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Chapter 1

Introduction

1.1 Preliminary Remarks

One of the main concerns in building design is the safety of the structure itself and its users
and contents. In earthquake engineering, the basic design principle has always been to provide
sufficient strength for the structure to withstand seismic loading. Because designing a structure
to fully resist the earthquake-induced forces is not economically feasible, the traditional design
approach relies on the ductility of the structural members to absorb and dissipate the transmit-
ted earthquake energy in specially detailed regions, thereby preventing destructive failure of the
system. However, such design inevitably permits a certain acceptable level of localized damage
due to yielding of the members, which consequently lessens the serviceability of the structure
and quite often requires expensive repairs. Therefore, engineers have been exploring alternative
design approaches in order to better protect structures in the occurrence of an earthquake.

In recent years, the concept of structural control has taken a central role in the seismic design
of civil structures. The philosophy is that a safer and more economical design can be achieved
by adding to the system innovative devices to reduce the forces and deformations in structures.
By modifying the dynamic properties of the system, these devices aim to control the response
and the energy dissipation demands of the structural members. The operation of these special
devices is initiated by the motion of the structure and, guided by the control scheme, they reduce
the overall response of the system and thus meet the design goal in mitigating seismic damage.

Various response control methods have been implemented in the design procedures and can



be generally divided into three groups: passive control, active control, and semi-active control.
Among these schemes, passive control devices were developed the earliest and have been used
more commonly in practice for seismic design because they require minimum maintenance and
need no external power supply to operate.

Base isolation systems, tuned mass dampers, and energy absorbing elements are the three
main types of passive motion control mechanisms that have found applications in civil engi-
neering structures. Base isolation deflects or filters out the earthquake energy through a soft
base element between the structure and the foundation. It is suitable for short to medium
height structures that usually have dominant modes in the high frequency range. The tuned
mass dampers shift the input energy from the main structure to auxiliary oscillators attached
to the structure, and they have received mixed support about their usefulness in the seismic
design applications. The function of passive energy dissipation systems, on the other hand, is to
absorb energy generated by the seismic excitation. These discrete elements, called dampers, are
installed strategically in the structure to link various parts of the framing system, and provide
supplemental damping to dissipate the energy. Since these added dampers can be designed to
consume a major portion of the input energy so that less is available to the main structure,
the deformation in the primary members is significantly reduced, hence limiting the structural
damage. Commonly used passive energy dissipation devices include friction dampers, metallic
dampers, viscous fluid dampers, and viscoelastic solid dampers. The focus of this research is
on the viscoelastic solid dampers, or VE dampers.

While the seismic application of VE dampers began only recently, viscoelastic materials have
been widely used in aerospace engineering for vibration control since the 1950s, and they have
been applied to high-rise buildings to resist wind loads for almost three decades. Analytical and
experimental studies have shown that these dampers are reliable and sturdy for implementation,
and evidence has convincingly supported their suitability for applications in seismic designs.
Currently VE dampers are installed not only in structures that are newly designed but also in
existing buildings for seismic retrofitting. They now play a more and more significant role in
mitigating seismic damage as engineers are using them more in practice. Further investigations
are still underway to improve the performance of viscoelastic dampers in reducing seismic

response for upgrading the structural protection.



1.2 Modeling of Viscoelastic Dampers

In the seismic design for structures with viscoelastic dampers as the added energy dissipation
devices, the behavior of the viscoelastic material used in the damper has to be correctly de-
scribed so that a reliable design can be achieved. Solid VE dampers use a polymeric material
that dissipates energy through shear deformation when loaded cyclically, and the most impor-
tant characteristic is that the mechanical properties are functions of the excitation frequency
and the environmental temperature. In structural dynamic analysis, however, temperature
usually is a less dominant factor than the frequency, and it is included only when there is a
significant change in the ambient temperature. In our study the loading frequency is the crucial
element on which the response analysis is focused. To represent the force-deformation feature
of the damper, several models with various complexities relating the shearing stress and strain
have been suggested for use.

The simplest model is a classical Kelvin model with a stiffness element and a damping
element, both linear, arranged in parallel. Though easy to use in structural analysis, it is not
realistic because it fails to represent the changes in the material properties when the frequency
varies. Other models that can capture the frequency dependence of the material are the general
linear model, the complex modulus model, and the fractional derivative model. The complex
modulus model offers a precise description of stress and strain under a purely harmonic motion,
and it has been incorporated in the seismic response analysis using a modal strain energy
approach. Since earthquake excitation is non-harmonic, some assumptions are made to include
the frequency dependence of the material in the response analysis procedure.

It has been shown that both the fractional derivative model and the general linear model
are capable of fitting sufficiently close to the experimental data from dynamic testing of the vis-
coelastic material, and hence capturing the frequency dependent characteristics of the damper.
The fractional derivative model is elegantly compact and accurate, and it only requires usually
three, sometimes four parameters in the model. However, there is no systematic methodology
for analyzing the seismic response of a structure including the effects from the VE dampers.
This is mainly due to the lack of knowledge in fractional calculus and the lack of readily us-
able solutions to fractional differential equations. On the other hand, the general linear model

demands a large number of parameters in order to match the testing data, and thus compli-



cates the curve fitting process. When combined with the equations of motion, the augmented
dynamic system with these dampers involves higher order derivatives and becomes difficult to
solve. Nevertheless, these two models are the ones that can provide accurate representation of
the frequency dependence. Therefore, in our attempt to develop an analytically based method
to calculate seismic responses for structures with added VE dampers, both models are used and

then compared to assess their advantages and disadvantages.

1.3 Research Motivation and Goals

In the seismic application of viscoelastic dampers as the added energy dissipation devices, it is
essential to determine the effect of VE dampers on the reduction of overall system response.
Engineers need to be able to carry out response analysis to evaluate the performance of VE
dampers for improving the structural safety. Through response calculation, buildings can be
designed or retrofitted by selecting dampers of specific material with proper size placed at
strategic locations to provide optimal protection. Earlier studies indicate that obtaining satis-
factory results from the response analysis hinges on resolving two issues: (1) accurate modeling
of the dynamic behavior of viscoelastic materials, and (2) development of a systematic approach
to solve the equations of motion.

While the fractional derivative model and the general linear model can realistically capture
the frequency dependence of the viscoelastic material, research works on the structural analysis
based on these models are quite limited, and studies involving earthquake loads are even more
scarce. There have not been many investigations involving the seismic response analysis of
multi-degree-of-freedom structural systems using these two models for characterizing the added
dampers. Our research is thus aimed to fill this gap.

For both models, we intend to develop formulations that can accurately calculate the seis-
mic response of a structure-damper system with earthquake induced ground motions defined
deterministically by ground acceleration time histories or probabilistically by the power spec-
tral density function. Using the derived analytical approaches, we will examine the response
reduction effect of viscoelastic dampers equipped for seismic protection of the primary as well

as secondary structural systems. Since in practice the seismic input is usually defined in terms



of the ground response spectra, it is also our goal to develop a response spectrum approach

that can efficiently provide the maximum response of the system for the design purposes.

1.4 Dissertation Layout

With the framework of this study established, this dissertation is organized into seven chapters.
A brief description of the contents in each chapter is presented here.

Chapter 2 covers the earlier research efforts that have been devoted to the analyses and
designs of structural systems with added VE dampers. A survey of the literature based on the
three basic models for the viscoelastic material is summarized, and different techniques used to
solve the dynamic equations involving the damper contributions are also reviewed.

For the fractional derivative model, the main concern is the unfamiliarity with the topic
of fractional calculus when we attempt to solve for the structural response. Since it is a
subject rarely offered in the engineering field, we devote Chapter 3 to presenting the basic
concepts and important properties in fractional calculus. It is not a thorough mathematical
coverage of the material, yet it would be irresponsible of us to merely list some related formulas.
We introduce the two main definitions of a fractional derivative and show how to obtain the
fractional derivatives of the common elementary functions. Equipped with these fundamentals,
in Chapter 4 we propose to adopt a modal superposition method to solve the coupled fractional
differential equations of motion. We derive the equations of motion including the fractional
derivative modeled damper effect. Then an analytical solution is formulated for the modal
governing equations. Using this approach, we obtain the solution for a two degrees of freedom
system subjected to several common types of loading: step, ramp, exponential, and sinusoidal.

In Chapter 5 we focus on using the fractional derivative model in the seismic response anal-
ysis of structures. We first present different direct numerical integration schemes for solving
the equations of motion, and then by applying the modal superposition method, we seek the
analytical solution to calculate any system response of interest. All these approaches are de-
rived for obtaining the response in the time domain where the seismic input is defined as a
ground acceleration time history. We also formulate the stochastic response using a frequency

domain approach for which the input motion is characterized by the spectral density function.



Numerical studies are conducted for an example shear building and the results are presented.

Realizing that the fractional derivative based response analysis is quite complicated numer-
ically, in Chapter 6 we use the general linear model to analyze the seismic structural response.
Taking advantage of a mechanical representation for the damper, a Kelvin chain analog, we
derive the equations of motion by defining a set of auxiliary displacement variables for the
damper. Since the resulting state equations are self-adjoint, we use the classical modal analysis
procedure suitable for any linear system to obtain the seismic response. A response spectrum
approach is then developed to efficiently calculate the design response, or the maximum response
of the structure-damper system. In the numerical example we compare the results from both
the fractional derivative model and the general linear model. We then verify the proficiency of
the proposed response formulation by the spectrum method.

The final chapter summarizes the findings and conclusions in our work, followed by recom-

mendations for future research topics.



Chapter 2

Literature Review

In studying the dynamic behavior of structures equipped with viscoelastic dampers as the seis-
mic protection system, two key issues need to be addressed for accurate and reliable evaluations
of the effect of the dampers. The first problem is how to mathematically describe the mechan-
ical properties of viscoelastic materials, and the second is how to obtain the response solution
to the equations of motion for the structure. A brief background introduction and literature

survey of related research works is presented in this chapter.

2.1 Background

Passive energy dissipation devices are normally installed in the structure through the diagonal
bracing elements attached to the frame as depicted in Figure 2-1. A typical viscoelastic damper
used in civil engineering structures for seismic protection, shown in Figure 2-2, consists of two
layers of viscoelastic solid material sandwiched between three steel plates. The viscoelastic
pads undergo shear deformation from the relative movement between the center plate and the
outer flanges due to the differential displacements at the connection nodes, transferring kinetic
energy into heat. These viscoelastic materials are usually copolymers and glossy substances
that exhibit elliptical force-deformation loops shown in Figure ?? when subjected to cyclic
loads, and the area of the ellipse represents the energy dissipated per cycle of oscillation.
Such viscoelastic devices provide both damping and stiffness, which stiffen the system and

dissipate energy through deformation, reducing the response of the structure. In general, the



Figure 2-1: Placement and installation of VE dampers in the structure
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Figure 2-2: Typical VE damper configuration



mechanical properties of viscoelastic materials depend on the loading frequency and the ambient
temperature. It is observed that generally the stiffness of the viscoelastic material decreases as
the ambient temperature is raised, and such effect can be included, if desired, in the modeling
of the material modulus through experiments. Because the ambient temperature is found
to have less significant effect on the performance of VE dampers, response calculations in
engineering practice are usually performed using parameters at a representative temperature
and are modified only if there is drastic temperature variation in the environment. Occasionally
the internal temperature and even the level of strain are found to affect the dynamic behavior of
viscoelastic materials. However, such effects are normally miniscule and thus these two factors

are often ignored in structural analysis.

2.2 Experimental Work

A number of experimental programs have been set up in the past several years to assess the
effects of added VE dampers on reducing seismic response of structures. Lin et al. (1991)
investigated the response of a 1/4-scale steel frame modeling a shear building for both single-
degree-of-freedom and multi-degree-of-freedom systems. Chang et al. (1995) carried out an
experimental study on a 2/5-scale five story steel model under mild to strong earthquake motion
provided by a shaking table. Lai et al. (1995) also conducted similar tests on a full-scale
steel frame in the field to evaluate the performance of VE dampers. The results from all these
experiments have demonstrated that viscoelastic dampers are capable of dissipating a significant
portion of the energy from excitation, thus preventing inelastic deformation in the load-bearing
members of the structure. Another experimental study was performed by Shen et al. (1995)
to investigate the seismic retrofit of a 1/3-scale reinforced concrete frame using VE dampers as
response reduction devices. The dampers were installed after the frame was damaged in the
laboratory, and the system was subjected to further seismic ground motion. Test results showed
that the added viscoelastic dampers were effective in attenuating the structural response and
decreasing the risk of collapse of the frame. Recently, a seismic retrofit project implementing
VE dampers was carried out for a 13-story building in San Jose, CA, and VE dampers were

installed in a 3-story reinforced concrete building in San Diego, CA, for seismic upgrade. These
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projects provide examples of applying this modern technology in practice for seismic protection.

2.3 General Linear Model

The conventional constitutive equation for viscoelastic material that behaves linearly is a stan-

dard linear differential equation relating the time derivatives of stress and strain:

M m. N mn
7(t) + ZadeﬂSt) = boy(t) + and () (2.1)
m=1

where 7(t) and (t) are the shear stress and strain, and a,, and b, are constant coefficients.
Equation 2.1 is written in a one-dimensional standard form. The complicated behavior exhibited
by most viscoelastic materials usually requires many terms in the above equation, involving
higher order derivatives of stress and strain. Maxwell and Kelvin models are the two simplest

models with only one first-order derivative term:

Maxwell model :  7(t) + adziit) = Gy(t) (2.2)
Kelvin model :  7(t) = Goy(t) + Gh d’(yjit). (2.3)

While the Maxwell model is for fluid dampers, the Kelvin model has been used for describing
the behavior of solid viscoelastic dampers. Equation 2.3 is mathematically easier to apply in
the structural analysis, but the material properties based on the Kelvin model are frequency
independent and thus it is deemed inadequate for detailed structural designs.

Including more derivative terms in the constitutive equation provides a better description
of the frequency dependence of the dynamic characteristics of the material. However, when
combined with the equations of motion, this general model often renders high-order differential
equations, which can make response calculation complicated and laborious. Moreover, with
large values of M and N in equation 2.1 to capture the frequency dependence, determining the
empirical parameters a,, and b, through the process of curve-fitting the testing data can also
become rather cumbersome. As a result, there is virtually no research effort that incorporates

the general linear model in analyzing the seismic structural response with added VE dampers.

11



2.4 Complex Modulus Model

One alternative method of describing the behavior of viscoelastic material under dynamic load-
ing is using a complex modulus, which is a function of the excitation frequency, to relate the
stress and strain fields. When a linear viscoelastic material is subjected to a sinusoidal loading
with frequency w, the shear stress and strain responses are also harmonic with the same fre-
quency but out-of-phase. Zhang et al. (1989) have shown that the stress-strain relation can be

written as

T(t) = G'(w)y(t) + y(b).- (2.4)

In this expression G’ (w), which represents the elastic modulus, is defined as the storage modulus
of the material, and it measures the recoverable energy during deformation. The damping
coefficient of the damper is G”(w)/w and G”(w) is the loss modulus measuring the energy
dissipated in each cycle of motion. Another useful quantity is the loss factor 7, defined as
N(w) = G"(w)/G' (w), which gives the gauge of the energy dissipation capacity of a viscoelastic
material. A more compact representation involves complex notation. The harmonic stress and

strain responses can be expressed as follows:

() = o™, T(t) = Toe' WO, (2.5)

where 7, and 7o are the peak values of the response and ¢ is the lag angle. Introducing a

complex modulus

Gw) = G (w) +iG"(w), (2.6)
the stress and strain relation can then be rewritten in a simpler form:

7(t) = G(w)y(b). (2.7)

Chang et al. (1992) have conducted a series of experiments to study the influence of frequency

w and ambient temperature 7' on the moduli G'(w) and G”(w), and some empirical formulas

12



were obtained based on regression analysis. However, a theory-based approach to establish the
dependence of the modulus on the excitation frequency is more preferable.

Shen and Soong (1995) proposed an analytical model based on the theory of viscoelasticity
for predicting the behavior of viscoelastic materials. In their derivation, Boltzmann’s superpo-
sition principle is adopted to build the basic stress-strain relationship. The general constitutive

law for stress and strain based on Boltzmann’s principle is

() = /O Gt — s)3(s)ds (2.8)

for the condition of zero initial strain, v(0) = 0, which is valid for most cases considered in
seismic analysis. The stress relaxation modulus G(t) in the equation above is defined as the
ratio of stress to strain at constant deformation, and it can be determined experimentally for a
given material. Among various expressions that have been assumed for the relaxation modulus,
Shen and Soong used a four parameter model that was first developed by Williams (1964) and

has proven to be reasonably accurate for viscoelastic materials:

G, — G,

G(t) =G + O+ i)

(2.9)

In this expression, G, and G4 are called rubbery and glassy modulus, respectively, to is the
relaxation time, and « is a constant characterizing the transition between the rubbery and
glassy regions. The storage modulus G'(w) and loss modulus G”(w) can then be written as
functions of these material parameters by taking the Laplace transform of equation 2.9, and

the resulting formulas are:

G'(w) = Get (Gy— GeT(1 — a)(wt)™ cos (% + wt()) (2.10)
G"(w) = (Gy— Ge)I(1 - a)(wty)®sin (% n wt()) (2.11)

where I' is the gamma function. Shen and Soong proposed a procedure that combines material
testing in both the time domain and the frequency domain to obtain the moduli. Parameters
Ge, Gg, to, and « are first estimated from curve fitting using the stress relaxation test data,

and the computed moduli G’ and G” are then checked by the sinusoidal loading results. With

13



the dependence of material properties on the excitation frequency established, the complex
modulus model can be directly incorporated in the response analysis of structures.

As mentioned earlier, the mechanical properties of viscoelastic material are also dependent
upon the ambient temperature. For a large class of VE damper materials, when experiments
are performed at various temperatures, the shapes of data curves of modulus versus frequency
remain almost identical. This observation permits the use of the method of reduced variables
to determine the temperature effect on the material properties. The reduced variable method
separates the influences of frequency and temperature, allowing the dependence on these two
factors to be determined individually through material testing. It has been established that
the ambient temperature simply produces a shifting effect on the parameters or moduli of
viscoelastic materials. For the complex modulus model, the variation of storage modulus and
loss modulus over a selected range of frequencies is first obtained for a reference temperature
Tp. From a series of tests run at different temperatures, a relation can be experimentally
constructed that the values of the modulus for frequency wi at temperature 77 are equal to
those at reference temperature Ty for a shifted frequency wg. A detailed procedure is given by
Soong (1997).

After the constitutive model has been set up to describe the shear response of the viscoelastic
damper material, the force-displacement relationship can be constructed based on equation 2.4.
The force provided by each VE damper is represented as a linear function of the displacement

x and velocity & of the damper,

F =k(w)r + ¢(w)z (2.12)

where the stiffness k and damping ¢ are related to the storage modulus and loss modulus in the

following form:

k(w) = bG"(w), ¢(w)=0bG"(w)/w (2.13)

in which b is a size factor of the device defined as the ratio of the area to thickness for the
viscoelastic layer. In their analysis of viscoelastically damped structures, Soong et al. (1995)

assumed that k and ¢ are constant within the frequency band of the input motion, and this

14



approximation significantly simplified the response calculation. Essentially, the system remains
linear with increased stiffness and damping supplied by the added VE dampers. The equations

of motion for the entire system can be put in the following general form:

Mx(t) + (C+ C)x(t) + (K + K)x(t) = f(¢t) (2.14)

where M, C, and K are the mass, damping, and stiffness matrices of the original structure,
f is the excitation, and the constant matrices C and K represent the damping and stiffness
contributed from the dampers. To carry out the seismic response analysis, the modal properties
need to be determined from this set of non-classically damped equations. Notice that the
frequencies and damping ratios of the system are different from those of the original structure,
which is normally assumed to be proportionally damped, due to the presence of the energy
dissipation devices. Soong et al. (1995) implemented the modal strain energy approach to
estimate the modified modal frequencies and damping ratios. The procedure starts with the
standard eigenvalue analysis for the original structure to compute the frequency w; and the
associated mode shape ¢, for the ith mode. The modified modal damping ratios are then

calculated based on the energy consideration:

G = = (2.15)

in which n(w;) is the loss factor at modal frequency w;, F, is the maximum energy stored in the
VE damper, and F; is the total strain energy of the system including the damper for the ith
mode. The two energy terms can be calculated using the mode shapes of the original structure

as follows:
E,=¢]Ko¢;, E;=¢](K+K)op, (2.16)

The modified modal frequency for the ith mode can also be estimated by using the following

equation:

o, = [ K0 v .17

¢i Mg
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where @; denotes the ith modal frequency for the system with added VE dampers. Technically,
evaluating the modal frequencies and damping ratios is an iterative procedure. In the situation
when the material modulus at @; is substantially different from that at w;, the above steps need
to be repeated for a better estimate of the modal quantities. Nonetheless, Soong et al. pointed
out that since the loss factor n(w) usually displays weaker dependence on the frequency than
the stiffness k(w) or damping coefficient &(w), the iteration process is normally short.

The main advantage of employing the complex modulus model is its mathematical simplic-
ity. With modal properties of the structure with added VE dampers determined, the seismic
response analysis is straightforward by using the traditional response spectrum method. How-
ever, there are two major flaws regarding this approach of dynamic response analysis. The first
problem is that the complex modulus model originated from the sinusoidal testing of viscoelastic
materials, and hence, strictly speaking, application of the model is limited to sinusoidal motion.
The validity of the model is questionable for general types of excitations. Crandall (1970) has
shown that using the complex modulus model for impulse loading produces noncausal response,
which leads to serious mathematical difficulties. The second drawback is the inconsistency as-
sociated with the assumptions made in the analysis. Response computation is performed by
using representative values of modulus that are assumed to be constant throughout the en-
tire band of input frequency. The mode shapes of the original structure are also assumed to
remain unchanged when the effect of VE dampers is included, and then are used to estimate
modified modal properties. Though seismic response analysis is considerably simplified and the
proposed procedure has proven successful in several experimental studies, these assumptions

certainly give rise to suspicion on the reliability of the approach.

2.5 Fractional Derivative Model

Observing from experiment results, Nutting in 1921 first indicated that the stress relaxation of
viscoelastic materials appeared to be proportional to time raised to fractional powers. Gemant
(1936) later showed that the mechanical properties of viscoelastic materials depend on the
frequency raised to fractional powers and suggested use of differentials of fractional order for

mathematical modeling. Scott-Blair (1950), Caputo (1974), and Minardi (1971) also have
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reported similar observations. However, this concept was not popularly accepted until Bagley
and Torvik in 1979 proposed a constitutive equation based on the fractional derivatives to
describe the general behavior of viscoelastic materials with memory. In its most general form,

this model can be expressed by the following differential equation with fractional derivatives:

M N
() + Y bm DO (7(t)) = Gor(t) + > G D" (3(t)) (2.18)
m=1 n=1

where the stress and strain are related through a series of derivatives of fractional orders, i.e.,
B,, and o, in general are not integers. Since then, the fractional derivative model has attracted
increasing research effort. In the last several years this model has been implemented in dynamic
analysis by Bagley and Torvik (1985), Bagley and Calico (1991), Makris and Constantinou
(1991), Koh and Kelly (1990), and Gaul and Chen (1993). Recently Kasai et al. (1993), Tsai
and Lee (1993), and Li and Tsai (1994) have investigated the use of fractional derivative models
for VE dampers in structural analysis. A review by Shimizu and Zhang (1999) covered the
development and application of the fractional calculus approach to dynamic problems involving
viscoelastic materials.

The general constitutive description of a viscoelastic material by the fractional model in
equation 2.18 is at least as complicated as the conventional method given by equation 2.1.
However, Bagley and Torvik (1983) asserted that based on numerous material testing observa-
tions, only five parameters are required to depict the frequency-dependent mechanical properties
for typical viscoelastic materials. This simpler constitutive equation of fractional derivative

model can be written as
7(t) + bDP(7(t)) = Goy(t) + G1D*(7(t)) (2.19)

in which b, a, 8, Go, and G are the five empirical constants and the shorthand notation D“(-) is
the fractional derivative operator that stands for d®(-)/dt®. For a given viscoelastic material, the
five parameters are determined from experiments through least-squares fitting, and it has been
demonstrated that this five parameter model produces curves in excellent agreement with testing
data of material properties over a wide range of frequency. Not only have fewer parameters

made the fractional derivative model more practical, the easier mathematical manipulation of
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the simplified form also has made it more appealing in engineering application.

Even though the use of fractional calculus in engineering areas appeared only recently, the
concept of differentials in fractional order is almost as old as the classical calculus of integer
orders. The book by Oldham and Spanier (1974) gives a historical survey and comprehensive
overview on the topic of fractional calculus. There are several definitions for a derivative of

fractional order, and the one most commonly used is based on the Riemann-Liouville integral:

D%mm:dZ§X:H£%Q%AZ£%%m,0<a<1 (2.20)

where I is the gamma function. It can be easily shown that the fractional derivative operator

has the following useful properties in the Laplace and Fourier transform domains:

LID*a(t)] = s*Lla(?) (2.21)
FIDXa()] = (iw)*Fle(t)] (2.22)

for zero initial condition x(t = 0) = 0. By taking the Fourier transform of the model given in
equation 2.19, the stress and strain in the frequency domain are related by

*:GU + G (iw)a *

11 b(i)? (223)

where 7* and ~* denote the Fourier transform of the stress 7 and strain -, respectively.

It is evident from the above equation that the modulus for a viscoelastic material is a
function of fractional powers of the frequency, which is consistent with the observations during
material testing. Bagley and Torvik further indicated that the stress-strain relationship based
on the fractional derivative model is in harmony with the molecular behavior of viscoelastic
material. They also showed in their study that under cyclic loading this model accurately
predicted the real, continuous, and causal sinusoidal response that matched the test results.
All these features not only have removed the fractional derivative model from being merely an
explored empirical curve-fitting method, but also have enhanced its credibility when used in
structural analysis. Later Bagley and Torvik recognized that the two parameters o and g for

fractional powers are required to be equal to satisfy the necessary thermodynamic constraints,
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so only four parameters need to be determined for the model. Moreover, they pointed out that
for a wide variety of viscoelastic materials, three empirical parameters, with « = § and b = 0 in
equation 2.19, are often sufficiently accurate to fit the experiment data. This three-parameter

constitutive relation between stress and strain, written as follows,

7(t) = Goy(t) + G1D*((1)) (2.24)

is the simplest fractional derivative model and has been adopted to model viscoelastic material
in several studies on the dynamic response of structures with VE dampers. The advantages
of the fractional derivative model are quite obvious: with just three or four parameters, the
proposed model provides physical explanations for the phenomenon of viscoelastic material,
and is capable of characterizing the frequency dependence of material properties in dynamic
response analysis.

The fractional derivative model is also capable of incorporating the ambient temperature
effect. Since the shapes of modulus curves at different temperatures remain almost identical,
a shifting effect is recognized and can be used to obtain the parameters for the temperature
of interest. A procedure analogous to that used for the complex modulus model has also been
developed for the fractional derivative model. A set of data curves plotted over a frequency band
at a reference temperature is used as the base to determine the corresponding parameters. For
different temperatures, the base curves are shifted according to a relation found experimentally,
and the new set of parameters can thus be estimated.

Despite its solid theoretical basis, the fractional derivative model has yet to gain wide
acceptance in engineering practice due to its mathematical complexity. The governing equations

for the most general viscoelastically damped system can be expressed in the following form:

Mx + Cx + Kx + f,c = f., (2.25)

where M, C, and K are the original mass, damping, and stiffness matrices of the structure,
f., is the external loading, and f,. represents the collective contribution from VE dampers

assembled based on their placements and the system configuration. The force f provided by
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the individual damper using the four-parameter formulation is written as
f+bD*(f) = ku + ¢D*(u) (2.26)

in which u, k, and ¢ are the displacement, stiffness, and damping coefficient of the damper.
Using the fractional derivative approach leads to the above well-posed dynamic problem for
structures with elastic members, internal damping, and added viscoelastic components. Though
equations 2.25 and 2.26 are linear in nature with constant coefficients, when combined together
they are quite different from the regular differential equations and in general do not have nice
closed-form solutions. As a result, one of the major challenges of implementing the fractional
derivative model in structural response analysis is solving the equations of motion.

With analytical solutions unavailable except for special cases, numerical schemes are almost
an obligatory part of the solution procedure. Among different computational methods that have
been utilized, the direct numerical integration is probably the most straightforward approach
in dealing with VE dampers modeled by fractional derivatives. Padovan (1987), Koh and Kelly
(1990), Shokooh and Suarez (1999), Escobedo-Torres and Ricles (1998), and Zhang and Shimizu
(1998) have employed various algorithms to obtain the solutions to single-degree-of-freedom
and multi-degree-of-freedom systems. For the problems they have investigated, the viscoelastic
material was described by the three-parameter constitutive model, and VE dampers were the
only elements supplying resisting forces against motion. The resulting system equations can be

expressed as
Mx + CD%x) + Kx =f (2.27)

where C and K are the damping and stiffness matrices from VE dampers. To obtain the solution
in the time domain using a direct integration method, developing the numerical approximation
for fractional order derivatives is the essential step. The basic formula for numerically evaluating

a fractional derivative is written as

(0% 1 .
D (an) =+ > wja (2.28)
j=0
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in which A is the time step increment, x, denotes the value of discretized x at the nth time
step, and w; represents the weight factor corresponding to ;. One method to formulate the
weights w; is directly adopting Grunwald’s definition of fractional derivative in terms of finite

difference:
D*{xz(t)) = lim —t ) E —(J ) t— —jt 2.29

from which w; can be readily expressed. The other approach starts with the alternative form

of Riemann-Liouville integral

Do (a(t) = r(11 = <x(0) + /Ot il G T)dT> (2.30)

tOé 7-0{

and by assuming the variation of z(¢) within the time step, the integral in equation 2.30 can be
evaluated to define the weight factor. One of the widely accepted schemes, the L-1 algorithm,
assumes that x(t) is linear, and thus () is constant, over the time interval to derive w;. With
the weight factors determined, equation 2.28 can then be incorporated with different algorithms
such as the central difference method, Newmark’s method, or a predictor-corrector algorithm
to solve for the response at each time step.

While numerical integration is a direct procedure to obtain the response in the time domain,
other approaches have been presented to solve the fractional differential equations. For simple

systems described by

mi = f— fre (2.31)

fve +0D%(fue) = kx+cD(x) (2.32)

the response can also be solved by a Laplace transform or Fourier transform approach. Taking

the Laplace transform of both equations above,

ms®X(s) = F(s)— Fye(s) (2.33)

(1+0s)Fpe(s) = (k+cs*)X(s) (2.34)
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in which X (s) = L[z(t)], F(s) = L[f(t)], and Fye(s) = L]fye(t)], and combining equations 2.33

and 2.34, the response in the Laplace domain can be written as

(1 4+ bs™*)F(s)

X p—
(5) bms?te + ms?2 + cs* + k

(2.35)

The response in the time domain can then be calculated by the inverse Laplace transform:
x(t) = L71[X(s)]. The solution procedure is similar for the Fourier transform approach, and
both methods require computational schemes to evaluate integrations numerically.

For complicated problems, however, a modal analysis approach, also referred to as an eigen-
vector expansion method, is more effective. This modal analysis scheme can be illustrated by
the following example problem considered by Suarez and Shakooh (1997). For an Ndegree of
freedom system with damping specified by the three-parameter model of half-order (o = 1/2),

the equations of motion, expressed as
M + CDY2(x) + Kx = f (2.36)

can be decoupled by recasting the equations in the state space form. Introducing the state

space variable y as

p
X

/2(x
g P (2.37)

x

| D3/2<X>

the state space equation of the system can then be written as

BDY?(y) — Ay =f (2.38)
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where
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Note that both matrices A and B are real and symmetric and their sizes are 4N x 4N. The

associated eigenvalue problem for equation 2.38 is
Ay = \By (2.40)

in which A denotes the eigenvalue and 1) is the corresponding eigenvector normalized with

respect to matrix B. Defining the coordinate transformation as
y = W¥q (2.41)

where W is the eigenvector matrix and q represents the modal coordinates, leads to the following

decoupled modal equations:
DY2(g;(t)) — Njgj(t) =TE  j=1to4N (2.42)

The above differential equations with fractional derivatives of order 1/2 are referred to as “semi-
differential equations” and Bagley and Torvik have demonstrated that for some viscoelastic
materials, the half-order model describes the behavior quite satisfactorily. Once the solutions
to the modal equations are obtained, the response in the time domain can be assembled through
the transformation in equation 2.41. For the special case with o = 1/2, it was shown by Suarez
and Shakooh that closed-form solutions can be determined for certain types of loading func-
tions. However, differential equations with fractional derivatives of arbitrary orders in general
do not have analytical solutions for a given excitation function, and numerical implementation
is required to carry out the calculation for the response in the time domain. Even with increas-

ing effort committed to investigating the application of the fractional derivative model, the
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mathematical difficulties in obtaining the solution for response analysis remains as the obstacle

that prevents the broad use of the model in engineering practice.

2.6 Effect of Ambient Temperature

The mechanical properties of viscoelastic material are dependent upon the ambient temperature
as well as the excitation frequency. For a large class of VE damper materials, when experi-
ments are performed at various temperatures, the shapes of data curves of modulus versus
frequency remain almost identical. This observation permits the use of the method of reduced
variables to determine the temperature effect on the material properties for both the complex
modulus model and the fractional derivative model. The reduced variable method separates
the influences of frequency and temperature, allowing the dependence on these two factors to
be determined individually through material testing. It has been established that the ambient
temperature simply produces a shifting effect on the parameters or moduli of viscoelastic ma-
terials. For the complex modulus model, the variation of storage modulus and loss modulus
over a selected range of frequencies is first obtained for a reference temperature Tp. From a
series of tests run at different temperatures, a relation can be experimentally constructed that
the values of the modulus for frequency w; at temperature 7T} are equal to those at reference
temperature Ty for a shifted frequency wg. An analogous procedure has also been developed
for the fractional derivative model. A set of data curves plotted over a frequency band at
a reference temperature is used as the base to determine the corresponding parameters. For
different temperatures, the base curves are shifted according to a relation found experimentally
to estimate the new set of parameters. In structural analysis, however, temperature usually
is a less dominant factor than the excitation frequency. Response calculations are performed
using parameters at a representative temperature and they are modified only when there is a

significant change of temperature in the environment.

2.7 Summary

In this chapter we survey the previous research efforts that various investigators have conducted

using different models for viscoelastic materials in the dynamic analysis of structures. Three
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models have been proposed: the general linear model, the complex modulus model, and the
fractional derivative model. We reviewed their basic concepts as well as their applications in
seismic response analysis, and pointed out the advantages along with the flaws associated with

each model.
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Chapter 3

An Overview of Fractional

Derivative

3.1 Introduction

In characterizing the frequency dependent behavior of viscoelastic dampers, the fractional
derivative model offers a compact and concise mathematical description which employs dif-
ferential equations with derivatives of fractional orders. It has been proven to be quite accurate
for a wide variety of viscoelastic materials. In our effort to analyze structures equipped with
VE dampers under seismic loading, this fractional derivative model is used as the basis for
formulating the structural response.

In the literature survey it is pointed out that, though considered as the best model for
representing the mechanical properties of viscoelastic materials, the fractional derivative model
is not popularly implemented because the mathematics associated with it is rather involved.
Since the engineering application of derivatives of noninteger orders is quite recent, fractional
calculus is not a common subject included in college education and is unfamiliar to most
engineers. Herein, for the sake of completeness, it is therefore necessary to introduce and
define several main elements from the field of fractional calculus that form the mathematical
background for our study.

In this chapter we will summarize the contributions from various researchers in the devel-

opment of fractional calculus, present different definitions of fractional derivatives, and show
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examples of obtaining fractional derivatives for some basic functions. However, this chapter
is not intended as an exhaustive survey of the subject. Its purpose is simply to provide in-
troductory material to fractional calculus for those who have not been exposed to the topic.
Consequently, lengthy mathematical proofs of theorems will not be included in the presentation.
The detailed and comprehensive discussions on integrals and differentials to fractional orders
have been covered by Oldham and Spanier (1974) and by Miller and Ross (1993), upon which

the following sections are largely based.

3.2 Brief Historical Background

Historically the concept of differentiation and integration to arbitrary orders is as old as the clas-
sical calculus itself. In a 1695 letter to Leibniz, L’Hospital inquired the meaning of d" f(z)/dx™
if n were a fraction, and thus began the interests in this subject. Early on, fractional calculus
drew the attention of famous mathematicians like Euler (1738), Lacroix (1819), Laplace (1820),
and Fourier (1822), but significant contributions were made in the 19th century when more
systematic studies were conducted by Abel (1823), Liouville (1832), Riemann (1847), Grun-
wald (1867), and Laurent (1884). In 1844 Boole first provided a symbolic method of using a
generalized operator DV, but the development of fractional calculus did not accelerate until
Heaviside (1892) introduced operational calculus to the investigation of fractional differentia-
tions. In the twentieth century, contributions were made establishing rigorous mathematical
theories of fractional calculus by Weyl (1917), Hardy (1917), Hardy and Littlewood (1925),
Kober (1940), Osler (1970), and Erdélyi (1975). Considerable works also have been devoted
to the application of fractional derivatives in various engineering subjects, such as in rheology
by Scott-Blair (1950), in electrochemistry by Belavin et al. (1964), and in diffusive transport
problems by Oldham and Spanier (1970). Recent activities include papers published by Phillips
(1989) on the use of fractional calculus in statistics, and the application of fractional differential
equations in viscoelasticity by Bagley and Torvik (1986). Through the theoretical advancement,
growing research in the application of fractional calculus can now be found in more and more

science and engineering fields.
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3.3 Mathematical Definition

The meaning of D" f(x) = d"f(x)/dx™ is well known to those who have studied elementary
calculus, provided that n is a positive integer. In the field of fractional calculus, however, the
operator DV has been generalized to encompass all possible values of v: positive or negative,
rational or irrational, real or complex. DV with negative values of v is simply a natural extension
to represent iterated integrals of order v. Though the word fractional becomes somewhat
misleading, our presentation of the material will adhere to this tradition and basically focus
on the case where v is a real number. The notation adopted here uses DV(f) for fractional
differentiation of function f(z), and uses D™ [f] for performing an explicit regular nth derivative
of f(x). Presently there exist several versions for defining the fractional operator, such as
the Riemann’s, the Liouville’s, the Weyl’, the Grunwald’s, and the Riemann-Liouville’s for
fractional integrals and derivatives. Among these, the Grunwald’s and the Riemann-Liouville’s
definitions are the most widely used and thus will be presented and discussed in this section.
However, in the last couple of decades the Riemann-Liouville’s definition based on an integral
transformation has prevailed as the principal definition for the fractional operator, especially

in the engineering applications.

3.3.1 Definition by Grunwald

The definition of fractional derivative offered by Grunwald (1867) and later modified by Post
(1930) is the most fundamental one because it extends directly from the familiar definition of
regular derivatives. To develop the formula for derivatives in fractional orders, we start with

the basic definition in calculus of the first derivative of a function f(x):

dfx) _ . flx) = f(z = Ax)

dr — Az—0 Ax ’

and similarly the second and third derivatives are defined as

Ef(@) _ (@) —2f(@— Az) + f(z — 2A7)
dz? Az—0 (Al‘)2

dflx) i f(z) = 3f(z — Ax) + 2f(z — 2Ax) — f(x — 3Ax)
dz®  Acso (Azx)3 '
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Recognizing from the above sequence the pattern for each derivative that involves functional
evaluations and binomial coefficients with alternating signs, we can express the nth derivative

in the following form:

dzj;s"b) A;Ho ni <> (x — jAz) (3.1)

Jj=0

where n is a positive integer and the binomial coefficient is given as

With the substitution of Az = x/N for the increment and realizing that (?) = 0if j > n, the

nth derivative in equation 3.1 can be rewritten as

R (ORI HTES 1 62

To generalize the above definition of a derivative for the case that n may not be a positive

integer, recall the following identity involving the Gamma function:

(—1)7 (n> __Th-n)
i) T(E=n)PG+1)°
and equation 3.2 thus becomes

@) (% )nNzl ]_" Flo—22 (3.3)
dx™ N—oo0 = F j“—l) N '

in which n is positive but may or may not be an integer.
To further generalize the above equation for negative values of n, we focus on the interpre-
tation of repeated integrals of a function using the Riemann sum. The first-order integral of

f(x) can be written as

N-1

/f )dr = lim Ame(w—jA;v)

dl‘_l Az—0 -
Jj=0

29



With the same definition for an integral, the double and triple integrals can then be put in the

following forms:

N—-1
T 2 . s
dl‘ 2 / dZL‘l f dT_AlachE() Ax ]E_ G+ 1) f(x—jAx) ;,

N-1/i 19
LI [ [ [ - o {550 s
§=0

Continuing the process as the order of iterated integral increases and replacing Ax by z/N, we

obtain from mathematical induction the m-fold integral of f(z) as

-m T Tm—1 T —2 1
d—isf) = / d:rm_l/ d:rm_g/ dTpm—3 - - / f(r)dr
dx 0 0 0 0

~~

m times
N-1 ,.
. . T\™ j+m—1 .
- (S e o

Again we can extend the above expression to integrals with fractional order by recalling the
identity

(j+m1> _ L'(j+m)
J L(m)I'(j + 1)’

and equation 3.4 can be recast as

N-1

d " f(x) m I'(j+m) jx
————= = lim < ) 2 F j+1f(x——) , (3.5)

in which m can be a noninteger.

Upon close inspection of equations 3.3 and 3.5, we notice that

d"f(x) _ d™f(x)

dzm  dx—m

(3.6)

m=—n

It is obvious that the two expressions can be consolidated into one general formula, and thereby

we arrive at the Grunwald’s definition of the fractional operator DV unifying both the derivative
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and integral of f(z) to any arbitrary order v:

N-1

D1t = S = i { (5) " X g e ) [ ve oo @

Notice that v can take on any value, rational or irrational, in the interval of (—o0, ), and D"
represents fractional derivative if v > 0, and fractional integral if v < 0. Though Grunwald’s
definition is a straightforward extension from basic calculus, differentiation and integration of
fractional orders in the broad sense lack familiar geometric interpretation such as in terms of
the slope of and area under a curve. Grunwald’s definition also requires no explicit operation
of classical derivative and integral of the function. Hence, it is appealing in that it offers a
more general applicability because it poses few restrictions on the functions. The disadvantage,
however, is that it is quite difficult to calculate the limit of the sum for most common functions.
Since only the evaluations of the function itself are needed in Grunwald’s definition, in practice
it is often implemented as a direct numerical tool to generate approximations to the fractional

derivative of an arbitrary function for large enough value of N .

3.3.2 Definition by Riemann-Liouville Integral

The most often cited definition in the literature of a fractional operator is via an integral
transform called the Riemann-Liouville integral. The origin of this definition is Cauchy’s integral
formula:

C

dz" 27i — z)ntl

To generalize equation 3.8 to a noninteger n, we can directly replace n! by I'(n + 1) but the
integrand no longer contains a pole at { = z, instead a branch point. An appropriate contour
C has to be carefully constructed to include a branch cut in order to perform the integration.
This procedure is quite elaborate and thus will not be presented here. Alternatively, a modern
approach suggested by Miller and Ross that starts from the iterated integral of a function
instead will be introduced in this section.

Consider the double integral of a function f(x). By switching the order of integration and
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changing the integration limits, we can reduce it to a single integration:

/Ox dxy /Oxl f(r)dr = /Or f(r)dr /Tx dry = /Om(z — ) f(r)dr.

A triple integral can be condensed in the similar manner as follows:

/0 " das /0 " i /0 Y e = / " dos [ /0 P — 1) f(T)dT]

0
_ x T B B T (.I'—T)2 Nr
= [ stoyar / (2 — 7)dy = /O L pyar,

Sequences of higher orders of integration constructed in the same pattern suggest a general

formula for replacing an n-fold repeated integral with a single integration as:

/0 "y /0 T /0 T g /0 " r)dr = /D m% F(r)dr (3.9)

n times

Substituting I'(n), where I' denotes the Gamma function, for (n—1)!, we then can generalize the
above formulation to iterated integrals with n being a noninteger, and thus define the fractional

integral in any arbitrary order v in terms of the Riemann-Liouville integral:

D (f(a)) = L) 5 | @@ v (3.10)

dx—v

Both the Grunwald’s and Riemann-Liouville’s definitions of a fractional integral are based on
the repeated integrals of a function, therefore they are intrinsically identical to each other. A
more rigorous mathematical proof of their equivalence is given by Oldham and Spanier (1974)
in their book and will not be presented here.

We may be at this point tempted to define the fractional derivative of order v directly from

equation 3.10 by replacing v with —wv, as in equation 3.6 from Grunwald’s result:

DY(f(x)) = dZJ;(UZU) = F(lv) /Ox(:r — 1)U f(r)dr, v > 0.

However, this seemingly intuitive continuation from negative order to positive order to define the

fractional derivative is erroneous. Miller and Ross (1993) pointed out that this generalization
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has no mathematical basis and therefore is meaningless. For a broad class of common functions,

their fractional derivatives and fractional integrals do obey the relation

DU(f(x)) = D" {f(@))],__,, (3.11)

but it does not hold true for all functions. Even though equation 3.11 is often exploited as
a convenient technique to obtain fractional derivatives directly from the results of fractional
integrals, this extension can not be regarded as the definition of the fractional derivative.
Nevertheless, the fractional derivative based on Riemann-Liouville’s integral transform indeed
stems from the fractional integral and it is demonstrated next.

For v > 0, let m be the smallest positive integer greater than v and let v = m — v. Then
clearly, DV denotes the fractional derivative of order v and, since v is positive, D™ represents
the fractional integral of order v. Next making use of the composition rule

dP  d4 drta
awr dga! ) = gra ! @) (3.12)

choose p to be a positive integer and ¢ as any arbitrary negative value, and thus d? /daP performs
a regular derivative on a fractional integral d?f(x)/dx?. Then the fractional derivative by the

Riemann-Liouville integral is defined as

.1
dx=v (3.13)

D¥(f(x)) = D™ [D™"(f(x))] =

 dxm

an {dv f(;v)] |

In the long form, this definition can be expressed as

D*(1(@) = oy |, @) O = st [, ()

and notice that the integral in the above formula is an improper integral. For the case that
0 < v = a < 1, which is common in engineering application, we have the following familiar

definition that arises from equation 3.14 in which m = 1:

D*(f(z)) = ﬁd% /Ow %dr (3.15)
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To introduce an alternative and yet also popular formulation for the definition of the frac-
tional derivative based on the Riemann-Liouville integral, we will examine the regular derivative
of a fractional integral introduced in equation 3.13. Working with the general form, we begin

with the first derivative:

DD ()] = & [d_"f (=)

Make the following change of variable:
T=x—&W

Together with vdr = —5(17” v d¢, substitute the above relation into equation 3.10 for the

fractional integral of order v, and we have

0
D77 {f(x)) = F(ly) /V g(ufl)/uf(lﬂ . El/y) <%§(1y)/yd£>

_ 1 v s Y7

Based on Leibnitz’s rule for differentiation of integrals, equation 3.16 can then be written as

DI = oy ) S €

_ 1 v— 0 /v
_ m[m« 1f(0)+/0 — [ —€¥)de| .

Next we convert the result back in terms of the original variables using the reverse transforma-

tion
€= (zx—7) and d = —v(z — 1) \dr,
and we get
D) = g {0+ [ O e -y tan] )

= F(ly) {xvlf(ow /0 - f/(T)dT], (3.17)
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where f’(x) stands for the regular differentiation of f(z). We may also put the above formula

in a compact form as
@x”l + D7V{f'(z)). (3.18)

A direct application of this result is the development of the alternative form for the fractional
derivative with order v = o < 1. From equation 3.13 with m = 1 and v = 1 — «, we have

another useful definition:

D(f@) = D[] = F e+ Do)
RO
- T [ 0 +/0 el } (3.19)

By repeating the same process of differentiation demonstrated above, we can obtain the follow-

ing general formula for the fractional derivative of order v:

m—1 xz/fm+kf(k)(l.)
'v—m+k+1)

D¥(f(x)) = D™[D™(f(x)] = D7 {f")(x)) +
k=0
k= vf(k)

1 ‘ m—v—

in which m is the closest integer exceeding v and v = m—wv as defined previously, and f (m)(x) =
d™ f(x)/dz™ is the mth regular derivative of f(zx).

It merits a comment at this juncture on equation 3.12 based on which the fractional deriva-
tive is defined. Even though the composition rule, referred to as the law of exponents in some
literature, seems straightforward from calculus, in reality it is much more involved when p and
q are not both positive or negative integers. It has been verified that equation 3.12 is valid
under the condition that p is a positive integer and ¢ is arbitrary for all functions of f(x).
The complete discussion on the composition rule in fractional calculus for various combinations
of p and ¢ is covered at length in books by Oldham and Spanier (1974) and by Miller and
Ross (1993), and thus will not be elaborated here. To close the section, we emphasize that the
definition for the fractional operator based on the Riemann-Liouville integral has two different

formulations, one for the fractional integral and the other for the fractional derivative. With
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only one single integral and regular derivatives in its expression, the Riemann-Liouville defi-
nition is compact and convenient to implement. Over the past several decades, it has gained
more popularity than Grunwald’s definition and has been recognized as the standard form of

definition in studying fractional calculus.

3.4 Fundamental Properties

In this section we intend to present some general properties associated with the fractional
operator DV, which are similar to the classical formulas encountered for regular integrations
and differentiations. Since the proofs of all these following properties come directly from the
definitions of DV, they will be omitted here and we will simply state the results. These properties
provide mathematical help in utilizing the operator in our analysis of dynamic response of

structures with viscoelastic dampers modeled by the fractional derivatives.

3.4.1 Linearity
The operator DV is a linear operator, requiring that for any proper functions f and g, and any
scalar constants a and b,

D%(af(z) + bg(x)) = aD?(f(x)) + bD"(g(x)). (3.21)

The linearity of D enables us to interchange the fractional operator and summation, which is

useful when dealing with a function that can be expressed in series expansion.

3.4.2 Change of Scale

A scale change of f(x) with scaling factor 8 transforms the function to f(8z), where [ is a

constant. The fractional derivative of the scaled function hence becomes

f(Bz)

dxz?

d” f(Bx)

i) = & T

=B (3.22)
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3.4.3 Leibniz’s Rule

Differentiation of the product of two functions is carried out based on Leibniz’s rule extended

to fractional order as

DY(f(x)g(x)) = kZ:OF(k ;;;EJ i)k " 1)D“*’“<f(ac)>D’“<g(a:)>. (3.23)

This generalized Leibniz rule is mainly used for calculating the fractional derivatives of more

complicated functions.

3.4.4 Laplace Transform

Laplace transforms of the fractional integral and derivative are written as

L[D7(f(x)] = sVL[f(x)], v>0 (3.24)
m—1

LIDY(f(@)] = s"Lf(x)] =Y " FIDM"™(f(0), v >0 (3.25)
k=0

where m is the integer that satisfies m — 1 < v < m, and DV(f(0)), denoting DV(f(x))
evaluated at x = 0, represents the initial condition. For the special case of zero initial conditions,
equation 3.25 reduces to L [DV(f(z)] = sVL[f ()], which is identical to equation 3.24. Laplace
transform is a powerful tool in obtaining solutions to the fractional differential equations, and in
engineering most often the Laplace transform of the fractional derivatives involving the special

case v = «a < 1 is required. In this situation
L[D*(f(x)] = s*L[f(z)] = D*"(f(0)). (3.26)

Moreover, for analytical functions that can be represented in Taylor series expansion, it can be

shown that the above result can be further simplified to

LID(f(2)] = s*Lf(2)]. (3.27)
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Here we list the Laplace transform of some common functions:

I'(a+1)

LIDa™)] = = (3.28)
i) = = (3.29)
L[D%(cosaz)] = Sji—tg (3.30)
L[D%(sinaz)] = Sgiiag (3.31)

3.5 Fractional Derivative of Elementary Functions

With the definitions of the fractional derivative established, we are now ready to apply them to
obtain the fractional derivative of some basic functions commonly encountered in mathematics.
However, only a handful of functions will be explored as example exercises in this section be-
cause, as we will demonstrate later, even for simple functions like exponential and trigonometric
functions, their fractional derivatives give rise to higher transcendental functions. In general,
the fractional derivatives are complicated to calculate and quite often they only exist within a
certain domain for some functions. The books listed in the reference section provide detailed

derivations of the fractional derivatives for a much wider variety of more complex functions.

3.5.1 Constant f(z) =c¢

We start with finding the fractional derivative of order v of a constant. Use equation 3.20
directly with f(x) = c. Since m > 1, we have f(™) () = 0, and hence the first integration term
vanishes. For the second term involving the summation, only the first entry is nontrivial and

we get the following result:

Cc

A e

(3.32)

Notice that for the regular derivatives, v = n is a positive integer and correspondingly I'(1 — n)
is infinite. Hence we conclude that D™(c) = 0 as expected from differentiating a constant in

basic calculus.
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3.5.2 Power Function f(z) = z2°

In acquiring the fractional derivative of a power function, we find it easier to first look for its

fractional integral based on equation 3.10:

1 X
D) = 75 /0 (x — 1) Lrdr, v > 0.

With a change of variable 7 = zu, the above integral becomes

1 [t Bla+1
D7u<$a> _ ) /0 l_a+yua(1 o U)yildu — (C;?V)a V) :L,(H»Z/’

where
1
B\, p) = / A1 =) tdt, A>0, >0
0

is the beta function. Then making use of the identity relating the beta function and gamma

function

TT ()

B =530

we have the fractional integral of a power function:

Ia+1)

D™t} = IMNa+v+1)

2% for & > 0, (3.33)
and notice that since the beta integral diverges if A < 0, the fractional integral of a power
function is valid only for @ > —1. Based on equation 3.13, taking the mth regular derivative of
the above expression

F((J, + 1) dm (.I'(H_V) _ F((J, + 1) at+v—m
I'(a+v+1)dzm CT(a+v+1-—m) ’

D¥(z%) = D™ [D™"(2")] =

and recalling v = m — v, we obtain the fractional derivative of order v of a power function as

Pat1) o

Do {af) = Ma—v+1)

(3.34)
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Again this general expression reduces to the familiar result for regular derivative of a power

function when v = n is a positive integer:

I(a+1) _ al _
Dn a — a—n — a /n,'
(=) F(a—n—i—l)x (a—n)!x

3.5.3 Exponential Function f(z)=e*

One very important function in studying fractional calculus is the exponential function e®*
since its fractional derivatives feature prominently in fractional differential equations. Here we
will show that the fractional derivative of e%* involves a transcendental function. We first seek

the fractional integral of the exponential function:

1 X
D77 (") = m/o (x —7)" e dr, v > 0.

Let u = x — 7, and substituting it into the above expression we then get

—v/ _axr\ __ e’ * v—1_—au
D77 (e*) = ) u’ e Mdu.
v)Jo

With a change of variable £ = au, the above equation becomes

—v/ ar\ __ et “r v—1_-—¢
D) = o /O erle—tae. (3.35)

Recognizing that the integral in equation 3.35 is simply the incomplete gamma function, we

then obtain the fractional integral of the exponential function written as

- v(v,az), v >0, (3.36)

in which (), 2) is the incomplete gamma function whose definition is given below in both the

integral and the series representations:

1N 2) = /Ozﬁ“eédﬁ, A>0 (3.37)

© (_1)kz>\+k e F(A)Z)\+k

RO+ k) e_zkzzom- (3.38)

k=0
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With the fractional integral derived for the exponential function, we will now directly make use

of equation 3.11 and write the fractional derivative of order v to be

Y(=v,azx), v>0. (3.39)

For regular derivatives, we set v = n, a positive integer, and recalling that y(—n,azx) = I'(—n),
from this property of the incomplete gamma function we again recover the formula of differen-
tiating the exponential function D" [e®*] = a™e".

There are a couple of observations worth noting about the fractional integrals and derivatives

of the exponential function. From the property of the incomplete gamma function
YA +1,2) = Ay(\, 2) — 2re?

we get a very useful formula:

1

DTy — Dafl ax

0<a<l, (3.40)
which converts a fractional derivative into a fractional integral. This relation is especially
handy in computing D%(e®") since some available software packages (MATLAB, for example)
only calculate the incomplete gamma function for a positive parameter A\, which necessitates us
to use equation 3.40 in order to get its numerical value. Also notice that from equation 3.38 the
fractional integral of the exponential function can be defined using the confluent hypergeometric

function:

> ax)” hig
sz/<€ax> — xVZF()\(+ 113 = 1) — F(l/ n 1) 11 (1, v+ 1; CL.I')- (341)

In the above expression the confluent hypergeometric function ;F is given by

k

D) <T(a+k)z
171 (0, b;2) = F(a);) T(b+ k)k!’ (342)

and it converges for all z as long as the parameter b is not a negative integer. Equation 3.41 is

especially favorable when the argument z = ax is a complex number.
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3.5.4 Sine and Cosine Functions f(z) = sinax, f(z) = cosax

Instead of pursuing the fractional integrals of the sine and cosine functions from the original

definitions
D7 V(sinaz) = 1 /x(:r — 1) Lsinardr
I'(v) Jo
1 X
D7 %{cosax) = / z — 1) cosardr,
foosar) = g5 [ e =)

we proceed to obtain the fractional integrals and derivatives of sine and cosine functions through

the result derived earlier for the exponential function. Using the fact that e*® = cos ax+i sin az,

we can write the following relation:

DY(e"*) = DY(cosax + isinax)

= D"(cosax)+iD"(sinazx), (3.43)
and then straightforwardly obtain

DV(cosaz) = Re[D"(e")]

DV(sinax) = Im [D"(e"")], (3.44)

where Re[-] and Im [-] stand for the real and imaginary parts. Furthermore, with the replace-

ment of ax by iax in equation 3.41, it becomes

DY ww k/2 k . - (_1)(k71)/2(a$)k
(e kgnr v+k+1)+7’k§d T(—v+k+ 1)

Separate the real and imaginary parts and we get explicitly the formulas for the fractional

derivatives of sin ax and cos ax given by

(=1) (az)*

Mg

D¥{cosazr) = :L'_”]:OF( 1210 (3.45)
) 2j+1
DV(sinaz) = = “ZF( ( 11))i 2j)+ 3 (3.46)

I§
o

J
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Clearly, this pair of expressions are the series representations for the fractional derivatives of
cosine and sine functions, and they are useful when numerical evaluations are required. It can
also be easily verified that equations 3.45 and 3.46 reduce to the conventional formulas for the

regular derivatives of sin ax and cosax when v = n is a positive integer.

3.5.5 Real Analytical Functions

In this section we seek a general formula for calculating the fractional derivative of an analytical
function which can be expanded in power series. From equation 3.10, the Riemann-Liouville
fractional integral of function f can be written differently by a simple change of variable u =

Xr —T:

DV (f(z)) = F(ly) /0 (x = P () = ﬁ /0 0 (2 — w)d

For f(z) which has a convergent power series expansion with the radius of convergence X and

0 <z <X, f(x — u) can be expanded using Taylor series:

2 u3

u S R ARIC))
Pl —u) = f(@) = uf (2) + 5o f" (@) = S 7)o = 3o,
k=0
Substituting the above expression into the fractional integral and interchanging the order of

summation and integration, we get

% (L1)k R (5
D*l/<f(l,)> _ 1 Z( 1) f ( )$k+lj. (347)

Directly making use of equation 3.11, we then arrive at the following formula:

20 1Yk () (5
PUEN = e X (3.49

and we see that the fractional derivative of an analytical function can be expressed in terms of
the ordinary derivatives of that function.

The other convenient formulation to determine the fractional derivative of an analytical
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function starts from the Taylor series expansion of the function f(x):
= r'j+1)

Since we have already established the fractional derivative of a power function z%, we can now

obtain the fractional derivative for f(x) in the following straightforward derivation:
DY(f(z)) = DV iwxj - N MDU<$J'>
ZrG+n" ) T &G
- f(J) i
= ZF ) (3.49)

3.6 Summary

In this chapter we presented the definitions and some fundamental concepts in fractional calculus
which are essential to understanding the subject. Formulas by Grunwald’s definition and based
on Riemann-Liouville’s integral were discussed for a fractional integral/derivative. We then
reviewed the basic mathematical properties in fractional calculus. Finally we demonstrated
how to obtain the fractional derivatives for several common functions such as power functions,
exponential functions and sinusoidal functions. Many topics and equations covered here will be

used extensively in our study.
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Chapter 4

Modal Superposition Method for

Fractional Derivative Model

4.1 Introduction

For structures installed with VE dampers modeled with fractional derivatives, the resulting dy-
namic equations are more complicated, since they involve differentiations of noninteger orders.
To obtain the response of such structure-damper systems, we need to solve these fractional
differential equations. In this chapter, we seek a general modal superposition approach that
provides the analytical solution to these equations. Similar to the modal analysis that is com-
monly used for linear systems, a special state vector and two state matrices are formed so that
the system equations can be posed in the state space. Using the eigenproperties associated
with the system, the state equations can be decoupled into modal equations, and a general so-
lution for an arbitrary loading can be developed using the impulse response function. Here we

formulate the response for several common excitations and present some numerical examples.

4.2 Equation of Motion

Consider a typical N-story shear building installed with added viscoelastic dampers shown
schematically in Figure 4-1. The VE dampers are placed diagonally as braces in the frame

between floors as depicted in the sketch. For the mechanical properties of the added VE
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Figure 4-1: A typical shear building with added diagonal VE dampers
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dampers, we adopt the three parameter fractional derivative model to describe the behavior of
the material. Based on such a model the shear stress 7 and shear strain v in the viscoelastic

material are related through the following constitutive equation:

7 =Goy+GiDYy), 0<a<l, (4.1)

where the moduli Gy and GG and the fractional order « of the material are determined experi-
mentally. From the configuration shown in Figure 4-2 for a standard VE damper, we recognize

that

_ fve

T—ﬂand v =

Uye

h Y

(4.2)

in which f,. is the force provided by the damper, u,. represents the relative displacement
between the center plate and the flanges, and A and h are the area and thickness of the

viscoelastic pad. Combining equations 4.1 and 4.2, we obtain

L 24Gy, | 24Gy

A Uye A D <Uue> (43)

Je

as the force-displacement relation for the VE damper.

To derive the equations of motion for the shear building including the VE dampers when it
is excited at the base, we simply sum the forces for each floor slab supplied by the columns and
the dampers as shown in Figure 4-3, Applying Newton’s second law to an arbitrary ith floor

renders
mi(fﬁi*‘ig) :fic+1+ z’d+1 _fic_fid- (4~4)

In the above equation, m; is the mass of the floor, x; is the floor displacement relative to the
ground, #, is the ground acceleration, and f; and fid represent the resisting force contributions
from the columns and dampers, respectively. In terms of the stiffness k£ and internal viscous

damping ¢ of the supporting columns, f¢ can be written as
Ii = ki + ity (4.5)
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Figure 4-2: Damper force and displacement in the deformed state
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Figure 4-3: Free-body diagram of a typical floor slab
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where u; is the relative displacement between the adjacent floors. Assuming the damper is
oriented at an angle 6;, defined as positive counterclockwise from the horizontal in Figure 4-3,

it is straightforward from geometry that
fid = fuecosf; and uye = u; cosb;,
and hence we have
[ = kju; + D% (uy), (4.6)

in which the stiffness k and fractional damping ¢ for the VE damper are defined as

;= . cos® 0;
¢ = #cof@i. (4.7)

With the substitution of u; = x; — x;_1, we then obtain the equation of motion for the ith floor:

miZ; — ¢ii—1 + (¢ + Cip1)Ti — Cip1Tip1

—&;D*(x;—1) + (G + Cip1)D¥(w;) — CGiy1 D™ (wit1)

(4.8)
—ki&i—1 + (ki + kig1)E — ki@
—kidio1 4 (ki + kig1)@ — kip1@i01 = —mudy
To express the above equation in matrix form, let {x} = {z1, 9, - ,xN}T be the vector of floor
displacement relative to the ground, define the mass matrix M = diag(mq, ma,--- ,my), and

construct the damping and stiffness matrices C and K of the structure alone and the fractional
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damping and stiffness matrices C and K for the VE dampers as follows:

c1+ e —Cy 0 0 ]
—C9 c2 +c3 —c3 0 0
0 —c3 c3+cy —cy 0 0
0 —cy 0
0 —CN_1 0
0 —cy-1 cN-1+ceN —cn
0 0 0 0 —CN CN |
ki+ky  —ko 0 0
—ko kot ks  —k3 0 0
0 —ks kst ks —ky4 0 0
0 —ky 0
0 —knN-1 0
0 —kn-1 kn-1+kN —kn
0 0 0 0 —kn kn
C1+ C2 —Ca 0 0 ]
—Gy Cy+iC3 —0C3 0 0
0 —C3 C3+Cs —0C4 0 0
0 —C4 0
0 —CN-1 0
0 —¢ny-1 Cn-1+eCN —Cn
0 0 0 0 —CN CN |
Btk -k 0 0
~ky  kot+ks —ks O 0
0 —ks  ks+ks —ks O 0
0 —ky 0
0 —kn_1 0
0 —kn-1 kn-1+kn —kn
0 0 0 0 —kn kn
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Then the equations of motion of the system can be recast as
M {i} + C{i} + C{D(x)} + K¢ {z} = —M{r} i,(t), (4.10)

where K; = K + K denotes the total stiffness from VE dampers as well as the structure, and
{r} ={1,1,--- ,1}T is the influence coefficient vector of size N. Equation 4.10 now represents
a system of coupled linear fractional differential equations, whose solution provides us the

structural response, when VE dampers modeled by fractional derivatives are incorporated.

4.3 Modal Analysis

Although computational algorithms have been developed to solve the fractional equations of
motion numerically, an analytical approach that allows us to obtain the response of the building
is more desirable. Here we present such a modal analysis method that enables us to formulate
a general solution to the governing equations. In its procedure, which is similar to that used
for solving common linear structural dynamic problems, the equations of motion are uncoupled
to produce a set of modal fractional differential equations that are mathematically more man-
ageable. This uncoupling is achieved through the use of the eigenproperties of the specially

formulated state equations.

4.3.1 Equation of Motion in State Space

The fractional order parameter o for common viscoelastic materials can often be approximated
by a rational number. This representation of the parameter using a rational number facilitates
the transformation of the original fractional equations of motion into the state space involving

multiple fractional derivatives of the displacement variables. In its simplest fractional form, let

l
a=—, I <m, (4.11)
m

where [ and m are integers, and define

y— L (4.12)

52



as the primary fraction of the model. Now introduce the state space vector of size 2m as follows:

{y} =

and we note that

.

{z}
{D"(x)}
{D?(x)}

(D)}
(Dl ()}

{2 (z))
{DEm ()}

\

: (4.13)

DR )} = (D) = {{D" @)} (D¥ (@), (D™ (@)}, (D))}

and {D(z)} and {D?(x)} are simply the velocity and acceleration vectors {i'} and {i}, respec-

tively. With a set of identity equations added, the equations of motion can then be recast in

the following form:

A{Dw(y)} — By} = A{D"(y)} - B{y} = {/}.
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In this state space equation of motion, A and B are symmetric square matrices defined as

0 o --- C(l) o --- C(m) 0O --- 0 M(zm)
0 C o0 cC 0 0 M 0
cC 0 -~ C 0 0 M 0 0
Cy O cC 0 0 M 0 0
0 cC 0 0 M 0 0
A = C 0 0 M 0 0
Cimy O 0 M 0 0
0 0 M 0 0
0 M 0 0
0 M 0 0
M, O 0 |
(4.15)
K, 0 0|
0 0 Cy O Ciny 0 0 Mpom
cC o - C 0 0 M 0
0 Cy O C 0 0 M 0 0
0 cC 0 0 M 0 0
B = C 0 0 M 0 0 |,
0 Cypy O 0 M 0 0
0 0 M 0 0
0 M 0 0
0 M 0 0
0 My, O 0
(4.16a)

in which the subscripts in parentheses denote the locations of certain entries of the matrix, and

also notice that the size of both matrices is 2Nm, where N is the number of degrees of freedom
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for the building. In equation 4.14, {f} represents the forcing function and it is a vector of
length 2Nm given as

—M{r
{f}= o{ I ig(t). (4.17)

For clarification of where to place the mass, damping, fractional damping, and stiffness
matrices in A and B, we present the following example of a building with NV degrees of freedom.
For VE dampers whose fractional order a is 3/5, we have [ = 3, m =5, and v = 1/5. For this

case, the state matrices A and B have dimensions of 10N x 10N and they are described as

follows:
| 0 0o C 0o C 0 0 0 0 M ]
0o C 0 C 0 0 0 0 M O
C 0o C 0 0 0 0 M 0 O
0o ¢ 0 0 0 0O M O O O
A— cC 0 0 0 0OM O O 0 O
0 0 0 0O M O O O O O
0 0 0O M O O O O O O
0 0 M O O O O O O O
0O M 0 0O O O O 0 O0 O
M 0 0 0 0O 0 O 0 0 O
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-Ky 0 0 0 0 O 0 0 0 O

0 0o C 0 C 0 0 0 0 M

0o C 0 C 0 0 0 0 M 0

0 0o ¢ 0 0 0 0 M 0 O

B— 0 € 0 0 0 0 M 0 0 O
0 o 0 0 0 M 0 O 0 O

0 0O 0 0 M 0O O O 0 O

0 0 0 M O O O O 0 O

0 0O M 0 O O O 0 0 O

0O M 0 O O O O O 0 O

It is noted that the size of the state matrices can be quite large if the primary fraction v is

small.

4.3.2 Eigenvalue Problem and Modal Equation

To uncouple the equation of motion in the state space, we consider the free vibration of the

system described by
A{D"(y)} —B{y} =0. (4.18)

Different from the classical eigenvalue problem derived for a conventional dynamic system, the
solution of the above equation cannot be assumed to be {1}e* since the fractional derivative
of an exponential function is no longer an exponential, that is, D¥(eM) # Ae*. However,
we can still apply the same concept and assume that the solution to equation 4.18 has the
form {¢}g(t) where g(t) is a suitable function yet to be determined that has the property
D¥(g(t)) = A\g(t). Based on such assumed solution, we can easily obtain the following eigenvalue

problem associated with the system described by equation 4.14:

B{v}; = A\jA{y};. (4.19)
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In this equation \; is the eigenvalue for the jth mode, and {i}; denotes the corresponding
eigenvector which satisfies the orthonormality relationship with respect to the matrices A and

B as follows:

VAT = 1
UIBO=A = diag()\), (4.20)
in which ¥ = [{¢}1,{¢}2, -+, {¥}anm] is the eigenvector matrix.

Using the eigensolutions, we define the modal coordinates of the system {q(¢)} by the

following transformation:

{y(t)} = ¥{q(t)}, (4.21)

and it is clear that the physical coordinates are simply a linear combination of these principal
coordinates. Substituting the above transformation into equation 4.14, then premultiplying the
resulting equation by ¥7', and imposing the orthonormality condition from equation 4.20 leads

to

{D"(a()} - Aa)} = ¥T{f} = {Q(1)}, (4.22)

in which {Q(¢)} is the modal forcing function. Since the eigenvalue matrix A is diagonal, the

above equations are uncoupled and we can write the jth modal equation as

y _ M L -
D¥(g;(t)) — Ajgi(t) = {¢}; 0 Tg(t) = pjitg(t) = Q;(t), j=1to2Nm. (4.23)

For seismic analysis, the structural system always starts from rest and hence the system initial
conditions are zero. It follows from equation 4.21 that consequently the modal equations also

have zero initial conditions, that is, ¢;(t = 0) = 0.
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4.3.3 Analytical Solution to the Modal Equation

The modal equations of the system given in equation 4.23 are much simpler to deal with
mathematically than the original coupled matrix equations of motion. In this section we intend
to formulate the analytical solution to each of these 2Nm modal fractional differential equation
which, combined with equation 4.21, provides us with the response of the structural system.
The derivation will be presented at first for a general forcing function, and the result will then
be applied to three specific cases of base excitation. To make the notations less clustered,
throughout the derivation the subscript j that stands for the jth mode is dropped, that is, the

equation is written as

D"(q(t)) — Aq(t) = Q(t), (4.24)

where v = 1/m is the primary fraction of the system. Doing so should not lose any clarity since
all modal equations of the structure have the same form.

We choose to adopt the Green’s function approach here to derive the solution for a general
forcing function Q(¢). To that end, we begin with finding the impulse response function K (t)

of the system which satisfies the following homogeneous equation:

DY(K(t)) — AK () = 0.

Taking the Laplace transform of the above equation and solving for K (t),

(4.25)

where £7tis the inverse Laplace transform. To obtain K (¢) through the inverse Laplace trans-
formation, we use a straightforward approach by expanding the right-hand side of equation 4.25

in partial fractions. First examine the following identity:

2= A" = (=N (@™ A2 N2 A2

= (x— )\)Z)\kflxmfk,
k=1
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and thus

1 o 1 i)\k*lxmfk
xT—XA am—)\" '
k=1

Now replace x by s” in the above equation, and using mv = 1, we get:

1 1 &\l
S —N s—A™ skv
k=1

Equation 4.25 can then be rewritten from the above result as follows:

m Sl—k:l/
LK) =) A1 (S — Am> : (4.26)

We recall from the previous chapter that £[D*(e™)] = s*/(s — a), and consequently obtain the

impulse response function as

m
K(t) =Y NID"M (exp(A™)). (4.27)
k=1

Miller and Ross (1993) showed that, similar to the classical ordinary linear differential equa-
tions, the homogeneous solution of a fractional differential equation with constant coefficients
is also its Green’s function that can be directly used to construct the solution to its nonho-
mogeneous equation. Therefore, with the impulse response function already established, the
solution to the modal fractional differential equation for a given forcing function can be formed

using the convolution integral as

o(t) = /O K(t—7)Q(r)dr = 3 Ak /O DR exp(A™ (¢ — 7)) Q()dr. (4.28)

k=1

K (t—7) is termed as the fractional Green’s function associated with the system equation 4.24.
The above expression, which is only the forced response, is also the complete solution to the
modal equation because the homogeneous part is trivial for zero initial conditions, valid in the
seismic response analysis of structures. However, we need to point out that the homogeneous

solution to equation 4.24 always vanishes, as noted by Bagley and Calico (1991). Since when
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t =0, D) = 1if a« = 0 and D*(e™) = oo if @ > 0, it can be easily verified that

K(t =0) = oo. Thus if we write the full solution to the modal equation as

q(t) = AK(t) + /Ot K(t—7)Q(7)dr,

then the constant A has to equal zero for bounded structural response. Bagley and Calico (1991)
indicated that this is consistent with the interpretation of the fractional derivative model, which
implies that the viscoelastic material has to be undeformed as the system begins its motion
from the state of quiescence. The system response, therefore, is completely due to the externally

applied excitations.

4.4 Responses due to Three Types of Loading

The development of the analytical solution to the modal equation presented above is for any
arbitrary forcing function Q(t). By examining equation 4.28 we realize that the difficulty of
getting an explicit response expression for a given forcing function lies in the evaluation of the
integral in ¢(t). In general, the integration can be obtained analytically only for a very limited
number of nicely defined functions of (Q(t), and normally it is computed numerically in order
to calculate the response solution. Here we intend to produce the response results for three
special cases of loadings: exponential, harmonic, and power functions.

As a numerical example, we use a simple two degrees of freedom system subjected to the
base excitation defined by three specific functions. The mass, stiffness, and damping matrices

describing the system are as follows:

1 0 10 —4 0.122 —0.033
M = Mg, K= kN/m, C= Mg/sec,
0 1 -4 4 —0.033 0.073

where the inherent damping matrix is chosen to provide a damping ratio of 2% in each mode.

For the VE damper, the fractional order is taken to be v = 2/3, and the fractional damping
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matrix is given as

1.6 —0.8
—-0.8 0.8

Q)
Il

kN - sec®/m .

Note that for this particular value of o the primary fraction of the system is v = 1/m = 1/3.
The state matrices A and B, defined in equations 4.15 and 4.16a of size 2Nm = 12, take the

following form:

[0 ¢ Cc 0 0 M| K 0 0 0 0 0|

C C 0 0 M 0 0o C C 0 0 M

C 0 0 M 0 0 0 C 0 0 M 0
A= ,B=

0 0 M O 0 0 0 0 0 M 0 0

0O M 0 0 0 0 0 0 M 0 0 0

‘M 0 0 0 0 0 | 0 M 0 0 0 0

With these parameters the eigenanalysis renders six pairs of complex conjugate eigenvalues
and associated eigenvectors. For this example two degrees of freedom system, we apply the
modal superposition approach and solve the equations of motion to obtain the relative floor

displacements {z}:

n
zi=>» Vg, i=1and2. (4.29)
j=1

4.4.1 Power Function

Let’s consider the case where the ground motion is described by a general power function:

Z4(t) = t* with @ > —1. Based on equation 4.28 the solution to the modal equation for

Qilt) = pyte is

qi(t) = ij)\fl/ lek’j(exp()\;”(t — 7)), (4.30)
k=1 0
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or, with a simple change of variable, the jth modal response can also be written as
ijA’“ 1 / DV (exp(ATT)) (t — ). (4.31)

We then need to carry out the above integration so that we can obtain an expression to be used

in the calculation of the system response. Noticing that the desired integral

I= /0 Dl_k"<exp()\’]ﬁ¢)>(t —7)%T

is similar to the Riemann-Liouville’s fundamental definition of a fractional integral

D0) = 5 [ =

we let v=a+1and f(7) = lek”<exp(/\5”7)> and the integral can then be obtained to be
I =T(a+1)D~ (D" (exp(XT't))) = T'(a + 1) D~ (exp(AT't)). (4.32)

The final form of the modal solution is thus

m

> T(a+1)p A5 D™ (exp(A]'t)). (4.33)
k=1

q;(t)

Two special cases, a = 0 and a = 1, are of particular interest to us in the seismic analysis and
it is worth presenting the results explicitly. The case a = 0 represents a constant loading for

which the modal response is
ij =L p—hry (exp(A]'1)). (4.34)
The case a = 1 corresponds to a ramp function excitation and the modal solution is

ijz\k LD7R = exp(AT't). (4.35)
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These results will become very useful to us in the next chapter in calculating the structural
response for ground motions defined by acceleration time histories.
For the example structure, we compute the floor displacement responses for base motions

Zg =2 and 4 = 0.2¢. The results are plotted in Figures 4-4 and 4-5.

4.4.2 Exponential Function

For the base excitation defined as Z4(t) = e, the modal response solution from equation 4.28

is written as
- k ! k
gi(t) =Y oAk /O DM (exp(NT (¢ — 7)))eodr (4.36)
k=1
Similar to the derivation for the power function, it also can be expressed as
- k ! k
gi(t) = 3 Ak /0 DV (exp (A7)l (4.37)
k=1
To evaluate the above integral, we first consider the following case:
¢
I= / D7V (") et dr, (4.38)
0

From the definition of the fractional integral of an exponential function, we rewrite I as the

following double integral:

t 6bT T
I :/ (—/ u”leb“du> e?t=")dr, 4.39
o \I'(v) Jo ( )

Recalling that

/Oth/OT flryu)du = /Otdu[j flru)dr,
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Figure 4-4: Floor displacement responses for a constant loading
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Figure 4-5: Floor displacement responses for a ramp loading
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we can switch the order of integration and equation 4.39 becomes

t t ebT
I = /du/ — e tueat-T) gr
0 u F(U)
1 ! v—1_—bu ! br ja(t—T)
= — u’ e Mdu | e’Te dr
F(U) 0 [
t bt _ at+(b—a)u
- L /u“_le_b“du S —
I'(v) Jo b—a

1 ebt t " 6at t
_ v=lo=bug., _ v—1 —aug
b—a<r<v>/o“ o “)

= 3 i - (D’”(ebt> - D’”(e“t>> . (4.40)

Now replacing v by kv — 1 and b by /\5”, we then obtain the solution to the modal equation as

- pAkil —RV m —RV a
0i(t) = > (D1 B (exp(AT't)) — DY R (e t)). (4.41)
k=1"7

Notice that the solution is formulated in terms of the fractional derivatives of exponential
functions. Using equation 3.40 we can convert them to fractional integrals of exponential

functions and arrive at the following useful alternative form for the modal solution:
m y—kv m —kv/ at
e - (Aj DM (exp(\7't)) — aD ™ (e >>. (4.42)

As a numerical example, we use an exponentially decayed base motion &, = 2exp(—t/5)
to obtain the floor responses and plot the displacement time histories for 8 seconds, shown in

Figure 4-6.

4.4.3 Harmonic Function

To derive the modal response for a harmonic input motion, defined by either a sine or cosine

function, we find it easier if we take advantage of the result from the exponential excitation.

t

For a harmonic excitation with frequency w, we express the input motion as &, = ¢"*, and
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Figure 4-6: Floor displacement responses for an exponential loading
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from equation 4.41 with a = iw, we have

m pj )\‘ljffl

Qj(t) = m <D1*kl/<exp(/\;nt)> _ leku<€iwt>)
k=11
m k—1
& 1-kv may\\ _ pl-kv _apl-kv/g
—— | D (exp(A]'t)) — D" (coswt) —iD (sinwt) ) . (4.43)
A T

Separating the real and imaginary parts of the above modal response, we then obtain the

solution
m k—1
.(t):Z% AT (DR (exp(ATt)) — DY R (cos wt) ) + wD R (sinwt) |, (4.44)
q-] >\2m+w2 J p J )
k=1"17

or alternatively,

m k—1
’0>\ m y—kv m my—kv /. —kv
ai(t) :Z—)\z’]”iaﬂ [Ag. D (exp(AT')) +wAP DM (sinwt) + w2 D' <coswt>} (4.45)

k=1"7J

for the cosine function base input and

m ‘Al?fl
gi(t) = Zﬁ;—icﬂ [w (le’W<exp(A;?%)> — DY (cos wt)) — \PD R (sin wt}} , (4.46)
k=1"17

or expressed in fractional integrals as

m k-1
p>\ m —RV m —RV —RV :
q(t) = g /\an—f}—w? [w/\j (D " (exp(\'t)) — DF <coswt>) +w?D* <smwt>} (4.47)
k=17

for the sine function base input.
Here we present the floor response in the example system for a sinusoidal input motion

24 = 2sinmt, and the plotted displacements are shown in Figure 4-7.

4.5 Summary

In this chapter we used a shear building with added VE dampers as a typical multi-degree-of-
freedom structural system to develop a modal decomposition, or modal superposition, approach

to solve the equations of motion. The force-deformation characteristics in the damper are
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Figure 4-7: Floor displacement responses for a sinusoidal loading
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described by the fractional derivative Kelvin model. The resulting uncoupled modal fractional
differential equations are mathematically simpler so that it is possible to obtain an analytical
solution in the form of convolution integral for a general input excitation. This systematic
solution procedure is also preferred when we extend our analysis later to include random ground
motions defined by the spectral density function. With the general solution derived, we obtained
the structural responses for several input loadings such as the exponential, harmonic, and power
functions. A simple two degree of freedom system was considered in the numerical example

and the results were presented.
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Chapter 5

Seismic Response by Fractional

Derivative Model

5.1 Introduction

In the preceding chapter an analytical modal superposition approach was developed that pro-
vides us a general solution to the fractional differential equations of motion. Here we extend the
result to derive the structural response for earthquake induced ground motions. In our effort
to obtain the seismic response of the structure-damper system, we approach this task from two
points of view. First we attempt to generate the response time history, that is, we look for the
solution to the fractional differential equations of motion for the the seismic inputs described by
ground acceleration time histories. These acceleration records are commonly defined in tabular
form at discrete time points that are usually equally spaced. The structural response formulated
based on the numerical as well as analytical methods are considered. For the computational
schemes, both the Grunwald (G1) and the Riemann-Liouville (L1) definitions are used as the
basis for the numerical approximations of a fractional derivative. For the analytical approach
we derive the response expression based on the general solution of the modal equation for the
ground excitation that is considered piecewise linear between any two discrete time points. In
addition to investigating the structural response in the time domain, we also attempt to analyze
the response statistically by solving the fractional equations of motion in the frequency domain.

With the stochastic input motion defined by the spectral density function, we use the random
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vibration analysis approach to derive the mean square response of the system. This is achieved
through the implementation of the modal superposition method which proves to be a versatile
and useful tool in the seismic response analysis for fractionally damped structures. A numerical

study is then carried out to demonstrate the proficiency of these approaches.

5.2 Direct Numerical Integration Method

5.2.1 Basic Algorithms

For the governing equations given in equation 4.10 for a multi-degree-of-freedom system, obtain-
ing the general solution for an earthquake ground motion &4(t) is quite involved mathematically.
The most straightforward approach is to directly integrate the equations of motion numerically
to calculate the structural response. Because a fractional differentiation term is present in the
equations, a computational scheme needs to be developed so that the derivative to a fractional
order can be evaluated. The formulation for numerically approximating D(f(¢)) is normally

written as
1 n
D*(f)n = A_tazwjfj
j=1

in which At denotes the time step, f; = f(t = (j —1)At) is the value of the discretized function,
and w; represents the weight factor corresponding to f;. To compute the fractional derivative
at any time step, all values of f(t) at previous steps are used since the summation takes on all
values of j, and clearly this implies that the response solution is history dependent, which is
one characteristic of viscoelastic materials. There are two main algorithms for estimating the
derivative of a function to a fractional order numerically. They are formulated based on the two
basic definitions of fractional derivatives, Grunwald’s and Riemann-Liouville’s. In this section
we present several computational techniques that are built upon these two algorithms and can
be easily coded to solve the coupled matrix fractional equations of motion with seismic input
motions.

Grunwald (G1) Algorithm Directly from Grunwald’s definition given in equation 3.7,
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the fractional derivative of a function f(t) to order « at time t = NAt can be estimated as

j*Oé

D*(f(t)) ZF Gy (A =)

for sufficiently small time step At = ¢/N. Applying the above expression to the vector of
relative displacement {x} and replacing j by n — j, we obtain the following formula for the

numerical approximation of {D®(x)}, written in the standard form
(0% 1 .
(D)}, = o>y (o), 6.
=1

where {x}, is the response at time ¢, = (n — 1)At, and the weight factor is given as

F'n—j—a)
I'(—a)T(n—j+1)

w5 = (5.2)

Here we need to point out a recursive relation associated with the Gamma function that turns
out to be quite useful when writing a computer program based on the Grunwald’s algorithm.
It can be easily verified from the definition of the weight factor that |w;| < 1 for all j. Since
['(x) grows to infinity as the argument z increases, the computer returns an undefined number
for the weight factor even for moderately large value of n when the expression in equation 5.2
is directly used. To bypass this problem, we first obtain the weight factor for j = n:

F'n—n-—a) _
MN—a)l'(n—n+1)

Wy =

Recall the property of the Gamma function I'(z+1) = 2I'(z), and we thus establish the following

recursive formula for computing w;:

'UJTL—j = 'UJn—j—‘,-l <%> forj: 1727... ,— 1’ or

n—j—1—«

: ) forj=n—-1,n-2,---,1. (5.3)
n—7J

wj = wj+1<

Riemann-Liouville (L1) Algorithm Another approach of developing an algorithm for

estimating the fractional differentiations is to employ the Riemann-Liouville’s definition of
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fractional derivatives. Among the various forms of definition based on the Riemann-Liouville
integral introduced in section 3.3.2, equation 3.19 can be readily used to derive the numerical
approximation of the fractional derivative of x(¢):

D (a(t)) = ﬁ h@ + /O (tf”_(TT))adT]. (5.4)

From a simple change of variable, the above equation can be rewritten as

1 x(0) it —1)
D¥z(t)) = =—— | == ——dr|. .

(1) = Fr—ay [ e e (5.5)
In terms of the discretized response z;, the fractional derivative of z at time ¢, = (n — 1)At

can be expressed in the following way:

n—1 t. .
1 x1 It gty — T)
DY)y = — |2 Wi —7) 4
() rua)ta+§:/, ’

_ 1 1 — [iA (tn, —T) .

Now we assume the displacement x(t) to be piecewise linear and hence the velocity is con-
stant within each time step interval At. Then #(¢) can be approximated using the discretized

displacement x; as

(b, —7) ~ é(xn,jﬂ Cwn)  for (n—j—1)At <7< (n— AL (5.7)

Substituting the above equation into equation 5.6:

n—1 iAt
1 I 1 /J dr
D*(x),, = —+ > = (Tn_ji1 — T =
() T1—a) |[(n— 1AL ;At( i+l 2 (—1)At T°
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we carry out the integral and get

Dk = s [:(C; A T TS a)it 1o
%i(rcnm ) [GA17 — G~ )10 ]
= Tao a)(zl— oAl T2 —1a)Ata
S = G~ )/ Yy =0, 69

Equation 5.8 is derived for a scalar function x(¢), and in a similar process we can extend it to

obtain the fractional derivative for the response vector {z(t)}:

o _ 1 -«
D% = R —a) {( —pe i

S = G- DN~ b | (5.9)

Again we rewrite the above expression in the standard form as given in equation 5.1 and define

the weight factors as follows:

[(1—a)(n—1)" = (n— 1)1 4 (n — 2)179]

wp =

I'2-—a)
=i -2 —j)+(n—j+1)77] ,
Wi = T(2—a) 2sgsn-l

With the algorithms established, equation 5.1 along with equations 5.2 and 5.10 are now
ready to be incorporated with other computational routines to solve for {x}. Next we offer the
commonly used techniques such as the finite difference method and the Newmark method, and
then we implement these two algorithms in the modal analysis approach to obtain the response

solution.
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5.2.2 Finite Difference Method

We first combine the previously derived algorithms with the finite difference method to put
together a computational procedure for obtaining the seismic response. For the velocity and
acceleration terms in the equations of motion, we adopt the finite central difference approxima-

tions for the first and second regular derivatives as

(il = o ({(#hnys — {2} a) (5.11)

oAl
e = S ((her — 2{h +{2ha) (5.12)

Notice that here a second-order-correct formula is used for estimating the first derivative so that
the order of truncated error is consistent with that of the second derivative approximation, and
hence improves the accuracy. Substituting equations 5.1, 5.11, and 5.12 back into the equation

of motion, we then solve for the response {x}, , at time ¢,,1 = nAt:

(Aﬂﬁ T 2£At> {z} = Aﬂﬁ (2{a}, —{aho) + 2£At trhny — Kty

C ¢ )
7Ata ij {‘T}] -M {7"} Lg,, N > 2, (513)
Jj=1

where Zg4, is the input seismic ground acceleration at time ¢,,. Equation 5.13 can then be used
along with either the Grunwald or the constant velocity Riemann-Liouville algorithm, with the
weight factors w; defined accordingly, for calculating the discretized response {x};.

In applying this numerical procedure to compute the discretized response, we start building
the sequence from the initial condition {z}, = {zo}. To get {x},, however, we notice from the
above equation that {z}, is required. This can be achieved by considering the initial velocity
{Zp} and the equation of motion at time ¢ = 0, which is described in the following procedure.

Using equation 5.11 for n =1,

. . 1
iy = i) = o ({2, — {a}y)
{x}, can be written in terms of the initial velocity as

{a}, = {a}, + 2A¢ {io} . (5.14)
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Similarly from equation 5.12 the initial accelerations {Z}, can then be expressed as

h = xo (s —2{ed + {aho)

2 .
= xp (Hato —{zh + At{io}). (5.15)
Plug the above equation into the equation of motion for n =1 at ¢t = O:

Z—l\tg ({xto —{z}y + At{@o}) + C{ao} + %wl {z}; + Ky {z}; = M {r} iy,

and solving for {z}, we obtain
2M 2M w,C 2M , y
o = (5K ) (b = (R7+€) o} =M ()i (5.16)

Using the algorithm in equation 5.13 for n = 2 and combined with equation 5.16 for {z},, {x2}
(at time ty = At) is then calculated and the subsequent response can be readily established.
For structural analysis in earthquake engineering, the special case of zero initial conditions, i.e.,

{zo} =0 and {&¢} = 0, is often encountered and equation 5.16 is reduced to simply
A
(e} = ——{r} g (5.17)

5.2.3 Newmark Method

In dealing with engineering dynamics problems, the well known Newmark direct integration
method is quite often used to compute the structural response, and hence in this section we
intend to formulate a procedure that incorporates the Newmark type numerical scheme in
solving the fractional differential equation of motion. Based on the Newmark method, the
velocity and acceleration at the current time step can be approximated using the displacement

at the same time step and the displacement, velocity, and acceleration at the previous time step

as follows:
: B . b i B p
(oot = g (danr = {od)+ (1= 5 ) o e (1= 1) (3,
{Ztns1 = @({w}nﬂ{x}n)ﬁ{i}n+(l2lﬁ> {itn, (5.18)
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where the parameters 3; and 3, control the accuracy and stability of the scheme. The Grun-
wald algorithm for approximating the fractional derivative can then be readily implemented to
calculate the response. At time step ¢, 1, using equation 5.1 we rewrite the fractional derivative

as

n+1

{D%@) tnt1 = Ata ij {ZL'} Ata ij {ZL'} + At“ <o iTlntr

Plug the above expression into the equation of motion along with Newmark’s formulations for

the velocity and acceleration and with some algebraic manipulation we arrive at the following

result:
M+t k +52C ) e} (5.19)
BoAr ByAt ' ntl :
1 B s .
- <ﬁ2At2M 3, itc> {z}n + (ﬁQAtM + (ﬁ_; - )C> {}n
1 B . C <& )
<(% — 1)M+At(2_52 — )C) {$}n — A_ta;wj {:L‘}J — M{’r}xgnﬂ_

It is noted here that when the Grunwald’s approximation is used for the fractional derivative,
the Newmark parameters $; and (35 can be chosen according to the accuracy demand since
there is no restriction on the distribution of the the response {x},.

To apply Riemann-Liouville’s definition for the numerical evaluation of fractional deriva-
tives, we modify the algorithm to improve the accuracy when incorporated with the Newmark
method. Again based on equation 5.4 the fractional derivative of the relative displacement

vector can be expressed as

(D) hs = o | AT $ /(jm i (5.20)

[(1—a) | (nAt)~ j—nae (t—1)~
We now assume that the velocity within the time step is linear and thus can be specified as

{#(r)} = {i}; + w [T — At(j —1)], for (j — At <7 < jAL (5.21)
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The integral in equation 5.20 is carried out to render

/j“ ()}, Atl_a<[(n—j+1)la{g;«}j—(n—j)la{ac}jﬂ]
(

j—nat (E—1)* 1—«

N [(n—=j+1)** = (n—35)**] {i};+1 — {2};)
(1-a)2—-a) '

Therefore { D*(x) },+1 can be written in the following form:

{ZL'}I l—a

{Da<l‘>}”+1 = I'(1— a)(nAt)> + ij{‘r}J {l‘}n+1 (5.22)

where the weight factor @; associated with the velocity vector {Z}; is defined as

At At
B — F(; 3 pl-a F(Bt . [n2fa —(n— 1)27a]
- Atl_a . 2—a . 2—a —a

Equations 5.22 along with 5.23 serve as the improved L1 algorithm that provides better accuracy
when combined with Newmark’s method. Substituting equations 5.18 and 5.22 into the equation
of motion, and after some algebra we obtain the desired algorithm for computing the discretized

response {x},41:

1 B B _
(ﬂzAt2M ﬁzitc TR ['(3— a;ﬁgAt‘X C) {zhnia
1 — .. =, n - .
= AT = CPth T M., - ) s
1 51 b1 ~
i <52At2M 5 T T a)nAe C) {z}n (5.24)
+ (M G- ver— B - ne) @)
By At Ba I'(3—a) O, n
N B AT By —> )
<(2ﬂ2 1)M+(2ﬂ2 )AtC+F(37a)(2ﬂ2 )C ) {&}n.

Since the improved L1 algorithm assumes constant acceleration response, the Newmark param-
eters are set to be #; =1/2 and (5 = 1/4 in equation 5.24 and thus cannot be arbitrary.

In seismic structural analysis, the common zero initial conditions, {zo} = {Zo} = 0, give
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rise to the responses at time ¢; to be {z}; =0, {#}; =0, and {&}; = —{r}z, . The response
sequence {z}; can then be constructed in the following simple procedure. First use equation
5.24 to compute {x}2. The velocity {i}2 and acceleration {Z}s at ¢ = At can subsequently be
found by equation 5.18. Repeat these steps for each time step and we thus obtain the response

solution.

5.2.4 Modal Equations

The computational methods introduced in the previous sections are established for the original
matrix equations of motion. The same basic algorithms can also be applied in the modal
decomposition approach. Each modal equation is solved numerically and then the structural
response can be obtained by superimposing the discretized modal response. However, since the

modal equation at time ¢, written as
D"(qj)n — AjGjn = Qjns

in which ¢;, and @, denote the modal response and loading for the jth mode, involves no first
and second derivative terms, the finite difference method or Newmark’s method is of no use in
this situation. Hence a much simpler computational scheme can be developed just based on the
Grunwald or Riemann-Liouville algorithm.

Using the Grunwald algorithm, the fractional derivative of the jth modal response at time

t, can be expressed as

. 1 & 1
k=1

where the weight factor is defined as

Fn—k—v)
F(—v)In—k+1)

Wg = (526)

Plugging these expressions into the modal equation and solving for g;,, we get the following

80



formulation:

n—1
1 v
qjn = m (At Qjn — ;wm]gk) . (5.27)

Similarly, based on the Riemann-Liouville algorithm the modal response can be written in the

standard form given in equation 5.25, with the weight factors specified as

[(1 — ) (n—-1)""-m-D""Y+(n— 2)1—1/]

= T2 )
n—k— 1-v n — 1—v n— 1—v
o — [(n—Fk—1) 2g@k% +(n—k+1) ]ﬂgk§n71

The modal response gj, can then be calculated as

B T'(2-v) =

From equation 4.21 and the orthonormality relationship, the initial condition for the modal

response can be obtained by using the following equation:

{a}1 = {a0} = " A{yo}. (5.30)

The state space vector {y} consists of various fractional derivatives of the displacement which
correspond to different internal states of the viscoelastic material. These initial values are
difficult to determine, but fortunately for the special case of an initially at-rest state, which
applies to seismic analyses, {yo} = 0, and in turn it makes {q}; = 0. With the modal response
at time t¢; established, the discretized response sequence can then be built up for all 2Nm

modes. Using equation 4.21, the structural response is thus constructed without difficulties.

5.3 Analytical Approach

For earthquake input defined in digitized acceleration time history, the structural response is

carried out assuming that the ground acceleration is linear within each time step. This enables
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us to adopt the modal decomposition approach to derive an analytical solution for the seismic
structural response since the exact solutions to the modal fractional equations for linear loading
have been established in the previous chapter. Another advantage in utilizing the modal analysis
is that we can obtain any structural response of interest in a straightforward manner. While the
numerical integration technique applied to the original equations of motion only provides the
displacement response {z} and any other response quantity requires additional computational
effort, modal analysis directly calculates a given arbitrary response that is a linear combination
of the state space variables and hence minimizes the amount of computation.

Generally speaking, almost all the fundamental structural response quantities that engineers
are interested in, such as the displacement, velocity, and absolute acceleration of the floors,
bending moment or normal stress in the supporting columns, etc., are linearly related to the

state of the system, {y}. Therefore any structural response R(t) can always be expressed as

R(t) = {T}" {y(t)} = {1} ®{a(1)}, (5.31)

where {T'} is the transformation vector of size 2Nm x 1. The elements in the transformation
vector depend upon the response quantity sought, and they are defined in terms of the physical
and mechanical properties of the structural system. To obtain a desired structural response
R(t), we first solve the eigenvalue problem associated with the system and then seek the modal

response under the seismic loading. The response thus can be formulated as

2Nm 2Nm

R(t) = > ATY{w}ipaqi(t) = > njas(b), (5.32)
=1 =1
where

p; = {v}; _N(I){r} ;= {TY {¢}p;

and the modal response satisfies the following fractional differential equation:

D¥(gj (1)) = Ajqj(t) = &g(t), j=1to2Nm, (5.33)
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in which Z,4(¢) is represented by the piecewise linear ground acceleration time history. As pointed
out earlier in the derivation of the analytical solution to the fractional differential equation,
equation 5.33 only permits zero initial conditions except for v = 1, thereby preventing the
attempt of obtaining the response in a stepwise procedure as is normally done in linear time-
stepping analyses with earthquake induced ground acceleration time history. Though it is not
possible to calculate the modal response by marching from one time step to the next, a solution
does exist to equation 5.33 since the initial conditions are indeed zero at the beginning of the
motion for the entire period of Z4(t). We are, hence, obligated to consider the whole acceleration
time history as the loading function and formulate the response using the following proposed
approach.

Based on equation 4.28 the response for each mode can be written using the impulse response

function as

t m t
q(t) = / Kj(t — 7)iig(r)dr =) Mt / D' (exp(N'(t — 7)))ig(T)dr. (5.34)

0 =1 0
Because the ground acceleration record Z4(t) is simply the union of individual linear functions
from each time step, we expand the integrand and express the response at an arbitrary time ¢

in the following form:
At 2At

qj(t) = A Kj(t_T)QI(T)dT+/At Kj(t—T)QQ(T)dT+"'

(i—1)At t
+/( Kj(tT)Qi_l(T)dT+/ Kj(t*T)Qi(T)dT,

i—2)At (i—1)At
for (Z — 1)At =t <t< ti+1 = iAt, (535)

in which Q;(t) denotes the linear ground acceleration in the ith time step having a general

expression as

Qi(t) = <%> t+ (idgi — idgit1 + Zgit1) ,
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and Z4; is the digitized ground acceleration at ¢;. Rewriting equation 5.35 as

t

i—1 LAt
i(t) = K;(t —7)Q(7)dr K;(t —7)Qi(7)dr, 5.36
4 (1) l;/( (t— T)Qi(r) +/ (t— 7)Qi(r) (5.36)

I-1)At (i—1)At

we then set out to evaluate the two integrals in the above equation that involve fractional
derivatives. Noticing that the excitation Q;(t) is linear, we recall the result provided by equation

4.32 and obtain the following useful formula:

/tpl—k"<exp(A;ﬂT)>[a(t—T)+b]dT = aD ™ exp(AE))

0
+bD ™ (exp(A]'1)). (5.37)
We now let
LAt
I = / K;(t — ) Qu(r)dr, (5.38)
(I-1)At

and by making a change of variable for time shift w =7 — (I — 1)At¢ the integral becomes

I = > Kj(t— (1 — 1)At —w)Qi(u + (I — 1)At)du.
0

We recognize that because of the time shift, the forcing function @Q;(u + (I — 1)At) simply
represents the input acceleration in the [th time step expressed as a linear function with the
starting time at t; = (I — 1)At. As a result, we can replace @ by an equivalent function @ and
have

At At

fi= [ Ryl (= DA =) Quuydu = [ Kt~ (0= 1)A ) i+ P}, (539

where the constants py; and po; are defined in terms of the ground accelerations as

1

P = E(fﬁglﬂ —&g1), Dau = Zq- (5.40)

We now substitute the impulse function Kj(t) by its fractional derivative expression and make

use of another change of variables 7 =t — (I — 1)At — u to arrive at
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t—(1—1)At

L= YN DY (exp(ANT)) [pu(t — (I — 1)At — 7) + payldr
J t—IAt

m t—(1—1)At
= YN [ D et — (1~ DAL =)+ paldr

m t—IAL
2N / D exp(Af' ) [pu(t = (L = )AL = 7) + parldr

m t—(I—1)At
= > M py / D' (exp(\I'T))[(t — (I — 1) At — 7)]dr
k=1 0
t—(1—1)At

+Z)\§_1p2l/ D" (exp(A\]'T))dr

k=1 0
m . t—IAt

—Zxﬁm / D' R (exp(\'T)) [t — IAL — 7)]dr
—1 0

t—1A
—ZA?‘l(pUAt + D) / D" (exp(\]'T))dT.
k=1 0

Apply the relation in equation 5.37, and we get

A +pou DR (exp(NT(t — (I — 1)At)))

R |:p11Dk”1<exp(/\}”(t(l1)At))>

puD ™™ Hexp(\]' (t — IAY)))

(5.41)
+(PuAt + Por) DR (exp (A (t — IAL)))

S
k=1

The remaining integral in equation 5.36 can be evaluated following the same procedure, and

after some algebraic work, the modal response at time ¢ is established as

wt) = Z{i At {p uD ™ exp(X' (¢~ (1= 1)AL) }
1 {iA -1 { puD TR exp(AJ (¢ — IAL)))

b= +Ppu D (exp(NT'(t — (I — 1)At)))
] (PuAt + po) D™ (exp(NT'(t — LAL)))

1 (k=1

} . (5.42)
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The discretized modal response sequence now can be built using the above result, and we obtain

' ¢ mo | puD TP exp(AT (i — 1+ 1)At))
gGldt) = Y >N .
=1 | k=1 +pa D~ (exp(A]'(i — 1+ 1)At))
i—1 m — D—kl/—l A (i — DAt
—Z )\?_1 pu <€Xp( j (Z ) )> (543)
=1 | k=1 +(puAt + ﬁzl)kaV<eXp()\;-n(i —)AY))

Computing the modal response using equation 5.43 is found to be lengthy because there are
two summation terms to be carried out from the starting time, ¢ = 1. Hence here we offer an
alternative formulation that is somewhat more efficient. Again beginning with equation 5.35,
using a change of variable u =t — 7 we rewrite it as

t t—At

qi(t) = . Ki(u)Q1(t — u)du + /tZAt K;(u)Qa(t —u)du + - - -

t—(i—2)At t—(i—1)At
+/ Kj(u)Qi—1(t —u)du + / K;(w)Q;(t — u)du
t—(i—1)At 0

t t—At
= / Kj(u)Ql(tu)dqu/ K;(u)[Qa2(t —u) — Q1(t — u)]du
0 0
t—(i—1)At
S /0 Kj(u)[Qilt - w) — Qi1 (t — w)]du.

Switch the dummy variable u to 7 and express the above modal response in a more compact
form as follows:

%

t—(1-1)At y
Gt) = 3 /0 K ()Qi(t - 7)dr

=1

: m t—(1—1)At
= > {ZAf_l /0 D' (exp(AT'T)) [pu (t — 7) +Z321]d7} (5.44)

=1 (k=1

where the modified forcing function Ql(t) = Qi(t) — Qi—1(t) = put + Py with the coefficients

p1; and py; defined as

1

P11 = E(igz —&g1), P21 = Ig1
. 1 . . .. . .
pu = E(%Hl —2ig 4+ Zg-1), Pu=pu(l—1)At, forl>2. (5.45)
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Rewriting the integration in equation 5.44 as
t—(I—1)At
/0 Dl_k”<exp()\’]ﬁ¢)>[}5u(t —(—1DAt =74 (I — 1)At) + py]dr
t—(I-1)At
~ ju | DR exp(\Pr)) (¢ — (1 — 1AL — 7]
0
t—(1—1)At
+[pu(l — 1)At —1—1525]/ Dl_k"(exp()\TT»dT,
0

we can now use equation 5.37 again to evaluate the above integral to be
PuD ™™ Hexp(AJ'[t — (1 = 1)AL) + [pu(l — 1AL + o] D™ (exp(AJ'[t — (I — 1)AL))).

After some algebraic simplification the final expression for the response at time ¢ is obtained as

g(t) = Pud NT'D T (exp(AT'))
k=1

S {ixﬁm-kv-wexpw t— (1~ 1>At1>>} . (5.46)

=1 k=1
We thus can construct the discretized response time history using the following formula:

GiAt) = o> NTLDTR (exp(ATiAL))
k=1

l P {i)x?lel’l(exp()\}"(i — 1+ 1)At))}. (5.47)

k=1

+

Even though equation 5.47 involves less computation than equation 5.43, we notice that there
is still a summation term that has to be carried out back from the starting time ¢ = 0, and no
recursive relationship can be derived from these formulations. Therefore the response at any
time step requires calculating the fractional derivatives of exp(A7't) at all previous time steps.
This indicates that the response is an accumulated effect from the very beginning of the motion
rather than just determined by the condition from the last time interval. Physically it implies
that the response depends on the entire loading history, which is consistent with the fact that

the behavior of viscoelastic materials is memory dependent.
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5.4 Random Vibration Response Analysis

In the preceding sections we focused on getting the time history of the structural response.
Using either a direct numerical integration technique or the analytical modal decomposition
approach, we were able to calculate the response in the time domain when the input ground
motion was defined deterministically by a digitized ground acceleration time history. Since
earthquake induced ground motion is a random process, oftentimes engineers are also interested
in the stochastic analysis of the seismic response. In this section we intend to derive the
stochastic response based on random vibration analysis. An analytical formulation is developed
to calculate the mean square response of the structural system for seismic excitation described
probabilistically by the power spectral density function. This derivation is made possible by
the modal decomposition approach. Thus the response is characterized by the eigensolutions
that represent the system properties and the input spectral density function which depicts the
random nature of the earthquake ground motion.

In order to derive the mean square response of a desired structural response quantity R(t)
under stochastic loadings, we first need to obtain its autocorrelation function using equation

5.32:

2Nm2Nm

E[R(t)R(t2)] = > ) nymiEla;(t)ar(t2)), (5.48)

=1 k=1

where each modal response ¢(t) is governed by equation 5.33. We then choose to adopt the
frequency domain method to investigate the autocorrelation between a pair of modes. Consider

the Fourier-Stieltjes integral representation of the random ground motion:

B0 = [ ey, o),

—0o0

and express the modal response as

a(t) = /OtKj(tT) { / b ei“’tdeg(w)] dr

—00

_ /_ " Hy(w, £)dS, (). (5.49)
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In the above expression, H;(w, t) is the transient frequency response function defined as follows:
t .
Hj(w,t) = / K;(t— T)eﬂ“’th,
0
and it is related to the steady-state frequency response function H;(w) by
Hj(w,t) = Hj(w)e ™. (5.50)

For the fractional differential operator in the modal equation, the corresponding frequency

response function of the jth mode can be readily written as
Hj(w) = ——— (5.51)

Substituting equations 5.50 and 5.51 into equation 5.49, we have the autocorrelation function

for the modal response:

Blgat)] = [ [ M t)Hilen ) Elass, (01)dSs, ()

- / Hy(w) HE ()™M e (w) do, (5.52)

where ®(w) represents the spectral density function for the earthquake ground motion and
the asterisk (%) as superscript denotes complex conjugate. Here we again follow the common
practice in seismic response analysis by assuming that the base excitation is a stationary random
process, and the resulting mean square response is also stationary. The autocorrelation of the

response R(t) can then be expressed as
2NmMm2Nm 0o .
BIROR(@)] = Y > nyme [ Hy) Hiwe 00 (w)do. (5.53)

j=1 k=1

Hence for a stationary stochastic input motion defined by the spectral density function ®(w),

the mean square value of the response at time ¢ can be obtained by setting ¢t = to =t in the

89



above equation to render

2Nm2Nm

P(w)dw
a0l =YY o | i >0

7=1 k=1

For buildings equipped with viscoelastic dampers, supplemental damping is provided by
these dampers to further dissipate input energy from the seismic loading. Consequently there
are in general real eigenvalues, always negative, and corresponding real eigenvectors in addition
to the paired complex and conjugate eigenvalues and eigenvectors. To analyze the stochastic
response of the system, the effects from the real and complex eigenproperties need to be sepa-
rated. Let n. be the number of real eigenvalues and n, be the number of pairs of complex and
conjugate ones, with n, +2n. = 2Nm. We then divide up the real and complex eigenvalues \;

and their corresponding modal coefficients 7, as follows:
e Real eigenproperties: for j =1 to n,,

)\?Z*Ej, € >0

(5.55)
nj = 5j
e Complex and conjugate eigenproperties: for j = 1 to n.,
)\5 = aj +1i;, /\jC = a;j —if3; (5.56)

775 = a; +1ibj, njc = a; —ib;
where the superscripts r, ¢, and cc stand for real, complex, and complex conjugate.

Express the mean square response in the following form:

2Nm 2Nm

E[R%*(t)] = /_ dwz 5 Z L (5.57)

and consider these summations individually. We split the summation term over index j into
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the real and complex modes as follows:

2Nm n nr s ne a;+ib;

i L B (—iw)?” —(ay+iB;)
Z (—iw)” — A Z(—z’w)” + € - Z + aj—ib; ’ (5.58)
j=1 Jj=1 Jj=1 (—iw)” —(a;—18;)

and likewise for the summation term over index k:

2Nm n nr sk ne __aptiby
. . B o S O (5.59)
— (iw)” — \p — (iw)” + ey, — +(iw)l’afk(7al:7k 5

Plug equations 5.58 and 5.59 into equation 5.53, and we can express the mean square response

simply as
E[R%(t)] = Ryr + Rye + Ree, (5.60)

where R,, and R.. represent the response contributions from within the real and complex
modes, and R,. indicates the interaction between the real and complex modes. These response
components are defined as

©° o S el Sk
Ry = ®(w)d — .
/oo () wjz:; (—iw)” + ejZ(zw)V + e

- k=1

oo nr 5. Ne __aptiby
R.. = d(w)d S (iw)¥ — (o +iBy)
" /oo (W) Z;(iw)” + 6]‘; 4 ak—iby
J= = (iw)” —(ak—iBy,)
ny a;j+1ib;

% —_—)
Sk (—iw)” —(a;+i8,)
k= =L | T =5,
a;+ib;

00 Ne — e — e TR +ib -
Ree = / @(w)dwz (—iw) a__(_"‘iJ:Zﬂj) Z (W)”;I(:ﬁci:ﬂk) , (5.61)

. i,
N R e e crricn B R B O e ey

For each response component we expand the summation term and have the following expres-
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sions:

o nr S S
rr = o d 5 .
o /_oo (w)dew ;(iw)” +e; (iw)” + e;

ny—1 ng,
Sk Sk Sj
+Z Z {( ej (iw)” +ek+(—iw)”+ek(z’w)’/+ej

=1 k=j+1

00 nr nc ag+ib
Re = [ o ol | T
= 1 k 1 +€] ap—iby

T )y — (o —B7)

—o0
] _ aptiby
5j (—iw)” —(ar+iBy,)

o
w)? +e; ak by
(W) +e; +< 7)ok —iBy)

a;—1ib; a;—ib;
—iw)¥ —(a; =13, +(iw V—Zaj—ib’j;
ne—1 ne % %
—ww)¥—(a;+ (w)” —(ak+iBy,)
+ Z Z a;—ib; ap—iby
Py SN MR &7 = v Ty —(on—iBr)

—0o0

0 a—i—zb a;+ib;
Re = [ o) o, ) | | WP,

a a;+ib;
| T (akJrzﬂk) (iw)” ;Z“iji;rfﬂjj _ (5.62)

__apiby a4y
T =) —(ar—iBy) Ty —(a,—B;)

It can be recognized that the terms under single summation designate the effects from the
individual modes, whereas the terms under double summation specify the contributions from
the interaction between the modes, real as well as complex ones. We also notice that all these
summation terms are even functions of w. This, along with the spectral density function ®(w)
being an even function too, allows us to only carry out the integration in the positive frequency
domain.

Through extensive algebraic manipulations, the response components Ry, Ryc, and R.. can
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be formulated as follows:

R, = 2/ ales2P2 w, v, j)(Xoj; + X150 —I—ijjw —i—ng]w
—I—X4j]w +X5jjw —l—Xﬁj]w )
ny—1 ng,
—|—4/ dwz Z sispPr(w,v, 7)) Pr(w, v, k)(Xoji + Xijpw” (5.63)
7=1 k=j+1

+Xojhw + Xajpw® + Xajrw™ + Xsjrw®™ + Xgjpw®™)

Rye = / deZsj (w, v, J) Pe(w, v, k) (Yo + Yijpw”

7j=1k=1
+Ya 5w + Yajpw® + Ypw® + Yajpw®™ + Yojuw®™ + Yojpw™ (5.64)

_|_Y'8jkw81/ 4 }/gjk;wgl/ + leojkwlt)u)

o) Ne
Ree = 8 / O(w)dw P (w, v, k) (Zojj + Z1jjw” + Zojjo™ + Zajjw
0 °
7j=1

+Zajj0" + Zsjju™ + Zej i + Zrjgw™ + Zaj ™ + Zojjw™
10 11 12 13 14
+Z10j5w0" + Zugiw Y + Zigjjw ™ + Zigjiw + Ziajiw)

Nne—1 ne

+16/ dwz Z e(w, v, 7)) Pe(w, v, k) (Zojr + Z1jpw” (5.65)

J=1 k=j+1
2v 4v 5v 6v v
+Zgjkw + Zgjkw + Z4jkw + Z5jkw + Zﬁjkw + Z7jkw
+Zgjkw8V + Zgjkwgy + Zlgjkwwy + lejkwny + Zl2jkw12y

+Zlgjkw + Zl4 kw14l’)

In the above expressions the coefficients X’s, Y’s, and Z’s are constants that depend on eigen-
properties, and P,(w,v,j) and P.(w, v, j) are associated with the frequency response functions

corresponding to the real and complex eigenvalues, respectively, described by

1
P.(w,v,j) = 5.66
r(w,v, ) wiv — 26?(4}2” cosvm + e? ( )

1
P(w,v,j) = . 5.67
(,,) (a2 + B3)* + 2wt (6025; — at — 3}) + w® (5.67)
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To explicitly define these quantities, we introduce another set of constants:

[t = COS VT

fig = 3(cos ¥ + cos 24T)

ugr, = (a2 + 52)3 (ago, + b By)

uig = (af, + 0%)%[ar (0} — B7) + 2bgarBy]

gk = (0 + B7) (Bagal — 3bk33 + brai By, — aronfy)

ugr, = 6axad B, — ar(a + ;) — 4bparfi(af — B7) (5.68)
Ugp = 3aka% + 3bkﬁ2 - bkaiﬁk — akakﬁi

usk = ap(af — B7) — 2brarfBy

Usk = arog — by By,

L Utk = Gk

and then present the following formulas for calculating these coefficients:

Xojr = e?ei

Xijr = —pa(ej + ek)ef'ei

Xoji = ejei + (€ + ep)ejeni

Xsji = —pa(ej + ex) (e} + €f) (5.69)
Xuj = ejer + (€5 + €)

Xsjk = —pa(ej + ex)

Xejr =1
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_ .3
Yoje = —€juok

_ 3 2
Yiji = po(—€jurg + €5uok)

Yaji = pn(—efuar + efuir — ejuon)

Vajr, = po(—€Susg + eFuak — ejuir, + uok)

Yijr = —€Sugp + €Fusy, — ejugy + ik

Yok = po(—€Susk + e5uak — ejuzy, + ugk) (5.70)

_ 3 2
Yok = i (—€juer + efusy — ejuar + usg)
_ 3 2
Yajk = po(—€fury + eSuek — ejusk + uak)
2
Y8k = ejurg — ejuek + usk

Yojr = po(—ejuri + upk)

Zojk = UpjUok

Zyjk = Ho(uojurk + u1jlok)

Zajk = urjuig + p (Uojusk + u2juok)

Z3jk = Ho(uojusk + u1jugk + uzjuik + usjuok)

Zyjk = UojUak + UgjUsgk + Usjuior + fq (W1jusk + usjuig)

Zsji = Ho(uojusk + U1juar + ugjusg + usjusg + usjuir + usjuor)

Zgjk = U1jusk + usjusg + usjuir + g (UojUek + UgjUar + UajUok + Uejlok)

Zrik = po(Uojurk + UijUek + UzjUsy + Usjuay + Ugjusg + Usjusg (5.71)
+ ugjuik + urjuok) ‘

Zgjl, = U2jUgk + Uajlar + UejUok + py (U1jUTk + UsjUsE + UsjUSE + UTjULE)

Zyjk = g (ugjurk + ugjuek + Usjusy + Usjuay + Uejusy + Urjuag)

Z10jk = U3jUzk + Usjlak + Urjusk + fig (UajUer + UejUar)

Zi1jk = Mo (ugjury + usjuek + UejUsk + U7jUak)

Z2jk = upjuek + f1q (Usjurk + uzjusk)

Z13jk = po(usjurk + urjuek)

| Z14jk = Urjurg

Moreover, the second term in equations 5.63 and 5.65 along with equation 5.64 can be further
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expanded in partial fractions to yield

6
P’r‘(wv V:j)PT(wa v, k)Zlek(wu)l
=0

= Pr(w, V,j)(Uoj + Uljw” + U2jW2V + Ugjwsy)

+ P (w, v, k) (Uo + Urpw” + Uggw® + Uzw™),

10
Pr(w,v,5)Pe(w,v, k)Y Vijr(w")!
=0

= Pr(wv Vaj)(‘/oj + Vljwy + szjw21/ + ‘/3]""}3'/) + Pc(w7 v, k)(‘/ok + Vlk:wy

+Vorw? + Vapw® + Vigw® + Vapw™ + Vepw® 4+ Vg ™),

14
Pc(wv Vaj)PC(wv v, k)Zlek(wy)l
=0

= Pc(w7 Z/,j)(Woj + lew” + ngw2” + ngwsy + W4jw4” + W5jw5”

+Wejw® + Wrjw™) + Po(w, v, k) (Wor + Wigw” + Wopw® + Wapw™

+W4]€w4'/ -+ W5kw5y + Wﬁkwﬁu + W7kw7y),

where the constants U’s, V’s, and W’s are defined as follows:

;

J
Unj = (Xaji + €j Xoju) /(e] — e})
Usj = Xsji/(¢] — ;)
Uk = (Xojk + €4 Xajr)/ (e} — €})
Un, = (Xujk + €4 Xs51)/ (¢ — €5)
Uy, = (Xoji, + €3 Xojn) /(e — €})

Usi, = Xzji/ (e} — €)

)
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= (Yojx + € Yajn + €3 Yzjr) /€jn
vlj = (Yijk + € Vsjx + € Yosi) /€ji
= (Ya;i + €5 Ye50 + €3 Y101) /€

V3] (Ys,i + € Y73k)/ejk

= [—6arYojr + 6o Yajr — €f (Yojr — SorYajr)]/€jn

= [—6akY1jk + S0k Ysjk — €3 (Yijk — SonYosn)] /€t ? (5.76)

= [—0ar Y25k + 00rYejr — €] (Yajr — SorY105k)]/ €k

= (—6arY3jk + SoxYjr — €5 Y351)/ €k

= [ Yo,k + S0 Yajr — e}*(lﬁjk — burYsjn)l/€jn
Vi = [—Y1,k + ok Yojk — e;*(Yg,jk — 0urYojk)l/€jk
Vo = [—Y2jk + 60k Y10j% — €§(Y6jk — 641 Y105%)]/ €jk
Var = —(Yaji + €§Y758) /€
Woj = (§1jxZsjk — SojuZajr + EsjkZojk — SajkZ12ik)/ Pk
Wij = (E1jxZojk — EajiZsjr + Eajnlrjk — Eajulisin) /i
Waj = (§1j6 2105k — Eak 265k + 36225k — SajuZ14k) [ P
Waj = (§1x 2115k — Sou L7k + €3k Z3jk) [ ik
Wy = [(60j — 6ok)Woj + Zojk — 60j Zsjk + 503543212Jk]/f2gk
Wsj = [(60j — Sox)W1j + Z1jk — 00 Zojk + 005045 Z135k] /o
Wej = [(60j — Sor)Waj + Zaji — b0 Z10jk + 605045 Z14jk) /Eajn
Wrj = [(60j — dok)Wsj + Zsjk — 60j Z11jk] /S25k 7 (5.77)
Wor = (Zojr — 60xWoj)/b0;
Wik = (Z1jx — d0xW1;)/b0;
Wor, = (Zajk — 60k W2;)/00;
Wy, = (Z3ji — 60k W3;)/60;

Wik = Z1ajk — Wi,
Wsi = Zizji — W
Wek = Ziajx — W
Wap = =W
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with

boj = (a3 + 07)*

b4j = 2(603 57 — af — 37)

ejk = (f + Bi)* + 2¢} (603 5% — ot — B1) + ¢

&1k = 005 (80j — dok)

ajk = 00j(045 — Oar)

E3j = 04;(645 — dar) — (80 — bok)

ik = 005(00j04x — Oorday)

i = (05 — Sok)” + 80j07y, + Sord%; — Saj6ar (0 + box)

(5.78)

To obtain the mean square response, the integrals in equations 5.63, 5.64, and 5.65 need to
be evaluated numerically, and keep in mind that ¥ = 1/m is a fraction. Introducing the set of

response integrals

Ly = /0°°q>(w>Pc<w,u,j>(w”>’dw
Ly = /Omcb(mpfw,u,j)(w”)ldw
Ty = /0 ” () Pa(w, v, ) (")

Joj = /OOOCI)(w)Pf(w,y,j)(w”)ldw, (5.79)

we now have the final formulation for the mean square response written in terms of the system

eigenproperties and stochastic characteristics of the input ground motion as follows:

nr—1 n,

E[R*(1)] = QZZS - X155 )21 +4Z Z ZS;Sk UijJuj + Uik Juik)

j=11=0 j=1 k=j+11=0
Ny MNe ne 14
+8) > s (ZVU Juj + me) +8Y > Zyjily;
Jj=1k=1 j=11=0
Ne—1 ne
+16) D Z Wiss + Wiklug) - (5.80)

j=1k=j+11=0

There are a couple of issues worth mentioning regarding the stochastic response analysis

before we close out this section. The formulations developed for calculating the mean square
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response resemble those derived for linear structural systems in a lot of ways. However, be-
cause of the fractional damping terms, the state space equations are augmented and, depending
on the fractional order v, the system in the state space can become extremely large, even for
a single degree-of-freedom oscillator. Moreover, the glaring difference in analyzing structures
with fractional derivatives is that the modal frequencies and damping ratios are almost im-
possible to recover from the eigensolutions. Even in the simplest case with semiderivatives
where the eigenvalue can be solved symbolically in terms of the frequency and damping ratio,
the relationship is so complicated and convoluted that one cannot extract the frequency and
damping information from the eigenanalysis. The drawback, consequently, from this result is
that we are not able to develop the response spectrum approach to obtain the maximum, or
design, response using the readily available ground spectra as seismic inputs. From this aspect,
the general linear model for which a response spectrum approach is available is probably more

suitable in practice.

5.5 Numerical Study

To demonstrate the capabilities of the approaches developed in this chapter, the formulations are
used to study the seismic response of an example shear building. Response results computed by
different computational schemes are compared with the response time histories obtained by the
analytical method. Next we examine the response reduction effect of the added VE dampers. A
parametric study is also conducted to evaluate the effects of various system variables. Last, we
use the random vibration formulation to calculate the root mean square response of a simple sys-
tem.
Example structure-damper system

A 4-story shear building is used as the main structure in our study, and the mechanical
properties of the building are listed in Table 5.1. Based on the assumed modal damping
ratios, we construct the damping matrix required in the equations of motion using the following

equation:

C =M, [26w]®IM (5.81)
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Table 5.1: Mechanical properties of the example 4-story shear building

Mass (Mg) Stiffness (10° N/m)
Floor 1 40 18
Floor 2 40 12
Floor 3 36 12
Floor 4 36 10
Frequency (Hz) Damping
Mode 1 1.070 0.02
Mode 2 2.889 0.02
Mode 3 4.387 0.02
Mode 4 5.289 0.02
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in which [26w] = diag(28;w;), M is the mass matrix, and ¥, is the eigenvector matrix for
the main structure. The viscoelastic material in the damper is a 3M-ISD112 acrylic poly-
mer. The parameters for the selected material based on the fractional Kelvin model from
testing data are o = 0.6 = 3/5, Go = 0.8 x 10> N/m?, and G; = 7.2 x 10° sec®S N/m?.
Three dampers are installed at each floor and the dimensions of each damper are A = 200
em? for the shear area of the cross section and h = 1.5 cm as the thickness of the vis-
coelastic pad. All dampers are installed as braces between the floors at a 45° angle. For
the given fractional order «a, the primary fraction is v = 1/5 with the denominator m =
5. Hence for this structure-damper example, the size of the system matrices in the state
space is 2Nm = 40. The eigenanalysis of this system reveals that there are 2 real eigen-
values and 19 pairs of complex and conjugate ones; these values are given in Table 5.2.
Seismic inputs

For the stochastic input of the earthquake induced ground motion, the commonly used
Kanai-Tajimi model is adopted with the ground spectral density function defined in the follow-
ing form:

w‘; +4 gwguﬂ

Blw) — 5.82
(W) = 5 (wg —w?)2 4 4ﬂgwgw2 ( )

where sy, 3,4, and w, are the ground parameters. We use the set of values (8q, By wg)1 =
(7.874 x 107* m?/sec?® /rad, 0.32, 23.96 rad/ sec) for obtaining the frequency integrals in the
random vibration analysis to calculate the mean square response.

For seismic input that is defined as a ground acceleration time history, equation 5.82 is used
to generate an artificial accelerogram. The synthetic earthquake ground motion is produced by

superposing harmonic waves with random phase angles:

i) = Zk VAAWD (wy,) cos(wit + ¢y). (5.83)

The time series Z4(t), which is compatible with its spectral density function ®, is then modu-

lated to render Z4(t) by a deterministic envelope (t) to simulate the build-up, strong motion,
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Table 5.2: Eigenvalues of the example structure-damper system

System eigenvalues

| real part | imaginary part |

2.0853 4 0.9059
1.9873 + 0.8478
1.7967 4 0.7388
-1.4088 + 1.8302
1.3362 + 1.7435
-1.1951 + 1.5733
0.3518 + 2.1467
0.3005 + 2.0396
0.2136 + 1.8450
1.4306 + 0.5425
0.0909 4 1.4793
0.8914 + 1.3824
0.8321 + 1.3353
0.7956 + 1.2718
0.7741 + 11221
-0.9274 + 1.2442
-1.3763 + 0.3438
-1.6906 4 0.2860
-1.7886 + 0.1499
-1.6280

-2.0257
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and decay stages usually observed in earthquake records:

(t/t1))? 0<t<t
Bg(t) = k(t)ia(t), K(t)=q 1 t1<t<ty (5.84)

6—0.25(t—t2) t Z t2

in which a parabolic build-up phase, a strong motion phase with amplification factor equal to
one, and an exponential attenuation phase is implemented in our work. Here we generate two
acceleration time histories. The first ground motion is a 15-second time history with the set of
parameters (sg, (,, wy)1 given above and (t1, t2) = (3 sec, 10 sec). The second ground input
is a 24-second time history for which (sg, B,, wg)2 = (1.908 x 107 m?/sec® /rad, 0.36, 23.5
rad/sec) and (t1, t2) = (2 sec, 12 sec). These two synthetic acceleration time histories are
shown in Figure 5-1. For these two accelerograms, the maximum ground acceleration level is
0.128¢ for the first set and 0.423g for the second set. These two ground records are used in the
time history analyses.
Comparison of computational methods

Various computational techniques have been developed to obtain the response time history
for the structural system in this chapter, and here we compare the results by these different
methods with the analytical solution to evaluate their accurateness. We consider all six direct
integration schemes: G1 algorithm and L1 algorithm combined with finite difference method
applied to the matrix equation of motion, denoted here by G1FD and L1FD, G1 algorithm
and L1 algorithm combined with Newmark’s method applied to the matrix equations, GINM
and L1IMN in shorthand, and G1 algorithm and L1 algorithm applied directly to the modal
equations, designated as Glmodal and L1modal . For the example building, we solve for the
floor displacements {x} and the responses are plotted in Figures 5-2 through 5-7. Graphically
the response curves by all numerical approaches are very close to the analytical solution and the
differences are barely detectable. We thus examine the peak response for all the methods and
make comparisons. With the maximum values of the floor displacement tabulated in Table 5.3,
we reach the same conclusion that all the numerical schemes provide quite accurate response
results. Both Newmark methods give excellent estimates while Glmodal performs the worst,

relatively speaking, with the largest error around 7%. It is also noted that the responses by
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Figure 5-1: Synthetic earthquake ground acceleration time history
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Figure 5-4: Floor displacement response by GINM and analytical approach
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the finite difference methods are greater than the analytical values, while using the modal
equations seem to underestimate the responses. Though the analytical solution is available, its
computation takes an extremely long time, so in practice, because any of these computational
method is acceptable, the numerical techniques may be more attractive to designers.
Response reduction effect of VE dampers

In the seismic design procedure, the critical design value is the peak response of the struc-
tural system. Using the analytical formulation based on modal superposition, we can obtain the
maximum value of a desired response from the computed time history. We then calculate the
maximum response for the same response quantity for the shearing building without the added
VE dampers, and this is accomplished by using the classical modal analysis. The response
reduction effect can then be examined by comparing these results. Here the 15-second ground
motion is used as the seismic excitation and we choose three important response quantities
in seismic designs: displacement and absolute acceleration of the floor, and story shear in the
column. The time histories of these responses with and without the dampers are plotted in
Figures 5-8, 5-9, and 5-10. The response is significantly lower when the dampers are included
in all cases, a verification of the effectiveness of the viscoelastic dampers in reducing the overall
structural response. Table 5.4 summarizes these peak values of the response with and without
dampers for comparison. We also show quantitatively in the table the percent reduction in the
response, and we notice that the maximum responses in the structure are reduced by at least
50%, as high as close to 80%, and in general the reduction is in the range of 60 to 70%.

To further demonstrate the proficiency of the added dampers in reducing the overall struc-
tural motion, we use the absolute acceleration time history of the floor as the base input to
produce the floor response spectra. Figures 5-11 through 5-14 show the spectra plot of each
floor. We notice from these curves that overall the spectra display considerable decrease, and
the more significant feature is that there are no really pronounced spikes in the floor response
spectra. when dampers are equipped, except for one hump in the spectrum plot for the first
floor. This indicates that with viscoelastic dampers installed in the primary structure, the seis-
mic response of the secondary system placed in the building also decreases and this response
reduction is most significant at the frequencies of the main structure.

Effects of system variables on response reduction
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Table 5.3: Comparison of the maximum response of floor displacements obtained for all methods

Response of floor displacements (m)
| Method | Floor 1 | Floor 2 | Floor 3 | Floor 4 |

analytical | 0.01611 | 0.03384 | 0.04670 | 0.05432
G1FD 0.01622 | 0.03421 | 0.04731 | 0.05510
L1FD 0.01616 | 0.03397 | 0.04690 | 0.05457
GINM | 0.01618 | 0.03410 | 0.04719 | 0.05496
LINM 0.01610 | 0.03380 | 0.04666 | 0.05427

Glmodal | 0.01534 | 0.03175 | 0.04336 | 0.05018

Llmodal | 0.01593 | 0.03335 | 0.04599 | 0.05346
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Figure 5-8: Response of the floor displacement including and excluding VE dampers
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Table 5.4: Maximum floor response and the corresponding response reduction

Displacement (m)

with VE damper | no VE damper | reduction (%)
Floor 1 0.0044 0.0111 60.4
Floor 2 0.0087 0.0242 64.0
Floor 3 0.0112 0.0328 65.9
Floor 4 0.0129 0.0403 65.0

Absolute acceleration (m/ sec?)

with VE damper | no VE damper | reduction (%)
Floor 1 1.072 2.205 51.4
Floor 2 0.862 2.828 69.5
Floor 3 0.897 2.499 64.1
Floor 4 1.195 3.200 62.6

Story shear (kN)

with VE damper | no VE damper | reduction (%)
Floor 1 80.18 200.3 60.0
Floor 2 51.60 164.8 68.7
Floor 3 39.85 141.7 71.9
Floor 4 20.49 115.7 82.3
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The reduction of the structural response is obviously influenced by the parameters of the
system, and to gain some knowledge of their effects we carry out a parametric study. However,
since it is impractical to analyze a full-scale system with a large number of factors involved, we

investigate a single degree of freedom case that has a simpler governing equation:
&+ 2w2 D (x) + 2Bwnd + Wiz = —i,(t). (5.85)

The fractional damping is written in such a way that it offers a dimensionless fractional damping
ratio ¢, in consistency with the viscous damping ratio 3, and ( is defined as
c
¢ = (5.86)

2mw2

in which ¢ is the fractional damping coefficient. Note that ( = 1 is not associated with ”critical”
damping; in fact there is no special condition corresponding to ¢ = 1 and ( is merely a measure-
ment of fractional damping’s strength. Here several simple analyses are conducted for studying
the effects of the fractional damping, the fractional order, and the natural frequency of the
system. The 15-second ground acceleration time history is used as the seismic input to obtain
the maximum value of the displacement response x. In examining the effect of the excitation
frequency, we use a sinusoidal input to simplify our analysis, and different peak responses are
obtained by varying r, = Q/wy, with Q as the driving frequency. In all cases, the acquired
result is divided by the maximum response computed by excluding the fractional damping term
to get the response percent reduction.

Presented in Tables 5.5, 5.6, and 5.7 are a composite of response reduction results for
various combinations of parameters. After sorting these results we offer some representative
plots to get a better sense of the effects of these variables. Figure 5-15 shows that for a given
« response the reduction increases as the level of fractional damping is raised. However, when
the inherent viscous damping in the system is large, the reduction becomes less significant. In
Figures 5-16 and 5-17, we notice that the response reduction is improved when the fractional
order is increased, yet the improvement is limited. When the fractional damping is dominant
enough, varying other parameters hardly has any effect since the response is already greatly

reduced. The damping effects on the reduction of response can be recognized without much
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Table 5.5: Response reduction for various dampings

Response reduction (%): natural frequency w, = 10 rad/sec

| ¢=005][¢=05] (=1 | (=5 [(=10 |
B=002] 347 66.7 71.7 94.0 97.3
a=1/3[3=005] 234 51.3 58.9 91.1 96.0
B=01] 116 31.4 42.9 87.0 94.1
3=0.02] 399 69.0 76.8 95.2 97.7
a=1/2[3=005] 28.0 54.7 66.2 92.8 96.7
B=01] 111 36.5 52.6 89.4 94.9
3=002] 413 70.3 79.1 95.5 97.7
a=3/5[B3=005] 204 56.7 69.4 93.3 96.6
=01 ] 10.7 39.3 56.9 90.2 95.0
3=002] 424 71.2 80.4 95.6 97.6
a=2/3[B3=005] 306 58.1 71.4 93.4 96.4
B=01] 105 41.2 59.6 90.3 94.6
3=002] 436 72.7 82.5 95.0 97.1
a=4/5[B3=0.05] 318 60.3 74.4 92.5 95.7
B=0.1] 10.1 44.5 63.8 89.0 93.6
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Table 5.6: Response reduction for various natural frequencies

Response reduction (%): (= 0.03
| | ¢=005][¢=05] ¢=5 |

a=1/3] 10.0 61.9 89.3
a=1/2| 131 65.7 92.6
wn=5 | a=3/5| 143 67.3 94.1
a=2/3| 152 68.2 945
a=4/5| 164 69.6 938
a=1/3] 30.0 61.2 93.0
a=1/2| 347 63.9 943
wn=10[a=3/5] 362 65.4 94.7
a=2/3| 373 66.5 9438
a=4/5| 389 68.3 94.1
a=1/3] 751 69.3 96.6
a=1/2| 137 704 96.7
wp=20]a=3/5] 150 70.7 96.6
a=2/3] 17.0 71.0 96.4
a=4/5| 194 711 96.0
a=1/3] 422 772 96.8
a=1/2| 434 76.7 96.6
wn=30 | a=3/5] 425 76.0 96.4
a=2/3| 422 75.0 97 8
a=4/5| 40.7 73.2 95.6
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Table 5.7: Response reduction for various harmonic excitation frequencies

Response reduction (%): 8 = 0.03 wy, = 10 rad/ sec
| [¢=005]¢=05] ¢(=5 |

r, =02 533 33.4 83.7
a=1/3[r,=08| 270 79.4 97.1
Tw =3 | 3.49 25.1 75.0
7o =02 450 25.1 777
a=1/2[r, =08 280 79.4 96.7
re =3 | 4.15 285 82.3
ro =02 3.67 20.2 73.2
a=3/5[r,=08| 275 78.9 96.4
rw =3 | 421 30.1 83.7
ro=02] 3.19 17.1 69.8
a=2/3[r,=08| 270 78.2 96.2
rw =3 | 4.52 315 845
re=02] 234 11.3 61.9
a=4/5[r,=08| 253 76.8 95.8
rw =3 | 4.88 33.9 85.9
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Figure 5-15: Response reduction vs. fractional damping with varying viscous damping
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Figure 5-16: Response reduction vs. fractional damping with varying fractional order

126



-~ 4 2 4 —$—
A
80 A/_‘/..—/-*—/4
S 60 -
[
§e]
°
=}
B 40 ./o/*/_./.
e
—e— (=005
—.— =
20 | E - 0.5
B=0.02 —v— (=5
o, =10rad/sec | —®— (=10
0 T T T T
0.33 0.4 0.5 0.6 0.7 0.8

Fractional order, o

Figure 5-17: Response reduction vs. fractional order with varying fractional damping
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difficulty as illustrated by the above outcome. The frequency effects, on the other hand, are
more complicated. The response reduction results in Figure 5-18 show no particular pattern.
For high fractional dampings the reduction varies little with the frequency, while the reduction
fluctuates noticeably when the fractional damping is low. The fractional order displays no
definitive influence on the response reduction either, from Figures 5-19 and 5-20, when the
system frequency changes. For any fractional order, w, = 10 rad/sec produces the least
reduction value. The reduction decreases and then increases as the system becomes more
stiff, and the plot (Figure 5-19) suggests that at low frequency range, the larger fractional
order produces greater reduction, and past a transition region, the opposite holds true in the
high frequency range. When a harmonic loading is applied, it is observed from Figure 5-21
that significant reduction occurs when the frequency ratio is in the neighborhood of unity,
indicating that the presence of fractional damping greatly suppresses the resonance effect in
vibration. We also notice from Figure 5-22 that the reduction is about the same when r,, is
close to 1, independent of the fractional order, while increasing the fractional order lessens the
reduction for r, < 1 and raises the reduction level for r, > 1.
Stochastic response

The last part of our numerical study is to calculate the root mean square response of the
structural system using the random vibration formulation. Since the computation becomes
extremely laborious for a large system, here again we only demonstrate the proficiency of the
method on a single degree of freedom case described by equation 5.85. The system parameters
are chosen to be a = 3/5, wy, = 2 rad/sec, B = 0.02, and ¢ = 1, for which the corresponding
eigenvalues are listed in Table 5.8. The power spectral density function defined in equation 5.82
is adopted to represent the random ground motion input with the first set of ground parameters
(g, By wgq)1 specified earlier. We obtain the root mean square response for the displacement
and absolute acceleration, and the results are y/E[22(t)] = 0.00879 m and /E[#2(t)] = 0.1114

m/ sec?.
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Figure 5-18: Response reduction vs. natural frequency with varying fractional damping
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Table 5.8: Eigenvalues of the example single degree of freedom system

System eigenvalues

| real part | imaginary part |
-0.8042 + 1.0434
0.2030 + 1.2261
1.1897 + 0.5182
0.4671 + 0.7646
-1.1597
-0.9514
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5.6 Summary

In this chapter we focused on developing numerical as well as analytical formulations to calculate
the seismic response based on the fractional derivative model. For earthquake input specified
by a ground acceleration record, we offered six computational schemes: G1FD, L1FD, GINM,
L1INM, Glmodal, and L1modal using the G1 and L1 algorithms as the basis. We also derived
an analytical solution to obtain the response time history based on modal superposition. For
ground motion characterized by a random process with a spectral density function, we used
the random vibration analysis to obtain an expression for calculating the mean square response
for the structural system. Numerical results were then presented for both single and multiple
degrees of freedom systems to demonstrate the applicability of these proposed approaches.
Since calculating the random response for a multi-degree of freedom system involves extremely
lengthy numerical integrations, here the results were obtained only for a single degree of freedom

oscillator.
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Chapter 6

Seismic Response by General Linear

Model

6.1 Introduction

In the response analysis of structures equipped with solid viscoelastic dampers, the dynamic
characteristics of the viscoelastic material used in the damper need to be accurately depicted.
The fractional derivative model that we have adopted in our study is capable of capturing the
frequency dependent property of the material quite precisely. The model offers a compact equa-
tion that relates the force and deformation of the damper and can be readily incorporated into
the equations of motion. There is, however, a major disadvantage in the fractional derivative
model and that is the tremendous mathematical complexity in the calculation of the system
response, as evidenced in our investigation presented in the preceding chapters. Therefore it
is not entirely suitable for engineers in practice to implement such an approach to analyze or
design structures with added solid VE dampers. As a result, a model that not only can cor-
rectly describe the frequency dependency of the viscoelastic material and also is analytically
convenient to work with is preferred.

In this chapter we provide an alternative approach to analyze the seismic structural response
by using the general linear model for the solid viscoelastic dampers. The constitutive relation
in the viscoelastic material based on this model consists of a series of higher order derivatives

operating on the shear stress and strain, as shown in equation 2.1. In order to develop the
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formulation for computing the structural response that is simpler to apply than that based on
the fractional derivative model, we choose to use a Kelvin chain as the physical representation
for the viscoelastic damper corresponding to the differential constitutive equation depicted by
the general linear model. The analysis then comprises basically two phases. The first part
involves the determination of the stiffness values of the springs and the damping coefficients
of the dashpots through a least-square curve fitting procedure. With the dampers represented
by the Kelvin chain model, in the next stage we use a set of auxiliary variables to specify
the displacements of those internal elements and derive the equations of motion based on
the energy approach. The resulting system of equations can be assembled in the state space
to render a self-adjoint form that permits us to utilize the familiar modal analysis method.
As a result, the structural seismic response can be calculated efficiently. To advocate this
approach of employing the general linear model, we conduct a numerical study using the same
example building examined in the previous chapter and demonstrate that the response results

are consistent with those obtained from the fractional derivative model.

6.2 Mechanical Analog for General Linear Viscoelastic Material

The viscoelastic behavior is conventionally described by the general linear model through the

constitutive relation given by the following standard form:

Ml M2
dmT(t d™y(t
7(t) + > D d;S) = Gor(t) + Gn—dzrs), (6.1)
m=1 n—

where D,, and G, are positive coefficients with My = M; or Ms = M; 4+ 1. The frequency
dependency of the material can be properly captured when sufficiently many derivative terms
are included in the above differential equation. The constants in equation 6.1 are traditionally
determined from the experimental data using a curve fitting process, and it is apparent that
finding these coefficients becomes effortful as M; and M, increase. With D,, and G,, deter-
mined, the force-deformation relation in the damper is then established and can be combined
into the equations of motion. This straightforward procedure, however, inevitably produces
higher order differential equations of motion and makes the response solution laborious. To

avoid such issues, instead of working directly with equation 6.1, we consider the mechanical
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analog corresponding to the constitutive equation for the material and use this physical model
as the basis for our response analysis.

Though the mechanical representation for a given constitutive equation is not unique, two
standard analogs are typically employed for the linear viscoelastic behavior of materials and
they are the generalized Kelvin chain and Maxwell ladder as shown in Figure 6-1. In our study
we elect to use the Kelvin chain as the mechanical analog to model the viscoelastic dampers.
It can be shown that for the common solid viscoelastic materials that exhibit instantaneous
deformation when the loading is applied, it is required that M; = My and Gg # 0, and the
Kelvin chain thus contains an individual spring and a number of Kelvin elements in series with
no inclusion of the individual dashpot, as shown in Figure 6-2. That is, if the mechanical
property of the viscoelastic damper is characterized by equation 6.1 with M; = My = M,
then the corresponding Kelvin chain has one spring and M Kelvin elements. There are in total
2M +1 coefficients in the differential equation and accordingly 2M + 1 parameters in the Kelvin
chain that consists of M + 1 spring constants and M damping coefficients. Consequently it is
referred to as a (2M + 1)-parameter model.

For a general (2M + 1)-parameter model our first task is to express the coefficients D,, and
Gy, in the differential equation in terms of the parameters for the springs and dashpots in the
Kelvin chain. Here we use a 7-parameter (M = 3) model to derive the relationships and the
procedure can be extended to any value of M. Consider the system shown in Fig. 7.2 with
one spring and three Kelvin elements. We can write the constitutive relations for each separate

piece as

[ f = kobo
f=kib1+c1by
f = kaby + c2bs

| f = ksbs + css

where f is the force provided by the damper and §; denotes the deformation of each element.

Clearly the sum of the deformations from the entire assembly gives the deformation of the
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Figure 6-1: Generalized Kelvin chain and Maxwell ladder as the mechanical analog for vis-
coelastic materials
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damper, 6 = 61 + 02 + 63 + 84. Take the Laplace transform of the above set of equations:

[ F = kAo
F=kA + 18

F = ko/Ag + co8/A\g
L F = k3Ag + c35A3

in which F' = L[f] and A; = L][§;], and after multiplying each equation by appropriate factors

and adding all equations together we get

{ko(k1 + c15) (k2 + c25) + ko(k1 + c18) (k3 + c38) + ko(k2 + c25) (k3 + c35)
+(k’1 + 618)(]{72 + 628)(]{73 + CgS)}F (62)

= ko(kl + 018)(k2 + CQS)(kg + CgS)A

where A = Ay + Ao+ Az + Ay = L]§]. After expanding equation 6.2, taking its inverse Laplace
transform, and recalling f = 2A7 and 6 = hvy in which A and h are the cross-sectional area and
the thickness of the viscoelastic pad, we compare the resulting expression with the standard

form and arrive at the following set of equations:

Dy =ke[c (kg' + k' + k") +ch (ko' + ki + k3t + oy (kg + B+ kY]

Dy = ke [c)ch (ko' +k3t) + iy (kg + kyt) + cheh (kg * + kY]

D3 = keccychkg !

Go = (h/2A) ke (6.3)
= (h/2A) ke (¢} + &, + %)

Ga = (h/2A) ke (¢ cy + e + chchy)

= (h/2A) kcc chey

in which ¢, = ¢;/k; and ke = (ko_l + kl_l + k;l + kzg_l)_l is the equivalent stiffness of the
system. Through similar procedures we can generalize the above result for an arbitrary M to

formulate the relation between the coefficients in the constitutive equation and the parameters
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in the Kelvin chain analog as follows:

b(M,i)
Di = ke PHIHLM) (k= SHE 'Y, M), i=1toM (6.4)
j=1
b b(M,i)
Gi = ke ]z_; P}, M,i], i=0toM (6.5)

where again ¢, = ¢;/k;, the equivalent stiffness of the damper k. = (Zf\i ok 1) 71, and b(M, 1)
is simply the binomial coefficient and b(M,i) = 0 if ¢ = 0. There are also two new symbols in
equations 6.4 and 6.5 that require definitions and some explanation. First, {¢'} is an abbreviated
notation for the set {c}, cy, - ,cy,} and similarly {k='} for {k; ', ky !, - - ,kjé,l}, and notice that
ko' is not included in the set of {k~'}. Then P [{c'}, M, 1] designates the product of any i out
of M elements in the set of {'}. Likewise S[{k~'}, M, 1] is the sum of i elements from {k—'}
and they have to be the same combination of i elements corresponding to those in P [{¢'}, M, i].

We also note that for each coefficient D; and G; there are b(M, i) terms to be added and that

is because there are b(M, i) distinctive possibilities when forming P [{¢'}, M, 1].

6.3 Curve Fitting

To capture the frequency dependency of the viscoelastic damper, the coefficients in the con-
stitutive equation have to be chosen to best fit the experimental data. Because we use the
Kelvin chain analog to represent the damper, here, through the same curve fitting process, we
aim to find the optimal parameters in our physical model, namely, the spring constants (k’s)
and damping coefficients (c¢’s), that best match the results from the dynamic testing of the
viscoelastic material. Based on the general linear model, the complex modulus of the material

can be written as follows by taking the Fourier transform of equation 6.1:

_ ]:[7-]("‘})_ (W) 4 iG" (w
Gl) = T~ o) +i6"
(Go — Gow? + Gyw* — -+ ) +i(Grw — Gsw?® + -+ +)

(1 — Daw? + Dyw* — ) +i(D1w — D3wd +---)

(6.6)

The real part of the complex modulus is the storage modulus (G’), which represents the stiffness

property of the material. The imaginary part is called the loss modulus (G”) and it is associated
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with the energy dissipation and thus damping. We can determine the parameters in the Kelvin
chain by fitting the storage and loss moduli, which can be expressed in terms of k; and ¢; through
equations 6.4 and 6.5, to the modulus-versus-frequency plots generated from the testing data.
Let the errors between the experiment (G, and GY) and the model be expressed as ¢, = G, — G’
and e/ = G —G" at a given frequency w;. The sum of the squares of the errors over the desired
range of frequency is simply S, = > {(e§)2 + (e} )2} , which is a highly nonlinear function of the
parameters k; and ¢;. Minimizing the quantity S, yields the optimal set of parameters sought,
and this can be achieved using any suitable optimization routine. Notice that one can find a
set of coefficients D,, and G,, through a similar curve fitting procedure and then solve for the
parameters from equations 6.4 and 6.5. This, however, is not recommended since both steps

are complicated due to the nonlinearity in our problems and also we have no use of D,, and

G, in the structural analysis.

6.4 Equations of Motion

As mentioned in the foregoing discussion, the dynamic response analysis can be performed
by simultaneously solving the equations of motion of the original structure along with the
constitutive differential equations for the dampers. This type of analysis is more complicated
than desired. The combined equations can be cast in the form of first order state equations.
These equations generally turn out to be non-self-adjoint, and thus complicate the analysis.
However, with the aid of the mechanical analog for the viscoelastic damper, we can carry out
the seismic response analysis much more efficiently. Here we adopt the energy approach to derive
the system equations of motion including the VE dampers which are represented by the Kelvin
chain. Consider a shear building with diagonal viscoelastic dampers installed between floors, the
same as the one in Figure 4-1. To completely describe the motion of the dampers, we introduce
a set of auxiliary displacement coordinates {z}; that designate the dynamic deformation of
each internal element. As shown in Figure 6-3 for a viscoelastic damper modeled by a general
(2M + 1)-parameter Kelvin chain, z;; indicates the horizontal displacement relative to the
ground at the interface between the jth and (5 4+ 1)-th element in the damper that is located
between the (i — 1)-th and the ith floor. Index ¢ thus ranges from 1 to IV, the number of floors
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Figure 6-3: Auxiliary coordinates for the displacements of the internal elements in the Kelvin
chain
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and also the structural degree of freedom, and index j ranges from 1 to M, the order of the
constitutive differential equation for the damper.

Using the auxiliary variables z;; and the displacement coordinates x; that define the relative
motion of each floor, we can formulate the kinetic energy 7', potential energy V, and dissipation

function D as follows:

|
T = ) gmildi+ i)’
i=1
| M1
Yy = Zikf (25 — zi-1)* + Z {5"‘7?0 (21 — @i—1) cos 0;]°
i=1 i=1
M1 1
+ 3 5k (i — 2ig) cos 0 + Sk [(ws — 1) cos 042} (6.7)
j=1
N N (-1 1
D = Zﬁcf (& — di-1)* + Z Z 56% [(2ij+1 — %ij) cos 0;])% + ich (4 — Zinr) cos 0,7 3
i=1 i=1 | j=1
in which k* and ¢® denote the structural stiffness and damping, and {kg, k¢, -+, k¢,} and
{cd,cd - cd,} are the spring and dashpot constants of the damper, the very parameters

determined through curve fitting for the Kelvin chain. Notice that there are NM extra degrees
of freedom in addition to the IV degrees of freedom from the original building. Apply Lagrange’s

equations for the total N + N M generalized coordinates, and we get

miZ; — cjii1 + (¢ + iy )@ — i1 — kw1 + (K] + kv — k2
+ CimEi + (kiy1,0 + kine)Ti — Gz — kig1,0%i11,1 — kimzivng = —midy, i =1to N.
Gi1zin + (kio + ki1)zin — €inziz — kioxi—1 — kirzig =0

(Cij + Cijj+1)2i + (Kij + Kiji1)zij — Cij2ij—1 — Cij1Zigt1 — Kijzij—1 — Kij+12i5+1 %

—~
=

) B )
(Gim—1 + Gina)zing + (ki m—1 + king)zing — G M—1%i M1 — CGiMEi
*Einflzi’MflflziiMiL‘i:O, t=1toNand j=2to M —1

in which ]_ﬂij and ¢;; are the stiffness and damping contribution provided from the dampers by

taking account of their orientations, and are defined by

Eij:cgjcos?&,j:Oto M; l?:ij:kfljcos20¢,j:1to M,andi=1to N. (6.9)
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Equation 6.8 can be written in matrix form, and the resulting equations of motion for the

structure-damper system are given explicitly as follows:

M{#} + (C+ Can){i} + (K + Ky + Ko){x}
~Ky{zh — Cu{zbn — Kur{z}bu = —M{r}i,
Ci1{¢h + (Ko + Ky){z}1 — C1{2}2 — Ki{2}2 — Kg{x} =0
(Cj1 + Cy){2}; + (K1 + Kj){z}; (6.10)
= Cj1{2}j1 = Ci{2}jm — Kja{e}j1 — Kj{z}ju=0for j=2to M -1
(Cyvr—1+ Can) {2} + (K1 + Kar){z}m
— Cry—1{tm—1 — Cu{d} — Ky—1{z}p—1 — Kn{z} =0

In this matrix equation of motion, M, C, and K are the regular mass, inherent damping, and
stiffness matrices of the structure, C; = diag(¢;;) for j = 1 to M, K; = diag(k;;) for j = 0 to

M, K, = diag(kag, k3o, - - - , kno,0), and an unsymmetrical matrix K; defined as

_ kno, form=1toM —1landn=m+1
Kbmn:

0, elsewhere
We notice from the equations of motion that because only the first and the last internal elements
in the Kelvin chain are attached to the building, the displacement coordinates {x} are coupled
with {z}1 and {z}as, and hence the equations for these two auxiliary variables are expressed

separately.

6.5 Seismic Response Analysis

With the equations of motion constructed, in this section we formulate the modal analysis
approach for calculating the response of the shear building induced by the earthquake ground
motion. To develop such a method, we first pose the matrix equations of motion in the state

space. Define the state vector {y} to include the auxiliary coordinates in the following manner:

{v} = Hab {eh {2de, - Azdan {21} (6.11)
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Each auxiliary displacement vector {z}; comprises the internal displacements at the jth in-
terface in the Kelvin chain analog for the damper assembled from all floors, that is, {z}; =
{215,225, -+ ,2znj}. The total number of degrees of freedom in the state space for this aug-
mented structure-damper system now becomes (M +2)N. With some rearrangements of terms
and an identity equation, equation 6.10 can be recast into the following state form:

Al ],
W -Bly=- (6.12)

where the state matrices are defined as

[ c o “Cy M|
0 C -C; 0 0 0
—-C; C1+Cy C, 0 0
A = : 0 -Cy; Cy+Cs; . 0 : (6.13)
0 —Cur-1
-Cy O 0 —Cp-1 Cy-1+Cy O
M 0 0 0 0
R K 0 0 R 0
KI' —-Ko-K; K, 0 0 0
0 K, -K; - K, K- 0 0
B = 0 K> ~-Ky — K3 0
0 0 Ky 1
K 0 0 Ky 1 Ky 1-Ky 0
0 0 0 0 M

(6.14)

with C = C+ Cj; and K = K + K + K. It is noted that both the state matrices A and B
are symmetrical, and therefore the system is self-adjoint. Equations 6.13 and 6.14 are written
for dampers modeled by a general (2M + 1)-parameter Kelvin chain. However, the 3-parameter

(M = 1) analog is a special case for which the state matrix B has a slightly different form since
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it is compressed, and it is provided here:

B-| R+K' —RKo-K 0 |. (6.15)

The self-adjoint state equations of motion derived above allow us to adopt a modal analysis
approach similar to that developed for common nonclassically damped systems to formulate
the seismic response for the shear building. Equation 6.12 can be readily uncoupled using the

eigenproperties of the system, and the associated eigenvalue problem is

B{y}; = MA{y}s. (6.16)

where )\; is the eigenvalue for the jth mode and {¢'}; denotes the corresponding eigenvector

with the following orthonormality properties:

IAD = 1

UIBU=A = diag()\;), (6.17)

with the modal matrix ¥ defined in terms of the eigenvectors as W = [{¢}1, {t0}2, -+ , {¢}onm]-

By using the standard transformation of coordinates

{y()} = ¥{a(t)} (6.18)

in which {q} is the vector of modal coordinates, and following the same procedure covered
in chapter 4, we obtain (M + 2)N uncoupled first-order modal differential equations for the

principal coordinates g;(t) as

Gi(t) = Ajaj(t) = pjig(t), j=1,2,--- (M +2)N, (6.19)
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in which p; is the the modal participation factor defined by

pj=—{v}] Mér} : (6.20)

The general solution to the modal equation for zero initial conditions subjected to a given

ground motion can thus be explicitly written as

t
qi(t) = pj/o eAj(t_T)fL"g(T)dT. (6.21)

Any response quantity R(t) pertinent to the design can always be expressed in terms of the

state vector through a linear transformation as

R(t) = {T}" {y()}, (6.22)

where {T'} is the transformation vector with appropriate entries according to the response
quantity desired. Combining equations 6.18, 6.21, and 6.22 we then obtain the expression for
R(t) as

(M+2)N

R(t) = > ATy {y}iq(t) (6.23)
j=1

(M+2)N

t
- Y /O N5 (7)dr (6.24)
=1

where p; is the modal coefficient defined by

iy = {TY {4} jp;. (6.25)

This generalized modal superposition approach serves as the basis for computing the structural
response under seismic loading that is described either deterministically by a time history or
probabilistically by a spectral density function.

For ground motion defined by an acceleration time history, the modal response is first solved

through a step-by-step recursive procedure. Assuming the discretized input motion is linear
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between consecutive time steps tx and tx11, the modal solution can be expressed as follows:

) Pi )
qtr+1) = q;(te)eM 2 + /\_J2 [eA]Athj - QZJ} (6.26)
j

where At is the time step and @)1; and Q)2 are functions of the ground accelerations:

Quj = 57 (Fgr1 = dig) + Ajgr, Qaj = Q1 + Aj(Fgrs1 = digh)- (6.27)

Using the time history of the principal coordinates defined above, the structural response se-

quence can then be readily established using equation 6.23:

(M+2)N

R(ty) = Y AT {¢}ig;(tr)- (6.28)
j=1

For the earthquake induced ground motion that is modeled as a random process, it is
convenient to use the response spectrum approach for structural design. We first formulate
the mean square response based on the random vibration analysis for the stochastic excitation
characterized by its spectral density function. The design response, or the maximum response,
of the system can be expressed as an amplified value of the root mean square response using
a proper peak factor. The response spectrum approach can then be developed to calculate the
peak response for seismic design inputs that are defined by the ground response spectra.

It has been established that for a stationary input random process with spectral density

function ®(w), the stationary mean square response of the structure can be written as follows:

o (MEDN(M2N w
E[R*(t)] = /OO O(w) ; ; = )\j)ﬁ(i";wi L (6.29)

In order to expand the above expression based on the response spectrum method, it is necessary
that the frequencies and damping ratios of the system modes can be identified, and this is
accomplished from the eigenanalysis of the system. In contrast to the fractional derivative
model for the viscoelastic dampers for which the frequency and damping content cannot be
recognized, the Kelvin chain analog for the general linear model enables one to extract the

modal frequency and damping values from the eigensolutions. Among the (M +2)N eigenvalues
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there are NV pairs of complex and conjugate eigenvalues, which provide the N modal frequencies
and damping ratios of the structure-damper system, and it is consistent with the number of
degrees of freedom for the original building. The remaining M - N eigenvalues are real and they
are all negative for our stable system, indicating overdamped modes due to the presence of the
added viscoelastic dampers that dissipate the input energy.

Employing the method similar to that presented in the development of the stochastic re-
sponse for the fractional derivative model, we can derive the formula for the mean square
response for the general linear model. Let n. be the number of real eigenvalues and n, be the
number of pairs of complex and conjugate ones, with n, 4+ 2n. = (M +2)N. We define the real

and complex eigenvalues and their corresponding modal coefficients as follows:

/\;.‘:_0% pi = sj, a; >0, for j =1 to n,

, (6.30)
Aj:—ﬂjw]ﬁ»ud]’/l* 32.7 M;Zaj+7'b]7 fOI‘jzltOﬂc

where w; and (3; are, respectively, the frequency and damping ratio for the jth mode which are

obtained from the complex eigenvalue by

Re();)
w]' '

wj = |X§|, B;=— (6.31)

Substituting the above expressions into equation 6.29 and with extensive algebraic simplifica-

tions we obtain the mean square response as
E[R2(t)] = Ry + Rye + Ree (6.32)

where the response components representing the contributions from the real and complex modes
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are defined as follows:

o s el o S8k s o
R = [ ey ooy 3 (S
Flw +a s +1ozj+ozk w +ozj W+ oy,
* —_— 2 4 ’Hj|2
R. = /_oo <I>(w) 4;; (K[)jk; + Kojpw” + Kyjpw ) i Oéz
R, = / (w) 42 d2+aw |H|
ne—1 ne
+8 Z Z (Lojk + Lojrw?® + L4jkw4 + Lﬁjkwﬁ) |Hj|2 | Hy|? (6.33)
Jj=1k=j+1

where H;(w) is the classical frequency response function of a second order differential equa-
tion for a single degree of freedom oscillator with frequency w; and damping ratio 3;; dj,
(Kojk, Koji, Kaji), and (Lojk, Lajk, Lajk, Leji) are all constants, and these quantities are explic-

itly listed here:

dj = a;w;B; — bjwj\ /1 — 3]

-1
H; = (w? —w?+ 2iwﬁjw]~) (6.34)

ok =48, Brwjiwr — wjz —w?

Kyji = (2ﬁ wj — ag)djsg + (208;wjar — )ajsk (6.35)

LOjk = wjzwidjdk
Loji = 0jid;dy, + w?wiajak + Q(Bkwkw? — ijjwz)(akdj — a;dy)

Lyji = djdg + ojrajar + 2(8;w; — Brwi)(axd; — azdy)

(6.36)

Lgji = aja
To introduce the frequency integrals which are associated with the input spectra in the spectrum

approach, R.. and R.. are expanded into partial fractions as follows:

2" Upe
w?+ a2 2ta

(Koji, + Kojrw? + Kyjpw) ” + Voji [ Hj|* + Vopw® | H; 2 (6.37)
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(Logi + Lojes® + Lajess* + Logus®) | B2 [Hel> = Woge | Hj[® + Woju?® | H 2

+Zoji | He|* + Zojrw? |Hg|>  (6.38)

in which
(
Vaji = [K4jk:(w§ — gjai) + Kajrag — KOjk} / (Oéi +wi - gjo@
Vojk = [K()jk + wj(Vaji — K4jk)} Jad (6.39)
Ujk = Kaji — Vajk
(
Zojk = Ajg [(wﬁ — w)(Lajr — grLejk — Loji/w})
—(95 — 91)(Lajk — wiLejk — geLojk/wi)]
Zajk = Ajg [(1 — Q) (Lajk — wiLejk — gk Loji/wp) (6.40)
—(9;5 — %) (Lajk — g Lejk — LOjk/W%)}
Woji = wi *(Lojk — w} Zojk)
| Wajk = Lejk — Z2jk
with
gj = w455 - 2)
Qj, = wj/wi
Mgt = [ — o)1~ 04) ~ (9 — ) (g5 — 2h)|
J J k ik j k)95 — Gk
The mean square response can now be written in the following final form:
Ny ny—1 n, 5.5
2 _ 2 Jok
EIRM] = > sii+2) > o an (@0 o)
7j=1 7=1k=j+1
Ne Ny Nec
+4ZZ (Ujkdr + Vojrloj + Vajidaj) + 42 (d?'f[)j + CLJZ'IZj)
J=1k=1 =1
ne—1 ne
+8> > (Wojrlos + Wajnla; + Zojrlok + Zojilak) (6.41)
=1 k=j+1
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where the frequency integrals are defined as follows

-1

Ji=[%, <w2 + a?) P (w)dw

Inj = [%_|H;j|? ®(w)dw : (6.42)
Iy = [*0 w? [Hj[? @(w)dw

The frequency integrals Ip; and Ip; are the mean square values of the relative displacement
and relative velocity responses, respectively, of an oscillator with dynamic parameters w; and
B; excited by the ground motion described stochastically by its spectral density function ®.
Likewise, J; represents the mean square response E[v?(t)] for the relative velocity of a massless

oscillator with the following governing first order differential equation:
O(t) + aju(t) = Z4(t) (6.43)

In engineering practice the maximum response is of primary interest for the design purpose,
and hence here we extend equation 6.41 to obtain the design response for the shear building
with added dampers through the spectrum approach. The design response, or the maximum
response, Ry, can be expressed as the root mean square response amplified by an appropriate

peak factor
Ry = PR E[R2(t) (6.44)

where Pr denotes the peak factor corresponding to the response quantity sought and it is
usually dependent on the level of probability of exceedance. The frequency integrals required
for computing the mean square response are also related to the response spectrum values in a
similar manner. Let SA; and SV} designate, respectively, the pseudo acceleration and relative
velocity ground response spectra at frequency w; and damping ratio §;, and for the massless

oscillator let RV represent the relative velocity response spectrum with parameter «;. These
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response spectra can be written in terms of the frequency integrals in equation 6.42 as follows:

SA;j = Psj (wg. m)
SVj = Psyj\/To; (6.45)
RVj = Prvj\/Jj

in which Psa;, Psy;, and Pry; are the associated peak factors. In seismic design practice
it is commonly assumed that the modal peak factors for the input spectra are the same as
the peak factor for the desired response quantity. From equations 6.41 and 6.45 along with
Pr = Psaj = Psy;j = Pryj, we obtain the following formula for calculating the design response

in terms of the input ground spectra:

Ny ny—1 ng,
S5;8
Ry = Y s(Rrv)P+2) Y ﬁ[aj(RVj)Mak(Rvk)?}

=1 G=1 k—jt1 J k
ne o s4;\’

+4Y N | Ujk(RV)? + Vi <—2J) + Vo (SV;)?
j=1k=1 “j
e s4;\°

+4) | d] (w—;) +a2(SV;)? (6.46)
i=1 j
el Je SA SAR\?

+SZ Z W()]k;( 'j> +W2jk(SVj)2+Zojk (W_i> +Z2jk(SVk)2
J=1 k=j+1

6.6 Numerical Example

In this section we present some numerical results of seismic analysis for an example structure-
damper system using the general linear model for the viscoelastic dampers. To demonstrate
that the higher-order general linear model is capable of providing as accurate structural re-
sponse as that from the fractional derivative model, we compare the response time histories
calculated from both formulations. Furthermore, to show the effectiveness of the proposed re-
sponse spectrum approach, we evaluate the design response and check it with the average value
of the maximum response obtained from an ensemble of ground acceleration time histories.
The same 4-story shear building studied previously with structural properties given in Table

5.1 is again used in this investigation. Though in practice the parameters in the general linear
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model are determined by curve-fitting the model to the experimental data, here we generate
the storage modulus and loss modulus curves using the fractional derivative model for the
material so that we can make a fair comparison. The parameters for the same viscoelastic
material chosen for the dampers based on the fractional derivative model are given as o = 3/5,
Go = 0.8 x10° N/m2, and G1 = 7.2 x 10° sec® N/m2. The corresponding constitutive equation

then can be written to be
7= (0.8 x 10°) v + (7.2 x 10°) D¥/3(4). (6.47)

Taking the Fourier transform of equation 6.47, using the identity i = cos(an/2) +isin(am/2),
and separating the real and imaginary parts, we obtain the following storage and loss moduli

as functions of the frequency w:

G'(w) = [0.8 + 7.2w%/5 cos(37/10)] x 10° N/m?

6.48
G"(w) = [7.20%/%sin(37/10)] x 10> N/m>. (645

These two moduli are plotted in Figures 6-4 and 6-5 over a wide range of frequency that spans
across the frequencies of the building. To match the general linear model to the prescribed
moduli, we minimize the sum of the square error, Se, at 200 equidistant discrete frequencies
between the given and the predicted curves. The parameters in the Kelvin chain analog are then
solved using MATHEMATICA through an unconstrained optimization routine. To illustrate
that increasing the number of elements in the Kelvin chain can reduce the error and thus
improves the approximation, we perform the minimization for three cases: the 3-parameter
model (M = 1), the 5-parameter model (M = 2), and the 7-parameter model (M = 3). The
results are listed in Table 6.1 and the associated storage and loss modulus curves are also plotted
in the same modulus graphs alongside the moduli from the fractional derivative model. It is
clear that the square error decreases in the higher order model and the moduli are closer to the
prescribed curves. It is also observed from the graph that the 7-parameter Kelvin chain analog
generates a satisfactory overall fit, with some tolerable differences in the lower frequency range,
indicating that it properly characterizes the mechanical behavior of the damper. We conclude

that the third order general linear model in general has enough parameters to adjust and thus
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Figure 6-4: Storage modulus of the viscoelastic material based on various models
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Figure 6-5: Loss modulus of the viscoelastic material based on various models
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Table 6.1:

Least-squares curve fitting results

M=1 M=2 M=3
3-parameter | 5-parameter | 7-parameter
S. (M Pa*) 297.16 13.948 12.390
ko = 89.69 ko = 132.1 ko = 150.0
k1 = 8.721 k1 = 3.520 k1 = 5.246
Parameters: c1 = 3.189 ko = 43.42 ko = 49.97
k (105 N/m) c1 = 6.579 ks = 19.98
c (10° N-sec /m) g =4.257 | ¢ =6.700
ca = 4.065
C3 = 60.62
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is capable of providing a good match to the experimental data for the viscoelastic material.
To substantiate our assertion that the higher order linear model is as credible an approach
as the fractional derivative model for the seismic structural analysis involving the VE dampers,
here we compare the numerical results obtained by both methods. Three response quantities
commonly analyzed in the seismic design are considered: the floor displacements and abso-
lute accelerations and the story shears. To compute the absolute acceleration response of the
floor, we need the corresponding transformation vector. This is achieved by simply adding the

equations of motion for the entire system:
M ({i} + {r}i,) + C{a} + (K + K, — K ){z} + (Ko — Kp){z}1 = 0,

and hence the transformation vector {T'} for the Ith floor can be constructed as

T

l (6.49)

{T} = [7M71(K + K(l - Kg)7 7M71(I_<0 - I_{b)a 07 o 707 C]

where the subscript [ means taking the [th column of the given matrix. Response time histories
are calculated with the same synthetic 15-second earthquake ground motion used in the earlier
chapter, and the 7-parameter Kelvin chain is adopted for the general linear model. Shown in
Figures 6-6, 6-7, and 6-8 are the time history plots of these responses. Though not exactly the
same, graphically the response curves for the two models are very close and the discrepancies are
hardly discernible. A more meaningful comparison is then made by examining the maximum
response values. In Table 6.2 we present the peak responses of the displacements, accelerations,
and shears for these two approaches, as well as the maximum responses by excluding the VE
dampers to manifest the response reduction effect. Again it is evident that the response results
by the 7-parameter analog are in very good agreement with those by the fractional derivative
model, with the largest response difference about 11%. We also notice that the peak response
values by the linear model are always higher than those predicted by the fractional derivative
model, offering more conservative estimates of the structural response.

To further demonstrate the validity of the proposed linear model approach, we also obtain
the floor pseudo acceleration spectra for both models, and they are plotted in Figures 6-9

through 6-12 for comparison. In all the graphs the spectra display minimal differences at
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Figure 6-6: Response of floor displacement from the fractional derivative and 7-parameter linear
models
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Figure 6-8: Response of story shear from the fractional derivative and 7-parameter linear models
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Table 6.2: Comparison of maximum responses for fractional derivative and 7-parameter linear
models

Floor displacement (m)
| Model | Floor 1 | Floor 2 | Floor 3 | Floor 4 |

No damper 0.0111 | 0.0242 | 0.0328 | 0.0403
Fractional derivative | 0.0044 | 0.0087 | 0.0112 | 0.0129

7-parameter linear | 0.0045 | 0.0089 | 0.0119 | 0.0141

Floor absolute acceleration (m/sec?)

| Model | Floor 1 | Floor 2 | Floor 3 | Floor 4 |
No damper 2.205 2.828 2.499 3.200
Fractional derivative | 1.072 0.8619

0.8968 | 1.1953
0.9430 | 1.2559

7-parameter linear 1.092 0.9009

Story shear (kN)

Model Floor 1 | Floor 2 | Floor 3 | Floor 4
No damper 200.3 164.8 141.7 115.7
Fractional derivative | 80.18 51.60 39.85 20.49
7-parameter linear 81.58 55.38 43.88 22.78
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higher frequencies, while in the low frequency range the discrepancies are more pronounced,
though not significant. This reflects the evidence revealed in the storage and loss modulus
plots that the optimal parameters obtained for the third order linear model exhibits a closer
fit in the higher frequency range than in the lower frequency region. However, this can be
improved by assigning more weights to the square errors at lower frequencies when formulating
Se. Again through these response calculations it is confirmed that the higher order linear
model can correctly capture the frequency dependence of the viscoelastic material and with
the formulation developed in this chapter the Kelvin chain analog for the damper can provide
as accurate structural responses as the fractional derivative model. Moreover, the size of the
state system of equations is 2Nm = 2 -4 -5 = 40 for the fractional derivative model, the
7-parameter linear model only requires (M + 2)N = (3 + 2) - 4 = 20, or half the size for the
response analysis. The linear model is also computationally more efficient since it employs the
step-by-step technique in the modal response solutions, which is faster and more economical.
We last carry out a numerical simulation study to verify the applicability of the proposed
response spectrum approach for calculating the design response of the structure. An ensemble
of 50 15-second artificial acceleration time histories is generated for the seismic ground motion.
From the ensemble, the design inputs are then defined as the mean and mean-plus-one-standard-
deviation pseudo acceleration and relative velocity ground response spectra for a second order
oscillator as well as the relative velocity ground spectra for a massless oscillator. Figures 6-
13 and 6-14 show a typical set of the mean response spectra plotted against the frequency for
various damping ratios commonly used in seismic design. Other ground spectra can be similarly
calculated but are not presented here. Since the viscoelastic dampers provide supplemental
damping as well as additional stiffness to the shear building, the modal frequencies and damping
ratios of the structure-damper system, which are essential in the spectrum method, are altered.
In Table 6.3 we list the modal data with and without dampers for comparison, and notice
that for VE dampers modeled by the 7-parameter Kelvin chain there are 12 real modes which
correspond to the massless oscillators. In the response spectrum approach, we use equation 6.46
to directly obtain the design response for the floor displacements, absolute accelerations, and
story shears. The mean and mean-plus-one-standard-deviation values of the design response are

calculated using, respectively, the mean and mean-plus-one-standard-deviation ground spectra
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Figure 6-9: Floor response spectra of pseudo acceleration for the first floor
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Figure 6-10: Floor response spectra of pseudo acceleration for the second floor
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Figure 6-11: Floor response spectra of pseudo acceleration for the third floor
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Figure 6-12: Floor response spectra of pseudo acceleration for the fourth floor
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170



1e+0

B=0.2

1e-1 o
o
(O]
R
E /
> 1e-2 o
‘G =0.5
8 p
[}
>
_g 1e-3 o
©
[0}
o

1e-4 -

1e-5 T T

0.2 1 10 100
Frequency (Hz)

Figure 6-14: Mean relative velocity ground response spectra

171



Table 6.3: Modal frequencies and damping ratios of the structural system

| | Frequency (Hz) | Damping ratio |
1.070 0.02

without 2.889 0.02
VE dampers 4.387 0.02
5.289 0.02

1.310 0.1707
4.227 0.4188
7.840 0.4505
10.08 0.4450
0.5745
0.5766
0.5779
with added 0.5819
VE dampers 3.267
3.746
5.619
7.553
107.0
108.4
110.1
111.1
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as the seismic input. We also carry out 50 time history analyses for each of these three response
quantities using the ensemble of accelerograms to obtain the mean values of the maximum
response. The results are given in Table 6.4. We include the time history analysis results by
the fractional derivative model in the table as well for comparison purposes. Again the linear
model predicts higher values of mean peak response, which is consistent with the previous
results. In general, the response obtained by the response spectrum approach is compatible
with that from the time history ensemble. The average peak response by the time history
analysis is found to be within the tolerable difference range, i.e., one standard deviation above
and below the mean value. There are two exceptions: the absolute accelerations at the first and
second floors display noticeable disparities. This might be attributed to those highly damped
real modes in the building-damper system, but overall the response spectrum method performs
satisfactorily. The applicability of the proposed response spectrum approach is thus validated

as a convenient and effective analysis tool in seismic structural designs.

6.7 Summary

In this chapter we used the general linear model to describe the behavior of the viscoelastic
material, and a Kelvin chain analog was chosen as the physical representation for the damper.
For the higher order model, a general relationship was derived between the coefficients in the
constitutive equation and the parameters in the mechanical analog. Through a least-squares
fitting, the optimal parameters for the elements in the Kelvin chain were found to provide
a good fit to the experimentally obtained storage and loss moduli. The equations of motion
were derived by introducing a set of auxiliary coordinates that specify the displacements of
the internal elements in the Kelvin chain. The corresponding self-adjoint state equations were
solved using the classical modal analysis method. A response spectrum formulation was then
developed to calculate the design response of the structure. Numerical results from the general
linear model were presented in comparison to those obtained by the fractional derivative model.
The general agreement between the responses for both models verifies that the higher order
general linear model is capable of producing as accurate results as the fractional derivative

model in the seismic analysis of structures with added VE dampers.
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Table 6.4: Comparison of the maximum responses by the spectrum approach and time history
analysis

Floor displacement (m)

spectrum approach 7-parameter | fractional
mean value | mean + std. | time history | derivative
Floor 1 0.00397 0.00453 0.00423 0.00397
Floor 2 0.00862 0.00986 0.00879 0.00816
Floor 3 0.01204 0.01378 0.01211 0.01113
Floor 4 0.01415 0.01620 0.01411 0.01288
Floor absolute acceleration (m/ sec?)
spectrum approach 7-parameter | fractional
mean value | mean + std. | time history | derivative
Floor 1 0.6138 0.6837 0.9490 0.9379
Floor 2 0.6818 0.7709 0.8334 0.7965
Floor 3 0.8005 0.9160 0.9104 0.8424
Floor 4 1.0156 1.1602 1.1076 1.0294
Story shear (kN)
spectrum approach 7-parameter | fractional
mean value | mean + std. | time history | derivative
Floor 1 75.80 86.51 76.05 71.51
Floor 2 56.24 64.37 56.47 51.73
Floor 3 41.39 47.40 41.85 37.94
Floor 4 20.82 23.84 21.13 19.01
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Chapter 7

Closure

7.1 Summary

Seismic response of a structure installed with added viscoelastic dampers as passive energy
dissipation elements was studied in this work. To accurately describe the mechanical behavior
of viscoelastic materials, two models were considered: the fractional derivative model and the
general linear model. The fractional derivative model is compact and requires only three or
four parameters to fit to testing data. However, the system equations are coupled fractional
differential equations that are mathematically complex. The general linear model involves only
regular derivatives but requires a large number of terms to match the experimental results.
Determining the parameters thus becomes cumbersome. The resulting dynamic equations have
higher derivatives, thus making the response calculation inefficient.

In this study we proposed a modal decomposition method to develop an analytical formula-
tion for calculating the seismic response of the structure with fractional derivative modeled VE
dampers. We also implemented the basic definitions of fractional derivatives to formulate six
computational schemes to solve the response numerically. Both the analytical and numerical
approaches were used to obtain the response time history when the seismic input was defined
by the ground accelerogram. Taking advantage of the modal superposition method, a random
vibration formulation was then derived to calculate the stochastic response, the mean square
response, of the structural system for a random input defined by the spectral density function.

For demonstration we used a shear building with diagonally placed dampers as an example and
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obtained the response by using the formulas from these methods.

For the general linear model, we elected to work with a physical analog, the Kelvin chain,
that corresponds to the constitutive equation of the material. The mechanical parameters in
the Kelvin chain were determined through an optimization procedure to fit the storage and loss
moduli from the testing data. Assigning auxiliary displacements for the internal elements in
the Kelvin chain, we arrived at self-adjoint state equations that can be solved by the classical
modal analysis method. We further extended the formulation to develop a response spectrum
approach so that the maximum structural response, or the design response, can be calculated
conveniently. We carried out a numerical study to show that the general linear model provides

as accurate response results as the fractional derivative model.

7.2 Conclusions

Here we summarize several conclusions drawn from the numerical studies conducted in this

work.

e For structures equipped with added viscoelastic dampers, either the fractional derivative
model or the general linear model can be adopted to obtain the response in the time do-
main for an acceleration time history type of seismic input, because both provide accurate

results.

e For the fractional derivative model, the responses by all the numerical schemes are satis-
factorily close to the exact solution. Though all analyses take a long computation time
since the calculation at every time step has to start from ¢t = 0, the analytical approach
also requires evaluating the fractional derivative of exponentials, and thus it is even more

time consuming. The numerical techniques are more practical in real world applications.

e Though producing correct response results, the analytical approach by the fractional
derivative model is still mathematically cumbersome to deal with. The size of the system,
2Nm, depends on the the denominator of the primary fraction ¥ = 1/m, and it may get
very large even for a single degree of freedom system if the fractional order o can not be

expressed as a simple rational number.
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e The disadvantage with the modal superposition method for the fractional derivative model
is that the frequencies and damping ratios are difficult to obtain from the eigensolution
of the system. Hence no response spectrum approach can be developed by extending the

expression for the mean square response.

e The Kelvin chain based general linear model provides the analytical response solution effi-
ciently for seismic input described either deterministically in the time domain or stochas-
tically in the frequency domain. However, finding the optimal parameters is a time
consuming process since the storage and loss moduli are highly nonlinear functions of
the frequency. Yet we regard the general linear model to be more promising and it may

eventually prevail in the design of structure-damper systems.

7.3 Suggested Future Research

In this work we established the analytical groundwork for studying the response of the structure-
damper system. However, there remain issues pertaining to both the fractional derivative and

general linear models that need further investigation:

e For the fractional derivative model, explore the possibility of developing a step-by-step

method to calculate the response time history for saving computation time.

e Continue searching for a convenient response spectrum type of approach for the fractional
derivative model to calculate the design response of the system. Look into even develop-
ing new response spectra curves as the seismic input specifically for structures with VE

dampers.

e The storage and loss modulus curves based on the Kelvin chain model exhibit some
discrepancies in the lower frequency range, and thus affect the accuracy of the response
results. An improved curve fitting technique with different weights assigned for different

frequency ranges needs to be carried out to reduce the error.

e Employ the genetic optimization for searching for the best-fit parameters in the general

linear model. Currently the problem is solved using MATHEMATICA, which is capable of
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handling up to the 7-parameter case, and the process involves constant manual adjustment
of the initial guesses to arrive at the optimal set. A more systematic method such as the

genetic routine is required.

e Apply the general linear model in an optimization study to obtain the optimal structural
design, e.g., damper size and location, to achieve a desired performance objective or a

desired response reduction level.
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