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Chapter 1

Introduction

1.1 Preliminary Remarks

One of the main concerns in building design is the safety of the structure itself and its users

and contents. In earthquake engineering, the basic design principle has always been to provide

su±cient strength for the structure to withstand seismic loading. Because designing a structure

to fully resist the earthquake-induced forces is not economically feasible, the traditional design

approach relies on the ductility of the structural members to absorb and dissipate the transmit-

ted earthquake energy in specially detailed regions, thereby preventing destructive failure of the

system. However, such design inevitably permits a certain acceptable level of localized damage

due to yielding of the members, which consequently lessens the serviceability of the structure

and quite often requires expensive repairs. Therefore, engineers have been exploring alternative

design approaches in order to better protect structures in the occurrence of an earthquake.

In recent years, the concept of structural control has taken a central role in the seismic design

of civil structures. The philosophy is that a safer and more economical design can be achieved

by adding to the system innovative devices to reduce the forces and deformations in structures.

By modifying the dynamic properties of the system, these devices aim to control the response

and the energy dissipation demands of the structural members. The operation of these special

devices is initiated by the motion of the structure and, guided by the control scheme, they reduce

the overall response of the system and thus meet the design goal in mitigating seismic damage.

Various response control methods have been implemented in the design procedures and can
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be generally divided into three groups: passive control, active control, and semi-active control.

Among these schemes, passive control devices were developed the earliest and have been used

more commonly in practice for seismic design because they require minimum maintenance and

need no external power supply to operate.

Base isolation systems, tuned mass dampers, and energy absorbing elements are the three

main types of passive motion control mechanisms that have found applications in civil engi-

neering structures. Base isolation de°ects or ¯lters out the earthquake energy through a soft

base element between the structure and the foundation. It is suitable for short to medium

height structures that usually have dominant modes in the high frequency range. The tuned

mass dampers shift the input energy from the main structure to auxiliary oscillators attached

to the structure, and they have received mixed support about their usefulness in the seismic

design applications. The function of passive energy dissipation systems, on the other hand, is to

absorb energy generated by the seismic excitation. These discrete elements, called dampers, are

installed strategically in the structure to link various parts of the framing system, and provide

supplemental damping to dissipate the energy. Since these added dampers can be designed to

consume a major portion of the input energy so that less is available to the main structure,

the deformation in the primary members is signi¯cantly reduced, hence limiting the structural

damage. Commonly used passive energy dissipation devices include friction dampers, metallic

dampers, viscous °uid dampers, and viscoelastic solid dampers. The focus of this research is

on the viscoelastic solid dampers, or VE dampers.

While the seismic application of VE dampers began only recently, viscoelastic materials have

been widely used in aerospace engineering for vibration control since the 1950s, and they have

been applied to high-rise buildings to resist wind loads for almost three decades. Analytical and

experimental studies have shown that these dampers are reliable and sturdy for implementation,

and evidence has convincingly supported their suitability for applications in seismic designs.

Currently VE dampers are installed not only in structures that are newly designed but also in

existing buildings for seismic retro¯tting. They now play a more and more signi¯cant role in

mitigating seismic damage as engineers are using them more in practice. Further investigations

are still underway to improve the performance of viscoelastic dampers in reducing seismic

response for upgrading the structural protection.
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1.2 Modeling of Viscoelastic Dampers

In the seismic design for structures with viscoelastic dampers as the added energy dissipation

devices, the behavior of the viscoelastic material used in the damper has to be correctly de-

scribed so that a reliable design can be achieved. Solid VE dampers use a polymeric material

that dissipates energy through shear deformation when loaded cyclically, and the most impor-

tant characteristic is that the mechanical properties are functions of the excitation frequency

and the environmental temperature. In structural dynamic analysis, however, temperature

usually is a less dominant factor than the frequency, and it is included only when there is a

signi¯cant change in the ambient temperature. In our study the loading frequency is the crucial

element on which the response analysis is focused. To represent the force-deformation feature

of the damper, several models with various complexities relating the shearing stress and strain

have been suggested for use.

The simplest model is a classical Kelvin model with a sti®ness element and a damping

element, both linear, arranged in parallel. Though easy to use in structural analysis, it is not

realistic because it fails to represent the changes in the material properties when the frequency

varies. Other models that can capture the frequency dependence of the material are the general

linear model, the complex modulus model, and the fractional derivative model. The complex

modulus model o®ers a precise description of stress and strain under a purely harmonic motion,

and it has been incorporated in the seismic response analysis using a modal strain energy

approach. Since earthquake excitation is non-harmonic, some assumptions are made to include

the frequency dependence of the material in the response analysis procedure.

It has been shown that both the fractional derivative model and the general linear model

are capable of ¯tting su±ciently close to the experimental data from dynamic testing of the vis-

coelastic material, and hence capturing the frequency dependent characteristics of the damper.

The fractional derivative model is elegantly compact and accurate, and it only requires usually

three, sometimes four parameters in the model. However, there is no systematic methodology

for analyzing the seismic response of a structure including the e®ects from the VE dampers.

This is mainly due to the lack of knowledge in fractional calculus and the lack of readily us-

able solutions to fractional di®erential equations. On the other hand, the general linear model

demands a large number of parameters in order to match the testing data, and thus compli-
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cates the curve ¯tting process. When combined with the equations of motion, the augmented

dynamic system with these dampers involves higher order derivatives and becomes di±cult to

solve. Nevertheless, these two models are the ones that can provide accurate representation of

the frequency dependence. Therefore, in our attempt to develop an analytically based method

to calculate seismic responses for structures with added VE dampers, both models are used and

then compared to assess their advantages and disadvantages.

1.3 Research Motivation and Goals

In the seismic application of viscoelastic dampers as the added energy dissipation devices, it is

essential to determine the e®ect of VE dampers on the reduction of overall system response.

Engineers need to be able to carry out response analysis to evaluate the performance of VE

dampers for improving the structural safety. Through response calculation, buildings can be

designed or retro¯tted by selecting dampers of speci¯c material with proper size placed at

strategic locations to provide optimal protection. Earlier studies indicate that obtaining satis-

factory results from the response analysis hinges on resolving two issues: (1) accurate modeling

of the dynamic behavior of viscoelastic materials, and (2) development of a systematic approach

to solve the equations of motion.

While the fractional derivative model and the general linear model can realistically capture

the frequency dependence of the viscoelastic material, research works on the structural analysis

based on these models are quite limited, and studies involving earthquake loads are even more

scarce. There have not been many investigations involving the seismic response analysis of

multi-degree-of-freedom structural systems using these two models for characterizing the added

dampers. Our research is thus aimed to ¯ll this gap.

For both models, we intend to develop formulations that can accurately calculate the seis-

mic response of a structure-damper system with earthquake induced ground motions de¯ned

deterministically by ground acceleration time histories or probabilistically by the power spec-

tral density function. Using the derived analytical approaches, we will examine the response

reduction e®ect of viscoelastic dampers equipped for seismic protection of the primary as well

as secondary structural systems. Since in practice the seismic input is usually de¯ned in terms
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of the ground response spectra, it is also our goal to develop a response spectrum approach

that can e±ciently provide the maximum response of the system for the design purposes.

1.4 Dissertation Layout

With the framework of this study established, this dissertation is organized into seven chapters.

A brief description of the contents in each chapter is presented here.

Chapter 2 covers the earlier research e®orts that have been devoted to the analyses and

designs of structural systems with added VE dampers. A survey of the literature based on the

three basic models for the viscoelastic material is summarized, and di®erent techniques used to

solve the dynamic equations involving the damper contributions are also reviewed.

For the fractional derivative model, the main concern is the unfamiliarity with the topic

of fractional calculus when we attempt to solve for the structural response. Since it is a

subject rarely o®ered in the engineering ¯eld, we devote Chapter 3 to presenting the basic

concepts and important properties in fractional calculus. It is not a thorough mathematical

coverage of the material, yet it would be irresponsible of us to merely list some related formulas.

We introduce the two main de¯nitions of a fractional derivative and show how to obtain the

fractional derivatives of the common elementary functions. Equipped with these fundamentals,

in Chapter 4 we propose to adopt a modal superposition method to solve the coupled fractional

di®erential equations of motion. We derive the equations of motion including the fractional

derivative modeled damper e®ect. Then an analytical solution is formulated for the modal

governing equations. Using this approach, we obtain the solution for a two degrees of freedom

system subjected to several common types of loading: step, ramp, exponential, and sinusoidal.

In Chapter 5 we focus on using the fractional derivative model in the seismic response anal-

ysis of structures. We ¯rst present di®erent direct numerical integration schemes for solving

the equations of motion, and then by applying the modal superposition method, we seek the

analytical solution to calculate any system response of interest. All these approaches are de-

rived for obtaining the response in the time domain where the seismic input is de¯ned as a

ground acceleration time history. We also formulate the stochastic response using a frequency

domain approach for which the input motion is characterized by the spectral density function.

5



Numerical studies are conducted for an example shear building and the results are presented.

Realizing that the fractional derivative based response analysis is quite complicated numer-

ically, in Chapter 6 we use the general linear model to analyze the seismic structural response.

Taking advantage of a mechanical representation for the damper, a Kelvin chain analog, we

derive the equations of motion by de¯ning a set of auxiliary displacement variables for the

damper. Since the resulting state equations are self-adjoint, we use the classical modal analysis

procedure suitable for any linear system to obtain the seismic response. A response spectrum

approach is then developed to e±ciently calculate the design response, or the maximum response

of the structure-damper system. In the numerical example we compare the results from both

the fractional derivative model and the general linear model. We then verify the pro¯ciency of

the proposed response formulation by the spectrum method.

The ¯nal chapter summarizes the ¯ndings and conclusions in our work, followed by recom-

mendations for future research topics.
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Chapter 2

Literature Review

In studying the dynamic behavior of structures equipped with viscoelastic dampers as the seis-

mic protection system, two key issues need to be addressed for accurate and reliable evaluations

of the e®ect of the dampers. The ¯rst problem is how to mathematically describe the mechan-

ical properties of viscoelastic materials, and the second is how to obtain the response solution

to the equations of motion for the structure. A brief background introduction and literature

survey of related research works is presented in this chapter.

2.1 Background

Passive energy dissipation devices are normally installed in the structure through the diagonal

bracing elements attached to the frame as depicted in Figure 2-1. A typical viscoelastic damper

used in civil engineering structures for seismic protection, shown in Figure 2-2, consists of two

layers of viscoelastic solid material sandwiched between three steel plates. The viscoelastic

pads undergo shear deformation from the relative movement between the center plate and the

outer °anges due to the di®erential displacements at the connection nodes, transferring kinetic

energy into heat. These viscoelastic materials are usually copolymers and glossy substances

that exhibit elliptical force-deformation loops shown in Figure ?? when subjected to cyclic

loads, and the area of the ellipse represents the energy dissipated per cycle of oscillation.

Such viscoelastic devices provide both damping and sti®ness, which sti®en the system and

dissipate energy through deformation, reducing the response of the structure. In general, the

7



Figure 2-1: Placement and installation of VE dampers in the structure
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Figure 2-2: Typical VE damper con¯guration
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mechanical properties of viscoelastic materials depend on the loading frequency and the ambient

temperature. It is observed that generally the sti®ness of the viscoelastic material decreases as

the ambient temperature is raised, and such e®ect can be included, if desired, in the modeling

of the material modulus through experiments. Because the ambient temperature is found

to have less signi¯cant e®ect on the performance of VE dampers, response calculations in

engineering practice are usually performed using parameters at a representative temperature

and are modi¯ed only if there is drastic temperature variation in the environment. Occasionally

the internal temperature and even the level of strain are found to a®ect the dynamic behavior of

viscoelastic materials. However, such e®ects are normally miniscule and thus these two factors

are often ignored in structural analysis.

2.2 Experimental Work

A number of experimental programs have been set up in the past several years to assess the

e®ects of added VE dampers on reducing seismic response of structures. Lin et al. (1991)

investigated the response of a 1/4-scale steel frame modeling a shear building for both single-

degree-of-freedom and multi-degree-of-freedom systems. Chang et al. (1995) carried out an

experimental study on a 2/5-scale ¯ve story steel model under mild to strong earthquake motion

provided by a shaking table. Lai et al. (1995) also conducted similar tests on a full-scale

steel frame in the ¯eld to evaluate the performance of VE dampers. The results from all these

experiments have demonstrated that viscoelastic dampers are capable of dissipating a signi¯cant

portion of the energy from excitation, thus preventing inelastic deformation in the load-bearing

members of the structure. Another experimental study was performed by Shen et al. (1995)

to investigate the seismic retro¯t of a 1/3-scale reinforced concrete frame using VE dampers as

response reduction devices. The dampers were installed after the frame was damaged in the

laboratory, and the system was subjected to further seismic ground motion. Test results showed

that the added viscoelastic dampers were e®ective in attenuating the structural response and

decreasing the risk of collapse of the frame. Recently, a seismic retro¯t project implementing

VE dampers was carried out for a 13-story building in San Jose, CA, and VE dampers were

installed in a 3-story reinforced concrete building in San Diego, CA, for seismic upgrade. These
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projects provide examples of applying this modern technology in practice for seismic protection.

2.3 General Linear Model

The conventional constitutive equation for viscoelastic material that behaves linearly is a stan-

dard linear di®erential equation relating the time derivatives of stress and strain:

¿(t) +
MX
m=1

am
dm¿(t)

dtm
= b0°(t) +

NX
n=1

bn
dn°(t)

dtn
(2.1)

where ¿(t) and °(t) are the shear stress and strain, and am and bn are constant coe±cients.

Equation 2.1 is written in a one-dimensional standard form. The complicated behavior exhibited

by most viscoelastic materials usually requires many terms in the above equation, involving

higher order derivatives of stress and strain. Maxwell and Kelvin models are the two simplest

models with only one ¯rst-order derivative term:

Maxwell model : ¿(t) + a
d¿(t)

dt
= G°(t) (2.2)

Kelvin model : ¿(t) = G0°(t) +G1
d°(t)

dt
. (2.3)

While the Maxwell model is for °uid dampers, the Kelvin model has been used for describing

the behavior of solid viscoelastic dampers. Equation 2.3 is mathematically easier to apply in

the structural analysis, but the material properties based on the Kelvin model are frequency

independent and thus it is deemed inadequate for detailed structural designs.

Including more derivative terms in the constitutive equation provides a better description

of the frequency dependence of the dynamic characteristics of the material. However, when

combined with the equations of motion, this general model often renders high-order di®erential

equations, which can make response calculation complicated and laborious. Moreover, with

large values ofM and N in equation 2.1 to capture the frequency dependence, determining the

empirical parameters am and bn through the process of curve-¯tting the testing data can also

become rather cumbersome. As a result, there is virtually no research e®ort that incorporates

the general linear model in analyzing the seismic structural response with added VE dampers.
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2.4 Complex Modulus Model

One alternative method of describing the behavior of viscoelastic material under dynamic load-

ing is using a complex modulus, which is a function of the excitation frequency, to relate the

stress and strain ¯elds. When a linear viscoelastic material is subjected to a sinusoidal loading

with frequency !, the shear stress and strain responses are also harmonic with the same fre-

quency but out-of-phase. Zhang et al. (1989) have shown that the stress-strain relation can be

written as

¿(t) = G0(!)°(t) +
G00(!)
!

_°(t). (2.4)

In this expressionG0(!), which represents the elastic modulus, is de¯ned as the storage modulus

of the material, and it measures the recoverable energy during deformation. The damping

coe±cient of the damper is G00(!)=! and G00(!) is the loss modulus measuring the energy

dissipated in each cycle of motion. Another useful quantity is the loss factor ´, de¯ned as

´(!) = G00(!)=G0(!), which gives the gauge of the energy dissipation capacity of a viscoelastic

material. A more compact representation involves complex notation. The harmonic stress and

strain responses can be expressed as follows:

°(t) = °0e
i!t, ¿(t) = ¿0e

i(!t+±). (2.5)

where °0 and ¿0 are the peak values of the response and ± is the lag angle. Introducing a

complex modulus

G(!) = G0(!) + iG00(!), (2.6)

the stress and strain relation can then be rewritten in a simpler form:

¿(t) = G(!)°(t). (2.7)

Chang et al. (1992) have conducted a series of experiments to study the in°uence of frequency

! and ambient temperature T on the moduli G0(!) and G00(!), and some empirical formulas
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were obtained based on regression analysis. However, a theory-based approach to establish the

dependence of the modulus on the excitation frequency is more preferable.

Shen and Soong (1995) proposed an analytical model based on the theory of viscoelasticity

for predicting the behavior of viscoelastic materials. In their derivation, Boltzmann's superpo-

sition principle is adopted to build the basic stress-strain relationship. The general constitutive

law for stress and strain based on Boltzmann's principle is

¿(t) =

Z t

0
G(t¡ s) _°(s)ds (2.8)

for the condition of zero initial strain, °(0) = 0, which is valid for most cases considered in

seismic analysis. The stress relaxation modulus G(t) in the equation above is de¯ned as the

ratio of stress to strain at constant deformation, and it can be determined experimentally for a

given material. Among various expressions that have been assumed for the relaxation modulus,

Shen and Soong used a four parameter model that was ¯rst developed by Williams (1964) and

has proven to be reasonably accurate for viscoelastic materials:

G(t) = Ge +
Gg ¡Ge
(1 + t=t0)

® (2.9)

In this expression, Ge and Gg are called rubbery and glassy modulus, respectively, t0 is the

relaxation time, and ® is a constant characterizing the transition between the rubbery and

glassy regions. The storage modulus G0(!) and loss modulus G00(!) can then be written as

functions of these material parameters by taking the Laplace transform of equation 2.9, and

the resulting formulas are:

G0(!) = Ge + (Gg ¡Ge)¡(1¡ ®)(!t0)® cos
³®¼
2
+ !t0

´
(2.10)

G00(!) = (Gg ¡Ge)¡(1¡ ®)(!t0)® sin
³®¼
2
+ !t0

´
(2.11)

where ¡ is the gamma function. Shen and Soong proposed a procedure that combines material

testing in both the time domain and the frequency domain to obtain the moduli. Parameters

Ge, Gg, t0, and ® are ¯rst estimated from curve ¯tting using the stress relaxation test data,

and the computed moduli G0 and G00 are then checked by the sinusoidal loading results. With
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the dependence of material properties on the excitation frequency established, the complex

modulus model can be directly incorporated in the response analysis of structures.

As mentioned earlier, the mechanical properties of viscoelastic material are also dependent

upon the ambient temperature. For a large class of VE damper materials, when experiments

are performed at various temperatures, the shapes of data curves of modulus versus frequency

remain almost identical. This observation permits the use of the method of reduced variables

to determine the temperature e®ect on the material properties. The reduced variable method

separates the in°uences of frequency and temperature, allowing the dependence on these two

factors to be determined individually through material testing. It has been established that

the ambient temperature simply produces a shifting e®ect on the parameters or moduli of

viscoelastic materials. For the complex modulus model, the variation of storage modulus and

loss modulus over a selected range of frequencies is ¯rst obtained for a reference temperature

T0. From a series of tests run at di®erent temperatures, a relation can be experimentally

constructed that the values of the modulus for frequency !1 at temperature T1 are equal to

those at reference temperature T0 for a shifted frequency !0. A detailed procedure is given by

Soong (1997).

After the constitutive model has been set up to describe the shear response of the viscoelastic

damper material, the force-displacement relationship can be constructed based on equation 2.4.

The force provided by each VE damper is represented as a linear function of the displacement

x and velocity _x of the damper,

F = k(!)x+ c(!) _x (2.12)

where the sti®ness ¹k and damping ¹c are related to the storage modulus and loss modulus in the

following form:

k(!) = bG0(!), c(!) = bG00(!)=! (2.13)

in which b is a size factor of the device de¯ned as the ratio of the area to thickness for the

viscoelastic layer. In their analysis of viscoelastically damped structures, Soong et al. (1995)

assumed that ¹k and ¹c are constant within the frequency band of the input motion, and this
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approximation signi¯cantly simpli¯ed the response calculation. Essentially, the system remains

linear with increased sti®ness and damping supplied by the added VE dampers. The equations

of motion for the entire system can be put in the following general form:

MÄx(t) + (C+ ¹C) _x(t) + (K+ ¹K)x(t) = f(t) (2.14)

where M, C, and K are the mass, damping, and sti®ness matrices of the original structure,

f is the excitation, and the constant matrices ¹C and ¹K represent the damping and sti®ness

contributed from the dampers. To carry out the seismic response analysis, the modal properties

need to be determined from this set of non-classically damped equations. Notice that the

frequencies and damping ratios of the system are di®erent from those of the original structure,

which is normally assumed to be proportionally damped, due to the presence of the energy

dissipation devices. Soong et al. (1995) implemented the modal strain energy approach to

estimate the modi¯ed modal frequencies and damping ratios. The procedure starts with the

standard eigenvalue analysis for the original structure to compute the frequency !i and the

associated mode shape Ái for the ith mode. The modi¯ed modal damping ratios are then

calculated based on the energy consideration:

¹³i =
´(!i)

2

Ev
Ei

(2.15)

in which ´(!i) is the loss factor at modal frequency !i, Ev is the maximum energy stored in the

VE damper, and Ei is the total strain energy of the system including the damper for the ith

mode. The two energy terms can be calculated using the mode shapes of the original structure

as follows:

Ev = Á
T
i
¹KÁi, Ei = Á

T
i (K+ ¹K)Ái (2.16)

The modi¯ed modal frequency for the ith mode can also be estimated by using the following

equation:

¹!i =

·
ÁTi (K+ ¹K)Ái
ÁTi MÁi

¸1=2
(2.17)
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where ¹!i denotes the ith modal frequency for the system with added VE dampers. Technically,

evaluating the modal frequencies and damping ratios is an iterative procedure. In the situation

when the material modulus at ¹!i is substantially di®erent from that at !i, the above steps need

to be repeated for a better estimate of the modal quantities. Nonetheless, Soong et al. pointed

out that since the loss factor ´(!) usually displays weaker dependence on the frequency than

the sti®ness ¹k(!) or damping coe±cient ¹c(!), the iteration process is normally short.

The main advantage of employing the complex modulus model is its mathematical simplic-

ity. With modal properties of the structure with added VE dampers determined, the seismic

response analysis is straightforward by using the traditional response spectrum method. How-

ever, there are two major °aws regarding this approach of dynamic response analysis. The ¯rst

problem is that the complex modulus model originated from the sinusoidal testing of viscoelastic

materials, and hence, strictly speaking, application of the model is limited to sinusoidal motion.

The validity of the model is questionable for general types of excitations. Crandall (1970) has

shown that using the complex modulus model for impulse loading produces noncausal response,

which leads to serious mathematical di±culties. The second drawback is the inconsistency as-

sociated with the assumptions made in the analysis. Response computation is performed by

using representative values of modulus that are assumed to be constant throughout the en-

tire band of input frequency. The mode shapes of the original structure are also assumed to

remain unchanged when the e®ect of VE dampers is included, and then are used to estimate

modi¯ed modal properties. Though seismic response analysis is considerably simpli¯ed and the

proposed procedure has proven successful in several experimental studies, these assumptions

certainly give rise to suspicion on the reliability of the approach.

2.5 Fractional Derivative Model

Observing from experiment results, Nutting in 1921 ¯rst indicated that the stress relaxation of

viscoelastic materials appeared to be proportional to time raised to fractional powers. Gemant

(1936) later showed that the mechanical properties of viscoelastic materials depend on the

frequency raised to fractional powers and suggested use of di®erentials of fractional order for

mathematical modeling. Scott-Blair (1950), Caputo (1974), and Minardi (1971) also have
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reported similar observations. However, this concept was not popularly accepted until Bagley

and Torvik in 1979 proposed a constitutive equation based on the fractional derivatives to

describe the general behavior of viscoelastic materials with memory. In its most general form,

this model can be expressed by the following di®erential equation with fractional derivatives:

¿(t) +
MX
m=1

bmD
¯mh¿(t)i = G0°(t) +

NX
n=1

GnD
®nh°(t)i (2.18)

where the stress and strain are related through a series of derivatives of fractional orders, i.e.,

¯m and ®n in general are not integers. Since then, the fractional derivative model has attracted

increasing research e®ort. In the last several years this model has been implemented in dynamic

analysis by Bagley and Torvik (1985), Bagley and Calico (1991), Makris and Constantinou

(1991), Koh and Kelly (1990), and Gaul and Chen (1993). Recently Kasai et al. (1993), Tsai

and Lee (1993), and Li and Tsai (1994) have investigated the use of fractional derivative models

for VE dampers in structural analysis. A review by Shimizu and Zhang (1999) covered the

development and application of the fractional calculus approach to dynamic problems involving

viscoelastic materials.

The general constitutive description of a viscoelastic material by the fractional model in

equation 2.18 is at least as complicated as the conventional method given by equation 2.1.

However, Bagley and Torvik (1983) asserted that based on numerous material testing observa-

tions, only ¯ve parameters are required to depict the frequency-dependent mechanical properties

for typical viscoelastic materials. This simpler constitutive equation of fractional derivative

model can be written as

¿(t) + bD¯h¿(t)i = G0°(t) +G1D®h°(t)i (2.19)

in which b, ®, ¯, G0, and G1 are the ¯ve empirical constants and the shorthand notationD®h¢i is
the fractional derivative operator that stands for d®(¢)=dt®. For a given viscoelastic material, the
¯ve parameters are determined from experiments through least-squares ¯tting, and it has been

demonstrated that this ¯ve parameter model produces curves in excellent agreement with testing

data of material properties over a wide range of frequency. Not only have fewer parameters

made the fractional derivative model more practical, the easier mathematical manipulation of
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the simpli¯ed form also has made it more appealing in engineering application.

Even though the use of fractional calculus in engineering areas appeared only recently, the

concept of di®erentials in fractional order is almost as old as the classical calculus of integer

orders. The book by Oldham and Spanier (1974) gives a historical survey and comprehensive

overview on the topic of fractional calculus. There are several de¯nitions for a derivative of

fractional order, and the one most commonly used is based on the Riemann{Liouville integral:

D®hx(t)i = d®x(t)

dt®
=

1

¡(1¡ ®)
d

dt

Z t

0

x(u)

(t¡ u)®du , 0 < ® < 1 (2.20)

where ¡ is the gamma function. It can be easily shown that the fractional derivative operator

has the following useful properties in the Laplace and Fourier transform domains:

L[D®hx(t)i] = s®L[x(t)] (2.21)

F [D®hx(t)i] = (i!)®F [x(t)] (2.22)

for zero initial condition x(t = 0) = 0. By taking the Fourier transform of the model given in

equation 2.19, the stress and strain in the frequency domain are related by

¿ ¤=
G0 +G1(i!)®

1 + b(i!)¯
°¤ (2.23)

where ¿ ¤ and °¤ denote the Fourier transform of the stress ¿ and strain °, respectively.

It is evident from the above equation that the modulus for a viscoelastic material is a

function of fractional powers of the frequency, which is consistent with the observations during

material testing. Bagley and Torvik further indicated that the stress-strain relationship based

on the fractional derivative model is in harmony with the molecular behavior of viscoelastic

material. They also showed in their study that under cyclic loading this model accurately

predicted the real, continuous, and causal sinusoidal response that matched the test results.

All these features not only have removed the fractional derivative model from being merely an

explored empirical curve-¯tting method, but also have enhanced its credibility when used in

structural analysis. Later Bagley and Torvik recognized that the two parameters ® and ¯ for

fractional powers are required to be equal to satisfy the necessary thermodynamic constraints,
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so only four parameters need to be determined for the model. Moreover, they pointed out that

for a wide variety of viscoelastic materials, three empirical parameters, with ® = ¯ and b = 0 in

equation 2.19, are often su±ciently accurate to ¯t the experiment data. This three-parameter

constitutive relation between stress and strain, written as follows,

¿(t) = G0°(t) +G1D
®h°(t)i (2.24)

is the simplest fractional derivative model and has been adopted to model viscoelastic material

in several studies on the dynamic response of structures with VE dampers. The advantages

of the fractional derivative model are quite obvious: with just three or four parameters, the

proposed model provides physical explanations for the phenomenon of viscoelastic material,

and is capable of characterizing the frequency dependence of material properties in dynamic

response analysis.

The fractional derivative model is also capable of incorporating the ambient temperature

e®ect. Since the shapes of modulus curves at di®erent temperatures remain almost identical,

a shifting e®ect is recognized and can be used to obtain the parameters for the temperature

of interest. A procedure analogous to that used for the complex modulus model has also been

developed for the fractional derivative model. A set of data curves plotted over a frequency band

at a reference temperature is used as the base to determine the corresponding parameters. For

di®erent temperatures, the base curves are shifted according to a relation found experimentally,

and the new set of parameters can thus be estimated.

Despite its solid theoretical basis, the fractional derivative model has yet to gain wide

acceptance in engineering practice due to its mathematical complexity. The governing equations

for the most general viscoelastically damped system can be expressed in the following form:

MÄx+C_x+Kx+ fve = fex (2.25)

where M, C, and K are the original mass, damping, and sti®ness matrices of the structure,

fex is the external loading, and fve represents the collective contribution from VE dampers

assembled based on their placements and the system con¯guration. The force f provided by
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the individual damper using the four-parameter formulation is written as

f + bD®hfi = ¹ku+ ¹cD®hui (2.26)

in which u, ¹k, and ¹c are the displacement, sti®ness, and damping coe±cient of the damper.

Using the fractional derivative approach leads to the above well-posed dynamic problem for

structures with elastic members, internal damping, and added viscoelastic components. Though

equations 2.25 and 2.26 are linear in nature with constant coe±cients, when combined together

they are quite di®erent from the regular di®erential equations and in general do not have nice

closed-form solutions. As a result, one of the major challenges of implementing the fractional

derivative model in structural response analysis is solving the equations of motion.

With analytical solutions unavailable except for special cases, numerical schemes are almost

an obligatory part of the solution procedure. Among di®erent computational methods that have

been utilized, the direct numerical integration is probably the most straightforward approach

in dealing with VE dampers modeled by fractional derivatives. Padovan (1987), Koh and Kelly

(1990), Shokooh and Suarez (1999), Escobedo-Torres and Ricles (1998), and Zhang and Shimizu

(1998) have employed various algorithms to obtain the solutions to single-degree-of-freedom

and multi-degree-of-freedom systems. For the problems they have investigated, the viscoelastic

material was described by the three-parameter constitutive model, and VE dampers were the

only elements supplying resisting forces against motion. The resulting system equations can be

expressed as

MÄx+CD®hxi+Kx = f (2.27)

whereC andK are the damping and sti®ness matrices from VE dampers. To obtain the solution

in the time domain using a direct integration method, developing the numerical approximation

for fractional order derivatives is the essential step. The basic formula for numerically evaluating

a fractional derivative is written as

D®hxni = 1

h®

nX
j=0

wjxj (2.28)
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in which h is the time step increment, xn denotes the value of discretized x at the nth time

step, and wj represents the weight factor corresponding to xj. One method to formulate the

weights wj is directly adopting Grunwald's de¯nition of fractional derivative in terms of ¯nite

di®erence:

D®hx(t)i = lim
N!1

8<:
µ
t

N

¶¡® NX
j=0

¡(j ¡ ®)
¡(¡®)¡(j + 1)x(t¡

jt

N
)

9=; (2.29)

from which wj can be readily expressed. The other approach starts with the alternative form

of Riemann-Liouville integral

D®hx(t)i = 1

¡(1¡ ®)
µ
x(0)

t®
+

Z t

0

_x(t¡ ¿)
¿®

d¿

¶
(2.30)

and by assuming the variation of x(t) within the time step, the integral in equation 2.30 can be

evaluated to de¯ne the weight factor. One of the widely accepted schemes, the L-1 algorithm,

assumes that x(t) is linear, and thus _x(t) is constant, over the time interval to derive wj . With

the weight factors determined, equation 2.28 can then be incorporated with di®erent algorithms

such as the central di®erence method, Newmark's method, or a predictor-corrector algorithm

to solve for the response at each time step.

While numerical integration is a direct procedure to obtain the response in the time domain,

other approaches have been presented to solve the fractional di®erential equations. For simple

systems described by

mÄx = f ¡ fve (2.31)

fve + bD
®hfvei = kx+ cD®hxi (2.32)

the response can also be solved by a Laplace transform or Fourier transform approach. Taking

the Laplace transform of both equations above,

ms2X(s) = F (s)¡ Fve(s) (2.33)

(1 + bs®)Fve(s) = (k + cs®)X(s) (2.34)
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in which X(s) = L[x(t)], F (s) = L[f(t)], and Fve(s) = L[fve(t)], and combining equations 2.33
and 2.34, the response in the Laplace domain can be written as

X(s) =
(1 + bs®)F (s)

bms2+® +ms2 + cs® + k
(2.35)

The response in the time domain can then be calculated by the inverse Laplace transform:

x(t) = L¡1[X(s)]. The solution procedure is similar for the Fourier transform approach, and

both methods require computational schemes to evaluate integrations numerically.

For complicated problems, however, a modal analysis approach, also referred to as an eigen-

vector expansion method, is more e®ective. This modal analysis scheme can be illustrated by

the following example problem considered by Suarez and Shakooh (1997). For an Ndegree of

freedom system with damping speci¯ed by the three-parameter model of half-order (® = 1=2),

the equations of motion, expressed as

MÄx+CD1=2hxi+Kx = f (2.36)

can be decoupled by recasting the equations in the state space form. Introducing the state

space variable y as

y =

8>>>>>><>>>>>>:

x

D1=2hxi
_x

D3=2hxi

9>>>>>>=>>>>>>;
(2.37)

the state space equation of the system can then be written as

BD1=2hyi ¡Ay = ~f (2.38)
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where

A =

26666664
C 0 0 M

0 0 M 0

0 M 0 0

M 0 0 0

37777775 B =

26666664
¡K 0 0 0

0 0 0 M

0 0 M 0

0 M 0 0

37777775 ~f =

8>>>>>><>>>>>>:

f

0

0

0

9>>>>>>=>>>>>>;
. (2.39)

Note that both matrices A and B are real and symmetric and their sizes are 4N £ 4N . The
associated eigenvalue problem for equation 2.38 is

AÃ = ¸BÃ (2.40)

in which ¸ denotes the eigenvalue and Ã is the corresponding eigenvector normalized with

respect to matrix B. De¯ning the coordinate transformation as

y =ªq (2.41)

whereª is the eigenvector matrix and q represents the modal coordinates, leads to the following

decoupled modal equations:

D1=2hqj(t)i ¡ ¸jqj(t) = ÃTj ~f j = 1 to 4N (2.42)

The above di®erential equations with fractional derivatives of order 1=2 are referred to as \semi-

di®erential equations" and Bagley and Torvik have demonstrated that for some viscoelastic

materials, the half-order model describes the behavior quite satisfactorily. Once the solutions

to the modal equations are obtained, the response in the time domain can be assembled through

the transformation in equation 2.41. For the special case with ® = 1=2, it was shown by Suarez

and Shakooh that closed-form solutions can be determined for certain types of loading func-

tions. However, di®erential equations with fractional derivatives of arbitrary orders in general

do not have analytical solutions for a given excitation function, and numerical implementation

is required to carry out the calculation for the response in the time domain. Even with increas-

ing e®ort committed to investigating the application of the fractional derivative model, the
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mathematical di±culties in obtaining the solution for response analysis remains as the obstacle

that prevents the broad use of the model in engineering practice.

2.6 E®ect of Ambient Temperature

The mechanical properties of viscoelastic material are dependent upon the ambient temperature

as well as the excitation frequency. For a large class of VE damper materials, when experi-

ments are performed at various temperatures, the shapes of data curves of modulus versus

frequency remain almost identical. This observation permits the use of the method of reduced

variables to determine the temperature e®ect on the material properties for both the complex

modulus model and the fractional derivative model. The reduced variable method separates

the in°uences of frequency and temperature, allowing the dependence on these two factors to

be determined individually through material testing. It has been established that the ambient

temperature simply produces a shifting e®ect on the parameters or moduli of viscoelastic ma-

terials. For the complex modulus model, the variation of storage modulus and loss modulus

over a selected range of frequencies is ¯rst obtained for a reference temperature T0. From a

series of tests run at di®erent temperatures, a relation can be experimentally constructed that

the values of the modulus for frequency !1 at temperature T1 are equal to those at reference

temperature T0 for a shifted frequency !0. An analogous procedure has also been developed

for the fractional derivative model. A set of data curves plotted over a frequency band at

a reference temperature is used as the base to determine the corresponding parameters. For

di®erent temperatures, the base curves are shifted according to a relation found experimentally

to estimate the new set of parameters. In structural analysis, however, temperature usually

is a less dominant factor than the excitation frequency. Response calculations are performed

using parameters at a representative temperature and they are modi¯ed only when there is a

signi¯cant change of temperature in the environment.

2.7 Summary

In this chapter we survey the previous research e®orts that various investigators have conducted

using di®erent models for viscoelastic materials in the dynamic analysis of structures. Three
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models have been proposed: the general linear model, the complex modulus model, and the

fractional derivative model. We reviewed their basic concepts as well as their applications in

seismic response analysis, and pointed out the advantages along with the °aws associated with

each model.
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Chapter 3

An Overview of Fractional

Derivative

3.1 Introduction

In characterizing the frequency dependent behavior of viscoelastic dampers, the fractional

derivative model o®ers a compact and concise mathematical description which employs dif-

ferential equations with derivatives of fractional orders. It has been proven to be quite accurate

for a wide variety of viscoelastic materials. In our e®ort to analyze structures equipped with

VE dampers under seismic loading, this fractional derivative model is used as the basis for

formulating the structural response.

In the literature survey it is pointed out that, though considered as the best model for

representing the mechanical properties of viscoelastic materials, the fractional derivative model

is not popularly implemented because the mathematics associated with it is rather involved.

Since the engineering application of derivatives of noninteger orders is quite recent, fractional

calculus is not a common subject included in college education and is unfamiliar to most

engineers. Herein, for the sake of completeness, it is therefore necessary to introduce and

de¯ne several main elements from the ¯eld of fractional calculus that form the mathematical

background for our study.

In this chapter we will summarize the contributions from various researchers in the devel-

opment of fractional calculus, present di®erent de¯nitions of fractional derivatives, and show
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examples of obtaining fractional derivatives for some basic functions. However, this chapter

is not intended as an exhaustive survey of the subject. Its purpose is simply to provide in-

troductory material to fractional calculus for those who have not been exposed to the topic.

Consequently, lengthy mathematical proofs of theorems will not be included in the presentation.

The detailed and comprehensive discussions on integrals and di®erentials to fractional orders

have been covered by Oldham and Spanier (1974) and by Miller and Ross (1993), upon which

the following sections are largely based.

3.2 Brief Historical Background

Historically the concept of di®erentiation and integration to arbitrary orders is as old as the clas-

sical calculus itself. In a 1695 letter to Leibniz, L'Hospital inquired the meaning of dnf(x)=dxn

if n were a fraction, and thus began the interests in this subject. Early on, fractional calculus

drew the attention of famous mathematicians like Euler (1738), Lacroix (1819), Laplace (1820),

and Fourier (1822), but signi¯cant contributions were made in the 19th century when more

systematic studies were conducted by Abel (1823), Liouville (1832), Riemann (1847), Grun-

wald (1867), and Laurent (1884). In 1844 Boole ¯rst provided a symbolic method of using a

generalized operator DÀ, but the development of fractional calculus did not accelerate until

Heaviside (1892) introduced operational calculus to the investigation of fractional di®erentia-

tions. In the twentieth century, contributions were made establishing rigorous mathematical

theories of fractional calculus by Weyl (1917), Hardy (1917), Hardy and Littlewood (1925),

Kober (1940), Osler (1970), and Erd¶elyi (1975). Considerable works also have been devoted

to the application of fractional derivatives in various engineering subjects, such as in rheology

by Scott-Blair (1950), in electrochemistry by Belavin et al. (1964), and in di®usive transport

problems by Oldham and Spanier (1970). Recent activities include papers published by Phillips

(1989) on the use of fractional calculus in statistics, and the application of fractional di®erential

equations in viscoelasticity by Bagley and Torvik (1986). Through the theoretical advancement,

growing research in the application of fractional calculus can now be found in more and more

science and engineering ¯elds.
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3.3 Mathematical De¯nition

The meaning of Dnf(x) = dnf(x)=dxn is well known to those who have studied elementary

calculus, provided that n is a positive integer. In the ¯eld of fractional calculus, however, the

operator DÀ has been generalized to encompass all possible values of À: positive or negative,

rational or irrational, real or complex. DÀ with negative values of À is simply a natural extension

to represent iterated integrals of order À. Though the word fractional becomes somewhat

misleading, our presentation of the material will adhere to this tradition and basically focus

on the case where À is a real number. The notation adopted here uses DÀhfi for fractional
di®erentiation of function f(x), and usesDn [f ] for performing an explicit regular nth derivative

of f(x). Presently there exist several versions for de¯ning the fractional operator, such as

the Riemann's, the Liouville's, the Weyl', the Grunwald's, and the Riemann-Liouville's for

fractional integrals and derivatives. Among these, the Grunwald's and the Riemann-Liouville's

de¯nitions are the most widely used and thus will be presented and discussed in this section.

However, in the last couple of decades the Riemann-Liouville's de¯nition based on an integral

transformation has prevailed as the principal de¯nition for the fractional operator, especially

in the engineering applications.

3.3.1 De¯nition by Grunwald

The de¯nition of fractional derivative o®ered by Grunwald (1867) and later modi¯ed by Post

(1930) is the most fundamental one because it extends directly from the familiar de¯nition of

regular derivatives. To develop the formula for derivatives in fractional orders, we start with

the basic de¯nition in calculus of the ¯rst derivative of a function f(x):

df(x)

dx
= lim
¢x!0

f(x)¡ f(x¡¢x)
¢x

,

and similarly the second and third derivatives are de¯ned as

d2f(x)

dx2
= lim
¢x!0

f(x)¡ 2f(x¡¢x) + f(x¡ 2¢x)
(¢x)2

d3f(x)

dx3
= lim
¢x!0

f(x)¡ 3f(x¡¢x) + 2f(x¡ 2¢x)¡ f(x¡ 3¢x)
(¢x)3

.
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Recognizing from the above sequence the pattern for each derivative that involves functional

evaluations and binomial coe±cients with alternating signs, we can express the nth derivative

in the following form:

dnf(x)

dxn
= lim
¢x!0

8<: 1

(¢x)n

nX
j=0

(¡1)j
µ
n

j

¶
f(x¡ j¢x)

9=; (3.1)

where n is a positive integer and the binomial coe±cient is given as

µ
n

j

¶
=

n!

j!(n¡ j)! .

With the substitution of ¢x = x=N for the increment and realizing that
¡n
j

¢
= 0 if j > n, the

nth derivative in equation 3.1 can be rewritten as

dnf(x)

dxn
= lim
N!1

8<:³ xN ´¡n
N¡1X
j=0

(¡1)j
µ
n

j

¶
f(x¡ jx

N
)

9=; . (3.2)

To generalize the above de¯nition of a derivative for the case that n may not be a positive

integer, recall the following identity involving the Gamma function:

(¡1)j
µ
n

j

¶
=

¡(j ¡ n)
¡(¡n)¡(j + 1),

and equation 3.2 thus becomes

dnf(x)

dxn
= lim
N!1

8<:³ xN ´¡n
N¡1X
j=0

¡(j ¡ n)
¡(¡n)¡(j + 1)f(x¡

jx

N
)

9=; (3.3)

in which n is positive but may or may not be an integer.

To further generalize the above equation for negative values of n, we focus on the interpre-

tation of repeated integrals of a function using the Riemann sum. The ¯rst-order integral of

f(x) can be written as

d¡1f(x)
dx¡1

=

Z x

0
f(¿)d¿ = lim

¢x!0

8<:¢x
N¡1X
j=0

f(x¡ j¢x)
9=; .
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With the same de¯nition for an integral, the double and triple integrals can then be put in the

following forms:

d¡2f(x)
dx¡2

=

Z x

0
dx1

Z x1

0
f(¿)d¿ = lim

¢x!0

8<:¢x2
N¡1X
j=0

(j + 1)f(x¡ j¢x)
9=; ,

d¡3f(x)
dx¡3

=

Z x

0
dx2

Z x2

0
dx1

Z x1

0
f(¿)d¿ = lim

¢x!0

8<:¢x3
N¡1X
j=0

µ
j + 2

j

¶
f(x¡ j¢x)

9=; .
Continuing the process as the order of iterated integral increases and replacing ¢x by x=N , we

obtain from mathematical induction the m-fold integral of f(x) as

d¡mf(x)
dx¡m

=

Z x

0
dxm¡1

Z xm¡1

0
dxm¡2

Z xm¡2

0
dxm¡3 ¢ ¢ ¢

Z x1

0| {z }
m times

f(¿)d¿

= lim
N¡!1

8<:³ xN ´m
N¡1X
j=0

µ
j +m¡ 1

j

¶
f(x¡ j¢x)

9=; . (3.4)

Again we can extend the above expression to integrals with fractional order by recalling the

identity

µ
j +m¡ 1

j

¶
=

¡(j +m)

¡(m)¡(j + 1)
,

and equation 3.4 can be recast as

d¡mf(x)
dx¡m

= lim
N¡!1

8<:³ xN ´m
N¡1X
j=0

¡(j +m)

¡(m)¡(j + 1)
f(x¡ jx

N
)

9=; , (3.5)

in which m can be a noninteger.

Upon close inspection of equations 3.3 and 3.5, we notice that

dnf(x)

dxn
=
d¡mf(x)
dx¡m

¯̄̄̄
m=¡n

. (3.6)

It is obvious that the two expressions can be consolidated into one general formula, and thereby

we arrive at the Grunwald's de¯nition of the fractional operator DÀ unifying both the derivative
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and integral of f(x) to any arbitrary order À:

DÀhf(x)i = dÀf(x)

dxº
= lim
N¡!1

8<:³ xN ´¡À
N¡1X
j=0

¡(j ¡ À)
¡(¡À)¡(j + 1)f(x¡

jx

N
)

9=; , À 2 (¡1;1). (3.7)
Notice that À can take on any value, rational or irrational, in the interval of (¡1;1), and DÀ

represents fractional derivative if À > 0, and fractional integral if À < 0. Though Grunwald's

de¯nition is a straightforward extension from basic calculus, di®erentiation and integration of

fractional orders in the broad sense lack familiar geometric interpretation such as in terms of

the slope of and area under a curve. Grunwald's de¯nition also requires no explicit operation

of classical derivative and integral of the function. Hence, it is appealing in that it o®ers a

more general applicability because it poses few restrictions on the functions. The disadvantage,

however, is that it is quite di±cult to calculate the limit of the sum for most common functions.

Since only the evaluations of the function itself are needed in Grunwald's de¯nition, in practice

it is often implemented as a direct numerical tool to generate approximations to the fractional

derivative of an arbitrary function for large enough value of N .

3.3.2 De¯nition by Riemann-Liouville Integral

The most often cited de¯nition in the literature of a fractional operator is via an integral

transform called the Riemann-Liouville integral. The origin of this de¯nition is Cauchy's integral

formula:

dnf(z)

dzn
=
n!

2¼i

I
C

f(³)

(³ ¡ z)n+1d³. (3.8)

To generalize equation 3.8 to a noninteger n, we can directly replace n! by ¡(n + 1) but the

integrand no longer contains a pole at ³ = z, instead a branch point. An appropriate contour

C has to be carefully constructed to include a branch cut in order to perform the integration.

This procedure is quite elaborate and thus will not be presented here. Alternatively, a modern

approach suggested by Miller and Ross that starts from the iterated integral of a function

instead will be introduced in this section.

Consider the double integral of a function f(x). By switching the order of integration and
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changing the integration limits, we can reduce it to a single integration:

Z x

0
dx1

Z x1

0
f(¿)d¿ =

Z x

0
f(¿)d¿

Z x

¿
dx1 =

Z x

0
(x¡ ¿)f(¿)d¿ .

A triple integral can be condensed in the similar manner as follows:Z x

0
dx2

Z x2

0
dx1

Z x1

0
f(¿)d¿ =

Z x

0
dx2

·Z x2

0
(x2 ¡ ¿)f(¿)d¿

¸
=

Z x

0
f(¿)d¿

Z x

¿
(x2 ¡ ¿)dx2 =

Z x

0

(x¡ ¿)2
2

f(¿)d¿ .

Sequences of higher orders of integration constructed in the same pattern suggest a general

formula for replacing an n-fold repeated integral with a single integration as:

Z x

0
dxn¡1

Z xn¡1

0
dxn¡2

Z xn¡2

0
dxn¡3 ¢ ¢ ¢

Z x1

0| {z }
n times

f(¿)d¿ =

Z x

0

(x¡ ¿)n¡1
(n¡ 1)! f(¿)d¿ (3.9)

Substituting ¡(n); where ¡ denotes the Gamma function, for (n¡1)!, we then can generalize the
above formulation to iterated integrals with n being a noninteger, and thus de¯ne the fractional

integral in any arbitrary order º in terms of the Riemann-Liouville integral:

D¡ºhf(x)i = d¡ºf(x)
dx¡º

=
1

¡(º)

Z x

0
(x¡ ¿)º¡1f(¿)d¿ , º > 0. (3.10)

Both the Grunwald's and Riemann-Liouville's de¯nitions of a fractional integral are based on

the repeated integrals of a function, therefore they are intrinsically identical to each other. A

more rigorous mathematical proof of their equivalence is given by Oldham and Spanier (1974)

in their book and will not be presented here.

We may be at this point tempted to de¯ne the fractional derivative of order À directly from

equation 3.10 by replacing º with ¡À, as in equation 3.6 from Grunwald's result:

DÀhf(x)i = dÀf(x)

dxÀ
=

1

¡(¡À)
Z x

0
(x¡ ¿)¡À¡1f(¿)d¿ , À > 0.

However, this seemingly intuitive continuation from negative order to positive order to de¯ne the

fractional derivative is erroneous. Miller and Ross (1993) pointed out that this generalization
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has no mathematical basis and therefore is meaningless. For a broad class of common functions,

their fractional derivatives and fractional integrals do obey the relation

DÀhf(x)i = D¡ºhf(x)i¯̄
º=¡À , (3.11)

but it does not hold true for all functions. Even though equation 3.11 is often exploited as

a convenient technique to obtain fractional derivatives directly from the results of fractional

integrals, this extension can not be regarded as the de¯nition of the fractional derivative.

Nevertheless, the fractional derivative based on Riemann-Liouville's integral transform indeed

stems from the fractional integral and it is demonstrated next.

For À > 0, let m be the smallest positive integer greater than À and let º = m¡ À. Then
clearly, DÀ denotes the fractional derivative of order À and, since º is positive, D¡º represents

the fractional integral of order º. Next making use of the composition rule

dp

dxp
dq

dxq
f(x) =

dp+q

dxp+q
f(x), (3.12)

choose p to be a positive integer and q as any arbitrary negative value, and thus dp=dxp performs

a regular derivative on a fractional integral dqf(x)=dxq. Then the fractional derivative by the

Riemann-Liouville integral is de¯ned as

DÀhf(x)i = Dm £D¡ºhf(x)i¤ = dm

dxm

·
d¡ºf(x)
dx¡º

¸
. (3.13)

In the long form, this de¯nition can be expressed as

DÀhf(x)i = 1

¡(º)

dm

dxm

Z x

0
(x¡¿)º¡1f(¿)d¿ = 1

¡(m¡ À)
dm

dxm

Z x

0
(x¡¿)m¡À¡1f(¿)d¿ , (3.14)

and notice that the integral in the above formula is an improper integral. For the case that

0 < À = ® < 1, which is common in engineering application, we have the following familiar

de¯nition that arises from equation 3.14 in which m = 1:

D®hf(x)i = 1

¡(1¡ ®)
d

dx

Z x

0

f(¿)

(x¡ ¿)®d¿ . (3.15)
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To introduce an alternative and yet also popular formulation for the de¯nition of the frac-

tional derivative based on the Riemann-Liouville integral, we will examine the regular derivative

of a fractional integral introduced in equation 3.13. Working with the general form, we begin

with the ¯rst derivative:

D
£
D¡ºhf(x)i¤ = d

dx

·
d¡ºf(x)
dx¡º

¸
, º > 0. (3.16)

Make the following change of variable:

¿ = x¡ »1=º .

Together with ºd¿ = ¡»(1¡º)=ºd», substitute the above relation into equation 3.10 for the
fractional integral of order º, and we have

D¡ºhf(x)i =
1

¡(º)

Z 0

xº
»(º¡1)=ºf(x¡ »1=º)

µ
¡1
º
»(1¡º)=ºd»

¶
=

1

¡(º + 1)

Z xº

0
f(x¡ »1=º)d».

Based on Leibnitz's rule for di®erentiation of integrals, equation 3.16 can then be written as

D
£
D¡ºhf(x)i¤ =

1

¡(º + 1)

d

dx

Z xº

0
f(x¡ »1=º)d»

=
1

¡(º + 1)

·
ºxº¡1f(0) +

Z xº

0

@

@x
f(x¡ »1=º)d»

¸
.

Next we convert the result back in terms of the original variables using the reverse transforma-

tion

» = (x¡ ¿)º and d» = ¡º(x¡ ¿)º¡1d¿ ,

and we get

D
£
D¡ºhf(x)i¤ =

1

¡(º + 1)

½
ºxº¡1f(0) +

Z 0

x

@f(¿)

@¿

@¿

@x

£¡º(x¡ ¿)º¡1d¿¤¾
=

1

¡(º)

·
xº¡1f(0) +

Z x

0
(x¡ ¿)º¡1f 0(¿)d¿

¸
, (3.17)
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where f 0(x) stands for the regular di®erentiation of f(x). We may also put the above formula

in a compact form as

D
£
D¡ºhf(x)i¤ = f(0)

¡(º)
xº¡1 +D¡ºhf 0(x)i. (3.18)

A direct application of this result is the development of the alternative form for the fractional

derivative with order À = ® < 1. From equation 3.13 with m = 1 and º = 1 ¡ ®, we have
another useful de¯nition:

D®hf(x)i = D
h
D¡(1¡®)hf(x)i

i
=

f(0)

¡(1¡ ®)x
¡® +D¡(1¡®)hf 0(x)i

=
1

¡(1¡ ®)
·
f(0)

x®
+

Z x

0

f 0(¿)
(x¡ ¿)®d¿

¸
. (3.19)

By repeating the same process of di®erentiation demonstrated above, we can obtain the follow-

ing general formula for the fractional derivative of order À:

DÀhf(x)i = Dm
£
D¡ºhf(x)i¤ = D¡ºhf (m)(x)i+ m¡1X

k=0

xº¡m+kf (k)(x)
¡(º ¡m+ k + 1)

=
1

¡(m¡ À)
Z x

0
(x¡ ¿)m¡À¡1f (m)(¿)d¿ +

m¡1X
k=0

xk¡Àf (k)(x)
¡(k ¡ À + 1), (3.20)

in whichm is the closest integer exceeding À and º = m¡À as de¯ned previously, and f (m)(x) =
dmf(x)=dxm is the mth regular derivative of f(x).

It merits a comment at this juncture on equation 3.12 based on which the fractional deriva-

tive is de¯ned. Even though the composition rule, referred to as the law of exponents in some

literature, seems straightforward from calculus, in reality it is much more involved when p and

q are not both positive or negative integers. It has been veri¯ed that equation 3.12 is valid

under the condition that p is a positive integer and q is arbitrary for all functions of f(x).

The complete discussion on the composition rule in fractional calculus for various combinations

of p and q is covered at length in books by Oldham and Spanier (1974) and by Miller and

Ross (1993), and thus will not be elaborated here. To close the section, we emphasize that the

de¯nition for the fractional operator based on the Riemann-Liouville integral has two di®erent

formulations, one for the fractional integral and the other for the fractional derivative. With
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only one single integral and regular derivatives in its expression, the Riemann-Liouville de¯-

nition is compact and convenient to implement. Over the past several decades, it has gained

more popularity than Grunwald's de¯nition and has been recognized as the standard form of

de¯nition in studying fractional calculus.

3.4 Fundamental Properties

In this section we intend to present some general properties associated with the fractional

operator DÀ, which are similar to the classical formulas encountered for regular integrations

and di®erentiations. Since the proofs of all these following properties come directly from the

de¯nitions ofDÀ, they will be omitted here and we will simply state the results. These properties

provide mathematical help in utilizing the operator in our analysis of dynamic response of

structures with viscoelastic dampers modeled by the fractional derivatives.

3.4.1 Linearity

The operator DÀ is a linear operator, requiring that for any proper functions f and g, and any

scalar constants a and b,

DÀhaf(x) + bg(x)i = aDÀhf(x)i+ bDÀhg(x)i. (3.21)

The linearity of DÀ enables us to interchange the fractional operator and summation, which is

useful when dealing with a function that can be expressed in series expansion.

3.4.2 Change of Scale

A scale change of f(x) with scaling factor ¯ transforms the function to f(¯x), where ¯ is a

constant. The fractional derivative of the scaled function hence becomes

DÀhf(¯x)i = dÀf(¯x)

dxÀ
= ¯À

dÀf(¯x)

d(¯x)À
. (3.22)

36



3.4.3 Leibniz's Rule

Di®erentiation of the product of two functions is carried out based on Leibniz's rule extended

to fractional order as

DÀhf(x)g(x)i =
1X
k=0

¡(À + 1)

¡(k + 1)¡(À ¡ k + 1)D
À¡khf(x)iDkhg(x)i. (3.23)

This generalized Leibniz rule is mainly used for calculating the fractional derivatives of more

complicated functions.

3.4.4 Laplace Transform

Laplace transforms of the fractional integral and derivative are written as

L £D¡ºhf(x)¤ = s¡ºL [f(x)] , º > 0 (3.24)

L [DÀhf(x)] = sÀL [f(x)]¡
m¡1X
k=0

sm¡k¡1Dk¡m+Àhf(0)i, À > 0 (3.25)

where m is the integer that satis¯es m ¡ 1 < À < m, and DÀhf(0)i, denoting DÀhf(x)i
evaluated at x = 0, represents the initial condition. For the special case of zero initial conditions,

equation 3.25 reduces to L [DÀhf(x)] = sÀL [f(x)], which is identical to equation 3.24. Laplace
transform is a powerful tool in obtaining solutions to the fractional di®erential equations, and in

engineering most often the Laplace transform of the fractional derivatives involving the special

case À = ® < 1 is required. In this situation

L [D®hf(x)] = s®L [f(x)]¡D®¡1hf(0)i. (3.26)

Moreover, for analytical functions that can be represented in Taylor series expansion, it can be

shown that the above result can be further simpli¯ed to

L [D®hf(x)] = s®L [f(x)] . (3.27)
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Here we list the Laplace transform of some common functions:

L [D®hxai] =
¡(a+ 1)

sa+1¡®
(3.28)

L [D®heaxi] =
s®

s¡ a (3.29)

L [D®hcos axi] =
s®+1

s2 + a2
(3.30)

L [D®hsin axi] =
as®

s2 + a2
. (3.31)

3.5 Fractional Derivative of Elementary Functions

With the de¯nitions of the fractional derivative established, we are now ready to apply them to

obtain the fractional derivative of some basic functions commonly encountered in mathematics.

However, only a handful of functions will be explored as example exercises in this section be-

cause, as we will demonstrate later, even for simple functions like exponential and trigonometric

functions, their fractional derivatives give rise to higher transcendental functions. In general,

the fractional derivatives are complicated to calculate and quite often they only exist within a

certain domain for some functions. The books listed in the reference section provide detailed

derivations of the fractional derivatives for a much wider variety of more complex functions.

3.5.1 Constant f(x) = c

We start with ¯nding the fractional derivative of order À of a constant. Use equation 3.20

directly with f(x) = c. Since m ¸ 1, we have f (m)(x) = 0, and hence the ¯rst integration term
vanishes. For the second term involving the summation, only the ¯rst entry is nontrivial and

we get the following result:

DÀhci = c

¡(1¡ À)xÀ . (3.32)

Notice that for the regular derivatives, À = n is a positive integer and correspondingly ¡(1¡n)
is in¯nite. Hence we conclude that Dnhci = 0 as expected from di®erentiating a constant in

basic calculus.
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3.5.2 Power Function f(x) = xa

In acquiring the fractional derivative of a power function, we ¯nd it easier to ¯rst look for its

fractional integral based on equation 3.10:

D¡ºhxai = 1

¡(º)

Z x

0
(x¡ ¿)º¡1¿ad¿ , º > 0.

With a change of variable ¿ = xu, the above integral becomes

D¡ºhxai = 1

¡(º)

Z 1

0
xa+ºua(1¡ u)º¡1du = B(a+ 1; º)

¡(º)
xa+º ,

where

B(¸; ¹) =

Z 1

0
t¸¡1(1¡ t)¹¡1dt, ¸ > 0, ¹ > 0

is the beta function. Then making use of the identity relating the beta function and gamma

function

B(¸; ¹) =
¡(¸)¡(¹)

¡(¸+ ¹)
,

we have the fractional integral of a power function:

D¡ºhxai = ¡(a+ 1)

¡(a+ º + 1)
xa+º for x > 0, (3.33)

and notice that since the beta integral diverges if ¸ < 0, the fractional integral of a power

function is valid only for a > ¡1. Based on equation 3.13, taking the mth regular derivative of
the above expression

DÀhxai = Dm £D¡ºhxai¤ = ¡(a+ 1)

¡(a+ º + 1)

dm

dxm
¡
xa+º

¢
=

¡(a+ 1)

¡(a+ º + 1¡m)x
a+º¡m,

and recalling º = m¡ À, we obtain the fractional derivative of order À of a power function as

DÀhxai = ¡(a+ 1)

¡(a¡ À + 1)x
a¡À. (3.34)
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Again this general expression reduces to the familiar result for regular derivative of a power

function when À = n is a positive integer:

Dnhxai = ¡(a+ 1)

¡(a¡ n+ 1)x
a¡n =

a!

(a¡ n)!x
a¡n.

3.5.3 Exponential Function f(x) = eax

One very important function in studying fractional calculus is the exponential function eax

since its fractional derivatives feature prominently in fractional di®erential equations. Here we

will show that the fractional derivative of eax involves a transcendental function. We ¯rst seek

the fractional integral of the exponential function:

D¡ºheaxi = 1

¡(º)

Z x

0
(x¡ ¿)º¡1ea¿d¿ , º > 0.

Let u = x¡ ¿ , and substituting it into the above expression we then get

D¡ºheaxi = eax

¡(º)

Z x

0
uº¡1e¡audu.

With a change of variable » = au, the above equation becomes

D¡ºheaxi = eax

¡(º)aº

Z ax

0
»º¡1e¡»d». (3.35)

Recognizing that the integral in equation 3.35 is simply the incomplete gamma function, we

then obtain the fractional integral of the exponential function written as

D¡ºheaxi = eax

¡(º)aº
°(º; ax), º > 0, (3.36)

in which °(¸; z) is the incomplete gamma function whose de¯nition is given below in both the

integral and the series representations:

°(¸; z) =

Z z

0
»¸¡1e¡»d», ¸ > 0 (3.37)

=
1X
k=0

(¡1)kz¸+k
k!(¸+ k)

= e¡z
1X
k=0

¡(¸)z¸+k

¡(¸+ k + 1)
. (3.38)
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With the fractional integral derived for the exponential function, we will now directly make use

of equation 3.11 and write the fractional derivative of order À to be

DÀheaxi = aÀeax

¡(¡À)°(¡À; ax), À > 0. (3.39)

For regular derivatives, we set À = n, a positive integer, and recalling that °(¡n; ax) = ¡(¡n),
from this property of the incomplete gamma function we again recover the formula of di®eren-

tiating the exponential function Dn [eax] = aneax.

There are a couple of observations worth noting about the fractional integrals and derivatives

of the exponential function. From the property of the incomplete gamma function

°(¸+ 1; z) = ¸°(¸; z)¡ z¸e¡z

we get a very useful formula:

D®heaxi = aD®¡1heaxi+ 1

¡(1¡ ®)x® , 0 < ® < 1, (3.40)

which converts a fractional derivative into a fractional integral. This relation is especially

handy in computing D®heaxi since some available software packages (MATLAB, for example)
only calculate the incomplete gamma function for a positive parameter ¸, which necessitates us

to use equation 3.40 in order to get its numerical value. Also notice that from equation 3.38 the

fractional integral of the exponential function can be de¯ned using the con°uent hypergeometric

function:

D¡ºheaxi = xº
1X
k=0

(ax)k

¡(¸+ k + 1)
=

xº

¡(º + 1)
1F1 (1; º + 1; ax). (3.41)

In the above expression the con°uent hypergeometric function 1F1 is given by

1F1 (a; b; z) =
¡(b)

¡(a)

1X
k=0

¡(a+ k)zk

¡(b+ k)k!
, (3.42)

and it converges for all z as long as the parameter b is not a negative integer. Equation 3.41 is

especially favorable when the argument z = ax is a complex number.

41



3.5.4 Sine and Cosine Functions f(x) = sin ax, f(x) = cos ax

Instead of pursuing the fractional integrals of the sine and cosine functions from the original

de¯nitions

D¡ºhsinaxi =
1

¡(º)

Z x

0
(x¡ ¿)º¡1 sin a¿d¿

D¡ºhcos axi =
1

¡(º)

Z x

0
(x¡ ¿)º¡1 cos a¿d¿ ,

we proceed to obtain the fractional integrals and derivatives of sine and cosine functions through

the result derived earlier for the exponential function. Using the fact that eiax = cos ax+i sin ax,

we can write the following relation:

DÀheiaxi = DÀhcos ax+ i sinaxi
= DÀhcos axi+ iDÀhsinaxi, (3.43)

and then straightforwardly obtain

DÀhcos axi = Re
£
DÀheiaxi¤

DÀhsin axi = Im
£
DÀheiaxi¤ , (3.44)

where Re [¢] and Im [¢] stand for the real and imaginary parts. Furthermore, with the replace-
ment of ax by iax in equation 3.41, it becomes

DÀheiaxi = x¡À
" 1X
k even

(¡1)k=2(ax)k
¡(¡À + k + 1) + i

1X
k odd

(¡1)(k¡1)=2(ax)k
¡(¡À + k + 1)

#
.

Separate the real and imaginary parts and we get explicitly the formulas for the fractional

derivatives of sin ax and cos ax given by

DÀhcos axi = x¡À
1X
j=0

(¡1)j(ax)2j
¡(¡À + 2j + 1) (3.45)

DÀhsin axi = x¡À
1X
j=0

(¡1)j(ax)2j+1
¡(¡À + 2j + 2). (3.46)
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Clearly, this pair of expressions are the series representations for the fractional derivatives of

cosine and sine functions, and they are useful when numerical evaluations are required. It can

also be easily veri¯ed that equations 3.45 and 3.46 reduce to the conventional formulas for the

regular derivatives of sin ax and cos ax when À = n is a positive integer.

3.5.5 Real Analytical Functions

In this section we seek a general formula for calculating the fractional derivative of an analytical

function which can be expanded in power series. From equation 3.10, the Riemann-Liouville

fractional integral of function f can be written di®erently by a simple change of variable u =

x¡ ¿ :

D¡ºhf(x)i = 1

¡(º)

Z x

0
(x¡ ¿)º¡1f(¿)d¿ = 1

¡(º)

Z x

0
uº¡1f(x¡ u)du.

For f(x) which has a convergent power series expansion with the radius of convergence X and

0 < x · X, f(x¡ u) can be expanded using Taylor series:

f(x¡ u) = f(x)¡ uf 0(x) + u
2

2!
f 00(x)¡ u

3

3!
f 000(x) + ¢ ¢ ¢ =

1X
k=0

(¡1)kf (k)(x)
k!

uk.

Substituting the above expression into the fractional integral and interchanging the order of

summation and integration, we get

D¡ºhf(x)i = 1

¡(º)

1X
k=0

(¡1)kf (k)(x)
k!(k + º)

xk+º . (3.47)

Directly making use of equation 3.11, we then arrive at the following formula:

DÀhf(x)i = 1

¡(¡À)
1X
k=0

(¡1)kf (k)(x)
k!(k ¡ À) xk¡À, (3.48)

and we see that the fractional derivative of an analytical function can be expressed in terms of

the ordinary derivatives of that function.

The other convenient formulation to determine the fractional derivative of an analytical
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function starts from the Taylor series expansion of the function f(x):

f(x) =
1X
j=0

f (j)(0)

¡(j + 1)
xj .

Since we have already established the fractional derivative of a power function xa, we can now

obtain the fractional derivative for f(x) in the following straightforward derivation:

DÀhf(x)i = DÀ

* 1X
j=0

f (j)(0)

¡(j + 1)
xj

+
=

1X
j=0

f (j)(0)

¡(j + 1)
DÀhxji

=
1X
j=0

f (j)(0)

¡(j ¡ À + 1)x
j¡À. (3.49)

3.6 Summary

In this chapter we presented the de¯nitions and some fundamental concepts in fractional calculus

which are essential to understanding the subject. Formulas by Grunwald's de¯nition and based

on Riemann-Liouville's integral were discussed for a fractional integral/derivative. We then

reviewed the basic mathematical properties in fractional calculus. Finally we demonstrated

how to obtain the fractional derivatives for several common functions such as power functions,

exponential functions and sinusoidal functions. Many topics and equations covered here will be

used extensively in our study.
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Chapter 4

Modal Superposition Method for

Fractional Derivative Model

4.1 Introduction

For structures installed with VE dampers modeled with fractional derivatives, the resulting dy-

namic equations are more complicated, since they involve di®erentiations of noninteger orders.

To obtain the response of such structure-damper systems, we need to solve these fractional

di®erential equations. In this chapter, we seek a general modal superposition approach that

provides the analytical solution to these equations. Similar to the modal analysis that is com-

monly used for linear systems, a special state vector and two state matrices are formed so that

the system equations can be posed in the state space. Using the eigenproperties associated

with the system, the state equations can be decoupled into modal equations, and a general so-

lution for an arbitrary loading can be developed using the impulse response function. Here we

formulate the response for several common excitations and present some numerical examples.

4.2 Equation of Motion

Consider a typical N-story shear building installed with added viscoelastic dampers shown

schematically in Figure 4-1. The VE dampers are placed diagonally as braces in the frame

between °oors as depicted in the sketch. For the mechanical properties of the added VE
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Figure 4-1: A typical shear building with added diagonal VE dampers
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dampers, we adopt the three parameter fractional derivative model to describe the behavior of

the material. Based on such a model the shear stress ¿ and shear strain ° in the viscoelastic

material are related through the following constitutive equation:

¿ = G0° +G1D
®h°i, 0 < ® < 1, (4.1)

where the moduli G0 and G1 and the fractional order ® of the material are determined experi-

mentally. From the con¯guration shown in Figure 4-2 for a standard VE damper, we recognize

that

¿ =
fve
2A

and ° =
uve
h
, (4.2)

in which fve is the force provided by the damper, uve represents the relative displacement

between the center plate and the °anges, and A and h are the area and thickness of the

viscoelastic pad. Combining equations 4.1 and 4.2, we obtain

fve =
2AG0
h

uve +
2AG1
h

D®huvei (4.3)

as the force-displacement relation for the VE damper.

To derive the equations of motion for the shear building including the VE dampers when it

is excited at the base, we simply sum the forces for each °oor slab supplied by the columns and

the dampers as shown in Figure 4-3, Applying Newton's second law to an arbitrary ith °oor

renders

mi(Äxi + Äxg) = f
c
i+1 + f

d
i+1 ¡ f ci ¡ fdi . (4.4)

In the above equation, mi is the mass of the °oor, xi is the °oor displacement relative to the

ground, Äxg is the ground acceleration, and f
c
i and f

d
i represent the resisting force contributions

from the columns and dampers, respectively. In terms of the sti®ness k and internal viscous

damping c of the supporting columns, fc can be written as

f ci = kiui + ci _ui, (4.5)

47



Figure 4-2: Damper force and displacement in the deformed state
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Figure 4-3: Free-body diagram of a typical °oor slab
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where ui is the relative displacement between the adjacent °oors. Assuming the damper is

oriented at an angle µi, de¯ned as positive counterclockwise from the horizontal in Figure 4-3,

it is straightforward from geometry that

fdi = fve cos µi and uve = ui cos µi,

and hence we have

fdi =
¹kiui + ¹ciD

®huii, (4.6)

in which the sti®ness ¹k and fractional damping ¹c for the VE damper are de¯ned as

¹ki =
2AG0
h

cos2 µi

¹ci =
2AG1
h

cos2 µi. (4.7)

With the substitution of ui = xi¡xi¡1, we then obtain the equation of motion for the ith °oor:

miÄxi ¡ ci _xi¡1 + (ci + ci+1) _xi ¡ ci+1 _xi+1
¡¹ciD®hxi¡1i+ (¹ci + ¹ci+1)D®hxii ¡ ¹ci+1D®hxi+1i
¡kiÄxi¡1 + (ki + ki+1)Äxi ¡ ki+1Äxi+1
¡¹kiÄxi¡1 + (¹ki + ¹ki+1)Äxi ¡ ¹ki+1Äxi+1 = ¡miÄxg

. (4.8)

To express the above equation in matrix form, let fxg = fx1; x2; ¢ ¢ ¢ ; xNgT be the vector of °oor
displacement relative to the ground, de¯ne the mass matrix M = diag(m1;m2; ¢ ¢ ¢ ;mN), and
construct the damping and sti®ness matrices C and K of the structure alone and the fractional
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damping and sti®ness matrices ¹C and ¹K for the VE dampers as follows:

C =

266666666666666664

c1 + c2 ¡c2 0 ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ 0

¡c2 c2 + c3 ¡c3 0 ¢ ¢ ¢ ¢ ¢ ¢ 0

0 ¡c3 c3 + c4 ¡c4 0 ¢ ¢ ¢ 0
... 0 ¡c4 . . .

. . . 0
...

...
... 0

. . .
. . . ¡cN¡1 0

...
...

... 0 ¡cN¡1 cN¡1 + cN ¡cN
0 0 0 ¢ ¢ ¢ 0 ¡cN cN

377777777777777775

K =

266666666666666664

k1 + k2 ¡k2 0 ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ 0

¡k2 k2 + k3 ¡k3 0 ¢ ¢ ¢ ¢ ¢ ¢ 0

0 ¡k3 k3 + k4 ¡k4 0 ¢ ¢ ¢ 0
... 0 ¡k4 . . .

. . . 0
...

...
... 0

. . .
. . . ¡kN¡1 0

...
...

... 0 ¡kN¡1 kN¡1 + kN ¡kN
0 0 0 ¢ ¢ ¢ 0 ¡kN kN

377777777777777775

¹C =

266666666666666664

¹c1 + ¹c2 ¡¹c2 0 ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ 0

¡¹c2 ¹c2 + ¹c3 ¡¹c3 0 ¢ ¢ ¢ ¢ ¢ ¢ 0

0 ¡¹c3 ¹c3 + ¹c4 ¡¹c4 0 ¢ ¢ ¢ 0
... 0 ¡¹c4 . . .

. . . 0
...

...
... 0

. . .
. . . ¡¹cN¡1 0

...
...

... 0 ¡¹cN¡1 ¹cN¡1 + ¹cN ¡¹cN
0 0 0 ¢ ¢ ¢ 0 ¡¹cN ¹cN

377777777777777775
(4.9)

¹K =

266666666666666664

¹k1 + ¹k2 ¡¹k2 0 ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ 0

¡¹k2 ¹k2 + ¹k3 ¡¹k3 0 ¢ ¢ ¢ ¢ ¢ ¢ 0

0 ¡¹k3 ¹k3 + ¹k4 ¡¹k4 0 ¢ ¢ ¢ 0
... 0 ¡¹k4 . . .

. . . 0
...

...
... 0

. . .
. . . ¡¹kN¡1 0

...
...

... 0 ¡¹kN¡1 ¹kN¡1 + ¹kN ¡¹kN
0 0 0 ¢ ¢ ¢ 0 ¡¹kN ¹kN

377777777777777775
.
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Then the equations of motion of the system can be recast as

M fÄxg+Cf _xg+ ¹C fD®hxig+Kt fxg = ¡M frg Äxg(t), (4.10)

where Kt = K+ ¹K denotes the total sti®ness from VE dampers as well as the structure, and

frg = f1; 1; ¢ ¢ ¢ ; 1gT is the in°uence coe±cient vector of size N . Equation 4.10 now represents
a system of coupled linear fractional di®erential equations, whose solution provides us the

structural response, when VE dampers modeled by fractional derivatives are incorporated.

4.3 Modal Analysis

Although computational algorithms have been developed to solve the fractional equations of

motion numerically, an analytical approach that allows us to obtain the response of the building

is more desirable. Here we present such a modal analysis method that enables us to formulate

a general solution to the governing equations. In its procedure, which is similar to that used

for solving common linear structural dynamic problems, the equations of motion are uncoupled

to produce a set of modal fractional di®erential equations that are mathematically more man-

ageable. This uncoupling is achieved through the use of the eigenproperties of the specially

formulated state equations.

4.3.1 Equation of Motion in State Space

The fractional order parameter ® for common viscoelastic materials can often be approximated

by a rational number. This representation of the parameter using a rational number facilitates

the transformation of the original fractional equations of motion into the state space involving

multiple fractional derivatives of the displacement variables. In its simplest fractional form, let

® =
l

m
, l < m, (4.11)

where l and m are integers, and de¯ne

º =
1

m
(4.12)
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as the primary fraction of the model. Now introduce the state space vector of size 2m as follows:

fyg =

8>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>:

fxg
fD 1

m hxig
fD 2

m hxig
...

fDhxig
fDm+1

m hxig
...

fD 2m¡2
m hxig

fD 2m¡1
m hxig

9>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>;

=

8>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>:

fxg
fDºhxig
fD2ºhxig

...

fDhxig
fD(m+1)ºhxig

...

fD(2m¡2)ºhxig
fD(2m¡1)ºhxig

9>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>;

, (4.13)

and we note that

fD 1
m hyig = fDºhyig =

n
fDºhxig; fD2ºhxig; ¢ ¢ ¢ ; fD(2m¡1)ºhxig; fD2hxig

oT
,

and fDhxig and fD2hxig are simply the velocity and acceleration vectors f _xg and fÄxg, respec-
tively. With a set of identity equations added, the equations of motion can then be recast in

the following form:

AfD 1
m hyig ¡Bfyg = AfDºhyig ¡Bfyg = ffg. (4.14)
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In this state space equation of motion, A and B are symmetric square matrices de¯ned as

A =

266666666666666666666666666664

0 0 ¢ ¢ ¢ ¹C(l) 0 ¢ ¢ ¢ C(m) 0 ¢ ¢ ¢ 0 M(2m)

0 ¢ ¢ ¢ ¹C 0 ¢ ¢ ¢ C 0 ¢ ¢ ¢ 0 M 0
... ¹C 0 ¢ ¢ ¢ C 0 ¢ ¢ ¢ 0 M 0 0

¹C(l) 0 ¢ ¢ ¢ C 0 ¢ ¢ ¢ 0 M 0 ¢ ¢ ¢ 0

0 ¢ ¢ ¢ C 0 ¢ ¢ ¢ 0 M 0 ¢ ¢ ¢ 0
... C 0 ¢ ¢ ¢ 0 M 0 ¢ ¢ ¢ 0

C(m) 0 ¢ ¢ ¢ 0 M 0 ¢ ¢ ¢ 0

0 ¢ ¢ ¢ 0 M 0 ¢ ¢ ¢ 0
... 0 M 0 ¢ ¢ ¢ 0

0 M 0 ¢ ¢ ¢ 0

M(2m) 0 ¢ ¢ ¢ 0

377777777777777777777777777775
(4.15)

B =

2666666666666666666666666666664

¡Kt 0 ¢ ¢ ¢ 0

0 0 ¢ ¢ ¢ ¹C(l) 0 ¢ ¢ ¢ C(m) 0 ¢ ¢ ¢ 0 M(2m)

... ¢ ¢ ¢ ¹C 0 ¢ ¢ ¢ C 0 ¢ ¢ ¢ 0 M 0

0 ¹C(l) 0 ¢ ¢ ¢ C 0 ¢ ¢ ¢ 0 M 0 0
... 0 ¢ ¢ ¢ C 0 ¢ ¢ ¢ 0 M 0 ¢ ¢ ¢ 0

... C 0 ¢ ¢ ¢ 0 M 0 ¢ ¢ ¢ 0

0 C(m) 0 ¢ ¢ ¢ 0 M 0 ¢ ¢ ¢ 0
... 0 0 M 0 ¢ ¢ ¢ 0

... 0 M 0 ¢ ¢ ¢ 0

0 M 0 ¢ ¢ ¢ 0

0 M(2m) 0 ¢ ¢ ¢ 0

3777777777777777777777777777775

,

(4.16a)

in which the subscripts in parentheses denote the locations of certain entries of the matrix, and

also notice that the size of both matrices is 2Nm, where N is the number of degrees of freedom
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for the building. In equation 4.14, ffg represents the forcing function and it is a vector of
length 2Nm given as

ffg =
8<: ¡Mfrg

0

9=; Äxg(t). (4.17)

For clari¯cation of where to place the mass, damping, fractional damping, and sti®ness

matrices inA and B, we present the following example of a building with N degrees of freedom.

For VE dampers whose fractional order ® is 3=5, we have l = 3, m = 5, and º = 1=5. For this

case, the state matrices A and B have dimensions of 10N £ 10N and they are described as

follows:

A =

266666666666666666666666664

0 0 ¹C 0 C 0 0 0 0 M

0 ¹C 0 C 0 0 0 0 M 0

¹C 0 C 0 0 0 0 M 0 0

0 C 0 0 0 0 M 0 0 0

C 0 0 0 0 M 0 0 0 0

0 0 0 0 M 0 0 0 0 0

0 0 0 M 0 0 0 0 0 0

0 0 M 0 0 0 0 0 0 0

0 M 0 0 0 0 0 0 0 0

M 0 0 0 0 0 0 0 0 0

377777777777777777777777775
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B =

266666666666666666666666664

¡Kt 0 0 0 0 0 0 0 0 0

0 0 ¹C 0 C 0 0 0 0 M

0 ¹C 0 C 0 0 0 0 M 0

0 0 C 0 0 0 0 M 0 0

0 C 0 0 0 0 M 0 0 0

0 0 0 0 0 M 0 0 0 0

0 0 0 0 M 0 0 0 0 0

0 0 0 M 0 0 0 0 0 0

0 0 M 0 0 0 0 0 0 0

0 M 0 0 0 0 0 0 0 0

377777777777777777777777775

.

It is noted that the size of the state matrices can be quite large if the primary fraction º is

small.

4.3.2 Eigenvalue Problem and Modal Equation

To uncouple the equation of motion in the state space, we consider the free vibration of the

system described by

AfDºhyig ¡Bfyg = 0. (4.18)

Di®erent from the classical eigenvalue problem derived for a conventional dynamic system, the

solution of the above equation cannot be assumed to be fÃge¸t since the fractional derivative
of an exponential function is no longer an exponential, that is, Dºhe¸ti 6= ¸e¸t. However,

we can still apply the same concept and assume that the solution to equation 4.18 has the

form fÃgg(t) where g(t) is a suitable function yet to be determined that has the property
Dºhg(t)i = ¸g(t). Based on such assumed solution, we can easily obtain the following eigenvalue
problem associated with the system described by equation 4.14:

BfÃgj = ¸jAfÃgj. (4.19)
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In this equation ¸j is the eigenvalue for the jth mode, and fÃgj denotes the corresponding
eigenvector which satis¯es the orthonormality relationship with respect to the matrices A and

B as follows:

ªTAª = I

ªTBª= ¤ = diag(¸j), (4.20)

in which ª = [fÃg1; fÃg2; ¢ ¢ ¢ ; fÃg2Nm] is the eigenvector matrix.
Using the eigensolutions, we de¯ne the modal coordinates of the system fq(t)g by the

following transformation:

fy(t)g =ªfq(t)g, (4.21)

and it is clear that the physical coordinates are simply a linear combination of these principal

coordinates. Substituting the above transformation into equation 4.14, then premultiplying the

resulting equation by ªT , and imposing the orthonormality condition from equation 4.20 leads

to

fDºhq(t)ig ¡¤fq(t)g =ªTffg = fQ(t)g, (4.22)

in which fQ(t)g is the modal forcing function. Since the eigenvalue matrix ¤ is diagonal, the

above equations are uncoupled and we can write the jth modal equation as

Dºhqj(t)i ¡ ¸jqj(t) = fÃgj

8<: ¡Mfrg
0

9=; Äxg(t) = ½jÄxg(t) = Qj(t), j = 1 to 2Nm. (4.23)

For seismic analysis, the structural system always starts from rest and hence the system initial

conditions are zero. It follows from equation 4.21 that consequently the modal equations also

have zero initial conditions, that is, qj(t = 0) = 0.
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4.3.3 Analytical Solution to the Modal Equation

The modal equations of the system given in equation 4.23 are much simpler to deal with

mathematically than the original coupled matrix equations of motion. In this section we intend

to formulate the analytical solution to each of these 2Nm modal fractional di®erential equation

which, combined with equation 4.21, provides us with the response of the structural system.

The derivation will be presented at ¯rst for a general forcing function, and the result will then

be applied to three speci¯c cases of base excitation. To make the notations less clustered,

throughout the derivation the subscript j that stands for the jth mode is dropped, that is, the

equation is written as

Dºhq(t)i ¡ ¸q(t) = Q(t), (4.24)

where º = 1=m is the primary fraction of the system. Doing so should not lose any clarity since

all modal equations of the structure have the same form.

We choose to adopt the Green's function approach here to derive the solution for a general

forcing function Q(t). To that end, we begin with ¯nding the impulse response function K(t)

of the system which satis¯es the following homogeneous equation:

DºhK(t)i ¡ ¸K(t) = 0.

Taking the Laplace transform of the above equation and solving for K(t),

K(t) = L¡1[ 1

sº ¡ ¸ ], (4.25)

where L¡1is the inverse Laplace transform. To obtain K(t) through the inverse Laplace trans-
formation, we use a straightforward approach by expanding the right-hand side of equation 4.25

in partial fractions. First examine the following identity:

xm ¡ ¸m = (x¡ ¸)(xm¡1 + ¸xm¡2 + ¸2xm¡3 + ¢ ¢ ¢+ ¸m¡2x+ ¸m¡1)

= (x¡ ¸)
mX
k=1

¸k¡1xm¡k,
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and thus

1

x¡ ¸ =
1

xm ¡ ¸m
mX
k=1

¸k¡1xm¡k.

Now replace x by sº in the above equation, and using mº = 1, we get:

1

sº ¡ ¸ =
1

s¡ ¸m
mX
k=1

¸k¡1s
skº

.

Equation 4.25 can then be rewritten from the above result as follows:

L[K(t)] =
mX
k=1

¸k¡1
µ
s1¡kº

s¡ ¸m
¶
. (4.26)

We recall from the previous chapter that L[D®heati] = s®=(s¡a), and consequently obtain the
impulse response function as

K(t) =
mX
k=1

¸k¡1D1¡kºhexp(¸mt)i. (4.27)

Miller and Ross (1993) showed that, similar to the classical ordinary linear di®erential equa-

tions, the homogeneous solution of a fractional di®erential equation with constant coe±cients

is also its Green's function that can be directly used to construct the solution to its nonho-

mogeneous equation. Therefore, with the impulse response function already established, the

solution to the modal fractional di®erential equation for a given forcing function can be formed

using the convolution integral as

q(t) =

Z t

0
K(t¡ ¿)Q(¿)d¿ =

mX
k=1

¸k¡1
Z t

0
D1¡kºhexp(¸m(t¡ ¿))iQ(¿)d¿ . (4.28)

K(t¡ ¿) is termed as the fractional Green's function associated with the system equation 4.24.

The above expression, which is only the forced response, is also the complete solution to the

modal equation because the homogeneous part is trivial for zero initial conditions, valid in the

seismic response analysis of structures. However, we need to point out that the homogeneous

solution to equation 4.24 always vanishes, as noted by Bagley and Calico (1991). Since when
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t = 0, D®heati = 1 if ® = 0 and D®heati = 1 if ® > 0, it can be easily veri¯ed that

K(t = 0) =1. Thus if we write the full solution to the modal equation as

q(t) = AK(t) +

Z t

0
K(t¡ ¿)Q(¿)d¿ ,

then the constant A has to equal zero for bounded structural response. Bagley and Calico (1991)

indicated that this is consistent with the interpretation of the fractional derivative model, which

implies that the viscoelastic material has to be undeformed as the system begins its motion

from the state of quiescence. The system response, therefore, is completely due to the externally

applied excitations.

4.4 Responses due to Three Types of Loading

The development of the analytical solution to the modal equation presented above is for any

arbitrary forcing function Q(t). By examining equation 4.28 we realize that the di±culty of

getting an explicit response expression for a given forcing function lies in the evaluation of the

integral in q(t). In general, the integration can be obtained analytically only for a very limited

number of nicely de¯ned functions of Q(t), and normally it is computed numerically in order

to calculate the response solution. Here we intend to produce the response results for three

special cases of loadings: exponential, harmonic, and power functions.

As a numerical example, we use a simple two degrees of freedom system subjected to the

base excitation de¯ned by three speci¯c functions. The mass, sti®ness, and damping matrices

describing the system are as follows:

M =

24 1 0

0 1

35 Mg, K =

24 10 ¡4
¡4 4

35 kN/m, C =

24 0:122 ¡0:033
¡0:033 0:073

35 Mg/sec,

where the inherent damping matrix is chosen to provide a damping ratio of 2% in each mode.

For the VE damper, the fractional order is taken to be ® = 2=3, and the fractional damping
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matrix is given as

¹C =

24 1:6 ¡0:8
¡0:8 0:8

35 kN ¢ sec®/m .

Note that for this particular value of ® the primary fraction of the system is º = 1=m = 1=3.

The state matrices A and B, de¯ned in equations 4.15 and 4.16a of size 2Nm = 12, take the

following form:

A =

26666666666664

0 ¹C C 0 0 M

¹C C 0 0 M 0

C 0 0 M 0 0

0 0 M 0 0 0

0 M 0 0 0 0

M 0 0 0 0 0

37777777777775
, B =

26666666666664

¡K 0 0 0 0 0

0 ¹C C 0 0 M

0 C 0 0 M 0

0 0 0 M 0 0

0 0 M 0 0 0

0 M 0 0 0 0

37777777777775
.

With these parameters the eigenanalysis renders six pairs of complex conjugate eigenvalues

and associated eigenvectors. For this example two degrees of freedom system, we apply the

modal superposition approach and solve the equations of motion to obtain the relative °oor

displacements fxg:

xi =
nX
j=1

ªijqj , i = 1 and 2. (4.29)

4.4.1 Power Function

Let's consider the case where the ground motion is described by a general power function:

Äxg(t) = ta with a > ¡1. Based on equation 4.28 the solution to the modal equation for

Qj(t) = ½jt
a is

qj(t) =
mX
k=1

½j¸
k¡1
j

Z t

0
D1¡kºhexp(¸mj (t¡ ¿))i¿ad¿ , (4.30)
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or, with a simple change of variable, the jth modal response can also be written as

qj(t) =
mX
k=1

½j¸
k¡1
j

Z t

0
D1¡kºhexp(¸mj ¿)i(t¡ ¿)ad¿ . (4.31)

We then need to carry out the above integration so that we can obtain an expression to be used

in the calculation of the system response. Noticing that the desired integral

I =

Z t

0
D1¡kºhexp(¸mj ¿)i(t¡ ¿)ad¿

is similar to the Riemann-Liouville's fundamental de¯nition of a fractional integral

D¡Àhf(t)i = 1

¡(À)

Z t

0
(t¡ ¿)À¡1f(¿)d¿ ,

we let À = a+ 1 and f(¿) = D1¡kºhexp(¸mj ¿)i and the integral can then be obtained to be

I = ¡(a+ 1)D¡(a+1)hD1¡kºhexp(¸mj t)ii = ¡(a+ 1)D¡a¡kºhexp(¸mj t)i. (4.32)

The ¯nal form of the modal solution is thus

qj(t) =
mX
k=1

¡(a+ 1)½j¸
k¡1
j D¡a¡kºhexp(¸mj t)i. (4.33)

Two special cases, a = 0 and a = 1, are of particular interest to us in the seismic analysis and

it is worth presenting the results explicitly. The case a = 0 represents a constant loading for

which the modal response is

qj(t) =
mX
k=1

½j¸
k¡1
j D¡kºhexp(¸mj t)i. (4.34)

The case a = 1 corresponds to a ramp function excitation and the modal solution is

qj(t) =
mX
k=1

½j¸
k¡1
j D¡kº¡1hexp(¸mj t)i. (4.35)
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These results will become very useful to us in the next chapter in calculating the structural

response for ground motions de¯ned by acceleration time histories.

For the example structure, we compute the °oor displacement responses for base motions

Äxg = 2 and Äxg = 0:2t. The results are plotted in Figures 4-4 and 4-5.

4.4.2 Exponential Function

For the base excitation de¯ned as Äxg(t) = e
at, the modal response solution from equation 4.28

is written as

qj(t) =
mX
k=1

½j¸
k¡1
j

Z t

0
D1¡kºhexp(¸mj (t¡ ¿))iea¿d¿ . (4.36)

Similar to the derivation for the power function, it also can be expressed as

qj(t) =
mX
k=1

½j¸
k¡1
j

Z t

0
D1¡kºhexp(¸mj ¿)ea(t¡¿)d¿ . (4.37)

To evaluate the above integral, we ¯rst consider the following case:

I =

Z t

0
D¡Àheb¿ iea(t¡¿)d¿ . (4.38)

From the de¯nition of the fractional integral of an exponential function, we rewrite I as the

following double integral:

I =

Z t

0

µ
eb¿

¡(À)

Z ¿

0
uÀ¡1e¡budu

¶
ea(t¡¿)d¿ . (4.39)

Recalling that

Z t

0
d¿

Z ¿

0
f(¿; u)du =

Z t

0
du

Z t

u
f(¿; u)d¿ ,
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Figure 4-4: Floor displacement responses for a constant loading
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Figure 4-5: Floor displacement responses for a ramp loading
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we can switch the order of integration and equation 4.39 becomes

I =

Z t

0
du

Z t

u

eb¿

¡(À)
uÀ¡1e¡buea(t¡¿)d¿

=
1

¡(À)

Z t

0
uÀ¡1e¡budu

Z t

u
eb¿ea(t¡¿)d¿

=
1

¡(À)

Z t

0
uÀ¡1e¡budu

Ã
ebt ¡ eat+(b¡a)u

b¡ a

!

=
1

b¡ a
µ
ebt

¡(À)

Z t

0
uÀ¡1e¡budu¡ eat

¡(À)

Z t

0
uÀ¡1e¡audu

¶
=

1

b¡ a
³
D¡Àhebti ¡D¡Àheati

´
. (4.40)

Now replacing À by kº ¡ 1 and b by ¸mj , we then obtain the solution to the modal equation as

qj(t) =
mX
k=1

½j¸
k¡1
j

¸mj ¡ a
³
D1¡kºhexp(¸mj t)i ¡D1¡kºheati

´
. (4.41)

Notice that the solution is formulated in terms of the fractional derivatives of exponential

functions. Using equation 3.40 we can convert them to fractional integrals of exponential

functions and arrive at the following useful alternative form for the modal solution:

qj(t) =
mX
k=1

½j¸
k¡1
j

¸mj ¡ a
³
¸mj D

¡kºhexp(¸mj t)i ¡ aD¡kºheati
´
. (4.42)

As a numerical example, we use an exponentially decayed base motion Äxg = 2 exp(¡t=5)
to obtain the °oor responses and plot the displacement time histories for 8 seconds, shown in

Figure 4-6.

4.4.3 Harmonic Function

To derive the modal response for a harmonic input motion, de¯ned by either a sine or cosine

function, we ¯nd it easier if we take advantage of the result from the exponential excitation.

For a harmonic excitation with frequency !, we express the input motion as Äxg = eiwt, and
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Figure 4-6: Floor displacement responses for an exponential loading
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from equation 4.41 with a = i!, we have

qj(t) =
mX
k=1

½j¸
k¡1
j

¸mj ¡ i!
³
D1¡kºhexp(¸mj t)i ¡D1¡kºhei!ti

´
=

mX
k=1

½j¸
k¡1
j

¸mj ¡ i!
³
D1¡kºhexp(¸mj t)i ¡D1¡kºhcos!ti ¡ iD1¡kºhsin!ti

´
. (4.43)

Separating the real and imaginary parts of the above modal response, we then obtain the

solution

qj(t) =
mX
k=1

½j¸
k¡1
j

¸2mj + !2

h
¸mj

³
D1¡kºhexp(¸mj t)i ¡D1¡kºhcos!ti

´
+ !D1¡kºhsin!ti

i
, (4.44)

or alternatively,

qj(t) =
mX
k=1

½j¸
k¡1
j

¸2mj + !2

h
¸2mj D¡kºhexp(¸mj t)i+ !¸mj D¡kºhsin!ti+ !2D1¡kºhcos!ti

i
(4.45)

for the cosine function base input and

qj(t) =
mX
k=1

½j¸
k¡1
j

¸2mj + !2

h
!
³
D1¡kºhexp(¸mj t)i ¡D1¡kºhcos!ti

´
¡ ¸mj D1¡kºhsin!ti

i
, (4.46)

or expressed in fractional integrals as

qj(t) =
mX
k=1

½j¸
k¡1
j

¸2mj + !2

h
!¸mj

³
D¡kºhexp(¸mj t)i ¡D¡kºhcos!ti

´
+ !2D¡kºhsin!ti

i
(4.47)

for the sine function base input.

Here we present the °oor response in the example system for a sinusoidal input motion

Äxg = 2 sin¼t, and the plotted displacements are shown in Figure 4-7.

4.5 Summary

In this chapter we used a shear building with added VE dampers as a typical multi-degree-of-

freedom structural system to develop a modal decomposition, or modal superposition, approach

to solve the equations of motion. The force-deformation characteristics in the damper are
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Figure 4-7: Floor displacement responses for a sinusoidal loading
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described by the fractional derivative Kelvin model. The resulting uncoupled modal fractional

di®erential equations are mathematically simpler so that it is possible to obtain an analytical

solution in the form of convolution integral for a general input excitation. This systematic

solution procedure is also preferred when we extend our analysis later to include random ground

motions de¯ned by the spectral density function. With the general solution derived, we obtained

the structural responses for several input loadings such as the exponential, harmonic, and power

functions. A simple two degree of freedom system was considered in the numerical example

and the results were presented.
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Chapter 5

Seismic Response by Fractional

Derivative Model

5.1 Introduction

In the preceding chapter an analytical modal superposition approach was developed that pro-

vides us a general solution to the fractional di®erential equations of motion. Here we extend the

result to derive the structural response for earthquake induced ground motions. In our e®ort

to obtain the seismic response of the structure-damper system, we approach this task from two

points of view. First we attempt to generate the response time history, that is, we look for the

solution to the fractional di®erential equations of motion for the the seismic inputs described by

ground acceleration time histories. These acceleration records are commonly de¯ned in tabular

form at discrete time points that are usually equally spaced. The structural response formulated

based on the numerical as well as analytical methods are considered. For the computational

schemes, both the Grunwald (G1) and the Riemann-Liouville (L1) de¯nitions are used as the

basis for the numerical approximations of a fractional derivative. For the analytical approach

we derive the response expression based on the general solution of the modal equation for the

ground excitation that is considered piecewise linear between any two discrete time points. In

addition to investigating the structural response in the time domain, we also attempt to analyze

the response statistically by solving the fractional equations of motion in the frequency domain.

With the stochastic input motion de¯ned by the spectral density function, we use the random
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vibration analysis approach to derive the mean square response of the system. This is achieved

through the implementation of the modal superposition method which proves to be a versatile

and useful tool in the seismic response analysis for fractionally damped structures. A numerical

study is then carried out to demonstrate the pro¯ciency of these approaches.

5.2 Direct Numerical Integration Method

5.2.1 Basic Algorithms

For the governing equations given in equation 4.10 for a multi-degree-of-freedom system, obtain-

ing the general solution for an earthquake ground motion Äxg(t) is quite involved mathematically.

The most straightforward approach is to directly integrate the equations of motion numerically

to calculate the structural response. Because a fractional di®erentiation term is present in the

equations, a computational scheme needs to be developed so that the derivative to a fractional

order can be evaluated. The formulation for numerically approximating D®hf(t)i is normally
written as

D®hfin = 1

¢t®

nX
j=1

wjfj

in which ¢t denotes the time step, fj = f(t = (j¡1)¢t) is the value of the discretized function,
and wj represents the weight factor corresponding to fj. To compute the fractional derivative

at any time step, all values of f(t) at previous steps are used since the summation takes on all

values of j, and clearly this implies that the response solution is history dependent, which is

one characteristic of viscoelastic materials. There are two main algorithms for estimating the

derivative of a function to a fractional order numerically. They are formulated based on the two

basic de¯nitions of fractional derivatives, Grunwald's and Riemann-Liouville's. In this section

we present several computational techniques that are built upon these two algorithms and can

be easily coded to solve the coupled matrix fractional equations of motion with seismic input

motions.

Grunwald (G1) Algorithm Directly from Grunwald's de¯nition given in equation 3.7,
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the fractional derivative of a function f(t) to order ® at time t = N¢t can be estimated as

D®hf(t)i ' (¢t)¡®
NX
j=0

¡(j ¡ ®)
¡(¡®)¡(j + 1)f(¢t(N ¡ j))

for su±ciently small time step ¢t = t=N . Applying the above expression to the vector of

relative displacement fxg and replacing j by n ¡ j, we obtain the following formula for the
numerical approximation of fD®hxig, written in the standard form

fD®hxign =
1

¢t®

nX
j=1

wj fxgj , (5.1)

where fxgn is the response at time tn = (n¡ 1)¢t, and the weight factor is given as

wj =
¡(n¡ j ¡ ®)

¡(¡®)¡(n¡ j + 1). (5.2)

Here we need to point out a recursive relation associated with the Gamma function that turns

out to be quite useful when writing a computer program based on the Grunwald's algorithm.

It can be easily veri¯ed from the de¯nition of the weight factor that jwj j · 1 for all j. Since
¡(x) grows to in¯nity as the argument x increases, the computer returns an unde¯ned number

for the weight factor even for moderately large value of n when the expression in equation 5.2

is directly used. To bypass this problem, we ¯rst obtain the weight factor for j = n:

wn =
¡(n¡ n¡ ®)

¡(¡®)¡(n¡ n+ 1) = 1.

Recall the property of the Gamma function ¡(x+1) = x¡(x), and we thus establish the following

recursive formula for computing wj :

wn¡j = wn¡j+1
µ
j ¡ 1¡ ®

j

¶
for j = 1; 2; ¢ ¢ ¢ ; n¡ 1, or

wj = wj+1

µ
n¡ j ¡ 1¡ ®

n¡ j
¶

for j = n¡ 1; n¡ 2; ¢ ¢ ¢ ; 1. (5.3)

Riemann-Liouville (L1) Algorithm Another approach of developing an algorithm for

estimating the fractional di®erentiations is to employ the Riemann-Liouville's de¯nition of
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fractional derivatives. Among the various forms of de¯nition based on the Riemann-Liouville

integral introduced in section 3.3.2, equation 3.19 can be readily used to derive the numerical

approximation of the fractional derivative of x(t):

D®hx(t)i = 1

¡(1¡ ®)
·
x(0)

t®
+

Z t

0

_x(¿)

(t¡ ¿)®d¿
¸
. (5.4)

From a simple change of variable, the above equation can be rewritten as

D®hx(t)i = 1

¡(1¡ ®)
·
x(0)

t®
+

Z t

0

_x(t¡ ¿)
¿®

d¿

¸
. (5.5)

In terms of the discretized response xj, the fractional derivative of x at time tn = (n ¡ 1)¢t
can be expressed in the following way:

D®hxin =
1

¡(1¡ ®)

24x1
t®n
+
n¡1X
j=1

Z tj+1

tj

_x(tn ¡ ¿)
¿®

d¿

35
=

1

¡(1¡ ®)

24 x1
[(n¡ 1)¢t]® +

n¡1X
j=1

Z j¢t

(j¡1)¢t
_x(tn ¡ ¿ )
¿®

d¿

35 . (5.6)

Now we assume the displacement x(t) to be piecewise linear and hence the velocity is con-

stant within each time step interval ¢t. Then _x(t) can be approximated using the discretized

displacement xj as

_x(tn ¡ ¿ ) ' 1

¢t
(xn¡j+1 ¡ xn¡j) for (n¡ j ¡ 1)¢t · ¿ · (n¡ j)¢t. (5.7)

Substituting the above equation into equation 5.6:

D®hxin = 1

¡(1¡ ®)

24 x1
[(n¡ 1)¢t]® +

n¡1X
j=1

1

¢t
(xn¡j+1 ¡ xn¡j)

Z j¢t

(j¡1)¢t
d¿

¿®

35
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we carry out the integral and get

D®hxin =
x1

¡(1¡ ®) [(n¡ 1)¢t]® +
1

¡(1¡ ®)¢t (1¡ ®)
n¡1X
j=1

(xn¡j+1 ¡ xn¡j)
£
(j¢t)1¡® ¡ (j ¡ 1)1¡®¢t1¡®¤

=
x1

¡(1¡ ®)(n¡ 1)®¢t® +
1

¡(2¡ ®)¢t®
n¡1X
j=1

[j1¡® ¡ (j ¡ 1)1¡®](xn¡j+1 ¡ xn¡j). (5.8)

Equation 5.8 is derived for a scalar function x(t), and in a similar process we can extend it to

obtain the fractional derivative for the response vector fx(t)g:

fD®hxign =
1

¢t®¡(2¡ ®)
·
1¡ ®
(n¡ 1)® fxg1+

n¡1X
j=1

[j1¡® ¡ (j ¡ 1)1¡®](fxgn¡j+1 ¡ fxgn¡j)
35 . (5.9)

Again we rewrite the above expression in the standard form as given in equation 5.1 and de¯ne

the weight factors as follows:

w1 =

£
(1¡ ®)(n¡ 1)¡® ¡ (n¡ 1)1¡® + (n¡ 2)1¡®¤

¡(2¡ ®)

wj =

£
(n¡ j ¡ 1)1¡® ¡ 2(n¡ j)1¡® + (n¡ j + 1)1¡®¤

¡(2¡ ®) , 2 · j · n¡ 1

wn =
1

¡(2¡ ®) . (5.10)

With the algorithms established, equation 5.1 along with equations 5.2 and 5.10 are now

ready to be incorporated with other computational routines to solve for fxg. Next we o®er the
commonly used techniques such as the ¯nite di®erence method and the Newmark method, and

then we implement these two algorithms in the modal analysis approach to obtain the response

solution.
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5.2.2 Finite Di®erence Method

We ¯rst combine the previously derived algorithms with the ¯nite di®erence method to put

together a computational procedure for obtaining the seismic response. For the velocity and

acceleration terms in the equations of motion, we adopt the ¯nite central di®erence approxima-

tions for the ¯rst and second regular derivatives as

f _xgn =
1

2¢t

¡fxgn+1 ¡ fxgn¡1¢ (5.11)

fÄxgn =
1

¢t2
¡fxgn+1 ¡ 2 fxgn + fxgn¡1¢ . (5.12)

Notice that here a second-order-correct formula is used for estimating the ¯rst derivative so that

the order of truncated error is consistent with that of the second derivative approximation, and

hence improves the accuracy. Substituting equations 5.1, 5.11, and 5.12 back into the equation

of motion, we then solve for the response fxgn+1 at time tn+1 = n¢t:µ
M

¢t2
+

C

2¢t

¶
fxgn+1 =

M

¢t2
¡
2 fxgn ¡ fxgn¡1

¢
+

C

2¢t
fxgn¡1 ¡Kt fxgn

¡
¹C

¢t®

nX
j=1

wj fxgj ¡M frg Äxgn, n ¸ 2, (5.13)

where Äxgn is the input seismic ground acceleration at time tn. Equation 5.13 can then be used

along with either the Grunwald or the constant velocity Riemann-Liouville algorithm, with the

weight factors wj de¯ned accordingly, for calculating the discretized response fxgj .
In applying this numerical procedure to compute the discretized response, we start building

the sequence from the initial condition fxg1 = fx0g. To get fxg2, however, we notice from the

above equation that fxg0 is required. This can be achieved by considering the initial velocity
f _x0g and the equation of motion at time t = 0, which is described in the following procedure.
Using equation 5.11 for n = 1,

f _xg1 = f _x0g =
1

2¢t
(fxg2 ¡ fxg0)

fxg2 can be written in terms of the initial velocity as

fxg2 = fxg0 + 2¢t f _x0g . (5.14)
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Similarly from equation 5.12 the initial accelerations fÄxg1 can then be expressed as

fÄxg1 =
1

¢t2
(fxg2 ¡ 2 fxg1 + fxg0)

=
2

¢t2
(fxg0 ¡ fxg1 +¢t f _x0g) . (5.15)

Plug the above equation into the equation of motion for n = 1 at t = 0:

2M

¢t2
(fxg0 ¡ fxg1 +¢t f _x0g) +C f _x0g+

¹C

¢t®
w1 fxg1 +Kt fxg1 = ¡M frg Äxg1,

and solving for fxg0 we obtain

2M

¢t2
fxg0 =

µ
2M

¢t2
¡w1

¹C

¢t®
¡Kt

¶
fxg1 ¡

µ
2M

¢t
+C

¶
f _x0g ¡M frg Äxg1 . (5.16)

Using the algorithm in equation 5.13 for n = 2 and combined with equation 5.16 for fxg0, fx2g
(at time t2 = ¢t) is then calculated and the subsequent response can be readily established.

For structural analysis in earthquake engineering, the special case of zero initial conditions, i.e.,

fx0g = 0 and f _x0g = 0, is often encountered and equation 5.16 is reduced to simply

fxg0 = ¡
¢t2

2
frg Äxg1. (5.17)

5.2.3 Newmark Method

In dealing with engineering dynamics problems, the well known Newmark direct integration

method is quite often used to compute the structural response, and hence in this section we

intend to formulate a procedure that incorporates the Newmark type numerical scheme in

solving the fractional di®erential equation of motion. Based on the Newmark method, the

velocity and acceleration at the current time step can be approximated using the displacement

at the same time step and the displacement, velocity, and acceleration at the previous time step

as follows:

f _xgn+1 =
¯1
¯2¢t

(fxgn+1 ¡ fxgn) +
µ
1¡ ¯1

¯2

¶
f _xgn +¢t

µ
1¡ ¯1

2¯2

¶
fÄxgn

fÄxgn+1 =
1

¯2¢t
2
(fxgn+1 ¡ fxgn)¡ 1

¯2¢t
f _xgn +

µ
1¡ 1

2¯2

¶
fÄxgn, (5.18)
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where the parameters ¯1 and ¯2 control the accuracy and stability of the scheme. The Grun-

wald algorithm for approximating the fractional derivative can then be readily implemented to

calculate the response. At time step tn+1, using equation 5.1 we rewrite the fractional derivative

as

fD®hxign+1 = 1

¢t®

n+1X
j=1

wj fxgj =
1

¢t®

nX
j=1

wj fxgj +
1

¢t®
fxgn+1.

Plug the above expression into the equation of motion along with Newmark's formulations for

the velocity and acceleration and with some algebraic manipulation we arrive at the following

result: µ
1

¯2¢t
2
M+

¯1
¯2¢t

C+Kt+
1

¢t®
¹C

¶
fxgn+1 (5.19)

=

µ
1

¯2¢t
2
M+

¯1
¯2¢t

C

¶
fxgn +

µ
1

¯2¢t
M+ (

¯1
¯2
¡ 1)C

¶
f _xgn

+

µ
(
1

2¯2
¡ 1)M+¢t( ¯1

2¯2
¡ 1)C

¶
fÄxgn ¡

¹C

¢t®

nX
j=1

wj fxgj ¡MfrgÄxgn+1 .

It is noted here that when the Grunwald's approximation is used for the fractional derivative,

the Newmark parameters ¯1 and ¯2 can be chosen according to the accuracy demand since

there is no restriction on the distribution of the the response fxgn.
To apply Riemann-Liouville's de¯nition for the numerical evaluation of fractional deriva-

tives, we modify the algorithm to improve the accuracy when incorporated with the Newmark

method. Again based on equation 5.4 the fractional derivative of the relative displacement

vector can be expressed as

fD®hxign+1 = 1

¡(1¡ ®)

24 fxg1
(n¢t)®

+
nX
j=1

Z j¢t

(j¡1)¢t
f _x(¿)g
(t¡ ¿)®d¿

35 . (5.20)

We now assume that the velocity within the time step is linear and thus can be speci¯ed as

f _x(¿)g ' f _xgj + f _xgj+1 ¡ f _xgj
¢t

[¿ ¡¢t(j ¡ 1)] , for (j ¡ 1)¢t · ¿ · j¢t. (5.21)
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The integral in equation 5.20 is carried out to render

Z j¢t

(j¡1)¢t
f _x(¿)g
(t¡ ¿)®d¿ = ¢t1¡®

Ã£
(n¡ j + 1)1¡®f _xgj ¡ (n¡ j)1¡®f _xgj+1

¤
1¡ ®

+

£
(n¡ j + 1)2¡® ¡ (n¡ j)2¡®¤ (f _xgj+1 ¡ f _xgj)

(1¡ ®)(2¡ ®)

!
.

Therefore fD®hxign+1 can be written in the following form:

fD®hxign+1 = fxg1
¡(1¡ ®)(n¢t)® +

nX
j=1

~wjf _xgj + ¢t1¡®

¡(3¡ ®)f _xgn+1, (5.22)

where the weight factor ~wj associated with the velocity vector f _xgj is de¯ned as

~w1 =
¢t1¡®

¡(2¡ ®)n
1¡® ¡ ¢t1¡®

¡(3¡ ®)
£
n2¡® ¡ (n¡ 1)2¡®¤

~wj =
¢t1¡®

¡(3¡ ®)
£
(n¡ j + 2)2¡® ¡ 2(n¡ j + 1)2¡® + (n¡ j)2¡®¤ . (5.23)

Equations 5.22 along with 5.23 serve as the improved L1 algorithm that provides better accuracy

when combined with Newmark's method. Substituting equations 5.18 and 5.22 into the equation

of motion, and after some algebra we obtain the desired algorithm for computing the discretized

response fxgn+1:µ
1

¯2¢t
2
M+

¯1
¯2¢t

C+Kt+
¯1

¡(3¡ ®)¯2¢t®
¹C

¶
fxgn+1

= ¡ 1

(n¢t)®¡(1¡ ®)
¹Cfxg1 ¡MfrgÄxgn+1 ¡ ¹C

nX
j=1

~wjf _xgj

+

µ
1

¯2¢t
2
M+

¯1
¯2¢t

C+
¯1

¡(3¡ ®)¯2¢t®
¹C

¶
fxgn (5.24)

+

µ
1

¯2¢t
M+ (

¯1
¯2
¡ 1)C+ ¢t1¡®

¡(3¡ ®)(
¯1
¯2
¡ 1)¹C

¶
f _xgn

+

µ
(
1

2¯2
¡ 1)M+ (

¯1
2¯2

¡ 1)¢tC+ ¢t2¡®

¡(3¡ ®)(
¯1
2¯2

¡ 1)¹C
¶
fÄxgn.

Since the improved L1 algorithm assumes constant acceleration response, the Newmark param-

eters are set to be ¯1 = 1=2 and ¯2 = 1=4 in equation 5.24 and thus cannot be arbitrary.

In seismic structural analysis, the common zero initial conditions, fx0g = f _x0g = 0, give
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rise to the responses at time t1 to be fxg1 = 0, f _xg1 = 0, and fÄxg1 = ¡frgxg1 . The response
sequence fxgj can then be constructed in the following simple procedure. First use equation
5.24 to compute fxg2. The velocity f _xg2 and acceleration fÄxg2 at t = ¢t can subsequently be
found by equation 5.18. Repeat these steps for each time step and we thus obtain the response

solution.

5.2.4 Modal Equations

The computational methods introduced in the previous sections are established for the original

matrix equations of motion. The same basic algorithms can also be applied in the modal

decomposition approach. Each modal equation is solved numerically and then the structural

response can be obtained by superimposing the discretized modal response. However, since the

modal equation at time tn, written as

Dºhqjin ¡ ¸jqjn = Qjn,

in which qjn and Qjn denote the modal response and loading for the jth mode, involves no ¯rst

and second derivative terms, the ¯nite di®erence method or Newmark's method is of no use in

this situation. Hence a much simpler computational scheme can be developed just based on the

Grunwald or Riemann-Liouville algorithm.

Using the Grunwald algorithm, the fractional derivative of the jth modal response at time

tn can be expressed as

Dºhqjin = 1

¢tº

nX
k=1

wkqjk, º =
1

m
, (5.25)

where the weight factor is de¯ned as

wk =
¡(n¡ k ¡ º)

¡(¡º)¡(n¡ k + 1). (5.26)

Plugging these expressions into the modal equation and solving for qjn, we get the following
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formulation:

qjn =
1

1¡¢tº¸j

Ã
¢tºQjn ¡

n¡1X
k=1

wkqjk

!
. (5.27)

Similarly, based on the Riemann-Liouville algorithm the modal response can be written in the

standard form given in equation 5.25, with the weight factors speci¯ed as

w1 =

£
(1¡ º)(n¡ 1)¡º ¡ (n¡ 1)1¡º + (n¡ 2)1¡º¤

¡(2¡ º)

wk =

£
(n¡ k ¡ 1)1¡º ¡ 2(n¡ k)1¡º + (n¡ k + 1)1¡º¤

¡(2¡ º) , 2 · k · n¡ 1

wn =
1

¡(2¡ º) . (5.28)

The modal response qjn can then be calculated as

qjn =
¡(2¡ º)

1¡ ¡(2¡ º)¢tº¸j

Ã
¢tºQjn ¡

n¡1X
k=1

wkqjk

!
. (5.29)

From equation 4.21 and the orthonormality relationship, the initial condition for the modal

response can be obtained by using the following equation:

fqg1 = fq0g =ªTAfy0g. (5.30)

The state space vector fyg consists of various fractional derivatives of the displacement which
correspond to di®erent internal states of the viscoelastic material. These initial values are

di±cult to determine, but fortunately for the special case of an initially at-rest state, which

applies to seismic analyses, fy0g = 0, and in turn it makes fqg1 = 0. With the modal response
at time t1 established, the discretized response sequence can then be built up for all 2Nm

modes. Using equation 4.21, the structural response is thus constructed without di±culties.

5.3 Analytical Approach

For earthquake input de¯ned in digitized acceleration time history, the structural response is

carried out assuming that the ground acceleration is linear within each time step. This enables

81



us to adopt the modal decomposition approach to derive an analytical solution for the seismic

structural response since the exact solutions to the modal fractional equations for linear loading

have been established in the previous chapter. Another advantage in utilizing the modal analysis

is that we can obtain any structural response of interest in a straightforward manner. While the

numerical integration technique applied to the original equations of motion only provides the

displacement response fxg and any other response quantity requires additional computational
e®ort, modal analysis directly calculates a given arbitrary response that is a linear combination

of the state space variables and hence minimizes the amount of computation.

Generally speaking, almost all the fundamental structural response quantities that engineers

are interested in, such as the displacement, velocity, and absolute acceleration of the °oors,

bending moment or normal stress in the supporting columns, etc., are linearly related to the

state of the system, fyg. Therefore any structural response R(t) can always be expressed as

R(t) = fTgTfy(t)g = fTgTªfq(t)g, (5.31)

where fTg is the transformation vector of size 2Nm£ 1. The elements in the transformation
vector depend upon the response quantity sought, and they are de¯ned in terms of the physical

and mechanical properties of the structural system. To obtain a desired structural response

R(t), we ¯rst solve the eigenvalue problem associated with the system and then seek the modal

response under the seismic loading. The response thus can be formulated as

R(t) =
2NmX
j=1

fTgTfÃgj½jqj(t) =
2NmX
j=1

´jqj(t), (5.32)

where

½j = fÃgj

8<: ¡Mfrg
0

9=; , ´j = fTgTfÃgj½j

and the modal response satis¯es the following fractional di®erential equation:

Dºhqj(t)i ¡ ¸jqj(t) = Äxg(t), j = 1 to 2Nm, (5.33)
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in which Äxg(t) is represented by the piecewise linear ground acceleration time history. As pointed

out earlier in the derivation of the analytical solution to the fractional di®erential equation,

equation 5.33 only permits zero initial conditions except for º = 1, thereby preventing the

attempt of obtaining the response in a stepwise procedure as is normally done in linear time-

stepping analyses with earthquake induced ground acceleration time history. Though it is not

possible to calculate the modal response by marching from one time step to the next, a solution

does exist to equation 5.33 since the initial conditions are indeed zero at the beginning of the

motion for the entire period of Äxg(t). We are, hence, obligated to consider the whole acceleration

time history as the loading function and formulate the response using the following proposed

approach.

Based on equation 4.28 the response for each mode can be written using the impulse response

function as

qj(t) =

Z t

0
Kj(t¡ ¿)Äxg(¿)d¿ =

mX
k=1

¸k¡1j

Z t

0
D1¡kºhexp(¸mj (t¡ ¿))iÄxg(¿)d¿ . (5.34)

Because the ground acceleration record Äxg(t) is simply the union of individual linear functions

from each time step, we expand the integrand and express the response at an arbitrary time t

in the following form:

qj(t) =

Z ¢t

0
Kj(t¡ ¿)Q1(¿)d¿ +

Z 2¢t

¢t
Kj(t¡ ¿)Q2(¿)d¿ + ¢ ¢ ¢

+

Z (i¡1)¢t

(i¡2)¢t
Kj(t¡ ¿)Qi¡1(¿)d¿ +

Z t

(i¡1)¢t
Kj(t¡ ¿)Qi(¿)d¿ ,

for (i¡ 1)¢t = ti · t · ti+1 = i¢t, (5.35)

in which Qi(t) denotes the linear ground acceleration in the ith time step having a general

expression as

Qi(t) =

µ
Äxgi+1 ¡ Äxgi

¢t

¶
t+ (iÄxgi ¡ iÄxgi+1 + Äxgi+1) ,
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and Äxgi is the digitized ground acceleration at ti. Rewriting equation 5.35 as

qj(t) =
i¡1X
l=1

Z l¢t

(l¡1)¢t
Kj(t¡ ¿)Ql(¿)d¿ +

Z t

(i¡1)¢t
Kj(t¡ ¿)Qi(¿)d¿ , (5.36)

we then set out to evaluate the two integrals in the above equation that involve fractional

derivatives. Noticing that the excitationQi(t) is linear, we recall the result provided by equation

4.32 and obtain the following useful formula:Z t

0
D1¡kºhexp(¸mj ¿)i[a(t¡ ¿) + b]d¿ = aD¡kº¡1hexp(¸mj t)i

+bD¡kºhexp(¸mj t)i. (5.37)

We now let

Il =

Z l¢t

(l¡1)¢t
Kj(t¡ ¿ )Ql(¿)d¿ , (5.38)

and by making a change of variable for time shift u = ¿ ¡ (l ¡ 1)¢t the integral becomes

Il =

Z ¢t

0
Kj(t¡ (l ¡ 1)¢t¡ u))Ql(u+ (l ¡ 1)¢t)du.

We recognize that because of the time shift, the forcing function Ql(u + (l ¡ 1)¢t) simply
represents the input acceleration in the lth time step expressed as a linear function with the

starting time at tl = (l¡ 1)¢t. As a result, we can replace Q by an equivalent function ¹Q and
have

Il =

Z ¢t

0
Kj(t¡ (l¡ 1)¢t¡u)) ¹Ql(u)du =

Z ¢t

0
Kj(t¡ (l¡ 1)¢t¡u))(¹p1lu+ ¹p2l)du, (5.39)

where the constants p1l and p2l are de¯ned in terms of the ground accelerations as

¹p1l =
1

¢t
(Äxgl+1 ¡ Äxgl), ¹p2l = Äxgl. (5.40)

We now substitute the impulse function Kj(t) by its fractional derivative expression and make

use of another change of variables ¿ = t¡ (l ¡ 1)¢t¡ u to arrive at

84



Il =
mX
k=1

¸k¡1j

Z t¡(l¡1)¢t

t¡l¢t
D1¡kºhexp(¸mj ¿)i[¹p1l(t¡ (l ¡ 1)¢t¡ ¿) + ¹p2l]d¿

=
mX
k=1

¸k¡1j

Z t¡(l¡1)¢t

0
D1¡kºhexp(¸mj ¿)i[¹p1l(t¡ (l ¡ 1)¢t¡ ¿) + ¹p2l]d¿

¡
mX
k=1

¸k¡1j

Z t¡l¢t

0
D1¡kºhexp(¸mj ¿)i[¹p1l(t¡ (l ¡ 1)¢t¡ ¿) + ¹p2l]d¿

=
mX
k=1

¸k¡1j ¹p1l

Z t¡(l¡1)¢t

0
D1¡kºhexp(¸mj ¿)i[(t¡ (l ¡ 1)¢t¡ ¿)]d¿

+
mX
k=1

¸k¡1j ¹p2l

Z t¡(l¡1)¢t

0
D1¡kºhexp(¸mj ¿)id¿

¡
mX
k=1

¸k¡1j ¹p1l

Z t¡l¢t

0
D1¡kºhexp(¸mj ¿)i[t¡ l¢t¡ ¿)]d¿

¡
mX
k=1

¸k¡1j (¹p1l¢t+ ¹p2l)

Z t¡l¢t

0
D1¡kºhexp(¸mj ¿)id¿ .

Apply the relation in equation 5.37, and we get

Il =
mX
k=1

¸k¡1j

24 ¹p1lD
¡kº¡1hexp(¸mj (t¡ (l ¡ 1)¢t))i

+¹p2lD
¡kºhexp(¸mj (t¡ (l ¡ 1)¢t))i

35
¡

mX
k=1

¸k¡1j

24 ¹p1lD
¡kº¡1hexp(¸mj (t¡ l¢t))i

+(¹p1l¢t+ ¹p2l)D
¡kºhexp(¸mj (t¡ l¢t))i

35 (5.41)

The remaining integral in equation 5.36 can be evaluated following the same procedure, and

after some algebraic work, the modal response at time t is established as

qj(t) =
iX
l=1

8<:
mX
k=1

¸k¡1j

24 ¹p1lD
¡kº¡1hexp(¸mj (t¡ (l ¡ 1)¢t))i

+¹p2lD
¡kºhexp(¸mj (t¡ (l ¡ 1)¢t))i

359=;
¡
i¡1X
l=1

8<:
mX
k=1

¸k¡1j

24 ¹p1lD
¡kº¡1hexp(¸mj (t¡ l¢t))i

+(¹p1l¢t+ ¹p2l)D
¡kºhexp(¸mj (t¡ l¢t))i

359=; . (5.42)
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The discretized modal response sequence now can be built using the above result, and we obtain

qj(i¢t) =
iX
l=1

8<:
mX
k=1

¸k¡1j

24 ¹p1lD
¡kº¡1hexp(¸mj (i¡ l + 1)¢t)i

+¹p2lD
¡kºhexp(¸mj (i¡ l + 1)¢t)i

359=;
¡
i¡1X
l=1

8<:
mX
k=1

¸k¡1j

24 ¹p1lD
¡kº¡1hexp(¸mj (i¡ l)¢t)i

+(¹p1l¢t+ ¹p2l)D
¡kºhexp(¸mj (i¡ l)¢t)i

359=; . (5.43)

Computing the modal response using equation 5.43 is found to be lengthy because there are

two summation terms to be carried out from the starting time, i = 1. Hence here we o®er an

alternative formulation that is somewhat more e±cient. Again beginning with equation 5.35,

using a change of variable u = t¡ ¿ we rewrite it as

qj(t) =

Z t

t¡¢t
Kj(u)Q1(t¡ u)du+

Z t¡¢t

t¡2¢t
Kj(u)Q2(t¡ u)du+ ¢ ¢ ¢

+

Z t¡(i¡2)¢t

t¡(i¡1)¢t
Kj(u)Qi¡1(t¡ u)du+

Z t¡(i¡1)¢t

0
Kj(u)Qi(t¡ u)du

=

Z t

0
Kj(u)Q1(t¡ u)du+

Z t¡¢t

0
Kj(u)[Q2(t¡ u)¡Q1(t¡ u)]du

+ ¢ ¢ ¢+
Z t¡(i¡1)¢t

0
Kj(u)[Qi(t¡ u)¡Qi¡1(t¡ u)]du.

Switch the dummy variable u to ¿ and express the above modal response in a more compact

form as follows:

qj(t) =
iX
l=1

Z t¡(l¡1)¢t

0
Kj(¿) ~Ql(t¡ ¿)d¿

=
iX
l=1

(
mX
k=1

¸k¡1j

Z t¡(l¡1)¢t

0
D1¡kºhexp(¸mj ¿)i[~p1l(t¡ ¿) + ~p2l]d¿

)
(5.44)

where the modi¯ed forcing function ~Ql(t) = Ql(t) ¡Ql¡1(t) = ~p1lt + ~p2l with the coe±cients

~p1l and ~p2l de¯ned as

~p11 =
1

¢t
(Äxg2 ¡ Äxg1), ~p21 = Äxg1

~p1l =
1

¢t
(Äxgl+1 ¡ 2Äxgl + Äxgl¡1), ~p2l = ~p1l(1¡ l)¢t, for l ¸ 2. (5.45)
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Rewriting the integration in equation 5.44 asZ t¡(l¡1)¢t

0
D1¡kºhexp(¸mj ¿)i[~p1l(t¡ (l ¡ 1)¢t¡ ¿ + (l ¡ 1)¢t) + ~p2l]d¿

= ~p1l

Z t¡(l¡1)¢t

0
D1¡kºhexp(¸mj ¿)i[(t¡ (l ¡ 1)¢t¡ ¿ ]

+[~p1l(l ¡ 1)¢t+ ~p2l]
Z t¡(l¡1)¢t

0
D1¡kºhexp(¸mj ¿)id¿ ,

we can now use equation 5.37 again to evaluate the above integral to be

~p1lD
¡kº¡1hexp(¸mj [t¡ (l ¡ 1)¢t])i+ [~p1l(l ¡ 1)¢t+ ~p2l]D¡kºhexp(¸mj [t¡ (l ¡ 1)¢t])i.

After some algebraic simpli¯cation the ¯nal expression for the response at time t is obtained as

qj(t) = ~p2l

mX
k=1

¸k¡1j D¡kºhexp(¸mj t)i

+
iX
l=1

~p1l

(
mX
k=1

¸k¡1j D¡kº¡1hexp(¸mj [t¡ (l ¡ 1)¢t])i
)
. (5.46)

We thus can construct the discretized response time history using the following formula:

qj(i¢t) = ~p2l

mX
k=1

¸k¡1j D¡kºhexp(¸mj i¢t)i

+
iX
l=1

~p1l

(
mX
k=1

¸k¡1j D¡kº¡1hexp(¸mj (i¡ l + 1)¢t)i
)
. (5.47)

Even though equation 5.47 involves less computation than equation 5.43, we notice that there

is still a summation term that has to be carried out back from the starting time t = 0, and no

recursive relationship can be derived from these formulations. Therefore the response at any

time step requires calculating the fractional derivatives of exp(¸mj t) at all previous time steps.

This indicates that the response is an accumulated e®ect from the very beginning of the motion

rather than just determined by the condition from the last time interval. Physically it implies

that the response depends on the entire loading history, which is consistent with the fact that

the behavior of viscoelastic materials is memory dependent.
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5.4 Random Vibration Response Analysis

In the preceding sections we focused on getting the time history of the structural response.

Using either a direct numerical integration technique or the analytical modal decomposition

approach, we were able to calculate the response in the time domain when the input ground

motion was de¯ned deterministically by a digitized ground acceleration time history. Since

earthquake induced ground motion is a random process, oftentimes engineers are also interested

in the stochastic analysis of the seismic response. In this section we intend to derive the

stochastic response based on random vibration analysis. An analytical formulation is developed

to calculate the mean square response of the structural system for seismic excitation described

probabilistically by the power spectral density function. This derivation is made possible by

the modal decomposition approach. Thus the response is characterized by the eigensolutions

that represent the system properties and the input spectral density function which depicts the

random nature of the earthquake ground motion.

In order to derive the mean square response of a desired structural response quantity R(t)

under stochastic loadings, we ¯rst need to obtain its autocorrelation function using equation

5.32:

E[R(t1)R(t2)] =
2NmX
j=1

2NmX
k=1

´j´kE[qj(t1)qk(t2)], (5.48)

where each modal response q(t) is governed by equation 5.33. We then choose to adopt the

frequency domain method to investigate the autocorrelation between a pair of modes. Consider

the Fourier-Stieltjes integral representation of the random ground motion:

Äxg(t) =

Z 1

¡1
e¡i!tdSÄxg(!),

and express the modal response as

qj(t) =

Z t

0
Kj(t¡ ¿)

·Z 1

¡1
e¡i!tdSÄxg(!)

¸
d¿

=

Z 1

¡1
Hj(!; t)dSÄxg(!). (5.49)
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In the above expression, Hj(!; t) is the transient frequency response function de¯ned as follows:

Hj(!; t) =
Z t

0
Kj(t¡ ¿)e¡i!td¿ ,

and it is related to the steady-state frequency response function Hj(!) by

Hj(!; t) = Hj(!)e¡i!t. (5.50)

For the fractional di®erential operator in the modal equation, the corresponding frequency

response function of the jth mode can be readily written as

Hj(!) =
1

(¡i!)º ¡ ¸j . (5.51)

Substituting equations 5.50 and 5.51 into equation 5.49, we have the autocorrelation function

for the modal response:

E[qj(t1)qk(t2)] =

Z 1

¡1

Z 1

¡1
Hj(!1; t1)H¤k(!2; t2)E[dSÄxg(!1)dSÄxg(!2)]

=

Z 1

¡1
Hj(!)H

¤
k(!)e

¡i!t1ei!t2©(!)d!, (5.52)

where ©(!) represents the spectral density function for the earthquake ground motion and

the asterisk (¤) as superscript denotes complex conjugate. Here we again follow the common
practice in seismic response analysis by assuming that the base excitation is a stationary random

process, and the resulting mean square response is also stationary. The autocorrelation of the

response R(t) can then be expressed as

E[R(t1)R(t2)] =
2NmX
j=1

2NmX
k=1

´j´k

Z 1

¡1
Hj(!)H

¤
k(!)e

¡i!(t1¡t2)©(!)d!. (5.53)

Hence for a stationary stochastic input motion de¯ned by the spectral density function ©(!),

the mean square value of the response at time t can be obtained by setting t1 = t2 = t in the
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above equation to render

E[R2(t)] =
2NmX
j=1

2NmX
k=1

´j´k

Z 1

¡1
©(!)d!

[(¡i!)º ¡ ¸j ] [(i!)º ¡ ¸k] . (5.54)

For buildings equipped with viscoelastic dampers, supplemental damping is provided by

these dampers to further dissipate input energy from the seismic loading. Consequently there

are in general real eigenvalues, always negative, and corresponding real eigenvectors in addition

to the paired complex and conjugate eigenvalues and eigenvectors. To analyze the stochastic

response of the system, the e®ects from the real and complex eigenproperties need to be sepa-

rated. Let nc be the number of real eigenvalues and nr be the number of pairs of complex and

conjugate ones, with nr +2nc = 2Nm. We then divide up the real and complex eigenvalues ¸j

and their corresponding modal coe±cients ´j as follows:

² Real eigenproperties: for j = 1 to nr,8<: ¸rj = ¡ej , ej > 0

´rj = sj
(5.55)

² Complex and conjugate eigenproperties: for j = 1 to nc,8<: ¸cj = ®j + i¯j , ¸ccj = ®j ¡ i¯j
´cj = aj + ibj , ´ccj = aj ¡ ibj

(5.56)

where the superscripts r, c, and cc stand for real, complex, and complex conjugate.

Express the mean square response in the following form:

E[R2(t)] =

Z 1

¡1
©(!)d!

2NmX
j=1

´j
(¡i!)º ¡ ¸j

2NmX
k=1

´k
(i!)º ¡ ¸k , (5.57)

and consider these summations individually. We split the summation term over index j into
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the real and complex modes as follows:

2NmX
j=1

´j
(¡i!)º ¡ ¸j =

nrX
j=1

sj
(¡i!)º + ej +

ncX
j=1

24 aj+ibj
(¡i!)º¡(®j+i¯j)

+
aj¡ibj

(¡i!)º¡(®j¡i¯j)

35 , (5.58)

and likewise for the summation term over index k:

2NmX
k=1

´k
(i!)º ¡ ¸k =

nrX
k=1

sk
(i!)º + ek

+
ncX
k=1

24 ak+ibk
(i!)º¡(®k+i¯k)
+ ak¡ibk
(i!)º¡(®k¡i¯k)

35 . (5.59)

Plug equations 5.58 and 5.59 into equation 5.53, and we can express the mean square response

simply as

E[R2(t)] = Rrr +Rrc +Rcc, (5.60)

where Rrr and Rcc represent the response contributions from within the real and complex

modes, and Rrc indicates the interaction between the real and complex modes. These response

components are de¯ned as

Rrr =

Z 1

¡1
©(!)d!

nrX
j=1

sj
(¡i!)º + ej

nrX
k=1

sk
(i!)º + ek

Rrc =

Z 1

¡1
©(!)d!

8<:
nrX
j=1

sj
(¡i!)º + ej

ncX
k=1

24 ak+ibk
(i!)º¡(®k+i¯k)
+ ak¡ibk
(i!)º¡(®k¡i¯k)

35
+
nrX
k=1

sk
(i!)º + ek

ncX
j=1

24 aj+ibj
(¡i!)º¡(®j+i¯j)

+
aj¡ibj

(¡i!)º¡(®j¡i¯j)

359=;
Rcc =

Z 1

¡1
©(!)d!

ncX
j=1

24 aj+ibj
(¡i!)º¡(®j+i¯j)

+
aj¡ibj

(¡i!)º¡(®j¡i¯j)

35 ncX
k=1

24 ak+ibk
(i!)º¡(®k+i¯k)
+ ak¡ibk
(i!)º¡(®k¡i¯k)

35 . (5.61)

For each response component we expand the summation term and have the following expres-
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sions:

Rrr =

Z 1

¡1
©(!)d!

8<:
nrX
j=1

sj
(¡i!)º + ej

sj
(i!)º + ej

+
nr¡1X
j=1

nrX
k=j+1

·
sj

(¡i!)º + ej
sk

(i!)º + ek
+

sk
(¡i!)º + ek

sj
(i!)º + ej

¸9=;
Rrc =

Z 1

¡1
©(!)d!

8<:
nrX
j=1

ncX
k=1

0@ sj
(¡i!)º + ej

24 ak+ibk
(i!)º¡(®k+i¯k)
+ ak¡ibk
(i!)º¡(®k¡i¯k)

35
+

sj
(i!)º + ej

24 ak+ibk
(¡i!)º¡(®k+i¯k)
+ ak¡ibk
(¡i!)º¡(®k¡i¯k)

351A9=;
Rcc =

Z 1

¡1
©(!)d!

8<:
ncX
j=1

24 aj+ibj
(¡i!)º¡(®j+i¯j)
+

aj¡ibj
(¡i!)º¡(®j¡i¯j)

3524 aj+ibj
(i!)º¡(®j+i¯j)
+

aj¡ibj
(i!)º¡(®j¡i¯j)

35
+
nc¡1X
j=1

ncX
k=j+1

0@24 aj+ibj
(¡i!)º¡(®j+i¯j)
+

aj¡ibj
(¡i!)º¡(®j¡i¯j)

3524 ak+ibk
(i!)º¡(®k+i¯k)
+ ak¡ibk
(i!)º¡(®k¡i¯k)

35
+

24 ak+ibk
(¡i!)º¡(®k+i¯k)
+ ak¡ibk
(¡i!)º¡(®k¡i¯k)

3524 aj+ibj
(i!)º¡(®j+i¯j)

+
aj¡ibj

(i!)º¡(®j¡i¯j)

351A9=; . (5.62)

It can be recognized that the terms under single summation designate the e®ects from the

individual modes, whereas the terms under double summation specify the contributions from

the interaction between the modes, real as well as complex ones. We also notice that all these

summation terms are even functions of !. This, along with the spectral density function ©(!)

being an even function too, allows us to only carry out the integration in the positive frequency

domain.

Through extensive algebraic manipulations, the response components Rrr, Rrc, and Rcc can
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be formulated as follows:

Rrr = 2

Z 1

0
©(!)d!

nrX
j=1

s2jP
2
r (!; º; j)(X0jj +X1jj!

º +X2jj!
2º +X3jj!

3º

+X4jj!
4º +X5jj!

5º +X6jj!
6º)

+4

Z 1

0
©(!)d!

nr¡1X
j=1

nrX
k=j+1

sjskPr(!; º; j)Pr(!; º; k)(X0jk +X1jk!
º (5.63)

+X2jk!
2º +X3jk!

3º +X4jk!
4º +X5jk!

5º +X6jk!
6º)

Rrc = 8

Z 1

0
©(!)d!

nrX
j=1

ncX
k=1

sjPr(!; º; j)Pc(!; º; k)(Y0jk + Y1jk!
º

+Y2jk!
2º + Y3jk!

3º + Y4jk!
4º + Y5jk!

5º + Y6jk!
6º + Y7jk!

7º (5.64)

+Y8jk!
8º + Y9jk!

9º + Y10jk!
10º)

Rcc = 8

Z 1

0
©(!)d!

ncX
j=1

P 2c (!; º; k)(Z0jj + Z1jj!
º + Z2jj!

2º + Z3jj!
3º

+Z4jj!
4º + Z5jj!

5º + Z6jj!
6º +Z7jj!

7º + Z8jj!
8º + Z9jj!

9º

+Z10jj!
10º + Z11jj!

11º + Z12jj!
12º + Z13jj!

13º +Z14jj!
14º)

+16

Z 1

0
©(!)d!

nc¡1X
j=1

ncX
k=j+1

Pc(!; º; j)Pc(!; º; k)(Z0jk + Z1jk!
º (5.65)

+Z2jk!
2º + Z3jk!

3º + Z4jk!
4º + Z5jk!

5º + Z6jk!
6º + Z7jk!

7º

+Z8jk!
8º + Z9jk!

9º + Z10jk!
10º +Z11jk!

11º + Z12jk!
12º

+Z13jk!
13º + Z14jk!

14º).

In the above expressions the coe±cients X's, Y 's, and Z's are constants that depend on eigen-

properties, and Pr(!; º; j) and Pc(!; º; j) are associated with the frequency response functions

corresponding to the real and complex eigenvalues, respectively, described by

Pr(!; º; j) =
1

!4º ¡ 2e2j!2º cos º¼ + e4j
(5.66)

Pc(!; º; j) =
1

(®2j + ¯
2
j)
4 + 2!4º(6®2j¯

2
j ¡ ®4j ¡ ¯4j ) + !8º

. (5.67)
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To explicitly de¯ne these quantities, we introduce another set of constants:8<: ¹1 = cos º¼

¹2 =
1
2(cos

º¼
2 + cos

3º¼
2 )8>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>:

u0k = (®
2
k + ¯

2
k)
3(ak®k + bk¯k)

u1k = (®
2
k + ¯

2
k)
2[ak(®

2
k ¡ ¯2k) + 2bk®k¯k]

u2k = (®
2
k + ¯

2
k)(3ak®

3
k ¡ 3bk¯3k + bk®2k¯k ¡ ak®k¯2k)

u3k = 6ak®
2
k¯
2
k ¡ ak(®4k + ¯4k)¡ 4bk®k¯k(®2k ¡ ¯2k)

u4k = 3ak®
3
k + 3bk¯

3
k ¡ bk®2k¯k ¡ ak®k¯2k

u5k = ak(®
2
k ¡ ¯2k)¡ 2bk®k¯k

u6k = ak®k ¡ bk¯k
u7k = ak

(5.68)

and then present the following formulas for calculating these coe±cients:

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

X0jk = e
3
je
3
k

X1jk = ¡¹2(ej + ek)e2je2k
X2jk = e

2
je
2
k + (e

2
j + e

2
k)ejek¹1

X3jk = ¡¹2(ej + ek)(e2j + e2k)
X4jk = ejek + (e

2
j + e

2
k)¹1

X5jk = ¡¹2(ej + ek)
X6jk = 1

(5.69)
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8>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

Y0jk = ¡e3ju0k
Y1jk = ¹2(¡e3ju1k + e2ju0k)
Y2jk = ¹1(¡e3ju2k + e2ju1k ¡ eju0k)
Y3jk = ¹2(¡e3ju3k + e2ju2k ¡ eju1k + u0k)
Y4jk = ¡e3ju4k + e2ju3k ¡ eju2k + u1k
Y5jk = ¹2(¡e3ju5k + e2ju4k ¡ eju3k + u2k)
Y6jk = ¹1(¡e3ju6k + e2ju5k ¡ eju4k + u3k)
Y7jk = ¹2(¡e3ju7k + e2ju6k ¡ eju5k + u4k)
Y8jk = e

2
ju7k ¡ eju6k + u5k

Y9jk = ¹2(¡eju7k + u6k)
Y10jk = ¹1u7k

(5.70)

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

Z0jk = u0ju0k

Z1jk = ¹2(u0ju1k + u1ju0k)

Z2jk = u1ju1k + ¹1(u0ju2k + u2ju0k)

Z3jk = ¹2(u0ju3k + u1ju2k + u2ju1k + u3ju0k)

Z4jk = u0ju4k + u2ju2k + u4ju0k + ¹1(u1ju3k + u3ju1k)

Z5jk = ¹2(u0ju5k + u1ju4k + u2ju3k + u3ju2k + u4ju1k + u5ju0k)

Z6jk = u1ju5k + u3ju3k + u5ju1k + ¹1(u0ju6k + u2ju4k + u4ju2k + u6ju0k)

Z7jk = ¹2(u0ju7k + u1ju6k + u2ju5k + u3ju4k + u4ju3k + u5ju2k

+ u6ju1k + u7ju0k)

Z8jk = u2ju6k + u4ju4k + u6ju2k + ¹1(u1ju7k + u3ju5k + u5ju3k + u7ju1k)

Z9jk = ¹2(u2ju7k + u3ju6k + u4ju5k + u5ju4k + u6ju3k + u7ju2k)

Z10jk = u3ju7k + u4ju4k + u7ju3k + ¹1(u4ju6k + u6ju4k)

Z11jk = ¹2(u4ju7k + u5ju6k + u6ju5k + u7ju4k)

Z12jk = u6ju6k + ¹1(u5ju7k + u7ju5k)

Z13jk = ¹2(u6ju7k + u7ju6k)

Z14jk = u7ju7k

(5.71)

Moreover, the second term in equations 5.63 and 5.65 along with equation 5.64 can be further
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expanded in partial fractions to yield

Pr(!; º; j)Pr(!; º; k)
6X
l=0

X1jk(!
º)l

= Pr(!; º; j)(U0j + U1j!
º + U2j!

2º + U3j!
3º)

+Pr(!; º; k)(U0k + U1k!
º + U2k!

2º + U3k!
3º), (5.72)

Pr(!; º; j)Pc(!; º; k)
10X
l=0

Yljk(!
º)l

= Pr(!; º; j)(V0j + V1j!
º + V2j!

2º + V3j!
3º) + Pc(!; º; k)(V0k + V1k!

º

+V2k!
2º + V3k!

3º + V4k!
4º + V5k!

5º + V6k!
6º + V7k!

7º), (5.73)

Pc(!; º; j)Pc(!; º; k)
14X
l=0

Zljk(!
º)l

= Pc(!; º; j)(W0j +W1j!
º +W2j!

2º +W3j!
3º +W4j!

4º +W5j!
5º

+W6j!
6º +W7j!

7º) + Pc(!; º; k)(W0k +W1k!
º +W2k!

2º +W3k!
3º

+W4k!
4º +W5k!

5º +W6k!
6º +W7k!

7º), (5.74)

where the constants U 's, V 's, and W 's are de¯ned as follows:8>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>:

U0j = (X0jk + e
4
jX4jk)=(e

4
j ¡ e4k)

U1j = (X1jk + e
4
jX5jk)=(e

4
j ¡ e4k)

U2j = (X2jk + e
4
jX6jk)=(e

4
j ¡ e4k)

U3j = X3jk=(e
4
j ¡ e4k)

U0k = (X0jk + e
4
kX4jk)=(e

4
k ¡ e4j )

U1k = (X1jk + e
4
kX5jk)=(e

4
k ¡ e4j )

U2k = (X2jk + e
4
kX6jk)=(e

4
k ¡ e4j )

U3k = X3jk=(e
4
k ¡ e4j)

, (5.75)
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8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

V0j = (Y0jk + e
4
jY4jk + e

8
jY8jk)=²jk

V1j = (Y1jk + e
4
jY5jk + e

8
jY9jk)=²jk

V2j = (Y2jk + e
4
jY6jk + e

8
jY10jk)=²jk

V3j = (Y3jk + e
4
jY7jk)=²jk

V0k = [¡±4kY0jk + ±0kY4jk ¡ e4j (Y0jk ¡ ±0kY8jk)]=²jk
V1k = [¡±4kY1jk + ±0kY5jk ¡ e4j (Y1jk ¡ ±0kY9jk)]=²jk
V2k = [¡±4kY2jk + ±0kY6jk ¡ e4j (Y2jk ¡ ±0kY10jk)]=²jk
V3k = (¡±4kY3jk + ±0kY7jk ¡ e4jY3jk)=²jk
V4k = [¡Y0jk + ±0kY8jk ¡ e4j (Y4jk ¡ ±4kY8jk)]=²jk
V5k = [¡Y1jk + ±0kY9jk ¡ e4j (Y5jk ¡ ±4kY9jk)]=²jk
V6k = [¡Y2jk + ±0kY10jk ¡ e4j(Y6jk ¡ ±4kY10jk)]=²jk
V7k = ¡(Y3jk + e4jY7jk)=²jk

, (5.76)

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

W0j = (»1jkZ8jk ¡ »2jkZ4jk + »3jkZ0jk ¡ »4jkZ12jk)='jk
W1j = (»1jkZ9jk ¡ »2jkZ5jk + »3jkZ1jk ¡ »4jkZ13jk)='jk
W2j = (»1jkZ10jk ¡ »2jkZ6jk + »3jkZ2jk ¡ »4jkZ14jk)='jk
W3j = (»1jkZ11jk ¡ »2jkZ7jk + »3jkZ3jk)='jk
W4j = [(±0j ¡ ±0k)W0j + Z0jk ¡ ±0jZ8jk + ±0j±4jZ12jk]=»2jk
W5j = [(±0j ¡ ±0k)W1j + Z1jk ¡ ±0jZ9jk + ±0j±4jZ13jk]=»2jk
W6j = [(±0j ¡ ±0k)W2j + Z2jk ¡ ±0jZ10jk + ±0j±4jZ14jk]=»2jk
W7j = [(±0j ¡ ±0k)W3j + Z3jk ¡ ±0jZ11jk]=»2jk
W0k = (Z0jk ¡ ±0kW0j)=±0j

W1k = (Z1jk ¡ ±0kW1j)=±0j

W2k = (Z2jk ¡ ±0kW2j)=±0j

W3k = (Z3jk ¡ ±0kW3j)=±0j

W4k = Z12jk ¡W4j

W5k = Z13jk ¡W5j

W6k = Z14jk ¡W6j

W7k = ¡W7j

, (5.77)
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with

±0j = (®
2
j + ¯

2
j )
4

±4j = 2(6®2j¯
2
j ¡ ®4j ¡ ¯4j)

²jk = (®
2
k + ¯

2
k)
4 + 2e4j (6®

2
k¯
2
k ¡ ®4k ¡ ¯4k) + e8j

»1jk = ±0j(±0j ¡ ±0k)
»2jk = ±0j(±4j ¡ ±4k)
»3jk = ±4j(±4j ¡ ±4k)¡ (±0j ¡ ±0k)
»4jk = ±0j(±0j±4k ¡ ±0k±4j)
'jk = (±0j ¡ ±0k)2 + ±0j±24k + ±0k±24j ¡ ±4j±4k(±0j + ±0k)

. (5.78)

To obtain the mean square response, the integrals in equations 5.63, 5.64, and 5.65 need to

be evaluated numerically, and keep in mind that º = 1=m is a fraction. Introducing the set of

response integrals

I1lj =

Z 1

0
©(!)Pc(!; º; j)(!

º)ld!

I2lj =

Z 1

0
©(!)P 2c (!; º; j)(!

º)ld!

J1lj =

Z 1

0
©(!)Pr(!; º; j)(!

º)ld!

J2lj =

Z 1

0
©(!)P 2r (!; º; j)(!

º)ld!, (5.79)

we now have the ¯nal formulation for the mean square response written in terms of the system

eigenproperties and stochastic characteristics of the input ground motion as follows:

E[R2(t)] = 2
nrX
j=1

6X
l=0

s2jXljjJ2lj + 4
nr¡1X
j=1

nrX
k=j+1

3X
l=0

sjsk (UljJ1lj + UlkJ1lk)

+8
nrX
j=1

ncX
k=1

sj

Ã
3X
l=0

VljJ1lj +
7X
l=0

VlkI1lk

!
+ 8

ncX
j=1

14X
l=0

ZljjI2lj

+16
nc¡1X
j=1

ncX
k=j+1

7X
l=0

(WljI1lj +WlkI1lk) . (5.80)

There are a couple of issues worth mentioning regarding the stochastic response analysis

before we close out this section. The formulations developed for calculating the mean square
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response resemble those derived for linear structural systems in a lot of ways. However, be-

cause of the fractional damping terms, the state space equations are augmented and, depending

on the fractional order º, the system in the state space can become extremely large, even for

a single degree-of-freedom oscillator. Moreover, the glaring di®erence in analyzing structures

with fractional derivatives is that the modal frequencies and damping ratios are almost im-

possible to recover from the eigensolutions. Even in the simplest case with semiderivatives

where the eigenvalue can be solved symbolically in terms of the frequency and damping ratio,

the relationship is so complicated and convoluted that one cannot extract the frequency and

damping information from the eigenanalysis. The drawback, consequently, from this result is

that we are not able to develop the response spectrum approach to obtain the maximum, or

design, response using the readily available ground spectra as seismic inputs. From this aspect,

the general linear model for which a response spectrum approach is available is probably more

suitable in practice.

5.5 Numerical Study

To demonstrate the capabilities of the approaches developed in this chapter, the formulations are

used to study the seismic response of an example shear building. Response results computed by

di®erent computational schemes are compared with the response time histories obtained by the

analytical method. Next we examine the response reduction e®ect of the added VE dampers. A

parametric study is also conducted to evaluate the e®ects of various system variables. Last, we

use the random vibration formulation to calculate the root mean square response of a simple sys-

tem.

Example structure-damper system

A 4-story shear building is used as the main structure in our study, and the mechanical

properties of the building are listed in Table 5.1. Based on the assumed modal damping

ratios, we construct the damping matrix required in the equations of motion using the following

equation:

C =Mªs[2¯!]ª
T
sM (5.81)

99



Table 5.1: Mechanical properties of the example 4-story shear building

Mass (Mg) Sti®ness (106 N=m)

Floor 1 40 18

Floor 2 40 12

Floor 3 36 12

Floor 4 36 10

Frequency (Hz) Damping

Mode 1 1.070 0.02

Mode 2 2.889 0.02

Mode 3 4.387 0.02

Mode 4 5.289 0.02
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in which [2¯!] = diag(2¯j!j), M is the mass matrix, and ªs is the eigenvector matrix for

the main structure. The viscoelastic material in the damper is a 3M-ISD112 acrylic poly-

mer. The parameters for the selected material based on the fractional Kelvin model from

testing data are ® = 0:6 = 3=5, G0 = 0:8 £ 105 N=m2, and G1 = 7:2 £ 105 sec0:6N=m2.
Three dampers are installed at each °oor and the dimensions of each damper are A = 200

cm2 for the shear area of the cross section and h = 1:5 cm as the thickness of the vis-

coelastic pad. All dampers are installed as braces between the °oors at a 45± angle. For

the given fractional order ®, the primary fraction is v = 1=5 with the denominator m =

5. Hence for this structure-damper example, the size of the system matrices in the state

space is 2Nm = 40. The eigenanalysis of this system reveals that there are 2 real eigen-

values and 19 pairs of complex and conjugate ones; these values are given in Table 5.2.

Seismic inputs

For the stochastic input of the earthquake induced ground motion, the commonly used

Kanai-Tajimi model is adopted with the ground spectral density function de¯ned in the follow-

ing form:

©(!) = sg
!4g + 4¯

2
g!
2
g!
2

(!2g ¡ !2)2 + 4¯2g!2g!2
(5.82)

where sg, ¯g, and !g are the ground parameters. We use the set of values (sg, ¯g, !g)1 =

(7:874 £ 10¡4 m2= sec3 =rad; 0:32; 23:96 rad= sec) for obtaining the frequency integrals in the
random vibration analysis to calculate the mean square response.

For seismic input that is de¯ned as a ground acceleration time history, equation 5.82 is used

to generate an arti¯cial accelerogram. The synthetic earthquake ground motion is produced by

superposing harmonic waves with random phase angles:

Äx©(t) =
X

k

p
4¢!©(!k) cos(!kt+ Ák). (5.83)

The time series Äx©(t), which is compatible with its spectral density function ©, is then modu-

lated to render Äxg(t) by a deterministic envelope ·(t) to simulate the build-up, strong motion,
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Table 5.2: Eigenvalues of the example structure-damper system

System eigenvalues

real part imaginary part

2.0853 § 0.9059
1.9873 § 0.8478
1.7967 § 0.7388
-1.4088 § 1.8302
1.3362 § 1.7435
-1.1951 § 1.5733
0.3518 § 2.1467
0.3005 § 2.0396
0.2136 § 1.8450
1.4306 § 0.5425
0.0909 § 1.4793
0.8914 § 1.3824
0.8321 § 1.3353
0.7956 § 1.2718
0.7741 § 1 1221
-0.9274 § 1.2442
-1.3763 § 0.3438
-1.6906 § 0.2860
-1.7886 § 0.1499
-1.6280

-2.0257
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and decay stages usually observed in earthquake records:

Äxg(t) = ·(t)Äx©(t), ·(t) =

8>>><>>>:
(t=t1)

2 0 · t · t1
1 t1 · t · t2
e¡0:25(t¡t2) t ¸ t2

(5.84)

in which a parabolic build-up phase, a strong motion phase with ampli¯cation factor equal to

one, and an exponential attenuation phase is implemented in our work. Here we generate two

acceleration time histories. The ¯rst ground motion is a 15-second time history with the set of

parameters (sg, ¯g, !g)1 given above and (t1; t2) = (3 sec, 10 sec). The second ground input

is a 24-second time history for which (sg, ¯g, !g)2 = (1:908 £ 10¡3 m2= sec3 =rad; 0:36; 23:5
rad= sec) and (t1; t2) = (2 sec, 12 sec). These two synthetic acceleration time histories are

shown in Figure 5-1. For these two accelerograms, the maximum ground acceleration level is

0:128g for the ¯rst set and 0:423g for the second set. These two ground records are used in the

time history analyses.

Comparison of computational methods

Various computational techniques have been developed to obtain the response time history

for the structural system in this chapter, and here we compare the results by these di®erent

methods with the analytical solution to evaluate their accurateness. We consider all six direct

integration schemes: G1 algorithm and L1 algorithm combined with ¯nite di®erence method

applied to the matrix equation of motion, denoted here by G1FD and L1FD, G1 algorithm

and L1 algorithm combined with Newmark's method applied to the matrix equations, G1NM

and L1MN in shorthand, and G1 algorithm and L1 algorithm applied directly to the modal

equations, designated as G1modal and L1modal . For the example building, we solve for the

°oor displacements fxg and the responses are plotted in Figures 5-2 through 5-7. Graphically
the response curves by all numerical approaches are very close to the analytical solution and the

di®erences are barely detectable. We thus examine the peak response for all the methods and

make comparisons. With the maximum values of the °oor displacement tabulated in Table 5.3,

we reach the same conclusion that all the numerical schemes provide quite accurate response

results. Both Newmark methods give excellent estimates while G1modal performs the worst,

relatively speaking, with the largest error around 7%. It is also noted that the responses by
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Figure 5-1: Synthetic earthquake ground acceleration time history
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Figure 5-2: Floor displacement response by G1FD and analytical approach
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Figure 5-3: Floor displacement response by L1FD and analytical approach
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Figure 5-4: Floor displacement response by G1NM and analytical approach
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Figure 5-5: Floor displacement response by L1NM and analytical approach
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Figure 5-6: Floor displacement response by G1modal and analytical approach
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Figure 5-7: Floor displacement response by L1modal and analytical approach

110



the ¯nite di®erence methods are greater than the analytical values, while using the modal

equations seem to underestimate the responses. Though the analytical solution is available, its

computation takes an extremely long time, so in practice, because any of these computational

method is acceptable, the numerical techniques may be more attractive to designers.

Response reduction e®ect of VE dampers

In the seismic design procedure, the critical design value is the peak response of the struc-

tural system. Using the analytical formulation based on modal superposition, we can obtain the

maximum value of a desired response from the computed time history. We then calculate the

maximum response for the same response quantity for the shearing building without the added

VE dampers, and this is accomplished by using the classical modal analysis. The response

reduction e®ect can then be examined by comparing these results. Here the 15-second ground

motion is used as the seismic excitation and we choose three important response quantities

in seismic designs: displacement and absolute acceleration of the °oor, and story shear in the

column. The time histories of these responses with and without the dampers are plotted in

Figures 5-8, 5-9, and 5-10. The response is signi¯cantly lower when the dampers are included

in all cases, a veri¯cation of the e®ectiveness of the viscoelastic dampers in reducing the overall

structural response. Table 5.4 summarizes these peak values of the response with and without

dampers for comparison. We also show quantitatively in the table the percent reduction in the

response, and we notice that the maximum responses in the structure are reduced by at least

50%, as high as close to 80%, and in general the reduction is in the range of 60 to 70%.

To further demonstrate the pro¯ciency of the added dampers in reducing the overall struc-

tural motion, we use the absolute acceleration time history of the °oor as the base input to

produce the °oor response spectra. Figures 5-11 through 5-14 show the spectra plot of each

°oor. We notice from these curves that overall the spectra display considerable decrease, and

the more signi¯cant feature is that there are no really pronounced spikes in the °oor response

spectra when dampers are equipped, except for one hump in the spectrum plot for the ¯rst

°oor. This indicates that with viscoelastic dampers installed in the primary structure, the seis-

mic response of the secondary system placed in the building also decreases and this response

reduction is most signi¯cant at the frequencies of the main structure.

E®ects of system variables on response reduction
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Table 5.3: Comparison of the maximum response of °oor displacements obtained for all methods

Response of °oor displacements (m)

Method Floor 1 Floor 2 Floor 3 Floor 4

analytical 0.01611 0.03384 0.04670 0.05432

G1FD 0.01622 0.03421 0.04731 0.05510

L1FD 0.01616 0.03397 0.04690 0.05457

G1NM 0.01618 0.03410 0.04719 0.05496

L1NM 0.01610 0.03380 0.04666 0.05427

G1modal 0.01534 0.03175 0.04336 0.05018

L1modal 0.01593 0.03335 0.04599 0.05346
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Figure 5-8: Response of the °oor displacement including and excluding VE dampers

113



0 5 10 15

Ac
ce

le
ra

tio
n 

(m
/s

ec
2 )

-2.4

0.0

2.4

Floor 1

0 5 10 15

Ac
ce

le
ra

tio
n 

(m
/s

ec
2 )

-3

0

3

Floor 2

0 5 10 15

Ac
ce

le
ra

tio
n 

(m
/s

ec
2 )

-2.5

0.0

2.5

Floor 3

Time (sec)
0 5 10 15

Ac
ce

le
ra

tio
n 

(m
/s

ec
2 )

-3.2

0.0

3.2

with damper
no damper

Floor 4

Figure 5-9: Response of the °oor absolute acceleration including and excluding VE dampers
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Figure 5-10: Response of the story shear including and excluding VE dampers
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Table 5.4: Maximum °oor response and the corresponding response reduction

Displacement (m)

with VE damper no VE damper reduction (%)

Floor 1 0.0044 0.0111 60.4

Floor 2 0.0087 0.0242 64.0

Floor 3 0.0112 0.0328 65.9

Floor 4 0.0129 0.0403 65.0

Absolute acceleration (m= sec2)

with VE damper no VE damper reduction (%)

Floor 1 1.072 2.205 51.4

Floor 2 0.862 2.828 69.5

Floor 3 0.897 2.499 64.1

Floor 4 1.195 3.200 62.6

Story shear (kN)

with VE damper no VE damper reduction (%)

Floor 1 80.18 200.3 60.0

Floor 2 51.60 164.8 68.7

Floor 3 39.85 141.7 71.9

Floor 4 20.49 115.7 82.3
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Figure 5-11: Floor response spectra with and without VE dampers for the ¯rst °oor
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Figure 5-12: Floor response spectra with and without VE dampers for the second °oor
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Figure 5-13: Floor response spectra with and without VE dampers for the third °oor
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Figure 5-14: Floor response spectra with and without VE dampers for the fourth °oor

120



The reduction of the structural response is obviously in°uenced by the parameters of the

system, and to gain some knowledge of their e®ects we carry out a parametric study. However,

since it is impractical to analyze a full-scale system with a large number of factors involved, we

investigate a single degree of freedom case that has a simpler governing equation:

Äx+ 2³!2¡®n D®hxi+ 2¯!n _x+ !2nx = ¡Äxg(t). (5.85)

The fractional damping is written in such a way that it o®ers a dimensionless fractional damping

ratio ³, in consistency with the viscous damping ratio ¯, and ³ is de¯ned as

³ =
¹c

2m!2¡®n
(5.86)

in which ¹c is the fractional damping coe±cient. Note that ³ = 1 is not associated with "critical"

damping; in fact there is no special condition corresponding to ³ = 1 and ³ is merely a measure-

ment of fractional damping's strength. Here several simple analyses are conducted for studying

the e®ects of the fractional damping, the fractional order, and the natural frequency of the

system. The 15-second ground acceleration time history is used as the seismic input to obtain

the maximum value of the displacement response x. In examining the e®ect of the excitation

frequency, we use a sinusoidal input to simplify our analysis, and di®erent peak responses are

obtained by varying r! = ­=!n, with ­ as the driving frequency. In all cases, the acquired

result is divided by the maximum response computed by excluding the fractional damping term

to get the response percent reduction.

Presented in Tables 5.5, 5.6, and 5.7 are a composite of response reduction results for

various combinations of parameters. After sorting these results we o®er some representative

plots to get a better sense of the e®ects of these variables. Figure 5-15 shows that for a given

® response the reduction increases as the level of fractional damping is raised. However, when

the inherent viscous damping in the system is large, the reduction becomes less signi¯cant. In

Figures 5-16 and 5-17, we notice that the response reduction is improved when the fractional

order is increased, yet the improvement is limited. When the fractional damping is dominant

enough, varying other parameters hardly has any e®ect since the response is already greatly

reduced. The damping e®ects on the reduction of response can be recognized without much
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Table 5.5: Response reduction for various dampings

Response reduction (%): natural frequency !n = 10 rad=sec

³ = 0:05 ³ = 0:5 ³ = 1 ³ = 5 ³ = 10

¯ = 0:02 34.7 66.7 71.7 94.0 97.3
® = 1=3 ¯ = 0:05 23.4 51.3 58.9 91.1 96.0

¯ = 0:1 11.6 31.4 42.9 87.0 94.1

¯ = 0:02 39.9 69.0 76.8 95.2 97.7
® = 1=2 ¯ = 0:05 28.0 54.7 66.2 92.8 96.7

¯ = 0:1 11.1 36.5 52.6 89.4 94.9

¯ = 0:02 41.3 70.3 79.1 95.5 97.7
® = 3=5 ¯ = 0:05 29.4 56.7 69.4 93.3 96.6

¯ = 0:1 10.7 39.3 56.9 90.2 95.0

¯ = 0:02 42.4 71.2 80.4 95.6 97.6
® = 2=3 ¯ = 0:05 30.6 58.1 71.4 93.4 96.4

¯ = 0:1 10.5 41.2 59.6 90.3 94.6

¯ = 0:02 43.6 72.7 82.5 95.0 97.1
® = 4=5 ¯ = 0:05 31.8 60.3 74.4 92.5 95.7

¯ = 0:1 10.1 44.5 63.8 89.0 93.6
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Table 5.6: Response reduction for various natural frequencies

Response reduction (%): ¯ = 0:03

³ = 0:05 ³ = 0:5 ³ = 5

® = 1=3 10.0 61.9 89.3
® = 1=2 13.1 65.7 92.6

!n = 5 ® = 3=5 14.3 67.3 94.1
® = 2=3 15.2 68.2 94.5
® = 4=5 16.4 69.6 93.8

® = 1=3 30.0 61.2 93.0
® = 1=2 34.7 63.9 94.3

!n = 10 ® = 3=5 36.2 65.4 94.7
® = 2=3 37.3 66.5 94.8
® = 4=5 38.9 68.3 94.1

® = 1=3 7.51 69.3 96.6
® = 1=2 13.7 70.4 96.7

!n = 20 ® = 3=5 15.0 70.7 96.6
® = 2=3 17.0 71.0 96.4
® = 4=5 19.4 71.1 96.0

® = 1=3 42.2 77.2 96.8
® = 1=2 43.4 76.7 96.6

!n = 30 ® = 3=5 42.5 76.0 96.4
® = 2=3 42.2 75.0 97.8
® = 4=5 40.7 73.2 95.6
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Table 5.7: Response reduction for various harmonic excitation frequencies

Response reduction (%): ¯ = 0:03 !n = 10 rad= sec

³ = 0:05 ³ = 0:5 ³ = 5

r! = 0:2 5.33 33.4 83.7
® = 1=3 r! = 0:8 27.0 79.4 97.1

r! = 3 3.49 25.1 75.0

r! = 0:2 4.50 25.1 77.7
® = 1=2 r! = 0:8 28.0 79.4 96.7

r! = 3 4.15 28.5 82.3

r! = 0:2 3.67 20.2 73.2
® = 3=5 r! = 0:8 27.5 78.9 96.4

r! = 3 4.21 30.1 83.7

r! = 0:2 3.19 17.1 69.8
® = 2=3 r! = 0:8 27.0 78.2 96.2

r! = 3 4.52 31.5 84.5

r! = 0:2 2.34 11.3 61.9
® = 4=5 r! = 0:8 25.3 76.8 95.8

r! = 3 4.88 33.9 85.9
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Figure 5-15: Response reduction vs. fractional damping with varying viscous damping
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Figure 5-16: Response reduction vs. fractional damping with varying fractional order
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Figure 5-17: Response reduction vs. fractional order with varying fractional damping
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di±culty as illustrated by the above outcome. The frequency e®ects, on the other hand, are

more complicated. The response reduction results in Figure 5-18 show no particular pattern.

For high fractional dampings the reduction varies little with the frequency, while the reduction

°uctuates noticeably when the fractional damping is low. The fractional order displays no

de¯nitive in°uence on the response reduction either, from Figures 5-19 and 5-20, when the

system frequency changes. For any fractional order, !n = 10 rad= sec produces the least

reduction value. The reduction decreases and then increases as the system becomes more

sti®, and the plot (Figure 5-19) suggests that at low frequency range, the larger fractional

order produces greater reduction, and past a transition region, the opposite holds true in the

high frequency range. When a harmonic loading is applied, it is observed from Figure 5-21

that signi¯cant reduction occurs when the frequency ratio is in the neighborhood of unity,

indicating that the presence of fractional damping greatly suppresses the resonance e®ect in

vibration. We also notice from Figure 5-22 that the reduction is about the same when r! is

close to 1, independent of the fractional order, while increasing the fractional order lessens the

reduction for r! < 1 and raises the reduction level for r! > 1.

Stochastic response

The last part of our numerical study is to calculate the root mean square response of the

structural system using the random vibration formulation. Since the computation becomes

extremely laborious for a large system, here again we only demonstrate the pro¯ciency of the

method on a single degree of freedom case described by equation 5.85. The system parameters

are chosen to be ® = 3=5, !n = 2 rad= sec, ¯ = 0:02, and ³ = 1, for which the corresponding

eigenvalues are listed in Table 5.8. The power spectral density function de¯ned in equation 5.82

is adopted to represent the random ground motion input with the ¯rst set of ground parameters

(sg, ¯g, !g)1 speci¯ed earlier. We obtain the root mean square response for the displacement

and absolute acceleration, and the results are
p
E[x2(t)] = 0:00879 m and

p
E[Äx2a(t)] = 0:1114

m= sec2.
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Table 5.8: Eigenvalues of the example single degree of freedom system

System eigenvalues

real part imaginary part

-0.8042 § 1.0434
0.2030 § 1.2261
1.1897 § 0.5182
0.4671 § 0.7646
-1.1597

-0.9514
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5.6 Summary

In this chapter we focused on developing numerical as well as analytical formulations to calculate

the seismic response based on the fractional derivative model. For earthquake input speci¯ed

by a ground acceleration record, we o®ered six computational schemes: G1FD, L1FD, G1NM,

L1NM, G1modal, and L1modal using the G1 and L1 algorithms as the basis. We also derived

an analytical solution to obtain the response time history based on modal superposition. For

ground motion characterized by a random process with a spectral density function, we used

the random vibration analysis to obtain an expression for calculating the mean square response

for the structural system. Numerical results were then presented for both single and multiple

degrees of freedom systems to demonstrate the applicability of these proposed approaches.

Since calculating the random response for a multi-degree of freedom system involves extremely

lengthy numerical integrations, here the results were obtained only for a single degree of freedom

oscillator.
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Chapter 6

Seismic Response by General Linear

Model

6.1 Introduction

In the response analysis of structures equipped with solid viscoelastic dampers, the dynamic

characteristics of the viscoelastic material used in the damper need to be accurately depicted.

The fractional derivative model that we have adopted in our study is capable of capturing the

frequency dependent property of the material quite precisely. The model o®ers a compact equa-

tion that relates the force and deformation of the damper and can be readily incorporated into

the equations of motion. There is, however, a major disadvantage in the fractional derivative

model and that is the tremendous mathematical complexity in the calculation of the system

response, as evidenced in our investigation presented in the preceding chapters. Therefore it

is not entirely suitable for engineers in practice to implement such an approach to analyze or

design structures with added solid VE dampers. As a result, a model that not only can cor-

rectly describe the frequency dependency of the viscoelastic material and also is analytically

convenient to work with is preferred.

In this chapter we provide an alternative approach to analyze the seismic structural response

by using the general linear model for the solid viscoelastic dampers. The constitutive relation

in the viscoelastic material based on this model consists of a series of higher order derivatives

operating on the shear stress and strain, as shown in equation 2.1. In order to develop the
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formulation for computing the structural response that is simpler to apply than that based on

the fractional derivative model, we choose to use a Kelvin chain as the physical representation

for the viscoelastic damper corresponding to the di®erential constitutive equation depicted by

the general linear model. The analysis then comprises basically two phases. The ¯rst part

involves the determination of the sti®ness values of the springs and the damping coe±cients

of the dashpots through a least-square curve ¯tting procedure. With the dampers represented

by the Kelvin chain model, in the next stage we use a set of auxiliary variables to specify

the displacements of those internal elements and derive the equations of motion based on

the energy approach. The resulting system of equations can be assembled in the state space

to render a self-adjoint form that permits us to utilize the familiar modal analysis method.

As a result, the structural seismic response can be calculated e±ciently. To advocate this

approach of employing the general linear model, we conduct a numerical study using the same

example building examined in the previous chapter and demonstrate that the response results

are consistent with those obtained from the fractional derivative model.

6.2 Mechanical Analog for General Linear Viscoelastic Material

The viscoelastic behavior is conventionally described by the general linear model through the

constitutive relation given by the following standard form:

¿(t) +

M1X
m=1

Dm
dm¿(t)

dtm
= G0°(t) +

M2X
n=1

Gn
dn°(t)

dtn
, (6.1)

where Dm and Gn are positive coe±cients with M2 = M1 or M2 = M1 + 1. The frequency

dependency of the material can be properly captured when su±ciently many derivative terms

are included in the above di®erential equation. The constants in equation 6.1 are traditionally

determined from the experimental data using a curve ¯tting process, and it is apparent that

¯nding these coe±cients becomes e®ortful as M1 and M2 increase. With Dm and Gn deter-

mined, the force-deformation relation in the damper is then established and can be combined

into the equations of motion. This straightforward procedure, however, inevitably produces

higher order di®erential equations of motion and makes the response solution laborious. To

avoid such issues, instead of working directly with equation 6.1, we consider the mechanical
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analog corresponding to the constitutive equation for the material and use this physical model

as the basis for our response analysis.

Though the mechanical representation for a given constitutive equation is not unique, two

standard analogs are typically employed for the linear viscoelastic behavior of materials and

they are the generalized Kelvin chain and Maxwell ladder as shown in Figure 6-1. In our study

we elect to use the Kelvin chain as the mechanical analog to model the viscoelastic dampers.

It can be shown that for the common solid viscoelastic materials that exhibit instantaneous

deformation when the loading is applied, it is required that M1 = M2 and G0 6= 0, and the

Kelvin chain thus contains an individual spring and a number of Kelvin elements in series with

no inclusion of the individual dashpot, as shown in Figure 6-2. That is, if the mechanical

property of the viscoelastic damper is characterized by equation 6.1 with M1 = M2 = M ,

then the corresponding Kelvin chain has one spring and M Kelvin elements. There are in total

2M+1 coe±cients in the di®erential equation and accordingly 2M+1 parameters in the Kelvin

chain that consists of M + 1 spring constants and M damping coe±cients. Consequently it is

referred to as a (2M + 1)-parameter model.

For a general (2M +1)-parameter model our ¯rst task is to express the coe±cients Dm and

Gn in the di®erential equation in terms of the parameters for the springs and dashpots in the

Kelvin chain. Here we use a 7-parameter (M = 3) model to derive the relationships and the

procedure can be extended to any value of M . Consider the system shown in Fig. 7.2 with

one spring and three Kelvin elements. We can write the constitutive relations for each separate

piece as

8>>>>>><>>>>>>:

f = k0±0

f = k1±1 + c1 _±1

f = k2±2 + c2 _±2

f = k3±3 + c3 _±3

,

where f is the force provided by the damper and ±i denotes the deformation of each element.

Clearly the sum of the deformations from the entire assembly gives the deformation of the
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(a) Generalized Kelvin chain

(b) Generalized Maxwell ladder

(a) Generalized Kelvin chain

(b) Generalized Maxwell ladder

Figure 6-1: Generalized Kelvin chain and Maxwell ladder as the mechanical analog for vis-
coelastic materials
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k0
k1 k2 kM

c1 c2 cM

k0
k1 k2 kM

c1 c2 cM

Figure 6-2: Kelvin chain representation for solid viscoelastic dampers
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damper, ± = ±1 + ±2 + ±3 + ±4. Take the Laplace transform of the above set of equations:

8>>>>>><>>>>>>:

F = k0¢0

F = k1¢1 + c1s¢1

F = k2¢2 + c2s¢2

F = k3¢3 + c3s¢3

,

in which F = L[f ] and ¢i = L[±i], and after multiplying each equation by appropriate factors
and adding all equations together we get

fk0(k1 + c1s)(k2 + c2s) + k0(k1 + c1s)(k3 + c3s) + k0(k2 + c2s)(k3 + c3s)
+(k1 + c1s)(k2 + c2s)(k3 + c3s)gF (6.2)

= k0(k1 + c1s)(k2 + c2s)(k3 + c3s)¢

where ¢ = ¢1+¢2+¢3+¢4 = L[±]. After expanding equation 6.2, taking its inverse Laplace
transform, and recalling f = 2A¿ and ± = h° in which A and h are the cross-sectional area and

the thickness of the viscoelastic pad, we compare the resulting expression with the standard

form and arrive at the following set of equations:

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

D1 = ke
£
c01
¡
k¡10 + k¡12 + k¡13

¢
+ c02

¡
k¡10 + k¡11 + k¡13

¢
+ c03

¡
k¡10 + k¡11 + k¡12

¢¤
D2 = ke

£
c01c02

¡
k¡10 + k¡13

¢
+ c01c03

¡
k¡10 + k¡12

¢
+ c02c03

¡
k¡10 + k¡11

¢¤
D3 = kec

0
1c
0
2c
0
3k
¡1
0

G0 = (h=2A)ke

G1 = (h=2A)ke (c
0
1 + c

0
2 + c

0
3)

G2 = (h=2A)ke (c
0
1c
0
2 + c

0
1c
0
3 + c

0
2c
0
3)

G3 = (h=2A)kec
0
1c
0
2c
0
3

(6.3)

in which c0i = ci=ki and ke =
¡
k¡10 + k¡11 + k¡12 + k¡13

¢¡1
is the equivalent sti®ness of the

system. Through similar procedures we can generalize the above result for an arbitrary M to

formulate the relation between the coe±cients in the constitutive equation and the parameters
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in the Kelvin chain analog as follows:

Di = ke

b(M;i)X
j=1

P £fc0g;M; i¤ ¡k¡1e ¡ S[fk¡1g;M; i]¢ , i = 1 to M (6.4)

Gi =
h

2A
ke

b(M;i)X
j=1

P £fc0g;M; i¤ , i = 0 to M (6.5)

where again c0i = ci=ki, the equivalent sti®ness of the damper ke =
³PM

i=0 k
¡1
i

´¡1
, and b(M; i)

is simply the binomial coe±cient and b(M; i) = 0 if i = 0. There are also two new symbols in

equations 6.4 and 6.5 that require de¯nitions and some explanation. First, fc0g is an abbreviated
notation for the set fc01; c02; ¢ ¢ ¢ ; c0Mg and similarly fk¡1g for fk¡11 ; k¡12 ; ¢ ¢ ¢ ; k¡1M g, and notice that
k¡10 is not included in the set of fk¡1g. Then P [fc0g;M; i] designates the product of any i out
of M elements in the set of fc0g. Likewise S[fk¡1g;M; i] is the sum of i elements from fk¡1g
and they have to be the same combination of i elements corresponding to those in P [fc0g;M; i].
We also note that for each coe±cient Di and Gi there are b(M; i) terms to be added and that

is because there are b(M; i) distinctive possibilities when forming P [fc0g;M; i].

6.3 Curve Fitting

To capture the frequency dependency of the viscoelastic damper, the coe±cients in the con-

stitutive equation have to be chosen to best ¯t the experimental data. Because we use the

Kelvin chain analog to represent the damper, here, through the same curve ¯tting process, we

aim to ¯nd the optimal parameters in our physical model, namely, the spring constants (k's)

and damping coe±cients (c's), that best match the results from the dynamic testing of the

viscoelastic material. Based on the general linear model, the complex modulus of the material

can be written as follows by taking the Fourier transform of equation 6.1:

G(!) =
F [¿ ](!)
F [°](!) = G

0(!) + iG00(!)

=
(G0 ¡G2!2 +G4!4 ¡ ¢ ¢ ¢ ) + i(G1! ¡G3!3 + ¢ ¢ ¢ )
(1¡D2!2 +D4!4 ¡ ¢ ¢ ¢ ) + i(D1! ¡D3!3 + ¢ ¢ ¢ ) . (6.6)

The real part of the complex modulus is the storage modulus (G0), which represents the sti®ness

property of the material. The imaginary part is called the loss modulus (G00) and it is associated
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with the energy dissipation and thus damping. We can determine the parameters in the Kelvin

chain by ¯tting the storage and loss moduli, which can be expressed in terms of ki and ci through

equations 6.4 and 6.5, to the modulus-versus-frequency plots generated from the testing data.

Let the errors between the experiment (G0e and G00e) and the model be expressed as e0i = G
0
e¡G0

and e00i = G00e¡G00 at a given frequency !i. The sum of the squares of the errors over the desired
range of frequency is simply Se =

Ph
(e0i)

2 + (e00i )
2
i
, which is a highly nonlinear function of the

parameters ki and ci. Minimizing the quantity Se yields the optimal set of parameters sought,

and this can be achieved using any suitable optimization routine. Notice that one can ¯nd a

set of coe±cients Dm and Gn through a similar curve ¯tting procedure and then solve for the

parameters from equations 6.4 and 6.5. This, however, is not recommended since both steps

are complicated due to the nonlinearity in our problems and also we have no use of Dm and

Gn in the structural analysis.

6.4 Equations of Motion

As mentioned in the foregoing discussion, the dynamic response analysis can be performed

by simultaneously solving the equations of motion of the original structure along with the

constitutive di®erential equations for the dampers. This type of analysis is more complicated

than desired. The combined equations can be cast in the form of ¯rst order state equations.

These equations generally turn out to be non-self-adjoint, and thus complicate the analysis.

However, with the aid of the mechanical analog for the viscoelastic damper, we can carry out

the seismic response analysis much more e±ciently. Here we adopt the energy approach to derive

the system equations of motion including the VE dampers which are represented by the Kelvin

chain. Consider a shear building with diagonal viscoelastic dampers installed between °oors, the

same as the one in Figure 4-1. To completely describe the motion of the dampers, we introduce

a set of auxiliary displacement coordinates fzgj that designate the dynamic deformation of
each internal element. As shown in Figure 6-3 for a viscoelastic damper modeled by a general

(2M + 1)-parameter Kelvin chain, zij indicates the horizontal displacement relative to the

ground at the interface between the jth and (j + 1)-th element in the damper that is located

between the (i¡ 1)-th and the ith °oor. Index i thus ranges from 1 to N , the number of °oors
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zi1

zi2

ziM

mi

mi-1

xi

xi-1
zi1
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ziM
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zi2

ziM

mi

mi-1

xi

xi-1

Figure 6-3: Auxiliary coordinates for the displacements of the internal elements in the Kelvin
chain
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and also the structural degree of freedom, and index j ranges from 1 to M , the order of the

constitutive di®erential equation for the damper.

Using the auxiliary variables zij and the displacement coordinates xi that de¯ne the relative

motion of each °oor, we can formulate the kinetic energy T , potential energy V, and dissipation
function D as follows:

T =
NX
i=1

1

2
mi ( _xi + _xg)

2

V =
NX
i=1

1

2
ksi (xi ¡ xi¡1)2 +

NX
i=1

½
1

2
kdi0 [(zi1 ¡ xi¡1) cos µi]2

+
M¡1X
j=1

1

2
kdij [(zi;j+1 ¡ zij) cos µi]2 +

1

2
kdiM [(xi ¡ ziM) cos µi]2

¾
(6.7)

D =
NX
i=1

1

2
csi ( _xi ¡ _xi¡1)2 +

NX
i=1

8<:
M¡1X
j=1

1

2
cdij [( _zi;j+1 ¡ _zij) cos µi]

2 +
1

2
cdiM [( _xi ¡ _ziM) cos µi]

2

9=; ,
in which ks and cs denote the structural sti®ness and damping, and fkd0; kd1; ¢ ¢ ¢ ; kdMg and
fcd1; cd2; ¢ ¢ ¢ ; cdMg are the spring and dashpot constants of the damper, the very parameters
determined through curve ¯tting for the Kelvin chain. Notice that there are NM extra degrees

of freedom in addition to the N degrees of freedom from the original building. Apply Lagrange's

equations for the total N +NM generalized coordinates, and we get

miÄxi ¡ csi _xi¡1 + (csi + csi+1) _xi ¡ csi _xi+1 ¡ ksixi¡1 + (ksi + ksi+1)xi ¡ ksi+1xi+1
+ ¹ciM _xi + (¹ki+1;0 + ¹kiM)xi ¡ ¹ciM _ziM ¡ ¹ki+1;0zi+1;1 ¡ ¹kiMziM = ¡miÄxg, i = 1 to N .

¹ci1 _zi1 + (¹ki0 + ¹ki1)zi1 ¡ ¹ci1 _zi2 ¡ ¹ki0xi¡1 ¡ ¹ki1zi2 = 0
(¹cij + ¹ci;j+1) _zij + (¹kij + ¹ki;j+1)zij ¡ ¹cij _zi;j¡1 ¡ ¹ci;j+1 _zi;j+1 ¡ ¹kijzi;j¡1 ¡ ¹ki;j+1zi;j+1 = 0
(¹ci;M¡1 + ¹ciM) _ziM + (¹ki;M¡1 + ¹kiM)ziM ¡ ¹ci;M¡1 _zi;M¡1 ¡ ¹ciM _xi
¡ ¹ki;M¡1zi;M¡1 ¡ ¹kiMxi = 0, i = 1 to N and j = 2 to M ¡ 1

(6.8)

in which ¹kij and ¹cij are the sti®ness and damping contribution provided from the dampers by

taking account of their orientations, and are de¯ned by

¹cij = c
d
ij cos

2 µi, j = 0 to M ; ¹kij = k
d
ij cos

2 µi, j = 1 to M , and i = 1 to N . (6.9)
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Equation 6.8 can be written in matrix form, and the resulting equations of motion for the

structure-damper system are given explicitly as follows:

MfÄxg+ (C+ ¹CM)f _xg+ (K+ ¹KM + ¹Ka)fxg
¡ ¹Kbfzg1 ¡ ¹CMf _zgM ¡ ¹KMfzgM = ¡MfrgÄxg

¹C1f _zg1 + (¹K0 + ¹K1)fzg1 ¡ ¹C1f _zg2 ¡ ¹K1fzg2 ¡ ¹KT
b fxg = 0

(¹Cj¡1 + ¹Cj)f _zgj + (¹Kj¡1 + ¹Kj)fzgj
¡ ¹Cj¡1f _zgj¡1 ¡ ¹Cjf _zgj+1 ¡ ¹Kj¡1fzgj¡1 ¡ ¹Kjfzgj+1 = 0 for j = 2 to M ¡ 1

(¹CM¡1 + ¹CM)f _zgM + (¹KM¡1 + ¹KM)fzgM
¡ ¹CM¡1f _zgM¡1 ¡ ¹CMf _xg ¡ ¹KM¡1fzgM¡1 ¡ ¹KMfxg = 0

(6.10)

In this matrix equation of motion, M, C, and K are the regular mass, inherent damping, and

sti®ness matrices of the structure, ¹Cj = diag(¹cij) for j = 1 to M , ¹Kj = diag(¹kij) for j = 0 to

M , ¹Ka = diag(¹k20; ¹k30; ¢ ¢ ¢ ; ¹kN0; 0), and an unsymmetrical matrix ¹Kb de¯ned as

¹Kbmn =

8<: ¹kn0, for m = 1 to M ¡ 1 and n = m+ 1
0, elsewhere

.

We notice from the equations of motion that because only the ¯rst and the last internal elements

in the Kelvin chain are attached to the building, the displacement coordinates fxg are coupled
with fzg1 and fzgM , and hence the equations for these two auxiliary variables are expressed
separately.

6.5 Seismic Response Analysis

With the equations of motion constructed, in this section we formulate the modal analysis

approach for calculating the response of the shear building induced by the earthquake ground

motion. To develop such a method, we ¯rst pose the matrix equations of motion in the state

space. De¯ne the state vector fyg to include the auxiliary coordinates in the following manner:

fyg = ffxg; fzg1; fzg2; ¢ ¢ ¢ ; fzgM ; f _xggT . (6.11)
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Each auxiliary displacement vector fzgj comprises the internal displacements at the jth in-
terface in the Kelvin chain analog for the damper assembled from all °oors, that is, fzgj =
fz1j ; z2j; ¢ ¢ ¢ ; zNjg. The total number of degrees of freedom in the state space for this aug-

mented structure-damper system now becomes (M +2)N . With some rearrangements of terms

and an identity equation, equation 6.10 can be recast into the following state form:

Af _yg ¡Bfyg = ¡
8<: Mfrg

0

9=; Äxg (6.12)

where the state matrices are de¯ned as

A =

266666666666666664

¹C 0 ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¡¹CM M

0 ¹C1 ¡¹C1 0 ¢ ¢ ¢ 0 0
... ¡¹C1 ¹C1 + ¹C2 ¡¹C2 0 ¢ ¢ ¢ 0
... 0 ¡¹C2 ¹C2 + ¹C3

. . . 0
...

...
... 0

. . .
. . . ¡¹CM¡1

...

¡¹CM 0
... 0 ¡¹CM¡1 ¹CM¡1 + ¹CM 0

M 0 0 ¢ ¢ ¢ ¢ ¢ ¢ 0 0

377777777777777775
(6.13)

B =

266666666666666664

¡¹K ¹Kb 0 ¢ ¢ ¢ 0 ¹KM 0

¹KT
b ¡¹K0 ¡ ¹K1

¹K1 0 ¢ ¢ ¢ 0 0

0 ¹K1 ¡¹K1 ¡ ¹K2
¹K2 0 ¢ ¢ ¢ 0

... 0 ¹K2 ¡¹K2 ¡ ¹K3
. . . 0

...

0
... 0

. . .
. . . ¹KM¡1

...

¹KM 0
... 0 ¹KM¡1 ¡¹KM¡1 ¡ ¹KM 0

0 0 0 ¢ ¢ ¢ ¢ ¢ ¢ 0 M

377777777777777775
(6.14)

with ¹C = C+ ¹CM and ¹K =K+ ¹KM + ¹Ka. It is noted that both the state matrices A and B

are symmetrical, and therefore the system is self-adjoint. Equations 6.13 and 6.14 are written

for dampers modeled by a general (2M+1)-parameter Kelvin chain. However, the 3-parameter

(M = 1) analog is a special case for which the state matrix B has a slightly di®erent form since
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it is compressed, and it is provided here:

B =

26664
¡K¡ ¹K1 ¡ ¹Ka

¹K1 + ¹Kb 0

¹K1 + ¹KT
b ¡¹K0 ¡ ¹K1 0

0 0 M

37775 . (6.15)

The self-adjoint state equations of motion derived above allow us to adopt a modal analysis

approach similar to that developed for common nonclassically damped systems to formulate

the seismic response for the shear building. Equation 6.12 can be readily uncoupled using the

eigenproperties of the system, and the associated eigenvalue problem is

BfÃgj = ¸jAfÃgj. (6.16)

where ¸j is the eigenvalue for the jth mode and fÃgj denotes the corresponding eigenvector
with the following orthonormality properties:

ªTAª = I

ªTBª= ¤ = diag(¸j), (6.17)

with the modal matrixª de¯ned in terms of the eigenvectors asª = [fÃg1; fÃg2; ¢ ¢ ¢ ; fÃg2Nm].
By using the standard transformation of coordinates

fy(t)g =ªfq(t)g (6.18)

in which fqg is the vector of modal coordinates, and following the same procedure covered
in chapter 4, we obtain (M + 2)N uncoupled ¯rst-order modal di®erential equations for the

principal coordinates qj(t) as

_qj(t)¡ ¸jqj(t) = ½j Äxg(t), j = 1; 2; ¢ ¢ ¢ ; (M + 2)N , (6.19)
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in which ½j is the the modal participation factor de¯ned by

½j = ¡fÃgTj

8<: Mfrg
0

9=; . (6.20)

The general solution to the modal equation for zero initial conditions subjected to a given

ground motion can thus be explicitly written as

qj(t) = ½j

Z t

0
e¸j(t¡¿)Äxg(¿)d¿ . (6.21)

Any response quantity R(t) pertinent to the design can always be expressed in terms of the

state vector through a linear transformation as

R(t) = fTgTfy(t)g, (6.22)

where fTg is the transformation vector with appropriate entries according to the response
quantity desired. Combining equations 6.18, 6.21, and 6.22 we then obtain the expression for

R(t) as

R(t) =

(M+2)NX
j=1

fTgTfÃgjqj(t) (6.23)

=

(M+2)NX
j=1

¹j

Z t

0
e¸j(t¡¿)Äxg(¿)d¿ (6.24)

where ¹j is the modal coe±cient de¯ned by

¹j = fTgTfÃgj½j . (6.25)

This generalized modal superposition approach serves as the basis for computing the structural

response under seismic loading that is described either deterministically by a time history or

probabilistically by a spectral density function.

For ground motion de¯ned by an acceleration time history, the modal response is ¯rst solved

through a step-by-step recursive procedure. Assuming the discretized input motion is linear
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between consecutive time steps tk and tk+1, the modal solution can be expressed as follows:

q(tk+1) = qj(tk)e
¸j¢t +

½j

¸2j

h
e¸j¢tQ1j ¡Q2j

i
(6.26)

where ¢t is the time step and Q1j and Q2j are functions of the ground accelerations:

Q1j =
1

¢t
(Äxgk+1 ¡ Äxgk) + ¸jÄxgk, Q2j = Q1j + ¸j(Äxgk+1 ¡ Äxgk). (6.27)

Using the time history of the principal coordinates de¯ned above, the structural response se-

quence can then be readily established using equation 6.23:

R(tk) =

(M+2)NX
j=1

fTgTfÃgjqj(tk). (6.28)

For the earthquake induced ground motion that is modeled as a random process, it is

convenient to use the response spectrum approach for structural design. We ¯rst formulate

the mean square response based on the random vibration analysis for the stochastic excitation

characterized by its spectral density function. The design response, or the maximum response,

of the system can be expressed as an ampli¯ed value of the root mean square response using

a proper peak factor. The response spectrum approach can then be developed to calculate the

peak response for seismic design inputs that are de¯ned by the ground response spectra.

It has been established that for a stationary input random process with spectral density

function ©(!), the stationary mean square response of the structure can be written as follows:

E[R2(t)] =

Z 1

¡1
©(!)

(M+2)NX
j=1

(M+2)NX
k=1

¹j¹k
(i! ¡ ¸j)(¡i! ¡ ¸k) . (6.29)

In order to expand the above expression based on the response spectrum method, it is necessary

that the frequencies and damping ratios of the system modes can be identi¯ed, and this is

accomplished from the eigenanalysis of the system. In contrast to the fractional derivative

model for the viscoelastic dampers for which the frequency and damping content cannot be

recognized, the Kelvin chain analog for the general linear model enables one to extract the

modal frequency and damping values from the eigensolutions. Among the (M+2)N eigenvalues
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there are N pairs of complex and conjugate eigenvalues, which provide the N modal frequencies

and damping ratios of the structure-damper system, and it is consistent with the number of

degrees of freedom for the original building. The remainingM ¢N eigenvalues are real and they

are all negative for our stable system, indicating overdamped modes due to the presence of the

added viscoelastic dampers that dissipate the input energy.

Employing the method similar to that presented in the development of the stochastic re-

sponse for the fractional derivative model, we can derive the formula for the mean square

response for the general linear model. Let nc be the number of real eigenvalues and nr be the

number of pairs of complex and conjugate ones, with nr+2nc = (M +2)N . We de¯ne the real

and complex eigenvalues and their corresponding modal coe±cients as follows:8<: ¸rj = ¡®j , ¹rj = sj, ®j > 0, for j = 1 to nr
¸cj = ¡¯j!j + i!j

q
1¡ ¯2j , ¹cj = aj + ibj , for j = 1 to nc

, (6.30)

where !j and ¯j are, respectively, the frequency and damping ratio for the jth mode which are

obtained from the complex eigenvalue by

!j =
¯̄
¸cj
¯̄
, ¯j = ¡

Re(¸j)

!j
. (6.31)

Substituting the above expressions into equation 6.29 and with extensive algebraic simpli¯ca-

tions we obtain the mean square response as

E[R2(t)] = Rrr +Rrc +Rcc (6.32)

where the response components representing the contributions from the real and complex modes
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are de¯ned as follows:

Rrr =

Z 1

¡1
©(!)

8<:
nrX
j=1

s2j
!2 + ®2j

+ 2
nr¡1X
j=1

nrX
k=j+1

sjsk
®j + ®k

Ã
®j

!2 + ®2j
+

®k
!2 + ®2k

!9=;
Rrc =

Z 1

¡1
©(!)

8<:4
ncX
j=1

nrX
k=1

¡
K0jk +K2jk!

2 +K4jk!
4
¢ jHjj2
!2 + ®2k

9=;
Rcc =

Z 1

¡1
©(!)

8<:4
ncX
j=1

¡
d2j + a

2
j!
2
¢ jHj j2

+8
nc¡1X
j=1

ncX
k=j+1

¡
L0jk + L2jk!

2 + L4jk!
4 + L6jk!

6
¢ jHj j2 jHkj2

9=; (6.33)

where Hj(!) is the classical frequency response function of a second order di®erential equa-

tion for a single degree of freedom oscillator with frequency !j and damping ratio ¯j ; dj ,

(K0jk;K2jk;K4jk), and (L0jk; L2jk; L4jk; L6jk) are all constants, and these quantities are explic-

itly listed here:

dj = aj!j¯j ¡ bj!j
q
1¡ ¯2j

Hj =
³
!2j ¡ !2 + 2i!¯j!j

´¡1
¾jk = 4¯j¯k!j!k ¡ !2j ¡ !2k

(6.34)

8>>><>>>:
K0jk = dj!

2
j®ksk

K2jk = (2¯j!j ¡ ®k)djsk + (2¯j!j®k ¡ !2j )ajsk
K4jk = ajsk

(6.35)

8>>>>>><>>>>>>:

L0jk = !
2
j!
2
kdjdk

L2jk = ¾jkdjdk + !
2
j!
2
kajak + 2(¯k!k!

2
j ¡ ¯j!j!2k)(akdj ¡ ajdk)

L4jk = djdk + ¾jkajak + 2(¯j!j ¡ ¯k!k)(akdj ¡ ajdk)
L6jk = ajak

. (6.36)

To introduce the frequency integrals which are associated with the input spectra in the spectrum

approach, Rrc and Rcc are expanded into partial fractions as follows:

¡
K0jk +K2jk!

2 +K4jk!
4
¢ jHjj2
!2 + ®2k

=
Ujk

!2 + ®2k
+ V0jk jHjj2 + V2jk!2 jHjj2 (6.37)
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¡
L0jk + L2jk!

2 + L4jk!
4 + L6jk!

6
¢ jHjj2 jHkj2 = W0jk jHjj2 +W2jk!

2 jHjj2

+Z0jk jHkj2 + Z2jk!2 jHkj2 (6.38)

in which 8>>><>>>:
V2jk =

h
K4jk(!

4
j ¡ gj®2k) +K2jk®2k ¡K0jk

i
=
³
®4k + !

4
j ¡ gj®2k

´
V0jk =

h
K0jk + !

4
j(V2jk ¡K4jk)

i
=®2k

Ujk = K4jk ¡ V2jk

(6.39)

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

Z0jk = ¢jk

h
(!4j ¡ !4k)(L4jk ¡ gkL6jk ¡ L0jk=!4k)

¡(gj ¡ gk)(L2jk ¡ !4kL6jk ¡ gkL0jk=!4k)
¤

Z2jk = ¢jk

h
(1¡­4jk)(L2jk ¡ !4kL6jk ¡ gkL0jk=!4k)

¡(gj ¡ gk­4jk)(L4jk ¡ gkL6jk ¡ L0jk=!4k)
i

W0jk = !
¡4
k (L0jk ¡ !4jZ0jk)

W2jk = L6jk ¡ Z2jk

(6.40)

with

gj = !2j(4¯
2
j ¡ 2)

­jk = !j=!k

¢jk =
h
(!4j ¡ !4k)(1¡­4jk)¡ (gj ¡ gk)(gj ¡ gk­4jk)

i¡1 .

The mean square response can now be written in the following ¯nal form:

E[R2(t)] =
nrX
j=1

s2jJj + 2
nr¡1X
j=1

nrX
k=j+1

sjsk
®j + ®k

(®jJj + ®kJk)

+4
ncX
j=1

nrX
k=1

(UjkJk + V0jkI0j + V2jkI2j) + 4
ncX
j=1

¡
d2jI0j + a

2
jI2j

¢
+8

nc¡1X
j=1

ncX
k=j+1

(W0jkI0j +W2jkI2j + Z0jkI0k + Z2jkI2k) (6.41)
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where the frequency integrals are de¯ned as follows

Jj =
R1
¡1

³
!2 + ®2j

´¡1
©(!)d!

I0j =
R1
¡1 jHj j2©(!)d!

I2j =
R1
¡1 !

2 jHjj2©(!)d!
. (6.42)

The frequency integrals I0j and I2j are the mean square values of the relative displacement

and relative velocity responses, respectively, of an oscillator with dynamic parameters !j and

¯j excited by the ground motion described stochastically by its spectral density function ©.

Likewise, Jj represents the mean square response E[À
2(t)] for the relative velocity of a massless

oscillator with the following governing ¯rst order di®erential equation:

_À(t) + ®jÀ(t) = Äxg(t) (6.43)

In engineering practice the maximum response is of primary interest for the design purpose,

and hence here we extend equation 6.41 to obtain the design response for the shear building

with added dampers through the spectrum approach. The design response, or the maximum

response, Rd, can be expressed as the root mean square response ampli¯ed by an appropriate

peak factor

Rd = PR
p
E[R2(t) (6.44)

where PR denotes the peak factor corresponding to the response quantity sought and it is

usually dependent on the level of probability of exceedance. The frequency integrals required

for computing the mean square response are also related to the response spectrum values in a

similar manner. Let SAj and SVj designate, respectively, the pseudo acceleration and relative

velocity ground response spectra at frequency !j and damping ratio ¯j , and for the massless

oscillator let RVj represent the relative velocity response spectrum with parameter ®j . These
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response spectra can be written in terms of the frequency integrals in equation 6.42 as follows:

SAj = PSAj

³
!2j
p
I0j
´

SVj = PSV j
p
I2j

RVj = PRV j
p
Jj

(6.45)

in which PSAj, PSV j , and PRV j are the associated peak factors. In seismic design practice

it is commonly assumed that the modal peak factors for the input spectra are the same as

the peak factor for the desired response quantity. From equations 6.41 and 6.45 along with

PR = PSAj = PSV j = PRV j , we obtain the following formula for calculating the design response

in terms of the input ground spectra:

R2d =
nrX
j=1

s2j (RVj)
2 + 2

nr¡1X
j=1

nrX
k=j+1

sjsk
®j + ®k

£
®j(RVj)

2 + ®k(RVk)
2
¤

+4
ncX
j=1

nrX
k=1

24Ujk(RVk)2 + V0jkÃSAj
!2j

!2
+ V2jk(SVj)

2

35
+4

ncX
j=1

24d2j
Ã
SAj
!2j

!2
+ a2j(SVj)

2

35 (6.46)

+8
nc¡1X
j=1

ncX
k=j+1

24W0jk

Ã
SAj
!2j

!2
+W2jk(SVj)

2 + Z0jk

µ
SAk
!2k

¶2
+Z2jk(SVk)

2

35
6.6 Numerical Example

In this section we present some numerical results of seismic analysis for an example structure-

damper system using the general linear model for the viscoelastic dampers. To demonstrate

that the higher-order general linear model is capable of providing as accurate structural re-

sponse as that from the fractional derivative model, we compare the response time histories

calculated from both formulations. Furthermore, to show the e®ectiveness of the proposed re-

sponse spectrum approach, we evaluate the design response and check it with the average value

of the maximum response obtained from an ensemble of ground acceleration time histories.

The same 4-story shear building studied previously with structural properties given in Table

5.1 is again used in this investigation. Though in practice the parameters in the general linear

155



model are determined by curve-¯tting the model to the experimental data, here we generate

the storage modulus and loss modulus curves using the fractional derivative model for the

material so that we can make a fair comparison. The parameters for the same viscoelastic

material chosen for the dampers based on the fractional derivative model are given as ® = 3=5,

G0 = 0:8£105 N=m2, and G1 = 7:2£105 sec®N=m2. The corresponding constitutive equation
then can be written to be

¿ =
¡
0:8£ 105¢ ° + ¡7:2£ 105¢D3=5h°i. (6.47)

Taking the Fourier transform of equation 6.47, using the identity i® = cos(®¼=2)+ i sin(®¼=2),

and separating the real and imaginary parts, we obtain the following storage and loss moduli

as functions of the frequency !:

G0(!) =
£
0:8 + 7:2!3=5 cos(3¼=10)

¤£ 105 N=m2
G00(!) =

£
7:2!3=5 sin(3¼=10)

¤£ 105 N=m2. (6.48)

These two moduli are plotted in Figures 6-4 and 6-5 over a wide range of frequency that spans

across the frequencies of the building. To match the general linear model to the prescribed

moduli, we minimize the sum of the square error, Se, at 200 equidistant discrete frequencies

between the given and the predicted curves. The parameters in the Kelvin chain analog are then

solved using MATHEMATICA through an unconstrained optimization routine. To illustrate

that increasing the number of elements in the Kelvin chain can reduce the error and thus

improves the approximation, we perform the minimization for three cases: the 3-parameter

model (M = 1), the 5-parameter model (M = 2), and the 7-parameter model (M = 3). The

results are listed in Table 6.1 and the associated storage and loss modulus curves are also plotted

in the same modulus graphs alongside the moduli from the fractional derivative model. It is

clear that the square error decreases in the higher order model and the moduli are closer to the

prescribed curves. It is also observed from the graph that the 7-parameter Kelvin chain analog

generates a satisfactory overall ¯t, with some tolerable di®erences in the lower frequency range,

indicating that it properly characterizes the mechanical behavior of the damper. We conclude

that the third order general linear model in general has enough parameters to adjust and thus
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Figure 6-4: Storage modulus of the viscoelastic material based on various models
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Figure 6-5: Loss modulus of the viscoelastic material based on various models
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Table 6.1: Least-squares curve ¯tting results

M = 1 M = 2 M = 3
3-parameter 5-parameter 7-parameter

Se (MPa
2) 297.16 13.948 12.390

k0 = 89:69 k0 = 132:1 k0 = 150:0
k1 = 8:721 k1 = 3:520 k1 = 5:246

Parameters: c1 = 3:189 k2 = 43:42 k2 = 49:97
k (106 N=m) c1 = 6:579 k3 = 19:98

c (105 N ¢ sec =m) c2 = 4:257 c1 = 6:700
c2 = 4:065
c3 = 60:62
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is capable of providing a good match to the experimental data for the viscoelastic material.

To substantiate our assertion that the higher order linear model is as credible an approach

as the fractional derivative model for the seismic structural analysis involving the VE dampers,

here we compare the numerical results obtained by both methods. Three response quantities

commonly analyzed in the seismic design are considered: the °oor displacements and abso-

lute accelerations and the story shears. To compute the absolute acceleration response of the

°oor, we need the corresponding transformation vector. This is achieved by simply adding the

equations of motion for the entire system:

M (fÄxg+ frgÄxg) +Cf _xg+ (K+ ¹Ka ¡ ¹KT
b )fxg+ (¹K0 ¡ ¹Kb)fzg1 = 0,

and hence the transformation vector fTg for the lth °oor can be constructed as

fTg = £¡M¡1(K+ ¹Ka ¡ ¹KT
b );¡M¡1(¹K0 ¡ ¹Kb);0; ¢ ¢ ¢ ;0;C

¤T
l

(6.49)

where the subscript l means taking the lth column of the given matrix. Response time histories

are calculated with the same synthetic 15-second earthquake ground motion used in the earlier

chapter, and the 7-parameter Kelvin chain is adopted for the general linear model. Shown in

Figures 6-6, 6-7, and 6-8 are the time history plots of these responses. Though not exactly the

same, graphically the response curves for the two models are very close and the discrepancies are

hardly discernible. A more meaningful comparison is then made by examining the maximum

response values. In Table 6.2 we present the peak responses of the displacements, accelerations,

and shears for these two approaches, as well as the maximum responses by excluding the VE

dampers to manifest the response reduction e®ect. Again it is evident that the response results

by the 7-parameter analog are in very good agreement with those by the fractional derivative

model, with the largest response di®erence about 11%. We also notice that the peak response

values by the linear model are always higher than those predicted by the fractional derivative

model, o®ering more conservative estimates of the structural response.

To further demonstrate the validity of the proposed linear model approach, we also obtain

the °oor pseudo acceleration spectra for both models, and they are plotted in Figures 6-9

through 6-12 for comparison. In all the graphs the spectra display minimal di®erences at
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Figure 6-6: Response of °oor displacement from the fractional derivative and 7-parameter linear
models
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Figure 6-7: Response of °oor absolute acceleration from the fractional derivative and 7-
parameter linear model
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Figure 6-8: Response of story shear from the fractional derivative and 7-parameter linear models

163



Table 6.2: Comparison of maximum responses for fractional derivative and 7-parameter linear
models

Floor displacement (m)

Model Floor 1 Floor 2 Floor 3 Floor 4

No damper 0.0111 0.0242 0.0328 0.0403

Fractional derivative 0.0044 0.0087 0.0112 0.0129

7-parameter linear 0.0045 0.0089 0.0119 0.0141

Floor absolute acceleration (m= sec2)

Model Floor 1 Floor 2 Floor 3 Floor 4

No damper 2.205 2.828 2.499 3.200

Fractional derivative 1.072 0.8619 0.8968 1.1953

7-parameter linear 1.092 0.9009 0.9430 1.2559

Story shear (kN)

Model Floor 1 Floor 2 Floor 3 Floor 4

No damper 200.3 164.8 141.7 115.7

Fractional derivative 80.18 51.60 39.85 20.49

7-parameter linear 81.58 55.38 43.88 22.78
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higher frequencies, while in the low frequency range the discrepancies are more pronounced,

though not signi¯cant. This re°ects the evidence revealed in the storage and loss modulus

plots that the optimal parameters obtained for the third order linear model exhibits a closer

¯t in the higher frequency range than in the lower frequency region. However, this can be

improved by assigning more weights to the square errors at lower frequencies when formulating

Se. Again through these response calculations it is con¯rmed that the higher order linear

model can correctly capture the frequency dependence of the viscoelastic material and with

the formulation developed in this chapter the Kelvin chain analog for the damper can provide

as accurate structural responses as the fractional derivative model. Moreover, the size of the

state system of equations is 2Nm = 2 ¢ 4 ¢ 5 = 40 for the fractional derivative model, the

7-parameter linear model only requires (M + 2)N = (3 + 2) ¢ 4 = 20, or half the size for the

response analysis. The linear model is also computationally more e±cient since it employs the

step-by-step technique in the modal response solutions, which is faster and more economical.

We last carry out a numerical simulation study to verify the applicability of the proposed

response spectrum approach for calculating the design response of the structure. An ensemble

of 50 15-second arti¯cial acceleration time histories is generated for the seismic ground motion.

From the ensemble, the design inputs are then de¯ned as the mean and mean-plus-one-standard-

deviation pseudo acceleration and relative velocity ground response spectra for a second order

oscillator as well as the relative velocity ground spectra for a massless oscillator. Figures 6-

13 and 6-14 show a typical set of the mean response spectra plotted against the frequency for

various damping ratios commonly used in seismic design. Other ground spectra can be similarly

calculated but are not presented here. Since the viscoelastic dampers provide supplemental

damping as well as additional sti®ness to the shear building, the modal frequencies and damping

ratios of the structure-damper system, which are essential in the spectrum method, are altered.

In Table 6.3 we list the modal data with and without dampers for comparison, and notice

that for VE dampers modeled by the 7-parameter Kelvin chain there are 12 real modes which

correspond to the massless oscillators. In the response spectrum approach, we use equation 6.46

to directly obtain the design response for the °oor displacements, absolute accelerations, and

story shears. The mean and mean-plus-one-standard-deviation values of the design response are

calculated using, respectively, the mean and mean-plus-one-standard-deviation ground spectra
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Figure 6-9: Floor response spectra of pseudo acceleration for the ¯rst °oor
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Figure 6-10: Floor response spectra of pseudo acceleration for the second °oor
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Figure 6-11: Floor response spectra of pseudo acceleration for the third °oor
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Figure 6-12: Floor response spectra of pseudo acceleration for the fourth °oor
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Table 6.3: Modal frequencies and damping ratios of the structural system

Frequency (Hz) Damping ratio

1.070 0.02
without 2.889 0.02

VE dampers 4.387 0.02
5.289 0.02

1.310 0.1707
4.227 0.4188
7.840 0.4505
10.08 0.4450
0.5745
0.5766
0.5779

with added 0.5819
VE dampers 3.267

3.746
5.619
7.553
107.0
108.4
110.1
111.1
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as the seismic input. We also carry out 50 time history analyses for each of these three response

quantities using the ensemble of accelerograms to obtain the mean values of the maximum

response. The results are given in Table 6.4. We include the time history analysis results by

the fractional derivative model in the table as well for comparison purposes. Again the linear

model predicts higher values of mean peak response, which is consistent with the previous

results. In general, the response obtained by the response spectrum approach is compatible

with that from the time history ensemble. The average peak response by the time history

analysis is found to be within the tolerable di®erence range, i.e., one standard deviation above

and below the mean value. There are two exceptions: the absolute accelerations at the ¯rst and

second °oors display noticeable disparities. This might be attributed to those highly damped

real modes in the building-damper system, but overall the response spectrum method performs

satisfactorily. The applicability of the proposed response spectrum approach is thus validated

as a convenient and e®ective analysis tool in seismic structural designs.

6.7 Summary

In this chapter we used the general linear model to describe the behavior of the viscoelastic

material, and a Kelvin chain analog was chosen as the physical representation for the damper.

For the higher order model, a general relationship was derived between the coe±cients in the

constitutive equation and the parameters in the mechanical analog. Through a least-squares

¯tting, the optimal parameters for the elements in the Kelvin chain were found to provide

a good ¯t to the experimentally obtained storage and loss moduli. The equations of motion

were derived by introducing a set of auxiliary coordinates that specify the displacements of

the internal elements in the Kelvin chain. The corresponding self-adjoint state equations were

solved using the classical modal analysis method. A response spectrum formulation was then

developed to calculate the design response of the structure. Numerical results from the general

linear model were presented in comparison to those obtained by the fractional derivative model.

The general agreement between the responses for both models veri¯es that the higher order

general linear model is capable of producing as accurate results as the fractional derivative

model in the seismic analysis of structures with added VE dampers.
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Table 6.4: Comparison of the maximum responses by the spectrum approach and time history
analysis

Floor displacement (m)

spectrum approach 7-parameter fractional
mean value mean + std. time history derivative

Floor 1 0.00397 0.00453 0.00423 0.00397

Floor 2 0.00862 0.00986 0.00879 0.00816

Floor 3 0.01204 0.01378 0.01211 0.01113

Floor 4 0.01415 0.01620 0.01411 0.01288

Floor absolute acceleration (m= sec2)

spectrum approach 7-parameter fractional
mean value mean + std. time history derivative

Floor 1 0.6138 0.6837 0.9490 0.9379

Floor 2 0.6818 0.7709 0.8334 0.7965

Floor 3 0.8005 0.9160 0.9104 0.8424

Floor 4 1.0156 1.1602 1.1076 1.0294

Story shear (kN)

spectrum approach 7-parameter fractional
mean value mean + std. time history derivative

Floor 1 75.80 86.51 76.05 71.51

Floor 2 56.24 64.37 56.47 51.73

Floor 3 41.39 47.40 41.85 37.94

Floor 4 20.82 23.84 21.13 19.01
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Chapter 7

Closure

7.1 Summary

Seismic response of a structure installed with added viscoelastic dampers as passive energy

dissipation elements was studied in this work. To accurately describe the mechanical behavior

of viscoelastic materials, two models were considered: the fractional derivative model and the

general linear model. The fractional derivative model is compact and requires only three or

four parameters to ¯t to testing data. However, the system equations are coupled fractional

di®erential equations that are mathematically complex. The general linear model involves only

regular derivatives but requires a large number of terms to match the experimental results.

Determining the parameters thus becomes cumbersome. The resulting dynamic equations have

higher derivatives, thus making the response calculation ine±cient.

In this study we proposed a modal decomposition method to develop an analytical formula-

tion for calculating the seismic response of the structure with fractional derivative modeled VE

dampers. We also implemented the basic de¯nitions of fractional derivatives to formulate six

computational schemes to solve the response numerically. Both the analytical and numerical

approaches were used to obtain the response time history when the seismic input was de¯ned

by the ground accelerogram. Taking advantage of the modal superposition method, a random

vibration formulation was then derived to calculate the stochastic response, the mean square

response, of the structural system for a random input de¯ned by the spectral density function.

For demonstration we used a shear building with diagonally placed dampers as an example and
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obtained the response by using the formulas from these methods.

For the general linear model, we elected to work with a physical analog, the Kelvin chain,

that corresponds to the constitutive equation of the material. The mechanical parameters in

the Kelvin chain were determined through an optimization procedure to ¯t the storage and loss

moduli from the testing data. Assigning auxiliary displacements for the internal elements in

the Kelvin chain, we arrived at self-adjoint state equations that can be solved by the classical

modal analysis method. We further extended the formulation to develop a response spectrum

approach so that the maximum structural response, or the design response, can be calculated

conveniently. We carried out a numerical study to show that the general linear model provides

as accurate response results as the fractional derivative model.

7.2 Conclusions

Here we summarize several conclusions drawn from the numerical studies conducted in this

work.

² For structures equipped with added viscoelastic dampers, either the fractional derivative
model or the general linear model can be adopted to obtain the response in the time do-

main for an acceleration time history type of seismic input, because both provide accurate

results.

² For the fractional derivative model, the responses by all the numerical schemes are satis-
factorily close to the exact solution. Though all analyses take a long computation time

since the calculation at every time step has to start from t = 0, the analytical approach

also requires evaluating the fractional derivative of exponentials, and thus it is even more

time consuming. The numerical techniques are more practical in real world applications.

² Though producing correct response results, the analytical approach by the fractional
derivative model is still mathematically cumbersome to deal with. The size of the system,

2Nm, depends on the the denominator of the primary fraction º = 1=m, and it may get

very large even for a single degree of freedom system if the fractional order ® can not be

expressed as a simple rational number.
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² The disadvantage with the modal superposition method for the fractional derivative model
is that the frequencies and damping ratios are di±cult to obtain from the eigensolution

of the system. Hence no response spectrum approach can be developed by extending the

expression for the mean square response.

² The Kelvin chain based general linear model provides the analytical response solution e±-
ciently for seismic input described either deterministically in the time domain or stochas-

tically in the frequency domain. However, ¯nding the optimal parameters is a time

consuming process since the storage and loss moduli are highly nonlinear functions of

the frequency. Yet we regard the general linear model to be more promising and it may

eventually prevail in the design of structure-damper systems.

7.3 Suggested Future Research

In this work we established the analytical groundwork for studying the response of the structure-

damper system. However, there remain issues pertaining to both the fractional derivative and

general linear models that need further investigation:

² For the fractional derivative model, explore the possibility of developing a step-by-step
method to calculate the response time history for saving computation time.

² Continue searching for a convenient response spectrum type of approach for the fractional
derivative model to calculate the design response of the system. Look into even develop-

ing new response spectra curves as the seismic input speci¯cally for structures with VE

dampers.

² The storage and loss modulus curves based on the Kelvin chain model exhibit some
discrepancies in the lower frequency range, and thus a®ect the accuracy of the response

results. An improved curve ¯tting technique with di®erent weights assigned for di®erent

frequency ranges needs to be carried out to reduce the error.

² Employ the genetic optimization for searching for the best-¯t parameters in the general
linear model. Currently the problem is solved usingMATHEMATICA, which is capable of
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handling up to the 7-parameter case, and the process involves constant manual adjustment

of the initial guesses to arrive at the optimal set. A more systematic method such as the

genetic routine is required.

² Apply the general linear model in an optimization study to obtain the optimal structural
design, e.g., damper size and location, to achieve a desired performance objective or a

desired response reduction level.
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