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Deep Time: Deep Learning Extensions to Time Series Factor Analy-
sis with Applications to Uncertainty Quantification in Economic and

Financial Modeling

Dawson J. Miller

(ABSTRACT)

This thesis establishes methods to quantify and explain uncertainty through high-order mo-
ments in time series data, along with first principal-based improvements on the standard au-
toencoder and variational autoencoder. While the first-principal improvements on the stan-
dard variational autoencoder provide additional means of explainability, we ultimately look
to non-variational methods for quantifying uncertainty under the autoencoder framework.
We utilize Shannon’s differential entropy to accomplish the task of uncertainty quantifica-
tion in a general nonlinear and non-Gaussian setting. Together with previously established
connections between autoencoders and principal component analysis, we motivate the focus
on differential entropy as a proper abstraction of principal component analysis to this more
general framework, where nonlinear and non-Gaussian characteristics in the data are permit-
ted. Furthermore, we are able to establish explicit connections between high-order moments
in the data to those in the latent space, which induce a natural latent space decomposition,
and by extension, an explanation of the estimated uncertainty. The proposed methods are
intended to be utilized in economic and financial factor models in state space form, building
on recent developments in the application of neural networks to factor models with appli-
cations to financial and economic time series analysis. Finally, we demonstrate the efficacy
of the proposed methods on high frequency hourly foreign exchange rates, macroeconomic

signals, and synthetically generated autoregressive data sets.



Deep Time: Deep Learning Extensions to Time Series Factor Analy-
sis with Applications to Uncertainty Quantification in Economic and

Financial Modeling

Dawson J. Miller

(GENERAL AUDIENCE ABSTRACT)

This thesis establishes methods to quantify and explain uncertainty in time series data,
along with improvements on some latent variable neural networks called autoencoders and
variational autoencoders. Autoencoders and varitational autoencodes are called latent vari-
able neural networks since they can estimate a representation of the data that has less
dimension than the original data. These neural network architectures have a fundamental
connection to a classical latent variable method called principal component analysis, which
performs a similar task of dimension reduction but under more restrictive assumptions than
autoencoders and variational autoencoders. In contrast to principal component analysis,
a common ailment of neural networks is the lack of explainability, which accounts for the
colloquial term #H + F @o#&kst While the improvements on the standard autoencoders
and variational autoencoders help with the problem of explainability, we ultimately look
to alternative probabilistic methods for quantifying uncertainty. To accomplish this task,
we focus on Shannon’s differential entropy, which is entropy applied to continuous domains
such as time series data. Entropy is intricately connected to the notion of uncertainty, since
it depends on the amount of = M/ Q K Mi2tthd data. Together with previously established
connections between autoencoders and principal component analysis, we motivate the focus
on differential entropy as a proper abstraction of principal component analysis to a general

framework that does not require the restrictive assumptions of principal component analysis.



Furthermore, we are able to establish explicit connections between high-order moments in
the data to the estimated latent variables (i.e., the reduced dimension representation of the
data). Estimating high-order moments allows for a more accurate estimation of the true
distribution of the data. By connecting the estimated high-order moments in the data to the
latent variables, we obtain a natural decomposition of the uncertainty surrounding the latent
variables, which allows for increased explainability of the proposed autoencoder. The meth-
ods introduced in this thesis are intended to be utilized in a class of economic and financial
models called factor models, which are frequently used in policy and investment analysis.
A factor model is another type of latent variable model, which in addition to estimating a
reduced dimension representation of the data, provides a means to forecast future obser-
vations. Finally, we demonstrate the efficacy of the proposed methods on high frequency
hourly foreign exchange rates, macroeconomic signals, and synthetically generated autore-
gressive data sets. The results support the superiority of the entropy-based autoencoder to

the standard variational autoencoder both in capability and computational expense.
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"QMK28i-(C2i BMBM: bQK2 BMi2 T 2i #BHBiv- M/ HbQ ii BM +?2 T
X >Qr2p2 -i?2b2 #2M27Bib Q7 BMi2 T 2i #BHBiv M/ 277B+B2M+V k
M/ r2 T°2b2Mi 7B bi@T BM+BT H 2H t iBQM Q7 i?2jKB ;QM H bbm
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KXKXjmiQ2M+Q/2 b b LQMHBM?2 " 6 +iQ  JQ/2Hb

q?2M DbvKK2i'B+ 1 +QMbBbib Q7 bBM:H2 HBM2 ~H v2 rBi? MQ
bi'm+iBQM 2 Q" Bb KBMBKBX2N-pBM/i?2Me2(?2 MQMHBM2 ~ 1 Bb pl
MQMHBM2 * 2ti2MPBOMe@FkDY) X 6QHHQIBM; i?2 +QMM2+iBQM rBi?
2 p2 #22M mb2/ iQ 2ti2M/ i?2 HBM2 ~ 7 +iQ  KQ/RHRERNMBRHBM2 |
2t KTH2- M/ 2BMB 2i HX ;Bp2i?2 7TQHHQIrBRIB,7Q KmH iBQM rBi? |

fo = Gae (%) UkX9RV
x = Fag (F)+ UkX9kV
fi = Bqfy 1+ + Bpfy p+ U u N (O;U) UkX9j)V
t= ittt + dtadt ¢ t N (0,Q): UkX99V

>2 B; i F2bi?2 "QH2 Q7 i?2H ; QT2 kQRIBML[M2iBYMU2" M/ /2+Q/:
#Qi? +QMi BM i?2 HQ /BM; K i KEXtRERMAI MQiB QWM HWV - r2 MR R?i2 i BM (
/2+Q/2° Bb HBM2 "X q?BH2 KQiBp i2/ #v i?2 /2bB 2 iQ mb2 i?2 E H
mM/2° QTiBK HBiv UBX2X- KBMBKBx iBQM Q7 JalV- HBM2 " /2+Q/:
Bb MQMHBM2 X b “2bmHi- i?2 2M+Q/2  + M | #2bi #2 K “:BM Ht

KBMBKBx2/X

g?BH2 M/'2BMB 2i HX "2 MQi HQM2 BM mbBM; i?2 E HK M 7BHi2
R¥-r2 7Q KmH i2 i?2 bi i2 bT +2rBi? M LL 7Q 2+ biBM; 2[m iBQM
Mv "2+m "2Mi M2m™ H M2irQ ' F "+?Bi2+im 2 dyeB82eX Adhi2bi®i: _Ib
i?727Q 2+ biBM; 2[m iBQMBb QMHVBM+HmM/2/?22°27Q  +QKTH2i2M?2
KQ/2H- M/ Bb H27iiQ 7mim 2 "2b2 +? 7Q BKTH2K2Mi iBQMX //B
KQ/2H i?2 B/BQbvM+" iB+ i2 K- M/ BM i?Bb +QMi2ti- Bi Bb BMi2 T
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fo= Gae (Xt) UkX98V
Xt:ﬁAE(ft)+ t UkX9eV
fe= _LL(fe iiisfe p)t o UkX9dV

LQr- b +QMb2[m2M+2 Q7i?2/B ;QM Hbi m+im 2 Q7i?2H i2Mi +Qp
2i HX b?Qri? ii?2 01 Bb HbQ +HQb3HBX 2HMi2/-if2S*M(i° MbH i2 i
/2i2 " KBMBbiB+ 7 +iQ biQ ;2M2 iBp27 K2rQ F #v 2TH +BM; i?2 |

o1-
z, = Gyae (Xt) UkX93V
Xt:AVAE(Zt)+ t UKkX9NV
t= _LLCt iy v p)F o UkX8yV
t= _LL( ¢ asiiny v p)t ot UKkX8RYV

liBHBXBM;i?20 1Bb Q7T iB+mH ~BMi2 2bi- bBM+2i?2 KQ/2H T Q/r
Q7 i?2 /i X "v2biBK iBM; i?2 /Bbi'B#miBQM Q7 i?2 /i -r2 + M bBK
i?72 BMi° @T2 BQ/- r?2M Q#b2 p iBQMb "2 KBbbBM;X //BiBQM HH
i2°Kb Q7 i?2 T'Q# #BHBiv /2MbBiv 7mM+iBQM- b KTHBM; 7 QK i?2 o
K2 Mb Q7 ++QmMiBM; 7Q  mM+2"i BMivBM i?2/ i X

kKXkX9? HH2M;2b rBi? i?72 0 1

g?BH2 BM i?2Q v i?2 01 HHQrb mb iQ 2biBK i2 i?2 /Bbi'B#miBQM
i?72 KQ/2H Bb /B77B+mHi iQ i° BMX +QKKQM BHK2Mi Bb TQbi2 B
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H i2Mi /Bbi'B#miBQM #2+QK2b mMBM7Q 'K iBp2 Q  /2:2M2" i2- + mt
/i /IBbi'B#miBQM i? i? b M mM 2 HBbiB+ HéldelBi¢ Nty dRARX ;2 p "B
AM i?2 HBM2 "0 1-Gm+ b 2i HX b?Qri? ii?2 EG@.Bp2 ;2M+2 "2;m
+ mMb2 TQbi2 ' BQ  +QHH Tb2c ?Qr2p2'-BMi?2 MQMHBM2 “o0 1- TQbi
bbQ+B i2/ rBi? "2H iBp2HvV H ;2 K2Xom?BK BWI/BRQ BDIR i(?2 M22/ iQ /E
++QmMMi 7Q  mM+2'i BMivBM i?2/ i - rBRB? 22T BMZRP2MR2 QTVvX

q?BH2 Gm+ b 2i HX BMp2biB; i2 TQbi2'BQ  +QHH Th2i?°Qm;?i?2 1

B2i HX BM/B+ i2i? iT iQ7i?2#H K27Q TQbi2 'BQ  +QHH Th2
i2°KBM 1[m KE®W)X AMimBiBp2Hv-i?2 "2+QMbi m+iBQMi2 K T2M H
2biBK i2//Bbi'B#miBQM Q7 i?2/ i - bBM+2 Jal Bb + H+mH i2/ ; BMEL
i° BMBM;X

6°QK T  +iB+ HT2 bT2+iBp2-r2 T°QpB/2 i?2 7QHHQrBM; TQBMib

i7201 QMiBK2 b2 'B2b T'Q#H2KbX

RXTTHvBM; JaliQ M/QK b KTH2b,

UMM+Qm' ;2b bK HH 2Mi'QTv /i /Bbi'B#miBQMc

U#W?2 /2+Q/2 Bb i  BM2/iQ B:MQ'2p 'B iBQMBM i?2 H i2Mi bT
KXEG@.Bp2 ;2M+R (O;IBMbi

UV MT 2b2Mi i /12@Q77rBi? KBMBKBxBM; Jalc

U#YM+Qm~ ;2b 2 +? H i2Mi +? MM2H iQr /b i?2 b K2 /Bbi'B#miE

U+MQ2b MQi T QpB/2 /B 2+i +QMM2+iBQM Q7 H i2Mi KQK2Mib rB

g2 HbQ MQi2i? ir?2M i?2/ i Bbbi'QM;HVv MQM@BXBX/X-2M+Qm"
i?72 b K2 /Bbi'B#miBQM 7Q +2b i?2/2+Q/2 iQ +QMi BMp "BQmb i’ N
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?B:?22° @Q /2  KQK2Mib BM i?2/ i X b “2bmHi-i?2 /vM KB+b Q7 i?2
+QMM2+i2/iT@B?22Mi bT +2- 2BM/2 BM: 2tTH BM #BHBivX

0 'BQmb K2i?Q/b7Q HBKBiBM; TQbi2'BQ  +QHH Tb2BM+Hm/2 BMi"
i?72 T'BdY- (//BM; bEFBT +QMB2MBR®RDBFZVBM; i?2 HQbb 7mM+iBQM |
b? "2/ BM7Q K iBQM #2ir22M i?2 H i2 MIQIXT>€22pM2i2&1Mi2(bi M/BM; i
i72Q v #2?BM/ TQbi2 ' BQ  +QHH Th2 BM /22T o 1b "2K BMb BKT 2+B

AM *? Tij2'M/9- r2 /IBb+mbb KQ/B7B+ iBQMb iQ i?2 bi M/ /0 1iQ ?2H
+? HH2M;2bX aT2+B7B% RRHBHMT*QT@H2 ;2M2° iBp2 1i? i pQB/t
+QHH Tb2 #v K tBKBXxBM; i?2 2tTH BM2/2Mi'QTv Q7 i?2 2biBK i2//B
M/ i?2i'm2 /Bbi ' B#miBQMX
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*2 Ti2" ]

S'QTQb2/J2i?Q/b, .2i2 ' KBMBbi
0 'BiBQM H TT Q +22b

i XRJQiBp iBQM M/ P#D2+iBp2b

AM i?Bb +? Ti2  r2 /Bb+mbb i?°22 M2m~ H M2irQ ' F KQ/2HBM; TT'Q
MTQM i?2 bi M/ °/ miQ2M+Q/2 U 1V M/ p "B iBQM H miQ2M+Q/2"
/[2bB;MBM; /2i2°KBMBbiB+ 1i? i BKT Qp2b BMi2 T 2i iBQM Q7 BM,
i?72 b2 "+? bTG2ZMZ) T B'bX h?2M r2 BMp2biB; i2 i?2 mb2 Q7 miQ 2
im2BMi?2H i2Mi +Qp "B M+2 Q7 i?2 0 1X G biHv-r2 T°QTQb2 J2i
H;Q Bi?KiQ Qp2 ' +QK2 TQbi2'BQ" +QHH Th2 BM i?2 0 1X

Xk L2bi2/ 1 M/ o 1

*QMbB/2° bVvKK2i'B+ 1 rBi? irQ 2M+Q/BM; H v2'b M/ irQ /2+Q/BNM
2M+Q/BM; M/ /2+Q/BM; H v2'b 2 +QK#BM2/ rBi? i?2B" "2bT2+iBp2
iBQMb- r2 /12MQiBi®2 KM ;B,- "2bT2+iBp2HvX 6B i MM b'BM+2

i?2Kb2Hp2b MQMHBM2 * 7mM+iBQMb- r2 ;2M2" HBx2 i?2 MQi iBQM
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6B;m 2 jXR, ai +F2/ 1

+iBp iIBOM +QKTQbBiBQMbX h?2 +Q "2bTQM/BNR /B?2 bK Bb b/?QrM
1 QMHV "2[mB 2bi? i i?28 QK BMEIBQOM +QKGQBBIBGMBi Bb MQi

M2+2bb "BHV i?B,+ MB4i? ip2 Mv /B 2+i "2H iBQMb?BTX >2M+2- mM/2
bvKK2i'B+ 1-BM/BpB/m H2M+Q/BM; M/ /2+Q/BM; #HQ+Fb H +F ;n

b M Hi2 M iBp2-r2+ M ii +? BMi2 T{GiHBGM BMi?Q/MBBM; M BM
12 K2/B i2 2+QMbi m+iBQM HQbb-r?B+?r2 BM+HmM/2 rBi?X "2;mH
G2gi= Gi(x) Mbp=G6yg)X AM i?Bb + b2-r2? p2-

GQil) = JalxR)+  JaXo;HaAx); UjXRV

r2B+? Bb b?2QrM BMK6BEM 2 i 2(BTHB MG, HB,) #Qi? +i b 1b- i?Bb
KQ/2H Bb i2 KRZhP2 QU L 1 7Q  b?Q iX

AM //BiBQM iQ ;:BpBM; BMi2 T 2i iBQM iQ i?2 2M+Q/BM; M/ /2+Q/B
i?72 L 1?2 bi?2 //2/#2M27Bi Q7 +QMbi° BMBM: i?2bQHmMiBQM b2 “+?
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6B;m 2 jXk, L2bi2/ 1

bi #BHBiv/m BM;i> BMBM;X >Qr2p2 - rBi? 72r2° p BH #H2 bQHmIiB
M/ bi #BHBiv +QK2 ii?2 +Qbi Q7 BM+ 2 b2/i° BMBM; iBK2X

JQ'2 :2M2° HHv- +QMbB/N @ #HhMKKRi1BHBi? i?2 7TQHHQrBM; 2M+Q /2"
M2m™ H M2irQ Fb,

G :RT 41 RT M

G,:RT ki1 RT ke

Gy RT kv 11 RT kn UjXkV
By :RT 1 RT kv o1

X

B, :RT ka1 RT ¢



G2G=Gi(g 1) Mhi=H (hs) rBif=x-hysa =gv- Mi/=1;:uN 1X h?2M r2
+ M BKTH2K2Mi iN2@2ZMQ+H + b2 rBi? i?2 7TQHHQrBM; HQbb 7mM+iB

D(l
G Qi) = JalxR)+ Ja ¥R (hi2);g) : UjXjVv
i=1
2K “F jXBL2bi2/ 0 1V
g2 + M 2ti2M/ i?2 L 1 iQ L2bi2/ 0 1 ULo 1\ a) BMH2 B MBYM U
rBi? i?2 HQbb 7mM+iBQM Q7 i?2 0 1X

AM *? T822 rBHH b?Qri?2L 1K i+?22bi?2 bi M/ */ 16b 2+QMbi m+iE
QM bvMi?2iB+ /i -#mi mM7Q imM i2Hv- /Q2b MQi T'QpB/2 bB:MB7B
i22 bi M/ */ 1X

jXj o BiBQM H miQ2M+Q/2 rBi? G i2Mi miQ

bBQM Uo 1@ _V

h?2 bi M/ "/ 01 Bb +QKKQMHvV TTHB2/iQ i?2 /Bb+ 2i2 /QK BM Q7 A
r?2°2i?2 bbmKTiBQM Q7 /B ;QM HH i2Mi +Qp 'B M+2 Bb K BMi B
iBK2 b2'B2b i bFb rBi? +QMiBMmQmb /i H +Fb i?2 #BHBiv iQ KQ/
BM i?2 H i2Mi bT +2 /B 2+iHvX b "2bmHi- i?2 /2+Q/2° Bb 7Q +2/
miQ 2; 2bbBp2 bim+im 2 7Q° "2+QMbi ' m+iBQM- /IBKBMBb?BM; i?
2T 2b2Mi iBQMX

b M Hi2 M iBp2-r2+ M "2H ti?2 bbmKTiBQM Q7 /B QM H +Qp “E
+Qp "B M+2-r?2°2 H i2Mi +? MM2Hb 2 T2 KBii2/ iQ "2i BM miQ 2
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+? MM2HX 6Q 272 BWKR22T2BBQKbH MMi +? MM2Hb- i?2 bi M/ "/ /B
Hi2Mi +Qp "B M+2 Bb ;Bp2M #v
3

2 2
2
1;i 1
i=E A% %;:g A% %; UjxoV
2
Tii K
[?2°2i?22Q77@/B QM HbMJ Xx@2@EBHH HBQ@rp2 MOM@x2 ' Q Q77@/B
2Mi*B2b- r?BH2 K BMi BRIGM HH2 QI @MHQ+F@/B :QM H 2Mi B2bX

_2H i2/ rQF BM i?Bb 2 B@®o Ha@/26/i?222 :SSSodB{ M/ b? “2b
KQiBp iBQM rBi? Jm+ RN Ev @IK®dR/ KmHiBp "B i2 dgohB2M "2;°2
@0 17?bi?2bi"QM:2bi +QMM2+iBQM iQ i?2 KQ/2H T 2b2Mi2/ 222
bB;MB7B+ Mi/B772 2M+2b,

RX@0 1 mb2birQT * K2i2'biQ /2b+ B#2i?2H i2Mi +Qp "B M+2-r?
Q7 mMiQ 2:°2bbBp2 T°Q+2bb i?2 KQ/2H + M + Tim 2X

kX@0 1/Q2bMQiT 2b2 p2+ Qbb@+? MM2HBM/2T2M/2M+2 BM i?:
/IQ2b MQi T 2b2 p2i?2 MQMHBM2 ° #bi +iBQM Q7 T BM+BT H +

JXjXRQp "B M+2 AR(W,)

aT2+B7B+ HHv- r2 +QMbB/2 AR?[®) B3+ HrHIEBIIM: QKX MM ;2M2° H- 7Q°
Q#b2'p MBQramb2 1[m jiBRN U2MQAR(R)2 mMH2-

Yie = G (Yir psii0 Yie 1) UjXx8V
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r?2°@ Bb /B772 2MiB #H2- TQbbB#Hv MQ MBS BDMWGi B ®IQ VD " -

T'BQIB/2bB;M ?2vT2 @W,= K2fp :::;pg- r?2B+? ? b i?2 //2/ #2M278B

Q7 HBKBiBM; #B b Q7 T B Qb ¥ AMBBRTOROMA KK 2 B+- r2 HWMQr mT iQ

Q77@/B ;QM Hb BM ;Bp2M "QriQ #2 MQMW@ ¥2KQX 6Q" 2t KTH2- b2]
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2
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2
o2 g ioLiogi jsi i gL B2
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2
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UjXeV

LQi2 HH Qi?2 2Mi'BDRBIN) y- BM Q /2 iQ T 2b2 p2 i?2 +QMbi’ BM
T2 T2M/B+mH "~ /B 2+iBQMb BM i?2 H i2Mi bT +2X gq?2M BKTH2K2N
TQ i Mii? i # i+?22b /Q MQi bTHBi miQ 2;"2bbBp2 "2H iB@Mb- r?B+?
bm+? i? i Bi /BpB/2B2 # i+? rBM/Qr +MD=(BM)WR- 7 Q2 NX

2K "F jXWa+ H #BHBivV
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iXjXki1biBK iBQM QM7 EG@.Bp2 ;2M+2

aBM+2Bb bvKK2i "B+ TQbBiBp2 /27BMBi2-r2 + M TTHv i?2 *?2QH2bl
i 4LiLTX h?2 H i2Mi +Qp "B M+2 H v2  rQmH/ +QMbBbi Q7c+QHmMKN
2Qr2p2°- bBM+2 i?2 # M/2/ BB+ b 22 W B MHY M22/iQ F22T i® +F
W(W,+1) W% 2142 K2MiXQ7
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0 0,11
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Die. NjiN =2 i) kT+ T  HWM) : UjX3V
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Y Y YK Y Y
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iX9J G @ TT Qt

Ai Bb r2HH@FMQrM i? i p 'BQmb 7BM M+B H bB;M Hb 2t?B#Bi MQN
i"B#miBRARIN( M/ Bi 7TQHHQrb i? i i?2 i'm2 mMQ#b2 p2/ H i2Mi +? |
MQM@: mbbB MX qBi? i?Bb BM KBM/-r2 +QMbB/2  i?2 +QMb2[m2M+
LQi2 i? ii?2 HQ; Q7 : mbbB M S.6 Bb [m /" iB+- K2 MBM; i?2 K tBKr
2 "BivBMi?2H i2MibT +2Bb QMHV QM2 /2;°22 7' QK HQ:@HBM2 "Bi
/QK BM- bm+? "2bi'B+iBQM + M TQb2 +? HH2M;2b 7Q  i?2 277B+ -
r?2M 7Q 2+ biBM; # b2/ QM i?2 H i2Mi bB;M Hb- i?2 2M+Q /2" M/ /2+
KQbi Q7 i?2 MQMHBM2 "Biv- #mi bBM+2 i?2b2 "2 +QMi2KTQ  M2Qm|
/i + M#2 /[B77B+mHi iQ 7Q 2+ bi 7°QK : mbbB M H i2Mi bB;M HX

hQ KQp2 #2vQM/ i?2 TQbbB#H2 "2bi'B+iBQMb Q7 : mbbB M H i2Mik
TQbi2 ' BQ  +QHH Tbh2 BM i?2 0 1- r2 BMp2biB; i2 i?2 mb2 Q7 KQ/I
b KTHBM; H;Q Bi?KX AM # B27- i?2 H;Q Bi?K mb2p iiB2MiI@ b T
BM7Q IKXTHBM; /2+BbBQMb ;Bp2M i?2 "2+QMbi ' m+iBQM T2 7Q K |
> /B2Mi Q7 i?2 0 16b "2+QMbi m+iBQM 2°°Q Q7 b KTH2 Bb H “;2-
7°QK HQ+ iBQMi? i? b T'QTQ iBQM i2 /Bbi M+2 7°QK i?2 +m  2Mi
Q7 i?Bb b2+iBQM-r2 /Bb+mbb J2i'QTQHBb@> biBM;bb KTHBM; BM
G M;2pBM H;Q Bi?K- M/ 7BM HHv i?2 TT QtBK i2 J2i'QTQHBb@ |
7Q bBim iBQMb r?2°2r2/Q MQi ? p2i?2 S.6X

JX9XR2i QTQHBb@> biBM;b a KTHBM; H;Q Bi?K

6Q 272 2M+2-r2 T 2b2Mi " v2b 7Q KmH M/ 1?2 # b2HBM2 J2i QT
b?QrM 2t +iHYyXBM (
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/2MbBiv Bb mb2/iQ /B 2+i +QMM2+i2/ b KTH2b iQr /b KQ/2b Q7 ?B:

2
zs+1=zs+7r HfM(xs)+ s; s N (0;1): UjXR8V

hQ b22 i?2 BMi2 T 2ir2BQRQ® Q7 M;2 1[MRBOMQHHQrb,

B 5 o HE(X)) + UjXReV

2
r?B+? 7?2 bi?2bi'm+im 2Q7 MQBbv ;' /B2Mi A BR22MBIXr266 b 2bimHi@bB

T K2i2 X 6QHHOIBM2T L BMiQ irQ T ° K2i2°b BM Q /2  iQ HHQr 7
+QMi'QH Qp2  i?2b KTHBM; "QmiBM2,

Zovp = Zs+ saf HM(Xs)) + s2; si N (0;1): UjXRdV

>Qr2p2° -BMQm  + b2r2/Q MQiHMp2 M/+2DBHQrBM: JQb3R3R2i HX BN
2 °2@r Bi2 1[MXBDBIYI2BMQ K Q7 i?2/2+Q/2° M/ M //BiBQM H

Zon = (1 )zt saf 2 kH (z) xk+ N (0; s2): UjXR3V
g2 MQi2 i?2 ° K2i2  "2H t2b i?2 +QMM2+iBQM #2ir2XM +ibrbb M/
“2;mH Bx iBQM ; BMbib KTHBM; BM KQ/2b Q7 HQr /2MbBivX

2K "F jX9S® +iB+ H+QMp2 ;2M+2Q7J G @ TT QtV

*QMPp2 :2M+2 Bb p HB/ i2N#v2BMBiB+?BXEM; M/ KQMBiQ BM: i?2 "Q}F
Q7 2 +? +? BMX QHIPBM: K2 Mb +QMp2 ;2 M/ BMi2 b2+i QM2 MQ
#2 +QM7B/2Mi r2 "2 b KTHBM; 7°QK bi iBQM v /Bbi'B#miBQMX

iR



+QMpP2 ;2M+2-r12 T2 imz#T2 BQ+B+BMNMHVX h?Bb T '2p2Mib +? BMb 7°(
BM bBM;H2 KQ/2b- M/ b "2bmHi- +ib b "2;mH "Bx iBQMX

g2 rBHH b22 BM84? Ti2G @ TT ' Qt T “iB HHvV ?2HTb Qp2 +QK2 TQbi2
i?72 0 1- #mi +QK2b i bB:MB7B+ Mi +QKTmi iBQM H +QbiX //BiBQ
TT Qt-r2 HQb2 BMi2 T 2i iBQM BM i?2 H i2Mi bT +2X

jK



*?2 Ti2 9

S'QTQb2/ J2i?Q/b, "2vOM/
0 B iBQOM H G2 "MBM: rBi? 1@

9XRJQiBp iBQMb M/ P#D2+iBp2b

b/Bb+mbb2/ BMARXMERMB2 bi M/ "/ 0 1 HQbb 7mM+iBQMT 2b2Mib i
+? HH2M;2b,

R Qbi2 ' BQ  +QHH Th2 BM i?2 iBK2 b2 'B2b TTHB+ iBQM /QK BMc
KXG +F Q7 /B 2+i +QMM2+iBQMb #2ir22M H i2Mi KQK2Mib M/ KQK?

iBQMc

jX_2bi*B+ib H i2Mi "2T 2b2Mi iBQMb iQ : mbbB M /Bbi ' B#miBQMb:

liBHBXx iBOM Q7 J G @ TT Qt- HH2pB i2b KQ/2 +QHH Th2 M/ i?2 :
//IBiBQM iQ Bib +QKTmi iBQM H 2tT2Mb2- i?2°2 2K BM MQ +? MM
Hi2MibT +2 KQK2Mib iQ i?Qb2 Q7 i?2/ i /Bbi'B#miBQMX

AMi?2 7QHHQIBM: KQ/2H-r?B+? r2 (Bp2r2 2 NBKZ 1@V2Q#Bp2 1rBi
HQbb 7mM+iBQM i? i T'2p2Mib i?2 HQBEB #? 2p2MBMIX; 22 2T 2b 2|
i?72 MMK#2 Q7 H i2Mi KQK2Mib 2t THB+=RiHWR G/ 2H2i XTq?2Mb : mbbB

j]



M/r2 QiKBX{ gq?BH2 T 2pBQmb "2b2 "+?2? bBMp2biB; i2/;2M2° HBXx iE
bde3j) M/Q- i?2b2 K2i?Q/b /Q MQi T°QpB/2 M 2tTHB+Bi DQBMi BN
M/ /i KQK2MibX g2 2bi #HBb? i?2b2 +QMM2+iBQMb rBi?Qmi BXB.
b[m22x2 T'TBM+BTH2 QM 2tTH BM2/ 2Mi QTvX

b /Bb+mbb2/ BMR-?7?RiM i?2 T'Q#H2K Bb HBM2 ° M/ : mbbB M- 2tT|
Q#i BM2/i?°Qm;? S* Bb2[mBp H2MiiQ 2tTH BM2/ 2Mi"QTvX >Qr2p2
M/ MQM@: mbbB Mb2iiBM;- 2tTH BMBM; p "B M+2/Q2b MQi BM ;2M
T'QT2 Hv[m MiB7v mM+2'i BMiv M/ #bi  +i HBM2 ~ S* 7 QK Bib bB
[2°Bp2i?2 1@ Q@FWLH iQ 2tTH BM 2Mi"QTv- mM/2 bi M/BM; i? ii?2
M/ : mbbB M+ b2 Bb #H2iQ #2 "2+Qp2-2/X

g2 #2;BM rBi? i?2: mbbB M+ b2- M/i?2Mr2 2bi #HBb? M 2ti2MbBQ
rBi? ;2MEXH6BM HHv- r?BH2 i?2 KQ/2H "+?Bi2+im 2 +? M;2b /2T2
M-BMi?2: mbbB M+ b2-r2mb2i?2b K2 "+?Bi2+im 2 bi?2 bi M/ ~

9Xk 2pB2r Q7 .B772 2MiB H 1Mi'QTv

aBM+2 r2 rBHH miBHBx2 T BM+BTH2 Q7 2tTH BM2/ 2Mi QTv-1r2 #2

Q /B772 2MiB H 2Mi QTvX

.27BMBiBQWa9XMRM QM &b .B772 2MiB H 1Mi"QTvV
h?2 +H bbB+ H 2ti2MbBQM Q7 a? MMQM®&b /Bb+"2i2 2Mi"QTv iQ i?2 -

Z
e(X) = f(x) HMX)) dx; U9XRYV

r?2#2(X) Bb i?2 S.& GK)X //BiBQM HHv- +QM/BiBQM H M/ DQBMi /E

i9



"2 /27BM2/ b 7QHHQTrb,

4

e(X jY)= f(x;y) HMXx jy)) dx dy U+QM/BIiBQM H)2Mi QIR
4

&s(X;Y) = f(xy) HMx;y)) dx dy UDQBMi 2MWjXQTWAXjV

2HH@FMQrM “2bmHi bi i2b i? i 7i2° 7BtBM; i?2 7B bi irQ KQK2N\
K tBKmK 2MijQXv>2 2 r2 T'QpB/2 i?2 +HQb2/@7Q K 2tT 2bbBQM 7Q

2K "F 9Xka? MMQM6b J tBK H 1Mi"QTvV

G2i M/ #2 i?2 K2 M M/ bvKK2i'B+ TQbBiBp2@/27BMBi2 +Qp B M+
“M/QK p "B #HZ: ) X h?2M 7QF RwBiBY]= MMAQN]= -

e(Y)  e(X): U9X9V

6m i?2°KQ 2-
&(N(; )= %(1+ H(B/I))+%H(|Mj); Uuoxsv

r?2°22R"" Mj]j "272°biQ i?2 /2i2 KBM MiX

LQI&(N(; ) + M #2 M2; iBp2 TQMbBHH@ +QMIBiBQM2/

2K "F 9XJSQbBiBpBiv*QM/BiBQM 7Q  : mbbB M 1Mi"QTvV
G2i2R" "X h?2M r2 ? p2

j j>(21)n2t1' n) ugXeV

&(N(; ) >0 Uuoaxdv

i8



aBM+Bb TQbBiBp2 /27BMBi2- Bib /2i2 KBMN! MH1Bbri2 @ M2@%Q" GIX 12 FB
/IBK2MbBQMb i? i TQbBiBp2 2Mi"QTv Bb p2 v HBF2HvX

;2M2° H +QMbi> BMi7Q  TQbBiBp2a? MMQM 2Mi'QTv Bb MQi FMQr
?2Qr2p2°-r2 "2[mB'2 MQM@M2; iBpBiv BM /2°BpBM; i?2 1@S Q#UJ
iBp2 /27BMBiBQM Q7 /B772 2MiB H32MT QF B/ Bp 2M WA MNE2M 2(; iB p
BMp "B Mi K2 bm 2 BMi'Q/m+2b M2r /B77B+mHiB2bX b “2bmHi- r2
BMi2 2bi 2Bi?2  ? p2 MQM@M2; iBp2 2Mi'QTv Q  + M #2 i° Mb7Q K2
MQM@M2; iBp2 2Mi'QTvX AMi?2: mbbB M+ b2-i?Bb bbmKTiBQM E
MQM@/2;2M2" i2 +Qp 'B M+2 K i'B+2bX 6Q  i?2 MQM@: mbbB M + |
iQ B/2MiB7v i?2 FBM/b Q7 /Bbi'B#miBQMb r2 2 2t+Hm/BM;X

bbmKTiBQMUSXQHBiBp2 a? MMQM 1Mi"QTvV
h?2 /i +QK2b 7°QK /Bbi'B#miBQM rBi? TQbBiBp2 a® MBIQM 2Mi C
e(F) > 0X

LQrr2 /2 'Bp2 bQK2 "2bmHib 7Q  i?2 + b2 Q7 TQbBiBp2 a? MMQM 2M

S QTQhbBIBUMQEBI 1Mi QTv "QmM/b AMPDBPB /st IHAPMi QRAGKRDHBEM m Q1
"M/QK p "B #H2b i? i ? p2 BM/BpB/m H M/ +QM/BiBQM H TQbBiBp
IXRN? ieBK);e(Y);e(XjY);e(YjX)>0X h?2Mr2 ? p2-

e(X;Y) > K tfe(X); e(Y)a: UuoXx3vVv

je



S'QQ*QMbB/2  i?2 +QM/BiBQM H 2Mi QTv,

Z Z
f(x;y) H(¥M(xjy)) dx dy

Z .
focy) HMSY) gy gy

fOGy)(In(f(xy))  In(fy(y))) dx dy
Z Z

e(X;Y)+ f(x;y) H® (y)) dx dy
zZ Z

e(X;Y)+ f (x;y)dx H(®,(y)) dy
Z

e(X;Y)+  fy(y) HE(y)) dy

es(XjY)
Z

Z

&(X;Y)  e&(Y)

h?2 27QX2Y )= e (XjY)+ e (Y):
"V bvKK2i'v-r2 ? p2

es(X;Y) > K tfe(X); e(Y)g:

b +Q QHH "v-r2+ M#QmM/ i?2 DQBMi 2Mi QTv #v i?2 p2 ;2 2Mi’

*Q QHH "VUDX@BMi 1Mi"QTv "QmM/b pB2iA2AM+IEVIABIBQOMDb Q7 S QT
9X82 b iBb7B2/X h?2M i?2 DQBMi 2Mi'QTv #QmM/b i?2 p2" ;2 BM/B|

(XY ) > 3 (&(X)+ e(Y): UIXNV

HbQ-r2 + M 2ti2M/ SUQXBRbOBMIQK p "B #H2b Q7 TQbBiBp2 2Mi QTv}

jd



S'QTQbBIBQEABMIi I1Mi'QTv"QmM/b AMMNB @B BriK HVIDMEEMN TG 2 b ,
#2 +QHH2+iBQM Q7 +QMiBMmMQmb > M/QK p "B #H2b i? i ? p2 BM/E
2Mi*QTv mMM/2" .2 KRM B2BQ M

es(X1; i Xn) > K tfes(Xj)g U9XRyYyV
M/
(X i Xn) > — es(Xi): UIXRRV

SQQEMHHQrb 7°QK M BM/m+iBp2 :mK2Xhrii? 1 bQT+QbBXB Q M

S'QTQbBIBQUM QRS I1Mi"QTv ITX@2AX@MMIY +QHH2+iBQM Q7 +QMil
"M/QK p "B #H2bX h?2M i?2 DQBMi 2Mi"QTv Bb #QmM/2/ #Qp2 #v
2Mi*QTB2b,

e(Xq;:ii XnN) es(Xi): U9XRkV

S'QQa2R i?2 *Q QHH "v ;Bp2M #v 1[m iBQM UBXK2W (DMYT AMKE) X7iB

h?2Q#Y *Qp2° M/ h?{KKXb ( u

9XjLQi iBQM M/ bbmKTiBQMb

bi?2 2K BMBM; T'2HBKBM v bi2T iQ /2 'BpBM; 1@S Q#UJV- r2 N
g2 bbB;M H #2Hb iQ i?2 7TQHHQIBM; "272 2M+2b,

Ch?2i m2/Bbi B#miBQM 7,Q; iIBKBIPZ21BQ:/TcC

i3



CCQBMi-i m2 /BX B#miBQM,
C 2 HBx2/ b#&[xyuxy i xr]"-rBi M Q#b2'p2/° M/QK F,a 7°QK
Ch?2H i2Mi: mbbB M /Bbi B#miB(IM 4R( {BR2 T2 BQ/

C CQBMi-H i2Mi: mbbB B /BN (:B#XiBQM,

g2 HbQ M22/iQ +QMbB/2° bbmKTiBQMb E®mii® HHm2 iBKQBBmiBQ
7Q° /2bB;MBM; 1@S Q#UJV Bb iQ DQBMiHv M/ /B 2+iHv 2tTH BM |
i?72 /i /Bbi'B#miBQMX AM Q /2  iQ /Q bQ-r2 Kmbi #2 #H2iQ K2 bm
Bb 2T 2b2Mi2/ BM i?2 7QHHQrBM; bbmKTiBQMX

bbmKTiBQMUBBIMBIi2 1tT2+i iBQM M/ o0 "B M+2V
h?2 i'"m2 K ";:BM H M/ DQBMiX{BbN/B#mMiBQMNEBM2/ KQK2Mi :2M2" il
7mM+iBQMb Q7 /2:°22 i H2 biirQXx

AKTQ i MiHv-r2 TH +2 MQ bbmKTiBQMb QM i?2/ i ;2M2" iBM: T Q-
+QKKQM bbmKTiBQM Q7 BXBX/X Bb + Tim 2/ #vi?2 KQ/2H /2p2HQT

AM K i+?BM: ?B:?22°@Q /2" KQK2Mib-r2 rBHH miBHBx2 i?2 b[m22x2
AM Q /2  iQ ++QKTHBb? i?Bb i bF-r2 BMi"Q/m+2 7noMBiBIQRI@ii B#
*QMbBbiMMEMI"QTV@*QMbBbi2M+v

27BMBiBQM®AXRWM+2@*QMbBbi2Mi M/ 1Mi'QTv@*QMbBbi2Mi LLbV
G2fi:A! B #2 M2m  H M2ir® FRTBi? MB R™ M X GX;iY #2 irQ

" M/QK p B #H2b Q7n/BH2NDBQM2 QM p Wi 42 BB "B M+2@
+QMbBbBZM ]|

J*QE) J *Q@) 4 *QE(X)i § *QE (Y)i; U9XRjV

iN



M/I2ZMiQTv@+QMBBbi2Mi

&(X) &(Y) 4 e(f(X)) e(f(Y)): U9XRIOV

1t KTH2 9XRRb "20 B M+2 M/ 1Mi ' QTv *QMbBbi2MiV
G2i:A! B #2 M 1X afB¥)=2X -f Bb #Qi? p B M+2 M/ 2Mi QTv +QMbB

1t KTH2 9XRAKMp2 iB#H2 GBM2 " 6mM+iBQMb 20 B M+2 *QMbBbi2

G2i:A! B #2 M BMp2 iB#H2 HBM2 (¥ )EMIXi BTQ@M X GIRBM r? 2" 2
jUj60X bbmKQE) j *Q)jX h?2M r2 2 p2

J*QE (X)) = jUu*QE)UT]
= jUj 7 Q)] jVj
juj j *Q@)j juj
= jU* Q@)U
=1*QE (Y)]

1t KTH2 9XRjy B M+2 *QMbBbi2Mi AKTHB2b 1Mi QTv *QMbBbi2Mi 7C
g?2M;Y M/ i?2B BK ;2bb mM:/2nbbB M- bm+? b iX2Y+ b2:rmdB M

Mf Bb HBM2 "-p B M+2 +QMbBbi2Mi BKTHB2b 2Mi QTv +QMbBbi2N\
? pBM; K tBK H2Mi QTvX

AM ;2M2° H-i?2 +QKTQbBi2 7TmM+iBQMb Q7 M 1 M22/ MQi #2 p 'B
>Qr2p2°- B7 2Bi?2" i?2 2M+Q/2° Q' /2+Q/2  Bb p "B M+2 +QMbBbi2N\
M2irQ'F Kmbi#2 p "B M+2 +QMbBbi2MiX

S'QTQbBiBQWO9BRM +2 *QMbBbi2Mi 1M+Q/2° AKTHB2b 0 XB2M+2 *QM
AE=H G #2 M miQ2M+Q/2° M2m  H M2irQ ' FX G2i:#2p "B M+2 +QM

9y



HbQ #2 p "B M+2 +QMbBDbi2MiX

S'QQFX*QX] j *QI]) 7Q7irQ " M/QK pX;B #HBM; QM p Hm@H-BM .QK
M/ HQi#2 p "B M+2 +QMbBbi2MiX* QX Qji *3UBI)I]j X G2, =

G(X) MEZ,=G(Y)X "v/27BMBiBQM QA -i?2 ?282Z/p= X MA(Z,)=Y X
"vi?2 ?2vTQi?2hBOKE i *QIli- r2 ? p2QE(Z)] | *QEI(Z)iX O

h?2 MQIiBQM Q7 p "B M+2@+QMbBbi2Mi M/ 2Mi'QTv@+QMbBbi2Mi L
/2+Q/2° iQ #2bi 2tTH BM i?2 2Mi'QTv Q7 i?2 i'm2 /Bbi'B#miBQMbX
bomKTiBQM 7Q /2 ' BMBWK, 1@S Q#U

bbmKTIiBQMUYXRB M+2 M/ 1Mi QTv *QMbBbiIi2Mi .2+Q/2"V
h?2 M2m® H M2irQAFERB+Q@/2B M+2@+QMbBbi2Mi M/ 2Mi'QTv@+QMb

9X9: mbbB M G i2Mi aT +2

LQrr2 /2 Bp2 1@ @B4¥ : mbbB M H i2Mi bT +2-r?B+? r2 ## 2pB
6B bi r2 rBHH T B i?2 7B bi H i2Mi KQK2Mi rBi? i?2 i m2 /Bbi B#mi
rBHH +QMbi m+i +? BM Q7 2Mi QTv BM2[m HBiB2b rBi? i?2 2biBK
#2ir22M: mbbB M mTT2 M/HQr2 #QmM/bX 7i2°r "/b-r2rBHH b[m:
#QmM/b rBi? HQbb ZITM-ABERIQMWMiQQ Tv Q7 i?2 i'"m2 /i /Bbi'B#miBQNMN
rBHH T '2b2Mi "2;mH "Bx iBQM b+?2K2 M/ 2p Hm i2i?2 KQ/2H ; Bl

9R



OXIXRIiI+?BM; i?72 6B bi JQK2Mi

aBM+28Bb : mbbB M- Bib 2Mi"QTv Bb 2MiB 2Hv /2i2 ' KBM2/ #v Bib p I
i?Bbp "B M+2 M/ T QpB/2b MQ BM7Q K iBQM H p HEE)X bti?22bmHi

HQ+ iIBDM M/ r2 rQmH/ HBF2EQ@ yCRMKN2MEZ,) i@K;) pB i?2/2+Q/2"
BX g2+ M/Q i?Bb #v BKTQbBM; i?2 7TQHHQrBM; K TTBM:b,

H(E[Z:]) = X U9XRS8V

H(E[Z]) = s: U9XReV

g?2M Bb BXBX/X-i?2 2KTB B+ HK2 M Bb +QMbBbi2Mi 2biBK iQ  C

E[H(E[Z])] = E[S]

U9XRdV
E[X]:
Pi?2 rBb2-3?BMMQi BXBX/X-
E[s]= E[X]+ C; kCk,< 1 U9XR3V
E[H (E[Z])] = E[X]+ C: UIXRNV

92 FM@Qji,< 1 #v bbmKTOBQM2M+2- #v 2;mH "BxBM; 7Q  i?2K TTBM
WXRei?2 HQ+ iBQM Q7 i?2 H i2Mi : mbbB M HQ+ K2Ini? Qi #B2b/Bbi"
BM/m+2/ 3 QKi #2BM; BXBX/X //BABEbM+E@MVBMBI+HD- bK HH T2 im
Q7 i?2 H i2Mi K2 MK TiQ M28X?#QM2QQ/QHMH 'BxBM9IXK@el[m iB

9k



2Mbm™2b

H(Z)= X+ o t U9XkyV

R@Z)= X + ; : U9XKRYV

r?2°2 Bb i?2 /Bbi'B#miBQM Q7 "2+QMbi ' m+iBQM 2 °Q bX

OX9XK i+?BM; i?2 a2+QM/ JQK2Mi

b T'2pBQmbHvVv K2MiBQM2/- BM Q /2 iQ K i+? i?2 b2+QM/ H i2Mi k
b[m22x2 T'"BM+BTH2 QM M BM2[m HBiv@+? BM Q7 2Mi"QTB2bX >2°
QM i?Bb +? BM 7QHHQr2/ #v i?2 HQr2 #QmM/X

OXOXITT2 "QmM/

"VS'QTQbBXBQM
&(Xy) e(X) 8t=1;:::;T, U9XkkV

M/ bBM+2 : mbbB Mb K tBKBx2 2Mi QTv-r2 ? p2

es(Xy) e(X) e N E[X]; *Q[X] 8t=1;:::;T: U9 XKkjV

aBM+2r2r Mi +QKTmi #H2 mTT2 #QmM/ M/ r2 /QMQ+ Q2 bBBH " BH
i22 /0 ;2M2° iBM; T Q +<2 lBoX BIERM X -

*Qe]  * QI U9Xk9V

9j



>Qr2p2 - bBKBH " iQ i?2 #BOXEBIrPBMBBQMUBXBX/X-i?2 2 Bb 7BME

*Qlm] = * Q]+ W; kWk, < 1: U9Xk8V

S2M+2-i?22°2BmM2R+rnH 1 bm+? i? i

*QX] m" j*Q[s]i; U9XkeV

r?2°2 *@Q@p2R" "X h?Bb ;Bp2b i?2 mTT2 #QmM/

e(Xy) e(X) e N E[X]I;m *Q[s] 8t=1;:::;T: U9XkdVv

6°QK 1[m iBANMyW/ S QT Q1B3IB QM

& (H(Zy)) = es(X¢ + )
U9Xk3V

&(Xt) + &( 1):

*QK#BMBM: 1[mMXBOMBUWNKG r2 2 p2 i?2 7TQHHQIrBM; i?2Q 2KX

h?2Q 2K 9XRMi*QTv ITT2  "QmM/ QM 1biBK X2/ .Bbi'B#miBQMV

€ lq(zt) &s(Xt) + &s( +)

&s(X)+ &s( 1) U9XKNV
e&s N E[XIm *Q[s] +e&(:) 8t=1;::T:

99



9X9XGQr2  "QmM/

*QMbi'm+iBM; HQr2  #QmM/ Bb KQ 2 +QMpQHmMi2/ i? M i?2 mTT2"
iQ MiBHBx2 bEOMR® BOM i2 QM : mbbB M 2Mi"QTv #QMM/X *QMbB
/2+QKTQbBIBQM Q7 i?2 H i2Mi2AQ B bBMWHBZ HQr2  i"B MymBb X aBN
TQbBiBp2 /27BMBi2-r2 + M /27BM2¢2:r @B WBMA?2Q 7BM/ bmBi #t
(>0 bm+?i? i

j d 1 Dy UoXjyV

bBM+2 : mbbB Moéb 2Mi"QTv Bb BM+'2 bBM; BM i?2 /2i2 ' KBM Mi Q7
i72°2 2K MvbmBir@BEK2/B i2 QTiBQMb 2T 2b2Mi2/BMi?2 +QM/I
FMQrMi  +2@/2i2 KBM Mi 2H iBQMbX g2 bi i2i?2b2irQ QTiBQMb B

S'QTQbBIBQW:E 9MXHRB M GQr2° "QmM/ QM *Q M, BXBEN( L)m KBtR " Q7
272 iQ i?2 +QM/BiBQMDV X2 bi QW2 HvX( h)>=ikBhky > M/

2
(D)) = kDik, D, ' ,X a2i=1 oy X h?2M

J d ] D4 U9XjRV
S Q QUi 2

- - Y1 Y‘ - - -

j = ti = Oy = ]Dyj U9XjkV
i=1 i=1

Kt ¢ K §d .
= L L= (Dy); U9XijjVv

(1) KB M, KB M, (Dy) ]

r?72°2 "2i?2bBM;mH " p WMM2KWMb T'QTQ iBQM HX
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a2ij=1 -35;<1X h?2M

(

j tDtj = (D4
= N4 UoaXjov

[k
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yXyyyyyyX938R@®eX9y9RgX9e39N9dXRRddk y Xykk yXykk yXy8k
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yXYRyyywX8j9jy R8XeR8d4X8RIBNRdIXyRkej yXk8e yXk8e yXeR8
yXyk8yyyXe9R||NNXdeN9jyXejNN3 RkX8Rk3y yXje3 yXje3 yX338
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i?72 1@S Q#U9V KQ/BXFEM 6B;m"2

q?2M 2biBK iBM; /Bbi'B#miBQMb BM 2 H@iBK2 Q T'BQ iQ IXaX:.S
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5.25 and 5.26, we can successfully generate realistic distributions of the original data with
AE-Prob and AE-Prob(M ), and provide a noticeable improvement on the standard VAE’s
output. We note these reconstructions require only a fraction of time and resources that

MALA-approx with a VAE prior require.

8XdXj2+QKTQbBIiBQM Q7 i?2 G i2Mi aT +2

Recall Proposition 4.26, where we can decompose level contributions to the latent covariance
by higher-order moments used to construct the Gaussian cover. Here we provide examples of
such decompositions for the AE-Prob(4) and AE-Prob(6) models with the coincident index,
along with the corresponding latent distribution. In Figures 5.28 and 5.29, we decompose
the latent variance across time by contributions of the moments.  refers to the covariance
for z; in Definition 4.22, and the interaction is the multiplicative term in Proposition 4.26.

refers to the condition number of Cov[z].

In Figures 5.28 and 5.29, we see the latent covariance spikes during recessions, which resem-
bles the behavior seen Figure 5.12. In Figure 5.29, the bottom panels show a diminishing but
persistent effect on the latent covariance structure by the higher-order moments, relative to
the pre-recession periods. In particular, the third pair of moments in Figure 5.29 during the
2008 Great Recession period spikes in contribution relative to the other pairs of moments

immediately following the end of the NBER indicated recession.

8XdXA/2MiB7vBM; .Bbi B#miBQM a?B7ib BM i?2

We conclude this section with an explainability exercise on the coincident index data set.
We evaluate the empirical Wasserstein distance, which is a measure of the distance between

distributions. Here we calculate the Wasserstein between any two time periods in the es-

5



timated data distributions given by AE-Prob(4). As shown in Figure 5.30, we see several
strong shifts in the estimated distribution of industrial production using AE-Prob(4). As
indicated, these shifts correspond to U.S. recessions. These results are related to Figure 5.12,

though we note the heat signatures around recessions are more pronounced.
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Synthetic Linear AR(6)
VAE: Estimated Data Distributions
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VAE: Estimated Data Distributions
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Figure 5.6: Distribution of reconstructions

for the linear (a) and nonlinear (b) synthetic

AR(6) data under the VAE model. Results shown for the first two synthetic channels from

the last 200 observations of the test split.

Note the estimated distributions are largely

symmetric, so the median is frequently plotted over the mean.
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Synthetic Linear AR(6)
VAE-AR(6): Estimated Data Distributions
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Figure 5.7: Distribution of reconstructions for the linear (a) and nonlinear (b) synthetic
AR(6) data under the VAE-AR model. Results shown for the first two synthetic channels
from the last 200 observations of the test split. Note the estimated distributions are largely
symmetric, so the median is frequently plotted over the mean.
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Coincident Index
VAE: Estimated Data Distributions
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Figure 5.8: Distribution of reconstructions for input channels to the coincident index: in-
dustrial production, real sales in manufacturing and trade industries, real personal income
excluding current transfer receipts, and nonfarm employment. Outliers removed from non-
farm payroll income to avoid scale distortion; however, all data is included in estimation.
The train/test split is 70/30. Latent dimension is one. Source: FRED Economic Data
1, 2, 3, 4].
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Coincident Index
Vaidation Set of VAE Prior
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Figure 5.9: An example of the trade-off between reconstruction error and KL-Divergence on
the coincident index data set. = 0:0075
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Hourly Foreign Exchange Rate Prices for EUR/USD (June 2017)
VAE: Estimated Data Distributions
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Figure 5.10: Distribution of reconstructions for the hourly price of the Euro to the US Dollar.
Data is transformed to percent log-growth prior to training. The latent dimension is one,
and the train/test split is 80/20. Source: FirstRate Data [5].
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IBM Daily Stock Prices
VAE: Estimated Data Distributions
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Figure 5.11: Distribution of reconstructions for daily IBM stock price. Data is transformed
to daily percent log-growth. The train/test split is 70/30. Latent dimension is one. Source:
Yahoo Finance [6].
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Coincident Index
Latent Covariance of VAE-AR(24) with Dim =1

0.009

0.008

0.007

0.006

0.005

0.004

0.003

0.002

0.001

Feb.'80 Aug.'81 Jul.'90 Mar.'01 Jan.'08 0.000

Jul.'80 Nov.'82 Mar.'91 Oct.'01 Jun.'09

Figure 5.12: Heat map of latent covariance matrix from February 1979 to December 2019.
Indicated dates match the peaks and troughs of NBER recession dates [7]. The COVID-19
recession is excluded for visibility of the other recessions but is also a hot spot in the latent
covariance.
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Coincident Index
Pre-2000 Latent Covariance of VAE-AR(24) with Dim = 1
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Figure 5.13: Heat map of latent covariance matrix from February 1979 to December 1999.
Indicated dates match the peaks and troughs of NBER recession dates [7]. The COVID-19
recession is excluded for visibility of the other recessions but is also a hot spot in the latent
covariance.
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Coincident Index
Post-2000 Latent Covariance of VAE-AR(24) with Dim = 1

- 0.009

- 0.008

- 0.007

- 0.008

- 0.005

- 0.004

- 0.003

- 0.002

- 0.001

- 0.000

Mar."01 Jan."08
Oct.’01 Jun.'09

Figure 5.14: Heat map of latent covariance matrix from January 2000 to December 2019.
Indicated dates match the peaks and troughs of NBER recession dates [7]. The COVID-19
recession is excluded for visibility of the other recessions but is also a hot spot in the latent
covariance.
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Synthetic Non-Linear AR(6)
MALA-approx with VAE Prior: Estimated Data Distributions
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Figure 5.15: Distribution of reconstructions and the latent space with the VAE as a prior.
MALA-approx parameters are (; 1; 2) = (0;1;0:05). The sampled distribution is comprised
of 10 independent chains perturbed 5 times each at the 500'?sample step for a total of 2,500
samples per chain and 25,000 samples per observation in aggregate. The VAE is sampled
according to 10,000 random latent draws per observation.
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Rolling Means of Latent Draws: Synthetic Non-Linear AR(6) Latent Dim = 1
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Figure 5.16: Convergence of the rolling means of 10 chains, produced as specified in Figure
5.15.
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