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Dispersion Curve Estimation for Longitudinal Rail Stress Measure-

ment

Nicholas A. Corbin

(ABSTRACT)

There currently exists no reliable, non-destructive method for measuring stress in railroads
and other similar structures without the need for a calibration measurement. Major limi-
tations which have hindered previous techniques include sensitivity to boundary conditions,
insensitivity to stress, and intolerance for material and geometry uncertainty. In this work,
a technique is developed which seeks to solve these challenges by extracting the spectrum re-
lation, or dispersion curve, of a waveguide from dispersive wave propagation meaasurements.
The technique is based on spectral analysis of waves in structures modeled as beams, and as
such is based on relatively low frequency vibrations, as opposed to other techniques which
use nonlinear elastic modeling of structures at ultrasonic frequencies. The major contribu-
tion of this work is the development of a frequency-domain based signal processing technique
which is capable of compensating for the dispersive, long wavelength reflections which have
limited the ability of previous techniques to go low enough in frequency to achieve high
stress sensitivity. By compensating for reflections, the present work is able to automate the
process of analyzing wave propagation signals such that the entire dispersion curve can be
extracted, enabling the identification of various parameters including stress, stiffness, den-
sity, and other material and geometry properties. This in turn enables measuring stress,
performing model-updating for material and geometry uncertainty, and being indifferent to
boundary conditions. The theory and algorithmic implementation is presented, along with

simulations and experimental validation on a rectangular beam.
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ment

Nicholas A. Corbin

(GENERAL AUDIENCE ABSTRACT)

The ability to detect damage or the potential for damage in structures is highly desirable,
especially in industries such as civil infrastructure in which failure can be incredibly costly
and dangerous. In particular, non-destructive techniques which can predict failure without
interfering with the operations of a structure are particularly sought after. In this work,
a technique for non-intrusively and non-destructively measuring stress is developed, with
the primary application being for measuring stress in railroads. The technique seeks to
advance the state-of-the-art in wave-propagation-based techniques by adding the capability
to automatically identify reflected waves. With this new capability, the method is able to
quickly and efficiently analyze a large set of vibration measurements to extract information
about the structure’s material, geometry, and loading characteristics which enables solving
for stress even when the structures material, geometry, and boundary conditions are not
precisely known. The technique is demonstrated on both simulated and experimental data,

in which a rectangular beam is tensioned and the stress is then identified.
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Structural health monitoring (SHM) is a field concerned with detecting damage or the po-
tential for failure in structures under operation. Monitoring structures while they are in-use
and without interrupting operation presents a challenge, as the level of control and certainty
available in lab-based testing is often unavailable for structures in operation. This is because
many traditional evaluation methods, such as material tensile testing or impact testing, are
destructive in nature, often requiring cutting a sample from a structure or permanently
damaging a test article. There is therefore a high demand for non-destructive evaluation
(NDE) methods, which are unique in their ability to characterize a structure’s damage in a

non-invasive manner.

According to Farrar and Worden [14], damage can be defined as a change which may inhibit
the current or future performance of a system. The extent to which damage is tolerated
varies between applications, and in some fields, such as aerospace, mechanical, and civil
engineering, significant effort is expended to produce damage tolerant designs. Nonetheless,
there are still countless examples of systems in which the designed damage tolerance was
insufficient to prevent catastrophic failure. Thus, while many SHM techniques seek to detect
or localize damage once it has occurred, SHM can also be concerned with detecting damage

before it happens.
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As a supplement to damage tolerant design, the ability to monitor the stress of structures
during operation could provide a warning to avoid critical failures. Motivated by this prob-
lem, this thesis seeks to develop a non-destructive and minimally invasive technique for

measuring stress in-situ in structures.

Q00D 0ot 000Doooo bbObououoo Lob U0biidoodoo booo ooooog

Modern railroads are constructed using continuously welded rail (CWR) consisting of pre-
fabricated sections of rail (typically about 400 feet long [32]) that are welded together to
form a continuous track. Eliminating the gaps between rail sections by welding them to-
gether in this manner allows trains to travel with fewer vibrations, enabling them to travel at
higher speeds, providing a smoother ride, and reducing associated maintenance costs. How-
ever, without gaps to accommodate expansion and contraction due to temperature changes,
CWR becomes more susceptible to buckling or cracking. During periods of high heat, CWR
experiences a buildup of compressive stresses, whereas during periods of intense cold, CWR
can experience intense tension; in both cases, the extreme stress can cause problems (see

Fig. 1.1).

Track buckling in particular represents a major challenge for the rail industry. Repairing
a buckled track is costly and time consuming, and the losses due to halted train traffic
can be major. The most critical damage, however, occurs if a train happens to be on the
track at the time of buckling: trains are often derailed, resulting in damages to the train,
cargo, and potential loss of life. In 1977, the Federal Rail Administration reported 109
train derailments due to buckling, and by 1982 annual derailments had risen to almost 175
[21]. In the following decades, with improved maintenance procedures and stricter traffic

policies, the industry was able to reduce the number to 34 derailments per year by the early
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Figure 1.1: Tmages showing (a) dramatic buckling of a rail due to thermal expansion (repro-
duced from [41]), (b) a rail which has been intentionally set on fire to prevent cracking due
to shrinkage (reproduced from [10]), and (c) a rail bridge which has not intentionally been
set on fire (reproduced from [43]).

2000s. However, the economic impacts of derailment continued to rise despite the decrease
in derailment events (likely due to higher train speeds and more valuable cargo) such that

the damages peaked at $17 million by 2002 [24].

As rail infrastructure continues to grow to match increasing demand, there is more rail to
monitor and more opportunity for damage. With no current method for actively monitoring
all of the rail, the rail industry must impose broad safety measures across the board such as
lowering train speeds or altogether halting traffic on particularly hot days when buckling is
likely to occur. According to a study funded by the Environmental Protection Agency, the
rail industry is projected to lose on the order of $70 billion by the year 2100 due to these

policies alone. However, the study predicted that losses by the year 2100 could be as high
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as $138 billion due the rise in global temperatures on average due to climate change [9].

In order to avoid such losses, it is necessary to minimize the opportunity for extreme rail
stresses by setting the Rail Neutral Temperature (RNT) — i.e., the temperature at which
the rail is in equilibrium — appropriately between the highest and lowest anticipated tem-
peratures which the section of rail may experience during its operation. The RNT can be
prescribed by tensioning the rail to an appropriate value using a tensioner or heating the
rail artificially during the installation process using a heater, as shown in Fig. 1.2, or simply
by installing the rail when the ambient temperature is appropriate. For this reason, new
rail is typically installed in the summer. However, expansion and contraction due to ther-
mal stresses, vibrations due to train traffic, and shifting of the underlying ground over time
can cause the RNT to shift, exacerbating the possibility for rail buckling or fracture due to
extreme stress. Therefore, RNT must regularly be monitored in order to ensure that the

expected rail temperatures do not result in excessive stresses.

000 O DO0000mo 0oo Joodioooo 000 O 0000000 bom ooooo

Figure 1.2: Tools for setting the RNT during track installation (reproduced from [15]).

Monitoring RNT involves measuring or calculating the temperature at which the rail ex-
periences a neutral stress state. As has been alluded to, the main source of stress in rails

is thermal stress due to constrained thermal expansion [25]. Note that in the absence of
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boundaries, i.e. for an unconstrained rail, the rail could experience temperature changes
with UU change in stress; thermal stress is really a mechanical stress induced by constrain-
ing the rail when it would otherwise seek to lengthen or shorten. In such a case, the total
longitudinal strain of the structure "y is zero because the eigenstrain induced by thermal
expansion is negated by the mechanical strain resulting from the mechanical stress from the
forces constraining the rail”. The relationship between temperature and longitudinal stress

in the case of a worst-case, perfectly constrained rail is given by Eq. (1.1)

= E T, (1.1)

where  represents the longitudinal rail stress (negative for compression), E is the elastic
modulus, is the coefficient of thermal expansion, and T =T Ty is the temperature
above the rail neutral temperature [1]. For a rail with known material properties E and , a
single measurement of stress  at a particular temperature T is sufficient to solve for RNT

by rearranging Eq. (1.1):

Fig. 1.3a shows how a single measurement of stress and temperature, along with the coef-
ficient of thermal expansion, can be used to find the neutral temperature via linear regres-
sion, as shown in Fig. 1.3b. In practice, multiple measurements may be taken at different
stress/temperature conditions in order to obtain a least-squares estimate of the RNT to

accommodate measurement uncertainty.

OO0 0000000 000 0000000000 00000000 Do000 000 000 00 D0O0I00000 00000000000 [0 000 (00000000000 000000
00007 0000 0000000000 0000 00 0000 0 000000 0000100 00 000000 000 0000 0000 00WI00 00 000000 000 000000000
000000000 [0 0 00000000 (00000000000 000000 .0 00 00000 0000 000 0000000000000 000000 00000 00 00000 0O
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++m’ i2 #bQHMIi2 bi'2bb K2 bm 2K2Mi #2+ mb2 i2+?MB[m2b iQ@/ i
"B Hf;2QK2i'vp 'B iBQMb M/ BM@7B2H/ #QmM/ v +QM/BiBQM p F
b2+iBQM rBHH T ' QpB/2 #'B27 Qp2 'pB2r Q7 2tBbiBM; L.1 bi 2bb K2
rBi? M 2tTH M iBQM Q7 r?v i?2 i2+?MB[m2b ? p2 MQi #22M /QTi2/
+QKKmMMBivX
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6Q bQK2 #°B27 +QMi2ti- bQK2 Q7 i?2 /IB772 2Mi i2+?MB[m2b # b2
rBi? /> biB+ HHv /IB772°2Mi 7°2[m2M+v ~ M;2bX *? ~ +i2'BbiB+ H2M
bi'm+im 2 BM+Hm/2 i?2 i?B+FM2bb Q7 i?2 " BH M/ i?2 bT +BM; Q7
bBibX IHi® bQMB+ i2+?MB[m2b mb2 7°2[m2M+B2b 7Q" r?B+? i?2r p
i?72 + ' Qbb@iB2 /Bbi M+2 Q" 2p2M i?2 * BH i?B+FM2bb- M/ b bm+?
7°2[m2M+voi2+?MB[m2bX h?2b2i2+?MB[m2b "2[mB'2KQ 2 +QKTH2
bbmKTiBQMb "2 MQip HB/ BMi?2 mHi° bQMB+ "2bTQMb2 ~ M;2X b
i72Q°v bbmKTiBQMb "2 KQ 2 /KBbbB#H2 7Q  HQr2  7°2[m2M+B2b-
mb2 Q7 2H2K2Mi v #2 Ki?2Q B2b rBHH #2 272 °2/iQ bHQr7 ' 2[m2
bmHiIi° bQMB+ i2+?MB[m2b r?2 2 2H2K2Mi v#2 K bbmKTiBQMb # .
b?B;?7 2[m2M+vXDb

+QmbiQ2H biB+ IHi° bQMB+ q p2 S'QT ; iBQM

IHi®” bQMB+ i2biBM; ? b #22M bm++2bb7mH L.1i2+?MB[m2 rBi? B
BM+HmM/BM: / K :2 HQ+ HBx iBQM M/ K i2°B H +? > +i2'Bx iBQMX |
“2b2 “+?2°b iQ BMp2biB; i2 Qi?2° TTHB+ iBQMb b r2HH- QM2 Q7
/2bi"m+iBp2 bi'2bb K2 bm 2K2MiX IHi° bQMB+ bi'2bb K2 bm 2K2M
#MBHIi mTQM i?2 MOQM@HBM2 " i?22Q v Q7 2H bhjijB BB R/ jl>H 1 27 24y
M/ E2H)VvB(M RN8j /2 Bp2/ 2tT 2bbBQMb 7Q " i?2 p2HQ+BiB2b Q7 2H
# b2/ mMmTQM JIJm™M ;? M6b i?2Q v- 2bi #HBb?BM; i?2 7B2H/ Q7 +Qm
(R) BM RNde i?2M T 2b2Mi2/i?2 7B bi K2 bm 2K2Mib Q7 i?2bi 2bb@E
rp2bT22/b BM " BH bi22Hb-p HB/ iBM; i?2i?2Q v 7Q mb2 BM  BH

h?2 :2M2° H TT'Q +?2 Q7 mHi° bQMB+ bi 2bb K2 bm 2K2Mi Bb iQ mb
BM TBi+?2@+ i+? +QM7B;mxX iBQiIW QKb2 M?Di?2 - M/iQ K2 bm 2 iB
7HB:P7Q  TmHb2b i p2HBM: 7°QK QM2 i Mb/m+2"iQ i?2 Qi?2 X h?:
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7Qi?2 TmMHb2 + M i?2M #2=2HiBRT2MMBM; QM i?2 +'Bi2'B 7Q" /27
iBK2@Q7@XHBBRi+2 i?2 r p2b Q7 BMi2 2bi 2 /BbT2 bBp2- #Qi? i?
P2HQ+Biv "2 7 2[m2M+v /2T2N [N} @ mb2 b2 2/ p2HQ +Biv b?2QmH/
#2 bT2+B7B2/X

AM T +B+DREK2 ?2m BbiB+b 2 Q7i2M 2KTHQvV2/ RV BM i?2 + Bi2"
M/ kV BM b2H2+iBM; i?2 7°2[m2M+v iQ r?B+? i?2 p2HQ+Biv +Q "2b
p2HQ+BivVX AMT 'iB+mH - bBM+2 i?2r p2b "2 /BbT2 bBp2-i?2 T
rp2 6bT 2 /b Qmidé b i?2r p2 T°'QT ; i2b- K FBM; Bi /B77B+mHi iQ T
QM i?2r p2 i#Qi? K2 bm 2K2Mi HQ+ iBQMb BM Q /2  iQ /27BM2 i?2
1H2KTiiQ i~ +F bBM;H2 T2 F-r?B+?TrOMHPp2HEQ2HBIV- #mi i?2 [m2bil
r? ii?22+Q "2bTQM/BM; 7 2[m2M+v7Q i?2K2 bm 2/ T? b2p2HQ+Biv
QM2 +QmH/ /" r M2Mp2HQT2 Qp2 i?2r p2 T +F2i M/i  +Fi?2T2 F
rQmH/ "2H iZQT p2HQ+Bivc ; BM-i?2 [m2biBQM "Bb2b biQi?2

iQ bbB;Mi?2 ;"QmT p2HQ+BivX AM #Qi? + b2b- mi?Q b T 2bmK #F
Q7 i?2 TmHb2 iQ Mbr2  i?2b2 [m2biBQMb Ui?Qm;? Bi Bb MQi 2tTHB-
BMpQHp2b mbBM; +QK#BM2/iBK2@7 2[m2M+v M HvbBb-bm+? b #\
K2i?Q/ biBHH ;Bp2b bBM;H2r p2 p2HQ+Biv7Q  TmHb2 +QMbBbiB

h?2 K DQ° HBKBi iBQM Q7 +QmbiQ2H biB+@# b2/ mHi® bQMB+ bi"
i? 11?22 +?2 M;2b BMr p2 p2HQ+Biv/m2 iQ bi 2bb "2 p2°'v bK HH- QM
yXYYyRW T2 JS QjZRBX2bB (v T'2+Bb2 K2 bm 2K2Mib 2 i?mb "2[mB"
BM/m+2/ +? M;2b + M 2 bBHv #2 K bF2/ #v Qi?2 7 +iQ b bm+? b |
Ki2’B H+QKTQbBiBQM-bm 7 +2i2tim 2-:" BM KB+ Qbi'm+im->2-i2
'2QK2i'vp 'B iBQMb /m2iQ BM@7B2H/ r2 ° M/i2 X "2+ mb2 Q7 i?
bi'2bb K2 bm 2K2Mib "2 TQbbB#H2 BM i?72Q v- + HB# iBQM K2 br
“2[mB 2/ BM TRBXiB+2 (
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LOQMHBM2 " :mB/2/ qp2 S QT ; iBQM

MQi?2 ivT2 Q7 mHi° bQMB+ i2biBM;r?B+?? bb?QrM T QKBb2Bb i?
rp2 T°QT ; iBQM6 T°QTQb2/ #v Lm+2" MYXGqMBH/Bi22 HDbiQ2H |
2772+i Bb HbQ ivI2 Q7 MQMHBM2 ~ ;mB/2/r p2 T°QT ; iBQM- i?B
2Mi MQMHBM?2 “Biv + mb2/ #v TQi2MiB H 2M2 ;v biQ" ;2 /m2iQ 6T 2
r?B+? "2bmHib BM i?2 ;2M2" iBQM Q7 b2+QM/@? 'KQMB+ QM2 Q+i
7°2[m2M+vX aBM+2i?2 TT2 > M+2Q7i?2? "KQMB+ Bb bi 2bb /2T 2N\
+i2°Bx2/ #v K2 bm BM; MQMHBM2 T > K2i2 r?B+? [m MiB7B2b i?
"2H iBp2iQi?2 7mM/ K2Mi H 7 2[m2M+vX A7 K2 bm 2K2Mib "2 K /2
i72 M2mi> H i2KT2  im 2- i?Bb MQMHBM2 T > K2i2  rBHH TT2 " iQ
2tTQbBM; i?2 M2mi® Hi2KT2  im 2X

h?2 mi?Q b T 2b2Mi #Qi? H # M/ 7B2H/i2biBM;-BM r?B+? i?2 M2mi
#2 b22M b KBMBKmMK BM THQiIi Q7 i?72 MQMHBM2 ~ T ~ K2i2 p2'b
HBKBi iBQM i? ii?2  BH Kmbi T bbi? Qm;? i?2 M2mi  Hi2KT2 im"
? b?2H/i?Bb K2 bm 2K2Mi bvbi2K 7" QK #2BM; rB/2Hv /QTi2/X

_VH2B;? q p2 SQH 'Bx iBQM

i?B /ivI2 Q7 mHi° bQMB+r p2 T°QT ; iBQM i2biBM; Bb i?2 _ VH2B,
MB[m2 /2p2HQT2/ #v :QF? H2RM aBME2#rmp2 @T22/ +? M;2b /m2 iQ
BM i?2 +QmbiQ2H biB+ 2772+i 2 bQ bK HH-i?2 mi?Q b T°QTQb?2
bm BM; bi'2bb- M K2Hv i?2 TQH 'Bx iBQM Q7 _ VH2B;? r p2b- r?2":
"iBQ Q7 BM@TH M2 iQ Qmi@Q7@TH M2 /27H2+iBQM /m2 iQ i?2 T ¢
i72 MQM/BbT2 bBp2 M im 2 Q7 _ VH2B;? r p2b- b r2HH b i?2 Q /2"
bBiBpBiv Q7 TQH 'Bx iBQM iQ i?2 bi'2bb +QKT "2/ rBi? +QmbiQ2H
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T BK 'v#2M27Bib Q7 _ vH2B;? r p2bX 6m i?2 KQ 2-i?2i2+?MB[m2
iQK2 bm 2i?2BM@TH M2 M/Qmi@Q7@TH M2 KQiBQM-r?B+? 2M #
AM T +iB+2-Birb 7QmM/i? ibm 7 +2 i2tim2 M/ +QM/BiBQMb ? g
K2 bm 2K2Mib- HBF2Hv "2[mB BM; + HB# iBQM i FMQrM bi 2bb p

02 b2

h?2 QMHV rB/2Hv mb2/ M/ ++2Ti2/ MQM@/2bi m+iBp2 bi 2bb K2 bm
02°b2 Bb # b2/ QM i?2 bBKTH2 T'BM+BTH2 i? i i?2i Mbp2'b2 /27H
"2H i2/iQ i?2 bi'2bbX h?2 K2i?Q/ rQ Fb r2HH M/ ? b #22M +QKK2 4
7Q v2 "bci?2 QMHvV HBKBi iBQM Bb i? i i?2 K2 bm 2K2Mi T'Q+2bb |
7Q° +QMDbB/2° #H2 H2M;i? QM 2Bi?2 bB/2 Q7 i?2 K2 bm 2K2Mi HQ +
MQib iBb7vi?26_ 6b 2[mB 2K2Mib 7Q" L.1bi'2bb K2 bm 2K2Mi i:

GQr@7 2[m2M+v pB#  iBQM

imHi° bQMB+ " M;2b-i?2bi'2bb/2T2M/2M+2 Q7 r p2p2HQ+BiB2b QN
i?72Q°B2b bm+? b i?2 +QmbiQ2H biB+ i?72Q vX i HQr2  7°2[m2M+E
bbmKBM; HBM2 "2H biB+ 2bTQMb2Bb bm77B+B2MiiQ BMi Q/m+72
M/ 2H2K2Mi "vi?2Q ' B2bbm+? b 1ImH2 @"2 " MQmHHB Q" KiBKQb?2N
~2b2 "+?2°b? p2/2KQMbi® i2/i?2b?B7iBMM im°> H7 2[m2M+B2b Q
HQr 7°2[m2M+v > M;2b- 7®jy2X KKTHW BMK(Q/ H M HvbBb- ?2Qr2p2 - B
[2T2M/2Mi QM MQi Dmbi i?2 K i2°B H M/ ;2QK2i'v Q7 i?2 bi'm+im"2
+QM/BiBQMbX AM i?2 7B2H/- i?2 #QmM/ v +QM/BiBQMb Q7 i?2 ° |
bi M/ "/ KQ/ H M HvbBb BM72 bB#H2 7Q K2 bm BM; bi 2bbX

kgq?BH2 i?2 bi2bb /2T2M/2M+2 TT2 b b MQMHBM2M/RQKR?B +2iK K Wb 22
#2 HBM2 "Bx2/ 7Q  bK HH KTHBim/2 pB#  iBQMb bQ i? ii?2 :Qp2 MBM: 2[m iBQM
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hQ Qp2 +QK2 i?Bb- . KHD MQRRE MT@B202iQ(7Bi ;2M2° H KQ/ H b
+QMbBbiBM: Q7 b2p2° H7Q'r / M/ # +Fr "/ T°QT ; iBM; M/ 2p M2b+
pB# iBQM "2bTQMb2 Q7 i?2 > BH i "2bQM Mi 7°2[m2M+vX h?2 m
2H2K2Mi KQ/2H iQ ;2M2" i2 i?2 2tT2+i2/ r p2MmK#2 b BM i?2 ;2M2"
iQ TTHVBM; #QmM/ v +QM/BiBQMb- M/ i?2MiQ T2 ' 7Q K H2 bi@b
67Bi6 i?2 i2 Kb “2H i2/iQ #QmM/ v +QM/BiBQMbX AM i?2 T°Q+2bb
b2+QM/ v "2:°2bbBQM 7Q" p "B iBQM BM i?2 7H2tm  Hr p2MmK#?2
/2pB iBQM 7 QK i?2 2tT2+i2/ r p2MmK#2 > 7Q  x2°Q bi*2bbX h?Bb /
+Q "2H i2/ rBi? i?2 bi'2bbX

h?2 rQ°F BM i?Bb i?2bBb Bb # b2/ QM i?2 b K2 mM/2 HVBM; T BM+E
g2 p2 RR r?B+? Bb i? i i?2 bT2+i'mK “2H iBQM 7Q° #2 K Bb BM/2T
+QM/BiBQMb M/ 2M+Q/2b i?2 bi 2bb +QMi BM2/ BM i?2 bi'm+im’2X
K2 bm 2K2Mi M/ i?2 bm#b2[m2Mi/ i T Q+2bbBM; /B772  bB;MB7B+

GQr@7 2[m2M+v 7H2tm Hr p2 T'QT ; iBQM

qBi? bBKBH ~ KQiBp iBQM iQ . KHDRJOMBE2MNV 0Q H2pZ ;2 i?2 ?E
bi'2bb b2MbBiBpBiv Q7 HQr@7 2[m2M+v 7H2tm > H pB# > iBQMb r?BF
BM/B772 2M+2- H# F BT2QbBXn{bBM; HQr@7 2[m2M+v 7H2tm" H r ¢
“272°2M+2@7°22bi"2bb K2 bm 2K2MiX IMHBF2i?2bi2 /v@bi i2 2b1
q2 p2R{R- H# F'B6b T QTQb Hr biQ mb2i?2b K2 TmHb2@bivH2 2t+
i2biBM;- #mi rBi? p2 v HQr + "B2 r p27 2[m2M+vX Air b ?2vTQi?2b
+im iQ i? i +QmH/ 2t+Bi2 T'BK "BHv #2M/BM; KQK2Mi rQmH/ BbQ
BMi2 2bi 7°QK Qi?2° +QMi KBM Mi KQ/2bX Air b 7m’i?2> 2vTQi?2k
r2H/2/ U TT QtBK i2Hv 8BM7BMBi26V ° BH rQmH/ MQi +QMi BM bB;!I
+B HHv bBM+2 HQr 7°2[m2M+B2b i2M/ iQ #2 KQ 2 /B77B+mHi iQ ii2
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h?mb-r p2 T°QT : iBQM BM T'BM+BTH2 b?QmH/ #2 BM/2T2M/2Mi Q7
bi2 /v@bi i2 # b2/ TT Q +?27r?22°2 27H2+iBQMb 7 QK i?2 #QmM/ "B
iQ 7Q K bi M/BM; r p2bX

h?2 i2+?2MB[m2 i? i H# FIBp2H®X2( +QMbBbi2/ Q7 M QTiBKBx iBQ
7Bi bi'2bb@/2T2M/2Mi KQ/2H iQ r p2 T'QT ; iBQM K2 bm ™ 2K2Mib

bi*2bbX I1bBM; 7B bi K2 bm 2K2Mi Q7 i?2 BbQH i2/ 7TH2tm™ H KQ/Z
i?72 KQ/2H iQ T 2/B+ir? i b2+QM/ K2 bm 2K2Mi HQM: i?2 T°QT ; i
HBF2X JBMBKBXxBM; i?2 /IB772 2M+2 #2ir22M i?2 T 2/B+iBQM M/ i?
b2 p2/ b K2 MbiQ + H+mH i2 i?2 bi 2bbX h?2 K DQ +? HH2M;2 B
2tBbiBM; mHi® bQMB+ r p2 T'QT ; iBQM i2+?MB[m2b-r b ++QmMiB
MQM@/BbT2 bBp2 Q r2 FHv /BbT2 bBp2 r p2 T'QT ; iBQM-i?2r p
M2 HvBM/2T2M/2Mi Q7 7 2[m2M+vc 7Q 2t KTH2- +QmbiB+r p2b B
*2: "/H2bb Q7 7 2[m2M+vX .BbT2'bBp2 r p2b- QM i?2 Qi?2" 2?2 M/- -
rp2 bT22/c b "2bmHi- /B772 2Mi 7°2[m2M+v +QKTQM2Mib i p2H

r p2 6/BbT2 b2b6-Q bT 2 /b Qmi BM bT +2 M/ iBK2- b Bi T QT ; iz
i2+?MB[m2b r?B+? Q7i2M mb2 iBK2@Q7@7HB;?i # b2/ K2 hm 2K2Mil
mb2b i mHv /BbT2 bBp2-7 2[m2M+v@/2T2M/2Mi 7Q KmH iBQM 7Q

1tT2 BK2Mi Hp HB/ iBQM Q7 i?2 /IBbT2 bBp2 r p2 T'QT ; iBQM i2+
"2+4i M;mH ° HmKBMMK #2 KX h?2 i2+?MB[m2 "2[mB 2/ bB;MB7B+
iQ BbQH i2i?2 T°QT ; iBM;r p2 7°QK "27H2+iBQMb- r?B+? HBKBi2/
?2Qr2p2 - i?2 "2bmHib +QM7B K2/ i? ii?2 i2+?MB[m2r b 72 bB#H2X
M22/2/iQ #2 //°2bb2/BMQ /2 iQ / Tii?2i2+?MB[mM2iQBM@7B2H/
/[2p2HQTBM; +QKT2Mb iBQM 7Q" "27H2+iBQMb BM Q' /2" iQ 2HBKBM
M/ kV K FBM; i?2 i2+?MB[m2 KQ' 2 "Q#mbi iQ ° M/QK MQBb2 T 2b2\
T 2b2Mi2/ ?2 2BM Bb #mBHIi mTQM i?2 rQ F Q7 H# F' B 2i HX M/ B



SYIY "1&09'aAad 12z ¢ R8

HBKBi iBQMbX

RXkXk aB:M HT Q+2bbBM: 7Q° MQBb2 +QKT2Mb iBQM

aBM+2 i?2rQ'F BM i?Bb i?2bBbr b BK2/ i # BM;BM) RQIQZFiQ7 H
BM@7B2H/ BKTH2K2Mi iBQM- i?2 +? HH2M;2 Q7 /2 HBM; rBi? MQB
Q7 BMi2 2biX h?2 HBi2  im 2 +H bbB7B2b MQBb2 BMiQ irQ + i2;Q"|
MQBKRX(*Q?2 2Mi MQBb2 ;2M2" HHv 272 biQp BQmb mMr Mi2/r p
reB+? + M "Bb27 QK p "B2ivQ7 bQm +2b BM+HmM/BM; 2ti2"M H 2t-
M/ 27H2+iBQMb 7 QK bi'm+im> H /Bb+QMiBMmBiB2bX b “2bmHi
KQ 2 bB;MB7B+ Mi +? HH2M;2 BM i?2 HBi2  im 2X

_ M/QK MQBb2 +QKT2Mb iBQM, +Q "2H iBQM i2+?MB[m2b M/ iBK?2

IMHBF2 bi2 /v bii2 pB# iBQM-/m BM; r?B+?2i?2bi'm+im 2 Bb HHQ
?B:? KTHBim/2 Qb+BHH iBQMb r?B+? + M 2 bBHv #°2 F i?2 MQBb?2
"2 BM?2 2MiHv HBKBi2/ iQ bK HH KTHBim/2 K2 bm 2K2MibX 1p2M
b2MbQ b2H2+iBQMb- K2 bm 2K2Mib + M ? p2 /B77B+mHiv # 2 FBM;
+ M ;Bp2 'Bb2 iQ ° M/QK MQBb2- BM+HmM/BM: # +F:"QmM/ MQBb2 L
i?72°K HMQBb2 BM i XK QVIBiA2H2bb- bBM+2 i?2 MQBb2 Bb [m HBi
i72 /2bB"2/ K2 bm 2K2Mib BMi? i BiBb  M/QK-b2p2  Hi2+?MB[m2b
iQ "2/m+2 Q  2HBKBM i2  M/QK MQBb2X

PM2 +H bb Q7 +QKKQMHV mb2/i2+?MB[m2b Bb +Q " "2H iBQM K2i?Q/
+QKT "2/iQi?2K2 bm 2K2MiBM Q' /2 iQ bmTT 2bb T “iB+mH * 2:B(
BM i?2 K2 bm 2K2MiX p "B2iv Q7 bm+? TT Q +?2b 2tBbi- ivIB+
/B+iBQM v Q7 i2KTH i2 bB;M Hb mb2/iQ +Q "2H i2 rBi? i?2 K2 bm".
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bB;M Hb BM+HmM/2 mbBM; i?72 FMQrM 2t+Bi iBQM T m Hb3- Bri\b BIND;M @ / E
i?72 FMQrM 2t+Bi iBQM rBi? /BbT2 bBQM +QKT2Mb iBQM "QmiBM2
kd- M/ mbBM; r p2H2ib 7Q° +QK#BM2/ iBKkR@ZX2[m2M+v TT Q +?

*Q "2H iBQM # b2/ i2+?MB[m2b 2bb2MiB HHv T°Q/m+2 M2r bB;M H
HQr +Q "2H iBQM rBi? i?2 i2KTH i2 bB;M H-2772+iBp2Hv /B772 2Mi
r?B+? +QMi BM i?2 /2bB 2/ bB;M H M/ T ‘ib r?B+? +QMi BM mMr Mi
i?2v "22772+iBp2BM/ K ;2HQ+ HBx iBQM b2iiBM;b- +Q "2H iBQM |
T 2b2Mi rQ F r?2°2i?2 bB;M HrQmH/ M22/iQ #2 M Hvx2/ 7Q  bi 2b
h?Bb Bb #2+ mb2 i?2KQ@@2MQiM/QK MQBb2 7°QK i?2 Q'B;BM H bB;M
Dmbi bT2+B7v TQ iBQMb Q7 i?2 bB;M H r?B+? /Q Q" /Q MQi +Q "2H
bB;M HX

MQi?2 rB/2Hv mb2/i2+?MB[m2 7Q /2 HBM; rBi? ° M/QK MQBb2 BM
MB[m2 Q7 iBK2@ p2 ;BM;- Q i FBM; KmHIBTH2 K2 bm 2K2Mib M.
h?Bb i2+?MB[m2 Bb mb2/i? " Qm;?Qmi b+B2M+2 M/ 2M;BM22 BM;- i
K2Mi2/ #v H# F B)XihBX TmM/ K2Mi H T'BM+BTH2 #2?BM/ iBK2@ p
K2 bm 2K2Mi Bb "2T2 i #H2- /IB772 2Mi K2 bm ' 2K2Mib rBHH +QMi B
bB;M H-r?2"2 bi?2  M/QK TQ iBQMb rBHH p v #2ir22M K2 bm 2KZ?
i?72 K2 bm 2K2Mib iQ;2i?2° KTHB7B2bi?2 +Q?2'2MiTQ iBQMbiQ ;
/IQK TQ iBQMb-2772+iBp2Hv #QQbiBM; i?2 bB;M H@iQ@MQBb2 " iE
i? ii?2aL_Q7 iBK2@ p2 ;2/ K2 bm 2K2Mib BM+ 2 b2b b i?2 b[m "2
K2 bm 2K2Mib i F2MX 6Q" 2t KTH2- i FBM; 7Qm" K2 bm 2K2Mib /Qn
iQ DbBM:H2 K2 bm 2K2Mic ?Qr2p2°- iQ +?B2p2 MQi?2 irQ@7QH/
K2 bm 2K2Mib-bQ QM2 2M+QmMi2 b /BKBMBb?BM; "2im MbX

hBK2@ p2° ;BM;+ M HbQ #2 +H bbB7B2/ b ivT2 Q7 /Bp2 bBivb+?2
mb2/ BM i?2 "/ M/ +QKKmMB+ iBQMb BM/mbi 'vX o BQmb ivT2b ¢
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i?7Qm;?i?2 mM/2 HvBM; T'TBM+BTH2 Bb bBKTH2, p BQmb K2 bm 2K.
/IBp2 ' bB7VBM;-bQK2T QT2 ivQ7i?2K2 bm '2K2MiBM Q' /2  iQ BKT"
6Q° 2t KTH2- mbBM; b2p2  H /b TH +2/ ip 'BQmb HQ+ iBQMb +
2 +? |/ " b22bi?2 b K2i ;2ici?Bb Bb FMQrM b bT iB H/Bp2 bBivX
bB;M HBb T 2b2Mi BM K2 bm 2K2Mib K /2 ip BQmb iBK2b-i?2 bB;
"2HB #H2c iBK2 p2° ;BM; + Mi?2°27Q 2 #2 2; /2] b iBK2@/Bp2'|

*Q?2°2Mi MQBb2 +QKT2Mb iBQM, 7°2[m2M+v@/Bp2 bBiv

MQi?2  ivT2 Q7 /Bp2 bBivb+?2K2 Q7i2M mb2/ BM +QKKmMB+ iBQMt
/IBp2 bBivX AM ~/ " bvbi2Kb- mMr Mi2/ i ";2ib bm+? b MBK Hb- i?:
Kv #2 mMBMi2MiBQM HHv /2i2+i2/- T?2MQK2MQM FMQrM b &8+H
QMHvV Q++m™b i T "iB+mH ~7°2[m2M+B2bc i?mb- #v b?B7iBM; i?2 7"
+ M/BbiBM;mBb? /2bB 2/ i ";2ib bi?Qb2r?B+? TT2 " BM 2p2 v K2
O6+HmMii2 6 bi ";2ibr?B+? QMHv TT2 ° i T "iB+m)HB/2MPB MR B+ B 2ib X
Ki2'B H/BbT2 bBQM M/ ;" BM MQBb2 BM mHi~ bQMB+ i2biBM; #27?
TTHB+ iBQMb- BM i? i i?72 "2bmHIBM; +Q?2 2Mi MQBb2 p "B2b bB
7°2[m2M+vX _ i?2 i? MmbBM; K2 bm 2K2Mib i/B772 2Mi7 2[m2M+
#v "BH;me) - vVKMQrM b aTHBi@aT2+i mKS Q+2bbBM; UaaSV-/2+QKT(
+QKTQM2Mi bB;M Hb mbBM; # M/T bb 7BHi2 b iQ +?B2p2 7 2[m2M+
T '2b2MiBM 2p2°'v# M/ "2 21 BM2/-r?22 b72 im 2b QMHvV T 2b2Mi
"2D2+i2/X

q?BH2 aaSBb2772+iBp2BM +2°i BM TTHB+ iBQMp-MM2?7mbBMBKB I
/IBbT2 bBp2jK)QBRbn{Hi® bQMB+ i2biBM;- i?2 K2i?Q/ Bb HbQ p2'v b2
bm+? bi?2 MmMK#2 -b? T2- M/ bT +BM: Q7) i M/ 4?2/ T2 b0 KBBIN2i B Q \
H;Q Bi?Kb mb2/iQ "2 bb2K#H2 j@)X7BM IR 2BbB;HM HM2 iQ i?2 BM+C
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Mim'2Q7i?2 2+QK#BM iBQM T Q+2bb mb2/BM aaS-i?2 7BHi2 2/ b
BH iQi?2Q B;BM HbB;M HX ; BM-7Q i?22 Tm TQb2b Q7 B/2MiB7:
70/ K ;2 HQ+ HBx iBQM- bm+? bB;M H Hi2 iBQM Bb ++2Ti #H2¢
Hi2 b i?2 b? T2 Q7 i?2 bB;M HBM bm+? K MM2 Bb MQi bmBi #H?2
r?2°2i?2 7BHi2 2/ bB;M H rQmH/ ? p2 iQ #2 T°Q+2bb2/ BM Q /2" iQ
TQT2iB2bX h?2 "2+QK#BM iBQM i2+?MB[m2 rQmH/ bBKTHv BKTQ
BMiQ i?2/ i -K bFBM; i?2 72 im 2br?B+? "2 /2bB 2/ BMi?Bb rQ FX

AMi?Bbi?2bBb-i?2 +QM+2Ti Q77 2[m2M+v@/Bp2 bBivBb 2KTHQV2
K2 bm 2K2Mib ip BQmb 7 2[m2M+B2b "2 K /2 BM/2T2M/2MiHVX h~
Hr vb i?2 b K2i?2Qm;?, K FBM; K2 bm 2K2Mib i K Mv /B772 2Mi 7 2
BKT +i Q7 7 2[m2M+v@/2T2M/2Mi K2 bm 2K2Mi +QMi KBM MibX

RXkXj .BbT2bBQM +m p2 K2 bm 2K2Mi i2+?MB[m2b

h?'Qm;? i?2 T'Q+2bb Q7 /2+BT?2'BM; i?2 7mM/ K2Mi H T'BM+BTH
bi*2bb K2 bm 2K2Mi i2j4y BWBM22BWMQ( / Ti Bi iQ + b2b rBi? "27H2+iE
7QmM/i? i i?2 K2i?2Q/? bKQ 2BM +QKKQM rBi? /BbT2 bBQM +m p2
i? MrBi? Qi?2° MQM@/2bi m+iBp2 bi 2bb K2 bm BM; i2+?MB[m2b +
2K BM/2 Q7 i?Bb b2+iBQM i?2'27Q 2 7Q+mb2b QM i2+?MB[m2b BM
bm BM; /IBbT2 bBQM +m p2bX

h?2 KQbi +HQb2HV "2H i2/ /BbT2 bBQM +m p2 K2 bm 2K2Mi i2+?MlI
mMHi> bQMB+ r p2 T'QT ; iBQMX h22iBQBHRNBERIN2 7202 i2+?MB]
ivTB+ HHV K F2 bBM:H2@7 2[m2M+v 2biBK i2b Q7 i?2 T? b2 p2HQ+1
+m p2b mbBM; iBK2@Q7@7HB;?i K2 bm 2K2Mibh M '2D BRMTIF2 "2 H
HBKBi iBQMb /2b2+BBQMBRAGKIX R +?MB[m2 ;Bp2b p2'v HQr "2bQHm
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K2Mi Q7 /BbT2 bBQM +m p2- M/ Bb i?2°27Q 2 QMHv bmBi #H2 7Q
r?2°2i?22 /BbT2'bBQM +m p2 2K BMb "2H iBp2Hv mM+? M:2/ Qp2°
i2+?MB[m2 Bb HbQ b2p2 2Hv HBKBi2/ 2; "/BM; /BbT2 bBQM- " M/Q
i72 7Q K Q7 "27H2+iBQMb QI¥Q/2 +QMp2 bBQM (

MQi?2  K2i?Q/ mb2/BM i?2 mHi® bQMB+ i2biBM; HBi2" im 2 Bb i? i
i° Mb7Q KU b /2KQMYPV Q2KBM2(;2M2° HHv r? i Bb 272 °2/iQ b diB
M HvbBbX AM i?Bb TT Q +?-p BQmbivT2b Q7 i  Mb7Q Kb + M #2
+QMi2Mi Q7 HB;MnM+iBOQMQBRBBK20Q- QM2 Q#i BMb T2 Fb r?2M

7°2[m2M+B2b 6 ""Bp26 i T iB+mH S HQ+ iBQM i bT2+B7B+ iBK
"B;Q°QmbrviQ /2i2°KBM2 iBK2@Q7@7HB;?i 7Q° T 'iB+mH > 7 2
i?72;°QmT p2HQ+BivX aiBHH-i?Bb K2i?Q/ ;Bp2b p2'v+Q b2 /BbT2
HBKBi2/ BM “2; "/biQ "27H2+iBQMb Q  Qi?2  7Q Kb Q7 +Q?2 2Mi MC
7Q i?2HQr@7 2[m2M+v /BbT2 bBQM +m ' p2b bQm;?i 7i2° BM i?Bb r

b M Hi2 M iBp2/BbT2 ' bBOQM@+m ' p2 K2 bm BM;p2+RAKG [MD-T Q2F
/i @/ Bp2M KQ/2HBM; i2+?MB[m2 # b2/ QM bi2 /v@bi i2 K2 bm 2K
bi M/ °/ KQ/ H i2bi- " i?2  i? M # b2/ QM r p2 T°QT ; iBQNM WKMbm 2k
i?Bb T T2 -i?2 mi?Q b +QMbi'm+i /i @/"Bp2M KQ/2H mbBM; * iB
7 2[m2M+v 2bTQMb2 K2 bm 2K2Mib 7' QK KQ/ H i2biX h?2 "2bmkF
mb2/iQ i?2M bBKmH i2r p2 T°QT ; iBQM K2 bm 2K2Mib- M/i?2 b K2
() 2 TTHB2/iQi?2/i X b “2bmH)- i22biBbIHHHBBBIZ/ BM i?2B" #
? M/IH2 HQr 7°2[m2M+v + b2b rBi? bB;MB7B+ Mi KQmMib Q7 "27H2+
h?2 rQ"F BMi?Bb i?2bBb + M /B 2+iHv #2 9TIRB227Q 22 RQ 2bmBRip2B
#2112 2biBK i2 Q7i?2/BbT2 bBQM +m p2 iHQr7 2[m2M+B2b-r?B+
BMi?2 +Bi2/ T T2 X

Ai Bb rQ i? K2MiBQMBM; i? i H ;2T i Q7 i?2 ;mB/2/ r p2 HBi2 in
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K2 bm BM; /IBbT2 bBQM +m p2b+mRIBBV22bB@M +m p2b 7 QK p BQ
Q7 KQ/2HbX AM 7 +i-K MVT T2'b '2H iBM;iQKQ'2 ++m’ i2 2biBK il
" BHb 2tBbi- M/ K Mv i2+?MB[m2b bR I 7TBMIBARBRB@2M 2HAiB+ H 7E
2H2K I Mie(k Nje) K2i?Q/b ? p2 #22M TTHB2/iQ i?2 T Q#H2KX 6Q i?2 |
i?Bb rQ F- hBKQb?2MFQ #2 K i?2Q v ? b #22M b?QrN)iQ2@nb;m7 7B +
B7 Bi Bb 7QmM/ BM i?2 7mim 2 i? i #2ii2° KQ/2H Bb M2+2bb ‘v 7Q"
i?Bb T " Q#H2K Bb r2HH mM/2 biQQ/ BM i?2 HBi2 im 2X

GQQFBM; QmibB/2 Q7 i?2 ;mB/2/ r p2 HBi2  im 2-i?2 ;2QT?vbB+b
HbQ ? p2 2H2p Mi i2+?MB[m2b iQ i?2 K2 bm 2K2Mi Q7 /IBbT2 bBC(
+Bi2/ +H bb Q7 i2+?MB[m2b T°Q/m+2b M 6BK ;206 Q7 /BbT2'bBQM
r p27B2H/i° Mb7Q'IRABQM b2p2° Hi® Mb7Q K iBQMb 2tBbi- irQ +QK
7 2[m2M+v@r p2MmK#2° M/ bHQrM2bb@7 2[m2M+vi Mb7Q K iBQI
(8- 7 2[m2M+v@/2T2M/2Mi T? b2 b?B7ib Q° Q77b2ib "2 TTHB2/ iC
bbmK2/ T? b2 p2HQ+Biv- M/ i?2 bm#b2[m2Mi i° Mb7Q K2/ r p27B2
r?22i?22 bbmK2/ T? b2 p2HQ+Biv +Q 2H i2br2HH rBi?i?2/ i X q?.
i?Bb r p27B2H/ +QMi BMb /BbiBM+i bi'2 Fb +Q " "2bTQM/BM; iQ i?2 ;
/IBbT2 ' bBQM +m p2b UBRZ Q@ "F KTHXK Q7 bm+? 7B:m 2bVX

h?Bb ivT2 Q7 6/BbT2 ' bBQM +m p2 BK ;BM:6 Bb mb27mH r?2M "2H
Q K2 bm 2K2Mib- 2 p BH #H2 UK2 bm 2K2Mib i KQ'2 HQ+ iBQM
"2bQHMIBQM i?2 b K2 rv i? i KQ'2 b KTH2b BM iBK2 ;Bp2 ?B:?2°
q?BH2 i?2 BK ;2 Bb mb27mH 7Q  TQi2MiB HHv pBbm HBXxBM; b2p2"
QM+2- 2ti° +iBM; i?2 /IBbT2'bBQM +m p2b 7°QK i?2 T2 Fb+ M HbQ -

M2H2; Mi K2i?Q/iQ +B +mKp2Mii?Bb M/ /B 2+iHv Q#i BMi?2 /BbT
BMNX h?2 mi?Q'b 7B bi T2°7Q K 6Qm B2 i’ Mb7Q K HQM; i?2
K2 bm 2K2Mib BMiQ i?2 r p2MmK#2  /QK BMc bm#b2[m2MiHv- i?2v C



SYkY b eez -AA ¢ a z2é2n 12602z OnénA Ng NT O kR

bM Th?Qi > MF2HsK MB2b?B7i2/ #v QM2 iBK2@bi2TX h?2 mi?Q b i
7QHHQIBM; K i"Bf T29%+BM22? b i?2 79=Ké" X h?Bb K i'Bt T2M+BH
r?B+? "2b2K#H2b r p2@T QT ; iBQM bQHMIBQM-+ Mi?2M #2 bQHp
T Q#H2K 7Q  i?2 7°2[m2M+B2b +Q "2bTQM/BM; iQ i?2r p2MmK#2 b
Hi2"M iBp2Hv- QM2 + M HbQ T2'7Q'K 6Qm B2  i° Mb7Q K BMiQ i?
bQHp2 i?2 K i'Bt T2M+BH 7Q" i?2 +Q "2bTQM/BM; Ny ZIMRARI b X ¢
p2°v MB+2 2tT2 ' BK2Mi H p HB/ iBQM Q7 i?2 i2+?MB[m2 i mHi® bQ\
pB# QK2i2° M/ 933 b+ M TQBMibX

Ai Bb mMM+H2 > 2Qr r2HH i?Bb i2+?MB[m2 rQmH/ TTHv iQ i?2 + b2l
r?72°2 bB;MB7B+ MiHv 72r2° bT iB H K2 bm 2K2Mib "2 mb2/ i Km-
HBKBi iBQM- ?2Qr2p2 -Bbi? ii?2i2+?MB[m2/Q2b MQi TT2 " iQ bQH
Q7 i?2 p "BQmb T°QT ; iBM; r p2bX h?Bb BM7Q K iBQM Bb mb27m
r p2KQ/2b b i?2v T QT ; i2 M/ p2 'B7vBM; B7 i?2r p2b "2 #2BM; /24

RXj amKK v Q7 "2bmHib M/ Q' ; MBx iBQM Q7

AM i?Bb i?2bBb- M2r bB;M HT Q+2bbBM; i2+?MB[m2 7Q /2+QKTC
M/ # +Fr "/ T QT ; iBM; +QKTQM2Mib 7Q 2t KTH2 iQ +QKT2Mb i2
iBQMb Bb T'2b2Mi2/X //BiBQM HHv-i?2 H;Q Bi?K + M #2 mb2/iQ
r?B+? Bb "2H i2/iQ i?2 T°QT ; iBQM p2HQ+Biv-7Q 2 +? Q7 i?22b2 +C
r p2MmK#2° 2biBK i2b ip "BQmb 7 2[m2M+B2b ;Bp2b M 2biBK i2 7C
/IBbT2 ' bBQM +m ' p2-7Q° bi'm+im 2-r?B+? + M #2 mb2/iQ 7Bi M |
BM Q /2 iQ T2 '7Q 'K T K2i2  2biBK iBQMX h?Bb i2+?MB[m2 Bb m
MQM@/2bi m+iBp2 bi ' 2bb K2 bm 2K2Mi BM i?2 T 2b2M+2 Q7 /IBbT2"
bBKmHi M2QmbHvV T2 ' 7Q K KQ/2H mT/ iBM; iQ ++QmMi 7Q mM+2"i
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2i°v T " K2i2'bX h?2 T2 7Q K M+2 Bb /2KQMbi* i2/ QM bBKmH i2/ M
240 M;mH >~ HMKBMmMmK #2 K 2tT2 ' B2M+BM: mMB tB H bi 2bbX

h?2 "2bi Q7 i?2i?2bBb Bb Q" ; *N Bxi2/ #2 BMbBH@IiBX?2 i?2Q 2iB+ H 7Q
iBQM Q7 i?2 K2i?Q/-r?B+? Bb # b2/ QM bT2+i" H M HvbBb Q7 r p2 1
6Qm B2  h> Mb7Q K U66hVX M BKTQ'i Mi;  T?B+ HBMi2 T 2i iBQNM
Bb T'2b2Mi2/- r?2°2BM i?2 p 'BQmb 7 2[m2M+v +QKTQM2Mib 2 2
+QKTH2t TH M2X h?Bb BMimBiBQM Bb mb2/ bi?2# bBb7Q" M H;Q
BMiQ Bib 7Q r °/ M/ # +Fr "/ T°QT ; iBM; +QKTQN2MXp h 2?12 /72m HBH 2/
;2M2° H 7Q K Q7 i?2 T'Q#H2K Bb T 2b2Mi2/- HQM; rBi? bQK2 bBK"
"2 mb2/iQ "2/m+2i?2 MmK#2 Q7 K2 bm 2K2Mib M22/2/X

L2ti-i?2 H;Q Bi?K Bb /2KQMbi® i2/ QM #Qi? bBKmH ¥2/ TMY 22T 2 BK:
h?2 i?2Q v mb2/iQ ;2M2" i2 i?2 bBKmH i2/ /i Bb T 2b2Mi2/- M/ bnm
Q7i?2 H;Q Bi?KiQ /2+QKTQb2i?2 BM+B/2Mi M/ 27H2+i2/r p2b B
Q7 i?2 H:Q Bi?K 2; "/BM; bi'2bb K2 bm 2K2Mi Bb i?2M /2KQMbi i
i72 K i2’B H M/ ;2QK2i'v "2 i F2M b FMQrMb- M/ bm#b2[m2MiHv
mMM+2"i BMiv Bb BMi*Q/m+2/ 2; “/BM; i?2 K i2'B H M/ ;2QK2i'v T "
i?72 H;Q Bi?K Bb bm++2bb7mHHV #H2iQ /2i2 ' KBM2 i?2 bi'2bbX

h?2 2tT2 ' BK2Mi Hb2imT mb2/iQ p HB/ i2i?22i?22Q v Bb /2b+ B#2/-
H;Q ' Bi?K "2 T '2b2Mi2/ mbBM; #Qi? H b2  pB# QK2i2 K2 bm 2K2M
bm 2K2MibX AM i?2 H ii2  + b2-i?2 KQ/2H mT/ iBM; 72 im 2 Q7 i?2
BM Bib #BHBiviQ ++QmMi 7Q mM+2'i BMiv 'BbBM: 7°QK K bb@ H

h?2 i?2bBb Bb +QM+HRIM/28 M2 i?2 7Tmim 2 rQ F Bb T 2b2Mi2/- 7QH]
#B#HBQ; T?v M/ +QHH2+iBQM Q7 bmTTH2K2Mi v BM7Q K iBQM



*? Ti2 K

h?22Q v

qp2@T QT ; iBQM # b2/ bi'2bb K2 bm 2K2Mi i2+?MB[m2b b22F iQ
T QT ; iBQM p2HQ+BivQ7 T 'iB+mH "r p2 KQ/2brBi? +? M;2b BM bi
+B2b- bi 2bb K2 bm 2K2Mi i2+?MBRfmRZbiI\OIMBH? HBHB RK(THQV  "2bmHi
MQMHBM2 " i?2Q°v Q7 2H biB+Biv FMQrM b i?2 +QmbiQ2H biB+ 2°
bm™ #H2 bi 2bb@/2T2M/2Mi bi m+im"  H "2bTQMb2X h?2b2 i2+?MB]|
IQ BKTH2K2Mi #2+ mb2 i?2 +? M;2b BMr p2 p2HQ+BiB2b i? i Kmbi #.
QM i?72 Q'/2° Q7 yXyyyRW iQ yXyyRWRER h2P8bQ2HiiBbbHVv HQr b2Mt
iQ bi'2bb + M+ mb2 bi 2bb +? M;2b iQ #2 Q#b+m 2/ #v mM+2 i BMiB
T QT2 iB2b IHi® bQMB+ i2+?MB[m2b # b2/ QM i?2 +QmbiQ2H biB+
+? 7 +i2'Bx iBQM Q7 i?2K i2'B H M/;2QK2i'vT QT2'iB2b Q7 i?2r p
"2[mB'2b "272°2M+2 K2 bm 2K2Mi 2Bi?2° i FMQrM bi'2bb Q" QM
bT2+BKR3BM (

h?2 rQ'F 22 °2BM Bb # b2/ QM /B772 2Mi TT ' Q +?c r?BH2 mHi  bQ
MB[m2b "2 Q7i2M # b2/ QM MQMHBM?2 * 2H biB+Biv- i?Bb rQ F 2tT|
[2T2M/2M+2 7QmM/ BM i?2 7B bi Q /2 HBM2 " i2 ' KbX h?2 2772+
7°2[m2M+v 7H2tm> Hr p2b- bQ 2p2M TT QtBK i2i?2Q ' B2bbm+? b
Qb?2MFQ #2 K i?2Q 'B2b + M #2 mb2/ rBi? ?B;? ++m  +vX 6m’ i?2 K
P2HQ+Biv /m2 iQ bi'2bb 7Q" i?2b2 HQr@7 2[m2M+v KQ/2b "2 Km+7
KQ/2b- QM i?2 Q/2° Q7 yXyRW T2 JS Q7 bi‘2bb-r?B+? 2HBKBM i

K]
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K2 bm 2K2MiX >Qr2p2 -i?2b2 HQr@7 2[m2M+vr p2b T 2b2MiirQ K |
"2 bB;MB7B+ MiHv KQ 2 /BbT2 bBp2i? MmHi" bQMB+ r p2b-r?B+?
r p2b BM K2 bm 2K2Mib M/ T Q+2bbBM; i?2K Km+? KQ'2 /B77B+mH
7Q i?2b2 HQr 7°2[m2M+B2b "2 Km+? HQM:2 i? Mi?Qb2 Q7 mHi> bQ
HBiiH2 Q" MQ b2T * iBQM #2ir22M M Q'B;BM Hr p2 M/ bm#b2[m2M
/IBb+QMiBMmMBIiB2bX *QK#BM2/ rBi? i?2B" /BbT2 bBp2 M im 2- i?2b
THB+ i2 B/2MiB7vBM; i?2 HQr@7 2[m2M+v r p2b Q7 BMi2 2bi BM K=
2T BK "BHvr? i? p2/2i2°°2/ "2b2 +?22' b7 QK mMbBM; HQr@7 2[m
T bi-/2bTBi2i?2B" ?B;? b2MbBiBpBiviQ bi 2bbX

kXR aT2+i°H M HvbBb Q7 r p2 T'QT ; iBQM

h?2 i?2Q v T°2b2Mi2/ 22 2BM Bb # b2/ QM bT2+i°" H M HvbBb Q7 p
i° Mb7Q K- b /2b+ B#RKkBMBE@wR2Z 2 BMi2 2bi2/ BM /2 HBM; rBi?
7 QK 2tT2 BK2Mib-i?2 7Q KmH iBQM /2b+ B#2/BM i?Bb i?2bBb rBH
7Q K +QKTmi2/ mbBM; i?2 6 bi 6Qm B2  h" Mb70+R UBBHVQH?Q /BilPE
+°2i2 6Qm B2 i° Mb7Q K U.6hV-r2 + M 2T 2b2Mi MF({#Bbh ‘v /Bb+"
bmT2 TQbBIiBQM Q7 b'BMmbQB/ H bB;M Hb

X1 o
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b K2 K MM2 - 72 im 2 FMQrM b 6KQ/2H mT/ iBM;86X JQ/2H mT/ iE
mM+2'i BMivBMi?2 K i2 B H M/;2QK2i'vT K2i2°'bBMi?2 KQ/2H -
rBi? BM+ 2 bBM; i?2 ++m +v Q7 i?2 bi 2bb K2 bm 2K2MiX

kXkXk JQ'2 QM :2QK2i'B+ /BbT2 bBQM

MBKTQ i Mi72 im 2Q7 7H2tm  Hr p2bBM #2 Kb Bbi?2/BbT2 bBQNM
BHVi?2bT2+i'mK 2H iBQM 7Q" tB I@@QQBUBI@H\BH—IHI—ﬁ)\Zb BXb BM bi"

k = pE! X h?Bb bT2+i' mK "2H iBQM Bb HBM2 - M,/‘lbmb @BB”? b2 p2
+QMbi Mi MM@2B2M/ QM 7 2[m2M+vX aBM+2 i?2 T? b2 p2HQ+Biv E
7°2[m2M+v- 2p2°'v 7' 2[m2M+v +QKTQM2Mi i° p2Hb rBi? i?2 b K2 p2t

rBHH i?72°27Q 2 K BMi BM Bibb? T2 6B X RHDb- b b?QrM BM

8h?Bb + M #2 Q#i BM2/ mbBM; i?2 b K2 &2Q 20 MMGBXKP QMVIBR MX RIKRBMbi2 /
mbBM; i?2 ;Qp2 MBM; 2[m iBQMb 7Q° bi'BM; Q° "Q/-BX2X i?2 R.r p22[m iBQM,

o= c?u®



je +Nzy ¢ IYiINYA -

UV bi2pi52 U#V 2H biB+ EQ/mHmb-
U+V /2MbBiv- u/v "2a -
U2V KQK2Mi QT BM2'iB - U7V SQBbb@M * iBQ-

6B:m 2 kX9, h?2 [m HBi iBp2 2772+ib r?B+? p "BQmb KQ/2H T * K2i
"2H iBQMX LQi2i? ii?2 bi’2bb mMB[m2Hv /2i2 ' KBM2b i?22 HQr 7 2]
r?2°2 b HH i?2 KQ/2H T °~ K2i2 b 772+ii?2 ?B;? 7°2[m2M+v TQ iB
h?2 SQBbbQM * iBQ b22KbiQ ? p2 HBiiH22772+i QM i?2 /BbT2 bBQM
T K2i2 bX



IYIY byT« & 74z Oné An iOeén NfJéanaqgze NYIA - jd

UV MQM@/BbT2 bBp2r p2X U#V /BbT2 bBp2r p2X

6B:m 2 kX8, *QKT "BbQM #2ir22M /BbT2 bBp2 M/ MQM@/BbT2 bBy
7B:m 2b- i?2 "2bTQMb2b i p 'BQmb HQ+ iBQMb "2 bi +F2/ BM Q"/
Bi i° p2Hb BM bT +2 M/ iBK2c HBM2b +Q "2bTQM/ iQ BM/BpB/m H
HQ+ iBQMbX

LQr BMbi2 / +QMDbB/2" i?2 bT2+i ' mK "2H iBQM 7Q® 7 pQ@K BBI? 22 K-
1MH2 @"2°"MQmMHHB Q' hBKQb?2MFQ #2 K i?2Q" v,

S

b+pb2 4ac
k= ,
2a
8
E1mH2‘@"2‘:a/lzcgl:f:i;l-lblelcE.:o;c= Al 2
rBi’?B
" hBKQb?2MRG,El;b=F, !2EL 1 2;¢c= 214 A2

h?2 "2H iBQMb?RTMRiBD2MIQ HQM;2 HBM2 - b + M K@BjRX0GHvV #2
b “2bmHi- i?2 T? g2 BTRR/MQi +QMbi Mi- #mi ~ i?2° Bb 7 2[m2M+)
M/ 2 +2 7°2[m2M+v +QKTQM2Mi BM bB;M H rBHH i° p2H i /B77
#b2M+2 Q7 i?2 EB H?PEQ@H2tm  H KQ/2 Bb bilBHH2 B2 bBPRK Bb

¢i?22 /2 Bp iBQMb Q7 #Qi? #2 K i?2Q B2Z® M2BT QGIRBIR/ BM



i3 +Nzy ¢ IYiINYA -

MQi MQMHBM2 * 2772+i Q  iQ #2 +QM7mb2/ rBi? i?2 +QmbiQ2H |
iQ MQMHBM2 ° 2HhBE+BIQK?2i B+ BMT222BQIM2bb /2T2M/2M+2 Q7
bT2+i'mK "2H iBQM 7QHHQr 7°QK i?2 /2'Bp iBQM Q7 hBKQb?2MFQ
HBM 2H biB+ K i2'B H "2bTQMb2 ++Q /BM; iQ >QQF26b H rX q?
BMi Q/m+2/ b ;2QK2i B+ HHv MQMHBM2 "i2 K-BiBbHBM2 "Bx2/ ]
“2bmHIBM; ;Qp2 MBM; 2[m iBQMb "2 mHiBK i2Hv HBM2 X :2QK2i"
+ mMbBM; i?2r p2 TmHb2 iQdbT 2 /Qmid M/ +? BB2XoRXBR MBBA ;" p2t
iBK2@Q7@7HB;?i K2 bm 2K2Mib BHH@TQb2/X

kXj _27H2+iBQMb

h?2 i?2Q v T 2b2Mi2/ i?mb 7 - M K2Hv i?2 bT2+i  H 2T 2b2Mi iBQ]
bT2+i'mK “2H iBQM r?B+? ;Qp2 Mb i? i r p2 KQiBQM- 2 bm77B+B2
rp2 T°QT ; iBQM T Q#H2Kb M/ 2p2M M Hvx2 bBKTH2 + b2b Q7 2tT
1[X UKXjV

U(X;t) — Oe i (kx !t);

7Q° :Bp2M UBMTmiV KTBBifWUBKP#+BYEB2b ?2Qr i?2 r p2 rBHH TT
HH TQBMibiBRXB[X UkXgW2MiB HHv 6T QT ;0i2@ 6 M¥2HQpR2 iBQMX AM
bBKmH iBQMW b®inB-M #2 T 2b+"B#2/ bi?2 BM+B/2Mir p2c ?Qr2p2° - B
b2iiBM;- 7B bi K2 bm 2K2Mi KB;?i K2 K th2?B NB I +/R/ 2ipX r 602"

:Bp2M b2i Q7 K i2°B H M/ ;2QK2i'vT * K2i2 b-r?B+R-IKBWKX BT 2+
i?2M 2bb2MiB HHv /27BM2b KQ/2H 7Q" i?2 i2bi “iB+H2X am#b2]Ji
#2 +QKT "2/ iQ i?2 KQ/2H- M/ i?2 [B772 2M+2 #2ir22M i?2 K2 bm’2

dh QTTQb2/iQ K i2'B H/BbT2 bBQM



IYKY "TAaT« Oné iN

T 2/B+iBQMb + Mi?2M #2 mb2/ bi?2# bBb7Q° M QTiBKBx iBQM iQ
“iB+H2X h?Bb Bb 2bb2MiB HHv i?2 T°Q+2/m 2kBpEa# BM -H#HH BBM/
M/ h " x ;)X

AM “2 HBiv-r2 Q7i2M /Q MQi b22 bBM;H2r p2 TmHb2 i p2HBM; mM
bi'm+im 2b +QMi BM #QmM/ "B2b M/ Qi?2  /IBb+QMiBMmMBiB2b r?B+:
iQ T'QT ; i2- M/r2bm#b2[m2MiHvb22r p2b "27H2+i2/ 7' QK i?2b2 /B
#QmM/ v +QM/BiBQMb /Q MQi 772+i rp2 bBiT QT ; i2b-i?2v + \
Ui?2 KQbi +QKKQM #2BM; 7Q'r */iQ # +Fr '/ +QMp2 bBQM- BX2X

q?BH2X UKXjM #2 mb2/iQ 2T 2b2Mi bBM:H2r p2 KQ/2 T'QT ; iBM:
Bi/Q2b MQi 2T 2b2Mii?2bi m+im 26b 7mHH TQbbB#H2 2bTQMb2X
- p2 irQ ivi2b Q7 bQHMIBQMb- i?2 T'QT ; iBM; 7H2tm" H bQHmMIiBQNM
M/ i? i2 +? bQHMIBQM +QmH/ 2Bi?2° #2 TQbBiBp2 Q' M2; iBp2- +
# +Fr "/ T°QT ; iBM; bQHMIBQMbX h?2iQi H 2bTQMb2 7Q" bBM;H:
bmT2 TGUBIBDMWMW2 7Qm” BM/BpB/m HbQHmMIBQMb,

ux;t) = (Ae *x + Be k2x + Egkix 4+ Pekax)d' ; UkX3V

r?2°&B;60 "2i?2 KTHBim/2bT2+i° 7Q°i?2p "BOmb bQHmMIiBQMbX

AM Q' /2 iQ KQ/2H r p2;mB/2rBi? "27H2+iBQM bQm +2b-bm+? b #
r2 bBKTHv DQBM p "BQmb bK HH2 r p2;mB/2b M/ K i+? i?2 #QmM
i?72K- bQHpBM; 7Q" i?2 KTHBim/2 bT2+i" QA;BRZLpD BI@ME r+p2 KQ/
rp2:mB/2X 6Q 2t KTH2- r2 KB;?i T°2b+"B#2 QMHv 7Q WA;/ T° QT ;
BM bBKmH iBQM- #mi BM Q /2  iQ b iBb7v i?2 #QmMC€;" K ¥QM/BiBQ
im*M Qmi iQ #2 M2+2bb "vX 6Q° #2 K- 7Qm’ #QmM/ v +QM/BiBQ

3h?Bb Bb Q7 +Qm b2 QMHvV TQbbB#H2 #2+ mb2 Q7 i?2 HBM2 'Biv Q7 i?2 ;:Qp2 M



9y +Nzy 7 IYiINTA -

“2[mB 2/- +Q "2bTQM/BM; iQ i?2 /IBbTH +2K2Mi- bHQT2- #2M/BM: K
K i?2K iB+ H/2b+ BTiBQMb Q7 i?2b2 [mhMiIB2BKOR "2 T QpB/2/ BM

h #H2 kXR, "QmM/ v +QM/BiBQMb 7Q° #2 KX

ImH2 @"2 MQmHHB hBKQb?2MFQ

.BbTH +2KMi(x;t) u= u(x;t)
aHQT2, =& = (x;t)
JQK2Mi, M:EI% M=ElZ
a?2 ' 6Q +27 EIZy V= GA(Z )

6Q  i?2 Tm TQb2b Q7 i?2 H;Q Bi?K 7Q° M HvXBM;r p2 T'QT ; iBQJI
i2Qm;?- i?2 K2 bm 2K2Mi rBHH bBKTHvV b22 p "BQmb r p2 KQ/2b M.
bQm +2b-bQ i?2#QmM/ 'v+QM/BiBQMb 2BMbB;MB7B+ MiBM 2; °

h?2 BM #BHBiviQ ? M/H2 KmHIBTH2 KQ/2b Q' "27H2+iBQMb Bb K I
rp2T°QT ; iBQMi2pr9BM?2bR i2+?MB[m2b ? p2/B77B+mHivrBi? "2
i?72v "2 # b2/BMi?2iBK2/QK BM-r?2'2 bi?2p 'BQmbr p2KQ/2b 2
7°2[m2M+v /QK BMX *QMbB/2  i?2 MQM@/BbT2 bBHB ;XMcX@MMi M/
+QmH/ 72 bB#HV 8+ M+2H Qmid i?2 '27H2+iBQM BM i?2 iBK2 /QK BN
HQ+ iBQM r?2 2 Bi/Q2b MQi Qp2 H TrBi? i?2BM+B/2Mir p2- BMp:
i?22r p2i?2 TT QT B i2 KQmMi BM i?2 "2bi Q7 i?2 /i iQ M2; i2 i?2
IBbT2 bBp2 + b26lBmXx B X2BMBMIimBiBQM #Qmi BMp2 iBM; M/ b?B7iE
iBK2 /QK BM #2+QK2b Km+? KQ 2 +QKTHB+ i2/- #2+ mb2 6b?B7iBN
"Qi iBM;i?2T? b2BMi?27 2[m2M+v /QK BM- M/ 7Q /BbT2 bBp2r |
"Qi iBQM Bb 7°2[m2M+v /2T2M/2MiX h?mb * i?2°i? M T2 7Q KBM; i~
i?72 iBK2 /QK BM- Bi Kmbi #2 T2 7Q K2/ BM/2T2M/2MiHvV 7Q 2 +?2 7 .
7°2[m2M+v /QK BMX

h?Bb T Q#H2K Bb 2t +2 # i2/ #v i?2 7 +i i ?6iBi:h2X; kDQ#EXH HB Qi B M
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