
Learning to handle occlusion for motion analysis and view synthesis

Shih-Yang Su

Thesis submitted to the Faculty of the
Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

Master of Science
in

Computer Engineering

Jia-Bin Huang, Chair
Daniel J. Stilwell
Pratap Tokekar

May 6, 2020
Blacksburg, Virginia

Keywords: Motion Analysis, View Synthesis, Deep Learning.
Copyright 2020, Shih-Yang Su



Learning to handle occlusion for motion analysis and view synthesis

Shih-Yang Su

(ABSTRACT)

The ability to understand occlusion and disocclusion is critical in analyzing motion and
forecasting changes. For example, when we see a car gradually blocks our view of a human
figure, we know that either the car or the human is moving. We also know that the human
behind the car will be visible again if we move to other positions. As many vision-based in-
telligent systems need to handle and react to visual data with potentially intensive motions,
it is therefore beneficial to incorporate the occlusion reasoning into such systems. In this
thesis, we study how we can improve the performance of vision-based deep learning models
by harnessing the power of occlusion handling. We first visit the problem of optical flow
estimation for motion analysis. We present a deep learning module that builds upon occlu-
sion handling methods in classic Computer Vision literature. Our results show performance
improvement in occluded regions on standard benchmarks, as well as real-world applica-
tions. We then examine the problem of view synthesis for 3D photography. We propose
an inpainting method that leverages local color and depth context for novel view synthesis.
We validate the proposed inpainting approach with a series of quantitative and qualitative
experiments, and demonstrate promising results in predicting plausible content in occluded
regions.



Learning to handle occlusion for motion analysis and view synthesis

Shih-Yang Su

(GENERAL AUDIENCE ABSTRACT)

Human has the ability to understand occlusion, and make use of such knowledge to make
predictions about motions and occluded contents. For example, when we see a car gradually
blocks our view of a human figure, we know that either the car or the human is moving. We
also know that the human behind the car will be visible again if we move to other positions.
In this thesis, we study how we can replicate such an ability to artificial intelligence systems.
We first investigate the effect of occlusion reasoning in the task of predicting motion. Our
experimental results show that a system equipped with our occlusion reasoning module can
better capture the motions happening in image sequences. Next, we examine the problem
of hallucinating visual contents that are blocked in an image. We develop a model that can
produce plausible content in occluded regions. In our experiments, we show that given one
single RGB image with an estimated depth map, our model can produce a corresponding
3D photo by hallucinating the structures that are not visible in the image.
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2.1 Motion discontinuities and
partial occlusion often prevent us from finding a good match for cost volume
construction. Here, when the yellow block in the back moves toward bottom-
right, it reveals an unseen purple layer that was originally occluded in Frame
1. As a result, the query patch (near the depth discontinuity) fails to match
any of candidate patches in Frame 2. On the other hand, our method learns
to predict the offset to shift the query, and can infer the correct match from
neighboring region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2 , a lightweight and effective model for optical flow estimation.
Our model achieves the lowest end-point-error on Sintel Test - Final while
using substantially less model parameters. . . . . . . . . . . . . . . . . . . . 5

2.3 Our CompactFlow model first extracts the
convolutional features from the feature extractor. We then construct the
feature pyramid by recursively applying the (shared) residual block. At each
level, the flow estimator takes features from frame 1, 2, and the upsampled
flow from the previous layer as inputs, construct the cost volume using the
frame 1 feature and the warped frame 2 features. We then leverage the the
proposed shiftable cost volume module to handle motion discontinuities and
produce a (see Figure 2.4 for more details), followed by
flow prediction. For simplicity, here we only illustrate 4 levels. . . . . . . . 7

2.4 The proposed cost volume warping takes
the concatenated flow, image, and cost volume as input and predicts 1) a
confidence map highlighting whether the pixel can find a better, shifted pixel
as a proxy for motion estimation and 2) the offset vector field. We then blend
the original and the warped cost volume together based on the confidence
weight. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.5 The leftmost column shows
input frame pairs as the average of two consecutive frames. Incorporating
the SCV module improves the flow estimation results particularly near the
motion boundary. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.6 The leftmost column shows
input frame pairs as the average of two consecutive frames. SCV module
helps sharpen the prediction around occluded are. . . . . . . . . . . . . . . 15
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3.2 (a) The
fully-connected initial LDI. A depth edge (discontinuity) is marked in gray.
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The ability to understand occlusion and disocclusion is critical in analyzing motion and
forecasting changes. For example, when we see a car gradually blocks our view of a human
figure, we know that either the car or the human is moving. We also know that the human
behind the car will be visible again if we move to other positions. As many vision-based
intelligent systems need to handle and react to visual data with potentially intensive motions,
it is therefore beneficial to incorporate the occlusion reasoning into such systems. In this
thesis, we study how we can improve the performance of vision-based deep learning models
by harnessing the power of occlusion handling. In particular, we develop deep learning
algorithms for occlusion reasoning in the problems of motion analysis and view synthesis.

A common representation for motion in Computer Vision area is optical flow. In optical
flow, the motion is represented by the movement of pixels from one image frame to the other.
Prior approaches often cast the problem of flow estimation as an optimization problem that
minimizes the pixel matching costs between the two considered frames. Recent works further
leverage Convolutional Neural Network to boost the accuracy of flow estimation. However,
these methods still suffer from erroneous matching volumes near motion discontinuities and
occluded areas. Furthermore, the use of deep neural networks also significantly increases
the memory footprint for flow estimation. To address these issues, we revisit the shifted
window approach proposed in prior Computer Vision literature, and adapt it into a new
deep learning module for handling occlusion. We further propose a weight-sharing scenario
that not only reduce the network size, but also achieve better accuracy. We show that our
proposed method performs favorably against the state-of-the-art method on several optical
flow benchmark (8.8% more accurate) with significantly smaller memory requirements (3
times smaller). Our quantitative and qualitative results also show that our proposed method
can learn the concept of occlusion without training with any annotated occlusion maps.
Additionally, we evaluate our proposed optical flow estimation model on two downstream
tasks, action recognition, and video segmentation, that require robust motion representation.
The results validate the effectiveness and generalizability of our proposed model.

For view synthesis, we consider the task of generating 3D photos. Prior works mostly focus
on synthesize new views given multi-image inputs. In our setting, we are interested in
generating different view angles given only a single RGB-D image. Such a task requires us
to train a model for hallucinating information in the area occluded in the input view. To
achieve this, we design a novel view synthesis pipeline that can iteratively generate content

1



for areas with complex structures. We further propose a data generation approach that
allows our model to synthesize the missing information in occluded areas, without the needs
of any ground truth occlusion annotation. Our qualitative and quantitative results show
that the proposed pipeline can produce visually plausible content in novel views.
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�b�B�x�2 ���M�/ ���+�+�m�`���+�v �Q�p�2�` �i�?�2 �b�i���i�2�@�Q�7�@�i�?�2�@���`�i �*�L�L �K�Q�/�2�H�b �7�Q�` �Q�T�i�B�+���H �7�H�Q�r �2�b�i�B�K���i�B�Q�M �r�B�i�? �i�r�Q
�+�Q�`�2 �i�2�+�?�M�B�+���H �M�Q�p�2�H�i�B�2�b�X

�6�B�`�b�i�- �B�M �+�Q�M�i�`���b�i �i�Q �2�t�B�b�i�B�M�; �K�2�i�?�Q�/�b �i�?���i �m�b�2�b�2�T��� �̀��i�2�/�b�2�i�b �Q�7 �T���`���K�2�i�2�`�b �7�Q�` �2���+�? �H�2�p�2�H �(�j�d�-
�3�8�-�N�3�)�- �r�2 �/�2�b�B�;�M �Q�m�` �K�Q�/�2�H �b�m�+�? �i�?���i �i�?�2 �M�2�i�r�Q�`�F �T���`���K�2�i�2�`�b �+���M �#�2�b�?��� �̀2�/���+�`�Q�b�b �/�B�7�7�2�`�2�M�i
�T�v�`���K�B�/ �H�2�p�2�H�b�X �q�?�B�H�2 �b�?���`�B�M�; �T���`���K�2�i�2�`�b �7�Q�` �/�2�b�B�;�M�B�M�; �� �b�B�K�T�H�2�` �Q�` �K�Q�`�2 �+�Q�K�T���+�i �K�Q�/�2�H
�?���b �#�2�2�M �2�t�i�2�M�b�B�p�2�H�v �b�i�m�/�B�2�/ �B�M �Q�i�?�2�` �T�`�Q�#�H�2�K�b�- �B�i�b ���T�T�H�B�+���i�B�Q�M �i�Q �Q�T�i�B�+���H �7�H�Q�r �2�b�i�B�K���i�B�Q�M �B�b
�M�Q�i �b�i�`���B�;�?�i�7�Q�`�r���`�/�X �S�`�B�Q�` �K�2�i�?�Q�/�b �2�B�i�?�2�` �/�Q �M�Q�i �2�t�T�H�Q�`�2 �b�m�+�? �K�Q�/�2�H �b�B�K�T�H�B�7�B�+���i�B�Q�M �i�2�+�?�@
�M�B�[�m�2�b �(�j�d�-�3�8�-�N�3�-�N�N�) �Q�` �b�?�Q�r �i�?���i �b�?���`�B�M�; �/�2�;�`���/�2�b �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �(�e�d�)�X �q�2 �T�`�Q�T�Q�b�2 �i�Q
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�6�B�;�m�`�2 �k�X�R�,�J���B�M �B�/�2�� �#�2�?�B�M�/ �i�?�2 �b�?�B�7�i���#�H�2 �r�B�M�/�Q�r�b�X�J�Q�i�B�Q�M �/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b ���M�/
�T���`�i�B���H �Q�+�+�H�m�b�B�Q�M �Q�7�i�2�M �T�`�2�p�2�M�i �m�b �7�`�Q�K �7�B�M�/�B�M�; �� �;�Q�Q�/ �K���i�+�? �7�Q�` �+�Q�b�i �p�Q�H�m�K�2 �+�Q�M�b�i�`�m�+�i�B�Q�M�X
�>�2�`�2�- �r�?�2�M �i�?�2 �v�2�H�H�Q�r �#�H�Q�+�F �B�M �i�?�2 �#���+�F �K�Q�p�2�b �i�Q�r���`�/ �#�Q�i�i�Q�K�@�`�B�;�?�i�- �B�i �`�2�p�2���H�b ���M �m�M�b�2�2�M
�T�m�`�T�H�2 �H���v�2�` �i�?���i �r���b �Q�`�B�;�B�M���H�H�v �Q�+�+�H�m�/�2�/ �B�M �6�`���K�2 �R�X ���b �� �`�2�b�m�H�i�- �i�?�2 �[�m�2�`�v �T���i�+�? �U�M�2���` �i�?�2
�/�2�T�i�? �/�B�b�+�Q�M�i�B�M�m�B�i�v�V �7���B�H�b �i�Q �K���i�+�? ���M�v �Q�7 �+���M�/�B�/���i�2 �T���i�+�?�2�b �B�M �6�`���K�2 �k�X �P�M �i�?�2 �Q�i�?�2�`
�?���M�/�- �Q�m�` �K�2�i�?�Q�/ �H�2���`�M�b �i�Q �T�`�2�/�B�+�i �i�?�2 �Q�7�7�b�2�i �i�Q �b�?�B�7�i �i�?�2 �[�m�2�`�v�- ���M�/ �+���M �B�M�7�2�` �i�?�2 �+�Q�`�`�2�+�i
�K���i�+�? �7�`�Q�K �M�2�B�;�?�#�Q�`�B�M�; �`�2�;�B�Q�M�X

�b�?���`�2 ���H�H �i�?�2 �T���`���K�2�i�2�`�b ���+�`�Q�b�b �T�v�`���K�B�/ �H�2�p�2�H�b�2�t�+�2�T�i�i�?�2 �7�H�Q�r �Q�m�i�T�m�i �H���v�2�`�b�X �q�2 �b�?�Q�r �i�?���i
�i�?�B�b �b�B�K�T�H�2 �b�i�`���i�2�;�v �M�Q�i �Q�M�H�v �b�m�#�b�i���M�i�B���H�H�v �`�2�/�m�+�2�b �i�?�2 �K�Q�/�2�H �b�B�x�2�- �#�m�i ���H�b�Q �B�K�T�`�Q�p�2�b �i�?�2
�T�2�`�7�Q�`�K���M�+�2 �Q�p�2�` �T�`�B�Q�` ���T�T�`�Q���+�?�2�b �#�v �#�2�i�i�2�` �H�2�p�2�`���;�B�M�; �i�?�2 ���p���B�H���#�H�2 �i�`���B�M�B�M�; �/���i���X

�a�2�+�Q�M�/�- ���b �`�2�;�B�Q�M�b �m�M�/�2�`�;�Q�B�M�; �T���`�i�B���H �Q�+�+�H�m�b�B�Q�M �Q�` �M�2���` �K�Q�i�B�Q�M �/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b �Q�7�i�2�M �`�2�b�m�H�i
�B�M �2�`�`�Q�M�2�Q�m�b �K���i�+�?�B�M�; �r�?�2�M �+�Q�M�b�i�`�m�+�i�B�M�; �� �+�Q�b�i �p�Q�H�m�K�2�- �r�2 �`�2�p�B�b�B�i �i�?�2 �b�T���i�B���H�H�v �b�?�B�7�i���#�H�2
�r�B�M�/�Q�r�b �B�/�2�� �(�8�- �9�3�- �d�9�- �R�y�k�) �U�Q�`�B�;�B�M���H�H�v �/�2�b�B�;�M�2�/ �7�Q�` �b�i�2�`�2�Q �K���i�+�?�B�M�;�V ���M�/ �+���b�i �B�i �B�M�i�Q ��
�M�2�m�`���H �M�2�i�r�Q�`�F �K�Q�/�m�H�2 �i�Q �2�M�?���M�+�2 �i�?�2 �+�Q�b�i �p�Q�H�m�K�2 �+�Q�M�b�i�`�m�+�i�B�Q�M�X ���b �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2�k�X�R�-
�Q�m�` �+�Q�`�2 �B�/�2�� �B�b �i�Q �H�2���`�M �i�Q �H�2�p�2�`���;�2 �i�?�2 �+�Q�b�i �p�Q�H�m�K�2 �7�`�Q�K�� �M�2���`�#�v �T�B�t�2�H�U�b�B�K�B�H���` �i�Q �m�b�B�M�; ��
�b�?�B�7�i�2�/ �r�B�M�/�Q�r �7�Q�` �K���i�+�?�B�M�;�V �i�?���i �B�b �H�2�b�b ���7�7�2�+�i�2�/ �#�v �K�Q�i�B�Q�M �/�B�b�+�Q�M�i�B�M�m�B�i�v ���b �� �T�`�Q�t�v�X

�q�2 �+���H�H �Q�m�` �K�Q�/�2�H �*�Q�K�T���+�i�6�H�Q�r�X �P�m�` �2�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b �b�?�Q�r �i�?���i �*�Q�K�T���+�i�6�H�Q�r ���+�?�B�2�p�2�b
�b�i���i�2�@�Q�7�@�i�?�2�@���`�i �`�2�b�m�H�i�b �Q�M �b�2�p�2�`���H �b�i���M�/���`�/ �#�2�M�+�?�K���`�F�b �r�?�2�M �+�Q�K�T���`�2�/ �r�B�i�? �`�2�+�2�M�i �7�H�Q�r
�2�b�i�B�K���i�B�Q�M �K�2�i�?�Q�/�b �r�?�B�H�2 �`�2�/�m�+�B�M�; �i�?�2 �K�Q�/�2�H �b�B�x�2 �U�2�X�;�X�- �i�?�`�2�2 �i�B�K�2�b �b�K���H�H�2�` �i�?���M �i�?���i �Q�7
�S�q�*�@�L�2�i �(�N�3�)�V�X �q�2 ���H�b�Q �/�2�K�Q�M�b�i�`���i�2 �i�?���i �Q�m�` �K�Q�/�2�H �;�2�M�2�`���H�B�x�2�b �i�Q �`�2���H�@�r�Q�`�H�/ �p�B�/�2�Q�b �Q�M
���T�T�H�B�+���i�B�Q�M�b �b�m�+�? ���b ���+�i�B�Q�M �`�2�+�Q�;�M�B�i�B�Q�M ���M�/ �p�B�/�2�Q �Q�#�D�2�+�i �b�2�;�K�2�M�i���i�B�Q�M�X

�P�m�` �+�Q�M�i�`�B�#�m�i�B�Q�M�b�X

�Ç �q�2 �T�`�Q�T�Q�b�2 �i�Q �b�B�K�T�H�B�7�v �i�?�2 �K�Q�/�2�H �#�v �b�?���`�B�M�; �M�2�i�r�Q�`�F �T���`���K�2�i�2�`�b ���+�`�Q�b�b �T�v�`���K�B�/ �H�2�p�2�H�b
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�Ç �A�M�b�T�B�`�2�/ �#�v �i�?�2 �r�2�H�H�@�2�b�i���#�H�B�b�?�2�/ �B�/�2�� �Q�7 �b�T���i�B���H�H�v �b�?�B�7�i���#�H�2 �r�B�M�/�Q�r�- �r�2 �T�`�2�b�2�M�i �� �b�?�B�7�i���#�H�2
�+�Q�b�i �p�Q�H�m�K�2 �K�Q�/�m�H�2 �7�Q�` �B�K�T�`�Q�p�B�M�; �i�?�2 �+�Q�b�i �p�Q�H�m�K�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �r�B�i�?�Q�m�i �;�`�Q�m�M�/ �i�`�m�i�?
�Q�+�+�H�m�b�B�Q�M �H���#�2�H�b�X �U�a�2�+�i�B�Q�M�k�X�j�X�k�V

�Ç �q�2 �b�?�Q�r �2�t�i�2�M�b�B�p�2 �2�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b ���M�/ �/�2�K�Q�M�b�i�`���i�2 �+�Q�K�T�2�i�B�i�B�p�2 �T�2�`�7�Q�`�K���M�+�2
���;���B�M�b�i �i�?�2 �b�i���i�2�@�Q�7�@�i�?�2�@���`�i �K�2�i�?�Q�/�b �Q�M �a�B�M�i�2�H�- �E�A�h�h�A �k�y�R�k�f�k�y�R�8�- �>�.�R�E�- ���b �r�2�H�H ���b
�`�2���H�@�r�Q�`�H�/ �p�B�/�2�Q�b �r�B�i�? �� �+�Q�K�T���+�i �K�Q�/�2�H�X �U�a�2�+�i�B�Q�M�k�X�9�V

�k�X�k �_�2�H���i�2�/ �q�Q�`�F

�k�X�k�X�R �o���`�B���i�B�Q�M���H ���T�T�`�Q���+�?�2�b�X

�o���`�B���i�B�Q�M���H ���T�T�`�Q���+�?�2�b �i���+�F�H�2 �i�?�2 �7�H�Q�r �2�b�i�B�K���i�B�Q�M �T�`�Q�#�H�2�K �r�B�i�? ���M �2�M�2�`�;�v �K�B�M�B�K�B�x���i�B�Q�M
�7�Q�`�K�m�H���i�B�Q�M�X �h�?�2 �2�M�2�`�;�v �7�m�M�+�i�B�Q�M�b ���`�2 �Q�7�i�2�M �/�2�b�B�;�M�2�/ �#���b�2�/ �Q�M �b�B�K�T�H�2 ���b�b�m�K�T�i�B�Q�M�b �b�m�+�? ���b
�#�`�B�;�?�i�M�2�b�b �+�Q�M�b�i���M�+�v ���M�/ �b�T���i�B���H �b�K�Q�Q�i�?�M�2�b�b �+�Q�M�b�i�`���B�M�i�b �(�j�k�-�e�k�-�R�k�k�)�X �h�?�2�b�2 ���b�b�m�K�T�i�B�Q�M�b�-
�?�Q�r�2�p�2�`�- ���`�2 �Q�7�i�2�M �p�B�Q�H���i�2�/ �B�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �H���`�;�2 �K�Q�i�B�Q�M�- �Q�+�+�H�m�b�B�Q�M�f�/�B�b�Q�+�+�H�m�b�B�Q�M�- ���M�/
�H�B�;�?�i�B�M�; �p���`�B���i�B�Q�M�b�X �h�Q �#�2�i�i�2�` �?���M�/�H�2 �H���`�;�2 �K�Q�i�B�Q�M�- �K�Q�b�i �2�t�B�b�i�B�M�; �K�2�i�?�Q�/�b ���/�Q�T�i �� �T�v�`���K�B�/���H
�T�`�Q�+�2�b�b�B�M�; ���M�/ �r���`�T�B�M�; ���T�T�`�Q���+�? �7�Q�` �+�Q���`�b�2�@�i�Q�@�7�B�M�2 �7�H�Q�r �2�b�i�B�K���i�B�Q�M �(�j�-�9�-�e�-�d�-�3�N�-�R�y�3�)�X

�a�Q�K�2 �T�`�B�Q�` �r�Q�`�F�b �7�m�`�i�?�2�` �B�M�i�2�;�`���i�2 �/�2�b�+�`�B�T�i�Q�` �K���i�+�?�B�M�; �B�M�i�Q �i�?�2 �p���`�B���i�B�Q�M���H �Q�T�i�B�+���H �7�H�Q�r �b�2�i�@
�i�B�M�; �i�Q �2�b�i�B�K���i�2 �H���`�;�2 �/�B�b�T�H���+�2�K�2�M�i�b �(�e�-�R�y�3�)�X �.�2�b�T�B�i�2 �b�?�Q�r�B�M�; �T�`�Q�K�B�b�B�M�; �`�2�b�m�H�i�b�- �K�B�M�B�K�B�x�B�M�;
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�.�Q�b�Q�p�B�i�b�F�B�v �2�i ���H�X�n�(�R�d�) �7�B�`�b�i �B�M�i�`�Q�/�m�+�2 �6�H�Q�r�L�2�i�- �i�?�2 �7�B�`�b�i �*�L�L�@�#���b�2�/ �K�Q�/�2�H �7�Q�` �Q�T�i�B�+���H �7�H�Q�r
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�k�X�j ���T�T�`�Q���+�?

�6�B�;�m�`�2�k�X�j�T�`�Q�p�B�/�2�b ���M �Q�p�2�`�p�B�2�r �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �*�Q�K�T���+�i�6�H�Q�r�X �q�2 �#�m�B�H�/ �Q�m�` �K�2�i�?�Q�/ �m�T�Q�M
�i�?�2 �`�2�+�2�M�i �b�i���i�2�@�Q�7�@�i�?�2�@���`�i �S�q�*�@�L�2�i �(�N�3�)�X �h���F�B�M�; �i�r�Q �_�:�" �7�`���K�2�b ���b �B�M�T�m�i�b�- �Q�m�` �*�Q�K�T���+�i�@

�d



�6�H�Q�r �+�Q�M�b�B�b�i�b �Q�7 �7�Q�m�` �K���B�M �b�i�2�T�b�, �U�R�V �2�t�i�`���+�i�B�M�; �7�2���i�m�`�2�b �i�?�`�Q�m�;�? �� �7�2���i�m�`�2 �T�v�`���K�B�/ �M�2�i�r�Q�`�F�-
�U�k�V �+�Q�M�b�i�`�m�+�i�B�M�; �� �+�Q�b�i �p�Q�H�m�K�2 �#�v �+�Q�K�T�m�i�B�M�; �i�?�2 �+�Q�`�`�2�H���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �7�2���i�m�`�2�b �7�`�Q�K �i�?�2
�i�r�Q �7�`���K�2�b�- �U�j�V �T�`�2�/�B�+�i�B�M�; �Q�7�7�b�2�i�b �r�B�i�? �i�?�2 �T�`�Q�T�Q�b�2�/ �b�?�B�7�i���#�H�2 �+�Q�b�i �p�Q�H�m�K�2 �K�Q�/�m�H�2 �7�Q�` ���H�H�2�p�B�@
���i�B�M�; �2�`�`�Q�M�2�Q�m�b �K���i�+�?�B�M�; �+�Q�b�i�b�- ���M�/ �U�9�V �2�b�i�B�K���i�B�M�; �i�?�2 �7�H�Q�r �7�B�2�H�/ �#���b�2�/ �Q�M �i�?�2 �r���`�T�2�/ �+�Q�b�i
�p�Q�H�m�K�2 ���i �i�?�2 �+�m�`�`�2�M�i �H�2�p�2�H�X �P�m�` ���T�T�`�Q���+�? �/�B�7�7�2�`�b �7�`�Q�K �S�q�*�@�L�2�i ���M�/ �Q�i�?�2�` �+�Q���`�b�2�@�i�Q�@�7�B�M�2
�K�2�i�?�Q�/�b �B�M �i�r�Q �r���v�b�, �U�R�V �A�M�b�i�2���/ �Q�7 �m�b�B�M�;�b�2�T��� �̀��i�2�b�2�i�b �Q�7 �T���`���K�2�i�2�`�b �7�Q�` �2���+�? �T�v�`���K�B�/ �H�2�p�2�H�-
�Q�m�` �7�2���i�m�`�2 �T�v�`���K�B�/ �M�2�i�r�Q�`�F �m�b�2�b�b�?��� �̀2�/�T���`���K�2�i�2�`�b �7�Q�` �i�?�2 �`�2�b�B�/�m���H �#�H�Q�+�F�b ���+�`�Q�b�b ���H�H �H�2�p�2�H�b�X
�a�B�K�B�H���`�H�v�- �Q�m�` �7�H�Q�r �2�b�i�B�K���i�Q�`�b ���`�2 ���H�b�Q �b�?���`�2�/�X �h�?�B�b �/�2�b�B�;�M �+�?�Q�B�+�2 �H�2���/�b �i�Q �� �b�B�K�T�H�2�` ���M�/
�K�Q�`�2 �+�Q�K�T���+�i �K�Q�/�2�H�X �U�k�V �A�M�b�T�B�`�2�/ �#�v �i�?�2 �B�/�2�� �Q�7 �b�T���i�B���H�H�v �b�?�B�7�i���#�H�2 �r�B�M�/�Q�r�b�- �r�2 �T�`�2�b�2�M�i ��
�b�?�B�7�i���#�H�2 �+�Q�b�i �p�Q�H�m�K�2 �K�Q�/�m�H�2 �i�?���i �r���`�T�b �i�?�2 �+�Q�K�T�m�i�2�/ �+�Q�b�i �p�Q�H�m�K�2 �m�b�B�M�; �i�?�2 �T�`�2�/�B�+�i�2�/ �Q�7�7�b�2�i
�7�B�2�H�/�X �h�?�B�b �b�?�B�7�i���#�H�2 �+�Q�b�i �p�Q�H�m�K�2 �K�Q�/�m�H�2 �b�i�2�T ���H�H�Q�r�b �m�b �i�Q �#�2�i�i�2�` �?���M�/�H�2 �`�2�;�B�Q�M�b �M�2���` �K�Q�i�B�Q�M
�/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b �Q�` �m�M�/�2�`�;�Q�B�M�; �T���`�i�B���H �Q�+�+�H�m�b�B�Q�M�b�X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�b�- �r�2 �7�B�`�b�i �T�`�2�b�2�M�i
�Q�m�` �b�?���`�2�/ �7�2���i�m�`�2 �T�v�`���K�B�/ ���M�/ �i�?�2�M �/�2�b�+�`�B�#�2 �Q�m�` �b�?�B�7�i���#�H�2 �+�Q�b�i �p�Q�H�m�K�2 �K�Q�/�m�H�2 �7�Q�H�H�Q�r�2�/ �#�v
�i�?�2 �7�H�Q�r �2�b�i�B�K���i�Q�`�X

�k�X�j�X�R �a�?���`�2�/ �7�2���i�m�`�2 �T�v�`���K�B�/ �M�2�i�r�Q�`�F

�:�B�p�2�M ���M �B�K���;�2 �T���B�`�- �Q�m�` �7�2���i�m�`�2 �T�v�`���K�B�/ �M�2�i�r�Q�`�F �2�t�i�`���+�i�bL �H�2�p�2�H�b �Q�7 �7�`���K�2 �7�2���i�m�`�2�b �7�Q�`
�2���+�? �B�K���;�2�X �q�2 �/�2�M�Q�i�2 �i�?�2 �7�2���i�m�`�2�b ���i �2���+�? �H�2�p�2�Hl ���bf (l )

1 ���M�/f (l )
2 �7�Q�` �i�?�2 �i�r�Q �7�`���K�2�b�- �r�B�i�?

�i�?�2 �H�2�p�2�Hl = 0 ���b �i�?�2 �H�Q�r�2�b�i �H�2�p�2�H �r�B�i�? �i�?�2 �?�B�;�?�2�b�i �b�T���i�B���H �`�2�b�Q�H�m�i�B�Q�M �U�B�M�T�m�i �B�K���;�2�b�V�X �q�2
�7�B�`�b�i ���T�T�H�v �i�?�`�2�2 �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�b �i�Q �2�t�i�`���+�if (l )

1 ���M�/f (l )
2 �7�`�Q�K �i�?�2 �B�M�T�m�i �B�K���;�2�b�X �q�2

�;�2�M�2�`���i�2 �7�2���i�m�`�2�b �7�Q�` �2���+�? �H�2�p�2�Hl > 0 �#�v ���T�T�H�v�B�M�; ��5 � 5 �:���m�b�b�B���M �F�2�`�M�2�H �r�B�i�? �p���`�B���M�+�2 �Q�7
�R �i�Q �i�?�2 �7�2���i�m�`�2�b �7�`�Q�K �i�?�2 �T�`�2�p�B�Q�m�b �H�2�p�2�H�X �q�2 �i�?�2�M �T���b�b �i�?�2 �#�H�m�`�`�2�/ �7�2���i�m�`�2�b �B�M�i�Q �� �`�2�b�B�/�m���H
�#�H�Q�+�F �+�Q�K�T�Q�b�2�/ �Q�7 �i�?�`�2�2 �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�b �U�r�B�i�? �� �b�i�`�B�/�2 �Q�7 �k�- �R�- ���M�/ �R�V ���M�/ �T�`�Q�/�m�+�2 �i�?�2
�7�2���i�m�`�2�bf (l )

1 ���M�/f (l )
2 �X

�q�2 �/�`���r �B�M�b�T�B�`���i�B�Q�M �7�`�Q�K �+�H���b�b�B�+ �T�v�`���K�B�/ �B�K���;�2 �T�`�Q�+�2�b�b�B�M�; �K�2�i�?�Q�/�b�X �6�Q�` �2�t���K�T�H�2�- �B�M �F�2�v�@
�T�Q�B�M�i �/�2�i�2�+�i�B�Q�M�f�i�`���+�F�B�M�;�- �r�2 �Q�7�i�2�M ���T�T�H�v�i�?�2 �b���K�2�7�B�H�i�2�`�b �U�2�X�;�X�- �;�`���/�B�2�M�i �7�B�H�i�2�`�b�V ���+�`�Q�b�b ���H�H
�T�v�`���K�B�/ �H�2�p�2�H�b�X �h�?�2 �#�2�M�2�7�B�i�b �Q�7 �b�?���`�B�M�; �T���`���K�2�i�2�`�b �B�M �� �M�2�i�r�Q�`�F ���`�2 �i�?�`�2�2�@�7�Q�H�/�X �6�B�`�b�i�- �B�i
�+���M �b�m�#�b�i���M�i�B���H�H�v �`�2�/�m�+�2 �i�?�2 �M�m�K�#�2�` �Q�7 �T���`���K�2�i�2�`�b�X �a�2�+�Q�M�/�- �i�?�2 �i�`���B�M�B�M�; �b�B�;�M���H�b �#�2�+�Q�K�2
�b�i�`�Q�M�;�2�` �#�2�+���m�b�2 �B�i �;���i�?�2�`�b �;�`���/�B�2�M�i�b �7�`�Q�K ���H�H �T�v�`���K�B�/ �H�2�p�2�H�b �7�Q�` �� �b�B�M�;�H�2 �b�2�i �Q�7 �T���`���K�2�i�2�`�b�X
�h�?�B�`�/�- �T���`���K�2�i�2�` �b�?���`�B�M�; �B�M �i�?�2 �7�2���i�m�`�2 �T�v�`���K�B�/ �M�2�i�r�Q�`�F �2�M���#�H�2�b �m�b �i�Q �b�?���`�2 �T���`���K�2�i�2�`�b �B�M
�i�?�2 �7�H�Q�r �2�b�i�B�K���i�Q�`�b ���b �r�2�H�H�X �6�Q�` �i�?�2 �K�Q�/�2�H�b �r�B�i�?�Q�m�i �T���`���K�2�i�2�` �b�?���`�B�M�; �U�2�X�;�X�- �S�q�*�@�L�2�i �Q�`
�G�B�i�2�6�H�Q�r�L�2�i�V�- �7�2���i�m�`�2�b ���i �2���+�? �H�2�p�2�H ���`�2 �T�`�Q�+�2�b�b�2�/ �#�v�/�B�7�7�2� �̀2�M�i�b�2�i�b �Q�7 �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�b
�r�B�i�? �/�B�7�7�2�`�2�M�i �M�m�K�#�2�`�b �Q�7 �+�?���M�M�2�H�b�- ���M�/ �i�?�2�`�2�7�Q�`�2 �`�2�[�m�B�`�2 �H�2���`�M�B�M�; �b�2�T���`���i�2 �Q�T�i�B�+���H �2�b�i�B�K���i�Q�`�b
�7�Q�` �T�`�2�/�B�+�i�B�M�; �i�?�2 �7�H�Q�r ���i �/�B�7�7�2�`�2�M�i �H�2�p�2�H�b�X

�3



�6�B�;�m�`�2 �k�X�9�,�*�Q�b�i �p�Q�H�m�K�2 �r���`�T�B�M�; �K�Q�/�m�H�2�X�h�?�2 �T�`�Q�T�Q�b�2�/ �+�Q�b�i �p�Q�H�m�K�2 �r���`�T�B�M�; �i���F�2�b
�i�?�2 �+�Q�M�+���i�2�M���i�2�/ �7�H�Q�r�- �B�K���;�2�- ���M�/ �+�Q�b�i �p�Q�H�m�K�2 ���b �B�M�T�m�i ���M�/ �T�`�2�/�B�+�i�b �R�V �� �+�Q�M�7�B�/�2�M�+�2 �K���T
�?�B�;�?�H�B�;�?�i�B�M�; �r�?�2�i�?�2�` �i�?�2 �T�B�t�2�H �+���M �7�B�M�/ �� �#�2�i�i�2�`�- �b�?�B�7�i�2�/ �T�B�t�2�H ���b �� �T�`�Q�t�v �7�Q�` �K�Q�i�B�Q�M
�2�b�i�B�K���i�B�Q�M ���M�/ �k�V �i�?�2 �Q�7�7�b�2�i �p�2�+�i�Q�` �7�B�2�H�/�X �q�2 �i�?�2�M �#�H�2�M�/ �i�?�2 �Q�`�B�;�B�M���H ���M�/ �i�?�2 �r���`�T�2�/ �+�Q�b�i
�p�Q�H�m�K�2 �i�Q�;�2�i�?�2�` �#���b�2�/ �Q�M �i�?�2 �+�Q�M�7�B�/�2�M�+�2 �r�2�B�;�?�i�X

�k�X�j�X�k �*�Q�b�i �p�Q�H�m�K�2 �r���`�T�B�M�; �7�Q�` �Q�+�+�H�m�b�B�Q�M �`�2���b�Q�M�B�M�;

�*�Q�b�i �p�Q�H�m�K�2 �+�Q�M�b�i�`�m�+�i�B�Q�M�X���i �i�?�2l �@�i�? �H�2�p�2�H�- �r�2 �7�Q�H�H�Q�r �i�?�2 �+�Q�K�K�Q�M �T�`���+�i�B�+�2 �(�j�d�-�3�8�-�N�3�)
�i�Q �#���+�F�r���`�/�@�r���`�T �i�?�2 �7�2���i�m�`�2f (l )

2 �r�B�i�? �i�?�2 �2�b�i�B�K���i�2�/ �7�H�Q�r �7�`�Q�K �i�?�2 �+�Q���`�b�2�` �H�2�p�2�Hl + 1�X
�a�T�2�+�B�7�B�+���H�H�v�- �r�2 �7�B�`�b�i �m�b�2 �� �i�`���M�b�T�Q�b�2�/ �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�` �i�Q �Q�#�i���B�M �i�?�2 �m�T�b���K�T�H�2�/ �7�H�Q�r
u(l+1) �- ���M�/ �i�?�2�M �r���`�Tf (l )

2 ���b �7�Q�H�H�Q�r�,

f (l )
w (p) = f (l )

2 (p + u(l+1) (p)); �U�k�X�R�V

�r�?�2�`�2p �B�M�/�B�+���i�2�b �i�?�2 �k�. �T�B�t�2�H �H�Q�+���i�B�Q�M�X �L�Q�i�2 �i�?���i �r�2 �/�Q �M�Q�i �T�2�`�7�Q�`�K �7�2���i�m�`�2 �r���`�T�B�M�; ���i �i�?�2
�i�Q�T �U�+�Q���`�b�2�b�i�V �H�2�p�2�H �b�B�M�+�2 �i�?�2�`�2 �B�b �M�Q �m�T�b���K�T�H�2�/ �7�H�Q�r�X

�q�B�i�? �i�?�2 �7�2���i�m�`�2�bf (l )
1 �- ���M�/f (l )

w �- �r�2 �i�?�2�M �+�Q�M�b�i�`�m�+�i �� �+�Q�b�i �p�Q�H�m�K�2 ���i �2���+�? �H�2�p�2�Hl �#�v �+�Q�K�T�m�i�B�M�;

�N



�i�?�2 �+�Q�`�`�2�H���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �i�r�Q �7�2���i�m�`�2�b�,

cv(l )(p1; p2) =
1
N

h
f (l )

1 (p1)
i >

f (l )
w (p2) �U�k�X�k�V

�r�?�2�`�2N �B�M�/�B�+���i�2�b �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �7�2���i�m�`�2 �p�2�+�i�Q�`f (l )
1 (p1)�- ���M�/p1; p2 �/�2�M�Q�i�2�b �i�?�2 �k�. �T�B�t�2�H

�H�Q�+���i�B�Q�M�b�X �h�?�2 �+�Q�b�i �p�Q�H�m�K�2cv(l ) �b�i�Q�`�2�b �i�?�2 �K���i�+�?�B�M�; �+�Q�b�i �#�2�i�r�2�2�M �i�?�2 �T�B�t�2�H ���ip1 ���M�/ �i�?�2
�T�B�t�2�H ���ip2�X �A�M �Q�m�` �K�Q�/�2�H�- �r�2 �Q�M�H�v �+�Q�M�b�B�/�2�` �i�?�2 �T�B�t�2�H�b �i�?���i ���`�2 �B�M �i�?�2 �b�2���`�+�? �`���M�;�2d �Q�7p1�-
�i�?���i �B�b�-jjp1 � p2jj 1 � d�X �A�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �Q�+�+�H�m�b�B�Q�M�- �?�Q�r�2�p�2�`�- �i�?�2 �+�Q�b�i �p�Q�H�m�K�2 �7���B�H�b �i�Q �7�B�M�/
�� �;�Q�Q�/ �K���i�+�? �7�Q�` �b�K���H�H �Q�+�+�H�m�/�2�/ �K�Q�i�B�Q�M�b ���i �7�B�M�2 �H�2�p�2�H�b�- ���b �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2�k�X�R�X

�a�?�B�7�i���#�H�2 �+�Q�b�i �p�Q�H�m�K�2�X�h�Q ���/�/�`�2�b�b �i�?�B�b �B�b�b�m�2�- �r�2 �`�2�p�B�b�B�i �b�T���i�B���H�H�v �b�?�B�7�i���#�H�2 �r�B�M�/�Q�r�b ���M�/
�B�M�+�Q�`�T�Q�`���i�2 �i�?�2 �B�/�2�� �B�M�i�Q �� �b�B�K�T�H�2 ���M�/ �2���b�v �i�Q �B�K�T�H�2�K�2�M�i �K�Q�/�m�H�2�X �A�M�b�i�2���/ �Q�7 �m�b�B�M�; �T�`�2�/�2�7�B�M�2�/
�b�2�i�b �Q�7 �b�?�B�7�i�2�/ �r�B�M�/�Q�r�b �i�Q �+�Q�K�T�m�i�2 �i�?�2 �K���i�+�?�B�M�; �+�Q�b�i�- �r�2 �b�B�K�T�H�v �H�2�i �i�?�2 �M�2�i�r�Q�`�F�H�2���`�M �i�Q
�T� �̀2�/�B�+�i �� �b�m�B�i���#�H�2 �Q�7�7�b�2�i�Q�M �B�i�b �Q�r�M ���M�/ �r���`�T �7�`�Q�K �i�?�2 �T�`�2�/�B�+�i�2�/ �H�Q�+���i�B�Q�M�X �q�2 �B�K�T�H�2�K�2�M�i �B�i
���b �� �+�Q�b�i �p�Q�H�m�K�2 �r���`�T�B�M�; �K�Q�/�m�H�2 �B�M �6�B�;�m�`�2�k�X�9�X �h�?�2 �r���`�T�B�M�; �T�`�Q�+�2�/�m�`�2 �Q�7 �i�?�B�b �K�Q�/�m�H�2 �+���M
�#�2 �/�B�p�B�/�2�/ �B�M�i�Q �i�?�`�2�2 �K���B�M �b�i�2�T�b�, �6�B�`�b�i�- �B�i �T�`�2�/�B�+�i�b �� �k�@�+�?���M�M�2�H �Q�7�7�b�2�i �K���To(l ) �- ���b �r�2�H�H ���b ��
�R�@�+�?���M�M�2�H �+�Q�M�7�B�/�2�M�+�2 �K���Tc(l ) �,

o(l ) ; c(l ) = g(f (l )
1 ; cv(l ) ; u(l+1) ; h(l+1) ) �U�k�X�j�V

�r�?�2�`�2 �i�?�2 �7�m�M�+�i�B�Q�Mg(�) �B�b �B�K�T�H�2�K�2�M�i�2�/ ���b �� �j�@�H���v�2�` �+�Q�M�p�Q�H�m�i�B�Q�M���H �M�2�i�r�Q�`�F�- ���M�/hl+1 �/�2�M�Q�i�2�b
�i�?�2 �m�T�b���K�T�H�2�/ �7�2���i�m�`�2�b �7�`�Q�K �i�?�2 �b�2�+�Q�M�/ �H���b�i �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�` �Q�7 �i�?�2 �7�H�Q�r �2�b�i�B�K���i�Q�` ���il +1 �X
���bu(l+1) ���M�/hl+1 ���`�2 �M�Q�i ���p���B�H���#�H�2 �B�M �i�?�2 �i�Q�T �T�v�`���K�B�/ �H�2�p�2�H�- �r�2 �b�B�K�T�H�v �T���/ �i�?�2 �i�2�M�b�Q�`�b �r�B�i�?
�x�2�`�Q�b�X

�q�2 �i�?�2�M �r���`�T �i�?�2 �+�Q�b�i �p�Q�H�m�K�2cv(l ) �r�B�i�?o(l ) �,

cv(l )
w (i ) = cv(l )(i + o(l )(i )) : �U�k�X�9�V

�h�?�2 �B�M�i�m�B�i�B�Q�M �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �+�Q�b�i �p�Q�H�m�K�2 �r���`�T�B�M�; �K�Q�/�m�H�2 �B�b �b�B�K�T�H�2�, �r�2 �+���M �7�B�M�/ �+�m�2�b ���#�Q�m�i
���M �Q�+�+�H�m�/�2�/ �T�B�t�2�H �7�`�Q�K �B�i�b �M�2�B�;�?�#�Q�`�B�M�; �T�B�t�2�H�b�ö �K�Q�i�B�Q�M�b �U���b �� �T�`�Q�t�v�V�X �h�?�2�`�2�7�Q�`�2�- �B�M�b�i�2���/ �Q�7
�b�i�B�+�F�B�M�; �r�B�i�? �i�?�2 �Q�`�B�;�B�M���H�- �B�M���+�+�m�`���i�2 �+�Q�b�i �p�Q�H�m�K�2�- �r�2 �T�`�2�/�B�+�i ���M �Q�7�7�b�2�i �K���T �i�Q�b�?�B�7�i�i�?�2 �+�Q�b�i
�p�Q�H�m�K�2�- �2�7�7�2�+�i�B�p�2�H�v�#�Q�`� �̀Q�r�B�M�;�i�?�2 �+�Q�b�i �p�Q�H�m�K�2 �7�`�Q�K �M�2�B�;�?�#�Q�`�B�M�; �`�2�;�B�Q�M�b�X �h�?�B�b ���H�H�Q�r�b �i�?�2
�K�Q�/�2�H �i�Q �B�K�T�H�B�+�B�i�H�v �`�2���b�Q�M ���#�Q�m�i �Q�+�+�H�m�b�B�Q�M�- �r�?�B�H�2 ���H�b�Q �B�K�T�Q�b�B�M�; �H�Q�+���H �b�K�Q�Q�i�?�M�2�b�b �Q�M �i�?�2 �+�Q�b�i
�p�Q�H�m�K�2�X

�a�B�M�+�2 �M�Q�i ���H�H �T�B�t�2�H�b ���`�2 �Q�+�+�H�m�/�2�/�- �r�2 �/�Q �M�Q�i �r���M�i �i�Q �/�B�`�2�+�i�H�v �`�2�T�H���+�2cv(l ) �r�B�i�?cv(l )
w �X �h�?�m�b�-

�r�2 �7�m�`�i�?�2�` �m�b�2 �� �T�`�2�/�B�+�i�2�/ �+�Q�M�7�B�/�2�M�+�2 �K���T �i�Q ���;�;�`�2�;���i�2cv(l )
w ���M�/cv(l ) �i�Q �Q�#�i���B�M �i�?�2 �7�B�M���H �+�Q�b�i

�p�Q�H�m�K�2cvl
s�,

cv(l )
s = � (cl ) � cv(l )

w + (1 � � (c(l ))) � cv(l ) �U�k�X�8�V

�r�?�2�`�2� (�) �B�b �i�?�2 �b�B�;�K�Q�B�/ ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�- ���M�/� �`�2�T�`�2�b�2�M�i�b �2�H�2�K�2�M�i�@�r�B�b�2 �K�m�H�i�B�T�H�B�+���i�B�Q�M�X
�*�Q�M�7�B�/�2�M�+�2 �r�2�B�;�?�i�B�M�; ���H�H�Q�r�b �i�?�2 �M�2�i�r�Q�`�F �i�Q �?���M�/�H�2 �#�Q�i�? �Q�+�+�H�m�/�2�/ ���M�/ �M�Q�M�@�Q�+�+�H�m�/�2�/ �`�2�;�B�Q�M�b
���i �i�?�2 �b���K�2 �i�B�K�2�X �q�2 �i�2�`�K �i�?�B�b �+�Q�b�i �p�Q�H�m�K�2 �r���`�T�B�M�; �K�Q�/�m�H�2 ���b �b�?�B�7�i���#�H�2 �*�o �U�a�*�o�V �K�Q�/�m�H�2

�R�y



�i�Q �T���v �i�`�B�#�m�i�2 �i�Q �i�?�2 �b�T���i�B���H�H�v �b�?�B�7�i���#�H�2 �r�B�M�/�Q�r �(�9�3�)�X �a�B�M�+�2 �i�?�2 �Q�m�i�T�m�i �B�b �b�i�B�H�H �� �+�Q�b�i �p�Q�H�m�K�2�-
�r�2 �+���M �/�B�`�2�+�i�H�v �T�H�m�; �i�?�B�b �K�Q�/�m�H�2 �B�M�i�Q ���M�v �7�H�Q�r �2�b�i�B�K���i�Q�` �i�?���i �K���F�2�b �� �T�`�2�/�B�+�i�B�Q�M �#���b�2�/ �Q�M ��
�+�Q�b�i �p�Q�H�m�K�2�- ���M�/ �i�`���B�M �i�?�2 �K�Q�/�m�H�2 �D�Q�B�M�i�H�v �r�B�i�?�Q�m�i �K�Q�/�B�7�v�B�M�; ���M�v ���`�+�?�B�i�2�+�i�m�`�2�X �A�M �T�`���+�i�B�+�2�-
�r�2 �Q�M�H�v ���T�T�H�v �b�?�B�7�i�2�/ �*�o �Q�Ml = 2 ���M�/l = 3�X �q�2 �B�M�p�2�b�i�B�;���i�2 �i�?�2 �2�7�7�2�+�i �Q�7 ���T�T�H�v�B�M�; �b�?�B�7�i�2�/
�*�o ���i �/�B�7�7�2�`�2�M�i �H�2�p�2�H�b �B�M �a�2�+�X�k�X�9�X�e�X

�k�X�j�X�j �a�?���`�2�/ �7�H�Q�r �2�b�i�B�K���i�Q�`

�6�B�M���H�H�v�- �r�2 �7�2�2�/ �i�?�2 �+�Q�M�+���i�2�M���i�2�/ �7�2���i�m�`�2�b(cv(l )
s ; f (l )

1 ; u(l+1) ; h(l+1) ) �B�M�i�Q �i�?�2 �7�H�Q�r �2�b�i�B�K���i�Q�`
�M�2�i�r�Q�`�F �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �2���+�? �H�2�p�2�Hl�X �q�2 ���/�Q�T�i �i�?�2 �b���K�2 �M�2�i�r�Q�`�F ���`�+�?�B�i�2�+�i�m�`�2 �m�b�2�/ �B�M �S�q�*�@
�L�2�i �(�N�3�)�X �h�?�2 �2�b�i�B�K���i�Q�` ���i �2���+�? �H�2�p�2�Hl �?���b �e �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�b �r�B�i�? �/�2�M�b�2 �+�Q�M�M�2�+�i�B�Q�M�b �(�j�8�)�X
�A�i �Q�m�i�T�m�i�b �� �7�H�Q�r �T�`�2�/�B�+�i�B�Q�M �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �b�+���H�2 ���il �- ���b �r�2�H�H ���b �i�?�2 �Q�m�i�T�m�i �7�2���i�m�`�2 �Q�7
�i�?�2 �b�2�+�Q�M�/ �H���b�i �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�X

�a�B�M�+�2 �i�?�2 �T�v�`���K�B�/ �M�2�i�r�Q�`�F �b�?���`�2�b �i�?�2 �b���K�2 �r�2�B�;�?�i�- �i�?�2 �B�M�T�m�if (l )
1 �?���b �b�B�K�B�H���` �7�2���i�m�`�2 �`�2�T�@

�`�2�b�2�M�i���i�B�Q�M�b ���+�`�Q�b�b ���H�H �H�2�p�2�H�b�X �h�?�2�`�2�7�Q�`�2�- �r�2 ���`�2 ���#�H�2 �i�Q �b�?���`�2 �i�?�2 �T���`���K�2�i�2�`�b �#�2�i�r�2�2�M �7�H�Q�r
�2�b�i�B�K���i�Q�`�b�- ���M�/ �H���`�;�2�H�v �`�2�/�m�+�2 �i�?�2 �M�m�K�#�2�` �Q�7 �T���`���K�2�i�2�`�b �B�M�i�`�Q�/�m�+�2�/ �#�v �/�2�M�b�2 �+�Q�M�M�2�+�i�B�Q�M�b�X
�>�Q�r�2�p�2�`�- �b�?���`�B�M�; ���H�H �T���`���K�2�i�2�`�b �#�2�i�r�2�2�M �7�H�Q�r �2�b�i�B�K���i�Q�`�b �B�b �T�`�Q�#�H�2�K���i�B�+�X ���b �i�?�2 �7�2���i�m�`�2
�`�2�T�`�2�b�2�M�i���i�B�Q�M�b ���`�2 �b�B�K�B�H���` ���i �/�B�7�7�2�`�2�M�i �H�2�p�2�H�b �Q�7 �i�?�2 �T�v�`���K�B�/�- �B�i �#�2�+�Q�K�2�b ���K�#�B�;�m�Q�m�b �7�Q�` �i�?�2
�7�H�Q�r �2�b�i�B�K���i�Q�`�b �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �+�Q�`�`�2�+�i �b�+���H�2 �7�Q�` �7�H�Q�r �2�b�i�B�K���i�2�b�X

�q�2 �T�`�Q�T�Q�b�2 �� �b�B�K�T�H�2 �7�B�t �7�Q�` �i�?�2 �B�b�b�m�2�, �r�2 �/�Q �M�Q�i �b�?���`�2 �i�?�2 �T���`���K�2�i�2�`�b ���i �i�?�2 �H���b�i �+�Q�M�p�Q�H�m�i�B�Q�M���H
�H���v�2�` �U�i�?�2 �7�H�Q�r �Q�m�i�T�m�i �H���v�2�`�V�X �A�i �i�?�m�b �2�M���#�H�2�b �i�?�2 �2�b�i�B�K���i�Q�` �i�Q ���/���T�i �i�Q �i�?�2 �b�+���H�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�;
�i�Q �2���+�? �H�2�p�2�H�X

���b �B�M �S�q�*�@�L�2�i�- �r�2 �`�2�7�B�M�2 �Q�m�` �7�H�Q�r �T�`�2�/�B�+�i�B�Q�M �r�B�i�? �� �+�Q�M�i�2�t�i �M�2�i�r�Q�`�F�X �h�?�2 �+�Q�M�i�2�t�i �M�2�i�r�Q�`�F
�+�Q�M�b�B�b�i�b �Q�7 �d3 � 3 �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�b�- �r�B�i�? �/�B�H���i�B�Q�M[1; 2; 4; 8; 16; 1; 1]�X �A�i �i���F�2�b ���b �B�M�T�m�i�b
�i�?�2 �7�2���i�m�`�2�b ���M�/ �i�?�2 �2�b�i�B�K���i�2�/ �7�H�Q�r ���il = 2 �- �r�?�B�+�? ���`�21

4 �i�B�K�2�b �i�?�2 �`�2�b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �Q�`�B�;�B�M���H
�B�M�T�m�i�- ���M�/ �Q�m�i�T�m�i�b �i�?�2 �7�B�M���H �`�2�7�B�M�2�/ �7�H�Q�r�X

�k�X�9 �1�t�T�2�`�B�K�2�M�i���H �_�2�b�m�H�i�b

�q�2 �2�p���H�m���i�2 �i�?�2 �T�`�Q�T�Q�b�2�/ �*�Q�K�T���+�i�6�H�Q�r ���M�/ �+�Q�K�T���`�2 �B�i �r�B�i�? �i�?�2 �b�i���i�2�@�Q�7�@�i�?�2�@���`�i �K�2�i�?�Q�/�b
�Q�M �b�i���M�/���`�/ �7�H�Q�r �#�2�M�+�?�K���`�F �/���i���b�2�i�b�X �q�2 ���H�b�Q �b�?�Q�r ���/�/�B�i�B�Q�M���H �+�Q�K�T���`�B�b�Q�M�b �Q�7 �/�Q�r�M�b�i�`�2���K
�i���b�F�b �m�b�B�M�; �Q�T�i�B�+���H �7�H�Q�r �b�m�+�? ���b ���+�i�B�Q�M �`�2�+�Q�;�M�B�i�B�Q�M ���M�/ �p�B�/�2�Q �Q�#�D�2�+�i �b�2�;�K�2�M�i���i�B�Q�M�X

�k�X�9�X�R �A�K�T�H�2�K�2�M�i���i�B�Q�M �/�2�i���B�H�b

�q�2 �B�K�T�H�2�K�2�M�i �Q�m�` ���T�T�`�Q���+�? �B�M �S�v�h�Q�`�+�? �(�3�y�)�X �q�2 �7�Q�H�H�Q�r �i�?�2 �+�Q�K�K�Q�M �i�`���B�M�B�M�; �T�`�Q�i�Q�+�Q�H �i�Q
�i�`���B�M �Q�m�` �K�Q�/�2�H �B�M �i�?�2 �Q�`�/�2�`�, �6�H�v�B�M�;�*�?���B�`�b! �6�H�v�B�M�;�h�?�B�M�;�b�j�.! �a�B�M�i�2�H�X

�R�R



�6�H�v�B�M�;�*�?���B�`�b �(�R�d�)�X �G�2�i� �/�2�M�Q�i�2 �i�?�2 �M�2�i�r�Q�`�F �T���`���K�2�i�2�`�b�-e(l )
� �i�?�2 �2�b�i�B�K���i�2�/ �7�H�Q�r ���i �H�2�p�2�H

l�- ���M�/e(l )
GT �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�m�T�2�`�p�B�b�B�Q�M �b�B�;�M���H�X �q�2 �/�Q�r�M�b���K�T�H�2 �i�?�2 �;�`�Q�m�M�/ �i�`�m�i�? �7�H�Q�r ���M�/

�/�B�p�B�/�2 �B�i �#�v �k�y �i�Q �Q�#�i���B�Me(l )
GT �- �b�m�+�? �i�?���ie(l )

GT �K���i�+�?�2�b �i�?�2 �`�2�b�Q�H�m�i�B�Q�M �Q�7e(l )
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�r�?�2�`�2q = 0:4 ���M�/� = 0:01�X �q�2 �7�B�M�2�i�m�M�2 �i�?�2 �K�Q�/�2�H �7�Q�` �9�y�y�E �B�i�2�`���i�B�Q�M�b �r�B�i�? �� �#���i�+�? �b�B�x�2 �Q�7
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�L�2�i �Q�M �#�Q�i�? �a�B�M�i�2�H �*�H�2���M ���M�/ �6�B�M���H �r�?�B�H�2 �m�b�B�M�; �+�Q�M�b�B�/�2�`���#�H�v �7�2�r�2�` �T���`���K�2�i�2�`�b�X �h�?�B�b �+�H�2���`�H�v
�/�2�K�Q�M�b�i�`���i�2�b �i�?�2 �#�2�M�2�7�B�i �Q�7 �T���`���K�2�i�2�` �b�?���`�B�M�;�X �q�B�i�?�Q�m�i �7�B�M�2�@�i�m�M�B�M�; �Q�M �E�A�h�h�A�- �Q�i�?�2�` �K�2�i�?�@
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�h���#�H�2 �k�X�R�,�Z�m���M�i�B�i���i�B�p�2 �2�p���H�m���i�B�Q�M �Q�M �/�B�7�7�2�`�2�M�i �#�2�M�+�?�K���`�F�b�X�ó�a�ô �B�b �i�?�2 �a�B�M�i�2�H
�/���i���b�2�i �(�N�)�- �ó�*�ô �i�?�2 �ô�6�H�v�B�M�;�*�?���B�`�b�ô �/���i���b�2�i �(�R�d�)�- �ó�h�ô �i�?�2 �ô�6�H�v�B�M�;�h�?�B�M�;�b�ô �/���i���b�2�i �(�e�N�)�- �ó�E�ô
�i�?�2 �ó�E�A�h�h�A�ô �/���i���b�2�i �(�k�j�-�d�R�)�- ���M�/ �ó�*�.�a�ô �i�?�2 �ó�*�?���B�`�a�.�>�Q�K�ô �/���i���b�2�i �(�9�y�)�X(�) �B�M�/�B�+���i�2�b
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�G�B�i�2�6�H�Q�r�L�2�i �(�j�d�) �* �k�X�d�3 �@ �9�X�R�d �@�9�X�8�e �@ �R�R�X�8�3�@
�S�q�*�@�L�2�i �(�N�3�) �* �j�X�j�j �@ �9�X�8�N �@ �8�X�R�9 �@ �R�j�X�k�y �@
�*�Q�K�T���+�i�6�H�Q�r �r�f�Q �a�*�o�* �j�X�y�8 �@ �9�X�j�3 �@ �e�X�d�k �@ �R�8�X�d�k �@
�*�Q�K�T���+�i�6�H�Q�r �* �k�X�d�3 �@ �9�X�R�j �@ �e�X�e�3 �@ �R�e�X�k�R �@
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�G�B�i�2�6�H�Q�r�L�2�i�k �(�j�3�) �*�Y�h �k�X�k�9 �@ �j�X�d�3 �@�j�X�9�k �@ �3�X�N�d �@
�S�q�*�@�L�2�i �(�N�3�) �*�Y�h �k�X�8�8 �@ �j�X�N�j �@ �9�X�R�9 �@ �R�y�X�j�8 �@
�*�Q�K�T���+�i�6�H�Q�r �*�Y�h �k�X�k�e �@�j�X�8�k �@ �j�X�N�d �@ �N�X�N�e �@
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