

Lemma 2.3.4. Let π̂ ∈ P̂2(T̂ ) be defined by (2.3.1) with coefficients c = (c1, c2, . . . , c12)
t ∈

R12 and P1 = Ê, P2 = D̂ and P3 = (D̂ + Ê)/2 as illustrated in Figure 2.2. Then

π̂ ∈ R̂1(T̂ ) if and only if c ∈ N(A). (2.3.15)

where the matrix A is defined by

A =

 A0 −A0

A1 −r̂A1

A2 −r̂A2

 (2.3.16a)

with r̂ = β̂2

β̂1
and matrices A0 and A1, respectively, given by (2.3.5b) and (2.3.5c), and the

matrix A2 is

A2 =
(
a1 a2 . . . a6

)
, aj = (Jt∇).(Jt∇)L̂j(P1), 1 ≤ j ≤ 6. (2.3.16b)

Proof. The proof follows from the same arguments as those for Lemma 2.3.2:

If π̂ ∈ R̂1(T̂ ), then (2.3.6a), (2.3.6b) hold together with

[β̂(Jt∇).(Jt∇)π̂]Γ̂ = 0. (2.3.17)

Enforcing (2.3.6a) at Pi, i = 1, 2, 3, yields(
A1 −A1

)
c = 0, (2.3.18)

while enforcing (2.3.6b) at P1 and P2 yields(
A2 −r̂A2

)
c = 0. (2.3.19)

Enforcing (2.3.17) at P1 yields

6∑
j=1

cj(J
t∇).(Jt∇)L̂j(P1)− r̂

6∑
j=1

cj+6(J
t∇).(Jt∇)L̂j(P1) = 0, (2.3.20)

which leads to (
A3 −r̂A3

)
c = 0. (2.3.21)

Combining (2.3.18), (2.3.19) and (2.3.21) we obtain Ac = 0, which yields c ∈ N(A).

Reversing the arguments above can show that the condition is also sufficient.

19



Lemma 2.3.5. Under the assumptions of Lemma 2.3.4 the nullity of the matrix A defined
by (2.3.16a) is equal to 6.

Proof. Let the Jacobian of the affine mapping F be

J =

(
j11 j12
j21 j22

)
, (2.3.22)

and, as before, we use the first six columns of A to define the 6 × 6 matrix Ac. A direct
computation leads to

det(Ac) = 16(1 + a)(1− b)4(an̂x − n̂y)
2
(
(aj11 − j21)

2 + (aj12 − j22)
2
)

= 16(1 + a)(1− b)4(1 + a2)2(n̂ · N̂)2 ||JtN̂||2, (2.3.23)

where || · || denotes the Euclidian norm.

On all reference interface triangles b ̸= 1 and a > −1. From Lemma 2.3.1 n̂ · N̂ ̸= 0 and
since J is invertible JtN̂ ̸= 0. Thus, det(Ac) ̸= 0 and the rank of A is equal to 6. Finally,
the result of this lemma follows from rank-nullity theorem.

Theorem 2.3.2. If the matrix A is defined by (2.3.16a), then the following statement hold

1. There exists an isomorphism Ψ from the piecewise quadratic space R̂1(T̂ ) to the null
space N(A).

2. The dimension of R̂1(T̂ ) is equal to 6.

3. The set of vectors {b1, . . . ,b6} ⊂ R12 form a basis of N(A) if and only if {Ψ−1(bi), i =
1, . . . , 6} form a basis of R̂1(T̂ ).

Proof. The proof is the same as for Theorem 2.3.1 and is omitted.

In conclusion, both quadratic IFE spaces R̂k(T̂ ), k = 1, 2, have dimension 6 and their
elements can be represented as linear combinations of the piecewise quadratic shape functions
obtained from a basis of the corresponding null space N(A).

More conventional shape functions such as Lagrange and hierarchical shape functions may
be constructed for these interface spaces. More details such as their existence and related
algorithms for constructing them will be discussed in the forthcoming Chapters, where dif-
ferent bases for these spaces are developed and used with an interior penalty finite element
method to solve elliptic interface problems.
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2.4 The Global IFE Spaces

Let us first define the following IFE spaces over the whole domain:

Wk
h = {U | U |T ∈ P2, for T ∈ Th \ T i

h and U |T ∈ Rk(T ), for T ∈ T i
h }, k = 1, 2. (2.4.1)

Then, to define the global quadratic IFE spaces over the whole simulation domain Ω, we
let Nh be the set of nodes for the usual Lagrange quadratic finite element space defined on
the mesh Th. As usual, for each node vi ∈ Nh, we define a piecewise quadratic IFE basis
function ψk

i over Ω as follows

ψk
i |T ∈


Rk(T ) ∀ T ∈ T i

h

P2 ∀ T ∈ Th \ T i
h

, ψk
i (vj) = δij ∀ vj ∈ Nh.

We note that the global quadratic IFE basis functions may be discontinuous across interface
edges as discussed in Chapter 3. More precisely, the global IFE basis functions are continuous
across non-interface edges while, in general, on interface edges they are continuous only at
the two edge vertices and midpoint.

Without loss of generality, we assume that Nh contains N nodes among which the first NI

nodes are inside Ω while the rest of them are on the boundary of Ω. Finally, we define the
global quadratic IFE spaces over the domain Ω as

Sk
h = span{ψk

j , j = 1, . . . , N}, k = 1, 2, (2.4.2)

and define the space Sk
h,0 as the span of all global quadratic IFE basis functions associated

with interior nodes:
Sk
h,0 = span{ψk

j , j = 1, . . . , NI}, k = 1, 2. (2.4.3)

Finally, we define the subsets of the spaces Sk
h , k = 1, 2, consisting of functions interpolating

the essential boundary condition g

Sk
h,E =

{
U ∈ Sk

h |U =

NI∑
i=1

ciψ
k
i +

N∑
i=NI+1

g(vi)ψ
k
i

}
. (2.4.4)

2.5 Conclusions

In this Chapter, we presented two IFE spaces Sk
h , k = 1, 2, that can be used with a penalized

finite element formulation or a with a discontinuous finite element formulation to solve
interface problems. Assuming the interface is a straight line, we justified the use of the
two sets of jump conditions to form IFE spaces locally on each interface element. We also
investigated the dimensions of these IFE spaces and proved that the dimension of each space
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is equal to 6. In Chapter 4, we will discuss the approximation capabilities of the two IFE
spaces Sk

h , k = 1, 2, and in Chapter 5, we will compute immersed finite element solutions of
the problem (1.1.1a) using these spaces.
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Chapter 3

Quadratic Immersed Finite Element
Shape Functions

3.1 Introduction

In this chapter, we discuss quadratic immersed finite elements shape functions. We construct
two basis for each of the two quadratic IFE spaces defined in Chapter 2, a basis of Lagrange
type and a hierarchical basis. We establish a proof of the existence for Lagrange quadratic
IFE shape functions on the space S2

h. Inspired by hierarchical standard finite element shape
functions [61], we construct hierarchical IFE shape functions with a correction term to enforce
the interface jump conditions. Then, we prove the linear independence of these hierarchical
IFE shape functions.

3.2 Lagrange Quadratic IFE Shape Functions

3.2.1 Formulations of Lagrange IFE Shape Functions

Let T̂ be a reference interface element of any of the three types described in Figure 2.2. In
this section, we consider a basis for R̂k(T̂ ), k = 1, 2, consisting of the IFE shape functions
of Lagrange type φ̂i ∈ R̂k(T̂ ), i = 1, . . . , 6, k = 1, 2, satisfying the nodal constraints

φ̂i(V̂j) = δij, j = 1, . . . , 6, (3.2.1)

On the reference element T̂ , each shape function can be written in a way such that it satisfies
the corresponding jump constrains. We consider the change of coordinate from (x, y) to
interface coordinate (ξ, η), where ξ is the coordinate in the the direction of the interface Γ,
and η is the coordinate in the normal direction to Γ : y = Ax + B. Hence, (ξ, η) can be
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defined as {
ξ = x+ Ay + C,

η = 1√
1+A2 (y − Ax−B),

(3.2.2)

where C is an arbitrary constant which represents the ξ coordinate of the Cartesian origin
(0, 0). In our work we have chosen C = −AB in order to make the interface reference origin
be the point with Cartesian coordinates (0, B).

The coordinates (ξ, η) are mapped to T̂ as (ξ̂, η̂), illustrated in Figure 3.1, and defined by{
ξ̂ = n̂x̂ŷ − n̂ŷx̂+ c,

η̂ = 1√
1+a2

(ŷ − ax̂− b),
(3.2.3)

where n̂x̂ and n̂ŷ are respectively the x̂ and ŷ coordinates of the vector n̂ = Jn, which is the
mapping of the normal n to Γ, and where c is an arbitrary constant. In our work, we have
chosen c = −n̂x̂b to get reference illustrated in the Figure 3.1. As previously mentioned,

n̂ = Jn is not orthogonal to Γ̂ in general.

Figure 3.1: The interface coordinates systems (ξ, η) on T and (ξ̂, η̂) on T̂ = F (T ).

The coordinates (ξ̂, η̂) defined in (3.2.3) are well defined, as discussed in the Lemma 2.3.1.
We note also that according to the definition in (3.2.3) of η̂, we have

∂

∂n̂
=

∂

∂η̂
.

To construct a function φ ∈ R̂2(T̂ ), we use the interface coordinates on the reference element
(ξ̂, η̂) defined above. Following the idea proposed by Adjerid and Lin [3] to write one-
dimensional lagrange IFE shape functions, given the expression of φ̂ on one side of T̂ , we
write the expression on the other side of T̂ , such that φ̂ satisfies the interface jump conditions
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stated in (2.2.9).
For instance, given the expression φ̂1(ξ̂, η̂) of φ̂ on T̂ 1, we write φ̂ on T̂ 2 as

φ̂2(ξ̂, η̂) = φ̂1(ξ, 0) +
β̂1

β̂2

(
φ̂1(ξ̂, η̂)− φ̂1(ξ̂, 0)

)
. (3.2.4)

If we denote by p̂(x̂, ŷ) the oblique projection on Γ̂ in η̂ direction of the point (x̂, ŷ) (i.e.
p̂(x̂, ŷ) is the mapping of the point (ξ̂, 0) to the Cartesian reference), then expression (3.2.4)
becomes

φ̂2(x̂, ŷ) =
β̂1

β̂2
φ̂1(x̂, ŷ) +

(
1− β̂1

β̂2

)
φ̃1
i (x̂, ŷ), (3.2.5)

with φ̃1
i (x̂, ŷ) = φ̂1

i (p̂(x̂, ŷ)).

Now, we define the following sets of indices: I1 the set of the indices of all the vertices of T̂
that are on T̂ 1 ; and I2 the set of the indices of all the vertices of T̂ that are on T̂ 2. Hence,
considering the 3 types of reference elements shown in the first row of Figure 2.2, if T̂ is
of type I then I1 = {3} and I2 = {1, 2, 4, 5, 6} ; if T̂ is of type II then I1 = {3, 5} and
I2 = {1, 2, 4, 6} ; and if T̂ is of type III then I1 = {3, 5, 6} and I2 = {1, 2, 4}.

Now, we write the shape functions φ̂i, i = 1, . . . , 6, in terms of the standard quadratic shape
functions of Lagrange type L̂j(x̂, ŷ), j = 1, . . . , 6, on the reference element, and such that

each function φ̂i satisfies the Lagrange nodal value conditions (3.2.1) on one side of T̂ , then
we construct the expression of φ̂i on the other side using equation (3.2.5).

Let us first define r̂ = β̂1

β̂2
, then we write φ̂i ∈ R̂2(T̂ ), i = 1, . . . , 6, as follows.

For i ∈ I1, we write the shape function φ̂i as

φ̂i(x̂, ŷ) =

 φ̂2
i (x̂, ŷ) =

∑
j∈I1

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 2,

φ̂1
i (x̂, ŷ) =

1
r̂
φ̂2
i (x̂, ŷ) + (1− 1

r̂
) φ̂2

i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 1.

(3.2.6)

For i ∈ I2, we write the shape function φ̂i as

φ̂i(x̂, ŷ) =


φ̂1
i (x̂, ŷ) =

∑
j∈I2

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 1,

φ̂2
i (x̂, ŷ) = r̂ φ̂1

i (x̂, ŷ) + (1− r̂) φ̂1
i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 2.

(3.2.7)

The remaining unknowns are determined by imposing the Lagrange nodal value conditions
(3.2.1). Later in this section, we will discuss the existence and uniqueness of φ̂i, i = 1, . . . , 6.
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Similarly for the quadratic IFE space R̂1(T̂ ), given the expression of a function φ̂ on one
side of T̂ , we can write the expression of φ̂ on the other side of T̂ , such that it satisfies the
interface jump conditions stated in (2.2.18). Then, given the expression φ̂1(ξ̂, η̂) of φ̂ on T̂ 1,
we write φ̂ on T̂ 2 as

φ̂2(x̂, ŷ) = r̂φ̂1(x̂, ŷ) + (1− r̂)φ̃1(x̂, ŷ)− (ŷ − ax̂− b)2

2(1 + a2)
(1− r̂)(Jt∇̂) · (Jt∇̂)φ̃1(x̂, ŷ) .

(3.2.8)

with φ̃1
i (x̂, ŷ) = φ̂1

i (p̂(x̂, ŷ)), and p̂(x̂, ŷ) being the oblique projection on Γ̂ in η̂ direction.

Hence, the shape functions φ̂i, i = 1, . . . , 6, in R̂1(T̂ ) will be written as follows.

For i ∈ I1, we write the shape function φ̂i as

φ̂i(x̂, ŷ) =



φ̂2
i (x̂, ŷ) =

∑
j∈I1

cjL̂j(x̂, ŷ), (x̂, ŷ) ∈ T̂ 2,

φ̂1
i (x̂, ŷ) = r̂ φ̂2

i (x̂, ŷ) + (1− r̂)φ̃2
i (x̂, ŷ)

− (1− r̂) (ŷ−ax̂−b)2

2(1+a2)
∆̂φ̃2

i (x̂, ŷ), (x̂, ŷ) ∈ T̂ 1,

and for i ∈ I2, we write the shape function φ̂i as

φ̂i(x̂, ŷ) =



φ̂1
i (x̂, ŷ) =

∑
j∈I2

cjL̂j(x̂, ŷ), (x̂, ŷ) ∈ T̂ 1,

φ̂2
i (x̂, ŷ) =

1
r̂
φ̂1
i (x̂, ŷ) + (1− 1

r̂
)φ̃1

i (x̂, ŷ)

− (1− 1
r̂
) (ŷ−ax̂−b)2

2(1+a2)
∆̂φ̃1

i (x̂, ŷ), (x̂, ŷ) ∈ T̂ 2,

with r̂ = β̂1

β̂2
and ∆̂ = (Jt∇̂) · (Jt∇̂); and we recall that φ̃j

i = φj
i ◦ p̂, j = 1, 2.

In this dissertation, we establish the existence and uniqueness of the IFE shape functions
on meshes consisting of right angle triangles where every interface triangle can be mapped
to one of seven reference elements shown in Figure 3.2 such that n̂ is normal to Γ̂. The
interface Γ defined by y = Ax + B is mapped to Γ̂ defined by ŷ = ax̂ + b. The proof is
presented only for the space R2(T ). The existence of Lagrange IFE shape functions for
the space R1(T ) is the subject of future work, and should follow the same ideas as of the
proof for the existence of Lagrange IFE shape functions for the space R2(T ), however it will
include more computation and will be the subject of future investigation.
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reference Type I Type II Type III Type IV

physical

reference Type V Type VI Type VII

physical

Figure 3.2: Reference triangles and associated right angle physical triangles.
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3.2.2 Existence of Lagrange Basis for R2(T )

Before stating and proving the existence and uniqueness of our quadratic IFE shape functions
we start by establishing several preliminary lemmas for each of the seven types shown in
Figure 3.2. First, let us consider the projection p̂ : R2 → Γ̂ defined by

p̂(x̂, ŷ) =

(
1 a
−a 1

)−1(
1 a
0 0

)(
x̂
ŷ

)
+

(
1 a
−a 1

)−1(
0
b

)
. (3.2.9)

We can easily verify that p̂ is an orthogonal projection from the plane R2 onto the line Γ̂.

Lemma 3.2.1. Let L̂i be the standard Lagrange quadratic shape functions on the reference
triangle of type I shown in Figure 3.2 and p̂ denote the orthogonal projection defined by
(3.2.9). Then, the eigenvalues of the matrix

M2 =


L̂1(p̂(V̂1)) L̂2(p̂(V̂1)) L̂4(p̂(V̂1)) L̂5(p̂(V̂1)) L̂6(p̂(V̂1))

L̂1(p̂(V̂2)) L̂2(p̂(V̂2)) L̂4(p̂(V̂2)) L̂5(p̂(V̂2)) L̂6(p̂(V̂2))

L̂1(p̂(V̂4)) L̂2(p̂(V̂4)) L̂4(p̂(V̂4)) L̂5(p̂(V̂4)) L̂6(p̂(V̂4))

L̂1(p̂(V̂5)) L̂2(p̂(V̂5)) L̂4(p̂(V̂5)) L̂5(p̂(V̂5)) L̂6(p̂(V̂5))

L̂1(p̂(V̂6)) L̂2(p̂(V̂6)) L̂4(p̂(V̂6)) L̂5(p̂(V̂6)) L̂6(p̂(V̂6))

 (3.2.10)

are in [0, 1], and M1 = L̂3(p̂(V̂3)) is in [0, 1], as well.

Proof. First we observe that for elements of Type I, cut by the interface Γ̂ : ŷ = ax̂ + b, a
and b are in the domain

D = {(a, b) | 1

2
≤ b < 1, 1− 2b ≤ a }, (3.2.11)

as illustrated in Figure 3.3.

Figure 3.3: Interface elements of Type I (left) and associated domain for a and b (right).
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A direct computation reveals that the five eigenvalues of M2 are {1, 1, 0, 0, λ}, with

λ = (1− b)
(1 + 3a2 + 2b)

(1 + a2)2
. (3.2.12)

Next, we show that λ ∈ [0, 1].

First, since (1− b) > 0, it is clear that λ > 0.

Now, to show that λ ≤ 1, we define the function

v(a, b) = λ = (1− b)
(1 + 3a2 + 2b)

(1 + a2)2
> 0 , (a, b) ∈ D. (3.2.13)

Note that D = D1 ∪D2, where

D1 = {(a, b) | 1
2
≤ b < 1, 1− 2b < a ≤ 0}, and D2 = {(a, b) | 1

2
≤ b < 1, 0 < a},

as illustrated in Figure 3.3.

A direct computation of the partial derivatives of v gives

∂v

∂a
(a, b) = 2a(1− b)

(1− 4b− 3a2)

(a2 + 1)3
, (3.2.14)

and
∂v

∂b
(a, b) =

(1− 4b− 3a2)

(a2 + 1)2
. (3.2.15)

Since 1
2
≤ b < 1, then 1− 4b < 0 which implies (1− 4b− 3a2) < 0.

Thus ∂v
∂b
(a, b) does not change sign, which implies that v has no critical point in D1 ∪D2.

Now, we will show that v does not exceed 1 over D1, as well as over D2.

The maximum of v(a, b) over D1 is reached on the boundary. A computation of the values
of v(a, b) on the boundary of D1 gives

v(a, 1) = 0, (with − 1 ≤ a ≤ 0)

v(0, b) = (1− b)(1 + 2b) = 1 + b− 2b2, (with
1

2
≤ b < 1)

v(1− 2b, b) = (1− b)
(6b2 − 5b+ 2)

2(2b2 − 2b+ 1)2
= w(b). (with

1

2
≤ b < 1)

Since 1
2
≤ b (i.e. 1− 2b < 0), we have

v(0, b) = 1 + b− 2b2 = 1 + b(1− 2b) ≤ 1. (3.2.16)
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In order to prove that w(b) ≤ 1, we compute

w′(b) =
(2b2 − 4b+ 1) (6b2 − 4b+ 1)

2 (2b2 − 2b+ 1)3
, (3.2.17)

and note that for 1
2
≤ b < 1

6b2 − 4b+ 1 > 0 , 2b2 − 2b+ 1 > 0 and 2b2 − 4b+ 1 < 0.

Thus w′(b) < 0, and w(b) is decreasing over [1
2
, 1], which leads to v(a, b) ≤ 1, on ∂D1. Hence

w(b) ≤ w(
1

2
) = 1.

i.e.
v(a, b) ≤ 1, ∀(a, b) ∈ D1.

Over D2, we can observe that ∂v
∂a
(a, b) < 0, which means that v(a, b) is decreasing with

respect to a. Then the maximum of v(a, b) over D2 is achieved on the boundary a = 0. Since
we have already shown that v(0, b) ≤ 1, then we conclude that

v(a, b) ≤ 1, ∀(a, b) ∈ D1 ∪D2.

Hence,
λ ∈ [0, 1] and σ(M2) ⊂ [0, 1].

A direct computation reveals that

L̂3(p̂(V̂3)) =
(a2 + b)(a2 − 1 + 2b)

(1 + a2)2
. (3.2.18)

We remark that L̂3(p̂(V̂3)) = 1− λ, where λ is the eigenvalue of M2 defined by (3.2.12).

Since λ ∈ [0, 1], then M1 = L̂3(p̂(V̂3)) ∈ [0, 1].

Next, we will state and prove a result for interface elements of Type II.

Lemma 3.2.2. Let L̂i be the standard Lagrange quadratic shape functions on the reference
element of type II shown in Figure 3.2, and p̂ be the orthogonal projection on Γ̂. Then the
eigenvalues of the matrices

M2 =


L̂1(p̂(V̂1)) L̂2(p̂(V̂1)) L̂4(p̂(V̂1)) L̂6(p̂(V̂1))

L̂1(p̂(V̂2)) L̂2(p̂(V̂2)) L̂4(p̂(V̂2)) L̂6(p̂(V̂2))

L̂1(p̂(V̂4)) L̂2(p̂(V̂4)) L̂4(p̂(V̂4)) L̂6(p̂(V̂4))

L̂1(p̂(V̂6)) L̂2(p̂(V̂6)) L̂4(p̂(V̂6)) L̂6(p̂(V̂6))

 (3.2.19)
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and

M1 =

(
L̂3(p̂(V̂3)) L̂5(p̂(V̂3))

L̂3(p̂(V̂5)) L̂5(p̂(V̂5))

)
(3.2.20)

are in [0, 1].

Proof. First we observe that for elements of Type II, cut by the interface Γ̂ : ŷ = ax̂ + b, a
and b are in the domain

D = { (a, b) | 1

2
≤ b < 1 , − b ≤ a ≤ 1− 2b }, (3.2.21)

as illustrated in Figure 3.4. Thus, for (a, b) ∈ D, we have the inequalities

(1− b) > 0 , (1− 2b− a) ≥ 0 , a < 0 , (2b− 1) ≥ 0 , (a+ b) ≥ 0 . (3.2.22)

Figure 3.4: Interface elements of Type II (left) and associated domain for a and b (right).

A direct computation shows that the four eigenvalues of M2 are {λ1, λ2, 1, 0}, where λ1 and
λ2 are roots of the quadratic equation

f(λ) = λ2 − 2 + a4 + a3(2b− 1) + a2(3− b)− a(1 + 2b− 4b2)− b− 2b2

(1 + a2)2
λ

+
(1− b)(1− 2b− a)(1 + a2(2− a) + 2b(1− a))

(1 + a2)3
= 0. (3.2.23)

Next, we will show that f(0) ≥ 0, f(b) < 0 and f(1) ≥ 0. In this case, since f is a continuous
function, the quadratic equation f(λ) = 0 has a root in the interval [0, b) ; and another root
in the interval (b, 1], which implies that both roots λ1 and λ2 are in the interval [0, 1].
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First, we observe that

f(0) =
(1− b)(1− 2b− a)(1 + a2(2− a) + 2b(1− a))

(1 + a2)3

From inequalities (3.2.22), we obtain

(1 + a2(2− a) + 2b(1− a)) > 0,

and conclude that f(0) ≥ 0.

Also, we observe that

f(1) =
(a2 + b)(1− a)(2b− 1)(a+ 2b+ a2)

(1 + a2)3

From inequalities (3.2.22), we obtain

(a+ 2b+ a2) = (a+ b) + b+ a2 > 0,

and conclude that f(1) ≥ 0.

Moreover, we observe that we can write

f(b) = − (1− b)

(1 + a2)3
(a4b(1 + a)2 − 2a3b(1− a− 2b)

+2a2b(1− b) + (a+ b)(a2 + 2b− a4)).

From (3.2.21) and (3.2.22), we have − 1 < a ≤ 0 , which implies a4 < 1, combined with
2b ≥ 1 yields (2b− a4) ≥ 0, which, with the inequalities (3.2.22), imply f(b) < 0.

Hence, we conclude that σ(M2) ⊂ [0, 1].

A direct computation shows that the two eigenvalues of M1 are roots of the quadratic
equation

g(λ) = λ2 − a4 + a3 + a2 + a+ b+ 2ab+ a2b− 2a3b+ 2b2 − 4ab2

(1 + a2)2
λ

+
(1− a)(a2 + b)(2b− 1)(a+ a2 + 2b)

(1 + a2)3
= 0,

where we note that for all λ, g(λ) = f(1− λ), with f given in (3.2.23).

Thus, the roots of the equation g(λ) = 0 are equal to 1− λ1 and 1− λ2.

i.e. σ(M1) ⊂ [0, 1].
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Lemma 3.2.3. Let L̂i be the standard Lagrange quadratic shape functions on the reference
element of type III shown in Figure 3.2 and p̂ be the orthogonal projection on Γ̂. Then the
eigenvalues of the matrices

M2 =

 L̂1(p̂(V̂1)) L̂2(p̂(V̂1)) L̂4(p̂(V̂1))

L̂1(p̂(V̂2)) L̂2(p̂(V̂2)) L̂4(p̂(V̂2))

L̂1(p̂(V̂4)) L̂2(p̂(V̂4)) L̂4(p̂(V̂4))

 (3.2.24)

M1 =

 L̂3(p̂(V̂3)) L̂5(p̂(V̂3)) L̂6(p̂(V̂3))

L̂3(p̂(V̂5)) L̂5(p̂(V̂5)) L̂6(p̂(V̂6))

L̂3(p̂(V̂6)) L̂5(p̂(V̂6)) L̂6(p̂(V̂6))

 (3.2.25)

are in [0, 1].

Proof. First we observe that for elements of Type III, cut by the interface Γ̂ : ŷ = ax̂+ b, a
and b are in the domain

D = { (a, b) | 0 ≤ b <
1

2
, − b ≤ a ≤ 1− 2b }, (3.2.26)

as illustrated in Figure 3.5. Thus, for (a, b) ∈ D, we have the inequalities

(1− b) > 0 , (1− 2b− a) ≥ 0 , (1− 2b) > 0 , (a+ b) ≥ 0 , −1

2
≤ a ≤ 1 . (3.2.27)

Figure 3.5: Interface elements of Type III (left) and associated domain for a and b (right).

A direct computation reveals that the three eigenvalues of M2 are {λ1, λ2, 1}, where λ1 and
λ2 are roots of the quadratic equation

f(λ) = λ2 − (2− a+ a2(1− b)− 5b+ 2b2)

(1 + a2)2
λ

+
(1− b)(1− 2b)(1− a− 2b)

(1 + a2)3
= 0. (3.2.28)
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Next, we will show that f(0) ≥ 0 and f(1) ≥ 0, and that for some α ∈ (0, 1), we have
f(α) < 0. In this case, since f is continuous, we conclude that the quadratic equation
f(λ) = 0 has one root in the interval [0, α) ; and another root in the interval (α, 1], which
implies that both roots λ1 and λ2 are in the interval [0, 1].

First, we observe that

f(0) =
(1− b)(1− 2b)(1− a− 2b)

(1 + a2)3
,

and

f(1) =
2(1− 2b− a)b2 + (a+ b)(a2 + 3b) + b2(1− b2) + (a2 − b2)2 + a6 + a4 + a4b+ 5a2b

(1 + a2)3
,

From (3.2.26) and inequalities (3.2.27), we conclude that f(0) ≥ 0, f(1) ≥ 0.

Now, let us consider

α =
(1− a− 2b) + (1− 2b)(1− b)

2(1 + a2)2
> 0, (3.2.29)

where we used (3.2.27).

Moreover, since (a+ b) ≥ 0, we can write

(1− 2b− a) = (1− b)− (a+ b) ≤ (1− b),

which leads to

(1− a− 2b) + (1− 2b)(1− b) ≤ (1− b) + (1− 2b)(1− b) = 2(1− b)2.

Hence,

α =
(1− a− 2b) + (1− 2b)(1− b)

2(1 + a2)2
≤ 2(1− b)2

2(1 + a2)2
=

(
1− b

1 + a2

)2

≤ 1. (3.2.30)

We used the fact 0 < (1− b) ≤ (1 + a2), ( (1− b) ≤ 1 and 1 ≤ (1 + a2) ).

We further note that the only case where α = 1 is when a = b = 0, which corresponds to a
non-interface element.

Hence, we proved that α ∈ (0, 1).

We have

f(α) = − 4a2b(1− a− 2b)(1− b) + 2a2(1− 2b)(1− b)(a+ b) + (a− b+ 2b2)2

4(1 + a2)4
.

From (3.2.26) and inequalities (3.2.27), we conclude that f(0) > 0, f(1) > 0 and f(α) < 0,
which yields σ(M2) ⊂ [0, 1].
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A direct computation reveals that the three eigenvalues of M1 are 0 and the two roots of
the quadratic equation

g(λ) = λ2 − a+ 2a4 + (5− 2b)b+ a2(3 + b)

(1 + a2)2
λ

+
a6 + 2a4 + a3 + 3ab+ 6a2b+ a4b+ 6b2 − 2ab2 − 2a2b2 − 4b3

(1 + a2)3
= 0.

We note that for all λ ∈ [0, 1], g(λ) = f(1− λ), where f is given in (3.2.28).

Since the roots of f(λ) = 0 are in [0, 1], Then 1−λ1 and 1−λ2 are the roots of the equation
g(λ) = 0.

i.e. σ(M1) ⊂ [0, 1].

Lemma 3.2.4. Let L̂i be the standard Lagrange quadratic shape functions on the reference
element of type IV shown in Figure 3.2 and p̂ be the orthogonal projection on Γ̂. Then the
eigenvalues of the matrices

M2 =


L̂1(p̂(V̂1)) L̂2(p̂(V̂1)) L̂4(p̂(V̂1)) L̂5(p̂(V̂1))

L̂1(p̂(V̂2)) L̂2(p̂(V̂2)) L̂4(p̂(V̂2)) L̂5(p̂(V̂2))

L̂1(p̂(V̂4)) L̂2(p̂(V̂4)) L̂4(p̂(V̂4)) L̂5(p̂(V̂4))

L̂1(p̂(V̂5)) L̂2(p̂(V̂5)) L̂4(p̂(V̂5)) L̂5(p̂(V̂5))

 (3.2.31)

M1 =

(
L̂3(p̂(V̂3)) L̂6(p̂(V̂3))

L̂3(p̂(V̂6)) L̂6(p̂(V̂6))

)
(3.2.32)

are in [0, 1].

Proof. First we observe that for elements of Type IV, cut by the interface Γ̂ : ŷ = ax̂+ b, a
and b are in the domain

D = { (a, b) | 0 ≤ b <
1

2
, a ≥ 1− 2b }, (3.2.33)

as illustrated in Figure 3.6. Thus, for (a, b) ∈ D, we have the inequalities

(1− b) > 0 , (a− 1 + 2b) ≥ 0 , (1− 2b) > 0 and a > 0. (3.2.34)

A direct computation reveals that the four eigenvalues of M2 are {λ1, λ2, 1, 0}, where λ1 and
λ2 are roots of the quadratic equation

f(λ) = λ2 − 2 + a3(1− 2b) + 3a2(1− b)− 3b+ 2a(1− 2b)b+ 2b2

(1 + a2)2
λ

+
(1− b)(1− 2b)(1 + 2a2 + a3 + 2ab)

(1 + a2)3
= 0. (3.2.35)
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Figure 3.6: Interface elements of Type IV (left) and associated domain for a and b (right).

Next, we will show that f(0) ≥ 0 and f(1) ≥ 0, and that for some α ∈ (0, 1), we have
f(α) < 0. In this case, since f is continuous, we conclude that the quadratic equation
f(λ) = 0 has one root in the interval [0, α) and another root in the interval (α, 1], which
implies that both roots λ1 and λ2 are in the interval [0, 1].

First, we observe that

f(0) =
(1− b)(1− 2b)(1 + 2a2 + a3 + 2ab)

(1 + a2)3
,

f(1) =
a(a+ 2b− 1)(a2 + b)(a2 + 2b)

(1 + a2)3
.

From inequalities (3.2.34), we conclude that f(0) ≥ 0 and f(1) ≥ 0.

Now, we define

α =
3a2(1− b) + 2ab(1− 2b) + 2

2(1 + a2)2
. (3.2.36)

From inequalities (3.2.34), we observe that α > 0.

Moreover, since (1− b) < 1, then

3a2(1− b) < 3a2. (3.2.37)

We also have (1− 2b) ≤ a and a > 0 , which leads to

a(1− 2b) ≤ a2 . (3.2.38)

Since 2b < 1 , then 2ab(1− 2b) ≤ a(1− 2b) , which is combined with (3.2.38) to show

2ab(1− 2b) ≤ a2. (3.2.39)
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Combining (3.2.37) and (3.2.39), we obtain 3(1− b)a2 + 2ab(1− 2b) ≤ 3a2 + a2 = 4a2,

then

α =
2 + 3(1− b)a2 + 2ab(1− 2b)

2 + 4a2 + 2a4
≤ 2 + 4a2

2 + 4a2 + 2a4
< 1.

We can write

f(α) = − a

4(1 + a2)4
( Q(a, b) +R(a, b) ),

where

Q(a, b) = a2(1− 2b)
(
2a2(1− b) + 4b(2− b) + a(1 + 12b)

)
+ a3b2(1 + 16b),

R(a, b) = 2b
(
(1− 2b)

(
4b2 + 7ab+ 2a

)
+ 2b(a+ 2b− 1) + 8ab3 + a

)
.

From inequalities (3.2.34), Q(a, b) > 0 and R(a, b) ≥ 0, which, in turn, imply f(α) < 0.

Hence, σ(M2) ⊂ [0, 1].

A direct computation reveals that the two eigenvalues of M1 are roots of the equation

g(λ) = λ2 − 2a4 + (3− 2b)b+ a3(2b− 1) + 2ab(2b− 1) + a2(1 + 3b)

(1 + a2)2
λ

+
a(a2 + b)(a+ 2b− 1)(a2 + 2b)

(1 + a2)3
= 0,

and note that g(λ) = f(1− λ), where f is defined in (3.2.35).

Then, 1− λ1 and 1− λ2 are the roots of the equation g(λ) = 0.

i.e. σ(M1) ⊂ [0, 1].

Lemma 3.2.5. Let L̂i be the standard Lagrange quadratic shape functions on the reference
element of type V shown in Figure 3.2 and p̂ be the orthogonal projection on Γ̂. Then the
eigenvalues of the matrix

M2 =


L̂2(p̂(V̂2)) L̂3(p̂(V̂2)) L̂4(p̂(V̂2)) L̂5(p̂(V̂2)) L̂6(p̂(V̂2))

L̂2(p̂(V̂3)) L̂3(p̂(V̂3)) L̂4(p̂(V̂3)) L̂5(p̂(V̂3)) L̂6(p̂(V̂3))

L̂2(p̂(V̂4)) L̂3(p̂(V̂4)) L̂4(p̂(V̂4)) L̂5(p̂(V̂4)) L̂6(p̂(V̂4))

L̂2(p̂(V̂5)) L̂3(p̂(V̂5)) L̂4(p̂(V̂5)) L̂5(p̂(V̂5)) L̂6(p̂(V̂5))

L̂2(p̂(V̂6)) L̂3(p̂(V̂6)) L̂4(p̂(V̂6)) L̂5(p̂(V̂6)) L̂6(p̂(V̂6))

 (3.2.40)

are all in [0, 1], and M1 = L̂1(p̂(V̂1)) is in [0, 1], as well.
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Proof. First, we observe that for element of type V, cut by the interface Γ̂ : ŷ = ax̂ + b, a
and b are in the domain

D = { (a, b) | 0 < b ≤ 1

2
, a ≤ −2b }, (3.2.41)

as illustrated in Figure 3.7.

Figure 3.7: Interface elements of Type V (left) and associated domain for a and b (right).

A direct computation reveals that the five eigenvalues of M2 are {1, 1, 0, 0, λ}, with

λ = b(1− a)
(3a2 + 2ab− 2b+ 3)

(a2 + 1)2
. (3.2.42)

Then, we write λ as

λ = b(1− a)
(2a2 + a2 + 2ab+ b2 − b2 − 2b+ 2 + 1)

(a2 + 1)2

= b(1− a)
(2a2 + (a+ b)2 + (1− b2) + 2(1− b))

(a2 + 1)2
> 0.

To show that λ ≤ 1, we define the function

v(a, b) = λ = b(1− a)
(3a2 + 2ab− 2b+ 3)

(a2 + 1)2
> 0 , for (a, b) ∈ D, (3.2.43)

where D = D1 ∪D2, with

D1 = {(a, b) | 0 < b ≤ 1

2
, −1 ≤ a ≤ −2b}, and D2 = {(a, b) | 0 < b ≤ 1

2
, a ≤ −1},

as illustrated in Figure 3.7.
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A direct computation of the partial derivatives of v gives

∂v

∂a
(a, b) = b

(a2 − 2a− 1) (3a2 + 4ab− 4b+ 3)

(a2 + 1)3
, (3.2.44)

and
∂v

∂b
(a, b) = (1− a)

(3a2 + 4ab− 4b+ 3)

(a2 + 1)2
. (3.2.45)

We note that

3a2 + 4ab− 4b+ 3 = a2 + 2(a+ b)2 + 1− 2b2 + 2(1− 2b) > 0 (3.2.46)

and since (1 − a) > 0, then ∂v
∂b
(a, b) does not change sign, which implies that v has no

critical point in D.

Now, we will show that the v(a, b) does not exceed 1 over D1, as well as over D2.

The maximum of v(a, b) over D1 is achieved on the boundary. A computation of the values
of v(a, b) on the boundary of D1 gives

v(a, 0) = 0 (with − 1 < a < 0)

v(−1, b) = −2b2 + 3b = 1− (1− b)(1− 2b) (with 0 < b ≤ 1

2
)

v(−2b, b) = b(2b+ 1)
(8b2 − 2b+ 3)

(4b2 + 1)2
= w(b) (with 0 < b ≤ 1

2
)

For 0 < b ≤ 1
2
, we have v(−1, b) = 1− (1− b)(1− 2b) ≤ 1.

Furthermore, we have (for 0 < b ≤ 1
2
)

w′
1(b) = −(4b2 − 4b− 1) (4b2 − 4b+ 3)

(4b2 + 1)3
=

4− (2b− 1)4

(4b2 + 1)3
> 0, (3.2.47)

which implies that w(b) ≤ w(1
2
) = 1. Hence

0 ≤ v(a, b) ≤ 1, ∀(a, b) ∈ D1. (3.2.48)

Now, for v(a, b) over D2, we notice that, since a2 − 2a − 1 > 0, for a ≤ −1, and since we
have, by (3.2.46), (3a2 + 4ab− 4b+ 3) > 0, for a ≤ −1, then ∂v

∂a
(a, b) > 0, ∀a ≤ −1.

Hence v(a, b) is an increasing function for a ∈ (−∞,−1], its maximum is achieved on the
line a = −1. Since we have already proved that v(−1, b) ≤ 1, then we can conclude that the
maximum of v(a, b) over D2 is less or equal to 1. Thus

0 ≤ λ ≤ 1, ∀(a, b) ∈ D. (3.2.49)
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A direct computation of L̂1(p̂(V̂1)) reveals that

L̂1(p̂(V̂1)) =
(a2 + 2ab+ 1− 2b)(a2 + ab+ 1− b)

(a2 + 1)2
. (3.2.50)

We note that L̂1(p̂(V̂1)) = 1− λ ∈ [0, 1], where λ is the eigenvalue of M2 defined in (3.2.42).

Lemma 3.2.6. Let L̂i be the standard Lagrange quadratic shape functions on the reference
element of type VI shown in Figure 3.2 and p̂ be the orthogonal projection on Γ̂. Then the
eigenvalues of the matrices

M2 =


L̂2(p̂(V̂2)) L̂3(p̂(V̂2)) L̂5(p̂(V̂2)) L̂6(p̂(V̂2))

L̂2(p̂(V̂3)) L̂3(p̂(V̂3)) L̂5(p̂(V̂3)) L̂6(p̂(V̂3))

L̂2(p̂(V̂5)) L̂3(p̂(V̂5)) L̂5(p̂(V̂5)) L̂6(p̂(V̂5))

L̂2(p̂(V̂6)) L̂3(p̂(V̂6)) L̂5(p̂(V̂6)) L̂6(p̂(V̂6))

 (3.2.51)

M1 =

(
L̂1(p̂(V̂1)) L̂4(p̂(V̂1))

L̂1(p̂(V̂4)) L̂4(p̂(V̂4))

)
(3.2.52)

are in [0, 1]

Proof. First we observe that for elements of Type VI, cut by the interface Γ̂ : ŷ = ax̂+ b, a
and b are in the domain

D = { (a, b) | 0 < b ≤ 1

2
, −2b ≤ a ≤ −b }, (3.2.53)

as illustrated in Figure 3.8. Thus, for (a, b) ∈ D, we have the inequalities

(1− b) > 0 , (1− 2b) ≥ 0 , (a+ 2b) ≥ 0 , (a+ b) ≤ 0 ,−1 ≤ a < 0 . (3.2.54)

A direct computation shows that the four eigenvalues of M2 are {λ1, λ2, 1, 0}, where λ1 and
λ2 are roots of the quadratic equation

f(λ) = λ2 − a4 + a3b+ a2b(2b+ 1)− 3ab+ a+ b(5− 2b)

(a2 + 1)2
λ

+
b(1− a)(a+ 2b)(a2(2− a)− 2a(1− b) + (3− 2b))

(1 + a2)3
= 0. (3.2.55)

Next, we will show the following. If 0 < b < 1
2
, then f(0) ≥ 0, f(2b) < 0 and f(1) ≥ 0. In

this case, since f is continuous, the quadratic equation f(λ) = 0 has one root in [0, 2b), and
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Figure 3.8: Interface elements of Type VI (left) and associated domain for a and b (right).

another root in (2b, 1]. However, if b = 1
2
, then f(λ) = 0 has one root equal to 1 and another

root in (0, 1).

Hence, oth λ1 and λ2 are in [0, 1].

First, let us consider the case 0 < b < 1
2
, where

f(0) =
b(1− a)(a+ 2b)(a2(2− a)− 2a(1− b) + (3− 2b))

(1 + a2)3
,

and

f(1) =
(1− 2b) (2a2 + (1− a)(1− 2b)) (a(a+ b) + 1− b)

(1 + a2)3
,

and

f(2b) = a
b(1− 2b)

(1 + a2)3
(a4 − a3(2a2 + 5− 2b)− 2(a+ b)(2− a)− a+ 1).

From inequalities (3.2.54), we conclude that f(0) > 0, f(1) > 0 and f(2b) < 0, which implies
that λ1 and λ2 are in [0, 1].

Now, let us consider the case b = 1
2
(which implies that −1 < a < −1

2
), where f(λ) = 0

becomes

λ2 − λ
(2a4 + a3 + 2a2 − a+ 4)

2 (a2 + 1)2
+

(a− 1) (a2 − a− 2)

2 (a2 + 1)2
= 0 (3.2.56)

A direct computation of the solutions gives

λ1 = 1 and λ2 =
a3 − 2a2 − a+ 2

2 (a2 + 1)2
= w(a). (3.2.57)

We just need to show that λ2 is in [0, 1].
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Differentiate w to write

w′(a) =
−a4 + 4a3 + 6a2 − 12a− 1

2 (a2 + 1)3
. (3.2.58)

For −1 ≤ a ≤ −1
2
, we have

−a4 + 4a3 + 6a2 − 12a− 1 = (1− a2)(a2 − 4a)− (2a+ 1) + 5a2 − 6a > 0 , (3.2.59)

Thus, w′(a) > 0, leads to

w(−1) = 0 ≤ w(a) = λ2 ≤ w(−1

2
) =

3

5
.

Finally, we conclude that the eigenvalues of M2 are all in [0, 1].

A direct computation shows that the two eigenvalues of M1 are roots of the equation

g(λ) = λ2 − (a4 − a3b− a2(2b2 + b− 4) + a(3b− 1) + 2b2 − 5b+ 2)

(a2 + 1)2
λ

+
(1− 2b)(a2 + ab− b+ 1) (2a2 + (1− a)(1− 2b))

(a2 + 1)3
= 0.

We note that for all λ, g(λ) = f(1− λ), where f is defined in (3.2.55).

Since the roots of f(λ) = 0, λ1 and λ2, are in [0, 1], then the roots, 1− λ1 and 1− λ2, of the
equation g(λ) = 0 are in [0, 1]. This concludes the proof.

Lemma 3.2.7. Let L̂i be the standard Lagrange quadratic shape functions on the reference
element of type VII shown in Figure 3.2 and p̂ be the orthogonal projection on Γ̂. Then the
eigenvalues of the matrices

M2 =

 L̂2(p̂(V̂2)) L̂3(p̂(V̂2)) L̂5(p̂(V̂2))

L̂2(p̂(V̂3)) L̂3(p̂(V̂3)) L̂5(p̂(V̂3))

L̂2(p̂(V̂5)) L̂3(p̂(V̂5)) L̂5(p̂(V̂5))

 (3.2.60)

and

M1 =

 L̂1(p̂(V̂1)) L̂4(p̂(V̂1)) L̂6(p̂(V̂1))

L̂1(p̂(V̂4)) L̂4(p̂(V̂4)) L̂6(p̂(V̂4))

L̂1(p̂(V̂6)) L̂4(p̂(V̂6)) L̂6(p̂(V̂6))

 (3.2.61)

are in [0, 1].
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Proof. First we observe that for elements of Type VII, cut by the interface Γ̂ : ŷ = ax̂ + b,
a and b are in the domain

D = { (a, b) | 1

2
< b < 1 , −2b ≤ a ≤ −b }, (3.2.62)

as illustrated in Figure 3.9. Thus, for (a, b) ∈ D, we have the inequalities

(1− b) > 0 , (1− 2b) > 0 , (a+ 2b) ≥ 0 , (a+ b) ≤ 0 , −2 < a < −1

2
. (3.2.63)

Figure 3.9: Interface elements of Type VII (left) and associated domain for a and b (right).

A direct computation reveals that the three eigenvalues of M2 are {λ1, λ2, 1}, where λ1 and
λ2 are roots of the quadratic equation

f(λ) = λ2 − (1− a) (a2(b− 1)− 2ab2 + a+ b(2b+ 1))

(a2 + 1)2
λ

+
b(2b− 1)(a+ 2b)(1− a)3

(a2 + 1)3
= 0. (3.2.64)

Next, we will show that f(0) ≥ 0 and f(1) ≥ 0, and that for some α ∈ (0, 1), we have
f(α) < 0. In this case, since f is continuous, we conclude that the quadratic equation
f(λ) = 0 has one root in the interval [0, α) and another root in the interval (α, 1], which
implies that both λ1 and λ2 are in [0, 1].

First, we observe that

f(0) =
b(2b− 1)(a+ 2b)(1− a)3

(1 + a2)3
.

By the inequalities (3.2.63), we obtain that f(0) ≥ 0.
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Next, we define

α =
(1− a)(1 + 2b− a)(a+ b− ab)

2(1 + a2)2
. (3.2.65)

By the inequalities (3.2.63), we observe that

a+ b− ab =
1

2
(2a+ 2b− 2ab) =

1

2
(a+ 2b− a(2b− 1)) > 0, (3.2.66)

then α > 0.

We further note that

1− α =
2(a+ b2)2 + 2(a4 − b4) + 2(1 + a2)(1− b2) + (1− a) (a2(1− b)− (a+ b))

2(a2 + 1)2
.

By inequalities (3.2.63), we obtain that

a4 − b4 = (a− b)(a+ b)(a2 + b2) > 0 . (3.2.67)

Using (3.2.63) and (3.2.67), we conclude that (1− α) > 0, i.e. α < 1.

Hence α ∈ (0, 1).

Next, we have

f(α) = − (1− a)2

4(1 + a2)4
((a+ b− ab)2(1− a− 2b)2

+4b(1− a)(1 + a)2(a+ 2b− 2b(a+ b))) < 0,

where we used inequalities (3.2.63).

We also have

f(1) =
(1 + a2)3 + b(2b− 1)(a+ 2b)(1− a)3 − (1 + a2)(1− a)(1− a+ 2b)(a+ b− ab)

(1 + a2)3
.

To show that f(1) ≥ 0, let us consider the numerator

v(a, b) = (1+a2)3+b(2b−1)(a+2b)(1−a)3−(1+a2)(1−a)(1−a+2b)(a+b−ab) (3.2.68)

The partial derivatives of v(a, b) are

∂v

∂a
(a, b) = 6a5 − 5a4(1− b) + 4a3(5− 4b2)− 3a2(4b3 − 12b2 + b+ 2)

+2a(12b3 − 16b2 + b+ 5)− 12b3 + 12b2 − 1,

∂v

∂b
(a, b) = (a− 1)

(
a4 − a3(8b− 1) + 4a2b(4− 3b) + a(24b2 − 16b+ 1)− 12b2 + 8b+ 1

)
.
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Now, we will show that v(a, b) is decreasing with respect to b, i.e. ∂v
∂b
(a, b) < 0.

For (a− 1) < 0, let us define

w(a, b) =
v(a, b)

(a− 1)
= a4 − a3(8b− 1) + 4a2b(4− 3b) + a(24b2 − 16b+ 1)− 12b2 + 8b+ 1.

A computation of the partial derivatives of w(a, b) gives

∂w

∂a
(a, b) = 4a3 − (3a2 + 1)(2b− 1) + 2b(12a− 7)(1− b) + 8b(a+ b)− 2b(9a2 − b),

∂w

∂b
(a, b) = −8(1− a) (2b− 1− a(a+ 2b) + a+ b− ab) .

Using (3.2.63) and (3.2.66), we see that ∂w
∂b
(a, b) < 0 , which implies that w is decreasing

with respect to b, for b ∈ (1
2
, 1).

Hence the minimum of w(a, b) is achieved on the line b = 1 or on the line a = −b. A direct
computation of w(a, b) on these two boundaries gives

w(a, 1) = a4 − 7a3 + 4a2 + 9a− 3, (−2 ≤ a < −1)

w(−b, b) = −3b4 − 9b3 + 4b2 + 7b+ 1. (
1

2
≤ b < 1)

We can write

w(a, 1) = 2(a+ 1)2 + (a2 − 1)(a2 + 5) + a(a+ 1)(5− 7a).

From inequalities (3.2.63), we have a < −1, then w(a, 1) > 0.

We can also write

w(−b, b) = 1− b4 + b(1− b)(2b2 + 11b+ 7) > 0, for
1

2
< b < 1.

Hence, we conclude that w(a, b) > 0, for b ∈ (1
2
, 1), which implies that

∂v

∂b
(a, b) = (a− 1) w(a, b) < 0.

Thus, v is decreasing with respect to b, for b ∈ (1
2
, 1). The minimum of v(a, b) is achieved on

the line b = 1 or on the line a = −b. A direct computation of v(a, b) on these two boundaries
gives

v(a, 1) = a(a5 + a3 + 5a2 + 2a− 1), (with − 2 ≤ a < −1)

v(−b, b) = b5 + 2b4 − 5b3 + b2 + 1. (with
1

2
< b < 1)
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We can write

a5 + a3 + 5a2 + 2a− 1 = (a+ 1)2(a3 − 2a2 + 4a− 1) < 0,

and since a < 0, then it is clear that v(a, 1) > 0.

We can also write

b5 + 2b4 − 5b3 + b2 + 1 = (1− b)2(b3 + 4b2 + 2b+ 1) > 0,

and since b > 1
2
, then it is clear that v(−b, b) > 0, and we conclude that v(a, b) > 0, for

(a, b) ∈ D.

Hence, we proved that f(0) ≥ 0 and f(1) ≥ 0, and for 0 < α < 1, f(α) < 0, which yields

σ(M2) ⊂ [0, 1].

A direct computation reveals that the three eigenvalues of M1 are 0 and the two roots of
the quadratic equation

g(λ) = λ2 − 2a4 − a3(1− b)− a2(2b2 + b− 6) + a(4b2 + b− 1)− 2b2 − b+ 2

(a2 + 1)2
λ

+
(1 + a2)3 + b(2b− 1)(a+ 2b)(1− a)3 − (1 + a2)(1− a)(1− a+ 2b)(a+ b− ab)

(a2 + 1)3
= 0.

We note that for all λ ∈ [0, 1]
g(λ) = f(1− λ)

where f is the function defined in (3.2.64).

Since the roots of f(λ) = 0 are in [0, 1], Then 1−λ1 and 1−λ2 are the roots of the equation
g(λ) = 0.

i.e. σ(M1) ⊂ [0, 1].

Now we are ready to prove the existence of the IFE shape functions on R̂2(T̂ ).

Theorem 3.2.1. Let T̂ be a reference interface element cut by the interface Γ̂ : ŷ = ax̂+ b,
and let R̂2(T̂ ) be the quadratic polynomial space defined in (2.2.19), with n̂ orthogonal to
Γ̂. There exists six shape functions φ̂i, i = 1, . . . , 6, in R̂2(T̂ ) satisfying the Lagrange nodal
value conditions (3.2.1). The shape functions φ̂i, i = 1, . . . , 6, are unique.
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Figure 3.10: Interface coordinates system on the reference element of Type I with n̂ orthog-
onal to Γ̂.

Proof. Let T̂ be a reference interface element, with vertices V̂i, i = 1, 2, 3, and midpoints
of the edges V̂i, i = 4, 5, 6, of one of the 7 types described in Table 3.2. Considering the
interface coordinates (ξ, η) described in Figure 3.1 and their mapping (ξ̂, η̂) to T̂ such that
n̂ = Jn is orthogonal to the ξ̂ coordinate, as illustrated in Figure 3.10, for Type I.

First, for elements of Type I we write the expressions of φ̂i, i = 1, . . . , 6, as in (3.2.6) and
(3.2.7), with I1 = {3} and I2 = {1, 2, 4, 5, 6}, respectively.

The shape function φ̂3 is given by

φ̂3(x̂, ŷ) =


φ̂2
3(x̂, ŷ) = c3L̂3(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 2.

φ̂1
3(x̂, ŷ) =

1
r̂
φ̂2
3(x̂, ŷ) + (1− 1

r̂
) φ̂2

3(p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 1.

(3.2.69)

For i ∈ I2, we can write the shape function φ̂i as

φ̂i(x̂, ŷ) =


φ̂1
i (x̂, ŷ) =

∑
j∈I2

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 1,

φ̂2
i (x̂, ŷ) = r̂ φ̂1

i (x̂, ŷ) + (1− r̂) φ̂1
i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 2,

(3.2.70)

with r̂ = β̂1

β̂2
.

Each shape function is in R̂2(T̂ ), and the constants cj are determined by imposing the
Lagrange nodal value conditions (3.2.1).
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Hence, imposing (3.2.1) to φ̂3, at the node V̂3, leads to one equation for c3(
1

r̂
+ (1− 1

r̂
)λ6

)
c3 = 1, (3.2.71)

with λ6 = L̂3(p̂(V̂3)).

By Lemma 3.2.1, we have λ6 ∈ [0, 1], thus

1

r̂
+ (1− 1

r̂
)λ6 ̸= 0 ,

and we can solve for c3,

c3 =
r̂

1 + (r̂ − 1)λ6
.

For i ∈ I2, imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 1, 2, 4, 5, 6, leads
to the following linear system for c = (c1, c2, c4, c5, c6)

t

A2 c = eδ(i), with A2 = r̂ I+ (1− r̂) M2, (3.2.72)

where ei is the canonical vector in R5, δ is the mapping defined by

δ(1) = 1, δ(2) = 2, δ(4) = 3, δ(5) = 4, δ(6) = 5,

and M2 is the matrix defined in (3.2.10), with eigenvalue λk ∈ [0, 1], k = 1, . . . , 6, as shown
in Lemma 3.2.1.

The eigenvalues of the matrix A2

µk = r̂ + (1− r̂) λk , k = 1, . . . , 5, (3.2.73)

are bounded as
min(1, r̂) ≤ µk ≤ max(1, r̂) , k = 1, . . . , 5. (3.2.74)

Thus, µk > 0 , k = 1, . . . , 5, and the system (3.2.72) has a unique solution.

For elements of Type II, we write the expressions of φ̂i, i = 1, . . . , 6, as in (3.2.6) and (3.2.7),
with I1 = {3, 5} and I2 = {1, 2, 4, 6}, as illustrated in Figure 3.11. For i ∈ I1, the shape
function φ̂i is given by

φ̂i(x̂, ŷ) =


φ̂2
i (x̂, ŷ) =

∑
j∈I1

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 2,

φ̂1
i (x̂, ŷ) =

1
r̂
φ̂2
i (x̂, ŷ) + (1− 1

r̂
) φ̂2

i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 1.

(3.2.75)
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Figure 3.11: Interface coordinates system on the reference element of Type II with n̂ orthog-
onal to Γ̂.

For i ∈ I2, the shape function φ̂i is given by

φ̂i(x̂, ŷ) =


φ̂1
i (x̂, ŷ) =

∑
j∈I2

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 1,

φ̂2
i (x̂, ŷ) = r̂ φ̂1

i (x̂, ŷ) + (1− r̂) φ̂1
i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 2,

(3.2.76)

with r̂ = β̂1

β̂2
.

Following the same reasoning as for Type I, the coefficients cj are determined by imposing
the Lagrange nodal value conditions (3.2.1).

For i ∈ I1, imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 3, 5, leads to the
following linear system for c = (c3, c5)

t

A1 c = eδ(i), with A1 =
1

r̂
I+ (1− 1

r̂
) M1, (3.2.77)

where ei is the canonical vector in R2, δ is the mapping defined by

δ(3) = 1, δ(5) = 2,

and M1 is the matrix defined in (3.2.20), with eigenvalues λk ∈ [0, 1], k = 1, 2, as shown in
Lemma 3.2.2.

The eigenvalues of A1

µk =
1

r̂
+ (1− 1

r̂
) λk , k = 1, 2, (3.2.78)
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are bounded as

min(1,
1

r̂
) ≤ µk ≤ max(1,

1

r̂
) , k = 1, 2. (3.2.79)

Thus, µk > 0 , k = 1, 2, and the system (3.2.77) has a unique solution.

For i ∈ I2, imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 1, 2, 4, 6, leads
to the following linear system for c = (c1, c2, c4, c6)

t

A2 c = eδ(i), with A2 = r̂ I+ (1− r̂) M2, (3.2.80)

where ei is the canonical vector in R4, δ is the mapping defined by

δ(1) = 1, δ(2) = 2, δ(4) = 3, δ(6) = 4,

and M2 is the matrix defined in (3.2.19), with eigenvalues λk ∈ [0, 1], k = 1, . . . , 4, as shown
in Lemma 3.2.2.

The eigenvalues of A2

µk = r̂ + (1− r̂) λk , k = 1, . . . , 4, (3.2.81)

are bounded as
min(1, r̂) ≤ µk ≤ max(1, r̂) , k = 1, . . . , 4. (3.2.82)

Thus, µk > 0 , k = 1, . . . , 4, and the system (3.2.80) has a unique solution.

For elements of Type III, we write the expressions of φ̂i, i = 1, . . . , 6, as in (3.2.6) and
(3.2.7), with I1 = {3, 4, 5} and I2 = {1, 2, 4}, as illustrated in Figure 3.12. For i ∈ I1, the
shape function φ̂i is given by

φ̂i(x̂, ŷ) =


φ̂2
i (x̂, ŷ) =

∑
j∈I1

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 2,

φ̂1
i (x̂, ŷ) =

1
r̂
φ̂2
i (x̂, ŷ) + (1− 1

r̂
) φ̂2

i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 1.

(3.2.83)

For i ∈ I2, the shape function φ̂i is given by

φ̂i(x̂, ŷ) =


φ̂1
i (x̂, ŷ) =

∑
j∈I2

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 1,

φ̂2
i (x̂, ŷ) = r̂ φ̂1

i (x̂, ŷ) + (1− r̂) φ̂1
i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 2,

(3.2.84)

with r̂ = β̂1

β̂2
.

The coefficients cj are determined by imposing the Lagrange nodal value conditions (3.2.1).
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Figure 3.12: Interface coordinates system on the reference element of Type III with n̂ or-
thogonal to Γ̂.

For i ∈ I1, imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 3, 5, 6, leads to
the following linear system for c = (c3, c5, c6)

t

A1 c = eδ(i), with A1 =
1

r̂
I+ (1− 1

r̂
) M1, (3.2.85)

where ei is the canonical vector in R3, δ is the mapping defined by

δ(3) = 1, δ(5) = 2, δ(6) = 3,

and M1 is the matrix defined in (3.2.25), with eigenvalues λk ∈ [0, 1], k = 1, . . . , 3, as shown
in Lemma 3.2.3.

The eigenvalues of A1

µk =
1

r̂
+ (1− 1

r̂
) λk , k = 1, 2, 3, (3.2.86)

are bounded as

min(1,
1

r̂
) ≤ µk ≤ max(1,

1

r̂
) , k = 1, 2, 3. (3.2.87)

Thus, µk > 0 , k = 1, 2, and the system (3.2.85) has a unique solution.

For i ∈ I2, imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 1, 2, 4 leads to
the following linear system for c = (c1, c2, c4)

t

A2 c = eδ(i), with A2 = r̂ I+ (1− r̂) M2, (3.2.88)

51



where ei is the canonical vector in R3, δ is the mapping defined by

δ(1) = 1, δ(2) = 2, δ(4) = 3,

and M2 is the matrix defined in (3.2.24), with eigenvalues λk ∈ [0, 1], k = 1, . . . , 3, as shown
in Lemma 3.2.3.

The eigenvalues of A2

µk = r̂ + (1− r̂) λk , k = 1, 2, 3, (3.2.89)

are bounded as
min(1, r̂) ≤ µk ≤ max(1, r̂) , k = 1, . . . , 3. (3.2.90)

Thus, µk > 0 , k = 1, . . . , 3, and the system (3.2.80) has a unique solution.

For elements of Type IV, we write the expressions of φ̂i, i = 1, . . . , 6, as in (3.2.6) and
(3.2.7), with I1 = {3, 6} and I2 = {1, 2, 4, 5}, as illustrated in Figure 3.13. For i ∈ I1, the

Figure 3.13: Interface coordinates system on the reference element of Type IV with n̂ or-
thogonal to Γ̂.

shape function φ̂i is given by

φ̂i(x̂, ŷ) =


φ̂2
i (x̂, ŷ) =

∑
j∈I1

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 2,

φ̂1
i (x̂, ŷ) =

1
r̂
φ̂2
i (x̂, ŷ) + (1− 1

r̂
) φ̂2

i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 1.

(3.2.91)

For i ∈ I2, the shape function φ̂i is given by

φ̂i(x̂, ŷ) =


φ̂1
i (x̂, ŷ) =

∑
j∈I2

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 1,

φ̂2
i (x̂, ŷ) = r̂ φ̂1

i (x̂, ŷ) + (1− r̂) φ̂1
i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 2,

(3.2.92)
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with r̂ = β̂1

β̂2
.

The coefficients cj are determined by imposing the Lagrange nodal value conditions (3.2.1).

For i ∈ I1,imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 3, 6, leads to the
following linear system for c = (c3, c6)

t

A1 c = eδ(i), with A1 =
1

r̂
I+ (1− 1

r̂
) M1, (3.2.93)

where ei is the canonical vector in R2, δ is the mapping defined by

δ(3) = 1, δ(6) = 2,

and M1 is the matrix defined in (3.2.20), with eigenvalues λk ∈ [0, 1], k = 1, 2, as shown in
Lemma 3.2.4.

The eigenvalues of A1

µk =
1

r̂
+ (1− 1

r̂
) λk , k = 1, 2, (3.2.94)

are bounded as

min(1,
1

r̂
) ≤ µk ≤ max(1,

1

r̂
) , k = 1, 2. (3.2.95)

Thus, µk > 0 , k = 1, 2, and the system (3.2.93) has a unique solution.

For i ∈ I2, imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 1, 2, 4, 5, leads
to the following linear system for c = (c1, c2, c4, c5)

t

A2 c = eδ(i), with A2 = r̂ I+ (1− r̂) M2, (3.2.96)

where ei is the canonical vector in R4, δ is the mapping defined by

δ(1) = 1, δ(2) = 2, δ(4) = 3, δ(5) = 4,

and M2 is the matrix defined in (3.2.31), with eigenvalues λk ∈ [0, 1], k = 1, . . . , 4, as shown
in Lemma 3.2.4.

The eigenvalues of A2

µk = r̂ + (1− r̂) λk , k = 1, . . . , 4, (3.2.97)

are bounded as
min(1, r̂) ≤ µk ≤ max(1, r̂) , k = 1, . . . , 4. (3.2.98)

Thus, µk > 0 , k = 1, . . . , 4, and the system (3.2.96) has a unique solution.

For elements of Type V we write the expressions of φ̂i, i = 1, . . . , 6, as in (3.2.6) and (3.2.7),
with I1 = {1} and I2 = {2, 3, 4, 5, 6}, as illustrated in Figure 3.14. The shape function φ̂1
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Figure 3.14: Interface coordinates system on the reference element of Type V with n̂ orthog-
onal to Γ̂.

is given by

φ̂1(x̂, ŷ) =


φ̂2
1(x̂, ŷ) = c1L̂1(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 2,

φ̂1
1(x̂, ŷ) =

1
r̂
φ̂2
1(x̂, ŷ) + (1− 1

r̂
) φ̂2

1(p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 1.

(3.2.99)

For i ∈ I2, we can write the shape function φ̂i as

φ̂i(x̂, ŷ) =


φ̂1
i (x̂, ŷ) =

∑
j∈I2

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 1,

φ̂2
i (x̂, ŷ) = r̂ φ̂1

i (x̂, ŷ) + (1− r̂) φ̂1
i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 2,

(3.2.100)

with r̂ = β̂1

β̂2
.

Each shape function is in R̂2(T̂ ), and the constants cj are determined by imposing the
Lagrange nodal value conditions (3.2.1).

Hence, imposing the Lagrange nodal value conditions (3.2.1) to φ̂1 at V̂1, leads to one equa-
tion for c1 (

1

r̂
+ (1− 1

r̂
)λ6

)
c1 = 1 (3.2.101)

with λ6 = L̂1(p̂(V̂1))

By Lemma 3.2.5, we have λ6 ∈ [0, 1], then

1

r̂
+ (1− 1

r̂
)λ6 ̸= 0 ,
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and we can solve for c5,

c5 =
r̂

1 + (r̂ − 1)λ6
.

For i ∈ I2, imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 2, 3, 4, 5, 6, leads
to the following linear system for c = (c2, c3, c4, c5, c6)

t

A2 c = eδ(i), with A2 = r̂ I+ (1− r̂) M2, (3.2.102)

where ei is the canonical vector in R5, δ is the mapping defined by

δ(2) = 1, δ(3) = 2, δ(4) = 3, δ(5) = 4, δ(6) = 5,

and M2 is the matrix defined in (3.2.40), with eigenvalue λk ∈ [0, 1], k = 1, . . . , 5, as shown
in Lemma 3.2.5.

The eigenvalues of the matrix A2

µk = r̂ + (1− r̂) λk , k = 1, . . . , 5, (3.2.103)

are bounded as
min(1, r̂) ≤ µk ≤ max(1, r̂) , k = 1, . . . , 5. (3.2.104)

Thus, µk > 0 , k = 1, . . . , 5, and the system (3.2.102) has a unique solution.

For elements of Type VI, we write the expressions of φ̂i, i = 1, . . . , 6, as in (3.2.6) and
(3.2.7), with I1 = {1, 4} and I2 = {2, 3, 5, 6}, as illustrated in Figure 3.15. For i ∈ I1, the
shape function φ̂i is given by

φ̂i(x̂, ŷ) =


φ̂2
i (x̂, ŷ) =

∑
j∈I1

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 2,

φ̂1
i (x̂, ŷ) =

1
r̂
φ̂2
i (x̂, ŷ) + (1− 1

r̂
) φ̂2

i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 1.

(3.2.105)

For i ∈ I2, the shape function φ̂i is given by

φ̂i(x̂, ŷ) =


φ̂1
i (x̂, ŷ) =

∑
j∈I2

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 1,

φ̂2
i (x̂, ŷ) = r̂ φ̂1

i (x̂, ŷ) + (1− r̂) φ̂1
i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 2,

(3.2.106)

with r̂ = β̂1

β̂2
.

The coefficients cj are determined by imposing the Lagrange nodal value conditions (3.2.1).
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Figure 3.15: Interface coordinates system on the reference element of Type VI with n̂ or-
thogonal to Γ̂.

For i ∈ I1, imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 1, 4, leads to the
following linear system for c = (c1, c4)

t

A1 c = eδ(i), with A1 =
1

r̂
I+ (1− 1

r̂
) M1, (3.2.107)

where ei is the canonical vector in R2, δ is the mapping defined by

δ(1) = 1, δ(4) = 2,

and M1 is the matrix defined in (3.2.52), with eigenvalues λk ∈ [0, 1], k = 1, 2, as shown in
Lemma 3.2.6.

The eigenvalues of A1

µk =
1

r̂
+ (1− 1

r̂
) λk , k = 1, 2, (3.2.108)

are bounded as

min(1,
1

r̂
) ≤ µk ≤ max(1,

1

r̂
) , k = 1, 2. (3.2.109)

Thus, µk > 0 , k = 1, 2, and the system (3.2.107) has a unique solution.

For i ∈ I2, imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 2, 3, 5, 6, leads
to the following linear system for c = (c2, c3, c5, c6)

t

A2 c = eδ(i), with A2 = r̂ I+ (1− r̂) M2, (3.2.110)
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where ei is the canonical vector in R4, δ is the mapping defined by

δ(2) = 1, δ(3) = 2, δ(5) = 3, δ(6) = 4,

and M2 is the matrix defined in (3.2.51), with eigenvalues λk ∈ [0, 1], k = 1, . . . , 4, as shown
in Lemma 3.2.6.

The eigenvalues of A2

µk = r̂ + (1− r̂) λk , k = 1, . . . , 4, (3.2.111)

are bounded as
min(1, r̂) ≤ µk ≤ max(1, r̂) , k = 1, . . . , 4. (3.2.112)

Thus, µk > 0 , k = 1, . . . , 4, and the system (3.2.110) has a unique solution.

For elements of Type VII, we write the expressions of φ̂i, i = 1, . . . , 6, as in (3.2.6) and
(3.2.7), with I1 = {1, 4, 6} and I2 = {2, 3, 5}, as illustrated in Figure 3.16. For i ∈ I1, the

Figure 3.16: Interface coordinates system on the reference element of Type VII with n̂
orthogonal to Γ̂.

shape function φ̂i is given by

φ̂i(x̂, ŷ) =


φ̂2
i (x̂, ŷ) =

∑
j∈I1

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 2,

φ̂1
i (x̂, ŷ) =

1
r̂
φ̂2
i (x̂, ŷ) + (1− 1

r̂
) φ̂2

i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 1.

(3.2.113)
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For i ∈ I2, the shape function φ̂i is given by

φ̂i(x̂, ŷ) =


φ̂1
i (x̂, ŷ) =

∑
j∈I2

cjL̂j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 1,

φ̂2
i (x̂, ŷ) = r̂ φ̂1

i (x̂, ŷ) + (1− r̂) φ̂1
i (p̂(x̂, ŷ)) , (x̂, ŷ) ∈ T̂ 2,

(3.2.114)

with r̂ = β̂1

β̂2
.

The coefficients cj are determined by imposing the Lagrange nodal value conditions (3.2.1).

For i ∈ I1, imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 1, 4, 6, leads to
the following linear system for c = (c1, c4, c6)

t

A1 c = eδ(i), with A1 =
1

r̂
I+ (1− 1

r̂
) M1, (3.2.115)

where ei is the canonical vector in R3, δ is the mapping defined by

δ(1) = 1, δ(4) = 2, δ(6) = 3,

and M1 is the matrix defined in (3.2.61), with eigenvalues λk ∈ [0, 1], k = 1, 2, as shown in
Lemma 3.2.7.

The eigenvalues of A1

µk =
1

r̂
+ (1− 1

r̂
) λk , k = 1, 2, (3.2.116)

are bounded as

min(1,
1

r̂
) ≤ µk ≤ max(1,

1

r̂
) , k = 1, 2. (3.2.117)

Thus, µk > 0 , k = 1, 2, and the system (3.2.115) has a unique solution.

For i ∈ I2,imposing the Lagrange nodal value conditions (3.2.1) at V̂j, j = 2, 3, 5, leads to
the following linear system for c = (c2, c3, c5)

t

A2 c = eδ(i), with A2 = r̂ I+ (1− r̂) M2, (3.2.118)

where ei is the canonical vector in R3, δ is the mapping defined by

δ(2) = 1, δ(3) = 2, δ(5) = 3,

and M2 is the matrix defined in (3.2.60), with eigenvalues λk ∈ [0, 1], k = 1, . . . , 3, as shown
in Lemma 3.2.7.

The eigenvalues of A2

µk = r̂ + (1− r̂) λk , k = 1, 2, 3, (3.2.119)
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are bounded as
min(1, r̂) ≤ µk ≤ max(1, r̂) , k = 1, . . . , 3. (3.2.120)

Thus, µk > 0 , k = 1, . . . , 3, and the system (3.2.118) has a unique solution.

Corollary 3.2.1. Under the assumptions of Theorem 3.2.1, the shape functions φ̂i ∈ R̂2(T̂ ), i =
1, . . . , 6, satisfying the Lagrange nodal value conditions φ̂i(V̂j) = δij, i, j = 1, . . . , 6, form a

basis of R̂2(T̂ ).

Proof. The conditions φ̂i(V̂j) = δij, i, j = 1, . . . , 6, trivially implies the independency of the

shape functions φ̂i, i = 1, . . . , 6. Since the dimension of R̂2(T̂ ) is equal to 6, then the result
follows.

Corollary 3.2.2. Under the assumptions of Theorem 3.2.1, φ̂i, i = 1, . . . , 6, form a partition
of unity for the space R̂2(T̂ ), i.e.

6∑
i=1

φ̂i(x̂, ŷ) = 1, ∀(x̂, ŷ) ∈ T̂ . (3.2.121)

Proof. Let φ̂i, i = 1, . . . , 6, be the Lagrange basis of R̂2(T̂ ). Since the constant function
φ̂0(x̂, ŷ) = 1 is in R̂2(T̂ ), then, there exists di, i = 1, . . . , 6, such that

1 =
6∑

i=1

diφ̂i(x̂, ŷ). (3.2.122)

Since φ̂i(V̂j) = δij, i, j = 1, . . . , 6, then evaluating equation (3.2.122) at V̂j implies

1 = dj, j = 1, . . . , 6, (3.2.123)

which completes the proof.

Now, we will prove the existence of a basis φ̂i, i = 1, . . . , 6, for R2(T ), on any isosceles right
triangle interface element T .

Corollary 3.2.3. Let T be an isosceles right triangular interface element with nodes Vi, i =
1, . . . , 6. The Lagrange nodal value conditions φi(Vj) = δij, j = 1, . . . , 6, uniquely determine
a basis φi, i = 1, . . . , 6, of R2(T ).

Proof. T can be mapped, using the mapping F defined in (2.2.7) to a reference interface
element T̂ which represents one of the 7 types described in Table 3.2, and such that the
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mapping F is the composition of a translation t, a rotation r, a dilation d, and a reflection
l. Hence, F can be written as

F = t ◦ r ◦ d ◦ l .

Since the all transformations t, r, d, and l preserve the right angle, the mapped normal n̂ is
orthogonal to the mapped interface Γ̂.

From Theorem 3.2.1, we conclude the existence of six shape functions φ̂i, i = 1, . . . , 6,
in R̂2(T̂ ) that are uniquely determined by the Lagrange nodal value conditions. Since
dim(R2(T )) = 6, and the shape functions

φi(x, y) = φ̂i(F (x, y)) ∈ R2(T ), i = 1, . . . , 6,

are linearly independent, thus, they form a basis of R2(T ).

We note that the assumption of uniform meshes with isosceles right triangular elements is
an acceptable assumption, since the IFE method is generally used (in practical applications)
with Cartesian meshes. Thus, following the standard procedure for constructing global finite
element basis functions, we apply Corollary 3.2.3 to show the existence of global IFE basis
function for the space S2

h on uniform meshes with isosceles right angle elements. In the next
section we give few examples of such global IFE basis functions.

3.2.3 Examples of Lagrange IFE Basis Functions

We consider a mesh with two triangular elements over the domain Ω = (0, 1)2 cut by the
linear interface y = 1

2
x + 1

5
to two sub-domains Ω+ = {(x, y) | y > 1

2
x + 1

5
} and Ω− =

{(x, y) | y < 1
2
x+ 1

5
} as illustrated in Figure 3.17, with r = β+

β− = 5.

We present six Lagrange global immersed basis functions ψi, i = 1, . . . , 6, defined on this
mesh, in Figures 3.18 and 3.19. We see that the global IFE basis functions are continuous
across non-interface edges while, in general, on interface edges they are continuous only at
the two vertices of the edge and at its midpoint.
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Figure 3.17: A mesh having two elements for Ω = (0, 1)2 cut by the interface y = x
2
+ 1

5
with

r = 5.

3.3 Hierarchical Quadratic IFE Shape Functions

The idea and the construction of hierarchical shape functions was treated in the late 1970’s by
Piano, as a way for p-extensions [53, 54, 55], and by Szabo and Babuska [61]. Later, other
published work treated new hierarchical finite element bases such as Shephard, Dey and
Flaherty [59], and hierarchical finite elements bases on triangular elements such as Adjerid,
Aiffa and Flaherty [1].

A hierarchical basis of degree p + 1 is considered as a correction of the basis of degree p.
Hence, the finite element space is enriched by adding new shape functions to the existing
ones, without changing them nor the degrees of freedom, but just add new shape functions.
Thus, when increasing the polynomial degree, the whole basis need not to be reconstructed.
Only a set of functions of degree p + 1 is added to the basis of degree p. This property is
very desirable and essential, especially in the case of p refinement [1].

Hierarchical shape functions on triangular meshes are classified into three categories: nodal
shape functions, side modes, and internal modes [61]. For standard finite elements of degree
p, we have :

• Nodal shape functions : which are the same as the three linear shape functions of
Lagrange type.

• Side modes : which are 3(p − 1) functions. They are non zero on one edge of the
triangle, and vanish on the other two edges.

• Internal modes : which are (p−1)(p−2)
2

functions. The first one, N
(0)
1 is the product of

the three nodal shape functions, and the others are the products of N
(0)
1 by Legendre

polynomials and products of Legendre polynomials.

For the immersed finite elements, the idea is the same and the number of nodal shape
functions, side modes, and internal modes is the same, however the shape functions are
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Figure 3.18: Lagrange immersed basis functions ψi, i = 1, . . . , 3 (respectively from the top
to the bottom) on the 2 elements mesh in Figure 3.17.
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Figure 3.19: Lagrange immersed basis functions ψi, i = 4, . . . , 6 (respectively from the top
to the bottom) on the 2 elements mesh in Figure 3.17.
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piecewise polynomials, taking into consideration the interface jump conditions. Hierarchical
IFE shape functions in one-dimension have been developed by Adjerid and Lin [3].

As mentioned above, the main advantage of hierarchical shape functions is their efficiency in
p refinement, since the whole basis need not to be reconstructed, when the degree of the finite
element increases. Another advantage of hierarchical bases appears when solving the finite
element problem. In fact, hierarchical bases lead to systems with stiffness matrices having a
controllable condition number. This is due to the orthogonality properties of the hierarchical
shape functions in one-dimension, and in two-dimensions with rectangular meshes. Although,
hierarchical shape functions in two-dimensions with triangular meshes may lead to stiffness
matrices with condition number that grows exponentially with p-refinement, Adjerid, Aiffa
and Flaherty [1] showed that this problem can be overcame by reducing the coupling between
the face and region shape functions through orthogonalization. Hence, stiffness matrices with
condition numbers that have a quadratic growth with degree p, are obtained.

3.3.1 Linear IFE Shape Functions

We consider a reference interface element T̂ with vertices V̂1 = (0, 0)t, V̂2 = (1, 0)t, V̂3 =
(0, 1)t, cut by the interface Γ̂. Li, Lin, Lin and Rogers [42] showed that there exist three
piecewise linear IFE shape functions φ̂i, i = 1, 2, 3, which are uniquely determined by the
Lagrange nodal value conditions (3.2.1):

φ̂i(V̂j) = δij, j = 1, 2, 3,

and the physical jump conditions on the reference element (2.2.9):

[φ̂i]Γ̂ = 0,

[β̂
∂φ̂i

∂n̂
]Γ̂ = 0.

We note that these linear IFE shape functions φ̂i, i = 1, 2, 3, belong to both quadratic IFE
spaces R̂1(T̂ ) and R̂2(T̂ ). For completeness, we recall their expressions, according to Li, Lin,
Lin and Rogers [42]. These shape functions are defined on any reference interface element
of the three types illustrated in Figure 2.2. We let D̂ and Ê the intersection points of the
interface with the sides of the reference triangle, and we call (0, ŷ1) the coordinates of the
point Ê and (1 − ŷ2, ŷ2) the coordinates of the point D̂. We recall also that the physical
normal is mapped to n̂ = Jn = (n̂x, n̂y)

t. Then, according to [42], φ̂i, i = 1, 2, 3, can be
written as:

φ̂1(ξ̂, η̂) =


â11x̂+ â21(ŷ − 1) , (x̂, ŷ) ∈ T̂ 1,

1− x̂+ b̂21ŷ , (x̂, ŷ) ∈ T̂ 2,

(3.3.1a)
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φ̂2(ξ̂, η̂) =


â12x̂+ â22(ŷ − 1) , (x̂, ŷ) ∈ T̂ 1,

x̂+ b̂22ŷ , (x̂, ŷ) ∈ T̂ 2,

(3.3.1b)

φ̂3(ξ̂, η̂) =


1 + â13x̂+ â23(ŷ − 1) , (x̂, ŷ) ∈ T̂ 1,

b̂23ŷ , (x̂, ŷ) ∈ T̂ 2,

(3.3.1c)

with

a1i =



α(1−r̂)
ŷ1+α̂α+r̂(1−ŷ1)

, i = 1,

−(1+α̂α)r̂+(1+α)(r̂−1)ŷ2
ŷ1+α̂α+r̂(1−ŷ1)

, i = 2,

r̂+α(−1+r̂+α̂r̂−(1+α)(r̂−1)ŷ2
ŷ1+α̂α+r̂(1−ŷ1)

, i = 3,

(3.3.2a)

a2i =



α̂α+r̂
ŷ1+α̂α+r̂(1−ŷ1)

, i = 1,

−(1+α̂α)r̂+α̂(1+α)(r̂−1)ŷ2
ŷ1+α̂α+r̂(1−ŷ1)

, i = 2,

− α̂(−1+r̂)+(−α+(1+α)ŷ2
ŷ1+α̂α+r̂(1−ŷ1)

, i = 3,

(3.3.2b)

b2i =



α̂α+1
ŷ1+α̂α+r̂(1−ŷ1)

, i = 1,

−1−α̂(−1+r̂+αr̂)+α̂(1+α)(r̂−1)ŷ2
ŷ1+α̂α+r̂(1−ŷ1)

, i = 2,

− α̂(1+α)(−1+r̂)+(−1+ŷ2
ŷ1+α̂α+r̂(1−ŷ1)

, i = 3,

(3.3.2c)

and

α =
ŷ2 − ŷ1
1− ŷ2

, (3.3.2d)

α̂ = − n̂x

n̂y

, (3.3.2e)

r̂ =
β̂2

β̂1
. (3.3.2f)

Next, we construct three quadratic IFE edge shape functions φ̂4, φ̂5, and φ̂6 on the reference
interface element, for each of the spaces R̂1(T̂ ) and R̂2(T̂ ). To construct these three IFE
edge shape functions, we use the coordinates (ξ̂, η̂) defined in (3.2.3), as previously illustrated
in Figure 3.1.
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3.3.2 Hierarchical Shape Functions on R̂2(T̂ )

Guided by hierarchical quadratic shape functions for the standard finite elements [61], we
write the IFE edge shape functions φ̂4, φ̂5, and φ̂6 as

φ̂4(ξ̂, η̂) =


φ̂1
1(ξ̂, η̂)φ̂

1
2(ξ̂, η̂) + ĉ4η̂

2 , (x̂, ŷ) ∈ T̂ 1,

φ̂2
1(ξ̂, η̂)φ̂

2
2(ξ̂, η̂) , (x̂, ŷ) ∈ T̂ 2,

(3.3.3a)

φ̂5(ξ̂, η̂) =


φ̂1
2(ξ̂, η̂)φ̂

1
3(ξ̂, η̂) + ĉ5η̂

2 , (x̂, ŷ) ∈ T̂ 1,

φ̂2
2(ξ̂, η̂)φ̂

2
3(ξ̂, η̂) , (x̂, ŷ) ∈ T̂ 2,

(3.3.3b)

φ̂6(ξ̂, η̂) =


φ̂1
1(ξ̂, η̂)φ̂

1
3(ξ̂, η̂) + ĉ6η̂

2 , (x̂, ŷ) ∈ T̂ 1,

φ̂2
1(ξ̂, η̂)φ̂

2
3(ξ̂, η̂) , (x̂, ŷ) ∈ T̂ 2,

(3.3.3c)

where ĉ4, ĉ5, and ĉ6, are selected such that (2.2.17) is satisfied:

[β̂
∂2φ̂k

∂n̂2 ]Γ̂ = 0, k = 4, 5, 6.

First, we recall that according to the definition of η̂ in (3.2.3), we have

∂

∂η̂
=

∂

∂n̂
.

Hence, the derivative of φ̂k, k = 4, 5, 6, in the direction of n̂ can be written as

∂φ̂k

∂n̂
(ξ̂, η̂) =


∂φ̂1

i

∂n̂
(ξ̂, η̂) φ̂1

j(ξ̂, η̂) + φ̂1
i (ξ̂, η̂)

∂φ̂1
j

∂n̂
(ξ̂, η̂) + 2ĉkη̂ , (x̂, ŷ) ∈ T̂ 1,

∂φ̂2
i

∂n̂
(ξ̂, η̂) φ̂2

j(ξ̂, η̂) + φ̂2
i (ξ̂, η̂)

∂φ̂2
j

∂n̂
(ξ̂, η̂) , (x̂, ŷ) ∈ T̂ 2,

(3.3.4)

where i and j are such that V̂k is the mid-point of the edge V̂i V̂j.

Since the second derivatives of φ̂1, φ̂2 and φ̂3 are equal to zero , then the second derivative
of φ̂k, k = 4, 5, 6, in the direction of n̂ can be written as

∂2φ̂k

∂n̂2 (ξ̂, η̂) =


2

∂φ̂1
i

∂n̂
(ξ̂, η̂)

∂φ̂1
j

∂n̂
(ξ̂, η̂) + 2 ĉk , (x̂, ŷ) ∈ T̂ 1,

2
∂φ̂2

i

∂n̂
(ξ̂, η̂)

∂φ̂2
j

∂n̂
(ξ̂, η̂) , (x̂, ŷ) ∈ T̂ 2,

(3.3.5)
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Enforcing the jump condition (2.2.17) yields

β̂1∂φ̂
1
i

∂n̂
(ξ̂, 0+)

∂φ̂1
j

∂n̂
(ξ̂, 0+) + β̂1 ĉk = β̂2∂φ̂

2
i

∂n̂
(ξ̂, 0−)

∂φ̂2
j

∂n̂
(ξ̂, 0−),

which leads to

ĉk = −
β̂1 n̂ · φ̂1

i (ξ̂, 0
+) n̂ · φ̂1

j(ξ̂, 0
+)− β̂2 n̂ · φ̂2

i (ξ̂, 0
−) n̂ · φ̂2

j(ξ̂, 0
−)

β̂1
, k = 4, 5, 6.

ĉk can, alternatively, be written as

ĉk = − 1

β̂1

[
β̂
∂φ̂i

∂n̂

∂φ̂j

∂n̂

]
Γ̂

, k = 4, 5, 6. (3.3.6)

Now, we prove some properties of φ̂k, k = 4, 5, 6. First, we will prove in the next lemma
that they satisfy the jump conditions (2.2.9).

Lemma 3.3.1. The three IFE edge functions φ̂k, k = 4, 5, 6, defined in (3.3.3), satisfy the
jump conditions (2.2.9) on the reference interface element.
Thus, φ̂k ∈ R̂2(T̂ ), k = 4, 5, 6.

Proof. Since φ̂1, φ̂2 and φ̂3 are continuous at the interface Γ̂ : η̂ = 0, then φ̂k, k = 4, 5, 6,
satisfy the jump condition (2.2.9a).

The derivative of φ̂k, in the direction of n̂, is (3.3.4), which implies that

β̂
∂φ̂k

∂n̂
(ξ̂, η̂) =


β̂1 ∂φ̂1

i

∂n̂
(ξ̂, η̂) φ̂1

j(ξ̂, η̂) + β̂1 ∂φ̂1
j

∂n̂
(ξ̂, η̂) φ̂1

i (ξ̂, η̂) + 2 β̂1 ĉk η̂ , on T̂ 1,

β̂2 ∂φ̂2
i

∂n̂
(ξ̂, η̂) φ̂2

j(ξ̂, η̂) + β̂2 ∂φ̂2
j

∂n̂
(ξ̂, η̂) φ̂2

i (ξ̂, η̂) , on T̂ 2.

Since, φ̂i and φ̂j, i, j = 1, 2, 3, satisfy the jump conditions (2.2.9) at the interface Γ̂ : η̂ = 0,
then φ̂k, k = 4, 5, 6, satisfy the jump condition (2.2.9b).

Now, we prove the linear independence of the shape functions φ̂k, k = 4, 5, 6.

Lemma 3.3.2. The functions φ̂k, k = 4, 5, 6, defined in (3.3.3), are linearly independent.

Proof. Let γ4, γ5, γ6 be constants such that

γ4 φ̂4(x̂, ŷ) + γ5 φ̂5(x̂, ŷ) + γ6 φ̂6(x̂, ŷ) = 0 , ∀(x̂, ŷ) ∈ T̂ . (3.3.7)

In particular, over T̂ 2, we have

γ4 φ̂
2
1(x̂, ŷ) φ̂

2
2(x̂, ŷ) + γ5 φ̂

2
2(x̂, ŷ) φ̂

2
3(x̂, ŷ) + γ6 φ̂

2
1(x̂, ŷ) φ̂

2
3(x̂, ŷ) = 0 , ∀(x̂, ŷ) ∈ T̂ 2. (3.3.8)
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At V̂4, as φ̂1(V̂4) = φ̂2(V̂4) =
1
2
and φ̂3(V̂4) = 0, (3.3.8) becomes

1

4
γ4 = 0 , i.e. γ4 = 0.

Then, the relation(3.3.8) becomes

φ̂2
3(x̂, ŷ)

(
γ5 φ̂

2
2(x̂, ŷ) + γ6 φ̂

2
1(x̂, ŷ)

)
= 0 , ∀(x̂, ŷ) ∈ T̂ 2.

Since, on any subset of non-zero measure, φ̂3 is not identically zero, then

γ5 φ̂
2
2(x̂, ŷ) + γ6 φ̂

2
1(x̂, ŷ) = 0 , almost everywhere in T̂ 2. (3.3.9)

The independence of φ̂1(x̂, ŷ) and φ̂2(x̂, ŷ) implies that γ5 = γ6 = 0, which concludes the
proof.

Theorem 3.3.1. Let φ̂k, k = 1, 2, 3, be the three linear IFE shape functions on a reference
interface element T̂ , and let φ̂k, k = 4, 5, 6, be the quadratic IFE edge shape functions defined
in (3.3.3). The six IFE shape functions φ̂k, k = 1, . . . , 6, form a basis of R̂2(T̂ ).

Proof. The piecewise linear IFE shape functions φ̂k, k = 1, 2, 3, are linearly independent
by construction ; and the piecewise quadratic IFE edge shape functions φ̂k, k = 4, 5, 6, are
linearly independent as well, by Lemma 3.3.2.

Let us denote

V1 = span{φ̂1, φ̂2, φ̂3},
V2 = span{φ̂4, φ̂5, φ̂6},
V = span{φ̂1, φ̂2, φ̂3, φ̂4, φ̂5, φ̂6} ⊂ R̂2(T̂ ).

From basic linear algebra, we know that

dim(V) = dim(V1) + dim(V2)− dim(V1 ∩ V2)

= 6− dim(V1 ∩ V2)

We want to prove that dim(V1 ∩ V2) = 0, i.e. V1 ∩ V2 = {0}.

Let v ∈ V1 ∩ V2, then

v(x̂, ŷ) =
3∑

k=1

γkφ̂k(x̂, ŷ) =
6∑

k=4

γkφ̂k(x̂, ŷ), ∀(x̂, ŷ) ∈ T̂ , (3.3.10)

which implies
3∑

k=1

γkφ̂k(x̂, ŷ)−
6∑

k=4

γkφ̂k(x̂, ŷ) = 0, ∀(x̂, ŷ) ∈ T̂ . (3.3.11)
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We note that

φ̂i(V̂j) = δij, i, j = 1, 2, 3,

φ̂1(V̂4) ̸= 0, φ̂2(V̂4) ̸= 0, φ̂3(V̂4) = 0,

which yields

φ̂k(V̂1) = 0, φ̂k(V̂2) = 0, k = 4, 5, 6,

φ̂4(V̂4) ̸= 0, φ̂5(V̂4) = φ̂6(V̂4) = 0.

At V̂1, V̂2 and V̂4, respectively, equation (3.3.11) becomes

γ1 = 0,

γ2 = 0,

γ1φ̂1(V̂4) + γ2φ̂2(V̂4)− γ4φ̂4(V̂4) = 0.

which yields
γ1 = γ2 = γ4 = 0,

Thus, equation (3.3.11) becomes

γ3φ̂3(x̂, ŷ)− γ5φ̂5(x̂, ŷ)− γ6φ̂6(x̂, ŷ) = 0 , ∀(x̂, ŷ) ∈ T̂ .

Next, we show that γ3 = γ5 = γ6 = 0, by using the previous equation on T̂ 2

γ3φ̂
2
3(x̂, ŷ)− γ5φ̂

2
2(x̂, ŷ)φ̂

2
3(x̂, ŷ)− γ6φ̂

2
1(x̂, ŷ)φ̂

2
3(x̂, ŷ) = 0, ∀(x̂, ŷ) ∈ T̂ 2.

Then
φ̂3(x̂, ŷ) (γ3 − γ5φ̂2(x̂, ŷ)− γ6φ̂1(x̂, ŷ)) = 0, ∀(x̂, ŷ) ∈ T̂ 2.

Since φ̂3(x̂, ŷ), is non zero polynomial over T̂ 2

γ3 − γ5φ̂2(x̂, ŷ)− γ6φ̂1(x̂, ŷ) = 0, on T̂ 2. (3.3.12)

By the relation [42],

φ̂1(x̂, ŷ) + φ̂2(x̂, ŷ) + φ̂3(x̂, ŷ) = 1 , ∀(x̂, ŷ) ∈ T̂ , (3.3.13)

(3.3.12) becomes

γ3(φ̂
2
1(x̂, ŷ) + φ̂2

2(x̂, ŷ) + φ̂2
3(x̂, ŷ)) + γ5φ̂

2
2(x̂, ŷ) + γ6φ̂

2
1(x̂, ŷ) = 0 , on T̂ 2,
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which can be written also as

γ3 φ̂
2
3(x̂, ŷ) + (γ3 + γ5) φ̂

2
2(x̂, ŷ) + (γ3 + γ6) φ̂

2
1(x̂, ŷ) = 0 , on T̂ 2.

The linear independence of φ̂i, i = 1, 2, 3, implies that γ3 = γ5 = γ6 = 0, which gives

v = 0 i.e. V1 ∩ V2 = {0}, (3.3.14)

which completes the proof, since dim(V) = dim(R̂2(T̂ )) = 6.

3.3.3 Hierarchical Shape Functions on R̂1(T̂ )

To construct three quadratic IFE edge shape functions for the space R̂1(T̂ ), we construct φ̂4,
φ̂5, and φ̂6, as in (3.3.3) and select ĉ4, ĉ5, ĉ6 such that the shape functions φ̂k, k = 4, 5, 6,
satisfy the jump condition (2.2.15)

[β̂ (Jt∇̂) · (Jt∇̂)φ̂k]Γ̂ = 0.

First, we transform the expression (3.3.3) for φ̂k, k = 4, 5, 6, from the reference (ξ̂, η̂) defined
in (3.2.3) to the Cartesian reference (x̂, ŷ), as

φ̂k(x̂, ŷ) =


φ̂1
i (x̂, ŷ)φ̂

1
j(x̂, ŷ) + ĉk

(ŷ−ax̂−b)2

(1+a2)
, (x̂, ŷ) ∈ T̂ 1,

φ̂2
i (x̂, ŷ)φ̂

2
j(x̂, ŷ) , (x̂, ŷ) ∈ T̂ 2.

(3.3.15)

Applying (Jt∇̂) leads to

(Jt∇̂)φ̂k(x̂, ŷ) =


(Jt∇̂)φ̂1

i φ̂
1
j + φ̂1

i (J
t∇̂)φ̂1

j +
ĉk

(1+a2)
(Jt∇̂) ((ŷ − ax̂− b)2) , (x̂, ŷ) ∈ T̂ 1,

(Jt∇̂)φ̂2
i φ̂

2
j + φ̂2

i (Jt∇̂)φ̂2
j , (x̂, ŷ) ∈ T̂ 2,

which yields

(Jt∇̂) · (Jt∇̂)φ̂k(x̂, ŷ) =


2 (Jt∇̂)φ̂1

i · (Jt∇̂)φ̂1
j

+ ĉk
(1+a2)

(Jt∇̂) · (Jt∇̂) ((ŷ − ax̂− b)2) , (x̂, ŷ) ∈ T̂ 1,

2 (Jt∇̂)φ̂2
i · (Jt∇̂)φ̂2

j , (x̂, ŷ) ∈ T̂ 2.

This can be written as

(Jt∇̂) · (Jt∇̂)φ̂k(x̂, ŷ) =


2 (Jt∇̂)φ̂1

i · (Jt∇̂)φ̂1
j +

2 ĉk
(1+a2)

(v · v) , (x̂, ŷ) ∈ T̂ 1,

2 (Jt∇̂)φ̂2
i · (Jt∇̂)φ̂2

j , (x̂, ŷ) ∈ T̂ 2,
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where v = (Jt∇̂)(ŷ − ax̂− b). We note that v is constant vector.

This can be written as

(Jt∇̂) · (Jt∇̂)φ̂k(x̂, ŷ) =


2 (Jt∇̂)φ̂1

i · (Jt∇̂)φ̂1
j + 2 ĉk

(1+a2)
||v||22 , (x̂, ŷ) ∈ T̂ 1,

2 (Jt∇̂)φ̂2
i · (Jt∇̂)φ̂2

j , (x̂, ŷ) ∈ T̂ 2,

combined with the jump condition (2.2.15) yields

β̂1(Jt∇̂)φ̂1
i · (Jt∇̂)φ̂1

j + β̂1 ||v||22
ĉk

(1 + a2)
= β̂2 (Jt∇̂)φ̂2

i · (Jt∇̂)φ̂2
j ,

which leads to

ĉk = −(1 + a2)
β̂1 (Jt∇̂φ̂1

i ).(J
t∇̂φ̂1

j)− β̂2 (Jt∇̂φ2
i ).(J

t∇̂φ̂2
j)

β̂1 ||v||22
, k = 4, 5, 6.

The coefficient ĉk can, alternatively, be written as

ĉk = −(1 + a2)
[β̂ (Jt∇̂φ̂i) · (Jt∇̂φ̂j)]Γ̂

β̂1 ||v||22
, k = 4, 5, 6. (3.3.16)

Now, we prove some properties of the functions φ̂k, k = 4, 5, 6. First, we will prove in the
next lemma that they satisfy the jump conditions (2.2.9).

Lemma 3.3.3. The three IFE edge functions φ̂k, k = 4, 5, 6, defined in (3.3.3), with
ĉk, k = 4, 5, 6, given by (3.3.16), satisfy the jump conditions (2.2.9) on the reference in-
terface element. Thus, φ̂k ∈ R̂1(T̂ ), k = 4, 5, 6.

Proof. The proof is similar to the proof of Lemma 3.3.1.

The shape functions φ̂k, k = 1, . . . , 6, form a basis of R̂1(T̂ ) as stated in the following
theorem.

Theorem 3.3.2. Let φ̂k, k = 1, 2, 3, be the three linear IFE shape functions on a reference
interface element T̂ , and φ̂k, k = 4, 5, 6, be the quadratic IFE edge shape functions defined
in (3.3.3), where the constants ĉk, k = 4, 5, 6, are given by (3.3.16). Then, the six IFE shape
functions φ̂k, k = 1, . . . , 6, form a basis of R̂1(T̂ ).

Proof. The proof is similar to the proof of Theorem 3.3.1.
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3.4 Conclusions

In this Chapter, we discussed the construction of Lagrange and hierarchical shape functions
on interface elements. We presented general formulas to construct functions belonging to
both spaces Rk(T ), k = 1, 2, for an arbitrary interface element T , proved the existence of six
Lagrange shape functions on the interface element T , and formed a basis for the spaceR2(T ).
The same idea can be also used to prove the existence of a Lagrange basis for the space
R1(T ), however the proof will need more work. The main reason is that the construction
of functions belonging to R2(T ) is much easier than the construction of functions belonging
to the space R1(T ). Furthermore, we proved the existence of a hierarchical basis for each
of the spaces Rk(T ), k = 1, 2, on an arbitrary interface element T . Although the Lagrange
shape functions have the advantage of satisfying the nodal value conditions at all the mesh
nodes, they do not have enough flexibility and efficiency to be easily extended to higher-
degrees. Instead, hierarchical shape functions can easily be extended to obtain p-th degree
shape functions and construct a basis for p-th degree IFE spaces. Such an idea is discussed
in Chapter 6.
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Chapter 4

Approximation Capability of
Quadratic Immersed Finite Element
Spaces

4.1 Introduction

In this chapter, we discuss the approximation capability of the proposed quadratic IFE
spaces, and we present numerical results for several interface problems to demonstrate the
optimal convergence of the quadratic IFE spaces. We expect to obtain the same optimal
approximation capability as the standard finite elements spaces, i.e., p + 1 = 3 in the L2

norm and p = 2 in the broken H1 norm.

We use the following norms to measure approximation errors:

||w||20 =
∫
Ω

w2 dxdy, (4.1.1a)

||wt||20,h =
∑
T∈Th

∫
T

w2
t dxdy, t = x, y. (4.1.1b)

The norm (4.1.1a) is the standard L2-norm, however the norm (4.1.1b) is a broken L2-
norm used to compute the errors in the derivatives wt, t = x, y, of a function w, where
wt ∈ L2(T ), ∀ T ∈ Th, but not in L

2(Ω).

We also recall the standard H1-norm

||w||21 = ||w||20 + ||wx||20 + ||wy||20 =
∫
Ω

(w2 + w2
x + w2

y) dxdy, (4.1.2)
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and the broken H1-norm:

||w||21,h = ||w||20 + ||wx||20,h + ||wy||20,h =

∫
Ω

w2 dxdy +
∑
T∈Th

∫
T

(w2
x + w2

y) dxdy. (4.1.3)

It is well known that when standard quadratic basis functions are used, with a body-fitted
mesh, to interpolate a function u ∈ H3(Ω±) and solution of the interface problem (1.1.1a)
with a linear interface, then the interpolation error satisfies the following inequalities [12, 14]:

||u− Ihu||0 ≤ Ch3, (4.1.4a)

||u− Ihu||1 ≤ Ch2, (4.1.4b)

where Ihu is the interpolant of the function u in the finite element space with a mesh size h.

In this chapter, we conduct several numerical experiments to demonstrate the optimal ap-
proximation capabilities of our Lagrange quadratic IFE spaces S1

h and S2
h and hierarchical

IFE spaces W 1
h and W 2

h constructed in Chapter 2. All of the numerical results demonstrate
the optimal approximation capability for these IFE spaces, i.e., under h refinement, the
following hold:

||u− Ihu||0 ≈ Ch3, (4.1.5a)

||ux − (Ihu)x||0,h ≈ Ch2, (4.1.5b)

||uy − (Ihu)y||0,h ≈ Ch2. (4.1.5c)

4.2 Approximation Capability using Lagrange IFE Shape

Functions for the Spaces S1
h and S2

h

We define a piecewise Lagrange type IFE interpolant Ihu(x, y) of u(x, y) such that ∀ T ∈ Th

Ihu(x, y)|T =
6∑

i=1

u(Vi)ϕi(x, y), (4.2.1)

where Vi, i = 1, . . . , 6, are the nodes on T and ϕi(x, y), i = 1, . . . , 6 are the six Lagrange FE
or IFE shape functions depending on whether T is a non-interface or an interface element.

Example 4.2.1.

In this example we assume that the domain Ω = [0, 1]2 is cut by the interface y = x+ 2
3
such

that Ω+ = {y > x+ 2
3
} and Ω− = {y < x+ 2

3
}, and consider u ∈ S(Ω) defined by

u(x, y) =


(6x2+6xy−4x+3) cos(y2−x2− 4

3
y+ 4

9
)+(2+3x−3y) sin( 2

3
−x−y)

3β+ ; on Ω+,

(β
−

β+
−1)(3−8x+12xy)+(6x2+6xy−4x+3) cos(y2−x2− 4

3
y+ 4

9
)+(2+3x−3y) sin( 2

3
−x−y)

3β− ; on Ω−,

(4.2.2)

74



with r = β+

β− = 5 and r = β+

β− = 103 representing a moderate and a large jump in the
coefficient β.

The uniform triangular mesh Th is formed by partitioning Ω into (1/h)2 squares, h =
1
2m
, m = 2, 3, 4, 5, 6, 7, then forming the triangular elements by joining the lower left and

upper right vertices of the squares.

We present errors in Ihu and their orders of convergence in Tables 4.1, 4.2, 4.3 and 4.4. We
observe that, since functions in S1

h satisfy the jump conditions of S(Ω), the interpolant in
S1
h yields O(h3) optimal convergence rates for u and O(h2) for its derivatives. Interpolation

in the non-consistent IFE space S2
h shows near optimal convergence rates.

h ||u− Ihu||0 order ||ux − (Ihu)x||0,h order ||uy − (Ihu)y||0,h order
1
4

1.824818e-03 N/A 5.509363e-02 N/A 3.422630e-02 N/A
1
8

2.286751e-04 2.9963 1.383511e-02 1.9935 8.736473e-03 1.9699
1
16

2.857819e-05 3.0003 3.454655e-03 2.0017 2.189569e-03 1.9964
1
32

3.573301e-06 2.9995 8.640540e-04 1.9993 5.482050e-04 1.9978
1
64

4.465973e-07 3.0002 2.159648e-04 2.0003 1.370356e-04 2.0001
1

128
5.582714e-08 2.9999 5.399578e-05 1.9999 3.426435e-05 1.9998

Table 4.1: L2 interpolation errors and orders for u, ux and uy for the function (4.2.2) with
r = 5 using the IFE space S1

h.

h ||u− Ihu||0 order ||ux − (Ihu)x||0,h order ||uy − (Ihu)y)||0,h order
1
4

1.825604e-03 N/A 5.512166e-02 N/A 3.428669e-02 N/A
1
8

2.307696e-04 2.9838 1.395794e-02 1.9815 8.880656e-03 1.9489
1
16

2.857665e-05 3.0135 3.454740e-03 2.0144 2.189942e-03 2.0197
1
32

3.579449e-06 2.9970 8.654861e-04 1.9969 5.499555e-04 1.9935
1
64

4.465694e-07 3.0027 2.159599e-04 2.0027 1.370315e-04 2.0048
1

128
5.584678e-08 2.9993 5.401489e-05 1.9993 3.428750e-05 1.9987

Table 4.2: L2 interpolation errors and orders for u, ux and uy for the function (4.2.2) with
r = 103 using the IFE space S1

h.

75



h ||u− Ihu||0 order ||ux − (Ihu)x||0,h order ||uy − (Ihu)y||0,h order
1
4

1.839495e-03 N/A 5.532437e-02 N/A 3.514150e-02 N/A
1
8

2.330852e-04 2.9803 1.396273e-02 1.9863 9.073591e-03 1.9534
1
16

2.990975e-05 2.9621 3.593021e-03 1.9583 2.430470e-03 1.9004
1
32

3.857176e-06 2.9549 9.083393e-04 1.9838 6.220373e-04 1.9661
1
64

5.284785e-07 2.8676 2.524459e-04 1.8472 1.908056e-04 1.7048
1

128
7.184269e-08 2.8789 6.471950e-05 1.9637 4.976721e-05 1.9388

Table 4.3: L2 interpolation errors and orders for u, ux and uy for the function (4.2.2) with
r = 5 using the IFE space S2

h.

h ||u− Ihu||0 order ||ux − (Ihu)x||0,h order ||uy − (Ihu)y)||0,h order
1
4

1.835268e-03 N/A 5.552221e-02 N/A 3.513217e-02 N/A
1
8

2.283991e-04 3.0063 1.382844e-02 2.0054 8.749940e-03 2.0054
1
16

2.958586e-05 2.9485 3.628863e-03 1.9300 2.464341e-03 1.8280
1
32

3.586461e-06 3.0442 8.704789e-04 2.0596 5.587641e-04 2.1408
1
64

5.101100e-07 2.8136 2.597386e-04 1.7447 1.994275e-04 1.4863
1

128
5.677858e-08 3.1673 5.576483e-05 2.2196 3.700960e-05 2.4298

Table 4.4: L2 interpolation errors and orders for u, ux and uy for the function (4.2.2) with
r = 103 using the IFE space S2

h.
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4.3 Approximation Capability using Hierarchical IFE

Shape Functions for the Spaces W1
h and W2

h

We define a piecewise quadratic IFE interpolant Ihu(x, y) of u(x, y) using hierarchical shape
functions as

Ihu(x, y)|T =
6∑

j=1

cjϕj(x, y), ∀ T ∈ Th, (4.3.1)

where ϕj(x, y), j = 1, . . . , 6, are the six quadratic FE or IFE shape functions depending on
whether T is a non-interface or an interface element, and cj, j = 1, . . . , 6, are six constants
such that Ihu(Vi) = u(Vi), i = 1, . . . , 6, with Vi, i = 1, . . . , 6, being the nodes on T .

To compute the interpolation errors, we use the L2-norm defined in (4.1.1a), and the broken
H1 norm defined in (4.1.3).

Example 4.3.1.

We consider the function from Example 6.4.1, and use hierarchical IFE shape functions
developed in Chapter 3 to test the approximation capability of the spaces Wk

h , k = 1, 2. We
obtain results presented in Tables 4.5 and 4.6 for hierarchical IFE shape functions in W1

h,
and in Tables 4.7 and 4.8 for hierarchical IFE shape functions in W2

h. We obtain the same
conclusions as for the spaces S1

h and S2
h in the previous section. In fact, we observe that the

interpolant in W1
h yields O(h3) optimal convergence rates for u and O(h2) for its derivatives,

while, interpolation in the IFE space W2
h shows near optimal convergence rates.

h ||u− Ihu||0 order ||ux − (Ihu)x||0,h order ||uy − (Ihu)y||0,h order
1
4

1.824818e-03 N/A 5.509363e-02 N/A 3.422630e-02 N/A
1
8

2.286751e-04 2.9963 1.383511e-02 1.9935 8.736473e-03 1.9699
1
16

2.857819e-05 3.0003 3.454655e-03 2.0017 2.189569e-03 1.9964
1
32

3.573301e-06 2.9995 8.640540e-04 1.9993 5.482050e-04 1.9978
1
64

4.465973e-07 3.0002 2.159648e-04 2.0003 1.370356e-04 2.0001
1

128
5.582714e-08 2.9999 5.399578e-05 1.9998 3.426435e-05 1.9997

Table 4.5: Interpolation errors and orders for u, ux and uy for the function (4.2.2) with r = 5,
using hierarchical IFE shape functions in W1

h.
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h ||u− Ihu||0 order ||ux − (Ihu)x||0,h order ||uy − (Ihu)y||0,h order
1
4

1.825604e-03 N/A 5.512166e-02 N/A 3.428669e-02 N/A
1
8

2.307696e-04 2.9838 1.395794e-02 1.9815 8.880656e-03 1.9489
1
16

2.857665e-05 3.0135 3.454740e-03 2.0144 2.189942e-03 2.0197
1
32

3.579449e-06 2.9970 8.654861e-04 1.9969 5.499555e-04 1.9935
1
64

4.465694e-07 3.0027 2.159599e-04 2.0027 1.370315e-04 2.0048
1

128
5.584678e-08 2.9993 5.401489e-05 1.9993 3.428750e-05 1.9987

Table 4.6: Interpolation errors and orders for u, ux and uy for the function (4.2.2) with
r = 1000, using hierarchical IFE shape functions in W1

h.

h ||u− Ihu||0 order ||ux − (Ihu)x||0,h order ||uy − (Ihu)y||0,h order
1
4

1.839495e-03 N/A 5.532437e-02 N/A 3.514150e-02 N/A
1
8

2.330852e-04 2.9803 1.396273e-02 1.9863 9.073591e-03 1.9534
1
16

2.990975e-05 2.9621 3.593021e-03 1.9583 2.430470e-03 1.9004
1
32

3.857176e-06 2.9549 9.083393e-04 1.9838 6.220373e-04 1.9661
1
64

5.284785e-07 2.8676 2.524459e-04 1.8472 1.908056e-04 1.7048
1

128
7.184269e-08 2.8789 6.471950e-05 1.9637 4.976721e-05 1.9388

Table 4.7: Interpolation errors and orders for u, ux and uy for the function (4.2.2) with r = 5,
using hierarchical IFE shape functions in W2

h.

h ||u− Ihu||0 order ||ux − (Ihu)x||0,h order ||uy − (Ihu)y||0,h order
1
4

1.835268e-03 N/A 5.552221e-02 N/A 3.513217e-02 N/A
1
8

2.283991e-04 3.0063 1.382844e-02 2.0054 8.749940e-03 2.0054
1
16

2.958586e-05 2.9485 3.628863e-03 1.9300 2.464341e-03 1.8280
1
32

3.586461e-06 3.0442 8.704789e-04 2.0596 5.587641e-04 2.1408
1
64

5.101100e-07 2.8136 2.597386e-04 1.7447 1.994275e-04 1.4863
1

128
5.677858e-08 3.1673 5.576483e-05 2.2196 3.700960e-05 2.4298

Table 4.8: Interpolation errors and orders for u, ux and uy for the function (4.2.2) with
r = 1000, using hierarchical IFE shape functions in W2

h.
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4.4 Conclusions

In this chapter, we recalled and defined broken Hs, s = 0, 1, norms, and we used these
norms to show the approximation capability of the IFE spaces Sk

h , k = 1, 2, and Wk
h , k = 1, 2,

defined in Chapter 2. In all the examples we presented, using Lagrange shape functions for
Sk
h , k = 1, 2, and hierarchical shape functions for Wk

h , k = 1, 2, the interpolation error is of
order O(h3) in L2-norm and of order O(h2) in broken H1-norm. This behavior is similar to
the behavior of standard finite elements where the interpolation error for the finite element
spaces is proved to be of order O(hp+1) in L2-norm and of order O(hp) in H1-norm, which is
the same optimal approximation capability as the standard quadratic finite element spaces.
Thus, the proposed IFE spaces Sk

h , k = 1, 2, exhibit optimal approximation capability in
both L2 and broken H1 norms. A future work would be to analytically investigate the
approximation capability of theses spaces and prove the inequalities (4.1.5), which were
investigated numerically in this chapter.
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Chapter 5

Immersed Finite Element Methods

5.1 Introduction

In this chapter, we develop two finite element methods for solving the interface problem
(1.1.1) with the quadratic IFE spaces S1

h and S2
h, defined in (2.4.2). We assume that the

true solution u belongs to the function space

S(Ω) = {u, u|Ω± ∈ H3(Ω±), [u]Γ = [β n · ∇u]Γ = 0}. (5.1.1)

The developed immersed finite element solutions, denoted as Uh, will belong to the function
spaces Sk

h,E, k = 1, 2, defined in (2.4.4).

It is well known [14, 61] that solutions obtained by the standard finite element method satisfy
the following inequalities

||u− Uh||r ≤ C h3−r, r = 0, 1, (5.1.2a)

and

||ux − Uh
x ||0 ≤ C h2, (5.1.2b)

||uy − Uh
y ||0 ≤ C h2. (5.1.2c)

In Chapter 4, we showed numerically that we have the optimal approximation capability of
the IFE spaces S1

h and S2
h, represented by the inequalities (4.1.5). In this chapter, numerical

experiments will show that inequalities (5.1.2) hold for solutions obtained by immersed finite
element methods. We first use a continuous Galerkin formulation, similar to the method used
in [3, 30, 43]. While this method will not exhibit optimal convergence rates, its modification
with an interior penalty method that penalizes the discontinuities of the shape functions
across the non-interface edges yields optimal convergence rates. We will show numerically
that solutions obtained by this interior penalty immersed finite element method exhibits an
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optimal convergence rates S1
h, and nearly optimal rate in S2

h, i.e., under h refinement the
following estimates hold:

||u− Uh||0 ≈ C h3, (5.1.3)

||ux − Uh
x ||0,h ≈ C h2, (5.1.4)

||uy − Uh
y ||0,h ≈ C h2. (5.1.5)

5.2 Continuous Galerkin Finite Element formulation

Let us recall the non-penalized IFE method which exhibited optimal convergence rates for
linear, bilinear, or one-dimensional higher degree IFE spaces [3, 30, 43]. The weak formu-
lation used in this IFE method is obtained by multiplying the equation (1.1.1a) by a test
function v ∈ H1

0 (Ω) and integrating over Ω through all elements of Th, as follows:∫
Ω

−∇(β∇u) v dxdy =

∫
Ω

f v dxdy,

which can be written also as∫
Ω+

−∇(β∇u) v dxdy +
∫
Ω−

−∇(β∇u) v dxdy =

∫
Ω

f v dxdy.

Applying integration by parts on Ω+ and Ω− then combining the terms, we obtain∫
Ω

β∇u · ∇v dxdy =

∫
Ω

f v dxdy,

which leads to non-penalized IFE method as follows: determining Uh ∈ Sk
h,E, k = 1, 2, such

that ∑
T∈Th

∫
T

β∇Uh∇ · V hdxdy =
∑
T∈Th

∫
T

fV hdxdy, ∀ V h ∈ Sk
h,0. (5.2.1)

However, our numerical results in Example 5.4.1 indicate that this non-penalized IFE formu-
lation does not converge optimally from the point of view of quadratic polynomials used in
Sk
h,E, k = 1, 2. To overcome this defect, we propose to employ penalization and stabilization

in the quadratic IFE method. This penalization idea is based on the Non Symmetric Interior
Penalty (NIPG) method [15, 57], where we apply penalization on interface edges only and
use discontinuous IFE spaces.
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5.3 Non-symmetric Interior Penalty Galerkin (NIPG)

Formulation

The IFE spaces proposed in this manuscript are not continuous across interface edges. Thus,
in developing suitable finite element methods for solving interface problems with these IFE
spaces, we borrow penalization techniques used in discontinuous finite element methods for
solving second-order elliptic problems.

5.3.1 Review of Interior Penalty Methods

Interior penalty methods were proposed in many works in 1970s and was used as a new way
of imposing Dirichlet boundary conditions in a weak form for elliptic problems. The first
works were introduced independently by Nitsche [48] in 1971, by Babuska [6] in 1973, and by
Douglas in 1976 [36]. In 1978, Wheeler [63] made a study of the consistency, symmetrization,
and adding penalty terms on each edge to penalize the jump of the function across the edge.
In the 1990, techniques of IP methods were applied to local discontinuous Galerkin methods.
The interior penalty method was used to solve second-order elliptic problems [58, 11]. In
this matter, the original method of Bassi and Rebay was studied by Brezzi et al. [16], the
discontinuous Galerkin (DG) method of Baumann and Oden was studied by Oden, Babuska
and Baumann in [49] and by Riviere and Wheeler in [57]. A synthesization of the elliptic,
parabolic, and hyperbolic theory was done by Suli, Schwab, and Houston [60] who applied
the analysis of DG methods to partial differential equations with non-negative characteristic
form. Later on, Arnold, Brezzi, Cockburn and Marini made a recast of most of the previously
developed methods for elliptic problems within a single framework in [4] and presented a
unified analysis of the DG methods applied to elliptic problems [23]. In 2005, a stabilization
of the IP methods and discontinuous Galerkin methods was proposed by Brezzi, Cockburn,
Marini, and Suli [15].

5.3.2 The Interior Penalty IFE Method

We now introduce a few notations and conventions in order to describe the formulation with
interior penalty terms. Let Eh, E 0

h , E i
h and E 0,i

h be the set of all the edges, interior edges,
interface edges and interior interface edges in a mesh Th, respectively.

For e ∈ E 0
h shared by the two elements T1 and T2, let the vectors n1 and n2, respectively,

be the unit vectors normal to e, pointing towards the exterior of the elements T1 and T2.
Following [23], for a scalar piecewise smooth function φ, we let φ|Ti

= φi, i = 1, 2, and we
will use the average and jump of φ on an edge e defined by

{φ} =
1

2
(φ1 + φ2) and [φ] = φ1n1 + φ2n2. (5.3.1a)
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Similarly for a vector-valued piecewise smooth function τ such that τ |Ti
= τ i, i = 1, 2 we

define its average and jump by

{τ} =
1

2
(τ 1 + τ 2) and [τ ] = τ 1 · n1 + τ 2 · n2. (5.3.1b)

We will also use the following notations

(u, v)Th
=
∑
T∈Th

∫
T

u v dxdy, and < u, v >E t
h
=
∑
e∈E t

h

∫
e

u v ds, (5.3.2)

where t = 0, i or (0, i).

Now, we recall the standard NIPG weak formulation on a mesh Th of the model elliptic
problem (1.1.1a) is [15, 56]:

(β∇u,∇v)Th
−
∑
T∈Th

∫
∂T

β
∂u

∂n
v ds+ < [u] , {β∇v} >E 0

h
+ < [β∇u], {v} >E 0

h

+s < [u] , [v] >E 0
h
= (f, v)Th

, (5.3.3)

where s > 0 is the penalty parameter. Following [23] and (5.3.1) we can write the integral∑
T∈Th

∫
∂T

β
∂u

∂n
v ds =

< {β∇u}, [v] >E 0
h
+ < [β∇u], {v} >E 0

h
+

∑
e∈Eh∩∂Ω

∫
e

β∇u · n v ds. (5.3.4)

Combining (5.3.3) and (5.3.4) leads to the following weak form:

(β∇u,∇v)Th
− < {β∇u}, [v] >E 0

h
−
∫

Eh∩∂Ω

β∇u · n v ds+ < [u], {β∇v} >E 0
h

+s < [u], [v] >E 0
h
= (f, v)Th

.

Note that, for all functions V h ∈ Sk
h , we have [V h]e = 0 if e is a non-interface edge, and

if V h ∈ Sk
h,0 then V h|e = 0 on non-interface boundary edges while V h|e ̸= 0 on boundary

interface edges. Hence, applying the above weak form to Sk
h,E leads to the quadratic IFE

method: find U ∈ Sk
h,E such that

(β∇Uh,∇V h)Th
+ < [Uh], {β∇V h} >E 0,i

h
− < {β∇Uh}, [V h] >E 0,i

h
+

s < [Uh], [V h] >E 0,i
h

−
∫

E i
h∩∂Ω

β∇Uh · n V h ds = (f, V h)Th
, ∀ V h ∈ Sk

h,0. (5.3.5)

In the discussions below, we select s = 1 and refer to this method as the Interior Penalty
IFE method.
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5.4 Numerical Results

In this section we present numerical results for several interface problems to demonstrate
the optimal convergence of the quadratic IFE spaces. We will use the norms (4.1.1a) and
(4.1.1b) defined in Chapter 4 to measure errors in an approximation.

Example 5.4.1.

In this example, we will show that the original non-conforming Galerkin formulation does
not converge when it is used with the quadratic IFE spaces even though this non-conforming
Galerkin formulation works optimally with the linear, bilinear, and 1D higher degree IFE
spaces. Then, we demonstrate that the interior penalty IFE methods can produce solutions
to the interface problems with optimal convergence rates.

We consider the interface problem (1.1.1) with the same domain Ω and the same true solution

, as in Example 6.4.1, where β+

β− = 5. We recall the true solution:

u(x, y) =


(6x2+6xy−4x+3) cos(y2−x2− 4

3
y+ 4

9
)+(2+3x−3y) sin( 2

3
−x−y)

3β+ ; on Ω+,

(β
−

β+
−1)(3−8x+12xy)+(6x2+6xy−4x+3) cos(y2−x2− 4

3
y+ 4

9
)+(2+3x−3y) sin( 2

3
−x−y)

3β− ; on Ω−.

Numerical results in Table 5.1 clearly suggest that the quadratic IFE solutions produced by
the original non-conforming Galerkin formulation do not converge to the true solution under
mesh refinement.

h ||u− Uh||0 order ||ux − Uh
x ||0,h order ||uy − Uh

y ||0,h order
1
4

1.895109e-03 N/A 5.541022e-02 N/A 3.524658e-02 N/A
1
8

4.842859e-04 1.9683 1.849617e-02 1.5829 1.451450e-02 1.2799
1
16

6.071277e-05 2.9957 4.626621e-03 1.9991 3.856017e-03 1.9123
1
32

5.041339e-05 0.2681 5.654537e-03 -0.2894 5.481738e-03 -0.5075
1
64

6.476201e-06 2.9605 1.545544e-03 1.8712 1.543935e-03 1.8280
1

128
6.674539e-06 -0.0435 2.706456e-03 -0.8082 2.683355e-03 -0.7974

Table 5.1: L2 errors and orders for u and its derivatives for Example 5.4.1 with r = 5 using
the method (5.2.1) with S1

h.
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Example 5.4.2.

Next, we solve the same interface problem as in Example 5.4.1 for β+

β− = 5 and β+

β− = 103 on

the same meshes by the interior penalty IFE method (5.3.5) using quadratic IFE spaces S1
h

and S2
h. The related datum are presented in Tables 5.2, 5.3, 5.4, and 5.5. From these datum,

we can easily observe that the interior penalty IFE method with the IFE space S1
h performs

optimally, while it performs near optimally with the space S2
h.

h ||u− Uh||0 order ||ux − Uh
x ||0,h order ||uy − Uh

y ||0,h order
1
4

2.185943e-03 N/A 1.862205e-02 N/A 2.458501e-02 N/A
1
8

2.746045e-04 2.9928 4.496799e-03 2.0500 6.257552e-03 1.9741
1
16

3.426104e-05 3.0027 1.105460e-03 2.0242 1.565315e-03 1.9991
1
32

4.284828e-06 2.9992 2.757968e-04 2.0029 3.916519e-04 1.9988
1
64

5.355157e-07 3.0002 6.883339e-05 2.0024 9.787855e-05 2.0005
1

128
5.582693e-08 3.0001 5.399404e-05 1.9999 3.426510e-05 1.9998

Table 5.2: L2 errors and orders for u and its derivatives for Example 5.4.2 with r = 5 using
the interior penalty IFE method with S1

h.

h ||u− Uh||0 order ||ux − Uh
x ||0,h order ||uy − Uh

y ||0,h order
1
4

2.008170e-03 N/A 5.644459e-02 N/A 3.510983e-02 N/A
1
8

2.340102e-04 3.1012 1.383754e-02 2.0282 8.805326e-03 1.9954
1
16

2.891611e-05 3.0166 3.464429e-03 1.9978 2.199582e-03 2.0011
1
32

3.584640e-06 3.0119 8.641624e-04 2.0032 5.489480e-04 2.0024
1
64

4.473714e-07 3.0022 2.160397e-04 2.0000 1.371766e-04 2.0006
1

128
5.585713e-08 3.0017 5.399635e-05 2.0002 3.427253e-05 2.0010

Table 5.3: L2 errors and orders for u and its derivatives for Example 5.4.2 with r = 103

using the interior penalty IFE method with S1
h.
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h ||u− Uh||0 order ||ux − Uh
x ||0,h order ||uy − Uh

y ||0,h order
1
4

1.850654e-03 N/A 5.517477e-02 N/A 3.508381e-02 N/A
1
8

2.355202e-04 2.9741 1.396110e-02 1.9826 9.091639e-03 1.9481
1
16

3.014075e-05 2.9660 3.561352e-03 1.9709 2.386854e-03 1.9294
1
32

3.899650e-06 2.9503 9.046449e-04 1.9770 6.167033e-04 1.9524
1
64

5.462242e-07 2.8357 2.449317e-04 1.8849 1.808684e-04 1.7696
1

128
7.834247e-08 2.8016 6.361485e-05 1.9449 4.831422e-05 1.9044

Table 5.4: L2 errors and orders for u and its derivatives for Example 5.4.2 with r = 5 using
the interior penalty IFE method with S2

h.

h ||u− Uh||0 order ||ux − Uh
x ||0,h order ||uy − Uh

y ||0,h order
1
4

2.094214e-03 N/A 5.715809e-02 N/A 3.542342e-02 N/A
1
8

2.330975e-04 3.1674 1.384422e-02 2.0456 8.817699e-03 2.0062
1
16

2.906282e-05 3.0036 3.468043e-03 1.9970 2.203575e-03 2.0005
1
32

3.589693e-06 3.0172 8.680604e-04 1.9982 5.554346e-04 1.9881
1
64

4.480319e-07 3.0021 2.164614e-04 2.0036 1.379888e-04 2.0090
1

128
5.830773e-08 2.9418 5.502787e-05 1.9758 3.589954e-05 1.9425

Table 5.5: L2 errors and orders for u and its derivatives for Example 5.4.2 with r = 103

using the interior penalty IFE method with S2
h.
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Example 5.4.3.

There are many applications with great potentials to take advantages of the key feature of
IFE methods: their meshes can be independent of the location of interfaces. We now use a
thin layer interface problem to illustrate this.

We consider the interface problem (1.1.1) on Ω = (0, 1)2 consisting of two materials, one of
them forms a thin layer in the top part of the domain. More specifically, we assume that
the interface is defined by

y = 1− ϵ, 0 < ϵ < 1, (5.4.1)

which separates Ω into Ω+ defined by y > 1− ϵ and Ω− defined by y < 1− ϵ as illustrated in
Figure 5.1. The boundary conditions and the source term f are selected such that the true
solution is

u(x, y) =


(1+x3(y+e−1)) cos(x(y+e−1))+sin(x(y+e−1))

β+ , on Ω+,

(1+x3(y+e−1)) cos(x(y+e−1))+sin(x(y+e−1))−1
β− + 1

β+ , on Ω−.

(5.4.2)

Figure 5.1: A two-material domain with a thin layer of width ϵ for Example 5.4.3.

We solve this problem for ϵ = 10−3 and β+

β− = 5 using the interior penalty IFE method (5.3.5)

on uniform meshes with 2n2 right-angle triangles using the space S1
h. We present the L2 errors

for the quadratic IFE solutions to u and it derivatives in Table 5.6. As a comparison, we
also solve this problem by the standard quadratic finite element method with body-fitted
meshes. The related computations are carried out through the software COMSOL using
its default parameters except for ”max element size” hmax = 1/8, 1/16, 1/32 and 1/64. A
typical mesh used in COMSOL for hmax = 1/16 and ϵ = 10−3 is shown in Figure 5.2. We
present the finite element errors in Table 5.7 and plot the L2 errors versus the number of
degrees of freedom for both methods in Figure 5.3. From these data, we observe that, to
produce numerical solutions with comparable accuracies, the standard finite element method
based on body-fitted meshes require much more global degree of freedoms than the interior
penalty IFE method.
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Figure 5.2: COMSOL interface with a mesh for the two-material domain of Figure 5.1 with
ϵ = 10−3.

DOF ||u− Uh||0 ||ux − Uh
x ||0,h ||uy − Uh

y ||0,h
289 1.689638e-04 4.136825e-03 3.268165e-03
1089 2.137912e-05 1.041716e-03 8.173907e-04
4225 2.684222e-06 2.610211e-04 2.043138e-04
16641 3.362449e-07 6.529878e-05 5.107821e-05

Table 5.6: L2 errors and orders for u and its derivatives for Example 5.4.3 with ϵ = 10−3

using the interior penalty IFE method (5.3.5) with S1
h.

DOF ||u− Uh||0 ||ux − Uh
x ||0,h ||uy − Uh

y ||0,h
25550 1.838226e-04 5.894349e-03 4.736762e-03
25706 2.488306e-05 1.633209e-03 1.391346e-03
27182 3.049056e-06 4.049628e-04 3.783127e-04
32890 3.796342e-07 1.038044e-04 9.289677e-05

Table 5.7: L2 errors and orders for u and its derivatives for Example 5.4.3 with ϵ = 10−3

using the standard finite element method in COMSOL software on body-fitted meshes.
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Figure 5.3: L2 errors versus the number of degrees of freedom for immersed method on uni-
form meshes and for standard finite element method on body-fitted meshes using COMSOL
for Example 5.4.3.
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5.5 Conclusions

The interior penalty IFE methods presented in this chapter rely on the specially designed
piecewise quadratic IFE spaces Sk

h , k = 1, 2, presented in chapter 2, and lead to O(h3−s)
optimal convergence rates in broken Hs, s = 0, 1, norms. In addition to the optimality of the
method in finding numerical solutions to interface problems, our numerical results showed
also that this method is more efficient than the standard finite element method for solving
some particular interface problems such as problems involving thin layers. A future work
will consist of testing a discontinuous Galerkin formulation and a selective discontinuous
Galerkin formulation [29] with these quadratic IFE spaces Sk

h , k = 1, 2.
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Chapter 6

p-th Degree Immersed Finite Element
Spaces for Linear Interface

6.1 Introduction

In this chapter, we discuss immersed finite element spaces of degree p ≥ 3, which represent
a generalization of the quadratic IFE spaces developed in Chapter 2, considering the same
model problem and a linear interface Γ : y = Ax+B. First, we discuss the jump conditions
on interface elements and present some properties of the p-th degree IFE spaces. Next, we
discuss the construction of IFE shape functions for such spaces. A detailed construction of
hierarchical cubic IFE shape functions is presented, and general procedure is given for the
construction of hierarchical IFE shape functions of degree p.

6.2 p-the Degree IFE Spaces and Jump Conditions

We first define the p-th degree IFE spaces Rp
1(T ) and Rp

2(T ) locally on an arbitrary interface
element T . Rp

1(T ) and Rp
2(T ) are the extensions of the quadratic IFE spaces R1(T ) and

R2(T ) defined in (2.2.3a) and (2.2.3b).

U ∈ Rp
1(T ), if and only if U |T± ∈ Pp and U satisfies the following conditions

[U ]
T∩Γ

= 0 (6.2.1a)

[β
∂U

∂n
]
T∩Γ

= 0 (6.2.1b)

[β∆U ]
T∩Γ

= 0 (6.2.1c)

[
∂l

∂nl
(β∆U) ]

T∩Γ
= 0 , l = 1, 2, . . . , (p− 2). (6.2.1d)
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U ∈ Rp
2(T ), if and only if U |T± ∈ Pp and U satisfies the jump conditions (6.2.1a) and (6.2.1b)

in addition to the conditions

[ β
∂2U

∂n2
]
T∩Γ

= 0 , (6.2.2a)

[ β
∂lU

∂nl
]
T∩Γ

= 0 , l = 3, 4, . . . , p. (6.2.2b)

We define the global IFE spaces over the whole solution domain Ω:

Sp,k
h = {U, | U |T ∈ Pp, for T ∈ Th \ T i

h and U |T ∈ Rp
k(T ), for T ∈ T i

h }, k = 1, 2.
(6.2.3)

In our computations, we will use the subspaces:

Sp,k
h,0 = {U, | U ∈ Sp,k

h , and [U ]e = 0, for e ∈ Eh \ E i
h}, k = 1, 2, (6.2.4)

in solving the interface problem.

We note that equations (6.2.1a), (6.2.1b) and (6.2.1c) are the jump conditions used to define
the quadratic IFE space R1(T ) ; and equations (6.2.1d) are an extension of the condition
(6.2.1c).
Similarly, we note that equations (6.2.1a), (6.2.1b) and (6.2.2a) are the jump conditions used
to define the quadratic IFE space R2(T ) ; and equations (6.2.2b) are an extension of the
condition (6.2.2a).

Remark 6.2.1. Using the notations introduced above, we can denote the quadratic IFE
spaces R1(T ) and R2(T ) as R2

1(T ) and R2
2(T ), respectively.

On any physical element T , we have:

Rp−1
2 (T ) ⊂ Rp

2(T ), for p ≥ 3, (6.2.5)

Rp−1
1 (T ) ⊂ Rp

1(T ), for p ≥ 3. (6.2.6)

As discussed previously, an interface finite element function is computed by mapping each
interface element T in the mesh into a reference interface triangle T̂ , using the affine mapping
F defined in (2.2.7). Thus, we develop reference IFE spaces R̂p

1(T̂ ) and R̂p
2(T̂ ) over T̂ , where

T̂ = F (T ).

Hence, on a reference element T̂ , we construct the following IFE function spaces:

R̂p
1(T̂ ) = {Û ∈ P̂p(T̂ ), | [Û ]Γ̂ = [β̂

∂Û

∂n̂
]Γ̂ = [

∂l

∂n̂l
(β̂(Jt∇̂).(Jt∇̂)Û)]Γ̂ = 0, l = 0, . . . , p− 2},

(6.2.7)
and

R̂p
2(T̂ ) = {Û ∈ P̂p(T̂ ), | [Û ]Γ̂ = 0, [β̂

∂lÛ

∂n̂l
]Γ̂ = 0, l = 1, . . . , p}, (6.2.8)
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where
P̂p = {p̂ | p̂|T̂ i ∈ Pp , i = 1, 2 }, (6.2.9)

Γ̂ = F (Γ), n̂ = Jn, and ∇̂Û = (∂x̂Û , ∂ŷÛ)
t. (6.2.10)

Now, we construct hierarchical IFE shape functions of degree p = 3, and we conclude a
general procedure for constructing p-th degree hierarchical IFE shape functions.

6.3 Hierarchical p-th Degree IFE Shape Functions

Guided by the constructing procedure of hierarchical quadratic IFE shape functions in Chap-
ter 3, we construct hierarchical higher-degree IFE shape functions. We consider the same
reference interface element T̂ with vertices V̂1 = (0, 0)t, V̂2 = (1, 0)t, V̂3 = (0, 1)t, cut by a
linear interface Γ̂ : ŷ = ax̂+ b, as described in Figure 3.1.

Hierarchical Cubic IFE Shape Functions on R̂3
2(T̂ )

In Chapter 3, we constructed a basis of φ̂i ∈ R̂2(T̂ ) formed by three piecewise linear IFE
shape functions developed by Li, Lin, Lin and Rogers [42], in addition to three piecewise
quadratic IFE shape functions, as proved in Theorem 3.3.1.

We have φ̂i ∈ R̂2(T̂ ) ⊂ R̂3
2(T̂ ), i = 1, . . . , 6.

Now, guided by our work for quadratic IFE spaces as well as the cubic standard finite
element theory, we construct four cubic IFE shape functions φ̂i, i = 7 . . . 10, which satisfy
the physical jump conditions (2.2.9) and the extended jump conditions (6.2.2a), and (6.2.2b)
with l = 3:

[
∂3Û

∂n̂3 ]Γ̂ = 0. (6.3.1)

Thus, φ̂7, φ̂8, φ̂9 and φ̂10 can be written as

φ̂7(ξ̂, η̂) =


φ̂1(ξ̂, η̂)φ̂4(ξ̂, η̂) + ĉ7η̂

2 + d̂7η̂
3 , (x̂, ŷ) ∈ T̂ 1

φ̂1(ξ̂, η̂)φ̂4(ξ̂, η̂), (x̂, ŷ) ∈ T̂ 2

(6.3.2a)

φ̂8(ξ̂, η̂) =


φ̂2(ξ̂, η̂)φ̂5(ξ̂, η̂) + ĉ8η̂

2 + d̂8η̂
3 , (x̂, ŷ) ∈ T̂ 1

φ̂2(ξ̂, η̂)φ̂5(ξ̂, η̂), (x̂, ŷ) ∈ T̂ 2

(6.3.2b)
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φ̂9(ξ̂, η̂) =


φ̂3(ξ̂, η̂)φ̂6(ξ̂, η̂) + ĉ9η̂

2 + d̂9η̂
3 , (x̂, ŷ) ∈ T̂ 1

φ̂3(ξ̂, η̂)φ̂6(ξ̂, η̂), (x̂, ŷ) ∈ T̂ 2.

(6.3.2c)

φ̂10(ξ̂, η̂) =


φ̂1(ξ̂, η̂)φ̂5(ξ̂, η̂) + ĉ10η̂

2 + d̂10η̂
3 , (x̂, ŷ) ∈ T̂ 1

φ̂1(ξ̂, η̂)φ̂5(ξ̂, η̂), (x̂, ŷ) ∈ T̂ 2

(6.3.2d)

First, we show in the following lemma that the shape function φ̂k, k = 7, . . . , 10, satisfy the
physical jump conditions on the reference element.

Lemma 6.3.1. The four IFE shape functions φ̂k, k = 7, . . . , 10, defined in (6.3.2), satisfy
the jump conditions (2.2.9a) and (2.2.9b).

Proof. Since φ̂i and φ̂j are continuous, and the interface Γ̂ is η̂ = 0, then [φ̂k]Γ̂ = 0.

The derivative of φ̂k in the direction od n̂ is given by (6.3.3), then

β̂
∂φ̂k

∂n̂
(ξ̂, η̂) =


β̂1 ∂φ̂i

∂n̂
(ξ̂, η̂)φ̂j(ξ̂, η̂) + β̂1φ̂i(ξ̂, η̂)

∂φ̂j

∂n̂
(ξ̂, η̂) + 2β̂1ĉkη̂ + 3β̂1d̂kη̂

2 , on T̂ 1

β̂2 ∂φ̂i

∂n̂
(ξ̂, η̂)φ̂j(ξ̂, η̂) + β̂2φ̂i(ξ̂, η̂)

∂φ̂j

∂n̂
(ξ̂, η̂) , on T̂ 2

Since φ̂i, φ̂j, β̂
∂φ̂i

∂n̂
and β̂

∂φ̂j

∂n̂
are continuous over Γ̂ : η̂ = 0, then we obtain that β̂ ∂φ̂k

∂n̂
is

continuous, as well.

Next, to have φk ∈ R̂3
2(T̂ ) k = 7, . . . , 10, we select the values of ĉk and d̂k such that the

shape functions φ̂k, k = 7, . . . , 10 satisfy the conditions (2.2.17) and (6.3.1).

We have, the derivative of φ̂k in the direction od n̂ can be written as

∂φ̂k

∂n̂
(ξ̂, η̂) =


∂φ̂i

∂n̂
(ξ̂, η̂)φ̂j(ξ̂, η̂) + φ̂i(ξ̂, η̂)

∂φ̂j

∂n̂
(ξ̂, η̂) + 2ĉkη̂ + 3d̂kη̂

2 , on T̂ 1

∂φ̂i

∂n̂
(ξ̂, η̂)φ̂j(ξ̂, η̂) + φ̂i(ξ̂, η̂)

∂φ̂j

∂n̂
(ξ̂, η̂) , on T̂ 2

(6.3.3)

The second normal derivative of φ̂k, k = 7, . . . , 10 is

∂2φ̂k

∂n̂2 (ξ̂, η̂) =


φ̂1
i (ξ̂, η̂)

∂2φ̂1
j

∂n̂2 (ξ̂, η̂) + 2
∂φ̂1

i

∂n̂
(ξ̂, η̂)

∂φ̂1
j

∂n̂
(ξ̂, η̂) + 2 ĉk + 6 d̂kη̂ , on T̂ 1

φ̂2
i (ξ̂, η̂)

∂2φ̂2
j

∂n̂2 (ξ̂, η̂) + 2
∂φ̂2

i

∂n̂
(ξ̂, η̂)

∂φ̂2
j

∂n̂
(ξ̂, η̂) , on T̂ 2

(6.3.4)

94



Since β̂φ̂i
∂2φ̂j

∂n̂2 is continuous, enforcing the jump condition (2.2.17) yields

β̂1∂φ̂
1
i

∂n̂
(ξ̂, 0+)

∂φ̂1
j

∂n̂
(ξ̂, 0+) + β̂1 ĉk = β̂2∂φ̂

2
i

∂n̂
(ξ̂, 0−)

∂φ̂2
j

∂n̂
(ξ̂, 0−). (6.3.5)

Hence, we choose ĉk as

ĉk = −
β̂1 n̂ · φ̂1

i (ξ̂, 0
+) n̂ · φ̂1

j(ξ̂, 0
+)− β̂2 n̂ · φ̂2

i (ξ̂, 0
−) n̂ · φ̂2

j(ξ̂, 0
−)

β̂1
, (6.3.6)

which can, alternatively, be written as

ĉk = − 1

β̂1

[
β̂
∂φ̂i

∂n̂

∂φ̂j

∂n̂

]
Γ̂

. (6.3.7)

Notice that this expression is the same as (3.3.6) used for the quadratic IFE shape functions.

Now, consider the third normal derivative of φk, k = 7, . . . , 10

∂3φ̂k

∂n̂3 (ξ̂, η̂) =


3

∂φ̂1
i

∂n̂
(ξ̂, η̂)

∂2φ̂1
j

∂n̂2 (ξ̂, η̂) + 6 d̂k , (x̂, ŷ) ∈ T̂ 1

3
∂φ̂2

i

∂n̂
(ξ̂, η̂)

∂2φ̂2
j

∂n̂2 (ξ̂, η̂) , (x̂, ŷ) ∈ T̂ 2

(6.3.8)

Enforcing the jump condition (6.3.1) yields

β̂1∂φ̂
1
i

∂n̂
(ξ̂, 0+)

∂2φ̂1
j

∂n̂2 (ξ̂, 0
+) + 2 β̂1 ĉk = β̂2∂φ̂

2
i

∂n̂
(ξ̂, 0−)

∂2φ̂2
j

∂n̂2 (ξ̂, 0
−). (6.3.9)

Hence, we choose d̂k as

d̂k = − 1

2β̂1

(
β̂1∂φ̂

1
i

∂n̂
(ξ̂, 0+)

∂2φ̂1
j

∂n̂2 (ξ̂, 0
+)− β̂2∂φ̂

2
i

∂n̂
(ξ̂, 0−)

∂2φ̂2
j

∂n̂2 (ξ̂, 0
−)

)
, (6.3.10)

which can, alternatively, be written as

d̂k = − 1

2 β̂1

[
β̂
∂φ̂i

∂n̂

∂2φ̂j

∂n̂2

]
Γ̂

. (6.3.11)

In a similar way, we can construct IFE shape functions for the space R̂3
1(T̂ ).

p-th degree IFE Shape Functions on R̂p
2(T̂ )

Guided by the standard finite elements theory, we expect that the dimension of the space
R̂p

2(T̂ ) is Np = (p+1)(p+2)
2

. Following the same pattern of the quadratic and cubic IFE
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shape functions, we construct hierarchical IFE shape functions for the p-th degree IFE space
R̂p

2(T̂ ), assuming that we have Np−1 =
p(p+1)

2
hierarchical IFE shape functions for the (p−1)-

th order IFE space R̂p−1
2 (T̂ ). Hence, we use the IFE shape functions of R̂p−1

2 (T̂ ) and we
construct p+ 1 IFE shape functions φ̂k, k = Np−1 + 1, Np−1 + 2, . . . , Np. In fact, recall that

φ̂i ∈ R̂p−1
2 (T̂ ) ⊂ R̂p

2(T̂ ), i = 1, 2, . . . , Np−1.

In the current section, we will proceed by induction. We assume that we have shape functions
of the IFE space R̂p−1

2 (T̂ ) and we will construct p+ 1 IFE shape functions φ̂k, k = Np−1 +
1, Np−1 + 2, . . . , Np, which satisfy the physical jump conditions (2.2.9), the extended jump
condition of second order (2.2.17) and the higher-order extended jump conditions (6.3.1) for
l = 3, 4, . . . , p.

Thus, φ̂k, k = Np−1 + 1, Np−1 + 2, . . . , Np can be written as

φ̂k(ξ̂, η̂) =


φ̂1
i (ξ̂, η̂)φ̂

1
j(ξ̂, η̂) +

p∑
s=2

ĉk,sη̂
s , (x̂, ŷ) ∈ T̂ 1,

φ̂2
i (ξ̂, η̂)φ̂

2
j(ξ̂, η̂) , (x̂, ŷ) ∈ T̂ 2.

(6.3.12)

where φ̂i and φ̂j are, respectively, a linear and (p− 1)-th degree IFE shape functions.

Lemma 6.3.2. The (p+1) IFE shape functions φ̂k, k = Np−1+1, Np−1+2, . . . , Np, defined
in (6.3.12), satisfy the mapped physical jump conditions (2.2.9a) and (2.2.9b).

Proof. The proof is similar to the proof of Lemma 6.3.1, and is omitted.

Now, since the IFE shape functions φ̂k, k = Np−1 + 1, Np−1 + 2, . . . , Np, defined in (6.3.12)
satisfy the jump conditions (2.2.9a) and (2.2.9b), we will select ck,s, k = Np−1 + 1, Np−1 +
2, . . . , Np,
s = 2, . . . , p, such that

[β
∂sφ̂k

∂n̂s (ξ̂, 0)]Γ̂ = 0, (6.3.13)

which will lead to φ̂k ∈ Rp
2(T ), k = Np−1 + 1 . . . Np.

We have the l-th normal derivative of φ̂k, k = Np−1+1, Np−1+2, 3, . . . , Np, where 2 ≤ l ≤ p,
is

∂lφ̂k

∂n̂l
(ξ̂, η̂) =


∑

v+w=l

(
∂vφ̂1

i

∂n̂v

∂wφ̂1
j

∂n̂w

)
+

p∑
s=l

ĉk,s
s!

(s−l)!
η̂s−l , on T̂ 1,

∑
v+w=l

(
∂vφ̂2

i

∂n̂v

∂wφ̂2
j

∂n̂w

)
, on T̂ 2.

(6.3.14)

Since φ̂i and φ̂j are, respectively, a linear and (p− 1)-th degree IFE shape functions, then∑
v+w=l

(
∂vφ̂i

∂n̂v

∂wφ̂j

∂n̂w

)
=
∂φ̂i

∂n̂

∂l−1φ̂j

∂n̂l−1
,
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thus, the l-th normal derivative of φ̂k, k = Np−1 + 1, Np−1 + 2, . . . , Np, 2 ≤ l ≤ p, can be
simplified as

∂lφ̂k

∂n̂l
(ξ̂, η̂) =


∂φ̂1

i

∂n̂

∂l−1φ̂1
j

∂n̂l−1 +
p∑

s=l

s!
(s−l)!

ĉk,s η̂
s−l , on T̂ 1,

∂φ̂2
i

∂n̂

∂l−1φ̂2
j

∂n̂l−1 , on T̂ 2.

(6.3.15)

On the interface, η̂ = 0, we have

∂lφ̂k

∂n̂l
(ξ̂, 0) =


∂φ̂1

i

∂n̂
(ξ̂, 0)

∂l−1φ̂1
j

∂n̂l−1 (ξ̂, 0) + l! ĉk,l , on T̂ 1,

∂φ̂2
i

∂n̂
(ξ̂, 0)

∂l−1φ̂2
j

∂n̂l−1 (ξ̂, 0) , on T̂ 2.

(6.3.16)

Enforcing (6.3.13) yields

β̂1 ∂φ̂
1
i

∂n̂
(ξ̂, 0)

∂l−1φ̂1
j

∂n̂l−1
(ξ̂, 0) + β̂1 l! ĉk,l = β̂2 ∂φ̂

2
i

∂n̂
(ξ̂, 0)

∂l−1φ̂2
j

∂n̂l−1
(ξ̂, 0),

which leads to

ĉk,l =
1

l! β̂1
[ β̂

∂φ̂i

∂n̂

∂l−1φ̂j

∂n̂l−1
]. (6.3.17)

6.4 Approximation Capability of Cubic IFE Spaces

For all our numerical experiments, we consider the rectangular domain Ω = [0, 1]2 subdivided
into a uniform triangular mesh of size h denoted by Th. The set of interface elements that
are cut by the interface is denoted by T i

h . The set of non-interface elements that are not
cut by the interface is denoted by T i

h . Hence, Th = T i
h ∪ T c

h .

The uniform triangular mesh Th is formed by partitioning Ω into (1/h)2 squares, with
h = 1/2m, m = 2, 3, 4, 5, 6, 7, then forming the triangular elements by joining the lower right
and upper left vertices of the squares. We define a piecewise cubic IFE interpolant Ihu(x, y)
of u(x, y) such that ∀ T ∈ Th

Ihu(x, y)|T =
10∑
j=1

cjϕj(x, y), (6.4.1)

where ϕj(x, y), j = 1, . . . , 10, are the ten cubic FE or IFE shape functions depending on
whether T is a non-interface or an interface element, and cj, j = 1, . . . , 10, are ten constants
such that Ihu(Vi) = u(Vi), i = 1, . . . , 10, with Vi, i = 1, . . . , 10, being the nodes on T .

To measure the interpolation errors, we use the L2-norm defined in (4.1.1a), and the broken
H1 norm defined in (4.1.3).
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Example 6.4.1.

In this example we assume that the domain Ω = [0, 1]2 is cut by the interface y = x + 1
4

such that Ω+ = {y > x+ 1
4
} and Ω− = {y < x+ 1

4
}. We test our spaces with the function u

defined by

u(x, y) =


1
β+ (3y − x− 3

4) e
y−x− 1

4 , on Ω+,(
1
β+ − 1

β− (1− ey−x− 1
4 )
)
(x+ y − 1

4)−
2
β− (

1
4 + x− y)ey−x− 1

4 , on Ω−.

(6.4.2)

with r = β+

β− = 5 and r = β+

β− = 103 representing a moderate and a large jump in the
coefficient β.

We present errors in Ihu and their orders of convergence in Tables 6.1, 6.2, 6.3 and 6.4.
We observe that the interpolant in S3,1

h yields O(h3.5) sub-optimal convergence rates for u
and about O(h2.5) sub-optimal rate for its derivatives. Similar results are obtained for the
interpolation in the non-consistent IFE space S3,2

h .

These preliminary results for the cubic IFE spaces show an approximation capability higher
than the capability of the quadratic IFE spaces, which shows the importance of cubic IFE
spaces. However, the rate is still sub-optimal and lower than p + 1 = 4 in L2 norm and
lower than p = 3 in broken H1 norm. These cubic IFE spaces are still the subject of further
investigation in future works, in the goal of obtaining optimal convergence rates in both L2

and broken H1 norms.

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

8.656226e-05 N/A 9.901610e-03 N/A 1.989246e-02 N/A
1
8

7.432903e-06 3.54174 1.553082e-03 2.67252 3.529185e-03 2.49481
1
16

6.481416e-07 3.51954 2.572915e-04 2.59365 6.680023e-04 2.40141
1
32

5.690995e-08 3.50955 4.396261e-05 2.54905 1.350986e-04 2.30584
1
64

5.013676e-09 3.50474 7.637296e-06 2.52514 2.916782e-05 2.21156
1

128
4.424254e-10 3.50236 1.338231e-06 2.5127 6.654561e-06 2.13196

Table 6.1: L2 interpolation errors and orders for u, ux and uy for the function (6.4.2) with
r = 5 using the IFE space S3,1

h .
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h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

4.757337e-05 N/A 3.566275e+00 N/A 3.575101e+00 N/A
1
8

3.825033e-06 3.63661 5.878132e-01 2.60098 5.894140e-01 2.60063
1
16

3.180569e-07 3.58811 1.003102e-01 2.55088 1.005973e-01 2.55069
1
32

2.712293e-08 3.55170 1.742125e-02 2.52554 1.747246e-02 2.52543
1
64

2.350825e-09 3.52827 3.052465e-03 2.51280 3.061591e-03 2.51272
1

128
2.056610e-10 3.51482 5.372134e-04 2.50640 5.388447e-04 2.50634

Table 6.2: L2 interpolation errors and orders for u, ux and uy for the function (6.4.2) with
r = 103 using the IFE space S3,1

h .

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

1.156719e-04 N/A 3.238563e-03 N/A 1.437396e-02 N/A
1
8

1.011418e-05 3.51558 5.265106e-04 2.62081 2.482972e-03 2.53331
1
16

8.910672e-07 3.50470 8.900746e-05 2.56446 4.957179e-04 2.32447
1
32

7.867069e-08 3.50163 1.537256e-05 2.53356 1.092707e-04 2.18161
1
64

6.950451e-09 3.50064 2.685359e-06 2.51717 2.555232e-05 2.09638
1

128
5.907281e-10 3.502750 1.888063e-07 2.50519 6.674447e-06 2.307792

Table 6.3: L2 interpolation errors and orders for u, ux and uy for the function (6.4.2) with
r = 5 using the IFE space S3,2

h .

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

8.986771e-05 N/A 5.153758e+00 N/A 5.165334e+00 N/A
1
8

7.691480e-06 3.54647 8.618955e-01 2.58004 8.639681e-01 2.57981
1
16

6.681910e-07 3.52492 1.482111e-01 2.53986 1.485803e-01 2.53973
1
32

5.852642e-08 3.51310 2.584132e-02 2.51990 2.590691e-02 2.51983
1
64

5.148942e-09 3.50674 4.536760e-03 2.50994 4.548406e-03 2.50990
1

128
4.540284e-10 3.50342 7.992345e-04 2.50497 8.013055e-04 2.50493

Table 6.4: L2 interpolation errors and orders for u, ux and uy for the function (6.4.2) with
r = 103 using the IFE space S3,2

h
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6.5 Conclusions

In this chapter, we have discussed how to construct p-th degree IFE spaces. A detailed
description of cubic IFE spaces is given, hierarchical shape functions are constructed, and a
general procedure for constructing general p-th degree IFE shape function is given. Numeri-
cal experiment show sub-optimal approximation capability of cubic IFE spaces. Hence, p-th
degree IFE spaces proposed in this chapter are still the subject of further investigation; we
will show that the dimension of each space is (p+1)(p+2)

2
, we will show that the constructed

p-th degree IFE shape functions form a basis of the corresponding p-th degree IFE space,
and we will investigate numerical implementation or analytical correction in order to obtain
optimal approximation capabilities and optimal convergence rates.
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Chapter 7

Quadratic Immersed Finite Element
Spaces for Arbitrary Interfaces

7.1 Introduction

In this chapter, we construct quadratic IFE spaces to be used with the interior penalty IFE
method given in Chapter 5 to solve interface problems with an arbitrary smooth interface.
In the first part of the chapter, we develop quadratic IFE spaces for quadratic interfaces, and
will use them to handle interface problems with arbitrary smooth interfaces after interpo-
lating the actual interface by a parabola. Quadratic IFE spaces for interface problems with
quadratic interfaces are developed using two different approaches: (i) a piecewise isopara-
metric mapping which uses piecewise isoparametric mapping between the reference and the
physical elements, and (ii) an affine mapping between the reference and the physical elements
with weak flux jump conditions. We first discuss the jump conditions necessary to construct
piecewise isoparametric IFE spaces. For each approach, we give procedure to construct IFE
shape functions then present and discuss numerical results showing the approximation ca-
pability of IFE spaces. We present another quadratic IFE space constructed via an affine
mapping, investigate its optimal approximation capability, and present numerical results
showing optimal convergence. Finally, we present a procedure for approximating arbitrary
smooth interfaces, investigate the approximation capability of the quadratic IFE space, and
solve interface problems with arbitrary smooth interfaces using the interior penalty immersed
finite element method (5.3.5). Again, numerical results show that the interior penalty method
with the proposed quadratic IFE spaces exhibits optimal convergence rates.

We recall our model interface problem (1.1.1a), which is{
−∇(β∇u) = f, on Ω,

u|∂Ω = g,

where Ω = Ω+ ∪ Ω− ⊂ R2 is a rectangular domain consisting of two sub-domains Ω+ and
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Ω− separated by an interface Γ. The coefficient β is given by

β(x, y) =

{
β+ > 0, on Ω+,

β− > 0, on Ω−.

Following the notations of Chapter 2, we let Pk denote the two-dimensional polynomial space
in R2 defined in (2.2.1). We also let Th be a regular triangulation of the domain Ω, where
h is the maximum diameter. The set of interface elements that are cut by the interface is
denoted by T i

h , and we call the set of non-interface elements as T c
h = Th \ T i

h . Similarly,
let Eh, Eh,0, E i

h, respectively, denote the set of all edges, interior edges and interface edges.
As illustrated in Figure 7.1, every interface element T = △V1V2V3 can be split as

T = T+ ∪ T−, where T± = T ∩ Ω±.

Figure 7.1: A physical interface element

In the discussion from now on, we will use V4, V5 and V6 to denote the midpoints of the edges
of a triangular element T = △V1V2V3 such that

V4 =
1

2
(V1 + V2), V5 =

1

2
(V2 + V3), V6 =

1

2
(V3 + V1),

and we will use D and E to denote the intersection points of Γ with the edges of T . Guided
by the standard isoparametric finite element ideas [10], we will denote by G the intersection
point of Γ with the line orthogonal to the line segment DE and passing throw its midpoint,
as shown in Figure 7.1.

Now, we start discussing the first approach to construct quadratic IFE spaces, using piecewise
isoparametric mapping between the physical and the reference interface element. Our goal
in this chapter is to propose IFE spaces for arbitrary interface, but we first start in sections
7.2 and 7.3 with discussing interface problems with a quadratic interface.
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7.2 Piecewise Isoparametric IFE Spaces

In this section, we consider interface problems with a quadratic interface.

7.2.1 Jump Conditions and Piecewise Isoparametric IFE Spaces

Guided by our work for a linear interface in Chapter 2, we develop two IFE function spaces
R1(T ) and R2(T ) on which an IFE solution U satisfies the physical jump conditions

[U ]T∩Γ = 0, (7.2.1a)∫
T∩Γ

[ β
∂U

∂n
]Γ ds = 0, (7.2.1b)

and the extended jump condition:

[β∆U ]Γ∩T = 0, for U ∈ R1(T ), (7.2.2)

[β
∂2U

∂n2
]Γ∩T = 0, for U ∈ R2(T ). (7.2.3)

Hence, we define the following isoparametric IFE spaces on an arbitrary interface element T

R1(T ) = {U, |U |T± ∈ P2, [U ]D,E,G = [ β
∂U

∂n
]Q1,Q2 = [β∆U ]G = 0}, (7.2.4)

R2(T ) = {U, |U |T± ∈ P2, [U ]D,E,G = [ β
∂U

∂n
]Q1,Q2 = [β

∂2U

∂n2
]G = 0}, (7.2.5)

with Q1 and Q2 being the nodes of the two points Gauss-Legendre quadrature, shifted to
the curve Γ ∩ T .

To define the global quadratic IFE spaces over the whole simulation domain Ω, we first
recall the set of nodes Nh for the usual Lagrange quadratic finite element space defined on
the mesh Th, and for each node vi ∈ Nh, we define a piecewise quadratic IFE basis function
ψk
i over Ω as follows

ψk
i |T ∈


Rk(T ) ∀ T ∈ T i

h

P2 ∀ T ∈ Th \ T i
h

, ψk
i (vj) = δij ∀ vj ∈ Nh.

Without loss of generality, we assume that Nh contains N nodes among which the first NI

nodes are inside Ω while the rest of them are on the boundary of Ω. Finally, we define the
global isoparametric IFE spaces over the domain Ω as

J k
h = span{ψk

j , j = 1, . . . , N}, k = 1, 2, (7.2.6)
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and we define the subsets of the spaces J k
h , k = 1, 2, consisting of functions interpolating

the essential boundary condition g

J k
h,E =

{
U ∈ J k

h |U =

NI∑
i=1

ciψ
k
i +

N∑
i=NI+1

g(vi)ψ
k
i

}
. (7.2.7)

Next, we describe the main steps to construct the piecewise isoparametric IFE spaces
Rk(T ), k = 1, 2. Thus, we map these piecewise isoparametric IFE spaces defined on an
arbitrary element T to the reference interface triangle and derive new interface jump condi-
tions.

7.2.2 Piecewise Isoparametric IFE Spaces on the Reference Ele-
ment

In order to construct isoparametric IFE spaces on the reference element, we follow the steps:

1. Step i. We map each interface triangle T to the reference triangle T̂ defined by the
vertices V̂1 = (0, 0)t, V̂2 = (1, 0)t and V̂3 = (0, 1)t, using the standard affine mapping
F : T → T̂ defined in (2.2.7), such that the vertex shared by the two interface edges is
mapped to V̂3.
Assuming that the interface Γ intersects two edges of T at two points E and D as
illustrated in Figure 7.1, we approximate the interface on T̂ given by Γ̂ = F (Γ) ∩ T̂
by the line segment Γ̃ = ÊD̂ where Ê = F (E) and D̂ = F (D) as illustrated in Figure
7.3, and let Ĝ denote the midpoint of D̂Ê.

We assume that the interface intersects two edges of every interface triangle creating
12 possible cases similar to the cases with linear interface. Furthermore, interface
elements can be grouped into three types, as illustrated in Figure 7.2. Each interface
element of a given type is mapped to the corresponding reference interface triangle, as
explained in Chapter 2.

Thus, T̂ is divided by ÊD̂ as T̂ = T̂ 1 ∪ T̂ 2, while T̂ 1 ∩ T̂ 2 = ÊD̂, where T̂ 1 is the
sub-domain of T̂ containing vertex V̂3 ; and T̂ 2 = T̂ \ T̂ 1.

2. Step ii. We construct a piecewise isoparametric mapping θ : T → T̂ , such that θ1 =
θ|T+ is obtained from a composition of an affine mapping and the inverse of a quadratic
mapping, while θ2 = θ|T− is defined using a composition of a bilinear mapping and the
inverse of a biquadratic mapping, as illustrated in Figures 7.3 and 7.4.

Let L̂i(x̃, ỹ), i = 1, . . . , 6, be the standard Lagrange quadratic shape functions on the
standard reference triangle ∆ with vertices (0, 0), (1, 0), and (0, 1). It is known that
there exists an affine mapping ω1 which maps that reference triangle ∆ to the triangle
T̂ 1, defined by

ω1(x̃, ỹ) = Ê (1− x̃− ỹ) + D̂ x̃+ V̂3 ỹ.
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reference triangles
Type I Type II Type III

Figure 7.2: The three types of reference elements.

Figure 7.3: A physical interface element T = T+∪T− and its mapping to a reference element
T̂ = T̂ 1 ∪ T̂ 2.
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Figure 7.4: The mapping θ as a compositions of ω and ψ−1.
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We also define the quadratic mapping

ψ1(x̃, ỹ) = E L̂1(x̃, ỹ) +D L̂2(x̃, ỹ) + V3 L̂3(x̃, ỹ) +G L̂4(x̃, ỹ)

+
D + V3

2
L̂5(x̃, ỹ) +

E + V3
2

L̂6(x̃, ỹ).

Thus, θ1 = ω1 ◦ ψ−1
1 .

Similarly, let N̂i(x̃, ỹ), i = 1, . . . , 9, be the standard Lagrange biquadratic shape func-
tions on the standard reference quadrilateral Q with vertices (−1,−1), (1,−1), (1, 1)
and (−1, 1). It is known that there exists a bilinear mapping ω2 which maps that
reference quadrilateral Q to the quadrilateral T̂ 2, defined by

ω2(x̃, ỹ) = V̂1
(1− x̃)(1− ỹ)

4
+ V̂2

(1 + x̃)(1− ỹ)

4

+D̂
(1 + x̃)(1 + ỹ)

4
+ Ê

(1− x̃)(1 + ỹ)

4
.

We also define the biquadratic mapping

ψ2(x̃, ỹ) = V1 N̂1(x̃, ỹ) + V2 N̂2(x̃, ỹ) +D N̂3(x̃, ỹ) + E N̂4(x̃, ỹ)

+ V̂4 N̂5(x̃, ỹ) +
D + V2

2
N̂6(x̃, ỹ) + G N̂7(x̃, ỹ)

+
E + V1

2
N̂8(x̃, ỹ) +

G+ V4
2

N̂9(x̃, ỹ).

Thus, θ2 = ω2 ◦ ψ−1
2 .

Hence, T is mapped to T̂ , through the mapping

θ(x, y) =

{
θ1(x, y) = ω1 ◦ ψ−1

1 (x, y) , for (x, y) ∈ T̂ 1,

θ2(x, y) = ω2 ◦ ψ−1
2 (x, y) , for (x, y) ∈ T̂ 2,

(7.2.8)

and let us denote by Jθ(x, y) the Jacobian matrix 2× 2, of the mapping θ, defined by

Jθ(x, y) =
(
θx(x, y) θy(x, y)

)
. (7.2.9)

The discontinuous material coefficient β̂ on the reference interface triangle T̂ is written
as

β̂ =

{
β̂1, on T̂ 1,

β̂2, on T̂ 2,
(7.2.10)

where β̂i = β± if T̂ i = θ(T±).
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Remark 7.2.1. Under the assumption that Γ is quadratic, the piecewise mapping θ,
defined in (7.2.8), has the following properties:

(a) θ is continuous across the interface Γ ∩ T and maps it into the linear segment
ÊD̂, as illustrated in Figure 7.3.

(b) θ1 satisfies

θ1(D) = D̂,

θ1(E) = Ê,

θ1(V3) = V̂3,

θ1(G) = Ĝ,

θ1

(
1

2
(D + V3)

)
=
D̂ + V̂3

2
,

θ1

(
1

2
(E + V3)

)
=
Ê + V̂3

2
,

and we can also show that
θ1(T

1) = T̂ 1.

(c) θ2 satisfies

θ2(V1) = V̂1,

θ2(V2) = V̂2,

θ2(D) = D̂,

θ2(E) = Ê,

θ2(G) = Ĝ,

θ2 (V4) = V̂4,

θ2

(
1

2
(E + V1)

)
=
Ê + V̂1

2
,

θ2

(
1

2
(D + V2)

)
=
D̂ + V̂2

2
,

θ2

(
1

2
(G+ V4)

)
=
Ĝ+ V̂4

2
,

and we can also show that
θ2(T

2) = T̂ 2.

3. Step iii. We transform the interface jump conditions to the reference triangle T̂ by θ
and use them to construct piecewise quadratic IFE shape functions.
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The mapping of the condition (7.2.1b) to the reference element yields∫
Γ̂

[ β̂ n̂ · ∇̂û |J−1
θ (x̂, ŷ)| ]Γ̃ dŝ = 0, (7.2.11)

where (x̂, ŷ) = θ(x, y), Γ̂ = θ(T ∩ Γ), ∇̂û = (∂x̂û, ∂ŷû)
t, and if n(x, y) is the normal

to Γ at (x, y), we let n̂ = Jθ(x, y) n(x, y) , where Jθ is the Jacobian matrix of θ, and
we also let |J−1

θ (x̂, ŷ)| denote the determinant of the 2× 2 matrix J−1
θ (x̂, ŷ).

On the reference interface triangle T̂ , let φ̂(x, y) be a piecewise quadratic function
written as

φ̂(x, y) =

{
φ̂1(x, y) , on T̂ 1,

φ̂2(x, y) , on T̂ 2,

where φ̂i(x, y) ∈ P2, i = 1, 2.

We let
φ(x, y) = φ̂(x̂, ŷ) = φ̂(θ(x, y)).

with
∇φ = Jt

θ(x, y) ∇̂φ̂

The interface jump conditions for the piecewise quadratic function φ̂ on the interface
Γ̃ = θ(Γ ∩ T ), are as given below.

First, the jump condition (7.2.1a) becomes

[φ̂]Γ̃ = 0, (7.2.12)

which is enforced at D̂, Ê, and Ĝ.

If n(x, y) is the normal to Γ at the point (x, y), the mapping of n(x, y) to T̂ is

n̂(x̂, ŷ) = Jθ(x, y) n(x, y), where (x̂, ŷ) = θ(x, y).

Guided by our work for the linear interface, described in Chapter 2, we enforce the
condition (7.2.11) at two points Q̂1 and Q̂2 as

[ β̂ n̂ · ∇̂φ̂ |J−1
θ | ]Γ̃ = 0, (7.2.13)

where Q̂1 = θ(Q1) and Q̂2 = θ(Q2) are the two nodes for Gauss-Legendre quadrature,
shifted to the line segment Γ̃ = D̂Ê.

Next, the conditions (7.2.2) and (7.2.3) are mapped to T̂ . By the chain rule ∇φ =
Jt
θ(x, y)∇̂φ̂, we write the Laplacian as

∆φ = ∇ · ∇φ = (Jt
θ∇̂) · (Jt

θ∇̂)φ̂. (7.2.14)
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Thus, on T̂ , the extended jump condition (7.2.2) becomes

[β̂(Jt
θ∇̂) · (Jt

θ∇̂)φ̂]|Γ̃ = 0. (7.2.15)

Also, we note that the second normal derivative can be written as

∂2φ

∂n2
= (n · ∇) (n · ∇φ) . (7.2.16)

Thus, (7.2.3) on T̂ becomes

[β̂(n̂ · ∇̂)
(
n̂ · ∇̂φ̂

)
φ̂]|Γ̃ = [β̂

∂2φ̂

∂n̂2 ]Γ̃ = 0. (7.2.17)

In summary, on a reference element T̂ , we define the following quadratic IFE spaces:

R̂1(T̂ ) = {Û ∈ P̂2, | [Û ]D̂,Ê,Ĝ = [β̂
∂Û

∂n̂
|J−1

θ (x̂, ŷ)| ]Q̂1,Q̂2
= [β̂(Jt

θ∇).(Jt
θ∇)Û ]Ĝ = 0},

(7.2.18)
and

R̂2(T̂ ) = {Û ∈ P̂2, | [Û ]D̂,Ê,Ĝ = [β̂
∂Û

∂n̂
|J−1

θ (x̂, ŷ)| ]Q̂1,Q̂2
= [β̂

∂2Û

∂n̂2 ]Ĝ = 0}, (7.2.19)

where P̂2 is the polynomial space defined in (2.2.20).

7.2.3 Approximation Capability of Piecewise Isoparametric IFE
Spaces

For all our numerical experiments, we consider the uniform triangular mesh Th formed by
partitioning Ω = [0, 1]2 into (1/h)2 squares, with h = 1

2m
, m = 2, 3, 4, 5, 6, 7, then forming

the triangular elements by joining the lower right and upper left vertices of the squares.

We define a piecewise Lagrange type IFE interpolant Ihu(x, y) of u(x, y) such that ∀ T ∈ Th

Ihu(x, y)|T =
6∑

i=1

u(Vi)ϕi(x, y), (7.2.20)

where Vi, i = 1, . . . , 6, are the nodes on T and ϕi(x, y), i = 1, . . . , 6, are the six Lagrange FE
or IFE shape functions depending on whether T is a non-interface or an interface element.

To compute the interpolation errors, we use the L2-norm defined in (4.1.1a). We also define,
for a function w having partial derivatives in L2(T ) for all T in Th, the following weighted
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norm over Th:

||∇w||β,h =
∑
T∈T c

h

β

∫
T

∇w.∇w dxdy

+
∑
T∈T i

h

β+

∫
T+

∇w+.∇w+ dxdy + β−
∫
T−

∇w−.∇w− dxdy

 . (7.2.21)

Example 7.2.1. Circular interface and polynomial function

Let us consider the interface Γ : x2 + (y − 1)2 =
(

5
13

)2
, which represents an arc of the circle

centered at the point (0, 1) with radius equal to 5
13
, as illustrated in Figure 7.5. We denote

Ω+ = {x2 + (y − 1)2 <
(

5
13

)2} and Ω− = {x2 + (y − 1)2 >
(

5
13

)2}.

Figure 7.5: Geometry of Ω and the circular interface Γ in Example 7.2.1.

We test our space on the piecewise polynomial function

u(x, y) =


1
β+

(
( 5
13
)10 − (x2 + (y − 1)2)

5
)

; on Ω+,

1
β−

(
( 5
13
)10 − (x2 + (y − 1)2)

5
)

; on Ω−,

(7.2.22)

with r = β+

β− = 5 and r = β+

β− = 103 representing a moderate and a large jump in the
coefficient β.

We present interpolation errors in Ihu in the L2 norm ||u− Ihu||0 and the broken weighted
H1 norms ||ux − (Ihu)x||β,h and ||uy − (Ihu)y||β,h, and compute their orders of convergence
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in Tabes 7.1 and 7.2 for the isoparametric IFE space J 1
h defined in (7.2.6). The related

numerical results show that the isoparametric IFE space J 1
h has optimal approximation

capability for moderate and large jumps in β.

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

1.413998e-01 N/A 6.519295e+00 N/A 6.519295e+00 N/A
1
8

1.903831e-02 2.892803 1.753818e+00 1.894217 1.753818e+00 1.894217
1
16

2.425719e-03 2.972421 4.467679e-01 1.972902 4.467679e-01 1.972902
1
32

3.046777e-04 2.993057 1.122208e-01 1.993185 1.122208e-01 1.993185
1
64

3.813064e-05 2.998261 2.808841e-02 1.998294 2.808841e-02 1.998294
1

128
4.767767e-06 2.999565 7.024180e-03 1.999573 7.024180e-03 1.999573

Table 7.1: L2 interpolation errors and orders for u, ux and uy for the function (7.2.22) in
Example 7.2.1 with r = 5 using the IFE space J 1

h .

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

1.414432e-01 N/A 9.219691e+01 N/A 9.219691e+01 N/A
1
8

1.903848e-02 2.893233 2.480273e+01 1.894219 2.480273e+01 1.894219
1
16

2.425764e-03 2.972407 6.318253e+00 1.972901 6.318253e+00 1.972901
1
32

3.046783e-04 2.993080 1.587042e+00 1.993185 1.587042e+00 1.993185
1
64

3.813320e-05 2.998167 3.972302e-01 1.998294 3.972302e-01 1.998294
1

128
4.768364e-06 2.999481 9.933694e-02 1.999573 9.933694e-02 1.999573

Table 7.2: L2 interpolation errors and orders for u, ux and uy for the function (7.2.22) in
Example 7.2.1 with r = 1000 using the IFE space J 1

h .
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Example 7.2.2. Circular interface and non-polynomial function

We consider the same geometry as in Example 7.2.1, with the following piecewise function

u(x, y) =


1
β+ sin

(
54

134
− (x2 + (y − 1)2)2

)
ex+y ; on Ω+,

1
β− sin

(
54

134
− (x2 + (y − 1)2)2

)
ex+y ; on Ω−,

(7.2.23)

and with r = β+

β− = 5 and r = β+

β− = 1000 representing a moderate and a large jump in the
coefficient β.

We present interpolation errors in Ihu in the L2 norm ||u− Ihu||0 and the broken weighted
H1 norms ||ux−(Ihu)x||β,h and ||uy−(Ihu)y||β,h, and their orders of convergence in Tabes 7.3
and 7.4 for the isoparametric IFE space J 1

h . The related datum show that the isoparametric
IFE space J 1

h has optimal approximation capability for moderate jumps in β, however its ap-
proximation capability is not optimal for large jumps in β. In the latter case, approximation
error increases when the mesh is refined from h = 1

16
to h = 1

32
.

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

4.824161e-02 N/A 2.734412e+00 N/A 1.009387e+00 N/A
1
8

6.273018e-03 2.943046 7.106326e-01 1.944055 2.548546e-01 1.985733
1
16

7.920135e-04 2.985563 1.794048e-01 1.985885 6.384789e-02 1.996964
1
32

9.925303e-05 2.996342 4.496174e-02 1.996449 1.597071e-02 1.999210
1
64

1.241524e-05 2.998999 1.124759e-02 1.999082 3.993748e-03 1.999614
1

128
1.552248e-06 2.999681 2.812436e-03 1.999724 9.986877e-04 1.999638

Table 7.3: L2 interpolation errors and orders for u, ux and uy for the function (7.2.23) in
Example 7.2.2 with r = 5 using the IFE space J 1

h .

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

8.363956e-02 N/A 3.880933e+01 N/A 1.500011e+01 N/A
1
8

7.125662e-03 3.553089 1.005158e+01 1.948981 3.607999e+00 2.055703
1
16

1.119448e-03 2.670237 2.538815e+00 1.985195 9.057510e-01 1.994012
1
32

1.070629e-04 3.386256 6.361169e-01 1.996792 2.268970e-01 1.997077
1
64

3.588604e-05 1.576964 1.597981e-01 1.993042 5.789657e-02 1.970488
1

128
6.029331e-06 2.573353 4.022456e-02 1.990101 1.548780e-02 1.902346

Table 7.4: L2 interpolation errors and orders for u, ux and uy for the function (7.2.23) in
Example 7.2.2 with r = 1000 using the IFE space J 1

h .
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Example 7.2.3. Parabolic interface and non-polynomial function

In this example, we consider the domain Ω = [0, 1]2 cut by the parabolic interface Γ : x2+ 5
13

=
y, as illustrated in Figure 7.6. Let us denote Ω+ = {x2 + 5

13
< y} and Ω− = {x2 + 5

13
> y}.

Figure 7.6: Geometry of Ω and the parabolic interface Γ in Example 7.2.3.

We consider the following piecewise polynomial function:

u(x, y) =


1
β+

(
y5 −

(
x2 + 5

13

)5)
; on Ω+,

1
β−

(
y5 −

(
x2 + 5

13

)5)
; on Ω−,

(7.2.24)

with r = β+

β− = 5 and r = β+

β− = 103 representing a moderate and a large jump in the
coefficient β.

We present interpolation errors in Ihu in the L2 norm ||u− Ihu||0 and the broken weighted
H1 norms ||ux−(Ihu)x||β,h and ||uy−(Ihu)y||β,h, and their orders of convergence in Tabes 7.5
and 7.6 for the isoparametric IFE space J 1

h . The related datum show that the isoparametric
IFE space J 1

h has optimal approximation capability in L2 and broken weighted H1 norms for
moderate jumps in β, however its approximation capability is not optimal for large jumps
in β. In the latter case, approximation error presents oscillating behavior and sometimes
increases when the mesh is refined. Hence, convergence is not guaranteed.
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h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

3.459394e-02 N/A 9.094158e-01 N/A 7.924326e-02 N/A
1
8

4.854418e-03 2.833149 2.524779e-01 1.848783 1.979531e-02 2.001129
1
16

6.246270e-04 2.958232 6.486997e-02 1.960534 5.030076e-03 1.976507
1
32

7.869548e-05 2.988642 1.633445e-02 1.989633 1.174103e-03 2.099021
1
64

9.865019e-06 2.995887 4.096546e-03 1.995438 3.675446e-04 1.675567
1

128
1.236429e-06 2.996142 1.028685e-03 1.993607 1.202947e-04 1.611346

Table 7.5: L2 interpolation errors and orders for u, ux and uy for the function (7.2.24) in
Example 7.2.3 with r = 5 using the IFE space J 1

h .

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

3.444199e-02 N/A 1.486597e+00 N/A 1.297774e+00 N/A
1
8

7.860264e-03 2.131519 1.591171e+00 -0.098075 2.618612e+00 -1.012763
1
16

2.920444e-03 1.428390 4.476204e-01 1.829741 4.801507e-01 2.447243
1
32

2.078726e-04 3.812416 1.138936e-01 1.974589 2.593297e-01 0.888700
1
64

4.767483e-05 2.124400 2.497946e-02 2.188872 3.277577e-02 2.984086
1

128
1.112721e-05 2.099136 1.330385e-02 0.908898 1.973167e-02 0.732116

Table 7.6: L2 interpolation errors and orders for u, ux and uy for the function (7.2.24) in
Example 7.2.3 with r = 1000 using the IFE space J 1

h .

115



Example 7.2.4. Parabolic interface and non-polynomial function

We consider the same geometry as in Example 7.2.3, with the following function now:

u(x, y) =


1
β+ sin

(
y −

(
x2 + 5

13

))
ex+y ; on Ω+

1
β− sin

(
y −

(
x2 + 5

13

))
ex+y ; on Ω−,

(7.2.25)

with r = β+

β− = 5 and r = β+

β− = 1000 representing a moderate and a large jump in the
coefficient β.

Similarly to the previous examples, we present interpolation errors in Ihu in the L2 norm
||u−Ihu||0 and the broken weightedH1 norms ||ux−(Ihu)x||β,h and ||uy−(Ihu)y||β,h, and their
orders of convergence in Tabes 7.7 and 7.8 for the isoparametric IFE space J 1

h . The related
numerical results show that the isoparametric IFE space J 1

h has sub-optimal approximation
capability in L2 and broken H1 norms for moderate jumps in β, however for large jumps in
β, no convergence is observed.

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

2.967310e-02 N/A 8.279107e-01 N/A 3.498072e-01 N/A
1
8

4.069140e-03 2.866360 2.231471e-01 1.891480 9.729916e-02 1.846061
1
16

5.246915e-04 2.955183 5.739643e-02 1.958962 2.526647e-02 1.945203
1
32

6.617925e-05 2.987018 1.444219e-02 1.990671 5.998010e-03 2.074668
1
64

8.444594e-06 2.970279 3.712273e-03 1.959915 1.724310e-03 1.798465
1

128
1.103960e-06 2.935340 9.975386e-04 1.895858 5.370624e-04 1.682858

Table 7.7: L2 interpolation errors and orders for u, ux and uy for the function (7.2.25) in
Example 7.2.4 with r = 5 using the IFE space J 1

h .

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

3.012856e-02 N/A 3.146196e+00 N/A 4.405796e+00 N/A
1
8

2.660075e-02 0.179665 5.696345e+00 -0.856428 9.426773e+00 -1.097361
1
16

1.043958e-02 1.349404 1.654902e+00 1.783291 1.784794e+00 2.401006
1
32

8.624706e-04 3.597444 4.831597e-01 1.776174 9.591359e-01 0.895951
1
64

1.852222e-04 2.219218 9.349951e-02 2.369469 1.269951e-01 2.916963
1

128
4.224783e-05 2.132308 5.583083e-02 0.743897 7.710323e-02 0.719909

Table 7.8: L2 interpolation errors and orders for u, ux and uy for the function (7.2.25) in
Example 7.2.4 with r = 1000 using the IFE space J 1

h .
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In summary, we see from Examples 7.2.1, 7.2.2, 7.2.3, and 7.2.4, that for low or moderate
ratios β+

β− , isoparametric IFE space J 1
h exhibits optimal or nearly optimal approximation

capability in some cases and sub-optimal approximation capability in other cases. However,
when the ratio β+

β− is large, the space fails to have the optimal approximation capability or
fails to provide any convergence. One possible reason causing the suboptimal approximation
capability or the non-convergence in the space J 1

h with high ratios is the ill-conditioned
matrices obtained when constructing the isoparametric IFE shape functions.

Next, we propose and discuss another approach of constructing the IFE spaces when the
interface Γ is quadratic.

7.3 Piecewise Quadratic IFE Space by Affine Mapping

and Weak Flux Jump Conditions

In this section also, we consider interface problems with a quadratic interface.

7.3.1 Weak Formulation of the Problem and Jump Conditions

We multiply the first equation of the model interface problem (1.1.1a) by a test function v,
then we integrate over the domain Ω to obtain∫

Ω

−∇(β∇u) v dxdy =

∫
Ω

f v dxdy,

which can be written as ∑
T∈Th

∫
T

−∇(β∇u) v dxdy =

∫
Ω

f v dxdy.

We recall that a regular triangular mesh of size h is denoted by Th = T c
h ∪ T i

h , T i
h is the

set of interface elements that are cut by the interface, and T c
h is the set of non-interface

elements that are not cut by the interface. Hence, we can write the previous equation as∑
T∈T c

h

∫
T

−∇(β∇u) v dxdy +
∑
T∈T i

h

∫
T

−∇(β∇u) v dxdy =

∫
Ω

f v dxdy.
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Integrating by parts the left-hand side yields∑
T∈T c

h

∫
T

β∇u · ∇v dxdy +
∑
T∈T i

h

∫
T∩Ω+

β∇u · ∇v dxdy +
∑
T∈T i

h

∫
T∩Ω−

β∇u · ∇v dxdy

−
∑
T∈T c

h

∫
∂T

β
∂u

∂n
v ds−

∑
T∈T i

h

∫
∂(T∩Ω+)

β
∂u

∂n
v ds−

∑
T∈T i

h

∫
∂(T∩Ω−)

β
∂u

∂n
v ds

=

∫
Ω

f v dxdy. (7.3.1)

The first three terms in (7.3.1) can be combined as∑
T∈Th

∫
T

β∇u · ∇v dxdy

The last two terms on the left-hand side of (7.3.1) can be written as∑
T∈T i

h

∫
∂(T∩Ω+)

β
∂u

∂n
v ds+

∑
T∈T i

h

∫
∂(T∩Ω−)

β
∂u

∂n
v ds =

∑
T∈T i

h

∫
∂T

β
∂u

∂n
v ds+

∫
Γ

[β
∂u

∂n
]Γ v ds

Thus, equation (7.3.1) becomes∑
T∈Th

∫
T

β∇u · ∇v dxdy −
∑
T∈T c

h

∫
∂T

β
∂u

∂n
v ds−

∑
T∈T i

h

∫
∂T

β
∂u

∂n
v ds−

∫
Γ

[β
∂u

∂n
]Γ v ds

=

∫
Ω

f v dxdy,

which is equivalent to∑
T∈Th

∫
T

β∇u · ∇v dxdy −
∑
T∈Th

∫
∂T

β
∂u

∂n
v ds−

∫
Γ

[β
∂u

∂n
]Γ v ds =

∫
Ω

f v dxdy. (7.3.2)

Thus, we will impose ∫
Γ

[ β
∂u

∂n
]Γ v ds = 0, (7.3.3)

which can be written also as ∑
T∈T i

h

∫
T∩Γ

[ β
∂u

∂n
]T∩Γ v ds = 0. (7.3.4)

Hence, a sufficient condition is

∀ T ∈ T i
h ,

∫
T∩Γ

[ β
∂u

∂n
]T∩Γ v ds = 0. (7.3.5)
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Hence, we introduce the following piecewise quadratic IFE space locally on an arbitrary
interface element T:

R(T ) = {U, | U |T± ∈ P2, [U ]D,E,G = 0,

∫
T∩Γ

[ β n ·∇U ]T∩Γ vi ds = 0, i = 1, 2, 3 }, (7.3.6)

with vi, i = 1, 2, 3, being 3 linearly independent polynomials in P1, determined by the map-
pings from the reference interface element to the physical element T of the three polynomials
v̂i, i = 1, 2, 3, defined on the reference interface element and given later in (7.3.11).

Again, to define the global quadratic IFE space over the whole simulation domain Ω, we
recall the set of nodes Nh for the usual Lagrange quadratic finite element space defined on
the mesh Th, and for each node vi ∈ Nh, we define a piecewise quadratic IFE basis function
ψk
i over Ω as follows

ψi|T ∈


R(T ) ∀ T ∈ T i

h

P2 ∀ T ∈ Th \ T i
h

, ψi(vj) = δij ∀ vj ∈ Nh.

We also recall that Nh contains N nodes among which the first NI nodes are inside Ω while
the rest of them are on the boundary of Ω, and we define the global quadratic IFE space
over the domain Ω as

Jh = span{ψj, j = 1, . . . , N}, (7.3.7)

and the subsets of the space Jh, consisting of functions interpolating the essential boundary
condition g

Jh,E =

{
U ∈ Jh |U =

NI∑
i=1

ciψ
k
i +

N∑
i=NI+1

g(vi)ψ
k
i

}
. (7.3.8)

Next, we map the piecewise quadratic IFE space on an arbitrary element R(T ) into the
reference interface triangle and discuss the new interface jump conditions on the reference
element.

7.3.2 Piecewise Quadratic IFE Space on the Reference Interface
Element

Here, we describe the construction of piecewise quadratic functions on the reference interface
triangle T̂ with vertices V̂1 = (0, 0)t, V̂2 = (1, 0)t and V̂3 = (0, 1)t, for quadratic interface Γ.
The method consists of the following two steps:

1. Step i: We map an interface element T = T+ ∪ T− to a reference triangle T̂ using the
standard affine mapping F , defined in (2.2.7), as illustrated in Figure 7.7. We note
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Figure 7.7: A physical interface element and its mapping to a reference element.

that Γ̂ = F (Γ∩T ) is still quadratic, and let D̂ = F (D) and Ê = F (E), Ĝ = F (G). As
explained in section 7.2.2, the interface intersects two edges of every interface triangle
creating 12 possible cases, furthermore, interface elements can be grouped into three
types, as previously illustrated in Figure 7.2. The discontinuous material coefficient β̂
on the reference interface triangle T̂ is written as

β̂ =

{
β̂1, on T̂ 1,

β̂2, on T̂ 2,
(7.3.9)

where β̂i = β± if T̂ i = F (T±).

2. Step ii. We map the interface jump conditions across Γ ∩ T by the affine mapping to
new jump conditions across Γ̂ which are used to construct piecewise quadratic interface
shape functions. These conditions lead to a unique set of Lagrange piecewise quadratic
IFE shape functions.

Next, we map the jump condition (7.3.5) to the reference element using the mapping
F , which yields ∫

Γ̂

[ β̂ n̂ · ∇̂û ]Γ̂ v̂i dŝ = 0, i = 1, 2, 3, (7.3.10)

where (x̂, ŷ) = F (x, y), Γ̂ = F (T ∩ Γ), ∇̂û = (∂x̂û, ∂ŷû)
t, and if n(x, y) is the normal

to Γ, we let n̂ = J n(x, y) , where J is the Jacobian of F at (x, y).

In our computations, we use in (7.3.10):

v̂1(x̂, ŷ) = 1, v̂2(x̂, ŷ) = x̂, v̂3(x̂, ŷ) = ŷ, (7.3.11)

to define the following quadratic IFE space:

R̂(T̂ ) = {Û ∈ P̂2(T̂ ), | [Û ]D̂,Ê,Ĝ = 0,

∫
Γ̂

[ β̂ n̂ · ∇̂Û ]Γ̂ v̂i dŝ = 0, i = 1, 2, 3}, (7.3.12)
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where P̂2(T̂ ) is the polynomial space defined in (2.2.20).

7.3.3 Approximation Capability

In this section, we use the norms defined in (4.1.1a) and (7.2.21) to compute the interpola-
tion errors using Lagrange piecewise quadratic immersed finite element shape functions con-
structed in this section and discuss the approximation capability of the piecewise quadratic
IFE space Jh.

For all our numerical experiments, we consider the rectangular domain Ω = [0, 1]2 and the
uniform triangular mesh Th = T i

h ∪ T c
h of size h defined in Section 7.2.3. Again, Th is

formed by partitioning Ω into (1/h)2 squares, with h = 1
2m
, m = 2, . . . , 7, then forming the

triangular elements by joining the lower right and upper left vertices of the squares. Using
the same definition in Section 7.2.3, a piecewise Lagrange type IFE interpolant Ihu(x, y) of
u(x, y) is defined by (7.2.20).

Example 7.3.1. Circular interface and polynomial function

We consider the same domain Ω = [0, 1]2 of Example 7.2.1, cut by the same circular interface

Γ : x2 + (y − 1)2 =
(

5
13

)2
, illustrated in Figure 7.5.

We also test our IFE space on the same piecewise polynomial function:

u(x, y) =


1
β+

(
( 5
13
)10 − (x2 + (y − 1)2)

5
)

; on Ω+,

1
β−

(
( 5
13
)10 − (x2 + (y − 1)2)

5
)

; on Ω−,

with r = β+

β− = 5 and r = β+

β− = 103 representing a moderate and a large jump in the
coefficient β.

We present interpolation errors in Ihu in the L2 norm ||u− Ihu||0 and the broken weighted
H1 norms ||ux− (Ihu)x||β,h and ||uy− (Ihu)y||β,h, and compute their orders of convergence in
Tabes 7.9 and 7.10 for the quadratic IFE space Jh. The related numerical results show that
the quadratic IFE space Jh has optimal approximation capability for moderate and large
jumps in β in both L2 and broken H1 norms.
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h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

1.413998e-01 N/A 2.915527e+00 N/A 2.915527e+00 N/A
1
8

1.903831e-02 2.892803 7.843313e-01 1.894222 7.843313e-01 1.894222
1
16

2.425719e-03 2.972421 1.998007e-01 1.972902 1.998007e-01 1.972902
1
32

3.046777e-04 2.993057 5.018669e-02 1.993185 5.018669e-02 1.993185
1
64

3.813064e-05 2.998261 1.256152e-02 1.998294 1.256152e-02 1.998294
1

128
4.767767e-06 2.999565 3.141309e-03 1.999573 3.141309e-03 1.999573

Table 7.9: Interpolation errors and orders for u, ux and uy for the function (7.2.22) in
Example 7.3.1 with r = 5.

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

1.413998e-01 N/A 2.915678e+00 N/A 2.915678e+00 N/A
1
8

1.903831e-02 2.892804 7.843328e-01 1.894294 7.843328e-01 1.894294
1
16

2.425719e-03 2.972421 1.998008e-01 1.972903 1.998008e-01 1.972903
1
32

3.046777e-04 2.993057 5.018669e-02 1.993186 5.018669e-02 1.993186
1
64

3.813064e-05 2.998261 1.256152e-02 1.998294 1.256152e-02 1.998294
1

128
4.767767e-06 2.999565 3.141309e-03 1.999573 3.141309e-03 1.999573

Table 7.10: Interpolation errors and orders for u, ux and uy for the function (7.2.22) in
Example 7.3.1 with r = 1000.
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Example 7.3.2. Circular interface and non-polynomial function

We consider the same domain, same interface, and we test our IFE space with the same
function of Example 7.2.2:

u(x, y) =


1
β+

(
( 5
13
)6 − (x2 + (y − 1)2)

3
)
ex+y ; on Ω+,

1
β−

(
( 5
13
)6 − (x2 + (y − 1)2)

3
)
ex+y ; on Ω−,

with r = β+

β− = 5 and r = β+

β− = 1000 representing a moderate and a large jump in the
coefficient β.

We present interpolation errors in Ihu in the L2 norm ||u− Ihu||0 and the broken weighted
H1 norms ||ux − (Ihu)x||β,h and ||uy − (Ihu)y||β,h, and compute their orders of convergence
in Tabes 7.11 and 7.12 for the quadratic IFE space Jh. Again, the related numerical results
show that the quadratic IFE space Jh has optimal approximation capability for moderate
and large jumps in β in both L2 and broken H1 norms.

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

4.825487e-02 N/A 1.224001e+00 N/A 4.527345e-01 N/A
1
8

6.273074e-03 2.943430 3.178465e-01 1.945202 1.140196e-01 1.989383
1
16

7.920179e-04 2.985568 8.023689e-02 1.985993 2.855912e-02 1.997258
1
32

9.925107e-05 2.996379 2.010815e-02 1.996485 7.142981e-03 1.999353
1
64

1.241420e-05 2.999092 5.030122e-03 1.999115 1.785962e-03 1.999825
1

128
1.552015e-06 2.999776 1.257722e-03 1.999781 4.465018e-04 1.999964

Table 7.11: Interpolation errors and orders for u, ux and uy for the function (7.2.23) in
Example 7.3.2 with r = 5.

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

4.828089e-02 N/A 1.237437e+00 N/A 4.885675e-01 N/A
1
8

6.273523e-03 2.944105 3.185202e-01 1.957899 1.152139e-01 2.084243
1
16

7.920937e-04 2.985533 8.036762e-02 1.986698 2.881601e-02 1.999373
1
32

9.925487e-05 2.996461 2.012172e-02 1.997861 7.176632e-03 2.005492
1
64

1.241940e-05 2.998542 5.034252e-03 1.998904 1.795437e-03 1.998972
1

128
1.552357e-06 3.000063 1.258256e-03 2.000352 4.476989e-04 2.003734

Table 7.12: Interpolation errors and orders for u, ux and uy for the function (7.2.23) in
Example 7.3.2 with r = 1000.
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Example 7.3.3. Parabolic interface and polynomial function

In this example, we consider the same domain Ω = [0, 1]2 of Example 7.2.3, cut by the same
parabolic interface Γ : x2 + 5

13
= y, illustrated in Figure 7.6.

We also test our IFE space on the same piecewise polynomial function:

u(x, y) =


1
β+

(
y5 −

(
x2 + 5

13

)5)
; on Ω+,

1
β−

(
y5 −

(
x2 + 5

13

)5)
; on Ω−,

with r = β+

β− = 5 and r = β+

β− = 103 representing a moderate and a large jump in the
coefficient β.

We present interpolation errors in Ihu in the L2 norm ||u− Ihu||0 and the broken weighted
H1 norms ||ux − (Ihu)x||β,h and ||uy − (Ihu)y||β,h, and compute their orders of convergence
in Tabes 7.13 and 7.14 for the quadratic IFE space Jh. Moreover, least square fits showing
the global rate of convergence for u, ux and uy are illustrated, respectively, in Figures 7.8,
7.9, and 7.10. From the data tables, as well as the figures, we conclude that Jh has optimal
approximation capability in L2 norm, and overall optimal approximation capability in broken
weighted H1 norms, for both moderate and large jumps in β. The global convergence rate
for the interpolation errors is:

||u− Ihu||0 ≈ Ch2.929,

||ux− (Ihu)x||β,h ≈ Ch2.051,

||uy − (Ihu)y||β,h ≈ Ch2.259.

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

3.474993e-02 N/A 9.183850e-01 N/A 7.966278e-02 N/A
1
8

4.875259e-03 2.833460 2.538371e-01 1.855196 1.957757e-02 2.024704
1
16

6.256799e-04 2.961982 6.502423e-02 1.964854 4.577233e-03 2.096654
1
32

7.870814e-05 2.990840 1.635672e-02 1.991094 1.040536e-03 2.137149
1
64

9.855414e-06 2.997524 4.096404e-03 1.997454 2.522337e-04 2.044493
1

128
1.232477e-06 2.999356 1.024724e-03 1.999123 6.213368e-05 2.021314

Table 7.13: Interpolation errors and orders for u, ux and uy for the function (7.2.24) in
Example 7.3.3 with r = 5.
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h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

3.497570e-02 N/A 1.525384e+00 N/A 7.955109e-01 N/A
1
8

4.888972e-03 2.838750 3.463162e-01 2.139011 1.951546e-01 2.027264
1
16

7.691961e-04 2.668108 8.858531e-02 1.966951 4.488528e-02 2.120303
1
32

8.160749e-05 3.236578 1.781173e-02 2.314240 6.127606e-03 2.872847
1
64

1.153552e-05 2.822619 5.643782e-03 1.658093 2.003142e-03 1.613059
1

128
1.392790e-06 3.050033 1.182215e-03 2.255170 3.211796e-04 2.640812

Table 7.14: Interpolation errors and orders for u, ux and uy for the function (7.2.24) in
Example 7.3.3 with r = 1000.
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Figure 7.8: Least-squares fit in log-log scale of ||u − Ihu||0 versus 1
h
, for Example 7.3.3.

Global order of convergence = 2.929
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Figure 7.9: Least-squares fit in log-log scale of ||ux − (Ihu)x||β,h versus 1
h
, for Example 7.3.3.

Global order of convergence = 2.051
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Figure 7.10: Least-squares fit in log-log scale of ||uy− (Ihu)y||β,h versus 1
h
, for Example 7.3.3.

Global order of convergence = 2.259
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Example 7.3.4. Parabolic interface and non-polynomial function

We consider the same domain, the same interface, and the same true solution of Example
7.2.4:

u(x, y) =


1
β+

(
y3 −

(
x2 + 5

13

)3)
ex+y ; on Ω+

1
β−

(
y3 −

(
x2 + 5

13

)3)
ex+y ; on Ω−,

We present interpolation errors in Ihu in the L2 norm ||u− Ihu||0 and the broken weighted
H1 norms ||ux − (Ihu)x||β,h and ||uy − (Ihu)y||β,h, and compute their orders of convergence
in Tabes 7.15 and 7.16 for the quadratic IFE space Jh. Least-squares fits showing the global
rate of convergence for u, ux and uy are also illustrated, respectively, in Figures 7.11, 7.12,
and 7.13, which show again the overall optimal approximation capability of the IFE space Jh

in both L2 and broken weighted H1 norms. The global convergence rate for the interpolation
errors is:

||u− Ihu||0 ≈ Ch2.782,

||ux− (Ihu)x||β,h ≈ Ch2.104,

||uy − (Ihu)y||β,h ≈ Ch2.253.

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

3.115047e-02 N/A 8.686810e-01 N/A 3.181307e-01 N/A
1
8

4.172492e-03 2.900273 2.259787e-01 1.942640 7.583309e-02 2.068720
1
16

5.227874e-04 2.996613 5.655063e-02 1.998572 1.846379e-02 2.038128
1
32

6.519298e-05 3.003436 1.412117e-02 2.001684 4.486127e-03 2.041157
1
64

8.146633e-06 3.000441 3.531473e-03 1.999517 1.110646e-03 2.014072
1

128
1.018208e-06 3.000172 8.836072e-04 1.998793 2.764321e-04 2.006402

Table 7.15: Interpolation errors and orders for u, ux and uy for the function (7.2.25) in
Example 7.3.4 with r = 5.
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h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
4

3.635535e-02 N/A 3.139787e+00 N/A 2.351817e+00 N/A
1
8

4.315064e-03 3.074714 6.182118e-01 2.344493 5.552316e-01 2.082614
1
16

1.510766e-03 1.514102 1.887628e-01 1.711527 1.410038e-01 1.977356
1
32

9.234845e-05 4.032049 2.399016e-02 2.976060 1.873054e-02 2.912270
1
64

1.851802e-05 2.318158 1.023904e-02 1.228362 5.291982e-03 1.823512
1

128
2.303581e-06 3.006979 2.047640e-03 2.322047 1.024755e-03 2.368529

Table 7.16: Interpolation errors and orders for u, ux and uy for the function (7.2.25) in
Example 7.3.4 with r = 1000.
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Figure 7.11: Least-squares fit in log-log scale of ||u − Ihu||0 versus 1
h
, for Example 7.3.4.

Global order of convergence = 2.782
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Figure 7.12: Least-squares fit in log-log scale of ||ux−(Ihu)x||β,h versus 1
h
, for Example 7.3.4.

Global order of convergence = 2.104
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Figure 7.13: Least-squares fit in log-log scale of ||uy− (Ihu)y||β,h versus 1
h
, for Example 7.3.4.

Global order of convergence = 2.253
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7.3.4 Application to Interface Problems

In this section, we present numerical results for the interior penalty IFE method (5.3.5) with
the quadratic IFE space Jh, considering several interface problems. We will use the norms
(4.1.1a) and (7.2.21) to measure the finite element errors.

For all our numerical experiments, we consider the rectangular domain Ω = [0, 1]2 and the
uniform triangular mesh Th = T i

h ∪ T c
h of size h defined in Section 7.2.3. Here, Th is

formed by partitioning Ω into (1/h)2 squares, with h = 1
5m
, m = 2, . . . , 20, then forming the

triangular elements by joining the lower right and upper left vertices of the squares.

Example 7.3.5. Circular interface and polynomial solution

We consider the circular interface Γ : x2 + (y − 1)2 =
(

5
13

)2
defined in Example 7.2.1. We

solve the interface problem (1.1.1a), where the true solution is (7.2.22) from Example 7.3.1,

with r = β+

β− = 5, then with r = β+

β− = 103. The L2 error ||u − Uh||0, the weighted errors

||ux−Uh
x ||β,h and ||uy −Uh

y ||β,h, and their orders of convergence are presented in Tables 7.17
and 7.18. Moreover, global rates of convergence are computed using least-squares fit. A
computation of the global convergence rates for r = 5 reveals the following:

||u− Uh||0 ≈ C h2.9975, (7.3.13a)

||ux − Uh
x ||β,h ≈ C h1.9938, (7.3.13b)

||uy − Uh
y ||β,h ≈ C h1.9938, (7.3.13c)

and a computation of the global convergence rates for r = 1000 yields:

||u− Uh||0 ≈ C h2.9975, (7.3.14a)

||ux − Uh
x ||β,h ≈ C h1.9937, (7.3.14b)

||uy − Uh
y ||β,h ≈ C h1.9937. (7.3.14c)

From these results, we can easily observe that the interior penalty IFE method with the IFE
space Jh performs optimally for interface problems with circular interfaces.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

9.920905e-03 N/A 5.043181e-01 N/A 5.043181e-01 N/A
1
15

2.951582e-03 2.989907 2.266310e-01 1.972757 2.266310e-01 1.972757
1
20

1.247098e-03 2.994701 1.279919e-01 1.986068 1.279919e-01 1.986068
1
25

6.389956e-04 2.996623 8.207010e-02 1.991512 8.207010e-02 1.991512
1
30

3.699488e-04 2.997633 5.705259e-02 1.994280 5.705259e-02 1.994280
1
35

2.330340e-04 2.998237 4.194281e-02 1.995882 4.194281e-02 1.995882
1
40

1.561430e-04 2.998633 3.212579e-02 1.996892 3.212579e-02 1.996892
1
45

1.096784e-04 2.998907 2.539061e-02 1.997571 2.539061e-02 1.997571
1
50

7.996305e-05 2.999107 2.057062e-02 1.998049 2.057062e-02 1.998049
1
55

6.008170e-05 2.999254 1.700311e-02 1.998399 1.700311e-02 1.998399
1
60

4.628075e-05 2.999368 1.428900e-02 1.998662 1.428900e-02 1.998662
1
65

3.640264e-05 2.999459 1.217635e-02 1.998865 1.217635e-02 1.998865
1
70

2.914701e-05 2.999530 1.049975e-02 1.999025 1.049975e-02 1.999025
1
75

2.369827e-05 2.999588 9.146984e-03 1.999154 9.146984e-03 1.999154
1
80

1.952723e-05 2.999636 8.039726e-03 1.999258 8.039726e-03 1.999258
1
85

1.628030e-05 2.999677 7.121978e-03 1.999345 7.121978e-03 1.999345
1
90

1.371509e-05 2.999710 6.352840e-03 1.999417 6.352840e-03 1.999417
1
95

1.166169e-05 2.999739 5.701879e-03 1.999478 5.701879e-03 1.999478
1

100
9.998566e-06 2.999764 5.146070e-03 1.999529 5.146070e-03 1.999529

Table 7.17: L2 errors and orders for u, ux and uyin Example 7.3.5 with r = 5, using the
interior penalty IFE method with the IFE space Jh.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

9.920794e-03 N/A 5.043182e-01 N/A 5.043182e-01 N/A
1
15

2.951572e-03 2.989887 2.266310e-01 1.972757 2.266310e-01 1.972757
1
20

1.247096e-03 2.994696 1.279919e-01 1.986068 1.279919e-01 1.986068
1
25

6.389948e-04 2.996621 8.207010e-02 1.991512 8.207010e-02 1.991512
1
30

3.699485e-04 2.997630 5.705259e-02 1.994280 5.705259e-02 1.994280
1
35

2.330338e-04 2.998236 4.194281e-02 1.995882 4.194281e-02 1.995882
1
40

1.561430e-04 2.998632 3.212579e-02 1.996892 3.212579e-02 1.996892
1
45

1.096783e-04 2.998907 2.539061e-02 1.997571 2.539061e-02 1.997571
1
50

7.996303e-05 2.999105 2.057062e-02 1.998049 2.057062e-02 1.998049
1
55

6.008168e-05 2.999254 1.700311e-02 1.998399 1.700311e-02 1.998399
1
60

4.628074e-05 2.999368 1.428900e-02 1.998662 1.428900e-02 1.998662
1
65

3.640263e-05 2.999458 1.217870e-02 1.996447 1.217801e-02 1.997162
1
70

2.914700e-05 2.999530 1.049975e-02 2.001637 1.049975e-02 2.000864
1
75

2.369827e-05 2.999588 9.146984e-03 1.999154 9.146984e-03 1.999154
1
80

1.952723e-05 2.999636 8.039726e-03 1.999258 8.039726e-03 1.999258
1
85

1.628030e-05 2.999676 7.121978e-03 1.999345 7.121978e-03 1.999345
1
90

1.371509e-05 2.999710 6.352840e-03 1.999417 6.352840e-03 1.999417
1
95

1.166169e-05 2.999739 5.701879e-03 1.999478 5.701879e-03 1.999478
1

100
9.998565e-06 2.999764 5.146070e-03 1.999529 5.146070e-03 1.999529

Table 7.18: L2 errors and orders for u, ux and uyin Example 7.3.5 with r = 1000, using the
interior penalty IFE method with the IFE space Jh.
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Example 7.3.6. Circular interface and non-polynomial solution

We consider the circular interface Γ : x2 + (y − 1)2 =
(

5
13

)2
defined in Example 7.2.1. We

solve the interface problem (1.1.1a), where the true solution now is (7.2.23) from Example

7.3.2, with r = β+

β− = 5, then r = β+

β− = 103. The L2 error ||u − Uh||0, the weighted errors

||ux−Uh
x ||β,h and ||uy −Uh

y ||β,h, and their orders of convergence are presented in Tables 7.19
and 7.20. Moreover, global rates of convergence are computed using least-squares fit. A
computation of the global convergence rates for r = 5 reveals the following:

||u− Uh||0 ≈ C h2.9976, (7.3.15a)

||ux − Uh
x ||β,h ≈ C h1.9971, (7.3.15b)

||uy − Uh
y ||β,h ≈ C h1.9997, (7.3.15c)

and a computation of the global convergence rates for r = 1000 yields:

||u− Uh||0 ≈ C h2.99767, (7.3.16a)

||ux − Uh
x ||β,h ≈ C h1.97901, (7.3.16b)

||uy − Uh
y ||β,h ≈ C h1.96896, (7.3.16c)

which show, again, that the interior penalty IFE method with the IFE space Jh performs
optimally for interface problems with circular interfaces and non-polynomial solutions.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

3.229994e-03 N/A 2.041102e-01 N/A 7.308307e-02 N/A
1
15

9.610371e-04 2.989709 9.119304e-02 1.987055 3.250186e-02 1.998444
1
20

4.060531e-04 2.994726 5.139232e-02 1.993485 1.828574e-02 1.999346
1
25

2.080509e-04 2.996731 3.291990e-02 1.996076 1.170370e-02 1.999681
1
30

1.204460e-04 2.997895 2.287196e-02 1.997380 8.127812e-03 1.999839
1
35

7.586684e-05 2.998509 1.680878e-02 1.998113 5.971575e-03 1.999868
1
40

5.083280e-05 2.998830 1.287166e-02 1.998582 4.572027e-03 1.999935
1
45

3.570546e-05 2.999057 1.017152e-02 1.998897 3.612485e-03 1.999955
1
50

2.603114e-05 2.999322 8.239691e-03 1.999125 2.926119e-03 1.999978
1
55

1.955875e-05 2.999374 6.810136e-03 1.999269 2.418292e-03 1.999948
1
60

1.506592e-05 2.999460 5.722709e-03 1.999393 2.032046e-03 1.999949
1
70

9.488126e-06 2.999681 4.204748e-03 1.999775 1.492939e-03 2.000618
1
75

7.714381e-06 2.999656 3.662902e-03 1.999608 1.300521e-03 1.999942
1
80

6.356575e-06 2.999704 3.219417e-03 1.999666 1.143038e-03 1.999979
1
85

5.299579e-06 2.999811 2.851853e-03 1.999703 1.012519e-03 1.999974
1
90

4.464538e-06 2.999763 2.543821e-03 1.999733 9.031432e-04 1.999980
1
95

3.796103e-06 2.999796 2.283127e-03 1.999758 8.105789e-04 1.999964
1

100
3.254710e-06 2.999841 2.060544e-03 1.999791 7.315474e-04 2.000000

Table 7.19: L2 errors and orders for u, ux and uy in Example 7.3.6, with r = 5, using the
interior penalty IFE method with the IFE space Jh.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

3.229947e-03 N/A 2.041205e-01 N/A 7.310329e-02 N/A
1
15

9.610814e-04 2.989559 9.119421e-02 1.987148 3.250514e-02 1.998877
1
20

4.060663e-04 2.994773 5.139263e-02 1.993508 1.828708e-02 1.999442
1
25

2.080578e-04 2.996729 3.292034e-02 1.996043 1.170491e-02 1.999550
1
30

1.204491e-04 2.997935 2.287224e-02 1.997387 8.128520e-03 1.999924
1
35

7.586832e-05 2.998548 1.680880e-02 1.998182 5.971847e-03 2.000137
1
40

5.083382e-05 2.998825 1.287173e-02 1.998550 4.572258e-03 1.999898
1
45

3.570583e-05 2.999141 1.017155e-02 1.998920 3.612615e-03 2.000078
1
50

2.603144e-05 2.999311 8.239703e-03 1.999140 2.926194e-03 2.000078
1
55

1.955890e-05 2.999411 6.810154e-03 1.999256 2.418355e-03 1.999946
1
60

1.506601e-05 2.999485 5.722711e-03 1.999419 2.032066e-03 2.000132
1
70

9.488159e-06 2.999669 4.204746e-03 1.999529 1.492948e-03 1.999993
1
75

7.714410e-06 2.999651 3.662902e-03 1.999599 1.300530e-03 1.999925
1
80

6.356590e-06 2.999728 3.219419e-03 1.999656 1.143050e-03 1.999920
1
85

5.299601e-06 2.999779 2.851855e-03 1.999702 1.012531e-03 1.999960
1
90

4.464552e-06 2.999781 2.543824e-03 1.999726 9.031563e-04 1.999937
1
95

3.796118e-06 2.999784 2.283130e-03 1.999760 8.105896e-04 1.999986
1

100
3.254718e-06 2.999867 2.060545e-03 1.999805 7.315551e-04 2.000053

Table 7.20: L2 errors and orders for u, ux and uy in Example 7.3.6, with r = 1000, using the
interior penalty IFE method with the IFE space Jh.
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Example 7.3.7. Parabolic interface and polynomial solution

We consider the parabolic interface Γ : x2 + 5
13

= y defined in Example 7.2.3. We solve
the interface problem (1.1.1a), where the true solution is (7.2.24) from Example 7.3.3, with

r = β+

β− = 5, then with r = β+

β− = 103. The L2 error ||u − Uh||0, the weighted errors

||ux−Uh
x ||β,h and ||uy −Uh

y ||β,h, and their orders of convergence are presented in Tables 7.21
and 7.22. Moreover, global rates of convergence are estimated using least-squares fit. A
computation of the global convergence rates for r = 5 reveals the following:

||u− Uh||0 ≈ C h2.9929, (7.3.17a)

||ux − Uh
x ||β,h ≈ C h1.9924, (7.3.17b)

||uy − Uh
y ||β,h ≈ C h2.0772, (7.3.17c)

and a computation of the global convergence rates for r = 1000 yields:

||u− Uh||0 ≈ C h2.9956, (7.3.18a)

||ux − Uh
x ||β,h ≈ C h1.9951, (7.3.18b)

||uy − Uh
y ||β,h ≈ C h2.1942, (7.3.18c)

From these datum, we can easily observe that the interior penalty IFE method with the IFE
space Jh performs optimally for interface problems with a parabolic interface as well.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

2.525076e-03 N/A 1.638644e-01 N/A 1.243936e-02 N/A
1
15

7.579464e-04 2.967984 7.376399e-02 1.968526 5.189900e-03 2.155921
1
20

3.212902e-04 2.983390 4.168838e-02 1.983608 2.809850e-03 2.132852
1
25

1.648662e-04 2.990051 2.673622e-02 1.990661 1.756249e-03 2.106048
1
30

9.551739e-05 2.993754 1.859234e-02 1.992468 1.200794e-03 2.085309
1
35

6.019374e-05 2.995381 1.367139e-02 1.994440 8.701925e-04 2.089022
1
40

4.033938e-05 2.997348 1.047311e-02 1.995737 6.591854e-04 2.079733
1
45

2.833958e-05 2.997619 8.277809e-03 1.997174 5.148535e-04 2.098115
1
50

2.066508e-05 2.997461 6.706355e-03 1.998117 4.145262e-04 2.057188
1
55

1.552752e-05 2.998964 5.543901e-03 1.997238 3.422886e-04 2.009038
1
60

1.196112e-05 2.999062 4.659276e-03 1.997881 2.863186e-04 2.052019
1
70

7.533877e-06 2.998867 3.423875e-03 1.999071 2.090348e-04 2.028754
1
75

6.125551e-06 2.999456 2.982921e-03 1.998321 1.820412e-04 2.004084
1
80

5.047563e-06 2.999187 2.621957e-03 1.998529 1.598343e-04 2.015784
1
85

4.208302e-06 2.999548 2.322736e-03 1.998777 1.414404e-04 2.016650
1
90

3.546245e-06 2.994658 2.072317e-03 1.995834 1.278549e-04 1.766717
1
95

3.014609e-06 3.004025 1.859572e-03 2.003444 1.128617e-04 2.306992
1

100
2.584696e-06 2.999653 1.678383e-03 1.998620 1.018723e-04 1.997210

Table 7.21: L2 errors and orders for u, ux and uy in Example 7.3.7, with r = 5, using the
interior penalty IFE method with the IFE space Jh.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

2.551402e-03 N/A 1.654924e-01 N/A 2.194710e-02 N/A
1
15

7.602739e-04 2.986001 7.410100e-02 1.981665 7.614243e-03 2.610864
1
20

3.217974e-04 2.988565 4.174217e-02 1.994970 3.343147e-03 2.861172
1
25

1.651798e-04 2.988605 2.677903e-02 1.989270 2.192454e-03 1.890672
1
30

9.568744e-05 2.994420 1.862140e-02 1.992675 1.466491e-03 2.205715
1
35

6.028625e-05 2.996958 1.369206e-02 1.994772 1.066627e-03 2.065325
1
40

4.038199e-05 3.000944 1.048364e-02 1.999533 7.582384e-04 2.555641
1
45

2.837200e-05 2.996876 8.287931e-03 1.995325 6.295192e-04 1.579527
1
50

2.069309e-05 2.995457 6.714537e-03 1.998143 4.920329e-04 2.338740
1
55

1.554739e-05 2.999752 5.550803e-03 1.996978 4.020716e-04 2.118508
1
60

1.196849e-05 3.006683 4.663336e-03 2.002169 3.186921e-04 2.670971
1
70

7.538037e-06 2.997339 3.426542e-03 1.997143 2.336102e-04 2.014726
1
75

6.129100e-06 2.999063 2.985319e-03 1.997960 2.031375e-04 2.025874
1
80

5.049692e-06 3.001630 2.623982e-03 1.999016 1.762868e-04 2.196682
1
85

4.209215e-06 3.002921 2.323780e-03 2.004099 1.501000e-04 2.652569
1
90

3.546278e-06 2.998293 2.072888e-03 1.998876 1.357462e-04 1.758530
1
95

3.015784e-06 2.996983 1.860605e-03 1.998268 1.225038e-04 1.898470
1

100
2.585757e-06 2.999256 1.679389e-03 1.997766 1.110096e-04 1.920819

Table 7.22: L2 errors and orders for u, ux and uy in Example 7.3.7, with r = 1000, using the
interior penalty IFE method with the IFE space Jh.
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Example 7.3.8. Parabolic interface and non-polynomial solution

We consider the parabolic interface Γ : x2 + 5
13

= y and we solve the interface problem

(1.1.1a), where the true solution now is (7.2.25) from Example 7.3.4, with r = β+

β− = 5, then

r = β+

β− = 103. The L2 error ||u−Uh||0, the weighted errors ||ux −Uh
x ||β,h and ||uy −Uh

y ||β,h,
and their orders of convergence are presented in ables 7.23 and 7.24. Moreover, global rates
of convergence are estimated using least-squares fit. A computation of the global convergence
rates for r = 5 reveals the following:

||u− Uh||0 ≈ C h2.9987, (7.3.19a)

||ux − Uh
x ||β,h ≈ C h1.9952, (7.3.19b)

||uy − Uh
y ||β,h ≈ C h2.0091, (7.3.19c)

and for r = 1000 we have:

||u− Uh||0 ≈ C h3.0161, (7.3.20a)

||ux − Uh
x ||β,h ≈ C h2.0118, (7.3.20b)

||uy − Uh
y ||β,h ≈ C h2.0837, (7.3.20c)

which show, again, that the interior penalty IFE method with the IFE space Jh performs
optimally for interface problems with parabolic interface and non-polynomial solutions.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

2.125261e-03 N/A 1.427377e-01 N/A 4.625662e-02 N/A
1
15

6.320709e-04 2.990759 6.380530e-02 1.985800 2.045580e-02 2.012351
1
20

2.672648e-04 2.992059 3.599501e-02 1.989891 1.146448e-02 2.012682
1
25

1.370015e-04 2.994699 2.304987e-02 1.997461 7.325164e-03 2.007399
1
30

7.928318e-05 3.000008 1.602543e-02 1.993638 5.074330e-03 2.013591
1
35

4.991351e-05 3.001831 1.178381e-02 1.994477 3.719078e-03 2.015682
1
40

3.340636e-05 3.007123 9.027088e-03 1.995762 2.842370e-03 2.013291
1
45

2.344816e-05 3.005138 7.132285e-03 2.000273 2.240621e-03 2.019688
1
50

1.709740e-05 2.997948 5.775917e-03 2.002026 1.813249e-03 2.008656
1
55

1.284315e-05 3.001944 4.775571e-03 1.995417 1.499094e-03 1.996214
1
60

9.888557e-06 3.004580 4.013516e-03 1.997967 1.258273e-03 2.012617
1
70

6.227418e-06 2.999099 2.949095e-03 2.000630 9.234705e-04 2.002585
1
75

5.062902e-06 3.000631 2.569454e-03 1.997384 8.044457e-04 1.999994
1
80

4.171588e-06 3.000424 2.258735e-03 1.997079 7.069451e-04 2.001912
1
85

3.477592e-06 3.001368 2.001133e-03 1.997390 6.262011e-04 2.000532
1
90

2.950525e-06 2.875465 1.792670e-03 1.924607 5.644307e-04 1.816949
1
95

2.491233e-06 3.129537 1.601821e-03 2.081942 5.010097e-04 2.204518
1

100
2.135870e-06 3.000461 1.445933e-03 1.996103 4.522272e-04 1.997158

Table 7.23: L2 errors and orders for u, ux and uy in Example 7.3.8, with r = 5, using the
interior penalty IFE method with the IFE space Jh.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

2.256364e-03 N/A 1.513580e-01 N/A 6.355162e-02 N/A
1
15

6.462930e-04 3.083514 6.598873e-02 2.047437 2.470430e-02 2.330349
1
20

2.718617e-04 3.010127 3.648725e-02 2.059639 1.252624e-02 2.360771
1
25

1.392322e-04 2.998742 2.335671e-02 1.999065 7.977940e-03 2.021773
1
30

8.045833e-05 3.007894 1.622591e-02 1.997982 5.471738e-03 2.068236
1
35

5.053732e-05 3.016706 1.195077e-02 1.983861 4.137388e-03 1.813367
1
40

3.372831e-05 3.028311 9.114979e-03 2.028559 3.032793e-03 2.325899
1
45

2.369025e-05 2.999363 7.205945e-03 1.995303 2.407545e-03 1.960183
1
50

1.729647e-05 2.985567 5.836048e-03 2.001247 1.934437e-03 2.076598
1
55

1.297266e-05 3.018130 4.826299e-03 1.993217 1.591429e-03 2.047879
1
60

9.942338e-06 3.057553 4.044378e-03 2.031370 1.315736e-03 2.186339
1
70

6.257379e-06 2.992100 2.966947e-03 2.156679 9.571431e-04 2.064204
1
75

5.087214e-06 3.000760 2.585443e-03 1.994938 8.339202e-04 1.997528
1
80

4.187838e-06 3.014415 2.273210e-03 1.994218 7.345698e-04 1.965535
1
85

3.487463e-06 3.018741 2.009258e-03 2.035928 6.410587e-04 2.246017
1
90

2.938364e-06 2.997310 1.791958e-03 2.002453 5.733330e-04 1.953420
1
95

2.500780e-06 2.982404 1.609012e-03 1.991751 5.141116e-04 2.016497
1

100
2.143854e-06 3.002296 1.453480e-03 1.981923 4.676192e-04 1.847923

Table 7.24: L2 errors and orders for u, ux and uy in Example 7.3.8, with r = 1000, using the
interior penalty IFE method with the IFE space Jh.
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In summary, we developed a quadratic IFE space that has an optimal approximation capabil-
ity of p+ 1 = 3 in L2 norm, and p = 2 in the weighted H1 norms. The quadratic IFE space
performs optimally in producing solutions to interface problems with quadratic interfaces
via the interior penalty immersed finite element method (5.3.5). In the following section, we
discuss the approximation capability and the convergence rates of solutions produced by the
interior penalty IFE method for interface problems with arbitrary smooth interface.

7.4 Piecewise Quadratic IFE Spaces for Arbitrary In-

terfaces

In many practical problems, the interface is usually not a quadratic polynomial, hence an
extension of the method presented in the previous section is necessary to handle higher-order
polynomial interfaces and arbitrary smooth interfaces. In this sections, we consider interface
problems (1.1.1a) with an arbitrary smooth interface Γ defined as:

y = γ(x), (7.4.1a)

or 
x = γ1(t),

t ∈ I ⊂ R.
y = γ2(t),

(7.4.1b)

7.4.1 Quadratic IFE Spaces for Arbitrary Smooth Interfaces

We extend the quadratic IFE space Jh proposed in Section 7.3 for arbitrary smooth inter-
faces.

First, we interpolate Γ by a quadratic interface Π, as shown in Figure 7.14, using the three
points P1 = E, P2 = D, and P3 = G, as:

Π =
{
(x, y) ∈ R2 | (x, y)t = P1 l1(t) + P2 l2(t) + P3 l3(t), t ∈ [−1, 1]

}
, (7.4.2)

where li(t) are one-dimensional Lagrange quadratic polynomials:

l1(t) =
1

2
t (t− 1), l2(t) =

1

2
t (t+ 1), l3(t) = (1− t) (1 + t), t ∈ [−1, 1].

Then, we use the quadratic IFE space defined in (7.3.6), for the quadratic approximation Π
of Γ:

R(T ) = {U, | U |T± ∈ P2, [U ]D,E,G = 0,

∫
T∩Π

[ β n · ∇U ]T∩Π vi ds = 0, i = 1, 2, 3 },
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Figure 7.14: Approximation of the general interface Γ by a quadratic curve Π on a physical
interface element T .

with vi, i = 1, 2, 3, being the three quadratic polynomials given in Section 7.3.

Finally, using the standard affine mapping F defined in (2.2.7), we map the interface element
T = T+ ∪ T− to T̂ = T̂ 1 ∪ T̂ 2 and we let Γ̂ = F (Γ ∩ T ), the quadratic curve Π̂ = F (Π ∩ T ),
D̂ = F (D), Ê = F (E), and Ĝ = F (G). Thus, on T̂ , we use the quadratic IFE space defined
in (7.3.12):

R̂(T̂ ) = {Û ∈ P̂2(T̂ ), | [Û ]D̂,Ê,Ĝ = 0,

∫
Π̂

[ β̂ n̂ · ∇̂Û ]Π̂ v̂i dŝ = 0, i = 1, 2, 3},

where P̂2(T̂ ) is the polynomial space defined in (2.2.20), and v̂i, i = 1, 2, 3, are given in
(7.3.11).

7.4.2 Approximation Capability

In this section, we use the norms defined in (4.1.1a) and (7.2.21) to compute the interpola-
tion errors using Lagrange piecewise quadratic immersed finite element shape functions con-
structed in this section and discuss the approximation capability of the piecewise quadratic
IFE space Jh.

For all our numerical experiments, we consider the rectangular domain Ω = [0, 1]2 and the
uniform triangular mesh Th = T i

h ∪ T c
h of size h defined in Section 7.2.3. Here, Th is

formed by partitioning Ω into (1/h)2 squares, with h = 1
5m
, m = 2, . . . , 20, then forming the

triangular elements by joining the lower right and upper left vertices of the squares. Using
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the same definition in Section 7.2.3, a piecewise Lagrange type IFE interpolant Ihu(x, y) of
u(x, y) is defined by (7.2.20).

Example 7.4.1. Polynomial interface

In this example, we consider the cubic interface

y = (x+ 1)3 − 13

27
, (7.4.3)

such that Ω+ = {y > (x + 1)3 − 13
27
} and Ω− = {y < (x + 1)3 − 13

27
}, as illustrated in Figure

7.15.

Figure 7.15: Geometry of Ω and the circular interface Γ in Example 7.4.1.

We test our space on the function defined by

u(x, y) =


1
β+

(
y2 − (x+ 1)6 + 26

27
(x+ 1)3 − 169

729

)
; on Ω+,

1
β−

(
y2 − (x+ 1)6 + 26

27
(x+ 1)3 − 169

729

)
; on Ω−,

(7.4.4)

with r = β+

β− = 5 and r = β+

β− = 103 representing a moderate and a large jump in the
coefficient β.

We present interpolation errors in Ihu in the L2 norm ||u− Ihu||0 and the broken weighted
H1 norms ||ux− (Ihu)x||β,h and ||uy− (Ihu)y||β,h, and compute their orders of convergence in
Tabes 7.25 and 7.26. Moreover, global rates of convergence are estimated using least-squares
fit, thus computation for r = 5 reveals the following:

||u− Uh||0 ≈ C h3.0037, (7.4.5a)

||ux − (Ihu)x||β,h ≈ C h2.0029, (7.4.5b)

||uy − (Ihu)y||β,h ≈ C h1.9901, (7.4.5c)
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and for r = 1000:

||u− Uh||0 ≈ C h3.0058, (7.4.6a)

||ux − (Ihu)x||β,h ≈ C h2.0090, (7.4.6b)

||uy − (Ihu)y||β,h ≈ C h2.3182, (7.4.6c)

We observe that, the interpolant in Jh yields O(h3) optimal convergence rates for u and
O(h2) for its derivatives.

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
10

2.551402e-03 N/A 1.654924e-01 N/A 2.194710e-02 N/A
1
15

7.602739e-04 2.986001 7.410100e-02 1.981665 7.614243e-03 2.610864
1
20

3.217974e-04 2.988565 4.174217e-02 1.994970 3.343147e-03 2.861172
1
25

1.651798e-04 2.988605 2.677903e-02 1.989270 2.192454e-03 1.890672
1
30

9.568744e-05 2.994420 1.862140e-02 1.992675 1.466491e-03 2.205715
1
35

6.028625e-05 2.996958 1.369206e-02 1.994772 1.066627e-03 2.065325
1
40

4.038199e-05 3.000944 1.048364e-02 1.999533 7.582384e-04 2.555641
1
45

2.837200e-05 2.996876 8.287931e-03 1.995325 6.295192e-04 1.579527
1
50

2.069309e-05 2.995457 6.714537e-03 1.998143 4.920329e-04 2.338740
1
55

1.554739e-05 2.999752 5.550803e-03 1.996978 4.020716e-04 2.118508
1
60

1.196849e-05 3.006683 4.663336e-03 2.002169 3.186921e-04 2.670971
1
70

7.538037e-06 2.997339 3.426542e-03 1.997143 2.336102e-04 2.219487
1
75

6.129100e-06 2.999063 2.985319e-03 1.997960 2.031375e-04 2.025874
1
80

5.049692e-06 3.001630 2.623982e-03 1.999016 1.762868e-04 2.196682
1
85

4.209215e-06 3.002921 2.323780e-03 2.004099 1.501000e-04 2.652569
1
90

3.546278e-06 2.998293 2.072888e-03 1.998876 1.357462e-04 1.758530
1
95

3.015784e-06 2.996983 1.860605e-03 1.998268 1.225038e-04 1.898470
1

100
2.585757e-06 2.999256 1.679389e-03 1.997766 1.110096e-04 1.920819

Table 7.25: L2 interpolation errors and orders for u, ux and uy for the function (7.4.4) in
Example 7.4.1 with r = 5 using the IFE space Jh.
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h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
10

2.902580e-03 N/A 1.889123e-01 N/A 1.724591e-02 N/A
1
15

8.664496e-04 2.981641 8.467745e-02 1.979045 5.877450e-03 2.654858
1
20

3.656831e-04 2.998577 4.771452e-02 1.993915 3.421939e-03 1.880255
1
25

1.879772e-04 2.982144 3.059199e-02 1.991979 1.963108e-03 2.490228
1
30

1.087109e-04 3.003641 2.125966e-02 1.996073 1.234201e-03 2.545533
1
35

6.844872e-05 3.001009 1.560643e-02 2.005366 8.831184e-04 2.171379
1
40

4.577955e-05 3.012380 1.193365e-02 2.009422 6.617328e-04 2.161271
1
45

3.209026e-05 3.016435 9.408357e-03 2.018656 4.850404e-04 2.637303
1
50

2.344631e-05 2.978722 7.635093e-03 1.982177 3.799262e-04 2.318281
1
55

1.765097e-05 2.978931 6.337409e-03 1.954514 3.483634e-04 0.909985
1
60

1.350404e-05 3.077778 5.272476e-03 2.114321 2.308328e-04 4.729870
1
65

1.066547e-05 2.948145 4.516585e-03 1.933267 2.177341e-04 0.729850
1
70

8.522844e-06 3.026140 3.885557e-03 2.030683 1.783014e-04 2.696054
1
75

6.944937e-06 2.967511 3.390017e-03 1.977468 1.541468e-04 2.109923
1
80

5.724670e-06 2.993994 2.981470e-03 1.989798 1.339706e-04 2.173671
1
85

4.758380e-06 3.049549 2.635209e-03 2.036367 1.186658e-04 2.000992
1
90

4.007628e-06 3.004066 2.347704e-03 2.021128 9.801092e-05 3.345646
1
95

3.407662e-06 2.999474 2.106766e-03 2.002761 8.514347e-05 2.603077
1

100
2.925962e-06 2.971208 1.903870e-03 1.974242 7.714460e-05 1.923372

Table 7.26: L2 interpolation errors and orders for u, ux and uy for the function (7.4.4) in
Example 7.4.1 with r = 103 using the IFE space Jh.
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Example 7.4.2. Non-polynomial interface

In this example, we consider the smooth interface

y =
9

23
e

23
9
x, (7.4.7)

such that Ω+ = {y > 9
23
e

23
9
x} and Ω− = {y < 9

23
e

23
9
x}, as illustrated in Figure 7.16.

Figure 7.16: Geometry of Ω and the circular interface Γ in Example 7.4.2.

We test our space on the function defined by

u(x, y) =


1
β+

(
y2 − 9

49
e

14
3
x
)
(x4 + y4 − 1); on Ω+,

1
β−

(
y2 − 9

49
e

14
3
x
)
(x4 + y4 − 1); on Ω−.

(7.4.8)

with r = β+

β− = 5 and r = β+

β− = 103 representing a moderate and a large jump in the
coefficient β.

We present interpolation errors in Ihu in the L2 norm ||u− Ihu||0 and the broken weighted
H1 norms ||ux− (Ihu)x||β,h and ||uy− (Ihu)y||β,h, and compute their orders of convergence in
Tabes 7.27 and 7.28. Moreover, global rates of convergence are estimated using least-squares
fit, thus computation for r = 5 reveals the following:

||u− Uh||0 ≈ C h3.0139, (7.4.9a)

||ux − (Ihu)x||β,h ≈ C h2.0130, (7.4.9b)

||uy − (Ihu)y||β,h ≈ C h1.9990, (7.4.9c)
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and for r = 1000:

||u− Uh||0 ≈ C h3.0359, (7.4.10a)

||ux − (Ihu)x||β,h ≈ C h2.0370, (7.4.10b)

||uy − (Ihu)y||β,h ≈ C h2.0789, (7.4.10c)

We observe that, the interpolant in Jh yields O(h3) optimal convergence rates for u and
O(h2) for its derivatives, for problems with arbitrary smooth interface.

h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
10

1.699731e-02 N/A 1.104897e+00 N/A 1.116721e-01 N/A
1
15

5.177615e-03 2.931721 5.039784e-01 1.935983 4.956516e-02 2.003325
1
20

2.205908e-03 2.965792 2.861189e-01 1.967887 2.780693e-02 2.009173
1
25

1.134620e-03 2.979433 1.839079e-01 1.980664 1.778061e-02 2.003986
1
30

6.582537e-04 2.986278 1.280147e-01 1.987094 1.234638e-02 2.000561
1
35

4.151538e-04 2.990200 9.418530e-02 1.990785 9.071267e-03 1.999675
1
40

2.783939e-04 2.992645 7.217724e-02 1.993085 6.944009e-03 2.001272
1
45

1.956562e-04 2.994302 5.706490e-02 1.994647 5.486736e-03 1.999827
1
50

1.427018e-04 2.995448 4.624337e-02 1.995730 4.442792e-03 2.003128
1
55

1.072522e-04 2.996264 3.823048e-02 1.996482 3.671316e-03 2.001178
1
60

8.263390e-05 2.996881 3.213242e-02 1.997066 3.084912e-03 2.000049
1
65

6.500750e-05 2.997367 2.738453e-02 1.997523 2.628723e-03 1.999244
1
70

5.205740e-05 2.997730 2.361591e-02 1.997865 2.266498e-03 2.000627
1
75

4.233029e-05 2.998051 2.057468e-02 1.998170 1.974306e-03 2.000479
1
80

3.488292e-05 2.998296 1.808508e-02 1.998401 1.735079e-03 2.001350
1
85

2.908477e-05 2.998492 1.602138e-02 1.998580 1.536920e-03 2.000384
1
90

2.450351e-05 2.998657 1.429171e-02 1.998736 1.370904e-03 1.999885
1
95

2.083595e-05 2.998796 1.282769e-02 1.998868 1.230419e-03 1.999651
1

100
1.786522e-05 2.998911 1.157760e-02 1.998976 1.110398e-03 2.000967

Table 7.27: L2 interpolation errors and orders for u, ux and uy for the function (7.4.8) with
r = 5 using the IFE space Jh.
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h ||u− Ihu||0 order ||ux − (Ihu)x||β,h order ||uy − (Ihu)y||β,h order
1
10

1.714986e-02 N/A 1.119257e+00 N/A 3.012172e-01 N/A
1
15

5.179029e-03 2.953084 5.048667e-01 1.963489 1.260394e-01 2.148736
1
20

2.213310e-03 2.955097 2.888171e-01 1.941382 4.747032e-02 3.394337
1
25

1.165268e-03 2.875000 1.910798e-01 1.851285 2.809431e-02 2.350674
1
30

6.693974e-04 3.040390 1.310251e-01 2.069433 2.016063e-02 1.820056
1
35

4.271893e-04 2.913712 9.816282e-02 1.873241 1.557361e-02 1.674686
1
40

2.803987e-04 3.152925 7.311965e-02 2.205701 1.078490e-02 2.751640
1
45

2.018427e-04 2.790928 5.928024e-02 1.781421 9.274539e-03 1.280951
1
50

1.460310e-04 3.072025 4.766894e-02 2.069049 6.839196e-03 2.891052
1
55

1.096380e-04 3.007385 3.949958e-02 1.972400 5.678366e-03 1.951593
1
60

8.404491e-05 3.055150 3.289203e-02 2.103860 4.576480e-03 2.479370
1
65

6.577258e-05 3.062720 2.797231e-02 2.024112 3.828347e-03 2.230021
1
70

5.423521e-05 2.602591 2.482379e-02 1.611332 3.657976e-03 0.614282
1
75

4.342667e-05 3.221440 2.129136e-02 2.224885 3.040456e-03 2.680026
1
80

3.564611e-05 3.059164 1.862702e-02 2.071442 2.552502e-03 2.710529
1
85

2.981036e-05 2.949033 1.659959e-02 1.900803 2.326269e-03 1.530863
1
90

2.479243e-05 3.224677 1.454810e-02 2.307929 1.865568e-03 3.861207
1
95

2.112974e-05 2.956632 1.311400e-02 1.919465 1.718203e-03 1.521928

Table 7.28: L2 interpolation errors and orders for u, ux and uy for the function (7.4.8) with
r = 103 using the IFE space Jh.
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7.4.3 Application to Interface Problems

In this section, we will show that the interior penalty IFE methods can produce solutions
to the interface problems with optimal convergence rates, when the arbitrary interface is
approximated by a parabola. Again, we consider the rectangular domain Ω = [0, 1]2 and the
uniform triangular mesh Th = T i

h ∪ T c
h of size h and formed by partitioning Ω into (1/h)2

squares, with h = 1
5m
, m = 2, . . . , 20, then forming the triangular elements by joining the

lower right and upper left vertices of the squares.

We solve the interface problem by the interior penalty IFE method (5.3.5) using the quadratic
IFE space Jh after approximating the smooth interface by a parabola. Again, we use the
norms defined in (4.1.1a) and (7.2.21) to compute the finite element errors.

Example 7.4.3. Polynomial interface

In this example we consider the interface problem (1.1.1) with the same cubic interface Γ

as in Example 7.4.1, and the same true solution (7.4.4), where β+

β− = 5 and r = β+

β− = 103

representing a moderate and a large jump in the coefficient β.

The L2 error ||u−Uh||0, the weighted errors ||ux−Uh
x ||β,h and ||uy−Uh

y ||β,h, and their orders
of convergence are presented in Tables 7.29 and 7.30. Moreover, global rates of convergence
are computed using least-squares fit. A computation of the global convergence rates for
r = 5 reveals the following:

||u− Uh||0 ≈ C h2.9993, (7.4.11a)

||ux − Uh
x ||β,h ≈ C h1.9990, (7.4.11b)

||uy − Uh
y ||β,h ≈ C h2.4788, (7.4.11c)

and a computation of the global convergence rates for r = 1000 yields:

||u− Uh||0 ≈ C h2.9995, (7.4.12a)

||ux − Uh
x ||β,h ≈ C h1.9993, (7.4.12b)

||uy − Uh
y ||β,h ≈ C h2.6027. (7.4.12c)

From these results, we can easily observe that the quadratic IFE solutions produced by the
interior penalty IFE method converge, optimally, to the true solution under mesh refinement.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

2.899860e-03 N/A 1.880082e-01 N/A 3.483171e-03 N/A
1
15

8.603341e-04 2.996798 8.367956e-02 1.996450 1.203510e-03 2.620943
1
20

3.630880e-04 2.998711 4.709601e-02 1.998061 6.130976e-04 2.344509
1
25

1.859435e-04 2.998977 3.014791e-02 1.999039 3.477050e-04 2.541726
1
30

1.076189e-04 2.999353 2.094071e-02 1.998778 2.088457e-04 2.795932
1
35

6.777613e-05 2.999573 1.538693e-02 1.999191 1.455473e-04 2.342478
1
40

4.540754e-05 2.999532 1.178173e-02 1.999297 1.054068e-04 2.416464
1
45

3.189438e-05 2.999145 9.309876e-03 1.999217 8.020644e-05 2.319719
1
50

2.325005e-05 3.000391 7.541025e-03 1.999968 5.903307e-05 2.909116
1
55

1.746825e-05 2.999914 6.232484e-03 1.999610 4.703199e-05 2.384529
1
60

1.345512e-05 2.999892 5.237230e-03 1.999535 3.724430e-05 2.681593
1
65

1.058308e-05 2.999688 4.462642e-03 1.999579 3.312126e-05 1.465760
1
70

8.473537e-06 2.999797 3.847941e-03 1.999821 2.544384e-05 3.558343
1
75

6.889329e-06 2.999937 3.352065e-03 1.999653 2.360024e-05 1.090213
1
80

5.676736e-06 2.999717 2.946223e-03 1.999617 1.913173e-05 3.252459
1
85

4.732668e-06 3.000221 2.609785e-03 2.000117 1.558269e-05 3.384552
1
95

3.390021e-06 3.001063 2.089365e-03 2.000469 1.282193e-05 2.555210
1

100
2.906747e-06 2.998475 1.885675e-03 1.999760 1.107957e-05 2.847424

Table 7.29: L2 errors and orders for u and its derivatives for Example 7.4.3 with r = 5 using
the interior penalty IFE method with Jh.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

2.901402e-03 N/A 1.880265e-01 N/A 7.374314e-03 N/A
1
15

8.606145e-04 2.997305 8.381076e-02 1.992826 4.547137e-03 1.192470
1
20

3.631552e-04 2.999201 4.710949e-02 2.002512 1.126703e-03 4.849806
1
25

1.859255e-04 3.000240 3.014439e-02 2.000845 5.343896e-04 3.342806
1
30

1.076227e-04 2.998628 2.094128e-02 1.997988 4.198616e-04 1.322938
1
35

6.777466e-05 2.999941 1.538827e-02 1.998804 2.865423e-04 2.478347
1
40

4.540548e-05 2.999711 1.178177e-02 1.999918 1.982708e-04 2.757795
1
45

3.189182e-05 2.999442 9.309575e-03 1.999526 1.381337e-04 3.068452
1
50

2.324839e-05 3.000304 7.540672e-03 2.000105 1.065611e-04 2.463009
1
55

1.746809e-05 2.999261 6.232846e-03 1.998509 9.092746e-05 1.664632
1
60

1.345460e-05 3.000235 5.237341e-03 1.999957 7.248108e-05 2.605826
1
70

8.473160e-06 2.999734 3.847871e-03 2.003552 4.571573e-05 2.646847
1
75

6.888963e-06 3.000063 3.352112e-03 1.999186 4.079426e-05 1.650910
1
80

5.676519e-06 2.999485 2.946217e-03 1.999866 3.514241e-05 2.310754
1
85

4.732434e-06 3.000408 2.609839e-03 1.999744 2.905503e-05 3.137623
1
90

3.986739e-06 2.999837 2.327922e-03 1.999918 2.513948e-05 2.532472
1
95

3.389855e-06 2.999719 2.089393e-03 1.999407 2.242515e-05 2.113230
1

100
2.906357e-06 3.000137 1.885632e-03 2.000474 1.920455e-05 3.022536

Table 7.30: L2 errors and orders for u and its derivatives for Example 7.4.3 with r = 103

using the interior penalty IFE method with Jh.
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Example 7.4.4. Non-polynomial interface

In this example we consider the interface problem (1.1.1) with the same interface Γ as

in Example 7.4.2, and the same true solution (7.4.8), where β+

β− = 5 and r = β+

β− = 103

representing a moderate and a large jump in the coefficient β.

We solve the interface problem by the interior penalty IFE method (5.3.5) using quadratic
IFE space Jh after approximating the smooth interface by a parabola. Numerical results
are presented in Tables 7.31 and 7.32, and global rates of convergence are computed using
least-squares fit. The computation of the global convergence rates for r = 5 reveals the
following:

||u− Uh||0 ≈ C h2.9848, (7.4.13a)

||ux − Uh
x ||β,h ≈ C h1.9849, (7.4.13b)

||uy − Uh
y ||β,h ≈ C h2.0295, (7.4.13c)

and a computation of the global convergence rates for r = 1000 yields:

||u− Uh||0 ≈ C h2.9848, (7.4.14a)

||ux − Uh
x ||β,h ≈ C h1.9849, (7.4.14b)

||uy − Uh
y ||β,h ≈ C h2.0333. (7.4.14c)

These results show that the quadratic IFE solutions produced by the interior penalty IFE
method converge, optimally, to the true solution under mesh refinement for problems with
arbitrary smooth interfaces.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

1.699713e-02 N/A 1.101882e+00 N/A 1.207078e-01 N/A
1
15

5.176745e-03 2.932109 5.032243e-01 1.932939 5.204139e-02 2.074983
1
20

2.205532e-03 2.965801 2.858501e-01 1.965949 2.875123e-02 2.062551
1
25

1.134463e-03 2.979291 1.837880e-01 1.979376 1.820885e-02 2.046989
1
30

6.581809e-04 2.986124 1.279533e-01 1.986149 1.256710e-02 2.033909
1
35

4.151138e-04 2.990108 9.415069e-02 1.990056 9.195197e-03 2.026596
1
40

2.783712e-04 2.992532 7.215618e-02 1.992517 7.019079e-03 2.022366
1
45

1.956432e-04 2.994176 5.705151e-02 1.994162 5.534215e-03 2.017966
1
50

1.426938e-04 2.995351 4.623447e-02 1.995329 4.475063e-03 2.016215
1
55

1.072469e-04 2.996190 3.822427e-02 1.996166 3.693743e-03 2.013218
1
60

8.263029e-05 2.996816 3.212796e-02 1.996798 3.100961e-03 2.010404
1
65

6.500497e-05 2.997307 2.738126e-02 1.997283 2.640366e-03 2.008862
1
70

5.205562e-05 2.997666 2.361342e-02 1.997670 2.275227e-03 2.008392
1
75

4.232905e-05 2.997980 2.057278e-02 1.997981 1.980951e-03 2.007492
1
80

3.488202e-05 2.998242 1.808361e-02 1.998232 1.740314e-03 2.006732
1
85

2.908406e-05 2.998470 1.602022e-02 1.998438 1.541046e-03 2.005850
1
90

2.450296e-05 2.998618 1.429077e-02 1.998609 1.374185e-03 2.004964
1
95

2.083553e-05 2.998753 1.282693e-02 1.998754 1.233045e-03 2.004430
1

100
1.786489e-05 2.998876 1.157697e-02 1.998882 1.112559e-03 2.004630

Table 7.31: L2 errors and orders for u and its derivatives for Example 7.4.4 with r = 5 using
the interior penalty IFE method with Jh.
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h ||u− Uh||0 order ||ux − Uh
x ||β,h order ||uy − Uh

y ||β,h order
1
10

1.699693e-02 N/A 1.101920e+00 N/A 1.219824e-01 N/A
1
15

5.177086e-03 2.931918 5.032453e-01 1.932920 5.248303e-02 2.080047
1
20

2.205725e-03 2.965725 2.858584e-01 1.965994 2.892295e-02 2.071226
1
25

1.134543e-03 2.979367 1.837936e-01 1.979369 1.832758e-02 2.044550
1
30

6.581905e-04 2.986430 1.279549e-01 1.986246 1.262462e-02 2.044512
1
35

4.151203e-04 2.990100 9.415161e-02 1.990075 9.228481e-03 2.032778
1
40

2.783759e-04 2.992526 7.215674e-02 1.992533 7.039568e-03 2.027595
1
45

1.956458e-04 2.994202 5.705207e-02 1.994144 5.551056e-03 2.016917
1
50

1.426961e-04 2.995324 4.623493e-02 1.995327 4.487497e-03 2.018717
1
55

1.072489e-04 2.996161 3.822468e-02 1.996159 3.704651e-03 2.011391
1
60

8.263096e-05 2.996944 3.212818e-02 1.996840 3.108308e-03 2.017098
1
65

6.500547e-05 2.997312 2.738140e-02 1.997303 2.645234e-03 2.015414
1
70

5.205592e-05 2.997693 2.361354e-02 1.997676 2.279190e-03 2.009763
1
75

4.232929e-05 2.997979 2.057291e-02 1.997964 1.984712e-03 2.005221
1
80

3.488228e-05 2.998216 1.808370e-02 1.998249 1.743317e-03 2.009415
1
85

2.908435e-05 2.998430 1.602030e-02 1.998431 1.543845e-03 2.004351
1
90

2.450308e-05 2.998710 1.429083e-02 1.998642 1.376133e-03 2.011938
1
95

2.083559e-05 2.998786 1.282697e-02 1.998761 1.234578e-03 2.007642
1

100
1.786494e-05 2.998879 1.157702e-02 1.998864 1.114081e-03 2.002203

Table 7.32: L2 errors and orders for u and its derivatives for Example 7.4.4 with r = 103

using the interior penalty IFE method with Jh.
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7.5 Conclusions

In this chapter, we first presented two different approaches to construct quadratic IFE spaces
to be used with a penalized finite element formulation or a with a discontinuous finite
element formulation to solve elliptic interface problems with quadratic interfaces. Then, a
procedure of handling arbitrary interfaces through the interpolation of the actual interface
by a quadratic interface was presented and discussed. Numerical results have shown that
IFE spaces constructed using the isoparametric approach have the optimal approximation
capability for moderate jumps in the coefficient β, however they fail to have the optimal
approximation capability with high jumps. Unlike the isoparametric approach, the second
approach, which can be considered more straight-forward, generated a quadratic IFE space
that was able to provide optimal solutions for the interface problems with both moderate
and high jumps. Numerical results obtained with this latter quadratic IFE space using
the interior penalty formulation developed in Chapter 5, showed that the method exhibits
optimal convergence rates when the actual interface is quadratic (parabola or circle) as well
as when the interface is arbitrary and smooth.
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Chapter 8

Conclusions and Future Work

8.1 Contributions

Many interesting applications and real life problems in sciences and engineering involve
interface problems, such as problems in elasticity, electromagnetism, fluid-dynamics, and
material sciences. There exist several numerical methods for solving interface problems
with discontinuous coefficients. The main topic of this thesis is the immersed finite element
method which is one of the most efficient methods to solve interface problems. One of the
main advantages of the IFE method for interface problems is that it does not require the
mesh to be aligned with interfaces. Many applications can take advantage of this feature of
the IFE method. For instance, this method is more efficient than the standard finite element
method for solving problems involving thin layers and/or moving interfaces.

Our work mainly consisted of developing IFE spaces with optimal approximation capability
to produce accurate numerical solutions to second-order elliptic interface problems. Then,
we presented an interior penalty immersed finite element method that relies on the devel-
oped IFE spaces. Numerical results for several interface problems with different interface
geometries have shown the optimality of the method.

We started with interface problems having linear interfaces. Based on two different sets
of jump conditions on the interface, we presented two IFE spaces Sk

h,E, k = 1, 2, where we
justified the use of each set of jump conditions, and constructed local IFE spaces on arbitrary
interface elements. The dimension of a local quadratic IFE space was proven to be equal
to 6. We constructed Lagrange and hierarchical shape functions on interface elements. We
presented general formulas to construct functions belonging to both spaces Sk

h , k = 1, 2,
and proved the existence of Lagrange shape functions which form a basis for the space S2

h,
and a partition of unity. Similar reasoning can be applied to the space S1

h, and to other
IFE spaces. We have numerically shown that our IFE spaces have optimal approximation
capability where the interpolation error is O(h3) in the L2-norm and O(h2) in broken H1-
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norm, under mesh refinement.

We presented an interior penalty IFE method which relies on the proposed quadratic IFE
spaces Sk

h , k = 1, 2, and based on the NIPG method developed by Wheeler et al. [57].
We presented several numerical results and computational examples which showed that this
method leads to O(h3) and O(h2) optimal convergence rates, respectively, in the L2 and
broken H1 norms. Moreover, we showed via a numerical example involving a thing layer,
the efficiency of this method compared to the standard finite element method especially
in applications involving thin layers. Such advantage can be seen in applications involving
moving interfaces as well.

An extension of hierarchical shape functions to a general p-th degree is presented and a
procedure to construct higher-degree IFE shape functions of degree p was given for problems
with linear interfaces. Few properties of p-th degree IFE spaces were proved. Hence, p-th
degree IFE spaces can be the subject of further investigation and numerical results can be
presented in forthcoming work.

We further constructed quadratic IFE spaces that can be used to compute numerical solutions
for interface problem with quadratic interfaces. Two different approaches were used to
construct such quadratic IFE spaces. Finally, a procedure for solving problems with arbitrary
interfaces was presented and discussed. An arbitrary smooth interface was interpolated by a
parabola, then the procedure for quadratic IFE space can be used in solving such interface
problem. Numerical results have shown that IFE spaces constructed using the isoparametric
approach have optimal approximation capability only for moderate jumps in the coefficient
β, however IFE space constructed using the second approach has optimal approximation
capability for moderate and high jumps. This latter IFE space was also able to provide
optimal solutions for interface problems using the interior penalty formulation developed in
Chapter 5 for polynomial and general smooth interfaces.

8.2 Future Work

There are several long term goals and future work that can follow this dissertation. Here, we
present some possible extensions to our work and give ideas and perspectives on how these
problems may be treated.

8.2.1 Discontinuous Galerkin Methods for Interface Problems

Numerical results presented in Chapter 5 for the convergence of the immersed finite ele-
ment solution are computed with Lagrange basis of the IFE spaces. Computation of IFE
solutions using hierarchical basis of the spaces and a penalized formulation does not show
optimal rates of convergence. Hence, a discontinuous Galerkin (DG) formulation is neces-
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sary to obtain optimal convergence rates in L2 and H1 norms. In fact, the main feature of
DG methods is their flexibility and ability to exhibit optimal convergence rates for problems
having non-smooth solutions, although the cost of computation for these methods is higher.
A future work will consist of testing a discontinuous Galerkin (DG) formulation with the
quadratic IFE spaces developed in this thesis and compare obtained numerical results with
results obtained by the Galerkin IFE method and the interior penalty IFE method discussed
in this work. Moreover, guided by the work performed by X. He, T. Lin, and Y.Lin [32], a
selective discontinuous Galerkin method (SDG) can be discussed and implemented as well.
The main feature of the SDG method is its computational cost which is much lower than
the known DG methods.

8.2.2 p-th degree IFE Spaces and Order of Approximation of the
Interface

We have numerically shown in Chapter 7 that quadratic IFE spaces exhibit optimal conver-
gence rates when an arbitrary interface is interpolated by a quadratic curve. We have also
investigated p-th degree IFE spaces for interface problems with linear interface, in Chap-
ter 6. Future work will include extending the proposed method to p-th degree polynomial
approximations yielding exponential convergence rates for problems with arbitrary inter-
faces. Extended jump conditions will be investigated and applied to construct generalized
higher-order IFE. The optimality of the interior penalty IFE methods and/or discontinu-
ous Galerkin methods with higher-order IFE spaces and arbitrary smooth interfaces will be
discussed. A very interesting research direction in this context would be to investigate the
optimal order of approximation for a general interface that leads to optimal convergence
rates, when polynomials of degree p are used. Our expectations are the following: when
p-th degree IFE are used and the arbitrary interface is interpolated by a polynomial curve
of the same degree p, optimal convergence rates will be obtained in L2 and H1 norms. Such
result is not guaranteed in H1 norm with the use of standard finite element method, since
it was shown in [40] that optimal convergence rates are obtained in H1 norm, only when
the interface is interpolated by polynomials of degree 2p or higher. Furthermore, elements
cut by multiple interfaces can be considered and an extension of this work to multi-material
domains can be performed as well.

8.2.3 A priori Error Analysis

We have shown, numerically, that the interpolation error in the quadratic IFE spaces for
problems with arbitrary smooth interfaces satisfy the inequalities (4.1.5). A future work
consists of developing rigorous mathematical proofs for these inequalities. First, we can
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show that for an element Ti of type i, i = I, II, III, the interpolation errors satisfy:

||u− Ihu||0,Ti
≤ C0,ih

3, (8.2.1a)

||ux− (Ihu)x||0,Ti
≤ C1,ih

2, (8.2.1b)

||uy − (Ihu)y||0,Ti
≤ C2,ih

2, (8.2.1c)

where Ihu is the interpolant of the function u on the element Ti of size h, and Ck,i, k = 0, 1, 2,
are three positive constants.

We can then conclude that, if the interface element T of size h preserves the same type under
h refinement, then we have:

||u− Ihu||0,T ≤ C0,Th
3, (8.2.2a)

||ux− (Ihu)x||0,T ≤ C1,Th
2, (8.2.2b)

||uy − (Ihu)y||0,T ≤ C2,Th
2, (8.2.2c)

where Ihu is the interpolant of the function u on the element T of size h.

Finally, we can prove that the global interpolation errors on a mesh of size h satisfy:

||u− Ihu||0 ≤ C0h
3, (8.2.3a)

||ux− (Ihu)x||0,h ≤ C1h
2, (8.2.3b)

||uy − (Ihu)y||0,h ≤ C2h
2. (8.2.3c)

For simplicity, we can first perform the above analysis for interface problems with linear
interfaces then generalize the theory to quadratic and arbitrary smooth interfaces.

Following the same reasoning as for the interpolation error, we can prove that the immersed
finite element errors satisfy the inequalities (5.1.3) which were shown numerically in this
thesis.

8.2.4 Mathematical Proof of the Existence of Quadratic IFE Shape
Functions for Problems with Arbitrary Interface

We proved the existence of Lagrange shape functions forming a partition of unity and a
basis for the space S2

h defined in Chapter 2. An immediate future work will consist of
following the same reasoning to prove the existence of a Lagrange basis for the space S1

h.
Moreover, other future work will consist of proving the existence of piecewise quadratic
IFE shape functions forming a basis of the isoparametric IFE spaces J k

h , k = 1, 2, and
the existence of piecewise quadratic IFE shape functions forming a basis of the piecewise
quadratic IFE space Jh, for problems with quadratic interfaces and problems with arbitrary
smooth interface approximated by a parabola.
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An interesting idea, to prove the existence of a basis of the piecewise quadratic IFE spaces
for problems with parabolic interfaces and arbitrary interfaces approximated by parabolas,
is to perform a coordinates change from the Cartesian coordinates (x, y) to an interface
coordinates system based on parabolic coordinates (σ, τ), defined by{

x = στ,
y = 1

2
(τ 2 − σ2) ,

(8.2.4)

where the physical interface Γ is given by τ = 0.

For instance, in the parabolic coordinates system (σ, τ), we can write a function φ in the
piecewise quadratic IFE space Jh as:

φ(σ, τ) =

{
φ+(σ, τ), on T+,
φ−(σ, τ), on T−.

(8.2.5)

Given φ+(σ, τ), we can write φ−(σ, τ) as:

φ−(σ, τ) =
β+

β−

(
φ+(σ, τ)− φ+(σ, 0)

)
+

3∑
i=1

φ+(Pi) li(σ) , (8.2.6)

where Pi, i = 1, 2, 3, are respectively, the points D, E, and G defined in Chapter 7, and li
are Lagrange one-dimensional quadratic polynomials shifted to the curve Γ : τ = 0.

The formula (8.2.6) will be a starting point for the proof of the existence of a basis for the
piecewise quadratic IFE space Jh.

8.2.5 Time Dependent Interface Problems

Many practical applications include time dependent problems, such as interface problems
with moving interface. In [34], He, Lin, and Zhang, investigated moving interface applications
for parabolic equations using bilinear immersed finite element developed by X. He et al. [30].
Similar work can be performed using quadratic immersed finite elements developed in this
thesis. Applications with moving interfaces show the high efficiency of the immersed finite
element method, since the mesh will not be regenerated at every iteration; instead, the
solution space will be regenerated. In many applications, regenerating the solution space is
less expensive than regenerating the mesh. Hence, a future work will consist of using our
quadratic IFE to treat and compute numerical solutions for model problems with moving
interfaces.

8.2.6 Three-Dimensional Interface Problems

Three-dimensional interface problems were treated by Kafafy, Lin, Lin, and Wang who pre-
sented two IFE methods for solving the elliptic interface problem arising from electric field
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simulation in composite materials [37]. A future work related to this thesis will consist of
developing three-dimensional quadratic IFE spaces that are able to handle arbitrary three-
dimensional interfaces and yield optimal convergence rates in L2 and broken H1 norms.
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