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Enhancing Capabilities of Assistive Robotic Arms: Learning, Con-
trol, and Object Manipulation

Shaunak A. Mehta

(ABSTRACT)

In this thesis, we explore methods to enable assistive robotic arms mounted on wheelchairs

to assist disabled users with their daily activities. To effectively aid users, these robots must

recognize a variety of tasks and provide intuitive control mechanisms. We focus on develop-

ing techniques that allow these assistive robots to learn diverse tasks, manipulate different

types of objects, and simplify user control of these complex, high-dimensional systems.

This thesis is structured around three key contributions. First, we introduce a method

for assistive robots to autonomously learn complex, high-dimensional behaviors in a given

environment and map them to a low-dimensional joystick interface without human demon-

strations. Through controlled experiments and a user study, we show that this approach

outperforms systems based on human-demonstrated actions, leading to faster task comple-

tion compared to industry-standard baselines.

Second, we improve the efficiency of reinforcement learning for robotic manipulation tasks by

introducing a waypoint-based algorithm. This approach frames task learning as a sequence

of multi-armed bandit problems, where each bandit problem corresponds to a waypoint in

the robot’s trajectory. We introduce an approximate posterior sampling solution that builds

the robot’s motion one waypoint at a time. Our simulations and real-world experiments

show that this approach achieves faster learning than state-of-the-art baselines.

Finally, to address the challenge of manipulating a variety of objects, we introduce RIgid-

SOft (RISO) grippers that combine soft-switchable adhesives with standard rigid grippers



and propose a shared control framework that automates part of the grasping process. The

RISO grippers allow users to manipulate objects using either rigid or soft grasps, depending

on the task. Our user study reveals that, with the shared control framework and RISO grip-

pers, users were able to grasp and manipulate a wide range of household objects effectively.

The findings from this research emphasize the importance of integrating advanced learning

algorithms and control strategies to improve the capabilities of assistive robots in helping

users with their daily activities. By exploring different directions within the domain of assis-

tive robotics, this thesis contributes to the development of methods that enhance the overall

functionality of assistive robotic arms.



Enhancing Capabilities of Assistive Robotic Arms: Learning, Con-
trol, and Object Manipulation

Shaunak A. Mehta

(GENERAL AUDIENCE ABSTRACT)

In this thesis, we explore ways to make robotic arms attached to wheelchairs more helpful

for people with disabilities in their everyday lives. To be truly useful, these robots need to

understand a variety of tasks and be easy for users to control. Our focus is on developing

techniques that help these robots learn different tasks, handle different types of objects, and

make controlling them simpler.

The thesis is built around three main contributions. First, we introduce a way for robots to

learn how to perform complex tasks on their own and then simplify controlling robots for

those tasks so users can control the robot to perform different tasks using just a joystick.

We show through experiments that this approach helps people complete tasks faster than

systems that rely on human-taught actions.

Second, we improve how robots learn to perform tasks using a more efficient learning method.

This method breaks down tasks into smaller steps, and the robot learns how to move toward

each step more quickly. Our tests show that this approach speeds up the learning process

compared to other methods.

Finally, we address the challenge of handling different types of objects by developing a new

type of robotic gripper that combines soft and rigid gripping options. This gripper allows

users to pick up and manipulate a wide variety of household objects more easily, thanks to

a control system that helps automate part of the process. In our user study, people found it

easier to use the new gripper to handle different items.



Overall, this research highlights the importance of combining learning algorithms and user-

friendly controls to make assistive robots better at helping people with their daily tasks.

These contributions advance the development of robotic arms that can more effectively

assist users.
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3.1 Human teleoperating an assistive robot arm. We hypothesize that assistive

robots can learn useful teleoperation mappings without human supervision

by optimizing for high-entropy and object-related behaviors, and then em-

bedding those diverse actions into a user-controlled latent space. Here the

robot autonomously learns to map the user’s joystick inputs to dexterous,

coordinated motions that reach for the cup or open the drawer. . . . . . . . 11

3.2 Our proposed approach for learning assistive teleoperation mappings without

human supervision. (Left) Within a simulated environment the robot arm

learns autonomous behaviors that maximize object entropy — e.g., the robot

learns to open the drawer different amounts. (Middle) We then sample tra-

jectories from the trained robot, and aggregate state-action pairs across these

trajectories to form the dataset D. The robot embeds these diverse, object

related motions into latent actions by leveraging a state-conditioned autoen-

coder. (Right) We apply the learned decoder with a human-in-the-loop. The

decoder maps the human’s joystick inputs to coordinated, object-related ac-

tions — e.g., the human controls exactly how far the robot opens the drawer. 14

x



3.3 Simulated human controlling the Panda robot arm with learned latent actions.

We compare latent actions trained on human-provided kinesthetic demon-

strations ( ) and teleoperated demonstrations ( ) to our

unsupervised approach ( ). We also consider as the participants’

demonstrations become increasingly noisy and imperfect (� = 0:01, � = 0:1).

outperforms and noisy versions of , and is slightly

worse than (� = 0:0). Our method enables the robot to match prior

latent action approaches without requiring any human demonstrations. . . . 19

3.4 Follow-up experiment where we initialize our approach with human demon-

strations ( ). These demonstrations help our approach avoid

local minima (i.e., only reaching two cups), and our approach improves the

demonstrations by optimizing for other high-entropy behaviors. . . . . . . . 24

3.5 Task and results from our user study. Participants teleoperated the robot

arm to remove clutter (objects 1 and 2), pull the bowl closer to their person

(3), pick up the container (4) and pour it into the bowl, and finally drop

the container in the bin (5). We compare our unsupervised approach (where

participants interact with one joystick) to direct end-effector control (where

participants can use two joysticks and toggle between two modes). Partici-

pants completed the task more quickly with our approach, but their subjective

responses were mixed. Here � denotes p < :05 and �� denotes p < :07. . . . . 25



4.1 Our waypoint-based approach for model-free reinforcement learning in ma-

nipulation tasks. The robot arm learns where to place the next waypoint

to maximize its reward by solving a multi-armed bandit. We then freeze the

learned models for waypoint i, and repeat the process for waypoint i+1. This

approach learns the desired task across a distribution of initial states; i.e., the

location and angle of the drawers can change at each interaction. . . . . . . 30

4.2 Simulation environments and rewards for six manipulation tasks. These

benchmark tasks are taken from robosuite [1]. For each task the image on

the left shows the environment setup, and the plot on the right shows the

robot’s rewards averaged over five runs. Higher rewards indicate better task

performance. The dashed lines in the reward plots correspond to the episodes

where approach added a new waypoint to the trajectory. Adding these

new waypoints often causes a sharp increase in the robot’s reward. This sud-

den change occurs because the new waypoint enables the robot to complete

the next part of the task: e.g., in the robot needs one waypoint to grasp

the block and a second waypoint to lift the block. . . . . . . . . . . . . . . . 45



4.3 Setup and results from our real-world experiments in Section 4.5. In the

robot learned to pick up an item, and in it learned to open a drawer

(also see Figure 4.1). The robot measured the initial position of the item or

drawer as a part of the start state s0. learned a policy that often moved

to the object of interest, but did not correctly interact with that object. When

using , the robot built a trajectory of two waypoints: the first waypoint

grasped the object, and then the second waypoint interacted with that object

(e.g., picked the item up, pulled the drawer open). The dashed line in the

reward plots corresponds to the episode where robot added a second

waypoint to its trajectory. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.1 Human controlling an assistive robot arm and RIgid-SOft (RISO) gripper.

The RISO gripper is formed by mounting soft, switchable adhesives to the

bottom of a rigid, industry-standard, parallel mechanism. Using RISO grip-

pers robot arms can pick up large, rigid items (e.g., a jar of mustard) as well

as small, numerous, and fragile objects (e.g., a pile of candy). . . . . . . . . 52

5.2 Moving small, numerous objects with an industry-standard rigid gripper [2]

and our proposed RISO gripper. The robot was tasked with carrying 15

M&M’s from piles on the right side of the table to a plate on the left side

of the table. (Top) Using the standard rigid gripper the robot was only able

to move one item per interaction. (Bottom) By contrast, the RISO gripper

could pick up, hold, and release multiple small candies during each interaction. 53



5.3 Soft switchable adhesives used in the RISO gripper. (a) Active membrane-

foundation adhesives composed of a polydimethylsiloxane (PDMS) substrate,

a foam layer, and then a PDMS membrane. We attach these adhesives to the

bottom of the rigid gripper using 3D printed mounts. (b – e) Grasping and

releasing an object. For grasping, negative chamber pressures (P < 0) deflate

the membrane and cause the object to adhere to the foam foundation. For

releasing, positive pressures (P > 0) inflate the membrane and decrease the

contact area, reducing the adhesion force. . . . . . . . . . . . . . . . . . . . 55

5.4 Pneumatic control setup for the RISO gripper’s soft adhesives. (Left) The

pressure regulator inlet (Pin) is connected to a supply pressure of 5-10 Psi, and

the exhaust is connected to a vacuum pump. The pressure P of the output

chamber ranges from �13 to +2:9 Psi. (Right) Adhesion force increases as

we decrease P from positive to negative values. The robot arm communicates

with the pressure regulator to set P in real-time. . . . . . . . . . . . . . . . 57

5.5 RISO gripper picking up example objects from our user study. The first col-

umn demonstrates the use of the rigid mechanism, while columns 2-6 highlight

the soft adhesives. (Top Row) Images of the RISO gripper holding items.

(Bottom Row) 10 participants controlled the robot to try and grasp these

items using and . We plot the average

success per item across all users (i.e., the percentage of time that users were

able to pick up the target item). Success was comparable for and

when grasping an object using the rigid gripper (column 1). However,

outperformed when participants attempted to leverage the

soft adhesives (columns 2-6). . . . . . . . . . . . . . . . . . . . . . . . . . . . 63



5.6 Objective results from our user study. During this study we placed 15 house-

hold items on a table, and participants controlled the robot arm and RISO

gripper to pick up each object and drop it in a bin. We compared two control

approaches: , where the user teleoperated each step of the

process, and , where the autonomous robot helped to align

the RISO gripper for the human’s target object and grasp type.

led to a higher overall success rate ( ), less time spent pick-

ing up objects ( ), less robot motion ( ), and users

spent less time interacting with the joystick ( ). Error bars show

standard error and an � denotes statistical significance (p < :05). . . . . . . 67



4.1 Evaluation results. After training in Figure 4.2, we saved the learned mod-

els and evaluated their performance across 100 episodes. We report average

reward � standard error. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

5.1 Percentage of interactions where participants successfully picked up, moved,

and released each object in the user study. For the top three objects we

instructed participants to leverage the rigid gripper; participants used the

soft adhesive for the remaining items. . . . . . . . . . . . . . . . . . . . . . . 68

xvi



Robots have increasingly become integral to modern life, with their applications extending

far beyond traditional manufacturing environments into more interactive settings such as

healthcare and household settings. The advancements in robotic technology, particularly in

the fields of artificial intelligence and machine learning, have enabled robots to transition

from being purely industrial tools to becoming sophisticated systems capable of interacting

with humans and assisting them in meaningful ways. In these domains, teleoperated and

assistive robotic arms are now employed for a range of tasks, including surgical procedures

[3], rehabilitation [4, 5], elder care [6], and assistance with daily activities such as cleaning,

cooking, and organizing [7, 8]. Over one million adults living in America suffer from physical

disabilities and rely on caregivers to perform their daily activities [9].

Wheelchair-mounted robotic arms hold significant potential to assist users with performing

everyday tasks, thereby reducing their dependence on caregivers, especially in household ac-

tivities such as cooking, table setting, and cleaning. One key challenge in this domain lies in

the control of these robotic arms. Industry-standard wheelchair-mounted arms are typically

operated using a 2-degree-of-freedom (DoF) joystick, which users can manipulate to control

the robot arm’s movements [10]. However, controlling a high-dimensional robotic arm with a

low-dimensional input device like a 2-DoF joystick is inherently challenging. Users are often

required to switch between different modes on the joystick to manage various aspects of the

robot’s movement. For example, one mode might control movement in the x-y plane, while

1



another controls movement along the z axis and the arm’s roll orientation. If the assistive

robotic arm could perceive the environment and recognize the user’s intended task, it could

intelligently map the joystick inputs directly to specific tasks. This would enable users to

perform complex actions, such as manipulating objects in the environment, with minimal in-

put, potentially requiring just a single axis of joystick control. Recent research has explored

the possibility of learning such teleoperation mappings, where low-dimensional joystick in-

puts are translated into high-dimensional, task-specific robot actions [11, 12]. However, these

approaches typically require a non-disabled individual or caregiver to provide task-specific

demonstrations in the environment, from which the robot learns to map tasks to latent ac-

tions in a low-dimensional space. This reliance on a caregiver or expert for demonstrations

conflicts with the primary goal of reducing the dependence of disabled individuals on others.

One potential solution involves model-free learning techniques such as reinforcement learning

(RL) [13]. In this approach, the robot learns a policy to accomplish various tasks based on

predefined reward functions and then uses this policy to collect task-specific demonstrations

through multiple rollouts. While this method reduces the need for caregiver involvement,

it can be time-consuming, particularly when training in a new environment, as it requires

significant time to converge on effective task-specific policies.

Another major challenge in the use of assistive robots is enabling the robots to grasp an

manipulate diverse sets of objects in the environments ranging from small delicate items

such as candies to large heavy items such as a jar of mustard. The wheelchair mounted

assistive arms are generally equipped with industry standard rigid grippers [2, 14]. While

these grippers are effective for manipulating large and heavy objects, they often struggle with

manipulation of small and delicate objects. Recent advancements in soft robotic grippers

have shown promise in handling such delicate objects [15, 16, 17]. However, unlike their

rigid counterparts, soft grippers face limitations in manipulating large, heavy items. This



highlights the need for a versatile gripper that is capable of manipulating a diverse set of

objects.

In this thesis, we explore how robots can learn effective teleoperation mapping to assist

disabled users with the tasks of daily living that involve interacting with a diverse range

of objects. We are primarily focused on teaching robots to recognize the environment and

the task a user intends to perform and providing assistance in executing these tasks from

low-dimensional control inputs provided by the user. Overall, our contribution in this thesis

is three-fold:

In Chapter 3, we propose

a two-step approach to train a robot to perform diverse behaviors in the environment by

maximizing the object state entropy, followed by using an autoencoder to embed the learned

diverse behaviors into a low-dimensional latent space that can be leveraged by the users

to control the robot. We compare our proposed approach to latent actions learned with

human demonstrations. We show that latent actions learned using our proposed approach

lead to more successful task completion, particularly if the human demonstrations are noisy.

Finally, we conduct an in-person user study where non-disabled participants teleoperate a

robot arm using our proposed approach and an industry standard teleoperation baseline.

Our results show that using our proposed approach reduces the overall task completion time

for the users. This work has been published in [18].

In

Chapter 4, we focus on improving the learning efficiency of the reinforcement learning algo-

rithms. To that end, we use waypoints to formulate the model-free reinforcement learning

problem as a sequence of multi-armed bandits, where each bandit problem corresponds to

one waypoint along the robot’s trajectory. We theoretically demonstrate that this approach

has lower regret bounds than the existing reinforcement learning frameworks. We intro-



duce an algorithm that approximately solves the sequence of multi-armed bandits through

posterior sampling. In simulated benchmark environments and real world experiments, we

show that our proposed approach leads to higher rewards and faster learning as compared

to state-of-the-art baselines. This work has been published in [19].

In Chapter 5, we

introduce RIgid-SOft (RISO) grippers by attaching a novel class of soft switchable adhesives

to the bottom of industry standard grippers. When using the RISO gripper, the users may

leverage the rigid mechanism or the soft switchable adhesives to perform grasps. This results

is additional complexities when controlling a high-dimensional robot arm. Accordingly, we

formulate a shared control approach for the RISO grippers. We test the performance of the

RISO gripper and the shared control algorithm in an in-person user study, where the users

had to manipulate a diverse set of household objects. We compare the gripper’s performance

when it is fully teleoperated by the users and when it uses our shared control approach. Our

shared control approach leads to a lower human effort while achieving a higher success rate

in object grasping. This works has been published in [20].
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�?�m�K���M�@�T�`�Q�p�B�/�2�/ �/�2�K�Q�M�b�i�`���i�B�Q�M�b �Q�` �T�`�2�@�/�2�7�B�M�2�/ �i���b�F�b�\

�j�X�j �G�2���`�M�B�M�; �l�M�b�m�T�2�`�p�B�b�2�/ �G���i�2�M�i ���+�i�B�Q�M�b

�h�Q �H�2���`�M ���M ���b�b�B�b�i�B�p�2 �i�2�H�2�Q�T�2�`���i�B�Q�M �K���T�T�B�M�; �r�2 �`�2�i�m�`�M �i�Q �Q�m�` �B�M�b�B�;�?�i�, �?�m�K���M�b �Q�7�i�2�M �m�b�2

�`�Q�#�Q�i�b �i�Q ���H�i�2�` �i�?�2 �b�i���i�2 �Q�7 �Q�#�D�2�+�i�b ���`�Q�m�M�/ �i�?�2�K�X �S�m�i ���M�Q�i�?�2�` �r���v�- �i�?�2 �?�m�K���M�ö�b �D�Q�v�b�i�B�+�F

�B�M�T�m�i�b �b�?�Q�m�H�/ �+���m�b�2 �i�?�2 �`�Q�#�Q�i �i�Q �T�2�`�7�Q�`�K ���+�i�B�Q�M�b �H�B�F�2 �`�2���+�?�B�M�; �7�Q�`�- �T�B�+�F�B�M�; �m�T�- �K�Q�p�B�M�;�- �Q�T�2�M�@

�B�M�;�- �Q�` �`�Q�i���i�B�M�;�M�2���`�#�v �Q�#�D�2�+�i�b�X �P�7 �+�Q�m�`�b�2�- �M�Q�i ���H�H �Q�7 �i�?�2�b�2 ���+�i�B�Q�M�b ���T�T�H�v �i�Q �2�p�2�`�v �Q�#�D�2�+�i ��

���M �Q�T�2�M�B�M�; �K�Q�i�B�Q�M �K�B�;�?�i �+�?���M�;�2 �i�?�2 �b�i���i�2 �Q�7 �� �/�`���r�2�`�- �#�m�i �r�B�H�H �?���p�2 �M�Q �2�7�7�2�+�i �Q�M �� �+�m�T�X

�q�2 �i�?�2�`�2�7�Q�`�2 �T�`�Q�T�Q�b�2 ���M ���T�T�`�Q���+�? �r�?�2�`�2 �i�?�2 �`�Q�#�Q�i �b���K�T�H�2�b �2�M�p�B�`�Q�M�K�2�M�i�bM � p(M )�- ���M�/

���m�i�Q�M�Q�K�Q�m�b�H�v �H�2���`�M�b�/�B�p�2�`�b�2 ���+�i�B�Q�M�b �7�Q�` �i�?�2 �b�T�2�+�B�7�B�+ �Q�#�D�2�+�i�b �B�M �i�?�Q�b�2 �2�M�p�B�`�Q�M�K�2�M�i�b �U�b�2�2 �a�2�+�@

�i�B�Q�M�j�X�j�X�R�V�X �q�2 �i�?�2�M �2�K�#�2�/ �i�?�2�b�2 �/�B�p�2�`�b�2 �#�2�?���p�B�Q�`�b �B�M�i�Q �� �H�Q�r�@�/�B�K�2�M�b�B�Q�M���H �H���i�2�M�i ���+�i�B�Q�M

�b�T���+�2 �U�b�2�2 �a�2�+�i�B�Q�M�j�X�j�X�k�V�X �P�p�2�`���H�H�- �Q�m�` �m�M�b�m�T�2�`�p�B�b�2�/ ���T�T�`�Q���+�? �Q�m�i�H�B�M�2�/ �B�M �6�B�;�m�`�2�j�X�k�H�2���`�M�b

�H���i�2�M�i ���+�i�B�Q�M�b �i�?���i ���H�i�2�` �M�2���`�#�v �Q�#�D�2�+�i�b �U�2�X�;�X�- �T�`�2�b�b�B�M�; �`�B�;�?�i �i�Q �B�M�+�`�2���b�B�M�;�H�v �Q�T�2�M �i�?�2 �/�`���r�2�`�V�-

�2�M���#�H�B�M�; �i�?�2 �?�m�K���M �i�Q �i�2�H�2�Q�T�2�`���i�2 �i�?�2 �`�Q�#�Q�i ���+�`�Q�b�b �� �p���`�B�2�i�v �Q�7 �Q�#�D�2�+�i�@�`�2�H���i�2�/ �K�Q�i�B�Q�M�b �r�B�i�?�@

�Q�m�i �2�p�2�` �`�2�[�m�B�`�B�M�; �T�`�2�@�b�T�2�+�B�7�B�2�/ �i���b�F�b �Q�` �?�m�K���M �/�2�K�Q�M�b�i�`���i�B�Q�M�b�X �q�2 �2�K�T�?���b�B�x�2 �i�?���i �#�Q�i�?



�a�2�+�i�B�Q�M�b�j�X�j�X�R���M�/�j�X�j�X�k�Q�+�+�m�` �r�B�i�?�Q�m�i �� �?�m�K���M�@�B�M�@�i�?�2�@�H�Q�Q�T�, �Q�m�` �7�B�M���H �Q�m�i�T�m�i �B�b �i�?�2 �H�2���`�M�2�/

�/�2�+�Q�/�2�` �B�M �1�[�m���i�B�Q�M �U�j�X�R�V�- �r�?�B�+�? �B�b �i�?�2�M �H�2�p�2�`���;�2�/ �#�v �i�?�2 �?�m�K���M �i�Q �+�Q�M�i�`�Q�H �i�?�2 �`�Q�#�Q�i�X

�j�X�j�X�R �G�2���`�M�B�M�; �.�B�p�2�`�b�2 �"�2�?���p�B�Q�`�b

�A�M�i�`�B�M�b�B�+ �_�2�r���`�/�X�:�B�p�2�M �Q�M�2 �Q�` �K�Q�`�2 �2�M�p�B�`�Q�M�K�2�M�i�bM � p(M )�- �r�2 �r�B�H�H �H�2�p�2�`���;�2 �m�M�b�m�@

�T�2�`�p�B�b�2�/ �T�`�2�@�i�`���B�M�B�M�; �i�Q �B�/�2�M�i�B�7�v �/�B�p�2�`�b�2 �#�2�?���p�B�Q�`�b�X �_�2�+���H�H �i�?���iM �/�Q�2�b �M�Q�i �B�M�+�H�m�/�2 �� �`�2�r���`�/

�7�m�M�+�i�B�Q�M �b�B�M�+�2 �r�2 �/�Q �M�Q�i �F�M�Q�r �r�?���i �i���b�F�b �i�?�2 �?�m�K���M �?���b �B�M �K�B�M�/�X �A�M�b�i�2���/�- �r�2 �?�2�`�2 �b�T�2�+�B�7�v

���M�B�M�i�`�B�M�b�B�+�`�2�r���`�/ �7�m�M�+�i�B�Q�M �i�?���i �2�M�+�Q�m�`���;�2�b �i�?�2 �`�Q�#�Q�i �i�Q �/�Q �i�r�Q �i�?�B�M�;�b�, �U���V �K���t�B�K�B�x�2 �i�?�2

�Q�#�D�2�+�i �b�i���i�2 �2�M�i� �̀Q�T�v���M�/ �U�#�V �K�B�M�B�K�B�x�2 �i�?�2�/�B�b�i���M�+�2 �i�Q �Q�#�D�2�+�i�b�X �_�2�+���H�H �i�?���isO �+�Q�M�i���B�M�b �i�?�2

�b�i���i�2 �Q�7 �2���+�? �Q�#�D�2�+�i �B�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i�X �q�2 �r���M�i �i�Q ���H�i�2�` �i�?�Q�b�2 �Q�#�D�2�+�i�b �B�M �/�B�p�2�`�b�2 �r���v�b

�(�9�k�- �9�j�- �9�9�- �9�8�)�- �B�X�2�X�- �r�2 �r���M�i �i�Q �K���t�B�K�B�x�2 �i�?�2 �2�M�i�`�Q�T�v �Q�p�2�`p(sO )�X �"�m�i �i�Q �B�M�i�2�`���+�i �r�B�i�?

�Q�#�D�2�+�i�b �i�?�2 �`�Q�#�Q�i �K�m�b�i �7�B�`�b�i �`�2���+�? �i�?�2�K�, �?�2�M�+�2�- �r�2 �b�?���T�2 �i�?�2 �B�M�i�`�B�M�b�B�+ �`�2�r���`�/ �#�v �K�B�M�B�K�B�x�B�M�;

�i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2 �`�Q�#�Q�i�ö�b �2�M�/�@�2�7�7�2�+�i�Q�` ���M�/ �i�?�2 �+�H�Q�b�2�b�i �Q�#�D�2�+�io 2 sO �X �h�?�B�b �H�2���/�b �i�Q

�i�?�2 �`�2�r���`�/ �7�m�M�+�i�B�Q�M�,

r (s) = H(sO ) � �K�B�M
o2 sO

d(sR ; o) �U�j�X�k�V

�r�?�2�`�2H �B�b �i�?�2 �a�?���M�M�Q�M �2�M�i�`�Q�T�v ���M�/d(sR ; o) �B�b �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2 �`�Q�#�Q�i�ö�b �2�M�/�@�2�7�7�2�+�i�Q�`

���M�/ �Q�#�D�2�+�io�X �a�B�M�+�2 �+�Q�K�T�m�i�B�M�; �b�i���i�2 �2�M�i�`�Q�T�v �B�b �i�v�T�B�+���H�H�v �B�M�i�`���+�i���#�H�2�- �r�2 ���T�T�`�Q�t�B�K���i�2 �B�i �m�b�B�M�;

�i�?�2 �T���`�i�B�+�H�2�@�#���b�2�/ �2�b�i�B�K���i�2 �7�`�Q�K �G�B�m ���M�/ ���#�#�2�2�H �(�9�e�)�,

r (s) � �H�Q�;ksO � sk
Ok � �K�B�M

o2 sO
d(sR ; o) �U�j�X�j�V

�>�2�`�2sO �B�b �i�?�2 �+�m�`�`�2�M�i �b�i���i�2 �Q�7 �Q�#�D�2�+�i�b �B�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i ���M�/sk
O �B�b �i�?�2k�@�i�? �M�2���`�2�b�i �M�2�B�;�?�#�Q�`�X

���b �i�?�2 �`�Q�#�Q�i �B�M�i�2�`���+�i�b �r�B�i�? �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �B�i �K���B�M�i���B�M�b �� �`�2�T�H���v �#�m�7�7�2�` �Q�7 �`�2�+�2�M�i �Q�#�D�2�+�i

�b�i���i�2�b�, �i�Q �+�Q�K�T�m�i�2sk
O �i�?�2 �`�Q�#�Q�i �b�B�K�T�H�v �b�2���`�+�?�2�b �i�?�`�Q�m�;�? �i�?�B�b �#�m�7�7�2�`�X �A�M�i�m�B�i�B�p�2�H�v�- �i�?�2 �7�B�`�b�i

�i�2�`�K �B�M �1�[�m���i�B�Q�M �U�j�X�j�V �`�2�r���`�/�b �i�?�2 �`�Q�#�Q�i �7�Q�` �K�Q�p�B�M�; �Q�#�D�2�+�i�b �B�M�i�Q �� �b�i���i�2sO �i�?���i �B�b �p�2�`�v



�/�B�7�7�2�`�2�M�i �i�?���M �i�?�2 �Q�#�D�2�+�i �b�i���i�2�b �i�?�2 �`�Q�#�Q�i �?���b �`�2�+�2�M�i�H�v �Q�#�b�2�`�p�2�/�X

�_�2�B�M�7�Q�`�+�2�K�2�M�i �G�2���`�M�B�M�;�X�l�M�/�2�` �1�[�m���i�B�Q�M �U�j�X�j�V �i�?�2 �`�Q�#�Q�i �B�b �+�Q�M�b�i���M�i�H�v �b�2�2�F�B�M�; �M�2�r

���M�/ �m�M�B�[�m�2 �Q�#�D�2�+�i �b�i���i�2�b�X �_�2�i�m�`�M�B�M�; �i�Q �Q�m�` �2�t���K�T�H�2�- �B�K���;�B�M�2 �i�?���i �i�?�2 �`�Q�#�Q�i�+�H�Q�b�2�/�i�?�2

�/�`���r�2�` �/�m�`�B�M�; �i�?�2 �T�`�2�p�B�Q�m�b �B�M�i�2�`���+�i�B�Q�M �� �/�m�`�B�M�; �i�?�2 �M�2�t�i �B�M�i�2�`���+�i�B�Q�M�- �i�?�2 �`�Q�#�Q�i �+���M �B�M�+�`�2���b�2

�B�i�b �`�2�r���`�/ �#�v�Q�T�2�M�B�M�;�i�?�2 �/�`���r�2�`�X �q�2 ���+�+�Q�`�/�B�M�;�H�v �m�b�2 �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �i�Q �B�/�2�M�i�B�7�v

���m�i�Q�M�Q�K�Q�m�b �`�Q�#�Q�i �#�2�?���p�B�Q�`�b �i�?���i �K���t�B�K�B�x�2 �i�?�2 �/�B�b�+�Q�m�M�i�2�/ �b�m�K �Q�7 �`�2�r���`�/�b�,
P 1

t=0 
 t � r (st )�X

�a�T�2�+�B�7�B�+���H�H�v�- �r�2 ���T�T�H�v�a�Q�7�i ���+�i�Q�`�@�*�`�B�i�B�+�U�a���*�V�- ���M �Q�7�7�@�T�Q�H�B�+�v �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; ���T�T�`�Q���+�?

�7�Q�` �+�Q�M�i�B�M�m�Q�m�b �b�i���i�2 ���M�/ ���+�i�B�Q�M �b�T���+�2�b �(�3�d�)�X �q�?�2�M �m�b�B�M�; �Q�m�` �`�2�r���`�/ �7�`�Q�K �1�[�m���i�B�Q�M �U�j�X�j�V�-

�a���* �i�`���B�M�b �i�?�2 �`�Q�#�Q�i �i�Q �i���F�2 ���m�i�Q�M�Q�K�Q�m�b ���+�i�B�Q�M�ba �i�?���i �K���t�B�K�B�x�2 �i�?�2 �Q�#�D�2�+�i �b�i���i�2 �2�M�i�`�Q�T�v

���+�`�Q�b�b �i�?�2 �`�2�T�H���v �#�m�7�7�2�`�X �h�?�2 �Q�m�i�T�m�i �Q�7 �i�?�2 �7�B�`�b�i �T���`�i �Q�7 �Q�m�` ���T�T�`�Q���+�? �B�b �i�?�2�`�2�7�Q�`�2 ���H�2���`�M�2�/

� �̀Q�#�Q�i �T�Q�H�B�+�v� (a j s) �i�?���i �;�2�M�2�`���i�2�b �/�B�p�2�`�b�2�- �Q�#�D�2�+�i�@�`�2�H���i�2�/ �K�Q�i�B�Q�M�b�X

�j�X�j�X�k �1�K�#�2�/�/�B�M�; �.�B�p�2�`�b�2 �"�2�?���p�B�Q�` �i�Q �G���i�2�M�i ���+�i�B�Q�M�b

�.���i���b�2�i�X�A�M �i�?�2 �b�2�+�Q�M�/ �T���`�i �Q�7 �Q�m�` ���T�T�`�Q���+�? �r�2 �H�2�p�2�`���;�2 �i�?�2 �H�2���`�M�2�/ �#�2�?���p�B�Q�` �7�`�Q�K �a�2�+�@

�i�B�Q�M�j�X�j�X�R�i�Q �i�`���B�M �H���i�2�M�i ���+�i�B�Q�M�b�X �q�2 �b�i���`�i �r�B�i�? �T�Q�H�B�+�v� (a j s)�- �i�?�2 �`�2�b�m�H�i �Q�7 �m�M�b�m�T�2�`�p�B�b�2�/

�T�`�2�@�i�`���B�M�B�M�; ���+�`�Q�b�b �Q�M�2 �Q�` �K�Q�`�2 �2�M�p�B�`�Q�M�K�2�M�i�bM � p(M )�X �q�2 �`�2�T�2���i�2�/�H�v �`�Q�H�H�Q�m�i �i�?�B�b �T�Q�H�B�+�v

�i�Q �;�2�M�2�`���i�2 �`�Q�#�Q�i �i�`���D�2�+�i�Q�`�B�2�b� = (( s0; a0); (s1; a1); : : : (sT ; aT )) �X �"�2�+���m�b�2 �i�?�2 �`�Q�#�Q�i �?���b �#�2�2�M

�i�`���B�M�2�/ �i�Q �K���t�B�K�B�x�2 �Q�#�D�2�+�i �b�i���i�2 �2�M�i�`�Q�T�v�- �2���+�? �Q�7 �i�?�2�b�2 �i�`���D�2�+�i�Q�`�B�2�b �b�?�Q�m�H�/ �?���p�2 �� �/�B�7�7�2�`�2�M�i

�2�7�7�2�+�i �Q�M �Q�#�D�2�+�i�b �B�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i�, �2�X�;�X�- �Q�M�2 �i�`���D�2�+�i�Q�`�v �T�m�b�?�2�b �i�?�2 �+�m�T �7�Q�`�r���`�/�- ���M�Q�i�?�2�`

�T�B�+�F�b �B�i �m�T�- ���M�/ �� �i�?�B�`�/ �Q�T�2�M�b �i�?�2 �/�`���r�2�`�X �6�B�M���H�H�v�- �r�2 ���;�;�`�2�;���i�2 �i�?�2 �b�i���i�2�@���+�i�B�Q�M �T���B�`�b ���+�`�Q�b�b
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�i�?�2�B�` �H�Q�r�@�H�2�p�2�H �+�Q�M�i�`�Q�H�H�2�`�b �i�Q �i�`���+�F �� �`�2�7�2�`�2�M�+�2 �i�`���D�2�+�i�Q�`�v �(�N�9�-�N�8�)�X �>�Q�r�2�p�2�`�- �B�M �Q�`�/�2�` �i�Q �H�2���`�M

�i�?�2 �+�Q�`�`�2�+�i �r���v�T�Q�B�M�i�b �i�?���i �7�Q�`�K �i�?�2�b�2 �i�`���D�2�+�i�Q�`�B�2�b�- �i�?�2 �`�Q�#�Q�i �K�m�b�i �i�`���/�2�@�Q�7�7 ���M�/ �`�2���b�Q�M �#�2�@

�i�r�2�2�M �2�t�T�H�Q�`�B�M�; �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i ���M�/ �2�t�T�H�Q�B�i�B�M�; ���`�2���b �i�?���i �H�2���/ �i�Q �?�B�;�? �`�2�r���`�/�b�X �A�M�b�i�2���/ �Q�7

�7�Q�`�K�m�H���i�B�M�; �i�?�B�b �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �T�`�Q�#�H�2�K ���b �� �J���`�F�Q�p �.�2�+�B�b�B�Q�M �S�`�Q�+�2�b�b �� �� �b�i���M�/���`�/

���T�T�`�Q���+�? �7�Q�` �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �B�M �`�Q�#�Q�i�B�+�b �(�R�j�) �� �Q�m�` �B�M�b�B�;�?�i �B�b �i�?���i�,

�1���+�? �r���v�T�Q�B�M�i �B�b �� �+�Q�M�i�B�M�m�Q�m�b �K�m�H�i�B�@���`�K�2�/ �#���M�/�B�i �T� �̀Q�#�H�2�K�- �r�?�2� �̀2 �i�?�2 ���`�K �B�b �i�?�2 �r���v�T�Q�B�M�i

�b�2�H�2�+�i�2�/ �#�v �i�?�2 � �̀Q�#�Q�i ���M�/ �i�?�2 � �̀2�r��� �̀/ �i�Q �K�Q�p�B�M�; �i�Q �i�?���i �r���v�T�Q�B�M�i �B�b �m�M�F�M�Q�r�M �� �T�`�B�Q�`�B�X

�l�b�B�M�; �i�?�B�b �B�M�b�B�;�?�i�- �r�2 �T�`�Q�T�Q�b�2 ���M ���T�T�`�Q���+�? �i�?���i �#�m�B�H�/�b �i�`���D�2�+�i�Q�`�B�2�b �Q�M�2 �r���v�T�Q�B�M�i ���i �� �i�B�K�2

�i�Q �K���t�B�K�B�x�2 �i�?�2 �`�Q�#�Q�i �`�2�+�2�B�p�2�/ �#�v �i�?�2 �`�Q�#�Q�i�X �q�2 �7�Q�`�K�m�H���i�2 �i�?�2 �K�Q�/�2�H�@�7�`�2�2 �`�2�B�M�7�Q�`�+�2�K�2�M�i

�H�2���`�M�B�M�; �T�`�Q�#�H�2�K �7�Q�` �`�Q�#�Q�i �K���M�B�T�m�H���i�B�Q�M �i���b�F�b ���b �� �b�2�[�m�2�M�+�2 �Q�7 �+�Q�M�i�B�M�m�Q�m�b �K�m�H�i�B�@���`�K�2�/

�#���M�/�B�i�b�- �r�?�2�`�2 �2���+�? �#���M�/�B�i �T�`�Q�#�H�2�K �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �Q�M�2 �r���v�T�Q�B�M�i ���H�Q�M�; �i�?�2 �`�Q�#�Q�i�ö�b �i�`���D�2�+�i�Q�`�v�X

�q�2 �i�?�2�Q�`�2�i�B�+���H�H�v �/�2�K�Q�M�b�i�`���i�2 �i�?���i �i�?�B�b �T�`�Q�T�Q�b�2�/ �7�Q�`�K�m�H���i�B�Q�M �H�2���/�b �i�Q �H�Q�r�2�` �`�2�;�`�2�i �#�Q�m�M�/�b ���b

�+�Q�K�T���`�2�/ �i�Q �i�?�2 �2�t�B�i�B�M�; �7�`���K�2�r�Q�`�F�b�X �q�2 �i�?�2�M �B�M�i�`�Q�/�m�+�2 ���M ���H�;�Q�`�B�i�?�K �i�?���i ���T�T�`�Q�t�B�K���i�2�H�v

�b�Q�H�p�2�b �i�?�2 �b�2�[�m�2�M�+�2 �Q�7 �K�m�H�i�B�@���`�K�2�/ �#���M�/�B�i�b �i�?�`�Q�m�;�? �T�Q�b�i�2�`�B�Q�` �b���K�T�H�B�M�; �#�v �K���B�M�i���B�M�B�M�; ���M

�2�M�b�2�K�#�H�2 �Q�7 �K�Q�/�2�H�b �i�Q �2�b�i�B�K���i�2 �i�?�2 �`�2�r���`�/ �7�m�M�+�i�B�Q�M �7�Q�` �� �;�B�p�2�M �r���v�T�Q�B�M�i�X ���i �2���+�? �B�M�i�2�`���+�i�B�Q�M�-

�i�?�2 �`�Q�#�Q�i �H�2�p�2�`���;�2�b �+�Q�M�b�i�`���B�M�2�/ �Q�T�i�B�K�B�x���i�B�Q�M �i�Q �b�2�H�2�+�i �� �r���v�T�Q�B�M�i �i�?���i �K���t�B�K�B�x�2�b �B�i�b �+�m�`�`�2�M�i



�2�b�i�B�K���i�2 �Q�7 �i�?�2 �`�2�r���`�/ �7�m�M�+�i�B�Q�M�X �:�Q�B�M�; �#���+�F �i�Q �Q�m�` �2�t���K�T�H�2 �B�M �6�B�;�m�`�2�9�X�R�- �Q�m�` ���H�;�Q�`�B�i�?�K

�H�2���/�b �i�?�2 �`�Q�#�Q�i �i�Q �B�i�2�`���i�B�p�2�H�v �b���K�T�H�2 �� �r���v�T�Q�B�M�i �7�Q�H�H�Q�r�2�/ �#�v �`�Q�H�H�B�M�; �Q�m�i �i�?�2 �� �i�`���D�2�+�i�Q�`�v �i�?���i

�i�2�`�K�B�M���i�2�b ���i �i�?���i �r���v�T�Q�B�M�i �U�2�X �;�X �i�`�v�B�M�; �i�Q �`�2���+�? �b�Q�K�2 �T�Q�B�M�i �i�Q �i�?�2 �H�2�7�i �Q�7 �i�?�2 �/�`���r�2�`�V�X

�"���b�2�/ �Q�M �i�?�2 �`�2�r���`�/�b �`�2�+�2�B�p�2�/ �7�Q�` �`�Q�H�H�B�M�; �Q�m�i �i�?�B�b �i�`���D�2�+�i�Q�`�v�- �i�?�2 �`�Q�#�Q�i �m�T�/���i�2�b �B�i�b �2�b�i�B�K���i�2 �Q�7

�i�?�2 �r���v�T�Q�B�M�i �`�2�r���`�/ ���M�/ �Q�T�i�B�K�B�x�2�b �i�?�2 �T�H���+�2�K�2�M�i �Q�7 �i�?�2 �+�m�`�`�2�M�i �r���v�T�Q�B�M�i �U�2�X �;�X�- �+�Q�`�`�2�+�i�H�v

�`�2���+�?�B�M�; �7�Q�` �i�?�2 �/�`���r�2�` �?���M�/�H�2 �/�m�`�B�M�; �i�?�2 �M�2�t�i �`�Q�H�H�@�Q�m�i�V�X �h�?�2 �`�Q�#�Q�i �i�?�2�M �b���p�2�b �r�?���i �B�i

�?���b �H�2���`�M�2�/ ���#�Q�m�i �i�?�2 �+�m�`�`�2�M�i �r���v�T�Q�B�M�ii ���M�/ �`�2�T�2���i�b �i�?�B�b �T�`�Q�+�2�b�b �7�Q�` �i�?�2 �M�2�t�i �r���v�T�Q�B�M�i

i + 1 �X �A�M �Q�m�` �2�t�T�2�`�B�K�2�M�i�b�- �r�2 �b�?�Q�r �i�?���i �m�b�B�M�; �Q�m�` �T�`�Q�T�Q�b�2�/ ���T�T�`�Q���+�? �i�?�2 �`�Q�#�Q�i �H�2���`�M�b �i�Q

�+�Q�K�T�H�2�i�2 �/�B�7�7�2�`�2�M�i �K���M�B�T�m�H���i�B�Q�M �i���b�F�b �B�M �7�2�r�2�` �B�M�i�2�`���+�i�B�Q�M�b ���b �+�Q�K�T���`�2�/ �i�Q �i�?�2 �b�i���i�2�@�Q�7�@�i�?�2�@

���`�i �#���b�2�H�B�M�2�b�X

�9�X�k �S�`�Q�#�H�2�K �6�Q�`�K�m�H���i�B�Q�M

�q�2 �+�Q�M�b�B�/�2�` �b�2�i�i�B�M�;�b �B�M �r�?�B�+�? �� �`�Q�#�Q�i ���`�K �B�b �;�B�p�2�M �i�?�2 �`�2�r���`�/ �7�m�M�+�i�B�Q�M �7�Q�` �� �K���M�B�T�m�H���i�B�Q�M

�i���b�F�- ���M�/ �i�?�2 �`�Q�#�Q�i �K�m�b�i �H�2���`�M �i�Q �Q�T�i�B�K�B�x�2 �i�?�B�b �`�2�r���`�/ �r�B�i�?�Q�m�i �`�2�H�v�B�M�; �Q�M �� �K�Q�/�2�H �Q�7 �i�?�2

�2�M�p�B�`�Q�M�K�2�M�i�X �J�Q�/�2�H�@�7�`�2�2 �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; ���T�T�`�Q���+�?�2�b �+���M ���H�`�2���/�v �#�2 ���T�T�H�B�2�/ �i�Q �i�?�2�b�2

�T�`�Q�#�H�2�K�b �b�2�i�i�B�M�;�b�c �?�Q�r�2�p�2�`�- �+�m�`�`�2�M�i ���T�T�`�Q���+�?�2�b �Q�7�i�2�M �i���F�2 �i�?�Q�m�b���M�/�b �i�Q �K�B�H�H�B�Q�M�b �Q�7 �`�Q�H�H�@�Q�m�i�b

�i�Q �H�2���`�M �#�2�M�+�?�K���`�F �i���b�F�b �(�R�j�-�9�N�)�X �h�Q �H�2���`�M �i�?�2�b�2 �b���K�2 �i���b�F�b �B�M �7�2�r�2�` �B�M�i�2�`���+�i�B�Q�M�b�- �r�2 �r�B�H�H

�T�`�2�b�2�M�i �� �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; ���T�T�`�Q���+�? �r�?�2�`�2 �i�?�2 �`�Q�#�Q�i ���`�K �K�Q�p�2�b �#�2�i�r�2�2�M �b�2�[�m�2�M�i�B���H�H�v

�T�H���+�2�/ �r���v�T�Q�B�M�i�b�X

�J�.�S�X �_�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �b�2�2�F�b �i�Q �K���t�B�K�B�x�2 �i�?�2 �2�t�T�2�+�i�2�/ �+�m�K�m�H���i�B�p�2 �`�2�r���`�/ ���+�`�Q�b�b ��

�7�B�M�B�i�2�@�?�Q�`�B�x�Q�M �J���`�F�Q�p �.�2�+�B�b�B�Q�M �S�`�Q�+�2�b�b �U�J�.�S�VM = hS; A ; f; r; H; s 0i �X �>�2�`�2s 2 S �B�b �i�?�2

�r�Q�`�H�/ �b�i���i�2 ���M�/a 2 A �B�b �i�?�2 �`�Q�#�Q�i ���`�K�ö�b ���+�i�B�Q�M�X �_�2�i�m�`�M�B�M�; �i�Q �Q�m�` �K�Q�i�B�p���i�B�M�; �2�t���K�T�H�2

�Q�7 �Q�T�2�M�B�M�; �� �/�`���r�2�`�-s �B�M�+�H�m�/�2�b �i�?�2 �`�Q�#�Q�i�ö�b �T�Q�b�2 ���M�/ �i�?�2 �T�Q�b�B�i�B�Q�M ���M�/ �/�B�b�T�H���+�2�K�2�M�i �Q�7 �i�?�2

�/�`���r�2�`�- ���M�/a �B�b �i�?�2 �`�Q�#�Q�i�ö�b �2�M�/�@�2�7�7�2�+�i�Q�` �p�2�H�Q�+�B�i�v�X ���i �2���+�? �i�B�K�2�b�i�2�Tt �i�?�2 �`�Q�#�Q�i �`�2�+�2�B�p�2�b �`�2�r���`�/



r (st ) ���M�/ �i�`���M�b�B�i�B�Q�M�b �#�2�i�r�2�2�M �b�i���i�2�b �#���b�2�/ �Q�M �i�?�2 �/�v�M���K�B�+�bst+1 = f (st ; at )�X �h�?�2�b�2 �/�v�M���K�B�+�b

���`�2�m�M�F�M�Q�r�M�, �i�?�2 �`�Q�#�Q�i �/�Q�2�b �M�Q�i �?���p�2 ���+�+�2�b�b �i�Q �� �K�Q�/�2�H �Q�7 �?�Q�r �B�i�b �2�M�/�@�2�7�7�2�+�i�Q�` �p�2�H�Q�+�B�i�v �r�B�H�H

���7�7�2�+�i �i�?�2 �/�B�b�T�H���+�2�K�2�M�i �Q�7 �i�?�2 �/�`���r�2�` �Q�` �Q�i�?�2�` �2�M�p�B�`�Q�M�K�2�M�i �p���`�B���#�H�2�b�X �"�v �+�Q�M�i�`���b�i�- �r�2 ���b�b�m�K�2

�i�?���i �i�?�2 �`�2�r���`�/ �7�m�M�+�i�B�Q�Mr : S ! R �B�b�F�M�Q�r�M�X �6�Q�` �B�M�b�i���M�+�2�- �i�?�2 �`�Q�#�Q�i �Q�#�b�2�`�p�2�b+1 �`�2�r���`�/

���i �b�i���i�2�b �r�?�2�`�2 �i�?�2 �/�`���r�2�` �B�b �Q�T�2�M �U�B�X�2�X�- �i�?�2 �/�`���r�2�`�ö�b �/�B�b�T�H���+�2�K�2�M�i �2�t�+�2�2�/�b �� �i�?�`�2�b�?�Q�H�/�V�X

�h�?�2 �`�Q�#�Q�i �`�2�T�2���i�2�/�H�v ���i�i�2�K�T�i�b �i�Q �+�Q�K�T�H�2�i�2 �i�?�2 �b���K�2 �i���b�F �B�M �B�i�b �2�M�p�B�`�Q�M�K�2�M�i ���M�/ �Q�T�i�B�K�B�x�2

�i�?�2 �J�.�SM �X �1���+�? �B�M�i�2�`���+�i�B�Q�M �U�B�X�2�X�- �2���+�? �2�T�B�b�Q�/�2�V �H���b�i�b �7�Q�` �� �i�Q�i���H �Q�7H �i�B�K�2�b�i�2�T�b�X �"�2�i�r�2�2�M

�B�M�i�2�`���+�i�B�Q�M�b �i�?�2 �r�Q�`�H�/ �`�2�b�2�i�b �i�Q �i�?�2 �b�i���`�i �b�i���i�2s0 2 S �U�B�X�2�X�- �i�?�2 �/�`���r�2�` �B�b �+�H�Q�b�2�/ ���M�/ �i�?�2

�`�Q�#�Q�i �`�2�i�m�`�M�b �i�Q �B�i�b �?�Q�K�2 �T�Q�b�B�i�B�Q�M�V�X �G�2�iK �#�2 �i�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 �B�M�i�2�`���+�i�B�Q�M�b�- �B�X�2�X�- �i�?�2 �i�Q�i���H

�M�m�K�#�2�` �Q�7 �i�B�K�2�b �i�?�2 �`�Q�#�Q�i �+���M ���i�i�2�K�T�i �i�Q �T�2�`�7�Q�`�K �i�?�2 �i���b�F�X

�_�2�;�`�2�i�X�.�m�`�B�M�; �2���+�? �B�M�i�2�`���+�i�B�Q�M �i�?�2 �b�v�b�i�2�K �p�B�b�B�i�b �� �i�`���D�2�+�i�Q�`�v �Q�7 �r�Q�`�H�/ �b�i���i�2�b� = f s0; : : : ; sH g�-

�b�m�+�? �i�?���i� k �B�b �i�?�2 �b�v�b�i�2�K �i�`���D�2�+�i�Q�`�v �7�Q�` �i�?�2k�@�i�? �B�M�i�2�`���+�i�B�Q�M �Uk � K �V�X �_�2�K�2�K�#�2�`�B�M�; �i�?���i

r (s) �B�b �i�?�2 �`�2�r���`�/ ���i �� �;�B�p�2�M �b�i���i�2�- �r�2 �/�2�7�B�M�2R(� ) =
P

s2 � r (s) ���b �i�?�2 �i�Q�i���H �`�2�r���`�/ ���+�`�Q�b�b

�i�`���D�2�+�i�Q�`�v� �X �P�m�` �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �B�/�2�M�i�B�7�v �i�`���D�2�+�i�Q�`�B�2�b �i�?���i �K�B�M�B�K�B�x�2 �`�2�;�`�2�i�X �*�Q�M�b�B�b�i�2�M�i �r�B�i�?
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�7�Q�` �K�m�H�i�B�@���`�K�2�/ �#���M�/�B�i �T�`�Q�#�H�2�K �(�8�N�)�X �h�?�2 �+�Q�`�2 �B�/�2�� �B�M �T�Q�b�i�2�`�B�Q�` �b���K�T�H�B�M�; �B�b �i�Q �K���B�M�i���B�M ��

�/�B�b�i�`�B�#�m�i�B�Q�M �Q�p�2�` �i�?�2 �m�M�F�M�Q�r�M �`�2�r���`�/ �T���`���K�2�i�2�`�b� �c ���i �2���+�? �B�i�2�`���i�B�Q�M�- �i�?�2 �`�Q�#�Q�i �b���K�T�H�2�b

�� �p���H�m�2 �Q�7� �7�`�Q�K �i�?�2 �T�Q�b�i�2�`�B�Q�` ���M�/ �i�?�2�M �`�Q�H�H�b�@�Q�m�i �i�?�2 �#���M�/�B�i ���`�K �i�?���i �K���t�B�K�B�x�2�b �`�2�r���`�/

R� �X �"���b�2�/ �Q�M �i�?�2 �K�2���b�m�`�2�/ �`�2�r���`�/ �7�`�Q�K �i�?�B�b �`�Q�H�H�@�Q�m�i�- �i�?�2 �`�Q�#�Q�i �m�T�/���i�2�b �B�i�b �/�B�b�i�`�B�#�m�i�B�Q�M

�Q�p�2�`� ���M�/ �i�?�2�M �`�2�T�2���i�b �i�?�2 �T�`�Q�+�2�b�b �m�b�B�M�; �i�?�2 �M�2�r �T�Q�b�i�2�`�B�Q�`�X �l�M�7�Q�`�i�m�M���i�2�H�v�- �r�2 �+���M�M�Q�i �/�B�@

�`�2�+�i�H�v ���T�T�H�v �T�Q�b�i�2�`�B�Q�` �b���K�T�H�B�M�; �#�2�+���m�b�2 �Q�m�` �b�i���i�2 ���M�/ �T���`���K�2�i�2�` �b�T���+�2�b ���`�2 �+�Q�M�i�B�M�m�Q�m�b ���M�/

�?�B�;�?�@�/�B�K�2�M�b�B�Q�M���H�X �A�M�b�i�2���/�- �Q�m�` ���H�;�Q�`�B�i�?�K ���T�T�`�Q�t�B�K���i�2�b �i�?�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �i�?�`�Q�m�;�?

���M�2�M�b�2�K�#�H�2�Q�7 �`�2�r���`�/ �K�Q�/�2�H�b �(�e�R�-�e�k�)�X �"�2�H�Q�r �r�2 �2�t�T�H���B�M �?�Q�r �r�2 �H�2���`�M �i�?�B�b �2�M�b�2�K�#�H�2 �r�B�i�?�B�M

�J���" Bi �- ���M�/ ���H�b�Q �?�Q�r �r�2 �7�`�2�2�x�2 �i�?�2 �H�2���`�M�2�/ �r�2�B�;�?�i�b �r�?�2�M �i�`���M�b�B�i�B�Q�M�B�M�; �i�Q �i�?�2 �M�2�t�i �J���"

Bi +1 �X

���H�;�Q�`�B�i�?�K�X�a�2�2 ���H�;�Q�`�B�i�?�K�R�7�Q�` �Q�m�` �T�`�Q�T�Q�b�2�/ ���T�T�`�Q���+�?�X �P�m�` �K�2�i�?�Q�/ �B�b �+�Q�K�T�Q�b�2�/ �Q�7 �i�r�Q

�K���B�M �T���`�i�b �i�Q �K�B�`�`�Q�` �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �b�2�[�m�2�M�i�B���H �K�m�H�i�B�@���`�K�2�/ �#���M�/�B�i�b �U�a�2�+�i�B�Q�M�9�X�j�X�R�V�X�q�B�i�?�B�M

�� �;�B�p�2�M �J���" �i�?�2 �`�Q�#�Q�i ���T�T�`�Q�t�B�K���i�2�b �T�Q�b�i�2�`�B�Q�` �b���K�T�H�B�M�; �i�?�`�Q�m�;�? ���M �2�M�b�2�K�#�H�2 �Q�7 �`�2�r���`�/

�K�Q�/�2�H�b�- ���M�/ �b�2�H�2�+�i�b �i�?�2 �M�2�t�i �r���v�T�Q�B�M�i �i�Q �K���t�B�K�B�x�2 �i�?�2 �2�b�i�B�K���i�2�/ �`�2�r���`�/�X�"�2�i�r�2�2�M�J���"�b

�i�?�2 �`�Q�#�Q�i �b���p�2�b �i�?�2�b�2 �i�`���B�M�2�/ �`�2�r���`�/ �K�Q�/�2�H�b�c �/�m�`�B�M�; �7�m�i�m�`�2 �J���"�b �i�?�2 �`�Q�#�Q�i �+���M �`�2�7�2�` �#���+�F

�i�Q �i�?�2 �b���p�2�/ �K�Q�/�2�H�b �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �T�`�2�p�B�Q�m�b �r���v�T�Q�B�M�i�b ���H�Q�M�; �B�i�b �i�`���D�2�+�i�Q�`�v�X

�q�B�i�?�B�M �J���"�b�X���i �i�?�2 �b�i���`�i �Q�7 �J���"Bi �i�?�2 �`�Q�#�Q�i �B�M�B�i�B���H�B�x�2�b ���M �2�M�b�2�K�#�H�2 �Q�7N �`�2�r���`�/

�K�Q�/�2�H�b �U�H�B�M�2�b4� 6�V�X �h�?�2�b�2 �`�2�r���`�/ �K�Q�/�2�H�b �2�b�i�B�K���i�2 �i�?�2 �m�M�F�M�Q�r�M �`�2�r���`�/ �7�m�M�+�i�B�Q�MR� i (s
0; � i )

�7�`�Q�K �1�[�m���i�B�Q�M �U�9�X�j�V�X �h�?�B�b �2�M�b�2�K�#�H�2 �Q�7 �`�2�r���`�/ �K�Q�/�2�H�b ���T�T�`�Q�t�B�K���i�2�b �i�?�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M

�Q�p�2�`� i �X �h�?�2 �`�Q�#�Q�i �b���K�T�H�2�b �7�`�Q�K �i�?�B�b �2�M�b�2�K�#�H�2 �i�Q �2�b�i�B�K���i�2 �i�?�2 �`�2�r���`�/ �7�Q�` �i�?�2 �+�m�`�`�2�M�i

�B�M�i�2�`���+�i�B�Q�M �U�H�B�M�214�V�- ���M�/ ���T�T�H�B�2�b �+�Q�M�b�i�`���B�M�2�/ �Q�T�i�B�K�B�x���i�B�Q�M �i�Q �B�/�2�M�i�B�7�v �i�?�2 �M�2�t�i �r���v�T�Q�B�M�isi
R

�i�?���i �K���t�B�K�B�x�2�b �i�?�2 �b���K�T�H�2�/ �`�2�r���`�/ �U�H�B�M�2�b15� 16�V�X �h�?�2 �`�Q�#�Q�i �i�?�2�M �`�Q�H�H�b�@�Q�m�i �i�?�2 �`�2�b�m�H�i�B�M�;

�i�`���D�2�+�i�Q�`�v� �B�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �m�b�B�M�; �B�i�b �H�Q�r�@�H�2�p�2�H �+�Q�M�i�`�Q�H�H�2�` �U�H�B�M�2�b17 � 18�V�X �q�2 �`�2�+�Q�`�/

�i�?�2 �B�M�B�i�B���H �r�Q�`�H�/ �b�i���i�2�- �i�?�2 �`�Q�#�Q�i�ö�b �i�`���D�2�+�i�Q�`�v �Q�7 �r���v�T�Q�B�M�i�b�- ���M�/ �i�?�2 �K�2���b�m�`�2�/ �`�2�r���`�/ �U�B�X�2�X�-



���H�;�Q�`�B�i�?�K �R�G�2���`�M�B�M�; �q���v�T�Q�B�M�i�b �p�B�� �S�Q�b�i�2�`�B�Q�` �a���K�T�H�B�M�;

�R�,�A�M�B�i�B���H�B�x�2 �#�m�7�7�2�` �Q�7 �`�2�r���`�/ �K�Q�/�2�H�bR = fg
�k�, �A�M�B�i�B���H�B�x�2 �r���v�T�Q�B�M�i �B�M�/�2�ti = 0
�j�, �r�?�B�H�2i < T �/�Q
�9�, i  i + 1 . �h�`���M�b�B�i�B�Q�M �i�Q �M�2�t�i �r���v�T�Q�B�M�i
�8�, �A�M�B�i�B���H�B�x�2N �`�2�r���`�/ �K�Q�/�2�H�b �r�B�i�? �r�2�B�;�?�i�b� i; 1; : : : � i;N

�e�, �A�M�B�i�B���H�B�x�2 �/���i���b�2�iD  fg
�d�, �7�Q�`�2���+�? �B�M�i�2�`���+�i�B�Q�M �B�M �J���"Bi �/�Q
�3�, �J�2���b�m�`�2 �r�Q�`�H�/ �b�i���`�i �b�i���i�2s0

�N�, �A�M�B�i�B���H�B�x�2 �i�`���D�2�+�i�Q�`�v�  fg . �"�m�B�H�/ �i�`���D�2�+�i�Q�`�v
�R�y�, �7�Q�`j = 1; � � � ; i � 1 �/�Q

�R�R�, sj
R  ���`�; �K���tSR

1
N

P N
n=1 R� j;n (s0; (�; s R ))

�R�k�, �  (�; s j
R ) . ���/�/ �T�`�2�p�B�Q�m�b �r���v�T�Q�B�M�i�b

�R�j�, �2�M�/ �7�Q�`
�R�9�, �a���K�T�H�2 �Q�M�2 �Q�` �K�Q�`�2 �B�M�/�B�+�2�bn � �m�M�B�7�Q�`�K(1; N )
�R�8�, si

R  ���`�; �K���tSR R� i;n (s0; (�; s R ))
�R�e�, �  (�; s i

R ) . ���/�/ i �@�i�? �r���v�T�Q�B�M�i
�R�d�, �_�Q�H�H�@�Q�m�i �i�`���D�2�+�i�Q�`�v� �B�M �J�.�SM
�R�3�, �J�2���b�m�`�2 �`�2�r���`�/R �7�Q�` �/���i���b�2�iD  (s0; �; R )
�R�N�, �7�Q�`�2���+�? �`�2�r���`�/ �K�Q�/�2�Hn �/�Q
�k�y�, L  

P
(s0 ;�;R )2D kR� i;n (s0; � ) � Rk

�k�R�, �l�T�/���i�2 �r�2�B�;�?�i�b� i;n �i�Q �K�B�M�B�K�B�x�2 �H�Q�b�bL
�k�k�, �2�M�/ �7�Q�`
�k�j�, �2�M�/ �7�Q�`
�k�9�, R  (� i; 1; : : : � i;N ) . �a���p�2 �H�2���`�M�2�/ �`�2�r���`�/ �K�Q�/�2�H�b
�k�8�,�2�M�/ �r�?�B�H�2

�r�?�2�i�?�2�` �i�?�2 �/�`���r�2�` �r���b �Q�T�2�M�2�/ �/�m�`�B�M�; �i�?�2 �B�M�i�2�`���+�i�B�Q�M�V�X �A�M �H�B�M�2�b19� 21 �i�?�2 �`�Q�#�Q�i �m�T�/���i�2�b �B�i�b

�T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �Q�p�2�`� i �#�v �i�`���B�M�B�M�; �2���+�? �`�2�r���`�/ �K�Q�/�2�H �i�Q �K���i�+�? �i�?�2 �K�2���b�m�`�2�/ �`�2�r���`�/�b

�� �Q�p�2�` �`�2�T�2���i�2�/ �B�M�i�2�`���+�i�B�Q�M�b�- �i�?�2 �2�M�b�2�K�#�H�2 �Q�7 �`�2�r���`�/ �K�Q�/�2�H�b �b�?�Q�m�H�/ �+�Q�M�p�2�`�;�2 �i�Q�r���`�/�b �i�?�2

�i�`�m�2 �`�2�r���`�/ �7�m�M�+�i�B�Q�MR� i (s
0; � i )�X �h�?�B�b �`�2�b�m�H�i�b �B�M �r���v�T�Q�B�M�i�bsi

R �r�?�B�+�? �K���t�B�K�B�x�2 �i�?�2 �i�`���D�2�+�i�Q�`�v

�`�2�r���`�/ ���M�/ �+�Q�K�T�H�2�i�2 �i�?�2 �M�2�t�i �b�i���;�2 �Q�7 �i�?�2 �i���b�F �U�B�X�2�X�- �`�2���+�? �7�Q�` �i�?�2 �?���M�/�H�2 �Q�` �T�m�H�H �i�?�2 �/�`���r�2�`

�Q�T�2�M�V�X �A�M �T�`���+�i�B�+�2�- �b���K�T�H�B�M�; �7�`�Q�K ���M �2�M�b�2�K�#�H�2 �Q�7 �K�Q�/�2�H�b �+���m�b�2�b �i�?�2 �`�Q�#�Q�i �i�Q �i�`���/�2�@�Q�7�7

�#�2�i�r�2�2�M �2�t�T�H�Q�`�B�M�; �M�2�r �r���v�T�Q�B�M�i�b ���M�/ �2�t�T�H�Q�B�i�B�M�; �i�?�2 �#�2�b�i �T�2�`�7�Q�`�K�B�M�; �r���v�T�Q�B�M�i�b�X

�"�2�i�r�2�2�M �J���"�b�X�h�?�2 �T�`�Q�+�2�b�b �r�2 �?���p�2 �/�2�b�+�`�B�#�2�/ �b�Q �7���` �/�2�i�2�`�K�B�M�2�b �i�?�2i �@�i�? �r���v�T�Q�B�M�i



���H�Q�M�; �i�?�2 �i�`���D�2�+�i�Q�`�v�X �"�m�i �r�?���i ���#�Q�m�i �i�?�2 �T�`�2�p�B�Q�m�b �r���v�T�Q�B�M�i�bj = 1 �i�Qj = i � 1�\ ���7�i�2�`

�+�Q�K�T�H�2�i�B�M�; �J���"Bi � 1 �i�?�2 �`�Q�#�Q�i �b���p�2�b �i�?�2 �2�M�b�2�K�#�H�2 �Q�7 �`�2�r���`�/ �K�Q�/�2�H�b �B�i �?���b �H�2���`�M�2�/ �U�H�B�M�2

24�V �q�?�2�M �i�?�2 �`�Q�#�Q�i �K�Q�p�2�b �Q�M �i�Q �i�?�2 �M�2�t�i �J���"Bi �- �r�2 �H�2�p�2�`���;�2 �i�?�2�b�2 �b���p�2�/ �K�Q�/�2�H�b ���i �2���+�?

�B�M�i�2�`���+�i�B�Q�M �i�Q �7�B�M�/ �i�?�2 �T�`�2�p�B�Q�m�b �r���v�T�Q�B�M�isi � 1
R �X �G�Q�Q�F�B�M�; �b�T�2�+�B�7�B�+���H�H�v ���i �H�B�M�2�b10 � 12�- �i�?�2

�`�Q�#�Q�i �H�Q���/�b �2���+�? �2�M�b�2�K�#�H�2 �Q�7 �K�Q�/�2�H�b �7�`�Q�K �B�i�b �#�m�7�7�2�` �U�7�`�Q�Kj = 1 �i�Qj = i � 1�V�- ���M�/ �i�?�2�M

���T�T�H�B�2�b �+�Q�M�b�i�`���B�M�2�/ �Q�T�i�B�K�B�x���i�B�Q�M �i�Q �b�Q�H�p�2 �7�Q�` �r���v�T�Q�B�M�i�b� = f s1
R ; : : : si � 1

R g�X �q�2 �2�K�T�?���b�B�x�2

�i�?���i �i�?�2 �`�2�r���`�/ �K�Q�/�2�H�b �m�b�2�/ �i�Q �b�2�H�2�+�i �i�?�2�b�2 �T�`�2�p�B�Q�m�b �r���v�T�Q�B�M�i�b ���`�2 �7�`�Q�x�2�M�c �i�?�2 �`�Q�#�Q�i �/�Q�2�b

�M�Q�i �+�Q�M�i�B�M�m�2 �i�Q �i�`���B�M �Q�` �K�Q�/�B�7�v �i�?�2 �T�`�2�p�B�Q�m�b �K�Q�/�2�H�b�X �A�M�b�i�2���/�- �i�?�2 �`�Q�#�Q�i �Q�M�H�v �7�Q�+�m�b�2�b �Q�M

�i�?�2i �@�i�? �r���v�T�Q�B�M�i �r�?�B�H�2 ���/�/�B�M�; �i�?���i �M�2�r �r���v�T�Q�B�M�i �i�Q �� �i�`���D�2�+�i�Q�`�v �+�Q�M�b�i�`�m�+�i�2�/ ���+�`�Q�b�b �i�?�2

�b�2�[�m�2�M�+�2 �Q�7 �T�`�2�p�B�Q�m�b �J���"�b�X

�A�K�T�H�2�K�2�M�i���i�B�Q�M �.�2�i���B�H�b�X�P�m�` �2�t�T�2�`�B�K�2�M�i�b �m�b�2�/ ���M �2�M�b�2�K�#�H�2 �Q�7N = 10 �`�2�r���`�/ �K�Q�/�2�H�b�X

�1���+�? �K�Q�/�2�H �r���b �� �7�m�H�H�v �+�Q�M�M�2�+�i�2�/ �K�m�H�i�B�@�H���v�2�` �T�2�`�+�2�T�i�`�Q�M �r�B�i�? �i�r�Q �?�B�/�/�2�M �H���v�2�`�b ���M�/ ��

�H�2���F�v �_�2�G�l ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�X �h�?�2 �`�2�r���`�/ �K�Q�/�2�H�b �r�2�`�2 �m�T�/���i�2�/ �#�v ���/���K �r�B�i�? �� �H�2���`�M�B�M�;
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