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(ABSTRACT)

With the renewed interest in the supersonic and hypersonic flight vehicles, new
inverse Euler methods are developed in these flow regimes where a space marching
numerical technique is valid. In order to get a general understanding for the specification of
target pressure distributions, a study of minimum drag body shapes was conducted over a
Mach number range from 3 to 12. Numerical results show that the power law bodies result
in low drag shapes, where the n=.69 (I/d = 3) or n=.70 (I/d = 5) shapes have lower drag
than the previous theoretical results (n=.75 or n=.66 depending on the particular form of
the theory). To validate the results, a numerical analysis was made including viscous
effects and the effect of gas model. From a detailed numerical examination for the nose
regions of the minimum drag bodies, aerodynamic bluntness and sharpness are newly
defined.

Numerous surface pressure-body geometry rules are examined to obtain an inverse
procedure which is robust, yet demonstrates fast convergence. Each rule is analyzed and
examined numerically within the inverse calculation routine for supersonic (M_, = 3) and
hypersonic (M_, = 6.28) speeds. Based on this analysis, an inverse method for fully three
dimensional supersonic and hypersonic bodies is developed using the Euler equations. The
method is designed to be easily incorporated into existing analysis codes, and provides the
aerodynamic designer with a powerful tool for design of aerodynamic shapes of arbitrary
cross section. These shapes can correspond to either “wing like” pressure distributions or

to “body like” pressure distributions. Examples are presented illustrating the method for a



non-axisymmetric fuselage type pressure distribution and a cambered wing type
application. The method performs equally well for both nonlifting and lifting cases. For the
three dimensional inverse procedure, the inverse solution existence and uniqueness

problem are discussed. Sample calculations demonstrating this problem are also presented.
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I. INTRODUCTION

Aerodynamic analysis methods have progressed very rapidly with the development
of computational fluid dynamics. With the interest in new design concepts for both the
High Speed Civil Transport at supersonic speeds and X-30 National Aerospace Plane at
hypersonic speeds as means of beginning a new era of advanced vehicles!, practical
aerodynamic design methods for this speed range are required. While both supersonic and
hypersonic configurations have been extensively studied in the past, the possibility of such
configurations becoming practical relies on achieving the potential of advanced propulsion
and materials technology, as well as aerodynamic design. Based on the history of
propulsion advances, it can be expected that the first generation of these new propulsion
systems will not have reached full maturity, and that performance may be initially marginal.
Thus, not only is the propulsion system crucial, but a maximum effort will be required to

provide the minimum drag airframe?2.

1. Supersonic/Hypersonic Minimum Drag Bodies

Minimum drag bodies have been studied extensively both for supersonic and
hypersonic flight, with an entire book3 devoted to the subject during a previous period of
intense interest. At that time the flow fields were modeled with simplified theories and
theoretical analysis was used to determine the minimum drag shapes. Subsequent to that
time, interest in minimum drag shapes received less attention (with exceptions), while other
design considerations dominated the aerodynamic design problem. However, with
sustained cruise flight once again of interest, the importance of achieving low drag levels
dictates that additional work be done in this area. Moreover, a study for minimum drag

bodies provides insight into the most desirable choice for the surface pressure distributions.
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The proper specification of surface pressure distribution plays a key role in the
development of practical aerodynamic design methods, especially for inverse methods. As
will be explained later, the selection of the actual target pressure distribution is directly
related to the existence and uniqueness of the inverse solution and must be based on
previous design experience. Generally this amounts to selecting a pressure distribution that
controls adverse viscous effects and, especially in the supersonic and hypersonic case,
minimizes drag. From this point of view, it is valuable to reexamine and investigate the
minimum drag bodies in the supersonic and hypersonic flow regimes with the advanced
computational design tools. Since the original minimum drag shapes were derived, a
revolution has taken place in the area of aerodynamics. Body shapes can now be analyzed
routinely using advanced computational methods. This affords us the opportunity to
reexamine the classical minimum drag shapes, thus to provide a clarification of the
historical results for hypersonic minimum drag shapes through a computational
examination of several of the previously proposed minimum drag shapes using an
advanced computational method. The interest is in the high supersonic/moderate hypersonic
speed regime (M.,= 3~12, where the high Mach number is of interest for low drag and
hence slender shapes), where neither the linearized supersonic nor the Newtonian
hypersonic analysis will be accurate. This is precisely the Mach number range of interest in

a number of current aircraft studies.

A geometric property of many minimum drag shapes in this Mach number range, is
the surprising feature that the shape of the axisymmetric body, r(x) has initial slope dr/dx,
of 90°. This means that a supersonic or hypersonic minimum drag shape is blunt. This is
consistent with the fact that a slight bluntness near the nose is essential in hypersonic flow
to decrease not only pressure drag but also friction drag and the amounts of heat transfer to
the body surface. In some cases, a geometrically blunt body is not necessarily an
aerodynamically blunt body*. Thus, during a numerical investigation for the supersonic
and hypersonic minimum drag bodies, specific attention will be paid to the examination of
the nose region to investigate the effect of the bluntness of the nose on the flowfield

solutions.

INTRODUCTION 2



2. Aerodynamic Design; Inverse Methods and Numerical Optimization

Even though computational fluid dynamics is regarded as the primary aerodynamic
design tool for some design problems>, aerodynamic design methods have not received the
same level of attention that the analysis methods have received. Candidate aerodynamic
design methods are generally divided into two categories; inverse methods and numerical _
optimization using direct analysis methods repetitively. The two approaches each have
strengths and weaknesses, and are perhaps best used together for current design projects.
In particular, inverse methods can be used to generate the design variables or ‘shape
functions’ required for numerical optimization. This approach is part of the ‘Smart

Aerodynamic Optimization’ concept described in reference 6.

Numerical optimization methods are characterized by the use of automated design
procedures in which an optimization algorithm and a fluid dynamics solver are linked
together to, directly, minimize a given aerodynamic objective function, such as drag. The
important parts of the numerical optimization approach are the choices of an aerodynamic
objective function and constraints, a set of design variables and shape functions, and
proper numerical optimization algorithm’. The choice of the shape functions which is
related to the determination of the geometry to be designed and corresponding design
variables, is of utmost importance because the computational cost is directly dependent
upon the number of design variables. Hicks et al. used simple polynomial expressions (4th
degree polynomial with a square root leading term) in early applications3:9. In later
applications10.11,12 they used a more sophisticated class of shape functions (a set of
geometric shape functions), which enable multiple design point problems to be solvable.
Vanderplaats!2 selected four existing airfoils as shape functions and obtained the desired
airfoil geometry by the linear superposition of these four airfoils. A reasonable and refined
choice for the shape functions is suggested by Aidala et al.6. They proposed shape
functions based on pressure distribution changes using an inverse program. These shape

functions are aerodynamically more meaningful, in comparison to the physically
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meaningless bumps or polynomials used in the previous optimization studies. While the
choice of the design variables is of great practical significance, the choice of the objective
function, in conjunction with the choice of the aerodynamic and geometric constraints, is
also of fundamental and practical interest. Typical selection of the objective function has

been wave drag8.9,10,14,

Even though most efforts have been given to the development of the numerical
optimization method in transonic potential flow, there are a few optimization techniques
developed for the Euler equation in the supersonic and hypersonic speeds. Using the
widely used optimization code CONMIN15 developed by Vanderplaats, Bock!6 designed
the minimum drag body using the Euler space marching program for bodies of revolution at
supersonic speed (M..=3.0). Schonel7 applied the numerical optimization technique to the
design of wings (conical or three dimensional wings) in the supersonic speed (M..=4.8)
using an analysis code for the Euler equation. Using modified Newton theory, Dulikravich
et al.18 designed a minimum drag body at zero incidence in hypersonic flow. Anderson
and co-workers19:20 designed viscous optimized hypersonic waveriders using the non-

linear simplex method.

Because of the excessively large computational costs, at least, in three dimensional
flow, the possibility of employing numerical optimization methods arose only after
significant computer power became generally available. Thus these methods are the most
recent, most expensive and possibly the most promising ones in the long run. Perhaps the
key advantage is the prospect of finding an optimal body shape directly. However, these
methods depend critically on the user assumed form of the answer (both in selecting the
design variables and the objective function), and, moreover, local rather than global optima

can appear during the optimization.

The other approach to aerodynamic design is the inverse method, where the pressure
distribution is specified and the analysis determines the required geometry. Inverse

methods are generally much cheaper to use than optimization methods especially for the
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design of three-dimensional body shapes, although optimum designs do not arise directly.

Even experienced designers may not always know the optimum, or most desirable
pressure distribution on a surface, but they can usually recognize an undesirable
distribution that must be modified2!. Thus, the tedious cut and try shaping has been
replaced by the inverse technique: Rather than guessing shapes that must be assessed by
analysis or testing, inverse methods allow our understanding of flow physics to directly
impact the course of design3: The inverse method has been considered important for
decades because many desirable features of the flow field, such as minimization of the
wave drag, and delay of boundary layer separation and laminar-to-turbulent transition can
be achieved by proper prescription of the pressure distribution along the surface of the as
yet unknown body22.23. Over the past few years at Boeing, the inverse method has been

the primary design tool for transonic wing development>-21,

2.1. Inverse Methods in Subsonic and Transonic Flow Regimes

The aerodynamic design methods in these flow regimes have been reviewed
thoroughly by Slooff’. His classification for the subsonic and transonic inverse methods

has been adopted as follows.

Numerous inverse design procedures have been developed, but most of the effort has
been directed toward the airfoil and wing design at subsonic free stream speeds assuming
the potential flow. Currently existing inverse design methods for these speed ranges can be
classified into two main categories: Methods utilizing Dirichlet-type boundary conditions
derived from the target pressure distribution; Methods utilizing Neumann-type boundary
conditions in combination with some geometry correction procedure (residual-correction
method).

In the Dirichlet-type approach, airfoil geometry corrections are derived by
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integrating - either explicitly, or in some implicit manner - the transpiration mass flow over
airfoil shape estimates?4. The main advantage of the Dirichlet-type method is rapid
convergence, provided appropriate auxiliary algebraic constraint relations for airfoil closure
and regularity are satisfied (there will be a detailed explanation of these constraints in a later
part of this chapter). Zedan and Dalton25 developed an inverse method for axisymmetric
bodies in incompressible potential flow. Johnson and Rubbert26 applied this approach at
subsonic flow using PANAIR panel program. Reference 26 does not provide details about
the procedure utilized for updating the geometry from the normal velocity components in
each iteration. The first reported effort to solve the full potential transonic inverse airfoil
problem using the Dirichlet-type approach is that of Tranen2”. Volpe28 and Arlinger29
used approaches similar to Tranen’s in designing two element airfoil systems. A distinctly
different approach has been taken by Carlson30. Instead of using a body conforming finite
difference mesh in the circle plane, Carlson uses Cartesian coordinates in the physical
plane. The first inverse method for three dimensional transonic potential flows is that of
Henne31. His method can be considered as the three dimensional equivalent of Tranen’s27
two dimensional method. Because Henne does not address the complete three dimensional
problem of determining the velocity components, it is doubtful whether the scheme will

converge in the proper mathematical sense’.

In the residual-correction type approach, a sequence of analysis problem is solved
over a corresponding series of geometries. Each geometry is provided by some rational
method depending on the difference between the computed pressure and prescribed
pressure being driven to zero. The main advantage of the residual-correction type
approach is its simplicity. Only a small investment is required, because any existing
analysis code can be used without modification. However, it is known that this approach
has a modest rate of convergence. A simple, but apparently effective residual-correction
rype approach has been described by Davis32, who suggested a simple body surface
alteration procedure. Using simple wavy-wall formula, he developed a design method for
the supersonic wing and transonic airfoil. Another possibility using this approach has been

studied by Garabedian and McFadden33 for three dimensional wings at transonic speeds.
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Malone34 used PANAIR panel code to design three dimensional wing at subsonic flow.
Malone et al.35 modified the Garabedian and McFadden’s33 original inverse design
procedure and designed two dimensional airfoils and three dimensional nacelle
configurations at transonic speeds. Takanashi36 and Tatsumi and Takanashi37 used the
residual-correction concept combined with existing three dimensional transonic full
potential flow analysis code to design swept wings. A method for axisymmetric, semi-

infinite inlets has been described by Ives38.

All the inverse methods described above have been developed for the airfoils or
wings in the subsonic and transonic potential flows, which are essentially valid even for the
rotational flow with relatively weak shock (M, < 1.2~1.3)39. But as pointed out by
Moretti40, it seems to be necessary to abandon the potential equation and to replace it with
full Euler equation in the presence of a shock which is not weak, because the potential flow
calculation may provide incorrect flow field solutions*! Inverse methods for the Euler
equations have been developed for airfoils and cascades by Giles et al.42:43, for
axisymmetric duct and blade cascade by Meauze#4 and three dimensional extension of
reference 44 by Couaillier and Venillot#5 in transonic flow. Lin et al.21 designed three

dimensional transonic nacelles and winglets using the residual-correction type approach.

2. Inv Meth in ni H ni R

Much less effort has been devoted to the development of inverse methods for
supersonic and hypersonic bodies. This is especially true for three dimensional bodies. In
particular, the Douglas Aircraft study#6 of supersonic cruise airplanes identified the need
for an inverse method for HSCT class vehicles, which will allow the aerodynamic designer
to specify a pressure distribution consistent with the requirements for maintaining laminar

flow.

Important considerations in supersonic/hypersonic design are the use of methods that
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exploit the space marching techniques available for high speed flow, and the issue of
determining the planform shape as well as body contours within a specified planform
outline. The most recent work appears to be the methods developed by Sirovich and co-
workers47-48, They developed the inverse method for two dimensional airfoil and
axisymmetric bodies in the supersonic flow using the method of characteristics. By
developing the body slope correction procedure using Lighthill’s approximate solution of
the linear equation for the axial velocity, Barger49 designed a supersonic body of revolution
from a prescribed pressure distribution. However, it appears that the approach developed
by Davis32 provides the most fruitful avenue of development as described above. The
reason for adopting this approach is the large amount of effort expended on analysis
methods which can be used directly, together with the general tendency of direct analysis
methods to be more robust than inverse methods. The idea of modifying geometry in
analysis codes to obtain inverse methods can be traced to the work of Barger0. More
recently, the approach has been used by Campbell®!.

2.3. The Existen niquen f the Inv. lution

Inverse methods also require that the user have some design experience and
appreciate several aerodynamic characteristics in order to specify a pressure distribution for
which a geometry does exist! (aerodynamically attractive pressure distribution may require
a physically unrealistic geometry or, in general, a geometry that is unattractive from the
structural engineer’s point of view). The existence and uniqueness problem of a inverse
solution was first raised by Lighthill>2. Using conformal mapping techniques in two
dimensional incompressible flow, he demonstrated that a unique and correct solution to the
inverse problem does not exist unless the prescribed pressure (or, equivalently speed)
distribution satisfies certain integral constraints. Two constraints arise from the requirement
that the airfoil profile have a specific trailing edge gap. A third, more subtle constraint
requires that the prescribed surface speed distribution be compatible with the specified free

stream speed. Woods33 has pointed out that similar constraints are also required in the
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mixed design problem in which the pressure distribution is prescribed for some parts of the
airfoil and the shape is prescribed for other parts.

Volpe and Melnik34.55 have demonstrated that the role of constraints and the question
of correct formulation of the inverse problem have never been properly addressed for two
dimensional compressible flow and that, as a consequence, most existing inverse methods
for transonic flow are not well formulated. It was pointed out that similar constraints
plausibly exist for compressible flow, at least in the absence of shock waves35. The
existence of these three constraints implies that in general, the target speed distribution must
contain three free parameters to guarantee that the constraints can be satisfied through
proper adjustment of the parameters. Thus the originally prescribed target pressure changes
in each inverse iterations to satisfy the constraints. Introducing a potential function to
formulate these three constraints mathematically, they successfully applied the method to
two dimensional compressible potential flow. Because particular forms are needed for the
functions36 which correct the target speed according to the constraints, it is not easy to
apply the method for general two dimensional flows. But they are the pioneers who have
investigated the existence of an inverse solution and formulated the constraint conditions

mathematically for the compressible flow.

A similar solution existence problem was studied by Daripa5?. He concentrated on the
third constraint of Lighthill’s; The M., obtained from the input pressure distribution using
the irrotational and isentropic relations and Bernoulli’s equation is compared with M, ¢ (the
computed free stream Mach number which is determined by the solution of the governing
equations subject to the target pressure distribution). It was pointed out that for a solution
to exist, M, determined directly from the input Cp, and the computed M_.© must be the
same, otherwise a solution with the input pressure distribution does not exist. The other

two constraintsS2 connected to the trailing edge closure problem were not discussed.

The trailing edge closure problem was investigated by Volpe and Melnik34, Carlson
and co-workers38.5 and Shankar® etc. at the subsonic and transonic speeds. Prescription
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of an unconstrained pressure distribution may lead to the airfoil sections which have either
excessively blunt trailing edge (open) or which, at least numerically, have the upper and
lower surfaces crossed at the trailing edge (fishtailed). Carlson38.59 used the adjustment of
the nose radius (relofting) to close the trailing edge in his direct-inverse calculation.
Shankar® altered the velocity potentials in front of the leading edge to obtain automatic
trailing edge closure. Even though they ignored the role of the constraints which were
suggested by Lighthill and Woods, closed airfoils and wings were generated and their

methods are useful for the inverse problem in the subsonic and transonic flow.

Even though some inverse methods for the two dimensional Euler equations have
been developed in the transonic speeds, the existence and uniqueness problems of the
inverse solutions have not been properly resolved because of their mathematical
complexities in the formulation. The inverse solution existence problem in the three
dimensional cases is much worse as discussed in reference 7. The question of well-
posedness does not seem to have been addressed properly even for incompressible flow?.
One aspect is that three dimensional equivalents of Lighthill’s constraints have not been
formulated. Theoretical difficulties, however, do not prevent the development of useful

inverse procedures’.

3. The Objective of the Present Study

The objective of this work is to understand the key issues for achieving low drag
supersonic and hypersonic shapes, and to develop efficient axisymmetric and three
dimensional supersonic and hypersonic inverse design methods using the Euler equations.
In the following chapters, the minimum drag body shapes, especially for power law bodies
in the supersonic and hypersonic flow regimes, will be discussed first to get a general
understanding for the specification of target pressure distributions. After redefining the
aerodynamically blunt and sharp bodies in the supersonic and hypersonic flows, an inverse

design method for supersonic and hypersonic axisymmetric bodies will be presented. To
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solve the relatively slow convergence problem in the residual-correction type approach, a
convergence accelerating techniques will be derived and applied. Based on the
axisymmetric inverse method, a new and efficient inverse method for three-dimensional
bodies will be presented with several example calculations. Finally, the existence and

uniqueness of inverse solution will be discussed for the developed inverse methods.
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II. MINIMUM DRAG BODIES IN SUPERSONIC AND
HYPERSONIC FLOW REGIMES

In this chapter, a number of classical investigations and shapes which have been
found to have minimum drag under various assumptions are reviewed. Then the results of
a new computational investigation are described, and new results for an optimum body
shape are presented. Specific attention is paid to numerical accuracy. Results for the so-
called ‘hypersonic power law bodies’ are presented, including a detailed examination of
both the blunt nose effects, and the effects of using an equilibrium air model. A Parabolized
Navier-Stokes calculation is presented to illustrate viscous effects, and finally results for
one other body of interest are presented. The results of the study provide a rigorous basis
upon which to draw conclusions regarding the selection of the best shapes for high

supersonic/hypersonic speed vehicles.

1. Review of Some Previous Minimum Drag Studies

For circumstances where analytic theories are available and valid, minimum drag
shapes have been determined theoretically for a wide range of constraint conditions.
Analytic theories are available for both linearized supersonic flow and hypersonic flow
when Newtonian flow theory is valid. Figure 1 presents Fink’s61 summary of the situation
and is based on his figure. Several results available from the analytic results for minimum
drag bodies are shown. This figure also illustrates the large gap between the regions where
analytic solutions are available. The gap exists in the analytic theory of minimum drag
shapes for values of the Mach number similarity parameter M..2- 1)05/(l/d), where l/d is
fineness ratio between about .6 and 4. This is the area requiring further investigation, since

this is the region in which much of the flight will take place for future high speed vehicles.
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The shapes considered here correspond to bodies of given length and diameter (the
case that most closely corresponds to actual aircraft design requirements for current
supersonic aircraft), and with their maximum cross-sectional area at the base (which has
been the classical case of interest in hypersonic flow). Perhaps the most unusual feature of
the classical results for both supersonic and hypersonic minimum drag bodies of given
length and diameter is that the bodies have an infinite slope at the nose. If the length is
unspecified a pointed tip will result®2, and in fact be cusped. This tip is unsuitable for high
speed cruise vehicles. Both structural and aerodynamic heating problems eliminate these
shapes. In the case of supersonic flow, the Karman Ogive3 was derived using slender body
theory. The derivation requires that the body slope at the base be zero. The resulting shape
has an infinite slope but zero radius of curvature at the nose. Consistent with slender body
theory, the body shape and drag exhibit no Mach number dependence. Parker%3 obtained
the linearized supersonic theory minimum drag shape. He found that the minimum drag
body was in fact pointed at the nose, but with an initial slope equal to the Mach cone angle.
In his case this was the maximum slope that the analysis theory allowed. Thus the slope is
large for moderate supersonic speeds for which the theory is valid. Parker’s analysis did
not require that the body slope at the base be zero, and a nonzero slope resulted. As shown
in figure 1, his results do exhibit a Mach number dependence, predict a body with less drag
than the Karman Ogive, and are valid for small values of the Mach number similarity

parameter.

At hypersonic speeds Eggers et al.52 used Newtonian impact theory to show that
when body length is specified, the body has a blunt nose. However, the length scale of the
blunt nose is extremely small, such that solutions obtained on computational meshes
appropriate for the solution over the entire body do not reveal the features of this region.
Clearly the analysis in both cases demonstrates that when length is held fixed, a high
pressure applied over the differential area rdrd@ is acceptable at the nose where r goes to
zero. This allows reduced slopes and hence drag forces over those parts of the body where
the differential area is larger. In addition, Eggers er al.62 showed that a power law body of
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the form r ~x ”* closely approximated the minimum drag shape obtained analytically

when n = 3/4. Figure 2 shows the small scale of this blunt region of the body.

Figure 3 illustrates the differences between various minimum drag body shapes.
Again it is clear that for the cases with blunt noses the blunt portion of the body is
extremely small relative to the complete shape. Table 1 presents a summary of the various

minimum drag shapes of interest here.

A slightly different shape is obtained if the so-called Busemann correction is
introduced into the hypersonic flow theory. This was done by Hayes®. In this case the the
shock layer is allowed to separate from the body at some distance along the surface. The

drag predicted with this shape is less than the value determined by Eggers et al.62

, as seen
in table 1. The Hayes shape is obtained using an n = 3/4 power law initially, and then
continuing aft of a match point, x, with a shape proportional to (x - x9)1/3. An alternate
derivation of this shape was also given by Miele®®. The minimum drag body including the
Busemann correction results in a minimum drag body for which the power law form
provides a very close description when n = 2/3. Studying the general class of power law
bodies, Cole%0 also found the n = 2/3 power law body to be the minimum drag shape

when the Busemann correction was included. A comparison of the exact Hayes’ body

shape with the n = 3/4 power law shape is contained in the results section.

Considering the Mach number (or more precisely similarity parameter) region where
analytic solutions are not valid, the key contribution has been made by Fink61, who
thoroughly examined, on the basis of hypersonic small-disturbance approximations to the
shock-expansion method, the connection between the classical linear supersonic and
hypersonic theories. In this region optimum body shapes are obtained through numerical
computation. No a priori assumption was made for the body shape, and the optimum body
was obtained as a numerical table of values of the radii at 25 stations along the length. His
results were generally “around” the n = 3/4 power law body shape. Although not given

explicitly, the initial vertex angle was large. In using the shock expansion method, Fink
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was constrained by the theory to obtain shapes for which the initial nose angle resulted in

an attached shock.

Two other results are contained in figure 1. Zandbergen67 computed numerical
solutions for optimum bodies with finite nose angles using the method of characteristics.
He started his numerical calculation assuming a conical nose and then allowed the shape to
seek an optimum radius distribution aft of the conical starting stations. Although he
expected to obtain cusped solutions for the nose shape, the slope was always greatest along
the conical segment, and began decreasing as soon as it was allowed to change. The
implication is that the procedure would have led to very large initial slopes (blunt noses) if
the procedure allowed for it. The other point on the plot was obtained by Powers®8, who
determined optimum shapes for bodies required to have spherical noses. Powers%8 used
equilibrium air blunt body and method of characteristics numerical methods and obtained
the optimum shape from a class of spherical radii and perturbation polynomials to a
baseline body. His optimum shape was near the 3/4 power law body, and with an

extremely small spherical cap, much smaller than the one he used as the initial baseline.

In addition to the results discussed above, which were obtained some time ago,
optimum bodies are still being derived using analytic theory. The recent work by Maestrello
and Ting® used modified Newtonian theory to obtain optimum forebody shapes for the

case where the leading edge radius was specified.

One other significant numerical study of shapes has been made. Stivers and
Spcnccr70 conducted an extensive numerical investigation of shapes. They were interested
in hypersonic cruise vehicles during the surge of interest in the mid 1960’s. They also used
the method of characteristics, and computed the drag for four classes of bodies over the
range of Mach numbers from 2 to 12. Being one of the few studies of cruise vehicles, they
investigated shapes that had their maximum thickness at the midpoint. The constraint was
the use of specified length and volume. The body classes studied included Sears-Haack,

parabolic arc, back-to-back Karman Ogive and a Miele shape3 of given surface area and
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