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Augmented Neural Network Surrogate Models for Polynomial Chaos
Expansions and Reduced Order Modeling

Rachel G. Cooper

(ABSTRACT)

Mathematical models describing real world processes are becoming increasingly complex to

better match the dynamics of the true system. While this is a positive step towards more

complete knowledge of our world, numerical evaluations of these models become increasingly

computationally inefficient, requiring increased resources or time to evaluate. This has led

to the need for simplified surrogates to these complex mathematical models.

A growing surrogate modeling solution is with the usage of neural networks. Neural networks

(NN) are known to generalize an approximation across a diverse dataset and minimize the

solution along complex nonlinear boundaries. Additionally, these surrogate models can be

found using only incomplete knowledge of the true dynamics. However, NN surrogates often

suffer from a lack of interpretability, where the decisions made in the training process are

not fully understood, and the roles of individual neurons are not well defined.

We present two solutions towards this lack of interpretability. The first focuses on mimicking

polynomial chaos (PC) modeling techniques, modifying the structure of a NN to produce

polynomial approximations of the underlying dynamics. This methodology allows for an ex-

tractable meaning from the network and results in improvement in accuracy over traditional

PC methods. Secondly, we examine the construction of a reduced order modeling scheme

using NN autoencoders, guiding the decisions of the training process to better match the real

dynamics. This guiding process is performed via a physics-informed (PI) penalty, resulting



in a speed-up in training convergence, but still results in poor performance compared to

traditional schemes.



Augmented Neural Network Surrogate Models for Polynomial Chaos
Expansions and Reduced Order Modeling

Rachel G. Cooper

(GENERAL AUDIENCE ABSTRACT)

The world is an elaborate system of relationships between diverse processes. To accurately

represent these relationships, increasingly complex models are defined to better match what is

physically seen. These complex models can lead to issues when trying to use them to predict

a realistic outcome, either requiring immensely powerful computers to run the simulations

or long amounts of time to present a solution. To fix this, surrogates or approximations to

these complex models are used. These surrogate models aim to reduce the resources needed

to calculate a solution while remaining as accurate to the more complex model as possible.

One way to make these surrogate models is through neural networks. Neural networks try to

simulate a brain, making connections between some input and output given to the network.

In the case of surrogate modeling, the input is some current state of the true process, and

the output is what is seen later from the same system. But much like the human brain,

the reasoning behind why choices are made when connecting the input and outputs is often

largely unknown.

Within this paper, we seek to add meaning to neural network surrogate models in two dif-

ferent ways. In the first, we change what each piece in a neural network represents to build

large polynomials (e.g., x5 + 4x2 + 2) to approximate the larger complex system. We show

that the building of these polynomials via neural networks performs much better than tra-

ditional ways to construct them. For the second, we guide the choices made by the neural

network by enforcing restrictions in what connections it can make. We do this by using



additional information from the larger system to ensure the connections made focus on the

most important information first before trying to match the less important patterns. This

guiding process leads to more information being captured when the surrogate model is com-

pressed into only a few dimensions compared to traditional methods. Additionally, it allows

for a faster learning time compared to similar surrogate models without the information.
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Chapter 1

Introduction

Real-world processes are often highly variable and interconnected. To accurately calculate

these processes, mathematical models themselves have become increasingly complex both in

dimensionality and nonlinearity. This poses a problem towards numerical approximations

of these complex dynamics. While highly accurate to the real-world process, the increased

complexity of these modern mathematical models severely impacts computational efficiency.

Additionally, many of these mathematical systems feature stochastic variability or random-

ness to address unaccounted real-world interactions between the measured and unmeasured

quantities affecting the system. This results in models that are both variable from evaluation

to evaluation and highly inefficient to evaluate in any meaningful amount of time. Thus,

the construction of approximate models to use as surrogates for these complex mathemati-

cal models is desired. These surrogate models often must balance computational efficiency

with model accuracy, finding a middle ground where both performance and accuracy are

maximized.

Machine learning (ML) is a modern technique towards the creation of these surrogate models.

ML algorithms work as data-driven surrogate models, where observations of the true system,

X, and the responses from those inputs, Y are used to establish a mapping, g : X → Y.

Neural networks (NN) offer a modern, nonlinear solution towards the task of creating this

mapping. Neural networks are known for their ability as universal function approximators,

[29, 38, 51], and feature minimization algorithms that work on complex, nonlinear manifolds.

1



2 CHAPTER 1. INTRODUCTION

This allows for the efficient usage of NN as surrogates.

At a high level, NN can be viewed as function compositions. NN are composed of one or

more “hidden” layer, L(i)(·), and an output layer, O(·). Thus, the nonlinear mapping with

N layers is represented as

Y = O ◦ L(N) ◦ · · · ◦ L(1)(X). (1.1)

Each layer is represented by neurons, each of which take some linear or nonlinear combi-

nation of the inputs applied to the neuron, and then transform the combination through

a nonlinear function, σ called the activation function. The exact combination process, and

what inputs are supplied, varies between different NN architectures, with artificial neural

networks (ANN) being easily representable in matrix notation, and more complex architec-

tures such as convolutional neural networks (CNN) using only spatially close information

for each neuron operation, rather than the full observational input. For any NN model con-

structed, the computational complexity can be controlled by tuning the parameters of the

model, such as the depth of the network and the number of neurons within each layer. While

highly accurate approximations can be achieved through the varying of these parameters,

it can come at a detriment towards the time and computational power needed to train the

model if the models are made too complex. This has led to the proliferation of different NN

architectures such as ANN, CNN, and recurrent neural networks (RNN).

While these different NN surrogate models have been applied to a wide range of problems

[62, 95, 107], they can suffer from a lack of interpretability of what network components

accomplish and what decisions were made within the training process that led to the final

network solution. Towards rectifying this, there has been a recent push of study towards the

augmentation of NN surrogate models with additional domain knowledge from other fields
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or additional knowledge of the real-world process itself. This work is often termed Science

Guided [43] or Physics-Informed [80] Machine Learning, with a brief survey of techniques

appearing in [101].

The remainder of this thesis will be organized as follows. Within chapter 2, titled “Basis-

Agnostic Polynomial Chaos Expansions via a Modified Neural Network Architecture”, we

apply domain knowledge from polynomial chaos (PC) expansion techniques towards the

building of a NN surrogate model that has a clear, extractable meaning built into the ar-

chitecture of the system. We test this modified architecture, deemed a polynomial chaos

neural network (PCNN) on two test problems, showing results that match or exceed the

ability of traditional PC constructions, without needing additional knowledge of system and

without the reliance on a certain grouping of polynomials, two common pitfalls towards

traditional PC. Within chapter 3, titled “Investigation of Nonlinear Model Order Reduction

of the Quasigeostrophic Equations through a Physics-Informed Convolutional Autoencoder”,

we build an autoencoder (AE) based reduced order modeling (ROM) scheme, directing the

choices made by the network though a physics-informed loss function, with the aim of se-

lecting features that better capture the dynamics of the system when propagated forward

in time. We test this model on the quasi-geostrophic equations (QGE), resulting in better

reconstructions of the original input in smaller dimensional orders compared to traditional

methods, and the potential for faster training of the model while compared to ordinary AE

models. We then end with chapter 4, summing up the augmented surrogate models, results,

and discuss potential research directions stemming from the work performed.

This work contributes two novel neural network augmentations schemes towards the accu-

rate, efficient, and interpretable approximation of mathematical systems. The first features

a modification to the default architecture of ANNs, allowing for the construction of poly-

nomial functions to represent the learned mapping. This novel model features a linearly
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controllable polynomial order, with a fixed representation to each neuron allowing for the

efficient extraction of the created polynomial function from the neural network architecture.

To our knowledge, this scheme has never been documented before.

As the second major contribution, we make use of physical information within the training

process of a NN-based reduced order modeling scheme. The specific contribution within this

augmentation is the training criterion itself. While most physics-informed penalty functions

make use of domain specific information, we instead enforce a generalized quantity relating

to the dynamics of the system. We capitalize on the advances in automatic differentiation to

implement this behavior, allowing for faster convergence of the NN model in the evaluation

of the scheme.



Chapter 2

Basis Agnostic Polynomial Chaos

Expansions via a Modified Neural

Network Architecture

Rachel Cooper, Adrian Sandu

2.1 Abstract

We present a novel neural network (NN) architecture based on the concepts of polynomial

chaos (PC) expansions. PC is a technique within the field of uncertainty quantification (UQ)

that approximates expensive to compute models featuring inherent stochastic randomness

with computationally inexpensive polynomial representations. These models require some

approximate knowledge of the system, leading to poor applicability in problems where the

underlying dynamics are unknown. Additionally, these techniques require the construction

of certain orthogonal polynomial groups to achieve efficient and accurate models. Machine

Learning (ML) based PC models solve the former problem by achieving similar results to

classical PC with only incomplete knowledge of the input (observations) and output (re-

sponses) of the physical system. ML PC models still are bound by the latter requirement of

using certain polynomial bases to achieve accurate and efficient results. Neural networks are

5
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CHAPTER 2. BASIS AGNOSTIC POLYNOMIAL CHAOS EXPANSIONS VIA A MODIFIED NEURAL

NETWORK ARCHITECTURE

known for their ability to optimize a solution over a complex nonlinear space and feature the

ability to condense into a linear system of equations that represent a first order polynomial.

By exploiting and modifying this structure, we construct a basis-agnostic polynomial chaos

methodology. With this modified polynomial chaos neural network (PCNN) architecture,

we can produce similar results to traditional PC techniques and in some cases surpass the

performance, without knowledge of system information and without the reliance on a certain

grouping of polynomials.

2.2 Introduction

Modern physical systems often include some degree of uncertainty, often represented by

statistical distributions, within their application; either from incomplete knowledge of the

true system, or from imprecise measurements used while observing the system. The field of

uncertainty quantification (UQ) studies these uncertainties and seeks ways of constructing

models robust to this stochastic noise. Monte-Carlo (MC) sampling, a popular technique

within UQ, is typically used for its ease of implementation. The physical system and its

random inputs are realized multiple times and solved as an ensemble of deterministic system

evaluations, where statistical quantities such as the mean and deviation can be extracted to

help reduce uncertainty within the system. While easy to implement, it often requires a large

sampling of data to achieve an accurate solution [32]. Opposite to these easy to implement

sampling techniques are non-sampling techniques, with a more modern realization being

generalized polynomial chaos (gPC).

While the term polynomial chaos was first introduced by Wiener’s Homogeneous Chaos con-

cept in 1938 [100], modern PC techniques began developing with Ghanem et. al [36], who

made use of orthogonal Hermite polynomials to build an efficient representation of stochastic
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uncertainties that in practice converged much faster than related sampling-based methods

[37, 90]. This rapid convergence was limited though, as the use of Hermite polynomials was

associated only with Gaussian distributions and presented problems towards uncertainty ap-

proximations and convergence rates in non-Gaussian stochastic systems [26]. This ultimately

led to the development of gPC, which makes use of different orthogonal polynomial bases

within the Askey-scheme [6] for different stochastic distributions [104]. This was later further

generalized to work with any complete polynomial basis, including piece-wise polynomials

[10, 89].

The approach towards solving a gPC system is traditionally based within the Galerkin

method, where the error of the polynomial approximation is minimized through Galerkin

projection. This method can result in coupled stochastic equations though, increasing the dif-

ficulty in solving the system, especially when implementing more complex polynomial bases

[102]. This led to the usage of stochastic collocation (SC) as a standard numerical technique

within modern gPC [24, 103]. Stochastic collocation can be thought of as a sampling-based

way to numerically determine a gPC system. By solving a deterministic system with inher-

ent stochastic randomness as a single point or node multiple times, one can then process the

resulting information allowing for the extraction of relevant properties of the system.

Generalized polynomial chaos, since overtaking the field often referred to just as polynomial

chaos (PC), has since seen success in a variety of fields, including material deformation [2, 3],

fluid dynamics [7, 48, 52], multi-body dynamics [87, 88], parameter estimation [12, 13, 14],

control [15], and inverse problems [60, 97]. Additionally, the inclusion of machine learning

(ML) models are now being investigated for PC techniques. Machine learning is the process

of developing self-learning algorithms, so that for a mapping g : X → Y between an input

space X and output Y , the approximation of the underlying dynamics are minimized. ML,

and especially neural networks (NN) have seen a wide degree of success because if their ability
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to generalize over a relatively unknown input space and minimize the desired mapping over

complex manifolds in nonlinear space [29, 38, 51].

Research into ML augmentation of PC techniques ranges from PC coefficient estimation

[35], PC model selection from an ensemble based on input classification [63], and finally, the

area of interest of this paper, data-driven PC generation techniques [70, 94]. These data-

driven techniques focus on utilizing ML regression methods to fit an unknown distribution

via an orthogonal polynomial basis. Compared to stochastic collocation and gPC in general,

these novel models require little to no knowledge of the underlying dynamics of the system,

working only with observations and their responses. This allows for the proliferation of PC

techniques into a much wider area of application, where the underlying dynamics of a system

are partially or entirely unknown.

While these data-driven PC techniques show great promise in the number of applications

they can approximate, they still are affected by a restriction within all of PC applications:

the selection of the polynomial basis. While gPC models can determine an efficient basis via

knowledge of the system, data-driven solutions become much harder to select for as there is

no guaranteed knowledge of the system. While adaptive schemes have been used to select the

best order of polynomials for an approximation [56, 57], the selection of optimal polynomials

from several distinct candidate sets has not been as thoroughly implemented.

Outside of PC, the selection of governing equations and basis functions from several diverse

candidate groups via ML techniques has been explored much more thoroughly [16, 22, 53,

77, 96, 109]. A main detriment to many of these methods though, is the creation of a list of

candidate bases for the model to construct the true governing system from, or the derivation

of secondary information from responses to sampled inputs to the unknown system. Within

this paper, we propose a novel ML scheme to construct PC expansions without the assump-

tion on any candidate basis via the modification of neural network (NN) architectures.
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The remainder of the paper is organized as follows. Section 2.3 is broken into two compar-

ative subsections. Section 2.3.1 briefly introduces the traditional PC stochastic collocation

approach, with section 2.3.2 contrasting this with the proposed polynomial chaos neural net-

work (PCNN) framework implemented in this paper. The framework features novelty in the

ability to train when compared to traditional PC approaches allowing for optimization on

complex hyperplanes, as well as making no assumption to the underlying random behavior,

building polynomial representation from scratch rather than using a pre-imposed basis of

functions. The paper then transitions into the experimental setup in section 2.4, where we

discuss the test problems and evaluation techniques. The results of the proposed PCNN

approach are then presented in section 2.5, where on our first test problem, a stochastically

random pendulum we see very similar results to both traditional gPC and Monte-Carlo mod-

els, and within the second problem, the Lorenz 1963 system, we greatly improve the results

of a traditional gPC model with our novel PCNN. Finally, a brief discussion and conclusions

drawn from the approach are given in section 2.6.

2.3 Methodology

2.3.1 Traditional PC approach based on stochastic collocation

Traditional PC expansions seek to approximate a random process X(θ) via the relationship

X(θ) =
∞∑
i=1

aiΦ
i(ξ(θ)), (2.1a)

where θ is a random event, ai are unknown coefficients, and Φi(ξ(θ)) are the polynomial

functions constructed on a multi-dimensional random variable ξ(θ) = [ξ1(θ), . . . , ξn(θ)]; typ-

ically ξj are chosen as independent random variables, such that their joint density function
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is w(ξ) =
∏n

j=1wj(ξj). The polynomials forming the basis eq. (2.1a) are orthogonal with

respect to this probability density, e.g., if n = 1 and ξ1 ∼ U(−1, 1) then Φi are Legendre

polynomials:

Φ0(ξ1) = 1, Φ1(ξ1) = ξ1, Φ2(ξ1) =
3

2
ξ21 −

1

2
, · · · (2.1b)

In practice instead of an infinite sum, a truncation to S terms is taken,

X(θ) =
S∑
i=1

aiΦ
i(ξ(θ)), (2.1c)

where for n random variables and a maximal order p of basis polynomials, S = (n+p)!
/
(n! p!)

and increases very rapidly with both n and p (a phenomenon referred to as the “curse of

dimensionality”).

The coefficients ai of the PC expansion (2.1a) can be found in several different ways, tra-

ditionally with Galerkin projection schemes [102], and more recently stochastic collocation

[24, 103]. SC realizes the random process at a set of Q ≥ S points, {uj}1≤j≤Q, and requires

that eq. (2.1c) is satisfied at those collocation points. A matrix of basis function values at

these collocation points is constructed:

Cj,i = Φi(uj), 1 ≤ i ≤ S, 1 ≤ j ≤ Q. (2.2a)

Collocation equates the random process realizations {Xj}1≤j≤Q with the polynomial values:

Xj =
S∑
i=1

aiΦ
i(uj) =

S∑
i=1

Cj,i ai, 1 ≤ j ≤ Q, (2.2b)

leading to a (possibly overdetermined) system of equations for the unknown expansion coef-
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ficients:

X = Ca, X ∈ RQ, C ∈ RQ×S, a ∈ RS. (2.2c)

The coefficients are obtained via a pseudo-inverse solve:

ai =

Q∑
j=1

(C†)i,j Xj(θ), 1 ≤ i ≤ S. (2.2d)

While this methodology allows for efficient approximations of stochastic systems, we see

that the construction of the approximation relies on a predetermined and fixed basis. The

selection of this basis can prove difficult when the underlying uncertainty is unknown, and

a poorly selected basis can greatly hinder the accuracy of the PC expansion. Additionally,

the number S of coefficients ai to be computed for grows very quickly with polynomial order

(p) and dimensionality of the system (n); this leads to a rapid increase in the associated

computational cost (2.2d). Coupled with the fixed bases, the cost of rebuilding the system

to find a better approximation either using another basis set or increasing the order of the

polynomials in (2.1c) becomes a major bottleneck for accurate PC approximations.

2.3.2 The PC-NN approach

Standard artificial neural network (ANN) architectures consist of densely connected layers

of neurons building, by composition, nonlinear relations between the model’s inputs and

outputs. This structure can provide universal approximations of arbitrary accuracy for

smooth functions [29, 38, 51], and has demonstrated success in various application areas

[5, 25, 61, 71].
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Traditional ANN

Consider a function with an input x ∈ Rn and an output y ∈ Rm. We approximate it using

a neural network with K hidden layers, L(k) : Rqk−1 → Rqk for k = 1, . . . , K, and one output

layer O : RqK → Rm. Note that the input of the first layer is the input of the network and

therefore q0 = n. Each hidden layer k consists of a weight matrix W (k) ∈ Rqk−1×qk and a

bias vector b(k) ∈ Rqk :

W (k) =



w
(k)
0

w
(k)
1

...

w
(k)
qk


=



w
(k)
0,0 w

(k)
0,1 . . . w

(k)
0,qk−1

w
(k)
1

. . . w
(k)
1,qk−1

... . . . ...

w
(k)
qk,0

w
(k)
qk,1

. . . w
(k)
qk,qk−1


, b(k) =



b
(k)
0

b
(k)
1

...

b
(k)
qk


, (2.3)

as well as a scalar activation function σ : R → R. The layer performs the following compu-

tation:

z(k−1) ∈ Rqk−1 7−→ L(k)(z(k−1)) = σ
(
W (k) z(k−1) + b(k)

)
=



σ
(
〈w(k)

0 , z(k−1)〉+ b
(k)
0

)
σ
(
〈w(k)

1 , z(k−1)〉+ b
(k)
1

)
...

σ
(
〈w(k)

qk , z
(k−1)〉+ b

(k)
qk

)


∈ Rqk ,

(2.4a)

where w(k)
i and b(k)i , i = 0, . . . , qk, are the i-th row of matrix W (k) and the i-th entry of vector

b(k), respectively. The variable z(k−1) represents an intermediate input, where

z(0) = x; z(k) = L(k)(z(k−1)), k = 1, . . . K. (2.4b)
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The output layer consists of a weight matrix W (O) ∈ RqK×m, and does not feature a bias or

activation; it performs the computation:

z(K) ∈ RqK 7−→ y = O(z(K)) = W (O) z(K) ∈ Rm. (2.4c)

The functional composition of layers gives the following input-output relation:

y = O ◦ L(K) ◦ · · · ◦ L(1)(x) = W (O)
[
σ
(
W (K)

[
σ
(
W (K−1)[· · · ] + b(K−1)

)]
+ b(K)

)]
. (2.4d)

If we select the activation function to be the identity function, σ(x) = x, a linear mapping

of inputs to outputs emerges. For example, for L = 2 we have:

y = W (O)
[
W (2)

[
W (1) x+ b(1)

]
+ b(2)

]
=

(
W (O)W (2)W (1)

)
x+

(
W (O)W (2)b(1) +W (O) b(2)

)
.

(2.5)

The non-linearity and higher order behavior is introduced only through the nonlinear acti-

vation function σ(·). The structure (2.4), given sufficient complexity, has a provable ability

to approximate a wide variety of functions.

The proposed PC-NN architecture

Within the context of PC expansions higher order polynomial constructions are desired. To

approximate them accurately the traditional functional form (2.4) would require very many

layers using traditional NN activations.

Our proposed augmentation of this basic ANN framework expands on this linear combination

nature to construct full term higher order combinations of the inputs. We define our layer



14
CHAPTER 2. BASIS AGNOSTIC POLYNOMIAL CHAOS EXPANSIONS VIA A MODIFIED NEURAL

NETWORK ARCHITECTURE

dimensions as follows:

q0 = n; qk = h(n+ 1), k = 1, . . . , K, (2.6)

where n is the input dimension, and h is a user defined constant that represents the number

of repetitions or batches of the modified structure that are present within a layer. For h = 1

(n+ 1 neurons per layer) the following functional pattern is proposed:

z(k−1) ∈ Rqk−1 7−→ L(k)(z(k−1)) = σ
(
(W (k) z(k−1) + b(k))� x̄

)

=



σ
(
〈w(k)

0 , z(k−1)〉+ b
(k)
0

)
σ
([

〈w(k)
1 , z(k−1)〉+ b

(k)
1 )

]
x1

)
...

σ
([

〈w(k)
n , z(k−1)〉+ b

(k)
n

]
xn

)


∈ Rqk ≡ Rn+1,

(2.7)

where x̄ = [1, x1, . . . , xn]
T and � represents element-by-element multiplication of two vectors.

This operation is visualized in fig. 2.1. If we then reintroduce the repetition or batching

constant h, we achieve the representation

L(k)(z(k−1)) =



σ
(
(W

(k)
1 z(k−1) + b

(k)
1 )� x̄

)
σ
(
(W

(k)
2 z(k−1) + b

(k)
2 )� x̄

)
...

σ
(
(W

(k)
h z(k−1) + b

(k)
h )� x̄

)


∈ Rh(n+1). (2.8)

where each row is a repetition of (2.7), each with its own W
(k)
j , and b

(k)
j parameters to

optimize.

This repetition to the structure is beneficial in several ways. Towards the construction of
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z(k-1)

W(k) σ 

b(k)

Element Wise 
Product

Ac�va�on

z(k)

Figure 2.1: A single layer operation for the PCNN framework, with no parameter batching.

neural networks in general, it allows for the creation of not just deep networks where the

number of layers, K, is large, but also for the creation of large networks without having to

rely on the additional depth. For a network modeling nonlinear behavior with relatively few

inputs, a larger number of neurons per layer allows for the additional discovery and mapping

of these nonlinear behaviors that a smaller network may not allow for [29]. Within the

goal of generating polynomial functions, this repetition of the structure allows for the batch

estimation of coefficient values by allowing for multiple neurons to discover the contributions

of the polynomial mixing generated by those neurons. The resulting learned coefficients are

then combined within the full polynomial structure, creating a polynomial representation

that is more robust to small changes in input. Furthermore, this leads to faster convergence as

we are splitting the work between more neurons rather than fine-tuning singular structures,

and potentially to more effective models where the total polynomial order (and thus the

depth) remains small.

If we select the activation function to be the identity function, σ(x) = x, the composition

(2.4d) of L layers builds a mapping of inputs to outputs that is a multidimensional polynomial

of degree L+ 1. For example, for L = 2 with h = 1, we have:

y = W (O)
[(
W (2)

(
(W (1) x+ b(1))� x̄

)
+ b(2)

)
� x̄

]
,

yq =
n+1∑
i,j=1

n∑
ℓ=1

w
(O)
q,i w

(2)
i,j w

(1)
j,ℓ xℓ x̄j x̄i +

n+1∑
i,j=1

w
(O)
q,i w

(2)
i,j b

(1)
j x̄j x̄i +

n+1∑
i=1

w
(O)
q,i b

(2)
i x̄i, q = 1, . . . ,m.

(2.9)
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This architecture, with the use of several layers, becomes a polynomial generation method

that allows to linearly increase the polynomial order with the number of layers. One can

construct any multidimensional polynomial functions, or piece-wise polynomial functions

if a nonlinear activation function σ(·), is used. After the training process is completed, a

symbolic input can then be propagated through the model, allowing for the extraction of a

polynomial representation of the underlying system.

By not imposing a basis, and instead dynamically inferring one through the usage of modern

nonlinear optimizers such as ADAM [47], we seek to better capture highly nonlinear dynamics

that may be missed from the use of sub-optimal minimization strategies, or from the usage of

an ill-suited PC basis within a traditional gPC scheme. Generally, the model will be trained

much the same way as other data-driven PC schemes. The input will be collected from many

realizations of the system at a single node or multiple nodes, and the model will be trained

to fit a polynomial function up to degree K + 1 to the input-output relationship. These

polynomial approximations can then be extracted easily from the architecture of the NN, to

then determine relevant statistical properties such as the mean, deviation, and probability

density.

Related neural network based polynomial generative schemes include Group Method of Data

Handling (GMDH)-type NNs [4], which specify quadratic activation functions to generate

polynomial representations of the network input. More recently, methodologies such as Deep

Polynomial Neural Networks (Π-nets) [27] and Quadratic Residual networks (QRes) [17] have

also emerged, both working with similar function compositions as our proposed PCNN.

These network architectures do not constrain the size of a layer to be some relation to the

input dimension, instead allowing for arbitrarily sized hidden layers. While a direct element-

wise combination with the input can no longer be performed, these schemes instead employ

two weight matrices, allowing for the linear combination of an input with each, then apply
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the element-wise multiplication to the two weight-input combinations, allowing for higher

order polynomial mixings.

The PCNN differs and offers novelty from these schemes in two separate ways. Firstly, a

linear combination of all neurons within a singular layer with the identity activation function

produces a full-term polynomial up to degree K + 1 for layer K. Both the Π-net and QRes

architectures, while creating the majority of term-mixings, can fail to create all the possible

ones for a given polynomial order. Additionally, by having each neuron represent the mixing

with a singular term of the input we can increase the interpretability of the network, as

there are set meanings to neuron actions. This representation can also lead to benefits

towards network sparsity, as it is then easier to remove individual polynomial terms through

optimization or the application of Dropout layers [91].

2.4 Experimental Setup

The proposed PCNN framework is implemented in Python, using the PyTorch framework

[73]. The network architecture is defined by four parameters: the input dimension n, the

output dimension m, the multiplicative amount h that allows for batch estimation of polyno-

mial coefficients, and the number of hidden layers K, where K+1 is the maximal polynomial

degree of the output. Additionally, the user can specify the activation function used within

hidden neurons, and that of the output layer if desired. The loss function for the learning

process is chosen as the Mean Squared Error (MSE),

MSE =
1

Q

Q∑
i=1

(yi − ŷi)
2 , (2.10)
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where Q is the number of samples within the dataset, and ŷi is the NN approximation of the

response yi to an input observation xi.

We evaluate the PCNN model on two test cases: a deterministic pendulum system with a

random length, and the Lorenz 1963 system with randomly perturbed initial values. Learning

is accomplished on both problems via the ADAM optimizer [47].

2.4.1 Variable Length Pendulum

The equation of motion for the pendulum is

d2θ

dt2
= −g

ℓ
sin θ, θ(t = 0) = θ0, θ′(t = 0) = θ′0, (2.11)

where θ is the angular displacement, g is the gravitational constant, and ℓ is the length of

the pendulum. We consider the length ℓ to be a random variable:

ℓ = ℓ̂+ ℓ̃ · ζ, ζ ∼ U(−1, 1), (2.12)

where U(−1, 1) is the continuous uniform distribution over (−1, 1), and ℓ̂ is the mean length.

As the only uncertainty in this system is the uniform randomness applied, the choice of

basis for a collocation PC expansion is easy to determine. Additionally, as this is a rela-

tively small test problem with very few inputs, the process should remain quite efficient and

converge quickly. This test problem will allow us to evaluate how well our proposed PCNN

model performs against a similarly arranged collocation PC expansion in a setting where the

traditional method performs well.

We will construct PCNN models on this system in two separate ways. The first parallels a

more traditional PC implementation, while the second works in a purely data-driven setting.
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PCNN parallel to traditional PC methodology

In section 2.3.1 we discussed traditional PC methodology based around the Galerkin method,

eq. (2.1a). In a Stochastic Collocation PC setting, this is defined as

θ(t; ζ) =
S∑
i=1

ai(t)Φ
i(ζ), (2.13)

where ai(t) are time-dependent coefficients to the constructed polynomial bases, Φi(ζ). We

realize ζ multiple times at a single node, creating a set of collocation points {ζi}1≤i≤Q.

This set of collocation points can then be utilized to construct a PC representation of the

stochastic process.

To construct our PCNN parallel, we evaluate these collocation points though our model to

create an observation dataset,

Θ =



θ̄1
...

θ̄i
...

θ̄Q


=



θ0(t1) . . . θ0(tj) . . . θ0(tN)

... . . . ...

θi(t1) θi(tj) θi(tN)

... . . . ...

θQ(t1) . . . θQ(tj) . . . θQ(tN)


∈ RQ×N , (2.14)

where θi(t) ≡ θ(t; ζi), θ̄i is the corresponding sample run to ζi, and tN is the final evaluation

time. We then use these samples to construct our model, θ(t) = PCNN(ζ, t), which maps

nonlinearly an input (ζ, t) to an approximation of the displacement θ(t; ζ) through the PCNN

process described in section 2.3.2. This model formulation corresponds to a non-standard
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SC PC approximation of the form

θ(t) =
S∑
i=1

ai(t) Φi(ζ, t) (2.15)

where the polynomial bases are now two dimensional, constructed both on ζ and t.

Two third order PCNN polynomial representations will be constructed, one with a linear

activation functions, denoted PCNN3 (P )
ℓ , and one with Rectified Linear Unit (ReLU) activa-

tion functions, PCNN3 (P )
Re . Each will feature a batching constant of h = 20. For comparison,

we also construct a traditional third order gPC approximation using stochastic collocation,

(2.2) based on Legendre polynomials, and a Monte-Carlo simulation, both using the same

data set.

Data-driven PCNN

We also consider the construction of a PCNN model in a purely data-driven setting. With

many real-world phenomena, the underlying dynamics or uncertainty may be unknown, but

observations of their responses may be available. The goal of data-driven modeling is then

to construct some approximate dynamical system that can describe the relationship between

system parameters and the observed system behavior.

Data-driven PC techniques focus on the approximation of these relationships through a

polynomial basis through regression methods, using only limited knowledge of the governing

dynamics. While this inferred knowledge has resulted in successful approximations [70, 94],

in a true data-driven formulation this approach becomes computationally costly as the sizes

of the model and dataset grow. Our data driven PCNN model then will only use directly

available information, in the case of the pendulum, the displacement at any given time, θ(ti).

We organize our dataset as observation-response pairs, {θ(ti−1), θ(ti)}. Our PCNN model
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will predict the dynamics of the pendulum, i.e., will predict the following relationship

θ(ti) = PCNN
(
θ(ti−1)

)
,

as to create a model that predicts the “true” dynamics (ζ = 0), given the stochastically noisy

dataset.

Again, two third order polynomial representations will be constructed, one with a linear acti-

vation functions, denoted PCNN3 (DD)
ℓ , and one with Rectified Linear Unit (ReLU) activation

functions, PCNN3 (DD)
Re , with a batching constant of h = 10.

Evaluation Techniques

For both constructions, we initialize the system with ℓ̂ = 1, ℓ̃ = 0.2, g = 9.81, θ(t0) = π/4

and θ
′
(t0) = 0. The system is sampled at Q = 1, 000 values of ζ, and observations are

generated to a final time of T = 15 seconds with each second divided into 256 equally spaced

evaluation points.

The PCNN models are evaluated against a stochastic collocation PC model (order 3, Leg-

endre basis) and a Monte-Carlo simulation constructed using the same 1,000 samples. All

models will be evaluated against a “true” solution (ζ = 0) for accuracy, with an MSE loss

metric eq. (2.10), being reported, where yi is the deterministic result, and ŷi is the respec-

tive model approximation. Additionally, a Monte-Carlo reference simulation with 10,000

members is included for reference to compare statistical information such as the probability

density function (PDF) at different times.



22
CHAPTER 2. BASIS AGNOSTIC POLYNOMIAL CHAOS EXPANSIONS VIA A MODIFIED NEURAL

NETWORK ARCHITECTURE

2.4.2 Lorenz 1963 System

The Lorenz 1963 system [54] was developed to model atmospheric convection and is often

examined within the field of UQ as a test problem due to its chaotic and highly nonlinear

nature. The system is governed by three differential equations:



dx

dt
= σ (y − x),

dy

dt
= x (ρ− z)− y,

dz

dt
= x y − β z,

u(t) =


x(t)

y(t)

z(t)

 , u(t = 0) = w ∈ R3, (2.16)

where σ, ρ, β are constants representing system parameters related to the Prandtl number

and Rayleigh number, and x, y, z represent the rate of convection, the horizontal temperature

variation, and the vertical temperature variation, respectively. For our experiments we use

the canonical parameter values ρ = 28, σ = 10, and β = 8/3 for which the dynamics is

chaotic. Because of the chaotic system’s highly sensitive nature, small perturbations of the

initial values w lead to large changes in the final solution of the simulation. This often means

that even a small variability of stochastic coefficients can lead to a large variability of the

realized solution.

The stochastic variance of the Lorenz 1963 system (2.16) comes from randomness in the

initial conditions:

w =


x̂+ x̃ ζ1

ŷ + ỹ ζ2

ẑ + z̃ ζ3

 = ŵ + ~w � Z, ζi ∼ U(−1, 1), (2.17)

where ŵ is the mean input and Z the uniform stochastic uncertainties for each dimensional
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variable. In our numerical experiments we choose:

ŵ =
[
0.5, 0.5, 15.0

]T and ~w = 0.2. (2.18)

Again, three models are constructed and evaluated: a traditional SC PC model, a PCNN

mirroring traditional PC methodology, and a data driven PCNN model.

PCNN parallel to traditional PC methodology

Following section 2.4.1, our traditional SC PC system is represented as

u(t;Z) =
S∑
i=1

ai(t) Φ
i(Z). (2.19)

We use the uncertainty model (2.17)–(2.18) and generate Q = 1000 collocation points

{Zi}1≤i≤Q from a uniform distribution in (−1, 1)3. We integrate the model (2.16) forward in

time, and save the solutions at times t1, . . . , tN , to obtain the data set:

U =



u0(t1) . . . u0(tj) . . . u0(tN)

... . . . ...

ui(t1) ui(tj) ui(tN)
... . . . ...

uQ(t1) . . . uQ(tj) . . . uQ(tN)


∈ RQ×T×3, where ui(tj) ≡ u(tj;Zi).

(2.20)

We then approximate the nonlinear mapping of an input (Z, t) to the response u(t) via our

PCNN architecture, u(t;Z) = PCNN(Z, t), matching a non-standard SC PC method defined
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as:

u(t) =
S∑
i=1

ai(t) Φ
i(Z, t), (2.21)

where the polynomial bases are constructed on four input dimensions, rather than three.

Two fifth-order polynomial representations will be constructed, one with a linear activation

functions, denoted PCNN5 (P )
ℓ , and one with Rectified Linear Unit (ReLU) activation func-

tions, PCNN5 (P )
Re . Each will feature a batching constant of h = 20. We additionally create

a traditional SC PC model of polynomial order 55 with Legendre bases, and a Monte-Carlo

method with 1,000 ensemble members.

Data-driven PCNN

Again, matching the construction in section 2.4.1, we construct a PCNN model that approx-

imates the stochastic dynamic of the system using only the direct state information u(ti)

obtained from direct observations of the system:

u(ti) = PCNN
(
u(ti−1)

)
. (2.22)

The goal is to build surrogate dynamics (2.22) that reproduces the probability distribution

of the output of the stochastic Lorenz system (2.16) .

To further emphasize this data-driven approach, we consider the case where direct access

to the system equations (2.16) is not available, but data is plentifully available. To this

end, we consider sampling not from a single node, but from multiple nodes within the input

space. To simulate this, we select 8,000 equidistant nodes within a bounded space [−5, 5]3,

a cubed space centered at 0. Each node considered an initialization ŵ, is then sampled 20
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times each creating a local set of collocation points, {wi}1≤i≤20 via eq. (2.17) with w̃ = 0.2.

Collecting all the samples, we result in Q = 16, 000 total number collocation points as our

initial dataset. These samples are then propagated to a final time T . This results in a large,

diverse dataset of samples, allowing for the model to generalize beyond the results of a single

node, and present some of the noise-robust qualities of modern nonlinear NN solvers.

We again construct two fifth order polynomial representations, one with a linear activa-

tion functions, denoted PCNN5 (DD)
ℓ , and one with Rectified Linear Unit (ReLU) activation

functions, PCNN5 (DD)
Re . Each will feature a batching of h = 20.

Evaluation Techniques

We use a final simulation time of T = 15, with each dataset entry ui (2.20) evaluated at 127

equidistant time points tj within the time span [0, 15]. Reiterating our initialization of the

system, we use the canonical values, ρ = 28, σ = 10, and β = 8/3, and set ~w = 0.2.

Traditional PC approximations generally perform poorly on the Lorenz system, so we gen-

erated a SC PC model of order of 55 from a Legredre basis to represent a middle ground

between achievable accuracy and computational efficiency. We compare the PCNN models

against this SC PC solution and a MC simulation with 1,000 members, both constructed

at the mean initial condition ŵ = [0.5, 0.5, 15]T . All models will use the same realizations

Z for the evaluation on node ŵ. Additionally, we again evaluate against a true solution

(~w = 0) for accuracy with an MSE loss metric and a Monte-Carlo reference simulation with

10,000 members used as a reference to compare statistical information such as the probability

density functions.
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2.5 Numerical Results

2.5.1 Variable Length Pendulum

PCNN parallel to traditional PC methodology

The PCNN(P ) models are trained on 75% of the displacement dataset and validated on the

remaining 25% of the data. After 20 epochs, the training and validation scores are reported

in table 2.1 using the MSE criterion, eq. (2.10).

Table 2.1: PCNN(P ) MSE error after training on the pendulum system.

Model Training Error Testing Error
PCNN3 (P )

Re 7.04964e-04 7.06151e-04
PCNN3 (P )

ℓ 3.10193e-01 3.09314e-01

The representative polynomial can be extracted from the PCNN3 (P )
ℓ through a symbolic

input, resulting in the condensed expression

θ(t) = (4.821 · 10−5) · t2 · ζ + 0.003503 · t2

− (2.648 · 10−5) · t · ζ2 + 0.007119 · t · ζ − 0.045 · t

+ 0.003074 · ζ3 + 0.04998 · ζ2 + 0.001892 · ζ + 0.04121

(2.23)

where θ(t) is the displacement at time t, and ζ is the uniform stochastic perturbation applied

to the length ℓ in eq. (2.11). Note that the term for t3 is not present, meaning our network

formulation can achieve sparsity in the formulation and result. Additionally, for a realization

θi(t), we use a fixed perturbation ζi, which would result in a polynomial approximation that

varies over a single dimension, t.

We compare the PCNN(P ) models against the deterministic result, represented in fig. 2.2 by
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using ζ = 0 as a fixed input and varying t.
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Figure 2.2: Comparison of a single run of the PCNN(P ) models against the deterministic
result for the pendulum system for ℓ = 1, θ0 = π/4. We see good results from the ReLU
based model (left), and poor results from the linear PCNN model (right)

We achieve disappointing results for the PCNN3 (P )
ℓ model, showing at most a very low

frequency, low amplitude oscillation. Contrasting this, the PCNN3 (P )
Re performs excellently

over the full time span, showing only a slow deviation from the deterministic result as time

progresses.

Comparing the PCNN3 (P ) models against the SC PC and MC with 1,000 members, table 2.2

reports the MSE losses as compared to the deterministic evaluation of ℓ = 1. The MC with

1,000 members and SC PC solutions are created via the same collocation points, with those

points being inputs to the PCNN(P ) models to generate an equivalent solution. Visually,

these results can be seen in fig. 2.3.

From the results, we qualitatively see that the PCNN3 (P )
ℓ model performs as well as the SC

PC and MC with 1,000 samples. This is also reflected in the MSE metric, where we see a

better error measurement than both the other reference models. We again see poor results

from the PCNN3 (P )
Re model though, showing similar results to the single realization of the
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Table 2.2: MSE Loss in approximation for all models, when compared to the deterministic
evaluation of the pendulum system.

Model MSE relative loss
Collocation PC 0.18299

Monte Carlo (1,000 runs) 0.18075
PCNN3 (P )

Re 0.17437
PCNN3 (P )

ℓ 0.31409
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(b) Stochastic Collocation PC, Order 3, Leg-
endre Polynomial Basis
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Figure 2.3: Comparisons of long term mean averaged performance of all models on the
pendulum dynamical system, θ0 = π/4, within the traditional PC mirroring construction.
The ReLU based PCNN (bottom left) displays comparable results to the two reference
models, while the linear PCNN (bottom right) results in a poor approximation.
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system.

Finally, we compare the PDFs at times t = {2, 7, 15}. This is done through binning sam-

ples based on their displacement θ(t), and interpolating through the midpoint of each bin,

resulting in figs. 2.4 to 2.6.
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Figure 2.4: Histogram distribution comparisons for all models (red) against Monte-Carlo
with 10,000 Members (blue) for time t = 2 on the pendulum system, θ0 = π/4. We see very
poor results from the linear PCNN model (bottom right), and comparable results from the
ReLU PCNN.

We again see poor performance within the figures from the PCNN3 (P )
ℓ model, and comparable

results from the PCNN3 (P )
Re model. Within fig. 2.4, we see the PCNN3 (P )

Re model deviating
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(a) Monte-Carlo, 1,000 Members
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Figure 2.5: Histogram distribution comparisons for all models (red) against Monte-Carlo
with 10,000 Members (blue) for time t = 7 for the pendulum system. The linear PCNN
model (lower right) remains distributed about 0, while the ReLU PCNN (lower left) displays
a more accurate PDF distribution.
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(a) Monte-Carlo, 1,000 Members
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Figure 2.6: Histogram distribution comparisons for all models (red) against Monte-Carlo
with 10,000 Members (blue) for final time T = 15, θ0 = π/4. At the final time, we see that
the PCNN(P )Re model (lower left) outperforms the SC PC model.
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for responses of θ > 0.75, and PCNN3 (P )
ℓ roughly distributed around θ = 0, rather than the

desired displacements probabilities expressed by the reference Monte-Carlo simulation with

10,000 members.

This trend is followed for the remaining selected times, where the rectified model matches

the other reference models with some deviation, and the linear PCNN(P ) model remains

roughly distributed about θ = 0.

The introduction of nonlinear activations, and thus the creation of piece-wise polynomials

from the construction of the PCNN(P ) models appears to greatly improve in the ability to

approximate this traditional PC comparable experimental set-up. The poor approximation

from the linear model is an interesting result, as one would expect approximately the same

performance as a traditional SC PC of similar order. This unexpected result could be

because of several factors. First, the formulation of the SC PC makes use of the underlying

dynamics, eq. (2.11), in that it has knowledge of the velocity and acceleration of the system

in the construction process. This additional information could be one cause for the difference

in model performance. Secondly, as neural networks are designed to generalize results over

a diverse dataset by limiting our construction to collocation points based on a single node,

we may experience detrimental results within the learning process.

We briefly experimented with hyper parameters, mainly the number of epochs allowed for

the model to converge. As the epochs were increased, we did see slight improvements on

the training set metrics, but the validation set performance decreased, meaning instead of

finding a better solution, we instead began to over-fit the data. This result could signify that

we indeed have too homogeneous of a dataset to achieve a proper approximation, or that we

have too simplistic a model for this problem. As when a linear activation is used within the

PCNN framework, eq. (2.7), the repeating structure introduced by h condenses to a similar

result as if h = 1 was used, we instead would have to look at modifying the polynomial order
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used to approximate the solution. While the changing of the model into one of a higher

order and reapproximating the model is a trivial task within the PCNN framework, doing

so would lose the direct comparison to a SC PC of similar order.

Data-Driven PCNN

The PCNN(DD) models are again trained on 75% of the displacement dataset and validated

on the remaining 25% of the data. After 5 epochs, the training and validation scores are

reported in table 2.3 using the MSE criterion eq. (2.10) and show a similar degree of accuracy

achieved between the two models. The representative polynomial for the PCNN3 (DD)
ℓ is

Table 2.3: PCNN(DD) MSE error after training on the pendulum system.

Model Training Error Testing Error
PCNN3 (DD)

Re 4.41617e-05 4.47869e-05
PCNN3 (DD)

ℓ 4.42283e-05 4.39829e-05

acquired through a symbolic input passed to the network,

θ(ti+1) ≈ 0.001255 · θ(ti)3 + 0.0006426 · θ(ti)2 + 0.9982 · θ(ti)− 1.361 · 10−6, (2.24)

representing the resolvent of the system, where θ(ti) is an initial displacement angle to

the pendulum, and θ(ti+1) the observed displacement after 1/256 of a second. The found

approximations result in great point-wise estimations of the true dynamics, showing almost

perfect reconstructions in figs. 2.7a and 2.7b.

Comparing to the more traditional UQ models, the PCNN(DD) models appear to perform

quite similarly in mean-averaged results; both models placing between the Monte Carlo with

1,000 ensemble members and collocation PC estimations in terms of the MSE in table 2.4.

Qualitatively, the results appear to be nearly identical, seen in fig. 2.8.
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Figure 2.7: Comparison of PCNN(DD) and the deterministic result for the pendulum system
for both models, ℓ = 1, θ0 = π/4 for the pendulum system.

Table 2.4: MSE Loss in approximation for all models, when compared to the deterministic
evaluation for the pendulum system.

Model MSE relative loss
Collocation PC 0.18299

Monte Carlo (1,000 runs) 0.18075
PCNN3 (DD)

Re 0.18094
PCNN3 (DD)

ℓ 0.18096
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(a) Monte Carlo Simulation with 1,000
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(b) Stochastic Collocation PC, Order 3, Leg-
endre Polynomial Basis
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Figure 2.8: Comparisons of long term mean averaged performance of all models on the
pendulum dynamical system within the data-driven construction, θ0 = π/4. Both PCNN
models (bottom) perform similarly to the Monte-Carlo with 1,000 members and SC PC
references.
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Finally, we compare the probability densities of the models at t = {2, 7, 15} to a Monte-Carlo

reference solution with 10,000 members in figs. 2.9 to 2.11. These densities are constructed

in the methodology described in section 2.5.1.
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Figure 2.9: Histogram distribution comparisons for all models (red) against Monte-Carlo
with 10,000 Members (blue) for time t = 2 for the pendulum system in the data-driven
construction. Both PCNN models perform well against the references.

For all time instances, we see quite comparable PCNN(DD) PDF approximations to the

reference MC 10,000 and MC 1,000 probability functions. The worst performance may

instead lie within the Stochastic Collocation, whereas time progresses, we see more over

prediction for θ < 0.6.
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(a) Monte-Carlo, 1,000 Members
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(b) Stochastic Collocation PC
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Figure 2.10: Histogram distribution comparisons for all models (red) against Monte-Carlo
with 10,000 Members (blue) for time t = 7 for the pendulum system in the data-driven
construction. Both PCNN models at this time step outperform the SC PC Model, shown as
the deviation at θ = −0.8 in the figures.
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(c) PCNN3 (DD)
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Figure 2.11: Histogram distribution comparisons for all models (red) against Monte-Carlo
with 10,000 Members (blue) for final time t = 15 for the pendulum system in the data-driven
construction. As with the t = 7 PDF, for the final time, the PCNN models again outperform
the SC PC model, with a much more noticeable difference.
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Within this construction of a data driven PCNN, the introduction of nonlinear ReLU ac-

tivations does little to help with model accuracy, with only a marginally smaller training

error and relative loss, showing similar qualitative results as well. Considering the restric-

tions imposed of working within a single random variable and without secondary knowledge

of the system, it is remarkable that the PCNN(DD) accuracy so readily matches its SC PC

counterpart and seems to slightly improve on the result on some evaluation metrics, such as

the final PDF distributions. Neural networks are traditionally thought to be poor estimators

of periodic data [110], so this result shows the validity of the PCNN(DD) scheme proposed.

Contrasting to the results in section 2.5.1, the increased performance within this testing

construction may be a result of the repetition in data. While the PCNN(P ) models primarily

made use of the time t to construct the model approximation, we instead us θ values. As

we are working with periodic data, this means that after one wavelength we are seeing the

same data again, leading to potentially less information that the model must approximate.

2.5.2 Effect of Polynomial Order on Convergence

Finally, we briefly compare the performance of the PCNN over a range of different polynomial

orders. We create an optimally convergent SC PC solution using Legendre polynomials, a

sub-optimal SC PC using Jacobi Polynomials, and a PCNN3 (P )
Re model for each of polynomial

orders chosen. Fifty realizations of the random variable zeta are chosen, and a mean absolute

error metric is taken. The results can be seen in fig. 2.12.

We see a consistent performance from the PCNN across all maximal orders, with the SC

PC models converging to the same relative accuracy as the maximum polynomial degree

increases. As the PCNN model has more averaged results over nearby polynomial orders,

it may suggest that an optimal polynomial can be found with less exploration of the space,
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Figure 2.12: Comparison of the PCNN3 (P )
Re construction framework (black) against an opti-

mal SC PC construction with a Legendre polynomial basis (red) and a sub-optimal SC PC
construction with Jacobi Polynomials (blue), on the variable-length pendulum (2.11) across
multiple polynomial orders.
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and thus less models built and rebuilt, allowing for a computational edge over traditional

PC.

2.5.3 Lorenz 1963 System

PCNN parallel to traditional PC methodology

The PCNN(P ) models are trained and validated on a 75%-25% splitting of the data. After 300

epochs, the training and validation scores are reported in table 2.1 using the MSE criterion

eq. (2.10).

Table 2.5: PCNN(P ) MSE Error after training on the Lorenz system.

Model Training Error Testing Error
PCNN5 (P )

Re 38.283063 40.829372
PCNN5 (P )

ℓ 68.597515 68.181396

We begin by comparing the mean solution of the collocation points on the full time span,

[0, 15] in figs. 2.13 to 2.15. Within all directions, both the SC PC and Monte-Carlo with

1,000 members perform similarly, with well-matched dynamics for t ≤ 3, and then resulting

in dampened for the remainder of the timespan. The PCNN5 (P )
Re model does appear to

improve on the approximation slightly, matching the dynamics much closer to t ≤ 5. The

PCNN5 (P )
ℓ model shows poor results though, much like its counterpart in section 2.5.1.

We next examine the resulting PDF information attained by the models. Q = 1000 samples

are taken at node ŵ = [0.5, 0.5, 15.0]T , and propagated to the final time, T = 15 within

all models. Additionally, a MC simulation with 10,000 members sampled from the same

node is generated, as a reference solution for our PDF approximations. Probability density

functions are evaluated at times t = {2, 7.5, 15}, resulting in figs. 2.16 to 2.18.

At time t = 2, the Monte-Carlo with 1,000 members, SC PC and PCNN5 (P )
Re perform well
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Figure 2.13: Comparison of sample mean dynamics within the X direction time for all models,
ŵ = [0.5, 0.5, 15]T for the Lorenz system, in the mirroring PCNN construction framework.
We see that the ReLU based PCNN matches the dynamics longer than the traditional models.
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Figure 2.14: Comparison of sample mean dynamics within the Y direction time for all models,
ŵ = [0.5, 0.5, 15]T for the Lorenz system, in the mirroring PCNN construction framework.
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Figure 2.15: Comparison of sample mean dynamics within the Z direction time for all models,
ŵ = [0.5, 0.5, 15]T for the Lorenz system, in the mirroring PCNN construction framework.
We see the ReLU PCNN (lower left) matches the dynamics longer that both references (top),
but the MC with 1,000 members performs better in the average.
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compared to the MC with 10,000-member reference distribution, while the PCNN5 (P )
ℓ models

poorly, and continues to show these poor results across all time instances evaluated. At time

t = 7.5, while the PCNN5 (P )
Re model is no longer as accurate as the MC simulation with

1,000 members. Within the X and Y directions the PCNN5 (P )
Re model outperforms the SC

PC model, more closely matching the reference PDF generated from the MC simulation

with 10,000 members. We finally move to time t = 15, where we see the same trend; the

PCNN5 (P )
Re model falling between the PDF approximations for the MC with 1,000 members

and the SC PC model in terms of performance.

Finally, we will compare the long-term stability of the dynamics for each model. The ap-

proximations from the SC PC and PCNN(P ) models at the final time t = 15 are plotted

against the reference, the Monte-Carlo with 1,000 members, generating a cloud of points

representing the final distribution of the models. We look at these point cloud distributions

in fig. 2.19. We see the PCNN5, (P )
ℓ model underperform, and qualitatively, the Galerkin en-

semble and the PCNN5, (P )
Re perform similarly, with the PCNN5, (P )

ℓ model featuring a slightly

less elongated solution than the Galerkin ensemble.

Data-Driven PCNN

Unlike the data driven PCNN implemented for the pendulum system, the inclusion of ad-

ditional non-linearity via an activation function does appear to present additional benefits

to the system. While the PCNN5 (DD)
Re model converges in roughly 10 epochs, it takes the

linear model, PCNN5 (DD)
ℓ roughly 25 epochs to achieve a similar testing error and qualita-

tive result. The models are trained and validated again on a 75-25 split of the total dataset,

where the input is the current location ut and the output is the next observed location, ut+1

as described in section 2.4.2. The resulting MSE errors are reported in table 2.6.
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(a) PDFs at time t = 2, for the Monte-Carlo with 1,000 members model
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(b) PDFs at time t = 2, for the Stochastic Colocation PC model, order 55, Legendre polynomial
basis

-20 0 20
X

0

0.1

0.2

0.3

0.4

P
D

F

-25 0 25
Y

0

0.1

0.2

0.3

0.4

P
D

F

0 25 50
Z

0

0.1

0.2

0.3

0.4

0.5

0.6

P
D

F

(c) PDFs at time t = 2, for the ReLU-based PCNN(P )
Re model
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(d) PDFs at time t = 2, for the Linear PCNN(P )
ℓ model

Figure 2.16: Comparison of PDF plots of the Lorenz system, by model (down) and dimension
(across), for t = 2, within the traditional PC paralleling PCNN construction. The ReLU
PCNN (c) outperforms the gPC reference model at this time.



2.5. NUMERICAL RESULTS 47

-20 0 20
X

0

0.05

0.1

0.15

P
D

F

-25 0 25
Y

0

0.02

0.04

0.06

0.08

0.1

P
D

F

0 25 50
Z

0

0.05

0.1

0.15

P
D

F

(a) PDFs at time t = 7.5, for the Monte-Carlo with 1,000 members model
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(b) PDFs at time t = 7.5, for the Stochastic Colocation PC model, order 55, Legendre polynomial
basis
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(c) PDFs at time t = 7.5, for the ReLU-based PCNN(P )
Re model
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(d) PDFs at time t = 7.5, for the Linear PCNN(P )
ℓ model

Figure 2.17: Comparison of PDF plots of the Lorenz system, by model (down) and dimension
(across), for t = 7.5, within the traditional PC paralleling PCNN construction. In all but
the Z direction, the ReLU PCNN performs better than the traditional SC PC counterpart.
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(a) PDFs at time t = 15, for the Monte-Carlo with 1,000 members model
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(b) PDFs at time t = 15, for the Stochastic Colocation PC model, order 55, Legendre polynomial
basis
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(c) PDFs at time t = 15, for the ReLU-based PCNN(P )
Re model
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(d) PDFs at time t = 15, for the Linear PCNN(P )
ℓ model

Figure 2.18: Comparison of PDF plots of the Lorenz system, by model (down) and dimension
(across), for t = 15, within the traditional PC paralleling PCNN construction.
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Figure 2.19: Dynamics of Galerkin and PCNN(P ) models (blue) Versus the Deterministic
Results (red) at t = 15 for the Lorenz system.

Table 2.6: PCNN(DD) MSE Error after training on the Lorenz system.

Model Training Error Testing Error
PCNN5 (DD)

Re 3.12047e-03 6.99138e-04
PCNN5 (DD)

ℓ 0.38243 8.57936e-04
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For comparative results between the different model types, the node u0 = [0.5, 0.5, 15.0]

is chosen. The node is sampled Q = 1000 times, with the collocation points being used

to generate a Monte-Carlo simulation and a collocation PC model. Figures 2.20 to 2.22

represent the change in a spatial variable over time, comparing the traditional PC, Monte-

Carlo, and PCNN(DD) models to the deterministic realization at the test point. We see a vast

improvement over both UQ techniques in maintaining the dynamics of the system over time,

with the PCNN5 (DD)
ℓ model appearing to match the dynamics the best over the timespan.

Additionally, the probability density functions of the collocation points at times t = {2, 7.5, 15}

are compared within figs. 2.23 to 2.25. Each row features the distributions within the X, Y,

and Z dimensions for a model. These PDFs are compared against a Monte-Carlo simulation

with 10,000 members, featured as the red reference lines. For the traditional models, we see

good performance within the MC model with 1,000 ensemble members, and poor behavior

from the Stochastic Collocation PC. The proposed PCNN(DD) models feature results much

closer to that of the Monte-Carlo with 1,000 members, showing that the proposed PCNN(DD)

framework can outperform traditional collocation PC in some highly nonlinear settings.

Finally, we will show the long-term comparison between the PCNN(DD) and SC PC models.

An artificial Galerkin-ensemble is created from the initial Q = 1000 collocation points used to

generate the SC PC and Monte-Carlo models. The PCNN(DD) models are given the initial

observed points of this ensemble as well. The models are then propagated to final time

T = 15, and visually compared to the Monte-Carlo ensemble solution with the same 1,000

members, which can be taken as the reference solution for the system. We see in fig. 2.26c,

that the Galerkin model performs poorly, resulting in an elongated ovoid of points rather

than the characteristic butterfly shape. The PCNN(DD) models (figs. 2.26a and 2.26b) in a

stark contrast maintain the shape of the system, seeing only small perturbations from the

reference system.
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Figure 2.20: Comparison of sample averaged dynamics within the X direction time for all
models, ŵ = [0.5, 0.5, 15]T for the Lorenz system in the data-driven framework. We see
greatly improved results in both PCNN(DD) models.
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(a) Monte Carlo, 1,000 Samples
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Figure 2.21: Comparison of sample averaged dynamics within the Y direction time for all
models, ŵ = [0.5, 0.5, 15]T for the Lorenz system in the data-driven framework.
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Figure 2.22: Comparison of sample averaged dynamics within the Z direction time for
all models, ŵ = [0.5, 0.5, 15]T for the Lorenz system in the data-driven framework. the
PCNN(DD) models greatly improve the SC PC and MC with 1,000 member results.
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(a) PDFs at time t = 2, for the Monte-Carlo with 1,000 members model
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(b) PDFs at time t = 2, for the Stochastic Colocation PC model, order 55, Legendre polynomial
basis
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(c) PDFs at time t = 2, for the ReLU-based PCNN(DD)
Re model
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(d) PDFs at time t = 2, for the Linear PCNN(DD)
ℓ model

Figure 2.23: Comparison of PDF plots of the Lorenz system, by model (down) and dimension
(across), for t = 2, within the data driven PCNN construction. Both PCNN(DD) models
outperform the SC PC model.
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(a) PDFs at time t = 7.5, for the Monte-Carlo with 1,000 members model
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(b) PDFs at time t = 7.5, for the Stochastic Colocation PC model, order 55, Legendre polynomial
basis
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(c) PDFs at time t = 7.5, for the ReLU-based PCNN(DD)
Re model
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(d) PDFs at time t = 7.5, for the Linear PCNN(DD)
ℓ model

Figure 2.24: Comparison of PDF plots of the Lorenz system, by model (down) and dimension
(across), for t = 7.5, within the data driven PCNN construction.
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(a) PDFs at time t = 15, for the Monte-Carlo with 1,000 members model
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(b) PDFs at time t = 15, for the Stochastic Colocation PC model, order 55, Legendre polynomial
basis
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(c) PDFs at time t = 15, for the ReLU-based PCNN(DD)
Re model
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(d) PDFs at time t = 15, for the Linear PCNN(DD)
ℓ model

Figure 2.25: Comparison of PDF plots of the Lorenz system, by model (down) and dimension
(across), for t = 7.5, within the data driven PCNN construction. At this final simulation
time, we still see results much closer to the MC with 1,000 member reference from the
PCNN(DD) models, greatly improving on the traditional SC PC technique.
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Figure 2.26: Dynamics of Galerkin and PCNN(DD) models (blue) Versus the Deterministic
Results (red) at t = 15 seconds for the Lorenz system.
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2.6 Discussion

We have presented a data-driven approach towards deriving polynomial chaos expansions

using only primary observable information about a system. Our approach takes advantage

of the structural form of neural networks to build full term polynomials of arbitrary order.

This structure focuses on efficient PC construction without the assumption of an orthogonal

basis, or any basis set at all. This is in stark contrast to both related work in ML based PC,

and traditional PC work where an orthogonal basis is enforced to match a stochastic dis-

tribution and improve convergence. Additionally, we continue the trend within data-driven

PC approaches of estimating the observed relationship without any significant knowledge of

the true system, allowing for polynomial chaos techniques to be applied to a wider range of

examples where knowledge of the underlying dynamics is limited or missing but observations

and responses are plentiful.

We test the PCNN framework on two problems, a pendulum with a uniformly random length,

and the Lorenz 1963 system with uniformly perturbed inputs. For both test problems we

model the system in a both a way that parallels traditional PC constructions, and in a

purely data driven setting. On the pendulum system, for the paralleling construction, we

see good results from the piecewise model created via ReLU activations, but poor results

from the linear activation model. Within the data driven setting, the PCNN models share

similar results to both the Monte-Carlo and stochastic collocation PC approach showing that

our model can converge to a similar solution as traditional techniques given only limited

knowledge of the dynamics. Within the paralleling construction of the Lorenz problem, we

see poor results from the linear activation model and from the modeling featuring piecewise

activations we slightly improve on the results of the SC PC equivalent, but fall short of the

Monte-Carlo references. Finally, within the data driven setting we see a great degree of

improvement over the PC reference model, converging to an accurate approximation with
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only a fifth order polynomial compared to the SC PC model still not presenting accurate

long-term dynamics with a 55-order solution.

Limitations of this method primarily come from the data-hungry nature of machine learning

and neural networks. To achieve a high degree of accuracy sometimes many observations,

often from several different nodes, are needed before proper convergence starts to emerge.

While this can help towards the generalizability of the model, in practice, this repeated

sampling can be expensive within a true setting. With a basis-agnostic model now shown to

have some validity though, it may be possible to reduce the reliance on data while maintaining

a similar accuracy by imposing a basis transformation onto the data, as to again match the

orthogonal properties that allow gPC methods their rapid convergence.

Additionally, issues with interpretability may arise with this methodology. While with a

linear activation function, a symbolic representation of the system condenses down into a

presentable form, if a piece-wise approach is taken with nonlinear activations, the number

of unique terms grows significantly larger. It may be beneficial to explore some sparsity

enforcing scheme applied to the model so that insignificant terms can be dropped, leading

to a more compact form and reduced error within the approximations.



Chapter 3

Nonlinear ODE Order Reduction

Through a Physics-Informed

Convolutional Autoencoder Schema

Rachel Cooper, Andrey A. Popov, Adrian Sandu

3.1 Abstract

Mathematical models of real-world processes can often feature complex relations between

variables or a huge dimensional order, making efficient numerical computation infeasible.

Reduced order modeling (ROM) is a field of techniques designed to reduce this complexity

by reducing the number of parameters needed to simulate the system while still maintaining

maximal accuracy. The process of projecting these higher order spaces into lowers ones

are often modeled by linear systems, such as Galerkin-based ROMs. We instead propose a

method towards this projection process via neural network (NN) autoencoders (AE). While

AE systems have been investigated towards nonlinear ROM, often the black-box nature of

the systems result in less-than-optimal training processes. We present a method towards

increasing the physical consistency of these AE models via a physics-informed (PI) loss

function. We test the PI autoencoder on a quasi-geostrophic model, resulting in better

60
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reconstructions in smaller orders compared to traditional methods, and the potential for

faster training of the model while compared to ordinary AE models.

3.2 Introduction

Reduced order modeling (ROM) is a numerical technique to reduce the computational com-

plexity needed to solve a physical model. These methods seek to construct an approximate

model that reduces the total dimensionality of a given system while both achieving a low

approximation error and sufficiently capturing the dynamics of the system with the goal of

more efficient computations. Traditional projection-based ROMs have seen success specifi-

cally within computational fluid dynamics [41, 66, 68, 93], and within in a wide variety of

both linear and nonlinear dynamical systems [11, 40, 78].

While projection-based ROMs have demonstrated success in many applications, depending

on the discretization and sampling of observations of the model, the ROM can still fail to

capture the dynamics of the underlying system [19, 69], leading to the development of closure

models, which add some correction to the ROM to achieve better accuracy in these under-

resolved situations [21, 39, 58] at the cost of some computational performance and additional

resources.

Because of this failure to generalize and capture dynamics in certain systems, and with the

increased interest in machine learning (ML), ML-ROM techniques are now being explored.

Machine learning, and particularly neural networks (NN) are often recognized for their ability

to generalize on complex nonlinear manifolds [29, 38, 51], and extract patterns of information

from a given dataset. Applied to ROMs, ML can assist the creation and accuracy in two

separate ways, ML assisted closure modeling [79, 86], and ML based ROM schemes [30, 31].
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Of particular interest are Physics-Informed [55, 80] or Science-Guided [43] ML models, which

utilize the generalization of NNs while augmenting the training process to maintain physical

accuracy of the model. Both inside reduced order modeling [30, 31, 46, 85, 99] and outside

the field [18, 34, 42, 45, 83, 108], these physics-informed ML models have shown great promise

in increasing the accuracy of the learned model and do so without adversely affecting the

training or evaluation process.

The application of physics-informed (PI) ML ROM schemes branches the fields of ROM

and data assimilation, where both theory and observations are used to estimate the model

more accurately. This opens ROM into many new applications traditionally covered by data

assimilation, [8, 75, 76, 92]. While data assimilation typically attempts to efficiently combine

theory and data within the full space, the introduction of these physics-informed, non-linear

ML-ROM schemes can potentially increase performance by allowing for these operations to

be conducted within a reduced space instead. Within this paper, we introduce a first step

towards the development of a PI ROM framework, the creation of a model reduction scheme

that attempts to preserve as much information of the system using a physics-informed loss

function in the training process.

Previous work featuring PI loss functions, [44, 67, 81, 106], attempt to match secondary sys-

tem information attained analytically from the ML model and its outputs. This secondary

information, such as model derivatives and dynamical information of the model outputs, is

obtained via Automatic Differentiation (AD) techniques. AD is a tool frequently used within

ML, allowing the efficient computation of derivative information from the highly nonlinear,

variable structures that compose modern ML frameworks. This analytically computed infor-

mation is then matched to the true information, guiding the training of the network towards

preserving the desired physical quantities, rather than just fitting the simple mapping for

the inputs and outputs. We will continue this trend of matching dynamical information from
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derivatives attained through the training process.

The remainder of the paper will be organized as follows: We begin with the methodology be-

hind the construction of projection-based ROMs in section 3.3.1, then contrast this with the

construction of our physics-informed nonlinear autoencoder approach in section 3.3.2 specif-

ically highlighting the training criterion. We then transition into the experimental setup,

detailing our test problem, the quasi-geostrophic equations within section 3.4.1. Section 3.4.2

formalizes the ROM scheme used as a reference for the AE models, with section 3.4.3 de-

tailing the construction of our AE models, where we attempt to maximize the nonlinear

transformation through splitting the process into several reduction phases and feature as

small of a linear component as possible. We then discuss the evaluation techniques in sec-

tion 3.4.4, where we will compare the models both on the accuracy of the reconstruction,

and on how those errors accumulate by propagating the ROMs via a Runge-Kutta process.

Within our results in section 3.5, we find that the autoencoder models perform better than

traditional ROM solutions for lower orders, and that the addition of the physics-informed

training may have potential towards reducing the computational time needed to train the

model. Finally, within the discussion section 3.6, we discuss some of the performance is-

sues that still plague autoencoder ROM solutions in general and propose further research

directions based on the results found in this paper.
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3.3 Methodology

3.3.1 Traditional Projection-Based ROM Schemes

Consider a physically accurate, but computationally expensive full order model:

d

dt
x(t) = f(x(t)), t ≥ t0, x ∈ RR. (3.1)

For example, (3.1) is obtained by the semi-discretization in space of a system of partial

differential equations. The state-space of the model it typically very large, R � 1.

Reduced order models seek to capture the most important dynamical aspects of a full order

model (3.1) at a fraction of the computational cost. The traditional approach to constructing

ROMs is to project the full order model dynamics (3.1) onto a suitably chosen reduced-order

linear subspace [66]. We discuss the common construction method via Galerkin projections;

different Galerkin-ROM approaches differ in their selection of the reduced order subspace

[33, 40, 74, 78]. In this work we select the reduced order subspace by proper orthogonal

decomposition (POD) [65, 84]. The process begins by running a full order model simulation

(3.1), and collecting snapshots over N time frames (i.e., saving the full order state at N

different time points along the trajectory):

X =

[
x1 x2 · · · xN

]
∈ RR×N where xi = x(ti), ti > tj for i > j. (3.2)

The snapshot data X is used to construct the covariance matrix

x =
1

N

N∑
i=1

xi, C =
1

N − 1

(
X − x 1TN×1

)T (X − x 1TN×1

)
∈ RN×N ,

where 1N×1 ∈ RN is a column vector of ones. The eigen-decomposition Cφi = λi φi provides
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the eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λN , and the corresponding orthonormal eigenvectors

{φ1, φ2, . . . , φN}. The reduced order subspace is chosen to be the space spanned by the

r dominant eigenvectors (corresponding to the r largest eigenvalues), span{φ1, φ2, . . . , φr},

where r � R. This data-driven construction of basis contrasts with the traditional Galerkin

approach, which is universal and not dependent on the problem itself.

Consider the projection matrix with columns given by the basis vectors:

φ =

[
φ1, φ2, . . . , φr

]
∈ RR×r, φT ·φ = Ir×r,

with I the identity matrix. The reduced basis is used to approximate solution vectors x in

the full order space by reduced order vector of coefficients z via the orthogonal projection:

RR 3 x(t) ⇔ z(t) = φT · x(t) ∈ Rr, x(t) ≈ x̃(t) = φφT · x(t) = φ · z(t) =
r∑
j=1

zj(t)φj ∈ RR,

(3.3)

where x̃ is the approximation of x in the reduced r-order subspace. The ROM dynamics

that govern the evolution of the time dependent coefficients zj(t) is obtained by a Galerkin

projection of the full order model dynamics (3.1) onto the reduced space:

d

dt
x̃(t) = φT · f(x̃(t)) ⇔ d

dt
zj(t) = φTj · f

(∑r
j=1 zj(t)φj

)
, j = 1, . . . , r. (3.4)

3.3.2 The Physics-Informed Autoencoder

ML-ROM basis reduction can be accomplished in several different ways [30, 31, 64], but we

will focus on achieving this through an autoencoder (AE) framework. Autoencoders are NN-

based ML techniques to efficiently learn reduced dimensional approximations of the input
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data by using both nonlinear reduction (encoding) and reconstruction (decoding) operations

[49]. Unlike POD-ROMs, which project spatial data into a spectral space, AE-ROMs directly

encode the spatial snapshots within the generated architecture.

Our physics-informed autoencoder approach is based on a philosophy similar to the POD-

Galerkin ROM approach. However, instead of constructing a small dimensional linear sub-

space and using linear projection operators in and out of this subspace (3.3), we now employ

a nonlinear reduction onto a small dimensional nonlinear manifold, and a nonlinear recon-

struction out of this manifold. The nonlinear encoding and reconstruction operators are

implemented by an autoencoder.

Much like in the POD-Galerkin ROM (POD-ROM) approach, we start with snapshots (3.2)

of the full order model solutions x(t) ∈ RR. Each of the snapshots are reduced onto the

small dimensional manifold via the encoder, to obtain reduced size snapshots z(t) ∈ Rr.

Each snapshot is then decoded to obtain a reconstruction x̃(t) ∈ RR of the original data.

Figure 3.1 presents a schematic of this autoencoder approach.

x(t)
original

full order
state

ϕ
(encoder)

z(t)
reduced
order
state

ψ
(decoder)

x̃(t)
reconstructed

full order
state

Figure 3.1: A simple autoencoder representation

We denote the nonlinear encoding mapping by ϕ(·), and the nonlinear decoding mapping by
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ψ(·):

ϕ : RR → Rr, ψ : Rr → RR. (3.5)

We assume that the autoencoder component functions (3.5) are (at least) once continuously

differentiable.

For one snapshot x(t) ∈ RR of the full order model state we have:

z(t) = ϕ
(
x(t)

)
∈ Rr, x̃(t) = ψ

(
z(t)

)
= ψ

(
ϕ
(
x(t)

))
∈ RR, (3.6)

where z(t) is the reduced order representation of x(t), and x̃(t) ≈ x(t) is the full-order space

reconstruction. The nonlinear ROM dynamics that govern the evolution of z(t) is obtained

by a projection of the full order model dynamics (3.1) onto the reduced space:

d

dt
z(t) = ϕx

(
x(t)

) d
dt

x(t) = ϕx
(
x(t)

)
f
(
x(t)

)
, (3.7a)

where ϕx(·) is the Jacobian evaluation of the encoder function. This is commonly approxi-

mated by substituting the exact state with the reconstruction,

d

dt
z(t) ≈ ϕx

(
x̃(t)

)
f
(
x̃(t)

)
= ϕx

(
ψ(z(t))

)
f
(
ψ(z(t))

)
. (3.7b)

A traditional autoencoder learns the nonlinear mappings to the reduced order space and back

into the full space using only full-order model state-space data. Without any knowledge of

the underlying physics of the governing dynamics (3.1), training may lead to reconstructions

that break physical consistencies, or may display local accuracy but have poor generalization

performance when the ROM is used to propagate a reduced order solution through time.
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We propose imposing the physical information of the governing equations (3.1) via a physics

informed loss (PI-loss) function. For each snapshot x(t) ∈ X we seek to minimize both the

state reconstruction by the ROM autoencoder:

min
ϕ,ψ

‖x̃(t)− x(t)‖22 = min
ϕ,ψ

‖ψ(ϕ(x(t)))− x(t)‖22 , (3.8)

as well as the error incurred by the reduced order approximation of the governing dynamics

(3.7). We take the (practical) approach to penalize the mismatch between the full order and

the reduced order dynamics in the full order space, specifically:

min
ϕ,ψ

∥∥∥∥ ddt x̃(t)− d

dt
x(t)

∥∥∥∥2

2

= min
ϕ,ψ

∥∥∥∥ ddtψ(ϕ(x(t)))− f
(
x(t)

)∥∥∥∥2

2

, (3.9a)

where ‖·‖22 is the squared L2 norm. The time derivative of the reconstruction x̃ is represented

using the components of our autoencoder as follows:

d

dt
x̃(t) = d

dt
ψ
(
ϕ(x(t))

)
= ψz

(
ϕ(x(t))

)
ϕx

(
x(t)

)
f
(
x(t)

)
= ψz

(
z(t)

)
ϕx

(
x(t)

)
f
(
x(t)

)
, (3.9b)

where ψz (·) is the Jacobian of the decoder function, and ϕx(·) the Jacobian of the encoder

function, as discussed above. The computation of the right-hand side in (3.9b) involves

matrix-vector products between the Jacobians of the nonlinear functions that compose the

autoencoder and the right-hand side of the input.

In this work we opt to use the true snapshots and dynamics within the minimization (3.9a),

rather than the approximation (3.7b) based on reconstruction:

min
ϕ,ψ

∥∥ψz
(
z(t)

)
ϕx

(
x̃(t)

)
f
(
x̃(t)

)
− f

(
x̃(t)

)∥∥
2
,

for two reasons. First, the computational cost of training would considerably increase by
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implementing the approximate right hand side evaluations. The proposed minimization of

the dynamics error (3.9a) only requires the full order right hand side to be evaluated once,

before training, at the full order solution snapshots. When reconstructed snapshots x̃(t) are

used, then at every step of the training process the right-hand side of the full order dynamics

will have to be recomputed. Second, we wish to minimize the error in the projected dynamics;

by constructing the penalty based on the true dynamics rather than the reconstructed one

we guarantee that the learning model is correctly selecting relevant features present in the

true data, rather than inferring these features from possibly incorrect reconstructions.

While obtaining the full Jacobians ψz (·) and ϕx(·) directly is a computationally costly task,

modern automatic differentiation packages included in popular NN frameworks such as Ten-

sorFlow [1] and PyTorch [73] can compute vector-Jacobian and Jacobian-vector products of

these complex non-linear mappings without the need to build the full Jacobian [59]. This

efficient process makes it feasible to use these physics informed metrics (3.9) in the loss

function, while keeping the computational costs reasonable within the training process.

With our minimization criteria expressed in terms of model computations, we arrive at the

proposed PI-loss function used to train our AE-ROM:

L =
N∑
i=1

[
‖x̃i − xi‖22 + λ ‖ψz (zi) ϕx(xi) f (xi)− f(xi)‖22

]
. (3.10)

The regularization constant λ controls the importance placed on the minimization of the

physical dynamics of the reconstruction. Within this work, we use a regularization of λ =

10−4, making the matching of the dynamics a weak physical constraint in the training process

as to not fully disrupt the natural training process of the AE-ROM. Related work [9, 50, 72]

makes similar use of PI-loss AE-ROMs. These PI-losses seek to guide the selection of non-

linear basis transformations to maintain the relevant physical quantities when propagated
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though the reduced order model [9], or through an iterative method such as Newton’s method

[50].

3.4 Experimental Setup

3.4.1 The physical model

We evaluate the performance of our proposed Physics-Informed Autoencoder ROM (PI-AE-

ROM) model on the single-layer two-dimensional quasi-geostrophic equations (QGE) [23].

The QGE describe the motion of rotating flows seen in the interactions between oceanic and

atmospheric circulations and is a frequent test problem within fluid flow ROM [33, 65, 86].

The streamfunction mathematical representation of the QGE is:

δω

δt
+ J(ω, φ)−Ro−1 δφ

δx
= Re−1∆ω +Ro−1F,

ω(t, x, y) = −∆φ(t, x, y),

(3.11)

where φ and ω are the streamfunction and vorticity of the system defined over time in the

x and y directions, respectively, Re is the Reynolds number, Ro the Rossby number, and

F an external forcing to the system. We use Re = 450, Ro = 0.0036, and the symmetric

double gyre forcing F = sin(π(y− 1)) [65, 84]. A time discretization of one day representing

a change in model time of ∆t = 0.0109 is used. The initial condition used within the

evaluations is known as a representative model state; generated by running a model with

zero initial conditions for roughly 1,000 days or until time t = 10, when the solution becomes

stable.

We further discretize QGE over a spatial grid resolution of 127 equidistant samplings in

the x-direction, and 63 samples within the y-direction via a second order finite difference
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scheme, where the non-linear term is approximated by an Arakawa approximation. Thus,

each snapshot in time is a field x(t) ∈ R127×63, resulting in a total full-space data size of

R = 8001. This high order full space makes this QGE discretization a prime candidate for

ROM applications.

Two snapshot datasets are generated from trajectories of the full order system. From the

initial condition of the system, a primary training dataset is made on a timescale of six

months, with a total of N = 2001 samples of the QGE system representing the timeframe.

The resulting snapshot dataset are thus within R8001×2001. The models are both trained and

validated on this dataset, and analysis will be conducted to judge the validity of the models

in reducing physical inconsistencies in a generalized sense.

We compare the PI-AE-ROM against two reference reduced order models. To assess per-

formance against traditional ROM schemes, a classical POD-ROM model is constructed via

the methodology discussed in Section 3.3.1. To assess the benefits of introducing physical

information in the loss function (3.9a) we compare the PI-AE-ROM scheme against an AE-

ROM of similar construction, but where the loss function is based solely on the state-space

data (3.8). We summarize the construction of these different ROMs below.

3.4.2 Classical POD-ROM model

The construction of the POD-ROM model used as a reference within this work is obtained

through the Computational Science Laboratory’s implementation within the MATLAB pack-

age, ODE Test Problems [82]. The basis vectors used to project the full space data into the

reduced order space are obtained through the scheme discussed in section 3.3.1. Further-

more, a reduced order representation of the QGE dynamics is created through a Galerkin

projection of the state variables ω and φ onto the reduced space as well via eq. (3.3). The
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quadratic reduced order system is defined as:

d

dt
z = b + A z + zT B z, (3.12)

where b, A, and B represent the constant, linear, and quadratic terms, respectively [98]. The

reduced dimensional order r is selected via the number of dominant eigenvectors φ chosen

in the construction and projection process within section 3.3.1.

3.4.3 AE-ROM models

The QGE state space (3.11) consists of 2D fields where entries are locally related to each

other; for this reason, a convolutional neural network (CNN) structure is used as the AE con-

struction framework. The AE is built within four mirrored phases: a dimensional-shrinking

phase, a channel-shrinking phase, then (in the mirror) a channel-growth phase and finally

a dimensional-growth phase. Within dimensional phases, the number of channels changes

in an inverse relationship to the dimensionality, so that if the order is being reduced, the

number of channels are being expanded to compensate. For the channel phases, the order

of a single channel is kept constant, while the number of channels is expanded or reduced.

This allows for a rough reduction of the model, with the specific order of the reduced order

space being determined with a linear layer transformation between the channel phases. The

encoder portion of this framework is illustrated in Figure 3.2.

The purpose of this scheme is to adequately capture the characteristics of the full-order

data. Firstly, in the dimensional-scaling phases, the two-dimensional snapshots are non-

linearly transformed into a three-dimensional space of equal total order by increasing the

number of channels to compensate for the reduction in the initial field’s dimensional size,

allowing for minimal information loss during much of the dimensionality reduction. Secondly,
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Input
Field
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Channel Reduction
Phase

Reduced Order
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Figure 3.2: Illustration of the encoder section of the AE framework. From left to right: the
input within our full space, the dimension reduction phase where the size of an individual
channel is reduced and the total number of channels increased, the channel reduction phase
where now the dimensionality of channels is fixed and the total number of channels are
reduced, and the encoded information which is attained through a linear transformation of
the final output of the channel reduction phase.

the channel-scaling phases allow us to then conduct the “true” reduction of the system in a

nonlinear 2D relationship. Convolutional layers are used to achieve a rough order reduction

by fixing the dimensionality of each channel and reducing the number of channels from layer

to layer. Because of the nature of our proposed loss function and the QGE system dynamics

themselves, trying to capture most of the dimensionality reduction within the 2D structure of

convolutional layers is ideal to further enhance the found relationships within the functions

right hand side we wish to capture. Finally, with the majority of the model reduction

captured within the convolutional space, we fine-tune the reduced order via a simple linear

mapping with an affine layer of controllable size. The size of this layer represents the reduced

order representation of the model, e.g., if the layer is specified to have 10 neurons, the reduced

order representation with be of order r = 10.

The construction of the nonlinear operators that project the QGE snapshots into the reduced

order space and back into the full space needs to be complemented by the reduced order

dynamical representation of the QGE. As the construction of an optimal reduced order

dynamical representation is not the focus of this work, in the numerical experiments we use
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the reduced order dynamics given by eq. (3.7).

Training with two different loss functions

We consider two AE-based ROMs. The first one, named PI-AE-ROM, is trained using

PI-guided loss function (3.10). The second one, named the MSE-AE-ROM, has the same

architecture but does not include the physics term in the loss function to constrain the AE.

The second model is trained using a classical data-only mean squared error (MSE) loss:

MSE(~X) =
1

N

N∑
i=1

(xi − x̃i)2 . (3.13)

Both AE models are built within the PyTorch framework [73], using the ADAM optimizer

[47], and ELU activations [28] used between convolutional layers. To compare the training

performance of both AE models, both the PI-loss (3.10), and the MSE loss metrics will be

reported at every tenth epoch.

3.4.4 Evaluation Techniques

All three models will be tested over a range of reduced dimensional orders, selected to be

r = {5, 10, 25, 50, 100}. These dimensional orders will be used to better understand the

models’ validity over a range of different feature compressions.

As mentioned above, to compare the training performance of the two AE models, both loss

metrics will be reported to gauge both the validity of the PI-loss metric towards guiding the

training, and to compare the speed of convergence over the training epochs.

To measure the reconstruction error between all three models, we use the error metric detailed
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in [65],

Ev(x̃) =
(
∂

∂x
x̃
)2

+

(
∂

∂y
x̃
)2

(3.14)

where ∂
∂x

and ∂
∂y

are spatial derivatives again calculated by second order spatial finite differ-

ence representing measures within the directional velocity in the x and y directions of the

QGE.

This metric measures both the general reconstruction of the spatial data, but also validates

that the constructed ROMs have selected relevant features towards the propagation of the

model. This error metric is then compared to the reference, or “true” solution via a ratio of

the summation of all components of the dataset,

Eratio(x̃,x) =


∑R

j=1

[∑N
i=1Ev(x̃i)

]
j∑R

j=1

[∑N
i=1Ev(xi)j

]
 , (3.15)

where N is the number of samples, and R is the dimensional size of a single snapshot. A

ratio of one from this would then indicate a perfect reconstruction of the ROM model input.

Finally, the stability of the projection schemes will be compared through integrating the

resulting ROMs with the RK4 Runge-Kutta scheme[20]. At every evaluation step of the

RK4 propagation, the full-space snapshots are projected into the reduced space via the

relevant POD-ROM or AE-ROM model. The Runge-Kutta step is then taken in the reduced

space using the ROM QGE approximations, eqs. (3.7) and (3.12), the result is then projected

back into the full space. In total, 50 steps are taken with the RK4 scheme to propagate the

snapshot datasets half a physical day forward in time. These datasets are denoted as X′

and X̃′ for the final RK4 solutions of the true dataset, and ROM model approximations

respectfully.

Within both the MSE-AE-ROM and PI-AE-ROM models, the direct construction of a re-
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duced order dynamical representation is not achieved within this work. Instead (3.7) is

used to approximate the dynamics within the reduced order representation. Within the

POD-ROM, (3.12) is used as the projected dynamics within the reduced space.

The reference RK4 solution X′ is generated in the full space using the true dynamics (3.11).

ROM RK4 approximate solutions are compared via a relative L2 error metric,

ℓ(X′, X̃′) =
N∑
i=1

‖x′
i − x̃′

i‖
2
2

‖x′
i‖

2
2

, (3.16)

to describe the difference between the reference “true” solution and the reconstruction. These

evaluations are conducted on two separate snapshot datasets. The primary one, developed

in an immediate time interval, is the one described above to construct the ROM models. A

secondary dataset is initialized at the same representative state but ran for 60 months into

the future resulting in 20,000 collected samples, where the last N = 2001 are again taken

as a dataset. The two resulting snapshot datasets are thus within R8001×2001. The usage of

both a present time interval and a different future time interval will allow us to evaluate how

well the models perform on the data that was used within the training process, as well as

unseen data.

3.5 Results

3.5.1 AE-ROM Training Results

Each AE-ROM model is given 50 epochs to converge, with the final training losses reported

in Tables 3.1 and 3.2. For the PI-Loss metric, (3.10), the PI-AE-ROM achieves roughly half

of the error as the MSE-AE-ROM, indicating that this is new information given to the model
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and not something that can be implicitly inferred in the learning process. Within the MSE

loss, the PI-AE-ROM again achieves a lower error in all but the most restrictive of the ROM

reductions, the fifth order encoding (r = 5).

Table 3.1: Comparison of PI-loss metrics (3.10) of both AE-ROM models, at final training
epoch 50. (Lower is better)

Reduced Dimensional Order, r
Model 5 10 25 50 100

MSE-AE-ROM 2.702970 1.489654 1.249153 0.733397 0.579573
PI-AE-ROM 1.869922 0.927310 0.595015 0.467942 0.352489

Table 3.2: Comparison of MSE metric losses (3.13) of both AE-ROM models, at final training
epoch 50. (Lower is better)

Reduced Dimensional Order, r
Model 5 10 25 50 100

MSE-AE-ROM 0.729787 0.235952 0.191920 0.098768 0.069425
PI-AE-ROM 0.798952 0.228055 0.125057 0.096549 0.060848

Figure 3.3 illustrates the MSE losses of both models over the training epochs. A trend

emerges that the PI-AE-ROM performs better than the MSE-AE-ROM across all training

epochs, and reduced dimensional orders, with the only deviation being the result in the

fifth order comparison. This result suggests that the addition of this PI-loss metric could

potentially speed up error convergence in the training of AE-ROM models. This would allow

for models to be built faster, and thus decrease the computational time and resources needed

to create the ROM.

3.5.2 Energy Preservation

We now move towards comparisons between all three models, the POD-ROM, MSE-AE-

ROM, and PI-AE-ROM. Beginning with the reconstruction accuracy, we measure the per-

formance via eqs. (3.14) and (3.15). As this is a ratio on how much dynamical information is
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preserved in the ROM reconstruction compared to the true dynamical information; results

closer to 1 represent more accurate models, with lower values indicating information loss.

The results are summarized in Table 3.3 and Figure 3.4.

Table 3.3: Energy Ratio (3.15) for selected reduced dimensional orders. Values near a value
of one are better.

Reduced Dimensional Order, r
Model 5 10 25 50 100

POD-ROM 0.779468 0.904329 0.967073 0.986692 0.996369
MSE-AE-ROM 0.898383 0.972391 0.987748 0.955068 0.985244
PI-AE-ROM 0.880781 0.958915 0.922606 0.909075 0.965877

Both AE-ROMs perform better than the traditional POD-ROM within the smaller reduced

order spaces of total dimensional order five, and ten. Within the less restrictive reduced

dimensional compositions though, we instead see the POD-ROM claim the more accurate

reconstructions. This result shows the applicability for non-linear ROM schemes such as

the AE-ROMs introduced here. When a small (r � R) reduced order space is desired, the

construction of a more computational expensive nonlinear scheme may be considered over a

traditional projection-based ROM.

One significant observation from these energy conservation results is the performance on the

metric between the two AE-ROM models. Although the PI-AE-ROM performs better in

the training metrics, we see that for all reduced dimensional orders, it loses more dynamical

energy information compared to the MSE-AE-ROM.

3.5.3 Reconstruction Accuracy

We next qualitatively compare the reconstructions achieved by all three ROM, across all

reduced orders constructed. We consider the reconstruction of the POD-ROM, Figure 3.5 as

the reference to compare the results of both the MSE-AE-ROM and PI-AE-ROM against.
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The reconstructions for both AE-ROM models are shown within Figures 3.6 and 3.7. Each

figure begins with the true dynamics of the QGE system (section 3.4.1), then progresses from

the smallest reduced dimensional order, r = 5 to the largest order of r = 100. Additionally,

figs. 3.8 to 3.10 visualize the difference between the “true” field and the reconstruction for

each reduced dimensional order.

For the larger reduced dimensional order models (r = 50 and r = 100), we achieve compa-

rable qualitative reconstructions, with the POD-ROM model showing clearer reconstruction

in the dynamics present in the lower portion of the field within the order 100 reconstruc-

tion. Within the smaller orders, while the results in Table 3.3 indicate that we capture and

reconstruct more of the model features within the AE-ROM schemes, we see a tiling within

the visualized fields, with sharp discontinuities between local results, rather than a smooth

model reconstruction, as seen in the POD-ROM.

3.5.4 Runge-Kutta Propagations

Finally, we examine the results of the RK4 propagation scheme detailed in section 3.4.4. We

apply the RK4 method to all snapshots within both the present and future reference data

sets constructed in section 3.4.1. Table 3.4 reports the results for the current timeframe

propagation.

Table 3.4: Relative solution error (3.16) for current time interval RK4 propagation experi-
ment.

Reduced Dimensional Order, r
Model 5 10 25 50 100

POD-ROM 0.472872 0.293625 0.203355 0.189302 0.054356
MSE-AE-ROM 2.427977 17.258518 24.729580 9.895016 1.930263
PI-AE-ROM 1.192203 25.309463 3.191429 1.032118 2.599640

We see that our simple dynamical approximation of the AE-ROM reduced order dynamics,
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(3.7), performs much worse than the POD approximation, never achieving a relative L2 error

under a value of one for any reduced dimensional mode. This result is also seen within the

future dataset propagation in Table 3.5.

Table 3.5: Relative solution error (3.16) for future time interval RK4 propagation experiment.

Reduced Dimensional Order, r
Model 5 10 25 50 100

POD-ROM 0.475836 0.288122 0.219889 0.211495 0.063090
MSE-AE-ROM 2.382045 17.677482 24.296950 9.795218 1.763083
PI-AE-ROM 1.179026 25.852906 3.239950 1.023653 2.557530

Interestingly, we see high spikes of error within some orders, such as the results in both the

current and future time intervals for the MSE-AE-ROM with a reduced dimensional order

of r = 25. We see these highly anomalous results paired in the two time intervals, indicating

it is an issue with the AE-ROM model, rather than with the RK4 scheme employed, or the

specific datasets used. While deep analysis was not performed as the efficient construction

of a right-hand side approximation was not the focus of this paper, one can think that this

may occur from a poorly formed encoder, ϕ(·), leading to a poor Jacobian for the QGE ROM

approximation used (3.7b).

3.6 Discussion

In this work we propose a physics-informed autoencoder approach for efficient nonlinear

model order reduction. The PI-AE-ROM model uses both the observed model trajectory data

and its (right hand side) dynamical information within its loss evaluation metric, to enable

the reconstruction process to select features and relationships that preserve the dynamics

of the system. We compare this model to both an autoencoder of similar architecture but

with a classical data-based-only loss function, and a POD-ROM solution on the single layer
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quasi-geostrophic equations.

Using the velocity energy metric (3.14), we find that the nonlinear AE-ROM models outper-

form the POD-ROM for smaller orders but fail to capture as much energy as the POD-ROM

for larger orders. Comparing the two AE-ROMs to each other, an interesting trend emerges.

While the proposed PI-AE-ROM achieves better training scores on both the PI-loss and

MSE metrics, we see that in the evaluations of the reconstructions, the performance of the

PI-AE-ROM is always lower than the MSE-AE-ROM.

This inversion of expected results, where an AE-ROM model that performs better on the

training metrics used to construct the ROM then performs worse within the reconstruction

evaluations could signal that the proposed training losses, both the MSE and PI-loss metrics,

are not great candidate directions towards reducing dynamical inconsistencies experienced

within the ROM reconstructions of the QGE system. From other physics-informed applica-

tions [105], we see that this may be a common issue. While a training metric may improve

convergence and accuracy on a specific physical measurement, poor results can still occur

towards the conservation of other physical properties.

Within Figure 3.3, we do see that the PI-loss metric does result in faster convergence over

a traditional MSE error metric when training an AE-ROM model, so additional research

utilizing our proposed PI-loss could be explored, testing the PI-loss’s applicability to other

test problems where the MSE is an innately good metric at achieving an accurate recon-

struction to see if the proposed PI metric does indeed speed up the construction process for

AE-ROMs.

Within this work we focus on a single λ, (λ = 10−4), as the regularization of our physics

informed information within the loss criteria, (3.10). As the additional information of this

PI metric does appear to speed up the training process, additional work could also focus on
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the varying of λ to attain a more optimal speed-up within the training process.

While currently projection-based ROMs like the POD-ROM are used because of the compu-

tational efficiency in construction, if AE-ROMs and other modern non-linear schemes can

achieve a comparable efficiency in construction, it would allow for the practical usage of

these non-linear schemes in real-world settings, especially when a small (r � R) reduced

order space is desired.

Within these small dimensional order reduction schemes, while both AE-ROM models out-

perform the POD-ROM within the reconstruction metric used, visually we see the recon-

structed fields feature a gridded or tiled effect, with discontinuities between local values.

This tiling may be an artifact of the CNN architecture itself. As convolutional layers work

on spatially local subsets of the input field rather than the full space as a POD-ROM does,

local features may appear well modeled while a global smoothness is not achieved. This

could be leveraged in the creation of ROMs for systems of varying global smoothness, such

as piece-wise continuous fields.

But, within dynamical fields with a global smoothness, this tiling may be undesirable in

numerical calculations, as transitions within the space are not always uniform. Perhaps

an additional criterion within the PI-loss could be introduced to enforce a smoothness to

the reconstruction. This could help rectify the experienced tiling, eliminating these harsh

transitions and allowing for better reconstructions.

Additionally, our experiments with RK4 propagations for the AE models using the AE-ROM

dynamical approximation (3.7a) show poor results when compared to the POD-ROM model,

with no AE-ROM construction achieving a relative L2 error of less than 1, and additionally,

resulting in anomalous spikes within several of the construction models, such as the MSE-AE-

ROM constructed with a reduced order dimensionality of 25 reporting an average L2 score of
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24.513 from the two tested time intervals. While mentioned above, this could be due to poor

construction of our encoder ϕ and offers an interesting candidate towards further research.

While both the encoder and decoder together within an AE-ROM may produce a good

reconstruction, it may be beneficial to ensure some semblance of balance within the learned

dynamics of the two halves of the AE-ROM system, enforcing some criteria that ensures

that the two halves are roughly mirrored in how they handle the nonlinear transformations,

rather than potentially allow for either the decoder or encoder to handle the majority of the

knowledge of the reconstruction process. This may allow for better behaviors in both the

encoder and decoder when used separately, rather than just producing good results when

used in tandem.

In summary, the QGE system is a large highly nonlinear model that is hard for tradi-

tional ROM schemes to accurately model within small reduced dimensional orders. We see

that AE-ROMs applied to this problem improve on the reconstructions, achieving better

constructions of the dynamics for these lower order constructions. Further, we see with

the PI-AE-ROM that we can improve further on the performance of AE-ROMs, both by

achieving better results and potentially speeding up the training process; increasing the

computational efficiency in constructing the AE-ROM. While it is still relatively cheaper

to construct a POD-ROM with a simple closure model in these situations, this work fur-

thers the development of AE-ROMs, showing that with the usage of additional information

such as that within the proposed PI-loss metric, we construction process inches closer to the

efficiency needed to compete with more traditional schemes.



84
CHAPTER 3. NONLINEAR ODE ORDER REDUCTION THROUGH A PHYSICS-INFORMED

CONVOLUTIONAL AUTOENCODER SCHEMA

0 10 20 30 40 50

10−1

100

Epoch

M
SE

Lo
ss

PI-AE-ROM
MSE-AE-ROM

(a) Reduced Dimensional Order 100

0 10 20 30 40 50

10−1

100

Epoch

M
SE

Lo
ss

PI-AE-ROM
MSE-AE-ROM

(b) Reduced Dimensional Order 50

0 10 20 30 40 50
10−1

100

Epoch

M
SE

Lo
ss

PI-AE-ROM
MSE-AE-ROM

(c) Reduced Dimensional Order 25

0 10 20 30 40 50

10−0.5

100

Epoch

M
SE

Lo
ss

PI-AE-ROM
MSE-AE-ROM

(d) Reduced Dimensional Order 10

0 10 20 30 40 50

100

100.2

Epoch

M
SE

Lo
ss

PI-AE-ROM
MSE-AE-ROM

(e) Reduced Dimensional Order 5

Figure 3.3: Comparison of the MSE (3.13) loss metric for both AE-ROMs over the training
duration in epochs.
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Figure 3.5: Visual comparison of reconstructions between reduced dimensional orders of the
POD-ROM model, against the “true” dynamics (upper left)
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Figure 3.6: Comparisons of reconstructions between reduced dimensional orders of the MSE-
AE-ROM, against the “true” dynamics (upper left)
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Figure 3.7: Comparisons of reconstructions between reduced dimensional orders of the PI-
AE-ROM, against the “true” dynamics (upper left)
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Figure 3.8: Reconstruction error difference for each reduced dimensional order of the POD-
ROM
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Figure 3.9: Reconstruction error difference for each reduced dimensional order of the MSE-
AE-ROM



3.6. DISCUSSION 91

Figure 3.10: Reconstruction error difference for each reduced dimensional order of the PI-
AE-ROM



Chapter 4

Conclusions

Within, we have shown two separate surrogate model construction schemes constructed from

modified neural network architectures. The first influence from the theory of polynomial

chaos expansions, we constructed a modified artificial neural network architecture deemed

the polynomial chaos neural network (PCNN) to build high order polynomials. While normal

ANN models are linear within a single layer and achieve generalizability through the usage

of nonlinear activation functions, we instead construct each layer to be all possible first

and second order polynomials in terms of the inputs, so that when composed together, we

achieve non-linearity both in the application of an activation function, but also in the full-

term polynomials of several variables created. The constructed polynomial or piece-wise

polynomial can then be extracted from the model by passing a symbolic input through the

network.

This PCNN model is novel in several ways. First, the ease of construction and re-construction

allows for rapid testing of different model orders, something hindered by the rebuilding pro-

cess within traditional polynomial chaos. Secondly, traditional PC models suffer from having

to impose a specific polynomial basis on the data at the time of construction. While this is

beneficial towards achieving a fast convergence, the knowledge of what underlying dynamics

and therefore what basis to apply may be partially or wholly unknown. We addressed this

by making the PCNN basis-agnostic, building pure polynomials rather relying on set inter-

pretations. Finally, the PCNN model can operate in a purely data-driven setting, where

92
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knowledge of the system is unknown, but data is prevalent. This expands the capabilities

of PC expansions into new areas of knowledge and research, while maintaining some of the

beneficial knowledge and analysis techniques from the field of PC.

We featured two test problems to the PCNN, a pendulum with a stochastically variable

length, and the Lorenz 1963 problem with a randomly perturbed input. On Each, we

construct two separate models, one that results in a polynomial construction the paral-

lels traditional PC, and one that functions within a purely data-driven setup. Within the

PC paralleling setting, we achieve comparable results through the construction of piecewise,

non-linear polynomials on both test problems.

Moving to the data driven PCNN, on the pendulum example, the PCNN performs on par

with a traditional stochastic collocation PC model, showing validity that it can perform well

in situations where PC is typically implemented. On the Lorenz system, the PCNN outpaces

the stochastic collocation PC model. While the PCNN model only requires a term order of

five, the reference PC model still fails to show proper long-term behavior with a term order

of 55. This novel result shows the potential of the new methodology, achieving fantastic

results without the need for an implied basis, and without any deep physical knowledge of

the system.

In future research with the PCNN, we would like to see a focus brought to the complexity of

the learned model. If a high term order is desired and additionally if non-linear activations

are used, the number of terms grows at an exponential rate. Further research may focus on

creating a sparser model, either through re-imposing a specific basis of polynomial functions,

or through some regularization scheme on the PCNN model to remove less relevant terms.

Moving to the second manuscript, we proposed the first steps towards a nonlinear reduced

order modeling (ROM) scheme: the projection scheme into and out of a lower dimensional
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space. We introduced a projection methodology based on NN autoencoders (AE). While AE

models have been used previously towards nonlinear reduced order modeling, they are still

considered undesirable when compared to more traditional ROM methods such as Galerkin-

based ROMs. This is both because of the computationally intensive process to construct the

AE ROM models, and because of the unknown decision making of the training of the model.

To address these issues, we introduced a physics-informed (PI) AE model, which attempts

to both minimize the direct information given to the model much as a traditional AE ROM,

and to minimize the errors in the reconstruction process for the dynamics of the system as

well.

This PI AE model is tested on the quasi-geostrophic equations (QGE) against a traditional

AE ROM, and against a Galerkin projection ROM scheme. We find that compared to

the traditional AE ROM, the PI AE ROM converges to a solution at a faster rate across

all reduced model orders tested. This speed-up, while not good enough to make an AE

ROM a contender against a Galerkin-based approach, does show promise towards the idea

of imposing physical constrains to AE ROM models to achieve faster construction times.

This speed-up though does not seem to affect results on the QGE problem. We see that

across all orders, the traditional AE ROM outperforms the PI AE model, with both AE

models only outperforming the Galerkin-based ROM for lower orders.

Within long term stability testing of the ROMs, we also see poor performance from both

AE models with both models arriving at highly erroneous final solutions. While no deep

analysis on this result was performed, we suggest that it could be because of how the model

is trained, and that more information may lie within the projection of the system back to

the full space rather than into the reduced space, which is how the stability was tested. This

leads to a future direction, where an additional constraint is placed on the system, balancing

the learned behavior between two halves of the AE model.
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Overall, while AE ROMs are still considered a poor choice towards ROM creation, especially

for the test model used, we were able to show a positive result in the usage of a physics

informed criteria, achieving a comparable model to a traditional AE ROM in less time.

Surrogate modeling via neural networks is applicable to a wide variety of fields and studies.

While traditionally these surrogate models are considered “black box”, or unknown in how

the decisions of the NNs are made, research like that presented within this work shows

efforts towards reducing this unknown nature. By imposing restrictions to the NNs training

or enforcing a specific pattern on the architecture of the network, additional meaning to why

decisions are made can be inferred, and more physical interpretations of the networks can

be achieved.
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