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(ABSTRACT)

The focus of this work is the buckling response of symmetrically laminated composite plates having a
planform area in the shape of an isosceles trapezoid. The loading is assumed to be inplane and applied
perpendicular to the parallel ends of the plate. The tapered edges of the plate are assumed to have simply
supported boundary conditions, while the parallel ends are assumed to have either simply supported or
clamped boundary conditions. Plates with one end being up to 3 times narrower than the other end, and the
plate being up to 3 time longer than the width of the wide end are considered. A semi-analytic closed-form
solution based on energy principles and the Trefftz stability criterion is derived and solutions are obtained
using the Rayleigh-Ritz method. Intrinsic in this solution is a simplified prebuckling analysis which
approximates the inplane force resultant distributions by the forms N,=P/W(x) and Ny=N, =0, where P is
the applied load and W(x) is the plate width which, for the trapezoidal planform, varies linearly with the
lengthwise coordinate x. The out-of plane displacement is approximated by a double trigonometric series.
This analysis is posed in terms of four nondimensional parameters representing orthotropic and anisotropic
material properties, and two nondimensional parameters representing geometric properties. With
nondimensionalization, the analysis is well suited for parametric studies. The analysis uses standard
eigenvalue extraction routines and converges using 5 terms in the out-of-plane displacement series. It
appears that this analysis captures the buckling response of plates having tapered planform and should be a
useful design tool. For comparison purposes, a number of specific plate geometry, ply orientation, and
stacking sequence combinations are investigated using the general purpose finite element code ABAQUS.
Comparison of buckling coefficients calculated using the semi-analytical model and the finite element model

show agreement within 5%, in general, and within 15% for the worst cases. In addition to the good



agreement between the semi-analytical analysis and the finite element results, the finite element model also
suggests that the simplified inplane force resultant distribution assumed in the analysis is valid. In order to
verify both the finite element and semi-analytical aﬁalyses, buckling loads are measured for graphite/epoxy
plates having a wide range of plate geometries and stacking sequences. Test fixtures, instrumentation
system, and experimental technique are described. Experimental results for the buckling load, the buckled
mode shape, and the prebuckling plate stiffness are presented and show good agreement with the analytical
results regarding the buckling load and the prebuckling plate stiffness. However, the experimental results
show that for some cases the analysis underpredicts the number of halfwaves in the buckled mode shape. In
the context of the definitions of taper ratio and aspect ratio used in this study, it is concluded that the
buckling load always increases as taper ratio increases for a given aspect ratio for plates having simply
supported boundary conditions on the parallel ends. There are combinations of plate geometry and ply
stacking sequences, however, that reverse this trend for plates having clamped boundary conditions on the
parallel ends such that an increase in the taper ratio causes a decrease in the buckling load. The clamped
boundary conditions on the parallel ends of the plate are shown to increase the buckling load compared to
simply supported boundary conditions. Also, anisotropy (the D4 and D,g4 terms) is shown to decrease the
buckling load and skew the buckled mode shape for both the simply supported and clamped boundary

conditions.



Acknowledgments

The author wishes to express his gratitude to the faculty and staff of the NASA-Virginia Tech Composites
Program and the Department of Engineering Science and Mechanics for the opportunity to pursue graduate
study. Gratitude is also expressed to the National Aeronautics and Space Administration for the use of their
facitlities. The author extends his gratitude to the members of his graduate advisory committee for their
participation and to the personnel of the Structural Mechanics Branch at NASA Langley Research Center for
their assistance. The author is especially grateful to Professor M.W. Hyer both for serving as chairman of his
advisory committee and for providing much guidance, assistance, encouragement, and a few needed laughs
over the last three years. Special gratitude is also extended to Dr. Michael P. Nemeth both for providing the
fundamental direction for this research topic and for his patient teaching on the subject of variational
calculus and the extrema of functions. Special thanks are extended to W. Allen Waters for his diligent efforts
in providing quality composite plates, test specimens, and test fixtures. Thanks are also extended to Paula
Davis for smoothing the process of putting this thesis together while the author was on the opposite side of
the country from her. Thanks are also extended to Dr. Wendell Kawahara and Edward Cull of Sandia

National Laboratories for their support and patience during the final phases of this research.

The author is grateful to his family and friends for their support and encouragement over the last three years.
The author wishes to dedicate this thesis to his parents; Dr. Harold Radloff and Kathleen Radloff; his
incredibly patient wife Kristine Radloff; and to his friend and teacher that started him down the road of

composite materials, Dr. Donald F. Adams.



Chapter 1

1.1
1.2
1.3

Chapter 2

21
22
23
24
2.5
2.6
2.7
2.8
2.9
2.10
2.11
2.12
2.13

Chapter 3

3.1
32
33
34
3.5
3.6
3.7

Chapter 4

4.1
42
4.3
4.4
4.5

Chapter 5

5.1
5.2
53

Table of Contents

AcknowledgmENts .......ccccerierserssensiisnccssnnsssessussssesssssssssesssssssssssesesssessasas 1V
Table of Contents............ v
List of Figures ceeereennee Vil
List of Tables.................. . xi
Introduction . . |
Description of Problem ........cuiiciviiiiiicieine ettt et raria e saaes 1
SUIVEY Of LIETALUTE ....veeviececeieireeeeteree et et etesesa ettt ereesate s bete st e s e eavesaaassesassaessnans 2
ODbJEctiVe AN SCOPL.....ceerereeerricirtnteeeeeeie st eesee s ere et e seesee st ese e st stasasarassesasssessessensan 4
Development of Analysis ........... w0
OVerview Of MEthod.........ociieiiiniiii ettt st sa e e 6
BasiC ASSUIMPLONS .......covvurruereecetrteacrtrceaesittestant e e sr et s e s smeesest e e s e st e e e e seasesmeenes 6
Total Potential ENEIZY ......cocveveeieeeeeieeeriiceiee st ree st sttt et eseeessae s e anesaneans 7
Variation of Total Potential ENergy .........ccoeoeeveiiniiminiecietesinereenieieeseeeeeeeeceeee e 8
Nondimensional FOIM.......c.uvieeieeieirie ettt et eeteseee e e s sbe et e st e e s eesrearassnnanes 21
First Variation of Second Variation of Total Potential Energy ...........ccccooovueviurinnnene. 25
Out-of-Plane Displacement ApProxXimation ..........c.cocoiiiiiieiennisoincinreneereeseeeeeneenees 26
Derivatives of Out-of-Plane Displacement ...........eceeuerceinereerieireniereenreesiesereessesnenees 31
Matrix Form of the Stability EQUAtIONS ........ccceurorerinmiriererceririeciree e cnenes 33
Prebuckling Inplane Force Resultant Distribution............ccocceeenenceerineeseennienreseenne 37
Computer Implementation ...........covveeereveericiiieiiinrice ettt eesee e s see e s e e aes 48
Convergence and Efficiency of Analysis.........cccccvevvernrirnnirreenreieeseeesesresvesseeeenas 49
Prebuckling Plate StfNess ......ccceveerveriiiniiiiiii e ene 51
Results for Simply Supported Ends ......eevivieecineeessnsicsscnncsscnncncnnese 54
Overview of Simply Supported Boundary Condition..........cccceeevervmerincreneencncnnennes 54
Description of Finite Element Model...........ccoooiciiiiiiiiicicercceneeeeesenes 54
Effect of Fiber Orientation on Nondimensional Parameters.............ccccovvevercvernenneennen. 55
Comparison of Analysis with Finite Element Results .........ccccoccooveniiniiceniinnevennnne 56
Dimensional RelationShiPs .......c.coceiteriiriniiinieiiceicei ettt e e e seeeseeeeens 61
Buckled MOde Shapes..........ovieioiieinriiniicicise ettt e et es et et ve e saaeneens 63
Nondimensional RelationShips .........cccoccoiiiiiiiiiiii e 71
Results for Clamped Ends .......c.iiiivicnnnnniiieecisssneneisnnesssessessssnssnnne 77
Overview of Clamped Boundary Condition ............ccecvviiiiciiiiiiiciininrc e 77
Comparison of Analysis with Finite Element Results ..........ccccocevniiniiiceninnicenene. 77
Dimensional RelationShiPs .......c.cocvuieierireniiienie ettt s 82
Buckled Mode SHapes..........c.co.iiiiiiinieeeeicieee ettt 85
Nondimensional RelationShips .........ccoeceeieriiieiieeiinieaiiiitesienireene et e 92
Experimental Approach ........ cesssessuiesrnsssnsnesstsesannns R | |
Overview of Experimental PrOgram ........co.ocoeieveniiniiiiiie et 97
Test Specimen Geometries and Stacking SequUENCeSs...........oovevveviiiiiicinniiiieenenreeene 97
Specimen Fabrication...........ccooiiiieiininiicci e 100



54 TESE FIXEULE «.uvvvvviieieiiiiieieeeece ettt ettt ee e e e ere s staaee e e s e tr e e e eesessesaneresessratesaaresssssesnsnsannnnn 101

5.5 INSrUMENTALION ...eniiieitiiiieii ettt et b e 106
5.6 Experimental ProcedUre ............ccccoiiiniiiiiiiiiiiiiiiici et st e n 108
5.7 Determining Buckling Load........ccooovvcieiiiiiimiiiiiciniceneneeceeeesceee s ereesiees 110
5.8 Calculating Experimental Buckling Coefficient...........ccocccievincncccincnennneecnen 115

Chapter 6  Experimental Results and Comparison with Analysis .....ccccceernereneeec 118

6.1 Comparison of Experimental and Analytical Prebuckling Plate Stiffness .................. 118

6.2 Comparison of Experimental and Analytical Buckling Loads ............coccevviinineccnnnne 120

6.3 Comparison of Experimental and Analytical Buckled Mode Shapes..........c.cuu.e..... 123

6.4 Summary of Sources of Disagreement between Experiments and Analysis ............... 131

Chapter 7 Summary, Conclusions, and Recommendations 133
7.1 SUIMITIATY ..ottt ettt st e b st s st s e e sae s na e 133

7.2 Conclusions Regarding the Analysis ......cccccccoceeerreecniinceenenineseneee e s seesenes 133

7.3 Conclusions Regarding the EXPeriments ..........ccc.cerveeeenieceesiencnenenenesesinseeseseesenens 135

7.4 Recommendations for Future Work.........cccooiiiiiiiiiiiecninscce e 136
References ..........cc..c..... 138

Appendix A Evaluation of Boundary Integral 139
Appendix B Details of Integration ... 143
Appendix C Details of Assembling Stiffness Matrices ... 170
Vita cereeeess173

vi



Figure 1.1
Figure 2.1
Figure 2.2
Figure 2.3
Figure 2.4
Figure 2.5
Figure 2.6

Figure 2.7

Figure 2.8
Figure 2.9
Figure 2.10
Figure 2.11
Figure 2.12
Figure 2.13
Figure 2.14
Figure 2.15
Figure 2.16
Figure 2.17
Figure 3.1
Figure 3.2
Figure 3.3
Figure 3.4
Figure 3.5
Figure 3.6
Figure 3.7
Figure 3.8
Figure 3.9

Figure 3.10

Figure 3.11

List of Figures

Trapezoidal Plate GEOMEITY .........overieieiriiieiciicirec ettt ettt et ne st eeseerens 2
Arbitrary Plate GEOMELTY ......ccocveeuirueiiiieerericiei sttt st st st et srresan e e enns 21
Trapezoidal Plate GEOMEITY ........coeiviiiiiiiniiiiiriiin ettt snens 22

SIMPLE GEOMELTY .....ccerrenieririiietiiiiiiiiite st s b e eees e b st e e e s e na s 27
Coordinate Transformation INUSITation ..........cccoiviivmnriniiiceciree e 28
N,/N,! vs. X/L for Various Plate GEOMELIIES .................errrerrrereererereessssssssssesseseseneesssons 40
Assumed vs. Finite Element Values for Nx/lez AR.=10,TR.=1.5;

ISOtropic, [90]04 «vevcvermieirirtisiiiectieieic ettt s 41
Assumed vs. Finite Element Values for Nx/lez AR.=10,T.R.=3.0;

ISOtrOPicC, [F0]4 «evvrercrcrniiinciri it 41
Finite Element Results for Ny/N xlz A R.=1.0, TR.=1.5; Isotropic, [90]4 ....coveeuecrrncene. 42
Finite Element Results for Ny/N xl: AR.=1.0, TR.=3.0; Isotropic, [90]54 ..eeerereeeruennen 42
Finite Element Results for ny/le: AR.=1.0, TR.=1.5; Isotropic, [90]4..cccvrerererene 43
Finite Element Results for ny/le: AR.=1.0, TR.=3.0; Isotropic, [90]p4..ccccrcererueruee 43
Finite Element Results for Nx/lez AR.=1.0, TR.=1.5; Isotropic, [0]z4 ..ccoverrreeernrencnne 44
Finite Element Results for N,/N,': A.R.=1.0, T.R.=3.0; Isotropic, [0]p4 .ovrveerrerrernnnnn. 44
Finite Element Results for Ny/N xl: AR.=1.0, TR.=1.5; Isotropic, [0lpg -...ccoervrerrrrnenne 45
Finite Element Results for Ny/N. xl: AR.=1.0, TR.=3.0; Isotropic, [0lpg covereeereeeruene 45
Finite Element Results for ny/NXI: AR.=1.0, TR.=1.5; Isotropic, [0]pg.-eecererricreneee 46
Finite Element Results for N, /N xl: AR.=1.0, T.R.=3.0; Isotropic, [0]pg.-cccereerereeruennn 46
Nondimensional Parameters VS. O.........c.ccoiiicioeniiieiiiiieiinieereseeeeie et e sae e 55
Buckling Coefficients for Isotropic Plates: Simply Supported Ends.........cccoceverierrreneennn. 57
Buckling Coefficients for [0],4 Laminate: Simply Supported Ends........c..cocccnrieeueneneee. 58
Buckling Coefficients for [90],4 Laminate: Simply Supported Ends..........c.ccccoccevveeinnine 59
Buckling Coefficients for [+30]¢; Laminate: Simply Supported Ends..............cccocoeeecne. 60
Buckling Coefficients for [+304/-30¢]; Laminate: Simply Supported Ends..................... 60
Buckling Coefficients for (+0) Laminates: Simply Supported Ends; AR.=1.0............. 62
Buckling Coefficient vs. Plate Taper Ratio: Simply Supported Ends ........ccccocvvvvenvennnne. 63
Buckled Mode Shape for [+30]¢, Laminate: Simply Supported Ends;

AR =10, TR Z 1.0 ettt bbbt 65
Buckled Mode Shape for [+304/-304]; Laminate: Simply Supported Ends;

AR =10, TR = 1.0 ittt be st st es e s 65
Buckled Mode Shape for [+30]g, Laminate: Simply Supported Ends;

AR =10, TRUZE2.0 ittt ettt 66

vii



Figure 3.12

Figure 3.13

Figure 3.14

Figure 3.15

Figure 3.16

Figure 3.17

Figure 3.18

Figure 3.19

Figure 3.20

Figure 3.21

Figure 3.22

Figure 3.23

Figure 3.24

Figure 3.25

Figure 3.26

Figure 4.1
Figure 4.2
Figure 4.3
Figure 4.4
Figure 4.5
Figure 4.6
Figure 4.7
Figure 4.8
Figure 4.9

Buckled Mode Shape for [+304/-30¢] Laminate:

Simply Supported Ends; AR. =1.0, TR. =2.0 ...ttt saene 66
Buckled Mode Shape for [+60]¢, Laminate: Simply Supported Ends;

AR =110, TR.Z2.0 ettt ettt b e b e b eae e 67
Buckled Mode Shape for [+604/-60¢]; Laminate: Simply Supported Ends;

AR =110, TRSE 2.0 ittt ettt ettt st e st st e st eme s 67
Buckled Mode Shape for [0],4 Laminate: Simply Supported Ends;

AR = 1.0, TR, = 1.5 ettt ettt et a et gesra e s ebeeraasae s ereens 68
Buckled Mode Shape for [0],4 Laminate: Simply Supported Ends;

AR =20, TR.S LS ettt sttt sttt ba st s a e e s sas s sesnenns 68
Buckled Mode Shape for [90],4 Laminate: Simply Supported Ends;

AR = 1.0, TR =15 ettt sttt s ettt e se s s se s s e s e srasasasanesenenane 69
Buckled Mode Shape for [90],4 Laminate: Simply Supported Ends;

AR Z2.0, TR = 1.5 ettt r et e s e ettt evs s e ae e e st s e s esbs s ssens 69
Buckled Mode Shape for [+45]¢, Laminate: Simply Supported Ends;

AR S 10, TR S3.0 ettt et et e s e e e s et e s easaesenenes 70
Buckled Mode Shape for [+45¢4/-45¢]; Laminate: Simply Supported Ends;

AR S 1.0, TR.S3.0 ettt ettt e e e re s e et e s s e sbbesbe s ansesmnenseassanns 70
Effects of &, v, and & for several values of p on Buckling Coefficient:

Simply Supported Ends; AR. =1.0, TR. = 1.0 .o 72
Effects of &, ¥, and & for several values of B on Buckling Coefficient:

Simply Supported Ends; AR. =1.0, TR. = 1.5 .ot 73
Effects of &, v, and & for several values of B on Buckling Coefficient:

Simply Supported Ends; AR. = 1.0, TR. = 2.0 ..ot 73
Effects of B, v, and 8 for several values of & on Buckling Coefficient:

Simply Supported Ends: A R. = 1.0, TR. = 1.0 ccoiiiiiiiiiiiiiecncee et 74
Effects of B, ¥, and & for several values of & on Buckling Coefficient:

Simply Supported Ends: AR. = 1.0, TR. = 1.5 ottt 75
Effects of B, ¥, and 3 for several values of & on Buckling Coefficient:

Simply Supported Ends: AR. = 1.0, TR. = 2.0 ..o 75
Buckling Coefficients for Isotropic Plates: Clamped Ends ........ccoccoooeiviriineinvninniereee 78
Buckling Coefficients for [0],4 Laminate: Clamped Ends ..o, 79
Buckling Coefficients for [90],4 Laminate: Clamped ends...........ccccoovevivniicinneccnncines 80
Buckling Coefficients for [+30]¢, Laminate: Clamped Ends ..........cocooconiiiiiiiinnn, 81
Buckling Coefficients for [+304/-30¢]; Laminate: Clamped Ends ... 82
Buckling Coefficients for (+0) Laminates: Clamped Ends; AR.=1.0....cococceciniincinnnnns 83
Buckling Coefficients for (0) Laminates: Clamped Ends; A-R.=2.0.....c.ccciinviinnrnnnnns 84
Buckling Coefficients for (368) Laminates: Clamped Ends; AR.=1.5.....ccccoiinniniinins 85
Buckled Mode Shape for [£30]4; Laminate: Clamped Ends;

AR =10, TRUZ LU0 ettt ettt et ee b evaa e ss e nenn e enseaen 86

viii



Figure 4.10

Figure 4.11

Figure 4.12

Figure 4.13

Figure 4.14

Figure 4.15

Figure 4.16

Figure 4.17

Figure 4.18

Figure 4.19

Figure 4.20

Figure 4.21

Figure 4.22

Figure 4.23

Figure 4.24

Figure 4.25

Figure 4.26

Figure 5.1
Figure 5.2
Figure 5.3
Figure 5.4
Figure 5.5
Figure 5.6
Figure 5.7

Buckled Mode Shape for [+30g/-30¢4]; Laminate: Clamped Ends;

AR =10, TR = 1.0 ettt ettt st e st e e st et e e ensebe e seennesbesaeas 86
Buckled Mode Shape for [£30]¢, Laminate: Clamped Ends;

AR =10, TR =210 ettt sttt ae st sttt te e s reenenre s 87
Buckled Mode Shape for [+304/-304]; Laminate: Clamped Ends;

AR = 1.0, TR.Z2.0 ettt ettt sttt s e bbb st s sabe e seneoren 87
Buckled Mode Shape for [+60]4; Laminate: Clamped Ends;

AR. = 1.0, TR S 2.0 oottt ae e et st nestnrsss s saae st ereeneesnsentesanssnnenses 88
Buckled Mode Shape for [+604/-60¢]; Laminate: Clamped Ends;

AR, = 1.0, TR.Z2.0 eereeiereeeres sttt ste st e st e te e e e saesresae e st e sbaesessnsenneentesrnans 88
Buckled Mode Shape for [0],4 Laminate: Clamped Ends;

AR =10, TR = 15 ettt st st et s e s s be et vt aan e teennsennnnne 89
Buckled Mode Shape for [0],4 Laminate: Clamped Ends;

AR Z2.0, TR.S 1.5 ottt sttt e st eae st ae e nee 89
Buckled Mode Shape for [90],4 Laminate: Clamped Ends;

AR. = 1.0, TR S 1.5 ittt sttt et st s s s e s e e e s st e ss e e s nbes 90
Buckled Mode Shape for [90],4 Laminate: Clamped Ends;

AR =20, TR = 15 ettt et ees et sesssestseas st st et st e e e assastesrans 90
Buckled Mode Shape for [+45]¢, Laminate: Clamped Ends;

AR. =10,TR.=30...... eeereeie et etateseet et et e et ettt se et ekt e ae e e e s et et sr et et e e e bt naneanseensens 91
Buckled Mode Shape for [+454/-45¢]; Laminate: Clamped Ends;

AR =10, TR.ZE3.0 ettt ettt e st st seessebese e e st esaebe s s e s ns e seaas 91
Effects of &, v, and & for several values of § on Buckling Coefficient:

Clamped Ends; AR. = 1.0, TR. = L.0u.cociiicircene et 93
Effects of &, v, and & for several values of B on Buckling Coefficient:

Clamped Ends; AR, = 1.0, TR. = 1.5 ittt svne s 93
Effects of &, ¥, and & for several values of § on Buckling Coefficient:

Clamped Ends; A.R. = 1.0, T.R. = 2.0ttt st 94
Effects of B, ¥, and d for several values of & on Buckling Coefficient:

Clamped Ends; A.R. = 1.0, TR. = 1.0 et 95
Effects of B, , and 8 for several values of & on Buckling Coefficient:

Clamped Ends; AR. = 1.0, T.R. = L5 ittt e 95
Effects of B, v, and & for several values of & on Buckling Coefficient:

Clamped Ends; A.R. = 1.0, TR. = 2.0 (oo eseeeee st sneaee 96
Test SPecimen GEOMELTY .......ccccevieiviiiiieiiii et ens 98
Schematic Of TeSt FIXTUIE .....coovvvieieieeecrierienieiciree et s sr e e e e e n e 102
Front View of Test FiXtUIE .....cocccevivinirieiiieiiiii ittt e s 103
Detail Of TESt FIXTUIE ...viiviieeiiieiieesiiiieeiees e steeteesereesbtesse e s beeseseessreesnsnssassan sasssnenan 104
Detail of Semi-Spherical Loading Ball.......c..cccccovinimniiiiiiiiciiee e 105
Detail of DCDT MOUNL......cooiciiiiiiineeiieniteesteenretteteste e s reseeesseeessasesesee s snasssessssneessnsssesen 107
Shadow Moiré Setup, Strain Gage and Out-of-Plane DCDT Locations .........cc.cccccvueee 108

ix



Figure 5.8
Figure 5.9
Figure 5.10
Figure 5.11
Figure 5.12
Figure 5.13
Figure 5.14
Figure 6.1

Figure 6.2

Figure 6.3

Figure 6.4
Figure 6.5

Figure 6.6

Figure 6.7

Figure 6.8

Typical Load vs. End-Shortening Relations ..........ccccevveeeiieninencniceciieienien e 111

Typical Load vs. Strain Relations: Top Corner Gages ...........ccevrveeccinenreccneneecnennenns 112
Typical Load vs. Strain Relations: Bottom Corner Gages............cocervecrieeernsieneeneenene 112
Typical Load vs. Strain Relations: Center Gages ...........coceevevenieneereinicnnnnneneesreveneens 112
Typical Load vs. Out-of-Plane Displacement Relation, Center of Specimen ................ 112
Load vs. End-Shortening Relations: [£30]6s Laminate...........cccccevvnenecennvcenennnniennn, 114
Load vs. End-Shortening Relations: [0]24 Laminate .........cccceeeeveeevenvcnrinnnnieencrensenneas 115
Experimental Buckled Mode Shapes for [0],4 (left) and [90],4 (right) Laminates:

AR 2.0, TR = 1.5 ettt sttt sttt st ettt s e s ea e 124
Experimental Buckled Mode Shapes for [£60]¢g (left) and [+604/-60¢]; (right) Laminates:
AR =20, T.R. S 15 ettt sset et a ettt eb e b e aseneeseenes 125
Experimental Buckled Mode Shapes for [+30]¢; (left) and [+30¢/-30¢], (right) Laminates:
AR =20, TR.S 1S ottt ettt et bttt st s e b e s e 126
Experimental Buckled Mode Shape [+304/-30¢]; Laminate: A.R. =1.0, TR.=3.0..... 127
Calculated Buckled Mode Shapes of [0],4 (left) and [90],4 (right) Laminates:

AR. =20, TR.S 1.5 ettt ettt s et sb e en e s b e nes 128
Calculated Buckled Mode Shapes for [160]¢ (left) and [+604/-60¢] (right) Laminates:
AR =20, TR S 1S ettt tses et e e nes e e e as e 129
Calculated Buckled Mode Shapes for [£30]¢ (Ieft) and [+30¢/-30¢4] (right) Laminates:
AR. =20, TR.S 1.5 oottt ettt ettt see s b e et e sm e s e st e s anee 130
Calculated Buckled Mode Shape [+30¢/-30g]; Laminate: AR. = 1.0, TR. =3.0.......... 130



Table 2.1
Table 2.2
Table 2.3
Table 2.4
Table 3.1
Table 5.1
Table 5.2
Table 5.3
Table 6.1
Table 6.2
Table 6.3
Table 6.4
Table 6.5

List of Tables

Maximum Inplane Force Resultants for Various Cases ........ccccceeveeeririnicenenerennennenns 38
Material Properties for AS4/3502 Graphite Epoxy and Aluminum ..........cccoooeeennnnnnnn. 38
Convergence of Analysis for Clamped End Conditions ..........ccoccoveeeiivniinviiienieenn. 50
Matrix Size and Run Time for Number of Terms in Series Approximation ................. 51
Ply Orientation Angle 6 for Maximum Buckling Load: Simply Supported Ends ......... 62
Range of Geometric Parameters Studied and Specimen Dimensions ........cc.ccccceceerenna. 99
Laminates INVEStIZAted .........cccoeriieinmiecrieinieerc ettt 99
Average Specimen ThiCkness ..ottt 100
Calculated and Experimental Prebuckling Plate Stiffness Values ........ccccocecvveeeerinnnee, 119
Experimental Buckling Loads for Aluminum Plates ............ccccociiiniiiniininiinenenne. 121
Experimental Buckling Loads for Unidirectional Composite Laminates .................... 122
Experimental Buckling Loads for Angle-Ply Laminates ..........c..cocereveeneennccnenenenees 122
Experimental Buckling Loads for Quasi-Isotropic Laminates ...........ccccocvvuecerevenennn. 123

Xi



Chapter 1

Introduction

1.1 Description of Problem

Thin plates are fundamental components of many engineering structures. The aerospace industry exploits
the high stiffness-to-weight and strength-to-weight ratios afforded by fiber reinforced composite plates by
using them as both primary and secondary structures to reduce the weight of high performance aircraft.
Many of these plates, particularly wing skins and fuselage panels, are used in stiffness critical applications.
Thus, for those plates loaded in compression, buckling must be considered as the primary mode of failure.
Many of the composite plates on aircraft, again notably wing skins, have a nonrectangular planform area; in
fact, many of the composite plates in aircraft applications have a planform area that is tapered along the
length. The purpose of this study is to investigate the buckling response of composite plates having planform

area in the shape of an isosceles trapezoid.

Figure 1.1 presents the planform geometry of an isosceles trapezoid considered in this study. The plate is
defined to have length L, widths W, and W, and half-widths b; and b, on the narrow and wide ends,
respectively. The trapezoid is considered isosceles because the corner angle 6 is the same for both the right
and left halves of the plate. The coordinate system originates in the center of the narrow end of the plate. The

x axis coincides with the centerline of the plate, and the y axis traverses the narrow end.
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Figure 1.1 Trapezoidal Plate Geometry

1.2 Survey of Literature

An investigation of the buckling response of plates having a tapered planform first appeared in the open
literature in 1956. Klein [1] presented design curves for determining the buckling loads of simply supported
isotropic plates having the shape of an isosceles trapezoid. Simply supported boundary conditions were
assumed on all four edges, axial compression loads were imposed on the parallel ends, and shear loads were
assumed to act along the tapered edges to allow the plate to remain in static equilibrium for any ratio of axial
loads on the ends of the plate. The analysis used the method of collocation in which a deflected shape is
assumed, appropriate derivatives are calculated, the derivatives are evaluated numerically at several discrete
collocation points, and these equations are then substituted into the governing differential equations to yield

an eigenvalue problem. The method of collocation does not required the assumed displacement functions to
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be integrable in closed form, form an orthogonal set, or even satisfy the boundary conditions exactly for the
entire plate. The method only requires the assumed shape to be reasonable at the collocation points. Klein
used a trigonometric function for the assumed deflected shape and developed a solution using three
collocation points distributed along the centerline of the plate. The results showed an increase in the
buckling load of a plate with a tapered planform as compared to the buckling load of a rectangular plate of
the same length and with the same width as the wide end of the trapezoidal plate. No experimental results

were included for verification.

In 1956 Klein [2] also investigated the buckling response of plates tapered in both planform and thickness.
The method of collocation was again used for the analysis. Many graphs were presented to show the effect
of plate geometry on buckling over a very wide range. Again, however, experimental verification was not

included.

In 1957 Klein [3] presented a method of solution for the shear buckling of simply supported isotropic plates
tapered in planform. The analysis was again based on the method of collocation using three points along the
centerline of the plate. The buckling load and deflected mode shape were presented for one specific

geometry. No experimental results were included for verification.

Pope [4], in 1962, studied the effects of different boundary conditions on the buckling loads of isotropic
plates having a planform area in the shape of an isosceles trapezoid. This analysis was developed using the
Rayleigh-Ritz method and assumed that the buckled shape across the width of a tapered plate differs little
from the buckled shape across a rectangular plate under uniform end load and with the same boundary
conditions along the sides. Results are presented graphically for plates with opposite pairs of edges either
simply supported or clamped. These results showed an increase in the buckling load when the planform is
tapered as compared to the buckling load of a rectangular plate of the same length and with the same width
as the wide end of the trapezoidal plate. Clamping the ends of the plate is also shown to increase the
buckling load. For comparison purposes, the buckling loads presented by Pope are usually lower than those
presented by Klein. It is somewhat disturbing, however, that Pope doesn’t obtain the classical solution for
the buckling loads for rectangular uniaxially loaded isotropic plates having simple supports on all four edges
[5], a festooned curve with the minimum value of 4 at aspect ratios 1, 2, 3 etc. (if the buckling parameter has
the classical definition of Nxbz/ nzD). The results presented by Pope have a minimum value of

approximately 3.7 at aspect ratios 1, 2, 3, and 4.

The buckling analyses for plates having tapered planform presented in the technical literature to date are
restricted to isotropic plates. There is a significant amount of information available regarding the buckling

response of composite plates, but this is limited to rectangular geometries. Of particular importance in a
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buckling analysis when considering composite plates is the effect of the anisotropic plate bending stiffness
terms D¢ and D,g¢. These terms couple the out-of-plane bending and twisting of the plate. Because these
stiffness terms appear as coefficients of terms involving mixed partial derivatives of the displacement
functions, including these terms greatly increases the complexity of an analysis and hence they are often

neglected. Neglecting these terms, however, can yield significant errors for certain anisotropic plates

In 1969 Chamis [6] presented a criterion, based on experimental results, for determining when the
anisotropic bending stiffness can be neglected. Nemeth [7], in 1986, presented nondimensional parameters
that can be used to assess when the anisotropic bending stiffness can be neglected. These nondimensional
parameters resulted naturally from the nondimensionalization of the buckling equation. Finite element
results showed that a specially orthotropic analysis (D;4=D,¢=0) can yield nonconservative errors as high as

25% in the predicted buckling loads for certain anisotropic cases.

Nemeth [8] used the same nondimensional formulation of the buckling equation in 1992 to study long
symmetrically laminated plates subjected to compression, shear, and inplane bending loads. Variational
methods were used to derive the buckling analysis in terms of nondimensional parameters that characterize
the plate bending orthotropy and plate bending anisotropy. Because the analysis is constructed in this
manner, it is well suited for parametric studies. Results are presented as families of parametric curves that

cover a wide range of material properties, plate geometries, and load combinations.

1.3 Objective and Scope

In general, the survey of literature shows that the buckling of plates tapered in planform is limited to
isotropic cases, while the buckling of composite plates is limited to rectangular geometries, often with the
influence of Dy and D¢ neglected. Therefore, the objective of this study is to determine the buckling
response of composite plates which have a trapezoidal planform area and which are subjected to uniform

end-shortening. The influence of Dy and Dy are included. The investigation is conducted using three tools.

* A special purpose analysis is developed using variational energy methods and the Rayleigh-Ritz
method of solution. The analysis is posed in nondimensional parametric form, well suited for

isolating and investigating the effects of individual material and geometric properties.

« A finite element analysis is performed to verify several assumptions made in developing the

Rayleigh-Ritz analysis, and to compare results for some specific plate geometries.

* Buckling loads are determined experimentally for a series of graphite/epoxy composite specimens

to verify both the finite element and Rayleigh-Ritz analyses.
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The scope of this study is limited to symmetrically laminated composite plates having simply supported
boundary conditions on the nonparalle] edges, while the parallel edges have either simply supported or
clamped boundary conditions. Known inplane compressive loads applied perpendicular to the parallel edges

are assumed to represent the effects of uniform end shortening.

The question may be asked: “Why bother with a semi-analytic approach if solutions can be obtained using
the finite element method?” Because there is a wide range of materials, ply orientation angles, stacking
sequences, and plate geometries, it is useful to present buckling loads in the form of design charts consisting
of nondimensional parametric relationships. These relationships can present buckling coefficients over a
wide range of materials, geometries, and boundary conditions in relatively few graphs. Additionally, these
parametric relationships can be grouped into sets to reveal trends in the structural response governed by
certain parameters. Because results must be calculated over a wide range of combinations of design
parameters when generating these design charts, a special purpose analysis is preferred over a general
purpose finite element analysis due to the cost and effort involved in developing numerous finite element
models. Also, on a more philosophical level, developing the analysis using energy methods allows one to
“keep their fingers in the physics” and investigate the effects of various parameters at many stages

throughout the analysis before buckling loads are ever calculated.

In what follows, Chapter 2 presents the basic assumptions, develops the analysis based on variational energy
methods, presents the assumed shape for the out-of-plane displacement, and discusses the computer
implementation. Chapter 3 discusses the case of simply supported boundary conditions on the parallel ends
of the plate and presents figures comparing analytical results with finite element predictions. A series of
parametric curves is then presented for this set of boundary conditions. Chapter 4 discusses the case of
clamped boundary conditions on the parallel ends 6f the plate and presents figures comparing analytical
results with finite element predictions. A second series of parametric curves is then presented for this set of
boundary conditions. Chapter 5 describes the experimental method used to measure the buckling load and
Chapter 6 presents the experimental results for comparison with the analytical results. The appendices

contain much of the details of the mathematics involved in Chapter 2.
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Chapter 2

Development of Analysis

2.1 Overview of Method

A nondimensional analysis for the buckling loads of symmetrically laminated plates having trapezoidal
planform and subjected to inplane uniaxial compression is developed in this chapter. The analysis is based
on the Rayleigh-Ritz method. This semi-analytic method assumes a series approximation for the out-of-
plane, or buckling, displacement of the plate. The analysis originates by formulating the total potential
energy of a plate subjected to inplane loading. Because the Trefftz criterion argues that a change in the
stability of a structure occurs when the first variation of the second variation of total potential energy of the
structure equals zero, the first variation of the second variation of total potential energy is computed and then
expressed in a nondimensional form suited for parametric studies. A series approximation satisfying the
kinematic, i.e., displacement, boundary conditions of the plate is substituted into the nondimensional
expression of the first variation of the second variation of the total potential energy. Assuming that the
resulting surface integrals can be performed on a term-by-term basis yields a symmetric general eigenvalue
problem that can be solved using standard routines on a computer. The prebuckling equilibrium conditions
are addressed directly by assuming an inplane force resultant distribution. The prebuckling equilibrium

equations are not solved explicitly.

2.2 Basic Assumptions

The development of the buckling analysis is based on the following basic assumptions:
(1) Each layer in the laminate is orthotrépic, linear elastic, and of constant thickness.
(2) The plate thickness is small compared to its length and width.
(3) The plane-stress assumption is valid: the out-of-plane normal and shear stresses are zero.
(4) Kirchhoff’s assumption is valid: line elements normal to the reference surface of the plate

remain normal and inextensible during deformation.
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(5) Von Karman nonlinear strain-displacement equations are applicable: strains are small
compared to unity, out-of-plane rotations are moderate, and rotations about the normal to the
reference surface are zero.

(6) No body forces exist.

(7) The plates are initially flat.

Nonlinear strain-displacement equations are necessary because when an initially flat plate loses stability, the
out-of-plane displacements are no longer linearly proportional to the applied inplane loading. The von
Karman plate theory accounts for this by allowing moderate transverse rotations during displacement. This
yields a geometrically nonlinear relationship between the inplane forces and out-of-plane displacements

because the plate membrane forces are contributing to the out-of-plane equilibrium of the plate.
2.3 Total Potential Energy

The total potential energy of a plate is defined as

H/2

1
(W’ v°, w°) = EJ.J- j {o,8,+OE +0.E,+T, Y, +T,7,+ T,,Y,,} dzdA

A -H/2

2.1)

o 0 o
+IL (0, v, w)

where I1,__, is the potential energy due to the tractions on the surfaces of the plate, and the superscript o
indicates quantities defined at the reference surface of the plate. With the plane-stress assumption, Eq. (2.1)

can be simplified to

H/2
1
M, v, w) = 5“‘ J {0, +0,8,+T, ¥, }dzdA+ L, (', v, W) . 2.2)

A -H/2

Using Kirchhoff’s assumption, the strains throughout the thickness of the plate can be expressed in terms of

the reference surface strains and curvatures as

. [¢] [s]
g, =€ +2K,
o] o
_ 2.3
g, =€ +IK, 2.3)

.0 0
'ny = ’ny + Zny .
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Substituting Eq. (2.3) into Eq. (2.1) yields

H/2

o o (o) 1 Y o o {52 o]
I’ v, w') = EJ‘J‘J‘ {0, (¢, + 2K,) +0, (g, +12K)) + T, (T,, + 2K, ) } dzdA 2.4)

A -H/2

4] o o
+I‘Imad(u,v,w) :

Integrating through the thickness and using the following standard definitions for the inplane force and out-

of-plane bending moment resultants,

H/2 H/2
o o
N, = cxdz M = C,zdz
o o
-H/2 -H/2
H/2 H/2
] o
= = z .
Ny (Sydz My cyzd 2.5)
L o
~H/2 -H/2
H/2 H/2
- ol
ny = txydz Mxy = Txyzdz »
o o
-H/2 ~-H/2

yields

o 0 o] 1 0 (o] [¢] 0 o] 0o
MDu,v,w) = EJJ.(Nx8x+Ny8y+nyny+MxKx+MyKy+Mxnyy) dA
A

(2.6)
+11, 4 (uo, vo, wo) .

2.4 Variation of Total Potential Energy -

As indicated by the notation of Eq. (2.6), the total potential energy of a plate is a function of the kinematic
variables u®, v°, and w°. To develop the stability equations, the variation of the total potential energy with

respect to arbitrary but infinitesimal variations in these kinematic variables must be investigated. The total
potential energy of a plate computed with arbitrary infinitesimal variations in the displacements u°, v°, and

wP° can be written as
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1 o
IT+AIl = EJ‘J'{ (N +AN)) (g, +A€)) + (N, +AN,) (g;+A8;) e
A
+ (N,, +AN, ) (15, +47,,) + (M, +AM,) (x; +AK})

(¢ [ (¢} 0
+ (My"'AMy) (Ky+AKy) + (Mxy+AMxy) (ny+Any) }dA

+IT+ AT, (0 + AU’ v+ AV, W'+ AW)

where the notation A ( ) represents an incrementin ( ) due to the increments Au®, Av®, and Aw®. At this
point it is necessary to express the right hand side of Eq. (2.7) completely in terms of the displacements u®,
v°, and w° and their increments. It is important to note that both the displacements and their increments
satisfy the kinematic boundary conditions of the plate. The strains in Eq. (2.7) are calculated by substituting
the displacements into the strain-displacement equations, and the stress resultants are computed by
substituting the strains into the constitutive equations and integrating with respect to z, as specified by Eq.

2.5).

Using the von Karman assumption of moderate rotations, the reference surface strains and curvatures are

defined as
2
ENTCS
& ox 2\9x
2
& 8; 1(?&] @8)
2\ ay
o au° v’ (8w°8w°)
V.= —+—+|—— 1,
Y9y 9 9x v
and
o] azw"
K, =
ox’
37w®
K;= ‘:’ (2.9)
dy”
Ko =_28’w ]
xy oxdy

Using these strain-displacement relationships, the (Ei + Aaz) term in Eq. (2.7), for example, can be

expanded as follows:
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2
£, +Ae, = aa—x(u0+Au°) +%[§;(WO+AWO)} . (2.10)

It is more convenient to express the variations, or increments, in the displacement field using small

parameter notation, namely,

Au’ = eu?

AV =gy 2.11)
o 0

Aw = EW, -

Using this notation, the displacements u?, v(l), w(l) are functions of x and y which must satisfy the same
kinematic boundary conditions as u®, v°, and w°. The subscript 1 indicates that these are displacements in
the neighborhood of the equilibrium displacement field, and the scalar parameter € is assumed to carry the
infinitesimal smallness of the variation. Consequently, the first, second, third, and fourth variations of the
responses may be determined by grouping terms with like power of €, i.e., €, g2, €3, 4. Using the notation of

Eq. (2.11), Eq. (2.10) can be expressed as follows:.

o o o o 1 0 0 0.2
ex+Aex=aa—x(u +E&u,) +£[a—x(w +ewl)]

) 2

o 1) (25, 25"ow) zl[aw*; 2.12)
=4 | e A —— e o |

ox 2\9dx ox  Jx ox 2\ ox

= ei+eszl+ezszz :

Therefore,

A€ = gl +e€. 2.13)
1 2

where

(2.14)

In a similar fashion, the (e; + Aaz) term can be expanded as
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2

€+ Aey —5§(v +Av)+2[a (W° + Aw )]
2

=$(v +£v)+2[aay(w +EwW )J

o’ 1(aw°J2 (av‘; aw°aw‘;)
= - el L+ Ty
dy 2\dy dy dy Oy

=’ ree’ +e€
Yy 2 Y,
Then,
0 4] 2 0
= +E€E_,
Aey sstsy1 € s
where

o av? ow’ ow!
g, =—+——1
' 9y dy dy

.2
-1
Y2 oy

Finally, the shear strain term can be expanded as

Yoy + AV, = i(u°+ Au’) +i(v°+Av°) +i(w0 +AW") i(w°+Aw°)

y

_ou®_ 3v" ow’aw’ (au‘; vy ow’ow]
+el—+ —+——

—
By dx  0x dy
2 (aw$ aw‘;)

g | 11

ox dy

_ .0 + 0 + 2 0
=Tyt Yy, T E Yy,

dy dx dx Oy

As aresult,

0 o 20
Any = s'yxyl +£ nyz’

where

2.4 Variation of Total Potential Energy

()

N ow] ow’

ox dy

aa (u +€u ) +aa (v +Ev ) +—(w +EW ) a (w +ew1)

)+

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

11
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o ou] dv;  ow’ow] ow; aw’
=_lgp 147" Tl "7

™ gy dx oJx dy ox 9y

(2.20)
Yo _ 8w°1’ aW(;
2 9x dy
The curvatures can be handled in like fashion. Specifically:
o o aZ [ o
K, +Ax, = ——(2 w +EW,)
ox
2
_ 9w Sazw‘; (2.21)
x>
o 0
= Kx + Ele ,
which yields
0 0
Ak, = Ele . (2.22)
In the same manner,
o o aZ o o
K, +AKy = ——E(W +&w,)
dy
__ W % (2.23)
o [}
= Ky + EKyl s
and
o 0
Ax, = ex, 2.24)
and finally
K +AK.. = —2—12—(w° +EW)
Xy xy dxdy !
‘~2 o 2 o
_ AW, oW, (2.25)
dxdy  dxdy
(o} 0
=Ky TEK,y
with
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AK,, = €x,, (2.26)
where
o _ azw‘l’
a ox?
2.0
O =9V (2.27)
Y1 2
dy
2 0
Ko =_28 Wl
N oxdy

The constitutive equation relating the inplane force and out-of-plane bending moment resultants to the

inplane reference surface strains and the out-of-plane reference surface curvatures is well known and is

given by
(N r . - &
’ An Ap A16 By, By, Bls z
N £
y A Ay A B By, By | | v
N A A A B B B Y
Iy | e 26 66 16 26 66| | xyt 2.28)
M, By B, By Dy D,, Dy K:
M B12 B22 B26 D12 D22 D25 <
Y y
[Bis B Bss Dy Dy Del | J
\M s \‘K-
The Ay;, Byj, and Dy; are defined as follows:
H/2 H/2 H/2
o) A =~ 2
Ay = J- Qdz By = _[ Qzdz Dy = J- Q,z dz - (2.29)
-H/2 -H/2 —H/2

The (_Qij are the reduced ply stiffnesses, defined for a state of plane stress, transformed into global
coordinates. The A matrix relates the force resultants to the reference surface strains; the D matrix relates the
bending moment resultants to the reference surface curvatures; while the B matrix couples the force
resultants with the reference curvatures and couples the bending moment resultants with the reference

surface strains. The variations in the stress resultants in terms of the variations in strains and curvatures

become

2.4 Variation of Total Potential Energy 13
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AN, - (A&
(An Ay A By, B, Bis .
AN Ag
y A, Ay A By, By By y
AN A A A B B B | |AY.
S 16 26 66 16 26 661 | % hxy (2.30)
AMx Bn B12 B16 Dy Dy, Dig A’
AM By, By, By D,, Dy, Dy AK
y
[ Bis By Bgs Dyg Dy Dy | o |
AM Ax

For symmetric laminates the B matrix is zero, providing no coupling between the inplane and out-of-plane
responses of the plate. Assuming symmetric laminates and substituting the expressions from Eqgs. (2.13),
(2.16), (2.19) into Eq. (2.30) yields the following expression for AN, :
2 o o 2 o 20
AN =A (se:1 +EE, ) TA, (eey +€€,) +A (sy:yl +EYy)
0 2 o o 0
=g (A“;s:l + Aux»:;l + Als"ny,) +€ (A“exz +ApE, +Agtyy) 2.31)

2
= ele +€ Nx2 ’
where

o (3]
N, = Apg, +Apgy + Aty
(2.32)

o o] 0
N, = Ang T ARE, +AY, .

Similar expressions are obtained in Eqgs. (2.33) through (2.42) for ANy, Any, AM_, AMy, and AMKy ,

namely,

_ 0 2 o o 2.0 0 2.0
ANy = A12(88x1+ € exz) +A,, (.esyl +€ eyz) + Ay (vay1+€ nyz)

2 o (o]
=€ (Alzz—:zl + Azze;1 + A%yzyl) +& (A, + Azze;2 + Azﬁyxyz) (2.33)

2
ANy=sNy1+e Nyz’

_ 0 2 0 o 20 0 2.0
N, =Ag (eexl +€ sxz) + Ay (Eeyl +€ 8)’2) + Ag (syxyl +¢e nyz)
_ o o o 2 o 0 o
=g (Amex] + A%eyl + Aﬁﬁyxyl) +e (Amsx: + A26£y2 + A66nyz) (2.34)

2
AN, = sny’ +€ nyz,
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_ o (] ]
AM = D“er + Duelcyl + Dwexxy

= S(D“KX +D12Ky +D, xyl) (2.35)
AM, = aMXI
(] 0
AM, =D e, +Dpeky +Dyeky,
=g (Dnlcx + an + D26ny ) (2.36)
AMY = EMyl 1)
() (s]
AM, = ste'(: +DyEKy + DgsEK,,
=g (D16K + D26K + D“ny ) (2.37)
AM,‘y = aMxyl’
where
) o o
Ny1 = Alzsxl + Aney‘ + Astxy,
(2.38)
o o 0
N v, = Amszxz + Azzsyz + Astxy2
(o] o ]
nyl = Amsxl + Azseyl + Ase'nyl
(2.39)
(o] o] 0
nyz = A16£X2 + Az‘ssy2 + A667Wz
Mx = D”Kx +D, 1( +D K (2.40)
Myl D, K ot DHKy + Dmrcxy (2.41)
MXyl = DIGK + Dst + D66ny,‘ (2.42)

As stated previously, interest centers on the variation of the total potential energy with respect to variations

in the displacement field. That is,
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AIl = (I1+ AIT) —TII1. (2.43)

Substituting Eqgs. (2.6) and (2.7) into Eq. (2.43) yields the desired result, which can be written as

ATl = %J-J' {[N,€2+N Aes + AN, + AN Ae’]
A .

[ o (¢] o
+ [Nj3 + N Ae) + AN € + AN, Ae |

o]
+ [N, + N A, +AN, ¥ +AN, AYD,

sy ¥y wy Yy
+ [M 62+ M AK + AM k°+AM_ AK’ | (2.44)
+ [M_k3+ M, AK) + AM k0 + AM, A |

+[M, k2, + M, AK] +AM, kD +AM, Ax |

o o 0 o ] o

- [Nxex + Nysxy + nyyxy +M x + MyKy + Mxyxxy] }dA
[+] (] 0 o [+]

+10, 4 (0 + AU’ v+ AV, WO+ AW®) —TI1__, (u’, v, w°)

where, until more is said about the specific loading, I, , must remain in symbolic form. Expanding Egs.
(2.44) according to Egs. (2.12), (2.15), (2.18), (2.21), (2.23), (2.25), (2.31), (2.33), (2.34), (2.35), (2.36), and
(2.37) yields

1 ° 20 2 o 2 o 20
AlIl = EJAJ. {N, (esx1+s e,z) + (ele+s Nxz) €+ (sle+e N,z) (sexl+£ exz)
A
0 20 .2 o 2 o 2.0
+Ny(££yl +€ Eyz) + (eNyl+e Nyz) g + (eNy1+£ NYz) (z—:syl +€ EYz)
o 2.0 2 o}
+ny (8ny1 +€ nyz) + (anyl+s nyz) Yry
2 0 20
+ (enyl+e nyz) (eyxy1+e nyz) (2.45)
o o 0
+ stxxl + 8Mx1Kx + EMxlale
+M_ ex’ +eM. x4+ eM. x°
y ¥ Yi Y Y Y1
o 0
+ Mxyelcxy] + EMxleXy +eM,, ex,, }dA

o o o (o] o 0 0 o ] .
+IL g (U +eu, v +ev,w +ew)) I (u,v,w)

Combining terms with like powers of € produces
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1 o o o] 0 T (4] O
A= | {e [N, +N, el +Nel + Ny e+ N ¥ + N ¥y
A
o o (4] o (o] (&)
+ MXKXI + MXIKX + MyKy1 + Mley + M,(_chxyl + Mxy]ny ]

2 o o o o T o0 0
+e [:Nxex2 +N, €0+ N, €] +NeJ +N e/ +N &

e 2.46
+N 1, +N R N Y MK MK MK ] 2.40)
+e [lea‘;z +N, el +N ) +N ) +N,_ 9] + nyﬂ:y,]
+¢t [Nx2822 +N, € + nyzygy’] 1dA
+I0 (u®+eu), vV +ev), W+ ew)) — [§ (u’, v°, w°) -
Equation (2.46) can be expressed as
ATl = eIl + €L, + €', + €'T1,, (2.47)

where €I, is the first variation, which is linear with respect to the variations in the displacements, £2H2 is

the second variation, which is quadratic with respect to the variations in the displacements, etc.

If the displacement field (u°, v°, w°) is a solution that renders the total potential energy II of a structure to
be at a minimum, then the change in total potential energy AIT must be positive for all kinematically
admissible variations in the displacement field (gu, ev}, ew}) . The first variation of total potential energy
is sign-dependent because it is linear with respect to displacement variations. Hence it is possible to have a
decrease in total potential energy for at least one variation of the displacement field. Therefore, a necessary
condition for the total potential energy of a structure to have a minimum value in the neighborhood of an
equilibrium displacement field is for the first variation, €1, to be zero for all kinematically admissible
variations in the displacement field. Setting €I1, equal to zero leads to the equilibrium conditions for the

structure.

The next higher order term, SZHZ, must be investigated to determine if a minimum of the total potential
energy exists (as opposed to a maximum or an inflection point). The second variation of total potential
energy is quadratic with respect to the variations in the displacements. Thus it is sufficient to use this term in
determining the conditions for which a minimum exists. If 821'[2 equals zero for even one nontrivial

variation in the displacement field, then E3H3 must be investigated.

2.4 Variation of Total Potential Energy 17

























































































































































































































































