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I. lHTHODUC'l'lOi~ 

1be a'tuq of the pzopaption of elaetic wws 1n moUde datn be.ck 

to the last centu1'y. lt baa been found that in an unbounded isotropic 

solid ho t,ypes ot elutic _.,..can be propapW - the dilatatioMl (or 

1.oDgi1aldinal, in'Qtationel, caapnst.d.ve) and the ebear (or tl'a.1.SVVM, 

rotational, ~wl1•inal) wavee.. i'or -1-intiaite mediua with a atreaa 

tree boundal7, it has been tound that the mrtace wa\'98 or Raylei.~ waves 

1111,J ooc:u.r. All the Teloc1i1eo of tbe pl"Op8«ation ot the vaTes are inde-

pendct of the taquccy tut dependa on t.be deDAQ' and elastic 0011tJtanta 

of the 11841um. All tne elaatic lre.ves do not at~te in the direcUon ot 

the pl'O~"RU.on of the waves, ao that tb.C'e is DO diuipation of eners::Y• 

A fllMMlary ot the oontri.butlons 1181 Le tound in a mozaoanpb by n. Koleky 

{ref. 1). 

Various aoditioa.Uona ot nooke'• law of atnaa-atl'8in 1"91.aUono ae 

the beaic principles for variOUB theories of viaoo-elnaticity {rerv. 1. 2) 

do yield results ot the attemaa1tloll of atree~ waves. ~a:ioally the die-

aipation or en.era ia due to the translol'Jantioll ot elu\ic enwgy into 

beat en.era. Tbla c:m 'be abown in a alaple deeeriptive wy. Wbc a bocb' 

1• ca11pl'NQed the tala:l)vature 'Will l'iae and when it ie expanded tile tem-

pel'atun vill drop 1t the ~ ia inaulated. Now, iD a ~ wq of 

loacliog, the st.nu dietribution is not unitora .o that .,.. part ot the 

bo4f i• heated and SOll8 other pll.r\ is ooolec.lJ an4 due to heat oonduction 
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vbich 18 an i.rnvend.ble tbermoqnamicRl procoes, pertia.l heat enera be-

oomea unaftilable Cllah accounts tor th• disaipatt.on of 9DU'CJ• Finally, 

vben a eteacb' date 1s eatabUabecl, there ia a net pin of heat at 1ibe 

loae of a pa.rt of elaatio enero. In 'Vieco-el.aaUcity, bo'tilne:r, the beat 

89D8ftted and 1lbe ett'eot ot heat on the Clbange ot atftina are not conai-

dmld in the analyei.a. 

In the theoJ7 of elaat1c1 v, it ia ennmecl or unclentood ( 1n fact, 

it was 18mr«l in tbe eu:cy development ot the theo17} ~'\t 1ibere ie DO 

themal etteci due to a obl'J1l&9 of the aaua t1el.d ot th• medium llhich 

nllP-ina in the or.161Dal ieothe1'llnl sta~. !be ft'f'81"ll6 effect that tbamal 

changes ill a bod;)' will intzocluoe obeseee, hotlwer, .batl been known a1nce 

l.oDi: 8£0• HatbcaUcal tomulation of' the eU.a..otndA-tmpernwre 

ftlaUou vn.11 made tn. ditterent hypo ..... lo- J. M. c. ~l in 18'8 

(ref. 3) end later in l84l bJ' h'Us if...nn ( ret. 4h tbia :relaUonahip 

111 maetillee reterrecl aa D1h•MJ.-5eum.a;ui law. DWMmel-NWnn 8qW11iiou 

an equaUona ot otate 8114 do not yield the chnn&e or teape:raiure due to 

ahaDge of au.a.a. 

'i'he heat oonduction ie lnterloaked with tbe chD.nge of etnaa tiel.4 

ot 1lbe aedim. Tb1a can al.80 be ebov11 dMcripti.Yely 1o a rd.mplo w.y. 

lihen beat 1n applied at eeme part or bouada.17 ot a boq, then le beat 

oonduoUon and a non-unitona ~tu.re field is oet up which will s.a-... 
duce a DOD-Unitom tield or &train 'lllbich, 111 tum, vUl ~ lllOlllftbat 

the ~tare t.lel.4. DMD tbe heat oonducUon rate will abaD6,"tt whee tbe 



ah.::neo of atrefi tield 0;1 h~:1Jt ecmJuction are C<-J.lad th•rmal stress pxob-

lau. The,; the distr:LwUon or tfx..,pu·ature is aolftd .tte a p\&l'e heat 

cond.Uctio•l problem. W1 th t.ho temp<o•rntu..."'e knom, the problem reducee to 

on ordin.s'1J"1 el1~etical one except tn::'t the elastic: equation ot sta'ki io to 

be replaced by Dubo1Ml-Rewnann equPit10:1 vht're the temperature b ;; knoW 

tunction of apace coordinates. This is tho ear~ theory of tliel'lllOelastlci\f 

whic.u sbould not. 0o con:fuse\i with tl.'W prir,sent tbeol)' or ther.moelnsticiQ. 

30lle autl'JOra, SL ch ;;;e w. Nowacki ( :n~f. 5) and R. J • Knopa ( 1'6f. 6), still 

refer to ther..W atrcs~· pl'Obl-a c.:."' thel'BIOeln.atie pmcl".95. COntribllUGna 

in thia fi"'ld it.?cY be found in Mel.tin aud Pukus• •006ftPb of thermal 

irtreaeea (n,f. 7) riD.d Go.tewood'a book of ?.bel'IMll. Stte81M>a vfl.ich coven 

=e4 ph;~ooe ot the doc.d.gn problar. ni elt.m1ted tessperat&.lre (rot. 8). 

Stresees in a thin plat<:~ due to a nucle\l3 o! the:nooolnatic etn.in bno 

been 80lved by Nov:'.tdd (l'tlf. 9). Trcmael (ref. 10) ~n m.•;.de n contrl.buUoll 

to l)a:~oral ho-di.lllecud.ons.l 'UHlmal strcos probl .. bJ ua.iug complex Yar.1.-

able.o. Tile olnotic: ottect or r. :lOll-UDitol'tl diotribution of te:...pe:ratu.re in 

an Wini te eoll<i by the me tbod ot equi.,rU.ent center ot dilntation hn.a 

been &:di: by C'..oodie.r (ret. ll)a and in '.' td.Bd.l~r way, t.bo th~rmoelnatic 

stresac11 itt n atld.-1n!ird.te oolld h:.\·.re been :1.nvestit:·nted bl' Kindlin r<nd 

D. R. Cheng (rtif. 1"). 'l'hen:l::l otrcJcs in a hollo" cylinder with te::pf.ll"P.l.ture 

dependent olr:stic thcmd <.-o:•st.'lllta h ·ve beoo 1nve&t18Sted. by frostel. 

(rt';f. l~,). Other contributions ot r:. oimUar n.:·ture cum alao be found. 
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h'olll rui irreveraido th;:;r.:r..ody:lF.w:icd point of vi(v, tl1.c diaei:p;-:tion 

of ~;lest.ic em•rtzy io d1-e to the p:mduction of ontzop,y. One o. th,,_, fu,(da-

mcntrl eq. L'l.iOWl of the pr<;sent. ti.cl'lllOelaatici\y is the h•:tit con.dtcc'Uon 

coupled "1.th thc.i rntt~ of C'.i1 ~ of a~rainiJ dvt.'I to Biot (ret. 14) t~nd 

Leascn (rcr. 15). Pri::vioua1y, ae pointed out by OltMhd.ck {:r.:ir. 16), a 

number or .::uthom had produced the~e a~Ms leiuiine to the 

coupled momentum r..,"ld enerta eqU..":tiOn& whicn wero postulated ~ ngo b. 

~.:aol and lic.~mnnn. Uthout:h the rewlta obt.Hined. by tbeee ~u'Ulore are 

correct, th<11r methods do not fully nclcno'flledge the ilTe'lrend.ble nature 

of the ne1> t r::onduction· procon. 

As ft>r thol'IDOGb.~tic boundary vnlue pro·.l(llla, a wd.quenosu tb41orm 

has bee;1 proved by "°1ner (ref. 17). 

T!ie p:ropagntio::i of strldn y;,vee is a eyn.."111110 the:naoelnatic problm. 

Pl~tne thermoel.'letic 111avea h«ve been inve~ttenW 1\"f Looeen (re!'. 1~) And 

Dere&d.ew:l.ca (ref. 18). Dereaiewicz did not get n:l expll<.:it tom of the 

solutio. for <'irb1Va.ry illposed frequoocy but he did Siiov that thero are 

two dirtarent phnse wlociU.ec for a given hequency; ibc one hf called M 

r;b~ tic mode a.nd the other a tl"..e1111Rl mode. He then proceeded to find the 

phrule velociti,:a r. ... nd opecit''ic loa"e of enerQ tor both modee of wwa 

&t h1gb !requt•ncie& t.•.!1d nl~;o d lov fJ'eGu&nciee. ne the:: atudiod boib 

modes et ~ oou~ bc:fon proceeding to the utnm.e casee ot hi~ 

t'r1)que:ld.ea Lnd low frcqu"~:.cica. Derosiowic~• •. ~ rer.r...J.te vtlen iri.~:18laW 

i:itv the notatione U<~ed i:l tbie dicr-.erlation are r.e follows 
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Phase vel.oci t,y ot 8-Qode waYOB, 

tJpeoitic loas for E-mocle wvea, 

At lpy fJWJ'Md ., 

Cl = Cit 
Ci. (a.2)i 

Av/W: 21t(c.2-ct2)/(a2a) 

AV/W: 41t. 

Ci= Ca 

C2 • ( a.2)ier/c8 

A w/v • 2ttra2(c82-er2)/c84 

AV/V • 41t-

'l!he above Um:L tine 't'al.1Mta are tor artt ooupllng. Dveeiftios the 

eonaideftd -..ill coupling and t.bsl took the lill1 d.ng •nlueo tor ftl'7 weak 

Pbuae velod t.Y ot E-mode vaft8 .. 

Spec:U'ic losa tor E-tDode wawa, 

~'peed.tic lou for T-iraode waYU, 

Phnae veloci v ot T-mode wa\'98 ~ 

Speoitic loae for E-mo4e nvea, 

Specific loar, tor T-mod9 nvea, 

C1 = Cr 
c2 :: ( 211a2)tc,,./ca 

AW/V • 21t(C82-0tr2)/(•2} 

AW/V: 41t, 

Ci. c. 
c, = [a.2ca-c.2/c.r2>]t 

Aw/w a 21t•2<c8 2-Ctr2)/(c8 2cr2> 
Av/V: 41t. 
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In Leesen 1 s analysis (ref. 15), the specific intemal. energy, which 

is a function of entropy end strains, vr.u; expanded in g, Taylor• s series up 

to the second order terms, nnd nihamel-Neumann equation was found 

necessary. The isentropic and isothermal dilatation wave Telocitiea 

found by him are differe:1t from the ones f'owid by others. 

Lassen's C
8

2 = (~ + 2)-L )/f 

Lassen's c,,2 = (~ + ?fa)/f -B
2ju2 

vb.ere U is the specific internal energy, B is the second partial 

derivative with reapect to entropy flnd strain, and the other notations 

are the same as used in this dissertation. LeBBeu.1 s phase velocity of 

elastic mode approaches his isentropic dila.tational. waTe velocity and his 

phase Telocity of thermal 1110de approaches zero when either the frequency 

is very lov or the second pu.rtiE>.l derivatiTe of the speciric internal 

energy 'With ~spect to entropy is zero at the reference temperature 

Another paper on plF>.ne themoelastic waves was written by Chadwick 

and Sneddon (ref'. 19). Harmonic solutions were tried, and then approxima-

tions were made for high a1d low frequencies. The solutions were checked 

by numerical methods accomplished by high speed electronic computers for 

certain mater:itls. 'l'he phase Telocities and the coef'ticienta of attenuation 

of dilatational waves in aluminum, copper, and iron at high frequencies are 

listed in the following table in conventional unitaa 



- 10 -

Coefficient of 

Freq1~oncy (aec-1) .~tiem&.$1Uon (aa-1) 

l. Fo;· alwninua. 

4.66 l J.09 l.0171 ~ i.m2 

4.66 l l.010 1.or1s ~ l. ~"045 x v:l 
4.6ti x 1011 l.00-'.Jl ,. 6. 4084 x 10' 

4.66 x 101? i.0002 c, l.'STT x 104 

4.66 l io1
' l.O'XlO c., 1.31 x 104 

2. For copper. 

1.73 l 109 l.0004 c., :1.1'21 x 10-1 

1.7) JC 1010 1.0083 c..r '.5.13)1 x 10 

u 
1.7~ x 10 1.0043 c, l. 64C17 x 103 

1. T3 JC 1012 i.0001 c.i. 3.2640 x lO 3 

1.73 x 101' l.CXX>O c, 3.29 x 103 

5. For 1.ron. 

1.75 X lJJlO l.0002 ~ -2 4.:;906 x 10 

1.71;> X l.OU 1.0002 CT 4. 4330 

1.75 x 1012 l.0001 c, 2 2.7.396 x lO 

1.75 l 101' 1.0000 c, 4.4795 x 102 

1.75 x 1014 1.0000 c, 4.48 x 102 

He~, CT atanda for ieotberme.l phl;ae Yeloci tie-s 1n nlumm•, copper, dd 

iron, rc~pocUveq, vith ft l"l!forenoe ~cr1?ture or -;igfr.. 'ftle p.-iper t:leo 

aaserta thnt for a tre11uency rnn£e trom leau than 10 c,ycl&e p<:r second up 
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has been tound to be 0.9224 C., lUld t!iere ie no nttttnuation in the 

dirt1ction of the propat;ntion oi th~: ·~•ans. The teilpera tu.re 1s in ph~·• 

vi th the vert.ic:··l dit.:ipl:·c!!.Qt;nt, }I ;d lltJ0 out ot ptw.ae vi th the horizontal 

dieplaclJGl.en t. 

by Cb.qtwi ck. (ref. 1(.). 

'l'hia dim:.ertat.ion prol!S(;nto o study oi tho tbeoT.t ot etrrdn VflVG p.'fO~ 
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ea.tzopy are applied. Goneftll equations of theimoelastici v ::tN stated in 

tensornl f ormo 'betore they are applied to a partieule.r probleal.. 
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De..,..nant d ttMt •1zlc -.r a!J s or 

A ~ omurtmt, a2 • le / Ce • 
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• C Ca~ple~ phase Yelofify • 

• ~ Complex phnee Yelodt.J of el«stic mode dil.atationnl w~vea. 

• c2 Cor:.plex ~ velo,·i ~ of ttJ.erme.l. mode dilatatio™tl. wavee. 

* CR CO~le:x pbaoe Vf)lo::it;, oi· M.Tleigh Ytt'ff.e or aurtiice waves. 

Cl(re) Beal pt•;~ o·- c.-omplex ;•h Be velocity of el<!Btie mode 

dilr1 ts tional tm'Yea. 

Cl(im) l1Wi6;'.ia11ry part of complex ph:~1w velocity of elastic 

mode diln'tatiOJWl •aves. 

C 2{ re) ftegl p~rl 0. complez pbt:\OC Ye loci 't,• Of themal mode 

dili~ t.s. tios:vil waves. 

c2(1m) lmagioor,y pnrt of co.::i;ile:c phi'100 Teloci ~ of tbe:rm.'11 

mde 411.ntaii~.l lfBVea. 



-15-

t 1 Vaw .._. ot eluUo _. dUataUonal awe. 

t 2 tine ma'bll' ot tbemal mode Watatt.onll ....... 

t1 ~ acollezaUon. 

r-
CIMtticlet ot att.matlcm. 

QNtft.ol.et ot attematlon ot elutlo ...._ 

h1 ._..ts.al ~ ooetticd.mta. 1 • 1, 2, '· 

1 1•11/-i . 

. k ,,.._, ~--· 

• Clrc:ulu tNquno.y. • /(2~) let~. 

i N'Wlllioal- clJ'Cul..d' ~. i • • 2cT-2 • 
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a Coetti.cict of dee (~Uve) or 480IG' (poaitiw). 

ii m .. adonleu ooetts.CS.mt of ft.• 01" decq, a. 1vlc, 2 • 

'1' 12 r.ct.t.ou ot • and n. 

11 ''2 1tm.cUae of i aD4 i. 

p Qampl.a~. :p•m+in. 

\·~ rmactSau of • and n. 

\·~ 1uDc1l.Wla ot • aD4 L 

Qmpla .,,. !D'W, q • t + s. c. 

• Bil-,,. 

TtJ CoYUiaat BUH• tln.oia • 

.tJ a. ....... t awe• tm•r. 

r-~ Miac1 ........ 1'. 

,'CtJ) ~--• ot pbpt.cal .u..s -.or. 

~ w ..... psatu.n. 
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t 

' .l tuaci.1.on ot • aDd n. 

o(~,o<;, ... Biel. .... ot o<., o(b' •••••• 

oC..<X.~';-· I~M1" pota of O(a, o('b t ........ 

P A tllemoeluUa aanatant, ,,,8 • ('>t+ ~)O( • 

f 1.1 Qnuiaat n.ta waor. 

11.1 CDa----t ....... ~. 

/ ~ U-4 ebdal -.Or. 
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fcu) Pl\vld.Oal etl'dn, daaD&9 ot length pe um. t ~ 

lcij) Pb¥aloal strain, atwap ot aocl .. 

~1 

" oij K1"0Dedcer de1 ta hr.v1ag DO .... r cbaftotw. 

Ei.1k Pumtati.on tpbol, a ftlatiiw tm•r of wi&bt - 1. 

i.1k Pamtatioa .,uoi, a ftla.Uve -.r of wS.gtit + 1. E 

8 ~tun a1'oft the retennoe tn peatua. 

e Pola aDBl•s miat.t.twt. • 

.,.. 
f) ....-i ot omaplez phase ftlociV• 

Awm~t. 

~ .l J.m8' CODstaln. 

f ........... 
~ soa1o potanUal imcu.on. 

<P 

P1 V~r poW'lUal f'8lctiaa. 
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The eonanl equa.tiona ot tl=-moel.· aticit\Y ocms10t ot six 4t11uat1ona ot 

~apl.armeot nlationa, 81.x equa1d.ons ot s~ relAt.ione, 

three equaUon.t:. ot motion and one •iuation ot heGt oonduction. There are 

ld.xte.l \IDk.no1llru:l ilrtolved in thhU ~ equations, via. tbe thl'M com-

ponents ot displaetDGnt, the a:ix component& of strain, the six component:; 

ot streas and the ect:ropy or Ullapezutun. 

The bo.oic terulor notation used by ~ Md !3cbild in their book ot 

tenaor eel.cul.us (re£. 22) viU be UMd here. All teueonl fl'WUltitiee an 

referred to the ordinar.r peyslcal space of tb%ee dimenslona so tnf't all 

ind1oes nmce f:rom one to tb.ree. unl.ees othend.co noted, "11 the indiceo 

v.Ul fol.tow the ~ and SU1211Dat1011 oo.avention. 

(l) '.i)e &Mtatene qt :JWa=aL!!iWt•ml Rtl,.a»tg. I't ie aaaumed 

in the linear t;heo17 ot ewticiq that th• COlaponenis ot the dil'plncemeot 

vec1ior and the1l" deri'ftUwa with JU~ to th• oool"diM.tea are in:t1nitea-

1mals ot the t.ln't order and tb• B•lUF..nfl and pwdu.c'ts of tbeae infini teai-

11trle are neg)J.gil>l.e in oomparieou \d.tb their t1rot powns. With this 

approziJu~tiOll the oomponents of cowlZ'iruit strain tensor ftJ 1.u tume ot 

the covariant displ.aCGileDt teoaor Ui are (ref. 2:5, .&>•149) a 

/iJ • ·H \ltlj + UJli ) (3.1) 
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'Mbere J.J ia a tmaor oonjut;ate to the metric tenaor 81.j w1 th reepect 

to the W1BtrniM4 °bodJ• The cu'bical d1Utat1on e ie 

The pb.ysical componenta of tbe atrnin tensor are 

(:;.5) 

wbezre 1;he indox 1 is not to be 8Ulfllled, n.nd, tor 1 "I j 

'Where t.be 1udioeo are also mot to be llQIDlled.• The pbyu:.l.cal coaponent.e 1(11) 

are cb.r..ogee ot leDBth por unit length of line elaaen"ts along the coordinate 

cunen, 11bile ;f(iJ) are the ~:ea ot angles betwon 'the co't"Uiatlt ba80 

ftetore tft and ij nspefttftl.1. 

(2) 'lJJ.t EgwtffQNJ 91 stnM=Jtmn fitlnMIM• The total atzW.n can 

be ~t to conuist o! the 1U1 of the tne thesel struil1 and the elaatic 

strain produced 1'J the nsia""1oo of the medium to the thazul expansion 

(re!. 24, p.'59), 1itAla the three dittennt 'Mneonl tol'llB or the stress-
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strain relations for the continuous, elastic, homogeneous, isotropic medium 

i~ e Ji I i J\ r 1 
• o( j + ~ Tj - 2J (37\+~) Tr8 j (3.7) 

dij B ij 1 rfj A r ij = o<. a + 2)1- - 2p(3A_,..~;t) Tr• (3.s) 

~j - E:) I 'A r 
- o\ aij + 2jl Tij - ~(31\+~) Traij (3.9) 

where o( is the coefficient of thermal e:xpanllion, e the temperature 

above the reference temperE>.ture TR , J~ the Kronecker delta, and. A. 
and )J- a.re Lam~ elastic constants. The stress te, .sor can be expressed in 

terms of strain tensors by solving for them from the above equations. 

~ . 2 )'- t~ + A fr 81 r j -,,sB ~~ (3.10) 

Tij = 2).J- 1-j ... A (raij -138aij 
r (3.ll) 

Tij • 2 fl '1j ... A. i:aij - ;S8a1 j 

where 13 = (3~+2jt )O<. (3.13) 

There are eight convenient sets of physical components of stress for 

solving boundary VP..lue problems in elr:sticity involving general coordinates 

(ref. ?5). The parallel components or p-componenta of the stress vector 

(for an element o.t TOlume referred to the convariant base triad) along the 

covariant base vectors are stated below: 

(3.14) 
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where the indices i and j are not to be summed. 

(3) '.l!tl! F@uationa of Motion. 'lhe covariant and contravarlant fome 

ot the equations of motion are 

_i ..... B =ftj 'r ·11,... . 'J J 
(:~.15) 

(3.16) 

where B j and Bj are the oovariazt and contraftri.ant ten.eors ot boq 

force, reBpectively, tj and r-1 are the ooTariant and contravariant 

tensors of acceleration, respectively, and f ia the maae clesity of the 

meclium. Ezpreased in tema of displacement, they are 

/ air(urlji + uj jri) ~ ( )\araur\sj - / 8\j) + Bj = ,Plij (3.17) 

ir je( ) ( re e ) ij j •. j .f' a a urlsi + usjri + ,\a ur[si -(3 Ii a + B • fU (3.18) 

(4) Die Equation ot Heat Conduction. The equation of heat conduction 

tor a thermally ieotl'opic medium is 

t~.19) 

where k is the thema.l conductivity and q ia the heat generated. per 

unit volume. 

( 5) 'l'he lntropx of an Elastic Element. Macroscopic entl'Opy defined 

for a aedium in non-equilibrium state is used. Van Kam.pen (ref. 26) baa 

llhovn that the macroscopic entropy of an irreversible thel'llOd1namic qatea 



area 

mny be tn:;,'tad as NVerrsible thermdJn"'AC q"'-81 

(b) Dofiuitione or tile tt!E.modyn,..Jd.c coordinates J!'tllnin Ynl.14 

proYi~ the 001.;.oequilib:riua et.:.te is not too tar !rora .-,\d.U. rim.. 

1'nc eut.ropy of a.:1 elastic elom.ent hr:s been tolmd (ref. 14) to be 

e 
a • CE-ln(l + T) + f3• 

R 

where a ia the entropy, CE ii:; the r-iped.fic heat Cl-lp~~ci ty C'tt cons~nt 

strain, TR in the :referf'.nce t6':lp~~:rnture, A;1d e ls th.~ 'leu.i.pf:J'atU.1"8 

abovo the ntero ,ce tr~ture. By tha de!inl tion. ot entl"OpY 

( :;. :ry) 
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tiOUt:l part :uid u solenoidal pnrt. I..et t.'l~ di~phoe::icnt vector u1 be 

exproaood o the aum of tho gradient of r~ acol&r tunc-Uon ~ ~..nd the curl 

where 

ui • ~,1 .,.. 8 iJk ~k,j 

Pk,k • o (3.17) 

and e1jk 18 the pelBltl?Uon oyabol. 'l'r:1r1rf'o:ndD€ e1jk into genen.l 

coordizwte eyetea:o, w o:.tain EiJk vhic-.h ie n l'ffleti•• tensor or wei.::"1t 

+. l and E ijk 'Nhich. ie n relntift t~n~r or walt-,ilt - 1 • The 

detemina..nt o.f tho Mtr.lc te1uor 



or 

ui = ~µ. + 1a •m emJk p kfJ 

ui = tlij mlj + 'l"i" €1jk ~ k lj 

k 
':12 . I k - 0 -

ij '±' 
a Jli = 0 

c-~. "'l) 

(3. ;2) 

( 3. '·5) 

Tbt~liie arc 11f11Ve CKJ~tio:•s. f~mocintcd 'lfith P1 ia tlic Fr.car vttve 

of wUicil tne; pil!':S6 vdod ty is 

(:;. ~6) 
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It is indepei1de;lt of the tei...p<;.rntla'f> o' the t:iediu.a. Aeoociut<id with the 

BCElar :fur1ction. ?12 i:; the diu~t<itioxu.;l ll::ive of wid.cb the pn·oo velocity 

{ "• 37) 

( :~. '8) 

b • 
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•• • -4>, 1m 

e. ; { c,/ ... !f?, .. - ~) 

(:~.42) 

a&'batitu.Uon of Bqe.(,.41) t:o {3.4') ill r.q.(:5.12) Ji.el.de the OOftl'iant 

eV.U tenlm' ill tema ot b 80DlH' tunoUon ~ 8Dd ttMt wctor f\ancUon 

~. u toll.ons 
.I 



- 33-

fOl' pllme V&wa, nctangul.ar Ca.nea1an ooordinatu will be uae4. Dae 

•trio teuor ia equal to the Kronedter delta and the cxmJu6a'8 teneor ie 

precleel,y tlw MV1o -.r iteelt; tbereton there ta no diatinotion-.. 

tween contftvariant and oovariant oaaponeAte. Since the CIOllilPOalDts ot the 

metn.o ten.or. an all ooutants, all Chr.lnotfel IOSl»l• 't'aid.ah, and tbe 

COYU'lant dltf eNDtiaUon ie the - as putia1 diftenntiation. The BOY.. 

emS.Dg equationo, tbln. reduce 1lo 

a2B,11 - B : ( f3Ta /C6 ) ~•li 

c,l~.11 - ~. (/J/f) e 

Cv2Y:'1•.1.1 - ~1 • 0 

{4.l) 

(4.2) 

(4.,) 

--. the ooma in 1lle ~ Une denote& ordinar:r put1al ditfe:ralltiation 

alMl 

(4.4} 

11biob abould not be oontuae4 ¥Uh the cletend.Dant ot ibe •Vic ten.or 

giwo bl' F.q.(,.~). 

'lbe ab.ear •w 111111 pziopa.gate URotl.1 as 1n an al.aetio ucl1m and 

will not 'be <Uscoaeed here. To arri.Ye at the dilatatiODAl va.'f'e equaUon., 

the tepenialft €J vill be eUadmted. hom Eqs.{4.1) and (4.2) to get 

the ~ equtAUon Oil ~ I 
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SI_ : A a:p i(pt + qx) (4.6) 

wbere UM conetante At p, and q an, 1n pneral, -.pl.a mmben. 

~atitu.tioll or Eq.(4.6) in Eq.(4.5) 1i4tlde the 1'9t111\ that ttMt oorurtante 

2 24 ( 22 2 2 ' a <:.r q - a p - S.C8 p)41 - ip = 0 (4.T) 

Sol'fiDI tor q2 , 

r,,2 = (a2c./i-1, [ a2p - tc/ % /<•2P - iCa 2)2 +· 4U 2c./, ] ( 4.8) 

(4.10) 

ot the dUataUonel plane waw 4oorMaee with U.s vbe n is neaati.w, 

the aapl11lWle incnaeu with u.. 'J.bua, the oonst:l.llt n 1a the eoetfialent 



.. ;o .. 

or deciJ.Y or ri:.:i.e or tbe .:rve. 

t10nt (:;it + fy;). Thie ie ihe ~..rg\llllent ot all vn•e functions. m is the 

circular frequency, onc1 ;m/ft is tllt1 tn<;ucncy. Since frequ<".ney ie tt.l~a 

positive, only pollitive ruue.:: vill 00 t.c-.ken for ~ constant .. 

(d) 2 '1t' /f ie t.'.:e weve lcfit;"th ot the d.ibbtioDl'.l W't'88e a/t is 

the pl:v.isu velocity or the vel.or:ity of wave propnoation. When t ia poe:l-

-2 2 .....,"" m +in r. 2 ( 2 2) • ~iV J r - g + ~·. 2 2 c· • i na - cs !t /vu+~· 
2a CT 

(4.ll) 
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Tbe left hand ed.de ot Eq. (4.ll) '411 be ftpruenW by (P+iQ) a.ad 

the aabac:l'ipts 1 and 2 will be uaed tor P and Q 1lo denote the pain 

ot ta11ben OOl"Nspond1 ag to the pl.wt an4 Id.nus lqW&ft l'OOb ot (UN. V) 

P1 • (2a2c.r2r 1 [C~2)a2 1' nc.2 +~{a ooe(itan-1v/a) 
- a ld.n(~-1v/U~] (4.15) 

'1. • (2a2c.r2>-1 [ ama2 _ rae82 + ~ { n ooa(-~tan-1v/o) 

... a et.n(ften-1v/o)} J (4,16) 

P2 • (2a2c-:2r1 [<a2-n2)a2 + nc8 2 -~ {m cos(;.tan-1v/u) 
- n ain(;.tan-1v/u)}] (4.17) 

~ • (?.a2cr2>-i [ ama2.... .c82 -~ {n oosC-run-1vfo) 
.., m cd.n(;.tan-1·,•,'U)}] (4.18) 

Sllbsc.1"1pts l and 2 will aleo be nppUecl to t and c 10 beal" 

b W NDSD«J tllla 
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2 2 

tl - 'i + 2J.t1'1 • pl + 1~ (4.19) 

t (' 2 
;> - 12 + 21tf!2 • p;> + 1~ (4.20) 

Sol'ti.ng for t•a and g•a , ~ue following ~~a 11&81' be obtaineda 

t 2 = 
1 t< pl + ~ pl 2 + °" 2 ) 

2 
• !(-Pl+ 1' pl2 + \2) '1 

t 2 ;: !( P,,+ !fl p22 + °'22) 2 ( 

2 
• ·H-P? + !fl P/ + ~2) '2 

vh•rc onl.1 the positive &qWlre :roots haft bee taken since t•e 

tin renl nwab;;,)ra. TLere are ho dieUnci pht>ae Yeloci ties of the 

Cl2 • 312(Pl + A/pl2 + ~~ )-1 

C22 • 2a2(P2 + 1 p22 + ~2 )-1 

(4.21) 

(4.22) 

(4.2') 

(4'.?4) 

and , .. 

(4.25) 

(4.26) 

The P's Md. Q1• u-c tuncUona of 11 and n , so thnt tb• pllABO velociUea 

of tile d.Uautionnl vcvee, c1 tmd. cf, fU'tl tunctione of the fref'iwmey, a, 

aad tbo coefficient of deoa,y or rise, n. 'l'he el;;stic dil8'8tion.."!l vave haa 



?.be ether clltt_._. betv1m ttiaaoelaaUc aD4 elaeUo dilltaUonal ._... 

ia that the to__. att.matee wbil• the law -.. DOt a'111auate. 

1\t t1D4 tbe pb.JllLcal atptti.canoe ot tu elaatio aad tblcmel .... ot 

d1ll11atlona1 "8ft8t OODelde the R'trele ...i1 •lp!1ng. Die 1-tropi.c 

p1an9a wlocd.V ~ the i•tbemal pb&ee ftl.oal\J at mell• Mn4 

thle epeal.al oaaa. bft an tlo WIV• to ftll4 tile mlut.tona fol' ti• ca. 

ot Wlf' mall ooaplt ng and etead1' stat.a 

(1) By •tt:l.De C8 • c, llDd n • 0 lD sta. (4.15) tlo (4.18) tlo t1D4 

1ibe •lRUou; 01' 

(2) 1'r •tUac t8 • 0 and aol-dnc J'.qa. (4.1) 884 (4.2). 

(1) WblD C8 : C,.. t and D: 0 t lctae (4.15) to (4.18) ndllce to tbe 

follovlDc equa.U..1 

pl •• 2, ~2 (4.'1) 

\ • 0 (4.28) 

'2 • 0 (4.8) 

~. -· .-2 (4.J)) 
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t 2 • 
1 a2/c.l (4.33) 

~2 • 0 (4.34) 

t 2 
2 • Wa2 (4.'5) 

2 • ;./a.2 (4.'6) "2 

(2). \lb& tbe oou1iant /3 appmaabea Ml"O tbt Zqa.(4.1) and (4.2) 

~ to the to1101da8 equa.U.Ua 

. • 2e - e. o •11 

t:.r2~.u - ~ • o 

(4.'7) 

(4.'8) 

In tbia .UW oaee, tbe •peatue aDd the dllataUcmaJ vrmta &'N not 

ooupJ.e4f each ot the two 1dD4s of •vea pl'OJJ8PW nth a wl.ocd'V dittennt 

fl'Clll the otbel'. iq.(4.'8) 1• aac~ tbe .. u the •w equation of 

elaetio dilsta.Uonal waft; tlMt pbue ftlooit\Y ie "'. To •lve Bq.(4."7), 



let 
8 : B exp i(mt + riz) (4.39) 

(4.40) 

This equation ia saUafied t.iien 

(4.41) 

? Then tho eo.u: ra o! tbum.tl phr se vcloci ty ia a.a • 

tb.flt, ia the e.xtftme CNMI, Cl equrils the ol..·.aUc dilf;'.taiional t>M.ee 

Vf".J.oci~i and C? etqU..'\le the tllel1Dil·l pha&c wlocity. 1o:r- thit:' reaoon, th• 

~vee with phase '98loci t, c1 will b() cdled elnftUc mode8 or 8iapq 

B-modos !lild ~ waveri; with pbe.89 mod ty c2 will be cnllad tho.rat.al 

uiod•a or 1'-modea. 

since, by &q. (4.2), thr; tefiJp(;l"nture 8 io 9qUt.~l to A cOfld>inatiOll Of 

dC?ri \!a ti.Yee of ~tl ecalv.r tun cti.0:1 Q2 • 



.. 36 .. 

or deco7. 

eoraplet6 solu.tionn of the p.rececline cill>.pter in order to ebov hov the 

frequency &;·td tho coeff.idcmt of rir.;o or d.ecsq. 

Let 

n• ?/c 2 
I.IB T 

U : U/c,/ 

V • V/c 4 
T 

(5.1) 

(5.?) 

(5.3) 



-,, _ 

(5.5) 

(5.6) 

... the incla takes tho value l 01' 2. '!he qwmt:ltiea • ' n ' fJ ; 

V , P1 , Qi , aft ti..,slal••• Eqa. (4.12) t.o (4.18) BJa7 'be ezpft8814 

in tnu ot hoe ctimmadcmleu quant.ities se toll.ow 1 

(5.7) 

(5.8) 

,/u +ii.~< • ..--1v1U .. i ~--iv;u > (5.9) 

pl • +r2 [m2-i2+n(i+b~ (m oo~-1f/if- n lllnl-tan-1vm J (5.10) 

~ • 182 [am- i(l+b~ (n ooartan-1f/tf + i ~--J.y/fi)] (5.U) 

•2 • ~2 [•2-i~(l+b~ <• ooe&-tan-1v/U - n lllnltan-1v,ltf) J (5.12) 

aa • 1ir2 [ aiB - a(ltlo'>-f u~v2 (n ~-lyfo + i ~--iv/u) J (5.1,) 

1lbeft b ia a cU..,aionl.Ne oorunant sl"ND b7 1q.(J.40). 

A 8Untrf ot - •talllo ad ~lie atvJ.ala ( ... Appeulix) 
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the -.riable i (vbiob ia al.ways Pol!litiw) ia mch smaller than uni\y 9"D. 

the co~ .fnqu~ ia ~a high u bundrec1s ..... cl.. per eeconcl tu 

aanJ mterJ.ala. 'lheoretioa.Uy, bowe9er, ii' 'lfllJ7 'ftt.17 haa 981'0 to pl.us 

1Dtin1 ty. Begudl.eu ot plv'.S.cal. ponibUi v, tbe waable ii w1ll lM let 

fro V8J7 ham miDwl 1Dt1ni v iD pl.uB int1ni tJ' in 1be tollold.ne ~e. 

In ozdel' to llbow how the aoluUona ftlf ld.tb ~. it lfill be 

, 

1lhich appear in Eqa. (5.9} to (5.1;). '°1'ecnW, 1lhm t.be 88l'iee OODYel"&9 

taat in omwWn ndoD ot ( ii , iI ) , ~ tn wa. ot tbe 88l'i• need be 

taken tor pcl app:roxillatl.ona. For tb1a RUOU, 1ibe tol1.cnd.l:t€ anal.Jlli• 1• 

clividecl into .nt.ou ~to the M&Ditudee ot the 'WU'iablea i aDtl 

n • \bm n ie 8a'O, the waw ~t.ioa ie iD ...._, atate; and mm n 
is dilterat tzaa aero, the vaft pnpa£,:atl.on is 1n unetead1 atate. 

1. :n·t' '"· In tble oaee. i is sezo en4 Eq.. ( 5. 7) and ( s.a) 
l"M&ce tD the to1l.Mdng etpaaU... t 

u • Jtl. - (l+b)2 

v • 2 i (l-b) (5.15) 

Ta.bl• 1 and 2 .. how tr ' v ' and --iv/ff ClbaD&9 vJ. th 

~ in the media of carbon ateel aa4 Sftld,'&ie. 
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~ u .-1v/f i v f/U 
qol../aec. 

••••••• 

44 w-10 - l.0229 i.m x ur10 - 1.9 l ics-10 .\ppl"OX. lBP 

••••••• 

••••••• 
4.4 xvi' u;5 - 1.0229 i.m x io-5 - 1.9 x ur5 ApplOL JSJ0 

4.4 I JtP JO_, 
- l.0229 i.m x irr' - 0.0019, 179° 5'' 

4.4 x JD9 0.01 ... l.023B o.oim - 0.0193 1'1fl' 54• 

7.93 .I io9 o.01811 - l.0226 o.om - 0.0349 l~ 

2.59 .x loll 0.591 -o.67'6 1.168 - l.7'2 Ud' 

4.45 x :io11 l.OU4 0 2.0004 '¥Jo 

7.61 x i.o11 1.732 l.9'771 ,.4242 1.7'2 fd 

2.44 x iol' 56.6 ,2)2.5 lll.7 o.0'49 t' 

4.4 x io14 lax> 106 2I10:5 2 x vr' 1' 

4.4 x J.016 io5 io10 2 x io5 2 x ia-5 jppl'OX• d' 

•••••••• 

•••••••• 

•••••••• 

•••••••• 
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~ 
,,.., u - f/U tim•1f/U • ' f(fcla/eec. 

••••• 
22 Mrll - i.00222 2 I i.o-11 -2xia-U Appiu. l.Etl 

••••• 

••••• 

2.2 x w7 10-5 - l.00222 2 x ia-5 - 2 I ur5 AP.PJ'Ox. 1Bi' 

2.2x~ 
10_, 

- 1.00222 2 x JD_, - 2 x vr' l'ri" 5'' 
2.2 X ufO 0.01 - 1.0021.2 0.01995 - 0.01992 17ff' 51' 

~.84 x w1" 0.01746 - l.001.92 0.0'492 - 0.0'49 17E'P 
i.a x irJ-2 o.579 - o.66698 l.15671 - 1.7,2 120° 

2.2' l irJ-2 l.OOlll 0 2.0 ~ 

3.82 .t 'llf2 l. 7'32 1.9976 :s.46015 1. 7'2 BJ° 
1.26 x ioM ~.2 mo.a 114.4 0.°'49 i' 
2.2 x ioJ.5 11)' 106 2 x 10' 2 x 'JI,-' 1• 

2.2 x W17 105 irfO 2 x u;; 2 x io-5 Appnx • d' 

••••• 
••••• 

••••• 

••••• 
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la the tollt>villi analy&ie, tibe .fl"equend.ea vUl l.le divi48cl into tblw 

nngea aoooNiug to t.be ang1,e et tan-ly/U • ~ 181119 I .Ul 'be .C 

1ibat t.be aracl• appl'O:dalel¥ 120° • Thia l'aDBe oeren tnquac:Lu fJW& ..., 

( ~reUcal.q apealdng) up to htmcb.'ed8 MSBOJ'elea pU" 8IOODd. Hoet of 1be 

pncUoal aptlllcaUoaa tdll 'be in thi.• ~ ,......, nnce II will 'be 

mch that tu 81161• ttl!A-1v/U ia 'beheen JJd' and cf'. 1b1a ta the uiu.-

hi&b ~ ftDCe• ~ ftllB9 III 1dl.1 m IUGb that the 81181• 

tan-1v/U 1e appl'Old.aa~ ~ • 

(A) f'IA'lftG! "'M' I. In tbS.a nap ot ~. i' ie mah 

mall• tb&m um. v and ia u amaU aa to the uder ot 10-11 1lhtD the tn-

queocw ia a.a low u Ml.aio ---. The ftl.wt of ooel-tan-1f/U ta almost 

llll'O and 1tie 'ftll.ue ot ~tan-1'1/if is appzu:lmatel.7 \IDlty. 

co-&-tan-1v/O am ~-1v/U Aft 1'mo'dou ot tan-1v/U wbloh,in 

tu.m, ia a f\mcUGD ot ii • '1'U7 an apa11clld. iato powr eal.ea of ii u 

f'Ollow I 

ooartmn-1v/if • &(1-b)(~b)-2 + -l-'(i-b)(~)-6 [ 2(J.+b) 2 - '(l-b)2J 
• l/s a5cl-b><l+br10 [8C:i+b)4-,0<1+b>2<1-b>2~:n<i-b>4] •••• <s.16> 

~-J.yru • l - .p..-2(1-b)2(J,.4.b)-4 + 1/8 il4Cl-1»)2(1+b)-a. 

[ U(l-b)2-8(l+b)2 ] - 1/16 i 6(1-b)2(i+b)-12 [ $(1-b)4 

2 2 >4] - ee(l-b) (~) + 24(l+b .... • •••• (5.17) 
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i U2 + V2 • Ci+b) + ~2<1+br' [ 2(1-b>2-<1+b)2] - 1/s m4ci+i>r7 • 

[ 12Ci-b>4-i2C1-1»2<1+1»)2 + ci.t»4J + l/16 16(1+1»ru [56<J,..b>6 

4 2 2 4 6] - 84(1-b) (l+b) + '°(1-b) (l+b) - (l+b) + ••••••• (5.18) 

!he i•e and Q'a aft the ob'tdned u PftR ...U. of i u follovlla 

r1 • (i+b)-i + i2t,cl-b)(:i.b)-5 + l/16 i4Cl-lt)(1.+b}-T [ 3(1+b)4 

- lO(l+b) 2(1-1>)2 + 7(l.-b)4 J + •••••••••• (5.19) 

\ = - ab(i.b)_, - 1/16 •'Cl+b)-7 [C1oitb)4 - 6(1+1>)2(1-b)2 + 5(1-b)4J 
- l/'2 15(l+b)-n [<1,..i,>6 - 15<1+b>4<1-1'>2 + '5Cl+b>2<1-11r' 

- 2l(l-b)6 J + •••••••••• 

it2 • b(l+b)-1 - i'b(1-b)(l.+'tr5 - l/16 a4(1-b)(l+l>)_, [,<1+l>)4 

lO( 2( 2 •] - l+b) 1-b) + 7(1-b) + ••••••••• 

~ • il1(1+b) + ib(l+b)_, + 1/16 1'C1+b)-7 [Ci+b)4 - 6(1-fob) 2(1-1») 2 

+ 5(1-b)4 J + l/32 a5(i+b)-u [<~>6 - i5(~11)4(1-b) 2 

2 4 6] + '5(l+b) (l-b) - 21(1-1>) + ••••••••• 

(5.Z) 

(5.21) 

(5.22) 



(a) !\.Gd\1ctt.on to t.he uncoupled ca•. Setting b to llC"O, the 

toUOld.ne result& can be o'bWnrd c 

r1 • 1 

\. 0 

N-1 
ll 

B • 2c-2 ... 1 • ! 

'. 0 

-2 aa 

(5.23) 

(5.25) 

cs.as) 

(5.29) 

'Dim. l.lr •a'bet:S.wtizlg 8cl•• (5.27) w (;.~) in Bqa. (4.a) to 

( 4. 26), tU tel.lAnd.rl& iwml. ta are obte.1ne4t 

t 2 • l .2~-2 (5.'1.) 

612 • 0 

t 2 • 
2 

+ -2 •• 
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Ci2 • c,2 

c 2 • 2 •• 2 2 

'l!aeee an, ae apeotecl, aactl3 the aoluU.OU ot llDODU;lled. elastic an4 

tboMl vaw equatioaa - Eqe. ( 4. YI) 8IMl ( 4. '8). 

(5.'5) 

('b) Sol».tlou tor l.owr tnqueaciea. At lower tnquenclea in tho 

~~I, fir 1e ao sell that appnJ:iMtlou CllD be llacle by tak'ng 

~ the tint tom of the ..nus ttma 

- (l+'b)-1 (5.'7) P1 • 

,.., - i b (i.b)_, (5.38) ~. 

- b (~)-l (5.39) P2 • 

,.., 
ill(J..+b) (5.40) ~. 

or, P1 • .2 (i.b)-l c -2 
'1' (5.41) 

~ • - •' a2 b (l+b)_, c,;·• (5.42) 

'2 • .2 b (1+b)-1 c,-2 (5.4,) 

Q; • •• -2 (l+b) (5.44) 
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t. 2 • 
l 

.2 (l+b)-l c -2 
'l' (5.45) 

Ci2 = {- .•. \2('lt+t>)'-5c,-6 (5.46} 

t 2 • 
2 t 11 .-

2 (i.+b) (5.47) 

I! 2 • 
2 

t •• -2 (i.b) (5.48) 

°i2 • (l•b) c~/ • c8 
2 (5.49) 

c 2 • 
2 2. a2 (l+b)-1 (5.50) 

practlcalll' ~' of ~ and ie equal to 1ibe 1.-u-opio phase 

ftl.oal\f. DMt pbe.88 ftlocd.V ot T-aode ie mah -.11.o than that of s mode, 

and. ftri.• to the equan l'OO" et~. '!be ooettioimt ot attenuation 

{c) SOluttou tor Mr- faqutaciea. '4tbln ~ ftm8ll I. i 

1e awl a mall pOad. tive ....-.. Baace the tollov1ng app1'0ZillaUana 11,q 

be takta.1 

(5.51) 
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•12 • * a4a•c,-6._2<i+l>}-5 - i _r~.ac!-10(a-5b+b2)b2(lt+b)-'J (5.52) 

t 2 = t --2
(1+b) • -1- m2c;\(i+br1 (5.5,) 2 

422 • y • -2(1+1a) - .f a2CT-~l+b)-l (5.54) 

~2. (J;+b)C,2 - -1 1a2a 4c,-?,,(4--3b)(l+b)_, (5.55) 

a 2 • 
2 2 •2<1+i>>-1 - 2 • 2• 4c;2t,c11+-,,r' (5.56) 

'.the pbaM ftlocl'V ot ..... vavM ct.or. ..... taquacr ~ 

!be rate ot ~ ia, hcnHmrl:',VVS al.ow. '!be pbue ftloai\T or T-mode 

..,.. 1nreaae11 vlth fNqumq, aD4 the l'llW ot 1.Dcreu1Dg 1a relati:\'ely 

ot the pha• ftlool tiea of both aodee ~ ciraular flrequmc.y are ahovn ia 

the follcnd.ug ia'bl.e2 

m Ci2 c 2 2 

1 ... 
-l 

(l.ol14 - 1.44 x io-25) c,,2 (0.25:5 - i.02 x 10-11) _,.,_,. 

w2 fl ( -a> 2 1.0114 - l.44 x 10 c, ~' (25.3 - 1.02 .x JO ) .2, .. 2 
io4 " (l.OllA - le44 X l0-17) c1

2 (2.5' x io'- i.02 x ·1rj'JJ)m2/eeo2 

6 .. 
10 ( -1') 2 le0U4 - 1.44 X 10 CT (2.5' X uf- i.02 X llJ-5}cm2/eec2 

8 " 10 ( ~ 2 leOU4 - 1.44 X 10 ) C'l' (2.5, x io7- 1.02 x 10-1,.2, .. 2 
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'?-mode; th9¥ lloth 1aczreaee vi.th t'l'equmc\f• The ooet!ici.•• ot B-mode 1• 

appl'ODll&tel.1 proportional to the aqu.ue of freq\&eno7; and tbe eoetflc1•t 

of attema.Uon ot 'J.\.mocle 1a appJUiaa~ propoitioNJ • tu equan JIOOt 

ot ~· 'Dae tollcndng table ia calculaW for oanoo steel.a 

• ~2 2 
g2 

(aeo.-i) (cm.-2) (aa. -2) 

1 i.15 x 10-41 - 2.81 x 10-66 -14 
'·" - 1.42 x JO 

'JD2 
_,, ~ 

i.is x 10 - 2.m 1 10 '·" .l 'JD2 - 1.42 x 10-10 

l/J4 -25 ~ 1.15 x 10 - 2.m. x 10 ,.95 x JD4 -6 - 1.42 x 10 

'J/J6 l.15 ' 'lD-17 - 2.m. x lD-YJ '·" x 'JD6 
-2 - 1.42 x 10 

'JDS 1.15 x "'""' - 2.m. l 'JD-
18 :5.9S x 'J/Ja 2 - 1.42 x 10 

(B) ,.,,,,..,, =p II. IA 1ibi.a ftll&8t 1ibe angle tan-1f/fJ ftr.1• 

tiw. eppZ'O:ld.lla~ JJ'!J:fJ to appnda~ o". 1v mat utuiala, t:hle 

_.... cxmtn appl'Odaatel.1 ~ 1lo '1014 atrol.H per ll9CODd. 'l'he llDg)At 

tan-1v/6 1• '»° wbm -. onw er ~ le aboGt io11 to 'lli-2 GJOl• 

i • 1 +' 
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'1 • i [1·P (l-b,-1 J .2c,-2 (5.58) 

\ • + [-1·P (L-b)-i. J .20,-2 (5.'9) 

'2 • + [1.p (l-'br1] .20,,-2 (5.fO) 

~. i [-l. •1M-ll2 <1-'r1] .2c,-2 (5.61) 

• • a C,, 2 .-2 • c,/ .-2 (l+1t) • (5.62) 

a.., f 2 1 = * .z c,;2 (l+lt)-i. [ (l+~) .p + 2(1;.b J (5.63) 

Si 2 • * ...... c., 2 <l+l>> [-ci+11t> -P ... 2~] (5.'4) 

t 2 • 
2 * .2 c,;2 <~>-1 [ (l+b) -P ... 2~ J (5.65) 

c,2 • i .... c,, 2 (li+ta) [-<i.'b) ... p ... 2~ J (5.'6) 

Dae CICllldmt • ia a polllUw ,.._. wa1Jer 1baa 111d.t.J, tbeNton 

the abma nllll.ta aq lie mp•W. into pow&" Hl'i• ot 1ts tmle 

t 1
2 = a2c,-2c, i - ~ ... 5/16 'b2 - 9/'2 ,, + 9/156 •4 • •••••• ) (5.67) 

Ci 2 • 1/16 a-4c,;2b2( 1 • 'J/2 'b + 11/16 'b2 + 13/'2 '' + ••••• ) (5.68) 

t22 • i .2c,-2c 1+1/8 't,2 - 1/16 b' + 11/UB ,4 + •••••••.• ) (5.69) 

~2 • 1/8 .... c,2( i + b - '1e b2 - 'J/16 b' - s/135 'b4 + •••• ) (5.10) 
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c1
2 

• ccr2< 1 + +-e» - 5/16 b
2 

- l/'2 '' - J/12IJ ,4 + ..... ) (5.11) 

c2
2 • 2 c'l!2C i -1/8b2 +1/16 ,, - 9/lae 'b4 + ••••••••• ) (5.72) 

Sf.nee ibe OODBtan• b ia a mall podtift DDber ( ... ~), tb9 

toll.owing appl'OXiati.ODa _,be lladea 

~2 • ( 1 - +"b) ~2 (5.7') 

c22 • 2 C,,2 (5.74) 

Iii 2 • l/16 .... a, 2 'b2 (5.15) 

Cz'I. • 1/8 .... c, 2 (1+') (S.76) 

At tbla Id.ab ~. the 11-mM pbaae ftloclV 1a bishm' tlMm the I made 

pbaN ftlOcd.v. 1be GHttlcd.ete ot au.mat.ioa ot both mdea aN ld.&b at 

hi&b treif1ma:L•1 tbat ot ,.._.. 1• mm M&Mr tlMm tbai ot I •de. 

J'U caftm ateel, tie fNquanQ:v, giTC 't17 Eq. ( 5e62) 18 C.49 Jt 'JDll 

qolea pa WX>Dcl ( ... 1'alll• 1). 
J:U.e to b tut obanp ot the aocl• t.m-1f/ff, tM .._. ot the 

pbaM ftlocd.t.J aa w1l aa the eoetticient ot aUeauati1on 1• ld.c• for u. 

wri.oal ermq>le, tb• pbaae ftlooiti.• and ooetficicta ot •''temation tor 

oarbon steel at tnquenm.ee 2.59 X 1011 , 4.45 x io11, aad 7.61 11011 

t11ol.• per 8eOOlld ( ... Table 1) an Ustecl belov: 
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J.i'apama.r 
2.59 1 1011 4.45 x w11 7.61 1 1011 

( qcle./ eec.) 

Ci 0.9"68 Cir 1.00334 Cit l.1187' c., 

c2 0.884,2 c., l.41422 c, 1.'8698 Cr 

C1 5.Tt X io5 aa-1 2.2 1104 .-1 1.66 x w5 oa-1 

•2 1.65 1 JJJ6 .-1 5., x JJJ6 ,..-1 e.m x 105 mt1 

(c) '"n!war: r· in. Ill W.a exoeacling17 !dab trequm07 nnce. 
a 1e mah b1aer tbaD (l+b), and f l• mah ..Uer ._ I' , • tbat 1ihe 

tollov1Dc appl'ODMM ft1Dee of J•a and ij• a ..,. H Wctaa 

- 1 (5.Tt) '1 • 
,.., + (l-'1>)•-1 (5. 78) \ . 
- b,2 (5. 79) '2 • 

,.., - + (,_b) a-1 (5.8>) ~. 

01' pl • 2 -2 • c, (5.81.) 

\ • t (l-3b) •• -2 (5.82) 
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p2 • b a-4 c,/ 
~ • , ( ) -2 - ·2 3-b • a 

t 2 • + ( )-b) •• - ~ 
2 

It h.ne been assumed t.hnt, in this treqU.;·n~ rr~, the ruue of 

{5.8'.S) 

(5.84) 

(5.86) 

(5.ctT). 

(5.88) 

(5.89) 

2 2 m a is web grca'6r ~n CT • 'l'hua, the 1\-aiod• phaee YGl~city exceflCle 

ibe lli-cDo<te ph.!l.ee Telod.\V when the frequency is exceedingly higll. 

dccreN1ea vi th ttm.1 Rnd ti.le period duri.ng Which A ia poai t1 ve is Ct>..lled. 
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In \JDSU<"l~ state, the aolut.:l.orut tor a ccrria1n ..U• Ya'l!I 1d. th 'ho 

pel'lllMt'tu's, a aa4 a. ~ Eqa. (5.7} and (5.a)i 

ii = -[(1-b) + ii ] 2 - ( ~ - i2 ) (5.91) 

(A) PFl.t4 ot 11 •. QarJ,ag the period et n .. , i s.. nepUw. 

Part.itul.al"lJ' 1t 

(5.95) 

'12 • t22 • .2 c,-2 ( 9/16 + -,/64 'b - l/UB b2 + ••••• ) (5.'1) 

'1. 2 • 82 2 • c,-2c l - 3/4 b + 3/16 b2 - l/'2 b'.,. •••• ) (5.98) 

~ 2 • e2
2 • c,2 ( 16/9 - 4/-n b + l/'¥1 ll + •••••••••• ) (5.99) 



- 5'-

'11-11odes tlMtft 1• mlJ' one Jdnd. ot WataUOD&l. ..... 

\tam the ,_..._, ia ftl7 ...U woh that 

• ..--1f1t1 = 0 

pl • -(1-J-b).-2 

'\ = -+ ( ' -~ - ' ) .-1 
•2 . -(1+1'-~)i'"2 
,,., 

- i ( ' • ai - 1t ) ,1 ~. 

or, pl • - ( l - bt - b ) a -4 c,/ 
\ • - i ( ' - 2bt - 'b ) .-2. 

p2 • - ( 1 + .J - b ) .... c.r 2 

~ • - l- ( '+ a> - b ) .-2. 

(5,100) 

(5.lOl.) 

(5.102) 

(5.103) 

(5.104) 

(5,105) 

(5.106) 

(5.107) 

(5.100) 

(5.109) 

(5.110) 
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t 2 • 
1 

1/16 (,_at-b)2(l-bt-b}-1 .2 c,-2 (5.lll) 

812 • (l-b+-b) .... c,2 (5.112) 

t 2 • 
2 l/16 C~a1--b)2c1+bi-b)-i a2 c,-2 (5.11,) 

, 2 • 
2 ci...J--b> ..... c,, 2 (5.114) 

~2 = 16 (li-~-b)(~-b)-2 c, 2 (5.115) 

c: 2 • 
2 16 (i.J-b)(,..J°-b)-2 c., 2 (5.116) 

rw can. a1-l., the llqtlaft8 ot the 1*o pba88 ftloaltd.• at low b»-

quact.• but vi 1ib blab coetticd&t ot nee aft llbom bel.o1n 

(5.117) 

(5.118) 

(S.121) 



- 55-

'2 = - .-2(1-1') 

~ • -·-1 
Ia diem.tonal tome, tb411J an 

\ • - .-2.(3-b) 

P 2 • - .... c,2(1'-ll) 

-2 -.. 

(5.122) 

(5.12') 

(5.124) 

(5.125) 

(5.126) 

(5.ltl) 

(5.128) 

(5.129) 
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p2 • - a-4 CT2 (l-'b) 

~ • - •-" c,2 

t1
2 • t a-4 c'?2 ( b + /4 - 4b + a 2 ) 

612 • t •-" c,,2 (..- +/4 - 4b +.a2) 

t 2 
2 • + •-" c,, 2 ( -1 + b + J 2 - a + tl ) 

g2 
2 s f .... c., 2 ( 1 - b + J2 - a + b2 ) 

t2• 
l 

.... c 2 
T 

&i.2. 2.1, I JtJ
1' . .. -2 

t2= -4 2 
2 o.a:m a c, 

g2• 
2 2. 58 l uf' ca. • 2 

(5.1'5) 

(5.JAl) 

(5.142) 

(5.144) 
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'1'b9 a'boft ~· llbow tba't e.. pbaee ftlocl_. GI c1Ua'8U.,.1 

aw at low~ U7U.111141be1-Uoplo pl:1w ftl.oolt, ~ 

the pedo4 ot rJ.-. ti• IWlll t M:/ be appUecl to aplaia .natn -1..S.o 

aw pbmoa- aD4 will 1- 4ieeneae4 later in a Mpal'llM eectton. 

(B) PpM4 d 4MaJ• D&ftJac tbe perio4 of Uclq, i l• pollit1ft. 

tbnacler th• apedal. ease 1lben 

Joi' ti• specl.al .... 

ii. 1-b 

ota}-tm -ly/ti • + I (1-b)-l 

ll&Dttan-1v/6' • 1 

~ u2 + i2 • 2 (1-b) ... + a2ci-,>-1 - ......... .. 

'1 • - ,2 < 1 - ,., + a2 ) 

\ • .-1 ( ~ -,., ) 
'2 • .-2 ( 1- b) 

a; • -.-1 

(5.145) 

(5.146) 

(5.147) 

(5.148) 

(5.149) 

(5.150) 

(5.151) 

(5.152) 

(5.15') 
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P • -4 c '? (, -~b+.-.2) l - a r ~- ·' 1:u (5.154) 

(5.155) 

(5.156) 

(5.157) 

2 tl • f a2 CT-2 (3-3b+2b2)(1-~)~ (5.158) 

2 • a-4 CT'? (l-31>) (5.159) Bi 
., 

.... ~2 (1-b) (5.160) t' • 2 

2 • a-4 CT 2 (1-b) (5.161) '2 
c 2 
l = 4 (l-3b){2-Jbt.2b2)-2 ~ '? (5.162) 

c 2 = (l-b)-1 c;T-2 II 2 .4 (5.16,) 2 

ftlocl ty. 'lh....e pt.nSt: nloci ty of T-1.;;.ode under the e.cm\:' co11d1 ti.on is ver:t 
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(5.165) 

(5.166) 

~ • • + 4 ,1 (lr-1t)2 

'1. 1 (5.168) 

\• •-l(a-:51») (5.169) 

'2· .-2(1-b) (5.110) 

~- -.-1 (5.111) 

'1 • .2 c-2 
f (S.172) 

\ ••• -2 (~,.,) (5.17') 

'2 • ·-" c., 2 (1-l>) (5.174) 

~. 
-2 -·· (5.115) 
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t 2 
l • 2 c -2 

a T 

2 • l .... c 2 (d-'1>)? 8i T 
.... t Ill .-'? f < • ..., .. 
2 • t -2 

e2 ·~ II a 

c ~ 
l 

a c 2 
T 

c 2 • 2ma 2 
2 

ooertaa -i.V/t1 • i I ii 

.ut;·tu.-1v/U = l 

(5.176) 

(5.lT1) 

(5.178) 

(5.179) 

(5.100) 

(5.l.81.) 

(5.183) 

{5.184) 
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'1 • -12,2 (5.185) 

\. 2 iii""'1 (5.186) 

"2. ! i ,2 (~) (5.187) 

~- -+ .-1 (l+b) (5.188) 

u ii ill _,.14.,., .. ftlw ot '1 aDd '2' ... \ ... ~ 
uw ln~ ft8pe01ii~ (1.e., tOl' ....,1., f1 beoarr11 f 2 .ad 12 
beoc••• 11 ). In diee•onal toma, ... are 

\ • 2n•C,-2 

P2 • f n a-2 (l+b) 

~ • - t •• -2 (1'tob) 

81. 2 • 8 2 c,-2 

(5.190) 

(5.191) 

(5.192) 

(5.194) 
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t 2 
2 = -!- n .-2 (l+b) (5.195) 

2 t n .-2 (l+b) (5.196) g2 • 

c 2 - c 2 (5.197) -l T 

c 2 -1 2 2( ) (5.198) = 2 n ma l+b 2 

Therefore, when the rate of rise or de~ ia exceedingly high, one 

of the dilatational modes propagates with a velocity equal to ieothe1"11l8l 

dilatational vave velocity. This reeult may explain vh¥ many experimental 

data of elastic wave nlocity excited by detonation of some chemicals were 

reported in agrecaent with isothermal rather than isentropic velocity 

(see, for exrunple, ret. 1). 

III. PhP-8! velocity of seismic waY!• Usual aeianic dilatational 

wave velocity in the continental earth crust is about 5 to 6 kilometen 

per eecond (ref'. 28, P• 253). However, the recorded sei811lic wave veloci-

ties from the underground atomic e>..']>losion of September 19, 1957, in 

Nevada (ref. 29) a1'e quite different f':rom the uaaal ones; some are as 

high as 6.85 to 8.7 kilometers per second and some others are as low 

as 0.305 to O.J/ kilometer per second. The recorded frequencies are, 

as the usual seismic wave (ref. 26, p. 25), from 3.7 to 9.1 cycles 

per second. A table of the distinct seismic vaves from that underground 

explosion is shown belows 



'l'ab1e 3. DLaUnc• Set.Mio WaTea Bllcol'Ul ha 1!&e ~ 

A1lald.o B:lpl.old.oD of Sep__. 19, 1957 in Nftllda. 

(Taken tzem ntenno. 29.) 

'ft.- flt An'J.-1. jppu•t m.ncum of 
~ -~ staU.on Ho.1 Velocd.V An:t.:ral 

JdD. .... .;.,. .. 
1 2'.51 8,100 • 6~· lf ., .• 
1 40.S2 6,850 • 65°50 1 v ,.1 

5 50.56 "° a t!Pm• v 9.1 

14 2.91 8,090 N l&°m• I .. , 
14 ~66 7,«o I '4°10• I 6.2 

m 48.0 '10 I Tl°'1l' I .. , 
'4 56.52 J)5 5 87°~• I a., 

'9 '4.06 1,660 JI d'IJl• ,, '·' 
'1'he alte ot esploldoe wa R 65°52• w tD -. IELte ot o'baenat.ion, 

a4 at a a..taDoe ot 5°22• pe>0111tl'ic or an an lenctll ot 594.6 kilo.-
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..ten. Appana~ tbae wn ntl.eoUona aD4 ntnctlou beton the ..,.. 

Radle4 '&be obeenat.1.oll station1 and tb.ta taq>laiaa tho• cU.rt_..t cllftotiona 

~ ura••aol .S.lld.o ww ftloC1 Uee, wld.ah oanDOt be -,plnilMMI u 

anuung (nt. 2!J) ..U in hi• paper, cm DOV be apldMCl ~ wd.nc h 

1ihel:llHl.utlc _... tbeo17. ConcalvabJ¥, tu~ atomic aploaion 

.. a tut n.a1.ag mul'Oe o1 aet we Wt99. u the aoettia1•t ot nae 1• 

• bi.g u &i~ "1' Eq. (5.9'). the tlMt pbaee Wlocltl.ee an gl.Ya'l "1 

1q .. (5.U5) and (5.116). Arltldng bt the -ela.U.c ccmnmta to:r 

ti.Oil an aa tollowt 

b • o.c:xn 

( ) -2 2 - -1., -1 n s - ~ a cT = - 2.4 x ur eeo , 

c1 • e.11 ka/ sec. 

c2 • 7.96 bl/-. 

(5.199) 

(5.Zll) 
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The above theoretical figures are fairly close to the recorded data 

from the underground atomic explor,ion. 

If the coefficient of rise is twice aa large e.s the one g:i:ven in 

Eq. (5.20?.), c1 will be higher and c2 will be lower. If the thermoelastic 

constants as well as the reference temperature are the s;ime as before, then 

cl = a. 48 ml sec. (5.205) 

C = 4.8l. km/sec. 2 (5.ro6) 

It seems possible to find a value of the coefficient of rise greater 

than -4.8xlo13 sec-l and less thM -2~4xlo13 sec-l such that the 

ratio of the phase Teloci ties of the two modes ia 

(5.207) 

If the reference temperature and the thermoelastic constants of the 

earth's crust at the place wh(~re the underground atomic explosion took 

place and the observations were 11rde are such that 

cl = 8.7 km/sec. (5.a:lB 

t~1en the first tvo arriTed waves (see Table 3, lines 1 and 2) may be 

explained as the elastic and the associated themal modes. 

The extra low phase velocities recorded from the underground 

atomic explosion mey be e:xpleJ.ned by themal mode. 

As to the direction of arrival of the recorded seismic waves, 

the renection and refraction (see next chapter) of thermoelastic 

waves may be used for the explanation. 

-
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Slat tar to Ntlecrtlon llD4 NtaoUon ot elast.ic .,., illaldmol ot 

'\bemoelaai:ic aft on a boundU'I 1liU al• oaM ratleoUon ancl fthaotton. 

In W.. abapto, Ntlecti.oll aD4 nf'mcti.on of plane thelmelutic •ft at 

a plane batmde1" will be etudied. 

Bectan&ul•' Cu1ield.an ooordi.Daw an ueecl in the ~Id.a, an4 th9 

ooo:rdinate ans ue so orJ.mtaW that tba y.,.plane ooinc1dee w1tb the 

pl.al» bounda17 au4 the~ 1• panllel to tn. dlftc1d.on or plane_.,. 

p1'0pe.f,lltlon. 

Tmpuatun an4 am.ea an slwn _, aq .. ('--i') and (,.44) in teas 

ot the eoalar p0tctul tunoUon, gz, of clilaWonal waft an4 veator p0teo-

Ual t\.moUon, ~1 , ot llbear •n. In rectananlar CariM1an oooJ'dinate 

~·*• tb97 Nduoe tD the toUov.lng equatiaaaa 

18 8 • <y•/\>P,kk -f~ (6.1) 

'1'1.1 = o/< ~.1_, - P,lck JiJ > + t~JiJ 

(6.2) 

In tbe ~ ana11'ai• of :nfl.eo'U.on anal rehacUon ot thel'lloelaaUc 

wve, 1 t bu been touD4 that the ompla tom ot the eoal•r aa4 'YeC'tor 

Potential t\mott.m.a an ao:re oommient. Altboulh b OOllplu ~ 

~. p , and the oomplu aw DWAM:r, ' , haw HID Ul4 in b · 
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tor,y p;·rte or th• wave i:aotion have: oc.en sf:pr,nrkd. In other vortfo the 

po~nt1i:l tunction, ~ , hrt, been <:onoidered. E1e 

~ • .-Cnt.p:) [Ai cos(mt+tx) - A
2 

ain(mt+tx) J (6.4) 

wnen ~ nud A2 are real n.:ld ~l')" p1.1rta of thti cons~nt .A. '!'he 

oac:ilUtor,y J>Lirl p:rop~tae At the opced ot ./t tind t}.;o noD-019Ci.llary pan 

propn~toa iti .. t:1e upeed of' u/g. '!'[le non-C>flcillatol')' wave i~ l'.lCtt.<eill.1 a 

pulee or a shock, v.tliltt the OB<'..illatory pttrt is ti.le ordinal')' vn:ve obPne4t 

for U;.\,:ple, t'lo tho seiamogrepbic roc.orda (Me. tor exruiiple, nt. 2CJ). The 

11bere <:"' is th€: COliplex Yeloci't,Y. If CN and Cb are real !-lnd. 

tmagilltiJ7 pnrie of c* thm 

(6.6) 
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When the phfiee Yolocit~: iu co.mplex, it implies thr.t the nve 

'Volo..;.i.ty '~ the '-'Oeff'icient of atttlllWlltion o! the oedllntol')' puri of the 

cletiai ti.on o.r the complex. p0;, oe vcloci t)', 

en • ( mt + air) ( t 2 + 1l )-l 

cim • ( At - 116) ( t 2 + fl )-i 

(6 .. 7) 

(6.e) 

(6.10) 

(6.11) 

( 6. l?.) 
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I c* I tan e* (6.13) 

wen I c* I is int~ modulus and e• 1s the srgument or the ~pl• 

phase velocity. 'rile coett1c:ieni o.f attenuation tor 1ihe ete&dy state caae 

the following 111q1 

c • - ,. I J c* I sin e• • - I q I Bin e• (6.14) 

• * IA the tollowlut; analysis. c1 and c2 are used to denote the 

complex phl\tie velocl.tiea ot the elf>Otio mode and the tb.-.:nanl lllOCle ot ~· 

lmVO be a fi-wiode. Lot the ecalar pota:1t1Al. tunctio:; ot the incidf:nt wave 

be ~ , and a.ogle of ineiclenoe be 0( I tbua a a 
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~ • A $.."{]) i( tp + XQ 0080( + yq :11.nO( ) a a a a a a 

the equ.:1 tione o. bouncl:u-.i corid.1 tio11s area 

tollOW31 

~l • 0 a.t :J - 0 -
TU • 0 nt x • 0 

Tl2 • 0 Ht J: • 0 

g?b a ~ exp 1( tp - ~CORO(b + 1'1,td.no(b) 

~ a A exp 1( tp - xq COllO( + Jq siDO( ) c c e o c c 

wl • p2 a 0 
W, • A4 exp 1( tp - ~cof:lO(d + 7qd'd.nO{d) 

• q • p I C,, c ,-

(6.15) 

(6.17) 

(6.18) 

(6.19) 

{6.22) 

(6.2') 
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'1'he 'ftl.ue ot Cy 1a ~.,. - Eq. (,.'6); mad tbe ..iu.. or '\• 
* eD4 c2 ..,. be~ 1" w11.ag Al· (4.7). 

\,2 \, 2 • - i p3 a-2 CT-2 

"o2 + 'o2 • (a\2 _ 1 pC
8
2)a2c.r-2 

<c1*>2<c2•>2 • i '.2 c,2 

<~1 ·>-2 + (c2*>-2 = (a2 - s. ,-1c. 2)a-2c;2 

• • '1be 'f8lDell ot ~ aDll c2 _,.be ol>tatnect _. ml'fing tu aWte 

M .,.Uane, 01' ., be obWM4 b.r ..,tttA>.Uag 1h9 .i- flt t a c 
obtained Sn tbapt.. V ta lqa. (6.e) aDCl (6.9) tw a paftl.aalsl' pn'bl.-. 

'Die tollotd.Dg ft.&uN lbow tm 1.DO:ldmt -. .neow ..... , 
~ 

a 
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~tv.'111« .. tunctt.ou ~. ' mb ' me • 8IMl ~. ' iii .... 

(6.11) to (6.18), .. to11odDg equaiiona..,. be obtalne4t 

<~..--"> [• • ._, ••o< • .., 1(tp + n..tb&r:x.8 ) 

- ,.., ,, ••O(b lllP i(tp + "t,*10('b) 

• -'o to' aoao<o elP i(tp + ftoel:AC<.o)] 

-f ,2 [ ...... 0(. - i( tp + n_•o<..> 
- -\ 'tt aoeO{'b _, 1(tp ..- 7'tt8'110(b) 

- A0 'o C09'\ esp l(i!p + 7'1oidDC),) J • o (6.'2) 

2J' [ • • ._2 Illa~.~ l(tp + .,._.~.> 

+ ' '2 81.u~b Gip 1( tp + ,..,.O(b) 

+ •o 'o 2 lllD~c.., l(tp + "cfliAO<o) 

+ •• .._2 atao<, --~ .. i(tp ... ,.. .... 0(,) J 
- f ,2 [ .. tarp l(tf + n.•r:x..> 

+ ~ - l(tp. ,..111.no<,> 

+Ao ap i(tp ,._ 7flc*o<..c) J • 0 (6.") 
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'4'4 ;.~4 - <»•~.> ... 1<• + n,_t11:Ao<4) 

+ 2 A.6 .. 
2atAo<aoo•°<a lllp l(tp + 7'1aala°<a) 

- I A.g'tJ 2aiao<.b flNo(b _, 1( tp ,.. ~111.n °l,) 

!be abow tbne ..---. mot lie au.n.ed tor all val-. of tt.me, 

• t m4 all '9&11iee of 1iba aool'dlnate 7 • It .U. 1rlle a19 •u ot 1ibe 

..-'tlal faDc1d.w ja ...... tb:Ne ~ ............ .. 

tll(llODIDUal. ~ - - tactior.L98d. 1.11e:Nfoft, Sa .... to •tiaf7 .. 

lmnde1=r CDIMU. tl.anll, b tollow:l.nc tbl'M etuaU.. -' lie atl.st1ed.a 

Thmt efte ._.nghotlD:d.91d the SJONDtlal ~ Bca8e (6.'2) 

1D (6.'4) cml be atl..rle4 llr dmo~ ,_,.. w1w fer ttae ~ 

A._ , .&0 , A4 • In etber Wl'da, t.beee thne ..-u..a beca 11 .. 

... time tu •19d.Qs .............. 
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etAC\'a • fllno<b • td.DO<'o • a:t.no<cl 
• • • c,. Ci c2 CV 

nae angi.e o(b 

o(b • o(. 

Die aDBlH o<
0 

8D4 oc'4 mst be oampl-. Iv mrmioal oiaputat.t.an, 

1be two compla equaUou tor clete""' ntng ibeee tm OOllpl• aDB1• 1lill be 

0( • o<.1 + 1 c><.:" c c c 

,.../ • "'' + 1 o<" "'""4 ""4 4 

~•ti.DB lqa. (6.'8) to (6.G.) in b 1u* wo ot Bqa. (6.'6) 11114 

ecpa1d.Dg the lml. and tnagtnai,r iv.Irle, tbe toUcnd.Dg tour i.l ectuaiiona ue 

o'btaineda 
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(6.44) 

(6.45) 

cl(re) • (l+b) CT (6.46) 

'1.(im) • fb&ne.2(l+b)-'.!l/2 c,-1 (6.47) 

c2{n) = /a (l+b)- ! 

C • -/ a (l+br;. 2{im) (6.49) 

The nl.Wil or cl(re) io much grc11~r thna the other three c•a ot 

the above O<!Wl t.ions. ifonco, the follovi~ approxime.te solutions ot 

o<.11 • 
c 

C>(I/ • 0 
d (6.50) 
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'111111 ... .a.ow ,...... 1a ..,.ZS.~ papendl.CMla:r .. tbe 

llolmda17 plane and tbe ....,.. ot .a.ot.t.oza tu atleotecl lbaar •ve ill 

It 1lbo tnd.•t ._.. la a ,..._., 1bm, iD Eta. (6.42) 1D (6.45), 1be 

caanmte c1(n) _. ~(ta) -44 be c2(re) 1114 c2(ta) mpecUftl1', 

8D4 'dee wna. Jlow, U tbe SAcd.dlllt .,._.. ~ be at low ~ 

... u .. .... i• ...,,., ......... et Nt.leotd.on 1llLU be Cllllpl• mmben 

... •1'0Sf.MWI' 

•• O(N • ad.D1l O(_I/ 

' 4 

'1'1lm 1be mplj.iaaMe .. be 8Dlwd. 191' iacl.dmt I •&le, ... equatlona 

tor IOl'dng the 9IPli ....... aftl 

(~-1t.>.J(J.•41a'co•O('a - '-b4tJ300•Dl..b - Ao'c'••O(c ) 

- f ,2 (.la'aGDeC\ - ~'t,OHO(b - 'o'c"°"o<.c) • 0 (6.55) 

1'-'(Aa +.-'a+ ''I- Ad )'a21b.~ • - f 12<•. + A._ ... -'c ) • 0 (6.56) 

2 2 2 . ( 
•4-.. (aneiv.---~>+ --·~ <•.t1.a ""o<a~"o ooaot.'b-'c'oooa ~>-o 6.'1) 
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Betl.ecrtioll 

ot fE mft (1. .. l!lbea ..... with d1nctiOD ot ,.nlol.• 'Yilfttlcm puallel 

tD tbe balmde~) ie 'tbe w • tbat ot e\aatlc ..... !ball, 11117 b nll.eotion 

ot Sf -- (1 ... lbeo waft 14th dlncUon ot puticl• Yi'b.n.Uon perpmdio-

Uazt .. tibat ot • ,..,.) v1ll be at&MH.e4 ..... in. z ... 7 ~--- ot 
tb.e wotor pot.-Ual flmcUoDa ot botll t.be 1Dcd.4mt and .n.ecW .-. awe 

.. -· • tlaat, 1a at.tuc w, ' .. ~,. .,. ..w. • cmitt.L 

L4n b po1a'W.al f\mct!on tor 1lbe incl&nt SI Wte be 

a b potmid..U tanoUoD8 ot :nrfl.ectlld SB _... -4 M llOdee of cl:lla fiaM.nneJ 

aft8 be zeepeot1ftl1' 

(6.GO) 

(6.61) 

81.nO(a IUO<b Illa~ 111.D ~ ------';;;;.... s • • ---
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'lhe &nCJ.• of lndclmcl and the anglea ot Nt1eotS.on aw mow in b 

toll.owSDS tialmt• 

0 

Ia &aa. (6.58} end (6.'9), the ..,1. ~ a.. -. 1*d tor 

lbea aw in ... tlle lncidlDt lbar aw la baa a l'i .. •(~)__... 

aabstltllMDB Sq. (6.58) in lq. (4.,), tale toll.owSDS equation ia o'b\afne41 

Cy2 ._2 - ,2 • 0 

c,2<t2- g2) - (a2 - a2) • o 

c,2 ts -•• • o 

....... 1be •benrlpt a hu llem dnpped. !bu, tozi ..._. ailate, the 

0Nft1clet of attlal&Rtlon ot -.ear _,.. 1a mt ....,. 

the coett.lcd.et ot att.mat:Lon 1a Ml'O. 

'!be mp11 tud88 an tlo lie 4e'8a'l.ned 'b3 tbe tollcnd.a8 equaU..a 
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(~+A) [ A0 •c' ao• ~ + A4 '4., au D\t 

- f ' 2
( Ac 'o coa Db+ 'd '4 ••0<4 ) • O 

o/" ( - •a 'a 2 coa D<a tllA CX. - \ Cit, 2 ••°1. ld.no(b 

- Ac flc2 llln2o<o • Ad qd2 llla20(4 ) 

- f ,2 ( '• + \ + Ac + 1., ) • 0 

2 Ae \, 2 coa O(_, 111.D. O(c + 2 Ad "-4 2 co•O\t a1Jl0(4 

b boundaz:y bu 'bem a•mecl t.hemally 1DeulaW. 

If the~ conwc'b heat, the &q. (6,17) will be chanpd 

to 1ihe toUowillg equation: 

-~ z. 0 

(3J' .,.~ ) [ 'c"'c2(H - i 'coo•~) + '\1'12(1t - i '-d""•CX.d) J 

(6,65) 

(6.66) 

(6.'8) 

- f p2 
[ Ac(H - i qcoo•~) + A.4(u - i '4eoao<4) J = O (6.69) 
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(3) Reflection and refraction of plane dilatational waves at a plane 

wterf'ace between two media. 

Let both the two media be heat-conducting, non-radiating, elastic 

homogeneous, and isotropic. Also, let the two media be connected rather 

than just in contact. There are six condi tiona of continuity, namely the 

continuity of nomal and tangential displacements, the continuity of normal 

and tangentia.l stresses, the continuity of temperature, and the continuity 

of heat conduction so that there is no accumulation of heat at the bound1u7. 

For de!ini teneaa, let the incident wave be the E-mode dila:tational 

wave, and let the potential function o::.· the incident wave be 

m : A exp i( tp +- xq COBO( + yq ainO( ) a a a a a a (6. 70) 

There must be three reflected waves and three refracted waves ao that 

the six conditions of continuity can be satisfied. Let the potential 

:f'unctions of the three renected waves - an I-mode, a T-mode, and a 

shear wave - be respectively as tollovss 

(6.71) 

~ = A up i( tp - xq cosO( + yq sino( ) c c c c c c (6. 72) 

(6. 73) 

Also, let the potentinl !'Unctions of the three refracted waves - an 

E-mode, a T-mode, and a shear wave - be respectively the followings 



if) = ::±:'e 

- 8J. -
A exp i(tp + xq co~O( + yq sinO( ) e e e e e (6.74) 

(6.75) 

(6.76) 

1lbae lJ'4 and IJ'
8 

an 'UDdentaod b z' Ol' a 1121W....-'8 ot the wctor 

tuncu.on. '1'14 and \J.11• aapecU.wl.J. 'fhe lDoldlDt llDC'l•t the mgl.a .ot 

RtleoUon, and tbe ansl .. of ntractioll 819 abom. iD UMI follcnd.ng tigm9a 

'd 

(6.TI) 

• • 1lbua c1 , c2 , all4 c, e:re •11,P9C111.~ tt. p11ue Wl.Oal u... ot 1 _.., 

• • .,.,.... aa4 abear .... in • ._ i, aD4 ci , c2 , -' cy oe l'elll*J"" 

tlftlJ' the pbaee ftl.ocd.U• of S..Ode, .....,_, 11114 shear._..,.. in..._ 2. 
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ID nctnn&vl er CariHlen cool'tiDa-., the dl~t ft01m' ia, b7 

Rq. (:5.29) or (3.~), 

(6.18) 

are 

1'i • u• 1 (6.19) 

"2 • u• 2 (6.80) 

'u • ,. u (6.81.) 

'ia • ''12 (6.82) 

e • 8' 

k 8 • •• k•8' 
•Z 

(6.84) 

--. the mpdpe4 quantiilN ftla ti ..a.um 1, 8D4 the prJMd ..-uu. 
refer to MClium a. allldliaUoD of 1lle potmtlal AmcUGDa iA tta. above 

m equau..s ylel.da the toUcnd.nc m equaUou 117 wld.m ._ ..,U11Mlee ot 

the ..n..w and retftoW .,... oan be Mtel'ld.ne4 in tema ot the -.plt-

1ude ot the Smd•t vaws 
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+A'- 0080( BB C 

(6.95) 

~ [ ._,2.s.n2CI' .<•a+ 'a,+ Ac) +- A4'a'4111nC<.a ooa0(4 J -f p2(Aa • 'a,+ 

•Ac) • ~'[ca.2m2o<a (.l• • -',) - .lc'a~m~ oo•~g J 
- f',2<•. 1- Ai> (6.87) 

3M'aatno<a(Aa'aco•C\ - ~'a,ooao{11 - A0q000fJ o<0 ) - ~A4,42Ct:0a2cx4 -

- at.n~) • yt_mo<.<•.ca.co•~ + "i't°"o<t) 

-/'•c'c2Ccoa2~ - •~; 

(~+.\)( Aa'a2 + '*b4b2 +\'ca) - f'2<•. +'a,+ •o> 
• (~'.,.).' )(Ae'e 2 + l.i't 2) _ f1P2(Ae + A,) 

k(;u+A )(Aa"a''*'o1.• - '-b4o'oo•ot.b - "c\:'ooaot.c) - kfp2(Aa'a•• ~ + 

+ ~'t»ceeo(b"" Ac\l10•CX.c) • k'(2J'...X)(A• .. 'OllJflc\t't't'••o<.t> 
(6.90) 
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pbaal ftl.OolU.. ae touowa 

• (6.91) .., . ... • p/ °i 
• (6.92) .., . , I c2 ... 'I Cy (6.9,) 

• (6.94) ... , I c• 1 

• (6.95) 't • , I c• 2 

's • , I c• v (6.96) 

tea Mum w nff'• 
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m. ~c sntl'ACI VAYIS. 

One Vpe ot p1w ... PDP86Btins 1D • ..s..-iDf:Lld.te medll• 111.tb 

91plttude dims .,,,. ...... ~ wll.1b .. depth ..... tna the 'botmdu',r 

1• oa11ecl IUl'faoe awe or llQ'2.elch • 11 •we. !be pbaa Wlocl v ot eluUo 

m:rtaoe wn. 1a i~t ot ~-. tor -.ple, at. 1 o~ nt.6). 

In tie daapta, 1MIN1 .rten vill be caut.cle:Nd m4 .m vaft8 .S.U H 

oelled ~c mlfeDe -..ea. 

Bee~ CU1ield.an caol'din31- aft ued 1D the maJ.7.S.., aD4 the 

cool'CH.Date .-. ue ., ol'i._..tld that 

(a) tbe __,lane aolaal."'8 1d. tb 1be 1*11 'aJI', 

(b) the poatiw 7 1xt a poiata 1Dwu4a 1lbe illtenoJt ot the ..u.-. -4 

(c) tbe » afa u !a th• tinction of .-. ,..,._UoD. 
The dlnctloaa ot moUoa ot patiiol• ot the medl• _. ..... ,., aa e1MUo 

llD'faoe _...., peal.191. to the ~· 

'Die ~t wotu, ut , 1411 be nmlwd ill1D • inotat.ima\ 

pan m4 a llOllao14a1 ~ ( ... Seotloe 6, aaa,w m) !D 111e toll.owlllg 

•tbwtlcal ..,i.at.e. PIQ-ld.o.1111 lww••• tt. lm'faoe ...,.. a.mot 1ae .., 

mlft4 iato -.. am. wUened tlo pata. la otb9 WJU, it a 9"1Ja 

pot.t.t.al tmactt.m aDd a wctcw Potential f\moUoD ue ued to ta1Cl'ilMt 1De 

dilflM•mt, fiMI' md M -~ b - pbaae ftloc:l.Ve 

Let 

(7.1) 
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~ • • ap (S.pt + 1cp - h7) (7.2) 

2 2 a·· 2· ··· 
a c, ~•UJ4' - (a ~ + C8 ~) , 11 + ~ • O 

wld.eb la tbe ... u lq. (4.5). BtlU'», tile tollolda&' eCf&atloD 11q be o'b-

WW: 

,2 - ~ 2 = pl + 1 \ 

,2 -"2 • '2 + i 'la (7.6) 

.... .. ,.. llD4 Q'• aft ....... _._ in .... (4.15) - (4.lB). 

, 1• of the tollnlDc 

tom: 

Dae ODMNpODIDt ot d119la~t in ~ or • cllnoUon 1• suo, • 

tbat tbe ~ and z2 or z and 7 ~IODentll ot tbe wotol' potential 
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fQna1d.oa, ~ 1 • IU8' 'fttDilb. Let; the s' or • OGlll arunt ot tlMI 'ftOtU 

potmtlal f\lactloa be 

':I'' • .., Gp (ipt + s. - b..f > (7.8) 

(7.9) 

2 h_2 • 2 I c 2 • - -, p v (7.10) 

'22 • 0 (7.11) 

'12 • 0 (1.12) 

., 1• 0 (7.1,) 

.. 
'22 • f g;? - ~~11 - Y' ~,.12 (7.J.4) 

\a • ~ g?.12 ~ < ~,.22 - ~,.u > (7.15) 

Et2 • .. 
< 31'"'"~ >< ~.m + g>.m > - f ~.2 (7.16) 
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a.&bati~tio:o. ot t:qa. (7.l.4) t;-, (7.lL) in r:qs. (7.ll) to (7.1)) yielda 

toe tollovioe three equatio:~r·a 

( 2 2 ?) ( ? 2) 1 /-'q - f p Ai + ~ q - f p A? + 2 .)'- q h' A.3 • 0 (7.17) 

(7.18) 

)'Vr non-tr.ivinl solution, t.h£i detend.nent of t.'le ooet'ticionta ot 

• ('H • p I q (7. ({)) 

If' A2 is eqUttl to sero, !~1. (7.19) !'{!duce& tlo 

2 2 ") (3JLofo" ){q ~ ) - f pr • 0 (7.21) 

encl 6Qe. (7.17) and (7.18) redu.ce to the follold.a& equations vhicb an, 

• 0 (7.n) 

~ 2 
21~'1, - (~ + q ) ~ • 0 (7.23) 
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Vlll. Pa>PAGATIOI OP sr:nmCAL WA'fiS l1i AM ImnTI UDt1JJll. 

'Dae aplseri.Olll polar oool'di.natH an WMtd haes the ndiua r , the 

uimth rP , ancl the oolatitud4t B an clmoted b,J ~ • X' , an4 -i' 
~°Nl3· TU thlW ..........m.eldllB «i9IOPM'8 ot •Vic teuor ans 

(8.1) 

(8.2) 

.u • l (8.4) 

(8.5) 

(8.6) 

!be ptwld.Oltl ~- ot the diepla ... t wotozi iD the dUecUoaa 

ot the ..... wcton c2 mn4 c, ue wio 11114 tbe ~ •••t ill 1ta9 ad1a1 

41not.ioD 1• a fuDoUoD ot r end UM t ~. Die ciMpOl'lata of. the 

ftator poteUal tuDcUoa ~1 u. all .., ta tbl• apbe:rlcal .,_.tr.I.cal .... 
!be .. ........_, a...--~ ot dlmplaommt v.1 • tbe ...a.at OOll-

powat "i , and 1be pb¥1ieal aaaponent u(l) ue ._ w and la MDOW 
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u • /f\ r ~.r (8.7) 

.. 
<c,,2/r)(:r ~> ... - ~ • (// f> e (S.9) 

.... •2 1• a:h• ill ... (4.4). Eltcnattnc e tzaa the above -

equat.t.ona, 1:be tollo1d.lac ~ equation on ~ 1• obtetNda 

SP. • r(:r) Gp (1pt) (S.11) 

when the priMa dmote clifte1Stt.at1on v11b 1'98p9Ct to I' • It p ia a 

z.J. m__., the foll.oving ll&f'latt.olL uy be obtaim4 lllr equatS..118 both the J'9J. 

aD4 juginaz:r,..... 1D S9l'O I 

c,, 2<.r··. •-1r) • .,2(1"+ ~-i.,'> • o (a.1') 

C. a(r" + Zr-1, •) + ,2r • o (S.14) 
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of tba ol'dan u indi•ted 'bJ the IU'beczLpte. 'fM oonditf.Oll tbat tta. t\mo-

tlon r(r) aho aUat)' 111.(s.1,, ~ C
8 

• CT • Hmoe the •lutt.an 

or (S.15) _,.be ftCU'decl u an app1'0DaUoD tor a.<;talaJ.a like quari9 

gl.ua 111ho• c • md CT aa alaw>11t the .... ( ... .tppmdix). 

ror 11atert•l• •• c8 -. c'l' oanmt • CIODdclen4 t11e w, 

wnSng a .olu.Uon 

2 24 222 2 2 ' a Cf q - a p t + iC 8 pq - ip • 0 

(S.16) 

(S.17) 

tlbicb ia motl.1' the - u Eq. (4.7). Hmoe, ldadlar tD the plane cU.lata-

Uonal _,., the aplwrical dilatats.cmal awe haw two dleUnct --. -

a eJ.aaUo ll04e an4 a tbaul lllOde - -4 1be pha89 wJ.oc:d.tl.• or both .,._ 

an the - ae tboee of plane clUatational.,.. 1•p1cti:v•J¥• 
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() 1 2 
, ttad tor al t1 Me s are 4eno tcd. by z , :z • ::.nd .; . 

a.u = 1 (9.l) 

• 2 a..,.., r 
' .. (9.2) 

~' • l (9. 3) 

tenaor are 

(9.4) u • 1 a 

(9.5) 22 • -2 a r 

1.3 
a" • l (9.6) 

of tt·. bn.ae vector i 2 and i 3 are aero a."ld th(! ooapouen t i::i. the radial 

di~"'<.!tioa i• ~~ tuncticn ot r and time t , only• ~\11 the components ot 

$h{; vector pot;cr.tinl f'unction '11 i a.re zel'O. 

1'hti am'Uf1var.lnnt compo.a~,:rit ot dil.'!pl eeaent, v.1 , the co~irl.,.:nt 

componcmt, "i , c>.nd the pbyro.c' l compone~t, "(l) , ii,~ th6 t9-' me !tnd 1\1'9 

dcnot«l by "r. f.:q. (3.29) and F~. (?J.-x>) l'\)d\lce to the 8f;me ~u·tiona 



u. • ;n • ~.I' (9.7) 

.... (3.,,) 8Dd. ('9'4) ..-. • 

·"< e •• + .. -ie ... ) - e • 'c: ( ~.- + .,-i!fi ... ) (9.1) 

c,2cSP + r-i~ > - ~ • /3p 8 •r.r ,,, (9.9) 

._. a2 i• cl.9m iD Ill• (4.4). IUelnatlllg 8 fJ9 ._ alloft tow 

..-umae, 1lbe toll.nf.Dc -.uaUoD -a;q lHt obbtnecla 

~ :r ~r) .., (ipt) (9.u) 

ID4 _..tltatltlac ::.:~ 141• (9.10), 1lbe foll.owiag ...-u.-., be obte'Md lW 

.... 14Dc .. ..i an4 •• ,,.., pan. • -· 

~ "" -L"' -:L" -3 ') 2( " -l ' c,-,, + a- -, - r -r + I' r + p r + ~ r ) • o (9.12) 

(9.1,) 

(9.14) 
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Deemol !unctions 01' zero order or th<- fil'et kind !\Hd t.ho BGcon:l kind. The 

c ... ·<.11tio .. that thii furvtion P(r) mnt dt>O 51,tief'y Sq. (9.12) .requires 

that C8 • CT • 

For tiw e1•1..e wht:n C8 'fMY not be considered clo8<1 to c'f , assume 

tbe f'0Uow1.:~e oolutiona 

~ : A r ;. exp (ipt + iq1') (9.15) 

and 8Ubat1tute it iato E<t• (9.10) to gc~t tfie following equat1on1 

2,.. 2( ?:_i -2) 2 ( 2 2 iC 7 ) ( 2 _t •2) i ' ?.c 2 ~ 0 a ... , q - 4r - a p - • p q - 4 r - p +a· T r • 

Thia in airrd.l.Hr to Eq. (4.7} oxcept that itia equation conteina the 

var.l.'l:.ile r • &.lbaUtt.ting Sqr .• (4.8) and (4.9) into tile Rbove eqw.uon, 

'the 1'olloll'1ll{; erp,;.e tion mAY be ohtnined.: 

u • (a2-n2)44_ c.4+ 2Da?.(c.2-cT2)- 4a4CT4r-4(•2-a?)(•2+a2)-2 

v • ~2 [ na::- + (zc.T2 _ c
8
2) + 41la2C'J.' 4r-4(,a2+n2)-2] 

(9.l.6) 

(9.19) 

The square root o:r (U + iV) ce.:. be oxpreesed in irieonometrical 
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:root, un::l t 2 end 112 be t..li~ vr1lues coJ"l"(sn1><>·1di•ig to the r.;i;iuc aquare root 

ot (U + iV), theL Etl• {9.17) ci~• bo writtau ns the f'ollo'Wing two eq·.-atioqs 

{9.?l) 

(4.18) e::oept the f'uru::Uona U nad V arc to be repl~;,eed b)r thot'!.fb given 

by t:qs. (9.18) r.nd (9.19). Solviris Bqe. (9.~) and (9.a), tho tollo'Wine 

t 1
2 

• t [pl+ t r-4 + J (P1 + t r-4)2 + r;_2 J 
Bi 2 • trl -t ,.-t + ;,/(Pl+ i r°"')2 + ';_2 J 
t 2

2 • t[P?+!r'""+~(P2 +lr-4)'+q/ J 
2 [ .... A I -4 ; 2 ] 

•2 • t [' 2 - 1· r + / V ( P 2 + -1- r ) + ~ 

{9.24) 

(9.25) 

The pl:w.ee velocities Oi t:H, tv> aodes of eyUndricE>.l dilntationel 

(9.26) 

(9.27) 



Theae aolutions :cs well t<B the solution of Et;. (9.14) show thnt the 

cylindrical. dlla1intional W&YeB are not aactly pcr.S.odic. The ph..".M 

veloci ~ V; ,rJ.ea cl.o::~ the coordinate r • HoweTer, st ti dint-~:1eo tar 

f'l\}UI the orisin; the v~voe ere olu:ot; t periodic. 
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l. CO:ICLUSIONS. 

~the prormction or entrop1 in .nn irreversible tb~c 

proceee in applied to th(' stn.in. vnve prop~tion in a 1ib.e:rmoelaeUc MCU.a, 

tiie d11~11ational Wf!\re not onl.y a.ttenuateas wt &180 hl!s ho distinct 111Dde8 

- a.n ol::stic mode nnd ~1 thermal mode - both of which pl'Opngate vi th 

e:ttenuation. 'l'he abCMU" wne, however, does not aUenunte. 

The phaae ftlod.t.iae ot the bo dilat&Uonal 110dea arc dependeni on 

the ~ucncy, n:ld their coot1'1c1enta of n'~tion nre alao dopendeai on 

tho !ftqUflr.cy. It the s'tate ie ~. tbfly are all depenclent on tbe 

oootf'icient ot rlae or deoaO'• 

In nto~ state, the phaee Telocity ot' elrultic mode is very cloeel;f 

equal to the iaen,ropic phase 'ftloci v at low trequend.ee and D.P. roaches the 

isotbemal pba8e vel.oc.i ty •' ver.t 1liejl frotiUeacieo. The phnee 'Yeloci ty of 

V.uu·•l mode 1a mob lov•=r than thnt ot elastic_. at low frequencie• aml 

becaaes hi&her and higher ae the frequ.eney inerensea and ti nall.7, a i V9'1!1/ 

biBh trequoocieo, exceeds tlle pba.ee ftlocl. ty ot elastic mode. 

~ tru~ period o! rlee when tbt! rate ot rlee ie high, the pbaee 

Teloc:it.Y o! cbuUc llOd• u,y exceed ibe iaellt:ropic ptu1ee Telodty n'\ lev 

tnquoncif:8 l'M ~P: roacboa, ~:a the tnqueney inoreRiees r.nd becoaos very hl&b, 

the isothermal pba8"t velociv. The pb&ee .-ftlocity of the:nMl llOde ID8Y be 

mch ~or tht.u1 in steady ai:Ate ,..nd may exceed the iaent.Jiopic phue wlodv 

ne.n at low fJ'OqU&nciee. At wry hi~ treqUer1ciee, the phase Telocity of 

tile:rw."!l mode exceeds tb."lt ot elnatic mode. 
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~ng the period of decay, if the rate of decay is high, the phase 

velocity of eL"tstic mode is almost equa.l to the isothermal phase velocity 

at high or low frequencies. The phase ,,eloci ty of th€l'Ul&l. mode is, if the 

rate of decay ia high, mu.ch Blilaller th.sn it is in steady state; and it 

increases -with frequency and exceeds the phase velocity oi elastic mode 

when the frequency is very high. 

Upon the incidence of either mode of dilatational wave or SV shear 

wave, the reflected waves are composed M both modes of dilda.tional 

waves and a SV shear wave. The refracted waves also are composed of 

these three waves. 

The surface waves are also di~sip11 ti ve. 

The spherical dilatational wave propagates at the same velocity as 

the plane dilatational wave. The cylindrical dilatational wave approaches 

the plane dilata.tional wave wen it is far allay from the origin. 

The phase velocities of the two modes of thermoelastic strain 

waves are able to explain the unusual phase velocities from an 

underground etomic explosion. 

Thermoelastic strain wave theory is unable to explain if the shear 

wave will attenuate. The reflection and refraction from the incident SV 

shear wave rMlY serve to explain the dissipation of seismic SV shear wave. 

However, the SH t°JPe shear wave will never dissipate by either the theory 

of thel'IZIOelastici ty or the theory of ele,sti.ci ty. This is an area to be 

explored vbich might lead to a modification of the theory ot 

thermoelasticity. 
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JIU. .lppendS.z 

a2 °'2 /!._2 T~ 
b /'Ce 

aa2-/ .... m2/,,_2. •2/eeo2 m.waata .. 

Al••tnn, pun o.aee '.5e52 I toll 7.99 x ~ 2.~ x 10-2 

IUalml.n o.617 3.'3 x w11 a.at x io9 2.38 x 1cr2 

1-1 o.2Kt o.19J io11- 2.74 x w9 l.'8 x io-1 
119,,.. 0.1&> ,.52 x iol1 3.99 x io9 1.13 x 1cr2 

CU'tlon etMl. 0.13' 3.5, x ioll 4.°' I Jt1' 1.14 x u;r2 

Cut inD O.lal 1.20 I io11 2.12 x ia8 o.a x ur2 

a.pper, pure 1.172 le92 X loll 2.92 J: io9 1.52 x io-2 

Bzon.lle, go, 10 o.a 1.80 x io11 2.SB I~ l.a> l 10"'"2 

-.. 60140 o.JDJ 1.25 x ioll 1.54 x io9 1.2' x 10-2 

Kapetd1m o.SJl 3.U I v;jll 6.8' l wt 2.10 .110-2 

Dickel, pun 0.144 3.CX> x loll ,.42 I J!P i.14 x ur2 

eom.te 0.005) l.JA x loll 1.'.'-J I 'J.t/ 1.22 x w-' 
Bode,~ o.ooeoo 1.48 I 1011 1.51 % uP l.02 x icr' 

Liae&toae 0.00756 2.8' x io11 4.,2 x uP 1.5' l ia-' 

Gnzd.te o.oJA&:> 2.02 l io11 2.25 x ia8 l.U X ia-' 

Glaaa,Plate glaa 0.004,2 3.16 x ioll 6.11 x JtJ3 1.9, x 10-' 

Qaarta g1aa 0.00144 3.(j() x io11- 2.oe x 106 5.'18 I J.a-6 
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;> o( Ce- I<. iJ 

Pl-' 1/"C f?JA/...Z,. Oc flJ!fJ/sec CIA OC Dl .. ldonlw 

Al.milUI, pan 2.7 24 x io-6 1 2.50 x 10 2.22 x 107 o., 
~min 2.a 25 I io-6 2.59 x JD7 1.60 x lD7 o., 

Leed u., 29 x icr6 1.42 x 107 ,.~ x 'lD6 o., 
Inn, pure 7.88 12 I J.tr6 ,.64 x w1 5.8' x 106 o., 

Canon 8Mel 7.85 12 l ia-6 '·'' x 10
7 4.67 x 106 o., 

Cut boa 1.10 10 x io-6 4.3> I 1D7 5." x "Jt) 6 o., 
Copper, P"N S.9' 17 x JD-' '.5.'8 x 107 '·'Tl x 'JJJ7 o., 

B:mnse, ~· 10 S.8 18 x io-6 '·" x 10
7 9.:54 x 106 0.3 

a... 60a40 S.5 19 x 10-6 ,.21 x 10' '950 1101 o., 
~- 1.74 26 x io-6 1.8' x io7 1.6, x JD7 o., 
Jlldcel., pure a.a 13 I JD-6 4.06 x 101 5.84 x 106 o., 
ConaNte 2.0 12 x l/J-6 1.76 x 107 9e'4 X 104 0.2 

... Sendatoae 2.~ 9 x 10-6 i.75 x ·ul 1 • .co l JJ:J5 0.2 

LiMetone 2.7 8 x 10-6 2.16 x u:? 1.6, x 105 0.2 

Gnnite 2.1 8 110-6 2.16 .x 101 ,.15 x io5 0.2 

Glau,Plate glue 2.5 8 l 10-6 l.SCJ x 107 8.16 x 104 0.22 

~:-1·- 2.2 4 x irr7 1.57 x 101 1.17 x 105 0.22 

(Table oosaUnue4) 
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(Table oon timaed) 
L.-

l!: / ~ 18 
~ca2 d1Me/aa2 ---2 ,,_.2•c 

AJ.•wi-· pure 7.06 x 1oll 2.72 x io11 4.cn x 1011 4.~ x w7 

~ 7.06 x 1oll 2.12 l ioll 4.07 x i.o1-1 4.42 x lD7 

Leacl 1.67 x 1011 6.42 X iolO 9.64 x io1° 1.21 .x 107 

IJ'OD, pun 2.06 x iol.2 7.9, x ioU 1.19 x irJ2 6.18 1 J.07 

Ca1"bon steel 2.06 x io12 7.9, x io11 l.19 l lfi12 6.18 x 107 

Can iron 6.6'1 X lOU 2.64 x 1oll ,.96 X lOU 1.72 x 107 

COppv, pure l.aJ 11a12 4.91 x 1011 1.'6 x iol.1 5.42 1 io7 

Bl"Onze, 90110 1.18 x io12 4.5' x ioll 6.19 x u}l 5.~ x 107 

laaa, 60140 7.e6 x loll 3.0, x w1l 4.5, x io11 '· 75 x w7 

Jllasnetd• 4.02 x 1011 1.55x1011 2.,2x1011 2.62 x '107 

lU.ckel 1.96 l uP- 7.55 x ia11 1.1, I 'Jd-2 6.'8 x J,07 

ConCNte 2.06 x io11 S.58 11010 5.72 l lt}D 4.04 I 106 

Book, SancletoDe 2.94 x io11 l.2' x io11 8.16 l JJ}JJ 4.4l x io6 

U-1mle 6.f11 x io11 2.87 x io11 l.91 x io11 9.16 X '106 

enm.• 4.91 x io11 2.04 x 1oU 1. '6 .t io11- 6.55 x 106 

Gl.-,Plate glue 6.fl1 .l ioll 2.82 x io11 2.a x i.oU 9.ai x w6 

~· glau 6.81 x io11 2.82 x io11 2.21 Jt loll 0.49 Jt 106 

All tile GOZL8tanta 1A -. above table an el u.r oalmlated baeecl ,_, 

OI' dinc'1¥ takm fl'Oll tiba table Giftn in Mel.an ml Putms' book ot tblzlls.1 

ebeule (NI. 1, PP• 106-107), The ftt'eneoe t.pem1m'e, Ta , ia 300°i. 
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01 STRAIB WAVE PBOPAGATIOM IN 'l'HEBMOELASTIC MEDIA 

Kuang Liu Cheng 

A. ooaplete solution ot tbemoelasUc dilatational waves in an 

elastic, heat conducting, hollogen.eous, and isotropic aedium baa been 

obtained. tor both the steady and unat~ states. Di11CN.Saions of the 

aolution for a wide range ot frequencies and. various 'Values of the 

ooetticient of riee (or decay) have been made and. the reault has been 

applied. to the uplanation of the unusual eeimic waves recorded hom 

an underground atomic explosion of Sept•ber 19, 1957, in Nevada. 

Reflection and retraction of plane waves at plane bou.nd.ary and plane 

interface between two meclia have been studied. The IUrf ace waves have 

alao been atwlied. 'lhe aolutiona or spherical and. cylindrical 

dilatational waves have been found. 
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