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The Modeling of Partial Discharge under Fast, Repetitive Voltage
Pulses Using Finite-Element Analysis

S. Moein R. Borghei

(ABSTRACT)

By 2030, it is expected that 80% of all electric power will flow through power electronics

systems. Wide bandgap power modules that can tolerate higher voltages and currents than

silicon-based modules are the most promising solution to reducing the size and weight of

power electronics systems. These wide-bandgap power modules constitute powerful building

blocks for power electronics systems, and wide bandgap-based converter/power electronics

building blocks are envisaged to be widely used in power grids in low- and medium-voltage

applications and possibly in high-voltage applications for high-voltage direct current and

flexible alternating current transmission systems. One of the merits of wide bandgap devices

is that their slew rates and switching frequencies are much higher than silicon-based devices.

However, from the insulation side, frequency and slew rate are two of the most critical fac-

tors of a voltage pulse, influencing the level of degradation of the insulation systems that

are exposed to such voltage pulses. The shorter the rise time, the shorter the lifetime. Fur-

thermore, lifetime dramatically decreases with increasing frequency. Thus, although wide

bandgap devices are revolutionizing power electronics, electrical insulating systems are not

prepared for such a revolution; without addressing insulation issues, the electronic power rev-

olution will fail due to dramatically increased failure rates of electrification components. In

this regard, internal partial discharges (PDs) have the most effect on insulation degradation.

Internal PDs which occur in air-filled cavities or voids are localized electrical discharges that

only partially bridge the insulation between conductors. Voids in solid or gel dielectrics are



challenging to eliminate entirely and may result simply during manufacturing process. The

objective of this study is to develop a Finite-Element Analysis (FEA) PD model under fast,

repetitive voltage pulses, which has been done for the first time. The model is coded and

implemented in COMSOL Multiphysics linked with MATLAB, and its simulation results are

validated with experimental tests. Using the model, the influence of different parameters

including void shape, void size, and void air pressure on PD parameters are studied.
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S. Moein R. Borghei

(GENERAL AUDIENCE ABSTRACT)

To decarbonize and reduce energy consumption for commercial aviation, the development of

lightweight and ultra-efficient all-electric powertrain including electric motors, drives, and

associated thermal management systems has been targeted. Using wide bandgap (WBG)

power modules that can tolerate high voltages and currents can reduce the size and weight

of the drive. However, the operation of WBG-based power converter can endanger the

reliability of the electrified systems, most importantly, the insulation system. In this study,

it is attempted to model the impact of such threats to the insulation system using numerical

models.
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As air quality has kept becoming a more and more vital problem in 21st century, electri-

fication of various systems and equipment has been offered as a solution to that [2]. The

rapid growth of electrification also lies in several other advantages of using electricity over

conventional energy resources. These advantages include the more flexibility and controlla-

bility that electric systems provide, also the transmission of power at almost the speed of

light and the capability of electricity to be stored give more merits to this trend [3].

The electrification trend initiated in the transportation section, specifically in electric cars

and it keeps moving toward the naval and aviation industry. Annual global growth of 4.7%

is expected until 2028 in the commercial air traffic demand, also doubling the number of

passengers in the upcoming 20 years till 2040 [4, 5]. On the other hand, economic and

environmental problems should be overcome to facilitate electrification in these sectors. As

it is reported in [6], the commercial aviation consumed almost 16% of the total petroleum

(crude oil and products) imports of the US. In the same year, 2.6% of domestic greenhouse

gas emissions (174.8 million metric tons of CO2) was produced by air travels [7]. To address

the above issues, i.e. energy consumption and carbonization, electrified aircraft technologies

have been aimed.
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Besides, by the end of 2030, it is expected that 80% of power will flow through power elec-

tronics employed across the power grid [8]. Rapid-growing penetration of power electronics

into various residential, industrial, and commercial levels by integration of more renewable

energy into power grid emphasizes on the key role played by power electronics systems in

future smarter grid, expanded from transmission to distribution, and furtherly to the con-

sumers [9, 10, 11]. Power electronics also has a substantial role in transferring energy from

electric energy storage systems to the electrical grid and vice versa [12]. Furthermore, bidi-

rectional dc chargers, FACTS devices are some other power electronics technologies being

developed [13].

In modern converters, the emergence of WBG-based systems has led to significantly high

efficiencies. Moreover, maturity of these WBG semiconductor technology in the next gener-

ations of power electronic modules has enabled them to operate at higher voltages, higher

frequencies, and higher temperatures [14]. Commercially, these new highly efficient devices

are being more and more available [15]. Although WBG-based converters have an electric

breakdown about 10 times higher than silicon (Si)-based systems[16], the operation at of

these devices at high frequencies ( 50 kHz and above) can cause the rapid deterioration of

insulation systems through intensive electric stress. Various methods of insulation health

diagnosis are found including partial discharges, leakage current, electrical breakdown, di-

electric losses, and electric field distribution [17].

Among the different degradation mechanisms, the accelerated aging of insulation systems

due to fast, repetitive voltage pulses originated by WBG-based converters can be mentioned

as the major obstacle toward employment of this technology [18]. The most crucial insulation

degradation factor under fast, repetitive voltage pulses is PD [19, 20].

According to IEC 60270, PDs are local electrical discharges that do not completely bridge

the insulation between conductors and may or may not occur adjacent to a conductor. If the
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electric field intensity across a portion of dielectric exceeds its electrical breakdown strength,

then a local breakdown is expected. This phenomenon is known as partial breakdown or

partial discharge (PD). The charged particles (electrons, positive ions, and negative ions)

produced during the discharge move toward the void’s wall and, subsequently erode the

dielectric through bombardment of the wall. Secondary electrons can, then, be generated

through these collision as a function of dielectric’s work function. Moreover, the discharge

can give rise to some products such as O3 or NO2, which further causes chemical degradation

of the solid dielectric. Thus, despite the fact that PD does not impose a global breakdown

between electrodes, the slow deterioration of dielectric material can eventually cause the

breakdown of solid dielectric [21, 22].

Although numerous techniques have been evolved to detect and localize PDs [23, 24, 25], PD

modeling has not reached the same end. Among different studies performed on PD modeling,

the modeling of cavity-dielectric system gained the most attention, starting in the early 19th

century [26, 27, 28]. The major concentration of these studies has been on PD analysis and

quantification under sinusoidal waves; however, the growing penetration of power electronics

into power grid has substantiated the need to study PD under fast, high-frequency square

wave (PWM-like) pulses.

Among the studies conducted on PD phenomenon so far, major works have focused on un-

derstanding the effect of the existence of a void within the dielectric [26, 27, 28, 29]. The

formation of cavities and air-filled bubbles is natural during the manufacturing process of

dielectrics while the streamer propagation can also lead to formation voids [30, 31]. Al-
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though the emergence of the Vacuum Pressure Impregnation (VPI) technique has lowered

the number and volume of cavities inside the insulating medium, making it zero does not

seems a plausible mission. In [32], it is revealed that the electrical treeing is another reason

to the existence of cavities. Although some studies have confirmed that some dielectrics have

self-healing capability, this is not the case for a lot of insulating materials such as slicone

gel which is the predominant encapsulating material in power electronics. In silicone gel, a

cavity can remain up to 10 ms that is 1000 times higher than non-viscous liquids [33] which

causes the gradual deterioration of insulating material.

Since the permittivity of the gas (air, SF6, etc.) is usually less than the dielectric’s per-

mittivity, the voids are called weak points due to the higher electric field across the cavity

higher than the dielectric. In [34], it is shown that the electric field intensity in a spherical

void is about 30% higher than the case of void-free dielectric. Therefore, the examination of

cavity effect on the health of dielectric must be performed.

Frequency and rise time are among the most destructive factors of a square wave voltage

[35]. Thus, although WBG-based power electronics can present higher power density, voltage

pulses having extremely high slew rate and frequencies can introduce severe threats to the

health of insulation systems in WBG power modules [36, 37], where the breakdown can hap-

pen within hours or even minutes [35]. Although geometrical techniques or using nonlinear

resistive grading coating layers can help lowering the electric field intensity [36, 38, 39], it is

still necessary to understand the mechanisms behind PD can help to better implement elec-

tric field control methods. Another strategy one might bring up is the adoption of a thicker

layer of dielectric; however, this cannot be a promising solution due to the tremendous desire

of power electronics industry for miniaturization [40, 41, 42].

Moreover, it has been reported through experimental investigations that the fast-rise, high-

frequency square wave voltages have a detrimental impact on the health of dielectrics in
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terms of PD ignition rate and intensity [43, 44]. In [45], the detrimental impacts of a high

slew rate were studied, and the results showed that high slew rate square voltages substan-

tially increased the intensity of PDs within the insulating medium and changed the PD

spectrum. It has also been shown in [46, 47] that, although at a higher frequency the PD

intensity is lower, the higher repetition rate causes rapid degradation of insulation. Thus, at

higher frequencies, the lifetime of insulation is reduced. All the challenges mentioned in this

section demonstrate the prominence of a profound investigation into the PD phenomenon as

the insulation system puts a limiting factor on the reliability of the whole system.

Various models have been proposed for the modeling of PD using the cavity-dielectric repre-

sentation [48, 49, 50, 51, 52, 53, 54]. In this study, the FEA method is used to dynamically

model the PD phenomenon. The advantage of FEA over other models is its ability to apply

to sophisticated geometries as well as its ability to dynamically monitor changes in the values

of electrical properties such as electric field, current density, field displacement, etc. [55].

The parameters associated with the FEA are selected such that the results meet experimental

reports in the literature.

The goal of this study is to explore the PD phenomenon and its characteristics under high-

frequency, fast-rise square wave voltage on which insufficient work has been conducted. In

this case, two PDs take place for each pulse: one on the rising flank, and the other on

the falling one. The various parameters in the study of PD under repetitive voltage pulses

includes but is not limited to frequency, rise time, and amplitude of the applied voltage.

To model PD phenomenon , one should bear in mind that PD is a stochastic process and
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can be controlled by various factors concerning the physical processes. For instance, the

location and shape of the voids have a substantial impact in PD inception [21]. Considering

all these conditions, it is aimed to find the variation of PD magnitude with respect to

different parameters that are assessed by the FEA model developed in this study. These

parameters can include void characteristics such as size and shape. They also constitute

environmental and electrical specifications such as air pressure inside the void, temperature,

and void conductivity.

Besides the importance of delving into the stochastic property of PD events to obtain an

accurate PD pattern, it is also important to investigate the physics of PD phenomenon.

In order to provide a valid comparison among different values for a given parameter, the

stochastic property of PD should be frozen. The reason for this is that the variations of

the random nature of PD can significantly influence the physical meaning of the outcome,

misleading our judgment about a certain parameter.

Aside from the impact of the applied voltage characteristics, environmental conditions can

also change the way the PD phenomenon is looked at today. For instance, an aircraft can be

at a pressure as low as 4 psi when flying at cruising altitude where the impact of pressure on

PD occurrence has not been sufficiently studied so far. To the best of author’s knowledge,

there is only one paper reporting experimental investigations on the effect of fast, repetitive

voltage pulses (5 to 200 kHz) at pressure levels between 20 and 100 kPa on repetitive partial

discharge inception voltage (RPDIV) of a solid dielectric (a twisted wire pair) [56].

This study also focuses on the effects that low-pressure conditions have on different model

parameters and reflects on how these changes affect PD characteristics. The work was done

under high frequency, high slew rate voltages to accurately model the escalated tension that

the insulation system undergoes.
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In chapter 2, the theories for the PD phenomenon are reviewed. First, PD types are in-

troduced and then, the models for PD analysis are discussed. After that, the physical

mechanism of PD is explained and an overview of the theories for PD inception, extinction,

and initial electron generation is presented. Finally, the concept of PD memory is discussed.

In chapter 3, the theories introduced in chapter 2 are mathematically presented. At first, the

streamer inception criterion and the condition for PD quenching are presented. Then, differ-

ent theoretical and experimental representations of initial electron generation are overviewed.

Later in this chapter, the charge decay process and calculation procedure of PD charges are

discussed. Finally, the whole algorithm for PD analysis is developed.

In chapter 4, the two case studies that are used for the evaluation of the proposed algorithm

are introduced. Then, the electric field distribution in each of these case studies is obtained

with the aid of FEA. Then, the PRPD pattern for each case is obtained, and also the impact

of cavity properties is assessed on PD events. After that, the influence of applied voltage

characteristics on the PD phenomenon is evaluated. Finally, the performance of insulation

under extremely low-pressure conditions is examined.

In chapter 5, the conclusions and future works are brought, and the references are listed in

the last section.



PDs can occur in solids, liquids, and gases and are usually divided into three groups (shown

in Fig. 2.1). The PDs occurring in the cavities or inclusion inside a solid or liquid dielectric

are called “Internal Discharges” (see Fig. 2.1(a)). This type of PDs is usually inevitable as

it is part of the manufacturing process in the case of solid and liquid insulating mediums.

Examples of internal discharges include but not are limited to the PDs occurring in the

transformer oils, or inside the silicone gel which encapsulates a power converter. If PD

Figure 2.1: PD Types: (a) internal discharge, (b) surface discharge, and (c) corona.

occurs at the interface between air (or any other gaseous medium) and a liquid or solid

dielectric, it is called “Surface Discharges” (see Fig. 2.1(b)), also known as “tracking”. This

usually occurs when the electric field component parallel to the interface goes extremely

high [1]. Instances of surface discharge include discharges at the interface of bushings, cable

8
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���K�Q�M�; �i�?�2 �i�r�Q �i�v�T�2�b �Q�7 �+�?���`�;�2�b �i�?���i �+���M �#�2 �/�2�i�2�+�i�2�/ �7�Q�` �� �T���`�i�B���H �/�B�b�+�?���`�;�2 �2�p�2�M�i�- �Q�M�H�v

���T�T���`�2�M�i �+�?���`�;�2 �K���;�M�B�i�m�/�2 �B�b �K�2���b�m�`���#�H�2 ���b �i�?�2 �+�m�`�`�2�M�i �7�H�Q�r�B�M�; �i�?�`�Q�m�;�? �i�?�2 �+���p�B�i�v �+���M�M�Q�i

�#�2 �K�2���b�m�`�2�/ �r�B�i�? �i�?�2 �i�v�T�B�+���H �2�t�T�2�`�B�K�2�M�i���H �b�2�i�m�T�X �h�?�2 �K�2�`�B�i �i�?���i �;�Q�2�b �i�Q �b�B�K�m�H���i�B�Q�M �K�2�i�?�Q�/�b

�B�b �i�?���i �i�?�2�v �+���M �T�`�Q�p�B�/�2 �i�?�2 �Q�T�T�Q�`�i�m�M�B�i�v �i�Q ���H�b�Q �2�b�i�B�K���i�2 �i�?�2 �i�`�m�2 �+�?���`�;�2 �K���;�M�B�i�m�/�2 ���b�B�/�2

�7�`�Q�K �i�?�2 ���T�T���`�2�M�i �+�?���`�;�2�X

�k�X�9 �S�. �A�M�+�2�T�i�B�Q�M ���M�/ �1�t�i�B�M�+�i�B�Q�M

�� �S�. �/�Q�2�b �M�Q�i �+�Q�K�T�H�2�i�2�H�v �#�`�B�/�;�2 �#�2�i�r�2�2�M �i�?�2 �2�H�2�+�i�`�Q�/�2�b�c �?�Q�r�2�p�2�`�- �B�M �i�?�B�b �+���b�2�- �� �H�Q�+���H

�/�B�b�+�?���`�;�2 �Q�+�+�m�`�b �B�M �i�?�2 �/�2�7�2�+�i�b �Q�` �+���p�B�i�B�2�b �r�B�i�?�B�M �i�?�2 �B�M�b�m�H���i�B�M�; �K�2�/�B�m�K�X �� �S�. �i���F�2�b �T�H���+�2

�Q�M�+�2 �� �7�`�2�2 �2�H�2�+�i�`�Q�M �B�b �T�`�Q�p�B�/�2�/ ���M�/ �B�i �B�b �b�m�7�7�B�+�B�2�M�i�H�v �2�M�2�`�;�2�i�B�+ �i�Q �B�Q�M�B�x�2 �7�m�`�i�?�2�` ���i�Q�K�b �Q�`

�K�Q�H�2�+�m�H�2�b ���M�/ �+���m�b�2�b �i�?�2 �;�`�Q�r�i�? �Q�7 �b�i�`�2���K�2�`�- ���b �/�2�K�Q�M�b�i�`���i�2�/ �B�M �6�B�;�X�k�X�k�X

�h�?�2�`�2�7�Q�`�2�- �7�Q�` �#�2�B�M�; ���#�H�2 �i�Q �+�Q�`�`�2�+�i�H�v �T�`�2�/�B�+�i �i�?�2 �i�B�K�2 ���i �r�?�B�+�? �S�. �B�M�B�i�B���i�2�b�- ���M ���+�+�m�`���i�2

�2�b�i�B�K���i�B�Q�M �Q�7 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �K���;�M�B�i�m�/�2 ���i �r�?�B�+�? �B�Q�M�B�x���i�B�Q�M �T�`�Q�+�2�b�b �b�i���`�i�b �B�b �`�2�[�m�B�`�2�/�X �h�Q

���+�?�B�2�p�2 �b�Q�- �� �+�`�B�i�B�+���H ���p���H���M�+�?�2 �+�`�B�i�2�`�B�Q�M �?���b �#�2�2�M �b�m�;�;�2�b�i�2�/ �B�M �(�9�N�) �i�?���i �B�M�p�2�b�i�B�;���i�2�b �i�?�2

�+�`�B�i�B�+���H �M�m�K�#�2�` �Q�7 �2�H�2�+�i�`�Q�M�b �`�2�[�m�B�`�2�/ �i�Q �?���p�2 �� �b�2�H�7�@�T�`�Q�T���;���i�B�M�; ���p���H���M�+�?�2 �(�j�9�)�X �h�?�2 �7�Q�H�H�Q�r�B�M�;

�2�[�m���i�B�Q�M �2�t�T�`�2�b�b�2�b �i�?�2 �b�i�`�2���K�2�` �B�M�+�2�T�i�B�Q�M �+�`�B�i�2�`�B�Q�M�,

E inc

Ecr
= F �U�k�X�R�V

�h�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �S�. �B�M�+�2�T�i�B�Q�M �7�B�2�H�/ ���M�/ �#�`�2���F�/�Q�r�M �+�`�B�i�B�+���H �7�B�2�H�/ �B�b �/�2�b�+�`�B�#�2�/ �#�v ��

�/�B�K�2�M�b�B�Q�M�H�2�b�b �T���`���K�2�i�2�`�-F �- �i�?���i �B�b �/�2�T�2�M�/�2�M�i �Q�M �;���b �7�B�H�H�B�M�; �i�?�2 �+���p�B�i�v�- �/�B�2�H�2�+�i�`�B�+ �+�Q�M�b�i���M�i�-

���M�/ �i�?�2 �/�2�7�2�+�i �;�2�Q�K�2�i�`�v�X �A�i �+���M �#�2 �/�2�7�B�M�2�/ �7�Q�` �� �b�T�?�2�`�B�+���H �p�Q�B�/ ���b �7�Q�H�H�Q�r�b�,

F = 1 +
B

(pd)n �U�k�X�k�V
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�r�?�2�`�2B �- ���M�/n ���`�2 �;���b�@�`�2�H���i�2�/ �+�Q�M�b�i���M�i�b�X �h�?�2 �Q�i�?�2�` �T���`���K�2�i�2�`�b ���`�2 �;���b �T�`�2�b�b�m�`�2p�- ���M�/ �p�Q�B�/

�/�B���K�2�i�2�` �B�M �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 �#���+�F�;�`�Q�m�M�/ �7�B�2�H�/d�X

�P�M�2 �b�?�Q�m�H�/ �M�Q�i �7�Q�`�;�2�i �i�?�2 �B�K�T���+�i �Q�7 �2�M�p�B�`�Q�M�K�2�M�i���H �+�Q�M�/�B�i�B�Q�M�b �b�m�+�? ���b �?�m�K�B�/�B�i�v �i�?���i �/�2�+�`�2���b�2�b

�i�?�2 �#�`�2���F�/�Q�r�M �7�B�2�H�/ �Q�7 �/�B�2�H�2�+�i�`�B�+�b �(�e�y�)�X

�k�X�8 �A�M�B�i�B���H �1�H�2�+�i�`�Q�M �:�2�M�2�`���i�B�Q�M

���M�Q�i�?�2�` �+�Q�M�/�B�i�B�Q�M �7�Q�` �S�. �Q�+�+�m�`�`�2�M�+�2 �B�b �i�?���i �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �B�M�B�i�B���H �2�H�2�+�i�`�Q�M�b �7�Q�` �i�?�2 �B�Q�M�B�x���i�B�Q�M

�T�`�Q�+�2�b�b �K�m�b�i �#�2 �2�M�b�m�`�2�/�X �h�?�2�`�2 ���`�2 �i�r�Q �T�`�Q�+�2�b�b�2�b�- �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M ���M�/ �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M�-

�7�Q�` �i�?�2 �;�2�M�2�`���i�B�Q�M �Q�7 �B�M�B�i�B���H �2�H�2�+�i�`�Q�M�b �B�M �i�?�2 �p�Q�B�/�X �1���+�? �B�M�+�H�m�/�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �K�2�+�?���M�B�b�K�b

�(�j�9�)�X �h�?�m�b�- �i�?�2 �i�Q�i���H �`���i�2 �Q�7 �i�?�2 �;�2�M�2�`���i�B�Q�M �Q�7 �B�M�B�i�B���H �2�H�2�+�i�`�Q�M�b �T�2�` �m�M�B�i �Q�7 �i�B�K�2 �+���M �#�2

�a�m�`�7���+�2 �1�K�B�b�b�B�Q�M

�A �.�2�i�`���T�T�B�M�; �Q�7 �2�H�2�+�i�`�Q�M�b �7�`�Q�K �i�?�2 �b�m�`�7���+�2 �Q�7 �i�?�2 �B�M�b�m�H���i�Q�`

�A�A �1�H�2�+�i�`�Q�M �2�K�B�b�b�B�Q�M �#�v �T�?�Q�i�Q �2�7�7�2�+�i �7�`�Q�K �i�?�2 �b�m�`�7���+�2 �Q�7 �i�?�2 �B�M�b�m�H���i�Q�`

�A�A�A�l�M�H�2���b�?�B�M�; �2�H�2�+�i�`�Q�M�b �#�v �B�Q�M �B�K�T���+�i

�A�o �1�H�2�+�i�`�Q�M �2�K�B�b�b�B�Q�M �#�v �T�?�Q�i�Q �2�7�7�2�+�i �7�`�Q�K �i�?�2 �b�m�`�7���+�2 �Q�7 �i�?�2 �+�Q�M�/�m�+�i�Q�`

�o �1�H�2�+�i�`�Q�M �`�2�H�2���b�2 �7�`�Q�K �i�?�2 �+�Q�M�/�m�+�i�Q�` �/�m�2 �i�Q �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/

�o�Q�H�m�K�2 �A�Q�M�B�x���i�B�Q�M

�o�A �:���b �B�Q�M�B�x���i�B�Q�M �#�v �B�`�`���/�B���i�B�Q�M �Q�7 �2�M�2�`�;�2�i�B�+ �T�?�Q�i�Q�M�b

�o�A�A �.�2�i���+�?�K�2�M�i �Q�7 �2�H�2�+�i�`�Q�M�b �7�`�Q�K �M�2�;���i�B�p�2 �B�Q�M�b �/�m�2 �i�Q �7�B�2�H�/ �B�M�i�2�M�b�B�i�v



�R�9 �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���Ô�¶�� �ñ�é �T�/ �T�Ñ�¶�é�ñ�è�¶�é�ñ�é

�2�t�T�`�2�b�b�2�/ ���b �i�?�2 �b�m�K�K���i�B�Q�M �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2�b �/�m�2 �i�Q �2���+�? �Q�7 �i�?�2 �T�`�Q�+�2�b�b�2�b�,

_N tot (t) = _Nsurf (t) + _Nvol(t) �U�k�X�j�V

�r�?�2�`�2_Nsurf (t) �B�b �i�?�2 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2 �/�m�2 �i�Q �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M ���M�/_Nvol(t) �[�m���M�i�B�7�B�2�b

�i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M�X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �T���`�i�b�- �2���+�? �Q�7 �i�?�2�b�2 �T�`�Q�+�2�b�b�2�b

���`�2 �/�2�H�B�M�2���i�2�/ �B�M �/�2�i���B�H�X �A�M �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M�- �2�H�2�+�i�`�Q�M�b ���`�2 �2�K�B�i�i�2�/ �7�`�Q�K �i�?�2 �p�Q�B�/ �b�m�`�7���+�2 �#�v

�6�B�;�m�`�2 �k�X�j�, �A�M�B�i�B���H �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �b�Q�m�`�+�2�b�X

�K�2�+�?���M�B�b�K�b �A �i�?�`�Q�m�;�? �o�X �h�?�2 �/�Q�K�B�M���i�B�M�; �K�2�+�?���M�B�b�K �Q�7 �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M �B�b �i�?�2 �/�2�i�`���T�T�B�M�; �Q�7

�2�H�2�+�i�`�Q�M�b ���+�+�m�K�m�H���i�2�/ �Q�M �i�?�2 �b�m�`�7���+�2 �Q�7 �i�?�2 �p�Q�B�/ �(�j�9�)�- �r�?�B�+�? �B�b �/�2�T�2�M�/�2�M�i �m�T�Q�M �i�?�2 �2�H�2�+�i�`�B�+

�7�B�2�H�/ ���M�/ �i�?�2 �i�2�K�T�2�`���i�m�`�2 �B�M�b�B�/�2 �i�?�2 �p�Q�B�/�X �h�?�m�b�- �i�?�2 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2 �/�m�2 �i�Q �i�?�2

�b�m�`�7���+�2 �2�K�B�b�b�B�Q�M �T�`�Q�+�2�b�b �+���M �#�2 �7�B�i�i�2�/ �i�Q �_�B�+�?���`�/�b�Q�M�@�a�+�?�Q�i�i�F�v �b�+���H�B�M�; �;�B�p�2�M �#�v �(�e�R�-�e�k�-�e�j�)�X

�q�?�B�H�2 �b�Q�K�2 �b�i�m�/�B�2�b �?���p�2 �M�2�;�H�2�+�i�2�/ �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M �Q�r�B�M�; �i�Q �� �H�Q�r�2�`

�`���i�2 �Q�7 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �+�Q�K�T���`�2�/ �i�Q �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M �(�8�d�-�e�9�-�e�8�)�- �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M �B�b

�i�?�2 �/�Q�K�B�M���M�i �T�`�Q�p�B�/�2�` �Q�7 �7�`�2�2 �2�H�2�+�i�`�Q�M�b �B�M �b�Q�K�2 �+���b�2�b�X �h�?�2�`�2 �K�B�;�?�i �#�2 �b�Q�K�2 �i�B�K�2�b ���i �r�?�B�+�?
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�7�`�2�2 �2�H�2�+�i�`�Q�M�b �+���M�M�Q�i �#�2 �b�m�T�T�H�B�2�/ �7�`�Q�K �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M �K�2�+�?���M�B�b�K�b �b�m�+�? ���b �B�b �i�?�2 �+���b�2 �Q�7

�i�?�2 �7�B�`�b�i �S�. �2�p�2�M�i�X ���i �i�?�2 �7�B�`�b�i �S�. �2�p�2�M�i�- �M�Q �2�H�2�+�i�`�Q�M �B�b ���p���B�H���#�H�2 �i�Q �#�2 �/�2�i�`���T�T�2�/ �7�`�Q�K �i�?�2

�p�Q�B�/ �r���H�H�c �i�?�m�b�- �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M �T�H���v�b �� �b�B�;�M�B�7�B�+���M�i �`�Q�H�2�X ���b �i�?�2 �`���i�2 �Q�7 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M

�/�m�2 �i�Q �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M �B�b �K�m�+�? �H�Q�r�2�` �i�?���M �i�?�2 �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M�- �i�?�2�`�2 �B�b �� �+�Q�M�b�B�/�2�`���#�H�2

�B�M�+�2�T�i�B�Q�M �/�2�H���v �i�B�K�2 �#�2�7�Q�`�2 �i�?�2 �Q�+�+�m�`�`�2�M�+�2 �Q�7 �i�?�2 �7�B�`�b�i �S�.�X �o�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M �K�B�;�?�i �Q�+�+�m�`

�/�m�2 �i�Q �i�?�2 �B�`�`���/�B���i�B�Q�M �Q�7 �2�M�2�`�;�2�i�B�+ �T�?�Q�i�Q�M�b �U�K�2�+�?���M�B�b�K �o�A�V �Q�` �7�B�2�H�/ �/�2�i���+�?�K�2�M�i �Q�7 �2�H�2�+�i�`�Q�M�b

�7�`�Q�K �M�2�;���i�B�p�2 �B�Q�M�b �U�K�2�+�?���M�B�b�K �o�A�A�V �(�j�9�)�X

�k�X�e �S�. �J�2�K�Q�`�v

�h�?�2 �+�?���`�;�2�b �`�2�K���B�M�2�/ �7�`�Q�K �T�`�2�p�B�Q�m�b �S�. �2�p�2�M�i�b �/�Q �M�Q�i �H���b�i �B�M�7�B�M�B�i�2�H�v�c �?�Q�r�2�p�2�`�- �i�?�2 �B�M�/�m�+�2�/
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�/�2�H���v �B�b �b�i�B�H�H �2�t�T�2�+�i�2�/ �2�p�2�M �Q�M�+�2 �i�?�2 �B�M�+�2�T�i�B�Q�M �7�B�2�H�/ �+�Q�M�/�B�i�B�Q�M �B�b �K�2�i�X

���b �K�2�M�i�B�Q�M�2�/ �2���`�H�B�2�`�- �� �7�`�2�2 �2�H�2�+�i�`�Q�M �B�b �M�2�+�2�b�b���`�v �7�Q�` �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M ���p���H���M�+�?�2�X

�h�Q �[�m���M�i�B�7�v �i�?�B�b �+�Q�M�/�B�i�B�Q�M�- �� �7�m�M�+�i�B�Q�M �B�b �`�2�[�m�B�`�2�/ �r�?�B�+�? �b�i���M�/�b �7�Q�` �i�?�2 �`���i�2 �Q�7 �2�H�2�+�i�`�Q�M �;�2�M�2�`�@

���i�B�Q�M�X �:�2�M�2�`���H�H�v �b�T�2���F�B�M�;�- �i�?�2�`�2 ���`�2 �i�r�Q �K���B�M �b�Q�m�`�+�2�b �7�Q�` �T�`�Q�/�m�+�i�B�Q�M �Q�7 �i�?�2 �B�M�B�i�B���H �2�H�2�+�i�`�Q�M�b�,

�o�Q�H�m�K�2 �;�2�M�2�`���i�B�Q�M�- ���M�/ �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M �(�j�9�)�X

�A�M �i�?�2 �+���b�2 �Q�7 �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M�- �i�?�2 �#�2���K �Q�7 �?�B�;�?�H�v�@�2�M�2�`�;�2�i�B�+ �T�?�Q�i�Q�M�b �+�Q�m�H�/ �T�`�Q�/�m�+�2 �Q�7

�2�H�2�+�i�`�Q�M�b ���H�Q�M�; �r�B�i�? �i�?�2 �2�H�2�+�i�`�Q�M�b �/�2�i���+�?�2�/ �7�`�Q�K �M�2�;���i�B�p�2 �B�Q�M�b �Q�r�B�M�; �i�Q �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/

�B�K�T���+�i�X �A�M �i�?�2 �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M�- �i�?�2 �+���i�?�Q�/�B�+ �+�Q�M�/�m�+�i�Q�`�b �K�B�;�?�i �`�2�H�2���b�2 �7�`�2�2 �2�H�2�+�i�`�Q�M�b �Q�` �i�?�2

�/�2�i�`���T�T�B�M�; �Q�7 �T�`�2�p�B�Q�m�b �S�. �2�H�2�+�i�`�Q�M�b �7�`�Q�K �i�?�2 �B�M�b�m�H���i�Q�` �b�m�`�7���+�2�X

�q�?�B�H�2 �L�B�2�K�2�v�2�` �m�b�2�/ �i�?�2 ���#�Q�p�2 �T�?�v�b�B�+���H �T�`�Q�+�2�b�b�2�b �i�Q �/�2�7�B�M�2 �i�?�2 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2�-

�6�Q�`�b�b�2�M �(�e�8�-�e�3�)�- ���M�/ �H���i�2�` �A�H�H�B���b �(�e�9�-�e�d�-�e�N�) �m�i�B�H�B�x�2�/ �� �b�B�K�T�H�B�7�B�2�/ �K�Q�/�2�H �r�?�B�+�? �B�b ���+�+�Q�`�/���M�+�2



�k�y �+�Ñ�ž�ÿ���¶�� �k�Y �T�/ �K�ñ�²�¶�ã�Ô�é�Ì

�r�B�i�? �2�t�T�2�`�B�K�2�M�i���H �/���i���X

�A�M �i�?�2 �b�B�K�T�H�B�7�B�2�/ �`�2�T�`�2�b�2�M�i���i�B�Q�M�- �i�?�2 �i�Q�i���H �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2�-_N tot (t)�- �+�Q�M�b�B�b�i�b �Q�7 �i�r�Q

�+�Q�K�T�Q�M�2�M�i�b�X �P�M�2 �B�b �i�?�2 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2 �/�m�2 �i�Q �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M_Nsurf (t)�- ���M�/ �i�?�2

�Q�i�?�2�` �B�b �i�?�2 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2 �/�m�2 �i�Q �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M_Nvol(t)�,

_N tot (t) = _Nsurf (t) + _Nvol(t) �U�j�X�8�V

�j�X�j�X�R �S�?�v�b�B�+�b�@�#���b�2�/ �_�2�T�`�2�b�2�M�i���i�B�Q�M

�Ç �a�m�`�7���+�2 �1�K�B�b�b�B�Q�M

�A�M �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M�- �2�H�2�+�i�`�Q�M�b ���`�2 �2�K�B�i�i�2�/ �7�`�Q�K �i�?�2 �p�Q�B�/ �b�m�`�7���+�2 �#�v �K�2�+�?���M�B�b�K�b �A

�i�?�`�Q�m�;�? �o �K�2�M�i�B�Q�M�2�/ �B�M �a�2�+�i�B�Q�M�k�X�8�X �h�?�2 �/�Q�K�B�M���i�B�M�; �K�2�+�?���M�B�b�K �Q�7 �b�m�`�7���+�2 �2�K�B�b�@

�b�B�Q�M �B�b �i�?�2 �/�2�i�`���T�T�B�M�; �Q�7 �2�H�2�+�i�`�Q�M�b ���+�+�m�K�m�H���i�2�/ �Q�M �i�?�2 �b�m�`�7���+�2 �Q�7 �i�?�2 �p�Q�B�/ �(�d�y�)�- �r�?�B�+�? �B�b

�/�2�T�2�M�/�2�M�i �m�T�Q�M �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ ���M�/ �i�?�2 �i�2�K�T�2�`���i�m�`�2 �B�M�b�B�/�2 �i�?�2 �p�Q�B�/�X �h�?�m�b�- �i�?�2 �2�H�2�+�@

�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2 �/�m�2 �i�Q �i�?�2 �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M �T�`�Q�+�2�b�b_Nsurf (t) �7�B�i�i�2�/ �i�Q �_�B�+�?���`�/�b�Q�M�@

�a�+�?�Q�i�i�F�v �b�+���H�B�M�; �;�B�p�2�M �#�v �(�j�9�-�8�k�-�d�y�)�,

_Nsurf (t) = Nsurf � 0 exp(�
� �

q
eEcav (t )

4�� 0

kT
) �U�j�X�e�V

�r�?�2�`�2� 0 � 1013 � 1014s� 1 �(�j�9�) �B�b �i�?�2 �7�m�M�/���K�2�M�i���H �T�?�Q�M�Q�M �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2 �K���i�2�`�B���H

�U�7�Q�` �2�T�Q�t�v �`�2�b�B�M� 0 � 1014s� 1 �(�8�k�)�V�X �h�?�2 �2�7�7�2�+�i�B�p�2 �/�2�i�`���T�T�B�M�; �r�Q�`�F �7�m�M�+�i�B�Q�M �Q�7 �i�?�2

�K���i�2�`�B���H�-� �- �B�b �B�MeV �m�M�B�i�b�- ���M�/e �B�b �i�?�2 �2�H�2�K�2�M�i���`�v �+�?���`�;�2 �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M�X �h�?�2 �b�m�`�@

�7���+�2 �2�K�B�b�b�B�Q�M �`���i�2 �+���M �b�2�M�b�B�i�B�p�2�H�v �+�?���M�;�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �p���H�m�2 �Q�7� �(�j�9�)�XEcav

�B�b �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �B�M�i�2�M�b�B�i�v �B�M�b�B�/�2 �i�?�2 �p�Q�B�/ �/�m�2 �i�Q �b�m�`�7���+�2 �+�?���`�;�2�b �Q�M �i�?�2 �p�Q�B�/ �r���H�H�-

� 0 = 8:854�“ 10� 12F:m� 1 �B�b �i�?�2 �p���+�m�m�K �T�2�`�K�B�i�i�B�p�B�i�v�-k = 8:6174�“ 10� 5eV:K� 1 �B�b �"�Q�H�i�x�@

�K���M�M�ö�b �+�Q�M�b�i���M�i�- ���M�/T �B�b �i�?�2 ���#�b�Q�H�m�i�2 �i�2�K�T�2�`���i�m�`�2�XNsurf �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �2�H�2�+�i�`�Q�M�b



�k�Y�k�Y �B�é�Ô���Ô�ž�ã �2�ã�¶�«�����ñ�é �;�¶�é�¶���ž���Ô�ñ�é �k�R

���p���B�H���#�H�2 �i�Q �#�2 �/�2�i�`���T�T�2�/ �7�`�Q�K �i�?�2 �p�Q�B�/ �b�m�`�7���+�2 �7�Q�` �i�?�2 �M�2�t�i �S�.�X �A�M �(�d�y�) �B�i �r���b ���b�@

�b�m�K�2�/ �i�?���i �i�?�2 �i�Q�i���H �i�`�m�2 �T�?�v�b�B�+���H �+�?���`�;�2 �Q�7 �i�?�2 �T�`�2�p�B�Q�m�b �S�.�-q�- �+���M �T���`�i�B�+�B�T���i�2 �B�M

�i�?�2 �/�2�i�`���T�T�B�M�; �K�2�+�?���M�B�b�K ���M�/�- �i�?�m�b�-Nsurf �r���b ���T�T�`�Q�t�B�K���i�2�/ �#�vq/ e�X �>�Q�r�2�p�2�`�- �B�i

�r���b ���b�b�m�K�2�/ �B�M �(�j�9�-�8�k�) �i�?���i �i�?�B�b �M�m�K�#�2�` �B�b ���7�7�2�+�i�2�/ �#�v �i�r�Q �7���+�i�Q�`�b �/�2�H�B�M�2���i�2�/ �#�2�H�Q�r�X

�h�?�2 �7�B�`�b�i �7���+�i�Q�`�- �F�M�Q�r�M ���b �i�?�2 �T�`�Q�T�Q�`�i�B�Q�M���H�B�i�v �7���+�i�Q�` �U� �V�- �/�2�b�+�`�B�#�2�b �i�?�2 �7�`���+�i�B�Q�M �Q�7 �i�?�2

�+�?���`�;�2 �+���`�`�B�2�`�b �i�?���i �`�2�b�m�H�i �B�M �i�?�2 �+�`�2���i�B�Q�M �Q�7 �/�2�i�`���T�T���#�H�2 �2�H�2�+�i�`�Q�M�b�X �h�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M

�Q�7 �i�?�B�b �7���+�i�Q�` �/�2�M�Q�i�2�/ ���bNsurf 0 �B�b �;�B�p�2�M �#�v

Nsurf 0 = �
q
e

�U�j�X�d�V

�r�?�2�`�2� < 1�X �A�M �6�B�;�m�`�2�j�X�R�- �i�?�2 �K�Q�p�2�K�2�M�i �Q�7 �+�?���`�;�2�/ �T���`�i�B�+�H�2�b �B�b �b�?�Q�r�M �m�M�/�2�` �i�r�Q

�/�B�7�7�2�`�2�M�i �+�Q�M�/�B�i�B�Q�M�b�X �h�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�m�2 �i�Q �i�?�2 ���T�T�H�B�2�/ �p�Q�H�i���;�2 �UEapp(t)�V �B�b �Q�M�2 �Q�7

�i�?�2 �i�r�Q �+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �B�M�b�B�/�2 �i�?�2 �p�Q�B�/�X �>�Q�r�2�p�2�`�- �Q�r�B�M�; �i�Q �i�?�2 �H�Q�r�2�`

�T�2�`�K�B�i�i�B�p�B�i�v �Q�7 �i�?�2 �;���b �B�M�b�B�/�2 �i�?�2 �p�Q�B�/ �i�?���M �i�?���i �Q�7 �i�?�2 �b�Q�H�B�/ �/�B�2�H�2�+�i�`�B�+�- �i�?�2 �K���;�M�B�i�m�/�2 �Q�7

Eapp(t) �B�b �K�m�H�i�B�T�H�B�2�/ �#�v ���M �2�M�?���M�+�2�K�2�M�i �7���+�i�Q�` �Uf �V �i�?���i �[�m���M�i�B�7�B�2�b �i�?�2 �B�M�i�2�M�b�B�7�B�+���i�B�Q�M �Q�7

Eapp(t) �B�M�b�B�/�2 �i�?�2 �p�Q�B�/�X �h�?�2 �/�2�`�B�p���i�B�Q�M �Q�7f �r�B�H�H �#�2 �/�B�b�+�m�b�b�2�/ �H���i�2�` �B�M �U�R�d�V�X ���b�B�/�2 �7�`�Q�K

fE app(t)�-�i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �B�M�b�B�/�2 �i�?�2 �p�Q�B�/ �B�M�+�H�m�/�2�b ���M�Q�i�?�2�` �+�Q�K�T�Q�M�2�M�i�- �+���H�H�2�/E int (t)�-

�r�?�B�+�? �B�b �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�m�2 �i�Q �b�m�`�7���+�2 �+�?���`�;�2�b �`�2�K���B�M�B�M�; �Q�M �i�?�2 �b�m�`�7���+�2 �Q�7 �i�?�2 �p�Q�B�/

�7�`�Q�K �i�?�2 �T�`�2�p�B�Q�m�b �S�. �2�p�2�M�i�b�X �h�?�2 �b�m�K�K���i�B�Q�M �Q�7 �i�?�2�b�2 �i�r�Q �+�Q�K�T�Q�M�2�M�i�b �v�B�2�H�/�b �i�?�2 �M�2�i

�2�H�2�+�i�`�B�+ �7�B�2�H�/ �K���;�M�B�i�m�/�2 �B�M�b�B�/�2 �i�?�2 �p�Q�B�/ �UEcav(t)�V�X �h�?�2 �/�2�K�Q�M�b�i�`���i�B�Q�M �Q�7 �i�?�2 �K�Q�p�2�K�2�M�i

�Q�7 �+�?���`�;�2�/ �T���`�i�B�+�H�2�b �B�M �i�?�2 �p�Q�B�/ �r�?�2�M �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �#�2�i�r�2�2�M �i�r�Q

�+�Q�M�b�2�+�m�i�B�p�2 �S�.�b �U���V �/�Q�2�b �M�Q�i �+�?���M�;�2�- �U�#�V �+�?���M�;�2�b�X �A�M �6�B�;�m�`�2�j�X�R���- �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7

Eapp(t) �`�2�K���B�M�b �+�Q�M�b�i���M�i �#�2�i�r�2�2�M �i�r�Q �+�Q�M�b�2�+�m�i�B�p�2 �S�.�b ���M�/ �i�?�2 �+�?���`�;�2�/ �T���`�i�B�+�H�2�b �K�Q�p�2

�B�M �i�?�2 �Q�T�T�Q�b�B�i�2 �/�B�`�2�+�i�B�Q�M�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �r�?�2�M �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7Eapp(t) �+�?���M�;�2�b

�#�2�i�r�2�2�M �i�r�Q �+�Q�M�b�2�+�m�i�B�p�2 �S�. �2�p�2�M�i�b�- �i�?�2 �/�B�`�2�+�i�B�Q�M�b �Q�7 �i�?�2 �i�r�Q �7�B�2�H�/ �+�Q�K�T�Q�M�2�M�i�b �r�Q�m�H�/

�#�2 �i�?�2 �b���K�2�X �h�?�m�b�- �i�?�2 �T�Q�b�B�i�B�p�2 �B�Q�M�b ���M�/ �2�H�2�+�i�`�Q�M�b ���T�T�`�Q���+�? �2���+�? �Q�i�?�2�` �U�6�B�;�X�j�X�R�#�V�X



�k�k �+�Ñ�ž�ÿ���¶�� �k�Y �T�/ �K�ñ�²�¶�ã�Ô�é�Ì

�6�B�;�m�`�2 �j�X�R�, �J�Q�p�2�K�2�M�i �Q�7 �T���`�i�B�+�H�2�b �r�?�2�M �U���V �T�Q�H���`�B�i�v �/�Q�2�b �M�Q�i �+�?���M�;�2�- ���M�/ �U�#�V �T�Q�H���`�B�i�v
�+�?���M�;�2�b�X

�.�m�2 �i�Q �i�?�2 �M�2�m�i�`���H�B�x���i�B�Q�M �Q�7 �i�?�2 �+�?���`�;�2�/ �T���`�i�B�+�H�2�b�- �i�?�2 �M�m�K�#�2�` �Q�7 ���p���B�H���#�H�2 �2�H�2�+�i�`�Q�M�b

�7�Q�` �i�?�2 �m�T�+�Q�K�B�M�; �S�. �2�p�2�M�i �B�b �`�2�/�m�+�2�/�X �h�?�2�`�2�7�Q�`�2�- �� �;�H�Q�#���H �p���H�m�2 �7�Q�` �i�?�2 �T�`�Q�T�Q�`�i�B�Q�M���H�@

�B�i�v �7���+�i�Q�` �U� �V �K���v �M�Q�i �T�`�Q�p�B�/�2 ���M ���+�+�m�`���i�2 �2�t�T�H���M���i�B�Q�M �7�Q�` �i�?�2 �2�b�i�B�K���i�B�Q�M�X �q�?�2�M �i�?�2

�T�Q�H���`�B�i�v �Q�7 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �+�?���M�;�2�b �#�2�i�r�2�2�M �i�r�Q �+�Q�M�b�2�+�m�i�B�p�2 �2�p�2�M�i�b�- �i�?�2 �2�H�2�+�i�`�Q�M �/�2�i�`���T�@

�T�B�M�; �K�2�+�?���M�B�b�K �B�b �K�m�+�? �K�Q�`�2 �/�B�7�7�B�+�m�H�i �7�`�Q�K �� �M�2�;���i�B�p�2�H�v �+�?���`�;�2�/ �p�Q�B�/ �b�m�`�7���+�2 �i�?���M

�i�?�2 �+���b�2 �Q�7 �� �T�Q�b�B�i�B�p�2�H�v �+�?���`�;�2�/ �Q�M�2�X �h�Q �/�B�b�i�B�M�;�m�B�b�? �i�?�2�b�2 �i�r�Q �b�+�2�M���`�B�Q�b�-� + ���M�/� �

���`�2 �/�2�7�B�M�2�/ �7�Q�` �T�Q�b�B�i�B�p�2�H�v ���M�/ �M�2�;���i�B�p�2�H�v �+�?���`�;�2�/ �p�Q�B�/ �b�m�`�7���+�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X ���b �i�?�2

�b�2�+�Q�M�/ �7���+�i�Q�`�- �r�?�B�H�2Nsurf 0 �2�H�2�+�i�`�Q�M�b ���`�2 �2�t�T�2�+�i�2�/ �i�Q ���+�+�m�K�m�H���i�2 �Q�M �i�?�2 �p�Q�B�/ �r���H�H�- �B�i

�B�b ���H�b�Q �2�t�T�2�+�i�2�/ �i�?���i �i�?�2�b�2 �2�H�2�+�i�`�Q�M�b �/�2�+���v �/�m�`�B�M�; �i�?�2 �i�B�K�2 �B�M�i�2�`�p���H�b �#�2�i�r�2�2�M �2�p�2�M�i�b�X

�h�?�2 �/�2�+���v �T�`�Q�+�2�b�b�2�b �K���v �+���m�b�2 �i�?�2 �2�H�2�+�i�`�Q�M�b �B�M �i�?�2 �b�?���H�H�Q�r �i�`���T�b �i�Q �?�Q�T �B�M�i�Q �/�2�2�T�2�`

�Q�M�2�b�- �7�`�Q�K �r�?�B�+�? �B�i �B�b �p�2�`�v �?���`�/ �i�Q �#�2 �/�2�i�`���T�T�2�/�X �h�?�2 �2�H�2�+�i�`�Q�M�b �K�B�;�?�i ���H�b�Q �#�2�+�Q�K�2

�B�M���+�i�B�p�2 �B�M �S�. �B�;�M�B�i�B�Q�M �#�v �/�B�7�7�m�b�B�M�; �B�M�i�Q �i�?�2 �/�2�T�i�? �Q�7 �B�M�b�m�H���i�B�M�; �K�2�/�B�m�K�X �*�Q�M�b�B�/�2�`�B�M�;

�i�?�2 �B�M�7�H�m�2�M�+�2 �Q�7 �i�?�2 �i�r�Q �7���+�i�Q�`�b�-Nsurf �B�b �;�B�p�2�M �#�v �(�j�9�-�8�k�)�,

Nsurf = Nsurf 0 exp(�
t

� decay
) �U�j�X�3�V



�k�Y�k�Y �B�é�Ô���Ô�ž�ã �2�ã�¶�«�����ñ�é �;�¶�é�¶���ž���Ô�ñ�é �k�j

�r�?�2�`�2t �B�b �i�?�2 �i�B�K�2 �T���b�b�2�/ �7�`�Q�K �i�?�2 �H���b�i �S�. �2�p�2�M�i ���M�/� decay �B�b �i�?�2 �/�2�+���v �2�7�7�2�+�i�B�p�2 �i�B�K�2

�+�Q�M�b�i���M�i�X

�Ç �o�Q�H�m�K�2 �A�Q�M�B�x���i�B�Q�M

�q�?�B�H�2 �b�Q�K�2 �b�i�m�/�B�2�b �?���p�2 �M�2�;�H�2�+�i�2�/ �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M �Q�r�B�M�; �i�Q

�� �H�Q�r�2�` �`���i�2 �Q�7 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �+�Q�K�T���`�2�/ �i�Q �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M �(�8�d�-�e�9�-�e�8�)�- �p�Q�H�m�K�2

�B�Q�M�B�x���i�B�Q�M �B�b �i�?�2 �/�Q�K�B�M���M�i �T�`�Q�p�B�/�2�` �Q�7 �7�`�2�2 �2�H�2�+�i�`�Q�M�b �B�M �b�Q�K�2 �+���b�2�b�X �h�?�2�`�2 �K�B�;�?�i �#�2 �b�Q�K�2

�i�B�K�2�b ���i �r�?�B�+�? �7�`�2�2 �2�H�2�+�i�`�Q�M�b �+���M�M�Q�i �#�2 �b�m�T�T�H�B�2�/ �7�`�Q�K �b�m�`�7���+�2 �2�K�B�b�b�B�Q�M �K�2�+�?���M�B�b�K�b �b�m�+�?

���b �B�b �i�?�2 �+���b�2 �Q�7 �i�?�2 �7�B�`�b�i �S�. �2�p�2�M�i�X ���i �i�?�2 �7�B�`�b�i �S�. �2�p�2�M�i�- �M�Q �2�H�2�+�i�`�Q�M �B�b ���p���B�H���#�H�2 �i�Q

�#�2 �/�2�i�`���T�T�2�/ �7�`�Q�K �i�?�2 �p�Q�B�/ �r���H�H�c �i�?�m�b�- �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M �T�H���v�b �� �b�B�;�M�B�7�B�+���M�i �`�Q�H�2�X ���b

�i�?�2 �`���i�2 �Q�7 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �/�m�2 �i�Q �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M �B�b �K�m�+�? �H�Q�r�2�` �i�?���M �i�?�2 �b�m�`�7���+�2

�2�K�B�b�b�B�Q�M�- �i�?�2�`�2 �B�b �� �+�Q�M�b�B�/�2�`���#�H�2 �B�M�+�2�T�i�B�Q�M �/�2�H���v �i�B�K�2 �#�2�7�Q�`�2 �i�?�2 �Q�+�+�m�`�`�2�M�+�2 �Q�7 �i�?�2

�7�B�`�b�i �S�.�X �o�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M �K�B�;�?�i �Q�+�+�m�` �/�m�2 �i�Q �i�?�2 �B�`�`���/�B���i�B�Q�M �Q�7 �2�M�2�`�;�2�i�B�+ �T�?�Q�i�Q�M�b

�U�K�2�+�?���M�B�b�K �o�A�V �Q�` �7�B�2�H�/ �/�2�i���+�?�K�2�M�i �Q�7 �2�H�2�+�i�`�Q�M�b �7�`�Q�K �M�2�;���i�B�p�2 �B�Q�M�b �U�K�2�+�?���M�B�b�K �o�A�A�V

�(�j�9�)�X �h�?�2 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2 �/�m�2 �i�Q �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M �U_Nvol�V �B�b �/�Q�K�B�M���i�2�/ �#�v

�B�`�`���/�B���i�B�Q�M �Q�7 �2�M�2�`�;�2�i�B�+ �T�?�Q�i�Q�M�b ���M�/ �+���M �#�2 �+���H�+�m�H���i�2�/ ���b �(�j�9�-�d�y�)�,

_Nvol = Crad � rad (
�
p

)0 p Vef f �U�j�X�N�V

�r�?�2�`�2Crad �B�b �� �T���`���K�2�i�2�` �7�Q�` �K�Q�/�2�H�B�M�; �i�?�2 �B�M�i�2�`���+�i�B�Q�M �#�2�i�r�2�2�M �;���b �K�Q�H�2�+�m�H�2�b ���M�/

�`���/�B���i�B�Q�M�-� rad �B�b �i�?�2 �[�m���M�i�m�K �7�H�m�t �/�2�M�b�B�i�v �Q�7 �i�?�2 �`���/�B���i�B�Q�M �U���i ���i�K�Q�b�T�?�2�`�B�+ �T�`�2�b�b�m�`�2�,

Crad � rad = 2�“ 106kg� 1s� 1�V�- ���M�/(� / p)0 = 10� 5 kg:m� 3:Pa� 1 �B�b �i�?�2 �T�`�2�b�b�m�`�2 �`�2�/�m�+�2�/

�/�2�M�b�B�i�v �Q�7 �i�?�2 �;���b�X �h�?�2 �i�2�`�KVef f �b�i���M�/�b �7�Q�` �i�?�2 �p�Q�B�/ �p�Q�H�m�K�2�X �6�Q�` ���M �2�H�H�B�T�b�Q�B�/���H �p�Q�B�/�-

�B�i �2�[�m���H�b4�abc�.3 �r�?�2�`�2a�-b�- ���M�/c ���`�2 �i�?�2 ���t�2�b �Q�7 �i�?�2 �2�H�H�B�T�b�Q�B�/���H �p�Q�B�/�X �A�M �(�j�9�)�- ���M�Q�i�?�2�`

�i�2�`�K �+���H�H�2�/ �i�?�2 �G�2�;�H�2�` �7�m�M�+�i�B�Q�M�- �U1 � � �.� �V�- �K�m�H�i�B�T�H�B�2�b �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �Q�7 �U�d�V�c �B�i



�k�9 �+�Ñ�ž�ÿ���¶�� �k�Y �T�/ �K�ñ�²�¶�ã�Ô�é�Ì

�+�Q�M�b�B�/�2�`�b �i�?�2 �T�`�Q�#���#�B�H�B�i�v �i�?���i �i�?�2 �2�H�2�+�i�`�Q�M �+���M �H�2���/ �i�Q ���M �2�H�2�+�i�`�Q�M ���p���H���M�+�?�2�X �h�?�2

�T���`���K�2�i�2�`�b� ���M�/� �b�i���M�/ �7�Q�` �i�?�2 �;���b ���i�i���+�?�K�2�M�i �+�Q�2�7�7�B�+�B�2�M�i ���M�/ �i�?�2 �;���b �B�Q�M�B�x���i�B�Q�M

�+�Q�2�7�7�B�+�B�2�M�i�- �`�2�b�T�2�+�i�B�p�2�H�v�X �A�M �i�?�2 �S�. �T�?�2�M�Q�K�2�M�Q�M�- �m�b�m���H�H�v� � � �- �r�?�B�+�? �K���F�2�b �i�?�2

�G�2�;�H�2�` �7�m�M�+�i�B�Q�M �+�H�Q�b�2 �i�Q �m�M�B�i�v�X �>�Q�r�2�p�2�`�- ���b �i�?�2 �r�?�Q�H�2 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2 �r�B�H�H

�H���i�2�` �#�2 �2�K�T�H�Q�v�2�/ �i�Q �7�B�M�/ �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �S�. �Q�+�+�m�`�`�2�M�+�2�- �B�i �r�Q�m�H�/ �#�2 �m�M�M�2�+�2�b�b���`�v

�i�Q �B�M�p�Q�H�p�2 �i�?�2 �G�2�;�H�2�` �7�m�M�+�i�B�Q�M �i�Q �2�p���H�m���i�2 �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 ���p���H���M�+�?�2 �B�;�M�B�i�B�Q�M�X

�j�X�j�X�k �1�t�T�2�`�B�K�2�M�i���H�@�#���b�2�/ �_�2�T�`�2�b�2�M�i���i�B�Q�M

���b �i�?�2 �i�?�2�Q�`�2�i�B�+���H�@�#���b�2�/ �7�Q�`�K�m�H���i�B�Q�M�b �Q�7 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �T�`�Q�+�2�b�b�2�b �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�i�B�Q�M

�\�\ �`�2�[�m�B�`�2 �b�Q�K�2 �T�?�v�b�B�+���H �T���`���K�2�i�2�`�b �i�?���i ���`�2 �M�Q�i �r�B�/�2�H�v ���p���B�H���#�H�2�- �� �b�Q�K�2�r�?���i �b�B�K�T�H�B�7�B�2�/

�K�Q�/�2�H �?���b �#�2�2�M �B�M�i�`�Q�/�m�+�2�/ �B�M �(�e�9�-�e�8�-�e�d�-�e�N�-�d�R�) �#���b�2�/ �Q�M ���/�D�m�b�i�K�2�M�i �Q�7 �i�?�2 �2�t�T�2�`�B�K�2�M�i���H

�`�2�b�m�H�i�b�X �"�v �M�2�;�H�2�+�i�B�M�; �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M�- �i�?�2 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2

�U_N tot (t)�ö�V �r���b �K�Q�/�2�H�2�/ ���b �(�e�8�)�,

_N tot (t) = Nes exp(j
Ecav(t)

E inc
j) �U�j�X�R�y�V

�r�?�2�`�2Nes �B�b �� �+�Q�M�b�i���M�i�-Ecav(t) �B�b �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �B�M�i�2�M�b�B�i�v �B�M�b�B�/�2 �i�?�2 �p�Q�B�/�- ���M�/E inc �B�b �i�?�2

�B�M�+�2�T�i�B�Q�M �7�B�2�H�/ �7�Q�` �/�B�b�+�?���`�;�2�X �� �K�Q�`�2 �b�Q�T�?�B�b�i�B�+���i�2�/ �K�Q�/�2�H �i���F�B�M�; �#�Q�i�? �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M

�T�`�Q�+�2�b�b�2�b �B�M�i�Q ���+�+�Q�m�M�i �r���b �T�`�Q�T�Q�b�2�/ �B�M �(�e�9�-�e�d�-�e�N�-�d�R�)�,

_N tot (t) = _Nsurf (t) + Nvol �U�j�X�R�R�V

�r�?�2�`�2Nvol �B�b �� �+�Q�M�b�i���M�i �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �p�Q�H�m�K�2 �B�Q�M�B�x���i�B�Q�M�X �h�?�2 �2�H�2�+�i�`�Q�M

�;�2�M�2�`���i�B�Q�M �`���i�2 �/�m�2 �i�Q �b�m�`�7���+�2 �2�K�B�b�b�B�Q�MNsurf (t) �B�b ���b�b�m�K�2�/ �i�Q �#�2 �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �S�.

�+�?���`�;�2 �K���;�M�B�i�m�/�2 �Q�7 �T�`�2�p�B�Q�m�b �2�p�2�M�i�b �b�B�M�+�2 �i�?�2�v ���`�2 �i�?�2 �`�2�b�Q�m�`�+�2�b �Q�7 �i�`���T�T�2�/ �2�H�2�+�i�`�Q�M�b ���i �i�?�2



�k�Y�k�Y �B�é�Ô���Ô�ž�ã �2�ã�¶�«�����ñ�é �;�¶�é�¶���ž���Ô�ñ�é �k�8

�p�Q�B�/ �b�m�`�7���+�2�X �h�?�m�b�-Nsurf (t) �+���M �#�2 �+���H�+�m�H���i�2�/ �#�v �(�e�9�)

_Nsurf (t) = NP D exp(j
Ecav(t)

E inc
j) exp(�

t � tP D

� decay
) �U�j�X�R�k�V

�r�?�2�`�2 �i�?�2 �7�B�`�b�i �2�t�T�Q�M�2�M�i�B���H �i�2�`�K �+�Q�M�b�B�/�2�`�b �i�?�2 �2�7�7�2�+�i �Q�7 �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/�- ���M�/ �i�?�2 �b�2�+�Q�M�/ �Q�M�2

�`�2�T�`�2�b�2�M�i�b �i�?�2 �/�2�+���v �Q�7 �S�. �+�?���`�;�2�b �#�v �i�B�K�2 ���7�i�2�` �B�i�b �Q�+�+�m�`�`�2�M�+�2 ���itP D �X �h�?�2 �S�. �+�?���`�;�2

�K���;�M�B�i�m�/�2 �B�b �K�Q�/�2�H�2�/ ���b�,

NP D = Nes0j
Ecav(tP D )

E inc
j �U�j�X�R�j�V

�r�?�2�`�2Nes0 �B�b ���b�b�m�K�2�/ �i�Q �#�2 �i�?�2 �B�M�+�B�T�B�2�M�i �M�m�K�#�2�` �Q�7 �2�H�2�+�i�`�Q�M�b ���i �i�?�2 �i�B�K�2 �i�?���i �2�H�2�+�i�`�B�+ �7�B�2�H�/

�B�M�b�B�/�2 �i�?�2 �p�Q�B�/ �`�2���+�?�2�b �i�?�2 �B�M�+�2�T�i�B�Q�M �7�B�2�H�/E inc �X �h�?�2 �+�Q�M�b�i���M�i�bNvol �- Nes0�- ���M�/� decay ���`�2

�/�2�i�2�`�K�B�M�2�/ �B�M �� �r���v �i�Q �?���p�2 ���M ���+�+�2�T�i���#�H�2 �H�2�p�2�H �Q�7 ���;�`�2�2�K�2�M�i �r�B�i�? �2�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b�X

�j�X�j�X�j �S�`�Q�#���#�B�H�B�i�v �Q�7 �S�. �Q�+�+�m�`�`�2�M�+�2

�h�?�2 �H���b�i �b�i�2�T �i�Q �2�M�b�m�`�2 �i�?�2 �B�M�B�i�B���H �2�H�2�+�i�`�Q�M ���p���B�H���#�B�H�B�i�v �B�b �i�Q �i���F�2 �i�?�2 �b�i�Q�+�?���b�i�B�+ �T�`�Q�T�2�`�i�v

�B�M�i�Q ���+�+�Q�m�M�i�X �6�B�`�b�i�H�v�- ���i �2���+�? �i�B�K�2 �b�i�2�T�- �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �7�`�2�2 �2�H�2�+�i�`�Q�M �2�t�B�b�i�2�M�+�2�-(P)�- �B�b

�2�b�i�B�K���i�2�/�, �(�e�y�-�e�8�)�,

P(t) = 1 �
Z tP D + t

tP D

_N tot (~t)d~t �U�j�X�R�9�V

�h�?�2�`�2���7�i�2�`�- �i�?�2 �T�`�Q�#���#�B�H�B�i�v �B�b �+�Q�K�T���`�2�/ �i�Q �� �`���M�/�Q�K �M�m�K�#�2�`R �#�2�i�r�2�2�M �x�2�`�Q ���M�/ �m�M�B�i�v�X �A�7

P > R �- �i�?�2 �2�H�2�+�i�`�Q�M ���p���B�H���#�B�H�B�i�v ���i �i�?�2 �+�2�`�i���B�M �i�B�K�2 �b�i�2�T �B�b �+�Q�M�7�B�`�K�2�/�c �Q�i�?�2�`�r�B�b�2�- �� �i�B�K�2 �b�i�2�T

�B�b ���/�/�2�/ �i�Q �i�?�2 �b�i���i�B�b�i�B�+���H �i�B�K�2 �H���; �#�2�7�Q�`�2 �S�. �Q�+�+�m�`�`�2�M�+�2�X



�k�e �+�Ñ�ž�ÿ���¶�� �k�Y �T�/ �K�ñ�²�¶�ã�Ô�é�Ì

�j�X�9 �S�. �h�`���M�b�B�2�M�i �a�i���i�2

�j�X�9�X�R �*�Q�M�/�m�+�i�B�p�2 �a�i���i�2 �Q�7 �S�.

�P�M�+�2 �i�?�2 ���#�Q�p�2 �S�. �T�`�2�`�2�[�m�B�b�B�i�2�b ���`�2 �K�2�i�- �i�?�2 �Q�+�+�m�`�`�2�M�+�2 �Q�7 �S�. �+�?���M�;�2�b �i�?�2 �b�i���i�2 �Q�7 �i�?�2

�+���p�B�i�v �7�`�Q�K �M�Q�M�@�+�Q�M�/�m�+�i�B�M�; �i�Q �+�Q�M�/�m�+�i�B�M�;�X �A�M �i�?�2 �6�1�� �K�Q�/�2�H�- �i�?�2 �/�B�b�+�?���`�;�2 �B�b �K�Q�/�2�H�2�/ ���b

���M �B�M�+�`�2���b�2 �B�M �i�?�2 �+�Q�M�/�m�+�i�B�p�B�i�v �Q�7 �i�?�2 �p�Q�B�/ �7�`�Q�K ���M �B�M�B�i�B���H �p���H�m�2 �U� cav;0�V �i�Q �� �K���t�B�K�m�K �H�2�p�2�H

�U� cav;max �V�X �h�?�2 �B�M�+�`�2���b�2 �B�M �i�?�2 �p�Q�B�/ �+�Q�M�/�m�+�i�B�p�B�i�v �+���m�b�2�b �� �p�Q�H�i���;�2 �/�`�Q�T ���+�`�Q�b�b �i�?�2 �p�Q�B�/ ���b

�r�2�H�H ���b �� �7�B�2�H�/ �`�2�/�m�+�i�B�Q�M �B�M�b�B�/�2 �i�?�2 �p�Q�B�/�X �h�?�2 �/�B�b�+�?���`�;�2 �+�Q�M�i�B�M�m�2�b �m�M�i�B�H �� �+�2�`�i���B�M �p���H�m�2 �Q�7 �i�?�2

�2�H�2�+�i�`�B�+ �7�B�2�H�/ ���i �r�?�B�+�? �i�?�2 �B�Q�M�B�x���i�B�Q�M �+���M�M�Q�i �;�Q ���M�v �7�m�`�i�?�2�`�X ���7�i�2�` �i�?�2 �2�t�i�B�M�+�i�B�Q�M �Q�7 �S�.�- �i�?�2

�+�Q�M�/�m�+�i�B�p�B�i�v �Q�7 �i�?�2 �p�Q�B�/ �B�b �`�2�i�m�`�M�2�/ �i�Q �B�i�b �B�M�B�i�B���H �p���H�m�2�X �>�Q�r�2�p�2�`�- �i�?�2 �+�?���`�;�2�b �/�2�T�Q�b�B�i�2�/ �Q�M �i�?�2

�p�Q�B�/ �r���H�H �+���M �?�2�H�T �i�Q ���+�+�2�H�2�`���i�2 �i�?�2 �?���T�T�2�M�B�M�; �Q�7 �i�?�2 �M�2�t�i �S�. �2�p�2�M�i�X �h�Q �p���H�B�/�H�v �Q�#�i���B�M �i�?�2

�T�?�v�b�B�+���H ���M�/ ���T�T���`�2�M�i �+�?���`�;�2 �K���;�M�B�i�m�/�2�- ���M ���T�T�`�Q�T�`�B���i�2 �i�B�K�2�@�p���`�v�B�M�; �+�Q�M�/�m�+�i�B�p�B�i�v �r�?�B�+�?

�?���b �H�Q�r �p���H�m�2 �#�2�7�Q�`�2 �S�. �Q�+�+�m�`�`�2�M�+�2 ���M�/ �`�B�b�2�b �i�Q �� �?�B�;�?�2�` �p���H�m�2 �/�m�`�B�M�; �S�. �Q�+�+�m�`�`�2�M�+�2 �b�?�Q�m�H�/

�#�2 �/�2�7�B�M�2�/�X �h�?�B�b �B�b �+�`�m�+�B���H �7�Q�` �i�?�2 �2�b�i�B�K���i�B�Q�M �Q�7 �+�m�`�`�2�M�i �/�2�M�b�B�i�v �Q�p�2�` �+���p�B�i�v �r���H�H �Q�` �2�H�2�+�i�`�Q�/�2

�b�m�`�7���+�2 �b�B�M�+�2 �+�m�`�`�2�M�i �/�2�M�b�B�i�v �B�b �i�?�2 �T���`���K�2�i�2�` �m�b�2�/ �B�M �+���H�+�m�H���i�B�Q�M �Q�7 �i�?�2 �i�`�m�2 ���M�/ ���T�T���`�2�M�i

�+�?���`�;�2 �K���;�M�B�i�m�/�2�b�X� cav;max �B�b �/�2�7�B�M�2�/ ���b �7�Q�H�H�Q�r�b �(�d�k�)�,

� cav;max =
�e 2Ne� e

mece
�U�j�X�R�8�V

�q�?�2�`�2�,

Ne =
qmax

4/3�er 3
�U�j�X�R�e�V

�q�?�2�`�2ce �B�b �i�?�2 �i�?�2�`�K���H �p�2�H�Q�+�B�i�v�- ���M�/� e �B�b �i�?�2 �2�H�2�+�i�`�Q�M �K�2���M �7�`�2�2 �T���i�?�X� �B�b �� �+�Q�2�7�7�B�+�B�2�M�i

�`�2�H���i�2�/ �i�Q �i�?�2 �2�H�2�+�i�`�Q�M �2�M�2�`�;�v �/�B�b�i�`�B�#�m�i�B�Q�M ���M�/ �i�?�2 �K�2���M �7�`�2�2 �T���i�?�Xr �B�b �i�?�2 �+���p�B�i�v �`���/�B�m�b



�k�Y�:�Y �T�/ �i���ž�é���Ô�¶�é�� �b���ž���¶ �k�d

�r�?�B�H�2e ���M�/me ���`�2 �i�?�2 �2�H�2�K�2�M�i���`�v �+�?���`�;�2 ���M�/ �K���b�b�- �`�2�b�T�2�+�i�B�p�2�H�v�Xqmax �B�b �i�?�2 �K���t�B�K�m�K

�T�?�v�b�B�+���H �+�?���`�;�2 ���K�Q�m�M�i�X �A�i �+���M �Q�#�i���B�M�2�/ �7�Q�` �� �b�T�?�2�`�B�+���H �+���p�B�i�v ���b �(�8�k�)�,

qmax

qmin

�= 2� �U�j�X�R�d�V

�r�?�2�`�2�,

qmin
�=

�� 0

4
(2� r + 1)(

E
p

)cr pl2[1 � 
 +
B

(pl)n
] �U�j�X�R�3�V

� �B�b �i�?�2 �Q�p�2�`�p�Q�H�i���;�2 �`���i�B�Q �U�i�?�2 ���T�T�H�B�2�/ �p�Q�H�i���;�2 �i�Q �i�?�2 �B�M�+�2�T�i�B�Q�M �p�Q�H�i���;�2�V�X
 �B�b �i�?�2 �`���i�B�Q �Q�7

�b�i�`�2���K�2�` �7�B�2�H�/ �i�Q �� �+�`�B�i�B�+���H �7�B�2�H�/ �r�?�B�+�? �B�b ���`�Q�m�M�/ �y�X�k �7�Q�` ���B�` �r�?�2�M ���T�T�H�v�B�M�; �� �T�Q�b�B�i�B�p�2 �T�Q�H���`�B�i�v

�p�Q�H�i���;�2�X

�j�X�9�X�k �*�?���`�;�2 �*���H�+�m�H���i�B�Q�M

�q�B�i�? �i�?�2 ���B�/ �Q�7 �6�1���- �i�?�2 �2�H�2�+�i�`�B�+���H �T���`���K�2�i�2�`�b�- �b�m�+�? ���b �7�B�2�H�/ �/�B�b�T�H���+�2�K�2�M�i ���M�/ �+�m�`�`�2�M�i

�/�2�M�b�B�i�v �Q�p�2�` �/�B�7�7�2�`�2�M�i �T���`�i�b �Q�7 �i�?�2 �b�v�b�i�2�K�- �+���M �#�2 ���+�+�2�b�b�2�/�X �h�?�B�b �?�2�H�T�b �i�Q �/�v�M���K�B�+���H�H�v

�2�t���K�B�M�2 �i�?�2 �+�?���M�;�2�b �B�M �i�?�2 �2�H�2�+�i�`�B�+���H �+�?���`���+�i�2�`�B�b�i�B�+�b �Q�7 �S�. �T�?�2�M�Q�K�2�M�� �#�2�7�Q�`�2�- �/�m�`�B�M�;�- ���M�/

���7�i�2�` �B�i�b �Q�+�+�m�`�`�2�M�+�2�X �h�?���M�F�b �i�Q �i�?�2 �T�`�B�p�B�H�2�;�2 �Q�7 �6�1���- �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�`�m�2 ���M�/ ���T�T���`�2�M�i

�+�?���`�;�2�b �`�2�H���i�2�/ �i�Q �2���+�? �S�. �2�p�2�M�i �+���M �#�2 �Q�#�i���B�M�2�/ �i�?�`�Q�m�;�? �i�?�2 �i�B�K�2 �B�M�i�2�;�`���i�B�Q�M �Q�7 �i�?�2 �+�m�`�`�2�M�i

�7�H�Q�r�B�M�; �i�?�`�Q�m�;�? �i�?�2 �p�Q�B�/ �b�m�`�7���+�2 ���M�/ �2�H�2�+�i�`�Q�/�2�- �`�2�b�T�2�+�i�B�p�2�H�v �/�m�`�B�M�; �� �S�. �2�p�2�M�i �;�B�p�2�M �#�v

qtrue =
Z text

t inc

Z

Scav

~J (t):d~Sdt �U�j�X�R�N�V

qapp =
Z text

t inc

Z

SElectr

~J (t):d~Sdt �U�j�X�k�y�V



�k�3 �+�Ñ�ž�ÿ���¶�� �k�Y �T�/ �K�ñ�²�¶�ã�Ô�é�Ì

�A�M �i�?�2 ���#�Q�p�2 �2�[�m���i�B�Q�M�b�-~J (t) �B�b �i�?�2 �+�m�`�`�2�M�i �/�2�M�b�B�i�v �Q�p�2�` �2�B�i�?�2�` �i�?�2 �p�Q�B�/ �b�m�`�7���+�2 �B�M�j�X�R�N�Q�` �i�?�2

�2�H�2�+�i�`�Q�/�2 �B�M�j�X�k�y�X �6�Q�` �i�?�2 �+���H�+�m�H���i�B�Q�M �Q�7 �i�`�m�2 ���T�T���`�2�M�i �+�?���`�;�2�- �i�?�2 �+�m�`�`�2�M�i �Q�p�2�` �i�?�2 �m�T�T�2�`

�?���H�7�@���`�2�� �Q�7 �i�?�2 �p�Q�B�/ �B�b �B�M�i�2�;�`���i�2�/ �#�2�i�r�2�2�M �i�?�2 �B�M�+�2�T�i�B�Q�M ���M�/ �2�t�i�B�M�+�i�B�Q�M �i�B�K�2�X �� �b�B�K�B�H���`

�T�`�Q�+�2�/�m�`�2 �B�b �`�2�T�2���i�2�/ �7�Q�` �i�?�2 ���T�T���`�2�M�i �+�?���`�;�2�c �?�Q�r�2�p�2�`�- �B�M �i�?�B�b �+���b�2�- �i�?�2 �+�m�`�`�2�M�i �Q�p�2�` �i�?�2

�;�`�Q�m�M�/ �2�H�2�+�i�`�Q�/�2 �B�b �m�b�2�/ �7�Q�` �/�2�`�B�p���i�B�Q�M �Q�7 �+�?���`�;�2 �K���;�M�B�i�m�/�2�X

�j�X�8 �*�?���`�;�2 �.�2�+���v

�h�?�2 �T�`�Q�/�m�+�2�/ �+�?���`�;�2�b �/�m�`�B�M�; �� �S�. �K�B�;�?�i �/�2�+���v �i�?�`�Q�m�;�? �p���`�B�Q�m�b �r���v�b �B�M�+�H�m�/�B�M�; �B�Q�M �/�`�B�7�i�-

�+�?���`�;�2 �M�2�m�i�`���H�B�x���i�B�Q�M�- ���M�/ �b�m�`�7���+�2 �+�Q�M�/�m�+�i�B�Q�M �r�?�B�+�? �m�b�m���H�H�v �?���b �i�?�2 �K���B�M �2�7�7�2�+�i�X �a�m�`�7���+�2

�+�Q�M�/�m�+�i�B�p�B�i�v�-� s�- �B�b �b�i�`�Q�M�;�H�v �/�2�T�2�M�/�2�M�i �Q�M �i�2�K�T�2�`���i�m�`�2 ���M�/ �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �B�M�i�2�M�b�B�i�v ���+�`�Q�b�b

�i�?�2 �+���p�B�i�v �(�e�9�)�X �6�Q�` �� �+�Q�M�b�i���M�i �i�2�K�T�2�`���i�m�`�2�- �B�i �+���M �#�2 �/�2�7�B�M�2�/ ���b�,

� s(t) = � s0exp(� jEcav(t)j) �U�j�X�k�R�V

�q�?�2�`�2� s0 �B�b �i�?�2 �B�M�B�i�B���H �b�m�`�7���+�2 �+�Q�M�/�m�+�i�B�p�B�i�v �U' 10� 18Sm� 1�V�- ���M�/� �B�b �i�?�2 �b�m�`�7���+�2 �+�Q�M�/�m�+�i�B�p�B�i�v

�+�Q�2�7�7�B�+�B�2�M�i �U' 10mmkV � 1�V�X

���b �K�2�M�i�B�Q�M�2�/ �2���`�H�B�2�`�- �i�?�2 ���K�Q�m�M�i �Q�7 �+�?���`�;�2�b ���+�+�m�K�m�H���i�2�/ �Q�M �i�?�2 �p�Q�B�/ �b�m�`�7���+�2 �p���`�B�2�b �Q�p�2�` �i�B�K�2�c

�/�m�`�B�M�; �2�H�2�+�i�`�Q�M ���p���H���M�+�?�2�- �i�?�2 �M�m�K�#�2�` �Q�7 �2�H�2�+�i�`�Q�M�b �B�M�+�`�2���b�2�b�- ���M�/ �i�?�2�b�2 �;�2�M�2�`���i�2�/ �2�H�2�+�i�`�Q�M�b

�r�B�H�H �/�2�+���v �#�2�i�r�2�2�M �S�. �2�p�2�M�i�b�X �A�M �b�2�+�i�B�Q�M�j�X�j�- �B�i �r���b �/�B�b�+�m�b�b�2�/ �?�Q�r �i�Q �+�Q�M�b�B�/�2�` �i�?�2 �B�K�T���+�i

�Q�7 �b�m�`�7���+�2 �+�?���`�;�2 �/�2�+���v �Q�M �i�?�2 �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2�X �>�Q�r�2�p�2�`�- �B�M �i�?�2 �6�1�� �K�Q�/�2�H�- �i�?�2

�+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �b�m�`�7���+�2 �+�?���`�;�2 �/�2�+���v �b�?�Q�m�H�/ ���H�b�Q �#�2 �B�M�p�Q�H�p�2�/ �B�M �i�?�2 �/�v�M���K�B�+ �K�Q�/�2�H�B�M�; �Q�7 �S�.�X

�h�?�2 �i�`���T�T�2�/ �+�?���`�;�2�b �+���M �?�Q�T �B�M�i�Q �/�2�2�T�2�` �i�`���T�b�- �r�?�B�+�? �K���F�2�b �B�i �?���`�/�2�` �i�Q �/�2�i�`���T �2�H�2�+�i�`�Q�M�b

�7�Q�` �S�. �B�;�M�B�i�B�Q�M�- �v�2�i �i�?�2�v �i���F�2 �T���`�i �B�M �i�?�2 �T�Q�i�2�M�i�B���H �/�B�7�7�2�`�2�M�+�2 ���+�`�Q�b�b �i�?�2 �p�Q�B�/ �(�e�9�)�X �1�H�2�+�i�`�Q�M�b

�K���v ���H�b�Q �/�2�+���v �i�?�`�Q�m�;�? �/�B�7�7�m�b�B�M�; �B�M�i�Q �i�?�2 �/�2�T�i�? �Q�7 �i�?�2 �B�M�b�m�H���i�B�M�; �K���i�2�`�B���H �(�8�k�)�- �r�?�B�+�? �+���M



�k�Y�9�Y �+�Ñ�ž���Ì�¶ �/�¶�«�ž�- �k�N

���7�7�2�+�i �i�?�2 �+�?���`�;�2 �/�2�M�b�B�i�v �Q�M �i�?�2 �p�Q�B�/ �b�m�`�7���+�2�X �h�Q �K�Q�/�2�H �i�?�2 �/�2�+���v �`���i�2�- �b�m�`�7���+�2 �+�Q�M�/�m�+�i�B�p�B�i�v

�+���M �#�2 ���/�D�m�b�i�2�/�X �A�M �(�e�8�)�- �� �+�?���`�;�2�@�/�2�T�2�M�/�2�M�i �K�Q�/�2�H �B�b �T�`�Q�T�Q�b�2�/ �7�Q�` �b�m�`�7���+�2 �+�Q�M�/�m�+�i�B�p�B�i�v�X �h�?�2

�b�m�`�7���+�2 �+�Q�M�/�m�+�i�B�p�B�i�v �B�b ���b�b�B�;�M�2�/ ���M �B�M�B�i�B���H �p���H�m�2 �U� surf;L �V�X �P�M�+�2 �i�?�2 �2�H�2�+�i�`�B�+ �+�?���`�;�2 �Q�M �i�?�2

�p�Q�B�/ �b�m�`�7���+�2 �2�t�+�2�2�/�b �� �+�`�B�i�B�+���H ���K�Q�m�M�i �Uqcr �V�- �i�?�2 �b�m�`�7���+�2 �+�Q�M�/�m�+�i�B�p�B�i�v �r�B�H�H �#�2 �2�M�?���M�+�2�/ �i�Q ��

�?�B�;�?�2�` �p���H�m�2 �U� surf;H �V�X �A�7 �i�?�2 �+�?���`�;�2 �K���;�M�B�i�m�/�2 �7���H�H�b �#�2�H�Q�rqcr ���;���B�M�- �i�?�2 �b�m�`�7���+�2 �+�Q�M�/�m�+�i�B�p�B�i�v

�r�B�H�H �#�2 �`�2�@���b�b�B�;�M�2�/ �B�i�b �B�M�B�i�B���H �p���H�m�2 �U� surf;L �V�X �A�M �(�e�9�)�- �� �7�B�2�H�/�@�/�2�T�2�M�/�2�M�i �b�m�`�7���+�2 �+�Q�M�/�m�+�i�B�p�B�i�v

�7�Q�`�K�m�H�� �r���b �B�M�i�`�Q�/�m�+�2�/�X �a�m�`�7���+�2 �+�Q�M�/�m�+�i�B�p�B�i�v �U� s(t)�V �B�M�+�`�2���b�2�b �7�`�Q�K �B�i�b �B�M�B�i�B���H �p���H�m�2 �U� s0�V �i�Q

�� �?�B�;�?�2�` �p���H�m�2�- �r�?�B�+�? �B�b �;�B�p�2�M �#�v �� �7�B�2�H�/�@�/�2�T�2�M�/�2�M�i �7�Q�`�K�m�H���i�B�Q�M �(�e�9�)�,

� s(t) = � s0exp(� jEcav(t)j) �U�j�X�k�k�V

�r�?�2�`�2� �B�b �i�?�2 �b�i�`�2�b�b �+�Q�2�7�7�B�+�B�2�M�i�X �A�M �(�e�9�)�- �� �K���t�B�K�m�K �p���H�m�2 �7�Q�`� s �2�b�i�B�K���i�2�/ �i�?�`�Q�m�;�? �i�?�2

�2�t�T�2�`�B�K�2�M�i���H �/���i�� ���M�/ �;�B�p�2�M �#�v �1�[�X�j�X�k�j�r���b �m�b�2�/ �i�Q ���p�Q�B�/ �+�Q�M�p�2�`�;�2�M�+�2 �T�`�Q�#�H�2�K�b�X

� s;max = 
exp (� jEapp(t)j) �U�j�X�k�j�V

�r�?�2�`�2
 ���M�/� �r�2�`�2 �2�t�T�2�`�B�K�2�M�i���H�H�v �/�2�i�2�`�K�B�M�2�/�X �>�Q�r�2�p�2�`�- �� �T�`�2�`�2�[�m�B�b�B�i�2 �7�Q�` �m�b�B�M�; �i�?�2 ���#�Q�p�2

�7�Q�`�K�m�H�� �B�b �i�Q �2�M�b�m�`�2 �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �7�`�2�2 �b�m�`�7���+�2 �+�?���`�;�2�b ���i �i�?�2 �p�Q�B�/ �b�m�`�7���+�2�X �*�?���`�;�2�b ���i �i�?�2

�p�Q�B�/ �b�m�`�7���+�2 ���`�2 �;�`�Q�m�T�2�/ �B�M�i�Q �i�r�Q �i�v�T�2�b�, �i�?�2 �7�B�`�b�i �;�`�Q�m�T �+�Q�M�b�B�b�i�b �Q�7 �i�?�2 �i�`���T�T�2�/ �+�?���`�;�2�b ���i

�i�?�2 �p�Q�B�/ �b�m�`�7���+�2�- �r�?�B�+�? �r���b �/�B�b�+�m�b�b�2�/ �#�2�7�Q�`�2�- ���M�/ �i�?�2 �Q�i�?�2�` �i�v�T�2 �B�M�+�H�m�/�2�b �7�`�2�2 �+�?���`�;�2�b �B�M �i�?�2

�b���K�2 ���`�2���X �h�?�2 �7�`�2�2 �+�?���`�;�2�b �+���M �#�2 ���T�T�`�Q�t�B�K���i�2�/ �#�v �i�?�2 �B�M�i�2�;�`���i�B�Q�M �Q�7 �7�B�2�H�/ �/�B�b�T�H���+�2�K�2�M�i

�Q�p�2�` �i�?�2 �m�T�T�2�` �Q�` �H�Q�r�2�` �p�Q�B�/ �b�m�`�7���+�2 �USvoid �V ���b�,

qf ree (t) =
Z

Svoid

D(t):dS �U�j�X�k�9�V

�h�?�2�M�- �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�m�2 �i�Q �i�?�B�b �b�2�+�Q�M�/ �;�`�Q�m�T �Q�7 �+�?���`�;�2�b �UEs;f ree (t)�V �+���M
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�#�2 �+���H�+�m�H���i�2�/ �#�v�,

Es;f ree (t) = j
qf ree (t)

qP D;total (t)
E int (t)j �U�j�X�k�8�V

�r�?�2�`�2qP D;total �B�b �i�?�2 �i�Q�i���H ���K�Q�m�M�i �Q�7 �i�`�m�2 �+�?���`�;�2 �Q�`�B�;�B�M���i�B�M�; �7�`�Q�K �i�?�2 �S�. �2�p�2�M�i�b �i�?���i �?���T�@

�T�2�M�2�/ �b�Q �7���`�X ���b �b�2�2�M �B�M �6�B�;�m�`�2�j�X�R�- �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �B�M�b�B�/�2 �i�?�2 �p�Q�B�/ �UEcav(t)�V �+�Q�M�b�B�b�i�b �Q�7 �i�r�Q

�+�Q�K�T�Q�M�2�M�i�b�, �U�R�V �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�m�2 �i�Q �i�?�2 ���T�T�H�B�2�/ �p�Q�H�i���;�2 �UfE app(t)�V ���M�/ �U�k�V �i�?�2 �2�H�2�+�i�`�B�+

�7�B�2�H�/ �/�m�2 �i�Q �i�?�2 �b�m�`�7���+�2 �+�?���`�;�2�b �UE int (t)�V�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�m�2 �i�Q �b�m�`�7���+�2 �+�?���`�;�2�b

�+���M �#�2 �Q�#�i���B�M�2�/ ���b �7�Q�H�H�Q�r�b�,

E int (t) = Ecav(t) � fE app(t) �U�j�X�k�e�V

�r�?�2�`�2f �B�b �i�?�2 �2�M�?���M�+�2�K�2�M�i �7���+�i�Q�`�- �r�?�B�+�? �i���F�2�b �B�M�i�Q ���+�+�Q�m�M�i �i�?�2 �B�K�T���+�i �Q�7 �p�Q�B�/ �2�t�B�b�i�2�M�+�2

�Q�M �i�?�2 �B�M�+�`�2���b�2 �B�M �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �K���;�M�B�i�m�/�2 ���i �i�?�2 �H�Q�+���i�B�Q�M �Q�7 �i�?�2 �p�Q�B�/�X �A�M �Q�i�?�2�` �r�Q�`�/�b�-

fE app(t) �B�b �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ ���i �i�?�2 �H�Q�+���i�B�Q�M �Q�7 �i�?�2 �p�Q�B�/ �B�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �b�m�`�7���+�2 �+�?���`�;�2�b�Xf

�+���M �#�2 �Q�#�i���B�M�2�/ �7�`�Q�K �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M �(�8�k�)�,

f =
K� r

1 + ( K � 1)� r
�U�j�X�k�d�V

�r�?�2�`�2K �B�b �� �;�2�Q�K�2�i�`�B�+���H �T���`���K�2�i�2�` �;�B�p�2�M �#�v �(�8�k�)�,

K =

8
>>>>>><

>>>>>>:

� 1 a/ b � 1

3 a/ b= 1

� 4a
b 1 < a / b < 10

�r�?�2�`�2a ���M�/b ���`�2 �i�?�2 �2�H�H�B�T�b�Q�B�/ ���t�2�b �T���`���H�H�2�H ���M�/ �T�2�`�T�2�M�/�B�+�m�H���`�- �`�2�b�T�2�+�i�B�p�2�H�v�- �i�Q �i�?�2 �#���+�F�@

�;�`�Q�m�M�/ �7�B�2�H�/�X



�k�Y�f�Y ���ã�Ì�ñ���Ô���Ñ�è �j�R

�j�X�e ���H�;�Q�`�B�i�?�K

���b �/�B�b�+�H�Q�b�2�/ �2���`�H�B�2�`�- �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �B�M�i�2�M�b�B�i�v �T�H���v�b �� �K���D�Q�` �`�Q�H�2 �B�M �/�B�7�7�2�`�2�M�i �b�2�+�i�B�Q�M�b �Q�7 �S�.

�K�Q�/�2�H�B�M�;�X �h�?�2�`�2�7�Q�`�2�- ���M ���+�+�m�`���i�2 �2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �+�`�m�+�B���H �i�Q

�i�?�2 �r�?�Q�H�2 �T�`�Q�+�2�b�b�X �A�M �i�?�B�b �`�2�;���`�/�- �i�?�2 �+�m�`�`�2�M�i �b�i�m�/�v �2�K�T�H�Q�v�b �6�1�� �i�Q �m�i�B�H�B�x�2 �i�?�2 �+���T���#�B�H�B�i�B�2�b

�Q�7 �i�?�2 �7�B�M�B�i�2�@�2�H�2�K�2�M�i �K�2�i�?�Q�/ �i�Q ���+�+�m�`���i�2�H�v �2�b�i�B�K���i�2 �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�?�B�M �i�?�2

���B�` �7�B�H�H�2�/�@�+���p�B�i�v�- �/�B�2�H�2�+�i�`�B�+ �b�v�b�i�2�K�X

�A�M �i�?�B�b �r�Q�`�F�- �*�P�J�a�P�G �J�m�H�i�B�T�?�v�b�B�+�b �B�b �m�b�2�/ �i�Q �B�K�T�H�2�K�2�M�i �6�1���X �J���h�G���" �B�b ���H�b�Q �m�b�2�/ ���H�Q�M�;

�r�B�i�? �*�P�J�a�P�G �i�Q �K�Q�/�2�H �i�?�2 �Q�i�?�2�` �T���`�i�b �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K �b�m�+�? ���b �+�?�2�+�F�B�M�; �S�. �Q�+�+�m�`�`�2�M�+�2

�T�`�2�`�2�[�m�B�b�B�i�2�b ���M�/ �+���H�+�m�H���i�B�M�; �i�?�2 �i�`�m�2 ���M�/ ���T�T���`�2�M�i �+�?���`�;�2 �K���;�M�B�i�m�/�2�b�X

�h�Q �+���H�+�m�H���i�2 �i�?�2 �i�`�m�2 ���M�/ ���T�T���`�2�M�i �+�?���`�;�2 �K���;�M�B�i�m�/�2�b�- �i�?�2 ���H�;�Q�`�B�i�?�K �m�b�2�b �Q�M�2 �Q�7 �i�?�2 �Q�m�i�@

�T�m�i�b �Q�7 �*�P�J�a�P�G�- �r�?�B�+�? �B�b �i�?�2 �+�m�`�`�2�M�i �/�2�M�b�B�i�v �7�H�Q�r�B�M�; �i�?�`�Q�m�;�? �i�?�2 �+���p�B�i�v �r���H�H ���M�/ �;�`�Q�m�M�/

�2�H�2�+�i�`�Q�/�2�X �h�?�2�M�- �#�v �B�M�i�2�;�`���i�B�M�; �i�?�2 �+�m�`�`�2�M�i �/�2�M�b�B�i�v �Q�p�2�` �i�B�K�2�- �b�i���`�i�B�M�; �7�`�Q�K �B�M�+�2�T�i�B�Q�M ���M�/

�;�Q�B�M�; �i�Q �2�t�i�B�M�+�i�B�Q�M�- �i�?�2 �+�?���`�;�2 �K���;�M�B�i�m�/�2�b ���`�2 �Q�#�i���B�M�2�/�X

�q�?�2�M �� �S�. �Q�+�+�m�`�b�- �B�i �B�b ���+�+�Q�K�T���M�B�2�/ �#�v ���M �2�M�?���M�+�2�K�2�M�i �B�M �+���p�B�i�v �+�Q�M�/�m�+�i�B�p�B�i�v �i�?���i �7�m�`�i�?�2�`

�+���m�b�2�b �� �/�2�+�H�B�M�2 �B�M �2�H�2�+�i�`�B�+ �7�B�2�H�/ ���+�`�Q�b�b �i�?�2 �+���p�B�i�v�X �h�Q �K�Q�/�2�H �S�. �i�`���M�b�B�2�M�i �b�i���i�2�- �r�?�2�M �i�?�2

�i�r�Q �S�. �T�`�2�`�2�[�m�B�b�B�i�2�b ���`�2 �K�2�i�- �i�?�2 �p�Q�B�/ �+�Q�M�/�m�+�i�B�p�B�i�v �`�B�b�2�b �7�`�Q�K �i�?�2 �B�M�B�i�B���H �p���H�m�2 �U�m�b�m���H�H�v �x�2�`�Q�V

�i�Q �� �?�B�;�?�2�` �p���H�m�2 �U� cav;max �V�X

�6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �+�?���`�;�2�b ���+�+�m�K�m�H���i�2�/ �Q�M �i�?�2 �+���p�B�i�v �r���H�H �/�Q �M�Q�i �H���b�i �B�M�7�B�M�B�i�2�H�v�c �� �K���B�M
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�b�B�M�m�b�Q�B�/���H �p�Q�H�i���;�2 �r�2�`�2 �`�2�T�`�Q�/�m�+�2�/�X �h�?�2�M�- �i�?�2 ���T�T�H�B�2�/ �p�Q�H�i���;�2 �r���b �+�?���M�;�2�/ �i�Q �� �b�[�m���`�2 �r���p�2

�r�B�i�? �i�?�2 �b�T�2�+�B�7�B�+���i�B�Q�M�b �H�B�b�i�2�/ �B�M �h���#�H�2�9�X�k�X �"�v ���b�b�m�K�B�M�; �i�?�2 �/�m�i�v �+�v�+�H�2 �i�Q �#�2 �8�y�W�-Umax �B�b

�+���H�+�m�H���i�2�/ �B�M �� �r���v �i�?���i �i�?�2 �_�J�a �p���H�m�2 �Q�7 �i�?�2 �b�[�m���`�2 �r���p�2 �B�b �2�[�m���H �i�Q �i�?���i �Q�7 �i�?�2 �b�B�M�m�b�Q�B�/���H

�p�Q�H�i���;�2 �+�Q�M�b�B�/�2�`�2�/ �B�M �(�e�N�)�X �h�?�2 �/�2�i���B�H�b ���M�/ �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�2�b�? ���`�2 �b�?�Q�r�M �B�M �h���#�H�2

�9�X�j���M�/ �6�B�;�X�9�X�j�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�6�B�M���H�H�v�- �i�?�2 �T���`���K�2�i�2�`�b �`�2�H���i�2�/ �i�Q �i�?�2 �/�B�2�H�2�+�i�`�B�+�- �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2�- �/�2�+���v �`���i�2 ���H�Q�M�;

�r�B�i�? ���H�;�Q�`�B�i�?�K�B�+ �T���`���K�2�i�2�`�b �b�m�+�? �i�B�K�2 �b�i�2�T�b ���`�2 ���H�H �#�`�Q�m�;�?�i �B�M �h���#�H�2�9�X�9�X



�j�e �+�Ñ�ž�ÿ���¶�� �:�Y �M���è�¶���Ô�«�ž�ã �`�¶�����ã����

�h���#�H�2 �9�X�k�, �a�[�m���`�2 �q���p�2 �o�Q�H�i���;�2 �S���`���K�2�i�2�`�b �7�Q�` �R�b�i �*���b�2

�S���`���K�2�i�2�` �o���H�m�2
Umax 18 kV
f 3 kHz
�_�B�b�2 �h�B�K�2 1 �s
�.�m�i�v �*�v�+�H�2 50�W

�h���#�H�2 �9�X�j�, �J�2�b�? �S�`�Q�T�2�`�i�B�2�b �Q�7 �R�b�i �*���b�2

�Z�m���M�i�B�i�v �o���H�m�2
�J���t�B�K�m�K �2�H�2�K�2�M�i �b�B�x�22:65 � 10� 4 m
�J�B�M�B�K�m�K �2�H�2�K�2�M�i �b�B�x�21:5 � 10� 6 m
�J���t�B�K�m�K �2�H�2�K�2�M�i �;�`�Q�r�i�? �`���i�21:3
�*�m�`�p���i�m�`�2 �7���+�i�Q�` 0:3
�_�2�b�Q�H�m�i�B�Q�M �Q�7 �M���`�`�Q�r �`�2�;�B�Q�M�b1

�h���#�H�2 �9�X�9�, �S�. �S���`���K�2�i�2�`�b �7�Q�` �R�b�i �*���b�2

�a�v�K�#�Q�H �o���H�m�2
� r 4:4
� 0 10� 18 S/ m
Ecr 2:42 � 106 V/ m
Nsurf 0 3000
Nvol 2
p 1 atm
� decay 0:002s
T 300K
� tH 1/(1000f )
� tL 1/(1000 � 500f )
� cav;max 0:001S/ m
� surf;L 10� 15 S/ m
� surf;H 2 � 10� 11 S/ m
E inc 3:1 kV / mm
Eext 0:1 kV / mm



�:�Y�S�Y �+�ž���¶ �b�����²�Ô�¶�� �j�d

�6�B�;�m�`�2 �9�X�j�, �J�2�b�? �T���i�i�2�`�M �Q�7 �R�b�i �+���b�2 �b�i�m�/�v�X

�9�X�R�X�k �*���b�2 �k�,

�h�?�2 �+���b�2 �b�i�m�/�v �+�Q�M�b�B�b�i�b �Q�7 �� �b�T�?�2�`�2�@�b�T�?�2�`�2 �2�H�2�+�i�`�Q�/�2 �b�v�b�i�2�K �i�?���i �T�`�Q�p�B�/�2�b �� �r�2���F�H�v �M�Q�M�@

�m�M�B�7�Q�`�K �2�H�2�+�i�`�B�+ �7�B�2�H�/�X �A�i �+�Q�M�b�B�b�i�b �Q�7 �i�r�Q �b�T�?�2�`�B�+���H �2�H�2�+�i�`�Q�/�2�b�c �Q�M�2 �B�b �i�?�2 �?�B�;�?�@�p�Q�H�i���;�2 �2�H�2�+�i�`�Q�/�2

�r�?�B�H�2 �i�?�2 �Q�i�?�2�` �B�b �;�`�Q�m�M�/�2�/�X �h�?�2 �i�r�Q �b�T�?�2�`�2�b ���`�2 �b�B�i�m���i�2�/ �r�B�i�?�B�M �� �+�v�H�B�M�/�`�B�+���H �#�H�Q�+�F �Q�7

�b�B�H�B�+�Q�M�2 �;�2�H �U� r = 2:7 ���i �L�h�S�V �r�B�i�? �� �b�T�?�2�`�B�+���H ���B�`�@�7�B�H�H�2�/ �+���p�B�i�v �B�M�b�B�/�2 �b�?�Q�r�M �B�M �6�B�;�X�9�X�9�X

�h�?�2 �;�2�Q�K�2�i�`�B�+ �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �p�Q�B�/�@�/�B�2�H�2�+�i�`�B�+ �b�2�i ���`�2 �b�?�Q�r�M �B�M �h���#�H�2�9�X�8�X �6�Q�` �6�1���- �i�?�2

�6�B�;�m�`�2 �9�X�9�, �j�. �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �k�M�/ �+���b�2 �b�i�m�/�v�X

�k�.�@���t�B�b�v�K�K�2�i�`�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �+�Q�M�7�B�;�m�`���i�B�Q�M �B�b �m�b�2�/ �U�b�2�2 �6�B�;�X�9�X�8�X �J�Q�`�2�Q�p�2�`�- �i�?�2

�T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �b�[�m���`�2 �r���p�2 �p�Q�H�i���;�2 �r�?�B�+�? �B�b ���T�T�H�B�2�/ �i�Q �i�?�2 �B�M�b�m�H���i�B�Q�M �b�v�b�i�2�K ���`�2 �H�B�b�i�2�/ �B�M



�j�3 �+�Ñ�ž�ÿ���¶�� �:�Y �M���è�¶���Ô�«�ž�ã �`�¶�����ã����

�h���#�H�2 �9�X�8�, �:�2�Q�K�2�i�`�B�+���H �S���`���K�2�i�2�`�b �Q�7 �k�M�/ �*���b�2

�S���`���K�2�i�2�` �o���H�m�2
�1�H�2�+�i�`�Q�/�2 �_���/�B�m�b 5 mm
�.�B�b�i���M�+�2 �#�2�i�r�2�2�M �1�H�2�+�i�`�Q�/�2�b3 mm
�.�B�2�H�2�+�i�`�B�+ �_���/�B�m�b 8 mm
�.�B�2�H�2�+�i�`�B�+ �>�2�B�;�?�i 25 mm
�*���p�B�i�v �.�B���K�2�i�2�` 1 mm
�*���p�B�i�v �a�m�`�7���+�2 �h�?�B�+�F�M�2�b�b0:05 mm

�h���#�H�2 �9�X�e�, �a�[�m���`�2 �q���p�2 �o�Q�H�i���;�2 �S���`���K�2�i�2�`�b �7�Q�` �k�M�/ �*���b�2

�S���`���K�2�i�2�` �o���H�m�2
Umax 11 kV
f 20 kHz
�_�B�b�2 �h�B�K�2 100ns
�.�m�i�v �*�v�+�H�2 50�W

�h���#�H�2�9�X�e�X �h�?�2 �/�2�i���B�H�b ���M�/ �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�2�b�? ���`�2 �b�?�Q�r�M �B�M �h���#�H�2�9�X�d���M�/ �6�B�;�X�9�X�e�-

�6�B�;�m�`�2 �9�X�8�, �k�. �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �k�M�/ �+���b�2 �b�i�m�/�v�X

�`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �T���`���K�2�i�2�`�b �`�2�H���i�2�/ �i�Q �2�H�2�+�i�`�Q�M �;�2�M�2�`���i�B�Q�M �`���i�2�- �i�B�K�2�@�b�i�2�T�T�B�M�;�- ���M�/ �+�?���`�;�2

�/�2�+���v ���`�2 �H�B�b�i�2�/ �B�M �h���#�H�2�9�X�3�X



�:�Y�S�Y �+�ž���¶ �b�����²�Ô�¶�� �j�N

�h���#�H�2 �9�X�d�, �J�2�b�? �S�`�Q�T�2�`�i�B�2�b �Q�7 �k�M�/ �*���b�2

�Z�m���M�i�B�i�v �o���H�m�2
�J���t�B�K�m�K �2�H�2�K�2�M�i �b�B�x�25 � 10� 4 m
�J�B�M�B�K�m�K �2�H�2�K�2�M�i �b�B�x�21:88 � 10� 6 m
�J���t�B�K�m�K �2�H�2�K�2�M�i �;�`�Q�r�i�? �`���i�21:2
�*�m�`�p���i�m�`�2 �7���+�i�Q�` 0:25
�_�2�b�Q�H�m�i�B�Q�M �Q�7 �M���`�`�Q�r �`�2�;�B�Q�M�b1

�h���#�H�2 �9�X�3�, �S�. �S���`���K�2�i�2�`�b �7�Q�` �k�M�/ �*���b�2

�a�v�K�#�Q�H �o���H�m�2
� r 2:8
� 0 10� 13 S/ m
Ecr 2:42 � 106 V/ m
K rad 2 � 106 kg� 1s� 1

(� / p)0 10� 5 kgm� 3Pa� 1

p 1 atm
� decay 0:15/f
� 1:3 eV
� 0 1014 s� 1

T 300K
� tL 1/(1000f )
� tH 1 ns
� cav;max 0:0004S/ m
� surf;L 2 � 10� 13 S/ m
� surf;H 10� 11 S/ m
E inc 3:1 kV / mm
Eext 0:1 kV / mm



�9�y �+�Ñ�ž�ÿ���¶�� �:�Y �M���è�¶���Ô�«�ž�ã �`�¶�����ã����

�6�B�;�m�`�2 �9�X�e�, �J�2�b�? �T���i�i�2�`�M �Q�7 �k�M�/ �+���b�2 �b�i�m�/�v�X

�9�X�k �1�H�2�+�i�`�B�+ �6�B�2�H�/ �.�B�b�i�`�B�#�m�i�B�Q�M

�6�B�;�X�9�X�d���M�/ �6�B�;�X�9�X�3�b�?�Q�r�b �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �+���p�B�i�v�@�/�B�2�H�2�+�i�`�B�+ �b�v�b�i�2�K �B�M

�i�?�2 �R�b�i �+���b�2 �#�2�7�Q�`�2 ���M�/ �`�B�;�?�i ���7�i�2�` �i�?�2 �K�Q�K�2�M�i �S�. �i���F�2�b �T�H���+�2�X ���b �2�t�T�2�+�i�2�/�- �i�?�2 �B�M�i�2�M�b�B�i�v

�6�B�;�m�`�2 �9�X�d�, �h�?�2 �r�?�Q�H�2 �b�v�b�i�2�K �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�B�b�i�`�B�#�m�i�B�Q�M �#�2�7�Q�`�2 �S�. �Q�+�+�m�`�`�2�M�+�2�X

�Q�7 �2�H�2�+�i�`�B�+ �7�B�2�H�/ ���+�`�Q�b�b �i�?�2 �+���p�B�i�v �B�b �?�B�;�?�2�` �i�?���M �/�B�2�H�2�+�i�`�B�+ �K���i�2�`�B���H �/�m�2 �i�Q �i�?�2 �H�Q�r�2�` �U�#�v ��

�7���+�i�Q�` �Q�73�
2� r +1 �(�j�9�)�V �/�B�2�H�2�+�i�`�B�+ �+�Q�M�b�i���M�i �B�M ���B�` �`���i�?�2�` �i�?���M �B�M�b�m�H���i�B�M�; �K�2�/�B�m�K�X ���b �/�B�b�+�m�b�b�2�/

�2���`�H�B�2�`�- �+�?���`�;�2�b �/�2�T�Q�b�B�i �Q�M �i�?�2 �+���p�B�i�v �r���H�H ���7�i�2�` �Q�+�+�m�`�`�2�M�+�2 �Q�7 �S�.�X �h�?�B�b ���/�/�b �m�T ���M�Q�i�?�2�`

�7�B�2�H�/ �+�Q�K�T�Q�M�2�M�i �#�2�b�B�/�2 �i�?�2 �K���B�M �+�Q�K�T�Q�M�2�M�i �B�K�T�Q�b�2�/ �#�v �i�?�2 ���T�T�H�B�2�/ �p�Q�H�i���;�2�X �>�Q�r�2�p�2�`�- �i�?�B�b

�+�Q�K�T�Q�M�2�M�i �Q�T�T�Q�b�2�b �i�?�2 �K���B�M �+�Q�K�T�Q�M�2�M�i�X �.�m�`�B�M�; �i�?�2 �S�.�- �i�?�2 �2�H�2�+�i�`�B�+ �7�B�2�H�/ �B�M�b�B�/�2 �i�?�2 �+���p�B�i�v

�;�Q�2�b �/�Q�r�M �i�Q ���H�K�Q�b�i �x�2�`�Q �#�`�B�M�;�B�M�; �B�i �2�p�2�M �H�Q�r�2�` �i�?���M �i�?�2 �K���i�2�`�B���H �B�M �B�i�b �b�m�`�`�Q�m�M�/�B�M�;�X �h�?�B�b �B�b

�� �i�v�T�B�+���H �#�2�?���p�B�Q�` �Q�M�2 ���M�i�B�+�B�T���i�2�b �7�`�Q�K �� �/�B�b�+�?���`�;�2 �`�2�;���`�/�H�2�b�b �Q�7 �i�?�2 �i�v�T�2 �Q�7 ���T�T�H�B�2�/ �p�Q�H�i���;�2�X



�:�Y�l�Y �2�ã�¶�«�����Ô�« �7�Ô�¶�ã�² �/�Ô�������Ô�ª�����Ô�ñ�é �9�R

�6�B�;�m�`�2 �9�X�3�, �h�?�2 �r�?�Q�H�2 �b�v�b�i�2�K �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�B�b�i�`�B�#�m�i�B�Q�M ���7�i�2�` �S�. �Q�+�+�m�`�`�2�M�+�2�X

�h�?�2 �`���/�B���H ���M�/ ���t�B���H �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�B�b�i�`�B�#�m�i�B�Q�M�b ���`�2 �b�?�Q�r�M �B�M �6�B�;�b�X�9�X�N���M�/�9�X�R�y�`�B�;�?�i �#�2�7�Q�`�2

���M�/ �`�B�;�?�i ���7�i�2�` �i�?�2 �R�b�i �/�B�b�+�?���`�;�2�X �h�?�2 �`�2�b�m�H�i�b �p���H�B�/���i�2�b �i�?�2 �T�`�2�p�B�Q�m�b �/�B�b�+�m�b�b�B�Q�M �Q�M �i�?�2 �2�H�2�+�i�`�B�+

�7�B�2�H�/ �p���`�B���i�B�Q�M�b�X �6�m�`�i�?�2�`�K�Q�`�2�- �B�i �B�b �/�2�K�Q�M�b�i�`���i�2�/ �i�?���i �#�v �B�M�+�`�2���b�B�M�; �i�?�2 �+���p�B�i�v �b�B�x�2�- �i�?�2 �7�B�2�H�/

�B�M�i�2�M�b�B�i�v �B�M �x�@�/�B�`�2�+�i�B�Q�M �;�Q�2�b �/�Q�r�M ���M�/ �i�?�2 �`���/�B���H �+�Q�K�T�Q�M�2�M�i �H�Q�b�2�b �� �T�Q�`�i�B�Q�M �Q�7 �B�i�b �m�M�B�7�Q�`�K�B�i�v�X

�6�B�;�m�`�2 �9�X�N�, ���t�B���H �2�H�2�+�i�`�B�+ �7�B�2�H�/ �/�B�b�i�`�B�#�m�i�B�Q�M ���7�i�2�` �S�. �Q�+�+�m�`�`�2�M�+�2�X

�6�Q�` �i�?�2 �k�M�/ �+���b�2�- �6�B�;�X�9�X�R�R�B�M�/�B�+���i�2�b �i�?�2 �7�B�2�H�/ �/�B�b�i�`�B�#�m�i�B�Q�M �#�2�7�Q�`�2 ���M�/ ���7�i�2�` �i�?�2 �/�B�b�+�?���`�;�2�X



�9�k �+�Ñ�ž�ÿ���¶�� �:�Y �M���è�¶���Ô�«�ž�ã �`�¶�����ã����
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