RN STRAIN WAVE PROPAQATION IN THERMOELASTIC MEDIA
by
Kuang-Liu axeng
Dissertation sutmitted to the Graduate Paculty of the
Virginia Polytechnic Institute
in candidacy for the degree of

Doctor of Philosophy

in

Engineering Mechanics

May 1961

Blacksburg, Virginia



1.

II.

III1.

Iv.

v.

TABLE OF CONTENTS

INTRODUCTION

ROMENCLATURE

GENERAL EQUATIONS OF THERMOELASTICITY

(1)
(2)
(3)
(4)
(5)
(6)
(7)

The Equations of Strain-Displacement Relations

The Equations of Stress-Strain Relations

The Equations of Motion

The Bquation of Heat Conduction

The Entropy of an Elastic Element

Resolution of the Displacement Vector into Components
Stresses and Strains in Terms of the Scalar and

Vector Punotions

PROPAGATION OF PLANE WAVES IN AN INFINITE MEDIUM

CHARACTERISTICS OF DILATATIONAL WAVES

(1)

Steady State

(A) Frequency range I
(a) Reduction to the Uncoupled Case
(b) sSolutions for Lower Frequencies
(¢) solutions for Higher Frequencies

(B) Frequency Range II

(C) Frequenay Range III

Page No.

13
19
19



VII.

VI1I.

XI.
- XII.
XIiI.

XIv.

(2) Unsteady State
(A) Period of Rise
(B) Period of Decay
(C) Exceedingly High Rate of Rise or Decay
(3) Phase Velocity of Seismic Waves
REFLACTION AND REFRACTION OF THERMORLASTIC WAVES
(1) Reflection of a Plane Dilatational Wave at a
Plane Boundary
(2) BReflection of Plene Shear Wave at a Plane Boundary
(3) Reflection and Refraction of Plane Dilatational Wave
at a Plene Interface between two Media
(4) Reflection and Refraction of Plane Shear Wave
at a Plane Interface between two Media
THERMOELASTIC SURFACE WAVES
PROPAGATION OF SPHERICAL WAVES IN AN INFINITE MEDIUM
PROPAGATION OF CYLINDRICAL WAVES IN AN INFINITE MEDIUM
CONCLUSIONS
ACKNOVLEDGEMENTS
BIBLIOGRAPHY
APPENDIX Thermoelastic Constants of Some Materials

ViTa

52

& 3

62

S

100
103

106



I. INTRODUCTION

The study of the propagation of elactic waves in solids dates back
to the last century, It has been found that in an unbounded isotropic
solid two types of elastic wvaves can be propagated -~ the dilatational (or
lonzitudinel, irrotational, compresmive) and the shear (or transverse,
rotational, equivoluminal) waves. ior semi-infinite medium with a stress
free boundary, it hac been found that the surface waves or Rayleigh waves
may occur. All the velocities of the propagation of the waves are inde-
pendant of the frequency but dependc on the density and elastic oconstants
of the medium. All the elastic weves do not attensuate in the direction of
the propagation of the waves, 50 that there is no dizsipation of enerzy.

A gumzary of the contributions may be found in a monosraph by 1. Koleky
(ref. 1).

Various modifications of Nooke's law of stress-atrsin relations as
the baaic principles for various theories of vigco-elasticity (refo. 1. 2)
do yield results of the attemiation of stres: waves. Physically the dis-
sipstion of energy is due to the transfomation of elastic energy into
heat energy. This can be shown in a simple descriptive way. Yhen a body
is compresced the toujerature will rise and when it is expanded the tem-
perature will drop if the body is insulated. lNow, in a general way of
loading, the airess distribution is not uniform so that some part of the

body is heated and some Othexr part is eooled; and dus to heat conduction
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which is an irreversible thermodyn:mical process, portial heat energy be-
ocomes unavailable which accounts for the disaipation of energy. Finally,
when & steady state is ontablished, there io a net gain of heat at the
loss of g part of elastio enerzy. In visco-elasticity, howvever, the heat
generated and the effect of heat on the change of straina are not consi-
dered in the analyeis.

In the theory of elasticity, it is zssumed or undsrstood (in fact,
it was ignored in the early development of the theory) that thm’ia no
therual affect due to a change of the atress field of the medium which
remning in the original isothermal state. The reverse effect that thermal
changes ia a bdody will iniroduce stresses, however, has been known aince
long ago. liathematical formulation of the strese-strain-teupernture
relations was nade from different hypotheses Y J. 4. C. Duhamel in 1838
(ref. 3) end lster in 1841 by Frans Seumenn (ref. 4); this relationship
is sometimes referred as Duhanel-Neumain lswe Duhasel-Neumann equations
are squations of otate and do not yield the change of teaperature due to
change of stresses.

he heat conduction is interlocked with the chonge of stress field
of the medium, This can also be shown descriptively in a simple way.
when heat 1s applied at eone part or boundary of a body, there is heat
conduotion and a non~uniform temperature field 4s cet up which will iatgo-
duce a non-uniform field of strain which, i tum, will change scaswhat
the temporcture field. Then the heat conduction rate will change whea the



tesporature ficld 1o changeds Problan: neglecting the effect of the

chaonge of stress field oa hast conduction are called therxmal stress probe-
lome, The: the distribution of tepirsture $s solved zs a pure heat
conductio: problem, wWith the tempornture known, the problem reduces to

an oxdinary elastical one except thut the elaatic equation of atate 4o to
be repleced by Duhowrel-Neumann equntion whore the temperature i: » known
function of space coordinates. Thie is the early theory of thermoelasticity
whicn should not Lo confused with the present theory of thermoeluoticity.
Some authors, such xze W Nowzcki (ref, 5) and Re Jo Knops (rof. €), still
refer to thersal atress problemp os thermoelaastic proolams, Contributions
in thia ficld moy be found in Melnn and Parkus' monograph of thermal
stresges (ref, 7) and Gatewood's book of Thermal Stresses which covers
neay phoses of the docign problem: ant elovated tesperature (ref, 8).
Stresees in a thin plate due to a nucleus of therwoelastic strain has

been solved by Nowucki (refs 9)e Trameal (ref, 10) hnos m'de » contribution
2o geweral two-digensionsl thermal strecs problems by using complex vardi-
ablens The alnatic offect of r non-unifor: diotribution of te.pcrature in
a2n infindie soldd hy the method of ecuivalent centoer of dilatation hns

been m-.de by Goodier (ref, 11)3 2nd in - aisilar way, the themoelastic
stresses 11 n scmi-infinite oolid have been investi nted Yy Mindlin sad

De Ae Cheng (rvfe 17)e Theru:l strece in e hollow cylinder with ta:porature
dependent el:-stic thermel constants h-ve dbeen investigated by Trostel

(refe 15)e Othar contridutions of » sizmilar n-ture cen aleo be found.



From an irrcversicle thermodyasilonl point of vicw, the diseipation
of «lestic energy io due to the prowucidon of entropy, COue o. the fudaw
mente )l eq o aiions of the prosent ticrmoelasticity is the heut conduction
coupled 1ith the raty of ¢ age of straing due to Blot (ref, 14) and
Lesscn (ref. 15). Proviously, ae pointed out by Chadwick (ref, 18), &
number of uzuthors had produced theruodynumic -nalyses lending to the
coupled momentum snd enoryy equntions which were postulated long ago b
Duhsmel snd Heuvmsnne Althoush the results obtuined by these suthors are
correct, iheir methods do not fully acknowledge the irreversible nature
of the hert conduction process,

Az for thermoelsatic doundary velue pro.lems, s uniquencsc theorem
has bee: proved by seiner (ref. 17).

The propagetion 6f strain wives is & dynamic thermoelsnstic problom,
Plone thermoelastic waves have been investizeted by Lossen (ref. 15) snd
Deredeuicé (rof, 18). Dereaievicz did not get an explicit forw of the
solutio: for arvitrary imposed frequency but he did s.ow that therc are
two different phase wvelocities for s given frequency; the ozne he called an
clastic mode and the other a thermal mode, He the:n proceeded to find the
phage velocitios and specific losses of energy for both modee of waves
&t high frequencies cnd =ls0 ot lov freguencies, He the: studied both
modes ot wwall coupling before procecding to the extreme cases of high
frequescies cnd low froqueicies. Deresiowdcatis results when tr::aslated

4:to the notstions ured in this discertation are rs followss
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Phase velecity of B-wode waves, = Cp
Phege velocity of Twwode waves, Co = (20a2)¥

ypecific loss for E-mode waves, AWV = 27(C%-Cr2)/(a%m)

Specific loss for ‘~mode waves, Adfe = 4w

Fheoe velocity of L-mode waves, = C

Phose veloelty of T-aode waves, Com (amzmyc,

Specific loss for B-zode waves, AWV = 2mne?(Cy-Cp?)/Cet

Specific loss for T-ucde wuveo, Avfis 41

The above Mmiting wvalues are for any ocoupling. Deresiewios then
considered muall coupling and then took the limiting volues for very wesk

ooupling. The results are translated ss delow:

Fhose velocity of E-uode waves. G = Cp
Phase velealty of Twode waves, ey = (20?)bcy/c,
Specific loss for BE-uode waves, A¥/w w271 (Cy%Cp2)/(a?)
Speaific loss for T-mode waves, A¥fiz 4T
AL doy frocusacies:
Fhase velocity of E-mode waves, ¢, ® Cg
Phose velocity of T-node vaves, Cp= [2a?(2-c, Y 2]}
Specific loss for i-uode weves, Aw/u = 2nna®(c 2-cp?)/(C2002)

Specific loss for T-node wzves, A¥/N = 4T



In Lessen's analysis (ref. 15), the specific internsl encrgy, which
is a function of entropy znd straine, wa: expanded in a Taylor's series up
to the second order terms, and Duhsmel-Neumann equation was found
necessary. The isentropic and isothermal dilatation wave velocities

found by him are differe:nt from the ones found by others,

Lessen's C 2
8

(A+ 2u)/p

Lessen's c,rz (A+ 2u)/P --13""/112

where U 4is the specific internal energy, B 4is the second partial
derivative with reapect to entropy and strain, and the other notations
are the same as used in this dissertation, Lessen's phase velocity of
elastic mode approaches his isentropic dilatational wave velocity and his
phase velocity of thermal mode approaches zero when either the frequency
is very low or the second puartisl derivative of the speciiic internal
energy with respect to entropy is zero at the reference temperature
Another paper on plzne thermoelestic waves was written by Chadwick
and Sneddon (ref. 19). Harmonic solutions were tried, and then approxima-
tions were made for high aid low frequencies. The solutions were checked
by numerical methods accomplished by high speed electronic computers for
certain materizls. The phase velocities and the coefficients of attenuation
of dilatational waves in aluminum, copper, and iron at high frequencies are

listed in the following table in conventional unites
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Coefficdent of

Frequency (eec.l) Phase Velocity Attenuntion (cn.l

1. For aluminum,

4,66 X 10° 1.0177 6 1.2002

4,66 x 10'° 1,0175 17045 X 10°

4066 x 107 1.0091 G, 6,4884 X 10°

4465 X 2087 1,0002 G 1.2977 x 10*

4,66 X 10%° 1.0000 Gy 1.1 x10f
2¢ For coppels

1.7% X 10° 1.0084 G, 53,1321 X 107%

1.7 x 10%° 1.0083 G 3,171 X 10

.75 X 107 1,004 G, 1.6407 X 10°

1,75 % 1012 1.0001 G, 3,7640 X 10°

1,75 x 10%° 1.0000 G %29 X10°
'5-A For iron.

1,75 x 20'° 1.0002 Gy 4,7906 X 10~2

L7 X 102 1.0002 ¢y 4, 4330

1.75 x 10°° 1.0001 G 2,2396 X 10°

1.75 x 10V 1.0000 G 4.4795 X 10°

1.75 x 1004 140000 € 442 x10°

Here, CT stands for isothermnl phnse velocdtics in alumimmu, copper, nnd
iron, rcepectively, with a reforence $eaporsture of ?93"&. The paper =lgo

asserts that for a frecuency runge frosm less than 10 cycles per second up
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to sbout 109 cyclee por suvond the phscv velocity of the dilatational
waveo remcine o little hi hier thau the isothermnl phiose velocity.
iarlier ic 1930, H. Joffrays (ref. 70) claimed thst tue phrnse
velocity of the dilatations] woves in so0lids 4o the adisbrtic velocity
Just es tie sound velocity ia the oir. Also, he found by thermodyncade
coicepts without an equation of wmotion for the rolid wmediua thrt the
velocity or the dilatationsl wever in the grondte layer of the exrth's
crust is cbout 1.5 pert in & thousend higher than the isotherm.l pu:.se

velocity.

The velocity of Rayledgh woves dn o thermoslretic wedium has been
{nveaticnted by locsett (refe 71). Tie ph e velocity of the surface
weves whose

c,l\/cv = 3

end o(?’rxcggc “L1e0)°0-v)" = 0.05

hap been found to be 00,5204 cv and there iec no attenuation in the
dircction of the propagation of th: wavas. The tempersture is ia ph-se
with the vertic-l dlepl-cement, »:d 100 out of phase with the horizontal
diaplaccaent,
& roviev of the rece:t jrogres: in thermoelusticity bas beeu given
by Ch-dwick (ref. 16),
This dlscertation presents o study of the theory of strein wave propagae

ton in a henieconducting, non~rodistdng, el-.stic, homogeneous, isotropie

medium, The linear theory of clssticity and » linesr wcryoscopic theory of
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entyropy are applied. Cenersl equations of thermoelasticity are stated in

tengorel forms before thay are applied to a particulzr probles.
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II. ROFLNILAIURE

Artitrary constant; smplitude. (Sometimes with subscripts.)

Detexminant of the metric tensor au;or
A thermoelastic constant, a?=k /C..

Retrio tensor,

Conjugate tensor.

Arbitrary oconstant (vith or wvithout subscript).
Covariant body force

Contravari=ant body force.

A tamoelastic wustent, b= G (pCe C, )
Fhage velocity of elastic mode dilztationsl waves.
Phase velocity of thermal mode dilstational waves.
Fhase velocity of Raylelgh waves or surface waves.
Isetropic phase velocity of dilatational waves.

Isothermal phzse velocity of dilatational waves,

Specific heat at constant struin,
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©2(1z)
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Phase velocity of equivocluninzl or nhear woves,
Couplex phaee velocity.
Cowplex phnse velo-ity of el:stic mode dilatationnl wavoss
Complex phase velo:ity of thermsl mode dilatstional waves,
Cozplex phuoe Walo::it;, of hayledgh waves or smurfuce waves.
Fesl part of complex ph-as velocity.
Iaaginary pert of‘ couplex phase velocity.

Heal purt o' complex ph se velocity of el:zstic mode

dil«tetional wnves,

Iunglosry part of conplex phuse veloclity of elastic

wode dilstationn) waves,

Reel pert o complex phrpe velocity of thermal mode

dilstationnl vwaves,

Iongdnaxy paert of couplex phane welocity of themsl

wmode dilotations) wavesn,
Cublc dil-tation,

Pexoatation gywbol,



A
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Wave mmber. 27/f 4is wave-length,

Vave number of elastic mode dilstational waves,

Vave mmber of themmal mode dilatational waves.

Covarisnt acosleration.

Contravariant acceleration,

Goefficient of attemation.

Coefficient of attemation of elsstic mode.

Coafficient of attermation of thermal mode,

A themms) constant, E= h/ k.,

Themmal convection coefficient,

Exponential decreasing coefficients. 1 =1, 2, %

1mped,

Themmal conductivity.

Circular frequency. o /(27) is frequency.
2, -2

Disensionless circulsr frequenqy, (tuqr .



m

P
R

Cosfficient of rise (negntive) or decsy (positive).
Dinensionless coefficient of rise or decsy, 8 = nazc,2 .
Anctions of m and n.

Functions of & and &

Complex frequaney, p=m+ in,
Functions of » and 2,

Functions of & and £,
Complex wave nmber, q=f + % g.
Radius - a ocgordinate.

Batropy.

Covariant stress tensor.
Contravarisnt stress tensor.

Mixed stress teuser.
P-compenents of physical stress tenaor.

Raference temperature.
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t Tine,
U Afumction of m and n.
] A function of & and .
Covarisnt displacement,
u Contravariant displacenemt,
v Afunction of m and n.
A funotion of & and fi.
o<  linear coefficient of themal expansion,
S, ,, - Aogles of incident, yeflected, and/or refracted waves.
oa. . Real parts of Xy Xp o secsse
o, % Imaginary parts of g s Kp # eseeses
/5 A tamoelastic constent, S = (SA+ 24)X.
/“ Covariant styain tensor,
# contravariant strain tensor,

fd Hixed strain teneor,



L@‘@}@i‘b\y%*%

Physical styain, change of length per unit length,

Fhysical strain, change of angle,

Kronecker delta baving the character of a aixed tensor.

Kronecker delta h-ving no tensor charscter,

Pexmatation synbol, a relative tensor of weight - 1.

Paxmtation sgynbol, a relative tensor of wedght + 1.

Temperature above the reference tempereture,

Polar angles colatitude.

Argpment of oomplex phase velocity.

A Lomé constant,

A Lamd constant.

Xase densl ty.

Scalar potential function.

Astmuth,

Vector potential function.
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111, GERERAL EQUATION:S OF THREHOELASTICINY.

The gonernl equations of tlemoel sticity consiut of six enuations ,¢
strain-displacenient relations, eix equations of stress-strsin relantions,
three equations of motion and one equation of heat conduction. There are
sixteen unknowns involved in these sixteen ecuations, viz. the three cou-
ponents of displacement, the six componenta of atrain, the six components
of etresa and the entropy or tempercture,

The baaic tensor notatlon used by Jynge and Schild in thelr book of
tensor caloulus (ref. 22) will be used here. All tensoral quantities are
referred to the ordinary physical space of three dimensions so thet all
indtces ronge fxom one to three, Unless otherwice noted, all the indicen
will foliow the rznge and summsiion coanvention,

(1) ihe Eq
in the linear theory of elasticity that the components of the displacement

vector and their derivatives with yespeot to the coordinntes sre infinitee-
inmzls of the first oxrder and the anusres and products of these infiniteai-
muls are negligible in comparison with their firet powers. With this

approxization the components of covariont strain tensor 2/1.1 in terms of

the covariant displacement tensor ug are (ref. 23, p.149)
By = Hougpy+ugq) (301)

shere the vertical ber denctes covsriant differentiation with respect to
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the unstrained body, The mixod and contravarinnt strain tensors are

{1}

/g 3“/&3 (3.2)

a/i.‘l

st A (3.3)

wiere &t 1is a tansor conjugate to the metric tensor 84 with respect

to the unstrained body. The cubical dilitation e is
The physicsl componcnts of the strmin tensor are

Yigy = Tua/ agy (3.5)
where the index i 4s not to be mummed, snd, for & ¥ j

j(ia} ® [2 fu " 844 (3/(11) ¥ f(u))] [“n"‘u ~ (‘1.1)2]“% (3.6)

where the indices sre aloo not to be sumned, The physdical cewponents 2/(“)
are changes of length per unit length of line elements alonz the coordinate

curves, while /(13) are the chonges of sngles between the covariant bese

be thought to consist of the sum of the free thermal stroli: and the elastic
strain produced by the resistance of the medium to the thermsl cxnsnsion

(ref. 24, p.359), timus the three difforent tensoral fomme of tue strese-



strain relations for the continuous, elastic, homogeneous, isotropic medium

are
5; = 404t +2/1 s 'ijT??{\Tz/’uTT:5; (3.7)
D,i:i = x O, |Tia 2#(3)”/‘) ria (5.8)
fij = “9313+”ZL/L’T13"EJTLT3T7\@_)T:"13 (3.9)

where o is the coefficient of thermal expan®ion, O the temperature
above the reference teupersture T, , 5; the Kronecker delta, and A
and - are Lamé elastic constents. The stress te.sor can be expressed in

terms of strain tensors by solving for them from the above equations.

Tﬁ = 2 u 25; + A 1:83 -,8@3; (3.10)

Ve 2u M A X:aij -,Beaij (3.11)

2 (M D:.;j"’ 7\3@‘13 -/365.13 (3.12)

where B = GArp)x (3.13)

There are eight convenient sets of physical components of stress for
solving boundary vslue problems in elssticity involving general coordinates
(ref. 25). The parallel components or p-components of the stress vector
(for an element o: volume referred to the convariant base triad) along the
covariant base vectors are stated below:

i3 ii ¥ (3.14)
T )(a /a..)

p (43
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vhere the indices i and J} are not to be summed,
(3) tions of Motion. The covariant and contravariant forms

of the equations of motion are

Ti'jli +B, = Pt (3.15)
3 3
pd 1t ® pe (3.16)
where B 5 and B‘j are the coveriart end contravariant tensors df body
force, respectively, f. 6 and fJ are the covariant and contravariant

J
tensors of acceleration, respectively, and F is the mass desity of the

medium, Expressed in terms of displzcement, they are

r

1 o
ya r(ur].‘)i + njlri) + (Aa™u o3 - /98“) + BJ = /0“3 (3.17)

i

ME ra"'(u,rlsi + uslri) * ()\a"u —/Beli)aij + B = /Oii'1 (3.18)

r[si

(4) Tne Equation of Heat Conduction. The equation of heat conduction
for a thermally isotropic medium is

k .me

{nn

vhere k is the thermsl conductivity and q is the heat generated per

(3.19)

]
£oe

unit volume,

(5) The Entropy of an Elastic Element. Macroscopic entropy defined
for a medium in non~equilibrium state is used, Van Kampen (ref. 26) has

shown that the macxoscopic entropy of an irreversible thermodynamic system



agresn with verious microsco;ic entropies of an irreversi le thermodynarie
gystem in obzervoble extent,

The two baslc rssumptions is thermodynsmics of irreversi. lc processes
ares

() The aystem can be broken into infiniteaimal picces each of which
asy be trested as reversible therxodyn:=mic gystenss

(v) Dxfinitione of the therwodynrmic coordinates remsin velid
provided tie noumequilibrium st te is pot 00 far from e~uill rium,

The entropy o! an elastic eloment hus been found (ref. 14) to de

S
s = Cln(l+ '75;) + pe (3.20)

and, wiea the voristion of tempirrture is wmz2ll in compuricon with the

reforcace teuporature, the spproxdantiou 4s
s = Cee/'l'a-b/So (3.21)

where 8 ig tue entropy, ©. 1o thc rpecific he«t capacity at constant

strein, T, ic the refercnce tezp.rmture, aid O 1s the teaporature

above the referv.ce tcupersture, By the definition of entropy
s = q / Tn (3-22)
and tue followlus relation is obiaincds

q ® ¢ 6 +T, pe (3.23)



Susetitution of the esbove equaiion in Fg. (#418) yields

'\x:.n
<

a m % § .
' ]x.m {:66 + IBLR v, I i (3.24)

-

w.ich 1o the equailon that couples tL.e te.perriure fisld with ti:e dise

ploceeent field or otraia fi-lde In terms of entropy, this equation is

-/gam u ’m - (Cé /'QI)I (3025)

Helmholts's theores, a vector can be, in general, resolved into an irrota-
tionrl part wnd s solenoidal porte Let the displacecent vector v, be
exprossed o the pur of the gradient of r scelsr function @ and the curl

of & vector function 5[/1 § thus, in rectasgulrr Cartesisn coordin-tes

. 3 .
u = Doy P, (3.26)
vhere EP:;.:: = 0 S )]
and e ik iz the permutation smyumbol, Transforming e ik into genorsl

coordinnte gystess, ve o:tain e""k wvhich 1 4 relative tensor of weisht
+ 1 and éi.jk winich 1z » relotive tensor of waliht « 1 . The
determirant of tho metric tencor

a = determinmng lnijl (3.28)



io z reletive Luvardent of velght 2 o I goversl coordinstes, the

covird: it eud contreverdiint £orus of ¥ae (7e20) are rropectively

u = @114' A7 8, em‘ﬁ“fzk“ (o)
o o2 G @|3+ o8 et _Jak“ (74 °0)
Eqe (%e:7) in go..rel coordiuctes is
gg]f’k = 0 (<."1)
or o3 923'1 s 0 (2.%2)

ubstitutiog “i o4 Ege (% 0) in Foe (%e24) 2.6 uednz the frct thos

uclidea:: spece iv z f1:t esice, e follovi:g equation ig obtaincds
an . m A -
ka elm = ¢, 04 AT, e @[m (5.33)

Thus only the osceler function @ is coupled with the teperature o.

Substitution of Wi of ¥qe (%9) in Bqe (3.17) yielis the result
(21+2) atd @113- P@ z 50 (4 24)
/U-&Jk Q‘-,Jk‘ F@i = 0 (50‘5)

These are wave ogustions, ‘gecciated with gfi is the choar wave

of wulci: the panse velowity is

Cy = 4/—; Je 26)



It ie Sudependest of the tewpersture 0. the vedium, Associated with the
pcrlar function D i the dilatatiousl wave of widch the ph:ge velocity

depcads upon the therual co ditions The iscothermal phrsc velocity oi the

= l/ 24 A .
CT - /D (037)

Ao ther congteal of intercet is the irentropic phase velocity of the

dil. tational wave ia

dilatationsl wave. Solving Sae (3el) for ihe texpor-ture O 218 cudbsti-

tuting in Lo. (9e34), toe followd.. esuation in obteineds

[CT? + ,82TR/(/0C€ )] ad @ha‘ - @ = a/ser/ ( pce)d (% 8)

By setiin, te eatropy s t0 a constnut, the iseatropic phese velo«dty

0. o dilrtational wive 1is obtslsned
c = (1+¢ b)%. c (54739)
e T *-
_ 2 ~ y
whire b= ST /(pce Cp ) {<e40)

The co.atent b 4s pomitive, therefore the iseutropic phase veloclity

is greater tian the imotherwal phise velooity,

Since the order 0. covaricat di:fereatiation in flet sprce is imuse

terigl, the coverdnnt stridln teqsor may be writtem i. the following ways

5,

14 = , @{id +* 7 /1/8— (am em EPK’HJ + I‘JGW':PK,:A) (3041)
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The cubical dilitation e and the temperature O are

e = ‘mé@[m (3.42)

Substitution of BEqs.(3.41) to (3.43) in Eq.(3.12) ylelds the covarisat
stress tensor in tezms of the sealar function (P and the vector function

J; s follows:
1, * z/u(@m - “mé,n‘u )+p§a“

+/u1fi'( s, emi’klna +a, e““g_akm ) (3.44)
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IV. PROPAGATION OF PLANE WAVES IN AN INFINITE BEDIUK.

For plane waves, rectangular Cartesian occordinates will bo used, The
metrio tensor is equasl to the Kronccker delta and the oonjugate tensor is
precigely the mstric tensor itself; therefore there is no distinction de-
tween contravariant and covariant ocmponents. Since the componsnts of the
zetric tensor are all constants, all Christoffsl gymbols wanish, and the
covariant differentintion is the same as partial differentiation. The gov-

eming equations, then, reduce to

20, - O (g1, /6)D (4.1)
?®,, - &= (p/P)O (4.2)
cvzwi'JJ - (D.i s 0 (4.3)

vhere the comma in the index line denotes ordinary partisl differentiation
and
al = k/Ce » (4.4)

which should not be confused with the deteruinant of the metric tensor
given by Eq.(3.28).

“he shear wave will propsgate exnotly as in an elapstio medium and
will not be discussed here. To arrive at the dilatations)l wave equation,
the temperature G will be eliminated from Bqe.(4.1) and (4.2) to get
the governing equation en P



.2%2@4143 - (azé'q» C.zé)'u + Q. =290 (4-5)'

Lat the direction of wave propagation be parallel to the = or X-
axis and assume a harmonic solution in ocomplex form:

D = Aaxpilpt+ qx) (4.6)

whore the constants A, p, and q are, in genersl, complex mumbers.
Substitution of Bq.(4.6) in Eq.(4.5) yields the result that the constants

p and q must saticfy the following equation:

22 3

.2%%4 10.2p)q2 -4p” =0 (4.7)

Solving for q2 ’

q° .-.(a-cT [ap 1€, i[p 16,92 saler’p ] (4.8)
Let p=m+in (4.9)
Q= £ +4ig (4.10)

vhere o, n, f, and g are real mumbers. Tue physical meaning of these
four constants are as follows:

(a) The scalar function @ oontains the faotor exp(-nt) when it
is expanded in texms of real ovnstants, ihen n is pesitive, the saplitude
of the dilatationsl plane wave docreases with time; vhen 2 is negative,
the aaplitude incresees with time, Thus, the constint n 4s the coefficient



of decay or riuse of the wrve,

(b} Tus sendler function, when oxponded in temms of recl cozutants,
nlso co.trin: the f.ctor exp(egx)e Hence, when g 4a positive, the smpli-
tude 0 tho wave decrespes ss the weve Lravels slon. the positive direction
of xesnxis, If the wave tr vels ia the negative direction of m=axis
~nd t.8 const:nt g 4o positive, tho amplitude would incre se »s the wuve
travels in & mediume But, since this is aguinst natursl phenomenon, the
positive . should not be narocieted with regressive wavess This constant,
€ 5 iz called the coefficient o: asttemu-tion, Positive g will be ronocisrted
with progye-soive wsves; nad negrtive g sssociatod with regrescsive waves,

{c) The ncelar function conteins =lso sdnes and cosines of the argu-
mont (ot » £3)s This ia the argument of all wave functions. m 4z the
circular frequency, snd im/mt is the frecuency. Since frequency ie always
positive, only positive valuec will be tcken for the constant m.

(d) 27t/f ie tie uweve length of the dilstationsl weves. w/f is
the phnse velocity or the velo-ity of wave proprgation, When § is posd=
tive the wave i: progressive; and vhen f 48 nogetive the wave ls Xoarae-
give, Ths wave length i: considered positive too, Therefore, in calculaw
ting the wave length, the =bgolute vulue of £ gshould be used,

Substi tuting the complex mumbors siven 4n Eqae (449) and (4.10) in
¥ne (448), the following e-uxtion mey be obt:ineds

g’ s onign %—’%—[uz + 4" = c?) 3 TARE ] (4.11)
C

Ea.r



where
U = (a%n?)atecyt-ama(20,%c,%) (4.12)
V = 2ea° [maq-(zc,r"’-c,‘?)]  (413)

The square 100t of (U-1V) ocan be expressed in trigonometrical form

ATFE = 4/02 4 72 [contitesv/0) + 2 sinlitai /)] (4.24)

The left hand eide of Eq.(4.,11) will be represented by (PeiQ) and
the subserdpts 1 and 2 will bo used for P and Q to denote the pairs
of mmbers corresponding to the plus snd minus square roots of (U+lV)
respectivelys thus

Py = (2020, [ (20?4 50,2 4.4/ 1392 [n oonlitas™v/0)
-a an({rm"lv/n)}] (4.25)
y = (22t [am2 - uC,? + W {n oos(}tan™ V/b)
+n dn(«!-hn'l‘lfv)}] (4416)
and
Py = (2a%,2)" [ (s202)a? 4 26,2 - /03072 [0 contitan”v/1)
-a m(&m"lv/n)}] (4a17)
o = (a2 [ama?» nC,2 - N { n cos(itan™ /)
45 sta(tan™ ) | | (428)

Subgeripts 1 and 2 will also be applied %0 £ and g to bear

the same meaning; tius



2 2
fl -6 + Ziflgl = Pl. + qu (4.19)
P ? 2 " =

s 8 +7Aflg, P?+1Q2 (4.20)

Solving for f£'s and g's , tue following results may be obtaineds
’12 = M+ 912 + le ) (4.22)
312 = {r(--{-'*1 + /1/ Plz + 012 ) (4.22)
and £2 = Hr,+ g/ 2, +07) (425)
322 s H-p,+ /f P°+q,) (4.24)

vhere only the positive squnre yootis have been taken since f's and g's
zre real numberse There are two distinct phuce velocities of the

dilatationsl waves; the squeres of these are
2 2 2l 2 =1
¢, = @+ 4 PE+q”) (4.25)
2 2 2 2 \=1
c,, ®= @ (Py+ /P, +q°) (4.26)

The FP's and Q's ere functionz of m and n, so that tie phase velocities
of tue dilatstionsl werves, C1 and c?. arc functions of the frequency, nm,

aud the coofficient of decay or riec, n. The el:stic dilstationsl wave hos
only one phuse velouity wiich is independent of the frequency, Thls is @

noticesble difference between thermoel:zetic snd elastic dil-tationezl wives,
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The ether difference between thexmoelastic and elastioc dilitationsl waves
is that the former attenuates while the later does not attemuate,

To find the physical significance of the elsstic and thermsl modes of
dilitational waves, oonsider the extreme small coupling. 7The issatropic
phase veloaity approaches the isotherumal phese velocity at sszaller annd
maller coupling (eee Eq. 3.35). The state will be considered steady for
this specizl case. There are two ways to find the solutions for this case
of vexy small coupling and steady states

(1) By sotting C = C, and n=0 in Egs. (4:15) to (4.18) to find
the solutions; or

(2) By setting 4= 0 and slving Eqe. (4.1) and (4.2).

(1) v C,=C,, and n=0, Ege. (4:15) to (4.18) reduce to the
following equations:

Po=a’/c° (4.27)
Q =0 (4.28)
P, = 0 (4.29)
Q = -na?’ (4.30)
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Then, bty Fqu(4.25) and (4.26), the two phese velocities of dilatational

wavesz are found.

62 = o (4.3:2)

02 = a2 (4.32)
iy ligee(4421) to (4.24), the conutante £, and g (121, 2) ave:

% = w?/c? (4.33)

g = 0 (4.34)

‘22 = lu/a? (4.35)

322 = Ju/a? (4.76)

(2). waen the constant B epproaches zero the Iqs,(4.1) and (4.2)
reduce to the following equatiens:

‘26'11 - é ® O (4037)
23, - D= o (4.38)

In tais extrene case, the temperature and the dilatational waves are not
ocoupled; each of the two kinds of waves propagates with a velocity different
from the other. £q.(4.78) is exactly the sane as the wave squation of

elastic dilectational wave; the phase velocity is Gp . To solve BEq.(4.37),
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let
O = B exp 1(xt + qx) (4.39)

whore B 1s an arbitrary complex coztant, wid m and q are the sume
58 ;Aves in Egse (443) usd (4,10)e Substitution of the sbove ejustion in

Fte (4e37) yields tiac followizg ewrtion:
a2(12 - g?) + i{n - 2a2fg) =0 (4.40)

Thie enuation is satisfied vhen
=2 ¢ = ju/a’ (4.41)

Then the squ re of thoruel phrse velocity is aa? .
Comparing the results obadned by the above two methods, it is seen
thnt, i the extrems ¢.ee, Cl equnls the el:-stic diletationel phase

veloclty snd C,. equals the thermil phose welocity. For this reason, the

2

wevee with phase velocity <.‘1 will be cxlled elastic modes or simply

Bemodos mid the waves with phase velocity 02 will be called thersal
modes or T=wodes,

It i to be noted here thrt aovocianted with each mode of thermoelzstic
dilatationsl wuve there ie a thermel wave properating with the sswe pheese
velocity ~g the ssrocdsted dilatstion:l weve except # pheee differen-e,
since, by . (4¢2), the temporiture O is equal to a combination of

derivatives of tne scaler functio: @.



Ve CHARACT-AISTICS OF DILATATICHAL WAVES

The zolutions of tue preceding ch-pter show two z:n,--r&ctensticé of
thermoel stic dil:tatinnsl w ves, Mrat, the waven attemuste no they
propagate in the medium. Second, there sre tw) modes of thermoelssiic
dl-tationsl wives ussocinted wit: each other, hrving different pheuso
velocitice and differest coefficic: ts of sttenuation,

ﬁoréovor, tihe phose velocities, the coefficients of rttenustion, snd
the wave length are depeident on frequency end the coefficient of rize
or decay.

Tnese charczcteriztics are not nscuciated with elastic unves,

Ia thly chzpter, approximete colutions will be derived froz the
complete solutiong of the preceding chepter dn order to show how the
phase velocitier, the coefficients of attemuation, and the wave langth
oi the: two wodes of thermoelrstic dil-tationsnl waves very with the

frequency zui the coefficient of ri-e or deesy.

Let
5 = mzl%z (5.1)
i = m?/c,rz (502)
= we (503)
V= et (5.4)

T
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Py = PiCy?/m? (5.5)

~

§ = C%/w? (5.6)

vhere the index takes tho value 1 or 2. The quantities &, #, f,
v, F G , are dimensionless. Rga. (4.12) to (4.18) may be expressed
in terms of these dimensionless quantities as follows ¢

0 = &2 .- 6%~ 26(1-0) - (1+b)2 (5.7)
¥ = 22(~bsd) (5.8)
J T+ 47 = 4/ 5% ( costan™ /5 + 1 sinftas™ ¥/6 ) (5.9)

-

B, = 302 [526Rany) TR ( conftar™ /0 - & etapter™7/9) | (5.20)

g = 2 a'iﬁ - #(24+0}ed/ T2472 (5 conbtan™¥/0 + & Mm‘lf/ﬁ)l (5.11)

B, = 42 [iR62i(ub)—4/ TR (5 conytan™¥/5 - & minjtas™7/8) | (5012)
G = 2| - Waen)p/ T (3 contan™/F & atntan”7/6) | (5013)

vhere b is a dimensionless constant given by 2q.{3.40).

A survey of some metallic and non-metallic materisls (see Appendix)
ghows that the bonstant b 4s ponitive and less than unity., For non-
sotallic materials, b is vexy msall, In €, G, S, unit system, the
constant & is very mmsll and the constant Cp is very dig. Therefore,
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the wariable & (whioh 18 alweys positive) is much smaller than unity even
the corresponding frequency is =o high as hundreds megacycles per second for
many materials. Theoretically, however, i# may vary from sero to plus
infinity. Begardless of physical possibility, the warisble H will de let
to vary froz minus infinity to plus infinity in the following analysie.

In order to show how the solutions vary with frequenay, it will de
convenient o expand the following expressions into power series of ®

4 24+ 7@ |, ocosbtan W/F ,  sinten ¥/

which appsar in Eqs. (5.9) to (5.13). Moreover, vhem the series converge
fast in certain reglon of ( @ , ff ), only fow tems of the series need de
taken for good approximations, For this reason, the following analysis is
divided into sections according to the magnitudes of the varisbles & and
A, ¥hen fi is sero, the wave propasation is in steady state; and vhen 1
is differont fxou sexo, the vave propogation 4is in unsteady state.

I. Stondv ptate. In this case, i 4is pero and Egs. (5.7) and (5.8)
roduce to the following equations t

T = &2 (14b)2 (5.14)
¥ = 28 (1-b) (5.15)

Tablos 1 and 2 showhow § , ¥ , and tan /0 change vith
frequency in the media of carbon steecl and granite.
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Table 1. Variation of ten -7/ with frequenay for carbon steel.

Frequency

yeton/scc. a ] 7 V/6 tan  V/0
“ 10730 | L 1,022 |1.977 x 1070 - 1.9 x 1070 approx. 180°
404 X 2002075 | - 1.0229 [1.977 X 107% | - 1.9 x 107% | approx. 180°
44 1208107° | - 10229 |1.977 X 107 | - 0,00193 179° 53
4.4 X 209(0.01 |~ 1.0228 | 0.00977 ~ 0,0193 176° 54
7493 X 107 [0,01807 | = 1,0226 | 0.0357 - 0.0349 178°
2.59 X 10M{0.501 | ~0.6736 | 1.168 - 1,752 120°
4.45 X 108 1,0014 0 2,0004 90°
7.61 X 10M1,732 LITTL | 3.4242 1732 &0°
2.44 X 1017 56,6 3202,5 | 11,7 0.,0349 -
4.4 X 20| 1000 10° 2 X 10° 2 X107 1
4.4 x 1016 10° 100 | 2x10° 2x107% | approx. ©°

Sese e

[ EE X R R XN

[ EEN R XN ]
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Table 2, Variation of ten -7/0 with frequendy for eranite.

Frequenay
& g ¥ /9 tan™ /6
aycles/sec.

22 W | Z100222 | 2x20°8 | - 2 x108 | approx. 180°
22x07 | 10°% | -100222 | 2x20°% | - 2110 | approx. 180°
2,2x10° | 107 | -1.00222 | 2207 | -2x10 | 179° 53
2.2x10% (0.0 | - 1.00222 | 0.02998 - 0,01992 176° 51
3,84 X 20°°(0,01746 | - 1.00092 | 0.03492 - 0,0349 178°
1.27 x10"2(0,579 | - 0,66698 | 115671 - 1732 10°
2,25 X 1012[1,00111 0 2,0 90°
3,82 x 1002(1.732 1,9976 | 3.45015 1,732 &0°
1.26 X 10M| 57,2 3210,8 | 1l4.4 0,049 ?
2.2 x 1015 | 10° 05 | 2x10° 2 x 1070 1
2.2 x 10V | 10° 10 | 2x10° 221075 | approx. o°

(A X224

esees

LAY X
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In the following snalysis, the frequencies will be divided into three
ranges according to the angle of tan /U . Frequenay range I will be such
that the angle approximately 180° , This yange covers frequencies froau sero
(theoretically speaking) up to hundrods megacycles pexr second, Hoat of the
practical ap:lications wdll be in this range. Frequency range II will be
such that the angle tan L7/ 1s betwesn 180° and 0°, This is the ultra-
high frequency renge. Frequenqay range 1II wuill be such that the angle
tan " §/6 1s spproximetely 0° .

(A) frequsncy zenge I. In this range of frequenay, & 4is much
micller then unity and is as suall as to the order of 10™' vhen the fre-
quenay 1is zs lov as seisuic waves, The value of eoohm'lilﬁ is alwost
pero end the value of sinjtan  ¥/0 1is approximately wnity.

cosftan™ /i ond sinjtan /0 ave funotions of tan /U whieh,in
turn, is a function of & . They are expanded into power series of & as

follows
conta™ /5 = G1-0)(10)? 4 4 (1-0)(240)° | 2(140)? - 3(1eb)? ]
+ Y8 22000 [ain)as1) 200 3m 00+ ... (5.26)
stoptas 0 = 1 - $20-0)50)™ + /8 &)%)
[u(zpb)za(u-b)z] - 116 &0(1-) 2(14) 22 [69(1-b)‘

- 88(1-5)2(10)% ¢ 241yt | ¢ Lo (5.17)
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The expression 4/ (2 4+ 72 48 also expanded inte pover series of =,

VP 2 () + 1820007 2002102 ] - 1/8 a7

12000102000 2008)? « (100)* ]+ /26 65240y [ 56200

- 84(2-0)4(141)2 + 2(1-0)%(240)4 - (m)“] + eensens (5.18)

The 7's end §'s ave then obtained as power series of & as follove:

Pl =

ﬁlz

(240)™2 + 5%(1-b) (140)2 + 1/26 &4(1-0) (240)"7 [5(1-»)‘

- 02102 + 7004 | 4 oo (5.29)
- (1) - 1/26 )7 [(100)* - 602e) 21012 + 5004 ]

- 32 0™ [1e)® - 15000 %00)? + 5200
=20 ]+ weenreens (5.20)
v(2+0) > = 6%(2-0) (140)™0 = 1/26 &4 (2-b) (240) "7 [3(1+b)‘

~ 10(140)¥(1-0)2 + 7(1-»)"] + eeensenes (5.2)
() + @) 4 126 1) [0 - 6las)10)2

+ 5-0)* | 4 1/32 @0y [a)® - 250m)* 1)

+ (1) %0-0)4 - 20-0)° ] ¢ .eeeeens (5.22)
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(a) eduction to the uncoupled case. Settinz b o zperv, the

following results can be odtained

F, =1 (5.2)
§ =0 (5.24)
F, = 0 (50.25)
g = &1 (5.26)

In dimengional forms, they ave 3

P ‘2CT-2 (5.27)
Q =0 (5.28)
P, =20 (5.29)
G * ma’ (5.30)

Then, by substituting Egs. (5.27) t0 (5.%0) 4in Eqs. (4.21) ¢o
(4.26), the following remults are obtained:

52 = 272 (5.3)
812 = 0 (5432)
t? 9 i-an‘z (5.33)



These are, as expscoted, exactly the solutions of uncoupled slastic and

012

2
C,

.cT2
2

Z 2na

thernal wave equations — igs. (4.37) and (4.38).

(b) Solutions for lower frequencisea.

frequency rasge I,

(5¢34)

(5.35)

(5.36)

At lover frequencies in the

f§ is 90 smell that spproximations can be made by taking

only the first term of the series; thus

or,

S L

Rt

® (140)"2

s &b (2d)"

=z w2 b (4d)™ Cy

2 m a2 (14d)

2

= b ()

= (1)

= o (o) o

= - wda? ()7 o

(5.37)
(5.38)
(5.39)
(5.40)
(5.41)
(5.42)
(5.43)

(5.44)
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vhen, the followin; results pvy be obtained:

£? = w2 (1) (5.45)
g? = 1 atatiln) e (5.46)
£> » $aaZ (10) (5.47)
62 = +m a7 (1) (5048)
c12 = (14b) cTz . c:.2 (5.49)
c,2 = 2ma? (100)72 - (5.50)

The phane velocity of E-mode dilastational waoves at lov frequencies is
practically independent of frequency and is equal to the isentropic phase
velocity. The phase veloaity of T-zode is mich smaller than that of E-mode,
and varies to the square root of frecuency. The coefficient of attemuation
of mnode is very mmall while that of T-wmode is larger, For B-mode, the
coefficient of attemuation iz proportional to the square of frequency; and
for Twmode, it is proportional to the square root of frequency.

(c) Solutions for higher frequencies, Within frequenay venge I, &
is »till a amsll positive mmber. Hence the following approximations may

be taken:

£‘12 = a¥( 1+b)"lc;2 + iﬂ4l‘c,;6b(4-5b)(l¢b)-5 (5.51)



g2 = 3 atate S0 - -Gaac,;m( 2-5bsb2)b2(2ab)~2

)
"

322 - iru"z(lssb) v}n (. 2’»(].-1»!:)":l

°12 = (ub)c, - aalc "21,(4..31,)(11.5)"’

3+ ua2(14b) + & mzc;,zu(m)‘l

c.- = 2-;2(14-!»)1 2na02b(1+b).3

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

The phase veloddty of E-mode waves decreases when frequeny increases.

The rate of decreasing is, howover,very slow. The phage veloocity of T-wmode

waves inreases with frequency, and the rete of increasing is relatively

higher. Take carbon steel as an example, the mmerical walues of the squares

of the phase veloocities of both modes versus circuler frequency are shown in

the following tahle:

-] 312

¢ 2

1 %% (L0114 - 1,44 X 10°5) Cp?
102 " (1.0114-1.44:::021)0,
2 (253 x10

10t " (10114 - 1.4 x 207
10° " |(1.0124 - 1.44 x 2072 °'r
10° " (o - 1.4 x207) ¢

(250 -1,02X 20 3) mz/uo

3

(2.5% X 10°- 1,02 X 10"°)en?/oec

7

10 -

1.02 X 10~2)an/see

1.02 X 10"1)0-2 960

(0,253 - 1,02 X 10"17) oa?/sec?

2
2
2

2
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The ogefficient of attemuation of E-mode is much smaller than that of

T-mode; they both incresse with frsquanay. The coefiicient of B-node is

approximately proportional to the sguare of frequenqy; and the coefficient
of attemuation of T-inode is approximately proportionsl to the sguare root

of frequency. The following table is calculated for oarbon steel:

. K ?
(asc,™d) (cn.™?) ("2
1 1,15 x 207 - 2.& x1207% 3,95 - 1,42 X 20" 4
10° 1,15 X107 - 2,8 x 1077 3.95 110° - L.42 22070
10t 1,15 X107 - 2,@ x 1079 5,95 x10% - 1,42 x 2078
20° 115 21077 - 2.8 x 2070 5,95 1 20° - .42 x 2072
20° 1152107 - 2.8 x20° 3,95 X 10° - 1.42 X 10
(3) Irequsncy sunee I,  In this renge, the angle ten ¥/§ varies

from spproximately 280° to approximately 0°. JFor most materials, this

range covers approximately 109 to

14

10 cycles per second, The angle

tan2§/0 18 90° when the oxder of frequenay is about 0% w0 10*2 gyeles

per second., For this special case,

2 l+)d

(5.5T)
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o= 4|2 pfd? (1)t 2,2 (5.58)
g = ¢ [—1 e (5.59)
P, * ¥ [14/0? (1-»)"‘; a’,2 (5.60)
Q =+ [ +faa? Qo] ad? (5.62)
whare s = 86747 w 24 () (5.62)

seoe, 2,2 = +a% ¢ 2 (1) [ (1eb) + 107 4 2/ | (5.63)

g2 = 4o c? (1) [~(2) =41 4 2/t ] (5.64)
£2 = 4 a2 ¢ (1)t [ (1eb) 4107 4 2o | (5.65)
322 - +at c’2 (1+%) [—(1») +W+ 24&:;_ ] (5.66)

The constant b is a positive mmber smaller than unity, therefore
the above resuilts may be expanded initc power series of b; thus

tlz = w1y 51607 - o/n2 b e 9/26 08 4 oiuii)  (5.67)
112 = 116 a“c,rzb"( 1¢%2b+1/26 b2+ 13/3210° + .cues)  (5.68)
:22 = $2%,7%( 2+ 1/80% - 126 ST, TR M ST D (5.69)

g2 = Yot 1ev-yor o nne’ - samrts ) (50
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The nquares of the phaoe velocities of the two modes are:
¢f = e 1+p-sasd’ -y aamste ) (5em)
2= 2c1-18¥ e 15V - 9hamrts ) (5T2)

Since the conatant b is a small positive mmber (see Appendix), the
following approximations may de maede:

6 = (1-3)¢f (5.73)
¢ = 2 c:r2 (5.74)
g = ot g 2P (5.75)
g, = 18at o ) (5.76)

At this high frequency, the T-uode phise velocity is higher than the B-aode
phase velocity. The coefficients of attemustion of both modes are high at
high frequencies; that of T-mode is much higher than that of B-mode.

For carbon steel, this frequsncy, glven by Eq. (5.62) 1s .49 X 0%
cycles per ssocond (see Table 1).

Iue to the fast change of the angle tan ¥/ , the change of the
phase veloaity as well as the coefficient of attemuation fa big. Fox an
mmerical sxample, the phase velocitise and coefficients of attemustion for
carbon steel at frequencies 2,59 X 1011 , 4.45 x 10}, and 7.6 X 10M

aroles pexr second (see Table 1) are listed below:



i 2,59 X 10*L 4.45 X 107 7.61 x 10
(cycles/sec. )
6 0.93%68 Cy 1.00284 Cy 111873 G,
c, 0.88432 C; 1.42422 Gy 1.38698 Cp
& 5.77 X10° &t | 2.2x20% @™ | 1,66 X10° ™t
g, 165 x10° & | 5.3210° e | 807 x10° 7t
(C) Zrequengy pimige III. In this exceedingly high frequency range,

X 1s muoch bigger than (l+b), and ¥ 43 much smaller than § , 0 that the

following approxiaate values of P's and §'s may be taken:

or

fos

=

b &2

w
~ '4
"

“Pl
L

N
"

¥ (=%) m a”

= § (-m)at

4

(5.77)

(5.78)

(5.79)

(5.80)

(5.81)

(5.82)



P, ® b ad c:,r2 (5.8%)
QL * - ¥ (3=b) m al (5.84)

Then, the following zpproxim:te solutions are founds

2 2, =2

" = wcy (5.85)
g% = 1 0-m) 8o, (5.86)
t) = $ () e (5.87)
g, =+ (>0) ma’ (5.88)
‘:12 = cTz (5¢89)
c? = 2 ()" @ a” (5490)

It hes been assumed thot, in this frecu.ncy renge, the vslue of

- 12 is much greater thrn C,I,2 o Thus, the Tuxzode phase velocity excecds

the Semode phose velecity when the frequency is exceedingly high.

1. Unitendy sgtote. When the constant n i3 different from sero,
the meplitude is chauging with time, When 2 is positive, the muplitude
decrecpee with timey snd the period during wnich n is positive is crlled

the decay period. Om the contrary, during the rise period, n is negative,



In unstendy state, the solutions for a certain sedium vary with two

paremeters, m and n ., Re-arrenging Eqs. (5.7) and (5.8):
8 z-[(-v)+5]2- (@-a?) (5.91)
Ve 2800 +i] (5.92)
Some special cases are discussed below,

(A) Perded of Rige. During the period of ¥ise, fi is negative,
Partioularly, if

& «a(1-b). (5.93)
iz 40 (54)
then both T and ¥ are sero and
Fpe ¥ = -4p(1-3) (5.95)
61-'62---}#(3—13) (%.96)
ind the solutions ave :
2?2222 = 0P (gh6e Waar2Am 7 L) (5uT)

g2 = &l 2 A 1-avs 1667200 ) (5.98)

c,“ = 322 3 c‘!,2 (16/9 - &/Z1 v + V/21 22 4 vernnns o) (5.99)



g, for this particulsr case, there is no distinction between H-mode and

T-node; there is only one kind of dilatational wave,

Vhen the frequency ia very small suoh that

l2<<4b

and § 4is the same as that given by Eq. (5.9%), then
coshtan /6 = 0
| sinttan” /5 = 1
The following approximations may be made:

P, = (1t ap) &2

g = -§(3-2-b)at

52 = -(1+b}-—b)h’2

q - “3 (et )it

or, Pl--(l.—-b‘}-b)adc?z

q = -}(S-Q%-b)a.zl

P, = -(1+b'}-b)a"c,2

Q = -«}(34-21:*—\:);'2:

(5.100)

(5.202)

(5.102)

(5.103)

(5.104)

(5.108)

(5.108)

(5.207)

(5.108)

(5.109)

(5.110)



Then, the following approximate solutions are obtained:

2 o 116 (3-2t-0)%(1-bt-n)"! a2 ¢ "2

2 1-

o’ * () oy

2 = 116 (waFv)2aeth0) o2 072
‘22 . (Ltn) o4

¢? = 15 (1t (3= 20Pn) 2 o

2 o 26 (1ettev)(sezton)"2 c,l,2

ol
|

€
|

(5.111)

(5.112)

(5.113)

(5.114)

(5.115)

(5.116)

Por carbon atesl, the squares of the two phase velocities at low fre-

quencies tut wvith high coefficient of rise are shown below

2

Cl = 1,82196 C,2

c 2

2 = 170923 c2
F'y

When the frequency is vexy high such that
E>4b
and ¥ is the same as that given by Eq. (5.93), then
cosytan L/ = 2

sinftan™ /T = 0

(5.117)

(5.118)

(5.119)

(5.120)

(5.120)
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And, by substituting the above values into Eqs. (5.10) to (5.13), the
following equ:tions are obtained:
F, = 1-8°(1)

g = - £ (21)

- ¥ %(2-0)

]
"

g = -

P. = a2

-l 2
1 p ~ 8 cT (1=d)

Q = - a"zu( 2-b)

- a"c,rz( 1=b)

~
"

Eqe. (5.126) to (5.129) become the following equations:

-4 2
Plﬂ'ba c,r

Q = -t c’,2 (2=b)

(5.122)
(5.123)
(5.124)

(5.125)

(5.126)
(5.027)
(5.128)

(5¢129)

(5.1%)

(Se1m)

(5.132)
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P, ® - ot c,rz (1-d) (5.133)
Q2 % - l.4 Cg,z (5013‘)

Then, the following results are obtained:

rl"’z-}."‘cf(n 4o e D) (5.135)
312 = 3 a4 O (<> +4/4-+.27) (5.1%6)
t2 =t (asveyf2adir?) (5.137)

s: z {'n.‘c:(l-b-o-/l/?-advbz) (5.1%8)

For oarbon steel,

f,%= a2 (501%)
312 2 2,1%X mu_ au..z (5.140)
t?= 0. &~ ¢? (5.140)
g’ = 2.5 X107 ™ (5.142)

The phase velocities of the two modes of dilatationzl waves are

c, = & (5.149)
C, ® 219089 G, (5.144)
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The above analysis shows that the phase velocity of dilatational
wave at lov frequencies nay exceed the isentropic phase velocity during
the period of rise. This semilt mey be applied 0 explain cexrtain seimsic
vave phenctiena and will be discussed later in a separste section,

(B) Pexiod of degay. During the period of decay, & is positive.
Congider the special cace whare

s 1=-b (5.145)
fe1-v (5.146)
Yor this specinl ocane,
cosbtan”ti/6 = § & (1) (5247)
dolten /0 = 1 (5.148)
427 = 2(-b) ¢ § BT - ceiiinnnes (5.149)

Then the following approximate equations may be odtaineds

Bloe -8 (1-m+2?) (5.150)

§ =0 (2-%) (5.15)

P, = 87 (1-1) (5.152)
-1

ﬁ'z ® i (50153)
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In discensions) fomsa, the, nre

P, ® - a4 c,f (1-7br7b7) | (5.154)
Q = = a? (2=2b) (5.155)
P, = 5 G (1=b) (5.156)
QL = ~a ol | (5.157)

Then the following spiroximate results are obtaineds

£.? = a2 () (a-50) (54158)
g’ = o) (-m) (5.159)
£, ) = &t ? (1) (5.160)
g, = atc’® (1-b) (5.161)
% = 4 (1=m)(asen))? ¢ (5.162)
c,? = (0) o P u" at (5.163)

Heace, the phase velocity of Iemoue at lovw frequeincies during e fast
decay period is approximctely equnl to the isothermnrl dil-tationzl phase
velocity, The phnsc velocity ol Twwode under the s:mc condition is very
lov and ia proportionzl to the frecuency.

If tue frequency is very bigh such that



S§>1-b (5.164)

If @ is the saue as before ( Eq, 5.145 ), then, approximately

00 .lf/ﬁ =1 (50165)
ojtan /f = 28 1-b) (5.166)
¢+ P g ad (1n)? (5.167)

Then the following approximate equations may be obtained:

F=1 (5.168)
g = 8 (2m) (5.169)
P, = W1-b) "~ (5.170)
g = -t (5.172)
In dinensional forms, the above equations are:
p = afc (5.172)
q = na (am) (5.173)
r, = ot g2 (1) (5.174)

qz s -n '_2 (5.175)
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Then, the followving spproximate solutions are obteineds

112 » 2 c (5.176)
g’ = 1o (am)” (5.177)
£ = faa (5.178)
32?‘ s !n ol (5.179)
¢ = Cp | (5.180)
C22 = 2na (5.18)

Thus, tho phase velocity of Bewode at very high frequencies during
the rapid decsying period is equsl to the isotherwmsl dilatationnl wave
velocity, The phepe velocity of T-mode ig very low and ie proportional

to the square root of the frequency.

(C) Exceedins Whe: the sbsolute

value of n 1is exceedingly high while the frequency is relatively low,

the following sp:roximate equations msy bo msdes

coshtan 20/8 = &/ & (5.182)
ainbten¥/6 = 1 (5.183)
4/ F+¥ = }x’-( 1+ & /89 (5.184)
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Thon, 4f § is positive, the following approximate equations may de

found:

- 2‘-2

o
]

q = 28t
7, » a7 (1)

Q= -t ()

(5.188)

(5.186)

(5.187)

(5.288)

If & 4» negative, the walues of ﬁland iz.nd ﬁl and 62
are interchanged respectively (1.e., for example, Flbomu Fz ad 52

becones ?1). In dinensionsl forms, they are

2 . -
Pla-nc.r

QI. - anc;z

= $na? (14d)

2

Ps

Q = -dna? (1)

Then the folloving results may be obtained:

(5.189)
(50190)
(5.191)

(5.192)

(%.193)

(5.194)
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122 = tn a2 (1+b) (5.195)

322 = $na? (14b) (5.196)
2 _ 2

¢," = ¢ (5.197)

c22 = 2 0 tn%a?(1+b) (5.198)

Therefore, when the rate of rise or decay is exceedingly high, one
of the dilatational modes propagates with a velocity equal to isothermal
dilatational wave velocity. This result may explain why many experimental
data of elastic wave velocity excited by detonation of some chemicals were
reported in agreement with isothermel rather than isentropic velocity

(see, for exsuple, ref. 1).

II1. pPhege velocity of seismic wave. Usual seismic dilatational
wave velocity in the continental earth crust is sbout 5 to 6 kilometers

per second (ref., 28, p, 253). However, the recorded seismic wave veloci-
ties from the underground atomic explosion of September 19, 1957, in
Nevada (ref., 29) are quite different from the usual ones; some are as
high as 6.85 to 8.7 kilometers per second and some others are as low
as 0.305 to 0.37 kilometer per second, The recorded frequencies are,
as the usual seismic wave (ref. 28, p. 25), from 3.7 to 9.1 cycles
per second, A table of the distinct seismic waves from thet underground

explosion is shown belows



Table 3. NMstinct Sedamic Vaves Recorded From The Underpround
Atomic Explosion of September 19, 1957 in NHevada.
(Taken fyom refevence 29.)

Bt | M| DR | e
win, sec. »/mec. ope
1 ZA 8,700 N 65%%0¢ ¥ 3.8
1 40.52 6,850 K 659%0¢ v 3.7
5 90,5 350 8 3°0' v 91
U 29 8,090 W 18%°: & 4.5
14 28,66 7,480 B 34°%10* B 6.2
2 48.0 30 N TP E 4.3
34 56.52 305 § g°%* B 8.3
M 34,06 7,660 K 41°0' v 6.7

The site of explosion wvas R 65°52' W to the site of observation,
and at & distance of 5°22' gecomntric or an are length of 594.6 kilo-
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neters, mmwmmmmmmmeﬂmamonmm
reached the obsarvation station; and this explains thoee different directions
of arrival.

Theee unusual seiscic wave velocities, which cennot be explained as
Crosaling (ref. 29) said in his paper, can nov be explained Wy uasing the
themmoelastic weve theory. Concedvably, the underground atomic explosion
was a fast rising source of seimmic vaves, If the woefficient of rise is
a8 big as given by Eq. (5.9%), then the phave velocitics are given Yy
Bge. (5.115) end (5.116). Assuming that the themwelastioc constants for
the earth crust near the gite of atomic explozion and the site of cbserva-

tion are as follows:

G ® 6 xu/eoc. (5.199)
» = 0,001 (5.200)
a2 = 0,015 ca?/sec, (5.201)

then, if the coefficient of riese is

B ® - (1) alc’ = - 242 1w’ sec ) (5. 202)

C
the phase velocities of the two modes of dilatationzl wave are
¢, = 8.11 kn/sec, (5. 203)

cz = 7,9 h/”o (50“)
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The above theoretical figures are fairly close to the recorded dats
from the underground atomic explosion.
If the coefficient of rige is twice as large =t the one given in

Eq. (5.207), €., will be higher snd C, will be lower. If the thermoelastic

1 2

constants as well as the reference temperature are the ssme as befors, then

c, = 8.48 xn/sec, (5.205)

c, = 48& kn/sec. (5. 206)

It seems possible to find 2 value of the coefficient of rise greater

13

than =4.8x10 sec'l and less thaa --2.'.:’,::].()]'3 soc-l such that the

ratio of the phase velocities of the two modes is
cx/cz = 8,700/6,850 = 1.27 (5.207)

If the reference temperature and the thermoelastic constants of the
earth's crust at the place wicre the underground atomic explosion took
place and the observations were m:de are such that

Cl & B.7 lm/sec. (5.&8

t.en the first two arrived waves (see Table 3, lines 1 and 2) may be
explained as the elastic and the associated thermal modes.

The extra low phase velocities recorded from the underground
atomic explosion mey be explained by thermal modse.

As to the direction of arrival of the recorded seismic waves,
the reflection and refraction (see next chapter) of thermoelastic

waves may be used for the explanation,



VI. HEFLECTIOR AND REFRACTION OF THERMOELASTIC WAVES.

Similar to reflection and refraction of elastic wave, incidenoe of
themmoelastic wmave on & doundary will also cause reflection and refrmotion.
In this chapter, reflection and refraction of plane thermoelastic wave at
a plane boundary will be studied.

Rectangular Cartesian coordinates are used in the analysis, and the
ooordinate axes are s0 orientsted that the yp-plane ooincides with the
plans boundary and the xy~plane is parellel to the direction of plane weve
propegation.

Tesperature and stress are given &y Eqs. (3.43) and (3.44) in terus
of the scalar potential function, P, of dilatatonsl wave and vector poten—

tial function, Q » of shear wave. In rectangular Cartesian ocoordinate

i
aysten, they reduce to the following equations;

PO = (2D, - pd e
T, 0= 2 By - By p34,

+ /u( % Ynmy * °3mg’mm ) (6.2)

In the following anslysis of reflection and refraction of thermoelastic
wave, it has been found that the complex form of the soalar and vector
potential functions are more convenient. Although the ocomplex circular

frequenqy, p , and the complex wave muaber, q.hnvobocn‘uudinﬂn-
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analysis in the yrecediar two chnpters, the oscillatory ~ad non=oscillaw
tory p:rts of the wave motion have besn seprreted, In other wordz. the

potentizl function, @ s Bac Deen cocsidered ae

@ & 4 exp [i(nt»fx) - (nﬁgx)] (64-)

or, in ru:l form: to riow explicitly the oscillatory and mone-oszcillatory

p:rts of the wave moilon,
D = o (othex) [“1 cos(atefx) - A, m(mutx)] (6.4)

wHaTe Al ead A2 arce rezl aad dmaginayy prrts of the constant A, The

oscilletory part propagates at the Bp.eed of m/f :nd the non-osciliary part

propzgates »i the speed of u/g. Tie nop-oscillatory wave in sctuslly a

pulse or = shock, whily the gscillatory part is the oxdinary wave observed,

for exa.ple, an tho seismoyrsphic records (see, for exsaple, ref, 2G). The

Fetode ~nd Tewnode dil~tationnl wnver are btoth oscillatory waves, |
The complex phase welocity is defined, simil:r to the resl phnse

velocity, & ths ratio of the complex frequency to the cozmplex wave nuaber;

thus
¢t = P / q (6.5)
wvhere C" s the couplex velocity, If C“ and cim are reel and

iraginaxy parts of ¢* themn

¢ w c o+iC, (646)
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When the phase wolocit: {a complex, it implies thst the wave
attenucten. Whea the complex phase velocity is known, the recl phose
velouity and the coefficient of stienuation of the oscillatory p:rt of the
wi.ve can be determined uniquely; zud the o-mo is true, converscly. Ry the

defianition oi the complex ph-oc velocity,

Cq*iCy ® (asin) (fe1g)™ (6.7)
Bence,
Cro = (406 (£ 44" (6.8)
S = (B -nme) (274670 (5.9)
end
f = (ncm-pncu)(c”z-p chz )"1 (6.10)
g = (nCn-mcm)(an-bCh?).l (6.11)

The real phase velocity of the oscillatory pert is

2 2>

-]
C'm(cm+cin (mcuq»ncw) (6.12)

L]
Thue, eliner the complex pheme velocity, C , or the resl phase
velocity. © , with the coefficient of attemuation, g , may be used to

describs thzs wave motion,
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Thae relstionchip botwern the real and fmsincry phase volocity is

wore direct in came of stendy atate; thus

-1 ] ¢ Itan 6" {(6413)

2 2
9]
- = (Cre *cim)cre

vhere f C‘ l is the wodulus and 6’ is the srpument of tiie couplex
pbase volocity. The coefficient of azttenuation for the asteady state case

is related to the cowplex wave mumber znd the complex phase velocity in

the following ways
e= -a/|c"| sn 6" 2 - |q| e 6 (6.14)

In the followisg analysds, C," end C, are used to desote the
complex phzue velocities of the elustic mode and the thorunl wode of the
plaune dilutationsl waves, The a alysis will be very similar to elastic
vaves, except thiat there 1s a thermrnl boundary conditioca to be satisfied
iz addition to the stresc =nd/or displacesent boundary conditions.

This ndditionsl boundary coudition con elwrys be satinfied becsuse the
plane dil:ztational wave hns two modes 0 that there is an sdditional

reflected and/or refracted wave,

(1)
e :nslysis vill be the suse whether the incident wave is a T-mode

or i~mode dil:tetional wave trein, For definiteneas, let the incident
wave be & E-uode., Lot the scolar poteatial fumctio: of the incidcnt wave

be @a » and angle of incidence be O<a } thus



@a ® A exp i{tp + 1q, 08X + yqnninaa) (6415)

wiere q = 1 / C; (6416)

Lot the boundsry be tuermelly ifnsulated nnd stress free, Then

the equations 0. boundary cosiitioas ares

8,1 2 0 at x = 0 (6.17)
Ty, ® O st x 8 0 (6.18)
Tl.? 2 0 rt x 3 0 (8.19)

Enlightaned by the elestic solution, zasme the refluctud waves are

two dilstotional modes aud n shear wave, Thelr potentisl functione are as

foliowss
@b = A exp i(tp - 24, CORCY,, + Yqbaino(b) {6.20)
D, = 4 exp 1(tp - xq_comx_ + yq_sincX ) (6.22)
g.Jl = EPZ 20 (6.22)
\‘PB -‘ A; oxp 1(tp - 2g 008Xy + yqduino(d) (6.23)
vaere % = P / Cl. (6.-4)



q " P/ G (6426)

The value of C, 1s given by Eq. (3.36); aud the values of c;

and ca' mey be deterwined by using Eq. (4.7).

ale? = ~1p7 a2 (6.28)
o2+ q° = (%%-1pc Rt (6.29)

Henoe
(€ H%c,)? = 1947 (6.30)
(672 + (€2 = (-1 Ha %2 (6.3:0)

The values of cl and 02

tw equations, or nay be obtained Yy mbstituting the wmlues of £ and g

say be obtained by solving the above

obtained in Chapter V in Eqs. (6,8) and (6.9) for a particular problem,
The folloving figure shows the incident and reflected weves:
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aubstitating te functions O , O, D, amd L, 4n B,
(6417) to (6.18), the following equations mey de obtained:

(2us)) J_—A, q.’ cos o, e 4(tp + yq snc )
- & q‘,’ cosc, axp 1(% + yg MnX,)
-4 qe’ o8 &xp it + yqeunqc):l
-/opz [Ah g, 080 o 1(tp + yo sl )
- &, @, 8o, & (%) + yq sln,)
- A, q, o8O exp i(tp + ’%““%’] = 0 (6.32)
2u [ 4 ¢ sod( e 1t + 3o mn00)
+ A, q,,z dn%(,, o 4% + yg sinc,)
+ 4, 0.7 snd @ (19 + yostncx)
+ 4y g7 stnct, mect, e 4(1p + getacyy) |
- /0 v’ [A‘ o ity + u‘détx.)
+ & oxp 4(tp + yo, sinx, )

+A4 ity n,,dnog)] » 0 (6.33)



Adqdz(d.n%(d - ougxd) op i(tp + yq mnc,)

+?2 A‘q‘zﬁno«‘mnq‘ oap ity + ﬂ.“ﬂo(.)

- 2 &g, “sinc( conc, e 4(%p + yomnc)

-2 Acqc"’.mo(cm , P i(tp + yqedno(c) = 0 (6.34)

The above thres equations must be satisfied for all values of time,
t, and all values of the coordinate y . If all the arguments of the
mwmmnmmmmmmmm.um
exponential function can de factorised, Therefore, in order t0 satisfy the
boundary conditions, the following three equations mist be satiafieds

9 II.INX. = % lhlo{b
- q d.n0<e
= q‘ ﬁnO(d (60”)

Then, after having factorized the exponsntial fmctions, Bqs. (6.352)
% (6.34) can be eatisfied bty choosine proper values for the constants
& » A s A . Inother wrds, these thres egations becomes the
squations for solving the uninown constants.
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The above conditions may also be written in the following form:

a = b - Q - 4 (60%)

X, ® X (6.37)

The angles c>(c and O(d mist be complex. For mmerical computation,
the two ocomplex equations for determining theee two ocomplex angles will de
expresoed in real foms. Let

X, ™ X+ L (6.38)
Xy ® Xy o+ 1c><’;l (6.)
L

G ® Cre) * * %) “f“”

Substituting Eqs. (6.%8) to (6.41) in the last two of Eqs. (6.36) and
equating the real and imaginaxy parts, the following four real equations are
obtained:

c_i’( o) 8B, = cl(n)mq’ceodwg - cl(h)mq;mo(’; (6.42)

Cot1n)®B%Xg B C)(yq) 008X 008 + cl(h)dno«'ceonod; (6443)
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Cyelac ® T )BinO( coshO( - (’ltu)ooao\’ ad.nhcxd (6.44)

0 ® C sino coshq + C

2(1n) (re)*® sioh (6.45)

1 a

Hence, the niglo of refloction of the snse mode no the iacident moie
15 ecuz) to the angle of incidence; tae ~u:le of rellection of trhe different
mode and the un;le of reflection of ghesr wuves are depende~t on the free-
quency cnd the coefficlent of ri.e or dees; of the dncident wnve,

If ti.q 4dncide.t wave is rt very low frequoncy sad st stofﬂ:dy state
the, b, sobstit.ting the values of f's and g's of Zgss (5.45) to
(5¢48) 4n Bra, (648) znd (6.9), the re-l «nd mrgin:-xw)p::rtz of the

phuse velocitice of the two dil:tationsl wodes nrec vo follovas

°1(m) = '(l-o-b) Cy (6446)
& h\n) = Jomnl(2e)" Y4 oy (6.47)
Cprgy = 2 (i) H | (6.48)
1) =-2F o (o) ¥ (6449)

The walue of cl(ro)

the zbove equations. ilence, the following spproximete solutions of

ic much greater thun the other throe ('s of

qse (6442) to (6445) are obtrincd r5 followss

X, ® X/ ® X =0 (6.50)



“o(d = °v c."‘" AnO(. (6.51)

Ttms the reflected T-ode is spproximately perpendicular to the
boundaxy plane and the sngle of reflection for reflected shear wave is
slightly smaller than the ssme angle Ly elastic wave theory,

1f the incident wave is & T-mode, then, in Eqe. (6.42) to (6.45), the
constents C)( oy and Gy, wuld be Cp .oy and Cpy ) Tespectively,
and vice versa. liow, if the incident T-mode wave be at lovw frequencies,
and if the state is steady, the angles of reflection will be complex mmbers

and, approxinately

oy & o ¥ 48° (6.52)
coshox” & qu’é (6.53)
ceshory & sinh oy (6454)

Then the amplitudes can be solved, For incident E-zmode, the equations
Zor molving the amplitudes are:

(i’/l-b)\)(t.q‘,col Xy = %qbscuo(b - Acq:ool o )
--/op2 (A‘q.mq' - A8, 08, ~ Aq 008 ) = 0 (6.55)
Jag et bt dy )0 et - oo a e ) 0 (65

4g0g (mtn mo0nB ) 20 wtnot (40 conct i g c0mcrym g com X0 (6u5T)



of S vave (1. e, shear wive with direction of particle vibretion persilel

%0 the boundary) is the ssme as that of elastic wave. Tms, only the refleotion
of SV vave (1. o. shesr wave vith direction of particle vibration perpendio-
Wlar to that of SH wave) will be studied here. The x and y components of
the vector potential functions of both the incident and reflected shear wves
are saro, o that, in witing Uy, the mibsoript *3° will be omitted.

Lot the potential function for the incident 3 wave be

EPa = A oxp i + q‘eofa‘ * yq.dnq‘) (6.58)

and the potenti:l funciions of reflected 3B wave and two modes of dilatational
waves de respectively

Qb = A o 1(tp - m o080y, + yq eincX) (6.59)
D, = A, & 1(tp - 2 000, + yy MaX ) (6.60)
@d = Ao 1(tp - M OB, = yq‘d.nox‘) (6.61)

e angles of reflection are, similar %o the analysis of section (1),
% be detexmined by the following equations:

sinx snX,
& o b = -] - 4 (5.52)

Sy % 4 ¢,
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The angle of incidence and the angles of reflection are show in the
following figure:

In Bqs, (6,98) and (6.59), the complex frequency has been used for
shear wave in case the incident sheer wave is from a rising (decaying) source.
Substituding Eq. (6.58) in Bq. (4.3), the following equation is obtained:

°v2 ,."’ -9 = O (6463)
Beace, e AP -6d) - a®-nD) = 0 (6.64)
cvatg -nn B 0 (6.640)

where the subscript a has bemm d&ropped, Thus, for unsteady state, the
aefficient of attemation of shear wave is not sexo., For steady state,
the coefficient of attemiation ia mero.

The saplitudes ave t0 be determined by the following equations:



-n-u

(2/14-)\) [‘c qc!' 008 X + A, q: c08 O,
-,ayz( Acq‘mo&-ﬁAdqdascxd) = 0 (6,65)

2/Ll( - A q‘z o MacX - A %2 concx, slac,

2 ,.2
nn<><‘)

2 , 2.
- A& Y% “ao'hdqd
2
-pp (A‘+Ab+Ac+Ad) s 0 (6.66)
24 ¢ oo Mac + 2 A, .2 concxX, gac
'cqc 0(° [ dqd O% d

- & q‘z(ouzda - sinx REYY qbz(ouzo(b - da’) =0 (6.67)

The bhoundary has been assumed thermslly ineulated.

If the boundary convects heat, then Eq. (6.17) will be changed

to the following equation:

0,-80= o at x=0  (6.68)

shere H 4g the ratio of themmal convection coefficient ¢o thersal

conductivity, Then Eg, (6.05) is to be replaced by the following equation:

(?/u)\ ) [Acqcz(ﬂ -4 qvoonogc) + Adqdz(ﬁ -1 qdooaO(d)]

- /092 [AC(H -4 qcoocO(O) + ‘dm -1 qdeoso(d)] C (6.69)



(3) Reflection and refraction of plane dilatational waves at & plane

interfece between two medis,

Let both the two media be heat-conducting, non-radiating, elastic

homogeneous, and isotropic. Also, let the two media be connected rather
than just in contact, There sre six conditions of continuity, namely the
continuity of normal and tangential displacements, the continuity of normal
and tangentizl stresses, the continuity of temperature, and the continulty
of heat cénduction go that there is no accumulation of heat at the boundary.
For definiteness, let the incident wave be the E-mode dilatational

wave, and let the potential function o: the incident wave be

D = 4, exp i(tp + 3,008 + yo mincX ) (6.70)

There muat be three reflected waves and three refracted waves so that
the six conditions of continuity can be satisfied. Let the potential
functions of the three reflected waves —-- an E-mode, a T-mode, and a

shear wave —— be respectively as followss

@b = A, exp i(tp - xq co8X, + ¥q EinX,) (6.71)
@c = A, exp i(tp - xq o8 + chsino(c) (6.72)
\_I{i = A, exp i(tp - Xq,0080¢, + yquino(d) (6.73)

Also, let the potentinl functions of the three refracted waves —— an

E-mode, a T-mode, and a shear wave — be respectively the following:
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@e = A, exp i(tp + xqcos X + yqesino(e) (6.74)
@f = A, exp itp + Xq,008 O, + yqfltan) (6.75)
were ), and Q/g ave understood the x° or s components of the vector

functions g_’,‘ d and Ll/;‘ reapectively. The incident angle, the mngles of
roflection, and the angles of refraction are shown in the following figure:

A8 oxp i(tp + 2q 008X, + mgdno(‘) (6.76)

Kediua 2 Mediws 1

The angles of reflection and the angles of refraction mist satisfy the
following equations:

sincx lin<><b dn0<c d.no(d o:l.nO(‘ dno(t d.no(l

a

' ;* ’
9 4 % & 4 &% %

(6.77)

where c;, c;.md cv a¥e respectively the phase welocities of E-mode,
»

P-m0ds, and sheer waves in medina 1, and Ci., t:2 , and c", are respec-
tively the phase valotities of F-oode, T-mode, and chear wnves in medium 2.
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In rectangular Cartesizn coordinates, the displacement vector is, Yty
reducing either Eq. (35.29) or (3.%0),

u = Qi - .m@hé (6.78)

The aix conditions of contimuity at the interfaoe of the two media

ave
w = ul (6.79)

5 ® W (6,80)

T, =Ty, (6.60)

2 " M (6.82)

6 s 6 (6.83)

kO, " O, ' (6.84)

share the unprimed quantities refar to medisu 1, and the prized quantities
refer t0 sadium 2. Substitution of the potential functions in the above
six equations ylelds the following six equations by which the aaplitudes of
the reflected and refrwcoted waves can be determined in terms of the aspli~
tWde of the incident vave:



A.q.eo- O(a - Abqben o<b - Acq ceoaO(g - Adq daln c>(‘l
= Aq,0080¢ + A OB, + Ag sin O(‘ (6.85)
“a L Ac)q‘dno(‘ - 49,000, = (Ao - Af)q‘thw(.

+ A‘qcoo-q & (6.86)

2/ [q‘zdnzo(.u. 4 A+ A) ¢ AQqEnc cooo(‘] - /Opz(l. e
+a) = z/,«’[q‘zmzcx. (4 + 4,) - A q,q a0 ooaozg]
- /o',"’(ac + Ay (6.87)
29 88m 00 (4,3,008 O, = 40,008, = 4,3,008 1) = ks, (cony -
- aby) = gugetact (gm0 « aggooncey)
- 4 ’Azqu( mzo& - dn%(‘) (6.68)
(2pe ) 4,92+ 402+ 40D - op%a » 4« 4)
= (e X)a,0,% + 40,7) - P2%(A, + &) (6.89)
{24\ YA g c0n 0, = &g, c0mot, = &g o0so() - k Iopz(A.q.eol o +
+ hg,00000, + AR mec) = k'(2ueX )ag, oon cigrag, mcry)

- k! F,z(l.q'eooﬁx o+ A c08X,) (6.90)



The complex wave nmunbers are related to the complex frequency and
phase velocities as follows:

o *q "r/5 (6.91)
= p/¢C, (6492)
q = p/C (6.93)
o * v/ | (6.94)
o = »/C, (6495)
G, = p/Cy  (6496)

The reflected waves will be a shear wuve, an B-node, and a T-mode

dil:=tational wave; the refracted waves will also be a shear wave, an E-mode,
aod a T-mode dilatational wave. The enalysie will be similar to the above
section.

If the incident shear wave is a SH wave, the solution will be the
sae as slastioc solution,



ViI. THERMOELASTIC SURFACE MAVES.

One type of plane waves propagating in a sesi-infinite medium with
aplitude decreasing exponentislly with the dspth seasured from the doundary
is called surface waves or Bayledgh's waves. The phase velocity of elastic
sxxface vaves is independent of frequenay(see, for exmaple, ref, 1 or ref.6).
In this chapter, themmal effect will be considered and such wvaves will de
called thermoelastic mrface weves,

Bectanguler Cartesian coordinctes are used in the analysis, and the
coordinate axes are so oriemtated that

(a) the xs-plane colncides with the boundary,

(b) the postive y-axis points towards the interior of the medium, and

(¢) the 3-axis is in the direction of wave propagation.

The directions of motion of particles of the medium axe asmmed, as elastic
surface waves, parllel to the xy-plane.

The displacenent vector, u; , will be resolved inte an irrotationsl
pert and a solenoidal part (see Section 6, Chapter III) in the following
mathenatical anaylsis. Plysically, hewever, the surface waves cansot be Te-
solved into the above nentioned %wo parts. In other words, if a scalar
potential function and a vector potential funotion are used to descride the
displecement, they must be given the same phase velocity.

let

W e @,1 A .m_q?k,a (701)



and try hamonic solutions. Aseume
D = 4 ey (15t + 1qx - k) (1.2)

This scalar function © must satisfy the following governing equation:
0%, 2,444y - (6?04 ¢2D)  + £ = 0 (7.3)

vhich 1s the same as Bq., (4.5). Hence, the following equation may be ob-
tained:

o %02 - (D7 - 1 peP)e D) -1 7= 0 (7.4)

The above squation is similar %0 Eq, (4.7), henoe the solutions may de
readily odtained, thus

qz..hlz = P1+£ Ql (705)
Qz-nza = p,+1Q (7.6)

vhere the P's and Q's are the same as givem in Egs. (4.15) to (4,18).
Therefore, the scalar potentinl function, s 8 of the following
form:

D= A exp (4pt + Sqx = hly) + 4, &xp (4pt + 4qx ~ hz') (7.7)

The component of displacement in 2 or s direction is sero, ®
that the ¥ and x° or x and y ocomponents of the veotor potential
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function, gfi s migt vanish, Let the x or s component of the vector
potential function be

Yy = A emp (19t + 1gx - by) (7.8)

The governing equation for EPS is
°v25[’3.u - @, -0 (7.9)
Substitution of Eq. (7.8) in Bq. (7.9) ylelds the following equation:
¢ - h-f = 9%/ cf? (7.10)

If the doundary is stress fres and themsally insulated, then the
boundary conditions are:

'1'22 s 0 at y=0 (7.11)
T, 20 st y=0 (7.12)
6, =0 at y=0 (7.13)

Now, in rectangular Cartesian coosdinates,
2 2D - 2ud - Py, (7.4)
n, * 242, s Lo o= Papr ) (1.15)
B, = (2N B+ &) - P02 (7.16)



Substitution of Fqee (7.14) to (7.1t) in tgse (7.11) to (7.1%) yiclds

the followin: thres equation-t
(2 q?'- p?) + (2 q?- p‘?)a +28uqh, A, = O (7.17)
/u ,0 A]. /“ P o /a S T M

2iqh A+ 24qh,1, -(h32+q2)A3=0 (7.18)

[zran)®n® = pp° Tuym + [(2ueA)a™0,2) =pp? [ n, =0 (7.19)

For non=trivisl solution, the determinant of the coefficients of
A's st vandul which is &y equetion for determining the complex weve

muaber, qe¢ The complex phuae velosity of thermoclustic surfzce wave ip

»

c, = P / q (7. 20)

If A, is equal to sero, Dce (7.19) reduces to

(2/a+)\)(q2~h,2) - ,op‘" = 0 (1.2)

and Sqee (7.17) and (7.18) reduce to the following equations which are,

e expecied, the meme equetions for elrstic surfare wavees
[(9 M=% e 2 q2] + Augh A, = O (7.22)
PpeAND) "= )+ 2uq A + AU, i

2Aqh)A, - (h; + qz) Ay B O (7.23)
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VIIl1. PROPAGATIOR OP SrBERICAL WAVES IN AN INFINITE MEDIUM,

The spherical polaxr coordinates are used here; the radius r , the

asimuth @ , and the colatitude O are demoted by xb, x2, and x°

respectively. The three non-vanishing components of metric tensor are:

oy "2

gy =
.33 = rzdnz&

and the three nonvanishing components of the conjugate tensor are:

(8.1)

(8.2)

(8.5)

(8.4)

(8.5)

(8.6)

The physicel ocomponents of the displaoement vector in the directions

of the base vectors s, and 55 are 3070 and the ocomponent in the radial

direction is a function of »r and time ¢ only. The componants of the

veotor potential function sPi are all sero for this spherical symsetrical

ozse,
1

The contravariant component of displacement u , the covariant coo-

ponent \Ll.mdﬁnwd.ulmt “(1) are the sane and is denoted
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by w, 2q. (3.29) and Eq. (3.30) reduce to a single equatien:

w = O

r 2 (8.7)

Egs. (3%.32) and (3.33) reduce to
W/D=6), , - 6= (sr/)YNED), . (a8)
(/) - D= (5/p) 6 (8:9)

where a° is given in Bq. (4.4). Elistnating O from the above two

equations, the following governing equation on D is obtained:
(.2%2’-1)(1, @),m- '1[1'(:254- 0.25):}," + @ = 0 (8.10)
Assuning a solution
P = K1) exp (ipt) (8.11)
and substituting it into Eq, (8.10), the following equation may e odtained;
A e a7y w (D e D 27 - 1% = 0 (8.12)

where the primes denote differentistion with xespect %0 r . If p isa
real mumber, the followving equatiocn may de obtained By equating both the real
and insginary parts to sexo :

G (F + &) + 320 2 Y) = 0 (8.13)

¢ Ar + 2 ) w9 = 0 (8.14)
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Eq. (8.14) is a generalizod Sesosl equation whose genersl eolution is
He) = ax? I (p/C) + 85 3 ler/c) (8.15)

where A and B are artdtrary constants and the J's are Bessel functions
of the oxders as indicated YLy the subscripts. T™he condition that the funo-
ticn F(r) also satisfy Eqe(8.13) requires C_® C, . Hence the mlution
of (8.15) may be regarded as en approximation for m:terials like quarts
glass wose C md C, are alxost the seme (see Appendix).

For materials whose t:s and C., ocammot bes considered the sane,

T
assuing a solution
P = AFT exp (1pt + 1qr) (8.16)

ad substituting into Bq. (8.10), the following equation may be obtained:

azc,rzq‘ - .2’2‘2 + 1C’2pq2 - 1p’ = 0 (8,17)

which is exactly the ssme as Eq. (4.7). Hemos, similar to the plane dilata~
tional waves, the spherical dilatationsl waves have tw distinct modes ——
an elastic mode and a thermz]l wode —— and the phase velocities of both modes

axe the sase as thoss of plane dilstationsl waves respectively,



IX, PROPAGATION QOF CYLINDEICAY, #a¥is I an IRFINITE REDIUM,.

The cylindriccl polar coordinates ~rc uced hervi the redius »r , the

"

polar sngle 6, «ad tic altitude gz are denoted by zl » X, ond x} ’

reppectivelys The thive nonevenishing components of wotric tensor are

s, =1 ‘ (9.1)
3:,?, s r2 (902)
133 s ] (903)

and the tiree nonevanighing componenis of the conjugzte tenzor are

al =2 (3.4)
<2 s !‘-2 (905)
a’ = 1 (946)

The physmicrl components of the displ: cemcat vector in the directions
of t&. bose vector '3'2 and iE are gero and the compouent i:i the radial
direction is » functicn of r =nd time ¢, onlye All the compoueats of
the vector potential function @i aTo 2610,

The coutraveriant couponint of displ cement, ul » the coverisnt
componont, v end the physic-l component, “(1) s &re the wrme nad are

denoted by w_ . fr. (3e29) and ey (%e70) ruduce to the anme equ-tions



- 95
w = O (9.7)
Eqe. (3.53) and (3+34) reduce to
A6, +70 ) - 6-’5‘@,”» r) (5.8)
WD, _+720, 1. D = 7 8 (9.9)
where a° 1s given in Bq, (4.4). EKisinating O frem the avove tw
euations, the following equation moy be obtained:

AL 2N L 2D - (2 412D ¢ ¢ 2D) + Dm0 (s010)
dssuring a solution

® = Xr) e (1pt) (9.11)

aod substituting 1= Bq, (9,10), the following equation may be obtained Yy
oquating the real and imaginary parts %0 seros

X e 27l T ) e 20N ) = 0 (9.12)
6P + ') o+ p%7 w0 (9.23)

Eq. (9.13) 1s & generulised Bescel equation whose selution is
Nr) = a3 (m/c) + B Y (pe/C) (9.14)

vhere A and B axe arbitrary constants, snd Jo ®=d Y, are respectively



Beszel Sunctions of zero ordor of the firaet kind siud the msecon: kind., The

¢ ddtio.. that thi: fun . tion K«‘(r) mist u1u0 s:tiafy Sq, (9.12) requires

that C‘- C,r .
FPor tih« cite whope C wzy ool be considered closc to LT s GBZURS
the followiag solutiong
@ T ar ¥ exp (ipt + iqr) (9.13)

end subatitute it iato Bqe (9.10) to get tue fellowing equations

Gy lampr )2 (0% 10 e = 45D = 1p” 4 270,74 w0 (9.26)

This 4n sirdlar to Eqge (447) oxcept that this equation conizins the
variavle r . Substituting Eqre (4.8) and (4.9) into the above equ:tion,

the following enuetion mry be obitalned:
2 2 , andf 2, &=l 2 ? .2
Tag+Afy=dr ' ® (2 cT ) “(m+in) [na +i(an "Cs Y 4/U + 1v] (2.17)

where

4

U = (u-n)a-c 4-&:(0 -C ) 4«4 4"4(11--1\\)0:2 2y=2 (9.18)

2 4-4("2 2-9] (3419)

V = 2a [u +(2¢ -62)+4na

The square 100t of (U ¢ 1Y) co. be ezpressed in trigonometricsl

form, Let fl and & be tue valuea corresponding to the positive square



root, and 12 and 32 be the velues correspoiding to the uiius square root

of (U ¢ iV), tien Ece (9417) cui be written ns the following two equationss
2
-51 4.211'1‘1-%-1‘.4 = Pld-in (gum)

2

2 3 4 o
£, -8, +Aafg,-tr = P,+iq, (9¢71)

where the P's and O's sre of the sute forms glven by Ense (4.15) to
(4418) except the functions U and V are % be replaced Ly thone givea
by Lgae (9.18) rnd (9019)e Solving 8qse (Fer0) and (9e71), the following

results ere obtoineds
£? %[134-}{44-4/7? +-}r)+nlz}
2 %EPI-% r'4+/l/z;1+% h, 012 } (9.23)
£’ {r[y?ur“.»/l/(p?w r'4)?+Q2?]

gzza%[ -t +/\/P +}r)+q,, :‘ (94 25)

The phupe velocities o: tie two modes of cylindriczl dilotationsl

(9+22)

K]
"

(9 24)

woVes ores

C - B&/ fl (9.26)

1

C,’ L m/22 (907‘7)
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Theee sclutions -e well us the solution of Bue (9.14) stiow that the
cylindrizal dilatniional waves are not exasctly perdodiec. The phrse
velocity viries slong the coordinate r . However, st & distunce far

from tie origin, the waves are almo:t periodic,
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X, COUCLUSIONS,

¥hen the prouuction of entropy in »n irreversidle thermodynamic
process is spplied to the strain wnve propsgation in a thermdelastic media,
tie dil-tational weve not only stienuates but £leo hes two distinct mades
- gn Glostic mode nnd 1 thermal mode -—- both of which propegate with
ettenmuation. The shear wave, hovevex;, does not sttenuate,

The phase velocitios of the two dilatational modes arc dependent on
the frequency, and thedr coofficlients of attemuation sre aleo dependeat on
the frequetcy. If the state is unstoedy, they are all dependeut on the
coofficient of rise or decay.

In nteady state, the phasc velocity of elastic mode is very closely
esusl to the ipentropic phase welecity at low frequencies and ap roaches the
isothermsl phase velocity at vexy high fresuencien, The phuse velocity of
thermsl node 48 much lowcr than thot of elastic mode at low frequencies and
bocomes higher snd higher as the frequency incresses and finslly, at very
high frequencies, oxceeds the phase velocity of elesstic wode.

Durdin; the perdod of rise when the rete of rise ia high, the phase
velocity of clestic mode may excecd the iscuntropic phase welocity at low
frequuncics znd =p. rosches, =3 the frequency increases rnd becomes very high,
the isothermel phase velocity. The phzase velocity of thermal mode msy be
ouch higher then in steady estate -nd may exceed the isentropic phass velocity
even at lov froquencies. At very high frequeucies, the phase velocity of

thersnl mode eoxcroeds that of elastic mode.
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During the period of decay, if the rate of decay is high, the phase
velocity of elastic mode is almost equal to the isothermsl phase velocity
at high or low frequencies., The phase velocity of theruwal mode is, if the
" rate of decay is high, much sualler than it ic in steady state; and it
increases with frequency and exceeds the phage velocity of elastic mode
vhen the frequency is very high.

Upon the incidence of either mode of dilatational wave or SV shear
vave, the reflected waves are composed o: both modes oif dilz=tational
waves and a SV ghesr wave., The refracted waves also are composed of
these three waves,

The surface waves are also disgipstive.

The gpherical dilatational wave propsgates at the same velocity as
the plane dilatational wave. The cylindricel dilatational wave epproaches
the plane dilstational wave when it is far away from the origin.

The phase velocities of the two modes of thermoelastic strain
waves are able to explain the umisual ﬁhase velocities from an
underground stomic explosion.

Thermoelastic strain wave theory is unable to explain if the shear
wave will attenuste, The reflection and refraction from the incident SV
shear wave may serxve to explain the dissipation of seismic SV shear wave.
However, the SH type shear wave will never dissipate by either the theory
of thermoelasticity or the theory of elasticity. This is an area to be
explored which might lead to a modification of the theory of

thermoelasticity.
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X111, Appendix

Thermoelastic Constants of some Materials

Y-

a? Cp? 7c b
om?/oec.| ®2/sec? @?/s0c? | Dimensionless

Alusimm, pare | 0,888 [%52 X 10| 7,99 x 107 | 2,27 x 1072
Duralumin 0:617 |33 X10M| 8,07 x 107 | 2,38 x 1072
Lend 047 |0a199 20%| 2,74 x 209 | 138 x 207
Iron, pure 0.60 3,52 X 200 | 3,99 X109 | 1.13 x 1072
Carbon steel (0,128 |3.53 X 10'%| 4,03 x 207 | 1.14 x 2072
Cast iron 012 1.2 x108| 2,72 x 108 | 0.27 x 2072
Copper, pure 1172|192 X 104 | 2,92 X 107 | 1,52 x 1072
Bronse, 90110 |0,260 |1.80 X 108 | 2,88 x 107 | 1.60 x 1072
Brass, 60140 |0.109 |1.25 X 10™| 1,54 X 10° | 1.23 x 1072
Kagnesiun 0e891 311 X 10| 6,83 x 107 | 2,20 x 1072
Hickel, pure 0e144 (3,00 X 201 | 3,42 X209 | 1,14 X 2072
Convete 0.0053 (1.4 X 20M | 1,39 x20° | 1,22 x 2077
Bock, Senstons | 0.00800 [1.48 X 108 | 1.5 x 108 | 1.02 x 2072
limestone | 0,00756 |2.83 X 103 | 4,32 x 10% | 1.53 x 2073
Grand.te 0.01460 |2,02 X 103 | 2,28 x 208 | 1.1 x 2077
Glass,Plate glass |0,00432 |3.26 X 10 | 6.1 x 20° | 1.93 x 20
Quarts glass|0,00744 |3.60 X 20 | 2,08 x 108 | 5.78 x 2076

(Tadle contimued)



(Table continued)

Ve o~ Ce A 2/
e/’ 1/°C |gv/weelom °C | exg/sec ou OC | Mmensionless

Aumiom, pure | 27 |24 X107°| 2,50 x 207 | 2.22 X107 03
Duralissin 2.8 |25 11076| 2.5 x W07 | 1.60 x 107 0.3
Load 1.3 |29 x1075| 1,42 x107 | 3.5 x 105 0.3
Iron, pure 7.88 |12 x 107°| 3.64 x 107 | 5.8 x 10° 0.3
Carbon stesl | 7.85 |12 X 10°5| 3,63 X 107 | 4.67 x 20° 0u3
Cast irea 7.70 |10 x 10°6| 4,20 1207 | 5.3 x 10° 0.3
Copper, pure 8.95 |17 x1075| 338 x 107 | 3.97 x 207 0.3
Bronse, %0110 | 8.8 (18 x10°% 3,35 x 207 | 9.3 x 20° 0.3
fress, 60140 |6,5 (19 x107%| 3,21 x107 | 3.50 x 207 0.3
Haghesdun 1.74 |26 x107°6| 1,83 x 107 | 1.63 x 107 0.3
Hickel, pure 8.8 (13 X10°°| 4.06 X207 | 5.84 x 105 0.3
Conarete 2,0 12x107° 1.76 x 107 | 9.34 x 20* 0.2
Rook, Sandstome | 2.2 | 9 X 107°| 1.75 X107 | 1.40 X 20° 0.2
Limestone |27 | 8X1070| 2.16 X107 | 1.63 X 10° 0.2
Grenite |27 |8X10°° 2.6 X107 | 3.15 x 10° 0.2

Class,Plate glass | 2,5 | @ X 20~ 1,80 x 107 | 8.16 x 10* 0022

Quarts glass{ 2.2 | 4 X 1077 1.57 X107 | 1.7 x 10° 0.22

(Table continued)




(Toble continued)

5 # A /8
dynca/cu? | dynes/u? | dynes/m? | dynes/m? OC

Alvaizum, pure 7.06 X 1011 | 2,72 x 101 | 4,07 x 2012 | 4,24 x 207
Durslusdn 7.06 X 1011 | 2,72 x 104 | 4.07 x 20%! | 4.42 x 207
Lead 1,67 X 10' | 6,42 x 1010 | 9.64 x 1010 | 1.2 x 207
Iron, pure 2.06 X 1012| 7.93 x 101 | 1,19 x 10*? | 6,18 x 207
Carbon ateel 2,06 X 10%2| 7.93 x 108 | 1,19 x 20" | 6.18 x 107
Cast iron 6.87 x 10°% | 2.64 x 201 | 3.96 x 101 | 1.72 x 207
Copper, pure 1.2 1 10%?| 4,91 x 20 | 7.36 x 10 | 5.42 x 207
Bronze, 90:10 | 1.18 X 10%2| 4,53 x 1081 | 6.79 x 10M | 5.% x 207
Brass, 60140 | 7.86 x 101 | 3.03 x 101 | 4.55 x 201 | .75 x 107
Kagnesiun 4.02 X 1011 | 1,55 x 101! | 2,52 x 203 | 2,62 x 207
Hickcel 1.96 1 10%2| 7,55 x 108 | 1.3 x 1012 | 6.38 x 107
Concrete 2.06 x 2011 | 8,58 x 20*° | 5.72 x 0% | 4.04 x 20°
Book, Sendstone | 2.94 X 104 | 1,23 x 10" [ 8.16 x 1017 | 4.4 x 20°
Limestome | 6.87 X 10M | 2,87 x 101 | 1.91 x 20* | 9,16 x 20°
Cranite 4.91 X 1011 | 2,04 x 201 | 1,36 x 10 | 6,55 x 105
Glass,Plate glass | 6.87 X 1082 | 2,62 x 1012 | 2,22 x 1012 | 9.4 x 108
Quarts glase | 6.87 X 101 | 2,82 1 208 | 2.2 x 101 | 0.49 X 108

All the conatants in the adove table are either calculated based .on,
or directly taken from the table given in Melan and Parkua' book of thermsl

stresses (ref, 7, pp. 106~107), The reforence temperature, Ty , is 300°K,
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ON STRAIN WAVE PROPAGATION IN THERMOELASTIC MEDIA

by

Kuang Liu Cheng

ABSTRACT

A oomplete solution of thermoelastic dilatational waves in an
elastic, heat conducting, homogeneous, and isotropic medium has been
obtained for both the steady and unsteady states. Discussions of the
solution for a wide range of frequencies and various values of the
coefficient of rise (or decay) have been made and the result has been
applied to the explanation of the unusual seismic waves recorded from
an underground atomic explosion of September 19, 1957, in Nevada.
Reflection and refraction of plane waves at plane boundary and plane
interface between two media have been studied. The surface waves have
also been studied. The solutions of apherical and cylindrical

dilatational waves have been found.
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