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(ABSTRACT) 

The focus of this work is the buckling response of symmetrically laminated composite plates having a 

planform area in the shape of an isosceles trapezoid. The loading is assumed to be inplane and applied 

perpendicular to the parallel ends of the plate. The tapered edges of the plate are assumed to have simply 

supported boundary conditions, while the parallel ends are assumed to have either simply supported or 

clamped boundary conditions. Plates with one end being up to 3 times narrower than the other end, and the 

plate being up to 3 time longer than the width of the wide end are considered. A semi-analytic closed-form 

solution based on energy principles and the Trefftz stability criterion is derived and solutions are obtained 

using the Rayleigh-Ritz method. Intrinsic in this solution is a simplified prebuckling analysis which 

approximates the inplane force resultant distributions by the forms N,=P/W(x) and Ny=N,y=0, where P is 

the applied load and W(x) is the plate width which, for the trapezoidal planform, varies linearly with the 

lengthwise coordinate x. The out-of plane displacement is approximated by a double trigonometric series. 

This analysis is posed in terms of four nondimensional parameters representing orthotropic and anisotropic 

material properties, and two nondimensional parameters representing geometric properties. With 

nondimensionalization, the analysis is well suited for parametric studies. The analysis uses standard 

eigenvalue extraction routines and converges using 5 terms in the out-of-plane displacement series. It 

appears that this analysis captures the buckling response of plates having tapered planform and should be a 

useful design tool. For comparison purposes, a number of specific plate geometry, ply orientation, and 

stacking sequence combinations are investigated using the general purpose finite element code ABAQUS. 

Comparison of buckling coefficients calculated using the semi-analytical model and the finite element model 

show agreement within 5%, in general, and within 15% for the worst cases. In addition to the good



agreement between the semi-analytical analysis and the finite element results, the finite element model also 

suggests that the simplified inplane force resultant distribution assumed in the analysis is valid. In order to 

verify both the finite element and semi-analytical analyses, buckling loads are measured for graphite/epoxy 

plates having a wide range of plate geometries and stacking sequences. Test fixtures, instrumentation 

system, and experimental technique are described. Experimental results for the buckling load, the buckled 

mode shape, and the prebuckling plate stiffness are presented and show good agreement with the analytical 

results regarding the buckling load and the prebuckling plate stiffness. However, the experimental results 

show that for some cases the analysis underpredicts the number of halfwaves in the buckled mode shape. In 

the context of the definitions of taper ratio and aspect ratio used in this study, it is concluded that the 

buckling load always increases as taper ratio increases for a given aspect ratio for plates having simply 

supported boundary conditions on the parallel ends. There are combinations of plate geometry and ply 

stacking sequences, however, that reverse this trend for plates having clamped boundary conditions on the 

parallel ends such that an increase in the taper ratio causes a decrease in the buckling load. The clamped 

boundary conditions on the parallel ends of the plate are shown to increase the buckling load compared to 

simply supported boundary conditions. Also, anisotropy (the D;¢ and D2¢ terms) is shown to decrease the 

buckling load and skew the buckled mode shape for both the simply supported and clamped boundary 

conditions.
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Chapter 1 

Introduction 

1.1 Description of Problem 

Thin plates are fundamental components of many engineering structures. The aerospace industry exploits 

the high stiffness-to-weight and strength-to-weight ratios afforded by fiber reinforced composite plates by 

using them as both primary and secondary structures to reduce the weight of high performance aircraft. 

Many of these plates, particularly wing skins and fuselage panels, are used in stiffness critical applications. 

Thus, for those plates loaded in compression, buckling must be considered as the primary mode of failure. 

Many of the composite plates on aircraft, again notably wing skins, have a nonrectangular planform area; in 

fact, many of the composite plates in aircraft applications have a planform area that is tapered along the 

length. The purpose of this study is to investigate the buckling response of composite plates having planform 

area in the shape of an isosceles trapezoid. 

Figure 1.1 presents the planform geometry of an isosceles trapezoid considered in this study. The plate is 

defined to have length L, widths W, and W), and half-widths b,; and bz on the narrow and wide ends, 

respectively. The trapezoid is considered isosceles because the corner angle 9 is the same for both the right 

and left halves of the plate. The coordinate system originates in the center of the narrow end of the plate. The 

X axis coincides with the centerline of the plate, and the y axis traverses the narrow end. 

1.1 Description of Problem 1
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Figure 1.1 Trapezoidal Plate Geometry 

1.2 Survey of Literature 

An investigation of the buckling response of plates having a tapered planform first appeared in the open 

literature in 1956. Klein [1] presented design curves for determining the buckling loads of simply supported 

isotropic plates having the shape of an isosceles trapezoid. Simply supported boundary conditions were 

assumed on all four edges, axial compression loads were imposed on the parallel ends, and shear loads were 

assumed to act along the tapered edges to allow the plate to remain in static equilibrium for any ratio of axial 

loads on the ends of the plate. The analysis used the method of collocation in which a deflected shape is 

assumed, appropriate derivatives are calculated, the derivatives are evaluated numerically at several discrete 

collocation points, and these equations are then substituted into the governing differential equations to yield 

an eigenvalue problem. The method of collocation does not required the assumed displacement functions to 
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be integrable in closed form, form an orthogonal set, or even satisfy the boundary conditions exactly for the 

entire plate. The method only requires the assumed shape to be reasonable at the collocation points. Klein 

used a trigonometric function for the assumed deflected shape and developed a solution using three 

collocation points distributed along the centerline of the plate. The results showed an increase in the 

buckling load of a plate with a tapered planform as compared to the buckling load of a rectangular plate of 

the same length and with the same width as the wide end of the trapezoidal plate. No experimental results 

were included for verification. 

In 1956 Klein [2] also investigated the buckling response of plates tapered in both planform and thickness. 

The method of collocation was again used for the analysis. Many graphs were presented to show the effect 

of plate geometry on buckling over a very wide range. Again, however, experimental verification was not 

included. 

In 1957 Klein [3] presented a method of solution for the shear buckling of simply supported isotropic plates 

tapered in planform. The analysis was again based on the method of collocation using three points along the 

centerline of the plate. The buckling load and deflected mode shape were presented for one specific 

geometry. No experimental results were included for verification. 

Pope [4], in 1962, studied the effects of different boundary conditions on the buckling loads of isotropic 

plates having a planform area in the shape of an isosceles trapezoid. This analysis was developed using the 

Rayleigh-Ritz method and assumed that the buckled shape across the width of a tapered plate differs little 

from the buckled shape across a rectangular plate under uniform end load and with the same boundary 

conditions along the sides. Results are presented graphically for plates with opposite pairs of edges either 

simply supported or clamped. These results showed an increase in the buckling load when the planform is 

tapered as compared to the buckling load of a rectangular plate of the same length and with the same width 

as the wide end of the trapezoidal plate. Clamping the ends of the plate is also shown to increase the 

buckling load. For comparison purposes, the buckling loads presented by Pope are usually lower than those 

presented by Klein. It is somewhat disturbing, however, that Pope doesn’t obtain the classical solution for 

the buckling loads for rectangular uniaxially loaded isotropic plates having simple supports on all four edges 

[5], a festooned curve with the minimum value of 4 at aspect ratios 1, 2, 3 etc. (if the buckling parameter has 

the classical definition of N,b’/ nD). The results presented by Pope have a minimum value of 

approximately 3.7 at aspect ratios 1, 2, 3, and 4. 

The buckling analyses for plates having tapered planform presented in the technical literature to date are 

restricted to isotropic plates. There is a significant amount of information available regarding the buckling 

response of composite plates, but this is limited to rectangular geometries. Of particular importance in a 
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buckling analysis when considering composite plates is the effect of the anisotropic plate bending stiffness 

terms D,¢ and Dy¢. These terms couple the out-of-plane bending and twisting of the plate. Because these 

stiffness terms appear as coefficients of terms involving mixed partial derivatives of the displacement 

functions, including these terms greatly increases the complexity of an analysis and hence they are often 

neglected. Neglecting these terms, however, can yield significant errors for certain anisotropic plates 

In 1969 Chamis [6] presented a criterion, based on experimental results, for determining when the 

anisotropic bending stiffness can be neglected. Nemeth [7], in 1986, presented nondimensional parameters 

that can be used to assess when the anisotropic bending stiffness can be neglected. These nondimensional 

parameters resulted naturally from the nondimensionalization of the buckling equation. Finite element 

results showed that a specially orthotropic analysis (D,;6=D¢=0) can yield nonconservative errors as high as 

25% in the predicted buckling loads for certain anisotropic cases. 

Nemeth [8] used the same nondimensional formulation of the buckling equation in 1992 to study long 

symmetrically laminated plates subjected to compression, shear, and inplane bending loads. Variational 

methods were used to derive the buckling analysis in terms of nondimensional parameters that characterize 

the plate bending orthotropy and plate bending anisotropy. Because the analysis is constructed in this 

manner, it is well suited for parametric studies. Results are presented as families of parametric curves that 

cover a wide range of material properties, plate geometries, and load combinations. 

1.3 Objective and Scope 

In general, the survey of literature shows that the buckling of plates tapered in planform is limited to 

isotropic cases, while the buckling of composite plates is limited to rectangular geometries, often with the 

influence of D;¢ and Dy¢ neglected. Therefore, the objective of this study is to determine the buckling 

response of composite plates which have a trapezoidal planform area and which are subjected to uniform 

end-shortening. The influence of D,¢ and D4¢ are included. The investigation is conducted using three tools. 

¢ Aspecial purpose analysis is developed using variational energy methods and the Rayleigh-Ritz 

method of solution. The analysis is posed in nondimensional parametric form, well suited for 

isolating and investigating the effects of individual material and geometric properties. 

¢ A finite element analysis is performed to verify several assumptions made in developing the 

Rayleigh-Ritz analysis, and to compare results for some specific plate geometries. 

* Buckling loads are determined experimentally for a series of graphite/epoxy composite specimens 

to verify both the finite element and Rayleigh-Ritz analyses. 
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The scope of this study is limited to symmetrically laminated composite plates having simply supported 

boundary conditions on the nonparallel edges, while the parallel edges have either simply supported or 

clamped boundary conditions. Known inplane compressive loads applied perpendicular to the parallel edges 

are assumed to represent the effects of uniform end shortening. 

The question may be asked: “Why bother with a semi-analytic approach if solutions can be obtained using 

the finite element method?” Because there is a wide range of materials, ply orientation angles, stacking 

sequences, and plate geometries, it is useful to present buckling loads in the form of design charts consisting 

of nondimensional parametric relationships. These relationships can present buckling coefficients over a 

wide range of materials, geometries, and boundary conditions in relatively few graphs. Additionally, these 

parametric relationships can be grouped into sets to reveal trends in the structural response governed by 

certain parameters. Because results must be calculated over a wide range of combinations of design 

parameters when generating these design charts, a special purpose analysis is preferred over a general 

purpose finite element analysis due to the cost and effort involved in developing numerous finite element 

models. Also, on a more philosophical level, developing the analysis using energy methods allows one to 

“keep their fingers in the physics” and investigate the effects of various parameters at many stages 

throughout the analysis before buckling loads are ever calculated. 

In what follows, Chapter 2 presents the basic assumptions, develops the analysis based on variational energy 

methods, presents the assumed shape for the out-of-plane displacement, and discusses the computer 

implementation. Chapter 3 discusses the case of simply supported boundary conditions on the parallel ends 

of the plate and presents figures comparing analytical results with finite element predictions. A series of 

parametric curves is then presented for this set of boundary conditions. Chapter 4 discusses the case of 

clamped boundary conditions on the parallel ends of the plate and presents figures comparing analytical 

results with finite element predictions. A second series of parametric curves is then presented for this set of 

boundary conditions. Chapter 5 describes the experimental method used to measure the buckling load and 

Chapter 6 presents the experimental results for comparison with the analytical results. The appendices 

contain much of the details of the mathematics involved in Chapter 2. 
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Chapter 2 

Development of Analysis 

2.1 Overview of Method 

A nondimensional analysis for the buckling loads of symmetrically laminated plates having trapezoidal 

planform and subjected to inplane uniaxial compression is developed in this chapter. The analysis is based 

on the Rayleigh-Ritz method. This semi-analytic method assumes a series approximation for the out-of- 

plane, or buckling, displacement of the plate. The analysis originates by formulating the total potential 

energy of a plate subjected to inplane loading. Because the Trefftz criterion argues that a change in the 

stability of a structure occurs when the first variation of the second variation of total potential energy of the 

structure equals zero, the first variation of the second variation of total potential energy is computed and then 

expressed in a nondimensional form suited for parametric studies. A series approximation satisfying the 

kinematic, i.e., displacement, boundary conditions of the plate is substituted into the nondimensional 

expression of the first variation of the second variation of the total potential energy. Assuming that the 

resulting surface integrals can be performed on a term-by-term basis yields a symmetric general eigenvalue 

problem that can be solved using standard routines on a computer. The prebuckling equilibrium conditions 

are addressed directly by assuming an inplane force resultant distribution. The prebuckling equilibrium 

equations are not solved explicitly. 

2.2 Basic Assumptions 

The development of the buckling analysis is based on the following basic assumptions: 

(1) Each layer in the laminate is orthotropic, linear elastic, and of constant thickness. 

(2) The plate thickness is small compared to its length and width. 

(3) The plane-stress assumption is valid: the out-of-plane normal and shear stresses are zero. 

(4) Kirchhoff’s assumption is valid: line elements normal to the reference surface of the plate 

remain normal and inextensible during deformation. 

2.1 Overview of Method 6
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(5) Von Karman nonlinear strain-displacement equations are applicable: strains are small 

compared to unity, out-of-plane rotations are moderate, and rotations about the normal to the 

reference surface are zero. 

(6) No body forces exist. 

(7) The plates are initially flat. 

Nonlinear strain-displacement equations are necessary because when an initially flat plate loses stability, the 

out-of-plane displacements are no longer linearly proportional to the applied inplane loading. The von 

Karman plate theory accounts for this by allowing moderate transverse rotations during displacement. This 

yields a geometrically nonlinear relationship between the inplane forces and out-of-plane displacements 

because the plate membrane forces are contributing to the out-of-plane equilibrium of the plate. 

2.3 Total Potential Energy 

The total potential energy of a plate is defined as 

H/2 

1 
II (u, v, w°) = tf | {6,€,+ GE, + OLE, + Tay + Ca Vas t TyaVyot dzdA 

A -H/2 
(2.1) 

GQ Oo oO 

+1144 (4 ,V,Ww)> 

where IT,,,,4 is the potential energy due to the tractions on the surfaces of the plate, and the superscript © 

indicates quantities defined at the reference surface of the plate. With the plane-stress assumption, Eq. (2.1) 

can be simplified to 

H/2 
1 

TI (u’, v’, w?) = I] | {O,€, + OE, + TY, } dzdA + II. (u,v,w). (2.2) 

A ~H/2 

Using Kirchhoff’s assumption, the strains throughout the thickness of the plate can be expressed in terms of 

the reference surface strains and curvatures as 

_ a oO 

€, =€,+Z2K, 

Q Qa _ 2.3 €y = € + ZK, (2.3) 

_ oO Oo 
Vey = Vey F 2K yy 
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Substituting Eq. (2.3) into Eq. (2.1) yields 
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Q Qo Q 1 oO oO 0 0 0 oO 
II(u,v,w) = AT] { 6, (€, + ZK,) +O, (E,+2K,) +T, Ny + ZK,,) }dzdA (2.4) 

A —-H/2 

oa oO oO 

+1E.g(usV.w) . 

Integrating through the thickness and using the following standard definitions for the inplane force and out- 

of-plane bending moment resultants, 

H/2 H/2 

N,= [ ote | czas 

-H/2 -H/2 

H/2 H/2 

= = zdz . Ny | o,dz J G, (2.5) 

-H/2 -H/2 

H/2 H/2 

N,,= | T, dz M,,= J T,yzdz , 

-H/2 -H/2 

yields 

0 0 oO 1 0 o 0 0 0 0 

I(u,v,w)= SJ (N,e, t+ Ne, +N yy + MK, + MK +My KY) dA 

A (2.6) 

9 9 8 

+ ng(u,V.w)- 

2.4 Variation of Total Potential Energy. 

As indicated by the notation of Eq. (2.6), the total potential energy of a plate is a function of the kinematic 

variables u°, v°, and w®. To develop the stability equations, the variation of the total potential energy with 

respect to arbitrary but infinitesimal variations in these kinematic variables must be investigated. The total 

potential energy of a plate computed with arbitrary infinitesimal variations in the displacements u®, v°, and 

w® can be written as 

2.4 Variation of Total Potential Energy 8
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1 0,0 
T+ All = aff (N, +AN,) (€, + Ae,) + (N, +AN)) (€, + A€)) (2.7) 

A 

+ (Nyy +AN,,) (ey tAYzy) + (M, +4M,) («, + AK) 

) ° ° 0 
+ (M, + AM,) (K, + Ax,) + (M,, + AM, ,) (K,, + AK, ,) dA 

oO 0 

+TI+AM,,.,(u + Au’, v +Av ,w + Aw’) , 

where the notation A( ) represents an increment in ( ) due to the increments Au°, Av°, and Aw’. At this 

point it is necessary to express the right hand side of Eq. (2.7) completely in terms of the displacements u°, 

v°, and w® and their increments. It is important to note that both the displacements and their increments 

satisfy the kinematic boundary conditions of the plate. The strains in Eq. (2.7) are calculated by substituting 

the displacements into the strain-displacement equations, and the stress resultants are computed by 

substituting the strains into the constitutive equations and integrating with respect to z, as specified by Eq. 

(2.5). 

Using the von Karman assumption of moderate rotations, the reference surface strains and curvatures are 

   

   

    

  

  

defined as 

oH) “x ox 2 

eo = 2a m3 ‘) (2.8) 

2 

o ow ov (awe a) 
Y=—+—+|—— ], 
*Y ova ox av 

and 

oO aw? 
K, = 

Ox’ 

KO = ow (2.9) 
oy” 

K __2™ ‘ 
*Y Oxdy 

Using these strain-displacement relationships, the (e. + Ae.) term in Eq. (2.7), for example, can be 

expanded as follows: 
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2 

eo + Ae? = 2 (u" + Av’) + [Zor saw] . (2.10) 

It is more convenient to express the variations, or increments, in the displacement field using small 

parameter notation, namely, 

Au = eu, 

Av = Ev, (2.11) 

Aw. = Ew) . 

Using this notation, the displacements uy vy wy are functions of x and y which must satisfy the same 

kinematic boundary conditions as u°, v°, and w®. The subscript 1 indicates that these are displacements in 

the neighborhood of the equilibrium displacement field, and the scalar parameter € is assumed to carry the 

infinitesimal smallness of the variation. Consequently, the first, second, third, and fourth variations of the 

responses may be determined by grouping terms with like power of €, i.e., €, e*, 23, 7, Using the notation of 

Eq. (2.11), Eq. (2.10) can be expressed as follows:. 

0 °o g,.0 Ira 0 0.77 
€, + Ae, = 5 tu +€u;) +15 +ew)) | 

3 2 
du lfaw du; aw’ dwy) 21 | ow, (2.12) = —+-|— ] +e[/—1+— —1 J+ e°-| 
ox 2 ax Ox Ox Ox 2 \ ox 

=e, +e, + ee, , 

Therefore, 

Ag. = €&. +ee, (2.13) 
1 

where 

0 du, aw? ow; 
= + —_ —— 

mE On Ox ax 
2 

eo = 1 (21) 
*% 2 ax 

In a similar fashion, the (E, + Ag.) term can be expanded as 

(2.14) 
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2 

2 

av’ 1 (au) (1 aw° av | 
= +e|—14 — —1 J+ = + _| —— 

dy 2\dy 

=e-t+ee +e€° 
= & yy y," 

Then, 

oO oO 2.0 
AE, = ee, +€ Ey 

where 

0 ov; aw? ow) 
e. =—++——1 
“dy = dy: ay 

. 2 

o = 1 (21 
% 2\dy7— 

Finally, the shear strain term can be expanded as 

hy tar, = Sus Au’) +o + Av’) +2 ow + Aw’) Sw +a") 

= su eu,) +20" +€V;) +2 (ws ew) sw ews) 

du° av’ aw’ aw® (21 avy 
= + + ee (t+ 1 

dy ox dx dy dy ox 

2 (ai av 
€ ————_t __ 

ox oy 

_ 2 4 0 4 20 

~ Vey EY xy, € Vey, 

As a result, 

A o oO ae 0 

Yxy ~ EV ey, Yay,? 

where 
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ei) dy 
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(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 
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0 _ Ou; , Avy, dwidw, | Ow, dw! 
Ty Gy Ox Ox dy Ox dy 

  

  

(2.20) 

0 _ dwidw, 

Vey, ox dy 

The curvatures can be handled in like fashion. Specifically: 

0 0 9? © 0 
kK, +AK, = a (w + Ew,) 

Ox 

__ aw aw} (2.21) 
ax’ ax” 

_ o Oo 

=K,+EK, , 

which yields 

AK, = &K (2.22) 

In the same manner, 

oO oO 9° ) 0 
k, tAk, = —{w + €w,) 

dy 

__ dw? aw (2.23) 
dy” dy” 

_ oO o 

=K,+EK, ; 

and 

oO oO 

AK, = EK, , (2.24) 

and finally 

K +AK = 73” (y? +€W,) 
*“y *y dxdy 

-. 2 2 

_ _y? wo ne? wr (2.25) 

dxdy  dxdy 

° oO 

= Ky TEK, 

with 
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AK, = EK, (2.26) 

where 

o a’w? 

Ky, ~ ax? 

2_0 

0 _ Ow, (2.27) 
yy, dy’ 

2.0 
Ke __7? Ww, 

a axdy 

The constitutive equation relating the inplane force and out-of-plane bending moment resultants to the 

inplane reference surface strains and the out-of-plane reference surface curvatures is well known and is 

            

given by 

fr N 4 _ ; 
_ r € . 

* Ay Any A146 By Bio Big : 

N € 
y Ay Ay Ax Bip Ba Bog y 

9 

, Nyy Ai Ax Age Bis Bog Bee | | Yay (2.28) 

M, Bi, By Big Di, Diy Dig K 

M, Bi Boy Bye Di» Dy) Dy¢ «° 

| Bis By« Bee Dig Dy¢ Dee! | o 
“Me 

K 

The Ajj, Bj;, and Dj; are defined as follows: 

H/2 H/2 H/2 

O ~ ~ 2 
Ai = J Q; dz Bi = | Q;,zdz D;; = | Qi,z dz (2.29) 

The Q, j are the reduced ply stiffnesses, defined for a state of plane stress, transformed into global 

coordinates. The A matrix relates the force resultants to the reference surface strains; the D matrix relates the 

bending moment resultants to the reference surface curvatures; while the B matrix couples the force 

resultants with the reference curvatures and couples the bending moment resultants with the reference 

surface strains. The variations in the stress resultants in terms of the variations in strains and curvatures 

become 
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AN, ) AE, 5 

[Au Ai Ax6 B,, By Big | 3 

AN Age 
y Ary Ay) Ax Bi By) Bog y 

Oo 

AN,y Ais Ax Age Big Boe Bes | | Agy (2.30) 
> = 4 . 

: AM, By Bi, Bi Di, Di, Di AK 

AM, Bi Bo Bue Diy D,, D6 Ak 

L J | Bis Bye Beg Dig D5¢ Dg«. o | 
AM “AK 

For symmetric laminates the B matrix is zero, providing no coupling between the inplane and out-of-plane 

responses of the plate. Assuming symmetric laminates and substituting the expressions from Egs. (2.13), 

(2.16), (2.19) into Eq. (2.30) yields the following expression for AN, : 

_ 0 20 ° 200 9 2 0 AN, =A), (€&, +€ &,) +Aj (Ey, +E E,) FAG (EX FE Vy) 

0 2 
=€(A +A ye, + AigYay,) FE (Arie, + Arty, + Ae Yey,) (2.31) 

2 
= eN, +E N,? 

where 

0 0 0 
Ny = Aye, + Arky, + Auetay, 

(2.32) 
0 0 0 

Ny, = Aye, + Ait, + Aretky, : 

Similar expressions are obtained in Eqs. (2.33) through (2.42) for AN,, AN,y: AM,, AM,, and AM,, , 

namely, 

° 2 Oo a 2 0 oO 2 oO 
AN, = Aj. (ee, +E E) + Ag, (€€) +E Ey) + Arg (Ey, FE Yry,) 

0 0 Oo 2 0 9 0 
=€ (Aje,, + Ange, + Ar6¥xy,) +€ (Ae, + AnEy, + Ax6Yxy,) (2.33) 

2 
AN, = EN, +E N,, : 

_ o 20 ° 2.0 0 2,0 
AN,y = Aig (ee, +€ E,) + Ad. (ee, +€ ey) + Age (EYy TE Yay.) 

_ ° oO oO 2 0 0 0 =€ (Aree, + Ar6€y, + AgeYxy,) +€ (Aree, + Arey, + A eYxy,) (2.34) 

2 
AN,, = EN, y, +€ Nyy,” 
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oO 0 oO 

AM, = Dek, + Dj €Ky + DigEKyy 

_ Qo Qo oO 

= E(Dy Ky + Dj Ky, +Digkyy) 

AM, = eM, ’ 
1 

° oO oO 

AM, = Di EK, + Dy EK, + DEK 

_ (9) oO 0 

=€ (Dio, + Dyk, + Dy6K xy) 

AM, = eM, ’ 

_ 0 oO 0 
AM, = DigeK, + Dogek, + DegEKy, 

=¢€(D_.« +D,,.«° +D,.«°, ) 
16°“x, 26° °¥, 66 “XY, 

AM,, = eM,,’ 

° oO Oo 
Ny, = Annex, + Ane, + Aagyxy, 

oO oO 0 
N y, Ait, + Af, + Arg Yxy, 

0 o oO 

Nyy, = Ateex, + Ansty, + Asotay, 

oO oO 0 
Nyy, ~ Aree, + Arey, + Age ry, 

oO . o Qo 
M,. = Dik + Dik, + Digkyy, 

o oO oO 
M, = Dik + Dyk, + Dy6Kyy, 

o Oo 9 
M,y, = Digky, + Dagky + Degkxy- 

. Development of Analysis 

(2.35) 

(2.36) 

(2.37) 

(2.38) 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

As stated previously, interest centers on the variation of the total potential energy with respect to variations 

in the displacement field. That is, 
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ATT = (I1+AId) —M1. (2.43) 

Substituting Eqs. (2.6) and (2.7) into Eq. (2.43) yields the desired result, which can be written as 

ATI = All {[N e°+N Ae’ +AN €°+ AN Ae? | 

A . 

o 0 0 o + [Ne +N, Ae. + AN, £°+ AN, Ae’ | 
Qo Oo + [Ny +N, Av, FAN 2, FAN, AY. xy Vey xy Vey 

+ [M,x°+M_ AK +AM_«°+AM Ax? | (2.44) 

+ [M, Ko + MAK) + AM «° + AM, Ax? | 

+ [M, «2 +M, AK, +AM, «2, +AM Ax? | 
0 9 oO 0 0 oO 

- [N22 + Ny£,, + Nyy Vey +M,x,+ M,ky + M, «>, | }dA 

oO oO oO 1 Oo Oo 0 0 oO 

+11,,,g4(4 +Au,v +Av,w +Aw) -I],.4(u,V,Ww )> 

where, until more is said about the specific loading, II,,,, must remain in symbolic form. Expanding Eqs. 

(2.44) according to Eqs. (2.12), (2.15), (2.18), (2.21), (2.23), (2.25), (2.31), (2.33), (2.34), (2.35), (2.36), and 

(2.37) yields 

1 2.0 2 ° 2 2.0 
Al = {I {N, (€€, +€ Ex,) + (EN, +& Ny) €, + (EN, +€ Nx,) (ee, +€ Ex,) 

A 
0 2° - 2 0 2 oO 20 

+N, (ee, +E Ey) + (EN, +€ Ny) €, + (EN, +E Ny) (ee, +€ Ey) 

9° 2.0 2 oO 
+N, (Ety, FEV xy,) + (eN,y, +E Nyy) Vey 

+(eN.. +e°N,, ) (ey, +€74,, ) 
XY, XY> Vey, Yxy, (2.45) 

+M_ex® +€M. «+eM. €x° xEKy & x Kt x EK, 

+M ex? +e€M Kx. +€M ek? 
yy, y, Y OY 

Oo oO 

+ M,yEKy, + eM, Ky +€M,, EK, }dA 

0 0 0 0 0 0 oo oO , 

+ Tigag CU +EU;,V FEV, Ww + EW,) — Tag Cu ,Vv,W) 

Combining terms with like powers of € produces 
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1 o oO oO oO T 0 Q AII = All {e[N,e, +N, eter +N e+ Noy, +N Wy 

A 

0 oO o oO QO ce) 

+M Ky +M K+ Myk, + M, ky + M,,Ky, + Myy Kxy | 

2 o ° 0 0 7 od 0 +E [Nxex, +N, e, +N, € +Nyey +N, €) +N, ey 

, (2.46) 
oO oO 0 oO o oO + Nyy Voy, t Nay Voy + Nay, Yay, + MG + My KY MAY | 

3 ° 0 0 o oO 0 +€ LN, €, +N, €) +N, +N, €) +N, V2, + Nyy Vey, | 

4 oO oO oO +e[N, € +N, 0 +N VW, | dA 

+1144 (a + eu; vo + ev), w+ ew!) - 11,4 (u, vw") 
loa loa 

Equation (2.46) can be expressed as 

AI] = ell, +e'T, +e, + eM, (2.47) 

where eI, is the first variation, which is linear with respect to the variations in the displacements, eT, is 

the second variation, which is quadratic with respect to the variations in the displacements, etc. 

If the displacement field (u°, v°, w°) is a solution that renders the total potential energy IT of a structure to 

be at a minimum, then the change in total potential energy ATI must be positive for all kinematically 

admissible variations in the displacement field (eu, evi, ews) . The first variation of total potential energy 

is sign-dependent because it is linear with respect to displacement variations. Hence it is possible to have a 

decrease in total potential energy for at least one variation of the displacement field. Therefore, a necessary 

condition for the total potential energy of a structure to have a minimum value in the neighborhood of an 

equilibrium displacement field is for the first variation, eI, , to be zero for all kinematically admissible 

variations in the displacement field. Setting eI], equal to zero leads to the equilibrium conditions for the 

Structure. 

The next higher order term, eI, must be investigated to determine if a minimum of the total potential 

energy exists (as opposed to a maximum or an inflection point). The second variation of total potential 

energy is quadratic with respect to the variations in the displacements. Thus it is sufficient to use this term in 

determining the conditions for which a minimum exists. If e'TL, equals zero for even one nontrivial 

variation in the displacement field, then ell, must be investigated. 
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�s�i�m�p�l�e� �e�i�g�e�n�v�a�l�u�e� �e�x�t�r�a�c�t�i�o�n� �r�o�u�t�i�n�e�s� �o�n� �t�h�e� �c�o�m�p�u�t�e�r�.� �r�e�s�u�l�t�i�n�g� �i�n� �m�u�c�h� �s�h�o�r�t�e�r� �r�u�n� �t�i�m�e�s� �t�h�a�n� �g�e�n�e�r�a�l� 

�e�i�g�e�n�v�a�l�u�e� �e�x�t�r�a�c�t�i�o�n� �r�o�u�t�i�n�e�s�.� 

�T�h�e� �e�l�e�m�e�n�t�s� �i�n� �[�K�y�]� �a�n�d� �[�K�g�]� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �p�l�a�t�e� �g�e�o�m�e�t�r�y�,� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�,� �a�n�d� �t�h�e� �i�n�d�i�c�e�s� �i�,� �j�,� �p�,� 

�a�n�d� �q� �i�n� �t�h�e� �s�e�r�i�e�s� �f�o�r� �w�(�x�,�y�)� �a�n�d� �6�w�(�x�,�y�)� �(�s�e�e� �e�q�s�.� �2�.�8�5� �a�n�d� �2�.�8�6�)�.� �A�n� �i�m�p�o�r�t�a�n�t� �f�a�c�t�o�r� �i�n� �d�e�v�e�l�o�p�i�n�g� �t�h�e� 

�2�.�1�1� �C�o�m�p�u�t�e�r� �I�m�p�l�e�m�e�n�t�a�t�i�o�n� �4�8



�C�h�a�p�t�e�r� �2�:� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �A�n�a�l�y�s�i�s� 

�c�o�m�p�u�t�e�r� �c�o�d�e� �i�s� �d�e�f�i�n�i�n�g� �t�h�e� �o�r�d�e�r� �i�n� �w�h�i�c�h� �t�h�e� �u�n�k�n�o�w�n� �c�o�n�s�t�a�n�t�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �{�x�}� �b�e�c�a�u�s�e� �t�h�e� �i� �a�n�d� �j� 

�i�n�d�i�c�e�s� �d�e�f�i�n�e� �a� �s�p�e�c�i�f�i�c� �p�o�s�i�t�i�o�n� �w�i�t�h�i�n� �t�h�e� �e�i�g�e�n�v�e�c�t�o�r�,� �a�n�d� �h�e�n�c�e�,� �a� �s�p�e�c�i�f�i�c� �c�o�l�u�m�n� �i�n� �t�h�e� �s�t�i�f�f�n�e�s�s� 

�m�a�t�r�i�c�e�s�.� �I�n� �t�h�i�s� �a�n�a�l�y�s�i�s�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�a�t�t�e�r�n� �i�s� �u�s�e�d�:� 

�E� �E� �E� �E� �E� �E� �E� �E� �E� 
�{�x�}� �=� �{�W�i� �W�i� �W�i�n� �W�o� �W�o�,� �-�-�-�)� �W�o�n� �W�r� �W�a�o� �>� �W�a�n�e� �0�.�1�3�5�)� 

�o�O� �O� �O� �O�o� �O� �O� �o�O� �r�e�)� �o�O� �,� 
�W�i� �W�i�g� �e�e�e� �W�a�i�n�y� �W�o�y� �W�>�>�,� �4� �W�o�n�,� �W�a�v� �W�u�o� �e�e� �W�a�n� �}�.� 

�O�n�c�e� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �W�j�;� �i�n� �t�h�e� �e�i�g�e�n�v�e�c�t�o�r�s� �i�s� �d�e�t�e�r�m�i�n�e�d�,� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �i�s� 

�r�e�l�a�t�i�v�e�l�y� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�.� �B�o�t�h� �m�a�t�r�i�c�e�s� �[�K�y�]� �a�n�d� �[�K�g�]� �a�r�e� �c�o�m�p�o�s�e�d� �o�f� �f�o�u�r� �s�u�b�m�a�t�r�i�c�e�s� �e�a�c�h� �h�a�v�i�n�g� �s�i�z�e� 

�N �� �x� �N ��,� �n�a�m�e�l�y�,� �(� �[�K�®�*� �;� �[�K�o�r�]� �,� �[�K�®�°� �,� �[�K�°�°�]� �)� �w�h�i�c�h� �a�r�e� �b�e� �c�o�m�p�u�t�e�d� �c�o�n�c�u�r�r�e�n�t�l�y�.� �T�h�e� 

�b�o�o�k�k�e�e�p�i�n�g� �t�o� �k�e�e�p� �t�r�a�c�k� �o�f� �p�o�s�i�t�i�o�n� �i�n� �t�h�e� �e�i�g�e�n�v�e�c�t�o�r� �i�s� �h�a�n�d�l�e�d� �b�y� �t�w�o� �a�r�r�a�y�s� �h�a�v�i�n�g� �l�e�n�g�t�h� �N�?� �w�h�i�c�h� 

�a�r�e� �c�o�n�s�t�r�u�c�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�{�P�}� �=� �{�1�,�1�,�1�,�.�.�.�,� �2�,� �2�,�2�,�.�.�.�,�N�,�N�,�.�.�.�,� �N�}� 
�(�2�.�1�3�6�)� 

�{�Q�}� �=� �{�1�,�2�,�3�,�.�.�.�,�N�,� �1�,� �2�,�3�,�.�.�.�N�,� �.�.�.� �1�,� �2�,� �3�,�.�.�.�.� �N�}�.� 

�A�n� �o�u�t�e�r� �l�o�o�p� �i�n� �i�n�i�t�i�a�t�e�d� �t�o� �s�t�e�p� �t�h�r�o�u�g�h� �t�h�e� �N �� �r�o�w�s� �o�f� �t�h�e� �s�u�b�m�a�t�r�i�c�e�s�.� �F�o�r� �a� �s�p�e�c�i�f�i�c� �r�o�w�,� �t�h�e� �f�i�x�e�d� �v�a�l�u�e�s� 

�o�f� �p� �a�n�d� �q� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �{�P�}� �a�n�d� �{�Q�}� �a�r�r�a�y�s� �(�p�=�P�(�k�)� �a�n�d� �q�=�Q�(�k�)� �f�o�r� �t�h�e� �k�t�h� �r�o�w�)� �w�h�i�l�e� �i� �a�n�d� �j� �a�r�e� 

�f�r�e�e� �i�n�d�i�c�e�s�,� �e�a�c�h� �r�a�n�g�i�n�g� �f�r�o�m� �1� �t�o� �N�.� �O�n�c�e� �p� �a�n�d� �q� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �f�o�r� �t�h�e� �s�p�e�c�i�f�i�c� �r�o�w�,� �t�w�o� �n�e�s�t�e�d� �l�o�o�p�s� 

�a�r�e� �i�n�i�t�i�a�t�e�d� �t�o� �s�t�e�p� �f�r�o�m� �1� �t�o� �N� �f�o�r� �b�o�t�h� �i� �a�n�d� �j� �i�n�d�i�c�e�s�,� �e�a�c�h� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �i� �a�n�d� �j� �d�e�f�i�n�i�n�g� �a� �s�p�e�c�i�f�i�c� 

�c�o�l�u�m�n� �w�i�t�h�i�n� �t�h�e� �r�o�w� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� �A�f�t�e�r� �t�h�e� �t�w�o� �n�e�s�t�e�d� �l�o�o�p�s� �a�r�e� �c�o�m�p�l�e�t�e� �a�n�d� �a�l�l� �o�f� �t�h�e� �c�o�l�u�m�n�s� 

�a�r�e� �a�c�c�o�u�n�t�e�d� �f�o�r�,� �t�h�e� �o�u�t�e�r� �l�o�o�p� �u�p�d�a�t�e�s� �t�o� �t�h�e� �n�e�x�t� �r�o�w� �a�n�d� �t�h�e� �p�r�o�c�e�s�s� �i�s� �t�h�e�n� �r�e�p�e�a�t�e�d� �u�n�t�i�l� �a�l�l� �r�o�w�s� �a�r�e� 

�c�o�m�p�l�e�t�e�.� �W�h�e�n� �t�h�e� �o�u�t�e�r� �l�o�o�p� �i�s� �f�i�n�i�s�h�e�d�,� �t�h�e� �f�o�u�r� �s�u�b�m�a�t�r�i�c�e�s� �c�o�m�p�r�i�s�i�n�g� �[�K�y�]� �a�n�d� �[�K�g�]� �a�r�e� �c�o�m�b�i�n�e�d� �a�n�d� 

�a� �s�t�a�n�d�a�r�d� �e�i�g�e�n�v�a�l�u�e� �e�x�t�r�a�c�t�i�o�n� �r�o�u�t�i�n�e� �i�s� �u�s�e�d� �t�o� �s�o�l�v�e� �f�o�r� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �a�n�d� �e�i�g�e�n�v�e�c�t�o�r�s�.� �T�h�e� �c�r�i�t�i�c�a�l� 

�v�a�l�u�e� �o�f� �t�h�e� �l�o�a�d�i�n�g� �p�a�r�a�m�e�t�e�r�,� �i�.�e�.�,� �t�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d�,� �i�s� �t�h�e�n� �g�i�v�e�n� �b�y� �t�h�e� �l�o�w�e�s�t� �e�i�g�e�n�v�a�l�u�e�.� �S�e�e� �A�p�p�e�n�d�i�x� 

�C� �f�o�r� �a� �m�o�r�e� �d�e�t�a�i�l�e�d� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �p�r�o�c�e�d�u�r�e� �u�s�e�d� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �s�u�b�m�a�t�r�i�c�e�s�.� 

�2�.�1�2� �C�o�n�v�e�r�g�e�n�c�e� �a�n�d� �E�f�f�i�c�i�e�n�c�y� �o�f� �A�n�a�l�y�s�i�s� 

�B�e�c�a�u�s�e� �a� �s�e�r�i�e�s� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �p�l�a�t�e�,� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�i�s� 

�a�n�a�l�y�s�i�s� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �u�s�e�d� �i�n� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�n�g� �s�e�r�i�e�s�.� �T�a�b�l�e� �2�.�3� �p�r�e�s�e�n�t�s� �r�e�s�u�l�t�s� 

�s�h�o�w�i�n�g� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�i�s� �a�n�a�l�y�s�i�s� �o�v�e�r� �a� �v�a�r�i�e�t�y� �o�f� �g�e�o�m�e�t�r�i�e�s� �f�o�r� �b�o�t�h� �i�s�o�t�r�o�p�i�c� �a�n�d� �h�i�g�h�l�y� 

�a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� �w�i�t�h� �c�l�a�m�p�e�d� �e�n�d� �c�o�n�d�i�t�i�o�n�s�.� �I�n� �e�a�c�h� �r�o�w� �o�f� �t�h�e� �t�a�b�l�e� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �f�o�r� �b�u�c�k�l�i�n�g� 

�2�.�1�2� �C�o�n�v�e�r�g�e�n�c�e� �a�n�d� �E�f�f�i�c�i�e�n�c�y� �o�f� �A�n�a�l�y�s�i�s� �4�9



�C�h�a�p�t�e�r� �2�:� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �A�n�a�l�y�s�i�s� 

�c�o�e�f�f�i�c�i�e�n�t� �a�r�e� �n�o�r�m�a�l�i�z�e�d� �b�y� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �r�e�s�u�l�t�s� �f�o�r� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �f�o�r� �a� �s�p�e�c�i�f�i�c� �m�a�t�e�r�i�a�l� �a�n�d� �p�l�a�t�e� 

�g�e�o�m�e�t�r�y�.� �T�h�e� �g�e�n�e�r�a�l� �p�u�r�p�o�s�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�d�e� �A�B�A�Q�U�S� �i�s� �u�s�e�d�.� 
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�c�a�s�e�,� �a�d�d�i�t�i�o�n�a�l�l�y�,� �p�r�o�v�i�d�e�s� �a� �m�e�a�n�s� �o�f� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �c�l�a�s�s�i�c�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e�s�.� �I�n� �t�h�i�s� 

�a�n�a�l�y�s�i�s�,� �r�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�,� �k�,�,� �d�e�f�i�n�e�d� �a�s� 

�P�W�,� 
�k�,� �=�  � � ��_� �(�3�.�5�)� 

�x�?�,�[�D�,�,�D�y�p� 

�w�h�e�r�e� �P� �i�s� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d�,� �W�,� �i�s� �t�h�e� �p�l�a�t�e� �w�i�d�t�h� �a�t� �t�h�e� �w�i�d�e� �e�n�d� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�2�,� �a�n�d� �D�,�,�;� �a�n�d� �D�y�,� �a�r�e� 

�p�l�a�t�e� �b�e�n�d�i�n�g� �s�t�i�f�f�n�e�s�s�e�s� �a�s� �d�e�f�i�n�e�d� �b�y� �E�q�.� �(�2�.�2�9�)�.� �N�o�t�e� �t�h�a�t� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�,� �a�s� �d�e�f�i�n�e�d� �b�y� �E�q�.� �(�3�.�5�)� 

�i�s� �s�l�i�g�h�t�l�y� �d�i�f�f�e�r�e�n�t� �t�h�a�n� �t�h�e� �l�o�a�d�i�n�g� �p�a�r�a�m�e�t�e�r� �P�o�r� �t�h�a�t� �a�p�p�e�a�r�s� �n�a�t�u�r�a�l�l�y� �a�s� �a� �r�e�s�u�l�t� �o�f� �n�o�n�d�i�m�e�n�s�i�o�n�a�l�i�z�i�n�g� 

�t�h�e� �f�i�r�s�t� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �s�e�c�o�n�d� �v�a�r�i�a�t�i�o�n� �o�f� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �t�e�r�m�s� �o�f� �k�.�,� 

�r�a�t�h�e�r� �t�h�a�n� �i�n� �t�e�r�m�s� �o�f� �p� �c�r�?� �b�e�c�a�u�s�e� �t�h�e� �f�o�r�m� �o�f� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �u�s�e�d� �b�y� �B�r�u�s�h� �a�n�d� 

�A�l�m�r�o�t�h� �[�1�0�]�,� �T�i�m�o�s�h�e�n�k�o� �[�1�1�]� �a�n�d� �N�e�m�e�t�h� �[�7�]� �[�8�]� �a�n�d� �a�l�l�o�w�s� �d�i�r�e�c�t� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e�i�r� �r�e�s�u�l�t�s� �f�o�r� 

�r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e�s�.� 

�F�i�g�u�r�e� �3�.�2� �p�r�e�s�e�n�t�s� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �p�l�a�t�e� �a�s�p�e�c�t� �r�a�t�i�o� �f�o�r� �v�a�r�i�o�u�s� �p�l�a�t�e� �t�a�p�e�r� �r�a�t�i�o�s� �f�o�r� 

�a�n� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e�.� �A�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �l�i�n�e�s� �a�n�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �r�e�s�u�l�t�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� 

�s�y�m�b�o�l�s�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� �a�r�e� �f�o�r� �f�o�u�r� �t�e�r�m�s� �i�n� �t�h�e� �s�e�r�i�e�s� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� 

�d�i�s�p�l�a�c�e�m�e�n�t�.� �F�i�n�i�t�e� �e�l�e�m�e�n�t� �r�e�s�u�l�t�s� �a�r�e� �c�o�m�p�u�t�e�d� �f�o�r� �a� �n�u�m�b�e�r� �o�f� �a�s�p�e�c�t� �r�a�t�i�o�s� �b�e�t�w�e�e�n� �1�.�0� �a�n�d� �2�.�0�,� �a�n�d� �f�o�r� 

�a�s�p�e�c�t� �r�a�t�i�o� �o�f� �3�.�0�.� �T�a�p�e�r� �r�a�t�i�o�s� �o�f� �1�.�0�,� �1�.�5�,� �2�.�0�,� �a�n�d� �3�.�0� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� 

�3�.�4� �C�o�m�p�a�r�i�s�o�n� �o�f� �A�n�a�l�y�s�i�s� �w�i�t�h� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �R�e�s�u�l�t�s� �5�6
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� � � � � � �r�r�r�r�e�r�r�r�r� �P�p� �r�r�r� �r�r� �e�r�r� �p�r� �e�r�r� �r�e� �e�e� �p�e�r� �r�e�a� �p�r� �r�r�e�e�e�e�r�e�r�e�r� �p�e� �e�e�s� 

�0� �0�.�5� �1� �1�.�5� �2� �2�.�5� �3� 

�A�R�.� �(�L�/�W�,�)� 

�F�i�g�u�r�e� �3�.�2� �B�u�c�k�l�i�n�g� �C�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �I�s�o�t�r�o�p�i�c� �P�l�a�t�e�s�:� �S�i�m�p�l�y� �S�u�p�p�o�r�t�e�d� �E�n�d�s� 

�A�s� �c�a�n� �b�e� �s�e�e�n� �i�n� �F�i�g�.� �3�.�2�,� �t�h�e�r�e� �i�s� �l�e�s�s� �t�h�a�n� �1�%� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �a�n�a�l�y�s�i�s� �a�n�d� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �r�e�s�u�l�t�s� 

�f�o�r� �a�l�l� �o�f� �t�h�e� �a�s�p�e�c�t� �a�n�d� �t�a�p�e�r� �r�a�t�i�o�s� �c�o�n�s�i�d�e�r�e�d� �w�i�t�h� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s�,� �t�h�e� �a�n�a�l�y�t�i�c� �r�e�s�u�l�t�s� 

�p�r�e�d�i�c�t�i�n�g� �s�l�i�g�h�t�l�y� �g�r�e�a�t�e�r� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �t�h�a�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �r�e�s�u�l�t�s�.� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �f�o�r� �t�h�e� 

�r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e� �(�T�.�R�.�=�1�.�0�)� �m�a�t�c�h�e�s� �t�h�e� �c�l�a�s�s�i�c�a�l� �s�o�l�u�t�i�o�n� �e�x�a�c�t�l�y�,� �a� �f�e�s�t�o�o�n�e�d� �s�h�a�p�e� �w�i�t�h� �a� �m�i�n�i�m�u�m� �a�t� 

�k�,�=�4� �[�5�]� �[�1�0�]�.� �T�h�i�s� �f�e�s�t�o�o�n�e�d� �s�h�a�p�e� �i�s� �t�h�e� �r�e�s�u�l�t� �o�f� �m�o�d�e� �s�h�a�p�e� �c�h�a�n�g�e�s�,� �s�p�e�c�i�f�i�c�a�l�l�y� �a� �c�h�a�n�g�e� �i�n� �t�h�e� �n�u�m�b�e�r� 

�o�f� �h�a�l�f� �w�a�v�e�s� �a�l�o�n�g� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �p�l�a�t�e�.� �A�s� �t�h�e� �t�a�p�e�r� �r�a�t�i�o� �i�n�c�r�e�a�s�e�s�,� �t�h�e� �c�r�i�t�i�c�a�l� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� 

�i�n�c�r�e�a�s�e�s� �a�n�d� �t�h�e� �m�o�d�e� �c�h�a�n�g�e�s� �o�c�c�u�r� �a�t� �s�m�a�l�l�e�r� �a�s�p�e�c�t� �r�a�t�i�o�s�.� �T�h�i�s� �c�a�n� �b�e� �i�n�t�e�r�p�r�e�t�e�d� �a�s� �t�h�e� �t�a�p�e�r� �c�r�e�a�t�i�n�g� �a� 

�n�a�r�r�o�w�e�r� �a�v�e�r�a�g�e� �p�l�a�t�e� �w�i�d�t�h�,� �c�a�u�s�i�n�g� �a� �s�t�i�f�f�e�n�i�n�g� �e�f�f�e�c�t� �i�n� �t�h�e� �p�l�a�t�e�,� �a�n�d� �d�e�c�r�e�a�s�i�n�g� �t�h�e� �c�r�i�t�i�c�a�l� �l�e�n�g�t�h� �o�f� �t�h�e� 

�b�u�c�k�l�i�n�g� �h�a�l�f�-�w�a�v�e�.� �N�o�t�e� �a�l�s�o� �t�h�a�t� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �a�r�e� �s�m�o�o�t�h�e�r� �f�o�r� �p�l�a�t�e�s� �h�a�v�i�n�g� �h�i�g�h�e�r� �t�a�p�e�r� �r�a�t�i�o�s�,� �t�h�e�r�e� 

�n�o�t� �b�e�i�n�g� �a�s� �m�u�c�h� �s�h�a�r�p�n�e�s�s� �t�o� �t�h�e� �c�u�s�p�s� �i�n� �t�h�e� �f�e�s�t�o�o�n�e�d� �s�h�a�p�e�s�.� 

�B�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �p�l�a�t�e� �a�s�p�e�c�t� �r�a�t�i�o�,� �a�r�e� �s�h�o�w�n� �f�o�r� �v�a�r�i�o�u�s� �p�l�a�t�e� �t�a�p�e�r� �r�a�t�i�o�s� �o�f� �g�r�a�p�h�i�t�e�/� 

�e�p�o�x�y� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e�s� �h�a�v�i�n�g� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �[�0�]�2�4� �a�n�d� �[�9�0�]�>�4�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �i�n� �F�i�g�s�.� �3�.�3� �a�n�d� �3�.�4�.� �T�h�e�s�e� 

�s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �a�r�e� �l�i�m�i�t�i�n�g� �c�a�s�e�s� �f�o�r� �i�n�v�e�s�t�i�g�a�t�i�n�g� �h�o�w� �w�e�l�l� �t�h�e� �a�n�a�l�y�s�i�s� �h�a�n�d�l�e�s� �o�r�t�h�o�t�r�o�p�y�.� �T�h�e� 

�3�.�4� �C�o�m�p�a�r�i�s�o�n� �o�f� �A�n�a�l�y�s�i�s� �w�i�t�h� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �R�e�s�u�l�t�s� �5�7



�C�h�a�p�t�e�r� �3�:� �R�e�s�u�l�t�s� �f�o�r� �S�i�m�p�l�y� �S�u�p�p�o�r�t�e�d� �E�n�d�s� 

�p�a�r�a�m�e�t�e�r�s� �y� �a�n�d� �6� �e�q�u�a�l� �z�e�r�o�,� �h�o�w�e�v�e�r�,� �B� �n�o�w� �e�q�u�a�l�s� �0�.�4�0�5� �f�o�r� �A�S�4�/�3�5�0�2� �g�r�a�p�h�i�t�e�/�e�p�o�x�y�.� �T�h�e� �r�e�s�u�l�t�s� �i�n� 

�F�i�g�s�.� �3�.�3� �a�n�d� �3�.�4� �f�o�r� �(�O�]�z�4� �a�n�d� �[�9�0�]�,�,�4� �l�a�m�i�n�a�t�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�r�e� �f�o�r� �f�i�v�e� �t�e�r�m�s� �i�n� �t�h�e� �s�e�r�i�e�s� �f�o�r� �t�h�e� �o�u�t�-�o�f�-� 

�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �a�n�d� �s�h�o�w� �t�h�e� �s�a�m�e� �t�r�e�n�d�s� �a�s� �t�h�e� �i�s�o�t�r�o�p�i�c� �c�a�s�e�,� �s�p�e�c�i�f�i�c�a�l�l�y�,� �a�n� �i�n�c�r�e�a�s�e� 

�i�n� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �d�u�e� �t�o� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �t�a�p�e�r� �r�a�t�i�o� �o�f� �t�h�e� �p�l�a�t�e�.� �H�o�w�e�v�e�r�,� �t�h�e�r�e� �a�r�e� �g�r�e�a�t�e�r� 
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�C�h�a�p�t�e�r� �3�:� �R�e�s�u�l�t�s� �f�o�r� �S�i�m�p�l�y� �S�u�p�p�o�r�t�e�d� �E�n�d�s� 

�I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �D�,� �¢� �a�n�d� �D�2�¢� �h�a�v�e� �a� �s�i�g�n�i�f�i�c�a�n�t� �i�n�f�l�u�e�n�c�e� �o�n� �t�h�e� �b�u�c�k�l�e�d� �s�h�a�p�e� �o�f� �t�h�e� �p�l�a�t�e�.� �F�i�g�u�r�e�s� �3�.�1�3� 

�a�n�d� �3�.�1�4� �s�h�o�w� �t�h�e� �s�a�m�e� �p�l�a�t�e� �g�e�o�m�e�t�r�y� �a�s� �F�i�g�s�.� �3�.�1�1� �a�n�d� �3�.�1�2� �b�u�t� �f�o�r� �[�£�6�0�]�¢�,� �a�n�d� �[�+�6�0�,�/�-�6�0�¢�]�,� �l�a�m�i�n�a�t�e�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �N�o�t�e� �t�h�a�t� �t�h�e�s�e� �l�a�m�i�n�a�t�e�s�,� �b�e�c�a�u�s�e� �t�h�e�y� �a�r�e� �s�o�f�t�e�r� �i�n� �t�h�e� �l�o�a�d�i�n�g� �d�i�r�e�c�t�i�o�n� �t�h�a�n� �t�h�e� �£�3�0�)� 

�l�a�m�i�n�a�t�e�s�,� �b�u�c�k�l�e� �w�i�t�h� �t�w�o� �h�a�l�f� �w�a�v�e�s� �i�n� �t�h�e� �l�o�a�d�i�n�g� �d�i�r�e�c�t�i�o�n�.� �F�i�g�u�r�e�s� �3�.�1�5� �t�h�r�o�u�g�h� �3�.�1�8� �c�o�n�t�r�a�s�t� �t�h�e� �m�o�d�e� 

�s�h�a�p�e�s� �o�f� �a� �v�e�r�y�  ��s�t�i�f�f �� �l�a�m�i�n�a�t�e� �w�i�t�h� �a� �v�e�r�y�  ��s�o�f�t �� �l�a�m�i�n�a�t�e�.� �N�o�t�e� �a�g�a�i�n� �t�h�e� �l�a�m�i�n�a�t�e� �t�h�a�t� �i�s� �s�o�f�t�e�r� �i�n� �t�h�e� 

�l�o�a�d�i�n�g� �d�i�r�e�c�t�i�o�n� �b�u�c�k�l�e�s� �i�n� �m�u�l�t�i�p�l�e� �h�a�l�f� �w�a�v�e�s�.� �F�i�g�u�r�e�s� �3�.�1�9� �a�n�d� �3�.�2�0� �s�h�o�w� �t�h�e� �m�o�d�e� �s�h�a�p�e�s� �f�o�r� �t�w�o� 

�d�i�f�f�e�r�e�n�t� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s�,� �o�n�e� �h�i�g�h�l�y� �a�n�i�s�o�t�r�o�p�i�c�,� �o�f� �a� �h�i�g�h�l�y� �t�a�p�e�r�e�d� �g�e�o�m�e�t�r�y�.� 

�T�h�i�s� �s�u�r�v�e�y� �o�f� �b�u�c�k�l�e�d� �s�h�a�p�e�s� �p�r�o�v�i�d�e�s� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� �c�h�a�r�a�c�t�e�r� �o�f� �t�h�e� �b�u�c�k�l�i�n�g� �o�f� �t�a�p�e�r�e�d� �p�l�a�t�e�s�,� �a�n�d� �t�h�e� 

�i�m�p�o�r�t�a�n�t� �r�o�l�e� �o�f� �l�a�m�i�n�a�t�e� �s�t�a�c�k�i�n�g� �a�r�r�a�n�g�e�m�e�n�t� 

�3�.�7� �N�o�n�d�i�m�e�n�s�i�o�n�a�l� �R�e�l�a�t�i�o�n�s�h�i�p�s� 

�U�p� �t�o� �t�h�i�s� �p�o�i�n�t�,� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �h�a�v�e� �b�e�e�n� �p�r�e�s�e�n�t�e�d� �f�o�r� �p�l�a�t�e�s� �w�i�t�h� �s�p�e�c�i�f�i�c� �g�e�o�m�e�t�r�i�e�s�,� �p�l�y� 

�o�r�i�e�n�t�a�t�i�o�n�s�,� �a�n�d� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s�.� �T�h�i�s� �s�e�c�t�i�o�n�,� �h�o�w�e�v�e�r� �w�i�l�l� �p�r�e�s�e�n�t� �a� �s�e�r�i�e�s� �o�f� �g�e�n�e�r�i�c� �r�e�l�a�t�i�o�n�s�h�i�p�s� 

�s�h�o�w�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n�d�i�v�i�d�u�a�l� �n�o�n�d�i�m�e�n�s�i�o�n�a�l� �p�a�r�a�m�e�t�e�r�s� �o�n� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�i�s� �s�e�r�i�e�s� �o�f� 

�r�e�l�a�t�i�o�n�s�h�i�p�s�,� �b�a�s�e�d� �o�n� �n�o�n�d�i�m�e�n�s�i�o�n�a�l� �p�a�r�a�m�e�t�e�r�s�,� �c�o�v�e�r�s� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �p�l�a�t�e� 

�g�e�o�m�e�t�r�i�e�s� �i�n� �r�e�l�a�t�i�v�e�l�y� �f�e�w� �g�r�a�p�h�s�.� �R�e�f�e�r�e�n�c�e� �p�o�i�n�t�s� �s�h�o�w�i�n�g� �s�p�e�c�i�f�i�c� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �a�r�e� �i�n�c�l�u�d�e�d� �f�o�r� 

�a�n� �i�s�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l� �a�n�d� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n� �a�n�g�l�e�s� �6� �(�a�l�m�o�s�t� �0�)�,� �4�5�,� �a�n�d� �8�4� �(�a�l�m�o�s�t� �9�0�)� �d�e�g�r�e�e�s�.� �R�e�f�e�r� �t�o� �F�i�g�.� 

�3�.�1� �f�o�r� �n�o�n�d�i�m�e�n�s�i�o�n�a�l� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �a�t� �o�t�h�e�r� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n� �a�n�g�l�e�s�.� 

�F�i�g�u�r�e�s� �3�.�2�1� �-� �3�.�2�3� �s�h�o�w� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �&� �f�o�r� �v�a�r�i�o�u�s� �c�o�m�b�i�n�a�t�i�o�n�s� 

�o�f� �B�,� �y�,� �a�n�d� �6� �f�o�r� �a�s�p�e�c�t� �r�a�t�i�o� �1�.�0� �a�n�d� �t�a�p�e�r� �r�a�t�i�o�s� �1�.�0�,� �1�.�5�,� �a�n�d� �2�.�0� �r�e�s�p�e�c�t�i�v�e�l�y�.� �R�e�c�a�l�l� �f�r�o�m� �t�h�e� �d�e�f�i�n�i�t�i�o�n�s� �o�f� 

�E�q�s�.� �(�2�.�6�4�)�,� �(�3�.�3�)�,� �a�n�d� �(�3�.�4�)�,� �t�h�a�t� �&� �a�n�d� �B� �a�r�e� �m�e�a�s�u�r�e�s� �o�f� �b�e�n�d�i�n�g� �o�r�t�h�o�t�r�o�p�y�,� �i�.�e�.�,� �&� �i�s� �a� �m�e�a�s�u�r�e� �o�f� �t�h�e� 

�b�e�n�d�i�n�g� �s�t�i�f�f�n�e�s�s� �i�n� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�r�e�c�t�i�o�n� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �b�e�n�d�i�n�g� �s�t�i�f�f�n�e�s�s� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n�.� 

�U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e�r�e� �i�s� �n�o�t� �a� �c�o�r�r�e�s�p�o�n�d�i�n�g� �s�i�m�p�l�e� �p�h�y�s�i�c�a�l� �m�e�a�n�i�n�g� �f�o�r� �t�h�e� �q�u�a�n�t�i�t�y� �B� �b�e�c�a�u�s�e� �i�t� �i�s� �a� 

�c�o�m�b�i�n�a�t�i�o�n� �o�f� �a�l�l� �o�f� �t�h�e� �o�r�t�h�o�t�r�o�p�i�c� �t�e�r�m�s� �i�n� �t�h�e� �b�e�n�d�i�n�g� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�.� �I�t� �i�s� �a� �m�e�a�s�u�r�e� �o�f� �t�h�e� �c�u�r�v�a�t�u�r�e� 

�e�f�f�e�c�t�s� �(�a�n�t�i�c�l�a�s�t�i�c� �c�u�r�v�a�t�u�r�e� �a�n�d� �t�w�i�s�t�i�n�g� �c�u�r�v�a�t�u�r�e�)� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �a�v�e�r�a�g�e� �b�e�n�d�i�n�g� �s�t�i�f�f�n�e�s�s�.� �T�h�e� �q�u�a�n�t�i�t�i�e�s� 

�y� �a�n�d� �6� �p�r�o�v�i�d�e� �a� �m�e�a�s�u�r�e� �o�f� �b�e�n�d�i�n�g� �a�n�i�s�o�t�r�o�p�y�,� �i�.�e�.�,� �D�,�¢� �a�n�d� �D�¢�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �a�n� �i�n�c�r�e�a�s�e� �i�n� 

�t�h�e� �a�n�i�s�o�t�r�o�p�i�c� �p�a�r�a�m�e�t�e�r�s� �¥� �a�n�d� �6� �c�a�u�s�e�s� �a� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�.� �T�h�i�s� �w�a�s� �s�h�o�w�n� �i�n� �p�r�e�v�i�o�u�s� 

�f�i�g�u�r�e�s� �c�o�m�p�a�r�i�n�g� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �w�i�t�h� �g�r�o�u�p�e�d� �v�e�r�s�u�s� �i�n�t�e�r�s�p�e�r�s�e�d� �p�l�i�e�s� �a�n�d� �i�t� �i�s� �a�l�s�o� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �t�h�e�s�e� 

�n�o�n�d�i�m�e�n�s�i�o�n�a�l� �r�e�l�a�t�i�o�n�s�.� �I�t� �i�s� �a�l�s�o� �c�l�e�a�r� �t�h�a�t� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �o�r�t�h�o�t�r�o�p�i�c� �p�a�r�a�m�e�t�e�r� �B� �c�a�u�s�e�s� �a�n� �i�n�c�r�e�a�s�e� �i�n� 

�t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�.� �T�h�e� �o�r�t�h�o�t�r�o�p�i�c� �p�a�r�a�m�e�t�e�r� �&� �a�p�p�e�a�r�s� �t�o� �h�a�v�e� �t�h�e� �s�m�a�l�l�e�s�t� �e�f�f�e�c�t� �o�n� �t�h�e� �b�u�c�k�l�i�n�g� 

�c�o�e�f�f�i�c�i�e�n�t�,� �t�h�o�u�g�h� �f�o�r� �v�a�l�u�e�s� �o�f� �&� �>� �0�.�9�,� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n�c�r�e�a�s�e� �m�o�r�e� �o�r� �l�e�s�s� �m�o�n�o�t�o�n�i�c�a�l�l�y� �a�t� �a� �v�e�r�y� 

�s�l�o�w� �r�a�t�e�.� �T�h�e� �c�u�s�p�s� �d�u�e� �t�o� �a� �c�h�a�n�g�e�s� �i�n� �m�o�d�e� �s�h�a�p�e� �a�r�e� �n�o�t�e�w�o�r�t�h�y�.� �A�s� �o�b�s�e�r�v�e�d� �b�e�f�o�r�e� �i�n� �t�h�e� �d�i�m�e�n�s�i�o�n�a�l� 
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�3�.�2�,� �s�p�e�c�i�f�i�c�a�l�l�y�,� �a�s� �t�h�e� �t�a�p�e�r� �r�a�t�i�o� �i�n�c�r�e�a�s�e�s� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n�c�r�e�a�s�e�,� �t�h�e� �m�o�d�e� �c�h�a�n�g�e�s� �o�c�c�u�r� �a�t� 

�s�m�a�l�l�e�r� �a�s�p�e�c�t� �r�a�t�i�o�s�,� �a�n�d� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �b�e�c�o�m�e� �m�o�r�e� �s�m�o�o�t�h�,� �t�h�e� �c�u�s�p�s� �n�o�t� �b�e�i�n�g� �a�s� �d�i�s�t�i�n�c�t�.� �T�h�e� 

�r�e�l�a�t�i�o�n�s�h�i�p� �f�o�r� �t�h�e� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e�,� �(�T�.�R�.� �=� �1�.�0�)� �a�g�a�i�n� �m�a�t�c�h�e�s� �t�h�e� �c�l�a�s�s�i�c�a�l� �s�o�l�u�t�i�o�n� �e�x�a�c�t�l�y�.� �T�o� �b�e� �n�o�t�e�d� �i�n� 

�t�h�e� �c�l�a�m�p�e�d� �c�a�s�e�,� �f�o�r� �a�s�p�e�c�t� �r�a�t�i�o�s� �b�e�t�w�e�e�n� �0�.�5� �a�n�d� �1�.�0�,� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �r�e�l�a�t�i�o�n�s� �f�o�r� �t�h�e� �v�a�r�i�o�u�s� 
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�s�u�p�p�o�r�t�e�d� �c�a�s�e� �i�n� �F�i�g�.� �3�.�2� 
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�F�i�g�u�r�e� �4�.�3� �B�u�c�k�l�i�n�g� �C�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �[�9�0�]�,�,� �L�a�m�i�n�a�t�e�:� �C�l�a�m�p�e�d� �e�n�d�s� 

�T�h�e�s�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �f�o�r� �t�h�e� �[�9�0�]�2�,� �l�a�m�i�n�a�t�e� �h�a�v�e� �t�h�e� �s�a�m�e� �t�r�e�n�d�s� �a�s� �t�h�e� �i�s�o�t�r�o�p�i�c� �c�a�s�e�,� �s�p�e�c�i�f�i�c�a�l�l�y�,� �a�n� 

�i�n�c�r�e�a�s�e� �i�n� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �d�u�e� �t�o� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �t�a�p�e�r� �r�a�t�i�o� �o�f� �t�h�e� �p�l�a�t�e�.� �N�o�t�e�,� �h�o�w�e�v�e�r�,� �t�h�a�t� �F�i�g�.� �4�.�2� 

�r�e�v�e�a�l�s� �a� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �d�u�e� �t�o� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �p�l�a�t�e� �t�a�p�e�r� �r�a�t�i�o� �f�o�r� �(�0�]�5�4� �l�a�m�i�n�a�t�e�s� 

�h�a�v�i�n�g� �p�l�a�t�e� �a�s�p�e�c�t� �r�a�t�i�o�s� �l�e�s�s� �t�h�a�n� �1�.�7�.� �A�s� �s�e�e�n� �i�n� �F�i�g�.� �3�.�3�,� �t�h�i�s� �p�h�e�n�o�m�e�n�o�n� �i�s� �n�o�t� �e�x�h�i�b�i�t�e�d� �i�n� �[�O�]�2�4� 

�l�a�m�i�n�a�t�e�s� �w�i�t�h� �t�h�e� �s�a�m�e� �g�e�o�m�e�t�r�i�e�s� �b�u�t� �w�i�t�h� �s�i�m�p�l�e� �s�u�p�p�o�r�t�s� �o�n� �t�h�e� �e�n�d�s�.� �T�h�i�s� �i�s� �a� �f�u�r�t�h�e�r� �e�x�a�g�g�e�r�a�t�i�o�n� �o�f� 

�t�h�e� �a�f�o�r�e�m�e�n�t�i�o�n�e�d� �r�e�v�e�r�s�a�l� �e�f�f�e�c�t� �s�e�e�n� �i�n� �F�i�g�.� �4�.�1� �r�e�l�a�t�i�v�e� �t�o� �F�i�g�.� �3�.�2�.� 

�N�o�t�e� �t�h�a�t� �f�o�r� �t�h�e� �[�0�]�5�4� �a�n�d� �[�9�0�}�,�4� �l�a�m�i�n�a�t�e�s�,� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �a�n�a�l�y�s�i�s� �a�r�e� �g�r�e�a�t�e�r� 

�t�h�a�n� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h�.� �T�h�i�s� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �s�i�m�p�l�y� 

�s�u�p�p�o�r�t�e�d� �c�a�s�e� �f�o�r� �[�0�]�>�4� �a�n�d� �[�9�0�]�>�,� �l�a�m�i�n�a�t�e�s�.� �T�h�e�r�e� �i�s� �b�e�t�t�e�r� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �[�9�0�]�2�,� �l�a�m�i�n�a�t�e� �t�h�a�n� �f�o�r� �t�h�e� �[�0�]�,� �l�a�m�i�n�a�t�e�.� �T�h�i�s� �i�s� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n�,� �i�n� 

�C�h�.� �2�,� �t�h�a�t� �t�h�e� �a�s�s�u�m�e�d� �N�,� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �c�l�o�s�e�r� �t�o� �t�h�e� �a�c�t�u�a�l� �p�r�e�b�u�c�k�l�i�n�g� �s�t�r�e�s�s� �r�e�s�u�l�t�a�n�t� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �t�h�e� 

�[�9�0�}�2�4� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e�s� �t�h�a�n� �f�o�r� �t�h�e� �[�0�]�.�4� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e�s� �(�s�e�e� �F�i�g�s�.� �2�-�6� �-�2�.�1�1� �v�s�.� �F�i�g�s� �2�.�1�2� �-� �2�.�1�7�)�.� �F�o�r� �t�h�e� 

�[�9�0�]�>�,� �l�a�m�i�n�a�t�e�,� �t�h�e� �a�n�a�l�y�t�i�c� �s�o�l�u�t�i�o�n� �y�i�e�l�d�s� �n�o�n�c�o�n�s�e�r�v�a�t�i�v�e� �r�e�s�u�l�t�s� �3�%� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�s�o�l�u�t�i�o�n� �f�o�r� �t�a�p�e�r� �r�a�t�i�o� �3�.�0�,� �1�.�5�%� �h�i�g�h�e�r� �f�o�r� �t�a�p�e�r� �r�a�t�i�o� �2�.�0�,� �a�n�d� �l�e�s�s� �t�h�a�n� �1�%� �h�i�g�h�e�r� �f�o�r� �t�a�p�e�r� �r�a�t�i�o� �1�.�5�.� �F�o�r� 

�p�l�a�t�e� �a�s�p�e�c�t� �r�a�t�i�o�s� �l�e�s�s� �t�h�a�n� �1�.�4�,� �t�h�e� �a�n�a�l�y�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �[�0�]�2�4� �l�a�m�i�n�a�t�e� �y�i�e�l�d�s� �r�e�s�u�l�t�s� �9�%� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� 

�4�.�2� �C�o�m�p�a�r�i�s�o�n� �o�f� �A�n�a�l�y�s�i�s� �w�i�t�h� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �R�e�s�u�l�t�s� �8�0



�C�h�a�p�t�e�r� �4�:� �R�e�s�u�l�t�s� �f�o�r� �C�l�a�m�p�e�d� �E�n�d�s� 

�f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �f�o�r� �t�a�p�e�r� �r�a�t�i�o� �3�.�0�,� �7�%� �h�i�g�h�e�r� �f�o�r� �t�a�p�e�r� �r�a�t�i�o� �2�.�0�,� �a�n�d� �5�%� �h�i�g�h�e�r� �f�o�r� �t�a�p�e�r� �r�a�t�i�o� �1�.�5�.� �T�h�e� 

�a�n�a�l�y�s�i�s� �y�i�e�l�d�s� �t�h�e� �s�a�m�e� �s�o�l�u�t�i�o�n� �a�s� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �f�o�r� �t�h�e� �r�e�c�t�a�n�g�u�l�a�r� �c�a�s�e� �o�f� �b�o�t�h� �l�a�m�i�n�a�t�e�s�.� 

�B�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �p�l�a�t�e� �a�s�p�e�c�t� �r�a�t�i�o� �f�o�r� �v�a�r�i�o�u�s� �p�l�a�t�e� �t�a�p�e�r� �r�a�t�i�o�s� �o�f� �g�r�a�p�h�i�t�e�/�e�p�o�x�y� �p�l�a�t�e�s� 
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�i�s� �v�i�s�i�b�l�e� �i�n� �F�i�g�s�.� �3�.�5� �a�n�d� �3�.�6� �f�o�r� �p�l�a�t�e�s� �h�a�v�i�n�g� �t�h�e� �s�a�m�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �b�u�t� �w�i�t�h� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �e�n�d�s�.� 
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�l�a�m�i�n�a�t�e�.� �F�i�g�u�r�e�s� �4�.�1�1� �a�n�d� �4�.�1�2� �s�h�o�w� �m�o�d�e� �s�h�a�p�e�s� �f�o�r� �t�h�e� �s�a�m�e� �p�a�i�r� �o�f� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �a�s� �F�i�g�s�.� �4�.�9� �a�n�d� 

�4�.�1�0� �b�u�t� �f�o�r� �p�l�a�t�e�s� �h�a�v�i�n�g� �t�a�p�e�r�e�d� �g�e�o�m�e�t�r�i�e�s�.� �F�i�g�u�r�e�s� �4�.�1�3� �a�n�d� �4�.�1�4� �s�h�o�w� �t�h�e� �s�a�m�e� �p�l�a�t�e� �g�e�o�m�e�t�r�y� �a�s� �F�i�g�s�.� 

�4�.�1�1� �a�n�d� �4�.�1�2� �b�u�t� �f�o�r� �[�+�6�0�]�¢�,� �a�n�d� �[�+�6�0�¢�/�-�6�0�¢�]�,� �l�a�m�i�n�a�t�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�i�g�u�r�e�s� �4�.�1�5� �t�h�r�o�u�g�h� �4�.�1�8� �c�o�n�t�r�a�s�t� �t�h�e� 

�m�o�d�e� �s�h�a�p�e�s� �o�f� �a� �v�e�r�y�  � ��s�t�i�f�f �� �l�a�m�i�n�a�t�e� �w�i�t�h� �a� �v�e�r�y�  ��s�o�f�t �� �l�a�m�i�n�a�t�e�.� �F�i�g�u�r�e�s� �4�.�1�9� �a�n�d� �4�.�2�0� �s�h�o�w� �t�h�e� �m�o�d�e� 

�s�h�a�p�e�s� �f�o�r� �t�w�o� �d�i�f�f�e�r�e�n�t� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s�,� �o�n�e� �h�i�g�h�l�y� �a�n�i�s�o�t�r�o�p�i�c�,� �o�f� �a� �h�i�g�h�l�y� �t�a�p�e�r�e�d� �g�e�o�m�e�t�r�y�.� 

�4�.�4� �B�u�c�k�l�e�d� �M�o�d�e� �S�h�a�p�e�s� �8�5
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�C�h�a�p�t�e�r� �4�:� �R�e�s�u�l�t�s� �f�o�r� �C�l�a�m�p�e�d� �E�n�d�s� 

�C�o�m�p�a�r�i�n�g� �F�i�g�s�.� �3�.�9� �w�i�t�h� �F�i�g�s�.� �4�.�9� �s�h�o�w�s� �t�h�a�t� �t�h�e� �c�l�a�m�p�e�d� �e�n�d� �c�o�n�d�i�t�i�o�n�s� �f�o�r�c�e� �g�r�e�a�t�e�r� �c�u�r�v�a�t�u�r�e� �f�o�r� �t�h�e� 

�c�l�a�m�p�e�d� �p�l�a�t�e� �b�e�c�a�u�s�e� �t�h�e� �p�l�a�t�e� �m�o�d�e� �s�h�a�p�e� �i�s� �m�o�v�e�d� �i�n� �t�o�w�a�r�d�s� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �p�l�a�t�e�,� �a�l�t�h�o�u�g�h� �t�h�e� 

�l�o�n�g�i�t�u�d�i�n�a�l� �l�o�c�a�t�i�o�n� �o�f� �m�a�x�i�m�u�m� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �t�h�e� �s�a�m�e� �f�o�r� �t�h�e� �t�w�o� �d�i�f�f�e�r�e�n�t� �s�e�t�s� �o�f� �e�n�d� 

�c�o�n�d�i�t�i�o�n�s�.� �F�i�g�u�r�e�s� �3�.�9� �a�n�d� �4�.�9� �s�h�o�w� �t�h�e� �s�a�m�e� �t�r�e�n�d�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �a�s� �s�e�e�n� �w�h�e�n� �c�o�m�p�a�r�i�n�g� �F�i�g�s�.� �3�.�1�0� �w�i�t�h� 

�4�.�1�0�,� �t�h�e� �s�k�e�w�i�n�g� �e�f�f�e�c�t�s� �d�u�e� �t�o� �m�a�t�e�r�i�a�l� �a�n�i�s�o�t�r�o�p�y� �a�r�e� �a�m�p�l�i�f�i�e�d� �b�y� �t�h�e� �c�l�a�m�p�e�d� �e�n�d� �c�o�n�d�i�t�i�o�n�s�.� 

�C�o�m�p�a�r�i�n�g� �F�i�g�s�.� �3�.�1�1� �-� �3�.�1�4� �w�i�t�h� �F�i�g�s�.� �4�.�1�1� �-� �4�.�1�4� �s�h�o�w�s� �t�h�a�t� �t�h�e� �c�l�a�m�p�e�d� �e�n�d� �c�o�n�d�i�t�i�o�n�s� �c�a�u�s�e� �t�h�e� �p�e�a�k� �o�f� 

�t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �t�o� �s�h�i�f�t� �t�o�w�a�r�d� �t�h�e� �n�a�r�r�o�w� �e�n�d� �o�f� �t�h�e� �p�l�a�t�e�.� �C�o�m�p�a�r�i�n�g� �F�i�g�s�.� �3�.�1�8� �a�n�d� �4�.�1�8� 

�s�h�o�w�s� �t�h�a�t� �t�h�e� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �c�a�u�s�e� �t�h�e� �[�9�0�]�,�,� �l�a�m�i�n�a�t�e� �t�o� �b�u�c�k�l�e� �i�n�t�o� �t�h�r�e�e� �h�a�l�f� 

�w�a�v�e�s� �w�i�t�h� �a� �r�e�l�a�t�i�v�e�l�y� �l�a�r�g�e� �a�r�e�a� �i�n� �t�h�e� �n�a�r�r�o�w� �e�n�d� �h�a�v�i�n�g� �v�e�r�y� �l�i�t�t�l�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �w�h�i�l�e� �t�h�e� 

�c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �c�a�u�s�e� �t�h�i�s� �l�a�m�i�n�a�t�e� �t�h�e� �b�u�c�k�l�e� �i�n�t�o� �4� �h�a�l�f� �w�a�v�e�s�.� 

�4�.�5� �N�o�n�d�i�m�e�n�s�i�o�n�a�l� �R�e�l�a�t�i�o�n�s�h�i�p�s� 

�A�s� �i�n� �C�h�.� �3�,� �t�h�i�s� �s�e�c�t�i�o�n� �p�r�e�s�e�n�t�s� �a� �s�e�r�i�e�s� �o�f� �g�e�n�e�r�i�c� �r�e�l�a�t�i�o�n�s�h�i�p�s� �s�h�o�w�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n�d�i�v�i�d�u�a�l� 

�n�o�n�d�i�m�e�n�s�i�o�n�a�l� �p�a�r�a�m�e�t�e�r�s� �o�n� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�i�s� �s�e�r�i�e�s� �o�f� �r�e�l�a�t�i�o�n�s�h�i�p�s�,� �b�a�s�e�d� �o�n� 

�n�o�n�d�i�m�e�n�s�i�o�n�a�l� �p�a�r�a�m�e�t�e�r�s�,� �c�o�v�e�r�s� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �p�l�a�t�e� �g�e�o�m�e�t�r�i�e�s� �i�n� �r�e�l�a�t�i�v�e�l�y� 

�f�e�w� �g�r�a�p�h�s�.� �W�h�e�n� �p�o�s�s�i�b�l�e�,� �p�o�i�n�t�s� �s�h�o�w�i�n�g� �a� �s�p�e�c�i�f�i�c� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n� �o�r� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �a�r�e� �i�n�c�l�u�d�e�d� �f�o�r� 

�r�e�f�e�r�e�n�c�e�.� �F�i�g�u�r�e�s� �4�.�2�1� �-� �4�.�2�3� �s�h�o�w� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �&� �f�o�r� �v�a�r�i�o�u�s� 

�c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �B�,� �y�,� �a�n�d� �6� �f�o�r� �a�s�p�e�c�t� �r�a�t�i�o� �1�.�0� �a�n�d� �t�a�p�e�r� �r�a�t�i�o�s� �1�.�0�,� �1�.�5�,� �a�n�d� �2�.�0� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� 

�a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �a�n�i�s�o�t�r�o�p�i�c� �p�a�r�a�m�e�t�e�r�s� �y� �a�n�d� �5� �c�a�u�s�e�s� �a� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�.� �T�h�i�s� �w�a�s� �a�l�s�o� 

�s�h�o�w�n� �i�n� �p�r�e�v�i�o�u�s� �f�i�g�u�r�e�s� �c�o�m�p�a�r�i�n�g� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �w�i�t�h� �g�r�o�u�p�e�d� �v�e�r�s�u�s� �i�n�t�e�r�s�p�e�r�s�e�d� �p�l�i�e�s�.� �I�t� �i�s� �a�l�s�o� 
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�4�.�5� �N�o�n�d�i�m�e�n�s�i�o�n�a�l� �R�e�l�a�t�i�o�n�s�h�i�p�s� �9�5
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�0� �0�.�5� �1� �1�.�5� �2� �2�.�5� �3� �3�.�5� 
�B� 

�F�i�g�u�r�e� �4�.�2�6� �E�f�f�e�c�t�s� �o�f� �B�,� �y�,� �a�n�d� �6� �f�o�r� �s�e�v�e�r�a�l� �v�a�l�u�e�s� �o�f� �&� �o�n� �B�u�c�k�l�i�n�g� �C�o�e�f�f�i�c�i�e�n�t�:� 
�C�l�a�m�p�e�d� �E�n�d�s�;� �A�.�R�.� �=� �1�.�0�,� �T�.�R�.� �=� �2�.�0� 
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�I�t� �i�s� �c�l�e�a�r� �b�y� �c�o�m�p�a�r�i�n�g� �F�i�g�s�.� �4�.�2�1� �-� �4�.�2�6� �w�i�t�h� �F�i�g�s� �3�.�2�1� �-� �3�.�2�6� �t�h�a�t� �c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �e�n�d�s� 

�c�a�n� �h�a�v�e� �a� �s�i�g�n�i�f�i�c�a�n�t� �e�f�f�e�c�t� �o�n� �t�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d� �t�h�r�o�u�g�h� �i�n�t�e�r�a�c�t�i�o�n� �w�i�t�h� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� 

�t�h�e� �r�a�t�i�o� �o�f� �l�o�n�g�i�t�u�d�i�n�a�l� �b�e�n�d�i�n�g� �s�t�i�f�f�n�e�s�s� �t�o� �t�r�a�n�s�v�e�r�s�e� �b�e�n�d�i�n�g� �s�t�i�f�f�n�e�s�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �p�a�r�a�m�e�t�e�r� �&� �h�a�s� 

�a� �m�u�c�h� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t� �e�f�f�e�c�t� �f�o�r� �c�l�a�m�p�e�d� �p�l�a�t�e�s� �t�h�a�n� �i�t� �d�o�e�s� �f�o�r� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �p�l�a�t�e�s�.� 

�W�i�t�h� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �b�u�c�k�l�i�n�g� �r�e�s�p�o�n�s�e� �o�f� �p�l�a�t�e�s� �w�i�t�h� �t�r�a�p�e�z�o�i�d�a�l� �p�l�a�n�f�o�r�m� �h�a�v�i�n�g� �b�e�e�n� �t�h�o�r�o�u�g�h�l�y� 

�d�i�s�c�u�s�s�e�d� �f�o�r� �p�l�a�t�e�s� �h�a�v�i�n�g� �e�i�t�h�e�r� �c�l�a�m�p�e�d� �o�r� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �e�n�d�s�,� �a�n�d� �w�i�t�h� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� 

�t�h�e� �v�a�r�i�o�u�s� �p�a�r�a�m�e�t�e�r�s� �o�n� �t�h�e� �r�e�s�p�o�n�s�e� �e�s�t�a�b�l�i�s�h�e�d�,� �a�t�t�e�n�t�i�o�n� �t�u�r�n�s� �t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �i�n�v�e�s�t�i�g�a�t�i�o�n�.� �T�h�e� 

�n�e�x�t� �c�h�a�p�t�e�r� �d�e�s�c�r�i�b�e�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s� �c�o�n�d�u�c�t�e�d� �a�s� �p�a�r�t� �o�f� �t�h�i�s� �s�t�u�d�y� 

�4�.�5� �N�o�n�d�i�m�e�n�s�i�o�n�a�l� �R�e�l�a�t�i�o�n�s�h�i�p�s� �9�6



�C�h�a�p�t�e�r� �5� 

�E�x�p�e�r�i�m�e�n�t�a�l� �A�p�p�r�o�a�c�h� 

�5�.�1� �O�v�e�r�v�i�e�w� �o�f� �E�x�p�e�r�i�m�e�n�t�a�l� �P�r�o�g�r�a�m� 

�I�n� �o�r�d�e�r� �f�o�r� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �t�o� �b�e� �c�r�e�d�i�b�l�e� �a�n�d� �u�s�e�f�u�l�,� �t�h�e�y� �s�h�o�u�l�d� �b�e� �v�e�r�i�f�i�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �T�o� 

�c�o�m�p�l�e�m�e�n�t� �t�h�e� �n�u�m�e�r�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s�,� �e�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �c�o�n�d�u�c�t�e�d� �t�o� �m�e�a�s�u�r�e� �t�h�e� �b�u�c�k�l�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�o�f� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e�s� �w�i�t�h� �a� �t�r�a�p�e�z�o�i�d�a�l� �p�l�a�n�f�o�r�m� �a�r�e�a� �o�v�e�r� �a� �r�a�n�g�e� �o�f� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �a�n�d� �p�l�a�t�e� 

�g�e�o�m�e�t�r�i�e�s�.� �T�h�i�s� �c�h�a�p�t�e�r� �p�r�e�s�e�n�t�s� �t�h�e� �p�l�a�t�e� �g�e�o�m�e�t�r�i�e�s� �a�n�d� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �i�n�v�e�s�t�i�g�a�t�e�d�;� �d�e�s�c�r�i�b�e�s� �t�h�e� 

�s�p�e�c�i�a�l�i�z�e�d� �t�e�s�t� �f�i�x�t�u�r�e�s� �u�s�e�d� �t�o� �p�r�o�v�i�d�e� �t�h�e� �r�e�q�u�i�r�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �s�p�e�c�i�m�e�n�s�;� �d�i�s�c�u�s�s�e�s� �t�h�e� 

�v�a�r�i�o�u�s� �i�n�s�t�r�u�m�e�n�t�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �e�n�d�-�s�h�o�r�t�e�n�i�n�g�,� �i�n�p�l�a�n�e� �s�t�r�a�i�n�,� �o�u�t�-�o�f�-�p�l�a�n�e� �d�e�f�l�e�c�t�i�o�n�,� 

�a�n�d� �b�u�c�k�l�e�d� �m�o�d�e� �s�h�a�p�e�;� �a�n�d� �d�e�f�i�n�e�s� �t�h�e� �s�p�e�c�i�f�i�c� �e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�c�e�d�u�r�e� �u�s�e�d� �t�o� �c�o�n�d�u�c�t� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s� 

�a�n�d� �r�e�d�u�c�e� �t�h�e� �d�a�t�a�.� 

�5�.�2� �T�e�s�t� �S�p�e�c�i�m�e�n� �G�e�o�m�e�t�r�i�e�s� �a�n�d� �S�t�a�c�k�i�n�g� �S�e�q�u�e�n�c�e�s� 

�T�h�e� �v�a�r�i�a�b�l�e�s� �o�f� �i�n�t�e�r�e�s�t� �f�o�r� �t�h�i�s� �p�r�o�b�l�e�m� �c�a�n� �b�e� �d�i�v�i�d�e�d� �i�n�t�o� �t�w�o� �c�a�t�e�g�o�r�i�e�s�,� �s�p�e�c�i�m�e�n� �g�e�o�m�e�t�r�y� �a�n�d� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� �I�n� �t�h�e� �s�p�e�c�i�m�e�n� �g�e�o�m�e�t�r�y� �c�a�t�e�g�o�r�y� �t�h�e� �t�w�o� �v�a�r�i�a�b�l�e�s� �o�f� �i�n�t�e�r�e�s�t� �a�r�e� �t�h�e� �t�a�p�e�r� �r�a�t�i�o� �a�n�d� 

�a�s�p�e�c�t� �r�a�t�i�o�.� �F�o�r� �c�o�n�v�e�n�i�e�n�c�e� �t�h�e�s�e� �d�e�f�i�n�i�t�i�o�n�s� �a�r�e� �r�e�p�e�a�t�e�d� �h�e�r�e�,� �n�a�m�e�l�y�,� 

�W�w�W�,� 
�T�.�R�.� �=�  �� �(�5�.�1�a�)� 

�W�w�,� 

�a�n�d� 

�L� 
�A�.�R�.� �=�  �� �(�5�.�1�b�)� 

�W� 

�F�i�g�u�r�e� �5�.�1� �i�s� �a� �s�c�h�e�m�a�t�i�c� �d�i�a�g�r�a�m� �w�h�i�c�h� �s�h�o�w�s� �t�h�e� �t�e�s�t� �s�p�e�c�i�m�e�n� �g�e�o�m�e�t�r�y�.� �A�s� �i�n� �F�i�g�.� �1�.�1�,� �t�h�e� �d�i�m�e�n�s�i�o�n�s� 

�W�,� �a�n�d� �W�,� �a�r�e� �t�h�e� �u�n�s�u�p�p�o�r�t�e�d� �p�l�a�t�e� �w�i�d�t�h� �a�t� �t�h�e� �n�a�r�r�o�w� �a�n�d� �w�i�d�e� �(�t�o�p� �a�n�d� �b�o�t�t�o�m�)� �e�n�d�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� 

�L� �i�s� �t�h�e� �u�n�s�u�p�p�o�r�t�e�d� �p�l�a�t�e� �l�e�n�g�t�h�.� �T�h�e� �t�e�r�m� �u�n�s�u�p�p�o�r�t�e�d� �i�s� �u�s�e�d� �b�e�c�a�u�s�e� �i�n� �o�r�d�e�r� �t�o� �p�r�o�v�i�d�e� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s�,� �t�h�e� �s�p�e�c�i�m�e�n�s� �a�r�e� �o�v�e�r�s�i�z�e� �t�o� �a�c�c�o�m�m�o�d�a�t�e� �f�i�x�t�u�r�i�n�g�.� �T�h�e� �g�r�a�y� 

�a�r�e�a�s�,� �w�i�t�h� �a�s�s�o�c�i�a�t�e�d� �d�i�m�e�n�s�i�o�n�s�,� �i�n� �F�i�g�.� �5�.�1� �r�e�p�r�e�s�e�n�t� �a�r�e�a�s� �o�f� �t�h�e� �s�p�e�c�i�m�e�n� �h�e�l�d� �w�i�t�h�i�n� �t�h�e� �t�e�s�t� �f�i�x�t�u�r�e�.� 

�5�.�1� �O�v�e�r�v�i�e�w� �o�f� �E�x�p�e�r�i�m�e�n�t�a�l� �P�r�o�g�r�a�m� �9�7



�C�h�a�p�t�e�r� �5�:� �E�x�p�e�r�i�m�e�n�t�a�l� �A�p�p�r�o�a�c�h� 

�T�h�e� �d�i�m�e�n�s�i�o�n�s� �W�,� �;� �W�,�;� �a�n�d� �L� �a�r�e� �t�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �t�e�s�t� �s�p�e�c�i�m�e�n�s� �r�e�q�u�i�r�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �n�e�c�e�s�s�a�r�y� 

�f�i�x�t�u�r�i�n�g� �a�r�e�a�s� �a�n�d� �u�n�s�u�p�p�o�r�t�e�d� �l�e�n�g�t�h�s�.� 
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�F�i�g�u�r�e� �5�.�1� �T�e�s�t� �S�p�e�c�i�m�e�n� �G�e�o�m�e�t�r�y� 

�T�a�b�l�e� �5�.�1� �p�r�e�s�e�n�t�s� �t�h�e� �s�p�e�c�i�f�i�c� �a�s�p�e�c�t� �r�a�t�i�o� �a�n�d� �t�a�p�e�r� �r�a�t�i�o� �c�o�m�b�i�n�a�t�i�o�n�s� �i�n�v�e�s�t�i�g�a�t�e�d� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�v�a�l�u�e�s� �f�o�r� �d�i�m�e�n�s�i�o�n�s� �W�,�,� �W�,�,� �a�n�d� �L�.� 

�5�.�2� �T�e�s�t� �S�p�e�c�i�m�e�n� �G�e�o�m�e�t�r�i�e�s� �a�n�d� �S�t�a�c�k�i�n�g� �S�e�q�u�e�n�c�e�s� �9�8



�C�h�a�p�t�e�r� �5�:� �E�x�p�e�r�i�m�e�n�t�a�l� �A�p�p�r�o�a�c�h� 

�T�a�b�l�e� �5�.�1� �R�a�n�g�e� �o�f� �G�e�o�m�e�t�r�i�c� �P�a�r�a�m�e�t�e�r�s� �S�t�u�d�i�e�d� �a�n�d� �S�p�e�c�i�m�e�n� �D�i�m�e�n�s�i�o�n�s� 
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�1�.�0� �3�6�8� �3�7�5� 

�1�.�5� �1�.�0� �2�4�7� �3�7�2� �3�7�5� 

�1�.�5� �2�.�0� �2�4�8� �3�7�0� �7�3�0� 

�3�.�0� �1�.�0� �1�2�5�.�6� �3�7�5� �3�7�5� � � � � � � � � � � � � � � 

�T�h�e� �e�f�f�e�c�t�s� �t�h�a�t� �m�a�t�e�r�i�a�l� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� �a�n�g�l�e� �a�n�d� �p�l�a�t�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �h�a�v�e� �o�n� �t�h�e� �n�o�n�d�i�m�e�n�s�i�o�n�a�l� 

�p�a�r�a�m�e�t�e�r�s� �w�e�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �c�o�n�n�e�c�t�i�o�n� �w�i�t�h� �F�i�g�.� �3�.�1�.� �T�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e�s�e� �e�f�f�e�c�t�s�,� �s�p�e�c�i�m�e�n�s� �f�o�r� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�s� �h�a�v�e� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n�s� �r�a�n�g�i�n�g� �f�r�o�m� �0� �t�o� �9�0� �d�e�g�r�e�e�s� �a�t� �0�,� �3�0�,� �4�5�,� �6�0�,� �a�n�d� �9�0� �d�e�g�r�e�e�s�.� �T�o� �a�s�s�e�s�s� 

�t�h�e� �e�f�f�e�c�t� �o�f� �D�;�¢� �a�n�d� �D�y�¢�,� �b�o�t�h� �c�l�u�s�t�e�r�e�d� �a�n�d� �i�n�t�e�r�s�p�e�r�s�e�d� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �a�r�e� �s�t�u�d�i�e�d� �f�o�r� �e�a�c�h� �v�a�l�u�e� �o�f� �0�.� 

�A�s� �l�i�m�i�t�i�n�g� �c�a�s�e�s� �t�o� �b�o�u�n�d� �t�h�e� �p�r�o�b�l�e�m�,� �t�h�e� �[�0�]�2�4� �a�n�d� �[�9�0�]�>�,� �p�l�a�t�e�s� �a�r�e� �s�t�u�d�i�e�d�.� �A�n�d� �f�i�n�a�l�l�y�,� �a� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� 

�l�a�m�i�n�a�t�e� �[�+�4�5�/�0�/�-�4�5�/�9�0�]�3�,� �i�s� �s�t�u�d�i�e�d� �b�e�c�a�u�s�e� �i�t� �i�s� �a� �l�a�m�i�n�a�t�e� �o�f� �i�n�t�e�r�e�s�t�.� �A�l�u�m�i�n�u�m� �s�p�e�c�i�m�e�n�s� �a�r�e� �a�l�s�o� �t�e�s�t�e�d�.� 

�T�a�b�l�e� �5�.�2� �p�r�e�s�e�n�t�s� �t�h�e� �m�a�t�r�i�x� �o�f� �t�h�e� �s�p�e�c�i�f�i�c� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n� �a�n�d� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �c�o�m�b�i�n�a�t�i�o�n�s� 

�i�n�v�e�s�t�i�g�a�t�e�d�.� 

�T�a�b�l�e� �5�.�2� �L�a�m�i�n�a�t�e�s� �I�n�v�e�s�t�i�g�a�t�e�d� 
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�0� �[�O�]�o�4� 

�3�0� �[�+�3�0�/�-�3�0�]�¢�.� 

�3�0� �[�+�3�0�¢�/�-�3�0�¢�]�,� 

�4�5� �(�[�+�4�5�/�-�4�5�]�¢�,� 

�6�0� �[�+�6�0�/�-�6�0�)�¢�,� 

�6�0� �[�+�6�0�¢�/�-�6�0�¢�)�,� 

�9�0� �[�9�0� �]�o�4� 

�Q�u�a�s�i�-� �[�+�4�5�/�0�/�-�4�5�/�9�0�)�3�,� 
�I�s�o�t�r�o�p�i�c� �.� 

�I�s�o�t�r�o�p�i�c� �a�l�u�m�i�n�u�m� � � � � � � � � 

�5�.�2� �T�e�s�t� �S�p�e�c�i�m�e�n� �G�e�o�m�e�t�r�i�e�s� �a�n�d� �S�t�a�c�k�i�n�g� �S�e�q�u�e�n�c�e�s� �9�9


