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Dispersion Curve Estimation for Longitudinal Rail Stress Measure-
ment

Nicholas A. Corbin

(ABSTRACT)

There currently exists no reliable, non-destructive method for measuring stress in railroads

and other similar structures without the need for a calibration measurement. Major limi-

tations which have hindered previous techniques include sensitivity to boundary conditions,

insensitivity to stress, and intolerance for material and geometry uncertainty. In this work,

a technique is developed which seeks to solve these challenges by extracting the spectrum re-

lation, or dispersion curve, of a waveguide from dispersive wave propagation meaasurements.

The technique is based on spectral analysis of waves in structures modeled as beams, and as

such is based on relatively low frequency vibrations, as opposed to other techniques which

use nonlinear elastic modeling of structures at ultrasonic frequencies. The major contribu-

tion of this work is the development of a frequency-domain based signal processing technique

which is capable of compensating for the dispersive, long wavelength reflections which have

limited the ability of previous techniques to go low enough in frequency to achieve high

stress sensitivity. By compensating for reflections, the present work is able to automate the

process of analyzing wave propagation signals such that the entire dispersion curve can be

extracted, enabling the identification of various parameters including stress, stiffness, den-

sity, and other material and geometry properties. This in turn enables measuring stress,

performing model-updating for material and geometry uncertainty, and being indifferent to

boundary conditions. The theory and algorithmic implementation is presented, along with

simulations and experimental validation on a rectangular beam.



Dispersion Curve Estimation for Longitudinal Rail Stress Measure-
ment

Nicholas A. Corbin

(GENERAL AUDIENCE ABSTRACT)

The ability to detect damage or the potential for damage in structures is highly desirable,

especially in industries such as civil infrastructure in which failure can be incredibly costly

and dangerous. In particular, non-destructive techniques which can predict failure without

interfering with the operations of a structure are particularly sought after. In this work,

a technique for non-intrusively and non-destructively measuring stress is developed, with

the primary application being for measuring stress in railroads. The technique seeks to

advance the state-of-the-art in wave-propagation-based techniques by adding the capability

to automatically identify reflected waves. With this new capability, the method is able to

quickly and efficiently analyze a large set of vibration measurements to extract information

about the structure’s material, geometry, and loading characteristics which enables solving

for stress even when the structures material, geometry, and boundary conditions are not

precisely known. The technique is demonstrated on both simulated and experimental data,

in which a rectangular beam is tensioned and the stress is then identified.
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1.1 Images showing (a) dramatic buckling of a rail due to thermal expansion
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there are more samples along the curve of the continuous Fourier transform. 27
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2.2 Fourier coefficients plotted as vectors in the complex plane. ‘Propagation’

corresponds to rotating the phase of the vector while keeping the amplitude

constant; for superimposed waves, this can be seemingly sporadic. Dotted

lines represent raw measurements, whereas solid lines represent individual
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case of a single mode, the measurement directly gives the modes, whereas for
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2.4 The qualitative effects which various model parameters have on the spectrum
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2.5 Comparison between dispersive and non-dispersive wave propagation. In both
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ûn(x) The nth Fourier coefficient

� Timmoshenko correction factor

� Poisson ratio

! Angular frequency, in rad./s

 (x; t) the rotation  of a beam’s cross-section at location x and time t

� Density

� Longitudinal stress

A Cross-section area

E Elastic modulus, i.e. stiffness or Young’s modulus

E Elastic modulus

F0 Axial force

G Shear modulus

G(knx) Phase spectrum

xiv



I Second moment of area, i.e. cross-section’s area moment of inertia

k Angular wavenumber, in rad./m

M Bending moment

T Temperature

T0 Neutral temperature

u(x; t) the deflection u of a beam at location x and time t

V Shear force

w Weighting

CFT Continuous Fourier Transform

CWR Continuously Welded Rail

DFT Discrete Fourier Transform

FFT Fast Fourier Transform

FRA Federal Railroad Administration

IEPE Integrated Electronic Piezoelectric

MFC Macro-Fiber Composite (a type of piezoelectric actuator)

NDE Non-Destructive Evaluation

PSD Power Spectral Density

RNT Rail Neutral Temperature

SHM Structural Health Monitoring

xv



SNR Signal-to Noise Ratio

SSP Split-Spectrum Processing

xvi



Structural health monitoring (SHM) is a field concerned with detecting damage or the po-

tential for failure in structures under operation. Monitoring structures while they are in-use

and without interrupting operation presents a challenge, as the level of control and certainty

available in lab-based testing is often unavailable for structures in operation. This is because

many traditional evaluation methods, such as material tensile testing or impact testing, are

destructive in nature, often requiring cutting a sample from a structure or permanently

damaging a test article. There is therefore a high demand for non-destructive evaluation

(NDE) methods, which are unique in their ability to characterize a structure’s damage in a

non-invasive manner.

According to Farrar and Worden [14], damage can be defined as a change which may inhibit

the current or future performance of a system. The extent to which damage is tolerated

varies between applications, and in some fields, such as aerospace, mechanical, and civil

engineering, significant effort is expended to produce damage tolerant designs. Nonetheless,

there are still countless examples of systems in which the designed damage tolerance was

insufficient to prevent catastrophic failure. Thus, while many SHM techniques seek to detect

or localize damage once it has occurred, SHM can also be concerned with detecting damage

before it happens.

1
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As a supplement to damage tolerant design, the ability to monitor the stress of structures

during operation could provide a warning to avoid critical failures. Motivated by this prob-

lem, this thesis seeks to develop a non-destructive and minimally invasive technique for

measuring stress in-situ in structures.

Modern railroads are constructed using continuously welded rail (CWR) consisting of pre-

fabricated sections of rail (typically about 400 feet long [32]) that are welded together to

form a continuous track. Eliminating the gaps between rail sections by welding them to-

gether in this manner allows trains to travel with fewer vibrations, enabling them to travel at

higher speeds, providing a smoother ride, and reducing associated maintenance costs. How-

ever, without gaps to accommodate expansion and contraction due to temperature changes,

CWR becomes more susceptible to buckling or cracking. During periods of high heat, CWR

experiences a buildup of compressive stresses, whereas during periods of intense cold, CWR

can experience intense tension; in both cases, the extreme stress can cause problems (see

Fig. 1.1).

Track buckling in particular represents a major challenge for the rail industry. Repairing

a buckled track is costly and time consuming, and the losses due to halted train traffic

can be major. The most critical damage, however, occurs if a train happens to be on the

track at the time of buckling: trains are often derailed, resulting in damages to the train,

cargo, and potential loss of life. In 1977, the Federal Rail Administration reported 109

train derailments due to buckling, and by 1982 annual derailments had risen to almost 175

[21]. In the following decades, with improved maintenance procedures and stricter traffic

policies, the industry was able to reduce the number to 34 derailments per year by the early
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Figure 1.1: Images showing (a) dramatic buckling of a rail due to thermal expansion (repro-
duced from [41]), (b) a rail which has been intentionally set on fire to prevent cracking due
to shrinkage (reproduced from [10]), and (c) a rail bridge which has not intentionally been
set on fire (reproduced from [43]).

2000s. However, the economic impacts of derailment continued to rise despite the decrease

in derailment events (likely due to higher train speeds and more valuable cargo) such that

the damages peaked at $17 million by 2002 [24].

As rail infrastructure continues to grow to match increasing demand, there is more rail to

monitor and more opportunity for damage. With no current method for actively monitoring

all of the rail, the rail industry must impose broad safety measures across the board such as

lowering train speeds or altogether halting traffic on particularly hot days when buckling is

likely to occur. According to a study funded by the Environmental Protection Agency, the

rail industry is projected to lose on the order of $70 billion by the year 2100 due to these

policies alone. However, the study predicted that losses by the year 2100 could be as high
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as $138 billion due the rise in global temperatures on average due to climate change [9].

In order to avoid such losses, it is necessary to minimize the opportunity for extreme rail

stresses by setting the Rail Neutral Temperature (RNT) — i.e., the temperature at which

the rail is in equilibrium — appropriately between the highest and lowest anticipated tem-

peratures which the section of rail may experience during its operation. The RNT can be

prescribed by tensioning the rail to an appropriate value using a tensioner or heating the

rail artificially during the installation process using a heater, as shown in Fig. 1.2, or simply

by installing the rail when the ambient temperature is appropriate. For this reason, new

rail is typically installed in the summer. However, expansion and contraction due to ther-

mal stresses, vibrations due to train traffic, and shifting of the underlying ground over time

can cause the RNT to shift, exacerbating the possibility for rail buckling or fracture due to

extreme stress. Therefore, RNT must regularly be monitored in order to ensure that the

expected rail temperatures do not result in excessive stresses.

Figure 1.2: Tools for setting the RNT during track installation (reproduced from [15]).

Monitoring RNT involves measuring or calculating the temperature at which the rail ex-

periences a neutral stress state. As has been alluded to, the main source of stress in rails

is thermal stress due to constrained thermal expansion [25]. Note that in the absence of
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boundaries, i.e. for an unconstrained rail, the rail could experience temperature changes

with change in stress; thermal stress is really a mechanical stress induced by constrain-

ing the rail when it would otherwise seek to lengthen or shorten. In such a case, the total

longitudinal strain of the structure "x is zero because the eigenstrain induced by thermal

expansion is negated by the mechanical strain resulting from the mechanical stress from the

forces constraining the rail . The relationship between temperature and longitudinal stress

in the case of a worst-case, perfectly constrained rail is given by Eq. (1.1)

� = �E��T; (1.1)

where � represents the longitudinal rail stress (negative for compression), E is the elastic

modulus, � is the coefficient of thermal expansion, and �T = T � T0 is the temperature

above the rail neutral temperature [1]. For a rail with known material properties E and �, a

single measurement of stress � at a particular temperature T is sufficient to solve for RNT

by rearranging Eq. (1.1):

T0 =
� + E�T

E�
:

Fig. 1.3a shows how a single measurement of stress and temperature, along with the coef-

ficient of thermal expansion, can be used to find the neutral temperature via linear regres-

sion, as shown in Fig. 1.3b. In practice, multiple measurements may be taken at different

stress/temperature conditions in order to obtain a least-squares estimate of the RNT to

accommodate measurement uncertainty.

"x

� = �E(��T � "x)
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�q�2���p�2�` �(�R�R�)�- ���H�#���F�`�B�ö�b �T�`�Q�T�Q�b���H �r���b �i�Q �m�b�2 �i�?�2 �b���K�2 �T�m�H�b�2�@�b�i�v�H�2 �2�t�+�B�i���i�B�Q�M �m�b�2�/ �B�M �m�H�i�`���b�Q�M�B�+

�i�2�b�i�B�M�;�- �#�m�i �r�B�i�? �p�2�`�v �H�Q�r �+���`�`�B�2�` �r���p�2 �7�`�2�[�m�2�M�+�v�X �A�i �r���b �?�v�T�Q�i�?�2�b�B�x�2�/ �i�?���i ���M ���T�T�`�Q�T�`�B���i�2

���+�i�m���i�Q�` �i�?���i �+�Q�m�H�/ �2�t�+�B�i�2 �T�`�B�K���`�B�H�v �� �#�2�M�/�B�M�; �K�Q�K�2�M�i �r�Q�m�H�/ �B�b�Q�H���i�2 �i�?�2 �7�H�2�t�m�`���H �K�Q�/�2 �Q�7

�B�M�i�2�`�2�b�i �7�`�Q�K �Q�i�?�2�` �+�Q�M�i���K�B�M���M�i �K�Q�/�2�b�X �A�i �r���b �7�m�`�i�?�2�` �?�v�T�Q�i�?�2�b�B�x�2�/ �i�?���i �� �+�Q�M�i�B�M�m�Q�m�b�H�v

�r�2�H�/�2�/ �U���T�T�`�Q�t�B�K���i�2�H�v �õ�B�M�7�B�M�B�i�2�ö�V �`���B�H �r�Q�m�H�/ �M�Q�i �+�Q�M�i���B�M �b�B�;�M�B�7�B�+���M�i �`�2�7�H�2�+�i�B�Q�M �b�Q�m�`�+�2�b�- �2�b�T�2�@

�+�B���H�H�v �b�B�M�+�2 �H�Q�r �7�`�2�[�m�2�M�+�B�2�b �i�2�M�/ �i�Q �#�2 �K�Q�`�2 �/�B�7�7�B�+�m�H�i �i�Q ���i�i�2�M�m���i�2 �i�?���M �?�B�;�?�2�` �7�`�2�[�m�2�M�+�B�2�b�X
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�h�?�m�b�- �r���p�2 �T�`�Q�T���;���i�B�Q�M �B�M �T�`�B�M�+�B�T�H�2 �b�?�Q�m�H�/ �#�2 �B�M�/�2�T�2�M�/�2�M�i �Q�7 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�- �m�M�H�B�F�2

�� �b�i�2���/�v�@�b�i���i�2 �#���b�2�/ ���T�T�`�Q���+�? �r�?�2�`�2 �`�2�7�H�2�+�i�B�Q�M�b �7�`�Q�K �i�?�2 �#�Q�m�M�/���`�B�2�b ���`�2 ���H�H�Q�r�2�/ �i�Q �b���i�m�`���i�2

�i�Q �7�Q�`�K �b�i���M�/�B�M�; �r���p�2�b�X

�h�?�2 �i�2�+�?�M�B�[�m�2 �i�?���i ���H�#���F�`�B �2�i ���H�X �(�j�) �/�2�p�2�H�Q�T�2�/ �+�Q�M�b�B�b�i�2�/ �Q�7 ���M �Q�T�i�B�K�B�x���i�B�Q�M ���H�;�Q�`�B�i�?�K �i�Q

�7�B�i �� �b�i�`�2�b�b�@�/�2�T�2�M�/�2�M�i �K�Q�/�2�H �i�Q �r���p�2 �T�`�Q�T���;���i�B�Q�M �K�2���b�m�`�2�K�2�M�i�b �B�M �Q�`�/�2�` �i�Q �2�b�i�B�K���i�2 �i�?�2

�b�i�`�2�b�b�X �l�b�B�M�; �� �7�B�`�b�i �K�2���b�m�`�2�K�2�M�i �Q�7 �i�?�2 �B�b�Q�H���i�2�/ �7�H�2�t�m�`���H �K�Q�/�2�- �i�?�2 ���H�;�Q�`�B�i�?�K �r�Q�m�H�/ �m�b�2

�i�?�2 �K�Q�/�2�H �i�Q �T�`�2�/�B�+�i �r�?���i �� �b�2�+�Q�M�/ �K�2���b�m�`�2�K�2�M�i ���H�Q�M�; �i�?�2 �T�`�Q�T���;���i�B�Q�M �T���i�? �b�?�Q�m�H�/ �H�Q�Q�F

�H�B�F�2�X �J�B�M�B�K�B�x�B�M�; �i�?�2 �/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �T�`�2�/�B�+�i�B�Q�M ���M�/ �i�?�2 ���+�i�m���H �b�2�+�Q�M�/ �K�2���b�m�`�2�K�2�M�i

�b�2�`�p�2�/ ���b �� �K�2���M�b �i�Q �+���H�+�m�H���i�2 �i�?�2 �b�i�`�2�b�b�X �h�?�2 �K���D�Q�` �+�?���H�H�2�M�;�2 �B�M �i�?�B�b �r�Q�`�F�- �+�Q�K�T���`�2�/ �i�Q

�2�t�B�b�i�B�M�; �m�H�i�`���b�Q�M�B�+ �r���p�2 �T�`�Q�T���;���i�B�Q�M �i�2�+�?�M�B�[�m�2�b�- �r���b ���+�+�Q�m�M�i�B�M�; �7�Q�` �b�i�`�Q�M�; �/�B�b�T�2�`�b�B�Q�M�X �A�M

�M�Q�M�@�/�B�b�T�2�`�b�B�p�2 �Q�` �r�2���F�H�v �/�B�b�T�2�`�b�B�p�2 �r���p�2 �T�`�Q�T���;���i�B�Q�M�- �i�?�2 �r���p�2 �b�T�2�2�/ �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�`

�M�2���`�H�v �B�M�/�2�T�2�M�/�2�M�i �Q�7 �7�`�2�[�m�2�M�+�v�c �7�Q�` �2�t���K�T�H�2�- ���+�Q�m�b�i�B�+ �r���p�2�b �B�M ���B�` �i�`���p�2�H ���i �i�?�2 �b���K�2 �b�T�2�2�/�-

�`�2�;���`�/�H�2�b�b �Q�7 �7�`�2�[�m�2�M�+�v�X �.�B�b�T�2�`�b�B�p�2 �r���p�2�b�- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�- �?���p�2 �7�`�2�[�m�2�M�+�v�@�/�2�T�2�M�/�2�M�i

�r���p�2 �b�T�2�2�/�c ���b �� �`�2�b�m�H�i�- �/�B�7�7�2�`�2�M�i �7�`�2�[�m�2�M�+�v �+�Q�K�T�Q�M�2�M�i�b �i�`���p�2�H ���i �/�B�7�7�2�`�2�M�i �b�T�2�2�/�b�- ���M�/ �i�?�2

�r���p�2 �õ�/�B�b�T�2�`�b�2�b�ö�- �Q�` �b�T�`�2���/�b �Q�m�i �B�M �b�T���+�2 ���M�/ �i�B�K�2�- ���b �B�i �T�`�Q�T���;���i�2�b�X �l�M�H�B�F�2 �i�?�2 �m�H�i�`���b�Q�M�B�+

�i�2�+�?�M�B�[�m�2�b �r�?�B�+�? �Q�7�i�2�M �m�b�2 �i�B�K�2�@�Q�7�@�7�H�B�;�?�i �#���b�2�/ �K�2���b�m�`�2�K�2�M�i�b�- �i�?�2 �i�2�+�?�M�B�[�m�2 �T�`�2�b�2�M�i�2�/ �B�M �(�j�)

�m�b�2�b �� �i�`�m�H�v �/�B�b�T�2�`�b�B�p�2�- �7�`�2�[�m�2�M�+�v�@�/�2�T�2�M�/�2�M�i �7�Q�`�K�m�H���i�B�Q�M �7�Q�` �i�?�2 �r���p�2 �b�T�2�2�/�X

�1�t�T�2�`�B�K�2�M�i���H �p���H�B�/���i�B�Q�M �Q�7 �i�?�2 �/�B�b�T�2�`�b�B�p�2 �r���p�2 �T�`�Q�T���;���i�B�Q�M �i�2�+�?�M�B�[�m�2 �r���b �T�`�Q�p�B�/�2�/ �Q�M ��

�`�2�+�i���M�;�m�H���` ���H�m�K�B�M�m�K �#�2���K�X �h�?�2 �i�2�+�?�M�B�[�m�2 �`�2�[�m�B�`�2�/ �b�B�;�M�B�7�B�+���M�i �K���M�m���H �b�B�;�M���H �T�`�Q�+�2�b�b�B�M�;

�i�Q �B�b�Q�H���i�2 �i�?�2 �T�`�Q�T���;���i�B�M�; �r���p�2 �7�`�Q�K �`�2�7�H�2�+�i�B�Q�M�b�- �r�?�B�+�? �H�B�K�B�i�2�/ �i�?�2 �p�B���#�H�2 �7�`�2�[�m�2�M�+�v �`���M�;�2�c

�?�Q�r�2�p�2�`�- �i�?�2 �`�2�b�m�H�i�b �+�Q�M�7�B�`�K�2�/ �i�?���i �i�?�2 �i�2�+�?�M�B�[�m�2 �r���b �7�2���b�B�#�H�2�X �h�?�2 �K���B�M �H�B�K�B�i���i�B�Q�M�b �i�?���i

�M�2�2�/�2�/ �i�Q �#�2 ���/�/�`�2�b�b�2�/ �B�M �Q�`�/�2�` �i�Q ���/���T�i �i�?�2 �i�2�+�?�M�B�[�m�2 �i�Q �B�M�@�7�B�2�H�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �B�M�+�H�m�/�2�/ �R�V

�/�2�p�2�H�Q�T�B�M�; �+�Q�K�T�2�M�b���i�B�Q�M �7�Q�` �`�2�7�H�2�+�i�B�Q�M�b �B�M �Q�`�/�2�` �i�Q �2�H�B�K�B�M���i�2 ���M�v �K���M�m���H �b�B�;�M���H �T�`�Q�+�2�b�b�B�M�;�-

���M�/ �k�V �K���F�B�M�; �i�?�2 �i�2�+�?�M�B�[�m�2 �K�Q�`�2 �`�Q�#�m�b�i �i�Q �`���M�/�Q�K �M�Q�B�b�2 �T�`�2�b�2�M�i �B�M �i�?�2 �7�B�2�H�/�X �h�?�2 �r�Q�`�F

�T�`�2�b�2�M�i�2�/ �?�2�`�2�B�M �B�b �#�m�B�H�i �m�T�Q�M �i�?�2 �r�Q�`�F �Q�7 ���H�#���F�`�B �2�i ���H�X ���M�/ �B�b ���B�K�2�/ ���i ���/�/�`�2�b�b�B�M�; �i�?�2�b�2
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�H�B�K�B�i���i�B�Q�M�b�X

�R�X�k�X�k �a�B�;�M���H �T�`�Q�+�2�b�b�B�M�; �7�Q�` �M�Q�B�b�2 �+�Q�K�T�2�M�b���i�B�Q�M

�a�B�M�+�2 �i�?�2 �r�Q�`�F �B�M �i�?�B�b �i�?�2�b�B�b �r���b ���B�K�2�/ ���i �#�`�B�M�;�B�M�; �i�?�2 �r�Q�`�F �Q�7 ���H�#���F�`�B �2�i ���H�X �(�j�) �+�H�Q�b�2�` �i�Q

�B�M�@�7�B�2�H�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M�- �i�?�2 �+�?���H�H�2�M�;�2 �Q�7 �/�2���H�B�M�; �r�B�i�? �M�Q�B�b�2 �r���b �B�/�2�M�i�B�7�B�2�/ ���b �� �K���D�Q�` ���`�2��

�Q�7 �B�M�i�2�`�2�b�i�X �h�?�2 �H�B�i�2�`���i�m�`�2 �+�H���b�b�B�7�B�2�b �M�Q�B�b�2 �B�M�i�Q �i�r�Q �+���i�2�;�Q�`�B�2�b�, �`���M�/�Q�K �M�Q�B�b�2 ���M�/ �+�Q�?�2�`�2�M�i

�M�Q�B�b�2 �(�k�j�)�X �*�Q�?�2�`�2�M�i �M�Q�B�b�2 �;�2�M�2�`���H�H�v �`�2�7�2�`�b �i�Q �p���`�B�Q�m�b �m�M�r���M�i�2�/ �r���p�2 �K�Q�/�2�b �B�M �i�?�2 �b�i�`�m�+�i�m�`�2�-

�r�?�B�+�? �+���M ���`�B�b�2 �7�`�Q�K �� �p���`�B�2�i�v �Q�7 �b�Q�m�`�+�2�b �B�M�+�H�m�/�B�M�; �2�t�i�2�`�M���H �2�t�+�B�i���i�B�Q�M�- �K���i�2�`�B���H �/�B�b�T�2�`�b�B�Q�M�-

���M�/ �`�2�7�H�2�+�i�B�Q�M�b �7�`�Q�K �b�i�`�m�+�i�m�`���H �/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b�X ���b �� �`�2�b�m�H�i�- �+�Q�?�2�`�2�M�i �M�Q�B�b�2 �i�2�M�/�b �i�Q �#�2 �i�?�2

�K�Q�`�2 �b�B�;�M�B�7�B�+���M�i �+�?���H�H�2�M�;�2 �B�M �i�?�2 �H�B�i�2�`���i�m�`�2�X

�_���M�/�Q�K �M�Q�B�b�2 �+�Q�K�T�2�M�b���i�B�Q�M�, �+�Q�`�`�2�H���i�B�Q�M �i�2�+�?�M�B�[�m�2�b ���M�/ �i�B�K�2�@�/�B�p�2�`�b�B�i�v

�l�M�H�B�F�2 �b�i�2���/�v �b�i���i�2 �p�B�#�`���i�B�Q�M�- �/�m�`�B�M�; �r�?�B�+�? �i�?�2 �b�i�`�m�+�i�m�`�2 �B�b ���H�H�Q�r�2�/ �i�Q �`�2�b�Q�M���i�2 ���M�/ ���+�?�B�2�p�2

�?�B�;�? ���K�T�H�B�i�m�/�2 �Q�b�+�B�H�H���i�B�Q�M�b �r�?�B�+�? �+���M �2���b�B�H�v �#�`�2���F �i�?�2 �M�Q�B�b�2 �7�H�Q�Q�`�- �r���p�2 �T�`�Q�T���;���i�B�Q�M �i�2�b�i�b

���`�2 �B�M�?�2�`�2�M�i�H�v �H�B�K�B�i�2�/ �i�Q �b�K���H�H ���K�T�H�B�i�m�/�2 �K�2���b�m�`�2�K�2�M�i�b�X �1�p�2�M �r�B�i�? �Q�T�i�B�K���H ���+�i�m���i�Q�` ���M�/

�b�2�M�b�Q�` �b�2�H�2�+�i�B�Q�M�b�- �K�2���b�m�`�2�K�2�M�i�b �+���M �?���p�2 �/�B�7�7�B�+�m�H�i�v �#�`�2���F�B�M�; �i�?�2 �M�Q�B�b�2 �7�H�Q�Q�`�X �o���`�B�Q�m�b �b�Q�m�`�+�2�b

�+���M �;�B�p�2 �`�B�b�2 �i�Q �`���M�/�Q�K �M�Q�B�b�2�- �B�M�+�H�m�/�B�M�; �#���+�F�;�`�Q�m�M�/ �M�Q�B�b�2 �U�r�2���i�?�2�`�- �Q�m�i�b�B�/�2 �i�`���7�7�B�+�V ���M�/

�i�?�2�`�K���H �M�Q�B�b�2 �B�M �i�?�2 �K���i�2�`�B���H �(�e�)�X �L�Q�M�2�i�?�2�H�2�b�b�- �b�B�M�+�2 �i�?�2 �M�Q�B�b�2 �B�b �[�m���H�B�i���i�B�p�2�H�v �/�B�b�i�B�M�+�i �7�`�Q�K

�i�?�2 �/�2�b�B�`�2�/ �K�2���b�m�`�2�K�2�M�i�b �B�M �i�?���i �B�i �B�b �`���M�/�Q�K�-�b�2�p�2�`���H �i�2�+�?�M�B�[�m�2�b �+���M �#�2 �2�7�7�2�+�i�B�p�2�H�v �2�K�T�H�Q�v�2�/

�i�Q �`�2�/�m�+�2 �Q�` �2�H�B�K�B�M���i�2 �`���M�/�Q�K �M�Q�B�b�2�X

�P�M�2 �+�H���b�b �Q�7 �+�Q�K�K�Q�M�H�v �m�b�2�/ �i�2�+�?�M�B�[�m�2�b �B�b �+�Q�`�`�2�H���i�B�Q�M �K�2�i�?�Q�/�b�- �B�M �r�?�B�+�? �� �i�2�K�T�H���i�2 �b�B�;�M���H �B�b

�+�Q�K�T���`�2�/ �i�Q �i�?�2 �K�2���b�m�`�2�K�2�M�i �B�M �Q�`�/�2�` �i�Q �b�m�T�T�`�2�b�b �T���`�i�B�+�m�H���` �`�2�;�B�Q�M�b ���M�/ �`�2�i���B�M �Q�i�?�2�` �`�2�;�B�Q�M�b
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�+�`�2�i�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �U�.�6�h�V�- �r�2 �+���M �`�2�T�`�2�b�2�M�i ���M ���`�#�B�i�`���`�v �/�B�b�+�`�2�i�2 �i�B�K�2 �b�B�;�M���HF (t) ���b ��

�b�m�T�2�`�T�Q�b�B�i�B�Q�M �Q�7 �b�B�M�m�b�Q�B�/���H �b�B�;�M���H�b�k�,

F (t) =
N � 1X

n=0

Ĉnei! n t ; �U�k�X�R�V

�R�6�Q�` �/�2�i���B�H�b ���#�Q�m�i �i�?�2 �/�B�b�+�`�2�i�2 �p�b�X �+�Q�M�i�B�M�m�Q�m�b �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K�b �U�.�6�h �p�b�X �*�6�h�V�- �b���K�T�H�B�M�; �+�Q�M�b�B�/�2�`���@
�i�B�Q�M�b�- ���H�;�Q�`�B�i�?�K�B�+ �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K�- ���M�/ �Q�i�?�2�` �B�K�T�Q�`�i���M�i �+�Q�M�b�B�/�2�`���i�B�Q�M�b�- �.�Q�v�H�2 �(�R�k�)
�T�`�Q�p�B�/�2�b �� �r�Q�M�/�2�`�7�m�H ���M�/ �i�?�Q�`�Q�m�;�? �`�2�p�B�2�r �Q�7 �i�?�2 �i�Q�T�B�+ �r�B�i�? �?�2�H�T�7�m�H �;�`���T�?�B�+�b ���M�/ �2�t���K�T�H�2�b�X

�k�L�Q�i�2 �i�?���i �r�2 �m�b�2 �� �+�Q�K�T�H�2�t �2�t�T�Q�M�2�M�i�B���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �7�Q�` �i�?�2 �b�B�M�m�b�Q�B�/���H �i�2�`�K�b�- �r�?�B�+�? �`�2�H���i�2�b �i�Q �b�B�M�2
���M�/ �+�Q�b�B�M�2 ���+�+�Q�`�/�B�M�; �i�Q �1�m�H�2�`�ö�b �7�Q�`�K�m�H���,

ei! n t = �+�Q�b(! n t) + i �b�B�M(! n t)



�l�Y�S�Y �b�ÿ�¶�«�����ž�ã �ž�é�ž�ã�-���Ô�� �ñ�Å �'�ž�&�¶ �ÿ���ñ�ÿ�ž�Ì�ž���Ô�ñ�é �k�8

�r�?�2�`�2! n = 2�n
T �B�b �i�?�2 �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2nth �+�Q�K�T�Q�M�2�M�i �B�M �`���/�B���M�b �T�2�` �b�2�+�Q�M�/ ���M�/N ���M�/T

���`�2 �i�?�2 �M�m�K�#�2�` �Q�7 �b���K�T�H�2�b ���M�/ �i�?�2 �H�2�M�;�i�? �Q�7 �i�B�K�2 �Q�7 �i�?�2 �b���K�T�H�2�- �`�2�b�T�2�+�i�B�p�2�H�v�X �>�2�`�2�-Ĉn 2 C

�`�2�T�`�2�b�2�M�i�b �i�?�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i �7�Q�` �i�?�2 �7�`�2�[�m�2�M�+�v! n �c �i�?�2 �6�6�h ���H�;�Q�`�B�i�?�K �`�2�i�m�`�M�b �� �p�2�+�i�Q�`

�+�Q�M�i���B�M�B�M�; ���H�H �Q�7 �i�?�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�b�X

�h�?�2�`�2 ���`�2 �� �7�2�r �B�K�T�Q�`�i���M�i �+�?���`���+�i�2�`�B�b�i�B�+�b �i�Q �M�Q�i�2 ���#�Q�m�i �i�?�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�b �Q�#�i���B�M�2�/

�m�b�B�M�; �i�?�2 �6�6�h�,

�R�X�h�?�2 �7�B�`�b�i �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i �+�Q�`�`�2�b�T�Q�M�/�b �i�Q! n jn=0 = 0�c �i�?�B�b �`�2�T�`�2�b�2�M�i�b �i�?�2 �.�* �Q�7�7�b�2�i�-

���M�/ ���b �b�m�+�? �B�i �K�m�b�i �#�2 �T�m�`�2�H�v �`�2���H�X

�k�X�h�?�2( N
2 + 1) th �+�Q�2�7�7�B�+�B�2�M�i�- �F�M�Q�r�M ���b �i�?�2 �L�v�[�m�B�b�i �p���H�m�2�- �B�b ���H�b�Q �T�m�`�2�H�v �`�2���H�X

�j�X�1�t�+�H�m�/�B�M�; �i�?�2 �7�B�`�b�i �+�Q�2�7�7�B�+�B�2�M�i�- �i�?�2 �`�2�K���B�M�B�M�; �+�Q�2�7�7�B�+�B�2�M�i�b �K�m�b�i �#�2 �+�Q�K�T�H�2�t�@�+�Q�M�D�m�;���i�2

�b�v�K�K�2�i�`�B�+ ���#�Q�m�i �i�?�2 �L�v�[�m�B�b�i �p���H�m�2�X

�h�?�2�b�2 �+�Q�M�b�i�`���B�M�i�b ���`�2 �b�B�K�T�H�v �M�2�+�2�b�b���`�v �B�M �Q�`�/�2�` �i�Q �2�M�b�m�`�2 �i�?���i �i�?�2 �+�Q�K�T�H�2�t �+�Q�K�T�Q�M�2�M�i�b �Q�7

�i�?�2 �b�m�K �;�B�p�2�M �B�M�1�[�X �U�k�X�R�V�+���M�+�2�H �2���+�? �Q�i�?�2�` �Q�m�i �B�M �Q�`�/�2�` �i�Q �;�B�p�2 �� �T�m�`�2�H�v �`�2���H �i�B�K�2 �b�B�;�M���H�-

���M�/ �i�?�B�b �+���M �2���b�B�H�v �#�2 �p�2�`�B�7�B�2�/ �m�b�B�M�; �1�m�H�2�`�ö�b �7�Q�`�K�m�H�� ���M�/ �+���`�`�v�B�M�; �Q�m�i �i�?�2 ���H�;�2�#�`���c �i�?�2 �Q�M�H�v

�+���p�2���i �B�b �i�?���i �i�?�2 �7�`�2�[�m�2�M�+�B�2�b �r�`���T ���`�Q�m�M�/ ���i �i�?�2 �L�v�[�m�B�b�i �p���H�m�2 �B�M�i�Q �i�?�2 �M�2�;���i�B�p�2 �T�Q�`�i�B�Q�M �Q�7

�i�?�2 �7�`�2�[�m�2�M�+�v ���t�B�b�X

���/�/�B�i�B�Q�M���H�H�v�- �i�r�Q �B�K�T�Q�`�i���M�i �+�Q�M�b�B�/�2�`���i�B�Q�M�b ���#�Q�m�i �/�B�b�+�`�2�i�2 �i�B�K�2 �b���K�T�H�B�M�; ���`�2 �M�Q�i�2�/ �?�2�`�2�,

�R�X�q�?�B�H�2 �i�?�2 �+�Q�M�i�B�M�m�Q�m�b �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �m�b�2�b ���M �B�M�7�B�M�B�i�2 �b�m�K ���M�/ �+���M �+���T�i�m�`�2 �B�M�7�B�M�B�i�2�H�v

�?�B�;�? �7�`�2�[�m�2�M�+�v �+�Q�M�i�2�M�i�- �i�?�2 �/�B�b�+�`�2�i�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �+���M �Q�M�H�v �/�B�b�+�2�`�M �B�M�7�Q�`�K���i�B�Q�M �m�T

�i�Q �i�?�2 �L�v�[�m�B�b�i �7�`�2�[�m�2�M�+�v�X

�k�X�q�?�B�H�2 �i�?�2 �+�Q�M�i�B�M�m�Q�m�b �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �+���M �#�2 �m�b�2�/ �i�Q �`�2�T�`�2�b�2�M�i �� �b�B�;�M���H �r�B�i�? �õ�B�M�7�B�M�B�i�2�ö

�T�2�`�B�Q�/�- �i�?�2 �/�B�b�+�`�2�i�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �B�K�T�H�B�+�B�i�H�v ���b�b�m�K�2�b �i�?���i �i�?�2 �b�B�;�M���H �B�b �T�2�`�B�Q�/�B�+�-

�r�B�i�? �T�2�`�B�Q�/ �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �K�2���b�m�`�2�/ �b�B�;�M���H�X



�k�e �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���-

�h�?�2 �B�K�T�H�B�+���i�B�Q�M �Q�7 �i�?�2 �7�B�`�b�i �T�Q�B�M�i �B�b �`�2�H���i�B�p�2�H�v �b�i�`���B�;�?�i�@�7�Q�`�r���`�/�c �B�M �Q�`�/�2�` �i�Q ���+�+�m�`���i�2�H�v �+���T�i�m�`�2

�?�B�;�?�@�7�`�2�[�m�2�M�+�v �b�B�;�M���H �+�Q�M�i�2�M�i�- �i�?�2 �/���i�� �K�m�b�i �#�2 �b���K�T�H�2�/ ���i ���M ���/�2�[�m���i�2�H�v �?�B�;�? �b���K�T�H�B�M�;

�7�`�2�[�m�2�M�+�v�X �L�Q�i�2 �?�Q�r �B�M�6�B�;�X �k�X�R�U�`�2�T�`�Q�/�m�+�2�/ �7�`�Q�K �(�R�k�)�V�- �b�B�M�+�2 �#�Q�i�? �/���i���b�2�i�b ���`�2 �b���K�T�H�2�/ ���i

�i�?�2 �b���K�2 �b���K�T�H�B�M�; �7�`�2�[�m�2�M�+�v�- �i�?�2�v ���`�2 �2�[�m���H�H�v ���+�+�m�`���i�2 �U�Q�` �B�M���+�+�m�`���i�2�V�X �h�?�2 �Q�M�H�v �r���v �i�Q

�B�M�+�`�2���b�2 �i�?�2 ���+�+�m�`���+�v �B�b �i�Q �B�M�+�`�2���b�2 �i�?�2 �b���K�T�H�B�M�; �7�`�2�[�m�2�M�+�v �i�Q �K�Q�`�2 ���+�+�m�`���i�2�H�v �+���T�i�m�`�2 �i�?�2

�?�B�;�?�2�` �7�`�2�[�m�2�M�+�v �+�Q�M�i�2�M�i�X

�h�?�2 �b�2�+�Q�M�/ �T�Q�B�M�i�- �?�Q�r�2�p�2�`�- �?���b �p�2�`�v �B�K�T�Q�`�i���M�i �B�K�T�H�B�+���i�B�Q�M�b �r�?�B�+�? �+���M �b�Q�K�2�i�B�K�2�b �#�2 �2�t�@

�T�H�Q�B�i�2�/ �i�Q ���+�?�B�2�p�2 �#�2�i�i�2�` �`�2�b�m�H�i�b�X �A�M �T���`�i�B�+�m�H���`�- �B�7 �r�2 �õ�x�2�`�Q �T���/�ö�- �B�X�2�X ���/�/ �x�2�`�Q�b �i�Q �i�?�2

�K�2���b�m�`�2�/ �i�B�K�2 �b�B�;�M���H�- �r�2 �+���M �B�M�+�`�2���b�2 �i�?�2� �̀2�b�Q�H�m�i�B�Q�M�B�M �i�?�2 �7�`�2�[�m�2�M�+�v �/�Q�K���B�M�X �L�Q�i�2 �?�Q�r �B�M

�i�?�2 �i�Q�T �b�B�;�M���H �/�2�T�B�+�i�2�/ �B�M�6�B�;�X �k�X�R�- ���/�/�B�M�; �K�Q�`�2 �x�2�`�Q�b �i�Q �i�?�2 �i�B�K�2 �b�B�;�M���H �`�2�b�m�H�i�b �B�M �� �+�H�Q�b�2�`

�b�T���+�B�M�; �Q�7 �T�Q�B�M�i�b �B�M �i�?�2 �7�`�2�[�m�2�M�+�v �/�Q�K���B�M�X ���;���B�M �i�?�Q�m�;�?�- �r�?�B�H�2 �i�?�2 �7�`�2�[�m�2�M�+�v �`�2�b�Q�H�m�i�B�Q�M

�B�b �?�B�;�?�2�`�- �B�i �B�b �M�Q�i ���M�v �K�Q�`�2 ���+�+�m�`���i�2�- �b�Q �� �b�m�7�7�B�+�B�2�M�i�H�v �?�B�;�? �b���K�T�H�B�M�; �7�`�2�[�m�2�M�+�v �M�Q�M�2�i�?�2�H�2�b�b

�M�2�2�/�b �i�Q �#�2 �b�2�H�2�+�i�2�/�X

�a�B�M�+�2 �i�?�2 �b�B�;�M���H�b �+�Q�M�b�B�/�2�`�2�/ �?�2�`�2 ���`�2 �r���p�2 �T�m�H�b�2�b �r�?�B�+�? �b�?�Q�m�H�/ �`�2�i�m�`�M �i�Q �x�2�`�Q�- �T���/�/�B�M�; �r�B�i�?

�x�2�`�Q�b �B�b ���M ���T�T�`�Q�T�`�B���i�2 �r���v �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �`�2���H �`�2�b�T�Q�M�b�2 �r�?�B�+�? �B�b �Q�M�H�v �T���`�i�H�v �+���T�i�m�`�2�/

�#�v �� �7�B�M�B�i�2 �K�2���b�m�`�2�K�2�M�i�X ���b�b�m�K�B�M�; �r�2 �?���p�2 �� �?�B�;�? �2�M�Q�m�;�? �b���K�T�H�B�M�; �7�`�2�[�m�2�M�+�v �b�m�+�? �i�?���i �i�?�2

�.�6�h �B�b �� �;�Q�Q�/ ���T�T�`�Q�t�B�K���i�B�Q�M �i�Q �i�?�2 �*�6�h�- �x�2�`�Q �T���/�/�B�M�; �+���M �i�?�2�`�2�7�Q�`�2 �B�K�T�`�Q�p�2 �T�2�`�7�Q�`�K���M�+�2

�B�M �b�Q�K�2 �b�2�i�i�B�M�;�b�X

�q�B�i�? �i�?�2�b�2 �+�Q�M�b�B�/�2�`���i�B�Q�M�b �B�M �K�B�M�/�- �r�2 �+���M �m�b�2 �i�?�2 �/�2�7�B�M�B�i�B�Q�M �;�B�p�2�M �B�M�1�[�X �U�k�X�R�V�i�Q �`�2�T�`�2�b�2�M�i

�K�2���b�m�`�2�/ �p�B�#�`���i�B�Q�M �b�B�;�M���H�b �� �7�Q�` �2�t���K�T�H�2�- �Q�M �� �#�2���K �� ���b

u(x; t ) =
X

n

ûn (x)ei! n t ; �U�k�X�k�V

�r�?�2�`�2 �r�2 �?���p�2 �b�B�K�T�H�v �K���/�2 �b�Q�K�2 �M�Q�i���i�B�Q�M���H �+�?���M�;�2�b�,u(x; t ) �`�2�T�`�2�b�2�M�i�b �i�?�2 �/�2�7�H�2�+�i�B�Q�Mu �Q�7 ��

�#�2���K ���i �H�Q�+���i�B�Q�Mx ���M�/ �i�B�K�2t�- ���M�/̂un (x) �;�B�p�2�b �i�?�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i �7�Q�` ���M�;�m�H���` �7�`�2�[�m�2�M�+�v



�l�Y�S�Y �b�ÿ�¶�«�����ž�ã �ž�é�ž�ã�-���Ô�� �ñ�Å �'�ž�&�¶ �ÿ���ñ�ÿ�ž�Ì�ž���Ô�ñ�é �k�d

�6�B�;�m�`�2 �k�X�R�, �1�7�7�2�+�i �Q�7 �x�2�`�Q�@�T���/�/�B�M�; �Q�M �i�?�2 �7�`�2�[�m�2�M�+�v�@�/�Q�K���B�M �`�2�T�`�2�b�2�M�i���i�B�Q�M�X �L�Q�i�2 �?�Q�r �7�Q�`
�� �7�B�t�2�/ �b���K�T�H�B�M�; �7�`�2�[�m�2�M�+�v�- �T���/�/�B�M�; �r�B�i�? �x�2�`�Q�b �i�Q �B�M�+�`�2���b�2 �i�?�2 �M�m�K�#�2�` �Q�7 �b���K�T�H�2�b �U�H�2�7�i�V
�+���M �B�M�+�`�2���b�2 �i�?�2 �7�`�2�[�m�2�M�+�v �`�2�b�Q�H�m�i�B�Q�M �U�`�B�;�?�i�V�X �h�?�2 ���+�+�m�`���+�v �U�Q�` �B�M���+�+�m�`���+�v �B�7 �i�?�2 �b���K�T�H�B�M�;
�7�`�2�[�m�2�M�+�v �B�b �M�Q�i �b�m�7�7�B�+�B�2�M�i�H�v �?�B�;�?�V �B�b �i�?�2 �b���K�2�- �#�m�i �i�?�2�`�2 ���`�2 �K�Q�`�2 �b���K�T�H�2�b ���H�Q�M�; �i�?�2 �+�m�`�p�2
�Q�7 �i�?�2 �+�Q�M�i�B�M�m�Q�m�b �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K�X

! n �X

�l�b�B�M�; ���M ���+�+�2�H�2�`�Q�K�2�i�2�` �7�Q�` �2�t���K�T�H�2�- �r�2 �+���M �K�2���b�m�`�2•u(x; t )�- ���M�/ �T���b�b�B�M�; �i�?�B�b �i�?�`�Q�m�;�? �i�?�2

�6�6�h ���H�;�Q�`�B�i�?�K �;�B�p�2�b� ! 2
n ûn (x)�X �a�B�M�+�2 �K�2���b�m�`�B�M�; ���+�+�2�H�2�`���i�B�Q�M�- �p�2�H�Q�+�B�i�v�- ���M�/ �/�B�b�T�H���+�2�K�2�M�i

���H�H �;�B�p�2 �i�?�2 �b���K�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�bûn (x) �#�m�i �D�m�b�i �b�+���H�2�/ �#�v �� �+�Q�M�b�i���M�i �7���+�i�Q�` �Q�7! n �- �B�M �Q�m�`

���M���H�v�b�2�b�- �r�2 �+���M �i�`�2���i �i�?�2�K ���H�H ���b �i�?�2 �K���B�M �b�B�;�M���Hu(x; t )�- ���b �H�Q�M�; ���b �r�2 ���`�2 �M�Q�i �K�B�t�B�M�; �/�B�7�7�2�`�@

�2�M�i �K�2���b�m�`�2�K�2�M�i �i�v�T�2�b �i�Q�;�2�i�?�2�`�X �h�?�m�b�- �7�`�Q�K �?�2�`�2 �Q�M�- �`���i�?�2�` �i�?���M �`�2�7�2�`�`�B�M�; �i�Q ���+�+�2�H�2�`���i�B�Q�M�-

�p�2�H�Q�+�B�i�v�- �Q�` �/�B�b�T�H���+�2�K�2�M�i�- �i�?�2�v �r�B�H�H ���H�H �#�2 �`�2�7�2�`�`�2�/ �i�Q �b�B�K�T�H�v ���b�� �K�2���b�m� �̀2�K�2�M�iu(x; t )�X

�L�Q�i�2 �i�?���i�1�[�X �U�k�X�k�V�/�2�+�Q�K�T�Q�b�2�b �i�?�2 �b�Q�H�m�i�B�Q�M �B�M�i�Q �� �b�T���i�B���H�H�v �/�2�T�2�M�/�2�M�i �+�Q�K�T�Q�M�2�M�i �U�i�?�2

�6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�bûn (x)�V ���M�/ �� �i�B�K�2�@�/�2�T�2�M�/�2�M�i �+�Q�K�T�Q�M�2�M�i�c �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �2�b�@

�b�2�M�i�B���H�H�v �`�2�T�`�2�b�2�M�i�b �� �b�2�T���`���i�B�Q�M �Q�7 �p���`�B���#�H�2�b �b�Q�H�m�i�B�Q�M�j �X �:�Q�B�M�; �Q�M�2 �b�i�2�T �7�m�`�i�?�2�`�- �B�M �r���p�2�@

�j �6�Q�` �K�Q�`�2 ���#�Q�m�i �i�?�B�b�- �b�2�2���T�T�2�M�/�B�t ���X�j�X



�k�3 �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���-

�T�`�Q�T���;���i�B�Q�M �T�`�Q�#�H�2�K�b�- �i�?�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�b �i�v�T�B�+���H�H�v �?���p�2 �i�?�2 �7�Q�`�K

u(x; t ) =
X

n

ûn (x)ei! n t =
X

n

ÛnG(knx)ei! n t ;

�r�?�2�`�2̂Un �B�b �F�M�Q�r�M ���b �i�?�2���K�T�H�B�i�m�/�2 �b�T�2�+�i�`�m�K�- �r�?�B�+�? �B�b �� �T�`�Q�T�2�`�i�v �Q�7 �i�?�2 �r���p�2 �r�?�B�+�? �B�b

�T�`�Q�T���;���i�B�M�;�- ���M�/G(knx) �B�b �F�M�Q�r�M ���b �i�?�2�T�?���b�2 �b�T�2�+�i�`�m�K�- �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �� �i�`���M�b�7�2�` �7�m�M�+�i�B�Q�M

�i�?���i �/�2�i�2�`�K�B�M�2�b �?�Q�r �i�?�2 �r���p�2 ���T�T�2���`�b ���i �/�B�7�7�2�`�2�M�i �H�Q�+���i�B�Q�M�b �Q�M �i�?�2 �r���p�2�;�m�B�/�2�X �6�Q�` �i�?�2

�T�`�Q�#�H�2�K�b ���/�/�`�2�b�b�2�/ �B�M �i�?�B�b �i�?�2�b�B�b�- �i�?�2 �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M�b �?���p�2 �+�Q�M�b�i���M�i �+�Q�2�7�7�B�+�B�2�M�i�b�- ���M�/

�i�?�2 �T�?���b�2 �b�T�2�+�i�`�m�K �`�2�/�m�+�2�b �i�Q �b�B�K�T�H�vG(knx) = e� ik n x �- �r�?�2�`�2kn �B�b �i�?�2 �b�T���i�B���H ���M���H�Q�;

�Q�7 ���M�;�m�H���` �7�`�2�[�m�2�M�+�v �+���H�H�2�/ �i�?�2�r���p�2�M�m�K�#�2�`�X �h�?�2 �b�Q�@�+���H�H�2�/�b�T�2�+�i� �̀��H � �̀2�T� �̀2�b�2�M�i���i�B�Q�M�Q�7 �i�?�2

�b�Q�H�m�i�B�Q�M �i�Q �r���p�2 �T�`�Q�T���;���i�B�Q�M �T�`�Q�#�H�2�K�b �+���M �i�?�m�b �#�2 �;�B�p�2�M ���b

u(x; t ) =
X

n

Ûne� ik n xei! n t

= Ûe� i (kx � !t ) ;

�U�k�X�j�V

�r�?�2�`�2 �7�Q�` �M�Q�i���i�B�Q�M���H �b�B�K�T�H�B�+�B�i�v�- �i�?�2 �b�m�K�K���i�B�Q�M ���M�/n �b�m�#�b�+�`�B�T�i�b ���`�2 �Q�7�i�2�M �m�M�/�2�`�b�i�Q�Q�/ �#�m�i

�M�Q�i �2�t�T�H�B�+�B�i�H�v �r�`�B�i�i�2�M�X �q�?���i �`�2�K���B�M�b �B�b �i�Q �m�b�2 �i�?�2 �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M�b �Q�7 �i�?�2 �b�v�b�i�2�K �i�Q

�b�Q�H�p�2 �7�Q�` �i�?�2 �r���p�2�M�m�K�#�2�`k �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �2���+�? �7�`�2�[�m�2�M�+�v! �X �h�?�B�b �õ�b�T�2�+�i�`���H �b�Q�H�m�i�B�Q�M�ö �B�b

�2�[�m�B�p���H�2�M�i �i�Q �� �b�2�T���`���i�B�Q�M �Q�7 �p���`�B���#�H�2�b �b�Q�H�m�i�B�Q�M�c �7�Q�` ���M ���H�i�2�`�M���i�B�p�2 �/�2�`�B�p���i�B�Q�M �m�b�B�M�; �i�`���/�B�i�B�Q�M���H

�b�2�T���`���i�B�Q�M �Q�7 �p���`�B���#�H�2�b �M�Q�i���i�B�Q�M�- �b�2�2���T�T�2�M�/�B�t ���X�R�X�R�X �h�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�Mk ���M�/! �B�b

�+���H�H�2�/ �i�?�2 �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M�- ���M�/ �B�i �[�m���M�i�B�7�B�2�b �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �T�2�`�B�Q�/�B�+�B�i�v �B�M �i�?�2

�b�T���i�B���H �/�Q�K���B�M�- �+�?���`���+�i�2�`�B�x�2�/ �#�vk�- ���M�/ �T�2�`�B�Q�/�B�+�B�i�v �B�M �i�?�2 �i�B�K�2 �/�Q�K���B�M�- �+�?���`���+�i�2�`�B�x�2�/ �#�v! �X



�l�Y�S�Y �b�ÿ�¶�«�����ž�ã �ž�é�ž�ã�-���Ô�� �ñ�Å �'�ž�&�¶ �ÿ���ñ�ÿ�ž�Ì�ž���Ô�ñ�é �k�N

�k�X�R�X�R �:�`���T�?�B�+���H �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �r���p�2 �T�`�Q�T���;���i�B�Q�M �B�M �i�?�2 �7�`�2�@

�[�m�2�M�+�v �/�Q�K���B�M

���i �i�?�B�b �T�Q�B�M�i�- �B�i �B�b �m�b�2�7�m�H �i�Q �B�M�i�2�`�T�`�2�i �i�?�B�b �b�T�2�+�i�`���H �r���p�2 �T�`�Q�T���;���i�B�Q�M �b�Q�H�m�i�B�Q�M �B�M ���M �B�M�i�m�B�i�B�p�2

�K���M�M�2�` �B�M �i�?�2 �7�`�2�[�m�2�M�+�v �/�Q�K���B�M�X �*�Q�M�b�B�/�2�` �� �i�B�K�2�@�/�Q�K���B�M �p�B�#�`���i�B�Q�M �K�2���b�m�`�2�K�2�M�i �Q�7 ��

�r���p�2 �T�`�Q�T���;���i�B�Q�M �2�p�2�M�i�- �r�?�B�+�? �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ �B�M �i�?�2 �7�Q�`�K �;�B�p�2�M �B�M�1�[�X �U�k�X�j�V�X �h�?�2

�õ�7�`�2�[�m�2�M�+�v�@�/�Q�K���B�M�ö �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �b�B�;�M���H �B�b �b�B�K�T�H�v �i�?�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�b �Q�7 �i�?�2 �b�B�;�M���H�-

���b �Q�#�i���B�M�2�/ �#�v �T�2�`�7�Q�`�K�B�M�; �� �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �Q�M �i�?�2 �b�B�;�M���H�X ���b �`�2�T�`�2�b�2�M�i�2�/ �B�M �i�?�2 �b�T�2�+�i�`���H

�b�Q�H�m�i�B�Q�M �B�M�1�[�X �U�k�X�j�V�- �i�?�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�b �Q�7 ���M �B�M�/�B�p�B�/�m���H �r���p�2 �K�Q�/�2 ���`�2 �;�B�p�2�M �#�vÛe� ik n x �-

�r�?�2�`�2̂U �`�2�T�`�2�b�2�M�i�b �i�?�2 ���K�T�H�B�i�m�/�2 �b�T�2�+�i�`�m�K ���M�/e� ik n x �`�2�T�`�2�b�2�M�i�b �i�?�2 �T�?���b�2 �b�T�2�+�i�`�m�K �U�r�?�B�+�?

�+�Q�M�i���B�M�b �i�?�2 �b�T���i�B���H �/�2�T�2�M�/�2�M�+�2 �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M�V�X �_�2�+���H�H�- �i�?�2 �T�?���b�2 �b�T�2�+�i�`�m�K �+���M �#�2 �i�?�Q�m�;�?�i

�Q�7 ���b �� �õ�i�`���M�b�7�2�` �7�m�M�+�i�B�Q�M�ö �r�?�B�+�? �/�B�+�i���i�2�b �?�Q�r �i�?�2 �r���p�2 �U�/�2�7�B�M�2�/ �#�v �i�?�2 ���K�T�H�B�i�m�/�2 �b�T�2�+�i�`�m�K�V

�K���M�B�7�2�b�i�b ���i �/�B�7�7�2�`�2�M�i �H�Q�+���i�B�Q�M�b �Q�M �i�?�2 �T�`�Q�T���;���i�B�Q�M �T���i�?�X �A�i �r�B�H�H �#�2 �?�2�H�T�7�m�H �i�Q �p�B�b�m���H�B�x�2 �i�?�B�b

�B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �K���M�M�2�`�, �b�B�M�+�2 �i�?�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�b ���`�2 �+�Q�K�T�H�2�t �M�m�K�#�2�`�b�- �2���+�? �6�Q�m�`�B�2�`

�+�Q�2�7�7�B�+�B�2�M�i�- �B�X�2�X �i�?�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i �7�Q�` �� �T���`�i�B�+�m�H���` �7�`�2�[�m�2�M�+�v�- �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b ��

�p�2�+�i�Q�` �B�M �i�?�2 �+�Q�K�T�H�2�t �T�H���M�2�X �h�?�2 �i�`���M�b�7�2�` �7�m�M�+�i�B�Q�M �+���M �i�?�2�M �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �� �`�Q�i���i�B�Q�M�-

�b�B�M�+�2 �B�i �B�b �;�B�p�2�M �#�v �� �+�B�`�+�m�H���` �7�m�M�+�i�B�Q�Me� ik n x �X �õ�q���p�2 �T�`�Q�T���;���i�B�Q�M�ö �i�?�2�`�2�7�Q�`�2 �+�Q�`�`�2�b�T�Q�M�/�b �i�Q

�� �`�Q�i���i�B�Q�M �Q�7 �i�?�2 �T�?���b�2 �Q�7 �i�?�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�b �Q�7 �i�?�2 �r���p�2�- �r�?�B�H�2 �i�?�2 ���K�T�H�B�i�m�/�2 �Q�7 �2���+�?

�6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i �B�b �?�2�H�/ �+�Q�M�b�i���M�i�9�X

�6�B�;�X �k�X�k�/�2�T�B�+�i�b �i�?�2 �b�B�K�T�H�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �r���p�2 �T�`�Q�T���;���i�B�Q�M ���b �� �`�Q�i���i�B�Q�M ���T�T�H�B�2�/ �i�Q �i�?�2

�6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�b �Q�7 ���M �B�M�+�B�/�2�M�i �r���p�2�X �L�Q�i�2 �i�?���i �i�?�2 �`�Q�i���i�B�Q�M���K�Q�m�M�i�B�b �/�2�T�2�M�/�2�M�i �Q�M

�i�r�Q �p���H�m�2�b�c �i�?�2 �T�Q�b�B�i�B�Q�Mx�- ���M�/ �i�?�2 �r���p�2�M�m�K�#�2�`kn �X �h�?�2 �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M �+���M �i�?�2�`�2�7�Q�`�2 �#�2

�`�2�;���`�/�2�/ ���b �r�?���i �/�2�i�2�`�K�B�M�2�b �?�Q�r �K�m�+�? �2���+�? �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i �B�b �`�Q�i���i�2�/ �#�2�i�r�2�2�M �/�B�7�7�2�`�2�M�i

�9�A�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �/���K�T�B�M�;�- �i�?�2 �7�`�2�[�m�2�M�+�v! n �+���M �#�2 �i�`�2���i�2�/ ���b �� �+�Q�K�T�H�2�t �M�m�K�#�2�` �b�m�+�? �i�?���i �i�?�2 �i�2�K�T�Q�`���H
�b�Q�H�m�i�B�Q�M �?���b ���M �2�t�T�Q�M�2�M�i�B���H �/�2�+���v�- �i�?�Q�m�;�? �B�M �i�?�B�b �r�Q�`�F �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �M�2�;�H�2�+�i �/�B�b�b�B�T���i�B�Q�M�X �a�B�K�B�H���`�H�v�- �B�7 �i�?�2
�r���p�2�M�m�K�#�2�`kn �B�b �+�Q�K�T�H�2�t�- �i�?�2�`�2 �+���M �#�2 �õ�b�T���i�B���H �/���K�T�B�M�;�ö �r�?�B�+�? �B�b �B�M �7���+�i �� �`�2���H�- �T�?�v�b�B�+���H �T�?�2�M�Q�K�2�M�Q�M
�F�M�Q�r�M ���b �2�p���M�2�b�+�2�M�i �r���p�2�b�c �?�Q�r�2�p�2�`�- �B�M �i�?�B�b �r�Q�`�F �B�i �B�b ���T�T�`�Q�T�`�B���i�2 �i�Q �M�2�;�H�2�+�i �i�?�B�b �2�7�7�2�+�i ���b �r�2�H�H�- ���b �r�B�H�H �#�2
�2�H���#�Q�`���i�2�/ �Q�M �7�m�`�i�?�2�` �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�X



�j�y �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���-

�T�Q�b�B�i�B�Q�M�bx ���H�Q�M�; �i�?�2 �r���p�2�;�m�B�/�2�X

�k�X�k �a�T�2�+�i�`�m�K �`�2�H���i�B�Q�M �7�Q�` �h�B�K�Q�b�?�2�M�F�Q �#�2���K �i�?�2�Q�`�v

�*�Q�M�i�B�M�m�B�M�; �r�B�i�? �i�?�2 �b�Q�H�m�i�B�Q�M �T�`�Q�+�2�b�b�- �r�2 �K�m�b�i �m�b�2 �i�?�2 �b�Q�H�m�i�B�Q�M �7�Q�`�K �;�B�p�2�M �#�v�1�[�X �U�k�X�j�V�i�Q

�b�Q�H�p�2 �i�?�2 �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M�b �7�Q�` �i�?�2 �b�v�b�i�2�K �Q�7 �B�M�i�2�`�2�b�i �B�M �Q�`�/�2�` �i�Q �Q�#�i���B�M �i�?�2 �b�T�2�+�i�`�m�K

�`�2�H���i�B�Q�M�c �B�M �Q�i�?�2�` �r�Q�`�/�b�- �r�?���i �`�2�K���B�M�b �B�b �i�Q �b�Q�H�p�2 �7�Q�` �� �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M �r�?�B�+�? �b���i�B�b�7�B�2�b

�b�Q�K�2 �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M�b�X �6�Q�` �i�?�2 �r�Q�`�F �T�`�2�b�2�M�i�2�/ �B�M �i�?�B�b �i�?�2�b�B�b�- �� �`���B�H �+���M �#�2 ���T�T�`�Q�t�B�K���i�2�/

���i �`�2�H���i�B�p�2�H�v �H�Q�r �7�`�2�[�m�2�M�+�B�2�b ���b ���M �2�H�2�K�2�M�i���`�v �#�2���K�X �>�2�`�2 �r�2 �m�b�2 �h�B�K�Q�b�?�2�M�F�Q �#�2���K �i�?�2�Q�`�v�-

�r�?�B�+�? ���H�H�Q�r�b �m�b �i�Q �`�2�i���B�M ���+�+�m�`���+�v ���i �?�B�;�?�2�` �7�`�2�[�m�2�M�+�B�2�b �i�?���M �1�m�H�2�`�@�"�2�`�M�Q�m�H�H�B �#�2���K �i�?�2�Q�`�v�-

�#�m�i �2�B�i�?�2�` �+�Q�m�H�/ �#�2 �m�b�2�/�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �/�2�`�B�p���i�B�Q�M �Q�7 �i�?�2 �h�B�K�Q�b�?�2�M�F�Q �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M

�B�b �T�`�2�b�2�M�i�2�/ �?�2�`�2�- �r�?�2�`�2���b �i�?�2 �1�m�H�2�`�@�"�2�`�M�Q�m�H�H�B �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M �/�2�`�B�p���i�B�Q�M �+���M �#�2 �7�Q�m�M�/ �B�M

���T�T�2�M�/�B�t ���X�R���M�/ �7�Q�H�H�Q�r�b �i�?�2 �b���K�2 �T�`�Q�+�2�/�m�`�2�X �q�2 �#�2�;�B�M �r�B�i�? �i�?�2 �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M�b �7�Q�`

�� �h�B�K�Q�b�?�2�M�F�Q �#�2���K �r�B�i�? ���t�B���H �H�Q���/ �U�b�2�2���T�T�2�M�/�B�t ���X�k�7�Q�` �i�?�2 �/�2�`�B�p���i�B�Q�M �Q�7 �i�?�2 �;�Q�p�2�`�M�B�M�;

�2�[�m���i�B�Q�M�b�V�X

�A
@2u
@t2

� GA� (
@2u
@x2

�
@ 
@x

) = 0 �U�k�X�9�V

�I
@2 
@t2

� EI
@2 
@x2

� GA� (
@u
@x

�  ) + F0
@u
@x

= 0 �U�k�X�8�V

�i�Ô�è�ñ���Ñ�¶�é�á�ñ �#�¶�ž�è �i�Ñ�¶�ñ���-

�>�2�`�2� �B�b �i�?�2 �K���i�2�`�B���H �/�2�M�b�B�i�v�-A �B�b �i�?�2 �+�`�Q�b�b�@�b�2�+�i�B�Q�M���H ���`�2���-G = E
2(1+ � ) �B�b �i�?�2 �b�?�2���` �K�Q�/�m�H�m�b�-

� �B�b �i�?�2 �h�B�K�Q�b�?�2�M�F�Q �+�Q�`�`�2�+�i�B�Q�M �7���+�i�Q�`�-I �B�b �i�?�2 �+�`�Q�b�b�@�b�2�+�i�B�Q�M �K�Q�K�2�M�i �Q�7 �B�M�2�`�i�B���-E �B�b �i�?�2

�2�H���b�i�B�+ �K�Q�/�m�H�m�b�- ���M�/F0 �B�b �i�?�2 ���t�B���H �7�Q�`�+�2�Xu(x; t ) �B�b �i�?�2 �#�2���K �/�2�7�H�2�+�i�B�Q�M�- �r�?�2�`�2���b (x; t ) �B�b

�i�?�2 �`�Q�i���i�B�Q�M �Q�7 �i�?�2 �+�`�Q�b�b�@�b�2�+�i�B�Q�M�X



�l�Y�l�Y �b�ÿ�¶�«�������è ���¶�ã�ž���Ô�ñ�é �Å�ñ�� �i�Ô�è�ñ���Ñ�¶�é�á�ñ �ª�¶�ž�è ���Ñ�¶�ñ���- �j�R

�U���V �a�B�M�;�H�2 �K�Q�/�2 �K�2���b�m�`�2�K�2�M�i�b �U�#�V �J�m�H�i�B�@�K�Q�/�2 �K�2���b�m�`�2�K�2�M�i�b

�U�+�V �a�B�M�;�H�2 �K�Q�/�2 �B�/�2�M�i�B�7�B�2�/ �U�/�V �l�M�/�2�`�H�v�B�M�; �K�m�H�i�B�@�K�Q�/�2�b �B�/�2�M�i�B�7�B�2�/

�6�B�;�m�`�2 �k�X�k�, �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�b �T�H�Q�i�i�2�/ ���b �p�2�+�i�Q�`�b �B�M �i�?�2 �+�Q�K�T�H�2�t �T�H���M�2�X �õ�S�`�Q�T���;���i�B�Q�M�ö �+�Q�`�`�2�@
�b�T�Q�M�/�b �i�Q �`�Q�i���i�B�M�; �i�?�2 �T�?���b�2 �Q�7 �i�?�2 �p�2�+�i�Q�` �r�?�B�H�2 �F�2�2�T�B�M�; �i�?�2 ���K�T�H�B�i�m�/�2 �+�Q�M�b�i���M�i�c �7�Q�` �b�m�T�2�`�@
�B�K�T�Q�b�2�/ �r���p�2�b�- �i�?�B�b �+���M �#�2 �b�2�2�K�B�M�;�H�v �b�T�Q�`���/�B�+�X �.�Q�i�i�2�/ �H�B�M�2�b �`�2�T�`�2�b�2�M�i �`���r �K�2���b�m�`�2�K�2�M�i�b�-
�r�?�2�`�2���b �b�Q�H�B�/ �H�B�M�2�b �`�2�T�`�2�b�2�M�i �B�M�/�B�p�B�/�m���H �r���p�2�K�Q�/�2�b�- ���M�/ �B�M �2���+�? �+���b�2 �H�B�;�?�i�2�` �H�B�M�2�b �Q�7 �� �b���K�2
�+�Q�H�Q�` �`�2�T�`�2�b�2�M�i �� �K�2���b�m�`�2�K�2�M�i ���i �� �/�B�b�i���M�+�2� x ���r���v �7�`�Q�K �i�?�2 �7�B�`�b�i �K�2���b�m�`�2�K�2�M�i�X �L�Q�i�2
�?�Q�r �B�M �i�?�2 �+���b�2 �Q�7 �� �b�B�M�;�H�2 �K�Q�/�2�- �i�?�2 �K�2���b�m�`�2�K�2�M�i �/�B�`�2�+�i�H�v �;�B�p�2�b �i�?�2 �K�Q�/�2�b�- �r�?�2�`�2���b �7�Q�`
�K�m�H�i�B�@�K�Q�/�2 �+���b�2�b �U�b�m�+�? ���b �`�2�7�H�2�+�i�B�Q�M�b�V�- �i�?�2 �B�M�/�B�p�B�/�m���H �m�M�F�M�Q�r�M �K�Q�/�2�b �`�Q�i���i�2 ���M�/ ���/�/ �m�T �i�Q
�i�?�2 �F�M�Q�r�M �K�2���b�m�`�2�K�2�M�i�b ���i �2���+�? �H�Q�+���i�B�Q�M�X



�j�k �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���-

�q�2 �b�2�2�F �� �b�T�2�+�i�`���H �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �7�Q�`�K

�m(x; t ) = ���l e� i (kx � !t ) ;

�r�?�2�`�2�m(x; t ) =

2

6
4

u

 

3

7
5 ���M�/̂�l (x) =

2

6
4

Û

	̂

3

7
5�X �.�2�`�B�p���i�B�p�2�b �r�B�i�? �`�2�b�T�2�+�i �i�Q �b�T���+�2 ���M�/ �i�B�K�2 �;�B�p�2 �i�?�2

�7�Q�H�H�Q�r�B�M�;�,

�m(x; t ) = ���l e� i (kx � !t )

_�m(x; t ) = i! ���l e� i (kx � !t ) �m0(x; t ) = � ik ���l e� i (kx � !t )

•�m(x; t ) = � ! 2 ���l e� i (kx � !t ) �m00(x; t ) = � k2 ���l e� i (kx � !t ) �X

�h�?�m�b�- �T�H�m�;�;�B�M�; �i�?�2 �b�T�2�+�i�`���H �b�Q�H�m�i�B�Q�M �B�M�i�Q �i�?�2 �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M�b �i�`���M�b�7�Q�`�K�b �i�?�2 �/�B�7�7�2�`�2�M�i�B���H

�2�[�m���i�B�Q�M�b �B�M�i�Q ���H�;�2�#�`���B�+ �2�[�m���i�B�Q�M�b �#�v �K�2���M�b �Q�7 �2�H�B�K�B�M���i�B�M�; �i�?�2 �/�2�`�B�p���i�B�p�2�b�,

� ! 2�A Û� � � � �
e� i (kx � !t ) � GA� (� k2Û + ik 	̂) � � � � �

e� i (kx � !t ) = 0

� ! 2�I 	̂ � � � � �
e� i (kx � !t ) + EIk 2	̂ � � � � �

e� i (kx � !t ) � GA� (� ik Û � 	̂) � � � � �
e� i (kx � !t ) � F0ik Û� � � � �

e� i (kx � !t ) = 0:

���7�i�2�` �+���M�+�2�H�H�B�M�; ���H�H �Q�7 �i�?�2 �+�Q�K�K�Q�M �2�t�T�Q�M�2�M�i�B���H �i�2�`�K�b�- �i�?�2 �2�[�m���i�B�Q�M�b �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ �B�M

�K���i�`�B�t �7�Q�`�K ���b

2

6
4

� �A! 2 + GA�k 2 � iGA�k

iGA�k � iF 0k � �I! 2 + EIk 2 + GA�

3

7
5

0

B
@

Û

	̂

1

C
A =

0

B
@

0

0

1

C
A ;

�7�Q�` �r�?�B�+�? �� �M�Q�M�@�i�`�B�p�B���H �b�Q�H�m�i�B�Q�M �`�2�[�m�B�`�2�b �i�?�2 �/�2�i�2�`�K�B�M���M�i �Q�7 �i�?�2 �+�Q�2�7�7�B�+�B�2�M�i �K���i�`�B�t �i�Q �#�2 �x�2�`�Q�X

�h�?�2 �/�2�i�2�`�K�B�M���M�i �Q�7 �i�?�2 �+�Q�2�7�7�B�+�B�2�M�i �K���i�`�B�t �;�B�p�2�b �� �[�m���/�`���i�B�+ �T�Q�H�v�M�Q�K�B���H �7�Q�`k2�,

AEGI�k 4 + AF0G�k 2 � �! 2AEIk 2 � �! 2AGI�k 2 + � 2! 4AI � �! 2A2G� = 0;
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�r�?�B�+�? �+���M �#�2 �b�B�K�T�H�B�7�B�2�/ �i�Q �i�?�2 �7�Q�`�K

EI|{z}
a

k4 + ( F0 � �! 2 EI
G�

� �! 2I )
| {z }

b

k2 + � 2! 4 I
G�

� �A! 2

| {z }
c

= 0:

�h�?�2 �`�Q�Q�i�b �Q�7 �i�?�B�b �+�?���`���+�i�2�`�B�b�i�B�+ �2�[�m���i�B�Q�M �+���M �#�2 �7�Q�m�M�/ �m�b�B�M�; �i�?�2 �[�m���/�`���i�B�+ �2�[�m���i�B�Q�M �r�B�i�? �i�?�2

�+�Q�2�7�7�B�+�B�2�M�i�ba; b; c�i�Q �;�B�p�2 �i�?�2 �i�r�Q �i�v�T�2�b �Q�7 �b�Q�H�m�i�B�Q�M�b �7�Q�` �i�?�2 �r���p�2�M�m�K�#�2�`k ���b �� �7�m�M�+�i�B�Q�M �Q�7

�7�`�2�[�m�2�M�+�v! �,

k1 = �

s
� b+

p
b2 � 4ac

2a
�U�k�X�e�V

k2 = �

s
� b�

p
b2 � 4ac

2a
�U�k�X�d�V

�r�B�i�?a = EI; b = F0 � �! 2 EI
G� � �! 2I; ���M�/c = � 2! 4 I

G� � �A! 2�X

�h�?�2�b�2 �i�r�Q �b�Q�H�m�i�B�Q�M�b ���`�2 �+���H�H�2�/ �i�?�2�h�B�K�Q�b�?�2�M�F�Q �#�2���K �i�?�2�Q�`�v �b�T�2�+�i�`�m�K � �̀2�H���i�B�Q�M�b�- �i�?�2 �T�H�Q�i�b �Q�7

�r�?�B�+�? ���`�2 �+���H�H�2�/ �/�B�b�T�2�`�b�B�Q�M �+�m�`�p�2�b ���M�/ ���`�2 �b�?�Q�r�M �B�M�6�B�;�X �k�X�j�Xk1 �B�b �T�m�`�2�H�v �`�2���H �p���H�m�2�/ ���M�/ �`�2�T�@

�`�2�b�2�M�i�b �i�?�2 �T�`�Q�T���;���i�B�M�; �7�H�2�t�m�`���H �r���p�2 �K�Q�/�2 �U�T�Q�b�B�i�B�p�2 �7�Q�` �7�Q�`�r���`�/ �T�`�Q�T���;���i�B�M�; ���M�/ �M�2�;���i�B�p�2 �7�Q�`

�#���+�F�r���`�/ �T�`�Q�T���;���i�B�M�;�V�Xk2 �B�M�b�i�2���/ �B�b �T�m�`�2�H�v �B�K���;�B�M���`�v ���i �H�Q�r �7�`�2�[�m�2�M�+�B�2�b ���M�/ �+�Q�`�`�2�b�T�Q�M�/�b �i�Q

���M �2�p���M�2�b�+�2�M�i �K�Q�/�2 �U�M�Q�r �M�2�;���i�B�p�2�7�Q�` �7�Q�`�r���`�/ �T�`�Q�T���;���i�B�M�; ���M�/ �T�Q�b�B�i�B�p�2�7�Q�` �#���+�F�r���`�/ �T�`�Q�T�@

���;���i�B�M�;�V�X �.�2�b�T�B�i�2 �?���p�B�M�; �� �b�Q�K�2�r�?���i �M�Q�M�@�B�M�i�m�B�i�B�p�2 �õ�B�K���;�B�M���`�v�ö �r���p�2�M�m�K�#�2�`�f�r���p�2�H�2�M�;�i�?�-

�2�p���M�2�b�+�2�M�i �K�Q�/�2�b��� �̀2�`�2���H�- �T�?�v�b�B�+���H�- ���M�/ �M�2�+�2�b�b���`�v �i�Q �b���i�B�b�7�v �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�X �S�?�v�b�B�@

�+���H�H�v�- �2�p���M�2�b�+�2�M�i �r���p�2�b �+�Q�`�`�2�b�T�Q�M�/ �i�Q �b�T���i�B���H�H�v �/���K�T�2�/ �p�B�#�`���i�B�Q�M�b�X �J���i�?�2�K���i�B�+���H�H�v�- �i�?�B�b �B�b

�2�p�B�/�2�M�i �#�2�+���m�b�2 �i�?�2 �B�K���;�B�M���`�v �r���p�2�M�m�K�#�2�` �`�2�b�m�H�i�b �B�M �� �`�2���H �p���H�m�2�/ �2�t�T�Q�M�2�M�i�B���H �/�2�+���v �b�T���i�B���H

�b�Q�H�m�i�B�Q�M�- �r�?�B�+�? �r�?�2�M �T���B�`�2�/ �r�B�i�? �i�?�2 �Q�b�+�B�H�H���i�Q�`�v �i�B�K�2 �b�Q�H�m�i�B�Q�M �;�B�p�2�b �i�?�2�b�2 �õ�b�T���i�B���H�H�v �/���K�T�2�/�ö

�p�B�#�`���i�B�Q�M�b�X �h�Q �#�2 �+�H�2���`�- �i�?�2�`�2 �B�b �M�Q �/���K�T�B�M�;�- �B�X�2�X �7�`�B�+�i�B�Q�M �Q�` �/�B�b�b�B�T���i�B�Q�M�- �B�M �i�?�B�b �K�Q�/�2�H�c
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�2�p���M�2�b�+�2�M�i �K�Q�/�2�b ���`�2 �� �T�m�`�2�H�v �;�2�Q�K�2�i�`�B�+ �2�7�7�2�+�i ���M�/ ���`�2 �M�2�+�2�b�b���`�v �7�Q�` �b���i�B�b�7�v�B�M�; �#�Q�m�M�/���`�v

�+�Q�M�/�B�i�B�Q�M�b�X �A�M �K�Q�b�i �+���b�2�b�- �2�p���M�2�b�+�2�M�i �K�Q�/�2�b �/�2�+���v �[�m�B�+�F�H�v�- �b�Q �i�?�2�v �+���M �Q�7�i�2�M �#�2 �B�;�M�Q�`�2�/ ���M�/

�B�M�/�2�2�/ ���`�2 �B�;�M�Q�`�2�/ �B�M �i�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�B�b �i�?�2�b�B�b�c �?�Q�r�2�p�2�`�- �i�?�2 �+�m�`�B�Q�m�b �`�2���/�2�` �B�b �2�M�+�Q�m�`���;�2�/ �i�Q

�`�2���/ �7�m�`�i�?�2�` �B�M �.�Q�v�H�2 �(�R�k�) �B�7 �B�M�i�2�`�2�b�i�2�/�X ���M�Q�i�?�2�` �M�Q�i�2�r�Q�`�i�?�v �7�2���i�m�`�2 �Q�7 �i�?�2 �2�p���M�2�b�+�2�M�i �K�Q�/�2�b

�B�M �h�B�K�Q�b�?�2�M�F�Q �#�2���K �i�?�2�Q�`�v �r�?�B�+�? �+���M �#�2 �b�2�2�M �B�M�6�B�;�X �k�X�j�B�b �i�?�2 �i�`���M�b�B�i�B�Q�M ���#�Q�p�2 �� �+�m�i�Q�7�7

�7�`�2�[�m�2�M�+�v �i�Q �� �b�2�+�Q�M�/ �U�`�2���H �p���H�m�2�/�V �T�`�Q�T���;���i�B�M�; �K�Q�/�2 �U�i�?�B�b �/�Q�2�b �M�Q�i �Q�+�+�m�` �B�M �1�m�H�2�`�@�"�2�`�M�Q�m�H�H�B

�#�2���K �i�?�2�Q�`�v�V�X �>�Q�r�2�p�2�`�- �i�?�B�b �Q�M�H�v �?���T�T�2�M�b ���i �7�`�2�[�m�2�M�+�B�2�b �K�m�+�? �?�B�;�?�2�` �i�?���M �i�?�Q�b�2 �+�Q�M�b�B�/�2�`�2�/

�B�M �i�?�B�b �i�?�2�b�B�b�- �b�Q �i�?�B�b �2�7�7�2�+�i �B�b ���H�b�Q �B�;�M�Q�`�2�/�X

�6�B�;�m�`�2 �k�X�j�, �h�B�K�Q�b�?�2�M�F�Q �#�2���K �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M�b�Xk1 �B�b �T�m�`�2�H�v �`�2���H �7�Q�` ���H�H �7�`�2�[�m�2�M�+�B�2�b ���M�/
�`�2�T�`�2�b�2�M�i�b �� �T�`�Q�T���;���i�B�M�; �K�Q�/�2�- �r�?�2�`�2���bk2 �B�b �Q�M�H�v �`�2���H ���M�/ �T�`�Q�T���;���i�B�M�; ���#�Q�p�2 �� �+�m�i�Q�7�7
�7�`�2�[�m�2�M�+�v�X �"�2�H�Q�r �i�?���i �+�m�i�Q�7�7 �7�`�2�[�m�2�M�+�v�- �i�?�2 �B�K���;�B�M���`�v �r���p�2�M�m�K�#�2�` �K���F�2�bk2 ���M �2�p���M�2�b�+�2�M�i�-
�Q�` �b�T���i�B���H�H�v �/���K�T�2�/�- �K�Q�/�2�X
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�k�X�k�X�R �.�2�T�2�M�/�2�M�+�B�2�b �Q�7 �i�?�2 �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M

�L�Q�i�2 �?�Q�r �i�?�2 �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M�1�[�X �U�k�X�e�V�/�2�T�2�M�/�b �Q�M �i�?�2 �K���i�2�`�B���H�- �;�2�Q�K�2�i�`�v�- ���M�/ �b�i�`�2�b�b

�T���`���K�2�i�2�`�b�X�6�B�;�X �k�X�9�b�?�Q�r�b �?�Q�r �i�?�2 �p���`�B�Q�m�b �K�Q�/�2�H �T���`���K�2�i�2�`�b ���7�7�2�+�i �i�?�2 �b�?���T�2 �Q�7 �i�?�2k1

�/�B�b�T�2�`�b�B�Q�M �+�m�`�p�2�c �B�M �T���`�i�B�+�m�H���`�- �M�Q�i�2 �?�Q�r �b�i�`�2�b�b �m�M�B�[�m�2�H�v �/�2�i�2�`�K�B�M�2�b �i�?�2 �b�?���T�2 �Q�7 �i�?�2 �H�Q�r�@

�7�`�2�[�m�2�M�+�v �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �+�m�`�p�2�X �h�?�2�`�2�7�Q�`�2 �B�7 �r�2 �+���M �K�2���b�m�`�2 �i�?�2 �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M�- �B�i �B�b

�T�Q�b�b�B�#�H�2 �i�Q �2�t�i�`���+�i �K�Q�/�2�H �T���`���K�2�i�2�`�b �U�Q�` ���i �H�2���b�i �i�?�2 �H�m�K�T�2�/ �i�Q�;�2�i�?�2�`a�-b�- ���M�/c �+�Q�M�b�i���M�i�b�V

�7�`�Q�K �i�?�2 �K�2���b�m�`�2�/ �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M �p�B�� �� �b�B�K�T�H�2 �+�m�`�p�2 �7�B�i�X �P�#�p�B�Q�m�b�H�v �r�2 �+���M �b�Q�H�p�2 �7�Q�` �i�?�2

�b�i�`�2�b�b �i�?�B�b �r���v�- �#�m�i �B�i �B�b ���H�b�Q �+�H�2���`�H�v �T�Q�b�b�B�#�H�2 �i�Q �b�Q�H�p�2 �7�Q�` �Q�i�?�2�` �K�Q�/�2�H �T���`���K�2�i�2�`�b �B�M �i�?�2

�b���K�2 �K���M�M�2�`�- �� �7�2���i�m�`�2 �F�M�Q�r�M ���b �õ�K�Q�/�2�H �m�T�/���i�B�M�;�ö�X �J�Q�/�2�H �m�T�/���i�B�M�; ���H�H�Q�r�b �7�Q�` �?���M�/�H�B�M�;

�m�M�+�2�`�i���B�M�i�v �B�M �i�?�2 �K���i�2�`�B���H ���M�/ �;�2�Q�K�2�i�`�v �T���`���K�2�i�2�`�b �B�M �i�?�2 �K�Q�/�2�H�- �r�?�B�+�? �B�M �i�m�`�M �+���M �?�2�H�T

�r�B�i�? �B�M�+�`�2���b�B�M�; �i�?�2 ���+�+�m�`���+�v �Q�7 �i�?�2 �b�i�`�2�b�b �K�2���b�m�`�2�K�2�M�i�X

�k�X�k�X�k �J�Q�`�2 �Q�M �;�2�Q�K�2�i�`�B�+ �/�B�b�T�2�`�b�B�Q�M

���M �B�K�T�Q�`�i���M�i �7�2���i�m�`�2 �Q�7 �7�H�2�t�m�`���H �r���p�2�b �B�M �#�2���K�b �B�b �i�?�2 �/�B�b�T�2�`�b�B�Q�M �2�7�7�2�+�i�X �*�Q�M�b�B�/�2�` �K�Q�K�2�M�i���`�@

�B�H�v �i�?�2 �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M �7�Q�` ���t�B���H �Q�` �i�Q�`�b�B�Q�M���H �r���p�2�b �B�M� �̀Q�/�b�U�Q�` �B�/�2�M�i�B�+���H�H�v �r���p�2�b �B�M �b�i�`�B�M�;�b�V�8�,

k =
p �

E ! �X �h�?�B�b �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M �B�b �H�B�M�2���`�- ���M�/ �i�?�m�b �i�?�2 �T�?���b�2 �p�2�H�Q�+�B�i�vcp = !
k =

q
E
� �B�b

�+�Q�M�b�i���M�i ���M�/ �/�Q�2�b�M�Q�i�/�2�T�2�M�/ �Q�M �7�`�2�[�m�2�M�+�v�X �a�B�M�+�2 �i�?�2 �T�?���b�2 �p�2�H�Q�+�B�i�v �B�b �i�?�2 �b���K�2 �7�Q�` �2���+�?

�7�`�2�[�m�2�M�+�v�- �2�p�2�`�v �7�`�2�[�m�2�M�+�v �+�Q�K�T�Q�M�2�M�i �i�`���p�2�H�b �r�B�i�? �i�?�2 �b���K�2 �p�2�H�Q�+�B�i�v�- ���M�/ �i�?�2 �r���p�2 �T�m�H�b�2

�r�B�H�H �i�?�2�`�2�7�Q�`�2 �K���B�M�i���B�M �B�i�b �b�?���T�2 ���b �B�i �i�`���p�2�H�b�- ���b �b�?�Q�r�M �B�M�6�B�;�X �k�X�8���X

�8�h�?�B�b �+���M �#�2 �Q�#�i���B�M�2�/ �m�b�B�M�; �i�?�2 �b���K�2 �T�`�Q�+�2�b�b ���b �b�?�Q�r�M �B�M�a�2�+�i�B�Q�M �k�X�k���M�/���T�T�2�M�/�B�t ���X�R�X�R�- �#�m�i �B�M�b�i�2���/
�m�b�B�M�; �i�?�2 �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M�b �7�Q�` �� �b�i�`�B�M�; �Q�` �`�Q�/�- �B�X�2�X �i�?�2 �R�. �r���p�2 �2�[�m���i�B�Q�M�,

•u = c2u00

�X



�j�e �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���-

�U���V �b�i�`�2�b�b�-� = F0
A �U�#�V �2�H���b�i�B�+ �K�Q�/�m�H�m�b�-E

�U�+�V �/�2�M�b�B�i�v�-� �U�/�V ���`�2���-A

�U�2�V �K�Q�K�2�M�i �Q�7 �B�M�2�`�i�B���-I �U�7�V �S�Q�B�b�b�Q�M �`���i�B�Q�-nu

�6�B�;�m�`�2 �k�X�9�, �h�?�2 �[�m���H�B�i���i�B�p�2 �2�7�7�2�+�i�b �r�?�B�+�? �p���`�B�Q�m�b �K�Q�/�2�H �T���`���K�2�i�2�`�b �?���p�2 �Q�M �i�?�2 �b�T�2�+�i�`�m�K
�`�2�H���i�B�Q�M�X �L�Q�i�2 �i�?���i �i�?�2 �b�i�`�2�b�b �m�M�B�[�m�2�H�v �/�2�i�2�`�K�B�M�2�b �i�?�2 �H�Q�r �7�`�2�[�m�2�M�+�v �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �+�m�`�p�2�-
�r�?�2�`�2���b ���H�H �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b ���7�7�2�+�i �i�?�2 �?�B�;�? �7�`�2�[�m�2�M�+�v �T�Q�`�i�B�Q�M �B�M �� �b�B�K�B�H���` �K���M�M�2�`�X
�h�?�2 �S�Q�B�b�b�Q�M �`���i�B�Q �b�2�2�K�b �i�Q �?���p�2 �H�B�i�i�H�2 �2�7�7�2�+�i �Q�M �i�?�2 �/�B�b�T�2�`�b�B�Q�M �+�m�`�p�2 �+�Q�K�T���`�2�/ �r�B�i�? �i�?�2 �Q�i�?�2�`
�T���`���K�2�i�2�`�b�X
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�U���V �� �M�Q�M�@�/�B�b�T�2�`�b�B�p�2 �r���p�2�X �U�#�V �� �/�B�b�T�2�`�b�B�p�2 �r���p�2�X

�6�B�;�m�`�2 �k�X�8�, �*�Q�K�T���`�B�b�Q�M �#�2�i�r�2�2�M �/�B�b�T�2�`�b�B�p�2 ���M�/ �M�Q�M�@�/�B�b�T�2�`�b�B�p�2 �r���p�2 �T�`�Q�T���;���i�B�Q�M�X �A�M �#�Q�i�?
�7�B�;�m�`�2�b�- �i�?�2 �`�2�b�T�Q�M�b�2�b ���i �p���`�B�Q�m�b �H�Q�+���i�B�Q�M�b ���`�2 �b�i���+�F�2�/ �B�M �Q�`�/�2�` �i�Q �b�?�Q�r �i�?�2 �p�B�#�`���i�B�Q�M ���b
�B�i �i�`���p�2�H�b �B�M �b�T���+�2 ���M�/ �i�B�K�2�c �H�B�M�2�b �+�Q�`�`�2�b�T�Q�M�/ �i�Q �B�M�/�B�p�B�/�m���H �K�2���b�m�`�2�K�2�M�i�b �7�`�Q�K �b�2�T���`���i�2
�H�Q�+���i�B�Q�M�b�X

�L�Q�r �B�M�b�i�2���/ �+�Q�M�b�B�/�2�` �i�?�2 �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M �7�Q�` �r���p�2�b �B�M �� �#�2���K�- ���b �/�2�`�B�p�2�/�e �7�`�Q�K �2�B�i�?�2�`

�1�m�H�2�`�@�"�2�`�M�Q�m�H�H�B �Q�` �h�B�K�Q�b�?�2�M�F�Q �#�2���K �i�?�2�Q�`�v�,

k =

s
� b+

p
b2 � 4ac

2a
;

�r�B�i�?

8
>><

>>:

�1�m�H�2�`�@�"�2�`�M�Q�m�H�H�B�,a = EI; b = F0; c = � �A! 2

�h�B�K�Q�b�?�2�M�F�Q�,a = EI; b = F0 � �! 2 EI
G� � �! 2I; c = � 2! 4 I

G� � �A! 2

�h�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�Mk ���M�/! �B�b �M�Q �H�Q�M�;�2�` �H�B�M�2���`�- ���b �+���M �K�Q�b�i �2���b�B�H�v �#�2 �b�2�2�M �B�M�6�B�;�X �k�X�j�X

���b �� �`�2�b�m�H�i�- �i�?�2 �T�?���b�2 �b�T�2�2�/cp = !
k �B�b �M�Q�i �+�Q�M�b�i���M�i�- �#�m�i �`���i�?�2�` �B�b �7�`�2�[�m�2�M�+�v �/�2�T�2�M�/�2�M�i�-

���M�/ �2���+�? �7�`�2�[�m�2�M�+�v �+�Q�K�T�Q�M�2�M�i �B�M �� �b�B�;�M���H �r�B�H�H �i�`���p�2�H ���i �� �/�B�7�7�2�`�2�M�i �b�T�2�2�/�X �1�p�2�M �B�M �i�?�2

���#�b�2�M�+�2 �Q�7 �i�?�2 ���t�B���H �H�Q���/F0�- �i�?�2 �7�H�2�t�m�`���H �K�Q�/�2 �B�b �b�i�B�H�H �/�B�b�T�2�`�b�B�p�2�X�h�Q �#�2 �+�H�2���`�- �i�?�B�b �B�b

�e�i�?�2 �/�2�`�B�p���i�B�Q�M�b �Q�7 �#�Q�i�? �#�2���K �i�?�2�Q�`�B�2�b ���`�2 �T�`�Q�p�B�/�2�/ �B�M���T�T�2�M�/�B�t ���X�R���M�/���X�k



�j�3 �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���-

�M�Q�i �� �M�Q�M�H�B�M�2���` �2�7�7�2�+�i �Q�` �i�Q �#�2 �+�Q�M�7�m�b�2�/ �r�B�i�? �i�?�2 ���+�Q�m�b�i�Q�2�H���b�i�B�+ �2�7�7�2�+�i �`�2�H���i�B�M�;

�i�Q �M�Q�M�H�B�M�2���` �2�H���b�i�B�+�B�i�v�X�h�?�B�b �;�2�Q�K�2�i�`�B�+ �/�B�b�T�2�`�b�B�Q�M�d ���M�/ �i�?�2 �b�i�`�2�b�b �/�2�T�2�M�/�2�M�+�2 �Q�7 �i�?�2

�b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M �7�Q�H�H�Q�r �7�`�Q�K �i�?�2 �/�2�`�B�p���i�B�Q�M �Q�7 �h�B�K�Q�b�?�2�M�F�Q �#�2���K �i�?�2�Q�`�v�- �r�?�B�+�? ���b�b�m�K�2�b

�� �H�B�M�2���` �2�H���b�i�B�+ �K���i�2�`�B���H �`�2�b�T�Q�M�b�2 ���+�+�Q�`�/�B�M�; �i�Q �>�Q�Q�F�2�ö�b �H���r�X �q�?�B�H�2 �i�?�2 ���t�B���H �H�Q���/�B�M�; �B�b

�B�M�i�`�Q�/�m�+�2�/ ���b �� �;�2�Q�K�2�i�`�B�+���H�H�v �M�Q�M�H�B�M�2���` �i�2�`�K�- �B�i �B�b �H�B�M�2���`�B�x�2�/ �7�Q�` �b�K���H�H �/�B�b�T�H���+�2�K�2�M�i�b ���M�/ �i�?�2

�`�2�b�m�H�i�B�M�; �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M�b ���`�2 �m�H�i�B�K���i�2�H�v �H�B�M�2���`�X �:�2�Q�K�2�i�`�B�+ �/�B�b�T�2�`�b�B�Q�M �?���b �i�?�2 �2�7�7�2�+�i �Q�7

�+���m�b�B�M�; �i�?�2 �r���p�2 �T�m�H�b�2 �i�Q �õ�b�T�`�2���/ �Q�m�i�ö ���M�/ �+�?���M�;�2 �b�?���T�2 ���b �B�i �i�`���p�2�H�b �U�b�2�2�6�B�;�X �k�X�8�#�V�- �K���F�B�M�;

�i�B�K�2�@�Q�7�@�7�H�B�;�?�i �K�2���b�m�`�2�K�2�M�i�b �B�H�H�@�T�Q�b�2�/�X

�k�X�j �_�2�7�H�2�+�i�B�Q�M�b

�h�?�2 �i�?�2�Q�`�v �T�`�2�b�2�M�i�2�/ �i�?�m�b �7���`�- �M���K�2�H�v �i�?�2 �b�T�2�+�i�`���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �r���p�2 �K�Q�i�B�Q�M ���M�/ �i�?�2

�b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M �r�?�B�+�? �;�Q�p�2�`�M�b �i�?���i �r���p�2 �K�Q�i�B�Q�M�- ���`�2 �b�m�7�7�B�+�B�2�M�i �i�Q ���H�`�2���/�v �K�Q�/�2�H �b�B�K�T�H�2

�r���p�2 �T�`�Q�T���;���i�B�Q�M �T�`�Q�#�H�2�K�b ���M�/ �2�p�2�M ���M���H�v�x�2 �b�B�K�T�H�2 �+���b�2�b �Q�7 �2�t�T�2�`�B�K�2�M�i���H �/���i���X �_�2�+���H�H�B�M�;

�1�[�X �U�k�X�j�V

u(x; t ) = Ûe� i (kx � !t ) ;

�7�Q�` �� �;�B�p�2�M �U�B�M�T�m�i�V ���K�T�H�B�i�m�/�2 �b�T�2�+�i�`�m�KÛ�-�1�[�X �U�k�X�j�V�b�T�2�+�B�7�B�2�b �?�Q�r �i�?�2 �r���p�2 �r�B�H�H ���T�T�2���` �7�Q�`

���H�H �T�Q�B�M�i�bx ���M�/ �i�B�K�2�bt�X�1�[�X �U�k�X�j�V�2�b�b�2�M�i�B���H�H�v �õ�T�`�Q�T���;���i�2�b�ö �i�?�2 �r���p�2Û �i�Q ���M�v �H�Q�+���i�B�Q�M�X �A�M ��

�b�B�K�m�H���i�B�Q�M �b�2�i�i�B�M�;�-Û �r�Q�m�H�/ �#�2 �T�`�2�b�+�`�B�#�2�/ ���b �i�?�2 �B�M�+�B�/�2�M�i �r���p�2�c �?�Q�r�2�p�2�`�- �B�M ���M �2�t�T�2�`�B�K�2�M�i���H

�b�2�i�i�B�M�;�- �� �7�B�`�b�i �K�2���b�m�`�2�K�2�M�i �K�B�;�?�i �#�2 �K���/�2 �B�M �Q�`�/�2�` �i�Q�K�2���b�m� �̀2�i�?�2 �B�M�+�B�/�2�M�i �r���p�2Û�X �6�Q�` ��

�;�B�p�2�M �b�2�i �Q�7 �K���i�2�`�B���H ���M�/ �;�2�Q�K�2�i�`�v �T���`���K�2�i�2�`�b�- �r�?�B�+�? �/�2�7�B�M�2 �� �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�Mk�-�1�[�X �U�k�X�j�V

�i�?�2�M �2�b�b�2�M�i�B���H�H�v �/�2�7�B�M�2�b �� �K�Q�/�2�H �7�Q�` �i�?�2 �i�2�b�i ���`�i�B�+�H�2�X �a�m�#�b�2�[�m�2�M�i �K�2���b�m�`�2�K�2�M�i�b �+���M �i�?�2�M

�#�2 �+�Q�K�T���`�2�/ �i�Q �i�?�2 �K�Q�/�2�H�- ���M�/ �i�?�2 �/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �K�2���b�m�`�2�K�2�M�i�b ���M�/ �i�?�2 �K�Q�/�2�H�ö�b

�d���b �Q�T�T�Q�b�2�/ �i�Q �K���i�2�`�B���H �/�B�b�T�2�`�b�B�Q�M



�l�Y�k�Y �`�¶�Å�ã�¶�«���Ô�ñ�é�� �j�N

�T�`�2�/�B�+�i�B�Q�M�b �+���M �i�?�2�M �#�2 �m�b�2�/ ���b �i�?�2 �#���b�B�b �7�Q�` ���M �Q�T�i�B�K�B�x���i�B�Q�M �i�Q �K���i�+�? �i�?�2 �K�Q�/�2�H �i�Q �i�?�2 �i�2�b�i

���`�i�B�+�H�2�X �h�?�B�b �B�b �2�b�b�2�M�i�B���H�H�v �i�?�2 �T�`�Q�+�2�/�m�`�2 �;�B�p�2�M �B�M ���H�#���F�`�B ���M�/ �h���`���x���;�� �(�k�)�- ���H�#���F�`�B�- �J���H�H���/�B�-

���M�/ �h���`���x���;�� �(�j�)�X

�A�M �`�2���H�B�i�v�- �r�2 �Q�7�i�2�M �/�Q �M�Q�i �b�2�2 �� �b�B�M�;�H�2 �r���p�2 �T�m�H�b�2 �i�`���p�2�H�B�M�; �m�M�Q�#�b�i�`�m�+�i�2�/ �Q�7�7 �i�Q �B�M�7�B�M�B�i�v�c �`�2���H

�b�i�`�m�+�i�m�`�2�b �+�Q�M�i���B�M �#�Q�m�M�/���`�B�2�b ���M�/ �Q�i�?�2�` �/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b �r�?�B�+�? �K���v �B�K�T�2�/�2 �i�?�2 �r���p�2�ö�b ���#�B�H�B�i�v

�i�Q �T�`�Q�T���;���i�2�- ���M�/ �r�2 �b�m�#�b�2�[�m�2�M�i�H�v �b�2�2 �r���p�2�b �`�2�7�H�2�+�i�2�/ �7�`�Q�K �i�?�2�b�2 �/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b�X �h�?�m�b�- �r�?�B�H�2

�#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �/�Q �M�Q�i ���7�7�2�+�i �� �r���p�2 ���b �B�i �T�`�Q�T���;���i�2�b�- �i�?�2�v �+���M �+���m�b�2 �K�Q�/�2 �+�Q�M�p�2�`�b�B�Q�M

�U�i�?�2 �K�Q�b�i �+�Q�K�K�Q�M �#�2�B�M�; �7�Q�`�r���`�/ �i�Q �#���+�F�r���`�/ �+�Q�M�p�2�`�b�B�Q�M�- �B�X�2�X �� �`�2�7�H�2�+�i�B�Q�M�V�X

�q�?�B�H�2�1�[�X �U�k�X�j�V�+���M �#�2 �m�b�2�/ �i�Q �`�2�T�`�2�b�2�M�i �� �b�B�M�;�H�2 �r���p�2 �K�Q�/�2 �T�`�Q�T���;���i�B�M�; ���H�Q�M�; �� �b�i�`�m�+�i�m�`�2�-

�B�i �/�Q�2�b �M�Q�i �`�2�T�`�2�b�2�M�i �i�?�2 �b�i�`�m�+�i�m�`�2�ö�b �7�m�H�H �T�Q�b�b�B�#�H�2 �`�2�b�T�Q�M�b�2�X �_�2�+���H�H �i�?���i �i�?�2 �b�T�2�+�i�`�m�K �`�2�H���i�B�Q�M

�;���p�2 �i�r�Q �i�v�T�2�b �Q�7 �b�Q�H�m�i�B�Q�M�b�- �i�?�2 �T�`�Q�T���;���i�B�M�; �7�H�2�t�m�`���H �b�Q�H�m�i�B�Q�M ���M�/ �i�?�2 �2�p���M�2�b�+�2�M�i �b�Q�H�m�i�B�Q�M�-

���M�/ �i�?���i �2���+�? �b�Q�H�m�i�B�Q�M �+�Q�m�H�/ �2�B�i�?�2�` �#�2 �T�Q�b�B�i�B�p�2 �Q�` �M�2�;���i�B�p�2�- �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �7�Q�`�r���`�/ �Q�`

�#���+�F�r���`�/ �T�`�Q�T���;���i�B�M�; �b�Q�H�m�i�B�Q�M�b�X �h�?�2 �i�Q�i���H �`�2�b�T�Q�M�b�2 �7�Q�` �� �b�B�M�;�H�2 �r���p�2�;�m�B�/�2 �+���M �i�?�2�`�2�7�Q�`�2 �#�2

�� �b�m�T�2�`�T�Q�b�B�i�B�Q�M�3 �Q�7 �i�?�2�b�2 �7�Q�m�` �B�M�/�B�p�B�/�m���H �b�Q�H�m�i�B�Q�M�b�,

u(x; t ) = ( Âe� ik 1x + B̂e� ik 2x + Ĉeik 1x + D̂eik 2x )ei!t ; �U�k�X�3�V

�r�?�2�`�2̂A; B̂; Ĉ; D̂ ���`�2 �i�?�2 ���K�T�H�B�i�m�/�2 �b�T�2�+�i�`�� �7�Q�` �i�?�2 �p���`�B�Q�m�b �b�Q�H�m�i�B�Q�M�b�X

�A�M �Q�`�/�2�` �i�Q �K�Q�/�2�H �� �r���p�2�;�m�B�/�2 �r�B�i�? �`�2�7�H�2�+�i�B�Q�M �b�Q�m�`�+�2�b�- �b�m�+�? ���b �#�Q�m�M�/���`�B�2�b �Q�` �/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b�-

�r�2 �b�B�K�T�H�v �D�Q�B�M �p���`�B�Q�m�b �b�K���H�H�2�` �r���p�2�;�m�B�/�2�b ���M�/ �K���i�+�? �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �#�2�i�r�2�2�M

�i�?�2�K�- �b�Q�H�p�B�M�; �7�Q�` �i�?�2 ���K�T�H�B�i�m�/�2 �b�T�2�+�i�`�� �Q�7 �i�?�2 �p���`�B�Q�m�b �r���p�2 �K�Q�/�2�bÂ i ; B̂ i ; Ĉi ; D̂ i �7�Q�` �2���+�?

�r���p�2�;�m�B�/�2�X �6�Q�` �2�t���K�T�H�2�- �r�2 �K�B�;�?�i �T�`�2�b�+�`�B�#�2 �Q�M�H�v �� �7�Q�`�r���`�/ �T�`�Q�T���;���i�B�M�; �B�M�+�B�/�2�M�i �r���p�2Â1

�B�M �� �b�B�K�m�H���i�B�Q�M�- �#�m�i �B�M �Q�`�/�2�` �i�Q �b���i�B�b�7�v �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�- �� �`�2�7�H�2�+�i�2�/ �K�Q�/�2Ĉ1 �K���v

�i�m�`�M �Q�m�i �i�Q �#�2 �M�2�+�2�b�b���`�v�X �6�Q�` �� �#�2���K�- �7�Q�m�` �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b ���i �2���+�? �#�Q�m�M�/���`�v ���`�2

�3�h�?�B�b �B�b �Q�7 �+�Q�m�`�b�2 �Q�M�H�v �T�Q�b�b�B�#�H�2 �#�2�+���m�b�2 �Q�7 �i�?�2 �H�B�M�2���`�B�i�v �Q�7 �i�?�2 �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M�b�X



�9�y �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���-

�`�2�[�m�B�`�2�/�- �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �/�B�b�T�H���+�2�K�2�M�i�- �b�H�Q�T�2�- �#�2�M�/�B�M�; �K�Q�K�2�M�i�- ���M�/ �b�?�2���` �7�Q�`�+�2�X �h�?�2

�K���i�?�2�K���i�B�+���H �/�2�b�+�`�B�T�i�B�Q�M�b �Q�7 �i�?�2�b�2 �[�m���M�i�B�i�B�2�b ���`�2 �T�`�Q�p�B�/�2�/ �B�M�h���#�H�2 �k�X�R�X

�h���#�H�2 �k�X�R�, �"�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �7�Q�` �� �#�2���K�X

�1�m�H�2�`�@�"�2�`�M�Q�m�H�H�B �h�B�K�Q�b�?�2�M�F�Q

�.�B�b�T�H���+�2�K�2�M�i�,u = u(x; t ) u = u(x; t )
�a�H�Q�T�2�,  = @u

@x  =  (x; t )
�J�Q�K�2�M�i�, M = EI @2u

@x2 M = EI @ 
@x

�a�?�2���` �6�Q�`�+�2�,V = � EI @3u
@x3 V = � GA� ( @u

@x �  )

�6�Q�` �i�?�2 �T�m�`�T�Q�b�2�b �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K �7�Q�` ���M���H�v�x�B�M�; �r���p�2 �T�`�Q�T���;���i�B�Q�M �K�2���b�m�`�2�K�2�M�i�b �7�Q�` �b�i�`�2�b�b

�i�?�Q�m�;�?�- �i�?�2 �K�2���b�m�`�2�K�2�M�i �r�B�H�H �b�B�K�T�H�v �b�2�2 �p���`�B�Q�m�b �r���p�2 �K�Q�/�2�b ���M�/ �#�2 ���;�M�Q�b�i�B�+ ���b �i�Q �i�?�2�B�`

�b�Q�m�`�+�2�b�- �b�Q �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b ���`�2 �B�M�b�B�;�M�B�7�B�+���M�i �B�M �`�2�;���`�/�b �i�Q �i�?�2 �7�Q�`�i�?�+�Q�K�B�M�; ���H�;�Q�`�B�i�?�K�X

�h�?�2 �B�M���#�B�H�B�i�v �i�Q �?���M�/�H�2 �K�m�H�i�B�T�H�2 �K�Q�/�2�b �Q�` �`�2�7�H�2�+�i�B�Q�M�b �B�b �� �K���D�Q�` �H�B�K�B�i���i�B�Q�M �B�M �K���M�v �2�t�B�b�i�B�M�;
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