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V. INTRODUCTION

In the design of shell structures for launch vehicles, planetary
atmospheric entry probes, or similar structures, knowledge of the
natural frequencies and mode shapes of the systems 1s of fundamental
importance in determining their dynamic behavior. Shells of double
curvature are common structural elements in aerospace and related
industries, but due to the complexity of thelr configurations and
governing equations, little has been done to classify their general
dynamic behavior. Reference 1 gives a survey on the present state
of the art in the area of analysis of free vibrations of shell struc-
tures. The subject of this dissertation is the determination of the
effect of the meridional curvature on the natural vibrations of a
class of axlsymmetrically prestressed doubly curved shells of
revolution. Two methods of approach are used in this analysis. 1In
Chapter VII the exact equations of motion are solved using approximate
techniques of solution, while in Chapter VIII approximations are made
to the exact equations so that closed form techniques of solution are
possible. Both of the above methods are used in this investigation
to complement one another.

Since the shells are too complex to allow closed form solutions
of the exact equations, numerical techniques are used in Chapter VII
to analyze the dynamic behavior. Several numerical methods have
recently been developed for static stress analysis and unstressed

free vibration analysis of general shells of revolution. Static



stress analysis is considered in references 2 to 5 and unstressed
vibrations are considered in references 6 and 7. Membrane and
flexural vibrations of toroidsl shells are treated in references 8

and 9 on the basis of the numerical approach of reference 2. In the
present investigation, differential and difference equations that
govern the asymmetric linear vibration of a general class of pre-
stressed shells of revolution are derived using the nonlinear shell
theory of reference 10. A finite difference procedure similar to that
of reference 2 (utilizing and extending the ideas of references 8 and
9) is then formulated to obtaln solutions of the equations.

Numerical methods yield accurate results; however, it becomes
impractical to attempt an extensive parametric study of the behavior
of shell systems even with high speed computers. Rapid closed form
techniques of solution are possible when approximations are made to
the equations of motlon; however, the range of application is
restricted. These techniques are used in Chapter VIIL. The solutions
are limited to shells of revolution with shallow constant meridional
curvature with no shallowness limitation in the circumferential
direction.

By perturbing the geometry of the cylinder and referencing the
zero straln state at this new configuration, a set of nonlinear
homogeneous field equations governing the dynamic behavior of doubly
curved shells with positive or negative constant shallow meridional

curvature is developed. The procedure used in developing these



equations is similar to that used in references 11 and 12 where
Donnell-type equations are developed from flat plate equations. The
nonlinear cylinder strain-displacement relations from reference 10
are modified slightly in the twisting curvature relation and small
nonlinear terms are deleted from the middle surface strain relatiocns.
The linearization and geometric perturbation of these equations
coupled with the assumption of constant prestress rotations result in
a set of strain-displacement relations which have corresponding
equilibrium equations with constant coefficients. These equations
govern the natural vibrations of prestressed nearly cylindrical shells
of revolution and are solved here for the natural vibrations of shells
with freely supported edges similar to that which was done previously
for cylindrical shells, see for example references 13, 14, and 15.

Results from the shallow shell analysls of Chapter VIII are
compared with those obtained by the use of techniques and equations
of Chapter VII to indicate the range of application of the present
analysis. This simplified analysis is then used to investigate the
effects of meridional curvature on the fundamental vibrations of
freely supported shells as the length and thickness parameters are
varied.

The equations described above are also solved for the natural
vibration of membrane shells and inextensional shells with freely
supported edges. The characteristic roots of the membrane field

equations are also investigated and compared with the corresponding



characteristic roots of the bending field equations to show the
dependence of frequencies on shell membrane resistance. The solutions
to the membrane theory afford a simple method of determining shell
configurations of negative curvature for which bending action pre-
dominates during vibratory motion in certain modes.

The approximate analysis is then used to investigate the effects
of meridional curvature on the fundamental vibrations of shells as
the length and thickness parameters are varied, and to determine
the degree of stabilization afforded by the application of constant
directional lateral pressures to the shell systems. Finally, the
approximate solution 1s used to determine the unstressed fundamental
frequencies of clamped shells and to determine the stiffening action

due to the additional edge restraint.
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VI. SYMBOLS

reference length

displacement amplitude coefficients

extensional stiffness (eq. (16))

central rise of the shell meridian

bending stiffness (eq. (16))

nondimensional prestress parameters (see
egs. (19))

Young's modulus of elasticity

functions defined by equations (77)

in-plane displacement amplitude coefficients
(eq. (75))

shell thickness

station number, i = 0, 1, 2, -, N

nondimensional curvatures (eqgs. (12))

number of axial half-waves

moment variable (see egs. (20))

modified moment resultants associated with
perturbed state

number of circumferential waves

total number of intervals along the meridian

modified stress resultants assoclated with
perturbed state

modified prestress stress resultants



D

Kg,KeyKﬁge

surface loading

nondimensional radius of cross sectlon, p/a

radius of cylinder

principal radii of curvature (see fig. 1)

total meridional arc length

total nondimensional meridional arc length,
s/a; s/R

time

displacement variables in meridional (&),
circumferential (6), and normal directions,
respectively, of undeformed middle surface
defining perturbed state

nondimensional meridional coordinate

ratio of the circumferential to axial wavelength

length cf interval between stations, S/N

modal normalizing factor

cofacters of 4 x 4 matrix given in eq. (51)

middle-surface strains associated with the
perturbed state

circumferential coordinate in undeformed shell

middle-surface bending strains associated with
the perturbed state

characteristic roots



2 a2 u?v (l - ug)

O = 3

v] o

thickness parameter, g 5

Poisson's ratio

mass density

meridional coordinate in undeformed shell

cross-sectional radius (fig. 1)

percent ratio of meridional rise to length

middle-surface rotations associated with
perturbed state

prestress meridional rotation

natural frequency

frequency parameter

Notations Used to Identify Load and Deformation Variables:

Unmarked variables indicate variables associated
with perturbed state only

indicates modified variables associated with
the total deformation measured with reszspect
to an unstressed shell

indicates variables assoclated with total
deformation measured with respect to an
unstressed undeformed cylinder

indicates modified variables assoclated with the
prestress state only

indicates physical stress resultant gquantities



1 x 4 column matrices:

Z,
i

1 x 8 column matrices:

A,
J

4 x 4 matrices:

A35B15Cy 5045 Dy B, By
€51 T3k

Foer G By

a, B
8 x 8 matrices:

Njk
ij
o,V

The comma before a subscript denotes differen-
tiation with respect to the followilng
subscripted variable. A dot over a symbol
indicates differentiation of the quantities

with respect to time.

dependent variable

amplitude coefficients

difference-equation coefficients
boundary-equation coefficients
equilibrium-equation coefficients
recursion coefficients

boundary-condition-selection matrices

boundary stress coefficients
boundary displacement coefficlents

boundary-condition-selection matrices



VII. NUMERICAL ANALYSIS OF VIBRATIONS OF GENERAL PRESTRESSED

*
SHELLS OF REVOLUTION

A. Development of General Equations of Motion

In this section, the linear equations of motion are derived for
a symmetrically prestressed shell of revolution with an arbitrary
meridional configuration. The nonlinear shell theory given in
reference 10 forms the basis for all analytical work done 1n this and
subsequent sections.

The shell geometry is illustrated in figure 1. The location of
points on the middle surface of the shell is described by the principal
coordinates (£,8), where ¢ 1is the meridional distance measured on
the middle surface from one boundary, and 6 is the circumferential
angle. Since the shell is axisymmetric, 1t is completely described
by the meridional shape parameter p(£) which is the radial distance
from the axis of revolution to the middle surface of the shell.

The principal radii of curvature of the middle surface, Ré(i)

and Re(g), are given by:

L -(a)

dp

at”

*
Most of the material covered in Chapter VII has been pre-

published in the report "Vibration and Buckling of Prestressed Shells
of Revolution" NASA TN D-3831, March 1967.
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The shell is assumed to have a constant thickness h measured

along the normal to the middle surface and boundaries at £ = 0 and
£ = s, where s 1is the total meridional arc length. The material is
assumed homogeneous and isotropic with mass density v, Young's.
modulus of elasticity E, and Poisson's ratio u.

1. Governing nonlinear equations.- General nonlinear shell

equations in which strains are assumed to be small and rotations,
moderately small, are given in reference 10. For a shell of

revolution, these equations become, when inertia terms are added,

o)+ % -0N +2.7 +———-—>M
- = 5 N, + $ N - ? (N, + N + pP, = pvhU (2a)
R, \ %% * %olte) - 2 o) : )
,8
(pNge> +Ne,e+EEN§9+'R—Q9 +§R"“R_ Meg
y ) L_ 6 3
5 €

p e o ~ ro p ~ ~ ~ ~ .o
-5 (@ENEQ + CP9N9> + 5 &P(Ng + Ne)] + PPy = pvaV  (2b)
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b4 2
~ ~ dp ~ ~ PN
- — - = 2d
(6% A TR I R (2a)
J

oM + M L 90F oq, = 0 (2e)

( ge) ; 0,6 T GE k6 6

)

where the comma before a subscript denotes partial differentiation
with respect to the succeeding subscripted independent variables
(¢ or 8) and dots over a quantity denote differentlation with
respect to time. The equilibrium equations (2a), (2b), and (2c)
represent the sum of forces along coordinates of the undeformed
surface, and the perturbed displacements of the middie surface U,
V, and W are measured in the direction of the coordinates of the
undeformed surface with W measured positive along the outward
normal.

The boundary conditions considered on the edges £ = 0O and
£ = s may be chosen from any combination of the following four pairs
of quantities in which either quantity (but not both) of each pair is

prescribed:
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,ﬁ or ﬁ \,
: |
|
!
~ 5 1 ~ 1 [ ~ ~ ~ i
f(ﬁ)
B+ L0,y o - B, - G,y or W
£ p 8,0 £7¢ 67ED
¢§ or M§

The equations have been derived by use of the Kirchhoff-Love
assumptions; that is, normals to the undeformed middle surface remain
normal to the deformed middle surface, normsl strain is zero, and the
normal stress is negligible. Rotary lnertia terms have been neglected
in the moment equations. Modified stress and moment resultants have

been used in the development of equations (2) and (3) and are defined

as follows: -
o
N M )
¥ -n©°._&
R
3 3 £
o
M
~ o} S
N. =N - —
8 8 Re
o
ﬁ . o Meg
£B £o Re
o)
ﬁ - N o _ Mge
0 = "6t R
3
~ o}
M, =M
3 3
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The modified transverse shear stress resultants ag and 59 may
be found by applying the definitions in equations (4) to the moment

equilibrium equations (egs. (2d) and (2e)).

o (¢]
5 » Neg 7

the total middle-surface stress resultants (fig. 2(a)), and the

The gquantities Ngo, N Nego, ng, and QeO represent
quantities Mgo, Meo, Mgeo, and Meg0 represent the total middle-
surface moment resultants (fig. (2(b)). No attempt is made to

relate these stress and moment resultants to the distribution of
stress through the thickness of the shell. The equations of
reference 10 have been derived without dependence on such a relation-
ship; thus, any formulation consistent with thin-shell theory is
acceptable. According to reference 10, the addition of terms like
MO/R to the N'O quantities in the stress-strain relations does not
introduce errors any greater than those already introduced by
neglecting transverse sghear flexibility in the Kirchhoff-Love
hypothesis. Consequently, the ﬁ quantities may be treated as stress
resultants without introducing an inconsistency in the thin-shell
analysis.

The sum of the moments about the normal direction is
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(a) Stress resultants and displacements.

Normal

(b) Moment resultants and rotations.

Figure 2.- Middle surface quantities.
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Hence, from the definition of the modified stress resultants

N
e

Therefore, the sixth equilibrium equation, that of equilibrium of
moments about the normal, is identically satisfied by symmetric
modified stress resultants.

2. Vibration equations.- In the derivation of the vibration

equations, the total rotations and total stress and moment resultants
are separated into the parts associated with the initial axisymmetric
prestress and the parts associated with the infinitesimal perturbed
time dependent displacements about the prestressed state. Symbols
with bars represent those quantities associated with the prestress
conditions and symbols without bars represent those associated with
the perturbed state. Thus, the total stress state may be completely

described by these quantities from the relations:

Ne = F(8) + N, (£,8,¢) )
Ny = Tg(8) + Ny(&,0,1t)

'ﬁge = Nyg(£,6,1)

T, = §,(8) + 9,(8,0,0) g
Qg = Qg(%,0,1)
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Mg = Mg(é) + Mg(g,e,t)
Me = ﬁe(g) + Me(gyeyt)
Mga = Mge(gyeyt) J
(6)
The total rotations are

? = 9(t,0,t)

and the total surface loading is described by

e
1f

B, (¢)
(®)

R
1

P(¢)

since no additional surface loading is assumed to be associated with
the vibrating state.

Substitution of equations (6), (7), and (8) in equation (2a)

yields N
=
do % E_dox P 5 _P % = de
&1& Netege -zl R, U R PeNg + °P§} ‘{dg Ng + ol ¢
dp o) 1/1 1 p
+ Nge,e - d—g' Ne + -li Q,g + §(§§— - E)Mﬁe,e - R—g' qDENé
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P 1 P =
- ﬁg QGNEG -2 {% (NE * NG{} j} * {E ﬁg wéNé}
,0

o~ 1 N B
+{:_ ﬁ; PN, - 59 (Ng + N%ﬁ = pvhU | (9)

where B-derivatives of barred quantities vanish as & result of
axisymmetry of the prestressed state. The prestressed shell is in
equilibrium; thus, the sum of the terms enclosed by the first set of
braces in equation (9) vanishes identically. Furthermore, the
perturbation of the shell away from the prestressed configuration is
governed by linear theory. Therefore, the nonlinear terms enclosed by
the second pair of braces are neglected.

The term in equation (9) enclosed by the third pair of braces
(i.e., the interaction between the prestress deformation and the
perturbation stress resultants) is usually neglected in the procedure
followed in the classical linearization process for a cylinder. If
this term 1s neglected, the general assumption is made that the
prestress rotation is uniformly zero throughout the shell. The error
introduced is usually negligible, but for certain boundary conditions
or for sharply varying surface loads, this term may be significant
and is consequently retained in this analysis. If 5§ and Eg,é
are neglected, the problem may be reinterpreted as that of a pre-
stressed but undeformed shell of revolution perturbed about the
undeformed state. With this term retained, the equilibrium equation

in the meridional direction (eq. (9)) reduces to
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— — p — _ .o
(Ng + Ne> ? - 1 P - phyvU (10a)

By the same procedure, the remaining equilibrium equations

(eqs. (2b) to (2e)) are linearized, and reduce to:

P = P lrw = P = _ .
- 7 Ng¥% * 5 [(Ng + Ne)q] , - 7= O Ngg = POWV (10b)
2

N — — —
(o) . * Q0 7 ° G’Z’ ¥ %) } ("Ng%)’g - Ng%g,0 - ("q’eNg)’g
b

- agNge,e = ohuW (10¢)
dp
(pM§> g + Mge’e - 3E My - pQg =0 (104d)
2
(nge) : + Me’e + %% Mg - PQg = 0 (10e)
2

Solving equations (10d4) and (10e) for Qg and Q, and substituting
for them into equations (10a), (10b), and (10c), eliminates these

quantities from the system. The parameters defining the geometry of
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the middle surface can be nondimensionalized by using a reference

length a, as follows:

x =2
a
(11)
r=2
a
and nondimensional curvatures can be defined as
a
kK = —
R
* N
. 8 (12)
0 Re

Upon completion of these manipulations, the following equilibrium

equations result:

/dr dr dr
& N§ * rNE,X * Née,e T dx Ne) R & Mg + rkng,x -k M
+1 3k -k) M, ,-a|rkTo +=(F, +%) o
2 "% " %9 “te,s e T3 (Ne T No) o
+ rk O.N, | = ra“hyl) (13a)
X EE
dk
dr 1 dr X
a@ENge*rNge,x*Ne,e)*‘é[k 3K = " T 1"]Mge
+Z (k. -k \ M + KM, .+ kN
2( o ~ x) g6,x TSm0 T & | "TKghgPg
+ L R o4+ +Z(%, + % k.3, N hv¥
5 & (e e>q’ 5(5 e)q’,’req’gge"mv



















































































































































































































































































































































































































































