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Abstract

Profile monitoring is a relatively new approach in quality control best used where the
process data follow a profile (or curve) at each time period. The essential idea for profile
monitoring is to model the profile via some parametric, nonparametric, and semipara-
metric methods and then monitor the fitted profiles or the estimated random effects
over time to determine if there have been changes in the profiles. The majority of previ-
ous studies in profile monitoring focused on the parametric modeling of either linear or
nonlinear profiles, with both fixed and random effects, under the assumption of correct
model specification.

Our work considers those cases where the parametric model for the family of profiles
is unknown or at least uncertain. Consequently, we consider monitoring profiles via two
techniques, a nonparametric technique and a semiparametric procedure that combines
both parametric and nonparametric profile fits, a procedure we refer to as model robust
profile monitoring (M RPM). Also, we incorporate a mixed model approach to both the
parametric and nonparametric model fits. For the mixed effects models, the MM RPM
method is an extension of the M RPM method which incorporates a mixed model ap-
proach to both parametric and nonparametric model fits to account for the correlation
within profiles and to deal with the collection of profiles as a random sample from a

common population.



For each case, we formulated two Hotelling’s T2 statistics, one based on the esti-
mated random effects and one based on the fitted values, and obtained the correspond-
ing control limits. In addition, we used two different formulas for the estimated variance-
covariance matrix: one based on the pooled sample variance-covariance matrix esti-
mator and a second one based on the estimated variance-covariance matrix based on

successive differences.

A Monte Carlo study was performed to compare the integrated mean square errors
(IMSE) and the probability of signal of the parametric, nonparametric, and semipara-
metric approaches. Both correlated and uncorrelated errors structure scenarios were
evaluated for varying amounts of model misspecification, number of profiles, number of
observations per profile, shift location, and in- and out-of-control situations. The semi-
parametric (M M RPM) method for uncorrelated and correlated scenarios was competi-
tive and, often, clearly superior with the parametric and nonparametric over all levels of
misspecification. For a correctly specified model, the I MSE and the simulated probabil-
ity of signal for the parametric and the M M RPM methods were identical (or nearly so).
For the severe model misspecification case, the nonparametric and M M RPM methods
were identical (or nearly so). For the mild model misspecification case, the MMRPM
method was superior to the parametric and nonparametric methods. Therefore, this
simulation supports the claim that the MM RPM method is robust to model misspeci-

fication.

In addition, the MM RPM method performed better for data sets with correlated
error structure. Also, the performances of the nonparametric and MMRPM methods
improved as the number of observations per profile increases since more observations
over the same range of X generally enables more knots to be used by the penalized spline
method, resulting in greater flexibility and improved fits in the nonparametric curves
and consequently, the semiparametric curves.

The parametric, nonparametric and semiparametric approaches were utilized for
fitting the relationship between torque produced by an engine and engine speed in the
automotive industry. Then, we used a Hotelling’s 72 statistic based on the estimated

random effects to conduct Phase I studies to determine the outlying profiles. The para-
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metric, nonparametric and seminonparametric methods showed that the process was
stable. Despite the fact that all three methods reach the same conclusion regarding the
“in-control” status of each profile, the nonparametric and M MRPM results provide a
better description of the actual behavior of each profile. Thus, the nonparametric and
MMRPM methods give the user greater ability to properly interpret the true relation-
ship between engine speed and torque for this type of engine and an increased likeli-
hood of detecting unusual engines in future production. Finally, we conclude that the
nonparametric and semiparametric approaches performed better than the parametric
approach when the user’s model is misspecified. The case study demonstrates that, the
proposed nonparametric and semiparametric methods are shown to be more efficient,
flexible and robust to model misspecification for Phase I profile monitoring in a practi-
cal application.

Thus, our methods are robust to the common problem of model misspecification.
We also found that both the nonparametric and the semiparametric methods result in
charts with good abilities to detect changes in Phase I data, and in charts with easily cal-
culated control limits. The proposed methods provide greater flexibility and efficiency
than current parametric methods used in profile monitoring for Phase I that rely on
correct model specification, an unrealistic situation in many practical problems in in-

dustrial applications.
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Chapter 1

Introduction and Motivation

rofile monitoring is relatively a new approach in statistic process control (SPC) that
P is important when the product or process quality is best represented by a profile
at each time period. Profile monitoring combines the concept of fitting profiles using
regression techniques and the notion of separating special cause variability from com-

mon cause variability in quality control (Mahmoud and Woodall, 2004).

1.1 Phase l and Phase I/

The analysis of profile monitoring can be performed into two phases, Phase I and
Phase 1. The aim of the analysis in Phase I (retrospective analysis) is to obtain the
estimated in-control-limits by analyzing a historical data set (HDS) to gain understand-
ing of the process variation, to determine the process stability, and to remove the out-
lying samples when setting control charts for Phase /I analysis. In the Phase I HDS,
trends, step change, outliers and any other types of instability may have adverse effect
on the resulting Phase I control limits. One important activity in Phase I is to separate
in-control and out-of-control data within historical observations. The performance of
Phase I control chart methods are often measure in terms of the probability of signal,
which is the probability of getting at least one charted statistic outside the control limits.

Phase I (future monitoring) consists of monitoring future observations utilizing
control limits calculated from Phase I to determine if the process continues to be stable.
The performance of the control chart in Phase I1 is often measured by the average run

length, which is the number of samples taken until the first out-of-control signal. For



more details regarding the differences between the analysis for Phase I and Phase I in
SPC see Sullivan (2002), Mahmoud and Woodall (2004), and Montgomery (2005).

In Phase I analysis, profile monitoring can be accomplished mainly using two ap-
proaches: the first is the parametric approach where the focus is on monitoring the
estimated parameters of each profile. The second is the nonparametric approach where
the focus is on monitoring the estimated profiles instead of monitoring estimated pa-

rameters.

1.2 Profile Monitoring Literature

In most of SPC applications, the quality of a process or product is characterized by
univariate or multivariate quality characteristics. However, in some applications the
quality of a process or product is characterized by a relationship between a response
variable and one or more explanatory variables. Kang and Albin (2000) refer to this rela-
tionship as a profile.

In general, the act of using various techniques to statistically monitor the process
or product profiles is known as profile monitoring (Woodall et al., 2004; Woodall, 2007).
Profile monitoring follows the basic approach of functional data analysis in that the col-
lection of observed data for all the process variables are treated as a single profile, rather
than as merely a sequence of individual observations (Ramsay and Silverman, 2005).

Woodall et al. (2004) and Woodall (2007) presented a literature review on this subject
and introduced a general framework for process monitoring using profile data. They in-
troduced a general strategy for monitoring more complicated parametric models than
the simple linear regression (SLR) model, including, for example, applications to non-
linear models, and they discuss several N P methods, such as wavelets and splines, to fit
each profile. Practical applications of profile monitoring have been reported by many
researchers including Stover and Brill (1998), Kang and Albin (2000), Kim et al. (2003),
Mahmoud and Woodall (2004), Woodall et al. (2004), Wang and Tsung (2005), Zhou
et al. (2006), Jeong et al. (2006), Chang and Gan (2006), Wu (2007), Zou et al. (2007),
Staudhammer et al. (2007), Shao and Wu (2007), Bersimis et al. (2007), Hawkins and



Maboudou-Tchao (2007), Mahmoud (2008), Kazemzadeh et al. (2008), Kusiak et al. (2009),
Chicken et al. (2009), Shiau et al. (2009), Zhang et al. (2009), Saghaei et al. (2009), and Wei
et al. (2010).

Several control chart techniques have been developed by researchers for monitoring
parametric simple linear profiles (SLP) in both Phase I and Phase I applications, e.g.,
Noorossana et al. (2008), Kazemzadeh et al. (2009a), and Soleimani et al. (2009). Kang
and Albin (2000) proposed two methods for monitoring SLP. The first method uses a
bivariate T2 control chart to monitor parameters of the parametric regression line rep-
resenting the SLP. The second method uses exponentially weighted moving average
(EWMA) and R control charts to monitor the mean and the variance of residuals, re-
spectively. Kim et al. (2003) coded the x-values to average zero to make the parameter
estimates uncorrelated and then applied three separate EW MA control charts. Appli-
cation of three separate EW M A control charts not only improves the average run length

(ARL) performance but also helps interpretation of out-of-control signals.

Mahmoud and Woodall (2004) recommended the use of a univariate control chart
to monitor error standard deviation in conjunction with a global F-test to monitor the
regression coefficients in Phase I. Zou et al. (2006) and Mahmoud et al. (2007) proposed
methods based on likelihood ratio statistics to detect changes in the parameters of SLP

in Phase I and Phase I respectively.

Jensen et al. (2008) proposed use of linear mixed (LM) models to account for auto-
correlation within a linear profile using a parametric approach. Noorossana et al. (2008)
investigated the effect of autocorrelation between linear profiles on the performance of
T? control chart proposed by Kang and Albin (2000). In addition, they proposed three
methods based on a time series approach to eliminate the autocorrelation effect.

Nonlinear profile applications were studied by Jin and Shi (1999), Lada et al. (2002),
Walker and Wright (2002), Ding and Zhou (2006), Gupta et al. (2006), Williams et al.
(2007a), Williams et al. (2007b), and Jensen and Birch (2009). Lada et al. (2002) and Ding
and Zhou (2006) investigated a general class of nonlinear profiles using techniques such
as dimension reduction, wavelet transformations and independent analysis. Williams

et al. (2007b) developed the multivariate T2 control chart to monitor profiles which can
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be represented by a parametric nonlinear regression model. They applied three ap-
proaches to estimate the variance-covariance matrix: the sample variance-covariance
matrix, the successive difference estimator, and the minimum volume ellipsoid estima-
tor. For each approach, the control limits were obtained based on the beta distribution,

the chi-square distribution and by simulation, respectively.

Williams et al. (2007a) used the nonlinear regression approach of Williams et al.
(2007b) to monitor dose-response profiles used in high-throughput screening. They fo-
cused on monitoring the parameters of the nonlinear regression model. A 4-parameter
logistic regression model was used to represent the profiles. Jensen and Birch (2009)
introduced nonlinear mixed (N LM) models for the correlated and uncorrelated data.
They showed that NLM models could have significant advantages over nonlinear re-

gression models when the data are correlated or even uncorrelated within profiles.

Not all of the previous work in profile monitoring has been completed using para-
metric models. Several researchers have relied on NP regression or data-driven meth-
ods, such as wavelet thresholding, spline regression and local polynomial regression for
monitoring profiles Kazemzadeh et al. (2008), Zou et al. (2009b), Zou et al. (2009a), Qiu
and Zou (2009) and Kazemzadeh et al. (2009b). Reis and Saraiva (2006), Jeong et al.
(2006), Zou et al. (2007), and Chicken et al. (2009) explored the nonparametric wavelet
models and constructed the control charts based on a subset of wavelet coefficients.
Winistorfer et al. (1996) utilized the spline smoothing regression to fit the vertical density
profiles (VDP) of pressed wood panels and tested for significance differences between
each pair of these profiles. Zou et al. (2008) presented an alternative nonparametric ap-
proach for profile monitoring but they assumed the measures within each profile are

independent, which might restricted their applications.

Walker and Wright (2002) used an additive model to assess the sources of variation
active on the VDP data. Their model contained a B-spline to smooth the profile data and
a parametric portion to incorporate other sources of variation. Williams et al. (2007b)
replicated the spline fits to each VDP and proposed several detection criterion based
on the deviation of each fitted spline from the average spline using dissimilarity metrics

suggested by researchers at Boeing Commercial Airplane Group (1998). Colosimo and
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Pacella (2007) introduced methods for monitoring roundness profiles of some manu-
factured items.

Zou et al. (2009b) proposed a technique for Phase /1 analysis by integrating the mul-
tivariate exponentially weighted moving average procedure with the generalized likeli-
hood ratio test based on local linear regression. This technique can be used for monitor-
ing on-line changes in both the regression relationship and the variation of the profile.

Recently, Wei et al. (2010) proposed a nonparametric L — 1 regression location-scale
model to screen the shape of the profiles in Phase II analysis. Their method is ro-
bust against heavy-tailed distributions that do not have finite second moments. Qiu
et al. (2010) introduced a nonparametric procedure by incorporating local linear kernel
smoothing in the exponentially weighted moving average (EW MA) control scheme to

perform Phase I profile monitoring.

1.3 Motivation

Much of the previous work on profile monitoring has been based on the assumption
that the parametric models for profiles are correctly specified. This is often an unrealis-
tic assumption in practice for many types of applications. For example, in plotting the
profile data, the researcher may see features in the scatter plot such as peaks, dips or
local wiggles that are not captured by a parametric profile of any type, linear or nonlin-
ear. While these features may be unique to a single or a few profiles and thus could be
considered outliers, they can often be features that consistently appear in all the profiles
and thus should be captured in the model.

The parametric fixed or mixed effects model may be misspecified in different ways,
including an incorrect covariance structure, wrong distributional assumptions, wrong
effect classification (either fixed or random), and wrong model matrices.

In these situations, the researcher may still want a "function" to describe the profile,
although it may not be a parametric one. NP models are ones where the curve used to
describe the profile can not be expressed as a parametric model. An incorrectly specified

parametric profile model may be improved by using a NP profile model. Such a NP



model may be used in estimated profiles with greatly reduced bias in estimating the
true profile than achieved by using an incorrectly specified parametric model.

The virtues of N P regression models have been discussed extensively in the statistics
literature. Competing approaches to N P modeling include, but are not limited, smooth-
ing splines, kernel methods Fan and Gijbels (1995), regression splines and penalized
splines Wand (2003).

The NP approach to fitting profile data is more flexible than a purely parametric
approach. In modeling new data, one often has very little idea of an appropriate form
for the model. We do have a number of heuristic tools using diagnostic plots to help
search for this form, but it would be useful to let the modeling approach complement
this search. One more disadvantage of the parametric approach is that one can eas-
ily choose the wrong form for the model leading to biased estimators, the direct result
of model misspecification. The NP approach requires fewer assumptions about the
model’s form and consequently this approach can be less likely to make serious mis-
takes in estimation of mean response. The NP approach is particularly useful when
little past experience is available. For more details see Faraway (2006), and Hastie et al.
(2009).

Even when a specific functional form appears reasonable, the NP model provides
a more robust model alternative that can be useful in the process of model checking
and validation. In the NP framework the shape of the functional relationship between
covariates and the dependent variables is determined by the data, whereas in the fixed
or mixed effects parametric framework the shape is determined by the model DeBoor
(2001).

Mixed effects models include at least one fixed effect and at least one random effect
in addition to the error term. When mixed models arise in practice, the data are often
grouped together by a common characteristic. These groups are known as clusters or
profiles. Clustered data includes situations such as repeated measures on subjects as
well as split-plot experiments where the whole-plot is the cluster. For more details on

cluster data see Schabenberger and Gotway (2005), and West et al. (2006).

An example of clustered data is the wind speed data set from Haslett and Raftery
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(1989). The data set represents twelve meteorological stations in Ireland. Twelve sta-
tions were selected and the average wind speed in knots was measured daily during the
years 1961 to 1978. Researchers are interested in the average weekly wind speed over the
eighteen years. Each station was randomly chosen from a population of stations so that
station is a random effect. Measurements were taken at the same fifty three time points

for each station.

204

wind speed in knots

Figure 1.1: Plot of Wind Speed versus Week by Station

Figure (1.1) represents a plot of the wind speed data, where a line connects each wind
speed value by week for each station. In this example the cluster is the station. Hence
there are twelve clusters with each containing fifty three observations. This is just an
example for a longitudinal data set. It is not a appropriate for profile monitoring since
there is no time ordering.

One of our motivations for this work is the vertical density profile (VDP) data set
from Walker and Wright (2002). The density is measured by a profilometer which uses
a laser device to take a series of measurements across the thickness of the board. A
profilometer takes multiple measurements on a sample usually a (2 x 2) inch piece. A
baseline sample of twenty-four particleboards, each one consists of 314 measurements,
taken every 0.002 inches, are illustrated in Figure (1.2).

From Figure (1.2), one can see that the data set contains complicated profiles, not
easily fitted by a parametric approach. Several authors, for example Walker and Wright

(2002), and Wei et al. (2010) utilized the nonparametric approach to fit these profiles.
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Density
8

Figure 1.2: Plot of Vertical Density Profile of 24 Particleboards

Another motivation comes from the automotive industry, where one of the most im-
portant quality characteristic of the automobile engine is the relationship between the
torque produced by an engine and the engine speed in revolutions per minute (RPM).
The application is for the engine type TU3 which are assembled for a French automo-
bile, the Peugeot. In the study, the engine is run at different RPM values and the corre-
sponding torque values obtained. This means that the torque produced by the engine
is considered as response variable and the correspondent speed RPM is considered as
the explanatory variables. The profiles that describe the relationship between torque
and RPM should be similar, when the manufacturing process is in-control. An engine
with mechanical defects or any other issues will result in an outlying profile. Because
there are multiple RPM values obtained for each engine it is natural to try to apply a
multivariate quality control procedure to discover engines which would not be accept-
able. This is a new data set from Amirhossein et al. (2009), and it is reasonable to apply
our proposed methods. Therefore, we are going to apply our new methods for profile

monitoring on this dataset in Chapter 6. The data set appears in Appendix G.

In this research, we propose two new methods for profile monitoring: a nonpara-
metric method and a semiparametric procedure that combines both parametric and NP
profile fits, a procedure we refer to as model robust profile monitoring (M RPM). Our
methods can be used to monitor a broad category of profiles, either linear or nonlinear,

by using the historical profiles to estimate the average (baseline) profile and cluster spe-



cific (CS) profiles both nonparametrically and semiparametrically. We consider two N P
approaches, one based on penalized spline regression and one based on local polyno-
mial regression. In our application, we will focus on using penalized spline regression
because of some computational aspects.

Moreover, we incorporate a mixed model approach to both the parametric and NP
model fits in order to account for the correlation structure within profiles. We name this
method as "mixed model robust profile monitoring (M MRPM)". As a consequence, we
speculate our new methods, both the NP method and the semiparametric method, will
result in charts with good abilities to detect changes in Phase I data and have simple to
calculate control limits.

Profile monitoring analysis using our methods should provide greater flexibility and
efficiency over current parametric methods that rely on correct model specification,
an unrealistic situation in many practical problems in industrial applications. In other
words, both new methods, for the fixed and random effects models, should be robust to
the common problem of model misspecification. We will focus here on Phase I control

chart applications.

1.4 Dissertation Layout

The remainder of this dissertation is organized as follows. In Chapter 2, we review
briefly the parametric approach for the fixed effects models. Also, we introduce pe-
nalized spline regression and local polynomial regression as new nonparametric meth-
ods to estimate fixed effects profiles. In addition, we present diagnostic tools to deter-
mine outlying profile(s). In Chapter 3 we introduce a model robust profile monitoring
(M RPM) method for fixed effects profiles. In addition, we present a selection criteria for
bandwidth and mixing parameter with its asymptotic properties. Chapter 4 presents the
penalized spline and the conditional local mixed model as nonparametric methods for
profile monitoring in mixed models. In addition, we extend the (M RPM) method to cre-
ate an M M RPM method for mixed models. Chapter 5 contains the simulation studies

done to compare the parametric, nonparametric, and mixed model robust profile mon-
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itoring methods. In Chapter 6, we also apply the proposed methods and the parametric
quadratic mixed model to the automotive industry data set, and Chapter 7 summarizes

the conclusions and lists some future considerations.
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Chapter 2

Parametric and Nonparametric Profile

Monitoring for Fixed Effects Models

fixed effects model contains only constants in its systematic part and one random
A variable which is the error term (Schabenberger and Pierce, 2002). Suppose we
have m profiles from a HDS and that each profile contains n; observations, where i
indicates the i*" profile, i = 1,2,..., m. Ignoring the fact that each profile is sampled at

random from the population of profiles, nature’s model can be expressed as
y,-jzf(x,-j)-l—e,-j i=1,2,...,m j:1,2,...7’li. (2.1)

where y;; represents the j! observation from the i’" profile. f(x;;)is any arbitrary mean
function representing nature’s model as a function in one regressor, x;;, and €;; repre-
sents the random error term for the j ! observation in the i*" profile, where it is assumed
€;j ~N(0,02). Of course, (2.1) can easily be extended to deal with more than one regres-
sor but we will consider only one in this research. For multiple linear regression profile
monitoring using a parametric approach see Mahmoud (2008).

Our goals for this chapter are to estimate the fixed effects profiles by suitable para-
metric and NP techniques. We extend penalized spline regression and local polynomial
regression to the area of profile monitoring. These N P methods use only the data them-
selves to provide these estimates. Furthermore, the T? statistic will be obtained and
utilized to determine outlying profile(s). The novelty of our methods is in monitoring
estimated fixed effects profiles. This allows us to monitor small, but significant depar-

tures from the basic shape of the profiles.
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This chapter is organized as follows. In the next section, we provide a brief review
of the parametric approach for estimating the fixed effects profiles. We review briefly
Hotelling’s T2 statistic for monitoring a multivariate process with two different formulas
for estimating the variance-covariance matrix in Section 2.2. In Section 2.3 we introduce
our NP approach for fixed effects profile monitoring using penalized spline regression
and introduce T2 statistics based on the fitted profiles. In Section 2.4, we present local
polynomial regression as an alternative N P method for fixed effects profile monitoring.
Moreover, we give an algorithm for determining outlying profiles using T? statistic based

on local linear regression (LLR) fits. The chapter is summarized in Section 2.6.

2.1 Parametric Estimation for Fixed Effects Profiles

One commonly used form of a parametric model is the linear model of conditional

means that can be expressed in matrix form, and is given for the i*" profile by
Yi:Xiﬁi"i_ei i=1,2,...,m. (22)

where y; is a (n; x 1) vector of responses for the i’" profile, X; is a (n; X p) matrix of the
regressor variables associated with the fixed effects and f; is a (p x 1) vector of parame-
ters for fixed effects in the i*" profile. €; is a (n; x 1) vector of errors assumed to follow
a multivariate normal distribution with zero mean vector and R; variance-covariance
matrix, €; ~ MN(0, R;).

It is convenient to stack the responses and the model matrices for the individual
profiles. Let y represent the stacking of y;,y»,...,ym, resulting in the (n x 1) vector vy,
where n = er’;l n; is the total sample size. Similarly, let X represent the stacking of the

m X; matrices. Model (2.2) can be written as
y=Xp +e. 2.3)

where y is an (n x 1) stacked vector of responses, X is a (n x p) stacked model matrix, 3
isa (p x 1) vector of unknown fixed parameters, and € is an (n x 1) vector of random er-

rors. Under the above assumptions for the error term, one interpretation of the fact that
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E(e) = 0 is the implication that model (2.2), the so-called “user’s model”, is the correct
model and, therefore, equal to (2.1).

To estimate the parametric fixed effects model, the ordinary least squares (OLS)
method or generalized least squares (G LS) method can be used. See Appendix (A.1)

for more details. The parametric fit for the estimated population average (PA) profile is

Vo =XB. 2.4)

where B = (X7 R~1X)"1XT Ry is the fixed effect parameter estimators representing the
PA parameters across all profiles. Here, R =dia g(R;) is the (n x n) variance-covariance
matrix for the stacked response observations. If the errors are assumed to be indepen-
dent and homogeneous, then R = o2, where I is the identity matrix and the estimated
parameter vector can be easy obtained using the OLS method where § = (X7X)1XTy.

The parametric fits for each cluster specific (CS) curve or profile are
S’gs,i:Xi/;i i:1,2,...,m. (25)

where y¢; ; represents the parametric CS fit for the i*" profile, and B indicate the fixed
effect parameter estimator for the i*" profile, 8; = (X R;' X;) ' X! R} 'y;.

Notice that, the PA and CS fits rely on knowledge of the variance-covariance matrix.
In practice, R is seldom known. Suppose that var(y) = R = o2R is known up to a scalar
o?. This constant can be estimated (Schabenberger and Pierce, 2002) as

A2 1 v\ P-1l(v_ YA
o —n_mnkm(y XB) R (y—Xp). (2.6)

Another possibility is that var(y) =R is completely unknown. An unstructured variance-
covariance matrix could be assumed with the estimates obtained by the method of mo-
ments, or R may be assumed to be a structured form, such as the AR(1) or the Toeplitz
forms, with estimates of unknown parameters obtained in standard ways (Schaben-
berger and Pierce, 2002). In each case, the estimated variance-covariance matrix (R
or R; is substituted into the above formulas for § or ;.

Several authors, e.g., Kang and Albin (2000), Kim et al. (2003), and Mahmoud and

Woodall (2004), have utilized the T? statistic to determine outlying profiles based on the
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estimated parameters and assuming the parametric model was correctly specified. The

following Section 2.2 gives a general frame work for the Hotelling’s T2 statistic.

2.2 Hotelling’s T2 Statistic

The T? control chart was proposed by Hotelling in 1941. Fuchs and Kenett (1998)
and Mason and Young (2002) gave extensive reviews of the use of the T2 chart. Multi-
variate control charts are very important to monitor the curve or surface that indicates
the quality of a certain product. This curve or surface is called a “profile” (Woodall et al.,
2004).

To monitor a multivariate process in a way that takes into account the correlations
among the variates we may use a Hotelling’s T? control chart (Tracy et al., 1992). The
main aim of multivariate control charts is to determine the existence of the special

causes of variation. Specifically, for Phase I analysis the objectives are

1. To determine shifts in the mean function from the estimation of the in-control

mean function "baseline".
2. To identify and remove the multivariate outliers.

In order to develop the methodology to monitor parametric, N P, and semiparamet-
ric profiles, we first consider the general framework of the multivariate T? statistic or
Hotelling 72.

Given a sample of m independent observation vectors to be monitored, a; (i =1,2,..., m),

each of dimension k, the general form of the T2 statistic in Phase I for observation i is
T?=(a; —a)"S ' (a; — a) i=1,2,...,m. 2.7)

where a; = (a;1,a;,...,a;;)" are the m k— variate observations with the sample mean
a=->" a; and where § is an estimator for the common variance-covariance matrix,
S.

There are several alternatives estimators for the common variance-covariance ma-

trix (S). Here we discus two different alternatives. The first choice is to consider S as the
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pooled sample variance-covariance matrix estimator (S p) expressed by

1
m-—1

S,= (a; —a)’(a; —a). (2.8)

A T? statistic based on the sample mean vector and sample variance-covariance ma-
trix is widely used but is not very effective in detecting anything more than a single mod-
erately size outlying profile (Vargas, 2003). Its distribution is proportional to the beta
distribution for small sample size (Mason and Young, 2002).

Another alternative choice of S is one based on successive differences (Sp), intro-
duced by Hawkins and Merriam (1974) and used by Holmes and Mergen (1993). More
recently, Jensen and Birch (2009), and Jensen et al. (2008) used this estimator for Phase
I profile monitoring in parametric linear and nonlinear mixed models.

To compute the estimator Sp, we let

V;=a;; —a; i=12,....m—1.

we then stack the transpose of these (m — 1) successive difference vectors into the (m —
1) x n’ matrix V as

T
v

<>
I

The estimator of the variance-covariance matrix is

. Vv
Sp=——". (2.9)
2(m—1)

Sullivan and Woodall (1996) showed that using successive differences is effective in
detecting sustained step changes in the production process that occur in Phase I data.
While the distribution of the T? statistic based on successive difference does not have a
known form, its asymptotic distribution is )((Zd r Which is a Chi-square distribution with
d f is an appropriate degrees of freedom. A T2-chart can be obtained by plotting the T}
statistics, i = 1,2,..., m, versus i and out-of-control signals will be given for any Tl.2 value

exceeding an upper control limit (UCL).
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To determine the statistical properties of the T>?—chart it is often assumed that each
of the a; vectors follows a multivariate normal distribution, a; ~ MN(u, Y ), with mean u
and variance-covariance matrix » . This assumption is critical for finding the marginal
distribution of Tl.z. Under this assumption, the UCL for Phase I data is based on a beta
distribution for small sample sizes, while, for large sample sizes it the follows a y? distri-
bution asymptotically. See Tracy et al. (1992) and Williams et al. (2006) for more details.

In N P literature, Diggle and Verbyla (1998) focused on the estimation of the variance-
covariance matrix for longitudinal data using kernel weighted local linear regression
based on the variogram and squared residuals. Ruppert et al. (1997) introduced a new
way to estimate the variance-function using local polynomial regression in the presence
of heteroscedasticity. The present study is the first to consider estimating the variance-
covariance matrix using the successive difference approach for the N P profile monitor-
ing.

Standard fixed effect parametric methods are straightforward and easily implemented
for profile monitoring, but their use can be problematic. If the parametric profile model
is misspecified, the estimates and predictions (and hence the fits) may be biased. One
way to reduce this bias is to estimate the profile model nonparametrically. Our NP
methods are penalized spline (p-spline) regression and local polynomial regression. For

the latter, we especially focus only on local linear regression (LLR).

2.3 P-spline Estimation for Fixed Effects Profiles

In recent years, penalized spline regression (often referred to as p-spline regression)
has received renewed attention as a powerful alternative smoothing method. Originally,
p-spline regression was suggested by O’Sullivan (1986). The flexibility of p-spline re-
gression and utility of p-spline when applied to a large range of modeling contexts has
been demonstrated by Eilers and Marx (1996) and more recently through the book by
Ruppert et al. (2003). We refer to Ruppert et al. (2003) for an overview of applications
of p-spline to different settings and for discussion of the close connections between p-

spline regression with linear mixed (LM) models, discussed further in Wand (2003).
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The ability to combine N P regression and mixed model regression with p-spline has
recently been used in other contexts. Parise et al. (2001), Coull et al. (2001a), and Coull
et al. (2001b) all provide examples of using p-splines in the construction of mixed effect
regression models for the analysis of data containing random effects.

The main idea of p-spline regression is to fit the function f(x;;) parametrically with
a sufficiently flexible spline basis. Instead of simple parametric estimation, however,
a penalty is imposed on the spline coefficients to achieve a smooth fit. One technical
benefit of this approach is that it reveals a link to LM models, which can be very useful
in different applications, see Wand (2003).

The resulting affinity to LM models is advantageous and can be exploited in various
ways. In particular, the smoothing or penalty parameter required by p-spline regres-
sion can be expressed as the ratio of variances in the mixed model which suggests the
application of maximum likelihood (M L) theory for estimation.

P-spline regression is used to estimate an unknown smooth function. The smooth
function is represented in a high dimensional spline basis with spline coefficients esti-
mated in a penalized form. P-spline coefficients can be viewed as the best linear unbi-
ased predictions (b! u p;) in a mixed model framework, which allows the use of mixed
model software for smoothing.

In the following section, we provide a review of p-spline smoothing for NP regres-
sion. In addition, we present a framework for LM models and the relationship between
p-spline and LM models. We introduce p-spline regression for estimating PA and CS
fixed effects profiles in (2.3.5) and (2.3.6), respectively. In (2.3.7), we introduce T? statis-

tics for p-spline fits.

2.3.1 Penalized Spline

Splines are generally defined as curves which consist of individual segments which
are joined smoothly. The segments are given by polynomials and the locations at which
they join are referred to as knots. The curve takes the shape which minimizes the en-

ergy required for bending, thus giving the smoothest shape possible. Similarly, bivariate
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splines are commonly called “thin plate” splines, referring to a thin, bendable sheet of
metal used to approximate the surface. There are a variety of different spline functions,
and their use is discussed in a large body of literature, see Ruppert et al. (2003) and Karin

(2005) for instance.

Consider the model given in (2.1) where the function f(x;;) is assumed to be smooth
but otherwise unspecified, and needs to be estimated from the dataset. The smooth
function could be modeled by a variety of methods including natural cubic splines, B-

splines, truncated polynomials, or radial splines.

The main idea of p-spline smoothing is that, f(x;;) can be approximated by f(x;;)~
CO + 6, where C is a high dimensional basis chosen in advance. In this form, 6 denotes
the approximation bias of the spline basis in C. If C is chosen as a sufficiently flexible
basis, 6 will not contain relevant information and may be dropped from the approxima-
tion. That is, we assume the function f(.) to be represented by a high dimensional linear

parametric form C6.

It is convenient to decompose C into a low dimensional component X and a high
dimensional component Z (Ruppert, 2002). For instance, X = (1, x,...,x”) can contain
a low dimensional polynomial form while Z is a truncated polynomial basis Z = [(x —
K1)}, ..., (x —x k)], where (x)? = x? for x > 0 and zero otherwise, and k; < ... < kx is a
set of K fixed knots. Following Ruppert (2002), K can be chosen to be large but less than
the sample size n or (n — p — 1). As a practical choice, Claeskens et al. (2009) suggested
choosing K according to K = min(n/4,40). Alternatively, one may use one of several
knot selection routines suggested in Ruppert (2002). In our presentation, to keep the
approach simple, K might be fixed using the above rule of thumb for the PA and CS
profiles. Once K is chosen, the knots k¢, k =1,2,..., K, should be selected to cover the

range of x—values using quantiles.

In the simplest case, a spline function consists of linear segments. This is often de-
scribed as a broken-stick curve, and is a straight forward extension of the parametric

linear regression. Given that K knots, k1, k»,...,kx have been selected, we construct a
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linear spline by assuming a parametric regression model

K
Vi =Bo+Bixij+ O uelxij—kds+e  i=12..,m  j=12..,n. (2.10)
k=1

where S, and (B, u1,..., ux) represent the intercept and linear regression coefficients,
respectively. This results in a slope of 3 for the first segment, i.e. V x;; < k1, a slope of
B + u, for the second segment with x; < x;; < k,, and a slope of +Z;Zl uy for the
segment between bordered by «, and «,,; and so on.

For splines containing polynomial segments of degree p as an extension for model

(2.10), a spline with truncated p power basis is

p K
Vi =Bo+ D _Bixl i+ wplxi =k +ey  i=12..,m  j=12,..,n.211)
=1 k=1

where f3,, B, ..., B, are the coefficients for the p'" order polynomial and Upty Upz, ..o Upk
are the coefficients for the truncated polynomial bases, the spline portion of the model.
(x)ﬁ are known as truncated power functions. Obviously, model (2.10) is just model
(2.11)with p=1.

The model (2.11) can yield “very wiggly” estimates of curves, especially if p is low
and there are many knots. In addition, the choice of knots can have a substantial effect
on estimates. These problems can be alleviated by imposing a penalty to reduce the
influence of the spline regression coefficients. This typically yields a smoother curve

and the penalty is thus referred to as “roughness” penalty (Ruppert et al., 2003).

2.3.2 P-spline as Penalized Least Squares
The model given by equation (2.10) can be written in a matrix form as

y=Xf+Zu+e. (2.12)

where X is a (n x 2) matrix of model matrices stacked by profile, and Z is a (n x K) trun-

cated polynomial basis, are written as follow:

yu Xi 1x (X1 —K1)geennn. (X1 —xx)+
Y12 X2 1x | | e
y= ’ X= ’ Xi = ’ Z= ’
| Vmng, | | X | BEZS | (= K1) (n —Kx)s |




and

ﬁ: [ﬁO’ ﬁl]T, u= [ul,ug,...,uK]T.

Let us define C = [X Z], 8 = (BT,u’) and assume that € ~ MN(0,02I). The OLS fit

can be written as follows:
y=Ca. (2.13)

where  minimizes (y— C8)7(y—C8). By considering a penalty on the coefficients of the
truncated polynomial bases, Zlk; u; < p, where p is a constant, then the minimization

problem becomes

Minimize (y—C0)'(y—C0)

Subject to u'Du<p, (2.14)

where D is some appropriate (K x K) matrix. It can be shown using a Lagrange multiplier

argument that equation (2.14) is equivalent to choosing 8 to minimize
SSE(0)=(y—CO) (y—CO)+2*(0" DO — p). (2.15)

where D = diag(0(,+1x1), Dxx1) is a block diagonal matrix with diagonals of 0 indicating
that the coefficient vector f is non penalized and D indicating the penalty on the coeffi-
cients in u. Note that, 87D =u’ Du= ZI,:ZI uZ, for a special case when Dy = Ixx. In
addition, the second term in the right hand side in (2.15) is called a roughness penalty
because it penalized fits that are too rough, thus yielding a smoother result for some
number A > 0. If A is larger than it should be, the resulting estimated curve tends to
be smoother than it should be, smoothing away interesting features in the data. On
the other hand, if A is smaller than it should be, the resulting estimated curve tends to
contain more details than truly appearing in the true mean function. Therefore, the ob-
jective in selecting the proper value of A is to select a value that allows the fitted curve
to contain interesting and important details present in the true mean function and to
avoid fitting details in the data that are due solely to random error.
Differentiating (2.15) with respect to 8 gives

E
A — criy-coy+2po, 219
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which by setting (2.16) equals zero will result in
6 =(CTCc+A*D)'CTy. (2.17)
Hence, the fitted values for the p-spline regression are given as

y=f()=C(C"C+A*D)"'C"y. (2.18)

2.3.3 Framework for Mixed Models
A useful form of mixed models can be expressed as
E(ylu)= f(XB +Zu). (2.19)

wherey is a response vector, X and Z represent model matrices,  is a fixed effects vector
and u, u~ (0, G), is a random effects vector. Here f is a ‘/ink’ function and is evaluated
element-wise for vector arguments.

A special case is the LM model where f is the identity function

y=XB+Zu+e, (2.20)
where
u ( 0 GO
€ ol | onr

Laird and Ware (1982) provided an excellent overview of the LM models. The Gaus-

sian mixed model is a special case for LM models, where
u 0 GO
el el feel) .
L] o] [on]

Model (2.20) can be written as
y=C0O+e (2.22)

where C=[X Z] and 6 =(B7,u’). One way to derive an estimate of # and the prediction
of u is by maximizing the likelihood of the (€, u) over the unknowns 8 and u. This leads

to the criterion
(y—-CO)'R Y (y—CO)+u’G'u (2.23)
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Equation (2.23) shows that estimation of f and prediction of u involves GLS with a
penalty term u’G~'u. Differentiating (2.23) with respect to € and setting this deriva-

tive equals to zero, will result in

0 =(C"R'C+M)'C"R Yy (2.24)
where M = [ (j) o J . By doing some algebra on (2.24), the estimator of j is
p=x"v'X)' X vy (2.25)
and the blups are
a=GZ"vl(y-Xp) (2.26)

where V= Cov(y)=ZGZT + R. If other regressor variables are available that need to be
included in the model as parametric terms, they can by added into X fixed effects matrix,
and, if appropriate, their associated random effects included by adding the variables to

the Z matrix.

2.3.4 Relationship Between P-spline and LM Models

Consider the model implied by (2.20), with the Gaussian distributional assumption
governing both the error vector € and the random effects vector u. If we assumed that

R = 02l and G = 021 then the solution for § as in (2.24), for the LM model, can be

written as
0= (F+5D'Gy
= (C"C+ZD)'CTy
= (CTC+A2D)"'CTy 2.27)
where A? = g—% One can see that 6 in (2.24) or in (2.27) for LM models has the same

form as for p-spline in (2.17) with A2 = g—; Thus, the LM model is a convenient way to
think about p-spline regression. This formulation allows for great flexibility in the mixed
model fit since both random and fixed effects can be easily added. In general, the mixed
model approach can be utilized to obtain a N P fit using p-spline regression for any form

of mixed model including the linear, nonlinear and generalized linear mixed models.
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2.3.5 P-spline Estimation for The Population Average Profile

The population average (PA) profile is the overall trend in the population. A para-
metric representation for the PA profile can be considered as given in (2.1), where f(x;;)
can be a linear or nonlinear parametric function. This function can be approximated
using a linear model with one of several forms of basis functions such as the polynomial
basis. The truncated polynomial basis can be used here since their simple mathematical
form often provides an excellent approximation to complicated models. In the follow-
ing, we present p-spline regression as a new technique to estimate curves in the area of
profile monitoring and then by the using the estimated parameters and predicted ran-
dom effects (eblups) one can be determined the outlying profiles.

Model (2.1) can be approximated using p-spline regression with the polynomial basis

of order p as follows
p K
y,-j:Zﬁlej—l—Zuk(xij—Kk)_’i—l—eij i=12,....m j=12,...,n; (2.28)
1=0 k=1

where f(x;;) is approximated by fo+Y_)_, Bix;; +Zf:1 up(xi; —x)

Using the matrix notation, model (2.28) can be written as given in (2.12) as
y=XB+Zu+e (2.29)

where y represents the (7 x 1) response vector using for estimating the PA profile where
K = K; is the assumed number of knots for PA profile, and u ~ M N(0, G), where Cov(u) =
G =02 1. Theratio 02 /02 controls the amount of smoothing in estimating f(x;;) where
o2 measures the within profile variation. By using the M L or REM L to estimate these
variance components, one can obtained the estimated parameters and the predictions
as given in (2.25) and (2.26), respectively.

Then the estimated PA profile using p-spline regression is
Vs =XB+Zu (2.30)

where y53 represents the p-spline estimation for the PA profile.
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2.3.6 P-spline Estimation for Cluster Specific Profiles
Assuming that nature’s model for the i*” profile is given by
Yesi=filxij)+€i  i=12,...,m (2.31)

where y,;; is a (n; x 1) vector of response for the i*” profile, with €; ~ MN(0,02I), and
fi(xi;) is unknown function. The f;(x;;) can be approximated using p-spline regression

with a polynomial basis of order p as follows

p K>
fi(xij)NZ[J’”xfj+Zui,,k(x,-j—Kk)_’i i=1,2,...,m j:1,2,...,l’li, (2.32)
1=0 k=1

where u; = (u;1, Ujz,..., Uix,)" is a random effects vector with u; ~ MN(0, 012”[), and
K, is the number of knots for the CS curves. In model (2.32), each CS curve has two
parts: a parametric component, a p'" order polynomial component in our example,
Bio +Z'lg:1/3’”xfj, and a spline component, ZI,:; Uipk(xi; — Ki)7. Model (2.32) can be

described in the mixed model framework for the i*" fixed effects profile as

Yes,i = Xifi +Zu; +¢€; i=12,....m (2.33)

where B; = [Bio, Bi1,- .-, Bipl s Wi = (U1, Uiz, ..., Uik,] . In addition

1xi1...... X
l [ (X —x)f ... (xin—Kg)} ]
| Xz Xy B . .
Xi= ) ) y Zi= (2.34)
) (Xin, =KD o (Xin, — ki)
I 1x;p, Xin,

The estimators and the predictors can be obtained as follows
Bi =XV X)XV s (2.35)
and the blups are given by

0, =G.Z'V \(yi — X: 8) (2.36)
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where V; = Cov(y;) = Z;G;Z + R;, with G; = o? I and R; = oZI. Hence, the estimated

i’ fixed effects profile is given by

yrsh = X, B+ Ziy i=1,2,...,m (2.37)

where y¢; is the p-spline regression estimator for the i*" fixed effects profile.

To simplify, the above model can be written as
Vesi = Citi i=1,2,...,m (2.38)

with C; =[X; Z;]and 7, = [[J‘, a;]7

2.3.7 Determine Outlying Profile(s) Based on P-spline Fits

For the fixed effects profile monitoring using p-spline regression we fit a separate
p-spline model to each profile to obtain individual profile parameter estimates. In ad-
dition, we fit a p-spline regression for the PA profile using the entire data set as given
in (2.30). We utilize the 7; vectors to calculate the T2 statistics by assuming that the lo-
cations of the regressor values and the number of observations at each location is the
same across all m profiles (a common occurrence for profile data obtained in industrial
settings) and consequently, K; = K.

Once we have obtained the estimates for (2.30) and (2.38), we compute the T2 statis-
tic to determine if outlying profiles are present. In other words, we employ the multi-
variate T2 statistic to evaluate the hypothesis that f;(x;;) is equal to f(x;;),i=1,2,...,m,
where f;(x;;) represents true CS curve for the i’" profile, and f(x;;) represents true PA
profile. We simply replace a; with 7; and a with 7 in equation (2.7) to obtain the 7%

statistics for the p-spline fixed effects fits as

1(7:i—7) i=1,2,....m (2.39)

NI (dtd
ngsm i (771 - ?)T[ZIZI(Y m Y)(Y 7’)

-1
and

m=le. s Ne ST
P 2im (Yz+21(mri)(17)l+1 T G5 i=lL2..m (240

PSFZL =(7:i— ) [
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where 7 = (8, @) with f = (B, B1) for linear p-spline regression case, and @t = (i1, ity, ..., iig, )’
for the PA profile as given in (2.30).

Unusual profile(s) can be determined by comparing T, ;, r = 1,2, with a value
from y2-distribution where the profile will be declared as outlying if TﬁSFm. >y fa for
i =1,2,...,m, where a represents the significance level, d f represents the degrees of
freedom which is equal to the ¢t r(H(g5), Hig; is the smoother matrix for the fixed effects

p-spline regression, HZ." = C;(C/ C; + A2D)'C/.

2.4 LLR Model Estimation for Fixed Effects Profiles

Our aim is to present a simple procedure that maintains robustness to a misspecified
parametric model while adequately fitting the profiles. In this section, we introduce LLR
as an alternative N P method for profile monitoring.

As in section (2.1), let y;; represent the response variable for the j* observation in
the i’" profile. Nature’s mean function f;(x;;) in (2.31) may be any arbitrary function,
perhaps one with no known parametric form for the i?” profile.

Using the notation of (2.1), we have the following alternative form
yi:f,-(xl-)-i—ei i=1,2,...,m (2.41)

where Xx; represents a vector of n; stacked values of the single regressor x.
An estimate for the mean response f;(.) at a specific point xy, where x, is a value of
the regressor, for the i " profile using certain NP methods, such as kernel regression(Ker)

or local polynomial regression (LPR), can be given by a weighted sum of responses as
f,-(xo)=Zwojy,~j i:1,2,...,m (2.42)
j=1

where 0 < wy; < 1 and wy; indicates the weight assigned to the j " observation in the i*”
profile for the estimation of f;(.) at xo. The weight may be calculated using the Nadaraya-

Watson (1964) kernel weight (Waterman et al., 2007), where

()

2 (%)
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(x0—x;)

where K(u) is the kernel function, u = *——,

and £ is the bandwidth (smoothing pa-

rameter), h > 0, often an unknown parameter.

A kernel function is a decreasing function of |u|. Consequently, observations at lo-
cations close to x, receive larger weight than observations far from x,. Kernel functions
are often based on symmetric density functions. The most common kernels include the

normal, uniform, and Epanechnikov. For more kernel functions see Hardle (1990).

The kernel regression estimate at the regressor locations x, x», ..., X, can be expressed

as

f=y=H"y (2.44)

where H*' = (hlferT hlz‘erT...hlffrT)T is the kernel “hat” matrix or smoother matrix. The
rows of the smoother matrix are hll‘erT = (wn wip...w;,), where w;j, computed from
(2.43) with ”0” replaced by the ”1”, is the kernel weight given to the j" response in the
prediction at x;. One disadvantage of kernel regression is that the estimate of the profile
at the boundaries is often biased. LPR improves upon the bias shortcoming of the kernel

regression (Fan and Gijbels, 1995).

LPR estimates the mean function at x, for any arbitrary value of x by fitting locally a

d'" order polynomial at x, as

f(x0) = Boo+ BroXo+ Baoxs + ...+ Pax (2.45)

where Boo, B0, B20, - - -» Bao are fixed unknown parameters. The polynomial is commonly
of order d =1 or 3 for local linear regression or for local cubic regression, respectively.
The polynomial of order d = 0 is kernel regression. However, local linear regression or
local cubic regressions are often preferred over kernel regression or LPR of even order as
LPR of odd order for mean function estimation have less bias than those of even order

(Fan and Gijbels, 1995).

The LPR fit at x, can be expressed in matrix form as

flxo) =% X" W X)X Moy =hg™'y (2.46)
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where X is a model matrix for a d*" order polynomial

2 d
X x7 ...
2 d

and X =[1 xo x2 ...x{]. Note that X is used here to distinguish this model matrix from
X, the model matrix in the parametric model (2.3). The matrices X and X may contain
different regressors and hence may not be identical. The matrix W is a diagonal matrix

containing the kernel weights associated with x,
W):didg(WQl,wa,...,wOn):<LU()]'> j:1,2,...,n

In LPR, the estimate of the mean response at x, is a weighted sum of the response as in
the kernel regression. The difference between kernel and LPR regression can be seen in
their respective weights. The weights at x, for the kernel regression are

h’OC”T =(wo1 Wy, ... Woy,), whereas the weight vector associated with x, for LPR is

hIPR" = g1 (XTWpX)~' X" Wj. In matrix form, the LPR estimate at the regressor values
Xi,...,X, can be given as

f()=H"Fy (2.47)

where HLPR = (hIPR" hLPR" || hLPR™)T is the LPR smoother matrix with
hiPRT =xT(XTW; X)~LXT W;. For more details see Fan and Gijbels (1995).

A widely used and thoroughly investigated NP regression technique is that of local
linear regression (LLR) estimation due to its straightforward extension to the multivari-
ate case. The NP fits for the PA and CS curves using the LLR estimation at x7, x3,..., X},
where x7, [ =1,2,...,n’, are an arbitrary set values of x, typically uniformly spaced over
the entire range of x, and n’ is a number of arbitrary observations for comparing m pro-
files, are obtained as follows.

The LLR PA curve fitis
Vit =%/ (X"R'X)'XR;'y=h{"y (2.48)
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where %! = (1 x}), hil" =x!(XTR;'X)"' XR; with R, = W,”"*Rw ",

The LLR CS fits for the i'" profile at x} are given by
Vesi, =% (K Ry X0 KRy 'y =hegl 1y (2.49)

where hiLt' =xI(XTR;' X,) X, R} with Ry = W, /*R,w, 2,
The PA and CS profiles may be graphically represented by calculating the fits for

many values of x; covering the range of x and then connecting the fits.

2.5 T2 Statistic for the LLR Fits

For the LLR profile situation given in (2.48) and (2.49), we have two scenarios. The
first one is to consider all values x; I = 1,2,...,n’, where n’ represents the number
of x—values used for comparison of the m profiles. If all n; are equal and the same
x—values are used for all m profiles, then n’ = n; foralli =1,2,...,m, and x; = x;, for
I =1,2,...,n/, where x, represents an observed value of the regressors, x. The second
scenario is for the case where n’s are not equal and there are different observed val-
ues for x, then we will select the common values for all profiles and add some arbitrary
points to obtain n’ points. Consequently, for either case, we obtain yf)f‘R a (n’ x 1) vector
of fits for the PA profile (f(x;)), common to all profiles, and obtain yesh as the (n’ x 1)
vector of fits for the i*" profile (f,-(xi)), i=12,...,m.

We employ the multivariate 77 statistic to assess stability of the n’ observation simul-
taneously, i.e. to evaluate the hypothesis that fi(x;;) is equal to f(x;;), i =1,2,...,m.

<LLR SLLR

We simply replace a; with y¢; and a with y;;," in equation (2.7) to obtain the T2

statistics for the LLR fits as
Tiim: = Vesh — Vi) V' (st — Vi) i=12,..,m (2.50)

where ¥ is the CS curve fit for the i'" profile using LLR model. The y;;" represents

the PA curve fit for the HDS, V is an n’ x n’ appropriate estimated variance-covariance

&LLR

matrix for the yg; where V can be estimated by either SporSpas givenin (2.8) and (2.9),

respectively, and replacing a; with ¢ and a with y;”.
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A large value of T/, , ; indicates an unusual y¢{, which implies that the i*" profile

is out-of-control. In contrast to the parametric profile monitoring case where the es-
timated model coefficients are used as a; as given in (2.7), we utilize the T? statistic to

monitor the estimate of the mean response at x7, x3,..., x;, for the i* h profile.

To define large values of T}, ,;, we need the distribution of T, . ; which depends

<LLR

partially on the distribution of y.; ,

at x; for every [ = 1,2,...,n’. We show that this

distribution asymptotically the y2-distribution (the proof is given in Appendix ( B)).
The i*" profile is unusual if T/, RiZ )((Za) 1, forasignificance level a. Hastie and Tibshi-

rani (1990) suggested approximating L, as ¢ r(Hzg}) where HZ" is the smoother matrix

for the i*" profile as defined previously.

2.5.1 Algorithm for Profile Monitoring Based on LLR Fits

Assuming a S a (n’ x n’) is the common variance-covariance matrix for all profiles,
then, we propose the following algorithm for NP profile monitoring for fixed-effects

models in Phase I analysis.

1. Select a HDS of m profiles, use the LLR model for each profile at x; with [ =
1,2,..., 1/, to obtain y5;" and y, and estimate the associated variance-covariance

matrix S by using the S, or S, estimator.

2. Calculate the T? statistic for each profile as given in (2.50), TLZLRJ. (i=1,2,...,m).
Use Q — Q plots and/or a Kolmogorov-Smirnov test to check that TLZLR,i ~ y2-

distribution, approximately.

3. Confirm that, there are no unusual profiles in the data set by examining a con-
trol chart of the test statistic by comparing TLZLR,Z. with the y2-value. The profile(s)
should be removed if and only if T/, ,, > x%,,  fori=1,2,...,m. y} is called
the UC L because it provides an upper bound for plausible values of T/,  ; at the a

level of significance.
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2.6 Chapter Summary

Parametric and N P methods for the fixed effects profile were the topic of this chap-
ter, in which we bridged the gap between p-spline regression and profile monitoring.
We briefly presented how p-spline regression can be performed in terms of the mixed
models context to take advantage of the existence of software for the mixed model. We
introduced p-spline regression and LLR as new techniques to estimate fixed effects pro-
files. For a misspecified parametric profile model, p-spline regression and LLR offer the
user methods to obtain profile fits with less bias than the misspecified parametric profile
fits. In addition, we gave diagnostic tools to determine the presence of outlying profile(s)
using 72 statistics.

Although the NP methods may result in less bias for mean response, there is a ten-
dency for over fitting. Model robust regression (M RR), a hybrid combination of the
parametric and NP methods, has been shown to minimize the integrated mean square
error when compared to the parametric and NP methods, while retaining important
features of the data. For these reasons we extend the M RR procedure to the area of

profile monitoring in Phase I analysis as described in the following Chapter 3.
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Chapter 3

Semiparametric Profile Monitoring for

Fixed Effects Models

odel robust profile monitoring (M RPM) can be considered as an extension of

model robust regression (M RR) to the quality control area. In this chapter, we

propose to extend M RR to profile monitoring in Phase I analysis. In addition, we intro-
duce a new method for profile monitoring using the basic idea of M RR for estimating
the regression models as a convex combination of the parametric and N P fits via mixing

parameter (A).

The development of MRPM is motivated by the need to improve upon the short-
comings of the parametric method that may result in high bias due to model misspecifi-
cation. In addition the N P method may introduce high variance of fit possibly resulting

from an estimated curve that fits the data too closely.

In MRPM, two separate fits are combined to get the final fits for the PA and the m
profiles. In MRPM, we assume that the user has some information about the under-
lying profiles from which data have been generated and that a parametric model can
be formed that provides a reasonable fit to certain portions of the data but fails to ade-
quately fit the data in other parts. That is, the parametric model has been misspecified.
Relying on an NP profile entirely results in loss of information about the profile and

possibly subjects the results to highly variable fits.
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3.1 Model Robust Regression for Fixed Effects Profiles

Several authors have discussed the semiparametric approach, an approach where
parametric and N P information are combined in some way. See (Olkin and Spiegelman,
1987), and (Ke and Wang, 2001) for more details. Olkin and Spiegelman (1987) intro-
duced a semiparametric approach to estimate density functions. Olkin and Spiegelman
(1987) combined a parametric and N P estimate by a mixing proportion determined by
means of a maximum likelihood approach. Ke and Wang (2001) proposed a class of
semiparametric nonlinear mixed effects to combine the advantages of parametric and
NP approaches. By using a parametric technique, the parameters give efficient and in-
terpretable data summaries. In an NP approach, the functional form is flexible and is
decided by data. Ke and Wang (2001) applied the Laplace method to approximate the
log-likelihood function.

Einsporn (1987), Einsporn and Birch (1993), Starnes (1999), Mays et al. (2000), Mays
et al. (2001), Waterman (2002), and Waterman et al. (2007) used the basic idea of the
semiparametric approach and applied it to linear and LM regression models. Einsporn
(1987) and Einsporn and Birch (1993) introduced a semiparametric method for model-
ing the mean response for the independent, constant error variance case. Their method,
model robust regression 1 (M RR1), combines a parametric fit to the n observations (YP,
a n x 1 vector) and an NP fit (YNP) in a convex combination via a mixing parameter
A€10,1].

The M RR1 fit is given as follows

YRR = (1= 3" + Ay (3.1)

From the above model, one can observe that A should be zero for the correctly specified
model where M RR1 will reduce to the parametric model. The value of A should be small
if the parametric model is not badly misspecified and be large for a more misspecified
model. A should be close to one for a badly misspecified model. In this case, MRR1 will
reduce to the NP model. For most practical situations, A is an unknown and must be
chosen as a function of the data.

Mays et al. (2001) showed through a series of Monte-Carlo (M C) simulations that
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when using a proper mixing parameter selector, a model specified correctly results in an
MRRI1 estimate equal to or nearly equal to the parametric fit. If the model is badly mis-
specified, the M RR1 estimate is the same or nearly equal to the NP fit. The simulation
results also showed that M RR1 is superior to a separate parametric model fit or a sep-
arate NP model fit under moderate model misspecification in terms of the minimum
mean square error of fit criteria.

Previous studies have shown that M RR can often provide a superior fit to either the
parametric or the NP fit by using the latter to correct for the inadequacy of a misspeci-
fied parametric model fit while retaining the data information contained in the paramet-
ric model itself. M RR can be successfully extended to the profile monitoring in Phase I

analysis. In general, our M RPM fit for the i'" profile is given by
yMEPM — (1 = 2)y7 + AgP i=1,2,...,m (3.2)

where y¥ represents the parametric fit and y* is the NP fit for the i*” profile.
In the following sections, we introduce a new method for Phase I model robust pro-
file monitoring analysis. We name the method "M RPM” where both the parametric fits

and the N P model fits are obtained only for the fixed effects model.

3.2 MRPM Method for Fixed Effects Models

MRPM is a convex combination of the parametric and N P fits for models containing
only fixed effects and no random effects. M RPM can be considered as an extension of
MRRI1 to the area of profile monitoring. The fixed effects model is commonly used in
SPC to describe the production process. The fixed effects model for the i?” profile as
given in (2.41) can be estimated using the M RR technique.

The M RPM fit for the PA profile can be obtained by combining the parametric and
N P fits for the PA profile as follows

THEPM = (1= )5 hp+ AFRE = (1= A)HE, + AHL Ty (3.3

where y5, is the PA fit from the parametric linear fixed model using an appropriate

method, such as the OLS method or G LS method, and 3} is the p-spline fit or the LLR
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fit for the PA curve with H,, = X(X"R™'X)"'XTR~! and H}); are the hat matrices for the
parametric fit and the smoother matrix for the N P method, respectively. The mixing pa-
rameter (A) is an element between zero and one. A value of A =1 produces an MRPM
fit equal to the NP fit; A = 0 results in an MRPM fit equal to the parametric fit, while
values of A €(0,1) give M RPM fits that are convex combinations of the other two fits.

The MRPM fits for the i*" profile is

S'gs},?z'})M:(l_k)i’lc)s,i"')@ggi i=12,...,m G4

where y¢'0" represents the MRPM fit for the i'" profile with y¢ , and ys ; represent

the parametric and NP fits for the i*" profile, respectively. The MRPM fits should fall
between the N P model and the parametric fits since it is a convex combination of them
for A€(0,1).

The MRPM T? statistics are given by

Tireai =csi o —Vea ) S (¥esi = Vpa ) i=L2,..,m (3.5)
where S can be estimated by either the pooled sample variance-covariance matrix (Sp)
or the successive difference estimator (Sp) for the CS fits, as given in (2.8) and in (2.9).

The unusual profile(s) can be determined by comparing to the y2-distribution

T]\24RPM,1'
where the profile will be marked as outlying if TAZ/IR M2 )((Zd o) fori=1,2,...,m, where
a represents the significance level and d f; represents the degrees of freedom and is
equaltod fi = tr(HY ™M)= (1—A) tr(HE )+ A tr(HYY ), where y¢'d™ can be rewritten
as PUFPM = [(1 - DHE, + 2 HY v

Our proposed method is expected to give estimates with smaller mean square error
of fits especially for misspecified models by using an optimal bandwidth (%) for NP fits

and an appropriate mixing parameter value (A).

3.2.1 Bandwidth Selection

Generally, bandwidth (&), required by the LLR method, is found by minimizing some
reasonable optimality criterion as a function of i such as mean squared error, cross-
validation (C V), or generalized cross-validation (GC V) as in Hardle and Marron (1985),

Loader (1999), and Zhang and Chen (2007).
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Mays et al. (2001) introduced the penalized CV technique by incorporating a penalty
function into the CV expression. One penalty function, PRESS*, is computed as

PRESS

PRESS = ———
n—tr(HNP)
where the PRESS statistic, the CV statistic, is an estimate of the average squared pre-

diction error given by
PRESS= (yi—¥i i)
i=1

where y; _; is the estimate of the model function at x; with the i*" observation removed.
The penalty, n — ¢ r(HN?), is an adjustment, preventing PRESS* from being minimized
for h that is “too small”.

In the cluster correlated data case, it is recommended to remove an entire profile
rather than a single observation, since it is the profile that is of interest. HV? represents
the smoother matrix for the NP. The elements along the diagonal of HV? are large for
small h. This increases PRESS*, which in turn limits the choosing of the bandwidth
away from very small values.

Mays et al. (2001) showed that bandwidths chosen by PRESS* are often too large for
the uncorrelated fixed effect model. They introduced PR ESS* to overcome the problem

of large bandwidths. The PRESS* is given by

PRESS
PRESS™ = (3.6)

n—tr(HVP)+(n — d)[Sige—20]

where SSE,, ., is the largest sum square of errors (SSE) over all possible values of h.
SSEj, is the SSE associated with a certain value of bandwidth, and d is the number of the
estimated parameters at each x, by the NP. The value of (n—d )[W] approaches
zero for large bandwidths. PRESS* guards against overly small and large bandwidths.

Therefore, we use PRESS* in our methods to get the optimal bandwidth.

3.2.2 Mixing Parameter Selection

The mixing parameter (A) is an unknown quantity and should be estimated from the

data. The value of A can be obtained from equation (3.2), ignoring the subscript i, for a
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fixed value of # as follows:

(yMRPM AP) _A(ANP & )
The above expression is similar to a no-intercept simple regression model with a regres-
sion coefficient A. The least square estimator (1) for A, can be expressed as

(S‘,NP _ ‘P)T(S‘,MRPM _ "P)

i = (S*]NP _ *P)T(i,NP _ AP) :

This formula is an implicit expression for A and ¥#PM and since A is needed to compute

yMRPM ‘"Mays et al. (2001) suggested an explicit formula for ) as

NP "P .T _~xP
5w AYI,_I)A(Y Y), 3.7)
(VP -y (G —§7)

where y}'*; and y¥_,, respectively, represent the NP and parametric fits of the mean re-
sponse at x; without the i observation.

Waterman et al. (2007) modified the formula (3.7) of ). for a cluster correlated data.
They used §}'*; and y;_, to indicate NP and parametric fits , respectively, for the i*"
cluster without the i" cluster.

We formulate the mixing parameter estimation (1) in the same way as in (Waterman

et al., 2007). The A formula for the CS fits is expressed as

- VY =y )T (y—Ves)
Aes= 5 T RN (3.8)
(Ves — ch) (YCS —Yes
and
~ G =9 )Ty —Vba)
Aopa = —> - - (3.9)
(Vpa YPA) (YPA —¥pa)

where A is used for estimating CS curves and Apa is utilized for fitting the PA profile
using the M RPM method. We showed the asymptotic properties for the mixing param-
eter for the PA profile. In addition we proved that, the convergence rate for the entire
proposed robust estimate model will converge as quickly as the slowest of the two com-

ponent estimates. For more details see Appendix (C.1).
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3.3 Chapter Summary

In this chapter, we presented a new method for fixed effects profile monitoring using
a semiparametric approach by extending M RR to the area of profile monitoring. In ad-
dition, bandwidth and mixing parameter selection criterion were presented. Moreover,
we presented a formula for a T2 statistic to detect outlying profile(s). In Chapter 4, we

extend this work for mixed models profile monitoring.
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Chapter 4

Profile Monitoring for Mixed Models

mixed model is defined as a model that contains at least one fixed effect and at

least two random effects, including the error term. Mixed models are widely used

in many disciplines. Henderson (1950), for example, one of the first authors on mixed

models, applied them to estimation problems in the animal sciences. Laird and Ware

(1982) generalized Henderson’s work, and their formulation is commonly known as the
Laird-Ware model (Laird and Ware, 1982).

This chapter is presented as follows. In the next section, we briefly review the para-
metric approach for LM model profile monitoring. In Section 4.2, we extend p-spline
regression to mixed model profile monitoring. Section 4.3 gives the conditional local
mixed model as an alternative nonparametric technique for fitting mixed profiles and
utilizing these fits to determine outlying profiles. Moreover, we extend our MRPM
method to mixed models with its corresponding T2 statistic in Section 4.4. This chapter

is summarized in Section 4.5.

4.1 Parametric Mixed Models

Mixed models have received a great deal of attention in the statistical literature in
the last few decades. The flexibility, interpretability, and parsimony of linear models en-
ables them to handle a broad variety of problems in such areas as population pharma-
cokinetics, bioassay, agricultural growth processes, longitudinal count data or repeated
binary outcomes, and continuous or discrete repeated measurements data (balanced or

unbalanced) (Vonesh et al., 1996; Pinheiro and Bates, 2000).
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Mixed models permit two types of correlation for the measurement within a clus-
ter (profile). The first correlation within the cluster comes from the random effects,
while the second comes from the within-cluster variance-covariance matrix of errors
(R). Mixed models can be either nonlinear or linear mixed models depending on the

relationship between the response variable with the fixed and random effects.

4.1.1 Parametric Nonlinear Mixed Models

The nonlinear mixed (N LM) model can be expressed as
yi:f,-(xij;/o’,bi)-l—e,- i:1,2,...,m (4.1)

where y; represents a N LM response vector for the i*" profile, § represents a vector of
fixed effects common for all profiles with a known X, the design matrix, b; is an (m X
1) vector of random effects, and the function f;(.) is a known vector-valued (possibly)
nonlinear function.

In the following section, assume that nature’s model is a LM, as presented in (2.20),
for simplification purposes only. The LM model contains at least one fixed effect and
two random effects and it is linear in these effects. The LM models can be estimated

using the parametric, nonparametric (N P) and semiparametric approaches.

4.1.2 Parametric Estimation for Linear Mixed Models

For the fixed effects models of Chapter 2, the vector y was defined as the sum of the
linear predictor and error, where the linear predictor was comprised of fixed effects. The
Laird-Ware model includes an additional linear combination of the random coefficients.
The literature on LM models often refers to the collection of data that forms a profile as
a "cluster” or "subject" depending on the particular application.

In this research, we use the term profile throughout but note that applications of
the methods and analysis presented herein are also applicable if the data are presented
by clusters or subjects. The LM model allows us to account for the correlation within
profiles and to deal with the collection of profiles as a random sample from a common

population distribution of profiles.
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Nature’s LM model for the i*" profile can be given by
filxi))=flxip)+&ilxij)+e;  i=12,....m (4.2)

where f(x;;) represent the mean response function for all profiles, the population aver-
age (PA), &i(x;;) represents the random effects for the i*” profile, and &;(x;;) ~ N(0, O'é).

The LM model approach has several advantages over the linear fixed effects model
as pointed out by Verbeke and Molenberghs (2000), Vonesh and Carter (1992), Verbeke
and Lesaffre (1996), Pinheiro and Bates (2000), and Demidenko (2004). The LM model
can be easily fit for balanced and unbalanced data and often provides a better fit than the
linear model approach when the number of observations per profile is small. The LM
model approach combines information from the profiles to achieve the model fit with
fewer parameters than fitting separate regression function for each profile. Additionally,
the LM model approach is capable of handling profiles with missing data.

The user’s model can be the Laird-Ware model for the i*" profile so that
Yi:Xiﬁ+Zibi+€i i:1,2,...,m (43)

where Z; is a (n,; X q) matrix of the predictor variables with random effects, b, ~ M N(0, D)
is a (q x 1) vector of random effects for the i’ profile, and D is a (q x q) variance-
covariance matrix.

The LM model is flexible in that it allows the errors to be independent or correlated.
If correlated, R; is often assumed to be a simple form such as the autoregressive (AR)
form or the compound symmetry form where such forms aim to reduce the number of
unknown covariance parameters that require estimation. For more details see Schaben-
berger and Pierce (2002), Seber and Wild (2003), and Demidenko (2004). Similar struc-
ture may be assumed for the D matrix, but typically D is restricted to a diagonal matrix
and hence the random effects are assumed to be independent. Also, it is assumed that
Cov(e;,b;)= 0O, where O is a n x g matrix of zeros.

The conditional CS model, based on a fixed value of b;, can be given by

Y,'|b,'NMN(X,'/5 +Z,'bi,Ri) i:1,2,...,m (4.4)
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Also, the marginal expected value of y; can be given as
E(y:)= E[E(y:bi)] = X; i=12,...m (4.5)

where E(y;) is referred to as the "marginal" mean. The marginal variance of y; can be

obtained by using the conditional expectation and the conditional variance as follows:
Var(y;))=R;+Z;DZ] =V; i=12,....m (4.6)

From the above assumptions, the marginal distribution of y; is normal with mean X;f3
and variance-covariance matrix V;.

Itis convenient to stack the responses and the model matrices for the individual pro-
file. Lety and X be as given in (2.1). Furthermore, let Z represent a block diagonal matrix
of dimension (n x mq) with Z; along each diagonal block. The estimator of the fixed ef-
fects parameters representing the PA coefficients for all the profiles is given by f;,;, and
prediction of the random deviations from the PA is given by b;y. If V = diag(V}) is

assumed known then it can be shown that
Biy=XTv1IX)'XTvly 4.7)
and the best linear unbiased predictors (bl ups), in stacked-form, are
by =BZ"V(y—XpB) (4.8)

where V=var(y)=ZBZ" + R, with R=diag(R;) and B=diag(D). It can be shown
that B ~ MN(B,(XT V-1X)~!) under the assumption of multivariate normality (Schaben-
berger and Pierce, 2002) and (Demidenko, 2004).

Usually, V is unknown and therefore must be estimated to compute § and b. The
matrix V can be estimated by one of several methods, including maximum likelihood
(ML) or restricted maximum likelihood (REM L). Schabenberger and Pierce (2002) pre-
fer REML to estimate V because it produces estimators with less bias than estimators
obtained using M L. By substituting the estimated values of V and B, V and B, into
(4.7) and (4.8) the parameter estimates and estimated best linear unbiased predictors

(eblups) are obtained.
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The estimated parameter vector for the i’" profile (ﬁf )is
B! =Pim+ 1 i=1,2,...,m (4.9)

where S, represents the PA coefficients for all the profiles. Equation (4.7) can be rewrit-
ten as By = Qo XV x ) Qo XV ys), and b* is a (p x 1) vector containing the
elements of b; DZ Ty 1(yl - X; /J’LM) for the columns of Z; that are equal to those of X;
and zeros otherwise. Consequently 5’; =b, when Z; = X;.

Jensen et al. (2008) used the parametric approach to determine outlying profiles
based on the distance of the estimated parameter vector from the center of the group of
estimated parameter vectors. They introduced a formula for the T2 statistic based on the
sample mean vector and the estimated variance-covariance matrix V for the estimated
parameter vector for the i’" profile (ﬁf ) based on the successive difference estimator of

V. The T? statistics are

T2 =(BF - BOY VUBE - B i=1,2,...m (4.10)

where sz o Zz \Bf and V= z(m ) Z:nll(ﬁz-i-l BOYBLL B

Sullivan and Woodall (1996) showed that using the successive difference estimator
(V) was effective in detecting sustained step changes in the process that occur in Phase
I data. Also, they showed that the distribution of T}, follows asymptotically a 25, distri-
bution for large samples, where "p" the degrees of freedom for the y?2-distribution, is
the number of estimated parameters.

Since the Z;il b; = 0, Jensen et al. (2008) modified the above formula (4.10) for the

LM model as a function of the eblups (b;) as follows:
T30 =(b:) V7' (b;) i=1,2,...,m (4.11)

where V= ;=L 3"" (b1 —b/)(bis1 —b:)T.
In addltlon, the Hotelling’s T? statistics can be performed based on the fitted values

for the cluster specific (ygs,i) and for the population average (yh,) as follow

Tlgurl,i = (S’gs,i _yPA)TV_l(yICJ'S,i _S’PA) = 1’2” <y (412)
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where )‘7’68’ ;is the CS curve fit for the i th profile at  =1,2,..., n’ using the parametric LM
model. The PA curve fitis §%, for the HDS parametrically and V is an n’ x n’ appropriate
estimated variance-covariance matrix for the ?’gs,i, such as either Sp or Sp. This research

showed that the T2

par,i Statistics based on the estimated random effects (as in Equation

(4.11)) and based on the fitted values (as in Equation (4.12)) give the same results and
they are equivalent. The proofs are given in Appendices E and F using pooled variance-
covariance and successive difference, respectively.

Kang and Albin (2000) introduced the parametric 77 statistic for simple linear profile
monitoring. Jensen et al. (2008) introduced the 72 statistic for the LM model case. Also,
their approach is based on the assumption that the fitted model adequately describes
the profile data, which is an unrealistic situation in many practical problems in real life

applications.

4.2 Profile Monitoring for Mixed Models using P-spline Re-
gression

In this section, we extend the p-spline regression method to estimate mixed models
in the profile monitoring context. Also, we introduce diagnostic tools to determine the

presence of outlying profile(s).

4.2.1 P-spline Estimation for Mixed Effects Profiles

The most applicable and flexible models are those that allow for the CS curve dif-
ferences to be NP functions. See Ruppert et al. (2003), and Wegener and Kauermann

(2008) for more details. Recall nature’s LM model CS expressed by (4.2)
y,-jzf(xij)+§,-(xij)+eij i=12,....m j=1,2,...,ni (4.13)

where y;; is a response variable for the j" observation on the i’" profile, with €;; ~
N(0,02), f(x;;) represents the overall PA profile and &;(x;;) is the i’" profile smoother
function, representing the random difference between the i** CS curve and the PA

curve. Both f(x;;) and &;(x;;) can be approximated by a p-spline regression.
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For example, the polynomial basis of order p can be used to approximate &;(x;;),

other basis can be utilized as well, as
p K>
é’i(xij)wbio—i-Zb”xfj+Zti,,k(xij—Kk)_’: i=1,2,...,m j=1,2,...,ni (4.14)
=1 k=1

where p is the order of the polynomial basis with (b, bi1,...,bip)T ~ MN(O, Zb), and
Lipk, ~ N(O, o?), for ith profile, k = 1,2,...,K;, and K, is the number of knots for the
CS curves. In model (4.13), each CS profile has four parts: a PA component (f(x;;))
and the “difference between the i’ CS curve and the PA curve” component. And, each
of these components can be approximated by p-spline regression curves consisting of
a parametric component and a spline component. For example, the PA curve can be
approximated by (2.28) or, in matrix form by (2.29). The random “difference” component

can be approximated by (4.14), where in model (4.14), the i" profile has two parts: the

random parametric component is b;o + Zle b; le i and the random spline component
is ZI,:; Lipk(xij — Kk)i. The coefficient in both components are random.

Utilizing the relationship between mixed models and p-spline regression, the ap-
proximation to model (4.13) can be described succinctly in the mixed model framework

for the i*" profile as
ycs,,-:X,-/J’+Z,~u+X,~b,~+El~t,~—|—€,- i:1,2,...,m (4.15)

where[3 = [ﬁo,/jl,...,ﬁp]T, u= [ul, Usy..., uKl]T, bi = [bio,bil,...,bip]T, and
tip = [tip1, tip2,-. ., tipk,) T It is not necessary for K;, the number of knots for the PA
profile, to be equal to K;. X; and Z; matrices are the same as given in (2.34). In addition

we have

[ o=l G —wl )]

(xini - Ki)f. (xini - KK2)+

The above model (4.15) also can be written in a stacked matrix notation as follows

y=XB+ZB+e (4.16)
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where

Z1 X0 ...0E; ...... 0
u
Z,0X,... 00E, ...0
Z: ) B: b )
............... .
Lzmo 0 oo Xppeunnnnn. E,,
with
U b, t,
u b t
u= 2 , b: 2 R t= 2p ,
i MKl | I bm | i tmp |
and
o1 0 0

Cov(B)=G=| 0 blockdiagi<i<mXp 0
0 0 oil

(4.17)

where o2 controls the amount of smoothing to estimate f(x;;), o7 measures the be-

tween profiles variation, o2 measures the within profile variation, and o controls the

amount of smoothing done to estimate &;(x;;). Now, B and B can be obtained by using

the formulas in (2.25) and B as in (4.18), respectively. For example,

o

=

=GZ"V\(y-XPB)

o
Il
oY

)

with V=ZGZT + 2] with G as in (4.17).

Then the estimated PA curve using p-spline regression is given by
Apj == Xlﬁ +Zlfl
and the estimated CS curve for the i’" profile is

Acg,i:XiB+Ziﬁ+XiBi+Eiii i=12,....m

where ygg,. is the p-spline regression estimator for the i*" profile response.

1
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4.2.2 Diagnostic for Outlying Profile(s) in Mixed Effects Models

In the model (4.15), there are three main sources of variability (not counting the error

term):
e The variability between profiles, represented in (4.20) by o and 0.

e The deviation from the linear polynomial model for the CS curves, as accounted

for the spline functions, represented in (4.20) by 0’2 and o*2.

e The deviation from the linear polynomial model for the PA profile, represented in

(4.20) by o?.
In the following section, we present two steps to determine outlying profile(s) as follows

1. To determine if there are significance differences between the CS profiles and the

PA profile, the CS profile effects.

2. If there are significant differences between the CS profiles and the PA profile, the

next step is to determine the presence of outlying profile(s).

Testing for CS Profile Effects

Since both of PA and CS profiles are modeled via random effects in a LM model, the
absence of one of the effects is characterized by zero value of the corresponding variance
component.

A likelihood ratio test (or restricted likelihood ratio test) to test the presence of the
CS profile effect (the existence of least one profile different from the PA profile) is readily

constructed. That is, the test can be written as
Hopes :0;=0&02=0 VS Hypg:0;>00rc5>0

We fit the model two times, once with these random effects included, resulting in the
likelihood or restricted likelihood value Ly,, and once without the CS profile random

effects, giving Ly, the test statistic is
Lir=2(Ly, — Lu,) (4.21)
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The likelihood or restricted likelihood ratio statistic (L;z) has an asymptotic distri-
bution which is a %( Xa+ )(5 +1)» where g is the number of fixed effects under the null
hypothesis (Ruppert, 2002; Durban et al., 2005; Wegener and Kauermann, 2008). There
are two possible actions that result from this test. First, if we reject the null hypothesis
then one should determine if the outlying profile(s) are present using T? statistic. Sec-
ondly, if we do not reject the null hypothesis then we should use our HDS to estimate

the control limits for Phase I analysis.

Determine Outlying Profile(s)

For the p-spline regression approach, in the mixed effects models, there are two
methods for determining abnormal profiles using T2 statistic. The first method, the 7%

statistics based on the fitted profile values as

T1\27P1,i = (ygg',i _f’gfsl)TV_l(S’gg,i _5’11251 i=12,...,m (4.22)

moreover nggyi is the CS curve fit for the i’" profile at [ = 1,2,..., n’ using the mixed p-
spline regression model as given in Equation (4.20). The PA curve fit is y5; for the HDS
nonparametrically as given in Equation (4.19) and V is an n’ x n’ appropriate estimated
variance-covariance matrix for the % ;, such as either Sy or Sp.

The second method, we use the q?i vectors to calculate the T2 statistics, where

pi= i=12,....m (4.23)

with b; = [bio, b;;]T assuming p = 1 and &; = [#i, fi2,..., fix,]7. If the locations of the
regressor values and the number of observations at each location is the same across all
m profiles (a common occurrence for profile data obtained from designed experiments),
then the T2 statistic can be based on the estimated predicted random effects, as these
represent the possible differences in the m profiles. The T? statistics will be denoted by

2 2 i
Ty p; and Ty, ; and are respectively,

48



Tipi=(di— @) 1"pi—h) i=1,2,...m (4.24)

Si(di—d)Npi—)T
m-—1

and

Z?;l(fl;iﬂ — 0 Piv1— i)
2(m—1)

T =(9i— ) di—¢p) i=1,2,...m (4.25)
where ¢ = ZﬁTﬁ’

We speculate that unusual profile(s) can be determined by comparing TK,PJ., T]\Z,Plyl.
and T, I\Z,PZJ with a value from y2-distribution where the profile will be marked as outlying
if Top > 22 o for i =12,...,m, where a represents the significance level, d f repre-
sents the degrees of freedom which is equal to the tr(Hy ), and H(y , is the smoother

matrix for p-spline regression.

4.3 Profile Monitoring for Mixed Models using Conditional

Local Mixed Models

In this section, we consider a second NP method, one based on the concept of local
weighting applied to the LM models. There are two approaches for localizing. The first
approach is the marginal local mixed (M LM) model. The M LM model contains kernel
weights in the variance-covariance matrix of €, and as a multiplier of the random ef-
fects. The second is the conditional local mixed (CLM) model. The C LM assigns kernel
weights to the variance-covariance matrix of the observation vector conditional on the
random effects. Unlike the parametric approach and CLM models, the M LM model
approach provides only an estimate of the PA curve. For more details see Waterman
etal. (2007). In this work, we are concerned with comparing the CS curves using the NP
mixed model and consequently, NP estimation of the CS curves will be accomplished
exclusively by CLM model estimation. The CLM model will be discussed in the next

section.
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4.3.1 CLM Model Estimation for Mixed Effects Profiles
Consider the localized LM model at x, for the entire HDS
y=XBS +Zb§ + & i=1,2,....,m (4.26)

where X is a (n x p) matrix of model matrices stacked by profile, and Z is an (n x mgq)
block diagonal matrix with random effects model matrices for each profile on the diag-
onals. Notice that the regressors in the parametric mixed model may differ from the re-
gressors in the NP mixed model, and so a (7) represents an NP counterpart. The 5 rep-
resents a vector of unknown fixed parameters called the "localized fixed effects", and b,
represents a vector of random effects or the "localized random effects", bg ~ MN(0, B).
The €, is a (n x 1) vector of error vectors stacked by profile. Also €, = K, Y2¢,, and
€0~ MN(0,K; *RK, "/*) where R is a (n x n) block diagonal matrix, and K, is an (n x 1)
block diagonal weight matrix , and the j** element of the diagonal block K, can be cal-
culated as in (2.43). In addition, the random effects b, are assumed to be normally dis-
tributed with a mean zero vector and a variance-covariance matrix B, which is a block
diagonal matrix, B = diag(D), and Cov(€0,bg) = 0. The subscript "0” indicates that
LM model has been localized for obtaining the fit at x,, and the "C” indicates that the
C LM model is used. This model (4.26) can be written for the i*" profile by including a
subscripti on Y, X, Z, b§ and &.

In general, the local mixed model is a pointwise fit, obtained for each point x, in the
range of x. Thus, there exists /J’OC , bg and € for each value of x,. Furthermore, each pro-
file curve can then be graphically represented by computing the pointwise fit at many
different values with xo = x;, [ =1,2,...,n’/, over the range of the data and connecting
these many fits with straight line segments. This VP approach differs from the para-
metric linear model fit as given by Ding and Zhou (2006), Jensen and Birch (2009) and
Jensen et al. (2008), where the profiles were obtained from a single # and b for all profiles
contained in the HDS.

The previous distribution assumptions at x, can be expressed by

e | (o] | &R o]
o WL 0 8]
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The estimator /5’0C and the estimated predictor f)g at the point x,, can be found using

Henderson’s joint likelihood expression (see Appendix (D.1) for details). The results are
BE=X"V X)Xy y (4.27)

and
b =BZ"V Y (y-XBE) (4.28)

where V= K, /*RK; /> 4+ ZBZT. Of course, in practice 1} must be estimated by ¥ and
used in computing (4.27) and (4.28). Note that, the 'C’ in (4.27) and (4.28) indicates that
f and b are obtained using the CLM model. In addition, /5’06 is an unbiased estimator for
B¢ if the local model is correct. That s, fi(x;)=X;f ].C. (See Appendix (D.2) for details.)
Therefore, the local polynomial regression (LPR) fit of order d of the PA curve fit at

an arbitrary value of the regressor, x,, can be expressed as

¥oro =Xt B =Xt (XTT7 R KTy =0 oy .29)
where x] = (1 xo...x¢), and h§, ; =x{ (X7 V; ' X)"' X" V;"". If x, represents a data point,
say the j*" data point, xj, then th’O becomes th,j where j replaces 0 in (4.29), and
represents the j'" row of the smoother matrix HS,, j = 1,2,..,n’. Consequently, the
n’ x 1 vector of the PA fits at the n’ data points may be expressed as §5, = H5,y, where

CT _ hCT hCT cr
Hg, =[hp, h;,,...h

T
PA,n’ ]

The PA profile can be graphically displayed by calculating the PA fits for several val-

ues (I =1,2,...,n’) covering the range of x. Then the fits can be connected to obtain the

plot for the PA profile.

Now, the LPR fit of order d of the i*" profile at x;, 1=1,2,..,n",is given by
Vs =% B +2]b%, =ypas +2!, DZI VM yi - XiBF)=hSs, v (4.30)

where bgl ~ MN(0, V) Appendix (D.2.1) gives more details, and for mean and variance

for y¢,, see Appendix (D.2.2). The hg; ;, Tepresents the [’ row vector of the local
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smoother matrix (Hg ),l=1,2,...,n’, which is

S,i

X (XTI R) KTV — 2" DZT VY KXV )R 42 DZT U
(K] R) KV 2 DG KK R R D2 |

X0 X0 K 2l DZ] U KK ) K] el D2
where the row vectorsx], and z| are the I*” rows of the X and Z matrices, and V" is the
CLM model variance-covariance matrix for estimation at x;.

The CS fits for the i'" profile can be graphically displayed by calculating the CS fits
for several values, [ =1,2,...,n’, covering the range of x. Then the fits can be connected
to display the CS profile, i =1,2,..., m. As in the parametric mixed models, the CS fits

differ from every profile unless the predictor Bg is equal to the zero vector for all x,.

4.3.2 T2 Statistic Based on C LM Model Fits

We employ the multivariate 72 statistic to assess stability of the n’ observation si-
multaneously, i.e. to evaluate the hypothesis that fi(x;)= f(x;), i=1,2,..., m.
We simply replace a; with S’gs,i and a with y$, in Equation (2.7) to obtain the T2

statistic for the C LM profile fits as follows:
TCZ,i :(S'gs,i _ygA)TV_l(ygS,i _f’gA) i1=12,....,m (4.32)

where i'gs,i is the CS curve fit for the i*" profile at [ = 1,2,...,n’ using CLM model.
¥, represents the PA curve fit for the HDS and V is an n’ x n’ appropriate estimated
variance-covariance matrix for the jzgsyi, such as either Sp or Sp. As stated previously,
a large value of Téyi indicates an unusual f’gs,i’ suggesting that the i'" profile is out-of-

control.

4.3.3 Algorithm for LM Models Profile Monitoring using C LM Model
Fits

We assume that V is a (n’ X n’) common variance-covariance matrix for all profiles.

Then, we propose the following algorithm for NP profile monitoring for LM models in
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Phase I analysis.

*

1. Selecta HDS of m profiles, and fit the C LM model curves for each profile at x7, [ =
1,2,...,n’. Use these curves to obtain y§, and y¢,, and estimate the associated

variance-covariance matrix V by using S,, or Sp estimator.

2. Calculate the T? statistic for each profile as in (4.32), Téi (i=1,2,...,m). Use
Q—Q plots and/or a Kolmogorov-Smirnov test to check that TCZI ; ~ y?-distribution,

approximately.

3. Confirm that, there are no unusual profiles in the data set by examining a control
chart of the test statistic by comparing TCZ, ; to an appropriately chosen y2-value.
2 2 2 :
We remove those profiles where T¢; ; > x(, ;,, Where y(, , ,is the UCL at the a level

of significance and L, = t r(Hg ).

Despite the possibility of less bias for the mean response resulting from using the
NP methods for mixed models, there is a tendency for over fitting as in the fixed effects
model. Mixed model robust regression (M M RR), a hybrid combination of the paramet-
ric LM and N P mixed models, has been shown to minimize the integrated mean square
error when compared to the parametric LM and N P mixed method, while retaining im-
portant features of the data (Waterman et al., 2007). For these reasons, we extended
the MM RR procedure to the area of profile monitoring in Phase I analysis as discussed
in the following section. This second approach is named "mixed model robust profile
monitoring (MM RPM)" and is obtained by incorporating a mixed model approach to

both the parametric and the NP model fits.

4.4 Mixed Model Robust Profile Monitoring Method

The proposed M M RPM method is an adaptation of the M RPM method used with
the fixed effects models. Also, MM RPM can be considered an extension for MM RR to
the area of profile monitoring. Specifically, the MM RPM fit for the PA profile is

yUMEPM — (1 _ Qygh 4+ AyhP (4.33)
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where y5, is the PA fit from the parametric LM model using an appropriate method,
and y5; is an NP mixed model fit for the PA profile using either p-spline regression or
CLM Model.

The MM RPM fit for the i*" CS profile is

CS]\/ZIRPM —(1- X)ylés ; +)Lyfgsl i=12,....m (4.34)

where y’gs, ; is the CS fit from the parametric LM model using an appropriate method for
the i'" profile, and y¢ ; is an N P mixed model fit for the i'" profile.

The MMRPM T? statistic for the separate semiparametric LM models, using the
sample mean (y},"'*""), the CS profiles (y¢'e: '), and the estimated variance-covariance
matrix (V) for the CS profiles, is denoted by T,y ;- The MMRPM T? statistics are

given by
Toinrenari = s —Vea )V Fesi = Ypa ) i=12,...,m (4.35)

where (V) can be replaced by (Sp) or (Sp) as given in (2.8) and in (2.9), respectively,
for the CS fits. The unusual profile(s) can be determined by comparing T, MMRPMl with
the appropriate value from the y?2-distribution. A profile will be marked as outlying if
Tyivreai = Xy 0T i=1,2,..., m, where d f, represents the degrees of freedom which
is equal to the tr(Hyxg "™) , d fo = tr(HE ™) = (1 - A) tr(HEg,) + A tr(HY;), where
=(I-ZBZ"V)X(XTV'X)'XTV-'+ZBZTV~, and H){, is the smoother matrix
for the NP model, with H, gﬁ” as given in (4.31) for the CLM model.
Another version for the MM RPM T? statistics based on a convex combination of the
estimated random effects from the parametric and nonparametric approaches. Let ¢;
refers to the convex combination of the estimated random effects where

ol a-wm |

Y= A i=12,....m (4.36)
O

pS

with b; is the estimated random effects parametrically as in Equation (4.8) and ¢; repre-
sents the estimated random effects via mixed p-spline as given in Equation (4.23). The

mixing parameter (1) can be estimated as in Equation (3.9). Then the MMRPM T?
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statistics can be obtained based on v); as these give the possible differences in the m

profiles. We refer to as T?

MMepM2,; Which is given as

ST i =P Wi — )T
2(m—1)

TAz/IMRPMZ,i:(lﬁi_lﬁ)T[ 17 — ) i=1,2,...,m4.37)

where ) = %

. with a value from

The unusual profile(s) can be determined by comparing T3,z puo.

x2-distribution where the profile will be marked as outlying if TI\%[MRPMZ,i > (1= A)*
UCLpyr + AxUCLyp) for i = 1,2,...,m, where UCLp,, represents the upper control
limit for the parametric method, and UC L yp represents the upper control limit for the

nonparametric method. The estimated mixed parameter is A as in Equation (3.8).

4.5 Chapter Summary

In this chapter, we developed two new methods for mixed effects profile monitoring
using the N P and the semiparametric approaches. For the N P approach we introduced
the p-spline regression and the CLM model to estimate mixed effects profile fits, and
then by utilizing T? statistics we can determined the outlying profile(s). Our semipara-
metric method is the M M RPM as an extension of M RPM to mixed models. In addition,
we presented its corresponding 77 statistic. Chapter 5 gives the results of a Monte-Carlo

simulation study to compare the proposed methods to the parametric approach.
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Chapter 9

A Monte-Carlo Study

5.1 Introduction

o better understand, compare, and observe the practical performance of the meth-
T ods developed in this work, they will be evaluated via simulated results from a
Monte Carlo study. This is done by generation of data from an assumed model and ap-
plication of the estimation methods to the generated correlated and uncorrelated data

sets.

Statistical properties such as simulated integrated mean square error (S/MSE) and
simulated probability of signal for the in-control and an out-of-control situations will
be obtained. The simulation study will also help identify situations in which the para-
metric, nonparametric (INP), and mixed model robust profile monitoring (M M RPM)
methods perform well and when they do not. As mentioned in Chapter 4, mixed effects
models treat the collection of profiles as a random sample from a population of profiles
and thus accounts for the first stage of the sampling process. The second stage, that
of obtaining data within each profile, is represented by the random error terms. Also,
Jensen et al. (2008) showed the superiority of linear mixed (LM) models to account for
autocorrelation within a linear profile using a parametric approach over fitting separate
linear models. Moreover, Jensen and Birch (2009) showed that N LM models could have
significant advantages over nonlinear regression models when the data are correlated or

even uncorrelated within profiles.
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5.2 Simulation Models

Monte Carlo simulation methods are employed to generate a specific number of cor-
related and uncorrelated data sets and calculates the desired criteria. In the examples
studied here, the model is similar to that used in Mays et al. (2001) and Waterman et al.
(2007). The data generated from the cluster specific (CS) model is

Yij = (54 bi)xij +(2+ bip)(xij — 5.5 +7([10 sin(ﬂ();ngl)) +bis]+€ij

i=1,2,...m j=1,2,...,n (5.1)

where y;; is the simulated response for the j* observation from the i’" profile at x;;.
The single regressor X takes on integer values from one to ten, inclusive. The ran-
dom effects are b;;, b;; and b;3, which are generated independently from the normal
distribution with mean zero and variance 0.5. The random errors €;; are assumed to
follow a normal distribution with mean zero and variance-covariance matrix (R).The
variance-covariance matrix R will take on several forms. For the uncorrelated data case,
R will equal 0?1, where o2 error variance and I is the identity matrix. For the corre-
lated data case, R will take the form of the first-order autocorrelation matrix, AR(1), with
corr(€;j,€ij11)=p.

The population average (PA) model can be expressed as
1)
5

TU\Xii
yl-j=5x,-j+2(x,-]-—5.5)2+r[103in((2]—2)]+6ij (5.2)

The parameter 7 is the misspecification parameter. That is, the user will assume that the

data are generated from the quadratic model
Yij = (Bo+bio) +(Br+bi)xij + (B + bia)x}; + €4 (5.3)

The random effects are b;o, b;; and b;,, which are generated independently from the
normal distribution with mean zero and variance 0.5. The random effect b;, was always
estimated as zero from our Monte Carlo simulation. But the true model is the one given
in Equation (5.1), where the trigonometric component times y, the misspecification pa-

rameter, serves as the amount of model misspecification. The user’s model equals the
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true model at y equals zero, the case where there is no model misspecification. Oth-
erwise, the model has been misspecified, and the degree of misspecification increases
with 7.

We consider various amounts of misspecification ranging from y equal to 0 (no mis-
specification), 0.25, 0.5, 0.75 and 1. A plot of the PA models using different values for y

is given in Figure 5.1. The smooth black line (y = 0) occurs when the user’s model equals

90
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Figure 5.1: Plot of PA underlying models (y is the misspecification parameter)

the true model. The sold maroon curve represents the most misspecification in the PA,
when y = 1. The larger disparity between the ¥y =0 and y = 1 models should be reflected
in the simulated integrated mean square error (SIMSE) and simulated probability of
signal from the simulation study.

Three different variance-covariance structure for the random errors (¢;;) were con-
sidered. The first structure considered was independence, with the variance of the errors
equal to 16 (i.e. 02 = 16). Therefore, R = 02I = 16 I. The second covariance structure
was a first order auto-regressive (AR(1)) model where p represents the amount of au-
tocorrelation between error terms for successive equally spaced observations. Here, p

equals 0.2 as a small autocorrelation. The last covariance structure considered was the
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AR(1) model with p = 0.8 and o2 = 16. Thus, the three variance-covariance structures
cover three correlation ranges: uncorrelated (independent), low correlation (AR(1) with

p =0.2), and the high correlation case (AR(1) with p =0.8).

We assumed that there is no misspecification in the variance-covariance structure,
which means that, if the random errors are generated from an AR(1) variance-covariance
structure, then the parametric model is the quadratic model with an AR(1) structure for

R.

In this research, uncorrelated and correlated data sets are generated from different
scenarios. The parameter estimation techniques required by the nonparametric (INP)
and semiparametric (M M RPM) methods are iterative processes. Thus, the fitting of a
number of models and computing the probability of signals for each method requires
substantial computing resources. To determine the minimum number of required sim-
ulation runs that provides sufficient precision of Monte Carlo averages, we examined
the standard errors of the simulated mean square errors for the case where the errors
are independent and the parametric model correctly specified with m =30 and n = 10.
In Figure 5.2, each line represents the Monte Carlo standard error of the average SIMSE
for the three different methods plotted against the number of Monte Carlo simulation
runs of 100, 250, 1,000 and 10,000. The green, the black, and the red lines represent the
Monte Carlo standard error of the average SIMSE for the parametric, the NP, and the
MM RPM methods, respectively. As expected, the black and the green lines are coinci-
dent since the SIMSE from the MM RPM is nearly the same for the parametric method
for the correctly specified model since the average of A, the average of the estimated

mixing parameter, is nearly equal to zero, see Table 5.1.

From Figure 5.2, as the number of runs increases, the standard error decreases and
levels off. Clearly, more than 1,000 runs could be advantageous, but computing time
becomes excessive at this point, as 10,000 runs requires fifty times more computing time
as 1,000 runs. Hence, it is determined that 1,000 runs is satisfactory, acknowledging
that this will retain Monte Carlo variability closer to the desired level. Also, the absolute
relative efficiency based on the Monte Carlo MSE was approximately within 0.2% for

1,000 compared to the 10,000 runs, which still allows a valid comparison of the methods.
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Figure 5.2: Plot of standard error of the average SIMSE versus the number of Monte
Carlo simulation runs for the m =30, n =10 case

The parametric, nonparametric, and semiparametric approaches were utilized to fit
the cluster specific profiles. The parametric approach used the quadratic model with
three random effects. The nonparametric approach used the mixed penalized splines
regression model as described in Section 4.2. The semiparametric approach utilized
our MM RPM method, combining the parametric and nonparametric models via the

mixing parameter A, as described in Section 4.4.

The general procedure for the simulation study used to compare the parametric,

nonparametric, and semiparemtric approaches for profile monitoring is as follows.

Multivariate data that follow a mixed model structure were generated where the ran-
dom errors and the random coefficients follow some specific structure. This is done by
generating univariate normal data. For the correlated data case, the Cholesky decom-
position was used to transform the generated univariate data to multivariate data. The
data are fit with a second order polynomial mixed model (parametric approach) using

proc GLIMMIX from SAS®. The mixed penalized splines regression (nonparametric
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approach) was fit using proc GLIMMIX from SAS®. We include both correlated and
uncorrelated errors in our comparisons. The MM RPM method fits calculating via a
sAS® macro, written by the author and available from the author upon request.

Six T? statistics, two each for the parametric, nonparametric and semiparametric
methods based on the fitted values and based on the estimated random effects, are
computed for each Monte Carlo replication. Once the distribution of each T} statistic is
obtained, an upper control limit (UCL) corresponding to an overall probability of false
alarm (@) may be calculated. Hence, we need the joint distribution of the Tl.2 statistics.
However, the m T? values within each method are correlated, since each T statistic,
(i=1,2,..., m) is based on the same estimated mean and variance-covariance matrix,
thus making the joint distribution of the T value difficult to obtain.

As an alternative, Mahmoud and Woodall (2004), Williams et al. (2006), and Jensen
etal. (2008) suggested using an approximated joint distribution assuming the 77 statistic
values are independent.

We follow their suggestion here. Let a be the probability of a false alarm for any
individual T? statistic, then the approximate overall probability of a false alarm for a

sample of m independent statistics is
Aoverarl =1—(1—a)”
Thus, for a given overall probability of a false alarm, we use
=1~ (1= Coperanr)” (5.4)

in calculation of UC Ls. Mahmoud and Woodall (2004), Williams et al. (2006), and Jensen
et al. (2008) found that UC Ls based on this approach performed well.

When using the asymptotic chi-squared distribution of each T?, Opsomer et al. (2008)
and Jensen et al. (2008), the UCL is given by

UCL)(ZZX(ZI—a,df) (5.5)

where 1(21—(1, ap is the (1 — a) quantile of a ;((Zd f distribution, and d f represents the de-

grees of freedom. The d f for the parametric approach is given as the number of random
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effects in the estimated parametric model. For the nonparametric approach, the d f is
the number of random effects plus the number of knots. The simulation results show
that using the chi-square distribution as an approximation to the actual distribution of
each T? along with above mention values for the d f work very well for the paramet-
ric and nonparametric approaches. However, for the M M RPM method, the simulation
results show that the chi-square approximation works well when the value of d f is ad-
justed to depend on the degree of correlation existing among the error terms. That is,
for independent and low correlated errors (p =0 or 0.2), d f is calculated as the degrees
of freedom for the parametric approach plus the degrees of freedom for the nonpara-
metric approach. For high correlated errors, d f is computed as a convex combination
of the parametric and nonparametric degrees of freedom, where A is the coefficient for
the nonparametric degrees of freedom. In this study, the probability of signal for the

in-control dataset is 0.05, the nominal value.

The actual probability of signal is calculated as the proportion of simulated datasets
where a signal occurred. That is, a signal is given when at least one of the m T? statis-
tics exceeds the control limit. For the parametric approach, we consider the quadratic
polynomial regression model with two random effects, one for linear and one for the
quadratic term. Notice that, the true model, as in Equation (5.1), contains three random
effects, but when the user’s model includes all three random effects, the third random
effect can not be estimated for the data situations considered in our simulation. For the
nonparametric approach, the mixed linear penalized splines regression model with one

random effect on the slope is considered.

To keep the number of scenarios reasonably manageable, the study considers differ-
ent values for the number of profiles (m = 30, 60), profile size (n =10, 20), p =(0,0.2,0.8),
and varying degrees of misspecification (y = 0,0.25,0.5,0.75,1). For the n = 10 and
n = 20 cases, the design points are selected as equally space along the interval from

1to 10.

The simulated integrated mean square error (S/MSE) was calculated as

1 . .
SIMSE = E(ch,i — tes,i) (Yes,i — Ues,i) (5.6)
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at 46 equally spaced design points (values 1 to ten by 0.2), as an arbitrary number of
points picked large enough to detect the differences in curves that may occurred be-
tween the minimum and the maximum values for X. The simulated integrated mean
square error (SIMSE) quantifies the amount by which an estimator (Ycs,;), for the i‘"
profile, differs from the true mean response value of the quantity being estimated (ucs,;)-
The SIMSE values were calculated for the CS using the parametric, nonparametric, and
MM RPM approaches.

In the results that follow, the SIMSE and the probability of signal for the in-control
and the out-of-control situations for the uncorrelated and correlated scenarios with dif-

ferent combinations of m, n, and different levels of misspecification were calculated.

5.3 Uncorrelated Data

Our initial study is for an uncorrelated error situation, where p = 0. We show here
the SIMSE and the probability of signal for in-control and out-of-control scenarios with
various degrees of misspecified parametric models.

Table 5.1 contains the estimated average mixing parameter (7:L) and the SIMSE val-
ues corresponding to a given degree of misspecification for the independence case. The
first and second columns give the number of profiles (m) and profile size (n), respec-
tively. The third column contains the degree of misspecification (y). The average mix-
ing parameter (1) is given in the fourth column. Columns five through seven contain
the SIMSE from the parametric (Par) using the mixed polynomial regression model,
nonparametric (N P) via mixed linear penalized splines regression and semiparametric
(MM RPM) methods, respectively.

The values in bold represent the smallest SIMSE values. The values in brackets rep-
resent the Monte Carlo standard errors using 1,000 replications. All of the results in
Table 5.1 were as expected. As the number of observations per profile (n) increases, the
SIMSE for each method decreases, as more observations will result in estimates that
will be more precise. There is a smaller decrease for the SIMSE from the parametric

CS fits especially for the misspecified model. Of most interest is the behavior of SIMSE
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Table 5.1: SIMSE and average A across m, n, and y. Monte Carlo standard errors in

parenthesis. Best values in bold.

m| n Y A Par NP MMRPM
0.00 | 0.03 | 2.51(0.45) | 4.04 (0.57) | 2.50 (0.45)
0.25 | 0.10 | 5.45(0.46) | 7.29(0.65) | 5.40 (0.45)
30 | 10 | 0.50 | 0.57 | 14.42 (0.53) | 12.21 (0.81) | 11.86 (0.61)
0.75 | 0.92 | 29.72(0.78) | 9.58 (0.94) | 9.55(0.92)
1.00 | 1.00 | 51.71(1.28) | 11.15(1.02) | 11.15 (1.02)
0.00 | 0.02 | 1.25(0.22) | 2.07(0.32) | 1.25(0.22)
0.25 | 0.20 | 4.24(0.25) | 5.04 (0.35) | 4.15(0.25)
30 | 20 | 0.50 | 0.96 | 13.26 (0.28) | 8.71(0.46) | 8.71 (0.46)
0.75 ] 0.98 | 28.38 (0.37) | 5.44 (0.47) | 5.44(0.47)
1.00 | 1.00 | 49.73 (0.53) | 6.65 (0.50) | 6.65 (0.50)
0.00 | 0.02 | 2.50(0.32) | 4.04(0.42) 2.50 (0.32)
0.25 | 0.10 | 5.47(0.35) | 7.44(0.45) | 5.43(0.33)
60 | 10 | 0.50 | 0.56 | 14.39 (0.36) | 12.20 (0.56) | 11.80 (0.42)
0.75 | 0.92 | 29.65 (0.52) | 9.58 (0.87) | 9.57 (0.66)
1.00 | 1.00 | 51.57 (0.85) | 11.16 (0.73) | 11.16 (0.73)
0.00 | 0.01 | 1.26 (0.17) | 2.07(0.22) | 1.26 (0.17)
0.25 | 0.20 | 4.26(0.17) | 5.03(0.25) | 4.17 (0.17)
60 | 20 | 0.50 | 0.97 | 13.27 (0.20) | 8.70(0.33) | 8.70(0.33)
0.75 | 0.98 | 28.38 (0.27) | 5.44 (0.35) | 5.44 (0.35)
1.00 | 1.00 | 49.69 (0.39) | 6.61 (0.36) | 6.61 (0.36)

as a function of y. For y = 0, the no model misspecification case, the SIMSE for the

parametric and the M M RPM methods are identical (or nearly so).

We see that the average of A is near zero and thus the MMRPM method results
are identical to the parametric method results (or nearly so). For large values of 7, the
most severe model misspecification case, the nonparametric and MMRPM methods
are identical (or nearly so). As indicated by the average A, the MMRPM method is
mostly or all composed of the nonparametric method. For intermediate values of 7,
the mild model misspecification case, we see that the M M RPM method performs bet-
ter than either the parametric or the nonparametric method. Thus, the claim that the
MM RPM method is robust to model misspecification is supported by this simulation.
Additionally, we see that the main advantage of the MM RPM over either the paramet-

ric or the nonparametric methods occurs when the user’s model is partially correct and
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provides a reasonable but not wholly satisfactory fit to the data.

Next, consider the simulated probability of signal for the in-control scenario. The

and T?

2
T, MMRPM]1,i

2
T NP1,i?

Parl,i ?

as in Equations (4.12), (4.23) and (4.35), respectively, are
calculated from the parametric polynomial mixed model, the mixed linear penalized
splines, and the mixed model robust profile monitoring methods, respectively, using
the fitted values for the cluster specific profile at n’ observations for each profile. Also,

and T?

MMRPM?2,i

]Q

NP2,i’

]Q

Parziv asin Equations (4.11), (4.25) and (4.37), respectively, are cal-

culated based on the estimated random effects from all three approaches; parametric,
nonparametric, and semiparametric, respectively.

Furthermore, we included in this study two versions for estimating the variance-
covariance matrix; one using the pooled variance-covariance matrix (15) as given in
Equation (2.8), and the other based on successive difference variance-covariance ma-
trix (1p), as given in Equation (2.9). A simulation study, not presented here, showed that
the T2 statistics using V4 are not efficient in detecting the step shift, regardless of the
estimating method, whether parametric, or nonparametric, or semiparametric. This re-
sult is consistent with those from Sullivan and Woodall (1996), and Vargas (2003). Thus,

this simulation study focuses only on the T?Z statistics based on Vj.

Table 5.2 shows the proportion of the 1,000 datasets that had a signal on the control
charts for various 77 statistics for the in-control scenario and correct model specifica-
tion (y = 0). The UCL were calculated based on the approximate chi-squared distribu-
tions with the d f chosen as described before. The first and second columns give the
number of profiles () and the number of observations per profile (n), respectively. The
third column presents the true autoregressive coefficient values (p). Columns four, five
and six contain the simulated probability of signal from the T2 statistics using the fitted
values from the parametric (Tlfmu), the nonparametric (7

(T

MMRPM]1,i

1 ;)» and the semiparametric

) approaches, respectively. The simulated probability of signals from the T?
statistics based on the estimated parameter values utilizing the parametric ( Tﬁmzy ;) the

nonparametric (75, ;), and the semiparametric (T, ) approaches are given in the

P2,i MRPM2,i

seventh, eighth, and ninth columns, respectively.

We see from Table 5.2 that for the in-control situation, it appears that the T}, ; and
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Table 5.2: Proportion of data sets with a signal for in-control scenario using the chi-
squared distribution based on d f (degrees of freedom). The nominal value is 0.05.

T2 based on the fitted values | 72 based onthe eblups
m | n | p | T | Topni | Timresni || Toarzi | Teezi | Tanirenzi
0.0 || 0.034 | 0.037 0.02 0.034 | 0.037 0.03

30 | 10| 0.2 || 0.035 | 0.032 0.01 0.035 | 0.034 0.02
0.8 || 0.034 | 0.042 0.034 0.034 | 0.035 0.037

0.0 | 0.035 | 0.04 0.013 0.035 | 0.049 0.034

30 (20| 0.2 0.035 | 0.046 0.01 0.035 | 0.044 0.024
0.8 || 0.036 | 0.038 0.037 0.036 | 0.037 0.041

0.0 | 0.047 | 0.054 0.01 0.047 | 0.053 0.031

60 | 10 | 0.2 || 0.049 | 0.048 0.003 0.049 | 0.047 0.019
0.8 || 0.047 | 0.048 0.047 0.047 | 0.040 0.047

0.0 || 0.047 | 0.044 0.01 0.047 | 0.043 0.030

60 | 20 | 0.2 || 0.046 | 0.046 0.004 0.046 | 0.043 0.010
0.8 || 0.039 | 0.042 0.039 0.039 | 0.042 0.039

T2

para,i Statistics for the parametric approach based on the fitted values and the estimated

random effects, respectively, give the same probability of signal for the in-control situ-

ation. This is true for all values of m, n, and p. The results are expected since the two

T, ﬁar’ ; statistics are identical, as stated in Chapter 4 and proved in Appendix F.
We note that the use of Tlfarl,i, Tﬁmz'i, TK,PLZ. and TAZ,PZJ. statistics gives probability of

signal closer to the nominal « level (¢ = 0.05) and that the statistics based on the semi-
parametric approach have smaller probabilities, sometimes much smaller, than those
based on the parametric and nonparametric approaches. Furthermore, the Ty, .../ ;>

and T?

MMrpM2,; Statistics give probability of signal much smaller than the nominal a level

for all values of m. Hence, more work is needed in this area to determine a better ap-
proximation for the UCL.

Next we consider the simulated probability of signal for the data that is generated
from an out-of-control process for the uncorrelated errors case. The power studies were
performed by introducing a step change (6) in the mean vector, 8, with different levels
of model misspecification parameter (y). Since the estimated probability of signal is not
always 0.05 for the in-control data, the power studies were based on a simulated control

limit to ensure that the probability of signal for in-control data will be the same for all
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charts and equal to the nominal 0.05 level. The simulated control limits are given in
Table 5.7.

For the generated data for m profiles, the first / of them were generated from the
in-control distribution using the model as given in Equation (5.1) with 8 = (f;, 8,)T =
(5,2)T, and the last m — [ were generated from the same model and same settings of
the design factors, except that 8 = (81, ;)" = (5,2+ 6)7, where 6 = 1,2, and 4, with
0 = 1 referring to a small shift and 6 = 4 representing a large shift. Therefore, we have
introduced a step change in the mean coefficient vector (for the quadratic term and
consequently in the linear term), causing the last m — [ profiles to be shifted away from
the first [ profiles with different sizes for the shift. In addition, several values of [ have
been tried, and we found that the probability of signal did not depend much on the value
of /. Here, we present the results for / =20 when m =30 and ! =40 when m = 60.

Tables 5.3,5.4, 5.5, and 5.6 give the simulated probability of the out-of-control signal
by utilizing our six T? statistics for different combinations of m and n. In these tables,
the first column gives the degree of misspecification (y) and the size of the shift is given
in the second column. The third through the fifth columns give the simulated probabil-
ity of signal of the out-of-control situation using the parametric (Par), nonparametric
(NP), and semiparametric (M M RPM) methods based on the fitted values for the cluster
specific profiles, respectively. The simulated probability of signal for the out-of-control
scenario obtained via Par, NP, and M M RPM methods based on the estimated random

effects (eblu ps) are given in the sixth, seventh, and eighth columns, respectively.
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Table 5.3: Simulated probability of signal for out-of-control scenario for independent
data set using the six T? statistics with different values of misspecification and shifts for
m =30, n =10 and ! = 20. Best values in bold.

T2 based on the fitted values || 72 based onthe eblups
T Shlft Tlgarl,i T]\prl,i | T]\24MRPM1,I' TlgarZ,i TI\ZIPZ,I' TI\24MRPM2,1'
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.183 | 0.176 0.142 0.183 | 0.117 0.153
0.00 2 0.569 | 0.520 0.429 0.569 | 0.258 0.438
4 0.979 | 0.961 0.904 0.979 | 0.376 0.837
1 0.184 | 0.352 0.400 0.184 | 0.274 0.454
0.25 2 0.571 | 0.715 0.723 0.571 | 0.454 0.777
4 0.979 | 0.983 0.976 0.979 | 0.626 0.971
1 0.184 | 0.610 0.600 0.184 | 0.526 0.697
0.50 2 0.568 | 0.874 0.861 0.568 | 0.692 0.930
4 0.983 | 0.998 0.994 0.983 | 0.921 0.984
1 0.182 | 0.951 0.852 0.182 | 0.926 0.950
0.75 2 0.564 | 0.996 0.968 0.564 | 0.973 0.991
4 0.978 | 1.000 1.000 0.978 | 0.996 0.998
1 0.185 | 0.949 0.856 0.185 | 0.932 0.834
1.00 2 0.558 | 0.996 0.966 0.558 | 0.972 0.992
4 0.975 | 1.000 1.000 0.975 | 0.994 0.993

Comparison of Table 5.3 to 5.5 and Table 5.4 to 5.6 shows that as the number of pro-
files (m) increases, the simulated probability of signal of the out-of-control situation
increases for all the methods that are presented here for most of the y and shift values,
especially for the moderate and large shifts. The nonparametric method based on the
fitted values gives a higher probability of signal than the one based on the estimated
random effects, because the number of knots has been selected subjectively, based on

the scatter plot for the raw data set.
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Table 5.4: Simulated probability of signal for out-of-control scenario for independent
data set using the six T? statistics with different values of misspecification and shifts for
m =30, n =20 and ! = 20. Best values in bold.

T2 based on the fitted values || 72 based onthe eblups
T Shlft Tlgarl,i T]\prl,i | T]\24MRPM1,I' TlgarZ,i TI\ZIPZ,I' TI\24MRPM2,1'
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.183 | 0.141 0.132 0.183 | 0.110 0.151
0.00 2 0.572 | 0.474 0.388 0.572 | 0.218 0.413
4 0.982 | 0.958 0.893 0.982 | 0.323 0.843
1 0.184 | 0.310 0.409 0.184 | 0.237 0.429
0.25 2 0.570 | 0.665 0.751 0.570 | 0.393 0.796
4 0.982 | 0.988 0.993 0.982 | 0.584 0.996
1 0.183 | 0.539 0.401 0.183 | 0.441 0.417
0.50 2 0.566 | 0.847 0.757 0.566 | 0.634 0.695
4 0.983 | 1.000 1.000 0.983 | 0.990 0.986
1 0.185 | 0.919 0.839 0.185 | 0.903 0.813
0.75 2 0.566 | 0.991 0.977 0.566 | 0.958 0.908
4 0.982 | 1.000 1.000 0.982 | 0.991 0.989
1 0.188 | 0.920 0.843 0.188 | 0.898 0.876
1.00 2 0.564 | 0.993 0.975 0.564 | 0.957 0.943
4 0.982 | 1.000 1.000 0.982 | 0.995 0.989

Another important observation from the above Tables 5.3, 5.4, 5.5 and 5.6 is that
the performances of the MMRPM methods based on either the fitted values or the
eblups are much closer to each other and are superior to the parametric and non-
parametric methods for the various degrees of model misspecification. In addition, the
performance of the nonparametric method gets better as the number of observations
per profile increases, since the nonparametric fits become more accurate.

By comparing Tables 5.5 with 5.6, it can be observed that, as n increases, the sim-
ulated probability of signal for the out-of-control situation increases over most of the

combinations of y and shift.
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Table 5.5: Simulated probability of signal for out-of-control scenario for independent
data set using the six T? statistics with different values of misspecification and shifts for
m =60, n =10 and ! = 40. Best values in bold.

T2 based on the fitted values || 72 based onthe eblups
T Shlft Tlgarl,l' T]\prl,i | T]\24MRPM1,I' TlgarZ,i TI\ZIPZ,I' TI\24MRPM2,1'
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.159 | 0.130 0.125 0.159 | 0.087 0.134
0.00 2 0.627 | 0.532 0.462 0.627 | 0.225 0.471
4 0.999 | 0.998 0.982 0.999 | 0.429 0.967
1 0.159 | 0.281 0.363 0.159 | 0.206 0.405
0.25 2 0.622 | 0.721 0.790 0.622 | 0.417 0.849
4 0.999 | 0.998 0.998 0.999 | 0.671 0.999
1 0.155 | 0.492 0.594 0.155 | 0.406 0.615
0.50 2 0.620 | 0.871 0.912 0.620 | 0.640 0.947
4 0.999 | 0.999 1.000 0.999 | 0.964 1.000
1 0.156 | 0.907 0.812 0.156 | 0.858 0.925
0.75 2 0.621 | 0.988 0.974 0.621 | 0.948 0.999
4 0.999 | 1.000 1.000 0.999 | 0.999 1.000
1 0.154 | 0.900 0.811 0.154 | 0.862 0.844
1.00 2 0.616 | 0.988 0.983 0.616 | 0.955 0.954
4 0.999 | 1.000 1.000 0.980 | 0.999 0.994

Figures 5.3 and 5.4 show some results of the power studies for the independent dataset
using T? statistics based on the estimated random effects and the fitted values, respec-
tively. Here m = 60 and n = 10 where the step change occurred after the I = 40 (%m)

profile.

The figures show that the curves corresponding to the use of the MM RPM method
are as good as the parametric approach for the correctly specified model. In other words,
the results from using of the semiparametric (M M RPM) and parametric (Par) approaches
practically coincide, indicating that the two methods will perform similarly in detecting
the step change for the correctly specified parametric model. Furthermore, for the com-
pletely misspecified model (y = g = 1), the MM RPM and the nonparametric methods
have the same performance. For the small and moderate misspecified models, the semi-
parametric method is superior to both the parametric and nonparametric methods for

any m and n combinations. In addition, the nonparametric method is better than the
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Table 5.6: Simulated probability of signal for out-of-control scenario for independent
data set using the six T? statistics with different values of misspecification and shifts for
m =60, n =20 and ! = 40. Best values in bold.

T2 based on the fitted values || 72 based onthe eblups
T Shlft Tlfarl,i | T]sPl,i TI\Z/[MRPMl,i TlgarZ,i TI\ZIPZ,I' TI\24MRPM2,1'
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.157 | 0.135 0.117 0.157 | 0.118 0.147
0.00 2 0.631 | 0.553 0.454 0.631 | 0.268 0.470
4 0.999 | 0.997 0.993 0.999 | 0.502 0.970
1 0.156 | 0.291 0.403 0.156 | 0.264 0.417
0.25 2 0.635 | 0.736 0.820 0.635 | 0.482 0.877
4 0.999 | 1.000 1.000 0.999 | 0.756 1.000
1 0.160 | 0.490 0.407 0.160 | 0.497 0.517
0.50 2 0.630 | 0.880 0.815 0.630 | 0.711 0.741
4 0.999 | 1.000 1.000 0.999 | 0.901 0.996
1 0.153 | 0.904 0.850 0.153 | 0.902 0.890
0.75 2 0.630 | 0.989 0.982 0.630 | 0.979 0.969
4 0.999 | 1.000 1.000 0.999 | 0.999 0.997
1 0.154 | 0.904 0.850 0.154 | 0.904 0.897
1.00 2 0.628 | 0.988 0.983 0.628 | 0.979 0.971
4 0.999 | 1.000 1.000 0.999 | 0.999 0.998

parametric method for the moderate and large misspecification.

Similar simulation results, not shown here, were obtained for different shift sizes
and shift locations. We found the conclusions stated here for the out-of-control data
will hold, no matter the value of / nor the size for the step change (0).

Figure 5.5 shows the simulated probability of signal for various combinations of m
and n for the T2 statistics obtained via the parametric method (blue line), the nonpara-
metric method (red line), and the MM RPM method (green line). The horizontal axis is
the shift (0), and the four large panels show results with various combinations of m and
n. Within the larger panels are smaller panels which show the different degrees of mis-
specification. This figure gives the general picture for the power in detecting the step
change using our three T? statistics based on the fitted values. One can see the same

conclusion as mentioned in Figure 5.4.
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Figure 5.3: Simulated probability of signal for out-of-control scenario for independent
data set with m = 60 and n = 10, for different degrees of misspecification (g), for the
T?—based on eblups.

From the simulation study results for the uncorrelated data scenario, we conclude
that the method that has the best fits, as measured by SIMSE, has the highest probabil-
ity of signal values. Consequently, the parametric has the highest probability of signal
values when 7 is zero, regardless of the size of the shift. The MMRPM is competitive
with the parametric, but nonparametric is not competitive. When y is large, MM RPM
and nonparametric are very similar in probability of signal values across all values of
shift, and values of n, m, and type of T2?. The parametric has very poor probability of
signal values, especially for small shifts, being competitive only if the size of the shift
is large. When 7 is intermediate, MM RPM is clearly superior over nonparametric and

parametric, although when the size of the shift is large, all methods give very similar
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Figure 5.4: Simulated probability of signal for out-of-control scenario for independent
data set with m = 60 and n = 10, for different degrees of misspecification (g), for the
T?— based on the fitted values.

values of probability of signal. Apparently, if the size of the shift is large enough, all
these methods work about the same, even if the model fits the data poorly which means
that the shift can still be detected. Once again, the main advantage of the MMRPM
is its ability to utilize information contained in the parametric model with information
picked up by the nonparametric model to work well in terms of fitting the data and well
in terms of making decisions about the data regardless of the degree of model misspec-
ification in the parametric model. The impact of changing m or n, over the values we

have chosen is minimal compared to the shift effect and the y effect.
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Figure 5.5: Simulated probability of signal for independent data set, for different degrees
of misspecification (g) and all m , and n combinations, for the T?—statistics based on
the fitted values.

5.4 Correlated Structure

In this section, the SIMSE and the simulated probability of signal for the out-of-
control scenario are estimated for the correlated error structure situation. The SIMSE
from estimating cluster specific curves are obtained using the parametric (Par), the
nonparametric (NP), and the semiparametric (M M RPM) methods. In addition, the
simulated probability of signal for the out-of control scenario utilizing both T? statistics
are calculated. In this study, thirty profiles will be considered our “Small” number of

profiles, and sixty profiles our “Large” number of profiles with 10 and 20 observations
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Table 5.7: Simulated 95% cutoff values for T2 statistics using the successive difference

variance-covariance matrices.

T2 based on the fitted values T? based on the eblups
m\|n| p Tpart,i TXpi Tovrean,i Toara,i TXpa,i Tivrpaz,i
0.00 (| 11.974207 | 14.325748 | 15.779216 | 11.974207 | 14.443294 | 17.939123
30 | 10 | 0.20 || 12.069087 | 14.420169 | 15.256804 || 12.069087 | 14.516554 | 16.643221
0.80 || 12.091304 | 14.662319 | 12.120153 || 12.091304 | 14.428173 | 12.197468
0.00 || 12.053110 | 14.784817 | 15.874070 || 12.053110 | 14.933427 | 18.282131
30 | 20 | 0.20 || 12.163374 | 14.977524 | 14.932630 || 12.163374 | 14.780853 | 16.659744
0.80 || 12.145840 | 14.482509 | 12.200920 || 12.145840 | 14.566426 | 12.446697
0.00 || 14.005429 | 16.634808 | 17.612195 || 14.005429 | 16.786829 | 19.842679
60 | 10 | 0.20 || 14.006457 | 16.380257 | 15.579720 || 14.006457 | 16.513157 | 17.473977
0.80 || 14.064860 | 16.529242 | 14.064860 || 14.064860 | 16.119014 | 14.0649
0.00 || 14.014220 | 16.470786 | 17.142925 | 14.014220 | 16.151852 | 19.701466
60 | 20 | 0.20 || 13.840394 | 16.414987 | 15.666122 | 13.840394 | 16.242655 | 17.450160
0.80 (| 13.707113 | 16.169692 | 13.707113 | 13.707113 | 16.143457 | 13.707113

for both cases. Tables 5.8 and 5.9 give the SIMSE and the Monte Carlo standard errors
for the correlated errors structure assuming AR(1) with p equal 0.2 and 0.8, respectively.
The AR(1) with p equals 0.2 will be considered our “Low” autocorrelation and p equals

0.8 our “High” autocorrelation.

One or two SIMSE values are in bold in each row. These bold values are the mini-
mum cluster specific SIMSE for the given y value. As expected, the SIMSE decreases
for the nonparametric and MM RPM estimations as the number of observations per
profile increases. Also, MM RPM estimations have the smallest SIMSE. In Tables 5.8
and 5.9, for example, the nonparametric method has the smaller SIMSE values than
the parametric method for y = 0.5, 0.75 and 1 for different combinations of m and n.
The MM RPM method has the smallest SIMSE for all different values of y. This verifies
our observation that the M M RPM method performs at least as well as the parametric
and nonparametric methods, especially, for y =0 and 1. These results are very similar to

those from the independent data set.

There are some key differences between the uncorrelated and correlated scenarios.
On average, the SIMSE values, for correlated error cases, increase as the correlation

increases. For example, Tables 5.1, 5.8 and 5.9, in the m = 30 with n = 20 case, the
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Table 5.8: Simulated IMSE and average A using correlated data set with p = 0.2 across

m, n, and y. Monte Carlo standard errors in parenthesis. Best values in bold.

mi| n Y A Par NP MMRPM
0.00 | 0.01 | 3.25(0.45) | 5.36(0.57) | 3.25(0.45)
0.25 | 0.05 | 6.16 (0.59) | 8.68(0.85) | 6.14 (0.59)
30 ({ 10 | 0.50 | 0.49 | 15.00 (0.62) | 13.86 (1.03) | 12.96 (0.73)
0.75 | 0.89 | 30.11 (0.81) | 11.34(1.16) | 11.18 (1.10)
1.00 | 0.99 | 51.86 (1.27) | 12.91 (1.23) | 12.92 (1.23)
0.00 | 0.01 | 1.74 (0.33) | 2.91(0.45) 1.74 (0.33)
0.25 | 0.15 | 4.73(0.33) | 6.00 (0.49) 4.67 (0.33)
30| 20| 050 0.85]|13.72(0.36) | 9.87 (0.62) | 9.85 (0.57)
0.75 | 0.95 | 28.79 (0.45) | 6.95 (0.65) 6.90 (0.63)
1.00 | 1.00 | 50.06 (0.59) | 8.16 (0.67) 8.16 (0.67)
0.00 | 0.00 | 3.24 (0.42) | 5.35(0.57) 3.24 (0.42)
0.25 | 0.05 | 6.14 (0.41) | 8.65(0.61) | 6.13(0.41)
60 | 10 | 0.50 | 0.48 | 14.97 (0.41) | 13.85(0.72) | 12.97 (0.51)
0.75 | 0.88 | 30.04 (0.54) | 11.34 (0.82) | 11.21 (0.78)
1.00 | 1.00 | 51.72 (0.84) | 12.92 (0.88) | 12.92 (0.88)
0.00 | 0.00 | 1.76 (0.25) | 2.91(0.32) 1.76 (0.25)
0.25 | 0.15 | 4.75(0.25) 6.00 (0.35) 4.69 (0.25)
60 | 20 | 0.50 | 0.85 | 13.73 (0.27) | 9.87 (0.44) | 9.87 (0.41)
0.75 | 0.95 | 28.79 (0.32) | 6.95(0.47) | 6.92(0.47)
1.00 | 1.00 | 50.04 (0.42) | 8.16 (0.50) | 8.16 (0.50)

SIMSE value for the parametric model at y =0 for p =0, 0.2 and 0.8 are 1.25, 1.74 and
6.25, respectively. Notice that, the mean square error is the sum of the squared bias plus
the variance of the fit when conditioned on the values of the random effects. In the y =0
case, the bias is zero for the parametric and M M RPM methods, hence the mean square
error is the variance of the fit. If the sample size n remains fixed, and p increases, the
effective sample size decreases (as n remains fixed), so the variance must increase as p
increases.

In virtually all of the m = 30 profiles cases, for moderate and large values of v, the
nonparametric and M M RPM have the smaller SIMSE. In addition, MM RPM appears
to have the smallest SIMSE value on average over different degrees of model misspeci-

fication regardless of the sample size.

Also, of interest is the mixing parameter (A) for different amounts of misspecifica-
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Table 5.9: Simulated IMSE and average A using correlated data set with p = 0.8 across

m, n, and y. Monte Carlo standard errors in parenthesis. Best values in bold.

mi| n Y A Par NP MMRPM
0.00 | 0.00 | 7.92(1.75) | 12.13(2.28) | 7.92 (1.75)
0.25 | 0.01 | 10.68 (1.72) | 15.30(2.36) | 10.68 (1.72)
30 | 10 | 0.50 | 0.39 | 19.07 (1.64) | 20.25 (2.44) | 17.95 (1.82)
0.75 | 0.89 | 33.41 (1.54) | 16.41 (2.44) | 16.11 (2.28)
1.00 | 0.99 | 54.10 (1.56) | 17.97 (2.46) | 17.97 (2.44)
0.00 | 0.00 | 6.25(1.32) | 9.64 (1.65) | 6.25 (1.32)
0.25 | 0.05| 9.17 (1.31) 12.91 (1.70) | 9.16 (1.31)
30| 20| 050|054 17.96(1.29) | 17.35(1.72) | 15.87 (1.33)
0.75 | 0.85 | 32.66 (1.26) | 14.30 (1.84) | 13.74 (1.67)
1.00 | 0.95 | 53.43 (1.25) | 15.51 (1.84) | 15.40 (1.79)
0.00 | 0.00 | 7.91(1.24) 12.13 (1.66) | 7.91 (1.24)
0.25 | 0.01 | 10.67 (1.22) | 15.29 (1.72) | 10.67 (1.22)
60 | 10 | 0.50 | 0.38 | 19.04 (1.15) | 20.23 (1.78) | 17.96 (1.30)
0.75 | 0.88 | 33.35(1.07) | 16.44 (1.79) | 16.16 (1.66)
1.00 | 0.99 | 53.98 (1.05) | 18.01 (1.80) | 18.01 (1.79)
0.00 | 0.00 | 6.33(0.96) | 9.69(1.22) | 6.33 (0.96)
0.25 | 0.05 | 9.25(0.95) | 12.95(1.26) | 9.25 (0.95)
60 | 20 | 0.50 | 0.54 | 18.02 (0.93) | 17.39 (1.34) | 15.94 (1.05)
0.75 | 0.85 | 32.72(0.91) | 14.37 (1.37) | 13.82 (1.24)
1.00 | 0.95 | 53.47 (0.91) | 15.54 (1.38) | 15.45 (1.33)

tion, profile size, number of profiles and variance-covariance structure. It is of course
expected that, as the degree of misspecification increases, the average estimate of A
should increase, as more misspecification indicates a greater need for nonparametric
fit. For y =0, the average estimate of A should be close to zero, as the model has been

correctly specified and the MM RPM fit should be equal to the parametric fit.

In all Tables 5.1, 5.8 and 5.9, the average estimate of A (i) is performing as expected.
When y equals zero (one), i gets closer to zero (one) for every combination of m, n and
p. As the number of profiles increases, the 2 approaches the desired value more slowly

as p increases.

Two power studies were performed using AR(1) structure on the random errors with
a low correlation (p = 0.2) and a high correlation (p = 0.8). As in the independence

case, the random effects were assumed to be independent. In addition, the paramet-
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ric approach utilizing the second order polynomial regression model with two random
effects, the nonparametric approach utilizing the mixed linear penalized splines regres-
sion and the semiparametric approach using our M M RPM method are evaluated.

One concern in the correlated data scenario is whether the misspecification term
influences the estimated simulated probability of signal for the out-of-control situations
to the same degree as for the uncorrelated scenario.

The simulated probability of signal for the out-of-control situation for the correlated
data cases appear in Tables 5.10 — 5.17. In all of these tables, the first column gives
the misspecification degrees and the second column contains the step shift sizes. The
third through the fifth columns presents the simulated probability of signal from the
parametric (Par), the nonparametric (NP), and the M MRPM methods based on the
fitted values, respectively. Columns six through the last present the probabilities of sig-
nal from the three methods, Par, NP, and MM RPM based on the estimated random

effects (eblups).

Table 5.10: Simulated probability of signal of out-of-control for correlated data set using
the six T? statistics with different values of misspecification and shifts for m =30, n = 10,
I =20 and p =0.2. Best values in bold.

T2 based on the fitted values || 72 based onthe eblups
y Shlft Tlgarl,i T1\27P1,i | T1\24MRPM1,I' TﬁarZ,i TI\ZIPZ,I' TI\24MRPM2,i
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.172 | 0.171 0.106 0.172 | 0.110 0.126
0.00 2 0.560 | 0.516 0.364 0.560 | 0.250 0.348
4 0.978 | 0.961 0.898 0.978 | 0.379 0.845
1 0.176 | 0.328 0.411 0.176 | 0.264 0.500
0.25 2 0.559 | 0.697 0.700 0.559 | 0.451 0.764
4 0.978 | 0.981 0.978 0.978 | 0.612 0.900
1 0.177 | 0.592 0.659 0.177 | 0.515 0.805
0.50 2 0.556 | 0.868 0.898 0.556 | 0.693 0.966
4 0.978 | 0.997 0.997 0.978 | 0.839 1.000
1 0.179 | 0.942 0.896 0.179 | 0.929 0.982
0.75 2 0.577 | 0.994 0.985 0.577 | 0.970 0.998
4 0.979 | 1.000 1.000 0.979 | 0.995 0.999
1 0.177 | 0.940 0.891 0.177 | 0.930 0.829
1.00 2 0.550 | 0.993 0.985 0.550 | 0.973 0.909
4 0.876 | 1.000 1.000 0.976 | 0.995 0.980
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Table 5.11: Simulated probability of signal of out-of-control for correlated data set using
the six T? statistics with different values of misspecification and shifts for m =30, n = 20,
I =20 and p =0.2. Best values in bold.

T2 based on the fitted values || 72 based onthe eblups
T Shlft Tlgarl,i T]\prl,i | T]\24MRPM1,I' TlgarZ,i TI\ZIPZ,I' T1\24MRPM2,1'
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.182 | 0.131 0.115 0.182 | 0.114 0.150
0.00 2 0.554 | 0.465 0.393 0.554 | 0.222 0.412
4 0.982 | 0.953 0.913 0.982 | 0.342 0.912
1 0.179 | 0.275 0.514 0.179 | 0.242 0.591
0.25 2 0.553 | 0.639 0.815 0.553 | 0.405 0.904
4 0.982 | 0.987 0.999 0.982 | 0.596 0.998
1 0.177 | 0.506 0.511 0.177 | 0.468 0.768
0.50 2 0.553 | 0.821 0.826 0.553 | 0.645 0.946
4 0.981 | 0.997 0.998 0.981 | 0.827 0.997
1 0.173 | 0.912 0.916 0.173 | 0.906 0.983
0.75 2 0.552 | 0.988 0.989 0.552 | 0.969 0.993
4 0.982 | 1.000 1.000 0.982 | 0.992 0.998
1 0.173 | 0.918 0.921 0.173 | 0.905 0.815
1.00 2 0.552 | 0.989 0.990 0.552 | 0.966 0.886
4 0.982 | 1.000 1.000 0.982 | 0.993 0.983

79



Table 5.12: Simulated probability of signal of out-of-control for correlated data set using
the six T? statistics with different values of misspecification and shifts for m =60, n = 10,
I =40 and p =0.2. Best values in bold.

T2 based on the fitted values || 72 based onthe eblups
T Shlft Tlgarl,i T]\prl,i | T]\24MRPM1,I' TlgarZ,i TI\ZIPZ,I' TI\24MRPM2,1'
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.159 | 0.141 0.136 0.159 | 0.096 0.112
0.00 2 0.617 | 0.562 0.514 0.617 | 0.247 0.408
4 0.999 | 0.997 0.995 0.999 | 0.460 0.975
1 0.160 | 0.303 0.547 0.160 | 0.236 0.576
0.25 2 0.620 | 0.746 0.873 0.620 | 0.447 0.897
4 0.999 | 0.998 0.999 0.999 | 0.709 0.996
1 0.162 | 0.523 0.824 0.162 | 0.449 0.864
0.50 2 0.622 | 0.889 0.979 0.622 | 0.671 0.989
4 0.999 | 0.999 1.000 0.999 | 0.999 1.000
1 0.157 | 0.918 0.959 0.157 | 0.880 0.988
0.75 2 0.622 | 0.991 0.997 0.622 | 0.966 1.000
4 0.999 | 1.000 1.000 0.999 | 0.997 1.000
1 0.157 | 0.916 0.956 0.157 | 0.880 0.835
1.00 2 0.624 | 0.992 0.996 0.624 | 0.968 0.927
4 0.999 | 1.000 1.000 0.999 | 0.997 0.999
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Table 5.13: Simulated probability of signal of out-of-control for correlated data set using
the six T? statistics with different values of misspecification and shifts for m = 60, n = 20,
I =40 and p =0.2. Best values in bold.

T2 based on the fitted values | T2 based on the eblups
Y Shlft Tlgarl,i TI\ZIPI,i TZ\Z/IMRPMI,I' TlgarZ,i TZ%PZ,I' TI\Z/IMRPMZ,Z'
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.162 | 0.137 0.132 0.162 | 0.113 0.138
0.00 2 0.651 | 0.556 0.517 0.651 | 0.257 0.446
4 0.999 | 0.996 0.996 0.999 | 0.476 0.984
1 0.165 | 0.289 0.589 0.165 | 0.260 0.653
0.25 2 0.650 | 0.740 0.935 0.650 | 0.469 0.966
4 0.999 | 1.000 1.000 0.999 | 0.742 1.000
1 0.167 | 0.493 0.588 0.167 | 0.472 0.833
0.50 2 0.649 | 0.886 0.942 0.649 | 0.694 0.996
4 0.999 | 1.000 1.000 0.999 | 0.901 1.000
1 0.168 | 0.898 0.945 0.168 | 0.885 0.992
0.75 2 0.647 | 0.991 0.995 0.647 | 0.976 0.998
4 0.999 | 1.000 1.000 0.999 | 0.997 1.000
1 0.164 | 0.899 0.943 0.164 | 0.889 0.804
1.00 2 0.648 | 0.991 0.995 0.648 | 0.975 0.915
4 0.999 | 1.000 1.000 0.999 | 0.996 0.998
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Table 5.14: Simulated probability of signal of out-of-control for correlated data set using
the six T? statistics with different values of misspecification and shifts for m =30, n =10,
I =20 and p =0.8. Best values in bold.

T2 based on the fitted values || 72 based onthe eblups
T Shlft Tlgarl,i T]\prl,i | T]\24MRPM1,I' TlgarZ,i TI\ZIPZ,I' T1\24MRPM2,1'
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.171 | 0.144 0.173 0.171 | 0.113 0.174
0.00 2 0.559 | 0.492 0.561 0.559 | 0.251 0.555
4 0.978 | 0.953 0.978 0.978 | 0.398 0.975
1 0.172 | 0.304 0.438 0.172 | 0.273 0.502
0.25 2 0.560 | 0.671 0.735 0.560 | 0.450 0.748
4 0.978 | 0.985 0.984 0.978 | 0.611 0.985
1 0.173 | 0.549 0.863 0.173 | 0.516 0.996
0.50 2 0.563 | 0.859 0.980 0.563 | 0.713 1.000
4 0.978 | 0.996 1.000 0.978 | 0.857 1.000
1 0.174 | 0.923 0.998 0.174 | 0.932 0.999
0.75 2 0.565 | 0.990 0.999 0.565 | 0.977 1.000
4 0.977 | 1.000 1.000 0.977 | 1.000 1.000
1 0.174 | 0.929 0.998 0.174 | 0.934 0.993
1.00 2 0.565 | 0.989 1.000 0.565 | 0.977 0.999
4 0.976 | 1.000 1.000 0.976 | 0.993 1.000
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Table 5.15: Simulated probability of signal of out-of-control for correlated data set using
the six T? statistics with different values of misspecification and shifts for m =30, n = 20,
I =20 and p =0.8. Best values in bold.

T2 based on the fitted values || 72 based on the eblups
Y Shlft Tlgarl,i T]\ZlPl,i | T]\24MRPM1,I' T[%a r2,i TI\ZIPZ,I' TZ\Z/IMRPMZ,I'
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.173 | 0.146 0.171 0.173 | 0.103 0.161
0.00 2 0.530 | 0.511 0.534 0.530 | 0.236 0.523
4 0.982 | 0.966 0.981 0.982 | 0.369 0.978
1 0.169 | 0.329 0.758 0.169 | 0.250 0.882
0.25 2 0.530 | 0.686 0.938 0.530 | 0.437 0.963
4 0.982 | 0.991 0.999 0.982 | 0.623 0.999
1 0.170 | 0.553 0.824 0.170 | 0.481 0.992
0.50 2 0.530 | 0.851 0.973 0.530 | 0.661 1.000
4 0.980 | 0.997 0.999 0.980 | 0.828 1.000
1 0.169 | 0.941 0.997 0.169 | 0.920 1.000
0.75 2 0.535 | 0.997 1.000 0.535 | 0.966 1.000
4 0.979 | 1.000 1.000 0.979 | 0.997 1.000
1 0.171 | 0.941 0.997 0.171 | 0.921 1.000
1.00 2 0.536 | 0.997 1.000 0.536 | 0.967 1.000
4 0.978 | 1.000 1.000 0.978 | 0.996 1.000
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Table 5.16: Simulated probability of signal of out-of-control for correlated data set using
the six T? statistics with different values of misspecification and shifts for m =60, n = 10,
I =40 and p =0.8. Best values in bold.

T2 based on the fitted values || 72 based onthe eblups
T Shlft Tlfarl,i | T]\Z/PI,i | TZ\Z/IMRPMI,I' TlgarZ,i TI\ZIPZ,I' TI\24MRPM2,1'
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.157 | 0.131 0.157 0.157 | 0.114 0.157
0.00 2 0.623 | 0.547 0.623 0.623 | 0.264 0.623
4 0.999 | 0.997 0.999 0.999 | 0.501 0.999
1 0.160 | 0.287 0.385 0.160 | 0.271 0.462
0.25 2 0.626 | 0.730 0.757 0.626 | 0.500 0.771
4 0.999 | 0.999 0.999 0.999 | 0.747 0.999
1 0.160 | 0.506 0.822 0.160 | 0.513 0.996
0.50 2 0.627 | 0.876 0.983 0.627 | 0.747 1.000
4 0.980 | 0.997 0.999 0.980 | 0.828 1.000
1 0.160 | 0.905 0.993 0.160 | 0.917 1.000
0.75 2 0.623 | 0.993 1.000 0.623 | 0.980 1.000
4 0.999 | 1.000 1.000 0.999 | 1.000 1.000
1 0.167 | 0.902 0.993 0.167 | 0.921 0.996
1.00 2 0.618 | 0.993 1.000 0.618 | 0.981 1.000
4 0.999 | 1.000 1.000 0.999 | 1.000 1.000
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Table 5.17: Simulated probability of signal of out-of-control for correlated data set using
the six T? statistics with different values of misspecification and shifts for m = 60, n = 20,
I =40 and p =0.8. Best values in bold.

T2 based on the fitted values || 72 based onthe eblups
y Shlft Tlgarl,i T1\2/P1,i | TI\Z/IMRPMI,i TlgarZ,i T1\21P2,i TI\Z/[MRPM2,1'
0 0.050 | 0.050 0.050 0.050 | 0.050 0.050
1 0.182 | 0.151 0.183 0.182 | 0.121 0.183
0.00 2 0.663 | 0.585 0.664 0.663 | 0.274 0.664
4 0.999 | 0.997 0.999 0.999 | 0.490 0.999
1 0.182 | 0.300 0.835 0.182 | 0.258 0.961
0.25 2 0.660 | 0.771 0.981 0.660 | 0.487 0.994
4 0.999 | 1.000 1.000 0.999 | 0.739 1.000
1 0.178 | 0.517 0.855 0.178 | 0.458 0.997
0.50 2 0.654 | 0.899 0.991 0.654 | 0.701 1.000
4 0.999 | 1.000 1.000 0.999 | 0.906 1.000
1 0.178 | 0.924 0.996 0.178 | 0.890 1.000
0.75 2 0.648 | 0.992 1.000 0.648 | 0.974 1.000
4 0.999 | 1.000 1.000 0.999 | 1.000 1.000
1 0.179 | 0.926 0.995 0.179 | 0.890 1.000
1.00 2 0.650 | 0.993 1.000 0.650 | 0.972 1.000
4 0.999 | 1.000 1.000 0.999 | 1.000 1.000

Tables 5.10 through 5.13 are for the AR(1) case with p = 0.2. While Tables 5.14
through 5.17 are for the AR(1) case with p = 0.8. There are similarities between the un-
correlated case and the correlated errors structure cases. For y = 0, the parametric meth-
ods should have the highest simulated probability of signal for the out-of-control and
the MM RPM procedure obtains the simulated probability of signal values very close
to the parametric simulated probability of signal values. For y = 1, the nonparametric
method should have the highest simulated probability of signal and the MM RPM gives
simulated probability of signal very close to the nonparametric values. As y increases
from zero to one, the simulated probability of signal values for the MMRPM method
are either the highest values (for low to moderate model misspecification), or are very
close in the value to the “best” simulated probability of signal values. Also, it is ob-
served that as the number of profiles (m) increases the simulated probability of signal
from the nonparametric and MM RPM methods increase for different shift sizes and

various degrees of model misspecification. As the number of observations per each pro-

85



file (n) increases the power of the MM RPM method to detect the step shift gets higher.
In addition, by increasing the degree of autocorrelation between errors the simulated
probability of signal from the nonparametric and M M RPM methods increase. While as
p increases the simulated probability of signal from the parametric method decreases
especially for the small and moderate shift sizes. In general, as p increases the perfor-

mance of the nonparametric and MM RPM methods increases for all values of m and

n.
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Figure 5.6: Simulated probability of signal for the correlated errors structure dataset, for
different degrees of misspecification (y = g), for the T?— based on the fitted values (on
the right panel) and the estimated random effects (on the left panel) with m = 60, and
n=10.
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Figure 5.6 shows the simulated probability of signal for the correlated error struc-
ture cases with m = 60 and n = 10 for the T? statistics obtained via the parametric
method (blue line), the nonparametric method (red line), and the MM RPM method
(green line). The horizontal axis is the shift (6), and four larger panels that show various
combinations of p and the components that were used to calculate 77 statistics. On the
left side, the power curves from different 72 statistics based on the fitted values. While
on the right hand side gives the T statistics based on the estimated random effects.
Within the larger panels are smaller panels which show the different degrees of misspec-
ification and the p values. It is clear that, the performance for the M M RPM method is
superior to the nonparametric and the parametric methods for the misspecified model.
The power curve from MM RPM method is very close to the one from the parametric
method for the correctly specified parametric model. For y = 1 the power curve from
the nonparametric method is very close to the one from the M M RPM method.

In general, when the degrees of misspecification increase the semiparametric and
nonparametric approaches show greater superiority over the parametric approach. We
see that the semiparametric approach is always at least equivalent to the parametric
approach (for the correctly specified model) and often far superior. The MM RPM and
the nonparametric approaches are doing a great job for data sets with correlated errors

structures, a condition common in longitudinal data sets.
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5.5 Chapter Summary

In this Chapter, a Monte Carlo study was performed to compare the simulated in-
tegrated mean square errors and the simulated probability of signal of the paramet-
ric, nonparametric, and semiparametric approaches. Both correlated and uncorrelated
errors structure scenarios were evaluated for varying amounts of model misspecifica-
tion, number of profiles, number of observations per profile, shift location, and in- and
out-of-control situations. The semiparametric (M M RPM) method for uncorrelated and
correlated scenarios were competitive with the parametric and nonparametric over all
levels of misspecification. For a correctly specified model, the SIMSE and the simu-
lated probability of signal for the parametric and the M M RPM methods were identical
(or nearly so). Since the average of A is zero (or nearly so), the MMRPM method re-
sults were the same as the parametric results. For the severe model misspecification
case (large values of y), the nonparametric and MM RPM methods were identical (or
nearly so) where the average of A was one (or nearly so). For mild model misspecifi-
cation case, the M M RPM method was superior to the parametric and nonparametric
methods. Therefore, this simulation supports the claim that the MMRPM method is
robust to model misspecification.

In addition, the M M RPM method performed better for data sets with correlated er-
ror structure. Also, the performances of the nonparametric and M M RPM methods im-
prove as the number of observations per profile increases, since more observations over
the same range of X provides more information about the behavior of mean response,
implying that more knots can be used resulting in greater flexibility in the nonparamet-
ric curves and consequently, the semiparametric curves.

Chapter (6) will give another comparative study for the parametric, nonparametric,

and semiparametric approaches via a real data set.
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Chapter 6

A Case Study

‘ N re conclude the presentation of our proposed methods with a “case study” illus-
trating the use of our procedure applied to a “real world” profile monitoring
problem. The simulation studies have shown that our methods hold both theoretical
potential and possess good performance characteristics in some restricted data setting.
While the features of the simulations appear to be restricted to seemingly simple cases,
it is not unusual for the real data sets to satisfy these restrictions. The case study that
follows illustrates this point.
In this Chapter, we turn our attention to an application presented in Amirhossein
et al. (2009). In the following section, an automobile engine application is presented
followed by a Phase I profile monitoring study using the parametric, nonparametric

and semiparametric approaches.

6.1 The Automobile Engine Application

This application from Amirhossein et al. (2009) concerns the automotive industry.
They want to study the relationship between the torque produced by an engine and
the engine speed in revolutions per minute (RPM). The relationship between torque
and engine speed can be considered as one of the most important quality characteristic
of the automobile engine. The application considered here is for the engine type TU3
which are assembled for a French automobile, the Peugeot. In the study, the engine is
run at different RPM values and the corresponding torque values obtained. Thus, the

torque produced by the engine is considered as response variable and the correspon-
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dent speed in RPM is considered as the explanatory variable.

The profiles that describe the relationship between torque and RPM should be simi-
lar when the manufacturing process is in-control. An engine with mechanical defects or
any other issues hopefully will result in an outlying profile. Because there are multiple
RPM values obtained for each engine it is natural to try to apply a multivariate quality
control procedure to discover engines which have different profiles from the others.

In this data set, we have a total of twenty-six engines as our historical data set for
Phase I analysis. For each engine, 14 engine speed values are set to 1500, 2000, 2500,
2660, 2800, 2940, 3500, 4000, 4500, 5000, 5225, 5500, 5775, and 6000 RPM and the corre-
sponding torque values are reported. Therefore, 14 points are collected for each engine
and form the profile of interested. The data set for the full data set (twenty-six profiles)
was introduced in Amirhossein et al. (2009) and shown in the Appendix G. The raw data

set is shown in Figure 6.1.
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Figure 6.1: The raw data set for 26 automobile engines (Torque vs. RPM)

Figure 6.1 illustrates a typical automobile engine profiles. The data set contains 26
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profiles each of which consists of 14 measurements along the profile. There is no repli-
cation which means that there is a single measurement at each RPM. The raw data set
contains some peaks and dips, not easily captured by the parametric approach. These
curves are clearly nonlinear and thus new techniques to monitor these curves are desir-
able. Therefore, our two new approaches (nonparametric and semiparametric) will be
applied to this data set.

In the next section, the relationship between torque and RPM of an engine can be
modeled by the parametric, nonparametric and semiparametric (M M RPM) methods.

In addition, the mean square error (MSE) is calculated for each method.

6.2 Phase [ Analysis

In a Phase I analysis, we have m quality profiles in the historical data set (HDS).
The main goal of the Phase I analysis is to estimate process parameters based on an in-
control process. The proposed approaches that we consider for this data set will account
for the autocorrelation within engines. These approaches (parametric, nonparametric
and semiparametric) can be considered as methods for data reduction that enable the
determination of outlying profiles.

The parametric approach using the mixed second order quadratic model in one re-

gressor is
yi:(ﬂ0+bio)+(ﬁ1+bi1)X?+(ﬁ2+bi2)X72+€i i=12,....m j=L12,...,n (6.1)

where y; is the vector containing the torque values. The X is a vector containing the
centered RPM values, X; = x; —X. Since the PRMs are fixed for each engine, we denote
the RPM, x;; by simply x;. The €; is the vector containing the errors for the i*" engine.
Torque measurements for this data set were taken at n = 14 different values for RPM,
x;; i=1,2,...,26. Correspondingly, a series of order pairs (y;;,x;;); j =1,2,...,14 results
for engine i and forms the automobile engine profile. Because the RPM values are the
same for all the profiles we have x; = x* for all values of i. The parameters, 5, #; and f3;

are the fixed effects that are common for all profiles. The b;y, b;; and b;3 are the random
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effects for the i*" profile, and are unique for each profile.

Because the random errors for each profile are likely to be correlated, we must ac-
count for their correlation in the analysis. An AR(1) structure for the variance-covariance
matrix X is utilized to model the errors within a profile, as assumed by Amirhossein et al.

(2009) for the linear mixed model (the parametric approach).

The nonparametric approach utilizing the linear mixed penalized spline regression
model as described in Section 4.2. In addition, the semiparametric approach via the

MM RPM method, as described in Section 4.4, is applied to this data set.

The fitted profiles using the parametric, nonparametric, and MM RPM approaches
are illustrated in Figure 6.2 with the raw data as well for the twenty-six engines. Where
the sub-figure (a) represents the raw data set with the population average (PA) curve
(solid black), the sub-figure (b) gives the parametric fits for the cluster specific (CS) and
PA (solid black) profiles, the nonparametric fits for the CS and PA (solid black) profiles
are in sub-figure (c), and the MM RPM method CS and PA (solid black) fits are given in
sub-figure (d). The M SE values are 4.58, 0.44 and 0.43 for the parametric, nonparamet-
ricand MM RPM fits, respectively. Based on the M SE criteria, we can say that the non-
parametric and semiparametric approaches are superior to the parametric approach for

fitting this data set.

We can see the advantages of nonparametric and semiparametric approaches for
fitting this data set more closely by focusing on one profile. Figure 6.3 provides us with
the raw data set and the fitted profile using the three approaches for Engine 329. From
Figure 6.3, one can see that the parametric approach is not able to capture the main
characteristics in the raw data set for this engine, suggesting that the quadratic model
is misspecified. On the other hand, the nonparametric and semiparametric approaches
capture most of the main features in the data set. Furthermore, the MSE for the para-
metric, nonparametricand M M RPM fits are 5.02, 0.66 and 0.66, respectively. This result

further illustrates the conclusions of the preceding graph.
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Figure 6.2: (a) The raw data set for 26 automobile engines with the PA curve (solid black).
(b) Fitted profiles using a second order polynomial mixed model (Parametric Approach)
with the PA curve (solid black) (c) Fitted profiles using linear mixed penalized spline
regression (Nonparametric Approach) with the PA curve (solid black) and (d) Fitted pro-
files using MMRPM method (Semiparametric Approach) with the PA curve (solid black)

In addition, the semiparametric approach relies more on the nonparametric ap-
proach than the parametric model indicating that the parametric model is incorrectly
specified. The estimated mixing parameter (1) value is approximately 0.98. Thus, 98%
of the semiparametric fit comes from the nonparametric fit while only 2% comes from

the parametric fit.

Since all approaches considered in this dissertation assume that the random errors

are normally distributed, the first step in the Phase I analysis is to assess the viability of
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Figure 6.3: (a) The raw automobile engine data set for engine number 329. (b) Fit-
ted profile using a second order polynomial fit for engine number 329 (Parametric Ap-
proach) (c) Fitted profile using linear penalized spline regression fit for engine number
329 (Nonparametric Approach) and (d) Fitted profile using MMRPM fit for engine num-
ber 329 (Semiparametric Approach)

this assumption. To examine if the normality is a reasonable assumption for the para-
metric, nonparametric and M M RPM methods, we show in Figure 6.4 a histogram of the
residuals from each method as an exploratory measure. The residuals have been com-
puted from each method for the 26 engines using the AR(1) structure for the variance-
covariance matrix. Traditional tests of normality, such as the Anderson-Darling test, are
not valid here since the residuals are correlated. Therefore, we use these histograms as

graphical aids to check the normality assumption.

Figure 6.4, gives the histogram for the residuals from the parametric approach (sub-

figure (a)). It can be seen that, the residuals are centered around zero but there is some
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Figure 6.4: (a) Histogram for the residuals from the fitted profiles using the second order
polynomial mixed model (Parametric Approach) (b) Histogram for the residuals from
the fitted profiles using the linear mixed penalized spline regression (Nonparametric
Approach) and (c) Histogram for the residuals from the fitted profiles using the MMRPM
method (Semiparametric Approach) with the PA curve (solid black)

amount of left-skewness in the data. This result is in agreement with the one from
Amirhossein et al. (2009). The histogram for the residuals from the nonparametric ap-
proach (sub-figure (b)) looks very symmetric around zero and the range for the residual
values from two to negative two. The residuals from the semiparametric approach (sub-
figure (c)) strongly resemble data from a normal distribution with mean zero. Hence,
the residuals resulting from the nonparametric and M M RPM methods appear to more

strongly support the normality assumption than those from the parametric method.
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In the following section, we use a T2 based control procedure to investigate the sta-
bility of the process as well as determine if there are outlying profiles using the paramet-

ric, nonparametric and semiparametric approaches.

6.3 The 72 Control Chart

In order to determine if a profile is an outlier or if the profile has shifted, we propose
two methods for each approach: one, by analyzing the vector of the fitted values and
the second by utilizing the vector of the estimated random effects from the parametric,
nonparametric and MM RPM approaches. In Phase I analysis, we are interested in us-
ing the HDS to estimate the mean vector u;, and variance-covariance matrix >, of the
b; vectors, after we have removed the out-of-control profiles.

One method of identifying out-of-control profile is use of the Hotelling’s T2 statis-
tics, as in Chapter 4. Since the T? statistics based on the fitted values and the estimated
random effects are identical for the parametric approach (as proved in Appendix F) and
nearly equal for the other two approaches, we only focus on the T2 statistics based on
the estimated random effects from each one of our methods as given in Equations (4.11),
(4.25), and (4.37), and using the successive differences variance-covariance matrix esti-
mator Vp given in Equation (2.9).

The T? control chart consists of a plot of T? statistics by i for all observations in
the HDS. If a T? statistic exceeds the UCL associated with the chart, then that esti-
mated profile is identified as a possible outlier to be removed from the HDS. In order
to calculate the UCL for the T? chart, we need the distribution of the T? statistics. Un-
fortunately, the exact distribution is unknown. For more details see Jensen et al. (2008),
Williams et al. (2006), Durban et al. (2005), and Gurrin et al. (2005). However, as shown in
Chapter 5, the asymptotic distribution of T7 is a good approximate to the exact distribu-
tion whenever the number of remaining samples, m*, in the HDS is large. For example,
m* should be greater than p? + 3p for the parametric approach. As pointed out in the
simulation section, use of the asymptotic distribution for determining the UC Ls for the

nonparametric and semiparametric is conservative approach, providing UC Ls that are
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slightly larger than they should be resulting in probability of signals slightly smaller than
the nominal value.
For this analysis, the asymptotic distribution of T? using the parametric approach is

;(fif foralli=1,2,...,m. The UCL is calculated as

UCLpar =Y _gq) (6.2)

where Z(Zl_a, g isthe (1—a) " quantile from a y? distribution with g degrees of freedom
and q replaced by the number of estimated random effects.
The UCL for the T? statistics based on the nonparametric estimated random effects

is obtained as

UCLNP :Z(zl—a,dip) (63)

2

where y;_, 4 fup) 18 the (1 — a)*" quantile from a y? distribution with d fyp is replaced by

the number of estimated random effects plus the number of knots.

In addition, the estimated first-order autocorrelation, estimated from the MM RPM
residuals, is 0.5 approximately. Thus, using our results from the simulation section, the
UCL for the T? statistics based on the MM RPM estimated random effects is obtained
as in Equation (6.4), as a convex combination from the parametric UCL and the non-

parametric UCL via a mixing parameter A € [0, 1].
UCLMMRPM:(I—X)*UCLPCN‘F;* UCLNP (6.4)

where 1 is the estimated mixing parameter. For this analysis, we choose ¢yerq1; = 0.05

which corresponds to
a=1-(1—aperan;)™ =1—(1—0.05)% =0.0019709 (6.5)

The upper control limits are calculated as UC Lp,, = 12.459, UCLp =18.942 and UC Ly irpp =
18.755.

We construct the T2 chart for the m = 26 profiles to identify profiles with abnormal
estimated random effects values. The T? values for the parametric, nonparametric and

MMRPM as given in Equations (4.11), (4.25), and (4.37) are listed in Table G.
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Table 6.1: The engine number and the T? statistic values from the parametric, nonpara-
metric and semiparametric approaches.

Engine number 17, Tip T virpm
329 0.89252 | 1.7973 2.3719
449 0.23864 | 4.6104 4.7524
529 411722 | 7.2894 7.5209
642 2.38670 | 4.0708 8.2451
724 3.94504 | 6.8336 7.4838
803 5.40324 | 6.2442 8.1247
930 0.90897 | 2.2802 9.8719
1148 0.09433 | 3.3656 4.6534
1171 0.18307 | 4.2287 6.0321
1516 6.21119 | 4.0571 | 14.0595
1791 8.43671 | 8.2784 9.3176

2600 0.87051 | 3.4187 5.0283
3100 0.52440 | 5.2642 9.4891
3720 1.95266 | 8.6303 10.4570
4025 1.72572 | 4.0617 5.5028
4068 4.52936 | 10.3262 | 11.4102
4926 3.72849 | 11.9014 | 16.5137
5155 2.60457 | 3.6400 4.9992
6143 7.61174 | 5.7080 13.2823
6844 2.62916 | 3.8511 7.0356
7811 1.83053 | 5.9513 6.5747
8007 0.55750 | 2.4177 3.6680
8623 1.36062 | 4.8894 5.2091
9388 5.48545 | 3.4297 | 12.9186
9404 6.57477 | 10.6235 | 11.6023
10430 0.74884 | 3.2251 5.1058

The corresponding control charts are given in Figure 6.5.
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Figure 6.5: (a) T2 control chart based on the estimated random effects parametrically.
(b) T? control chart based on the estimated random effects nonparametrically (c) T2
control chart based on the estimated random effects semiparametrically

From Figure 6.5, we see that the use of the T? charts based on the parametric ap-
proach (sub-figure (a)) does not produce any signal. This result is in agreement with
the one from Amirhossein et al. (2009). In addition, the nonparametric approach (sub-
figure (b)) and MM RPM approach (sub-figure (c)) also do not produce a signal. It is
interesting to note that the parametric, nonparametric and seminonparametric meth-
ods agree on this decision even thought the nonparametric and M M RPM methods give

much better fits for the engine profiles in term of the smaller mean square errors.

Our MSE results along with the plots shown in Figure 6.2 indicate that the quadratic
parametric model is not able to capture the main features in this data set. Also, the

parametric model produce a largest MSE in comparing with the nonparametric and
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MMRPM methods. Our simulation results indicate that using the T2 approach with
a misspecified parametric model is not as powerful at detecting step-shifts in profiles
away for the normative profiles as the nonparametric or M M RPM method. For these
reasons the user should strongly consider using either the nonparametric or MM RPM
results for this data. Despite the fact that all three methods reach the same conclusion
regarding the “in-control” status of each profile, the nonparametric and MM RPM re-
sults provide a better description of the actual behavior of each profile. Thus, the non-
parametric and M M RPM methods give the user greater ability to properly interpret the
true relationship between engine speed and torque for this type of engine and an in-
creased likelihood of detecting unusual engines in future production.

As a result of this analysis, we conclude that all 26 engines can be used to obtain the
parameters estimates on which the Phase 11 control charts will be based. Our conclu-
sion agrees with that expressed in Amirhossein et al. (2009) where they found no unusual

profiles using the quadratic model.

6.4 Chapter Summary

In Chapter 6, the relationship between torque produced by an engine and speed in
automotive industry was studied. The parametric, nonparametric and MM RPM ap-
proaches were utilized for fitting this relationship. The nonparametric and semipara-
metric approaches were superior to the parametric approach in term of the MSE. We
used a Hotelling’s T2 statistic to conduct Phase I studies to determine the outlying pro-
files based on the estimated random effects. The parametric, nonparametric and semi-
parametric approaches showed that the process was stable. Finally, we conclude that
the nonparametric and semiparametric approaches performed better than the para-
metric approach when the user’s model is misspecified by being more efficient, flexible
and robust to model misspecification for Phase I profile monitoring.

In the following Chapter 7, we give the summary and the future works in this area.
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Chapter 7

Conclusion, and Outlook on Future

Research

7.1 Introduction

This chapter summarizes the important nonparametric and semiparametric results
from the previous chapters. Since the work presented here is ongoing research,
directions for future research pertaining the nonparametric and semiparametric meth-

ods will also be given.

7.2 Conclusion

The field of multivariate SPC is an exciting field with a promising future. As products
and process become more competitive and complex it is increasingly more important
for the development and evaluation of statistical methodologies to meet those needs.

In this work, we have developed statistical procedures to monitor a product or pro-
cess whose quality is measured across a continuum where a plot of the resulting re-
sponse forms a profile. Profile monitoring can be considered a relatively new approach
in SPC that is important when the product or process quality is best represented by a
profile at each time period. Profile monitoring combines the concept of fitting profiles
using regression techniques and the notion of separating special cause variability from
common cause variability in quality control.

The majority of previous studies in profile monitoring focused on parametric mod-
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eling of either linear or nonlinear profiles, with both fixed and random-effects, under
the assumption of correct model specification, an unrealistic situation in many practi-
cal applications. The specific shape of the profile addressed here is not specified. That

is, those profiles that can not be well-modeled by a parametric function.

This research studied the fixed and mixed effects models by introducing two new
techniques for profile monitoring in Phase I analysis. The first proposed technique
was the nonparametric approach via penalized spline regression to obtain the fitted
fixed and mixed effects profiles. In addition, we proposed an alternative nonparamet-
ric method based on a localized model to estimate fixed effects profiles, and a localized

conditional linear mixed model for fitting the mixed effects profiles.

The nonparametric approach via linear mixed penalized regression and local mixed
model methods offer population average and cluster specific profile fits with tremen-
dous flexibility. This flexibility is due in part to the fact that they are fit pointwise and
therefore able to model trends that the specified parametric model may be incapable of
modeling. The a linear penalized regression model with random effects for the intercept
and slope is very effective in fitting many complicated profiles and easy accomplished
via many commercial statistics packages. In addition, the local model is typically sim-
ple: fitting a local linear or local cubic mixed model with a random intercept at each x,

value will suffice.

The second proposed technique is a semiparametric procedure in which we com-
bine both parametric and nonparametric profile fits via a mixing parameter to gain ad-
vantages from both. For the fixed effects models, the M RPM method is an extension of
the MRR (Mays et al., 2001) to the area of profile monitoring. For the mixed effects mod-
els, the MM RPM method is an extension of the M RPM method which incorporates a
mixed model approach to both parametric and nonparametric model fits to account for
the correlation within profiles and to deal with the collection of profiles as a random
sample from a common population (Waterman et al., 2007).

For each case, we formulated two Hotelling’s T2 statistics, one based on the esti-
mated random effects and one based on the fitted values, and describe how the cor-

responding UCL values are obtained. In addition, we used two different formulas for
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the estimated variance-covariance matrix: one based on the pooled sample variance-
covariance matrix estimator and a second one based on the estimated variance-covariance
matrix based on successive differences. Moreover, we presented the bandwidth selec-
tion method and the asymptotic properties for the mixing parameter for the fixed effects

models based on the localized model.

A Monte Carlo study was performed to compare the simulated integrated mean square
errors and the simulated probability of signal of the parametric, nonparametric, and
semiparametric approaches. Both correlated and uncorrelated errors structure scenar-
ios were evaluated for varying amounts of model misspecification, number of profiles,
number of observations per profile, shift location, and in- and out-of-control situations.
The semiparametric (M M RPM) method for uncorrelated and correlated scenarios was
competitive and, often, clearly superior with the parametric and nonparametric over all
levels of misspecification. For a correctly specified model, the STMSE and the simu-
lated probability of signal for the parametric and the M M RPM methods were identical
(or nearly so). Since the average of A is zero (or nearly so), the MMRPM method results
were the same (or nearly so) as the parametric results. For the severe model misspecifi-
cation case (large values of y), the nonparametricand M M RPM methods were identical
(or nearly so) where the average of 1 was one (or nearly so). For mild model misspeci-
fication case, the M M RPM method was superior to the parametric and nonparametric
methods. Therefore, this simulation supports the claim that the MM RPM method is

robust to model misspecification.

In addition, the MM RPM method performed better for data sets with correlated
error structure. Also, the performance of the nonparametric and MM RPM methods
improved as the number of observations per profile increases since more observations
over the same range of X generally enables more knots to be used by the penalized spline
method, resulting in greater flexibility and improved fits in the nonparametric curves

and consequently, the semiparametric curves.

In order to determine if a profile is an outlier or if the profile has shifted, we pro-
posed two methods for each approach: one, by analyzing the vector of the fitted values

and the second by utilizing the vector of the estimated random effects from the non-
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parametric and semiparametric approaches. In Phase I analysis, we are interested in
using the HDS to estimate the mean vector u;, and variance-covariance matrix ¥, of the
b; vectors, after we have removed the out-of-control profiles. Furthermore, we included
in this study two versions for estimating the variance-covariance matrix; one using the
pooled variance-covariance matrix (Vp) as given in Equation (2.8), and the other based
on successive difference variance-covariance matrix (15), as given in Equation (2.9). A
simulation study, not presented here, showed that the T2 statistics using V} are not ef-
ficient in detecting the step shift, regardless of the estimating method, whether para-
metric, or nonparametric, or semiparametric. This result is consistent with those from
Sullivan and Woodall (1996), and Vargas (2003). Thus, this study focuses only on the 7%

statistics based on V5.

Real data was used in a case study where the parametric, nonparametric and semi-
parametric approaches were utilized for fitting the relationship between torque pro-
duced by an engine and speed in automotive industry. Then, we used a Hotelling’s 7°
statistic to conduct Phase I studies to determine the outlying profiles. Here, we focus
our attention to the T? statistics based on the estimated random effects as given in Equa-
tions (4.11), (4.25), and (4.37), and using the successive differences variance-covariance

matrix estimator Vj, given in Equation (2.9).

The parametric, nonparametric and seminonparametric methods showed that the
process was stable even thought the nonparametric and M M RPM methods give much
better fits for the engine profiles in term of the smallest mean square errors. Despite the
fact that all three methods reach the same conclusion regarding the “in-control” status
of each profile, the nonparametric and MM RPM results provide a better description of
the actual behavior of each profile. Thus, the nonparametric and MM RPM methods
give the user greater ability to properly interpret the true relationship between engine
speed and torque for this type of engine and an increased likelihood of detecting un-
usual engines in future production. Finally, we conclude that the nonparametric and
semiparametric approaches performed better than the parametric approach when the
user’s model is misspecified. The case study demonstrates that, the proposed nonpara-

metric and semiparametric methods are shown to be more efficient, flexible and robust
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to model misspecification for Phase I profile monitoring in a real life application.

In summary, the model robust procedures were either superior to or very close to
individual parametric and nonparametric procedures. Thus, our methods are robust to
the common problem of model misspecification. We also found that both the nonpara-
metric and the semiparametric methods result in charts with good abilities to detect
changes in Phase I data, and in charts with easily calculated though conservative con-
trol limits. The proposed methods provide greater flexibility and efficiency than current
parametric methods used in profile monitoring that rely on correct model specification.

We have outlined a number of issues that have yet to be addressed for the nonpara-
metric approach for profile monitoring, and consequently for the semiparametric ap-

proach in the following Section 7.3.

7.3 Future Research

The work presented here is a start in applying mixed penalized spline regression and
mixed model robust ideas to the profile monitoring area. Much additional work needs

to be done. The following are suggestions for future work in these areas.

7.3.1 Messy Data

This work considered “nice” datasets, those with no missing observations, no data
sparseness, and profiles having the same regressor values (balanced design). For exam-
ple, most simulated cases assumed that the profile sample size (1) was either 10 or 20,
and that the design points are uniformly spaced and the same for all profiles. However,
longitudinal studies often involve unequal profile sample sizes, non-uniform spacing
of the design points as well as other abnormalities such as outliers, and missing data.
Messy datasets, as opposed to nice datasets are often seen in the biological and biomed-
ical sciences. It is expected that our methods can accommodate unequal spacing and
different sample sizes as well as other complicating characteristics. It would be interest-

ing to see how our methods perform with such data.
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7.3.2 Generalized Mixed Models

Our research assumed that the random effects and random errors are normally dis-
tributed. However, normality is a common assumption, though not always appropriate.
An important advancement of this work would be the extension of the nonparamet-
ric and semiparametric approaches to profile monitoring for those situations where the
appropriate distribution is one represented by the generalized mixed model, i.e., sit-
uations represented by distributions from the exponential family containing random

effects.

7.3.3 Multiple Regression

We have extended profile monitoring to the application of nonparametric methods
(p-spline, LLR and CLM) based on one regressor. The nonparametric methods can be
extended for the multiple regression case, where P > 2. The nonparametric methods can
also be extended to the higher order coefficients for a single regressor. This will increase
the dimension of the vectors that make up the 72 statistic. From Chapter 2, p-spline re-
gression can be extended easily to the multiple regressors case by adding more columns
to the X and Z matrices. Recall from Chapters 2 and 4, the nonparametric profile fits
are obtained by LLR and CLM methods which are weighted by the kernel weights. The
kernel weights at a specific point are based on the distance measure (x; — x;). To extend
the nonparametric procedure to multiple regression, it is necessary to base the kernel
weights on a multidimensional distance measure. Moreover, our semiparametric meth-
ods can be extended to the multiple regressor case as well. Both nonparametric methods
considered here can easily be extended to the multiple regressor case. However, com-
putational problems such as convergences issues and existence of REM L estimates are
more likely to arise when considering the mixed model case for nonparametric profile

monitoring with multiple regressors.
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7.3.4 Alternative Misspecification

The model misspecification considered in this research is that of the mean model.
There are a number of other ways which a model can be incorrect, including the variance-
covariance structure or effect classification. That is, what would happen to our methods
if the variance-covariance structure specified in either the parametric or nonparametric

estimation was incorrect?

7.3.5 The M M R2 Estimation for The M M RPM Method

The MM RPM method is based upon the model robust regression-1 (M M R1) esti-
mate of Einsporn and Birch (1993). The model robust regression-2 (M M R2) estimate
of Mays et al. (2001) and Mays and Birch (2002) combines a parametric fit with a frac-
tion of the nonparametric fit of the residuals. An M M R2 extension to the mixed model
and then to the profile monitoring areas would be of interest. Much of the work for the
mixed model robust regression based upon M M R2 would simply be a generalization of
the work of Mays et al. (2001), along with results given in this work. Mays et al. (2001)
found that the M M R2 estimate performed slightly better than the M M R1 estimate. Al-
though the two methods were competitive, it would be interesting to compare the MSE

and POS values of the two mixed model robust profile monitoring methods.

7.3.6 Detecting Outliers

In Phase I analysis, we are concerned with identifying a subset of stable data from
the HDS with which to estimate the in-control mean vector and variance-covariance
matrix. Two examples of the out-of-control situations that we seek to find are multivari-
ate outliers and sustained shifts in the mean vector. Vargas (2003) studied the power
properties of the T? statistic based on the minimum volume ellipsoid (M V E) mean and
variance-covariance matrix estimators, and found it was very effective in detecting mul-
tivariate outliers for Phase I analysis. Although, he found that this statistic was not very
efficient in detecting a sustained shift in the mean vector. Jensen et al. (2007), Williams

et al. (2006) and Sullivan and Woodall (1996) studied the performance of the T? statis-
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tic based on the successive difference variance-covariance matrix estimator as given in
Equation (2.9) and found that this statistic was very effective in detecting a shift in the
mean vector. However, this statistic was not very effective in detecting multivariate out-
liers. Jensen et al. (2007) and Jensen and Birch (2009) compared the M VE and the min-
imum covariance determinant (M CD) for detecting multivariate outliers in data. They
showed that using M CD is sometimes better that M VE and thus M CD would be used
on some profile monitoring cases.

For Phase I analysis, a new chart that combines the T? control chart based on our
proposed methods and the T2 chart based on either the MV E or the MCD estimators
of Vargas (2003) could be proposed. It is though that this chart combination might out-

perform any of the existing charts.

7.3.7 Asymptotic Theory

Asymptotic theory for the penalized spline regression method should be considered.
Because the penalized spline regression method is new, the nonparametric asymptotic
theory has yet to be developed. In chapter 3, convergence rates for the theoretically
optimal mixing parameter were given for the local method not for the penalized spline
regression method. Also, our data is of course correlated, so future work on the asymp-
totic theory must take into account the fact that the data are correlated. Asymptotic
distribution for the 72 statistic based on the MM RPM fits should be considered for the

future work to have more accurate control limits.
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Appendix A

Fixed Effects Profiles

A.1 Generalized Least Squares Method

Generalized Least Squares (G LS) utilizes to obtain estimates of the mean response
in a fixed effects profile model (2.3). It is based on that the vector of random errors has
a zero mean vector and variance-covariance R. Under these assumptions, it is easily

shown that
E(y)=Xp and var(y)=R
The least squares estimators found by minimizing the generalized sum of squares
(y—XB)'R™'(y—XPB) (A1)

for all 8. The derivative of the expression in (A.1) with respect to 3 by setting (A.1) equal

to zero vector, which gives
X"R Y (y-XB)=0 (A.2)

The solution for (A.2) gives
B=X"R'X)'X"R 1y (A.3)

which is referred to as the G LS estimator. Notice that, the ordinary least squares (OLS)

is a special case of GLS with R =21, where I is the (n x n) identity matrix.
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A.2 Expectation and Variance for Local Linear Regression
Estimators

Under the assumption thaty; ~ MN(X; /"%, R;), ¥V i =1,2,...,m, it is straightfor-

ward to calculate the expected value and the variance of L%, Since,
BHR=(XTR7' X)X Ry, (A.4)
it follow that,

E(B{*)= E{XIRX)"XR 'y}
= (X/R;'X,)"'X[R;'E(y))
= (XR7X)7 X[ R X"

= E(B/=p"" (A.5)
Applying the variance operation to (A.4), we obtain

Var(B}") = Var {(XR;'X;)"' X R 'y;}
= (XIRI'X)'XTXIR'[Var(y)R; ' X;(XT R X;) ™
= (XTR!' X)X R'R: R X;(XT R X)) !

= Var(B'"=(XIR'X;)™". (A.6)

Since B/ is a linear combination of a multivariate normal distribution variable y; at

xo=xj,(j =1,2,...,n’), one can conclude that B-F ~ MN(BIR (XTR7' X,)0).
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Appendix B

Asymptotic Distribution for T2 Statistic

To find the distribution of T7 Lr,; Which depends partially on the distribution of yé’gff ;

at x} forevery I =1,2,...,n’. We assume that y ~ MN(XB;*%, R;), where 8% is the true

parameter vector at x;, and R; is the known variance-covariance matrix. The n’ fitted

values at the observed regressors locations at %, are given as y-5% = X; 8" Previously,
we showed that §%5% | =x7 B 1" as in (2.49) where

JLLR — (XT R X)) X! R}y i=12,....m 1=1,2,...,n

Since BLIR is a linear combination of a multivariate normal distribution variable y
at x*, it follows that BLF ~ MN(BLIR (XTR;'X;)™"). The proof is in Appendix (A.2).

Therefore, chR follows a normal distribution for the i*” profile at x; with mean

E(Ycsii)=EX B =pupay  1=1,2,...,0 (B.1)

where pips, is the PA mean at x}, and the variance for the y-"

Cs.i1 €an be expressed by

Var(yesh ) =%/ (X R X)) % =51

where s;; represents the [/ diagonal element on the variance-covariance matrix (S).
Since y¢5" , is a linear combination of variables that follow a normal distribution
with mean up,; and variance s;;, the fitted values for the i*" profile at the n’ observed

regressor locations at X;, y¢g,

, which follows a multivariate normal distribution with
mean zero vector and variance-covariance matrix S, where S=diag {s;;},1 =1,2,...,n’.
Hence, (yCS i —upa)t ~ MN(0,S) exactly. To show this in an easy way, let us consider

S'/2 as a n’ x n’ symmetric standard error matrix of CS fits for the i*" profile obtained
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using the eigen-decomposition of S. Then, w; = SV2(y5s" — ppa) ~ MN(0, I). Let
T =] ©; i=12,....m

which can be considered as a sum of n’ standard normal squared variables. It follows

that T2

R~ Z(Zn/)’ where n’ is the appropriate degree of freedom, a topic to be discussed

this later.
If S is unknown, as is often the case, the exact distribution of TLZLR ; cannot be deter-
mined. The regular solution is to estimate S using a sample variance-covariance matrix

(S) of yééf Also, up, is estimated with §p, using all the in-control phase I data at x}. The

distribution of 77, . €an be approximated by an y2-distribution for a large sample size

with n’ degrees of freedom. See Rencher (2000) and Bowman (2006) for more details.

Suppose that (y¢5F —y55*) ~ MN(0,5) is an unbiased estimator of the (§&5% — tp4) for

i=1,2,...,m at the n’ observed regressors locations, then the T? statistics for the LLR

fits are given by
Tiini=Wcsi — V) S Fesi— Vi) i=12,..,m (B2)

where S is an asymptotic consistent estimator for S as m — oo.

If the i*" profile is in-control then
TLZLR,i ~ Z(ZLI) (B.3)

where L, represents the approximate degrees of freedom.
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Appendix C

Asymptotic Properties with Proofs for

the Mixing Parameter

C.1 Asymptotic Theory for the Mixing Parameter

Let us consider thatyis a real valued response and x is a vector valued predictor. The

PA profile can be written as

Vii =yY(xij)+€ij i=12,...,m, j=12,...,n; (C.1)
and the i*" profile can be expressed as

Vij =yi(xij)+ € i=1,2,...,m, j=12,...,n;

where y(.) and ;(.) are the true PA and CS mean functions, respectively. It is as-
sumed that €; ~ MN(0,R;) is a vector of errors following an independent multivari-
ate normal distribution with mean zero vector and variance-covariance matrix R;. The
values of regressors X’s are fixed uniformly, taking values in a compact set in %4, and
Y =[Y(x)11,..., Y (X)mn,]" is a continuous and differentiable function.

Asymptotic theory is applied for the PA model which can be extended to the CS
models in the same way. "Asymptotic" here means that for fixed values of regressors,
the number of clusters tends to infinity i.e. m — oo. In other words, since the cluster is
an independent unit, the number of observations increases without limitation through

the number of clusters.
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Let { be the parametric estimate, and ) represent the nonparametric estimate. There-

fore, our proposed model (C.1) can be written as
p=01-1+A7 (C.2)

where ¢ and 7 are the population average fits.
For any two functions Q; and Q,, we define the inner product and the norm, as in
Burman and Chaudhuri (1992), Starnes (1999), Mays et al. (2001) and Waterman (2002),

as follow:
<Q1,Q>=(1/n)) Qi()QL),
i=1

where Q; and Q. are two functions of x;;, and the norm is given by
QP =< Q1,1 >=(1/1)>_ Qi)
i=1

where [|Q;]| = (< Q1, Q1 >)"/.
Let us denote the distance between the unknown regression function and the para-

metric family of continuous regression models by

rm=inf{|y—¢B)| : BeRr'}

where 7, measures the shortest distance between the true model and the parametric

fit. If we assume that the infimum is unique, then we can replace 8 by a unique value g*

’

Tm=|—2(6%)

where m represents the number of clusters. Therefore, y,, depends on the number of

clusters, and
limp—ooYm =0, (C.3)

especially when the true model v is included in the class of the parametric functions

under consideration by the user. As well, we have

limy,—Ym#0. (C.4)
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is for the misspecified parametric model.

Let 6, represent the mean square distance between the true model and the NP fit
N 2
&m=E(|nCxi)— |

Consider the distance between the proposed model fit and the true model function to

be

A= +20 -y

The value A should be selected to minimize the distance between the unknown re-

gression model ¥ and our proposed model fit y». By doing some algebra, based on the

definitions of the distance and the norm, the optimal value is

_<{-ny>-<i-9>
s ~|12
ol

The first term in the numerator is unknown and needs to be estimated. The other terms

A*

are known. We utilize the leave-one-out approach to estimate A* by using the corre-

sponding data driven optimal mixing parameter (1*)

j,*: < Z—i _Aﬁ_i:i_z>
[¢=l

where ¢_; and Z_; are the parametric and nonparametric fits, respectively, based on all

(C.5)

clusters except the i‘” cluster.

Results are obtained under the following assumptions:

L [|¢(B, )~ £(B*,)|| = 0p(m)
This assumption is for the parametric fit behavior. ¢(f,.) can be linear or nonlin-
ear parametric fitted function. This assumption holds for the linear case. To satisfy
the above assumption for the nonlinear parametric function we need the regu-
larity conditions on ¢(f3,.). For more details on the regularity conditions see Ap-
pendix (C.2.4). Therefore this assumption provides the parametric convergence

rate between the optimal parametric fit ({(*,.)) and the user parametric fit ({( /5’ L))
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2. The number of responses plus the number of covariates must not exceed the sam-

ple size.

lln=w|I*=E(|a=v[|")
E([a-y||*)

— zero in probability as m — oo.

This assumption guarantees that the distance Hﬁ — || =0p,(0m).

4. 1imyn(m6,1)=0

This assumption guarantees that the NP fit /) converges at a rate 0,, slower than

the parametric fit £ convergence rate 7.

Fulfilling the above assumptions, we can explain the asymptotic behavior of our pro-

posed model, using the following

Lemma C.1.1 Assuming that conditions (1)through (4) hold.
(@) If lim,,—(0,) is not equal to zero, then we have Hf — 77” =0,(1).
(b) If 6, equal to zero, we have ||5— 77“ =0p,(0m).

This gives the convergence rate of distance between the parametric and NP estimates,

which depends on the status of the user parametric fit.

Lemma C.1.2 Assuming that conditions (1)through (4) are satisfied.
(@ If 1im,;,—0o(0m) is not equal to zero, then we have A*= 0,(6 ).

(b) If 6, isequal to zero, we have A* = Op(5,_n17'5).

This gives the convergence rate of the asymptotically optimal mixing parameter. For
a misspecified parametric model this is given in (a) and for a correctly specified para-

metric model in (b).

Theorem C.1.3 Assuming that conditions (1)through (4) hold.
(@ If lim,—o(6,,) is not equal to zero, then we have ||(1 — )¢+ A0 — 1,[1” =0p,(0m).
(b) If 6, equals zero, we have ||(1 — A+ 20— l/)“ = 0,(m).

This theorem indicates that the distance between the proposed model estimate using

the asymptotically optimal mixing parameter and the true regression model converges
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at a faster parametric rate if the user has specified the parametric model correctly; oth-
erwise it will converge using the nonparametric convergence rate. One should notice
that, the proposed model still uses A* not the estimate A*. In fact, using A* will be the
same as using A* in the asymptotic sense. In other words, the convergence rate for the
entire proposed robust estimate model will converge as quickly as the slowest of the two

component estimates.

C.2 Proof of Asymptotic Theory for the Mixing Parameter

C.2.1 Proofof Lemma (C.1.1)

In the following, we give the proof for Lemma C.1.1

1Z-a] = IE-¢-n+yp—y+|
= IC-0-t-v)+-v)|
jZ=2l + -l +llc-vl -2<Z-ga-v>
t2<l-0¢-y>-2<q-y, -y >
= Ci+Co+C3—2C4+2C5—2Cs. (C.6)

where:
C1=0,(n), and C,=0,(6%,)

using assumptions (1) and (3), in addition to Cauchy-Schwartz inequality, we can see

that:

Ci=[Z=¢[|[n == 0p(Emm)
Cs<||Z=¢||[|¢ =¥ = 0ptrmm)
Co < |[n =4[] =4[|=0prmdm)
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From the previous, it clear that; C, dominates C, and C,, also, C¢ dominates Cs. Hence,

((C.6)) can be written as:

1E-0"= o,62)+ || +]|¢ -] 0ptrm)
= Op(6?n) + Op(Tgn) + Op(Tm)Op(6m)

It is very easy now, to see that:

0p(1)  if Limye(Bm)#0

j2-a["= A
Oy(r3) if 6,=0

Q.E.D.

C.2.2 Proofof Lemma (C.1.2)
To prove this Lemma, let us note that:
r=<q-&n-y>|l-a|"
If 1iMp—roo(6m) # 0. We know that
= |<n-¢a-y>|[|Z-a|”
since |<i-ln-y>|< |<i-gn—y>|+|<n-v,p-¢>+|a-y|

[e=cllla=vl+la=llv-2l+la-v|
= Op(5m)7m +Op(5$n) (C.7)

IA

=>|<n={ 0=y >|=0,(6m)
Then, using Lemma (1), we conclude that
W =|<n-Za—-y>||Z-al " =0uEm)

So, A*=0,(6 ).
If 6,,. We observing that

|1—/1"‘|:|<17—5,77—1/J>|||5_’7”_2
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n-wis a=gle-vllic-a]"
[l =el+tle=wl]lig—a]"
= [om+5a]E-a"

A

using Lemma (1) and 0, =0, then A* =0, (76 1) Therefore

P Op(6m) if limpyoo(6,)#0
Op(ﬂé;nl) if 6,=0

Q.E.D.

C.2.3 Proof of the Theorem (C.1.3)

In the following, we give a proof for Theorem C.1.3. For more details see Burman and

Chaudhuri (1992)

|A =29+ -y < 11— 2%

Z=y||+121 |-y
[E=<]+ =l + -]
= |1 _A*l{Op(ﬂ)+7m}+|x*|op(5m)

< -

If lim,;—00(6,,) # 0. We observing that
(1= + 270 = || = 0p(8.) {Op(m) + 11} +0p(8.)* = Op(B1m)
If 6,, =0. We observing that
|1 =29 + A0 — || = 0,(6,, m) {0, () + 0} + O, () = Op(7)
Therefore we proved that:

Op(0m) if limmo(0m)7#0

Q=2+ 1 n—y| = _
Op(rr) if 6,=0

Q.E.D.
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C.2.4 Regularity Conditions

For more details see Gallant (1987); Vonesh and Chinchilli (1997)

1. f(.)is a twice continuous differentiable vector-valued function in 8 € €2, which is

a compact subspace of %4, and the true parameter §* is an interior point of €.

2. Assume that X; and b; originate from compact spaces of Re! and Re? respectively,

such that their empirical cd f’s — cd f’s as n — o0.

3. Let D;()=[f(.) E(.) aaF—g‘)] where F() = 65F_}i(.)’ itis assumed that the following limits

are all converge uniformly in g €.

o lim,—oo[n 1Y F(.)"F()]and lim, —oo[n™')_; F(.)T VF(.)] are converge

to positive definite matrices.

e lim,—oo[n™1Y.. Di()"D;(.)]

4. lim, — oo[n—lzi(fi(.)—f*(.))TV—l(fi(.)— f*(.)) = G(,, V)] where f*(.) represents
the function with the true parameters, converges uniformly in € Qwith G(., V) =

0 & B = fB* where f8* is true parameter.

5. The €; are iid with mean 0 and arbitrary positive definite covariance matrix » .
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Appendix D

Random Effects Models

D.1 CLM Derivations

For known B and R, variance-covariance matrices, the estimator Po and the esti-
mated best linear unbiased predictions (E BLUF;) for the random effects (deviations)
from the PA at x, can be obtained using the M L approach.

The main idea of the M L approach is to maximize the joint localized likelihood func-
tion of by and €,. Where b, and €, are assumed to be independent and normally dis-
tributed. The joint density is

- 1 |-Y—X/50—Zbo -|T [ R O -|_1 [ y—XpBo—Zb, -|
f(bo,€p)=c x exp ) b 0 B b
0 0

-1/2

n+mpo R 0 ~ ~ ~ ~
where ¢ = (27)” 7 , R=diag(Ry,Ry,...,R,) is (n x n) block diagonal

0 B

variance-covariance matrix for residuals, and B = diag(D) represents a block diago-
nal variance-covariance matrix for random effects.

By taking the logarithm for the joint density of by and &, we get
log f(bo, &)= C —(1/2)[(y = XBo — Zbo)" R~ (y — X fo — Zby) + by B~'b,] (D.1)

where C = log(c). The first term in the right hand side of (D.1), ignoring C, rep-
resents the weighted residuals taking the within-cluster variation into account, while
the second term represents the penalty due to random effects b, taking the between-

clusters variation into account.
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The normal equations can be obtain by differentiating (D.1) with respect to 3, and

b, then equate the results to zero, as follows

dlog f(. ~ 21D 5175 q° XR-1X
a/gdjg(_) = ORIy =y R'X o~y R Zbo — B XR'y+ B KR X By
0

+BIXR-1Zby — b ZT Ry + bl ZTR-1XPy+bIZTR-1Zby + b B-'by]

—DR2XTR'XPo—2XTR'y+2XR"'Zb] =0

(D.2)
The first partial derivative of log f(.) with respect to by is
dl . -1 . S R U
—2;(;)];( )_ (5)[2B™'by+22"R7'Zby— 22" Ry +22" R R
0
= —[B'"bo+Z"R'Zby—Z"R'y+Z"R'XBy] =0
= ZTRy=(B'+ZTR' )b+ ZTR'Xpy (D.3)

The normal equations (D.2) and (D.3) can be written in matrix form as
| xRk xRz | A || xRy |
[ ZTR'X (B'+ZTR2) J l by J l ZTR 1y J
From (D.3), Bg can be obtained as

b =(B'+2TR2) 2R\ (y— XBC)

Taking Vo =ZBZ" + R, it can be proved that G =(B~'+Z"R-'Z)"' =(B— BZV; 'ZB)
and then V' =R~ — R-'ZGZ" R, see (Harville, 1977), and (Waterman, 2002) for more

details. The above formula for b§ can be simplified as follows

Therefore,



= = BZ'"[I-V;'(ZBZ"+R)+V, 'RIR 'y

+ BZI\ZBZT+R)—I1- V' RIRXBC

= =BZ"V'y- BZV,'XB¢

bS = B2V (y— XBO) (D.4)
By substituting (D.4) into (D.2) we get

XTR'y= XTRIXBC+XTRZDC = XTRXBE +Z(BZTV \(y— XBO))]
_ XTRIRBE + XRTRZBZTV Ny — XBE
—XTRRV; (y—XBE)+ XTRIRV; (y— XBE)
= XTRIXBE X"V N y—XBE)+XT"RYR+ZBZ")V; (y—XBE)
- XTRIXBE — X7V (y—XBE)+ X TR\ (y— XBE)

= XXy =XV ly
If (X7 \{)_IX) is nonsingular, then its inverse can exist. Therefore
/30C :(XT%le)—IXT%fly (D5)

If the inverse is not exist then B¢ = (X7 V' X)- X"V ly.

D.2 Derivations for the Mean and the Variance for CLM

Estimators
If we assume thaty ~ MN(XBE, ).
BE=(RTY R KTy,
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it follows that,
EBy)= E{X"v'X)'X"v 'y}
= X'y X) X7V E(®y)
= X"y ' X)) X"V XBE
= E(B)=Ps-
Applying the variance operator to /5’0C we obtain
Var(fy)= Var {XTv ' X)Xy}
= RTVR)RTV Var(y)l T R(RTY T R)
= (RTYR)IXTY YRR YR
= Var(BS)=X"y X))

Since ¢ is a linear combination of a multivariate normal distribution variable y at

x;, 1=1,2,...,n, itfollows that B¢ ~ MN(BE,(XTV; ' X)™).

D.2.1 Derivations for the Mean and the Variance for C LM Predictors
We showed that the EBLUP is b = BZT ;" (y — XBE). By taking the expectation for
b¢,
E(b§)= E{BZ"V'(y-XBS)}
= BZ"V;\(E(y)—XE(5))
= BZTVi'(XBs —XPBy)
= EMbS)=0

where the C LM model is assumed to be correctly specified.

Applying the variance operator to BOC we obtain

Var(b§)=Var {BZ"V; (y— X))}

= Var(§)=  BZTV I —(XTV X)XV Var(yBZT V(I - (X7 X)X Ty )T
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= [BZ"V'=BZTV,{(XTV X XV WY ZBT - v X(X T )y ZBT) T

—BZTV  (XTV T X)X ZBT+ BZT VN (XT Y X)) Z BT

Var(b§) =BZTV ' [I-XXTV X)) - (XTI X)X T H(XT Y X)) ZBT = v

From the above, one can see that b§ ~ MN(0, ).

D.2.2 Derivations for the Mean and the Variance for C LM Estimators/

Predictors for the i’" Profile

Since ycs,i,i =X B +2/ b Therefore, y¢s:, follows a multivariate normal distribu-

tion with mean and variance-covariance matrix for the i*” profile as the following

E(yesi)= E(XIT/JA’IC+ZZ~T,,BZ)

= XlTﬁlC =V¥Ypral = Upa,Ll
The variance for the y¢s,;,; can be expressed by

Var(ycsii)=Var(x] Bf +z;,b;)
= = Var{[x:lT(XTVl_lX)*lXTV,_1 +2/,BZ"V ' —z], BZTVl_lX(XTVl_lX)”XTVl_I]y}

Var(ycs,ii) =AVA

where A= [x/(X7V; LX) 1 X7V 28, BZTV —2! BZTV I X(XTY 1 %) X7, and it

is easy to show that

Varyes:)=x; X"V ' X)X +2 , BZ"V 1 -X(X"V ' X)' X"V, | ZBz] , = s
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Appendix E

The Equality Between the Parametric T2
Based on Fitted Values and Estimated
Parameters Using Moment

Variance-Covariance

E.1 The T2 Statistic Based on the Parametric Fitted Values

From Chapter 4, we know that the T? statistics based on the parametric fitted values

are given by
Tp%arl,i =(Yesi —Ypa)" V- (Yes,i — Ypa) (E.1)

where V can be estimated using moment estimated variance-covariance Vp,and V- rep-

resents the estimated generalized inverse variance-covariance matrix. Let us consider

o _ 2 Yosi
YPA —_ m .

Since

(Yesi —Yea)= [(XiB+2Zb) =D (X:B+Zib;)/m]

= XiB+2Zb;— Zizrlrlxiﬁ — Zin Zib:

m

Zgil Zib; — 22721 b
m m

Notice that, : =0, if and only if all Z; = Z. For example, we assume

that all the measurements are taken at the same 7 locations for each profile which is
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common situation in the real industrial applications.

In addition, this means that, X; = X and V; = V. Also, we have

V= S (Yes,i—Ypa)Yes,i—Ypa)”
P m—1

S (Zibi)(Zib)T
m—1

= g ERbM (E3)
By substituting from (E.2) and (E£.3) in (E.1), then
b

Tﬁarl,i: BiTZiT[Z(—Zi 217 T)-Z;b;

" b

m—1

= BIZTZ(EERE )7, (E.4)

E.2 The T2 Statistic Based on the Estimated Random Ef-

fects (EBLUPS)

From Chapter 4, we have the T? statistics based on the estimated random effects

values are given by

Tgarz,i :(Bi)TV_(Bi) (ES)

where V can be estimated using moment estimated variance-covariance (V»). Such as,

> S (by)(by)T

p= Zumb (E.6)

By substituting from ( £.6) into (E.5), then

DMELL/

TPZ’arZ,i = BzT m—1 bi (E?)

By the properties of the generalized inverse, we know that BiT VAVANES BiT andZ-Zb, =

b;. Thus, it follows that (E.4) is equal to (E.7) and, consequently, T i = Toaroie

127



Appendix F

The Equality Between the Parametric T2
Based on Fitted Values and Estimated
Parameters Using Successive Difference

Variance-Covariance

E1 The T2 Statistic Based on the Parametric Fitted Values

From Chapter 4, we know that the T? statistics based on the parametric fitted values

using the successive difference variance covariance matrix are given by

T =Vesi —Ypa) V- (Yes,i — Ypa) (E1)

where V can be estimated based on successive difference variance-covariance V5, and

V- represents the estimated generalized inverse variance-covariance matrix. Let us con-

. o _ 2imYesi
sider Yp, = lT
Since
(Yesi —Yr)= [(XiB +Zib;)— Z:il(xi/g +Z;b;)/m]
_ 2 n Z,ni X3 Z,"; Zib;
= X,’ﬁ +Z,'bi — rln — rln
= Z:b, (E2)
Notice that, Z"jlﬁzib" = ZZ;‘;"’" =0, ifand only if all Z;,, = Z; = Z. Here, it is assumed that
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all measurements are taken at the same n locations for each profile which is common
situation in the real industrial applications. In addition, this means that, X;;; = X; = X

and V.., = V.=V, Also,

74 3 (Vs i1 —Yes, ) (Yes i1 —Yes,i)T
D 2(m-1)
S (X1 B+Zis1 i)~ (X BAZibi) (X1 B+Zi11Di41)—(Xi B+Z:b:)]
2(m-1)

_ Z;’;l(ﬁiﬂ—ﬁi)(ﬁiﬂ—ﬁi)T T

By substituting from (F2) and (F.3) in (F.1), then

Thi= B2 Z(ELe bbbl 7,5,
— T Zi: (bi+l_b1)(bt+l_b1) _
= Brzi[z(Re e bbby ) g, (F4)

E2 The T2 Statistic Based on the Estimated Random Ef-

fects (EBLUPS)

In Chapter 4, we know that the 77 statistics based on the estimated random effects

values using the successive difference variance covariance matrix are given by
Tpars: = (1) V= (by) (E5)

where V can be estimated using successive difference variance-covariance (V5). Such

as,

7= S (Biss = bi)(Bi —Bi)T

= E6
b 2(m—1) (E6)
By substituting from ( F.6) into (F.5), then
m—1 ¢ SO "
—_ (bjy1—b;)(b;y1—b;))T .
1= bT[(Z’:l( +1—bi)(bis ))]_bi (E7)

2(m—1)
By the properties of the generalized inverse, we know that f).TZ T7T-= B.T andZ-Zb; =

= T2

b;. Thus, it follows that (F4) is equal to (F.7) and, consequently, T, Pml i = Tparoi

using the

successive difference variance-covariance matrix.
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Appendix G

The Automotive Industry Data Set

Table G.1: The Automotive Industry Data 26 Automobile Engine, Torque (T) vs. RPM

RPM (x) || T—E329 | T—E449 | T—E529 | T—E642 | T—E724 | T—E803 | T—E930
1500 98.53 96.35 98.77 96.7 96.75 97.61 100.06
2000 102.65 100.74 103.03 100.05 100.87 102.46 103.6
2500 113.82 110.67 111.99 111.17 110.14 112.18 112.74
2660 115.26 113.06 112.78 111.51 110.48 112.99 113.56
2800 116.24 114.58 113.14 112.01 110.94 114.54 112.85
2940 117.06 114.98 113.73 111.23 111.17 115 114.49
3500 109.89 108.55 110.3 105.64 105.78 108.99 108.95
4000 109.65 107.41 109.35 106.02 103.37 107.95 108.24
4500 105.72 103.9 107.61 103.11 102.23 103.65 105.56
5000 99.74 97.99 100.64 97.4 96.06 96.94 98.92
5225 95.97 94.27 97.59 93.88 92.39 92.78 95.41
5500 89.47 88.45 91.68 88.17 86.54 86.41 89.19
5775 81.96 81.44 84.58 81.18 79.31 78.6 81.85
6000 74.9 75 77.48 75.03 73.13 71.97 75.09

|| RPM (x) || T—FE1148 | T—E1171 | T—E1516 | T—E1791 | T—E2600 | T—E3100 | T— E3720 |
1500 98.53 96.35 98.77 96.7 96.75 97.61 100.06
2000 102.65 100.74 103.03 100.05 100.87 102.46 103.6
2500 113.82 110.67 111.99 111.17 110.14 112.18 112.74
2660 115.26 113.06 112.78 111.51 110.48 112.99 113.56
2800 116.24 114.58 113.14 112.01 110.94 114.54 112.85
2940 117.06 114.98 113.73 111.23 111.17 115 114.49
3500 109.89 108.55 110.3 105.64 105.78 108.99 108.95
4000 109.65 107.41 109.35 106.02 103.37 107.95 108.24
4500 105.72 103.9 107.61 103.11 102.23 103.65 105.56
5000 99.74 97.99 100.64 97.4 96.06 96.94 98.92
5225 95.97 94.27 97.59 93.88 92.39 92.78 95.41
5500 89.47 88.45 91.68 88.17 86.54 86.41 89.19
5775 81.96 81.44 84.58 81.18 79.31 78.6 81.85
6000 74.9 75 77.48 75.03 73.13 71.97 75.09
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Table G.2: The Automotive Industry Data 26 Automobile Engine, Torque (T) vs. RPM

(Cont.)

RPM (x) T—E4025 | T—E4068 | T—E4926 | T—E5155 | T—E6143 | T—E6844 | T— E7811
1500 100 97.98 97.29 100.97 93.13 93.11 95.38
2000 103.27 104.98 105.86 104.96 101.02 103.43 101.25
2500 111.46 114.9 115.25 112.47 111.25 112.02 111.53
2660 111.8 116.06 117.83 113.04 111.83 113.2 112.11
2800 113.02 116.65 117.97 113.91 113.27 113.77 112.6
2940 113.55 116.18 117.77 114.22 113.04 113.77 111.76
3500 108.87 109.65 111.31 110.46 105.6 109.15 108.12
4000 107.6 109.06 110.97 109.66 106.15 108.05 106.62
4500 104.44 105.01 107.37 106.79 104.12 103.46 102.92
5000 97.5 97.43 100.53 100.27 97.45 98.26 96.35
5225 94.04 94.04 97.17 96.48 94.68 94.26 93.14
5500 87.89 87.51 90.47 90.74 88.59 89.09 86.75
5775 80.04 79.36 83.51 83.5 81.08 81.06 80.27
6000 73.18 72.34 76.34 76.38 75.77 74.14 73.47

|| RPM (x) || T—E8007 | T—E8623 | T—E9388 | T—E9404 | T — E10430 ||

1500
2000
2500
2660
2800
2940
3500
4000
4500
5000
5225
5500
5775
6000

98.28
101.29
112.2
112.57
113.06
112.37
107.03
106.37
104.1
98.01
94.21
87.53
80.08
73.9

96.79
103.64
112.73
113.92
113.35
112.78

108.2
107.06
105.27

98.47
95.67
89.41
82.57
76.31

96.45
104.52
113.78
114.59

115.4
115.86
110.78
110.21
106.75

99.94
96.94
90.24
82.65
76.76

91.53
100.72
110.71
111.72
112.29
111.61
105.21
106.22
101.73

96.59

93.78

87.29

78.97

72.8

98.37
102.4
112.67
113.76
115.41
113.01
110.08
109.51
106.09
99.84
96.46
90.16
82.74
75.82
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