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MAGNETO-ELASTIC INTERACTIONS IN A CRACKED 

FERROMAGNETIC BODY 

Satenik Harutyunyan 

 

ABSTRACT 

 
The stress-strain state of ferromagnetic plane with a moving crack has been investigated 

in this study. The model considers a soft magnetic ferroelastic body and incorporates a 

realistic (nonlinear) susceptibility. A moving crack is present in the body and is 

propagating in a direction perpendicular to the magnetic field.  Assuming that the 

processes in the moving coordinates are stationary, a Fourier transform method is used to 

reduce the mixed boundary value problem to the solutions of a pair of dual integral 

equations yielding to a closed form solution.  As a result of this investigation, the 

magnetoelastic stress intensity factor is obtained and its dependency upon the crack 

velocity, material constants and nonlinear law of magnetization are highlighted. It has 

been shown that stress result around the crack essentially depend on external magnetic 

field, speed of the moving crack, nonlinear law of magnetization, and other physical 

parameters. The results presented in this work show that when cracked ferromagnetic 

structure is under the influence of magnetic field it is necessary to take into account the 

interaction effects between deformation of the body and magnetic field and that such 

interaction can bring to a new conditions for strengthening the materials. Closed form 

solutions for the stress-strain state are obtained, graphical representations are supplied 

and conclusions and prospects for further developments are outlined. 
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MAGNETO-ELASTIC INTERACTIONS IN A CRACKED 

FERROMAGNETIC BODY 

 

OBJECTIVE 

The purpose of this research is to investigate the effect of a magnetic field on the stress-

strain state around a crack in a ferromagnetic material. 

Specifically, we wish to determine if the stress distribution at a crack tip can be altered by 

an applied magnetic field and to quantify the magnetic contribution to the brittle failure 

criteria. 

 

1. INTRODUCTION 

Ferromagnetic materials are considered good candidates for the first wall in magnetic 

fusion energy (MFE) reactor. Being in presence of harsh loading conditions, including 

thermal and mechanical loads and of strong magnetic field the first wall of MFE reactor 

could be subjected to stress concentration around structural defects or cracks. It clearly 

appears that such a possibility could constitute an obstacle toward the development of 

this energy source.  

The recent years have witnessed increased interest in investigations of the 

magnetoelasticity for ferromagnetic materials. The general theory of magnetoelasticity 

for ferromagnetic solids is developed by many authors [1-2, 4-5, 7, 12-13, 15, 17, 21]. 

The theory suggested by [1, 15] can be applied to the investigation of the phonon-

magnon coupling (magnetoacoustic resonance). The coupling is pronounced when the 

wave frequency is near or above the magnetic resonance frequency, which is usually 
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higher than Hz910  (for example magnetoacoustic resonance in a material Yttrium-Iron-

Garnett is observed when the frequency of spine waves Hz1010≈ ). In the papers [2, 3, 8, 

11] a theory is presented for the magnetoelastic interactions in a soft ferromagnetic 

material of multi-domain structure when magnetic field intensity vector H
v

 and 

magnetization vector M
v

 are parallel in a rigid body state: HHM
vvv

)(χ=  ( χ  is called the 

magnetic susceptibility). Notice that a soft magnetic material is characterized by small 

hysteresis losses (narrow hysteresis loop for MH − curves) and low remnant 

magnetization. Many Nickel-Iron alloys used widely as core materials for motors, 

generators, inductors and transformers are of this type.  

The results related to the magnetoelastic stability and vibrations of thin-walled bodies, 

the stress deformation state (SDS) and also the wave propagation of ferromagnetic 

materials with linear law of magnetization are of special interest [10, 16, 19-20].  

In a large number of works related to the theory of magnetoelasticity of ferromagnetic 

materials, it has been supposed that the magnetic field is linearly connected with the 

magnetization of the material, e.g. a soft ferromagnetic with a linear law of magnetization 

was considered [1,10,13-15, 19-23]. However, this assumption is valid for the 

ferromagnetic in the domain of very weak magnetic field or for most of 

nonferromagnetics in the strong magnetic field. With the application of ferromagnetic 

materials and structures in a strong magnetic field, i.e. higher than 1 Tesla (such as the 

structure of first wall in a fusion reactor), the magnetic field generated in the structures 

may be near to the region of saturation of the constitutive relation of magnetic field. In 

such cases to consider non-linear dependence between the magnetization and the 

magnetic field become imperative. That is why it becomes interesting to consider non-
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linear dependence between the magnetization and the magnetic field as well as their 

influence on various physical processes (the buckling of thin ferromagnetic plate; the 

influence of nonlinearity of magnetization on stress -strain state; wave propagation and 

etc.). 

In this work the problem of stress-strain state of ferromagnetic plane with a moving crack 

is discussed in detail. 
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2. BASIC EQUATIONS AND BOUNDARY CONDITIONS OF 

ELASTIC FERROMAGNETIC BODY 

 
In this chapter we will present all necessary equations and boundary conditions for the 

elastic soft ferromagnetic body in an external magnetic field.  

 

§2.1 MAGNETOSTASICS AND MAXWELL’S STRESS TENSOR 

 
We denote the magnetic field generated by a permanent magnetic or an induction coil in 

a vacuum by the magnetic induction vector 0B
v

 with units Weber/meter2 in MKSA 

system. When a magnetizable, elastic solid is placed in the field, magnetic moments are 

induced in the body. The magnetic moment per unit volume of a deformed body is called 

the magnetization and it is denoted by M
v

(Amper/meter). Inside the body, the magnetic 

induction is B
v

 which is not necessarily to be equal to 0B
v

. 

The induced magnetization is related to B
v

 by )(0 MHB
vvv

+= μ  where H
v

 (Amper/meter) 

is called the magnetic intensity and 7
0 104 −×= πμ  Newton/Amper2 is a universal 

constant. The H
v

 vector is introduced for convenience. In a vacuum, 0=M
v

, and 

HB
vv

0μ= ; in a body H
v

 is related to M
v

 by a constitutive law. The B
v

 is satisfies Gauss’s 

law for magnetism and solenoid, and H
v

 is governed by Ampere’s law. 

For a rigid solid, the constitutive law is written as )(MHH
vvv

=  which assumes a particular 

simple form, and MH
vv 1−= χ  for a paramagnetic or diamagnetic isotropic material. The 

dimensionless constant χ  is called the magnetic susceptibility. For a deformable solid, 

H
v

 depends on M
v

 as well as on the displacement gradient of the body. 
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When a body is moving in a magnetic field or when the field is changing in time, an 

electric field E
v

 and a current J
v

 are generated. The E
v

 is related to the B
v

 through 

Faraday’s law. For a rigid solid with electric conductivityσ , EJ
vv

σ= . Vectors E
v

, B
v

,  

J
v

,  and H
v

  are coupled and complying Maxwell’s equations [1-5, 7-8, 10-15, 17, 19-

23]: 

⇒
∂
∂

=
t
BEcurl
v

v
 Faraday’s Law        

⇒= JHcurl
vv

 Ampere’s Law  

⇒= 0Bdiv
v

     Gauss’ Law  

⇒×
∂
∂

+= )( B
t
vEJ

vvvv
σ    Generalized Ohm’s Law  

where  

t
uv
∂
∂

=
v

v ; uv  is a displacement vector of material particles.     

In this investigation we consider only a slowly moving body in a stationary magnetic 

field. Thus, the coupling of the induced current J
v

 and the deformation will not be 

considered here. This is certainly valid for a magnetic insulator )0( =σ . For paramagnetic 

conductors, this omission is not justified, as the effect of induced current is more 

pronounced than that of induced magnetization. However, for some of soft ferromagnetic 

materials, as a first approximation, we may omit the induced current effect. The effect of 

induced current in the form of a Lorentz force (body force) on an elastic waves has been 

investigated by [1,15]. Many papers on that subject are reviewed by [1,13,15]. 

Referring the volume V  occupied by a body at any instant to a Cartesian coordinate 

system, we denote the position of a material particle at time t  by ),,( 321 XXXR
v

. In the 

presence of a magnetic induction 0
0

0 HB μ=
v

, the total force F
v

 and torque L
v

 acting on a 

body are [1-3, 4, 7, 12, 13, 15, 17]: 
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∫ ∇⋅=
V

dVHMF
vvv

0μ          (2.1) 

dVHMHMRL
V
∫ ×+∇⋅×= ])([0

vvvvvv
μ         (2.2) 

However, the above expressions do not imply that within a volume element dV , there is a 

body force per unit volume 0
0 HM

vv
∇⋅μ  or a body couple per unit volume 0

0 HM
vv

∇⋅μ  

because of the additional interaction between the magnetization within the element dV  

and the surrounding magnetized material. Furthermore, by applying various vector 

formulas and magnetostatic equations, the above integrals can be transformed into 

surface integrals or volume integrals with entirely different integrals. Thus on an element 

with volume dV and surface dS , the net forces exerted by externally applied field and 

surrounding magnetized materials can not be uniquely specified. 

The magnetic body force f
v

 and the body couple cv  acting on the mass within volume dV  

are: 

HMcHMf
vvvvvv

×=∇⋅= 00 , μμ        (2.3) 

In the above equations the M
v

 and H
v

 inside the magnetized body are related to the 

external magnetic induction 0B
v

 through a set of magnetoelastic field equations, 

constitutive equations and boundary conditions as given in the usual mechanical tractions 

to form a stress vector )(nt . 

With these understandings, a magnetoelastic stress tensor ijt  may be defined as 

)(n
jiij tnt =            (2.4) 

where nv  is a unit vector normal to the surface dS  upon which )(nt
v

 is acting. Because of 

the assumed extrinsic body couple, the magnetoelastic stress tensor ijt  is not symmetric.  
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The balance equation for linear momentum then can be simply stated as 

∫ ∫ ∫=+
S V V

jijiiij dVv
dt
ddVHMdSnt ρμ ,0 , where  

i

j
ij X

H
H

∂

∂
=,    (2.5) 

The local balance equation is given in the next paragraph. The usual mechanical body 

force is not considered here. 

When the volume integral of the body force in (2.5) encloses a region which is separated 

by a surface of discontinuity ∑  (Figure 1), the body force is discontinuous at this surface 

on account of the existence of a surface magnetization sM  which is defined as 

s
n

s MMnHHn =⋅=−⋅ −+
vvvvv )(  

 where (+) and (-) indicate the two sides of ∑ . Thus, 

∫ ∫∫ ∫∫
∑ Δ∑ Δ

=
∂
∂

⋅=∇⋅
h

n
hV

dHMdSdn
n
HnMdSdVHM 000 μμμ
v

vrv
 

dSHHMM nnh ))((
2
1

00
−+−+

∑
→Δ −+⎯⎯ →⎯ ∫μ      (2.6) 

dSnMMM s
nnn∫

∑

−+ += )(
2
1

0μ  

where use has been made of the fact that the tangential components of H
v

 are continuous 

across the surface ∑ .  

 

nr  

hΔ Σ  (+) 

(-) 

Figure 1: A volume element separated by a surface of discontinuity 
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Another way to evaluate the effect of surface magnetization is to introduce a tensor ijT  

such that  

 fT
v

≡∇  

where 

ijkkjiij HHHBT δμ02
1

−=          (2.7) 

We then can apply the divergence theorems to change the volume integral of if  to a 

surface integral of iji Tn  and evaluate the jump of the normal components of ijT  across 

the surface∑ , which is just the integrand in the final expression of (2.6). The quantity ijT  

is known as a Maxwell’s stress tensor. 

With the magnetic force and moments introduced as in (2.3), there is obviously an energy 

supply to the medium, which equals to work done by these forces. This has been 

carefully evaluated in [12-13, 21]. The final result for the rate of change of energy per 

unit volume is 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

∂
∂

=
ρ

ρμμε i
ij

i

j
i

M
dt
dHv

x
H

M 00        (2.8) 

where )/()/(/ jj Xvtdtd ∂∂+∂∂=  and dtdXv jj /= . The first term is clearly the rate of 

work done by the body force jf ; the second term is the rate of work done by the body 

couple combined with the rate of change of the magnetization with respect to axes that 

translate and rotate with the magnetic moment vector. 
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§2.2 THE GENERAL EQUATIONS IN AN EULER SYSTEM OF 

COORDINATES 

 
Let a particle of deformed solid originally at )3,2,1( =jx j  is moved, after deformation to 

)3,2,1( =JX J  at time t  (Figure 2). The Cartesian System of coordinates JX  is called 

moving or Euler coordinates and jx  nonmoving or Lagrange system of coordinates.  

 

 

 

 

 

 

 

 

 

 

 

Then the functions 

),,,( 321 tXXXxx ii =           (2.9) 

or their inverses describe the deformation for the body as a whole and the partial 

derivatives jXx ∂∂ /1  or jI xX ∂∂ /  describe it locally. The deformation as described by the 

nr  

x 

y 

z 

o 

R
r

 
rr  

ur  

0B
r

 

Figure 2: Geometry of the deformed body in a magnetic field 
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transformations (2.9) is to be determined from a set of field equations, boundary 

conditions, and constitutive equations. 

The general field equations of magnetoelasticity are derived substituting the body 

force if , body couple ic  as defined in (2.3) and the rate of energy supply ε  in (2.8) into 

the usual equations of balance of linear momentum, angular momentum, and energy, 

respectively. The results, expressed in terms of the current position vector iX  are: 

Mass conservation: 0=
∂
∂

+
i

i

X
v

dt
d ρρ        (2.10) 

Linear Momentum: 
dt
dv

X
H

M
X
t j

i

j
i

i

ij ρμ =
∂
∂

+
∂
∂

0          (2.11) 

Angular Momentum: 0][0][ =+ kjjk HMt μ       (2.12) 

Energy change: ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

∂
∂

=
ρ

ρμρ i
i

i

j
ij

M
dt
dH

X
v

t
dt

dU
0     (2.13) 

In the above, ρ  is the mass density, ijt  is the stress tensor in (2.4), and U  is the internal 

energy per unit mass. Since the energy flow due to heat conduction is not considered 

here, the rate of charge of U  is the same as the rate of charge of the free energy F  as 

discussed in [7] and [17]. The indices with brackets represent the antisymmetric part, i.e.  

.2/)(][ jiijij ttt −=  

To the above equations, we add the magnetic field equations: 

Definition:  )(0 iii MHB += μ         (2.14) 

Gauss’ Law:  0/ =∂∂ ii XB        (2.15) 

Ampere’s Law: 0/ ][ =∂∂ kj XH        (2.16) 

All magnetic quantities are to be evaluated within a body at the deformed configuration. 
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Across a surface of discontinuity of a deformed body, the boundary conditions for B
v

 and 

H
v

 are the same as the usual ones in magnetostatics. With a unit normal in  drawn from 

the negative side (-) to the positive side (+) of the deformed surface of discontinuity,  

the boundary conditions are: 

0)(][ =−= −+
iiiii BBnBn          (2.17) 

0)(][ ]][][ =−= −+
kkjkj HHnHn         (2.18) 

The boundary conditions for stresses are:  

jijkkjiijiijiji gHHHBtnTtn =−+=+ ]
2
1[][ 0 δμ       (2.19) 

where jg  is a components of surface mechanical force.  

The theory is completed by adding to it constitutive equations for a soft ferromagnetic 

material. 

 

§2.3 THE GENERAL EQUATIONS IN LAGRANGE SYSTEM 

OF COORDINATES 

 
Let an elastic dielectric medium with ordered magnetic structure be in an external 

stationary magnetic field with the magnetic intensity 0H
v

 and the magnetic induction 

vectors 0
0

0 HB
vv

μ= . The medium surrounding the body is supposed to be a vacuum. 

Under the influence of the magnetic field 0H
v

 the total force (per unit volume) f
v

 and 

body couple (per unit volume) cv  acting on a body are:  

HMf
rrr

)(0 ∇⋅= μ ,    HMc
rrr

×= 0μ        (2.20) 
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The motion of the deformable ferromagnetic body under the action of the given magnetic 

field will be described in a moving rectangular coordinate system 321 XXX . Initial 

position of the body points in chosen coordinate system are defined by the Cartesian 

coordinates ),,( 321 xxx which we later on used as the Lagrange (nonmoving) coordinates 

to the assess the moving coordinates of the medium points. Under the action of the 

volume forces and the volume moments (2.20) as well as surface forces of nonmagnetic 

origin, the medium is deformed and its motion in a system of coordinates ),,( 321 xxx  will 

be described by the following equations [1, 15, 21] 

2

2

0 t
u

f
x
u

t
x

k
k

m

k
mkim

i ∂
∂

=+⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂ ρδ ,      (2.21) 

0=+ imkimk cte , 
m

mk
k x

T
f

∂
∂

= ,  )3,2,1,,( =kmi       (2.22) 

and boundary conditions  

[ ] 0)( =−⋅ eBBn
vvv           (2.23) 

[ ] 0)( =−× eHHn
vvv           (2.24) 

[ ] 0)(0
k

m

i
mikm

e
kmik

m

i
mikm n

x
u

TTGn
x
u

t ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+−+=⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+ δδ     (2.25) 

Detailed derivations of  Eqs. (2.21) - (2.25) are given in [1, 15, 21]. 

In Eqs. (2.21) - (2.25) ku  are the displacement vector components, imt  is the tensor of the 

Lagrange’s magnetoelastic stresses; imke  is the permutation symbol with 1=ijke  or –1 

according to whether the indices are in a cyclic or an anticyclic order, respectively, and 

0=ijke  otherwise; mkδ  is the Kronecker symbol with 1=mkδ  when km =  and 0=mkδ  
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otherwise; 0ρ  is the mass density of the medium before the deformation; 0
kn  and −kn are 

components of the external normal to the undeformed and deformed surfaces of the body 

respectively; kmT  are the components of the Maxwell’s stress tensor 

2
02

1 HHBT mkkmmk δμ−=         (2.26) 

The index ""e  and ""i  here and later on denotes accessory of the considered quantity to 

external and internal mediums respectively. Summation takes place by the recurring 

indices. It is obvious from the Eq. (2.23) that the tensor imt  in general cases are 

nonsymmetrical. It becomes symmetric only if the magnetic moments vanish ).0( =kc  

Substituting the values of kc  from the Eq. (2.20) into the Eq. (2.23) the last of mentioned 

equations yields 

0)( 0 =+ miimimk HMte μ         (2.27) 

whence the symmetry of the tensor miim HMt 0μ+  follows. It is easy to see that the 

system of Eqs. (2.21) - (2.25) is not closed and it is necessary to add to them the 

constitutive equations of the magnetoelastic medium, which connect characteristics of the 

deformable state (elastic deformations, stresses, the magnetic field intensity, and the 

induction of the magnetic field). The constitutive equations have the form [1, 7, 15, 21] 

jiijij
i

j
ke

jeikij uUMUt ,, −=
∂
∂

+
∂
∂

= δα
με

αρα       (2.28) 

ρμ
μ

μ /,0 ii
i

i MUH =
∂
∂

=         (2.29) 

where U  is the inner specific energy per unit mass; keε  are the components of the Green 

deformation tensor 
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⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂
⋅

∂
∂

+
∂
∂

+
∂
∂

=
e

m

k

m

k

e

e

k
ke x

u
x
u

x
u

x
u

2
1ε        (2.30) 

ρ  is the mass density of the deformable medium. Using Eq. (2.29), the Eq. (2.28) can be 

written in a form 

ij
ke

jeikij HMUt 0με
ααρ +

∂
∂

=        (2.31) 

Taking into account the symmetry of the first term of the expression (2.31) one can see 

that the symmetry conditions (2.27) owing to Eq. (2.31) are identically satisfied. The 

expression for the specific intrinsic energy of the deformable elastic nonconductive 

ferromagnetic body, according to [1, 7, 15, 21], is chosen in the following form 

)()(),( i
m

ij
el

iij MUUMU += εε        (2.32) 

where elU  and mU  are an elastic and magnetic energy, respectively.  

The simple variant of ferromagnetic body is the case, when the vectors H
v

 and M
v

 are 

parallel (i. e. magnetosoft ferromagnetic). 

 

§2.4 THE LINEARIZED EQUATIONS AND BOUNDARY CONDITIONS 

 
Let us turn to the linearization of the main equations and boundary conditions describing 

the behavior of the deformable ferromagnetic body with nonlinear characteristic between 

magnetic field and magnetization which are given in the previous paragraph adopting the 

main assumptions of the small deformation theory. With that purpose, we represent the 

magnetic field characteristics in a following form [1, 7, 15, 21]  

bBB
vvv

+= 0 ,  hHH
vvv

+= 0 ,   mMM vvv
+= 0        (2.33) 
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Here 00, MB
vv

 and 0H
v

 are the magnetic induction vector, the magnetization and the 

magnetic field intensity in a rigid state, respectively; mb vv
,  and h

v
 are the additives 

(perturbations) to mentioned quantities caused by the deformation of the body. As 

defined above, the quantities 00 , MB
vv

 and 0H
v

 are determined from the solution of the 

following magnetostatic’s problem: 

 a) Equations in a domain occupied by the body (internal domain) 

00 =Hcurl
r

       00 =Bdiv
r

        (2.34)  

where 0000000 )](1[)( HHMHB
rrrr

⋅+=+= χμμ       

b) Equations in a domain outside of the body (external domain) 

0)(
0 =eHcurl
r

      0)(
0 =eBdiv
r

        (2.35) 

where  

)(
00

)(
0

ee HB
rr

μ= and   0)(
0 =eM
r

 

c) Conditions on the surface of the nondeformed body 

[ ] ,0)(
000 =−⋅ eBBn
rrr      [ ] 0)(

000 =−× eHHn
rrr       (2.36) 

d) Conditions at infinity 

0)(
0 BB e

rr
→  , when ∞→++= 2/12

3
2
2

2
1 )( xxxr      (2.37) 

The characteristics of the stress-strain state of the body (the displacement vector 

components ku and stresses tensor components imS ) and the quantities mb rr
,  and h

r
 are 

being determined from equations and boundary conditions (2.20) - (2.32) for the 

deformable ferromagnetic body. Assuming that the deformations and the module of 
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quantities mb rr
,  and h

r
 are small, one can linearized these equations and boundary 

conditions similarly to [1, 7, 15, 21]. 

As a result, according to the equations (2.33) - (2.37) we receive the following linear 

equations and boundary conditions for the magnetoelastic characteristics of the deformed 

body in the form: 

2

2

0,,,,000,0,0,000, )(
t
u

utuHMHmhMHMt i
jkkijjkkijijjjijiijjji ∂

∂
=−−+++ ρμμ  (2.38) 

0][ ,,0, =− kmmjjkijk uHhe , )3,2,1,,(,0,,0, ==− kjiuBb jkkjii    (2.39) 

where 

)( 00000000 ijjijiijij mHmHMHt +++= μμσ  

)( ,,, ijjikkijij uuu ++= μλδσ , jiij MHt 000μ=      (2.40) 

The boundary conditions can be written in the form 

0][0 =+ M
ijiji ttn ;  0][][ 00,0 =− imimii Bnubn ,      0][][

0

=⋅
∂
Φ∂

+Φ i
i

u
X

   (2.41) 

where −+ −= AAA][  is a jump of the quantity A  across a surface of discontinuity; 

),(),( eiei gradh Φ=
v

; ),(0),(0 eiei gradH Φ=
v

; ),( eiΦ  and ),(0 eiΦ  are potential of perturbed and 

nonperturbet magnetic fields respectively; 

)2(5.0 0
2
000000 kkkijijjiji

M
ij hHHhBhBHBt +−++= δμ     (2.42) 

The dependence of b
v

 and mv  on h
v

 can be obtained in the form [2] 

ham
vv ⋅= ˆ  haIb

r)r
⋅+= )ˆ(0μ        (2.43) 

where Î  is the identity matrix and elements of the matrix â  are defined as 
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00

2
0

dH
d

H
H

a i
ii

χχ +=  )(
00

00 ji
dH
d

H
HH

a ji
ij ≠=

χ      (2.44) 

 Then, for the magnetoelastic media with a nonlinear law of magnetization 

HHM
vvv

)(χ= , the motion equations (2.38) - (2.39) can be presented in the following 

form 

2

2
002 )(

21
1

t
ufuu

∂
∂

=+⋅∇∇
−

+∇
rrrr

μ
ρ

μ
μ

ν
       (2.45) 

0])ˆˆ[( ,,0 =−+ jkkj uBhaIdiv
r

        (2.46) 

0][ ,,0, =− kmmjjkijk uHhe         (2.47) 

The components of the vector f
r

μ
μ0  are given: 

++++++= 3,2163,1152,1143,3132,2121,1111
0 hbhbhbhbhbhbf
μ
μ

  

jkkjjjjjj utMHHM ,,1,00,010
0 1]2[

μμ
μ

−++       (2.48) 

where 

01110111 2 HaHb += χ ; 03130113 HaHb += χ  ; 021101120214 3 HaHaHb ++= χ ; 

031101130315 3 HaHaHb ++= χ ;   03120213012311 2 HaHaHab ++= ; 0212012212 HaHab +=  

Expressions for 2
0 f
μ
μ

 and 3
0 f
μ
μ

 can be derived from 1
0 f
μ
μ

 by cyclic 

permutation 1321 →→→ . In the boundary conditions (2.41) the relation (2.42) will be 

taken into account also. From the motion equations (2.45) - (2.47) and the boundary 

conditions (2.41) for the magnetosoft ferromagnetic body with the linear law of 

magnetization can be obtained equations of motion and boundary conditions respectively. 



 18 

Notice that, for the domain outside of the body (coinciding with the vacuum) the 

equations governing the magnetic field are: 

0,0 )()( == ee hdivhcurl
rv

        (2.49) 

 

§2.5 DIFFERENT MAGNETIC SUSCEPTIBILITIES OF A SOFT 

FERROMAGNETIC MATERIALS 

 
Magnetic field 0H

v
, magnetization 0M

v
 and magnetic induction 0B

v
 characterizing 

undeformed state of a body are given as:  

0
0

0 )( HHM
vv

χ=  ,     0000 )](1[ HHB
vv

χμ +=      (2.50)    

The function 1)()( 00 −= HH rμχ  is the magnetic susceptibility of a material. In general, 

for magnetosoft materials with nonlinear dependence (Figure 3) the susceptibility of a 

material χ  depends only upon the module of a magnetic field:  00 HH
v

= . 

Experimental investigations [5, 11] show that the magnetic susceptibilities )( 0Hχ  of 

different magneto soft ferromagnetic materials depending on the module of value of the 

magnetic field intensity 00 HH
v

=  can be approximated using the main curve of 

magnetization with sufficiently high precision by the following formula: 

1) Dreifous form: 

)()/()( 0000 HarctgHH αμβχ =        (2.51) 

where 

πβ /2 sB= , βμμα /)1( 0−= ri   
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Here sB  denotes the induction saturation; riμ  is initial relative magnetic permeability of 

the material. The equation (2.51) are used by [2, 8] in the constitutive equations of 

magnetosoft materials with nonlinear law of magnetization. 

2) Rayleigh form:  

HbH r+κ=χ 0)(          (2.52) 

which is the linear approximation of the Dreifous formula and is applicable if cHH < , 

where cH  is the coercitive force [2, 3].  

3) Linear dependence: 

If the coefficient of nonlinearly 0=rb , then the dependence  

1)( −μ==χ rconstH          (2.53) 

Figure 3: Dependence of magnetic susceptibility versus magnetic field for pure iron 
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 can be obtained from (2.52). It is often used for weak magnetic field in the constitutive 

equations of magnetosoft ferromagnetic materials with linear characteristic [1, 10,13-

15,19-23].  

4) Magneto rigid form (magnetically saturated materials): 

HMH s /)( =χ          (2.54) 

where 0/μ= ss BM  is the saturation magnetization.  

The numerical values of coefficients sM,, βα , 0κ , rb , 0μ , rμ  and riμ  for different 

ferromagnetic materials are given in [2]. The Eqs. (2.51) - (2.54) are consistent with the 

following Maxwell’s equations and corresponding conditions: 

 Equations in the internal domain: 

0=Hcurl
v

,      00 =Bdiv
v

        (2.55)  

0000000 )](1[)( HHMHB
vvvv

χμμ +=+= ,   00 HH
vv

=      (2.56) 

Equations in the external domain:  

0)(
0 =eHcurl
v

, 0)(
0 =eBdiv
v

        (2.57) 

)(
00

)(
0

ee HB
vv

μ=        0)(
0 =eM

v
        (2.58) 

Conditions on the surface of the undeformed body: 

0][ 00 =⋅ Bn
vv , 0][ 00 =× Hn

vv         (2.59) 

Condition at infinity:  

0
)(

0 BB e vv
→ , when ∞→++= 2/12

3
2
2

2
1 )( xxxr       (2.60) 
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3. STRESS-STRAIN STATE OF FERROMAGNETIC PLANE WITH 

A MOVING CRACK 

 
 Based on the equations and the boundary conditions derived in chapter 2 the problem of 

stress-strain state of ferromagnetic plane is discussed here. To such purpose, a soft 

magnetic ferroelastic body accounting a nonlinear law of magnetization and immersed in 

a magnetic field perpendicular to a crack line is considered. Assuming that the processes 

in a moving coordinates are stationary, Fourier transform method is used to reduce the 

mixed boundary value problem to the pairs of dual integral equations that are solved 

analytically. The magnetoelastic stress intensity factor is obtained and its dependency 

upon the crack velocity, material constants and nonlinear law of magnetization is 

presented.  

 
§ 3.1 MATHEMATICAL MODELING 

 
A magnetoelastic plane with a finite crack of length a2  is located in a magnetic field 

)0,,0( 00 HH =
v

 with constH =0 . Crack is moving with the constant velocity RcV <  

where Rc  the speed of propagation of Raleigh waves, and is located in a plane )( 21 xx  

along a line 02 =x , and VtaxVta +<<+− 1  (Figure 4).  

In-plane nontrivial displacements are represented as:   

),,( 2111 txxuu = , ),,( 2122 txxuu = , 03 =u       (3.1) 

where a set of moving coordinate system ),,( zyx  attached at the center of the moving 

crack is chosen such that: 

1321 ,,, ttxzxyVtxx ===−=        (3.2) 
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As a basic assumption, the crack propagation occurs during an interval of time when in 

the moving reference system of coordinates the magnetoelastic state is time-invariant.  

 

 

 

 

 

 

 

 

 

Figure 4: Ferromagnetic plane with a crack in a magnetic field 

 

§3.2 GOVERNING EQUATIONS AND BOUNDARY CONDITIONS 

 
Governing Equations 

The governing equations of magnetoelastic media with a nonlinear law of magnetization 

HHM
vv

)( 0χ=  can be expressed in the form (Chapter 2, Eqs. (2.45), (2.48)): 

2

2
0

,21
1

t
ufuu i

iijji ∂
∂

=+
−

+Δ
μ
ρ

μ
μ

ν
       (3.3) 

0])ˆˆ[( ,,0 =−+ jkkj uBhaIdiv         (3.4) 

0][ ,,0, =− kmmjjkijk uHhe         (3.5) 

Assuming that  

-a a
x

y 0H
v

 

0P
v

 

0P
r
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21 ,,1 xxu ψϕ += , 
12 ,,2 xxu ψϕ −= ,   Φ= gradHh 0      (3.6) 

from  Eq. (3.3) we can get the following two decoupled equations in terms of ϕ  and ψ  

0
211 ,1,

22
1 =Φ+−∇ xttc δϕϕ             0

111 ,2,
22

2 =Φ+−∇ xttc δψψ    (3.7ab)  

Herein, ϕ  and ψ  are displacement potential functions. 

In Eqs. (3.7ab) 

2
2

22
1

22 // xx ∂∂+∂∂=∇ , 2
12

12
2

1 1
c

−
−

=
γ

λλγ
δ , 2

22
21

2

2 1
)(

c
−
−

=
γ

λλγ
δ , 2

2
2
1 21

)1(2 cc
ν
ν

−
−

= , 

ρμ /2
2 =c , 

2
001 )](1)[(2 chHH χχλ += ,  

2/)]}(1/[)()(/)]()([2{ 00
'

000
'

0012 HHHHHHH χχχχχλλ +−+= ,            

μμ /2
00

2 Hhc =   

Magnetic potential Φ  is determined from (3.4) - (3.5) 

0
1111 ,,

2 =Φ+Φ yyxxγ          (3.8) 

where 

))()(1/())(1( 0
'

000
2 HHHH χχχγ +++=  

Using coordinate transformations (3.2), the Eqs. (3.7ab) and (3.8) become: 

0,1,,
2
1 =Φ++ yyyxx rs ϕϕ         (3.9a) 

0,2,,
2
2 =Φ++ yyyxx rs ψψ          (3.9b) 

0,,
2 =Φ+Φ yyxxγ          (3.9c) 

        

where  
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iiii cVMMs /,1 22 =−= , )2,1(,/ 2 =δ= icr iii   

The Mach numbers 1<iM , since we assume that the crack is propagated at subsonic 

speed.  

Boundary Conditions 

On the surface 0=y  the following boundary conditions should satisfy 

0)0,( =xu y ,    for  ax > ,        (3.10a) 

0)0,( =Φ x ,   for     ax > ,        (3.10b) 

0)0,()0,( ,1, =+Φ xudx xyx , for ax < ,      (3.11a) 

magmecyyyxx PPxexuxu 00,1,, )0,()0,(
21

)1(2)0,(
21

2
+−=Φ−

−
−

+
− ν

ν
ν

ν
0P−= ,    for   ax <  (3.11b) 

0)0,()0,( ,,, =Φ⋅++ xyxxy Lxuxu ,   for    ∞<x ,     (3.12) 

where  

2/))(( 2
0

2
0 HhP cmag χ= ; μ/0mecP  is nondimensional mechanical force acting on the 

surface of the crack.  

Notice that the boundary conditions (3.10a) and (3.10b) are consequence of symmetry of 

the displacements and the magnetic potential. 

In Equations (3.8) - (3.12),  

=1e )]()1)(())(1)(([ 00000
2 HHHHHhc χχχχ −+′+ , 

)( 01 Hd χ−= , ))(1( 0
2 HhL c χ+= . 
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§3.3 SOLUTION METHODOLOGY 

 
Applying a Fourier transform method to Equations (3.9) the potential functions are 

readily obtained  

∫
∞

∞−

−−
−

+−= αααγα
βγα

γαδ
βα

π
ϕ dxiyC

c
yAyx ]exp[]}exp[)(]exp[)({1),( 2

1
222

1

1
1   (3.13) 

∫
∞

∞−

−−
−

+−= αααγα
βγα

αδ
βα

π
ψ dxiyC

i
c

yByx ]exp[]}exp[)(]exp[)({1),( 2
2

222
2

2
2  (3.14) 

∫
∞

∞−

−−=Φ αααγα
π

dxiyCyx ]exp[]exp[)(1),(          (3.15) 

where  

)1( 222
ii M−= αβ  

In Eqs. (3.13)  -(3.15) BA, and C  are unknown functions to be determined from the 

boundary conditions (3.10) - (3.12).  The unknowns BA ,  and C  can be rewritten as a 

function of a new quantity )(αD : 

 

)(
)1(

)(1()1()( 2
21

0
2

0
11

0
21

2
2 α

α
γ

α D
ss

LQQdQdsA
−

−−+++
=          (3.16) 

)(
)1(

]2)([)( 2
2

0
2

0
11 α
α

γ
α D

si
LQQdB

−
+−+

=        (3.17)  

)()( 1 αα DdC −=          (3.18) 

 

In Eqs. (3.16) and (3.17) 
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)()( 2
2

22
2

2
2
1

22
1

10
1 scsc

Q
−

+
−

=
γ

γδ
γ

γδ , 
)()( 2

2
22

2

2
2
1

22
1

2
10

2 scsc
Q

−
−

−
−=

γ
δ

γ
γδ    (3.19) 

It is easy to show that based on the boundary conditions (3.10)-(3.12), the determination 

of unknown )(αD  yields to the following dual integral equations: 

∫
∞

∞−

>=− axdixD ,0]exp[)(1 ααα
π

      (3.20) 

∫
∞

∞−

<−=− ax
R
P

dixD ,]exp[)(1

0

0αααα
π

      (3.21) 

Herein, 

⎟
⎠
⎞

⎜
⎝
⎛ +

−
−

−
−

−−−+= γγ
ν
ν

ν
ν

1
0
2

0
11221

2
20 21

)1(2
21

22)1( eQQdRsRsR     (3.22a) 

)1(
)()1)(1(

2
21

0
2

0
11

0
21

2
2

1 ss
LQQdQdsR

−
−−+++

=
γ        (3.22b) 

2
2

1
0
21

0
11

2 1
2

s
LdQdQdR

−
+−+

=
γ         (3.22c) 

 

§3.4 MAGNETOELASTIC STRESSES AND STRESS INTENSITY FACTOR 

 
Inserting Eqs. (3.6), (3.13)-(3.15) into Eq. (2.40) from Chapter 2, the magnetoelastic 

stresses μμμ /),(/),(/),( yxtyxtyxt M
yy

E
yy

T
yy +=   

and  

μμμ /),(/),(/),( yxtyxtyxt M
xy

E
xy

T
xy +=   

we can express through )(αD  as follows: 
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∫
+∞

∞−

+−−−+= ]exp[2]exp[)1{(1/),( 22211
2
2 ysRsysRsyxtT

yy αα
π

μ          

αααααγ dxiDyRd ]exp[)(]}exp[31 −−       (3.23) 

       

∫
+∞

∞−

−−+−−= ]exp[)1(]exp[2{1/),( 22
2
2111 ysRsysRsyxtT

xy αα
π

μ             

   αααααγ dxiDiyRd ]exp[)(]}exp[41 −−    (3.24) 

 where 

0
0
2

0
13 21

)1(2
21

2 eQQR γ
ν
νγ

ν
ν

+
−
−

+
−

=  , LQQR −−= 0
2

0
14 γ      

)]()(21[ 000
2

0 HHHhe c χχ ′++=              

The solution of dual integral equations (3.20)-(3.21) may be represented in a form 

(Appendix B): 

dssisED
a

a
∫
−

−= ]exp[)(1)( α
α

α            (3.25) 

where 

22
0

0

2
)(

sa
s

Ri
P

sE
−

=         (3.26)  

 Substitution (3.25)-(3.26) into Eqs. (3.23)-(3.24) gives us a final representation of 

magnetoelastic stresses: 
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−
−+

−
+

−
−= ∫

−
222

1
1

2
122

0

0

)(
)1{(/),(

xsys
xsRs

sa
s

R
Pyxt

a

a

T
yy π

μ          

   ds
xsy

xsRd
xsys

xsRs }
)()(

2 22231222
2

22 −+
−

+
−+

−
−

γ
  (3.27) 

       

−
−+−

−= ∫
−

222
1

1
1122

0

0

)(
2[/),(

xsys
ysRs

sa
s

R
Pyxt

a

a

T
xy π

μ      

 ds
xsy

yRd
xsys

ysRs ]
)()(

)1( 22241222
2

2
2

2
2 −+

−
−+

+−
γ

γ    (3.28)  

For the special case when 0=y  the magnetoelastic stress μ/),( yxtT
yy  have form  

=
−

⋅
−

+−+−= ∫
−

ds
xssa

sRdRsRs
R

Pxt
a

a

T
yy

1}2)1{(/)0,(
2231221

2
1

0

0

π
μ   

 

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

≤

−<
−

+

>
−

−

+−+−=

ax

ax
ax

x

ax
ax

x

RdRsRs
R

P

,1

,1

,1

}2)1{(
22

22

31221
2
1

0

0

π
   (3.29) 

The normalized stress intensity factor can be expressed as 

}2)1{(1)0,(
lim 31221

2
1

00

22

0
RdRsRs

RP
xt

a
axK

c
yy

ax

I +−+=
−

=
+→ πμ

    (3.30) 

or 

),(
),(1

2
2

2
12

2
2

2
11

MMF
MMFK I

∗

∗

=
π

        (3.31) 

where 

312
2
21

2
1

2
2

2
11 12)2(),( RdRMRMMMF +−−−=∗ ,      (3.32) 
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)
21

)1(2
21

2(12)2(),( 12112
2
21

2
2

2
2

2
12 γγ

ν
ν

ν
ν eQQdRMRMMMF oo −

−
−

+
−

+−−−=∗ . (3.33) 

From Eq. (3.31), when 0=V , e.g. the crack is immovable, we can get  

10

00
0 eF

eFK
V

I

γ
γ

+
+

= ∗

∗

=
          (3.34) 

Herein, 

LQQQQQ
c
cFo −+

−
−

+
−

+++=∗ 0
2

0
2

0
1

0
1

0
22

1

2
2 ~~

21
)1(2~

21
2~~1 γ

ν
ν

ν
νγ ,   (3.35) 

)1()1(
~

22
2

2
22

1

10
1 −

+
−

=
γ
γδ

γ
γδ

cc
Q  ,   

)1()1(
~

22
2

2
22

1

2
10

2 −
−

−
−=

γ
δ

γ
γδ

cc
Q . 

In a case of magnetosoft material with a linear law of magnetization ( 0( ) constHχ χ= = ) 

from (3.34) directly follows that   

12 ])1(1[ −−−≈ c
I bK νχ          (3.36)  

where  

222 )1( cc hb += χ  

Result (3.36) coincides with the result derived by [10, 19-20]. Notice that, for 

magnetosoft material with a linear law of magnetization, the intensity factor ∞→IK  

when )1(/1 22 ν−χ→cb . 
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4. NUMERICAL COMPUTATIONS AND DISCUSSIONS 

 
This Chapter is devoted to the numerical discussions of stress intensity factor and 

magnetoelastic stresses of soft ferromagnetic plane with a moving crack in a transversal 

magnetic filed. The computational results are based on Eqs. (3.31) ,(3.27) and (3.28). 

Notice that for numerical calculations the nonlinear laws of magnetization are taken in 

terms of nondimensional parameters (Appendix C). 

 

§4.1 STRESS INTENSITY FACTOR 

 
Numerical results have been calculated for the normalized stress intensity factor IK  and 

in particular the dependency of the stress intensity factor upon magnetic field 

μμ /2
00

2 Hhc =  and normalized velocity of the crack 2
1

2 / cVV =  has been highlighted. 

From Eq. (3.31) it is possible to conclude that for 02 ≠ch  the intensity factor ∞→IK  

when 2cVV <→ ∗  (where, ∗V  is the maximum velocity valid within magneto-elastic 

assumption, leading the denominator of Eq. (3.31) to zero). These primary conclusions 

shows that the intensity factor essentially depends on an external magnetic field, speed of 

moving crack and also upon physical parameters of a problem. Further numerical results 

are carried out for superpermalloy ( 25.0=ν , 33
0 /1077.8 mkg×=ρ ). 

In Figures 5 - 8 the effects of normalized speed of moving crack  2
1

2 / cVV =   on the 

normalized intensity factor IK  for various values of normalized magnetic fields 

2910 chH =  are shown.  
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The analog calculation is carried out using various laws of magnetization in Figures 5-8. 

For example, in Figure 5, it is visible that the external magnetic field essentially change 

the value IK  compare with a purely elastic case (magnetic field 02 =ch ). 

In all cases the normalized intensity factor IK  is essentially depends upon the enclosed 

magnetic field and the speed of the crack. The numerical calculations show also: a) for  

28.0/ 2
1

2 <=VcV , the intensity factor IK  first increases with increasing magnetic field 

then  sharply decreases and passes through zero, becomes negative  and finally increases 

sharply, b) when 3.0/ 2
1

2 →=VcV  (i. e. the speed of the crack is close to the 

propagation speed of Rayleigh waves), the  intensity factor ∞→IK  with the increase of 

magnetic field. Note, that the linear law expressed in Eq. (2.53) takes place at rather weak 

magnetic fields. The nonlinear laws (2.51), (2.52) and (2.54) can be used for strong 

magnetic fields. Synergistic implications of the interaction of magneto-elastic fields on 

the intensity factor IK for different law of magnetizations are displayed in Figures 5-8.  
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DREIFOUS FORM:  ( )/()/()( bHarctgHbH κχ = ) 

 

0 5 10 15 20
H Magnetic Field

-20

-10

0

10

20

KI
ssertS

ytisnetnI
rotcaF

 
 

Figure 5a: Dependence of IK on dimensionless magnetic field H  for 

parameters   56 10,10 == κb  and 2.0=V  
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Figure 5b: Dependence of IK on dimensionless magnetic field H  for parameters   

56 10,10 == κb and  18.0=V   
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Figure 5c: Dependence of IK on dimensionless magnetic field H  for parameters   

56 10,10 == κb and  1.0=V  
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Figure 5d: Dependence of IK on dimensionless magnetic field H  for parameters   

56 10,10 == κb and  0001.0=V  
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Linear Law of Magnetization: ( constH == κχ )( ) 
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Figure 6a:  Dependence of IK on dimensionless magnetic field H  for 
parameters 510=κ  and 2.0=V  
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Figure 6b: Dependence of IK on dimensionless magnetic field H  for 
parameters 510=κ  and 18.0=V  
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Figure 6c: Dependence of IK on dimensionless magnetic field H  for 
parameters 510=κ and 1.0=V  
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Figure 6d: Dependence of IK on dimensionless magnetic field H  for 
parameters 510=κ  and 0001.0=V  
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Rayleigh form: ( bHH += κχ )( ) 
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Figure 7a: Dependence of IK on dimensionless magnetic field H  for 
parameters 53 10,10 == κrb  and 2.0=V  
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Figure 7b: Dependence of IK on dimensionless magnetic field H  for 
parameters 53 10,10 == κrb  and 18.0=V
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Figure 7c: Dependence of IK on dimensionless magnetic field H  for 
parameters 53 10,10 == κrb  and 1.0=V  
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Figure 7d: Dependence of IK on dimensionless magnetic field H  for 
parameters 53 10,10 == κrb  and 0001.0=V  
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Magneto rigid dependence:  ( HMH s /)( 1=χ ) 
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Figure 8a: Dependence of IK on dimensionless magnetic field H  for 
parameters 5

1 10=sM  and 2.0=V  
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Figure 8b: Dependence of IK on dimensionless magnetic field H  for 
parameters 5

1 10=sM  and 18.0=V  
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Figure 8c: Dependence of IK on dimensionless magnetic field H  for 

parameters 5
1 10=sM  and 1.0=V  
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Figure 8d: Dependence of IK on dimensionless magnetic field H  for 

parameters 5
1 10=sM and 0001.0=V  
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§4.2 MAGNETOELASTIC STRESSES 

 
Magneto-elastic stresses have been calculated by using Eqs. (3.27)-(3.28). Dimensionless 

stresses )/(),(),( 0μPyxtyxt T
xyXY = and )/(),(),( 0μPyxtyxt T

yyYY =  are shown in Figures 9-

10 respectively. The stress distributions were essentially independent of the form 

assumed for the magnetization law, so only these calculated for the Dreifous form will be 

presented for illustration purposes.  

Figures 9-10 are plots of magnetic–induced stresses ),( yxt XY  and ),( yxtYY  with 

increasing magnetic field. By comparing Fig. 9b with Fig. 9c, it can be seen, that 

),( yxt XY  abruptly changes sign at a dimensionless field between 09.0=H  and 1.0=H .  

By comparing Figs. 10a, 10b and 10c,  ),( yxtYY  goes from purely negative ahead of the 

crack tip to positive at 09.0=H  to negative again of 1.0=H . That is, for a field of 

about  09.0=H  stress around of the crack tip switches from tensile to compressive and 

then back to tensile again. This field strength is well beyond the saturation field for the 

material parameters assumed in the calculations.     

 For calculations we assumed also: normalized velocity of a crack: 1.0/ 2
1

2 ==VcV ; 

normalized distance: 01.0/ =ay  and the normalized parameter: axX /=  are changes in 

interval ]3,3[− . 
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Dimensionless magnetoelastic stresses XYt  and YYt  on the 
01.0/ =ay surface; nonlinear law of magnetization is in a Dreifous form 

)/()/()( bHarctgHbH κχ =  for parameters 610=b , 510=κ ; normalized crack 
speed is 1.0/ 2

1
2 ==VcV  
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   Figure 9a: Dimensionless stress XYt when H=0.001 
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Figure 9b: Dimensionless stress XYt  when H=0.05 
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Figure 9c: Dimensionless stress XYt  when H=0.1 
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    Figure 9d: Dimensionless stress XYt  when H=2 
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Figure 9e: Dimensionless stress XYt  when H=10 
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Figure 9f: Dimensionless stress XYt  when H=900 
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  Figure 10a: Dimensionless stress YYt when H=0.001 
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Figure 10b: Dimensionless stress YYt when H=0.05 
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Figure 10c: Dimensionless stress YYt  when H=0.09 
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Figure 10d: Dimensionless stress YYt when H=2 
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Figure 10e: Dimensionless stress YYt when H=10 
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Figure 10f: Dimensionless stress YYt when H=900 
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CONCLUSIONS 

 
In this work the equations of magnetoelasticity for magnetosoft materials with a 

nonlinear law of magnetization are presented. Based on the present model the stress-

strain state of ferromagnetic plane with a moving crack in a transverse magnetic field has 

been analyzed. It has been shown that the nonlinear law of magnetization has qualitative 

and quantitative influence on the magnetoelastic quantities. Introducing a magnetic field 

into the elastic crack problem makes stress intensity velocity dependent and produces a 

singularity at velocities close to the Rayleigh velocity. Magnetic fields introduce 

anomalies in the stress distribution around a crack. The shear stress component changes 

sign at a critical field and the normal stress ahead of the crack tip switches from tensile to 

compressive and back to tensile again with increase field strength.  The present model 

can be used in magnetoelasticity studies where soft ferromagnetic medium are considered 

and are under the presence of large magnetic fields. It can be useful for machining 

(raising intensity factor) or increasing toughness (making intensity factor negative).  
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POTENTIAL WORK 
 
 

• Confirm the analytical model with experiment. To do this, fracture toughness 

tests can be performed on an alloy that has both high susceptibility (or 

permeability) and low ductility. Candidate materials include High Purity Iron 

and Hyperco (Fe-49Co-2V), a relatively brittle ordered alloy with moderately 

high susceptibility.  

• The model we have developed assumes a homogeneous magnetic field within 

the material. However, demagnetized ferromagnetic materials have a random 

distribution of magnetization direction arranged in a domain structure. An 

important modification of the current model would be to account for a 

distribution of magnetization directions (that is, a domain structure). 
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APPENDIX A: NOMENCLATURE  

0H
v

- Magnetic field characterizing undeformed state of a ferromagnetic body 

0M
v

- Magnetization characterizing undeformed state of a ferromagnetic body 

0B
v

- Magnetic induction characterizing undeformed state of a ferromagnetic body 

0H
v

- Initial applied magnetic field 

)( 0Hχ - Magnetic susceptibility of the material 

2 a - Length of a finite crack 

0μ - Magnetic permeability of the vacuum  

0nv - Normal of a crack surface 

ρ - Mass density  

iu - Displacement components 

if - Magnetic volume forces 

μ - Lame coefficient 

rμ - Magnetic permeability 

21 , cc - Longitudinal and transversal elastic waves speeds 

V - Velocity of a crack 

Rc - Speed of a propagation of the Raleigh waves 

iM - Mach numbers 

),( 21 hhh
v

- Induced magnetic field  

ψϕ, - Potential functions characterizing displacements in a fixed rectangular coordinates 

Φ -  Magnetic potential  
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Δ=∇2 - Laplace’s operator 

),(),,( yxtyxt T
xy

T
yy - Magnetoelastic stresses 

),(),,( yxtyxt M
xy

M
yy - Maxwell’s stress components 

),(),,( yxtyxt E
xy

E
yy - Pure elastic stresses  

ν  - Poisson’s ratio  

mecP0 - Mechanical force acting on the surface of a crack 

magP0 - Magnetic force 

0P -  Sum of the magnetic and mechanical forces 

IK - Magnetoelastic stress intensity factor 
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APPENDIX B: THE SOLUTION OF DUAL INTEGRAL EQUATIONS 

 
The pair of dual integral equations of our consideration is:  

∫
∞

∞−

>==− axxudixD y ,0)0,(]exp[)(1 ααα
π

      (1) 

∫
∞

∞−

<=− axxfdixD ),(]exp[)(1 αααα
π

       (2) 

where )(xf  is known, and )(αD  is to be determined. To obtain the solution of the pair 

of equations (1) - (2) we define the function )(xE  as follows: 

⎪⎩

⎪
⎨
⎧

<

>
≡=−∫

∞

∞− axxE

ax
xEdxiD

),(

,0
)(]exp[)( αααα        (3) 

Using the Fourier transformation theorem, from (3) we can get:  

=)(ααD  dxxixE ]exp[)(
2
1 α
π

−∫
∞

∞−

       (4) 

 and using (1) the expression (4) can be rewritten in the following form: 

=)(ααD dxxixE
a

a

]exp[)(
2
1 α
π

−∫
−

       (5) 

Notice that the integral representation (5) is identically satisfying to Eq.(1).  

Substituting (5) into Eq. (2) and using the result [9, 18]:  

t
dtti 2]exp[ =∫

∞

∞−

α
α
α

,         (6) 

we can get 

=−∫∫
−

∞

∞−

ααα
α
α

π
ddssisExi

a

a

]exp[)(]exp[1  
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 =−∫ ∫
−

∞

∞−

ααα
α
α

π
ddsxisE

a

a

](exp[)(1 )()(22)(1 xfds
xs

sEds
xs

sE
a

a

a

a

=
−

=
− ∫∫

−− ππ
  (7) 

Thus, we will solve the following singular integral equation: 

)()(2 xfds
xs

sEa

a

=
−∫

−π
  when ax <        (8) 

In classes of unbounded functions the solution of (6) has a following form  [9, 18]: 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
−

−
−

= ∫
−

τ
τ

ττ
π

d
s

afc
sa

sE
a

a

22

022

)(
2

1)(       (9) 

where constc =0  and is equal to zero because of condition 

∫
−

=−−=
a

a
yy auaudssE 0)0,()0,()( . 

In our case constRPxf =−= 00 /)( , thus from (8) we can get: 

22
0

0

2
)(

sa
s

Ri
P

sE
−

= , as <        (9) 
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APPENDIX C: MAGNETIZATION LAWS IN TERMS OF NONDIMENSIONAL  

PARAMETERS 

 
Dreifous form 

⎥
⎦

⎤
⎢
⎣

⎡ −
=

β
μμ

μ
βχ 00

00
0

)1(
)(

H
arctg

H
H ri  in terms of dimensionless parameters are 

expressed as: 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=
β

μ
μμκμ

μ
μμ

βχ 0
00

0
0

0 )(
c

c

h
arctg

h
H , 

where 1−= riμκ  is an initial susceptibility of the material; μ
μ0

0Hhc =  is a 

dimensionless magnetic field. For most ferromagnetic materials elastic modulus 

212 /10~ mNμ .From here follows that H
A
mHhc

9
012

6

10~][
10
10~

−

, where 

⎥⎦
⎤

⎢⎣
⎡×=

A
mHH 0  is a dimensionless magnetic field. 

After all, the  Dreifous form becomes: 

⎥⎦
⎤

⎢⎣
⎡=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

−

− b
Harctg

H
bH

arctg
H

H κ
β

μμκ

μμ
βχ 0

9

0
90

10
10

)( , 

where 

6
0

9
0

9 10
2

~
2

1010
π

μμ
π

μμβ ss BB
b ==  
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Parameter b  depends on induction saturation sB  and for most ferromagnetic 

materials 610~b .  For  superpermalloy the following parameters are : 610~b  and 

510~1−= riμκ . 

1) Rayleigh form 

HbHbH rr 100 )( +=+= κκχ , 

where 1−= riμκ  is an initial susceptibility of the material; rb  and 1rb  are nonlinear 

coefficient and dimensionless nonlinear coefficient respectively expressed in 

Rayleigh form. For superpermalloy the following dimensionless parameters are: 

3
1 10~rb  and 510~1−= riμκ . 

2) Magneto rigid form 

HMHMH ss //)( 100 ==χ , 

where sM  and 1sM  are saturation magnetization and dimensionless saturation 

magnetization respectively. 
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