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CHAPTER I
INTRODUCTION

l.1 LINEAR PROGRAMMING
l.1.1 BASIC CONCEPYS AND ASSUMPTIONS

"Pregramuing, or program plamning, may be defined as the con-
struction of the schedule of actiens by means of which an economy,
organisation, or other cemplex of activities may move from one defined
state to another, or from a defined state toward some specifieally
defined objective® (15). Since we will here be cencerned with the linear
programuing of a firm wnder competitien, it will be of interest to first

discuss seme concepts and assumptiens peculiar to linear pregramming
analysis.

‘l‘hothmbuicomqh(&tohmidtndmm;
products, mnd produstien processes. Rescurces are all physical and
intangibls things used by the firam. Products, or cutputs, consist of all
of the results of the productive effexrt of the firm. Each rescurce and
preduct is readily definable, hemogemeous, divisible, sand measurable by

an appropriate unit of msasure. A productien process is a physical event
or series of events which the firm comndnets in exder to transform re-

sources inte products. In a production process the only variation
allowed is a variation of overall scals, called ths intensity of the
process, which is measured in terms of the unit level ef the prodnctiem
process which is in turn defined to be some instance of the process (one
acre of a crop, ete.). Lt us consider the preparation ef a seedbed for



corns "Each added acre plowed . . . requires an equal input and can be
considered te add an equal increment to output. Corn planting, corn
cultivation, and eorn harvesting involve linsar relationships between
input snd cutput ever all technical units . . .* (13). Thus a pro-
ductisn precess is a specialised md restricted form of a lineer homo-
genecus produstien funstion.

A firm can be dafined by the collestien of processes and by
the collectisn of rescurces available to it. The eperation ef the fim
csn be dafined as the simaltaneous speration of seme linsar combination
of unit levels of the varicus productisn precesses. The preduction
funstion fer the firm can be comstructed by consifering ill possible
linear combinatiems of unit levels of processes.

e may now state the basic assumptions of linear programming.
They are: '

ie The prodactive opportunities of an scomemy or sconomic
unit are dafined by the rescurces and ths predactive
processes svailahls to it. The guantities #f at lsast
soms of the rescurces are finite and se is the number
of precactive processes availahle.

2. Any preductive process nxy be used st axy pesitive level
consistent with the supply of rescurees available. The
osnsumption of rescurces and the cutput of products is
proportional to the leval at whieh the process is used.

3. Several predustive processes may be used simmltanecusly,
if the supply of rescurces is adequate. If this is done,
the consumption of each rescurce is the sum of the
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consumptions of the individual processes used, and the out-
put of products is the sum of the outputs of the individual
processes.

"Within this framework, the productive problem becomes the
problem of choosing which productive processes to use and thes level at
which to use each of them, It will be useful to formulate this problem
algebraically® (6).

1,1,2 MATHEMATICAL FORMULATION

We may now algebraically formulate the linear programming pro-
blem of a competitive firm in which processes transform resources into
final products.

Let us consider 2 firm with n processes where each process is
undquely defined by the resources needed and the products produced by
the operation at the unit level. We will divide the resources into two
groups: scarce resources, those that are in limited supply, and non-
scarce resources, those that can be bought without limit in the open

market, Denote the amounts of scarce resources necessary for the opera-
| tion of the h-th process at the unit level by the vector

t' - t t ...t
“h (].h2h nh)’

the amounts of non-scarce resources needed by the vector

(]
(19)" = (49,85,0+120,)

and the amount of the products produced by the vector

B = (o0 ety

The subscripts m, m®, and k denote respectively the number of scarce

resources, the number of non-scarce resources, and the number of products
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involved in the whole production program of the firm. Thus some vectors
corresponding to some processes will have szero elsments if they do not
involve all resources and products available to the firm, In this manner
any process can be completely described by the vector

140159
(t,t, L)

The whole firm is described by the collection of the vectors
corresponding to all available processes, The collection of the vectors
can be combined into a matrix which describes the entire firm. This
matrix, which is called the technology matrix, comes in three parts:

T= (31520 oo;t_n)
which indicates the scarce resources needed for all purposes,
» (4040 o
™ = (2t)...0),

which indicates the non-scarce resources needed for all processes, and

U= (uu ool
(2)8peeen)s

which indicates the products produced by all processes. The complete tech-
nology matrix is then
(T )
§r°)
U ).
Let us denote by x; the number of unit levels at which the h-th
process is operated. This is the intensity of the process. It follows that

the vector
x' = (mx...x)
defines the production program of the firm, All of the elements of the x

vector must be non-negative.
Since the firm is assumed to be operating under competition, all
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prices of resources and products are given, We can thus obtain the net
revenus due to the operation of any process at the unit level. If we

denote by pi the price of the i-th scarce resource, by p: the price of
the i-th non-scarce resocurce and by qj the price of the j-«th product,

the net revenue of the h-th process at the unit level is then

oy Erin- Eiis
8 - q u - p t - p t ’h - 1,2,...“.
h o~ §o 3 dn gotiin T (5 P1Nk

The net revenues of all processes at the unit level can be summarised by
the vector
_8_' - (8182...8n)
which is called the unit level profit vector, Further, the net revenue
due to any production program defined by a particular vector x is
n
- - 4
T }ilshxh 2z (L.1)
The amount of the i-th scarce resource used by this production
program is
ti' - ﬁtu" xztiz *0.. - xnt'in i bl 1,2,...’“,
similarly the amount of the i-th non-scarce resource used is
t;. - xltgl + xztgz + see * xntgn, 1= 1’2’000, m°,
and the amount of the j-th product produced is
nj. - ﬁudl + xzujz + se0 ¢+ xn\ldn, J - 1’2’ooo’ko

These quantities can be summarized for all resources by the vectors
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Bt e (0t eety) = T

' 0915 et ) = P

U R X
which represents the total amounts of scarce resources, non-gcarce re-
sources, and products, respectively, involved in a production program
defined by x.

The problem facing the firm is to find some combination of unit
levels of processes that maximiszes net revenws: but which at the same time
does not use more than the available supply of certain searce resources.
Denote by vy, i=1,2,...,m, the total available amount of the i-th scarce
resource, The vecter

!t »
! ('1"20 . 0'.)

then expresses the total amount of all scarce resources, The limitation
imposed by the presence of the i-th scarce resource can then be expressed:

ti.s '1 is= 1’2’0003.’ (102)

or congidering all scarce resources

;t.. - 1!5_1_. (1.2..)
The problem facing the firm can now be summarised
to maximize r = 8'x (1.3)

subject to restriction Tx < v
and x Z o.
The above maximization problem is a special case of what may be
called "the" linear programming problem which is simply stated:
to maximize a linear function of non-negative variables subject to some
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linear restrictions, equalities or inequalities, We have considered the
special problem of maximizing the net revenue of a firm since we intend
to use that model,
1,1,3 THE SOLUTION OF THE MAXIMIZATION PROBLEM

Although the above maximisation problem can be solved by seversl
methods, it is usually solved by an iterative procedure which utiliszes the
"simplex criterion® developed by Dantsig and others. Explanations of the
simplex criterion are available (Charnes, Henderson, and Cooper, 1953,

Part II, pp. 41-62 and Dorfman, 1951, pp. 23-52), and need not be discussed
here. It will suffice to give a brief outline of the procedure used in solv-
ing the linear programming problem.

It can be shown that the optimiszing solution for a programming
problem is one of a limited set of solutions (programs) which have the
property that a mmber of the processes (elements of the vector x) are
carried on at sero levels, Associated with any solution of this set is a
"gimplex® vector with elements corresponding to the sero-level processes.
Each element of this vector indicates how the net revenus is affected by
adding to the program one unit level of one of these gero-level processes
without violating any of the restrictions. If the simplex indicates that
the addition of a unit of any sero-level process decreases net revenus, an
optimum solution has been obtained. This simplex vector is used in am
iterative procedure with proceeds from solution to solution until the optimm
is obtained.

1.1,y THE DUAL CONCEPT AND PRICE IMPUTATION

The linear programming solution has an additional feature: it

allows the imputed price evaluation of the scarce resources. The imputed
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price of the i-th factor indicates the amount by which net revenue can de
increased by adding to the supply of that factor one unit, It follows
that resources that are not fully used will have sero imputed prices.
Another feature of these imputed prices is that the sum

s * 2!

Elpivi -p*v, (L.L)
vwhere p# is the vector of the imputed prices, will be equal to the net
revenus r. Thus, the total imputed cost of the limited rescurces of an
optimum production program is exactly equal to its net revemus (7).
This phenomenon is assoclated with the fact that in solving the linear
programming problem as stated in Section 1.1.2 we have simultaneously
solved another problem which can be stated:

to minimize v'p®

subject to the restrictions pr® o (1.5)

and T'px R g

This problem, known as the dual of the original problem, is te
minimize the imputed cost of limited resources with the restrictions that
all imputed prices must be non-negative, and that the total imputed cost
of a unit level of eash process must be greater than, or equal to, the net
revenue of that process.

1,2 NON-LINEAR PROGRAMMING
1.2.1 GENERAL THEORY

Thus far we have considered the solutions of problems which are
stated in terms of the maximisation of a linsar funetion of non-negative
variables subject to linear restrictions, Non-linearities may arise in
two distinot but not matually exclusive ways:
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1. The function to be maximized, the maximand, is non-linear, and

2. The restrictions are non-linear.

In general, very little work has been done on cases including
non=-linear restrictions. We will here discuss only a special case of a non-
linear maximsnd, viz. a quadratic maximand. The programming problem for
this case becomes:

to maximize y = d'x-x'Fx,
subject to Tx € v, (1.6)
and x 0.

le242 SOLVING THE QUATRATIC PROGRAMMING PROBLEM.

The quadratic programming problem may be solved by the use of a
theorem developed by Kuhn and Tucker (16) and an iterative solution pro-
cedure developed by Hildreth (14).

The Euhn-Tucker theorem states that the problems

to meximize y = d'x - x'Fx, (1.7)
subject to T_x_“ v
where F is positive definite, is equivalent to the minimax problems

minimize with respect to x
maximize with respect to ;3 $(x,u) = x'Fx-d'z~u'(v-Tx), (1.8)

subject to u » 0,
where u is a vector consisting of as many elements as T has rows.

This problem differs in one respect from the programming problem
stated in Section 1l.2.1, viz., it does not include the restriction x * 0.
However, define

% = g_}[‘}’ (1.9)

- (V)
0,
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When ~I is a negative identity matrix, and 0 is a vector of zeros. Then

T*x € v* (1.10)
is equivalent to

Tx*y, (1410a)
and E L 0.

The above problem may now be made into a programming problem by the sub-
stitution of T™ and ¥* for T and v.

The first step in the solution procedure is to accomplish the
unrestricted minimization of § (x,u) with respect to x. This can be
accamplished by the usual procedure of setting the derivative equal to

6IX08

2 = 2Fx-d+T 'u=0, (1.11)
whence

x = #fla-1w).
This is substituted into the original function, which becomes

#() = @7l + HarirwGerrirway. (1.12)
It is desired to maximize $* (u) with respect to u, subject to the
restriction that u » O. Define

c = it

b = y41Flg,
and k = 3d'F1d.
We can now write

o(u) = -2¢*(u) = %u'Cus2b'u=k, (1.13)

Maximum P(Q = minimm Q(u).
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The procedure of estimating the vector u which accomplishes
this minimization is an iterative onol. After choosing an initial value
of u, say u% we hold all except the first of the components constant at
the level given by u®, and find that non-negative value of uy which mini-
mizes O(u). Call this value ui Next, holding constant the elements
ni-, u;, cosy u;, find the non-negative value of u, which minimizes o(u).
Contimiing in this manner, a nsw vector, 21, is constructed. The same
procedure is used to construct in turn )_1_2, 33, esey until the desired de-
gree of stability is obtained.

Let w,, k = 1, 2, «esy be a component of u. The minimm of o(u)
with respect to uy will be attained either where - 0, or where g_:.k = 0,
If the latter equation yields a non-negative value for uy, then this is the
minimizing value, otherwise uy = 0 is the minimizing value.

The derivative

00 =

TE c-l.l- L 2 22. (IOM)
Define wg as the value of the k-th coordinate of the gq«th iteration that
is obtained by setting ao/ank = 0. Thus

k=1
We-3 Sdudo £SO B, (L15)
k=1 g ikl Tl " ¢ T
where ¢,, are elements of C and bl are the elements of b. The valve of the
k-th coordinate of u at the qth iteration iz then obtained by taking

ug * maximum (wﬁ, 0),

Lne following two paragraphs follow closely the wording in Hildreth's
paper (k) p. 605).



13
or in other words ug - wﬁ if the latter is non-negative, zero if it is
negative.

The iteration stops when two succeeding iterations are identical.
The desired value of the factor x can then be found from the formula

x = 3318 - 35clrmy, (1.16)
which was developed above.

The above iterative procedure has been developed for the case
where the restriction matrix, T, is of full row rank. However, the re-
striction matrix, T-, of the programming problem mmst contain more rows
than columns because of the added negative identity matrix and is, there-
fore, of less than full row rank. There is no reason to believe that the
Hildreth procedure will not work for the case where the restriction
matrix is not of full row rank. This has not yet been vigorously proved,
but Freund (8) has shown that a solution for a programming problem
obtained by Hildreth's method was optimal.

1.3 RISK PROGRAMMING
1.3.1 DESCRIPTION OF A RISK SITUATION

Under a no-risk situation the entrepreneur is faced with a
given, known set of prices and production conditions that will prevail
during a production period. These given conditions, in turn, specify
uniquely the result that will be obtained by deciding to follow a certain
program during the production period. Thus the entrepreneur can base his
decisions on these known consequences. Under a risk condition, however,
this does not hold; the entrepreneur is faced with a number of possible
outcomes as a result of a decision to conduct a certain program. In order
to make such a decision, then, it is of importance to be able to characterize
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the set of possible outcomes that are associated with a certain decisionm.

Probablility statements may be used to characterize uncertain
events, It can be said that those who propose to use probability for this
purpose define it as some measure of the degree of belief that a parti-
cular ocutcome will occur, rather than some objective measure of relative
frequency of the occurrence of a particular outcome. The possibility for
inferring degrees of belief from observed actions of individuals has been
developed and discussed by Savage (17). Some objections to the use of
probability are discussed by Savage (17) and Arrow (2).

In describing a risk situation for programming purposes, all

the components of the progran; that is, prices py, pj, and 93 technical
coefficients ty, and t‘ih’ and quantities produced uy) may be considered

random variables, Tintner (20a) gives a procedure for handling this
general use, but his results have, as yet, limited applications, We will

consider here that only P p:, Qs b, t. tih’ and u,, are random variables.

Furthermore, since S, = f(p,, pg, Qs bypo t'ih’ W), and since these quan-
tities do not directly enter into any other part of the linsar programmihg
problem, we will simply state that the s, are random variables.

If the s) are normally distributed, then the vector s can be
considered a multivariate normal with mean u and variance-covariance
mtri.xi. The net revenue due to a program x, is then, a univariate normal
with mean p. = p'x and variance &7Z = x'fx;

1.3.2 THE CHOICE AMONG ALTERNATIVE RISKY OUTCOMES

The choice among risky outcomes is equivalent to determining the
"best” probability distribution, We may evaluate a probability distribution
by means of the expected utility. The expected utility of the set of out-
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comes of a particular decision is, by definition, a measure of the relative
value of the particular decision. Thus, if the expected utility due to all
possible decisions is evaluated, the best decision can be picked by maxi=
mizing the expected utility.
The expected utility of a probability distribution of incomes is

50) = J s()e(edar (1.17)
vwhere f£(r) denotes the probability distribution of income and y(r) denotes
the relationship between cutcume and utility. This relationship, called
the utility function of income, gives a subjective value, a utility, for
any given amount of irncome.

The simplest function relating utility and income or money is the
linear function y = r. It can be shown that this utility function implies
that maximizing expected utility is identical with maximizing expected in-
come without regard to the variability of income, since

E(y) = r(r)ar = E(x). (1.18)
However, experience shzws that this is not an accurate picture of actual
behavior,

A second utility furnction is one whose first derivative is every-
where positive and second derivative is everywhere negative. This function
exhibits the usual assumption of positive but decreasing marginal utility
of money., Such & function may be regarddd as the one that best describes
the behavior of an entrepreneur with limited capital who must practice
relatively conservative policies. This utility function may be represented
by y = 1-e"2F where a is an arbitrary constant which indicates the entre-
preneur's aversion to risk, This can be shown by the fact that the maximi-
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sation of the expected utility under this utility function and the
assumption that r is normally distributed can be accomplished if we
choose that probability distribution with the maximum value of the
function
s s (1.19)

Note that a large value for a indicates that the variance plays a
relatively larger role in the decision making process.

Another utility function is one represented by e -1, where
b is another arbitrary constant. This would be the utility function for
a natural gambler, one who prefers those ocutcomes with wide dispersions
and greater possibilities of great gains and losses. If we use the above
utility function, the corresponding function to be maximized is

b a2
A3 (1.20)

The above function indicates that the gambler is willing to reduce income
to increase variance.
1,3.3 METHOD OF SOLUTION
As was stated in Section 1.3.l1, net revenue associated with a

program X is agsumed to be normally distributed vith/{. -/l__';_ and

s? - x' f,_x_, where Z, is the matrix of the variances of net reveaues.

Thus, using the maximization of expected utility according to (1.19) above,
the utility function to be maximized will be

- - ¢ .
y* = E(g)x-gx' & x
The programming problem resulting from this maximization of
expected utility is

maximize y = BE(s)x - ,:,x'z’g,
subject to TxSv, (1.22)
and x=0,
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The procedure to be used for solving this problem will be that
derived by Hildreth for the use of the Kuhn and Tucker minimax problem
(See Section 1.,2.2) with alterations as made by Freund (8). It was noted
that to use this method the two restrictions to the above problem mst be
combineds

(‘T
(-133‘- ‘ g;

which was denoted
Tax € ve (1.10)
Since we will only be concerned with the vector v# and the matrix
T#, we will omit the asteriske. Also, we will denote the matrix

225
by
z,
The minmimax equivalent for the programming problem can thus be
written:

mininmize with respect t-o;% '( ) £
DU *xX'&x -8

'x - u'(v -Tx). (1.23)
maximize with respsct to u)
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CHAPTER II
AN EXAMPLE
2,1 THE DESCRIPTION OF THE FIRM AND THE NO RISK PROGRAM
2,1.1 THE DESCRIPTION OF THE FIRM
We shall use a programming model for a representative sixty
acre farm in the Blacksburg area of Southwestern Virginia,
The farm may be identified by the processesl available to it:
1, Forkedeer Fall Oats,
2, Vahart wheat,
3. Wong Barley,
he U. S. 13 Corn,
Se Irish Cobbler Potatoes,
6. Rutgers Tomatoes,
7. Kansas Common Alfalfa,
and by the scarce resources:
1. Land,
2, Production capital, period 1 (September 10 - January 9),
Production capital, period 2 gJannu-y 10 -~ June 9),

3.
k. Production capital, period 3 (June 10 - September 9),
S. Managerial labor, period 1,

6. Managerial labor, period 2,

7. Managerial labor, period 3.
Land refers to that portion of cleared cropland that is suitable for
cultivation, Production capital is the availability of cash far net
expenses. Managerial labor refers to the farm operator's own labor,
Certain non-managerial tasks can be performed by hired labor, which,

it is assumed, can be hired without limit at a given wage rate.

1'F‘or the sake of simplicity only harvestable crops were used.



TABLE 2-1
BASIC BUDGET FOR ONE ACRE OF FALL OATS

Item Df{ﬁ:, Unit ?11:;- Dolmla::
Income
Yield «77  bu. 60.0 46.20
Expenses
Pertilizer 5-10-10 %:gg . 5 1,1*%2

Machins operation
Land preparing and planting 56 hrs. 1.96 1.10
hrs

lev‘sting 056 . 1.0)4 058
Total all expenses 17.09
Net Revenue 29.11

Operator's Labor

Land preparation and planting hrs. 2.37
Harvesting hrs. 2.08

W e
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TABLE 2-2

BASIC BUDGET FOR ONE ACRE OF WHEAT

Price Quan- Amount Peri
Ttea Dollars Unit tity Dollars od
Incoms
Yield 1,90 bu. 30.0 57.00 3
Expenses
Seed 3.00 bu. 1.5 L.50 1
Fertilizer 5-10-10 2,25 cwt. 5.0 11.25 1
Machine operation
Land preparation and planting .56 hrs. 1.9 1.10 1
Harvesting 56 hrs. 1.04 «58 3
Total all expenses 17.43
Net Revenue 39.57
Operator's Labor
Land preparation and planting hrs. 2.37 1l
Harvesting hrs. 2.08 3
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TABLE 2-3

BASIC BUDGET FOR ONE ACRE OF BARLEY

Price Quan- Amount
Ttem pollars " fity  Dollars [ oio¢
Income
Yield 95 bu. 10,0 38,00 3
Expenses
Seed 2.25 ba. 2.0 lg.50 1
Fertiliser 5"10.10 2.25 cwte. 500 11025 1l
Machine operation
Land preparation and planting.56 hrs. 1.96 1.10 1
Bm"ting 056 hrs. 100’.‘ 058 3
Total all expenses 17.43
Net Revenue 20.57

Operator's Labor

Land preparation and planting hrse. 237 1
Harvesting hrs. 2,08 3
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TABLE 24
BASIC BUDGET FOR ONE ACRE OF CORN
Price Quan- Amount
Item Unit tity Dollars Period
lncone
Yield 1.60 bu. 60.0 128.00 1
-
Seed, hybrid 11.00 bu. 0.2 2420 2
Fertiligzer 10-10-10 3.(» cwt. 8.0 2‘4000 2
Tractor operation
Land preparation and planting .48 hrs. 2.83 1.36 2
Cultivating oha hrs. 2622 10% 3
Harvesting 48  hrs. 1.78 <85 1
Total all expenses 29.47
Net Revenue 98.53
Operator's Labor
Land preparation and planting hrs. 3.03 2
Cultivating hrs. Lel7 3
Harvesting hrs. 2.63 1l
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TAZLE 2.5
BASIC BUDGET FOR ONE ACRE OF IFISH POTATOES

Price Quan=  Amount eriod
tom Lollars ™% ity Lollars
Income
Yield 1.05 bu. 250.0 262,50 3
LXpenses
Seed, Cobbler ).tohs cwte 8el 36.05 2
Fertilizer 6-8=6 2,15 cwt. 2340 L49.45 2
Dust, 5% D.D.T. 17 b, 60,0 10420 2
Bags, new .22 bay 140.0 30.80 3
Washing and Grading ¢35 bag 0.0 L49.00 3
Digging, contracted 5,00 acre 1.0 9,00 3
Picldng up, contracted «13 70 1b. 215.0 27.95 3
bag
Hanling, contracted ' 07 70 1b., 215.0 15.05 3
bag

Tractor operation

Lané preparation and planting .48  hrs. L.0 1.92 2

Poisoning 48 hrs. 1.0 18 3
Total all expenses 229.90
Net Revemme 32.60

Operator's Labor

Land preparation and planting hrs. 4.0 2

s ing hrs. o8 3

Polisoning hrs. 1.0 3
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TABLE 2-6

BASIC BUDGET FOR ONE ACRE OF TOMATOES

Price Unit a0~ Amount perigg

Ttem Dollars tity  Dollars
Income
Yield «90 bu. 533.0  480.00 3
Expenses
Plants 12.00 M 3.0 36.00 2
Fertiliser 1208 lbs. 8-20-16 6.00 cwt. 12.0 724,00 2
Machine operation _
Growing L9 hrs. 7.9 3.87 2
Growing L9 hrs. 7.9 3.37 3
Spraying and dusting 17.85 acre 1.0 17.85 3
Tl'ucking 20 mi. 6300 12 o& 3
Picﬂng, contracted 6.00 ton 1600 96.(X) 3
Containers & others 8.12 acre 1.0 8.12 3
Total all expenses 250,31
Net Revemue 229,69
Operator's Labor
Grrowing hrs. 18.2 2
Growing hrs. 18.2 3
Harvesting hrs. 20.0 3
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TABLE 2-7
BASIC BUDGET FOR ONE ACRE OF ALFALFA

Price ynit Quan- Amount pepriod
Ttem Dollars tity Dollars °
Income
Yield h2.85 Ton 2.67 llh.27 2
Yield 42.85 Ton  1.33 57.13 3
Expenses
Seed (Pro-rated seeding
cost over L yrs.) 13.00 acre 1.0 13.00 1
Machine expenses
For establishing 48 hrs. 1.16 ST 1
For maintemance and 56 hrs. 3.1 2.35 2
harvesting 56 hrs. 3. 1.17 3
Hired labor «80 hrs. 1.l 1.13 2
Hired lator 080 hrse 071 057 3
Total all expenses 35439
Net Reverme 135.01
Operatorts Labor
Establishing hrs. 1.1 1
Maintenance and Harvesting hrs. 7.33 2
Maintenance and Harvesting hrs. 3.67 3
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The budgets for the model were constructed by Dr. R. G. Kline
of the Agricultural Economics Department at the Virginia Polytechnic
Institute and the author with the assistance of Mr. K. E. Loope and
Dre. C. W. Allen, also of the Agricultural Economics Department.

The basic budgets for processes 1-7 are presented in tables
2-1, 2-2, 2-3, 2-}, 2=5, 2-6, and 2-7, respectively.

2.1.2 THE TECHNOLOGY MATRIX

The deriwation of the (scarce resources) technology matrix, T,
from the budgets will be illustrated for process 1, Fall Oats. We will
present the data for the other budgets without further explanation. From
Table 2-1 we obtain the various amounts of the scarce resources needed
for one acre of oats. The amount of scarce resources needed and the net
revemie are given in Table 2-3.

TABIE 2-8
SCARCE RESOURCES NEEDED AND NET REVENUE
FOR ONE ACRE OF FALL QATS

Resources Amounts
Land, acres 1.0
Production capital, dollars

Perind 1 16,51

Period 2 «00

Periw. 3 -’.&5.62
Manasgerial labor, hours

Period 1 237

Period 2 «0

Period 3 2 008
Net reveme, dollars 29.11

Note that Table 2-8 gives the net requirements of scarce resour-
ces. In the case of production capital for the third period, production
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capital is created by the sale of oats. Thus, the net requirements of
capital for the third period becomes $0.58 - $46.20 = -$45.62, the nega~
tive amount denoting the creation rather than the use of the resource.

For computational simplicity it is advantageous that unit
levels of the various processes produce equal amounts of net reveme.
For this reason, all processes are redefined such that a unit level pro-
duces $100 net reveme, In the case of oats this is accomplished by
raising 100/29.11 = 3.435 acres of oats. This redefinition causes all
resources requirements to be mltiplied by 3.435. Finally all production
capital requirements and the unit level profits are expressed in hundreds
of dollars. This scaling device makes the numbers in the technology matrix
roughly of the same magnitude, which tends to make computations less sub-
Ject to rounding errors. The resulting vector, i;, and the unit level
profit, s, are presented in table 2-9.

TABLE 2-9

SCARCE RESOURCE VECTOR, t, FOR PROCESS 1

FALL OATS

Resources Amounts
Land, acres 3.435
Production capital, $100

Period 1 «567

Period 2 +000

Period 3 «1.567
Managerial labor, hours

Period 1 84140

Period 2 «000

Period 3 7.140

Unit level profit, $100 1.000
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The resulting technology matrix, T, of the entire firm, the unit
level profit vector, s, and the resources limitations vector, v, are pre-
sented in fable 2-10.

The only item in Table 2-10 that has not been discussed is the
construction of the resources limitation vector, v. This vector is some-
what arbitrary, particularly when one wishes to characterize a represen-
tative farm. In our case we have assumed a sixty acre farm with homogeneous
fertility of the soil. The availability of production capital is based on
an initial stock of $4500 on hand as of the beginning of Period 1, of
which §1500 mst be reserved for living expenses in each of the three
periods. The amount of managerial labor available is limited to the mumber
of good weather daylight hours in each period and is based on pest weather

records.
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TABLE 2-10

THE TECHNOLOGY MATRIX FOR THE PROGRAMMING PROBLEM

INPUT VECTORS FOR PROCESSES AT UNIT LEVELS

s
Scarce $ Availabilit
Resources 1ty t ty Y ty tg ty Veotor
¢ Oats Barley Wheat Corn Potatoes Tomatoes Alfalfa 4
3
t
Land, acres ¢ 3435 2.527 4.861 1.015 3.067 1435 « 740 60
Production '
Capital, $100 3
Period 1 t o567 126 «819 <1.291 «0 0 231 30
Peried 2 3 0 o0 0 «1.,011 2099h 0&87 -1.2).&3 1\5
Period 3 3-10567 -lo).l26 -10819 «1,000 -3099).5 -1.!486 =1.330 0
Managerial :
Labor, hours 1
Pariod 1 s 8,140 5.989 11.520 2,670 0 «0 1.040 799
Period 2 4 0 0 0 3.075 12.268 10.‘370 5.)42’4 867
Period 3 t 7140  5.256 10,110 L.230 5.521 13,660 2,716 783
s
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Under no circumstances will the restriction on production

capital in Period 1 or Pericd 3, and the restriction on labor in Period
1 become effective. This is true since these restrictions, for any pro-
cess, are less stringent than the other restrictions. We can, therefore,
regard the corresponding resources as being in unlimited supply and can
onit these restrictions from the programming problem.
2.1.3 THE OPTIMUM NO RISK PROGRAM

Solution by the simplex technique (see Chapter I) resulted in
the optimum program prasented in Table 2-11. This is the No Risk Program
since variability was not considered. In this program, note the heavy
reliance on tomatoes, which are a highly unstable, or risky, crop. Also
small grain crops, the usual backbone of a general purpose farm, are not
reised. The above features, which have been noted in other linear pro-

gramming problems, cause us to consider the effect of risk into a

programming model.

TABIE 2-11
THE OPTIMUM NO RISK PROGRAM

Process Unit Levels Acres
1. Oats «00 «00
2. Barley 00 «00
3. Wheat <00 «00
ho Corn .00 00
5. Potatoes .00 .00
6. Tomatoes h6065 20.29
Te Alfalfa 53e 39.72

Net Revemie ($100) 100.31




2.2 THE RISK PROGRAM

2.2.,1 THE DESCRIPTION OF A RISK SYTUATIONs THE COMPUTATION
OF VARIANCES OF UNIT LEVEL NET REVENUES

The variabilities of the unit level net revemues will be assumed
to depend almost entirely on the output prices and quantities (see Section
1.3.1), while most of the inputs are fixed. However, certain inmputs, such
as picking costs for tomatoes and potatoes, do vary with the quantity
produced. We will tims deal with adjusted gross revemues, which in this
case will be the product of prices and yields of the various crops, ad-
Justed for variable inputs, since the variability of adjusted gross reve-
mues is equal to the variance of net revemaes.

We are interested in obtaining the entrepreneurts estimate of
the variability of prices and ylelds of individual crops as an indication
of a probability distribution. This estimate is usually based on past
behavior. Therefore variability estimates were obtained from data for
1948-1956. This was estimated in two stages: (1) the estimation of past
prices in constant dollars, and (2) the estimation of past yields under
constant cultivation practices.

Price estimates, with the exception of tomatoes, were obtained
by using average Virginia prices (21) for each crop, deflating these prices
by the United States Wholesale Price Index (1) and finally maltiplying these
deflated prices by a constant so as to obtain an average price equal to the
price specified in the budgetl. Records of past tomato prices were furnished
by J. M. Johnson of the Department of Agricultural Economics at Virginia
Polytechnic Institute.

Irhis adjustment procedure assumes that variation in yield is proportioned
to the mean.
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The yields of each of the crops used were obtained from records
of experiments conducted by the Virginia Agricultural Experiment Station
at Blacksburg. Data on small grains were obtained from T. M., Starling
(18 & 19), data on corn from C. F. Genter (10, 11 & 12), data on alfalfa
from T. S. Smith and P, T. Gish, and the data for potatoes and tomatoes
from P. H. Massey, Jr., and others. All data were obtained from experi-
ments conducted in the Blacksburg area such that yield variability
caused by different locations was eliminated. A linear time trend as an
indicator of improvement in crop growing practices was computed for each
crop by least squares regression. In no case did the linear trend prove
to be significant, and consequently no adjustment for time trend was
made. The yields were then adjusted by the ratio of the yleld specified
in the budget to the average yleld obtained above so as to obtain the
yield specified in the budgetl.

The product of estimated per acre yield and estimated price for
each year was then used as the estimate of gross revemue for each crop.
The gross revenue was them adjusted for variable inputs as was mentioned
previously. Variances were computed from this data and maltiplied by the
appropriate constants in order to reduce them to variances of unit levels.
The computations for the estimated gross revenue of process 1, oats; are
reproduced in Table 2-12 to illustrate the procedure.

lThis adjustment procedure assumes that variation in yield is proportioned
to the mean.
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TABLE 2-12
ESTIMATION OF GROSS REVENUE FROM ONE ACRE OF OATS

s 3 g

: Price Deflated Adj. s Estimated : Adjustedl
Year ! Price to : Yield Yield s Gross

: $ $ $.77 s : Revenus

t $ Bu. Bu. : $

] 3 :

s 3 :
191&8 $ 087 o&l 087 H 56011 h9086 3 1.13038
191‘9 : 70 71 07)-‘ d 8303 730& H Sh0h9
1950  § 081 079 082 s h905 wo76 H 35088
1951 H 079 069 072 H h7o3 m.al 4 30010
1952 H 091 081 o&‘ $ 50.8 hh-91 3 37.72
1953 : .82 o'nt oIT 2 9&05 83°9& 3 &4033
1954 ¢+ .80 .13 76 9. 79.91 : 60.73
1955 ¢ .71 6l 6 3 67.0 59.23 t 39.09
1956 : .76 .68 L TL.6 63.29 s LLh.94

: 3

111 the case of oats, wheat, barley, corn and alfalfa, gross revenue
was not adjusted for variable inputs.

The estimated per acre adjusted gross revenues for the seven
crops in the example are presented in Table 2-13. These adjusted gross
revenues were used to estimate variances of per acre gross revenue
(Table 2-14). Covariances were assumed to be zZero. The per acre variances

were reduced to unit level variances (Table 2-15).
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TABLE 2-13

THE ESTIMATED PER ACRE ADJUSTED REVENUES

Year Oats Wheat Barley Corn Potatoes Tomatoes Alfalfa
1948 L}3.38 66.09 56,87 137.94  167.59 253.30 165.38
1949 5hes9 58.62  36.10 129.27  281.43 396.53 116.50
1950 35.88 52,41  25.84 123.85  1L4h.53 207.31 128.73
1951 30,10 Lk6.hh  S3.42 113.89 272.61 260.16 186,52
1952 37.72 32.76 }2.06 118,25  338.60 S42.78 207.60
1953 6433 56.10 40.93 91.50 139.50 356, 177.04
1954 60.73 70.31  28.87 146.08  110.65 297.2  Uc.9"
1955 39,09 58,88  25.46 12447  180.85 503.93 126,22
1956 Lli.9l T0.52  32.39 123.93  U45L.58 612.98 2440.20
TABLE 2-1)
PER ACRE VARIANCES

Crop Variance

Oats 137.92

Wheat 146.20

Barley 46485

Corn 236,97

Potatoes 12,836092

Tomatoes 20,493.02

Alfalfa 1,700056

TABLE 2-15
UNIT LEVEL VARIANCES

Crop Variance

Oats 1,627.32

Wheat 933063

Barley 1,107.02

Corn 2&008

Potatoes 120, 744.06

Tomatoes 3,873018

Alfalfa 931.91
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24242 A COMPUTATION OF THE RISK PROGRAM

We shall derive an optimum risk program resulting from the maxi-

mization of the expected utility of the form
y=HM-30C 2

as discussed in Section 1.3.2. The data used will be the same as in the
linear program together with the variances as derived in the previocus
section. The constant a will be given an arbitrary value 1/1500. Further
discussion of this constant can be found in Section 1.3.2 and Section 3.1l.1l.

The procedure which will be followed in the computation is ident-
ical to the procedures outlined in Section 1.3.3. It should be recalled
that we need to find

¢ = 111, (2.1)
and

2b = 2v - 1&1s, (2.2)
where

2 -3¢, (2.3)

The data for this problem have been discussed before but will be
presented again at this point to facilitate the presentation.
8' = (100 100 100 100 100 100 100)

212 311 —1

369
z - 081

1,0.248
1.291

vi=(0 15 37 73 0 0 0 0 0O O 0)



r’g.has 2,527

0
0 0
T.140 5,256
-1
-1

by

L.861 1.015
O -1.011
0 3.075
10.11 he230

-1

3

2.994

12

5.521

-1

<067
«268

o35
487
10.870
13.660

-1

"1.2113
Sel2h
2.76

-1

From this we must now computéd™l, G, 121, and 2b =2y - ﬂif%gt

g -

(1.005
3.215

«li,1694370
1,627.500
=i, 6614100
-11,329,200
18,350
321.300
270,990
1,229,100
2.1485
T7.45k
321,900

2.710
12.346

«025

o775,

3.215 -}
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|

121,107
-15.180
55488
285.315
«64332
«3,119
-13.173
<1247k
-.076
=337
«2.382

«15.180

17.943
«544906
~57.86l

124426
-.07h
-e377
144002

55.884
=54.906
306.180
323.940

0

0

0
=37.800
=4305
=8.118
17.L460

285.315
=57.867
323.970
8484610
-13.161
«16.887
«274396
-51.990
137
«10.576
-8.7U2

~64332
0
0

=13.161

1.84k

0
0
0
0
0
o

-8 0119

0
0

-16,887
0
3.215
0

0
0
0
0

«13.173 ~12.47h4

0 12,1426

0 -37.800
«274396  =51.990

0 0

0 0

2,710 0

0 12.346

0 0

0 0

0 0

«076
O7h
305

-8

337
o377
J118

- 0137 "10.578

0
0
0
0

«025

<775

-2.382
14,002

17.L460

-8,742
0

0
0
0
0
0
3
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The iterations for obtaining the vector u were performed using
the IBM type 650 magnetic drum computer located at North Carolina State
College in Raleigh, North Carolina, The program for use with the 650 was
devised by R. J, Freund of the Department of Statistics at Virginia Poly-
technic Institute. This program computes the iterations at a speed of
approximately 100 times faster than an experienced operator on an auto-
matic desk calculator. The iterations for this problem became stable
after about 350 iterations, Without the use of the 650, the work as out-
lined in the results of this paper would have been practically impossible
to obtain.

2.2,3 THE OPTIMUM RISK PROGRAM

The risk program and the no-risk program, together with other
pertinent information are presented in Table 2-16. The figures in the
table conform very well as to what was expected. The consideration of risk
increased the importance of corn, the crop with the lowest unit level
variance, and decreased the importance of tomatoes, a comparatively high
risk crop.

The total revenue was, of course, decreased, but the expected
utidity of the form & - ;sz was increased and the standard deviation of
the net revenue was substantially decreased. The risk program also requires
less capital and labor than the no-risk program.
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TABLE 2-16
COMPARING THE RISK AND THE NO RISK PROGRAM

Risk No Risk
Tten Program Program
Process Intensities
Unit levels
Cats «00 00
Wheat +00 «00
Barloy «00 .00
Corn 15.61 «00
Potatoes .00 <00
Alfalfa h6058 53066
Acres
Oats «00 om
Ub“t om 000
Barley «00 «00
Com ]5.& 00
Potatoes «00 ow
Tomatoes 9.80 20429
Alfalfa 34.10 39.70
Expected Net Revemmes, dollars 8,475.00 10,031.00
Expected Utility, arbitrary units 7,126 6,326
Standard Deviation of Net
Revemme, dollars 2,012 3,334
Use of Resources
Land 60,00 59.99
Production capital
Period 1 =9+3925 12,3997
Period 2 =62,6980 =}3.9923
Period 3 =106, 4100 ~135.336
Managerial Labor
Period 1 90,14 55.81
Period 2 545.77 798.19

Period 3 500,57 783,00
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CHAMTER 1II
FURTHER ASPECTS OF KISK PROG!w:iIING

The example of tlie previous Chapter will be used to investigate
additional phases of programmuing for the risk case. We shall discuss the
"Risk Aversion" map ir some detail and briefly touch on price, resource
anc variance maps as aspects of risk programming. Most of these have been
perfected and used in the no-risk case, and extension of these aspecits to
risk programming should lcad to useful results.

3.1 THE ®RISK AVERSION" MAP
In Section 2.2, we did not justify the use of a particular value
for the risk aversion constant. We shall present in this Section a method
of risk programming which avoids this difficulty.

To a certain extent cach combination of economic goods is a sub-
stitute for every other combination. Among the possible combinations, there
sre some which are preferable to others; but there are some which are
equally attractive to us, so that we feel it is a matter of indifference
which one we choose (3). This may be represented by an indifference curve,
which is the loci of all points, combinations of goods, or of indifference.
Another way of stating this condition is that an indifference curve is the
loci of all points of equal utility.

There are other combinations of economic goods lying outside a
given indifierence curve which give rise to other indifference curves. A
set of indifference curves combine to produce an indifference map showing
indifference curves ranked from those of lowest utility to those of highest
utility. Thewe exists a unique relationship between a utility function and
an indifference map. An idealized indiffercnce map is illustrated by the

set of curves AA', BB', CC', ID' and EE' in Figure 3.l.



Figure 3.1.

Direction of increasing utility

A" B ¢ E’

a-l
Economic Goods B

The problem facing an entrepreneur, or consumer, is to maximige
utility subject to income limitations, An idealized incoms limitation is
given by the line aa' in Figure 3.,1; that is, linear combination of goods
can be purchased by a given amount of income. It is intuitively obvious
that the point of maximum utility oecurs at the point where the income or
opportunity line is tangent to an indifference curve, More yigorous argu-
ments may be found in economic reference works, e. g., (3).

In risk conditions, where risky outcomes may be represented by
the expected return (#) and the standard deviation of this net return
(S'), we may construct an indifference map for variocus combinations of &
andS, The indifference map of these "economics goods® is somewhat the
reverse of the illustration in Figure 3.1. since standard deviation, being
the reverse of reliability, is an unfavorable good. The indifference map
resulting from the utility function of income (r) discussed in Section
1.3.2, u =M~ gaﬁ, for a = 1/1500, is given in Figure 3.2, The curves
represent loci of equal values of u at 4000, 5000, 6000, 7000, 8000 and
9000.
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In Section 2.2.3 the optimum risk program assuming the utility

function u = A& - 1 o® was obtaired, resulting in & = $8475, o =
2(1500)

$2012, and u = 7126. It can be seen that this combination of &/ and S

lies very close to ths indifference curve for u~ 7000 in Figure 3.2.

This point is marked by P. In Fact, according to the above theory, the

point P should lie on the opportunity line of the entrepremeur which is

tangent to the indifference curve for u = 7126.

Indifference maps similar to Figure 3.2. could be constructed
for various values of the risk aversion constant. By recomputing optimum
risk programs for eacn of these values, we can obtain several points on
the opportunity line which are tangent to the indifference curves corres-
ponding to utility functions with different values of "a“, The different
points of tangency may be jolined together to form an opportunity curve.

This opportunity curve represents combinations of net reveme
and the variance of net revemme which are available to the entrepreneur.
An entrepreneur could choose a point on the curve which to him represents
the best combination of net revemue and variance. In doing so, he will
effectively be choosing his own risk aversion constant and corresponding
optimum program.

Using the computational shortcut discussed in the appendix,

optimm programs were developed for a = 1 1l , eeey 1 o The results
750 1660 2500

of the computations are summarized in Table 3-1, and the corresponding
opportunity curve in figure 3.3.

As was expected, the larger the value of the risk aversion con-
stant "a", the more the optimmm program depended on the comparatively low
risk crop, corn. The smaller the valne of "a", the closer the optimm



TABLE 3-1

OPTIMUM PROGRAMS FOR VARIOUS RISK AVERSION CONSTANTS

Item

Various values of "a"

Optimm Program

Process Intensitiest -
Unit levels

Corn
Tomatoes
Alfalfa
Acres
Corn
Tomatoes
Alfalfa
Expected Net Revemue,
Dollars
Standard Deviation of

Net Revenue,
Dollars

1/150
33.148
11.97
28,20

33.98
5.20
20.86

7365

1252

1/1000 1/1250
27.52 21.57
15.49 19.02
34.32  Lo.us
27.93 21.80

6eTh 8427
25.40 29.93
7735 8105
87 1743

1/1500 1/1750
15,61  9.67
22,55 26,08
46.58 52,72
15.80 9.81

9.80 1102)4
34es0  39.01
8475 8847
2013 2290

1/2000
3469
29.61
58.85

3.7
12.87
L3.50

9215

2574

1/2250

32,76

62,35

14.05

46.03

9511

2789

1/2500

35.21
60,88

15.01

145,05

9609

2873

L6465
53.66

20,29

39.70

10031

3334

#0ats, Wheat, Barley and Potato crops never entered the program.
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a =1/750




Lé
program approached the linear program, which may be considered a risk
program with a = 313. It is believed, however, that a finite value of
"a® will produce an optimm exactly equal to the linear program. As
the valus of "a" increases, indicating greater aversion to risk, the
net revenmue decreases and the standard deviation of net revenue de-
creases, It is interesting to note that the lower 2% limit (p -t..S)
of the net revenue in the linear program is less than the lower 2%
limit of any of the risk programs.
3.2 PRICE MAPS

In practical applications of linear programming, it is of
interest to investigate changes in the optimum program due to variations
in prices of various products produced by the firm., Such investigations
are usually graphically presented in the form of price maps which show
the various optimum programs. Price maps can conceptually be derived
for various combinations of all prices, but for the sake of simplicity
we will concern ourselves only with price changes in one product.

3.2,1, PRICE MAPS FOR A NO-RISK PROGRAM

The net effect of price changes on the linear programming model
consists of changes in the elements of the vector s. Computational short-
cuts permit the computation of optimum programs for price changes without
the complete recomputation for each price (8).

A price map, showing optimmm programs for a range of tomato
prices, is presented in Figure 3.lL. Tomato prices of less than $.70 per
bushel indicate programs with no tomatoes; between $.70 and $.80 tomatoes
replace alfalfa. Above $.50 no additional tomatoes can be grown due to



Acres

L7

Figure 301&
PRICE MAP, NO=RISK PROGRAM

56

52

L8

28

20

Tomatoes

0!70 080 08; o”
Price of Tomatoes, Dollars

1.00



L8
the third-period labor restriction.
3.2.2 PRICE MAP FOR THE KISK PROGRAM

Effects of changes in the price of tomatoes were used to deter-
mine the effect on the optimum program. These changes are easily incor-
porated in the risk program.

Consider equation (2.2) where

bey-4Es.
Price changes for products produced by a process can be incorporated into
new values for the vector s. It is then necessary to recompute b and change
the last column of the multiplier matrix Z, (see appendix equation 5.2),
and proceed with the Hildreth solution procedurs.

Programs for a = 1/1500 for various prices of tomatoes are shown
in Table 3-2. Using these data we may construct, by interpolation, a price
map which shows the production programs as continuous functions of tomato
prices. This price map is given in Figure 3.5.

The risk price map shows some similarities to the no-risk map.
The primary difference consists of a ®flattening"™ of the price response:

a given price change has more effect on thé no-risk programe. Extrapola-
tion indicates that tomatoes will enter the no-risk program at about $.70
per bushel and the risk program at about $.65 per bushel; at $.30 per
bushel the maximum tomato production is alreacy attained with the no-risk
program; in the case of the risk program, procduction of tomatoes is still
increasing at a price of $1.00 per bushel.

3.3 RESOURCE MAPS

The risk program is, again, easily adaptable to the comparison
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TABLE 3-2

OPTIMUM RISK PROGRAMS FOR VARIOUS TOMATO PRICES (a = 1/1500)

Price of Tomatoes, Dollars Per Bushel

Item 0,70 0,80 0.85 0,90  1.00
Process Intensities
Unit Levels
Corn 22.32 18.98 17.30 15.61 12.28
Tomatoes k.72 13.60 18,05  22.55 31.40
Alfalfa 47.87 47.23 k691  h6.59  L5.95
Acres
Corn 22,60 19,20 17.50 15.84 12.46
Tomatoes 2,05 5.91  T7.85 9.81 13.60
Alfalfa 35.40 34.95 34.71 3440  34.00
Net Reverme,
Dollars 7490 7961 8226 8475 8963
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programs when the availability of one or more scarce resources are changed.
Procedures for doing this have already been developed for the no-risk
case (8). In the case of risk programming if we are interested in changing

2
the k-th resource (vy), it can be seen that only one element, E.Ek;, of the
kk

matrix Z (equation 5.2) is affected by such a change. From equation (5.6),

2o, _av,-1E°ls

k skaherevk,sk,andc are elements of
Cxk

kk
¥, 8, and C. If we are interested in changing the availability of more

than one resource, a direct extension may be applied.

The inadequacy of computational facilities prevented a complete
investigation of resource maps.

3.4 VARIANCE MAPS

The variance, of course, does not enter into no-risk programming
and, as such, variance maps hagve no parallel in no-risk programming. Com-
putational shortcuts were investigated in connection with comparing pro-
grams when one or more variances were changed. No simplifying transfor-
mation were found.
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CHAPTER IV
SUMMARY
lLinear, or no-risk, programming has been used for finding the

optimum combination of enterprises for a firm. This method of programming
has a definite limitation in that provisions have not been made for con-
sidering the relative risk involved in various alternative programs. If
we incorporate the risk feature into a programming problem by considering
the theory of choice under risk as equivalent to the choice from among
several alternative probability distributions, the expected utility
hypothesis may be used. Under this hypothesis, the entrepreneur acts as
if he maximizes expected utility which is defineds

) = Ly@)t(rar,
where y is the expected utility, y(r) is the utility of a particular amount
of income, r, and f(r) is the probability density function. The resulting
expected utility depends, then, on the form of the utility of income and
on the distribution of income. As shown by Freund (8), if the utility
function of income is assumed to be

y(r) =1 -
and incoms is assumed to be normally distributed, the maximization of
expected utility becomes the equivalent of maximizing the linear combina-
tion of expected income (X) and variance of income (")

E(y) =M - %g, where "a" represents the risk aversion
constant. The maximization of expected utility can be used for a programming
analysis where it results in a quadratic programming problem.

In the example presented in this thesis, experimental data based

on varietal tests were used to obtain estimates of the variance of net
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revemie of the variocus crops considered. The results conformed very well

as to what was expected. The consideration of risk increased the import-
ance of corn, the crop with the lowest unit level variance, and decreased
the importance of tomatoes, a comparatively high risk crop. In the risk
program the total revenue was, of course, decreased, but the expected
utility wes increased and the standard deviation of the net revemie was
substantially decreased. The risk program also requires less capital and
labor than the no-risk program.

The risk aversion constant, a, plays an important part in the
programming problem, since the wrong choice for the risk aversion con-
stant would invalidate any results obtained. We may overcome this diffie-
culty by constructing indifference maps for various values of the risk
aversion constant, recomputing optimum risk programs for each of these
values, and obtalning several points on the opportunity line which are
tangent to the indifference curves corresponding to utility functions
with different values of ®"a". The different points of tangency may then
be joined together to form an opportunity curve. This opportunity curve
represents combinations of net revenmue and the variance of net reveme
which are available to the entrepreneur. An entrepreneur could choose a
point on the curve which to him represents the best combination of net
reveme and variance. In doing so, he will effectively be choosing his
own risk aversion constant and corresponding optimum program.

Computational shortcuts for arriving at optimum programs for
various risk aversion constants were developed. A method of sonstructing
resource maps using simplifying transformations was indicated. Price maps
for the risk program were constructed incorporating computational short-
cuts which were developed. Variance maps were also investigated.
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CHAPTER V
APPENDIX

Using the Hildreth solution procedure, we must find

c=T&~Ir
and
b=v- jre-ls,
where
i-l .g.i-l
a s

The iterations of the Hildreth procedure (Section 1.2.2)

k=1 ¢ p
Q9a_. 3 K9 ~d a1 b
wie - =< - - wh
1ol o 1541 Oy ug 2 E—k’ ere c,

kk

and bi are elements of C and b, can be simplified by defining a matrix of

mltipliers, Z, where

,u.-_iu;,ifk.ifpu

Ok
’kk =0 (5.1)
I 3
kN Pl oy
Then
k-l P 1
Qe z q + q-
W %, .10 Z 2z
S R k,p+1,
: 2b
Then 0 - -clz. P - ﬁi “ oo -_1
‘1 ‘n ‘s
73! €21 2
- E— 0 e o o - -6— ® o o ™ =
zZ= 22 22 022 (5.2)
:E - .cﬁ o o o - eld' e o o = "2"‘b"‘l£
T Ckk L Ciic
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It can be shown that all z,,, i ¥ p*l and some 3, pe1 e invariant

through changes of a. Let us define
Cx = TZ 17t, where 2-1 = 3Z-1, (543)
8 s 2

Consider the gensral element for Z
. O

Zki ch
2
L2k Tho.,, (5.4)
c* h

Zop

uhmchmolmnttofcmchareelmntsofw.

Now

-3,

-v-3812% (5.5)

- I - %1‘2:15_.

2-

W

I

Consider the element, zk’p " .
i AN Talcahr e
Cxk 2
I"*kkl
- avk :Ti; 8y . (5.6)

c*kk
Note that 3, ., = 5"y p4) if vy = o which happens in the non-negativity
restrictions.

In order to change the risk aversion constant, a, as can be seen
from (5.4) and (5.6), it is only necessary to multiply the availability
vector, v, by the desired value of the risk aversion constant, insert this
in expression (5.6), and proceed with the Hildreth procedure as cutlined

in Section 1l.3.3.
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The iterations for the various programs become more numerous as
the value of the risk aversion constant decreased. There were about 680
iterations to find the optimum program for a = 1/2500 as compared to about
100 iterations for a = 1/750.
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ABSTRACT

The purpose of this thesis was to investigate certain aspects
of risk programming.

In the computational example, experimental data based on
varietal tests were used to obtain estimates of the variances of net
revenue of the various crops considered. As was expected, the consider-
ation of risk increased the importance of corn, the crop with the lowest
unit level variance, and decreasecd the importance of tomatoes, a com=-
paratively high risk crop. In the risk program, the total reveme was,
of course, decreased, but the expected utility was incressed and the
standard deviation of the net revenue was substantially decreased. The
risk program also requires less capital and labor than the no-risk
progran,

An opportunity curve was formed by joining several points of
tangency between the opportunity line and indifference curve correspond-
ing to utility functions with different values of the risk aversion cone
stant "a", This opportunity curve represents combinations of net revemue
and the variance of net revenue which are available to the entrepreneur.
An entrepreneur could choose a point on the curve which to him represents
the best combination of net revemue and variance. In doing so, he will
effectively be choosing his own risk aversion constant and corresponding
optimum program. By this procedure, the difficulty of hypothesising an
incorrect risk aversion constant can be avoided.

Computational shortcuts for arriving at optimum programs for
various risk aversion constants were developed as were methods for varying

the price of a process and the availability of a scarce resource.
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