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Deep Time: Deep Learning Extensions to Time Series Factor Analy-
sis with Applications to Uncertainty Quantification in Economic and
Financial Modeling

Dawson J. Miller

(ABSTRACT)

This thesis establishes methods to quantify and explain uncertainty through high-order mo-

ments in time series data, along with first principal-based improvements on the standard au-

toencoder and variational autoencoder. While the first-principal improvements on the stan-

dard variational autoencoder provide additional means of explainability, we ultimately look

to non-variational methods for quantifying uncertainty under the autoencoder framework.

We utilize Shannon’s differential entropy to accomplish the task of uncertainty quantifica-

tion in a general nonlinear and non-Gaussian setting. Together with previously established

connections between autoencoders and principal component analysis, we motivate the focus

on differential entropy as a proper abstraction of principal component analysis to this more

general framework, where nonlinear and non-Gaussian characteristics in the data are permit-

ted. Furthermore, we are able to establish explicit connections between high-order moments

in the data to those in the latent space, which induce a natural latent space decomposition,

and by extension, an explanation of the estimated uncertainty. The proposed methods are

intended to be utilized in economic and financial factor models in state space form, building

on recent developments in the application of neural networks to factor models with appli-

cations to financial and economic time series analysis. Finally, we demonstrate the efficacy

of the proposed methods on high frequency hourly foreign exchange rates, macroeconomic

signals, and synthetically generated autoregressive data sets.



Deep Time: Deep Learning Extensions to Time Series Factor Analy-
sis with Applications to Uncertainty Quantification in Economic and
Financial Modeling

Dawson J. Miller

(GENERAL AUDIENCE ABSTRACT)

This thesis establishes methods to quantify and explain uncertainty in time series data,

along with improvements on some latent variable neural networks called autoencoders and

variational autoencoders. Autoencoders and varitational autoencodes are called latent vari-

able neural networks since they can estimate a representation of the data that has less

dimension than the original data. These neural network architectures have a fundamental

connection to a classical latent variable method called principal component analysis, which

performs a similar task of dimension reduction but under more restrictive assumptions than

autoencoders and variational autoencoders. In contrast to principal component analysis,

a common ailment of neural networks is the lack of explainability, which accounts for the

colloquial term �#�H���+�F�@�#�Q�tmodels. While the improvements on the standard autoencoders

and variational autoencoders help with the problem of explainability, we ultimately look

to alternative probabilistic methods for quantifying uncertainty. To accomplish this task,

we focus on Shannon’s differential entropy, which is entropy applied to continuous domains

such as time series data. Entropy is intricately connected to the notion of uncertainty, since

it depends on the amount of � �̀��M�/�Q�K�M�2�b�bin the data. Together with previously established

connections between autoencoders and principal component analysis, we motivate the focus

on differential entropy as a proper abstraction of principal component analysis to a general

framework that does not require the restrictive assumptions of principal component analysis.



Furthermore, we are able to establish explicit connections between high-order moments in

the data to the estimated latent variables (i.e., the reduced dimension representation of the

data). Estimating high-order moments allows for a more accurate estimation of the true

distribution of the data. By connecting the estimated high-order moments in the data to the

latent variables, we obtain a natural decomposition of the uncertainty surrounding the latent

variables, which allows for increased explainability of the proposed autoencoder. The meth-

ods introduced in this thesis are intended to be utilized in a class of economic and financial

models called factor models, which are frequently used in policy and investment analysis.

A factor model is another type of latent variable model, which in addition to estimating a

reduced dimension representation of the data, provides a means to forecast future obser-

vations. Finally, we demonstrate the efficacy of the proposed methods on high frequency

hourly foreign exchange rates, macroeconomic signals, and synthetically generated autore-

gressive data sets. The results support the superiority of the entropy-based autoencoder to

the standard variational autoencoder both in capability and computational expense.
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�i�?�2 �K�2���b�m�`�2�K�2�M�i�b�X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �"�m�`�2���m �Q�7 �1�+�Q�M�Q�K�B�+ ���M���H�v�b�B�b �K�2���b�m�`�2�b �:�`�Q�b�b �.�Q�K�2�b�i�B�+

�S�`�Q�/�m�+�i �U�:�.�S�V �Q�M �� �[�m���`�i�2�`�H�v �#���b�B�b �(�k�y�)�X �.�2�b�T�B�i�2 �i�?�2 �K�2���b�m�`�2�K�2�M�i �T�Q�H�B�+�v �Q�7 �:�.�S�- �i�?�2

�2�+�Q�M�Q�K�v �2�p�Q�H�p�2�b �+�Q�M�i�B�M�m�Q�m�b�H�v�- ���M�/ �B�i �K���F�2�b �b�2�M�b�2 �i�Q �m�b�2 �+�Q�`�`�2�H���i�B�M�; �p���`�B���#�H�2�b �Q�7 �?�B�;�?�2�`

�7�`�2�[�m�2�M�+�v �i�Q �B�M�i�2�`�T�Q�H���i�2 �:�.�S�X �6�Q�` �2�t���K�T�H�2�- �B�M�/�m�b�i�`�B���H �T�`�Q�/�m�+�i�B�Q�M ���M�/ �`�2�i���B�H �b���H�2�b �+�Q�`�`�2�H���i�2

�r�B�i�? �:�.�S�- ���M�/ ���`�2 �K�2���b�m�`�2�/ �Q�M �� �K�Q�M�i�?�H�v �#���b�B�b�X �l�i�B�H�B�x�B�M�; �� �7���+�i�Q�` �K�Q�/�2�H�- �i�?�2 �2�b�i�B�K���i�B�Q�M

�Q�7 �� �H���i�2�M�i �7���+�i�Q�` �r�B�H�H �?���p�2 �K�Q�M�i�?�H�v �7�`�2�[�m�2�M�+�v�- �r�?�B�+�? ���M �B�M�p�2�b�i�Q�` �+���M �m�b�2 �i�Q �Q�#�i���B�M �K�Q�M�i�?�H�v

�2�b�i�B�K���i�2�b �Q�7 �:�.�S�X

�A�M �7�B�M���M�+�B���H �/���i���- �K�B�t�2�/�@�7�`�2�[�m�2�M�+�B�2�b �+���M �Q�+�+�m�` �Q�M �� �`���M�/�Q�K �#���b�B�b�X �6�Q�` �2�t���K�T�H�2�- �� �b�i�Q�+�F �K���v

�?���p�2 �M�Q �i�`���/�B�M�; �p�Q�H�m�K�2 ���i �� �T���`�i�B�+�m�H���` �T�Q�B�M�i �B�M �i�B�K�2�X ���i �?�B�;�? �7�`�2�[�m�2�M�+�v�- �i�?�2�b�2 �Q�+�+�m�`�`�2�M�+�2�b

�#�2�+�Q�K�2 �K�Q�`�2 �+�Q�K�K�Q�M�X �_���i�?�2�` �i�?���M �`�Q�H�H�B�M�; �i�?�2 �T�`�2�p�B�Q�m�b �Q�#�b�2�`�p���i�B�Q�M �7�Q�`�r���`�/�- �K�Q�`�2 ���+�+�m�`���i�2

�B�M�7�Q�`�K���i�B�Q�M �+���M �#�2 �Q�#�i���B�M�2�/ �7�`�Q�K �i�?�2 �m�i�B�H�B�x���i�B�Q�M �Q�7 �+�Q�`�`�2�H���i�B�M�; �/���i�� �i�Q �7�Q�`�K �� �D�Q�B�M�i �2�b�i�B�K���i�B�Q�M

�Q�7 �i�?�2 �m�M�Q�#�b�2�`�p�2�/ �T�2�`�B�Q�/�X

�j



�A�M ���/�/�B�i�B�Q�M �i�Q �K�2���b�m�`�2�K�2�M�i �T�Q�H�B�+�B�2�b ���M�/ �`���M�/�Q�K�H�v �K�B�b�b�B�M�; �/���i���- �K�B�t�2�/�@�7�`�2�[�m�2�M�+�v �B�M�7�Q�`�K���@

�i�B�Q�M �b�2�i�b �+���M ���`�B�b�2 �7�`�Q�K �+�Q�b�i �+�Q�M�b�B�/�2�`���i�B�Q�M�b�X �J���`�F�2�i �B�M�7�Q�`�K���i�B�Q�M �B�b �T���`���K�Q�m�M�i �i�Q �`�2�H�B���#�H�2

�b�m�+�+�2�b�b �7�Q�` �K���`�F�2�i �T���`�i�B�+�B�T���M�i�b�- ���M�/ �;�B�p�2�M �i�?�2 �T�`�Q�T�`�B�2�i���`�v �M���i�m�`�2 �Q�7 �b�m�+�? �/���i���- �K���`�F�2�i �B�M�@

�7�Q�`�K���i�B�Q�M �+�Q�K�2�b ���i �b�B�;�M�B�7�B�+���M�i �T�`�2�K�B�m�K�b�X �A�M �`�2�b�T�Q�M�b�2 �i�Q �i�?�2 �+�Q�b�i �Q�7 �/���i�� ���+�[�m�B�b�B�i�B�Q�M ���M�/

�i�?�2 �M�2�2�/ �i�Q �+�Q�M�b�i���M�i�H�v �m�T�/���i�2 �K�Q�/�2�H�b �r�B�i�? �+�m�`�`�2�M�i �/���i���- �B�M�p�2�b�i�Q�`�b ���M�/ �`�2�;�m�H���i�Q�`�b ���H�B�F�2 �K���v

�+�?�Q�Q�b�2 �i�Q �#�2 �b�2�H�2�+�i�B�p�2 �B�M �i�?�2 �p���`�B���#�H�2�b ���M�/ �+�Q�`�`�2�b�T�Q�M�/�B�M�; �7�`�2�[�m�2�M�+�B�2�b �7�Q�` �r�?�B�+�? �i�?�2�v �b�m�#�@

�b�+�`�B�#�2�X ���b �� �`�2�b�m�H�i�- �B�M�7�Q�`�K���i�B�Q�M �b�2�i�b ���`�2 �H�B�F�2�H�v �i�Q �#�2 �Q�7 �K�B�t�2�/ �7�`�2�[�m�2�M�+�B�2�b ���M�/ �� �b�m�#�b�2�i �Q�7 ���H�H

�p���`�B���#�H�2�b �Q�7 �B�M�i�2�`�2�b�i�X

�P�p�2�`���H�H�- �i�?�2 ���#�B�H�B�i�v �Q�7 �7���+�i�Q�` �K�Q�/�2�H�b �i�Q �?���M�/�H�2 �p���`�B�Q�m�b �F�B�M�/�b �Q�7 �K�B�t�2�/�@�7�`�2�[�m�2�M�+�v �B�M�7�Q�`�K���i�B�Q�M

�b�2�i�b �(�R�R�) �K���F�2 �i�?�2�K �� �p���H�m���#�H�2 ���b�b�2�i �B�M �i�B�K�2 �b�2�`�B�2�b ���M���H�v�b�B�b�X

�R�X�k�X�k�.�B�K�2�M�b�B�Q�M �_�2�/�m�+�i�B�Q�M�, �"�B�; �.���i��

�"�B�; �/���i�� �B�b ���M �B�M�+�`�2���b�B�M�;�H�v �+�Q�K�K�Q�M �+�?���H�H�2�M�;�2 �K�Q�b�i �+�Q�K�K�Q�M�H�v �+�?���`���+�i�2�`�B�x�2�/ �#�v �p�Q�H�m�K�2�-

�r�?�2�`�2 �i�?�2 �i�Q�i���H �b�B�x�2 �B�M �K�2�K�Q�`�v �+���M �#�2 �r�2�H�H ���#�Q�p�2 �i�2�`���#�v�i�2�b�X �6�Q�` �2�t���K�T�H�2�- ���b �`�2�T�Q�`�i�2�/ �B�M

�(�R�3�)�- �Q�M�2 �v�2���` �Q�7 �i�B�+�F �/���i�� �7�Q�` �� �b�B�M�;�H�2 �b�i�Q�+�F �+���M �2�t�+�2�2�/ �Q�M�2 �;�B�;���#�v�i�2�X �:�B�p�2�M �� �K�Q�/�2�H�B�M�;

�T�`�Q�#�H�2�K �K���v �B�M�p�Q�H�p�2 �?�m�M�/�`�2�/�b �Q�7 �b�i�Q�+�F�b �Q�p�2�` �� �K�m�H�i�B�@�v�2���` �?�B�b�i�Q�`�v�- �`�2�/�m�+�B�M�; �i�?�2 �/�B�K�2�M�b�B�Q�M

�+���M �?���p�2 �� �b�B�;�M�B�7�B�+���M�i �B�K�T���+�i �Q�M �i�m�`�M�@���`�Q�m�M�/ �i�B�K�2 �7�Q�` �`�2���H�@�i�B�K�2 ���T�T�H�B�+���i�B�Q�M�b�X �*�Q�K�K�Q�M

�/�B�K�2�M�b�B�Q�M �`�2�/�m�+�i�B�Q�M �i�2�+�?�M�B�[�m�2�b �B�M�+�H�m�/�2 �7���+�i�Q�` �K�Q�/�2�H�b�- �S�*�� �(�k�R�-�k�k�-�k�j�)�- �a�o�. �(�k�j�-�k�9�-�k�8�)�-

�G�.�� �(�k�e�)�- ���M�/ �i�@�a�L�1 �(�k�d�-�k�3�-�k�N�-�j�y�-�j�R�) �i�Q �M���K�2 �� �7�2�r�X ���b �K�2�M�i�B�Q�M�2�/ �T�`�2�p�B�Q�m�b�H�v�- �� �7���+�i�Q�`

�K�Q�/�2�H �B�b �� �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b �i�?���i �`�2�H���i�2�b �Q�#�b�2�`�p���i�B�Q�M�b �i�Q �� �b�2�i �Q�7�m�M�Q�#�b�2�`�p�2�/�7���+�i�Q�`�b �i�?���i

�?���p�2 �H�2�b�b �/�B�K�2�M�b�B�Q�M �i�?���M �i�?�2 �Q�`�B�;�B�M���H �/���i�� ���M�/ �/�`�B�p�2 �+�Q�@�K�Q�p�2�K�2�M�i �B�M �i�?�2 �/���i�� �(�3�- �N�- �R�y�)�X

�A�M �i�?�2 �2�+�Q�M�Q�K�B�+�b ���M�/ �7�B�M���M�+�B���H �H�B�i�2�`���i�m�`�2�- �i�?�2 �b�i���i�2 �b�T���+�2 �7�Q�`�K �Q�7 �7���+�i�Q�` �K�Q�/�2�b �B�M�+�H�m�/�2�b �i�?�2

�i�B�K�2�@�2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �7���+�i�Q�`�b�- �K�2���M�B�M�; �7�Q�`�2�+���b�i�b �+���M �#�2 �T�2�`�7�Q�`�K�2�/ �B�M �i�?�2 �`�2�/�m�+�2�/ �/�B�K�2�M�b�B�Q�M

���b �r�2�H�H�X
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�R�X�k�X�j�A�M�i�`���@�T�2�`�B�Q�/ �_�B�b�F ���M�/ �l�M�+�2�`�i���B�M�i�v �Z�m���M�i�B�7�B�+���i�B�Q�M

�q�?�2�M �/�2�+�B�b�B�Q�M�b �K�m�b�i �#�2 �Q�T�i�B�K�B�x�2�/ �#�2�i�r�2�2�M �T�2�`�B�Q�/�b �Q�7 �K�2���b�m�`�2�K�2�M�i�- �B�i �B�b �B�K�T�Q�`�i���M�i �i�Q �?���p�2

�`�2�H�B���#�H�2 �K�Q�/�2�H�b �i�?���i �+���M �B�M�i�2�`�T�Q�H���i�2 �K�B�b�b�B�M�; �B�M�7�Q�`�K���i�B�Q�M �B�M �i�?�2 �B�M�i�`���@�T�2�`�B�Q�/�- �r�?�B�+�? �B�b �i�?�2

�T�2�`�B�Q�/ �#�2�i�r�2�2�M �Q�#�b�2�`�p���i�B�Q�M�b�X ���b �K�2�M�i�B�Q�M�2�/ �T�`�2�p�B�Q�m�b�H�v�- �7���+�i�Q�` �K�Q�/�2�H�b �B�M�i�2�`�T�Q�H���i�2 �+�Q���`�b�2

�7�`�2�[�m�2�M�+�v �Q�#�b�2�`�p���i�B�Q�M�b �i�Q �i�?�2 �7�B�M�2�b�i �7�`�2�[�m�2�M�+�v �p�B�� �i�?�2 �H���i�2�M�i �7���+�i�Q�`�b�X �>�Q�r�2�p�2�`�- �i�?�2 �+�Q�K�K�Q�M

���b�b�m�K�T�i�B�Q�M�b �Q�7 �H�B�M�2���`�B�i�v ���M�/ �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b �K�2���M �i�?�2 �2�b�i�B�K���i�2�/ �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�2

�B�M�i�`���@�T�2�`�B�Q�/ �2�b�i�B�K���i�2�b ���`�2 �m�M�H�B�F�2�H�v �i�Q �`�2�7�H�2�+�i ���+�i�m���H �m�M�Q�#�b�2�`�p�2�/ �/�v�M���K�B�+�b �(�R�3�- �R�N�)�X �:�B�p�2�M

�i�?�2 �B�M�?�2�`�2�M�i �m�M�+�2�`�i���B�M�i�v �Q�7 �m�M�Q�#�b�2�`�p�2�/ �/���i���- �2�b�i�B�K���i�B�M�; �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �/���i�� �r�B�i�?�Q�m�i

�b�B�K�T�H�B�7�v�B�M�; ���b�b�m�K�T�i�B�Q�M�b ���/�/�b �p���H�m�2 �i�Q �`�B�b�F �T�H���M�M�B�M�;�X

�h�Q �#�2 �K�Q�`�2 �+�Q�M�+�`�2�i�2 �`�2�;���`�/�B�M�; �i�?�2 �2�b�i�B�K���i�B�Q�M �Q�7 �m�M�+�2�`�i���B�M�i�v�- �H�2�i�ö�b �+�Q�M�b�B�/�2�` �i�?�2 �+���b�2 �Q�7 �H�B�M�2���`

�S�*���- �r�?�2�`�2 �i�?�2 �/���i�� �B�b �K�Q�/�2�H�2�/ ���b �:���m�b�b�B���M�X �L�Q�i�2 �i�?���i �a�?���M�M�Q�M�ö�b �2�M�i�`�Q�T�v �Q�7 �� �:���m�b�b�B���M

�B�b �;�B�p�2�M �#�v
n
2

(1 + �H�M(2� )) +
1
2

�H�M(j� j) ; �U�R�X�R�V

�r�?�2�`�2� �B�b �i�?�2 �T�Q�b�B�i�B�p�2 �/�2�7�B�M�B�i�2 �b�v�K�K�2�i�`�B�+ �+�Q�p���`�B���M�+�2 �K���i�`�B�t �Q�7 �i�?�2 �/���i�� �(�j�k�)�X �q�2 �b�2�2 �i�?���i

�i�?�2 �2�M�i�`�Q�T�v �Q�7 �� �:���m�b�b�B���M �/�2�T�2�M�/�b �Q�M�H�v �Q�M �i�?�2 �/�2�i�2�`�K�B�M���M�i �Q�7� �X �A�M �S�*���- �r�2 �K���t�B�K�B�x�2

�i�?�2 �2�t�T�H���B�M�2�/ �p���`�B���M�+�2 �T�2�` �T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i�- ���M�/ �?�2�M�+�2�- �i�?�B�b �B�b �2�[�m�B�p���H�2�M�i �i�Q �K���t�B�K�B�x�B�M�;

�2�t�T�H���B�M�2�/ �2�M�i�`�Q�T�v �T�2�` �T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i�X �6�m�`�i�?�2�`�K�Q�`�2�- �2�M�i�`�Q�T�v �T�`�Q�p�B�/�2�b ���M ���T�T�`�Q�T�`�B���i�2

�[�m���M�i�B�i���i�B�p�2 �K�2���b�m�`�2 �Q�7 �m�M�+�2�`�i���B�M�i�v�- �b�B�M�+�2 �B�i �B�b �/�2�i�2�`�K�B�M�2�/ �#�v

�
Z

p(x) �H�M(p(x)) dx; �U�R�X�k�V

�r�?�2�`�2p �B�b �i�?�2 �T�`�Q�#���#�B�H�B�i�v �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M �U�S�.�6�V �(�j�k�)�X ���#�b�i�`���+�i�B�M�; �7�`�Q�K �i�?�B�b �b�B�K�T�H�B�7�B�2�/

�2�M�p�B�`�Q�M�K�2�M�i �i�Q ���H�H�Q�r �7�Q�` �M�Q�M�H�B�M�2���`�B�i�v ���M�/ �M�Q�M�@�:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b �r�B�i�? �T�Q�b�b�B�#�H�v �?�B�;�?�@

�Q�`�/�2�` �K�Q�K�2�M�i�b�- �r�2 �M�2�2�/ �i�Q �2�t�T�H���B�M �2�M�i�`�Q�T�v�- �M�Q�i �D�m�b�i �p���`�B���M�+�2�X �q�B�i�? �i�?�2�b�2 �K�Q�i�B�p���i�B�Q�M�b �B�M
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�K�B�M�/�- �r�2 �T�`�Q�p�B�/�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �/�2�7�B�M�B�i�B�Q�M �Q�7 �m�M�+�2�`�i���B�M�i�v �[�m���M�i�B�7�B�+���i�B�Q�M�X

�.�2�7�B�M�B�i�B�Q�M �R�X�R�U�Z�m���M�i�B�i���i�B�p�2 �l�M�+�2�`�i���B�M�i�v �1�b�i�B�K���i�B�Q�M�V

�G�2�iX; Y �#�2 �i�r�Q � �̀��M�/�Q�K �p���`�B���#�H�2�b �/�B�b�i�`�B�#�m�i�2�/ ���+�+�Q� �̀/�B�M�; �i�QFx ; Fy �- � �̀2�b�T�2�+�i�B�p�2�H�v�X �q�2 �+���M �m�b�2

Y �i�Q �T� �̀Q�t�v �7�Q�` �i�?�2 �m�M�+�2�`�i���B�M�i�v �Q�7X �r�?�2�Me(X ) � e(Y)�- �r�?�2� �̀2e(�) �K�2���b�m� �̀2�b �2�M�i� �̀Q�T�v �(�j�k�)�X

�A�M �i�?�B�b �+���b�2�- �r�2 �b���v �i�?�2 �m�M�+�2�`�i���B�M�i�v �Q�7Y �[�m���M�i�B�7�B�2�b �i�?�2 �m�M�+�2�`�i���B�M�i�v �Q�7X �X �q�2 ���H�b�Q �b���v �i�?�2

�2�M�i� �̀Q�T�v �Q�7X �B�b�2�t�T�H���B�M�2�/�#�v �i�?�2 �2�M�i� �̀Q�T�v �Q�7Y�X

�_�2�K���`�F �R�X�k

�G�2�iY; Z �#�2 � �̀��M�/�Q�K �p���`�B���#�H�2�b �/�B�b�i�`�B�#�m�i�2�/ ���+�+�Q� �̀/�B�M�; �i�QFy; Fz�X �G�2�iY �#�2 �Q�#�b�2�`�p�2�/�-Z �m�M�Q�#�b�2�`�p�2�/�-

���M�/ �b�m�T�T�Q�b�2 �r�2 �F�M�Q�r

e(Z ) � e(Y): �U�R�X�j�V

�G�2�if X i g �#�2 �� �b�2�[�m�2�M�+�2 �Q�7 � �̀��M�/�Q�K �p���`�B���#�H�2�b �i�?���i �+�Q�M�p�2� �̀;�2 �i�QY �B�M �2�M�i� �̀Q�T�v �b�m�+�? �i�?���ie(X i ) �

e(Z ); i > N �X �h�?�2�M �r�2 �+���M �[�m���M�i�B�7�v �i�?�2 �m�M�+�2�`�i���B�M�i�v �Q�7Z �#�v �K�B�M�B�K�B�x�B�M�; �i�?�2 �/�B�b�i���M�+�2

e(Y) � e(X i )�X

�A�M �*�?���T�i�2�`�9�- �r�2 �r�B�H�H �`�2�p�B�b�B�i �i�?�2 �M�Q�i�B�Q�M �Q�7 �2�t�T�H���B�M�2�/ �2�M�i�`�Q�T�v�X �6�Q�` �M�Q�r�- �B�i �B�b �B�K�T�Q�`�i���M�i �i�Q

�`�2�+�Q�;�M�B�x�2 �i�?�2 �p���H�m�2 �Q�7 �[�m���M�i�B�7�v�B�M�; �m�M�+�2�`�i���B�M�i�v�- �2�b�T�2�+�B���H�H�v �7�Q�` �i�?�2 �m�M�Q�#�b�2�`�p�2�/ �B�M�i�`���@�T�2�`�B�Q�/�-

�r�?�2�`�2 �i�?�2�`�2 ���`�2 �M�Q �Q�#�b�2�`�p���i�B�Q�M�b �i�Q �2�b�i���#�H�B�b�? �� �;�`�Q�m�M�/ �i�`�m�i�?�X �L�Q�i���#�H�v�- �Q�m�` �K�2�i�?�Q�/�b �/�Q �M�Q�i

�K���F�2 ���b�b�m�K�T�i�B�Q�M�b �Q�7 �H�B�M�2���` �7�m�M�+�i�B�Q�M���H �7�Q�`�K�b �Q�` �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b�- ���M�/ �i�?�2�`�2�7�Q�`�2 �?���p�2 ��

�r�B�/�2 �`���M�;�2 �Q�7 �T�Q�b�b�B�#�H�2 ���T�T�H�B�+���i�B�Q�M�b�X

�R�X�j�P�`�;���M�B�x���i�B�Q�M

�h�?�2 �Q�`�;���M�B�x���i�B�Q�M �Q�7 �i�?�B�b �i�?�2�b�B�b �B�b ���b �7�Q�H�H�Q�r�b�X �A�M �*�?���T�i�2�`�k�- �r�2 �B�M�p�2�b�i�B�;���i�2 �T�`�2�p�B�Q�m�b �r�Q�`�F ���M�/

�i�?�2 �+�?���H�H�2�M�;�2�b �r�B�i�? �b�Q�K�2 �b�i���M�/���`�/ �K�2�i�?�Q�/�b�X �a�i���`�i�B�M�; �B�M �*�?���T�i�2�`�j�- �r�2 �T�`�2�b�2�M�i �7�B�`�b�i�@�T�`�B�M�+�B�T���H�@

�e



�#���b�2�/ �B�K�T�`�Q�p�2�K�2�M�i�b �Q�M �i�?�2 �b�i���M�/���`�/ ���m�i�Q�2�M�+�Q�/�2�` ���M�/ �p���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�` �K�Q�/�2�H�b�- ���M�/

�r�2 ���H�b�Q �/�B�b�+�m�b�b �� �p���`�B���M�i �Q�7 �i�?�2 �J�2�i�`�Q�T�Q�H�B�b�@���/�D�m�b�i�2�/ �G���M�;�2�p�B�M ���H�;�Q�`�B�i�?�K �U�J���G���V �(�j�j�) �+���H�H�2�/

�J���G���@���T�T�`�Q�t �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �T�Q�b�i�2�`�B�Q�` �+�Q�H�H���T�b�2 �B�M �i�?�2 �p���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�`�X �A�M �*�?���T�i�2�`

�9�- �r�2 �/�2�`�B�p�2 �Q�m�` �T�`�B�K���`�v �+�Q�M�i�`�B�#�m�i�B�Q�M�- �i�?�2 ���1�@�S�`�Q�#�UM �V �K�Q�/�2�H�- �i�?���i �[�m���M�i�B�7�B�2�b �m�M�+�2�`�i���B�M�i�v�-

�B�M�+�Q�`�T�Q�`���i�2�b �?�B�;�?�@�Q�`�/�2�` �K�Q�K�2�M�i�b �B�M �i�?�2 �/���i���- ���M�/ �T�`�Q�p�B�/�2�b ���M �2�t�T�H���B�M���#�H�2 �H���i�2�M�i �b�T���+�2 �#�v

�i�?�Q�b�2 �?�B�;�?�@�Q�`�/�2�` �K�Q�K�2�M�i�b�X �A�M �*�?���T�i�2�`�8�- �r�2 �T�2�`�7�Q�`�K �2�K�T�B�`�B�+���H �2�p���H�m���i�B�Q�M �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/

�K�2�i�?�Q�/�b�X �6�B�M���H�H�v�- �B�M �*�?���T�i�2�`�e�- �r�2 �/�B�b�+�m�b�b �/�B�`�2�+�i�B�Q�M�b �Q�7 �7�m�i�m�`�2 �`�2�b�2���`�+�?�X

�d



�*�?���T�i�2�` �k

�S�`�2�p�B�Q�m�b �q�Q�`�F

�k�X�R�6���+�i�Q�` �J�Q�/�2�H�b

�6���+�i�Q�` �K�Q�/�2�H�b ���`�2 �� �i�v�T�2 �Q�7 �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�- �m�b�m���H�H�v �i���F�B�M�; �� �H�B�M�2���` �b�i���i�2 �b�T���+�2 �7�Q�`�K

�(�N�-�R�R�)�X ���i �� �K�B�M�B�K�m�K�- �i�?�2�`�2 ���`�2 �i�r�Q �2�[�m���i�B�Q�M�b�,

�R�X�.���i�� �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �7�`�Q�K �7���+�i�Q�`�b �U�P�#�b�2�`�p���i�B�Q�M �1�[�m���i�B�Q�M�V�c

�k�X�6�Q�`�2�+���b�i �Q�7 �7���+�i�Q�`�b �U�6�Q�`�2�+���b�i�B�M�; �1�[�m���i�B�Q�M�V�-

���M�/ �Q�T�i�B�Q�M���H�H�v�- �i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �B�/�B�Q�b�v�M�+�`���i�B�+ �i�2�`�K �B�M �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �2�[�m���i�B�Q�M�X �6�Q�`

�2�t���K�T�H�2�- �r�B�i�?�Q�m�i �K�Q�/�2�H�B�M�; ���m�i�Q�`�2�;�`�2�b�b�B�Q�M �B�M �i�?�2 �B�/�B�Q�b�v�M�+�`���i�B�+ �i�2�`�K�- �� �;�2�M�2�`���H �b�i���i�B�+ �7���+�i�Q�`

�K�Q�/�2�H �r�?�2�`�2 �i�?�2 �H���i�2�M�i �7���+�i�Q�` �7�Q�H�H�Q�r�b �� �o���_�Up�V �(�j�9�) �B�b �;�B�p�2�M �#�v�-

Xt = g(f t ) + et ; et � N (0; Q) �U�k�X�R�V

f t = h (f t � 1; : : : ; f t � p) + � t � t � N (0; R) : �U�k�X�k�V

�1�[�m���i�B�Q�M �U�k�X�R�V �B�b �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �2�[�m���i�B�Q�M�- ���M�/ �1�[�m���i�B�Q�M �U�k�X�k�V �B�b �i�?�2 �7�Q�`�2�+���b�i�B�M�; �2�[�m���i�B�Q�M�X

�:�2�M�2�`���H�H�v�- �i�?�2�`�2 ���`�2 �i�r�Q �+�H���b�b�2�b �Q�7 �7���+�i�Q�` �K�Q�/�2�H�b �B�M �i�?�2 �2�+�Q�M�Q�K�B�+ ���M�/ �7�B�M���M�+�B���H �H�B�i�2�`���i�m�`�2�,

�b�i���i�B�+ ���M�/ �/�v�M���K�B�+�X �h�?�2�b�2 �/�B�7�7�2�` �B�M �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �2�[�m���i�B�Q�M�X �h�?�2 �b�i���i�B�+

�+���b�2 �B�b �;�B�p�2�M �B�M �1�[�m���i�B�Q�M�b �U�k�X�R�V ���M�/ �U�k�X�k�V�- �r�?�2�`�2 �Q�M�H�v �i�?�2 �+�Q�M�i�2�K�T�Q�`���M�2�Q�m�b �7���+�i�Q�`�b �2�t�T�H���B�M
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�i�?�2 �/���i���X �A�M �i�?�2 �/�v�M���K�B�+ �+���b�2�- �r�2 ���H�H�Q�r �H���;�b �Q�7 �i�?�2 �7���+�i�Q�`�b �i�Q ���H�b�Q �2�t�T�H���B�M �i�?�2 �/���i�� �B�M �i�?�2

�Q�#�b�2�`�p���i�B�Q�M �2�[�m���i�B�Q�M�X

�o���`�B�Q�m�b �r�2�H�H�@�b�i�m�/�B�2�/ �b�i���i�B�b�i�B�+���H �7�Q�`�K�b �Q�7 �7���+�i�Q�` �K�Q�/�2�H�b �B�M�p�Q�H�p�2 �"���v�2�b�B���M �2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2

�/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �T���`���K�2�i�2�`�b �Q�` �M�Q�M�H�B�M�2���` �7�B�H�i�2�`�B�M�; �(�j�8�-�j�e�)�X �>�Q�r�2�p�2�`�- �"���v�2�b�B���M �2�b�i�B�K���i�B�Q�M �Q�7

�i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �T���`���K�2�i�2�`�b �`�2�7�H�2�+�i�b �K�Q�/�2�H �m�M�+�2�`�i���B�M�i�v�- �r�?�B�H�2 �i�?�B�b �`�2�b�2���`�+�? �+�Q�M�+�2�M�i�`���i�2�b �Q�M

�m�M�+�2�`�i���B�M�i�v �B�M �i�?�2 �/���i���X �L�Q�M�H�B�M�2���` �7�B�H�i�2�`�b �b�m�+�? ���b �i�?�2 �m�M�b�+�2�M�i�2�/ �E���H�K���M �7�B�H�i�2�` �(�j�d�) �+���M �+�Q�K�2

���i �b�B�;�M�B�7�B�+���M�i �+�Q�K�T�m�i���i�B�Q�M���H �2�t�T�2�M�b�2 �7�Q�` �#�B�; �/���i���- ���M�/ �B�b �M�Q�i �M�2�+�2�b�b���`�v �7�Q�` �i�?�2 �2�b�i�B�K���i�B�Q�M �Q�7

�+�Q�M�i�2�K�T�Q�`���M�2�Q�m�b �/���i�� �/�B�b�i�`�B�#�m�i�B�Q�M�b�X �q�B�i�? �i�?�B�b �B�M �K�B�M�/�- �"���v�2�b�B���M �2�b�i�B�K���i�B�Q�M �Q�7 �T���`���K�2�i�2�`�b

���M�/ �M�Q�M�H�B�M�2���` �7�B�H�i�2�`�B�M�; ���`�2 �M�Q�i ���/�/�`�2�b�b�2�/ �B�M �i�?�B�b �`�2�b�2���`�+�?�X �_���i�?�2�`�- �r�2 �+�Q�M�+�2�M�i�`���i�2 �Q�M �i�?�2

�M�2�m�`���H �M�2�i�r�Q�`�F �2�t�i�2�M�b�B�Q�M �Q�7 �H�B�M�2���` �b�i���i�B�+ ���M�/ �/�v�M���K�B�+ �7���+�i�Q�` �K�Q�/�2�H�b �B�M �b�i���i�2 �b�T���+�2 �7�Q�`�K�X

�k�X�R�X�R�G�B�M�2���` �6���+�i�Q�` �J�Q�/�2�H�b

�q�2 �#�2�;�B�M �r�B�i�? �i�?�2 �b�i���i�B�+ �7���+�i�Q�` �K�Q�/�2�H �B�M �b�i���i�2 �b�T���+�2 �7�Q�`�K�X �"�2�H�Q�r �r�2 �7�Q�H�H�Q�r �i�?�2 �b���K�2 �M�Q�i���i�B�Q�M

�Q�7 �a�i�Q�+�F ���M�/ �q���i�b�Q�M �(�3�)�- �r�?�2�`�2A �B�b �i�?�2 �H�Q���/�B�M�; �K���i�`�B�t �K���T�T�B�M�; �7���+�i�Q�`�b �i�Q �i�?�2 �/���i���- ���M�/Q

���M�/R ���`�2 �i�?�2 �2�`�`�Q�` �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b �7�Q�` �i�?�2 �7���+�i�Q�`�b ���M�/ �B�/�B�Q�b�v�M�+�`���i�B�+ �i�2�`�K�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�h�?�2 �b�i���i�B�+ �7���+�i�Q�` �K�Q�/�2�H �B�b �;�B�p�2�M �#�v

X i;t = Af t + ei;t ; �U�.���i�� �_�2�+�Q�M�b�i�`�m�+�i�B�Q�M�V�U�k�X�j�V

f t = 	 ( L) f t � 1 + � t ; � t � N (0; Q) ; �U�6�Q�`�2�+���b�i�B�M�; �6���+�i�Q�`�b�V�U�k�X�9�V

ei;t = � (L) ei;t � 1 + vi;t ; vi;t � N (0; R) ; �U�1�p�Q�H�m�i�B�Q�M �Q�7 �A�/�B�Q�b�v�M�+�`���i�B�+�V�U�k�X�8�V

�N



�r�?�2�`�2

	 ( L) f t � 1 = 	 0f t � 1 + 	 1f t � 2 + : : : + 	 pf t � (p+1) ; �U�k�X�e�V

� (L) ei;t � 1 = � i 0ei;t � 1 + � i 1ei;t � 2 + : : : + � i;p ; �U�k�X�d�V

���M�/

�*�Q�p
�
ei;t ; � T

t � s

�
= 0 8s; i : �U�k�X�3�V

�A�i �B�b ���H�b�Q �+�Q�K�K�Q�M �i�Q ���b�b�m�K�2 �x�2�`�Q �+�Q�`�`�2�H���i�B�Q�M �Q�7 �i�?�2 �B�/�B�Q�b�v�M�+�`���i�B�+ �i�2�`�K ���+�`�Q�b�b �Q�#�b�2�`�p���i�B�Q�M

�+�?���M�M�2�H�b �(�3�)�-

E
�
ei;t eT

j;s

�
= 0 8 t; s : �U�k�X�N�V

�� �F�M�Q�r�M ���i�i�`�B�#�m�i�2 �Q�7 �i�?�2 �b�i���i�B�+ �7���+�i�Q�` �K�Q�/�2�H �B�b �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M �Q�7 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`�`�Q�` �p�B��

�S�*�� �(�3�-�N�-�R�y�)�X ���b �r�2 �r�B�H�H �b�2�2�- �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M �Q�7 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`�`�Q�` �p�B�� �S�*�� �+�Q�M�M�2�+�i�b

���m�i�Q�2�M�+�Q�/�2�`�b �i�Q �7���+�i�Q�` �K�Q�/�2�H�b�X �:�B�p�2�M �i�?�2 �B�K�T�Q�`�i���M�+�2 �Q�7 �i�?�B�b �7���+�i�- �r�2 �?���p�2 �i�?�2 �7�Q�H�H�Q�r�B�M�;

�`�2�K���`�F�X

�_�2�K���`�F �k�X�R�U�6���+�i�Q�` �A�/�2�M�i�B�7�B�+���i�B�Q�M �p�B�� �S�*���V

���b �/�B�b�+�m�b�b�2�/ �B�M �(�3�-�N�-�R�y�)�- �i�?�2 �T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i�b �K�B�M�B�K�B�x�2 � �̀2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`� �̀Q�` �Q�7 �� �H�B�M�2���`

�b�i���i�B�+ �7���+�i�Q�` �K�Q�/�2�H�X

�A�M �Q�`�/�2�` �i�Q �+�Q�M�b�i�`�m�+�i �� �/�v�M���K�B�+ �7���+�i�Q�` �K�Q�/�2�H�- �r�2 �K�Q�/�B�7�v �i�?�2 �/���i�� �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�[�m���i�B�Q�M

�i�Q �B�M�+�H�m�/�2 �H���;�b �Q�7 �7���+�i�Q�`�b�-

X i;t = � i (L) f t + ei;t ; �U�k�X�R�y�V

�F�2�2�T�B�M�; �i�?�2 �`�2�K���B�M�B�M�; �2�[�m���i�B�Q�M�b ���M�/ ���b�b�m�K�T�i�B�Q�M�b �i�?�2 �b���K�2 �(�3�)�X �A�M �i�?�2 �/�v�M���K�B�+ �+���b�2�- �i�?�2

�7���+�i�Q�`�b ���`�2 �i�v�T�B�+���H�H�v �H�2���`�M�2�/ �p�B�� �i�?�2 �E���H�K���M �7�B�H�i�2�` �(�j�8�-�j�3�)�c �?�Q�r�2�p�2�`�- �r�2 �+���M ���H�b�Q �m�i�B�H�B�x�2 �S�*��

�#�v �+�Q�M�p�2�`�i�B�M�; �7�`�Q�K �/�v�M���K�B�+ �i�Q �b�i���i�B�+ �7�Q�`�K�X �l�i�B�H�B�x�B�M�; �i�?�2 �b���K�2 �M�Q�i���i�B�Q�M �7�`�Q�K �(�3�-�j�N�) ���;���B�M�-

�R�y



�i�?�2 �+�Q�M�p�2�`�b�B�Q�M �Q�7q �7���+�i�Q�`�b �B�M �1�[�m���i�B�Q�M �U�k�X�R�y�V �i�Qr �b�i���i�B�+ �7���+�i�Q�`�b �i���F�2�b �i�?�2 �7�Q�`�K�-

X t = � Ft + et �U�k�X�R�R�V

Ft = � ( L) Ft � 1 + G� t �U�k�X�R�k�V

G =
�

I q 0q� (r � q)

� T

�U�k�X�R�j�V

et = � (L) et � 1 + vt ; �U�k�X�R�9�V

�r�?�2�`�2� �`�2�7�2�`�b �i�Q �i�?�2 �H�Q���/�B�M�; �K���i�`�B�t �K���T�T�B�M�; �7���+�i�Q�`�b �i�Q �i�?�2 �/���i���X

�1�t���K�T�H�2 �k�X�k�U�.�v�M���K�B�+ �i�Q �a�i���i�B�+ �6�Q�`�K�V

�a�m�T�T�Q�b�2 �i�?�2� �̀2 �B�b �� �b�B�M�;�H�2 �7���+�i�Q�`�- �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �/�2�T�2�M�/ �Q�M �k �H���;�b �Q�7 �i�?�2 �7���+�i�Q�` �B�M ���/�/�B�i�B�Q�M

�i�Q �i�?�2 �+�m�`� �̀2�M�i �7���+�i�Q�`�- ���M�/ �b�m�T�T�Q�b�2 �i�?���i �i�?�2 �7���+�i�Q�`�b �7�Q�H�H�Q�r �� �o���_�U�j�V �(�j�9�)�X �h�?�2�Mq = 1�- ���M�/

r = 3�- ���M�/ �1�[�m���i�B�Q�M�b �U�k�X�R�y�V ���M�/ �U�k�X�9�V �#�2�+�Q�K�2

X i;t = � 0 � f t + � 1 � f t � 1 + � 2 � f t � 2 + ei;t �U�k�X�R�8�V

f t = 	 1 � f t � 1 + 	 2 � f t � 2 + 	 3 � f t � 3 + � t : �U�k�X�R�e�V

�h�?�2�M �r�2 �?���p�2

� = [ � 0; � 1; � 2] �U�k�X�R�d�V

Ft =

2

6
6
6
6
4

f t

f t � 1

f t � 2

3

7
7
7
7
5

=

2

6
6
6
6
4

	 1 	 2 	 3

1 0 0

0 1 0

3

7
7
7
7
5

�

2

6
6
6
6
4

f t � 1

f t � 2

f t � 3

3

7
7
7
7
5

+

2

6
6
6
6
4

1

0

0

3

7
7
7
7
5

�
�

� t

�
: �U�k�X�R�3�V

�>�2�M�+�2�- �S�*�� �+���M �#�2 �m�b�2�/ �i�Q �B�/�2�M�i�B�7�v �i�?�2 �7���+�i�Q�`�b �B�M �#�Q�i�? �b�i���i�B�+ ���M�/ �/�v�M���K�B�+ �7���+�i�Q�` �K�Q�/�2�H�b�-

�R�R



���M�/ ���b �r�2 �r�B�H�H �b�2�2�- �i�?�2 �+�Q�M�M�2�+�i�B�Q�M �#�2�i�r�2�2�M �S�*�� ���M�/ �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`�`�Q�` �H�B�M�F�b �H�B�M�2���` �7���+�i�Q�`

�K�Q�/�2�H�b �i�Q ���m�i�Q�2�M�+�Q�/�2�`�b�X

�k�X�k�.�2�2�T �G�2���`�M�B�M�; ���M�/ �L�Q�M�H�B�M�2���` �J�2�i�?�Q�/�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M �r�2 �Q�m�i�H�B�M�2 �i�?�2 �+�Q�M�M�2�+�i�B�Q�M�b �#�2�i�r�2�2�M ���m�i�Q�2�M�+�Q�/�2�` �M�2�m�`���H �M�2�i�r�Q�`�F�b ���M�/ �S�*���X

�6�B�`�b�i�- �r�2 �T�`�Q�p�B�/�2 �7�Q�`�K���H �/�2�7�B�M�B�i�B�Q�M�b �Q�7 �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ ���1 ���M�/ �i�?�2 �T�`�Q�#���#�B�H�B�b�i�B�+ �o���1�X �h�?�2�b�2

�M�2�m�`���H �M�2�i�r�Q�`�F�b ���`�2 �+�Q�K�K�Q�M�H�v �T�`�2�b�2�M�i�2�/ �B�M �i�2�`�K�b �Q�7 �i�?�2�B�` �H�Q�b�b �7�m�M�+�i�B�Q�M�b �(�9�y�) �Q�M �i�?�2 �/���i���-

�`���i�?�2�` �i�?���M �B�M �i�?�2 �;�2�M�2�`���H �+�Q�M�i�2�t�i �Q�7 �7�m�M�+�i�B�Q�M ���T�T�`�Q�t�B�K���i�B�Q�M�X �a�B�M�+�2 �M�2�m�`���H �M�2�i�r�Q�`�F�b ���`�2

�7�m�M�+�i�B�Q�M ���T�T�`�Q�t�B�K���i�B�Q�M �i�Q�Q�H�b �(�9�R�)�- �r�2 �7�B�M�/ �B�i �m�b�2�7�m�H �i�Q �T�`�2�b�2�`�p�2 �i�?�B�b �T�2�`�b�T�2�+�i�B�p�2 �B�M �i�?�2 �/�2�7�B�M�B�@

�i�B�Q�M�b �Q�7 ���1 ���M�/ �o���1 �M�2�m�`���H �M�2�i�r�Q�`�F�b�X ���7�i�2�` �T�`�2�b�2�M�i�B�M�; �7�m�M�+�i�B�Q�M ���T�T�`�Q�t�B�K���i�B�Q�M �/�2�7�B�M�B�i�B�Q�M�b�-

�r�2 �/�B�b�+�m�b�b �i�?�2 �2�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �H�B�M�2���` �7���+�i�Q�` �K�Q�/�2�H �B�M �b�i���i�2 �b�T���+�2 �7�Q�`�K �i�Q �� �M�Q�M�H�B�M�2���`�- �M�Q�M�@

�:���m�b�b�B���M �b�2�i�i�B�M�; �p�B�� �M�2�m�`���H �M�2�i�r�Q�`�F�b�X �h�?�2�M�- �r�2 �/�B�b�+�m�b�b �T�`�2�p�B�Q�m�b �r�Q�`�F �Q�M ���1�b ���M�/ �o���1�b �B�M

�i�B�K�2 �b�2�`�B�2�b ���T�T�H�B�+���i�B�Q�M�b�X �6�B�M���H�H�v�- �r�2 �/�B�b�+�m�b�b �T�`���+�i�B�+���H �+�?���H�H�2�M�;�2�b �r�B�i�? �i�?�2 �o���1�X

�k�X�k�X�R���m�i�Q�2�M�+�Q�/�2�` �U���1�V

���m�i�Q�2�M�+�Q�/�2�` �M�2�m�`���H �M�2�i�r�Q�`�F�b �U���1�b�V ���`�2 �M�Q�M�H�B�M�2���` �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b �/�2�7�B�M�2�/ �#�v �i�?�2

�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�r�Q �M�2�m�`���H �M�2�i�r�Q�`�F�b �b�m�+�? �i�?���i �K���T �B�M�T�m�i �#���+�F �B�M�i�Q �B�i�b�2�H�7 �(�9�y�- �9�k�- �9�j�- �9�9�)�X

�h�?�2 ���1 �M�2�m�`���H �M�2�i�r�Q�`�F �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X�R�X �o���`�B�Q�m�b �B�K�T�H�2�K�2�M�i���i�B�Q�M�b �Q�7 ���1�b �?���p�2 �#�2�2�M

�m�i�B�H�B�x�2�/ �Q�M �i�B�K�2 �b�2�`�B�2�b �T�`�Q�#�H�2�K�b �(�9�8�-�9�e�-�9�d�-�9�3�)�- ���M�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �/�2�7�B�M�B�i�B�Q�M�- �r�2 ���#�b�i�`���+�i

�7�`�Q�K �b�T�2�+�B�7�B�+ �i�v�T�2�b �Q�7 �M�2�m�`���H �M�2�i�r�Q�`�F ���`�+�?�B�i�2�+�i�m�`�2�b �U�2�X�;�X�- �H���v�2�` �i�v�T�2�- �M�Q�/�2 �+�Q�m�M�i �T�2�` �H���v�2�`�-

�2�i�+�X�V�X �q�2 �#�2�;�B�M �r�B�i�? �2�b�i���#�H�B�b�?�B�M�; �M�2�+�2�b�b���`�v �M�Q�i���i�B�Q�M�X

�.�2�7�B�M�B�i�B�Q�M �k�X�j�U�L�Q�i���i�B�Q�M �7�Q�` ���m�i�Q�2�M�+�Q�/�2�` �.�2�7�B�M�B�i�B�Q�M�V

�R�k



�6�B�;�m�`�2 �k�X�R�, ���m�i�Q�2�M�+�Q�/�2�` �L�2�m�`���H �L�2�i�r�Q�`�F

�G�2�i
 G � RT � d�-
 H � RT � k �- ���M�/ �/�2�7�B�M�2

BG;
 G := f G : RT � d ! RT � k : jjGjj 
 G
< + 1g �U�2�M�+�Q�/�2�`�V �U�k�X�R�N�V

BH; 
 H := f H : RT � k ! RT � d : jjH jj 
 H
< + 1g ; �U�/�2�+�Q�/�2�`�V �U�k�X�k�y�V

�r�?�2� �̀2 �7�Q�`
 G � RT � d�-

jjGjj 
 G
=

Z


 G

jjG(x)jj dx; �U�k�X�k�R�V

�r�B�i�?jjG(x)jj ���M�v �p���H�B�/ �K���i�`�B�t �M�Q�`�K�X
 H �?���b �� �b�B�K�B�H���` �/�2�7�B�M�B�i�B�Q�M�X �G�2�il � 1 ���M�/ �/�2�7�B�M�2

BG;
 G ;l := BG;
 G \ C l
�
RT � d; RT � k

�
�U�k�X�k�k�V

BH; 
 H ;l := BH; 
 H \ C l
�
RT � k ; RT � d

�
; �U�k�X�k�j�V

�r�?�2� �̀2Cl
�
RT � d; RT � k

�
� �̀2�T� �̀2�b�2�M�i�b ���H�H �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�7�7�2� �̀2�M�i�B���#�H�2 �7�m�M�+�i�B�Q�M�b �Q�7 �/�2�;� �̀2�2 ���i �H�2���b�i

l �7� �̀Q�KRT � d �i�QRT � k �X

�.�2�7�B�M�B�i�B�Q�M �k�X�9�U���m�i�Q�2�M�+�Q�/�2�`�V

�R�j



�G�2�iBG;
 G ;l ���M�/BH; 
 H ;l �+�Q�`� �̀2�b�T�Q�M�/ �i�Q �.�2�7�B�M�B�i�B�Q�M�k�X�j�- ���M�/ �H�2�i(G� ; H � ) 2 BG;
 G ;l � B H; 
 H ;l �#�2

���M�v �T���B�` �i�?���i �b���i�B�b�7�B�2�b

H � (G� (x)) = x; 8 x 2 
 G; ���M�/G� (x) 2 
 H : �U�k�X�k�9�V

�a�m�+�? �T���B�`�b(G� ; H � ) �7�Q�`�K ���M ���m�i�Q�2�M�+�Q�/�2�`�B�M �+�Q�K�T�Q�b�B�i�B�Q�M�X

�1�t���K�T�H�2 �k�X�8

G� :R1� 2 ! R; 
 G = f (x; y) 2 [0; a] � [0; a] : y = x2; a > 0g �U�k�X�k�8�V

(x; y) 7! x2 �U�k�X�k�e�V

H � :R ! R1� 2; 
 H = f z 2 [0; a2] : a > 0g �U�k�X�k�d�V

z 7!
� p

z; z
�

: �U�k�X�k�3�V

�h�?�2�M �1�[�m���i�B�Q�M �U�k�X�k�9�V �B�b �b���i�B�b�7�B�2�/�X

�.�2�7�B�M�B�i�B�Q�M �k�X�e�U���1 �L�2�m�`���H �L�2�i�r�Q�`�F�V

�.�2�M�Q�i�2 ���H�H �M�2�m� �̀��H �M�2�i�r�Q�`�F ���T�T� �̀Q�t�B�K���i�B�Q�M�b �i�Q �i�?�2 �T���B�`�b �b���i�B�b�7�v�B�M�; �1�[�m���i�B�Q�M �U�k�X�k�9�V ���b �7�Q�H�H�Q�r�b�,

A G;
 ;l � A H; 
 ;l � B G;
 G ;l � B H; 
 H ;l : �U�k�X�k�N�V

�q�2 �+���M �i�?�B�M�F �Q�7A G;
 ;l ���M�/A H; 
 ;l ���b �+�Q�M�i���B�M�B�M�; ���H�H �?�v�T�2�`�@�T��� �̀��K�2�i�2�` �p���`�B���i�B�Q�M�b �Q�7 ���H�H ���T�@

�T� �̀Q�T�`�B���i�2 �M�2�m� �̀��H �M�2�i�r�Q�`�F ��� �̀+�?�B�i�2�+�i�m� �̀2�b �U�2�X�;�X�- �M�m�K�#�2�` �Q�7 �H���v�2�`�b�- �i�v�T�2�b �Q�7 ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b�-

�2�i�+�X�V�X

�R�9



�.�2�M�Q�i�2 �i�?�2 �#�2�b�i ���T�T� �̀Q�t�B�K���i�B�Q�M �2�`� �̀Q�` �#�v

M := �B�M�7
(Ĝ;Ĥ ) 2 A G; 
 G ;l �A H; 
 H ;l

x 2 
 G

E
� 




 Ĥ

�
Ĝ (x)

�
� H � (G� (x))








2

2

�
: �U�k�X�j�y�V

�G�2�i� > 0 ���M�/ �/�2�M�Q�i�2 ���H�H� �@�#�2�b�i �M�2�m� �̀��H �M�2�i�r�Q�`�F ���T�T� �̀Q�t�B�K���i�B�Q�M�b �#�v �i�?�2 �b�2�i
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:

�U�k�X�j�R�V

���M�v �T���B�`
�

Ĝ; Ĥ
�

2 S� �B�b �+���H�H�2�/ ���M ���m�i�Q�2�M�+�Q�/�2�` �M�2�m� �̀��H �M�2�i�r�Q�`�F�X �6�Q�` �#� �̀2�p�B�i�v�- �r�2 �Q�7�i�2�M �r�`�B�i�2

���m�i�Q�2�M�+�Q�/�2�` �U���1�V�- �r�?�2�M �i�?�2 �+�Q�M�i�2�t�i �B�b �+�H�2���`�X

�q�2 �i�`���B�M �i�?�2 ���1 �r�B�i�? �K�2���M�@�b�[�m���`�2�/�@�2�`�`�Q�` �Q�p�2�` �i�?�2 �i�`���B�M�B�M�; �b�2�i�-

�G�Q�b�b(x; x̂) =
1
N

NX

i =1

(x i � x̂ i )
2 : �U�k�X�j�k�V

�q�2 �M�Q�i�2 �i�?���i �.�2�7�B�M�B�i�B�Q�M�k�X�e�/�Q�2�b �M�Q�i �`�2�H�v �Q�M �i�?�2 �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F�X �h�?���i

�B�b�- �i�?�B�b �/�2�7�B�M�B�i�B�Q�M �B�b ���;�M�Q�b�i�B�+ �i�Q�r���`�/�b �i�?�2 �+�?�Q�B�+�2 �Q�7 �M�Q�M�H�B�M�2���` ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�U�b�V ���M�/ �H���v�2�`

�i�v�T�2�b�X �6�Q�` �2�t���K�T�H�2�- �r�2 �+���M �B�K�T�H�2�K�2�M�i �i�?�2 ���1 �r�B�i�? �`�2�+�m�`�`�2�M�i �M�2�m�`���H �M�2�i�r�Q�`�F �H���v�2�`�b �r�B�i�?�Q�m�i

�+�?���M�;�B�M�; �i�?�2 �/�2�7�B�M�B�i�B�Q�M�X

�k�X�k�X�k�o���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�` �U�o���1�V

�h�?�2 �p���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�` �U�o���1�V �#�m�B�H�/�b �Q�M �i�?�2 �b�i���M�/���`�/ ���1 �M�2�m�`���H �M�2�i�r�Q�`�F �#�v �K�Q�/�2�H�B�M�;

�i�?�2 �H���i�2�M�i �b�T���+�2 �r�B�i�? �� �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�X �h�?�B�b �B�b �/�Q�M�2 �r�B�i�? �i�?�2 �B�M�+�H�m�b�B�Q�M �Q�7 �i�r�Q �M�2�m�`���H

�M�2�i�r�Q�`�F�b �i�Q�;�2�i�?�2�` �r�B�i�? �� �b���K�T�H�B�M�; �Q�T�2�`���i�B�Q�M�X �h�?�2 �o���1 �M�2�m�`���H �M�2�i�r�Q�`�F �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2

�k�X�k�X

�R�8



�6�B�;�m�`�2 �k�X�k�, �o���1 �L�2�m�`���H �L�2�i�r�Q�`�F

�a�T�2�+�B�7�B�+���H�H�v�- �H�2�i
�

ĜAE ; ĤAE

�
�7�Q�`�K ���M ���1�X �G�2�ix 2 RT � d �#�2 �i�?�2 �/���i�� ���M�/f = ĜAE (x) �i�?�2

�H���i�2�M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �/�B�K�2�M�b�B�Q�M�bT � k�X ���b�b�m�K�2f � N (�; �) �- �r�?�2�`�2� �B�b �� �/�B���;�Q�M���H

Tk � Tk �T�Q�b�B�i�B�p�2 �/�2�7�B�M�B�i�2 �b�v�K�K�2�i�`�B�+ �+�Q�p���`�B���M�+�2 �K���i�`�B�t�- ���M�/� �B�b �i�?�2 �2�t�T�2�+�i�2�/ �p���H�m�2 �r�B�i�?

�/�B�K�2�M�b�B�Q�M�bTk � 1�X �:�B�p�2�M�; � �- �/�2�7�B�M�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �b���K�T�H�B�M�; �Q�T�2�`���i�Q�`�,

R :RT k� 1 � RT k � T k ! RT � k �U�k�X�j�j�V

(�; �) 7! (� 1 +
p

� 1� T
1 ; : : : ; � k +

p
� k � T

k ); �U�k�X�j�9�V

�r�?�2�`�2� i �B�b1 � T ���M�/� i;j � N (0; 1) 8j = 1; : : : ; T ���M�/8i = 1; : : : ; k�X �h�Q �K�Q�/�2�H(�; �) �- �r�2

�B�M�i�`�Q�/�m�+�2 �i�r�Q �M�2�m�`���H �M�2�i�r�Q�`�F�b �i�?���i ���`�2 ���T�T�2�M�/�2�/ �i�QĜAE �X

M � : RT � k ! RT k� 1 M � : RT � k ! RT k � T k �U�k�X�j�8�V

f 7! E[f ] f 7! �/�B���;
�
E[f f T ] � E[f ]E[f ]T

�
�U�k�X�j�e�V

�h�?�2�M �r�2 �+���M �/�2�7�B�M�2 �i�?�2 �2�M�+�Q�/�2�` �7�Q�` �i�?�2 �o���1 �#�v �i�?�2 �+�Q�K�T�Q�b�B�i�B�Q�M�b �Q�7 �i�?�2 �K�2���M ���M�/ �+�Q�p���`�B���M�+�2

�M�2�i�r�Q�`�F�b ���M�/ �i�?�2 ���1�ö�b �2�M�+�Q�/�2�`�-

ĜV AE = R �
�

M � � ĜAE ; M � � ĜAE

�
; �U�k�X�j�d�V

�R�e



�r�?�2�`�2� �`�2�7�2�`�b �i�Q �7�m�M�+�i�B�Q�M �+�Q�K�T�Q�b�B�i�B�Q�M�X

�q�?�2�M �i�`���B�M�B�M�; �i�?�2 �o���1�- �r�2 �7�Q�H�H�Q�r �i�?�2 �b�i���M�/���`�/ �T�`���+�i�B�+�2 �Q�7 �`�2�;�m�H���`�B�x�B�M�; �i�?�2 �H���i�2�M�i �/�B�b�i�`�B�#�m�@

�i�B�Q�M �r�B�i�? �E�m�H�H�#���+�F���G�2�B�#�H�2�` �/�B�p�2�`�;�2�M�+�2 �U�E�G�@�.�B�p�2�`�;�2�M�+�2�V�- ���H�b�Q �+���H�H�2�/ �`�2�H���i�B�p�2 �2�M�i�`�Q�T�v �(�9�N�-�8�y�)�-

���;���B�M�b�i �i�?�2 �b�i���M�/���`�/ �M�Q�`�K���H �(�8�R�-�8�k�-�8�j�)�X �E�G�@�.�B�p�2�`�;�2�M�+�2 �Q�7 �� �/�B�b�i�`�B�#�m�i�B�Q�Mf �7�`�Q�K �� �/�B�b�i�`�B�#�m�@

�i�B�Q�Mg �B�b �;�B�p�2�M �#�v�,

�. �E�G(f jj g) = �
Z

f (x) �H�M
�

g(x)
f (x)

�
dx; �U�k�X�j�3�V

�r�?�B�+�? �b�B�K�T�H�B�7�B�2�b�- �r�?�2�Mf �B�b �� �:���m�b�b�B���M �r�B�i�? �/�B���;�Q�M���H �+�Q�p���`�B���M�+�2� ���M�/g �B�b �i�?�2 �b�i���M�/���`�/

�M�Q�`�K���H�- �i�Q

�. �E�G(N (�; �) jj N (0; I )) =
1
2

�
�i� (̀�) � kT + � T � � �H�M(�/�2�i�)

�
: �U�k�X�j�N�V

�a�i���M�/���`�/ �T�`���+�i�B�+�2 �B�b �i�Q �r�2�B�;�?�i �i�?�2 �E�G�@�.�B�p�2�`�;�2�M�+�2 �i�2�`�K �r�B�i�? �� �?�v�T�2�`�@�T���`���K�2�i�2�` �(�8�9�)�- �i�?�Q�m�;�?

�B�i �B�b �M�Q�i �M�2�+�2�b�b���`�v �i�Q �F�2�2�T �i�?�B�b �T���`���K�2�i�2�` �+�Q�M�b�i���M�i �i�?�`�Q�m�;�? �i�`���B�M�B�M�; �(�8�8�- �8�e�)�X �h�?�2 �H�Q�b�b

�7�m�M�+�i�B�Q�M �B�b �;�B�p�2�M �B�M �1�[�m���i�B�Q�M �U�k�X�9�y�V �#�2�H�Q�r�,

�G�Q�b�b(x; x̂) = �J�a�1(x; x̂) + � � �. �E�G(N (�; �) jj N (0; I )) ; �U�k�X�9�y�V

�r�?�2�`�2� �B�b �� �T�Q�b�b�B�#�H�v �M�Q�M�@�+�Q�M�b�i���M�i �?�v�T�2�`�@�T���`���K�2�i�2�` �r�2�B�;�?�i �Q�M �i�?�2 �E�G�@�.�B�p�2�`�;�2�M�+�2 �`�2�;�m�H���`�@

�B�x���i�B�Q�M�X

�q�2 �M�Q�i�2 �i�?���i �r�?�B�H�2 �i�?�2 �b�i���M�/���`�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �2�M�7�Q�`�+�2�b� �i�Q �#�2 �/�B���;�Q�M���H�- �B�i �B�b �M�Q�i �b�i�`�B�+�i�H�v

�M�2�+�2�b�b���`�v�X �q�B�i�? �� �/�B���;�Q�M���H �+�Q�p���`�B���M�+�2�- �r�2 �K�Q�`�2 �+�H�Q�b�2�H�v ���#�b�i�`���+�i �S�*�� �i�Q �� �M�Q�M�H�B�M�2���` �2�M�p�B�@

�`�Q�M�K�2�M�i �(�8�d�)�- �`�2�i���B�M�B�M�; �b�Q�K�2 �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v�- ���M�/ ���H�b�Q ���i�i���B�M �+�?�2���T�2�` �i�`���B�M�B�M�; �i�?���M �� �/�2�M�b�2

� �X �>�Q�r�2�p�2�`�- �i�?�2�b�2 �#�2�M�2�7�B�i�b �Q�7 �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v ���M�/ �2�7�7�B�+�B�2�M�+�v �K���v �+�Q�K�2 ���i �i�?�2 �+�Q�b�i �Q�7 �2�7�7�B�+���+�v�-

���M�/ �r�2 �T�`�2�b�2�M�i �� �7�B�`�b�i�@�T�`�B�M�+�B�T���H �`�2�H���t���i�B�Q�M �Q�7 �i�?�2 �/�B���;�Q�M���H ���b�b�m�K�T�i�B�Q�M �B�M �*�?���T�i�2�`�j�X

�R�d



�k�X�k�X�j���m�i�Q�2�M�+�Q�/�2�`�b ���b �L�Q�M�H�B�M�2���` �6���+�i�Q�` �J�Q�/�2�H�b

�q�?�2�M �� �b�v�K�K�2�i�`�B�+ ���1 �+�Q�M�b�B�b�i�b �Q�7 �� �b�B�M�;�H�2 �H�B�M�2���` �H���v�2�` �r�B�i�? �M�Q ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�- �`�2�+�Q�M�@

�b�i�`�m�+�i�B�Q�M �2�`�`�Q�` �B�b �K�B�M�B�K�B�x�2�/ �p�B�� �i�?�2 �a�o�. �(�8�3�-�8�N�)�- ���M�/ �?�2�M�+�2 �i�?�2 �M�Q�M�H�B�M�2���` ���1 �B�b �p�B�2�r�2�/ ���b

�� �M�Q�M�H�B�M�2���` �2�t�i�2�M�b�B�Q�M �Q�7 �S�*�� �(�9�8�-�e�y�-�e�R�-�e�k�-�e�j�)�X �6�Q�H�H�Q�r�B�M�; �i�?�2 �+�Q�M�M�2�+�i�B�Q�M �r�B�i�? �S�*���- ���1�b

�?���p�2 �#�2�2�M �m�b�2�/ �i�Q �2�t�i�2�M�/ �i�?�2 �H�B�M�2���` �7���+�i�Q�` �K�Q�/�2�H �i�Q �� �M�Q�M�H�B�M�2���` �b�2�i�i�B�M�; �(�R�9�- �R�8�- �R�e�)�X �6�Q�`

�2�t���K�T�H�2�- ���M�/�`�2�B�M�B �2�i ���H�X �;�B�p�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�`�K�m�H���i�B�Q�M �r�B�i�? ���M ���1 �(�R�8�)�,

f t = ĜAE (x t ) �U�k�X�9�R�V

x t = ĤAE (f t ) + � t �U�k�X�9�k�V

f t = B1f t � 1 + � � � + Bpf t � p + ut ; ut � N (0; U) �U�k�X�9�j�V

� t = � i � t � 1 + � � � + � d� t � d + � t � t � N (0; Q) : �U�k�X�9�9�V

�>�2�`�2�-B i �i���F�2�b �i�?�2 �`�Q�H�2 �Q�7 �i�?�2 �H���; �Q�T�2�`���i�Q�` �B�M �1�[�m���i�B�Q�M �U�k�X�R�k�V�- ���M�/ �i�?�2 �2�M�+�Q�/�2�` ���M�/ �/�2�+�Q�/�2�`

�#�Q�i�? �+�Q�M�i���B�M �i�?�2 �H�Q���/�B�M�; �K���i�`�B�t �B�M �1�[�m���i�B�Q�M �U�k�X�R�R�V�X �A�K�T�Q�`�i���M�i�H�v�- �r�2 �M�Q�i�2 �i�?���i �B�M �(�R�8�) �i�?�2

�/�2�+�Q�/�2�` �B�b �H�B�M�2���`�X �q�?�B�H�2 �K�Q�i�B�p���i�2�/ �#�v �i�?�2 �/�2�b�B�`�2 �i�Q �m�b�2 �i�?�2 �E���H�K���M �7�B�H�i�2�`�- �r�2 �M�Q�i�2 �i�?���i

�m�M�/�2�` �Q�T�i�B�K���H�B�i�v �U�B�X�2�X�- �K�B�M�B�K�B�x���i�B�Q�M �Q�7 �J�a�1�V�- �� �H�B�M�2���` �/�2�+�Q�/�2�` �+���M�M�Q�i �B�M�p�2�`�i �� �/�2�+�Q�/�2�` �i�?���i

�B�b �M�Q�M�H�B�M�2���`�X ���b �� �`�2�b�m�H�i�- �i�?�2 �2�M�+�Q�/�2�` �+���M ���i �#�2�b�i �#�2 �K���`�;�B�M���H�H�v �M�Q�M�H�B�M�2���` �r�?�2�M �J�a�1 �B�b

�K�B�M�B�K�B�x�2�/�X

�q�?�B�H�2 ���M�/�`�2�B�M�B �2�i ���H�X ���`�2 �M�Q�i ���H�Q�M�2 �B�M �m�b�B�M�; �i�?�2 �E���H�K���M �7�B�H�i�2�` �i�Q �T�2�`�7�Q�`�K �H�B�M�2���` �7�Q�`�2�+���b�i�b

�(�R�e�)�- �r�2 �7�Q�`�K�m�H���i�2 �i�?�2 �b�i���i�2 �b�T���+�2 �r�B�i�? ���M �_�L�L �7�Q�`�2�+���b�i�B�M�; �2�[�m���i�B�Q�M�- �r�?�2�`�2 �_�L�L �`�2�7�2�`�b �i�Q

���M�v �`�2�+�m�`�`�2�M�i �M�2�m�`���H �M�2�i�r�Q�`�F ���`�+�?�B�i�2�+�i�m�`�2 �b�m�+�? ���b �G�a�h�J�b �Q�` �:�_�l�b �(�e�9�-�e�8�-�e�e�)�X �L�Q�i�2 �i�?���i

�i�?�2 �7�Q�`�2�+���b�i�B�M�; �2�[�m���i�B�Q�M �B�b �Q�M�H�v �B�M�+�H�m�/�2�/ �?�2�`�2 �7�Q�` �+�Q�K�T�H�2�i�2�M�2�b�b �i�Q �;�B�p�2 �� �7�m�H�H�v �M�Q�M�H�B�M�2���` �7���+�i�Q�`

�K�Q�/�2�H�- ���M�/ �B�b �H�2�7�i �i�Q �7�m�i�m�`�2 �`�2�b�2���`�+�? �7�Q�` �B�K�T�H�2�K�2�M�i���i�B�Q�M�X ���/�/�B�i�B�Q�M���H�H�v�- �r�2 �/�Q �M�Q�i �/�B�`�2�+�i�H�v
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�2�`�`�Q�`�,

f t = ĜAE (x t ) �U�k�X�9�8�V

x t = ĤAE (f t ) + � t �U�k�X�9�e�V

f t = �_�L�L(f t � 1; : : : ; f t � p) + � t : �U�k�X�9�d�V
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�/�2�i�2�`�K�B�M�B�b�i�B�+ �7���+�i�Q�`�b �i�Q �� �;�2�M�2�`���i�B�p�2 �7�`���K�2�r�Q�`�F �#�v �`�2�T�H���+�B�M�; �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ ���1 �r�B�i�? �i�?�2

�o���1�-

zt = ĜV AE (x t ) �U�k�X�9�3�V

x t = ĤV AE (zt ) + � t �U�k�X�9�N�V

� t = �_�L�L(� t � 1; : : : ; � t � p) + � t �U�k�X�8�y�V

� t = �_�L�L(� t � 1; : : : ; � t � p) + � t : �U�k�X�8�R�V
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�.���B �2�i ���H�X �B�M�/�B�+���i�2 �i�?���i �T���`�i �Q�7 �i�?�2 �#�H���K�2 �7�Q�` �T�Q�b�i�2�`�B�Q�` �+�Q�H�H���T�b�2 �B�b �/�m�2 �i�Q �i�?�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M
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�2�b�i�B�K���i�2�/ �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �/���i���- �b�B�M�+�2 �J�a�1 �B�b �+���H�+�m�H���i�2�/ ���;���B�M�b�i ���`�#�B�i�`���`�v �b���K�T�H�2�b �/�m�`�B�M�;

�i�`���B�M�B�M�;�X

�6�`�Q�K �� �T�`���+�i�B�+���H �T�2�`�b�T�2�+�i�B�p�2�- �r�2 �T�`�Q�p�B�/�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�Q�B�M�i�b �Q�M �2�t�T�2�`�B�2�M�+�2 �r�Q�`�F�B�M�; �r�B�i�?

�i�?�2 �o���1 �Q�M �i�B�K�2 �b�2�`�B�2�b �T�`�Q�#�H�2�K�b�X

�R�X���T�T�H�v�B�M�; �J�a�1 �i�Q �`���M�/�Q�K �b���K�T�H�2�b�,

�U���V�1�M�+�Q�m�`���;�2�b �b�K���H�H �2�M�i�`�Q�T�v �/���i�� �/�B�b�i�`�B�#�m�i�B�Q�M�c

�U�#�V�h�?�2 �/�2�+�Q�/�2�` �B�b �i�`���B�M�2�/ �i�Q �B�;�M�Q�`�2 �p���`�B���i�B�Q�M �B�M �i�?�2 �H���i�2�M�i �b�T���+�2�X

�k�X�E�G�@�.�B�p�2�`�;�2�M�+�2 ���;���B�M�b�iN (0; I )�,

�U���V�*���M �T�`�2�b�2�M�i �� �i�`���/�2�@�Q�7�7 �r�B�i�? �K�B�M�B�K�B�x�B�M�; �J�a�1�c

�U�#�V�1�M�+�Q�m�`���;�2�b �2���+�? �H���i�2�M�i �+�?���M�M�2�H �i�Q�r���`�/�b �i�?�2 �b���K�2 �/�B�b�i�`�B�#�m�i�B�Q�M �U�B�X�2�X�- �B�X�B�X�/�X�V�c

�U�+�V�.�Q�2�b �M�Q�i �T�`�Q�p�B�/�2 �/�B�`�2�+�i �+�Q�M�M�2�+�i�B�Q�M �Q�7 �H���i�2�M�i �K�Q�K�2�M�i�b �r�B�i�? �K�Q�K�2�M�i�b �B�M �i�?�2 �/���i���X

�q�2 ���H�b�Q �M�Q�i�2 �i�?���i �r�?�2�M �i�?�2 �/���i�� �B�b �b�i�`�Q�M�;�H�v �M�Q�M�@�B�X�B�X�/�X�- �2�M�+�Q�m�`���;�B�M�; �H���i�2�M�i �+�?���M�M�2�H�b �i�Q�r���`�/�b

�i�?�2 �b���K�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�`�+�2�b �i�?�2 �/�2�+�Q�/�2�` �i�Q �+�Q�M�i���B�M �p���`�B�Q�m�b �i�`���M�b�7�Q�`�K���i�B�Q�M�b �i�Q �i�?�2 �i�2�K�T�Q�`���H
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�i�?�2�K�b�2�H�p�2�b �M�Q�M�H�B�M�2���` �7�m�M�+�i�B�Q�M�b�- �r�2 �;�2�M�2�`���H�B�x�2 �i�?�2 �M�Q�i���i�B�Q�M �i�Q �B�M�+�H�m�/�2 �b�2�[�m�2�M�+�2�b �Q�7 �H���v�2�`�@

�k�k



�6�B�;�m�`�2 �j�X�R�, �a�i���+�F�2�/ ���1

���+�i�B�p���i�B�Q�M �+�Q�K�T�Q�b�B�i�B�Q�M�b�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �/�B���;�`���K �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�R�X �h�?�2 �b�i���M�/���`�/

���1 �Q�M�H�v �`�2�[�m�B�`�2�b �i�?���i �i�?�2 �+�Q�K�T�Q�b�B�i�B�Q�MĤ1 � Ĥ2 �B�M�p�2�`�i �i�?�2 �+�Q�K�T�Q�b�B�i�B�Q�MĜ2 � Ĝ1�- ���M�/ �B�i �B�b �M�Q�i

�M�2�+�2�b�b���`�B�H�v �i�?�2 �+���b�2 �i�?���iĤ2 ���M�/Ĝ2 �?���p�2 ���M�v �/�B�`�2�+�i �`�2�H���i�B�Q�M�b�?�B�T�X �>�2�M�+�2�- �m�M�/�2�` �i�?�2 �b�i���M�/���`�/

�b�v�K�K�2�i�`�B�+ ���1�- �B�M�/�B�p�B�/�m���H �2�M�+�Q�/�B�M�; ���M�/ �/�2�+�Q�/�B�M�; �#�H�Q�+�F�b �H���+�F �� �;�m���`���M�i�2�2 �Q�7 �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v�X

���b ���M ���H�i�2�`�M���i�B�p�2�- �r�2 �+���M ���i�i���+�? �B�M�i�2�`�T�`�2�i���i�B�Q�M �i�Q �i�?�2 �T���B�`(Ĝ2; Ĥ2) �#�v �B�M�i�`�Q�/�m�+�B�M�; ���M �B�M�@

�i�2�`�K�2�/�B���i�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �H�Q�b�b�- �r�?�B�+�? �r�2 �B�M�+�H�m�/�2 �r�B�i�? �� �`�2�;�m�H���`�B�x���i�B�Q�M ���M�/ �b�+���H���` �r�2�B�;�?�i� �X

�G�2�ig1 = Ĝ1(x) ���M�/g2 = Ĝ2(g1)�X �A�M �i�?�B�b �+���b�2�- �r�2 �?���p�2�-

�G�Q�b�b(x; x̂) = �J�a�1(x; x̂) + � � �J�a�1(g1; Ĥ2(g2)) ; �U�j�X�R�V

�r�?�B�+�? �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�k�X �a�B�M�+�2 �i�?�2 �T���B�`�b(Ĝ1; Ĥ1) ���M�/(Ĝ2; Ĥ2) �#�Q�i�? ���+�i ���b ���1�b�- �i�?�B�b

�K�Q�/�2�H �B�b �i�2�`�K�2�/ �i�?�2�M�2�b�i�2�/ ���1�Q�` �L���1 �7�Q�` �b�?�Q�`�i�X

�A�M ���/�/�B�i�B�Q�M �i�Q �;�B�p�B�M�; �B�M�i�2�`�T�`�2�i���i�B�Q�M �i�Q �i�?�2 �2�M�+�Q�/�B�M�; ���M�/ �/�2�+�Q�/�B�M�; �#�H�Q�+�F�b ���b �B�M�/�B�p�B�/�m���H ���1�b�-

�i�?�2 �L���1 �?���b �i�?�2 ���/�/�2�/ �#�2�M�2�7�B�i �Q�7 �+�Q�M�b�i�`���B�M�B�M�; �i�?�2 �b�Q�H�m�i�B�Q�M �b�2���`�+�? �b�T���+�2�- �r�?�B�+�? �K���v �2�M�?���M�+�2

�k�j



�6�B�;�m�`�2 �j�X�k�, �L�2�b�i�2�/ ���1

�b�i���#�B�H�B�i�v �/�m�`�B�M�; �i�`���B�M�B�M�;�X �>�Q�r�2�p�2�`�- �r�B�i�? �7�2�r�2�` ���p���B�H���#�H�2 �b�Q�H�m�i�B�Q�M�b�- �i�?�2 ���/�/�2�/ �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v

���M�/ �b�i���#�B�H�B�i�v �+�Q�K�2 ���i �i�?�2 �+�Q�b�i �Q�7 �B�M�+�`�2���b�2�/ �i�`���B�M�B�M�; �i�B�K�2�X

�J�Q�`�2 �;�2�M�2�`���H�H�v�- �+�Q�M�b�B�/�2�` �� �b�v�K�K�2�i�`�B�+N �@�#�H�Q�+�F ���1 �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�M�+�Q�/�2�` ���M�/ �/�2�+�Q�/�2�`

�M�2�m�`���H �M�2�i�r�Q�`�F�b�,

Ĝ1 : RT � d ! RT � k1

Ĝ2 : RT � k1 ! RT � k2

�X�X�X

ĜN : RT � kN � 1 ! RT � kN

ĤN : RT � kN ! RT � kN � 1

�X�X�X

Ĥ1 : RT � k1 ! RT � d:

�U�j�X�k�V

�k�9



�G�2�igi = Ĝi (gi � 1) ���M�/hi = Ĥ i (hi +1 ) �r�B�i�?g0 = x�-hN +1 = gN �- ���M�/i = 1; :::N � 1�X �h�?�2�M �r�2

�+���M �B�K�T�H�2�K�2�M�i �i�?�2 �;�2�M�2�`���HN �@�#�H�Q�+�F �+���b�2 �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �H�Q�b�b �7�m�M�+�i�B�Q�M�,

�G�Q�b�b(x; x̂) = �J�a�1(x; x̂) + �
N � 1X

i =1

�J�a�1(Ĥ i +1 (hi +2 ); gi ) : �U�j�X�j�V

�_�2�K���`�F �j�X�R�U�L�2�b�i�2�/ �o���1�V

�q�2 �+���M �2�t�i�2�M�/ �i�?�2 �L���1 �i�Q �� �L�2�b�i�2�/ �o���1 �U�L�o���1�V �#�v � �̀2�T�H���+�B�M�;�J�a�1(�) �B�M �2�[�m���i�B�Q�M �U�j�X�j�V

�r�B�i�? �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �o���1�X

�A�M �*�?���T�i�2�`�8�r�2 �r�B�H�H �b�?�Q�r �i�?�2 �L���1 �K���i�+�?�2�b �i�?�2 �b�i���M�/���`�/ ���1�ö�b �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �T�2�`�7�Q�`�K���M�+�2

�Q�M �b�v�M�i�?�2�i�B�+ �/���i���- �#�m�i �m�M�7�Q�`�i�m�M���i�2�H�v�- �/�Q�2�b �M�Q�i �T�`�Q�p�B�/�2 �b�B�;�M�B�7�B�+���M�i ���+�+�m�`���+�v �;���B�M�b �`�2�H���i�B�p�2 �i�Q

�i�?�2 �b�i���M�/���`�/ ���1�X

�j�X�j �o���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�` �r�B�i�? �G���i�2�M�i ���m�i�Q�`�2�;�`�2�b�@

�b�B�Q�M �U�o���1�@���_�V

�h�?�2 �b�i���M�/���`�/ �o���1 �B�b �+�Q�K�K�Q�M�H�v ���T�T�H�B�2�/ �i�Q �i�?�2 �/�B�b�+�`�2�i�2 �/�Q�K���B�M �Q�7 �+�Q�K�T�m�i�2�` �p�B�b�B�Q�M �i���b�F�b�-

�r�?�2�`�2 �i�?�2 ���b�b�m�K�T�i�B�Q�M �Q�7 �� �/�B���;�Q�M���H �H���i�2�M�i �+�Q�p���`�B���M�+�2 �B�b �K���B�M�i���B�M�2�/�X �G�B�i�2�`���H �i�`���M�b�H���i�B�Q�M �i�Q

�i�B�K�2 �b�2�`�B�2�b �i���b�F�b �r�B�i�? �+�Q�M�i�B�M�m�Q�m�b �/���i�� �H���+�F�b �i�?�2 ���#�B�H�B�i�v �i�Q �K�Q�/�2�H ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �b�i�`�m�+�i�m�`�2

�B�M �i�?�2 �H���i�2�M�i �b�T���+�2 �/�B�`�2�+�i�H�v�X ���b �� �`�2�b�m�H�i�- �i�?�2 �/�2�+�Q�/�2�` �B�b �7�Q�`�+�2�/ �i�Q �`�2�+�Q�p�2�` ���M�v �M�2�+�2�b�b���`�v

���m�i�Q�`�2�;�`�2�b�b�B�p�2 �b�i�`�m�+�i�m�`�2 �7�Q�` �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M�- �/�B�K�B�M�B�b�?�B�M�; �i�?�2 �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v �Q�7 �i�?�2 �H���i�2�M�i

�`�2�T�`�2�b�2�M�i���i�B�Q�M�X

���b ���M ���H�i�2�`�M���i�B�p�2�- �r�2 �+���M �`�2�H���t �i�?�2 ���b�b�m�K�T�i�B�Q�M �Q�7 �/�B���;�Q�M���H �+�Q�p���`�B���M�+�2 �i�Q �� �#�H�Q�+�F�@�/�B���;�Q�M���H

�+�Q�p���`�B���M�+�2�- �r�?�2�`�2 �H���i�2�M�i �+�?���M�M�2�H�b ���`�2 �T�2�`�K�B�i�i�2�/ �i�Q �`�2�i���B�M ���m�i�Q�`�2�;�`�2�b�b�B�Q�M �r�B�i�?�B�M �i�?�2�B�` �Q�r�M

�k�8



�+�?���M�M�2�H�X �6�Q�` �`�2�7�2�`�2�M�+�2�- �r�B�i�?T �i�B�K�2 �T�2�`�B�Q�/�b ���M�/k �H���i�2�M�i �+�?���M�M�2�H�b�- �i�?�2 �b�i���M�/���`�/ �/�B���;�Q�M���H

�H���i�2�M�i �+�Q�p���`�B���M�+�2 �B�b �;�B�p�2�M �#�v

� i =

2

6
6
6
6
4

� 2
1;i

�X�X�X

� 2
T;i

3

7
7
7
7
5

; � =

2

6
6
6
6
4

� 1

�X�X�X

� K

3

7
7
7
7
5

; �U�j�X�9�V

�r�?�2�`�2 �i�?�2 �Q�7�7�@�/�B���;�Q�M���H�b ���`�2 �x�2�`�Q �B�M� i ���M�/� �X �q�2 �r�B�H�H ���H�H�Q�r� i �i�Q �?���p�2 �M�Q�M�@�x�2�`�Q �Q�7�7�@�/�B���;�Q�M���H

�2�M�i�`�B�2�b�- �r�?�B�H�2 �K���B�M�i���B�M�B�M�; �x�2�`�Q�b �B�M� �7�Q�` ���H�H �Q�7�7�@�#�H�Q�+�F�@�/�B���;�Q�M���H �2�M�i�`�B�2�b�X

�_�2�H���i�2�/ �r�Q�`�F �B�M �i�?�B�b ���`�2�� �B�M�+�H�m�/�2�b �i�?�2� �@�o���1 �(�d�8�) ���M�/ �i�?�2 �:�S�S�S�o���1 �(�d�e�)�- ���M�/ �b�?���`�2�b

�K�Q�i�B�p���i�B�Q�M �r�B�i�? �J�m�+�?�B�M�b�F�B �2�i ���H�X�ö�b�*�?�Q�H�2�b�F�v�@�#���b�2�/ �K�m�H�i�B�p���`�B���i�2 �:���m�b�b�B���M � �̀2�;� �̀2�b�b�B�Q�M�(�d�d�)�X �h�?�2

� �@�o���1 �?���b �i�?�2 �b�i�`�Q�M�;�2�b�i �+�Q�M�M�2�+�i�B�Q�M �i�Q �i�?�2 �K�Q�/�2�H �T�`�2�b�2�M�i�2�/ �?�2�`�2�c �?�Q�r�2�p�2�`�- �i�?�2�`�2 ���`�2 �i�r�Q

�b�B�;�M�B�7�B�+���M�i �/�B�7�7�2�`�2�M�+�2�b�,

�R�X� �@�o���1 �m�b�2�b �i�r�Q �T���`���K�2�i�2�`�b �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �H���i�2�M�i �+�Q�p���`�B���M�+�2�- �r�?�B�+�? �`�2�b�i�`�B�+�i�b �i�?�2 �F�B�M�/�b

�Q�7 ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �T�`�Q�+�2�b�b �i�?�2 �K�Q�/�2�H �+���M �+���T�i�m�`�2�X

�k�X� �@�o���1 �/�Q�2�b �M�Q�i �T�`�2�b�2�`�p�2 �+�`�Q�b�b�@�+�?���M�M�2�H �B�M�/�2�T�2�M�/�2�M�+�2 �B�M �i�?�2 �H���i�2�M�i �b�T���+�2�- ���M�/ �i�?�2�`�2�7�Q�`�2�-

�/�Q�2�b �M�Q�i �T�`�2�b�2�`�p�2 �i�?�2 �M�Q�M�H�B�M�2���` ���#�b�i�`���+�i�B�Q�M �Q�7 �T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i�b�X

�j�X�j�X�R�*�Q�p���`�B���M�+�2 �r�B�i�?AR(Wp)

�a�T�2�+�B�7�B�+���H�H�v�- �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �B�M�+�H�m�b�B�Q�M �Q�7 ���MAR(pi ) �(�d�3�) �`�m�H�2 �7�Q�`i = 1; : : : ; k�X �A�M �;�2�M�2�`���H�- �7�Q�`

�Q�#�b�2�`�p���i�B�Q�M�bYt �- �r�2 �m�b�2 �1�[�m���i�B�Q�M �U�j�X�8�V �i�Q �/�2�M�Q�i�2 �i�?�2AR(pi ) �`�m�H�2�-

Yi;t = gi (Yi;t � pi ; : : : ; Yi;t � 1) ; �U�j�X�8�V

�k�e



�r�?�2�`�2gi �B�b �� �/�B�7�7�2�`�2�M�i�B���#�H�2�- �T�Q�b�b�B�#�H�v �M�Q�M�H�B�M�2���` �7�m�M�+�i�B�Q�M �7�Q�` �+�?���M�M�2�Hi �X �a�B�M�+�2pi �B�b �M�Q�i �F�M�Q�r�M

�� �T�`�B�Q�`�B�- �r�2 �/�2�b�B�;�M �� �?�v�T�2�`�@�T���`���K�2�i�2�`Wp = �K���tf p1; : : : ; pkg�- �r�?�B�+�? �?���b �i�?�2 ���/�/�2�/ �#�2�M�2�7�B�i

�Q�7 �H�B�K�B�i�B�M�; �#�B���b �Q�7 �T�`�B�Q�` �#�2�H�B�2�7�b �Q�M �i�?�2pi �ö�b�X �a�B�M�+�2 �2���+�?� i �B�b �b�v�K�K�2�i�`�B�+�- �r�2 ���H�H�Q�r �m�T �i�Q �kWp

�Q�7�7�@�/�B���;�Q�M���H�b �B�M �� �;�B�p�2�M �`�Q�r �i�Q �#�2 �M�Q�M�@�x�2�`�Q�X �6�Q�` �2�t���K�T�H�2�- �b�2�i�i�B�M�;Wp �4 �k�-

� i =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 2
1;i � 1;i � 2;i � 1;i � 3;i

� 1;i � 2;i � 2
2;i � 2;i � 3;i � 2;i � 4;i

� 1;i � 3;i � 2;i � 3;i � 2
3;i � 3;i � 4;i � 3;i � 5;i

�X�X�X
�X�X�X �X�X�X �X�X�X �X�X�X

� j � 2;i � j;i � j � 1;i � j;i � 2
j;i � j;i � j +1 ;i � j;i � j +2 ;i

�X�X�X
�X�X�X �X�X�X �X�X�X �X�X�X

� T � 2;i � T;i � T � 1;i � T;i � 2
T;i

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

:

�U�j�X�e�V

�L�Q�i�2 ���H�H �Q�i�?�2�` �2�M�i�`�B�2�b �B�M� i ���`�2 �b�2�i �i�Q �y�- �B�M �Q�`�/�2�` �i�Q �T�`�2�b�2�`�p�2 �i�?�2 �+�Q�M�b�i�`���B�M�i �Q�7 �+�Q�`�`�2�H���i�B�p�2�@

�T�2�`�T�2�M�/�B�+�m�H���` �/�B�`�2�+�i�B�Q�M�b �B�M �i�?�2 �H���i�2�M�i �b�T���+�2�X �q�?�2�M �B�K�T�H�2�K�2�M�i�B�M�; �i�?�B�b �b�i�`�m�+�i�m�`�2�- �B�i �B�b �B�K�@

�T�Q�`�i���M�i �i�?���i �#���i�+�?�2�b �/�Q �M�Q�i �b�T�H�B�i ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �`�2�H���i�B�Q�M�b�- �r�?�B�+�? �K�2���M�b �r�2 �K�m�b�i �+�?�Q�Q�b�2Wp
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DKL

�
N jj N̂

�
=

1
2

0

@�i�`
�

�̂ � 1�
�

� kT + ( �̂ � � )T �̂ � 1 (�̂ � � ) + �H�M
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�G�2�ix �#�2 �� � �̀2���H�B�x���i�B�Q�M �Q�7X � f (xj� ) ���M�/� (� ) �i�?�2 �T�`�B�Q�` �(�j�j�)�X �h�?�2�M

� (� jx) =
f (xj� ) � � (� )R
f (xj� ) � � (� )d�

: �U�j�X�R�k�V
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Ys �r�B�i�? �T�`�Q�#���#�B�H�B�i�v� (xs; Ys) ;

xs �r�B�i�? �T�`�Q�#���#�B�H�B�i�v1 � � (xs; Ys) ;
�U�j�X�R�9�V
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� �,

zs+1 = (1 � � ) zs + � s;1r zs kĤ (zs) � xk + N (0; � s;2) : �U�j�X�R�3�V

�q�2 �M�Q�i�2 �i�?�2� �T���`���K�2�i�2�` �`�2�H���t�2�b �i�?�2 �+�Q�M�M�2�+�i�B�Q�M �#�2�i�r�2�2�M �/�`���r�b�- ���M�/� s;2 �i�2�`�K ���+�i�b ���b ��
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�*�Q�M�p�2� �̀;�2�M�+�2 �B�b �p���H�B�/���i�2�/ �#�v �B�M�B�i�B���H�B�x�B�M�;N �b�2�T��� �̀��i�2 �+�?���B�M�b ���M�/ �K�Q�M�B�i�Q�`�B�M�; �i�?�2 � �̀Q�H�H�B�M�; �K�2���M

�Q�7 �2���+�? �+�?���B�M�X �A�7 �i�?�2N � �̀Q�H�H�B�M�; �K�2���M�b �+�Q�M�p�2� �̀;�2 ���M�/ �B�M�i�2�`�b�2�+�i �Q�M�2 ���M�Q�i�?�2�`�- �i�?�2�M �r�2 �+���M
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�+�Q�M�p�2� �̀;�2�M�+�2�- �r�2 �T�2�`�i�m�`�# �2���+�? �+�?���B�Mzs �T�2�`�B�Q�/�B�+���H�H�v�X �h�?�B�b �T� �̀2�p�2�M�i�b �+�?���B�M�b �7� �̀Q�K �;�2�i�i�B�M�; �b�i�m�+�F

�B�M �b�B�M�;�H�2 �K�Q�/�2�b�- ���M�/ ���b �� � �̀2�b�m�H�i�- ���+�i�b ���b �� � �̀2�;�m�H���`�B�x���i�B�Q�M�X

�q�2 �r�B�H�H �b�2�2 �B�M �*�?���T�i�2�`�8�i�?���i �J���G���@���T�T�`�Q�t �T���`�i�B���H�H�v �?�2�H�T�b �Q�p�2�`�+�Q�K�2 �T�Q�b�i�2�`�B�Q�` �+�Q�H�H���T�b�2 �B�M

�i�?�2 �o���1�- �#�m�i �+�Q�K�2�b ���i �� �b�B�;�M�B�7�B�+���M�i �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i�X ���/�/�B�i�B�Q�M���H�H�v�- �B�M �m�i�B�H�B�x�B�M�; �J���G���@

���T�T�`�Q�t�- �r�2 �H�Q�b�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �B�M �i�?�2 �H���i�2�M�i �b�T���+�2�X
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�*�?���T�i�2�` �9

�S�`�Q�T�Q�b�2�/ �J�2�i�?�Q�/�b�, �"�2�v�Q�M�/

�o���`�B���i�B�Q�M���H �G�2���`�M�B�M�; �r�B�i�? ���1�@�S�`�Q�#

�9�X�R�J�Q�i�B�p���i�B�Q�M�b ���M�/ �P�#�D�2�+�i�B�p�2�b

���b �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�i�B�Q�M�b�k�X�k�X�9���M�/�j�X�9�- �i�?�2 �b�i���M�/���`�/ �o���1 �H�Q�b�b �7�m�M�+�i�B�Q�M �T�`�2�b�2�M�i�b �i�?�2 �7�Q�H�H�Q�r�B�M�;

�+�?���H�H�2�M�;�2�b�,

�R�X�S�Q�b�i�2�`�B�Q�` �+�Q�H�H���T�b�2 �B�M �i�?�2 �i�B�K�2 �b�2�`�B�2�b ���T�T�H�B�+���i�B�Q�M �/�Q�K���B�M�c

�k�X�G���+�F �Q�7 �/�B�`�2�+�i �+�Q�M�M�2�+�i�B�Q�M�b �#�2�i�r�2�2�M �H���i�2�M�i �K�Q�K�2�M�i�b ���M�/ �K�Q�K�2�M�i�b �B�M �i�?�2 �/���i�� �/�B�b�i�`�B�#�m�@

�i�B�Q�M�c

�j�X�_�2�b�i�`�B�+�i�b �H���i�2�M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �i�Q �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b�X

�l�i�B�H�B�x���i�B�Q�M �Q�7 �J���G���@���T�T�`�Q�t�- ���H�H�2�p�B���i�2�b �K�Q�/�2 �+�Q�H�H���T�b�2 ���M�/ �i�?�2 �:���m�b�b�B���M �`�2�b�i�`�B�+�i�B�Q�M�- �#�m�i �B�M

���/�/�B�i�B�Q�M �i�Q �B�i�b �+�Q�K�T�m�i���i�B�Q�M���H �2�t�T�2�M�b�2�- �i�?�2�`�2 �`�2�K���B�M �M�Q �+�?���M�M�2�H�b �Q�7 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2

�H���i�2�M�i �b�T���+�2 �K�Q�K�2�M�i�b �i�Q �i�?�Q�b�2 �Q�7 �i�?�2 �/���i�� �/�B�b�i�`�B�#�m�i�B�Q�M�X

�A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �K�Q�/�2�H�- �r�?�B�+�? �r�2 �;�B�p�2 �i�?�2 �M���K�2 ���1�@�S�`�Q�#(M )�- �r�2 �#�m�B�H�/ �� �;�2�M�2�`���i�B�p�2 ���1 �r�B�i�?

�� �H�Q�b�b �7�m�M�+�i�B�Q�M �i�?���i �T�`�2�p�2�M�i�b �i�?�2 ���#�Q�p�2 �+�?���H�H�2�M�;�2�b�X �>�2�`�2�-M �B�b ���M �2�p�2�M �B�M�i�2�;�2�` �`�2�T�`�2�b�2�M�i�B�M�;

�i�?�2 �M�m�K�#�2�` �Q�7 �H���i�2�M�i �K�Q�K�2�M�i�b �2�t�T�H�B�+�B�i�H�v �K�Q�/�2�H�2�/�X �q�?�2�MM = 2�- �i�?�2 �H���i�2�M�i �b�T���+�2 �B�b �:���m�b�b�B���M�-
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���M�/ �r�2 �Q�K�B�iM �X �q�?�B�H�2 �T�`�2�p�B�Q�m�b �`�2�b�2���`�+�? �?���b �B�M�p�2�b�i�B�;���i�2�/ �;�2�M�2�`���H�B�x���i�B�Q�M�b �Q�7 �H���i�2�M�i �b�T���+�2 �b�m�+�?

���b �(�d�e�-�3�j�) ���M�/ �(�d�9�)�- �i�?�2�b�2 �K�2�i�?�Q�/�b �/�Q �M�Q�i �T�`�Q�p�B�/�2 ���M �2�t�T�H�B�+�B�i �D�Q�B�M�i �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �H���i�2�M�i

���M�/ �/���i�� �K�Q�K�2�M�i�b�X �q�2 �2�b�i���#�H�B�b�? �i�?�2�b�2 �+�Q�M�M�2�+�i�B�Q�M�b �r�B�i�?�Q�m�i �B�X�B�X�/�X ���b�b�m�K�T�i�B�Q�M�b �i�?�`�Q�m�;�? ��

�b�[�m�2�2�x�2 �T�`�B�M�+�B�T�H�2 �Q�M �2�t�T�H���B�M�2�/ �2�M�i�`�Q�T�v�X

���b �/�B�b�+�m�b�b�2�/ �B�M �*�?���T�i�2�`�R�- �r�?�2�M �i�?�2 �T�`�Q�#�H�2�K �B�b �H�B�M�2���` ���M�/ �:���m�b�b�B���M�- �2�t�T�H���B�M�2�/ �p���`�B���M�+�2

�Q�#�i���B�M�2�/ �i�?�`�Q�m�;�? �S�*�� �B�b �2�[�m�B�p���H�2�M�i �i�Q �2�t�T�H���B�M�2�/ �2�M�i�`�Q�T�v�X �>�Q�r�2�p�2�`�- �B�M �i�?�2 �;�2�M�2�`���H �M�Q�M�H�B�M�2���`

���M�/ �M�Q�M�@�:���m�b�b�B���M �b�2�i�i�B�M�;�- �2�t�T�H���B�M�B�M�; �p���`�B���M�+�2 �/�Q�2�b �M�Q�i �B�M �;�2�M�2�`���H �2�t�T�H���B�M �2�M�i�`�Q�T�v�X �>�2�M�+�2�- �i�Q
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�r�B�i�? �� �;�2�M�2�`���HM �X �6�B�M���H�H�v�- �r�?�B�H�2 �i�?�2 �K�Q�/�2�H ���`�+�?�B�i�2�+�i�m�`�2 �+�?���M�;�2�b �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �p���H�m�2 �Q�7

M �- �B�M �i�?�2 �:���m�b�b�B���M �+���b�2�- �r�2 �m�b�2 �i�?�2 �b���K�2 ���`�+�?�B�i�2�+�i�m�`�2 ���b �i�?�2 �b�i���M�/���`�/ �o���1�X
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�a�B�M�+�2 �r�2 �r�B�H�H �m�i�B�H�B�x�2 �� �T�`�B�M�+�B�T�H�2 �Q�7 �2�t�T�H���B�M�2�/ �2�M�i�`�Q�T�v�- �r�2 �#�2�;�B�M �r�B�i�? �� �`�2�p�B�2�r �Q�7 �+�Q�M�i�B�M�m�Q�m�b

�Q�` �/�B�7�7�2�`�2�M�i�B���H �2�M�i�`�Q�T�v�X

�.�2�7�B�M�B�i�B�Q�M �9�X�R�U�a�?���M�M�Q�M�ö�b �.�B�7�7�2�`�2�M�i�B���H �1�M�i�`�Q�T�v�V

�h�?�2 �+�H���b�b�B�+���H �2�t�i�2�M�b�B�Q�M �Q�7 �a�?���M�M�Q�M�ö�b �/�B�b�+� �̀2�i�2 �2�M�i� �̀Q�T�v �i�Q �i�?�2 �+�Q�M�i�B�M�m�Q�m�b �/�Q�K���B�M �B�b �;�B�p�2�M �#�v�-

es(X ) = �
Z

f (x) �H�M(f (x)) dx; �U�9�X�R�V

�r�?�2� �̀2f (X ) �B�b �i�?�2 �S�.�6 �Q�7X �(�j�k�)�X ���/�/�B�i�B�Q�M���H�H�v�- �+�Q�M�/�B�i�B�Q�M���H ���M�/ �D�Q�B�M�i �/�B�7�7�2� �̀2�M�i�B���H �2�M�i� �̀Q�T�v
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��� �̀2 �/�2�7�B�M�2�/ ���b �7�Q�H�H�Q�r�b�,

es(X j Y) = �
Z

f (x; y) �H�M(f (x j y)) dx dy �U�+�Q�M�/�B�i�B�Q�M���H �2�M�i� �̀Q�T�v�V�(�j�k�) �U�9�X�k�V

es(X; Y ) = �
Z

f (x; y) �H�M(f (x; y)) dx dy �U�D�Q�B�M�i �2�M�i� �̀Q�T�v�V�(�j�k�)�X �U�9�X�j�V

�� �r�2�H�H�@�F�M�Q�r�M �`�2�b�m�H�i �b�i���i�2�b �i�?���i ���7�i�2�` �7�B�t�B�M�; �i�?�2 �7�B�`�b�i �i�r�Q �K�Q�K�2�M�i�b �i�?�2 �:���m�b�b�B���M ���i�i���B�M�b

�K���t�B�K�m�K �2�M�i�`�Q�T�v �(�j�k�)�X �>�2�`�2 �r�2 �T�`�Q�p�B�/�2 �i�?�2 �+�H�Q�b�2�/�@�7�Q�`�K �2�t�T�`�2�b�b�B�Q�M �7�Q�` �:���m�b�b�B���M �2�M�i�`�Q�T�v�X

�_�2�K���`�F �9�X�k�U�a�?���M�M�Q�M�ö�b �J���t�B�K���H �1�M�i�`�Q�T�v�V

�G�2�i� ���M�/� �#�2 �i�?�2 �K�2���M ���M�/ �b�v�K�K�2�i�`�B�+ �T�Q�b�B�i�B�p�2�@�/�2�7�B�M�B�i�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �Q�7 �� �+�Q�M�i�B�M�m�Q�m�b

� �̀��M�/�Q�K �p���`�B���#�H�2X � N (�; �) �X �h�?�2�M �7�Q�` ���M�vY � F �r�B�i�?E[Y] = � ���M�/�*�Q�p[Y] = � �-

es(Y) � es(X ): �U�9�X�9�V

�6�m�`�i�?�2�`�K�Q� �̀2�-

es(N (�; �)) =
n
2

(1 + �H�M(2� )) +
1
2

�H�M(j� j) ; �U�9�X�8�V

�r�?�2� �̀2� 2 Rn� n ���M�/j � j � �̀2�7�2�`�b �i�Q �i�?�2 �/�2�i�2�`�K�B�M���M�i�X

�L�Q�i�2eS(N (�; �)) �+���M �#�2 �M�2�;���i�B�p�2 �7�Q�` �b�K���H�Hn ���M�/ �B�H�H�@�+�Q�M�/�B�i�B�Q�M�2�/� �X

�_�2�K���`�F �9�X�j�U�S�Q�b�B�i�B�p�B�i�v �*�Q�M�/�B�i�B�Q�M �7�Q�` �:���m�b�b�B���M �1�M�i�`�Q�T�v�V

�G�2�i� 2 Rn� n �X �h�?�2�M �r�2 �?���p�2

j� j >
1

(2� )n
�2�t�T(� n) �U�9�X�e�V

es(N (�; �)) > 0: �U�9�X�d�V
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�a�B�M�+�2� �B�b �T�Q�b�B�i�B�p�2 �/�2�7�B�M�B�i�2�- �B�i�b �/�2�i�2�`�K�B�M���M�i �B�b �M�Q�M�@�x�2� �̀Q�X �h���F�B�M�;n ! + 1 �- �r�2 �b�2�2 �7�Q�` �H��� �̀;�2

�/�B�K�2�M�b�B�Q�M�b �i�?���i �T�Q�b�B�i�B�p�2 �2�M�i� �̀Q�T�v �B�b �p�2�`�v �H�B�F�2�H�v�X

�� �;�2�M�2�`���H �+�Q�M�b�i�`���B�M�i �7�Q�` �T�Q�b�B�i�B�p�2 �a�?���M�M�Q�M �2�M�i�`�Q�T�v �B�b �M�Q�i �F�M�Q�r�M ���i �i�?�2 �i�B�K�2 �Q�7 �i�?�B�b �`�2�b�2���`�+�?�c

�?�Q�r�2�p�2�`�- �r�2 �`�2�[�m�B�`�2 �M�Q�M�@�M�2�;���i�B�p�B�i�v �B�M �/�2�`�B�p�B�M�; �i�?�2 ���1�@�S�`�Q�#�U�J�V �K�Q�/�2�H�X �q�?�B�H�2 ���M ���H�i�2�`�M���@

�i�B�p�2 �/�2�7�B�M�B�i�B�Q�M �Q�7 �/�B�7�7�2�`�2�M�i�B���H �2�M�i�`�Q�T�v �;�B�p�2�M �#�v �C���v�M�2�b �(�3�9�) �T�`�Q�p�B�/�2�b �i�?�B�b �M�Q�M�@�M�2�;���i�B�p�B�i�v�- �i�?�2

�B�M�p���`�B���M�i �K�2���b�m�`�2 �B�M�i�`�Q�/�m�+�2�b �M�2�r �/�B�7�7�B�+�m�H�i�B�2�b�X ���b �� �`�2�b�m�H�i�- �r�2 ���b�b�m�K�2 �i�?���i �i�?�2 �p���`�B���#�H�2�b �Q�7

�B�M�i�2�`�2�b�i �2�B�i�?�2�` �?���p�2 �M�Q�M�@�M�2�;���i�B�p�2 �2�M�i�`�Q�T�v �Q�` �+���M �#�2 �i�`���M�b�7�Q�`�K�2�/ �i�Q �� �`���M�/�Q�K �p���`�B���#�H�2 �r�B�i�?

�M�Q�M�@�M�2�;���i�B�p�2 �2�M�i�`�Q�T�v�X �A�M �i�?�2 �:���m�b�b�B���M �+���b�2�- �i�?�B�b ���b�b�m�K�T�i�B�Q�M �B�b �K�B�M�B�K���H�H�v �`�2�b�i�`�B�+�i�B�p�2 ���;���B�M�b�i

�M�Q�M�@�/�2�;�2�M�2�`���i�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b�X �6�Q�` �i�?�2 �M�Q�M�@�:���m�b�b�B���M �+���b�2�- �7�m�`�i�?�2�` �`�2�b�2���`�+�? �r�B�H�H �M�2�2�/

�i�Q �B�/�2�M�i�B�7�v �i�?�2 �F�B�M�/�b �Q�7 �/�B�b�i�`�B�#�m�i�B�Q�M�b �r�2 ���`�2 �2�t�+�H�m�/�B�M�;�X

���b�b�m�K�T�i�B�Q�M �9�X�9�U�S�Q�b�B�i�B�p�2 �a�?���M�M�Q�M �1�M�i�`�Q�T�v�V

�h�?�2 �/���i�� �+�Q�K�2�b �7� �̀Q�K �� �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �T�Q�b�B�i�B�p�2 �a�?���M�M�Q�M �2�M�i� �̀Q�T�v�X �h�?���i �B�b�-�s � F �r�B�i�?

es(F ) > 0�X

�L�Q�r �r�2 �/�2�`�B�p�2 �b�Q�K�2 �`�2�b�m�H�i�b �7�Q�` �i�?�2 �+���b�2 �Q�7 �T�Q�b�B�i�B�p�2 �a�?���M�M�Q�M �2�M�i�`�Q�T�v �`���M�/�Q�K �p���`�B���#�H�2�b�X

�S�`�Q�T�Q�b�B�i�B�Q�M �9�X�8�U�C�Q�B�M�i �1�M�i�`�Q�T�v �"�Q�m�M�/�b �A�M�/�B�p�B�/�m���H �1�M�i�`�Q�T�B�2�b�V�X�G�2�i �s�-�u �#�2 �i�r�Q �+�Q�M�i�B�M�m�Q�m�b

� �̀��M�/�Q�K �p���`�B���#�H�2�b �i�?���i �?���p�2 �B�M�/�B�p�B�/�m���H ���M�/ �+�Q�M�/�B�i�B�Q�M���H �T�Q�b�B�i�B�p�2 �2�M�i� �̀Q�T�B�2�b �m�M�/�2�` �.�2�7�B�M�B�i�B�Q�M

�9�X�R�X �h�?���i �B�bes(X ); es(Y); es(X jY); es(Y jX ) > 0�X �h�?�2�M �r�2 �?���p�2�-

es(X; Y ) > �K���tf es(X ); es(Y)g: �U�9�X�3�V

�j�e



�S� �̀Q�Q�7�X�*�Q�M�b�B�/�2�` �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �2�M�i�`�Q�T�v�,

es(X jY) = �
Z Z

f (x; y) �H�M(f (xjy)) dx dy

= �
Z Z

f (x; y) �H�M
�

f (x; y)
f y(y)

�
dx dy

= �
Z Z

f (x; y) ( ln (f (x; y)) � ln (f y(y))) dx dy

= es(X; Y ) +
Z Z

f (x; y) �H�M(f y(y)) dx dy

= es(X; Y ) +
Z � Z

f (x; y)dx
�

�H�M(f y(y)) dy

= es(X; Y ) +
Z

f y(y) �H�M(f y(y)) dy

= es(X; Y ) � es(Y)

�h�?�2�`�2�7�Q�`�2es (X; Y ) = es (X jY) + es (Y) :

�"�v �b�v�K�K�2�i�`�v�- �r�2 �?���p�2

es(X; Y ) > �K���tf es(X ); es(Y)g:

���b �� �+�Q�`�Q�H�H���`�v�- �r�2 �+���M �#�Q�m�M�/ �i�?�2 �D�Q�B�M�i �2�M�i�`�Q�T�v �#�v �i�?�2 ���p�2�`���;�2 �2�M�i�`�Q�T�v�X

�*�Q�`�Q�H�H���`�v �9�X�e�U�C�Q�B�M�i �1�M�i�`�Q�T�v �"�Q�m�M�/�b ���p�2�`���;�2 �1�M�i�`�Q�T�v�V�X�G�2�i �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �Q�7 �S� �̀Q�T�Q�b�B�i�B�Q�M

�9�X�8�#�2 �b���i�B�b�7�B�2�/�X �h�?�2�M �i�?�2 �D�Q�B�M�i �2�M�i� �̀Q�T�v �#�Q�m�M�/�b �i�?�2 ���p�2� �̀��;�2 �B�M�/�B�p�B�/�m���H �2�M�i� �̀Q�T�v�,

es(X; Y ) >
1
2

(es(X ) + es(Y)) : �U�9�X�N�V

���H�b�Q�- �r�2 �+���M �2�t�i�2�M�/ �S�`�Q�T�Q�b�B�i�B�Q�M�9�X�8�i�QN �`���M�/�Q�K �p���`�B���#�H�2�b �Q�7 �T�Q�b�B�i�B�p�2 �2�M�i�`�Q�T�v�X

�j�d



�S�`�Q�T�Q�b�B�i�B�Q�M �9�X�d�U�C�Q�B�M�i �1�M�i�`�Q�T�v �"�Q�m�M�/�b �A�M�/�B�p�B�/�m���H �1�M�i�`�Q�T�B�2�b�,N �@�.�B�K�2�M�b�B�Q�M���H�V�X�G�2�if X i gN
i =1

�#�2 �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �+�Q�M�i�B�M�m�Q�m�b � �̀��M�/�Q�K �p���`�B���#�H�2�b �i�?���i �?���p�2 �B�M�/�B�p�B�/�m���H ���M�/ �+�Q�M�/�B�i�B�Q�M���H �T�Q�b�B�i�B�p�2

�2�M�i� �̀Q�T�v �m�M�/�2�` �.�2�7�B�M�B�i�B�Q�M�9�X�R�X �h�?�2�M�-

es(X 1; : : : ; X N ) > �K���tf es(X i )g �U�9�X�R�y�V

���M�/

es(X 1; : : : ; X N ) >
1
N

NX

i =1

es(X i ): �U�9�X�R�R�V

�S� �̀Q�Q�7�X�6�Q�H�H�Q�r�b �7�`�Q�K ���M �B�M�/�m�+�i�B�p�2 ���`�;�m�K�2�M�i �r�B�i�? �S�`�Q�T�Q�b�B�i�B�Q�M�9�X�8���b �i�?�2 �#���b�2 �+���b�2�X

�S�`�Q�T�Q�b�B�i�B�Q�M �9�X�3�U�C�Q�B�M�i �1�M�i�`�Q�T�v �l�T�T�2�` �"�Q�m�M�/�V�X�G�2�if X i gN
i =1 �#�2 �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �+�Q�M�i�B�M�m�Q�m�b

� �̀��M�/�Q�K �p���`�B���#�H�2�b�X �h�?�2�M �i�?�2 �D�Q�B�M�i �2�M�i� �̀Q�T�v �B�b �#�Q�m�M�/�2�/ ���#�Q�p�2 �#�v �i�?�2 �b�m�K �Q�7 �i�?�2 �B�M�/�B�p�B�/�m���H

�2�M�i� �̀Q�T�B�2�b�,

es(X 1; : : : ; X N ) �
NX

i =1

es(X i ): �U�9�X�R�k�V

�S� �̀Q�Q�7�X�a�2�2 �i�?�2 �*�Q�`�Q�H�H���`�v �;�B�p�2�M �#�v �1�[�m���i�B�Q�M �U�3�X�e�j�V �Q�M �T���;�2 �k�8�j �Q�7�1�H�2�K�2�M�i�b �Q�7 �A�M�7�Q�`�K���i�B�Q�M

�h�?�2�Q�`�v�#�v �*�Q�p�2�` ���M�/ �h�?�Q�K���b �(�j�k�)�X

�9�X�j �L�Q�i���i�B�Q�M ���M�/ ���b�b�m�K�T�i�B�Q�M�b

���b �i�?�2 �`�2�K���B�M�B�M�; �T�`�2�H�B�K�B�M���`�v �b�i�2�T �i�Q �/�2�`�B�p�B�M�; ���1�@�S�`�Q�#�U�J�V�- �r�2 �M�2�2�/ �i�Q �b�T�2�+�B�7�v �M�Q�i���i�B�Q�M�X

�q�2 ���b�b�B�;�M �H���#�2�H�b �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�7�2�`�2�M�+�2�b�,

�Ç �h�?�2 �i�`�m�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�` �i�B�K�2 �T�2�`�B�Q�/t�, Xt � Ft �r�B�i�?t = 1; : : : ; T�c

�j�3



�Ç �C�Q�B�M�i�- �i�`�m�2 �/�B�b�i�`�B�#�m�i�B�Q�M�,�X � �F �c

�Ç �_�2���H�B�x�2�/ �/���i���,�s �4 [x1; x2; : : : ; xT ]T �- �r�B�i�?�t �i ���M �Q�#�b�2�`�p�2�/ �`���M�/�Q�K �/�`���r �7�`�Q�KFt �c

�Ç �h�?�2 �H���i�2�M�i �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�` �i�B�K�2 �T�2�`�B�Q�/t�, Z t �4 N (� t ; � t )�c

�Ç �C�Q�B�M�i�- �H���i�2�M�i �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�,�Z �4 N (��; �) �X

�q�2 ���H�b�Q �M�2�2�/ �i�Q �+�Q�M�b�B�/�2�` ���b�b�m�K�T�i�B�Q�M�b ���#�Q�m�i �i�?�2 �i�`�m�2 �/�B�b�i�`�B�#�m�i�B�Q�M�F �X �_�2�+���H�H �i�?���i �� �K�Q�i�B�p���i�B�Q�M

�7�Q�` �/�2�b�B�;�M�B�M�; ���1�@�S�`�Q�#�U�J�V �B�b �i�Q �D�Q�B�M�i�H�v ���M�/ �/�B�`�2�+�i�H�v �2�t�T�H���B�M �H���i�2�M�i �K�Q�K�2�M�i�b �r�B�i�? �i�?�Q�b�2 �Q�7

�i�?�2 �/���i�� �/�B�b�i�`�B�#�m�i�B�Q�M�X �A�M �Q�`�/�2�` �i�Q �/�Q �b�Q�- �r�2 �K�m�b�i �#�2 ���#�H�2 �i�Q �K�2���b�m�`�2 �i�?�2�b�2 �K�Q�K�2�M�i�b�X �h�?�B�b

�B�b �`�2�T�`�2�b�2�M�i�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; ���b�b�m�K�T�i�B�Q�M�X

���b�b�m�K�T�i�B�Q�M �9�X�N�U�6�B�M�B�i�2 �1�t�T�2�+�i���i�B�Q�M ���M�/ �o���`�B���M�+�2�V

�h�?�2 �i�`�m�2 �K��� �̀;�B�M���H ���M�/ �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�7Xt ���M�/ �X �?���p�2 �/�2�7�B�M�2�/ �K�Q�K�2�M�i �;�2�M�2� �̀��i�B�M�;

�7�m�M�+�i�B�Q�M�b �Q�7 �/�2�;� �̀2�2 ���i �H�2���b�i �i�r�Q�X

�A�K�T�Q�`�i���M�i�H�v�- �r�2 �T�H���+�2 �M�Q ���b�b�m�K�T�i�B�Q�M�b �Q�M �i�?�2 �/���i�� �;�2�M�2�`���i�B�M�; �T�`�Q�+�2�b�b�X ���b �r�2 �r�B�H�H �b�?�Q�r�- �i�?�2

�+�Q�K�K�Q�M ���b�b�m�K�T�i�B�Q�M �Q�7 �B�X�B�X�/�X �B�b �+���T�i�m�`�2�/ �#�v �i�?�2 �K�Q�/�2�H �/�2�p�2�H�Q�T�K�2�M�i�- �r�?�2�M �i�?�2 �/���i�� �B�b �B�X�B�X�/�X

�A�M �K���i�+�?�B�M�; �?�B�;�?�2�`�@�Q�`�/�2�` �K�Q�K�2�M�i�b�- �r�2 �r�B�H�H �m�i�B�H�B�x�2 �i�?�2 �b�[�m�2�2�x�2 �T�`�B�M�+�B�T�H�2 �i�Q �2�t�T�H���B�M �2�M�i�`�Q�T�v�X

�A�M �Q�`�/�2�` �i�Q ���+�+�Q�K�T�H�B�b�? �i�?�B�b �i���b�F�- �r�2 �B�M�i�`�Q�/�m�+�2 �7�m�M�+�i�B�Q�M ���i�i�`�B�#�m�i�2�b �i�?���i �r�2 �+���H�H�o���`�B���M�+�2�@

�*�Q�M�b�B�b�i�2�M�+�v���M�/�1�M�i� �̀Q�T�v�@�*�Q�M�b�B�b�i�2�M�+�v�X

�.�2�7�B�M�B�i�B�Q�M �9�X�R�y�U�o���`�B���M�+�2�@�*�Q�M�b�B�b�i�2�M�i ���M�/ �1�M�i�`�Q�T�v�@�*�Q�M�b�B�b�i�2�M�i �L�L�b�V

�G�2�if : A ! B �#�2 �� �M�2�m� �̀��H �M�2�i�r�Q�`�F�- �r�B�i�?A � Rn1 � m1 ���M�/B � Rn2 � m2 �X �G�2�iX; Y �#�2 �i�r�Q

� �̀��M�/�Q�K �p���`�B���#�H�2�b �Q�7 �/�B�K�2�M�b�B�Q�M�bn1 � m1 �i�?���i �i���F�2 �Q�M �p���H�m�2�b �B�MA�X �q�2 �b���vf �B�b�p���`�B���M�+�2�@

�+�Q�M�b�B�b�i�2�M�i�B�7

j�*�Q�p(X )j � j �*�Q�p(Y)j �4) j �*�Q�p(f (X )) j � j �*�Q�p(f (Y)) j; �U�9�X�R�j�V

�j�N



���M�/�2�M�i� �̀Q�T�v�@�+�Q�M�b�B�b�i�2�M�i�B�7

es(X ) � es(Y) �4) es(f (X )) � es(f (Y)): �U�9�X�R�9�V

�1�t���K�T�H�2 �9�X�R�R�U���1�b ���`�2 �o���`�B���M�+�2 ���M�/ �1�M�i�`�Q�T�v �*�Q�M�b�B�b�i�2�M�i�V

�G�2�if : A ! B �#�2 ���M ���1�X �a�B�M�+�2f (X ) = X �-f �B�b �#�Q�i�? �p���`�B���M�+�2 ���M�/ �2�M�i� �̀Q�T�v �+�Q�M�b�B�b�i�2�M�i�X

�1�t���K�T�H�2 �9�X�R�k�U�A�M�p�2�`�i�B�#�H�2 �G�B�M�2���` �6�m�M�+�i�B�Q�M�b ���`�2 �o���`�B���M�+�2 �*�Q�M�b�B�b�i�2�M�i�V

�G�2�if : A ! B �#�2 ���M �B�M�p�2�`�i�B�#�H�2 �H�B�M�2���` �7�m�M�+�i�B�Q�M�X �h�?�2�Mf (X ) = UX �7�Q�` �b�Q�K�2U 2 B�- �r�?�2� �̀2

jUj 6= 0�X ���b�b�m�K�2j�*�Q�p(Y)j � j �*�Q�p(X )j�X �h�?�2�M �r�2 �?���p�2

j�*�Q�p(f (X )) j = jU�*�Q�p(X )UT j

= jUj � j �*�Q�p(X )j � jUj

� jUj � j �*�Q�p(Y)j � jUj

= jU�*�Q�p(Y)UT j

= j�*�Q�p(f (Y)) j

�1�t���K�T�H�2 �9�X�R�j�U�o���`�B���M�+�2 �*�Q�M�b�B�b�i�2�M�i �A�K�T�H�B�2�b �1�M�i�`�Q�T�v �*�Q�M�b�B�b�i�2�M�i �7�Q�` �:���m�b�b�B���M�b�V

�q�?�2�MX; Y ���M�/ �i�?�2�B�` �B�K���;�2�b �m�M�/�2�`f ��� �̀2 �:���m�b�b�B���M�- �b�m�+�? ���b �i�?�2 �+���b�2 �r�?�2�MX; Y ��� �̀2 �:���m�b�b�B���M

���M�/f �B�b �H�B�M�2���`�- �p���`�B���M�+�2 �+�Q�M�b�B�b�i�2�M�i �B�K�T�H�B�2�b �2�M�i� �̀Q�T�v �+�Q�M�b�B�b�i�2�M�i�X �h�?�B�b �7�Q�H�H�Q�r�b �7� �̀Q�K �:���m�b�b�B���M�b

�?���p�B�M�; �K���t�B�K���H �2�M�i� �̀Q�T�v�X

�A�M �;�2�M�2�`���H�- �i�?�2 �+�Q�K�T�Q�b�B�i�2 �7�m�M�+�i�B�Q�M�b �Q�7 ���M ���1 �M�2�2�/ �M�Q�i �#�2 �p���`�B���M�+�2 �Q�` �2�M�i�`�Q�T�v �+�Q�M�b�B�b�i�2�M�i�X

�>�Q�r�2�p�2�`�- �B�7 �2�B�i�?�2�` �i�?�2 �2�M�+�Q�/�2�` �Q�` �/�2�+�Q�/�2�` �B�b �p���`�B���M�+�2 �+�Q�M�b�B�b�i�2�M�i�- �i�?�2�M �i�?�2 �Q�i�?�2�` �+�Q�K�T�Q�b�B�i�2

�M�2�i�r�Q�`�F �K�m�b�i �#�2 �p���`�B���M�+�2 �+�Q�M�b�B�b�i�2�M�i�X

�S�`�Q�T�Q�b�B�i�B�Q�M �9�X�R�9�U�o���`�B���M�+�2 �*�Q�M�b�B�b�i�2�M�i �1�M�+�Q�/�2�` �A�K�T�H�B�2�b �o���`�B���M�+�2 �*�Q�M�b�B�b�i�2�M�i �.�2�+�Q�/�2�`�V�X�G�2�i

AE = Ĥ � Ĝ �#�2 ���M ���m�i�Q�2�M�+�Q�/�2�` �M�2�m� �̀��H �M�2�i�r�Q�`�F�X �G�2�i �: �#�2 �p���`�B���M�+�2 �+�Q�M�b�B�b�i�2�M�i�X �h�?�2�M �> �K�m�b�i

�9�y



���H�b�Q �#�2 �p���`�B���M�+�2 �+�Q�M�b�B�b�i�2�M�i�X

�S� �̀Q�Q�7�X�G�2�ij�*�Q�p[X ]j � j �*�Q�p[Y]j �7�Q�` �i�r�Q �`���M�/�Q�K �p���`�B���#�H�2�bX; Y �i���F�B�M�; �Q�M �p���H�m�2�b �B�M �.�Q�K(Ĝ)�-

���M�/ �H�2�iĜ �#�2 �p���`�B���M�+�2 �+�Q�M�b�B�b�i�2�M�i�X �"�v �?�v�T�Q�i�?�2�b�B�b�-j�*�Q�p[Ĝ(X )]j � j �*�Q�p[Ĝ(Y)]j�X �G�2�iZx =

Ĝ(X ) ���M�/Zy = Ĝ(Y)�X �"�v �/�2�7�B�M�B�i�B�Q�M �Q�7 �i�?�2 �/�2�+�Q�/�2�`Ĥ �- �r�2 �?���p�2Ĥ (Zx ) = X ���M�/Ĥ (Zy) = Y�X

�"�v �i�?�2 �?�v�T�Q�i�?�2�b�B�b �i�?���ij�*�Q�p[X ]j � j �*�Q�p[Y]j�- �r�2 �?���p�2j�*�Q�p[Ĥ (Zx )]j � j �*�Q�p[Ĥ (Zy)]j�X

�h�?�2 �M�Q�i�B�Q�M �Q�7 �p���`�B���M�+�2�@�+�Q�M�b�B�b�i�2�M�i ���M�/ �2�M�i�`�Q�T�v�@�+�Q�M�b�B�b�i�2�M�i �L�L�b �r�B�H�H �#�2�+�Q�K�2 �B�K�T�Q�`�i���M�i �7�Q�` �i�?�2

�/�2�+�Q�/�2�` �i�Q �#�2�b�i �2�t�T�H���B�M �i�?�2 �2�M�i�`�Q�T�v �Q�7 �i�?�2 �i�`�m�2 �/�B�b�i�`�B�#�m�i�B�Q�M�b�X �>�2�`�2 �r�2 �b�i���i�2 �i�?�2 �`�2�K���B�M�B�M�;

���b�b�m�K�T�i�B�Q�M �7�Q�` �/�2�`�B�p�B�M�; ���1�@�S�`�Q�#�UM �V�X

���b�b�m�K�T�i�B�Q�M �9�X�R�8�U�o���`�B���M�+�2 ���M�/ �1�M�i�`�Q�T�v �*�Q�M�b�B�b�i�2�M�i �.�2�+�Q�/�2�`�V

�h�?�2 �M�2�m� �̀��H �M�2�i�r�Q�`�F �/�2�+�Q�/�2�`Ĥ �B�b �� �p���`�B���M�+�2�@�+�Q�M�b�B�b�i�2�M�i ���M�/ �2�M�i� �̀Q�T�v�@�+�Q�M�b�B�b�i�2�M�i �M�2�i�r�Q�`�F�X

�9�X�9�:���m�b�b�B���M �G���i�2�M�i �a�T���+�2

�L�Q�r �r�2 �/�2�`�B�p�2 ���1�@�S�`�Q�#�UM �V �r�B�i�? �� �:���m�b�b�B���M �H���i�2�M�i �b�T���+�2�- �r�?�B�+�? �r�2 ���#�#�`�2�p�B���i�2 ���1�@�S�`�Q�#�X

�6�B�`�b�i �r�2 �r�B�H�H �T���B�` �i�?�2 �7�B�`�b�i �H���i�2�M�i �K�Q�K�2�M�i �r�B�i�? �i�?�2 �i�`�m�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �/���i���X �h�?�2�M �r�2

�r�B�H�H �+�Q�M�b�i�`�m�+�i �� �+�?���B�M �Q�7 �2�M�i�`�Q�T�v �B�M�2�[�m���H�B�i�B�2�b �r�B�i�? �i�?�2 �2�b�i�B�K���i�2�/ ���M�/ �i�`�m�2 �/�B�b�i�`�B�#�m�i�B�Q�M �B�M

�#�2�i�r�2�2�M �:���m�b�b�B���M �m�T�T�2�` ���M�/ �H�Q�r�2�` �#�Q�m�M�/�b�X ���7�i�2�`�r���`�/�b�- �r�2 �r�B�H�H �b�[�m�2�2�x�2 �i�?�2 �m�T�T�2�` ���M�/ �H�Q�r�2�`

�#�Q�m�M�/�b �r�B�i�? �� �H�Q�b�b �7�m�M�+�i�B�Q�M �i�Q�2�t�T�H���B�M�i�?�2 �2�M�i�`�Q�T�v �Q�7 �i�?�2 �i�`�m�2 �/���i�� �/�B�b�i�`�B�#�m�i�B�Q�M�X �L�2�t�i �r�2

�r�B�H�H �T�`�2�b�2�M�i �� �`�2�;�m�H���`�B�x���i�B�Q�M �b�+�?�2�K�2 ���M�/ �2�p���H�m���i�2 �i�?�2 �K�Q�/�2�H ���;���B�M�b�i �i�?�2 �b�i���M�/���`�/ �o���1�X
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�9�X�9�X�R�J���i�+�?�B�M�; �i�?�2 �6�B�`�b�i �J�Q�K�2�M�i

�a�B�M�+�2�Z �B�b �:���m�b�b�B���M�- �B�i�b �2�M�i�`�Q�T�v �B�b �2�M�i�B�`�2�H�v �/�2�i�2�`�K�B�M�2�/ �#�v �B�i�b �p���`�B���M�+�2�X �h�?�2 �K�2���M �+�2�M�i�2�`�b

�i�?�B�b �p���`�B���M�+�2 ���M�/ �T�`�Q�p�B�/�2�b �M�Q �B�M�7�Q�`�K���i�B�Q�M���H �p���H�m�2�X ���b �� �`�2�b�m�H�i�- �r�2 �+���M �p�B�2�r �i�?�2E�(�Z �) ���b �i�?�2

�H�Q�+���i�B�Q�M�Q�7�Z �- ���M�/ �r�2 �r�Q�m�H�/ �H�B�F�2 �i�Q �+�Q�M�M�2�+�iE�(�Z �) �i�QE�(�X �) ���M�/E�(Z t �) �i�QE�(Xt �) �p�B�� �i�?�2 �/�2�+�Q�/�2�`

Ĥ �X �q�2 �+���M �/�Q �i�?�B�b �#�v �B�K�T�Q�b�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �K���T�T�B�M�;�b�,

H (E[Z t ]) = x t �U�9�X�R�8�V

H (E[ �Z ]) = �s: �U�9�X�R�e�V

�q�?�2�M�s �B�b �B�X�B�X�/�X�- �i�?�2 �2�K�T�B�`�B�+���H �K�2���M �B�b �� �+�Q�M�b�B�b�i�2�M�i �2�b�i�B�K���i�Q�` �Q�7 �i�?�2 �i�`�m�2 �K�2���M�,

E[H (E[ �Z ])] = E[�s]

� E[ �X ]:
�U�9�X�R�d�V

�P�i�?�2�`�r�B�b�2�- �r�?�2�M�s �B�b �M�Q�i �B�X�B�X�/�X�-

E[�s] = E[ �X ] + C; kCk2 < 1 �U�9�X�R�3�V

E[Ĥ (E[ �Z ])] = E[ �X ] + C: �U�9�X�R�N�V

�q�2 �F�M�Q�rjjCjj 2 < 1 �#�v ���b�b�m�K�T�i�B�Q�M�9�X�N�X �>�2�M�+�2�- �#�v �`�2�;�m�H���`�B�x�B�M�; �7�Q�` �i�?�2 �K���T�T�B�M�; �B�M �1�[�m���i�B�Q�M

�U�9�X�R�e�V�- �i�?�2 �H�Q�+���i�B�Q�M �Q�7 �i�?�2 �H���i�2�M�i �:���m�b�b�B���M �H�Q�+���i�2�b �i�?�2 �i�`�m�2 �/�B�b�i�`�B�#�m�i�B�Q�M �p�B��Ĥ �m�T �i�Q �#�B���b

�B�M�/�m�+�2�/ �7�`�Q�K�s �M�Q�i �#�2�B�M�; �B�X�B�X�/�X ���/�/�B�i�B�Q�M���H�H�v�- �b�B�M�+�2Ĥ �B�b �+�Q�M�i�B�M�m�Q�m�b�- �b�K���H�H �T�2�`�i�m�`�#���i�B�Q�M�b

�Q�7 �i�?�2 �H���i�2�M�i �K�2���M �K���T �i�Q �� �M�2�B�;�?�#�Q�`�?�Q�Q�/ �Q�7�s�X �>�2�M�+�2�- �`�2�;�m�H���`�B�x�B�M�; �7�Q�` �1�[�m���i�B�Q�M �U�9�X�R�e�V

�9�k



�2�M�b�m�`�2�b

Ĥ (Z t ) = Xt + � t ; � t � � t �U�9�X�k�y�V

Ĥ ( �Z ) = �X + �; � � � ; �U�9�X�k�R�V

�r�?�2�`�2� �B�b �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`�`�Q�`�b�X

�9�X�9�X�k�J���i�+�?�B�M�; �i�?�2 �a�2�+�Q�M�/ �J�Q�K�2�M�i

���b �T�`�2�p�B�Q�m�b�H�v �K�2�M�i�B�Q�M�2�/�- �B�M �Q�`�/�2�` �i�Q �K���i�+�? �i�?�2 �b�2�+�Q�M�/ �H���i�2�M�i �K�Q�K�2�M�i�- �r�2 �r�B�H�H �m�i�B�H�B�x�2 ��

�b�[�m�2�2�x�2 �T�`�B�M�+�B�T�H�2 �Q�M ���M �B�M�2�[�m���H�B�i�v�@�+�?���B�M �Q�7 �2�M�i�`�Q�T�B�2�b�X �>�2�`�2 �r�2 �7�B�`�b�i �/�2�p�2�H�Q�T �i�?�2 �m�T�T�2�` �#�Q�m�M�/

�Q�M �i�?�B�b �+�?���B�M �7�Q�H�H�Q�r�2�/ �#�v �i�?�2 �H�Q�r�2�` �#�Q�m�M�/�X

�9�X�9�X�j�l�T�T�2�` �"�Q�m�M�/

�"�v �S�`�Q�T�Q�b�B�i�B�Q�M�9�X�d�-

es(Xt ) � es( �X ) 8t = 1; : : : ; T; �U�9�X�k�k�V

���M�/ �b�B�M�+�2 �:���m�b�b�B���M�b �K���t�B�K�B�x�2 �2�M�i�`�Q�T�v�- �r�2 �?���p�2

es(Xt ) � es( �X ) � es
�
N

�
E[ �X ]; �*�Q�p[ �X ]

��
8t = 1; : : : ; T: �U�9�X�k�j�V

�a�B�M�+�2 �r�2 �r���M�i �� �+�Q�K�T�m�i���#�H�2 �m�T�T�2�` �#�Q�m�M�/ ���M�/ �r�2 �/�Q �M�Q�i �M�2�+�2�b�b���`�B�H�v �F�M�Q�r �*�Q�p[ �X ]�- �+�Q�M�b�B�/�2�`

�i�?�2 �/���i�� �;�2�M�2�`���i�B�M�; �T�`�Q�+�2�b�b�X �q�?�2�M�s �B�b �B�X�B�X�/�X�-

�*�Q�p[�s] � �*�Q�p[ �X ]: �U�9�X�k�9�V

�9�j



�>�Q�r�2�p�2�`�- �b�B�K�B�H���` �i�Q �i�?�2 �#�B���b �B�M �1�[�m���i�B�Q�M �U�9�X�R�3�V�- �r�?�2�M�s �B�b �M�Q�i �B�X�B�X�/�X�- �i�?�2�`�2 �B�b �7�B�M�B�i�2 �#�B���b�,

�*�Q�p[�s] = �*�Q�p[ �X ] + W; kWk2 < 1 : �U�9�X�k�8�V

�>�2�M�+�2�- �i�?�2�`�2 �B�b �� �b�+���H���`m 2 R; m � 1 �b�m�+�? �i�?���i

�
� �*�Q�p[ �X ]

�
� � mn � j �*�Q�p[�s]j ; �U�9�X�k�e�V

�r�?�2�`�2 �*�Q�p(�s) 2 Rn� n �X �h�?�B�b �;�B�p�2�b �i�?�2 �m�T�T�2�` �#�Q�m�M�/

es(Xt ) � es( �X ) � es
�
N

�
E[ �X ]; m � �*�Q�p[�s]

��
8t = 1; : : : ; T: �U�9�X�k�d�V

�6�`�Q�K �1�[�m���i�B�Q�M �U�9�X�k�y�V ���M�/ �S�`�Q�T�Q�b�B�i�B�Q�M�9�X�3�-

es (H (Z t )) = es (Xt + � t )

� es(Xt ) + es(� t ):
�U�9�X�k�3�V

�*�Q�K�#�B�M�B�M�; �1�[�m���i�B�Q�M�b �U�9�X�k�3�V ���M�/ �U�9�X�k�d�V�- �r�2 �?���p�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�2�Q�`�2�K�X

�h�?�2�Q�`�2�K �9�X�R�e�U�1�M�i�`�Q�T�v �l�T�T�2�` �"�Q�m�M�/ �Q�M �1�b�i�B�K���i�2�/ �.�B�b�i�`�B�#�m�i�B�Q�M�V�X

es

�
Ĥ (Z t )

�
� es(Xt ) + es(� t )

� es( �X ) + es(� t )

� es
�
N

�
E[ �X ]; m � �*�Q�p[�s]

��
+ es(� t ) 8t = 1; : : : ; T:

�U�9�X�k�N�V

�9�9



�9�X�9�X�9�G�Q�r�2�` �"�Q�m�M�/

�*�Q�M�b�i�`�m�+�i�B�M�; �� �H�Q�r�2�` �#�Q�m�M�/ �B�b �K�Q�`�2 �+�Q�M�p�Q�H�m�i�2�/ �i�?���M �i�?�2 �m�T�T�2�` �#�Q�m�M�/�- ���M�/ �r�2 �r�B�H�H �M�2�2�/

�i�Q �m�i�B�H�B�x�2 ���b�b�m�K�T�i�B�Q�M�9�X�R�8�i�Q �Q�T�2�`���i�2 �Q�M �� �:���m�b�b�B���M �2�M�i�`�Q�T�v �#�Q�m�M�/�X �*�Q�M�b�B�/�2�` �i�?�2L tD tLT
t

�/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �H���i�2�M�i �+�Q�p���`�B���M�+�2� t �- �r�?�2�`�2L t �B�b �m�M�B�i �H�Q�r�2�` �i�`�B���M�;�m�H���`�X �a�B�M�+�2� t �B�b

�T�Q�b�B�i�B�p�2 �/�2�7�B�M�B�i�2�- �r�2 �+���M �/�2�7�B�M�2 �� �:���m�b�b�B���M �r�B�i�?D t �X �q�2 �r�Q�m�H�/ �H�B�F�2 �i�Q �7�B�M�/ �� �b�m�B�i���#�H�2 �b�+���H���`


 t > 0 �b�m�+�? �i�?���i

j� t j � j 
 tD t j; �U�9�X�j�y�V

�b�B�M�+�2 �� �:���m�b�b�B���M�ö�b �2�M�i�`�Q�T�v �B�b �B�M�+�`�2���b�B�M�; �B�M �i�?�2 �/�2�i�2�`�K�B�M���M�i �Q�7 �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t�X �q�?�B�H�2

�i�?�2�`�2 ���`�2 �K���M�v �b�m�B�i���#�H�2
 t �- �i�r�Q �B�K�K�2�/�B���i�2 �Q�T�i�B�Q�M�b ���`�2 �T�`�2�b�2�M�i�2�/ �B�M �i�?�2 �+�Q�M�/�B�i�B�Q�M �M�m�K�#�2�` ���M�/

�F�M�Q�r�M �i�`���+�2�@�/�2�i�2�`�K�B�M���M�i �`�2�H���i�B�Q�M�b�X �q�2 �b�i���i�2 �i�?�2�b�2 �i�r�Q �Q�T�i�B�Q�M�b �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�Q�b�B�i�B�Q�M�b�X

�S�`�Q�T�Q�b�B�i�B�Q�M �9�X�R�d�U�:���m�b�b�B���M �G�Q�r�2�` �"�Q�m�M�/ �Q�M �*�Q�M�/�B�i�B�Q�M �L�m�K�#�2�` �Q�7D t �V�X �G�2�i� (� t ); � (D t )

� �̀2�7�2�` �i�Q �i�?�2 �+�Q�M�/�B�i�B�Q�M �M�m�K�#�2�`�b �Q�7� t ; D t � �̀2�b�T�2�+�i�B�p�2�H�v�X �h�?���i �B�b�-� (� t ) = k� tk2




 � � 1

t






2
���M�/

� (D t ) = kD tk2




 D � 1

t






2
�X �a�2�i
 t = 1 � 1

� (D t ) �X �h�?�2�M

j� t j � j 
 tD t j: �U�9�X�j�R�V

�S� �̀Q�Q�7�X�L�Q�i�2

j� t j =
nY

i =1

� t;i =
nY

i =1

dt;i = jD t j �U�9�X�j�k�V

� (� t ) =
�K���ti � t;i

�K�B�Mi � t;i
/

�K���ti dt;i

�K�B�Mi dt;i
= � (D t ); �U�9�X�j�j�V

�r�?�2�`�2� t;i ���`�2 �i�?�2 �b�B�M�;�m�H���` �p���H�m�2�b �Q�7� t ���M�// �K�2���M�b �T�`�Q�T�Q�`�i�B�Q�M���H�X

�9�8



�a�2�i
 t = 1 � 1
� (D t ) < 1�X �h�?�2�M

j
 tD t j = 
 n
t jD t j

= 
 n
t j� t j

� j � t j:

�U�9�X�j�9�V

�q�?�B�H�2 �B�M �i�?�2�Q�`�v� (� t ) �B�b �T�`�2�7�2�`�`�2�/ ���b �B�i �B�b �� �/�B�`�2�+�i �K�2���b�m�`�2 �Q�7 �b�i���#�B�H�B�i�v �B�M �i�?�2 �H���i�2�M�i �/�B�b�@

�i�`�B�#�m�i�B�Q�M�-� (D t ) �B�b �K�m�+�? �+�?�2���T�2�` �B�M �i�?�2 �;�2�M�2�`���H �+���b�2�X �P�7 �+�Q�m�`�b�2�- ���b �B�b �Q�7�i�2�M �i�?�2 �+���b�2 �r�B�i�?

�;�2�M�2�`���i�B�p�2 ���m�i�Q�2�M�+�Q�/�2�`�b�- �B�7 �i�?�2 �H���i�2�M�i �+�Q�p���`�B���M�+�2� t �B�b �/�B���;�Q�M���H�- �i�?�2�M� (D t ) = � (� t )�X

�S�`�Q�T�Q�b�B�i�B�Q�M �9�X�R�3�U�h�`���+�2�@�.�2�i�2�`�K�B�M���M�i �"�Q�m�M�/�b �7�Q�` �S�. �J���i�`�B�+�2�b�V�X�G�2�iA �#�2 �� � �̀2���H�@�p���H�m�2�/

�T�Q�b�B�i�B�p�2 �/�2�7�B�M�B�i�2 �K���i�`�B�t�X �h�?�2�M

�R�X�i�`���+�2(A) �4 �H�M(j�2�t�T(A)j)

�k�X�H�M(jAj) � �i�`���+�2(I � A � 1)�X

�S� �̀Q�Q�7�X

�R�X�a�2�2 �h�?�2�Q�`�2�K �k�X�R�k �B�M �(�3�8�)�X

�9�e



�k�X�G�2�i� j = �2�t�T(� j ) �#�2 �i�?�2 �2�B�;�2�M�p���H�m�2�b �Q�7A�X �h�?�2�M

�i�`���+�2
�
I � A � 1

�
=

nX

j =1

(1 � �2�t�T(� � j )) �U�9�X�j�8�V

�
nX

j =1

� j �U�9�X�j�e�V

=
nX

j =1

�H�M(� j ) �U�9�X�j�d�V

= �H�M(jAj) : �U�9�X�j�3�V

�S�`�Q�T�Q�b�B�i�B�Q�M �9�X�R�N�U�:���m�b�b�B���M �G�Q�r�2�` �"�Q�m�M�/ �Q�M �h�`���+�2�@�.�2�i�2�`�K�B�M���M�i �"�Q�m�M�/�b�V�X �h�?�2 �i� �̀��+�2 ���M�/

�/�2�i�2�`�K�B�M���M�i � �̀2�H���i�B�Q�M�b �B�M �S� �̀Q�T�Q�b�B�i�B�Q�M�9�X�R�3�B�M�/�m�+�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �H�Q�r�2�` �#�Q�m�M�/�,

j� t j >
�
� �2�t�T

�
� D � 1

t

� �
� ; �U�9�X�j�N�V

�r�?�2� �̀2� t = L tD tLT
t �X

�9�d



�S� �̀Q�Q�7�X�G�2�i� t �b���i�B�b�7�v �_�2�K���`�F�9�X�j�- ���M�/ �+�Q�M�b�B�/�2�` �i�?�2L tD tLT
t �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�X �h�?�2�M

es
�
N

�
0; L tD tLT

t

��
=

k
2

(1 + �H�M(2� )) +
1
2

�H�M
� �
�L tD tLT

t

�
� �

=
k
2

(1 + �H�M(2� )) +
1
2

�H�M(jD t j)

�
k
2

(1 + �H�M(2� )) +
1
2

�i�`���+�2
�
I � D � 1

t

�

=
k
2

(1 + �H�M(2� )) +
k
2

�
1
2

�i�`���+�2
�
D � 1

t

�

=
k
2

(1 + �H�M(2� )) +
k
2

+
1
2

�i�`���+�2
�
� D � 1

t

�

=
k
2

(1 + �H�M(2� )))) +
k
2

+
1
2

�H�M
� �
� �2�t�T

�
� D � 1

t

� �
� �

= es
�
N

�
0; �2�t�T

�
� D � 1

t

���
+

k
2

> es
�
N

�
0; �2�t�T

�
� D � 1

t

���
:

�U�9�X�9�y�V

�>�2�M�+�2�- �r�2 �?���p�2

j� t j >
�
� �2�t�T

�
� D � 1

t

� �
� : �U�9�X�9�R�V

�q�2 �H�2���p�2 �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �i�Q �i�?�2 ���T�T�H�B�+���i�B�Q�M ���M�/ ���M�v �B�K�T�Q�b�2�/ �b�i�`�m�+�i�m�`�2 �Q�M� t �X

�J�Q�p�B�M�; �7�Q�`�r���`�/�- �i�?�2 �+�?�Q�B�+�2 �B�b �K���/�2 �i�Q �m�b�2 �S�`�Q�T�Q�b�B�i�B�Q�M�9�X�R�d�- �i�?�Q�m�;�? �S�`�Q�T�Q�b�B�i�B�Q�M�9�X�R�N�+�Q�m�H�/

���H�b�Q �#�2 �m�b�2�/ �B�M �i�?�2 �7�B�M���H �H�Q�r�2�` �#�Q�m�M�/�X

�a�B�M�+�2 �i�?�2 �/�2�+�Q�/�2�`Ĥ �B�b �2�M�i�`�Q�T�v �+�Q�M�b�B�b�i�2�M�i�- �r�2 �?���p�2 �i�?�2 �2�M�i�`�Q�T�v �H�Q�r�2�` �#�Q�m�M�/�,

es

�
Ĥ (Z t )

�
� es

�
Ĥ (N (E[Z t ]; 
 tD t ))

�
: �U�9�X�9�k�V

�>�Q�r�2�p�2�`�- �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �`�2�K���B�M�b �B�K�T�`���+�i�B�+���H ���b �r�2 �/�Q �M�Q�i �?���p�2 ���+�+�2�b�b �i�Q �i�?�2 �T�`�Q�#���#�B�H�B�i�v

�/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M �7�Q�`Ĥ (N (E[Z t ]; 
 tD t )) �X �h�Q �;���B�M �B�M�i�m�B�i�B�Q�M �7�Q�` �� �T���i�? �7�Q�`�r���`�/�- �+�Q�M�b�B�/�2�` �i�?�2

�9�3



�+���b�2 �Q�7 �� �H�B�M�2���` �/�2�+�Q�/�2�`Ĥ l �X �A�M �i�?�B�b �+���b�2�-

Ĥ l (Z t ) = A � Z t + b �U�9�X�9�j�V

Ĥ l (Z t ) � N
�
A� t + b; ALtD tLT

t AT
�

�U�9�X�9�9�V

= N
�

Ĥ l

�
E[Z t ]; �*�Q�p

h
Ĥ l

�
�*�Q�p[Z t ] � � T

� i��
; �U�9�X�9�8�V

�r�?�2�`�2� 2 Rk� n ���M�/� i;l � N (0; 1)�X �>�2�M�+�2�- �m�M�/�2�` �H�B�M�2���`�B�i�v�- �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �B�M �1�[�m���i�B�Q�M

�U�9�X�9�k�V �#�2�+�Q�K�2�b

es

�
Ĥ l (Z t )

�
� es

�
N

�
Ĥ l (E[Z t ]) ; �*�Q�p

h
Ĥ l

�

 tD t � � T

� i��
: �U�9�X�9�e�V

�A�M �i�?�2 �+���b�2 �Q�7 �� �;�2�M�2�`���H �M�Q�M�H�B�M�2���` �/�2�+�Q�/�2�`Ĥ �- �r�2 �/�Q �M�Q�i �?���p�2 �� �+�H�Q�b�2�/�@�7�Q�`�K �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2

�H�Q�r�2�` �#�Q�m�M�/�X �>�Q�r�2�p�2�`�- �#�v ���b�b�m�K�T�i�B�Q�M�9�X�9�- �i�?�2�`�2 �B�b �� �T�Q�b�B�i�B�p�2 �H�Q�r�2�` �#�Q�m�M�/�- ���M�/ �r�2 ���i�i���+�?

�� �K�m�H�i�B�T�H�B�+���i�B�p�2 �?�v�T�2�`�@�T���`���K�2�i�2�` �i�Q �i�?�2 �H�B�M�2���` �+���b�2 ���b ���M ���T�T�`�Q�t�B�K���i�B�Q�M�X �q�2 �T�`�2�b�2�M�i �i�?�B�b

�H�Q�r�2�` �#�Q�m�M�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�2�Q�`�2�K�X

�h�?�2�Q�`�2�K �9�X�k�y�U�1�M�i�`�Q�T�v �G�Q�r�2�` �"�Q�m�M�/ �Q�M �1�b�i�B�K���i�2�/ �.�B�b�i�`�B�#�m�i�B�Q�M�V�X�G�2�i�*�Q�p
h
Ĥ

�

 tD t � � T

� i

�+�Q�`� �̀2�b�T�Q�M�/ �i�Q �T�Q�b�B�i�B�p�2 �:���m�b�b�B���M �2�M�i� �̀Q�T�v�X �l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�9�X�9���M�/ �S� �̀Q�T�Q�b�B�i�B�Q�M�9�X�R�d�- �i�?�2� �̀2

�2�t�B�b�i�b ��j 2 (0; 1] �b�m�+�? �i�?���i

es

�
Ĥ (Z t )

�
� es

�
N

�
Ĥ (E[Z t ]) ; j � �*�Q�p

h
Ĥ

�

 tD t � � T

� i��
: �U�9�X�9�d�V

�S� �̀Q�Q�7�X�G�2�i
 t �#�2 �+�Q�M�b�i�`�m�+�i�2�/ ���+�+�Q�`�/�B�M�; �i�Q �S�`�Q�T�Q�b�B�i�B�Q�M�9�X�R�d�X �6�`�Q�K �i�?�2 ���b�b�m�K�T�i�B�Q�M �Q�7 �T�Q�b�B�i�B�p�2

�2�M�i�`�Q�T�v ���M�/ �1�[�m���i�B�Q�M �U�9�X�9�e�V�- �r�2 �+���M �7�B�M�/ ��j 2 (0; 1] �b�m�+�? �i�?���i �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �?�Q�H�/�b�X

�*�Q�K�#�B�M�B�M�; �h�?�2�Q�`�2�K�b�9�X�R�e���M�/�9�X�k�y�- �r�2 �?���p�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�[�m�2�M�+�2 �Q�7 �2�M�i�`�Q�T�v �B�M�2�[�m���H�B�i�B�2�b�X

�L�Q�i�2 �i�?���i �b�B�M�+�2 �i�?�2 �K�2���M �/�Q�2�b �M�Q�i �+�Q�M�i�`�B�#�m�i�2 �i�Q �:���m�b�b�B���M �2�M�i�`�Q�T�v�- �r�2 �?���p�2 �`�2�T�H���+�2�/ �i�?�2

�9�N



�K�2���M �B�M �i�?�2 �m�T�T�2�` �#�Q�m�M�/ �B�M �h�?�2�Q�`�2�K�9�X�R�e�X

�*�Q�`�Q�H�H���`�v �9�X�k�R�U�1�M�i�`�Q�T�v �a�[�m�2�2�x�2 �S�`�B�M�+�B�T�H�2�V�X�G�2�ij 2 (0; 1] ���M�/� � N (0; I )�X �"�v �h�?�2�Q� �̀2�K�b

�9�X�R�e���M�/�9�X�k�y�,

es

�
N

�
Ĥ (E[Z t ]) ; j � �*�Q�p

h
Ĥ

�

 tD t � � T

� i��
�

es

�
Ĥ (Z t )

�
� es(Xt ) + es(� t )

� es( �X ) + es(� t )

� es (N (�s; m � �*�Q�p[�s])) + es(� t ) 8t = 1; : : : ; T:

�U�9�X�9�3�V

�q�?�B�H�2 �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �K���v �#�2 �H�Q�Q�b�2 �B�7 �i�?�2 �T�`�Q�#�H�2�K �B�b �?�B�;�?�H�v �M�Q�M�H�B�M�2���`�- �*�Q�`�Q�H�H���`�v�9�X�k�R���H�H�Q�r�b

�7�Q�` �i�?�2 �2�t�T�H���M���i�B�Q�M �Q�7es(Xt ) ���M�/es( �X ) �m�T �i�Q �i�?�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`�`�Q�`�X �q�2 �/�Q �i�?�B�b �#�v �i���F�B�M�;

es

�
N

�
Ĥ (E[Z t ]) ; j � �*�Q�p

�
H

�

 tD t � � T

�� ��
�! es (N (�s; m � �*�Q�p[�s])) : �U�9�X�9�N�V

�q�?�2�M �i�?�2 �T�`�Q�#�H�2�K �B�b �:���m�b�b�B���M �U�B�X�2�X�- ���H�b�Q �B�X�B�X�/�V�- �i�?�2�Mes(� t ) �B�b �i�?�2 �b�2�T���`���i�Q�` �#�2�i�r�2�2�Mes

�
Ĥ (Z t )

�

���M�/es(Xt )�X �P�i�?�2�`�r�B�b�2�- �i�?�B�b �/�B�b�i���M�+�2 �B�b �K�B�M�B�K�B�x�2�/ �m�T �i�Q �Q�m�` �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`�`�Q�` ���M�/ �i�?�2

�/�2�;�`�2�2 �i�Q �r�?�B�+�? �r�2 �/�2�p�B���i�2 �7�`�Q�K �i�?�2 �B�X�B�X�/�X �b�2�i�i�B�M�;�X �h�Q�;�2�i�?�2�` �r�B�i�? �1�[�m���i�B�Q�M�b �U�9�X�R�8�V ���M�/

�U�9�X�R�e�V�- �r�2 �?���p�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �H�Q�b�b �7�m�M�+�i�B�Q�M�,

1
Td






 Ĥ (� ) � �s








2

2
+

1
d






 j � �*�Q�p[Ĥ (
 tD t � � T ])] � m � �*�Q�p[�s]








2

2
: �U�9�X�8�y�V

�L�Q�r�- �B�7 �r�2 �r�Q�m�H�/ �H�B�F�2 �i�Q ���p�Q�B�/ �b�T�2�+�B�7�v�B�M�;m�- �r�2 �+���M �m�i�B�H�B�x�2 �i�?�2 �i�?�2 �i�`�B���M�;�H�2 �B�M�2�[�m���H�B�i�v �m�M�/�2�`

�_�J�a�1�- �;�B�p�B�M�; �i�?�2 �m�T�T�2�` �#�Q�m�M�/�,

1
Td






 Ĥ (� ) � �s








2
+

j
d






 �*�Q�p[Ĥ (
 tD t � � T ])] � �*�Q�p[�s]








2
+ k(j � m)�*�Q�p[�s]k2 : �U�9�X�8�R�V

�8�y



�a�B�M�+�2 �i�?�2 �`�B�;�?�i�K�Q�b�i �i�2�`�K �B�M �1�[�m���i�B�Q�M �U�9�X�8�R�V �B�b �+�Q�M�b�i���M�i�- �r�2 �+���M �B�;�M�Q�`�2 �i�?�2 �M�Q�M�@�B�X�B�X�/�X �T���`���K�@
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5.25 and 5.26, we can successfully generate realistic distributions of the original data with

AE-Prob and AE-Prob(M ), and provide a noticeable improvement on the standard VAE’s

output. We note these reconstructions require only a fraction of time and resources that

MALA-approx with a VAE prior require.

�8�X�d�X�j�.�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �G���i�2�M�i �a�T���+�2

Recall Proposition 4.26, where we can decompose level contributions to the latent covariance

by higher-order moments used to construct the Gaussian cover. Here we provide examples of

such decompositions for the AE-Prob(4) and AE-Prob(6) models with the coincident index,

along with the corresponding latent distribution. In Figures 5.28 and 5.29, we decompose

the latent variance across time by contributions of the moments. � i refers to the covariance

for zi in Definition 4.22, and the interaction is the multiplicative term in Proposition 4.26.

� refers to the condition number of Cov[zi ].

In Figures 5.28 and 5.29, we see the latent covariance spikes during recessions, which resem-

bles the behavior seen Figure 5.12. In Figure 5.29, the bottom panels show a diminishing but

persistent effect on the latent covariance structure by the higher-order moments, relative to

the pre-recession periods. In particular, the third pair of moments in Figure 5.29 during the

2008 Great Recession period spikes in contribution relative to the other pairs of moments

immediately following the end of the NBER indicated recession.
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We conclude this section with an explainability exercise on the coincident index data set.

We evaluate the empirical Wasserstein distance, which is a measure of the distance between

distributions. Here we calculate the Wasserstein between any two time periods in the es-
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timated data distributions given by AE-Prob(4). As shown in Figure 5.30, we see several

strong shifts in the estimated distribution of industrial production using AE-Prob(4). As

indicated, these shifts correspond to U.S. recessions. These results are related to Figure 5.12,

though we note the heat signatures around recessions are more pronounced.
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Figure 5.6: Distribution of reconstructions for the linear (a) and nonlinear (b) synthetic
AR(6) data under the VAE model. Results shown for the first two synthetic channels from
the last 200 observations of the test split. Note the estimated distributions are largely
symmetric, so the median is frequently plotted over the mean.
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Figure 5.7: Distribution of reconstructions for the linear (a) and nonlinear (b) synthetic
AR(6) data under the VAE-AR model. Results shown for the first two synthetic channels
from the last 200 observations of the test split. Note the estimated distributions are largely
symmetric, so the median is frequently plotted over the mean.
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Figure 5.8: Distribution of reconstructions for input channels to the coincident index: in-
dustrial production, real sales in manufacturing and trade industries, real personal income
excluding current transfer receipts, and nonfarm employment. Outliers removed from non-
farm payroll income to avoid scale distortion; however, all data is included in estimation.
The train/test split is 70/30. Latent dimension is one. Source: FRED Economic Data
[1, 2, 3, 4].
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Figure 5.9: An example of the trade-off between reconstruction error and KL-Divergence on
the coincident index data set. � = 0:0075
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Figure 5.10: Distribution of reconstructions for the hourly price of the Euro to the US Dollar.
Data is transformed to percent log-growth prior to training. The latent dimension is one,
and the train/test split is 80/20. Source: FirstRate Data [5].
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Figure 5.11: Distribution of reconstructions for daily IBM stock price. Data is transformed
to daily percent log-growth. The train/test split is 70/30. Latent dimension is one. Source:
Yahoo Finance [6].
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Figure 5.12: Heat map of latent covariance matrix from February 1979 to December 2019.
Indicated dates match the peaks and troughs of NBER recession dates [7]. The COVID-19
recession is excluded for visibility of the other recessions but is also a hot spot in the latent
covariance.
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Figure 5.13: Heat map of latent covariance matrix from February 1979 to December 1999.
Indicated dates match the peaks and troughs of NBER recession dates [7]. The COVID-19
recession is excluded for visibility of the other recessions but is also a hot spot in the latent
covariance.
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Figure 5.14: Heat map of latent covariance matrix from January 2000 to December 2019.
Indicated dates match the peaks and troughs of NBER recession dates [7]. The COVID-19
recession is excluded for visibility of the other recessions but is also a hot spot in the latent
covariance.
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Figure 5.15: Distribution of reconstructions and the latent space with the VAE as a prior.
MALA-approx parameters are (�; � 1; � 2) = (0 ; 1; 0:05). The sampled distribution is comprised
of 10 independent chains perturbed 5 times each at the 500�i�? sample step for a total of 2,500
samples per chain and 25,000 samples per observation in aggregate. The VAE is sampled
according to 10,000 random latent draws per observation.
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Figure 5.16: Convergence of the rolling means of 10 chains, produced as specified in Figure
5.15.
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