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Learning to handle occlusion for motion analysis and view synthesis

Shih-Yang Su

(ABSTRACT)

The ability to understand occlusion and disocclusion is critical in analyzing motion and
forecasting changes. For example, when we see a car gradually blocks our view of a human
figure, we know that either the car or the human is moving. We also know that the human
behind the car will be visible again if we move to other positions. As many vision-based in-
telligent systems need to handle and react to visual data with potentially intensive motions,
it is therefore beneficial to incorporate the occlusion reasoning into such systems. In this
thesis, we study how we can improve the performance of vision-based deep learning models
by harnessing the power of occlusion handling. We first visit the problem of optical flow
estimation for motion analysis. We present a deep learning module that builds upon occlu-
sion handling methods in classic Computer Vision literature. Our results show performance
improvement in occluded regions on standard benchmarks, as well as real-world applica-
tions. We then examine the problem of view synthesis for 3D photography. We propose
an inpainting method that leverages local color and depth context for novel view synthesis.
We validate the proposed inpainting approach with a series of quantitative and qualitative
experiments, and demonstrate promising results in predicting plausible content in occluded
regions.



Learning to handle occlusion for motion analysis and view synthesis

Shih-Yang Su

(GENERAL AUDIENCE ABSTRACT)

Human has the ability to understand occlusion, and make use of such knowledge to make
predictions about motions and occluded contents. For example, when we see a car gradually
blocks our view of a human figure, we know that either the car or the human is moving. We
also know that the human behind the car will be visible again if we move to other positions.
In this thesis, we study how we can replicate such an ability to artificial intelligence systems.
We first investigate the effect of occlusion reasoning in the task of predicting motion. Our
experimental results show that a system equipped with our occlusion reasoning module can
better capture the motions happening in image sequences. Next, we examine the problem
of hallucinating visual contents that are blocked in an image. We develop a model that can
produce plausible content in occluded regions. In our experiments, we show that given one
single RGB image with an estimated depth map, our model can produce a corresponding
3D photo by hallucinating the structures that are not visible in the image.
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The ability to understand occlusion and disocclusion is critical in analyzing motion and
forecasting changes. For example, when we see a car gradually blocks our view of a human
figure, we know that either the car or the human is moving. We also know that the human
behind the car will be visible again if we move to other positions. As many vision-based
intelligent systems need to handle and react to visual data with potentially intensive motions,
it is therefore beneficial to incorporate the occlusion reasoning into such systems. In this
thesis, we study how we can improve the performance of vision-based deep learning models
by harnessing the power of occlusion handling. In particular, we develop deep learning
algorithms for occlusion reasoning in the problems of motion analysis and view synthesis.

A common representation for motion in Computer Vision area is optical flow. In optical
flow, the motion is represented by the movement of pixels from one image frame to the other.
Prior approaches often cast the problem of flow estimation as an optimization problem that
minimizes the pixel matching costs between the two considered frames. Recent works further
leverage Convolutional Neural Network to boost the accuracy of flow estimation. However,
these methods still suffer from erroneous matching volumes near motion discontinuities and
occluded areas. Furthermore, the use of deep neural networks also significantly increases
the memory footprint for flow estimation. To address these issues, we revisit the shifted
window approach proposed in prior Computer Vision literature, and adapt it into a new
deep learning module for handling occlusion. We further propose a weight-sharing scenario
that not only reduce the network size, but also achieve better accuracy. We show that our
proposed method performs favorably against the state-of-the-art method on several optical
flow benchmark (8.8% more accurate) with significantly smaller memory requirements (3
times smaller). Our quantitative and qualitative results also show that our proposed method
can learn the concept of occlusion without training with any annotated occlusion maps.
Additionally, we evaluate our proposed optical flow estimation model on two downstream
tasks, action recognition, and video segmentation, that require robust motion representation.
The results validate the effectiveness and generalizability of our proposed model.

For view synthesis, we consider the task of generating 3D photos. Prior works mostly focus
on synthesize new views given multi-image inputs. In our setting, we are interested in
generating different view angles given only a single RGB-D image. Such a task requires us
to train a model for hallucinating information in the area occluded in the input view. To
achieve this, we design a novel view synthesis pipeline that can iteratively generate content



for areas with complex structures. We further propose a data generation approach that
allows our model to synthesize the missing information in occluded areas, without the needs
of any ground truth occlusion annotation. Our qualitative and quantitative results show
that the proposed pipeline can produce visually plausible content in novel views.



*? Ti2 K

*QKT +16HQr, aT iB HHv a?B71 #
gBM/Qrb 2pBbBi2/

kKXR AMi'Q/m+iBQM

PTiB+ H7HQr 2biBK iBQM Bb 7mM/ K2Mi H T'Q#H2K BM +QKTmi2"
TTHB+ iBQMb- 2X:X- +NSRRM)S 2mQQ M BilB@MbEKBREBME/Z2Q T Q+2bb @
BM:f2/BiBM98dddRRe M/ "Q#Qi M pBYXBPMI2(+H bb Q7 TT Q +?2b
QTiB+ H 7HQr 2biBK iBQM b M 2M2 :vjKBMBRBX3 KB (M 72 QHID2 K B 2
rBi? p "B iBQM HK2i?Q/bBM +Q "b2@dBERBN 72 KQKI Ri(iBQM F
+Qbi Q7 i?2b2 K2i?Q/b- ?2Qr2p2 -Bb Q7i2M T Q?B#BiBp2Hv ?B:? 7Q

22T H2 "MBM; # b2/ K2i?Q/b ? p2 #22M b?QrM iQ T QpB/2 7 bi M
iQi +FH2 i?2 T'Q#H2RY BBIQiL2KQMbi® i2b i?2 72 bB#BHBiv Q7 bQl
7HQr 2biBK iBQM T Q#H2K rBi? +QMpQHmMiBQM H M2m  H M2irQ F
T°Q;'2bb ? b #22M K /2 i?2°Qm;? +QMbi m+iBM; H ;2" KQ/2H #v bi
Q7 6HQrePi BM+Q TQ"  iBM; bT iB-38INB-KR/irh 2 r jTBMN-
mMbBM; +Qbi pQHMK2 b 2tTHB+Bi /BbTH-NBRRMi MYT# 2iti 2 Mii* i B Bl
b+?2/mMH2 Q7 H2 "MBM; > i2 M/ /9NN KMT iBRMH - GBjA6HQrL2i
M/ SqQ*@LRB(+?B2p2i?2bi i2@Q7@i?2@ i T2 ' 7Q K M+2b BM i2 Kk
++m° +vr?BH2 K BMi BMBM; "2H iBp2Hv bK HHKQ/2H bBx2X Pi?2
H2 "MBM:iQ T'2/B+i Q++HmbBQM #vi> BMBM: i?2 KQ/2Hb rBi? //Bi
H #28Rd@ Q" /2bB;MBM; KmHiB@#3%®2 p "B Mib (

h?Bb +? TIigX#mBH/ mTQM 2tBbiBM; rQ Fb i? iH2p2 ;2 i?2r2HH@
U2X;X-Tv KB/-r "TBM;- M/[dQ8NBRNMKZ2AMM(i?2 BKT Qp2 i?2 KQ/
bBx2 M/ ++m  +v Qp2 i?2bi i2@Q7@i?2@ i *LLKQ/2Hb 7Q QTiB-
+Q 2i2+?MB+ HMQp2HiIiB2bX

6B bi- BM +QMi’ biiQ 2tBhiBMyXRi?i@2bbi 7 Mb2K2i2 b 7Qjd2 +? H2p!
38NB-r2 /2bB;MQm  KQ/2H bm+2i? ii?2 M2irQ?F 2/ ®BD2/B7+7 M ZW
Tv' KB/ H2p2HbX q?BH2 b? "BM; T > K2i2 b 7Q  /2bB;MBM; bBKTH
? b #22M 2ti2MbBp2HvV bim/B2/ BM Qi?2 T Q#H2Kb- Bib TTHB+ iBQ
MQi bi® B:?i7Q r /X S'BQ ' K2i?Q/b 2Bi?2° /Q MQi 2tTHQ 2 bm+? K
MB[mj2b3@N3NNQ  b?Qr i? i b? "BM; /2; /2b i?2T2 GRTROM-OH L iQ

]



6B;m 2 BXBR B/2 #2?BM/ i?2 b?B7i #H2QB/NIBX+QMiBMmBiB2b N
T iBHQ++HMbBQM Q7i2M T 2p2Mi mb 7°QK 7BM/BM: :QQ/ K i+? 7
>22-r?22M i?2 V2HHQr #HQ+F BM i?2 # +F KQp2b iQr '/ #QiiQK@ B
TM TH2H v2 i? irb Q B:BM HHvV Q++Hm/2/BM 6" K2RX b ‘2bmHi
/2Ti? IBb+QMiBMmBivV 7 BHb iQ K i+? Mv Q7 + M/B/ i2 T i+?2b BM
2 M/-Qm > K2i?Q/ H2 "MbiQ T 2/B+ii?2 Q77b2iiQ b?B7ii?2 [m2 v-
Ki+? 77QK M2B:?#Q BM; "2;BQMX

b? "2 HHi?2 T " K2i2'b + QbRM2TKBTHQpDHLITMi H v2 bX g2 b?Q)
i?Bb bBKTH2 bi® i2;v MQi QMHvV bm#bi MiB HHv "2/m+2b i?2 KQ/2H
T2 '7Q K M+2 Qp2  T'BQ TT ' Q +?2b #v #2ii2  H2p2  ;BM;i?2 p BH

a2+QM/- b "2;BQMb mM/2 ;QBM; T 'iB HQ++HmbBQM Q" M2 " KQIiB
BM 2 "QM2Qmb K i+?BM; r?2M +QMbi m+iBM; +Qbi pQHmMK2-r2 "2
rBM/Qrb B2D3d9RYykUQ B;BM HHv /2bB;M2/ 7Q  bi2'2Q K i+?BM;V
M2m™ HM2irQ ' FKQ/mMH2iQ2M? M+2i?2 +QbipQHmMK2 +QRKR m+iBQ
Qm +Q 2B/2 BbiQH2 MiQ H2p2 ;2 M2 +HYbTREBHBK2 7@ KbBM;
b?B7i2/ rBM/Qr 7Q K i+?BM;Vi? i BbH2bb 772+i2/ #v KQiBQM /Bb-

g2+ HHQmM KQ/2H *QKT +i6HQrX Pm  2tT2 BK2Mi H 2bmHib b?Qr i’
bi i2@Q7@i?2@ i 2bmHib QM b2p2° H bi M/ "/ #2M+?K "Fb r?2M -
2biBK iBQM K2i?Q/b r?BH2 "2/m+BM; i?2 KQ/2H bBx2 U2X;X-i? 22
Sq*@L2NXVX g2 HbQ /2KQMbi® i2 i? i Qm™ > KQ/2H ;2M2° HBx2b iQ °
TTHB+ iBQMb bm+? b +iBQM "2+Q;MBiBQM M/ pB/2Q Q#D2+i b2;k

Pm> +QMi'B#miBQMbX
Cg2T QTQDb2iQ bBKTHB7vi?2KQ/2H #v b? "BM; M2irQ FT * K2i2

9



6B;m 2 K@KT +i6HQrHB;?ir2B:?i M/ 2772+iBp2 KQ/2H 7Q  QTiB+ H :
Pm > KQ/2H +?B2p2bi?2 HQr2bi 2M/@TQBMi@2 Q" QM aBMi2H h2b]
bm#bi MiB HHv H2bb KQ/2H T ~ K2i2 bX

2t+2Ti7Q i?2 7THQrOQmiTmiH v2 ' bX Pm bi i2;v HHQrb mb iQ +
+QKT +i KQ/2H 7Q " 7HQr 2biBKKjiBRMX Ua2+iBQM

C AMbTB 2/ #vi?2r2HH@2bi #HBb?2/B/2 Q7 bT iB HHvb?B7i #H2
+Qbi pQHMK2 KQ/mMH2 7Q BKT QpBM; i?2 +Qbi pQHMK2 +QMbi’i
Q++HmMbBQM H #RMjRk Ua2+iBQM

C g2 b?Qr 2ti2MbBp2 2tT2 ' BK2Mi H “2bmHib M/ /2KQMbi  i2 +QK
- BMbi i?2 bi i2@Q7@i?2@ i K2i?Q/b QM aBMi2H- EAhhA kyRK
‘2 H@rQ H/ pB/2Qb rBi? +QKT idXWQ/2HX Ua2+iBQM

kXk _2H i2/ qQ F

kXkXR 0 "B iBOQM H TT Q +?22bX

o BiBQM H TT Q +?2b i +FH2 i?2 7HQr 2biBK iBQM T Q#H2K rBj
7Q°KmH iBQMX h?2 2M2 ;v 7mM+iBQMb "2 Q7i2M /2bB:M2/ # b2/ Q
#°B:?iM2bb +QMbi M+v M/ bT iB H bK®®kRKRb th? DPb ib bBMIBiE Q M
?2Qr2p2°- "2 Q7i2M pBQH i2/ BM i?2 T 2b2M+2 Q7 H ;2 KQiBQM- |
HB;?iBM:p 'B iBQMbX hQ #2ii2°? M/H2H ;2 KQiBQM- KQDbi 2tBbiB N\
T Q+2bbBM; M/r "TBM: TT ' Q +?2 7Q " +Q b P-@ ieQd@smBRM)ZX7HQr 2biB |

aQK2 T BQ rQ Fb7m’i?2 BMi2; i2/2b+ BTiQ K i+?BM; BMiQ i?2 p
iBM; iQ 2biBK i2 H ;2 /BBRWK2KIRNVEDL2(b?QrBM; T"QKBbBM; "2bmHitk

8



i?72b2 +QKTH2t2M2 ;v 7mM+iBQMb "2 Q7i2M +QKTmi iBQM HHv 2tT
iQ 2 H@rQ H/ TTHB+ iBQMbX

kXkXk *LL@# b2/ TT Q +?2bX

.QbQpBibFBWH7B0iBMi Q/m+2 6HQrL2i-i?2 7B bi *LL@# b2/ KQ/2
2biBK iBQMX q?BH2 6HQrL2i +?B2p2b7 biBM72 2M+2bT22/- Bib +
iBQM Hp "B iBQM HK2i?Q/bX "vbi +FBM; KmMHIiBTHDpDDBOMb Q7
+QKT2iBiBp2 ++m > +v rBi? i?2Dbi i2@Q7@i?2@ iX .2bTBi2i?2B" b}
i?2H :2KQ/2H bBx2 UQp2 Rey KBHHBQMDbD T > K2i2 bV Q7 6HQrL2ik
QM 2K#2//2/ M/ KQ#BH2 /2pB+2bX PMi?2 Qi?239% TM2h 2 Wil & LN -"H
HB:?ir2B:?i 7HQr 2biBK iBQM KQ/2H #v /QTiBM:BK ;2r "TBM; BM

>Qr2p2 -i?2 ++m° +v QF @ SIMMQi Gt QKT2i2 rBi? i? | QX6HEM22 k)

> iBM: b2p2  Hr2HH@2bi #HBb?2/ T'BM+BTH2b U+Q 'b2@iQ@7BM
+Qbi pQHMK2V BMiQ i?2 7HQr 2biBK iBQM Kdp /R St @13 G Bi26H (
+?2B2p2i?2 bi i2@Q7@i?2@ i "2bmHib rBi? bm#bi MiB HHv bK HH?2

Pm rQ F#mBH/b mTQM i?2b2 "2+2Mi /p M+2b M/ 7m i?2  BKT Qp2b
KQ/2H #Qi? BM KQ/2H bBx2 M/ ++m" +vX h?°Qm:?2 i?2 T°QTQb2/ T
Tv' KB/ H2p2Hb M/ b?B7i #H2 +Qbi pQHMK2 KQ/mMH2- Qm  *QKT +i6}
"2bmHib ; BMbii?2bi i2@Q7@i?2@ i r?BH2 #2BM; i? 22@iBK2b b

kXkX] amT2 pBb2/ pbX mMbmT2 pBb2/ H2 MBM;X

b+QHH2+iBM: M/ MMQi iBM;H “:2@b+ H2QTiB+ H7HQrRi b2iBM
kj-8kej)- 2tBbiBM; bmT2 pBb2/ H2 "MBM; # b2/ K2i?Q/b "2[mB 2 i  BM
M/ K VvMQi;2M2  HBx2r2HHiQ "2 H@rQ H/ BK ;2bX a2p2> H mMbm"
H2 "MBM: TT Q +?22b ? p2 #22M T QTQb2/iQ /B 2+iHv H2 "M 7HQr
H #2H2/ "2 H@rQoE0 eB¢2@BdRYyRKNX L2p2 i?2H2bb- i?2 bmT2 pBb
2biBK iBQM M2irQ Fb "2K BMi?2 bi i2@Q7@i?2@ iX

Pm rQ F 7QHHQrb i?2 bmT2 pBb2/ H2 "MBM; T ~ /IB;K- M/ r2 T'2@i
i?72iB+ / i BRdolX AM //BiBQM iQ b?QrBM; +QKT2iBiBp2 2bmHib QM
r2 HbQ b?Qr i? i Qm HB;?ir2B;?i KQ/2H ;2M2" HBx2b r2HH iQ "2 H
T2 ' 7Q K M+2 QM irQ /QrMbi 2 Ki bFbX

kXkX9 a?B7ifQ77b2i T°2/B+iBQM 7Q° 2 M/HBM: KQiBQ\

h?2 B/2 TQZ/B+iBM: b?B7iRIQ7ZIR AR im 2b ? b #22M bm++2bb7mHH
72°2Mi T'Q#H2K +QMi2tib- BM+HmM/BM; #QmM/BM; #K3-"0; 2@B QM
BMiR- bT iB Hi> MB)Q M2IZ7Q K #H2 +QMpQ HnRiPQRIMA M2B i7Q “#Ho2(
+Qbi pQHMK2 KQ/mH2 Ua*oV TTHB2b bBKBH ° TT ' Q +?2biQ T 2/B
M2Qmb K i+?BM: BM i?2 +Qbi pQHMK2 M2 ~ KQiBQM /Bb+QMiBMmBil

e



6B;m 2 RYXR, pB2r Q7 *QKT +iBMHQtRKT +i6HQr KQ/2H 7B bi 2ti" +ib i
+QMPQHMIBQM H72 im2b 7 QK i?272 im 2 2ti° +iQ X g2i?2M +QM
#v "2+m bBp2Hv TTHVBM; i?2 Ub? "2/V "2bB/m H#HQ+FX i2 +? H2
72 im 2b 7 QK 77 K2 R-k- M/ i?2mTb KTH2/ 7HQr 7 QK i?2 T 2pBQr
+QMbi m+ii?2 +Qbi pQHMK2 mbBM; i?2 7 K2R 72 im 2 M/i?2r T2
i?72M H2p2 ;20?22 i?2 T QTQb2/ b?B7i #H2 +Qbi pQHMK2 KQ/mH2 iQ
/IBb+QMiBMmMBiB2b bMMBTIZY/mGRIWLRRMB2YPQ KQ 2 /2i BHbV- 7TQHH
#v THQr T 2/B+iBQMX 6Q  bBKTHB+Biv-?2"2r2 QMHv BHHmbi  i2 9

kXkX8 *Qbi pQHmMK2X

*Qbi pQHMK2 T QpB/2b /Bb+ BKBM iBp2 2T 2b2Mi iBQM 7Q" 2M+
#22Mbm++2bb7mHHvV TTHB2jjiDNRIPDRMY RH@? B Mi:B @ ci BNBR ) X

>Qr2p2°-2"QM2Qmb K i+?BM; +Qbib K v "Bb2 BM "2;BQMb M2 " KQ
M/ T iBHQ++HMbBQMX hQ HH2pB i2 i?Bb Bbbm2- QM2 TT Q +7?
rBM/Q®BIBdIRYKK h?2 # bB+ B/2 BbiQ mb2 +QHH2+iBQM Q7 bT iB
BMbi2 / Q7 QMHV i?2 rBM/Qr +2Mi2 2/ ii?2 TBt2H-iQ 7BM/ K i+?2D;
b?B7i #H2 rBM/Qrb- r2 T 2b2Mi b?B7i #H2 +Qbi pQHMK2 KQ/mH?2 |
Q77b2i p2+iQ  7Q 2 #@ TGX2H IMPBM: +Qbi 7°QK i?2 T 2/B+i2/ HQ+
“242Mi .2pQM KeZi *@Mbi m+ib i?2 +Qbi pQHMK?2 #v TTHVBM: M Q7
“iB7 +ib 7°QK BK ;2f72 im 2r "TBM:;X h?2Q77Q0A 7B 2 BhB Ri22 KB M 2
#V i?2 +Q b2 QTiB+ H 7HQr 7B2H/ BM i?2 T 2pBQmb HH2TXQAM +QM]i
T 2/B+ii?2 Q77b2i 7B2H/ 7Q" #2ii2° 2 M/HBM: mMK i+?2/ "2;:BQMbX

kXj TT Q +7?

6B;mMKZT QpB/2b M Qp2 pB2r Q7 i?22 T QTQb2/*QKT +i6HQrX q2 #m
i?72 "2+2Mibi i2@Q7@i?N@X h FBM®;L2Q(_:" 7 K2b bBMTmib- Qm ™ *(

d



6HQr +QMbBbib Q7 7Qm K BMbi2Th, URV 2ti” +iBM; 72 im 2bi? Qm
UKV +QMbi m+iBM; +Qbi pQHmMK2 #v +QKTmiBM; i?2 +Q "2H iBQM ;
irQ 7° K2b-UjV T 2/B+iBM; Q77b2ib rBi? i?2 T°QTQb2/ b?B7i #H2 +C
iBM; 2°°QM2Qmb K i+?BM; +Qbib- M/ U9V 2biBK iBM; i?2 7THQr 7B2
PQHMK?2 ii?2 +m "2Mi H2p2HX Pm™ TT Q +? /B772 b 7 QK Sq*@L?2
K2i?Q/bBMirQr vb, URV AMBT2 hQibnbB™M; K2i2°'b7Q 2 +? Tv' KB/
Qm 72 im 2 Tv' KB/ MRPrQZIF mkb22il2"b 7Q i?2 "2bB/m H#HQ+Fb +°Q
aBKBH "Hv- Qm  7HQr 2biBK iQ°'b "2 HbQ b? "2/X h?Bb /2bB;M +?
KQ 2 +QKT +i KQ/2HX UkV AMbTB 2/ #v i?2B/2 Q7 bT iB HHv b?B7
b?B7i #H2 +Qbi pQHMK2 KQ/mMH2i? ir "Tbi?2 +QKTmi2/ +Qbi pQHmMK
7B2H/X h?Bb b?B7i #H2 +Qbi pQHMK2 KQ/mMH2 bi2T HHQrb mb iQ #2
/IBb+QMiBMmBiB2b Q" mM/2 ;QBM; T iB HQ++HmbBQMbX AM i?2 7
Qm b? "2/ 72 im2Tv' KB/ M/i?2M /2b+ ' B#2 Qm > b?B7i #H2 +Qbip
i?72 7THQr 2biBK iQ X

kKX]XR a? "2/ 72 im 2 Tv: KB/ M2irQ F

'Bp2M M BK ;2 TB-Qm 72 im'2 Tv' KBHMPIHDP R2t1° Kib72 im 2b
2 +?2 BK ;12X q2 /2MQi2 i?2 72 imr2tfi M#2P ADP2RA2 irQ 7° K2b- rBi?
i?72 HAp2H b i?2 HQr2bi H2p2H rBi? i?2 ?B;?2bi bT iB H "2bQHmMIiBQ
7B bi TTHv i?'22 +QMpQHmMiBGM HHN 7' QiQi22i BMTmi BK ;2bX g
2M2° i2 72 im 2b 7Q>D #9Q H2AG2HEMS5 : mbbB M F2 'M2H rBi? p "B M-
RiQi?272 im 2b 7 QK i?2 T 2pBQmb H2p2HX g2 i?2M T bb i?2 #Hm
#HQ+F +QKTQb2/ Q7 i?°22 +QMpPQHMIiBQM HH v2'b UrBi? bi'B/2 Q
72 imf2bMF X

g2 /> r BMbTB  iBQM 7 QK +H bbB+ Tv: KB/ BK :2 T°Q+2bbBM: K2i?¢
TQBMi /2i2+iBQMfi° +FBM;:i22 Q KIBM i I BHW2 X X- ;> /B2Mi 7BHi2 b\
Tv' KB/ H2p2HDbX h?2 #2M27Bib Q7 b? "BM: T ° K2i2'b BM M2irQ"
+ M bm#bi MiB HHv "2/m+2 i?2 MmK#2 Q7 T ° K2i2 bX a2+QM/- i?:
bi'QM;:;2" #2+ mb2 Bi; i?2 b ;" /B2Mib 7°QK HH Tv> KB/ H2p2Hb 7Q"
h?B /- T > K2i2 b? "BM: BM i?2 72 im 2 Tv: KB/ M2irQ F 2M #H2b m|
i72 7HQr 2biBK iQ'b b r2HHX 6Q  i?2 KQ/2Hb rBi?Qmi T ° K2i2 b?
GBi26HQrL2iV- 72 im 2b i2 +? H2@BRA72220Q0 2 bH@MEQHmMIiBQM H
rBi? /B772 2Mi MmMK#2 b Q7 +?2 MM2Hb- M/i?2°27Q 2 2[mB 2 H2 "M
7Q T 2/B+iBM: i?2 7HQr i/B772 2Mi H2p2HbX
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6B;m 2 k@Bi pQHMK2 r "TBM; KQ2NHDX Qb2/ +Qbi pQHMK2r "TBM; i
i?72 +QM+ i2M i2/ 7THQr- BK ;2- M/ +Qbi pQHmMK2 b BMTmi M/ T 2/B
?B;?HB;?iBM; r?2i?2 i?2 TBt2H + M 7BM/ #2ii2 -b?B7i2/ TBt2H b
2biBK iBQM M/ kV i?2 Q77b2i p2+iQ  7B2H/X g2 i?2M #H2M/ i?2 Q"B
PQHMK?2 iQ;2i?2  # b2/ QM i?2 +QM7B/2M+2 r2B;?iX

kXjXk *Qbi pQHmMK2r "TBM; 7Q  Q++HmbBQM "2 bQMB N\
*Qbi pQHMK2 +QMbi mtAB@MXH2p2H-r2 7QHHQT i?2 HOIBKGM T  +iB
iQ # +Fr “/@r T i?2fP2rBm?2i?2 2biBK i2/ 7THQr 7°QK i72#X ‘b2 H.

aT2+B7B+ HHv- r2 7B bi mb2 i MbTQb2/ +QMpQHMIBQM H H v2°
u*d - M/ i?2M f°Tbh 7QHHQT,

fO(p) = P (p+ u™D (p)); UKXRV

r?2 @BM/B+ i2bi?2 k. TBt2H HQ+ iBQMX LQi2i? ir2/Q MQi T2 7Q K
iQT U+Q "b2biV H2p2H bBM+2 i?2°2 Bb MQ mThb KTH2/ 7HQrX

qBi? i?2 72 fith-2Mf(’ - r2 i?2M +QMbi m+i +Qbi pQHmKL2QIKIT mPBM;p2H

N



i72 +Q "2H iBQM #2ir22M i?2irQ 72 im 2b,

h |
1 >
oW(pip) = 5 f' () 10 (p2) UkXkV

r?2°18 BM/B+ i2b i?2 H2M;i? Q7 i*2®D -inM®; ;242 Qi2b i?2 k. TBt2H
HQ+ iBQMbX h?2 e)bhiiQQRmik2 K i+?BM; +Qbi #2irp2 Mi?i2 TBt2H |
TBt2k,X AM Qm > KQ/2H-r2 QMHv +QMbB/2  i?2 TBt2Hb QFH+ 2 BM i
i? i Bjipr P, dX AMi?2 T 2b2M+2 Q7 Q++HmMbBQM- ?2Qr2p2°-i?2 +Q
'QQ/ K i+? 7Q  bK HH Q++Hm/2/ KQiBQMb i 7BM2 KR2®R2Hb- b BHH!

a?B7i #H2 +Qbi p@BmMMK22bb i?Bb Bbbm2-r2 "2pBbBi bT iB HHv b?B7
BM+Q TQ  i2i?2B/2 BMiQ bBKTH2 M/2 bviQBKTH2K2Mi KQ/mH?2
b2ib Q7 b?B7i2/ rBM/Qrb iQ +QKTmi2 i?2 K i+?BM; +QHR2 YRI b8 KTHvV
T 2/B+i bmBi #MH2 Bib7®@eM M/ r T 7°QK i?2 T 2/B+i2/ HQ+ iBQMX
b +Qbi pQHMK2 r "TBM; KQKXMHR?BM 6BBM 2T Q+2/m 2 Q7 i?Bb KQ/
#2 /IBpB/2/ BMiQ i? 22 K BM bi2Th, 6B bi- Bi T 268+ilb rX@H ?bMM 2 H
R@+? MM2H +OMPB/2M+2 K T

o: e = g(f {');cv('); u(*D) - p(i+1)) UkXjV

r22°2i?22 7Tmey BOQBK TH2K2Mi2/ b j@H v2  +QMp QitfnyiZBVQQM 2Hb M 2ir C
i72mThb KTH2/ 72 im 2b7 QK i?2b2+QM/H bi +QMpQHMIEBQM H H vz
bu*b MA"* "2 MQi p BH #H2BM i?2 iQT Tv' KB/ H2p2H-r2 bBKTHvV
X2 QbX

g2 i?2Mr T i?2 +QbovPQriBiek 2

(i) = (i + dV(i)): UkX9V

h?2 BMimBiBQM Q7 i?2 T QTQb2/ +Qbi pQHmMK2r "TBM; KQ/mH2 Bb h
M Q++HmM/2/ TBt2H 7°"QK Bib M2B;?#Q BM; TBt2Hb6 KQiBQMb U b
biB+FBM; rBi? i?2 Q°B;BM H-BM ++m’ i2 +Qbi pQHbM™BPRX2Qb2/B +i
POQHMK2- 27 #Z iRQuBMA, +Qbi pQHMK2 7' QK M2B;?#Q BM; "2;BQMbX
KQ/2HiQ BKTHB+BiHvV "2 bQM #Qmi Q++HmMbBQM-r?BH2 HbQ BKTC
POQHMK2X

aBM+2 MQi HH TBt2Hb "2 Q++Hm/2/-r2 /Q MWinmBMX /B? BbiHvV 2]
r27m’i?2  mb2 T 2/B+i2/ +QM7B/20# 2 MK €QQ Q¥#2;Bi@ i?2 7BM H +Q
pQHMmMK2

o= () ofl+@a () o UkX8V
r?22°2A) Bbi?2 bB;KQB/ +iBp iBQM 2 MhiBMIM 2 HRK2Mi@rBb2 KmHiE
*QM7B/2M+2 r2B;?iBM; HHQrb i?2 M2irQ FiQ ? M/H2 #Qi? Q++Hm/Z
i i?72b K2iBK2X q2i2 ' Ki?Bb +Qbi pQHMK2r "TBM; KQ/mH2 b b?B7

Ry



iQ T vi B#mi2 iQi?2bT iB HHv B3B8 ABAMH2 2R /@Mi(Tmi Bb biBHH +C
2+ M /B 2+iHv THm: i?Bb KQ/mH2 BMiQ Mv 7HQr 2biBK iQ i? i K F.
+Qbi pQHMK2- M/ i BMi?2 KQ/mH2 DQBMiHV rBi?Qmi KQ/B7vVBM;
r2 QMHv TTHv b?BI7=H2/ MI©BX g2 BMp2biB; i2 i?2 2772+i Q7 TTHVE
*0 i /B772 2Mi H2pRXBOEM a2+ X

kXjXj a? 2/ 7THQr 2biBK iQ"

6BM HHv- r2 722/ i?2 +QM+ (@Mf{20072; KPR BMiQ i?22 7HQr 2biBK iQ
M2irQ F+Q "2bTQM/BMX iqR2/©@THIZRAHK2 M2irQ F “+2?Bi2+im 2mb2
L2iNBX h?2 2biBK iQ" 2?2+ HH2@MPQHMIBQOM HH v2' b rBji@X2Mb2 +¢
Ai QmiTmib 7HQr T 2/B+iBQM +Q " 2bT OM2BIM: Qi P22Cm i HRi 72 im"
i72 b2+QM/ H bi +QMpQHMIBQM HH v2'X

aBM+2 i?2 Tv' KB/ M2irQ ' F b? "2bi?2 b K2 P2BBKBI BMZTtimh "2 2T
“2b2Mi iBQMb +°Qbb HH H2p2HbX h?2°27Q°2-r2 "2 #H2iQ b? "2
2biBK iQ b- M/ H “:2HvV '2/m+2 i?2 MmMK#2 Q7 T > K2i2 b BMi"Q/m+
>Qr2p2°- b? "BM:; HH T ° K2i2 b #2ir22M 7HQr 2biBK iQ b Bb T Q#
2T 2b2Mi iBQMb "2 bBKBH ° i /B772 2Mi H2p2Hb Q7 i?2 Tv' KB/- I
7HQr 2biBK iQ b iQ /2i2 ' KBM2 i?2 +Q "2+ib+ H2 7Q  7HQr 2biBK i2l

g2 T°QTQb2 bBKTH27Bt7Q i?2Bbbm2, r2/QMQib? “2i?22T > K2i2"
Hv2 Ui?27HQrQmiTmiH v2 VX Aii?mb 2M #H2bi?2 2biBK iQ iQ /
iQ 2 +? H2p2HX

bBMSqg*@L2i-r2 27BM2Qm  7HQr T 2/B+iBQM rBi? +QMi2ti M2ir
+QMbBbB QFAQMPQHMIBQM H H v2[ll2:4&B16 BN iBQAM-2b b BMTmib
i?72 72 im 2b M/ i?2 2biBK=R2/rPB@P:iiBK2b i?2 "2bQHmMIBQM Q7 i?2 (
BMTmi- M/ QmiTmib i?2 7BM H "27BM2/ 7THQrX

kX9 1tT2 BK2Mi H _2bmHib

g2 2p Hm i2 i?2 T°'QTQb2/ *QKT +i6HQr M/ +QKT "2 Bi rBi? i?2 bi i2
QM bi M/ / 7THQr #2M+?K “F/ i b2ibX q2 HbQ b?Qr //BiBQM H +QK"
i bFb mbBM; QTiB+ H7HQr bm+? b +iBQM 2+Q;MBiBQM M/ pB/2Q
kX9XR AKTH2K2Mi iBQM /2i BHb

g2 BKTH2K2Mi Qm~ TT Q +3yBXMqRVh@QHHQ( i?2 +QKKQM i° BMBM; T
i BM Qm > KQ/2H BM i?2 Q" /12 6,HOHBWB; M ?'BMEDN.i 2 H X

RR



6HVBM;*? BAXG2i /12MQi2 i?2 M2irQ F Té” 2i20iBK i2/ 7THQr i H2p2
- M i?2 +Q "2bTQM/BM; bmT2 pBbBQM bB;M HX q2 /QrMb KTH2 i
/IBpB/2 Bi #v ky i€lQ#inB &2, iK i+?22b i?2 "2bQe'miB®D M?2QH2p2HX

aBKBH " iQ Sq*@L2i-r2i° BM QM 6HVBM:;*2 BQ@biBi? KmHiB@H2p2

XX g (1) o
LO=" &y )+ i UkXeV
1=2 t

r?72°2 Bbi?2 H2p2H@/2T2M/2M222B;/AiH MB/X iBQM bi 2M;i?X g2 mb2
. M/ b BM Sg*@L2i- B(M;rzBsa ?%; s) = (0:050:010:020:080:32) M/

=4e*X g2 mb2 # i+? DBM2 M7TBMBIiB H H2 "MdBXI;q2i2BRB/2 i?2

H2 "MBM; " i2 #v k 2p2°'v RyyE Bi2"  iBQM 7i2° i?2 7B bi jyyE Bi2" iB
7Q  3yyE Bi2® iBQMbX

BHVBM:h?BMel)iX §2 2KTHQV i?2 QM DR+iBp2 7mM+iBQM M/ i?2 b K
T K2i2 b2iiBM:b b Sq*@L2iiQ 7BM2imM2 Qm" KQ/2H QM i?2 6HVE

X 0 (1 T
L()= (e & () + )T i UkXdV
1=2 t

r?22°®=0:4 M/ =0:01X q2 7BM2imM2 i?2 KQ/2H 7Q" 9yyE Bi2  iBQMb rB
9X g2 mb2 M BMBiB H HeS MBMBpB22Q5i #v k i KyyE M/ jyyE Bi2" iB

aBMi2HfEANIA-ARX g2 mb2 1kM¥ i?2i° BMBM; Q#D2+iBp2 iQ 7BM2i
aBMi2H / i b2i 7Q 9yyE Bi2  iBQMb- M/ /QTii?2 /Bb " mTiBp2 H2 "M
iIQNNX g2 mb2 i?2 b K2i° BMBM; b2iiBM; iQ 7TBM2imM2 *QKT +i6HQr
r2i- BMQm KQ/2H rBi? ; QmM/ i mi? 7THQrb rBi?Qmi Qi?2" //BiBQM
2X;X-Q++HmbBQM Q /BbT "BivK TX

kX9Xk Zm MiBi iBp2 2p Hm iBQM QM 7HQr 2biBK iBQM

g2 2p Hm i2 Qm > KQ/2Hb QM aBMi2H *H2 M M/ 6BM H- br2HH b EA
i?2 p2° 2 2M/@TQBMi 2°°Q'b U 1S1V 7Q° HH /i b2ib- M/ i?2 T2"
QmiHB2 b UBH@ HHV 7Q  EAhhAKyR8X

h #HRXRTQ ib 7mHH [m MiBi iBp2 "2bmHib 7Q 2 +? KQ/2H i BM2/ C
“2bmHib b?2Qri? iQm > b? "2/ KQ/2H /2KQMbi  i2 +QKT2iBiBp2 T2 7
T2 T > K2i2  imMBM:; Q' a*o KQ/mMH2X LQi2i? iQm T2 7Q K M+2 B
L2i QM #Qi? aBMi2H *H2 M M/ 6BM Hr?BH2 mbBM: +QMbB/2" #Hv 7.
/I2KQMDbi® i2bi?2 #2M27Bi Q7 T > K2i2 b? "BM:X qBi?Qmi 7BM2@im

Rk



h #H2 KX®R,MiBi iBp2 2p Hm iBQM QM /B772 86 BDM?*2 & B MbXH

/i b2IN(- 6*6 i?2 66HVBM:*? BR{O Ghiobi2i2(06HVBM: h?BMNbBES b2i (
i72 GEAhhAG / KjtdR-( M/ 6*.a0 1?2 6*? B a.>QKOYX) BM/B+ i2b

i? ii?2 "2bmHi Bb Q#i BM2/ 7i2 i BMBM: QM i?2 +Q "2bTQMI/BM;: /

aBMi2H *H2 M aBMi2H 6BM H EAhhA kyRk EA

1S1 1S1 1S1 1S1 6H@ HH

J2i?Q/b .1 b2i h BM h2bi h® BM h2bi h® BM h2bi h® BM
aSvL28§ * 9XRk eXeN 8X8d 3X9] NXRK @ @
GBi26HQt)2i ( * kXd3 @ 9XRd 988e @ RRX83@
Sq*@L2N 3 * 1X7j @ 9X8N @ 8XR9 @ RjXky (
*QKT +i6HQr rfQ a*o jXy8 @ 9Xj3 @ eXdk @ R8Xdk
*QKT +i6HQT * kXd3 @ 9XRj @ exXe3 @ ReXkR @
GBi26HQt)2i ( *Y h kX93 @ 9Xy9 @ 9Xyy @ RyXjN
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