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Axel Emanuel Alcocer Seoane 

 

Abstract 

 Planar defects such as free surfaces and grain boundaries in metals and alloys play 

important roles affecting many material properties such as fracture toughness, corrosion resistance, 

wetting, and catalysis. Their interactions with point defects and solute elements also play critical 

roles on governing the microstructural evolution and associated property changes in materials. 

This work seeks to use atomistic modeling to obtain a fundamental understanding of many surface 

and interface related properties and phenomena, namely: orientation-dependent surface energy of 

elemental metals and alloys, segregation of solute elements at grain boundaries and their impact 

on grain boundary cohesive strength, and the controversial sluggish diffusion in both the bulk and 

grain boundaries of high entropy alloys. First, an analytical formula is derived, which can predict 

the surface energy of any arbitrary (h k l) crystallographic orientation in both body-centered-cubic 

(BCC) and face-centered-cubic (FCC) pure metals, using only two or three low-index (e.g., (100), 

(110), (111)) surface energies as input. This analytical formula is validated against 4357 

independent single element surface energies reported in literature or calculated by the present 

author, and it proves to be highly accurate but easy to use. This formula is then expanded to include 
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the simple-cubic (SC) structure and tested against 4542 surface energies of metallic alloys of 

different cubic structures, and good agreement is achieved for most cases. Second, the effect of 

segregation of substitutional solute elements on grain boundary cohesive strength in BCC Fe is 

studied. It is found that the bulk substitution energy can be used as an effective indicator to predict 

the embrittlement or strengthening potency induced by the solute segregation at grain boundaries. 

Third, the controversial vacancy-mediated sluggish diffusion in an equiatomic FeNiCrCoCu FCC 

high entropy alloy is studied. Many literature studies have postulated that the compositional 

complexity in high entropy alloys could lead to sluggish diffusion. To test this hypothesis, this 

work compares the vacancy-mediated self-diffusion in this model high entropy alloy with a 

hypothetical single-element material (called average-atom material) that has similar average 

properties as the high entropy alloy but without the compositional complexity. The results show 

that the self-diffusivities in the two bulk systems are very similar, suggesting that the 

compositional complexity in the high entropy alloy may not be sufficient to induce sluggish 

diffusion in bulk high entropy alloys. Based on the knowledge learned from the bulk alloy, the 

exploration of the possible sluggish diffusion has been extended to grain boundaries, using a 

similar approach as in the study of self-diffusion in bulk. Interestingly, the results show that 

sluggish diffusion is evident at a Ɇ5(210) grain boundary in the high entropy alloy due to the 

compositional complexity, especially in the low temperature regime, which is different from the 

bulk diffusion. The underlying mechanisms for the sluggish diffusion at this grain boundary is 

discussed. 
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General Audience Abstract 

 Human beings have utilized metals and alloys for over ten millennia and learned much 

from them. Based on the accumulated knowledge, they have countless applications in our current 

daily life. However, there is still much to learn for improving our current technology and even 

opening new opportunities. Throughout most of history, our understanding of these materials was 

largely obtained through empirical experimentation and refining them into theories and scientific 

laws. Nowadays, due to the advancements in computer simulations, we can learn more by 

modeling the behaviors of metals and alloys at the length and time scales that are either be too 

arduous, costly, or currently impossible experimentally.  

This work aims at using computer modeling to study some important surface/interface 

related physical behaviors and properties in metals and alloys at the atomistic scale. First, this work 

intends to develop a robust surface energy model in an analytical form for any crystallographic 

orientation. Surface energy is an important material property for many surface-related processes 

such as fracturing, wetting, sintering, catalysis, and crystalline particle shape. Surface energy is 

different at different surface orientations, and predicting this difference is important for 

understanding these surface phenomena. Second, the effect of solute segregation on grain 

boundary cohesive strength is studied. Most commonly used metallic materials consist of many 

small crystalline grains and the borders between them are called grain boundaries, which are weak 

spots for fracture. The minimum energy required to split a boundary is called the grain boundary 
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cohesive strength. The presence of solutes or impurities at grain boundaries can further alter the 

cohesive strength. A better understanding of this phenomena will eventually help us develop more 

fracture-resistant materials. The third project deals with the possible sluggish/retarded diffusion in 

high entropy alloys, which contain five or more principal alloying elements and have many unique 

mechanical, radiation-resistant, and corrosion-resistant properties. Many researchers attribute 

these unique properties to the slow species diffusion in these alloys, but its existence is still 

controversial. This work studies the atomic-level diffusion mechanisms in an FeNiCrCoCu high 

entropy alloy both in bulk (grain interior) and at grain boundaries in order to determine if sluggish 

diffusion is present and its causes.         
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Chapter 1. Introduction  

 This work is divided into three projects that explore the energetics and kinetics at the 

surfaces and interfaces in metals and alloys, using atomistic modeling methods. The effects of 

surfaces and interfaces become more important as the system or grain size becomes smaller. 

1.1.Development of Analytical Surface Energy Models 

The first project is focused on the formulation of a analytical model that can predict the 

surface energy of elemental metals, ordered and disordered alloys with BCC, FCC, and SC 

structures.  

Surface energy is closely related to the minimum energy required to split a material. It is 

important for fracturing, grain boundary decohesion, roughening, faceting, crystal growth, particle 

shape and many other phenomena. Surface energy is anisotropic because it depends on the surface 

crystallographic orientation. The anisotropy is critical for 

predicting the equilibrium shape of a crystalline particle. 

Surface energy is commonly obtained using the 

measuring of the contact angle of liquid droplets, as 

shown in Fig. 1.1.  This technique [1] uses the relationship 

between the solid/liquid, liquid/vapor and solid/vapor 

interfaces. This relationship states that the energy of the 

solid/liquid plus the liquid/vapor interfaces is equal to the 

solid/vapor interface in the horizontal direction. The 

solid/vapor interface energy is another definition for the 

surface energy. This method for obtaining the solid/vapor 

interface energy is only valid at the melting temperature, 

therefore it cannot distinguish the surface energies of different orientations. In order to obtain only 

the surface energy, the vibrational entropy and the configurational entropy have to be estimated. 

The uncertainty of this method makes it difficult to obtain surface-orientation-dependent energies 

and only the average surface energy of the material in question can be obtained. Other methods 

for obtaining surface energies such as cleavage fracture [2], or the zero-creep method [3] also 

suffer from uncertainties that are too large to estimate the surface energyôs anisotropy. 

Figure 1.1 Water droplet at DWR-

coated surface. This image was 

attributed to the Wikipedia commons 

by Brocken Inaglory under CC BY-

SA 3.0. 

 

https://sites.google.com/site/thebrockeninglory/
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The lack of experimental data can be alleviated through the use of computational methods. 

For example, Vitos et al. [4] used the atomic sphere approximation along with the generalized 

gradient approximation to produce a database of low-index surface energies for 60 metals. The 

materials project [5] now has surface energy data for a vast number of materials. However, such 

atomic calculations are very time-consuming if one wants to know the surface energies of different 

crystallographic orientations in different materials.  

In this work we try to develop an analytical formula that only needs 3 surface energies for 

bcc or fcc crystals as input parameters. The formula can then predict the surface energy of any 

arbitrary (h k l) crystallographic orientation. This formula would be useful to obtain the shape of 

small particles using the Wulff construction, or as a step in the calculation of surface properties 

such as catalytic capacity or even bulk properties such as fracture toughness and fatigue resistance. 

We use 1255 independent surface energies reported in the literature or online database and 3102 

surface energies calculated in this work to test the developed formula. This is all done in depth in 

chapter 2. 

Chapter 3 expands the model to include the simple cubic structure and test the model for 

the case of ordered and disordered concentrated alloys including high-entropy alloys in all three 

structures. In concentrated alloys, surface energy depends on not only the surface orientation, but 

also the atomic configurations at the surface. A total of 4542 surface energies of alloys reported in 

literature or calculated in this work are used to test the model.     

 

1.2.Grain Boundary Segregation and Cohesive Strength 

Grain boundary cohesive strength can be strongly influenced by the solute/impurity 

segregation. Solutes that weaken said cohesion facilitate brittle intergranular fracture, which in 

turn leads to material failures. A greater understanding of the effect of solute segregation is 

therefore important for predicting material safety and reliability. 

Experimental methods for obtaining the change in grain boundary cohesion caused by 

solute segregation often separate the boundary through intergranular brittle fracture while 

measuring the energy for the split and then analyze the average chemical composition of the new 

surfaces through Auger electron spectroscopy [6]. This approach is limited to brittle materials. On 
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the other hand, computational studies can simulate different types of grain boundaries with 

different solute concentrations [7-9]. These methods are limited though by system size and 

different approximations depending on the method. 

 

 

 

In this work, the effect of different solutes on the cohesive strengths at different bcc Fe 

grain boundaries are studied and linked to the bulk substitution energy of the solute. The bulk 

substitution energy is the energy difference by replacing an atom with a solute atom in the bulk 

compared to the perfect bulk. The bulk substitution energy directly compares the strength of the 

solute-solvent bonds to the solvent-solvent bonds, and this comparison can be used to estimate 

whether the solute will embrittle or strengthen the grain boundary cohesion. Therefore, the strength 

of the solute broken bonds (Fig. 1.2) as a result of splitting the grain boundary has an important 

effect in grain boundary cohesion. This is studied in chapter 4. 

 

Figure 1.2 The split of a grain boundary breaks the bonds along 

the boundary. 
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1.3.Sluggish Diffusion in a Model High Entropy Alloy 

High entropy alloys (HEAs) are novel materials that forgo the idea of one or two main 

elements in conventional alloys to at least five major elements. These new alloys show promise in 

high fracture toughness, thermal stability, high-temperature strength retention and other properties 

[10-12]. The reason is presumably due to the 4 core effects of high entropy alloys: high entropy, 

sluggish diffusion, severe lattice distortion and cocktail effects [13]. 

Sluggish diffusion is highly desirable for some applications as it could be the underlying 

reason for the high-temperature structural stability and high-temperature strength retention. 

However, there is no conclusive study that has determined what causes sluggish diffusion in high 

entropy alloys. In fact, many experimental studies do not see it [14, 15]. The best case [16] reports 

a strong sluggish effect if the comparison is done in the normalized (homologous) temperature 

scale. Daw and Chandross [17] conducted molecular dynamic simulations of vacancy migration 

in different concentrated alloys including HEAs and only observed the sluggishness in a few cases. 

Our goal in this work is to elucidate if the sluggish diffusion exists in HEAs and understand 

the underlying mechanisms. To achieve this, molecular dynamic simulations are conducted to 

study vacancy-mediated diffusion both in bulk and at a grain boundary in the equiatomic 

FeNiCrCoCu model HEA. The results are compared with its Average Atom potential counterparts 

to determine if the diffusion is sluggish. The Average Atom potential is used to model a fictional 

material that has the same average properties as in the bulk HEA. This method allows an ideal 

comparison as the Average Atom material is lack of compositional complexities while they exists 

in the HEA. The different local compositions in the HEA are thought to create local trapping sites. 

The trapping sites are expected to slow down diffusion. 

This project is divided into two parts, chapters 5 and 6 respectively. The first reports bulk 

diffusion simulations as a baseline while the second reports grain boundary diffusion simulations. 
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Chapter 2. A New Analytical Surface Energy Model for Arbitrary (h k l) 

Surfaces in BCC and FCC Metals 

 

2.1.Abstract 

A new analytical surface energy model (Eq. 2.9) that is free of adjustable parameters has 

been developed to accurately predict the surface energies of arbitrary (h k l) crystallographic 

orientations in both BCC and FCC pure metals, using only (100), (110) and (111) surface energies 

as input. The formulation is established by expanding the original broken-bond model up to the 3rd 

nearest neighbor shell and considering the surface relaxation effect. In addition, this model consists 

of only one single formula per crystal structure, overcoming the geometric complexities in 

previous models in which multiple equations are needed for different surface groups. The 

analytical model has been validated through the comparison with 4357 independent surface 

energies. These data include the energies of 517 unique surfaces per metal in Fe, Cr, W, Cu, Ni, 

and Al (a total of 3102 surface energies) that are calculated through our molecular dynamic 

simulations, and excellent agreement is obtained. The validation data also include 1255 

independent surface energies in literature or online database for up to 46 BCC and FCC metals 

that were calculated by either molecular dynamics or density functional theory. The agreement is 

still very good for most of the data, demonstrating the robustness of our new model.  

  



6 

 

2.2.Introduction 

Surface energy is originated from the atomic bond breaking at a free surface. For fracture, 

it is the minimum energy per surface area required to split a solid into two free surfaces. It is a 

fundamental material property that influences the shape of single crystals [18], resistance to 

fracture [2, 8], sintering [19], roughening [20], wetting [20], faceting [21], and other properties or 

processes of solids. For example, Pd nanoparticles are used for catalyzing the oxidation of formic 

acids [22]. The (111) and (100) facets are the two main facets in FCC nanoparticles due to their 

relatively low surface energies, with (111) being much more present but (100) being better for the 

catalyzation. With sufficient orientation-dependent surface energy data, one can determine the 

equilibrium shape of a nanoparticle using the Wulff construct [23, 24].  

There are many methods for experimentally measuring the average surface energy of 

materials. Some methods are particularly suitable for specific material types. For example, 

cleavage experiments can be used for brittle materials [2], while zero-creep experiments can be 

used for ductile materials [3]. Other methods include measuring the contact angle of a liquid 

droplet on a surface [25], extracting solid surface energy from liquid surface tension and solid-

liquid interface energy [1],  determining the elastic modulus of submicrometer powder assemblies 

[26], and studying the equilibrium shape of a crystallite [27]. However, there are arduous and 

expensive challenges for experimentally measuring the surface energy of a specific 

crystallographic orientation. Some challenges can include, for example, the need for a sufficiently 

large perfect flat surface, the oxidation layer removal, and a sterile environment to prevent surface 

oxidation.  Because of these challenges, there is a severe dearth of experimentally measured 

orientation-dependent surface energies in literature. As a result, most of the experimental surface 

energies are the average (isotropic) values. Even though some orientation-dependent surface 

energies had been reported in experiments, they were typically only for low-index surface 

orientations, such as (100), (110), or (111) in cubic materials [27, 28]. On the other hand, 

computational methods can offer alternative ways to obtain orientation-dependent surface 

energies. 

Atomistic-scale computer modeling methods such as molecular dynamics (MD) and 

density functional theory (DFT) are widely used for calculating materials surface energies of 

different crystallographic orientations [4, 5, 24, 29-32]. For example, Tran et al. conducted high-
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throughput DFT calculations and obtained the surface energies of more than 100 polymorphs of 

about 70 elements for the Miller index up to 3 [24]. Zhang et al. [31] used MD simulations with 

modified embedded-atom-method (MEAM) potentials to calculate 38 surface energies in each of 

10 face-centered-cubic (FCC) metals Cu, Ag, Au, Ni, Pd, Pt, Al, Pb, Rh, and Ir. Later Wen and 

Zhang [32] conducted MD simulations using modified analytical embedded-atom-method 

(MAEAM) potentials to calculate 24 surface energies in each of 12 BCC metals Li, Na, K , Rb, 

Cs, Fe, W, Mo, Cr, Ta, Nb, and V. In addition, there is a large amount of surface energy data in  

online databases. For example, the Materials Project [5] is one of the largest repositories for many 

material properties that are calculated through DFT modeling, including surface energies. In this 

work, a total of 4357 surface energies from the Materials Project [5] (note many of its surface 

energy data are from Tran et al.ôs work [24]), Zhang et al. [31], Wen et al. [32], as well as our own 

MD simulation results will be used to test and validate the analytical surface energy model 

developed in this work, as discussed later in this manuscript. 

Although the atomistic modeling techniques are very powerful for high-throughput 

calculations of surface energies, they still have many limitations. For example, a new simulation 

needs to be conducted for each surface orientation and each material. In addition, the accuracy of 

MD results strongly depends on the quality of the interatomic potentials, while DFT can only 

handle small system sizes and thus low-index surface orientations. Therefore, it would be very 

useful to develop some theoretical or analytical models that can accurately predict surface energies 

while only use some basic material properties as input. Previously, researchers have developed 

different types of surface energy models. The theoretical jellium model [33] or its improved 

version by Lang and Kohn [34] requires fundamental knowledge of materials such as the electron 

density, the effective potential, and the electrostatic potential. They reported an average of 25% 

deviation from the experimental liquid surface tension data, which are only for average surface 

energies and not orientation dependent. A structural unit model proposed by Mutasa and Farkas 

[35] can calculate the surface energy of any (h k 0) surface in both FCC and BCC metals if the 

energies of the (100) and (110) surfaces are known. Wang et al. [36] then extended the 

aforementioned formula to calculate any (h = k  ̧l) surfaces in both FCC and BCC. However, this 

model cannot predict the surface energy of any arbitrary (h k l) surface. Some other models are 

based on the concept of broken bonds because the surface energy is primarily attributed to the 

number of broken bonds at a surface [37, 38]. The broken-bond model tracks the number of broken 
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bonds at a (h k l) surface. Friedel et al. [39] were the first to present a broken bond formula for 

predicting surface energies. Later Mackenzie et al. [37] corrected some errors in this model and 

showed how to derive it. Gakanakis et al. [40, 41] showed that their modified broken bond model 

worked well for noble FCC metals. Other researchers, including Nicholas [42], Wang et al. [43] 

and Jiang et al. [44], have sought to improve the model for their applications. In these broken bond 

models, the main input is the energy of a broken bond, which is not well defined. Typically, this 

energy is approximated as the cohesive energy per atom divided by the number of 1st nearest 

neighbors (NNs), as applied in these studies [21, 37, 44]. However, the underlying assumption of 

this treatment is that the energy of a broken bond is the same as that of an unbroken bond. In other 

words, the surface atoms have no relaxation. In addition, this treatment also assumes that the bond 

energy is only an outcome of pair interaction while ignoring the many-body effects, which 

typically exist in metals. As a result, the bond energy or other parameters in the model often need 

to be empirically adjusted [42, 43], or the original model needs to be modified [21, 44].  Moreover, 

the formula becomes more complex if more NN shells are added, which will be shown in the 

Methods section. 

This work proposes two new ideas to both generalize and simplify the broken-bond model, 

especially when more NN shells beyond the 2nd NN shell are included. Both ideas will be explained 

in detail in the Methods section. The first idea is to modify the analytical formula of Mackenzieôs 

model [37] so that it is no longer complicated by the addition of more NN shells. Although our 

new model can easily incorporate as many NN shells as desired, this work shows that the inclusion 

of the 3rd NN shell is sufficient for accurately predicting the (h k l) surface energies in many BCC 

and FCC metals. The second idea is to use some basic surface energies such as those of (100), 

(110), and (111) surfaces rather than the cohesive energy as input. Using this approach, the 

aforementioned limitations in the broken-bond models such as ignoring the surface relaxation and 

many-body effects can be solved. In addition, the new model is truly analytical as it does not 

contain any adjustable parameters.  After the new analytical model is developed, the resultant 

formula is compared to 4357 surface energy data that are calculated from atomistic modeling for 

validation. To obtain such data, MD simulations with EAM potentials are conducted in this work 

to calculate the surface energies of 517 unique surfaces in each of three FCC metals (Ni, Cu, Al) 

and three BCC metals (Fe, Cr, W). In addition, the MD-calculated surface energies of 38 surfaces 

in each of 10 FCC metals (using the MEAM potential) by Zhang [31] and 24 surfaces in each of 
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12 BCC metals (using the MAEAM potential) by Wen [32] are used as additional data for 

validation. Finally, the DFT-predicted 587 surface energies of 46 BCC and FCC metals in the 

online Materials Project repository [5] are also used for validation. The agreement between our 

new model and these independent data is excellent in most cases.  

 

2.3.Methods 

2.3.1.Background of the broken-bond model 

First we do a little background review of the broken-bond model from Mackenzie et al.ôs 

[37] work. The most basic step of the broken-bond model is to determine if a bond is broken at a 

given (h k l) surface. Here the refence point is an atom (0,0,0) on a flat (h k l) surface. Due to the 

cubic symmetry of BCC and FCC structures, only surfaces with Ὤ  Ὧ  ὰ  π are considered. 

This reduces the total number of possible surfaces by a factor of 48. Before the surface is created, 

the reference atom is surrounded by an ideal number of neighboring atoms within a given cutoff 

distance and each of them forms a bond with the reference atom. The bond is along the direction 

[ui vi wi], where i represents the ith surrounding atom. The dot product between the surface normal 

and the bond direction, [h k l] Ö [ui vi wi], can be used to determine if the bond is broken.  The 

result of the dot product falls into three groups of values: negative, zero, and positive. In this work, 

a negative value means the neighboring atom i is below the surface or in the bulk (an unbroken 

bond), a zero value means the neighboring atom i is right at the surface (an unbroken bond), while 

a positive value means the neighboring atom i is above the surface (a broken bond). 

There are 12 1st NN atoms and 6 2nd NN atoms for an atom in a bulk FCC crystal. Since all 

the surfaces under consideration are limited to Ὤ  Ὧ  ὰ  π, only some of those bonds can 

ever be broken (i.e., the dot product can have a positive value), namely: ½([110], [101], [10-1], [1-

10], [011], [01-1]) for the 1st NNs and [100], [010], [001] for the 2nd NNs in an FCC crystal. On 

the other hand, there are 8 1st NNs and 6 2nd NNs for an atom in a bulk BCC crystal. Similarly, 

only 5 of 1st NN bonds and 3 of the 2nd NN bonds can ever be broken. They are: ½([111], [11-1], 

[1-11], [1-1-1], [-111]) for the 1st NNs and [100], [010], [001] for the 2nd NNs in a BCC crystal. It 

should be noted that for some (h k l) surfaces the dot products with these bonds can still be negative 

(for BCC) or zero (for both BCC and FCC). In such cases, the bonds are not broken.  



10 

 

If the broken bonds from both 1st and 2nd NN shells are included, the surface energy formula 

for the BCC and FCC structures are: 

‎

ừ
Ừ

ứ
Ὁὥ

 ȿὌȿ
╗Ͻςππ”ρρρȟὭὲ ὶὩὫὭέὲ ρ

Ὁὥ

 ȿὌȿ
╗Ͻρ ” ρρρȟὭὲ ὶὩὫὭέὲ ς

 Ὢέὶ ὄὅὅȟ

‎
Ὁὥ

 ȿ╗ȿ
╗Ͻςρπ”ρρρ Ὢέὶ Ὂὅὅ  ςȢρ

 

where ‎╗ is the surface energy, ╗ = [h k l] is the surface normal, ȿ╗ȿ = ЍὬ Ὧ ὰ is the 

magnitude of ╗,   is the volume per atom (1/2 a0
3 for BCC and 1/4 a0

3 for FCC, where a0 is the 

lattice constant), Ὁ is the energy of the 1st NN bond and ”Ὁ is the energy of the 2nd NN bond. It 

should be noted that Mackenzie et al. [37] did not provide a simple way to obtain Ὁ or ”, so Eq 

(2.1) is not easy to use. The region 1 for BCC structure is for Ὤ ɀ Ὧ ɀ ὰ  π, while region 2 is 

for Ὤ ɀ Ὧ ɀ ὰ π. The need for 2 regions for the 1st NNs in the BCC structure is to ensure that 

only up to half of the 1st NN bonds (i.e., 4) can be broken at the same time. If more NN shells are 

included, there could be a need for even more regions. This is referred as the ñregion problemò in 

this work, which is discussed in more detail later in this subsection. Everything up to this point 

can be found in Mackenzie et al.ôs work [37], although it is not straightforward to understand how 

Eq. (2.1) is derived. In the following, we attempt to provide sufficient details about how to derive 

Eq. (2.1) and lay the ground for improving the model.   

In Eq. (2.1) for FCC, there are two vectors: [2 1 0] for the 1st NNs and [1 1 1] for the 2nd 

NNs. This is obtained by adding the directions of all possible broken bonds for each NN shell. So 

for the 1st NN shell, ½([110] + [101] + [10-1] + [1-10] + [011] + [01-1]) = [210]; and for the 2nd 

NN shell, [100] + [010] + [001] = [111]. Here we called these vectors ñSum of Breakable Bonds 

(SBB)ò, [oj, pj, qj], where j represents the jth NN shell. Eq. (2.1) can be thought of as the energy 

per broken bond multiplied by the number of broken bonds per surface area in each NN shell (i.e., 

the density of broken bonds). This will be explained more when we propose the second idea of 

this work. Part of the information needed for the density of broken bonds is the sum of the dot 
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products of the broken bonds with ╗. Note that because the constraint of Ὤ  Ὧ  ὰ  π, the dot 

product of ╗ with any of the FCC 1st and 2nd NN breakable bonds can only result in either zero 

(not broken) or positive (broken); therefore, mathematically the sum of each individual dot product 

will be the same as the dot product of ╗ with the SBB. This is a great shortcut and the reason why 

Eq. (2.1) is simple for FCC.  

The region problem in the BCC structure arises from having too many bonds that can be 

possibly broken by a flat (h k l) surface, if (h k l) follows Ὤ  Ὧ  ὰ  π. As previously 

mentioned, 5 out of 8 1st NN bonds in the BCC structure can be broken by all possible (h k l) 

surfaces. Clearly a flat surface can only break a maximum of half the NN bonds for a central atom 

right at the surface. Therefore, only 4 or less out of the 5 1st NN bonds can be broken at any given 

(h k l) surface for the BCC structure. The two 1st NN bonds along the 1/2[1-1-1] and 1/2[-111] 

directions cannot be broken at the same time, as they are opposite to each other. The dividing 

surface for the two regions satisfies Ὤ ɀ Ὧ ɀ ὰ  π, which is perpendicular to the 1/2[1-1-1] and 

1/2[-111] bonds. Therefore, region 1 is Ὤ ɀ Ὧ ɀ ὰ  π and region 2 is Ὤ ɀ Ὧ ɀ ὰ  π. As 

mentioned earlier, the separation of two regions ensures that only a maximum of 4 bonds can be 

broken at once in each region. However, it also forces Eq. (2.1) to become a piece-wise function 

for the BCC structure. So in region 1 the SBB is: [o1, p1, q1] = ½([111] + [11-1] + [1-11] + [1-1-

1]) = [2 0 0] for the 1st NN shell and [o2, p2, q2] = [100] + [010] + [001] = [111] for 2nd NN shell, 

respectively. Since 1/2[1-1-1] and 1/2[-111] cannot coexist in the same region, in region 2 the SBB 

becomes [o1, p1, q1] = ½([111] + [11-1] + [1-11] + [-111]) = [111] for the 1st NN shell, which is 

the same as [o2, p2, q2] = [111] for the 2nd NN shell. 

Now it is necessary to discuss the region problem when more NN shells are included and 

our proposed solution. The 3rd NN shell for BCC has 12 bonds, out of which only up to 6 bonds 

can be broken so there is no region problem. As a result, the formula can be easily expanded to 3rd 

NN shell for BCC if the 3rd NN bond energy is supplied. However, this is not the case for FCC. 

There are 24 3rd NN bonds for FCC and 15 of them can be broken even when the constraint of 

Ὤ  Ὧ  ὰ  π is applied. Therefore, the region problem also emerges for the FCC structure 

when the 3rd NN shell is included. There are 6 out of the 15 breakable bonds in the 3rd NN shell 

having their opposites, in other words 3 pairs: ½[-1 1 2] and ½ [1 -1 -2], ½[-1 2 -1] and ½[1 -2 1], 

½[-1 2 1] and ½[1 -2 -1]. Given that there are 8 possible combinations taking one of each pair, 
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there could be up to 8 regions to account for the 3rd NN breakable bonds in FCC. Although it is 

found that only 5 of them are needed, they still complicate the formulation significantly. In 

summary, the original broken-bond model has two major limitations: (1) different geometric 

regions need to be treated differently and the complexity increases as more NN shells are included; 

(2) the bond energies of different NN shells (e.g., Ὁ for the 1st NN bond and ”Ὁ for the 2nd NN 

bond in Eq. (2.1)) are difficult to calculate separately and accurately. In addition, the bond energies, 

which are usually calculated based on the cohesive energy in a bulk crystal, may not contain the 

surface relaxation contribution.  

 

2.3.2.First idea for improvement 

To solve the multiple-region problems, it is proposed that one more step is added for the 

dot product process to find if a bond is broken or not. Since the region problem is caused by pairs 

of opposite bonds, such as 1/2[1-1-1] and 1/2[-111] in the 1st NN shell in BCC, the dot product 

between [h k l] and each of opposite bonds (i.e., x = [h k l] Ö [ui vi wi]) is processed with the 

following equation:  

                               y = 
ȿȿ

.      (2.2) 

If the dot product x is positive (i.e., a broken bond), then the processed dot product is unaffected: 

y = x. If the dot product x is zero or negative (an unbroken bond), then y = 0 so that this unbroken 

bond will be ignored. Using Eq. (2.2), at most one of the opposite bonds (and also the correct one) 

will be kept as a broken bond for any given (h k l) surface, because the opposite bonds always give 

opposite or zero dot products. For other breakable bonds that always lead to positive or zero dot 

products with [h k l] (recall Ὤ  Ὧ  ὰ  π), such as [ui vi wi] = 1/2[111], 1/2[11-1], 1/2[1-11] 

in the 1st NN shell in BCC, they are added directly in the SBB. For example, [o1, p1, q1] = 1/2[3 1 

1] for the above three breakable bonds.  

Applying this additional step, the BCC portion of Eq. (2.1) changes to a single equation: 
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ɾἒ ȿ╗ȿ
σρρϽ╗  

╗ Ͻ ╗ Ͻ

ς
 
╗ Ͻ ╗ Ͻ

ς

”ρρρϽ╗            for BCC.                                                                                              (2.3a)               

After some rearrangements, the above equation has a simpler form: 

ɾἒ ȿ╗ȿ
σρρϽ╗  

ȿ╗ Ͻ ȿ

τ
 
ȿ╗ Ͻ ȿ

τ
”ρρρϽ╗   for BCC.  (2.3b)                          

Using this method, only one or none of the two opposite bonds (1/2[1-1-1] and 1/2[-111]) 

will affect the SBB for any (h k l). Therefore, different regions are no longer needed. Similarly, 

the procedure can be applied to the 3rd or as many NN shells as desired.  

 

2.3.3.Second idea for improvement 

The second idea proposed in this work is to obtain the strength of the broken bonds from a 

few basic surface energies so that the aforementioned surface relaxation effects, ill-defined bond 

energies, and many-body interaction problems can be solved.  

The contribution of each NN shell to the surface energy in Eq. (2.1) can be seen as the 

product of the energy per broken bond multiplied by the geometric information of the surface. 

Here the expression (
╗Ͻ ȟȟ

ȿ╗ȿ
ᶻ
ὥπ
 

) is extracted from Eq. (2.1) and defined as the density of 

broken bonds per area of a given ╗ = [h k l] for the jth NN shell: 

 ȟ
Π       ȟȟ

Ѝ
Ͻέȟὴȟή ᶻ    (2.4) 

where ȟ  is the density of broken bonds, Ὦ represents the jth NN broken bond (1st, 2nd, 3rd NN, 

etc.), and [h k l] is the surface normal. Here the ñAreaò is the grain area for the ╗ surface, and 

έȟὴȟή  is the SBB for the jth NN broken bond. For example, in Eq. (2.1) for the FCC structure, 

[210] is the SBB for the 1st NN broken bonds and [111] is the SBB for 2nd NN broken bonds.  

In the following example, we show how to obtain the geometric information of the (311) 

surface in an FCC crystal in two ways. In the first approach, we directly count the number of 
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broken bonds in each surface layer and divide it by the surface area. An atom in the (311) FCC 

surface (z direction) has 5 1st NN and 3 2nd NN broken bonds in the first surface layer, 2 1st NN 

and 1 2nd NN broken bonds on the second surface layer, and 1 2nd NN broken bond in the 3rd 

surface layer. These add up to 7 1st NN and 5 2nd NN broken bonds over all surface layers per 

atom. In the corresponding grain x=[2,-3,-3] ὥ, y=[0,1,-1] ὥ, z=[3,1,1] ὥ, the surface area in the 

x-y plane is Ѝςςὥ Ѝzςὥ, the number of atoms in the entire grain is 88, and the number of layers 

parallel to the surface is 11. So there are 8 atoms per layer. For the 1st NNs, this gives ȟ

Π      zΠ          

     

 z 

Ѝ Ѝz Ѝ
, 

and for the 2nd NNs: ȟ
ᶻ

Ѝ Ѝz Ѝ
. Each of the above two broken bond densities is 

the number of jth NN broken bonds per surface area calculated directly from the geometry. In the 

second approach, we use the SBB (Eq. 2.4) to calculate the density of broken bonds for each NN 

shell: ȟ
ȟȟ

Ѝ
Ͻςȟρȟπ τzȾὥ

Ѝ
τzȾὥ

Ѝ
, ȟ

ȟȟ

Ѝ
Ͻρȟρȟρ τzȾ

ὥ
Ѝ

τzȾὥ
Ѝ

. Both approaches give the same results but the latter (Eq. 2.4) is more 

convenient as it uses an analytical equation.  

Letôs examine the two approaches for calculating the density of broken bonds in the above 

example. The first approach directly counts the number of broken bonds in each surface layer and 

divides it by the surface area of the grain. In order to count the number of broken bonds in each 

layer for a central atom, one would have to do the dot product with every possible bond at each 

surface layer and a positive value means one broken bond. It also needs the information of the ╗ 

oriented grain, namely the size of the other 2 dimensions to calculate the grainôs surface area. The 

second method, which is the SBB method, obtains only the final number of jth NN broken bonds 

per area through an indirect approach. It adds the distance of every jth NN breakable bond from 

the ╗ surface and divides it by the atomic volume: 
╗ὥπϽ ȟȟ ὥπ

ȿ╗ȿὥπ

ρ

 
, where    is 1/2 ὥ for BCC 

or 1/4 ὥ for FCC. In the SBB method, a positive dot product signifies not only its broken status 

but also its distance from the surface, which gives the information of all broken bonds in different 

surface layers. This is why there is no need to count the number of jth NN broken bonds in each 

layer or know x and y dimensions of the grain to calculate the grain surface area. Therefore, the 

second approach is more convenient.   
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After the density of broken bonds for a (h k l) surface is defined through the SBB method 

(Eq. 2.4), the next step is to obtain its surface energy with a few known surface energies as input 

such as those of (100), (110), and (111). This improvement avoids calculating the 1NN bond 

energy (E1) and fitting the empirical factor (r) for the 2nd NN bond energy in Eq. (2.1). In addition, 

since these basic surface energies already contain the surface relaxation effect, it is expected that 

the new model is more accurate. This is done through a matrix equation Ax = b, where b is an 

array of known surface energies, x is an array of the energies of the broken bonds in different jth 

NN shells, and A is an i × j square matrix that contains all the geometric information (i.e., density 

of broken bonds per area). Here we use ñiò to represent ith surface and ñjò to represent jth NN shell 

to avoid confusion. X is solved through ὼ ὃ ὦ, which is: 

         

ὼ
ὼ
ể
ὼ

ȟ ȟ Ễ ȟ

ȟ ȟ Ễ ể

ể ể Ệ ể

ȟ Ễ Ễ ȟ

‎
‎

ể
‎

,    (2.5) 

where ὼis the broken bond energy for the 1st NN, ὼis the broken bond energy for the 2nd NN and 

so on until the inclusion of jth NN shell reaches the desired accuracy; ‎  is the known surface 

energy of ὬὯὰ , ‎  is the known surface energy of ὬὯὰ , and so on. Once ὼ  is obtained 

from the known surface energies, it can be used to obtain any (h k l) surface energy through the 

final formula: 

                            ‎ ȟ ὼ ȟ ὼ Ễ ȟ ὼ.               (2.6) 

 Equation (2.6) is the surface energy formula. Now a warning and a clarification of the real 

meaning of ὼ in Eqs. (2.5) and (2.6) should be made. It was previously mentioned that ὼ is the 

energy of the 1st NN broken bonds. This is practically correct but technically incorrect. In the FCC, 

there are 12 1st NNs but there are also 12 4th NNs in the same directions but twice the distance 

(e.g., [1/2,1/2,0] vs. [1,1,0]). This means that  according to Eq. (2.4), and therefore, ὃ  

in Eq. (2.5) will fail as they are not linearly independent. If we have 4 surface energies as input, 

Eq. (2.5) should solve for ὼ, ὼ, ὼ and ὼ and ὃ  should be a 4 by 4 matrix with the 

corresponding broken-bond densities. ὼ should be ignored as it is essentially part of ὼ in the FCC 
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structure. This is why we chose to define the two indexes ñiò and ñjò: because although the number 

of iterations of i and j need to be the same for a square matrix, the j needs to skip ñrepeatedò shells. 

In short, the real meaning of ὼ should be 

     ὼ  Ὁ Ὁ Ὁ Ễ Ὁ ,                                  (2.7) 

which is the sum of all the energies per broken bond (Ὁ) in the NN shells that have the same 

coordinates until infinity. ὼ also has repeated NN shells, the next one in the FCC is the 8th NNs. 

Although we canôt prove it at present, we think that every NN shell gets repeated as more NN 

shells are included. Therefore, ὃ  can only include the information of shells that are linearly 

independent, or the inverse will fail. In practice, this is not a problem for both BCC and FCC 

structures, because the inclusion of up to the 3rd NN shell gives sufficiently accurate results as 

shown in the Results section; however, it is something to be considered if more accuracy is desired.  

Although it is straightforward to solve Eqs. (2.4 ï 6) numerically to calculate the (h k l) 

surface energy, the surface energy can also have an analytical solution. This can be beneficial as 

interested readers may use the analytical expression to directly calculate the surface energies of 

arbitrary surface orientations based on the known low-index surface energies. For example, here 

we present the analytical formulas if we have the known (100) and (110) surface energies and 

consider the broken bonds up to 2nd NNs for BCC and FCC crystals,  

‎  
ςὬ Ὧ ὰ ȿὬ Ὧ ὰȿ‎ ЍςὬ σὯ σὰ ȿὬ Ὧ ὰȿ‎

τЍὬ Ὧ ὰ
  

Ὢέὶ ὄὅὅȠ                                                                                                                                   (2.8) 

‎  
Ὤ Ὧ σὰ‎ ЍςὯ ςὰ‎

ЍὬ Ὧ ὰ
 Ὢέὶ ὊὅὅȢ 

ὧέὲίὸὶὥὭὲὸȡ Ὤ  Ὧ  ὰ  π 

In Mackenzie et al.ôs broken bond model [37], only broken bonds up to the 2nd NN shell 

are considered. In addition, the original equation is not straightforward to use because E1 and ” are 

difficult to obtain [43]. To further improve the accuracy, this work also considers the broken bonds 

up to the 3rd NN shell. This requires three known surface energies. As a natural choice, (100), 

(110), and (111) surfaces are used. The resultant analytical formulas are: 
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‎  

σὯ ὰ‎
ρππ

σЍςὯ‎ρρπ σЍςὰ‎ρρπ ЍσὯ‎ρρρ υЍσὰ‎ρρρ
Ὤσ‎

ρππ
σЍς‎ρρπ Ѝσ‎ρρρ  σ‎

ρππ
σЍς‎ρρπ Ѝσ‎ρρρȿὬ Ὧ ὰȿ

φЍὬς Ὧς ὰς
 Ὢέὶ ὄὅὅȟ 

                                                                                                                                                    (2.9) 

‎  

ςὰσ‎ σЍς‎ υЍσ‎ σὬ‎ σЍς‎ Ѝσ‎ Ὧ ω‎ ωЍς‎ Ѝσ‎

σ‎ σЍς‎ Ѝσ‎ ȿὬ ςὯ ὰȿ ȿὬ ςὯ ὰȿ ȿὬ Ὧ ςὰȿ

ρςЍὬ Ὧ ὰ
  

Ὢέὶ ὊὅὅȢ 

ὧέὲίὸὶὥὭὲὸȡ Ὤ  Ὧ  ὰ  π 

It should be noted that the structural unit model for (h k 0) surfaces developed by Mutasa 

and Farkas [35], which is based solely on structural information, can be reproduced by Eq. (2.8) if 

l = 0 condition is applied. 

 

2.4. Acquisition of independent validation data 

These analytical surface energy models (Eqs. (2.8) and (2.9)) will be tested with the 

literature data reported by Zhang [31], Wen [32] for 38 MEAM and 24 MAEAM surface energies 

for many FCC and BCC elements that were calculated by MD (668 data). The DFT-calculated 

surface energies for 46 BCC and FCC elements collected by Materials Projects [5] will also be 

tested (587 data). In addition, we also want to test the analytical models for the fully relaxed 

surfaces over a wide range of surface orientations using our own data. To achieve this, MD 

simulations were conducted using LAMMPS [45] to calculate the surface energies of all unique 

(hkl) surfaces that follow the Ὤ  Ὧ  ὰ  π and ЍὬ Ὧ ὰ ¢ 18 criteria. Under these 

constraints, 517 unique surfaces are found for a BCC or FCC crystal. Three BCC and three FCC 

crystals will be tested so there are 3102 surface energies calculated in this work. Overall, a total of 

4357 surface energies reported in literature and calculated in this work will be tested against our 

analytical models.  

The respective potentials for simulating the 517 surfaces per element in this work are Fe 

[46], Cr [46], and W [47] for BCC, and Ni [48], Cu [48], and Al [49] for FCC. Periodic boundary 

conditions are applied along the x and y axes but not in the z axis so that the [h k l] orientation is 
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the surface normal. All sides of each grain were ensured to be equal or larger than 2 nm to minimize 

the finite size effects. All surfaces were relaxed through the conjugate gradient minimization 

implemented in LAMMPS. The formula used for calculating the surface energy is 

                                    ‎                                       (2.10)                                          

where ‎  is the surface energy of the simulated (h k l) free surface, E is the total energy of the 

surface-containing grain after relaxation,  Ὁ  is the bulk cohesive energy per atom of the element, 

ὔ  is the number of atoms in the grain, and ὃ  is the surface area of the grain. The area needs 

to be multiplied by a factor of 2 to account for both the +z and -z free surfaces of the grain.  

 

2.4.Results 

2.4.1.Comparison of models having different NN shells 

The first comparison of our new surface energy models (Eq. (2.8) for up to 2nd NNs and 

Eq. (2.9) for up to 3rd NNs) is with the literature MD data obtained by Zhang [31] and Wen [32] 

for 38 MEAM FCC and 24 MAEAM BCC surfaces in each metal (total 668 surface energies). The 

comparison should shed light on how many NN shells are necessary for the combination of Eqs. 

(2.5) and (2.6) to be reliable. This comparison also includes the Mackenzieôs original model (Eq. 

(2.1)) up to the 1st NN (so ” = 0). For Eq. (2.1), the 1st NN broken bond energy per area is 

ὉρὥπȾςɱ Ὁ ȾΠ έὪ ρίὸ ὔὔίὥπȾςɱ  , where Ὁ  is the cohesive energy of each 

element,   is the volume per atom (1/2 a0
3 for BCC and 1/4 a0

3 for FCC) and a0 is the lattice 

constant. It should be noted that a denominator of 2 is added to Mackenzieôs original model here 

to account for shared bonds. We noticed that Fishman et al. [21] did the same modification.  
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Figure 2.1. Comparison of Eqs. (2.1), (2.8), and (2.9) with the MD data obtained by Zhang [31] 

and Wen [32]. Equation (2.1) is only used up to 1st NNs so ” = 0 and a denominator of 2 is also 

added to the model, Equation (2.8) is up to 2nd NNs, and Equation (2.9) up to 3rd NNs. (a) 

Testing Eq. (2.1) with all the BCC data, (b) Testing Eq. (2.8) for all BCC data, (c) Testing Eq. 

(2.9) with all BCC data, (d) Testing Eq. (2.1) with all the FCC data, (e) Testing Eq. (2.8) for all 

FCC data, (f) Testing Eq. (2.9) with all FCC data. In each sub-figure, the solid line shows a 

perfect agreement between the model predictions and actual data while the dashed lines show a 

±5% deviation. 
 

It is clear from Figures 2.1(a) and 2.1(d) that Mackenzieôs model (Eq. (2.1) with ” = 0) 

predictions have large discrepancies with the surface energies calculated by MD even though both 

data sets by Zhang [31] and Wen [32] have no relaxation. The Mackenzieôs model, using broken 

bond energies provided solely by cohesive energies, does not account for relaxation and should 

then predict these two data sets better than all the other relaxed data shown in this work. Even then, 

Figures 2.1(a) and 2.1(d) show that it should only be used as a first-order approximation, which 

had been used as such [21, 40, 41, 44]. Clearly, the sole use of the 1st NN broken bonds is not 

sufficient for predicting accurate surface energies. Although this model can be extended to the 2nd 

NNs with ”  ̧0, the parameter ” needs to be empirically fitted and it is material dependent, as 
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shown by Wang et al. [43]. In addition, the broken bond energy is derived only from the cohesive 

energy in a bulk crystal so that it does not contain any surface relaxation information. In contrast, 

Eqs. (2.8) and (2.9) are based directly on the surface energies so that the surface relaxation effect 

is naturally included.  

Figures 2.1(b) and 2.1(c) show the model predictions by Eq. (2.8) using the (100) and (110) 

surface energies as input for BCC and FCC metals, respectively. It clearly shows that Eq. (2.8), 

which includes broken bonds of 2nd NNs, works much better for BCC than FCC. The reason could 

be that the BCC structure is simpler than the FCC and the (110) surface is the most packed plane 

in the BCC structure. The appendix includes three 1st NN formulas using either (100), (110), or 

(111) surface energy as input and the other up to 2nd NN formulas using (100) and (111) surface 

energies as input. The 2nd NN formula using (100) and (111) as input predicts better results than 

Eq. (2.8) for the FCC structure (not shown), possibly because the (111) surface is the most packed 

plane in the FCC structure. Interested readers can test these additional formulas to see if they meet 

their satisfaction.  

Figures 2.1(c) and 2.1(f) show the model predictions by the 3rd NN formula (Eq. (2.9)) 

using the (100), (110), and (111) surface energies as input for BCC and FCC metals, respectively. 

It unequivocally shows that the more NNs and input surface energies are included, the better the 

model prediction. Compared to the cases with only two surface energies as input, the predictions 

for the BCC surface energies are slightly better while those for FCC ones improve significantly. 

Therefore, the results show that overall Eq. (2.9) gives satisfactory results for both BCC and FCC 

structures, which includes broken bonds up to 3rd NNs and requires three surface energies as input. 

Its robustness will be tested further in the next two sections. 
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2.4.2.Model validation using MD data from this work 

 

Figure 2.2. Comparison of Eqs. (2.8) and (2.9) with MD data obtained from this work, 

containing 517 surface energies for each of the six elements. Note Eq. (2.8) is up to 2nd NNs 

using (100) and (110) surface energies as input, while Eq. (2.9) is up to 3rd NNs using (100), 

(110), and (111) surface energies as input. (a) Comparison of Eq. (2.8) to all BCC data; (b) 

Comparison of Eq. (2.9) to all BCC data; (c) Comparison of Eq. (2.8) to all FCC data; (d) 

Comparison of Eq. (2.9) to all FCC data. In each sub-figures, the solid line indicates a perfect 

agreement between the model predictions and MD data, and the two dashed lines show a ±5% 

deviation. 

 

Figure 2.2 shows the comparison of Eqs. (2.8) and (2.9) to 517 surface energies for each 

of the six metals (Fe, Cr, W, Ni, Cu, Al) calculated by our MD simulations, more than ten times 

the amount per element shown in Fig. 2.1. Figure 2.2 continues the trend that the more NNs are 
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included the better prediction for both BCC and FCC metals, although all data are fully relaxed in 

this case. Figure 2.2 also shows that Eq. (2.8), which includes broken bonds up to the 2nd NNs and 

uses (100) and (110) surface energies as input, predicts more accurate surface energies for BCC 

than FCC. However, Eq. (2.9), which includes broken bonds up to the 3rd NNs and uses (100), 

(110), and (111) surface energies as input, predicts nearly perfect surface energies for FCC metals, 

although the predictions for BCC metals are very accurate as well. Like the comparison with 

literature MD data in the previous section, the comparison with our own MD data also shows that 

Eq. (2.9) is more robust than Eq. (2.8) for both BCC and FCC metals. Therefore, in the following 

section only Eq. (2.9) will be further tested against DFT data.   

 

 

2.4.3.Model validation using online DFT database 

  

Figure 2.3. Comparison of Eq. (2.9) with the independent DFT data obtained from the Material 

Project repository for three BCC and three FCC metals. Note Eq. (2.9) is up to 3rd NNs using 

(100), (110), and (111) surface energies as input. (a) Comparison of Eq. (2.9) to BCC data. The 

red arrow indicates an abnormal data point in the database ï the (310) surface in Fe. The open 

red circle is our newly calculated value for this surface using DFT. (b) Comparison of Eq. (2.9) 

to FCC data. In each sub-figure, the solid line shows a perfect agreement between the model 

predictions and DFT data while the dashed lines show a ±5% deviation. 
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The results shown in Figs. 2.1 and 2.2 demonstrate that our analytical model (Eq. (2.9)) 

can predict nearly identical surface energies as the independent MD results for arbitrary (h k l) 

surfaces in both BCC and FCC metals using only three basic surface energies (i.e., (100), (110), 

(111)) as input. However, the empirical potentials used in MD may not fully capture the 

complexity of the surface relaxation. On the other hand, DFT calculations might give more 

accurate surface energies, although the accuracy could be influenced by the calculation details 

such as the system size. To test our analytical model against the DFT data, the DFT-calculated 

surface energies of different metals in the Material Project repository [5] are utilized for the 

comparison. Figure 2.3 shows the comparisons between the model predictions (Eq. (2.9)) and DFT 

data for the same BCC and FCC elements as in Fig. 2.2. Overall, the agreement between the model 

predictions and DFT data is very good, as most of the data are within or near the ±5% deviation 

from the perfect agreement. One notable exception is the (310) surface in BCC Fe, for which the 

DFT result is significantly larger than the model prediction, as indicated by the red arrow in Fig. 

2.3(a). Similar to the comparisons with the MD data obtained in this work (Figs. 2.2b & 2.2d), the 

agreement is also better for the FCC metals than the BCC metals. However, it is obvious that the 

model predictions have larger discrepancies for the DFT data than the MD data. This could be due 

to the more complex physics included in DFT calculations than in MD simulations such as electron 

interactions and magnetism. However, it is also possible that some of the DFT data reported in the 

Materials Project database contain some uncertainties or errors.  

To test if the largest outlier in Fig. 2.3(a) is caused by an error in the database, we have 

conducted DFT calculations to obtain the surface energy of a (310) surface in BCC Fe using the 

Vienna Ab initio Simulation Package (VASP) [50]. In our DFT calculations, the simulated 

reference bulk structure is oriented along the x = [0 0 1], y = [1 3 0], z = [-3 1 0] crystallographic 

directions with the lengths of 8.50 Å, 8.96 Å, 8.96 Å, respectively. A vacuum gap of 12 Å is added 

in the z direction to create two free surfaces. The number of Fe atoms is 60. The plane wave cutoff 

energy is 500 eV. The PerdewïBurkeïErnzerhof (PBE) functional [51] of Fe (3d74s1) is used to 

describe the electron exchange-correlation interactions. The Gaussian smearing method is used 

with a Sigma value of 0.05 eV. The 5×5×5 k-point mesh is used for both bulk and surface-

containing structures. The spin polarization is activated to include the magnetic effect. The 

magnetic state is assumed to be ferromagnetic with an initial magnetic momentum of 5mB. The 

energy convergence criterion is 10ī4 eV and the force convergence criterion is 0.01 eV/Å. The 
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reference bulk structure is allowed to have a full-volume relaxation. After two surfaces are created 

from the relaxed bulk structure, the cell shape and volume are fixed and only atom positions are 

allowed to relax. Similar as in MD simulations, Eq. (2.10) is used to calculate the surface energy. 

Our calculated surface energy is 2.51 J/m2, which falls slightly outside the ±5% deviation range, 

as shown by the open red circle in Fig. 2.3(a). In addition, we have downloaded the non-orthogonal 

Fe (310) surface structure from the original authorsô work [24] and relaxed it using our approach 

(with a much larger k-point mesh). The calculated surface energy is 2.52 J/m2. Therefore, the 

outlier of Fe (310) surface shown in Fig. 2.3 is likely due to an error in the original data. This result 

demonstrates that the analytical model can also be used to cross-check the accuracies of surface 

energies obtained experimentally or computationally. However, the robustness of the model is 

highly dependent on the accuracies of the input (100), (110), and (111) surface energies in Eq. 

(2.9). If any of them has a large error, the resultant model predictions would be highly inaccurate. 
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Figure 2.4. Comparison of Eq. (2.9) with the independent DFT data obtained from the Material 

Project repository for 46 BCC and FCC crystals. Note that some crystals are not in their ground 

states. Some crystals appear in both BCC and FCC datasets. (a-b) Comparison between the 

predictions of Eq. (2.9) and the DFT-calculated surface energies in BCC crystals, with (a) for 

surface energies as a group less than 0.8 J/m2 and (b) for those as a group above 0.9 J/m2. (c ï d) 

Comparison between the predictions of Eq. (2.9) and the DFT-calculated surface energies in 

FCC crystals, with (c) for surface energies as a group less than 0.9 J/m2 and (d) for those as a 

group above 0.9 J/m2. In each sub-figure, the solid line shows a perfect agreement and the 

dashed lines show a ±5% deviation. The symbols use colored numbers for easy identification of 

different elements. 

 

Figure 2.4 shows the surface energy datasets for 46 out of 51 elements currently available 

in the online database of Material Projects [5] for BCC and FCC structures. The 5 FCC datasets 

excluded either do not have all three (100), (110), or (111) basic surface energies or include extra 
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values outside of the cubic symmetry such as different surface energy values for (110) and (101) 

surfaces. Among the 46 elements tested here, some datasets have two different values for the same 

surface orientation because one of them is for the reconstructed surface. To avoid confusion, the 

non-reconstructed values are used in this work while the reconstructed values are ignored. It is 

remarkable that the model predictions for most of the elements stay within the ±5% error. There 

are, however, a few elements having notable outlier values. They are BCC Mg (#5) and Tl (#9) in 

Fig. 2.4(a), BCC Be (#0) in Fig. 4(b), FCC Co (#12), V (#13), Mo (#14), Nb (#15) in Fig. 4(d).  

There are two possible reasons that together may explain the outliers: a) the structures of these 

elements in DFT calculations are not in their ground states at 0 K; b) the DFT data may contain 

some errors or abnormal values, because for some elements the closed-packed BCC (110) surface 

or the FCC (111) surface is not the presumed lowest-energy surface for their respective structures. 

The abnormal Fe outlier in Fig. 2.4 (b) (the same one as in Fig. 2.3 (a)) has been discussed already. 

The elements with most outliers in the BCC structure shown in Fig. 2.4(a-b) are Mg, Tl, and Be. 

These 3 out of the 19 elements shown in Fig. 2.4(a-b) are the only ones having the HCP structure 

as their ground state at 0 K. Therefore, it is possible that the BCC structure is unstable for these 3 

elements in DFT calculations. In the DFT dataset, the (211) and (332) surfaces in Tl, and the (211) 

and (321) surfaces in Mg have lower surface energies than their respective (110) surface energies, 

which contradicts the convention that the closest-packed (110) surface has the lowest energy in 

BCC metals because it has fewest number of broken bonds per surface area. Note in Fig. 2.4(a-b) 

Sr and Yb have the FCC rather than BCC structure as their ground state. However, Eq. (2.9) and 

DFT data agree well for the two elements, suggesting that their metastable structures were 

correctly modeled in DFT.  

For the FCC structure, the agreement between Eq. (2.9) and DFT data is excellent when 

the elements have relatively small surface energies (Fig. 2.4(c)) ï only a few surface energies are 

slightly outside of the ±5% deviation. For those elements with relatively large surface energies 

(Fig. 2.4(d)), the discrepancies between Eq. (2.9) and DFT data are significant for some elements, 

although decent agreement is still achieved for the rest of them. The elements with many outliers 

in Fig. 2.4(d) are Ru, Co, V, Mo, Nb. It should be noted that the ground state structures of all these 

five elements are not FCC: Ru and Co are naturally HCP while V, Mo and Nb are naturally BCC. 

Therefore, it is likely that the metastable FCC structure was unstable for these elements during 

DFT calculations. The DFT-calculated surface energies of these elements also seem abnormal. For 
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example, the three basic surface energies in Co are close to each other: 2.04 J/m2 for (111), 2.42 

J/m2 for (110) and 2.48 J/m2 for (100), while some of other surfaces have abnormally high energies 

such as 3.43 J/m2, 3.64 J/m2 and 4.36 J/m2 for (310), (331) and (210) respectively; these high 

energies are also the highest outliers for Co. V and Mo have the (210) surface with the lowest 

energy, while normally it is the highest-energy surface in the FCC structure because it has the most 

1st NN broken bonds per area. For Nb, none of the two lowest-energy surfaces is the presumed 

(111) surface: 0.98 J/m2 for (322) and 1.51 J/m2 (332) respectively, while all other 11 surfaces 

have much higher energies in the range of 1.99 to 2.33 J/m2. The DFT data for Ru have better 

agreement with the model prediction than the other four elements (Co, V, Mo, Nb) and the 

deviations are within ±10%. However, for some other elements (Ce, Hf, La, Y, Zr, Li, Na) Eq. 

(2.9) and DFT data agree well even though their ground state structures are not FCC. Here Ce, Hf, 

La, Y, and Zr are naturally HCP, while Li and Na are naturally BCC. Nevertheless, it is evident 

that Eq. (2.9) and DFT data agree well for those elements at their ground state structures, and the 

large discrepancies are only from those metastable structures. Therefore, the model prediction can 

be used for cross validation of the calculated for measured surface energies, like we did for the 

(310) surface in BCC Fe shown in Fig. 2.3(a).  

 

3.4. Predicting equilibrium nanoparticle shapes using more surface energies 
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Figure 2.5. Predictions of the equilibrium nanoparticle shapes for (a-c) BCC Fe, and (d-f) FCC 

Cu using the Wulff plots. For each element, the first Wulff plot uses the DFT-calculated (100), 

(110) and (111) surface energies from the Material Projects repository, the second one uses all 

the available DFT data in the repository, and the third one uses the surface energies predicted by 

our model (Eq. (2.9)) for surfaces satisfying ЍὬ Ὧ ὰ < 6. 

 

 As mentioned in the Introduction, surface energy anisotropy can affect the equilibrium 

shape of a nanoparticle, which can be predicted by the Wulff plot. In the conventional Wulff plot, 

typically only the three (100), (110), and (111) basic surface energies are used for BCC and FCC 

crystals. As shown by Tran et al. [24], the equilibrium shape can change if more surface energies 

are included. Since our model can predict the energy of any arbitrary (h k l) surface, we attempt to 

predict the equilibrium shape of a nanoparticle in BCC and FCC metals when many candidate 

surfaces are considered. The WulffPack [52], a python package, is used to predict the equilibrium 

shapes. The BCC Fe and FCC Cu are selected as the representative metals for the two crystal 
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structures, respectively, as shown in Fig. 2.5. For each element, three Wulff plots are constructed. 

The first one uses the DFT-calculated (100), (110), and (111) surface energies from the Material 

Projects repository, same as in the conventional approach. The second one uses all the available 

DFT data reported in the Material Projects repository, about 9-10 surfaces energies each. The third 

one uses the surface energies predicted by our model (Eq. (2.9)) for surfaces satisfying ЍὬ Ὧ ὰ 

< 6. This includes 28 unique surfaces, although some of them do not appear in the Wulff plot. It 

can be clearly seen that for each element the equilibrium shape of a nanoparticle has noticeable 

changes as more surfaces are included, especially for BCC Fe (Figs. 2.5a-c). The equilibrium shape 

for the FCC Cu (Figs. 2.5d-f) does not change much, possibly due to the dominance of {111} and 

{100} surfaces in the FCC crystals. Since only a limited number of surfaces are surveyed in the 

DFT calculations, some high-energy surfaces reported in the Materials Projects repository can still 

appear in the Wulff plot. Using our surface energy model, all surfaces are surveyed as long as they 

satisfy the condition of ЍὬ Ὧ ὰ < 6. As a result, only the surfaces that meet the Wulff plot 

construction criterion can appear in the plot. Therefore, it is expected that our surface energy model 

(Eq. (2.9)) can provide a more complete set of surface energy data for the Wulff plot construction 

and predicting the equilibrium shapes of nanoparticles, which could motivate interested readers to 

conduct experiments to validate the model predictions.  

 

2.5.Discussion 

This work demonstrates that our analytical model (Eq. (2.9)) can predict accurate surface 

energies of any arbitrary (h k l) orientations (Ὤ  Ὧ  ὰ  π) for both BCC and FCC metals using 

only three basic surface energies as input: (100), (110), and (111). The choice of these three surface 

energies is for convenience because they are commonly available for many metals. However, other 

surface energies may also be used as input. Equation (2.9) is derived from Eqs. (2.2, 2.4-6) and 

includes the broken bonds up to the 3rd NN shell. If other surface energies are used as input, the 

analytical form of Eq. (2.9) needs to be modified accordingly, or one may numerically solve Eq. 

(2.5) and calculate the surface energy from Eq. (2.6). In terms of the number of different NN shells 

(which is the same as the number of input surface energies), this work shows that an accurate 

model should include at least up to the 3rd NN shells. The accuracy of the model may be improved 

further if more NN shells such as the 4th or 5th NN shell is included, but the complexity of the 
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model will increase significantly. In addition, it will require four or five surface energies as input, 

which may not be available for some metals. Therefore, Eq. (2.9) is recommended for calculating 

the surface energies in both BCC and FCC metals as it balances accuracy, convenience, and 

complexity. Although this work focuses on cubic structures, the methodology described in Eqs. 

(2.2, 2.4-6) could be extended to other orthogonal structures such as tetragonal and orthorhombic 

structures. For non-orthogonal structures such as hexagonal close packed (HCP) structure, the 

modification of the model may be non-trivial, but in principle similar ideas can be used. Interested 

readers may try to extend Eqs. (2.2, 2.4-6) for those non-cubic structures.  

This work compares the analytical model (Eq. (2.9)) with a wide range of surface energy 

data. They include the literature data based on different types of interatomic potentials (e.g., 

MEAM, MAEAM), our own data based on EAM interatomic potentials, and the online Materials 

Project database based on DFT. In our data, 6 elements and 517 surfaces per element are studied. 

In the DFT data, 46 elements are included. Therefore, in general our analytical model is robust for 

a diverse dataset of surface energies. For the data obtained from interatomic potentials, the 

agreement between Eq. (2.9) and surface energy data is excellent. For the DFT data, the agreement 

is also decent for many elements. However, there are large discrepancies when the structures of 

some elements are not in their ground states. We suspect that the metastable structures of those 

elements may be unstable in DFT calculations so that the DFT data contain some uncertainties or 

errors. Even if an element is in its ground state, the DFT data could still contain some errors. For 

example, we have demonstrated that the DFT-calculated (310) surface energy in BCC Fe, which 

is an outlier in Fig. 2.3(a), contains an error. Therefore, the analytical model developed in this 

work (Eq. (2.9)) can be used to not only predict the surface energies, but also cross-check the 

accuracy of existing surface energies that are obtained either experimentally or computationally.  

In this work, Eq. (2.9) is only tested for elemental BCC and FCC metals. It is unclear if the 

model can also be applied to concentrated alloys such as high-entropy alloys. In concentrated 

alloys, the elements can form either ordered structures (e.g., Ni3Al with a L12 structure) or random 

solid solutions. Previously, Mutasa and Farkas [35] developed an analytical model for Ni3Al that 

can predict any (h k 0) surface energies (Ὤ  Ὧ  π) using (100) and (110) surface energies as 

input. By setting l = 0 in Eq. (2.8) for the FCC structure, our model becomes the same as Mutasaôs 

model. Therefore, it is expected that our analytical model (Eq. (2.9)) may also work for ordered 
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alloys, although future tests are needed to prove this. If an alloy forms a random solid solution, the 

surface energy depends on not only its crystallographic orientation, but also the atomic 

configuration of alloying elements on the surface. As a result, the energy of each surface may have 

a range of values. However, the mean surface energy of each surface could still be predicted by 

our model. Future tests are needed to evaluate if Eq. (2.9) can be extended to concentrated alloys 

including high entropy alloys. 

The analytical model (Eq. (2.9)) is based on the unrelaxed surface geometry (i.e., the 

number of broken bonds of each surface). One implicit assumption is that the surface structure 

does not change significantly after relaxation so that the number of broken bonds remains 

unchanged. Another implicit assumption is that each broken (or unbroken) bond in the same NN 

shell has a similar energy. For metals, valence electrons become free electrons so that a broken 

bond may not cause significant energy changes of nearby unbroken bonds. The good agreement 

between Eq. (2.9) and DFT data indeed underscores this expectation.  However, for materials with 

covalent or ionic bonds, the broken bonds may cause complex charge redistribution on the 

unbroken bonds and thus change their energies significantly. In addition, significant surface 

reconstruction in such materials could also occur (e.g., Si). Therefore, while it is expected that our 

analytical model may work well for metals, it may not for covalent or ionic materials.  

 

2.6.Conclusions 

In this work, a new analytical surface energy model (Eq. (2.9)) is developed for both BCC 

and FCC pure metals, which can predict the surface energies of arbitrary (h k l) surfaces using 

only (100), (110), and (111) surface energies as input. No empirical fitting is involved in the model 

development. The model is based on the concept of broken bond model but with some important 

improvements. First, the model is generalized to include broken bonds of more NN shells but 

simplified in the formulation. As a result, it does not need to deal with the complexity of different 

geometric zones even if more NN shells are included. Second, the model uses a few basic surface 

energies rather than the ill-defined bond energy as input so that the surface relaxation effect is 

naturally included. In addition, unlike in the original broken bond model that has adjustable 

parameters, our model does not have such ambiguity. Our model is validated by 4357 independent 

surface energies calculated by MD and DFT from different sources, including the 3102 surface 
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energies (517 surface energies per metal) for 6 BCC and FCC metals directly calculated by MD in 

this work, and 1255 surface energies in up to 46 BCC and FCC metals calculated by MD and DFT 

in literature or online database. The excellent agreement between the model predictions and 

independent data is remarkable, demonstrating the robustness of this model. Some discrepancies 

do exist, but they are likely induced by possible uncertainties or errors in DFT data because they 

mainly come from those metals with metastable structures. Therefore, the model can be used to 

not only predict the orientation-dependent surface energies in different metals, but also cross-check 

the existing data obtained from experiments or simulations.  

These improvements make the model much easier to use, and most importantly, they make 

the model predictions more accurate than the original broken-bond model. The methodology for 

developing our model is presented in Eqs. (2.2, 2.4-6), from which numerous formulations of 

surface energy models can be developed, depending on the number of included NN shells and 

input surfaces energies. The methodology could be extended to non-cubic structures such as 

orthorhombic and HCP structures. This work chooses Eq. (2.9) as our recommended model, which 

includes broken bonds up to 3rd NN shell and uses the (100), (110), and (111) surface energies as 

inputs. It is expected that this model can be useful for the scientific community as it is easy-to-use 

and highly accurate. The model could also be used to predict surface energies in concentrated 

alloys, although this expectation needs to be tested in the future.  
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2.7.Appendix 

 Model for the 1st NNs only and the (100) surface energy as input: 

‎  
σὬ Ὧ ὰ ςȿὬ Ὧ ὰȿ‎

τЍὬ Ὧ ὰ
 Ὢέὶ ὄὅὅ 

                                   ‎  
Ѝ

 Ὢέὶ Ὂὅὅ                                                   (2.A1) 

 Model for the 1st NNs only and the (110) surface energy as input: 

‎  
σὬ Ὧ ὰ ȿὬ Ὧ ὰȿ‎

ςЍςЍὬ Ὧ ὰ
 Ὢέὶ ὄὅὅ 

                                   ‎  
Ѝ

Ѝ
 Ὢέὶ Ὂὅὅ                                               (2.A2) 

 Model for the 1st NNs only and the (111) surface energy as input: 

‎  
σὬ Ὧ ὰ ȿὬ Ὧ ὰȿ‎

ςЍσЍὬ Ὧ ὰ
 Ὢέὶ ὄὅὅ 

                                   ‎  
ЍЍ

 Ὢέὶ Ὂὅὅ                                               (2.A3) 

 Model for the 1st NNs and 2nd NNs and with the (100) and (111) surface energies as input: 

‎  
ЍσὬ σὯ ὰ ȿὬ Ὧ ὰȿ‎ σὬ Ὧ ὰ ȿὬ Ὧ ὰȿ‎

φЍὬ Ὧ ὰ
 Ὢέὶ ὄὅὅ 

‎  
Ѝ

Ѝ
 Ὢέὶ Ὂὅὅ                                                                   (2.A4) 

 

The model for the 1st NNs and 2nd NNs and with the (110) and (111) surface energies as 

input cannot be done analytically for BCC because the A matrix cannot be inversed. 
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Chapter 3.Assessment of Analytical Surface Energy Model for any Arbitrary 

(h k l) Surfaces in Ordered and Disordered Concentrated Alloys 

 

3.1.Abstract 

 Recently, an analytical surface energy model has been developed, which can predict the 

energies of arbitrary (h k l) surfaces in BCC and FCC elemental metals with an impressive 

accuracy. The model uses the geometric information of surface broken bonds up to the 3rd nearest 

neighboring shell, and only requires three basic surface energies ((100), (110), (111)) as input. 

Based on this success, this work aims to assess if this analytical model can be extended to ordered 

and disordered concentrated alloys with cubic structures, in which the surface energy depends on 

the atomic configurations. First, the model predictions for ordered/disordered Ni3Al and Ni3Fe as 

well as disordered Ni0.5Fe0.5 binary alloys are tested against with the data calculated from our 

molecular dynamic (MD) simulations. Second, similar tests are made for two equiatomic high 

entropy alloys with randomly distributed components: CrCoMnFeNi and FeNiCrCoCu. In all these 

assessments, the agreement between the model and MD data is excellent, demonstrating that the 

analytical model is applicable for both elemental elements and concentrated alloys. Finally, the 

assessment is conducted for around 900 surface energies of ordered alloys or intermetallic 

compounds that are reported in the online databases, which cover a wide range of cubic symmetry 

structures, including the simple cubic structure and its derivatives. Decent agreement is still found 

between the MD data and respective model because most of the data fall within 10% error, even 

though the discrepancies could also be caused by the uncertainties in the database.  
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3.2.Introduction 

 Surface energy is a fundamental property that directly influences many material processes 

and phenomena such as fracture [53], corrosion [54], catalysis [55], crystal growth [56], particle 

shape [57], etc. There are many techniques to measure the average surface energy of a material 

[58]. However, measuring the surface energies for different crystallographic (hkl) planes is much 

more challenging. Computational techniques are seen as viable alternatives and the vast majority 

of the different (h k l) surface energy data in the literature are obtained through them [24, 32, 36, 

59]. Two of the main computational techniques are density functional theory (DFT) and molecular 

dynamic (MD) simulations. While DFT calculations are more accurate, they are limited to only 

small sample sizes (typically up to 200 atoms). MD simulations can handle a larger number of 

atoms, e.g., around a few million, but their accuracy strongly depends on the interatomic potentials 

used. 

 Chapter 2 or a recent work by the present authors [60] has presented an expanded and 

improved broken-bond-based, fully analytical surface energy model for BCC and FCC elemental 

metals. This model uses the energies of the (100), (110) and (111) surfaces as input and then can 

predict the surface energy of any arbitrary (h k l) orientation that follows Ὤ  Ὧ  ὰ  π, which 

includes all possible crystallographic orientations through the cubic symmetry. The model 

inherently uses the number of broken bonds of the 1st, 2nd, and 3rd nearest neighbor (NN) shells per 

surface area for either BCC or FCC crystals. The model was tested thoroughly against 4357 surface 

energy data for elemental metals obtained through DFT and MD obtained from the literature [32, 

36], online databases [24], and our own calculations. Good agreement has been achieved for most 

of cases, demonstrating the robustness of the analytical model for elemental metals.  

This work seeks to further test the model for more general cases of ordered and disordered 

concentrated metallic alloys with cubic symmetries. Alloys are of vital importance for current and 

future technologies and applications. In particular, concentrated alloys including high entropy 

alloys are promising materials as they have many unique properties. However, knowledge of 

surface energies and their anisotropy in metallic alloys  is scant compared to single element metals. 

For example, the authors have not found any reported surface energy data for DFT-calculated cubic 

alloys that includes more than the 3 basic surfaces (100, 110 and 111). This is likely due to the 

alloysô need for larger samples than single element metals to be accurately simulated in DFT. In 
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addition, the surface energy in concentrated alloys depends on not only the surface orientation, but 

also the atomic configurations at the surface. Therefore, multiple calculations should be conducted 

for a surface in order to obtain a statistically meaningful value. There is a MD database of surface 

energies for BCC, FCC and SC ordered alloy structures, namely Jarvis-FF [61]. However, we have 

not find any literature results or online database for surface energies in disordered alloys. This 

work will test the model in three representative cases. First, the comparison is made between the 

model and the surface energies of 517 unique (h k l) surfaces that follow Ὤ  Ὧ  ὰ  π and 

ЍὬ Ὧ ὰ ¢ 18 criteria in ordered and disordered Ni3Al and Ni3Fe alloys; the comparison of the 

model with a disordered Ni50Fe50 (Ni0.5Fe0.5) alloy is also included. Second, the test is made for 

the cases of equatomic high entropy alloys with randomly distributed components: CrCoMnFeNi 

and FeNiCrCoCu. All the data used for these two cases are obtained in this work by employing 

MD simulations through LAMMPS [62]. The interatomic potentials for these two high entropy 

alloys are specially made for the FCC random solid solutions with the equatomic composition and 

have been used extensively in many applications [63-68]. The third case will use the Jarvis-FF 

[61] database for many ordered alloys. The symmetry groups based on the BCC, FCC and SC 

structures included in the database are I-43m, Ia-3d, F-43m, Fd-3m, Fm-3m, P-43m, Pm-3n and 

Pm-3m. They comprise a total of 71 alloys chosen with 13 surface energies each, although many 

of them have the same chemical formula with differing interatomic potentials. The alloys excluded 

report at least one negative surface energy, which is an unphysical result as it implies instantaneous 

fracture. Our recent model [60] already has formulas for BCC and FCC symmetries (although their 

applicability for concentrated alloys need to be tested here), therefore, the SC formula need to be 

derived and provided in this work.  

 

3.3.Methodology 

  Chapter 2 or Our previous work [60] has discussed at length about how to derive the 

analytical model for BCC and FCC, accounting for the broken bonds per area up to the 3rd NN 

shell. Here, the model for SC structure up to the 3rd NN shell is also derived but only a brief 

summary is provided. The details are referred to Chapter 2 or our previous work [60]. The model 

needs the sum of breakable bonds (SBB) [oj, pj, qj] for each jth NN shell that is to be considered. 

As the more NN shells are considered, the accuracy of the model should be improved. For SC, the 
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first NNs are: [100], [-100], [010], [0-10], [001], [00-1]. When each is dotted with the [h k l] 

surface normal direction of any given surface under the constrain Ὤ  Ὧ  ὰ  π,  only [100], 

[010], and [001] can give a possibly positive dot product, which signifies a broken bond above the 

surface. The SBB for the 1st NN shell is then: [o1, p1, q1] = [100] + [010] + [001] = [111]. For SBB 

of the 2nd NN shell: [o2, p2, q2] = [110] + [101] + [10-1] + [1-10] + [011] + [01-1] = [420]. For the 

3rd NN shell: [111], [11-1], [1-11], [1-1-1], and [-111] can be broken, but only 4 of them at the 

time. The bonds at [1-1-1] and [-111] are opposite to each other so they cannot be broken at the 

same time for any (h k l) surface, so the partial SBB of the 3rd NN shell is: [o3, p3, q3] = [111] + 

[11-1] + [1-11] = [311] and the other two breakable bonds will be added at the moment of the dot 

product in a special manner explained later. The model is: 

                            ‎ ȟ ὼ ȟ ὼ Ễ ȟ ὼ.               (3.1) 

The ‎  is the (h k l) surface energy. ὼ is the energy of the jth NN broken bond. ȟ  contains 

the geometric information of the jth NN broken bonds per area, and it is obtained by using the 

SBB (έȟὴȟή ) in 

ȟ
Π       ȟȟ

Ѝ
Ͻέȟὴȟή ᶻ         (3.2) 

 

where ὥ is the lattice parameter and   is the volume per atom (ὥ for SC). In the case of SC, only 

the 3rd NN shell has a SBB that needs the following special treatment, where Ὄ ὬȟὯȟὰ: 

ȟ ὌϽσȟρȟρ
ȿ╗ Ͻ ȿ ╗ Ͻ

ς
 
ȿ╗ Ͻ ȿ╗ Ͻ

ς ȿȿ
 . (3.3) 

This modification uses y=(|x|+x)/2, which ensures that the correct broken bond (either [1-1-1] or 

[-111]) contributes while the contribution of the other is zero. Now that all ȟ  are defined, the 

last step is to solve for ὼ through the linear algebra equation Ax = b. Here, b is an array of known 

surface energies, x is an array of the broken bond energies for the jth NN shells, and A is an i × j 

square matrix (i.e., i = j) that contains all the density of broken bonds per area in each NN shell. 

Here we use ñiò to represent ith surface and ñjò to represent jth NN shell to avoid confusion. 

Solving for x through ὼ ὃ ὦ, which is: 
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All parts necessary for Eq. (3.1) are obtained through Eq. (3.2-4) and now for SC symmetry it 

gives the following analytical form: 

‎

Ѝ Ѝ Ѝ Ѝ Ѝ Ѝ ȿ ȿ

Ѝ
  (3.5)   

ὧέὲίὸὶὥὭὲὸȡ Ὤ  Ὧ  ὰ  π. 

For completeness, the BCC and FCC models from Chapter 2 or our previous work are also 

provided: 

‎  

Ѝ Ѝ Ѝ Ѝ
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 Ὢέὶ ὄὅὅȟ                                    (3.6) 

                                                                                                                                                      

‎  

Ѝ Ѝ Ѝ Ѝ Ѝ Ѝ

Ѝ Ѝ ȿ ȿȿ ȿȿ ȿ

Ѝ
 Ὢέὶ ὊὅὅȢ      (3.7) 

ὧέὲίὸὶὥὭὲὸȡ Ὤ  Ὧ  ὰ  π. 

To obtain the validation data for the model, MD simulations were conducted to calculate 

517 surface energies in each concentrated alloy. These alloys are: FCC Ni3Al and Ni3Fe ordered 

and disordered binary alloys, disordered FCC Ni50Fe50 (Ni0.5Fe0.5), and equatomic FCC 

CrCoMnFeNi and FeNiCrCoCu high entropy alloys in the form of random solid solutions 

(disordered alloys). The LAMMPS [62] simulation package was used for all MD calculations. The 

respective interatomic potentials for these alloys are taken from Refs. [69-72]. Since the surface 

energy depends on the atomic configurations in disordered concentrated alloys, each surface for 

all disordered alloys were simulated three times in order to obtain their statistical average and 

standard deviation. All surfaces were created by turning off periodic boundary conditions along 

the z axis and all surface grains were larger than 4 x 4 x 4 nm to avoid self-interactions between 

two surfaces and to obtain more conclusive statistics. The lattice parameters for Ni3Al and Ni3Fe, 
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regardless of their ordered or disordered structures, are the ones that give the lowest bulk cohesive 

energy in their ordered form. The formula used to obtain the surface energy is 

                                    ‎                                       (3.8)                                          

 where ‎  is the surface energy of the simulated (h k l) free surface, EFS is the total energy of the 

surface-containing grain after relaxation,  Ὁ  is the bulk of the grain before the surfaces are 

created, and ὃ  is the surface area of the grain. The area needs to be multiplied by a factor of 2 

to account for both the +z and -z free surfaces of the grain.  

 

3.4.Results and Discussion 

3.4.1.Binary Ordered and Disordered Alloys 

Figure 3.1. Comparison of the FCC model in Eq. (3.7) with the 517 unique (h k l) surface 

energies that follow Ὤ  Ὧ  ὰ  π and ЍὬ Ὧ ὰ ¢ 18 criteria in (a) Ni3Al  and Ni3Fe 

binary ordered alloys and (b) Ni3Al, Ni3Fe and Ni50Fe50 disordered alloys. The solid line is a 

guide for a perfect agreement between the model and MD data. The dashed lines show ±5% 

deviations. Error bars for one standard deviation are shown for each data point in a slightly 

lighter color but most of them are smaller than the symbol size.  

 

 Figure 3.1 shows the comparison between the model and the MD data for binary alloys 

calculated in this work. The data for all 5 ordered or disordered alloys agrees splendidly well with 
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the model, because most of the data are within the dashed lines, which are 5% deviations from the 

perfect agreement. The surface energies of Ni3Fe are similar in their ordered and disordered 

structures. The surface energies for Ni3Al are around 0.3 J/m2 lower for the disordered case than 

the ordered case. This is partly a result from the higher bulk energy per atom in the disordered 

case, around -4.5 J/m2, compared to the ordered cohesive energy of -4.63 J/m2. The disordered 

Ni50Fe50 alloy has about the same surface energy range as Ni3Fe, probably due to a coincidence, 

because they are different element compositions. 

3.4.2.High Entropy Alloy Comparison 

 

Figure 3.2. Comparison of the FCC model in Eq. (3.7) with the 517 unique (h k l) surface 

energies that follow Ὤ  Ὧ  ὰ  π and ЍὬ Ὧ ὰ ¢ 18 criteria in (a) CoNiCrFeMn and 

(b) FeNiCrCoCu high entropy alloys. The solid line is a guide for a perfect agreement. The 

dashed lines show ±5% deviations. Error bars for one standard deviation are shown for each data 

point in a slightly lighter color, although most of them are smaller than the symbol size. 

 

Figure 3.2 shows outstanding agreement between the model and MD data for the two high 

entropy alloys in their random solid solution configurations. It is important to note that all 

disordered alloys in Figures 3.1 and 3.2 have small standard deviations (shown as error bars and 

as high as 0.02 J/m2) which implies that the vast majority of the 3 surface energies calculated for 

each surface are within ± 0.02 J/m2 of each other. The standard deviations are influenced by system 

size, and all the surfaces studied in this work are larger than 4nm ³ 4nm, which puts it in the realm 

of thousands of atoms in the grain. This system size is well out of DFT reach. This is a significant 
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result because it shows that the surface energy does not vary much by a disordered composition, 

if sufficiently large surfaces are used and the distribution of atoms are truly random. Unfortunately, 

the high-entropy alloys are only modelled in the FCC structure. There is a need for more inter-

atomic potentials for high-entropy alloys in other cubic structures for further model testing. 

3.4.3.Database data comparison 

 

Figure 3.3. Comparison of the models with the surface energies data for cubic alloys in the 

Jarvis-FF database. Part a) compares the BCC model in Eq. (3.6) to the data for I-43m and Ia-3d 

alloy structures. Part b) compares the FCC model in Eq. (3.7) to the data for F-43m, Fd-3m, and 

Fm-3m alloy structures. Part c) compares the SC model in Eq. (3.5) to the data for P-43m, Pm-

3m, and Pm-3n alloy structures. The solid line is a guide for a perfect agreement. The dashed 

lines show ±10% deviations. 

 

 Figure 3.3 shows the comparison of the model with the ordered alloy data in the Jarvis-FF 

database. The comparison shows that while most of the data fall within ±10% deviations, there are 

many alloy compositions where the model appears to predict poorly. This does not mean that our 

model prediction is inaccurate, because the original data could have some errors. Interestingly, 

Fig. 3.1(a) is missing the Im-3m structure. This is because all alloy compositions that begin in that 

structure relax to the P4/mmm tetragonal structure and are, therefore, not included. Note also that 

some alloy compositions are labelled once but have more data points than others. This is because 

there are 71 alloy compositions but many of them are repeated with different potentials; there are 

only 34 unique compositions. Each alloy composition has 13(h k l) surface energies per inter-

atomic potential used. The challenge of using MD data is that most inter-atomic potentials are 

made for specific applications and even compositions. As a result, the accuracy of their results for 

other compositions is unknown [73]. This work only excluded alloy compositions that had at least 
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one surface with negative surface energy, no other accommodation was made. For example, none 

of the 6 potentials [72, 74-77] (with [75] showing values for both the original and updated version), 

used for Al4Ni3 in Fig. 3.3(a) focuses on the specific composition of Al4Ni3 and the model fit is 

atrocious. The same 6 potentials are also used in Fig. 3.3(b) where they have differing degrees of 

success, such as the largest error of NiAl.eam.alloy [76] being 12% while NiAl02.eam.alloy [77] 

has an error as large as 85%. Importantly, our results for Ni3Al differ from the database results and 

our results agree much better with the model (Fig. 3.1). This could be a result of the database 

allowing the surfaces to relax their volume and/or different lattice parameters used. There are 

around 5 alloy compositions in Fig. 3.3(c) where about half the data do not fit well. Overall, the 

modelôs prediction is remarkable for most unique alloy compositions, even in some cases when 

the potential is not specialized for that composition. One final note, the Mg4Al 67 formula in Fig. 

3.3(c) is as it appears in the database but the chemical composition is Mg4Al 6. 

3.5.Conclusions 

 This work sets out to compare a newly improved and simplified broken-bond-based surface 

energy model with independent MD data for ordered and disordered concentrated alloys with cubic 

symmetries. The analytical model only needs the input of the surface energies of the (100), (110), 

and (111) surfaces for the material in question. Then it can use its inherent geometric information 

of the number of broken bonds per surface area up to the 3rd NN shell to calculate the surface 

energy for any (h k l) orientation. The formulas for the BCC and FCC structures had been derived 

in the previous work [60], and the formula for the SC structure is derived in this work. The external 

data from the Jarvis-FF database is also used for the model test and most of them agrees decently 

with the model predictions (within 10%). The authors could not find sufficient data for different 

(h k l) surface energies in disordered alloys in the literature, therefore, we employed MD 

simulations for two case studies: Ni3Al and Ni3Fe ordered vs disordered alloys and the equatomic 

CrCoMnFeNi and FeNiCrCoCu disordered high entropy alloys. 517 unique surfaces were 

calculated for each alloy and their agreement with the model is splendid. It is also found that the 

ordered and disordered Ni3Fe have around the same surface energies while ordered Ni3Al has 

around 0.3 J/m2 higher energy than its disordered version. All surface energy data calculated in 

this work were only simulated in their FCC structure, which is their stable structure. Further model 

testing should be done if more surface energy data for disordered alloys in other cubic structures 

are available.  
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Chapter 4.First Principles and Molecular Dynamics Study of Effects of Solute 

Segregation on Grain Boundary Cohesive Strength in a-Fe 

 

4.1.Abstract 

Steelôs mechanical properties such as resistance to fracture and ductility depend on the 

local atomic composition of its grain boundaries (GBs). The segregation of alloying elements or 

impurities at GBs alters the local chemical composition, which may reduce or enhance the GB 

cohesive strength. In order to elucidate the potency of solute embrittlement/strengthening, the 

solute effect is linked to a solute-solvent property. The proposed solute-solvent property is the 

substitution energy because it is a descriptor of the bond strength of the solute-solvent bonds that 

are broken during GB decohesion in the dilute limit. In this work, we use density functional theory 

and molecular dynamics to study the changes of GB cohesive strength due to the substitutional 

segregation of Al, V, W, Cu, Ni and Cr in the Ɇ3(111), Ɇ3(112) and Ɇ5(012) GBs using the Rice 

and Wang model and compared said change with the substitution energy. The results show that 

the substitution energy of the solute in the bulk is a great indicator of the behavior of the solute at 

the GB when the solute is at the GB segregation energyôs local minima closest to the middle of the 

GB and in the first layer of the surface. It is also found that W, V and Cr enhances the GB cohesive 

strength in all 3 GBs while Cu consistently reduces it.  
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4.2.Introduction 

Ferritic and martensitic steels are important structural materials. Future applications for 

these steels, such as in 4th generation nuclear reactors, requires them to have good resistance to 

intergranular brittle fracture in extreme conditions. It is well known that alloying or impurity 

elements can drastically change mechanical properties. One of the reasons is the solute segregation 

and corrosion at the GB, which can either embrittle or strengthen the cohesion. A severe example 

of the dangers of temper embrittlement and stress corrosion is the catastrophic failure of the steam 

turbine failure at Hinkley Point óAô [78]. Understanding the relation between the GB solute and 

GB cohesive strength is important for designing steels with superior resistance to temper 

embrittlement. 

Computational studies have been an invaluable tool in understanding the relation between 

the GB segregated element and GB cohesive strength because they provide details of the 

mechanism at play in the atomic and electronic scale [79]. Many of these studies use the Griffith 

criterion [80] to calculate the GB cohesive strength as the energy per area required (G) to split the 

GB into two free surfaces (FS). From an atomistic point of view, the GB cohesive strength is the 

minimum energy needed to break the bonds between the atoms at the grain boundary interface.  

GB energy and FS energy in Eq. 4.1 are  ‎  and ‎  respectively. 

 

Ὃ  ς‎ ‎           (4.1) 

 

The Rice and Wang model [81] defines the change in GB cohesive strength (ɝὉ ) as the 

difference between the GB cohesive strength of the GB with the solute  (Ὃ ) to the GB cohesive 

strength of the pure material (Ὃ) multiplied by the area (A) to be the difference between the FS 

segregation energy (Ὁ ) and the GB segregation energy (Ὁ ): 

 

ɝὉ Ὃ  Ὃ ὃ  Ὁ Ὁ          (4.2) 
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Lejļek et al [79] compiled much of the available literature data and concluded that 

computational studies generally agree well with experimental results over whether a solute will 

reduce or enhance GB cohesion. Unfortunately, however, Lejļek et al [79] also showed that the 

computational data on the same solute can vary up to one order of magnitude. Lejļek et al [79] 

argue that this discrepancy in the data may arise from different minimization schemes or 

magnetism consideration. This discrepancy in the data makes it difficult to clearly find which 

solute and solvent properties affect the GB cohesive strength. This work will try two possible 

reasons for the data discrepancy, first by comparing the results of two different methods (DFT and 

MD) and second by using the MD data to show the ɝὉ results of different solute position criteria. 

In order to explain how solute segregation causes the embrittlement or enhancement of GB 

cohesion, Seah [82] used a regular solution based analysis to propose that the difference between 

solute and solvent elemental sublimation energies, and atom size are the most important causes. 

The solute/solvent sublimation energy represents the solute-solute/solvent-solvent bond strength 

and their difference is an estimate of the strength of the solute-solvent bond, which if lower than 

solvent-solvent bond it should embrittle the GB cohesion because less work is required to break 

the bonds across the GB. The atom size is important because larger solutes could cause local strain 

that may facilitate the GB fracture. Lejļek and Ġob [83] compared the ɝὉ reported in the literature 

to the difference between sublimation energies of the solute and solvent to show a trend that agrees 

with Seahôs analysis. Gibson and Schuh [84] calculated the upper limit of the strain caused by the 

atom size mismatch and determined that the bond strength difference is the more important of the 

two causes. Gibson and Schuh [84] also compared the ɝὉ available in the literature to the 

difference between cohesive energies of solute and solvent which also showed a trend that 

confirms Seahôs analysis. Both trends are understandibly scattered given the discrepancy in the 

data reported by Lejļek et al [79].  

This work will compare ɝὉ to the bulk substitution energy. The substitution energy is calculated 

Ὁ Ὁ Ὁ           (4.3) 

As the difference between the energy of the bulk with one substitutional impurity (Ὁ ) to the 

energy of the pristine bulk Ὁ . 

 



46 

 

 

The substitution energy should have a better correlation to ɝὉ than the difference between 

sublimation enthalpies or cohesive energies because (1) it directly describes the solute-solvent 

bonds in the appropriate crystal structure of the solvent, (2) the strain caused by the atom size 

difference is already included.  

The solutes in this study are Al, V, W, Cu, Ni and Cr. These metallic solutes can be found 

in steel as alloying elements or impurities and form metallic bonds with a-Fe with the small 

exception of Al, as Yuasa et al [85] determined that its bond is partially covalent. Yuasa et al [85] 

determined, using first principles, that the Rice-Wang formula predicts Al as a cohesion enhancer 

while dynamic loading predicts embrittlement. Note that the Rice-Wang formula does not include 

plasticity while dynamic loading does. Heo [86] found that Al has a detrimental effect through the 

use of Auger electron spectroscopy (AES) and tensile loading, which agrees with Yuasaôs dynamic 

loading. Yuasa and Mabuchi also used first principles dynamic loading calculations to predict that 

Cu embrittles [87] the GB. Nachtrab and Chou [88] used AES and determined that Cu embrittles 

austenitic grain boundaries, but decided that it was through co-segregation with Tin and Antimony. 

Cr is used in steels to provide surface corrosion resistance but it can form carbides that embrittle 

the GB [89]. Shang et al used first-principles DMol method to conclude that V [90] and Cr [91] 

enhance GB cohesive strength. Rajagopalan et al [92] determined through molecular statics 

simulations that V will enhance the GB cohesion. Oksuita et al [93] found that 1% or 3% addition 

of V increased the Ductile to Brittle Transition Temperature (DBTT) but the 0.3% decreased it. 

Farkas et al used molecular dynamics to conclude that Cr decreases the GB cohesive strength while 

Ni enhances it [94]. Norstrom and Vingsbo [95] found enhancement by Ni in martensinic steels. 

Lee et al [96] found through AES, scanning electron microscopy and tension tests that W increases 

the GB cohesion.        

This work will study the effect of substitutional segregation of Al, V, W, Cu, Ni and Cr in 

the Ɇ3(111), Ɇ3(112) and Ɇ5(012) GBs through the Rice and Wang model using both Density 

Functional Theory (DFT) and Molecular Dynamics (MD). Comparing DFT and MD results could 

demonstrate one order of magnitude discrepancies in the effect of the same solute, such as those 

compilated and reported by Lejļek et al [79]. All possible solute positions in the GB and FS will 

be calculated through MD so that the ɝὉ of different solute position criteria used in the literature 
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are calculated and compared, it could also be a reason for the data discrepancy compilated and 

reported by Lejļek et al [79]. 

The discussion will consist of (1) the segregation energy behavior at the GB and FS of each 

solute, (2) the different ɝὉ obtained following different solute position criteria at the GB and FS, 

(3) the comparison of ɝὉ obtained through DFT and MD and (4) the relation between ɝὉ and the 

bulk substitution energy. 

 

4.3.Methods 

 

4.3.1.MD details 

The molecular dynamic simulations were performed in LAMMPS [45] with semi empirical 

embedded-atom method (EAM) potentials for the Fe-Cr [46], Fe-Cu [48], Fe-Ni [48] and Fe-W 

[97] systems while Fe-P [98], Fe-Al  [99] and Fe-V [100] used EAM form due to Finnis and 

Sinclair. 

The simulation cells were obtained through the Coincidence Site Lattice (CSL) method, 

both top and bottom grains in the GBs with the z-direction as the normal. The grains were then 

duplicated until the supercell was larger than 20 Å along the GB plane and 40 Å normal in order 

to avoid self-atom and both GBs interactions. The system was minimized for each potential using 

the Polak-Ribiere [101] version of the conjugate gradient method and three-dimensional periodic 

boundary conditions on the GB structures obtained by rigid-body motion of the bottom grain by 

0.1 Å steps along the x and y directions up to a full CSL cell translation. The resulting GB structure 

with the minimum energy after in-plane translations is then separated along the z direction in 0.1 

Å intervals in order to find the minimum energy and optimal pure Fe configuration.  

For the FSs, the unrelaxed top grain of the GB supercell with the same larger than 

20x20x20 Å dimensions was minimized with the conjugant gradient method but with only periodic 

boundary conditions in the x and y dimensions. The results for the GB energy and GB cohesive 

strength in pure BCC Fe are shown in Table 4.1. Figure 4.1 shows the relaxed GB structures. These 

GB energies are in good agreement with results from Rajagopalan et al [92]. 
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Orientation 

Grain Boundary Energy ( ὐȾά  ) 
Grain Boundary Cohesive Strength  

( ὐȾά  ) 

Potential used: 

[46], [48], [97] 

Potential used: 

[98], [99], 

[100] 

Potential used: [46], 

[48], [97] 

Potential used: 

[98], [99], [100] 

S3(111)[ρρπ 1.28 1.31 2.71 2.62 

S3(112)[ρρπ 0.30 0.31 3.47 3.39 

S5(210)[ρππ 1.08 1.11 2.58 2.47 

 

 

Fig. 4.1 Relaxed GB structures. The two colors show the two lattice planes. 

 

The GB and FS segregation energy was calculated for every possible substitutional position 

up to 6 Å away from the GB or FS plane in the fully relaxed GB and FS systems. All possible 

segregation positions were tested in order to calculate the ɝὉ of different solute position criteria 

used in the literature and compare if their differences are large enough to be a possible reason for 

the data discrepancy compilated and reported by Lejļek et al [79]. The GB Ὁ  and FS Ὁ  

segregation energy is calculated by 

 

S3(111) S3(112) S5(210) 

Table 4.1. GB energy and cohesive strength for the S3(111), S3(112) and S5(210) GBs in the 

MD calculations for all the different potentials used. 
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Ὁ Ὁ Ὁ Ὁ        (4.4) 

 

where Ὁ  is the total energy of the GB or FS with the substitutional element, Ὁ is the total 

energy of the pristine GB or FS, Ὁ  is the substitution energy from Eq. (4.3). 

 

4.3.2.DFT details 

The first principle calculations were performed in VASP [50, 102] using the generalized 

gradient approximation (GGA) through the Perdew-Burke-Ernzerhof parametrization [51]. A 0.2 

Methfessel-Paxton smear [103] and the cut-off energy of 400 eV were used in all GBs. The number 

of atoms, K-point mesh and GB energy are reported in Table 4.2. 

The supercells were also obtained from the CSL method but a 12 Å vacuum was added 

along the normal of the GB to allow for the relaxation of the distance between the two grains and 

in order to lower the number of supercells calculated. The supercells with the grain boundary and 

the two surfaces were compared to a supercell with only two surfaces and the same number of 

atoms, as Wu [104] did. The in-plane translation reported by Wang et al [105] were used. After 

the relaxation of the pure Fe GBs, the volume was held constant for all solute substitutions. Note 

that unlike the MD calculations, not all possible solute segregation positions were calculated in 

the GBs and FSs. Fig. 4.2 shows the solute segregation positions calculated. Other works [106, 

107] only report ɝὉ as the result of the solute at the outmost layer of the FS and the center of the 

GB and testing only the most important solute positions saves computational cost. Ɇ5(012) had 

three possible solute positions because although position 1 and 2 are in the same layer, their local 

environment is different enough to have a different segregation energy. 

 

 
N of atoms KPOINTS GB Energy ( ὐȾά  ) 

S3(111) 72 4x4x1 1.58 

S3(112) 48 4x4x1 0.46 
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S5(210) 40 3x6x1 1.61 

Table 4.2. N of atoms and KPOINTS used in the DFT calculations along with the resultant GB 

energy 

 

 

Figure 4.2, relaxed GB and FS structures with the solute placement numbered. Only one solute 

atom was used at any one time. The two colors show the lattice planes.  
 

The FS segregation can be directly calculated by modifying formula 3 to be: 

Ὁ Ὁ Ὁ  Σ        (4.5) 

where Ὁ  is the single grain system with the impurity at the FS while Ὁ  instead has the 

impurity in the bulk. The GB segregation energy is calculated from formula 3. 
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The DFT and MD ɝὉ results will be compared to elucidate whether one order of magnitude 

discrepancies in the effect of the same solute, such as those compilated and reported by Lejļek et 

al [79] could be explained through the use of different computational methods. 

 

 

 

4.4.Results and Discussion 

 

4.4.1.GB and FS segregation 

In order to better understand the change in GB cohesive strength by substitutional 

segregation, we first study the GB/FS segregation energy at every possible position within 6 

Angstroms. A negative segregation energy is favorable. 

 

 

Figure 4.3. MD results of segregation energy of impurities or alloying elements at the GB or FS 

on each position available within 0.6 nm of the GB or FS 

S3(111) S3(112) S5(210) 
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The MD results show that the spatial variation of segregation energy has two main 

differences in behaviors between GB and FS segregation. The first difference is that the 

segregation energy at the first layer in the FS tends to be quite larger, at least twice as large, with 

the exemption of Ni and Al, than all other positions in the FS and GB. This implies that if it is 

assumed that the solute position is right at the surface after decohesion, then it is known if the 

element will enhance or embrittle the GB cohesion according to Eq. (4.1). The second difference 

is that the GB segregation has a local minimum in the two closest layers of the GB, the only 

exception being V in S5(210). Wu et al [104] observed the same local minimum within the first 2 

layers in their W-based GBs segregation studies. Wu et al [104] explained this behavior by stating 

that oversized atoms tended to segregate at the GB plane while undersized atoms segregated one 

layer away from the GB plane in W-based GBs. Most of the solutes used in this study have similar 

atomic sizes with the exception of W, which behaved as Wu predicted. 

The DFT segregation energy results, shown in Fig. 4.4, also shows a generally larger FS 

segregation energy but not as decisive as in the MD results. Not enough solute positions were 

tested to determine if there is local minimum within 2 layers. The substitution energy is included 

in Fig. 4.4 to show the slight energy variation caused by the different concentrations. Ni has the 

largest energy variation in the 111 orientation when compared to the other two. 

 

 

Figure 4.4. DFT results of segregation energy of impurities or alloying elements at the GB, FS. 

The substitution energy for every concentration is also included. 

112 210 111 S3(112) S5(210) S3(111) 111 112 210 
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The DFT and MD results tend to agree whether the solute prefers to segregate in the bulk 

or the FS. In the GB, DFT predicts that the solutes do prefer to be in most positions at the GB 

while MD shows many unfavorable positions for solute segregation.  

 

4.4.2.Change of Grain Boundary Cohesive Strength by Different Position 

Criteria  

The change in GB cohesive strength by segregation is defined by the Rice and Wang model 

(Eq. 4.1) as the difference between the segregation energy of the FS and the segregation energy of 

the GB. According to the model, a solute with higher (more unfavorable) FS segregation energy 

than GB segregation energy will enhance the GB cohesion and vice-versa. It is worth mentioning 

that this model is limited to low solute concentrations as it does not account for solute-solute 

interactions. Although there are many[79, 84] computational studies of GB cohesive strength in 

the literature that use the Rice and Wang model, there is no discussion on the different solute 

position criteria used, as far as the authors are aware. 

There are at least three different criteria used in the literature for the position of the solute 

at the GB and at the FS. All three criteria fulfill the Rice and Wang model. The three are criteria 

are (1) the position at the GB with the minimum segregation energy and the position at the FS with 

the minimum segregation energy, (2) the position at the GB with the minimum segregation energy 

and keeping that same position at the FS, (3) the middle of the GB and at the surface of the FS. 

For simplicity, criteria (1) will be referred to as Min-Min, criteria (2) as Min-Same and (3) as Mid-

Surf.  

The Mid-Surf criteria is the first criteria used to calculate the change in GB cohesive 

strength[108]  through the Rice and Wang model and has been widely used since[90, 91, 106, 

109]. It may be widely used because it puts the solute directly in the assumed fracture path, which 

is the GB plane, and it only requires the calculation of the GB and FS segregation at one position 

which saves computational resources. The Min-Same criteria assumes that the solute in the GB 

will be at its most favorable position, which may be at a sublayer instead of the GB plane but will 

not have the energy necessary to diffuse from that position in the FS. Studies that use this criteria 

tend to report the change in GB cohesive energy for the solute at every layer[94, 110]. Studies that 
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use the Min-Min criteria[111-113] implicitly assume that the solute will be at its most favorable 

position in the GB and will have enough energy to diffuse to its most favorable position at the FS. 

 

The use of different solute position criteria can yield, as this work shows in Fig. 4.5, 

significantly different results of GB cohesive strength even with the same methodology. Note that 

only MD data was included. These are a few observations from Fig. 4.5: 

Whether the solute embrittles or enhances the GB cohesive strength is criteria dependent for Ni, 

Cr and V 

The magnitude in GB cohesive strength of the distinct criteria can be three to six times 

different. The Mid-Surf criteria always predicts the largest change in GB cohesive strength in this 

case. This is due to the large FS segregation energy for the solute at the surface. 

 

  

S3b 

S5 

S3a 
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Figure 4.5. Change in GBCS (DE) caused by Al, Cr, Cu, Ni, V and W segregation at the Ɇ3(111) 

(Ɇ3a), Ɇ3(112) (Ɇ3b) and Ɇ5(210) GBs according to the Min-Min, Min-Same and Mid-Surf 

criteria. The scale is given for every element to allow easy comparison between different criteria. 

 

The first two observations present a hurdle for studies that seek to find a correlation 

between solute or solvent properties, such as the difference in cohesive energies by Gibson and 

Schuh[84] or the difference in sublimation energy by Lejļek and Ġob[83], to the change in GB 

cohesive strength because the solute or solvent properties do not change with solute position 

criteria but the change in GB cohesive strength can change. Both studies do show a general trend 

but the variation in values in their collected data is large. Geng et al [106] and Gibson and Schuh 

[107] have models that predict the change in GB cohesive strength but they are only valid with the 

Mid-Surf criteria. This work will report the change in GB cohesive strength with the assumption 

that the solute will be in the most energetically favorable position within the first two layers of the 

GB and will be at the surface after decohesion.  

 

4.4.3.Relation between ╔ and the Substitution Energy 

Previous works have sought to attribute material properties of the solute or solvent to the 

origins of grain boundary embrittlement. Seah[82] affirmed that the embrittlement is caused by 

the difference in the bond strength, which is estimated from the difference between sublimation 

enthalpies of solute and solvent, and atom sizes. Lejļek and Ġob[83] compared the ɝὉ reported in 

the literature to the difference between sublimation energies of the solute and solvent to show a 

trend that agrees with Seahôs analysis. Gibson and Schuh[84] calculated the upper limit of the 

strain caused by the atom size mismatch and determined that the bond strength difference is the 

more important of the two causes. Gibson and Schuh[84] also compared the ɝὉ available in the 

literature to the difference between cohesive energies of solute and solvent which also showed a 

trend that confirms Seahôs analysis. Losch[114] stated that embrittlement occurs because of 

different bonding types, such as covalent bonds between elements with ὴ electrons and metal, 

which cause the bonds to lose their flexibility which in turn reduces the necessary plastic work to 

fracture the grain boundary and disrupts the neighboring metallic bonds. Schweinfest et al[115] 

decided that GB embrittlement is mostly only an effect of the strain caused by the different atomic 

size, in the case of Bismuth in Cu. In contrast to Schweinfest, Duscher et al[116] decided that the 
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embrittlement caused by Bismuth in Cu was the result of ñzinc-likeò bonds between the Bi and the 

Cu. Given the difficulty to isolate the effect of the bond type, bond strength or atomic size to 

correlate it to the GB embrittlement, we decided to compare the change in GB cohesive strength 

to the simpler point defect that already has the effects of the bond type, bond strength and atomic 

size: the bulk substitution energy. The results are shown in Fig. 4.6. 

The criterion used for  ɝὉ in Fig. 4.6 is for the solute to be at the most favorable position 

within the first two layer of the GB and at the outmost layer of the FS. This criterion allows for 

the different solutes to be at the same position so they can be compared with each other while the 

FS position is the one with the most broken bonds. Fig. 4.6 shows that there is a good correlation 

between the change in GB cohesive strength and the bulk substitution energy. The main outlier is 

Cr in S3(112), which appears to stem from the quite higher than W free surface segregation energy. 

The correlation in the MD results passes close to the origin point, which indicates that a positive 

or negative substitution energy directly predicts whether the solute will strengthen or embrittle the 

GB. The correlation in the DFT results does not pass through the origin and the results are slightly 

more scattered. This could be a result of magnetic or self-atom interactions. 

 

Figure 4.6. Comparison of the change in GB cohesive strength (ɝὉ) and the bulk substitution 

energy for S3(111), S3(112) and S5(210)  

 

S3(112) S5(210) S3(111) 

S3(112) S5(210) S3(111) 

MD 

DFT DFT DFT 

MD MD 
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A good correlation between ɝὉ and the substitution energy is expected as most effects 

caused by bond type, bond strength or atomic size at the bulk should also occur at the GB. Different 

GBs have quite different slopes and this is thought to be the result of different GB geometry. The 

results show that a positive bulk substitution energy generally predicts a decrease in the GB 

cohesion and vice-versa. If this correlation exists in other systems, it should simplify the study of 

the origin of GB embrittlement because the effect of the property, such as the strain caused by 

differing atomic sizes, can first be studied in the point defect. The correlation does not hold in the 

other Min-Surf and Min-Min criteria, likely because of different solute positions being compared. 

 

4.5.Conclusion 

 

This work used molecular dynamics and density functional theory simulations to study the 

change of GB cohesive strength due to the substitutional segregation of Al, V, W, Cu, Ni and Cr 

in the Ɇ3(111), Ɇ3(112) and Ɇ5(012) GBs. The segregation energy at the outmost layer of the FS 

was generally larger than the segregation energies at other positions in the FS and the GB. The GB 

segregation energy tends to have a local minimum at the middle of the GB or the first sublayer. 

The change in GB cohesive strength of Ɇ3(111), Ɇ3(112) and Ɇ5(012) GBs was calculated 

based on three different solute position criteria used in the literature. The comparison of the results 

for the different criteria with the same solute show great solute position criteria dependence. Ni, 

Cr and V either strengthened or embrittled the GB cohesion depending on the criteria used. Cu 

embrittled the GB by all three criteria while W and Al consistently strengthened it. 

The change in GB cohesive strength is compared to the bulk substitution energy for all 

GBs and a good correlation is shown for all solutes. The effect of different GB geometry can be 

seen in the different slopes of the correlations. The bulk substitution energy can be used to predict 

whether a solute will embrittle or strengthen the GB. 
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Chapter 5.Influence of compositional complexity on species diffusion behavior 

in high entropy solid-solution alloys 

 

 

5.1.Abstract 

 

Detailed comparative molecular dynamic simulations of the diffusion process in a model 

quinary equiatomic FeNiCrCoCu FCC alloy are presented. Vacancy assisted diffusion is studied 

by a statistical technique obtaining distributions of vacancy formation and migration energy 

values. In addition, vacancy migration is simulated using molecular dynamics at high temperatures 

and monitoring mean square displacements over time. To assess the role of compositional 

complexity, the results are compared to corresponding simulations in each of the pure individual 

components of the alloy as well as the corresponding ñaverage atomò potential, with similar 

properties to the alloy but no compositional randomness. The comparison shows that the diffusion 

kinetics in the random alloy is not slower than in the average atom material or the average of the 

components, indicating that compositional fluctuations do not always result in ñsluggishò 

diffusion. The results are compared with experimental data for self-diffusion in similar high 

entropy alloys.  
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5.2.Introduction 

 

The ñhigh entropyò or ñmulti principal element alloysò (HEAs) class of metallic materials 

can exhibit unique mechanical behavior. In particular, compositionally complex alloys with 

the face-centered cubic (FCC) structure present strength that increases with decreasing 

temperature while maintaining good ductility [12]. At high temperatures, HEAs still maintain 

good strength while conventional Inconel and Haynes superalloys soften significantly [117], 

making HEAs promising candidates for high-temperature applications. ñSluggishò, or slow 

diffusion of alloying elements due to the presence of atomic-scale energy traps [118] has been 

postulated as possibly responsible cause for many unique properties in HEAs such as the 

aforementioned mechanical behavior as well as good creep resistance and slow oxidation 

kinetics [10, 11, 119, 120]. Tsai et al. [16] performed the first HEA diffusion couple experiment 

using CoCrFeMnNi that showed sluggish diffusion with the temperature scale normalized by 

the melting temperature. However, the existence of sluggish diffusion is subject to much 

discussion [14, 121, 122], as many following studies of the same and different systems have 

not shown significant sluggish diffusion [123-131]. Instead, others have reported that only 

interdiffusion is slower [132-136]. It has been claimed that increasing the number of 

components (and thus the compositional complexity) in the HEA does not necessary yield ever 

slower diffusion [127, 128, 137]; Rather the choice of components can have a great impact in 

the diffusivity, such as Mn in the Cantor alloy [14]. Similarly, Jin and co-workers [138] pointed 

out that diffusion in medium and high entropy alloys strongly depends on specific constituents. 

Mehta et al. [139] compared the  magnitude of interdiffusion coefficients of individual 

elements in Al-Co-Cr-Fe-Ni-Mn alloys to the interdiffusion coefficients in relevant quinary, 

quaternary, and ternary solvent-based alloys. Interdiffusion coefficients were not necessarily 
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lower in FCC Al-Co-Cr-Fe-Ni-Mn alloys; therefore, no sluggish diffusion was observed in this 

FCC HEA. In a separate paper [140] they reported  experimental measurements of chemical 

and tracer diffusion coefficients and concluded that diffusion was not necessarily sluggish in 

Al 0.25CoCrFeNi high-entropy alloy. In a recent review, Dabrowa et al. [141] concluded that 

there is no experimental evidence which would support the existence of the sluggish diffusion 

in HEAs on the level of tracer and self-diffusivities. Nevertheless, they pointed out that our 

current state of knowledge on the diffusion in HEAs is still far from complete. Although many 

of the aforementioned studies indicate that sluggish diffusion may not exist in HEAs, some 

other studies show that sluggish diffusion does exist under certain circumstances. Osetsky and 

co-workers [142] argued that coupled percolation and composition-dependent barriers for 

vacancy jumps within different subsystems in medium- and high-entropy alloys can lead to 

sluggish diffusion. Chen at al. [135] reported interdiffusion results in Al -Co-Cr-Fe-Ni-Ti HEA 

indicating  that the sluggish diffusion effect exists for only some of the components present in 

the complex alloy. Recently, Daw and Chandross [17] developed and applied several possible 

criteria for evaluating ñsluggishnessò in 57 random equimolar alloys. They found that only a 

small portion of alloys exhibit possible sluggish diffusion. Interestingly, the existence of such 

sluggish diffusion is not associated with the increasing compositional complexity but is related 

to lattice mismatch. Therefore, the existence of sluggish diffusion in HEAs is still 

controversial. There are a few possible reasons for such a controversy. First, no clear 

comparison standard has been proposed to define whether the diffusion in HEAôs is sluggish 

or not. Many studies have relied on comparison of HEA diffusion with the elemental diffusion 

of Ni or other components in the FCC structure and other alloy combinations. Second, 

comparing different alloys at the same temperature may not be accurate as the vacancy 



61 

 

concentration and migration barriers vary for alloys with different melting temperatures. Third, 

the measured diffusivities in HEAs are outcomes of synergetic effects of compositional 

complexity, lattice mismatch, and interactions of different alloying elements (the so-called 

ñcocktailò effect [13]). If one effect is more dominant, the sluggish diffusion (if exists) could 

be turned on or off. Therefore, development of a strategy that can isolate these effects may 

help us better understand the possible sluggish effect in HEAs.  

In the present paper we propose a different method to clearly isolate the effects of 

compositional complexity in the diffusion behavior of HEAs. Our technique is based on 

molecular dynamic (MD) simulations of vacancy-assisted atomic jumps in a complex alloy 

and in a single component ñaverage atomò system that has similar overall properties as the 

complex alloy. The former has the compositional complexity while the latter does not. A 

technique to develop interatomic potentials for such a single component ñaverage atomò 

system has already been proposed by Varvenne and co-workers [143]. Besides studying 

vacancy formation and migration energies using the static method, we also follow the atomic 

jumps of a vacancy in a direct way, monitoring the mean square displacements as a function 

of time. Therefore, we can address the issue of how the compositional complexity influences 

species diffusion through correlation effects. In the following sections we report the details of 

our methodology, results for the statistical study of vacancy formation and migration energies, 

and diffusion results from monitoring mean square displacements in large scale molecular 

dynamic simulations at various high temperatures. The results are reported for a) each of the 

alloy components in the pure FCC form, b) the complex quinary HEA system, and c) the 

corresponding average atom material. The comparison of the three sets of results clearly 



62 

 

isolates the effects of the compositional complexity. Finally, we compare the results with 

available experimental data for diffusion kinetics in similar alloys. 
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5.3.Methods 

 

5.3.1.Interatomic potential for the model HEA 

A recently developed EAM (Embedded Atom Method) [144] interatomic potential was 

used for the HEA simulations [71]. This potential represents highly idealized interactions that 

were developed to depict some basic trends in the values of significant alloy properties. While 

these model interactions cannot accurately represent a particular alloy, they are the ideal way 

of studying trends, indicating how certain material parameters influence the overall properties 

of HEAs. The potential set used here is for a five-component Fe-Ni-Cr-Co-Cu alloy in an FCC 

structure characterized by atomic sizes that differ in no more than 3% and is developed to have 

binary heats of mixing of no more than 0.7 kJ/mole, well within the range of existence of these 

alloys (-5 < ЎHmix < 5 kJ/mol) [145]. The parameters used match some basic elastic and 

thermodynamic properties, as well as the size mismatches of binary FCC mixtures in the Fe-

Ni-Cr-Co-Cu system. The method for generating the potential is similar to those used in 

previous work [146], but  is based on FCC phases being stable  for all pure components. This 

is particularly important for the present work, since we aim at comparing diffusion results with 

the corresponding ones in the pure FCC components. In other words, this requires all pure 

component potentials to be stable in the FCC structure. For the components that are not 

experimentally stable in the pure FCC form (e.g., Fe, Cr, Co), first principles calculation data 

were utilized. The details of the potential are reported in previous work [71]. The most 

important findings for the perfect lattice equiatomic quinary alloy is that the standard deviation 

in the individual nearest neighbor bond lengths was found to be in the range of 2% of the lattice 

parameter. Table 5.1 reproduces some of the relevant properties calculated for the pure 

components using this HEA potential, as reported in reference [71]. Some properties of the 
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equiatomic Fe-Ni-Cr-Co-Cu alloy predicted by the HEA potential are listed in Table 5.2.  

 Fe Ni Cr Co Cu Average 

Values 

Std Dev  

a (Å) 3.56 3.52 3.53 3.55 3.62 3.556 

 

1.1(%) 

Ecoh 

(eV/atom) 

4.40 4.45 4.20 4.41 3.54 4.20 9.1(%) 

B (eV/B ) 1.06 1.13 1.00 1.35 0.86 1.08 16.7(%) 

C11 (eV/B ) 1.19 1.54 1.24 1.65 1.06 1.34 18.6(%) 

C12 (eV/B ) 1.00 0.92 0.88 1.20 0.76 0.95 17.2(%) 

C44 (eV/B ) 0.48 0.78 0.70 0.89 0.48 0.66 27.4(%) 

Ev
f (eV) 1.61 1.61 1.41 1.36 1.19 1.44 12.4(%) 

Ebcc-Efcc (eV) 0.11 0.15 0.10 0.08 0.22 0.13 42.0(%) 

Ehcp-Efcc (eV) 0.01 0.02 0.01 0.01 0.01 0.01 37.3(%) 

Tm (K) 2730 2210 1930 2190 1175 2047 24.8(%) 

Table 5.1: Selected properties predicted by the HEA potential for the pure components in the 

FCC structure [71].   
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5.3.2.The Average Atom potential 

Ackland and Vitek [147] were among the first to consider the energetics of random 

alloys in the context of fitting many-body  potentials. FCC binaries based on Ag, Au, and Cu 

were addressed, including the statistical nature of the species concentration. More recently, 

analytic expressions up to 2nd order moments for multi-species alloys have been derived [148-

151]. The opposite route is also possible, namely, using a multi-species interatomic potential, 

to determine a consistent single-atom interatomic potential representative of a particular 

random alloy composition. Such a view was explored by Varvenne and co-workers [143] and 

is referred to as an ñaverage atom potentialò (AA). The average atom potential has averaged 

out all the local compositional and structural fluctuations of the true random alloy. By 

comparing the material properties computed for the average and actual random alloys, it is 

possible to isolate the effects of the random compositional fluctuations. Varvenne and co-

workers [143] showed that the average atom potential can be quantitatively accurate for a wide 

range of random alloy properties. Nöring and Curtin [152] studied the finite-temperature 

thermodynamic properties of the average-atom potential to determine if the average-atom 

potential can  also represent the important finite-temperature properties of the true random 

alloy. Using a thermodynamic integration approach, they found that the complex alloyôs lattice 

constant as well as elastic constants are well-predicted by the average-atom potential over a 

wide temperature range. Thus, they concluded that the average-atom potential is a valuable 

strategy for modeling complex alloys at finite temperatures. Here we utilize an average atom 

potential corresponding to the equiatomic quinary HEA, derived using their method.    

Table 5.2 shows some basic properties predicted by the average atom potential, 

compared with the average of the component properties, as well as the properties predicted by 
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the potential for the HEA complex mixture. The data show that the overall properties predicted 

by the average atom potential are indeed in quantitative agreement with the average results 

obtained for the HEA alloy, within 10%. For a more complete and relevant comparison, the 

table includes vacancy formation and migration energies, calculated as part of this work with 

the method as described in Section 5.3.3. Note that the HEA has a range of values for the 

vacancy formation and migration energies (indicated by ñ°ò) due to its compositional 

fluctuations.   

 

Average of 

components 

Random 

HEA 

Average Atom 

potential 

a (nm) 0.3556 0.3555 0.3554 

Ecoh (eV) 4.20 4.20 4.20 

B (GPa) 173 169 189 

C11 (GPa) 214.4 224.8 245.3 

C12 (GPa) 152 140.8 160.8 

C44 (GPa) 105.6 107.9 107.9 

Ev
f (eV) 1.44 1.42°0.16 1.43 

Ev
m (eV) 0.98 1.03°0.17 1.03 

Tm (K) 2047 2070 2130 

Table 5.2: Selected properties predicted by the potential for the HEA mixture, compared with the 

average of the component properties, as well as the properties predicted by the average atom 

potential. The ñ°ò ranges shown in vacancy formation and migration energies for the Random 

HEA are the calculation results over a large number of possible local configurations.  
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5.3.3.Calculation of vacancy formation and migration energies   

We used the LAMMPS molecular dynamics code [153] to obtain three results at 0 K: the 

vacancy formation energy and migration barrier, and the activation energy for vacancy-

mediated self-diffusion in the system. The first is calculated by comparing the digital sample 

with the energy of the respective sample with one less atom. The digital samples are the five 

elements in their pure states, the AA and HEA. The vacancy migration barrier was obtained 

through the Nudged Elastic Band (NEB) method [154] for all cases. The migration barrier 

calculated from the NEB method will be compared with the dynamic MD simulation that will 

be described in the next section. The activation energy for self-diffusion can be obtained by 

adding the vacancy formation energy and the migration barrier, following the same approach 

used by Daw and Chandross [17]. We do this and compare it with the experimentally measured 

activation energies in similar HEAs. 

Since the vacancy formation energy in the HEA is different at every atomic site, the mean 

vacancy formation energy was calculated from 5000 different element distributions for each 

element, 25000 cases total. Similarly, the mean migration energy in the HEA was calculated 

through the NEB method for each atom type over 5000 different surrounding neighbor jumps to 

the vacancy, also 25000 cases total. In the cases of pure elements and the AA, only one vacancy 

formation energy is required for each atom type because the neighbors are the element itself. The 

same is true for the migration energy of each pure element or the AA calculated using the NEB 

method.  
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5.3.4.Direct observation of vacancy migration at high temperatures   

The actual diffusion of a vacancy was simulated with a timestep of 1fs in an NPT (constant 

number of atoms, pressure, and temperature) ensemble using a Nose-Hoover barostat and 

thermostat [155]. The external pressure was maintained at zero bars. Periodic boundary 

conditions were employed in all three Cartesian directions. The simulations were performed in 

a digital sample that contained 5760 atoms before a vacancy was introduced. In order to get 

statistically meaningful results, five random distributions of the equiatomic elements in the 

HEA alloy case were tested for each temperature.  

  The digital samples began at 600 K with one vacancy introduced, the temperature then 

was risen to 700 K in 1 million steps (1 ns) and held constant for 10 million steps (10 ns) with 

snapshots taken every 100 thousand steps (0.1 ns). The temperature was then elevated again 

by another 100 K in 1 ns and held constant for 10 ns. This was repeated until the last 

temperature held constant was 2000 K. We defined the starting point for counting jumps when 

the temperature was held constant in order to avoid volume relaxation fluctuations. The tested 

temperatures for the AA, HEA and pure elements were from 700 ï 2000 K with a 100 K 

interval, with 5 random distributions for the HEA of equiatomic composition. We chose the 

simulation time so that a total diffusion length of the vacancy was about three lattice 

parameters. This is similar to the standards used by Daw and Chandross [17].  In addition, we 

confirmed the linearity of the MSD plots as a function of time, as an indication that the chosen 

times were adequate. 

The diffusion coefficient was calculated by keeping track of the total movement of the 

atoms as the vacancy moves over time and the use of the equation: 
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Ὀ
ἂὙἃ

φὸ
ȟ υȢρ 

where the ἂὙἃ is the mean square displacement (MSD) over all atoms in the system and is also 

commonly calculated in MD. In the case of the five different random distributions for the HEA, 

MSD was obtained for each case and the overall MSD was the average. Ὀ  is the diffusion 

coefficient obtained directly from the simulations. To obtain the self-diffusion coefficient, Ὀ  

has to be normalized by the vacancy concentration (ὼ ) in the system and the equilibrium 

vacancy concentration, as done in [156]. This work used the vacancy formation energy to estimate 

the equilibrium vacancy concentration (ὼ ÅØÐ ὉȾὯὝ). The final self-diffusion 

coefficient is calculated by 

 

   Ὀ ὼ Ὀ Ⱦὼ .             (5.2) 
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5.4.Results 

 

5.4.1.Vacancy formation and migration energies   

Vacancy formation energies were calculated using the standard molecular statics method for 

each of the components in their pure forms and HEA as well as the average atom material. The 

results are shown in Table 3. For completeness, the cohesive energies for each case are also shown, 

indicating the general trend that the vacancy formation energies are higher for materials of larger 

cohesive energy values. In particular, the vacancy formation energy obtained for Cu is significantly 

lower than those for the other four pure components, consistent with its significantly lower 

cohesive energy. Most importantly, the results show that the vacancy formation energy obtained 

for the AA (1.43 eV) material is very close to the average of the vacancy formation energies for 

the five pure components, as given by the rule of mixtures (1.44 eV).    

In the case of the complex HEA alloy, there is a distribution of vacancy formation energies 

since the vacancy formation energy depends on the chemical complexity in the vicinity of the 

vacancy. For this case, 25000 different vacancy configurations were analyzed as mentioned in 

Section 5.3.3. The results are shown in Figure 5.1, as a probabilistic distribution of various values 

of the vacancy formation energy. The results in this figure can be fitted to a Gaussian normal 

distribution, and we obtained that the average vacancy formation energy in the HEA alloy is 1.42 

eV with a standard deviation of 0.16 eV. This is included in Table 5.3 (the summarized results are 

also included in Table 5.2), where it is clear that the average value for the HEA is very close to the 

average of the corresponding pure elements (1.44 eV), using the rule of mixtures. The average 

value is also very similar to that found for the AA potential (1.43 eV). We conclude that the average 
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vacancy formation energy in the HEA is the same as that in the AA potential, but it has a statistical 

variation that can be characterized by a standard deviation of about 10% of the average value.   

Element 

or 

Material 

Cohesive 

Energy 

(eV) 

Vacancy 

Formation 

Energy (eV) 

Migration 

Energy (eV) 

Vacancy 

Formation Energy 

in HEA (eV) 

Migration 

Energy in HEA 

(eV) 

Fe 4.4 1.61 1.09 1.48±0.14 1.27±0.16 

Ni 4.45 1.61 1.28 1.53±0.14 1.12±0.17 

Cr 4.2 1.41 0.96 1.42±0.15 0.99±0.17 

Co 4.41 1.36 1.03 1.34±0.14 1.07±0.17 

Cu 3.54 1.19 0.51 1.32±0.15 0.72±0.16 

Average 4.2 1.44 0.98 1.42±0.16 1.03±0.17 

AA 4.2 1.43 1.03 - - 

HEA  4.2 - - 1.42±0.16 1.03±0.17 

Table 5.3.  Cohesive energies, and vacancy formation and migration energies for each 

component in its pure FCC crystal, the AA material, and the HEA alloy.  Here ñAverageò refers 

to the average of the components.  The ñ±ò range for HEA alloy represents the standard 

deviation obtained from the Gaussian distribution, originated in the various possible 

configurations of the alloy.  

 

Vacancy migration energies were calculated using the NEB method [154] for each of the 

components (in both HEA and their pure FCC crystals) and the average atom material, as shown 

in Table 5.3. Note that the summarized results are also included in Table 5.2. We see that, as 

expected, in general the vacancy migration energies are higher for materials of higher cohesive 

energy values, similar to the vacancy formation energies discussed above. Most importantly, the 
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results show that the vacancy migration energy obtained for the AA material is very close to the 

average of the vacancy migration energies for the pure components, given by the rule of mixtures. 

The chemical complexity of the atoms around a vacancy results in a distribution of vacancy 

migration energies in the HEA, where the vacancy migration energy depends on the nature of the 

element type jumping to a neighboring site as well as the chemical complexity in the vicinity of 

the initial and final vacancy positions. In order to obtain this, 25000 different compositional 

configurations were analyzed, 5000 for each jumping atom type to the vacancy, as discussed in 

Section 5.3.3. The results are shown in Figure 5.2, as probabilistic distributions of the overall 

vacancy migration energies as well as for individual elements in HEA. The results in this figure 

can also be fitted to Gaussian normal distributions and we obtain an average value for the migration 

energy of each of the components in the HEA, as well as the corresponding standard deviation. 

These values are included in Table 5.3.  The average vacancy migration energy in the HEA alloy 

is 1.03 eV with a standard deviation of 0.17 eV. This average value is very close to the average of 

five pure elements (0.98 eV), and the same as that found for the AA potential (1.03 eV). However, 

the important difference between HEA and the AA potential is that the vacancy migration energy 

in the HEA alloy has a statistical variation that can be characterized by a standard deviation of 

around 15% of the average value.   
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Fig. 5.1 Distribution of vacancy formation energy values (histograms) found for the HEA, 

together with fits (lines) to Gaussian normal distributions. The distributions of both total and 

individual elements are shown. 
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Fig. 5.2 Distributions of vacancy migration energies (histograms) in the HEA complex alloy, 

with fits (lines) to Gaussian normal distributions. The distributions of both total and individual 

elements are shown. 
 

5.4.2.Direct calculations of species diffusivities by MD 

To further compare the vacancy migration behavior in different metallic systems, we followed 

the mean square displacements (MSDs) for all atoms as a function of time in a wide range of 

temperatures. This was done for each of the five components in their pure crystals, the average 

atom material, and the complex HEA alloy. For the HEA mixture five different random 

distributions of the alloying components were considered to understand the role of different 

random distributions of the component elements on vacancy migration. As expected, the MSDs 

follow a linear dependence with the simulation time in all cases. Figure 5.3a shows the MSD results 
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as a function of time for the HEA mixture at different temperatures. Figure 5.3b shows the 

corresponding MSD results for the AA potential at each temperature. There is only one line per 

temperature as there is only one possible composition for the AA material. These results indicate 

no sluggish diffusion effect, since for the same temperature, the HEA actually shows greater 

average displacements than the AA material.  

The values for vacancy mobility obtained in this way are taken to be the most accurate to 

represent the high-temperature dynamics of the system. This is the case even in pure materials 

where the migration energies obtained from dynamic simulations may not correspond exactly to 

the calculated values of saddle point energies using the static NEB method. This is even more 

important for the alloy system, where there is a distribution of migration energies. Following the 

actual migration of the vacancy at high temperatures is necessary to fully understand the role of 

compositional complexity.  

 

Fig. 5.3 (a) Mean square displacements (MSDs) of all atoms as a function of time for the HEA 

complex alloy at different temperatures. At each temperature, the five different lines represent 

five different atomic configurations in the HEA that were tested to assess the effects of the initial 

starting configurations.  (b) MSDs of all atoms as a function of time for the AA material at 

different temperatures.  
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5.4.3.Single element diffusion behavior 

In order to obtain the overall or self-diffusivities that can be compared to experiments, the 

results of following vacancy migration need to be combined with an estimate of the equilibrium 

vacancy concentration at each temperature. We used the method described in [156] (Eq. (5.2)). 

The equilibrium point defect concentration is estimated from the previously calculated vacancy 

formation energies. For the components in the HEA, their averaged vacancy formation energies 

are used. In this way we can obtain the Arrhenius plots for overall diffusivities. The results for the 

five component elements in their pure FCC forms as well as the average atom material are shown 

in Figure 5.4a.  Figure 5.4b shows the diffusivity values obtained for each of the components in 

the HEA complex alloy.   

Comparing the results of Figures 4a and 4b, it is clear that Cu diffuses slower in the alloy than 

when that component is pure. Fe also diffuses slightly slower in HEA while Ni is slightly faster. 

Yet others (Co, Cr) have diffusivities in the alloy that are similar to those of the pure components. 

Differences are clearly expected because we have the vacancy migrating in a different 

environment. In the case studied here, the most significant effect is seen for Cu. In order to assess 

the overall effect of the compositional complexity, it is necessary to compare the average 

diffusivities in the alloy with the averages of the diffusivities of the pure components, or even in a 

more accurate comparison, with the diffusivity observed in the average atom material. The 

comparison will be discussed in the next section.  
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Fig. 5.4 (a) Arrhenius plots of the diffusivities for all the pure components and the average atom 

(AA) potential. (b) Arrhenius plots of diffusivities for the individual components in the HEA 

alloy.  Note in both figures the diffusivities are normalized by the thermal vacancy concentration 

using Eq. (2).  
 

5.4.4.Comparison of diffusion in the HEA, the AA material and the 

component averages 

The comparison of our results for the diffusivities in the complex alloy with those in the 

average atom material is shown in Figures 5.5a and 5.5b.  These results are given in the Arrhenius 

form first with the absolute temperature and then with the homologous temperature (i.e., T/Tm). 

The error shown in Figure 5.5 is three times the standard deviation of the 5 diffusivities obtained 

from the 5 different HEA compositional distributions at each temperature. The comparison clearly 

indicates that the diffusion behavior in the HEA alloy is remarkably similar to that in the AA 

material. In particular when the homologous temperature scale is used (Figure 5.5b), the HEA has 

almost identical diffusivities with the AA material. Therefore, there is no clear sluggish diffusion 

observed for our model HEA. The results demonstrate that the compositional complexity does not 

imply sluggish diffusion in the equiatomic HEAs, at least for the HEA system and atomic 

configurations studied here.  
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Furthermore, a total of three ñsluggish diffusionò criteria are evaluated for comparing the 

diffusion behavior in the HEA with that in pure components, which are also shown in Figures 5.5a 

and 5.5b. These criteria, along with others, were listed in the recent work by Daw and Chandross 

[17]. The three criteria used here are as follows: 

1. The arithmetic average of the activation energies (Q) and pre-exponential factors (D0). 

2. The geometric average of the diffusivities according to the following equation: 

ộὈỚ Б Ὀ
Ⱦ

.                                           (5.3) 

3. The geometric average of the component diffusivities obtained from the Arrhenius 

relation at the normalized Tm/T (homologous) temperatures. 

 

The first and second criteria are different applications of the rule of mixtures. The property of an 

ideal mixture is expected to be the average of the properties of the components. The first criterion 

averages the activation energies and pre-exponential factors. The second criterion averages the 

diffusivities geometrically according to Eq. (5.3). The third criterion accounts for the different 

equilibrium vacancy concentrations of the components at the same homologous temperatures and 

avoids the extrapolation beyond the melting point. The melting temperatures (Tm) used here were 

the equilibrium temperatures for each system that maintained a stationary solid-liquid interface in 

an NPT ensemble, which are reported in Tables 5.1 and 5.2. Even with these three different criteria, 

Figure 5.5 shows that the average diffusivities of the five pure components are very close to that 

of the HEA, in particular when the comparison is made at the absolute temperature scale (Figure 

5.5a). When the homologous temperature scale is used (Figure 5.5b), the HEA shows slight 

sluggish behavior at low homologous temperatures. However, the difference is relatively small. 
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Therefore, we conclude that overall there is no significant sluggish diffusion effect in our model 

HEA. This is surprising in spite of the fact that the alloy is made of components characterized by 

vacancy formation energies that vary by as much as 30% and migration energies that vary by over 

a factor of 2.   

It is also possible to interpret the lack of sluggish diffusion in the complex alloy based on the 

self-diffusion activation energy, which is the sum of vacancy formation and migration energies. 

As shown in Table 5.3, the vacancy formation energies obtained for the complex alloy (here the 

mean value is used for HEA) and AA material are very similar, and also similar to the prediction 

of the rules of mixtures based on the values for each of the components. Table 5.3 also includes 

the data obtained from a static NEB calculation of vacancy migration energies, and the conclusion 

is the same: the vacancy migration energies obtained for the complex alloy (here the mean value 

is used for HEA) and AA material are very similar, and also similar to the prediction of the rules 

of mixtures based on the values for each of the components. Therefore, the activation energy is 

similar between the HEA, AA material, and the average of pure components.  

We can also compare the vacancy migration energies obtained from the dynamic atomic 

displacement simulations in different systems. This comparison is shown in Table 5.4. The results 

from static NEB calculations are also shown for completeness. The values of the migration 

energies from the dynamic calculations show the same result: the migration energy obtained for 

the complex alloy is very similar to that of the AA material, and also similar to the prediction of 

the rules of mixtures based on the values for each of the pure components. A similar conclusion 

can also be obtained using the static NEB results. Again, these comparisons demonstrate that 

sluggish diffusion may not exist, as least for the model HEA studied in this work.  
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Element  

or  

Material 

Migration energy 

from static NEB 

Calculation (eV) 

Migration energy from 

Dynamic Diffusion 

Simulation (eV) 

Pure Fe 1.09 1.24 

Pure Ni 1.28 1.62 

Pure Cr 0.96 1.23 

Pure Co 1.03 1.07 

Pure Cu 0.51 0.56 

Average 0.97 1.14 

AA 1.03 1.19 

HEA 1.03 1.17 

 

Table 5.4: Comparison of vacancy migration energies obtained from the dynamic diffusion 

simulations as well as those calculated using the NEB method in different systems.  
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Fig. 5.5 (a) Comparison of the diffusion behavior in the HEA alloy with that in the AA material 

as well as the average of the pure components at different absolute temperatures in two criteria: 

First the average of their individual activation energies (Q) and pre-exponential factors (D0), 

second the geometric average (Eq. 5.3) of their extrapolated diffusivity at each temperature. (b) 

Comparison of the diffusion behavior in the HEA alloy with that in the AA material as well as 

the average of the pure components at different homologous temperatures (T/Tm). The melting 

temperatures were the temperatures for each system that maintained a stationary solid-liquid 

interface in NPT. In both figures the error shown is estimated from the five different initial 

compositional configurations in the HEA. 
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5.4.5.Comparison with experimental data.  

The results shown above for this model HEA indicate that there is no sluggish diffusion effect 

that can be attributed to the chemical complexity of the alloy. However, the accuracy of the 

diffusivities reported is only as good as the model interatomic potential utilized. It is therefore 

important to compare our results for activation energies with experimental values reported in the 

literature. As mentioned earlier, here the activation energy is the sum of vacancy formation energy 

and migration energy (for HEA the mean values are used). This is because the experimental self-

diffusion activation energy contains both vacancy formation and migration parts. To have a 

straightforward comparison with the experiments, the unit of activation energies is converted from 

eV to kJ/mol. This comparison is presented in Table 5.5. In general, the activation energies from 

our simulations are slightly lower than their experimental counterparts. Our modeling indicates 

that the elements with low activation energies in their pure forms (e.g., Cu) tend to increase their 

activation energies in the HEA, and vice versa (e.g., Ni).  

Element Q in Pure Element 

(kJ/mol) 

 (this work) 

Q in HEA 

(kJ/mol) 

(this work) 

Q in Pure Element 

(kJ/mol) 

(Experimental) 

Q in Similar HEA  

(kJ/mol) 

(Experimental) 

 

Fe 
261-282 265-298 

 

284 [157] 

 

262-310 [16, 157, 158] 

 

Ni 
279-296 255-279 

 

285 [157] 

 

282-317 [16, 157, 158] 

 

Cr 
227-243 232-253 

 

- 

 

254-309 [16, 157, 158] 

 

Co 
231-242 233-255 

 

288* (HCP) [157] 

 

283-306 [16, 157] 

 

Cu 
164-169 197-230 

 

210 [159] 

 

147 [129] 
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*Pure Co is in the HCP structure in the experimental study. 

Table 5.5: Comparison of our results for the elemental activation energies in pure components 

and in HEA with available experimental data [16, 122, 129, 157-159]. The lower (higher) bound 

in the second and third columns is the activation energy obtained by adding the vacancy 

formation energy and the migration energy obtained from NEB (MD). 

 

5.5. Discussion 

This work seeks to determine if this HEA exhibits sluggish diffusion by comparing its diffusion 

kinetics with the corresponding AA potential as well as the average of the pure elements. The 

comparison between the AA material and HEA is to isolate the effects of compositional 

complexity, since many average properties in the two systems are very similar. For example, the 

vacancy formation energies of these systems are reported in Table 5.2 and Figure 5.1 as 1.42 eV 

for the HEA with a standard deviation of 0.16 eV, an average of 1.44 eV of the corresponding pure 

elements, and 1.43 eV for the AA potential. Similarly, the vacancy migration barriers of the three 

systems, calculated with the NEB method, also have similar results, namely: the HEA is 1.03 eV 

with a standard deviation of 0.17 eV, while the average of the corresponding pure elements is 0.98 

eV and for the AA potential it is 1.03 eV. Calculating the migration energies in a dynamic way 

based on mean square displacements yields the same conclusion: the migration energies are 1.17 

eV for the HEA, compared with 1.19 eV for the AA material. All the defect energetic values 

computed in the present work using the static method point out to the agreement of vacancy 

formation and migration energies in the alloy with the expected values from the simple arithmetic 

averaging on the pure components as showed in Table 5.3. Furthermore, the three different criteria 

used to average the pure-component results of the kinetic simulations agree closely to the HEA 

and AA results, as shown in Figure 5.5.  Both methods support the clear conclusion that there is 

no sluggish diffusion effect that can be attributed to the compositional complexity of the alloy. We 

note that the migration energies obtained using the dynamic calculation are somewhat higher than 

those calculated using the NEB method (Table 5.4). Possible reasons for this discrepancy (e.g., the 
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presence of multiple jumps at high temperatures) were discussed by Lorenzi and Ercolessi [160]. 

However, Daw and Chandross [17] found good agreement between both methods in their recent 

work. Regardless, both methods in this work show no sluggish diffusion effect.  

The important difference in vacancy formation and migration energies is that, while the 

averages are the same, the values obtained for the complex alloy present a statistical distribution.  

We have found that this distribution can be well represented by a Gaussian normal distribution 

with a standard deviation of about 15% of the average values. The argument for expecting sluggish 

diffusion in HEA is the trapping of the diffusing species in low energy configurations.  The 

distribution of values found here indeed includes larger values that can induce trapping effects. 

However, the distributions that we find also include lower values that may cause the opposite 

effect, accelerating diffusion. Accelerated vacancy [161, 162] diffusion has been found in dilute 

alloys. The fact that our distributions are normal in nature may explain why the trapping effects 

seem to be canceled on average by anti-trapping, accelerating effects by configurations with lower 

vacancy migration energies. In this work, we have simulated HEA with five random 

configurations. However, it is possible that some other configurations could still lead to non-

Gaussian distributions of vacancy migration and formation energies, and thus result in sluggish 

diffusion. The search of such configurations can be an interesting future research topic.  

Although our results indicate that there is no sluggish diffusion on average, they clearly show 

that individual components in the alloy can diffuse slower than in the pure component. We find 

that this is averaged out by other components diffusing faster than in the pure component. This is 

simply an effect of the vacancy formation and migration process being affected by the different 

atomic environment in the alloy. The important result of our simulations is that these effects tend 

to average out when all alloy components in the complex alloy are considered. In the case studied 
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here, Cu is the element that is seen to diffuse slower in the alloy than in its pure FCC form. This 

is most likely related to the fact that Cu is the element with lowest vacancy formation and migration 

energies among all the components. This can also be correlated with the fact that it is the 

component with the lowest cohesive energy. This effect is balanced in our model HEA alloy by 

Ni, which diffuses faster in the alloy than that in its pure FCC form. Therefore, if a HEA does not 

have such balancing elements for cancelling out, the species diffusion in HEA could be slower or 

faster than the average of pure components. This expectation is consistent with the conclusions in 

previous experimental studies that some special components may be more important for affecting 

the overall diffusivity, such as Mn in the Cantor alloy [14].   

 The results for our dynamic simulations of the individual components in the HEA compare 

well with independent experimental data in terms of activation energies for vacancy diffusion, as 

shown in Table 5.5. The agreement seems reasonable except for Cu. Cu in HEAs is severely 

understudied [15], with the only data point being [129] where Cu is not a main component but a 

small solute. In addition to the comparison with available experimental data, our results can be 

compared to values obtained by first principle techniques such as density functional theory (DFT). 

There is no previous data on the specific HEA studied in this work, however, the agreement in the 

pure element cases and similar alloys is encouraging. Mehl and Papaconstantopoulos [163], 

reported that a vacancy formation energy of 1.18 eV for  Cu. Our value of 1.19 eV is in excellent 

agreement. For Ni, Gong et al. [164] reported values between 1.4 and 1.45 eV and cited several 

other studies works with values between 1.37 to 1.81 eV. Our value of 1.61 eV is around the 

average of their cited works. Chen et al. [165] reported the DFT obtained vacancy formation 

energy of the FCC FeCrCoNi HEA of every element in their pure FCC state and also every element 

in the HEA. Their pure FCC elemental state results are Fe 1.58, Cr 1.61, Co 1.70 and Ni 1.89 eV. 
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Our values are Fe 1.61, Cr 1.41, Co 1.36 and Ni 1.61 eV. For their HEA, the values are Fe 1.89, 

Cr 1.62, Co 1.85 and Ni 1.41 eV. For our HEA they are Fe 1.48, Cr 1.42, Co 1.34 and Ni 1.53 eV.  

This is a reasonable agreement, given that our HEA composition includes Cu which has a much 

lower vacancy formation energy than the other elements.  For migration energies Angsten et al. 

[166] reported FCC Fe 1.38, Ni 1.03 and Cu 0.72 eV. Our values are FCC Fe 1.09, Ni 1.28 and 

Cu 0.51 eV. Overall, the agreement between this modeling work and independent DFT and 

experimental results is very reasonable, in spite of the fact that the interatomic potentials used here 

are empirical in nature and are not expected to reproduce precisely the alloy studied.  Rather, they 

are designed to study trends and in the present work they are employed as such.    

If the simulation time is long enough, it is possible that atoms may experience some extent 

of reordering. However, our results do not show any discernible reordering as a result of vacancy 

diffusion. This was checked by analyzing the local distribution of the elements during the diffusion 

process. The OVITO [167] visualization software was also used to confirm that no new ordered 

phases were formed during the process. Unfortunately, the diffusion times we can access are 

indeed shorter than would be required to observe ordering and we cannot rule out the ordering 

effects at longer times. In addition, although our times are adequate to study the comparative 

diffusion behavior, they are also not adequate to study saturation effects of vacancy diffusivity, as 

observed by Osetsky et al [168]. 

The lack of the sluggish diffusion should be interpreted in the context of the limitations of 

the interatomic potential used here for the FeNiCrCoCu HEA. In Section 5.3.1 we have mentioned 

that the binary heats of mixing predicted by this potential are less than 0.7 kJ/mole, which is well 

within the typical range of -5 < æHmix < 5 kJ/mol for HEA alloys [145]. However, the relatively 

low heats of mixing make our system close to an ideal solution in terms of the heat of mixing, 
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possibly affecting the sluggish diffusion effect. Therefore, our observation of the absence of 

sluggish diffusion does not necessarily extend to systems with non-ideal heats of mixing. Using 

model interatomic potentials as a representation of such a complex system, clearly has limitations 

and thus the comparison with the average atom material is critical in providing understanding of 

the composition complexity effects. It is important to note that even if the potential used here 

models a nearly ideal solution, the diffusion parameters of the components are widely different, 

particularly the component Cu presents much lower vacancy formation and migration energies. 

This variation means that sluggish diffusion can in principle be expected, because the vacancy will 

follow a local minimum energy path as opposed to a random walk. The important point we make 

is that it was not observed.    

In order to better understand the vacancy migration process, and the reasons why we do 

not observe sluggish diffusion, we have performed a separate analysis of the total number of atomic 

jumps observed in a sample of 499 atoms and one vacancy during a 10 ns simulation at various 

temperatures. A vacancy jump is assumed to occur when an atom moves more than 0.26 nm, which 

is checked every 100 fs. The results show that the total number of jumps in the HEA is significantly 

higher than in the AA at all temperatures tested, from 1500K to 2000K. The ratio varies smoothly 

from about 40% more jumps in the HEA at 2000K to over twice the number of jumps at the lower 

temperatures. The majority of the observed jumps in the HEA case correspond to Cu atoms 

jumping into the vacancy. This clearly is related to a complex energy landscape, with lower 

migration energies for Cu as compared to the other elements. This larger number of total jumps in 

the HEA counterbalances the expected trapping effects resulting from the vacancy following a 

local minimum energy path in the HEA instead of the random walk in the AA.   
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Overall, our results point out to the complexity of the diffusion process in HEA alloys.  This 

complexity has also been pointed out by several other groups. For example, Wang and Wang [63] 

recently considered the possible range of activation energies for the lattice diffusion in high-

entropy alloys. Their results highlight the complexity of diffusion pathways in these complex 

concentrated alloys. Thomas and Patala [169] also pointed out the need to account for the full 

nature of the energy landscape rather than the migration barrier alone. They concluded that these 

random landscapes can indeed produce trap environments resulting in sluggish diffusion, but that 

vacancy diffusion in these complex alloys is not necessarily sluggish. The present results, using 

the approach of comparing with the average atom case, also indicate that the complexity does not 

necessarily result in sluggishness.  

 

5.6.Conclusion 

 

In this work we proposed an approach for evaluating the existence of sluggish diffusion in the 

complex equiatomic FeNiCrCoCu model HEA through molecular dynamic simulations. The new 

approach compares vacancy diffusion for the HEA with that in the corresponding AA (Average 

Atom) potential, which averages the equilibrium properties of the atoms. We encountered no 

sluggish diffusion, on average. Comparison with the average diffusion values of the alloy 

components as inspired by the rule of mixtures also showed no sluggish diffusion overall, with 

some components diffusing faster and other slower than in the corresponding pure FCC structures. 

We find that the vacancy formation and migration energies in the HEA alloy present a range of 

values that can be well represented by a Gaussian normal distribution. This distribution results in 

a complex energy landscape, including both trapping and antitrapping sites, whose effects can 
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average out in the alloy. We concluded that this could be one possible reason for why there is no 

sluggish diffusion in some HEA systems.   
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Chapter 6.Molecular Dynamics Studies of Sluggish Grain Boundary Diffusion 

in Equiatomic FeNiCrCoCu High Entropy Alloy  

 

6.1.Abstract 

Molecular dynamic simulations are conducted to study the self-diffusion process along an 

<100>Ɇ5(210) symmetric tilt grain boundary in a model equiatomic FeNiCrCoCu high entropy 

alloy (HEA), for the directions both perpendicular and parallel to the tilt axis. For comparison, the 

grain boundary diffusion process is also quantified for each of the pure components of the HEA.  

Most importantly, the results are compared with the diffusion along the same grain boundary using 

the corresponding ñaverage atomò potential that has similar average bulk properties but no 

compositional randomness as in the HEA.  These comparisons show that the self-diffusion in the 

HEA grain boundary is slower than in the average atom material as well as the average of pure 

components, suggesting that a ñsluggishò diffusion effect exists for this special grain boundary in 

the HEA. This effect is significant at low temperatures but diminishes at higher temperatures, 

indicating that the grain boundary sluggish diffusion is likely temperature dependent.  

Interestingly, the grain boundary sluggish diffusion behavior is different from the bulk diffusion 

that was studied previously using the same methods and interatomic potentials, in which no 

significant sluggish diffusion effect was observed.  Our further analysis suggests that the 

combination of the ñtrapping effectò by compositional complexity in the HEA and the confined 2-

D diffusion paths at this special grain boundary is responsible for the observed grain boundary 

sluggish diffusion.  
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6.2.Introduction 

 

Reliable material performance in extreme environments (e.g., elevated temperature, high 

stress, harsh irradiation, corrosive condition) is essential to meet the ever-growing demands for 

energy. High entropy alloys (HEAs) are promising structural material candidates [170, 171] for 

such applications because they can maintain high strength and phase stability at high temperatures, 

and may be resistant to radiation damage and corrosion. These unique properties of HEAs may be 

related to some of their ñcoreò effects [172] including high configurational entropy, distorted 

lattice, cocktail (mixing) effect, and the possibility of ñsluggish diffusionò. In particular, the 

atomic-scale diffusion may play a central role on governing these properties because sluggish 

diffusion would retard defect and microstructural evolution as well as oxidation kinetics. Sluggish 

diffusion could be a result of local compositional variation in HEAs, which can create many low-

energy sites so that the diffusing elements get trapped [173]. Maximum local compositional 

variation and thus the configurational entropy is obtained when the elements in equal proportions 

are randomly distributed in the alloy. The configurational entropy also increases with the 

increasing number of elements in equiatomic proportions, which can help stabilize the alloy in a 

single phase if the solution is ideal or close to it (i.e., if the heat of mixing is small). One would 

logically expect that the more elements in the alloy, the more trapping sites are present and thus 

the slower diffusion can be achieved. However, more elements do not always lead to slower 

diffusion experimentally [14, 174]; sometimes simpler alloy compositions can diffuse slower [14, 

122]. This result is also confirmed through molecular dynamic simulations of vacancy diffusion 

in 57 alloys formed from Cu, Ag, Au, Ni, Pd, and Pt [17]. Therefore, the existence of sluggish 

diffusion in HEAs is still under debate [14, 174, 175]. Even though there is sluggish diffusion 
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reported in the literature for some alloys [14, 16, 170, 174, 175 ], a significant portion of them 

depend on if the comparison with pure elements or simpler alloys is done in the absolute or 

homologous (T/Tm, where Tm is the melting temperature) temperature scale [175]. The 

homologous (normalized) temperature scale is used for comparing diffusion at the same vacancy 

concentrations in the work by Tsai et al. [16], which is the first experimental HEA diffusion 

measurement. This is important  because their CoCrFeMnNi Cantor alloy [176] has a lower 

melting point than the average of its components. Aiming to provide a more rigorous comparison, 

recently the present authors [66] conducted molecular dynamic simulations of vacancy diffusion 

in a bulk FeNiCrCoCu HEA using the embedded atom method (EAM) potential [71] and compared 

the self-diffusivities with the average of its pure components and most importantly, with its 

corresponding Average Atom (AA) potential [66, 177]. The AA potential provides a hypothetical 

element with essentially the same cohesive energy, lattice constant, melting temperature and other 

properties as the HEA. The key difference is AAôs absence of local compositional variation, 

therefore a lack of configurational entropy, lattice strain and local trapping sites, all of which exist 

in the HEA. This recent work [66] does not include simulations for simpler alloys, as it is well 

established that more elements do not lead to more significant sluggish diffusion [14, 17, 174]. 

Instead, this recent work [66] is focused on the comparison of the HEA vacancy diffusion with the 

AA vacancy diffusion and found that they have similar bulk self-diffusivities over a wide range of 

temperatures, suggesting that vacancy-mediated sluggish diffusion is not evident in the studied 

bulk HEA. However, it is unclear if this conclusion can be extended to special microstructures 

containing extended defects, such as grain boundaries.  

Grain boundary is a planar defect with some excess volume between two grains. In 

polycrystalline materials grain boundaries generally serve as highways for mass transport or as 
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nucleation sites for phase transitions. Diffusion along grain boundaries can be order of magnitudes 

faster than in the lattice [178] and is a principal driving mechanism of sintering, creep, corrosion, 

etc. [179-181]. Experimental techniques combined with the Fisherôs model [182] or its variations 

can measure grain boundary diffusion coefficients up to an accuracy of ρπ  ά Ⱦί [183]. 

Although grain boundary diffusion has been experimentally measured in many pure metals and 

simple alloys [184-186], there are very limited studies for HEAs. To the best of our knowledge, 

there are only two experimental results of grain boundary diffusion in HEAs. The first study [187] 

used 63Ni isotopes and radiotracer analysis to measure Ni diffusion in both CoCrFeNi and 

CoCrFeMnNi (Cantor alloy) HEAs. The authors do not claim sluggish diffusion because the Ni 

diffusion in the 5-element CoCrFeMnNi HEA is faster than that in pure Ni or simpler alloy Fe-

40Ni at high temperatures (> 930 K), although Ni diffusion in this HEA is indeed slower at low 

temperatures. On the other hand, the Ni diffusion in the 4-element CoCrFeNi HEA is always 

slower than the counterparts in both pure Ni and Fe-40Ni at a wide range of temperatures tested, 

suggesting that GB diffusion in HEAs could be sluggish. This is also another example that more 

elements in an HEA do not necessarily mean slower diffusion. It should be noted that the 5-element 

Cantor alloy has a lower Tm than the Fe-40Ni and pure Ni, which could be the reason why the grain 

boundary diffusion of Ni in the Cantor alloy is faster at high temperatures in the absolute 

temperature scale. The second study [188] by the same research group is complementary to the 

first study [187] as it measures the grain boundary diffusion of other elements in the CoCrFeMnNi 

Cantor alloy using the same technique. Their results of Co, Cr and Fe in this HEA consistently 

show slower grain boundary diffusion than their counterparts in pure FCC elements and simpler 

alloys except for Cr in Ni-10Fe-19Cr, again indicating that sluggish GB diffusion in HEAs is 

possible. 
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Although these experiments can provide quantitative values of grain boundary diffusivities, 

they explain little of the diffusion mechanisms. Most of the knowledge in grain boundary diffusion 

mechanisms has been obtained through atomistic-scale computational techniques such as 

molecular dynamics. Previously, molecular dynamic simulations have been used extensively to 

study grain boundary diffusion in pure metals and simple alloys [189-191]. When adequate 

statistics of atomic displacements are collected, molecular dynamics can result in very good 

agreement with experimental data [192]. Furthermore, this method allows understanding of the 

specific mechanisms operating in grain boundary diffusion [193] and can take into account the 

possibilities of the multiplicity of different structures that can arise for the same grain boundary 

[194]. Using this method, Mishin and co-workers [193, 195] found that grain boundary diffusion 

mechanisms in pure metals are temperature dependent. At low temperatures, the grain boundary 

diffusion is controlled by both vacancies and self-interstitials in about the same proportions [193], 

which is different from lattice diffusion, where vacancies are much more predominant than 

interstitials. At intermediate temperatures, a fast diffusion event [195] is caused by avalanche-type 

generation of point defects at irregular intervals followed by the point defects annihilation and a 

period of slow diffusion. As temperature increases, the avalanches become more frequent until the 

grain boundary reaches the pre-melting stage. In the pre-melting stage, grain boundary diffusion 

exhibits a  string-like group motion that is similar to the collective atomic motion in supercooled 

glass-forming liquids [196] or superheated bulk crystals [197] and it deviates from the Arrhenius 

behavior. It should be noted that molecular dynamics can only directly simulate grain boundary 

diffusion with enough statistical accuracy at temperatures higher than πȢυὝ  and up to the pre-

melting temperature [192]. This is the temperature range that will be used in this work, as discussed 

below.  
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 The aim of this work is to use molecular dynamic simulations to elucidate if the grain 

boundary diffusion in an equiatomic FeNiCrCoCu model HEA can be sluggish, even though its 

bulk diffusion is not sluggish [66]. The same strategy as in our recent work of bulk diffusion in 

the HEA [66] will be used: comparing the grain boundary diffusion in the HEA with its AA 

equivalent. The former has the compositional complexity while the latter does not. In addition, the 

average diffusivities of the five pure components will also be compared to that of HEA. As a first 

attempt, a S5(210) symmetrical tilt boundary is used as a model high-angle grain boundary in this 

work, although more boundaries are needed to be studied in the future to get a complete picture of 

the grain boundary diffusion mechanisms in HEA. Since molecular dynamics does not require any 

a priori assumption of diffusion mechanisms, it is expected that the diffusion mechanisms of this 

grain boundary in the HEA will be revealed in this work. The molecular dynamics method also 

allows for calculations with different starting distributions of the component elements in the grain 

boundary so that adequate averages can be computed. In addition, it can study grain boundary 

diffusion in different directions within the grain boundary plane. Moreover, it can help understand 

the role of vacancies in the diffusion process because some grain boundary sites do not support a 

stable vacancy. This can be done by comparing results with different vacancy contents in the same 

grain boundary, which has been done in previous studies [192-194].  
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6.3.Methods 

 

6.3.1.Molecular dynamics techniques and interatomic potentials:  HEA and 

Average Atom  

The molecular dynamic simulations of grain boundary diffusion are performed using a 

<100>S5(210) symmetrical tilt grain boundary that contains 9600 atoms. The tilt axis is along 

the z direction and the grain boundary normal is along the y direction. The dimensions of the 

grain boundary system in the HEA are about 33Å × 97Å × 36Å. Periodic boundary conditions 

are employed in all directions so that there are two equivalent grain boundaries in the system.  

The LAMMPS code [153] is used for all molecular dynamic simulations. The timestep is set 

to 1fs. The simulations are performed in an NPT (constant number of atoms, pressure, and 

temperature) ensemble. The Noose-Hoover barostat and thermostat [198] are used to control 

the external pressure at 0 bar and temperature at the desired values.  The EAM [144] 

interatomic potential used for the FeNiCrCoCu HEA system was developed by one of the 

present authors - Farkas et al. [71]. This potential predicts the standard deviation of bond 

lengths for first nearest neighbors up to 2%, a heat of mixing of -0.0002 kJ/mol for the quinary 

alloy, and the differences in atomic size between components are up to 3%. In addition, all the 

elements in the potential are set to be stable in the FCC structure in their pure states. Although 

this potential cannot be expected to predict all the properties in the HEA accurately, it presents 

an ideal opportunity to study how material parameters affect the alloy properties and to explore 

the underlying atomistic mechanisms for defect and microstructure evolution processes. For 

example, this potential has been used to study many atomic mechanisms in the FeNiCrCoCu 

HEA, including the structure and mobility of dislocations [199], the Hall-Petch effect [200], 

the temperature effect on plastic inception in uniaxial tension tests [201], and lattice vacancy 
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diffusion [66]. 

The AA potential (also in the EAM format) averages all the local compositional and 

structural fluctuations of a random multicomponent alloy to form an averaged single element. 

This treatment was first done for a model Fe-Ni-Cr alloy by Varvenne et al. [177]. The 

hypothetical element in the AA potential allows isolating/excluding the role of local 

compositional variation in the alloyôs properties, through the comparisons with its 

multicomponent counterpart. Recently the present authors [66] followed the method provided 

in Varvenneôs work [177] to develop the AA potential corresponding to the equiatomic 

FeNiCrCoCu HEA potential [71] and the same AA potential is used in this work. Table 1 

shows our previous results [66] of the basic properties predicted by the AA potential, compared 

with those of the equiatomic FeNiCrCoCu HEA mixture, as well as the average properties of 

pure components. For completeness, this table is shown here again. It can be seen that the HEA 

and AA potentials predict very similar properties and they both agree well with the averages 

of pure components.  

It should be noted that currently there is no unique definition of ñsluggish diffusionò in the 

HEA research community. For example, Daw et al. [17] summarized four different criteria of 

sluggish diffusion. In this work, two comparisons are used to determine ñsluggishnessò. The 

first one is comparing the HEA and the corresponding AA material. The second one is 

comparing the HEA with the ñrule of mixturesò of the five elemental grain boundary 

diffusivities (this is one of Dawôs criteria). If the HEA grain boundary diffusivities are slower 

than these reference diffusivities, it is considered as sluggish.  
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Average of 

components 

Random 

HEA 

Average Atom 

potential 

a0 (nm) 0.3556 0.3555 0.3554 

Ecoh (eV) 4.20 4.20 4.20 

B (GPa) 173 169 189 

C11 (GPa) 214.4 224.8 245.3 

C12 (GPa) 152 140.8 160.8 

C44 (GPa) 105.6 107.9 107.9 

Ev
f (eV) 1.44 1.42°0.16 1.43 

Ev
m (eV) 0.98 1.03°0.17 1.03 

Tm (K) 2047 2070 2130 

Table 6.1: Previous results of the basic properties predicted by the EAM potential for the 

FeNiCrCoCu HEA mixture, compared with those by the AA potential, as well as the averages of 

pure component properties [66]. Here a0: lattice constant; Ecoh: cohesive energy; B: bulk 

modulus; C11, C12, C44: elastic constants; Ev
f: vacancy formation energy; Ev

m: vacancy migration 

energy; Tm: melting temperature.  

 

 

6.3.2.Calculations of self-diffusivities at grain boundaries 

In all grain boundary diffusion calculations, the grain boundary structures are heated 

from 300 K with an increment of 100 K within 1 ns (1 million steps). Then the temperature is 

held constant for 10 ns, which allows the observation of the diffusion process. During the 

isothermal heating stage, a snapshot is taken every 0.1 ns for calculating the GB diffusivity 

and other analyses. The heating process is repeated until the system reaches 1800 K. At high 
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temperatures, significant changes of the grain boundary structure can happen, such as pre-

melting or a phase change. For example, we have found that for Co at around 1600K the GB 

disappeared, resulting in a single crystal HCP block.  In the case of drastic GB changes, such 

as the one mentioned above, the data collection stops. The center of the grain boundary is 

determined every snapshot by observing two sections along the normal of the grain boundary 

(y direction): the first section begins around 25 Å to 75 Å which always encompasses the 

middle grain boundary even if the grain boundary shifts slightly over time and rising 

temperatures, the second section is from 75 Å to 25 Å where the second grain boundary created 

by periodic boundary conditions resides. The center of both grain boundaries is obtained by 

picking the 20 percent of the atoms that had the most grain boundary plane displacement from 

the last snapshot and averaging their position along the y direction in each section. The grain 

boundary thickness is estimated to be 1 nm through the potential energy profile across the 

boundary, as discussed below in the Results section. To calculate the GB diffusivity at each 

temperature, five independent simulations are performed with different starting velocities and 

the average diffusivity and standard deviation are reported. In the five simulations, the 

equiatomic HEA grain boundary structure has not only different initial velocities, but also 

different random element distributions. Therefore, the statistics contains both ensemble and 

configurational averages for the HEA grain boundary. The pure grain boundaries (Fe, Ni, Cr, 

Co, Cu, and AA) are also studied, and the statistics are based on five independent simulations 

with different initial velocities. To study the self-diffusion process, no vacancies are introduced 

to the pristine grain boundary. However, it is important to determine if additional vacancies 

can alter the self-diffusion significantly. In this work, such tests are also performed through 

adding one vacancy in the grain boundary for both HEA and AA systems. The results show 
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that the additional vacancy does not have a discernible effect on the grain boundary diffusion 

within the temperature range studied in this work, as discussed below in the Discussion section.  

The self-diffusion coefficient (D) at each of the two grain boundary plane directions (x 

and z) is calculated by tracking the mean square displacement (MSD) ἂὶἃ of the grain 

boundary atoms in that direction over the time (t) during the 10 ns isothermal heating stage at 

each temperature,  

                Ὀ ,                                                                  (6.1) 

where the grain boundary atoms are defined as those within the 1nm thickness (ŭ) of the 

boundary region. Since the grain boundary thickness is arbitrarily chosen, the diffusivity 

calculated from Eq. (6.1) depends on the value of ŭ. Here the commonly used P (known as 

triple product) value [187, 202] is reported to account for the grain boundary thickness (ŭ = 1 

nm) and the segregation factor s = 1 as it is for self-diffusion (the concentration is the same in 

both grain boundary and bulk), 

               ὖ ίɿ$.                                                                    (6.2) 

 The criteria for the diffusivities reported in this work are divided into two groups. The first 

group includes the AA and pure element simulations, where only the diffusivities obtained from a 

0.98 R2 or better fit of Eq. (6.1) are reported. Thus, the diffusivities reported for the AA are from 

800 K to 1700 K, which begins a little less than 0.5Tm up to the pre-melting temperature range (Tm 

= 2050 K for the AA). The second group includes the HEA simulations, from which the 

diffusivities of the HEA and each component are obtained, where its reported diffusivities are the 

same as the temperature range reported for the AA. This is because comparing the HEA and AA 

diffusivities, activation energies and preexponential factors in the same temperature range is the 
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fairest comparison. The diffusivity error is obtained through the slopes of the upper and lower 

worse fits of one standard deviation off the average of the 5 simulationsô MSDs for each case 

[203]. This method for error calculation is used for all Arrhenius figures in this work. 

6.4.Results 

 

6.4.1.Grain boundary structure  

Figure 6.1a shows a relaxed <100>S5(210) symmetric tilt grain boundary structure in the 

FeNiCrCoCu HEA at 0 K, which has a random distribution of its five components. The structure 

is composed of ñkiteò structural units as indicated in Figure 6.1a, similar to those typically found 

in pure FCC metals [194] as well as that predicted by the AA potential (Figure 6.1b). The relaxed 

basic 0 K structures predicted by the potentials are similar for all cases studied. This agreement is 

consistent with the work by Utt et al. [204], who also found that both HEA and AA models resulted 

in a similar grain boundary structure. Regarding the excess grain boundary volume, we have 

calculated that for atoms within 1nm grain boundary thickness. The excess volume per grain 

boundary atom is about 3.1% of the lattice atom volume for the HEA and 2.7% for the AA at 0 K. 

So they are similar although the HEA boundary has a slightly larger excess volume, possibly 

because it has inherently larger distortions (Fig. 6.2). At higher temperatures,  the grain boundary 

structure can change before significant diffusion occurs at about 600 ï 700 K. Specifically, the 

grain boundary structure with the original ñkitesò changes to  the ñsplit kitesò or ñfilled kitesò or 

combinations of all three structures that were found in Frolov et al.ôs work [194]. After significant 

diffusion begins, the grain boundary structure becomes more distorted. Overall, the distorted grain 

boundary structures in these systems at higher temperatures are found to be similar. For the purpose 

of comparing the results between pure components, HEA, and AA material, this is an important 
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requirement. To determine if there is any ñsluggishò diffusion effect, the diffusion process must 

be studied with the same or at least similar grain boundary structure. This study satisfies this 

requirement.  

 

 

a) b) 

Figure 6.1. The relaxed S5(210) symmetric tilt grain boundary structure at 0 K, a) for the HEA 

and b) for the AA material, showing ñkiteò structural units similar to those found in pure FCC 

metals. Different colored spheres in a) represent different types of atoms in the HEA. 

 

6.4.2.Lattice distortions 

For the bulk HEA, the average lattice distortions (deviation from perfect FCC positions) have 

been reported to be about  0.07 Å, or about 2% of the lattice parameter [71]. The distortions can 

be different in the grain boundary region. In order to estimate the differences, we calculated the 

differences in atomic positions at the relaxed grain boundary regions in the HEA with respect to 

those predicted by the AA potential, which represents a single element FCC material with the same 

lattice parameter. The results are shown in Figure 6.2. Far from the boundary the average distortion 

values are about 0.07 to 0.08 Å, consistent with the 2% distortion in the bulk HEA, as expected. In 

contrast, the distortion values in the grain boundary region are significantly higher. In the central 

boundary plane some atoms have distortions of up to 0.3 Å. More importantly, the distortions are 

much larger in the two next adjacent planes parallel to the central boundary plane, reaching over 
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1 Å for some atoms. Figure 6.2 also shows the distortion values averaged over groups of 200 atoms 

that have the same distance from the boundary plane. The averaged values in the grain boundary 

region are about 0.14 Å, twice the average values seen in the bulk. These results clearly show that 

the lattice distortions in the HEA are significantly larger in the grain boundary region than in the 

bulk. This can have important effects on the diffusion behavior along the grain boundary, as 

discussed later.  

 

 

Figure 6.2. Lattice distortions as a function of distance from the grain boundary plane (dash line). 

Distortions are calculated as the differences in atomic positions between the relaxed HEA grain 

boundary structure and those in the single-component FCC material predicted by the AA 

potential. Distortions are shown for all individual atoms (filled blue circles) as well as averages 

over 200-atom groups within the same distance to the grain boundary (thick orange line).  
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6.4.3.Grain boundary energy and thickness  

In order to understand the effects of compositional complexity on grain boundary energy, 

the grain boundary energies (‎ ) at 0 K are calculated for all individual pure components, the 

HEA, and the AA material.   

The grain boundary energy (‎ ) is calculated with the formula below,  

                                                 ‎                                                          (6.3) 

where Ὁ is the total energy of the bicrystal system at 0 K, Ὁ  is the cohesive energy per atom in 

a perfect bulk crystal, ὔ  is the number of atoms in the bicrystal system and ὃ  is the area 

of the grain boundary. The factor of 2 in the denominator accounts for the two equivalent grain 

boundaries formed in the bicrystal system due to the periodic boundary conditions. The results are 

shown in Figure 6.3, where the grain boundary energies are plotted as a function of the cohesive 

energy. Clearly, the grain boundary energies for the chosen boundaries scale nearly linearly with 

the respective cohesive energies for all pure components, HEA, and AA material. The AA value 

is very close to the average of the pure components, while the HEA grain boundary energy is 

almost identical to the average value of pure components.  Note that by design the AA material 

has the same cohesive energy as the HEA, and thus their corresponding grain boundary energies 

are very similar.  When considering the individual pure components, their cohesive energies vary 

and so do the grain boundary energies. Overall, the grain boundary energies in these systems 

follow the same trend as the bulk cohesive energies.  

In order to determine the grain boundary thickness, Figure 6.4 shows the potential energy 

profiles of atoms across the grain boundary plane for both HEA and AA material at two different 

temperatures: 900 K and 1700 K. Figure 6.4 is done by averaging the potential energy per atom 
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over  groups of atoms every 2 Å along the y axis (perpendicular to the boundary plane) from 20 Å 

up to 80 Å position in the bicrystal, which encompasses the middle grain boundary only. Therefore, 

only the thickness of the middle grain boundary is measured, while the second grain boundary 

created by the periodic boundary conditions is assumed to have the same thickness. For clarity, 

the profile is plotted from its distance from the boundary plane (defined at 0 nm). The largest peak 

in each potential energy profile corresponds to the grain boundary region and its width can be used 

to quantify the grain boundary thickness. The HEA and AA material have a similar grain boundary 

thickness, which is about 1 nm for both systems at both temperatures. However, the main 

difference in the profile between HEA and AA material is that the former has larger fluctuations 

in the bulk region (i.e., away from the boundary) due to the compositional variation and thermal 

noise, while the later has much smaller variations due only to the thermal noise. The results 

demonstrate that the grain boundary thickness does not significantly vary with temperature or 

material. Therefore, in this work, the thickness of the grain boundary is defined as 1 nm for all 

temperatures and materials studied, which is used for the ŭ value in Eq. (6.2). Overall, from Figures 

6.1, 6.3, and 6.4, it can be seen that the HEA and AA models predict similar grain boundary 

structures, energies, and thicknesses. Therefore, even though the AA model was developed for 

matching the bulk properties of HEA, it shows a good transferability for predicting the GB 

structure and energetics. 
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Figure 6.3. Correlation of the grain boundary energy with the cohesive energy for the five 

individual pure components, the HEA mixture, and the AA material. 

 

 

(a)  

(b)  
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Figure 6.4.  Average potential energies of atoms as a function of distance from the grain 

boundary plane (at 0 nm) in the HEA and AA material at a) 900 K and b) 1700 K. The GB 

thickness is determined to be about ŭ = 1 nm for all cases. 

 

6.4.4.  Grain boundary diffusion in HEA and AA material 

To obtain the grain boundary self-diffusivities, the mean square displacements of the atoms 

within 1 nm thickness of grain boundary region are tracked at each temperature. Figure 6.5 shows 

the results of mean square displacements of these grain boundary atoms as a function of time for 

the HEA and AA material at the five highest temperatures (1300 ï 1700 K). The mean square 

displacements in the two in-plane directions parallel (||, which is along the z direction) and 

perpendicular (̂, which is along the x direction) to the rotational axis are plotted separately to 

understand the grain boundary diffusion anisotropy, if any. From these plots, it can be seen that 

the AA material results in faster diffusion in both in-plane directions because their slopes are 

steeper than the counterparts in the HEA.  

From the atomic displacement results, Equations (6.1) and (6.2) are used to calculate the D and 

P values for the grain boundary self-diffusion in the HEA and AA material. Then the Arrhenius 

plots of P values are constructed, as shown in Figure 6.6. In addition, the grain boundary self-

diffusivities in all five pure components are also calculated (more details are provided in the 

following section) and their averaged values are shown in Figure 6.6 for comparison. Here the 

averages of the pure components (i.e., rule of mixtures) are obtained by averaging the activation 

energies and preexponential factors of the pure components, respectively.  The corresponding 

preexponential factors (P0) and activation energies (Q) for the HEA, AA material, and average of 

pure components are reported in Table 6.2. Figure 6.6 shows that the AA material has similar grain 

boundary diffusivities as the average of pure components over a wide range of temperatures, 

especially in the in-plane direction parallel to the rotation axis (Figure 6.6b). However, both of 
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them have higher diffusivities than the HEA and the differences become more evident at low 

temperatures. Therefore, the results show sluggish grain boundary diffusion behavior that is 

pronounced at low temperatures but vanishes at high temperatures. The presence of sluggish grain 

boundary diffusion in the HEA is in clear contrast to the non-sluggish diffusion behavior in the 

bulk HEA as the present authors found recently [66], using the same interatomic potentials as in 

this work. Note that the temperature dependence of the grain boundary sluggish diffusion has also 

been observed experimentally for the CoCrFeMnNi HEA [187], in which sluggish diffusion is 

observed at 800 K (e.g., Ὀ ȾὈ   ς ) while the trend is reversed (Ὀ  Ὀ ) 

above 950 K. Since diffusivity decreases exponentially with temperature, it is expected that the 

higher activation energy in the HEA (Table 6.2) will induce a more pronounced sluggish diffusion 

at even lower temperatures such as the room temperature. From Table 6.2, it also can be seen that 

the two in-plane directions have similar activation energies and preexponential factors in each 

material, indicating that the diffusion anisotropy is not significant in these grain boundaries.  
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Figure 6.5.  Mean square displacements (MSD) as a function of time for the HEA (a and c) and 

the AA material (b and d) at different temperatures from 1300 ï 1700 K. Here ñMSD ò̂ and 

ñMSD ||ò represent the in-plane mean square displacements perpendicular and parallel to the 

rotation axis, respectively. At each temperature, the five lines represent five independent runs 

that are used for statistics.   

(a)  (b)  

(c)  (d)  
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Figure 6.6.  Arrhenius plots of the grain boundary diffusion in the HEA and AA material in both 

the (a) perpendicular (̂) and (b) parallel (||) directions to the rotation axis. The averages of five 

pure components are also shown in each figure. Compared to the AA material and the average of 

pure components, the ñsluggishò diffusion in the HEA is evident at low temperatures but 

diminishes at high temperatures. Some error bars are invisible because they are smaller than the 

symbol size.  

 

 

 

 

 

AA HEA 

Ave. of Pure 

Components 

(a)  

(b)  
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1Ṷ Ë*ÍÏÌϳ ) 45 78 58 

1  ᷆ Ë*ÍÏÌϳ ) 48 81 56 

ὖṶ Í Óϳ) 3.56E-18 3.99E-17 1.05E-17 

ὖ  ᷆ Í Óϳ  4.08E-18 4.80E-17 9.78E-18 

Table 6.2. Activation energy (Q) and preexponential factor (P0) of the grain boundary diffusion 

in both in-plane directions for the AA material, HEA, and the average of pure components.  

 

 

6.4.5. Diffusion behavior in the pure component grain boundaries 

The grain boundary self-diffusivities in all five pure components are also calculated using the 

same approach as in the previous section. Since these pure components in the FCC phase have 

different melting temperatures, the temperature ranges for studying the diffusion are also different 

(especially for Cu as its melting temperature is the lowest) and the reported diffusivities meet a 

criterion of 0.98 R2 or better fit of Eq. (6.1). The Arrhenius plots of P for these pure components 

in the two in-plane directions are shown in Figure 6.7. The results of the AA material are also 

included for comparison. Table 6.3 reports the preexponential factors and activation energies of 

these pure components from the Arrhenius fits.  Note that Figure 6.7 only shows the diffusivities 

where the fit of the mean square displacement over time is 0.98 R2 or better, hence the value of Fe 

at 1100 K is missing.  

 Figure 6.7 shows that the grain boundary diffusivities in these pure components have large 

differences. In general, the diffusivities in both in-plane directions follow the trend : Ὀ  < Ὀ < 

Ὀ  < Ὀ  < Ὀ . This trend of grain boundary diffusion is similar as that observed for vacancy-

mediated bulk or lattice diffusion in these pure components obtained using the same potential:  

Ὀ  < Ὀ < Ὀ  º Ὀ  < Ὀ  [66]. In both grain boundary diffusion and bulk diffusion, 
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Cu has a significantly higher diffusivity than other components at the same temperature. Regarding 

the anisotropy of grain boundary diffusion, Ni, Cr and Co essentially have no anisotropy in the 

two in-plane directions, as can be seen from the preexponential factors and activation energies 

shown in Table 6.3. Fe and Cu have a slight diffusion anisotropy, with slightly faster diffusion (or 

lower activation energy) in the direction parallel to the rotation tilt axis, as shown in Table 6.3.  

Out of the five HEA elements, only Ni and Cu are naturally FCC and can easily be 

compared with other molecular dynamic studies of the same grain boundary. Mendelev et al. [191] 

reported that the activation energy of a Ɇ5 grain boundary diffusion in Ni varies significantly with 

its inclination, ranging from 50 to 110 kJ/mol, and our values for Ni lie within that range (Table 

6.3). Frolov and Mishin [205] calculated the activation energy of a Ɇ5 grain boundary diffusion in 

Cu as 0.48 eV or 46 kJ/mol, which is higher than our 30 kJ/mol in-plane average result. However, 

the discrepancies may be due to a different interatomic potential used in their work. In reality, Fe 

does turn into FCC in the high temperature range (² 1200 K), but the present authors could not 

find any self-diffusivity studies for the Ɇ5(210) grain boundary in an FCC Fe for comparison. 
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Figure 6.7.  Arrhenius plots of the grain boundary diffusion of the five pure components in the 

two in-plane directions. The results of the AA material are also shown for comparison. Some 

error bars are invisible as they are smaller than the symbol size. (a) The direction perpendicular 

( )̂ to the rotation axis. (b) The direction parallel (||) to the rotation axis. 

 

 

 

 

ὗὯὐάέὰϳ  ὖ ά ίϳ  

Fe Ṷ 81 1.45E-17 

Fe ᷆  68 7.06E-18 

(a)  

(b)  
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Table 6.3. Activation energies (Q) and preexponential factors (P0) for the two in-plane directions 

of grain boundary diffusion in five pure components.  

 

6.4.6.Diffusion behavior of five individual components in the HEA grain 

boundary  

The mean square displacements of each of the five individual components in the HEA grain 

boundary region are also tracked and their respective diffusivities are calculated. The Arrhenius 

plots of these components are shown in Figure 6.8. Compared to the very scattered diffusivities in 

pure-component grain boundaries (Figure 6.7), these components have more similar diffusivities 

in the HEA. The component diffusivities follow the order: Ὀ  < Ὀ  º Ὀ  º Ὀ  < Ὀ . 

In particular, Cu is still the fastest diffuser at every temperature as in pure components (Figure 7), 

but the differences between Cu and other components are much smaller in the HEA than in the 

pure components. In comparison with the AA material, all the components in the HEA have lower 

diffusivities at temperatures below 1200 K in both in-plane directions. 

Ni Ṷ 59 6.27E-18 

Ni  ᷆ 61 7.01E-18 

Cr Ṷ 64 2.14E-17 

Cr ᷆  67 2.73E-17 

Co Ṷ 53 4.08E-18 

Co ᷆  55 5.02E-18 

Cu Ṷ 33 6.31E-18 

Cu ᷆  26 2.56E-18 
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Table 6.4 shows the activation energies and preexponential factors for all HEA components at 

the two in-plane directions. In comparison with the results of pure-component grain boundaries 

(Table 6.3), all the activation energies in the HEA, with the exception of Fe along the perpendicular 

direction, are higher than the counterparts in the pure components although all the preexponential 

factors are also higher. In particular, the activation energy of Cu averaged over two directions 

increases about 2.6 times from the pure Cu value. In addition, all components have similar 

activation energies along the two in-plane directions, unlike the anisotropy seen for pure Fe and 

Cu (Table 6.3). Overall, the results indicate that the diffusivities of the individual components in 

the HEA are more similar than the large differences observed between pure components.  

Since there are no experimental results for the FeNiCrCoCu HEA grain boundaries, the 

experimental grain boundary diffusion results in a similar HEA in which Cu is replaced with Mn, 

CoCrFeMnNi [188], are used for comparison with our modeling results, as shown in Table 6.4. 

Clearly, the activation energies of HEA components calculated in this work are much lower (more 

than 2 times) than the experimental values. On the other hand, the experimental preexponential 

factors are much higher. In a four-component CoCrFeNi HEA (without Cu or Mn), the 

experimentally measured activation energy of grain boundary diffusion is about 158 kJ/mol [187], 

while the calculated overall activation energy in our CoCrFeNiCu HEA is 80 kJ/mol (Table 6.2). 

The calculated activation energies from our simulations are smaller than those measured from 

experiments. There could be a few reasons for the discrepancies. First, the FeNiCrCoCu HEA 

studied in this work contains Cu, which is a faster diffuser and likely reduces the overall activation 

energy. Second, the experimental HEA may contain some impurities, which could slow the 

diffusion kinetics and increase the activation energy. In contrast, the HEA studied in this work is 

impurity free. Third, the activation energy calculated in this work is from a single Ɇ5(210) 
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symmetric tilt grain boundary, while the experimental value is the average of different types of 

grain boundaries. The grain boundary diffusion is sensitive to the details of boundary structure. 

For example, in a previous molecular dynamic simulation [191] it is reported that the activation 

energy for the Ɇ5 grain boundary diffusion in Ni varies significantly with its inclination, ranging 

from 50 to 110 kJ/mol.  

Figure 6.8. Arrhenius plots of the diffusion of five individual components in the HEA grain 

boundary. The results of the AA material are also included for comparison. Some error bars are 

invisible because they are smaller than the symbol size. (a) The direction perpendicular ()̂ to the 

rotation axis. (b) The direction parallel (||) to the rotation axis. 

 

(a)  

(b)  
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1 (kJ/mol) 

(this work) 

P0 (m
3/s) 

(this work) 

Exp. Q (kJ/mol) in 

CoCrFeMnNi GB [188] 

Exp. P0 (m
3/s) in 

CoCrFeMnNi GB [188] 

Fe Ṷ 76 1.68E-17 

182.2 1.40E-12 

Fe ᷆  77 1.73E-17 

Ni Ṷ 81 4.33E-17 

221 1.42E-10 

Ni  ᷆ 82 4.79E-17 

Cr Ṷ 82 6.24E-17 

180.6 1.43E-12 

Cr ᷆  84 7.01E-17 

Co Ṷ 74 2.40E-17 

181.5 1.66E-12 

Co ᷆  77 3.06E-17 

Cu Ṷ 77 5.95E-17 

- - 

Cu ᷆  81 7.72E-17 

Table 6.4. Activation energies (Q) and preexponential factors (P0) of the five components in the 

HEA grain boundary along the two in-plane directions. The experimental results of a similar 

HEA in which Cu is replaced by Mn, CoCrFeMnNi [188], are included for comparison.  

 

 

6.5.Discussion 

 

The primary purpose of this work is using molecular dynamic simulations to study if grain 

boundary diffusion in HEAs can be sluggish, through comparing the self-diffusivity in an 

<100>Ɇ5(210) symmetric tilt grain boundary between an equiatomic FeNiCrCoCu HEA and its 

corresponding AA material. This comparison is ideal because the AA potential models a 
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hypothetical single element, which predicts the average equilibrium properties of all components 

in the HEA but lacks the effects from compositional randomness present in the HEA. Therefore, 

the obtained diffusivity from the AA potential is expected to be close to the average of the five 

pure components, and this is indeed the case as shown in Figure 6. In contrast, the grain boundary 

diffusion in the HEA shows a clear sluggish diffusion behavior in comparison with the AA material 

and the rule of mixtures of pure components, and the sluggish effect is more pronounced at low 

temperatures but diminishes at higher temperatures (Figure 6.6). Since the AA potential represents 

a hypothetical single element, there is no experimental equivalent for this comparison. The current 

literature [122, 187, 188] compares the HEA diffusivity with pure elements or simple binary or 

ternary alloys which excludes some of the elements used, because it is difficult to have all the 

elements in an FCC structure at the tested temperatures for a fair comparison. It should be noted 

that our recent study [66] of lattice diffusion using the same methods and interatomic potentials 

did not show a sluggish effect in the bulk HEA. To summarize the difference in sluggish diffusion 

between this specific grain boundary and bulk,  Figure 9 shows the grain boundary results obtained 

in the present work, together with those obtained for bulk lattice diffusion reported in our recent 

work [66]. As expected, grain boundary diffusion is characterized by significantly lower activation 

energies than the bulk diffusion. Most importantly, in comparison with the reference AA material, 

the HEA lattice diffusion is not sluggish at any temperature (in fact it is slightly enhanced) while 

the HEA of this special grain boundary diffusion is clearly sluggish at low temperatures.  In order 

to explore the possible reasons for the sluggishness in grain boundary diffusion, two approaches 

are pursued: first the role of vacancies in the diffusion process is studied and second the 

examination of the diffusion paths along the grain boundary is conducted. 
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The reason for exploring the role of vacancies is that the non-sluggish diffusion in the bulk 

HEA is vacancy-driven in the simulation, while the sluggish grain boundary diffusion in this work 

is obtained without introducing any extra vacancies. To address this point, we repeat the grain 

boundary diffusion simulations, one for the HEA and one for the AA, with an initial vacancy 

introduced in each grain boundary. The results are compared to those without extra vacancies 

(Figure 6.6), as shown in Figure 6.10.  The comparison reveals no significant difference caused by 

the presence of a vacancy, at least in the temperature range studied (900 ï 1700 K), and the 

sluggishness at low temperatures is still present after the vacancy is introduced. Therefore, it is 

concluded that the HEA diffusion at this grain boundary is at least not purely driven by the vacancy 

hopping mechanism as in the lattice. This is reasonable, since it is known that the grain boundary 

diffusion mechanisms are complex [192, 193, 195]. The excess volume of the grain boundary 

allows the atoms to diffuse along the boundary without the need of extra vacancies. The process 

in the case of lattice diffusion is vacancy driven and this difference may help explain why 

sluggishness was not observed in the bulk but is observed in the grain boundary case.  
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Figure 6.9. Arrhenius plots of the total grain boundary (this work) and bulk self-diffusivities 

([66]) in the FeNiCrCoCu HEA compared to those in the AA material. To compare them in the 

same figure, the D values rather than P values are used for the total grain boundary diffusivities.  
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Figure 6.10.  Arrhenius plots of the diffusivities with (w/) and without (w/o) an extra vacancy at 

the grain boundary in the HEA and AA material along the two in-plane directions. 

 

 

To further understand the results, the details of grain boundary diffusion mechanisms are 

studied for both HEA and AA material. This is achieved by tracking the atom trajectories during 

the diffusion process to examine the atom diffusion paths. Here the atom trajectories during a time 

period of 1 ns are analyzed using the OVITO software [167] for both systems at a low temperature 

(900 K) and a high temperature (1600 K), as shown in Figures 6.11 and 6.12, respectively. The 

corresponding grain boundary structures are also shown. At 900 K, the grain boundary diffusion 

paths lie mainly along the central boundary plane.  However, in the HEA case the paths are seen 

to circumvent the central plane in some places, showing diffusion outside of the central boundary 

region (Figure 6.11b). In contrast, the diffusion paths in the AA boundary have routes along the 

central boundary plane and the two adjacent planes, with no jumps outside the grain boundary 

region.  (Figure 6.11d). The different diffusion routes between HEA and AA suggest the important 
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role of compositional complexity on the grain boundary diffusion. Compositional randomness of 

components can induce many trapping (low energy) sites [66]. These trapping effects at the HEA 

grain boundary may be even stronger because the grain boundary has significantly large lattice 

distortions than in the bulk HEA, as shown in Figure 6.2. Since a grain boundary is also a defect 

sink [206], the energy cost for the components to diffuse out of the central boundary plane is 

expected to be high.  Given that a grain boundary has a 2D geometry, the presence of trapping 

sites can inhibit the in-plane diffusion along the grain boundary, forcing higher energy jumps away 

from the grain boundary region. As a result, atom diffusion has to go through some alternative but 

energetically expensive routes outside of the central boundary plane, as shown in Figure 6.11b. In 

the AA material in which no such composition-induced trapping sites exist, atoms diffuse mainly 

along the faster boundary plane at low temperatures, as shown in Figure 6.11d. At high 

temperatures (e.g., 1600 K) when the kinetic energies are sufficiently high, more atoms in the HEA 

can overcome the trapping sites through both in-central-plane and out-of-central-plane diffusion, 

as shown in Figure 6.12b. The out-of-central-plane diffusion also happens at the AA grain 

boundary at this temperature, as shown in Figure 6.12d. Therefore, both HEA and AA grain 

boundaries end up with similar diffusion mechanisms at high temperatures. This is likely the 

reason why the HEA and AA have different grain boundary diffusivities at low temperatures but 

similar ones at high temperatures. 

This analysis of the diffusion paths may explain why diffusion is sluggish at this HEA grain 

boundary but not in the bulk HEA (see Figure 6.9). The key difference is that the bulk diffusion is 

in 3D while grain boundary diffusion is 2D. In the 3D bulk diffusion, atoms have many alternative 

paths to ñescapeò or ñbypassò the trapping sites. For example, there are twelve nearest neighboring 

paths for a vacancy-mediated diffusion in the bulk FCC crystal. However, for the 2D grain 
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boundary diffusion, the ñtrappingò sites can effectively inhibit the in-plane diffusion due to the 

limited number of paths in the confined 2D space, causing a ñtrafficò or ñblockingò effect. The 

atoms may have to diffuse out of the boundary plane (Figure 6.11b) to escape from the trapping 

sites, which needs to overcome high-energy barriers due to the grain boundary segregation effect. 

Therefore, the sluggish effect is significant for this HEA grain boundary diffusion and the effect 

is pronounced at low temperatures, while such effect is not evident in the bulk HEA.   

Figure 6.11.  Grain boundary structures and diffusion trajectories at 900 K for the HEA (a ï b) 

and AA material (c ï d). The sphere colors in (a) represent different types of atoms in the HEA. 

Note that at this low temperature, the diffusion paths in the HEA can jump out of the grain 

boundary region while those in the AA material are mainly along the central boundary plane. 

This explains why the sluggish diffusion effect in the HEA is significant at low temperatures.  

 

 

 

a) 

b) 

c) 

d) 
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Figure 6.12.  Grain boundary structure and diffusion trajectories at 1600 K for the HEA (a ï b) 

and AA material (c ï d). The sphere colors in (a) represent different types of atoms in the HEA. 

Note that at this high temperature, the diffusion paths in both HEA and AA boundaries are 

similar. As a result, the sluggish diffusion effect vanishes at high temperatures.   

 

As mentioned in the Introduction, this work only focuses on a S5(210) symmetrical tilt 

boundary as the first attempt. One may naturally ask if the sluggish diffusion effect in this 

special boundary also exists in other boundaries. Although we do expect that some boundaries 

may show similar sluggish effects as in the S5(210) boundary, caution should be taken if one 

wants to generalize the diffusion behavior of this special boundary to other boundaries, because 

grain boundary diffusion mechanism can differ significantly from boundary to boundary. For 

example, one of the present authors (Farkas) recently showed that the diffusion kinetics of 

different grain boundaries varies dramatically in a polycrystalline Fe-Cr-Ni alloy [189]. 

Therefore, to fully address this question, more systematic studies are needed in the future to 

investigate the diffusion mechanisms in different types of HEA grain boundaries. 

 

6.6.Conclusions 

 

a) 

b) 

c) 

d) 














