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Semiparametric Techniques for Response Surface Methodology

Stephanie M. Pickle

(ABSTRACT)

Many industrial statisticians employ the techniques of Response Surface Methodology (RSM)
to study and optimize products and processes. A second-order Taylor series approximation is
commonly utilized to model the data; however, parametric models are not always adequate.
In these situations, any degree of model misspecification may result in serious bias of the
estimated response. Nonparametric methods have been suggested as an alternative as they
can capture structure in the data that a misspecified parametric model cannot. Yet non-
parametric fits may be highly variable especially in small sample settings which are common
in RSM. Therefore, semiparametric regression techniques are proposed for use in the RSM
setting. These methods will be applied to an elementary RSM problem as well as the robust

parameter design problem.
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Chapter 1

Introduction

Originally proposed by Box and Wilson (1951), Response Surface Methodology (RSM) is
a sequential experimental strategy used by many industrial statisticians to study and opti-
mize products or processes. RSM consists of three main phases the first of which involves
experimental design strategies. In this phase, the researcher must choose a proper design
that will allow for adequate estimation of the relationship between the explanatory variables
and one or more responses. During the second phase, regression modeling techniques are
employed to complete such an estimation. Finally, optimization methods are utilized to
identify the settings of the explanatory variables which optimize the response(s). The opti-
mization results found in the final phase heavily depend on the estimated models built in the
second phase. Therefore, our research will focus on modeling techniques for RSM with some
mention of optimization methods. Throughout our work, we will assume that a satisfactory

experimental design has been constructed and the data have already been collected.

Historically, RSM involves running a series of small experiments and modeling the data
parametrically to find the optimal settings. However, in many industrial settings, parametric

models may not adequately represent the true relationships between the variables. For this
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reason, classic RSM may not be appropriate for all applications, but it does in fact provide
the foundation for several. We propose new methods that extend the ideas of classic RSM

to include new advances in regression and optimization.

When modeling the data parametrically, researchers must make certain assumptions about
the relationship between the regressors and the response(s). Researchers tend to assume the
relationship is not extremely complex and that a first- or second-order polynomial provides
an adequate approximation of the true underlying function. Therefore, the data are usually
fit with at most a second-order model. In practice, however, these relationships are not
always so well behaved. Process means, and especially process variances, may be of such
complexity that they cannot be adequately modeled parametrically, especially via first- or
second-order models. Furthermore, any degree of model misspecification can lead to highly

biased estimates and miscalculated optimal regressor settings.

Recently, nonparametric regression techniques have been proposed to overcome the issues
associated with parametric models [see Vining and Bohn (1998) and Anderson-Cook and
Prewitt (2005)]. In general, nonparametric smoothing techniques use curves to describe the
relationship between the response(s) and regressors without any parameters. Nonparametric
methods can provide superior fits by capturing structure in the data that a misspecified
parametric model cannot. Unfortunately, in sparse data situations, which are typically
the case with response surface experiments, these techniques often result in highly variable
estimates. Moreover, nonparametric methods ignore any knowledge the researcher may have

about the relationship between the variables.

Mays, Birch, and Starnes (2001) investigate methods which are essentially hybrids of the
parametric and nonparametric methods. These semiparametric approaches produce esti-
mated functions which are characterized by lower bias than the parametric approaches and
lower variance than the nonparametric approaches. These methods were originally devel-

oped for situations where the response information was obtained at values of the regressors
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uniformly placed over the design space whereas a main underpinning of RSM is the use of
cost-efficient experimental designs with strategically placed design points. The goal of our

research is to adapt these semiparametric techniques to the RSM setting.

Even though some real-world applications involve more than one response, the most ba-
sic RSM problems involve only a single response. We will first apply the semiparametric
techniques to the elementary situation with one response of interest and the assumption
of constant variance. We will then investigate the case in which the variance is no longer
assumed to be constant. In this case, we are interested in not only the process mean but also
the process variance. In fact, in many industrial applications, the process variance is often
the main culprit of poor product and process quality. This problem is commonly referred to
as the dual model problem. Although not studied in this research, our methods could also

easily be extended to the multiple response problem.

Once the response surface has been modeled, the goal becomes finding the operating con-
ditions for the explanatory variables such that the response(s) is optimized. The RSM
literature is rich with analytic optimization techniques for parametric models. Yet most
of the methods are based on gradient techniques which require continuous functions with
derivatives for the estimated response(s). Since the response estimates from nonparametric
and semiparametric methods do not result in closed form expressions, these optimization
routines are no longer applicable. For their nonparametric models, Vining and Bohn (1998)
utilize a simplex search which does not require the calculation of derivatives; however, sim-
plex methods tend to be time consuming and often only find local optima (Haupt and Haupt,

2004). Therefore, we propose the use of genetic algorithms for optimization.

The genetic algorithm (GA), originally proposed by Holland (1975), has become a popular
optimization technique, especially for functions that do not have known parametric forms.
Instead of using derivatives to find the optimal solutions, the GA uses the principles of

genetics and evolutionary concepts such as selection, crossover, and mutation. Furthermore,
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the GA uses an intelligent, sequential search strategy which enables users to find global
solutions more efficiently (Goldberg, 1989). Thus, we will use the GA for process optimization

in this research.

This dissertation is organized as follows: Chapter 2 reviews the current modeling techniques
used in RSM, parametric regression and nonparametric regression. In Chapter 3, the non-
parametric approach is studied in more detail as we investigate the degrees of freedom for
the method. Chapter 4 addresses the basic RSM scenario in which we have a single response
of interest and the homogeneity of the variances assumption is valid. Our semiparametric
technique will be introduced and used to model the response surface. In Chapter 5, our
semiparametric technique is applied to the dual model problem which involves the estima-
tion of both the process mean and process variance. Examples from the RSM literature and
simulation studies will be used to compare the performance of the modeling techniques in
both Chapters 4 and 5. In Chapter 6, we apply the genetic algorithm to semiparametric op-
timization and compare its performance to the Nelder-Mead simplex optimization method.
Finally, Chapter 7 contains a summary of completed work and potential areas of future

research.



Chapter 2

Current Modeling Techniques for
Response Surface Methodology

2.1 Introduction

Many industrial statisticians, engineers, and other researchers employ the techniques of Re-
sponse Surface Methodology (RSM), a sequential experimental strategy originally proposed
by Box and Wilson (1951). RSM combines ideas from experimental design, regression model

building, and optimization to study and optimize products or processes.

The most elementary RSM problem is one in which the researcher studies a single response
of interest. The relationship between the k£ explanatory variables, zi,x»,...,z;, and the
response, y, is:

y:f(xlax%"ka)—l_g)

where f is the true response function and ¢ is the error term that represents sources of

variability not accounted for in f. The form of the true response function is unknown and

5
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may be very complicated. The error term is assumed to have a normal distribution with

2

mean zero and constant variance o°. Thus, the response function of y is also the mean

function of y.

Since the true relationship between the explanatory variables and the response is unknown,
we must approximate the form of f. The function must be well estimated as misspecifica-
tion of the model form can have serious implications in process optimization. Classic RSM
utilizes parametric regression models for the function approximation and more recently non-
parametric modeling techniques have been proposed. We will now describe these current

methods, parametric and nonparametric, in detail.

2.2 Parametric Approach

The traditional approach to modeling the relationship between the explanatory variables
and the response is to assume that the underlying functional form can be expressed para-

metrically. A second-order Taylor series approximation, given by:
k k
y =0+ Zﬁzxz + Zﬁul‘? + Z Bijrixj + ¢,
i=1 i=1 i<j
where the (3’s are the regression coefficients to be estimated, is commonly employed in RSM.

When n observations are observed, the second-order linear model may be expressed in matrix

notation as:
y =XB+e,
where y is a n x 1 vector of responses, X isan x | 1+ 2k + 5 model matrix, B is a

k
1+ 2k + 5 )) x 1 vector of unknown parameters, and € is the n x 1 vector of random

eIrors.
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The method of ordinary least squares (OLS) provides uniform minimum variance unbiased

estimates (UMVUE) of the parameters in 3 such that the sum of squared errors, given as:

n

SSE = Z(yz — )%,

i=1
where 7; = x/3 and %/ is the i*" row of the X matrix, is minimized. The estimated responses
(] (A )

can be written as:
y(OLS) — XB — X(xlx)—lx/y _ :[_I(OLS)y7

where the n x n matrix H(©OLS)

is commonly referred to as the ordinary least squares “HAT”
matrix since it transforms the observed y values into the g values. For more details on

ordinary least squares and the HAT matrix, see Myers (1990).

2.3 Nonparametric Approach

Situations may arise in which the relationship between the explanatory variables and the
response is not adequately modeled parametrically via second-order polynomials. In these
situations, any degree of model misspecification may result in serious bias of the estimated
response. Furthermore, the optimal regressor settings may be miscalculated. For such situ-
ations, nonparametric methods have recently been suggested as they can capture structure

in the data that a misspecified parametric model cannot.

Nonparametric smoothing techniques use curves to describe the relationship between the
explanatory variables and the response without any parameters. Thus, the response is

modeled as:
Yy = h(l‘l,l’g,...,l’k) +¢,

where h is assumed to have an unknown but reasonably smooth form. Similar to parametric
regression, the estimator is a linear combination of the response values; however, the weight-

ing schemes in some nonparametric regression methods assign more weight to observations
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closest to the point of prediction. The nonparametric fit is more flexible than the parametric

fit as it is not confined to the user’s specified form.

Myers (1999) suggests the use of nonparametric Response Surface Methodology (NPRSM)

in the following three scenarios:

(i) The researcher is interested in optimizing a response.

(ii) The researcher is less interested in an interpretive function (i.e., interpreting the esti-
mated regression coefficients) and more interested in studying the shape of the response

surface.

(iii) The functional form of the relationship between the explanatory variables and the

response is not well behaved.

Several fitting techniques have been proposed in the nonparametric regression literature
such as kernel regression [see for example Nadaraya (1964), Watson (1964), Priestley and
Chao (1972), and Gasser and Miiller (1984)], local polynomial models [see for example Fan
and Gijbels (1996) and Fan and Gijbels (2000)], spline-based smoothers, and series-based
smoothers [see for example Ruppert, Wand, and Carrol (2003)]. Details of two popular

methods, kernel regression and local polynomial regression, are presented in the next sections.

2.3.1 Kernel Regression

As previously mentioned, nonparametric methods estimate the regression function using a
weighted average of the data. For example, the kernel regression estimate of the response at
the point of interest x( is a weighted average of the responses:

n KER
keR) i by
Yo - S j(KER)

i=1""0¢
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where h(()fER) represents the weights. A common weighting scheme proposed by Nadaraya

(1964) and Watson (1964) in which the weight associated with the i'" response at prediction
point z is given by:

héKER) _ K (%) 7
l i K ()

where K is an univariate kernel function and b is the bandwidth.

The kernel function is taken to be some appropriately chosen decreasing function in |z¢ — ;|
such that observations close to xy receive more weight than observations far from xq. Kernel
functions are often chosen to be nonnegative and symmetric about zero. Some common
kernel functions include the Gaussian, uniform, and Epanechnikov kernels. For more details
on these and other kernel functions, see Hardle (1990). Studies have shown that the choice
of kernel function is not crucial to the performance of the estimator (Simonoff, 1996). Thus,

for convenience, we will use the simplified Gaussian kernel,

i <xo ; mz) _ e_(zogzif,

For the multiple regressor case, two forms of the kernel function have been proposed. At the

in our research.

prediction point Xo = (21, T2, - - - , Tox ), the general multiplicative kernel function is defined
as:
- - 1.
K(X¢,%;) x K E(Xo —x)| ), (2.1)
where K is a univariate kernel function, X; = (21, Z;2, . . ., i) and |||| represents the standard

Ly (Euclidean) norm. While this form has nice theoretical properties, it is not suggested for
use in practice. Instead the product, or multiplicative, kernel function has been suggested
(Scott, 1992). At the prediction point Xo = (o1, Zg2, - - -, Tor), the product kernel is defined

as:

k ~ ~
1 y
K (%o, %;) :_kH ( “’J>, (2.2)
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where again K is a univariate kernel function. In general, the multivariate forms in (2.1)
and (2.2) are different; however, it can be shown that the forms are equivalent when the
Gaussian kernel function is used. Since the coding of variables in response surface designs
typically involves centering and scaling, the units are comparable in all directions, thus it is
reasonable to use the same bandwidth, b, in all dimensions as expressed in (2.2). Therefore,

the expression for the multivariate kernel fit is given by:

y(KER) _ H(KER)y,

where HEER) ig the kernel HAT or smoother matrix defined as:

KER
e
KER)!
HEER) _ h,
h(K'ER)I
and hEKER)' = (hngR)hgf BR) hgf ER)) and hg(ER) = % For more details on
g=1 18 Xi%;

multivariate kernel regression, see for example Scott (1992) and Simonoff (1996).

The smoothness of the estimated function is controlled by the bandwidth, b. A larger
bandwidth value results in a smoother function, whereas a smaller value results in a less
smooth function. However, if the bandwidth is chosen too large, the estimated function may
be too smooth, resulting in estimates with low variance but high bias. On the other hand,
a bandwidth that is too small may result in a rougher fit with low bias but high variance.

Thus, a bandwidth should be chosen that offers a balance between bias and variance.

The choice of bandwidth is critical, and the literature is rich with bandwidth selection meth-
ods [see for example Hérdle (1990) and Hérdle et al. (2004)]. The trade-off between bias and
variance naturally leads to the minimization of an optimality criteria such as mean squared
error. Mays, Birch, and Starnes (2001) introduce a penalized cross-validation technique,

PRESS™, for choosing an appropriate bandwidth. The approach chooses the bandwidth as
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the value b that minimizes PRESS™, defined as:

PRESS

n — trace (HEER)) 4 (n — 1) W’

PRESS™ =

where SSFE,,,. is the largest error sum of squares over all possible bandwidth values, SSFEj is
the error sum of squares associated with a particular bandwidth value b, and the prediction

error sum of squares, PRESS, is given by:

n

PRESS = Z (% - Z)z,fi)a

i=1
where §; _; denotes the estimated response obtained by leaving out the i observation when

estimating at location X;. Mays, Birch, and Starnes (2001) show that PRESS™ performs

well by guarding against very small and very large bandwidths.

2.3.2 Local Linear Regression

Kernel regression is an intuitive approach to estimation; however, it inherently has a bound-
ary bias problem when symmetric kernel functions, such as the Gaussian, are used. For
example, if the observations follow a concave down trend, the kernel estimates at the first
and n'" order statistics of the regressor are weighted averages of values larger than the ob-
served responses at x() and (), respectively. Thus, the estimates at x(;) and x(,) will most
likely be biased. Local polynomial regression (LPR) is a smoothing technique that is robust
to biased estimates at the boundary of the design space. Originally proposed by Cleveland
(1979), LPR is essentially a weighted least squares problem where the weights are given by
a kernel function. The polynomial form of the LPR fit can be of order one or greater and

we focus on degree p = 1, local linear regression (LLR), in this research.

The local linear regression fit at prediction point Xo = (xo1, Zo2, - - -, Tok) 1S given by:
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where Wy is a n x n diagonal matrix containing the kernel weights associated with X,

W, = <h(()§(ER)>. In matrix notation, the LLR estimates can be expressed as:

y(LLR) _ H(LLR)y’

where HELR) ig the local linear HAT or smoother matrix defined as:
LLR
i’

p(LLRY
HELR — | 2 (2.3)

h(L'LR)/

where h{""®" = 2/ (X'W,;X) ™' X'W,.

Since the LLR estimates are dependent on the kernel weights, bandwidth selection remains
important. We can extend the PRESS™ method for choosing an appropriate bandwidth to
the LLR setting by using the following expression:

PRESS

n — trace (HELR) + (n — (k + 1)) S lees—S5E”

PRESS™ =

For more details on local polynomial regression, see for example Fan and Gijbels (1996) and

Fan and Gijbels (2000).

2.4 Summary

Parametric and nonparametric approaches to modeling each possess positive and negative
attributes. The parametric approach has been extensively researched and utilized in RSM,
while the nonparametric approach is a relatively new idea in RSM. The parametric approach
is superior if the true, underlying function can be adequately expressed parametrically and
if the user correctly specifies the parametric form. However, if the model is misspecified, the

estimates may be highly biased and optimal control factor settings may be miscalculated.
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On the other hand, if the user has no idea about the true form of the underlying function,
nonparametric methods offer a nice alternative. Nonparametric methods can provide su-
perior fits by capturing structure in the data that a misspecified parametric model cannot.
However, nonparametric methods were originally developed for situations with large sample
sizes. In small sample settings, which are customary in RSM, nonparametric techniques may
fit irregularities in the data too closely thereby creating estimated functions that are highly
variable. Consequently, optimization may be based on non-reproducible idiosyncrasies in the

data.

In this research, we will focus on the parametric approach of least squares and the non-
parametric approach of local linear regression. Note, however, that the techniques discussed
can be generalized to other parametric and nonparametric methods. In Chapter 3, we will
study the recently proposed nonparametric approach (LLR) in more depth by investigating
the idea of degrees of freedom. In Chapters 4 and 5, we will develop another approach to
modeling for RSM, a semiparametric approach that is essentially a hybrid of the parametric
and nonparametric methods. Then we will compare the performance of the three approaches

in a variety of possible scenarios.



Chapter 3

Degrees of Freedom for Local Linear

Regression

3.1 Introduction

“What are degrees of freedom?” Good (1973) asked this question decades after many statisti-
cians thought the definition was made perfectly clear. Unfortunately, the concept of degrees
of freedom is still difficult for many to understand. Cramér (1946) defines degrees of free-
dom as the rank of a quadratic form, yet textbooks rarely mention this explanation. In fact,
most regression texts refer to error degrees of freedom as the number of data points minus
the trace of the “HAT” or smoother matrix. This interpretation works well for parametric
regression; however, the definition may no longer hold when extended to local polynomial
regression, specifically local linear regression. We will investigate the definition of degrees of

freedom for the parametric and local linear regression settings.

Degrees are freedom are frequently used in the local linear regression (LLR) setting. The

number appears in the denominator of PRESS™, a statistic that is commonly used to select

14
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the appropriate bandwidth value for the LLR fit to data. Furthermore, when performing
inference, LLR test statistics typically are approximately F' or t distributed and require
degrees of freedom. In this research, we focus on bandwidth selection. Thus, we will also
investigate the impact the definition of degrees of freedom has on bandwidth selection in the

LLR setting.

3.2 Parametric Regression

When n responses are observed, the parametric linear model may be expressed in matrix

notation as:
y =XB +E¢,

where y is a n x 1 vector of responses, X is a n x (k + 1) matrix of k explanatory variables
augmented by a column of ones, 8 is a (k+ 1) x 1 vector of unknown parameters, and € is
the n x 1 vector of random errors. The error terms are assumed to be uncorrelated with a

normal distribution, zero mean, and constant variance o?.

The method of ordinary least squares (OLS) provides uniform minimum variance unbiased

estimates (UMVUE) of the parameters in 3 such that the sum of squared errors, given as:

n

SSE = Z(yz - gi)27

i=1
where gj; = x/3 and x/ is the i'" row of the X matrix, is minimized. The estimated responses

can be written as:
y(OLS’) _ XB _ X(X’X)le’y _ H(OLS)y,

where the n x n matrix H(OLS)

is commonly referred to as the ordinary least squares “HAT”
matrix since it transforms the observed y values into the g values. Two important properties

of the OLS HAT matrix are:
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(i) H©OL9) is symmetric and idempotent.

(ii) The rank of H@L9 is equivalent to the trace of H(@L9); that is, rank (HOX9)) =

trace (H(OLS)) = k + 1, where k is the number of regressors in the model.

The HAT matrix can be used to write the OLS residuals, e(©X9) as:

e(OLS) —y— y(OLS) —y— H(OLS)y — (I . H(OLS)) y,

where I is the n x n identity matrix. Thus, the sum of squared errors can be rewritten as:
SSE(OLS) _ e(OLS)/e(OLS) _ y/ (I . H(OLS))/ (I B H(OLS)) y. (3.1)

For more details on ordinary least squares and the HAT matrix, see Myers (1990).

If we let A = (I —H©L) (1 - HOL)) in equation (3.1), it is evident that the sum of
squared errors is a quadratic form. Therefore, by Cramér’s (1946) definition

df B = rank(A) = rank [(I — HOE) (T - H<0LS>)] ,

where df E represents the error degrees of freedom. Since (I — H(OLS)) is also symmetric

and idempotent, we can rewrite the error degrees of freedom as:
dfE = rank [I— (2HO") — HOMS/HOL9)]

= rank (I — H(OLS))

= trace (I — H(OLS)) .
Then using properties of the trace, we can again rewrite the error degrees of freedom as:

df E = trace(I) — trace (H(OLS))

= n-—p,

where p = k + 1 and k equals the number of regressors. Thus, the degrees of freedom for
error for parametric regression are commonly defined as n minus the trace of the HAT or

smoother matrix, H©X% . While this definition is true for OLS, it is not clear that this

definition applies to local linear regression.
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3.3 Local Linear Regression

Several parametric definitions of error degrees of freedom have been utilized throughout
the nonparametric regression literature [see for example Hastie and Tibshirani (1990), Fox
(2000), Ruppert, Wand, and Carrol (2003), Zhang (2003), and Takezawa (2006)]. Some use
the definition:

df By = trace (I —H), (3.2)

where H is the appropriate smoother matrix, because it is computationally simple, while

others argue that
df Ey = trace[(I — H)'(I — H)] (3.3)

is more suitable theoretically [see for example Zhang (2003) and Takezawa (2006)]. Further-
more, Ruppert, Wand, and Carrol (2003) suggest that df E5 be used in the estimation of o2

and other methods that are based on the sum of squared errors, such as F-tests.

Nevertheless, both equations are theoretically incorrect according to Cramér’s (1946) defini-
tion as they assume that the trace and rank operations are interchangeable in the nonpara-
metric regression setting when in fact they are not. The trace and rank of a matrix are only
equivalent if the matrix is a n x n symmetric and idempotent matrix. While this is true for
the parametric smoother matrix, it is not true for the nonparametric smoother matrix. In

particular, it is not true for local linear regression (LLR).

Using LLR, we can express the nonparametric estimates as:

G(LLR) _ p(LLR)

y Y,

where HELR) ig the local linear HAT or smoother matrix defined as:
i %, (X'W,X) ' X'W,

(LLR)/ ~/ / -1 /
HELR) h, . _ | * (X'W1X) ™ X'W, , (3.4)

hiE % (X'W,X)' X'W,
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X; = (i1, Ti9, ..., x), and W, is a n x n diagonal matrix containing the kernel weights
associated with X;. For more details on local polynomial regression, see Fan and Gijbels

(1996) and Fan and Gijbels (2000).

(LLR)

Unlike the parametric smoother matrix, H is neither symmetric nor idempotent. Thus,

the sum of squared errors for LLR is given by:
SSEWLLR) — g(LLR)(LLR) _ o/ - H(LLR))/ (1- H(LLR)) y.

The corresponding theoretical error degrees of freedom for LLR, using Cramér’s (1946) def-

inition, is given by:
Af B — rank | (1 - HE0)' (1 HELR)| (3.5)
an expression that cannot be further simplified.

While the definition in equation (3.5) is theoretically correct according to Cramér (1946), it
does not work well in practice as the degree of smoothing is ignored. Smaller bandwidths
will result in a rougher fit than larger bandwidths which produce a smoother fit to the data.
Therefore, fits with smaller bandwidths should use more degrees of freedom for the model
and less for error than do fits based on larger bandwidths. However, it should be noted
that the error degrees of freedom based on equation (3.5) remains constant regardless of the

bandwidth value.

This fact can be seen by looking more closely at equation (3.4) and noting that each row of
the smoother matrix involves the matrix multiplication of the diagonal kernel weight matrix,
W,. Since we are using the simplified Gaussian kernel in our research, we know that W is

full rank for all ¢ regardless of the value of the bandwidth. In fact, if we assume that W; = W
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for all 7, we can clearly see that the rank of HEE®) does not depend on the bandwidth value:

[ X (X'WX) ' X'W
rank(HELR) = rank :
| & (X'WX) ' X'W
TR
= rank ] (X'WX)TIX'W
)‘”(/
TR
= rank X!
i/

Thus, the rank of the nonparametric smoother matrix only depends on the rank of the X

matrix and remains constant over all bandwidth values.

Since the degree of smoothing should be incorporated into the degrees of freedom, we will
not consider the theoretical definition in equation (3.5) as a feasible possibility in practice.
Therefore, in our study of the impact of degrees of freedom on bandwidth selection, we will

only investigate df E; and df Ey defined in equations (3.2) and (3.3), respectively.

3.4 Comparison of Degrees of Freedom Definitions

In this section, Monte Carlo simulations are used to compare the two definitions seen in the
nonparametric literature, df £y and df Ey defined in equations (3.2) and (3.3), respectively.
For the linear model, it is well known that 62, defined as:
o SSE
O' P —
dfE’
is an unbiased estimator for 2. Therefore, we will compare the definitions of error degrees

of freedom by inspecting the quality of the estimator for each. That is, we will compare the
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performance of

5 SSE
g g
L dfE,
and
&Z_SSE
2 dfE,

In the simulation study, both estimators, 67 and 63 will have the same SSE value in their
numerators. Thus, the only difference between the two is their denominators, df F; and

df Bs.

Each Monte Carlo simulation will use 500 simulated data sets, each of which is based on the

following underlying model:

y = 20— 10z, — 2529 — 152125 + 2022 + 5022

+v [2sin (47xq) + 2 cos (4mxs) + 2sin (drxixa)] + €,

where € ~ N(0,1) and v represents the model misspecification parameter. Thus, the true
value of 02 is 1. The data will be generated from a central composite design with five center
runs for a total of 13 experimental runs. When coded to be between 0 and 1, factors x;
and o have five levels with values taken to be at 0.000, 0.146, 0.500, 0.854, and 1.000 for
each factor. As the value of v increases, the amount of misspecification, when compared
to a quadratic model in two regressors, increases in the model. Five values of v will be
studied varying from v = 0.00 (correct model specification) to v = 0.25, 0.50, 0.75, and
1.00, representing increasing degrees of model misspecification. The R language is used for

computations and simulations.

To ensure that both estimators have the same SSE value in their numerators, the bandwidth
for the LLR fit will be fixed at the optimal value, by, which is found by minimizing the average
MSE(), AVEMSE, over all possible bandwidth values, where

AVEMSE = = MSEW)
n
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Using theoretical expressions for the bias and variance of fits, M SFE(y) is calculated as:
MSE(§) = [Bias(p)]* + Var(j)

The theoretical expressions for bias and variance of parametric, nonparametric, and semi-
parametric fits can be found in Appendices A and B. AVEMSE is used as the “optimal”
bandwidth selection procedure because it gives a fair trade-off between the bias and variance

of the fitted values.

To compare the quality of the estimators, we will look at their Monte Carlo average values,

MCA(62) for i =1 and 2, defined as:

DT
MCA(67) = %TOJ
However, we also need to investigate both the accuracy and precision of the estimators.
Thus, we want to look at the mean squared error of the estimators, M SE(62) for i = 1 and
2, as it is a measure that incorporates both the bias and the variance of each estimator. In

fact, for comparison purposes in our simulation study, we will use the Monte Carlo mean

squared error of the estimators, MCMSE(6?) for i = 1 and 2, given by:

MCMSE(6}) = MC[Bias(62)]* + MCVar(6?)
> (67 —
500

2)?2
> + MCVar(63),
where o2 = 1.

Table 3.1 provides a comparison of the two estimators based on the MCA and MCMSE
values for the varying degrees of model misspecification. Note that 7 underestimates the
true 0% = 1, on the average, while 6% overestimates the value. Also notice that as the amount
of model misspecification increases, the quality of both estimators slightly worsen as their
MCMSE values increase. However, 6% consistently outperforms 63 as it results in a smaller

MCMSE value for all v values. It is interesting to note that these results do not support
Ruppert, Wand, and Carrol (2003) who suggest the use of df F in the estimation of 2.
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Table 3.1: Monte Carlo average (MCA) values and Monte Carlo mean squared error

(MCMSE) values for 500 Monte Carlo runs. Best values in bold.

MCA MCMSE
v b o1 o3 o1 03

0.00 0.221 | 0.9742 1.0432 | 0.8696 0.9984
0.25 0.220 | 0.9723 1.0394 | 0.8737 0.9990
0.50 0.220 | 0.9748 1.0420 | 0.8738 0.9995
0.75 0.218 | 0.9745 1.0378 | 0.8816 1.0007
1.00 0.216 | 0.9754 1.0351 | 0.8891 1.0018

3.5 Impact of Degrees of Freedom Definition on Choice

of Bandwidth in Local Linear Regression

We now investigate the impact the definition for degrees of freedom has on bandwidth
selection, our primary reason for studying the topic. When using PRESS™ to select a
bandwidth for LLR, the original formula involves df F; defined in equation (3.2); that is, the

formula involves the trace of the smoother matrix:

PRESS

n — trace (HELR)) 4 (n — (k + 1)) W’

PRESS}" =

where SSFE,,,. is the largest error sum of squares over all possible bandwidth values, SSE} is
the error sum of squares associated with a particular bandwidth value b, and the prediction

error sum of squares, PRESS, is given by:

n

PRESS =) (4 — fi-i)"

i=1
where §; _; denotes the estimated response obtained by leaving out the i observation when

estimating at location X;. The term [n — trace(HE™)] penalizes for small bandwidths
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thereby providing protection against overfitting. As the bandwidth gets smaller, the trace
of HUEER) gets larger. Thus [n — trace(HEEH)] gets smaller and increases PRESS*. On the

other hand, the term [(n — (k+1)) W protects against underfitting by penalizing

large bandwidths. If df Es defined in equation (3.3) is used instead, the formula changes as

follows:

PRESS

trace [(1— HIFE0) (1= HOEHO)] + (n — (k +1)) S5 S50

PRESSS* =

and the term [trace[(I — HER)Y (I — HEER)]] is the penalty term for small bandwidths.
Using the theoretically optimal bandwidth value, by, as a reference, we will compare the

bandwidth values given by the different formulas for PRESS*".

The same simulation set up that was used in the previous section will be used here. Compar-
isons will be based on the distance the selected bandwidth value is from the optimal value as
well as the corresponding Monte Carlo simulated integrated mean squared error (SIMSE)

values given by:

ST ASE

SIMSE =
500

where

> (Bl - ")’

ASE =
S 1600 ’

where ASE denotes the average squared error for the estimates for each of the 500 simulated
data sets and Ely,| is the true underlying model. Note that the average squared error values,
ASE, are calculated across 1600 xq locations (based on a 40 x 40 uniform grid of points in
the regressor space) for each of the 500 simulated data sets. This will provide an indication

of the performance of the methods over the entire response surface.

Table 3.2 provides a comparison of the bandwidth values chosen by each method for the vary-
ing degrees of model misspecification. Note that both methods yield estimated bandwidths
that are too large on the average. This result is to be expected as Mays (1995) found that
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even though PRESS™ performed better than other bandwidth selectors, including PRESS,
PRESS”, and generalized cross-validation (GCV'), PRESS™ still chose bandwidths that were
consistently a little large. Also notice that although both definitions result in very close
bandwidth values, the original PRESS]™ consistently outperforms PRESSS" as it yields a

bandwidth closer to the theoretically optimal value, by, for all vy values.

Table 3.2: Average bandwidth values for 500 Monte Carlo runs. Best values in bold.

v by |PRESS:* PRESS}
0.00 0.221] 0.4929  0.4949
025 0.220 | 0.4922  0.4942
0.50 0.220 | 0.4924  0.4946
0.75 0.218 | 0.4935  0.4959
1.00 0.216 | 0.4957  0.4983

Table 3.3 provides a comparison of the methods based on the STMSE values for the varying
degrees of model misspecification. Table 3.3 also includes the theoretically optimal SIMSFE
values based on the theoretically optimal bandwidth values, by. Note that even though the
bandwidths selected by PRESST" and PRESSS* are larger than the optimal bandwidths, their
resulting fits are not too far from optimal. Thus, PRESS™ performs well as a bandwidth
selection criteria as it yields bandwidths that provide adequate fits. Looking closer at the
SIMSE values for PRESST" and PRESSS", we see that the two result in very close SIMSE
values, yet the original PRESS]* consistently outperforms PRESSS" as it yields a smaller
SIMSFE value for all v values.
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Table 3.3: Simulated integrated mean squared error (SIMSFE) values for 500 Monte Carlo

runs. Best values in bold.

v by | PRESS]* PRESS:"
0.00 55374 | 5.9604  5.9658
025 7.3823 | 7.5380  7.5414
0.50 9.6327 | 9.8439  9.8451
0.75 12.1368 | 12.8733  12.8749
1.00 14.8501 | 16.6219  16.6271

3.6 Conclusions

Even though they are not theoretically correct by Cramér’s (1946) definition, nonparametric
methods have continued to use the parametric definitions for error degrees of freedom df E;
and df E5 defined in equations (3.2) and (3.3), respectively. The degree of smoothing is
critical in nonparametric methods, and these two definitions incorporate this factor whereas
the theoretically correct definition in equation (3.5) does not. These two definitions were
studied to determine which is more appropriate in the LLR setting, df E; which is simple

computationally or df E5 which is closer to the theoretical definition.

Two simulation studies were conducted to compare the two definitions. In both studies, the
two definitions have relatively close results; however, df F; yields superior results in each. In
the first simulation study, df E; gives a better estimate of 02 as it yields a smaller MCMSE
value over all degrees of potential model misspecification. In the second simulation study,
df Ey produces better bandwidth and SIMSFE values. PRESS}", which is based on df E;,
yields bandwidth values closer to the theoretically optimal bandwidth value for all degrees of
potential model misspecification. Thereby suggesting that df E5 penalizes PRESS too much
for small bandwidths. Furthermore, the bandwidth chosen by the original PRESST" results
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in a better fit to the entire response surface as it has smaller SIM SFE values for all degrees
of potential model misspecification. Therefore, the computationally simple definition df £
defined in equation (3.2) appears to be the best choice when performing bandwidth selection

in the local linear regression setting.



Chapter 4

Nonparametric and Semiparametric
Approaches to Response Surface

Methodology

4.1 Introduction

Response Surface Methodology (RSM) is a technique commonly employed by industrial
statisticians, engineers, and other researchers to study and optimize products or processes.
A sequential experimental strategy originally proposed by Box and Wilson (1951), RSM
combines ideas from experimental design and regression model building to gain knowledge
about the relationship between several explanatory variables and one or more responses.
Furthermore, RSM utilizes optimization methods to find the operating conditions for the

explanatory variables that will optimize the response(s).

The most elementary RSM problem is one in which the researcher searches for the oper-

27
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ating conditions that will result in an optimal value for a single response of interest. The

relationship between the k explanatory variables, z1, xs, ..., zg, and the response, y, is:

y:f($1a$27---7$k)+57

where f is the true response function and ¢ is the error term that represents sources of
variability not accounted for in f. The form of the true response function is unknown and
may be very complicated. The error term is assumed to have a normal distribution with

2

mean zero and constant variance o°. Thus, the response function of y is also the mean

function of y.

Since the true relationship between the explanatory variables and the response is unknown,
we must approximate the form of f. The function must be well estimated as misspecification
of the model form can have serious implications in process optimization. Classic RSM utilizes
parametric regression models for the function approximation; however, in many situations,
parametric models may not adequately approximate the true relationship. Therefore, we
propose the use of nonparametric and semiparametric modeling techniques. We will compare
the three methods, parametric, nonparametric, and semiparametric, with applications and
simulations. We also suggest the use of a more flexible optimization routine, the genetic
algorithm, for determining the settings of the explanatory variables which optimize the

response.

4.2 Parametric Approach

The traditional approach to modeling the relationship between the explanatory variables
and the response is to assume that the underlying functional form can be expressed para-
metrically. Researchers tend to assume the relationship is not extremely complex and that a
first- or second-order polynomial provides an adequate approximation of the true underlying

function. Therefore, the data are usually fit with at most a second-order model. When n ob-
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servations are observed, the second-order linear model may be expressed in matrix notation

as:
y=X0B+e¢,

k
where y is a n x 1 vector of responses, X is a n X <1 + 2k + ( 5 )) model matrix, 3 is a

k
(1 + 2k + ( 5 ) x 1 vector of unknown parameters to be estimated, and € is the n x 1

vector of random errors. Utilizing the method of ordinary least squares (OLS), the estimated

responses can be written as:
S/(OLS) — XB — X(x/x)—lx/y — H(OLS)y,

OLS) is commonly referred to as the ordinary least squares “HAT”

where the n x n matrix H(
matrix since it transforms the observed y values into the y values. For more details on

ordinary least squares and the HAT matrix, see Myers (1990).

Once the response has been estimated, the goal becomes finding the operating conditions
for the explanatory variables such that the response is optimized. The researcher may have
one of three possible goals: minimize the response, maximize the response, or achieve a

particular target value for the response.

Contour plots, which graphically show the relationship between the response and two ex-
planatory variables, may be used to achieve any of these goals. The researcher can visually
identify general locations in these two-dimensional graphs where their goal is satisfied. In
fact, some software packages offer interactive contour plots which allow the researcher to

obtain accurate settings for the explanatory variables.

A more formal approach to optimization is calculus based and involves the calculation of
derivatives. When minimizing or maximizing a response, the researcher first finds a sta-
tionary point by taking the first derivative of the estimated response function, setting it

equal to zero, and solving for the corresponding regressor values. Next, the regressor values
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are substituted into the second derivative of the response function. If the result is positive,
then the stationary point is a minimum. On the other hand, if the result is negative, the

stationary point is a maximum.

When searching for a minimum or maximum response, the objective function of interest that
is minimized or maximized is the estimated response function. However, when the goal of
optimization is to achieve a target value for the response, the objective function takes on a

different form such as the estimated squared distance from target (ﬁ ), defined as:
SDT = (j — T)?, (4.1)

where T' denotes the target value for the response. The goal now becomes minimizing the

SDT function and can be completed using calculus as before.

Note that in all three scenarios the determined set of optimal conditions is highly dependent
on quality estimation of the response. Misspecification of the model form can have serious
implications in process optimization. For more details on process optimization, see Myers

and Montgomery (2002).

4.3 Nonparametric Approach

Situations may arise in which the relationship between the explanatory variables and the
response is not adequately modeled parametrically via second-order polynomials. In these
situations, any degree of model misspecification may result in serious bias of the estimated
response. Furthermore, the optimal regressor settings may be miscalculated. For such
situations, nonparametric methods may be suggested as they can capture structure in the

data that a misspecified parametric model cannot.

Nonparametric smoothing techniques use curves to describe the relationship between the

explanatory variables and the response without any parameters. Thus, the response is
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modeled as:
y = h(zy,29,...,2%) + ¢,

where h is assumed to have an unknown but reasonably smooth form. Similar to parametric
regression, the estimator is a linear combination of the response values; however, the weight-
ing schemes in some nonparametric regression methods assign more weight to observations
closest to the point of prediction. The nonparametric fit is more flexible than the parametric

fit as it is not confined to the user’s specified form.

Although Myers (1999) emphasizes the need for research in the area of nonparametric RSM,
little effort has been devoted to the topic. Vining and Bohn (1998) and Anderson-Cook
and Prewitt (2005) have suggested the use of nonparametric regression for the dual response
problem, yet little work has been done for the basic RSM problem of a single response with

the homogeneous variance assumption.

Several fitting techniques have been proposed in the nonparametric regression literature
such as kernel regression [see for example Nadaraya (1964), Watson (1964), Priestley and
Chao (1972), and Gasser and Miiller (1984)], local polynomial models [see for example Fan
and Gijbels (1996) and Fan and Gijbels (2000)], spline-based smoothers, and series-based
smoothers [see for example Ruppert, Wand, and Carrol (2003)]. Local polynomial regression
(LPR) is a popular class of nonparametric smoothing methods and is particularly appealing
in response surface applications due to its robustness to biased estimates at the boundary
of the design space. LPR is essentially a weighted least squares problem where the weights
are given by a kernel function. The polynomial form of the LPR fit can be of order one or

greater, and we focus on degree p = 1, local linear regression (LLR), in this research.

For the multiple regressor case, at point Xg = (o1, Zo2, - - - , Tox) Where prediction is desired,

we define the kernel function as:

k ~ ~
1 y
K (%o, %;) :_kH ( “’J>, (4.2)
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where X; = (xa, %, ..., k), K (@) is a univariate kernel function, and b is the
bandwidth. The choice of kernel function is not crucial to the performance of the esti-

mator (Simonoff, 1996). Thus, for convenience, we will use the simplified Gaussian kernel,

K(u) =e.

The smoothness of the estimated function is controlled by the bandwidth, b. Since the coding
of variables in response surface designs typically involves centering and scaling, the units are
comparable in all directions. Thus, it is reasonable to use the same bandwidth, b, in all
dimensions as expressed in (4.2). The choice of bandwidth is critical, and the literature is
rich with bandwidth selection methods [see for example Hardle (1990), Hérdle et al. (2004)].
Typically the bandwidth is chosen to minimize some optimality criteria such as MSE. Mays,
Birch, and Starnes (2001) introduce a penalized cross-validation technique, PRESS™, for
choosing an appropriate bandwidth. The approach chooses the bandwidth as the value b
that minimizes PRESS™, defined as:

PRESS

n — trace (HZLR)) + (n — (k + 1)) W’

PRESS™ =

where SSFE,,q. is the largest error sum of squares over all possible bandwidth values, SSE
is the error sum of squares associated with a particular bandwidth value b, k is the number

of regressors, and the prediction error sum of squares, PRESS, is given by:

n

PRESS = Z (?Jz - gi,7i>27

i=1
where §; _; denotes the estimated response obtained by leaving out the " observation when
estimating at location X;. The LLR smoother matrix, HZX®  is defined below. Mays, Birch,
and Starnes (2001) show that PRESS™ performs well by guarding against very small and
very large bandwidths.

The local linear regression fit at prediction point Xo = (xg1, T2, - - - , Tox) is given by:
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where Wy is a n x n diagonal matrix containing the kernel weights associated with X,
W, = <h((]fER)> where h(()fER) = % In matrix notation, the LLR estimates can
i=1 nyz)

be expressed as:

G(LLR) _ y(LLR)

y Y,

where HEER) ig the local linear HAT or smoother matrix defined as:

LLR
("

thLR)/

HELR) — : (4.3)

h(L'LR)/

where thLR)' = % (X'W,;X)"' X'W,. For more details on local polynomial regression, see

for example Fan and Gijbels (1996) and Fan and Gijbels (2000).

Similar to the parametric approach, once an estimate of the response function has been cal-
culated, process optimization will be carried out. Unfortunately, the optimization method
suggested for the parametric approach is based on techniques which require continuous func-
tions with derivatives for the estimated function. Since the estimates from local polynomial
regression do not result in closed form expressions, this optimization routine and other com-
mon techniques are no longer applicable. Therefore, we advocate the use of the genetic

algorithm for optimization.

The genetic algorithm (GA), originally developed by Holland (1975), has become a popular
optimization technique, especially for functions that do not have known parametric forms.
Instead of using derivatives to find optimal solutions, the GA uses evolutionary concepts such
as selection, crossover, and mutation. Furthermore, the GA uses an intelligent, sequential
search strategy which enables the user to find global solutions more efficiently (Goldberg,
1989). Thus, we will use the GA for process optimization. For more detail of our GA
approach, please see Chapter 6.
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4.4 Semiparametric Approach

When used individually, both parametric and nonparametric regression methods have short-
comings. If the user misspecifies the parametric model, the estimates may be highly biased.
Whereas the nonparametric fits may be highly variable, especially in small sample settings
which are common in RSM. Semiparametric methods have been proposed in the nonpara-
metric regression literature to overcome these drawbacks. Semiparametric techniques are es-
pecially useful in situations where the user has partial knowledge of the underlying model or
the data contains important ”bumps” that parametric models cannot capture. Early papers
on semiparametric regression include Speckman (1988) and Einsporn and Birch (1993). More
recently, Mays, Birch, and Starnes (2001) introduced model robust regression 2 (MRR2) as

an improvement to previous approaches.

MRR2 combines a parametric fit to the raw data with a nonparametric fit to the residuals
from the parametric fit via a mixing parameter, A. In this research, the parametric fit
is by least squares and the nonparametric fit is by local linear regression; however, other
parametric and nonparametric methods could be utilized. The vector of residuals, r =

y — §(©OLS) represents the structure in the data which is not captured by the user’s specified
parametric model. The vector of residuals is fit nonparametrically via LLR resulting in the

vector of smoothed residuals,
f=H Py
T Y

where HMP) s computed similarly to the LLR smoother matrix in (4.3) but with the
“response” variable being the residuals from the OLS fit to the raw data. The MRR2
estimates are then obtained by adding a portion of the LLR smoothed residuals back to the

original parametric fit, yielding:

S’(MRRQ) _ S’(OLS) + )\f‘7

where A € [0, 1].



Stephanie M. Pickle 35

Similar to the choice of bandwidth in LLR, the choice of the mixing parameter, A, involves
a bias-variance trade-off. Mays, Birch, and Starnes (2001) derive the following data driven

expression for the asymptotically optimal value of the mixing parameter for MRR2:

2 _ &(OLs)
N r,y y
o = & T ) (4.4)

The notation () represents the inner product and |||| represents the standard Ly (Euclidean)

norm.

As shown in Mays, Birch, and Starnes (2001), MRR2 performs as well as OLS when there
is no model misspecification and MRR2 performs as well or better than LLR when there is
extreme misspecification. For low to moderate levels of misspecification, MRR2 performs
better than both OLS and LLR. These results are proven in an asymptotic sense as well
as demonstrated in small sample settings where the response information was obtained at
values of the regressors uniformly placed over the design space. A main underpinning of
RSM is the use of cost-efficient experimental designs with strategically placed design points.

Therefore, in this research, we will investigate the use of MRR2 in such situations.

Similar to the parametric and nonparametric approaches, once the response function has been
estimated, process optimization will be carried out. Furthermore, as in the nonparametric
approach, the genetic algorithm will be used for optimization since the estimated function

does not take on a closed form expression.

4.5 Examples

To illustrate the semiparametric method (MRR2) and how it can provide an improved fit
over traditional parametric RSM methods, two examples are presented in this section. The
first involves a process in which the goal of the study is to maximize the response of interest.

The second involves a process in which the goal is to achieve a target value for the response



Stephanie M. Pickle 36

of interest.

4.5.1 The Chemical Process Example

The purpose of the chemical process study from Myers and Montgomery (2002) was to
relate yield (y) to temperature (x1) and time (x3). The experiment used a rotatable central
composite design (CCD) with three center runs for a total of 11 experimental runs. The goal

of the study was to maximize the yield. Table 4.1 provides the results of the experiment.

Table 4.1: The chemical process data.

i 1 X2 y

1 -1 -1 88.55
2 1 -1 85.80
3 -1 1 86.29
4 1 1 80.44
5 -1.414 0 85.50
6 1414 0 85.39
7 0 -1.414 86.22
8 0 1.414 85.70
9 0 0 90.21
10 0 0 90.85
11 0 0 91.31

From the discussion in Myers and Montgomery (2002), we can assume that the user has
specified a second-order model. This model appears satisfactory with a R? value of 83.88%;
however, it yields a somewhat low adjusted R? value of only 67.77%. Therefore, nonpara-
metric and semiparametric methods offer alternative approaches which may provide a better

fit to the data.

The nonparametric, using LLR, and semiparametric, using LLR to smooth the parametric
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residuals, approaches involve the choice of an appropriate global bandwidth, b, for the kernel
function. Using PRESS™, we obtain a bandwidth of 0.52 for the response model in the
nonparametric approach. A bandwidth of 0.31 was chosen by PRESS™ for the nonparametric
smooth of the OLS residuals in the semiparametric fit. Furthermore, the semiparametric
approach involves the choice of an appropriate mixing parameter, A. Using equation (4.4),
the estimated asymptotically optimal data driven mixing parameter is found to be 1.0.
Therefore, the addition of the entire nonparametric residual fit provides necessary correction

to the parametric fit.

Figure 4.1 depicts the residuals from the OLS, LLR, and MRR2 models. For the most part,
the OLS residuals appear to be randomly scattered around zero. However, a slight concave
upward trend can be seen in the first six residuals. Although this pattern does not continue
throughout the entire set of residuals, it may indicate some degree of model inadequacy.
This trend is still evident in the LLR residuals. Furthermore, the last three LLR residuals,
which are the replications at the center location, are much larger than both the OLS and
MRR2 residuals at those locations. The poor LLR fit at the three center runs is most likely
due to the fact that the center runs receive more than twice the weight the remainder of the
design locations do (0.1619 compared to 0.0642). Notice that the concave upward trend is
barely discernible in the MRR2 residuals. In fact, the MRR2 residuals are close to “ideal”
as their deviations from zero are less pronounced. Thereby suggesting the semiparametric

approach outperforms the parametric and nonparametric approaches.

Table 4.2 provides the MSE, R?, and adjusted R? values for the OLS, LLR, and MRR2
models. As previously mentioned, the parametric model performs satisfactorily with a M SE
value of 3.16, a R? value of 83.88%, and an adjusted R? value of 67.77%. However, the ad-
dition of the smoothed residual fit provides significant improvement as the semiparametric
model has a M SE value of 0.71, a R? value of 97.81%, and an adjusted R? value of 92.73%.
Notice that the nonparametric model performs worse than the parametric and semipara-

metric models. As previously mentioned, LLR does not perform well in response surface
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Figure 4.1: Plot of model residuals in order for the chemical process data.
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problems with sparse data and yet, in spite of this, MRR2, which consists partly of LLR fits

to the residuals, offers much improvement over OLS and LLR.

Table 4.2: Comparison of model performance statistics for the chemical process data. Best

values in bold.

Approach MSE R? R?ldj
Parametric 3.16 83.88% 67.77%
Nonparametric ~ 5.70  67.17%  41.90%

Semiparametric  0.71 97.81% 92.73%

Using the genetic algorithm to maximize the estimated response, we obtain the optimal re-
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gressor settings displayed in Table 4.3. Even though the regressor settings for the parametric,
nonparametric, and semiparametric approaches are different, all three sets yield estimates
extremely close to one another. However, one must remember that estimation at the optimal
regressor settings is based on the correctness of the model. Given that the semiparametric
approach has superior model performance statistics, we believe that the semiparametric ap-
proach yields optimization results that are a more accurate reflection of the location of the
true optimum and the value of the optimum than its parametric and nonparametric coun-
terparts. Ultimately, the only way to determine which approach gives the best optimization
results is to perform a confirmatory experiment. Unfortunately, we cannot do so for this

example, but we will use simulations to compare the three approaches in general.

Table 4.3: Comparison of the recommended regressor settings for the chemical process data.

Best value in bold.

~

Approach 1 X U
Parametric -0.17 -0.18 90.978%
Nonparametric -0.37 -0.48 88.296%
Semiparametric -0.29 -0.35 89.319%

4.5.2 The Motor Oil Example

The motor oil study from Myers and Montgomery (2002) investigates the process used to
make a polymer additive for motor oil. The purpose of the study was to examine the effect
of reaction time (x1) and catalyst addition rate (x2) on the average molecular weight (y).
The experiment used a rotatable CCD with five center runs for a total of 13 experimental
runs. The goal of the study was to develop a process capable of producing a product with

an average molecular weight of 2900. Table 4.4 provides the results of the experiment.

From the discussion in Myers and Montgomery (2002), we can assume that the user has
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Table 4.4: The motor oil data.

{ 1 T2 Yy

1 -1 -1 2320
2 1 -1 2925
3 -1 1 2340
4 1 1 2000
5 -1.414 0 3180
6 1.414 0 2925
7 0 -1.414 1930
8 0 1.414 1860
9 0 0 2980
10 0 0 3075
11 0 0 2790
12 0 0 2850
13 0 0 2910

specified a second-order model. Performance statistics show the model is satisfactory with a
R? value of 92.65% and an adjusted R? value of 87.41%. However, stepwise variable selection
suggests that the addition of cubic terms could offer some improvement. Unfortunately, the
CCD does not contain enough data points to fit a full cubic model. Again, nonparametric
and semiparametric methods offer alternative approaches which may provide a better fit to

the data.

The nonparametric, using LLR, and semiparametric, using LLR to smooth the parametric
residuals, approaches involve the choice of an appropriate global bandwidth, b, for the kernel
function. Using PRESS™, we obtain a bandwidth of 0.45 for the response model in the
nonparametric approach. A bandwidth of 0.31 was chosen by PRESS™ for the nonparametric
smooth of the OLS residuals in the semiparametric fit. Furthermore, the semiparametric
approach involves the choice of an appropriate mixing parameter, A. Using equation (4.4),

the estimated asymptotically optimal data driven mixing parameter is found to be 1.0.
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Therefore, the addition of the entire nonparametric residual fit provides necessary correction

to the parametric fit.

Figure 4.2 depicts the residuals from the OLS, LLR, and MRR2 models. For the most part,
the OLS residuals appear to be randomly scattered around zero. However, some of the
residual values are extremely large. Also notice that many of the LLR residual values are
even larger than the OLS values. On the other hand, the MRR2 residuals are much closer
to “ideal” as their deviations from zero are far less pronounced. Thereby suggesting the

semiparametric approach outperforms the parametric and nonparametric approaches.

Figure 4.2: Plot of model residuals in order for the motor oil data.
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Table 4.5 provides the MSE, R?, and adjusted R? values for the OLS, LLR, and MRR2

models. As previously mentioned, the parametric model performs satisfactorily with a MSFE
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value of 27,372.02, a R? value of 92.65%, and an adjusted R? value of 87.41%. However, the
addition of the smoothed residual fit provides significant improvement as the semiparametric
model has a MSE value of 12,982.53, a R? value of 97.48%, and an adjusted R? value of
94.03%. Notice that the nonparametric model performs worse than the parametric and
semiparametric models. It is interesting, however, that while LLR performs poorly on the
raw data, the LLR fit to the OLS residuals provides a significant improvement in the MRR2
fit.

Table 4.5: Comparison of model performance statistics for the motor oil data. Best values

in bold.

Approach MSE R? R,
Parametric 27,372.02  92.65%  87.41%
Nonparametric ~ 58,938.01  84.26%  72.89%

Semiparametric 12,982.53 97.48% 94.03%

Using the genetic algorithm with the estimated squared distance from target (S/D\T) objective
function given in (4.1), we obtain the optimal regressor settings displayed in Table 4.6. Even
though the regressor settings for the parametric and semiparametric approaches are very
different, both sets yield estimates extremely close to the target response of 2900. However,
the semiparametric is slightly better. In addition, one must remember that estimation at
the optimal regressor settings is based on the correctness of the model. Given that the
semiparametric approach has superior model performance statistics, we believe that this
new method provides a better fit to the response surface and more accurate optimization
results than its parametric and nonparametric counterparts. Ultimately, the only way to
determine which approach gives the best optimization results is to perform a confirmatory
experiment. Unfortunately, we cannot do so for this example, but we will use simulations to
compare the three approaches in general. These simulation results are presented in the next

section.
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Table 4.6: Comparison of the recommended regressor settings for the motor oil data. Best

values in bold.

Approach 1 T U SDT

Parametric 0.00 0.38 2900.063 0.004
Nonparametric 1.00 0.26 2874.621 644.071
Semiparametric 1.00 0.40 2899.954 0.002

4.6 Simulations

In the chemical process and motor oil examples, the semiparametric fit was observed to be
superior to its parametric and nonparametric counterparts. In this section, we compare the
three methods more generally via a simulation study. Each Monte Carlo simulation will use

500 simulated data sets, each of which is based on the following underlying model:

y = 20— 10z — 2529 — 152129 + 2022 + 5023

+v [2sin (47xq) + 2 cos (4mxs) + 2sin (drxixo)] + €, (4.5)

where € ~ N(0, 1) and 7 represents the model misspecification parameter. As in the exam-
ples, we assume a full second-order model is specified by the user in the parametric method.
We also assume this model is specified by the user in the semiparametric method. To mimic
the motor oil example, the data will be generated as if a rotatable CCD with five center
runs was run for a total of 13 experimental runs. Therefore, when coded to be between 0
and 1, factors x; and x5 have five levels with values taken to be at 0.000, 0.146, 0.500, 0.854,
and 1.000 for each factor. The design appears in Table 4.7. As the value of v increases, the
amount of misspecification increases in the model. Five degrees of model misspecification
will be studied (v = 0.00, 0.25, 0.50, 0.75, and 1.00). Of course, at 7 = 0.00, the user’s model
is correctly specified. The R language is used for computations and simulations. (Note that

this is the same simulation setup as Chapter 3.)
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Table 4.7: The central composite design for the Monte Carlo simulations.

I T2
0.146 0.146
0.854 0.146
0.146 0.854
0.854 0.854
0.000 0.500
1.000 0.500
0.500 0.000
0.500 1.000
0.500 0.500
0.500 0.500
0.500 0.500
0.500 0.500
0.500 0.500

© 0 J O Tt = W N s

S o S = S T
w NN = O

Figure 4.3 shows the response surface for the true underlying model when ~ = 0.00, and
the response surfaces of the function for the varying degrees of model misspecification (v =
0.25, 0.50, 0.75, and 1.00) appear in Figures 4.4 through 4.7, respectively. Notice that as
7 increases, the curvature of the surface becomes much more pronounced. The power (P)
of the lack of fit test at o = 0.05 varies from P = 0.05 at v = 0.00 up to P = 0.71 at v =
1.00. Table 4.8 shows the five levels of model misspecification along with the corresponding

powers of the lack of fit test.
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Figure 4.3: Response surface for the true underlying model when v = 0.00.
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Figure 4.5: Response surface for the model when v = 0.50.
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Figure 4.7: Response surface for the model when v = 1.00.
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Table 4.8: Power (P) of the lack of fit test at & = 0.05 for the five levels of model misspeci-

fication.

0.00

0.25
0.50
0.75

1.00

0.05
0.09
0.23
0.47
0.71

The three methods, parametric, nonparametric, and semiparametric, will be used to fit

the simulated data sets. PRESS* will be used for bandwidth selection for the LLR fit to

the raw data in the nonparametric approach and for the LLR fit to the OLS residuals in

the semiparametric approach. The semiparametric approach will also use equation (4.4) to

determine the estimated asymptotically optimal data driven mixing parameter. After the

response surfaces have been fit, optimization will be carried out. Assuming that the goal is to

achieve a target value of 15 for the response, the genetic algorithm (GA) with the estimated

squared distance from target (S/Iﬁ’ ) objective function given in equation (4.1) will be used
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to obtain the optimal regressor settings. Details concerning the GA can be found in Chapter

6.

Comparisons of the three methods will be based on the Monte Carlo simulated integrated
mean squared error (STMSFE) values given by:

ST ASE

SIMSE =
500

where

AN\2
1600

where ASE denotes the average squared error for the estimates for each of the 500 simulated
data sets and Ely,| is the true underlying model. Note that the average squared error values,
ASE, are calculated across 1600 xq locations (based on a 40 x 40 uniform grid of points in
the regressor space) for each of the 500 simulated data sets. This will provide an indication

of the fit performance of the methods over the entire response surface.

The three methods will also be compared by the accuracy of their optimization results.
Comparisons will be based on the average Euclidean distance from the optimum defined as:

S ED

AED = ,
500

where

BD = /(21 = 2n)? + (5 — 5000)?,

where ED denotes the Euclidean distance between the GA’s chosen optimal location, x* =

*

[21, 5], and the true optimum, X}, = [2},, Z},0]. The accuracy of the optimization results

will also be compared via the average true squared distance from target (ASDT),

S SDT

ASDT =
o 500

where

SDT = (u(x") - 15)°
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where p(x*) denotes the true mean response when the optimal location chosen by the al-
gorithm, x*, is substituted into the true underlying function given by equation (4.5). Even
though the true optimal location may not be found by a method, a near-optimal location
may be found. Thus, ASDT measures the performance of the locations chosen by each

method to see if they are in fact near-optimal.

Table 4.9 provides a comparison of the three approaches based on the STMSE values for the
varying degrees of model misspecification. For the scenario in which the researcher correctly
specifies the form of the underlying model (i.e., v = 0.00), we would expect the parametric
approach to be superior. The first row of Table 4.9 shows that the parametric approach
performs best as it yields a STM SFE value of 0.5161. The semiparametric approach is a close
second with a value of 0.6022, whereas the nonparametric fit is much worse with a SIMSFE

value of 5.9604.

The remaining rows of Table 4.9 provide the SIMSFE values for the scenario in which the
researcher misspecifies the model (i.e., v > 0.00). The semiparametric approach outperforms
its parametric and nonparametric counterparts for moderate levels of model misspecification
(i.e., v > 0.50). Also note that the nonparametric method is inferior to the other two methods
for all levels of model misspecification. The poor performance of the nonparametric method
is most likely due to the sparsity of the data as well as the fact that the highest level of
model misspecification in the simulation (7 = 1.00) only corresponds to a power of 0.71.
Thus, we conclude that the semiparametric fit is at least highly competitive or superior to

the other methods over the entire range of ~ values.

Table 4.10 provides a comparison of the three approaches based on the AED values for the
varying degrees of model misspecification. When the model is correctly specified (v = 0.00),
there are nine true optimal locations that achieve a target value of 15 for the response. Note,
however, the GA is only run once for each simulated data set. Thus, the GA only yields one

solution; whereas, derivative-based methods can yield multiple solutions for the parametric
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Table 4.9: Simulated integrated mean squared error (SIMSFE) values for 500 Monte Carlo

runs. Best values in bold.

v  Parametric Nonparametric Semiparametric

0.00 0.5161 5.9604 0.6022
0.25 0.9219 7.5380 1.0423
0.50 2.2780 9.8439 2.0362
0.75 4.3681 12.8733 3.9306
1.00 7.2909 16.6219 6.5812

approach. In practice, if the user fits a fully parametric model and suspects multiple optima,
it is suggested to run the GA several times or use traditional optimization techniques. The
parametric approach results in the smallest AED values for four of these nine. When the
model is misspecified (i.e., v > 0.00), there is only one true optimal location. Note that for
all values of «, the parametric and semiparametric approaches have relatively close AED

values while the nonparametric approach yields much larger values.

Table 4.11 provides a comparison of the three approaches based on the ASDT values for the
varying degrees of model misspecification. For all degrees of potential model misspecifica-
tion, the semiparametric approach yields the smallest ASDT values. Also note that for all
values of v the parametric and semiparametric approaches have close ASDT values while the
nonparametric approach is clearly inferior. Thus, the results in Tables 4.10 and 4.11 show
that optimization based on the semiparametric fit is at least highly competitive or superior

to the other methods for all values of ~.
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Table 4.10: Average Euclidean distance from the optimum (AFED) values for 500 Monte

Carlo runs. Best values in bold.

v True Optimum | Parametric Nonparametric Semiparametric
(0.500, 0.250) 0.1824 0.4856 0.1967
(0.300, 0.190) 0.2184 0.3119 0.1749
(0.250, 0.200) 0.2335 0.2878 0.1879
(0.190, 0.245) 0.2479 0.2879 0.2031

0.00 (0.190, 0.312) 0.2334 0.3341 0.1973
(0.544, 0.312) 0.1864 0.5495 0.2201
(0.545, 0.316) 0.1863 0.5521 0.2211
(0.250, 0.375) 0.2040 0.4030 0.1866
(0.400, 0.420) 0.1764 0.5108 0.2003

0.25  (0.500, 0.250) 0.1744 0.4963 0.1777

0.50  (0.500, 0.250) 0.1433 0.5060 0.2045

0.75  (0.500, 0.250) 0.1472 0.4994 0.2069

1.00  (0.500, 0.250) 0.1431 0.5019 0.1930

Table 4.11: Average true squared distance from target (ASDT) values for 500 Monte Carlo

runs. Best values in bold.

~v  Parametric Nonparametric Semiparametric

0.00 0.1935 19.7488 0.0868
0.25 0.5825 24.2391 0.2547
0.50 1.1738 30.0467 0.5965
0.75 2.0552 38.4203 1.3559
1.00 2.9467 47.9611 1.6798

4.7 Conclusions

RSM has utilized parametric regression techniques to study products and processes since

its inception. One drawback, however, is that optimization depends too heavily on the
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assumption of well estimated models for the response of interest, and it is often the case
that the user specified parametric models are not flexible enough to adequately model the
process. Nonparametric smoothing has been considered when the user is unable to specify
the explicit form for the function. However, in small sample settings, which are customary
for response surface experiments, the nonparametric approach often produces estimates that
are highly variable. Therefore, we suggest a semiparametric approach which combines the

user specified parametric model with a nonparametric fit to provide better estimates.

Using the chemical process and motor oil studies from Myers and Montgomery (2002) to
compare the parametric, nonparametric, and semiparametric approaches, we find that the
semiparametric approach performs best in terms of several model performance statistics.
Moreover, in the motor oil study, the optimization based on the semiparametric approach
recommends regressor settings which result in the estimated response being extremely close
to the target. In fact, the semiparametric approach yields the smallest squared distance
from target value. As previously mentioned, confirmatory experiments are necessary to
prove which approach performs best for these examples; nonetheless, the semiparametric

produces superior results.

A simulation study was conducted to compare the three approaches more generally. If the
user correctly specifies the model, the parametric approach yields the best fit and optimiza-
tion results with the semiparametric a close second. For moderate model misspecification,
the semiparametric method is always superior in terms of fit and yields competitive, if not
superior, optimization results. Furthermore, the poor performance of the nonparametric
approach is clearly seen in the large SIMSE, AED, and ASDT values it produces in the
simulations. Since, in practice, one never knows if the form of the underlying model has
been correctly specified, we advocate the semiparametric method as it is the only one which

consistently performs well over all degrees of potential misspecification.



Chapter 5

A Semiparametric Approach to

Robust Parameter Design

5.1 Introduction

In the mid 1980’s, Japanese quality consultant Genichi Taguchi popularized a cost-efficient
approach to quality improvement known as robust parameter design (RPD). Taguchi pos-
tulated that there are two types of factors which operate on a process: control factors and
noise factors. Control factors are variables whose levels remain unchanged in the process
once they are set, whereas the levels of the noise factors change randomly within the process
and cause unwanted variation in the response, y. The goal of robust parameter design is to
determine levels of the control factors which cause the response to be robust to changes in
the levels of the noise variables. A popular design for studying both the impact of control
factors and noise factors on a process is the crossed array. A 22 x 22 crossed array is shown
in Figure 5.1. Variation in the process which results from uncontrollable fluctuations in the

noise factors can be summarized by taking the sample variance of the points in the noise

23
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Figure 5.1: The 2% x 2% crossed array.
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factor space at each of the control factor settings (4 points in the 22 x 22 example). The
process can be made robust to the variation associated with the noise factors by choosing the
factor combination of the control factors corresponding to the smallest sample variance. It
is often the case that the levels of the noise factors are unobservable not only in the process
but also in a controlled experimental setting. In these situations, replications at the control
factor settings provide the researcher with an idea of process variability and the approach
to robust design is the same; namely, to choose the factor combination in the control factor
space which corresponds to the smallest sample variance. It is these types of situations which

will be the focus of this chapter.

Instead of using only the sample variances for describing the underlying process variance,
Vining and Myers (1990) introduced a dual model response surface approach to RPD in
which it is assumed that both the mean and variance can be described by separate para-
metric regression models. Optimal control factor settings are then found using constrained

optimization (constrained estimated mean and minimized process variance with respect to
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control factor settings).

If one or both models are misspecified by the researcher, the estimates may be highly biased
and, consequently, the optimal control factor settings may be misspecified. Vining and
Bohn (1998) point out traditional parametric models are often inadequate, particularly when
modeling the variance, and suggest the use of nonparametric techniques for modeling the
variance. Unfortunately, in sparse data situations, which are typically the case with response
surface experiments, nonparametric techniques often result in highly variable estimates. To
overcome the pitfalls associated with each method, we propose the use of semiparametric

modeling within the robust design setting.

By using a semiparametric technique for modeling, we can combine parametric and non-
parametric functions to improve the quality of both the mean and variance models. The
resulting semiparametric estimates will have smaller bias and variance. Furthermore, these
hybrid estimates will result in a better understanding of the process at hand. In turn, the
optimal factor settings are less likely to be misspecified. We will illustrate the use and ben-
efit of our proposed method with an application to the Box and Draper (1987) printing ink
study and simulations. We also suggest the use of a more flexible optimization routine, the

genetic algorithm, for determining optimal control factor settings.

5.2 An Overview of Parametric and Nonparametric

Approaches

5.2.1 Parametric Approach

Given the data from a crossed array, there are a number of potential approaches to directly

modeling the mean and variance as a function of the control factors. A general approach is to
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assume the underlying functional forms for the mean and variance models can be expressed
parametrically. Assuming a d point design with n; replicates at each location (1 = 1,2,...,d),
the point estimators of the process mean and variance, ; and s?, respectively, form the data
for the dual response system. Since the purpose of this research is to demonstrate the utility
of a hybrid approach (combining a parametric and nonparametric approach to modeling) for
robust design, we will consider an “off the shelf” model for the mean. An “off the shelf”

model for the process mean is linear in the model parameters and can be written as:
Means Model: g = X8+ g2 (x;7) &, (5.1)

where x} and x}” are 1 x (k+1) and 1/ vectors of means model and variance model regressors,
respectively, expanded to model form, 3 and ~ are (k+ 1) x 1 and m x 1 vectors of mean
and variance model parameters, respectively, g is the underlying variance function, and ¢;
denotes the random error for the mean function. The g; are assumed to be uncorrelated with
mean zero and variance of one. Note that the model terms for the i** observation in the
means model are denoted by x; while the model terms for the variance model are denoted
by x}’. This allows for the fact that the process mean and variance may not depend on the

same set of regressors.

Similar to the modeling of the mean, various modeling strategies have been utilized for
estimating the underlying variance function. Bartlett and Kendall (1946) demonstrated
that if the errors are normal about the mean model and if the design points are replicated,
the variance can be modeled via a log-linear model with the d sample variances utilized for
the responses. A great deal of work has also been done using generalized linear models for
estimating the variance function. Although not an exhaustive list, the reader is referred to
Box and Meyer (1986), Aitkin (1987), Grego (1993), Lee and Nelder (2003), and Myers,
Brenneman, and Myers (2005). As mentioned previously, the purpose of this research is to
demonstrate the utility of a hybrid approach to modeling; thus, we choose an “off the shelf”
approach to variance modeling. The log-linear model proposed by Bartlett and Kendall
(1946) is a popular one [see Vining and Myers (1990) and Myers and Montgomery (2002)]
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and is written explicitly as:

Variance Model: In(s?) = In(g(x;9)) = g* (x}) +m = x"v + i, (5.2)

7

where 7; denotes the model error term whose expectation is assumed to be zero and whose
variance, 0% = %, is assumed constant across the d design points. Note that the variance
T

is only constant if n; = n for all 7.

Assuming the model forms for the mean and variance given in (5.1) and (5.2), the model
parameters are estimated using the following estimated weighted least squares (EWLS) al-

gorithm:

Step 1: Fit the variance model, In(s?) = x4 + n;, via ordinary least squares (OLS),
obtaining §©*9 = (X*’X*)_1 X*y* where y* is the d x 1 vector of log transformed

sample variances.

Step 2: Use 67 = exp (x;” 4(OLS )> as the estimated variances to compute the d x d estimated
variance-covariance matrix for the means model, V = diag (62,62,...,52).

. ~(EWLS
Step 3: Use V™! as the estimated weight matrix to fit the means model, yielding B( )

~ -1 ~
<X’ V_1X> X'V~ where ¥ denotes the d x 1 vector of sample averages.

The algorithm above yields the following estimates of the process mean and variance func-

tions:
———(EWLS) ~
Estimated Process Mean: Ely;] = XQB(EWLS) (5.3)
Estimated Process Variance: Var(y] = exp (x;” ’)/(OLS)) . (5.4)

Once estimates of the mean and variance have been calculated, the goal becomes finding the
operating conditions for the control factors such that the mean is as close as possible to the

target while maintaining minimum process variance.
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Any control factor which influences the expression in (5.4) is known as a dispersion factor.
Any control factor that does not influence the expression in (5.4) but does influence the
expression in (5.3) is known as an adjustment factor. When both dispersion and adjustment
factors are present, the robust design problem can be approached in a two-step fashion.
Specifically, levels of the dispersion factors are chosen so as to minimize the estimated process
variance in (5.4), and then the levels of the adjustment factors are chosen so as to bring the
estimated process mean in (5.3) to a desired level. If only dispersion factors are present and
these factors also influence the process mean, the researcher is left with finding the levels of
the control factors that yield a desirable trade-off between low variance and a deviation from
the targeted mean. This is often accomplished via minimization of an objective function

such as the estimated squared error loss (S/E\L)

—

SEL = E[y(x) — T]> = {E[y(x)] = T} + Var [y(x)], (5.5)

—

where T denotes the target value for the process mean, F [y(x)] denotes the estimated
process mean, and me)] denotes the estimated process variance. Minimization can be
accomplished via non-linear programming using a method such as the generalized reduce
gradient or the Nelder-Mead simplex algorithm. The squared error loss approach is also
useful when adjustment factors are present but are not strong enough to bring the mean to
the targeted value. Note that the determined set of optimal operating conditions is highly
dependent on quality estimation of both the mean and variance functions. Misspecification
of the forms of either the mean or variance models can have serious implications in process

optimization.

5.2.2 Nonparametric Approach

Situations may arise in which the user cannot explicitly state parametric forms for the
dual model. In these situations, parametric specifications may result in serious bias of

the estimated mean and/or variance. To prevent the bias induced by parametric model
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misspecification, Vining and Bohn (1998) and Anderson-Cook and Prewitt (2005) suggest
the use of nonparametric regression for estimating the process mean and variance. Expressing
the dual model where the mean and variance functions (h and g*, respectively) are assumed

to have unknown but smooth forms we have:

Means Model: g =h (%) + 9" (X)) e
Variance Model: In(s?) = g* (X7) +n;,
where X; = (iUz'l, Tigy ... ,xik) and X} = (x;'kla Tigy - - - 7x;<l>'

Similar to parametric regression, estimators are linear combinations of the response values ;
and In(s?); however, the weighting schemes in some nonparametric regression methods assign
more weight to observations closest to the point of prediction. The nonparametric fits are
more flexible than the parametric fits as they are not confined to the user’s specified form.
This enables the nonparametric approach to more adequately fit processes whose underlying
models have more complicated forms than those expressed by the linear models in (5.1) and

(5.2).

Several fitting techniques have been proposed in the nonparametric regression literature
such as kernel regression [see for example Nadaraya (1964), Watson (1964), Priestley and
Chao (1972), and Gasser and Miiller (1984)], local polynomial models [see for example Fan
and Gijbels (1996) and Fan and Gijbels (2000)], spline-based smoothers, and series-based
smoothers [see for example Ruppert, Wand, and Carrol (2003)]. Vining and Bohn (1998) first
applied nonparametric smoothing in the RPD setting by using the Gasser-Miiller estimator
for the dual response problem. Anderson-Cook and Prewitt (2005) continued with this idea
by using the Nadaraya-Watson estimator and local polynomial regression, the method used
in this research. Local polynomial regression (LPR) is a popular class of nonparametric
smoothing methods and is particularly appealing in response surface applications due to its

robustness to biased estimates at the boundary of the design space. LPR is essentially a
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weighted least squares (WLS) problem where the weights are given by a kernel function.
The polynomial form of the local polynomial fit can be of order one or greater, and we focus

on degree p = 1, local linear regression (LLR), in this research.

For the multiple regressor case, at point Xg = (xo1, Zo2, - - - , Lox) Where prediction is desired,

we define the kernel function as:
1 Fs — Foos
K(xg,%X;) = — K2 i .
sk = 1 (5), (56)

where X; = (21, T2, . . ., Tig), K (@) is a univariate kernel function, and b is the band-
width. Note that when estimating both the mean and variance nonparametrically, a different
kernel function may be used for the mean than for the variance since the regressors effecting
the mean do not necessarily effect the variance. The choice of kernel function is not crucial
to the performance of the estimator (Simonoff, 1996). Thus, for convenience, we will use the

simplified Gaussian kernel, K (u) = e™*".

The smoothness of the estimated function is controlled by the bandwidth, b. Since the coding
of variables in response surface designs typically involves centering and scaling, the units are
comparable in all directions. Thus, it is reasonable to use the same bandwidth, b, in all
dimensions as expressed in (5.6). The choice of bandwidth is critical, and the literature is
rich with bandwidth selection methods [see for example Hérdle (1990), Hérdle et al. (2004)].
Typically the bandwidth is chosen to minimize some optimality criteria such as MSE. Mays,
Birch, and Starnes (2001) introduce a penalized cross-validation technique, PRESS™, for
choosing an appropriate bandwidth. The approach chooses the bandwidth as the value b
that minimizes PRESS™, defined as:

PRESS

d — trace (HELR) + (d — ( + 1)) eSS0

PRESS™ =

where SSFE,,q. is the largest error sum of squares over all possible bandwidth values, SSE

is the error sum of squares associated with a particular bandwidth value b, k is the number
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of regressors, and the prediction error sum of squares, PRESS, is given by:
d

PRESS = Z (’yl — gi,7i>2 s

i=1
where §; _; denotes the estimated response obtained by leaving out the i*" observation when

estimating at location X;. The LLR smoother matrix, H*L® s defined as:
LLR)
h{“)

(LLR)
HELR) h,

hglLLR)/

where hELLR)' is defined below. Mays, Birch, and Starnes (2001) show that PRESS™ performs

well by guarding against very small and very large bandwidths.

The nonparametric estimate of the dual model is found using the following estimated weighted

local linear regression (EWLLR) algorithm:

Step 1: Fit the variance model, In(s?) = g¢*(x}’) + n;, via local linear regression (LLR),
obtaining 4% = (X*’W;“X*)*lX*'W;‘y*, where y* is the d x 1 vector of log
transformed sample variances and W} is the diagonal matrix containing the kernel
weights associated with X7, W = diag (hg( ER), hg( ER), cee hngR)> with thER) =

K(%; %))
Y K% %)

(LLR))

Step 2: Use 67 = exp(X}'4 as the estimated variances to compute the d x d variance-

covariance matrix for the means model, V = diag (62,62, . ..,52).
Step 3: Use V! as the estimated weight matrix to fit the means model via estimated
~ (EWLLR _
weighted local linear regression (EWLLR), yielding ,6( = (X'W,;X) " X'W,¥,
where ¥ denotes the d x 1 vector of sample averages and

W, = <\/h§fER)> v-! < hg(ER)> where <\/h§fER)> is the diagonal matrix con-

taining the square roots of the kernel weights associated with x;,

<\/h§fER)> = diag (\/hj.f’””, \/hgm”, - \/hﬁ.fER)) with hf = Gl

Jj=1
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The algorithm yields the following estimates of the process mean and variance functions:

— (EWLLR) .
Estimated Process Mean: Elyo] =% [3(EWLLR)

= %) (X'WX) ™ X'W,y

—— (LLR)
Estimated Process Variance:  Var[y] = exp <§<3”?(LLR)>

— exp [i;;' (X*WiX*) " X" Wiy*
= exp <héLLR)/y*> . (5.8)

For more information regarding weighted LLR, the reader is referred to Lin and Carroll
(2000). Under the assumption of normality of y and y*, the estimates of E[yy] and Var[y]
given by (5.7) and (5.8) are the local maximum likelihood estimates of Fan, Heckman, and

Wand (1995).

Similar to the parametric approach to robust design, once estimates of the mean and vari-
ance functions have been calculated, a squared error loss approach will be used for process
optimization. Unfortunately, most of the analytic optimization methods suggested for the
parametric approach are based on gradient techniques which require continuous functions
with derivatives for the estimated mean and variance functions. Since the mean and vari-
ance estimates from nonparametric methods do not result in closed form expressions, these
optimization routines are no longer applicable. Vining and Bohn (1998) utilize a simplex
search based on the AMOEBA algorithm (Vetterling et al., 1992) which does not require the
calculation of derivatives; however, simplex methods tend to be time consuming and often
find local, as opposed to global optima [for details, see Haupt and Haupt (2004)]. Therefore

we advocate the use of genetic algorithms for optimization.

The genetic algorithm (GA), originally developed by Holland (1975), has become a popular
optimization technique. It is especially useful for optimizing functions that do not have
known parametric forms as it does not require derivatives to find the optimal solutions. In-

stead, the GA is based on the principles of genetics and uses evolutionary concepts such as
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selection, crossover, and mutation to find the optimal solutions. Furthermore, GA uses an
intelligent, sequential search strategy which enables the user to find global, not local, solu-
tions more efficiently (Goldberg, 1989). Thus, we will use the GA for process optimization.
Details of our GA algorithm are presented in Chapter 6.

5.2.3 Parametric vs. Nonparametric

Parametric and nonparametric approaches to modeling each possess positive and negative
attributes. The parametric method is superior if the true, underlying functions can be ad-
equately expressed parametrically and if the user correctly specifies the parametric forms.
However, if either of the models is misspecified, the estimates may be highly biased and
optimal control factor settings may be miscalculated. On the other hand, if the user has no
idea about the true form of the underlying functions, nonparametric methods offer a nice
alternative. Nonparametric methods can provide superior fits by capturing structure in the
data that a misspecified parametric model cannot. However, nonparametric methods were
originally developed for situations with large sample sizes whereas a main underpinning of
RSM is the use of cost-efficient experimental designs (i.e., small sample sizes). In small sam-
ple settings, nonparametric fitting techniques may fit irregularities in the data too closely
thereby creating estimated mean and variance functions that are highly variable. Conse-
quently, optimization may be based on non-reproducible idiosyncrasies in the data. Mays,
Birch, and Starnes (2001) introduce methods which are essentially hybrids of the parametric
and nonparametric methods. These semiparametric approaches produce estimated functions
which are characterized by lower bias than parametric approaches and lower variance than

nonparametric approaches. The details of this hybrid approach appear in the next section.
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5.3 A Semiparametric Approach

When used individually, both parametric and nonparametric regression methods have short-
comings. In this section, we present the use of semiparametric techniques for overcoming
some of these drawbacks especially in situations where the user has partial knowledge of the
underlying model or the data contains important “bumps” that parametric models cannot
capture. The semiparametric estimates proposed combine individual parametric and non-
parametric fits via appropriately chosen mixing parameters. We detail the methodologies

below.

5.3.1 Model Robust Regression 1 (MRR1)

Einsporn and Birch (1993) proposed a semiparametric method for modeling the mean re-
sponse for assumed constant error variance. Their technique, model robust regression 1
(MRR1), combines parametric and nonparametric fits to the raw data in a convex combi-

(OLS) denotes the vector of ordinary

nation via a mixing parameter, A\. For instance, if §
least squares estimates of the mean and §*X%) denotes the vector of local linear regression

estimates of the mean, then the MRR1 estimated mean responses are obtained as:

y(MRRl) _ )\y(LLR) + (1 . )\)S/(OLS)

Y

where A\ € [0, 1]. For cases where the user’s specified parametric model is correct, the optimal
value of the mixing parameter, A, is 0 and as the amount of model misspecification increases,

A increases from 0 to 1.

Similar to the choice of bandwidth in LLR, the choice of mixing parameter, A, involves a

bias-variance trade-off. Mays, Birch, and Starnes (2001) derive the following data driven
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expression for the asymptotically optimal value of the mixing parameter, A, for MRR1:

~(LLR)  ~(OLS .
<(4 )—y(- )’y_y(OLS)>

X(()MRRl) _ -t -t (59)
Pt & N 2 ’

|§(LER) — §OLS)||
where the i observations of jf(_LZ-LR) and jf(_OiLS) are @g,L_LZ-R) and gjﬁgs)7 1 =1,...,n, re-

(LLiR) and gji(’ojs) denote the LLR and OLS estimates, respectively,

spectively. The values g,
obtained by leaving out the i'" observation when estimating at X;. The notation ( ) represents

the inner product and || || represents the standard Ly (Euclidean) norm.

MRR1 produces a smooth estimate that captures important anomalies in the data, which
parametric methods are incapable of modeling. By containing a parametric portion for the
overall fit, MRR1 brings stability to the overall fit and eliminates over-fitting the data,
a problem associated with nonparametric regression. Thus, MRR1 estimates often have
smaller bias and variance than their individual parametric and nonparametric counterparts,
especially for small sample sizes. It should be noted, however, if there are locations in the
data where both the parametric and nonparametric estimates are too high or too low, then
the MRR1 estimates will also be too high or too low as the method has no means to correct

for the error.

5.3.2 Model Robust Regression 2 (MRR?2)

Model robust regression 2 (MRR2) was introduced by Mays, Birch, and Einsporn (2000) as an
improvement to the MRR1 approach for estimating the mean with constant variance. Similar
to MRR1, MRR2 combines a parametric fit and a nonparametric fit via a mixing parameter;
however, the parametric fit is to the raw data (as in MRR1) while the nonparametric fit is
to the residuals from the parametric fit. The vector of residuals (r) represents the structure
in the data which is not captured by the user specified parametric model. The vector of

residuals is fit nonparametrically via LLR resulting in the following vector of smoothed
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residuals:
P = Hg.LLR) r,

where HM g computed similarly to the LLR smoother matrix in (5.7) but with the
“response” variable being the residuals from the OLS fit to the raw data. The MRR2
estimates are then obtained by adding a portion of the LLR smoothed residuals back to the

original parametric fit, yielding:

y(MRRQ) — y(OLS) + )\f"

where A € [0,1]. The size of the mixing parameter for MRR2 does not necessarily represent
the amount of model misspecification as it does in MRR1. Instead, the value of A indicates
the amount of correction needed from the residual fit. Notice that A = 1 actually represents
only a 50% contribution from the residual fit as the coefficient for the parametric fit is always
one. Similar to MRR1, Mays, Birch, and Starnes (2001) derive a data driven expression for

the asymptotically optimal mixing parameter. The expression is given as:

S\(MRRQ) . <f“a y— y(OLS)>
P

(5.10)

Mays, Birch, and Starnes (2001) show that both MRR methods perform as well or better
than the individual parametric and nonparametric methods for varying degrees of model

misspecification both in an asymptotic sense as well as small sample settings.

5.3.3 Dual Model Robust Regression (DMRR)

Robinson and Birch (2002) extend the MRR techniques to models with non-constant error
variance. Robinson and Birch (2002) consider the unreplicated design case and therefore use
a residual-based variance estimate. Similar to the results of Mays, Birch, and Starnes (2001),
Robinson and Birch (2002) show that dual model robust regression (DMRR) is asymptoti-

cally superior to its parametric and nonparametric counterparts. Robinson and Birch (2002)
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also show that DMRR performs better in moderate sample settings. Consequently, we pro-
pose DMRR as a natural tool for the small sample settings of RSM and the RPD problem.
Although originally developed for the regression case with little or no replication, we demon-
strate here its extension to replicated, cost-efficient designs in which the variance may be

modeled directly.

Assuming that the process mean and variance functions can be expressed as functions with
two components, a user supplied parametric component and a “lack of fit” component, the

dual model can be written as:

Means Model: g = h (%:; B) + m (%) + g% (X557) &,

Variance Model: In(s?) = g* (X5579) + LX) + ;.

Regarding notation, h (X;; ) and ¢g* (X}; ) denote the user specified parametric forms for the
mean and variance functions [for purposes of discussion in this chapter we assume h (X;; 3) =
x.B and g* (X};7) = x;’v]. The “lack of fit” components for the mean and variance functions,
m (X;) and [ (X}), respectively, represent the portions of the mean and variance functions
which cannot be captured parametrically. The only assumptions placed on m and [ is that

they are reasonably smooth functions.

As mentioned earlier, Mays, Birch, and Starnes (2001) demonstrate that MRR2 performs
better than MRR1 overall. However, for variance modeling, there is nothing to guarantee
positive fits in the MRR2 approach. Hence for the dual modeling problem, we suggest the
use of MRRI1 for estimation of the variance and MRR2 for estimation of the means model.

Thus, the following algorithm can be used to find the DMRR estimates:

Step 1: Fit the variance model, In(s?) = x}’v + [ (X}) 4+ 7;, via model robust regression 1
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(MRR1). MRRI1 yields the variance model robust regression (VMRR) estimates:

——— (VMRR) A .
Varly] xp [Ao§ EER) 4+ (1= )\,) 37089

[)\ H (LLR) y + (1 . )\0> H((,OLS)Y*]

— exp [HgVMRR)y*] ,

(VMRR) .

where A, € [0, 1] is the variance model mixing parameter and Hy is the smoother

matrix for the VMRR fit to the log transformed sample variances.

Step 2: Use 62 = exp (thMRR)’y*> as the estimated variances to compute the estimated
variance-covariance matrix for the means model, V = diag (62,62,...,62), where

h(VMRR is the i'" row of H((,VMRR).

Step 3: Use V! as the estimated weight matrix to obtain the parametric estimate of the

means model via estimated weighted least squares (EWLS). EWLS yields B(EWLS) =
~ ———(EWLS) “
<le—1x> X/V ¥ and E[yz] _ X;,B(EWLS) _ H;(LEWLS)}_’-
; . — (EWLS)
Step 4: Form the residuals from the EWLS fits found in Step 3, r =y — Ely| . and

(LLR)

HﬁLLR)r, where H,

perform local linear regression on the residuals. LLR yields & =
is the smoother matrix for the LLR fit to the residuals from the EWLS fit to the means

model.

Step 5: Obtain the means model robust regression (MMRR) estimates via MRR2 as:

— (MMRR) (EWLS) R
Ely] — Ely] + Auf
FEWLS LLR EWLS =
= [HP"ES) 4 )\ HID (1-HE9)] g,
_ HLMMRR)}—,

where ), € [0, 1] is the means model mixing parameter.

For the nonparametric estimates, the bandwidths, b, and b,, will be chosen as the values

that minimize PRESS™. The mixing parameters, A\, and \,, for the variance and mean
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fits, respectively, will be chosen via the asymptotically optimal expressions for MRR1 and
MRR2 as given in (5.9) and (5.10), respectively, with (9% replaced with $FWL9  Similar
to the parametric and nonparametric approaches, once estimates of the mean and variance
functions have been calculated, a squared error loss approach will be used for process op-
timization. Furthermore, as in the nonparametric approach, the genetic algorithm will be
used for optimization since the estimates of the mean and variance functions do not take on

closed form expressions.

5.4 The Printing Ink Example

The Box and Draper (1987) printing ink study has been analyzed throughout the RPD
literature [see for example Vining and Myers (1990) and Vining and Bohn (1998)]. The
purpose of the study was to examine the effect of three factors, speed (z), pressure (z),
and distance (z3), on a printing machine’s ability to apply ink to package labels. The
experiment used a 3% complete factorial with three replicates at each design point. The
goal of the study was to find an optimal location where the process variance is minimized
and the process mean achieves a target value of 500. Table 5.1 provides the results of the
experiment. Note that two locations (: = 10 and 14) have a sample standard deviation of
zero. Thus, we will replace the observed sample variances, s?, with s? + 1 to accommodate
the log transformation for the variance model. For our purposes, we will assume the user
has specified a first-order model for the log transformed variance model and a second-order

model for the mean.
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Table 5.1: The printing ink data.
i T T T3 Yi Y2i Ysi Yi Si
1 -1 -1 -1 34 10 28 24.00 12.49
2 0 -1 -1 115 116 130 120.33 8.39
3 1 -1 -1 192 186 263 213.67 42.83
4 -1 0 -1 82 88 88 86.00 3.46
5 0 0 -1 44 178 188 136.67 80.41
6 1 0 -1 322 350 350 340.67 16.17
7 -1 1 -1 141 110 86 112.33 27.57
8 0 1 -1 259 251 259 256.33 4.62
9 1 1 -1 290 280 245 271.67 23.63
10 -1 -1 0 81 81 81 81.00 0.00
11 0 -1 0 90 122 93 101.67 17.67
12 1 -1 0 319 376 376 357.00 32.91
13 -1 0 0 180 180 154 171.33 15.01
14 0 0 0 372 372 372 372.00 0.00
15 1 0 0 541 568 396 501.67 92.50
16 -1 1 0 288 192 312 264.00 63.50
17 0 1 0 432 336 513 427.00 88.61
18 1 1 0 713 725 754 730.67 21.08
19 -1 -1 1 364 99 199 220.67 133.82
20 0 -1 1 232 221 266 239.67 23.46
21 1 -1 1 408 415 443 422.00 18.52
22 -1 0 1 182 233 182 199.00 29.44
23 0 0 1 507 515 434 485.33 44.64
24 1 0 1 846 535 640 673.67 158.21
25 -1 1 1 236 126 168 176.67 55.51
26 0 1 1 660 440 403 501.00 138.94
27 1 1 1 878 991 1161 1010.00 142.45
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The nonparametric and semiparametric approaches involve the choice of an appropriate
global bandwidth for the kernel function. Using PRESS™, we obtain a bandwidth of 0.63
for the variance model and 0.52 for the means model in the nonparametric approach. These
bandwidths meet the recommendations of Anderson-Cook and Prewitt (2005). A bandwidth
of 0.51 was chosen for the nonparametric smooth of the EWLS residuals in the semipara-

metric fit to the mean.

Furthermore, the semiparametric approach involves the choice of appropriate mixing param-
eters, A\, and \,. For the variance model, the asymptotically optimal data driven mixing
parameter is found to be 0.6812. This value suggests there is a moderate amount of variance
model misspecification; that is, there are some trends in the data that the parametric model
cannot adequately capture. The asymptotically optimal data driven mixing parameter for
the means model is found to be 1.0. Therefore, the addition of the entire nonparametric

residual fit provides necessary correction to the parametric means model.

Table 5.2 provides the M SE and adjusted R? values for the parametric, nonparametric
and semiparametric approaches. The semiparametric method is clearly superior for the
variance model as it results in the lowest MSE value, 5.74, and the highest adjusted R?
value, 23.40%. The nonparametric method appears to be best for the means model as it
has the lowest M SE and highest adjusted R? values; however, the semiparametric is highly
competitive. This data set is an example of the situation in which one method does not
clearly dominate the others, a common problem when dealing with multiple responses. For
this data, the semiparametric method is preferred as it yields the best fit to the variance
model, and when the variance estimates are incorporated into the means model it yields a

highly competitive fit.

Using the genetic algorithm with the estimated squared error loss (S/E\L) objective function
as given in (5.5), we obtain the optimal factor settings displayed in Table 5.3. Notice that all

three approaches suggest an x; value of 1.000. Also the nonparametric and semiparametric
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Table 5.2: Comparison of model performance statistics for the printing ink data. Best values

in bold.

MeansModel | VarianceModel
Approach MSE R, |MSE R,

Parametric 7.07  96.72% | 5.89  21.33%
Nonparametric | 4.09 97.90% | 5.90 21.26%

Semiparametric | 4.49  97.79% | 5.74 23.40%

methods both recommend an x5 value of 1.000. The most dramatic difference in the solutions
is seen in the z3 coordinate. While all three methods suggest negative values for the factor,
the actual settings for x3 vary greatly. Coincidentally, x3 is the most significant factor in the

parametric variance model.

In Table 5.3, we also see the optimal factor settings for the semiparametric approach (z; =
1.000, z5 = 1.000, 23 = —0.522) yield an estimated process mean of 497.629, which is clos-
est to the target value of 500, and an estimated process variance of 1019.523, the lowest
among the three methods. As a result, the semiparametric approach also results in the
lowest estimated SEL value. Thus, we conclude this new method performs better than its
parametric and nonparametric counterparts. Ultimately, the only way to determine which
approach gives the best optimization results is to perform a confirmatory experiment. Un-
fortunately, we cannot do so for this example, but we can use simulations to compare the

three approaches in general.
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Table 5.3: Comparison of the recommended optimal factor settings for the printing ink data.

Best values in bold.

Approach T T T3 Ely;] Var(y;] SEL
Parametric 1.000 0.358 -0.112 497.619 1723.693 1729.363
Nonparametric 1.000 1.000 -0.352 496.866 1088.455 1098.276

Semiparametric 1.000 1.000 -0.522 497.629 1019.523 1025.150

5.5 Simulations

In the printing ink example, the semiparametric fit was observed to be superior to its para-
metric and nonparametric counterparts in terms of SEL. In this section, we compare the
three methods more generally in terms of fit via a simulation study. The performance of the
semiparametric approach will be compared to the parametric and nonparametric approaches
in four scenarios: the researcher correctly specifies the forms of both the underlying mean
and variance functions, the researcher correctly specifies the form of the underlying variance
function but misspecifies the means model, the researcher correctly specifies the form of the
means model but misspecifies the variance model, and the researcher incorrectly specifies the
forms of both the underlying mean and variance functions. For each scenario, Monte Carlo

simulations will be used to generate 500 data sets, each of which are based on the following
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underlying dual model:

yi = h(XiB)+mX)+9"% &) e
= 20 — 10z; — 2529 — 1501,09; + 2022, + 5022,
+7, [10sin (4mxy;) + 10 cos (4mwe;) + 10sin (47179

+g2 (%) & (5.11)

In (0’?) = ¢ (X57) +1(x])

= 15— T, + 151’22 + Yo [—4$1i$2i + 2‘%%1 + (L’gz] s (512)

where ¢; ~ N(0, 1), , represents the means model misspecification parameter, and 7, rep-
resents the variance model misspecification parameter. As in the printing ink example, we
assume a full second-order model is specified by the user for the mean and a first-order model
specification for the log transformed sample variances. In all scenarios, factors x; and xs
have four levels with values taken to be 0, 1/3, 2/3, and 1 for each factor. The data will
be generated as if a 42 complete factorial experiment was run with three replicates at each
design point for a total of 16 design points and 48 experimental runs. The design point
locations appear in Table 5.4. As the values of v, and 7, increase, the amount of misspecifi-
cation increases in the means and variance model, respectively. Five degrees of means model
misspecification will be studied (v, = 0.00, 0.25, 0.50, 0.75, and 1.00), and five degrees of
variance model misspecification will be studied (7, = 0.00, 0.25, 0.50, 0.75, and 1.00). The

R language is used for computations and simulations.

Figure 5.2 shows the response surface for the true underlying means model when ~, = 0.00,
and the response surfaces of the mean function for the varying degrees of model misspecifica-
tion (v, = 0.25, 0.50, 0.75, and 1.00) appear in Figures 5.3 through 5.6, respectively. Notice
that as 7, increases, the curvature of the mean surface becomes much more pronounced.
Figure 5.7 shows the response surface for the true underlying variance model when v, =

0.00, and the response surfaces of the variance function for the varying degrees of model
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Table 5.4: The design point locations for the Monte Carlo simulations.

) T Ty
1 0 0
2 0 1/3
3 0 2/3
4 0 1
5 1/3 0
6 1/3 1/3
7T 1/3 2/3
8 1/3 1
9 2/3 0
10 2/3 1/3
11 2/3 2/3
12 2/3 1
13 1 0
4 1 1/3
15 1 2/3
16 1 1

misspecification (7, = 0.25, 0.50, 0.75, and 1.00) appear in Figures 5.8 through 5.11, respec-
tively. Again notice the curvature of the variance surface becomes much more pronounced
as v, increases. When the variance model is correctly specified, the power (P) of the means
model lack of fit test at a = 0.05 varies from P = 0.12 at 7, = 0.00 up to P = 0.99 at
Yu = 1.00. Table 5.5 shows the levels of potential model misspecification along with the

corresponding powers of the lack of fit test.
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Figure 5.2: Response surface for the true underlying means model when «, = 0.00.

0.0 0.0

76



Stephanie M. Pickle 7

Figure 5.4: Response surface for the means model when ~, = 0.50.
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Figure 5.5: Response surface for the means model when ~, = 0.75.
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Figure 5.6: Response surface for the means model when ~, = 1.00.
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Figure 5.7: Response surface for the true underlying variance model when v, = 0.00.
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Figure 5.8: Response surface for the variance model when v, = 0.25.

Figure 5.9: Response surface for the variance model when v, = 0.50.
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Figure 5.10: Response surface for the variance model when v, = 0.75.

S
o

ONX)
DN
.““%0 0000

O
Q

<

0.0 0.0

00
QR0
.%%%%%000000000 S
OO
(RRRKOKAHX X XD
..“.................%%%%%%0000000
BRERO0Cs
s
e
90800

Figure 5.11: Response surface for the variance model when ~, = 1.00.
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Table 5.5: Power (P) of the means model lack of fit test at o = 0.05 for the levels of potential

model misspecification.

Power (P)

Yo | Yo =0.00 ~,=025 ~,=050 7, =075 ,=1.00
0.00 | 0.05000 0.05000 0.05000 0.05000 0.05000
0.25 | 0.11716 0.12652 0.14018 0.15911 0.18472
0.50 | 0.42813 0.47895 0.54771 0.63174 0.72506
0.75 | 0.84959 0.89368 0.93702 0.97015 0.98941
1.00 | 0.99022 0.99572 0.99874 0.99977 0.99998

The three methods, parametric, nonparametric, and semiparametric, will be used to fit the
simulated data sets. After the response surfaces have been fit, optimization will be carried
out. Assuming that the goal is to a achieve a target value of 15 for the mean response while
minimizing the process variance, the genetic algorithm (GA) with the estimated squared
error loss (S/Lﬁ/) objective function given in equation (5.5) will be used to obtain the optimal

regressor settings. Details concerning the GA can be found in Chapter 6.

The Monte Carlo simulated integrated mean squared error for the mean and variance esti-

mates given by:

L2
SIMSEM:M7 ASEM = Z(E[yz]_yz) 7
500 1600
STASEV S (02 — 6.2)2
IMSEV = =——— ASEV = =% %)
SIMSEV F0 SEV i

will be used for comparisons. Regarding notation, ASEM and ASEV denote the average
squared error for the mean and variance estimates, respectively, for each of the 500 simulated
data sets and E[y;] and o? are the true underlying mean and variance models, respectively.
Note that for the simulated integrated mean squared error values, the average squared error
values, ASEM and ASEV, are calculated across 1600 x, locations (based on a 40 x 40

uniform grid of points in the regressor space) for each of the 500 simulated data sets. This
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will provide an indication of the performance of the methods over the entire response surface.

These results are found in Tables 5.6 and 5.7.

The three methods will also be compared by the accuracy of their optimization results.
Comparisons will be based on the average Euclidean distance from the optimum defined as:

SYED

AED = ,
500

where

ED = /(21 = 2 )2 + (5 — 5p00)?,

where £ D denotes the Fuclidean distance between the GA’s chosen optimal location, x* =

*

* ok : _
[27, 23], and the true optimum, X}, =

[} ,015 Typeo]- The accuracy of the optimization results

will also be compared via the average true squared error loss (ASEL),

AspL = 2P
500

where
SEL = {E [y(x*)] — 15} + Var [y(x*)],

where F [y(x*)] denotes the true process mean and Var [y(x*)] denotes the true process vari-
ance when the optimal location chosen by the GA, x*, is substituted into the true underlying
functions given by equations (5.11) and (5.12). Even though the true optimal location may
not be found by a method, a near-optimal location may be found. Thus, ASFE L measures the
performance of the locations chosen by each method to see if they are in fact near-optimal.

These results are found in Tables 5.8 and 5.9.

5.5.1 Means and Variance Models Correctly Specified

For the scenario in which the researcher correctly specifies the forms of both the underlying

mean and variance functions, we would expect the parametric approach to be superior for
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both models. In this scenario, the means model is given by (5.11) with 7, = 0.00 and the
variance model is given by (5.12) with 7, = 0.00. The first row of Table 5.6 and the first
row of Table 5.7 provide a comparison of the fits produced by the three approaches based
on the SIMSE values for this scenario. Regarding the estimated mean, Table 5.6 shows
that the parametric approach performs best as it yields a SIMSEM value of 0.4335. The
semiparametric approach is a close second with a value of 0.6151, whereas the nonparametric
fit is much worse with a SIMSEM value of 7.9748. As for the estimated variance, Table 5.7
shows that the parametric approach performs best with a SIMSEV value of 17.9190.

The first row of Table 5.8 and the first row of Table 5.9 provide a comparison of the opti-
mization of the three approaches based on the AED and ASFEL values, respectively. The
semiparametric approach yields the most accurate optimization results with an AED value
of 0.0724 and an ASEL value of 4.0493. Notice that the parametric method is second with
an AED value of 0.1011 and an ASEL value of 4.2950. Note when 7, = 7, = 0.00, one
would expect the parametric approach to do best. It is interesting, however, that in this

scenario the semiparametric method is a close competitor to the parametric approach in

terms of SIMSEM yet is better in terms of AED and ASEL.

5.5.2 Variance Model Correctly Specified, Means Model Misspec-
ified

The rows of Table 5.6 corresponding to 7, = 0.00 and -y, > 0.00 (i.e., rows 6, 11, 16, and 21)
provide the SIMSEM values for the scenario in which the researcher correctly specifies the
variance model but misspecifies the mean model. The semiparametric approach outperforms
its parametric and nonparametric counterparts for moderate levels of mean misspecification
(i.e., 7, < 0.50) and competes closely with the nonparametric approach for more extreme
levels of misspecification (i.e., 7, > 0.75). Thus, the semiparametric fit to the mean is at

least highly competitive or superior to the other methods for the entire range of v,.
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Unlike the results in Chapter 4, the nonparametric approach actually performs best in some
cases. This may be due to the fact that we are working with a larger sample size. However, it
is most likely due to the fact that more extreme levels of model misspecification are present
in this chapter’s study. Here 7, = 0.75 and v, = 1.00 correspond to power levels of 0.84959
and 0.99022, whereas the highest level of misspecification in Chapter 4 only corresponds to
a power of 0.71.

The rows of Tables 5.8 and 5.9 corresponding to v, = 0.00 and 7, > 0.00 (i.e., rows 6,
11, 16, and 21) provide a comparison of the optimization of the three approaches based
on the AED and ASEL values, respectively. The semiparametric approach outperforms
its parametric and nonparametric counterparts in terms of AED and ASEL for all levels
of mean misspecification (i.e., 7, > 0.25). It is interesting to note that the parametric
approach becomes less competitive in terms of AED and ASEL as the amount of mean

misspecification increases.

5.5.3 Means Model Correctly Specified, Variance Model Misspec-
ified

The rows of Table 5.6 corresponding to v, = 0.00 and 7, > 0.00 (i.e., rows 2 through 5)
show the SIMSEM values for the scenario in which the researcher correctly specifies the
means model but misspecifies the form of the variance. Even though the estimated variances
are incorporated in the weighted estimation of the mean, variance misspecification has little
impact on the estimated mean. Table 5.6 shows that the SIMSEM values consistently in-
crease for all three approaches as the variance misspecification increases. Nonetheless, the
parametric and semiparametric approaches still perform best when the means model is cor-
rectly specified, whereas the nonparametric fit is consistently subpar. As for the estimated
variance, rows 2 through 5 of Table 5.7 provide the SIMSEV values for each of the methods.

The semiparametric fit is best when there is moderate to large variance misspecification (i.e.,
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v» > 0.50) and is competitive for lower degrees of misspecification.

The rows of Tables 5.8 and 5.9 corresponding to 7, = 0.00 and 7, > 0.00 (i.e., rows 2 through
5) provide a comparison of the optimization of the three approaches based on the AE'D and
ASFEL values, respectively. Similar to the fit results from Table 5.6, the parametric and
semiparametric approaches yield the best optimization results in terms of AED and ASEL
when the means model is correctly specified, whereas the optimization results based on the

nonparametric fits are consistently subpar.

5.5.4 Means and Variance Models Misspecified

The remainder of the results in Table 5.6 provide a comparison for the scenario in which the
researcher misspecifies the forms of both the underlying mean and variance functions (i.e.,
v, > 0.00 and ~, > 0.00). Again, it appears that variance misspecification has little impact
on mean estimation. The biggest impact on mean estimation is the user’s specification of the
underlying means model. Overall, the semiparametric approach yields the best fit if there is
small to moderate mean misspecification and/or moderate to large variance misspecification.
It is important to note that even when the semiparametric approach is not best in terms of
SIMSEM or SIMSEV| its fit is highly competitive with the superior approach. While the
parametric and nonparametric methods are best in some situations (parametric SIMSEM
and SIMSEV values best when 7, = 7, = 0.00 and nonparametric SIMSEM values best
when 7, > 0.75), these methods are noticeably inferior when there are small to moderate

levels of misspecification.

The remainder of the results in Tables 5.8 and 5.9 provide a comparison of the optimization
of the three approaches based on the AED and ASFEL values, respectively, for this scenario.
The semiparametric approach yields the best results in terms of ASFEL if there is small

to large mean misspecification. In terms of AED, the semiparametric approach is best for
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nearly all instances.
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Table 5.6: Simulated integrated mean squared error values for the means model (SIMSEM)
for 500 Monte Carlo runs. Best values in bold.

Yu Yo Parametric Nonparametric Semiparametric
0.00 0.4335 7.9748 0.6151
0.25 0.4503 8.2321 0.6520
0.00 0.50 0.4806 8.4893 0.7148
0.75 0.5285 8.6231 0.8200
1.00 0.6001 8.6842 0.9801
0.00 11.7193 16.2605 11.1885
0.25 11.6521 16.3836 10.9981
0.25 0.50 11.6099 16.6595 10.8863
0.75 11.5983 17.1650 10.8326
1.00 11.9108 18.0681 11.1520
0.00 44.5181 42.9345 40.9599
0.25 44.4003 42.9855 40.4008
0.50 0.50 44.8819 43.4888 40.1894
0.75 44.8342 43.8464 39.9063
1.00 44.8238 45.4837 39.8345
0.00 98.8521 87.5581 90.1062
0.25 98.6950 87.5757 89.9734
0.75 0.50 98.5082 87.7151 87.9934
0.75 98.3134 88.2083 87.1736
1.00 98.1409 90.1727 86.6895
0.00 174.7138 150.1532 158.6082
0.25 174.5361 150.1094 156.7779
1.00 0.50 174.2771 150.2388 155.0822
0.75 175.6504 151.2052 154.1700

1.00 174.4280 153.0754 152.1491
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Table 5.7: Simulated integrated mean squared error values for the variance model (SIMSEV)

for 500 Monte Carlo runs. Best values in bold.

Yo Parametric Nonparametric Semiparametric
0.00 17.9190 19.8901 19.5246
0.25 17.7432 19.8656 19.3408
0.50 20.0876 21.0396 19.9436
0.75 25.6025 23.6397 21.6610

1.00 35.5426 28.2999 25.6706
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Table 5.8: Average Euclidean distance from the optimum (AE D) values for 500 Monte Carlo

runs.

Best values in bold.

Yu v,  True Optimum | Parametric Nonparametric Semiparametric
0.00 (0.505, 0.223) 0.1011 0.2810 0.0724
0.25  (0.498, 0.224) 0.1086 0.2638 0.0636
0.00 0.50 (0.490, 0.225) 0.1040 0.2754 0.0720
0.75  (0.479, 0.225) 0.1141 0.2684 0.0740
1.00  (0.553, 0.344) 0.0978 0.3060 0.1347
0.00 (0.884, 0.287) 0.3433 0.5482 0.2964
0.25 (0.878, 0.285) 0.3318 0.5951 0.3806
0.25 0.50 (0.821, 0.284) 0.2583 0.5512 0.2720
0.75  (0.397, 0.128) 0.2677 0.3212 0.2272
1.00  (0.365, 0.121) 0.3169 0.2682 0.2520
0.00 (0.938, 0.237) 0.3656 0.4817 0.1852
0.25  (0.909, 0.221) 0.3517 0.4699 0.1978
0.50 0.50 (0.792, 0.233) 0.2450 0.4566 0.1697
0.75  (0.388, 0.108) 0.3374 0.3457 0.2365
1.00  (0.821, 0.482) 0.2483 0.5185 0.2298
0.00 (0.956, 0.221) 0.3317 0.2579 0.1142
0.25 (0.914, 0.198) 0.3270 0.2962 0.1372
0.75 0.50 (0.400, 0.105) 0.3958 0.5410 0.2098
0.75  (0.383, 0.098) 0.4254 0.5577 0.3314
1.00  (0.824, 0.526) 0.2205 0.3520 0.2201
0.00 (0.964, 0.212) 0.2497 0.1414 0.0863
0.25 (0.917, 0.186) 0.2799 0.1897 0.0905
1.00  0.50  (0.395, 0.097) 0.5643 0.6287 0.2417
0.75  (0.979, 0.811) 0.5391 0.4765 0.5223
1.00  (0.959, 0.834) 0.5599 0.5162 0.4947
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Table 5.9: Average true squared error loss (ASFEL) values for 500 Monte Carlo runs. Best

values in bold.

Yuu v, Parametric Nonparametric Semiparametric
0.00 4.2950 8.0181 4.0493
0.25 2.9750 7.0030 4.1309

0.00 0.50 2.0077 7.2870 4.2284
0.75 1.3938 7.6302 4.3042
1.00 1.1006 D.7866 4.3498
0.00 10.7660 15.9554 7.9375
0.25 11.2540 15.4123 8.5887

0.25 0.50 10.4378 15.7669 7.7797
0.75 10.8649 18.1747 5.9049
1.00 10.3401 15.7474 8.4816
0.00  34.1655 18.4602 10.1547
0.25 34.0395 18.4733 11.3221

0.50 0.50 33.2392 16.4935 7.9387
0.75 33.5957 20.2035 8.3529
1.00  31.6775 20.8441 11.1490
0.00  31.1030 27.1435 20.3383
0.25 35.5223 29.1970 22.6705

0.75 0.50 52.0394 16.6875 11.6994
0.75  45.8278 21.2485 13.7411
1.00  51.6164 20.6265 12.4291
0.00  88.1398 81.1504 26.8886
0.25 74.3165 54.8601 23.4247

1.00 0.50 76.7317 53.8253 17.2676
0.75 82.0923 47.5193 10.2459
1.00 75.9720 30.5004 15.0197
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5.6 Conclusions

The dual model response surface approach to RPD has been shown to work well when the
variance of response is not constant over the experimental region and can be successfully
modeled using regression methods. One drawback, however, is that optimization depends too
heavily on the assumption of well estimated models for the process mean and variance, and it
is often the case that user specified parametric models are not flexible enough to adequately
model the process mean and variance. Vining and Bohn (1998) and Anderson-Cook and
Prewitt (2005) suggest the use of nonparametric smoothing when the user is unable to
specify the explicit forms for the mean and/or variance functions. However, in small sample
settings, which are customary for response surface experiments, the nonparametric approach
often produces estimates that are highly variable. Consequently, we suggest a semiparametric
approach, which combines the user’s specified parametric model with a nonparametric fit,

to provide better estimates of both the process mean and variance.

Using the Box and Draper (1987) printing ink data to compare the parametric, nonparamet-
ric, and semiparametric approaches, we find that the semiparametric approach performs best
in terms of fit and optimization. The optimization based on the semiparametric approach
recommends control factor settings which result in the estimated mean being closest to target
as well as the smallest estimate of process variance. As previously mentioned, confirmatory
experiments are necessary to prove which approach performs best for this example; however,
the semiparametric approach produces better results than its parametric and nonparametric

counterparts previously seen in the literature.

A simulation study was conducted to compare the three approaches more generally. Variance
model misspecification was observed to have little impact on the quality of the estimated
mean. If the user correctly specifies the mean and variance models, the parametric approach
yields the best fit and optimization results with the semiparametric method a close second.

The nonparametric method, on the other hand, is vastly inferior in terms of SIMSEM.
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The nonparametric fit, while best for large degrees of mean misspecification, is only slightly
better than the proposed semiparametric approach. When the mean is misspecified, the
parametric method is clearly inferior in terms of fit and ASE L. For small to moderate mean
misspecification, the semiparametric method is always superior in terms of fit and ASFEL.
Since, in practice, one never knows if the forms of the underlying models have been correctly
specified, we advocate a method that performs consistently well over all degrees of potential
misspecification. The semiparametric method is the only one which consistently performs

well.



Chapter 6

Semiparametric Optimization Using

the Genetic Algorithm

6.1 Introduction

Optimization has been a major component of Response Surface Methodology (RSM) since
its inception. Omnce the response of interest has been estimated, optimization techniques
are employed to identify settings of the explanatory variables which optimize the process.
Historically, parametric regression has provided estimates of the response. However, semi-
parametric regression is a comparable, if not superior, alternative, especially in situations
where the user’s parametric model is likely to be misspecified. Unlike its parametric coun-
terpart, the estimates from the semiparametric regression methods do no result in closed
form expressions. Therefore, common optimization methods, such as analytic techniques
which require continuous functions with derivatives for the estimated function, are no longer
applicable. In their work involving nonparametric RSM, Vining and Bohn (1998) utilize

a simplex search which does not require the calculation of derivatives. However, simplex
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methods tend to be time consuming and often find local optima (Haupt and Haupt, 2004).
Therefore, we propose the use of a more flexible optimization routine, the genetic algorithm
(GA), when using semiparametric regression. The proposed GA has been successfully used
in the chemical process and motor oil studies of Chapter 4 and the printing ink study of
Chapter 5, as well as the simulation studies in these chapters. We will now compare the

accuracy and efficiency of the simplex algorithm with our GA via simulation studies.

6.2 The Nelder-Mead Simplex Algorithm

Introduced by Nelder and Mead (1965), the simplex method has become a popular direct
search optimization technique as it does not require derivatives, only function evaluations.
A simplex is the most elementary geometrical figure that can be formed in N dimensions
with IV + 1 sides. For example, a triangle is a simplex in two dimensions and a tetrahedron
is a simplex in three dimensions. The method works by creating an initial simplex with k41
sides where k is the number of explanatory regressors. The method then applies different
operations to rescale the simplex based on the local behavior of the surface until it is within

an acceptable error.

The Nelder-Mead simplex algorithm is easily implemented with the R language via the
“optim” procedure. The flow chart in Figure 6.1 illustrates the steps of the algorithm. First,
the user must choose an initial starting value for each parameter of the problem. In our
situation of optimizing a response(s) or some function of a response(s), these initial starting
values constitute a single location in the design space; that is, factor settings for the design
variables. Using this starting point as a vertex, the algorithm then creates a simplex. For
details on the creation of the initial simplex, see Nash (1990). Next, the fitness at each
vertex of the simplex is evaluated; i.e., the objective function to be optimized is evaluated.

In the single response problem of Chapter 4, the objective function to be minimized is either



Stephanie M. Pickle 95

the estimated response, 7, or the estimated squared distance from target (ﬁ ), defined as:
ﬁ = (@ - T)27

where T" denotes the target value for the response. And in the dual model problem of Chapter
9, the objective function to be minimized is the estimated squared error loss (Sﬁ), defined

as:

SEL = {E[y(x)] - T}> + Var [y(x)],

—

where F [y(x)] denotes the estimated process mean, 7' denotes the target value for the process

mean, and Var [y(x)] denotes the estimated process variance.

After ordering the vertices by their fitness values, the worst point is reflected in the simplex
through the face opposite it according to the reflection coefficient (o > 0), whose value
is commonly taken to be a = 1. If the reflected point results in a fitness value that is
better than the second worst point, then the reflected point replaces the worst point in the
simplex. If the reflected point has a better fitness than the best point, then the reflection is
expanded according to the expansion coefficient (7 > 1), whose value is commonly taken to
be v = 2. If the reflected point has the worst fitness, then the simplex contracts according
to the contraction coefficient (0 < 5 < 1), whose value is commonly taken to be § = 0.5. A

new simplex is then formed and the process iterates until convergence.

The Nelder-Mead simplex algorithm was originally developed for use with deterministic
functions. Consequently, when used with stochastic optimization problems, the method
often converges to local optimum (Barton and Ivey, 1996). Other major drawbacks of the
method include sensitivity to starting values, computational inefficiency, and lack of theory
(Wright, 1996). For more details on the Nelder-Mead simplex algorithm, see Vetterling et
al. (1992).
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Figure 6.1: The Nelder-Mead simplex algorithm.
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6.3 The Genetic Algorithm

To overcome the weaknesses of the Nelder-Mead simplex algorithm, we propose the use
of the genetic algorithm (GA). Originally developed by Holland (1975) and popularized
by his student Goldberg (1989), GA is an optimization technique based on the principles of
genetics and natural selection. Genetic operators, such as selection, crossover, and mutation,

are applied to regressor settings while searching for the optimum.

The GA has appeared in some of the latest RSM literature; however, it has mostly been
used for design construction [see for example, Borkowski (2003), Heredia-Langner et al.
(2003), and Heredia-Langner et al. (2004)]. More recently, Ortiz et al. (2004) use the GA for
the multiple-response optimization problem involving a desirability function. Their work,
based on parametric models, shows the GA consistently performs better than the traditional
generalized reduced gradient (GRG) approach. Using the GA and RSM literature as a basis,
we have constructed an algorithm to optimize semiparametric regression estimates which
do not have closed form expressions. A flow chart of the basic GA appears in Figure 6.2.
While our GA performs traditional operations on the regressor values, it also includes some

adjustments that make it more applicable to the RSM setting.

The GA begins by generating an initial population of size m chromosomes, or potential
solutions, completely at random. In the GA literature, a chromosome is a string of genes and
each gene is an instance of a particular allele. In our situation of optimizing a response(s)
or some function of a response(s), a chromosome is a 1 x k vector of coded factors that
represents a location in the design space and a gene is the coded setting of one factor. In
our GA, these points are randomly generated from the uniform distribution. Next, the
fitness of each chromosome is evaluated and the chromosomes are ranked by their fitness
values. A selection procedure referred to as elitism is performed next. This step retains
the two best chromosomes, and thereby guarantees the best solutions that have evolved

thus far will remain unchanged and survive to the next generation. The random pairing
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Figure 6.2: The basic genetic algorithm.
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selection technique, which uses a uniform random number generator to select locations for

reproduction, is then carried out on the remaining m — 2 chromosomes, or parents.

Following selection, the crossover procedure is carried out with probability a. to create new
chromosomes, or offspring. A single crossover point is identified and parent one passes its
genes to the left of the crossover point to offspring one and its genes to the right of the
crossover point to offspring two. At the same time, parent two passes its genes to the left
of the crossover point to offspring two and those to the right to offspring one. Figure 6.3

illustrates a single point crossover for our scenario with two regressors.

Figure 6.3: Single point crossover.

Parent #1
[X11 X21]

Offspring #1
Crossover Point [xi1  X2]

>
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[X12 T X22]

Crossover Point

Following crossover, uniform mutation is carried out with probability «,, and the allele values
of some genes randomly change according to a uniform random number generator. That is,
y, is the probability that the j™ gene of the i chromosome, z;;, will be replaced with a
random deviate from the (0,1) uniform distribution. In our GA, we have also included two
additional mutation operators that change regressor values to the extremes of the design
space, x;; = 0 and x;; = 1, with probability ¢, and q,pe, respectively. These are common
optimal locations in many RSM problems; thus, these operators ensure they are evaluated at
some point in the algorithm. Finally, the next generation of potential solutions is completely

formed and the algorithm iterates until convergence.

The GA offers many advantages over the simplex method and other optimization routines. To
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begin, the GA does not require a differentiable function and it is relatively easy to implement.
We have used the R language to code our algorithm and the code can be found in Appendix
C. In addition, the GA performs well with complex functions and high dimensionality. Also,
unlike the simplex method, the initial solutions are chosen completely at random by the
algorithm and do not have to be “great” solutions; that is, they do not have to be close to
the true optimum. In fact, even poor solutions may contain some useful information that
can be extracted during crossover (Heredia-Langner et al., 2003). Furthermore, the mutation
operator helps prevent convergence to local optimum by allowing the entire solution space

to be explored, not just the local neighborhood of the initial population.

One drawback of the GA is that it does not guarantee the exact global optimum, only a near-
global optimum. Nevertheless, this does not cause great worry as confirmatory experiments
are suggested after any optimization is performed on a process. The main limitation of the
GA is the number of tuning parameters that must be set (population size, m; crossover rate,
a; mutation rates v, ero, and auue). Very little theoretical guidance is available and
quite often these parameter values are tailored to the specific problem at hand. However,
some general guidelines have been discussed and parameter ranges have been suggested in

the literature.

Population size, m, can affect both the accuracy and efficiency of the GA. If the population
size is too small, the algorithm may not gain enough information about the entire solution
space. Consequently, the GA may not converge to a near-global optimum. On the other
hand, if the population size is too large, the algorithm requires more function evaluations.
The GA is much more likely to converge to a near-global optimum; however, the rate of
convergence is much slower. Mayer, Belward, and Burrage (2001) recommend using a pop-
ulation size that is larger than the dimensionality of the problem being studied and prefer a
population size equal to twice the dimensionality. For our problem with two regressors, this
recommendation would be m equal to 4. Other recommended population sizes range from

20 to 100 with 50 being the most commonly used size [see for example, De Jong (1975) and
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Heredia-Langner et al. (2004)].

Crossover rate, a,, and mutation rates, a,,, .ero, and aupe, can also affect the quality of the
search. A low crossover rate can place too much emphasis on the current population and not
introduce new information quick enough. Recommended crossover rates range from 0.5 to
0.95 [see for example, De Jong (1975), Grefenstette (1986), and Ortiz et al. (2004)]. A high
mutation rate can ignore information from each generation and reduce the GA to a purely
random search. Recommended mutation rates range from 0.001 to 0.4 [see for example, De

Jong (1975), Borkowski (2003), Béck (1996), and Heredia-Langner et al. (2004)].

6.4 Simulations

In Chapters 4 and 5, simulations studies found semiparametric regression to perform con-
sistently well over all degrees of potential model misspecification. Optimization will now be
carried out on these semiparametric estimates via the Nelder-Mead simplex algorithm and
our genetic algorithm. The Nelder-Mead simplex algorithm will use the traditional parame-
ter values, « = 1, v = 2, and 3 = 0.5. Since it is argued the Nelder-Mead simplex algorithm
is sensitive to starting values, we will use nine different starting values to investigate this
claim. These starting values appear in Table 6.1. Two population sizes will studied in the
GA, m = 4 which is twice the dimension of the problem and m = 50. Other parameter
values for the GA will be set at a. = 0.90, a,, = Qzero = Qone = 0.20. The two optimiza-
tion algorithms will be compared for accuracy and efficiency. The R language is used for

computations and simulations.
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Table 6.1: Nine starting values for the Nelder-Mead simplex algorithm.

xy T2
0.25 0.25
0.25 0.50
0.25 0.75
0.50 0.25
0.50 0.50
0.50 0.75
0.75 0.25
0.75 0.50

0.75 0.75

6.4.1 Single Response

As in Chapter 4, Monte Carlo simulations will be used to generate 500 data sets, each of

which is based on the following underlying model:

y = 20— 10z — 252 — 152129 + 2022 + 5022

+v [2sin (47xy) + 2 cos (4mxe) + 2sin (dwxixa)] + €, (6.1)

where € ~ N(0,1) and 7 represents the model misspecification parameter. The data will be
generated as if a rotatable CCD with five center runs was run for a total of 13 experimental
runs. Therefore, when coded to be between 0 and 1, factors x; and x5 have five levels with
values taken to be at 0.000, 0.146, 0.500, 0.854, and 1.000 for each factor. As the value of
~ increases, the amount of misspecification increases in the model. Five degrees of model
misspecification will be studied (v = 0.00, 0.25, 0.50, 0.75, and 1.00). The goal is to achieve
a target value of 15 for the response. Therefore, the objective function to be minimized is

the estimated squared distance from target (S/D\T ), defined as:
SDT = (j — 15)2, (6.2)

where ¢ denotes the semiparametric estimated response.
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The efficiency of each optimization algorithm will be measured by the average number of

evaluations of function (6.2), defined as:

FE

where F'E denotes the number of function evaluations required for a single data set. Accuracy

comparisons will be based on the average Fuclidean distance from the optimum defined as:

SYED
500

AED = (6.4)

where

ED = /(21 = 2 )? + (5 = 5y00)?,

where E'D denotes the Euclidean distance between each algorithm’s chosen optimal location,

*

* * E3 .
x* = [r], r3], and the true optimum, x} ,

= [} 01> Thpro]- The accuracy of the optimization
algorithms will also be compared via the average true squared distance from target (ASDT),

S SDT

ASDT =
o 500

where
SDT = (u(x*) — 15)%,

where p(x*) denotes the true mean response when the optimal location chosen by the al-
gorithm, x*, is substituted into the true underlying function given by equation (6.1). Even
though the true optimal location may not be found by an algorithm, a near-optimal loca-
tion may be found. Thus ASDT measures the performance of the locations chosen by each
algorithm to see if they are in fact near-optimal. The results appear in Tables 6.2, 6.3, and

6.4.

Tables 6.2 and 6.3 provide the simulation results for no model misspecification (y = 0.00)
and Table 6.4 provides the simulation results for model misspecification (y > 0.25). When

the model is correctly specified (v = 0.00), there are nine true optimal locations that achieve
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a target value of 15 for the response, and when the model is misspecified (7 > 0.25), there
is only one true optimal location (0.500, 0.250). Note that when the Nelder-Mead simplex
algorithm begins close to the true global optimum, it performs very well. In fact, it often
results in the smallest AFE, AED, and ASDT values. However, when the Nelder-Mead
simplex algorithm begins far from the true global optimum, its AED and ASDT values are
extremely large, some ASDT values are even in the hundreds of thousands. This confirms
the fact that the simplex method is highly sensitive to starting values. Thus, if the user has
no a priori knowledge of the exact location of the global optimum, the Nelder-Mead simplex

is not recommended for use.

Comparing the performance of the Nelder-Mead on average to the GA with population size
m = 4 and the GA with m = 50, we see that the Nelder-Mead algorithm is more efficient as it
consistently results in smaller AF'E values; yet the GA with m = 4 is highly competitive. The
GA is also very accurate. In fact, the GA results in much smaller AED and ASDT values
than the Nelder-Mead simplex on average. Note that as 7 increases, the AFE values stay
fairly consistent for both optimization algorithms, while the AED values slightly increase
and the ASDT values increase for both the GA and the Nelder-Mead. Also note that the
increase in the ASDT values is significantly greater for the Nelder-Mead simplex. Looking
closer at the results for the two GA’s, the GA with m = 4 converges much quicker than the
GA with m = 50 as expected; however, the AED and ASDT values are highly competitive
for the two GA’s. The benefit of the large population GA does not seem to outweigh the cost
of the additional function evaluations in this scenario. Thus, the GA with m = 4 appears to
be the best optimization procedure overall as it is highly competitive with the Nelder-Mead
in terms of efficiency and far superior in terms of accuracy, on average, when compared to

the nine different starting values for the Nelder-Mead.
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Table 6.2: AFE and ASDT values for single response when the model is correctly specified
(7 = 0.00) based on 500 Monte Carlo runs. Best values in bold.

vy Optimization Algortihm AFFE ASDT
Nelder-Mead X,zqre = [0.25, 0.25] 42.7600 0.1961
Nelder-Mead x4+ = [0.25, 0.50] 44.0800 45.3631
Nelder-Mead X4+ = [0.25,0.75] 45.1200 271.6051
Nelder-Mead X4+ = [0.50,0.25] 41.6800 0.1766
Nelder-Mead X,ar¢ = [0.50, 0.50] 45.4400 2493.1325

0.00 Nelder-Mead X4+ = [0.50,0.75] 45.4400 3825.4262
Nelder-Mead X4+ = [0.75,0.25] 42.3600 9.2982
Nelder-Mead X4+ = [0.75,0.50] 44.9600 8634.5763
Nelder-Mead X4 = [0.75,0.75] 48.5600 6,589,491.4857

GAm=4 90.4444 0.8488

GA m =50 1051.3889 0.0868
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Table 6.3: AED values for single response when the model is correctly specified (y = 0.00)

based on 500 Monte Carlo runs. Best values in bold.

True Optimum

Optimization Algortihm (0.500, 0.250)  (0.300, 0.190)  (0.250, 0.200)
Nelder-Mead X4+ = [0.25,0.25] 0.2408 0.1790 0.1743
Nelder-Mead X4+ = [0.25,0.50] 0.3636 0.4964 0.5233
Nelder-Mead X,ar¢ = [0.25,0.75] 0.4223 0.5950 0.6442
Nelder-Mead x4+ = [0.50, 0.25] 0.1466 0.3071 0.3409
Nelder-Mead X4+ = [0.50,0.50] 0.7488 0.8931 0.9154
Nelder-Mead X4+ = [0.50,0.75] 0.8936 1.0636 1.1133
Nelder-Mead X4+ = [0.75,0.25] 0.3214 0.4852 0.5172
Nelder-Mead X4+ = [0.75,0.50] 1.1174 1.1966 1.1996
Nelder-Mead X4+ = [0.75,0.75] 3.1447 3.2761 3.3174

GAm=4 0.2339 0.2379 0.2455
GA m =50 0.1967 0.1749 0.1879

True Optimum

Optimization Algortihm (0.190, 0.245) (0.190, 0.312) (0.544, 0.312)
Nelder-Mead X4+ = [0.25,0.25] 0.1614 0.1193 0.2613
Nelder-Mead X4+ = [0.25,0.50] 0.5434 0.5144 0.3156
Nelder-Mead X4+ = [0.25,0.75] 0.7091 0.7249 0.4128
Nelder-Mead X4+ = [0.50,0.25] 0.3733 0.3541 0.0831
Nelder-Mead X4+ = [0.50,0.50] 0.9241 0.8837 0.6833
Nelder-Mead X4+ = [0.50,0.75] 1.1806 1.1989 0.8775
Nelder-Mead X4+ = [0.75,0.25] 0.5437 0.5164 0.2584
Nelder-Mead X4+ = [0.75,0.50] 1.1788 1.1247 1.0622
Nelder-Mead X4 = [0.75,0.75] 3.3766 3.3968 3.1343

GAm=4 0.2500 0.2460 0.2426

GA m =50 0.2031 0.1973 0.2201
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Table 6.3 Continued:
True Optimum
Optimization Algortihm (0.545, 0.316) (0.250, 0.375) (0.400, 420)
Nelder-Mead X4+ = [0.25,0.25] 0.2616 0.0522 0.1302
Nelder-Mead X4+ = [0.25,0.50] 0.3131 0.4431 0.3155
Nelder-Mead X4+ = [0.25,0.75] 0.4142 0.6912 0.5853
Nelder-Mead X4+ = [0.50,0.25] 0.0796 0.2877 0.1537
Nelder-Mead X4+ = [0.50,0.50] 0.6799 0.8065 0.6828
Nelder-Mead X4+ = [0.50,0.75] 0.8783 1.1647 1.0500
Nelder-Mead X4+ = [0.75,0.25] 0.2553 0.4409 0.2908
Nelder-Mead X4+ = [0.75,0.50] 1.0588 1.0569 0.9874
Nelder-Mead X4+ = [0.75,0.75] 3.1350 3.3719 3.2774
GAm=4 0.2432 0.2359 0.2309
GA m =50 0.2211 0.1866 0.2003
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Table 6.4: Comparison of optimization algorithms for single response when the model is

misspecified (y > 0.25) based on 500 Monte Carlo runs. Best values in bold.

¥ Optimization Algortihm AFFE AED ASDT
Nelder-Mead Xsqrt = [0.25,0.25] 44.0400 0.2366 0.8589
Nelder-Mead X4+ = [0.25,0.50] 44.5600 0.3972 125.1006
Nelder-Mead Xgqr¢ = [0.25,0.75] 44.5200 0.4024 207.2351
Nelder-Mead Xsqr+ = [0.50,0.25] 41.6400 0.1803 1.6461
Nelder-Mead Xgqr¢ = [0.50,0.50] 45.5200 0.9113 11,992.4241

0.25 Nelder-Mead X4+ = [0.50,0.75] 45.0400 0.8133 1,947.0327
Nelder-Mead Xgqr¢ = [0.75,0.25] 42.3200 0.3453 11.1358
Nelder-Mead Xsqr+ = [0.75,0.50] 45.7200 1.3646 76,413.7244
Nelder-Mead X4 = [0.75,0.75] 48.0000 2.6172 4,362,298.7390
GAm=14 94.2857 0.2510 0.7242

GA m =50 1121.4286 0.1777 0.2547

Nelder-Mead X4 = [0.25,0.25] 45.1200 0.2409 3.6701
Nelder-Mead X4+ = [0.25,0.50] 44.4800 0.4042 100.0627
Nelder-Mead x4+ = [0.25,0.75] 44.7200 0.3712 173.0582
Nelder-Mead X,qre = [0.50, 0.25] 42.5200 0.2237 7.9055
Nelder-Mead X4+ = [0.50, 0.50] 46.4400 1.1083 422,642.9830

0.50 Nelder-Mead Xsqr+ = [0.50,0.75] 45.3600 0.7548 1,469.4944
Nelder-Mead X4 = [0.75,0.25] 42.5600 0.3815 18.5599
Nelder-Mead X4 = [0.75,0.50] 46.1200 2.2500 55,226,807.3612
Nelder-Mead X4t = [0.75,0.75] 47.2000 2.0216 518,767.9418
GAm=4 92.4000 0.2507 2.4942

GA m =50 1130.0000 0.2045 0.5965
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Table 6.4 Continued:

Nelder-Mead x4+ = [0.75,0.50
Nelder-Mead X4+ = [0.75,0.75

47.0400  2.1158 726,137.9969
46.3600  1.7072  85,977.9253

y Optimization Algortihm AFFE AED ASDT
Nelder-Mead X4 = [0.25,0.25]  45.1200  0.2532 8.7429
Nelder-Mead X4 = [0.25,0.50]  45.4000  0.4147 102.6201
Nelder-Mead X140t = [0.25,0.75]  44.2400  0.3495 125.7016
Nelder-Mead x4+ = [0.50,0.25]  43.4000  0.2800 32.4195
Nelder-Mead x4 = [0.50,0.50]  46.6000  1.0542  162,649.1375
0.75 Nelder-Mead X4+ = [0.50,0.75]  45.2800  0.6980 893.4541
Nelder-Mead X4+ = [0.75,0.25]  42.8400  0.4267 38.0380
[ ]
[ ]

Nelder-Mead x4+ = |0.75,0.50]  47.4800  2.2704 728,407.7623
Nelder-Mead x4+ = [0.75,0.75]  46.4000  1.5407  43,438.9238
GAm=14 83.0000  0.3247 2.0806
GA m =50 1112.5000 0.1930 1.6798

GAm=4 101.8182  0.2255 2.3802
GA m =50 840.9091 0.2069 1.3559
Nelder-Mead x4+ = [0.25,0.25]  46.3200  0.3089 152.1378
Nelder-Mead X4+ = [0.25,0.50]  45.7600  0.4436 324.4695
Nelder-Mead X4 = [0.25,0.75]  44.5200  0.3380 108.8807
Nelder-Mead X4+ = [0.50,0.25]  43.7600  0.3545 164.4654
Nelder-Mead x4+ = [0.50,0.50]  47.0400  1.0237  43,717.0346
1.00 Nelder-Mead Xgq¢ = [0.50,0.75]  45.4800  0.6522 645.8617
Nelder-Mead X4 = [0.75,0.25]  43.8000  0.4903 85.4979
[ ]
[ ]
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6.4.2 Dual Model

As in Chapter 5, Monte Carlo simulations will be used to generate 500 data sets, each of

which is based on the following underlying dual model:

yi = h(&:;B)+m(X)+9"%(X:v) e
= 20 — 1021; — 25m9; — 1521;9; + 2022, 4+ 5023,
+7, [108in (47z1;) 4 10 cos (4mwy;) + 10sin (4mxy;x9;)]

+g"2 (%) & (6.5)

In(of) = ¢" (&) +1(X)

= 15— T1; + 15.’13'QZ -+ Yo [—411711'.1'21' + 21’%1 + l’%z] s (66)

where €; ~ N(0, 1), 7, represents the means model misspecification parameter, and v, rep-
resents the variance model misspecification parameter. The data will be generated as if a
4% complete factorial experiment was run with three replicates at each design point for a
total of 16 design points and 48 experimental runs. Therefore, when coded to be between 0
and 1, factors z; and x9 have four levels with values taken to be 0, 1/3, 2/3, and 1 for each
factor. As the values of 7, and 7, increase, the amount of misspecification increases in the
means and variance model, respectively. Five degrees of means model misspecification will
be studied (y, = 0.00 (means model correct), 0.25, 0.50, 0.75, and 1.00), and five degrees
of variance model misspecification will be studied (v, = 0.00 (variance model correct), 0.25,
0.50, 0.75, and 1.00). The goal is to achieve a target value of 15 for the mean response while
minimizing the process variance. Therefore, the objective function to be minimized is the

estimated squared error loss, (S/E\L), defined as:

SEL = {E [y(x)] — 15}2 + Var [y(x)],

— o —

where E [y(x)] denotes the semiparametric estimated process mean and Var [y(x)] denotes

the semiparametric estimated process variance.



Stephanie M. Pickle 111

Again, the efficiency of each optimization algorithm will be measured by the average number
of function evaluations, AF'E, defined in equation (6.3), and the accuracy will be based on
the average Euclidean distance from the optimum, AED, defined in equation (6.4). The
accuracy of the optimization algorithms will also be compared via the average true squared
error loss, (ASEL), defined as:

S SEL

ASEL =
500 '

where
SEL = {E [y(x")] — 15}* + Var [y(x*)].

Regarding notation, E [y(x*)] denotes the true process mean and Var [y(x*)] denotes the
true process variance when the optimal location chosen by the algorithm, x*, is substituted
into the true underlying functions given by equations (6.5) and (6.6). The results appear in

Tables 6.5 through 6.9.

The simulation results comparing the Nelder-Mead simplex algorithm, the GA with m = 4,
and the GA with m = 50 with no variance model misspecification (7, = 0.00) appear in
Table 6.5. The simulation results for the varying degrees of variance model misspecification
(7. = 0.25, 0.50, 0.75, and 1.00) appear in Tables 6.6 through 6.9, respectively. Again,
note that the Nelder-Mead simplex algorithm performs well when it begins close to the true
global optimum. However, when the Nelder-Mead begins far from the true global optimum
its AFE, AED, and ASEL values are extremely large, some ASFEL values are even in the
hundreds of thousands. Therefore, the Nelder-Mead is not recommended for use unless the

use has a priori knowledge of the exact location of the true global optimum.

As the amount of means model misspecification, 7, increases, the AF'E values stay fairly
consistent for both the Nelder-Mead simplex and the GA, while the AED and ASEL values
both increase. The amount of means model misspecification appears to have the largest
impact on the ASFEL values. Note that the increase in the ASFEL values is much greater for
the Nelder-Mead simplex.
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Unlike the previous single response simulation study, the Nelder-Mead simplex algorithm
is not always the most efficient procedure. In fact, the GA with m = 4 nearly always has
the lowest AFE values. The lack of efficiency for the simplex algorithm is most likely due
to the increased complexity of the dual model. Furthermore, the GA is very accurate as it
results in much smaller AE'D and ASFE L values than the Nelder-Mead on average. Moreover,
the performance of the Nelder-Mead becomes vastly inferior as the amount of means model
misspecification (7,) increases. Looking closer at the results for the two GA’s, the GA with
m = 4 converges much quicker than the GA with m = 50 as expected. While the AED
values are highly competitive for the two GA’s, the ASEL values for the large population
GA are consistently smaller. In some cases, the ASEL values for the small population GA
are nearly twice that of the large population GA. The benefit of the large population GA
seems to outweigh the cost of the additional function evaluations in some scenarios. Yet, if
efficiency is a major concern, the GA with m = 4 is the best optimization procedure overall
as it is far superior than the Nelder-Mead on average in terms of efficiency and accuracy,

when compared to the nine different starting values for the Nelder-Mead.
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Table 6.5: Comparison of optimization algorithms for dual model for no varinace model

misspecification (7, = 0.00) based on 500 Monte Carlo runs. Best values in bold.

Vu Optimization Algorithm AFFE AED ASFEL
True Optimum = (0.505, 0.223)

Nelder-Mead x4+ = [0.25, 0.25] 56.2000 0.1359 4.7471
Nelder-Mead X4+ = [0.25,0.50] 148.0000 0.3687 90.8464
Nelder-Mead X4+ = [0.25,0.75] 425.5600 1.0144 1,721.7762
Nelder-Mead X4+ = [0.50,0.25] 57.7200 0.2162 5.4384
Nelder-Mead X4+ = [0.50,0.50] 71.0800 0.1625 15.2819

0.00 Nelder-Mead X4+ = [0.50,0.75] 364.3200 0.7952 1,095.7835
Nelder-Mead X4+ = [0.75,0.25] 62.5200 0.1925 5.9059
Nelder-Mead X4+ = [0.75,0.50] 124.7600 0.2210 31.9560
Nelder-Mead X4+ = [0.75,0.75] 512.0800 0.9263 2,227.1922
GAm=4 73.0909 0.2526 6.7447

GA m =50 1131.8200 0.0724 4.0493

True Optimum = (0.884, 0.287)

Nelder-Mead X4+ = [0.25,0.25] 61.0400 0.5217 9.4052
Nelder-Mead X4+ = [0.25,0.50] 101.6800 0.2535 20.3564
Nelder-Mead X4+ = [0.25,0.75] 409.6000 0.9814 2,343.1986
Nelder-Mead X4+ = [0.50,0.25] 61.9200 0.5313 12.4133
Nelder-Mead X4+ = [0.50,0.50] 61.0400 0.4482 6.3816

0.25 Nelder-Mead X4+ = [0.50,0.75] 326.1200 0.5294 698.8757
Nelder-Mead X4 = [0.75,0.25] 66.0400 0.3555 24.0836
Nelder-Mead x4+ = [0.75, 0.50] 86.7600 0.3876 16.7888
Nelder-Mead X4t = [0.75,0.75] 493.6800 0.8730 1,190.4185
GAm=4 60.9091 0.3813 8.1291

GA m =50 1188.6350 0.2964 7.9375
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Table 6.5 Continued:
Yo Optimization Algorithm AFFE AED ASEL
True Optimum = (0.938, 0.237)

Nelder-Mead X4+ = [0.25,0.25]  83.5200  0.8220  23,150.8627

Nelder-Mead X4+ = [0.25,0.50]  84.4800  0.5591  12,645.0664

Nelder-Mead X4 = [0.25,0.75]  361.8000 2.1576  52,021.9649

Nelder-Mead X4+ = [0.50,0.25]  85.9200  0.5308 47.9266

Nelder-Mead X4+ = [0.50,0.50]  64.8800  0.5249 13.0611

0.50 Nelder-Mead X4+ = [0.50,0.75] 331.9200 0.6043 1,316.1190
Nelder-Mead X4+ = [0.75,0.25]  76.8000  0.3856 35.2200

Nelder-Mead Xgyqr¢ = [0.75,0.50]  68.5200  0.4544 9.4982

Nelder-Mead X4t = [0.75,0.75]  484.0800 2.2518 2.7111E+10

GAm=4 63.1304 0.4908 15.0234

GA m =50 778.2600 0.1852 10.1547

True Optimum = (0.956, 0.221)

Nelder-Mead X4 = [0.25,0.25]  147.4000 6.3545 3.1611E+19

Nelder-Mead X4+ = [0.25,0.50]  106.5600 3.0226  2.3308E-+41

Nelder-Mead X140+ = [0.25,0.75] 383.1600 4.2140 8.6078E+06

Nelder-Mead x4+ = [0.50,0.25]  100.1600  0.5285 126.5783

Nelder-Mead X4 = [0.50,0.50]  75.2800  0.5551 30.2019

0.75 Nelder-Mead X4 = [0.50,0.75]  326.0800 1.2592  24,256.4698
Nelder-Mead x40+ = [0.75,0.25]  112.1600 0.8504  23,135.2435

Nelder-Mead Xgqr¢ = [0.75,0.50]  73.6400  0.5242 21.0738

Nelder-Mead Xgqr¢ = [0.75,0.75]  329.5600 3.8147 2.2879E+45

GAm=4 71.4667 0.4531 26.4958

GA m =50 933.3350 0.1142 20.3383
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Table 6.5 Continued:
Yo Optimization Algorithm AFFE AED ASEL
True Optimum = (0.964, 0.212)

Nelder-Mead X4+ = [0.25,0.25] 207.9200 10.6334 1.1503E+10

Nelder-Mead X4+ = [0.25,0.50] 107.9200 4.7380 1.9217E+69

Nelder-Mead X4 = [0.25,0.75]  559.4800 11.9056 1.3501E+11

Nelder-Mead X4 = [0.50,0.25]  120.6800 0.5966 1,234.5762

Nelder-Mead X4+ = [0.50,0.50]  84.4400  0.5719 49.5248

1.00 Nelder-Mead X4+ = [0.50,0.75] 433.0400 2.3550 2.1775E+05
Nelder-Mead X4 = [0.75,0.25]  246.3200 2.2197  71,511.3000

Nelder-Mead X4+ = [0.75,0.50]  105.9600  0.7442 4,888.3317

Nelder-Mead X4+ = [0.75,0.75]  422.9200 3.7869 9.6382E+16

GAm=4 76.4762 0.3731 28.1748

GA m =50 992.8550 0.0863 26.8886
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Table 6.6: Comparison of optimization algorithms for dual model when 7, = 0.25 based on

500 Monte Carlo runs. Best values in bold.

o Optimization Algorithm AFFE AED ASFEL
True Optimum = (0.490, 0.225)

Nelder-Mead X4+ = [0.25,0.25] 56.3200 0.1333 3.5465
Nelder-Mead X4+ = [0.25,0.50] 148.0000 0.3686 86.3921
Nelder-Mead x4+ = [0.25,0.75] 420.0000 1.0045 1,626.7054
Nelder-Mead X4+ = [0.50,0.25] 56.7200 0.2114 4.5244
Nelder-Mead X4+ = [0.50, 0.50] 72.7200 0.1610 12.9778

0.00 Nelder-Mead X4+ = [0.50,0.75] 378.2400 0.7933 1,075.4134
Nelder-Mead X4t = [0.75,0.25] 61.3600 0.2059 4.5262
Nelder-Mead X4+ = [0.75,0.50] 117.3600 0.2113 27.4904
Nelder-Mead X4+ = [0.75,0.75] 475.3200 0.8855 2,076.4187
GAm=4 62.0667 0.2304 6.0218

GA m =50 1267.5000 0.0636 4.1309

True Optimum = (0.878, 0.285)

Nelder-Mead X4t = [0.25,0.25] 61.3200 0.5167 8.5150
Nelder-Mead X4+ = [0.25,0.50] 102.5600 0.2493 19.4113
Nelder-Mead X4+ = [0.25,0.75] 430.4000 0.9606 2,259.6331
Nelder-Mead X4+ = [0.50,0.25] 63.0800 0.5277 11.4572
Nelder-Mead X4+ = [0.50, 0.50] 59.4800 0.4380 5.3716

0.25 Nelder-Mead X4+ = [0.50,0.75] 326.8800 0.5300 700.8820
Nelder-Mead X4t = [0.75,0.25] 62.0000 0.3579 22.7424
Nelder-Mead X4+ = [0.75,0.50] 85.0800 0.3675 15.4697
Nelder-Mead X4t = [0.75,0.75] 508.4000 0.9569 1,350.3217
GAm=4 65.0588 0.4996 9.4170

GA m =50 1017.6450 0.3806 8.5887
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Table 6.6 Continued:

Yo Optimization Algorithm AFFE AED ASFEL
True Optimum = (0.909, 0.221)

Nelder-Mead X4+ = [0.25,0.25]  81.8400  0.7943 27,823.9960

Nelder-Mead X4+ = [0.25,0.50]  88.3600  0.5070 7,888.9960

Nelder-Mead x4+ = [0.25,0.75]  383.4000 2.0409 29,052.5865

Nelder-Mead X4 = [0.50,0.25]  86.0400  0.5202 46.7485

Nelder-Mead X4+ = [0.50,0.50]  63.0000  0.4947 13.3603

0.50 Nelder-Mead x4+ = [0.50,0.75]  308.8000 0.6131 1,218.2369

Nelder-Mead X4+ = [0.75,0.25]  69.7200  0.3843 35.7367

Nelder-Mead Xgqr¢ = [0.75,0.50]  65.5600  0.4145 10.6341

Nelder-Mead X4+ = [0.75,0.75]  525.7200 2.5057  1.4667E+20

GAm=4 61.6667 0.3989 17.2084

GA m =50 820.8350 0.1978 11.3221
True Optimum = (0.914, 0.198)

Nelder-Mead X4 = [0.25,0.25]  144.1600 6.8946  2.6196E+51

Nelder-Mead X4 = [0.25,0.50] 108.8000 4.5742 1.1572E+160

Nelder-Mead x40+ = [0.25,0.75]  375.8000 3.4144  2.9920E+06

Nelder-Mead X4+ = [0.50,0.25]  130.0000 5.7361  7.3466E+269

Nelder-Mead x4 = [0.50,0.50]  67.5200  0.5190 19.0184

0.75 Nelder-Mead X4 = [0.50,0.75]  344.2400 1.1570 12,556.0723

Nelder-Mead x40+ = [0.75,0.25]  107.7200  0.8536 11,920.0963

Nelder-Mead X4t = [0.75,0.50]  73.5200  0.4767 22.1353

Nelder-Mead X4 = [0.75,0.75]  343.8000 3.6857  2.4447E+T71

GAm=4 65.9231 0.4149 29.1455

GA m =50 926.9250 0.1372 22.6075
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Table 6.6 Continued:

Yo Optimization Algorithm AFFE AED ASEL
True Optimum = (0.917, 0.186)

Nelder-Mead X4t = [0.25,0.25]  203.2400  9.5924  7.1667E+122
Nelder-Mead X4+ = [0.25,0.50]  106.8800  9.4053  1.7505E+16
Nelder-Mead X4 = [0.25,0.75]  482.8800  4.6048  3.2643E+19
Nelder-Mead X4 = [0.50,0.25]  132.1600  1.4223  3.0571E+48
Nelder-Mead x4+ = [0.50,0.50]  77.0000  0.5301 42.5564

[

[

[

[

1.00 Nelder-Mead x4+ = |0.50,0.75]  446.7600  2.1493  1.7352E+05
Nelder-Mead x4+ = |0.75,0.25]  237.9600  2.2815  1.0060E+05

Nelder-Mead x4+ = |0.75,0.50]  108.4000  0.6915 4,566.0903

Nelder-Mead x4+ = [0.75,0.75]  396.1600  4.5670  6.6243E+31

GAm=14 55.0000 0.3571 31.0214

GA m =50 1050.0000 0.0905 23.4247

]
]
]
]
]
]
]
]
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Table 6.7: Comparison of optimization algorithms for dual model when 7, = 0.50 based on

500 Monte Carlo runs. Best values in bold.

o Optimization Algorithm AFFE AED ASFEL
True Optimum = (0.490, 0.225)

Nelder-Mead X4+ = [0.25,0.25] 55.8000 0.1304 2.7003
Nelder-Mead X4+ = [0.25,0.50] 150.1600 0.3639 80.3608
Nelder-Mead x4+ = [0.25,0.75] 417.3600 0.9883 1,537.0229
Nelder-Mead X4+ = [0.50,0.25] 58.2400 0.2064 3.8056
Nelder-Mead X4+ = [0.50, 0.50] 68.9200 0.1630 11.2863

0.00 Nelder-Mead X4+ = [0.50,0.75] 355.6000 0.7862 963.9178
Nelder-Mead X4t = [0.75,0.25] 63.1200 0.2114 3.5521
Nelder-Mead X4+ = [0.75,0.50] 111.8800 0.2018 22.9235
Nelder-Mead X4+ = [0.75,0.75] 507.1600 0.9244 2,117.8514
GAm=4 76.8932 0.1936 5.9365

GA m =50 1054.1250 0.0720 4.2284

True Optimum = (0.821, 0.284)

Nelder-Mead X4t = [0.25,0.25] 61.9200 0.4597 7.8525
Nelder-Mead X4+ = [0.25,0.50] 105.3200 0.2187 18.7614
Nelder-Mead X4+ = [0.25,0.75] 389.2800 0.9899 2,042.1191
Nelder-Mead X4+ = [0.50,0.25] 62.3200 0.4737 10.8956
Nelder-Mead X4+ = [0.50, 0.50] 58.6000 0.3774 4.4979

0.25 Nelder-Mead X4+ = [0.50,0.75] 340.8800 0.5699 718.0905
Nelder-Mead X4t = [0.75,0.25] 67.9200 0.3216 22.1320
Nelder-Mead X4+ = [0.75,0.50] 87.5200 0.3041 14.1871
Nelder-Mead X4t = [0.75,0.75] 503.44 0.9880 1,815.6442
GAm=4 78.0000 0.3588 8.2347

GA m =50 1004.1650 0.2720 7.7797
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Table 6.7 Continued:
Yo Optimization Algorithm AFFE AED ASEL
True Optimum = (0.792, 0.233)

Nelder-Mead X4t = [0.25,0.25]  84.6000  0.7054  44,008.9770

Nelder-Mead Xgqr¢ = [0.25,0.50]  88.8400  0.4332 7,351.0561

Nelder-Mead X4+ = [0.25,0.75]  364.9200 1.9724  20,438.4541

Nelder-Mead X4 = [0.50,0.25]  83.3200  0.4284 71.5618

Nelder-Mead X4+ = [0.50,0.50]  62.8800  0.3754 14.2225

0.50 Nelder-Mead x4+ = [0.50,0.75]  328.2000 0.7225 1,220.0193
Nelder-Mead X4 = [0.75,0.25]  76.1600  0.3302 36.2987

Nelder-Mead X4+ = [0.75,0.50]  68.9600  0.2891 8.2378

Nelder-Mead X4+ = [0.75,0.75] 483.8800 2.6193 3.5376E+23

GAm=4 54.5455 0.3652 15.4848

GA m =50 858.1800 0.1697 7.9387

True Optimum = (0.400, 0.105)

Nelder-Mead x4 = [0.25,0.25] 156.2000 6.8111 1.5919E+88

Nelder-Mead Xgqr¢ = [0.25,0.50]  98.7600  1.3805 3.5001E+05

Nelder-Mead X4t = [0.25,0.75] 363.3600 3.4910 2.9344E+13

Nelder-Mead X4+ = [0.50,0.25] 122.9600 1.1778 5.0068E+55

Nelder-Mead x4 = [0.50,0.50]  63.8800  0.2484 18.1686

0.75 Nelder-Mead X4+ = [0.50,0.75]  300.1600 1.4876 7,982.9325
Nelder-Mead x40+ = [0.75,0.25]  102.4800 0.9138 3,661.5886

Nelder-Mead X4+ = [0.75,0.50]  70.9200  0.2117 13.9100

Nelder-Mead X4 = [0.75,0.75]  391.8000 5.9579  3.2885E+97

GAm=14 56.6667 0.2789 22.4549

GA m =50 900.0000 0.2098 11.6994
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Table 6.7 Continued:
Yo Optimization Algorithm AFFE AED ASFEL
True Optimum = (0.395, 0.097)

Nelder-Mead x4+ = [0.25,0.25] 189.3600 8.7117  2.2848E+92
Nelder-Mead X4+ = [0.25,0.50] 105.7600 1.9598  5.9271E+20
Nelder-Mead xgqr¢ = [0.25,0.75]  507.6400 7.0250 6.1439E+175
Nelder-Mead X4 = [0.50,0.25] 128.3200 0.9196  3.4009E+32
Nelder-Mead X4+ = [0.50,0.50]  79.2400  0.2862 30.6898

[ ]

[ ]

[ ]

[ ]

1.00 Nelder-Mead x4+ = |0.50,0.75]  403.0400 2.1983 36,320.4291
Nelder-Mead x4+ = |0.75,0.25]  232.7200 3.1198  1.7819E+05

Nelder-Mead x4+ = |0.75,0.50]  100.6400  0.4393 4,527.8376

Nelder-Mead x4+ = [0.75,0.75] 456.8400 4.7928  6.5540E+30

GAm=14 74.6087 0.3219 39.6292

GA m =50 926.0850 0.2417 17.2676
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Table 6.8: Comparison of optimization algorithms for dual model when 7, = 0.75 based on

500 Monte Carlo runs. Best values in bold.

o Optimization Algorithm AFFE AED ASFEL
True Optimum = (0.479, 0.225)

Nelder-Mead X4+ = [0.25,0.25] 56.2400 0.1254 2.0849
Nelder-Mead X4+ = [0.25,0.50] 144.8000 0.3588 73.9445
Nelder-Mead x4+ = [0.25,0.75] 403.3600 0.9728 1,352.1036
Nelder-Mead X4+ = [0.50,0.25] 57.9200 0.1992 3.2214
Nelder-Mead X4+ = [0.50, 0.50] 67.2800 0.1641 9.7567

0.00 Nelder-Mead X4+ = [0.50,0.75] 346.3200 0.7717 848.7367
Nelder-Mead X4 = [0.75,0.25] 59.8800 0.2241 3.2082
Nelder-Mead X4+ = [0.75,0.50] 102.9600 0.1952 18.8210
Nelder-Mead X4+ = [0.75,0.75] 486.2800 0.8946 2,008.2440
GAm=4 68.4918 0.2284 6.4587

GA m =50 888.5250 0.0740 4.3042

True Optimum = (0.397, 0.128)

Nelder-Mead X4 = [0.25,0.25] 62.3600 0.2791 7.5456
Nelder-Mead X4+ = [0.25,0.50] 100.9600 0.3607 18.1363
Nelder-Mead X4+ = [0.25,0.75] 414.2400 1.3022 1,963.7632
Nelder-Mead X4+ = [0.50,0.25] 69.7200 0.3109 12.7405
Nelder-Mead Xazare = [0.50, 0.50] 59.5600 0.1545 3.8149

0.25 Nelder-Mead X4+ = [0.50,0.75] 326.1600 0.8821 685.1765
Nelder-Mead X4t = [0.75,0.25] 65.3600 0.4224 21.4606
Nelder-Mead X4+ = [0.75,0.50] 85.4400 0.1828 13.4515
Nelder-Mead X4t = [0.75,0.75] 533.2800 0.8971 1,910.4349
GAm=4 68.3636 0.2989 9.0154

GA m =50 890.9100 0.2272 5.9049
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Table 6.8 Continued:

Yo Optimization Algorithm AFFE AED ASFEL
True Optimum = (0.388, 0.108)

Nelder-Mead X4+ = [0.25,0.25]  87.6000  0.5959 23,001.8226

Nelder-Mead Xgyqr¢ = [0.25,0.50]  94.2800  0.5082 3,272.9365

Nelder-Mead x4 = [0.25,0.75]  373.2400  2.1695 14,717.8904

Nelder-Mead X4+ = [0.50,0.25]  96.3600  0.3978 45.2969

Nelder-Mead X4+ = [0.50,0.50] 60.8800 0.2158 13.9302

0.50 Nelder-Mead X4+ = [0.50,0.75]  334.5600 1.0919 1,299.1021

Nelder-Mead X4+ = [0.75,0.25]  76.3600  0.5243 36.9382

Nelder-Mead X4+ = [0.75,0.50]  63.6400 0.2138 8.4471

Nelder-Mead X4+ = [0.75,0.75]  461.6400 2.0212  2.1698E+27

GAm=14 68.6957  0.3341 13.4713

GA m =50 832.6100 0.2365 8.3529
True Optimum = (0.383, 0.098)

Nelder-Mead x4 = [0.25,0.25]  154.9200 8.0497  3.6339E+64

Nelder-Mead X4+ = [0.25,0.50]  99.6800  1.0570 1.2617E+05

Nelder-Mead X4+ = [0.25,0.75]  359.5200  3.7792 1.1394E+-22

Nelder-Mead x4+ = [0.50,0.25]  153.2000 2.7820 1.1216E+116

Nelder-Mead X4 = [0.50,0.50]  64.8800  0.2596 20.3277

0.75 Nelder-Mead X4 = [0.50,0.75]  300.4000 1.5122 6,916.5833

Nelder-Mead x4+ = [0.75,0.25]  103.8800  0.9357 5,373.9163

Nelder-Mead X4+ = [0.75,0.50]  72.6000 0.2305 10.9521

Nelder-Mead X4+ = [0.75,0.75]  368.9600 3.7529  5.9079E+38

GAm=14 72.3000 0.3466 26.5497

GA m =50 862.5000 0.3314 13.7411
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Table 6.8 Continued:

Yo Optimization Algorithm AFFE AED ASFEL
True Optimum = (0.979, 0.811)

Nelder-Mead X4+ = [0.25,0.25] 183.5200  7.7930 5.9201E4-82
Nelder-Mead x4+ = [0.25,0.50] 105.8000 2.0861 6.6235E+29
Nelder-Mead x4 = [0.25,0.75]  425.1200 3.2324 2.5467E4-36
Nelder-Mead X4 = [0.50,0.25]  151.2800 2.3223  4.4947TE+124
Nelder-Mead X4+ = [0.50,0.50]  75.3600  0.7043 28.8679

[ ]

[ ]

[ ]

[ ]

1.00 Nelder-Mead x4+ = |0.50,0.75]  415.0400 1.8333 60,741.8003
Nelder-Mead x4+ = |0.75,0.25]  227.6800 2.7749  3.1603E+05

Nelder-Mead x4+ = |0.75,0.50]  110.6800 0.9385 9,461.7488

Nelder-Mead x4, = [0.75,0.75] 439.7200 6.0170  9.2564E451

GAm=14 69.6923 0.6609 28.0668

GA m =50 973.0750 0.5223 10.2459
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Table 6.9: Comparison of optimization algorithms for dual model when 7, = 1.00 based on

500 Monte Carlo runs. Best values in bold.

o Optimization Algorithm AFFE AED ASFEL
True Optimum = (0.553, 0.344)

Nelder-Mead X4+ = [0.25,0.25] 56.2000 0.1615 1.6299
Nelder-Mead Xyar = [0.25, 0.50] 140.6800 0.3821 71.5572
Nelder-Mead x4+ = [0.25,0.75] 417.6000 0.9538 1,384.8136
Nelder-Mead X4+ = [0.50,0.25] 58.1600 0.2561 2.7576
Nelder-Mead X4+ = [0.50, 0.50] 65.3200 0.2350 9.0723

0.00 Nelder-Mead X4+ = [0.50,0.75] 332.2000 0.7829 814.7211
Nelder-Mead X4 = [0.75,0.25] 60.4800 0.1464 3.3880
Nelder-Mead X4+ = [0.75,0.50] 104.6000 0.2597 15.5194
Nelder-Mead X4+ = [0.75,0.75] 461.6800 0.9766 1,819.4963

GAm =14 64.8750 0.2472 6.4726

GA m =50 865.6250 0.1347 4.3498

True Optimum = (0.365, 0.121)

Nelder-Mead X4 = [0.25,0.25] 61.3600 0.2833 7.0710
Nelder-Mead X4+ = [0.25,0.50] 102.6400 0.3838 20.0446
Nelder-Mead X4+ = [0.25,0.75] 429.6400 1.3243 2,029.7226
Nelder-Mead X4+ = [0.50,0.25] 66.5200 0.3188 13.6788
Nelder-Mead X4+ = [0.50,0.50] 58.6000 0.1755 3.3883

0.25 Nelder-Mead X4+ = [0.50,0.75] 338.1200 0.9076 716.2810
Nelder-Mead X4t = [0.75,0.25] 68.0800 0.4490 20.6543
Nelder-Mead X4+ = [0.75,0.50] 86.3600 0.2191 12.7467
Nelder-Mead X4t = [0.75,0.75] 481.0400 0.8594 1,389.9019

GAm =14 58.3077 0.3460 9.9114

GA m =50 865.3850 0.2520 8.4816
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Table 6.9 Continued:

Yo Optimization Algorithm AFFE AED ASFEL
True Optimum = (0.821, 0.482)

Nelder-Mead X4+ = [0.25,0.25]  88.8400  0.6020 20,843.1056

Nelder-Mead x4+ = [0.25,0.50]  84.4000  0.4481 3,294.7549

Nelder-Mead x4 = [0.25,0.75]  362.9600 1.7184 12,049.5568

Nelder-Mead X4+ = [0.50,0.25]  93.7600  0.4433 17,336.6319

Nelder-Mead x4+ = [0.50,0.50]  61.0400  0.4307 13.0143

0.50 Nelder-Mead X4+ = [0.50,0.75] 327.9200 0.7858 1,215.0797

Nelder-Mead X4+ = [0.75,0.25]  79.3600 0.1778 37.5687

Nelder-Mead X4+ = [0.75,0.50]  64.2800  0.3659 9.1009

Nelder-Mead X4t = [0.75,0.75]  445.0400 1.8587 3.9918E+-27

GAm=4 58.8571 0.4488 16.3132

GA m =50 764.2850  0.2298 11.1490
True Optimum = (0.824, 0.526)

Nelder-Mead x4 = [0.25,0.25]  152.5600 8.0317 1.0575E+112

Nelder-Mead X4+ = [0.25,0.50]  99.3600  8.8108 1.5545E+11

Nelder-Mead x40+ = [0.25,0.75]  372.9200 3.2825 4.5834E+-38

Nelder-Mead X4+ = [0.50,0.25]  165.2000  3.7300 1.9810E+77

Nelder-Mead X4 = [0.50,0.50]  65.0800  0.4416 25.6239

0.75 Nelder-Mead X4+ = [0.50,0.75] 313.9600 1.1413 7,592.9194

Nelder-Mead x40+ = [0.75,0.25]  95.2400  0.3551 6,919.9573

Nelder-Mead Xg4qr¢ = [0.75,0.50]  72.0000  0.4112 9.0655

Nelder-Mead xgqr¢ = [0.75,0.75]  367.8400 3.8625  4.8005E+75

GAm=14 56.7273 0.2210 17.1673

GA m =50 704.5450 0.2201 12.4291
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Table 6.9 Continued:

Yo Optimization Algorithm AFFE AED ASEL
True Optimum = (0.959, 0.834)

Nelder-Mead x40+ = [0.25,0.25] 185.6400 10.1658 2.9412E+108
Nelder-Mead X4 = [0.25,0.50] 102.6400 2.0228 4.6382E+36
Nelder-Mead X4 = [0.25,0.75] 518.4400 8.5573  2.6087E~+277
Nelder-Mead X4 = [0.50,0.25]  159.4400 1.8336 1.1334E+79
Nelder-Mead X4+ = [0.50,0.50]  73.6000  0.7006 28.5986

[ ]

[ ]

[ ]

[ ]

1.00 Nelder-Mead x4+ = |0.50,0.75]  394.6800 1.7626 42,353.9258
Nelder-Mead x4+ = [0.75,0.25]  230.1600 3.3224  8.7119E+05

Nelder-Mead x4+ = |0.75,0.50]  88.6000  0.8295 5,304.7217

Nelder-Mead x4+ = [0.75,0.75] 450.2000 4.5119  2.5789E+65

GAm=14 58.0000 0.5177 24.2765

GA m =50 775.0000 0.4947 15.0197
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6.5 Conclusions

In the RSM setting, semiparametric regression methods have been shown to be compara-
ble, if not superior, to parametric regression methods, especially in situations where the
user’s parametric model is likely to be misspecified. One drawback, however, is that the
semiparametric estimates do not result in closed form expressions. Consequently, traditional
optimization methods based on derivatives are no longer applicable. Vining and Bohn (1998)
suggest the use of the Nelder-Mead simplex algorithm for optimization. However, simplex
methods have been shown to have several weaknesses, including convergence to local opti-
mum, sensitivity to starting values, and computational inefficiency. Therefore, we suggest
the use of the genetic algorithm (GA), a flexible optimization routine based on the principles

of genetics and natural selection.

Our GA has been successfully implemented on data sets from the RSM literature, as well as
simulated data sets, for the single response problem and the dual model problem in Chapters
4 and 5, respectively. In this chapter, simulation studies were conducted to compare the two
optimization procedures based on each method’s level of accuracy and efficiency. Unless the
user has prior knowledge of the location of the true optimum, the GA is preferred over the
Nelder-Mead simplex algorithm as the simplex is far too sensitive to starting values. In addi-
tion, the GA is the superior method as it can handle more complex objective functions than
the simplex. As for the recommended population size for the GA, if the user is not concerned
with computational speed, the GA with a population size of m = 50 is recommended for use
in practice as it repeatedly yields the most accurate results. On the other hand, if the user
is concerned with both computational speed and accuracy, the GA with a population size of
m = 4 is recommended as it converges much faster than the large population GA yet still

remains somewhat competitive in terms of accuracy.



Chapter 7

Summary and Future Research

Response Surface Methodology (RSM) has been a popular strategy among industrial statis-
ticians since the seminole work by Box and Wilson (1951). RSM methods have been used to
study the relationship between explanatory variables and one or more responses of interest
and to identify the settings of the explanatory variables which result in an optimal product or
process. Traditional RSM techniques, which heavily rely on parametric models, can lead to
highly biased estimates and miscalculated optimal regressor settings when the user’s model
is incorrectly specified. Nonparametric methods have been suggested as an alternative, yet
they often result in highly variable estimates, especially in the small sample settings common
in RSM. Therefore, we have proposed the use of semiparametric methods and the genetic
algorithm (GA) in the RSM setting. This chapter summarizes the work from the previous

chapters and then proposes areas for future research.
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7.1 Summary

In Chapter 3, we investigate the recently proposed nonparametric RSM by examining the
definition of degrees of freedom for this method. The parametric definitions for error degrees
of freedom have been utilized throughout the nonparametric regression literature. Even
though they are not theoretically correct in the local linear regression setting, these defini-
tions are more appropriate than Cramér’s (1946) theoretical definition as they incorporate
the degree of smoothing. Moreover, the computationally simple definition, n minus the trace
of the “HAT” or smoother matrix, outperforms the definition that is closer to the theoretical
one. Utilizing this simple definition in the denominator of PRESS™ yields bandwidths closer
to the true optimal values and superior fits to the response surface when using local linear

regression.

As we have seen in Chapters 4 and 5, the semiparametric approach yields better estimation
and optimization results. In Chapter 4, we apply the methods to the simple RSM scenario
in which we have a single response and the homogeneity of the variances assumption is valid.
In the chemical process and motor oil studies, the semiparametric approach is superior to the
parametric and nonparametric in terms of model performance statistics. Moreover, in the
motor oil study, the semiparametric approach is superior in terms of optimization results.
Furthermore, simulation studies show the semiparametric approach is highly competitive
to the parametric when the user correctly specifies the model and superior to both the
parametric and nonparametric when the model is misspecified. In Chapter 5, we find the
semiparametric approach retains its superiority when extended to the dual model problem,
which involves the process mean and variance. In the printing ink study, the semipara-
metric approach yields better optimization results than the parametric and nonparametric
approaches. In addition, the semiparametric approach is the only one which consistently

performs well over all degrees of potential model misspecification in the simulation studies.

Thus, building off of Myers (1999), semiparametric RSM is suggested for use in the following
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scenarios:

(i) The researcher is interested in optimizing a response(s).

(ii) The researcher is less interested in an interpretive function (i.e., interpreting the esti-
mated regression coefficients) and more interested in studying the shape of the response

surface.
(iii) The researcher has partial knowledge of the true underlying model.

(iv) The data contains important “bumps” that parametric models cannot capture.

The estimates from the superior semiparametric method do not result in closed form ex-
pressions; therefore, Chapter 6 addresses the need for a more flexible optimization technique
which does not require the calculation of derivatives. We propose the use of genetic algo-
rithms over simplex methods because simplex methods have been found to be inefficient and
often yield local as opposed to global optimum. The proposed GA has been successfully used
in the chemical process and motor oil studies of Chapter 4 and the printing ink study of
Chapter 5. The simulation studies of Chapter 6 show the GA superior to the Nelder-Mead
simplex as the GA is insensitive to initial starting values and can handle complex objective
functions. Moreover, the GA with a population size equal to twice the dimensionality of the

problem performs best overall when efficiency and accuracy are of concern.

7.2 Future Research

The work presented in this dissertation is a start to applying semiparametric regression
methods and genetic algorithms to the RSM setting. More work still needs to be done to
fully understand the use of these methods in RSM. Of particular interest is the study of

optimal designs for semiparametric methods. Anderson-Cook and Prewitt (2005) argue that
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symmetric designs should perform better than non-symmetric designs for nonparametric
smoothing. Intuitively, the same should hold for semiparametric method, yet more research
needs to be completed in this area. In addition, the location and number of design points

should also be studied.

In this research, global mixing parameters are used for the semiparametric methods. How-
ever, there may be areas of the response surface in which the user’s parametric model per-
forms well and little, if any, addition from the nonparametric smooth is necessary. At the
same time, there may be other areas which require a great deal of smoothing. This leads to
the idea of local mixing parameters. By allowing the mixing parameter to vary by location,
the semiparametric method may prove to be even more superior. Future research on this

topic would definitely be interesting.

Other areas for future research are extensions of semiparametric methods and the genetic
algorithm. The single response and dual model RSM problems have been studied in this
work. It would be interesting to extend these methods to the multiple response problem,
which may involve the optimization of a desirability function, and mixture experiments.
Also, the GA is very flexible and seems to offer many benefits for a variety of applications.
It would be interesting to study its use in other areas of RSM beyond optimization. For
example, the GA may be applicable in screening experiments to identify the factors that

affect the response(s) of interest.



Bibliography

Aitkin, M., 1987. “Modeling variance heterogeneity in Normal regression using GLIM.”
Applied Statistics 36, 332-339.

Anderson-Cook, C.M., Prewitt, K., 2005. “Some guidelines for using nonparametric methods
for modeling data from response surface designs.” Journal of Modern Applied Statistical

Methods 4, 106-119.

Back, T., 1996. Evolutionary Algorithms in Theory and Practice: Evolution Strategies, Evo-

lutionary Programming, Genetic Algorithms. Oxford University Press, New York.

Bartlett, M.S., Kendall, D.G., 1946. “The statistical analysis of variance heterogeneity and
the logarithmic transformation.” Journal of the Royal Statistical Society Series B 8, 128-
138.

Barton, R.R., Ivey, J.S., Jr., 1996. “Nelder-Mead simplex modifications for simulation opti-
mization.” Management Science 42, 954-973.

Borkowski, J.J., 2003. “Using a genetic algorithm to generate small exact response surface

designs.” Journal of Probability and Statistical Science 1, 65-68.

Box, G.E.P., Draper, N.R., 1987. Empirical Model Building and Response Surface. Wiley,
New York.

Box, G.E.P., Meyer, R.D., 1986. “Dispersion effects from fractional designs.” Technometrics
28, 19-27.

133



Stephanie M. Pickle 134

Box, G.E.P., Wilson, K.B., 1951. “On the experimental attainment of optimum conditions.”
Journal of the Royal Statistical Society Series B 13, 1-45.

Cleveland, W.S., 1979. “Robust locally weighted regression and smoothing scatterplots.”
Journal of the American Statistical Association, 74, 829-836.

Cramér, H., 1946. Mathematical Methods of Statistics. Princeton University Press, Princeton.

De Jong, K., 1975. “An analysis of the behavior of a class of genetic adaptive systems.”
PhD Dissertation. Department of Computer and Communication Sciences, University of

Michigan, Ann Arbor, MI.

Einsporn, R., Birch, J.B., 1993. “Model robust regression: using nonparametric regression to
improve parametric regression analyses.” Technical Report 93-5. Department of Statistics,

Virginia Polytechnic Institute & State University, Blacksburg, VA.

Fox, J., 2000. Nonparametric Simple Regression: Smoothing Scatterplots. Sage, Thousand
Oaks, CA.

Fan, J., Gijbels, L., 1996. Local Polynomial Modeling and Its Applications. Chapman & Hall,

London.

Fan, J., Gijbels, 1., 2000. “Local polynomial fitting.” In: Schimek, M.G. (Ed.), Smoothing
and Regression: Approaches, Computation, and Application. Wiley, New York, pp. 229-
276.

Fan, J., Heckman, N.E., Wand, M.P., 1995. “Local polynomial kernel regression for gener-
alized linear models and quasi-likelihood functions.” Journal of the American Statistical

Association 90, 141-150.

Gasser, T., Miiller, H.G., 1984. “Estimating regression functions and their derivatives by the
kernel method.” Scandinavian Journal of Statistics 11, 171-185.



Stephanie M. Pickle 135

Goldberg, D.E., 1989. Genetic Algorithms in Search, Optimization, and Machine Learning.
Addison-Wesley, Reading, MA.

Good, I.J., 1973. “What are degrees of freedom?” The American Statistician 27, 227-228.

Grefenstette, J.J., 1986. “Optimization of control parameters for genetic algorithms.” IEEFE
Transactions on Systems, Man, and Cybernetics, 16, 122-128.

Grego, J.M., 1993. “Generalized linear models and process variation.” Journal of Quality

Technology 25, 288-295.

Héardle, W., 1990. Applied Non-Parametric Regression. Cambridge University Press, Cam-
bridge.

Hardle, W., Miiller, M., Sperlichm, S., Werwatz, A., 2004. Nonparametric and Semiparamet-
ric Models. Springer, Berlin.

Hastie, T.J., Tibshirani, R.J., 1990. Generalized Additive Models. Chapman & Hall, London.
Haupt, R.L., Haupt, S.E., 2004. Practical Genetic Algorithms. Wiley, New York.

Heredia-Langner, A., Carlyle, W.M., Montgomery, D.C., Borror, C.M., Runger, G.C., 2003.
“Genetic algorithms for the construction of D-optimal designs.” Journal of Quality Tech-

nology 35, 28-46.

Heredia-Langner, A., Montgomery, D.C., Carlyle, W.M., Borror, C.M., 2004. “Model-robust
optimal designs: a genetic algorithm approach.” Journal of Quality Technology 36, 263-
279.

Holland, J., 1975. Adaptation in Natural and Artificial Systems. University of Michigan Press,
Ann Arbor.

Lee, Y., Nelder, J.A., 2003. “Robust design via generalized linear models.” Journal of Quality
Technology 35, 2-12.



Stephanie M. Pickle 136

Lin, X., Carroll, R.J., 2000. ” Nonparametric function estimation for clustered data when the
predictor is measured without /with error.” Journal of the American Statistical Association

95, 520-534.

Mayer, D.G., Belward, J.A., Burrage, K., 2001. “Robust parameter settings of evolutionary
algorithms for the optimization of agricultural systems models.” Agricultural Systems 69,

199-213.

Mays, J., 1995. “Model robust regression: combining parametric, nonparametric, and semi-
parametric methods.” PhD Dissertation. Department of Statistics, Virginia Polytechnic

Institute & State University, Blacksburg, VA.

Mays, J., Birch, J.B., Einsporn, R., 2000. “An overview of model-robust regression.” Journal

of Statistical Computation and Simulation 66, 79-100.

Mays, J., Birch, J.B., Starnes, B.A., 2001. “Model robust regression: combining parametric,
nonparametric, and semiparametric methods.” Journal of Nonparametric Statistics 13,

245-2717.

Myers, R.H., 1990. Classical and Modern Regression with Applications, 2nd ed. Duxbury,
Pacific Grove, CA.

Myers, R.H., 1999. “Response surface methodology - current status and future directions.”

Journal of Quality Technology 31, 30-44.

Myers, R.H., Montgomery, D.C., 2002. Response Surface Methodology: Process and Product

Optimization Using Design FExperiments, 2nd ed. Wiley, New York.

Myers, W.R., Brenneman, W.A., Myers, R.H., 2005. “A dual-response approach to robust
parameter design for a generalized linear model.” Journal of Quality Technology 37, 130-

138.

Nadaraya, E., 1964. “On estimating regression.” Theory of Probability and Its Applications
9, 141-142.



Stephanie M. Pickle 137

Nash, J.C., 1990. Compact Numerical Methods for Computers: Linear Algebra and Function
Minimisation, 2nd ed. Adam Hilger, Bristol, England.

Nelder, J., Mead, R., 1965. “A simplex method for function minimization.” Computer Jour-

nal 7, 308-311.

Ortiz, F., Simpson, J.R., Pignatiello, J.J., Heredia-Langner, A., 2004. “A genetic algorithm
approach to multiple-response optimization.” Journal of Quality Technology 36, 432-450.

Priestley, M.B., Chao, M.T., 1972. “Non-parametric function fitting.” Journal of the Royal
Statistical Society Series B 34, 385-392.

Robinson, T.J., Birch, J.B., 2002. “Dual model robust regression: robust to model misspec-
ification.” Technical Report 02-2. Department of Statistics, Virginia Polytechnic Institute
& State University, Blacksburg, VA.

Ruppert, D., Wand, M.P., Carroll, R.J., 2003. Semiparametric Regression. Cambridge Uni-

versity Press, Cambridge.

Scott, D.W., 1992. Multivariate Density Estimation: Theory, Practice, and Visualization.
Wiley, New York.

Simonoff, J.S., 1996. Smoothing Methods in Statistics. Springer-Verlag, New York.

Speckman, P.; 1988. “Kernel smoothing in partial linear Models.” Journal of the Royal
Statistical Society Series B 50, 413-436.

Takezawa, K., 2006. Introduction to Nonparametric Regression. Wiley, Hoboken.

Vetterling, W.T., Teukolsky, S.A., Press, W.H., Flannery, B.P., 1992. Numerical Recipes:
Ezample Book (Fortran), 2nd ed. Cambridge University Press, Cambridge.

Vining, G.G., Bohn, L.L., 1998. “Response surfaces for the mean and variance using a

nonparametric approach.” Journal of Quality Technology 30, 282-291.



Stephanie M. Pickle 138

Vining, G.G., Myers, R.H., 1990. “Combining Taguchi and response surface philosophies: a
dual response approach.” Journal of Quality Technology 22, 38-45.

Watson, G., 1964. “Smoothing regression analysis.” Sankhya Series A 26, 359-372.

Wright, M.H., 1996. “Direct search methods: once scorned, now respectable.” Numerical

Analysis 1995, 191-208. Addison Wesley Longman, Harlow, UK.

Zhang, C., 2003. “Calibrating the degrees of freedom for automatic data smoothing and

effective curve checking.” Journal of the American Statistical Association 98, 609-628.



Appendix A

Bias, Variance, and Mean Squared
Error Derivations for Single

Response Problem

A.1 Underlying Model

Since the three approaches being compared involve fits to parametric and nonparametric
models, it seems logical to express the underlying model as a combination of parametric
and nonparametric functions. Thus, consider the underlying model y = f(X) + € where
f(%) = m(X; 8)+u(X), E(e)=0, and Var(e)=c>L. In our research, the parametric portion
of the model is expressed as m(f(; B) = X3 and the nonparametric portion is expressed

as u(X) = [u(Xy),...,u(X,)]" where u is considered to be an unknown (smooth) function.

If the researcher assumes u(f() = 0, then the analysis is conducted using the parametric
approach. On the other hand, if f(X) # m(f(; () is assumed, the researcher uses the non-
parametric approach. The semiparametric approach assumes that an underlying function

can be decomposed into a parametric and a “remainder” portion. Therefore, u(X) may
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be thought of as the “remainder” portion since u(X) = f(x) — m(f(; 3). For simplicity of

notation, the model

y = m(X;8)+uX)+e

= XB+ulX)+e
will be written as:

y = m+u—+e

= XB+u+e.

The next sections provide the bias and variance expressions for the response estimates for
each approach, parametric, nonparametric, and semiparametric. From these expressions,
one can obtain the mean squared error (MSE) by squaring the bias and adding the variance.
It is important to note that all of the following results are for a fixed bandwidth (b) and

a fixed mixing parameter (\).
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A.2 Parametric Approach

Consider first the parametric approach in which ordinary least squares (OLS) is utilized.

Here §(OL5) = X3 = X(X'X)" X'y = HOLy and the bias of $© is given by:

Bias(y(°"%) = E@") - E(y)
— EH"y) - E(y)
— HOYE(y)-f (since Ele] =0)
= HOLYf — (X8 +u)
= HO")(XB+u) - (X8 +u)
= HOMXB +HO"u - (X8 +u)
= XB+HOq-XB-u (since HOLHX = X(X'X)1X'X = X)
= XB-XB-(I-H9)u

= —(I-HOY),
The variance of (%% is given by:

Var(y©59) = Var(H©y)
_ H(OLS)var(y)H(OLS)/
= HOL (G 1)HOLYY (since Var(e) = 1)

—  S2HOLS)OLS)y

= o?HOL (since HO is symmetric and idempotent).
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A.3 Nonparametric Approach

Consider the nonparametric approach in which local linear regression (LLR) is utilized.

Here yLH) = HELR)y - and the bias of LR is given by:

Bias(y“*") = E(y"Y) - E(y)
= EH""y) - E(y)
= HU'E(y) - f
= HUERf (X8 +u)
= HERD(XB +u) - (X8 +u)

= —(I-HM)Y(XB +u).
The variance of §L%) is given by:

Var(y(LLR)) = Var(HLER)y)
— H(LLR)Var(y)H(LLR)/
— H(LLR) (O_QI)H(LLR)/

_ O'QH(LLR)H(LLR)/.
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A.4 Semiparametric Approach

143

Consider the semiparametric approach in which model robust regression 2 (MRR2) is

utilized. Here §(MRR2) — HIMRR2)y — [HOLS) 4 xH P (1 —

§MER2) i oiven by:

BlaS( (MRRQ)) E(y(MRPQ))

— E(y)
= EHY™y) - B(y)
= HWERp(y) —f
HMURE — (X8 + u)

= HY)(XB+u) - (X8 +u)

= HMIRXE+ HMER)y — (X8 + u)
— HWERIX3_ X3 — (I - HMER))y
= [HOL) ¢ \HEER(T -

= HO™XB+ AHA(I -
= H9"9Xg+ \HM(X3 -
= XB+AH"M(XB - XB) - XB — (I~

= —(I-H MRy,

HOM)XB - X8 — (I-
HO")X3 - X8 - (I
H(OLS)X,B)

H(©L9))]y, and the bias of

(MRRZ))u
_ H(MRRQ))u
X8 — (I - HMARR2) )y
H(MAR2) )y



Stephanie M. Pickle 144

The variance of §MAE2) ig given by:

Var(y(MRRQ)) _ Var(H(MRR2)y)
— HMRR2) (g HMRRY
_ H(MRRQ) (U2I)H(MRR2)/

O_ZH(MRRQ) H(MRRQ)/

_ 0_2 [H(OLS) + )\HgLLR) (I . H(OLS))][H(OLS) + )\H’ELLR) (I . H(OLS))]/
_ 0,2 [H(OLS)H(OLS)I + )\HS,LLR) (I . H(OLS))H(OLS)/
+/\H(OLS) (I . H(OLS)>/H£LLR), + A2H£LLR) (I . H(OLS))(I . H(OLS)>,H£LLR)I]

— 52 [H(OLS) 4 AH&LLR)(H(OLS) _ H(OLS)) I )\(H(OLS) _ H(OLS)>H(LLR)/

T

_i_)\ZH?(nLLR) (I . H(OLS))H(LLR)I]

T

— 0_2 [H(OLS) + A2H£LLR) (I _ H(OLS))H(LLR)I] )

T



Appendix B

Bias, Variance, and Mean Squared

Error Derivations for Dual Response

Problem

B.1 Underlying Model

Consider the underlying means model y = f(X) + g(x*)e where f(X) = m(f(; B) + u(f(),
E(e)=0, and Var(e)=I. The variance is given by the model o? = g(x*) and the transformed
variance model is given by T = 1(X*; v) + v(X*) +n with E(n)=0 and Var(n)=02I, where

In(s3)

In our research, the parametric portion of the models are expressed as m(f(;ﬁ) =
X3 and 1(5(*;7) = X*v, and the nonparametric portions are expressed as u(f() =

[u(X1), ..., u(%;)]" and v(X*) = [v(XD),..., v(X;)] where u and v are considered to be

145
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unknown (smooth) functions. For simplicity of notation, the means model

y = m(X;8)+u(X)+gX)e

= XB+u(X)+g(X)e
will be written as:

y = m+u+ge

= XB+u+ge,
and the transformed variance model

T = I(X%9)+v(X) +n

= X'y +v(X*)+n
will be written as:

T = l4+v+n

= X'vy+v+n.

The next sections provide the bias and variance expressions for the response estimates for
each approach, parametric, nonparametric, and semiparametric. From these expressions,
one can obtain the mean squared error (MSE) by squaring the bias and adding the variance.
It is important to note that all of the following results are for a fixed bandwidths (b, and

b,) and fixed mixing parameters (A, and A,).
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B.2 Parametric Approach

Consider the parametric approach in which the transformed variance model fits are ob-

tained first by ordinary least squares (OLS) and can be written as #OLS) — |lOL9) T, where

HO) = X*(X¥X*)71X*. The variance model fits can then be expressed as V(OLS) —

~2(OLS) ~2(OLS)

diag(7 NGF ), where &?(OLS) = exp[A(OLS)] and 7089 — x#4(OLS

7; T = x*49L5) The means
model fits are then obtained by estimated weighted least squares (EWLS) and can be
written as §EWES) = HFWES)y  where HPH) = X(X/V(OL)-1X)-1X/V(OLS)-1
the expectation and variance formulas that follow, note that V(OLS) ig replaced with V,
where V = diag(c?,...,03) and o? = exp[r;] with 7; = x}’y + v;. Thus, the bias and

variance equations become approximate. The bias of W9 is given by:

Bias(3(") = E

= EH""y) - E(y)
— HVSIB(y) -

= HV'"9(XB+u) - (X8 +u)

_ HLWLS)XIB + HELWLS)u — (X8 +u)
= XB+H"u—-XB-u

= XB-XB- (I-H")u

= —(I-H .

§(WLS)

The variance of is given by:

Var(y(WLS)) = Var(H(WLS)y)
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The bias of 799 is given by:

Bias(i'(OLS))

The variance of #©%9)

is given by:

Var(f'(OLS)) = Var( (OLS) 7')

_ H(OLS (5QI)H (OLS)
_  S2HOLS|OLS)

_ 52 H((TOLS) '
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B.3 Nonparametric Approach

Consider the nonparametric approach in which the transformed variance model fits are ob-

tained first by local linear regression (LLR) and can be written as 7% = H M+ The

variance model fits can then be expressed as VIR = diag(67 ALLR) ..,&j(LLR)), where
57 (LLR) exp[7; ALLB)] The means model fits are then obtained by estimated weighted

A EWLLR
y(EWLLR) _ H,S )

local linear regression (EWLLR) and can be written as y. In the

V (LLR)

expectation and variance formulas that follow, note that ) is replaced with V, where

V = diag(c?,...,02) and o? = exp[r;] with 7; = x}’y + v;. Thus, the bias and variance

equations become approximate. The bias of §(WELR) is given by:

BlaS( (WLLR)) — E y(WLLR)) . E(y)

(
= EHV"Vy) - B(y)

12
= H""M(XB+u) - (XB+u)

= —(I-H")(XB+u).
The variance of §WLLR) is given by:

Var( WLLR)) — Val"(H WLLR)y)

— HMWLLR Var( )H (WLLR)!

— (WLLR) (WLLR)!
= HWVIRYH(VILRY,
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The bias of #LE) ig given by:

Bias(+("%) = E(#"7) —E(r)
= BH7] - B(r)
= HE(T) - (X*y +v)
= HM*P(Xy+v) - (X*y +v)

= —(I-HM)(Xy +v).
The variance of 7+ is given by:

Var(#F8)) = Var(HEFD 1)
_ Hg.LLR)VaI'(T)H((TLLR)/

— H(LLR) (5QI)H(LLR)/
_ 52H(LLR)H(LLR)/.
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B.4 Semiparametric Approach

Consider the semiparametric approach in which the transformed variance model fits are

obtained first by model robust regression 1 (MRR1) and can be written as #MERD —

HMERD £ — [(1— AU)HgOLS) +A H(LLR)] . The variance model fits can then be expressed

as VMRRL) _ di@g(é_f(MRRl) 52(MRR1) 2(MRR1) eXp[f_i(MRRl)]

NGE ), where & . The means

model fits are then obtained by model robust regression 2 (MRR2) and can be written

(LLR)

(MRR2) _ HLMRRQ)y — [HEWLS + )\MH§,LLR)(I — H,SEWLS))]y, where Hy

as y is the
smoother matrix for the LLR fit to the residuals from the EWLS fit to the means model.
In the expectation and variance formulas that follow, note that V(MRRY) g replaced with

V, where V = diag(o?,...,02) and o? = exp[r;] with 7; = x’y + v;. Thus, the bias and

variance equations become approximate. The bias of $MR2) is given by:

BlaS( (MRR2)) — E( (MRRQ)) E(y)
(

= EM"y) - E(y)

= HM™E(y) -

= HM™f — (X8 +u)

= HM"(XB+u) - (X8 +u)

— H,z(zMRRQ Xﬁ + H(MRRQ)u _ (XB + u)

I
e

(MRR2)X5 X8 — (I HELMRRZ))H
= [HE/LS + A HEER (T - H (WLS))1X 8 — X3 — (I — (MRR2))u

= HZVLSXﬁ + )\MH£LLR) (I _ HLWLS))xﬁ - X3 - (I _ H(MRRZ))u
= HZVLSXB + A\ HEER (X3 HLWLS)Xﬁ) X8 - (1— MRRQ))
= XB+\HMO(XB - XB) - X — (I- HM™)u

— —<I o HELMRR2)>u‘
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The variance of §MAE2) ig given by:

var( (MRR2) )

The bias of # MY ig given by:

Bias(+ (MRRl))

The variance of T

— E(ﬁ\_(MRRl))

= HWRRVE(r) —

152

Var(H MRRQ)y)
HLMRRQ)Var(y)HLMRRQ)/
HLMRRQ)VHLMRR2)/ )

- E(r)
= B[] - E(r)

(XY +v)

= HMD(X"*y 4+ v) — (X*y + V)

_ HSMRRI)X*,Y + H(UMRRl)V _ (X*’Y + V)

= [(1 = M\)HOLS) 4\ HELRIX y — X*~y — (I — HMERD)y

= (1- AU)H((,OLS)X*'Y + AUH((,LLR)X*’Y S HgMRRl))V

= (1= X)Xy + A HEOX Yy — Xy — (I — HMERD)y

= _)\Ux*,7 + /\UHE;LLR)X*7 . (I . HgMRRl))V

— —)\U<I _ H((TLLR)>X*,Y _ (I o H((TMRRI))V

(MRR1)

Var(#MFRD)

is given by:

Var(HgMRRl)T)
HMERD Vo (7)HM ERLY
H(MRRl) <5QI)H(MRR1)/

S2HMRR)FI(MRR1)



Appendix C

R Code for the Genetic Algorithm

The following is the general R code for our genetic algorithm:

ga.fn<-function(pars){
fThis function will perform the Genetic Algorithm
For some specified objective function (obj.fn)

fwith specified parameter values (pars)

fStopping Criteriaff
maxiter<-500 fset maximum number of iterations
satiter<-10 fset number of iterations during which the best results keep saturating

epsln<-1le-8 fismallest gain worth recognizing

#GA Parametersg

m<-4 fpopulation size at each generation
crossrate<-.9 fcrossover rate
mutrate<-.2 fmutation rate

zerorate<-.2 fizero rate

onerate<-.2 fone rate

keep<-2 fkeep top two from each generation to remain unchanged
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num.parents<-m-keep fnumber of population that will be used for mating

mate<-ceiling((num.parents)/2) fnumber of matings

fCreate initial population and initialize 'best result’ holdersf
xrange<-matrix(c(0,1,0,1),2,2)

k<-ncol(xrange)

elite<-matrix(0,keep,k) fmatrix for elite chromosomes to remain unchanged
cross<-matrix(0,num.parents,k) fmatrix for crossover

iter<-0 fgeneration (iteration) counter

stopcode<-0

inarow<-0 fnumber of iterations with function’s value consecutively less than epsln
bestfun<-1e30 flessential positive infinity

bestx<-matrix(0,1,k)

f<-rep(0,m) finitialize function value for each of m vectors

G<-matrix(runif(m*k,0,1),m k) finitial generation with population size m

flterate through generationsf
while(stopcode==0){
iter<-iter+1 fincrements counter
if(iter>maxiter) stopcode<-2 tloop will exit on stopcode=2 for exceeding
fthe maximum number of iterations
fEvaluate current generationff
for(i in 1:m){
f[i]<-obj.fn(pars,G[i,))
}
mat<-cbind(G,f) fcreate matrix of x locations and corresponding function
gvalues
newmat<-mat[order(mat|,3]),] fsort matrix of by function values increasing
minf<-newmat[1,3] foptimal function (minimum)

bf<-min(minf, bestfun)
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fgain<-bestfun-bf gfgain is always non-negative it measure the change
if(fgain>epsln) inarow<-0 else inarow<-(inarow+1)
if(fgain>0){
bestfun<-bf
bestx<-newmat[1,1:2] foptimal x location
}
if(inarow>satiter) stopcode<-1 floop will exit on stopcode=1 for best result
fhaving been achieved
gSelect elite to remain unchanged
elite<-newmat|[1:keep,1:2]
gSelect parents for matingf
cross<-newmat|(keep+1):m,1:2]
fDo Crossovert
for(i in 1:mate){
z<-rbinom(1,1,crossrate)
if(7——1){
x<-ceiling(runif(1,0,(k-1)))
temp<-cross|i,(x+1):k]
cross|i,(x+1):k]<-cross[i+mate,(x+1):k]
cross[i+mate,(x+1):k]<-temp
}
}

fDo Mutationf
M<-matrix(runif((num.parents*k),0,1),num.parents k)
for(i in 1:num.parents){
for(j in 1:k){
zz<-rbinom(1,1,mutrate)

if(zz==1) cross[i,j]<-M[i,j]
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}

}

fDo Zero Gene Operatort
for(i in 1:num.parents){
for(j in 1:k){
zzz<-rbinom(1,1,zerorate)
if(zzz==1) crossli,j]<-0
}
}

fDo One Gene Operatorf
for(i in 1:num.parents){
for(j in 1:k){
zzzz<-rbinom(1,1,onerate)
if(zzzz==1) cross|[i,j]<-1
}
}

G<-rbind(elite,cross)

if(iter<maxiter) status<-0

else status<-1

result<-c(bestx,bestfun,iter)

return(result)
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