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MAGNETO-ELASTIC INTERACTIONS IN A CRACKED
FERROMAGNETIC BODY

Satenik Harutyunyan

ABSTRACT

The stress-strain state of ferromagnetic plane with a moving crack has been investigated
in this study. The model considers a soft magnetic ferroelastic body and incorporates a
realistic (nonlinear) susceptibility. A moving crack is present in the body and is
propagating in a direction perpendicular to the magnetic field. Assuming that the
processes in the moving coordinates are stationary, a Fourier transform method is used to
reduce the mixed boundary value problem to the solutions of a pair of dual integral
equations yielding to a closed form solution. As a result of this investigation, the
magnetoelastic stress intensity factor is obtained and its dependency upon the crack
velocity, material constants and nonlinear law of magnetization are highlighted. It has
been shown that stress result around the crack essentially depend on external magnetic
field, speed of the moving crack, nonlinear law of magnetization, and other physical
parameters. The results presented in this work show that when cracked ferromagnetic
structure is under the influence of magnetic field it is necessary to take into account the
interaction effects between deformation of the body and magnetic field and that such
interaction can bring to a new conditions for strengthening the materials. Closed form
solutions for the stress-strain state are obtained, graphical representations are supplied

and conclusions and prospects for further developments are outlined.
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MAGNETO-ELASTIC INTERACTIONS IN A CRACKED

FERROMAGNETIC BODY

OBJECTIVE

The purpose of this research is to investigate the effect of a magnetic field on the stress-
strain state around a crack in a ferromagnetic material.

Specifically, we wish to determine if the stress distribution at a crack tip can be altered by
an applied magnetic field and to quantify the magnetic contribution to the brittle failure

criteria.

1. INTRODUCTION

Ferromagnetic materials are considered good candidates for the first wall in magnetic
fusion energy (MFE) reactor. Being in presence of harsh loading conditions, including
thermal and mechanical loads and of strong magnetic field the first wall of MFE reactor
could be subjected to stress concentration around structural defects or cracks. It clearly
appears that such a possibility could constitute an obstacle toward the development of
this energy source.

The recent years have witnessed increased interest in investigations of the
magnetoelasticity for ferromagnetic materials. The general theory of magnetoelasticity
for ferromagnetic solids is developed by many authors [1-2, 4-5, 7, 12-13, 15, 17, 21].
The theory suggested by [1, 15] can be applied to the investigation of the phonon-
magnon coupling (magnetoacoustic resonance). The coupling is pronounced when the

wave frequency is near or above the magnetic resonance frequency, which is usually



higher than 10°Hz (for example magnetoacoustic resonance in a material Yttrium-lron-

Garnett is observed when the frequency of spine waves~ 10" Hz). In the papers [2, 3, 8,

11] a theory is presented for the magnetoelastic interactions in a soft ferromagnetic
material of multi-domain structure when magnetic field intensity vector H and

magnetization vector M are parallel in a rigid body state: M = ;((‘I—T‘)I—T (y is called the

magnetic susceptibility). Notice that a soft magnetic material is characterized by small
hysteresis losses (narrow hysteresis loop for H —M curves) and low remnant
magnetization. Many Nickel-Iron alloys used widely as core materials for motors,
generators, inductors and transformers are of this type.

The results related to the magnetoelastic stability and vibrations of thin-walled bodies,
the stress deformation state (SDS) and also the wave propagation of ferromagnetic
materials with linear law of magnetization are of special interest [10, 16, 19-20].

In a large number of works related to the theory of magnetoelasticity of ferromagnetic
materials, it has been supposed that the magnetic field is linearly connected with the
magnetization of the material, e.g. a soft ferromagnetic with a linear law of magnetization
was considered [1,10,13-15, 19-23]. However, this assumption is valid for the
ferromagnetic in the domain of very weak magnetic field or for most of
nonferromagnetics in the strong magnetic field. With the application of ferromagnetic
materials and structures in a strong magnetic field, i.e. higher than 1 Tesla (such as the
structure of first wall in a fusion reactor), the magnetic field generated in the structures
may be near to the region of saturation of the constitutive relation of magnetic field. In
such cases to consider non-linear dependence between the magnetization and the

magnetic field become imperative. That is why it becomes interesting to consider non-



linear dependence between the magnetization and the magnetic field as well as their
influence on various physical processes (the buckling of thin ferromagnetic plate; the
influence of nonlinearity of magnetization on stress -strain state; wave propagation and
etc.).

In this work the problem of stress-strain state of ferromagnetic plane with a moving crack

is discussed in detail.



2. BASIC EQUATIONS AND BOUNDARY CONDITIONS OF

ELASTIC FERROMAGNETIC BODY

In this chapter we will present all necessary equations and boundary conditions for the

elastic soft ferromagnetic body in an external magnetic field.

82.1 MAGNETOSTASICS AND MAXWELL’S STRESS TENSOR

We denote the magnetic field generated by a permanent magnetic or an induction coil in

a vacuum by the magnetic induction vector B° with units Weber/meter? in MKSA
system. When a magnetizable, elastic solid is placed in the field, magnetic moments are

induced in the body. The magnetic moment per unit volume of a deformed body is called
the magnetization and it is denoted by M (Amper/meter). Inside the body, the magnetic
induction is B which is not necessarily to be equal to B°.

The induced magnetization is related to B by B = z,(H + M) where H (Amper/meter)
is called the magnetic intensity and p, =47 %107 Newton/Amper? is a universal
constant. The H vector is introduced for convenience. In a vacuum,M =0, and
B =u,H ;inabody H isrelatedto M by a constitutive law. The B is satisfies Gauss’s

law for magnetism and solenoid, and H is governed by Ampere’s law.

For a rigid solid, the constitutive law is written as H = H(M) which assumes a particular

simple form, and H = y*M for a paramagnetic or diamagnetic isotropic material. The

dimensionless constant y is called the magnetic susceptibility. For a deformable solid,

H depends on M as well as on the displacement gradient of the body.



When a body is moving in a magnetic field or when the field is changing in time, an
electric field E and a current J are generated. The E is related to the B through

Faraday’s law. For a rigid solid with electric conductivitye,J = E. Vectors E, B,

J, and H are coupled and complying Maxwell’s equations [1-5, 7-8, 10-15, 17, 19-

23]:
curlg = 2—? = Faraday’s Law

curlH =J = Ampere’s Law

divB=0= Gauss’ Law

- - OV - ) ,
J=0o(E +Ex B) = Generalized Ohm’s Law
where

_oa. _ . : . :
V= E; u is a displacement vector of material particles.

In this investigation we consider only a slowly moving body in a stationary magnetic
field. Thus, the coupling of the induced current J and the deformation will not be
considered here. This is certainly valid for a magnetic insulator (o = 0). For paramagnetic
conductors, this omission is not justified, as the effect of induced current is more
pronounced than that of induced magnetization. However, for some of soft ferromagnetic
materials, as a first approximation, we may omit the induced current effect. The effect of
induced current in the form of a Lorentz force (body force) on an elastic waves has been
investigated by [1,15]. Many papers on that subject are reviewed by [1,13,15].

Referring the volume V occupied by a body at any instant to a Cartesian coordinate

system, we denote the position of a material particle at time t by R(X,, X,,X;). In the

presence of a magnetic induction B® = 4 H°, the total force F and torque L acting on a

body are [1-3, 4, 7, 12, 13, 15, 17]:



F= uojm -VHdV (2.1)
\%

x(M -VH) +M x H]dV (2.2)

pell

L :/"o_[[

However, the above expressions do not imply that within a volume elementdV , there is a
body force per unit volume z,M -VH?® or a body couple per unit volume z,M -VH?®
because of the additional interaction between the magnetization within the element dV
and the surrounding magnetized material. Furthermore, by applying various vector
formulas and magnetostatic equations, the above integrals can be transformed into
surface integrals or volume integrals with entirely different integrals. Thus on an element
with volume dV and surface dS, the net forces exerted by externally applied field and
surrounding magnetized materials can not be uniquely specified.

The magnetic body force f and the body couple ¢ acting on the mass within volume dV
are:

f=u,M-VH, ¢=u,MxH (2.3)
In the above equations the M and H inside the magnetized body are related to the
external magnetic induction B, through a set of magnetoelastic field equations,
constitutive equations and boundary conditions as given in the usual mechanical tractions
to form a stress vector t™ .

With these understandings, a magnetoelastic stress tensor t; may be defined as
t,n, =t (2.4)

where 1 is a unit vector normal to the surface dS upon which T is acting. Because of

the assumed extrinsic body couple, the magnetoelastic stress tensor t; is not symmetric.



The balance equation for linear momentum then can be simply stated as

_[t..n.dS+,uIM.H..dV:inV.dV where H . =1 (2.5)
. ijri OV i Ji dtv j ! i ax

The local balance equation is given in the next paragraph. The usual mechanical body
force is not considered here.
When the volume integral of the body force in (2.5) encloses a region which is separated

by a surface of discontinuity >. (Figure 1), the body force is discontinuous at this surface

on account of the existence of a surface magnetization M* which is defined as

A-(H"-H)=n-M*=M;

where (+) and (-) indicate the two sides of .. Thus,

#o[M - VH dV =g, [dS [M -nﬁdnzyodejMndH
\Y z Ah on z Ah

—)yojé(Mn*+Mn‘)(H*—H‘)dS (2.6)

Ah—0
b
1 .. S\
:/uOIE(Mn +Mn)Mnn ds
>

where use has been made of the fact that the tangential components of H are continuous

across the surface Y.

n

Ah__{ E: T/ 77777 /}77Z

Figure 1: A volume element separated by a surface of discontinuity




Another way to evaluate the effect of surface magnetization is to introduce a tensor T,

such that
Vi=f
where
1
Tij = BiHj _EﬂOHkaé‘ij (2.7)

We then can apply the divergence theorems to change the volume integral of f, to a
surface integral of n; T; and evaluate the jump of the normal components of T, across
the surface 2., which is just the integrand in the final expression of (2.6). The quantity T;

is known as a Maxwell’s stress tensor.

With the magnetic force and moments introduced as in (2.3), there is obviously an energy
supply to the medium, which equals to work done by these forces. This has been
carefully evaluated in [12-13, 21]. The final result for the rate of change of energy per

unit volume is

oH . d( M.
=u,M,—Lv + H—| — 2.8
&= Hy i 6Xi j Hop 1 dt[ ) j ( )

where d/dt=(0/ct)+v;(6/0X;) and v, =dX;,/dt. The first term is clearly the rate of

work done by the body force f,; the second term is the rate of work done by the body

couple combined with the rate of change of the magnetization with respect to axes that

translate and rotate with the magnetic moment vector.



82.2 THE GENERAL EQUATIONS IN AN EULER SYSTEM OF

COORDINATES

Let a particle of deformed solid originally at x; (j =1,2,3) is moved, after deformation to
X, (3 =1273) at time t (Figure 2). The Cartesian System of coordinates X, is called

moving or Euler coordinates and x; nonmoving or Lagrange system of coordinates.

Figure 2: Geometry of the deformed body in a magnetic field

Then the functions
X =% (X1, X5, X5,1) (2.9)
or their inverses describe the deformation for the body as a whole and the partial

derivatives 0x /0X; or oX, /0x; describe it locally. The deformation as described by the



transformations (2.9) is to be determined from a set of field equations, boundary
conditions, and constitutive equations.
The general field equations of magnetoelasticity are derived substituting the body

force f,, body couple c, as defined in (2.3) and the rate of energy supply ¢ in (2.8) into

the usual equations of balance of linear momentum, angular momentum, and energy,

respectively. The results, expressed in terms of the current position vector X, are:

Mass conservation: d—p+ ,oﬁ =0 (2.10)
dt oX,
: ot; oH. dv,
Linear Momentum: —-+ g4 M,—1t=p—L (2.11)
oX; oX, dt
Angular Momentum: tiq T #oMjH ;=0 (2.12)
du ov, d (M,
Energy change: —=t.—L+ ypH —| — 2.13

In the above, p is the mass density, t; is the stress tensor in (2.4), and U is the internal

energy per unit mass. Since the energy flow due to heat conduction is not considered
here, the rate of charge of U is the same as the rate of charge of the free energy F as
discussed in [7] and [17]. The indices with brackets represent the antisymmetric part, i.e.
ti = (G — 1) /2.

To the above equations, we add the magnetic field equations:

Definition: B =u,(H,+M,) (2.14)
Gauss’ Law: 0B;/0X, =0 (2.15)
Ampere’s Law: oH[; 10X, =0 (2.16)

All magnetic quantities are to be evaluated within a body at the deformed configuration.

10



Across a surface of discontinuity of a deformed body, the boundary conditions for B and

H are the same as the usual ones in magnetostatics. With a unit normal n, drawn from

the negative side (-) to the positive side (+) of the deformed surface of discontinuity,

the boundary conditions are:

n[B]=n(B-B)=0 (2.17)
n;[Hyl=n;(Hg-Hg;) =0 (2.18)
The boundary conditions for stresses are:

1
ni[tij +Tij] = ni[tij + BiHj _EzuOHkaé‘ij] =0; (2.19)

where g, is a components of surface mechanical force.

The theory is completed by adding to it constitutive equations for a soft ferromagnetic

material.

§2.3 THE GENERAL EQUATIONS IN LAGRANGE SYSTEM

OF COORDINATES

Let an elastic dielectric medium with ordered magnetic structure be in an external
stationary magnetic field with the magnetic intensity H® and the magnetic induction
vectors B® = 4, H®. The medium surrounding the body is supposed to be a vacuum.
Under the influence of the magnetic field H® the total force (per unit volume) f and
body couple (per unit volume) C acting on a body are:

f=u,(M-V)H, €=pgMxH (2.20)

11



The motion of the deformable ferromagnetic body under the action of the given magnetic
field will be described in a moving rectangular coordinate system X, X,X,. Initial
position of the body points in chosen coordinate system are defined by the Cartesian
coordinates (X, X,, X;) which we later on used as the Lagrange (nonmoving) coordinates
to the assess the moving coordinates of the medium points. Under the action of the
volume forces and the volume moments (2.20) as well as surface forces of nonmagnetic

origin, the medium is deformed and its motion in a system of coordinates (X, X,,X;) will

be described by the following equations [1, 15, 21]

) ou o%u

— | ti| O +—5 | |+ f = 2y —55, 221
8Xi |: |m( mk 8Xm jj| k po atz ( )
et +c =0, f = T , (i,mk=1273) (2.22)

X,

and boundary conditions

n-[B-B®|=0 (2.23)
ix[H-H®|=0 (2.24)

ou; . ou;
|:tkm (5mi +a}:| nl? = Gi + [Tk(m) _Tkm [5mi +ajn£ (225)

Detailed derivations of Egs. (2.21) - (2.25) are given in [1, 15, 21].

In Egs. (2.21) - (2.25) u, are the displacement vector components, t.  is the tensor of the
Lagrange’s magnetoelastic stresses; e, is the permutation symbol with e; =1 or -1

according to whether the indices are in a cyclic or an anticyclic order, respectively, and

e; =0 otherwise; 6, is the Kronecker symbol with 6,, =1 when m=k and &, =0

12



otherwise; p, is the mass density of the medium before the deformation; n. and n, —are
components of the external normal to the undeformed and deformed surfaces of the body
respectively; T, are the components of the Maxwell’s stress tensor

ka = BmHk _%/uoé‘mkH ’ (226)

The index "e" and "i" here and later on denotes accessory of the considered quantity to
external and internal mediums respectively. Summation takes place by the recurring

indices. It is obvious from the Eq. (2.23) that the tensor t;,, in general cases are
nonsymmetrical. It becomes symmetric only if the magnetic moments vanish (c, =0).
Substituting the values of ¢, from the Eq. (2.20) into the Eq. (2.23) the last of mentioned
equations yields

i (tiy + ,,M,H ) =0 (2.27)
whence the symmetry of the tensor t,, + #,M,H  follows. It is easy to see that the

system of Egs. (2.21) - (2.25) is not closed and it is necessary to add to them the
constitutive equations of the magnetoelastic medium, which connect characteristics of the
deformable state (elastic deformations, stresses, the magnetic field intensity, and the

induction of the magnetic field). The constitutive equations have the form [1, 7, 15, 21]

ouU ouU
t; :paikajea+Mja_’Lli’ oy =0 = Uy (2.28)
ouU
,UoHi:a_v i =Milp (2.29)

i
where U is the inner specific energy per unit mass; ¢,, are the components of the Green

deformation tensor

13



1[6uk ou, du, éu
o == + 4

— (2.30)
2\ 0x, OX, OX, OX

e

p is the mass density of the deformable medium. Using Eqg. (2.29), the Eq. (2.28) can be

written in a form

ty = pa ajes_u+/'l0MjHi (2.31)
&

ke
Taking into account the symmetry of the first term of the expression (2.31) one can see
that the symmetry conditions (2.27) owing to Eq. (2.31) are identically satisfied. The
expression for the specific intrinsic energy of the deformable elastic nonconductive

ferromagnetic body, according to [1, 7, 15, 21], is chosen in the following form

U(g;,M;)=U"(g;)+U"(M,) (2.32)

ij?
where U® and U™ are an elastic and magnetic energy, respectively.

The simple variant of ferromagnetic body is the case, when the vectors H and M are

parallel (i. e. magnetosoft ferromagnetic).

82.4 THE LINEARIZED EQUATIONS AND BOUNDARY CONDITIONS

Let us turn to the linearization of the main equations and boundary conditions describing
the behavior of the deformable ferromagnetic body with nonlinear characteristic between
magnetic field and magnetization which are given in the previous paragraph adopting the
main assumptions of the small deformation theory. With that purpose, we represent the

magnetic field characteristics in a following form [1, 7, 15, 21]

B=B,+b, H=H,+h, M=M,+m (2.33)

14



Here B,, M, and H, are the magnetic induction vector, the magnetization and the
magnetic field intensity in a rigid state, respectively; b, m and h are the additives
(perturbations) to mentioned quantities caused by the deformation of the body. As
defined above, the quantities B,, M, and H, are determined from the solution of the

following magnetostatic’s problem:

a) Equations in a domain occupied by the body (internal domain)

curlH, =0  divB, =0 (2.34)
where B, = 1, (H, + M) = 1,[1+ 7(H,)]- H,

b) Equations in a domain outside of the body (external domain)

curlH® =0 divB{® =0 (2.35)
where

B = 4 HO and M =0

c¢) Conditions on the surface of the nondeformed body

i, -[B, —B®|=0, i, x[H, - H®]=0 (2.36)
d) Conditions at infinity

B — B®,when r=(x2+x2 +x2)"? > (2.37)
The characteristics of the stress-strain state of the body (the displacement vector

components u, and stresses tensor componentsS, ) and the quantities b, m and h are

being determined from equations and boundary conditions (2.20) - (2.32) for the

deformable ferromagnetic body. Assuming that the deformations and the module of

15



quantities b, m and h are small, one can linearized these equations and boundary
conditions similarly to [1, 7, 15, 21].

As a result, according to the equations (2.33) - (2.37) we receive the following linear
equations and boundary conditions for the magnetoelastic characteristics of the deformed

body in the form:

2

o°u,
tji,j +:Uo(MoJ'HOH + MthIJ +m; HOJ,i)_IUOMOjHOi,kuk,j tuk ki = Po o2 o’ (2.38)
eijk[hk,j_ 0j,m mk] 0, b Ojkuk,j =0, (i1j’k:112:3) (2-39)
where
ti = oy + sHMy; + 25 (Homg; + Hy;mg;)
o = A6;Uy +;U(ui,j +uj,i)1 t_ij = foH My (2.40)
The boundary conditions can be written in the form
nOi[tij +ti:'v' ] =0; nOi[bi]_Um,inOm[BOi]zol [CD]"‘ 851() ] u; =0 (2-41)

where [A]=A" - A" is a jump of the quantity A across a surface of discontinuity;
h(® = gradd®®; H = gradd®™®; ® and ®°** are potential of perturbed and
nonperturbet magnetic fields respectively;

ti' =By Ho; + Byih; + By —0.54,6; (Hg, +2Hh,) (2.42)
The dependence of b and m on h can be obtained in the form [2]

m=4a-h b=u,(l +8)-h (2.43)

where 1 is the identity matrix and elements of the matrix a are defined as

16



a. :Z+H_§id_7( :Md_l (i

a. £ 2.44
i H, dH. i H dH, ) (2.44)

Then, for the magnetoelastic media with a nonlinear law of magnetization

M :Z(‘H‘)H , the motion equations (2.38) - (2.39) can be presented in the following

form

V20 + vv-o)+ 2§ z&a—zf (2.45)
1-2v Y7, M ot

div [(T +&)h]- By, u,; =0 (2.46)

€[N ; —HojnUnil=0 (2.47)

The components of the vector o § are given:
y7;

& fl = bllhl,l + b12 h2,2 + b13h3,3 + b14hl,2 + b15h1,3 + blG h2,3 +

Y7, 1_
+70[2M0jH01,j+HOjMOj,j]_;tlj,kuk,j (2.48)

where
b, = Hy +23a,Hy; by = yHy +a,Hy; by, = He, +3a,Hy, +a,Hg,;
b15 :ZHos +3a13H01 +a11H03; b11 = 2a23H01 +a13H02 +a12H03; b12 = a22H01 "'aleoz

Expressions  for ﬂfz and ﬂfg can be derived from ﬂfl

H H

by cyclic

permutationl — 2 — 3 — 1. In the boundary conditions (2.41) the relation (2.42) will be
taken into account also. From the motion equations (2.45) - (2.47) and the boundary
conditions (2.41) for the magnetosoft ferromagnetic body with the linear law of

magnetization can be obtained equations of motion and boundary conditions respectively.

17



Notice that, for the domain outside of the body (coinciding with the vacuum) the

equations governing the magnetic field are:

curlh® =0, divh® =0 (2.49)

82.5 DIFFERENT MAGNETIC SUSCEPTIBILITIES OF A SOFT

FERROMAGNETIC MATERIALS

Magnetic field H,, magnetization M, and magnetic induction B, characterizing
undeformed state of a body are given as:

My=x(H")H,, By=u, [1+ x(H,)] H, (2.50)
The function y(H,) = x,(H,) -1 is the magnetic susceptibility of a material. In general,
for magnetosoft materials with nonlinear dependence (Figure 3) the susceptibility of a

material % depends only upon the module of a magnetic field: H, =|H,|.

Experimental investigations [5, 11] show that the magnetic susceptibilities y(H,) of
different magneto soft ferromagnetic materials depending on the module of value of the

magnetic field intensity H, =‘HO‘ can be approximated using the main curve of

magnetization with sufficiently high precision by the following formula:

1) Dreifous form:
x(Ho) = (B uHy)arctg(a Hy) (2.51)
where

/8:285/7[’ a:(#ri_l)ﬂolﬂ

18
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Figure 3: Dependence of magnetic susceptibility versus magnetic field for pure iron

Here B, denotes the induction saturation; «,, is initial relative magnetic permeability of

the material. The equation (2.51) are used by [2, 8] in the constitutive equations of
magnetosoft materials with nonlinear law of magnetization.

2) Rayleigh form:

x(H)=x,+bH (2.52)
which is the linear approximation of the Dreifous formula and is applicable if H < H_,

where H_ is the coercitive force [2, 3].

3) Linear dependence:

If the coefficient of nonlinearlyb, =0, then the dependence

x(H)=const=p, -1 (2.53)

19



can be obtained from (2.52). It is often used for weak magnetic field in the constitutive
equations of magnetosoft ferromagnetic materials with linear characteristic [1, 10,13-
15,19-23].

4) Magneto rigid form (magnetically saturated materials):

xr(H)=M,/H (2.54)
where M, = B, /, is the saturation magnetization.

The numerical values of coefficientse, f, M, x,, b,, #,, u, and u, for different

ferromagnetic materials are given in [2]. The Egs. (2.51) - (2.54) are consistent with the
following Maxwell’s equations and corresponding conditions:

Equations in the internal domain:
curlH =0, divB, =0 (2.55)
By = 2o (Ho + M) = t5[1+ 2 (H)]H,, Hy =|H,| (2.56)
Equations in the external domain:
curlH® =0, divB{® =0 (2.57)
B = 4H® M® =0 (2.58)

Conditions on the surface of the undeformed body:
Ao -[Bo] =0, Ay x[H,]=0 (2.59)

Condition at infinity:

B — By, when r=(x} +x; +x3)"* > (2.60)
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3. STRESS-STRAIN STATE OF FERROMAGNETIC PLANE WITH

A MOVING CRACK

Based on the equations and the boundary conditions derived in chapter 2 the problem of
stress-strain state of ferromagnetic plane is discussed here. To such purpose, a soft
magnetic ferroelastic body accounting a nonlinear law of magnetization and immersed in
a magnetic field perpendicular to a crack line is considered. Assuming that the processes
in a moving coordinates are stationary, Fourier transform method is used to reduce the
mixed boundary value problem to the pairs of dual integral equations that are solved
analytically. The magnetoelastic stress intensity factor is obtained and its dependency
upon the crack velocity, material constants and nonlinear law of magnetization is

presented.

§ 3.1 MATHEMATICAL MODELING

A magnetoelastic plane with a finite crack of length 2a is located in a magnetic field
H, = (0,H,,0) with H,=const. Crack is moving with the constant velocity V <c,
where c, the speed of propagation of Raleigh waves, and is located in a plane (X, X,)
along alinex, =0, and —a+Vt < x, <a+Vt (Figure 4).

In-plane nontrivial displacements are represented as:

Uy = U (X, X,,t) Uy = U, (X, %,,t), Uy =0 (3.1)
where a set of moving coordinate system (X,y,z) attached at the center of the moving

crack is chosen such that:

X=X -V, y=X,, Z=X,;, t=1 (3.2)
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As a basic assumption, the crack propagation occurs during an interval of time when in

the moving reference system of coordinates the magnetoelastic state is time-invariant.

Figure 4: Ferromagnetic plane with a crack in a magnetic field

83.2 GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

Governing Equations

The governing equations of magnetoelastic media with a nonlinear law of magnetization

M = y(H,|)H can be expressed in the form (Chapter 2, Egs. (2.45), (2.48)):

2
Au; + ujij+ﬂfi=£a L:i (3.3)
1-2v ™ u u ot
div[(I +&)h] - By; U, ; =0 (3.4)
(3.5)

eijk[hk,j - HOj,mum,k] =0

Assuming that
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=0, t¥, , U,=0, -y, h= H,grad ®

(3.6)

from Eg. (3.3) we can get the following two decoupled equations in terms of ¢ and

Clzvz(p - (D,tlt1 + 51(1)& =0 C;’VZI// - l//,tltl + 52(1)’)(1 =0
Herein, ¢ and y are displacement potential functions.

In Egs. (3.7ab)

2, 200
vi=0%lox2+0%loxd, o,=L72"" ’122 ﬂ“lcf, 5, =L a7 %) (/121 ﬁz)czz,

yo-1 yo -1

c; =ulp,

A= 27(Ho)IL+ x(Ho)lhe

Ay = {20 (Ho) + Hox (Ho)l/ 2(Ho) —Hox (Ho) L+ 2(H)I} 2,
h = pHg /1

Magnetic potential @ is determined from (3.4) - (3.5)

o, +®, =0

where

72 =@+ x(H) QA+ x(Hg) + HOZI(HO))

Using coordinate transformations (3.2), the Egs. (3.7ab) and (3.8) become:

ﬁpm+gw+q®yzo
SZZV/,XX + l//,yy + rzq),y = 0

ﬁ®ﬂ+®w=0

where
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(3.8)

(3.9a)
(3.9b)

(3.90)



si=1-M/,M,=V/c, r,=5/c/,(i=12)
The Mach numbers M, <1, since we assume that the crack is propagated at subsonic

speed.
Boundary Conditions

On the surface y =0 the following boundary conditions should satisfy

u,(x,0)=0, for |x>a, (3.10a)
d(x,00=0, for |x>a, (3.10b)
@, (x,0)+du,,(x0) =0, for|x <a, (3.11a)
13‘;‘/ U, , (%,0) + 21(1__25) Uy, (X0) =&, ®  (X,0) =Py + Ponag =Py, for |x<a (3.11b)
u,, (%0 +u,, (x0)+L-®, =0, for [x]<oo, (3.12)
where

Pomag =h?(y(H,))*/2; P,../u is nondimensional mechanical force acting on the

mec

surface of the crack.
Notice that the boundary conditions (3.10a) and (3.10b) are consequence of symmetry of
the displacements and the magnetic potential.

In Equations (3.8) - (3.12),
e, = N L (Ho)@+Hox'(Ho)) + (2 (Ho) =1 x(H,)l,

d, =—x(H,), L:hcz(l"'Z(Ho))-
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8§3.3 SOLUTION METHODOLOGY

Applying a Fourier transform method to Equations (3.9) the potential functions are

readily obtained

17 5, laly :
o(X,y) =— I{A(a) exp[-A, Y]+ —+——5—5 C(a) exp[-y|a|yl}exp[-iax]da  (3.13)
Ty C, a’y" = p

1% 5, il .
w(xy)=— J.{B(Of) exp[-f, Y]+ —%————— C(a)exp[-7|alyl}exp[-iax]da (3.14)
T -0 C2 a ]/ - ﬂ

2
1% .
D(x,y) = ~ J'C(a) exp[—7|alylexp[-iax]de (3.15)
where
ﬂiz =a’(1-M i2)
In Egs. (3.13) -(3.15) A,B and C are unknown functions to be determined from the

boundary conditions (3.10) - (3.12). The unknowns A, B and C can be rewritten as a

function of a new quantity D(a.):

(1+S§)(1+d1Q§ +d1(7Q10 _Qg -L)

Ala) = |a|sl is?) D(«) (3.16)

ey [+ 2=V 42 61
ix(l-s;)

C(a) =-d, D(o) (3.18)

In Egs. (3.16) and (3.17)

25



1) 0. S, y° 0.
y = 2 ;7/ 2y T2 227 2y Q =- 2 127/ I (3.19)
(" —=s) ¢y -s;) G (r -s) c(r —s;)

It is easy to show that based on the boundary conditions (3.10)-(3.12), the determination

of unknown D(«) yields to the following dual integral equations:

ljoanampuama:o, x| > a (3.20)

7[—00

1% . P,

= J.|a| D(a)exp[-ixalda =-—-, |x|<a (3.21)

7[—00 RO

Herein,

R, = (1+52)R, ~25,R, —d{— 2 o) o ew} (3.222)
1-2v 1-2v

_ (1+522)(1+d1Q§)+d1(7Q10 _Qg -L)

R
' 31(1_322)

(3.22b)

_dyQ) +d,Q) —d,L+2

R
? 1-s?

(3.22¢)

83.4 MAGNETOELASTIC STRESSES AND STRESS INTENSITY FACTOR

Inserting Eqgs. (3.6), (3.13)-(3.15) into Eq. (2.40) from Chapter 2, the magnetoelastic
stresses t (X, y)/ u =t (X, y)/ p+ty (X, ¥)/ u

and

o (6 V) 1 =t (X, Y e+ 155 (X, V)

we can express through D(a) as follows:
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1 +00
(Y p=— [€(s + DR, exp[as,y]-2s,R, exp[-|as,y] +

d,R, exp[7|a|y1}a| D(a) exp[-iax] da (3.23)
T 17 2
b, (% )/ 1= [{25R, explafs,y1 - (s + )R, expl-fals,y] -
d,R, exp[-7|a|y]}ia D(a)exp[-iax]da (3.24)
where
2v 21-v
R, =1—2VQ10 7y ].(—ZV)QS +7¢€, R, =Q107/_Q2 -L

€ = hc2[1+ 27(Hy) +Hox'(Hy)l
The solution of dual integral equations (3.20)-(3.21) may be represented in a form

(Appendix B):

D(a)= E} jl E(s)exp[-ias]ds (3.25)
o -a
where
P, S
E(s) = 2R, \/m (3.26)

Substitution (3.25)-(3.26) into Egs. (3.23)-(3.24) gives us a final representation of

magnetoelastic stresses:
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£, =

ra+s)@

J'\/a -5’

S—X

+(s x)

S—X

-2s,R +d 3.27
B R (O L A AR Ch 427
t (X, y) u=— 25R1—y
xy( y) ,U j a _S L 1 2 2+(S X)
S, ¥ vy
—(s>+)R, —22———d,R ds 3.28
R ot Ry o) (4:29)
For the special case when y =0 the magnetoelastic stress t;y(x, y)/ 1 have form
1
th (x,0)/ u=—
y (X,0)/ = s_x
1- X , X>a
x*—a’
P, 2 X
- {@+5s;)R, —2s,R, +d;R, K1+ ——, x<-a (3.29)
7T Ry x* —a®
1, X<a
The normalized stress intensity factor can be expressed as
2 _a? to (x,0
k' = gim VX (O 1 e ap 26 R AR (3.30)
x—a+0 a PO RO
or
* 2 2
K._g_ﬁfMgiﬂg (3.31)
I:2 (Ml’ 2
where
F'(M/,M5)=(2-M/)R, -21-M’R, +d,R,, (3.32)
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2(1-v)

o R en). (33

F; (M7, M3)=(2-M;)R, —2{1- MR, 4 2; Q+
—ZV
From Eq. (3.31), whenV =0, e.g. the crack is immovable, we can get

_ I:o*"'7/eo

: = 3.34
b= Faye (3.34)
Herein,
F*=1+§60+760+ 2v 60+2(1_V)760+60—L (3.35)
° Cl2 2 gy ! 1-2v 2 2 ’ '
610_ oy o,y 62_ 517/2 o,

G I I vZ s ]

In a case of magnetosoft material with a linear law of magnetization ( y(H,) = y =const)
from (3.34) directly follows that

K' \ ~[1- y(1—-v)b2]™ (3.36)
where

b = (x +1)°h;

Result (3.36) coincides with the result derived by [10, 19-20]. Notice that, for

magnetosoft material with a linear law of magnetization, the intensity factorK' — oo

when b —1/y(1-v?).
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4. NUMERICAL COMPUTATIONS AND DISCUSSIONS

This Chapter is devoted to the numerical discussions of stress intensity factor and
magnetoelastic stresses of soft ferromagnetic plane with a moving crack in a transversal
magnetic filed. The computational results are based on Egs. (3.31) ,(3.27) and (3.28).
Notice that for numerical calculations the nonlinear laws of magnetization are taken in

terms of nondimensional parameters (Appendix C).

84.1 STRESS INTENSITY FACTOR

Numerical results have been calculated for the normalized stress intensity factor K' and

in particular the dependency of the stress intensity factor upon magnetic field
h? = u,HZ/ 1 and normalized velocity of the crack V =V 2/c? has been highlighted.
From Eq. (3.31) it is possible to conclude that for h’ = 0 the intensity factor K' —

when V -V, <c, (where, V, is the maximum velocity valid within magneto-elastic

assumption, leading the denominator of Eq. (3.31) to zero). These primary conclusions
shows that the intensity factor essentially depends on an external magnetic field, speed of

moving crack and also upon physical parameters of a problem. Further numerical results

are carried out for superpermalloy (v = 0.25, p, =8.77 x10%kg / m®).
In Figures 5 - 8 the effects of normalized speed of moving crack V =V?/¢/ on the

normalized intensity factor K' for various values of normalized magnetic fields

H =10°h? are shown.
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The analog calculation is carried out using various laws of magnetization in Figures 5-8.

For example, in Figure 5, it is visible that the external magnetic field essentially change
the value K' compare with a purely elastic case (magnetic field h’ = 0).

In all cases the normalized intensity factor K' is essentially depends upon the enclosed
magnetic field and the speed of the crack. The numerical calculations show also: a) for
V?/c2 =V <0.28, the intensity factor K' first increases with increasing magnetic field
then sharply decreases and passes through zero, becomes negative and finally increases
sharply, b) when V2/c? =V —0.3 (i. e. the speed of the crack is close to the
propagation speed of Rayleigh waves), the intensity factor K' — c with the increase of
magnetic field. Note, that the linear law expressed in Eg. (2.53) takes place at rather weak

magnetic fields. The nonlinear laws (2.51), (2.52) and (2.54) can be used for strong

magnetic fields. Synergistic implications of the interaction of magneto-elastic fields on

the intensity factor K ' for different law of magnetizations are displayed in Figures 5-8.
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DREIFOUS FORM: (z(H) = (b/H)arctg(xH /b))

K' Stress Intensity Factor

0 5 10 i 15 20
H Magnetic Field

Figure 5a: Dependence of K'on dimensionless magnetic field H for

parameters b=10° x=10° and V =0.2
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Figure 5b: Dependence of K'on dimensionless magnetic field H for parameters

b=10° x=10°and V =0.18
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Figure 5c: Dependence of K'on dimensionless magnetic field H for parameters

b=10° x=10%and V =0.1
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Figure 5d: Dependence of K'on dimensionless magnetic field H for parameters
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Linear Law of Magnetization: ( y(H) = x = const )

K' Stress Intensity Factor

20 | | | | g
0 5 10 i 15 20
H Magnetic Field

Figure 6a: Dependence of K'on dimensionless magnetic field H for
parameters x =10° and V =0.2
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Figure 6b: Dependence of K'on dimensionless magnetic field H for
parameters x =10° and V =0.18

34



|-
1.7 ¢
@ ;
S 1.6 |
LL [
2>1.5
1.4
Q) L
§1.3f
1.2 |
g1-2
5 1.1
w I
* 1

0 5 10 ) 15
H Magnetic Field
Figure 6¢: Dependence of K' on dimensionless magnetic field H for

parameters x =10°and V =0.1

5
§1-3
"51-25
-2
GC_, :
§1-15
Ql-l
51.05
@ |
—xlf“““““““‘

5 0 15
H Magnetic Field

O L

Figure 6d: Dependence of K'on dimensionless magnetic field H for
parameters x =10° and V =0.0001



Rayleigh form: (y(H)=x+bH )
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Figure 7a: Dependence of K'on dimensionless magnetic field H for
parameters b, =10°, x =10° and V =0.2
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Figure 7b: Dependence of K'on dimensionless magnetic field H for
parameters b, =10°, ¥ =10° and V =0.18
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Figure 7c: Dependence of K'on dimensionless magnetic field H for
parameters b, =10°, x =10° and V =0.1
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Magneto rigid dependence: (y(H)=M_/H)
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Figure 8a: Dependence of K'on dimensionless magnetic field H for
parameters M, =10° and V =0.2
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Figure 8b: Dependence of K'on dimensionless magnetic field H for
parameters M, =10° and V =0.18
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Figure 8c: Dependence of K'on dimensionless magnetic field H for
parameters M, =10° and V =0.1
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Figure 8d: Dependence of K'on dimensionless magnetic field H for
parameters M =10°and V =0.0001

39




84.2 MAGNETOELASTIC STRESSES

Magneto-elastic stresses have been calculated by using Egs. (3.27)-(3.28). Dimensionless
stresses t,, (X,Y) =tIy(x, y)/(P,u) and t,, (X, ) =t;y(x, y)/(P, 1) are shown in Figures 9-
10 respectively. The stress distributions were essentially independent of the form
assumed for the magnetization law, so only these calculated for the Dreifous form will be
presented for illustration purposes.

Figures 9-10 are plots of magnetic-induced stresses t,,(x,y) and t, (X,y) with
increasing magnetic field. By comparing Fig. 9b with Fig. 9c, it can be seen, that
t., (X, y) abruptly changes sign at a dimensionless field between H =0.09 and H =0.1.
By comparing Figs. 10a, 10b and 10c, t,, (x,y) goes from purely negative ahead of the

crack tip to positive at H =0.09 to negative again of H =0.1. That is, for a field of
about H =0.09 stress around of the crack tip switches from tensile to compressive and
then back to tensile again. This field strength is well beyond the saturation field for the

material parameters assumed in the calculations.
For calculations we assumed also: normalized velocity of a crack: V2/c? =V =0.1;
normalized distance: y/a =0.01 and the normalized parameter: X = x/a are changes in

interval[-3,3].
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Dimensionless magnetoelastic  stresses t,, and t, on the
y/a=0.01surface; nonlinear law of magnetization is in a Dreifous form
7(H)=(b/H)arctg(xH /b) for parameters b=10°,x=10°; normalized crack

speed is V2/c? =V =0.1
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Figure 9a: Dimensionless stress t,, when H=0.001
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Figure 9b: Dimensionless stress t,, when H=0.05
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Figure 9f: Dimensionless stress t,, when H=900
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Figure 10a: Dimensionless stress t,, when H=0.001
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Figure 10b: Dimensionless stress t,, when H=0.05
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Figure 10c: Dimensionless stress t,, when H=0.09

1 — j

|
=

|
N

|
w

A

|
ol

tyy Magnetoelastic Stress

-3 -2 -1 0 1 2
X =x/a Crack Axis

Figure 10d: Dimensionless stress t,, when H=2
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CONCLUSIONS

In this work the equations of magnetoelasticity for magnetosoft materials with a
nonlinear law of magnetization are presented. Based on the present model the stress-
strain state of ferromagnetic plane with a moving crack in a transverse magnetic field has
been analyzed. It has been shown that the nonlinear law of magnetization has qualitative
and quantitative influence on the magnetoelastic quantities. Introducing a magnetic field
into the elastic crack problem makes stress intensity velocity dependent and produces a
singularity at velocities close to the Rayleigh velocity. Magnetic fields introduce
anomalies in the stress distribution around a crack. The shear stress component changes
sign at a critical field and the normal stress ahead of the crack tip switches from tensile to
compressive and back to tensile again with increase field strength. The present model
can be used in magnetoelasticity studies where soft ferromagnetic medium are considered
and are under the presence of large magnetic fields. It can be useful for machining

(raising intensity factor) or increasing toughness (making intensity factor negative).
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POTENTIAL WORK

Confirm the analytical model with experiment. To do this, fracture toughness
tests can be performed on an alloy that has both high susceptibility (or
permeability) and low ductility. Candidate materials include High Purity Iron
and Hyperco (Fe-49Co-2V), a relatively brittle ordered alloy with moderately
high susceptibility.

The model we have developed assumes a homogeneous magnetic field within
the material. However, demagnetized ferromagnetic materials have a random
distribution of magnetization direction arranged in a domain structure. An
important modification of the current model would be to account for a

distribution of magnetization directions (that is, a domain structure).
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APPENDIX A: NOMENCLATURE

H, - Magnetic field characterizing undeformed state of a ferromagnetic body
M, - Magnetization characterizing undeformed state of a ferromagnetic body
B, - Magnetic induction characterizing undeformed state of a ferromagnetic body
H °- Initial applied magnetic field
x(H,) - Magnetic susceptibility of the material
2 a- Length of a finite crack
U, - Magnetic permeability of the vacuum
N, - Normal of a crack surface
p - Mass density
u, - Displacement components
f,- Magnetic volume forces
1 - Lame coefficient
u, - Magnetic permeability
c,,C, - Longitudinal and transversal elastic waves speeds

V - Velocity of a crack

Cg - Speed of a propagation of the Raleigh waves

M, - Mach numbers

h(h,,h,) - Induced magnetic field

@, v - Potential functions characterizing displacements in a fixed rectangular coordinates

@ - Magnetic potential

52




V? = A- Laplace’s operator

ty, (X, y), ty, (X, y) - Magnetoelastic stresses

tyy (X, ¥), ty (X, y)- Maxwell’s stress components
ty, (X, y), tg (x,y)- Pure elastic stresses

v - Poisson’s ratio

P, - Mechanical force acting on the surface of a crack
Pomag - Magnetic force

P, - Sum of the magnetic and mechanical forces

K'- Magnetoelastic stress intensity factor
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APPENDIX B: THE SOLUTION OF DUAL INTEGRAL EQUATIONS
The pair of dual integral equations of our consideration is:
% ID(a) exp[-ixa]da =u,(x,0)=0, |x>a (1)

% [le|D(@expl-ixalda = 1 (1), [x <a )

where f(x) is known, and D(«) is to be determined. To obtain the solution of the pair

of equations (1) - (2) we define the function E(x) as follows:

- _ 0, [{>a

j a D(e) exp[-iex]da = E(X) = A3)

J E(x), [x<a

Using the Fourier transformation theorem, from (3) we can get:

aD(a)= + [E()exp[-iax]dx 4)
2 7,

and using (1) the expression (4) can be rewritten in the following form:

aD(a) = = _[ E(x) exp[—iax]dx (5)
2r <,

Notice that the integral representation (5) is identically satisfying to Eq.(1).

Substituting (5) into Eq. (2) and using the result [9, 18]:

j Mexp[i at]dt = 2 (6)

a t

we can get

1 Tmexp[iax]iE(s)exp[—ias]dsda =
7o ta
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1 j E(s) IMexp[ia(x—S]dada = le(s)ids _2 j@ds = f(x) @)
T T« e, S—X 7 Ss—X
Thus, we will solve the following singular integral equation:

2 j@ds ~f(x) when |x<a (8)
In classes of unbounded functions the solution of (6) has a following form [9, 18]:

[ I (r)JaT }

E(S)=—F7——
27z a?—sg?

(9)
where ¢, =const and is equal to zero because of  condition
[E(s)ds =u,(a,0)-u,(-a,0) =0.

Inour case f(x)=-PR,/R, =const, thus from (8) we can get:

E(s) = s <a 9)
a’

2|R A/ —S
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APPENDIX C: MAGNETIZATION LAWS IN TERMS OF NONDIMENSIONAL

PARAMETERS

Dreifous form

B

HoMy

i —DueHy | , :
x(Hy) = arctg{%} in terms of dimensionless parameters are

expressed as:

Kito o hcwf 7
B arctg ad

% B

where x = u, —1 is an initial susceptibility of the material; h, =H, /% is a

dimensionless magnetic field. For most ferromagnetic materials elastic modulus

x(Hy) =

Hoh,

6
1 ~10%”N/m? From here follows that h, ~ 10 HO[%]~109H, where

© V10*
mi. . : o
H=H, x[x} Is a dimensionless magnetic field.

After all, the Dreifous form becomes:

10°H./
2(H,) - P et TN :Rarctg[ﬁ]
107°Hy g 1t Yo H b

where

b =10° B/ sty =10° 25, N 25 10¢
T T
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Parameter b depends on induction saturation B, and for most ferromagnetic
materials b ~10°. For superpermalloy the following parameters are : b ~10° and
K =p,; —1~10°.

1) Rayleigh form

y(H))=x+bH,=x+b,H,

where x = u,; —1 is an initial susceptibility of the material; b, and b,, are nonlinear

coefficient and dimensionless nonlinear coefficient respectively expressed in

Rayleigh form. For superpermalloy the following dimensionless parameters are:
b, ~10° and x = g, —1~10°.

2) Magneto rigid form

y(H)=M/H, =M, /H,

where M, and M are saturation magnetization and dimensionless saturation

magnetization respectively.
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