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Abstract 

A more robust method for solving the governing equations of a one-dimensional stage- 

by-stage dynamic compression system model was developed and validated. The improved 

method was then applied to two-dimensional post-stall models. The improvement in robustness 

was achieved by modeling the governing equations with upwind differencing and use of implicit 

time integration. A special form of upwind flux, flux difference splitting with source term 

treatment, FDSS, was developed for the model. A two-dimensional axisymmetric model was 

developed to allow post-stall modeling of split flowpath systems such as turbofans. This model 

was an entirely new concept. Additionally, a two-dimensional axial-circumferential model of 

rotating stall cell development and propagation was developed based on previous work. All of 

the models developed applied upwind differencing techniques to improve upon central-difference 

methods.
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1. Introduction 

In a standard gas turbine engine, a working fluid undergoes at least three distinct 

processes. A compressor energizes the fluid through the action of rotating machinery; a 

combustor increases the gas energy level via a chemical process; and a turbine extracts energy 

from the fluid, driving the compressor, and, possibly, an external shaft. In the history of 

development of the gas turbine engine, probably the greatest amount of engineering attention 

has been paid to the compressor. Although research has been ongoing since the second world 

war, compressor design still offers engineering challenges. One of the yet unmet challenges is 

the complete numerical description of the flow in the compressor during unsteady operation. 

For this thesis, new numerical methods for the modeling of unsteady compressor 

operation were developed and compared. All of these methods are geared toward the 

description of distributed phenomena in the compressor. To capture the distributed flow field, the 

dynamics of the compression system flow were modeled numerically using computational fluid 

dynamics techniques. Here, the numerical methods for modeling the dynamic behavior of 

compression systems have been examined and new two-dimensional methods have been 

developed to simulate the time-dependent flow within the compression system. The models 

developed are dependent on compressor or cascade steady-state performance characteristics. 

These characteristics must be either measured or predicted. Distributed two-dimensional flow 

field measurements pertinent to the methods developed were not available for post-stall flow in 

the compressors modeled. Therefore, comparison of the methods developed here with 

experimental results are left for the future.



1.1 Post-Stall Phenomena 

The “steady” operation of a compressor actually involves unsteady phenomena. In fact, 

examining flow of a fluid particle through a compressor, only an unsteady analysis can determine 

the amount of work done on the fluid (Greitzer 1984). However, when referring to compressor 

unsteadiness, one generally refers to flow that appears unsteady when measured by a 

transducer moving with the turbomachinery. A particular kind of unsteadiness in centrifugal and 

axial compressors may occur when the angle of attack on the leading edge of the impeller or 

blading is increased beyond the normal operating value. When the increased angle of attack 

causes severe separation over some part of the suction surface of the machinery, the separation 

bubble can cause severe blockage of the fluid passage. When increased to a critical level, the 

blockage becomes the initiator of an unsteady, post-stall mode of operation for the compressor. 

Compressor stall is a complex flow phenomenon caused by sustaining a high angle of 

attack on compressor blades. Increased angle of attack is caused by reducing the mass flow in 

the compressor. Operation at an angle of attack higher than a critical value is unstable. The 

Critical value corresponds to a stall or surge line on compressor performance maps. Depending 

on the system dynamics, this unstable operation will develop into either rotating stall or surge. 

Initially, the flow in a compressor at the onset of either surge or rotating stall would appear to be 

very similar. One or more severely separated stall cells would appear to be developing. 

However, if there were sufficient energy in the fluid volume downstream of the compressor, the 

compressor would be overpressured and a surge cycle would ensue. On the other hand, if the 

energy of the downstream fluid were lower, rotating stall would be expected. 

Rotating stall causes low efficiency in the compressor resulting in low or no thrust from 

an aircraft engine, inefficient operation regardless of the application, and high temperatures that 

may damage turbomachinery. Compressor efficiencies of 20 percent or less are common during 

rotating stall. In the past, rotating stall was often referred to as nonrecoverable stall because the



only way to return to useful, thrust providing, operation was to shut down and restart the engine. 

Although rotating stall involves complex, time-dependent phenomena within the compressor, the 

mass flow into and pressure rise across the compressor are relatively constant during fully 

developed rotating stall. The subsequent operation may be characterized by one or more axially 

low flow regions migrating around the compressor annulus. The low flow regions are known as 

stali cells, and the mode of operation is known as rotating stall. Although the axial velocity of the 

fluid in the stall cell is very low, the tangential velocity will be on the order of the compressor 

wheel speed. Stall cells migrate against the rotation of the compressor by vortical action from 

suction to pressure surface in a blade passage. Stall cells migrate around the annulus at a rate 

between ten and fifty percent of the wheel speed. Therefore to a stationary observer, they 

appear to migrate in the direction of rotation of the compressor at some value less than the rotor 

speed. 

Surge is characterized by regular, typically 3 - 20 Hz cyclic flow through a compression 

system. A compressor operating in surge, unlike rotating stall, returns to a flow coefficient and 

pressure rise that is in the stable operating regime at some point during the cycle. Deep surge is 

characterized by complete reversal of flow as well as full forward flow through the steady-state 

operating point during each cycle. During surge, steady operation may be recovered by 

correcting the condition that initiated instability. Therefore, given a choice, surge is preferred 

over rotating stall (Greitzer 1976, Greitzer 1980, Stenning 1980, Cumpsty 1989). 

1.2 General Goal of Post-Stall Modeling 

Although most high performance aircraft are currently equipped with control strategies 

that avoid engine stall, a better understanding of post-stall behavior will lead to the development 

of inherently rotating stall resistant compressors; compressors that may surge but never develop 

rotating stall. This should be an improvement upon control systems that limit the operational



envelope of an engine. Traditional, steady-state analysis of the turbomachinery in an axial 

compression system cannot capture the transient behavior of post-stall operation. Therefore a 

dynamic model is necessary. Fiow separation, the initiator of post-stall flow, is a complex 

phenomenon which is difficult to model explicitly in the configuration of a complete compression 

system model. Thus a specialized technique for modeling post-stall phenomena in axial 

compression systems has been developed. Detailed analysis of the compression system 

requires an accurate description of the compression system overall through flow geometry as 

well as a discrete representation of each stage in the compression system. In a turbofan engine 

a detailed model should include the flow through the fan, bypass, core compressor and bypass 

ducting. Thus a stage-by-stage or blade row post-stall model is required. 

1.3 What was Accomplished in the Presented Work 

A more robust method for solving the governing equations of the one-dimensional stage- 

by-stage dynamic compression system model was developed and validated. The improved 

method was then applied to two-dimensional post-stall models. The improvement in robustness 

was achieved by modeling the governing equations with upwind differencing and implicit time 

integration. A special form of upwind differencing, flux difference splitting with source term 

treatment (FDSS) was developed for the model. A two-dimensional axisymmetric model was 

developed to allow post-stall modeling of split flowpath systems such as turbofans. This model 

was an entirely new concept. Additionally, a two-dimensional axial-circumferential model of 

rotating stall cell development and propagation was developed based on previous work. All of 

the models developed applied upwind differencing techniques to improve upon central-difference 

methods. 

One-dimensional modeling was conducted as a more fundamental test bed for concepts 

used later in two-dimensional modeling. The one-dimensional model, DYN1D, contained time



integration methods, upwind spatial discretizations, and compressor force and work computation 

strategies that were all new to dynamic compression system modeling. Modeling work was 

conducted to determine the effectiveness of the mew methodology. Two-dimensional 

axisymmetric modeling was conducted as an entirely new implementation of compressor dynamic 

modeling. Techniques developed for DYN1D were applied in the two dimensional model, 

DYN2D. In addition, two-dimensional simulations were conducted to demonstrate the capabilities 

of DYN2D.



2. Review 

Two general topics will be covered, post-stall modeling of compression systems and 

computational fluid dynamics. Post-stall modeling of compression systems is a specialized topic 

with the central goal of capturing the behavior of a technological manifestation, unstable behavior 

in turbomachinery. The thematic approach to this problem has been guided by both the physical 

understanding and the specific goals of various researchers. Although some fluid mechanic 

theory is always cited, there is not much agreement on the equations governing post-stall 

modeling. Post-stall modeling is essentially a technology tool, and success in the area is 

determined by useful results. On the contrary, computational fluid dynamics may be boiled down 

to the solution of the Navier-Stokes equations, or some subset, in a defined computational 

domain. Research in the field is related to improving solutions of the governing equations, and 

success is dependent on tying the improvement to the physics of fluid motion. !n computational 

fluid dynamics, the physical and mathematical problem is well posed, and obtaining a solution is 

the challenge. 

2.1 Post-Stall Modeling 

2.1.1 Introduction 

Essentially, four distinct kinds of post-stall compression system models were 

investigated: 

e Fully lumped, linear models. 

e Lumped, hydrodynamic models. 

e Distributed models with lumped turbomachinery terms.



e Fully distributed fluid motion models. 

Fully lumped, linear models or models that were not derived using fluid mechanics 

principles are not true antecedents to the stage-by-stage dynamic compression system model. 

They are usually based on entirely on correlations, and generally only yield general conclusions. 

Lumped, hydrodynamic models begin with a representative compression system as the control 

volume. In that domain, the fluid model is governed by a hydrodynamic model with lumped 

equations for each fluid element. The equations may then be evolved in time. No distributed 

detail of the fluid motion is modeled. However, the nonlinear behavior of fluid elements may be 

included, and, therefore, much of the compression system behavior may be captured. 

Distributed models are based on first principles with simplifying assumptions guided by varying 

degrees of elegance and detail. Distributed models require numerical integration of some 

differential equations on a digital computer. One approach looks at the compressor in a systemic 

fashion and simplifies the one-dimensional governing equations to a form that can be readily 

solved. Another method for modeling rotating stall and pre-stall transients assumes that a 

spectral decomposition of the flow around the annulus will adequately represent the weakly 

nonlinear beginnings of rotating stall. The approach taken here solves the Euler equations in the 

overall geometry of the compression system. Rather than modeling the interaction of the blade 

with the fluid by first principles, simplified equations represent the effects of rotors and stators on 

the fluid. A fully distributed model of fluid flow would solve the full, time-dependent flow field in 

the entire system, including the moving blade rows. A fully discretized solution with moving 

boundaries will probably be implemented in the future but is dependent on some improvement in 

the state of the art in computational fluid dynamics techniques and computers. 

In Table 2.1, the types of modeled reviewed are summarized. All of the modeling work 

presented in later chapters falls into the third category, “Distributed models with lumped 

turbomachinery.” The stage-by-stage modeling work using DYN1D and DYN2D is an extension



of the work presented by Davis (1986), and the rotating stall cell modeling using DYN2D is an 

extension of the work presented by Neuhoff and Grahl (1986). 

Table 2.1: Summary of Reviewed Compression System Models 

  

TYPE OF MODEL MODELS REVIEWED 

  

Fully lumped, linear Day 1978 

Stenning 1980 

  

Lumped, hydrodynamic Greitzer 1976, 1986 

Cumpsty 1982 

Moore 1984, 1985(1&2), 1986 

  

Distributed with lumped turbomachinery | Takata 1972 

Mathioudakis 1985 

Pandolfi 1978 

Neuhoff 1986 

Davis 1986 

Hale 1992 

    Fully distributed fluid motion Outa 1994     
  

2.1.1.1 Stability of Pumping Systems (Greitzer 1980) 

Greitzer identified mathematical models quantifying compression system stability. As a 

preface, the classic definition of stability for a physical system was given: “Stability can be 

defined as the quality of being immune to small disturbances.” Pumping system stability was 

analyzed both statically and dynamically. The static stability analysis of a pumping system 

required the specification of an operating point defined by the intersection of the throttle curve 

and pumping characteristic. The system was statically unstable when the slope of the pumping 

characteristic was greater than the slope of the throttle characteristic. This conclusion was based



on a graphical analysis: Given an incremental rise in mass flow, the corresponding rise in fluid 

pressure delivered by the pump could not be met by an equivalent drop in pressure across the 

throttle. Therefore, a positive-feedback loop between the compressor and the throttle would be 

created, and the flow rate would grow without bound. To perform dynamic analysis, more system 

features were added. Dynamic stability was identified by following the quasi-steady behavior of a 

pump over a cyclic perturbation in mass flow and by examining the analogous mechanical 

system. In this case, static stability was reduced to a necessary condition. The dynamic 

analysis provided more information about unstable behavior, and the ensuing condition was more 

restrictive. Graphically, the net energy storage in the plenum was examined during a cyclic 

excursion in mass flow. The system was said to be unstable whenever the pumping 

characteristic had a positive slope. To perform a mechanical system analysis, the pump and the 

throttle were treated as damping elements. Depending on the slope of the pressure rise 

characteristic, the pump provided damping that could be positive or negative. The throttle 

provided positive damping determined by the throttle characteristic. In a linearized dynamic 

analysis, the damping values were fixed and oscillations would persist or be damped out 

depending on the sign of the damping term. Therefore, the analysis was only valid at a single 

operating point and could not actually predict behavior outside an infinitesimal region around that 

point. {n a nonlinear analysis of the same system, the net damping term would not be constant. 

Therefore the energy contribution due to damping would have to be analyzed over a cyclic mass 

flow excursion. 

Modeling the post-stall behavior of compressors requires a model of unstable pumping 

behavior. Greitzer surveyed such unstable operation models and made recommendations for 

future post-stall modeling. In surveying the types of models, Greitzer touched on the subject of 

distributed flow field models. In an attempt to improve frequency response and provide 

performance details beyond lumped parameter models, distributed models break the flow domain



into small axial elements. The performance of axial compressor stages are then provided by 

stage characteristics. However, it was noted, increasing model complexity is of little value if 

accuracy is dependent on the fidelity of stage characteristics. This is because the unsteady 

performance of the compressor blade row is not well understood. Future efforts, it was 

suggested, should concentrate on detailed understanding of the unsteady performance of 

compression system elements. 

2.1.2 Lumped models 

2.1.2.1 Model Based on Correlations (Day 1978) 

The rotating stall model developed by Day, Greitzer, and Cumpsty is based on the 

observation that, in a compressor stage, during full-span rotating stall, the total-to-static pressure 

coefficient is nearly constant regardless of throttle position. A similar assumption was made for 

part-span stall. From these assumptions, in rotating stall, it was assumed that there is little 

dynamic contribution to the overall head rise. Thus, in a stalled compressor, the pressure rise 

across N stages would be equal to N times the pressure rise across a single stage, Equation 

(2.1). 

WP rs(N) = NY 75(1) (2.1) 

The model of the compressor annulus in stall was divided into an unstalled region and an 

in-stall region operating in parallel. In the model, the total pressure upstream of the compressor 

and the static pressure downstream of the compressor were both constant and uniform around 

the annulus. The unstalled region was assumed to take an operating point on the stable portion 

of the compressor characteristic and the stalled region was assumed to operate at shut-off. 

Thus, in full-span rotating stall, the shut-off total-to-static pressure rise would determine the 

10



assumed total-to-static pressure rise. On a total-to-static pressure characteristic map, a 

horizontal line connecting the shut off head to the unstalled portion of the curve defined the 

operating condition. The unstalled portion of the annulus was assumed to operate at the 

unstalled flow rate corresponding to the same total-to-static pressure rise as the shut-off value. 

For the compressors surveyed, the center value of shut-off head was determined. For 

subsequent results, this was used as the full-span rotating stall total-to-static pressure rise. 

Y 7, (full — span) =0.11N (2.2) 

The part-span stall total-to-static pressure rise was also determined. 

Y 75(full —span)=017N (2.3) 

A blockage factor, 4, was defined to relate the overall operating flow coefficient, ® , to 

the unstalled flow coefficient, ©, . 

® =(1-AD, (2.4) 

The critical value of blockage factor for full span stall inception was determined to be 

thirty percent. For values greater than thirty percent, the compressor was assumed to be in full- 

span stall. Therefore, the flow coefficient at inception of full span stall was determined by the 

blockage factor at the total-to-static pressure rise given by Equation (2.2), and the type of stall at 

a given condition was determined by the blockage factor and Equation (2.3). The resulting model 

was used to predict trends for design parameters affecting rotating stall performance: 

e Increasing the number of stages in a compressor increases the blockage factor and, 

therefore, the likelihood of full-span stall. 
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e Increasing design flow coefficient increases the likelihood of full-span stall and stall 

hysteresis. 

e Steeper throttle slopes decrease the blockage factor and decrease the likelihood of full-span 

stall. 

2.1.2.2 Linear Model of Rotating Stall (Stenning 1980) 

Stenning presented a linear theory of rotating stall based on small perturbation analysis. 

This type of model yields a relatively simple and accurate prediction for the onset of rotating stall 

but is poor at predicting the propagation speed and incapable of identifying the number of stall 

cells. In addition, as the number of compression stages and pressure ratio increases, accuracy 

of the linear predictions decreases. This work is useful for qualitative description of rotating stall 

and surge but is not a high-fidelity predictive tool. 

A cascade is assumed to move in a rectilinear domain. The boundaries are infinite in the 

axial direction and periodic in the circumferential direction. The flow is incompressible, and, 

upstream of the cascade, irrotational. The flow is assumed to have some small perturbation 

component. The pressure rise across the cascade is assumed to be a given function of relative 

flow angle at the inlet. Flow in the cascade is assumed to behave quasi-steadily, and, therefore, 

fully described by the mean and perturbation inlet flow angle. The small perturbation equations 

are linearized, and the mean flow velocities and pressure may be separated from the unsteady 

component. Based on potential flow, the unsteady Bermoulli equation, and scale analysis, the 

amplitudes of the Fourier solution to the potential equation were represented by a pair of linear 

ordinary differential equations. Equation (2.5) indicates the critical slope of the cascade pressure 

rise function. If the slope is greater than the critical value, small perturbations, approximating 

rotating stall cells, will grow. 
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�A� �u�s�e�f�u�l� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l� �o�f� �p�o�s�t�-�s�t�a�l�l� �b�e�h�a�v�i�o�r� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �a�s� �a� 

�H�e�l�m�h�o�l�t�z� �r�e�s�o�n�a�t�o�r�.� �U�n�l�i�k�e� �l�i�n�e�a�r� �m�o�d�e�l�s� �(�S�t�e�n�n�i�n�g� �1�9�8�0�)�,� �t�h�i�s� �m�o�d�e�l� �i�s� �n�o�t� �r�e�s�t�r�i�c�t�e�d� �t�o� �s�m�a�l�l� 

�p�e�r�t�u�r�b�a�t�i�o�n�s� �a�r�o�u�n�d� �a� �m�e�a�n� �f�l�o�w� �a�n�d� �m�a�y� �b�e� �u�s�e�d� �t�o� �s�i�m�u�l�a�t�e� �f�u�l�l�y� �d�e�v�e�l�o�p�e�d� �p�o�s�t�-�s�t�a�l�l� 

�b�e�h�a�v�i�o�r�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �m�o�d�e�l� �h�a�s� �a� �m�e�a�n�s� �o�f� �p�r�e�d�i�c�t�i�n�g� �b�o�t�h� �s�u�r�g�e� �a�n�d� �r�o�t�a�t�i�n�g� �s�t�a�l�l�.� 

�H�o�w�e�v�e�r� �t�h�i�s� �i�s� �a� �l�u�m�p�e�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �w�i�t�h� �n�o� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�;� �t�h�e�r�e� �i�s� �n�o� �a�b�i�l�i�t�y� �t�o� 

�p�r�e�d�i�c�t� �t�h�e� �d�e�t�a�i�l�s� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �b�e�y�o�n�d� �t�h�e� �m�e�a�n� �f�l�o�w� �p�r�o�p�e�r�t�i�e�s�.� �I�n� �t�h�i�s� �m�o�d�e�l�,� �t�h�e� 

�c�o�m�p�r�e�s�s�o�r� �i�s� �b�r�o�k�e�n� �i�n�t�o� �i�t�s� �c�o�n�s�t�i�t�u�t�i�v�e� �e�l�e�m�e�n�t�s�:� 

�e� �A�p�u�m�p�,� �i�n�a� �d�u�c�t�,� �p�u�m�p�s� �a�n� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�u�i�d� �f�r�o�m� �a� �r�e�s�e�r�v�o�i�r�,� �a�t� �a� �k�n�o�w�n� �p�r�e�s�s�u�r�e�,� �p�,� �t�o� 

�a� �p�l�e�n�u�m�.� 

�e� �T�h�e� �p�l�e�n�u�m� �v�o�l�u�m�e� �i�s� �f�i�x�e�d�.� �T�h�e� �f�l�u�i�d� �c�o�n�t�a�i�n�e�d� �b�y� �t�h�e� �p�l�e�n�u�m� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �g�o�v�e�r�n�e�d� 

�b�y� �a� �p�o�l�y�t�r�o�p�i�c� �r�e�l�a�t�i�o�n� �w�i�t�h� �n�e�g�l�i�g�i�b�l�e� �v�e�l�o�c�i�t�y�.� 

�e� �T�h�e� �f�l�u�i�d� �i�n� �t�h�e� �p�l�e�n�u�m� �i�s� �d�e�l�i�v�e�r�e�d�,� �i�n�c�o�m�p�r�e�s�s�i�b�l�y�,� �v�i�a� �a� �t�h�r�o�t�t�l�e� �i�n� �a� �s�e�c�o�n�d� �d�u�c�t�,� �t�o� �a� 

�s�e�c�o�n�d� �r�e�s�e�r�v�o�i�r�,� �a�l�s�o� �a�t� �p�r�e�s�s�u�r�e�,� �p�.� �|� 

�T�h�i�s� �i�s� �t�h�e� �b�a�s�i�s� �f�o�r� �t�h�e� �B�-�p�a�r�a�m�e�t�e�r� �m�o�d�e�l�.� �A�c�t�u�a�t�o�r� �d�i�s�k�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �p�r�e�s�s�u�r�e� �r�i�s�e� 

�a�c�r�o�s�s� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �a�n�d� �t�h�e� �p�r�e�s�s�u�r�e� �d�r�o�p� �a�c�r�o�s�s� �t�h�e� �t�h�r�o�t�t�l�e�.� �T�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �t�o�t�a�l�-�t�o�-�s�t�a�t�i�c� 

�p�r�e�s�s�u�r�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �a�n�d� �a� �f�i�r�s�t� �o�r�d�e�r� �t�i�m�e� �d�e�l�a�y�,� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �s�t�a�l�l� �c�e�l�l� �d�e�v�e�l�o�p�m�e�n�t� 

�t�i�m�e�,� �d�e�t�e�r�m�i�n�e� �t�h�e� �a�c�t�u�a�t�o�r� �d�i�s�k� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r�.� �A� �p�a�r�a�b�o�l�i�c� �f�u�n�c�t�i�o�n� 

�d�e�t�e�r�m�i�n�e�s� �p�r�e�s�s�u�r�e� �l�o�s�s� �a�c�r�o�s�s� �t�h�e� �t�h�r�o�t�t�l�e�.� �T�h�e� �r�e�s�u�l�t� �o�f� �t�h�e�s�e� �a�s�s�u�m�p�t�i�o�n�s� �i�s� �a� �s�e�t� �o�f� �f�o�u�r� 

�e�q�u�a�t�i�o�n�s�,� �m�o�m�e�n�t�u�m� �i�n� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �d�u�c�t�,� �m�o�m�e�n�t�u�m� �i�n� �t�h�e� �t�h�r�o�t�t�l�e� �d�u�c�t�,� �c�o�n�t�i�n�u�i�t�y� �i�n� �t�h�e� 

�p�l�e�n�u�m�,� �a�n�d� �t�h�e� �t�i�m�e� �d�e�l�a�y� �r�e�l�a�t�i�o�n� �f�o�r� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �p�r�e�s�s�u�r�e� �r�i�s�e�.� �B�y� �n�u�m�e�r�i�c�a�l�l�y� �i�n�t�e�g�r�a�t�i�n�g� 

�t�h�e� �e�q�u�a�t�i�o�n�s� �i�n� �t�i�m�e�,� �c�o�m�p�r�e�s�s�o�r� �p�o�s�t�-�s�t�a�l�l� �b�e�h�a�v�i�o�r� �i�s� �s�i�m�u�l�a�t�e�d�.� �I�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �s�e�t� �b�y� 

�c�h�o�o�s�i�n�g� �a�n� �o�p�e�r�a�t�i�n�g� �p�o�i�n�t� �o�n� �t�h�e� �s�t�a�b�l�e�,� �n�e�g�a�t�i�v�e�l�y� �s�l�o�p�e�d�,� �p�o�r�t�i�o�n� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �r�i�s�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�.� �T�h�e�n�,� �d�u�r�i�n�g� �i�n�t�e�g�r�a�t�i�o�n�,� �t�h�e� �t�h�r�o�t�t�l�e� �i�s� �c�l�o�s�e�d� �u�n�t�i�l� �t�h�e� �f�l�o�w� �i�s� �r�e�d�u�c�e�d� �b�e�l�o�w� �t�h�e� 

�s�t�a�l�l� �i�n�c�e�p�t�i�o�n� �p�o�i�n�t�.� �T�h�e� �t�h�r�o�t�t�l�e� �a�r�e�a� �i�s� �t�h�e�n� �h�e�l�d� �c�o�n�s�t�a�n�t�.� �A�f�t�e�r� �a�n� �i�n�i�t�i�a�l� �t�r�a�n�s�i�e�n�t�,� �t�h�e� �p�o�s�t�-� 
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�s�t�a�l�l� �b�e�h�a�v�i�o�r� �i�s� �c�l�a�s�s�i�f�i�e�d� �b�y� �e�x�a�m�i�n�i�n�g� �t�h�e� �r�e�s�u�l�t� �o�f� �i�n�t�e�g�r�a�t�i�o�n�.� �T�h�e� �m�o�d�e�l� �i�s� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l�.� 

�l�t� �c�a�n�n�o�t� �c�a�p�t�u�r�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �v�a�r�i�a�t�i�o�n�.� �S�o�,� �f�o�r� �r�o�t�a�t�i�n�g� �s�t�a�l�l�,� �t�h�e� �r�e�s�u�l�t� �i�s� �s�t�e�a�d�y�,� �a�n�d�,� �f�o�r� 

�s�u�r�g�e�,� �t�h�e� �f�l�o�w� �e�v�o�l�v�e�s� �i�n�t�o� �a� �l�i�m�i�t� �c�y�c�l�e�.� 

�A�n� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �y�i�e�l�d�e�d� �n�o�n�d�i�m�e�n�s�i�o�n�a�l� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� 

�a�p�p�e�a�r� �t�o� �g�o�v�e�r�n� �t�h�e� �s�y�s�t�e�m� �p�o�s�t�-�s�t�a�l�l� �b�e�h�a�v�i�o�r�.� �T�h�e� �B�-�p�a�r�a�m�e�t�e�r�,� �E�q�u�a�t�i�o�n� �(�2�.�8�)�,� �i�s� �t�h�e� �r�a�t�i�o� �o�f� 

�t�h�e� �w�h�e�e�l� �s�p�e�e�d� �t�o� �t�h�e� �e�f�f�e�c�t�i�v�e� �c�o�m�p�r�e�s�s�o�r� �l�e�n�g�t�h� �t�i�m�e�s� �t�h�e� �H�e�l�m�h�o�l�t�z� �r�e�s�o�n�a�t�o�r� �f�r�e�q�u�e�n�c�y�.� 

�T�h�e� �v�a�l�u�e� �o�f� �t�h�e� �B�-�p�a�r�a�m�e�t�e�r� �d�e�t�e�r�m�i�n�e�s�,� �f�o�r� �a� �g�i�v�e�n� �r�o�t�o�r� �s�p�e�e�d� �a�n�d� �t�h�r�o�t�t�l�e� �s�e�t�t�i�n�g�,� �w�h�e�t�h�e�r� �a� 

�s�i�m�u�l�a�t�e�d� �c�o�m�p�r�e�s�s�o�r� �w�i�l�l� �s�t�a�l�l� �o�r� �s�u�r�g�e�.� �B�a�s�e�d� �o�n� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d�,� �f�o�r� �a� �g�i�v�e�n� �c�o�m�p�r�e�s�s�o�r�,� 

�t�h�e�r�e� �i�s� �a� �c�r�i�t�i�c�a�l� �v�a�l�u�e� �o�f� �B�.� �V�a�l�u�e�s� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �c�r�i�t�i�c�a�l� �v�a�l�u�e� �r�e�s�u�l�t� �i�n� �s�u�r�g�e� �a�n�d� �s�m�a�l�l�e�r� 

�v�a�l�u�e�s� �r�e�s�u�l�t� �i�n� �r�o�t�a�t�i�n�g� �s�t�a�l�l�.� 

� � 

�_�U� �_�U� �|� �V�,� 
�B�=� �2�o�L�,� �2�a�V�A�L�,� �(�2�.�8�)� 

�B�y� �l�i�n�e�a�r�i�z�i�n�g� �t�h�e� �t�h�r�o�t�t�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �a�b�o�u�t� �a�n� �o�p�e�r�a�t�i�n�g� �p�o�i�n�t� �a�n�d� �a�s�s�u�m�i�n�g� �q�u�a�s�i�-� 

�s�t�e�a�d�y�-�s�t�a�t�e� �c�o�m�p�r�e�s�s�o�r� �p�e�r�f�o�r�m�a�n�c�e�,� �G�r�e�i�t�z�e�r� �s�i�m�p�l�i�f�i�e�d� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �i�n�t�o� �a�n� 

�a�n�a�l�o�g�o�u�s� �m�e�c�h�a�n�i�c�a�l� �s�y�s�t�e�m�.� �E�x�a�m�i�n�a�t�i�o�n� �o�f� �t�h�i�s� �m�e�c�h�a�n�i�c�a�l� �s�y�s�t�e�m� �a�n�a�l�o�g� �a�d�d�e�d� �f�u�r�t�h�e�r� 

�i�n�s�i�g�h�t� �t�o� �t�h�e� �n�a�t�u�r�e� �o�f� �p�o�s�t�-�s�t�a�l�l� �b�e�h�a�v�i�o�r�.� �A�s� �i�n� �t�h�e� �f�o�u�r� �e�q�u�a�t�i�o�n� �m�o�d�e�l� �t�h�e�r�e� �i�s� �n�o� �d�y�n�a�m�i�c� 

�d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �f�u�l�l�y� �d�e�v�e�l�o�p�e�d� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �a�n�d� �s�t�e�a�d�y� �f�l�o�w�.� �T�h�u�s�,� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� 

�c�o�n�c�e�r�n�s� �s�u�r�g�e� �o�n�l�y�,� �n�o�t� �r�o�t�a�t�i�n�g� �s�t�a�l�l�.� 

� � � � � � 

�o�e� �_� �.� �x� �.� �a� �n�w� �_�w�e� 

�P�M�.� �|�_�_�|� �|�,� �a�l�e�)� �|�g� �(�2�.�9�)� 
�d�t�*� �|� �B�E�M�)� �a�t� �F ��(�M�)� 
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�I�n� �E�q�u�a�t�i�o�n� �(�2�.�9�)�,� �m�,� �i�s� �t�h�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t� �i�n� �t�h�e� �c�o�r�n�p�r�e�s�s�o�r�;� �M� �i�s� �t�h�e� �m�e�a�n� �f�l�o�w� 

�t�h�r�o�u�g�h� �t�h�e� �s�y�s�t�e�m�;� �f� �i�s� �t�h�e� �n�o�n�d�i�m�e�n�s�i�o�n�a�l� �t�i�m�e�;� �C� �i�s� �t�h�e� �c�o�m�p�r�e�s�s�o�r�,� �s�t�e�a�d�y�-�s�t�a�t�e�,� �p�r�e�s�s�u�r�e� 

�r�i�s�e�;� �a�n�d� �F� �i�s� �t�h�e� �p�r�e�s�s�u�r�e� �d�r�o�p� �a�c�r�o�s�s� �t�h�e� �t�h�r�o�t�t�l�e�.� 

�F�o�r� �f�u�l�l�y� �l�i�n�e�a�r�i�z�e�d� �b�e�h�a�v�i�o�r�,� �i�.�e�.� �s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n�s�,� �o�s�c�i�l�l�a�t�i�o�n�s� �w�i�l�l� �e�i�t�h�e�r� �d�e�c�a�y� �o�r� �g�r�o�w� 

�d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �s�i�g�n� �o�f� �t�h�e� �d�a�m�p�i�n�g� �t�e�r�m�.� �T�h�e�r�e�f�o�r�e�,� �a� �c�r�i�t�i�c�a�l� �q�u�a�n�t�i�t�y� �f�o�r� �s�t�a�b�i�l�i�t�y�,� �a�t� �a� �g�i�v�e�n� 

�o�p�e�r�a�t�i�n�g� �p�o�i�n�t�,� �i�s� �(�=�~� �8�6 ��)� �I�n� �a� �r�e�a�l� �s�y�s�t�e�m�,� �t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �t�h�r�o�t�t�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�s� 
�B�F �� 

�p�o�s�i�t�i�v�e�.� �(�A�n� �i�n�c�r�e�a�s�e� �i�n� �f�l�o�w� �i�n� �t�h�e� �t�h�r�o�t�t�l�e� �a�l�w�a�y�s� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �i�n�c�r�e�a�s�e�d� �r�e�s�i�s�t�a�n�c�e�.�)� 

�T�h�e�r�e�f�o�r�e�,� �s�u�r�g�e� �c�y�c�l�e�s� �w�i�l�l� �d�e�v�e�l�o�p� �i�f� �t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�s� �p�o�s�i�t�i�v�e� �a�n�d� 

� � 

�g�r�e�a�t�e�r� �t�h�a�n� �T�h�i�s� �i�s� �t�h�e� �d�y�n�a�m�i�c� �s�t�a�b�i�l�i�t�y� �c�r�i�t�e�r�i�o�n�.� �T�h�e� �s�t�a�t�i�c� �s�t�a�b�i�l�i�t�y� �c�r�i�t�e�r�i�o�n� �i�s� �v�i�o�l�a�t�e�d� 
�2� �F �� �.� 

�w�h�e�n� �t�h�e� �a�n�a�l�o�g�o�u�s� �f�o�r�c�i�n�g� �f�u�n�c�t�i�o�n� �i�s� �n�e�g�a�t�i�v�e�,� �[�1�-�¢�)� �>�0�,� �a�n�d� �m�a�y� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�E�q�u�a�t�i�o�n� �(�2�.�9�)� �b�y� �l�i�n�e�a�r�i�z�i�n�g� �t�h�e� �p�r�e�s�s�u�r�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �a�b�o�u�t� �M�.� �S�t�a�t�i�c� �i�n�s�t�a�b�i�l�i�t�y� �o�c�c�u�r�s� �w�h�e�n� 

�t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �t�h�r�o�t�t�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�.� �F�o�r� 

�m�o�s�t� �c�o�m�p�r�e�s�s�o�r�s�,� �t�h�e� �d�y�n�a�m�i�c� �s�t�a�b�i�l�i�t�y� �c�r�i�t�e�r�i�o�n� �i�s� �m�o�r�e� �r�e�s�t�r�i�c�t�i�v�e�,� �a�n�d� �m�o�r�e� �u�s�e�f�u�l�,� �t�h�a�n� �t�h�e� 

�s�t�a�t�i�c� �c�r�i�t�e�r�i�o�n�.� 

�I�n� �a� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �o�f� �E�q�u�a�t�i�o�n� �(�2�.�9�)�,� �s�t�a�b�i�l�i�t�y� �i�s� �n�o�t� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �c�o�n�d�i�t�i�o�n� �a�t� �a� 

�p�o�i�n�t� �b�u�t� �b�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �n�e�t� �i�n�p�u�t� �m�e�c�h�a�n�i�c�a�l� �e�n�e�r�g�y� �d�u�r�i�n�g� �a� �l�i�m�i�t� �c�y�c�i�e� �t�o� �t�h�e� �c�o�n�d�i�t�i�o�n� �a�t� �a� 

�s�t�e�a�d�y� �p�o�i�n�t�.� 

� � � � 

�A� �2� 
�T� �I�l� �x�e� �)� �7� �d�m�,� �o�o� �i� �C� �(�m�,�)� �|� �|� �t�=�0� �(�2�.�1�0�)� 
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�O�v�e�r� �a� �s�u�r�g�e� �c�y�c�l�e�,� �t�h�e� �n�e�t� �p�r�o�d�u�c�t�i�o�n� �o�f� �e�n�e�r�g�y� �i�n� �t�h�e� �s�y�s�t�e�m� �m�u�s�t� �b�e� �z�e�r�o�.� �E�q�u�a�t�i�o�n� 

�(�2�.�1�0�)� �i�s� �s�a�t�i�s�f�i�e�d� �a�t� �s�t�e�a�d�y� �f�l�o�w�,� �o�r� �w�h�e�n�,� �o�v�e�r� �a� �l�i�m�i�t� �c�y�c�l�e� �o�f� �p�e�r�i�o�d�,� �T� �,� �t�h�e� �n�e�t� �e�n�e�r�g�y� �c�h�a�n�g�e� 

�i�s� �z�e�r�o�.� �I�f�,� �d�u�r�i�n�g� �a� �s�u�r�g�e� �c�y�c�l�e�,� �t�h�e� �e�n�e�r�g�y� �i�n�p�u�t� �b�y� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �a�t� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �s�t�a�t�i�c� �p�o�i�n�t�,� �t�h�e� �s�y�s�t�e�m� �w�i�l�l� �s�u�r�g�e�.� 

�G�r�e�i�t�z�e�r� �w�a�s� �a�b�l�e� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �h�i�g�h� �f�i�d�e�l�i�t�y� �o�f� �t�h�e� �f�o�u�r� �e�q�u�a�t�i�o�n� �m�o�d�e�l� �b�a�s�e�d� �o�n� �a� �l�o�w� 

�s�p�e�e�d�,� �l�o�w� �p�r�e�s�s�u�r�e� �r�a�t�i�o� �t�h�r�e�e�-�s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r�.� �R�e�s�u�l�t�s� �i�n�d�i�c�a�t�e�d� �a�c�c�u�r�a�t�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �s�t�a�l�l� 

�a�n�d� �s�u�r�g�e�,� �i�n�c�l�u�d�i�n�g� �s�u�r�g�e� �c�y�c�l�e� �f�r�e�q�u�e�n�c�i�e�s�.� �M�o�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y�,� �e�x�p�e�r�i�m�e�n�t�s� �v�a�l�i�d�a�t�e�d� �t�h�e� �a�b�i�l�i�t�y� 

�o�f� �t�h�e� �q�u�a�n�t�i�t�y�,� �B�,� �t�o� �p�r�e�d�i�c�t� �t�h�e� �m�o�d�e� �o�f� �c�o�m�p�r�e�s�s�o�r� �p�o�s�t�-�s�t�a�l�l� �b�e�h�a�v�i�o�r�,� �e�i�t�h�e�r� �s�u�r�g�e� �o�r� �r�o�t�a�t�i�n�g� 

�S�t�a�l�l�.� �H�o�w�e�v�e�r�,� �p�r�e�d�i�c�t�i�o�n�s� �b�a�s�e�d� �o�n� �B� �w�e�r�e� �d�e�p�e�n�d�e�n�t� �o�n� �c�a�l�i�b�r�a�t�i�o�n� �o�f� �B� �t�o� �t�h�e� �s�u�r�g�e�-�s�t�a�l�l� 

�b�o�u�n�d�a�r�y�.� �A�l�s�o�,� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �n�u�m�b�e�r� �o�f� �r�o�t�o�r� �r�e�v�o�l�u�t�i�o�n�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�v�e�l�o�p� �r�o�t�a�t�i�n�g� �s�t�a�l�l� 

�m�u�s�t� �b�e� �a�s�s�u�m�e�d�.� �G�r�e�i�t�z�e�r� �a�p�p�r�o�x�i�m�a�t�e�d� �t�h�i�s� �t�o� �b�e� �t�w�o� �r�e�v�o�l�u�t�i�o�n�s�.� �O�n�c�e� �t�h�i�s� �w�a�s� 

�a�c�c�o�m�p�l�i�s�h�e�d�,� �e�x�p�e�r�i�m�e�n�t�s� �o�n� �t�h�e� �t�e�s�t� �c�o�m�p�r�e�s�s�o�r� �i�n�d�i�c�a�t�e�d� �a� �c�o�n�s�t�a�n�t� �B� �a�t� �t�h�e� �b�o�u�n�d�a�r�y� 

�b�e�t�w�e�e�n� �s�u�r�g�e� �a�n�d� �s�t�a�l�l�,� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �v�a�r�i�a�t�i�o�n� �i�n� �s�p�e�e�d� �o�r� �p�l�e�n�u�m� �v�o�l�u�m�e�.� 

�2�.�1�.�2�.�4� �S�t�a�l�l� �C�e�i�l� �P�r�o�p�a�g�a�t�i�o�n� �S�p�e�e�d� �M�o�d�e�l� �(�C�u�m�p�s�t�y� �1�9�8�2�)� 

�E�x�p�e�r�i�m�e�n�t�a�l� �e�v�i�d�e�n�c�e� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �c�e�l�l�s� �e�x�t�e�n�d� �a�x�i�a�l�l�y� �s�t�r�a�i�g�h�t� �t�h�r�o�u�g�h� 

�t�h�e� �c�o�m�p�r�e�s�s�o�r�.� �B�a�s�e�d� �o�n� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n�,� �a�n�d� �a� �c�o�r�r�e�l�a�t�i�o�n� �g�i�v�e�n� �f�o�r� �t�h�e� �t�o�t�a�l�-�t�o�-�s�t�a�t�i�c� 

�p�r�e�s�s�u�r�e� �r�i�s�e� �a�c�r�o�s�s� �a� �S�t�a�l�l� �c�e�l�l� �(�D�a�y� �1�9�7�8�)�,� �C�u�m�p�s�t�y� �a�n�d� �G�r�e�i�t�z�e�r� �d�e�v�e�l�o�p�e�d� �a� �m�o�d�e�l� �o�f� �s�t�a�l�l� �c�e�l�l� 

�p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d�.� �A�l�t�h�o�u�g�h� �t�h�i�s� �d�e�v�e�l�o�p�m�e�n�t� �r�e�l�i�e�d� �h�e�a�v�i�l�y� �o�n� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�r�r�e�l�a�t�i�o�n�s�,� �t�h�e� 

�d�e�r�i�v�a�t�i�o�n� �w�a�s� �b�a�s�e�d� �o�n� �f�i�r�s�t� �p�r�i�n�c�i�p�l�e�s�,� �a�n�d� �c�o�r�r�e�l�a�t�e�d� �q�u�a�n�t�i�t�i�e�s� �w�e�r�e� �g�i�v�e�n� �p�h�y�s�i�c�a�l� �m�e�a�n�i�n�g�.� 

�I�n� �t�h�e� �s�t�a�l�l�e�d� �r�e�g�i�o�n�,� �t�h�e� �a�x�i�a�l� �v�e�l�o�c�i�t�y� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �z�e�r�o�,� �w�h�i�l�e� �t�h�e� 

�t�a�n�g�e�n�t�i�a�l� �v�e�l�o�c�i�t�i�e�s� �w�e�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �r�o�t�o�r� �s�p�e�e�d�.� �T�h�i�s� �v�a�r�i�a�t�i�o�n� �i�n� �a�x�i�a�l� 

�v�e�l�o�c�i�t�y� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �s�i�n�u�s�o�i�d�a�l�.� �A�l�s�o�,� �e�v�i�d�e�n�c�e� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �s�t�a�l�l� �c�e�l�l� �p�r�o�p�a�g�a�t�i�o�n� 

�s�p�e�e�d� �i�s� �l�e�s�s� �t�h�a�n� �h�a�l�f� �t�h�e� �r�o�t�o�r� �s�p�e�e�d�.� �I�f� �t�h�e� �m�o�d�e�l� �i�s� �r�e�s�t�r�i�c�t�e�d� �t�o� �f�i�f�t�y� �p�e�r�c�e�n�t� �r�e�a�c�t�i�o�n� 

�c�o�m�p�r�e�s�s�o�r�s�,� �t�h�e� �m�e�a�n� �s�w�i�r�l� �v�e�l�o�c�i�t�y� �w�i�l�l� �b�e� �h�a�l�f� �t�h�e� �r�o�t�o�r� �s�p�e�e�d�.� �A�s�s�u�m�i�n�g� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�,� 
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�t�h�e� �p�r�e�s�s�u�r�e� �r�i�s�e� �a�c�r�o�s�s� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �w�a�s� �g�i�v�e�n� �b�y� �t�h�e� �i�n�t�e�g�r�a�t�e�d�,� �u�n�s�t�e�a�d�y� �B�e�m�o�u�l�l�i� 

�e�q�u�a�t�i�o�n�.� �T�o� �a�c�c�o�u�n�t� �f�o�r� �u�n�c�e�r�t�a�i�n�t�i�e�s� �i�n� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� �p�r�e�s�s�u�r�e� �r�i�s�e� �w�a�s� �l�i�n�e�a�r�l�y� �s�c�a�l�e�d� �b�y� 

�a� �c�o�n�s�t�a�n�t�.� �C�o�r�r�e�l�a�t�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n� �w�i�t�h� �m�e�a�s�u�r�e�d� �d�a�t�a�,� �a� �v�a�l�u�e� �f�o�r� �t�h�e� �c�o�n�s�t�a�n�t� �w�a�s� 

�d�e�t�e�r�m�i�n�e�d�.� �T�h�i�s� �f�o�r�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�e�d� �i�n� �a�n� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n� �r�e�l�a�t�i�n�g� �s�t�a�l�l� �c�e�l�l� �p�r�o�p�a�g�a�t�i�o�n� 

�s�p�e�e�d� �t�o� �w�h�e�e�l� �s�p�e�e�d�,� �b�l�a�d�e� �s�t�a�g�g�e�r� �a�n�g�l�e�,� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�,� �a�n�d� �n�u�m�b�e�r� �o�f� �s�t�a�g�e�s�.� 

�R�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �m�o�d�e�l� �w�e�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �s�t�a�l�l� �c�e�l�l� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d�s� �o�f� �g�i�v�e�n� 

�c�o�m�p�r�e�s�s�o�r�s�.� �E�x�p�e�r�i�m�e�n�t�s� �h�a�d� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d�s� �i�n�c�r�e�a�s�e�d� �w�i�t�h� �t�h�e� �n�u�m�b�e�r� �o�f� 

�s�t�a�g�e�s� �(�D�a�y� �1�9�7�8�)�.� �B�a�s�e�d� �o�n� �r�e�s�u�l�t�s� �g�i�v�e�n�,� �t�h�e� �m�o�d�e�l� �p�r�e�d�i�c�t�e�d� �t�h�e� �t�r�e�n�d� �a�m�o�n�g� �i�n�d�i�v�i�d�u�a�l� 

�c�o�m�p�r�e�s�s�o�r�s� �w�e�l�l�.� �M�o�s�t� �o�f� �t�h�e� �d�a�t�a� �w�a�s� �o�v�e�r�p�r�e�d�i�c�t�e�d�.� �H�o�w�e�v�e�r�,� �i�t� �w�a�s� �n�o�t�e�d�,� �i�f� �m�o�r�e� �d�a�t�a� �h�a�d� 

�b�e�e�n� �u�s�e�d� �i�n� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n�,� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �w�o�u�l�d� �h�a�v�e� �b�e�e�n� �b�e�t�t�e�r�.� �T�h�e� �m�a�i�n� �b�e�n�e�f�i�t� �o�f� �t�h�i�s� 

�m�o�d�e�l� �i�s� �i�t�s� �e�a�s�e� �o�f� �u�s�e� �a�n�d� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �d�e�r�i�v�a�t�i�o�n�.� �E�v�e�n� �t�h�o�u�g�h� �f�l�u�i�d� �m�e�c�h�a�n�i�c�s� �p�r�i�n�c�i�p�l�e�s� 

�w�e�r�e� �u�s�e�d� �i�n� �d�e�v�e�l�o�p�m�e�n�t�,� �t�h�e� �m�o�d�e�l� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �c�o�r�r�e�l�a�t�i�o�n� �t�o� �d�a�t�a�.� �T�h�e�r�e�f�o�r�e�,� �c�h�o�i�c�e� �o�f� 

�d�a�t�a� �l�i�m�i�t�s� �p�r�e�d�i�c�t�i�v�e� �a�b�i�l�i�t�y�.� �A�l�s�o�,� �d�u�e� �t�o� �t�h�e� �e�m�p�i�r�i�c�a�l� �n�a�t�u�r�e� �o�f� �t�h�e� �m�o�d�e�l�,� �i�t� �w�a�s� �n�o�t� �c�o�n�d�u�c�i�v�e� 

�t�o� �a� �g�e�n�e�r�a�l� �t�h�e�o�r�y� �r�e�l�a�t�i�n�g� �t�o� �p�o�s�t�-�s�t�a�l�l� �b�e�h�a�v�i�o�r�.� �A� �s�u�r�v�e�y� �o�f� �c�o�m�p�r�e�s�s�o�r�s� �a�n�d� �s�t�a�l�l� �c�e�l�l� �s�p�e�e�d�s� 

�w�a�s� �i�n�c�l�u�d�e�d�,� �T�a�b�l�e� �2�.�1�.� �!�n� �a�d�d�i�t�i�o�n� �t�o� �p�r�o�v�i�d�i�n�g� �p�o�s�t�-�s�t�a�l�l� �d�a�t�a� �f�o�r� �v�a�r�i�o�u�s� �c�o�m�p�r�e�s�s�o�r�s�,� �r�e�s�u�l�t�s� 

�i�n� �T�a�b�l�e� �2�.�1� �s�u�p�p�o�r�t� �t�h�e� �t�r�e�n�d� �t�h�a�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�a�g�e�s�,� �s�o�l�i�d�i�t�y�,� �a�n�d� �l�o�a�d�i�n�g�,� 

�i�n�c�r�e�a�s�e�s� �s�t�a�l�l� �c�e�l�l� �s�p�e�e�d�.� �A�l�t�h�o�u�g�h� �s�o�m�e� �c�a�s�e�s� �o�f� �h�i�g�h�e�r� �s�p�e�e�d�s� �h�a�v�e� �b�e�e�n� �r�e�p�o�r�t�e�d� 

�(�M�a�t�h�i�o�u�d�a�k�i�s� �1�9�8�5�,� �G�r�e�i�t�z�e�r� �1�9�8�0�(�2�)�)�,� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �a�p�p�e�a�r�s� �t�o� �a�s�y�m�p�t�o�t�i�c�a�l�l�y� 

�a�p�p�r�o�a�c�h� �h�a�l�f� �t�h�e� �r�o�t�o�r� �s�p�e�e�d�.� 

�T�a�b�l�e� �2�.�1�:� �C�o�m�p�r�e�s�s�o�r� �S�t�a�l�l� �C�e�l�l� �S�p�e�e�d�s� �(�C�u�m�p�s�t�y� �1�9�8�2�)� 

� � 

� � 

� � � � 

�(�S�t�a�l�l� �c�e�l�l�|� �N�u�m�b�e�r� �o�f� �|� �S�t�a�g�g�e�r� �a�n�g�l�e� �|� �C�a�m�b�e�r� �a�n�g�l�e� �|� �A�v�e�r�a�g�e� �H�u�b�j�f�t�i�p� �r�a�t�i�o� 

�s�p�e�e�d�)�/�U� �s�t�a�g�e�s� �r�o�t�o�r�/�s�t�a�t�o�r� �r�o�t�o�r�/�s�t�a�t�o�r� �s�o�l�i�d�i�t�y� 

�0�.�1�0� �1� �4�4�/�2�9� �2�0�/�3�0� �0�.�8�9� �0�.�6� 

�0�.�2�8� �3� �4�4�/�2�9� �2�0�/�3�0� �0�.�8�9� �0�.�6� � � � � � � � � � � � � 
� � 
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� � 

� � � � 

�0�.�1�9� �3� �4�4�/�2�9� �|� �2�0�/�3�0� �0�.�4�4� �0�.�6� 

�0�.�1�1� �1� �3�7�/�3�5� �2�4�/�2�5� �0�.�9�6� �0�.�6� 

�0�.�2�9� �3� �2�6�/�3�0� �3�9�/�1�0� �1�.�2�4� �0�.�7� 

�0�.�3�5� �6� �4�7�/�4�7� �3�1�/�3�0� �1�.�1�8� �0�.�7�5� 

�0�.�3�5� �6� �2�7�-�4�7�/�3�1�-�4�7� �3�1�/�3�0� �1�.�1�8� �0�.�7�5� 

�0�.�3�5� �6� �3�7�-�4�7�/�3�9�-�4�7� �3�1�/�3�0� �1�.�1�8� �0�.�7�5� � � � � � � � � � � � � 
� � 

�2�.�1�.�2�.�5� �N�o�n�l�i�n�e�a�r�,� �M�u�l�t�i�s�t�a�g�e� �R�o�t�a�t�i�n�g� �S�t�a�l�l� �M�o�d�e�l� �(�M�o�o�r�e� �1�9�8�4�)� 

�M�o�o�r�e� �d�e�v�e�l�o�p�e�d� �a� �n�o�n�l�i�n�e�a�r� �t�h�e�o�r�y� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �b�a�s�e�d� �o�n� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� 

�i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�u�i�d� �f�l�o�w� �t�h�r�o�u�g�h� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �e�l�e�m�e�n�t�s�.� �T�h�e� �s�y�s�t�e�m� �e�l�e�m�e�n�t�s� �w�e�r�e� �a�n� 

�i�n�l�e�t� �d�u�c�t�,� �i�n�l�e�t� �g�u�i�d�e� �v�a�n�e�s�,� �a� �c�o�m�p�r�e�s�s�o�r� �c�o�n�s�i�s�t�i�n�g� �o�f� �r�o�t�o�r�s� �a�n�d� �s�t�a�t�o�r�s�,� �e�x�i�t� �g�u�i�d�e� �v�a�n�e�s� �a�n�d� 

�a�n� �e�x�i�t� �d�u�c�t�.� �T�h�e� �i�n�l�e�t� �a�n�d� �e�x�i�t� �w�e�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �e�x�p�o�s�e�d� �t�o� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l�l�y�-�u�n�i�f�o�r�m�,� 

�a�m�b�i�e�n�t� �p�r�e�s�s�u�r�e�.� �T�h�e� �s�t�e�a�d�y�-�s�t�a�t�e�,� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l�l�y�-�i�o�c�a�l� �c�o�m�p�r�e�s�s�o�r� �p�e�r�f�o�r�m�a�n�c�e� �w�a�s� 

�a�s�s�u�m�e�d� �t�o� �b�e� �g�o�v�e�r�n�e�d� �b�y� �a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �f�u�n�c�t�i�o�n�.� �T�h�i�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �w�a�s� �a�c�t�u�a�l�l�y� �t�h�e� 

�a�x�i�s�y�m�m�e�t�r�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �d�e�s�c�r�i�b�e�d� �b�y� �K�o�f�f� �a�n�d� �G�r�e�i�t�z�e�r� �(�K�o�f�f� �1�9�8�4�)�.� �F�l�u�i�d� �m�o�d�e�l�i�n�g� �w�a�s� 

�a�s�s�u�m�e�d� �i�n�c�o�m�p�r�e�s�s�i�b�l�e�.� �U�p�s�t�r�e�a�m� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r�,� �t�h�e� �f�l�o�w� �w�a�s� �a�s�s�u�m�e�d� �i�r�r�o�t�a�t�i�o�n�a�l� �a�n�d�,� 

�t�h�e�r�e�f�o�r�e�,� �g�o�v�e�r�n�e�d� �b�y� �p�o�t�e�n�t�i�a�l� �t�h�e�o�r�y�.� �D�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r�,� �e�i�t�h�e�r� �a� �s�t�r�a�i�g�h�t� �a�n�n�u�l�a�r� 

�d�u�c�t� �o�r� �a� �s�u�d�d�e�n� �e�x�p�a�n�s�i�o�n� �w�a�s� �m�o�d�e�l�e�d�.� �T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �s�i�m�p�l�i�f�i�e�d� �u�s�i�n�g� �s�c�a�l�e�d� 

�d�i�s�t�u�r�b�a�n�c�e�s�,� �a�n�d� �s�o�l�u�t�i�o�n�s� �w�e�r�e� �s�o�u�g�h�t� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �l�i�m�i�t� �c�y�c�l�e�.� 

�M�o�o�r�e� �p�r�e�s�e�n�t�e�d� �h�i�s� �t�h�e�o�r�y� �i�n� �t�h�r�e�e� �p�a�r�t�s�.� �T�h�e� �f�i�r�s�t� �p�a�r�t� �a�s�s�u�m�e�d� �o�n�l�y� �s�m�a�l�l� �s�c�a�l�e� 

�d�i�s�t�u�r�b�a�n�c�e�s�.� �B�y� �t�r�u�n�c�a�t�i�n�g� �T�a�y�l�o�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n�s� �t�o� �f�i�r�s�t� �o�r�d�e�r� �t�e�r�m�s� �a�n�d� �a�s�s�u�m�i�n�g� �a� �F�o�u�r�i�e�r� 

�s�o�l�u�t�i�o�n�,� �M�o�o�r�e� �w�a�s� �a�b�l�e� �t�o� �r�e�d�u�c�e� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �t�o� �a�n� �a�l�g�e�b�r�a�i�c� �f�o�r�m� �f�o�r� �s�t�a�l�l� 

�p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d�.� �A� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t� �w�a�s� �t�h�e�n� �d�e�p�e�n�d�e�n�t� �o�n� �s�p�e�c�i�f�y�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�a�l�l� 

�c�e�l�l�s�,� �t�i�m�e� �l�a�g�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �b�l�a�d�e�d� �r�e�g�i�o�n�s�,� �a�n�d� �a� �d�i�f�f�u�s�i�o�n� �p�a�r�a�m�e�t�e�r� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� 
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�c�o�m�p�r�e�s�s�o�r�.� �E�x�c�e�p�t� �f�o�r� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�a�l�l� �c�e�l�l�s�,� �p�h�y�s�i�c�a�l� �a�r�g�u�m�e�n�t�s� �w�e�r�e� �g�i�v�e�n� �s�c�a�l�i�n�g� �t�h�e�s�e� 

�p�a�r�a�m�e�t�e�r�s�.� �W�i�t�h�o�u�t� �g�e�n�e�r�a�t�i�n�g� �a� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�,� �r�e�s�u�l�t�s� �r�e�g�a�r�d�i�n�g� �c�e�l�l� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� 

�f�o�l�l�o�w�e�d� �f�r�o�m� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �s�m�a�l�l� �d�i�s�t�u�r�b�a�n�c�e� �e�q�u�a�t�i�o�n�s�:� 

�e� �W�i�t�h� �p�o�s�i�t�i�v�e� �t�i�m�e� �l�a�g�s�,� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �i�s� �a�l�w�a�y�s� �l�e�s�s� �t�h�a�n� �f�i�f�t�y� �p�e�r�c�e�n�t� �o�f� �w�h�e�e�l� �s�p�e�e�d�.� 

�e� �I�n�c�r�e�a�s�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�s� �i�n�c�r�e�a�s�e�s� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d�.� 

�e� �M�u�l�t�i�p�l�e� �c�e�l�l� �s�t�a�l�l�s� �h�a�v�e� �h�i�g�h�e�r� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �t�h�a�n� �s�i�n�g�l�e� �c�e�l�l� �s�t�a�l�l�s�.� 

�e� �S�m�a�l�l� �d�e�s�i�g�n� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t� �t�e�n�d�s� �t�o� �i�n�c�r�e�a�s�e� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d�.� 

�D�u�e� �t�o� �t�h�e� �s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n� �a�s�s�u�m�p�t�i�o�n�,� �o�n�l�y� �s�m�a�l�l� �s�t�a�l�l� �w�a�s� �a�d�m�i�s�s�i�b�l�e�.� �O�t�h�e�r� �t�h�a�n� 

�t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d�,� �n�o� �f�e�a�t�u�r�e�s� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �w�e�r�e� �p�r�e�d�i�c�t�e�d�.� �F�o�r� �c�a�s�e�s� �o�f� �s�m�a�l�l� �s�t�a�l�l�,� 

�a�g�r�e�e�m�e�n�t� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �g�o�o�d�.� �(�S�m�a�l�l� �s�t�a�l�l� �i�s� �a� �r�o�t�a�t�i�n�g� �f�l�o�w� �d�e�f�e�c�t� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �a� 

�m�i�l�d� �r�e�d�u�c�t�i�o�n� �i�n� �p�e�r�f�o�r�m�a�n�c�e�)� �F�o�r� �o�t�h�e�r� �c�a�s�e�s�,� �t�h�e� �p�r�o�p�e�r� �t�r�e�n�d�s� �i�n� �c�e�l�l� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �w�e�r�e� 

�d�e�m�o�n�s�t�r�a�t�e�d�,� �b�u�t� �a�g�r�e�e�m�e�n�t� �w�a�s� �c�o�n�s�i�d�e�r�e�d� �f�o�r�t�u�i�t�o�u�s�.� 

�P�a�r�t� �t�w�o� �o�f� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �d�e�v�e�l�o�p�m�e�n�t� �a�d�m�i�t�t�e�d� �f�i�n�i�t�e� �d�i�s�t�u�r�b�a�n�c�e�s� �i�n�t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� 

�e�q�u�a�t�i�o�n�s�.� �B�y� �r�e�t�a�i�n�i�n�g� �h�i�g�h�e�r� �o�r�d�e�r� �t�e�r�m�s� �i�n� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n�s� �f�o�r� �f�l�o�w� �d�i�s�t�u�r�b�a�n�c�e�s�,� �t�h�e� �f�i�n�i�t�e� 

�d�i�s�t�u�r�b�a�n�c�e� �t�h�e�o�r�y� �w�a�s� �d�e�r�i�v�e�d� �o�n� �t�h�e� �s�a�m�e� �g�e�n�e�r�a�!� �p�r�i�n�c�i�p�l�e�s� �a�s� �t�h�e� �s�m�a�l�l� �d�i�s�t�u�r�b�a�n�c�e� �t�h�e�o�r�y�.� 

�T�h�e� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �w�a�s� �g�i�v�e�n� �a�s� �a� �h�a�r�m�o�n�i�c� �p�l�u�s� �s�o�m�e� �s�c�a�l�e�d� �n�o�n�l�i�n�e�a�r� �t�e�r�m�s�.� �T�h�e� �g�e�n�e�r�a�l� 

�s�o�l�u�t�i�o�n� �i�t�s�e�l�f� �w�a�s� �s�c�a�l�e�d� �b�y� �a�n� �a�r�b�i�t�r�a�r�y� �a�m�p�l�i�t�u�d�e�.� �I�n� �a�l�l� �t�h�e� �f�i�n�i�t�e� �d�i�s�t�u�r�b�a�n�c�e� �c�a�s�e�s�,� �t�h�e� 

�a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �w�a�v�e�f�o�r�m� �w�a�s� �s�e�t� �t�o� �t�h�e� �m�a�x�i�m�u�m� �a�l�l�o�w�a�b�l�e� �v�a�l�u�e�.� �T�h�e� �t�h�e�o�r�y� �w�a�s� �l�i�m�i�t�e�d� �t�o� 

�o�s�c�i�l�l�a�t�i�o�n�s� �c�e�n�t�e�r�e�d� �a�r�o�u�n�d� �a� �r�e�g�i�o�n� �o�f� �t�h�e� �a�x�i�s�y�m�m�e�t�r�i�c� �p�r�e�s�s�u�r�e� �r�i�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �w�h�e�r�e� �t�h�e� 

�s�l�o�p�e� �w�a�s� �z�e�r�o�,� �y�i�,� �=�0�.� �T�h�i�s� �c�e�n�t�e�r� �p�o�i�n�t� �c�o�r�r�e�s�p�o�n�d�e�d� �t�o� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �o�p�e�r�a�t�i�n�g� �p�o�i�n�t�,� �®� �.� 

�T�h�e� �s�l�o�p�e� �a�p�p�e�a�r�e�d� �a�s� �a� �d�a�m�p�i�n�g� �t�e�r�m� �i�n� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�:� �I�f� �t�h�e� �s�l�o�p�e� �h�a�d� �b�e�e�n� �p�o�s�i�t�i�v�e�,� 

�o�s�c�i�l�l�a�t�i�o�n�s� �w�o�u�l�d� �h�a�v�e� �g�r�o�w�n�;� �i�f� �n�e�g�a�t�i�v�e�,� �t�h�e�y� �w�o�u�l�d� �h�a�v�e� �d�e�c�a�y�e�d�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �n�a�t�u�r�e� �o�f� 

�t�h�e� �o�s�c�i�l�l�a�t�i�o�n�s� �w�a�s� �b�a�s�e�d� �o�n� �t�h�e� �l�o�c�a�l� �s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�.� �T�h�e�r�e�f�o�r�e� 

�o�s�c�i�l�l�a�t�i�o�n�s� �w�e�r�e� �l�i�m�i�t�e�d� �t�o� �r�e�g�i�o�n�s� �o�f� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �w�h�e�r�e� �t�h�e� �s�i�g�n� �o�f� �y�7� �w�a�s� �c�o�n�s�t�a�n�t�.� �T�h�i�s� 

�l�i�m�i�t�a�t�i�o�n� �w�a�s� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�e�d� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�.� 
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�F�o�r� �a� �f�l�a�t� �p�o�r�t�i�o�n� �o�f� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�,� �y �� �=�0�.� �A�s�s�u�m�i�n�g� �a� �z�e�r�o� �s�l�o�p�e� �f�r�o�m� �s�h�u�t� �o�f�f� �t�o� 

�r�e�c�o�v�e�r�y�,� �a� �f�l�a�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�e�a�s�o�n�a�b�l�y� �r�e�p�r�e�s�e�n�t�e�d� �d�e�e�p� �s�t�a�l�l�.� �U�s�e� �o�f� �t�h�e� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� 

�r�e�q�u�i�r�e�d� �t�h�e� �n�o�n�l�i�n�e�a�r� �t�e�r�m�s� �t�o� �b�e� �z�e�r�o�.� �T�h�u�s�,� �t�h�e� �r�e�s�u�l�t� �w�a�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �l�i�n�e�a�r� �r�e�s�u�l�t� �g�i�v�e�n� 

�b�y� �s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n� �t�h�e�o�r�y� �w�i�t�h� �a�r�b�i�t�r�a�r�y� �a�m�p�l�i�t�u�d�e�.� �T�o� �a�v�o�i�d� �a� �n�o�n�z�e�r�o� �y�w�?� �,� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� 

�t�h�e� �s�o�l�u�t�i�o�n� �w�a�s� �r�e�s�t�r�i�c�t�e�d� �t�o� �t�h�e� �s�c�a�l�e� �o�f� �t�h�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�.� �F�o�r� �a� �c�o�n�c�a�v�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�,� 

�n�o�n�l�i�n�e�a�r� �t�e�r�m�s� �w�e�r�e� �r�e�t�a�i�n�e�d�,� �b�u�t� �t�h�e� �s�o�l�u�t�i�o�n� �w�a�s� �o�n�l�y� �s�l�i�g�h�t�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �f�l�a�t� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�.� �T�h�e� �w�a�v�e�f�o�r�m� �o�f� �t�h�e� �s�t�a�l�l� �c�e�l�l� �i�t�s�e�l�f� �w�a�s� �a�f�f�e�c�t�e�d�,� �b�u�t� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �w�a�s� 

�o�n�l�y� �a�f�f�e�c�t�e�d� �b�y� �s�m�a�l�l�,� �s�e�c�o�n�d� �o�r�d�e�r�,� �n�o�n�l�i�n�e�a�r� �t�e�r�m�s�.� 

�A� �c�o�n�v�e�x�-�s�h�a�p�e�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �w�a�s� �a�s�s�u�m�e�d� �t�o� �r�e�p�r�e�s�e�n�t�e�d� �i�n�c�i�p�i�e�n�t� �o�r� �p�r�o�g�r�e�s�s�i�v�e� 

�s�t�a�l�l�.� �I�n� �a� �n�o�r�m�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�,� �t�h�i�s� �w�o�u�l�d� �b�e� �t�h�e� �r�e�g�i�o�n� �o�f� �m�a�x�i�m�u�m� �p�r�e�s�s�u�r�e� �r�i�s�e�.� �T�o� �s�i�m�p�l�i�f�y� 

�e�q�u�a�t�i�o�n� �d�e�v�e�l�o�p�m�e�n�t�,� �i�n� �t�h�e� �r�e�g�i�o�n� �a�r�o�u�n�d� �t�h�e� �c�o�n�v�e�x� �p�o�i�n�t�,� �M�o�o�r�e� �a�s�s�u�m�e�d� �a� �p�a�r�a�b�o�l�i�c� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �t�h�e�o�r�y� �a�d�m�i�t�t�e�d� �n�e�g�a�t�i�v�e� �o�r� �p�o�s�i�t�i�v�e� �v�a�l�u�e�s� �o�f� �t�i�m�e� �d�e�l�a�y�.� 

�N�e�g�a�t�i�v�e� �v�a�l�u�e�s� �o�f� �t�i�m�e� �d�e�l�a�y� �w�o�u�l�d� �i�n�d�i�c�a�t�e� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d�s� �g�r�e�a�t�e�r� �t�h�a�n� �f�i�f�t�y� �p�e�r�c�e�n�t� �o�f� �t�h�e� 

�r�o�t�o�r� �s�p�e�e�d�.� �H�o�w�e�v�e�r�,� �p�o�s�s�i�b�l�e� �n�e�g�a�t�i�v�e� �t�i�m�e� �d�e�l�a�y�s� �h�a�v�e� �b�e�e�n� �i�n�d�i�c�a�t�e�d� �f�o�r� �i�s�o�l�a�t�e�d� �a�i�r�f�o�i�l�s� 

�(�M�o�o�r�e� �1�9�5�1�)�.� �B�a�s�e�d� �o�n� �e�q�u�a�t�i�o�n�s� �f�o�r� �a� �c�o�n�v�e�x� �r�e�g�i�o�n�,� �M�o�o�r�e� �m�a�d�e� �s�e�v�e�r�a�l� �c�o�n�c�l�u�s�i�o�n�s� 

�r�e�g�a�r�d�i�n�g� �p�r�o�g�r�e�s�s�i�v�e� �s�t�a�l�l�:� 

�e� �I�f� �t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �r�i�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�n� �t�h�e� �v�e�r�g�e� �o�f� �d�e�e�p� �s�t�a�l�l� �i�s� �p�o�s�i�t�i�v�e� �a�n�d� �l�a�r�g�e�,� 

�p�r�o�g�r�e�s�s�i�v�e� �s�t�a�l�l� �i�s� �i�n�d�i�c�a�t�e�d�.� 

�e� �A�s�u�d�d�e�n� �e�x�p�a�n�s�i�o�n� �a�t� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �e�x�i�t� �d�i�f�f�u�s�e�r� �p�r�o�m�o�t�e�s� �p�r�o�g�r�e�s�s�i�v�e� �s�t�a�l�l�.� 

�e� �A� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �s�t�a�l�l� �c�e�l�l�s� �f�o�r� �a� �s�i�n�g�l�e� �s�t�a�g�e� �o�r� �f�e�w�e�r� �i�n� �a� �m�u�l�t�i�p�l�e� �s�t�a�g�e� �m�a�c�h�i�n�e� �a�r�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �p�r�o�g�r�e�s�s�i�v�e� �s�t�a�l�l�.� 

�T�o� �e�x�t�e�n�d� �t�h�e� �f�i�n�i�t�e� �d�i�s�t�u�r�b�a�n�c�e� �e�q�u�a�t�i�o�n�s� �t�o� �a� �g�e�n�e�r�a�l� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �t�h�e�o�r�y�,� �i�t� �w�a�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �a�l�l�o�w� �s�o�l�u�t�i�o�n�s� �t�o� �e�v�o�l�v�e� �o�v�e�r� �a� �f�u�l�l� �r�a�n�g�e� �a�x�i�s�y�m�m�e�t�r�i�c� �f�l�o�w� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�.� �T�h�i�s� 

�m�e�a�n�t� �r�e�m�o�v�i�n�g� �r�e�s�t�r�i�c�t�i�o�n�s� �f�r�o�m� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�s�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �e�q�u�a�t�i�o�n� �w�a�s� 
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�s�i�m�i�l�a�r� �t�o� �t�h�e� �v�a�n� �d�e�r� �P�o�l� �e�q�u�a�t�i�o�n� �f�o�r� �a� �s�e�l�f�-�e�x�c�i�t�e�d� �o�s�c�i�l�l�a�t�o�r�.� �T�h�e� �a�x�i�s�y�m�m�e�t�r�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� 

�s�e�r�v�e�d� �a�s� �t�h�e� �d�a�m�p�i�n�g� �f�u�n�c�t�i�o�n�.� 

�9�9 ��(�h�)�+�h�=�G�(�g�)� �(�2�.�1�1�)� 

�h� �m�f�  ��a�e� �a� �2�.�1�2� �§� �g� �2�r� �2� �(�2�.�1�2�)� 

�I�n� �E�q�u�a�t�i�o�n� �(�2�.�1�1�)�,� �@� �i�s� �t�h�e� �u�n�s�t�e�a�d�y� �p�o�r�t�i�o�n� �o�f� �t�h�e� �a�x�i�a�l� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�,� �A� �i�s� �t�h�e� 

�u�n�s�t�e�a�d�y�,� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �v�e�l�o�c�i�t�y�,� �a�n�d� �G� �i�s� �t�h�e� �a�x�i�s�y�m�m�e�t�r�i�c� �p�r�e�s�s�u�r�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�.� �T�h�e� �c�a�r�a�t�s� 

�i�n�d�i�c�a�t�e� �a� �n�o�r�m�a�l�i�z�a�t�i�o�n� �u�s�e�d� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �f�o�r�m� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s�.� �I�n� �E�q�u�a�t�i�o�n� �(�2�.�1�2�)�,� �m� �i�s� �a� 

�c�o�n�s�t�a�n�t� �r�e�p�r�e�s�e�n�t�i�n�g� �p�r�e�s�s�u�r�e� �l�o�s�s� �i�n� �t�h�e� �d�i�f�f�u�s�e�r� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r�;� �f� �i�s� �t�h�e� �s�t�a�l�l� 

�c�e�l�l� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �r�e�l�a�t�i�v�e� �t�o� �w�h�e�e�l� �s�p�e�e�d�;� �a�n�d� �2� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �t�i�m�e� �l�a�g�s� 

�a�n�d� �t�h�e� �s�t�a�l�l� �c�e�l�l� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d�.� 

�T�o� �s�i�m�p�l�i�f�y� �s�o�l�u�t�i�o�n� �o�f� �E�q�u�a�t�i�o�n� �(�2�.�1�1�)�,� �l�i�n�e�-�s�e�g�m�e�n�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�e�r�e� �u�s�e�d� �t�o� 

�r�e�p�r�e�s�e�n�t� �G�.� �T�o� �o�b�t�a�i�n� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s�,� �a�n�a�l�y�t�i�c� �s�o�l�u�t�i�o�n�s� �v�a�l�i�d� �o�v�e�r� �s�e�g�m�e�n�t�s� �o�f� �t�h�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �w�e�r�e� �p�i�e�c�e�d� �t�o�g�e�t�h�e�r�.� �I�n�s�t�e�a�d� �o�f� �u�s�i�n�g� �t�h�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�,� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� 

�t�h�e� �s�o�l�u�t�i�o�n� �w�e�r�e� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l�l�y� �l�o�c�a�l� �v�e�l�o�c�i�t�y� �d�i�s�t�u�r�b�a�n�c�e�,� �g�.� �F�o�r� 

�f�u�l�l�y� �d�e�v�e�l�o�p�e�d� �f�l�o�w�,� �t�h�i�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �d�i�d� �n�o�t� �r�e�s�u�l�t� �i�n� �a�n�y� �l�o�s�s� �o�f� �g�e�n�e�r�a�l�i�t�y�.� �R�e�s�u�l�t�s� �f�o�r� 

�h�y�p�o�t�h�e�t�i�c�a�l� �c�a�s�e�s� �d�e�m�o�n�s�t�r�a�t�e�d� �f�e�a�t�u�r�e�s� �t�h�a�t� �w�e�r�e� �s�u�p�p�o�r�t�i�v�e� �o�f� �a� �g�e�n�e�r�a�l� �m�o�d�e�l� �o�f� �r�o�t�a�t�i�n�g� 

�s�t�a�l�l�.� �R�e�c�o�v�e�r�y� �w�a�s� �i�n�d�i�c�a�t�e�d� �a�b�o�v�e� �c�e�r�t�a�i�n� �t�h�r�o�t�t�l�e� �s�e�t�t�i�n�g�s� �a�n�d� �a� �r�e�a�s�o�n�a�b�l�e� �a�m�o�u�n�t� �o�f� 

�h�y�s�t�e�r�e�s�i�s� �w�a�s� �p�r�e�s�e�n�t�.� �T�h�e� �w�a�v�e�f�o�r�m� �o�f� �t�h�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t� �i�n� �s�t�a�l�l� �w�a�s� �a�l�s�o� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� 

�m�e�a�s�u�r�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �S�p�e�c�i�f�i�c� �r�e�s�u�l�t�s� �f�o�r� �r�e�c�o�v�e�r�y� �f�r�o�m� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �a�g�r�e�e�d� �w�i�t�h� 

�e�x�p�e�r�i�m�e�n�t�.� �H�o�w�e�v�e�r�,� �g�e�n�e�r�a�l� �c�o�n�c�l�u�s�i�o�n�s� �a�b�o�u�t� �t�h�e� �u�t�i�l�i�t�y� �o�f� �t�h�e� �m�e�t�h�o�d� �r�e�q�u�i�r�e� �a�x�i�s�y�m�m�e�t�r�i�c� 

�f�l�o�w� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.



�2�.�1�.�2�.�6� �C�o�m�b�i�n�e�d� �P�o�s�t�-�S�t�a�l�l� �M�o�d�e�l� �(�M�o�o�r�e� �1�9�8�5�(�1�&�2�)�,� �M�o�o�r�e� �1�9�8�6�,� �G�r�e�i�t�z�e�r� �1�9�8�6�)� 

�T�h�e� �g�e�n�e�r�a�l� �t�h�e�o�r�y� �o�f� �p�o�s�t�-�s�t�a�l�l� �t�r�a�n�s�i�e�n�t�s� �p�r�e�s�e�n�t�e�d� �b�y� �M�o�o�r�e� �a�n�d� �G�r�e�i�t�z�e�r� �i�s� �e�s�s�e�n�t�i�a�l�l�y� 

�a� �c�o�u�p�l�i�n�g� �o�f� �t�h�e� �B�-�p�a�r�a�m�e�t�e�r� �m�o�d�e�l� �(�G�r�e�i�t�z�e�r� �1�9�7�6�)� �a�n�d� �t�h�e� �n�o�n�l�i�n�e�a�r� �p�e�r�t�u�r�b�a�t�i�o�n� �m�o�d�e�l� 

�(�M�o�o�r�e� �1�9�8�4�)�.� �I�n� �t�h�e� �g�e�n�e�r�a�l� �m�o�d�e�l�,� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �e�l�e�m�e�n�t�s� �o�f� �b�o�t�h� �t�h�e� �B�-�p�a�r�a�m�e�t�e�r� 

�m�o�d�e�l� �a�n�d� �t�h�e� �n�o�n�l�i�n�e�a�r� �p�e�r�t�u�r�b�a�t�i�o�n� �m�o�d�e�l� �w�e�r�e� �u�s�e�d�.� �T�h�e�r�e�f�o�r�e�,� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �p�u�r�e� �r�o�t�a�t�i�n�g� 

�s�t�a�l�l�,� �t�h�e� �e�q�u�a�t�i�o�n�s� �r�e�d�u�c�e�d� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r� �p�e�r�t�u�r�b�a�t�i�o�n� �m�o�d�e�l�,� �a�n�d�,� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �p�u�r�e� �s�u�r�g�e�,� 

�t�h�e� �e�q�u�a�t�i�o�n�s� �r�e�d�u�c�e�d� �t�o� �t�h�e� �B�-�p�a�r�a�m�e�t�e�r� �m�o�d�e�l�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �p�u�r�e� �s�u�r�g�e� �c�a�s�e� �o�f� �t�h�e� 

�c�o�m�b�i�n�e�d� �m�o�d�e�l�,� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e�h�a�v�e� �q�u�a�s�i�-�s�t�e�a�d�i�l�y�.� �P�r�e�d�i�c�t�i�o�n�,� �b�a�s�e�d� �o�n� 

�t�h�e� �g�e�n�e�r�a�l� �f�o�r�m� �o�f� �t�h�e� �m�o�d�e�l�,� �r�e�q�u�i�r�e�d� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �a� �s�y�s�t�e�m� �o�f� �t�h�r�e�e� �i�n�t�e�g�r�a�l�,� �t�h�i�r�d� �o�r�d�e�r�,� 

�n�o�n�l�i�n�e�a�r�,� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�.� 

�C�o�m�p�l�e�x�i�t�y� �w�a�s� �r�e�d�u�c�e�d� �b�y� �t�h�e� �a�d�d�i�t�i�o�n� �o�f� �a� �c�u�b�i�c�,� �a�x�i�s�y�m�m�e�t�r�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �(�K�o�f�f� 

�1�9�8�6�)�.� �C�o�m�b�i�n�e�d� �w�i�t�h� �a� �G�a�l�e�r�k�i�n� �p�r�o�c�e�d�u�r�e�,� �t�h�e� �o�r�i�g�i�n�a�l� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �s�i�m�p�l�i�f�i�e�d� �t�o� �o�r�d�i�n�a�r�y� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �i�n� �t�i�m�e�.� �I�t� �i�s� �k�n�o�w�n� �t�h�a�t�,� �d�u�r�i�n�g� �a� �t�h�r�o�t�t�l�e� �c�l�o�s�u�r�e�,� �t�h�e� �w�a�v�e�f�o�r�m� �o�f� �r�o�t�a�t�i�n�g� 

�s�t�a�l�l� �d�u�r�i�n�g� �c�e�l�l� �d�e�v�e�l�o�p�m�e�n�t� �e�v�o�l�v�e�s� �f�r�o�m� �a� �h�a�r�m�o�n�i�c� �t�o� �a� �r�e�l�a�x�a�t�i�o�n� �f�o�r�m� �(�G�r�e�i�t�z�e�r� �1�9�7�6�)�.� 

�T�h�e�r�e�f�o�r�e�,� �i�t� �w�a�s� �a�s�s�e�r�t�e�d�,� �a�n�y� �i�m�p�r�o�v�e�m�e�n�t� �o�n� �t�h�e� �o�n�e�-�t�e�r�m� �p�r�o�c�e�d�u�r�e� �w�a�s� �l�i�k�e�l�y� �t�o� �r�e�q�u�i�r�e� �a� 

�n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n�;� �n�o� �i�m�p�r�o�v�e�m�e�n�t� �w�o�u�l�d� �b�e� �g�a�i�n�e�d� �b�y� �a�d�d�i�n�g� �t�e�r�m�s� �i�n� �a� �h�a�r�m�o�n�i�c� 

�a�p�p�r�o�x�i�m�a�t�i�o�n�.� �P�u�r�e� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �o�n�e�-�t�e�r�m� �G�a�l�e�r�k�i�n� �p�r�o�c�e�d�u�r�e� 

�c�o�m�p�a�r�e�d� �w�e�l�l� �w�i�t�h� �d�i�r�e�c�t� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �n�u�m�e�r�i�c�a�l�l�y�.� �N�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� 

�e�q�u�a�t�i�o�n�s�,� �i�n�c�l�u�d�i�n�g� �t�h�e� �a�x�i�s�y�m�m�e�t�r�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�,� �w�a�s� �a�l�s�o� �u�s�e�d� �t�o� �f�o�l�l�o�w� �t�r�a�n�s�i�e�n�t� 

�d�e�v�e�l�o�p�m�e�n�t� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �a�n�d� �s�u�r�g�e�.� �I�n� �l�a�t�e�r� �w�o�r�k�,� �M�o�o�r�e� �e�x�p�a�n�d�e�d� �t�h�e� �t�h�e�o�r�y� �t�o� �i�n�c�l�u�d�e� �i�n�l�e�t� 

�d�i�s�t�o�r�t�i�o�n� �(�M�o�o�r�e� �1�9�8�5�(�2�)�)�.� �A� �h�a�r�m�o�n�i�c� �e�q�u�a�t�i�o�n�,� �w�i�t�h� �s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n�s� �t�r�u�n�c�a�t�e�d� �t�o� �s�e�c�o�n�d� 

�o�r�d�e�r�,� �r�e�p�r�e�s�e�n�t�e�d� �t�h�e� �d�i�s�t�o�r�t�i�o�n�.� �T�i�m�e� �e�v�o�l�u�t�i�o�n� �r�e�s�u�l�t�s� �f�o�r� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �a�n�d� �s�u�r�g�e�,� �i�n�c�l�u�d�i�n�g� 

�r�e�c�o�v�e�r�y� �w�e�r�e� �g�i�v�e�n� �f�o�r� �r�a�m�p�e�d� �t�h�r�o�t�t�l�e� �t�r�a�n�s�i�e�n�t�s�.� 

�B�a�s�e�d� �o�n� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �m�o�d�e�l� �e�q�u�a�t�i�o�n�s�,� �s�o�m�e� �q�u�a�l�i�t�a�t�i�v�e� �r�e�s�u�l�t�s� �w�e�r�e� �g�i�v�e�n�:� 

�e� �P�u�r�e� �s�u�r�g�e� �c�o�u�l�d� �d�e�v�e�l�o�p� �f�r�o�m� �i�n�i�t�i�a�l�l�y� �w�e�a�k� �a�x�i�s�y�m�m�e�t�r�i�c� �d�i�s�t�u�r�b�a�n�c�e�s�.



�D�e�v�e�l�o�p�m�e�n�t� �o�f� �p�u�r�e� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �i�n�d�u�c�e�s� �s�o�m�e� �s�m�a�l�l� �a�x�i�s�y�m�m�e�t�r�i�c� �d�i�s�t�u�r�b�a�n�c�e�.� 

�T�h�e� �p�r�o�d�u�c�t� �o�f� �B� �a�n�d� �t�h�e� �s�t�e�e�p�n�e�s�s� �o�f� �t�h�e� �a�x�i�s�y�m�m�e�t�r�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �p�a�r�a�m�e�t�r�i�c�a�l�l�y� �c�o�n�t�r�o�l� 

�t�r�a�n�s�i�t�i�o�n� �f�r�o�m� �d�e�e�p� �s�u�r�g�e� �t�o� �c�l�a�s�s�i�c� �s�u�r�g�e� �t�o� �r�o�t�a�t�i�n�g� �s�t�a�l�l�.� 

�S�m�a�l�l� �B�-�p�a�r�a�m�e�t�e�r� �a�n�d� �s�t�e�e�p� �t�h�r�o�t�t�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �f�a�v�o�r�e�d� �r�o�t�a�t�i�n�g� �s�t�a�l�l�.� 

�T�h�e� �f�i�n�a�l� �l�i�m�i�t� �c�y�c�l�e� �o�f� �a� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �d�i�s�t�u�r�b�a�n�c�e� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� 

�I�n� �f�u�l�l�y�-�d�e�v�e�l�o�p�e�d� �r�o�t�a�t�i�n�g� �s�t�a�l�l�,� �p�e�r�t�u�r�b�a�t�i�o�n�-�i�n�d�u�c�e�d� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �s�u�r�g�e� �i�s� �i�n�h�i�b�i�t�e�d�.� 

�D�u�r�i�n�g� �a� �p�o�r�t�i�o�n� �o�f� �a� �p�u�r�e� �s�u�r�g�e� �c�y�c�l�e�,� �s�m�a�l�l� �a�n�g�u�l�a�r� �d�i�s�t�u�r�b�a�n�c�e�s� �m�a�y� �d�e�v�e�l�o�p� �i�n�t�o� �r�o�t�a�t�i�n�g� 

�s�t�a�l�l�.� 

�A� �l�a�r�g�e�r� �c�o�m�p�r�e�s�s�o�r� �l�e�n�g�t�h�-�t�o�-�r�a�d�i�u�s� �r�a�t�i�o� �i�n�c�r�e�a�s�e�s� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �o�v�e�r� �s�u�r�g�e�.� 

�U�n�s�t�a�b�l�e� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �a�p�p�e�a�r�s� �p�o�s�s�i�b�l�e� �i�f�,� �a�f�t�e�r� �f�i�r�s�t� �i�n�d�u�c�i�n�g� �s�t�a�l�l�,� �t�h�e� �t�h�r�o�t�t�l�e� �i�s� �o�p�e�n�e�d� �a�n�d� 

�h�e�l�d� �o�n� �t�h�e� �p�o�s�i�t�i�v�e�l�y� �s�h�a�p�e�d� �p�o�r�t�i�o�n� �o�f� �t�h�e� �i�n�-�s�t�a�l�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�.� 

�I�f� �t�h�e� �t�h�r�o�t�t�l�e� �i�s� �o�p�e�n�e�d� �p�a�s�t� �t�h�e� �h�y�s�t�e�r�e�s�i�s� �r�e�g�i�o�n� �d�u�r�i�n�g� �s�u�r�g�e�,� �i�t� �a�p�p�e�a�r�s� �p�o�s�s�i�b�l�e�,� �i�n� �s�o�m�e� 

�c�a�s�e�s�,� �f�o�r� �s�u�r�g�e� �t�o� �b�e� �o�v�e�r�t�a�k�e�n� �b�y� �r�o�t�a�t�i�n�g� �s�t�a�l�l�.� 

�I�n�c�r�e�a�s�i�n�g� �d�i�s�t�o�r�t�i�o�n� �w�i�l�l� �c�a�u�s�e� �s�u�r�g�e� �t�o� �b�e� �a�c�c�o�m�p�a�n�i�e�d� �b�y� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �d�u�r�i�n�g� �p�a�r�t� �o�f� �t�h�e� 

�c�y�c�l�e�.� 

�I�f� �t�h�e� �t�h�r�o�t�t�l�e� �i�s� �c�l�o�s�e�d� �q�u�i�c�k�l�y� �i�n� �c�o�n�d�i�t�i�o�n�s� �n�o�r�m�a�l�l�y� �s�t�a�b�l�e� �f�o�r� �r�o�t�a�t�i�n�g� �s�t�a�l�l�,� �s�u�r�g�e� �m�a�y� �o�c�c�u�r� 

�a�n�d� �e�v�o�l�v�e� �i�n�t�o� �r�o�t�a�t�i�n�g� �s�t�a�l�l�.� 

�2�.�1�.�3� �D�i�s�t�r�i�b�u�t�e�d� �f�l�o�w� �f�i�e�l�d� �m�o�d�e�l�s� 

�T�o� �c�a�p�t�u�r�e� �a� �m�o�r�e� �d�e�t�a�i�l�e�d� �p�i�c�t�u�r�e� �o�f� �t�h�e� �f�l�u�i�d� �d�y�n�a�m�i�c�s�,� �a� �m�o�d�e�l� �d�e�p�e�n�d�e�n�t� �o�n� �a�n� 

�a�x�i�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �m�i�g�h�t� �b�e� �d�e�v�e�l�o�p�e�d�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� 

�g�u�i�d�e�d� �b�y� �a� �d�e�s�i�r�e� �t�o� �e�n�c�o�m�p�a�s�s� �a�s� �m�u�c�h� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �a�s� �p�o�s�s�i�b�l�e� �i�n� �a� �s�e�t� 

�o�f� �n�u�m�e�r�i�c�a�l�l�y� �s�o�l�v�a�b�l�e� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �g�e�n�e�r�a�l� �p�r�i�n�c�i�p�l�e� �o�f� �a� �d�i�s�t�r�i�b�u�t�e�d� �m�o�d�e�l� �i�s� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� 

�f�l�u�i�d� �f�l�o�w� �i�n� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �t�o� �a� �d�e�g�r�e�e� �d�e�f�i�n�e�d� �b�y� �s�o�m�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�,� �p�r�a�c�t�i�c�a�b�l�e� �a�n�d� 

�i�n�t�e�l�l�e�c�t�u�a�l� �l�i�m�i�t�s�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �f�l�o�w� �s�h�o�u�l�d� �b�e� �m�o�d�e�l�e�d� �i�n� �a�s� �m�u�c�h� �d�e�t�a�i�l� �a�s� �a�l�l�o�w�e�d� �b�y� �t�h�e� 

�2�4



�c�o�m�p�u�t�e�r�,� �b�y� �a� �r�e�a�s�o�n�a�b�l�e� �t�u�m�a�r�o�u�n�d�-�t�i�m�e�,� �a�n�d� �b�y� �t�h�e� �b�o�d�y� �o�f� �k�n�o�w�l�e�d�g�e� �a�v�a�i�l�a�b�l�e�.� �B�y� �n�a�t�u�r�e�,� 

�t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �m�o�d�e�l� �r�e�q�u�i�r�e�s� �s�o�l�u�t�i�o�n� �o�f� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �d�r�i�v�i�n�g� �g�o�a�l� �i�s� 

�g�e�n�e�r�a�l�l�y� �t�o� �c�a�p�t�u�r�e� �m�o�r�e� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �t�h�a�n� �a�v�a�i�l�a�b�l�e� �i�n� �a� �l�u�m�p�e�d� 

�m�o�d�e�l�.� �U�n�l�i�k�e� �a� �l�u�m�p�e�d� �p�a�r�a�m�e�t�e�r� �m�o�d�e�l�,� �a� �d�i�s�t�r�i�b�u�t�e�d� �m�o�d�e�l� �a�l�l�o�w�s� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �d�e�t�a�i�l� 

�w�h�o�s�e� �l�u�m�p�e�d� �n�a�t�u�r�e� �c�a�n�n�o�t� �b�e� �e�a�s�i�l�y� �d�e�s�c�r�i�b�e�d�.� �S�u�c�h� �p�h�e�n�o�m�e�n�a� �i�n�c�l�u�d�e� �l�o�c�a�l� �b�l�e�e�d� �f�l�o�w�,� 

�m�u�l�t�i�p�l�e� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �a�n�d� �t�h�e� �e�f�f�e�c�t�s� �o�f� �a�x�i�a�l� �M�a�c�h� �n�u�m�b�e�r�.� �I�n� �a�d�d�i�t�i�o�n�,� �i�n� �a� �d�i�s�t�r�i�b�u�t�e�d� 

�m�o�d�e�l�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �e�x�a�m�i�n�e� �d�e�t�a�i�l�e�d� �r�e�s�u�l�t�s� �s�u�c�h� �a�s� �t�h�e� �s�t�a�g�e� �e�f�f�i�c�i�e�n�c�y� �a�n�d� �i�n�i�t�i�a�l�l�y� �s�t�a�l�l�i�n�g� 

�b�l�a�d�e� �r�o�w�s�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �a�p�p�r�o�a�c�h� �i�t� �i�s� �m�o�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �i�s�o�l�a�t�e� �s�i�g�n�i�f�i�c�a�n�t� 

�q�u�a�n�t�i�t�i�e�s� �f�r�o�m� �t�h�e� �f�o�r�m� �t�h�e�y� �t�a�k�e� �i�n� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�.� �S�i�g�n�i�f�i�c�a�n�t� �q�u�a�n�t�i�t�i�e�s� �g�o�v�e�r�n�i�n�g� 

�o�v�e�r�a�l�l� �b�e�h�a�v�i�o�r� �m�a�y� �n�o�t� �b�e� �a�p�p�a�r�e�n�t� �i�n� �t�h�e� �f�u�l�l� �f�o�r�m� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �d�e�t�a�i�l� 

�p�r�e�s�e�n�t� �i�n� �t�h�e� �c�o�m�p�l�e�x� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �p�r�e�v�e�n�t�s� �t�h�e� �u�s�e� �o�f� �a�n�a�l�y�t�i�c� �m�e�t�h�o�d�s�.� �T�h�e�r�e�f�o�r�e�,� �d�u�e� �t�o� 

�t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �a�p�p�r�o�a�c�h� �u�s�u�a�l�l�y� �c�a�n�n�o�t� �p�r�o�v�i�d�e� �t�h�e� 

�f�u�n�d�a�m�e�n�t�a�l� �i�n�s�i�g�h�t� �i�n�t�o� �c�o�m�p�r�e�s�s�o�r� �b�e�h�a�v�i�o�r� �t�h�a�t� �t�h�e� �l�u�m�p�e�d� �a�p�p�r�o�a�c�h� �d�o�e�s�.� �I�t� �a�p�p�e�a�r�s� �t�h�a�t� 

�l�u�m�p�e�d� �m�o�d�e�l�s� �a�r�e� �n�e�c�e�s�s�a�r�y� �t�o� �p�r�o�v�i�d�e� �f�u�n�d�a�m�e�n�t�a�l� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �c�o�m�p�r�e�s�s�o�r� �b�e�h�a�v�i�o�r� 

�w�h�i�l�e� �d�i�s�t�r�i�b�u�t�e�d� �m�o�d�e�l�s� �a�r�e� �n�e�c�e�s�s�a�r�y� �t�o� �a�d�d�r�e�s�s� �s�p�e�c�i�f�i�c� �d�e�s�i�g�n� �i�s�s�u�e�s�.� 

�2�.�1�.�3�.�1� �N�o�n�l�i�n�e�a�r� �R�o�t�a�t�i�n�g� �S�t�a�l�l� �M�o�d�e�l� �(�T�a�k�a�t�a� �1�9�7�2�)� 

�T�h�e� �a�p�p�r�o�a�c�h� �t�a�k�e�n� �b�y� �T�a�k�a�t�a� �a�n�d� �N�a�g�a�n�o� �w�a�s� �t�o� �n�u�m�e�r�i�c�a�l�l�y� �e�v�o�l�v�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� 

�m�o�t�i�o�n� �i�n� �t�h�e� �e�n�t�i�r�e� �f�l�o�w� �f�i�e�l�d�.� �T�h�e� �s�o�l�u�t�i�o�n� �d�o�m�a�i�n� �w�a�s� �r�e�c�t�i�l�i�n�e�a�r�,� �p�e�r�i�o�d�i�c� �i�n� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� 

�d�i�r�e�c�t�i�o�n�,� �w�i�t�h� �c�o�n�s�t�a�n�t� �a�n�n�u�l�a�r� �h�e�i�g�h�t�.� �T�h�e� �f�l�o�w� �w�a�s� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �i�n�v�i�s�c�i�d� �a�n�d� 

�i�n�c�o�m�p�r�e�s�s�i�b�l�e� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �d�o�m�a�i�n� �a�n�d� �i�r�r�o�t�a�t�i�o�n�a�l� �u�p�s�t�r�e�a�m� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r�.� �T�o� �s�i�m�p�l�i�f�y� 

�t�h�e� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �i�n�s�t�a�n�t�a�n�e�o�u�s� �v�e�l�o�c�i�t�y� �a�t� �a�n�y� �p�o�i�n�t� �i�n� �t�h�e� �f�l�o�w� �w�a�s� �b�r�o�k�e�n� �i�n�t�o� �a� �m�e�a�n� �v�a�l�u�e� 

�p�l�u�s� �s�o�m�e� �d�i�s�t�u�r�b�a�n�c�e� �c�o�m�p�o�n�e�n�t�.� �D�u�e� �t�o� �i�n�c�o�m�p�r�e�s�s�i�b�i�l�i�t�y� �a�n�d� �i�r�r�o�t�a�t�i�o�n�a�l�i�t�y� �u�p�s�t�r�e�a�m� �o�f� �t�h�e� 

�c�a�s�c�a�d�e�,� �t�h�e� �i�n�s�t�a�n�t�a�n�e�o�u�s� �m�e�a�n� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �a�x�i�a�l� �v�e�l�o�c�i�t�y� �w�a�s� �c�o�n�s�t�a�n�t� �t�h�r�o�u�g�h� �t�h�e� 

�d�o�m�a�i�n�.� �A�l�s�o�,� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �a�x�i�a�l� �v�e�l�o�c�i�t�y� �w�a�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �a�x�i�a�l� �p�o�s�i�t�i�o�n�,



�a�n�d� �t�h�e� �m�e�a�n� �a�n�d� �d�i�s�t�u�r�b�a�n�c�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �v�e�l�o�c�i�t�y� �w�e�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� 

�c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �p�o�s�i�t�i�o�n�.� �T�h�e� �c�o�m�p�r�e�s�s�o�r� �b�l�a�d�e� �r�o�w� �w�a�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �s�e�m�i�a�c�t�u�a�t�o�r� �d�i�s�k� �a�t� 

�t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�p�a�c�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �b�l�a�d�e� �r�o�w�.� �W�i�t�h�i�n� �t�h�e� �d�i�s�k�,� �t�h�e� �f�l�o�w� �w�a�s� �a�s�s�u�m�e�d� 

�t�o� �b�e� �p�a�r�a�l�l�e�l� �t�o� �a� �f�l�a�t� �p�l�a�t�e� �i�n�c�l�i�n�e�d� �a�t� �t�h�e� �b�l�a�d�e� �s�t�a�g�g�e�r� �a�n�g�l�e�.� �A�c�r�o�s�s� �t�h�e� �d�i�s�k�,� �t�o� �s�i�m�u�l�a�t�e� �t�h�e� 

�a�c�t�i�o�n� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �o�n� �t�h�e� �f�l�u�i�d�,� �a� �p�r�e�s�s�u�r�e� �r�i�s�e� �a�n�d� �t�u�r�n�i�n�g� �a�n�g�l�e� �w�e�r�e� �i�m�p�o�s�e�d�.� �T�h�e� 

�p�r�e�s�s�u�r�e� �r�i�s�e� �a�n�d� �t�u�r�n�i�n�g� �a�n�g�l�e� �w�e�r�e� �g�i�v�e�n� �b�y� �c�a�s�c�a�d�e� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �I�n� �o�r�d�e�r� �t�o� 

�c�o�m�p�e�n�s�a�t�e� �f�o�r� �b�o�u�n�d�a�r�y� �l�a�y�e�r� �d�e�v�e�l�o�p�m�e�n�t�,� �a� �f�i�r�s�t� �o�r�d�e�r� �t�i�m�e� �d�e�l�a�y� �w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �c�a�s�c�a�d�e� 

�t�u�r�n�i�n�g� �a�n�d� �p�r�e�s�s�u�r�e� �l�o�s�s� �r�e�l�a�t�i�o�n�s�.� �T�h�e� �t�i�m�e� �d�e�l�a�y� �r�e�l�a�t�e�d� �t�o� �t�u�r�n�i�n�g� �w�a�s� �d�e�p�e�n�d�e�n�t� �o�n� �i�n�f�l�o�w� 

�a�n�g�l�e� �a�n�d� �o�b�t�a�i�n�e�d� �f�r�o�m� �e�x�p�e�r�i�m�e�n�t�.� �T�h�e� �t�i�m�e� �d�e�l�a�y� �r�e�l�a�t�e�d� �t�o� �p�r�e�s�s�u�r�e� �l�o�s�s� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�a� �c�o�n�s�t�a�n�t� �b�a�s�e�d� �o�n� �t�h�e� �m�e�a�n� �f�l�o�w� �c�o�n�v�e�c�t�i�o�n� �t�i�m�e� �i�n� �t�h�e� �b�l�a�d�e� �p�a�s�s�a�g�e�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �s�e�t� �o�f� 

�c�o�u�p�l�e�d�,� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �s�o�l�v�e�d� �b�y� �a� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d�.� 

�T�o� �s�i�m�u�l�a�t�e� �t�h�e� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �c�o�n�d�i�t�i�o�n�,� �a�n� �i�n�i�t�i�a�l� �f�l�o�w� �d�i�s�t�u�r�b�a�n�c�e� �w�a�s� �s�u�p�e�r�i�m�p�o�s�e�d� �o�n� 

�t�h�e� �s�t�e�a�d�y� �f�l�o�w�.� �T�h�e�n� �t�h�e� �s�o�l�u�t�i�o�n� �w�a�s� �e�v�o�l�v�e�d� �i�n� �t�i�m�e� �u�n�t�i�l� �t�h�e� �p�e�r�t�u�r�b�a�n�c�e� �e�i�t�h�e�r� �d�i�e�d� �o�u�t� �o�r� 

�g�r�e�w� �i�n�t�o� �a� �p�e�r�i�o�d�i�c�,� �s�u�s�t�a�i�n�e�d� �p�a�t�t�e�r�n� �r�o�t�a�t�i�n�g� �a�r�o�u�n�d� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�c�e�,� �r�e�p�r�e�s�e�n�t�i�n�g� �r�o�t�a�t�i�n�g� 

�S�t�a�l�l�.� �T�h�e� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �c�o�n�d�i�t�i�o�n� �d�e�p�e�n�d�e�d� �o�n� �t�h�e� �r�e�l�a�t�i�v�e� �i�n�l�e�t� �a�n�g�l�e� �o�f� �t�h�e� �i�n�i�t�i�a�l�,� �m�e�a�n� �f�l�o�w�.� 

�F�o�r� �a� �g�i�v�e�n� �s�t�a�g�g�e�r� �a�n�g�l�e� �a�n�d� �c�a�s�c�a�d�e� �r�e�l�a�t�i�o�n�s�,� �t�h�e�r�e� �w�a�s� �a� �c�r�i�t�i�c�a�l� �v�a�l�u�e� �o�f� �m�e�a�n� �i�n�l�e�t� �r�e�l�a�t�i�v�e� 

�f�l�o�w� �a�n�g�l�e�.� �V�a�l�u�e�s� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �c�r�i�t�i�c�a�l� �v�a�l�u�e� �r�e�s�u�l�t�e�d� �i�n� �r�o�t�a�t�i�n�g� �s�t�a�l�l�.� 

�B�y� �a�d�d�i�n�g� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �a� �d�i�s�t�u�r�b�a�n�c�e� �v�e�l�o�c�i�t�y� �i�n� �t�h�e� �s�p�a�n�w�i�s�e� �d�i�r�e�c�t�i�o�n�,� �t�h�e� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l� �w�a�s� �p�a�r�t�l�y� �e�x�t�e�n�d�e�d� �t�o� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�s�.� �T�h�e� �s�p�a�n�w�i�s�e� �d�i�s�t�u�r�b�a�n�c�e� �w�a�s� 

�a�d�d�e�d� �t�o� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �d�y�n�a�m�i�c� �p�r�e�s�s�u�r�e� �h�e�a�d�.� �T�h�e�n� �t�h�e� �i�r�r�o�t�a�t�i�o�n�a�l� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �w�a�s� 

�d�e�f�i�n�e�d� �a�t� �t�h�e� �i�n�l�e�t� �t�o� �t�h�e� �b�l�a�d�e� �r�o�w� �a�n�d� �c�o�u�p�l�e�d� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �a�n�d� �s�p�a�n�w�i�s�e� �v�e�l�o�c�i�t�y� 

�d�i�s�t�u�r�b�a�n�c�e�s�.� �T�h�e� �m�e�a�n� �s�p�a�n�w�i�s�e� �v�e�l�o�c�i�t�y� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �z�e�r�o�,� �a�n�d� �c�a�s�c�a�d�e� �l�o�s�s� �a�n�d� 

�t�u�r�n�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�e�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �s�p�a�n�w�i�s�e� �l�o�c�a�t�i�o�n�.� �B�a�s�e�d� �o�n� �t�h�e� �e�f�f�e�c�t� �o�f� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n� �o�n� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �r�e�s�u�l�t�s�,� �t�h�e� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �b�l�a�d�e� �r�o�w� �w�a�s� �h�e�l�d� 
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�c�o�n�s�t�a�n�t�,� �e�l�i�m�i�n�a�t�i�n�g� �t�h�e� �n�e�c�e�s�s�i�t�y� �t�o� �s�o�l�v�e� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �f�l�o�w�-�f�i�e�l�d�.� �T�h�i�s� �m�o�d�e�s�t� �e�x�t�e�n�s�i�o�n� �d�i�d� 

�n�o�t� �a�p�p�e�a�r� �t�o� �a�d�d� �t�o� �t�h�e� �s�i�m�u�l�a�t�i�o�n�s�.� 

�T�o� �s�i�m�u�l�a�t�e� �b�l�a�d�e� �r�o�w� �i�n�t�e�r�f�e�r�e�n�c�e� �e�f�f�e�c�t�s�,� �a� �s�t�a�t�o�r� �a�n�d�,� �s�u�b�s�e�q�u�e�n�t�l�y�,� �a�n� �i�n�l�e�t� �g�u�i�d�e� 

�v�a�n�e� �w�e�r�e� �a�d�d�e�d� �t�o� �t�h�e� �m�o�d�e�l�.� �T�h�e� �n�e�c�e�s�s�a�r�y� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �g�o�v�e�m�i�n�g� 

�e�q�u�a�t�i�o�n�s� �l�a�i�d� �o�u�t� �f�o�r� �t�h�e� �s�i�n�g�l�e� �r�o�t�o�r� �m�o�d�e�l�.� �I�n� �t�h�i�s� �c�a�s�e�,� �w�h�e�n� �m�o�d�e�l�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r� 

�e�f�f�e�c�t� �o�n� �t�h�e� �c�a�s�c�a�d�e� �r�e�l�a�t�i�o�n�s�,� �t�h�e� �c�o�m�o�v�i�n�g� �t�i�m�e� �d�e�r�i�v�a�t�i�v�e� �w�a�s� �u�s�e�d�.� �T�h�i�s� �c�o�m�p�e�n�s�a�t�e�d� �f�o�r� 

�t�h�e� �r�e�l�a�t�i�v�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �m�e�a�n� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �v�e�l�o�c�i�t�i�e�s� �b�e�t�w�e�e�n� �t�h�e� �r�o�t�o�r� �a�n�d� �s�t�a�t�o�r�.� 

�T�h�e� �r�e�s�u�l�t�s� �g�i�v�e�n� �b�y� �T�a�k�a�t�a� �a�n�d� �N�a�g�a�n�o� �d�e�m�o�n�s�t�r�a�t�e�d� �m�a�n�y� �o�f� �t�h�e� �f�e�a�t�u�r�e�s� �o�f� �r�o�t�a�t�i�n�g� 

�s�t�a�l�l�.� �P�h�y�s�i�c�a�l�l�y� �r�e�a�s�o�n�a�b�l�e� �s�t�a�l�l� �c�e�l�l� �s�h�a�p�e�s� �a�n�d� �p�r�o�p�a�g�a�t�i�o�n� �v�e�l�o�c�i�t�i�e�s� �w�e�r�e� �p�r�e�d�i�c�t�e�d�.� �A� 

�s�i�g�n�i�f�i�c�a�n�t� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �p�r�e�v�i�o�u�s� �t�h�e�o�r�y� �w�a�s�.� �t�h�e� �r�e�l�a�t�i�v�e� �i�n�d�e�p�e�n�d�e�n�c�e� �o�f� �s�t�a�l�l� �c�e�l�l� 

�p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �o�v�e�r� �a� �r�a�n�g�e� �o�f� �m�e�a�n� �r�e�l�a�t�i�v�e� �i�n�f�l�o�w� �a�n�g�l�e�s�.� �T�h�a�n�k�s� �t�o� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �f�l�o�w� 

�d�i�m�e�n�s�i�o�n�,� �s�o�m�e� �p�a�r�t�-�s�p�a�n� �s�t�a�l�l� �r�e�s�u�l�t�s� �w�e�r�e� �o�b�t�a�i�n�e�d�.� �H�o�w�e�v�e�r�,� �n�o� �s�m�a�l�l� �s�t�a�l�l� �w�a�s� �i�n�d�i�c�a�t�e�d� �i�n� 

�t�h�e� �s�i�n�g�l�e� �b�l�a�d�e�-�r�o�w� �c�a�s�e�s�,� �a�n�d� �r�e�s�u�l�t�s� �w�e�r�e� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �i�n�i�t�i�a�l� �d�i�s�t�u�r�b�a�n�c�e�.� 

�T�h�e� �i�n�i�t�i�a�l� �d�i�s�t�u�r�b�a�n�c�e� �w�a�s� �a�n� �a�r�t�i�f�i�c�e� �o�f� �t�h�e� �m�o�d�e�l�i�n�g� �t�e�c�h�n�i�q�u�e�.� �T�h�e�r�e�f�o�r�e�,� �r�e�a�s�o�n�a�b�l�e� 

�m�o�d�i�f�i�c�a�t�i�o�n�s� �t�o� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �s�h�o�u�l�d� �n�o�t� �h�a�v�e� �i�n�f�l�u�e�n�c�e�d� �t�h�e� �f�i�n�a�l� �r�e�s�u�l�t�.� �I�n� �a�d�d�i�t�i�o�n�,� �s�m�a�l�l� 

�s�t�a�l�l� �i�s� �e�x�p�e�c�t�e�d� �i�n� �s�i�n�g�l�e� �r�o�t�o�r� �m�a�c�h�i�n�e�s�.� �M�o�r�e� �p�l�e�a�s�i�n�g� �r�e�s�u�l�t�s� �w�e�r�e� �a�c�h�i�e�v�e�d� �b�y� �a�d�d�i�n�g� �a� 

�s�t�a�t�o�r� �t�o� �t�h�e� �s�i�m�u�l�a�t�i�o�n�.� �A� �c�o�n�s�t�a�n�t� �s�h�i�f�t� �t�o� �t�h�e� �p�r�e�s�s�u�r�e� �l�o�s�s� �r�e�l�a�t�i�o�n� �f�o�r� �t�h�e� �s�t�a�t�o�r� �w�a�s� �u�s�e�d� �t�o� 

�s�i�m�u�l�a�t�e� �a� �m�i�s�m�a�t�c�h� �i�n� �s�t�a�l�l� �i�n�c�e�p�t�i�o�n� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e�n� �i�t� �w�a�s� �p�o�s�s�i�b�l�e� �t�o� �s�i�m�u�l�a�t�e� �s�m�a�l�l� �s�t�a�l�l�.� 

�T�h�i�s� �w�a�s� �a�n� �e�f�f�e�c�t� �o�f� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �r�o�t�o�r� �a�n�d� �s�t�a�t�o�r� �c�a�s�c�a�d�e� �r�e�l�a�t�i�o�n�s�.� �W�h�e�n� �a� �f�i�n�i�t�e� 

�d�i�s�t�a�n�c�e� �w�a�s� �p�l�a�c�e�d� �b�e�t�w�e�e�n� �t�h�e� �b�l�a�d�e� �r�o�w�s�,� �T�a�k�a�t�a� �a�n�d� �N�a�g�a�n�o� �w�e�r�e� �a�b�l�e� �t�o� �m�o�d�e�l� �a� �f�i�n�a�l� �s�t�a�l�l� 

�p�a�t�t�e�r�n� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �i�n�i�t�i�a�l� �d�i�s�t�u�r�b�a�n�c�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �n�u�m�b�e�r� �o�f� �l�o�b�e�s� �r�e�m�a�i�n�e�d� �g�r�e�a�t�e�r� 

�t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �t�h�e� �i�n�i�t�i�a�l� �d�i�s�t�u�r�b�a�n�c�e� �p�a�t�t�e�r�n�.� �O�n�l�y� �b�y� �s�u�p�e�r�i�m�p�o�s�i�n�g� �a�n� �a�d�d�i�t�i�o�n�a�l� �d�i�s�t�u�r�b�a�n�c�e� 

�o�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �d�u�r�i�n�g� �e�v�o�l�u�t�i�o�n� �f�r�o�m� �s�m�a�l�l� �s�t�a�l�l� �t�o� �l�a�r�g�e� �s�t�a�l�l� �w�e�r�e� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�a�l�l� �c�e�l�l�s� 

�r�e�d�u�c�e�d� �b�e�l�o�w� �t�h�e� �n�u�m�b�e�r� �i�n� �t�h�e� �i�n�i�t�i�a�l� �d�i�s�t�u�r�b�a�n�c�e� �p�a�t�t�e�r�n�.� 
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�2�.�1�.�3�.�2� �S�m�a�l�l� �R�o�t�a�t�i�n�g� �S�t�a�l�l� �P�r�e�d�i�c�t�i�o�n� �(�M�a�t�h�i�o�u�d�a�k�i�s� �1�9�8�5�)� 

�A� �l�i�n�e�a�r� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �n�u�m�e�r�i�c�a�l� �m�o�d�e�l� �o�f� �s�m�a�l�l� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� 

�M�a�t�h�i�o�u�d�a�k�i�s�.� �G�i�v�e�n� �a� �c�o�m�p�r�e�s�s�o�r� �o�p�e�r�a�t�i�n�g� �i�n� �a� �s�t�r�a�i�g�h�t�-�w�a�l�l�e�d� �a�n�n�u�l�a�r� �d�u�c�t�,� �M�a�t�h�i�o�u�d�a�k�i�s� 

�b�r�o�k�e� �t�h�e� �d�o�m�a�i�n� �i�n�t�o� �a� �s�e�r�i�e�s� �o�f� �v�a�n�e�l�e�s�s� �s�p�a�c�e�s�,� �f�o�l�l�o�w�e�d� �b�y� �b�l�a�d�e� �r�o�w�s�.� �I�n� �e�a�c�h� �s�u�b�d�o�m�a�i�n�,� 

�t�h�e� �f�l�o�w� �w�a�s� �t�r�e�a�t�e�d� �a�s� �i�n�v�i�s�c�i�d� �a�n�d� �i�n�c�o�m�p�r�e�s�s�i�b�l�e�.� �F�o�r� �c�o�n�v�e�n�i�e�n�c�e�,� �f�l�u�i�d� �p�r�o�p�e�r�t�i�e�s� �w�e�r�e� 

�a�s�s�u�m�e�d� �t�o� �b�e� �c�o�m�p�o�s�e�d� �o�f� �a� �m�e�a�n� �a�n�d� �s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n� �c�o�m�p�o�n�e�n�t�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �m�e�a�n� 

�f�l�o�w�,� �f�u�l�l�y� �d�e�s�c�r�i�b�e�d� �b�y� �p�r�e�s�s�u�r�e� �a�n�d� �v�e�l�o�c�i�t�y�,� �w�a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �r�a�d�i�u�s� �o�n�l�y�.� �T�h�e� �u�n�s�t�e�a�d�y� 

�c�o�m�p�o�n�e�n�t� �w�a�s� �d�e�p�e�n�d�e�n�t� �o�n� �p�o�s�i�t�i�o�n� �a�n�d� �t�i�m�e�.� �I�n� �t�h�e� �v�a�n�e�l�e�s�s� �r�e�g�i�o�n�s�,� �f�r�e�e�-�v�o�r�t�e�x� �f�l�o�w� �w�a�s� 

�a�s�s�u�m�e�d�,� �a�n�d� �t�h�e� �s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n� �s�o�l�u�t�i�o�n� �w�a�s� �g�i�v�e�n� �a�s� �a� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �f�o�r� �e�a�c�h� �o�f� �t�h�e� 

�v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s� �a�n�d� �f�o�r� �t�o�t�a�l� �p�r�e�s�s�u�r�e�.� �T�o� �s�i�m�p�l�i�f�y� �t�h�e� �a�x�i�a�l� �a�n�d� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �v�e�l�o�c�i�t�y� 

�e�x�p�a�n�s�i�o�n�s�,� �h�i�g�h� �h�u�b�-�t�o�-�t�i�p� �r�a�t�i�o� �w�a�s� �a�s�s�u�m�e�d�,� �n�e�g�l�e�c�t�i�n�g� �r�a�d�i�a�l� �e�f�f�e�c�t�s�.� �T�h�e� �b�l�a�d�e� �r�o�w�s� �w�e�r�e� 

�t�r�e�a�t�e�d� �a�s� �f�i�n�i�t�e� �l�e�n�g�t�h� �a�c�t�u�a�t�o�r� �d�i�s�k�s�,� �o�p�e�r�a�t�i�n�g� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l�l�y� �a�t� �a�n�y� �r�a�d�i�a�l� �p�o�s�i�t�i�o�n�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �a�x�i�a�l� �a�n�d� �r�a�d�i�a�l� �v�e�l�o�c�i�t�y� �w�a�s� �c�o�n�s�t�a�n�t� �a�c�r�o�s�s� �t�h�e� �r�o�w�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� 

�t�a�n�g�e�n�t�i�a�l� �v�e�l�o�c�i�t�y� �a�n�d� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �w�a�s� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �c�a�s�c�a�d�e� �r�e�l�a�t�i�o�n�s� �a�n�d� �a� �m�o�d�e�l� �o�f� �t�h�e� 

�c�a�s�c�a�d�e� �a�s� �a� �d�i�f�f�u�s�e�r� �w�i�t�h� �l�i�n�e�a�r� �a�r�e�a� �v�a�r�i�a�t�i�o�n�.� �F�o�r� �t�h�e� �e�n�t�i�r�e� �d�o�m�a�i�n�,� �t�h�e� �l�i�n�e�a�r� �s�o�l�u�t�i�o�n� �w�a�s� 

�g�i�v�e�n� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �m�a�t�r�i�x� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�,� �o�p�e�r�a�t�i�n�g� �o�n� �t�h�e� �i�n�l�e�t� �f�l�o�w� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n�s�.� �U�s�e� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �r�e�q�u�i�r�e�d� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �d�o�w�n�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�R�e�s�u�l�t�s� �w�e�r�e� �g�i�v�e�n� �b�y� �r�e�l�a�t�i�n�g� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �t�o� �a� �d�a�m�p�i�n�g� �a�n�d� �a�n� �a�m�p�l�i�f�i�c�a�t�i�o�n� 

�e�x�p�r�e�s�s�i�o�n�.� �S�e�l�f�-�e�x�c�i�t�e�d� �s�o�l�u�t�i�o�n�s�,� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �z�e�r�o� �d�a�m�p�i�n�g� �a�n�d� �i�n�f�i�n�i�t�e� �a�m�p�l�i�f�i�c�a�t�i�o�n�,� �w�e�r�e� 

�a�s�s�u�m�e�d� �t�o� �i�n�d�i�c�a�t�e� �r�o�t�a�t�i�n�g� �s�t�a�l�l�.� �T�o� �d�e�t�e�r�m�i�n�e� �s�t�a�l�l� �i�n�c�e�p�t�i�o�n�,� �t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r� �w�a�s� 

�p�a�r�a�m�e�t�e�r�i�z�e�d� �b�y� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�a�l�l� �c�e�l�l�s� �a�n�d� �p�l�o�t�t�e�d� �a�g�a�i�n�s�t� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�.� �D�e�s�c�e�n�d�i�n�g� �f�r�o�m� 

�t�h�e� �h�i�g�h�e�s�t� �f�l�o�w� �v�a�l�u�e�,� �t�h�e� �f�i�r�s�t� �p�e�a�k� �r�e�p�r�e�s�e�n�t�e�d� �a� �s�m�a�l�l� �s�t�a�l�l� �i�n�c�e�p�t�i�o�n�,� �a�n�d� �s�u�b�s�e�q�u�e�n�t� �p�e�a�k�s� 

�i�n�d�i�c�a�t�e�d� �a� �m�o�d�e� �c�h�a�n�g�e� �t�o� �a� �d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r� �o�f� �c�e�l�l�s�.� �T�h�e� �t�h�e�o�r�y� �w�a�s� �a�p�p�l�i�e�d� �t�o� �a� �s�i�n�g�l�e� �r�o�t�o�r� 

�a�n�d� �a� �t�e�s�t� �c�o�m�p�r�e�s�s�o�r�.� �T�h�e� �r�e�s�u�l�t�s� �w�e�r�e� �m�i�x�e�d�.� �F�o�r� �t�h�e� �s�i�n�g�l�e� �r�o�t�o�r�,� �t�h�e� �i�n�c�e�p�t�i�o�n� �p�o�i�n�t� �w�a�s� �w�e�l�l� 

�p�r�e�d�i�c�t�e�d�,� �b�u�t� �t�w�o� �n�o�n�e�x�i�s�t�e�n�t� �m�o�d�e�s� �f�o�r� �n�u�m�b�e�r� �o�f� �s�t�a�l�l� �c�e�l�l�s� �w�e�r�e� �p�r�e�d�i�c�t�e�d�.� �A�l�s�o�,� �s�t�a�l�l� �c�e�l�l



�p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �w�a�s� �u�n�d�e�r�p�r�e�d�i�c�t�e�d�.� �F�o�r� �t�h�e� �t�e�s�t� �c�o�m�p�r�e�s�s�o�r�,� �t�h�e� �i�n�c�e�p�t�i�o�n� �p�o�i�n�t� �w�a�s� 

�p�r�e�d�i�c�t�e�d� �t�o� �b�e� �o�n� �t�h�e� �n�e�g�a�t�i�v�e� �s�l�o�p�e� �o�f� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�,� �b�u�t� �t�h�e� �o�b�s�e�r�v�e�d� �i�n�c�e�p�t�i�o�n� �p�o�i�n�t� �w�a�s� 

�a�t� �t�h�e� �f�l�o�w� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �z�e�r�o� �s�l�o�p�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �w�a�s� �w�e�l�l� �p�r�e�d�i�c�t�e�d�,� �a�n�d� 

�t�h�r�e�e� �o�f� �t�h�e� �f�i�v�e� �o�b�s�e�r�v�e�d� �s�t�a�l�l� �c�e�l�l� �m�o�d�e�s� �w�e�r�e� �c�a�p�t�u�r�e�d�.� 

�T�h�e� �t�h�e�o�r�y� �o�f� �M�a�t�h�i�o�u�d�a�k�i�s� �i�s� �l�i�n�e�a�r�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �i�s� �i�n�c�a�p�a�b�l�e� �o�f� �p�r�e�d�i�c�t�i�n�g� �d�e�e�p� 

�r�o�t�a�t�i�n�g� �s�t�a�l�l�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �u�n�c�l�e�a�r� �h�o�w� �t�o� �a�p�p�l�y� �t�h�i�s� �m�o�d�e�l� �t�o� �c�o�m�p�r�e�s�s�o�r�s� �t�h�a�t� �n�e�v�e�r� �e�x�h�i�b�i�t� 

�s�m�a�l�l� �s�t�a�l�l�.� �A�l�s�o�,� �a�s� �p�o�i�n�t�e�d� �o�u�t� �b�y� �M�a�t�h�i�o�u�d�a�k�i�s�,� �f�o�r� �t�h�e� �t�h�e�o�r�y� �t�o� �a�p�p�l�y�,� �t�h�e� �s�t�a�l�l� �s�h�o�u�l�d� �b�e� 

�b�l�a�d�e� �i�n�d�u�c�e�d�.� �H�o�w�e�v�e�r�,� �t�h�e� �t�h�e�o�r�y� �g�i�v�e�s� �a� �m�e�a�n�s� �o�f� �p�r�e�d�i�c�t�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �c�e�l�l�s� �a�n�d� �t�h�e� 

�i�n�c�e�p�t�i�o�n� �p�o�i�n�t� �o�f� �s�m�a�l�l� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �f�o�r� �m�u�l�t�i�s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r�s�.� �U�n�l�i�k�e� �l�u�m�p�e�d� �m�o�d�e�l�s�,� �t�h�e� 

�t�h�e�o�r�y� �a�l�l�o�w�s� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n�t�e�r�r�o�w� �s�p�a�c�i�n�g� �t�o� �b�e� �i�n�c�l�u�d�e�d� �i�n�t�o� �t�h�e� �m�o�d�e�l�.� �P�r�e�d�i�c�t�e�d� �e�f�f�e�c�t�s� �o�f� 

�c�h�a�n�g�i�n�g� �t�h�e� �b�l�a�d�e� �r�o�w� �d�i�s�t�a�n�c�e�s� �o�n� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �a�n�d� �n�u�m�b�e�r� �o�f� �s�t�a�l�l� �c�e�l�l�s� �w�e�r�e� �i�n�c�l�u�d�e�d�.� 

�L�i�k�e� �a�l�l� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �m�o�d�e�l�s�,� �t�h�e� �t�h�e�o�r�y� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �a�c�c�u�r�a�t�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �b�l�a�d�e� �r�o�w� 

�p�e�r�f�o�r�m�a�n�c�e�.� �T�h�e� �e�f�f�e�c�t� �o�f� �s�m�a�l�l� �e�r�r�o�r�s� �i�n� �b�l�a�d�e� �p�e�r�f�o�r�m�a�n�c�e� �e�s�t�i�m�a�t�i�o�n� �w�e�r�e� �s�h�o�w�n� �t�o� �h�a�v�e� �a� 

�l�a�r�g�e� �e�f�f�e�c�t� �o�n� �m�o�d�e� �a�n�d� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �r�e�s�u�l�t�s� �a�n�d� �c�o�u�l�d� �h�a�v�e� �c�a�u�s�e�d� �t�h�e� �t�e�s�t� �c�a�s�e� �e�r�r�o�r�s�.� 

�2�.�1�.�3�.�3� �C�o�m�p�r�e�s�s�i�b�l�e� �A�c�t�u�a�t�o�r� �D�i�s�k� �R�o�t�a�t�i�n�g� �S�t�a�l�l� �M�o�d�e�l� �(�P�a�n�d�o�l�f�i� �1�9�7�8�)� 

�A� �d�i�s�t�r�i�b�u�t�e�d�,� �u�n�s�t�e�a�d�y� �f�l�o�w�-�f�i�e�l�d� �m�o�d�e�l� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �i�n� �a�n� �a�x�i�a�l� �c�o�m�p�r�e�s�s�o�r� �w�a�s� 

�p�r�e�s�e�n�t�e�d� �b�y� �P�a�n�d�o�l�f�i� �a�n�d� �C�o�l�a�s�u�r�d�o�.� �S�o�l�u�t�i�o�n� �w�a�s� �b�a�s�e�d� �o�n� �a� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� 

�t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n�.� �T�h�e� �f�l�o�w� �i�n� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �w�a�s� �m�o�d�e�l�e�d� �b�y� �t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� 

�E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �f�o�r� �a�n� �a�n�n�u�l�a�r� �c�h�a�n�n�e�l�.� �T�h�e� �a�n�n�u�l�a�r� �f�o�r�m�u�l�a�t�i�o�n� �w�a�s� �a� �m�e�r�i�d�i�o�n�a�l�-�c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� 

�s�t�r�e�a�m� �t�u�b�e�,� �a�c�c�o�u�n�t�i�n�g� �f�o�r� �v�a�r�i�a�t�i�o�n� �o�f� �c�h�a�n�n�e�l� �h�e�i�g�h�t� �a�n�d� �i�n�c�l�i�n�a�t�i�o�n� �w�i�t�h� �m�e�r�i�d�i�o�n�a�l� �d�i�m�e�n�s�i�o�n�.� 

�T�h�e� �b�l�a�d�e� �r�o�w� �w�a�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a�n� �a�c�t�u�a�t�o�r� �d�i�s�k�.� �A�c�r�o�s�s� �t�h�e� �d�i�s�k�,� �m�a�s�s� �f�l�o�w� �a�n�d� �r�e�l�a�t�i�v�e� �t�o�t�a�l� 

�e�n�t�h�a�l�p�y� �w�e�r�e� �c�o�n�s�e�r�v�e�d�,� �a�n�d� �t�h�e� �r�e�l�a�t�i�v�e� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �l�o�s�s� �a�n�d� �t�u�r�n�i�n�g� �s�p�e�c�i�f�i�e�d� �b�y� �t�h�e� 

�c�a�s�c�a�d�e� �r�e�l�a�t�i�o�n�s� �w�e�r�e� �a�p�p�l�i�e�d�.� �P�r�e�s�s�u�r�e� �l�o�s�s� �a�n�d� �t�u�r�n�i�n�g� �w�e�r�e� �f�u�n�c�t�i�o�n�a�l� �r�e�l�a�t�i�o�n�s� �t�o� �t�h�e� �f�l�o�w� 

�a�n�g�l�e� �u�p�s�t�r�e�a�m� �o�f� �t�h�e� �c�a�s�c�a�d�e�.� �I�n� �o�r�d�e�r� �t�o� �m�o�d�e�l� �t�h�e� �u�n�s�t�e�a�d�y� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �c�a�s�c�a�d�e�,� �a� �f�i�r�s�t



�o�r�d�e�r� �t�i�m�e� �d�e�l�a�y�,� �i�n�c�l�u�d�i�n�g� �a� �c�o�n�v�e�c�t�i�v�e� �t�e�r�m� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �r�o�t�o�r� �r�o�t�a�t�i�o�n�,� �w�a�s� �a�p�p�l�i�e�d� �t�o� 

�p�r�e�s�s�u�r�e� �l�o�s�s� �a�n�d� �t�u�r�n�i�n�g� �i�n� �t�h�e� �b�l�a�d�e� �r�o�w�.� 

�A�s� �a� �t�e�s�t� �c�a�s�e�,� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �i�n� �a� �s�i�n�g�l�e� �r�o�t�o�r� �w�a�s� �s�i�m�u�l�a�t�e�d�.� �T�o� �d�e�f�i�n�e� 

�t�h�e� �p�r�o�b�l�e�m� �f�o�r� �t�h�e� �g�i�v�e�n� �t�h�e�o�r�y�,� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �s�p�e�c�i�f�y� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �g�e�o�m�e�t�r�y�,� �t�h�e� 

�c�a�s�c�a�d�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �a� �r�o�t�o�r� �s�p�e�e�d�,� �i�n�l�e�t� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�,� �e�x�i�t� �p�r�e�s�s�u�r�e� �a�n�d� 

�a�r�e�a�,� �a�n�d� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �u�n�s�t�e�a�d�y� �p�r�o�b�l�e�m�,� �p�o�s�s�i�b�l�y� �e�v�o�l�v�i�n�g� �i�n�t�o� �r�o�t�a�t�i�n�g� �s�t�a�l�l�,� �w�a�s� 

�d�e�f�i�n�e�d� �b�y� �s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �a� �p�e�r�t�u�r�b�a�t�i�o�n� �o�n�t�o� �t�h�e� �i�n�l�e�t� �c�o�n�d�i�t�i�o�n�s�.� �D�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �p�e�r�t�u�r�b�a�t�i�o�n� �w�o�u�l�d� �e�i�t�h�e�r� �p�r�o�p�a�g�a�t�e� �i�n�t�o� �a� �f�u�l�l�y� �d�e�v�e�l�o�p�e�d� �r�o�t�a�t�i�n�g� �d�i�s�t�u�r�b�a�n�c�e�,� �o�r� 

�d�i�m�i�n�i�s�h� �t�o� �a�x�i�s�y�m�m�e�t�r�i�c� �f�l�o�w�.� �T�h�e� �r�o�t�a�t�i�n�g� �d�i�s�t�u�r�b�a�n�c�e� �w�a�s� �a�s�s�u�m�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �a� �s�t�a�l�l� �c�e�l�l�.� 

�S�o�m�e� �p�r�o�m�i�s�i�n�g� �r�e�s�u�l�t�s� �w�e�r�e� �p�r�e�s�e�n�t�e�d�.� �P�r�e�d�i�c�t�e�d� �s�t�a�l�l� �c�e�l�l� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d�s� �w�e�r�e� 

�r�e�a�s�o�n�a�b�l�e�,� �a�n�d� �t�h�e� �g�r�o�w�t�h� �a�n�d� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �s�t�a�l�l� �c�e�l�l�s� �i�n� �a� �d�i�s�t�r�i�b�u�t�e�d� �f�l�o�w� �f�i�e�l�d� �m�o�d�e�l� �w�a�s� 

�d�e�m�o�n�s�t�r�a�t�e�d�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� �m�o�d�e�l� �w�a�s� �u�n�a�b�l�e� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �g�r�i�d� �c�o�n�v�e�r�g�e�n�c�e�.� �T�h�e� 

�n�u�m�b�e�r� �o�f� �p�r�e�d�i�c�t�e�d� �s�t�a�l�l� �c�e�l�l�s� �s�e�e�m�e�d� �t�o� �b�e� �d�e�p�e�n�d�e�n�t� �o�n� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �g�r�i�d� �s�p�a�c�i�n�g�.� �I�t� �w�a�s� 

�c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �p�o�o�r� �t�r�a�n�s�p�o�r�t� �m�o�d�e�l� �i�n� �t�h�e� �b�l�a�d�e� �r�o�w� �l�e�d� �t�o� �g�r�i�d�-�d�e�p�e�n�d�e�n�t� �r�e�s�u�l�t�s�.� �T�o� 

�r�e�s�o�l�v�e� �t�h�i�s� �i�s�s�u�e�,� �i�t� �w�a�s� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �t�h�e� �i�n�f�i�n�i�t�e�s�i�m�a�l� �a�c�t�u�a�t�o�r� �d�i�s�k� �b�e� �r�e�p�l�a�c�e�d� �w�i�t�h� �a�n� �a�x�i�a�l� 

�c�h�o�r�d� �l�e�n�g�t�h� �m�o�d�e�l� �o�f� �u�n�s�t�e�a�d�y� �f�l�u�i�d� �f�l�o�w�.� 

�2�.�1�.�3�.�4� �C�o�m�p�r�e�s�s�i�b�l�e� �S�e�m�i�a�c�t�u�a�t�o�r� �D�i�s�k� �R�o�t�a�t�i�n�g� �S�t�a�l�i� �M�o�d�e�l� �(�N�e�u�h�o�f�f� �1�9�8�6�)� 

�B�y� �i�m�p�r�o�v�i�n�g� �t�h�e� �f�l�u�i�d� �d�y�n�a�m�i�c� �m�o�d�e�l� �o�f� �f�l�o�w� �i�n� �t�h�e� �b�l�a�d�e� �r�o�w�,� �N�e�u�h�o�f�f� �a�n�d� �G�r�a�h�l� �w�e�r�e� 

�a�b�l�e� �t�o� �i�m�p�r�o�v�e� �u�p�o�n� �t�h�e� �m�o�d�e�l� �d�e�v�e�l�o�p�e�d� �b�y� �P�a�n�d�o�l�f�i� �a�n�d� �C�o�l�a�s�u�r�d�o� �(�1�9�7�8�)�.� �T�o� �c�a�p�t�u�r�e� �t�h�e� 

�f�l�u�i�d� �d�y�n�a�m�i�c�s� �i�n� �t�h�e� �b�l�a�d�e�d� �r�e�g�i�o�n�,� �t�h�e� �f�l�o�w� �w�a�s� �a�s�s�u�m�e�d� �t�o� �f�o�l�l�o�w� �t�h�e� �b�l�a�d�e� �r�o�w� �c�a�m�b�e�r� �l�i�n�e�s� 

�e�x�a�c�t�l�y�.� �A� �b�l�a�d�e� �r�o�w� �o�f� �i�n�f�i�n�i�t�e� �s�o�l�i�d�i�t�y� �b�u�t� �i�n�f�i�n�i�t�e�s�i�m�a�l� �b�l�a�d�e� �t�h�i�c�k�n�e�s�s� �r�e�s�u�l�t�e�d� �i�n� �a� �o�n�e�-� 

�d�i�m�e�n�s�i�o�n�a�l� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� �T�h�u�s�,� �i�n� �t�h�e� �b�l�a�d�e� �r�o�w�,� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �v�a�r�i�a�t�i�o�n� �w�a�s� �r�e�m�o�v�e�d�,� 

�a�n�d� �m�o�m�e�n�t�u�m� �w�a�s� �r�e�d�u�c�e�d� �t�o� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �e�q�u�a�t�i�o�n�.� �I�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �a�s� �a�p�p�l�i�e�d� �b�y� 

�P�a�n�d�o�l�f�i�,� �c�a�s�c�a�d�e� �r�e�l�a�t�i�o�n�s� �a�n�d� �a� �f�i�r�s�t�-�o�r�d�e�r� �t�i�m�e� �d�e�l�a�y� �d�e�t�e�r�m�i�n�e�d� �t�h�e� �p�r�e�s�s�u�r�e� �l�o�s�s� �a�n�d� �t�u�r�n�i�n�g� 
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�a�n�g�l�e� �i�n� �t�h�e� �b�l�a�d�e� �r�o�w�.� �H�o�w�e�v�e�r�,� �t�h�e� �b�l�a�d�e� �r�o�w� �w�a�s� �t�r�e�a�t�e�d� �a�s� �a� �s�e�m�i�a�c�t�u�a�t�o�r� �d�i�s�c�.� �T�h�e� 

�p�r�e�s�s�u�r�e� �l�o�s�s� �w�a�s� �a�p�p�l�i�e�d� �a�t� �t�h�e� �b�o�u�n�d�a�r�y� �u�p�s�t�r�e�a�m� �o�f� �t�h�e� �b�l�a�d�e� �r�o�w�,� �w�h�i�l�e� �t�h�e� �t�u�r�n�i�n�g� �a�n�g�l�e� 

�w�a�s� �a�p�p�l�i�e�d� �a�t� �t�h�e� �b�o�u�n�d�a�r�y� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �b�l�a�d�e� �r�o�w�.� �F�l�o�w� �i�n� �u�n�b�l�a�d�e�d� �r�e�g�i�o�n�s� �w�a�s� 

�m�o�d�e�l�e�d� �b�y� �t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �m�e�r�i�d�i�o�n�a�l�-�c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�.� 

�F�o�r� �a� �s�i�m�i�l�a�r�,� �i�n�c�o�m�p�r�e�s�s�i�b�l�e�,� �a�p�p�r�o�a�c�h�,� �T�a�k�a�t�a� �a�n�d� �N�a�g�a�n�o� �(�1�9�7�2�)� �h�a�d� �b�e�e�n� �u�n�a�b�l�e� �t�o� 

�s�h�o�w� �i�n�d�e�p�e�n�d�e�n�c�e� �o�f� �s�i�m�u�l�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �i�n�i�t�i�a�l� �d�i�s�t�u�r�b�a�n�c�e�.� �A�l�s�o�,� �P�a�n�d�o�l�f�i� �h�a�d� �b�e�e�n� �u�n�a�b�l�e� �t�o� 

�s�h�o�w� �i�n�d�e�p�e�n�d�e�n�c�e� �o�f� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� �f�r�o�m� �g�r�i�d� �r�e�f�i�n�e�m�e�n�t�.� �I�n� �o�r�d�e�r� �t�o� �d�e�m�o�n�s�t�r�a�t�e� 

�i�n�d�e�p�e�n�d�e�n�c�e� �f�r�o�m� �i�n�i�t�i�a�l� �d�i�s�t�u�r�b�a�n�c�e� �p�a�t�t�e�r�n� �a�n�d� �g�r�i�d� �r�e�f�i�n�e�m�e�n�t�,� �a� �s�i�n�g�l�e� �r�o�t�o�r� �i�n� �r�o�t�a�t�i�n�g� �s�t�a�l�l� 

�w�a�s� �s�i�m�u�l�a�t�e�d�.� �R�e�s�u�l�t�s� �d�e�m�o�n�s�t�r�a�t�e�d� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �c�e�l�l�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �b�o�t�h� 

�i�n�i�t�i�a�l� �d�i�s�t�u�r�b�a�n�c�e� �a�n�d� �g�r�i�d� �r�e�f�i�n�e�m�e�n�t�.� �I�t� �w�a�s� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �k�e�y� �t�o� �c�a�p�t�u�r�i�n�g� �a� �s�t�a�l�l� �p�a�t�t�e�m� 

�i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �i�n�i�t�i�a�l� �d�i�s�t�u�r�b�a�n�c�e� �w�a�s� �t�o� �m�o�d�e�l� �r�o�t�a�t�i�o�n�a�l� �f�l�o�w� �u�p�s�t�r�e�a�m� �o�f� �t�h�e� �c�a�s�c�a�d�e�.� 

�A�l�s�o�,� �a�s� �s�u�g�g�e�s�t�e�d� �b�y� �P�a�n�d�o�l�f�i� �(�1�9�7�8�)�,� �b�y� �m�o�d�e�l�i�n�g� �t�h�e� �c�a�s�c�a�d�e� �a�s� �a� �f�i�n�i�t�e� �l�e�n�g�t�h� �s�e�m�i�a�c�t�u�a�t�o�r� 

�d�i�s�k�,� �a� �g�r�i�d� �i�n�d�e�p�e�n�d�e�n�t� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �p�a�t�t�e�r�n� �w�a�s� �s�i�m�u�l�a�t�e�d�.� 

�A�s� �a� �t�e�s�t� �c�a�s�e�,� �a� �l�o�w� �h�u�b�-�t�o�-�t�i�p� �r�a�t�i�o� �f�a�n� �s�t�a�g�e� �w�a�s� �s�i�m�u�l�a�t�e�d�.� �T�o� �b�e�t�t�e�r� �c�a�p�t�u�r�e� �t�h�e� 

�r�a�d�i�a�l� �v�a�r�i�a�t�i�o�n� �i�n� �p�e�r�f�o�r�m�a�n�c�e�,� �a� �q�u�a�s�i�-�t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �a�r�r�a�n�g�e�m�e�n�t� �o�f� �m�e�r�i�d�i�o�n�a�l� 

�s�t�r�e�a�m�t�u�b�e�s� �w�a�s� �u�s�e�d�.� �A�l�t�h�o�u�g�h� �n�o� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �s�t�r�e�a�m�s�u�r�f�a�c�e�s� �e�x�i�s�t�e�d�,� �d�i�f�f�e�r�e�n�c�e�s� �i�n� 

�p�e�r�f�o�r�m�a�n�c�e� �a�t� �t�h�e� �h�u�b�,� �m�e�a�n�,� �a�n�d� �t�i�p� �a�r�e�a�s� �w�e�r�e� �a�p�p�r�o�x�i�m�a�t�e�d� �i�n� �t�h�e� �c�a�s�c�a�d�e� �r�e�l�a�t�i�o�n�s� �a�n�d� 

�g�e�o�m�e�t�r�y�.� �I�n�i�t�i�a�l� �s�t�a�b�i�l�i�t�y� �r�e�s�u�l�t�s� �w�e�r�e� �u�s�e�d� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �m�o�d�e�l� �r�e�l�a�t�i�v�e� �t�o� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� 

�S�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �c�a�r�r�i�e�d� �o�u�t� �b�y� �i�n�c�r�e�m�e�n�t�a�l�l�y� �r�e�d�u�c�i�n�g� �t�h�e� �i�n�i�t�i�a�l� �m�a�s�s� �f�l�o�w� �a�n�d�,� �f�o�r� �e�a�c�h� �m�a�s�s� 

�f�l�o�w�,� �s�u�p�e�r�i�m�p�o�s�i�n�g� �a� �d�i�s�t�u�r�b�a�n�c�e� �o�n� �t�h�e� �i�n�l�e�t� �p�r�e�s�s�u�r�e� �f�i�e�l�d�.� �T�h�e� �s�t�a�b�i�l�i�t�y� �l�i�m�i�t� �w�a�s� �r�e�a�c�h�e�d� 

�w�h�e�n� �t�h�e� �i�n�i�t�i�a�l�,� �i�n�l�e�t� �p�r�e�s�s�u�r�e� �d�i�s�t�u�r�b�a�n�c�e� �g�r�e�w� �i�n�t�o� �a� �p�e�r�s�i�s�t�e�n�t� �d�i�s�t�u�r�b�a�n�c�e� �i�n� �t�h�e� �f�l�o�w� �f�i�e�l�d�.� 

�T�h�i�s� �w�a�s� �a�s�s�u�m�e�d� �t�o� �i�n�d�i�c�a�t�e� �t�h�e� �o�n�s�e�t� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l�.� �T�h�e� �s�e�p�a�r�a�t�e� �h�u�b�,� �m�e�a�n�,� �a�n�d� �t�i�p� �s�t�r�e�a�m� 

�t�u�b�e�s� �r�e�s�u�l�t�e�d� �i�n� �n�e�c�e�s�s�a�r�i�l�y� �i�n�d�e�p�e�n�d�e�n�t� �p�r�e�d�i�c�t�i�o�n�s� �f�o�r� �s�t�a�b�i�l�i�t�y�.� �A�s� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �o�n�s�e�t� 

�o�f� �i�n�s�t�a�b�i�l�i�t�y� �i�n� �t�h�e� �w�h�o�l�e� �s�t�a�g�e�,� �t�h�e� �i�n�i�t�i�a�l�l�y� �s�t�a�l�l�e�d� �s�e�c�t�i�o�n� �w�a�s� �u�s�e�d�.� �I�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n�,� �s�t�a�l�l� �w�a�s� 

�i�n�i�t�i�a�l�l�y� �p�r�e�d�i�c�t�e�d� �a�t� �t�h�e� �t�i�p�,� �a�p�p�a�r�e�n�t�l�y� �m�a�t�c�h�i�n�g� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�t�a�l�l� �l�i�m�i�t�.� 

�3�1



�A� �p�a�r�a�m�e�t�r�i�c� �s�t�u�d�y� �o�f� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �t�i�m�e� �d�e�l�a�y� �o�n� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �w�a�s� �a�l�s�o� �i�n�c�l�u�d�e�d�.� 

�I�n�i�t�i�a�l�l�y�,� �t�h�e� �t�i�m�e� �c�o�n�s�t�a�n�t� �w�a�s� �b�a�s�e�d� �o�n� �t�h�e� �c�a�s�c�a�d�e� �t�r�a�n�s�p�o�r�t� �t�i�m�e� �f�o�r� �a� �f�l�u�i�d� �p�a�r�t�i�c�l�e� �a�t� �t�h�e� 

�a�x�i�s�y�m�m�e�t�r�i�c� �f�l�o�w� �c�o�n�d�i�t�i�o�n� �p�r�i�o�r� �t�o� �i�n�s�t�a�b�i�l�i�t�y�.� �R�e�d�u�c�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �t�i�m�e� �c�o�n�s�t�a�n�t� �w�a�s� 

�s�h�o�w�n� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�a�l�l� �c�e�l�l�s� �a�n�d� �r�e�d�u�c�e� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d�.� �T�h�e� �r�e�d�u�c�e�d� �t�i�m�e� 

�c�o�n�s�t�a�n�t� �a�l�s�o� �r�e�s�u�l�t�e�d� �i�n� �a� �s�i�m�u�l�a�t�e�d� �t�r�a�n�s�i�e�n�t� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �m�u�l�t�i�p�l�e� �s�t�a�l�l� �c�e�l�l�s� �f�r�o�m� �a� �s�i�n�g�l�e� 

�l�o�b�e�d� �d�i�s�t�u�r�b�a�n�c�e�.� �T�h�i�s� �w�a�s� �t�a�k�e�n� �a�s� �a�n�o�t�h�e�r� �i�n�d�i�c�a�t�i�o�n� �o�f� �t�h�e� �i�n�d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� �f�u�l�l�y� 

�d�e�v�e�l�o�p�e�d� �s�t�a�l�l� �c�e�l�l� �p�a�t�t�e�r�n� �f�r�o�m� �t�h�e� �i�n�i�t�i�a�l� �d�i�s�t�u�r�b�a�n�c�e�.� �T�h�e� �s�i�m�u�l�a�t�i�o�n�s� �i�n�d�i�c�a�t�e�d� �a� �t�h�e�o�r�y� 

�c�a�p�a�b�l�e� �o�f� �p�r�e�d�i�c�t�i�n�g� �d�e�t�a�i�l�s� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �a�n�d� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �c�e�l�l�s� �b�a�s�e�d� �o�n� 

�t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �i�n�v�i�s�c�i�d�,� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�u�i�d� �d�y�n�a�m�i�c�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �r�e�s�u�l�t�s� �w�e�r�e� �d�e�p�e�n�d�e�n�t� �o�n� 

�c�a�s�c�a�d�e� �m�e�a�s�u�r�e�m�e�n�t�s� �a�n�d� �a� �t�i�m�e� �c�o�n�s�t�a�n�t� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �u�n�s�t�e�a�d�y� �c�a�s�c�a�d�e� �b�e�h�a�v�i�o�r�.� 

�2�.�1�.�3�.�5� �O�n�e�-�D�i�m�e�n�s�i�o�n�a�l� �S�t�a�g�e�-�b�y�-�S�t�a�g�e� �M�o�d�e�l� �(�D�a�v�i�s� �1�9�8�6�,� �H�a�l�e� �1�9�9�2�)� 

�A� �g�e�n�e�r�a�l� �m�o�d�e�!� �o�f� �s�u�r�g�e� �a�n�d� �s�t�a�l�l�,� �D�Y�N�M�O�D�,� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �D�a�v�i�s�.� �D�Y�N�M�O�D� �w�a�s� 

�b�a�s�e�d� �o�n� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�.� �B�y� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� 

�o�f� �e�a�c�h� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �c�o�m�p�o�n�e�n�t� �w�i�t�h� �a� �s�o�u�r�c�e� �t�e�r�m� �i�n� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�,� �t�h�e� 

�p�a�r�a�m�e�t�r�i�c� �e�f�f�e�c�t� �o�f� �e�a�c�h� �c�o�m�p�o�n�e�n�t� �o�n� �s�y�s�t�e�m� �s�t�a�b�i�l�i�t�y� �c�o�u�l�d� �b�e� �d�e�t�e�r�m�i�n�e�d�.� �H�e�r�e� �t�h�e� 

�c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �s�t�a�g�e� �i�s� �d�e�f�i�n�e�d� �a�s� �e�i�t�h�e�r� �a� �r�o�t�o�r� �s�t�a�t�o�r� �p�a�i�r�,� �a�n� �i�s�o�l�a�t�e�d� �r�o�t�o�r�,� �o�r� �a�n� �i�s�o�l�a�t�e�d� 

�s�t�a�t�o�r�.� �B�e�c�a�u�s�e� �a�n� �i�s�o�l�a�t�e�d� �r�o�t�o�r� �i�s� �n�o�t� �u�s�u�a�l�l�y� �a�n� �e�f�f�e�c�t�i�v�e� �d�e�v�i�c�e� �w�i�t�h�o�u�t� �a� �s�t�a�t�o�r�,� �t�h�e� �r�o�t�o�r�-� 

�s�t�a�t�o�r� �p�a�i�r� �i�s� �t�h�e� �m�o�s�t� �c�o�m�m�o�n� �s�t�a�g�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �F�o�r�c�e� �a�n�d� �w�o�r�k� �d�o�n�e� �b�y� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� 

�s�y�s�t�e�m� �s�t�a�g�e�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �A� �f�i�r�s�t� �o�r�d�e�r� �t�i�m�e� �l�a�g� 

�w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �f�o�r�c�e� �o�n� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e� �t�o� �s�i�m�u�l�a�t�e� �s�t�a�l�l� �c�e�l�l� �d�e�v�e�l�o�p�m�e�n�t�.� �E�a�c�h� 

�c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �s�t�a�g�e� �w�a�s� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �a� �n�u�m�e�r�i�c�a�l� �c�o�n�t�r�o�l� �v�o�l�u�m�e�.� �T�h�e� �r�e�s�t� �o�f� �t�h�e� 

�c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m�,� �f�r�o�m� �i�n�l�e�t� �t�o� �t�h�r�o�t�t�l�e�,� �w�a�s� �b�r�o�k�e�n� �i�n�t�o� �c�o�n�t�r�o�l� �v�o�l�u�m�e�s� �o�f� �s�i�m�i�l�a�r� �s�c�a�l�e�.� �I�n� 

�t�h�i�s� �d�i�s�c�r�e�t�i�z�e�d� �s�y�s�t�e�m�,� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �s�o�l�v�e�d� �n�u�m�e�r�i�c�a�l�l�y� �b�y� �t�h�e� �e�x�p�l�i�c�i�t�,� �f�i�n�i�t�e�-� 

�d�i�f�f�e�r�e�n�c�e�,� �M�a�c�C�o�r�m�a�c�k� �m�e�t�h�o�d�.� 

�3�2



�a�(�p�A�)� �,� �a�(�p�u�A�)� �_� �i� �(�b�l�e�e�d� �v�o�l�u�m�e�)� 

� � 

� � 

�o�t� �o�x� �0� �(�d�u�c�t� �v�o�l�u�m�e�)� 

�=� �(�b�l�a�d�e�d� �v�o�l�u�m�e�)� 
�o�f� �e�e�)� �+�2�l�(�P�  ��e�e�  ��J�A�I� �p�s� �(�d�u�c�t� �v�o�l�u�m�e�)� �(�2�.�1�3�)� 

�p�a�r�e� �(�d�u�c�t� �v�o�l�u�m�e� �w�i�t�h� �f�r�i�c�t�i�o�n�)� 

�o�(�p�e�,�A�)� �,� �a�f�u�(�p�+�p�e�,�)�A�]� �_� �i�e� �(�b�l�a�d�e�d�,� �b�l�e�e�d�,� �o�r� �h�e�a�t�e�d� �v�o�l�u�m�e�)� 
�a�t� �a�x� �(�d�u�c�t� �v�o�l�u�m�e�)� 

�E�q�u�a�t�i�o�n� �(�2�.�1�3�)� �a�n�d� �t�h�e� �i�d�e�a�l� �g�a�s� �r�e�l�a�t�i�o�n� �g�i�v�e� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �u�s�e�d� �i�n� �t�h�e� �D�a�v�i�s� 

�m�o�d�e�l�.� �T�h�e� �s�o�u�r�c�e� �t�e�r�m�s� �w�e�r�e� �d�e�p�e�n�d�e�n�t� �o�n� �l�o�c�a�t�i�o�n� �i�n� �t�h�e� �n�u�m�e�r�i�c�a�l� �d�o�m�a�i�n�.� �A�n� �a�l�g�e�b�r�a�i�c� 

�f�o�r�m� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �w�a�s� �s�o�l�v�e�d� �i�n� �e�a�c�h� �c�o�n�t�r�o�l� �v�o�l�u�m�e�,� �a�n�d� �t�h�e� �s�o�u�r�c�e� �t�e�r�m�s� �w�e�r�e� 

�s�p�e�c�i�f�i�e�d� �o�n� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �l�e�v�e�l�.� �F�o�r� �b�l�a�d�e�-�f�r�e�e� �d�u�c�t� �v�o�l�u�m�e�s� �w�i�t�h�o�u�t� �b�l�e�e�d�,� �f�r�i�c�t�i�o�n�,� �o�r� �h�e�a�t� 

�a�d�d�i�t�i�o�n�,� �t�h�e� �e�q�u�a�t�i�o�n�s� �r�e�v�e�r�t�e�d� �t�o� �t�h�e� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�.� �F�o�r� �v�o�l�u�m�e�s� 

�w�h�e�r�e� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�t�a�g�e�s� �w�e�r�e� �a�s�s�u�m�e�d� �t�o� �a�f�f�e�c�t� �t�h�e� �f�l�o�w� �b�y� �t�h�e� �a�c�t�i�o�n� �o�f� �a� �r�o�t�o�r�,� �s�t�a�t�o�r� �o�r� 

�b�o�t�h�,� �t�h�e� �s�o�u�r�c�e� �t�e�r�m�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�e�l�a�t�i�o�n�s�.� �B�y� �a�d�d�i�n�g� �a� �f�i�r�s�t� �o�r�d�e�r� 

�t�i�m�e� �l�a�g� �t�o� �t�h�e� �b�l�a�d�e� �i�m�p�u�l�s�e� �s�o�u�r�c�e� �t�e�r�m� �i�n� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�,� �t�h�e� �d�y�n�a�m�i�c� �d�e�v�e�l�o�p�m�e�n�t� 

�o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �w�a�s� �s�i�m�u�l�a�t�e�d�.� �A�s�s�u�m�p�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �t�i�m�e� �l�a�g� �w�e�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �u�s�e�d� �b�y� 

�G�r�e�i�t�z�e�r� �(�1�9�7�6�)�.� �S�o�u�r�c�e� �t�e�r�m�s� �d�u�e� �t�o� �h�e�a�t�i�n�g�,� �c�o�o�l�i�n�g�,� �a�n�d� �b�l�e�e�d� �w�e�r�e� �s�p�e�c�i�f�i�e�d� �i�n� �a� �j�u�m�p�e�d� 

�m�a�n�n�e�r�.� �A� �f�r�i�c�t�i�o�n� �t�e�r�m� �b�a�s�e�d� �o�n� �a� �D�a�r�c�y� �f�r�i�c�t�i�o�n� �f�a�c�t�o�r� �w�a�s� �i�n�c�l�u�d�e�d� �t�o� �s�i�m�u�l�a�t�e� �i�n�l�e�t� �d�i�s�t�o�r�t�i�o�n� 

�s�c�r�e�e�n�s� �a�n�d� �t�h�e� �e�f�f�e�c�t� �o�f� �c�a�s�i�n�g� �f�r�i�c�t�i�o�n�.� 

�D�u�e� �t�o� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m�,� �s�u�r�g�e� �m�a�n�i�f�e�s�t�e�d� �i�t�s�e�l�f� �a�s� �a�n� 

�o�s�c�i�l�l�a�t�o�r�y� �l�i�m�i�t�-�c�y�c�l�e� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �s�i�m�u�l�a�t�e�d� �s�y�s�t�e�m�.� �W�h�e�r�e�a�s�,� �a�f�t�e�r� �i�n�i�t�i�a�l� �t�r�a�n�s�i�e�n�t�s�,� �r�o�t�a�t�i�n�g� 

�s�t�a�l�l� �e�v�o�l�v�e�d� �t�o� �a� �s�t�e�a�d�y�-�s�t�a�t�e� �s�o�l�u�t�i�o�n�.� �I�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� 

�f�r�o�m� �s�t�e�a�d�y� �s�t�a�t�e� �p�r�e�d�i�c�t�i�o�n�s� �f�o�r� �a�n� �u�n�s�t�a�l�l�e�d� �c�o�n�d�i�t�i�o�n� �g�i�v�e�n� �t�h�e� �m�a�s�s� �f�l�o�w� �a�n�d� �t�o�t�a�l� �p�r�e�s�s�u�r�e� 

�a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �t�h�e� �i�n�l�e�t�.� �T�h�e�s�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �g�a�v�e� �t�h�e� �i�n�i�t�i�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�s� �w�e�l�l�.



�T�h�e� �i�n�l�e�t� �t�o�t�a�l� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �t�o�t�a�l� �p�r�e�s�s�u�r�e�,� �a�n�d� �t�h�e� �e�x�i�t� �m�a�s�s� �f�l�o�w� �f�u�n�c�t�i�o�n� �w�e�r�e� �u�s�e�d� �a�s� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �S�p�e�c�i�f�y�i�n�g� �t�h�e� �e�x�i�t� �m�a�s�s� �f�l�o�w� �f�u�n�c�t�i�o�n� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �s�p�e�c�i�t�y�i�n�g� �t�h�e� �M�a�c�h� 

�n�u�m�b�e�r� �a�t� �t�h�e� �e�x�i�t� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �i�m�p�l�i�e�s� �t�h�a�t� �a� �c�h�o�k�e�d� �n�o�z�z�l�e� �o�p�e�r�a�t�e�s�,� �q�u�a�s�i�-�s�t�e�a�d�i�l�y�,� 

�d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �e�x�i�t� �c�o�m�p�u�t�a�t�i�o�n�a�l� �g�r�i�d� �p�o�i�n�t�.� �B�y� �v�a�r�y�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �d�u�r�i�n�g� �t�h�e� 

�s�i�m�u�l�a�t�i�o�n�,� �t�r�a�n�s�i�e�n�t�s� �w�e�r�e� �s�i�m�u�l�a�t�e�d�.� �P�o�s�t�-�s�t�a�l�l� �d�y�n�a�m�i�c�s� �w�e�r�e� �i�n�d�u�c�e�d� �b�y� �c�l�o�s�i�n�g� �t�h�e� �t�h�r�o�t�t�l�e� 

�(�i�.�e�.� �r�e�d�u�c�i�n�g� �t�h�e� �e�x�i�t� �m�a�s�s� �f�l�o�w� �f�u�n�c�t�i�o�n�)� �u�n�t�i�l� �t�h�e� �s�y�s�t�e�m� �w�a�s� �o�n� �t�h�e� �v�e�r�g�e� �o�f� �i�n�s�t�a�b�i�l�i�t�y� �a�n�d� �t�h�e�n� 

�i�n�d�u�c�i�n�g� �p�o�s�t�-�s�t�a�l�l� �s�i�m�u�l�a�t�i�o�n� �b�y� �e�i�t�h�e�r� �c�l�o�s�i�n�g� �t�h�e� �t�h�r�o�t�t�l�e� �f�u�r�t�h�e�r� �o�r� �d�i�s�t�u�r�b�i�n�g� �t�h�e� �i�n�l�e�t� �c�o�n�d�i�t�i�o�n�s�.� 

�T�o� �g�i�v�e� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �c�l�o�s�u�r�e�,� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �p�r�o�v�i�d�e� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�a�n�d� �s�p�e�c�i�f�y� �t�h�e� �t�i�m�e� �l�a�g� �o�n� �t�h�e� �i�m�p�u�l�s�e� �t�e�r�m� �i�n� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�.� �T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�a�p�p�r�o�p�r�i�a�t�e� �t�i�m�e� �d�e�l�a�y�,� �s�o�m�e� �a� �p�r�i�o�r�i� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �s�u�r�g�e�-�t�o�-�r�o�t�a�t�i�n�g� �s�t�a�l�l� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� 

�s�y�s�t�e�m� �w�a�s� �u�s�e�f�u�l�.� �I�n� �g�e�n�e�r�a�l�,� �a� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �w�i�l�l� �o�p�e�r�a�t�e� �i�n� �e�i�t�h�e�r� �s�u�r�g�e� �o�r� �r�o�t�a�t�i�n�g� �s�t�a�l�l� 

�d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �w�h�e�e�l� �s�p�e�e�d�.� �F�o�r� �s�p�e�e�d�s� �g�r�e�a�t�e�r� �t�h�a�n� �a� �c�r�i�t�i�c�a�l� �v�a�l�u�e�,� �s�u�r�g�e� �w�i�l�l� �b�e� �e�x�h�i�b�i�t�e�d�.� 

�F�o�r� �s�p�e�e�d�s� �l�o�w�e�r� �t�h�a�n� �t�h�e� �c�r�i�t�i�c�a�l� �v�a�l�u�e�,� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �w�i�l�l� �b�e� �e�x�h�i�b�i�t�e�d�.� �T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�a�p�p�r�o�p�r�i�a�t�e� �t�i�m�e� �l�a�g�,� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �k�n�o�w� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d�.� �T�h�e� �p�r�o�p�e�r� �t�i�m�e� 

�l�a�g� �w�a�s� �t�h�e�n� �c�h�o�s�e�n� �b�y� �r�u�n�n�i�n�g� �s�i�m�u�l�a�t�i�o�n�s� �a�t� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d�,� �a�n�d� �a�d�j�u�s�t�i�n�g� �t�h�e� �m�a�g�n�i�t�u�d�e� 

�u�n�t�i�l� �t�h�e� �p�r�o�p�e�r� �b�e�h�a�v�i�o�r� �w�a�s� �o�b�s�e�r�v�e�d�.� �T�h�i�s� �d�i�d� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �h�i�n�d�e�r� �i�n�v�e�s�t�i�g�a�t�i�o�n�s� �b�e�c�a�u�s�e� 

�t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �d�e�l�a�y� �w�a�s� �a�s�s�u�m�e�d� �t�o� �d�e�p�e�n�d� �o�n�l�y� �o�n� �t�h�e� �a�c�t�u�a�l� �c�o�m�p�r�e�s�s�o�r� �r�o�t�o�r�,� �s�t�a�t�o�r�,� �a�n�d� 

�g�u�i�d�e� �v�a�n�e�s� �a�n�d� �w�a�s� �a�s�s�u�m�e�d� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �a�l�l� �o�t�h�e�r� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e�r�e�f�o�r�e�,� �f�o�r� �a� 

�g�i�v�e�n� �c�o�m�p�r�e�s�s�o�r� �a�n�d� �o�p�e�r�a�t�i�n�g� �c�o�n�d�i�t�i�o�n�,� �t�h�e� �v�a�l�u�e� �o�f� �t�i�m�e� �l�a�g� �w�a�s� �f�i�x�e�d� �a�n�d� �u�s�e�d� �f�o�r� 

�s�u�b�s�e�q�u�e�n�t� �s�i�m�u�l�a�t�i�o�n�s�.� �B�a�s�e�d� �o�n� �t�h�e� �t�i�m�e� �d�e�l�a�y� �a�p�p�l�i�e�d�,� �t�h�e� �e�x�p�e�c�t�e�d� �t�r�e�n�d�s� �w�e�r�e� 

�d�e�m�o�n�s�t�r�a�t�e�d�.� �F�o�r� �a� �s�i�m�u�l�a�t�e�d� �c�o�m�p�r�e�s�s�o�r�,� �l�a�r�g�e� �t�i�m�e� �d�e�l�a�y�s� �p�r�o�d�u�c�e�d� �r�o�t�a�t�i�n�g� �s�t�a�l�l�,� �a�n�d� �s�m�a�l�l� 

�t�i�m�e� �d�e�l�a�y�s� �p�r�o�d�u�c�e�d� �s�u�r�g�e�.� 

�D�a�v�i�s� �i�n�c�l�u�d�e�d� �s�e�v�e�r�a�l� �i�n�v�e�s�t�i�g�a�t�i�o�n�s�.� �A�s� �a� �v�a�l�i�d�a�t�i�o�n�,� �s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �p�r�e�s�e�n�t�e�d� �f�o�r� �a� 

�t�h�r�e�e�-�s�t�a�g�e� �l�o�w� �p�r�e�s�s�u�r�e� �r�a�t�i�o� �c�o�m�p�r�e�s�s�o�r� �a�n�d� �a� �n�i�n�e�-�s�t�a�g�e� �h�i�g�h�-�p�r�e�s�s�u�r�e� �r�a�t�i�o� �c�o�m�p�r�e�s�s�o�r�.� �F�o�r� 

�t�h�e� �t�h�r�e�e� �s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r�,� �c�o�m�p�a�r�i�s�o�n�s� �w�e�r�e� �b�a�s�e�d� �o�n� �t�h�e� �s�y�s�t�e�m� �B�-�p�a�r�a�m�e�t�e�r� �(�G�r�e�i�t�z�e�r



�1�9�7�6�)�,� �a�n�d� �t�h�e� �s�i�m�u�l�a�t�e�d� �r�e�s�u�l�t�s� �c�o�m�p�a�r�e�d� �f�a�v�o�r�a�b�l�y� �w�i�t�h� �d�a�t�a�.� �T�h�e� �t�h�r�e�e�-�s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r� 

�s�i�m�u�l�a�t�i�o�n� �d�e�m�o�n�s�t�r�a�t�e�d� �t�h�e� �c�a�p�a�b�i�l�i�t�y� �o�f� �t�h�e� �m�o�d�e�l� �t�o� �s�i�m�u�l�a�t�e� �a�n� �e�s�s�e�n�t�i�a�l�l�y� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� 

�p�h�e�n�o�m�e�n�o�n�.� �H�o�w�e�v�e�r�,� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �m�o�d�e�l� �t�o� �c�a�p�t�u�r�e� �c�o�m�p�r�e�s�s�i�b�l�e� �p�h�y�s�i�c�s�,� 

�i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �s�i�m�u�l�a�t�e� �a� �h�i�g�h�-�s�p�e�e�d�,� �h�i�g�h�-�p�r�e�s�s�u�r�e�-�r�a�t�i�o� �m�a�c�h�i�n�e�.� �A�l�t�h�o�u�g�h� �i�n�t�e�r�s�t�a�g�e�,� 

�d�e�t�a�i�l�e�d� �p�o�s�t�-�s�t�a�l�l� �d�a�t�a� �w�a�s� �n�o�t� �a�v�a�i�l�a�b�l�e� �f�o�r� �t�h�e� �n�i�n�e�-�s�t�a�g�e� �m�a�c�h�i�n�e�,� �t�h�e� �q�u�a�l�i�t�a�t�i�v�e� �p�o�s�t�-�s�t�a�l�l� 

�b�e�h�a�v�i�o�r� �o�f� �o�t�h�e�r� �h�i�g�h�-�s�p�e�e�d� �c�o�m�p�r�e�s�s�o�r�s� �w�a�s� �u�s�e�d� �f�o�r� �c�o�m�p�a�r�i�s�o�n� �a�n�d� �i�n�d�i�c�a�t�e�d� �p�o�s�i�t�i�v�e� 

�r�e�s�u�l�t�s�.� �T�o� �d�e�m�o�n�s�t�r�a�t�e� �u�t�i�l�i�t�y� �o�f� �t�h�e� �m�o�d�e�l�,� �a� �p�a�r�a�m�e�t�r�i�c� �s�t�u�d�y� �w�a�s� �i�n�c�l�u�d�e�d�.� �T�h�e� �e�f�f�e�c�t�s� �o�f� �i�n�l�e�t� 

�d�i�s�t�o�r�t�i�o�n�,� �c�o�m�b�u�s�t�i�o�n�,� �b�l�a�d�e� �h�e�a�t�-�t�r�a�n�s�f�e�r�,� �a�n�d� �s�t�a�g�e� �h�a�r�d�w�a�r�e� �m�o�d�i�f�i�c�a�t�i�o�n�s� �w�e�r�e� �s�i�m�u�l�a�t�e�d� 

�t�h�r�o�u�g�h� �t�h�e� �s�o�u�r�c�e� �t�e�r�m�s� �i�n� �E�q�u�a�t�i�o�n� �(�2�.�1�3�)�.� 

�T�h�e� �g�e�n�e�r�a�l� �t�h�e�o�r�i�e�s� �o�f� �t�h�e� �D�Y�N�M�O�D� �w�e�r�e� �r�e�f�o�r�m�u�l�a�t�e�d� �w�i�t�h� �a� �m�o�r�e� �r�o�b�u�s�t� �n�u�m�e�r�i�c�a�l� 

�t�e�c�h�n�i�q�u�e� �b�y� �H�a�l�e� �a�n�d� �D�a�v�i�s� �(�1�9�9�2�)�.� �T�h�i�s� �n�e�w� �m�o�d�e�l� �w�a�s� �n�a�m�e�d� �D�Y�N�T�E�C�C�.� �A�l�t�h�o�u�g�h� �t�h�e� 

�g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �r�e�m�a�i�n�e�d� �t�h�e� �s�a�m�e�,� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �M�a�c�C�o�r�m�a�c�k� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d� 

�w�a�s� �r�e�p�l�a�c�e�d� �w�i�t�h� �a� �f�i�r�s�t�-�o�r�d�e�r� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �f�o�r�m� �o�f� �f�l�u�x� �v�e�c�t�o�r� �s�p�l�i�t�t�i�n�g� �a�n�d� �a� �R�u�n�g�e�-�K�u�t�t�a� 

�t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e�.� �T�h�i�s� �w�a�s� �t�h�e� �o�r�i�g�i�n�a�l� �u�p�w�i�n�d� �m�e�t�h�o�d� �e�x�t�e�n�s�i�o�n� �o�f� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� 

�d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�i�n�g� �t�h�e�o�r�y�.� 

�2�.�1�.�3�.�6� �N�a�v�i�e�r�-�S�t�o�k�e�s� �S�i�m�u�l�a�t�i�o�n� �o�f� �R�o�t�a�t�i�n�g� �S�t�a�l�l� �(�O�u�t�a� �1�9�9�4�)� 

�F�u�t�u�r�e� �n�u�m�e�r�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �w�i�l�l� �u�n�d�o�u�b�t�e�d�l�y� �i�n�c�l�u�d�e� �f�u�l�l� �N�a�v�i�e�r�-�S�t�o�k�e�s� 

�s�i�m�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �f�l�o�w� �f�i�e�l�d� �t�h�r�o�u�g�h� �a� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m�.� �N�a�v�i�e�r�-�S�t�o�k�e�s� �s�i�m�u�l�a�t�i�o�n� �o�f� �t�h�r�e�e�-� 

�d�i�m�e�n�s�i�o�n�a�l� �o�n�-�d�e�s�i�g�n� �r�o�t�o�r�-�s�t�a�t�o�r� �i�n�t�e�r�a�c�t�i�o�n� �h�a�s� �b�e�e�n� �d�e�m�o�n�s�t�r�a�t�e�d� �(�R�a�i� �1�9�8�9�)�.� �A�s� �o�f� �t�h�i�s� 

�p�u�b�l�i�c�a�t�i�o�n�,� �n�o� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l�,� �i�n�-�s�t�a�l�l�,� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �N�a�v�i�e�r�-�S�t�o�k�e�s� �s�i�m�u�l�a�t�i�o�n�s� �h�a�v�e� 

�a�p�p�e�a�r�e�d� �i�n� �t�h�e� �s�c�i�e�n�t�i�f�i�c� �l�i�t�e�r�a�t�u�r�e�.� �H�o�w�e�v�e�r�,� �O�u�t�a�,� �K�a�t�o�,� �a�n�d� �C�h�i�b�a�,� �h�a�v�e� �p�r�e�s�e�n�t�e�d� �a� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �N�a�v�i�e�r�-�S�t�o�k�e�s� �s�i�m�u�l�a�t�i�o�n� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �i�n� �a� �s�i�n�g�l�e� �s�t�a�g�e�.� �A� �s�e�p�a�r�a�t�e� �r�o�t�o�r� �a�n�d� 

�s�t�a�t�o�r� �w�e�r�e� �m�o�d�e�l�e�d� �u�s�i�n�g� �a� �s�l�i�d�i�n�g� �g�r�i�d� �b�o�u�n�d�a�r�y�.� �T�o� �s�a�v�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�x�p�e�n�s�e�,� �t�h�e� �n�u�m�b�e�r� 

�o�f� �b�l�a�d�e� �p�a�s�s�a�g�e�s� �w�a�s� �r�e�d�u�c�e�d� �f�r�o�m� �s�i�x�t�y�-�t�w�o� �a�n�d� �t�h�i�r�t�y�-�s�e�v�e�n� �i�n� �t�h�e� �m�o�d�e�l�e�d� �c�o�m�p�r�e�s�s�o�r� �t�o� �t�e�n� 

�3�5



�a�n�d� �s�i�x� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n�.� �T�h�e� �g�e�o�m�e�t�r�y� �w�a�s� �a� �p�a�r�a�l�l�e�l� �r�e�c�t�i�l�i�n�e�a�r� �d�u�c�t� �w�i�t�h� �p�e�r�i�o�d�i�c� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s�.� �S�u�b�s�o�n�i�c� �a�x�i�a�l� �f�l�o�w� �w�a�s� �s�i�m�u�l�a�t�e�d�;� �t�o�t�a�l� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �e�n�t�r�o�p�y� �w�e�r�e� �s�p�e�c�i�f�i�e�d� �a�t� 

�t�h�e� �i�n�l�e�t�,� �a�n�d� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �w�a�s� �s�p�e�c�i�f�i�e�d� �d�o�w�n�s�t�r�e�a�m�.� �A� �n�o�-�s�l�i�p� �a�d�i�a�b�a�t�i�c� �c�o�n�d�i�t�i�o�n� �w�a�s� 

�i�m�p�o�s�e�d� �o�n� �t�h�e� �b�l�a�d�e� �s�u�r�f�a�c�e�s�.� �T�h�e� �r�o�t�o�r� �z�o�n�e� �w�a�s� �f�o�u�r� �a�x�i�a�l� �c�h�o�r�d�s� �l�o�n�g�,� �a�n�d� �t�h�e� �s�t�a�t�o�r� �z�o�n�e� 

�w�a�s� �f�i�v�e� �a�x�i�a�l� �c�h�o�r�d�s� �l�o�n�g�.� �T�h�e�r�e�f�o�r�e� �l�o�n�g� �w�a�v�e�l�e�n�g�t�h� �u�n�s�t�e�a�d�i�n�e�s�s� �w�a�s� �n�o�t� �c�a�p�t�u�r�e�d� �b�y� �t�h�e� 

�s�i�m�u�l�a�t�i�o�n�,� �a�n�d� �n�e�i�t�h�e�r� �s�u�r�g�e� �n�o�r� �s�e�v�e�r�e�l�y� �s�t�a�l�l�e�d� �f�l�o�w� �c�o�u�l�d� �b�e� �m�o�d�e�l�e�d�.� �M�o�t�i�o�n� �o�f� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �v�o�l�u�m�e�s� �i�n� �t�h�e� �r�o�t�o�r� �z�o�n�e� �w�a�s� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �t�h�e� �f�i�n�i�t�e� �v�o�l�u�m�e� �m�e�t�r�i�c�s�.� �F�o�r� 

�S�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�,� �a� �s�e�c�o�n�d� �o�r�d�e�r� �u�p�w�i�n�d� �m�e�t�h�o�d� �w�a�s� �e�m�p�l�o�y�e�d�.� �T�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �w�a�s� 

�a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �f�a�c�t�o�r�i�z�a�t�i�o�n� �s�c�h�e�m�e�.� �T�o� �r�e�d�u�c�e� �f�a�c�t�o�r�i�z�a�t�i�o�n� �e�r�r�o�r�s�,� �N�e�w�t�o�n� 

�i�n�n�e�r� �i�t�e�r�a�t�i�o�n�s� �w�e�r�e� �i�n�c�l�u�d�e�d�.� 

�T�o� �s�i�m�u�l�a�t�e� �r�o�t�a�t�i�n�g� �s�t�a�l�l�,� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �f�l�o�w� �f�i�e�l�d� �w�a�s� �i�n�i�t�i�a�l�i�z�e�d� �t�o� �o�n�-�d�e�s�i�g�n� 

�o�p�e�r�a�t�i�o�n�.� �T�h�e�n� �s�t�a�l�l� �w�a�s� �i�n�d�u�c�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �e�x�i�t� �p�r�e�s�s�u�r�e� �v�i�a� �a� �p�r�e�s�s�u�r�e� �h�e�a�d� �f�l�o�w� 

�f�u�n�c�t�i�o�n�.� �R�e�s�u�l�t�s� �w�e�r�e� �c�o�m�p�a�r�e�d� �t�o� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �f�o�r� �n�o�r�m�a�l� �a�n�d� �s�t�a�l�l�e�d� �o�p�e�r�a�t�i�o�n�.� �B�o�t�h� 

�s�m�a�l�l� �a�n�d� �d�e�e�p� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �w�e�r�e� �s�i�m�u�l�a�t�e�d�.� �B�a�s�e�d� �o�n� �t�h�e� �t�o�t�a�l�-�t�o�-�t�o�t�a�l� �p�r�e�s�s�u�r�e� �r�i�s�e�,� �t�h�e� 

�s�i�m�u�l�a�t�i�o�n� �f�o�l�l�o�w�e�d� �t�h�e� �d�a�t�a� �e�x�t�r�e�m�e�l�y� �w�e�l�l�.� �D�e�t�a�i�l�e�d� �f�l�o�w� �b�e�h�i�n�d� �t�h�e� �r�o�t�o�r� �d�u�r�i�n�g� �d�e�e�p� �s�t�a�l�l� �w�a�s� 

�c�o�m�p�a�r�e�d� �t�o� �a� �h�o�t�-�w�i�r�e� �v�e�l�o�c�i�t�y� �t�r�a�c�e�.� �T�h�e� �e�s�s�e�n�t�i�a�l� �f�e�a�t�u�r�e�s� �a�n�d� �m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e� �f�l�o�w� 

�a�p�p�e�a�r�e�d� �t�o� �b�e� �p�r�e�d�i�c�t�e�d�.� �D�u�r�i�n�g� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �o�f� �s�m�a�l�l� �s�t�a�l�l�,� �t�h�e� �s�t�a�l�l� �c�e�l�l�s� �i�n� �t�h�e� �r�o�t�o�r� �a�n�d� 

�s�t�a�t�o�r� �p�r�o�p�a�g�a�t�e�d� �a�t� �d�i�f�f�e�r�e�n�t� �r�a�t�e�s�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �d�e�e�p� �s�t�a�l�l� �w�a�s� �i�n�d�u�c�e�d�,� �a� �s�i�n�g�l�e� �c�e�l�l� 

�e�x�t�e�n�d�e�d� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �r�o�t�o�r� �a�n�d� �t�h�e� �s�t�a�t�o�r�,� �p�r�o�p�a�g�a�t�i�n�g� �a�t� �s�i�x�t�y�-�f�i�v�e� �p�e�r�c�e�n�t� �o�f� �t�h�e� �r�o�t�o�r� �s�p�e�e�d�.� 

�T�h�e� �m�e�a�s�u�r�e�d� �s�t�a�l�l� �c�e�l�l� �p�r�o�p�a�g�a�t�e�d� �a�t� �f�i�f�t�y�-�f�i�v�e� �p�e�r�c�e�n�t� �o�f� �t�h�e� �r�o�t�o�r� �s�p�e�e�d�,� �a�n�d�,� �i�n� �d�e�e�p� �s�t�a�l�l�,� 

�e�x�t�e�n�d�e�d� �o�v�e�r� �f�i�v�e� �r�o�t�o�r� �b�l�a�d�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �i�n�c�l�u�d�e�d� �o�n�l�y� �s�i�x� �r�o�t�o�r� �b�l�a�d�e�s�.� �T�h�e� 

�e�r�r�o�r� �i�n� �s�i�m�u�l�a�t�e�d� �s�t�a�l�l� �c�e�l�l� �p�r�o�p�a�g�a�t�i�o�n� �s�p�e�e�d� �w�a�s� �c�o�n�c�l�u�d�e�d� �t�o� �b�e� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �r�e�d�u�c�e�d� 

�n�u�m�b�e�r� �o�f� �b�l�a�d�e�s�.� �T�h�e� �o�v�e�r�a�l�l� �s�t�r�u�c�t�u�r�e� �a�n�d� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�i�m�u�l�a�t�e�d� �s�t�a�l�l� �c�e�l�l� �t�h�r�o�u�g�h� �r�o�l�l�e�d�-�u�p� 

�a�n�d� �s�h�e�d� �v�o�r�t�i�c�e�s� �d�o�w�n�s�t�r�e�a�m� �a�n�d� �s�u�b�s�e�q�u�e�n�t� �d�i�v�e�r�t�e�d�,� �b�l�o�c�k�e�d� �f�l�o�w� �u�p�s�t�r�e�a�m� �c�o�m�p�a�r�e�d� �w�e�l�l� 
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�w�i�t�h� �c�i�t�e�d� �r�e�v�i�e�w�s�.� �T�h�i�s� �i�n�v�e�s�t�i�g�a�t�i�o�n� �c�e�r�t�a�i�n�l�y� �p�o�i�n�t�s� �t�h�e� �w�a�y� �f�o�r� �f�u�t�u�r�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� 

�i�n�v�e�s�t�i�g�a�t�i�o�n�s� �i�n�t�o� �r�o�t�a�t�i�n�g� �s�t�a�l�l�.� 

�2�.�2� �C�o�m�p�u�t�a�t�i�o�n�a�l� �F�i�u�i�d� �D�y�n�a�m�i�c�s� 

�T�h�e� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l� �w�a�s� �a�n� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �c�o�m�p�u�t�a�t�i�o�n�a�l� �f�l�u�i�d� 

�d�y�n�a�m�i�c�s� �(�C�F�D�)�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �w�a�s� �a�s�s�u�m�e�d�,� �t�h�a�t� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �i�n� �t�h�e� �c�h�o�i�c�e� �o�f� �c�o�m�p�u�t�a�t�i�o�n�a�l� 

�f�l�u�i�d� �d�y�n�a�m�i�c�s� �m�e�t�h�o�d�s� �w�o�u�l�d� �l�e�a�d� �t�o� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �i�n� �t�h�e� �m�o�d�e�l�.� �A� �r�e�v�i�e�w� �o�f� �s�o�m�e� �b�a�s�i�c� 

�c�o�n�c�e�p�t�s� �a�n�d� �r�e�l�e�v�a�n�t� �c�o�m�p�u�t�a�t�i�o�n�a�l� �m�e�t�h�o�d�s� �i�s� �p�r�e�s�e�n�t�e�d� �h�e�r�e�.� 

�T�h�e� �f�i�e�l�d� �o�f� �C�F�D� �m�a�y� �g�e�n�e�r�a�l�l�y� �b�e� �b�r�o�k�e�n� �i�n�t�o� �a� �t�a�s�k� �o�f� �d�i�s�c�r�e�t�i�z�i�n�g� �t�h�e� �g�o�v�e�r�n�i�n�g� �f�l�u�i�d� 

�m�o�t�i�o�n� �e�q�u�a�t�i�o�n�s� �a�n�d� �c�h�o�o�s�i�n�g� �a� �m�e�t�h�o�d� �t�o� �s�o�l�v�e� �t�h�e� �r�e�s�u�l�t�i�n�g� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s�.� 

�D�i�s�c�r�e�t�i�z�a�t�i�o�n� �u�s�u�a�l�l�y� �i�n�v�o�l�v�e�s� �c�h�o�o�s�i�n�g� �a� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �a�n�d� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �m�e�t�h�o�d�.� �T�h�e� 

�c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �c�h�o�s�e�n� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �a�n�d� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �m�e�t�h�o�d�s� �d�e�t�e�r�m�i�n�e�s� �t�h�e� 

�a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �a�l�s�o� �d�i�c�t�a�t�e�s� �t�h�e� �b�e�s�t� �m�e�t�h�o�d� �f�o�r� �t�h�e�i�r� �s�o�l�u�t�i�o�n�.� �S�p�a�t�i�a�l� 

�d�i�s�c�r�e�t�i�z�a�t�i�o�n� �r�e�q�u�i�r�e�s� �a� �c�h�o�i�c�e� �o�f� �g�r�i�d� �t�o� �r�e�l�a�t�e� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �t�o� �t�h�e� �p�h�y�s�i�c�a�l� �d�o�m�a�i�n�.� 

�A�l�s�o�,� �a� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �a�n�d� �t�h�e� �g�r�i�d� �m�u�s�t� �b�e� �c�h�o�s�e�n�.� �M�e�t�h�o�d�s� 

�p�r�e�s�e�n�t�e�d� �h�e�r�e� �m�a�y� �b�e� �c�l�a�s�s�i�f�i�e�d� �a�s� �e�i�t�h�e�r� �u�p�w�i�n�d� �o�r� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �(�H�i�r�s�c�h� �1�9�9�0�,� �v�a�n� �A�l�b�a�d�a� 

�1�9�8�2�)�.� �B�o�t�h� �m�e�t�h�o�d�s� �w�e�r�e� �t�e�s�t�e�d� �o�n� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l�,� �a�n�d� �a� �c�o�m�p�a�r�i�s�o�n� �i�s� �p�r�e�s�e�n�t�e�d� 

�i�n� �C�h�a�p�t�e�r� �F�i�v�e�.� 

�T�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �a�n�d� �f�i�n�i�t�e� �v�o�l�u�m�e� �m�e�t�h�o�d�s� �o�f� �s�o�l�v�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �r�e�q�u�i�r�e� 

�t�h�e� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �o�f� �a� �s�e�t� �o�f� �l�i�n�e�a�r�,� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s�.� �S�o�l�u�t�i�o�n� �o�f� �t�h�e� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� 

�y�i�e�l�d�s� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�.� �W�i�t�h� �s�u�f�f�i�c�i�e�n�t� �g�r�i�d� �a�n�d� 

�t�i�m�e� �s�t�e�p� �r�e�f�i�n�e�m�e�n�t�,� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �t�h�e�o�r�e�t�i�c�a�l�l�y� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� 

�s�o�l�u�t�i�o�n� �t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�.� �T�h�i�s� �c�o�n�v�e�r�g�e�n�c�e� �c�a�n� �b�e� �d�e�m�o�n�s�t�r�a�t�e�d� �b�y� �w�a�y� 

�o�f� �a� �T�a�y�l�o�r� �S�e�r�i�e�s� �e�x�p�a�n�s�i�o�n�.� �F�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d�s� �p�r�e�s�e�n�t�e�d� �h�e�r�e�,� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �i�s� 

�b�a�s�e�d� �o�n� �a� �g�r�i�d� �m�a�p�p�e�d� �i�n� �t�h�e� �t�r�u�e� �v�o�l�u�m�e� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m�.� �F�o�r� �c�o�n�v�e�n�i�e�n�c�e�,� �c�h�o�i�c�e� 
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�o�f� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� �T�h�e� �p�a�r�a�b�o�l�i�c� �n�a�t�u�r�e� �o�f� �t�h�e� �t�i�m�e� 

�v�a�r�i�a�b�l�e� �a�l�l�o�w�s� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �e�q�u�a�t�i�o�n�s� �m�a�r�c�h�i�n�g� �f�o�r�w�a�r�d� �i�n� �t�i�m�e�,� �d�e�p�e�n�d�e�n�t� �o�n�l�y� �o�n� �s�o�l�u�t�i�o�n�s� �a�t� 

�p�r�e�v�i�o�u�s� �t�i�m�e� �s�t�e�p�s�.� 

�I�n� �a� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �o�r� �f�i�n�i�t�e� �v�o�l�u�m�e� �m�e�t�h�o�d�,� �t�h�e� �n�u�m�e�r�i�c�a�l� �f�l�u�x� �f�o�r�m�e�d� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� 

�b�e�t�w�e�e�n� �c�o�n�t�r�o�l� �v�o�l�u�m�e�s� �i�s� �c�o�m�p�o�s�e�d� �o�f� �w�e�i�g�h�t�e�d� �i�n�f�o�r�m�a�t�i�o�n� �n�o�r�m�a�l� �t�o� �t�h�e� �c�e�l�l� �i�n�t�e�r�f�a�c�e�.� �T�h�i�s� 

�w�e�i�g�h�t� �i�s� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �g�r�i�d� �s�t�r�u�c�t�u�r�e� �a�n�d� �m�a�y� �b�e� �c�h�o�s�e�n� �s�u�c�h� �t�h�a�t� �i�t� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �w�a�v�e� �m�o�t�i�o�n� �t�h�a�t� �g�o�v�e�r�n�s� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�u�i�d� �f�l�o�w�.� �F�o�r� �c�o�n�v�e�n�i�e�n�c�e�,� �t�h�e� �n�u�m�e�r�i�c�a�l� 

�f�l�u�x� �m�a�y� �b�e� �d�i�v�i�d�e�d� �i�n�t�o� �a� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �f�l�u�x� �a�n�d� �a� �d�i�f�f�u�s�i�o�n� �t�e�r�m�.� �T�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� 

�t�e�r�m�,� �b�y� �i�t�s�e�l�f�,� �i�s� �n�o�t� �u�s�e�f�u�l� �w�i�t�h�o�u�t� �a�d�d�i�n�g� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �a�m�o�u�n�t� �o�f� �d�i�f�f�u�s�i�o�n�.� 

�p�u� �p� 
�F�=�|� �p�+�p�u�?� �Q�=�|� �p�u� 

�u�(�p�+�p�e�,�)� �p�e�,� �(�2�.�1�4�)� 
�f�=� �S�[�F�r�a�"� �)�+�F�(�Q�"� �)�+� �d�i�f�f�u�s�i�o�n�]� 

�a� �I�n� �E�q�u�a�t�i�o�n� �(�2�.�1�4�)� �t�h�e� �n�u�m�e�r�i�c�a�l� �f�l�u�x� �a�t� �t�h�e� �c�e�l�l� �i�n�t�e�r�f�a�c�e�,� �F� �,� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �t�h�e� �s�u�m� 

�o�f� �t�h�e� �f�u�l�l� �f�l�u�x� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �i�n�t�e�r�f�a�c�e�,� �F�(�Q�*�)�,� �t�h�e� �f�u�l�l� �f�l�u�x� �u�p�s�t�r�e�a�m� �o�f� �t�h�e� �i�n�t�e�r�f�a�c�e�,� 

�F�(�Q ��)�,� �a�n�d� �s�o�m�e� �d�i�f�f�u�s�i�o�n� �t�e�r�m�.� �Q�*� �i�s� �t�h�e� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� 

�i�n�t�e�r�p�o�l�a�t�e�d� �f�r�o�m� �u�p�s�t�r�e�a�m� �(�l�o�w�e�r� �v�a�l�u�e�s� �o�f� �j�)�.� �@� �i�s� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�r�o�m� �d�o�w�n�s�t�r�e�a�m� �(�h�i�g�h�e�r� �v�a�l�u�e�s� 

�o�f� �/�)�.� �W�i�t�h�o�u�t� �s�o�m�e� �f�o�r�m� �o�f� �n�u�m�e�r�i�c�a�l� �d�i�f�f�u�s�i�o�n�,� �a�n�y� �m�e�t�h�o�d� �f�o�r� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� 

�e�q�u�a�t�i�o�n�s� �i�s� �u�n�c�o�n�d�i�t�i�o�n�a�l�l�y� �u�n�s�t�a�b�l�e�.� �I�t� �i�s� �t�h�e� �c�h�o�i�c�e� �o�f� �n�u�m�e�r�i�c�a�l� �d�i�f�f�u�s�i�o�n� �t�h�a�t� �c�l�a�s�s�i�f�i�e�s� 

�m�e�t�h�o�d�s� �o�f� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �f�o�r� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �(�H�i�r�s�c�h� �1�9�9�0�)�.� 

�2�.�2�.�1� �F�i�n�i�t�e� �V�o�l�u�m�e� �F�o�r�m�u�l�a�t�i�o�n� �(�H�i�r�s�c�h� �1�9�9�0�,� �W�a�l�t�e�r�s� �1�9�8�9�)� 

�F�i�n�i�t�e� �v�o�l�u�m�e� �m�e�t�h�o�d�s� �f�o�r� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �a�r�e� �b�a�s�e�d� �o�n� �i�n�t�e�g�r�a�l� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� 

�g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�.� �T�o� �a�p�p�l�y� �t�h�e� �f�i�n�i�t�e� �v�o�l�u�m�e� �m�e�t�h�o�d�,� �t�h�e� �s�o�l�u�t�i�o�n� �d�o�m�a�i�n� �i�s� �d�i�s�c�r�e�t�i�z�e�d� �i�n�t�o



�a�r�b�i�t�r�a�r�y� �c�o�n�t�r�o�l� �v�o�l�u�m�e�s�.� �I�n� �e�a�c�h� �c�o�n�t�r�o�l� �v�o�l�u�m�e�,� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �i�n�t�e�g�r�a�l� �f�o�r�m� �o�f� �t�h�e� �E�u�l�e�r� 

�e�q�u�a�t�i�o�n�s� �i�s� �s�o�u�g�h�t� �b�a�s�e�d� �o�n� �a� �c�h�o�s�e�n� �o�r�d�e�r� �o�f� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� �F�o�r� �f�i�r�s�t�-�o�r�d�e�r�,� �f�i�n�i�t�e� �v�o�l�u�m�e� 

�m�e�t�h�o�d�s�,� �t�h�e� �v�a�l�u�e� �w�i�t�h�i�n� �t�h�e� �c�e�l�l� �i�s� �a�s�s�u�m�e�d� �t�o� �t�a�k�e� �o�n� �t�h�e� �m�e�a�n� �v�a�l�u�e� �f�o�r� �t�h�a�t� �p�a�r�t�i�c�u�l�a�r� �r�e�g�i�o�n� 

�o�f� �t�h�e� �s�o�l�u�t�i�o�n� �d�o�m�a�i�n�.� �F�o�r� �h�i�g�h�e�r�-�o�r�d�e�r� �m�e�t�h�o�d�s�,� �t�h�e� �m�e�a�n� �n�u�m�e�r�i�c�a�l� �v�a�l�u�e� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �e�x�a�c�t� �m�e�a�n� �v�a�l�u�e� �w�i�t�h�i�n� �t�h�e� �r�e�g�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�e� �n�u�m�e�r�i�c�a�l� �f�l�u�x� �i�s� �b�a�s�e�d� �o�n� 

�s�o�m�e� �d�i�s�t�r�i�b�u�t�i�o�n� �f�u�n�c�t�i�o�n�.� �T�h�i�s� �i�s� �a�n� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �m�e�a�n� �v�a�l�u�e� �t�h�e�o�r�e�m�.� �T�h�e� �i�n�t�e�g�r�a�l� 

�e�q�u�a�t�i�o�n�s� �f�o�r� �e�a�c�h� �v�o�l�u�m�e� �a�r�e� �d�e�r�i�v�e�d� �b�y� �s�u�m�m�i�n�g� �f�l�u�x�e�s� �a�c�r�o�s�s� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �c�o�n�t�r�o�l� 

�v�o�l�u�m�e�.� �O�v�e�r� �a� �s�e�t� �t�i�m�e� �p�e�r�i�o�d�,� �t�h�e� �s�u�r�f�a�c�e� �i�n�t�e�g�r�a�l� �o�f� �t�h�e� �c�o�n�v�e�c�t�i�v�e� �a�n�d� �d�i�f�f�u�s�i�v�e� �f�l�u�x�e�s� �a�c�r�o�s�s� 

�t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �c�h�a�n�g�e� �i�n� �t�h�e� �c�o�n�s�e�r�v�e�d� �q�u�a�n�t�i�t�i�e�s� �w�i�t�h�i�n� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e�.� 

�B�y� �c�h�o�o�s�i�n�g� �s�i�m�p�l�e� �g�e�o�m�e�t�r�i�c� �c�o�n�t�r�o�l� �v�o�l�u�m�e�s�,� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �o�f� �c�o�n�s�e�r�v�a�t�i�o�n� �m�a�y� �b�e� 

�w�r�i�t�t�e�n� �f�o�r� �t�h�e� �e�n�t�i�r�e� �d�o�m�a�i�n�.� �I�n�s�t�e�a�d� �o�f� �f�i�r�s�t� �d�e�v�e�l�o�p�i�n�g� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �f�o�r�m� �a�n�d� �t�h�e�n� 

�d�i�s�c�r�e�t�i�z�i�n�g�,� �t�h�e� �i�n�t�e�g�r�a�l� �f�o�r�m� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �i�s� �i�t�s�e�l�f� �d�i�s�c�r�e�t�i�z�e�d�.� �C�o�n�s�e�r�v�a�t�i�o�n� �i�s� 

�t�h�e�n� �a�c�h�i�e�v�e�d� �b�y� �s�u�m�m�i�n�g� �t�h�e� �n�u�m�e�r�i�c�a�l� �f�l�u�x�e�s� �a�c�r�o�s�s� �t�h�e� �b�o�u�n�d�a�r�i�e�s�.� �I�n� �a� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� 

�m�e�t�h�o�d�,� �f�l�u�x� �d�e�r�i�v�a�t�i�v�e�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�d� �d�i�r�e�c�t�l�y�.� �B�e�c�a�u�s�e� �e�v�e�r�y� �b�o�u�n�d�e�d� �f�u�n�c�t�i�o�n� �h�a�s� �a� 

�d�e�f�i�n�i�t�e� �i�n�t�e�g�r�a�l�,� �a�n� �i�n�t�e�g�r�a�l� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �i�s� �c�a�p�a�b�l�e� �o�f� �e�x�p�r�e�s�s�i�n�g� 

�s�o�l�u�t�i�o�n�s� �c�o�n�t�a�i�n�i�n�g� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�.� �A� �d�i�f�f�e�r�e�n�t�i�a�l� �f�o�r�m� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �m�u�s�t� �h�a�v�e� �a� �d�e�r�i�v�a�t�i�v�e� 

�d�e�f�i�n�e�d� �e�v�e�r�y�w�h�e�r�e�.� �(�I�t� �m�u�s�t� �b�e� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e� �c�o�n�t�i�n�u�o�u�s�.�)� �T�h�e�r�e�f�o�r�e�,� �i�n�t�e�g�r�a�l� �s�c�h�e�m�e�s� �a�r�e� 

�s�u�p�e�r�i�o�r� �t�o� �d�i�f�f�e�r�e�n�t�i�a�l� �f�o�r�m�s� �f�o�r� �c�a�p�t�u�r�i�n�g� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �(�H�i�r�s�c�h� �1�9�9�0�)�.� 

�I�n� �a�d�d�i�t�i�o�n� �t�o� �c�a�p�t�u�r�i�n�g� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�,� �a�n� �i�n�t�e�g�r�a�l� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �u�s�e�s� 

�t�h�e� �c�o�n�s�e�r�v�a�t�i�v�e� �f�o�r�m� �o�f� �t�h�e� �f�l�u�x�e�s� �i�n� �e�a�c�h� �c�o�n�t�r�o�l� �v�o�l�u�m�e�;� �t�h�e�r�e�f�o�r�e�,� �s�o�l�v�i�n�g� �t�h�e� �i�n�t�e�g�r�a�l� �f�o�r�m� 

�a�l�s�o� �i�n�s�u�r�e�s� �o�v�e�r�a�l�l� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s� �m�o�m�e�n�t�u�m� �a�n�d� �e�n�e�r�g�y�.� �B�y� �d�e�f�i�n�i�t�i�o�n�,� �a� �c�o�n�s�e�r�v�a�t�i�v�e� 

�f�o�r�m� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �i�s� �o�n�e� �t�h�a�t�,� �w�i�t�h�o�u�t� �u�s�e� �o�f� �t�h�e� �c�h�a�i�n� �r�u�l�e�,� �r�e�d�u�c�e�s� �t�o� �t�h�e� �i�n�t�e�g�r�a�l� 

�f�o�r�m�.� �I�t� �i�s� �n�o�t� �c�o�i�n�c�i�d�e�n�t� �t�h�a�t�,� �i�n� �o�r�d�e�r� �t�o� �c�a�p�t�u�r�e� �s�h�o�c�k�s�,� �e�v�e�n� �a� �d�i�f�f�e�r�e�n�t�i�a�l� �f�o�r�m� �m�u�s�t� �b�e� 

�e�x�p�r�e�s�s�e�d� �i�n� �c�o�n�s�e�r�v�a�t�i�v�e� �v�a�r�i�a�b�l�e�s�.� �T�h�i�s� �m�a�k�e�s� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �f�o�r�m� �a� �w�e�a�k� �i�n�t�e�g�r�a�l� �f�o�r�m�.� 

�W�h�e�n� �r�e�d�u�c�e�d� �t�o� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n� �f�o�r�m� �(�t�h�e� �f�o�r�m� �o�f� �t�h�e� �a�c�t�u�a�l� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�)�,� �t�h�e� �f�l�u�x�e�s� �a�t� 
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�e�a�c�h� �v�o�l�u�m�e� �i�n�t�e�r�f�a�c�e� �i�n� �a� �c�o�n�s�e�r�v�a�t�i�v�e� �f�o�r�m�u�l�a�t�i�o�n� �t�e�l�e�s�c�o�p�e�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �b�y� �s�u�m�m�i�n�g� �t�h�e� 

�f�l�u�x� �a�c�r�o�s�s� �e�a�c�h� �c�e�l�l� �f�a�c�e� �i�n� �t�h�e� �d�o�m�a�i�n�,� �t�h�e� �s�o�l�u�t�i�o�n� �c�a�n� �b�e� �s�h�o�w�n� �t�o� �b�e� �d�e�p�e�n�d�e�n�t� �o�n�l�y� �o�n� �t�h�e� 

�b�o�u�n�d�a�r�y� �f�l�u�x�e�s� �a�n�d� �s�o�u�r�c�e� �t�e�r�m�s�.� 

�2�.�2�.�2� �T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� 

�B�o�t�h� �e�x�p�l�i�c�i�t� �a�n�d� �i�m�p�l�i�c�i�t� �m�e�t�h�o�d�s� �w�e�r�e� �r�e�v�i�e�w�e�d� �i�n� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �d�y�n�a�m�i�c� 

�c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�.� �E�x�p�l�i�c�i�t� �m�e�t�h�o�d�s� �y�i�e�l�d� �a� �s�i�n�g�l�e� �d�e�c�o�u�p�l�e�d� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �t�h�a�t� 

�m�a�y� �b�e� �s�o�l�v�e�d� �w�i�t�h�o�u�t� �t�h�e� �u�s�e� �o�f� �i�t�e�r�a�t�i�v�e� �o�r� �d�i�r�e�c�t� �m�a�t�r�i�x� �i�n�v�e�r�s�i�o�n� �m�e�t�h�o�d�s�.� �I�n� �e�x�p�l�i�c�i�t� �m�e�t�h�o�d�s�,� 

�t�h�e� �s�o�l�u�t�i�o�n� �m�a�t�r�i�x� �i�s� �f�u�l�l�y� �d�i�a�g�o�n�a�l�i�z�e�d�,� �a�n�d� �t�h�e� �s�o�l�u�t�i�o�n� �i�s� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�.� �I�m�p�l�i�c�i�t� �m�e�t�h�o�d�s� 

�r�e�q�u�i�r�e� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �a� �c�o�u�p�l�e�d� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �a�n�d� �a�r�e� �u�s�u�a�l�l�y� �s�o�l�v�e�d� �b�y� �i�t�e�r�a�t�i�v�e� �o�r� �d�i�r�e�c�t� 

�m�e�t�h�o�d�s�.� �(�G�o�l�u�b� �1�9�9�2�)� 

�O�r�i�g�i�n�a�l�l�y�,� �D�a�v�i�s� �(�1�9�8�6�)� �a�p�p�l�i�e�d� �t�h�e� �e�x�p�l�i�c�i�t� �M�a�c�C�o�r�m�a�c�k� �a�l�g�o�r�i�t�h�m� �t�o� �t�h�e� �o�n�e�-� 

�d�i�m�e�n�s�i�o�n�a�l� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �(�M�a�c�C�o�r�m�a�c�k� �1�9�6�9�)�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �s�e�c�o�n�d� �o�r�d�e�r� 

�a�c�c�u�r�a�t�e� �i�n� �s�p�a�c�e� �a�n�d� �t�i�m�e�.� �I�n� �t�h�e� �M�a�c�C�o�r�m�a�c�k� �a�l�g�o�r�i�t�h�m�,� �s�p�a�c�e� �a�n�d� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �a�r�e� 

�i�n�t�e�r�t�w�i�n�e�d� �i�n� �a� �t�w�o� �l�e�v�e�l� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �p�r�o�c�e�s�s�.� �D�u�r�i�n�g� �e�a�c�h� �s�t�e�p�,� �a� �f�o�r�w�a�r�d� �o�r� �b�a�c�k�w�a�r�d� �o�n�e�-� 

�s�i�d�e�d� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �i�s� �c�o�m�p�u�t�e�d�.� �O�v�e�r� �t�h�e� �t�w�o� �s�t�e�p� �p�r�o�c�e�s�s�,� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �o�n�e�-�s�i�d�e�d� 

�s�p�a�c�e� �d�i�f�f�e�r�e�n�c�e� �i�s� �a�l�t�e�r�n�a�t�e�d�.� �T�o� �e�l�i�m�i�n�a�t�e� �d�i�r�e�c�t�i�o�n�a�l� �b�i�a�s�i�n�g� �d�u�e� �t�o� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �p�r�o�c�e�s�s�,� 

�e�a�c�h� �s�t�a�n�d�a�r�d� �M�a�c�C�o�r�m�a�c�k� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �i�s� �g�e�n�e�r�a�l�l�y� �r�e�p�e�a�t�e�d� �u�n�t�i�l� �e�a�c�h� �p�o�s�s�i�b�l�e� 

�c�o�m�b�i�n�a�t�i�o�n� �o�f� �d�i�f�f�e�r�e�n�c�e� �d�i�r�e�c�t�i�o�n�s� �a�n�d� �t�i�m�e� �l�e�v�e�l�s� �i�s� �c�o�v�e�r�e�d� �(�H�i�r�s�c�h� �1�9�9�0�)�.� �I�n� �t�h�e� �o�n�e�-� 

�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l� �t�h�i�s� �r�e�q�u�i�r�e�d� �t�w�o� �s�t�a�n�d�a�r�d� �M�a�c�C�o�r�m�a�c�k� �i�n�t�e�g�r�a�t�i�o�n�s� �f�o�r� �e�a�c�h� �t�i�m�e� �s�t�e�p� 

�(�H�a�r�v�e�l�l� �1�9�9�2�)�.� 

�T�h�e� �M�a�c�C�o�r�m�a�c�k� �m�e�t�h�o�d� �i�s� �r�a�r�e�l�y� �a�p�p�l�i�e�d� �t�o� �u�p�w�i�n�d� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�s� �(�H�i�r�s�c�h� 

�1�9�9�0�)�.� �F�o�r� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�i�m�p�l�i�c�i�t�y�,� �R�u�n�g�e�-�K�u�t�t�a� �i�n�t�e�g�r�a�t�i�o�n� �i�s� �c�o�m�m�o�n�l�y� �a�p�p�l�i�e�d� �t�o� �u�p�w�i�n�d� 

�d�e�s�c�r�e�t�i�z�a�t�i�o�n�s�.� �T�h�e� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �a�n� �M�-�s�t�a�g�e� �R�u�n�g�e�-�K�u�t�t�a� �s�c�h�e�m�e� �d�e�v�e�l�o�p�e�d� �b�y� �J�a�m�e�s�o�n� 

�(�H�i�r�s�c�h� �1�9�9�0�)� �i�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �(�2�.�1�5�)�.� �T�h�i�s� �f�o�r�m� �i�s� �e�q�u�a�l�l�y� �a�p�p�l�i�c�a�b�l�e� �t�o� �p�r�o�b�l�e�m�s� �o�f� �o�n�e�,� �t�w�o�,� 
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�o�r� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�s�.� �H�e�r�e�,� �A�t� �i�s� �t�h�e� �t�i�m�e� �s�t�e�p� �a�n�d� �A� �i�s� �t�h�e� �n�u�m�e�r�i�c�a�l� �f�l�u�x� �a�n�d� �s�o�u�r�c�e� �t�e�r�m� 

�r�e�s�i�d�u�a�l�.� �W�h�e�n� �a�p�p�l�i�e�d� �t�o� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s�,� �s�u�c�h� �a�s� �t�h�o�s�e� �d�e�s�c�r�i�b�i�n�g� �f�l�o�w� �i�n� �t�h�e� �d�y�n�a�m�i�c� 

�c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�,� �t�h�i�s� �m�e�t�h�o�d� �a�l�l�o�w�s� �u�p� �t�o� �s�e�c�o�n�d� �o�r�d�e�r� �t�i�m�e�-�a�c�c�u�r�a�c�y�.� 

�G�i�v�e�n�:� �<�0� �=�-�R�(�Q�)� 
�o�f�"� 

�e�=�a� �(�2�.�1�5�)� 
�1� �Q�"�-�Q�" ��=� �A�t�R�(�Q!"�'�)� �m�=�1�,�2�,�.�.�.�,�.�M� �=�  ��_�_�_�_�_� 

�Q�i� �_� �Q!"� 

�W�h�e�n� �s�u�b�s�t�i�t�u�t�e�d� �f�o�r� �e�x�p�l�i�c�i�t� �i�n�t�e�g�r�a�t�i�o�n�,� �i�m�p�l�i�c�i�t� �m�e�t�h�o�d�s� �o�f�t�e�n� �y�i�e�l�d� �i�m�p�r�o�v�e�d� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�i�c�i�e�n�c�y� �a�n�d� �r�o�b�u�s�t�n�e�s�s� �(�T�h�o�m�a�s�,� �1�9�8�5�)�.� �G�e�n�e�r�a�l� �i�m�p�l�i�c�i�t� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� 

�n�o�n�l�i�n�e�a�r� �c�o�n�s�e�r�v�a�t�i�o�n� �e�q�u�a�t�i�o�n�s� �i�s� �g�i�v�e�n� �b�y� �E�q�u�a�t�i�o�n� �(�2�.�1�6�)�.� �D�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �v�a�r�i�o�u�s� 

�i�m�p�l�i�c�i�t� �m�e�t�h�o�d�s� �g�e�n�e�r�a�l�l�y� �c�e�n�t�e�r� �a�r�o�u�n�d� �h�o�w� �t�h�e� �i�m�p�l�i�c�i�t� �o�p�e�r�a�t�o�r� �m�a�t�r�i�x�,� �|� �,� �i�s� �f�o�r�m�u�l�a�t�e�d�.� 

�F�o�r� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m�s�,� �f�u�l�l�y� �i�m�p�l�i�c�i�t�,� �d�i�r�e�c�t� �m�e�t�h�o�d�s� �r�e�q�u�i�r�e� �v�e�r�y� �l�a�r�g�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �a�n�d� 

�p�r�o�g�r�a�m�m�i�n�g� �e�f�f�o�r�t�.� �T�o� �i�n�v�e�r�t� �a�n� �n�x�n� �s�p�a�r�s�e� �m�a�t�r�i�x� �o�f� �b�a�n�d�w�i�d�t�h� �b� �r�e�q�u�i�r�e�s� �a�n� �o�r�d�e�r� �o�f� �b�@�n� 

�o�p�e�r�a�t�i�o�n�s� �(�W�a�l�t�e�r�s� �1�9�9�0�)�.� �W�h�i�l�e� �s�o�l�u�t�i�o�n� �o�f� �a� �t�r�i�d�i�a�g�o�n�a�l� �s�y�s�t�e�m� �w�i�t�h� �m�x�m� �b�l�o�c�k�s� �r�e�q�u�i�r�e�s� �a�n� 

�o�r�d�e�r� �o�f� �m�?�n� �o�p�e�r�a�t�i�o�n�s� �(�G�o�l�u�b� �1�9�8�9�)�.� �F�o�r� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�,� �m� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� 

�t�i�m�e�-�d�e�p�e�n�d�e�n�t� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�.� �(�F�o�r� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w�,� �m�=�3�.�)� �F�o�r� �a� �f�u�l�l�y� �i�m�p�l�i�c�i�t� �d�i�r�e�c�t� 

�m�e�t�h�o�d�,� �o�n� �a� �s�t�r�u�c�t�u�r�e�d�,� �n�o�n�p�e�r�i�o�d�i�c� �g�r�i�d�,� �b� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �t�h�e� �s�m�a�l�l�e�s�t� �o�v�e�r�a�l�l� �g�r�i�d� 

�d�i�m�e�n�s�i�o�n�,� �K�,� �t�i�m�e�s� �m�.� 

�A� �s�u�b�i�t�e�r�a�t�i�v�e�,� �i�m�p�l�i�c�i�t� �m�e�t�h�o�d� �f�o�r� �r�e�c�o�v�e�r�i�n�g� �s�e�c�o�n�d� �o�r�d�e�r� �t�i�m�e� �a�c�c�u�r�a�c�y� �w�i�t�h� �a�n� 

�a�p�p�r�o�x�i�m�a�t�e� �f�a�c�t�o�r�i�z�a�t�i�o�n� �m�e�t�h�o�d� �w�a�s� �o�u�t�l�i�n�e�d� �b�y� �R�a�i� �(�1�9�8�9�)� �a�n�d� �M�a�t�h�u�r� �(�1�9�9�3�)�.� �T�h�i�s� �m�e�t�h�o�d� 

�a�l�l�o�w�s� �a�n� �i�n�c�r�e�a�s�e� �i�n� �m�a�x�i�m�u�m� �s�t�a�b�l�e� �i�n�t�e�g�r�a�t�i�o�n� �s�t�e�p� �s�i�z�e� �o�v�e�r� �e�x�p�l�i�c�i�t� �m�e�t�h�o�d�s�.� �B�y� �r�e�s�t�r�i�c�t�i�n�g� 

�t�h�e� �i�m�p�l�i�c�i�t� �l�e�f�t� �h�a�n�d� �s�i�d�e� �o�p�e�r�a�t�o�r� �t�o� �f�i�r�s�t� �o�r�d�e�r� �s�p�a�t�i�a�l� �d�i�f�f�e�r�e�n�c�i�n�g�,� �e�a�c�h� �s�u�b�i�t�e�r�a�t�i�o�n� �o�n�l�y� 

�r�e�q�u�i�r�e�s� �b�l�o�c�k� �t�r�i�d�i�a�g�o�n�a�l� �m�a�t�r�i�x� �i�n�v�e�r�s�i�o�n�s�.� �T�h�e� �r�e�s�i�d�u�a�l� �(�r�i�g�h�t� �h�a�n�d� �s�i�d�e�)� �m�a�y� �t�h�e�n� �b�e� 

�4�)



�c�o�m�p�u�t�e�d� �w�i�t�h� �h�i�g�h�e�r� �o�r�d�e�r� �d�i�f�f�e�r�e�n�c�i�n�g�.� �I�n� �g�e�n�e�r�a�l� �c�o�m�p�u�t�a�t�i�o�n�a�l� �a�p�p�l�i�c�a�t�i�o�n�s�,� �i�n�t�e�g�r�a�t�i�o�n� �u�s�i�n�g� 

�a�p�p�r�o�x�i�m�a�t�e� �f�a�c�t�o�r�i�z�a�t�i�o�n� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�o� �b�e� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �o�r�d�e�r� �o�f� �d�i�f�f�e�r�e�n�c�i�n�g� �o�n� �t�h�e� �l�e�f�t� 

�h�a�n�d� �s�i�d�e� �(�T�h�o�m�a�s� �1�9�8�5�)�.� �T�h�e� �a�p�p�r�o�x�i�m�a�t�e�-�f�a�c�t�o�r�i�z�a�t�i�o�n� �s�u�b�i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�,� �f�o�r� �t�h�e� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�,� �o�n� �a� �f�i�n�i�t�e� �v�o�l�u�m�e�,� �C�a�r�t�e�s�i�a�n� �g�r�i�d�,� �i�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �(�2�.�1�7�)�.� �T�h�e� 

�o�r�d�e�r� �o�f� �t�i�m�e� �a�c�c�u�r�a�c�y�,� �m�,� �i�s� �c�o�n�t�r�o�l�l�e�d� �b�y� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �t�i�m�e� �d�e�r�i�v�a�t�i�v�e�,� �c�o�n�t�r�o�l�l�e�d� �b�y� 

�i�.� �B�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �s�u�b�i�t�e�r�a�t�i�o�n�s�,� �P�,� �t�h�e� �f�a�c�t�o�r�i�z�a�t�i�o�n� �a�n�d� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �e�r�r�o�r� �i�s� 

� � 

�r�e�d�u�c�e�d�.� 

�G�i�v�e�n�:� �o�O� �=� �-�R�(�Q�)�=� �(�A�a� �p�a� 

�+� �a�R� �(�2�.�1�6�)� 
�j�a�.� �a�T� �(�Q ��'� �-� �Q ��)�=�-�R�(�Q�"�)� 

�A�p�p�r�o�x�i�m�a�t�e�l�y� �F�a�c�t�o�r�:� �+� �o�R� �F�r� �]� �+� �A�f�u�a�t�}� �+�3�,� �B�|� 

�+� �S�a�t� �|� �a� �P�+� �_� �O�p� �o�e� �m� �°� �[�t�+�]� �(� �o�t� �8� �2�]� �(� �(�Q ��*�"�-�Q�?�)�=� �1�(�2� �+�o�p�a�t�] �� �)�+�A�|� 

�p�P�_�r�y� 

�w�h�e�r�e�:� �i�=� �o�t�s� �A� �(�2�.�1�7�)� 
�1�5� �d�Q� �(�1�.�5�Q�"�  ��2�Q�"� �+�0�.�5�Q�"�"�)� 

�5� �3�> ��=� �m�=�2� 
�o�t� �A�t� 

�p�=�0�,�.�.�.�,�P ��1� 
�|� �Q� �=� �Q�? �� �q�r� �=�Q �� 

�2�.�2�.�3� �C�e�n�t�r�a�l� �D�i�f�f�e�r�e�n�c�e� �M�e�t�h�o�d�s� 

�2�.�2�.�3�.�1� �M�a�c�C�o�r�m�a�c�k� �A�l�g�o�r�i�t�h�m� 

�I�n� �t�h�e� �o�r�i�g�i�n�a�l� �f�o�r�m� �o�f� �D�Y�N�M�O�D�,� �t�h�e� �f�l�u�i�d� �f�l�o�w� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �d�i�s�c�r�e�t�i�z�e�d� �u�s�i�n�g� �a� �c�e�n�t�r�a�l� 

�d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e�,� �t�h�e� �M�a�c�C�o�r�m�a�c�k� �A�l�g�o�r�i�t�h�m� �(�M�a�c�C�o�r�m�a�c�k� �1�9�6�9�)�.� �T�h�e� �M�a�c�C�o�r�m�a�c�k� 

�4�2



�a�l�g�o�r�i�t�h�m� �i�s� �a� �m�e�m�b�e�r� �o�f� �a� �f�a�m�i�l�y� �o�f� �m�e�t�h�o�d�s� �k�n�o�w�n� �a�s� �L�a�x�-�W�e�n�d�r�o�f�f� �s�c�h�e�m�e�s�.� �T�o� �e�v�o�l�v�e� �t�h�e� 

�s�o�l�u�t�i�o�n� �f�r�o�m� �t�i�m�e� �l�e�v�e�l� �n�t�o� �n�+�1�,� �L�a�x�-�W�e�n�d�r�o�f�f� �s�c�h�e�m�e�s� �a�r�e� �b�a�s�e�d� �o�n� �a� �t�w�o� �s�t�e�p� �p�r�o�c�e�d�u�r�e�.� �I�n� 

�t�h�e� �M�a�c�C�o�r�m�a�c�k� �A�l�g�o�r�i�t�h�m�,� �t�h�e� �f�l�u�x� �d�e�r�i�v�a�t�i�v�e�s� �a�r�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �o�n�e� �s�i�d�e�d� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �a� 

�p�r�e�d�i�c�t�o�r�-�c�o�r�r�e�c�t�o�r� �a�r�r�a�n�g�e�m�e�n�t�.� �T�h�e� �f�l�u�x� �d�e�r�i�v�a�t�i�v�e�s� �a�r�e� �t�a�k�e�n� �i�n� �o�n�e� �d�i�r�e�c�t�i�o�n� �d�u�r�i�n�g� �a� 

�p�r�e�d�i�c�t�o�r� �s�t�e�p� �a�n�d� �i�n� �t�h�e� �o�t�h�e�r� �d�i�r�e�c�t�i�o�n� �d�u�r�i�n�g� �t�h�e� �c�o�r�r�e�c�t�o�r� �s�t�e�p�.� �T�h�e� �c�o�r�r�e�c�t�o�r� �f�l�u�x�e�s� �a�r�e� 

�c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �p�r�e�d�i�c�t�o�r� �s�t�e�p�.� �T�h�e� �s�o�l�u�t�i�o�n� �a�t� �t�h�e� �n�e�w� �t�i�m�e� �s�t�e�p� 

�i�s� �o�b�t�a�i�n�e�d� �b�y� �a�v�e�r�a�g�i�n�g� �t�h�e� �p�r�e�d�i�c�t�o�r� �a�n�d� �c�o�r�r�e�c�t�o�r� �r�e�s�i�d�u�a�l�s�.� �F�o�r� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� 

�a�n�d� �i�n� �t�h�e� �c�a�s�e� �o�f� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�i�n�g�,� �s�o�u�r�c�e� �t�e�r�m�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �a�t� �t�h�e� �p�r�e�d�i�c�t�o�r� 

�s�t�e�p� �u�s�i�n�g� �v�a�l�u�e�s� �a�t� �t�i�m�e� �l�e�v�e�l� �n� �a�n�d� �i�n� �t�h�e� �c�o�r�r�e�c�t�o�r� �s�t�e�p� �u�s�i�n�g� �v�a�l�u�e�s� �a�t� �t�i�m�e� �l�e�v�e�l� �n�+�1� �(�H�i�r�s�c�h� 

�1�9�9�0�)�.� 

�P�o�s�t�-�s�t�a�l�l� �m�o�d�e�l�i�n�g� �e�f�f�o�r�t�s� �w�e�r�e� �s�u�c�c�e�s�s�f�u�l�l�y� �c�o�m�p�l�e�t�e�d� �w�i�t�h� �t�h�e� �M�a�c�C�o�r�m�a�c�k� �f�o�r�m� 

�(�D�a�v�i�s� �1�9�8�6�,� �B�o�y�e�r� �1�9�8�9�)�.� �H�o�w�e�v�e�r�,� �t�h�e� �m�o�d�e�l� �w�a�s� �p�r�o�n�e� �t�o� �n�u�m�e�r�i�c�a�l� �i�n�s�t�a�b�i�l�i�t�i�e�s�.� �T�h�e� 

�M�a�c�C�o�r�m�a�c�k� �a�l�g�o�r�i�t�h�m� �l�a�c�k�s� �d�a�m�p�i�n�g� �a�t� �h�i�g�h� �f�r�e�q�u�e�n�c�i�e�s� �(�H�i�r�s�c�h� �1�9�9�0�)�.� �T�h�i�s� �l�e�a�d�s� �t�o� �s�p�u�r�i�o�u�s� 

�o�s�c�i�l�l�a�t�i�o�n�s� �a�r�o�u�n�d� �s�h�o�c�k�s� �i�n� �t�r�a�n�s�o�n�i�c� �f�l�o�w� �a�n�d�,� �e�v�i�d�e�n�t�l�y�,� �i�n� �t�h�e� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� 

�m�o�d�e�l�.� �T�h�e�s�e� �o�s�c�i�l�l�a�t�i�o�n�s� �c�a�n� �l�e�a�d� �t�o� �o�d�d�-�e�v�e�n� �p�o�i�n�t� �d�e�c�o�u�p�l�i�n�g� �a�n�d� �i�n�s�t�a�b�i�l�i�t�y�.� �I�n� �D�Y�N�M�O�D�,� 

�s�o�u�r�c�e� �t�e�r�m�s� �w�e�r�e� �u�s�e�d� �i�n� �p�l�a�c�e� �o�f� �c�o�m�p�l�e�x� �e�f�f�e�c�t�s� �o�n� �t�h�e� �f�l�u�i�d� �f�l�o�w�.� �T�h�e�y� �r�e�p�r�e�s�e�n�t� 

�t�u�r�b�o�m�a�c�h�i�n�e�r�y� �w�o�r�k�,� �f�o�r�c�e�,� �a�n�d� �b�l�e�e�d� �a�s� �w�e�l�l� �a�s� �a�r�e�a� �c�h�a�n�g�e� �a�c�r�o�s�s� �t�h�e� �v�o�l�u�m�e� �(�D�a�v�i�s� �1�9�8�6�)�.� 

�T�h�e�s�e� �s�o�u�r�c�e� �t�e�r�m�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �t�o� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �i�n� �t�h�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �a�n�d� �t�e�n�d� �t�o� �i�n�t�r�o�d�u�c�e� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �i�n�t�o� �t�h�e� �s�o�l�u�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� 

�i�n�a�b�i�l�i�t�y� �o�f� �t�h�e� �M�a�c�C�o�r�m�a�c�k� �a�l�g�o�r�i�t�h�m� �t�o� �d�a�m�p� �o�u�t� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �e�r�r�o�r�s� �p�r�o�b�a�b�l�y� �c�a�u�s�e�d� 

�n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �t�o� �b�e�c�o�m�e� �u�n�s�t�a�b�l�e� �o�r� �t�o� �g�i�v�e� �u�n�d�e�s�i�r�e�d� �o�s�c�i�l�l�a�t�i�o�n�s� �i�n� �t�h�e� �s�o�l�u�t�i�o�n�.� 

�I�n� �t�h�e� �p�a�s�t�,� �t�h�i�s� �l�a�c�k� �o�f� �r�o�b�u�s�t�n�e�s�s� �l�i�m�i�t�e�d� �i�n�v�e�s�t�i�g�a�t�i�o�n�s�.� �D�Y�N�M�O�D� �w�a�s� �r�e�s�t�r�i�c�t�e�d� �b�y� 

�s�t�a�b�i�l�i�t�y� �i�s�s�u�e�s� �a�n�d� �y�i�e�l�d�e�d� �s�o�l�u�t�i�o�n�s� �w�i�t�h� �n�o�n�p�h�y�s�i�c�a�l� �o�s�c�i�l�l�a�t�i�o�n�s�.� �I�t� �w�a�s� �c�o�m�m�o�n� �p�r�a�c�t�i�c�e� �t�o� 

�a�l�t�e�r� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �g�e�o�m�e�t�r�y� �f�r�o�m� �t�h�e� �t�r�u�e� �g�e�o�m�e�t�r�y� �t�o� �a�l�l�o�w� �a� �s�t�a�b�l�e� �s�o�l�u�t�i�o�n� �(�H�a�r�v�e�l�l� �1�9�9�2�)�.� 

�O�c�c�a�s�i�o�n�a�l�l�y�,� �a�l�t�e�r�a�t�i�o�n� �o�f� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�a�s� �a�l�s�o� �n�e�c�e�s�s�a�r�y�.� �W�h�e�n� �a�l�t�e�r�i�n�g� �t�h�e



�c�o�m�p�u�t�a�t�i�o�n�a�l� �g�e�o�m�e�t�r�y�,� �i�t� �w�a�s� �h�o�p�e�d� �t�h�a�t� �b�y� �r�e�t�a�i�n�i�n�g� �t�h�e� �o�v�e�r�a�l�l� �v�o�l�u�m�e� �o�f� �t�h�e� �p�l�e�n�u�m� �i�n� �t�h�e� 

�t�r�u�e� �s�y�s�t�e�m�,� �t�h�e� �p�o�s�t�-�s�t�a�l�l� �b�e�h�a�v�i�o�r� �w�o�u�l�d� �n�o�t� �b�e� �a�f�f�e�c�t�e�d� �(�G�r�e�i�t�z�e�r� �1�9�7�6�)�.� �T�h�e�r�e�f�o�r�e�,� �o�t�h�e�r� �t�h�a�n� 

�r�e�t�a�i�n�i�n�g� �t�h�e� �c�o�r�r�e�c�t� �p�l�e�n�u�m� �v�o�l�u�m�e�,� �t�h�e� �c�h�o�i�c�e� �o�f� �c�o�m�p�u�t�a�t�i�o�n�a�l� �g�e�o�m�e�t�r�y� �w�a�s� �a�r�b�i�t�r�a�r�y�.� 

�2�.�2�.�3�.�2� �F�l�u�x� �C�o�r�r�e�c�t�e�d� �T�r�a�n�s�p�o�r�t� 

�I�n� �o�r�d�e�r� �t�o� �i�m�p�r�o�v�e� �s�t�a�b�i�l�i�t�y� �a�n�d� �s�m�o�o�t�h� �r�e�s�u�l�t�s� �g�i�v�e�n� �b�y� �D�Y�N�M�O�D�,� �f�l�u�x� �c�o�r�r�e�c�t�e�d� 

�t�r�a�n�s�p�o�r�t�,� �F�C�T� �(�B�o�o�k� �1�9�7�5�)�,� �w�a�s� �a�d�d�e�d� �t�o� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e� �(�H�a�r�v�e�l�l� �1�9�9�2�)�.� �F�C�T� �w�a�s� 

�d�e�v�e�l�o�p�e�d� �w�i�t�h� �t�h�e� �g�o�a�l� �o�f� �i�m�p�r�o�v�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e�s�.� �I�n� 

�p�a�r�t�i�c�u�l�a�r�,� �b�y� �m�a�k�i�n�g� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e� �t�o�t�a�l� �v�a�r�i�a�t�i�o�n� �d�i�m�i�n�i�s�h�i�n�g�,� �T�V�D�,� �i�t� �w�a�s� �d�e�s�i�g�n�e�d� �t�o� 

�e�l�i�m�i�n�a�t�e� �s�p�u�r�i�o�u�s� �o�s�c�i�l�l�a�t�i�o�n�s� �a�r�o�u�n�d� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �(�H�i�r�s�c�h� �1�9�9�0�)�.� �F�C�T� 

�d�i�m�i�n�i�s�h�e�s� �o�s�c�i�l�l�a�t�i�o�n�s� �i�n� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �s�o�l�u�t�i�o�n� �b�y� �a�d�d�i�n�g� �a�r�t�i�f�i�c�i�a�l� �d�i�f�f�u�s�i�o�n�.� �W�h�e�n� 

�a�p�p�l�y�i�n�g� �F�C�T� �t�o� �t�h�e� �M�a�c�C�o�r�m�a�c�k� �a�l�g�o�r�i�t�h�m�,� �a� �w�e�i�g�h�t�e�d� �d�i�f�f�u�s�i�o�n� �t�e�r�m� �i�s� �a�d�d�e�d� �t�o� �t�h�e� �r�e�s�i�d�u�a�l� 

�d�u�r�i�n�g� �e�a�c�h� �t�i�m�e� �s�t�e�p�.� �D�u�r�i�n�g� �t�h�e� �p�r�e�d�i�c�t�o�r� �s�t�e�p�,� �d�i�f�f�u�s�i�o�n� �i�s� �a�d�d�e�d�,� �t�e�n�d�i�n�g� �t�o� �r�e�d�u�c�e� �t�h�e� 

�s�o�l�u�t�i�o�n� �t�o� �f�i�r�s�t� �o�r�d�e�r� �a�c�c�u�r�a�c�y�.� �D�u�r�i�n�g� �t�h�e� �c�o�r�r�e�c�t�o�r� �s�t�e�p�,� �a�n� �a�n�t�i�-�d�i�f�f�u�s�i�o�n� �t�e�r�m� �i�s� �a�d�d�e�d� �t�o� �t�h�e� 

�r�e�s�i�d�u�a�l�.� �T�h�i�s� �t�e�r�m� �i�s� �i�n�t�e�n�d�e�d� �t�o� �i�m�p�r�o�v�e� �t�h�e� �a�c�c�u�r�a�c�y� �t�o� �s�e�c�o�n�d� �o�r�d�e�r�.� �B�y� �l�i�m�i�t�i�n�g� �t�h�e� 

�a�n�t�i�d�i�f�f�u�s�i�o�n� �t�e�r�m�,� �t�h�e� �s�o�l�u�t�i�o�n� �s�h�o�u�l�d� �r�e�m�a�i�n� �T�V�D�,� �e�v�e�n� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �s�t�r�o�n�g� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� 

�(�B�o�o�k� �1�9�7�5�,� �H�i�r�s�c�h� �1�9�9�0�)�.� �F�o�r� �t�h�e� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�,� �F�C�T� �a�p�p�e�a�r�e�d� �t�o� �b�e� �a�n� 

�i�m�p�r�o�v�e�m�e�n�t� �o�n� �t�h�e� �M�a�c�C�o�r�m�a�c�k� �a�l�g�o�r�i�t�h�m� �(�H�a�r�v�e�l�l� �1�9�9�2�)�.� �H�o�w�e�v�e�r� �i�t� �h�a�s� �t�w�o� �s�h�o�r�t�c�o�m�i�n�g�s�:� 

�e� �I�n� �F�C�T�,� �d�i�f�f�u�s�i�o�n� �i�s� �w�e�i�g�h�t�e�d� �b�y� �a�n� �a�r�b�i�t�r�a�r�y� �c�o�e�f�f�i�c�i�e�n�t�.� �T�h�i�s� �c�o�e�f�f�i�c�i�e�n�t� �c�o�n�t�r�o�l�s� �t�h�e� �a�m�o�u�n�t� 

�o�f� �d�i�f�f�u�s�i�o�n� �a�d�d�e�d� �t�o� �t�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �d�i�f�f�u�s�i�o�n� �t�e�r�m� �i�n� �F�C�T� �c�a�n�n�o�t� �b�e� 

�d�i�r�e�c�t�l�y� �r�e�l�a�t�e�d� �t�o� �t�h�e� �p�h�y�s�i�c�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �m�o�d�e�l�e�d� �s�y�s�t�e�m�.� �(�F�o�r� �t�h�e� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� 

�s�y�s�t�e�m� �m�o�d�e�l�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �w�a�s� �s�e�t� �a�t� �t�h�e� �v�a�l�u�e�,� �0�.�1�2�5�,� �r�e�c�o�m�m�e�n�d�e�d� �b�y� �t�h�e� �o�r�i�g�i�n�a�l� 

�a�u�t�h�o�r�s� �o�f� �t�h�e� �F�C�T� �a�l�g�o�r�i�t�h�m� �(�B�o�o�k� �1�9�7�5�)� �a�n�d� �l�e�f�t� �a�l�o�n�e�.� 

�e� �A�s� �o�r�i�g�i�n�a�l�l�y� �p�u�b�l�i�s�h�e�d�,� �t�h�e� �F�C�T� �a�l�g�o�r�i�t�h�m� �i�n�c�l�u�d�e�s� �a� �s�t�e�p� �t�o� �l�i�m�i�t� �t�h�e� �a�n�t�i�-�d�i�f�f�u�s�i�v�e� �s�t�e�p�.� �T�h�i�s� 

�l�i�m�i�t�e�r� �s�h�o�u�l�d� �p�r�e�v�e�n�t� �t�h�e� �u�n�w�a�n�t�e�d� �c�r�e�a�t�i�o�n� �o�f� �n�e�w� �m�a�x�i�m�a� �o�r� �m�i�n�i�m�a� �i�n� �t�h�e� �s�o�l�u�t�i�o�n�.



�U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� �f�l�u�x� �l�i�m�i�t�e�r� �w�a�s� �f�o�u�n�d� �t�o� �i�n�t�r�o�d�u�c�e� �t�e�m�p�o�r�a�l� �o�s�c�i�l�l�a�t�i�o�n�s�,� �a�n�d� �c�o�u�l�d� �n�o�t� �b�e� 

�u�s�e�d� �i�n� �t�h�e� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�.� �O�s�c�i�l�l�a�t�i�o�n�s� �d�u�e� �t�o� �t�h�e� �l�i�m�i�t�e�r� �h�a�v�e� �b�e�e�n� 

�r�e�p�o�r�t�e�d� �e�l�s�e�w�h�e�r�e� �(�v�a�n� �A�l�b�a�d�a� �1�9�8�2�)�.� 

�2�.�2�.�4� �U�p�w�i�n�d� �M�e�t�h�o�d�s� 

�T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �u�p�w�i�n�d� �d�i�f�f�e�r�e�n�c�i�n�g� �i�s� �t�o� �i�m�p�r�o�v�e� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �f�l�u�i�d� �m�o�d�e�l� �b�y� 

�e�m�p�l�o�y�i�n�g� �t�h�e� �p�h�y�s�i�c�s� �o�f� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n�.� �I�n� �a�n� �u�p�w�i�n�d�,� �f�i�n�i�t�e� �v�o�l�u�m�e� �m�e�t�h�o�d�,� �s�o�m�e� �m�o�d�e�l� �o�f� 

�w�a�v�e� �m�o�t�i�o�n� �c�o�n�t�r�o�l�s� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �f�l�u�x� �b�e�t�w�e�e�n� �a�d�j�a�c�e�n�t� �c�o�n�t�r�o�l� �v�o�l�u�m�e�s�.� �U�p�w�i�n�d� 

�d�i�f�f�e�r�e�n�c�i�n�g�,�  ��d�e�t�e�r�m�i�n�e�s� �t�h�e� �w�a�y� �t�h�e� �w�i�n�d� �b�l�o�w�s�, �� �(�R�o�e� �1�9�8�6�)�.� 

�i�t� �i�s� �c�o�n�v�e�n�i�e�n�t� �t�o� �c�o�n�s�i�d�e�r� �a�l�l� �s�t�a�b�l�e� �f�l�u�x� �f�o�r�m�u�l�a�t�i�o�n�s� �a�s� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �a� �c�e�n�t�r�a�l� 

�d�i�f�f�e�r�e�n�c�e� �f�l�u�x� �a�n�d� �a� �d�i�f�f�u�s�i�o�n� �t�e�r�m�.� �W�h�e�n� �m�o�d�e�l�i�n�g� �t�h�e� �f�i�u�i�d� �f�l�o�w� �e�q�u�a�t�i�o�n�s�,� �d�i�f�f�u�s�i�o�n� �i�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �s�m�o�o�t�h� �a� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �o�r� �f�i�n�i�t�e� �v�o�l�u�m�e� �s�o�l�u�t�i�o�n�.� �I�t� �d�a�m�p�s� �o�u�t� �h�i�g�h� �f�r�e�q�u�e�n�c�y� 

�c�o�n�t�e�n�t� �t�h�a�t� �c�a�n� �c�a�u�s�e� �i�n�s�t�a�b�i�l�i�t�y� �a�n�d� �u�n�r�e�l�i�a�b�l�e� �s�o�l�u�t�i�o�n�s�.� �T�h�e� �i�d�e�a�l� �d�i�f�f�u�s�i�o�n� �o�n�l�y� �a�f�f�e�c�t�s� �t�h�a�t� 

�i�n�f�o�r�m�a�t�i�o�n� �w�i�t�h� �a� �f�r�e�q�u�e�n�c�y� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �g�r�i�d� �s�p�a�c�i�n�g�.� �W�i�t�h�o�u�t� �a�p�p�r�o�p�r�i�a�t�e� �d�i�f�f�u�s�i�o�n�,� �a�n�y� 

�f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �o�r� �f�i�n�i�t�e� �v�o�l�u�m�e� �f�o�r�m�u�l�a�t�i�o�n� �b�a�s�e�d� �o�n� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �E�u�l�e�r� �o�r� �N�a�v�i�e�r�-�S�t�o�k�e�s� 

�e�q�u�a�t�i�o�n�s� �i�n� �t�i�m�e� �i�s� �u�n�s�t�a�b�l�e� �(�H�i�r�s�c�h� �1�9�9�0�)�.� �U�p�w�i�n�d� �d�i�f�f�e�r�e�n�c�i�n�g� �a�p�p�l�i�e�s� �t�h�e� �d�i�r�e�c�t�i�o�n� �a�n�d� 

�m�a�g�n�i�t�u�d�e� �o�f� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �i�n� �t�h�e� �f�l�u�i�d� �t�o� �f�o�r�m� �d�i�f�f�u�s�i�o�n� �i�n� �t�h�e� �s�o�l�u�t�i�o�n�.� �U�p�w�i�n�d� �s�c�h�e�m�e�s� �a�r�e� 

�s�e�p�a�r�a�t�e�d� �f�r�o�m� �o�t�h�e�r� �m�e�t�h�o�d�s� �o�f� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �b�y� �t�h�e� �o�r�i�g�i�n� �o�f� �t�h�e� �d�i�f�f�u�s�i�o�n�.� �I�n� �m�o�s�t� �f�l�u�i�d� 

�d�y�n�a�m�i�c� �a�p�p�l�i�c�a�t�i�o�n�s�,� �a� �p�r�i�m�a�r�y� �g�o�a�l� �o�f� �u�p�w�i�n�d� �d�i�f�f�e�r�e�n�c�i�n�g� �i�s� �s�h�o�c�k� �c�a�p�t�u�r�i�n�g�.� �S�h�o�c�k� �c�a�p�t�u�r�i�n�g� 

�e�n�t�a�i�l�s� �t�h�e� �e�l�i�m�i�n�a�t�i�o�n� �o�f� �o�s�c�i�l�l�a�t�i�o�n�s� �a�n�d� �r�e�s�o�l�u�t�i�o�n� �a�c�r�o�s�s� �t�w�o� �o�r� �t�h�r�e�e� �g�r�i�d� �p�o�i�n�t�s�.� 

�2�.�2�.�4�.�1� �F�l�u�x� �V�e�c�t�o�r� �S�p�l�i�t�t�i�n�g� �(�V�a�n� �L�e�e�r� �1�9�8�2�)� 

�T�h�e� �m�e�t�h�o�d� �o�f� �F�l�u�x� �v�e�c�t�o�r� �s�p�l�i�t�t�i�n�g�,� �F�V�S�,� �i�s� �a�n� �u�p�w�i�n�d� �m�e�t�h�o�d� �b�a�s�e�d� �o�n� �a� �o�n�e�-� 

�d�i�m�e�n�s�i�o�n�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �t�r�e�a�t�m�e�n�t� �o�f� �t�h�e� �f�l�o�w�.� �T�h�e� �b�a�s�i�s� �f�o�r� �a�c�h�i�e�v�i�n�g� �s�u�f�f�i�c�i�e�n�t� �d�i�f�f�u�s�i�o�n� �t�o� 

�m�o�d�e�l� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�,� �i�s� �t�o� �b�r�e�a�k� �t�h�e� �f�l�u�x� �v�e�c�t�o�r� �i�n�t�o� �t�h�e� �c�o�m�p�o�s�i�t�e� �p�o�s�i�t�i�v�e� �a�n�d� �n�e�g�a�t�i�v�e� 

�4�5



�r�u�n�n�i�n�g� �w�a�v�e� �p�a�r�t�s�.� �I�n� �a� �f�i�n�i�t�e� �v�o�l�u�m�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�,� �t�h�i�s� �i�s� �d�o�n�e� �a�t� �e�a�c�h� �c�o�n�t�r�o�l� �v�o�l�u�m�e� 

�i�n�t�e�r�f�a�c�e�.� �T�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �s�i�g�n� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� 

�f�l�u�x� �J�a�c�o�b�i�a�n�.� �T�h�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� �f�l�u�x� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �p�o�s�i�t�i�v�e� �r�u�n�n�i�n�g� �w�a�v�e�s� �i�s� �t�h�e�n� �c�o�m�p�u�t�e�d� 

�f�r�o�m� �u�p�s�t�r�e�a�m� �i�n�f�o�r�m�a�t�i�o�n�,� �a�n�d� �t�h�e� �p�o�r�t�i�o�n� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �n�e�g�a�t�i�v�e� �r�u�n�n�i�n�g� �w�a�v�e�s� �i�s� �C�o�m�p�u�t�e�d� 

�f�r�o�m� �d�o�w�n�s�t�r�e�a�m� �i�n�f�o�r�m�a�t�i�o�n�.� �T�h�i�s� �a�m�o�u�n�t�s� �t�o� �o�n�e�-�s�i�d�e�d� �d�i�f�f�e�r�e�n�c�i�n�g� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �s�i�g�n� 

�o�f� �e�a�c�h� �e�i�g�e�n�v�a�l�u�e�.� 

�F�=�F�*�(�Q �� �)�+�F�-�(�Q�*�)� �(�2�.�1�8�)� 

�H�e�r�e� �F� �i�s� �t�h�e� �i�n�t�e�r�f�a�c�e� �f�l�u�x�,� �F�*�+�(�Q�"�)� �i�s� �b�a�s�e�d� �o�n� �u�p�s�t�r�e�a�m� �i�n�f�o�r�m�a�t�i�o�n� �a�n�d� �d�e�p�e�n�d�e�n�t� �o�n� 

�t�h�e� �p�o�s�i�t�i�v�e� �m�o�v�i�n�g� �w�a�v�e�s�,� �a�n�d� �F�'�(�Q�*�)� �i�s� �b�a�s�e�d� �o�n� �d�o�w�n�s�t�r�e�a�m� �i�n�f�o�r�m�a�t�i�o�n� �a�n�d� �d�e�p�e�n�d�e�n�t� �o�n� 

�n�e�g�a�t�i�v�e� �m�o�v�i�n�g� �w�a�v�e�s�.� 

�T�h�e� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �F�*� �a�n�d� �F� �f�o�r� �a� �g�i�v�e�n� �Q�*� �a�n�d� �@� �i�s� �n�o�t� �u�n�i�q�u�e�.� �f�l�u�x� �v�e�c�t�o�r� �s�p�l�i�t�t�i�n�g� �b�y� 

�V�a�n� �L�e�e�r� �i�s� �c�o�n�s�i�d�e�r�e�d� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �o�n� �a� �f�l�u�x� �v�e�c�t�o�r� �s�p�l�i�t�t�i�n�g� �s�c�h�e�m�e� �d�e�v�e�l�o�p�e�d� �b�y� �S�t�e�g�e�r� 

�a�n�d� �W�a�r�m�i�n�g�.� �S�t�e�g�e�r�-�W�a�r�m�i�n�g� �f�l�u�x�e�s� �a�r�e� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e� �d�i�s�c�o�n�t�i�n�u�o�u�s� �a�t� �t�h�e� �s�o�n�i�c� �p�o�i�n�t�.� �V�a�n� 

�L�e�e�r� �d�e�v�e�l�o�p�e�d� �f�l�u�x�e�s� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e� �c�o�n�t�i�n�u�o�u�s� �f�o�r� �a�l�l� �m�a�c�h� �n�u�m�b�e�r�s� �(�v�a�n� �L�e�e�r� �1�9�8�2�)�.� �T�h�u�s�,� 

�t�h�e� �m�e�t�h�o�d� �b�y� �v�a�n� �L�e�e�r� �y�i�e�l�d�s� �s�m�o�o�t�h�e�r�,� �l�e�s�s� �o�s�c�i�l�l�a�t�o�r�y�,� �r�e�s�u�l�t�s� �w�h�e�n�e�v�e�r� �a� �s�o�n�i�c� �p�o�i�n�t� �o�r� �s�h�o�c�k� 

�i�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �f�l�o�w� �(�A�n�d�e�r�s�o�n� �1�9�8�5�)�.� 

�2�.�2�.�4�.�2� �F�l�u�x� �D�i�f�f�e�r�e�n�c�e� �S�p�l�i�t�t�i�n�g� �(�R�o�e� �1�9�8�1�)� 

�F�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g� �u�s�e�s� �a� �m�o�r�e� �p�h�y�s�i�c�a�l�l�y� �a�p�p�e�a�l�i�n�g� �a�p�p�r�o�a�c�h� �t�h�a�n� �f�l�u�x� �v�e�c�t�o�r� 

�s�p�l�i�t�t�i�n�g�.� �{�f�t� �i�s� �m�o�r�e� �a�p�p�e�a�l�i�n�g� �b�e�c�a�u�s�e� �t�h�e� �w�a�v�e� �s�p�e�e�d�s� �a�n�d� �s�t�r�e�n�g�t�h�s� �a�r�e� �t�r�a�c�k�e�d� �i�n� �t�h�e� �f�l�u�x� 

�f�o�r�m�u�l�a�t�i�o�n�.� �T�o� �f�o�r�m�u�l�a�t�e� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g�,� �t�h�e� �R�i�e�m�a�n�n� �d�i�f�f�e�r�e�n�c�e� �f�o�r�m� �o�f� �t�h�e� �f�l�o�w� 

�e�q�u�a�t�i�o�n�s� �i�s� �u�s�e�d� �t�o� �a�d�d� �a�p�p�r�o�p�r�i�a�t�e� �d�i�f�f�u�s�i�o�n� �t�o� �t�h�e� �f�u�l�l� �f�l�u�x� �a�t� �e�a�c�h� �c�e�l�l� �i�n�t�e�r�f�a�c�e�.� �T�h�e� �R�i�e�m�a�n�n� 

�f�o�r�m� �i�s� �a�n� �a�l�t�e�r�n�a�t�e� �f�o�r�m� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �w�h�e�r�e� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� 

�a�p�p�e�a�r� �e�x�p�l�i�c�i�t�l�y� �a�s� �c�o�n�v�e�c�t�i�v�e� �v�e�l�o�c�i�t�i�e�s� �(�R�o�e� �1�9�8�1�)�.� �W�h�e�n� �t�h�e� �d�i�f�f�u�s�i�o�n� �t�e�r�m� �d�e�v�e�l�o�p�e�d



�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �m�e�t�h�o�d� �b�y� �R�o�e� �i�s� �a�d�d�e�d� �t�o� �t�h�e� �f�u�l�l� �f�l�u�x�,� �a�n� �i�d�e�n�t�i�t�y� �w�i�t�h� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �f�o�r�m� �o�f� 

�t�h�e� �g�o�v�e�m�i�n�g� �e�q�u�a�t�i�o�n�s� �i�s� �a�d�d�e�d� �(�R�o�e� �1�9�8�6�)�.� �T�h�e�r�e�f�o�r�e�,� �a� �c�o�n�v�e�r�g�e�d� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r�m�e�d� 

�u�s�i�n�g� �t�h�e� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �b�y� �R�o�e�,� �i�s� �a� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �w�i�t�h�i�n� �a� �g�r�i�d�-� 

�d�e�p�e�n�d�e�n�t� �t�r�u�n�c�a�t�i�o�n� �e�r�r�o�r�.� �T�h�e�r�e� �i�s� �n�o� �u�n�c�e�r�t�a�i�n�t�y� �a�s� �t�o� �t�h�e� �s�t�r�e�n�g�t�h� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �d�i�f�f�u�s�i�o�n� 

�r�e�l�a�t�i�v�e� �t�o� �t�h�e� �t�r�u�n�c�a�t�i�o�n� �e�r�r�o�r�.� 

�1� �.� �_� �F�= ��|�F�(�Q� �)�+�F�(�Q� �)�-�Y�o�,�)�r�,�l�e�x�]� �(�2�.�1�9�)� 

�H�e�r�e�,� �F�(�Q ��)�a�n�d� �F�(�Q�*�)� �a�r�e� �t�h�e� �f�u�l�l� �f�l�u�x�e�s� �c�o�m�p�u�t�e�d� �f�r�o�m� �u�p�s�t�r�e�a�m� �b�i�a�s�e�d� �a�n�d� 

�d�o�w�n�s�t�r�e�a�m� �b�i�a�s�e�d� �i�n�t�e�r�p�o�l�a�t�i�o�n�s�.� �(�T�h�e� �f�u�l�l� �f�l�u�x� �i�s� �t�h�e� �c�o�n�s�e�r�v�a�t�i�v�e� �f�l�u�x�,� �F�,� �d�e�f�i�n�e�d� �i�n� �E�q�u�a�t�i�o�n� 

�(�2�.�1�4�)�.�)� �a� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �w�a�v�e� �s�t�r�e�n�g�t�h�s�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�e� �w�a�v�e� �q�u�a�n�t�i�t�i�e�s� �i�d�e�n�t�i�f�i�e�d� �i�n� �t�h�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �f�o�r�m�;� �4� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �w�a�v�e� �s�p�e�e�d�s� �w�h�i�c�h� �a�r�e� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� 

�t�h�e� �J�a�c�o�b�i�a�n� �m�a�t�r�i�x�,� �A�,� �d�e�f�i�n�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�2�.�2�1�)�;� �a�n�d� �e� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �r�i�g�h�t� �e�i�g�e�n�v�e�c�t�o�r�s� �o�f� �A�.� 

�T�h�e� �i�n�d�e�x�,� �k�,� �i�s� �s�u�m�m�e�d� �o�v�e�r� �a�l�l� �t�h�e� �e�q�u�a�t�i�o�n�s� �i�n� �t�h�e� �s�e�t�.� �T�h�u�s�,� �f�o�r� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�a�s�e�,� �k� 

�i�s� �s�u�m�m�e�d� �f�r�o�m� �o�n�e� �t�o� �t�h�r�e�e�.� �B�a�s�e�d� �o�n� �t�h�e� �R�i�e�m�a�n�n� �f�o�r�m� �o�f� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�,� �E�q�u�a�t�i�o�n� 

�(�2�.�2�2�)�,� �t�h�e� �d�i�f�f�u�s�i�o�n� �t�e�r�m�,� �Y�a�,�|�A�,�l�e�,�,� �i�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �f�u�l�l�-�f�l�u�x� �a�c�r�o�s�s� �t�h�e� �i�n�t�e�r�f�a�c�e� 

�b�e�t�w�e�e�n� �t�w�o� �a�d�j�a�c�e�n�t� �c�e�l�l�s�.� �O�n� �a�n� �i�n�f�i�n�i�t�e�l�y� �r�e�s�o�l�v�e�d� �g�r�i�d�,� �e�a�c�h� �a�,� �s�h�o�u�l�d� �b�e� �z�e�r�o� �f�o�r� �s�t�e�a�d�y�,� 

�c�o�n�v�e�r�g�e�d� �s�o�l�u�t�i�o�n�s�.� �O�n� �a�n� �a�c�t�u�a�l�,� �f�i�n�i�t�e� �g�r�i�d�,� �t�h�e� �f�l�u�x� �i�s� �b�a�s�e�d� �o�n� �a�n� �a�p�p�r�o�x�i�m�a�t�i�n�g� �f�u�n�c�t�i�o�n� �a�t� 

�e�a�c�h� �i�n�t�e�r�f�a�c�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �d�i�f�f�u�s�i�o�n� �t�e�r�m� �g�e�n�e�r�a�l�l�y� �i�s� �n�o�t� �z�e�r�o�.� 

�T�h�e� �R�i�e�m�a�n�n�,� �o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�,� �f�o�r�m� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �f�l�u�i�d� �e�q�u�a�t�i�o�n�s� �a�r�e� �c�o�m�p�o�s�e�d� �o�f� �a�n� 

�e�q�u�a�t�i�o�n� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �e�a�c�h� �e�i�g�e�n�v�a�l�u�e�.� �T�h�u�s�,� �f�o�r� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �o�f� �a� 

�s�i�n�g�l�e� �g�a�s� �s�p�e�c�i�e�s�,� �t�h�e�r�e� �a�r�e� �t�h�r�e�e� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �e�i�g�e�n�v�a�l�u�e�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� 

�g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �i�n� �a�n�y� �f�o�r�m�.� 

�9�Q� 
�o�t� 

�[�
S�

;� 
�
T

�
I
�
 

�i�}� �S
� �(�2�.�2�0�)� 

�Q
� 

�x� 

�4�7



�2�8� �4�2�2�_�p� �w�h�e�r�e� �A�u�o�t� �2�.�2�1� 
�o�t� �O�x� �d�Q� �(� 

�A� �s�i�m�i�l�a�r�i�t�y� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�n� �A� �i�s� �u�s�e�d� �t�o� �d�e�v�e�l�o�p� �t�h�e� �R�i�e�m�a�n�n� �f�o�r�m�,� �E�q�u�a�t�i�o�n� �(�2�.�2�2�)�.� 

�d�p�  �� �p�a�d�u� �=� �0� �d�x� �=� �(�u�  ��a�)�a�t� 

�d�p�~�a�*�d�p�=�0� �a�l�o�n�g� �d�x� �=�u�d�t� �(�2�.�2�2�)� 
�d�p� �+� �p�a�d�u� �=� �0� �d�x� �=�(�u�+� �a�j�d�t� 

�E�a�c�h� �e�i�g�e�n�v�a�l�u�e� �c�o�n�t�a�i�n�s� �t�h�e� �v�e�l�o�c�i�t�y� �o�f� �a� �w�a�v�e� �(�o�r�i�e�n�t�e�d� �a�l�o�n�g� �a� �c�o�o�r�d�i�n�a�t�e� �a�x�i�s�)� 

�c�a�r�r�y�i�n�g� �i�n�f�o�r�m�a�t�i�o�n� �i�n� �t�h�e� �h�y�p�e�r�b�o�l�i�c� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�.� �(�I�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �A� �a�r�e� �r�e�a�l�,� �a�s� �i�n� 

�t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �h�y�p�e�r�b�o�l�i�c�.�)� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �w�a�v�e� �s�t�r�e�n�g�t�h� �i�s� �t�h�e� 

�m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �t�i�m�e�-�i�n�d�e�p�e�n�d�e�n�t�,� �d�i�f�f�e�r�e�n�c�e� �f�o�r�m� �o�f� �t�h�e� �R�i�e�m�a�n�n� �e�q�u�a�t�i�o�n�s�.� 

�2�.�2�.�5� �H�i�g�h�e�r�-�O�r�d�e�r� �F�i�n�i�t�e� �V�o�l�u�m�e�,� �U�p�w�i�n�d� �D�i�s�c�r�e�t�i�z�a�t�i�o�n�s�.� 

�H�i�g�h�e�r� �o�r�d�e�r� �m�e�t�h�o�d�s� �f�o�r� �f�i�n�i�t�e� �v�o�l�u�m�e� �f�o�r�m�s� �a�r�e� �w�e�l�l� �d�o�c�u�m�e�n�t�e�d�.� �F�o�r� �t�h�e� �d�y�n�a�m�i�c� 

�c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �a�p�p�l�i�c�a�t�i�o�n�,� �a� �M�U�S�C�L�,� �f�i�n�i�t�e� �v�o�l�u�m�e� �s�c�h�e�m�e� �w�i�t�h� �l�i�m�i�t�i�n�g� �(�H�i�r�s�c�h� �1�9�9�0�)� �w�a�s� 

�c�h�o�s�e�n�.� �T�h�e� �a�c�r�o�n�y�m�,� �M�U�S�C�L�,� �s�t�a�n�d�s� �f�o�r� �M�o�n�o�t�o�n�i�c� �U�p�s�t�r�e�a�m� �S�c�h�e�m�e�s� �f�o�r� �C�o�n�s�e�r�v�a�t�i�o�n� 

�L�a�w�s� �(�R�o�e� �1�9�8�6�)�.� �A� �M�U�S�C�L� �s�c�h�e�m�e�,� �i�s� �a� �v�a�r�i�a�b�l�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �m�e�t�h�o�d�.� �T�h�e� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r� �i�s� 

�i�n�t�e�r�p�o�l�a�t�e�d� �t�o� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �p�r�i�o�r� �t�o� �f�l�u�x� �c�o�m�p�u�t�a�t�i�o�n�.� �F�l�u�x�e�s� �a�r�e� �t�h�e�n� �c�o�m�p�u�t�e�d� �f�r�o�m� 

�i�n�t�e�r�p�o�l�a�t�e�d� �v�a�l�u�e�s�.� �A�n� �a�l�t�e�r�n�a�t�i�v�e� �t�o� �t�h�e� �M�U�S�C�L� �f�o�r�m� �i�s� �t�o� �c�o�m�p�u�t�e� �f�l�u�x�e�s� �a�t� �e�a�c�h� �v�o�l�u�m�e� �a�n�d� 

�t�h�e�n� �i�n�t�e�r�p�o�l�a�t�e� �t�o� �t�h�e� �c�e�l�l� �f�a�c�e�.� �M�U�S�C�L� �s�c�h�e�m�e�s� �a�r�e� �k�n�o�w�n� �t�o� �o�u�t� �p�e�r�f�o�r�m� �n�o�n�-�M�U�S�C�L� 

�s�c�h�e�m�e�s� �f�o�r� �s�h�o�c�k� �c�a�p�t�u�r�i�n�g�.� 

�A�s� �p�a�r�t� �o�f� �t�h�e� �M�U�S�C�L� �s�p�a�t�i�a�l� �i�n�t�e�g�r�a�t�i�o�n�,� �¢ ��«� �i�n�t�e�r�p�o�l�a�t�i�o�n�,� �E�q�u�a�t�i�o�n� �(�2�.�2�3�)�,� �w�a�s� �a�p�p�l�i�e�d�.� 

�T�h�e� �o�-�«� �m�e�t�h�o�d� �y�i�e�l�d�s� �f�i�r�s�t�,� �s�e�c�o�n�d�,� �o�r� �t�h�i�r�d� �o�r�d�e�r� �d�i�f�f�e�r�e�n�c�i�n�g� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �v�a�l�u�e� �o�f� �t�w�o� 

�p�a�r�a�m�e�t�e�r�s� �(�T�h�o�m�a�s� �1�9�8�7�)�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �s�c�h�e�m�e�s� �h�i�g�h�e�r� �t�h�a�n� �f�i�r�s�t� �o�r�d�e�r� �l�a�c�k� �s�u�f�f�i�c�i�e�n�t� 

�d�a�m�p�i�n�g� �a�t� �h�i�g�h� �f�r�e�q�u�e�n�c�i�e�s�.� �I�f� �h�i�g�h�e�r� �o�r�d�e�r� �d�i�f�f�e�r�e�n�c�i�n�g� �i�s� �u�t�i�l�i�z�e�d� �a�c�r�o�s�s� �a� �s�t�e�e�p� �g�r�a�d�i�e�n�t�,� �t�h�e



�r�e�s�u�l�t�i�n�g� �s�o�l�u�t�i�o�n� �w�i�l�l� �h�a�v�e� �o�s�c�i�l�l�a�t�i�o�n�s� �a�r�o�u�n�d� �t�h�e� �d�i�s�c�o�n�t�i�n�u�i�t�y� �(�H�i�r�s�c�h� �1�9�9�0�)�.� �A� �s�o�l�u�t�i�o�n� �i�s� �t�o� 

�a�p�p�l�y� �l�i�m�i�t�i�n�g� �w�h�e�n� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �a�r�e� �e�n�c�o�u�n�t�e�r�e�d�.� �I�n� �p�r�a�c�t�i�c�e�,� �w�i�t�h� �E�q�u�a�t�i�o�n� �(�2�.�2�3�)�,� �s�o�m�e� �f�o�r�m� 

�o�f� �n�o�n�l�i�n�e�a�r� �l�i�m�i�t�i�n�g� �i�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n�.� �T�h�i�s� �r�e�t�a�i�n�s� �t�h�e� �t�o�t�a�l� �v�a�r�i�a�t�i�o�n� �d�i�m�i�n�i�s�h�i�n�g� 

�p�r�o�p�e�r�t�y�,� �p�r�e�v�e�n�t�i�n�g� �s�p�u�r�i�o�u�s� �o�s�c�i�l�l�a�t�i�o�n�s�.� �T�h�e� �m�i�n�m�o�d� �l�i�m�i�t�e�r� �i�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �(�2�.�2�4�)� �(�W�a�l�t�e�r�s� 

�1�9�9�0�)�.� �T�h�e� �l�i�m�i�t�e�r� �o�f� �v�a�n� �A�l�b�a�d�a� �r�e�q�u�i�r�e�s� �a� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �E�q�u�a�t�i�o�n� �(�2�.�2�3�)� �a�n�d� �i�s� �g�i�v�e�n� �a�s� 

�E�q�u�a�t�i�o�n� �(�2�.�2�5�)�.� �I�n� �e�a�c�h� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �t�i�l�d�e� �r�e�p�r�e�s�e�n�t�s� �a� �l�i�m�i�t�e�d� �q�u�a�n�t�i�t�y�.� �W�h�e�n� 

�l�i�m�i�t�i�n�g� �i�s� �u�s�e�d�,� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �r�e�v�e�r�t�s� �t�o� �f�i�r�s�t� �o�r�d�e�r� �a�c�r�o�s�s� �s�t�e�e�p� �g�r�a�d�i�e�n�t�s� �s�u�c�h� �a�s� 

�c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �s�t�a�g�e�s�.� 

�T�a�u�r�o� �=�9�;� �+�2�1� �-�x� �8�"� �+�(�1�+�)�8�*�]�q�,� �l�e�f�t� �s�i�d�e�d� �i�n�t�e�r�p�o�l�a�t�i�o�n� 

�D�j�a�r�v�v�2� �=� �Q�V�j�a�s� �+�f� �[�(�1�+�«� �B�® �� �+�(�1�-�«� �B�*� �]�q�,�,�,� �r�i�g�h�t� �s�i�d�e�d� �i�n�t�e�r�p�o�l�a�t�i�o�n� 

�w�h�e�r�e� �8�°�q�;�=�4�)�4�1�-�9�;� �9�9�;�=�9�;�-�9�j�-�1� �(�2�.�2�3�)� 
�=� �0� �>� �f�i�r�s�t� �o�r�d�e�r� � �=�1 �� �h�i�g�h�e�r� �o�r�d�e�r� 

�«� �= ��1�- �� �f�u�l�l�y� �u�p�w�i�n�d�,� �s�e�c�o�n�d� �o�r�d�e�r� 

�k� �=�1�/�3�  �� �u�p�w�i�n�d� �b�i�a�s�e�d�,� �t�h�i�r�d� �o�r�d�e�r� 

�5�*�q�,� �=� �m�i�n�m�o�d�(�5�*�q�,�,�0�5�*�q�,�.�,�)�,� �w�h�e�r�e� �0�<�0�<�2� 
�x� �i�f� �|�x�]�<�l�y�|� �a�n�d� �x�y� �2�0� �(�2�.�2�4�)� 

�a�n�d� �m�i�n�m�o�d�(�x�,�y�)�=�4�x� �i�f� �|�x�|�>�|�y�|� �a�n�d� �x�y� �>�0� 
�0� �i�f� �x�y� �<�0� 

�i�n�v� �=� �9�)� �+�1�  ��v�e� �B�+� �(�1� �+�v�K� �8�°� �J�a�,� 
�G�a�r�e� �=� �O�j�o�s� �t�g� �U�T� �+� �V�K� �B�+� �(�1� �V�0� �8�"� �1� �a� �(�2�.�2�5�)� 

�2�5�°�8�5�"� �+�e� �-� 
�w�h�e�r�e� �v�  ��(�8� �)�?� �+�(�8� �e�+�e �� �a�n�d� �e� �>� �O�(�1�0� �*�)� 

�4�9



�2�.�2�.�6� �S�o�u�r�c�e� �T�e�r�m�s� 

�I�n� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �s�o�l�u�t�i�o�n�s�,� �w�h�e�n� �t�u�r�b�o�m�a�c�h�i�n�e�r�y� �h�a�s� �b�e�e�n� �m�o�d�e�l�e�d�,� �i�t� �h�a�s� 

�c�o�m�m�o�n�l�y� �b�e�e�n� �r�e�p�r�e�s�e�n�t�e�d� �u�s�i�n�g� �a�n� �a�c�t�u�a�t�o�r� �d�i�s�c� �(�P�a�n�d�o�l�f�i� �1�9�7�8�)�.� �A�c�t�u�a�t�o�r� �d�i�s�c�s� �a�r�e� �c�o�n�t�a�c�t� 

�s�u�r�f�a�c�e�s� �u�s�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �p�h�y�s�i�c�a�l�l�y� �c�o�m�p�l�e�x� �e�f�f�e�c�t�s� �a�n�d� �a�r�e� �n�o�t� �c�o�n�s�e�r�v�a�t�i�v�e�.� �S�t�r�i�c�t�l�y�,� �a�n� 

�a�c�t�u�a�t�o�r� �d�i�s�c� �h�a�s� �i�n�f�i�n�i�t�e�s�i�m�a�l� �w�i�d�t�h�,� �b�u�t� �f�l�u�i�d� �p�r�o�p�e�r�t�i�e�s� �m�a�y� �c�h�a�n�g�e� �a�c�r�o�s�s� �t�h�e� �d�i�s�c� �b�y� �a� �f�i�n�i�t�e� 

�a�m�o�u�n�t�.� �A� �f�l�o�w� �f�i�e�l�d� �s�o�l�u�t�i�o�n� �c�o�n�t�a�i�n�i�n�g� �a�n� �a�c�t�u�a�t�o�r� �d�i�s�c� �i�s� �n�o�n�c�o�n�s�e�r�v�a�t�i�v�e� �(�H�o�r�l�o�c�k� �1�9�7�8�)�.� 

�(�T�h�i�s� �i�s� �o�p�p�o�s�e�d� �t�o� �c�o�n�s�e�r�v�a�t�i�v�e� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�,� �s�u�c�h� �a�s� �s�h�o�c�k�s�,� �t�h�a�t� �s�a�t�i�s�f�y� �R�a�n�k�i�n�e�-�H�u�g�i�n�o�t� 

�r�e�l�a�t�i�o�n�s�.�)� �T�h�e� �f�l�o�w� �m�a�y� �b�e� �c�o�n�s�e�r�v�a�t�i�v�e� �o�n� �e�i�t�h�e�r� �s�i�d�e� �o�f� �a�n� �a�c�t�u�a�t�o�r� �d�i�s�c�,� �b�u�t� �b�e�c�a�u�s�e� �t�h�e� 

�m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �f�l�u�x�e�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �u�n�e�q�u�a�l� �o�n� �e�i�t�h�e�r� �s�i�d�e� �o�f� �t�h�e� �d�i�s�c�,� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �n�o�t� 

�c�o�n�s�e�r�v�a�t�i�v�e�.� 

�T�o� �r�e�p�r�e�s�e�n�t� �t�u�r�b�o�m�a�c�h�i�n�e�r�y� �w�i�t�h� �a� �s�i�m�p�l�e� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�,� �a� �r�e�l�a�t�i�o�n� �a�p�p�r�o�x�i�m�a�t�i�n�g� 

�t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�n� �e�i�t�h�e�r� �s�i�d�e� �o�f� �t�h�e� �a�c�t�u�a�t�o�r� �d�i�s�c� �i�s� �w�r�i�t�t�e�n�.� �F�o�r� �i�n�s�t�a�n�c�e�,� �i�n� �a� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �m�o�d�e�l�,� 

�N�e�u�h�o�f�f� �a�n�d� �G�r�a�h�l� �(�N�e�u�h�o�f�f� �1�9�8�6�)� �u�s�e�d� �a�c�t�u�a�t�o�r� �d�i�s�c�s� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �d�y�n�a�m�i�c� �b�e�h�a�v�i�o�r� �o�f� 

�r�o�t�o�r�s� �a�n�d� �s�t�a�t�o�r�s�.� �I�n� �t�h�e�i�r� �m�e�t�h�o�d�,� �o�n�e� �a�c�t�u�a�t�o�r� �d�i�s�c� �r�e�p�r�e�s�e�n�t�e�d� �t�h�e� �r�e�l�a�t�i�v�e� �p�r�e�s�s�u�r�e� �l�o�s�s� �i�n� �a� 

�c�a�s�c�a�d�e� �a�n�d� �a�n�o�t�h�e�r� �o�n�e� �m�o�d�e�l�e�d� �t�u�r�n�i�n�g� �i�n� �t�h�e� �c�a�s�c�a�d�e�.� �F�o�r� �t�h�e�i�r� �p�r�e�s�s�u�r�e� �l�o�s�s� �d�i�s�c�,� �t�h�e� �m�a�s�s� 

�f�l�o�w� �a�n�d� �r�e�l�a�t�i�v�e� �t�o�t�a�l� �t�e�m�p�e�r�a�t�u�r�e� �w�e�r�e� �c�o�n�s�e�r�v�e�d� �n�o�r�m�a�l� �t�o� �t�h�e� �d�i�s�c�.� �T�o� �s�i�m�u�l�a�t�e� �d�y�n�a�m�i�c� 

�l�o�s�s�e�s�,� �t�h�e� �r�e�l�a�t�i�v�e� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �d�i�f�f�e�r�e�n�c�e� �a�c�r�o�s�s� �t�h�e� �d�i�s�c� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� �t�h�e� �l�o�s�s� 

�c�o�e�f�f�i�c�i�e�n�t� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �i�n�l�e�t� �f�l�o�w� �a�n�g�l�e� �a�n�d� �a� �f�i�r�s�t� �o�r�d�e�r� �t�i�m�e� �l�a�g�.� �I�n� �a� �h�y�d�r�o�d�y�n�a�m�i�c� �p�o�s�t�-�s�t�a�l�l� 

�c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�,� �G�r�e�i�t�z�e�r� �u�s�e�d� �a�c�t�u�a�t�o�r� �d�i�s�c�s� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �p�r�e�s�s�u�r�e� �r�i�s�e� �i�n� �a� 

�c�o�m�p�r�e�s�s�o�r� �a�n�d� �t�h�e� �p�r�e�s�s�u�r�e� �d�r�o�p� �i�n� �a� �t�h�r�o�t�t�l�e� �(�G�r�e�i�t�z�e�r� �1�9�7�6�)�.� 

�N�e�u�h�o�f�f� �a�n�d� �G�r�a�h�l� �e�m�p�l�o�y�e�d� �t�h�e� �M�a�c�C�o�r�m�a�c�k� �a�l�g�o�r�i�t�h�m� �t�o� �s�o�l�v�e� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� 

�(�N�e�u�h�o�f�f� �1�9�8�6�)� �a�n�d� �t�h�e�o�r�y� �d�u�e� �t�o� �P�a�n�d�o�l�f�i� �(�P�a�n�d�o�l�f�i� �1�9�7�8�)� �t�o� �i�n�t�e�g�r�a�t�e� �t�h�e� �a�c�t�u�a�t�o�r� �d�i�s�c� �r�e�l�a�t�i�o�n�s� 

�i�n�t�o� �t�h�e� �f�l�o�w� �f�i�e�l�d� �c�o�m�p�u�t�a�t�i�o�n�.� �I�n� �t�h�e�s�e� �a�p�p�l�i�c�a�t�i�o�n�s�,� �t�h�e� �a�c�t�u�a�t�o�r� �d�i�s�c� �w�a�s� �a�p�p�l�i�e�d� �l�i�k�e� �a� 

�n�u�m�e�r�i�c�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�.� �O�n� �e�i�t�h�e�r� �s�i�d�e� �o�f� �t�h�e� �d�i�s�c�,� �t�h�e� �f�l�o�w� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� 

�e�x�t�r�a�p�o�l�a�t�i�n�g� �a� �n�u�m�b�e�r� �o�f� �i�n�t�e�r�n�a�l� �f�l�o�w� �p�r�o�p�e�r�t�i�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �o�u�t�g�o�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d



�e�x�t�e�m�a�l� �p�r�o�p�e�r�t�i�e�s� �s�e�t� �b�y� �i�n�c�o�m�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �U�n�l�i�k�e� �t�h�e� �u�s�u�a�l� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �s�u�b�s�o�n�i�c� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �a�l�l� �o�f� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �a�t� �t�h�e� �a�c�t�u�a�t�o�r� �d�i�s�c� �w�e�r�e� �n�u�m�e�r�i�c�a�l�l�y� �d�e�t�e�r�m�i�n�e�d�.� 

�S�i�m�i�l�a�r�l�y� �t�o� �t�h�e� �w�o�r�k� �p�r�e�s�e�n�t�e�d� �h�e�r�e�,� �D�a�v�i�s� �(�1�9�8�6�)� �u�s�e�d� �s�o�u�r�c�e� �t�e�r�m�s� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� 

�e�f�f�e�c�t�s� �o�f� �t�u�r�b�o�m�a�c�h�i�n�e�r�y� �w�o�r�k�,� �f�o�r�c�e� �a�n�d� �i�n�t�e�r�s�t�a�g�e� �b�l�e�e�d�.� �T�h�e�s�e� �s�o�u�r�c�e� �t�e�r�m�s� �w�e�r�e� �l�o�c�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �o�v�e�r� �a� �f�i�n�i�t�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �d�o�m�a�i�n�.� �H�o�w�e�v�e�r�,� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �w�a�s� �n�o�t� 

�s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �c�h�o�i�c�e� �o�f� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �s�o�l�u�t�i�o�n� �c�o�u�l�d� �b�e� �r�e�l�a�t�e�d� �t�o� �a� �s�u�r�f�a�c�e� 

�i�n�t�e�g�r�a�l� �b�y� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �t�h�e�o�r�e�m� �a�n�d� �w�a�s� �c�o�n�s�e�r�v�a�t�i�v�e� �(�F�r�e�d�e�r�i�c�k� �1�9�7�2�)�.� 

�2�.�2�.�/� �S�t�i�f�f�n�e�s�s� 

�S�t�i�f�f� �s�o�u�r�c�e� �t�e�r�m�s� �i�m�p�o�s�e� �g�r�e�a�t�e�r� �s�t�a�b�i�l�i�t�y� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �o�f� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �s�o�l�u�t�i�o�n�s� �t�h�a�n� �s�o�u�r�c�e� �t�e�r�m�s� �t�h�a�t� �a�r�e� �n�o�t� �s�t�i�f�f�.� �B�y� �d�e�f�i�n�i�t�i�o�n�,� �s�t�i�f�f� �s�o�u�r�c�e� �t�e�r�m�s� 

�c�h�a�n�g�e� �r�a�p�i�d�l�y� �w�i�t�h�o�u�t� �a�f�f�e�c�t�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� �(�G�o�l�u�b� �1�9�9�2�)�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� �s�o�u�r�c�e� �t�e�r�m� �s�t�i�f�f�n�e�s�s�,� 

�t�h�e� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �f�l�o�w� �e�q�u�a�t�i�o�n�s� �i�n� �g�e�n�e�r�a�l� �c�o�m�e�s� �i�n�t�o� �q�u�e�s�t�i�o�n� �w�h�e�n� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� 

�m�e�t�h�o�d�s� �a�r�e� �a�p�p�l�i�e�d� �t�o� �l�o�w� �M�a�c�h� �n�u�m�b�e�r� �f�l�o�w�s�.� �I�n� �r�e�g�i�o�n�s� �o�f� �l�o�w� �M�a�c�h� �n�u�m�b�e�r�,� �t�h�e� �e�n�e�r�g�y� �a�n�d� 

�m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�s� �d�e�c�o�u�p�l�e�.� �T�h�i�s� �i�s� �m�a�n�i�f�e�s�t�e�d� �i�n� �a� �h�i�g�h� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� 

�m�a�t�r�i�x�.� �T�h�u�s� �f�o�r� �a� �f�l�o�w� �s�o�l�u�t�i�o�n� �w�i�t�h� �a� �l�a�r�g�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r�,� �a� �s�m�a�l�l� �e�r�r�o�r� �i�n� �t�h�e� �r�e�s�i�d�u�a�l� �w�i�l�l� 

�p�r�o�p�a�g�a�t�e� �i�n�t�o� �a� �l�a�r�g�e� �e�r�r�o�r� �i�n� �t�h�e� �s�o�l�u�t�i�o�n�.� �T�h�e� �i�l�l�-�c�o�n�d�i�t�i�o�n�e�d� �s�o�l�u�t�i�o�n� �i�s� �c�o�n�s�i�d�e�r�e�d� �i�n�a�c�c�u�r�a�t�e� 

�a�n�d� �m�a�y� �b�e�c�o�m�e� �u�n�s�t�a�b�l�e� �(�G�o�l�u�b� �1�9�9�2�)�.� �A� �p�o�s�s�i�b�l�e� �m�e�t�h�o�d� �f�o�r� �o�v�e�r�c�o�m�i�n�g� �i�l�l�-�c�o�n�d�i�t�i�o�n�e�d� 

�p�r�o�b�l�e�m�s� �i�n� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �i�s� �m�a�t�r�i�x� �p�r�e�-�c�o�n�d�i�t�i�o�n�i�n�g� �(�G�o�d�f�r�e�y� �1�9�9�3�)�.� 

�5�1



�3�.� �M�o�d�e�l� �D�e�v�e�l�o�p�m�e�n�t� 

�I�n� �D�Y�N�M�O�D�,� �t�h�e� �c�o�n�c�e�p�t� �o�f� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�i�n�g� �w�a�s� 

�o�r�i�g�i�n�a�l�l�y� �e�s�t�a�b�l�i�s�h�e�d� �(�D�a�v�i�s� �1�9�8�6�)�.� �T�h�i�s� �t�y�p�e� �o�f� �m�o�d�e�l� �w�a�s� �i�n�t�e�n�d�e�d� �t�o� �g�i�v�e� �d�e�t�a�i�l�e�d� �p�r�e�d�i�c�t�i�o�n�s� 

�r�e�g�a�r�d�i�n�g� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �c�o�r�n�p�o�n�e�n�t�s� �d�u�r�i�n�g� �w�i�d�e�-�r�a�n�g�e� �d�y�n�a�m�i�c� �b�e�h�a�v�i�o�r�.� �H�e�r�e� �a� �s�i�m�i�l�a�r� 

�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �m�o�d�e�l� �(�D�Y�N�1�D�)� �i�s� �d�e�v�e�l�o�p�e�d�.� �T�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �s�t�a�g�e� �i�s� 

�d�e�f�i�n�e�d� �a�s� �e�i�t�h�e�r� �a� �r�o�t�o�r� �s�t�a�t�o�r� �p�a�i�r�,� �a�n� �i�s�o�l�a�t�e�d� �r�o�t�o�r�,� �o�r� �a�n� �i�s�o�l�a�t�e�d� �s�t�a�t�o�r�.� �T�h�e� �p�a�r�t�i�c�u�l�a�r� �c�h�o�i�c�e� 

�i�s� �s�o�m�e�w�h�a�t� �a�r�b�i�t�r�a�r�y�.� �I�t� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �k�i�n�d� �o�f� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�v�a�i�l�a�b�l�e�.� 

�S�p�e�c�i�f�i�c� �m�o�d�e�l�i�n�g� �t�e�c�h�n�i�q�u�e�s�,� �i�n�c�l�u�d�i�n�g� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �u�p�w�i�n�d�,� �f�i�n�i�t�e� �v�o�l�u�m�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� 

�f�l�u�i�d� �d�y�n�a�m�i�c�s�,� �d�i�f�f�e�r�e�n�t�i�a�t�e� �D�Y�N�1�D� �f�r�o�m� �D�Y�N�M�O�D�.� 

�3�.�1� �M�o�d�e�l�i�n�g� �P�h�i�l�o�s�o�p�h�y� 

�A�l�l� �o�f� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �m�o�d�e�l�s� �w�e�r�e� �i�n�t�e�n�d�e�d� �t�o� �e�m�p�l�o�y� �a� �p�h�y�s�i�c�a�l�l�y� �s�i�m�p�l�e� �d�e�s�c�r�i�p�t�i�o�n� 

�o�f� �a�n� �e�n�t�i�r�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r�,� �i�n�c�l�u�d�i�n�g� �i�n�l�e�t� 

�d�u�c�t�i�n�g� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �p�l�e�n�u�m� �v�o�l�u�m�e�,� �w�a�s� �u�s�e�d� �w�i�t�h�o�u�t� �a�l�t�e�r�a�t�i�o�n�.� �E�a�c�h� �s�t�a�g�e� �o�f� �t�h�e� 

�c�o�m�p�r�e�s�s�o�r� �o�r� �f�a�n� �w�a�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �o�n�e� �o�r� �m�o�r�e� �n�u�m�e�r�i�c�a�l� �c�o�n�t�r�o�l� �v�o�l�u�m�e�s�.� �T�h�e� �b�l�a�d�i�n�g� �a�n�d� 

�b�o�u�n�d�a�r�y� �l�a�y�e�r� �b�l�o�c�k�a�g�e� �w�e�r�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �c�o�n�s�t�a�n�t� �b�l�o�c�k�a�g�e� �c�o�e�f�f�i�c�i�e�n�t�s�,� �r�e�s�u�l�t�i�n�g� �i�n� �a�n� 

�e�f�f�e�c�t�i�v�e� �a�r�e�a� �o�f� �f�l�o�w�.� �T�h�e� �r�e�m�a�i�n�i�n�g� �f�l�o�w� �t�h�r�o�u�g�h� �a�r�e�a� �u�p�s�t�r�e�a�m� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� 

�c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�s� �w�a�s� �d�i�v�i�d�e�d� �i�n�t�o� �c�o�n�t�r�o�l� �v�o�l�u�m�e�s� �w�h�i�c�h� �c�o�n�f�o�r�m�e�d� �t�o� �s�y�s�t�e�m� �g�e�o�m�e�t�r�y�.� 

�T�h�e� �s�i�m�u�l�a�t�e�d� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �w�a�s� �c�o�m�p�o�s�e�d� �o�f� �i�n�d�i�v�i�d�u�a�l� �s�t�a�g�e�s� �o�f� �r�o�t�o�r�-�s�t�a�t�o�r�,� 

�s�t�a�t�o�r�-�r�o�t�o�r�,� �o�r� �r�o�t�o�r� �o�r� �s�t�a�t�o�r� �a�l�o�n�e�.� �I�n� �e�a�c�h� �s�t�a�g�e�,� �t�h�e� �f�o�r�c�e� �a�n�d� �w�o�r�k� �d�o�n�e� �o�n� �t�h�e� �f�l�u�i�d� �w�a�s� 

�a�s�s�u�m�e�d� �t�o� �b�e� �d�i�s�t�r�i�b�u�t�e�d� �u�n�i�f�o�r�m�l�y� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e�s� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �s�t�a�g�e�.� 

�F�o�r�c�e� �a�n�d� �w�o�r�k� �d�o�n�e� �b�y� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�t�a�g�e�s� �o�n� �t�h�e� �f�l�u�i�d� �t�r�a�v�e�l�i�n�g� �t�h�r�o�u�g�h� �t�h�e�m� �w�a�s� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �S�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �m�u�s�t� �d�e�s�c�r�i�b�e� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� 

�p�e�r�f�o�r�m�a�n�c�e� �o�f� �e�a�c�h� �c�o�m�p�r�e�s�s�i�o�n� �s�t�a�g�e� �o�v�e�r� �t�h�e� �c�o�m�p�l�e�t�e� �r�a�n�g�e� �o�f� �f�l�o�w�,� �i�n�c�l�u�d�i�n�g� �s�t�a�l�l�e�d� �a�n�d



�r�e�v�e�r�s�e� �f�l�o�w�,� �a�n�d� �m�u�s�t� �b�e� �p�r�o�v�i�d�e�d� �t�o� �t�h�e� �m�o�d�e�l�.� �T�h�e� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �g�i�v�e� �a� �f�u�n�c�t�i�o�n�a�l� 

�r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �s�t�e�a�d�y� �s�t�a�t�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t� �t�h�r�o�u�g�h� �a� �c�o�m�p�r�e�s�s�i�o�n� �s�t�a�g�e� �a�n�d� �s�t�e�a�d�y�-�s�t�a�t�e� 

�f�o�r�c�e� �a�n�d� �w�o�r�k� �d�o�n�e� �b�y� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�t�a�g�e� �o�n� �t�h�e� �f�l�u�i�d� �p�a�s�s�i�n�g� �t�h�r�o�u�g�h� �i�t�.� 

�T�h�e� �m�o�d�e�!� �w�a�s� �m�a�d�e� �"�d�y�n�a�m�i�c�"� �b�y� �a�p�p�l�y�i�n�g� �a� �f�i�r�s�t� �o�r�d�e�r� �t�i�m�e� �l�a�g�,� �E�q�u�a�t�i�o�n� �(�3�.�1�)�,� �t�o� �t�h�e� 

�f�o�r�c�e�s� �o�n� �t�h�e� �f�l�u�i�d� �d�u�e� �t�o� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�s� �(�D�a�v�i�s� �1�9�8�6�)�.� �T�h�e� �l�a�g�g�i�n�g� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� 

�t�h�e� �f�o�r�c�e�s� �t�o� �a� �c�h�a�n�g�e� �o�f� �f�l�o�w� �t�h�r�o�u�g�h� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �s�i�m�u�l�a�t�e�d� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �a� 

�r�o�t�a�t�i�n�g� �s�t�a�l�l� �c�e�l�l� �d�u�r�i�n�g� �p�o�s�t�-�s�t�a�l�l� �o�r� �a� �t�r�a�n�s�p�o�r�t� �d�e�l�a�y� �d�u�r�i�n�g� �p�r�e�-�s�t�a�l�l� �d�e�c�o�m�p�r�e�s�s�i�o�n� �o�r� �r�e�v�e�r�s�e� 

�f�l�o�w� �(�G�r�e�i�t�z�e�r� �1�9�7�6�)�.� �D�u�r�i�n�g� �p�r�e�-�s�t�a�l�l� �r�e�c�o�m�p�r�e�s�s�i�o�n�,� �i�t� �w�a�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �s�t�a�g�e� �b�e�h�a�v�e�s� 

�q�u�a�s�i�-�s�t�e�a�d�i�l�y�.� 

�S�I�M�P� �=�S�I�M�P�,�,� �S�e�a�s� �(�3�.�1�)� 

�P�r�i�o�r� �t�o� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �o�f� �d�y�n�a�m�i�c� �b�e�h�a�v�i�o�r�,� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �n�u�m�b�e�r� �o�f� 

�r�o�t�o�r� �r�e�v�o�l�u�t�i�o�n�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �s�t�a�l�l� �c�e�l�l� �d�e�v�e�l�o�p�m�e�n�t�.� �B�y� �a�p�p�r�o�x�i�m�a�t�i�n�g� �a� �l�i�n�e�a�r� �r�e�l�a�t�i�o�n�s�h�i�p� 

�b�e�t�w�e�e�n� �s�t�a�l�l� �c�e�l�l� �d�e�v�e�l�o�p�m�e�n�t� �a�n�d� �r�o�t�o�r� �s�p�e�e�d� �(�G�r�e�i�t�z�e�r� �1�9�7�6�)�,� �a� �r�o�t�o�r�-�s�p�e�e�d�-�d�e�p�e�n�d�e�n�t� �t�i�m�e� 

�c�o�n�s�t�a�n�t� �w�a�s� �e�s�t�a�b�l�i�s�h�e�d�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �"�d�y�n�a�m�i�c�"� �t�i�m�e� �c�o�n�s�t�a�n�t� �u�s�e�d� �i�n� �t�h�e� �l�a�g� �e�q�u�a�t�i�o�n� 

�a�p�p�l�i�e�d� �t�o� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�t�a�g�e� �f�o�r�c�e�s� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� �s�p�e�c�i�f�i�e�d� �r�o�t�o�r� �s�p�e�e�d�.� 

�D�y�n�a�m�i�c� �e�v�e�n�t�s� �s�u�c�h� �a�s� �s�u�r�g�e� �o�r� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �w�e�r�e� �i�n�d�u�c�e�d� �b�y� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� 

�v�a�r�i�a�t�i�o�n� �i�n� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �c�o�m�p�r�e�s�s�o�r� �s�p�e�e�d�.� �T�h�r�o�u�g�h� �t�h�i�s� �v�a�r�i�a�t�i�o�n�,� �b�o�t�h� �t�h�e� 

�i�n�d�u�c�t�i�o�n� �a�n�d� �t�e�r�m�i�n�a�t�i�o�n� �o�f� �a� �d�y�n�a�m�i�c� �e�v�e�n�t� �m�a�y� �b�e� �s�i�m�u�l�a�t�e�d�.� �D�u�r�i�n�g� �a� �s�u�r�g�e� �c�y�c�l�e�,� �t�h�e� �i�n�l�e�t� �t�o� 

�a� �c�o�m�p�r�e�s�s�o�r� �m�a�y� �s�e�e� �f�u�l�l�y� �r�e�v�e�r�s�e�d� �f�l�o�w�;� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �i�n�l�e�t� �b�o�u�n�d�a�r�y� �s�w�i�t�c�h�e�d� �b�e�t�w�e�e�n� �a� 

�p�o�s�i�t�i�v�e� �o�r� �n�e�g�a�t�i�v�e� �f�l�o�w� �c�o�n�d�i�t�i�o�n�.� �A�t� �t�h�e� �i�n�l�e�t�,� �d�u�r�i�n�g� �f�o�r�w�a�r�d� �f�l�o�w�,� �t�h�e� �t�o�t�a�l� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� 

�p�r�e�s�s�u�r�e� �w�e�r�e� �s�p�e�c�i�f�i�e�d�;� �d�u�r�i�n�g� �r�e�v�e�r�s�e�d� �f�l�o�w�,� �t�h�e� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �w�a�s� �s�p�e�c�i�f�i�e�d�.� �T�h�e� �e�x�i�t� 

�b�o�u�n�d�a�r�y� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �u�p�s�t�r�e�a�m� �o�f� �a� �n�o�z�z�l�e� �u�s�e�d� �t�o� �t�h�r�o�t�t�l�e� �t�h�e� �s�y�s�t�e�m�.� �W�h�e�n� �t�h�e� �n�o�z�z�l�e� 

�w�a�s� �c�h�o�k�e�d�,� �a� �M�a�c�h� �n�u�m�b�e�r� �w�a�s� �s�p�e�c�i�f�i�e�d� �a�t� �t�h�e� �e�x�i�t� �p�l�a�n�e�.� �O�t�h�e�r�w�i�s�e�,� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �w�a�s



�s�p�e�c�i�f�i�e�d�.� �C�o�u�p�'�e�d� �w�i�t�h� �t�w�o� �u�p�s�t�r�e�a�m� �f�l�o�w� �p�r�o�p�e�r�t�i�e�s�,� �t�h�e� �e�x�i�t� �M�a�c�h� �n�u�m�b�e�r� �o�r� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� 

�g�a�v�e� �c�l�o�s�u�r�e� �t�o� �t�h�e� �p�r�o�b�l�e�m�.� 

�T�h�e� �g�o�v�e�r�n�i�n�g� �m�o�d�e�l�i�n�g� �p�h�i�l�o�s�o�p�h�y� �w�a�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �a�p�p�r�o�a�c�h� �p�r�e�s�e�n�t�e�d� �b�y� �D�a�v�i�s� 

�(�1�9�8�6�)�.� �I�n� �f�a�c�t�,� �m�o�s�t� �a�s�p�e�c�t�s� �o�f� �t�h�i�s� �a�p�p�r�o�a�c�h� �a�r�e� �c�o�m�m�o�n� �t�o� �N�e�u�h�o�f�f� �a�n�d� �G�r�a�h�l� �(�1�9�8�6�)�,� �a�n�d� 

�p�o�s�t� �s�t�a�l�l� �m�o�d�e�l�s� �d�e�v�e�l�o�p�e�d� �b�y� �M�o�o�r�e� �a�n�d� �G�r�e�i�t�z�e�r� �(�1�9�8�6�)�.� �T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �t�h�i�s� �a�p�p�r�o�a�c�h� �w�a�s� �t�o� 

�d�e�f�i�n�e� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �w�i�t�h� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m�.� �R�a�t�h�e�r� �t�h�a�n� 

�m�o�d�e�l� �a� �c�o�m�p�l�e�t�e� �g�a�s� �t�u�r�b�i�n�e� �e�n�g�i�n�e�,� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �c�o�m�p�l�e�t�e�l�y� 

�d�e�s�c�r�i�b�e�d� �b�y� �g�e�o�m�e�t�r�y� �a�n�a�l�o�g�o�u�s� �t�o� �a� �t�e�s�t� �r�i�g�.� �A� �t�e�s�t� �r�i�g� �i�t�s�e�l�f� �i�s�,� �h�o�w�e�v�e�r�,� �b�a�s�e�d� �o�n� �s�o�m�e� 

�l�i�m�i�t�i�n�g� �a�s�s�u�m�p�t�i�o�n�s�;� �r�o�t�a�t�i�o�n�a�l� �s�p�e�e�d� �i�s� �d�e�c�o�u�p�l�e�d� �f�r�o�m� �t�h�e� �t�u�r�b�i�n�e�,� �a�n�d� �t�h�e� �t�u�r�b�i�n�e� �i�s� �a�s�s�u�m�e�d� 

�t�o� �o�p�e�r�a�t�e� �c�h�o�k�e�d�,� �e�v�e�n� �d�u�r�i�n�g� �s�t�a�l�l�.� �A�d�d�i�t�i�o�n�a�l� �s�i�m�p�l�i�f�y�i�n�g� �a�s�s�u�m�p�t�i�o�n�s� �b�e�y�o�n�d� �t�h�e� �f�i�r�s�t� �p�r�i�n�c�i�p�l�e� 

�a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �f�l�u�i�d� �m�o�t�i�o�n� �w�e�r�e� �u�s�e�d�.� 

�A� �f�i�r�s�t� �p�r�i�n�c�i�p�l�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �t�e�s�t� �r�i�g� �w�o�u�l�d� �h�a�v�e� �r�e�q�u�i�r�e�d� �a� �t�i�m�e�-�d�e�p�e�n�d�e�n�t�,� 

�t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �e�q�u�a�t�i�o�n�s� �w�o�u�l�d� �h�a�v�e� �t�o� �b�e� 

�s�o�l�v�e�d� �i�n� �a� �d�o�m�a�i�n� �w�i�t�h� �g�e�o�m�e�t�r�y� �d�e�f�i�n�e�d� �b�y� �t�h�e� �c�a�s�i�n�g�,� �h�u�b�,� �b�l�a�d�i�n�g�,� �i�n�l�e�t� �b�e�l�l�m�o�u�t�h�,� �p�l�e�n�u�m�,� 

�a�n�d� �t�h�r�o�t�t�l�e� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m�.� �T�h�e�r�e�f�o�r�e�,� �o�n�e� �m�i�g�h�t� �g�o� �a� �l�i�t�t�l�e� �f�u�r�t�h�e�r� �a�n�d� �d�e�f�i�n�e� �t�h�e� 

�g�e�o�m�e�t�r�y� �b�y� �t�h�e� �s�o�l�i�d� �i�n�t�e�r�n�a�l� �b�o�u�n�d�a�r�i�e�s� �o�f� �t�h�e� �e�n�t�i�r�e� �g�a�s� �t�u�r�b�i�n�e� �e�n�g�i�n�e� �a�n�d� �t�h�e� �i�n�l�e�t� �a�n�d� �e�x�i�t� 

�t�h�e�r�m�o�d�y�n�a�m�i�c� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �r�o�t�a�t�i�o�n�a�l� �s�p�e�e�d� �w�o�u�l�d� �t�h�e�n� �b�e� �c�o�u�p�l�e�d� �t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� 

�m�o�t�i�o�n� �o�f� �e�a�c�h� �t�u�r�b�i�n�e� �s�p�o�o�l�,� �a�n�d� �a� �s�i�m�u�l�t�a�n�e�o�u�s� �f�u�l�l� �N�a�v�i�e�r�-�S�t�o�k�e�s� �s�y�s�t�e�m� �w�i�t�h� �m�o�v�i�n�g� 

�b�o�u�n�d�a�r�i�e�s� �a�n�d� �a� �s�i�n�g�l�e�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �s�o�l�i�d� �d�y�n�a�m�i�c� �s�y�s�t�e�m� �w�o�u�l�d� �b�e� �d�e�f�i�n�e�d�.� �O�n�e� �c�o�u�l�d� 

�c�o�n�t�e�m�p�l�a�t�e� �a� �m�o�d�e�l� �w�i�t�h� �m�o�v�i�n�g� �b�o�u�n�d�a�r�i�e�s� �t�o� �r�e�p�r�e�s�e�n�t� �r�o�t�a�t�i�n�g� �p�a�r�t�s�,� �a�n�d� �a� �s�o�l�u�t�i�o�n� �b�a�s�e�d� �o�n� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �f�l�u�i�d� �d�y�n�a�m�i�c�s� �t�e�c�h�n�i�q�u�e�s�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �r�e�v�i�e�w�,� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �a�n�d� �i�n�t�e�l�l�e�c�t�u�a�l� �l�i�m�i�t�a�t�i�o�n�s� �m�e�a�n� �t�h�a�t� �s�u�c�h� �a� �m�o�d�e�l� �m�u�s�t� �b�e� �l�e�f�t� �t�o� �t�h�e� �f�u�t�u�r�e�.� �T�o� 

�s�i�m�p�l�i�f�y� �t�h�e� �t�a�s�k� �o�f� �m�o�d�e�l�i�n�g�,� �s�e�v�e�r�a�l� �g�l�o�b�a�l� �a�s�s�u�m�p�t�i�o�n�s� �w�e�r�e� �m�a�d�e�:� 

�e� �B�l�a�d�e� �(�i�m�p�e�l�l�e�r�)� �t�o� �f�l�u�i�d� �i�n�t�e�r�a�c�t�i�o�n� �w�a�s� �r�e�p�l�a�c�e�d� �b�y� �a�c�t�u�a�t�o�r� �d�i�s�k�s� �a�n�d� �g�o�v�e�r�n�e�d� �b�y�,� 

�m�e�a�s�u�r�e�d� �o�r� �p�r�e�d�i�c�t�e�d�,� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�e�l�a�t�i�o�n�s�.



�e� �T�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �w�a�s� �m�o�d�e�l�e�d� �a�s� �i�f� �p�l�a�c�e�d� �i�n� �a� �t�e�s�t� �r�i�g� �c�o�m�p�o�s�e�d� �o�f� �a�n� �i�n�l�e�t�,� �a� 

�m�u�l�t�i�s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r�,� �a� �p�l�e�n�u�m�,� �a�n�d� �a� �t�h�r�o�t�t�l�e�.� 

�e� �T�h�e� �t�h�r�o�t�t�l�e� �w�a�s� �m�o�d�e�l�e�d� �w�i�t�h� �s�e�v�e�r�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �g�e�n�e�r�a�l�l�y� �b�a�s�e�d� �o�n� �a�n� �i�s�e�n�t�r�o�p�i�c�,� 

�c�h�o�k�e�d� �n�o�z�z�l�e�.� 

�e� �V�i�s�c�o�u�s� �e�f�f�e�c�t�s�,� �w�h�e�n� �m�o�d�e�l�e�d�,� �w�e�r�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �l�u�m�p�e�d� �s�o�u�r�c�e� �t�e�r�m�s�.� 

�T�h�e� �r�e�s�u�l�t�i�n�g� �m�o�d�e�l� �w�a�s� �b�a�s�e�d� �o�n� �s�o�l�u�t�i�o�n� �o�f� �a� �m�o�d�i�f�i�e�d� �f�o�r�m� �o�f� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�.� 

�S�o�u�r�c�e� �t�e�r�m�s� �o�r� �i�n�t�e�r�n�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� �u�s�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �t�u�r�b�o�m�a�c�h�i�n�e�r�y� �b�l�a�d�e� 

�a�c�t�i�o�n� �a�n�d� �o�t�h�e�r� �i�d�i�o�s�y�n�c�r�a�t�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �q�u�a�n�t�i�t�i�e�s�.� �T�o� �c�o�m�p�l�e�t�e�l�y� �d�e�f�i�n�e� �t�h�e� �p�r�o�b�l�e�m�,� 

�i�n�i�t�i�a�l� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� �s�p�e�c�i�f�i�e�d�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �a�n�a�l�y�t�i�c� �r�e�q�u�i�r�e�m�e�n�t�s�,� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s� �o�f� �s�o�l�u�t�i�o�n� �r�e�q�u�i�r�e�d� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �a�n�d� �t�h�e� 

�g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�.� �A� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �v�a�r�i�o�u�s� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�p�p�l�i�e�d� �w�i�l�l� �b�e� �g�i�v�e�n�.� �A� 

�s�c�h�e�m�a�t�i�c� �o�f� �t�h�e� �d�e�s�c�r�i�b�e�d� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �i�s� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �3�.�1� 

�C�o�m�p�r�e�s�s�o�r� �S�t�a�g�e�s� 

�T�h�r�o�t�t�l�e� 
� � 

�I�n�l�e�t� 

� � � � 
�F�i�g�u�r�e� �3�.�1�:� �Q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n�.� 

�F�i�n�i�t�e� �v�o�l�u�m�e� �a�n�d� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �t�e�c�h�n�i�q�u�e�s� �w�e�r�e� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �g�o�v�e�m�i�n�g� 

�e�q�u�a�t�i�o�n�s� �o�f� �t�h�e� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�.� �T�h�e� �c�o�m�p�u�t�e�d� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �t�i�m�e� 

�d�e�p�e�n�d�e�n�t� �f�l�u�i�d� �m�o�t�i�o�n� �w�i�t�h�i�n� �t�h�e� �c�o�r�n�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �w�a�s� �a�l�s�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �m�o�d�e�l�e�d� 

�p�r�o�b�l�e�m�.� �T�h�e�r�e�f�o�r�e�,� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �i�n� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �m�o�d�e�l� �o�f� �f�l�u�i�d� �m�o�t�i�o�n� �s�h�o�u�l�d� �h�a�v�e� �l�e�a�d� 

�t�o� �t�h�e� �i�m�p�r�o�v�e�m�e�n�t� �o�f� �t�h�e� �o�v�e�r�a�l�l� �m�o�d�e�l�.� �A�s� �h�a�s� �b�e�e�n� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �r�e�v�i�e�w�,� �u�p�w�i�n�d



�m�o�d�e�l�s� �o�f� �f�l�u�i�d� �f�l�o�w� �a�r�e� �b�e�t�t�e�r� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �o�f� �t�h�e� �a�c�t�u�a�l� �g�o�v�e�r�n�i�n�g� �p�h�y�s�i�c�s� �t�h�a�n� �c�e�n�t�r�a�l� 

�d�i�f�f�e�r�e�n�c�e� �m�o�d�e�l�s� �(�v�a�n� �L�e�e�r� �1�9�8�7�)�.� �T�h�e�r�e�f�o�r�e�,� �a�s� �a� �p�r�i�m�a�r�y� �s�t�e�p� �i�n� �d�e�v�e�l�o�p�i�n�g� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� 

�m�o�d�e�l�s�,� �v�a�r�i�o�u�s� �a�s�p�e�c�t�s� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �f�l�u�i�d� �m�o�d�e�l� �w�e�r�e� �e�x�a�m�i�n�e�d�.� �T�o� �a�v�o�i�d� �c�o�n�f�u�s�i�n�g� �t�h�e� 

�p�i�c�t�u�r�e� �w�i�t�h� �e�x�t�r�a�n�e�o�u�s� �d�e�t�a�i�l�s� �w�h�e�n� �e�x�p�e�r�i�m�e�n�t�i�n�g� �w�i�t�h� �n�u�m�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e�s�,� �a� �q�u�a�s�i�-�o�n�e�-� 

�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l� �s�i�m�i�l�a�r� �t�o� �D�Y�N�M�O�D�,� �D�Y�N�1�D�,� �w�a�s� �u�s�e�d�.� �T�h�i�s� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �t�h�e� �l�e�a�s�t� 

�c�o�m�p�l�i�c�a�t�e�d� �f�o�r�m� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �a� �m�u�l�t�i�s�t�a�g�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�.� �I�t� �s�h�o�u�l�d� �b�e� �m�a�d�e� 

�c�l�e�a�r� �t�h�a�t� �t�h�e� �o�v�e�r�a�l�l� �t�h�e�o�r�y� �r�e�l�a�t�e�d� �t�o� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �m�o�d�e�l�i�n�g� �o�f� �a� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �w�a�s� 

�d�e�v�e�l�o�p�e�d� �b�y� �D�a�v�i�s� �(�1�9�8�6�)�,� �a�n�d� �t�h�e� �o�v�e�r�a�l�l� �t�h�e�o�r�y� �o�f� �m�o�d�e�l�i�n�g� �s�t�a�l�l� �c�e�l�l� �d�e�v�e�l�o�p�m�e�n�t� �i�n� �a� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �d�i�s�t�r�i�b�u�t�e�d� �m�e�r�i�d�i�o�n�a�l� �s�t�r�e�a�m�p�a�t�h� �s�e�n�s�e� �w�a�s� �p�r�e�s�e�n�t�e�d� �b�y� �N�e�u�h�o�f�f� �a�n�d� �G�r�a�h�l� �(�1�9�8�6�)� 

�a�n�d� �N�o�w�i�n�s�k�i� �(�1�9�9�3�)�.� �T�h�u�s�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�e�v�e�l�o�p�m�e�n�t� �r�e�l�a�t�e�s� �t�h�e� �n�u�m�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e� �u�s�e�d� �t�o� 

�s�o�l�v�e� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �r�a�t�h�e�r� �t�h�a�n� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �m�o�d�e�l�i�n�g� �t�h�e�o�r�y�.� 

�3�.�2� �G�o�v�e�r�n�i�n�g� �E�q�u�a�t�i�o�n�s� 

�T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�e� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l� �w�e�r�e� �b�a�s�e�d� �o�n� �t�h�e� 

�t�i�m�e�-�d�e�p�e�n�d�e�n�t�,� �i�n�v�i�s�c�i�d�,� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�u�i�d� �f�l�o�w� �e�q�u�a�t�i�o�n�s�,� �i�.�e�.� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�.� �T�h�e� 

�g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �p�r�e�s�e�n�t�e�d� �b�y� �D�a�v�i�s� �(�1�9�8�6�)�,� �a�n�d� �l�i�s�t�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�3�.�2�)�.� �T�h�e� �s�o�u�r�c�e� 

�t�e�r�m�s� �i�n� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�,� �r�e�l�a�t�e�d� �t�o� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m�,� �r�e�q�u�i�r�e� �s�o�m�e� �d�e�s�c�r�i�p�t�i�o�n�.� 

�T�h�e� �f�o�r�c�e� �a�n�d� �w�o�r�k� �a�p�p�l�i�e�d� �t�o� �a� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �(�F�i�g�u�r�e� �3�.�2�)�.� �T�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �m�u�s�t� �b�e� �e�i�t�h�e�r� �m�e�a�s�u�r�e�d� �o�r� �p�r�e�d�i�c�t�e�d� �(�D�a�v�i�s� 

�1�9�8�6�,� �N�o�w�i�n�s�k�i� �1�9�9�3�)�.� �T�h�e�y� �y�i�e�l�d� �t�h�e� �c�o�m�p�l�e�t�e� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� 

�c�h�a�n�g�e�s� �a�c�r�o�s�s� �t�h�e� �s�t�a�g�e� �f�o�r� �a� �g�i�v�e�n� �f�l�o�w� �r�a�t�e�.� �T�h�e� �p�r�e�s�s�u�r�e� �r�i�s�e� �a�c�r�o�s�s� �a� �c�o�m�p�r�e�s�s�o�r� �h�o�w�e�v�e�r�,� 

�d�o�e�s� �n�o�t� �r�e�s�p�o�n�d� �q�u�a�s�i�-�s�t�e�a�d�i�l�y� �t�o� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �c�h�a�n�g�e� �i�n� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�.� �A�s� �h�a�s� �b�e�e�n� 

�d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �r�e�v�i�e�w�,� �b�o�t�h� �t�h�e� �t�r�a�n�s�p�o�r�t� �t�i�m�e� �o�f� �a�i�r� �t�h�r�o�u�g�h� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �a�n�d� �t�h�e� 

�b�o�u�n�d�a�r�y� �l�a�y�e�r� �d�e�v�e�l�o�p�m�e�n�t� �t�i�m�e�,� �h�a�v�e� �a�n� �e�f�f�e�c�t� �o�n� �c�o�m�p�r�e�s�s�o�r� �d�y�n�a�m�i�c�s�.� �T�h�e�r�e�f�o�r�e�,� �a� �f�i�r�s�t� 

�o�r�d�e�r� �t�i�m�e� �d�e�l�a�y�,� �E�q�u�a�t�i�o�n� �(�3�.�1�)�,� �w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e� �f�o�r�c�e� �(�D�a�v�i�s� �1�9�8�6�)�.� �H�e�r�e�,



�t� �i�s� �a� �t�i�m�e� �c�o�n�s�t�a�n�t� �c�h�o�s�e�n� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�t�a�l�l� �c�e�l�l� �d�e�v�e�l�o�p�m�e�n�t� �t�i�m�e�,� �e�n�c�o�m�p�a�s�s�i�n�g� �b�o�t�h� 

�b�o�u�n�d�a�r�y� �l�a�y�e�r� �a�n�d� �i�n�e�r�t�i�a�l� �p�h�e�n�o�m�e�n�a�,� �a�n�d� �d�/�M�P� �i�s� �t�h�e� �c�h�a�n�g�e� �i�n� �a�x�i�a�l� �m�o�m�e�n�t�u�m� �a�c�r�o�s�s� �a� 

�c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�.� �S�/�M�P�-�,� �i�s� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �m�o�m�e�n�t�u�m� �c�h�a�n�g�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �a�t� 

�t�h�e� �s�t�a�g�e� �i�n�l�e�t� �a�n�d� �t�h�e� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�u�s�,� �5�/�M�P�,�,� �i�s� �t�h�e� �q�u�a�s�i�-�s�t�e�a�d�y� �f�o�r�c�e� �a�c�r�o�s�s� �t�h�e� 

�c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e� �g�i�v�e�n� �t�h�e� �i�n�l�e�t� �f�l�o�w� �p�r�o�p�e�r�t�i�e�s�.� �H�o�w�e�v�e�r�,� �u�n�l�i�k�e� �t�h�e� �s�t�a�g�e� �f�o�r�c�e�,� �n�o� �t�i�m�e� �d�e�l�a�y� 

�w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �s�t�a�g�e� �w�o�r�k�.� �T�h�i�s� �d�e�c�i�s�i�o�n� �w�a�s� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �w�o�r�k� �s�u�p�p�l�i�e�d� �b�y� 

�a� �d�r�i�v�e� �m�o�t�o�r� �o�r� �t�u�r�b�i�n�e� �w�o�u�l�d� �n�o�t� �b�e� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �s�a�m�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r� �a�n�d� �t�r�a�n�s�p�o�r�t� 

�p�h�e�n�o�m�e�n�a� �a�s� �t�h�e� �s�t�a�l�l� �c�e�l�l� �d�e�v�e�l�o�p�m�e�n�t�.� �T�h�e� �b�l�e�e�d� �f�l�o�w� �s�o�u�r�c�e� �t�e�r�m�s� �a�n�d� �t�h�e� �e�n�e�r�g�y� �t�e�r�m�s� 

�d�u�e� �t�o� �h�e�a�t� �t�r�a�n�s�f�e�r� �w�e�r�e� �n�o�t� �a�p�p�l�i�e�d� �d�u�r�i�n�g� �t�h�i�s� �i�n�v�e�s�t�i�g�a�t�i�o�n�.� 

�A�l�l� �o�f� �t�h�e� �f�l�u�i�d� �m�o�d�e�l�i�n�g� �i�n� �t�h�e� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l� �i�s� �b�a�s�e�d� �o�n� �a� 

�d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �a�c�t�u�a�l� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �t�h�e� �w�o�r�k�i�n�g� �f�l�u�i�d� �w�i�t�h� 

�t�u�r�b�o�m�a�c�h�i�n�e�r�y� �s�u�r�f�a�c�e�s� �i�s� �l�u�m�p�e�d� �i�n�t�o� �s�o�u�r�c�e� �t�e�r�m�s� �(�D�a�v�i�s� �1�9�8�6�)�.� �T�h�e�s�e� �s�o�u�r�c�e� �t�e�r�m�s� �a�c�c�o�u�n�t� 

�f�o�r� �t�h�e� �m�a�j�o�r�i�t�y� �o�f� �v�i�s�c�o�u�s� �e�f�f�e�c�t�s� �o�n� �t�h�e� �o�v�e�r�a�l�l� �f�l�o�w�.� �A�n�y� �v�i�s�c�o�u�s� �e�f�f�e�c�t� �t�h�a�t� �c�o�u�l�d� �b�e� �c�a�p�t�u�r�e�d� 

�b�y� �t�h�e� �f�l�u�i�d� �i�n�t�e�r�a�c�t�i�o�n� �w�i�t�h� �t�h�e� �e�x�p�l�i�c�i�t�l�y� �m�o�d�e�l�e�d� �s�u�r�f�a�c�e�s� �w�o�u�l�d� �b�e� �i�n�s�i�g�n�i�f�i�c�a�n�t� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� 

�v�i�s�c�o�u�s� �e�f�f�e�c�t�s� �a�l�r�e�a�d�y� �l�u�r�n�p�e�d� �i�n� �t�h�e� �s�o�u�r�c�e� �t�e�r�m�s�.� �T�h�e�r�e�f�o�r�e�,� �v�i�s�c�o�u�s� �t�e�r�m�s� �w�e�r�e� �n�o�t� �e�x�p�l�i�c�i�t�l�y� 

�m�o�d�e�l�e�d�.� 

�T�h�e� �f�i�r�s�t� �o�r�d�e�r� �t�i�m�e� �d�e�l�a�y� �w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �f�o�r�c�e� �i�n� �t�h�e� �s�t�a�g�e�-�b�y�-� 

�s�t�a�g�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�.� �H�o�w�e�v�e�r�,� �t�h�e� �w�o�r�k� �d�u�e� �t�o� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�t�a�g�e�s� �w�a�s� 

�t�r�e�a�t�e�d� �i�n� �a� �q�u�a�s�i�-�s�t�e�a�d�y� �m�a�n�n�e�r�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �s�e�e�m�s� �q�u�e�s�t�i�o�n�a�b�l�e� �a�t� �f�i�r�s�t�.� �H�o�w�e�v�e�r�,� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �a�r�g�u�m�e�n�t�,� �b�a�s�e�d� �o�n� �e�n�e�r�g�y� �c�o�n�s�e�r�v�a�t�i�o�n�,� �w�a�s� �p�r�o�p�o�s�e�d�:� �I�n� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� 

�g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �w�o�r�k� �s�o�u�r�c�e� �i�s� �q�u�i�t�e� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �f�o�r�c�e� �s�o�u�r�c�e� �t�e�r�m�.� �C�o�m�p�r�e�s�s�i�o�n� 

�s�y�s�t�e�m� �s�t�a�g�e� �w�o�r�k� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �r�o�t�o�r� �s�p�e�e�d� �a�n�d� �m�a�s�s� �f�l�o�w� �i�n� �t�h�e� �v�o�l�u�m�e�.� �M�o�r�e� �p�r�e�c�i�s�e�l�y�,� �i�t� �i�s� 

�a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �t�o�r�q�u�e� �a�p�p�l�i�e�d� �b�y� �t�h�e� �t�u�r�b�i�n�e� �o�r� �d�r�i�v�e� �m�o�t�o�r�.� �W�i�t�h�o�u�t� �i�n�c�l�u�d�i�n�g� �t�h�e� �p�h�y�s�i�c�s� �o�f� 

�h�e�a�t� �t�r�a�n�s�f�e�r�,� �e�n�e�r�g�y� �t�r�a�n�s�m�i�t�t�e�d� �b�y� �t�h�e� �d�r�i�v�e� �s�h�a�f�t� �t�o� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �m�u�s�t� �e�n�d� �u�p� �i�n� �t�h�e� �c�o�n�t�r�o�l� 

�v�o�l�u�m�e� �c�o�n�t�a�i�n�e�d� �b�y� �t�h�e� �c�o�m�p�r�e�s�s�o�r�.� �T�h�e� �w�o�r�k� �i�s� �n�o�t� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �e�s�t�a�b�l�i�s�h�m�e�n�t� �o�f� �f�l�u�i�d� 
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�f�l�o�w� �p�a�t�t�e�r�n�s� �w�i�t�h�i�n� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�.� �C�o�n�v�e�r�s�e�l�y�,� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �c�o�m�p�r�e�s�s�o�r� �p�r�e�s�s�u�r�e� 

�r�i�s�e� �i�s� �e�n�t�i�r�e�l�y� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �e�s�t�a�b�l�i�s�h�m�e�n�t� �o�f� �s�t�e�a�d�y� �f�l�o�w�,� �i�n� �a� �r�o�t�a�t�i�n�g� �r�e�f�e�r�e�n�c�e� �f�r�a�m�e�,� 

�a�r�o�u�n�d� �t�h�e� �b�l�a�d�i�n�g�.� �I�n� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�,� �i�n�s�t�a�n�t�a�n�e�o�u�s� �e�f�f�i�c�i�e�n�c�y� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �r�a�t�i�o� 

�o�f� �t�h�e� �d�y�n�a�m�i�c� �f�o�r�c�e� �t�o� �t�h�e� �w�o�r�k�.� �T�h�e� �r�a�t�i�o� �o�f� �t�h�e� �i�s�e�n�t�r�o�p�i�c� �w�o�r�k� �d�o�n�e�,� �a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� 

�p�r�e�s�s�u�r�e� �r�i�s�e�,� �t�o� �t�h�e� �a�c�t�u�a�l� �w�o�r�k� �d�o�n�e�,� �i�s� �t�h�e� �m�e�a�s�u�r�e� �o�f� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r�.� �T�h�e� 

�a�c�t�u�a�l� �w�o�r�k� �i�s� �c�o�m�p�l�e�t�e�l�y� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �s�h�a�f�t� �o�u�t�p�u�t�.� �B�y� �n�o�t� �l�a�g�g�i�n�g� �t�h�e� �w�o�r�k� �t�e�r�m�,� �t�h�e� 

�e�f�f�e�c�t� �o�f� �t�h�e� �t�i�m�e� �d�e�l�a�y� �o�n� �e�f�f�i�c�i�e�n�c�y� �i�s� �p�r�o�p�e�r�l�y� �i�m�p�o�s�e�d�.� �T�h�u�s� �i�t� �i�s� �t�h�e� �o�p�i�n�i�o�n� �s�t�a�t�e�d� �h�e�r�e�,� �t�h�a�t� 

�t�h�e� �w�o�r�k� �i�s� �a�p�p�l�i�e�d� �i�n� �a� �q�u�a�s�i�-�s�t�e�a�d�y� �o�r� �a�t� �m�o�s�t�,� �t�r�a�n�s�p�o�r�t�-�t�i�m�e� �r�e�l�a�t�e�d� �f�a�s�h�i�o�n�.� 
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�o�t� �o�x� �0� �(�d�u�c�t� �v�o�l�u�m�e�)� 

�3�.�3� �D�i�s�c�r�e�t�i�z�a�t�i�o�n� 

�I�n� �a� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �o�f� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �m�e�t�h�o�d� �o�f� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �c�h�o�s�e�n� 

�c�o�m�b�i�n�e�d� �w�i�t�h� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �d�e�f�i�n�e�s� �t�h�e� �a�c�t�u�a�l� �e�q�u�a�t�i�o�n�s� �t�o� �b�e� �s�o�l�v�e�d�.� �I�n� 

�t�h�e� �l�i�m�i�t�,� �a�s� �g�r�i�d� �s�i�z�e� �a�n�d� �t�i�m�e� �s�t�e�p� �a�r�e� �r�e�d�u�c�e�d�,� �t�h�e� �m�e�t�h�o�d� �o�f� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �c�h�o�s�e�n� �m�u�s�t� 

�c�o�n�v�e�r�g�e� �t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �s�h�o�u�l�d� �b�e� �r�o�b�u�s�t� 

�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s�.� �T�h�e�r�e�f�o�r�e�,� �p�r�o�p�e�r� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� 

�i�s� �t�h�e� �c�r�i�t�i�c�a�l� �e�l�e�m�e�n�t� �o�f� �a� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�.



�A�s� �p�a�r�t� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s�,� �t�w�o� �v�a�r�i�a�t�i�o�n�s� �o�n� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d� �b�y� 

�M�a�c�C�o�r�m�a�c�k� �w�e�r�e� �a�p�p�l�i�e�d�.� �T�h�e� �s�t�a�n�d�a�r�d� �M�a�c�C�o�r�m�a�c�k� �m�e�t�h�o�d� �w�a�s� �a�p�p�l�i�e�d� �i�n� �t�h�e� �o�r�i�g�i�n�a�l� 

�v�e�r�s�i�o�n� �o�f� �D�Y�N�M�O�D� �(�D�a�v�i�s� �1�9�8�6�)�.� �F�i�u�x� �c�o�r�r�e�c�t�e�d� �t�r�a�n�s�p�o�r�t� �w�a�s� �a�d�d�e�d� �b�y� �H�a�r�v�e�l�l� �(�1�9�9�2�)�.� �T�h�e� 

�M�a�c�C�o�r�m�a�c�k� �m�e�t�h�o�d� �i�s� �a� �t�w�o� �s�t�e�p� �m�e�t�h�o�d� �w�h�i�c�h� �i�n�t�e�r�t�w�i�n�e�s� �t�h�e� �s�p�a�t�i�a�l� �a�n�d� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� 

�s�t�e�p�s�.� �U�n�l�i�k�e� �t�h�e� �u�p�w�i�n�d� �m�e�t�h�o�d�s�,� �t�h�e� �m�o�s�t� �c�o�m�m�o�n� �f�o�r�m� �o�f� �t�h�e� �M�a�c�C�o�r�m�a�c�k� �m�e�t�h�o�d� �i�s� 

�c�o�n�d�u�c�i�v�e� �t�o� �a� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �r�a�t�h�e�r� �t�h�a�n� �a� �f�i�n�i�t�e� �v�o�l�u�m�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �n�u�m�e�r�i�c�a�l� 

�s�w�i�t�c�h�e�s� �a�v�a�i�l�a�b�l�e� �w�i�t�h� �u�p�w�i�n�d� �f�i�n�i�t�e� �v�o�l�u�m�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�s� �a�f�f�e�c�t�i�n�g� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�,� 

�l�i�m�i�t�i�n�g�,� �a�n�d� �t�i�m�e�-�i�n�t�e�g�r�a�t�i�o�n� �w�e�r�e� �n�o�t� �a�p�p�l�i�e�d� �t�o� �t�h�e� �M�a�c�C�o�r�m�a�c�k� �m�e�t�h�o�d�.� �A�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e� �r�e�v�i�e�w�,� �t�h�e� �l�i�m�i�t�i�n�g� �m�e�t�h�o�d� �a�p�p�l�i�e�d� �t�o� �f�l�u�x� �c�o�r�r�e�c�t�e�d� �t�r�a�n�s�p�o�r�t� �y�i�e�l�d�e�d� �s�u�s�p�e�c�t� �r�e�s�u�l�t�s� 

�d�u�r�i�n�g� �p�r�e�l�i�m�i�n�a�r�y� �i�n�v�e�s�t�i�g�a�t�i�o�n�s� �a�n�d� �w�a�s� �n�o�t� �i�n�v�e�s�t�i�g�a�t�e�d� �f�u�r�t�h�e�r�.� 

�F�o�r� �t�h�e� �p�r�e�d�i�c�t�o�r� �c�o�r�r�e�c�t�o�r� �s�c�h�e�m�e� �b�y� �M�a�c�C�o�r�m�a�c�k� �m�o�d�i�f�i�e�d� �w�i�t�h� �F�C�T�,� �a� �n�o�d�e� �c�e�n�t�e�r�e�d� 

�f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �w�a�s� �u�s�e�d�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �e�x�i�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �w�a�s� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �e�x�t�r�a�p�o�l�a�t�i�o�n� �o�f� �t�o�t�a�l� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �p�r�e�s�s�u�r�e� �f�r�o�m� �t�h�e� �i�n�t�e�r�i�o�r� �n�o�d�e� �a�n�d� �M�a�c�h� 

�n�u�m�b�e�r� �(�m�a�s�s� �f�l�o�w� �f�u�n�c�t�i�o�n�)� �s�p�e�c�i�f�i�e�d� �a�t� �t�h�e� �b�o�u�n�d�a�r�y� �n�o�d�e�.� �F�o�r� �t�h�e� �u�p�w�i�n�d� �m�e�t�h�o�d�s�,� �a� �c�e�l�l�-� 

�c�e�n�t�e�r�e�d� �M�U�S�C�L�,� �f�i�n�i�t�e� �v�o�l�u�m�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �w�a�s� �u�s�e�d� �a�n�d� �f�i�r�s�t� �o�r�d�e�r�,� �c�o�n�s�e�r�v�a�t�i�v�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �w�e�r�e� �a�p�p�l�i�e�d�.� �A�t� �t�h�e� �i�n�l�e�t� �b�o�u�n�d�a�r�y�,� �v�e�l�o�c�i�t�y� �w�a�s� �e�x�t�r�a�p�o�l�a�t�e�d� �u�p�s�t�r�e�a�m� �a�n�d� �t�o�t�a�l� 

�t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �p�r�e�s�s�u�r�e� �w�e�r�e� �s�p�e�c�i�f�i�e�d�.� �A�t� �t�h�e� �e�x�i�t� �b�o�u�n�d�a�r�y�,� �d�e�n�s�i�t�y� �a�n�d� �v�e�l�o�c�i�t�y� �w�e�r�e� 

�e�x�t�r�a�p�o�l�a�t�e�d� �d�o�w�n�s�t�r�e�a�m� �w�h�i�l�e� �M�a�c�h� �n�u�m�b�e�r� �w�a�s� �s�p�e�c�i�f�i�e�d�.� 

�T�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�,� �D�Y�N�M�O�D�,� �h�a�d� �b�e�e�n� 

�r�e�s�t�r�i�c�t�e�d� �t�o� �a� �c�o�m�p�u�t�a�t�i�o�n�a�l� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �s�i�z�e� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �l�e�n�g�t�h� �o�f� �a�n� �a�c�t�u�a�l� 

�c�o�m�p�r�e�s�s�i�o�n� �s�t�a�g�e� �i�n� �t�h�e� �s�y�s�t�e�m� �m�o�d�e�l�e�d�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �s�o�l�u�t�i�o�n� �d�o�m�a�i�n� �h�a�d� �l�a�r�g�e� �a�r�e�a� 

�c�h�a�n�g�e�s� �f�r�o�m� �v�o�l�u�m�e� �t�o� �v�o�l�u�m�e�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �t�r�e�n�d� �i�n� �a�r�e�a� �c�h�a�n�g�e� �(�t�h�e� �c�h�a�n�g�e� �i�n� �a�r�e�a� 

�c�h�a�n�g�e�)� �f�r�o�m� �v�o�l�u�m�e� �t�o� �v�o�l�u�m�e� �c�h�a�n�g�e�d� �a�b�r�u�p�t�l�y� �a�n�d� �d�i�s�c�o�n�t�i�n�u�o�u�s� �s�o�u�r�c�e� �t�e�r�m�s� �w�e�r�e� �u�s�e�d� �t�o� 

�r�e�p�r�e�s�e�n�t� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �f�o�r�c�e� �a�n�d� �w�o�r�k�.� �T�o� �c�a�p�t�u�r�e� �t�h�e� �e�f�f�e�c�t� �o�f� �e�x�t�r�e�m�e� �v�a�r�i�a�t�i�o�n� �i�n� 

�p�r�o�p�e�r�t�i�e�s� �f�r�o�m� �v�o�l�u�m�e� �t�o� �v�o�l�u�m�e� �w�i�t�h� �m�i�n�i�m�a�l� �g�r�i�d� �r�e�f�i�n�e�m�e�n�t�,� �a� �l�i�m�i�t�e�d� �h�i�g�h�e�r� �o�r�d�e�r� 
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�i�n�t�e�r�p�o�l�a�t�i�o�n� �w�a�s� �u�s�e�d�.� �T�h�e� �s�m�o�o�t�h� �l�i�m�i�t�e�r� �b�y� �V�a�n� �A�l�b�a�d�a� �(�H�i�r�s�c�h� �1�9�9�0�)� �w�a�s� �u�s�e�d� �t�o� �l�i�m�i�t� 

�i�n�t�e�r�p�o�l�a�t�i�o�n�s�.� �F�A�U�S�C�L� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�f� �t�h�e� �p�r�i�m�i�t�i�v�e� �v�a�r�i�a�b�l�e�s� �(�d�e�n�s�i�t�y�,� �v�e�l�o�c�i�t�y�,� �a�n�d� �p�r�e�s�s�u�r�e�)� 

�w�a�s� �u�s�e�d� �t�o� �y�i�e�l�d� �t�h�i�r�d� �o�r�d�e�r� �r�e�s�o�l�u�t�i�o�n�.� �T�o� �a�p�p�l�y� �a� �f�i�n�i�t�e� �v�o�l�u�m�e� �s�p�a�t�i�a�l� �i�n�t�e�g�r�a�t�i�o�n�,� �a� �t�i�m�e� 

�i�n�t�e�g�r�a�t�i�o�n� �m�e�t�h�o�d� �t�h�a�t� �w�a�s� �d�e�c�o�u�p�l�e�d� �f�r�o�m� �t�h�e� �s�p�a�t�i�a�l� �i�n�t�e�g�r�a�t�i�o�n� �m�e�t�h�o�d� �w�a�s� �u�s�e�d�.� �T�h�e�r�e�f�o�r�e� 

�t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �w�a�s� �r�e�d�u�c�e�d� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �i�n� �t�i�m�e�.� �T�h�e� 

�s�o�l�u�t�i�o�n� �w�a�s� �t�i�m�e�-�i�n�t�e�g�r�a�t�e�d� �w�i�t�h� �e�i�t�h�e�r� �a� �J�a�m�e�s�o�n� �s�t�y�l�e�,� �R�u�n�g�e�-�K�u�t�t�a� �s�c�h�e�m�e� �o�r� �i�m�p�l�i�c�i�t� 

�m�e�t�h�o�d�s� �w�i�t�h� �s�u�b�i�t�e�r�a�t�i�o�n�s�.� 

�I�n� �a� �f�i�n�i�t�e� �v�o�l�u�m�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �s�o�l�u�t�i�o�n� �i�s� 

�c�o�m�p�l�e�t�e�l�y� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �m�e�t�h�o�d� �c�h�o�s�e�n� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �n�u�m�e�r�i�c�a�l� �f�l�u�x� �b�e�t�w�e�e�n� �c�o�n�t�r�o�l� 

�v�o�l�u�m�e�s�.� �T�r�a�n�s�i�e�n�t� �s�o�l�u�t�i�o�n�s� �a�r�e� �a�l�s�o� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �n�u�m�e�r�i�c�a�l� �f�l�u�x� �c�h�o�s�e�n� �b�u�t� �i�n�f�l�u�e�n�c�e�d� �b�y� 

�t�h�e� �m�e�t�h�o�d� �o�f� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �a�s� �w�e�l�l�.� �A�s� �h�a�s� �b�e�e�n� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �r�e�v�i�e�w�,� �a� �g�r�e�a�t� 

�d�e�a�l� �o�f� �r�e�s�e�a�r�c�h� �h�a�s� �b�e�e�n� �d�e�v�o�t�e�d� �t�o� �i�m�p�r�o�v�i�n�g� �m�e�t�h�o�d�s� �o�f� �f�l�u�x� �c�o�m�p�u�t�a�t�i�o�n� �f�o�r� �t�h�e� �E�u�l�e�r� 

�e�q�u�a�t�i�o�n�s� �i�n� �f�i�n�i�t�e� �v�o�l�u�m�e� �a�n�d� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �a�p�p�l�i�c�a�t�i�o�n�s�.� �F�o�r� �g�e�n�e�r�a�l� �c�a�l�c�u�l�a�t�i�o�n� �o�f� 

�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s�,� �u�p�w�i�n�d� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �i�s� �p�r�e�f�e�r�r�e�d� �o�v�e�r� �t�h�e� �M�a�c�C�o�r�m�a�c�k� �A�l�g�o�r�i�t�h�m� �w�i�t�h� �o�r� 

�w�i�t�h�o�u�t� �F�C�T� �(�v�a�n� �L�e�e�r� �1�9�8�7�,� �v�a�n� �A�l�b�a�d�a� �1�9�8�2�)�.� �T�h�u�s�,� �u�p�w�i�n�d� �s�c�h�e�m�e�s� �w�e�r�e� �i�n�v�e�s�t�i�g�a�t�e�d� �f�o�r� �t�h�e� 

�d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�.� �I�n� �t�h�e� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l�,� �f�l�u�x� �v�e�c�t�o�r� �s�p�l�i�t�t�i�n�g� 

�(�v�a�n� �L�e�e�r� �1�9�8�2�)�,� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g� �(�R�o�e� �1�9�8�6�)�,� �a�n�d� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g� �w�i�t�h� �s�o�u�r�c�e� �t�e�r�m� 

�m�o�d�i�f�i�c�a�t�i�o�n�s�,� �w�e�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �c�o�n�s�e�r�v�a�t�i�v�e� �f�l�u�x�e�s�.� �T�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �F�D�S�S� 

�f�o�l�l�o�w�s� �a� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� �m�e�t�h�o�d� �r�e�p�o�r�t�e�d� �b�y� �R�o�e� �(�R�o�e� �1�9�8�6�)�.� 

�T�h�e� �o�r�d�e�r� �o�f� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�,� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �r�a�t�e� �o�f� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �c�o�m�p�u�t�e�d� 

�f�l�o�w� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �a�s� �t�h�e� �g�r�i�d� �i�s� �r�e�f�i�n�e�d�.� �H�i�g�h�e�r� �o�r�d�e�r� 

�s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �u�s�u�a�l�l�y� �r�e�q�u�i�r�e�s� �m�o�r�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�o�r�t� �t�o� �r�e�s�o�l�v�e� �t�h�e� �s�a�m�e� �p�r�o�b�l�e�m� �a�s� �a� 

�l�o�w� �o�r�d�e�r� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� �T�h�e� �g�o�a�l� �o�f� �h�i�g�h� �o�r�d�e�r� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�s� �i�s� �t�o� �r�e�s�o�l�v�e� �a� 

�s�a�t�i�s�f�a�c�t�o�r�y� �s�o�l�u�t�i�o�n� �o�n� �f�e�w�e�r� �g�r�i�d� �p�o�i�n�t�s� �t�h�a�n� �w�o�u�l�d� �b�e� �r�e�q�u�i�r�e�d� �w�i�t�h� �a� �f�i�r�s�t� �o�r�d�e�r� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� 

�T�o� �p�r�e�v�e�n�t� �o�s�c�i�l�l�a�t�i�o�n�s� �t�h�a�t� �u�s�u�a�l�l�y� �a�c�c�o�r�n�p�a�n�y� �h�i�g�h�e�r� �o�r�d�e�r� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w



�p�r�o�b�l�e�m�s�,� �m�i�n�m�o�a�d� �l�i�m�i�t�i�n�g� �a�n�d� �t�h�e� �s�m�o�o�t�h� �l�i�m�i�t�e�r� �b�y� �v�a�n� �A�l�b�a�d�a� �w�e�r�e� �a�p�p�l�i�e�d� �(�H�i�r�s�c�h� �1�9�9�0�)�.� 

�M�U�S�C�L�,� �a�l�s�o� �k�n�o�w�n� �a�s� �¢ ��«�,� �i�n�t�e�r�p�o�l�a�t�i�o�n� �a�l�l�o�w�e�d� �t�h�e� �f�l�e�x�i�b�l�e� �s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �f�i�r�s�t�,� �s�e�c�o�n�d�,� �o�r� 

�t�h�i�r�d� �o�r�d�e�r� �u�p�w�i�n�d� �d�i�f�f�e�r�e�n�c�i�n�g�.� �W�h�e�n� �e�x�t�e�n�d�e�d� �t�o� �t�w�o�-�d�i�m�e�n�s�i�o�n�s�,� �t�h�e� �t�h�i�r�d� �o�r�d�e�r� �m�e�t�h�o�d� 

�r�e�d�u�c�e�d� �t�o� �s�e�c�o�n�d� �o�r�d�e�r�.� �F�o�r� �c�o�m�p�a�r�i�s�o�n� �p�u�r�p�o�s�e�s�,� �i�n�t�e�r�p�o�l�a�t�i�o�n� �w�a�s� �a�p�p�l�i�e�d� �t�o� �b�o�t�h� �p�r�i�m�i�t�i�v�e� 

�a�n�d� �c�o�n�s�e�r�v�a�t�i�v�e� �v�a�r�i�a�b�l�e�s�.� 

�T�o� �s�o�l�v�e� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�,� �a� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �m�e�t�h�o�d� �w�a�s� �r�e�q�u�i�r�e�d� �t�o� �g�i�v�e� �t�h�e� 

�s�o�l�u�t�i�o�n� �a�t� �s�u�c�c�e�s�s�i�v�e� �t�i�m�e� �l�e�v�e�l�s�.� �B�o�t�h� �e�x�p�l�i�c�i�t� �a�n�d� �i�m�p�l�i�c�i�t� �m�e�t�h�o�d�s� �w�e�r�e� �i�n�v�e�s�t�i�g�a�t�e�d�.� �T�h�e� 

�o�r�i�g�i�n�a�l� �v�e�r�s�i�o�n� �o�f� �D�Y�N�M�O�D� �w�a�s� �b�a�s�e�d� �o�n� �t�h�e� �e�x�p�l�i�c�i�t� �M�a�c�C�o�r�m�a�c�k� �m�e�t�h�o�d�.� �I�n� �t�h�a�t� �c�a�s�e�,� �t�h�e� 

�s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �w�a�s� �i�n�s�e�p�a�r�a�b�l�e� �f�r�o�m� �t�h�e� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�e� �f�i�n�i�t�e� �v�o�l�u�m�e� 

�m�e�t�h�o�d� �w�a�s� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �t�h�e� �m�e�t�h�o�d� �o�f� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �c�o�u�l�d� �b�e� �c�h�o�s�e�n� 

�i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �m�e�t�h�o�d� �o�f� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� �E�q�u�a�t�i�o�n� �(�3�.�3�)� �i�s� �a� �p�a�r�t�i�a�l�l�y� �d�i�s�c�r�e�t�i�z�e�d� �f�o�r�m� 

�o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �r�e�s�i�d�u�a�l� �o�f� �t�h�e� �s�p�a�t�i�a�l� �i�n�t�e�g�r�a�t�i�o�n� �i�s� �t�o� �t�h�e� �r�i�g�h�t� �o�f� �t�h�e� �e�q�u�a�l� �s�i�g�n�.�  �� 

�J� �i�s� �t�h�e� �J�a�c�o�b�i�a�n� �o�f� �a� �f�i�n�i�t�e� �v�o�l�u�m�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �a�n�d� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �c�e�l�l� �v�o�l�u�m�e�.� 

�T�h�u�s� �a�f�t�e�r� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �s�p�a�t�i�a�l� �i�n�t�e�g�r�a�t�i�o�n�,� �E�q�u�a�t�i�o�n� �(�3�.�3�)� �w�a�s� �s�i�m�i�l�a�r� �t�o� �a�n� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� 

�e�q�u�a�t�i�o�n� �i�n� �t�i�m�e�.� �T�h�e� �v�a�r�i�o�u�s� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �e�s�s�e�n�t�i�a�l�l�y� �t�h�e� �s�a�m�e� �i�n� �a�p�p�l�i�c�a�t�i�o�n� 

�t�o� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l� �a�s� �f�o�r� �s�t�a�n�d�a�r�d� �f�l�u�i�d� �m�o�d�e�l�i�n�g� �p�r�a�c�t�i�c�e�s�.� �H�o�w�e�v�e�r�,� �s�o�l�u�t�i�o�n� 

�m�e�t�h�o�d�s� �f�o�r� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �f�o�r� �t�h�e� �h�o�m�o�g�e�n�o�u�s�,� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�.� 

�T�h�e�r�e�f�o�r�e� �i�t� �w�a�s� �e�x�p�e�c�t�e�d� �t�h�a�t� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �s�o�u�r�c�e� �t�e�r�m�s� �w�o�u�l�d� �a�f�f�e�c�t� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�.� 

�1�9�Q� �=�~�[�F� �j�e�y�2� �F�y� �+�W�y�"� �(�3�.�3�)� �J� �o�t� 

�D�u�e� �t�o� �i�t�s� �r�e�l�a�t�i�v�e� �e�a�s�e� �o�f� �u�s�e�,� �a� �J�a�m�e�s�o�n�-�s�t�y�l�e� �R�u�n�g�e�-�K�u�t�t�a� �m�e�t�h�o�d� �w�a�s� �a�p�p�l�i�e�d� �t�o� 

�s�o�l�u�t�i�o�n� �o�f� �E�q�u�a�t�i�o�n� �(�3�.�3�)�.� �J�a�m�e�s�o�n�-�s�t�y�l�e� �R�u�n�g�e�-�K�u�t�t�a� �a�l�l�o�w�s� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �u�p� �t�o� �s�e�c�o�n�d� �o�r�d�e�r� 

�t�i�m�e� �a�c�c�u�r�a�c�y� �f�o�r� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �o�r�d�e�r� �o�f� �a�c�c�u�r�a�c�y� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� 

�6�1



�t�h�e� �n�u�m�b�e�r� �o�f� �i�n�t�e�g�r�a�t�i�o�n� �s�t�a�g�e�s�.� �A� �s�i�n�g�l�e�-�s�t�a�g�e� �R�u�n�g�e�-�K�u�t�t�a� �i�n�t�e�g�r�a�t�i�o�n� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �a�n� �E�u�l�e�r� 

�e�x�p�l�i�c�i�t� �m�e�t�h�o�d� �a�n�d� �i�s� �f�i�r�s�t� �o�r�d�e�r� �a�c�c�u�r�a�t�e�.� �B�y� �u�s�i�n�g� �t�w�o� �o�r� �m�o�r�e� �s�t�a�g�e�s�,� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�i�n�t�e�g�r�a�t�i�o�n�s� �a�r�e� �s�e�c�o�n�d� �o�r�d�e�r� �a�c�c�u�r�a�t�e�.� �H�o�w�e�v�e�r�,� �m�o�r�e� �i�n�t�e�g�r�a�t�i�o�n� �s�t�a�g�e�s� �g�e�n�e�r�a�l�l�y� �p�r�o�v�i�d�e� 

�g�r�e�a�t�e�r� �n�u�m�e�r�i�c�a�l� �d�i�f�f�u�s�i�o�n� �a�n�d� �d�a�m�p� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �e�r�r�o�r� �m�o�r�e� �e�f�f�e�c�t�i�v�e�l�y�.� �C�o�m�m�o�n�l�y�,� �a� �f�o�u�r�-� 

�s�t�a�g�e� �R�u�n�g�e�-�K�u�t�t�a� �m�e�t�h�o�d� �h�a�s� �b�e�e�n� �u�s�e�d� �(�T�u�r�k�e�l� �1�9�8�4� �a�n�d� �A�n�d�e�r�s�o�n� �1�9�8�5�)�.� 

�I�n� �a�n� �a�t�t�e�m�p�t� �t�o� �i�m�p�r�o�v�e� �t�h�e� �r�o�b�u�s�t�n�e�s�s� �a�n�d� �c�o�m�p�u�t�a�t�i�o�n�a�l� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �q�u�a�s�i�-� 

�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l�,� �i�m�p�l�i�c�i�t� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �m�e�t�h�o�d�s� �w�e�r�e� �a�p�p�l�i�e�d�.� �E�q�u�a�t�i�o�n� �(�3�.�4�)� �i�l�l�u�s�t�r�a�t�e�s� 

�t�h�e� �i�m�p�l�i�c�i�t� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s�.� 

�N�o�t�e� �t�h�a�t� �w�h�i�l�e� �e�x�p�l�i�c�i�t� �m�e�t�h�o�d�s� �y�i�e�l�d� �c�o�m�p�l�e�t�e�l�y� �d�e�c�o�u�p�l�e�d� �e�q�u�a�t�i�o�n�s�,� �(�3�.�4�)� �i�s� �a� �s�e�t� �o�f� 

�s�i�m�u�l�t�a�n�e�o�u�s� �l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s�.� �Q� �i�s� �a� �v�e�c�t�o�r� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �c�o�n�s�e�r�v�a�t�i�v�e� �v�a�r�i�a�b�l�e�s� �a�t� �e�a�c�h� 

�c�o�n�t�r�o�l� �v�o�l�u�m�e� �i�n� �t�h�e� �d�o�m�a�i�n�.� �H�e�r�e� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �i�s� �t�h�e� �r�e�s�i�d�u�a�l� �o�f� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �f�l�u�x� �a�c�r�o�s�s� �e�a�c�h� �f�a�c�e� �o�f� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �a�n�d� �t�h�e� �s�o�u�r�c�e� �t�e�r�m�;� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �r�i�g�h�t� 

�h�a�n�d� �s�i�d�e� �o�f� �E�q�u�a�t�i�o�n� �(�3�.�3�)�.� �T�h�e� �l�e�f�t� �h�a�n�d� �s�i�d�e� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �l�i�n�e�a�r�i�z�i�n�g� �t�h�e� �r�e�s�i�d�u�a�l�.� �A� �i�s� 

�t�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� �o�f� �t�h�e� �f�l�u�x� �t�e�r�m�,� �x� �a�n�d� �i�s� �k�n�o�w�n� �a�s� �t�h�e� �f�l�u�x� �J�a�c�o�b�i�a�n� �m�a�t�r�i�x�.� �x� �i�s� �t�h�e� 

�l�i�n�e�a�r�i�z�a�t�i�o�n� �o�f� �t�h�e� �s�o�u�r�c�e� �t�e�r�m�s�,� �t�h�e� �s�o�u�r�c�e� �J�a�c�o�b�i�a�n� �m�a�t�r�i�x�.� �I�n� �t�h�e� �i�m�p�l�i�c�i�t� �e�q�u�a�t�i�o�n�,� �t�h�e� �f�l�u�x� 

�J�a�c�o�b�i�a�n�,� �A�,� �w�a�s� �s�p�l�i�t� �i�n�t�o� �A�t� �a�n�d� �A� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �s�i�g�n� �o�f� �i�t�s� �e�i�g�e�n�v�a�l�u�e�s� �(�T�h�o�m�a�s� �1�9�8�5�)�.� �A�s� 

�i�s� �o�f�t�e�n� �t�h�e� �p�r�a�c�t�i�c�e� �i�n� �C�F�D� �a�p�p�l�i�c�a�t�i�o�n�s�,� �o�n�l�y� �f�i�r�s�t� �o�r�d�e�r� �d�i�f�f�e�r�e�n�c�i�n�g� �w�a�s� �u�s�e�d� �o�n� �t�h�e� �i�m�p�l�i�c�i�t� �l�e�f�t� 

�h�a�n�d� �s�i�d�e�,� �y�i�e�l�d�i�n�g� �a� �b�l�o�c�k�-�t�r�i�d�i�a�g�o�n�a�l� �s�t�r�u�c�t�u�r�e�.� �A�l�t�h�o�u�g�h� �t�h�i�s� �m�a�y� �h�a�v�e� �a�n� �e�f�f�e�c�t� �o�n� �s�t�a�b�i�l�i�t�y�,� 

�t�h�e� �t�r�u�n�c�a�t�i�o�n� �e�r�r�o�r�,� �a�n�d� �h�e�n�c�e�,� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �m�e�t�h�o�d� �i�s� �c�o�m�p�l�e�t�e�l�y� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� 

�o�r�d�e�r� �o�f� �d�i�f�f�e�r�e�n�c�i�n�g� �i�n� �t�h�e� �r�e�s�i�d�u�a�l� �(�P�u�l�l�i�a�m� �1�9�9�3�)�.� �A�l�s�o�,� �d�i�r�e�c�t� �l�i�n�e�a�r�i�z�a�t�i�o�n� �o�f� �t�h�e� �c�o�r�n�p�r�e�s�s�i�o�n� 

�s�y�s�t�e�m� �s�o�u�r�c�e� �t�e�r�m�s� �w�a�s� �n�o�t� �p�o�s�s�i�b�l�e�.� �H�o�w�e�v�e�r�,� �a�t� �e�a�c�h� �t�i�m�e� �s�t�e�p�,� �i�t� �w�a�s� �p�o�s�s�i�b�l�e� �t�o� �m�a�k�e� �a� 

�n�u�m�e�r�i�c�a�l� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �a �� �.� �I�n�n�e�r� �i�t�e�r�a�t�i�o�n�s� �w�e�r�e� �a�p�p�l�i�e�d� �t�o� �i�m�p�r�o�v�e� �t�i�m�e� �a�c�c�u�r�a�c�y� �a�n�d� 

�r�e�m�o�v�e� �e�r�r�o�r�s� �f�r�o�m� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �f�a�c�t�o�r�i�z�a�t�i�o�n�s� �(�P�u�l�l�i�a�m� �1�9�9�3�)�.



 ��_�+�4�5�*�(�A�-�)�~�8�-�(�A�*�)�-� �1� �o�W� 
�J�A�t� �o�l� �A�Q�=� �L�F�.�v�2� �-� �F�i� �v�e� �+�w�y �� 

�A�Q� �=� �Q ��!� �_� �Q �� �(�3�.�4�)� 

�8�°�(�A�*�)�=�A�p�-�A�t�,� 
�b�°�(�A� �)�=�A�j�,�,�-� �A�;� 

�A�l�l� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e�s� �e�m�p�l�o�y�e�d� �h�a�d� �s�t�a�b�i�l�i�t�y� �l�i�m�i�t�a�t�i�o�n�s� �g�i�v�e�n� �b�y� �s�o�m�e� �m�a�x�i�m�u�m� 

�C�o�u�r�a�n�t� �n�u�m�b�e�r�.� �F�o�r� �t�h�e� �e�x�p�l�i�c�i�t� �M�a�c�C�o�r�m�a�c�k� �a�n�d� �R�u�n�g�e�-�K�u�t�t�a� �m�e�t�h�o�d�s�,� �t�h�e� �l�i�n�e�a�r� �s�t�a�b�i�l�i�t�y� 

�a�n�a�l�y�s�i�s� �c�o�n�d�i�t�i�o�n� �w�a�s� �a� �C�o�u�r�a�n�t� �n�u�m�b�e�r� �o�f� �o�n�e� �(�H�i�r�s�c�h� �1�9�9�0�)�.� �H�o�w�e�v�e�r�,� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� 

�s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �a�d�d�e�d� �n�o�n�l�i�n�e�a�r� �s�o�u�r�c�e� �t�e�r�m�s� �a�n�d� �d�y�n�a�m�i�c�s� �n�o�t� �a�c�c�o�u�n�t�e�d� �f�o�r� �i�n� �t�h�e� �l�i�n�e�a�r�,� 

�v�o�n� �N�e�u�m�a�n�n� �a�n�a�l�y�s�i�s�.� �T�h�e�r�e�f�o�r�e� �l�i�m�i�t�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �b�a�s�e�d� �o�n� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�.� �F�o�r� 

�t�h�e� �i�m�p�l�i�c�i�t� �m�e�t�h�o�d�s�,� �l�i�n�e�a�r� �t�h�e�o�r�y� �i�n�d�i�c�a�t�e�d� �u�n�c�o�n�d�i�t�i�o�n�a�l� �s�t�a�b�i�l�i�t�y�.� �H�o�w�e�v�e�r�,� �r�e�s�t�r�i�c�t�i�o�n�s� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �o�f� �u�n�s�t�e�a�d�y� �p�h�e�n�o�m�e�n�a�,� �s�u�c�h� �a�s� �s�u�r�g�e� �c�y�c�l�e�s�,� �r�e�q�u�i�r�e�d� �a� 

�s�m�a�l�l�e�r� �t�i�m�e� �s�t�e�p�.� 

�B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� �b�a�s�e�d� �o�n� �f�i�r�s�t� �o�r�d�e�r� �e�x�t�r�a�p�o�l�a�t�i�o�n�s� �o�f� �q�u�a�n�t�i�t�i�e�s� �b�a�s�e�d� �o�n� �t�h�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�e�q�u�i�r�e�m�e�n�t�s� �f�o�r� �t�h�e� �f�l�o�w�.� �T�h�e� �p�r�o�b�l�e�m� �o�f� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l�,� �s�u�b�s�o�n�i�c� �f�l�o�w� �r�e�q�u�i�r�e�s� 

�s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �t�w�o� �u�p�s�t�r�e�a�m� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �a� �s�i�n�g�l�e� �d�o�w�n�s�t�r�e�a�m� �p�r�o�p�e�r�t�y�.� �T�h�u�s� �a�t� �t�h�e� �i�n�f�l�o�w� 

�p�l�a�n�e�,� �t�w�o� �p�h�y�s�i�c�a�l� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �o�n�e� �n�u�m�e�r�i�c�a�l� �c�o�n�d�i�t�i�o�n� �w�e�r�e� �n�e�c�e�s�s�a�r�y�.� �F�o�r� �m�o�s�t� 

�s�i�m�u�l�a�t�i�o�n�s�,� �i�n�f�l�o�w� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �a�n�d� �t�o�t�a�l� �t�e�m�p�e�r�a�t�u�r�e� �w�e�r�e� �s�p�e�c�i�f�i�e�d� �a�s� �p�h�y�s�i�c�a�l� �c�o�n�d�i�t�i�o�n�s�.� 

�H�o�w�e�v�e�r�,� �t�h�i�s� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �s�p�e�c�i�f�y�i�n�g� �a�n�y� �o�t�h�e�r� �p�a�i�r� �o�f� �t�o�t�a�l� �p�r�o�p�e�r�t�i�e�s�.� �A�n�o�t�h�e�r� �i�n�f�l�o�w� 

�p�h�y�s�i�c�a�l� �c�o�n�d�i�t�i�o�n� �a�p�p�l�i�e�d� �w�a�s� �s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �t�o�t�a�l� �e�n�t�h�a�l�p�y� �a�n�d� �e�n�t�r�o�p�y�.� �I�n� �e�a�c�h� �c�a�s�e�,� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �c�o�n�d�i�t�i�o�n� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �e�x�t�r�a�p�o�l�a�t�i�o�n� �o�f� �v�e�l�o�c�i�t�y� �o�r� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �f�r�o�m� �t�h�e� �f�i�r�s�t� 

�i�n�t�e�r�i�o�r� �c�o�n�t�r�o�l� �v�o�l�u�m�e�.� �F�o�r� �s�u�b�s�o�n�i�c� �o�u�t�f�l�o�w�,� �o�n�e� �p�h�y�s�i�c�a�l� �a�n�d� �t�w�o� �n�u�m�e�r�i�c�a�l� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� 

�r�e�q�u�i�r�e�d�.� �A� �c�o�m�m�o�n� �e�x�i�t� �p�h�y�s�i�c�a�l� �c�o�n�d�i�t�i�o�n� �i�s� �s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e�.� �S�e�v�e�r�a�l� �m�e�t�h�o�d�s� 

�o�f� �d�e�t�e�r�m�i�n�i�n�g� �d�o�w�n�s�t�r�e�a�m� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �w�e�r�e� �a�p�p�l�i�e�d�.� �F�o�r� �m�o�s�t� �s�i�m�u�l�a�t�i�o�n�s�,� �a� �c�h�o�k�e�d� �n�o�z�z�l�e� 

�w�a�s� �s�i�m�u�l�a�t�e�d�,� �f�i�x�i�n�g� �t�h�e� �e�x�i�t� �p�l�a�n�e� �M�a�c�h� �n�u�m�b�e�r�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �t�h�e� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �a�t� �t�h�e� �e�x�i�t



�p�l�a�n�e� �w�a�s� �t�o�o� �l�o�w� �t�o� �c�h�o�k�e� �t�h�e� �s�i�m�u�l�a�t�e�d� �n�o�z�z�l�e�,� �a� �m�o�r�e� �r�e�a�l�i�s�t�i�c� �c�o�n�d�i�t�i�o�n� �w�a�s� �s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� 

�t�h�e� �e�x�i�t� �p�r�e�s�s�u�r�e�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �e�x�i�t� �p�r�e�s�s�u�r�e� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �e�x�t�r�a�p�o�l�a�t�i�n�g� �t�h�e� �s�t�a�t�i�c� 

�p�r�e�s�s�u�r�e� �a�t� �t�h�e� �t�i�m�e� �s�t�e�p� �w�h�e�n� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �s�o�l�u�t�i�o�n� �b�e�c�a�m�e� �u�n�c�h�o�k�e�d�.� �T�h�e�n� �t�h�e� �s�t�a�t�i�c� 

�p�r�e�s�s�u�r�e� �w�a�s� �h�e�l�d� �a�t� �t�h�e� �e�x�t�r�a�p�o�l�a�t�e�d� �v�a�l�u�e� �u�n�t�i�l� �t�h�e� �s�i�m�u�l�a�t�e�d� �n�o�z�z�l�e� �b�e�c�a�m�e� �c�h�o�k�e�d� �a�g�a�i�n�.� 

�F�o�r� �a�l�l� �o�u�t�f�l�o�w� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �n�u�m�e�r�i�c�a�l� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �e�x�t�r�a�p�o�l�a�t�i�n�g� �d�e�n�s�i�t�y� �a�n�d� 

�v�e�l�o�c�i�t�y� �f�r�o�m� �t�h�e� �f�i�r�s�t� �i�n�t�e�r�i�o�r� �v�o�l�u�m�e�.� 

�3�.�4� �N�u�m�e�r�i�c�a�l� �P�r�o�b�l�e�m�s� �a�n�d� �I�s�s�u�e�s� 

�3�.�4�.�1� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�i�n� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �m�o�d�e�l�,� �i�n�d�i�v�i�d�u�a�l� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�e�r�e� �t�h�e� �m�o�s�t� �c�r�u�c�i�a�l� 

�f�e�a�t�u�r�e� �o�f� �m�o�d�e�l�i�n�g�.� �T�h�e� �s�h�a�p�e�s� �o�f� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �d�e�f�i�n�e�d� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �o�v�e�r�a�l�l� �s�y�s�t�e�m�.� 

�F�o�r� �a� �s�t�a�g�e�,� �t�h�e� �p�e�a�k� �o�f� �t�h�e� �s�t�a�g�e� �p�r�e�s�s�u�r�e� �r�i�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�,� �i�n� �t�h�e� �f�o�r�w�a�r�d� �f�l�o�w� �r�e�g�i�o�n�,� �i�s� 

�a�s�s�u�m�e�d� �t�o� �b�e� �t�h�e� �p�o�i�n�t� �o�f� �s�t�a�l�l� �i�n�c�e�p�t�i�o�n�.� �T�h�e� �c�h�a�r�a�c�t�e�r�i�s�i�t�i�c� �s�h�o�u�l�d� �b�e� �d�e�f�i�n�e�d� �s�u�c�h� �t�h�a�t� �t�h�e� 

�p�e�a�k� �v�a�l�u�e� �i�n�d�i�c�a�t�e�s� �a� �l�o�c�a�l� �m�a�x�i�m�u�m� �i�n� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �r�i�s�e� �a�c�r�o�s�s� �t�h�e� �s�t�a�g�e�.� �T�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �a� 

�m�u�l�t�i�s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r� �i�s� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �s�t�a�g�e�s� �a�c�t�i�n�g� �i�n� �c�o�n�c�e�r�t�.� �W�i�t�h� �a� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �m�o�d�e�l�,� 

�s�u�c�h� �a�s� �D�Y�N�M�O�D�,� �o�n�e� �s�t�a�g�e� �e�m�e�r�g�e�s� �a�s� �t�h�e� �c�r�i�t�i�c�a�l� �s�t�a�g�e�,� �i�n�d�u�c�i�n�g� �s�t�a�l�l� �(�B�o�y�e�r� �1�9�8�9�)�.� 

�H�o�w�e�v�e�r�,� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �i�n�c�e�p�t�i�o�n� �o�f� �s�t�a�l�l� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �O�n�l�y� �t�h�e� 

�p�o�s�t�-�s�t�a�l�l� �s�i�m�u�l�a�t�i�o�n�,� �i�s� �a�c�t�u�a�l�l�y� �d�e�f�i�n�e�d� �b�y� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�l�o�w� �e�q�u�a�t�i�o�n�s� �i�n� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� 

�s�y�s�t�e�m�.� 

�T�h�e� �o�r�i�g�i�n�a�l� �f�o�r�m� �o�f� �D�Y�N�M�O�D� �w�a�s� �l�i�m�i�t�e�d� �t�o� �c�o�n�t�i�n�u�o�u�s� �s�t�e�a�d�y�-�s�t�a�t�e� �c�o�m�p�r�e�s�s�o�r� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�i�t�h� �a� �o�n�e�-�t�o�-�o�n�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �b�e�t�w�e�e�n� �p�e�r�f�o�r�m�a�n�c�e� �a�n�d� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t� �a�t� �a� 

�g�i�v�e�n� �s�p�e�e�d�.� �F�o�r� �a� �g�i�v�e�n� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�,� �t�h�e�r�e� �w�a�s� �a� �s�i�n�g�l�e� �v�a�l�u�e� �o�f� �s�t�e�a�d�y�-�s�t�a�t�e� �c�o�m�p�r�e�s�s�o�r� 

�p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �r�i�s�e� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2�.� �H�o�w�e�v�e�r�,� �s�e�v�e�r�e� �s�t�a�l�l� �h�y�s�t�e�r�e�s�i�s� �h�a�s� 

�b�e�e�n� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �m�u�l�t�i�p�l�e� �v�a�l�u�e�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �(�G�r�e�i�t�z�e�r� �1�9�7�6�,�1�9�8�0�)�.� �I�n� �a�d�d�i�t�i�o�n�,� �o�n�e�-



�d�i�m�e�n�s�i�o�n�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �d�i�s�c�o�n�t�i�n�u�o�u�s� �f�o�r� �c�o�m�p�r�e�s�s�o�r�s� �u�n�d�e�r�g�o�i�n�g� �f�u�l�l� �s�p�a�n� �s�t�a�l�l�.� �T�h�i�s� 

�w�o�u�l�d� �i�n�c�l�u�d�e� �m�o�s�t� �h�i�g�h�-�s�p�e�e�d� �c�o�m�p�r�e�s�s�o�r�s� �o�r� �f�a�n�s�,� �a�n�d� �m�o�s�t� �m�u�l�t�i�p�l�e� �s�t�a�g�e� �m�a�c�h�i�n�e�s� �(�D�a�y� 

�1�9�7�8�)�.� �T�h�e�r�e�f�o�r�e� �a� �m�o�d�i�f�i�c�a�t�i�o�n� �w�a�s� �m�a�d�e� �t�o� �t�h�e� �m�o�d�e�l� �a�l�l�o�w�i�n�g� �t�h�e� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� 

�m�u�l�t�i�v�a�l�u�e�d�,� �d�i�s�c�o�n�t�i�n�u�o�u�s� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �a�s� �i�n� �F�i�g�u�r�e� �3�.�3�.� 
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�0�.�4� �0�.�2� �0�.�0� �h�o�w� �c�o�n�t�f�c�i�o�n�t� �0�.�4� �0�.�6� 

�F�i�g�u�r�e� �3�.�3�:� �T�h�r�e�e�-�S�t�a�g�e� �F�a�n� �P�e�r�f�o�r�m�a�n�c�e�,� �D�i�s�c�o�n�t�i�n�u�o�u�s� �C�u�r�v�e�s� 

�I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �s�t�a�l�l�i�n�g� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �t�h�e� �c�h�o�k�e�d� �r�e�g�i�o�n� �w�a�s� 

�a�n� �i�s�s�u�e�.� �D�u�r�i�n�g� �s�i�m�u�l�a�t�i�o�n�s�,� �i�t� �w�a�s� �e�v�i�d�e�n�t� �t�h�a�t� �D�Y�N�M�O�D� �w�a�s� �i�n� �n�o� �w�a�y� �r�e�s�t�r�i�c�t�e�d� �f�r�o�m� 

�c�a�l�c�u�l�a�t�i�n�g� �s�t�a�g�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�s� �b�e�y�o�n�d� �t�h�e� �k�n�o�w�n� �c�h�o�k�i�n�g� �p�o�i�n�t�s� �o�f� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�s�.� �T�h�i�s� 

�l�e�d� �t�o� �e�r�r�o�n�e�o�u�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�n�t�e�r�p�r�e�t�a�t�i�o�n�s� �b�e�c�a�u�s�e� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �w�a�s� �n�o�t� �p�r�o�p�e�r�l�y� �d�e�f�i�n�e�d� 

�a�t� �f�l�o�w�s� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �c�h�o�k�i�n�g� �v�a�l�u�e�.� �U�n�f�o�r�t�u�n�a�t�e�l�y� �t�h�e� �p�h�y�s�i�c�a�l� �m�e�c�h�a�n�i�s�m� �o�f� �c�h�o�k�i�n�g� �i�s� �a� 

�t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �b�l�a�d�e� �p�a�s�s�a�g�e� �p�h�e�n�o�m�e�n�o�n� �a�n�d� �c�o�u�l�d� �n�o�t� �b�e� �c�a�p�t�u�r�e�d� �i�n� �t�h�e� �m�o�d�e�l�.� 

�H�o�w�e�v�e�r�,� �a� �s�i�m�p�l�e� �m�e�t�h�o�d� �f�o�r� �i�n�t�e�r�p�r�e�t�i�n�g� �t�h�e� �s�t�a�g�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �a�t� �c�h�o�k�e�d� �v�a�l�u�e�s� �w�a�s� 

�i�m�p�l�e�m�e�n�t�e�d�.� �W�h�e�n�,� �d�u�r�i�n�g� �t�h�e� �c�o�u�r�s�e� �o�f� �e�v�o�l�v�i�n�g� �a� �s�i�m�u�l�a�t�i�o�n�,� �a� �s�t�a�g�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�,� �© ��,� 

�h�i�g�h�e�r� �t�h�a�n� �t�h�e� �k�n�o�w�n� �c�h�o�k�i�n�g� �v�a�l�u�e�,� �®�,�,� �w�a�s� �e�n�c�o�u�n�t�e�r�e�d�,� �t�h�e� �f�o�r�c�e�,� �5�/�M�P�(�®�"�)�,� �a�n�d� �w�o�r�k�,� 

�5�H�"�)�,� �d�o�n�e� �b�y� �t�h�e� �s�t�a�g�e� �w�a�s� �s�e�t� �t�o� �z�e�r�o�.� �T�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �a� �s�t�a�g�e� �c�h�o�k�i�n�g� �a�n�d� �t�h�e� 

�a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �w�a�s� �l�i�m�i�t�e�d� �b�y� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �t�i�m�e� �s�t�e�p� �s�i�z�e�.� �A�t� �c�h�o�k�i�n�g�,� �t�h�e� �l�a�c�k� �o�f� 

�p�r�e�s�s�u�r�e� �r�i�s�e� �a�c�r�o�s�s� �t�h�e� �s�t�a�g�e� �f�o�r�c�e�d� �t�h�e� �s�i�m�u�l�a�t�e�d� �f�l�o�w� �b�a�c�k� �b�e�l�o�w� �t�h�e� �c�h�o�k�i�n�g� �v�a�l�u�e�.



�3�.�4�.�2� �T�r�a�n�s�i�e�n�t� �C�o�m�p�r�e�s�s�o�r� �P�e�r�f�o�r�m�a�n�c�e� 

�C�h�a�r�a�c�t�e�r�i�s�t�i�c� �c�u�r�v�e�s� �w�e�r�e� �u�s�e�d� �t�o� �m�o�d�e�l� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e� �s�t�e�a�d�y� �s�t�a�t�e� �p�e�r�f�o�r�m�a�n�c�e�.� 

�I�n� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�,� �t�h�e� �d�y�n�a�m�i�c� �b�e�h�a�v�i�o�r� �o�f� �e�a�c�h� �s�t�a�g�e� 

�w�a�s� �m�o�d�e�l�e�d� �b�y� �a�p�p�l�y�i�n�g� �E�q�u�a�t�i�o�n� �(�3�.�1�)�.� �B�y� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �t�h�e� �d�y�n�a�m�i�c� �f�o�r�c�e� �w�a�s� 

�d�e�t�e�r�m�i�n�e�d� �a�n�d� �a�d�d�e�d� �t�o� �t�h�e� �i�m�p�u�l�s�e� �s�o�u�r�c�e� �t�e�r�m� �i�n� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�,� �E�q�u�a�t�i�o�n� �(�3�.�2�)�.� �I�n� 

�t�h�e� �o�r�i�g�i�n�a�l� �v�e�r�s�i�o�n� �o�f� �D�Y�N�M�O�D�,� �t�h�e� �t�i�m�e� �d�e�l�a�y� �w�a�s� �m�o�d�e�l�e�d� �b�y� �a�p�p�r�o�x�i�m�a�t�i�n�g� �t�h�e� �i�n�t�e�g�r�a�t�e�d� 

�f�o�r�m� �o�f� �E�q�u�a�t�i�o�n� �(�3�.�1�)�.� �T�h�e� �i�n�t�e�g�r�a�t�e�d� �f�o�r�m� �r�e�q�u�i�r�e�d� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �q�u�a�s�i�-�s�t�e�a�d�y� �f�o�r�c�e� 

�i�n� �a� �g�i�v�e�n� �s�t�a�g�e� �i�s� �n�o�t� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�.� �T�h�i�s� �i�s� �n�o�t� �s�t�r�i�c�t�l�y� �t�r�u�e�.� �T�h�e� �o�r�i�g�i�n�a�l� �f�o�r�m� �f�o�u�n�d� �i�n� 

�D�Y�N�M�O�D� �i�s� �g�i�v�e�n� �b�y� �E�q�u�a�t�i�o�n� �(�3�.�5�)�.� �A�n�o�t�h�e�r� �d�i�s�c�r�e�t�e� �f�o�r�m� �w�a�s� �d�e�r�i�v�e�d� �b�y� �e�x�p�a�n�d�i�n�g� �E�q�u�a�t�i�o�n� 

�(�3�.�1�)� �i�n� �a� �T�a�y�l�o�r� �s�e�r�i�e�s� �a�n�d� �i�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �(�3�.�6�)�.� �T�h�i�s� �f�o�r�m� �c�o�n�t�a�i�n�s� �n�o� �e�x�p�o�n�e�n�t�i�a�l� 

�e�v�a�l�u�a�t�i�o�n�s� �a�n�d� �i�s�,� �t�h�e�r�e�f�o�r�e�,� �m�o�r�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �e�f�f�i�c�i�e�n�t� �t�h�a�n� �E�q�u�a�t�i�o�n� �(�3�.�5�)� �I�f� �a� �c�o�n�s�t�a�n�t� 

�t�i�m�e� �s�t�e�p� �w�e�r�e� �e�m�p�l�o�y�e�d�,� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�i�c�i�e�n�c�y� �c�o�u�l�d� �b�e� �i�m�p�r�o�v�e�d� �b�y� �o�n�l�y� �c�o�m�p�u�t�i�n�g� �t�h�e� 

�e�x�p�o�n�e�n�t�i�a�l� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �s�i�m�u�l�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �a� �t�i�m�e� �s�t�e�p� �b�a�s�e�d� �o�n� �a� �m�a�x�i�m�u�m� �C�o�u�r�a�n�t� 

�n�u�m�b�e�r� �w�a�s� �u�s�e�d� �i�n� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �s�i�m�u�l�a�t�i�o�n�s�.� �I�t� �s�h�o�u�l�d� �b�e� �p�o�i�n�t�e�d� �o�u�t� �t�h�a�t� �b�o�t�h� �d�i�s�c�r�e�t�e� 

�f�o�r�m�s�,� �E�q�u�a�t�i�o�n�s� �(�3�.�5�)� �a�n�d� �(�3�.�6�)�,� �w�e�r�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �s�m�a�l�l� �t�i�m�e� �s�t�e�p�s�,� �A�f�<�t�.� �H�o�w�e�v�e�r�,� �b�y� �s�e�t�t�i�n�g� 

�t�h�e� �t�i�m�e� �l�a�g�,� �t�,� �t�o� �z�e�r�o� �i�n� �E�q�u�a�t�i�o�n� �(�3�.�6�)�,� �q�u�a�s�i�-�s�t�e�a�d�y� �c�o�m�p�r�e�s�s�o�r� �b�e�h�a�v�i�o�r� �w�a�s� �s�i�m�u�l�a�t�e�d�.� 

�S�I�M�P!"�!� �=� �S�I�M�P�.�,�  ��(�S�I�M�P�,�,�  ��S�I�M�P �� �J�e�~�*�"�*� �(�3�.�5�)� 

�I�M�P�!� �=� �(�S�I�M�P�.�.� �+�-�8�I�M�P �� �)� �/� �(�1�+ � �� �3�.�6� �S�I�M� �(�S�I�M�P�,�,� �+ � ��B�I�M�P �� �)�/�(�1�+ � ��)� �(�3�.�6�)� 

�3�.�4�.�3� �F�o�r�c�e� �a�n�d� �W�o�r�k� �S�o�u�r�c�e� �T�e�r�m�s� 

�C�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �s�o�u�r�c�e� �t�e�r�m�s� �w�e�r�e� �a�d�d�e�d� �t�o� �t�h�e� �r�e�s�i�d�u�a�l� �a�s� �s�h�o�w�n� �i�n� �t�h�e� �E�u�l�e�r� 

�e�x�p�l�i�c�i�t� �f�i�n�i�t�e� �v�o�l�u�m�e� �f�o�r�m�u�l�a�t�i�o�n�,� �E�q�u�a�t�i�o�n� �(�3�.�3�)�.� �H�o�w�e�v�e�r�,� �d�u�r�i�n�g� �s�i�m�u�l�a�t�i�o�n�,� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �t�h�e� 

�6�7



�s�o�u�r�c�e� �t�e�r�m� �w�a�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �i�n�l�e�t� �t�o� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �i�n�t�e�r�f�a�c�e� �v�a�l�u�e� �o�f� �t�h�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t� �w�a�s� �n�e�e�d�e�d�.� �F�o�r� �c�o�n�s�i�s�t�e�n�c�y� �t�h�e� �v�a�l�u�e� �w�a�s� 

�c�o�m�p�u�t�e�d� �t�o� �t�h�e� �s�a�m�e� �o�r�d�e�r� �o�f� �a�c�c�u�r�a�c�y� �a�s� �t�h�e� �f�l�u�x� �d�i�f�f�e�r�e�n�c�i�n�g�.� �W�h�e�n� �t�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� 

�m�e�t�h�o�d�s� �w�e�r�e� �u�s�e�d�,� �t�h�e�r�e� �w�a�s� �n�o�t� �a� �q�u�e�s�t�i�o�n� �a�s� �t�o� �h�o�w� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �i�n�l�e�t� �c�o�n�d�i�t�i�o�n�s� �t�o� �t�h�e� �s�t�a�g�e� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �g�r�i�d� �p�o�i�n�t� �c�o�i�n�c�i�d�i�n�g� �w�i�t�h� �t�h�e� 

�i�n�l�e�t� �t�o� �t�h�e� �s�t�a�g�e�.� �H�o�w�e�v�e�r�,� �i�n� �f�i�n�i�t�e� �v�o�l�u�m�e� �f�o�r�m�u�l�a�t�i�o�n�s�,� �t�h�e� �s�o�l�u�t�i�o�n� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �f�o�r� �t�h�e� 

�m�e�a�n� �v�a�l�u�e� �o�f� �e�a�c�h� �n�u�m�e�r�i�c�a�l� �c�o�n�t�r�o�l� �v�o�l�u�m�e�.� �F�o�r� �p�u�r�p�o�s�e�s� �o�f� �i�n�t�e�r�p�o�l�a�t�i�o�n� �a�n�d� �g�r�a�p�h�i�c�a�l� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �s�o�l�u�t�i�o�n�s�,� �t�h�i�s� �m�e�a�n� �v�a�l�u�e� �w�a�s� �a�p�p�l�i�e�d� �a�t� �t�h�e� �c�e�n�t�r�o�i�d� �o�f� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e�.� �I�n� 

�t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �f�l�u�x�e�s� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� �b�e�t�w�e�e�n� �v�o�l�u�m�e�s�,� �p�r�i�m�i�t�i�v�e� �v�a�r�i�a�b�l�e�s� �w�e�r�e� 

�i�n�t�e�r�p�o�l�a�t�e�d� �b�y� �t�h�e� �¢�-�x� �m�e�t�h�o�d�.� �H�o�w�e�v�e�r�,� �¢ ��«� �i�n�t�e�r�p�o�l�a�t�i�o�n�s� �a�r�e� �m�e�a�n�t� �t�o� �b�e� �a�p�p�l�i�e�d� �i�n� �f�l�u�x� 

�d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g�s� �o�r� �f�l�u�x� �v�e�c�t�o�r� �s�p�l�i�t�t�i�n�g�s� �T�h�e� �h�i�g�h�e�r� �o�r�d�e�r� �o�n�e�-�s�i�d�e�d� �i�n�t�e�r�p�o�l�a�t�i�o�n�s� �c�o�n�t�a�i�n� 

�t�r�u�n�c�a�t�i�o�n� �e�r�r�o�r�s� �t�h�a�t� �a�r�e� �e�l�i�m�i�n�a�t�e�d� �w�h�e�n� �u�s�e�d� �i�n� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d�s�,� �b�u�t� �n�o� �d�i�f�f�e�r�e�n�c�i�n�g� �i�s� 

�a�p�p�l�i�e�d� �w�h�e�n� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�.� �T�h�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t� �w�a�s� �d�e�f�i�n�e�d� �a�t� �t�h�e� �i�n�l�e�t� �t�o� �e�a�c�h� 

�s�t�a�g�e�.� �I�t� �s�e�e�m�e�d� �t�h�a�t� �t�h�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t� �s�h�o�u�l�d� �b�e� �c�o�m�p�u�t�e�d� �b�a�s�e�d� �o�n� �u�p�s�t�r�e�a�m� �i�n�f�o�r�m�a�t�i�o�n� 

�o�n�l�y�,� �r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �i�n� �t�h�e� �f�l�o�w�.� �T�h�u�s� �s�e�v�e�r�a�l� �m�e�t�h�o�d�s� �o�f� �i�n�t�e�r�p�o�l�a�t�i�n�g� �t�h�e� 

�f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t� �a�t� �t�h�e� �i�n�l�e�t� �t�o� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �s�t�a�g�e�s� �w�e�r�e� �e�x�a�m�i�n�e�d�.� �F�o�r� �t�h�e� �m�o�d�e�l�i�n�g� �w�o�r�k� 

�p�r�e�s�e�n�t�e�d�,� �t�h�e� �R�o�e� �(�1�9�8�6�)� �m�e�t�h�o�d� �o�f� �a�v�e�r�a�g�i�n�g� �w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �l�i�m�i�t�e�d�,� �i�n�t�e�r�p�o�l�a�t�e�d� �v�a�l�u�e�s� �a�t� 

�t�h�e� �i�n�t�e�r�f�a�c�e� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �f�l�o�w� �c�o�e�f�f�i�c�i�e�n�t�.� 

�S�o�u�r�c�e� �t�e�r�m�s�,� �W� �l�i�s�t�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�3�.�2�)�,� �w�e�r�e� �l�i�n�e�a�r�i�z�e�d� �f�o�r� �t�h�e� �l�e�f�t�-�h�a�n�d� �s�i�d�e� �o�f� 

�E�q�u�a�t�i�o�n� �(�3�.�4�)�.� �T�h�e� �m�e�t�h�o�d� �o�f� �l�i�n�e�a�r�i�z�a�t�i�o�n� �c�h�o�s�e�n� �w�a�s� �n�o�t� �u�n�i�q�u�e�.� �T�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� �s�c�h�e�m�e�s� 

�u�s�e�d� �i�n� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l� �a�r�e� �l�i�s�t�e�d�.� �I�n� �c�o�n�t�r�o�l� �v�o�l�u�m�e�s� �f�r�e�e� �o�f� �c�o�m�p�r�e�s�s�o�r� �r�e�l�a�t�e�d� 

�s�o�u�r�c�e� �t�e�r�m�s�,� �g�o�v�e�r�n�e�d� �b�y� �s�t�a�n�d�a�r�d� �q�u�a�s�i�-�o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �d�u�c�t� �f�l�o�w�,� �E�q�u�a�t�i�o�n� �(�3�.�7�)� �d�e�s�c�r�i�b�e�s� 

�t�h�e� �J�a�c�o�b�i�a�n� �u�s�e�d� �t�o� �l�i�n�e�a�r�i�z�e� �t�h�e� �s�o�u�r�c�e� �t�e�r�m�s�.� �T�h�i�s� �l�i�n�e�a�r�i�z�a�t�i�o�n� �w�a�s� �a�d�d�e�d� �t�o� �t�h�e� �m�a�i�n� �b�l�o�c�k�-� 

�d�i�a�g�o�n�a�l� �o�f� �t�h�e� �l�e�f�t� �h�a�n�d� �s�i�d�e� �s�o�l�u�t�i�o�n� �m�a�t�r�i�x�.� �I�n� �c�o�n�t�r�o�l� �v�o�l�u�m�e�s� �c�o�n�t�a�i�n�i�n�g� �c�o�m�p�r�e�s�s�o�r� �r�e�l�a�t�e�d� 

�s�o�u�r�c�e� �t�e�r�m�s�,� �E�q�u�a�t�i�o�n� �(�3�.�8�)� �p�r�e�s�e�n�t�s� �t�h�e� �f�o�r�m� �o�f� �t�h�e� �J�a�c�o�b�i�a�n� �u�s�e�d�.� �H�e�r�e�,� �q� �r�e�p�r�e�s�e�n�t�s� �t�h�e



� � �p�r�i�m�i�t�i�v�e� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r�,� �(�p�,�u�,�p�) ��.� �I�n� �E�q�u�a�t�i�o�n� �(�3�.�8�)� �t�h�e� �t�e�r�m�s� �a� �c�o�u�l�d� �n�o�t� �b�e� �e�v�a�l�u�a�t�e�d� 
�n� 

�a�n�a�l�y�t�i�c�a�l�l�y�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �w�e�r�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �s�e�c�o�n�d� �o�r�d�e�r� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� 

�a�p�p�r�o�x�i�m�a�t�i�o�n�s�.� �A�f�t�e�r� �s�o�m�e� �r�o�u�g�h� �e�x�p�e�r�i�m�e�n�t�a�t�i�o�n�,� �t�h�e� �s�m�a�l�l� �p�a�r�a�m�e�t�e�r�,� �«� �,� �w�a�s� �s�e�t� �t�o� �0�.�0�1� �o�r� 

�0�.�0�0�1�.� �T�h�e� �J�a�c�o�b�i�a�n� �w�a�s� �t�h�u�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �f�i�n�d�i�n�g� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �m�a�t�r�i�x�,� �a�q� 

�n�u�m�e�r�i�c�a�l�l�y� �a�n�d� �c�a�r�r�y�i�n�g� �o�u�t� �t�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �i�n�d�i�c�a�t�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�3�.�8�)�.� �W�h�e�n� �t�h�e� �s�o�u�r�c�e� 

�t�e�r�m�s� �w�e�r�e� �l�i�n�e�a�r�i�z�e�d� �f�o�r� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �j�,� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e�s�e� �t�e�r�m�s� �d�e�p�e�n�d�e�d� �o�n� �q�,� �w�h�e�r�e� �t�h�e� 

�e�q�u�a�t�i�o�n�s� �w�e�r�e� �e�v�a�l�u�a�t�e�d�,� �a�n�d� �q�.�,�.�.� �T�h�u�s�,� �t�h�e� �J�a�c�o�b�i�a�n�s� �w�e�r�e� �a�d�d�e�d� �t�o� �t�h�e� �m�a�i�n� �a�n�d� �l�o�w�e�r� 

�b�l�o�c�k�-�d�i�a�g�o�n�a�l�s� �o�f� �b�l�o�c�k�-�r�o�w� �/�i�n� �t�h�e� �l�e�f�t�-�h�a�n�d� �s�i�d�e� �s�o�l�u�t�i�o�n� �m�a�t�r�i�x�.� 
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� � � � � � 
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� � 

�a�w� �o�y�?� �°� �°� �d�A� �U� �B�T�U� �r�t�m� �-�y�-�)�|� �(�3�.�7�)� 
�0� �0� 

�a�w�,� �a�w�,� �a�w�,� 
�o�q�;� �9�G�,� �0�q�;� �7� �0� �0� 

�o�W� �_�a�W� �a�q� �_�j�a�W�,� �O�W�,� �O�W�L�]� �-�u� �i� �0� 

�2�0� �9�9� �0�0� �|� �o�y� �S�e� �S�T� �P�P� �(�3�.�8�)� �$�e� �8� �f�y� �1�)� �f�y� �-�t�)�u� �(�y�-�7� �3�g� �O�g� �a�g�e� �|�e� �t�m� �C�1�)� 
�O�W�,�,� �W�r� �e�l�d�.�(�1�+�e�)�]�- ��W�r�e�l�9�,�(�1 ��e�}�]� 
�o�q�,� �2 ¬�q�,� 

�3�.�5� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �F�D�S�S� 

�I�n� �d�e�v�e�l�o�p�i�n�g� �t�h�e� �m�u�l�t�i�s�t�a�g�e� �a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l� �f�o�r� �g�e�n�e�r�a�l� �a�p�p�l�i�c�a�t�i�o�n�s�,� �i�t� 

�b�e�c�a�m�e� �a�p�p�a�r�e�n�t� �t�h�a�t� �a� �m�o�r�e� �r�o�b�u�s�t� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d� �w�a�s� �d�e�s�i�r�a�b�l�e�.� �I�n� �p�u�r�s�u�i�t� �o�f� �t�h�i�s� �m�e�t�h�o�d�,� �i�t� 

�w�a�s� �d�e�c�i�d�e�d� �t�h�a�t� �u�p�w�i�n�d� �f�l�u�x�e�s� �(�R�o�e� �1�9�8�6�)� �s�h�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �U�p�w�i�n�d� �f�l�u�x�e�s� �a�r�e� �i�n� �w�i�d�e� �u�s�e� 

�f�o�r� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �s�o�l�u�t�i�o�n�s� �(�H�i�r�s�c�h� �1�9�9�0�)�.� �A�l�t�h�o�u�g�h� �u�p�w�i�n�d� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �f�l�u�x�e�s� �a�r�e� �u�s�e�d



�i�n� �a�n�o�t�h�e�r� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �d�y�n�a�m�i�c� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l� �(�H�a�l�e� �1�9�9�2�)�,� �t�h�e� �m�o�s�t� �p�o�p�u�l�a�r� 

�u�p�w�i�n�d� �m�e�t�h�o�d�s� �h�a�v�e� �n�o�t� �b�e�e�n� �t�e�s�t�e�d�.� �F�o�r� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �u�p�w�i�n�d� �m�e�t�h�o�d�s� 

�w�e�r�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �m�o�d�e�l�:� �F�l�u�x� �v�e�c�t�o�r� �s�p�l�i�t�t�i�n�g� �(�F�V�S�)� �(�v�a�n� �L�e�e�r� �1�9�8�2�)�,� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� 

�s�p�l�i�t�t�i�n�g� �(�F�D�S�)� �(�R�o�e� �1�9�8�1�)�,� �a�n�d� �a� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g� �i�n�c�l�u�d�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� 

�s�o�u�r�c�e� �t�e�r�m�s� �(�F�D�S�S�)�.� �T�h�e� �u�p�w�i�n�d� �m�e�t�h�o�d�s� �w�e�r�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �e�x�p�l�i�c�i�t� �m�e�t�h�o�d� �o�f� 

�M�a�c�C�o�r�m�a�c�k� �(�1�9�6�9�)� �w�i�t�h� �f�l�u�x� �c�o�r�r�e�c�t�e�d� �t�r�a�n�s�p�o�r�t� �(�F�C�T�)� �(�B�o�o�k� �1�9�7�5�)�.� 

�I�n� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g�,� �t�h�e� �n�u�m�e�r�i�c�a�l� �f�l�u�x� �i�s� �c�o�m�p�o�s�e�d� �o�f� �a� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �f�u�l�l� �f�l�u�x� 

�p�l�u�s� �a� �d�i�f�f�u�s�i�o�n� �t�e�r�m� �w�h�i�c�h� �i�s� �a�n� �e�x�p�r�e�s�s�i�o�n� �o�f� �t�h�e� �R�i�e�m�a�n�n� �p�r�o�b�l�e�m� �(�R�o�e� �1�9�8�6�)�.� �T�h�e� �R�i�e�m�a�n�n� 

�f�o�r�m� �i�s� �a�n� �a�l�t�e�r�n�a�t�e� �e�x�p�r�e�s�s�i�o�n� �o�f� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �e�x�p�l�i�c�i�t�l�y� �s�h�o�w�i�n�g� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �t�r�a�v�e�l�i�n�g� 

�a�l�o�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �w�a�v�e�s�.� �F�o�r� �s�t�e�a�d�y� �f�l�o�w�,� �t�h�e� �d�i�f�f�u�s�i�o�n� �t�e�r�m� �s�h�o�u�l�d� �v�a�n�i�s�h� �b�e�c�a�u�s�e� �i�t� �i�s� �a� 

�d�i�f�f�e�r�e�n�c�e� �f�o�r�m� �o�f� �t�h�e� �R�i�e�m�a�n�n� �e�q�u�a�t�i�o�n�s� �w�i�t�h� �t�h�e� �t�i�m�e� �d�e�r�i�v�a�t�i�v�e�s� �s�e�t� �t�o� �z�e�r�o� �(�R�o�e� �1�9�8�6�)�.� �W�h�e�n� 

�f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g� �i�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �d�i�f�f�u�s�i�o�n� �t�e�r�m� �i�s� �a�n� �a�l�t�e�r�n�a�t�e� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�.� �T�h�e�r�e�f�o�r�e�,� �w�h�e�n� �n�u�m�e�r�i�c�a�l�l�y� 

�s�o�l�v�i�n�g� �t�h�e� �s�p�e�c�i�f�i�c� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �m�o�d�e�l�,� �i�t� �i�s� �l�o�g�i�c�a�l� �t�o� �u�s�e� �a� �f�o�r�m� �o�f� �f�l�u�x� 

�d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�o�s�e� �e�q�u�a�t�i�o�n�s�.� 

�T�o� �i�n�c�l�u�d�e� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �t�o� �d�i�f�f�u�s�i�o�n� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �s�o�u�r�c�e� �t�e�r�m�s�,� �F�l�u�x� 

�D�i�f�f�e�r�e�n�c�e� �S�p�l�i�t�t�i�n�g� �w�i�t�h� �S�o�u�r�c�e� �T�e�r�m�s� �(�F�D�S�S�)� �w�a�s� �d�e�v�e�l�o�p�e�d�.� �T�h�e� �d�e�v�e�l�o�p�m�e�n�t� �f�o�l�l�o�w�s� �a� �f�o�r�m� 

�p�r�e�s�e�n�t�e�d� �b�y� �R�o�e� �f�o�r� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g� �i�n� �q�u�a�s�i�-�o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� �(�R�o�e� �1�9�8�6�)�.� �T�o� 

�c�o�m�p�l�e�t�e� �t�h�i�s� �d�e�v�e�l�o�p�m�e�n�t�,� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �R�i�e�m�a�n�n� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �r�e�f�o�r�m�e�d� �w�i�t�h� �t�h�e� �s�o�u�r�c�e� 

�t�e�r�m�s� �i�n�c�l�u�d�e�d�.� �T�h�e� �r�e�s�u�l�t� �w�a�s� �a� �d�i�f�f�e�r�e�n�t� �w�a�v�e� �s�t�r�e�n�g�t�h� �v�e�c�t�o�r�.� �I�f�,� �i�n� �E�q�u�a�t�i�o�n� �(�3�.�1�3�)�,� �t�h�e� �t�e�r�m�s� 

�r�e�p�r�e�s�e�n�t�i�n�g� �w�o�r�k� �a�n�d� �b�l�e�e�d� �a�r�e� �r�e�m�o�v�e�d� �a�n�d� �t�h�e� �i�m�p�u�l�s�e� �t�e�r�m�,� �A�/�M�P�,� �i�s� �r�e�p�l�a�c�e�d� �b�y� �p�A�A�,� �t�h�e� 

�w�a�v�e� �s�t�r�e�n�g�t�h� �v�e�c�t�o�r� �r�e�d�u�c�e�s� �t�o� �t�h�e� �o�n�e� �p�r�e�s�e�n�t�e�d� �b�y� �R�o�e� �f�o�r� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� 

�(�1�9�8�6�)�.� �E�x�c�e�p�t� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �w�a�v�e� �s�t�r�e�n�g�t�h�,� �t�h�e� �n�u�m�e�r�i�c�a�l� �f�l�u�x� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �F�D�S�S� �i�s� 

�i�d�e�n�t�i�c�a�l� �t�o� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g�.� 
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�T�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �a�r�e� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �f�o�r� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� 

�f�l�o�w� �w�i�t�h� �s�o�u�r�c�e� �t�e�r�m�s� �d�i�s�t�r�i�b�u�t�e�d� �d�i�s�c�r�e�t�e�l�y� �i�n� �t�h�e� �d�o�m�a�i�n� �t�o� �r�e�p�r�e�s�e�n�t� �f�o�r�c�e�,� �w�o�r�k� �a�n�d� �b�l�e�e�d� �i�n� 

�t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m�,� �E�q�u�a�t�i�o�n� �(�3�.�2�)�.� �T�o� �d�e�v�e�l�o�p� �t�h�e� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �w�a�v�e� �s�t�r�e�n�g�t�h�s�,� �i�t� �i�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �e�x�p�a�n�d� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �i�n�t�o� �E�q�u�a�t�i�o�n� �(�3�.�9�)� 

�A�2�4�9� �2�4� �,� �4�2�(�0�U�)� �,� �2�A� �_� �a�t�i�n�g� 

� � 

�o�t� �-� �a�t� �a�x� �o�x� �o�x� 
�a�(�p�u�)� �,� �a�A�,� �,�2�(�p�+�p�u�?�)� �_� �a�I�M�P� �a�A� 

�A � ��-� �A � � � � ��_ �� �=� �3�.�9� �a�t� �e�a �� �a�x� �a�x� �(�P�T� �P�U� �a�y� �(�3�.�9�)� 
�A�o�l� �P�e�o�)� �)�,� �d�f�u�(�p�+�p�e�,�)�]� �_� �9�H�,� �o�A� 

�o�t� �*�P�&�o� �-� �a�r�a� �O�x� �O�x� �U�P� �+� �P�e�o�)� �a� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �t�h�e�n� �m�a�n�i�p�u�l�a�t�e�d� �i�n�t�o� �p�r�i�m�i�t�i�v�e� �f�o�r�m�,� �E�q�u�a�t�i�o�n� �(�3�.�1�0�)�:� 

� � 

�a� �2�,� �2� �a� �v�s�)� 
�a�t� �a�x� �P�a�x� �A�l� �a�x� �P�a�x� �(�3�.�1�0�)� 
�u�y� �o�u� �t�a�p� �_� �1� �d�I�M�P�_�p�d�A�_� �v�o�m�,� 
�o�t� �o�x� �p�a�x� �x� �p� �a�x� �"�p�a�x�  ��5� �a�x� 

�a�H� �o�-� �u�e� �t�e� 
�2�?� �4�.�8�?� �,� �5�q�2� �B�U� �y�|�-�7� �+� 
�O�t� �a�x� �P�x� �z� �a� �a�A� �{�a� �-�2� �c�o� 

�o�V� �x�0�V� �x� 
�E�q�u�a�t�i�o�n� �(�3�.�1�0�)� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �v�e�c�t�o�r� �n�o�t�a�t�i�o�n�:� �v�e� �+� �A�~� �=�Q�.� 

�p� �u� �p� �o�O� 

�W�h�e�r�e�:� �V�=�l�|�u� �a�n�d� �A�=�|�0� �u� �5� �,� �t�h�e� �J�a�c�o�b�i�a�n�,� �a�n�d� 

�P� �0� �p�a�*� �u� 

� � 

� � 

�p� �o�x� �p�o�x� �p� �o�x� 

�t�q� �2� �n�e� �+� �B�a�D� �y�2� �S�o� �(�-�1� �t�e�u� �p�s�)� 
�A� 

�Q
�r�

 
�I�t� 

�A� �d�g�I�M�P� �p�d�a� �6� �|� 
�A� 

� � 

�2� �o�x� �o�x� 
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�T�o� �t�r�a�n�s�f�o�r�m� �t�h�e� �e�q�u�a�t�i�o�n�s� �i�n�t�o� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �f�o�r�m�,� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �(�d�i�a�g�o�n�a�l�i�z�e�d�)� �a�n�d� 

�l�e�f�t� �e�i�g�e�n�v�e�c�t�o�r�s� �(�t�r�a�n�s�p�o�s�e�d� �a�n�d� �r�o�w�-�w�i�s�e� �c�o�n�c�a�t�e�n�a�t�e�d�)� �o�f� �A� �w�e�r�e� �u�s�e�d� 

� � 

�f�g� �g�p� 
�u�-�a� �O� �o�O� �i�;� �p�a� 

�A�=�|� �0� �u�i� �0� �j�a�n�d�i�'�=�|�7�?�;�=�/�1� �0� �-�=�;�5� 
�O� �O� �U�+�a� �7�3� �;� 

�O�o� �7�  �� 
�p�a� 

�U�s�i�n�g� �t�h�e� �s�i�m�i�l�a�r�i�t�y� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �A�=�L�A�L�"�,� �t�h�e� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �t�r�a�n�s�f�o�r�m�e�d� �t�o� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �f�o�r�m�,� �E�q�u�a�t�i�o�n� �(�3�.�1�1�)�:� 
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� � 

�r�-�1�9�V� �,� �q�g�-�1�9�Y� �7�-�1�6� �o�r� 
�a�t� �o�x� 
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�T�h�i�s� �s�e�t� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� �R�i�e�m�a�n�n� �f�o�r�m� �w�i�t�h� �a� �d�e�r�i�v�a�t�i�v�e� �n�o�t�a�t�i�o�n� �g�i�v�e�n� �b�y� 
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�e�p� �p�a� �)� �a�x� �p�l� �a�j�a�x� 
 ��(�1�4�  ��1�u�)�9�p� �|� �(�y�-�1�)�9�4� �5�b� 

�2�a� �)� �a�x� �p�a� �a�x� �(�3�.�1�2�)� 

�(�2� �1�a� �o�e� �P� �(�1�+�)� 

�p�a�d�y� �+� �d�p� �=� �=� 

�|� �P� � � 
�d�@� �=�0�,�+�(�u�t�+�t�a�h�,� 

�T�h�i�s� �r�e�s�u�l�t� �i�s� �t�h�e� �f�o�r�m� �u�s�e�d� �t�o� �d�e�v�e�l�o�p� �R�o�e� �f�l�u�x�e�s� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �c�o�m�p�r�e�s�s�o�r� �m�o�d�e�l�.� 

�I�d�e�a�l�l�y�,� �t�h�i�s� �f�o�r�m� �o�f� �t�h�e� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g� �y�i�e�l�d�s� �d�i�f�f�u�s�i�o�n� �t�h�a�t� �i�s� �n�o�n� �z�e�r�o� �f�o�r� �u�n�s�t�e�a�d�y� �f�l�o�w�,� 

�a�n�d� �v�a�n�i�s�h�e�s� �i�n� �t�h�e� �c�o�n�v�e�r�g�e�d� �s�o�l�u�t�i�o�n�.� �T�h�i�s� �c�o�m�p�l�i�e�s� �w�i�t�h� �t�h�e� �c�r�i�t�e�r�i�o�n� �g�i�v�e�n� �b�y� �R�o�e� �(�1�9�8�6�)�.� 

�T�h�e� �r�e�s�u�l�t�i�n�g� �w�a�v�e� �s�t�r�e�n�g�t�h� �v�e�c�t�o�r� �i�s� �g�i�v�e�n� �b�y� �e�x�p�r�e�s�s�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �i�n� �i�n�t�e�g�r�a�t�e�d�,� �d�i�f�f�e�r�e�n�c�e� 

�f�o�r�m�,� �E�q�u�a�t�i�o�n� �(�3�.�1�3�)�.� 
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�4�.� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �M�o�d�e�l�i�n�g� 

�4�.�1� �D�e�v�e�l�o�p�m�e�n�t� �a�n�d� �v�e�r�i�f�i�c�a�t�i�o�n� �o�f� �2�-�D� �E�u�l�e�r�/�z�o�n�a�l� �S�o�l�v�e�r� 

�B�a�s�e�d� �o�n� �a� �c�o�m�p�a�r�i�s�o�n� �o�f� �u�p�w�i�n�d� �a�n�d� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d�s� �i�n� �D�Y�N�1�D� �a�n�d� �t�h�e� 

�g�e�n�e�r�a�l� �b�i�a�s� �o�f� �t�h�e� �l�i�t�e�r�a�t�u�r�e�,� �o�n�l�y� �u�p�w�i�n�d�,� �f�i�n�i�t�e� �v�o�l�u�m�e� �m�e�t�h�o�d�s� �w�e�r�e� �e�m�p�l�o�y�e�d� �t�o� �d�i�s�c�r�e�t�i�z�e� �t�h�e� 

�g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �u�s�e�d� �i�n� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l�i�n�g�.� �A�l�l� �m�o�d�e�l�i�n�g� �w�a�s� �b�a�s�e�d� �o�n� �t�h�e� �t�i�m�e�-� 

�d�e�p�e�n�d�e�n�t� �s�o�l�u�t�i�o�n� �o�f� �c�o�n�s�e�r�v�a�t�i�o�n� �e�q�u�a�t�i�o�n�s�.� �T�h�e�r�e�f�o�r�e� �a� �t�i�m�e�-�a�c�c�u�r�a�t�e� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e� 

�w�a�s� �r�e�q�u�i�r�e�d�.� �T�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �w�a�s� �a�c�h�i�e�v�e�d� �b�y� �e�x�p�l�i�c�i�t� �a�n�d� �f�a�c�t�o�r�e�d� 

�i�m�p�l�i�c�i�t� �m�e�t�h�o�d�s�.� �H�o�w�e�v�e�r�,� �d�i�r�e�c�t� �m�e�t�h�o�d�s� �o�n� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �g�r�i�d�s� �r�e�q�u�i�r�e� �t�r�e�m�e�n�d�o�u�s� �e�f�f�o�r�t� 

�f�o�r� �e�a�c�h� �i�n�v�e�r�s�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �f�u�l�l�y� �i�m�p�l�i�c�i�t�,� �d�i�r�e�c�t� �m�e�t�h�o�d�s� �w�e�r�e� �o�n�l�y� �a�t�t�e�m�p�t�e�d� �f�o�r� �t�h�e� �o�n�e�-� 

�d�i�m�e�n�s�i�o�n�a�l� �s�y�s�t�e�m�.� 

�T�h�e� �m�e�t�h�o�d�s� �c�h�o�s�e�n� �f�o�r� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�o�s�t�-�s�t�a�l�l� �m�o�d�e�l�i�n�g� �w�e�r�e� �b�a�s�e�d� �o�n� 

�a�x�i�s�y�m�m�e�t�r�i�c� �g�e�o�m�e�t�r�y� �a�n�d� �m�e�r�i�d�i�o�n�a�l�-�s�t�r�e�a�m�p�a�t�h� �g�e�o�m�e�t�r�y�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �e�x�p�e�d�i�e�n�t� 

�d�e�v�e�l�o�p�m�e�n�t�,� �b�o�t�h� �m�e�t�h�o�d�s� �w�e�r�e� �b�a�s�e�d� �o�n� �m�o�d�i�f�i�c�a�t�i�o�n�s� �t�o� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l�,� �u�p�w�i�n�d�,� �f�i�n�i�t�e� 

�v�o�l�u�m�e�,� �i�d�e�a�l� �g�a�s�,� �E�u�l�e�r� �e�q�u�a�t�i�o�n� �s�o�l�v�e�r� �(�T�a�y�l�o�r� �1�9�8�9�,� �W�a�l�t�e�r�s� �1�9�9�0�)�.� �T�i�m�e�-�a�c�c�u�r�a�t�e� �i�n�t�e�g�r�a�t�i�o�n� 

�w�a�s� �c�o�m�p�l�e�t�e�d� �w�i�t�h� �e�i�t�h�e�r� �J�a�m�e�s�o�n�-�s�t�y�l�e� �R�u�n�g�e�-�K�u�t�t�a� �i�n�t�e�g�r�a�t�i�o�n� �o�r� �a�p�p�r�o�x�i�m�a�t�e� �f�a�c�t�o�r�i�z�a�t�i�o�n� 

�w�i�t�h� �N�e�w�t�o�n� �i�n�n�e�r� �i�t�e�r�a�t�i�o�n�s�.� �F�o�r� �t�h�e� �c�a�s�e� �o�f� �f�i�r�s�t� �o�r�d�e�r� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �w�i�t�h� �o�n�e� �i�n�n�e�r� �i�t�e�r�a�t�i�o�n�,� 

�t�h�e� �i�m�p�l�i�c�i�t� �m�e�t�h�o�d� �r�e�d�u�c�e�d� �t�o� �s�t�a�n�d�a�r�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�a�c�t�o�r�i�z�a�t�i�o�n�.� �T�h�e� �i�n�n�e�r� �i�t�e�r�a�t�i�o�n� �m�e�t�h�o�d� 

�w�a�s� �d�e�v�e�l�o�p�e�d� �t�o� �e�l�i�m�i�n�a�t�e� �f�a�c�t�o�r�i�z�a�t�i�o�n� �e�r�r�o�r�s� �a�n�d� �r�e�c�o�v�e�r�e�d� �e�i�t�h�e�r� �f�i�r�s�t� �o�r� �s�e�c�o�n�d� �o�r�d�e�r� �t�i�m�e�-� 

�a�c�c�u�r�a�c�y� �(�R�a�i� �1�9�8�9�)�.� 

�T�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �E�u�l�e�r� �s�o�l�v�e�r� �w�a�s� �v�a�l�i�d�a�t�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �r�e�s�u�l�t�s� �t�o� �a� �t�h�o�r�o�u�g�h�l�y� 

�t�e�s�t�e�d�,� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �N�a�v�i�e�r�-�S�t�o�k�e�s� �s�o�l�v�e�r�,� �A�N�S�E�R�S� �(�W�a�l�t�e�r�s� �1�9�9�0�,� �T�a�y�l�o�r� �1�9�8�9�)�.� �A�N�S�E�R�S� 

�m�a�y� �b�e� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �i�d�e�n�t�i�c�a�l� �E�u�l�e�r�,� �f�i�n�i�t�e� �v�o�l�u�m�e�,� �f�l�u�x� �d�i�f�f�e�r�e�n�c�i�n�g� �e�q�u�a�t�i�o�n�s� �a�p�p�l�i�e�d� �i�n� �t�h�e� 

�n�e�w�l�y� �d�e�v�e�l�o�p�e�d� �m�o�d�e�l� �(�w�i�t�h� �n�o� �s�o�u�r�c�e� �t�e�r�m�s�)� �a�n�d� �t�h�e�r�e�f�o�r�e� �w�a�s� �i�d�e�a�l� �f�o�r� �c�o�m�p�a�r�i�s�o�n�.� �S�o�l�u�t�i�o�n�s� 
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�o�b�t�a�i�n�e�d� �w�i�t�h� �A�N�S�E�R�S� �a�n�d� �D�Y�N�2�D� �w�e�r�e� �v�e�r�y� �c�l�o�s�e�.� �T�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �E�u�l�e�r� 

�s�o�l�v�e�r� �i�n� �D�Y�N�2�D�,� �a� �t�e�s�t� �c�a�s�e� �u�s�e�d� �f�o�r� �e�v�a�l�u�a�t�i�o�n� �o�f� �E�u�l�e�r� �s�o�l�u�t�i�o�n�s� �b�y� �T�h�o�m�a�s� �e�t� �a�l�.� �(�1�9�8�5�)� �w�a�s� 

�r�u�n� �u�s�i�n�g� �A�N�S�E�R�S� �a�n�d� �D�Y�N�2�D�.� �I�n� �t�h�e� �t�e�s�t� �c�a�s�e�,� �t�h�e� �t�r�a�n�s�o�n�i�c� �f�l�o�w� �o�f� �a�n� �i�d�e�a�l� �g�a�s� �o�v�e�r� �a� �b�u�m�p� 

�i�n� �a� �c�h�a�n�n�e�l� �w�a�s� �s�i�m�u�l�a�t�e�d�.� �T�h�e� �f�l�o�w� �i�s� �c�h�o�k�e�d� �a�t� �t�h�e� �m�i�n�i�m�u�m� �a�r�e�a�,� �b�u�t� �a� �w�e�a�k� �s�h�o�c�k� �s�i�t�s� �i�n� 

�t�h�e� �d�i�v�e�r�g�i�n�g� �s�e�c�t�i�o�n�.� �T�h�e� �f�r�e�e� �s�t�r�e�a�m� �M�a�c�h� �n�u�m�b�e�r� �w�a�s� �s�e�t� �t�o� �0�.�8�5� �a�n�d� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �s�t�a�t�i�c� 

�p�r�e�s�s�u�r�e� �w�a�s� �h�e�l�d� �a�t� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �v�a�l�u�e�.� �A�l�o�n�g� �t�h�e� �u�p�p�e�r� �a�n�d� �l�o�w�e�r� �b�o�u�n�d�a�r�i�e�s�,� �l�a�r�g�e� �r�a�d�i�u�s� 

�o�f� �c�u�r�v�a�t�u�r�e� �s�l�i�p�-�s�u�r�f�a�c�e�s� �w�e�r�e� �m�o�d�e�l�e�d�;� �t�h�e� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �w�a�s� �s�e�t� �t�o� �z�e�r�o�,� �a�n�d� �t�h�e� 

�v�e�l�o�c�i�t�y� �v�e�c�t�o�r� �w�a�s� �s�e�t� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �b�o�u�n�d�a�r�y�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �M�a�c�h� �c�o�n�t�o�u�r�s� �a�r�e� �s�h�o�w�n� �f�o�r� 

�c�o�m�p�a�r�i�s�o�n� �i�n� �F�i�g�u�r�e� �4�.�1�.� 
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�F�i�g�u�r�e� �4�.�1�:� �C�o�m�p�a�r�i�s�o�n� �o�f� �E�u�l�e�r� �s�o�l�u�t�i�o�n� �i�n� �D�Y�N�2�D� �w�i�t�h� �A�N�S�E�R�S�.� �T�r�a�n�s�o�n�i�c� �f�l�o�w� �o�v�e�r� �a� 

�b�u�m�p� �i�n� �a� �c�h�a�n�n�e�l�,� �M�a�c�h� �c�o�n�t�o�u�r�s�.� �9�1�x�4�1� �g�r�i�d�.� �F�r�e�e�-�s�t�r�e�a�m� �M�a�c�h� �n�u�m�b�e�r�=�0�.�8�5�.� 

�T�h�e� �f�i�n�i�t�e� �v�o�l�u�m�e� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d� �w�a�s� �i�m�p�l�e�m�e�n�t�e�d� �o�n� �a� �s�t�r�u�c�t�u�r�e�d�,� �f�o�u�r�-�s�i�d�e�d� �g�r�i�d�.� 

�T�h�e�r�e�f�o�r�e�,� �t�o� �c�a�p�t�u�r�e� �c�o�m�p�l�e�x� �g�e�o�m�e�t�r�i�e�s�,� �a� �z�o�n�a�l� �m�e�t�h�o�d� �w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e�d� �E�u�l�e�r� 

�s�o�l�v�e�r�.� �T�h�e� �z�o�n�a�l� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �w�a�s� �b�a�s�e�d� �o�n� �s�i�m�p�l�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �d�o�m�a�i�n� �i�n�t�o� �f�o�u�r�-� 

�s�i�d�e�d� �z�o�n�e�s�.� �T�h�e� �i�n�t�e�r�z�o�n�a�l� �b�o�u�n�d�a�r�i�e�s� �r�e�q�u�i�r�e�d� �n�o� �s�p�e�c�i�a�l� �a�v�e�r�a�g�i�n�g� �m�e�t�h�o�d�s�.� �E�a�c�h� �c�e�l�l� �f�a�c�e� 

�o�n� �t�h�e� �i�n�t�e�r�z�o�n�a�l� �b�o�u�n�d�a�r�y� �w�a�s� �c�o�m�m�o�n� �t�o� �t�w�o� �c�e�l�l�s�,� �o�n�e� �o�n� �e�i�t�h�e�r� �s�i�d�e� �o�f� �t�h�e� �b�o�u�n�d�a�r�y�,� �a�s� 
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�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�2�.� �T�h�u�s�,� �o�n� �a�n� �i�n�t�e�r�z�o�n�a�l� �b�o�u�n�d�a�r�y�,� �c�o�n�s�e�r�v�a�t�i�o�n� �w�a�s� �e�n�s�u�r�e�d� �a�s� �i�n� �t�h�e� �r�e�s�t� 

�o�f� �t�h�e� �d�o�m�a�i�n�.� �D�i�f�f�e�r�e�n�c�i�n�g� �a�c�r�o�s�s� �i�n�t�e�r�z�o�n�a�l� �c�e�l�l� �f�a�c�e�s� �w�a�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �t�h�e� �s�a�m�e� �M�U�S�C�L�,� 

�f�i�n�i�t�e� �v�o�l�u�m�e�,� �u�p�w�i�n�d� �t�e�c�h�n�i�q�u�e� �a�s� �a�p�p�l�i�e�d� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �d�o�m�a�i�n�.� �H�o�w�e�v�e�r�,� �t�h�e� �o�r�d�e�r� �o�f� �¢�-�K� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �w�a�s� �n�o�t� �t�i�e�d� �t�o� �t�h�e� �o�r�d�e�r� �c�h�o�s�e�n� �f�o�r� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �d�o�m�a�i�n�,� �a�l�l�o�w�i�n�g� �f�i�r�s�t� �,� �s�e�c�o�n�d� �,� 

�o�r� �t�h�i�r�d� �o�r�d�e�r� �d�i�f�f�e�r�e�n�c�i�n�g� �t�o� �b�e� �c�h�o�s�e�n� �a�s� �d�e�s�i�r�e�d�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �t�h�i�r�d� �o�r�d�e�r� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �y�i�e�l�d�s� �o�n�l�y� �a� �s�e�c�o�n�d� �o�r�d�e�r� �a�c�c�u�r�a�t�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �s�o�l�u�t�i�o�n�.� �I�n� �t�h�e� �e�x�p�l�i�c�i�t� 

�i�n�t�e�g�r�a�t�i�o�n� �o�f� �m�u�l�t�i�z�o�n�e� �p�r�o�b�l�e�m�s�,� �t�i�m�e� �a�c�c�u�r�a�c�y� �w�a�s� �r�e�t�a�i�n�e�d� �b�y� �u�p�d�a�t�i�n�g� �t�h�e� �i�n�t�e�r�z�o�n�a�l� �f�l�u�x�e�s� 

�a�f�t�e�r� �e�a�c�h� �R�u�n�g�e�-�K�u�t�t�a� �s�t�a�g�e�.� �W�i�t�h� �t�h�e� �i�m�p�l�i�c�i�t� �m�e�t�h�o�d�,� �z�o�n�a�l� �s�o�l�u�t�i�o�n� �d�e�c�o�u�p�l�e�d� �e�a�c�h� �z�o�n�e�.� �T�o� 

�r�e�t�a�i�n� �b�l�o�c�k�-�t�r�i�d�i�a�g�o�n�a�l� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �i�m�p�l�i�c�i�t� �m�a�t�r�i�x�,� �i�n�t�e�r�z�o�n�a�l� �b�o�u�n�d�a�r�y� �f�l�u�x�e�s� �w�e�r�e� �n�o�t� 

�l�i�n�e�a�r�i�z�e�d�.� �T�i�m�e�-�a�c�c�u�r�a�c�y� �w�a�s� �r�e�c�o�v�e�r�e�d� �b�y� �e�x�p�l�i�c�i�t�l�y� �u�p�d�a�t�i�n�g� �t�h�e� �i�n�t�e�r�z�o�n�a�l� �b�o�u�n�d�a�r�i�e�s� �a�f�t�e�r� 

�e�a�c�h� �i�n�n�e�r� �i�t�e�r�a�t�i�o�n�.� �T�h�e� �z�o�n�a�l� �s�o�l�u�t�i�o�n� �w�a�s� �v�a�l�i�d�a�t�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �a� �c�o�n�v�e�r�g�e�d� �o�n�e�-�z�o�n�e�,� 

�E�u�l�e�r� �s�o�l�u�t�i�o�n� �t�o� �a� �t�w�o�-�z�o�n�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�a�m�e� �g�e�o�m�e�t�r�y�.� 

�s�o�l�u�t�i�o�n� �v�e�c�t�o�r� �a�t� �c�a�l�l�{�j�d�i�m�-�1�,�x�)� �i�n� �z�o�n�e� �1� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r� �a�t� �c�a�l�l�(�1�,�y�)� �i�n� �z�o�n�e� �3� 

�c�o�m�m�o�n� �c�e�l�l� �b�o�u�n�d�a�r�i�e�s� �a�l�o�n�g� �t�h�i�s� �l�i�n�e� 

�(�c�o�l�u�m�n�(�j�d�i�m�-�1� 

�f�l�u�x� �a�t� �c�e�l�l� �o�n� �z�o�n�a�l� 

� � 

�F�i�g�u�r�e� �4�.�2�:� �I�n�t�e�r�z�o�n�a�l� �b�o�u�n�d�a�r�y� �d�i�a�g�r�a�m�.� 

�4�.�2� �A�x�i�a�l�-�R�a�d�i�a�l� �M�o�d�e�l�i�n�g� 

�T�h�e� �f�l�o�w� �i�n� �a� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �i�s� �h�i�g�h�l�y� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l�.� �H�o�w�e�v�e�r�,� �g�r�e�a�t� �r�e�d�u�c�t�i�o�n� 

�i�n� �h�u�m�a�n� �a�n�d� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�o�r�t� �c�a�n� �b�e� �m�a�d�e� �b�y� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �f�l�o�w� �i�s� �a�x�i�s�y�m�m�e�t�r�i�c� �a�b�o�u�t



�t�h�e� �c�e�n�t�e�r� �l�i�n�e� �o�f� �t�h�e� �r�o�t�a�t�i�n�g� �m�a�c�h�i�n�e�r�y�.� �T�h�i�s� �w�o�u�l�d� �e�x�a�c�t�l�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �f�l�o�w� �i�n� �a� �c�o�m�p�r�e�s�s�i�o�n� 

�s�y�s�t�e�m� �d�u�r�i�n�g� �f�l�o�w� �w�i�t�h� �i�n�f�i�n�i�t�e� �s�o�l�i�d�i�t�y� �b�l�a�d�i�n�g�,� �n�o� �s�t�r�u�t�s�,� �a�n�d� �p�e�r�f�e�c�t�l�y� �c�l�e�a�n� �i�n�l�e�t� �a�n�d� �e�x�i�t� 

�c�o�n�d�i�t�i�o�n�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �p�r�e�v�i�o�u�s� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �w�i�d�e�-�r�a�n�g�e� �d�y�n�a�m�i�c� �m�o�d�e�l�i�n�g� �e�f�f�o�r�t�s� �h�a�v�e� �b�e�e�n� 

�b�a�s�e�d� �o�n� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� �s�o�l�u�t�i�o�n�s� �(�H�a�r�v�e�l�l� �1�9�9�2�,� �H�a�l�e� �1�9�9�2�)�.� �T�h�e�s�e� �m�o�d�e�l�s� �w�e�r�e� �n�e�a�r�l�y� 

�i�d�e�n�t�i�c�a�l� �i�n� �t�h�e�o�r�e�t�i�c�a�l� �b�a�s�i�s� �t�o� �D�Y�N�1�D�.� �B�y� �a�p�p�l�y�i�n�g� �t�h�e� �s�a�m�e� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l� �o�f� �t�h�e� 

�c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �s�t�a�g�e�s� �a�s� �i�n� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l�s� �a�n�d� �i�n�c�o�r�p�o�r�a�t�i�n�g� �i�t� �i�n�t�o� �a� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d�,� �i�t� �w�a�s� �h�o�p�e�d� �t�h�a�t� �a� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l� �c�a�p�a�b�l�e� �o�f� �h�a�n�d�l�i�n�g� 

�f�l�o�w�s� �a�r�o�u�n�d� �s�p�l�i�t�t�e�r� �r�e�g�i�o�n�s� �w�o�u�l�d� �r�e�s�u�l�t�.� �T�h�u�s�,� �i�t� �w�a�s� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �a�n� �a�x�i�s�y�m�m�e�t�r�i�c� �f�l�o�w� 

�m�o�d�e�l� �w�a�s� �t�h�e� �m�o�s�t� �r�e�a�s�o�n�a�b�l�e� �f�o�r�m� �t�o� �c�a�p�t�u�r�e� �t�h�i�s� �f�l�o�w� �s�i�t�u�a�t�i�o�n�.� 

�4�.�2�.�1� �G�o�v�e�r�n�i�n�g� �E�q�u�a�t�i�o�n�s� 

�T�h�e� �a�x�i�s�y�m�m�e�t�r�i�c� �f�o�r�m� �o�f� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �f�o�r� �a�n� �i�d�e�a�l� �g�a�s� �g�o�v�e�r�n�e�d� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �o�f� 

�s�u�r�g�e� �a�n�d� �s�p�l�i�t� �f�l�o�w� �p�a�t�h� �m�o�d�e�l�i�n�g�.� �S�o�u�r�c�e� �t�e�r�m�s� �r�e�p�r�e�s�e�n�t�i�n�g� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �c�o�m�p�o�n�e�n�t�s� 

�w�e�r�e� �a�d�d�e�d� �t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� �w�i�t�h�i�n� �t�h�e� �d�o�m�a�i�n� �o�f� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�s�.� �I�n� �t�h�i�s� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� 

�a�x�i�a�l� �p�o�s�i�t�i�o�n� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �x�,� �a�n�d� �t�h�e� �r�a�d�i�a�l� �p�o�s�i�t�i�o�n� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �y�.� �T�h�u�s�,� �u� �i�s� �t�h�e� �a�x�i�a�l� 

�v�e�l�o�c�i�t�y�,� �a�n�d� �v� �i�s� �t�h�e� �r�a�d�i�a�l� �v�e�l�o�c�i�t�y�.� �T�h�e�s�e� �e�q�u�a�t�i�o�n�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s�,� 

�m�o�m�e�n�t�u�m�,� �a�n�d� �e�n�e�r�g�y� �f�o�r� �a�n� �e�l�e�m�e�n�t�a�l� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �v�o�l�u�m�e�,� �F�i�g�u�r�e� �4�.�3�.� �T�h�u�s�,� �t�h�e� 

�a�x�i�a�l�-�c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �m�o�d�e�l�,� �d�e�s�c�r�i�b�e�d� �b�y� �E�q�u�a�t�i�o�n� �(�4�.�1�)�,� �i�s� �a� �d�i�r�e�c�t� 

�e�x�t�e�n�s�i�o�n� �o�f� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l�.� �I�n� �a�d�d�i�t�i�o�n�,� �a� �f�i�r�s�t� �o�r�d�e�r� �t�i�m�e� �l�a�g� �w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� 

�f�o�r�c�e� �o�n� �d�u�e� �t�o� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�s�.� 

�I�n� �D�Y�N�2�D�,� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �r�e�q�u�i�r�e�d� �s�o�m�e� �s�p�e�c�i�a�l� �n�u�m�e�r�i�c�a�l� �t�r�e�a�t�m�e�n�t�.� �D�u�r�i�n�g� 

�s�i�m�u�l�a�t�i�o�n�s� �o�f� �s�u�r�g�e�,� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �c�o�n�s�i�d�e�r� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �m�i�x�e�d� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� 

�i�n�l�e�t�.� �F�o�r� �t�h�e� �c�a�s�e� �o�f� �p�o�s�i�t�i�v�e� �f�l�o�w� �n�o�r�m�a�l� �t�o� �t�h�e� �b�o�u�n�d�a�r�y�,� �t�o�t�a�l� �e�n�t�h�a�l�p�y�,� �t�o�t�a�l� �p�r�e�s�s�u�r�e�,� �a�n�d� �f�l�o�w� 

�d�i�r�e�c�t�i�o�n� �w�e�r�e� �s�p�e�c�i�f�i�e�d�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �t�h�e� �f�l�o�w� �w�a�s� �r�e�v�e�r�s�e�d� �o�n� �p�a�r�t� �o�f� �t�h�e� �i�n�l�e�t� �b�o�u�n�d�a�r�y�,� 

�s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �w�a�s� �s�p�e�c�i�f�i�e�d�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �w�a�s� �a�s�s�u�m�e�d� �t�o� �t�a�k�e� �t�h�e� �s�a�m�e� 

�7�8



�v�a�l�u�e� �a�s� �t�h�e� �s�p�e�c�i�f�i�e�d� �i�n�l�e�t� �t�o�t�a�l� �p�r�e�s�s�u�r�e�.� �T�h�e� �f�l�o�w� �d�i�r�e�c�t�i�o�n� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �e�x�p�l�i�c�i�t�l�y� �f�r�o�m� �t�h�e� 

�s�o�l�u�t�i�o�n� �a�t� �t�h�e� �p�r�e�v�i�o�u�s� �t�i�m�e� �s�t�e�p�.� �A�l�o�n�g� �t�h�e� �e�x�i�t� �b�o�u�n�d�a�r�y�,� �e�x�i�t� �M�a�c�h� �n�u�m�b�e�r� �w�a�s� �s�p�e�c�i�f�i�e�d�,� 

�s�i�m�u�l�a�t�i�n�g� �a� �c�h�o�k�e�d� �n�o�z�z�l�e�.� �H�o�w�e�v�e�r�,� �i�f� �t�h�e� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �i�n� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�t�r�o�l� �v�o�l�u�m�e� 

�d�r�o�p�p�e�d� �b�e�l�o�w� �t�h�e� �v�a�l�u�e� �n�e�c�e�s�s�a�r�y� �t�o� �c�h�o�k�e� �a�n� �i�s�e�n�t�r�o�p�i�c� �n�o�z�z�l�e�,� �t�h�e� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �a�t� �t�h�e� �e�x�i�t� 

�w�a�s� �s�p�e�c�i�f�i�e�d�.� �I�n� �t�h�i�s� �c�a�s�e� �t�h�e� �p�r�e�s�s�u�r�e� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �h�o�l�d�i�n�g� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�n�s�t�a�n�t� �f�r�o�m� 

�t�h�e� �p�r�e�v�i�o�u�s� �i�n�t�e�g�r�a�t�i�o�n� �s�t�e�p�.� �T�h�i�s� �e�x�i�t� �p�r�e�s�s�u�r�e� �w�a�s� �h�e�l�d� �u�n�t�i�l� �t�h�e� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �w�a�s� �s�u�f�f�i�c�i�e�n�t� �t�o� 

�c�h�o�k�e� �a�n� �i�s�e�n�t�r�o�p�i�c� �n�o�z�z�l�e�,� �a�n�d� �t�h�e�n� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� �b�o�u�n�d�a�r�y� �w�a�s� �e�n�f�o�r�c�e�d�.� �B�o�u�n�d�a�r�y� 

�e�q�u�a�t�i�o�n�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �f�i�r�s�t� �o�r�d�e�r� �e�x�t�r�a�p�o�l�a�t�i�o�n�s�.� �A�t� �s�o�l�i�d� �w�a�l�l�s�,� �v�e�l�o�c�i�t�y� �w�a�s� �h�e�l�d� �t�a�n�g�e�n�t� 

�t�o� �t�h�e� �s�u�r�f�a�c�e� �a�n�d� �t�h�e� �s�p�a�t�i�a�l� �d�e�r�i�v�a�t�i�v�e� �o�f� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �a�n�d� �d�e�n�s�i�t�y� �n�o�r�m�a�l� �t�o� �t�h�e� �s�u�r�f�a�c�e� �w�a�s� 

�s�e�t� �t�o� �z�e�r�o�.� �T�h�i�s� �c�o�n�d�i�t�i�o�n� �i�s� �v�a�l�i�d� �f�o�r� �i�s�e�n�t�r�o�p�i�c� �f�l�o�w� �a�l�o�n�g� �a� �s�u�r�f�a�c�e� �w�i�t�h� �a� �l�a�r�g�e� �r�a�d�i�u�s� �o�f� 

�c�u�r�v�a�t�u�r�e�.� 
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�F�i�g�u�r�e� �4�.�3�:� �A�x�i�s�y�m�m�e�t�r�i�c� �C�o�n�t�r�o�l� �V�o�l�u�m�e� �E�l�e�m�e�n�t� �f�o�r� �C�o�n�s�e�r�v�a�t�i�o�n� �E�q�u�a�t�i�o�n�s�.� 
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�p� �p�u� �p�v� 
�2� �O�-� �p�u� �F�e� �p�+�p�u� �G�-� �p�u�v� 
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�(� �p�y�,�  �� �o�Y� �)� �p� �B�L�E�E�D� �~�"�y�,� 

�p�u�v� 
�f�p�a�v�e�  �� 

�W� �=� �p�v�?� 

�*� �(� �)� �.� �.� �,� �v�(�p�+�p�e�,� 
�W�e�r�a�v�e� �+� �W�u�i�s�c�  �� �N�e�e�n� �(�e�e� �e�e�t� �(�4�.�1�)� 

�C�f�,� 
�T� �a�t� �=� �f�e�c�a�v�e�s�s� �~� �f�e�r�a�n�e� �(�4�.�2�)� 

�4�.�2�.�2� �M�o�d�i�f�i�c�a�t�i�o�n� �t�o� �C�a�r�t�e�s�i�a�n� �f�o�r�m�.� 

�W�i�t�h�o�u�t� �t�h�e� �s�o�u�r�c�e� �t�e�r�m�,� �W�,� �E�q�u�a�t�i�o�n�s� �(�4�.�1�)� �a�r�e� �t�h�e� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �i�n� 

�C�a�r�t�e�s�i�a�n� �f�o�r�m�.� �T�h�e�r�e�f�o�r�e�,� �b�e�g�i�n�n�i�n�g� �w�i�t�h� �a� �C�a�r�t�e�s�i�a�n� �f�i�n�i�t�e� �v�o�l�u�m�e� �E�u�l�e�r� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�,� �i�t� �w�a�s� �a� 

�s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �m�a�t�t�e�r� �t�o� �a�d�d� �t�h�e� �s�o�u�r�c�e� �t�e�r�m� �t�o� �t�h�e� �r�e�s�i�d�u�a�l� �o�f� �s�p�a�t�i�a�l� �i�n�t�e�g�r�a�t�i�o�n� �a�n�d� �r�e�s�o�l�v�e� �t�h�e� 

�a�x�i�s�y�m�m�e�t�r�i�c� �e�q�u�a�t�i�o�n�s�.� �(�T�h�i�s� �i�s� �e�q�u�a�l�l�y� �t�r�u�e� �f�o�r� �t�h�e� �m�e�r�i�d�i�o�n�a�l�-�s�t�r�e�a�m�p�a�t�h� �m�o�d�e�l�i�n�g� �d�e�s�c�r�i�b�e�d� 

�l�a�t�e�r�.�)� �A�l�l� �s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �c�o�n�d�u�c�t�e�d� �o�n� �c�o�m�p�u�t�a�t�i�o�n�a�l� �g�r�i�d�s� �w�i�t�h� �c�e�l�l�s� �a�l�i�g�n�e�d� �s�u�c�h� �t�h�a�t� 

�j�=�c�o�n�s�t�a�n�t�,� �r�a�d�i�a�l� �f�a�c�e�s� �w�e�r�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �a�x�i�a�l� �d�i�r�e�c�t�i�o�n�.� �A� �s�a�m�p�l�e� �g�r�i�d� �i�s� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� 

�4�.�4�.� 

�I�t� �w�a�s� �a�s�s�u�m�e�d� �t�h�a�t� �s�t�a�g�e� �f�l�o�w� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �m�e�a�s�u�r�e�d� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �c�e�l�l� 

�f�a�c�e�s� �s�h�o�u�l�d� �b�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �m�e�a�n� �f�l�o�w� �d�i�r�e�c�t�i�o�n� �i�n� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e� �r�e�g�i�o�n�s�.� �T�h�u�s� �i�n� 

�a�n� �a�x�i�a�l� �c�o�m�p�r�e�s�s�o�r�,� �t�h�e� �c�e�l�l� �f�a�c�e�s� �s�h�o�u�l�d� �b�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �a�x�i�a�l� �d�i�r�e�c�t�i�o�n�.� �F�o�r� �a�n� 

�a�r�b�i�t�r�a�r�y� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n�,� �t�h�e� �f�i�n�i�t�e� �v�o�l�u�m�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �i�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �(�4�.�3�)� �T�o� �p�e�r�f�o�r�m



�t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n�,� �t�h�e� �e�x�p�l�i�c�i�t� �R�u�n�g�e�-�K�u�t�t�a� �m�e�t�h�o�d� �a�n�d� �t�h�e� �i�m�p�l�i�c�i�t�,� �a�p�p�r�o�x�i�m�a�t�e�l�y� �f�a�c�t�o�r�e�d� 

�s�u�b�i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d� �w�e�r�e� �u�s�e�d�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �r�e�s�u�l�t�s� �w�i�t�h� �s�t�e�a�d�y�-�s�t�a�t�e� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� 

�n�o�z�z�l�e� �f�l�o�w� �w�a�s� �e�m�p�l�o�y�e�d� �t�o� �v�a�l�i�d�a�t�e� �t�h�e� �a�x�i�s�y�m�m�e�t�r�i�c� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e�.� 
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�T�a�l�,� �B�e� �+�9�0�8� �J� �d�i�t� 

�J�=�E�m�,�-�E�m�,� �F�a�,� �/�d�+�G�,�/�J� �g�=�P�y�,�/�d�+�G�n�,� �/�d� �(�4�.�3�)� 

�S�f� �f�i�v�e� �t�i�v�e�.� �5�,�9�=�9� �j�a�s�e�  �� �O�j� �a�-�u�2� 
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�F�i�g�u�r�e� �4�.�4�:� �C�o�m�p�u�t�a�t�i�o�n�a�l� �g�r�i�d� �f�o�r� �a�x�i�s�y�m�m�e�t�r�i�c� �f�i�n�i�t�e� �v�o�l�u�m�e� �s�i�m�u�l�a�t�i�o�n�s�.� 

�4�.�2�.�3� �T�r�e�a�t�m�e�n�t� �o�f� �s�o�u�r�c�e� �t�e�r�m�s� 

�S�o�u�r�c�e� �t�e�r�m�s� �t�o� �r�e�p�r�e�s�e�n�t� �w�o�r�k� �a�n�d� �f�o�r�c�e� �d�o�n�e� �b�y� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �w�e�r�e� �d�i�s�t�r�i�b�u�t�e�d� 

�w�i�t�h�i�n� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �e�a�c�h� �s�t�a�g�e�.� �W�i�t�h�i�n� �t�h�a�t� �p�o�r�t�i�o�n� �o�f� �t�h�e� �d�o�m�a�i�n�,� 

�t�h�e� �g�r�i�d� �r�e�f�i�n�e�m�e�n�t� �s�p�e�c�i�f�i�e�d�.� �D�e�p�e�n�d�i�n�g� �o�n� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �s�o�l�u�t�i�o�n� �c�o�n�v�e�r�g�e�n�c�e�,� �t�h�e� �g�r�i�d� �w�a�s� 

�r�e�f�i�n�e�d� �w�i�t�h�i�n� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�.� �T�h�e� �s�o�u�r�c�e� �t�e�r�m�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �w�o�r�k� �a�n�d� �f�o�r�c�e� �i�n� �t�h�e� 

�c�o�m�p�r�e�s�s�o�r� �a�r�e� �p�e�r� �u�n�i�t� �a�x�i�a�l�-�l�e�n�g�t�h�.� �T�h�e�r�e�f�o�r�e�,� �w�i�t�h�o�u�t� �c�h�a�n�g�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�r� �v�a�l�u�e� �o�f� �t�h�e� 

�s�o�u�r�c�e� �t�e�r�m�s�,� �t�h�e� �g�r�i�d� �m�a�y� �b�e� �r�e�f�i�n�e�d� �i�n�d�e�f�i�n�i�t�e�l�y�.� 

�N�o� �a�t�t�e�m�p�t� �w�a�s� �m�a�d�e� �t�o� �w�e�i�g�h�t� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �f�o�r�c�e� �a�n�d� �w�o�r�k� �s�o�u�r�c�e� �t�e�r�m�s� �a�x�i�a�l�l�y� 

�w�i�t�h�i�n� �t�h�e� �s�t�a�g�e�.� �H�o�w�e�v�e�r�,� �a�n� �a�r�b�i�t�r�a�r�y� �w�e�i�g�h�t�i�n�g� �f�a�c�t�o�r� �a�p�p�l�i�e�d� �t�o� �t�h�e� �s�o�u�r�c�e� �t�e�r�m� �r�e�l�a�t�i�v�e� �t�o� 

�r�a�d�i�u�s�.� �T�h�e� �f�a�c�t�o�r� �w�a�s� �a�d�d�e�d� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �t�h�e� �w�o�r�k� �a�n�d� �f�o�r�c�e� �d�o�n�e� �o�n� �a� �s�l�u�g� �f�l�o�w� �w�o�u�l�d� 

�b�e� �u�n�c�h�a�n�g�e�d�,� �b�u�t� �t�h�e�r�e� �w�o�u�l�d� �b�e� �l�e�s�s� �w�o�r�k� �d�o�n�e� �o�n� �t�h�e� �f�l�o�w� �a�t� �t�h�e� �m�i�d�-�s�p�a�n� �t�h�a�n� �a�t� �t�h�e� �h�u�b� �o�r� 

�8�1



�t�h�e� �t�i�p�;� �t�h�e�r�e� �w�a�s� �a� �r�e�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �l�o�c�a�l� �w�o�r�k� �d�o�n�e� �o�n� �t�h�e� �f�l�o�w�,� �W�a�a�n�e� �(�j�,�k�)�.� �T�h�e� �t�o�t�a�l� 

�p�r�e�s�s�u�r�e� �r�a�t�i�o� �a�c�r�o�s�s� �t�h�e� �s�t�a�g�e� �w�a�s� �u�n�w�e�i�g�h�t�e�d� �a�n�d� �h�a�d� �a� �f�l�a�t� �p�r�o�f�i�l�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �e�f�f�e�c�t� �o�f� 

�t�h�e� �r�e�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �w�o�r�k� �w�a�s� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �a�t� �m�i�d�s�p�a�n� �a�n�d� �d�e�c�r�e�a�s�e� �i�t� �n�e�a�r� �t�h�e� �h�u�b� 

�a�n�d� �c�a�s�i�n�g�.� �O�t�h�e�r� �t�h�a�n� �t�h�i�s� �h�e�u�r�i�s�t�i�c� �a�r�g�u�m�e�n�t�,� �n�o� �c�o�r�r�e�l�a�t�i�o�n�s� �w�e�r�e� �b�u�i�l�t� �i�n�t�o� �t�h�e� �r�e�d�i�s�t�r�i�b�u�t�i�o�n�.� 

�S�o�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �f�a�c�t�o�r� �w�a�s� �a� �p�a�r�a�m�e�t�e�r� �f�o�r� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s� �r�a�t�h�e�r� �t�h�a�n� �a� �m�o�d�e�l� �b�a�s�e�d� 

�o�n� �f�i�r�s�t� �p�r�i�n�c�i�p�l�e�s�.� �T�h�e� �n�u�m�e�r�i�c�a�l� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �(�4�.�4�)�.� �H�e�r�e� �y�,� �i�s� �t�h�e� �a�v�e�r�a�g�e� 

�r�a�d�i�u�s� �o�f� �a� �c�o�l�u�m�n� �o�f� �c�e�l�l�s� �a�t� �a�n� �a�x�i�a�l� �l�o�c�a�t�i�o�n�,� �x�,�;� �y�,�,� �i�s� �t�h�e� �r�a�d�i�u�s� �o�f� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e�;� �x� �i�s� �a� 

�d�i�s�t�r�i�b�u�t�i�o�n� �f�a�c�t�o�r� �b�e�t�w�e�e�n� �z�e�r�o� �a�n�d� �o�n�e�;� �W�p�,� �a�n�e� �i�s� �t�h�e� �m�e�a�n� �w�o�r�k� �p�e�r� �v�o�l�u�m�e�,� �a�n�d� �W�a�g�a�n� �i�s� �t�h�e� 

�r�e�s�u�l�t�i�n�g� �w�e�i�g�h�t�e�d� �w�o�r�k�.� �A�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�5�,� �i�n� �t�h�i�s� �r�e�l�a�t�i�o�n�,� �c�e�l�l� �c�o�l�u�m�n�s� �w�e�r�e� �a�s�s�u�m�e�d� 

�p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �a�x�i�a�l� �d�i�r�e�c�t�i�o�n�,� �a�n�d� �t�h�e� �a�x�i�a�l� �d�i�r�e�c�t�i�o�n� �w�a�s� �t�h�e� �a�s�s�u�m�e�d� �d�i�r�e�c�t�i�o�n� �o�f� �b�l�a�d�e� 

�f�o�r�c�e�.� 

�1� �(�V�i�n� �~�¥�;�)� 
�W�a�r�a�n�e� �(�1�K�)� �=� �W�a�r�a�n�e� �1�+�%� �3�7� �7� �(�4�.�4�)� 

�i



�R�a�d�i�a�l�l�y� �d� 

�C�o�m�p�r�e�s�s�o�r� �s�t�a�g�e� � � 
�F�i�g�u�r�e� �4�.�5�:� �D�i�s�t�r�i�b�u�t�i�o�n� �o�f� �w�o�r�k� �a�l�o�n�g� �a� �c�o�l�u�m�n� �o�f� �c�e�l�l�s� �i�n� �c�o�m�p�r�e�s�s�o�r� �s�t�a�g�e�.� 

�4�.�3� �A�x�i�a�l�-�C�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �M�o�d�e�l�i�n�g� 

�T�h�e� �f�l�o�w� �s�t�r�u�c�t�u�r�e� �i�n� �a� �c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �d�u�r�i�n�g� �a�n� �a�c�t�u�a�l� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �c�e�l�l� �i�s� �t�h�r�e�e�-� 

�d�i�m�e�n�s�i�o�n�a�l�.� �H�o�w�e�v�e�r�,� �a�s� �h�a�s� �b�e�e�n� �s�h�o�w�n� �b�y� �N�e�u�h�o�f�f� �(�1�9�8�6�)� �a�n�d� �N�o�w�i�n�s�k�i� �(�1�9�9�3�)�,� �a� �f�a�i�r� 

�s�i�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �i�n�c�e�p�t�i�o�n� �a�n�d� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �a� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �c�e�l�l� �c�a�n� �b�e� 

�d�e�m�o�n�s�t�r�a�t�e�d� �b�y� �s�i�m�u�l�a�t�i�n�g� �f�l�u�i�d� �f�l�o�w� �i�n� �m�e�r�i�d�i�o�n�a�l�-�s�t�r�e�a�m�p�a�t�h� �c�o�o�r�d�i�n�a�t�e�s�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� 

�v�a�r�i�a�t�i�o�n� �i�n� �f�l�u�i�d� �p�r�o�p�e�r�t�i�e�s� �n�o�r�m�a�l� �t�o� �t�h�e� �a�s�s�u�m�e�d� �s�t�r�e�a�m�p�a�t�h� �i�s� �n�e�g�l�e�c�t�e�d�.� �T�h�e� �h�e�i�g�h�t� �o�f� �t�h�e� 

�c�h�a�n�n�e�l� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a� �f�u�n�c�t�i�o�n� �o�f� �a�x�i�a�l� �p�o�s�i�t�i�o�n� �o�n�l�y�,� �a�n�d� �t�h�e� �e�f�f�e�c�t�s� �o�f� �v�a�r�i�a�t�i�o�n� �c�h�a�n�n�e�l� 

�h�e�i�g�h�t� �n�o�r�m�a�l� �t�o� �t�h�e� �s�t�r�e�a�m�p�a�t�h� �i�s� �r�e�t�a�i�n�e�d�.� �T�h�i�s� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �f�l�o�w� �a�r�e�a� 

�v�a�r�i�a�t�i�o�n� �i�n� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�u�i�d� �m�o�d�e�l�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �r�a�d�i�u�s� �o�f� �t�h�e� �m�e�a�n� �f�l�o�w� �p�a�t�h� �i�s



�a�l�l�o�w�e�d� �t�o� �v�a�r�y� �w�i�t�h� �a�x�i�a�l� �p�o�s�i�t�i�o�n� �b�u�t� �n�o�t� �m�a�y� �n�o�t� �v�a�r�y� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l�l�y� �a�t� �a�n�y� �p�a�r�t�i�c�u�l�a�r� �a�x�i�a�l� 

�l�o�c�a�t�i�o�n�.� 

�4�.�3�.�1� �M�e�r�i�d�i�o�n�a�l� �S�t�r�e�a�m�p�a�t�h� �E�q�u�a�t�i�o�n�s� 

�T�h�e� �m�e�r�i�d�i�o�n�a�l� �s�t�r�e�a�m�p�a�t�h� �f�o�r�m� �o�f� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�,� �E�q�u�a�t�i�o�n� �(�4�.�5�)�,� �g�o�v�e�r�n�e�d� �t�h�e� 

�s�i�m�u�l�a�t�i�o�n�s� �o�f� �r�o�t�a�t�i�n�g� �s�t�a�l�l� �c�e�l�l� �d�e�v�e�l�o�p�m�e�n�t�.� �T�h�e� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �w�a�s� 

�b�a�s�e�d� �o�n� �a� �m�e�t�h�o�d� �d�e�s�c�r�i�b�e�d� �b�y� �N�e�u�h�o�f�f� �a�n�d� �G�r�a�h�l� �(�1�9�8�6�)� �a�n�d� �f�u�r�t�h�e�r� �i�m�p�l�e�m�e�n�t�e�d� �b�y� �N�o�w�i�n�s�k�i� 

�(�1�9�9�3�)�.� �H�e�r�e�,� �t�h�e� �m�e�r�i�d�i�o�n�a�l� �d�i�r�e�c�t�i�o�n�,� �m�,� �i�s� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �a�x�i�a�l� �d�i�r�e�c�t�i�o�n� �a�n�d� �f�o�l�l�o�w�s� �t�h�e� 

�a�s�s�u�m�e�d� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �s�t�r�e�a�m�p�a�t�h� �w�i�t�h�i�n� �t�h�e� �c�o�m�p�r�e�s�s�o�r�;� �h� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �h�e�i�g�h�t� �o�f� �t�h�e� 

�s�t�r�e�a�m�p�a�t�h�,� �m�e�a�s�u�r�e�d� �n�o�r�m�a�l� �t�o� �t�h�e� �s�t�r�e�a�m� �s�u�r�f�a�c�e�.� �T�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �(�a�n�g�u�l�a�r�)� �d�i�m�e�n�s�i�o�n� �i�s� 

�r�e�p�r�e�s�e�n�t�e�d� �b�y� �6�,� �a�n�d� �y� �i�s� �t�h�e� �r�a�d�i�a�l� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �s�t�r�e�a�m� �s�u�r�f�a�c�e�.� �T�h�e� �s�t�r�e�a�m� �s�u�r�f�a�c�e� �w�a�s� 

�a�s�s�u�m�e�d� �t�o� �b�e� �a� �s�u�r�f�a�c�e� �o�f� �r�e�v�o�l�u�t�i�o�n�.� �S�o�,� �y� �a�n�d� �h� �w�e�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �6�.� �T�h�e�s�e� �e�q�u�a�t�i�o�n�s� 

�m�a�y� �b�e� �a�r�d�u�o�u�s�l�y� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �i�n�t�e�g�r�a�l� �f�o�r�m� �o�f� �t�h�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �o�r� 

�c�o�p�i�e�d� �f�r�o�m� �a�n�o�t�h�e�r� �s�o�u�r�c�e� �s�u�c�h� �a�s� �C�h�i�m�a� �(�1�9�8�7�)�.� �A�l�t�e�r�n�a�t�e� �p�r�i�m�i�t�i�v�e� �v�a�r�i�a�b�l�e� �f�o�r�m�s� �o�f� �t�h�e� 

�e�q�u�a�t�i�o�n�s� �w�e�r�e� �p�r�e�s�e�n�t�e�d� �b�y� �N�o�w�i�n�s�k�i� �(�1�9�9�3�)�,� �N�e�u�h�o�f�f� �a�n�d� �G�r�a�h�l� �(�1�9�8�6�)�,� �a�n�d� �P�a�n�d�o�l�f�i� �a�n�d� 

�C�o�l�a�s�u�r�d�o� �(�1�9�7�8�)�.� 

�0�Q� �o�F� �,�a�d�G� 
�h ��+ ��+�h ��=�W� �o�t� �a�m� �a�0� 

�o�O� 
�p� �P�V� �i�m� �P�Y�,� �2� �o�y� �a�(�y�h�)� 

�P�V�,� �p�+�p�v�z�,� �P�V� �n�M� �P�P�V�6� �a� �t�O� �o�m� �(�4�-�5�)� �Q�=� �F�=� �h� �G�=� �2� �=� �a�y� 
�P�V�,� �P�V� �n�e� �P�+�P�V�,�  ��h�p� �V�e� �o�m� 

�P�e�,� �V�n�(� �P�+� �p�e�,�)� �v�.�(�p�+�p�e�,�)� �m� 

�4�.�3�.�2� �M�o�d�i�f�i�c�a�t�i�o�n�s� �t�o� �C�a�r�t�e�s�i�a�n� �f�o�r�m� 

�T�h�e� �C�a�r�t�e�s�i�a�n�,� �f�i�n�i�t�e� �v�o�l�u�m�e�,� �E�u�l�e�r� �s�o�l�v�e�r� �w�a�s� �m�o�d�i�f�i�e�d� �t�o� �c�r�e�a�t�e� �t�h�e� �d�i�s�c�r�e�t�i�z�e�d� �f�o�r�m� �o�f� 

�t�h�e� �m�e�r�i�d�i�o�n�a�l� �s�t�r�e�a�m�p�a�t�h� �e�q�u�a�t�i�o�n�s� �s�o�l�v�e�d� �i�n� �D�Y�N�2�D�.� �T�h�e� �m�e�r�i�d�i�o�n�a�l� �s�t�r�e�a�m�p�a�t�h� �f�l�o�w



�e�q�u�a�t�i�o�n�s�,� �E�q�u�a�t�i�o�n� �(�4�.�5�)�,� �w�e�r�e� �d�i�s�c�r�e�t�i�z�e�d� �a�s� �s�h�o�w�n� �i�n� �E�q�u�a�t�i�o�n� �(�4�.�6�)� �a�n�d� �F�i�g�u�r�e� �5�.�3�9�.� �F� �a�n�d� 

�G� �a�r�e� �n�u�m�e�r�i�c�a�l� �f�l�u�x�e�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g� �a�n�d� �w�e�r�e� �c�o�m�p�u�t�e�d� �a�s� �d�e�s�c�r�i�b�e�d� 

�f�o�r� �t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �C�a�r�t�e�s�i�a�n� �f�o�r�m� �b�y� �R�o�e� �(�1�9�8�6�)� �a�n�d� �T�a�y�l�o�r� �(�1�9�8�9�)�.� �T�h�u�s� �t�h�e� �n�u�m�e�r�i�c�a�l� 

�f�l�u�x�e�s� �w�e�r�e� �c�o�m�p�u�t�e�d� �i�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �a�s� �i�f� �t�h�e� �g�e�o�m�e�t�r�y� �w�e�r�e� �r�e�c�t�a�n�g�u�l�a�r�.� �O�n�l�y� �b�y� �t�h�e� 

�m�o�d�i�f�i�c�a�t�i�o�n�s� �t�o� �t�h�e� �r�e�s�i�d�u�a�l� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �(�4�.�6�)� �i�s� �t�h�e� �m�e�r�i�d�i�o�n�a�l�-�s�t�r�e�a�m�p�a�t�h� �e�f�f�e�c�t� �r�e�s�o�l�v�e�d�.� 

�T�h�a�n�k�s� �t�o� �t�h�e� �o�r�t�h�o�g�o�n�a�l� �g�r�i�d� �u�s�e�d�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�.�3�9�,� �C�a�r�t�e�s�i�a�n�,� �f�i�n�i�t�e� �v�o�l�u�m�e� �m�e�t�r�i�c�s� 

�(�T�a�y�l�o�r� �1�9�8�9�)� �w�e�r�e� �s�i�m�p�l�i�f�i�e�d� �t�o� �t�h�e� �f�o�r�m� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �(�4�.�6�)�.� �A� �s�l�i�g�h�t�l�y� �l�e�s�s� �c�u�m�b�e�r�s�o�m�e� 

�f�o�r�m�u�l�a�t�i�o�n� �m�i�g�h�t� �b�e� �a�c�h�i�e�v�e�d� �b�y� �t�a�k�i�n�g� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �r�e�g�u�l�a�r� �g�r�i�d�d�i�n�g� �s�t�r�u�c�t�u�r�e� �a�n�d� �d�r�o�p�p�i�n�g� 

�t�h�e� �f�i�n�i�t�e� �v�o�l�u�m�e� �m�e�t�r�i�c�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �o�v�e�r�h�e�a�d� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �m�e�t�r�i�c� �c�o�m�p�u�t�a�t�i�o�n� �w�a�s� �a� �o�n�e�-� 

�t�i�m�e� �c�o�s�t� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �e�a�c�h� �s�i�m�u�l�a�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �s�i�g�n�i�f�i�c�a�n�t� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�a�v�i�n�g�s� �w�o�u�l�d� 

�n�o�t� �b�e� �a�c�h�i�e�v�e�d�.� 

�T�o� �r�e�s�o�l�v�e� �t�h�e� �m�e�r�i�d�i�o�n�a�l�-�s�t�r�e�a�m�p�a�t�h� �f�o�r�m�,� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �a�p�p�l�y� �p�e�r�i�o�d�i�c� 

�b�o�u�n�d�a�r�i�e�s� �a�t� �8�=�0� �a�n�d� �6�=�2�n�x�.� �B�o�u�n�d�a�r�y� �f�l�u�x�e�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �w�i�t�h� �t�h�e� �s�a�m�e� �o�r�d�e�r� �o�f� �o�-�«� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �a�s� �t�h�e� �i�n�t�e�r�n�a�l� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n�.� �T�h�e�r�e�f�o�r�e�,� �n�o� �b�i�a�s�i�n�g� �o�f� �t�h�e� �e�x�p�l�i�c�i�t� �t�i�m�e�-� 

�a�c�c�u�r�a�t�e� �s�o�l�u�t�i�o�n� �d�u�e� �t�o� �t�h�e� �p�e�r�i�o�d�i�c� �b�o�u�n�d�a�r�y� �r�e�s�u�l�t�e�d�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �u�s�i�n�g� �a�p�p�r�o�x�i�m�a�t�e� 

�f�a�c�t�o�r�i�z�a�t�i�o�n�,� �i�n� �o�r�d�e�r� �t�o� �p�r�e�s�e�r�v�e� �t�h�e� �b�l�o�c�k� �t�r�i�d�i�a�g�o�n�a�l� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �i�m�p�l�i�c�i�t� �s�o�l�u�t�i�o�n� �m�a�t�r�i�x�,� �t�h�e� 

�p�e�r�i�o�d�i�c� �b�o�u�n�d�a�r�y� �w�a�s� �t�r�e�a�t�e�d� �e�x�p�l�i�c�i�t�l�y�,� �a�n�d� �i�n�n�e�r� �i�t�e�r�a�t�i�o�n�s� �w�e�r�e� �r�e�q�u�i�r�e�d� �t�o� �p�r�e�v�e�n�t� �t�h�e� 

�b�o�u�n�d�a�r�y� �f�r�o�m� �b�i�a�s�i�n�g� �s�o�l�u�t�i�o�n�s�.� 

�(�y�h�)�a�Q�|� �_� �>�t� �b�e�t� �+� �h�a�d� �W�I� 

�W�h�e�r�e�:� �(�4�.�6�)� 

�J�=�E�M�o� �t�=�F� �/�N�,� �G�=� �G�/� �E�m� �5�,�f� �=� �F�a�v�e�x�  ��F�e�s�i�o�n� �5�,�9� �=� �D�j� �a�s�v�2� �-� �O�j�a�-�v�e�2� 

�I�n� �t�h�e� �e�x�p�l�i�c�i�t� �f�o�r�m�u�l�a�t�i�o�n�,� �s�o�u�r�c�e� �t�e�r�m� �t�r�e�a�t�m�e�n�t� �w�a�s� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�.� �T�h�e� �t�e�r�m�s� �i�n� �t�h�e� 

�s�o�u�r�c�e� �v�e�c�t�o�r�,� �W�,� �w�e�r�e� �c�o�m�p�u�t�e�d� �f�r�o�m� �t�h�e� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r�,� �Q ��,� �a�n�d� �a�d�d�e�d� �t�o� �t�h�e� �s�p�a�t�i�a�l



�i�n�t�e�g�r�a�t�i�o�n� �r�e�s�i�d�u�a�l� �(�t�h�e� �r�i�g�h�t�-�h�a�n�d� �s�i�d�e� �o�f� �E�q�u�a�t�i�o�n� �(�4�.�6�)�)�.� �I�n� �t�h�e� �i�m�p�l�i�c�i�t� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� �s�o�u�r�c�e� 

�v�e�c�t�o�r� �w�a�s� �n�o�t� �l�i�n�e�a�r�i�z�e�d�.� �I�n�n�e�r� �i�t�e�r�a�t�i�o�n�s� �w�e�r�e� �a�p�p�l�i�e�d� �t�o� �r�e�m�o�v�e� �t�h�e� �e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �n�o�t� 

�l�i�n�e�a�r�i�z�i�n�g� �t�h�e� �s�o�u�r�c�e� �v�e�c�t�o�r� �o�n� �t�i�m�e�-�a�c�c�u�r�a�c�y�.� 

�4�.�3�.�3� �R�o�t�o�r� �o�r� �S�t�a�t�o�r� �R�e�g�i�o�n�s� 

�W�h�e�n� �s�o�l�v�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �i�n� �t�h�e� �r�e�g�i�o�n� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� 

�c�o�n�t�a�i�n�i�n�g� �t�h�e� �s�i�m�u�l�a�t�e�d� �r�o�t�o�r� �o�r� �s�t�a�t�o�r�,� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �i�m�p�a�r�t� �t�h�e� �e�f�f�e�c�t� �o�f� �t�u�r�n�i�n�g� �t�h�e� �f�l�o�w�.� 

�A�s� �h�a�s� �b�e�e�n� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �r�e�v�i�e�w�,� �t�h�e� �a�c�t�u�a�l� �b�l�a�d�e�-�f�l�u�i�d� �i�n�t�e�r�a�c�t�i�o�n� �i�s� �t�o�o� �d�i�f�f�i�c�u�l�t� �t�o� �m�o�d�e�l� �i�n� �a� 

�S�t�a�l�l�e�d� �s�i�t�u�a�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �a� �r�e�d�u�c�e�d� �o�r�d�e�r� �m�o�d�e�l� �o�f� �f�l�o�w� �i�n� �t�h�e� �b�l�a�d�e� �r�o�w� �w�a�s� �n�e�e�d�e�d�.� �I�n�a� 

�c�o�m�p�r�e�s�s�i�o�n� �s�y�s�t�e�m� �r�o�t�o�r� �r�o�w�,� �s�o�m�e� �t�u�r�n�i�n�g� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d�,� �b�u�t� �i�t� �i�s� �n�o�t� �d�o�n�e� �i�s�e�n�t�r�o�p�i�c�a�l�l�y�.� 

�T�h�e�r�e�f�o�r�e�,� �i�n� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �s�i�m�u�l�a�t�i�o�n�s�,� �t�h�e� �l�o�s�s�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�u�r�n�i�n�g� �s�h�o�u�l�d� �a�l�s�o� �b�e� 

�i�n�c�l�u�d�e�d�.� �N�e�u�h�o�f�f� �(�1�9�8�6�)� �p�r�o�p�o�s�e�d� �t�h�a�t� �t�h�e� �b�l�a�d�e� �r�o�w� �c�o�u�l�d� �b�e� �m�o�d�e�l�e�d� �a�s� �h�a�v�i�n�g� �i�n�f�i�n�i�t�e� 

�s�o�l�i�d�i�t�y�,� �t�h�e� �l�o�s�s�e�s� �c�o�u�l�d� �b�e� �i�m�p�a�r�t�e�d� �b�y� �a�n� �a�c�t�u�a�t�o�r� �d�i�s�k� �u�p�s�t�r�e�a�m� �o�f� �t�h�e� �r�o�w�,� �a�n�d� �a� �c�o�r�r�e�c�t�i�o�n� �t�o� 

�t�h�e� �i�d�e�a�l� �t�u�r�n�i�n�g� �c�o�u�l�d� �b�e� �m�a�d�e� �b�y� �a�n� �a�c�t�u�a�t�o�r� �d�i�s�k� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �r�o�w�.� �T�h�i�s� �i�s� �t�h�e� �m�o�d�e�l� 

�d�e�v�e�l�o�p�e�d� �h�e�r�e�.� 

�4�.�3�.�3�.�1� �E�q�u�a�t�i�o�n�s�.� 

�W�i�t�h�i�n� �a� �c�o�m�p�u�t�a�t�i�o�n�a�l� �b�l�a�d�e� �r�o�w�,� �t�h�e� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �m�o�d�i�f�i�e�d� �t�o� �s�i�m�u�l�a�t�e� �a� �b�l�a�d�e� �r�o�w� �o�f� 

�i�n�f�i�n�i�t�e� �s�o�l�i�d�i�t�y�;� �t�h�e� �r�e�l�a�t�i�v�e� �v�e�l�o�c�i�t�y� �w�a�s� �a�s�s�u�m�e�d� �t�o� �f�o�l�l�o�w� �t�h�e� �b�l�a�d�e� �c�a�m�b�e�r� �l�i�n�e�,� �a�n�d� �a�l�l� 

�t�a�n�g�e�n�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �w�e�r�e� �s�e�t� �t�o� �z�e�r�o�.� �T�h�u�s�,� �w�i�t�h�i�n� �t�h�e� �b�l�a�d�e� �r�o�w� �t�h�e� �a�s�s�u�m�e�d� �f�l�o�w� �b�e�h�a�v�i�o�r� �i�s� 

�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l�.� �E�q�u�a�t�i�o�n� �(�4�.�7�)� �s�p�e�c�i�f�i�e�d� �t�h�a�t� �t�h�e� �r�e�l�a�t�i�v�e� �v�e�l�o�c�i�t�y� �w�a�s� �t�a�n�g�e�n�t� �t�o� �t�h�e� �b�l�a�d�e�-�r�o�w�.� 

�H�e�r�e�,� �U� �i�s� �t�h�e� �s�p�e�c�i�f�i�e�d� �w�h�e�e�l� �s�p�e�e�d� �(�a�s�s�u�m�e�d� �p�o�s�i�t�i�v�e� �i�n� �t�h�e� �o�p�p�o�s�i�t�e� �s�e�n�s�e� �t�o� �t�h�e� 

�c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �v�e�l�o�c�i�t�y�)� �a�n�d� �B� �i�s� �b�l�a�d�e� �c�a�m�b�e�r� �a�n�g�l�e� �(�m�e�a�s�u�r�e�d� �r�i�g�h�t�-�h�a�n�d�e�d� �f�r�o�m� �t�h�e� �m�e�r�i�d�i�o�n�a�l� 

�d�i�r�e�c�t�i�o�n�)�.� �I�f� �E�q�u�a�t�i�o�n� �(�4�.�7�)� �w�a�s� �t�o� �b�e� �e�n�f�o�r�c�e�d�,� �o�n�e� �o�f� �t�h�e� �s�c�a�l�a�r� �e�q�u�a�t�i�o�n�s� �i�n� �E�q�u�a�t�i�o�n� �(�4�.�5�)� 

�w�o�u�l�d� �h�a�v�e� �b�e�c�o�m�e� �r�e�d�u�n�d�a�n�t�.� �T�o� �r�e�c�t�i�f�y� �t�h�i�s�,� �i�n� �E�q�u�a�t�i�o�n� �(�4�.�8�)�,� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �m�o�m�e�n�t�u�m



�e�q�u�a�t�i�o�n� �h�a�s� �b�e�e�n� �d�r�o�p�p�e�d�.� �T�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �b�l�a�d�e�-�r�o�w� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �o�r�i�g�i�n�a�l�l�y� �g�i�v�e�n� 

�b�y� �N�e�u�h�o�f�f� �a�n�d� �G�r�a�h�l� �(�1�9�8�6�)�.� �I�n� �t�h�e�i�r� �d�e�v�e�l�o�p�m�e�n�t�,� �t�h�e� �m�e�r�i�d�i�o�n�a�l� �a�n�d� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� 

�m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �c�o�m�b�i�n�e�d� �w�i�t�h� �E�q�u�a�t�i�o�n� �(�4�.�7�)� �t�o� �g�i�v�e� �a�n�o�t�h�e�r� �m�o�m�e�n�t�u�m� 

�e�q�u�a�t�i�o�n�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �c�o�m�p�a�r�i�s�o�n�,� �t�h�e� �b�l�a�d�e�-�r�o�w� �e�q�u�a�t�i�o�n�s� �d�e�v�e�l�o�p�e�d� �b�y� �N�e�u�h�o�f�f� �a�n�d� 
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