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I. INTRODUCTION

The response of linear elastic systems to time-dependent
excitation is a much-studied and very important engineering problem,
Many methods exist for casting the equations governing the motion of
such systems into forms suitable for solution by digital computation.
These equations may be based on the theory of linear elasticity, the
methods of strength of materials, or idealized models of the system.

This dissertation contributes to the engire ering literature a
new formulation of these problems, which adds insight to certain
existing methods, and has some computational advantage for certain
types of problems.

The principal concepts which are employed in this development
are:

1. The use of mass as a perturbation parametar in linear
vibration problems, wherein the first term of a series solution is
the static, or massless, response of the system, and each successive
term is the solution of the equation governing the static deformation
of the system due to a forcing function which is some function of the

previous term., This concept is due to Dr, R. U. Chicurel,

2. The expansion of the Laplace transform of a problem in powers

of the transform parameter.



3. The use of continued fractions to obtain approximate, and
in some cases, exact solutions from the series generated by the above

methods,

In what follows a study will be made of the generation and
interpretation of power series solutions of linear vibration problems
for which static solutions are either known or easily obtained. The
interpretation of the series will be concerned with obtaining natural
frequencies, mode shapes, and impulse responses, and in this context,
several methods will be examined., These are, the systematic removal
of the singularities of the series, the location of a point which
will not be a node at any frequency, and the use of continued fractions,
These concepts are put in proper perspective, with respect to the

existing literature, in Chapter II.



II. REVIEW OF THE LITERATURE

Perturbation techniques have been used since the time of
Poincare/(l)1 to obtain solutions of nonlinear differential equations,
Extensive work in recent years (2) has led to a marked increase in the
power of such methods for solving very difficult nonlinear problems,
During this same course of time little attention has been given to
the use of perturbation methods for solving vibration problems which
are governed by linear differential equations,

What may be called the classical perturbation technique is the
procedure of assuming that the unknown function in a problem can be
expressed as a power series in some parameter which appears in the
problem, The assumed series is substituted in the governing equation
and the boundary and initial conditions, A set of governing equations
and boundary and initial conditions is obtained by gathering the
coefficients of like powers of the perturbation parameter from all
the expansions, Each problem in the set is (hopefully) solved
recursively, and substituted in the original power series, which now
represents the solution of the original problem, Proof has been
given (1, 3) that the solution must depend analytically on the
perturbation parameter if the method is to be successful.

Mass, or inertia, has appeared in the literature as a perturbation

parameter, or a factor in a perturbation parameter, (For example,

lNumbers in parentheses refer to the references on page 60.



see (9).,) However, the use of mass, or inertia, in the context of
this dissertation is apparently new, The motivation for using the
perturbation technique is the hope of obtaining a series of problems,
each of which is more simple to solve than the original equation. A
linear vibration problem is indeed simplified if the inertia is
deleted. The result is a '"static" problem in which every point in
the system responds instantaneously to and in phase with whatever
forcing function might be applied. With this observation as moti-
vation, the solution to a linear vibration problem is assumed to be
expressible as a power series in the inertia, which may be discrete
or continuous. Each problem in the set will be a static problem in
which some function of the solution for the problems of lower order
in the perturbation parameter will appear as a loading,

The equations resulting from the perturbation expansion may
involve lower order derivatives than the original equation, and hence
it might not be possible to satisfy all the boundary and initial con-
ditions, In this sense, the perturbation problem may be singular,
However, initial conditions are not needed for determining the
eigenvalues and eigenfunctions of a linear vibration problem, How-
ever, methods (7, 11) have been derived for treating such singular
perturbation problems,

Also, truncation of the series solution for a given problem will

give a solution which will be valid only for a limited range of some



combination of the perturbation parameter and an independent variable,
This is another way in which the perturbation solution is singular,
and the methods discussed by Nayfeh (7, 11) can be considered, How=-
ever, the method of continued fractions (8, 10) is used in this
dissertation to extend the validity of the series, and it

appears that continued fractions will have application to other
singular perturbation problems.

Iterative methods of solution of linear vibration problems in
which the mass is eliminated in the first approximation and then
introduced by correcting the displacements according to the effect
of the inertia forces, are known (4), but are not directly applicable
to the determination of natural frequencies and normal modes,

Soong (5) discusses the use of the perturbation method based on mass

as the parameter; however, the unperturbed system is one in which the
mass is uniformly distributed rather than altogether absent, and only
certain types of lumped systems are treated, The perturbation theory
associated with the determination of eigenvalues of matrices usually

centers on the question of error analysis (6), where the behavior of

the system is studied only very near a particular eigensolution,

Energy techniques (12) have been applied extensively in the
solution of linear vibration problems, and in many cases are the -
most practical means of solution, The concept of transfer matrices

has been exploited in a recent text by Pestel and Leckie (13).



Indeed, transfer matrix methods are presently one of the most
popular means of solving linear vibration problems,

The concept of mobility has been widely used since being intro-
duced by Firestone (14), and is extensively treated in a book edited
by R. Plunkett (15). One application of the method of continued
fractions, as developed in this dissertation, will be to facilitate
an approximate structural mobility method considered in a recent paper
by Neubert (16). Continued fractions have been used by Wall (10)
as an alternative to the Routh-Hurwitz stability criterion, Dr, R, U.
Chicurel and the writer have submitted a paper for publication which

contains part of this dissertation,



III. LUMPED SYSTEMS

1. Two-Degree-of-Freedom System

The problem of determining the natural frequencies and modal
configurations of a two-degree-of-freedom-system will serve to explain
the salient features of the method., Consider the system shown in
Figure 1, where, for simplicity, the masses and springs are identical,
each having mass, m, and modulus, k., :.The displacements, Xy and Xg5
are measured from the equilibrium positions of the masses. The equations

of motion for free, undamped vibrations are

1 .. 1 ..
L2 A L2B A
o o

1 .. 2
=% +=% = - (2)
b2 AT 2 B
o o
where w, = and dots indicate differentiation with respect to time.
. . = w = w
If harmonic response is assumed, then Xy XA cos Wt, and Xg XB cos Wt,

Calling p = wz/woz, the equations become
“XA+“xB=XA (3)

pXA+2p,XB=XB 4)

The parameter p, which is proportional to the mass, will be used as a

perturbation parameter, If series expansions for XA and XB are assumed

as
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@ (o]
) n n
X, = EL Xyp# and Xy = E:xBn B
n=o n=o

and are substituted into Eqs. (3) and (4), it is seen that XAn= XBn= 0,
and the method fails., The usual techniques for obtaining natural
frequencies and mode shapes would begin with the homogeneous system

of equations

xA(-1+-p) +pX =0 (5
pX, +X (2w -1) =0 (6)

A system of non-homogeneous equations will be obtained, if a harmonic
excitation, F cos Wt, is applied to mass B, With this forcing function,

Egqs. (3) and (4) become

WXy tuXg =X "% (7
F
7 XA + 2u XB = XB - 2<§ (8)
Substituting the assumed series for XA and XB’ and equating co-
efficients of like powers of i, a set of recursion relations for XAn

and XBn results, These are

Kai = %1 TSy % T faeny T ey 1L 2 -
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With these relations, the following series are obtained:

XA = % (1 + 3u + 8p2 + 21p3 + ... ) 9
XB=§(2+5u+13u2+34u3+...> (10)

The situation wherein an ordinary perturbation expansion will not
yield a solution will occur in every linear vibration problem whose
formulation is homogeneous., This difficulty can, in every case, be
circumvented by applying external loads which will produce a non-
homogeneous system of governing equations,

Now, consider the series for the displacement of mass B, Solution
of Eqs, (7) and (8) by Cramer's rule would yield a quotient of
polynomials as the solution for XB’ namely,

B pp ()

X3 =3

where PB(“) is at least one degree lower in p than q(u). Two natural

frequencies exist for this simple system, and can be calculated from

9(n) = 0. Also, the possibility exists that mass B might be a node,

which implies PB(“) = 0 has one real root. Hence, XB can be written as
(n - )

=C (11)
k (=) = uy)

where Hy and H, are the natural frequencies, E is the frequency at



=12~

which XB becomes a node% and C is a constant, Equation (11) indicates
that the series for X; should converge up to Hy ( assuming pp < pz)’
which is its first pole, On the other hand, the reciprocal of the
series should converge up to H, which can be seen by writing

((TRE T L TRETPY)
K H1/ M Ho (12)

=l
C

o |

(b - W)

The values of Hy and H can be obtained by truncating the corresponding
series at some power of p, and finding the lowest real root of the
resulting polynomial.

Equating the right hand side of Eq, (10) to zero, and truncating
the series at the powers of p indicated below, gives these results

for E:

plz w = - 0.4 (wis imaginary)

pzz a pair of complex conjugate roots,

The series for %;, obtained from Eq. (10), is

k,1 5 1 1 3
——:F('z—-’z;p,-'g-p. -.lzu oo-) (13)

Equating Eq. (13) to zero, and truncating the series at the powers of

p indicated below gives these results for Myt
Hotopg = 0.4
Topg S 0.39 .

2 XB is a node implies XB = 0.
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Comparing the results for My and ;, it appears that My is less than E.
Indeed, the exact solution for Ky is 0,382, to three significant
figures, and the correct value of E is 2.0,

Referring to Eq, (11), the pole at Hy can be removed by multiplying

the series for XB by (u - pl). Performing this multiplication yields.

(0.39 - 1) Xy = 0.78 = 0,05 u +0.07 u* +0.26 > . . . (14)
Following the procedure used to find Mo yields

p.lz po=15.6

2 .
p : complex conjugate roots .

It is immediately seen that this series will converge (if at all) much
slower than that of Eq. (13), the reason being that Hy has not been
removed exactly., If convergence can be obtained, more terms of the
series will have to be included as the desired value of u increases,
This inherent truncation error cannot be avoided, and hence detracts,
somewhat, from the procedure of removing the singularities, one at the
time, from thé displacement and its reciprocal series. Leaving the
investigation of the series for XB at this point, the series for XA will
be examined,

Division of unity by Eq. (9) yields

k
}l(‘='f(l-3p.+p2) : (15)
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Not only is Eq. (15) a finite polynomial, but the term in paren-
theses has roots corresponding to resonant conditions, Examination
of Figure 1 reveals that mass A cannot become a node since neither
spring could deflect under such a condition, This implies that if XA
were to be expressed in a form similar to Eq. (11), the numerator would
be a polynomial of zero order, Hence, division by zero would not arise
when tﬁe reciprocal series, %— , 1is computed, and the resulting series

will converge for all values of u. Also, division of Eq, (10) by

Eq, (9) gives

3

X =2-p ,

>

and, therefore
(2 - )

2
(L -3 +p%)

That the division gives a finite polynomial is a remarkable result,
which will be extremely useful when a point that cannot become a node
can be identified in a vibrating system, This identification will not
always be possible, but fortunately, an alternative procedure has been
found for investigating the displacement series,

If the series for XB is expanded into a continued fraction by the
method of Viskovatoff (8), the procedure for computing the coefficients

yields (see Appendix I):
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%o 1 0 0 0 0 0 0 -=---
N 2 5 13 34 89 233 610  ---
Q4 -5 - 13 - 34 - 89 - 233 - 610 - ===
Q30° 1 3 8 1 -~ ——- cee  mea
Yot 2 6 - 84 - -—— -——- e mea
Ug* 0 -——- -——- - ——— - c—. e

where dashes indicate uncomputed terms. Since Ogy = 0, the continued

fraction terminates at that point, and

k =2
e -

2 +p
-5+2p.

When the terms are combined, the result is

(2 - p

2
(1 = 3p+u7)

|+

Xp =

which is identical with the previous expression for XB. The same procedure
will give the correct expression -for XA‘ The concept of continued fraction
representation of infinite series is seen to be a very desirable, and

almost necessary, complement to the success of the perturbation procedure,
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2, The N-Degree-of-Freedom System

The equations of motion of a linear system of N-degree -of-freedom

can be formulated as

N
X, =z agyFoi=1,2, oy N (16)
j=1

where X, is the displacement of mass m, from its equilibrium position,
Fi is the force acting on mass m,, and aij is a flexibility influence
coefficient which is defined as the displacement of mass m, due to a

unit force applied to mass mj in the direction of xj. The force, Fi’

can be expressed as

Fi = fi'(t) - m §i(t) : (17)

where fi'(t) is a known, externally applied, time-dependent force,
and-miﬁgt) is the inertia force acting on mass m, . If fi'(t) and
xi(t) are assumed to vary harmonically with time, then x, = Xi cos wt
and fi'= fi cos wt,where ¢ is the frequency. Substitution of these

relations and Eq, (17) in Eq. (16) yields

=

N
X, = a,., £, + E;a m, X w2 i =1, 2 N (18)
' ij *] S I
i=1

i
j=1

If m and k designate a characteristic mass and stiffness, respectively,

then
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al, 2
a,. m, 0 =—dagy, o= N VR e _h pnoa,., M,
ij i k j k/m “ij © 2 ij 7
o
2k w?
where w “ ==, and p = — .- If a,, M, is called A,,, then Eq., (18)
o m " 2 ij 7] ij
o
becomes
N N
Xi=-Z1 35 Eyt Z Agg Xpp 25 L 2 e b N (19)
J= =1
Assuming a solution for Xi of the form
) o]
xi N Z uQ xiQ,'i =1,2, ..., N ’ (20)
Q=0

and substituting this equation in Eq. (19), and collecting coefficients

of like powers of i will give the following recursion formulas for the

N N

° = Q = 2 Q-l > i =

X, E; aij fj’ Xi Aij Xj ,Q>21,i=1, 2, ,.., N (21)
=1

.
Il
=

Using Eq. (21), the expanded form of Eq. (20) becomes

N N N
X.=Za..f.+p.2 ZA..a. £ +
i ij 7j ij “jm m

j=1 j=1 m=1 '

, N N N
b z z ZAijajmamnfn+...,1=1,.2,...,N (22)

j=1 m=1 n=1
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Based on Cramer's rule, the form of Xi must be

. (1)
X, = it (23)

Toq ()

where pi(p) is a polynomial of at least one degree less in p than q(u),
and q(u) must be of degree N, An exception to the latter statement
occurs when pi(p) and q(u) have a common factor, This situation would
mean that a nodal frequency is coincident with a resonant frequency.
Even then pi(p) will be of at least one degree less in pu than q(u).
The continued fraction representation of Eq. (22) will be used to
obtain the numerator and denominator polynomials in Eq, (23),
Referring to Appendix I, it will be convenient to write Eq. (22)

in the form

[oo]
. r
x =) a
1 1r "

r=0

where N N N

i }i i zi Y

alo = aij fj, all = Aij ajm fm, ... , etc,
j=1 j=1 m=1

It is now agreed to drop the index, i, with the understanding that the

X in question is Xi' Hence, the expression for X becomes

As shown in Appendix I,
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a

01 =0 121, ¢

00 = 1» Qyp = = g 9qps and

,m>2,n>0 |,

%n = %-1,0 %-2,nt1 " %-2,0 %-1,n+1

Using these relations, X can be written as

X = 210 f‘_z_o_u o B o H (26)
%o T Qo TPy Ty +

For a system having N degrees of freedom, the Q's need be cal-

culated only through « Equation (24) can be rewritten with

2N, 0°
Pi (W) = Py 1™ %yne1,0¢Fon-2) ¥ # %oy 0 (Poy.3) (25)
A) = Q= %yo1,0 Qonep) + 1 Oy o Qpy3) (26)

If an explicit expression for pi(“) or q(u) is desired, this can be
obtained by carrying out the algebra indicated by Eqs. (25) and (26)
without giving p a numerical value, This is not necessary if the
values of the roots of pi(u) = 0 and q(u) = 0 are to be found on a
digital computer. The calculational procedure would be similar to
any routine procedure for finding the real roots of an Nth degree
polynomial, with Eqs, (25) or .(26) taking the place of the polynomial

expression,
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The normal modes of the N-degree-of-freedom system can be
calculated by determining the ratio of all the Xi to, say, Xm' For
example, the previously considered two-degree-of-freedom system

gives

5,
XA

which is known to be the correct amplitude ratio for the normal modes.
That the above procedure will always give the correct result can be
justified by considering how the particular solution to the forced
vibration problem is usually developed. Following Chen (17),if only

one external force is applied, then

r=1 UJr - W

where W, is the rth natural frequency, and the ('s are coefficients
of the normal modes as determined from the homogenéous problem, The

ratio of Xi to Xm can be written as

>

N
@2 - Z i e
R 2 _ 2
. r=1 (Dr - W

1
X N
(w 2 - wZ) amr 01r
R 2 2
r= u)r-w

where we is a particular natural frequency,

m
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As w approaches w_, this ratio becomes

R’
X I
Xm ¢mR

which is the ratio of the normal mode coefficients at w = mR.

3. An Example

The three-degree-of-freedom system shown in Figure 2 will be used
as an example of the method, The desired quantities are the natural

frequencies and the amplitude ratios, For this system,

4 1 1 1 4 2 1
= L -
M, => (2], 35 Tk 1 4 4], 13 = 4 8 &4
1 1 4 7 8

Hence, from Eq, (21),

3 3
o m -1
X, = E; a,, f,=a,. f, X, = E: A, . X(m 2 m>1, or
i ij 7j il i 1 5 -
j=1 j=1

m (m-1) (m-1) (m-1)
X, =A% A X Aj3 X5 .
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Substituting numerical values in these relations yields

(m-1) (m-1) (m-1)
X] = 4% X, ot X
no @D @D (D)
X2 =4 1 8 X2 + X3
m _ (m-1) (m=1) (m-1)
X3 =4 Xl + 8 XZ + 7 X3

From the latter equations,

xi=-§-§(4+2+1)=7§§

X;=§—k(4+8+4)=16%<-

K;=i- (b+8+7) =19 &,
X§=79§E,X§=232§E,X§=289%,etc.

The series for X1

2 3 4
1

+3,094,35L 1+ . . L)

5

X =%{-(1+7u+79u + 1,069 p” + 15,127 " + 216,133 p° +

(27)
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The series in parentheses on the right hand side of Eq. (27) is now

expressed as a continued fraction by the scheme of Viskovatoff out-

lined in Appendix
below. .

1 0

1 7

-7 =79

30 516
+1,242 21,438
-2,268 -43,092
4,898,880 93,078,7
0 ———

The dashes above

necessary for the

and the expansion

I.
0 0
79 1,069
-1,069 -15,127
7,644 110,244
317,848 4,585,950
655,452 -
20 ——- c——
indicate

First, the aij are computed as outlined

0 0 0

15,127 216,133 3,094,351
-216,133 =3,044,351  ---
1,581,420 - -

uncomputed quantities which are un-

computation of the quantities in the first column,

terminates with 050'

From the first column in the

table,
%o = 1, g = 1, Ay = = 7, Qg = 30, Qg =+ 1,242, Agy = = 2,268,
and Qg = 4,898,880,
Hence,
3k X. = 1 -7 30 +1,242 4 =-2,268 4 4,898,880 i
f "1 1+ 1 + -7 + 30 ++ 1242 p + - 2,268
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or in unabridged notation

* oL
1

30 + = 2268

1242+ 4,898,880 u
- 2268

Now, referring to the development of Eqs, (25) and (26) in

Appendix I,

Po=a10=1

Py =Qpp =1

P2=(120 p1+ua30 p0=-7(1)+p(30)(1)=-7+30p
P, = 30(=7 + 30u) + 1242(1) = - 210 + 2142 y

B, = - 240,820 + 2,676,240 y - 68,040 u?

P, = (1- 2,268)(=260,820 + 2,676,240 p - 68,040 u?)
+ u(4,898,880) (- 210 + 2142 )
= 591,539,760 - 7,098,477,120 y + 10,647,715,680 >

= 591,539,760 (1 - 124 + 18 u2)

o = %o =1

o
]

Q1=C¥00a10+a20p,=(1)(1)-7p. 1l -7pn

Q = Gy Q + 1 Oy Qy = = 7(1=7u) + u(30)(1) = - 7 + 19y
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Q, = 30 (- 7+ 79) + u(1,262) (L = ) = - 210 + 3,612 - 8,6% p
Q, = 1,242 (- 210 + 3,612 p - 8,69 u?) + (- 2,268) u (=7 + 79 )
= - 260,820 + 4,501,980 p - 10,977,120 °
Q = - 2,268 (- 260,820 + 4,501,980 u - 10,977,120 u?)
"+ 4,898,880 p (- 210 + 3,612 u - 8,694 u2)
Q = 591,539,760 - 11,239,255,400 u + 42,590,866,720 n?

- 42,590,862, 720 >

Qg = 591,539,760 (L - 19 + 72 W2 -2 )

(1 - 124 + 18 p2)

(1 - 19 + 72 u2 - 72 %)

2

An advantage of the method of continued fractions is that the

partial convergents (Qi) give ordered approximations to the roots (u)

which correspond to the natural frequencies, For example, when Q3 is

equated to zero, the roots are 0,0699 and 0,3455 as compared to the

correct values (to the same number of digits) of 0.0698 and 0.3333,

respectively,

4., Response to an Arbitrary Forcing Function

If there is only one external force, f', in Eq., (19), then the

quantity, f cos wt will appear in the series for Xi' If w is replaced
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by (i s), (4 =~J:-E), then the series for X,, aside from the factor
f cos wt, will be the Laplace transform of the response due to the
application of a unit impulse at the point of application of
f cos wt, for the case of quiescent initial conditions. Hence,
the response to this impulse can be found by resolving giéZ; into
partial fractions, and inverting the resulting terms. Use of the
convolution integral will enable the calculation of the response to
any forcing function, For a system having no more than, say, three-
degrees-of-freedom, it may be desirable to carry this calculation out
on a desk calculator. The following procedure is well-suited for the
solution of a system having N > 3 on a digital computer.

Since

p; (W)

X, = C ——
i qu) ’

where C is a constant ( %E in the example of Article 3), Xi can be

written as
p; (W)

o= o=py) oo o (uom oy

First, the right hand side of the latter equation is expanded by

partial fractions as
Py (w)
Cc =
o=ppd® =) oo =) oo (=g

L 2 .+, + T 1<i<N
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and hence
Cpy(uy)

C -

1 (ui = ul)(lli - “2) ¢« o o (IJ»i = “N)

where there are N - 1 factors in the denominator., The expression for

Xi becomes

n=1

If (i s) is substituted for w, the Laplace transform of the response

of the i th mass to an impulse becomes
N
' B Cn '§ B woz Cn
)= ) == ) T

s s +pu_w
n=1 “w—‘i +|_,\n n=1 n o

o

Each term of this expression can be inverted to give

N
1 2 .
Xi = Z T . (- w Cn) 51n~/_pn w, t
n=1 “Hn wo

or N
wO
x.=-2c—— sinw fu .t

n (o} n

Vi

n=1 n

5. Damping
That the method is applicable when odd order derivatives occur
will be demonstrated by including viscous damping in the two-degree-

of-freedom example., If a dashpot of damping coefficient, C, is placed
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in parallel with each of the springs in Figure 1, and a harmonic
forcing function is applied to mass A, the equations of motion become

m iA= k (xB - xA) -k x, + C(}EB - ﬁA) + P

m iy =k Gy - x) - 00 - %)

. . . 2
iwt iwt iwt mw
IfP=pe , X, = XA e, Xy = XB e, and p = 45— , where XA and

XB are complex-valued functions, the equations of motion become

- -2
p,XA XA+O£XA ocXB Xk

(0] XB -Q XA s

X

where a=1+1i. %Q .

Assuming that
o 1 2 .2

1 2

Xg-l-uXB'i'p, X§+

%

the usual perturbation procedure gives
o _ 40 _P
=% Tk

n_ , n-l n-1 n_ ., n-l 1 n-1
XA = XA + XB ’ XB = XA + (1 + > ) XB ,n>1

Hence,
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¥

x; =22 =2+ p)

X2 =2 3+ p) 2 =22 +p+p)H
xA3=E(5+2;3+32) XB3=£-(3+3B+BZ+B3)
xA4=§(8+53+232+s3)

.

1
where B = 1 + o "

Considering, for example, the series for X

A the scheme for writing XA

as a continued fraction is:

Gt 1 0 0 0 0
00
oyt 1 2 (3+8) (5+2p+82)  (8+SpH2p2+pY)
0520. -2 -(3+B) -(5+2B+[32) -(8+5[3+2B2+B3) ———
Gypr  -1+B (-14p2)  (-2¢p+p") ---
2 2 3
Oﬁ40 (1'23'*'[3 ) (l'B'ﬂ +B ) s--
aSO: 0

Again, as in the case of no damping, the continued fraction representation

of the series terminates, The expression for XA is
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« =B (1 2y (=1 + ) (1~213+B?')u3)
ATk T+ Tyt (1) ’

and contraction yields

1+p(1-p)

1-(@+B)p+(L-B) uz

=2
X "k

. 1 . W .
Replacing B by 1 + 3’ and o by 1 +1i . 3= gives

A(L =) +B6 +1i A6 - (1 -pu)B

A2 + B2

-2
XA k

where A=1-3p,+p,2’B=(]_-2p)e’and'9=:—':-g..
The magnitude of XA squared is

2
a-w?+ (2

2 P
Xy = > 2 , ()
2 wC
I =3u+p) "+ A -200" ()
Note that if C = 0, then
_p __1-¥
T X 7

1 -3u+n

and the denominator is identical to that obtained before.
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This example shows that viscous damping can be handled by this
method of analysis, and it is the writer's future plan to include

damping in the formulation of the N-degree-of-freedom problem,
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IV, CONTINUOUS SYSTEMS

1. The Axially Loaded Rod

The solution of vibration problems involving continuous systems
will be illustrated by applying the previously developed concepts to
the simple case of the axially loaded rod shown in Figure 3. If E is
the modulus of elasticity and p the mass-density, the equation of
motion for the axial displacement, u, of any section of the rod, based

on the one dimensional formulation is

Eu'=pi (28)

where primes denote partial differentiation with respect to x, and
dots with respect to time, If a force, F cos wt, is applied to the
end x = L of the rod, and a harmonic response, u = U cos wt, is

assumed, where U = U(x), Eq. (28) becomes

2
E—7F=-pw U (29)
dx

IfW=U/L, X = x/L, and p = p w2 L2/E, then the equation of motion

s = =pu , (30)

a4nd the boundary conditions are
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T(o) = 0, T'(1) = %E = a (31)

assuming

~~ ~ ~ 2~
u=u +pu +p u, + ...

1

and substituting this series into Eqs. (30) and (31l) yields

a% a% 4%
( —2 + L, 2”2 Y= -ud -0 237 -
o2 v Th o2 A S T ot S :

(32)

~

0 =T (0) +p W (0) + pouy(0) + ..., a= T () W) + ..

(33)

Equating coefficients of like powers of p in Eqs., (32) and (33)
yields a set of differential equations and boundary conditions, the

solutions to which are found recursively as follows:

a%y du
o, 2 _¢ 0 - -
Mo 2 7dx =Q, U =qx
dx o
1 1 ~ ~ 1 X a -~ X X
W Tt Tt g T ey, u s malE g,
X

and so on,
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Hence,
~ o~ P 2 5~ %%
umaxtua(y-gm) s (7 x -3+ 555)
3 61 ~ 5 ~3 1 ~5 1 ~7

tuw e *x -1z * Y350% " 5040 X))
2

b 38y 6l o3, 1 o5 157 1 )
H 40,320 * 7 4,320 576 © " 10,080 362,880

+ e o o o o o o (34)
Suppose the motion of the end X = 1 is to be obtained, Then Eq.

(34) becomes

~ 1 2 2 17 3 62 4
u(l)—a(l+§p+ﬁ-u +315p, +mp + ...) (35)

The desirable form of Eq. (35) would be the ratio of two series,
where the zeros of the denominator series would correspond to the
natural frequencies of the rod, and the zeros of the numerator series
would correspond to the frequencies at which the end,I; = 1, becomes
a node., Such a quotient can be obtained by observing that a point
infinitesimally close to the fixed end of the rod cannot become a
node, because the fixed end, X = 0, is always a node and, in fact,
an isolated node, since U, which is continuous and has continuous
derivatives for a harmonic excitation, is not identically zero in the
neighborhood of X = 0. Refaining only terms containing the first power

of ¥ in Eq. (34), and denoting the resulting series by Eﬂ gives
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o 1 . 5 2 61 3, 1,385 4
g=ax U+su+gu +o55 0 *55300 000 )

~ 1 1 2 1 3 1 4
= ax 1/(1 - R N 25:335 T R

- The operations sﬁggésted by the following equations are

performed to obtain the desired form of Eq, (35):

. u(1)
g
First,
a(l) 1 1 1 1
~ =:(1--u+—u2'—u3ooo)
g . X 6 120 5,040
and finally,
1 1 2 1 3
1-_u+——u --—u e o o o
T =a - 6 120 5,040 ,
1 1 2 1 3 1 4
L-gwtgmu -7 Y5320 * - - -

(36)

which is the desired form, The numerator and denominator series in
Eq., (36) are recognizable as J%T-sin-JL and cos JL, respectively.

Hence, Eq, (36) can be written as

T = ak - (37)
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Equation (36) can be obtained in yet another way. Equation (34)

can be written as

U_ g, 5 2 61 3

- % (1+2+24p, +720p + . ..)
NI B )

X 6 " 12 T T4LH T v e
+~5(L 2+._1_. 3+_1_. 4+ )
120 # 240 M 576 M <
+.
or
T~ ~3 ~5
i x1 gl + x g2 +.x g3 B

where the g's are the corresponding power series in p. Now, at a

~ 1 . .
natural frequency, u —=> @, and = —> 0, and the previous equation

u
gives
24 g 2 g
o 1 2 2 3 3
rat_ ’;{,- 2x+( 3- 2)X+oo.
81 81. 81 81
where

_ K 5 2 61 3
gl—l-l- + +720p,

3 2% M + .. .

Since 81 is common to every denominator, %-> 0 as -;— —> 0, and
u 1
by long division,
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1 .12 1 3
El"l'z+24“ “ oM -

which is the same as the denominator of Eq, (36). Equation (36) is

obtained by solving for G, where

1 2 2. 17 3 _ W12 1 3
l+Futqgu +3gu +. .. =6/A-g+50u" - 558 0.
Hence,
1 1 2 1 3
G=l-gutTgr S04+ "~ -

which is the numerator of Eq. (36).

The immediate question which arises from the above discussion
is whether or not, in any problem, it will be possible to find a
point which will not become a node at any frequency, or if a common
factor, such as 81> will occur., In general, it will not always be
possible to obtain these conditions, This is to say that not only a
point whose deflection will not vanish cannot, in general, be found,
but no derivative (such as a slope) can be found that does not vanish
at any frequency. In a paper submitted for pﬁblication by pr. R. U,
Chicurel and the writer, certain beam vibration problems are discussed
where, for example, it is possible to identify a position where the
bending moment will not vanish at any frequency, and hence, the

reciprocal of the series for the moment will have no singularities,
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This lack of singularities permits the calculation and removal of

the zeros of the series, one at the time,

Use will now be made of continued fractions to extract certain

information from Eq, (35), TFollowing
Appendix I, the following convergents

parentheses on the right hand side of

P = 1 Q0
R S §
Pp=-3t 5k Q,
P3 o {10y - 105) Q3
15(21) (45)
2
_ =(u"=105 u + 945)
P4 = Q4
21(45) (45) (105)(135)

the method outlined in

are obtained for the series in

Eq. (35):

]
=

n

||
H
1
W=

2
15 M

I

]
[SSTF

+

-(p.2 = 45 p + 105)
105(135)

-(u2 - 28, + 63)
45(105)(135) (315)

The values of p for which the Pi and Qi vanish correspond to the

squares of the frequencies at which a

node appears at X = 1, and the

natural frequencies of the rod, respectively. The square roots of

pu from the above approximations are:
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O: (o]

i -e- Qqr 1.732

Py: 3.873 Q,: 1.581

Py 3.240 Qy: 1.572, 6.522

P,: 3.153, 9.750 Q: 1.57, 5.053
(3.142), (6.284) (1.571), (4.712)

The results of an "exact" analysis are shown, to four significant
figures, in parentheses below the approximate results for PZ and Q4.
It must be kept in mind that if Eq, (35) is viewed as an in-
finite series, it will converge up to pu = %— , which is the first
value of p for which the value of the series approaches infinity
(the first natural frequency). However, the use of continued
fractions has produced information about values of y which far exceed
the range of convergence of the infinite series, Indeed, only the
first five terms of the series have been used, and the second natural
frequency, JL = 5,053, is within 7,25 per cent of the exact value,
JL = 1.5 5. The motion of the point, X = 1, has been used only for
convenience, and any other position on the axis of the rod would
serve as well,
Ordinarily, the mode shapeé corresponding to the natural

frequencies would be found, in order to find the response of the rod
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to an arbitrary forcing function by using the orthogonality of the
mode shapes. Instead of this approach, an approximation to an
integral transform technique will be used, The first step, in general,
is to apply a harmonic forcing function having the same spatial
variation as the forcing function for which a solution is desired,
For example, if'in the present problem, the response of the rod to a
_force applied at the free end is desirgd, then Eq, (34) would be
developed. Next, the fact is used that if (i s), where i =+-1 and
s is the Laplace transform parameter, is substituted for w, Eq,
(34) becomes the Laplace transform of the response of the
rod to a unit impulse applied at X = 1, If the resulting expression
were inverted term-by-term, the result would be a power series in
time that, for any value of';, would be only a short-time approxi=-
mation, However, continued fractions can be used to obtain an
approximate expression for the transform as the ratio of two poly-
nomials, and this expression can then be inverted by standard
procedures, Once the response to a unit impulse is obtained, the
response to any forcing function can be calculated by using the
convolution integral.

Suppose the response of the end, X = 1, to a unit impulse
applied at that point is to be found. The procedure discussed in
the above paragraph can be immediately implemented by writing the

ratio of, say Pj to Q3, and substituting (i s) for w. This gives
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% (105 + 10 g 52)

W (1,s) =
2 1.572 (2 2 6.522.2
s” + . ) s+ (=
T T )
where U (1, s) is the Laplace transform of X = 1 to the unit impulse,
and B = g L2. The inverse transform is

Jp Ve
The complete solution for the response, le,t), is the square-wave

function, which has the following series representation:

[ee)
~ N
u(l, t) =B % L —i-siny-—&g
n odd B

The first two terms of the series gives

’J(l,t) é\/-ﬁ 1.273 sin .].'..'ﬂ + 0,424 sin 4,712t

s s
To improve the accuracy of the solution, the next odd convergents
would have to be developed, because the ratio of two even convergents,
such as PZ/Qa’ will have polynomials of the same degree in the
numerator and denominator, The above inversion procedure requires a

numerator of lower degree than the denominator,
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The example of the axially loaded rod has demonstrated these

features of the method of analysis:

(1) Any type of spatial variation for the harmonic forcing

function will suffice for the determination of the natural frequencies,

(2) The quantity chosen (in the present case, u(l)) to be

developed into a series is a matter of convenience,

(3) The mode shapes are not necessary for the determination of

the response to a given forcing function.

(4) Continued fractions can be used to invert Laplace transforms

which appear as power series in the transform parameter,

(5) The method is well adapted, although certainly not limited,
to linear vibration problems involving time-dependent boundary

conditions,

(6) Continued fractions can be used to extend the accuracy of
any solution which appears as a finite number of terms of an infinite
series, In particular, the usefulness of many singular perturbation

problems can be increased by making use of continued fractions.

These remarks are, of course, made in the sense of approximate

solutions,
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2, The Timoshenko Beam

When the effects of shear and rotatory inertia are considered,
the usual Euler-Bernoulli formulation for a beam is modified and

becomes (17)

' 2
ol ( EI X ) + k ( o ¥) = ol i:%
Py .3 ford
pA S;% "X k ( 3 v)| = w(x,t)

where
x = spatial coordinate along the neutral axis of the undeformed
beam
t = time
E = Young's modulus of elasticity

G = shear modulus of elasticity

<
[}

total deflection of the neupral axis

I = moment of inertia of the cross-section about the neutral axis
p = mass-density of the material

A = cross-section area

¥ = slope of the beam due to bending

k'= a numerical factor which relates the beam shear force to

the shear strain at the neutral axis (21)

k = k' AG



bl

w = external transverse load per unit length
V = beam shear force
M = internal bending moment

B = slope at the neutral axis due to shear .,

Also,

!
M = EI

o

>
Ve (Z-y
@X:
L~y +p

These equations have been studied rather extensively, and the literature
on them is easy to find. Recently, Ames and Sontowski (18) have
considered a multiparameter perturbation solution of the frequency
equation for a pin-ended Timoshenko beam, It should be noted that
the frequency equation they treat is an algebraic polynomial, which
is obtained because the shape functions of the pin-ended beam are
sine functions. Other end conditions will usually produce more
complicated, transcendental shape functions, and the frequency
equation will not be a polynomial.

The application of the method of analysis to Timoshenko beams
will be illustrated by considering the problem shown in Figure 4,
First, the governing equations will be nondimensionalized by substituting

the relations
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2.2 k1.2 1.2 MoL

x =L, y=ul, p=Fot’, a= g, s =Fm, v =g

tH|o

After harmonic response to the applied end-moment, Mo cos wt, is

assumed, the equations become, for w = 0,

d dy du = -

P ( ot ) +a( i€ " V) = -
d

gg a ( 3% -y) =-upusu ,

and the boundary conditions are

‘ M L
w(0) =0, ¥(0) =0, u(n) =0, LB _ oy

]

A beam of square cross-section (A 1 in2, L = 5 in) and made of a

material for which E = % G will be chosen as an example., If

k' = 0,833, the parameters in the problem become:

I_ 1 2
A=1,%=1;, s=12(5" =300 ,
2 2
_ KL° _ K'AGL® _ 1
Q= g7 = g7 = 93.75, == 0.010666

Since y is a common factor, it will be chosen as unity. The solution

is assumed to be

2
1+p, u2+...

2
y = Wo +u wl +pu Vz T oeee

= + u
u uo v
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3 ¥, (1)

and all the boundary conditions are homogeneous, except =E

which is unity., Following the usual procedure, the coefficients of

n® yield
dy du
d o) o
ElagIralg - V)=
du
d o
dg a(‘ag— B vo) =0
Hence, du
a ( T wo) = constant = C1
and
i Fou g
dg§ dg - 1 -
Therefore, de
E§_=-C1§+CZ
and
dy, (1)
g == *G
Thus §2
? Yo=-C 5+ @+C) §+Cy

and C; vanishes since WO(O) = 0,

The equation for determining u, becomes

du 2
dg 12

2 - g1+ ¢;) §+ 0.010666 C

0

)

1
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Integrating, and applying the remaining boundary conditions results
in

0.242249 53 - 0.226746 §2 - 0.015503 §

[=
]

¥, = 0.726746 § - 0.453491 §

which is merely the static solution of the problem,.

The equations which govern uy and wl are

d 1 _ _ 3 2

€ a( HE— - Wl) = -~ 300 u = - 72,6747 & + 68,0238 & + 4,6509 §
d d\Ul dul 2

FlgE ) talg - ¥ == ¥, =-0.726746 § - 0.453491 §

along with homogeneous boundary conditions, The solution for uy and
vy is straightforward, and was obtained with the aid of a desk

calculator., Only the results will be shown here.

0.86518 §7 - 0.188955 §6 - 0.089627 55 + 0.079357 §4 +

[=
]

1
+ 0.642156 3 - 0.488888 EZ - 0,040566 £
6 5 4 3
¥, = 0.605623 €% - 1.13373 € - 0.25435 €' + 0.075562 € +
+ 1.901664 E2 - 0,977760 € .
Similarly,
u, = 0,003277 el | 0.011248 €0 - 0.013938 €° +.0.028342 €8 +

+0.237381 €/ - 0.416494 €2 - 0.235848 E° + 0.171093 £* +

+ 1.159100 €2 - 0.848866 E2 - 0.0727933 €



=48~

¥, = 0.036050 £ - 0,112475 & - 0.090840 €8 + 0.140358 € +

+ 1.613868 §6

+ 3.412397 §2 1.697732 § .

The moment at §

development will be used to determine the natural frequencies,

moment is proportional to

f = = 0,453491 - 0,977760 p - 1,697732 pz o« o e

Dividing through by the leading term yields
2

g =1+ 2.156074 p + 3.743695 p“ + . . .

The scheme for developing g into a continued fraction becomes

aooz 1 0 0 0
%o¢ 1 2.156074 3.743695 —
Oy -2.156074 -3,743695 - —
a30: -0.904960 -——— - ———
Q, =1 P =1

Q; =1 - 2.156074 p P, = 1

o
3V
]

- 2,156074 + 3,743695 u P, = - 2,156074 - 0,904960 p

2448179 € - 0.665547 EX + 0.162933 € +

0 will be chosen as the quantity whose series

This
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The zeros of these expressions are:

Q, P :
Q: p = - 0.463677 P, : e
Qy: p = 0.575921 Py: p =-2.382508 .

According to Q2,

o = E= (0.575921), = 0.758895

oL

(ol (o
ol

The lowest value of w, based on Euler-Bernoulli theory is (10),

= 0.89015 = ’\/—

from which, shear and rotatory inertia are seen to reduce the lowest
natural frequency by approximately 15 per cent,

Observing that P2 gives a negative frequency for the moment in
question to become zero indicates that the second natural frequency
will occur before a frequency at which the moment vanishes, Hence,

the singularity at p = 0.575921 can be removed by multiplying the

by £0:575921 - y)
0.575921 .

series for g This yields

1 + 0.419724 p, + e o o

Considering only the first two terms of the reciprocal of this series,

there results
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1 - 0.419724 . . .

and, to this approximatién, the value of p corresponding to the second

natural frequency is

p o= 2,38251 ,
and
' w=1.54356 =V E |
L »p
Reference (19) gives
w = 2.88472 %«/ %

for the second natural frequency when shear and rotatory inertia are

neglected.

3. Euler Beam with Variable Cross=Section

The tapered wedge shown in Figure 5 will be used as an example
to demonstrate the use of the method of analysis for calculating the
natural frequencies of members whose motion is governed by differential
equations having variable coefficients, Following the nomenclature
in section 2 of this chapter, the governing equation and boundary

conditions are
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ey =0, L @) -0, (L) -0, » =-o0.
X~ x=0 X~ x=0 X= x=L
where
3
1 3 x° _ 3 _ X _
I"'-]E(Zb) F-IOX,A—ZbL-AOX

Substituting the expressions for I and A in the above equations,
assuming harmonic response to the loading function, w = w X cos wt,

and nondimensionalizing the equations as in section 2, yields

2

d "

S (2 u) ~ugu=¢
at

2 2 -
O (B3 9u8y o, (83 4Y) =0, () =0, =0

o5 32 E=o 362 “x=o =1 g€=1
A, 2 2 Yol
where p = 5TV L°, and BT has been chosen as unity., The reason
o o

for choosing w = W X cos wt will be explained later in the problem.

Assuming

2 3
u—uo+pu1+p u2+p, u1+. o .

and following the usual perturbation procedure, the equation for

determining ugs which is the static solution, is

along with homogeneous boundary conditions., Successive integration
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and application of the boundary conditions yields

(§3 u ") = %— , Or uo" - %

Having chosen the loading proportional to &, the~above equation can
be divided through by §3, which results in the absence of negative
powers of €, If such terms were present, a singularity would occur
at € = 0, This circumstance illustrates that the spatial distribution
of the loading function is a matter of convenience when natural
frequencies are to be determined,

Integrating u0" = % twice, and applying the remaining boundary

conditions gives

L2 _lg, L
YW=12% "6t D
The equation for determining ug is
3 nno _ 13 12 1
(8 u ) = g u =15 g€ A g% + 3 g€

along with homogeneous boundary conditions, Applying successive

integrations yields

1 41 3.1 .2 1 1
U1 T FG20) ° T3 ° YT 8 120 100y
Similarly,
1 16 15,36 3,29 2 563, 439
U =7zGaoy |70 ° "5SS 28 -6+ 58 - b+ 5y
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and
8
u3 2 ; %E _ % §7 + 6 §6 _ 2;2 §5 + 629 §4 - 1126 §3 +
70(72)7(720)
+ 2634 §2 - 20,?27 £ + 78;373 )

Choosing the deflection of the free-end, u(o), as the quantity whose
series development will be used to determine the natural frequencies,

the above equations yield

1 29 439 2 78,473 3
= Tt T | T 1 4 N
ule) = 3 * o720y * + 70(72) (7200 M (70)2(72)2(720)"

+ ce )

and hence

u(o) ~ 1 + 0,04027777 p + 0,00145179 p? + 0.00005149 > + ...

The scheme for developing this series as a continued fraction becomes

aOO: 1 0 0 0
alO: 1 0.04027777 0.00145179 0.00005149
0t - 0.04027777 - 0,00145179 - 0.,00005149 —_——
Oqq - 0,00017050 - 0,00000699 ——— ———
ek - 0.000000034 ——— ——— _———

Hence,
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Q =1 P =1
Q = 1 - 0.04027777 p P =1
Q, = - 0.04027777 + 0.00145179 i B, = = 0,04027777 = 0,0001705
= 10710 ¢ 2.815.3u + P. = - 6.86736 x 107°
Q, = 10 68,673.6 - 2,815.3. , = - 6. x -
13.69 uz) 0.42975 u x 10~

The values of p for which the Qi and Pi vanish are:

Qo o Fo o
Q: 24.8276 p,: ——
Q,: 27.7435 Py: - 236.23
Qy:  28.283, 177,363 Py: - 1597.99

(28.228, 231.107)

The correct values of p (19) are written in parentheses below the
approximate values of y given by Q3 = 0, The lowest approximate value
of p agrees with the correct value to three figures, and the second
value of y is within 24 per cent of the correct value, As in the
case of the Timoshenko beam, the values of p for which the free-end
becomes a node are negative, indicating that a nodal frequency for

€ = 0 will not occur between the first two natural frequencies. The

singularity, u = 28,238, can be removed from the series to which u(o)
28,238 -
28,238

is proportional by multiplying that series by The

first three texrms of the resulting series are
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1 + 0.004864 p + 0,00002542 pz + ..

The denominator of the continued fraction representation of this

series gives

Qp =1 ,
Q, = 1 - 0.004864 1 , (205.59)
Q, = - 0.004864 + 25.42 x 107° ., (191.345)

where the zeros of the Qi are indicated in parentheses. The correct
value of p corresponding to the second natural frequency is (19)
231.107, Now, the frequencies, w, are proportional to the square
root of pu. Therefore, the correct value of the second natural
frequency is proportional to 13,318, whereas the approximate value
is proportional to w = (191.345)1/2 = 13,833, the error being less
than 4 per cent, It should also be noticed that the yp = 177,363
gives W proportional to 13,318, the error being approximately

12 per cent,
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V. DISCUSSION

The objective of this dissertation is to show that the use of
inertia as a perturbation parameter leads to a simple method for
obtaining approximate solutions to linear vibration problems. The
writer feels that the example problems support an affirmative con-
clusion for both lumped and distributed systems.

Lumped systems, without damping, have been shown to be completely
amenable to this method of solution. Once the equations of motion
have been formulated, only 2N terms of the displacement series
for a N-degree-of-freedom system need be developed in order to obtain
the frequency and, what may be called the nodal polynomials, The use
of continued fractions has enabled the extraction of this information
from only 2N terms of an easily developed series, As has been
previously pointed out, the application of the mdbility method to
lumped systems results in a continuous repeating fraction. The present
method has an advantage over the mobility method in that it can be
terminated at any point, and useful results for natural and nodal
frequencies can be obtained., More specifically, the latter statement
_refers to the calculation of the ith partial convergent, ;i , where
i < N. The reason this éituationexists is that the present method of
analysis takes into account all the properties of the system in the
static solution, whereas the mobility method, if terminated at any

point in its procedure, will not take account of certain inertia and

stiffness parameters,
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The example of the damped two-degree-of-freedom system is in=-
cluded to show that the method of analysis can accommodate damping in
a lumped system, with little more effort than is involved in the
undamped case, It is the intention of the writer to extend the method
to include damping in the N-degree-of-freedom problem.

The examples of linear vibration problems involving continuous
systems show that the method of analysis is very useful for obtaining
approximate natural frequencies, even when the system has variable
properties. The series solution for the Euler beam with varying
cross-section was developed with the aid of a desk-calculator, The
calculations were routine integrations, but more difficult problems
could be integrated on a digital computer.

In contrast to developing the series solution for some quantity
in a problem, the frequency equation can be obtained in closed form
for many practically important vibration problems. 1In a very recent
paper, Kosko (20) has used the idea of reversing (or reversion of)
the series expansion of the transcendental frequency equation for a
beam carrying a lumped mass, but only the first natural frequency.is
obtained with much accuracy., In these situations, the power of the
continued fraction representation of such series can be used to
obtain the higher frequencies,

Once the approximate response of a particular point in either a

lumped or distributed system has been obtained, the response of that
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point to an arbitrary forcing function, with the same spatial location
as the impulse, can be found by using the superposition integral for
linear systems. The accuracy of the impulse response depends on the
accuracy present in the approximate values of the natural frequencies,
These frequencies can be obtained to any desired degree of accuracy

by taking more terms of the series being considered and determining
the corresponding continued fraction representation., Indeed, the
examination of the continued fraction representation of any series
solution for a mechanics problem appears to be a worthwhile area of
research,

Although it is not presented here, the method of analysis has
been successfully used to obtain the buckling load for several types
of Euler Columns, wherein the axial load is used as a perturbation
parameter, Also, the writer has used the method of analysis to
determine the natural frequencies of vibrations of a simply supported
rectangular plate,

In conclusion, the concept of inmertia as a perturbation parameter
and the use of the continued fraction representation of the resulting
series solution are original and useful contributions to the

literature on linear vibration problems.
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APPENDIX I

Transformation of Series Into Continued Fractions (8)

The development

is called a continued fraction, In this dissertation, the development

will be written in abridged notation as

a1 4 4
bo + 5 5. B
1+ 2+ + n+ .. . . .

Suppose a function, f(x), is given as the ratio of two infinite power
series in x, Then f£(x) can be written as

3

2
+ X + a12 X + o X+ ., . .

%10 11 13

f(x) = 5 3 (AL)
X + X + a03 X +. ..

%o * %1 02

A direct method for transforming Eq., (Al) into a continued fraction
is that of V, Viskovatoff, Equation (Al) is transformed in the following

manner:
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£(x) > 3

a00+a01x+a02x +a03x + . . .

2
+0511x+oz12x +oc13x s I

%10

x+a02x +ao3x + . . (04

X + 012 X + a13 x4+, . 10

+ O‘Ol

+

11

%10

(@10 Q1 = o 1) + (@g Fy = Ggg )% + ..

Onn + X o
00 a + X+ Q x2+...

10 11 12

20

a + X+ x4+ . . .

%0

%0

(200170 0% 1) (0 o0 5 =0 (00 )% + ...

x+0122x2+. . o

a00+ X o

a10+ X *

Qo T %

a a X (04 X
10 20 30
= | (A2)

%0+ %0 +%0 +. ..
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* The Qjo can be computed by using the following scheme:

o (04 0/

00 01 02 03
%0 %1 %2 %3 TTTTTTTT
C¥2 0 az 1 a2 2 CZZ 3 Tmmmmeees
%30 %1 93 O33  =77momos

The first two rows of the above array are the coefficients of
the denominator and numerator, respectively, of Eq. (Al), Any other

coefficient in the array is computed by

%n = %-1,0 %-2,n+1 " %-2,0 %1041, ™ 2 2, n20

If Eq. (A2) is truncated at, say, the second term, the right hand

side becomes

% %0 * %o %10 %9

%o + %0 %o + g x %00 Y10 t Oy X

%0

The latter expression is called the first convergent of the continued
P
fraction and is written as L , where

Y

Pp =00 %00 Q = g g T Oy X
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Following this notational scheme,

Py = %0 Q, = %o

Py =90 %o Q = Qpp g+ Uy ¥

Py = Gyo(By) + x ag,(P ) Q= 0yp(Q) + x a3,(Q)

Pa = aho(Pn-l) tx an+1,o(Pn-2) Q= %o (Qn-1)+ x aﬁ+1,o(Qn-2)

The above expressions for the numerator, Pn’ and denominator, Qn, of

the nth

convergent of Eq., (A2) can be proved by induction.
In Chapter IIT of the dissertation, the solutions for the lumped

systems are shown to be of the form

Consider the series expansion of such a function, say

2 - x
£x) = 57—
X -3x+1

which is found by long division to be



As it stands, this series will represent f£(x) up to the lowest root

2+ 5x+ 13 x% + 34 x> + 89 x
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4 + 233 x5 + ...

of x2 - 3x + 1 =0, Following the scheme for computing the aij’

1 0 0
2 5 13
=5 -13 =34
1 3 8
2 6 16
0 0 -

0

34

-89

21

0 0 --
89 233 --
-233 -- --

Hence, the aij terminate, and the non-zero results from the first

column are:

Hd
I

HJ
]

.’_\"U
]

T = 1r Qg =25 Byg = =3, O3y = 1, 04 = 2

Referring to the expressions for P and Qn s

= 5(4) + x(1)(2)
- 20 + 2x

1(-20 + 2x) + x(2)(4)
- 20 + 10 x

2 P3

n

1
2 - 5x

-5(2 - 5x) + x(1)(1)
- 10 + 26 x

1(-20 + 26 x) + x(2)(2-5x)
- 20 + 30 x - 10 x2

2 Q3
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Thus,

P3 -10 (2 - x) 2 - x
— =2 2 = 2=f(X)
Q101 -3x+x2) 1-3x+x

Since the solutions for the XI, as méntioned above, will be
the ratio of two polynomials, it will be possible to represent the
series.expansion of Xi by a terminating continued fraction,
Generalizing the above example, a system of N-degrees-of-freedom
will require the computation of 2N - 1 a&o's beyond %0 and @09

and 2N convergents, Hence,

P; (W) = Pyyy =ono1,0(Pon-2) T % %y o (Poy.3)

1) = Qg = yog,00 a2 + X %y 0 (Poyas)
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APPENDIX II

Expansion of the Laplace Transform

An alternative to substituting (i s) for w in the expression for
the response of a system to harmonic excitation in order to find the
response to a unit impulse is explained in this appendix, The single-

degree-of-freedom system, which is governed by

mxX+Cx+ kx = £(t)

will be used to illustrate the procedure, First, the Laplace transform

of the latter equation, with quiescent initial conditions, is

msX+Csx+kx= (s)

where the symbols have been previously defined,

Calling

The expression for x could be written down immediately, but to
illustrate the perturbation procedure, let it be assumed that

- _ = = 2 =2
X = xo +u xl +u x +. ..
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and hence
2 — 2 — e _E(s)
u(s x0 +pu s X1 + . . .) + B(x0 + pu X + p X, + . . L) = "
The usual perturbation procedure yields
= 2 4 6
Xy =28 Lg s sy )
k B B BZ B3

The series in parentheses could be treated by continued fractions,

but is easily verified to be L > .
1+ =
Finally,
x(s) = £ —2= E(s)
B+ s

which can, in principal, be inverted for a given f(t). In particular,
if £(t) is the unit impulse, then £(s) = 1.
The above procedure can be applied to any linear vibrating

system,



AN INVESTIGATION OF THE USE OF INERTIA AS A PERTURBATION
PARAMETER AND CONTINUED FRACTIONS IN LINEAR
VIBRATION PROBLEMS
by

Jerry Counts

ABSTRACT

The eigenvalue problem associated with the determination of the
natural frequencies, mode shapes and impulse response of a linear
vibrating system is a classical and very importantbengineering prob-
lem, This dissertation presents a new technique for obtaining use-
ful approximate, and in some cases, exact, solutions for such prob-
lems. The fundamental concepts on which the technique is based are:

1) The use of inertia (mass) as a perturbation parameter

for developing series solutions for the response of a system

to harmonic excitation,

2) The expansion of these series solutions as continued

fractions,

The series solutions are obtained by applying the classical
perturbation technique, which assumes the solution for the govern-
ing differential equation (say, for the case of one independent

and one dependent variable) can be expressed as



w=wo+pw +p?w +u3w s

1 2 3

where w is the dependent variable, and the wi are unknown functions,
p is an inertia parameter that appears in the coefficients of the
acceleration terms of the governing differential equation., The
series for w is substituted in the governing differential equation,
and the associated initial and boundary conditions., Since M is
arbitrary, the coefficients of like powers of u are equated to zero,
The result is an infinite set of differential equations, and bound-
ary and initial conditions, each of which is (hopefully) easier to
solve than the original problem. LA becomes the massless, or static,
solution, in which the system responds instantaneously to, and in
phase with, the applied excitation, The equation governing Wy is
the same as that for w,, except that some function of W, appears as
a loading function, and, in general, the equation governing Wy will
involve some function of w; ; as a loading function.

There are two ways in which the problem can become a so-called
singular perturbation problem, First, if the order of the equations
governing Wy is not as high as that of the original equation, it may
not be possible to accommodate all the initial and boundary conditions,
However, initial conditions are not necessary for determining the
eigenvalues of a linear vibrating system, The second way in which a

singular perturbation may arise is the limiting of the range of

validity of the series solution to small values of some combination



an independent variable and the perturbation parameter., The range
of validity of the series solution can be extended by truncating
the series after some term and converting the truncated series to
the quotient of two polynomials by means of continued fractionms,
The zeros of the denominator polynomial will correspond to reso-
nant conditions.

Lumped systems without damping are completely amenable to
this method of solution, and a two-degree-of-freedom system with
damping is solved. Approximate solutions for an axially loaded
rod, a Timoshenko beam, and an Euler beam of variable cross-section
illustrate the application of the method of analysis to continuous

systems,
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