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ABSTRACT

A finite element model based on the penalty function formulation of
the equations governing unsteady axisymmetric flows of viscous
incompressible fluids obeying power-law and White-Metzner constitutive
relations is developed. The formulation accounts for inertial (or
convective) terms. For power-law fluids, two different finite element
models are developed: one based on the velocity formulation (i.e., only
velocities as nodal variables) and the other based on a mixed
formulation involving velocities and stress components. For the White-
Metzner model, only the mixed model involving the velocities and extra
stress components can be developed. The pressure variable does not
enter the finite element model because of the application of the penalty
method to introduce the incompressibility constraint. However, the
pressure can be post-computed once the velocities are obtained.

The finite element models are used to analyze several plane and
axisymmetric flows of power-law and White-Metzner fluids. The effect of
boundary conditions, power-law model, inertia terms on the velocity
profiles is investigated. The numerical solutions agree, qualitatively,
with the known experimental and numerical results. The finite element
models developed here can be easily modified to include thermal effects

and other constitutive models.
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NOMENCLATURE

a, b, ¢ Constants of polymeric melts
I Invarients of rate of deformation tensor
[KE] Element stiffness matrix
[ME] Element mass Matrix
n Power law index
P Pressure
r, z Radial and axial coordinates, respectively
t Time
u, v, W Velocity components in y, t and z coordinate directions,
respectively
uj, vj, Wy Nodal velocities
uj Velocity of fluid in ith direciton
r?k Nodal extra stress components
T Extra stress tensor
11 Viscoelastic part of extra stress tensor
2

Purely viscous part of extra stress tensor

|~

Y Rate of deformation tensor (or strain rate tensor)
Y Shear rate

"y Initial viscosity

n Shear viscosity

nys Ny Fractions of shear viscosity

A Relaxation time

yp Penalty parameter

s Variational symbol

of A typical finite element



Boundary of e

Interpolation functions

Parameter in the the time approximation
Acceleration parameter

Angular coordinate
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CHAPTER I

INTRODUCTION

1.1 General Comments

Some of the most challenging and important areas currently under
investigation in computational fluid mechanics concern finite element
analysis of flows of non-Newtonian fluids. A Non-Newtonian fluid is
defined to be the one whose constitutive behavior is nonlinear (i.e.,
stresses are nonlinearly related to strains). Such fluids may or may
not have memory of past deformation (i.e., viscoelastic or not).
Practical examples of such fluids are multigrade oils, liquid
detergents, paints, and printing inks. Polymer solutions and polymer
melts also fall within this category. A1l1 such flows are extremely
important in forming processes of various kinds applied to metals,
plastics or glass. The advent of computers and powerful numerical
methods has created considerable interest in the analysis of flows of
such fluids.

Although most of these flows are fully three-dimensional and time
dependent, the limitations imposed by both experimental and theoretical
techniques have forced researchers to analyze only those fluid motions
that are believed to render themselves to approximation by two-
dimensional models. The Navier-Stokes equations describing these
phenomena are highly nonlinear, and the strong coupling between the
equations make it difficult to obtain analytical solutions.

Recent advances in computer hardware have made it possible to

investigate several finite difference and finite-element formulations of



the Navier-Stokes equations. One of the major difficulties associated
with the solution of Navier-Stokes equations in non-rectangular
geometries is the application of boundary conditions. Although attempts
have been made to rectify this problem by constructing body fitted
curvilinear meshes in finite difference methods, the finite element
method has a definite advantage in that any complicated geometry can be
suitably represented by using non-uniform and non-rectangular meshes,
and appropriate body conditions of the model can be imposed in a natural
way. Much of the earliest work in the finite element analysis of fluid
flow was primarily in the area of porous media (see Zienkiewicz and
Cheung [1]) and potential flows, which are considered to be simple
extensions of the procedures developed in linear elasticity. Early
applications of the finite element method in the numerical solution of
the Navier-Stokes equations governing viscous, incompressible fluids can
be found in the works of Oden and his colleagues [2-4], Argyris, et al.
[5], Tong [6], Cheng [7], Olson [8], Baker [9,10], Taylor and Hood [11],

and Kawahara, et al. [12], among others.

1.2 Various Formulations of Fluid Flow

The finite element models of the two-dimensional Navier-Stokes
equations have been based on four basic formulations described in the
paragraphs below.

Stream function-vorticity model. Most studies using finite

difference methods follow the stream function-vorticity approach. The
finite-element model based on this approach has been employed by Cheng

[7], Olson [8,13], and by others. In this model, boundary conditions on



the vorticity are computed from the stream function at the boundary.
However, this Teads to large errors in the vorticity (see, Davis [14])
for advection dominated flows.

Stream function model. Finite-element models based on this

approach can be found in the works of Olson and his colleagues [8,

15]. Due to the higher-order nature of the equation, the associated
finite element model is algebraically complex. Due to the similarity of
the stream function equation to that of the biharmonic equation
governing the transverse deflection of a plate, a plate bending finite-
element program can be modified to solve the flow problem.

Velocity-pressure model. This is the most natural and direct

formulation, which is also known as the mixed formulation. The model is
based on the Navier-Stokes equations and the continuity equations, all
expressed in terms of the primitive variables (u,v,P) (see Taylor and
Hood [11], Olson and Tuann [15], Reddy [16,17].

Penalty function model. The penalty function model is also based

on the primitive variable equations, except that the continuity equation
is treated as a constraint on the velocity field. The constraint is
introduced into the finite-element model by means of the penalty
function method (Zienkiewicz [18], Hughes et al. [19], and Reddy [17,20-
22]). Details of the formulation will be discussed later.

Each of the formulations has certain relative advantages and
disadvantages. The velocity-pressure formulation is the most direct and
natural one in that all the variables are physical. However, the
resulting finite element model is non-positive-definite. This is a

direct consequence of the continuity condition, which stands uncoupled



from the momentum equations. The stream function formulation is
attractive in problems where description of the flow phenomena is
important. The formulation also results in positive-definite system of
equations. Since the governing equation (for the stream function) is of
fourth order, ¢l - continuity of the approximating functions is required
(analogous to the plate bending elements). This results in
algebraically complex elements and hence, large computational efforts.
The stream function-vorticity formulation suffers from the drawback of
requiring boundary conditions on the vorticity, which is unknown
a-priori (and not independent of the stream function). However, it is
convenient to describe the flow phenomena with the aid of the stream
function and vorticity. The penalty function model is a primitive
variable model which results in a positive-definite system of equations
for Stokes flow. Another advantage of the model is that the pressure
does not appear as a primary unknown, and an approximation to the

pressure can be obtained in postcomputation.

1.3 Numerical Models of Non-Newtonian Fluids

Numerical techniques for solving the flow of non-Newtonian fluids
differ very 1ittle from the ones used for Newtonian fluids. When the
shear viscosity is a function of the rate of deformation tensor (i.e.,
for so-called power-law fluids), the equation of motion can still be
written explicitly in terms of velocity components. For such fluids,
the same formulations as those of the Newtonian fluids can be used. For
example, the pressure-velocity and penalty finite element models [17]

can be used for power-low fluids and viscoelastic fluids (see [23-



38]). The constitutive equations of a viscoelastic fluid can be
described in terms of the extra stress components and are given in terms
of either differential equations or as integral equations. In a
differential constitutive model, the extra stress components and their
derivatives are related to the velocity components and their
derivatives. The differential constitutive models are relatively easier
to model than the integral models. The computational models of
viscoelastic fluids obeying a differential model require us to treat
stress components as dependent variables along with the velocity
components and pressure (see [38]).

A finite-element model based on the velocity-pressure-stress
formulation for solving incompressible, viscous, free surface problems
in steady axisymmetric or plane flows was developed by Nickell, et al.
[25]. The model was used to solve the Newtonian die-swell problem for
creeping jets, free surface tension constraints (see [25]). Later this
model was modified by Tanner, Nickell and Bilger [24] to solve flows of
many types of non-Newtonian fluids.

The differential constitutive equations of non-Newtonian
visclelastic fluids are coupled to the Navier-Stokes equations and hence
must be independently approximated along with the other governing
equations. In the method developed by Chang et al. [32], the stress
tensor components are calculated by an iterative process. The flow of a
Maxwell type fluid was considered by Kawahara and Takeuchi [33]. They
introduced a mixed finite element model with six degrees of
freedom (u, v, P, 011, o021, o12) per node. A Newton Raphson iteration

technique was employed for the steady flow and the perturbation



technique was used for the unsteady flow. This method was further
investigated by Crochet and Bezy [34]. They selected a method of total
incompressibility which led to a very large number of variables and
excessive constraints on the velocity field. Hence they concluded that
this choice should be avoided in future work. They used six node
triangular elements or a nine node Lagrangian element with quadratic
approximation for the velocity components and linear approximation for
pressure. Coleman [35] used a quadrilateral element obtained from two
triangles and replaced the Newton-Raphson scheme by a successive
substitution technique. Richards and Townsend [36] used eight node
serendipity elements and successive substitution technique. Davies [37]
suggested that mesh refinement was essential if inaccurate converged
solutions were to be avoided and the question of mesh refinement and
numerical errors must be given priority.

Most existing works in the finite-element analysis of viscoelastic
fluids have considered different types of Maxwell/0Oldroyd models, in
which the viscosity and relaxation time both are constants. Further,
the analyses were based on mixed formulations in which the velocities,
pressure and stresses are treated as nodal variables. An important
class of fluids, which are characterized by shear viscosity and
elasticity require additional study from numerical simulation point of
view. The viscoelastic effects along with memory effects of such flows
can be studied using the White-Metzner model [39]. A White-Metzner
model is a modification of the Maxwell model with variable viscosity and
relaxation time. In both models the stress components are nonlinear

functions of the deformation tensor.



1.4 Objective of the Present Study

A review of the literature indicates all of the previous work in
the finite-element analysis of flows of viscoelastic fluids were based
on velocity-pressure-stress formulation. Various alternative solution
methods and elements were used with this formulation. The penalty
finite element model has not been exploited in the solution of non-
Newtonian fluids, especially the viscoelastic fluids. More recently,
while the present study was under way, Read [40] and Gotsis [41]
modified the penalty finite element model of Reddy [17] for Newtonian
fluids to non-Newtonian fluids. These works considered steady, plane
(two-dimensional) flows, and did not account for the time dependent and
inertia (i.e., convective) terms.

The objective of the present study is to develop a penalty finite
element model to analyze axisymmetric flows of power-law and
viscoelastic White-Metzner type fluids, accounting for transient
behavior and convective terms. Several examples are used to illustrate
the validity of the numerical model. The effects of mesh, inertia and
boundary conditions are also investigated. The penalty finite element
model developed here is capable of solving the flow problems of the
fo11owﬁng types.

1. Plane or axisymmetric flows

2. Steady or unsteady flows

3. With or without inertia effects (i.e., with or without

convective terms)

4. Newtonian, Power-Law and White-Metzner fluids



CHAPTER TII
GOVERNING EQUATIONS

2.1 Equation of Motion and Continuity

The conservation of Tlinear momentum yields The Navier-Stokes

equations of motion,

au
Veox-gP =gty vy (2.1)

where

extra stress tensor

|~

P  denotes the pressure
u is velocity vector
o is the density of fluid.
The principle of conservation of mass, for incompressible fluids, yields

the continuity of equation

v-u=0 (2.2)

2.2 Constitutive Equations

Constitutive equation for the flow dominated by shear viscosity is

given by [36]

where
A is the relaxation time
n s the shear viscosity of the fluid

y is the rate of deformation tensor, y = %[(1 u) + (v E)t]



Equation (2.3) is a general form of the constitutive equation for
the viscoelastic fluids dominated by shear viscosity. In the present
study, the White-Metzner type and power-low fluids are considered.

Hence Eq. (2.3) are modified accordingly in the following sections.

2.2.1 Power Law Model

The simplest and most familiar non-Newtonian viscosity model is the

power-law model which has the form
n = (a1, (-1)/2 (2.4)

where g and n are constants, termed initial viscosity of the fluid and
the power law index, and I, is the second invariant of the rate of
deformation tensor, 12 = %-Yijyij. For many non-Newtonian fluids, the
apparent viscosity n decreases with increasing shear rate y. These are
called shear thinning fluids and have the power law index n < 1. Fluid
with power law index n > 1 are called shear-thickening fluids. For such
fluids n increases with increasing shear rate. The Newtonian viscosity

is obtained with n = 1. The range of the power index is bounded below

by zero due to stability considerations.

2.2.2 The White-Metzner Model

To characterize the White-Metzner fluid, it is necessary to know
the viscosity curve as a function of shear rate and the first normal
stress difference [42]. The extra stress tensor 1 is separated into

purely viscous part 12 and viscoelastic part 11 which obeys Eq. (2.3).

c=che (2.5)
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1
T
11+k{£-+2'111-[(_V_Ll_)t'11+11' (Twl} =20y (2.6
< = 20,y (2.7)
where
1=%[ﬂ+(ﬂf] (2.8)

and " and no can be defined as the fractions of the shear viscosity n.
The fluid which obeys Eq. (2.5) is characterized by s Moo and x» which
are the functions of rate of deformation tensor, y . Thus White-Metzner
model is a modification of upper convected Maxwell model with variable
viscosity and relaxation time coefficients.

In the present study the relaxation time A is assumed to depend on

the shear rate y according to:

\(y) = a + b(logy) + c(logy)? (2.9)
v = /T,

A11 constants in Eq. (2.9) are evaluated by curve fitting data of
polymeric melts [35].

Since n is dependent on the rate of deformation tensor, it is of
the particular form,

n=n(y) = n(11,12,13) (2.10)

where I; are the invarients of y. For an incompressible fluid, we have
Il =9V - u=0. Also, there is no theoretical or experimental evidence
to suggest that the viscosity depends on I3. Thus Eq. (2.10) reduces to

1= () =) b T, = g vy (2.11)

Though Eg. (2.11) gives the general functional form for the

viscosity function, experimental observation and a theoretical basis
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must be used to provide specific model for non-Newtonian viscosities. A
variety of models can be used to calculate viscosity. In the present
study the power law model in Eq. (2.4) is used.

Considering equation (2.5), the equation of motion for the White-

Metzner viscoelastic fluids can be written as follows:

LRI Gl L | e TR ) (2.12)

au
Vo (xHmyy) - =o(Gptu -y (2.13)
and Eq. (2.6) becomes
9T t
sty - s (LW} = 2y (2.14)

Equations (2.12), Eq. (2.13) and (2.14) represent the system of
governing equations for the White-Metzner fluids. The viscosity ny is
calculated by Eq. (2.14) and x» obeys Eq. (2.9). Viscosity "o is often
taken as a function of nse Note that the power-law constitutive

equation can be obtained as a special case from Eq. (2.14).

2.3 Specialization to Axisymmetric Flows

The equations described in the preceeding sections are valid for 2-
D as well as 3-D flows and in any coordinate system (the equations are
expressed in vector form). Here we specialize these equations to
axisymmetric 2-D flows. The following vector representations allow us

to write the governing equations in the cylindrical coordinates:
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3 ~ 13 9
=e T+ = 4+
l r ar ee r 238 ez 9Z
u=u +u + = + W
27U & Tl By T Uy &y T UG T WG,
= +
7 Ter &8 T Tog 6% T T2z &5

a N
er e

3?—=e9’_=_e (2.15)

where (er, e , ez) are the unit base vectors. For axisymmetric flows,

)
all components of velocity and stresses are assumed to be independent of
the angular coordinate e, and depend only on the radial coordinate r and
the z-coordinate. In summary, the governing equations (2.2), (2.13) and

(2.14) become

U LU L AW
-B—Y:+F+_3—£_O (2.16)

[<%]

au 1 au u
A.E + - =
ar Cer T 272 5y e G P T APR=)
3 au W aP au au U
+ < 2y - £ 0=+
3z [Trz "2 (az ar)] ar [(at USr 32) ]
3 AU W 1 au aw
ar [trz n, (57 ar)] r [Trz N2 (az ar)]
3 W 3P W aw aw
e L) - sy (EruE v .
57 (g7 * 205 53 2z - P Gptuge v az) (2.17)
9T AT T
rr rr rr o, ou U U
+ + —L 2(& & = =
L U+ W7 205 T 57 )] = 20y 50
9T 9T 9T
22 72 2z W w oW
T+ w—2% _ 2 (¥ o AL
22 T2 ot U Y 2 (37 22 T )] 7201 53
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9T 9T 9T
rz rz rz au W U oW
+ + + -2 (M + ¥ + LA
Ty t AL 3t U—r A 2 (ar vz T %z Yrz T 9z Tzz T ar Ter
aw . AU
= — + —
m Gr 32
oT oT 9T
80 66 80 u u
To A I5E YUy 52 " 2% Top! "r ( )

The use of the penalty function method, in the end, amounts to

replacing the pressure P by the expression,

P ==y (- ) (2.19)
where Y5 denotes the penalty parameter (preselected). For details, see

(17, 20-22].



CHAPTER III
FINITE ELEMENT MODEL

3.1 The Penalty Function Formulation

The penalty function method is an approximate technique of
including constraints into variational formulations. The penalty
function method transforms a given constrained variational problem into
an (actually, a sequence of) unconstrained variational problem(s) by the
introduction of a penalty on the infringement of constraints [17,43].
Equations (2.1) and (2.3) subject to the constraint in equation (2.2).
The point of view enables us to employ the penalty function method to
formulate the problem variationaly, and subsequently by the finite
element method.

Over a typical element, the variational form of Egqns. (2.13) and

(2.14) is given by

au
0=Jge {ofou - gprou- (U-sWl+y v-(su)y-u
+2(su):(x + 2n,y)}dA - [ su - tds (3.1)
: e
T
9T
0 =] {eziz +alex: op + sx:(u + vr) - sx:((¥ Wt
QE
- sxi(z + (T W) - 2ng sxiy}dA (3.2)

where § denotes the variational symbol,

t=(@- -0 -+, (09

and t:t denotes the 'double-dot product', 15754

14
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3.1.1 Plane Flow

Let u and v be the velocity components in the x and y directions
respectively, and T Tyy and Ty be the extra stress components.
Equations (2.17) and (2.18) can now be explicitly written for plane

unsteady flows as follows:

- u v 3u v ¥
0= {olsu?l at oV opt su(u 4 ax + v ) + sv(u ay)]
Q
38U , 38Vy,3U , BV asu
plox * 5§_)(ax * ay) *ax (g 2n2 )
38U 3u | av ISV 3u . av
* oy [T T (sy a5t [Txy * (ay ox) |
+ 23 (o 4oy }dxdy [ (sut, + svt )ds (3.3)
Ay yy 2 e X y
r
9T 3T
_ XX XX
0= f . {GTXXTXX + Zstx_y-[xy + “nyyy + X[Gtxx ot + 2<S-rX-y St
Q
3T 9T 9T 971 AT
yy XX XX Xy Xy
tory ot wx(U g * Y ay )+ 2<STxy(u ax ¥ Tay )

9T
u au
. vy, Ty .\
sty (U V Ty T 3y xy)

8 L au
Ty Y3x Txy T oy Tyy

sl
+
-
S—
i
~

TxyVax xx T 3y 'xy

3V aVv
(___.

T T ﬂ' au)
Yy'ax “xy T8y yy

xx(Txx ax Xy 3y

au au v v
- ot xy( xy ax * Tyy 3y’ ~ 5Txy(Txx ax T Txy By
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BV 3V A"
Ty (Txy ax + Ty 3y - anlarxx ax © %Tyy 3y
+or, (M4 )]}dxdy (3.4)
Xy‘ay = aXx

3.1.2 Axisymmetric Flow

In cylindrical coordinates let u and w be the velocity components

in the radial and axial directons respectively, and Tep? Trz? Tzz and

Toe be the extra stress components. For axisymmetric flow, the stress

component Tyq 2PPEATS explicitly in the momentum equation and it is
necessary to add an explicit constitutive equation for obtaining Tog
Thus the system consists of six dependent unknowns. Equation (2.17) and

Eq. (2.18) can be written for axisymmetric unsteady flows as follows:

3 au aw au L, 8u W, 3w
0=_ . {olsu T W op rsu(u o W) +oew(u oo+ W )]
Q
asu 1 aaw U | aw
tap Gop Fre G et gy
38U asu U, aw
tar U 7 21p 5p) + 350 Lrgp + a7 + 5001
38w U , 3w 1 u
o [ r T ng(gg + g;)] + GU(Tee + 2n2 ;)
36w w
* o7 (1, + 20, SE)}rdrdz
- [ (su t.+ oWt )ds (3.5)
e
r

= - + + +
0= [ lomppmpy ¥ 87gaTgq * 28T, T, 8T, T,



17

+ Alsey, a:zr * 87ge E;%Q * 28, E;E_ T 872 3;%5

+or(u a;:r W a;;r) 87q(U 3239 W a;ge)

+ 81U a:iz T a;iz) * 287, (u a:;z T E;EZ)

- ZGTrr(%% Trr T %% Tpp) T 2874 % Y

- 2814, %g T2zt %¥ Tpp) - 287, %% Trz T %% T2z T %g Trz ¥ %¥ Tpp)

au u W AW , au
_— 4+ = + ALIER _— 4 — .
Z”I[GTrr ar * %Tee v t 8722 32 GTrz(ar az)]}rdrdZ (3.6)

3.2 Finite Element Models

3.2.1 Plane Flow

The velocities and the extra stress components can be interpolated

over an element by following expressions (see Reddy [17,43])

N
u(x,y,t) = = u.(t)v.(x,y)
591 9 J
N
v(x,y,t) = = v (t)v.(x,y)
j=1 J J
L
Txx(xayat) = jil TXX(t)wj(X’Y)
_ N
ryy(x,y,t) ji Tyy(t)wj(x,y)
. N
Ty (Y1) = 5 Ty (B)95(%:¥) (3.7)
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cr J J J
j are the velocities and Tex? Tyy’ Txy are the extra stress

components at the nodal points, and wj are the interpolation functions

where uj, v

(see [17,43]).

The shape functions used for extra stress components are identical
to those used for the velocity components. A detailed discussion is
given by Crochet, Davies and Walters [38]. In general, there are five
degrees of freedom pernode.

Substitution of Eq. (3.7) ito Egs. (3.3) and (3.4), we obtain

(M®1{a®)} + [(K®1{a®} = {F®) (3.8)
where
{u}
{v}
{a} = ({ry, ) (3.9)
{ryy]
{tey!]

is a solution vector, {F} is the force vector and [M] and [K] are the
mass and coefficient matrices (see Appendix A).
For steady plane flow, {i€} will be zero and the element equation

(3.8) takes the form,
(K®1{a®} = [F®} (3.10)

For unsteady flows, an approximation of time derivatives must be used.

We shall return to time approximations later.
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3.2.2 Axisymmetric Flow

The velocities and extra stress component can be interpolated over

an element by the following expressions

N
u(rsz,t) = z u.(t)v.(r,z)
j=1 J J
N
w(r,z,t) = = w.(t)v.(r,z)
j=1 J J
Lo
Trr(r’zst) = Ji]_ Tr.r(t)‘bj(rsz)
o
Tzz(rszst) = Jil Tzz(t)lbj(r,Z)
i
rrz(r,z,t) = jil rrz(t)wj(r,z)
o
ree(r,z,t) = jil ree(t)wj(r,z) (3.11)

‘tiec and (<9 4 3]
where (uj, wj) are the nodal velocities and (Trr’ Ty Trys Tee) are the
nodal extra stress components.

Substituting Eq. (3.11), into Eq. (3.5) and (3.6), we obtain the

element equations
[(M1{a%} + [K®1{a®} = {F®) (3.12)

where
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(3.13)

The coefficient matrices for axisymmetric flow are listed in Appendix B.

3.3 Boundary Conditions

For Newtonian fluids, it is sufficient to specify velocities as the
essential boundary conditions. The mixed formulation of Newtonian
fluids or power-law fluids allow the specification of velocities and
stresses, but for such fluids only one or the other can be specified.

In the penalty finite element method, the specification of pressure does
not constitute an essential boundary condition. For viscoelastlic
fluids, specification of velocities is insufficient on account of fluid
memory. If the boundary of the domain contains an entry region, then
fully-developed flow conditions should be assumed. A1l the extra stress
components must be specified as essential boundary conditions along the
entry region. Failing to do so may lead to the propagation of errors
throughout the flow domain when relaxation time A becomes large.

There are three different types of boundaries in the flow problems
that are studied here: inlet and outlet surfaces, wall boundaries and
flow centerlines. For entry region, fully developed flow conditions are

assumed. A1l the extra stress components are specified at the inlet.
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For walls, the no slip condition is assumed, and at the centerline

symmetry conditions are used.

3.4 Time Approximations

Equations (3.8) and (3.12) need further approximation to reduce the
ordinary differential equations in time to algebraic equations. Here we

use the alpha-family of approximation (see [17]). Consider Eq. (3.8),

which is valid for any time t > 0. Suppose that the solution {a} is
known at time t = tn = (n + 1) at, at being the time step and n is an
integer. In the a- family of approximation, the time derivative {A} at

time t,,; is approximated according to

wli) =L (o), - {a) ) - (1 -w) {3}, (3.19)

Use of Eq. (3.14) in Eq. (3.8) yields the algebraic equations for an

element
[K1{e} g = {F} ., (3.15)
where
(K] = [(K(a)] + o ot [M]

{F},0 = (K(s)] = (1= a) ot M) {a} + (afF} ,; + (1 - a) {F} ) at
(3.16)

The algebraic equations (3.15) are assembled in the usual manner to

obtain the equations for the total problem.
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3.5 Iterative Technique

Note that the assembled equations associated with (3.15) are
nonlinear, requiring an iterative solution. At each iteration, all the
nonlinear terms are evaluated using the solution from the previous
iteration. Hence, at each iteration the system becomes 1linear and can
be solved after imposing boundary conditions. The iteration continues
until the difference between two successive iterative solutions is less
than a specified value. The method described above is called 'picard
iteration technique'. In order to accelerate the convergence of such
technique, a weighted average of the last two iterative solutions is
used to evaluate the nonlinear coefficients in the present iteration.

At (r + 1)st iteration Eq. (3.15) reads as (see [17,43])

A l ~
(K@) 6™ L = (g (3.17)
where {K}n denotes the average

(8) = sla"} + (1-e) (a7}

and {Ar}ﬁ is the solution at r-th iteration and time t = t_.

Convergence criterion is given by

n 2"

i
n

)

i=1
where ¢ is the tolerance (say 0.01).

r+l r
i T8

2

A

< e (3.18)
=

o




CHAPTER IV

NUMERICAL RESULTS

4.1 Preliminary Comments

The finite element models presented in Chapter III are implemented
in FORTRAN on an IBM 3090 Processor. A1l computations were carried out
in double-precision arithmatics. Although the computer program
developed contains both velocity and velocity-stress (i.e. mixed)
models, most of the results presented here are obtained using the mixed
model.

A11 of the numerical calculations concern plane or axisymmetric
flows in two basic geometries: (1) uniform channel or tube, and (ii)
four-to-one-contraction of channels or tubes. The general geometries
and computational domains (utilized the symmetry) are shown in Figs. 1
and 2. The velocity boundary conditions are also indicated in the

figure. The meshes used for the domains are shown in Figures 3 and 4.

4.2 Discussion of the Results

4.2.1 Effect of Mesh

First, the effect of mesh on the accuracy (i.e., numerical
convergence) of the solution is investigated using the axisymmetric flow
of a power-law fluid in a uniform tube (R =1, L = 6, Wy = 10.0, n =
0.2, ng = 1.0, Ny = 0). Four different (uniform and nonuniform) meshes
are used (see Fig. 3) in the study, and the results obtained are listed
in Table 1. In this study the inertia effects are omitted, and the

velocity model is used. Note that Meshes 1, 2 and 3 are increasingly

finer meshes, and Meshes 1 and 2 are uniform and Mesh 3 is nonuniform.
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Figure 1. Geometry and computational domain with velocity
boundary conditions for flow in a channel or pipe.
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Figure 2. Geometry and computational domain with velocity
boundary conditions for flow through a four-to-one
(4:1) contraction channel or tube.
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Figure 3. The three finite element meshes used in the finite element
analysis of power-law fluid in a pipe.




Figure 4,

The nonuniform mesh of linear elements used for the contraction

prob]em.(LJ =10, L2 = 6, R] = 4 and R2 =1).
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TABLE 1

Effect of mesh refinement on the velocity profile for the
flow of power-Tlaw fluid (n = 0.2) in a tube (w, = 10.0, Yp = 108)

Radial Distance Velocity, w(r,6)

r Mesh 1 Mesh 2 Mesh 3 Analytical
0.00 11.894 12.833 13.402 13.333
0.05 - - - 13.333
0.10 - 12.832 13.401 13.333
0.15 - - - 13.333
0.20 11.865 12.826 13.395 13.332
0.25 - - - 13.330
0.30 - 12.795 13.360 13.324
0.35 - - - 13.309
0.40 11.721 12.686 13.243 13.279
0.45 - - - 13.223
0.50 - 12.401 12.940 13.125
0.55 - - 12.679 12.964
0.60 10.852 11.783 12.305 12.711
0.65 - - 11.787 12.328
0.70 - 10.610 11.086 11.765
0.75 - - 10.156 10.960
0.80 7.916 8.563 8.946 9.838
0.85 - - 7.396 8.305
0.90 - 5.133 5.451 6.248
0.95 - - 2.993 3.532
1.00 0.000 0.000 0.000 0.000
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Table 1 also contains the analytical solution of the fully developed
flow. The convergence of the solution with refinement of the mesh is
clear. Note that in the finite element method, it is not correct to
compare the solution at the nodes, because the solution converges in a

variational (i.e., integral) sense.

4.2.2 Effect of Stress Boundary Conditions

Next, the effect of stress boundary conditions in the mixed model

on the velocity and stress fields is investigated using both the power

103, n, = 0) model and White-Metzner model (n =

law, (n = 0.25, ",

0.25, Ny = 103 =0, a = 0.435, b = -0.453, c = 0.1388) for flow in a

s My =
tube (R =1and L = 5). A uniform mesh 10 x 6 of linear elements is
used. In addition to the velocity boundary conditions shown in Fig. 1,
the stresses Ter® Trz Tzz and Tgg T€ specified to be zero at the
entrance. Figures 5 and 6 contain plots of axial velocity profiles at z
= 2.0 and z = 6.0 obtained by specifying and not specifying the stress
boundary conditions in the velocity and mixed finite element models.
First, note that the velocity fields obtained using the velocity and
mixed models, for power law fluids, without stress boundary conditions,
are essentially the same. The stress boundary conditions (of course,
applies only to the mixed model) do have effect on the velocity profile
for power-law fluids; specification of stresses to be zero at the inlet
of the tube increases the centerline velocity. Similar observation can
be made for the White-Metzner fluid. Interestingly enough, if the

stresses are not specified, numerical convergence of the nonlinear

solution is not achieved for the White-Metzner fluids. This indicates
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that it is necessary to specify extra stress components at appropriate

boundary points.

4.2.3 Effect of Inertia

The effect of inertia (i.e., convective) terms on the velocity
field is investigated using the velocity model, and the results are
presented in Table 2. The flow of a power=law fluid (n = 0.25,

_ 103
no = 10 ’ nz

study. From the results presented in Table 2, it is clear that the

= 0) in a tube (R = 1.0, L = 5.0, wy = 1.0) is used in the

effect of inertia terms is to further 'flatten' the parabolic profile
(in addition to that caused by the power-law constitutive model). This
is expected because an increase in the Reynolds number is accompanied by

a reduction of the boundary layer thickness near the wall.

4.2.4 Effect of Penalty Parameter

The effect of the value of the penalty parameter on the solution
accuracy is also investigated for a power-law fluid (n = 0.2, ng =

1.0 = 0) in a tube (R = 1.0, L = 6.0, wy = 12.5). Figure 7 contains

s My
plots of axial velocity profiles at the exit for various values of the
penalty parameter, yp. It is clear that values of yp between 104 to
1012 essentially give the same velocity profiles of Newtonian fluids.
For yp Tess than 104 the accuracy of the solution deteriorates
rapidly. On the other hand, for Y very large (say 1016), the penalty
terms outweigh the viscous terms and the resulting coefficient matrix
becomes singular. For the power-law fluids (i.e., materially nonlinear
analysis), it is interesting to note that the penalty parameter is less

sensitive to the accuracy of the velocity field. Even for Yp = 102, the
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TABLE 2

Effect of the convective terms on tge velocity field of a
power-law fluid (n = 0.2, Ny = 10°, n, = 0) in a tube
(R=1,L =25, 10 x 6 mesh of 1iné%r elements)

Velocity, w(r,5)

Re = 0.0 Re = 100 Re = 1000
Radial Distance Newtonian Non-Newtonian Non-Newtonian Non-Newtonian
r with inertia with inertia
0.0 1.8358 1.3357 1.1312 1.0267
0.1 1.8001 1.3355 1.1302 1.0265
0.2 1.7398 1.3338 1.1289 1.0266
0.3 1.6461 1.3271 1.1270 1.0268
0.4 1.5186 1.3081 1.1241 1.0271
0.5 1.3578 1.2657 1.1197 1.0275
0.6 1.1651 1.1849 1.1097 1.0274
0.7 0.9397 1.0468 1.0799 1.0265
0.8 0.6712 0.8273 0.9809 1.0209
0.9 0.3079 0.4795 0.6709 0.8967
1.0 0.0000 0.0000 0.0000 0.0000
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Figure 7. The effect of the penalty parameter on the Tinear and nonlinear
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ng=1, ny,=0); Mesh: 10x6 of Tinear elements; Stress boundary conditions
at the entrance are imposed.
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non-Newtonian solution is very close to that obtained using yp = 104 to
1012,

4.2.5 Analysis of Power-Law Fluids

Consider the flow through a plane channel (R =1, L = 6). The
geometry and the boundary conditions of the problem are shown in Figure
1. A comparison study of the velocity profiles of Newtonian and power-
law fluids with power index n = 0.2 (no =1, ny = nl) is carried out.
Inertial effect on the solution is also examined. The solutions are
presented in Figure 8. The results for Newtonian case and power-Tlaw
fluid without inertia are in very good agreement with the results
published by Chrochet, Davies and Walters [38]. For the Newtonian case,
the velocity profile at the exit becomes parabolic which is initially
flat. Here the viscous effects dominate the solution and make fluid to
flow smoothly through the channel giving a parabolic profile at the
exit. For the power-law fluid, viscous effects become less dominant.
Thus, the fully developed profile becomes flatter. A comparison of
velocity profiles for the power-law fluid without and with inertia are
also shown in Figure 8., It is evident that the presence of inertia
terms in the equation of motion dominate the viscous terms. The fluid
tries to remain close to the wall and gives the flattest velocity
profiles at the exit. Figure 9 shows the comparison between the
pressure profiles without and with inertial effects. Both the profiles
are smooth except at the wall. At the wall both the velocity components
are zero and pressure becomes infinite and shows more fluctuations near

the wall. Due to inertia, the pressure at the exist increases in value.
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in a plane channel (V0 =12.5)
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The effects of inertia become more evident when the flow rate is
increased (i.e. at higher Reynolds number, Re = pro/nO). Figure 10
contains the velocity profiles of the Newtonian and power-law fluids for
twice the velocity used before. Comparing Figure 10 with Figure 8, it
can be clearly seen that the inertial effects become more dominant at
the higher inlet velocity, and the velocity profile gets increasingly
flatter. The pressure profiles, (see Figure 11) are similar to those in
Figure 9, and show more fluctuation near the wall.

Next, the same power-law fluid is analyzed for flow through a tube
(R=1, L =6). The results obtained are presented in Figures 12
through 15. The results obtained for the axisymmetric flow are very
similar to the results obtained for the plane flow discussed earlier.
Figure 12 contains velocity profiles of Newtonian fluid and power-Tlaw
fluid with and without inertia. In Figure 13, a comparison of the
pressure profiles with and without inertia is presented. Figure 14 and
15 contains results for higher flow rate. The observations made for the
plane flow also hold for the axisymmetric flow and the velocity profiles
obtained here are 98.5% of the fully developed flow and thus the
accuracy of the model is verified. In Figure 16, the exit velocity
profiles of the Newtonian fluid along with the power law fluid of n =
-0.6 with and without inertia terms are presented. Newtonian fluid
shows a fully developed velocity profile at the exit while for the power
law fluid, a fully developed profile lends to a plug-flow (see [38]).
From Figure 16 it is seen that at this high power index, the inertial

effects do not affect the velocity profiles at all. The increased flow
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Figure 11. Pressure profiles for a power-law fluid
in a channel (V0=25.O)
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rate through the tube shows similar behavior, as can be seen from the
plots in Figure 17.

Lastly, flow through a 4 to 1 tubular contraction is analyzed. The
geometry (Ll =10, L, = 6, Ry =4, and Ry = 1), boundary conditions and
mesh are shown in Figures 2 and 4. Fully developed flow is assumed at
the entry and exit region. The results presented here are for the
power-law fluids with n = 0.5 and n = 0.2. The inertial effects are
considered and compared as before. Figure 18 shows the developmoent of
axial velocity along the axis of symmetry for unit downstream radius and
flow rate of =3 for n = 0.5, the results obtained are in excellent
agreement with the results published by Crochet [44]. The comparison
for inertial effects is also shown in Figure 18. The magnitude of
velocity decreases a 1little. Other than that the solution is not
affected. Figures 19 and 20 contain the streamlines for these two
cases. Streamlines do not seem to be affected by inertial terms.

Figure 21 contains the velocity profile for the power-law fluid with n =
0.2. The plot is similar to that obtained for the power-law fluid with

n = 0.5 and the same comments are valid.

4.2.6 Analysis of White-Metzner Fluids

It has been recommended by other researchers [38] that for White-
Metzner model, the viscosities " and no should be the fractions of

shear viscosity n where n,/n, 2 l. The results presented here are
2’7’1 7 8

obtained using nz/n1 = %.

The same geometrires as used before are considered for the White-

Metzner fluid. Flow through a plane channel with unit shear viscosity
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and unit flow rate is considered. The geometry, mesh and boundary
condition are shown in Figures 1 and 4. Figure 22 shows the velocity
profile for Newtonian fluid and White-Metzner fluid with and without
inertia terms. The Newtonian fluid shows a fully developed profile
where as for White-Metzner fluid the profile is much flatter. Also at
unit flow rate, the presence of inertia does not affect the solution.
The pressure fluctuates more near the wall (see Figure 23) due to its
infinite nature, and increases in value due to inertial effects. These
observations are very similar to the observations made for the power-law
fluid.

Flow through a channel is analyzed again with increased flow rate
of 2 units and 5 units to investigate the inertial effect. Figures 24
and 25 contain the axial velocity profiles. It can be seen from Figures
24 and 25 that the inertial effects become more visible at the higher
flow rate (i.e. at higher inlet velocity). The viscous effects seem to
vanish and the inertial terms dominate the solution, and the velocity
profile becomes flatter.

Next, a flow through a tube is considered, for the flow rate
of n, 2n and 5v. The results are presented in Figures 26 thru 29.
Observations similar to those made for plane channel flow can be made
here.

Lastly, flow of a White-Metzner fluid through a 4 to 1 tubular and
plane contraction is investigated. Fully developed flow is assumed in
the entry and exit region. The fluid with unit shear viscosity and a
flow rate of = is analyzed. In Figure 30 contains axial velocity

profiles with and without inertia effects. These results are very
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Figure 22. Velocity profiles for a White-Metzner
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Figure 23. Pressure profiles for a White-Metzner fluid

through a plane channel (v0=1.0, n=0.2)
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similar to the results published by Crochet and Louvain [44] for Maxwell
type fluids. A similar overshoot is observed near the reentry region
for the White-Metzner fluid. The streamlines with and without inertia
terms are presented in Figure 31 and Figure 32. The inertia does not
affect the streamlines. The secondary flow in the corner is not seen in
Figures 31 and 32, but the velocity solution proves it's presence by
negative velocity components.

For the plane flow, the problem is the same except that a unit flow
rate is considered. The results are presented in Figure 33 through
35. They are very similar to the result obtained for axisymmetric flow

and the same comments are valid here.

4.2.7 Transient Analysis

To demonstrate the applicability of the finite element model to the
transient analysis, a power-law fluid (n = 0.2, ng = 1.0, N, = 0) in a
tube (R =1, L = 6) is analyzed using a 10 x 6 uniform mesh of Tinear
elements with time step, at = 0.0l. The results of various solutions
obtained are compared in Fig. 36. The effects of inertia and non-
Newtonian constitutive relations are brought out in these plots. Like
in the steady-state solutions, the effect of using the power-law
constitutive equation on the axial velocity is to flatten the profile at
the exit (from a parabolic one for Stokes and Navier-Stokes fluids).

The inertia seems to stabilize the velocity field (relative to the
Stokes solution) of power-law fluids. Also, the power-law fluids take
quite a long time to develop to the steady-state solution when compared

to the Newtonian fluids.
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Figure 34. Streamlines for a White-Metzner fluid in
a 4 to 1 contraction channel (n=0.2, Re=0)
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CHAPTER V

CONCLUSION AND RECOMMENDATIONS

5.1 Conclusions

Velocity and mixed penalty finite element models are developed to
analyze plane and axisymmetric flows of power-law and viscoelastic
(White-Metzner type) fluids. The most significant features of this
study are the inclusion of the inertia (or convective) terms and
transient analysis. The primary focus of this study has been the
development of a numerical model of the the flows of power-law and
White-Metzner fluids. No attempt is made to validate or invalidate the
constitutive models, but accepted them to evaluate the effects of
inertia and transient response in axisymmetric flow situations. The
model can also be used to analyze the flows of Newtonian and other
power-law (e.g., Correau model) fluids. The penalty parameter, in the

6 12

range y_ = 107 - 10

P
problems studied here. For power-law fluids, specification of stress

, is found to yield converged solutions for the

components at the entry region does not affect the solution when the
mixed model is used. The White-Metzner type fluids require the
specification of all extra stress components at the entry region.
Otherwise, the solution does not converge.

At higher Reynolds number, the inertial effects become dominant for
both power-law and White-Metzner fluids. Neglecting the inertia effect
at high Reynolds number can result significant error in the solution;

and hence should not be neglected.
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5.2 Recommendations

The Penalty finite element models developed here can be easily
extended to analyze other viscoelastic models like Maxwell, Oldroyd,
Gieskus, etc. The approximation funétions used in the present study are
Lagrange linear and quadratic approximation functions 1ike Hermite
cubics can also be used to obtain a smoother solution, especially in the
case of the contraction problem. Also, the Picard type iterative
procedure can be substituted by Newton Raphson technique which is known
to converge faster and is more efficient. Also, the models can be
extended to study physical processes involving non-Newtonian fluids in

the presence of thermal gradients.
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APPENDIX A
MATRIX COEFFICIENTS FOR PLANE FLOW

The elements of the stiffness and mass metrices in Eqn. (3.8) are

given by,
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APPENDIX B
MATRIX COEFFICIENTS FOR AXISYMMETRIC FLOW

The elements of the stiffness and mass matrices in Eqn. (3.12) are

given by,
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