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I. INTRODUCTION 

Solid propellant rocket motors used for tactical missiles are 

usually stored for years without careful protection from the environ­

ment. The environmental changes include changes of the ambient 

temperature, solar radiation, wind speed, cloud cover, etc. These 

changes, of course, vary with location, time of day and season. As a 

result, over a period of several years, the motors may experience high 

thermal stresses and strains. Consequently, their useful service life 

may be terminated by overstress conditions. The purpose of this 

study is to obtain for given environmental conditions the temperature 

responses of the motors and using these temperatures to evaluate in­

duced thermal stresses and strains in the propellant. These stresses 

and strains are then used in a probabilistic failure analysis from 

which a service life is calculated. 

The solid propellant rocket motor considered in the present 

analysis is modeled as a cylinder consisting of a long hollow 

propellant layer and a thin steel case. This cylinder with case is 

placed inside an insulated container. The insulated container, of 

course, will help to protect the propellant from experiencing the 

rapid and severe changes in environmental conditions. This arrangement 

can be modeled as a composite cylinder with five layers as shown in 

Fig. 1. 

Besides heat conduction which exists inside the cylinder, heat 

convection and solar radiation and the effect of outside wind speed 

1 
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Figure 1. Physical model. 
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are also considered in the analysis. As will be discussed later, heat 

convection depends on several things in which the wind speed is con­

sidered to be very important. Records of hourly ambient temperature, 

solar radiation and wind speed measurements supplied by the u.s. 

National Oceanic and Atmospheric Administration are used for this in­

vestigation. Consequently, there will be three random inputs on the 

surface of the cylinder. The location of interest is Phoenix, 

Arizona. 

It is quite obvious that the geometry of the structure is compli­

cated and on the boundary surface there exist three forms of heat 

transfer: conduction, convection and radiation. An implicit finite 

difference scheme has been used in the present analysis to obtain heat 

transfer solutions, that is, temperature responses at various loca­

tions of the propellant. Once temperature responses are available, 

stress and strain responses are obtained through the use of 

appropriate expressions relating the stress and strain to temperature. 

With the calculated stresses and strains, a probability analysis 

will be conducted to predict failure of the motor and hence determine 

its service life. 

The following assumptions have been made in the analysis of 

this problem: 

It is assumed that the propellant is an isotropic, homogeneous 

and continuous medium. 

It is further assumed that materials treated in the present 

investigation have a linear elastic behavior. Also, all material 

properties are assumed to be time and temperature independe:nt. 



II. REVIEW OF LITERATURE 

The heat conduction problem of a long cylinder was solved by 

Dahl back in 1924 [1] by using Bessel and Newman functions. 

The state of stress in a long cylinder due to temperatures that 

vary with the radial coordinate only (axial symmetry) is well known. 

Kent [2] obtained the solution for bot~ long solid and hollow cylinders 

with various modes of temperature inputs. The thermal stresses in 

two concentric joined cylinders where the coefficients of thermal 

expansion are different were discussed by Poritsky [3]. In a similar 

analysis, the behavior of composite cylinders was discussed by Gate­

wood [4]. 

In an effort to obtain the stress and strain for a hollow cylin­

der (propellant) with a thin case, Williams et al. [5] started out 

with the stress equilibrium equation and substituted appropriate 

boundary conditions to obtain expressions for stress and strain in 

terms of temperatures and material elastic constants. As will be 

seen later, this derivation will be presented and used i.n this study. 

In a series of papers [6-11], Heller, Kamat and Singh have 

developed a probabilistic life prediction methodology for solid 

rocket motors. These motors were modeled as long hollow cylinders 

encased in a thin steel case and subjected to environmental 

temperatures. In references [6-9] the temperacure was assumed to 

consist of an annual mean, a deterministic seasonal cycle and a 

random variation of the daily temperature. All material properties 

4 
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were assumed to be elastic and to have a nor~al distribution except 

in references [10] and [11] where a Weibull distribution was assumed. 

In references [10,11] thermal loads are calculated with the use of 

actual, measured power spectra. Also, in reference [11] the material 

was treated as a pseudo-viscoelastic material. In this same reference, 

in addition to the ambient temperature, a simplified, deterministic, 

solar radiation model was included in the inputs. 

Heller et ale analyzed the random process in the frequency 

domain. From the one-dimensional heat conduction differential equation, 

the method of separation of variables was used to obtain a Bessel 

differential equation and then the frequency response function was 

evaluated. 

Using the theory of random process, Heller obtained the power 

spectral density for the temperature responses. Once the power spectral 

density is available, other statistical parameters of the output can 

be evaluated as well. 

In a similar study, Cost [12] found the solution in the time 

domain by using a finite element scheme. The finite element tech­

nique helped to obtain the transient temperature throughout the rocket 

motor and numerical integrations were applied for evaluating the 

induced stress and strain. In order to obtain the probability dis­

tribution of various outputs, Cost used a Monte Carlo simulation 

technique. 

Recently, Okono [13] solved the similar problem but the material 

was treated as nonlinear viscoelastic; again a finite element tech­

nique was employed to obtain the transient temperature throughout 
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the motor. 

In all of the above mentioned references [6-12], the surface 

temperature of the cylinder is assumed to be identical to the 

ambient temperature. 



III. HEAT EXCHANGE AT THE CYLINDER SURFACE 

3.1 Formulation 

The rocket motor can be considered as a long axisymmetric 

cylinder (plane strain problem). The heat flow within the cylinder 

may be modeled by the so-called one-dimensional heat conduction equa-

tion 

2 a T(r,t) + 1 dT(r,t) = 1 aT(r,t) 
dr2 r ar y at 

(3.1) 

in which 

T(r,t) = space and time dependent temperature 

y = thermal diffusivity 

In reality, solar radiation and ambient temperature come into each 

part of the surface of the cylinder with different intensities and 

values around the circumference. It is quite obvious that, in the 

case of solar radiation, the complete surface of the cylinder does not 

absorb the same amount of solar radiation. In fact, only the upper 

half surface of the cylinder receives most of the solar radiation. In 

the present case, it is appropriate to assume that the cylinder 

receives the same amount of environmental input all around its cir-

cumierence because the encased propellant is inside an insulated 

container which makes the propellant relatively insensitive to short 

term environmental variations. The change in temperature within the 

propellant is extremely slow as compared to the rapid change in 

input temperatures. This argument will become clearer in the latter 

7 
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part of this study and justify the use of the one-dimensional heat 

conduction equation. 

From Fig. 1, the boundary conditions are 

B .. C. 1 aT! = 0 
8r r=O 

B. c. 2 T
1
(r

1
,t) = T

2
(r

1
,t) 

B.C. 3 
dT

1
(r

1
,t) 8T

2
{r1 ,t) 

Kl 8r = K2 dr 

B.C. 4 

B.C. 5 

B.C. 6 

B.C. 7 

B.C. 8 

B.C. 9 

aT ,t) 
B.C. 10 K ----+ h(T - T . ) = aF(t) 

5 alr 

where 

r. = inner radius of each layer (i=1,2,3,4,5) 
1 

h = coefficient of surface heat transfer 

T. ambient temperature of the air 
al.r 

a = absorptivity (0 < a < 1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 
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F(t) = normal component of heat flw~ entering the cylinder 

through the surface 

K. = thermal conductivity of each layer 
~ 

Hence, the task is to solve the differential Eq. (3.1) with its 

associated boundary conditions (3.2-11). The last boundary condition 

makes it difficult to obtain a closed form solution of this problem. 

It becomes even more difficult, if not impossible, to obtain a closed 

form solution if the material properties are not linear elastic, but 

time and temperature dependent. 

Given such a complex problem, it is appropriate to use a 

numerical scheme such as finite element or finite difference tech-

niques to obtain solutions. 

The finite difference method has been selected to analyze the 

problem. 

3.2 Heat Balance Equation on the Surface of the Cylinder 

It is quite obvious that the cylinder surface temperature and 

air temperature are related to one another. The nature of the relation 

is one of the most complex. On the cylinder surface there are three 

known forms of heat transfer, namely heat conduction, convection and 

solar radiation. Each form by itself is a complex phenomenon. Thus, 

there exists, on the surface of the cylinder, a fairly complicated 

boundary condition. In fact, as will be shown later, solar radiation 

renders the boundary condition nonlinear. 

Transfer of heat between the cylinder surface and surrounding 

air is affected by evaporation and condensation of moisture, by wind 
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speed, ambient temperature, type of the surface, and by solar radia-

tiona 

Before probing into the nature of each of the above-mentioned 

phenomena it will prove fruitful to introduce the energy balance 

equation on the surface of the cylinder as follows [14] 

where 

. Q. - Q + Q - Q 
1 r a 9" 

(3.12) 

Qi = heat flux resulting from incident short-wave radiation, 

Btu/ft2-hr; 

Qr heat flux resulting from reflected; short-wave radiation, 

Btu/ft2-hr; 

Qa = heat flux resulting from long-wave radiation emitted by the 

2 atmosphere, Btu/ft -hr; 

Q~. = heat flux resulting from long-wave radiation emitted by 

the cylinder surface, Btu/ft2-hr; 

Qh = heat flux resulting from evaporation, condensation, 

transpiration and sublimation, Btu/ft2-hr; 

2 Qg = heat flux by conduction into the cylinder, Btu/ft -hr; 

Qc heat flux by convection, Btu/ft2-hr. 

Eq. (3.12) is nothing but an expression of the conservation of 

energy. In other words, total energy received by the surface will be 

transformed into different forms of heat transfer, no energy will be 

lost. 



11 

3.3 Thermal Radiation 

It is of interest to discuss thermal radiation in general before 

discussing the structure of solar radiation. 

Thermal radiation involves the transfer of heat from one body to 

another at lower temperature by electromagnetic waves passing through 

a separating medium. Most thermal radiation problems involve infrared 

rays. In the case of solar radiation, a significant amount of energy 

transfer occurs in the visible range of wave lengths. 

Thermal rad~ation travels through a vacuum with the speed of 

light (186000 miles per second), travels in straight lines through a 

homogeneous medium, is converted to heat when it strikes any body 

which can absorb it, and is reflected and refracted according to the 

same rules as light. 

Fig. 2 shows the changes which may occur when a ray of thermal 

radiation strikes a surface. Part of the incident radiation (I) 

may be reflected, part may be absorbed, and part may be trans­

mitted. 

3.4 Solar Radiation 

It is known that besides the change in ambient temperature 

which affects the change in temperatures on the cylinder surface, 

solar radiation also plays an important role in changing surface 

temperatures. 

Straub et a1. [15] and Barber [16] have carried out studies of 

a pavement and measured the relative effect of radiation and air 

temperature. It was observed that solar radiation has a very 



INCIDENT 
RADIATION 

\ 

t 

12 

RERADIATION 

t /; RE FLECTION 

SURFACE 

TRANSMISSION 
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significant, and sometimes greater effect than air temperature. 

However, one cannot generalize these findings and conclude that, 

for all cases, solar radiation always has a greater effect than air 

temperature in heat transfer analysis. 

In analyzing the temperature response for the problem at hand, 

it is however appropriate to consider the existence of solar radiation 

in the inputs. 

3.4a Short-Wave Radiation 

Short-wave radiation is regarded as that part of the spectrum 

of all solar radiation having wave lengths between 0.15 ~ and 3.5 ~. 

Before reaching any object on earth, some solar radiation is absorbed 

and scattered as it passes through the 90-mile-thick layer of air, 

water vapor, carbon dioxide, and dust which surround the earth. The 

amount of solar radiation received by a body on earth depends on the 

time of the day, time of the year, locations. Figure 3 shows a 

typical amount of global solar radiation received on two consecutive 

days in summer in Phoenix, Arizona. 

The short-wave radiation is made of two parts: direct and dif­

fused solar radiation. Direct solar radiation is the part which is 

not reflected by clouds, absorbed or scattered by the atmosphere. On 

the other hand, the diffused solar radiation is the part which is 

reflected by clouds and absorbed or scattered by the atmosphere. The 

amount of both direct and diffused solar radiation reaching a hori­

zontal surface is called global radiation. In the present study, 

several years of hourly observations of global radiation in Phoenix, 
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Arizona have been considered. These measurements were provided by 

the U.S. National Oceanic and Atmospheric Administration on magnetic 

tape. 

Not all short-wave radiation will be absorbed by an object on 

earth. In fact, some of this radiation is reflected by the object. 

The amount of reflected radiation depends largely on the type and 

color of the surface. 

In Eq. (3.12) Q. represents the incident short-wave radiation 
~ 

(both direct and diffus·ed radiation) and Q represents the reflected r 

short-wave radiation. In fact, one can combine the above-mentioned 

radiations in the following equation: 

where 

~. 
~ 

2 absorbed short-wave radiation, Btu/ft -hr; 

a = absorptivity (varies between 0 and 1) 

3.4b Long-Wave Radiation 

(3.13) 

The long-wave radiation includes that part of the spectrum of 

radiation having wave lengths between 3.5 ~ and l50~. This form of 

radiation exists as an exchange of heat energy between an object on 

the earth's surface and the sky. Long-wave radiation arises from the 

fact that all bodies emit radiation. 

The long-wave radiation emitted from a unit area of the cylinder 

surface, denoted by Qi' is expressed as 

(3.14) 
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where 824 cr = Stefan-Boltzmann constant, 0.1714 x 10- , Btu/hr-ft -R , 

€ = emissivity of radiation by the cylinder surface 

T = absolute surface temperature in degrees Rankine 

The long-wave back radiation affecting the energy balance equation, 

Qa , is the radiation going back to the earth from the atmosphere and 

can be written as [17] 

(3.15) 

where e is the atmospheric emittance expressed in terms of the air 
as 

temperature as 

e = 1 - 0.261 (-7.776 x 10-4 T .2) 
as alr 

where T. is in degrees Centigrade. Geiger [18] developed an 
alr 

empirical formula for this back radiation as follows 

(3.16) 

Combining the works of several authors, Geiger assigned values for the 

constants in the above formula as follows 

G 0.77 

J = 0.28 

p 0.074 

and the vapor pressure, p, varies between land 10 mm of mercury for 

the climate near the ground surface. 

To simplify the calculations involved, Hunt and Cooke [19] com-

bined both long-wave radiation emitted by the surface and back 

radiation by the atmosphere discussed earlier in a single equation 
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(3.17) 

where T and T k are the absolute temperatures of the surface and sky s y 

respectively. 

They further used some approximations to obtain an even simpler 

relation. Their derivation is presented here. 

The conduction and convection heat loss is approximated by 

Q = h (T - T ) cv c air 

where h is an experimental coefficient. 
c 

Eq. (3.17) can be written in the form 

Q e (T4 T 4 ) + ea(T 4. _ T 4 ) tw = a - air a~r sky 

This relation can also be expressed as 

Q~w 

in which 

h (T - T . ) + ea(T ~ r a~r a~r 

T 4 ) 
sky 

h = ea(T2 + T ~ )(T + T . ) r a~r a~r 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

and h is sometimes referred to as radiation heat transfer coefficient. r 

Now the equation on the boundary surface can be expressed as 

- k ddrT = (h + h )(T - T . ) + ea(T ~ - T k4 ) - aI c r alr alr s y n (3.22) 

in which h + h ~ h and is sometimes referred to as heat convection 
c r 

coefficient. The value of h is determined by an iterative process 
r 
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whereby the surface temperature is first assumed in Eq. (3.21) and is 

used to calculate an improved temperature from Eq. (3.22) (see Chap-

ter 4). The process is repeated until a stabilized h is obtained. 
r 

Eq. (3.14) represents the so-called reradiation phenomenon which 

occurs continuously throughout the day and night. During the night 

time, since there is no short wave radiation, the reradiation acts to 

release the heat from the cylinder into the surrounding air. Such a 

phenomenon renders the surface temperature of the cylinder lower than 

the ambient temperature. 

3.5 Heat Convection 

The transfer of heat by convection is a process of energy trans-

port by the combined action of heat conduction, mass transport and 

mixing motion between the cylinder surface and surrounding fluid such 

as air. It is beyond the scope of the present study to probe into 

the details of the nature of heat convection. 

Heat transfer by convection, Q , between the cylinder surface 
c 

and surrounding air is expressed by the following equation for a unit 

surface area 

Q = h(T. - T) c a1r 
(3.23) 

where T is the temperature of the cylinder surface and h is the co-

efficient of heat convection, h = h + h , which depends on wind 
c r 

velocity, the type of surface, and to a lesser extent on temperature. 

Investigators have developed empirical formulas for h. For 
c 

example, Vehrencamp [20] proposed the following equation used for a 
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flat surface 

h = l22.93{0.00144 TO. 3VO. 7 + 0.00097(T - T . )0.3} 
c m alr 

(3.24) 

where T = surface temperature in degrees Centigrade 

T = average of the air temperature and pavement surface 
m 

temperature in Kelvin degrees and is calculated as 

follows 

T + T . 
T = 273.0 + ______ a_lr_ 

m 2 

v = average daily wind velocity in mls 

Eq. (3.24) takes into consideration both the forced convection 

resulting from wind turbulence and free convection resulting from the 

buoyancy effect of air. 

Also, for a flat surface, Alford, Ryan and Urban [21] proposed 

the following formula 

h = 1.3 + O. 62V3 I 4 
c 

(3.25) 

where V = wind speed in mph. This relation takes into account the 

forced convection and average reradiation as well. 

In the present study, a relation proposed by Ulrich (22] will 

be used. This relation is applicable for a cylindral object and 

expressed in terms of wind speed and diameter of the object as follows 

[vt's if -4 
h = 0.6 D 6 x 10 < VD < 6 

c 

or (3.26) 

h [vt"s if 6 < VD < 60 = 1.0 D c 
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The next term to be discussed is Qh in Eq. (3.12). This term 

represents transpiration, condensation, evaporation and sublimation. 

Scott [23] and Berg [24] indicated that heat transfer caused by 

transpiration, condensation, evaporation and sublimation may be 

neglected in the energy balance equation without large error. Even if 

one wishes to take these affects into account there is no available 

method or formula to obtain their numerical values. Borg [24], in an 

effort to obtain a formula, found the results to be highly varied and 

completely unpredictable. 

3.6 Heat Conduction 

Heat conduction is defined as a process by which heat flows from 

a region of high temperature to a region of low temperature within a 

medium which could be a solid, liquid or gas or between different 

media in direct contact. In the present case, the medium is a 

composite cylinder. Heat transfer within the cylinder by conduction 

can be determined, as proposed, by a finite difference scheme. 

The discussion of this section can be illustrated in Figure 4 

that shows how different forms of heat transfer come into the energy 

balance equation. Note that the surface in the figure is flat, but 

for a cylindrical surface the same phenomena are present. 
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Figure 4. Heat transfer between pavement surface and air on a 
sunny day [14]. 



IV. FINITE DIFFERENCE SOLUTION 

In finite difference analysis, one can approach a problem either 

by using the explicit or implicit scheme. In the explicit scheme one 

can easily set up a single algebraic relation between an unknown 

temperature at a location at some future time and known temperatures 

at some corresponding locations at the present time. One can evaluate 

temperatures at desired locations at any time by this single algebraic 

equation. In the explicit scheme, however, one has to take the 

stability condition into consideration. For a given space increment, 

denoted by ~r, the time increment, ~t, has to be selected in such a 

way that the stability condition will not be violated. For instance, 

for a one-dimensional heat transfer problem in Cartesian coordinates, 

it has been proven that ~t has to be such that [25] 

"tvhere y = diffusivity. 

--,-y_~_t_ < 1. 
(l~r)2 - 2 

The stability considerations have restricted the size of time 

steps for a given ~r. If the space intervals are chosen rather small 

to improve accuracy and the calculations performed over a long period 

of time, say one year, computational problems become enormous. In 

such a case, the so-called implicit finite difference technique offers 

a better choice as will be seen shortly. 

If one wishes to use the explicit scheme then for the present 

study where the thickness of each layer of the cylinder is relatively 

22 
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small, (especially for the steel case: thickness = 0.060 in) ~t has 

to be very small. Thus the numerical analysis will not be efficient 

because the temperature response for one year is required. 

Consequently the implicit scheme has been adopted for this investiga-

tion. 

In the implicit scheme one is not strictly restricted by the sta-

bility condition. Rigorous proofs are given in reference [26]. Because 

the restriction on the time increment is removed, one can choose a 

rather larger time increment and save considerable computational work. 

One drawback of the implicit technique, however, is its relatively 

complicated mathematical solution in which one has to set up a set of 

simultaneous algebraic equations whereas in the explicit technique one 

only needs to set up a single algebraic relation and uses it over and 

over again to obtain the solutions. As far as programming is con-

cerned it is obvious that the implicit solution will be more involved. 

But, as will be seen later in the analysis, the set of algebraic 

equations can be arranged in a matrix form where the matrix coefficients 

will remain almost unchanged throughout the computation. As such the 

programming will not be all that complicated. 

4.1 Formulation of the Finite Difference Equations 

First the governing differential equation is re-written 

2 
a T(r,t) +! aT(r,t) 1 aT(r,t) 

ar2 r dr = y at 
(4.1) 

Before actually deriving the finite difference expressions for the above 

differential equation some fundamental finite difference relations 
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will be discussed. 

It was proved that by using a Taylor series expansion one can 

develop approximate finite difference expressions for the derivatives 

of a function. 

The Taylor series expansion of a function T(r) about a point i 

is written as 

a T I ( ~ r) 2 a 2T I 
= T. + ~r -;;- + 2' 2 

~ or i . ar i 
+ ... (4.2) 

and 

T. 1 = T. - ~r aTI + (~r)2 a
2

TI 
~- ~ ar i 2! ar2 i 

(4.3) 

Subtracting (4.3) from (4.2) to obtain 

aT 2 
2~r ar = Ti +l - Ti - l + O(~r ) 

or 

(4.4) 

So the first derivative of T(r) with respect to r has been 

expressed in the finite difference form. This form is called the 

central difference and the second term on the right hand side of Eq. 

(4.4) is the order of error due to truncating, which, in this case, 

has an order of ~r2. 

From Eq. ( 4. 2) 

aT Ti +l - Ti 
at: = --~-r-- + O(~r) (4.5) 

This is the so-called forward-difference expression of the first 

derivative. 
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Similarly Eq. (4.3) can be written 

aT -ar= 
T. - T 
~ f:.r i-I + O(f:.r) (4.6) 

which is called the backward difference equation. Note that in both 

the forward and backward difference equation above the error involved 

is of the order of ~r. 

Similarly one can develop the finite difference expression for 

2nd and higher order derivatives. The 2nd derivative becomes 

(4.7) 

Using finite difference technique, one always has to be concerned 

with the accuracy when developing the finite difference expressions for 

the differential equation of the problem. Of course, one wishes to 

have the error involved to be as small as possible. To this end, 

Crank-Nicolson [27] developed the finite difference' expressions in 

which the error both in time (t) and space (r) is sufficiently small. 

Essentially, the 2nd derivative of a function T(r,t) can be approximated 

by the arithmetic average of its finite difference analogs at the 

(4.8) 
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and the second-order-correct expression for the time derivative at 

the point ri,t,~, [28] 
J 2 1.S 

(4.9) 

In order to derive the finite difference expression for Eq. (4.1), 

first Eq. (4.2) is multiplied by A and Eq. (4.3) by B with terms having 

~r powered greater than 2 neglected 

aT (~r)2 a2T 
AT1.'+l ='AT, + A~r - + A 1. or 2! ar2 

BAr !I + B (~r)2 o2T 
BT. 1 = BT. - u ~ 2' 2 1.- 1. or . or 

Adding the resulting equations to obtain 

2 2 
AT + BT AT + BT + A A aT B A r ~ + A 6 r ..L! '+1 . 1 =, . ~r -;- - u "\ 2 t 2 1. . 1.- 1. 1. or or 'or 

(4.10) 

Simplifying Eq. (4.10) 

(4.11) 

is obtained. Now if the left hand side of Eq. (4.11) is to represent 

the left hand side of Eq. (4.1), then 

and 

1 (A - B)6r = -
r 

~r2 
(A + B) -2- = 1 

(4.12) 

(4.13) 
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Solving for A and B, 

(4.14) 

and 

(4.15) 

result. 

Introducing Eqs. (4.14) and (4.15) in the right hand side of 

Eq. (4.11) to obtain 

or 

2 
~ + 1 aT = _1_ T _ -L T + 1 T __ 1_ T 
ar2 r 3r ~r2 i+l ~r2 i 2r~r i+1 2r~r i 

(4.17) 

Simplifying Eq. (4.17) 

(4.18) 

results. 

As indicated earlier, Crank-Nicolson used an averaging scheme 

for finite difference equations. More generally one can introduce a 

weighting factor e into finite difference equations. For Crank-

Nicholson, e = 1/2. As will be discussed later, e can have other 

values. 

Introducing e in Eq. (4.18) . 
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- ~,] ~,J T - - T 1 T. . +1 - T.. e { (1 1 ) 2 
Y b.t = b.r 6.r - 2r i-l,j+1 ur i,j+1 

(1 - e) 
fir { (

1 1 ] ---T b.r 2r i-1,j 

- 1.-. T + b.r i,j [L+.L)T } b.r 2r i+1,j 

where the error is of the order of 0(b.r2) and O(~t2). 

For programming purposes, the above equation can further be 

written as 

e 
[1- _ .L]T + [~+ -L]T _ (1- + L]T 

~r 2r 6r i-1,j+l b.r2 y6t i,j+1 6r l2r b.r i+1,j+1 

= - [~~8) (;r - ~r]Ti-l,j - [2<\:26> - yqTi,j 

+ [~~6) [;r + ~r] Ti +1,j 

(4.19) 

(4.20) 

Next the finite difference equations for the boundary conditions 

will be developed. 

As stated before, the boundary conditions involved consist of the 

boundary conditions at the center of the cylinder, across each inter-

face and finally, on the surface of the cylinder. 

Considering the boundary condition at the center first (r = 0), 

it is assumed that heat conduction is symmetrical with respect to 

the origin (center). In other words, there is no heat flux at the 

center 

aTi = 0 
dr r=O 

(4.21) 

so that the 2nd term on the left hand side of Eq. (4.1) becomes 
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1 aT 0 rar ="0 

Introducing Maclaurin's expansion 

T' (r) = T' (0) + rT" (0) + t r2TIfI (0) + ••• 

At the center, Eq. (4.Z3) becomes 

So Eq. (4.1) can qe written as 

1 aT --= 
y at 

Introducing the weighting factor e in Eq. (4.24) 

2 

+ (1 - 8) ,] ,] - ,] T1 . - 2TO . + T 1 .J 
tJ.rZ 

(4.22) 

(4.23) 

(4.24) 

(4.25) 

Due to symmetry T_1 = T1 and changing the subscripts 0,1 to 1 

and Z, for programming purposes, one can further write the following 

or, 

1 T1 ,j+1 - T1,j 
y Llt [ [

2TZ ·+1 - 2T1 .+1] ZT2 0 - ZT1 0] 
= 2 e ,J I1r2 ,J + (1 - e) ,J I1r2 ,J 

Finally 
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1 Tl '+1 - ,] 
Y ilt 

4(1-8) = yAt Tl . + 2 (T2 , - Tl .) 
u ,J I:::.r ,J ,] 

(4.26) 
results. 

Next, the boundary conditions along the interfaces will be 

expressed in the finite difference form 

(4 .. 27) 

where i = 1, 2, 3, or 4. 

One can employ a three point finite difference formula [25] to 

represent the above first derivative of the function T(r,t) along each 

interface 

(4.28) 

where m is the point on the boundary. 

For programming purposes, Eq. (4.28) can be rearranged as 

_ __1._ T + __ 1. T , _ K. 2K. [3Ki + 3Ki +l ]T 
2ilr

i 
m-2,j+l ilr

i 
m-l,]+l 21:::.r

i 
2l:::.r

i
+l m,j+l 

2K'+1 
+ 1. T 

I:::.r i +1 m+l,j+l 
Ki +l 

2ilr
i
+

1 
Tm+2,j+l = 0 (4.29) 

Finally, for the boundary condition on the surface, the equation on the 

surface is rewritten as 

K aT + h (T - T . ) = aF (t) ar a1r 
(4.30) 

where the term on the right hand side represents the solar radiation. 
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Multiplying Eq. (4.3) by A and Eq. (4.30) by B with terms 

having ur powered higher than 2 neglected 

2 2 
AT. 1 = AT. - Ab.r l! + A b.r .L! 

1- 1 ar 2! "\ 2 

B ~ (Tair - T) + B ; F(t) = 

Adding (4.31) and (4.32) 

aT A 2 a2T (-Mr+B)-+-b.r -=A(T. -T.) 
ar 2 ar2 1-1 1 

is obtained. 

or 

Bi! 
Clr 

If Eq. (4.33) is to represent Eq. (4.1), then 

Solving for A and B 

-Ab.r + B 
1 

= -

B = 

r 

+1-
r b.r 

results so that Eq. (4.33) can be written as 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

(4.36) 

(4.37) 

aT + Cl 2T = _2_ (T. _ T.) + [1 + LJ fJ! (T. - T.;) + -Ka F ( t)] ( 4 . 38) 
r ar ar2 8r2 1-1 1 r b.r Lk a1r 4 

where the last term on the right hand side represents the solar 

radiation. This term can be expressed as [19] 
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aF(t) = aI(t) - eoCT ~ - T 4 ) a1r sky (4.39) 

in which a = absorptivity 

I(t) = short-wave radiation which includes both the direct 

and diffuse radiation 

e = surface emissivity 

a = Stefan-Bo1tzman constant 

T. = absolute ambient temperature in Rankine degree a1r 

Tsky = absolute sky temperature in Rankine degree 

It is often assumed that during day time T. ~ T in Eq. (4.39) a1r sky 

[19] so that 

aF(t) = aI(t) 

However, at night no short wave radiation exists, i.e., I(t) = 0, hence 

aF(t) = - ea(T ~ - T 4 ) a1r sky (4.40) 

Eq. (4.40) represents the reradiation phenomenon existing during the 

night. Accordingly, at night the surface of the cylinder gives up heat 

to the air surrounding it, and acts as a black body radiating heat. 

Next, introducing a weighting factor 8 into Eq. (4.38) to obtain 

y 
T" "+1 - T." 2 2 1,J 1,] = _ e (T T) + - (1 e) (T 

6t !J.r2 i-1,j+1 - i ,j+1 D.r2 - i-1,j 

- T. .) + [1 + : ] E.k e (T. '+1 - T. . +1) l,J r ur a1r,J 1,J 

[1 + 1-] h + k (l-e)(T. "- T .. ) r 6r a1r ,] 1,J 

+ (1 + 1-] r 6.r 
!!.e 
k 

(1 2) a Fj +1 + r +!J.r k (l-e)F. 
J 

(4.41) 
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Rearranging the equation and introducing a shape factor for the 

cylindrical surface as follows 

where 

where 

2 = -2 (l-e)T. 1 . 
!5..r 1.- ,] 

+ f-L_ 
LyLlt [1 + 1-] (I-e) .!!] T 

r ~r k i,j 

+ (1 + L] (1-8) h T. . + (rl + :r] !!. e T. "+1 r ~r k al.r,] u k al.r,] 

+ (1-6) 
k (1 + L] r as I . - e a [T 4 - T 4 J] r ~r L n,] air,j sky 

s is the shape factor. 

T sky was proposed and used by Ulrich [29] as 

T sky = T air - 20 

T sky and T air are absolute temperatures. 

4.2 Temperature Response via Finite Difference Scheme 

(4.42) 

(4.43) 

Eqs. (4.20), (4.26), (4.29) and (4.42) provide a set of simul-

taneous algebraic equations, which can be solved by various techniques. 

In the present investigation, Gaussian elimination has been used. 

In matrix form, the set of algebraic equations can be written 

as 

AX = D (4.44) 

where A represents the coefficients of the matrix. X is a column 

matrix representing the unknown temperature at a time of interest, say 
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t j +l , and the column matrix D includes the temperatures (known) at 

the present time, t .. 
J 

The complete expression of Eq. (4.44) will 

become 

all 

aZI 

0 

0 

0 

al2 0 

aZZ \a23 

a32 
a 33 

0 

0 

a. 1 1-

0 

0 

Tl,j+l 

T2 ,j+l 

T3 ,j+l 

...... 

Tn-l,j+l 

Tn,j+l 

0 

0 

a
34 

a .. 

= 

11 

Dl . ,J 
D 
2,j 

D 
3,j 

D I' n- ,J 

D . 
n,J 

0 0 

0 0 

0 0 

· ......... .......... 0 

· .......... ............ 0 

· ...... ., ................ '" 0 

o 

o 

o 

a a a n-l,n-2 n-l,n-l n-l,n 

o a n,n-l a 
n,n ..1 

(4.45) 
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It is seen that the matrix of the coefficients has zeros every­

where except on the main diagonal and on the two diagonals (four 

diagonals for nodes on the interface) parallel to it on either side. 

For a given initial temperature across the cylinder with n 

nodes, one then can obtain the temperature of these nodes at the next 

time step. Once this is done, one can use these new temperatures as 

known variables, and again by using Eq. (4.43) obtain temperatures of 

n nodes at yet another time step. The same procedure is repeated for 

other time steps. In a later part of this study, details of the 

finite difference solution will be discussed. 



v. STRESS AND STRAIN ANALYSIS 

It is generally known that when heat is added to or removed from 

a solid body, its energy content changes: a certain portion of the 

energy goes into thermal vibrations (kinetic energy) and appears as a 

rise or fall in temperature, the remainder goes into thermal expansion 

or contraction unless some structural change such as crystal transfor­

mation, vaporization, or melting takes place. In the present study 

such changes are assumed not to take place. 

Changes in the environment and heat conduction in the motor pro­

duce thermal stresses and strains in the propellant. These are 

expected to follow the variations in environmental conditions with a 

time delay_ In addition, the thermal expansion coefficient of the 

propellant is different from that of the case, so that the propellant 

grain is restrained from freely expanding or contracting by the case. 

As a result, stresses and strains build up along the interface of two 

materials. 

The state of stress in a long cylinder due to temperatures which 

vary with the radial coordinate only is well known. The problem was 

initially solved by Duhamel in 1838 [30]. Recently, Williams et al. 

[5] developed appropriate equations used for evaluating stresses and 

strains for a cylinder within a thin case. 

It is perhaps useful to present the derivation of these equations 

before attempting to use the calculated temperatures to obtain 

stresses and strains. 

36 
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In cylinder coordinates r, e, and z the equilibrium equations 

are 

aa aa aa a - aee 
~+!~+--E+ rr 

R 0 + dr r ae az r 

aa da da 
~+1.~+~+ + z = a (5.1) ar r ae dZ r 

dare 1 daee da 
--+- +~+ + e = 0 dr r dZ r 

In the present case, the plane strain and axisymmetrica1 condi-

tion reduce the above equations to 

da 
r + = 0 

which is satisfied by the stress function ~, 

and 

a r 

a = 1.1 e dr 

Utilizing elastic stress-strain relations 

e = [a v(ae + a )] + a.T 
r E r Z 

ee = [as - v(a + a )] + aT 
E r Z 

e 1 [a - v(a + as)] + aT = -Z E z r 

(5.2) 

(5.3) 

in which E, v, and a are modulus of elasticity, Poisson's ratio and 

linear thermal coefficient of expansion respectively. 

Using the symbol ~ for the increase in unit volume, ~ then 

becomes 
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(5.4) 

(5.5) 

From Eqs. (5.3) and (5.5), stress terms can be expressed as 

functions of strain terms 

E (e r + 1 
v ~l a.TE 

a = r 1 + \) - 2v 1 - 2v 

E 
fee + 1 

v ~l <lTE 
ae = 

1 + v - 2v 1 - 2v (5.5) 

E [e + v ~l - <lTE 
a = z 1 + \) z 1 - 2\) 1 - 2\) 

The compa tab iIi ty equation is written as [5] 

aee 
0 r --+ e - e = ar e r 

(5.6) 

Hence, after substituting Eq. (5.3) into Eq. (5.6) the governing 

differential equation for long hollow cylinder with case (plane strain) 

is ob tained . 

a.E aT - ----I-v ar 

The boundary conditions are 

a = 0 at r = r
l 

and r = r3 r 

Eq. (5 .. 7) can also be expressed as 

d2~ d ctE aT 
[!] --+ = - I-\) aT ar2 

or 

~r [~ d (rep)] = <lE aT 
- I-var 

(5.7) 

(5 .. 8) 

(5.9) 
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Thus, 

Integrating both sides: 

1 d 
r ar (r<p) 
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_ a.E T + 
I-v 

Integrating both sides again 

-a.E 1 Ir 
Clr 

<p = -- - Trdr + -2- + I-v r r 
r

l 

cr =.! = _ aE L Ir 
Trdr + C1 + C2 

r r I-v 2 2 2 r r
l 

r 

(5.10) 

(5.11) 

in which T is the difference between the reference (manufacturing) and 

current temperature. 

5.1 Stress and Strain in the Propellant 

*At the bore: r = r 
1 

From the boundary condition Eq. (5.8), cr becomes 
r 

*At the interface r = r
2

, then 
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where aI' El , vI are the linear thermal coefficient of expansion, 

modulus of elasticity and Poisson's ratio of the propellant. 

or 

Then 

Thus, 

p' 
Cz = 1 1 

2-2 
r

l 
r z 
,22 

p rlrZ 
2 Z 

r Z - r
l 

The value of p' will be determined later in this section. 

(5.lZ) 

(5.13) 

(5.14) 

For 

the time being, stress and strain in the propellant can be evaluated 

and expressed as follows 

*Radial stress 

Eq. (5.11) can be written 

aIEl..!. Jr p'r; alEl[ 1 
cr r = - I-v 2 Trdr - 2 Z + I-v Z Z 

1 r r l r Z - r l 1 r Z - r l 

, Z 2 Z 
P r l r 2 alEl r l Jr 2 

+ r2[r; - ri] - l-vl [r~ - riJr2 r
l 

Trdr 

or 



° r 2 2 
r

2
-r

l 

(llE1 Jr 
- 2 Trdr 

(l-v)r r 
1 1 

*Tangential stress 
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From Eq. (5.10) tangential stress can be expressed as 

Substituting C
l 

and C
2 

from Eqs. (5.13) and (5.14) 

2 
p'r (llE1 
_~2_+ __ 1 

2 2 I-vI 2 2 r
2
-r

1 
r 2-r

1 

or 

r p' 
2 [ 

r~-r~ 1 

(5.15)-

(5.16) 

(5.17) 

Also, the stress in the z-direction can be obtained as follows 

(5.18) 

Substituting or and Os from Eqs. (5.15) and (5.17) 



as 

or 

a = z 

*Radial Strain 
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Rewriting the first part of Eq. (5.3) 

(5.19) 

In conjunction with Eq. (5.18) the above equation can be written 

Substituting a r and cre from Eqs. (5.15) and (5.17) 

1 + "I [_ r;p' (1-"1) [1 e = r E 2 2 1 r 2-r1 

2 
<llEl r 1 

-Z + 2 2 
r 2 

2 
r

1 
1 +--

2 
r 

r 2-r1 
f1 

2 r 1 
-2 

l r 

(5.20) 

rr2 Trdr 
Jr 1 



€ =­r 

*Tangential Strain 
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(5.21) 

The second part of Eq. (5.3) in conjunction with Eq. (5.18) gives 

€e = El rae - vl(ar + vlar + vIae) + alvlElT] + alT 

Simplifying 

(5.22) 

Substituting a r and as from Eqs. (5.15) and (5.17) and simplify-

ing to obtain 

= -
(l+vl)r~p' 

[(1 - 2v1) + :~] ea 
El [ r~-ril 

(l+vl)<ll 
[ 2] 

r
l 

r
2 + 

(I-vI) (r;-ril (1 - 2v1) + -Z J Trdr 
r r 1 

+ l+v1 [u1] r Trdr (5.23) 
1- v 2 1 r r l 

The strain-displacement relations in the cylindrical coordinates 

are 
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Ur 1 aUe 
ea = r + rae 

1 aUr aUe Ue 
Y re = r ae + ar - r 

(5.24) 

where Ur,Ue are the displacements in the radial and tangential direc­

tion. In the present case, Ue = 0 because of the axisymmetric 

characteristic of the problem. 

Eqs. (5.21) and (5.23) permit the evaluation of U are follows 
r 

U 
r 

5.2 Stress and Strain in the Case 

(5.25) 

From the differential equation (5.7), following the same steps 

described before (Eqs. 5.8-10) it is now possible to obtain 

cr =.1 = a ZE2 1 Ir 
Trdr + C3 + C4 

r r - I-v 2 2 2 
2 r r

2 
r 

(5.Z6) 

in which u2 ' E2 , Vz are the linear thermal coefficient of expansion, 

modulus of elasticity and Poisson's ratio of the case respectively. 

Now, at the interface, r = r 2 , Eq. (5.26) becomes 

(5.27) 



Thus 

At r = r 
3 

Eq. (5.26) becomes 

45 

Substituting Eq. (5.28) into Eq. (5.27) 

From Eq. (5.27) C
3 

can be obtained 

C
3 

= 21--- + aZEZ r 3 Trdr] 
(l-vZ) [r;-r;) r 2 

*Stress in the Case 

(5.28) 

(5.29) 

(5.30) 

Substituting Eqs. (5.28) and (5.30) into Eq. (5.26) and simp1ify-

ing to obtain 

---~ r Trdr 
r

2 

(5" 31) 
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Similarly 

(5.32) 

*Strain in the Case 

Substituting Eq. (5.31,32) into Eq. (5.20) and simplifying to 

obtain 

(5.33) 

From Eq. (5.22) one can obtain €e 

(1+v
2
)r;pl 2 

= 1 - 2v 
r3 

€e 
E2 ( r~-r;) 

+-
2 2 r 

(5.34) 

The strain and displacement are related as follows 



where U is 

U = 
r 

or 

U = r 

the displacement. 

(1+\)2)r~p' 
r(l -

EzH-r~l .... 

(1+v
2

) 0.2 + 
(1-v

2
) frRJ r 3-r2 

e 
r 
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au 
= --E. ar 

u 
e =-.!. e r 

Then from Eqs. (5.33) and (5.34): 

2\)2) - :~]r 
r 

Z] II 
r 2 r3 

- 2v + 2 r J Trdr 2 r r 2 

+ 
(1+\)2)0.2 r Jr Trdr 

2 (1-v
2
)r r 2 

(1+v2)r;p' [<I - 2vZ)r 
+ r;] + (l+v?)",Z Jr Trdr 

E2 [ r~ -r~l r (1-v
2

) r r
2 

r 

2] (1+\)2) 0.2 r 2 r3 
+ 

(1-"'2) frRJ 
(1 - 2v2)r + r- J Trdr 

r
3
-r

2 L r
2 

(5.35) 

From the boundary condition, there is a continuity in disp1ace-

ment across the interface of the propellant and case 

U 
r 

r=r2 

(propellant) 

= U 
r 

r=r 
2 

(case) 
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Substituting Eqs. (5.25) and (5.35) 

(1+v
1

) r;p , 

El[r;-ri] 
(1+v1)Ct.1 [(1 - 2] r 1 rr2 Trdr + 

(I-vI) [ r;-ri] 2v1)r2 + r
2 Jr 1 

(1+v2)r~p' 
[<I 2] a,2 (1+v 2) [(1 - 2v2)r2 

r3 
= 

E2H-r~] 
- 2v)r + - + 

I 2 2 J 2 2 r 2 (1-\)2) lr3-r2 

(5.36) 

The last term on the right hand side of Eq. 5.36 is equal to zero. 

Dividing both sides of the above expression by r
2 

to obtain 

(1+v 2)r;p' 

= E2 [ r~-r;] 

(5.37) 
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Simplifying 

= -

(5.38) 

or 

= -

(5.39) 

Eq. (5.39) permits the evaluation of pl, but before obtaining 

the complete expression for pI it is possible to simplify some terms 

in Eq. (5.39) by making use of the fact that the case is thin. 

From Fig. lone can write 

where ~r = r3 - r 2 « 1 
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Since ~r is very small 

or 

(5.40) 

So that the first term on the left hand side of Eq. (5.39) is 

simplified as follows 

1+\)2 [(1-2\)2) r; + r;] 1+\)2 [ 2 2 2 
+ 2r2t.r] (r;-r;] = E2 [ r;-r;] r 2 - 2\)2 r 2 + r

2 E2 

1+\)2 {2r; [(l-V2) + ~~J} = 

E2(r;-r~] 
~r . 

Since ~r is very small so -- can be neglected, also, substituting the 
r

2 
relation (5.40) into the denominator to obtain 

(5.41) 

Next, the second term on the right hand side of Eq. (5.39) can be 

simplified as follows 
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(5.42) 

The simplified expression for the first term on the right hand 

side of Eq. (5.39) is obtained as follows 

(5.43) 

Hence, p' can be obtained by substituting Eqs. (5.41), (5.42) and 

(5.43) into Eq. (5.39) 

= -

or 
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(5.44) 

Multiplying the numerator and denominator by (r;-ril 

Multiplying the numerator and denominator by ElE2 

(5.45) 

Eqs. (5.15), (5.17), (5.21) and (5.23) in conjunction with Eq. 

(5.45) enable one to obtain radial and tangential stresses and strains 

at various locations across the cross-sectional area of the propellant 

provided that temperatures at those locations are known. It is 

evident that some numerical scheme is needed to evaluate the integrand 

in each of the above-mentioned equations. In fact, temperatures 

obtained at various points in the propellant did not show signifi-

cant variations, consequently, the curve of the product of T and r 

versus r as shown in Fig. 5 appears. to be a straight line. As such, 
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o 2 3 4 
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Figure 5. Product of temperature and radial distance across the 
propellant (thin cylinder). 
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to obtain the area under the curve one does not really need a large 

number of points. In fact, 2 or 3 points will be sufficient. This 

fact also justifies the use of fewer nodes for the propellant layer in 

the finite difference scheme without incurring large errors. In the 

present case, as will be shown later, 3 points were selected across 

the propellant and the case for the thin cylinder, while for the 

thicker cylinder the number of nodes used is 4. Hence the induced 

stresses and strains at the bore, the interface and between the bore 

and the interface can be evaluated. As will be shown later, the bore 

and the interface between the propellant and case are the critical 

locations. 

5.3 Safety Analysis 

The safety range in structural analysis is defined as 

~v R - S (5.46) s s 

and ~v€ Re - e (5.47) 

where 6V
s 

and 6Ve = safety ranges for stress and strain 

Rs and Re = strength and strain capacity of the material 

Failure will occur whenever the strength and/or strain capacity 

of the structure is exceeded by the applied stress or strain. Several 

investigators [11,12] have discovered· that for the case of a solid 

propellant motor, the critical locations are at the interface of the 

propellant and case and at the bore. It is expected that the greatest 

stresses or strains will occur at those locations. In fact, the 

greatest stress component will be either the tangential stress at the 
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bore or the radial stress at the interface and the largest strain is 

the tangential strain occurring at the bore. Hence the probability of 

failure, Pf , under a single load is the probability that llvse(rl ), 

~vsr(r2) or ~vee(rl) are equal to or less than zero and is expressed 

as [11] 

Pf l 
= Pf (rl) + Pfe (rl) + Pf . (r2) (5.48) 

se e sr 

In the present study, solutions have been sought in the time 

domain via the finite difference technique. In other words, values of 

stress and strain are available at the end of each time step 

(llt = 1 hour) for a period of 24 hours which is considered as one load 

cycle, one can of course obtain the mean and standard deviation for one 

day by the following relations 

*For stress: lls = 

*For strain: lle = 

*For stress: a = 
s 

N 
L S. 

i=l 
-~ 

N 

N 
L: e. 

i=l ~ 

N 

N r N 2 
N L: S. - L: 

i=l ~ i=l 
N{N-l) 

N 
N 
L e 2 _ 

i i=l 
N(N-l) 

i=l 

(5.49) 

(5.50) 

2 

S. 
l 

(5.51) 

(5.52) 

where ll, a stand for the mean and standard deviation respectively. 
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In order to obtain the probability of failure of a structure one 

needs to know the distribution of the responses of the structure, 

which in this case are the induced stresses and strains. By using the 

Chi-square test, Okono [12] has shown that the distribution of stress 

in the propellant is normal. In the present study, the normal distri-

bution will be used to obtain various probabilities of failure. 

It is useful to introduce some characteristics of a normal 

distribution before attempting to evaluate the probability of failure 

of the propellant. 

The normal (or Gaussian) distribution is the best known and most 

widely used. The first order probability distribution function of a 

normal or Gaussian process x(t) has the following probability density 

function 

p(x) 1 2 2 = I:2-rr a exp [-(x-~) /2a ] (5.53) 

where ~ and cr are the mean and standard deviation of the process. Fig. 

6 gives a typical sketch of a normal distribution. 

Now, given that the stress and strain responses are normally dis-

tributed, one can readily evaluate the probability of failure as 

follows: 

Introducing the following notation 

z; = tJ.v 
s R - S s 

The function p(Z;) is defined as the difference density of 

(5.54) 

p(R) and peS). If both peR ) and pes) are normally distributed then 
s s 

p(z;) will also be normally distributed and its probability density 
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Figure 6. Probability density function of a Gaussian process. 

x 



function is written as 

p (r;) 

where 

and 

58 

r; = R -- S s 

The reliability PCs) can be written as 

(5.55) 

(5.56) 

(5.57) 

(5.58) 

Eq. (5.58) in conjunction with Eq. (5.48) will permit the evaluation 

of the probability of failure for one cycle of load. 

The probability of failure for one year (365 load cycles) can 

be computed as 
365 

1.0 - IT [1.0 - Pf(i)] 
i=l 

(5.59) 

Hence, the service life of the motor in years could be obtained by 

the following relation 

P
f 

X (years) = __ ~m_a_x~ 
P

f
(365) (5.60) 

where Pf is the specified maximum acceptable probability of failure max 

for the life of cylinder. In addition, if Pf(i) « 1, Eq. (5.59) can 

further be simplified as 

(5.61) 



VI. ANALYSIS OF RESULTS 

6.1 Temperature Response 

It is generally known that, as discussed earlier, in setting up 

the finite difference model the error is minimized by selecting as 

small a mesh size as is applicable. As the mesh size is reduced the 

number of points increases and so does the number of equations. It 

is a frequent practice to start with some reasonable mesh size and 

then increase or reduce this size while observing the convergence. 

Even though the implicit finite difference scheme helps to remove 

the stability problem which poses serious difficulties to the explicit 

finite difference scheme, it has been found that the Crank-Nicolson 

technique may produce some oscillations in the solution. To eliminate 

this problem, instead of using a weighting factor of e = 1/2 (as dis­

cussed in part IV), the so-called "Galerkin Techniquet1 selects e = 2/3; 

other authors have also tried e = 7/8 [31]. 

In the present analysis all three weighting factors have been 

examined. It is found that the solutions obtained by Crank-Nicolson 

(e = 1/2) for a given sinusoidal temperature input with and without 

radiation and constant heat convective coefficient compared relatively 

well with Galerkin's method (8 = 2/3). However, Galerkin's weighting 

factor has been used throughout the rest of this study. 

Table I lists all physical parameters used in the present in­

vestigation. 

59 
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TABLE T. Physical parameters. 

Strain free temperature 

Diffusivity of air 

Diffusivity of propellant 

Diffusivity of casing 

Diffusivity of insulation 

Thermal conductivity of air 

Thermal conductivity of propellant 

Thermal conductivity of casing 

Thermal conductivity of insulation 

Thin cylinder (see figure 1) 

r
l 

r 2 
r3 
r
4 

r5 

Thick cylinder (see figure 1) 

130°F 

3.00 x 
2 . 2 10- l.n 

sec 

1.56 x 
4 . 2 

10- ~ 
sec 

1.36 x 
2 . 2 10- l.n 

sec 

3.43 x 
4 . 2 10- l.n 

sec 

.014 Btu 
Hr ft of 

.155 Btu 
Hr ft of 

14.6 
Btu 

Hr ft of 

Btu 
0.0158 Hr ft 

0.925 in 

2.47 in 

2.50 in 

6.00 in 

9.00 in 

2.5 in 

7.91 in 

8.00 in 

11.50 in 

14.50 in 

of 
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TABLE I (continued). 

Modulus of elasticity for propellant 

Modulus of elasticity for casing 

Poisson's ratio for propellant 

Poisson's ratio for casing 

Coefficient of thermal expansion of propellant 

Coefficient of thermal expansion of casing 

Mean strength capacity for propellant 

Standard deviation for the strength capacity 
of propellant 

Absorptivity of case (uninsu1ated) 

Emissivity of case (uninsu1ated) 

Absorptivity of insulation 

Emissivity of insulation 

320 psi 

30 x 106 psi 

.49 

.25 

8.5 x 10-5 

6.5 x 10-6 

72 psi 

7.2 psi 

0.7 

0.6 

0.5 

0.5 

Notes: In Fig. 20, the following values were used for the insulation: 

Diffusivity 

Thermal conductivity 

Absorptivity 

Emissivity 

4 
. 2 

5.6 x 10- l.n 
sec 

0.025 Btu 
Hr ft of 

0.5 

0.6 
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Although it is a fact that by using the implicit finite dif-

ference scheme one has flexibility in selecting the time step for a 

given mesh size, the small time step tends to give better solutions, 

of course at the expense of computation time. In the present analysis, 

initially a time step ~t = 0.5 hr was selected and then increased to 

~t = 1 hr. It is found that for a sinusoidal ambient temperature in-

put, with different mesh sizes, the two time steps do not show any 

significant differences in the solutions. Hence, ~t = 1 hr has been 

selected for the present investigation. 

To decide on the best mesh size, a sinusoidal ambient temperature 

is used for the input, the heat convection coefficient is kept 

2 constant, h = 2 Btu!hr-ft _oF, even though in the actual situation, as 

mentioned earlier, it varies with the wind speed and type of 

surface. The system being investigated is a linear one. Hence, 

as expected, for a given sinusoidal input one should be able to obtain 

a sinusoidal output. This has been found to be the case in the present 

study. 

To start the finite difference analysis, a mesh size with 21 

nodes is used to obtain temperature responses at various locations 

across the cylinder. The mesh size is then reduced to 16 and finally 

to 11. Figure 7 illustrates these mesh sizes. For the thin cylinder 

it is found that, for a sinusoidal input temperature, the solutions 

for 3 mesh sizes are also sinusoidal with the same frequency as the 

input and the solutions do not show significant differences. However, 

for the thicker cylinder, there is a noticeable difference in the 

temperature responses. Figs. 8,- 9, 10 and 11 illustrate these cases. 
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Figure 7. Finite difference model (4 different mesh sizes). 
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Figure 8. Temperature response at the bore of the thin cylinder 
(sinusoidal input). 
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Figure 9. Temperature response at the bore of the thin cylinder 
(sinusoidal input). 
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Figure 10. Temperature response of the bore of the thick cylinder 
(sinusoidal input). 
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Figure 11. Temperature response at the bore of the thick cylinder 
(sinusoidal input). 
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Figs. 12 and 13 show temperature responses at four different 

times in a day across a 2l-node model (thin cylinder) and l6-node 

model (thicker cylinder). It is seen that the temperatures in the 

cavity, the propellant and the steel layer remain almost uniform. But 

temperatures in the outside air and insulation layers show rapid 

variations. For the outside air layer, however, a linear trend 

appears across the layer. In the insulation there is a definite non­

linearity of temperature distribution. This fact suggests that more 

nodes (finer mesh) should be used for the insulated layer. This is a 

usual practice in modeling a continuous system. It is, of course, 

possible to extend the fine network to the entire solution domain, but 

this would cause unnecessary expenditure of time and effort in the 

solution. The fact that temperatures inside the cylinder show a 

uniform or linear response suggests that large errors are not expected 

to be generated by choosing a rather larger mesh size. Mathematically, 

as ~~plained before, the finite difference technique basically seeks to 

approximate the derivative terms of the partial differential equation. 

The smaller the chosen space interval the better the approximation, 

especially if the dependent variable, in this case the temperature 

response, has a nonlinear trend. In the present case, since the 

temperature does not show a nonlinear trend in four of the five layers, 

it is appropriate to select a rather larger space interval to approxi­

mate the differential equation. 

Thus, for the thin cylinder, a 13-node model is used in which 

the mesh size of the insulation is relatively fine. But for the thick 

cylinder, since the inside air and the propellant layer are much 



69 

l!J 6 AM 
(!) 12 PM 
• 6 PM 
+ 12 AM 

LL.. 

en 
UJ 
UJ 
0::: 
Q 
UJ 
O. 

% ..... 
• 

a.. 
1: 
LLJ 
to-

~PELLANT CASE 
i--AIR • ·1 4f · 

o 5 10 15 20 

NODE ARRANGEMENT 

Figure 12. Temperature response of a 21-node model at 4 different 
times of the thin cylinder (for input see Fig. 8). 
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Figure 13. Temperature response of a 16-node model at 4 different 
times of the thick cylinder (for input see Fig. 8). 
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thicker, it is advisable to have more nodes in these layers in order to 

reduce truncation errors. Hence, a 16-node model is selected for the 

thicker cylinder. Figure 7 shows different finite difference models 

used and tested thus far. 

The solutions for both cylinders have the same frequency as the 

input temperature, and exhibit an expected time delay in the solutions. 

At locations closer to the center of the cylinder, the time delay is 

larger. It should also be pointed out that the response in the 

propellant of the thicker cylinder is very slow; the change in tempera­

tures from one hour to the next is quite small compared to outside 

temperature changes. Figs. 14 and 15 shaw temperature responses 

of the interface of the thin and thicker cylinders respectively. 

It is also interesting to note that, without solar radiation, the 

surface temperature and the ambient temperature are almost identical 

for a given heat convection coefficient. Figure 16 illustrates this 

behavior. 

To assure the accuracy of the finite difference model it is of 

great importance to compare its solution with an available closed form 

solution. To this end, the case of an encased propellant without 

insulation is used. With reference to Fig. 7, it is seen that there 

are only three layers in this cylinder: the inside air, the propellant 

and the steel layers. The same finite difference model developed for 

5 layers can be used in this case by having two more artificial layers 

in the propellant which, in effect, renders the present system 

identical to the actual 5-layer model. If the finite difference scheme 

works for the actual 5-layer ~odel it should also work for the 
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Figure 14. Temperature response at the interface (thin cylinder) 
of 2 different mesh sizes (sinusoidal input). 
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Figure 15. Temperature response at the interface (thick cylinder) 
of 2 .different mesh sizes (sinusoidal input). 
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Figure 16. Surface temperature of the thin cylinder (sinusoidal 
input). 
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present case. For a sinusoidal input ambient temperature (without 

solar radiation or convection) (T = 10 sin wt, where w is the daily 

cycle and t is the time), the finite difference solution with 16 nodes 

compares very well with Heller's closed form solution [9]. Figure 17 

shows the finite difference and closed form solutions for the bore of 

the cylinder (h = 1.5 was used for the finite difference solution). 

In the present investigation, solar radiation has been included 

hence it is of great interest to compare the finite difference 

solution and closed form solution or experimental data (if available). 

Experimental measurements for both insulated and uninsulated cylinders 

are available in [32]. Material properties as well as sizes of the 

cylinder are the same as those of the thin cylinder. The measured 

data, however, was obtained for only one day, August 4, 1973. 

The measured data include the ambient temperature, solar radia­

tion, wind speed, surface temperature of the steel case and temperature 

of the air cavity. The measured ambient temperature, solar radiation 

and wind speed are used to obtain the finite difference solution. The 

finite difference solution is usually stable sometime after the start 

of the solution so the same input for August 1 has been repeated for 

5 days. The finite difference (16 nodes) solution was obtained. On 

the 6th day the results compare very well with the measured data. 

Figs. 18 and 19 show the measured data and finite difference solution 

for the uninsulated cylinder. Figure 20 shows the measured data and 

finite difference solution on the surface of the steel case of the 

insulated cylinder. 
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Figure 17. Finite difference and closed form solutions [9] of 
the thin, uninsulated cylinder (sinusoidal input). 
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Figure 18. Xeasured data (32] and finite difference solution on 
the surface of the uninsulated cylinder (solar radiation 
and heat convection included). 
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Figure 19. Measured data [32] and finite difference solution 
at the bore of the uninsulated cylinder. 
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The next step is to include solar radiation and a varying heat 

convective coefficient into the boundary surface of the cylinder. One 

difficulty is the choice of absorptivity and emissivity values for 

the insulated surface; there are no available numerical values for the 

material (polyurethane) considered. A deterministic solar radiation 

equation based on experimental results has been proposed by some 

authors which is applicable to the Southwestern region of the United 

States and has been introduced in Heller's work [11]. By varying the 

coefficients, a trial and error solution, resulting in a similar 

response to Heller's results, was carried out. Also from various 

combinations of the absorptivity and emissivity used previously to 

compare the measured data with finite difference solution, it has been 

found that a value of 0.5 for both absorptivity and emissivity might 

be a reasonable choice. It was also found that within the range of 

0.4 to 0.6 the solutions will not change appreciably. 

The solutions for both the thin and thick cylinder were obtained 

for temperature record of a year in Phoenix, Arizona starting on 

July 1, 1952 and ending on June 31 of 1953. The initial temperature 

was given a value of 92°p for the thick cylinder and 97°p for the 

thin cylinder. Since the time interval 6t = 1 hr, there are 8760 time 

steps needed for the computations. It is seen from the solutions 

(Figs. 21 and 22) that temperature responses in the thick cylinder 

are smaller in amplitude than those of the thin cylinder. In fact, 

the highest temperature in the propellant of the thick cylinder is 

about 3°p lower than in the thin cylinder and in the winter the 
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Figure 21. Bore temperature of the thick cylinder in one year 
(for inputs see Figs. 2i, 28, 29). 
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Figure 22. Bore temperature of the thin cylinder in one year 
(for inputs see Figs. 27, 28, 29). 
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lowest temperature in the-propellant is about 5°F higher in the thick 

cylinder. Based upon these findings, it will be shown later that 

induced thermal stresses and strains in the thick cylinder are smaller 

than in the thin one and so is the probability of failure. 

To illustrate thermal responses of the cylinder, Figs. 23 

and 24 show temperatures .at the bore and on the surface in addi-

tion to the ambient temperature for the thin and thicker cylinder 

respectively. Results are shown for the first two days of August 1952 

and obtained after the temperature responses have stabilized (solutions 

are carried out since July 1, 1952). 

It is seen that the temperature on the surface of the cylinder 

is much higher than the air temperature during noon time and drops 

below the air temperature during the night. This explains the important 

role solar radiation plays in shaping the temperature on the surface 

of the cylinder. Figs. 3, 25 and 26 show the hourly solar (global) 

radiation, ambient temperature and wind speed on the same two days. 

Figures 27, 28 and 29 show the ambient temperature, solar radia­

tion and wind speed for the whole year at the location of interest. 

As a result, Figs. 21 and 22 illustrate temperature response of 

the bore of the thick and thin cylinders throughout the year. 

As mentioned in part II of this study, several authors have 

assumed the surface temperature to be identical to the ambient tempera­

ture. It is of great interest to develop a deterministic solar radia­

tion model that could be added to the ambient temperature. In fact, 

such a model has been proposed by some authors as already mentioned 

earlier. 
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Figure 23. Bore and surface temperature of the thin cylinder in 
48 hours (for inputs see Figs. 3,25,26). 
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Figure 24. Bore and surface temperature of the thick cylinder in 
48 hours (for inputs see Figs. 3, 25, 26). 
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Figure 28. Solar radiation in Phoenix, Arizona (i/l/1952-
6/30/1953) . 
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Figure 29. Wind speed in Phoenix, Arizona (7/1/1952 - 6/30/1953). 
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In the present situation, given the surface temperature (by 

finite difference solution) of the cylinder, it is possible to develop 

an additional temperature model which is equivalent to solar radiation 

transmitted through the surface of the cylinder. This model together 

with the ambient temperature provide the surface temperature in some 

approximate sense. 

The proposed model is expressed as 

*For 165 < t < 215 

8T = 7.0 + 0.5 cost + 6 cos l5(h-12) - 12 cos 5.5(h-12) 

*For t < 165 and t > 215 

8T = 7.0 + 0.5 cost + 6 cos l5(h-12) 

8T = 7.0 + 0.5 cost + 6 cos l5(h-12) 

6 < h < 18 

12 cos 5.5(h-12) 

18 < h < 6 

(6.1) 

(6.2) 

(6.3) 

In which the first term of Eq. (6.1) represe.nts the annual mean, 

the second term represents the seasonal cycle, the third term is the 

daily cycle and the last term can be considered as the "reradiation" 

term. T is in OF, t is the day of the year (365 days), starts from 

1 (July 1), h is the hour of the day, starts from 1 (1 A.M.). In 

fact, this model can start from any day of the year. Suppose if one 

wishes to start on January 1 which is about 180 days from July 1 then 

the second term of Eq. (6.1) must be (-0.5 cost) and the equation is 

good for 0 < t < 50. The second term of Eqs. (6.2) and (6.3) also 

becomes negative and the equations are good for 365 > t > 50. 
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The model has been tested for the year of interest (1952 in 

Phoenix, Arizona). The results compared relatively well with the 

finite difference solution. Figures 30 and 31 show a typical day in 

the summer and winter respectively. 

6.2 Stress Response 

The next task is to obtain stress and strain responses of 

the propellant. In part V of this study, it was shown that given the 

temperatures across the propellant of a given time, a numerical inte-

gration technique can evaluate stress and strain across the propellant 

at that time. 

The integration is performed within certain space limits. In 

this case only stress and strain across the propellant are of 

interest, so the limit of integration is from the bore (rl ) to the 

interface (ri). In principle, within the range of the integration 

more space intervals give better results, but of course at the expense 

of increased labor in computation because more nodes are needed for the 

finite difference solutions. To start out, a 21 node model is used 

in which the propellant is divided into 5 equal intervals with a total 

of 6 nodes including 2 nodes shared by the other two layers. A solu-

tion is obtained for a sinusoidal input and the product of T x r. is 
~ 

plotted vs r. in Fig. 6. The relation is linear. As such, it is quite 
1 

possible to use a smaller number of nodes and obtain a reasonable 

solution. In fact given the two lower and upper limit values, the 

area under the curve T x r. can be approximated without large errors 
~ 

being generated. For the present case, the propellant has 3 nodes so 
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Figure 30. Deterministic model and finite difference solution for 
the cylinder surface temperature in 24 hours in sucrmer. 
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one can obtain temperatures at the bore, interface and at the 

mid-point between them. 

Before evaluating stress and strain responses for the real 

situation, it is important to compare stress responses obtained via 

the finite difference scheme and the closed form solution. To this 

end, for a sinusoidal ambient temperature input (T = 10 sin wt), 

temperatures and stresses at various locations across the propellant 

are calculated. Figure 32 shows the tangential stress obtained by 

the finite difference technique and the closed form approach. 

Apparently, they compare quite well. 

To illustrate the variations of stress and strain, the same 48 

hours used for obtaining temperatures, presented in Figures 33-40, show 

the variations of radial stress, tangential stress, radial strain and 

tangential strain for the thin and thick cylinders respectively. 

As discussed earlier in Part V the propellant grain tends to 

expand and contract but is restrained by the motor case. The induced 

thermal stresses resulting from the interaction between the propellant 

grain and the case are of interest. In fact, the tangential stress is 

greatest at the bore of the cylinder and hence likely to become the 

main cause of failure. Radial stress at the interface although sig­

nificant is still much less severe than the tangential bore stress. 

Tangential strain also shows significant values at the bore. 

Although radial strain is largest at the bore, it is compressive and 

hence will not contribute to propellant failure. 

Figures 41 and 42 show the tangential stress for one year at 

the bore of the thin and thick cylinders respectively. Again, it 
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Figure 35. Tangential stress in the propellant (thin cylinder) 
in 48 hours (for inputs see Figs. 3, 25, 26). 
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Figure 41. Tangential stress at the bore (thin cylinder) in one 
year (for inputs see Figs. 27, 28, 29). 

100 



..... 
en 
a.. 

-

-

Zo ......... 
(;J') 

en 
UJ 
a:: 
to­
en GO 

• 
:z 
< 
to-

106 

20 40 60 80 
TIME IN HOURS .10~ 

100 

Figure 42. Tangential stress at the bore (thick cylinder) in one 
year (for inputs see Figs. 27, 28, 29). 



107 

should be clear that the induced thermal stress in the thin cylinder 

is higher than that of the thick cylinder throughout the year. 

With reference to Part V earlier, the probability of failure 

can be obtained from the given strength and strain capacity of the 

materials involved and the induced stress and strain. It is found 

that the tangential stress at the bore is the largest tensile stress 

of all the stress components. Although other components of stress and 

strain at the bore and interface exist, they are insignificant compared 

to the tangential stress at the bore. By using the method presented in 

Part V the probability of failure of the propellant at the bore is 

calculated first for each day and then for each month. Figs. 43 and 

44 illustrate the daily probability of failure for the thin and thick 

cylinders. Figs. 45 and 46 illustrate the progressive daily proba­

bility of failure for two cylinders. Again, as expected, the proba­

bility of failure of the thin cylinder is higher than that for the 

thicker one. 
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VII. DISCUSSION AND CONCLUSION 

A cylinder with 5 layers which is subjected to complex boundary 

conditions where air temperature, solar radiation and wind speed have 

been included as inputs, has been analyzed. It is known that, for a 

similar problem, other investigators [10,12,13] assumed that the sur­

face temperature is identical to the air temperature. In this 

analysis, the surface temperature was evaluated from given environ­

mental conditions. 

It has been found that the proposed finite difference scheme has 

provided a satisfactory means of obtaining temperature responses at 

various locations across the cylinder. Other investigators [12,13] 

used the finite element method to obtain solutions for a simpler case 

(uninsulated cylinder). It has been seen that the implicit scheme used 

in this investigation provided a close agreement with the closed form 

solution, when the same inputs were used, as well as with experimental 

data. 

The difference between the curing and current temperature pro­

duces stresses and strains in the propellant. A numerical integration 

has been used to obtain these induced stresses and strains for an 

elastic motor. 

A statistical analysis permitted the evaluation of the proba­

bility of failure of the propellant for the year of interest. Of all 

the stress and strain components, the tangential stress at the bore 

was found to be the most likely cause of failure. Although other 
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components exist but contribute only a very small portion (as compared 

to the tangential stress at the bore) to the probability of failure. 
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FINITE DIFFERENCE APPROACH FOR PREDICTING 

PROBABILISTIC LIFE OF A COMPOSITE CYLINDER 

SUBJECTED TO RANDOM THERMAL LOADS 

by 

Vu N. Con 

(ABSTRACT) 

A long hollow cylinder with five layers, subjected to a random 

thermal environment is analyzed. 

The random thermal environment includes the ambient air tempera­

ture, solar radiation and wind speed. The location of interest is 

Phoenix, Arizona. 

The governing differential equation is the so-called one­

dimensional Fourier heat conduction equation in cylindrical coordinates. 

An implicit finite difference scheme is developed to obtain 

temperature responses inside the cylinder. Given the linear elastic 

behavior of materials involved, induced stresses and strains are 

evaluated at the end of each time step of the finite difference scheme. 

A statistical analysis is then carried out to determine the 

probability of failure of the propellant and hence the service life 

of the motor can be computed. 


