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Abstract 

The material presented in this thesis uses concepts of the finite element and 

doublet panel methods to develop a structural-aerodynamic coupled mathematical 

model for the analysis of a morphing wing tip composed of smart materials. Much 

research is currently being performed within many facets of engineering on the use of 

smart or intelligent materials. Examples of the beneficial characteristics of smart 

materials might include altering a structure’s mechanical properties, controlling its 

dynamic response(s) and sensing flaws that might progressively become detrimental to 

the structure. This thesis describes a bio-inspired adaptive structure that will be used in 

morphing an aircraft’s wing tip. The actuation system is derived from individual flexible 

matrix composite tube actuators embedded in a matrix medium that when pressurized, 

radical structural shape change is possible. 

A driving force behind this research, as with any morphing wing related studies, 

is to expand the limitations of an aircraft’s mission, usually constrained by the wing 

design. Rather than deploying current methods of achieving certain flight 

characteristics, changing the shape of a wing greatly increases the flight envelope. This 

thesis gives some insight as to the structural capability and limitations using current 

numerical methods to model a morphing wing in a flow. 
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Chapter 1  

Introduction and Literature Review 

With the ever-expanding technology in the aviation industry, new capabilities 

have developed in the area of wing design. With means of changing the shape of an 

airfoil, engineers can begin to look at the expansion of flight envelopes. The theory 

behind altering the geometry of the wing, known as the “wing morphing”, is that it will 

lead to an improved performance and/or efficiency over the entire flight of the vehicle. 

The current systems used for flight control are that of deflecting the air flow in a desired 

direction, causing more lift by effectively changing the airfoil camber, with the use of 

flaps. Wind tunnel tests have confirmed [1, 2], that instead of inserting a flap into the 

flow, the drag, aeroelastic effects and mission profile could become more optimal, if a 

wing could change its shape, size, twist or configuration to achieve the desired flight 

control. 

For the past few decades, there has been a great deal of research done in the 

area of adaptive or intelligent structures. These structures generally utilize smart 

materials and intelligent control systems for creating structures that can change shape, 

mitigate vibration, or increase stability. More recently, the application of these adaptive 

structures has been implemented in the aviation industry with hopes of multifaceted 

benefits such as vibration/noise suppression, shape control, alignment precision control 

and damage detection [3]. 

The current need in adaptive structures is a material that can achieve the above 

mentioned benefits. There are certain materials such as piezoelectric and 

electrostrictive materials that currently that accomplish this integration, but have certain 

disadvantages associated with them. There are a few adaptive structures that attempt 

to replicate biomechanical behavior, such as the muscular movements in a human arm 

or a fibrillar network in plant cell walls. The actuation system presented in this thesis 
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discussed in Section 1.5 proposed by Philen et al. [4-6], is one in which actuation is 

achieved by embedding active flexible matrix composite (FMC) tubes in a continuous 

structural system of material stiff enough to withstand aerodynamic loading yet flexible 

enough to provide means of morphing. The FMC actuators are theoretically embedded 

in the airfoil skin, allowing for actuation control in the outermost portion of the airfoil, the 

desired location. It is anticipated that research of this type provides a gateway to 

exploring the possibility of air vehicles using this technology to maximize the 

aerodynamic efficiency while also possessing radical shape changing abilities. 

Characteristics of this type will allow for accomplishment of various mission types with 

superior performance.   

1.1 History of Wing Morphing 

Ever since the dawn of aviation, wing morphing has been used for aircraft 

control. In 1903, the Wright Brothers were the first successful aviators to use wing 

warping in an actual flight test. Most all of the Wrights’ predecessors who studied flight 

were concerned with constructing naturally stable aircraft and therefore control was less 

of an issue [7]. John Montgomery, being an exception, experimented with wing warping 

for control in the 1890’s [8].  

Some other early technologies of wing morphing were those of the variable 

sweep or the “swing-wing” variety. A swing-wing refers to the wings being able to sweep 

either forward or aft to achieve a desired wing planform area and/or aspect ratio. In the 

1950’s, a couple of the first prototypes ever built with the swing-wing technology were 

the Grumman’s XF10F Jaguar and the Bell X-5 (Figure 1.1). The XF10F and X-5 were 

never put into production because of the terrible stability characteristics. The first 

operational aircraft to use the variable sweep was the F-111 in the mid 1960’s and later 

in the 1960’s. In the early 1970’s, other aircraft such as the US Navy’s F-14 Tomcat and 

the US Air Force’s B-1 Lancer, also used the swing-wing technology [9]. 
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Figure 1.1 The Bell X-5 with Variations of Wing Sweep [10] 

Aircraft morphing has made great advances since the days of the X-5. Within the 

past couple decades; morphing research has hit the mainstream. In the mid-1990’s 

NASA began developing the Aircraft Morphing Program that according to Wlezien et al. 

“is an attempt to couple research across a wide range of disciplines to integrate smart 

technologies into high payoff aircraft applications. The program bridges research in 

seven individual disciplines and combines the effort into activities in three primary 

program thrusts [11]. One of the first major projects under the Aircraft Morphing 

Program was NASA’s Active Aeroelastic Wing (AAW) program, later named the X-53. 

The AAW program was a joint project between the US Air Force, NASA and some 

industry partners such as Boeing Phantom Works, Moog Inc. and BAE Systems. The 

program lasted almost ten years and was broken down into two phases. During Phase I 

of the program, models were created to simulate the aerodynamics and loads. Phase II 

of the program concentrated on flight testing of the new closed-loop control law [12]. 

Using an existing F/A-18 Hornet project modifications included changing some of the 

wings skin materials for increased flexibility, adding a leading edge flap drive system 

(LEFDS) that facilitated control of leading edge outboard control surfaces independently 

of the inboard surfaces, a new flight control computer, allowing for analog interface of 

the LEFDS actuators and a new research instrumentation system, supervising and 

analyzing aircraft dynamics and loads [13].  
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1.2 Current Morphing Research 

There has been a great deal of morphing technology research within the last 

couple of decades in the biological aspect of flight with the comparison to wing 

morphing in birds. Bowman et al. [14] give examples of three different configurations of 

a bald eagle. The first configuration in Figure 1.2(a), the “pinpoint” landing configuration 

could be described as increasing the wing area to increase lift as much as possible, 

dropping the legs to increase drag for a steeper approach while also offsetting the 

pitching moment caused by the increased drag and also increasing the dihedral for roll 

stability. In Figure 1.2(b), the configuration is analogous to loitering, a favorable 

characteristic of aircraft waiting to land or one needed for reconnaissance. Figure 1.2(c) 

shows the “dash” configuration in which the bird can tuck its wings to decrease the drag 

and wetted area allowing for greater speed. 

 

                 (a)    (b)    (c) 

Figure 1.2 Bald Eagle Configurations: a. Landing b. Loiter c. Dash [14] 

One recent DARPA program in wing morphing research is the Morphing Aircraft 

Structures (MAS) program. One of the current projects under the DARPA MAS program 

uses the logic behind the avian technology mentioned previously and has applied it to 

aircraft. Lockheed Martin (LM) was awarded the MAS contract from DARPA and has the 

hope to develop an unmanned combat air vehicle (UCAV) that has wing folding 
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capability. The hopes of the project are to research the ability of an aircraft to expand its 

mission envelope with the radical shape changes of the wing. Figure 1.3 shows the 

baseline morphing concept proposed by LM.  

 

Figure 1.3 Lockheed Martin's Proposed Baseline Morphing Concept [15, 16] 

The UCAV will be capable of long range cruise and loiter ideal for minimizing fuel during 

flight to and from the target as well as the ability to transition into the dash/kill mode for 

higher speeds. With two folding capabilities on each wing, morphing will greatly affect 

the wing span and wetted area [15]. 

In 2007, with the assistance from NextGen Aeronautics Inc., LM designed and 

fabricated a wind tunnel model. Figure 1.4 shows a multiple exposure photograph of the 

model’s different configurations tested in NASA’s Transonic Dynamics Tunnel (TDT). 

 

 

Figure 1.4 Multiple Exposure of LM MAS Model's Different Configurations [2] 



 

6 

DARPA specified the wind tunnel test program objectives to be: 

• Demonstrate morphing wing operability under realistic aerodynamic loads 

• Obtain test data to validate analytical prediction methods for morphing aircraft  

• Minimize the departure of the wind tunnel model design and test conditions from 

those of the envisioned flight demonstrator aircraft 

Some of the actual test success criteria dealt with the physical model, i.e. no gaps 

between joints, and also testing the hardware that actually actuated the morphing.  

Much of the test success criteria were actual data analysis as well. The wind tunnel test 

speeds ranged from Mach 0.2 to 0.9 and represented altitudes from 10,000 to 50,000 

feet. The test also attempted to identify the aeroelastic characteristics associated with 

the morphing process [2]. After some ground tests it was realized that morphing the 

model from the dash configuration to the loiter configuration allowed for the wing 

planform to change as follows: [15] 

• 2.8x wing area increase 

• 1.7x span increase 

• 1.3x increase in wetted area 

• 30 degree wing sweep change of the ½ chord section 

The TDT test met all of DARPA’s objectives and the data resulting from the test will aid 

in future morphing vehicle designs. 

1.3 Morphing Wing Skin Materials 

When considering any type of adaptive structure, there is a very important 

parameter that is often overlooked and that is the material itself. In the research field of 

morphing wings, there has been limited research performed on a skin material. In order 

for a wing to be capable of morphing, there must be a material that is flexible enough to 

allow the wing to bend and/or change shape but it must also be stiff enough to 
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withstand the aerodynamic loading so as to not cause unwanted flow separation or any 

other number of unwanted aerodynamic effects of a soft wing material. A suitable skin 

material should also have a high recovery rate, it must be able to withstand all weather 

conditions and be capable of resisting abrasions and chemicals. 

Much research has been done in the past decade dealing with shape memory 

materials such as ceramics, shape memory alloys (SMAs) or metals and polymers [17]. 

The concept of shape memory polymers (SMPs) is the same of the shape memory 

alloys. As with SMAs, shape memory polymers are dual-shaped materials that can 

deform from its permanent shape to a temporary shape, known sometimes as the 

programming process, and then recover again, the recovery process. The programming 

and recovery cycles are actuated using thermal stimuli. The SMPs can be thermally 

induced to change from a rigid polymer to a very elastic state, transform its geometry to 

the desired shape, then cooled, forming a new deformed rigid state. The cycles can 

then be repeated without degradation, with the temporary shapes in later cycles [18]. In 

comparison to shape memory alloys, SMPs’ programming and recovery cycles allow for 

greater deformation rates between the temporary and permanent shapes while also 

permitting much smaller time intervals between cycles [19]. Until recently, SMPs were 

not as highly emphasized when dealing with shape memory materials. Shape memory 

polymers; themselves have lower stiffness and recovery force than that of shape 

memory alloys and shape memory ceramics but if SMPs are incorporated into a fiber-

reinforced composite, stiffness and recovery force can be significantly enhanced [20, 

21]. 

The current Lockheed Martin wing morphing project mentioned previously is 

investigating the use of SMPs for the skin material. The physical wind tunnel model 

shown in Figure 1.4 did not incorporate the shape memory polymer but used a re-

enforced silicone elastomeric however; the actual vehicle is envisioned to employ the 

SMPs. The silicone elastomeric skin used a vacuum system to create suction to hold it 

against the wing’s internal structure [2].  

Preliminary tests were performed to determine the best material to be used for 

the seamless skin and its internal filler and after the preliminary tests concluded, two 
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skin materials were selected, the SMP and the fiber reinforced silicone elastomeric. 

Figure 1.5 shows pictures of preliminary tests of various wing folds in the test rig.  

 

Figure 1.5 Preliminary Tests for Skin Selection [22] 

Cornerstone Research Group was contracted to develop the SMP for this project. 

Figure 1.6 shows the initial SMP test article and its bending capabilities as well as some 

desired locations for the skin. 
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Figure 1.6 Initial SMP Prototype [22] 

During ground tests of the SMP problems were encountered and were not 

resolved before the scheduled wind tunnel test date. The elements were composed of 

nichrome wires which served as the thermal stimuli in activating the SMP. After a 

number of cycles, the wires would tend to break in certain sections, rendering that 

section unable to morph. For safety reasons, a decision was then made to employ the 

silicone elastomeric for the seamless skin material. A new SMP system has since been 

redesigned and successfully tested [22]. 

Wing material properties are a parameter studied in this thesis. The material 

properties, recovery rate and resistance to natures elements needed to accomplish the 

goals of wing morphing with the proposed actuation system might be found in the 

regime of fiber reinforced shape memory polymers. 

1.4 Similar Work 

Some aspects of the work in this thesis parallel in comparison to a current on-

going project using inflatable wing technology. The following section suggests some of 

these similarities. 

In 2001, NASA Dryden proved it feasible to use an in-flight deployment inflatable 

wing and have since sparked research in the development of using this concept for a 
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morphing UAV wing [23]. Much research has been done in the past five years on many 

aspects of inflatable wings including the following [24-28]: 

• Morphing 

• Design and shape optimization 

• Flight control 

• Aeroelastic studies 

Inflatable wings use span-wise inflatable gas “baffles” or structural cavities that 

once inflated, use the required constant internal pressure to maintain the wing’s shape. 

Current materials research suggests that a typical skin material used for an inflatable 

wing is an ultra violet curing resin that once exposed to the UV rays, the skin becomes 

rigid. Figure 1.7 shows a side view of an inflatable wing. 

 

Figure 1.7 Inflatable Wing [24] 

In a paper by Rowe et al. [24], a structural model is presented for the inflatable 

wing shown in Figure 1.7. The finite element model, created in ANSYS 8.0, was used to 

compare experimental results to ANSYS’s analytical solutions. In Simpson and Smith’s 

paper [28], morphing techniques using servos mounted at a couple of locations along 

the span and using Nitinol, a shape memory alloy, were tested. Deformations were 

measured using photogrammetry. 
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1.5 Adaptive Structures 

The notion behind adaptive structures came about when it was theorized that 

embedding, sensors and/or actuators in a composite structure could be beneficial. 

Adaptive structures are used in engineering applications ranging from bridge monitoring 

in civil engineering, vibration and noise reduction of motor suspension systems in 

automotive engineering to structural health monitoring of wind turbine blades in wind 

engineering [29-31].  

As stated previously, much of the present research in adaptive structures is in 

the piezoelectric field. When deformation (strain) occurs due to passing an electric field 

across a PZT, a voltage is produced; therefore PZTs can be used as actuators and 

sensors. Piezoelectrics are normally found as ceramics and may be manufactured in 

different forms. Some of the most common are those that come in sheets. These sheets 

can easily be attached or embedded in composite structures. The sheets can also be 

stacked to form discrete actuators. Piezoceramics can achieve directional in-plane 

induced strains by manufacturing them in distinctive shapes or by different bonding 

arrangements. A few important parameters that are addressed when selecting adaptive 

structures as actuators include maximum stroke, block force, stiffness. Shape memory 

alloys possess appealing characteristics as actuators because they have larger 

excitation forces and can achieve greater displacements than PZTs. Shape memory 

alloys actually change phases at certain temperatures and if they are plastically 

deformed at a lower temperature than they can return to their undeformed configuration 

if the temperature is raised above the phase transformation temperature and the 

process is reversible. SMAs are usually found in wire form with different diameters and 

are heated either internally or externally. A disadvantage of this process is that the 

response takes a greater amount of time [32]. 

The aviation industry has many uses for adaptive structures. PZTs have proved 

to be very useful in helicopters. Due to the unsteady aerodynamics, helicopter rotor 

blades experience high levels of vibration and noise [33]. Piezoelectric actuators are 

designed to help prevent and/or suppress these unwanted effects. Shape memory alloy 
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research has been done in the aircraft propulsion field. In a turbine engine, tip clearance 

linearly affects the efficiency of the engine, the less of the tip clearance, the more 

efficient the engine becomes. In [34], Schetky and Steinetz hoped to prove that by 

installing shape memory alloy rings to the tips of compressor blades, the tip clearance 

could be reduced. Compressor blades grow due to centrifugal forces during spin up to 

full speed and expand further due to thermal expansion as they heat up to operating 

temperature. Schetky and Steinetz tested a Textron/Lycoming T55-L-712 gas turbine 

engine by installing shape memory alloy rings to the blades of the compressor at stages 

2, 3, 4 and 5 while stages 1, 6 and 7 remained without the rings. After the Lycoming 

engine is spooled up to operating speeds and temperatures, the running tip clearance 

ranges from 0.016” to 0.029.” After installing the SMA rings, the tip clearance is 

expected to reduce to 0.005” [34]. 

The adaptive structure research documented in this thesis considers the novel 

flexible matrix composite (FMC) actuators developed by Philen et al. [4-6]. Inspired by 

the fibrillar network found in plant cell walls [35, 36], a novel actuator that can achieve 

large displacements as well as large block forces was developed by Philen et al. [4-6]. 

One of the major ingredients, inspired by the fibrillar network in plant cell walls, is an 

actuation structure based on flexible matrix composites (Figure 1.8). By tailoring the 

fibers (orientation, number of layers, material, etc.) and selection of matrix materials, 

one can achieve FMC structures that have an exceptionally high degree of anisotropy 

[37]. For example, the ratio of Young’s moduli in the directions parallel and transverse to 

the fibers, E1/E2, can range from 102 to 104 depending on material tailoring. By 

designing the fiber orientation in the wall of the FMC tube, one can cause the actuator 

structure to contract, elongate, or twist axially due to internal pressurization (Figure 1.9).   
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Figure 1.8 FMC Actuators Converting Internal Pressure to Axial Contraction/Extension and 

Torsion 

By integrating multiple FMC cells (tubes) into a continuous structural system, one 

can achieve an adaptive structure/skin with multi-directional actuations as illustrated in 

Figure 1.9. For this system, hoop-reinforced FMC tubes are embedded in a soft matrix 

material. As a result of the fiber orientation, the individual cells are stiff in the hoop 

direction and soft in the longitudinal direction. In this configuration, the tubes are valved 

at one end and sealed at the other end. By controlling the pressure in the tubes with 

different sequences, one can achieve various motions of the plate, such as bending and 

twisting as seen in the test specimen. In the frame sequence shown, different groups of 

8 cells are pressurized simultaneously and the remaining cells are unpressurized.  

However, individual cell control will allow not only for precision pressure control of each 

cell, but will also allow for the ability to achieve numerous complex surface profiles. 

Therefore, through integration of the high performance FMC actuators in an elastomeric 

skin with variable valve control, an active flexible skin that can emulate the various fin 

profiles can be developed. Furthermore, complementary material systems, such as 

fiber-reinforced composite sheets, can be integrated into the active flexible skins to alter 

the mechanical properties of the system [4] and additional layers of FMC tubes oriented 

at varying angles can be integrated into the skin to further enhance the overall 

performance of the system. 
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Figure 1.9 Analysis and Frames From Demonstration Video of a Multicellular FMC Adaptive 

Structure Performing Bending and Twisting Maneuvers 

The studies proposed in this thesis use the logic behind the multicellular FMC 

adaptive structure and apply it to a wing.  This will be discussed in further detail in 

succeeding sections. 

1.6 Motivation  

Recently, project Sky Walker was funded by DARPA, in which the goal is to 

develop an autonomous atmospheric energy exploitation UAV by utilizing the 

convective energy in the atmosphere to gain altitude and extend vehicle endurance or 

range without the need for additional fuel. The UAV, based upon a low speed 

sailplane/glider, essentially utilizes naturally occurring thermals in the air to gain altitude 

to extend the time of flight. The idea is that the glider will circle within the thermal to 

achieve maximum altitude as shown in Figure 1.10. However, since there is a significant 

increase in the thermal vertical velocity as the thermal radius decreases, it is desirable 

that the turning radius of the UAV be as small as possible to maneuver and stay within 

thermals or updrafts. This can be challenging for a glider, and therefore the overall goal 

of this research is to investigate the multicellular FMC adaptive skins for morphing wing 

tip control for improving the performance of the long endurance unmanned aerial 

aircraft. Current methods of turning use ailerons to achieve a desired coordinated turn, 

thus by adding the affects of an adaptive skin morphing wing tip, the pilot can reduce 

the turning radius, resulting in a longer duration within the thermal. 
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Figure 1.10 Typical Sail Plane Flight 

In hopes of attaining this goal the adaptive structure was to be added to the last 10% of 

the span of the wing shown in Figure 1.11. 

 

Figure 1.11 Proposed Morphing Wing Tip for Long Endurance UAV 

For this thesis, the Schreder HP-18 homebuilt sail plane was chosen for the 

morphing wing tip as shown in Figure 1.12.  
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Figure 1.12 The HP-18 Sail Plane 

The HP-18 was chosen for its simplistic wing planform and publicly available 

airfoil specifications and data.  The HP-18’s airfoil is the Wortmann FX-67-K-150 (Figure 

1.13). 

 

Figure 1.13 The Wortmann FX-67-K-150 Airfoil 

Other attributes of the HP-18 such as wing span, operating speeds, chord length etc. 

are outlined further in Chapters 2 and 4.  

As with any analytical research involving wings and aerodynamic loadings, there 

are many options as far as modeling is concerned. There are many commercial 
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packages available that solve structural-aerodynamic coupled problems. These 

packages, though used widely throughout industry, have some limitations. Current 

commercial software will run a given problem until it finds a solution; consequently there 

is no option for adding a feedback control for the FMC adaptive material within the 

model. Therefore, this research presented in this thesis utilizes a finite element model of 

the active FMC wing tip structure coupled with an aerodynamic model, all performed 

within Matlab™. The coupled model allows for simultaneous optimization of the FMC 

actuation pressures for morphing as well as the design of the FMC adaptive skin. In 

addition, this coupled model will provide the option for including feedback control for 

future research. 

1.7 Thesis Overview 

All of the material presented in this chapter was written to inform the reader of 

the current state of wing morphing research and to give some insight behind the driving 

force of this work.  

Chapter 2 details the derivation of the structural and aerodynamic analytical 

models. The chapter also discusses the methodology of the actuation system, and how 

it is applied to the structural model. The technique by which desired shapes are attained 

and the calculation of the optimized actuation pressures for morphing associated with 

those desired shapes are outlined.  

Chapter 3 explains the validation of the developed analytical model using 

commercially available finite element packages. The results are compared and 

discussed. 

In Chapter 4, extensive parameter studies are performed and the the results of 

the studies are discussed. Important design variables such as material moduli, skin 

thickness, desired angles of twist and the optimized actuation pressures are explored 

and explained. 
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The final chapter deals with conclusions and future work. Should the model be 

expanded, attributes that could be added such as expansion to include nonlinear 

effects, including the option for different wing geometry and others are discussed. 
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Chapter 2  

Model Development 

The structural model of the airfoil is derived using the finite element method and 

coded in the Matlab environment. The finite element utilizes flat shell elements which is 

a combination of a plane bilinear isoparametric element with a Kirchhoff plate element.  

The finite element model is coupled with a doublet panel method aerodynamic model for 

capturing the aerodynamic loads. 

This chapter of the thesis derives all aspects of the model. Section 2.1 describes 

the method by which the stiffness matrix is formulated as well as the construction of the 

FMC material model. Section 2.2 explains the derivation of the shell element as well as 

the FMC tube actuation forces. Sections 2.3 and 2.4 give details as to how the model is 

assembled globally as well as how boundary conditions are applied. The process by 

which the aerodynamic loading is calculated is depicted in Section 2.5. Section 2.6 

describes how the weight of each element is determined and Section 2.7 explains the 

method by which the FMC tube actuation pressures are optimized. Figure 2.1 is an 

illustration of the model that is derived in this chapter with all forces depicted. 
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Figure 2.1 Full Model Derived in Chapter 2 With All Forces Depicted 

2.1 Displacement-Based Elements 

It is first necessary to establish some basic finite element principles before 

discussing the actual element derivations themselves. The discussion in this thesis, 

when concerning finite elements, is restricted to displacement based fields. The basic 

equation used to relate nodal displacements to nodal forces is 

 [ ]{ } { }K u F=  (2.1) 

where [ ]K  is known as the stiffness matrix, { }u  the displacement vector and { }F  the 

force vector. The finite element model derived for this research is quite complex in 

nature but the solution for the discretized system basically results from Equation (2.1). 

Displacements are taken as dependent variables thus the fitting functional using 

the Rayleigh-Ritz solution is the potential energy expression, pΠ . Using the principle of 
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stationary potential energy, 0pdΠ = , allows for solutions of nodal degrees of freedom 

resulting from algebraic equations. Using the potential energy expression, an 

expression for the elemental stiffness matrix [ ]K  will be derived in Sections 2.2.1 and 

2.2.2. 

 
{ } [ ]{ } { } [ ]{ } { } { } { } { }
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2.1.1 FMC Material Model and Actuation Formulation 

In Chapter 1, the model’s actuation system was discussed where active FMC 

tubes are embedded into a flexible matrix material as shown in Figure 2.2. It is assumed 

that this system is analogous to a composite laminate where the FMC tubes act as 

embedded fibers into a matrix. This analogy allows the use of some basic composite 

material analysis equations based upon laminate theory. Classic laminate theory 

defines response of a laminate using the following assumptions: 

• For a two-dimensional plane stress analysis, the strain is constant through the 

thickness. 



 

22 

• For bending, the strain varies linearly through the thickness. 

• The laminate is thin compared with its in-plane dimensions. 

• Each layer is quasi-homogeneous and orthotropic. 

• Displacements are small compared with the thickness. 

• The behavior remains linear. 

 

Figure 2.2 FMC Tubes Embedded in a Matrix Material 

With these assumptions satisfied, the laminate theory allows for laminate 

responses to be analyzed and engineering constants to be solved for which then can be 

inserted into basic formulas for stresses and deflections. It also allows for laminate 

material properties to be defined that can then be substituted into a finite element 

analysis. 

The direction of the tubes is the principle direction of the material (Figure 2.3), 

therefore the behavior of the laminate when subjected to stresses acting in-plane (plane 

stress) is considered.  
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Figure 2.3 Material Axes for a Ply 

In theory, should the wing tip be manufactured, the tubes can be oriented at any 

angle ( )θ  in the skin. The coordinate system with fibers varying in angle to the material 

axes is known as the laminate axes (Figure 2.4). Note that fiber angle is measured from 

the x-axis to the 1-axis and is positive in the counterclockwise direction; the y-axis is 

perpendicular to the x-axis. 

 

y  
,y yσ ε  

,x xσ ε  

,xy xyτ γ  

Tubes 

x

x

 

Figure 2.4 Laminate Axes for a Ply 

The finite element model developed for this research allows for different tube 

orientation angles with the laminate axis, thus anisotropic material properties must be 

calculated and leads to formulation of the material matrix that is dependent upon fiber 

(tube) angle. In order to derive an expression for the material matrix that incorporates a 

varying tube angle, coefficients for a fiber angle aligned in the material direction ( )0θ =  
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must first be introduced. The stress-strain law ( )Eσ ε=  expanded for the plane stress 

condition becomes the following 

 

( ) ( )
( ) ( )

( )

1 11 12 1

2 12 22 2

12 66 12

0 0 0

0 0 0
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 (2.3) 

where ( )0ijQ , commonly known as the reduced stiffness coefficients given by 
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Because all calculations are made within the laminate axis, the stress strain law in 

Equation (2.3) must be transformed from the material axis to the laminate axis. Stresses 

in the laminate axis are represented by ,x yσ σ  and xyτ  so the transformation from the 

material axis to the laminate axis is represented as,  
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 (2.5) 

where cosc θ=  and sins θ= . Similar to the stresses, the strains in the laminate axis are 

denoted by ,x yε ε  and xyγ  with the transformation to the material axis expressed by 
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 (2.6) 

Substituting the values for 1 2,σ σ  and 3σ  from Equation (2.3) into Equation (2.5), then 

substituting 1 2,ε ε  and 3ε  from Equation (2.6) into the resulting equations, routine 
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manipulations can be performed in which the stress-strain law in the laminate axis to 

take the following form 
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where ( )ijQ θ  relate ( )0ijQ  by the following: 
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Now Equation (2.8) gives an expression for the material matrix [ ]E
 
for an anisotropic 

material. 

When analyzing composite materials there are two different points of view to 

which they may be studied: micromechanics and macromechanics. The 

micromechanics point of view is used in this research. Determining elastic constituent 

properties is a common aim of micromechanic composite analysis. Attempting to predict 

simplified models of the composite material by using the “rule of mixtures” type of 

relationship is a characteristic of the mechanics of materials approach, a specific 

method of micromechanic composite analysis [38, 39]. Using the rule of mixtures, the 

longitudinal modulus 1E  is determined by 

 ( )1 1f f m fE E V E V= + −  (2.9) 

where fV  is the fiber volume ratio and fE  and mE  are the fiber and matrix moduli, 

respectively. As stated previously, the wing tip will be analyzed similar to a composite 
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laminate, so in the micromechanics equations, the subscript " "f  signifies properties of 

the FMC tubes. For the remainder of this thesis the subscript " "f  will be replaced with 

" "t  denoting tube properties. 

The transverse modulus 2E , in-plane shear modulus 12G  and Poisson’s ratio 12ν , 

from a rule of mixtures relationship, are given by [40, 41] 

 
( )

2

11 tt

t m

VV

E E E

−
= +  (2.10) 

 
( )

12

11 tt

t m

VV

G G G

−
= +  (2.11) 

 ( )12 1t t m tV Vν ν ν= + −  (2.12) 

Since the embedded FMC tubes represent the “fibers” in the multicellular 

structure for the rule of mixtures relationship, the equivalent elastic properties of the 

tubes must be approximated. On a local level, the FMC tubes have their own 

longitudinal and transverse moduli. Figure 2.5 shows the local coordinate system for an 

FMC tube.  
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Figure 2.5 FMC Tube Local Coordinate System 

The tube wall thickness can be said to be very thin and the tubes offer little to no 

stiffness in the "2" direction, therefore the transverse modulus 2E  is negligible in the 

calculations. The actual tube wall thickness used in the model is very thin ( )~ 1 mm
 
and 

also offers little longitudinal stiffness ( )1E , thus the stiffness of the structure can said to 

be matrix dominated. 

It should be noted at this point that the stiffness due to internal pressurization of 

the tubes is neglected. It is understood that once pressurized, the tubes add stiffness in 

the transverse and longitudinal directions of the structure. However, due to 

computational time constraints, this addition is omitted from the calculations.    

The rule of mixtures approach will be used again to calculate the modulus for the 

tubes but as mentioned, 2E  will be neglected. In order to determine the modulus, the 

ratio of the cross section bearing stiffness (Region B in Figure 2.5) to the entire cross 

section area (Regions A + B in Figure 2.5) must be determined. Because the tubes are 

treated as the fibers in the composite system, the tube cross section is dependent upon 
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the thickness of the adaptive skin skint  and the tube volume ratio tV . Therefore the cross 

sectional area of the tube is 

 
2

2
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t t

t
A V

 
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 

 (2.13) 

The resulting tube diameter is now 
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A
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π
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Consequentially, the area of Region A is 
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The ratio of the cross sections in Figure 2.5 bearing the stiffness (Region A) to (Region 

B) is simply  
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CS

t

A A
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A

−
=  (2.16) 

Using the rule of mixtures, the modulus of the tubes is represented as 

 FMC t CSE E R=  (2.17) 

where tE  is the modulus in the “1” direction of the tube, a value determined through 

experimental testing. 

As stated earlier, Equation (2.2) is the general potential energy expression for the 

finite element method. However, certain components in the equation are not 

considered. For example, the system is never in a pre-stressed or pre-strained 

condition, and thus the initial stress and strain vectors { }0σ  and { }0ε  are neglected. All 

body forces except for zF  (the weight of each element) as well as all surface tractions 

{ }Φ  are neglected. It should be noted however, that zF  is included into { }P  (the loads 
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applied by external agencies) because this force is applied to each node. In doing this, 

the volume integral of the body forces drops out as well. The two elements derived in 

sections 2.2 and 2.2.2 are two dimensional elements that combine to give a three 

dimensional representation of all six degrees of freedom of the system. Because the 

elements are two dimensional, the volume integrals in Equation (2.2) become surface 

integrals. Thus Equation (2.2) results in the following 

 { } [ ]{ } { } { }
1

2

T T

p
S

E dS D Pε εΠ = −  (2.18) 

where { }P  is the sum of the force due to aerodynamics { }AeroF , the force due to the 

actuation system { }ActuationF  and the force due to gravity { }WeightF . The integral term in 

Equation (2.18)  is known as the strain energy and is denoted by U : 

 { } [ ]{ }
1

2

T

S
U E dSε ε=   (2.19) 

The strain energy term is the basis for the derivation of the stiffness matrix [ ]k  

for many different types of elements and is used for the shell element used in this 

research. 

2.1.2 The Stiffness Matrix 

The nodal displacements can be interpolated from the nodal degrees of freedom 

{ }d  by  

 { } [ ]{ }u N d=  (2.20) 

where [ ]N  is a matrix of the shape functions. The strains can be obtained from 

displacements by differentiation yielding  

 { } [ ]{ } { } [ ]{ } [ ] [ ][ ]  yields  ,     where  u B d B Nε ε= ∂ = = ∂  (2.21) 

The differential operator [ ]∂  is given by 
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Now manipulating Equation (2.18) by substituting expressions { }u  and { }ε  from 

Equations (2.20) and (2.21) results in the potential energy expression becoming  

 { } [ ] { } { } { }
1

1

2

numel
T T

p n nn
n

d K d D P
=

Π = −  (2.23)  

where summation symbols indicate that contributions from all numel  elements must be 

included. Now the element stiffness matrix has been defined as 

 [ ] [ ] [ ][ ]T

S
K B E B dS=   (2.24) 

It is clear to see that Equation (2.24) closely resembles the strain energy term U  

derived in Equation (2.19).  

2.2  The Flat Shell Element 

The flat shell element uses a combination of a bilinear isoparametric membrane 

element and a Kirchhoff plate element. The bilinear isoparametric element is known in 

most engineering applications as the membrane element and the term is interchanged 

with the isoparametric element throughout the remainder of this thesis. This section of 

the chapter derives the membrane and plate elements as well as the actuation forces 

due to the FMC tubes.  

2.2.1 The Bilinear Isoparametric (Membrane) Element 

The membrane element represents the two in-plane displacements ( u  and v ) 

associated with the x and y axis respectively. Figure 2.6 shows the element in the xy-

space. 
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Figure 2.6 The Membrane Element Sign Convention and DOF. 

The advantage of using an isoparametric element as opposed to a simple 

rectangular element is that the isoparametric element can be manipulated to any 

arbitrary quadrilateral shape. For a four noded membrane element with length of sides 

2a  and 2b  with 0x =  and 0y = #at the center of the element isoparametric coordinates, 

shown in # and# "# are observed as dimensionless Cartesian coordinates where 

x aξ = and y bη = $# In Figure 2.7(a), isoparametric coordinates are shown in the xy-

plane and it should be noted that the # and "# axes, for a four node element, pass 

through the midpoints of opposite sides and need not be orthogonal or parallel to the x#
and y#axes. Figure 2.7(b) shows the membrane element in "-space. It can easily be 

seen that the sides of the elements are at locations 1ξ = ±  and 1η = ± $# 
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                    (a)          (b) 

 

 

 

Figure 2.7(a) Four-Node Plane Isoparametric Element in xy-space. (b) Plane Isoparametric Element 

in """"-space 

Therefore mapping coordinates from the "-space to the xy-plane are defined by: 
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1 1

andi i i i

i i

x N x y N y
= =

= =   (2.25) 

where iN , the individual shape functions are represented by: 
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 (2.26) 

The reader should note that the node locations in Figure 2.7(b) are consistent 

throughout the model. This is to avoid confusion due to the fact that if the node numbers 

change, the axes would change as well. The center of the element is regarded as 

0ξ η= =  but is not the general centroid of the element area. 

Organizing the shape functions into a matrix and taking derivatives with respect 

to local coordinates ξ  and η, in index notation, results in the matrix [ ]ND  as the 

following 
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 [ ]
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1, 2, 3, 4,

1, 2, 3, 4,

1 1 1 11

1 1 1 14
N

N N N N
D

N N N N

ξ ξ ξ ξ

η η η η

η η η η

ξ ξ ξ ξ

− − − + − +  
= =    − − − + + −   

 (2.27) 

The Jacobian matrix for a membrane element can now be defined as 

 [ ] [ ]

1 1

2 2

3 3

4 4

N

x y

x y
J D

x y

x y

 
 
 =
 
 
 

 (2.28) 

where ix  and iy  are the node locations in the xy-space. The inverse of the Jacobian is 

known as the matrix [ ]Γ , 

 [ ] [ ] 1 22 12

21 11

1 J J
J

J JJ

− − 
Γ = =  − 

 (2.29) 

where J  is the determinate of the Jacobian matrix 

 [ ] 11 22 21 12detJ J J J J J= = −  (2.30) 

The Jacobian matrix is observed as a scale factor that generates area  dx dy  from 

 d dξ η . Everything is now defined for determining the stiffness matrix for an 

isoparametric element. 

As stated in Section 2.1, the plane stress condition is considered for each 

element. The strain-displacement relation is { } [ ]{ }B dε =  where 

{ } 1 1 2 4

T
d u v u v= ⋅⋅⋅    and [ ]B  is the product of the rectangular matrices in the 

next three equations. 

 { }

,

,

,

,

1 0 0 0

0 0 0 1

0 1 1 0

x

x

y

y

x

xy

y

u

u

v

v

ε

ε ε

γ

 
     
    = =    
         

 (2.31) 
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, ,11 12

, ,21 22

, ,11 12

, ,21 22

0 0

0 0

0 0

0 0

x

y

x

y

u u

u u

v v

v v

ξ

η

ξ

η

Γ Γ    
    Γ Γ    =    Γ Γ       Γ Γ    

 (2.32) 

 { }

, 1, 2, 3, 4,

, 1, 2, 3, 4,

8 1, 1, 2, 3, 4,

, 1, 2, 3, 4,

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

u N N N N

u N N N N
d

v N N N N

v N N N N

ξ ξ ξ ξ ξ

η η η η η

ξ ξ ξ ξ ξ

η η η η η

×

   
   
   =            

 (2.33) 

The coefficients ijΓ  are given by Equation (2.29). As stated, the Jacobian matrix 

generates area  dx dy  from  d dξ η , thus Equation (2.24) can be written as 

 [ ] [ ] [ ][ ]
1 1

8 8 1 1

T

MEMBRANEK B E B tJ d dξ η
× − −

=    (2.34) 

where t  is the element thickness. The model evaluates the integration in Equation 

(2.34) numerically using a two point Gauss quadrature [42-44].    

2.2.2 The Kirchhoff Plate Element 

A few of the fundamental assumptions of the linear, elastic, small deflection 

theory of bending for thin plates may be stated as 

• The plate is initially flat 

• The straight lines, initially normal to the middle plane before bending remain 

straight and normal to the middle surface during the deformation, and the 

length of such an element is not altered. This results in the ability to neglect 

shear strains xzγ  and yzγ  as well as the normal strain zε  

• The mid-plane stress normal zσ  is small compared to other stress 

components and is neglected in the stress-strain relations 
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These assumptions arise from what is known as the classical Kirchhoff theory for thin 

plates. Kirchhoff theory allows for the formulation of the stiffness matrix for a plate 

element based solely on the in-plane strains ,x yε ε  and xyγ  [45].  These strains are 

determined by the lateral displacement field given by ( ),w w x y= . The rectangular 

Kirchhoff element with twelve degrees of freedom, shown in Figure 2.8 has a 

displacement field given by the polynomial 

 
2 2 3 2 2

1 2 3 4 5 6 7 8 9

3 3 3
10 11 12

w x y x xy y x x y xy

y x y xy

α α α α α α α α α

α α α

= + + + + + + + +

+ + +
 (2.35) 
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1 

3

4

 

  

 

 

 

, 3x yw θ=  

, 3y xw θ=  

3w

 

Figure 2.8 Kirchhoff Plate Element, 12-D.O.F. with Typical DOF Shown at Node 3 

where iα  are constants. At this point in the derivation it should be noted that this 

element does not sustain interelement continuity of boundary-normal slopes. The 

element does however permit compatibility of the deflection and tangential slope along 

the boundary. With the partial compatibility between elements, the results generated are 

still worthy enough to use this element type. 

Modifying Equation (2.35)  to incorporate rotations xθ  and yθ  where x w yθ = ∂ ∂  

and y w xθ = ∂ ∂ , at each nodal joint i  results as  
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( )

( )

1

2

3

4

52 2 3 2 2 3 3 3

62 2 3 2

72 2 2

8

9

10

11

12

1

0 0 1 0 2 0 2 3 3

0 1 0 2 0 3 2 0 3

i i i i i i i i i i i i i i i i i

x i i i i i i i i ii

i i i i i i i i iy i

w x y x x y y x x y x y y x y x y

x y x x y y x x y

x y x x y y x y y

α

α

α

α

α

α
θ

α
θ α

α

α

α

α

 
 
 
 
 
 
            

=    
   − − − − − − − −    







 










  

(2.36) 

Similar expressions can be obtained for all nodes by replacing i  with j , k  and l  for all 

other nodes yielding the following formulation,  

{ } [ ] { }

[ ]

2 2 3 2 2 3 3 3

2 2 3 2

2 2 2

2 2 3 2 2 3 3 3

2 2

where 

1

2 2 3 30 0 0 01

2 3 2 30 0 0 01

1

2 2 30 0 0 01

ELEMENT

i i i i i i i i i i i i i i i i

i i i i i i i i i

i i i i i i i i i

j j j j j j j j j j j j j j j j

j j j j j j

ELEMENT

a A

x y x x y y x x y x y y x y x y

x y x x y y x x y

x y x x y y x y y

x y x x y y x x y x y y x y x y

x y x x y y x

A

α=

− − − − − − −−

=

3 2

2 2 2

2 2 3 2 2 3 3 3

2 2 3 2

2 2 2

2 2 3 2 2 3 3 3

3

2 3 2 30 0 0 01

1

2 2 3 30 0 0 01

2 3 2 30 0 0 01

1

0 0 1

j j j

j j j j j j j j j

k k k k k k k k k k k k k k k k

k k k k k k k k k

k k k k k k k k k

l l l l l l l l l l l l l l l l

x y

x y x x y y x y y

x y x x y y x x y x y y x y x y

x y x x y y x x y

x y x x y y x y y

x y x x y y x x y x y y x y x y

− − − − − − −−

− − − − − − −−

2 2 3 2

2 2 2

2 2 3 30 0

2 3 2 30 0 0 01

l l l l l l l l l

l l l l l l l l l

x y x x y y x x y

x y x x y y x y y

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 − − − − − − − −   

 (2.37) 
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The strains for the plate element are expressed as 

 

{ }

1

2

3

2
4

2
5

2
6

2
72 2

2
8

9

10

11

12

0 0 0 2 0 0 6 2 0 0 6 0

0 0 0 0 0 2 0 0 2 6 0 6

0 0 0 0 2 0 0 4 4 0 6 6

2

ELEMENT

w

x
x y xy

w
x y xy

y
x y x y

w

x y

α

α

α

α

α

α
ε

α

α

α

α

α

α

 
 
 
 
 

 ∂  
−   ∂   − − − −  

 ∂     
= − = − − − −    ∂    − − − − −    ∂
−   
∂ ∂    

 
 
 
 
 

 

(2.38) 

thus 

{ } [ ]{ }
ELEMENT ELEMENT

Hε α=  

 
[ ]

2 2

where

0 0 0 2 0 0 6 2 0 0 6 0

0 0 0 0 0 2 0 0 2 6 0 6

0 0 0 0 2 0 0 4 4 0 6 6

x y xy

H x y xy

x y x y

 − − − −
 

= − − − − 
 − − − − − 

 (2.39) 

With the strain energy U  determined solely by, the in-plane strains, the stiffness matrix 

Equation (2.24) can be solved for 

 

[ ] [ ] [ ][ ]

[ ] [ ][ ]

12 12

1

where

T

PLATE k
A

K B D B dxdy

B H A

×

−

=

=

 
 (2.40) 
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where [ ]kD  is a formulation of the material matrix in modified for the plate element [42, 

43, 45], 

 [ ] [ ]
3

12
k

t
D E=  (2.41) 

2.2.3 Actuation Forces  

The embedded tubes, when pressurized will cause actuation forces and 

moments that morph the airfoil. This section discusses the formulation of those forces 

and moments, how they are applied to each node, the different actuation segments of 

the airfoil and the derivation of the optimized pressures for a desired angle of twist. 

The actuation system set up for this research is a two layer system with eight 

actuator segments. Figure 2.9 depicts the two different layers of the Wortmann airfoil.  

 

 
Denotes “outer” layer of tubes 

Denotes “inner” layer of tubes 

 

Figure 2.9 Tube Layer Representation 

The chord wise elements are developed in the model such that there are an equal 

number of elements on the top of the airfoil as the bottom. The third “sectioning” of the 

elements checks the element location based upon the half chord length position thus 

essentially splitting the elements in to front and aft sections. With these three sectioning 

techniques, the actuation system becomes an eight actuator system. The eight 

actuators are the following: 
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1) Front-top-outer layer 

2) Front-top-inner layer 

3) Front-bottom-inner layer 

4) Front-bottom-outer layer 

5) Aft-top-outer layer 

6) Aft-top-inner layer 

7) Aft-bottom-inner layer 

8) Aft-bottom-outer layer 

Figure 2.10 depicts the actuators mentioned above. 
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3 

4 

5 

6 

7 

8 

 

Figure 2.10 Eight Actuator System Setup 

These eight actuators have individual pressures associated with them and will be 

organized into a vector denoted as { }TubesP  and the use of this vector will be discussed 

later. 

Considering an element with a single tube in both layers, Figure 2.11 represents 

how each element’s forces are formulated. 



 

40 

 

 

INNERF

OUTERF  

4t  
t  

1

2

3

4

Nodes 
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Figure 2.11 Element Representation of Forces When FMC Tubes are Pressurized 

It is obvious that each tube in a layer has its own force vector, denoted as { }PB  thus if 

both layers are pressurized at once, with the same pressure, the moments cancel and 

the axial force is doubled. The force vector of each node i  is simply, 

 { }

0

0
      where 1 4

0

0

Axial

P i
x

F

B i
M

 
 ± 
 

= = → 
± 

 
 
 

 (2.42) 
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At this point it should be noted that not every element contains a single tube therefore, 

an expression must be derived in order to determine what percentage of the cross 

section of the tube can be used in the elemental force calculation ( )PF
A

= . The tube 

volume ratio tV  is a predetermined variable and is in essence a ratio of the area of the 

tube cross section and the area of cross section of the element “housing” the tube. The 

area of the elemental cross section can be broken down into the geometry of the 

element (half of the thickness and a length denoted as mx  of side of the element). 

 
1

2

2

tt
t

CS m

dA
V

tA x

π
= =  (2.43) 

Solving Equation (2.43) for mx , 

 
2

2
t

m

t

d
x

V t

π
=  (2.44) 

Now a variable n will be designated as the percentage of tubes per given elemental 

side length and is simply the ratio of the side length a to mx  

 
2

2 t

m t

aV ta
n

x dπ
= =  (2.45) 

With the variable n  now derived, the axial force and moments linked to a pressurized 

tube can now be derived. The axial force and moment for a single node as seen in 

Equation (2.42) is simply, 

 8

16

Axial t

x axial

n
F A

t
M F

=

=

 (2.46) 

Now that the elemental force vector is assembled for a single element, the next step is 

to allow for the layer of tubes to be oriented at an angle other than zero. The force 
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vector { }PB  up to this point in the derivation permits only tube orientation to be parallel 

to the y-axis. Allowing for the layers to be oriented another arbitrary angle θ  requires 

another rotation matrix. This rotation however, will only be about the global z-axis.  

              

              

              

              

              

              

              

              

              

              
AxialF

z  

y  

x  

θ  

Inboard 
Aft 

Airfoil 

Tubes 

 

Figure 2.12 Axial Force Tube Rotation  

The rotation matrix then is simply, 

 [ ]
cos sin 0

sin cos 0

0 0 1

tR

θ θ

θ θ

 
 = − 
  

 (2.47) 

However, in order to rotate the entire { }
LOCALPB , the rotation matrix needs to be the same 

length. Therefore, another transformation matrix needs to be assembled and is done so 

in the same fashion as in Equation (2.52). Once this transformation matrix is 

assembled, { }PB  can now be completely formed by multiplying the transformation 

matrix by the local force vector { }
LOCALPB , 

 { } [ ]{ }
24 1 24 24 24 1

LOCALP Tubes PB T B
× × ×

=  (2.48) 
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The { }PB  vector is assembled for adjacent nodes in the same manner as the stiffness 

matrix.  

With the { }PB  determined, the only step remaining to determine the entire force 

due to the actuation system is, 

 { } { }{ }
1 8 8 1

Actuation P Tubes
N N

F B P
× × ×

=  (2.49) 

2.3 Global Assembly  

With both elemental stiffness matrices now derived, the next task is to explain the 

global assembly. The stiffness matrices solved for in sections 2.2.1 and 2.2.2, when 

combined with a loading vector in Equation (2.1), will yield displacements ,u v  and w  

and rotations xθ  and yθ  but a six degree of freedom model will contain displacements 

and rotations for all axes at each node including the rotation associated with the z-axis, 

zθ , also known as the drilling degree of freedom. To prevent singularities, the drilling 

degree of freedom stiffness is constrained and is said to be “unconnected.” The 

convention for nodal displacements for this model is defined as 

T

x y zu v w θ θ θ   .  

At this point in the model development it should be noted that because the 

elemental stiffness matrix depends on element size and orientation within the global 

coordinate system, an element rotation must take place. After generating all of the 

nodes in the model and the connectivity matrix that relates all of the elements with each 

node, it is apparent that most all elements (if any) are ever solely in the global xy-plane.  

Therefore the coordinates for each element must be rotated to the xy-plane in order to 

calculate the elemental stiffness matrix. Afterwards, the elemental stiffness matrix can 

be transformed to the global coordinate system for assembly. Before an element can be 

rotated, a rotation matrix must first be derived from the elements existing geometry. 

Figure 2.13 shows the premise behind finding each element’s surface normal. Vectors 

14V


 and 21V


 are defined on the edges of the element as shown where the cross product 
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of 21V


 and 14V


 yields the surface normal. Equation (2.50) shows how the rotation matrix 

is derived, 

          

 

 

 

1 2 

4 

14V


 

21V


 

21 14V V×
 

 

Global Origin 

x  

y  z  

 

Figure 2.13 Elemental Surface Normal 

 

[ ]

{ } { } { }

{ } { } { }

{ } { } { } { } { } { }

{ } { } { }

21 21 21

21 21 21

14 14 14

14 14 14

where

1 0 0

0 ; 1 ; 0

0 0 1

n n n

n n n

n n n n n n

n n n

V x V y V z

V V V

V x V y V z
R

V V V

S x S y S z

x y z

 
 
 
 
 =
 
 
 
 
 

     
     

= = =     
     
     

  
  
  

  
  
  

  

 (2.50) 

and { }nS  is the surface normal vector. With the rotation matrix [ ]R  now determined, the 

elements can be rotated into the xy-plane and the lengths of the sides of the elements 

(lengths a and b in Figure 2.6 and Figure 2.8) that are needed to calculate the stiffness 

matrices are available.  
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Before assembling the global stiffness matrix, the stiffness matrices derived for 

the two separate elements need to be combined to form the local stiffness matrix for 

each element, covering all degrees of freedom. Combining the 8 8×  membrane stiffness 

matrix with the 12 12×  plate stiffness matrix, while adding the stiffness associated with 

the drilling degree of freedom mentioned previously, results in an elemental 24 24×  

stiffness matrix. An expansion of Equation (2.1) showing a partial result of the combined 

stiffness matrix resembles the following, 

[ ]{ } { }LOCALK u F=

 

111 12 13 14 15 16 124

121 22 23 24 25 26

131 32 33 34 35 36

141 42 43 44 45 46

151 52 53 54 55 56

161 62 63 64 65 66

4241 2424

x

y

z

z

uk k k k k k k

vk k k k k k

wk k k k k k

k k k k k k

k k k k k k

k k k k k k

k k

θ

θ

θ

θ

  
  
  
  
  
                








  
     

{ }F


=







 

 

 

 

 

 

Denotes membrane element stiffness matrix 

associated for a single node (Area 1) 

Denotes plate element stiffness matrix 

associated for a single node (Area 2) 

Denotes entire stiffness associated with node 

one (Area 3) 
 

(2.51) 

Equation (2.51) fully shows the combination of the stiffness of the two elements (Area 1 

and Area 2) for the first local node with the drilling degree of freedom added in as well. 

Once again, since a single node now has stiffness for all six degrees of freedom; the 

new combined local stiffness matrix becomes a 24 24×  matrix. Since the element 

lengths (a and b) used to calculate the stiffness matrix were rotated into the local xy-

plane, the elemental stiffness matrix is rotated into the local plane as well and will be 

known as [ ]LOCALK  for clarity in the explanation of the model’s development. Thus 
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because the element’s stiffness matrix is in the xy-plane, it must be rotated back to the 

global coordinate system. Since the rotation matrix [ ]R  has been determined, this task 

simply requires assembly of a transformation matrix. 

 [ ]

[ ]

[ ]

[ ]

3 3

3 3

24 24

3 3

0 0

0 0

0 0

R

R

R
T

R

×

×

×

×

 
 
 
 =  
 
 
  



  


 (2.52) 

So the elemental stiffness matrix is now  

 [ ] [ ] [ ][ ]T

ELEMENT R LOCAL RK T K T=  (2.53) 

With that the full stiffness matrix being defined for a single element, it is now 

necessary to define the process by which each singular element gets assembled to 

create a global stiffness matrix for the airfoil. Figure 2.14 shows a view of the airfoil 

mesh exploded at node two. 
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Figure 2.14 Meshing Assembly 

It is clear to see at this location that local node one of element a and local node 

two of element b share the position. As a result of this, the stiffness at global node two 
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is determined by adding together the local stiffness from both elements a and b at local 

nodes one and two respectively. Equation (2.54) attempts to illustrate the sum of the 

respective stiffness of each local node in the global stiffness matrix  

 [ ]
1 2 1

1

a b N

GLOBAL

N NN

k k k

K

k k

+ 
 =  
  


  


 (2.54) 

where 1ak  and 2bk  are the stiffness associated with local node one in element a and 

local node two in element b. In essence, 2GLOBAL
k  is analogous to adding Region 3 in 

Equation (2.51)  and another region similar for node two of element b. The subscript 

" "N  in Equation (2.54) denotes the length of the global stiffness matrix which is 

dependent upon the number of nodes in the system and the total number of degrees of 

freedom per node; which of course for this model is six. This assembly occurs for all 

nodes within the model that share an intersection. Many nodes share four local nodes 

and as a result, stiffness for four local elements are summed together to get the 

stiffness for that global node.   

2.4 Applying Boundary Conditions  

It is well known that the boundary conditions of a cantilever beam constrain all 

displacements and slopes at the “attached” end of the beam. In the case of a wing the 

“attached” end is, of course, at the fuselage. The most inboard nodes shown in Figure 

2.15 will be constrained in this model and because the wing tip is treated as a cantilever 

beam, all six degrees of freedom will be constrained. Though it is not shown in Figure 

2.15, the nodes on the bottom of the airfoil are constrained as well.  
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Figure 2.15 Constrained Nodes 

Equation (2.55) shows the matrix [ ]L  which constrains the stiffness matrix (Equation 

(2.54)) and applies the boundary condition. For clarity purposes, Equation (2.55) 

considers the situation where node one is constrained and node two is not 
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Denotes node one (constrained) 

Denotes node two (free) 

 

(2.55) 

It is clear to see the simplicity of the constraining matrix. If a node is constrained, the 

diagonal of the 6 6×  matrix associated with that node’s degrees of freedom is zero. If a 

node is free the 6 6×  matrix is an identity matrix. Equation (2.56) applies the boundary 

conditions to the global stiffness matrix resulting in the constrained stiffness matrix 

[ ]CONK . 

 [ ] [ ][ ][ ]T

CON GLOBALK L K L=  (2.56) 
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2.5 Aerodynamic Model – Calculation of Aerodynamic Loading 

Aerodynamic modeling is an ever growing field within the aviation industry. With 

advancements in computational power, the use of computational fluid dynamics (CFD) 

is becoming more and more common as well as the use of various panel methods. 

When dealing with panel methods, there are many choices of features that are available 

to the user and over the past sixty years, there has been an expansion of these 

features. For the most part all of the geometry associated with panel methods are flat 

panels; however there are a couple of panel methods available that allow for parabolic 

geometry. When selecting a type of singularity distribution, the user has many more 

options. Some types of singularity distributions might include, a constant source, a 

linear source, a constant vortex and a linear vortex, just to name a few [46]. The 

singularity distribution used in this research, as mentioned a number of times 

previously, is the constant strength doublet around a quadrilateral panel.  

This section of the chapter will not speak as much of the equations involved with 

the aerodynamics but more of the theory behind the panel method and how the forces 

come about from the panels. It should also be stated at this point that the actual Matlab 

code used for this research is a modification of a previous program developed by Dr. 

William Devenport of the Virginia Tech Aerospace Ocean Engineering Department for 

the use of his students in his graduate level Advanced Aerodynamics Course [47]. 

Some of the assumptions with this panel flowfield model are that viscous effects 

are small in the flowfield and the flow is subsonic everywhere. The basis behind most 

any panel method is forming a “ring” of filaments. The filaments have a flow and must 

either extend to infinity or be looped into a ring. A filament has a singularity (a source, 

doublet or vortex) distributed along a curved or straight line where each element ( )ds  of 

a filament behaves like a point singularity. Figure 2.16 shows an example of a vortex 

filament of constant strength Γ  that extends to infinity.  
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Figure 2.16 Vortex Filament [48] 

The desire is to be capable of calculating the velocity field ( )V r  at some arbitrary point 

away from the origin O  given by vector r . The velocity field can be calculated from the 

Biot-Savart Law [48] given as, 

 ( )
( ) ( )1 1

3

1
4 C

r r ds r
V r

r rπ

− ×Γ
= −

−



 (2.57) 

The Biot-Savart Law cannot be inferred from simple integration since there is no 

comparable point singularity. Instead it is determined from considering the general 

problem of determining a velocity field from a given vorticity field. As stated earlier, 

filaments either extend to infinity or are looped so if a filament is looped with straight 

sides to form a rectangle it becomes a panel. Figure 2.17 depicts an example of a 

constant strength doublet panel where the flow around the panel perimeter is the same 

as a vortex ring.  
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Figure 2.17 Constant Strength Doublet Panel 

Thus Equation (2.57) can be modified for a ring and simply changes to the following 

 ( )
( ) ( )1 1

3

1
4 C

r r ds r
V r

r r

µ

π

− ×
= −

−



  (2.58) 

Equation (2.58) differs slightly from Equation (2.57) only that the singularity strength 

variable Γ , the strength of a vortex, becomes µ , the strength of the doublet, and the 

integral becomes a loop integral. Therefore a quadrilateral panel 

 ( ) ( ) ( ) ( ) ( ), , , , , , , ,fil nw sw fil sw se fil se ne fil ne nwV r f r r r f r r r f r r r f r r r µ = + + +   (2.59) 

where the filf  functions are the influences by each filament along the edge of the panel. 
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Each panel must have a control point to evaluate the influence from all of the 

filaments which is placed at the center of each panel. It should be noted that each panel 

is not a solid boundary and in order for it to behave as such, the strength must be set so 

that no flow is allowed through at the control points. Figure 2.18 shows the control point 

location of a center panel and control points of the adjacent panels as 

well.

rc  

r  

nc  

sw 

nw 

ne 

se 

ea 

no 

we 

so 

 

Figure 2.18 Panel Geometry 

Up to this point should a model be assembled, any geometry specified, including 

an airfoil, could not be considered as a lifting body. The following discussion explains 

theoretically how to construct a model that behaves as a lifting body. 
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2.5.1 Kutta Condition 

The Kutta condition states: 

The flow leaves the sharp trailing edge of an airfoil smoothly and the velocity 

there is finite [46]. 

For the Kutta condition to be true, the flow circulation (surface vorticity), around the 

trailing edge of the airfoil must be zero. Figure 2.19 shows the flow behavior at the 

trailing edge of the model without including the Kutta condition. As stated previously, 

should the model be composed in this fashion, the airfoil geometry would not behave as 

a lifting body.    

 

V ∞  

 

Figure 2.19 Wing as Non-Lifting Body (Kutta Condition Not Satisfied) 

The aerodynamic model satisfies the Kutta condition by placing panels in the wake of 

the airfoil to cancel out the trailing edge vorticity caused by the panels in the setup 

shown in Figure 2.19. Figure 2.20 shows the addition of the panels in the wake of the 

airfoil in the plane of the trailing edge panels. Ideally the panels would extend to infinity 

but in practice, and because panels cannot be located at infinity in Matlab, if a large 

enough value is selected (~50 times larger than the chord length) will suffice for 

accurate enough results. The additional wake panels have no control point 
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specifications, only that they combat the trailing edge vorticies so that W U LΓ =Γ −Γ  

(Figure 2.21).  

         

 
V∞  

 

Figure 2.20 Wake Panel Addition (Kutta Condition Satisfied) 

 

      

 

 

 

 

 

      

 
Lower panel strength LΓ

Upper panel strength UΓ  

Wake panel strength WΓ  

 

Figure 2.21 Enlarged Trailing Edge View of the Kutta Condition 

With the addition of the wake panels, specified airfoil geometry can now be considered 

a “lifting body.” 
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With control points established and panels added to incorporate lifting bodies, the 

next step in the panel method is to obtain expressions for the normal velocity at each 

control point produced by the free stream velocity and the set number of panels. Each 

panel influences those around it; therefore these influences are taken into consideration 

in the computation. The panel strengths are then solved for, allowing for tangential 

velocities at the control points to be calculated. Once the tangential velocity is 

determined, surface pressures can then be evaluated. The pressures coefficients are 

computed for each panel using Bernoulli’s equation, 

 ( )( )
( )( )

2

2
1

n

cn

p c

V r
C r

V∞
= −  (2.60) 

where V∞  is the free stream velocity and the superscript n denotes each panel. Figure 

2.22  shows an airfoil in a flow with the tangential velocities depicted at the center of 

each panel. Figure 2.23 displays the same airfoil in a ten degree angle of attack flow 

with Figure 2.23(c) depicting the scale of the pressure coefficients.     

 

Figure 2.22 Sample Airfoil Depicting Tangential Velocity 
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Figure 2.23 Example Aifoil in a Flow (a) yz-axis (b) xz-axis (c) xy-axis 

From here, the pressure at each panel is determined from the pressure coefficient 

equation [49] 

 
21

2

p

p p
C

Vρ

∞

∞ ∞

−
=  (2.61) 

where ρ∞  and p∞  are the free stream density and pressure (free of any remote 

disturbances) respectively. Solving for p  in Equation (2.61) yields the pressure on each 

panel and because the pressure acts at the center of the panel and the finite element 

model uses nodal forces, the force must get carried to the vertex of the panels. This is 

accomplished by once again using a two point Gauss quadrature [44]. The force vector 

{ }AeroF  can now be assembled for each element then rotated to the specific panel 

geometry from the local condition using the previously derived transformation matrix in 

Equation (2.52) then assembled for the entire mesh. 

With the pressure coefficients determined, it is not difficult to calculate lift, drag 

and moment coefficients. The first step in doing so is to compute the planform area of 

the airfoil. 
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1 ˆ
2

Surface

S k d=  A  (2.62) 

where dA  is the obvious differentiable area on the airfoil. The force coefficient is then 

 

1

where

p

Surface

x

y

z

C C d
S

C

C C

C

= −

 
 

=  
 
 

F

F

A
 (2.63) 

Now that force coefficients are determined, the computation of the lift and drag 

coefficients are simply a rotation of xC  and zC  by the angle of attack α  

 
cos sin

sin cos

L z x

D z x

C C C

C C C

α α

α α

= −

= +
 (2.64) 

The moment coefficient is derived in a similar fashion to the force coefficient, 

 

1

where

Wing Area
and 

Span

M p

Surface

Mx

M My

Mz

C C d
Sc

C

C C c

C

= − ×

 
 

= = 
 
 

 r A
 (2.65) 

2.6 Weight Force 

This section of the chapter discusses another addition to the force vector which is 

the force due to gravity. This force vector construction begins with determining the 

elemental volume, ElementV , simply by multiplying the side lengths with the thickness. 

Given a specific matrix material density mρ , the elemental weight Elementw  is then 

 ( )1Element t Element mw V V gρ= −  (2.66) 
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where again, tV  is the tube volume ratio and g  is the acceleration due to gravity. With 

the weight of each element calculated the weight force vector for each node i  simply 

becomes  

 { }

0

0

4       where 1 4
0

0

0

Element

Weight i

w
F i

 
 
 
 − 

= = → 
 
 
 
  

 (2.67) 

The { }WeightF  elemental vector is then assembled for the entire mesh concluding all force 

vector derivations. 

The derivations for all force vectors and the combined stiffness matrices are now 

complete. Equation (2.1) can now be expanded for the model presented in this research 

to include all of the forces introduced. Equation (2.68) presents this expansion.  

 [ ]{ } { }Aero Actuation WeightK u F F F= + +  (2.68) 

2.7 Pressure Optimization 

One of the important aspects of this research is to explore the possibility of 

optimizing the eight actuator pressures to actuate the airfoil to a desired angle of twist. 

As Equation (2.49) suggests, the vector { }TubesP  contains the values of the actuator 

pressures and it is this vector that is to be optimized. To calculate the optimal pressures 

of the FMC tubes, an objective function is developed using a least squares approach. 

Beginning with Equation (2.68), expanding ActuationF  to Equation (2.49) and introducing 

the subscript “ACT,” denoting actual displacements, results as 

 ACT Aero P Tubes WeightKu F B P F= + +  (2.69) 

Solving for the actual displacements yields, 
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 1 1 1

ACT Aero P Tubes Weightu K F K B P K F− − −= + +  (2.70) 

The goal is to determine the optimal actuation pressures ( TubesP ) such that the 

actual displacements ( ACTu ) are as close to the desired displacements ( DESu ). To 

determine the desired displacements, linearly increasing edge loads are applied to the 

nominal system to warp the wing to the desired angle of twist. The desired 

displacements ( DESu ) associated with this twist are then stored. A weighting matrix 
ST  is 

introduced to ensure that only displacements, and not rotations, are used in the 

optimization process.  

 ( ) ( )T

S ACT S DES S ACT S DESJ T u T u T u T u= − −  (2.71) 

Equation (2.71) is the basis behind the least squares optimization technique. Inserting 

Equation (2.70) into Equation (2.71) and separating force and displacement terms from 

the pressure vector, Equation (2.71) can be broken down where new variables Y  and 

A  can be introduced where, 

 

1 1

1

S Aero S Weight S DES

S P

Y T K F T K F T u

A T K B

− −

−

= + −

=
 (2.72) 

Thus the expansion of Equation (2.71) now will become  

 T T T T T T T

Tubes Tubes Tubes TubesJ Y Y P A Y Y AP P A AP= + + +  (2.73) 

The objective now becomes to minimize J  with respect to the pressures, 

 0
Tubes

dJ

dP
=  (2.74) 

After some manipulating, minimizing Equation (2.73) by means of Equation (2.74) 

becomes 

 2 2 0T T

TubesA AP A Y+ =  (2.75) 
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So the optimal pressures can be solved from Equation (2.75) and the equation is 

 
( ) (

)

1

1
1 1

1

or

T T

Opt

T T T T T T

Opt P S S P P S S Aero

Weight DES

P A A A Y

P B K T T K B B K T T K F

K F u

−

−− − − −

−

 = − 

=

+ −

 (2.76) 

Equation (2.76) has no constraints, and thus the actuation pressures could 

possibly be negative.  Since the system does not operate on a bias pressure, the 

equation must be constrained to avoid any negative actuation pressures. A nonlinear 

multivariable constraining function is used within Matlab to find the minimum optimized 

pressure vector. Chapter 4 discusses the parameter studies associated with the desired 

angle of twist, the optimized pressures and the errors associated with the system.  
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Chapter 3  

Model Verification  

Before using the model developed in Chapter 2 for analyzing morphing 

characteristics, the model must be verified to check the validity of the results. The 

verification of the model is accomplished by comparing results to commercial software 

packages. The structural finite element portion of the model and the aerodynamics 

portion are both compared separately. 

3.1 Structural Verification  

This section of the chapter describes the test cases in which the structural model 

developed in Chapter 2, will be verified. The commercially available program, 

NASTRAN, was used in the verification of the structural portion of the model. In all test 

cases, a specific model geometry was selected with the same boundary conditions and 

loads were applied.  

The model chosen for verification was a simple homogeneous, constant 

thickness, isotropic, symmetric NACA 0012 airfoil with aluminum as the selected 

material [50]. Table 3.1 outlines the model’s parameters. 
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Table 3.1 Model Parameters 

For ease of model construction, the pre and post processor, PATRAN was used. 

The boundary conditions applied to the PATRAN model are the same as presented in 

Figure 2.15. The load case applied to every model was a 100 Newton point load in the 

positive z-direction applied at all nodes. Figure 3.1(a) shows the PATRAN model with 

boundary conditions while Figure 3.1(b) shows the same model with the loads. 

Airfoil NACA 0012 

Thickness 10 mm 

Span (Unconstrained) 2 m 

Span (Constrained) 1.33 m 

Chord Length 1 m 

# Of Span Elements 6 

# Of Chord Elements 48 

Total # of Elements 288 

Material Properties: Aluminum 

Young’s Modulus E 70 GPa 

Poisson’s Ratio 0.33 

Density 2.7 3g cm  
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(a) 

 

(b) 



 

 

Figure 3.1 PATRAN Model 

There are many different element types to choose from within NASTRAN. As 

described in Chapter 2, the flat shell element was chosen to simulate the model for the 

research. It would then be logical to pick similar type elements within NASTRAN to 

compare. Surface elements, also called two-dimensional elements, within NASTRAN 

are used to represent structures where the thickness is small compared to the other 

dimensions. NASTRAN surface elements model five out of the six degrees of freedom. 

The drilling degree of freedom is unconnected for the same reasons described in 

Chapter 2. The classical assumptions made for the research model’s elements are the 

same as those made for the surface elements. The CQUAD4 and CQUADR NASTRAN 

elements were chosen for comparison due to the similarities they share with the 

elements developed for the research model. The CQUAD4 is a quadrilateral plate 
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element and is the most commonly used element for modeling plates, shells and 

membranes. It can represent in-plane, bending and transverse shear behavior 

depending upon the proper property entry. When modeling plates, shells or membranes 

within NASTRAN, the PSHELL property must be included. The PSHELL property 

defines the membrane, bending, transverse shear and coupling properties of thin plate 

and shell elements. The PSHELL property imposed for this comparison test included 

coupling of all three of the properties. The CQUADR element is an isoparemetric flat 

plate element without membrane-bending coupling. It has better performance for 

modeling structures with in-plane loads. The CQUADR element is less sensitive to 

distortion and extreme values of Poisson’s ratio than the CQUAD4 element [51]. 

With the same loading applied to the research model, the displacements were 

compared at the forty-eight wing tip nodes. Figure 3.2(a) depicts the displacements of 

both models versus the original x node location while Figure 3.2(b) illustrates the same 

displacements versus node number. 
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Figure 3.2 CQUAD4 Element Comparison 

Figure 3.3 exhibits the same type plots as Figure 3.2 but with the CQUADR elements.   
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Figure 3.3 CQUADR Element Comparison 

The loading applied only causes displacements on the order of millimeters and at 

first glance, Figure 3.2 and Figure 3.3 seem to give reasonably close results for the 

loading case. Figure 3.4 shows the percent difference between the research model and 

the NASTRAN model for the two different elements. 
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Figure 3.4 Elemental Percent Difference Between 

As stated previously, the CQUADR element is an isoparametric element with no 

membrane-bending coupling and because the membrane and plate elements are 
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superimposed upon one another in the research model, it is safe to say the CQUADR 

element best represents a similar response when compared to the research model. 

Figure 3.4 shows agreement with the previous statement with most of the difference for 

each CQUADR element less than 2%. The 2L  and L∞ norms listed in the following table 

also agree that the CQUADR element attributes match closer to the research model.  

 

 

 

 

Table 3.2 Norms of the % Difference 

The numbering system for the airfoil starts at the trailing edge with node one 

continues along the top surface until reaching the leading edge at node twenty-five then 

continue along the bottom surface until reaching node forty-eight at the trailing edge. 

Figure 3.4 portrays an increase in percent difference for both element types at the 

leading and trailing edge nodes. The error between the research model and NASTRAN 

could be due to the order of the Gauss quadrature, the method of the element 

derivation, or numerical errors accrued during element transformations, assembly, and 

calculation of the static displacement. However, since the percent difference is less than 

2% for all nodes except those at leading and trailing edge and there is good agreement 

with NASTRAN, the research model is considered valid for analytical purposes.  

3.2 Aerodynamics Verification 

As mentioned in Section 2.5 the aerodynamic model is an adaptation of a 

previous model developed by Dr. William Devenport. In this section of the chapter, the 

three dimensional panel method aerodynamic model used for this research will be 

verified against the two dimensional panel method program XFOIL. Because XFOIL is a 

two dimensional program, no wing tip vorticity effects are taken into account and 

essentially the airfoil extends to infinity spanwise. So in order to compare results of a 

Norm Type QUAD4 Element CQUADR Element 

2L  87.497 13.851 

L∞  82.379 13.567 
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three dimensional model with a two dimensional one, the geometry specified must be 

such that a cross section may be selected where it will be free of any wing tip vorticity 

effects. XFOIL has a built in function that will model a four or five digit NACA airfoil and 

if used, a set number of panels (160) will be used therefore; for better comparison 

results, the number of chord panels generated for the research model is the same. The 

geometry selected for comparison is listed in the following table for clarity.  

 

 

 

 

 

 

Table 3.3 Aerodynamic Model Attributes 

The pressure coefficients were taken at the half span of the 3D model so as to 

remove wing tip vorticity effects as much as possible. Various angles of attack (α ) were 

used for comparison. Figure 3.5 shows the comparisons. 

Airfoil NACA 0012 

Span 20 m 

Chord Length 1 m 

# Of Span Elements 19 

# Of Chord Elements 160 

# Of XFOIL Chord Elements 160 
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Figure 3.5 Inviscid Aerodynamics Comparison Plots (a) =1˚ (b) =3˚ (c) =5˚ (d) =6˚ 

So as Figure 3.5 shows, the three dimensional aerodynamic model gives reasonable 

results when comparing to XFOIL with the majority of the pressure coefficients within an 

acceptable range of difference. The majority of the difference is located at the leading 

edge of the airfoil. For a NACA airfoil, the research model uses a chord node generator 

that formulates all nodes to be equally spaced with a sharp leading edge. In a flow, the 

leading edge of an airfoil always has the greatest pressure range, thus more data points 

should be placed at the leading edge for better results. Figure 3.6 shows the differences 
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between the x-coordinate locations and the concentration of nodes at the leading edge 

(node 80).  
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Figure 3.6 x-Coordinate Comparison 

Figure 3.6 shows that the XFOIL node generator contains a larger concentration of 

nodes at the leading edge. The figure also shows that the research model’s nodes 

converge to a much sharper point at the leading edge. These differences explain some 

of the variation in the plots in Figure 3.5. 

Inviscid flow is used for formulation in both the research model and in XFOIL. 

XFOIL is constructed by the superposition of a freestream flow and the combination of a 

vortex sheet and a source sheet on the airfoil’s surface and wake. XFOIL also adds a 

trailing edge panel and in the case of a sharp trailing edge, the system of equations 

would become singular. XFOIL avoids this by extrapolating the mean strengths of the 

top and bottom panels at the trailing edge and inserts those values into the equation 

[52]. Figure 3.7 shows the lift and moment coefficients for the range of angle of attack 

for both models.  
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Figure 3.7 LC  and MC Section Coefficients for a NACA 0012 Airfoil 

Though not exact, both models agree within an acceptable range. It should be noted 

that both models are not capable of simulating flow separation because experimental 

results, show that the NACA 0012 airfoil is stalled at ±15 degrees angle of attack [49], 

which Figure 3.7 does not demonstrate. 

As shown in the figures above, the results obtained from the three dimensional 

aerodynamic model agree well with the XFOIL for the 2D case. Therefore the 

aerodynamic model and the implementation of the model with the structural finite 

element model is considered valid.  
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Chapter 4  

Parameter Studies 

In this chapter of the thesis, the numerous simulations that were performed on 

the research model will be discussed. To begin, constant model variables are specified 

that are to be used in all parameter studies. Section 4.1 describes the design region 

study which yielded suitable thickness and moduli values to be used in all of the 

parameter studies. Section 4.2 outlines the test setup and lists all combinations of 

selected FMC tube orientation angles, desired twisting angles to be used with the skin 

thicknesses and elastic moduli found from the design region study. Section 4.3 

discusses the results from the parameter studies by presenting a couple of best test 

case scenarios. 

Before any parameter studies may be performed, all variables associated with 

the testing the model must be outlined. As mentioned in Chapter 1, the research model 

is to replicate, as accurately as possible, the HP-18 sailplane wing tip. The Wortmann 

FX-67-K-150, depicted in Figure 1.13, airfoil coordinates were generated from the UIUC 

Airfoil Coordinate Database [53]. The HP-18 sailplane’s characteristics are found in 

Table 4.1 [54]. 

 

 

 

 

 

 

Table 4.1 HP-18 Characteristics [54] 

Wingspan 15.0 m 

Aspect Ratio 21.1 

Wing Area 10.66 m 2  

Average Chord 0.71 m 

Taper Change Point None 

Twist None 
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The x and z coordinate vectors were interpolated to achieve a desired number of chord 

nodes using a built in Matlab function, but because the function was not capable of 

scaling the vector to the actual length of the HP-18, the length of the airfoil given in the 

UIUC database (1 meter) must be used. Therefore, the actual average chord length 

given in Table 4.1 is not the chord length used in the analysis. Modeling the most 

outboard ten percent of the wingspan is a part of the motive behind this research, thus 

with the given HP-18’s wingspan, ten percent of a single wing’s span (the half span) 

equates to 0.75 meters. Figure 4.1 depicts top, front and right side sketches of the HP-

18.  

 

Figure 4.1 HP-18 Views [55] 

As mentioned in Chapter 1, the HP-18 was chosen for its minimal taper characteristic at 

the outboard section, which can be seen in Figure 4.1. 
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4.1 Design Region Determination 

Since the skin thickness and elasticity modulus of the matrix material in the FMC 

skin control the deformation of the airfoil, a parameter study was performed to 

determine a suitable range of thickness and moduli values that could be used to test the 

model’s morphing capability. By changing the thickness and modulus values, this test 

will ensure that values selected to be used within the parameter study are strong 

enough to handle the applied loading. The design region is determined through a series 

of tests on the model in which a “baseline” can be created for comparison. This 

“baseline” was established by running a test on the model with all variables equivalent 

for each test, only changing the angle at which the FMC tubes are oriented. Material 

properties given in Table 3.1, remain constant through each test run. The following table 

outlines the other constant variables throughout the tests. 

 

  

 

 

 

 

 

 

 

 

 

Table 4.2 Constant Variables Set for Design Region Establishment 

Airfoil Wortmann  FX-67-K-150 

Constrained Span 0.75 m 

Airspeed [55] 69.9 m/s 

Angle of Attack () 0˚ 

Side Slip Angle () 0˚ 

Air Density 1.2 kg/m 3  

Tube Volume Fraction Ratio 0.7854 (Full) 

FMC Tube Wall Thickness 0.001 m 

# Of Span Elements 45 

# Of Chord Elements 45 

Total # of Elements 1936 

Matrix Material Density 0.92 kg/m 3  
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The airspeed used in all tests was found from the HP Aircraft website [55] and 

the value given in Table 4.2 is listed to be the maximum in smooth air, i.e. no 

turbulence. Using the maximum airspeed assures that the most conservative case is 

used in all test cases. The matrix material density listed in Table 4.2 was approximated 

as per a common value for the material silicone. 

Each simulation contained a range of ten different variables for thickness and 

elastic moduli. Because of the total computation time, only four different tube 

orientations were tested. The only loading in each test case was that of the 

aerodynamics, AeroF . Actuation forces, ActuationF , and the force due to gravity, WeightF , were 

not considered for this test. This particular test was performed in the following manner: 

1) A stiffness matrix is established with the given thickness and elastic modulus 

2) The undeformed geometry  is then iterated through one cycle of the 

aerodynamic model and the aerodynamic pressures are calculated 

3) The pressures are then applied to existing stiffness matrix and the nodal 

displacements are calculated 

4) The nodal displacements are then added to the undeformed geometry 

5) The model is then iterated with the new geometry through the aerodynamic 

module and new pressures are solved for 

6) The new pressures are applied to the existing stiffness matrix and new 

displacements are calculated (similar to step 3) 

7) The difference between the mean edge displacement in the z direction of the 

current iteration and mean edge displacement found in previous iteration is 

assessed to see if it is within a set tolerance 

8) New aerodynamic pressures and nodal displacements are calculated (steps 

4-7) until the nodal displacements of the current iteration are within the 

tolerance of the previous iteration 

The set tolerance defined in step 7 was equal to 61 10−× millimeters and was well within 

an acceptable range of accuracy.  Iteration studies performed showed minimal increase 

in performance with smaller tolerances but significantly increased computation time. 
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As mentioned, each test was simulated for a range of ten skin thicknesses and 

ten elastic moduli against four different tube orientation angles. Table 4.3 lists the 

different thicknesses, moduli and tube orientation angles used to decide the design 

region, resulting in 400 different combinations of test cases. 

 

   

 

 

 

 

 

 

 

 

Table 4.3 Design Region Study Variables 

Each simulation stored the maximum displacement for each case and the case with the 

greatest displacement for the four tube orientation angles tested, is said to be the most 

conservative. Figure 4.2 displays a surface plot for the ninety degree tube orientation 

angle with the maximum displacements for each test case depicted. The maximum 

displacement for all test cases is labeled with a magnitude of 3.261 millimeters, the 

greatest displacement for all four tube orientation angles tested. The ninety degree tube 

orientation (with respect to baseline zero see Figure 2.12) is said to be most 

conservative, thus the design region will be selected from those results.   

Skin 
Thicknesses 

Elastic 
Moduli 

Tube 
Orientation 

Angle 

10mm 

20mm 

30mm 

40mm 

50mm 

60mm 

70mm 

80mm 

90mm 

10 cm 

10 MPa 

120 MPa 

230 MPa 

340 MPa 

450 MPa 

560 MPa 

670 MPa 

780 MPa 

890 MPa 

1 GPa 

0˚ 

30˚ 

60˚ 

90˚ 
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Figure 4.2 Ninety Degree Tube Orientation Maximum Displacement Surface Plot 

4.1.1 Design Region Selection 

With an idea of an area that is preferred, the next step is to select actual points to 

be tested. The points to be tested are at the edge of the design envelope, the thinnest 

and/or least stiff areas within a reasonable distance from the edge of the design region. 

Points along this edge region will need less pressure for actuation and/or will result in 

less weight. Figure 4.3 is an xy-plot of Figure 4.2 with the seven points selected for 

studying. The actual thicknesses and moduli are listed in Table 4.4. 
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Figure 4.3 Seven Points used in Parameter Study Depicted on Design Region Plot 

 

 

 

 

 

 

 

 

Table 4.4 Selection Points used for Parameter Studies 

Skin Thicknesses Elastic Moduli 

16 mm 490 MPa 

17 mm 290 MPa 

18 mm 160 MPa 

19.5 mm 106 MPa 

24.2 mm 90 MPa 

35.5 mm 80 MPa 

45 mm 65 MPa 
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With points chosen within the design region, the next step is to perform parameter 

studies for systems that are within the design region. 

4.2 Test Setup 

The main goal of this research is to test the feasibility of the proposed fibrillar 

network as an actuator for morphing a wing tip. This section of the chapter outlines the 

variety of the tests performed on the model.  

This parameter study attempts to reveal a combination of different selected 

variables that will be discussed in further detail later, which will yield a desirable 

advantage of implementing the proposed system. Through these studies a selected 

tube orientation angle tested, in combination with a thickness and elastic moduli listed in 

Table 4.4, is expected to result in a scenario that matches a desired angle of twist 

selected with minimal error. An attainable maximum tube pressure, a model weight that 

is considerably less than the weight of a current system, and beneficial aerodynamic 

characteristics are all goals also anticipated from the studies. 

To begin the parameter study, variables for a desired twist angle needed to be 

selected. Since ailerons on most all aircraft deflect opposite one another to achieve a 

coordinated turn and because the hope behind implementing the proposed morphing 

system would be to replace an existing aileron system or work in combination with the 

existing aileron system to turn the aircraft, the morphing addition must be capable of 

morphing the wing positively (leading edge up) and negatively (leading edge down). 

With this in mind, both positive and negative desired angles of twist are studied. Due to 

the computation time needed to run model through all of the tests, only six desired 

angles of twist were studied (three positive and three negative).  

Table 4.5 outlines the six desired angles and also the eight different tube 

orientation angles used in the study. 
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Table 4.5 Desired Twisting and Tube Orientation Angles 

The angle of desired twist γ  is determined by calculating the angle between the trailing 

edge point and the leading edge point as seen in Figure 4.4. 

γ  

Baseline 0γ =   

 

Figure 4.4 Desired Twist Angle Depiction 

The desired angle of twist is determined using a linearly increasing loading on the 

leading and trailing edges of the baseline airfoil as shown in Figure 4.5. The loading 

depicted is the method for obtaining a positive angle of twist; the linear loading is 

obviously opposite for a negative desired twist angle. All of the desired angles of twist 

are determined in the manner mentioned. 

Desired Angles 

of Twist γ  

Tube Orientation 

Angles θ  

-6˚ 

-4˚ 

-2˚ 

2˚ 

4˚ 

6˚ 

-45˚ 

-30˚ 

0˚ 

15˚ 

30˚ 

45˚ 

60˚ 
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Incremental Loading 

 

Figure 4.5 Method for Obtaining Desired Angle of Twist Loading Depiction 

The model was arranged with all of the variables mentioned previously. Since all 

node locations for each desired angle of twist were determined and stored, the next 

step is to test the model’s capability to replicate the desired twist using the eight 

actuator system. This study is carried out in a method similar to the following: 

1) With all of the variables established, a mesh is constructed from the given 

geometry 

2) With the undeformed mesh established, an initial aerodynamic loading vector 

( AeroF ) is  determined 

3) For a desired angle of twist, tube orientation angle, a thickness and a stiffness 

modulus from Table 4.4, a stiffness matrix is assembled 

4) The stored displacements of the angle of twist for the specific iteration are 

then loaded 

5) The weight vector ( WeightF ) is then calculated for the specific thickness 

6) The optimal pressure vector ( OptP ) is then calculated from (2.69), then 

constrained using a nonlinear multivariable constraining function 

7) The displacements due to the tube actuation pressure are then calculated 
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8) The morphed geometry is then inserted into the aerodynamic model and 

iterated until the previous iteration’s mean edge displacement due to the 

loading is within the set tolerance of the most recent step’s mean edge 

displacements (This process is the same as the test used to determine the 

design region mentioned in Section 4.1) 

9) All variables are then saved and the program then uses a new stiffness 

modulus from Table 4.4 to compute a new stiffness matrix 

This process is repeated for all moduli in Table 4.4 then the subsequent 

thickness in the table is used with the list of moduli. Once all thicknesses have been 

utilized a different tube orientation angle is tested. After all thicknesses and moduli have 

been tested with all tube angles, the next desired angle of twist is used. 

4.3 Results 

As mentioned, the parameter studies were performed in an attempt to find a 

favorable tube orientation angle in combination with a thickness and stiffness moduli for 

the eight actuator system that replicates a desired angle of twisting. After each iteration 

in the parameter study, all variables in the workspace were stored; therefore a variety of 

variables may be examined. Because the objective of reproducing an angle of twist can 

be said to be one of the most important objectives of the study, a “performance” variable 

must be established. This performance variable assigned is a measure of how close the 

actuation system displaced the wing tip to the actual desired displacements. Equation 

(4.1) shows how the performance variable is calculated. 

 

{ } { } { }

2

2

Act Des

Des

u u

u

δ

δ

= −

ϒ =
 (4.1) 

In the above equation, Actu is a vector of the actuation induced displacements, Desu  is a 

vector of the desired displacements and ϒ  is the performance variable. Ideally, the best 

test case would have a performance variable as close to zero as possible, i.e. little to no 

difference in the desired and actual displacements. It should be noted that only lateral 
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displacements are used in the calculation of the performance variable. Rotations are not 

considered. 

Other variables such as model weight, the maximum tube pressure in one of the 

eight actuators and the lift and drag coefficients are the other variables stored for 

analysis. 

4.3.1 Constrained Actuation Pressure Performance 

After all the data was analyzed, it was realized that there was not a single best 

test case for the entire regime of studies. Overall, no one tube orientation angle, when 

tested with a certain thickness and stiffness, gave more favorable results than another 

for all test cases. However, some trends were noticed in the most favorable tube 

orientation angles. As depicted in Table 4.6, the positive and negative desired angles of 

twists shared the best tube orientation case. 

 

 

 

 

 

 

 

 

Table 4.6 Best Overall Tube Orientation Angle for Each Desired Angle of Twist Performance 

Figure 4.6 illustrates a best, worst and median elastic moduli for the -2˚ and 2˚ desired 

case.  

Desired Angles 

of Twist γ  

Best Overall Tube 

Orientation Angles θ  

Constrained Case 

-6˚ 30˚ 

-4˚ 30˚ 

-2˚ 30˚ 

2˚ 60˚ 

4˚ 60˚ 

6˚ 60˚ 
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     (a)              (b) 

Figure 4.6 Performance vs. Thickness (a) -2˚ Desired Twist, 30˚ Tube Angle (b) 2˚ Desired Twist, 

60˚ Tube Angle 

Figure 4.6 depicts that the stiffer moduli tested resulted in better performance for both 

the 2˚ and -2˚ twisting cases. This trend was also seen at the other desired angles of 

twist in Figure 4.7. 

0.015 0.02 0.025 0.03 0.035 0.04 0.045

0.5

1

1.5

Thickness [m]

P
e
rf

o
rm

a
n
c
e

Twist Angle=-4°   Tube Angle=30°

 

 

E=490 MPa

E=106 MPa

E=65  MPa

0.015 0.02 0.025 0.03 0.035 0.04 0.045

0.8

1

1.2

1.4

1.6

Thickness [m]

P
e
rf

o
rm

a
n
c
e

Twist Angle=4°   Tube Angle=60°

 

 

E=490 MPa

E=106 MPa

E=65  MPa

 

     (a)              (b) 



 

85 

0.015 0.02 0.025 0.03 0.035 0.04 0.045

0.7

0.8

0.9

1

1.1

Thickness [m]

P
e

rf
o
rm

a
n
c
e

Twist Angle=-6°   Tube Angle=30°

 

 

E=490 MPa

E=106 MPa
E=65  MPa

0.015 0.02 0.025 0.03 0.035 0.04 0.045

0.7

0.8

0.9

1

1.1

Thickness [m]

P
e

rf
o

rm
a
n

c
e

Twist Angle=6°   Tube Angle=60°

 

 

E=490 MPa

E=106 MPa
E=65  MPa
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Figure 4.7 Performance vs. Thickness (a) -4˚ Desired Twist, 30˚ Tube Angle (b) 4˚ Desired Twist, 

60˚ Tube Angle (c) -6˚ Desired Twist, 30˚ Tube Angle (d) 6˚ Desired Twist, 60˚ Tube Angle 

Though Figure 4.6 and Figure 4.7 do not contain the same y-axis scale, it can still be 

easily noticed that a larger modulus functions better for all cases and the more. Based 

on the performance illustrated above, one of the best performance for all test cases 

occurs at the -6˚ twisting case with the skin value of 20 mm and the stiffest modulus 

( EM = 490 MPa). Figure 4.8 is an illustration of the actual displacement cause by the 

actuation pressures for the -6˚ desired angle of twist case.  
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 Actual 

Desired 

 

Figure 4.8 Wingtip Morphing Comparison: Twist Angle -6˚ Tube Angle 30˚ Thickness 20 mm 

Elasticity Modulus 490 MPa 

The wire mesh in the figure is the desired location for the nodes. It is easily noticed from 

the exploded areas of Figure 4.8 that the aft portion matches better than that of the 

front. This might be explained by analyzing the airfoil shape itself (Figure 1.13). The 

bottom surface of the Wortmann airfoil is quite simple, having no real dramatic 

curvature. Because the top surface of the airfoil has quite a bit more curvature, the 

system might find it more favorable to actuate the forward portion of the airfoil.  

4.3.2 Unconstrained Actuation Pressure Performance Comparison 

An additional performance study was simulated using an unconstrained actuation 

pressure vector. Equation (2.76) calculates the optimal pressure vector given a set of 

desired displacements. The previous section described the studies performed on the 



 

87 

model by constraining the pressure vector in Equation (2.76). This section compares the 

performance using the unconstrained actuation pressures. 

The optimization approach described in Section 2.7 attempts to minimize the 

objective function J  shown in Equation (2.73) by means of Equation (2.74). Therefore 

the value of J  resulting from both the constrained and unconstrained actuation 

pressures is a fair variable for comparison. The first case presented is the 2˚ twisting 

case, represented in Figure 4.9.  
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     (a)              (b) 

Figure 4.9 (a) Constrained (b) Unconstrained Objective Function Comparison for the 2˚ Desired 

Twist, 60˚ Tube Orientation 

As expected, the unconstrained case seen in Figure 4.9(b) exemplifies lower objective 

function values than that of the constrained case. This result is seen for other cases as 

well. Figure 4.10 presents the constrained and unconstrained cases for the 6˚ desired 

angle of twist. 
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Figure 4.10 (a) Constrained (b) Unconstrained Objective Function Comparison for the 6˚ Desired 

Twist, 60˚ Tube Orientation 

Figure 4.9 and Figure 4.10 certainly show a better performance using a system that 

may operate as a vacuum. Chapter 5 discusses the notion of actually setting the system 

up in a previously pressurized state (a bias pressure), allowing for the system to operate 

on these negative pressures.  

4.3.3 Aerodynamic Performance 

As mentioned in Section 2.5, the aerodynamic model has the ability to calculate 

aerodynamic coefficients for the geometry specified. The data the figures in this section 

present are based upon a ratio from the nominal, undeformed airfoil shape. It is desired 

that the proposed system might increase the lift and decrease the drag through 

morphing. This section of the chapter presents the aerodynamic performance for some 

of the test cases studied. 

When concerning lift, the desired case would be to obtain a lift coefficient (after 

actuation) which is greater than the nominal. As mentioned, all lift coefficient figures are 

plotted with values as a function of the ratio of the lift coefficient after actuation to the 

nominal case. The model calculated the nominal lift coefficient to be 0.128. Figure 4.11 

depicts the nominal lift coefficient ratio values for the -6˚ and 2˚ twisting cases (with their 
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most favorable tube orientations). The same moduli are plotted as in previous plots. All 

tests were simulated for an angle of attack of 0˚.  
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     (a)              (b) 

Figure 4.11 Lift Coefficient Ratio vs. Thickness Comparison (a) Twist Angle -6˚ Tube Angle 30˚ (b) 

Twist Angle 2˚ Tube Angle 60˚ 

It is evident in Figure 4.11 that actuating the system does result in a greater lift 

than the nominal case for most all thicknesses. The figure also shows that for most 

cases, is the trend that thinner skin values result in a greater lift coefficient. It can also 

be seen that for the -6˚ twisting case, some of the thicker values with the stiffer 

modulus, did not result in greater lift. Some explanations as to these trends are stated 

below. 

Due to computational time constraints, the optimized pressures are only 

computed once, therefore, once the airfoil is actuated, the model is then free to displace 

in the airflow. A thinner, more flexible skin would theoretically deflect more due to 

aerodynamic loading, possibly causing additional lift. The opposite scenario could also 

give explanation. A stiffer skin would not be as susceptible to aerodynamic loading; 

deflections will be less in magnitude, perhaps resulting in less lift. It is possible that a 

difference in the actual shape of the airfoils could also cause additional lift; i.e. the 

trailing edge deflection. A number of other possibilities could explain the differences in 

lift between the two figures. 
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Another aspect of the research, as with almost any aircraft research is to 

minimize drag. The same methodology used in plotting the lift coefficient values was 

used for the drag coefficient values. A nominal value was found for the drag coefficient 

and was used in comparison to the actuated case. From Equation (2.64), the model 

calculated the drag for the nominal case for the undeformed airfoil to be 0.0431, thus 

anything under this value would be reducing the drag. Figure 4.12 shows the nominal 

drag coefficient ratio values for the -6˚ and 2˚ case.  
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Figure 4.12 Drag Coefficient Ratio vs. Thickness Comparison (a) Twist Angle -6˚ Tube Angle 30˚ 

(b) Twist Angle 2˚ Tube Angle 60˚  

Figure 4.12 shows a slight decrease in drag from the nominal case at the thicker skin 

values while the thinner values show an increase. Somewhat of a similar trend is 

noticed for the drag when compared to the lift coefficient figures. For the most part, as 

the larger thickness values show a decrease in drag when compared to the thinner 

values. Figure 4.12, when analyzed with Figure 4.11, renders the notion that a system 

with greater lift produces more drag and vice versa, a common aspect of lifting bodies. 

4.3.4  Maximum Pressure and Weight 

In this section of the chapter, variables of weight and maximum actuation tube 

pressure are analyzed. It was mentioned previously that one of the main aspects of this 

research was to study the feasibility of the system when concerned with tube actuation 
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pressure and it is anticipated that a maximum actuation pressure will not be out of the 

realm of possibility. It is also expected that as the weight of the skin increases it does 

not greatly affect the maximum tube pressure. Pressure values needed for actuation 

that are vastly greater than anything a small compressor system could produce would 

essentially be less beneficial than the current aileron system. If large pressure values 

are needed for actuation, a bulky, heavy compressor system will be required, adding 

unwanted weight and volume to the aircraft. It should be noted that the assumed 

medium to be pressurized for all test cases is air. Chapter 5 discusses using other fluids 

as a medium to pressurize. 

It was determined that the maximum amount of pressure required for actuation 

occurred at -6˚ desired twisting with tubes oriented at -45˚. Figure 4.13 is a plot of this 

test case. For ease of viewing, only minimum, maximum and median values of the 

moduli studied are depicted. 

50 100 150
0

1

2

3

4

5

6
x 10

6

Weight [N]

M
a
x
im

u
m

 P
re

ss
u
re

 [
P

a
]

Twist Angle=-6°   Tube Angle=-45°

 

 

E=490 MPa

E=160 MPa

E=65  MPa

 

Figure 4.13 Maximum Actuation Pressure for All Test Cases 

Figure 4.13 shows a maximum pressure for all cases found to be ~5.5 MPa (~800 psi). 

This pressure, though certainly not unattainable, is obviously the worst case scenario. 

The configuration causing this actuation is not the most favorable and it is certain that 

with further optimization of the system, the maximum pressure required for actuation will 

decrease, even for the worst case. 
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The minimization of drag was mentioned to have been a desirable objective in all 

aircraft studies. Minimizing the weight is also amongst these objectives. The density of 

the assumed polymer material is specified in Table 4.2 and is quite less in comparison 

to the density of aluminum found in Table 3.1. With the skin thicknesses tested (Table 

4.4); a comparison can be made between the weight of the current system using the 

polymer material and one using an aluminum skin. Table 4.7 shows the comparison of 

skin thicknesses needed to achieve similar model weights. 

Table 4.7 Model Weight Comparison for an Equivalent Aluminum System 

It should be noted that the aluminum model weight was calculated using the full tube 

volume ratio, therefore, the skin is mostly hollow. This comparison shows that 

employing the proposed system would result in a model weight that is at least the same 

as, if not lighter than, a comparable system using an aluminum skin.  

 

Assumed Polymer 
Skin Thickness 

Polymer Model 
Weight 

Aluminum Skin 
Thickness 

Aluminum Weight 

6 mm 19.01 N 2 mm 18.6 N 

12 mm 38.02 N 4 mm 37.19 N 

17 mm 53.86 N 6 mm 55.8 N 
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Chapter 5  

Conclusions and Future Work 

This thesis explored the use of multicellular flexible matrix composite skins as an 

actuation system for a morphing wing tip. By forming the composite into a cylindrical 

tube and embedding it into a matrix, the tubes may be pressurized and utilized as an 

individual actuator. This research has taken this concept and applied it to the skin of an 

aircraft wing in hopes of demonstrating the benefits of using such a system over an 

existing one. The scope of the work presented in this thesis was to develop a 

mathematical model for the proposed actuator that could be used for analysis purposes 

in different situations. This chapter will provide a brief overview of the results discovered 

and will conclude with a discussion of methods by which higher model fidelity may be 

achieved and other means of expanding its capabilities.  

5.1 Thesis Overview and Conclusions 

The beginning of the thesis was devoted to exploring the background behind 

adaptive structures in a literature review. Reasons behind the motivation for the 

research performed for this thesis were given. Current and past projects were 

mentioned as well as some insight into what the future holds for adaptive structure 

technology. Chapter 2, the largest portion of the thesis, was dedicated to the 

explanation of how the model was formulated. The finite element model constructed for 

this research was created by assembling a plate and membrane element. The entire 

system was setup to be analyzed as a large composite system, with the FMC actuator 

tubes acting as the fibers embedded in a matrix medium; thus classical laminate theory 

could be applied, allowing for anisotropy. The aerodynamic model as well as the 

method of creating all force vectors was also explained. The third chapter verified the 

model by performing tests and comparing results to commercially available software. 

The commercial packages NASTRAN and XFOIL were used for the verification of the 
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structural and aerodynamic models respectively. After the model was verified, a number 

of parameter studies were executed to determine the performance and viability of the 

system.  

Although a single best case was not found for the entire regime of the studies, 

the model still proved to be a practical system. It was shown that implementing the 

actuation system, with the selected shape memory polymer as a skin material, would be 

beneficial in weight comparison. The proposed system has more favorable attributes for 

a given weight than a similarly weighted system of a different material. 

5.2 Future Work 

Most all aspects of the model developed for this thesis were not based on 

previous models but derived strictly for this research, meaning there is a vast amount of 

space for expansion. With so many options for model expansion available, it is 

impossible to cover all of them, but this section of the chapter will discuss some 

possible ways the model may be expanded. 

The linear characteristics of the model have been spoken of and/or shown 

numerous times throughout this thesis, thus one way to certainly expand the model 

would be to add nonlinearity. Geometric nonlinearities such as strain-displacement 

relations as well as material nonlinearities may be added. 

Another option for improving would be to alter the finite element model. The 

method by which the finite element model is constructed is somewhat simple in 

comparison to other possible proven methods. Other methods for stiffness matrix 

construction could result in a system with a set of nonlinear equations that can’t be 

solved in the same manner as the linear set. The finite element model may also be 

improved by using a different type of element. The combination of the plate and 

membrane elements achieves the proper degrees of freedom to be modeled but does 

so without bending-membrane coupling. Expansion of the model might be able to 

include the coupling by using a different element. Adding nonlinearity to the elements 

themselves is also an option for expansion. Another very important aspect that should 
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be added to the finite element model is the ability to model other geometries. This could 

be accomplished by using different element shapes, such as triangular. The current 

model does not have the ability to model a tapered airfoil. With the addition of a 

differently shaped element, this could be accomplished.  

A further method of expanding the model would be to study the pressurization 

system in more depth. Air was the medium of pressurization studied for this research 

but no compressibility factors were studied. It might be more beneficial to use 

something such as water or oil as the fluid to be pressurized. Another aspect of 

pressurization to be explored is the option of operating the system on a bias pressure. 

At the end of Chapter 4 a study was presented where no constraints were applied to the 

optimized pressure and the system could essentially operate as a vacuum if necessary. 

If a system is put into place where the tubes are initially pressurized, it might not be 

necessary to put any constraints on the actuation pressures, possibly resulting in a 

more favorable outcome after optimization.   

It was evident at the very early stages in the data analysis that the optimization 

study needed for this research was on a much larger scale than this thesis could 

encompass. Only the optimal constrained (and later, the unconstrained) tube 

pressurization was studied when in fact, there are many more variables to be optimized 

to achieve the best performance possible. Without expanding the optimization to all 

variables in this research, a best case solution could possibly be calculated. For 

instance, should the model be setup as it is in this research (i.e. using the Wortmann 

airfoil with the particular geometry specified) and a number of variables (i.e. the number 

of actuators, single tube alignment for all layers, tube volume ratio etc.) remaining 

unchanged, an optimization study could be performed to determine the best tube 

orientation angle, for a particular skin thickness and elastic modulus at all desired 

angles of twist. The optimization process could then be expanded further to determine 

the actual best location of the tubes in the skin. For example, it was determined in the 

data analysis that certain tube orientations allowed for less control in certain areas 

(forward or aft) of the airfoil. An optimization could be performed to determine whether 

or not a larger concentration of tubes should be placed in these areas where more 
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control is needed or perhaps a smaller concentration of tubes is needed in other areas. 

Optimization might be expanded even further to include constant variables set for the 

project such as the number of actuators or layers of tubes. An optimization study with 

no restrictions on the number of actuators or tube layers might reveal that a single layer 

of tubes with twenty actuators could result in a performance with minimal error from the 

desired displacements. Any number of combinations of variables could be analyzed for 

optimization for a project such as this one. This discussion only begins to scratch the 

surface. 

Exploring different options within the aerodynamic model is another item to be 

studied. In all test cases that were not a part of the model verification, an angle of attack 

of zero degrees and a constant airspeed were tested. Further parameter studies could 

be performed for many different speeds and different angles of attack before and after 

the wingtip is morphed. Exploring the possibility of using an entirely different 

aerodynamic model could also be examined. It is quite common in the aviation industry 

to utilize the power of computational fluid dynamics. CFD code is a very powerful tool 

and would most certainly give more exact results than the aerodynamic model 

presented in this thesis.  

As with all computer simulations in engineering, computation time becomes a 

major issue when attempting to obtain data. This project was no different. There were 

many aspects of this research that could simply not be explored due to the amount of 

time needed for computation. Only a select few tube orientation angles could be tested 

for performance due to this issue. In an actual design setting, the entire range of angles 

would need to be studied. Another example of data sacrifice was discussed in Chapter 

4. The actual process of the parameter studies was outlined in the later portion of the 

chapter, and it was mentioned that the airfoil was actuated then ran through the 

aerodynamic simulation until convergence. In an ideal simulation, actuation would take 

place, and then the aerodynamic loading would be applied. The airfoil would deflect due 

to loading, resulting in the desired twisting angle to be altered. In order to counteract 

this effect, the airfoil would need to be actuated to the desired angle of twist again and 

the process repeated. This process would take an insurmountable amount of time to 
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simulate for all variables tested in this research. It was thought to be more beneficial to 

test the two modules somewhat separately with more variables than to limit the amount 

of variables due to a time constraint.   

There are vast possibilities for this type of research. The adaptive structure 

technology obviously has its advantages which are already being seen in the 

engineering industry. The work proposed by this thesis is a glimpse as to what is to 

come. It is hoped that the FMC actuation system proposed in this thesis be researched 

further and possibly be used to assist engineers in accomplishing any number of 

problems that may arise in the future. 
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