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Stochastically Constrained Simulation Optimization On Mixed-Integer Spaces

Kalyani S. Nagaraj

(ABSTRACT)

We consider the problem of identifying solutions to a stochastic system under multiple con-
straints. The objective function and the constraints are expressed in terms of performance measures
of the system that are observable only via a simulation model parameterized by a finite number of
decision variables. In solving for such a system, one faces the much harder challenge of verifying

the feasibility of a potential solution.

Toward this, we present cgR-SPLINE, a multistart simulation optimization (SO) algorithm
on integer spaces. cgR-SPLINE sequentially solves random restarts of a gradient-based local
search routine with increasing precision. The local search routine in turn solves progressively
stricter outer approximations of the underlying problem. The local solution estimator from a re-
cently ended restart is probabilistically compared against an incumbent solution, thus generating
a sequence of global solution estimators. The optimal convergence rate of the solution iterates is
observed to be sub-exponential, slower than the exponential rate observed for SO problems on un-
constrained discrete spaces. Additionally, efficiency for cgR-SPLINE dictates that the number of
multistarts and the total simulation budget be sublinearly related, implying an increased emphasis
on exploration than is prescribed in the continuous context. Heuristics for choosing constraint re-
laxations and solution reporting demonstrate good finite-time performance on three SO problems,

of which two are nontrivial.

The extension of cgR-SPLINE’s framework to mixed spaces seems a natural next step. The
presence of infeasible points arbitrarily close to the stochastic boundary, however pose challenges
for consistency. We present a general framework for mixed spaces that is very much along the lines

of cgR-SPLINE and propose ideas for specific algorithmic refinements and solution reporting.

Strategically locating the restarts of a multistart SO algorithm appears to be a largely un-
explored research topic. Toward achieving efficiency during the exploration phase, we present
ideas for “antithetically" generating the restarts from probability measures constructed from the
SO algorithm’s performance trajectory. Asymptotic behavior of the proposed sampling strategy
and policies for optimal parameter selection are presently conjectural, but appear promising based

on the outcomes of preliminary experiments.
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Chapter 1
Introduction

We consider the largely unexplored class of simulation optimization (SO) problems on the mixed-
integer space Z% x R%. As is characteristic of simulation optimization problems, the objective
function does not have a known algebraic form and is additionally only estimable via a stochastic
simulation. A similar restriction on the set of functions defining the feasible region poses a much
harder challenge of ascertaining the feasibility of any point encountered by a search procedure on

the problem domain.

Formally, the stochastically-constrained simulation optimization problem is stated as fol-

lows.

Py min g(x)
subjectto hi(x) <0, i=1,2,...,c
x €X CZ" xR%,

The objective is to minimize the real-valued function g : X — R on the domain X that is a subset of
the mixed-integer space Z% x R%2. The feasible region is defined in terms of inequalities involving
real-valued functions #; : X —» R, i =1,2,...,c. For each x € X, the point estimators g,,(x) and
izi,m(x) of the unknown functions g(x) and 4;(x) are observed simultaneously from a simulation
model. m here denotes some measure of simulation effort. Moreover, we assume that the function
estimators are strongly consistent, that is lim,,_,, g,(x) = g(x) wpl and lim,,_, fzi,m(x) = hi(x)
wpl, fori = 1,2,...,c. Typically, the objective and constraint functions are expectations of the

form g(x) = E[2,,(x)] and h;(x) = E[izi,m(x)], and the estimators in turn are sample means given
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by &u(x) = X G(x0)/m, hi(x) = B, Hy j(x)/m, where (G (x), Hy j(x), H j(x). ..., H /().
j=1,2,...,mare m random (and possibly iid) outcomes of the stochastic simulation.

Solution methods to this broad class of problems are finding popular appeal in SO literature
due to their applicability to problems in decision or policy making, for example, scheduling prob-
lems in transportation and resource allocation problems in health care and manufacturing. The
objective function is typically a single primary performance measure of a system that requires op-
timization under a set of secondary performance thresholds. For example, the objective may be to
minimize the expected staffing cost of an emergency care unit while satisfying a prescribed service

level.

There are several instances of integer-ordered SO problems appearing in production sys-
tems (Sarin and Jaiprakash, 2010), call center staffing (Gans et al., 2003), bus or rail fleet-size
management (Bish, 2011; Bish et al., 2014), communication network design (Hou et al., 2014),
and vaccine allocation within epidemiological models (Eubank et al., 2004). For a complete tax-
onomy of problems in SO and a comprehensive list of example problems, including detailed prob-
lem descriptions and downloadable code, we refer the reader to Pasupathy and Ghosh (2013) and

Pasupathy and Henderson (2011b), and http://www.simopt.org, respectively.

1.1 Motivation

To motivate the need for a specialized solution framework to solve Problem P,;; and to demonstrate
how the inclusion of stochastic constraints renders the problem “hard to solve", we begin by posing
a toy SO problem defined on the two-dimensional integer lattice (obtained by setting d, = 0 and
d; = 2 in the above problem definition). There have been recent advances in the state-of-the-art
for solving unconstrained or deterministically-constrained SO problems on integer-ordered spaces,
the top contenders being R-SPLINE (Wang et al., 2013b), COMPASS (Hong and Nelson, 2006,
2007) and ISC (Xu et al., 2010), and Discrete Stochastic Approximation (DSA) (Lim, 2012).
However, their direct application to problems with stochastic constraints may render the algorithms

inconsistent, as will be seen in this next example.

Consider an optimization problem on the domain X = Z2 (as illustrated in Figure 1.1) with
an objective function g(x) = xf + 3x§ and a constraint function A(x) = 10 — 2x; — x,. Its feasible
region is the set of points on the integer lattice in the shaded region of Figure 1.1 and its unique

solution is the point x* = (5, 0) on the boundary h(x) = 0. The estimators g,,(x) = g(x) and
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Figure 1.1: Figure showing the search space of a two-dimensional simulation optimization prob-
lem. The points on the integer lattice in the shaded region represent the feasible region and the red
dot at (5, 0), the optimal solution.

fzm(x) =m! Z’}’zl Hj(x), where Hj(x), j = 1,2,...,m are independent and identically distributed
random variables with mean A(x) and variance o> > 0.

Since the optimal solution x* has a binding stochastic constraint, i.e., A(x*) = 0, a naive
implementation of any of the above algorithms will fail to converge to the correct solution. This is
easily explained by the application of the central limit theorem on the constraint function estima-
tor at x*. Since izm(x*) is approximately normally distributed with mean 0 and variance o/ v,
the probability of x* being deemed feasible, i.e., Pr {izm(x*) < O} is approximately 0.5 for a large
enough sample size m. In fact, the probability of deeming x* feasible equals 0.5 in the limit as
m — co. We claim that problems with solutions that have binding stochastic constraints are not
uncommon, especially in problems with resource or service-level constraints. Addressing consis-
tency issues arising as a consequence of the problem of determining feasibility is thus crucial for

the optimization procedure that we seek.

As stated, Problem P,;; seeks a global extremum. As a result, the solution strategy we
implement should at the very least be able to return “good" local solutions. It thus seems natural
that the procedure return a sequence of improving local solutions. This gives rise to questions on
optimal sampling rates and budget allocation that balance exploration with exploitation. Lastly,

from the standpoint of implementation, we believe that results on convergence and convergence
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Table 1.1: A tabulation of recent literature in simulation optimization categorized by the type
of decision variables (continuous or integer-ordered) and the nature of the problem constraints

(deterministically constrained/unconstrained or stochastically constrained).

Deterministic
constrained

Constraints/Un-

Stochastic Constraints

Continuous Decision Vari-

Too many to list

Lagrangian method (Bhatnagar,

Hong, 2010); R-SPLINE (Wang,
Pasupathy, and Schmeiser, 2013);
and Discrete Stochastic Approxi-
mation (Lim, 2013)

ables Hemachandra, and Mishra, 2011)
Integer-Ordered Decision | COMPASS (Hong and Nelson, | Penalty function with memory
Variables 2006, 2007); ISC (Xu, Nelson, and | (Park and Kim, 2011); Lagrangian

method (Luo and Lim, 2013);
and cgR-SPLINE (Nagaraj and
Pasupathy, 2014)

Mixed-Integer Variables

RODSI (Wang, 2012)

An adaptation of RODSI (Wang,

2013); and this work till date

rates are many times not sufficient. Consequently, we seek algorithmic enhancements that ensure

good finite-time performance while retaining the procedure’s asymptotic properties.

1.2 Competitors

Our interest in solution methods for SO lies in the broad class of problems belonging to the mixed-
integer domain and that feature stochastic constraints. Table 1.1 provides a classification of recent
literature on SO algorithms by the type of decision variables and the nature of the constraints

defining the feasible region.

There have been recent advances in solution methods for integer-ordered SO problems with
either deterministically-constrained or unconstrained feasible regions. Such methods are tailored
specifically to exploit the underlying structure of the objective function. The most prominent in this
class of solvers are R-SPLINE (Wang et al., 2013b), COMPASS (Hong and Nelson, 2006, 2007,
Hong et al., 2010) and Industrial Strength COMPASS (Xu et al., 2010), and DSA (Lim, 2012).
R-SPLINE is a local solver that combines a gradient-based search on a continuous extension of the
sample-path problem with neighborhood enumeration (for ensuring local optimality) within a ret-
rospective approximation (RA) framework. Industrial Strength COMPASS, on the other hand, is a
global solver that combines the local search algorithm COMPASS and a version of the niching ge-

netic algorithm (Miller and Shaw, 1995). DSA implements stochastic approximation to continuous
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extensions of the underlying problem.

Simulation optimization on stochastically-constrained feasible regions has recently become
an active area of research. To address the issue of feasibility in integer-ordered problems, the idea
of using penalty multipliers was first explored by Li et al. (2009) and later by Park and Kim (2011).
Park and Kim propose solving a sequence of unconstrained sample-path problems with penalized
objective functions within the random search framework of a nested partitions algorithm (Pichit-
lamken and Nelson, 2003). The sequentially updated penalties imposed on the objective function
are carefully chosen so that they converge to zero if the visited solution is feasible, or diverge other-
wise. Luo and Lim (2013) extend the DSA framework in Lim (2012) by incorporating Lagrangian
multipliers to account for the stochastic constraints. Algorithm consistency is guaranteed in both

Park and Kim (2011) and Luo and Lim (2013), but neither provide a rate of convergence.

In the method we propose for problems in the discrete space, we implement random restarts
of a local SO algorithm such as R-SPLINE. A careful relaxation of the feasibility constraints and
a probabilistic comparison of the solutions returned by the restarts ensures consistency of our
method. We note that the penalty weights in Park and Kim (2011) and the constraint relaxation
sequence in our proposed method appear to serve the common purpose of solving increasingly
accurate problem representations. In our approach, by relating the constraint relaxations to the
constraint function variances in a precise sense, we are able to guarantee an optimal convergence
rate. A similar analysis of the penalty sequence used in Park and Kim (2011) may be possible but

at present appears unexplored.

For the case of finite feasible regions, all the literature on ranking and selection (R & S)
incorporating stochastic constraints (Andradottir et al., 2005; Andradéttir and Kim, 2010; Batur
and Kim, 2010; Hunter and Pasupathy, 2013; Hunter et al., 2011) can be applied to this class
of problems. However, due to the lack of any assumptions on the structure of the objective and
constraints functions, R & S methods are at a distinct disadvantage when compared to the above

methods.

In the context of continuous regions, Bhatnagar, Hemachandra, and Mishra (2011) proposed
a suite of algorithms for continuous decision variables that employ Lagrangian multipliers to han-
dle stochastic constraints within a Newton’s method-like search framework. Methods suggested
in Wang (2012) and Wang et al. (2013a) appear to be the first of their kind for SO on mixed
spaces. However, no asymptotic guarantees are provided for the procedure suggested in Wang

et al. (2013a) for handling stochastic constraints.
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1.3 Contributions And Organization Of Dissertation

At the highest level, the goal of this research is to provide the simulation practitioner with efficient
solution frameworks for finding global solutions to stochastically constrained SO problems along
with implementation guidelines that automate the process of algorithm parameter selection and

demonstrate good finite-time results.

The main contribution of this thesis is the development and rigorous analysis of an efficient
algorithm to solve integer-ordered SO problems when subject to stochastic constraints. In Chapter
2, we present cgR-SPLINE (Nagaraj and Pasupathy, 2014), a multistart algorithm comprised of
outer iterations of restarts of a locally minimizing SO routine. The local SO solver itself has an
iterative structure: it solves increasingly accurate relaxed sample-path representations of the opti-
mization problem using warm starts till a pre-specified budget allocated for the restart is expended.
The solution estimate returned at the end of a restart is then probabilistically compared with the in-
cumbent, thus generating a sequence of global solution estimates. Both consistency and efficiency
of cgR-SPLINE are ensured through our choice of the locally minimizing SO algorithm and a care-
ful selection of the sample-path relaxations in the inner iterations and the budget allocation across
restarts. Furthermore, heuristics for run-time algorithm parameter selection and solution reporting

strategies demonstrate improvements in the finite-time performance of cgR-SPLINE.

Ongoing work on a solution framework for mixed-integer spaces expands on ideas for the
general structure of cgR-SPLINE. A broad algorithm outline and results from a preliminary anal-

ysis of its asymptotic behavior are discussed in Chapter 3.

In multistart algorithms, the question of how to choose a starting solution every time the
local search routine is restarted is important even in the context of deterministic optimization. In
Chapter 4, we propose a strategy that sequentially generates these initial solutions from previously
unexplored regions of the problem space by sampling from inverted mixed kernel densities. We
pose conjectures on the limiting distribution of the sequence of initial solutions thus generated and
highlight important research questions on optimal algorithm parameter choice from the standpoint

of accelerating the optimization routine’s global convergence rate.

Lastly, toward furthering the SimOpt (Pasupathy and Henderson, 2011a) library’s mission
of increasing accessibility to SO solver and problem code and standardizing solution reporting
for comparison of SO algorithms, Chapter 5 lists the author’s contributions to the development

of a sister solver library and a user interface that seamlessly accesses the code repository and
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implements a user specified SO algorithm on a user specified SO problem.

MATLAB® code for cgR-SPLINE (and the test problems discussed Section 2.4), the sam-
pling strategy for generating restarts, and the SimOpt library interface is listed in Appendix B.

1.4 Notations And Conventions

We now introduce notation that we follow through the remainder of the document.

(i) If x € R? is a vector, then its components are denoted through x := (x|, X2, .. ., Xg).
(i) By I14 (x) we mean the projection of the point x € R into the closed set A C R.

(iii) If F represents a finite set, then || represents the cardinality of the set .

(iv) For a sequence of random variables {X,,}, we say X, g X if {X,,} converges to X in proba-

d
bility; similarly, we say X,, — X to mean that {X,,} converges to X in distribution, and finally
wpl
X, E X to mean that {X,,} converges to X with probability one.

(v) Z¢ c R represents the integer lattice in d-dimensional Euclidean space.

(vi) For a sequence of real numbers {a,}, we say a, = o(1) if lim,. a, = 0; and a, = O(1) if
{a,} is bounded, i.e., dc € (0, o0) with |a,| < ¢ for large enough n. We say that a, = O(1) if

0 < liminfa, < limsupa, < oco.

(vii) For a sequence of random variables {X,}, we say X, = o,(1) if X, B) 0as n — oo; and
X, = 0,(1) if {X,} is stochastically bounded, that is, for given € > 0 there exists c(e) €
(0, 00) with Pr{|X,| < c(€)} > 1 — € for large enough n.

(viii) The neighborhood N(0) of the d-dimensional origin is defined as any subset of the d-dimensional
integer lattice containing the origin. The corresponding neighborhood of any non-zero d-

dimensional integer point x is then N(x) = {y : (y — x) € N(0)}.

(ix) For a given neighborhood definition N and feasible region X, a point x* € X is an N-
local minimizer of g if the value of the function g(-) at x* is no larger than at every feasible
x in the neighborhood of x*, that is, an N-local minimizer is a point in X that satisfies
g(x) > g(x™), Vx e N(x*) n X.



Chapter 2
Integer-Ordered Spaces

We now consider the constrained SO problem introduced in Chapter 1 when restricted to an integer-
ordered search space. Our aim is to find the minimum of the real-valued function g : X — R,
where the problem domain X is a subset of the d-dimensional integer lattice Z<¢. As before, the
feasible region is defined in terms of inequalities involving real-valued functions 4; : X — R,

i=1,..., c. The optimization problem is then formally stated as

P;o: min g(x)
subjectto hi(x) <0, i=1,2,...,c
x € X.

The point estimators g,,(x) and izi,m(x), i =1,2,...,c, of the unknown functions g(x) and /;(x)
are observed from a computer simulation. m here denotes some measure of simulation effort, for
example, the simulation sample size. Also, for each x € X we assume that the function estimators
gn(x) and izi,m(x) are strongly consistent, that is lim,,_, £,(x) = g(x) wpl and lim,,_,, fz,-,m(x) =
hi(x) wpl,i=1,2,...,c. Let ¥ denote the feasible region of Problem P;o. Then ¥ = {x € X :
hi(x)<0,i=1, ..., c}. Also, we define the infeasible region and the interior of the feasible region
of Problem Pjpas ¥ =X\F and F° ={x € X : hi(x)<0,i=1, ..., c}, respectively.
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2.1 The cgR-SPLINE Algorithm

For the multistart algorithm cgR-SPLINE (Nagaraj and Pasupathy, 2014) that we propose, we must

first address the problem of finding some x* € M73,, where
My ={x"e€F : gx")<gx), Vx e Nx" )N F}

is the set of N-local minimizers of g(x) over F for a given definition of a neighborhood N. In
solving for a local extremum, we implement an adaptation of R-SPLINE (Wang et al., 2013b),
thus inspiring the name cgR-SPLINE. The retrospective approximation (RA) framework (Chen and
Schmeiser, 2001; Kim et al., 2014; Pasupathy and Kim, 2011) of R-SPLINE generates a sequence
of increasingly accurate sample-path problems that approximate Problem P;o. A gradient-based
local-search method called SPLINE solves each of the sample-path problems, whose general form

is given as follows.

P;o(m, €) : minimize 2,(x)
subject to fzi,m(x) <€, i=1,...,c,

x e X.

The sample-path problem P;o(m, €) is obtained by replacing the objective function g and the
constraint functions h;,i = 1,2,..., c in Problem P;¢ by their corresponding estimators g,, and fzm
obtained using a sample size m. Additionally, the constraints appearing in Problem P, are relaxed
by an amount € > 0, where the error tolerances € can be dependent on x. The corresponding
feasible, infeasible, and interior regions associated with Problem P,o(m, €) are ¥ (m,€) = {x €
X hgax) <ei=1,...,c), F(me = X\F(m,€) and Fo(m, €) = {x € X : hyu(x) <
€1 = 1, ..., c} respectively. Similarly, My (m,€) = {x* € F(m,€) : 2,(x*) < §.(x"), Vx €
N(x*) N F (m, €)} denotes the set of N-local minima of Problem P;o(m, €). For ease of exposition,

we henceforth refer to M}, and M}, (m, €) simply as M* and M*(m, €), respectively.

As stated, the problem in P; seeks a global solution. The overall structure of cgR-SPLINE
is thus comprised of outer iterations of restarts of the local SO solver R-SPLINE at randomly
selected points in the region X. Figure 2.1 provides a detailed listing of cgR-SPLINE. Every rth
outer iteration first begins with identifying a starting solution X,. A local solution estimate Y, is

then identified by executing R-SPLINE (in Steps 4 — 10) until a specified outer simulation budget
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Algorithm cgR-SPLINE
Require: budgets {b,}; relaxations {€x}; sample sizes {my}; multistarts {X}

Ensure: incumbent solutions {Z,}

1: Initialize: outer iteration number r = 1, incumbent solution Zg = x(, incumbent sample size
to=0
2: Choose: the next (outer) simulation budget b, \
3: Generate: the next multistart initial guess X,
— 4: Initialize: budget utilized up = 0, inner iteration number £ = 0, and warm start Wy, = X,

5: while u; < b, {budget utilized does not exceed outer simulation budget}

Locally . . .
6:  Update: inner iteration k = k+ 1
minimizin,
& 7. Choose: the next sample size my and constraint relaxation vector € Inner Outer
SO itera- itera-
8:  Solve Problem P(my, €;): (Ni, Wi,r) = SPLINE(Wj_; ,my) itera > itera
algorithm tions tions

9:  Update: utilized budget uy = uy_1 + N

L0: end while
11: Update: returned local solution Y, = Wy,

12: Update: incumbent sample size 7, = max{z,_,my}

13: Update: incumbent solution Z, = argmin{g; (x) : x € {(Z,_1, Y} NF,}
14: Update: outer iteration r = r+1

15: Go to Step 2

Figure 2.1: The cgR-SPLINE algorithm has a iterative structure. Each of its outer iterations re-
turns an estimator of a local minimum by partially solving a strategically relaxed sample-path
problem using an adaptation of R-SPLINE (Steps 4 — 10). The sequence of local solution estima-
tors are appropriately compared to generate a sequence of global estimators that we call incumbent
solutions.

b, is expended. The inner iterations (Steps 6 — 9) of cgR-SPLINE are essentially the RA iterations
of R-SPLINE. A solution Wy, € ¥ (m, €) is identified at the end of every kth inner iteration
during the rth restart. Since R-SPLINE uses warm starts, the initial guess to the kth inner iteration
is set to equal the solution returned by the previous inner iteration k — 1. The rth outer iteration
ends when the the restart budget b, is exhausted and a local solution estimate Y, = W;, is returned
by the algorithm. The estimated local solution Y, is then probabilistically compared (in Step 13)
against the incumbent solution Z,_; using an updated sample size ¢, and the incumbent solution is
updated to equal the superior of the two solutions. cgR-SPLINE thus returns a sequence of local

solution estimators {Y,} and sequence of global solution estimators {Z,}. We note that although our



Kalyani S. Nagaraj Chapter 3. Integer-Ordered Spaces 11

description of cgR-SPLINE contains R-SPLINE (Wang et al., 2013b) as the locally minimizing SO
algorithm, any locally minimizing SO algorithm can be used in its stead. R-SPLINE, however, due
to its RA framework and its gradient-based search mechanism, has shown to have outperformed
its competitors (Wang et al., 2013b).

We now elaborate on some key features of cgR-SPLINE that contribute to its overall perfor-
mance. First, the constraints for the sample-path problem P, (my, €;) during the kth inner iteration
are relaxed by the amount €. Inconsistency issues of the kind described in Section 1.1 are over-
come through the careful selection of the constraint tolerance sequence {€;} in addition to requiring
€, — 0 as k — oo. Next, the choice of growth rate of the outer simulation budget b, specifies the
extent of exploration and exploitation within the algorithm. A slow increase in b, leads to more
frequent multistarts of the local SO routine, facilitating more exploration. On the other hand, a
faster increase in b, suggests a focus on increasing the local search effort with each restart. Lastly,
to guarantee convergence to a global solution, the location of the initial guesses for the restarts

should be such that all local minima are attained in the limit.

The results presented in the following section provide sufficient conditions on the above
three algorithm parameters that contribute to cgR-SPLINE’s consistency and efficiency. Heuristics
for further fine-tuning the algorithm parameters (while still satisfying the parameter boundaries set
forth by the theoretical results) are discussed in Section 2.3. Numerical experiments demonstrating

the resulting improved finite-time performance of cgR-SPLINE are discussed in Section 2.4.

2.2 Main Results

Recall the definitions of the feasible region ¥, the infeasible region ¥, and their sample-path
equivalents F (my, €,) and F °(my, €), respectively. Under certain assumptions on the rate of in-
crease of the sample size my, the quality of the constraint estimator ﬁmk, and the structure of
the constraint function h(x), the feasible and the infeasible regions for the sample-path problem
P,o(my, €) and the problem P;, coincide in a certain precise sense. We note this in Lemmas 2.1
through 2.4, each concluding the same result but under alternative sets of assumptions on the sam-
ple sizes {my}, the constraint estimators {izmk}, and the constraint error tolerances {€;}. We begin by
stating a few assumptions on the constraint functions and their estimators, the first two of which

are assumed to hold for all the results in this section.

*

Assumption 2.1. 0 < o, = infrex{oi(x) :i=1,2,...,c} <sup,xloi(x) :i=1,2,...,c} =0" <
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oo, where o (x) is the standard deviation of the random simulation outcomes H;)(x), [ = 1, 2, ...

corresponding to the constraint functions.
Assumption 2.2. &, = inf{h;(x) : hi(x) >0,i=1,...,c} > 0.

Assumption 2.3. For each x € X, the sequence of random outcomes {H(x)}}?, is independent and
identically distributed (iid).

Assumption 2.4. SupxexE|Hi,1(x) - h,-(x)|3 <oo,i=1,2,...,c

Assumption 2.5. The random vector H(x) has a moment-generating function that exists for all

x € X in some neighborhood of a point t = 0.

Assumption 2.1 is easily justified if the domain X is bounded. If X is unbounded, how-
ever, nonpathological cases where Assumption 2.1 is violated can be constructed. In such cases,
we provide alternative directives for algorithm parameter selection that allow for a relaxation of
Assumption 2.1 without diminishing the strength of the results that we present. Assumption 2.2
describes permissible behavior of the constraint function near the boundary of the feasible region.
Once again, this condition is trivially satisfied when X is bounded. Since X is a subset of the inte-
ger lattice, the set # has no boundary points. For an unbounded infeasible region, Assumption 2.2
translates into precluding functions /;(x) that approach zero asymptotically in #¢. Assumptions

2.3 and 2.4 (and also its slightly stricter alternative, Assumption 2.5) hold widely.

Lemma 2.1. Suppose that Assumptions 2.1 and 2.2 hold. If the sequences {my} and {€;;} satisfy
+ wpl
lim sup, % =0 forsomeB >0andalli =1,2,...,c, then F (my, €) i F uniformly on X
k mye
ik

as k — oo,

Proof. Pick x € ¥. Then hi(x) <0,i=1,2,...,c.

(ili,mk (x) > fi,k)}

< 2 Pr {fl,-,mk(x) > Ei,k}

c

Pr{x € F(my, €)} < Pr{

i=1

< Z Pr {fz,-,mk(x) ¢ (hi(x) — €x, hi(x) + Ei,k)}

_C Var (fzi,mk (x))

<)
62

i=1 ik
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4 2
= Z AS2) 2.1)
mke

The fourth inequality of (2.1) follows from Chebyshev’s inequality. Then under Assumption 2.1,

the rate condition on mkefk, and by the application of the Borel-Cantelli lemma (Billingsley, 1995),
there exists K| (independent of x) such that for k > K, x € ¥ (my, €) wpl for any x € ¥. Thus
F(my, €) € F¢ wpl when k > K,

Now pick x € F¢. Then A, (x) > 0 for some j € {1,2,...,c}. Under Assumption 2.2 there
exists y > 0 such that 2y < infycre{h;i(x) : hi(x) > 0,i = 1,2,...,c}. Since lim;_,, € = 0, there
exists K, (also independent of x) such that for all k > K>, € < v, and thus

Pr{x € F (my, €)} = Pr{ﬁ (Rim () < e,.,k)}

i=1
PI'{ jmk(x) Ei,k}
= Pr{fjn, (%) < €1 Py, (%) € (hj(x) = 7, hy(x) + )]
o+ Pr {Rjm, (¥) < €0 P, (0) & (y(x) = 7, hj(2) + 7))
< Pr{fjn, () & () =7, hy(x) + )]
g Var (B, (x))
'}’2
2~(x)

mke ik

<

(2.2)

Then following similar arguments, under Assumption 2.1, the rate condition on mke , and by the
Borel-Cantelli lemma, 7 (my, €,) € F wpl for all k£ > K, and the result follows. O

Lemma 2.1 asserts that under very general assumptions on the constraint functions and their
estimators, the relaxed constraints should be brought in no faster than k/ y/m;. The next result
shows the implication of a more restrictive assumption of normality on the constraint function
estimators: it allows for a reduced rate of increase of the sequence {mkefk}, or equivalently, a

relaxation of the rate at which the constraints are brought in.

Lemma 2.2. Suppose that Assumptions 2.1 and 2.2 hold, and that fz,- e (X) ~ (h»( ), U’z(x)) for

allx € Xandi = 1,2,...,c. If the sequences {m;} and {€;} satisfy limsup,_,, logk _ 0 for all

my Ek

i=1,2,...,c then F(my, €) —> F uniformly on X as k — oo,
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Proof. Pick x € ¥. Then hi(x) <0,i=1,2,...,c.

c

Pr{x € F°(my, €,)} < Pr{

(ili,mk(x) > €i,k)}

Pr{h; , (x) > €}

i=1

-

<

i=1

< " Prlhin (x) > €+ hi(x))
i=1

o |

C
< Z e—(fi,k+hi(x))liMil (ti)
i=1

ikx

where M;, k‘x(-) is the moment generating function of lAqi,mk(x), i = 1,2,...,c. Then under the

assumption of normality, for each i € {1,2,...,c},

2

2
o; (x)ti

M;,, (@) = &N g

Thus

4 o'l.z (x)ti2

Pr{x € F(my, €,)} < Z e ki
i=1

Minimizing the right hand side with respect to (¢, t,...,t.), we get

2
c mey

Pr{x € F(m, &)} < Z e 2T 2.3)

i=1

Then under Assumptions 2.1 and the rate conditions on mke,f, and by the Borel-Cantelli lemma, for
k > K;(independent of x), x € F (my, €;) wpl and hence 7 “(my, €;,) C ¥ wpl.

Now pick x € F¢. Then hj(x) > 0 for some j € {1,2,...,c}. Under Assumption 2.2 there
exists y > 0O such that 2y < infyeqc{hi(x) : hi(x) > 0,i = 1,2,...,c}. Then since lim;_,., €4 = 0,

€ <7 forall k > K,(independent of x) and

HWG¢M%@H=H{ﬁK%Mﬂ<QQ}

i=1
< Priftjm (x) < €4)

= Pr{/tj,m, (%) < €14, i (X) € (hj(X) =y, 1j(x) + 7))
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+ Pr{ft (%) < €15 i, (x) & (Bi() =y, hj(x) + 7))}
< Priftj, (x) & (hj(y) — v, hj(x) + )}
< 2e” OV (1))

Jikx

Since the constraint estimators are normally distributed,

o2 (x)rz.

Pr{x € F(my, €)} < e T,

Minimizing the right hand side with respect to #; gives

3 mkyz trlkeik

Prix € F(my. €)) < 2¢ 1% < 2¢ 7. 2.4)

Thus, under Assumption 2.1 and the rate conditions on mke,f, and by the Borel-Cantelli lemma,
F (my, €) € F wpl when k > K, and the result follows. O

While Lemmas 2.1 and 2.2 are sufficient to guarantee feasibility, they do not provide ade-
quate insight on how to choose the sample size and the constraint error tolerances as the search
progresses within each inner iteration of cgR-SPLINE. Consequently, we state two versions of
an “implementer’s result" for feasibility. These results provide concrete recommendations on the
choice of the constraint relaxations while ensuring that the sample-path feasible sets converges to

the true feasible set.

Lemma 2.3. Suppose that Assumptions 2.1-2.4 and the following two conditions C2.1 and C2.2
hold:

C2.1 The constraint relaxation sequence {€;;(x)} satisfies
€x(X) = S (x)m;?,
where 0 < 6 < 1/2, 0 < liminfy_, infyex S;ix(x) < limsup,_, sup,.x Six(x) < oo, and
S ix(x) is independent ofizi,mk(x) foreachie€{1,2,...,c}wpl;

C2.2 The sequence of sample sizes {m,} satisfies

k4
limsup — =0
k—sco M
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where q > +—.
7_6

Then F (my, €) b F uniformly on X as k — oo.

Proof. Let Y, (x) = (M) \iir. Pick x € F. Then h(x) < 0,i = 1,2,...,c, and

oi(x)
Prix € F<(my, &)} = Pr{U (i) > e,-,k(x))}
i=1

< Z Pr{h;(x) > €4(x)}

; h;
—ZPr{ Vialx) > k(x)( )(x) x/nTk}

— hi(x)
_Z f Pri V() > k0 T Ve dFsu )

Note that since A;(x) < 0, s > 0, and § < 1/2, ( a(j)l(X)

Thus by the Berry-Esséen theorem (Serfling, 1980),

)\/m_k—>ooask—>00fori: 1,2,...,c.

33E|H, (%) - hi(x)[

4 owm”

Pr{Yix(x) > 1} < D) +

for all # and m,. Hence, under Assumptions 2.1 and 2.4,

c N = Sm,;d - hi(x) 1
petx e om0t < 3[BT a0 )
i=1 N l

Since a(t) =0 (?) as t — oo (Lu and Li, 2009), there exists 7y, L > 0 such that for all #;; , > 1,

sy -—h (x))

_(smk h(x)) Le (”‘(")/‘W

o (x)/ A/ sm;é—h,-(x)
l ERETRV

o

sm;é—h,-(x)

where ;. = oi(x)/ Vimg

Then under Assumption 2.1 and since lim inf;_, infrex Six(x) > 0 wpl,
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there exists K| (independent of x) such that for all £k > K,

sm —h (x))

o'l (x)

1
: dFs,, (s)+0|—
Pr{x € F°(my, €)} < ;}f; - é_h(x)) - S (8) + ( m_k)

oi(x)

oi(X) 1
) Z fsml/2 "~ i(x)m, 77 AFs;,. () + 0( \/nTk)
k
oi(x) 1
S lzl: f 1/2-3 dFs, . (s) + 0( \/_)
1
) ZL(T f 7 dFs,.(s) + 0( \/_)

:Z lmf dFSlkx(s)+0( )

Lo™E[1/S i x(x)] 1
-y o)

i=1 my
1

Thus, by the Borel-Cantelli lemma Pr{7“(my, €;,) € ¥ i.0.} = 0.

Suppose x € . Then h;(x) > 0 for some j € {1,2,...,c}.

Pri{x € F (my, €)} = Pr{ﬂ (ia(x) < e,-,k(x))}

i=1

< Prihju(x) < €x(x))

: —h.
=P%%Aw<9é%@#9W%}

B s’ = hi(x)
= fSPr{Yj,k(x) < W\/_} dFs,; . (s)-

sm70—hi(x
Note that since s > 0, h(x) > 0, and 0 < § < 1/2, (254
by applying the Berry-Esséen theorem, for large enough k (independent of x) there exists L" > 0

such that

) VM — —co as k — oco. Once again,

hj(x) — sm;?
o (x)

Huefm%q»<f$( wa%wmxﬂ+0(

)
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h; (x) sm;

<fL’ (e )
,(h(x) sy \/—)

oi(x)

, O'j(x) 1
g f omy® — s O\

.

Lo* 1 1 1
< dF + 0 =0|—= 2.6
o [t o) <o) e

The last inequality of (2.6) follows from Assumptions 2.1 and 2.2, and the last equality of (2.6)

1
dFs, . (s)+ O( \/nTk)

N

follows since lim sup,_, ., sup,cx S ix(x) > 0 wpl. Thus, we get Pr{#; € ¥ i.o.} = 0, and the result

follows. ]

A comparison of equations (2.1) and (2.2) in the proof of Lemma 2.1 to equations (2.3)
and (2.4) in Lemma 2.2 reveals the significant impact that the assumption of moment generating
functions of the constraint estimators has on the convergence rate of the sample-path feasible sets
and the minimum stipulated growth rate of the sample sizes. This argument is formalized in the
following version of the implementer’s result, on which we base the remainder of the results in this

chapter pertaining to cgR-SPLINE’s consistency and efficiency.

Lemma 2.4. Suppose that Assumptions 2.1-2.3, 2.5, and conditions C2.3 and C2.4 hold:
C2.3 The constraint relaxation sequence {€;;(x)} satisfies

€x(x) = S (x)m?,

where 0 < 6 < 1/2, S;x(x) € [s/(x), s,(x)], 0 < 57 < infyex 5;(X) < sup,x s.(x) < 5, < 00,

and S ;x(x) is independent of fz,-,mk(x) for each x wpl;

C2.4 The sequence of sample sizes {my} satisfies

logﬁ k
lim sup =
k—o0 my

wpl
Then F (my, €,) A F uniformly on X as k — oo.
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Proof. Pick x € . Then h;(x) <0,i=1, ..., c, and for large enough k and any #; > 0,

“1ir X im0 —h; i A gm s
Hu¢¢%wq»:Hﬂj@ma»wum%<§y*%’wwm%4my @.7)

i=1 i=1

where My ) (-) is the moment generating function of H;(x) — h;(x). Minimizing the right hand

side of (2.7) with respect to (11,1, ..., .) suggests {7 = 2( 5 (s,mk hi(x)), i=1,2,...,c. Since

M}’;k(x) (t;/my) = (1 +17m 2M(z)(x)(f)/Z) — 1 as k — oo for some & € (0, 1;/my), we get

Pr{x ¢ F(my, €)} = 0( —m ) (2.8)

for some ¢’ > 0 that is independent of x.

Now suppose x € F¢. Then h;(x) > 0 for some j € {1, ..., c}. Then for large enough &,

s,m;° < h,. So for some ¢”(h.) > 0 we get

HUETM%QN=H{fNQWUMAw&

i=1
PI'{ jmk(x) Ejk(x)}
< Prih Jmk(x) < h.}

=0(e™). (2.9)
The result then follows from the application of the Borel-Cantelli lemma. O

Conditions C2.1 and C2.3 on the choice of the constraint relaxation €;;(x) are inspired by the

standard error estimate se(f; (X)) = \/m,;1 (ka (H; j(x) - ,mk(x))z) of the constraint function
estimator A m(X) = my; Zm" H; j(x). Setting ¢ to some value in (0, 1/2) in both Lemmas 2.3 and
2.4 implies that the constraints should be progressively tightened at a rate slower than the rate at
which the standard error of the constraint estimator decays to zero. The choice of a projection
interval [s;(x), s,(x)] in Lemma 2.4 along with the assumption of a moment generating function of
H(x) results in a weaker stipulation on the growth rate of the sample sizes m; than was prescribed
in Lemma 2.3 for consistency. The overall decay rate of the error probabilities is also significantly
enhanced by these assumptions, going from the polynomial decay rates in equations (2.5) and (2.6)

to the exponential decay rates in (2.8) and (2.9).
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2.2.1 Local Convergence And Rate

If Y, is the local solution estimate returned by the rth outer iteration of cgR-SPLINE, we would like
to show that the sequence of sample path solutions {Y,} converges into the set of locally optimal
solutions of Pp. In doing so, we first introduce notation for the random number of inner iterations

k, executed during the rth outer iteration:
k
ke = suplk : > Ujm; <b). (2.10)
j=1

U;, here is the random number of points visited by the jth call to the SPLINE routine during the
rth outer iteration. Since U, is uniformly bounded and b,, m; € (0, o) and b, — oo, we infer that

0 < k, < ooand k, — oo wpl.

Recall also that W, € ¥ (my, €) is the solution obtained by the local solver at the end of the
kth inner iteration, and Y, is set equal to the solution W, obtained upon conclusion of the inner

iterations during the rth outer iteration.

Consequently, we note the following about the sequence of solutions {Y,}.

Theorem 2.1. Let Assumptions 2.1-2.3, 2.5 and conditions C2.3, C2.4 listed in Lemma 2.4 (or
alternatively, Assumptions 2.1-2.4 and conditions C2.1 and C2.2 listed in Lemma 2.3) hold. Also,
suppose that F is finite. Then the sequence of local estimators {Y,} converges almost surely to the

set M* of local solutions of Problem P .

Proof. Since Assumptions 2.1-2.3 and 2.5 (or 2.1-2.4), and conditions C2.3, C2.4 (or C2.1, C2.2)
hold, we know that Lemma 2.4 (Lemma 2.3) holds and Pr{F (my,,€,) # ¥ i.0.} = 0asr — oo.
Then since ¥ is bounded, the sequence {Y,} of local solutions returned by cgR-SPLINE remains
bounded with probability 1.

Let A = min {|g(x) — g)| : (x,y) € F,g(x) # g(y)}. Then since F is finite, g, converges
uniformly to g wpl on the set F as r — co. Thus there exists K>(4) € N such that |2, (x)—g(x)| <
A/2 wplif r > K, forall x € F. So if g(y) < g(x) (g(y) > g(x)), then g,, (y) < &u, (x)
&m, ¥) = &m, (x)) wpl forall x,y € F if r > K;. Thus wpl, Pr{Y, ¢ M*i.o.}=0asr — co. O

Theorem 2.1 guarantees that the sequence of local solution estimators returned by cgR-
SPLINE falls within the set of true local solutions to Problem P after a finite number of outer

iterations.
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Theorem 2.1 was proved for finite feasible regions #. In order to extend Theorem 2.1 to
account for unbounded feasible regions, we impose further structural assumptions on the objective
function g to preclude unbounded problems. Toward this, let £, (x) denote the set {y € X :
8n(y) < &u(x), y € F(m, €)} for each x € . Additionally we make the following assumptions.

Assumption 2.6. Let the sequence of random variables {g(x) — §,,(x)} be governed by a large-

deviation principle with rate function I, : R — R such that for any € > 0, inf ycx min(l,(—¢), I(€))

ng > 0.

Assumption 2.7. For each x € F there exists A > 0 such that £ (x,1) ={y € X : g(y) < g(x)+ 1}

is finite.

Then the analogues to Lemma 2.4 and Theorem 2.1 for unbounded feasible regions are con-

solidated into a single result as follows.

Theorem 2.2. Suppose that Assumptions 2.1-2.3, 2.5-2.7, and conditions C2.3, C2.4 (or alterna-
tively, Assumptions 2.1-2.4, 2.6, 2.7, and conditions C2.1 and C2.2) hold. Then given xo € F,
cgR-SPLINE returns a sequence of sample path solutions {Y .} that converges wpl to the set M* of

local minima of Problem P .

Proof. Recall that k, denotes the (random) number of inner iterations executed during the rth outer
iteration. Since Uy,, the number of steps executed by the local SO solver during the kth inner
iteration of any rth outer iteration, is uniformly bounded, u = limsup, , Uy, < co. We define the

fixed quantity k_ as the smallest number of inner iterations executed in the rth outer iteration:

k, = supik :

k
um; < b}, (2.11)
=1
and note that k< k, for all r.
By Assumption 2.7 there exists 4 > 0 such that the level set -Z(x, A) is finite. Pick y €
(F N Z(xp,A))". Then eithery € FCory € ZL(xo, ) (\F. Suppose y € F¢. Then for r > K;
(independent of x, and y), Prly € %, (xo)} < Prly € F, } = 0,(e="mr) = O(e™"™:) = pl
(from (2.9)). If y € L (x9, ) (F then g(y) > g(x¢) + A. Then for all » > K, (independent of y,

dependent on xy),

Pr{y € o%nk, (x0)} = Pr{gmk,@) < gmk,(xO)}
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< Pr{gm, (1) < &m,, (X0); &m,, (¥0) € (8(x0) — /4, g(x0) + A/4)}
+ Pr{gm, () < 8w, (X0), &y, (X0) € (8(x0) — A/4,8(x0) + A/4)}
< Pr{gy, (v) € (8(y) — /4, 8(y) + A/} + Pr{gy, (x0) & (8(x0) — A/4, 8(x0) + A/4)}

< 27 < Qe = p

where the third inequality follows from by the application of the Géartner-Ellis theorem (Dembo
and Zeitouni, 1998) under Assumption 2.6. Let p, = max(p’, p”). Thenforanyy € (¥ () Z(x0, )",
Prly € £, (xo)} < p,if r > K3 = max(K, K>). Then under condition C2.4 and by the Borel-
Cantelli lemma, Pr{y € ., (x¢) i.0.} = 0. In other words Pr{.Z},, (xo) € F (L (x0,A)i.0.} = 0.
Then Pr{Y, ¢ ¥ (L (xp,D)i.0.} = 0as Y, € £, (xo). And since F (L (xo, A) is finite, cgR-

SPLINE returns a sequence of solutions that are bounded wpl.

Let € = min{|g(x) — g¥)| : (x,y) € F (L (x0, ), g(x) # g(y)}. Then since F () L (xo, A)
is finite and contained in ¥, §,,, converges uniformly to g wp1 on the set ¥ () £ (x, A) as r — oo.
Thus there exists K;(dependent on x,) such that g, (x) — g(x)| < £/2 with probability 1 if r > Ky
forall x € F (.2 (xp,4). Soif g(y) < g(x) then with probability 1, g, (¥) < &, (x) for all x,
y € F (N ZL(xp,A) if r > K4. This in turn implies that with probability 1 if g,, (y) > &, (x) then
gy) = gx)forallx,y € ¥ (L (xp,A), r > K4. And hence Y, € M* wpl for r > max(K3, K;). O

Theorems 2.1 and 2.2 prove the almost sure convergence of cgR-SPLINE’s iterates {Y,} to
a true local minimum. The next two results further assert that the rate which this convergence
occurs is exponential in the presence of a moment generating function of the constraint function
estimator and if the sample sizes are increased at a fast enough rate. A much slower decay rate of
the error probabilities is observed if the existence of only the first three moments of the constraint
function estimators (Assumptions 2.1 and 2.4) can be guaranteed. Such a weak assumption on the
constraint function estimators is perhaps of little practical importance. Consequently, we relegate
the “heavy-tailed" analogues of the rate and efficiency results for cgR-SPLINE that follow (along
with their proofs) to Appendix A.

Theorem 2.3. Let X be finite and suppose that Assumptions 2.1 — 2.3, 2.5 — 2.6, and conditions
C2.3, C2.4 hold. Then the following hold for some ¢’ > 0 as r — oo.

(i) The probability that cgR-SPLINE returns an infeasible solution satisfies Pr{Y, ¢ ¥} =
o, (e_c/mif 25).
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(ii) The probability that cgR-SPLINE returns a locally suboptimal but feasible solution satisfies
PriY, ¢ M"Y, € F} = 0,(e"").

Proof. (i) For large enough k

PriY, ¢ F}=PlY, ¢ F, F € F (my, €)} + Pr{Y, ¢ F, F C F (my,, &,)}
< > Prly € Flmy, €, + Y Priy € Fmy, €,))

yeF yEFC
1-26

=0, (e )+ 0, (e ™), (2.12)

where the last equality in (2.12) follows due to the finiteness of X and from (2.8) and (2.9).

(i1) Once again for large enough k,

PrlY, ¢ M*|Y, e F} = Pr{Y, ¢ M, ( min g(y)) e F(my, €)Y, 677}+

YENY)NF

YENXY)HNF

Pr{Y, ¢ M, ( min g(y)) eF(my, €)Y, e 7—”}

1-26

=0, (") + 0, (™) (2.13)

where the last equality of (2.13) follows from the finiteness of X and from (2.8) and by
the application of the Géartner-Ellis theorem (Dembo and Zeitouni, 1998) under Assump-
tion 2.6.

Theorem 2.3 is important in that it asserts that the rate at which a suboptimal solution is
returned in the current context is not exponential as has been shown by Kleywegt et al. (2001) in
the discrete unconstrained context. The difference is that, in the discrete unconstrained context, the
error associated with suboptimality relates only to correct ordering which typically exhibits light-
tailed decay. The error in the current context, however, is dominated by the error due to incorrect
assessment of feasibility in the presence of stochastic constraints. We note that the extent of the
deterioration of this error rate from exponential is a function of the algorithm parameter  and can
thus be made negligibly small by choosing a very small positive value for ¢. In fact, if A, is known,
the light-tailed convergence rate of Kleywegt et al. (2001) is easily achieved by always choosing
€ 4(x) < h, in Step 7 in Figure 2.1.
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The next result, which is essentially as a consequence of Theorem 2.3, provides a sense of the
rate of decay of the expected cost associated with the local search algorithm returning an incorrect

solution.

Theorem 2.4. Let X be finite and suppose that Assumptions 2.1 2.3, 2.5, and 2.6, and conditions
C2.3, C2.4 hold. Also, let {(x) be a “loss function" associated with cgR-SPLINE returning the
solution Y, = x € X that satisfies {(x) € (0,0) for x € X\ M*, and {(x) = 0 for x € M*. Then
the expected loss associated with cgR-SPLINE returning an incorrect solution satisfies E[{(Y,)] =

/0, 1-26

0, (e_c "y )for some ¢’ > 0.
Proof. For large enough r

E[6(Y)] = ) EL®PHY, =x}+ > EBIL)IPH{Y, = x}

xefFe¢ xeF\M*

=0, (™) Y )+ 0, () Y tx). (2.14)

xeFe xeF\M*

The last equality of (2.14) follows from (2.8) and (2.9) and the result follows due to the finiteness
of X and ¢ being bounded. O

Theorems 2.3 and 2.4 suggest that the convergence rates associated with cgR-SPLINE in-
crease as 0 is increased, implying that the asymptotic cost due to returning a feasible but subopti-
mal solution is far greater than that associated with returning an infeasible solution. This suggests
setting ¢ as close to zero as possible during implementation. But how small a value of ¢ is good
enough? Moreover, the choice of a “very small" ¢ is disadvantageous in terms of ensuring solution
feasibility during finite-time experimentation. In Section 2.3, we discuss directives for identifying
the “optimal” ¢ by balancing the loss from returning a feasible but suboptimal solution with that of

returning an infeasible solution.

2.2.2 Global Convergence And Rate

During the rth iteration of cgR-SPLINE, the locally minimizing SO algorithm starts from a ran-
domly located point and executes until a budget b, is expended and returns an estimator Y, of a
local extremum to Problem P;,. The local solution estimator Y, is then probabilistically compared
against the incumbent Z,_; to obtain the new incumbent Z,. In this section, we study the behavior

of the incumbents {Z,} which estimate the global minimum to Problem P,,.
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Toward this, let Y, denote the point that would be attained by the locally minimizing SO
algorithm in use within cgR-SPLINE if a specific outer iteration is executed with an infinite budget.
Y, is not observed since the budget b, for any iteration r is finite. For ease of analysis we assume
that Y, is a well defined random variable. With each local solution y* € M* we associate an
“attractor set" B(y*) = {x € ¥ : Pr{Y, = y*| X, = x} > 0} and a “reaching probability" p,(y*) =
Pr{X, € B(y*)}. The fixed set B(y*) represents the set of points from which the locally minimizing
SO algorithm should be started in order for it to attain the local extremum y* in the limit. The
(fixed) quantity p,(y*) is the probability of starting the locally minimizing SO algorithm from any
point in the attractor region of y* and is hence related to the probability of the local SO algorithm
attaining y* in the limit. The set B(y*) is independent of r because the locally minimizing SO
algorithm within cgR-SPLINE is assumed to not change across outer iterations r. The probability
p-(y*), on the other hand, depends on r to the extent that the multistart guesses X, may not be
identically distributed across iterations. Each of the outer iterations is however assumed to be

executed independently.

Theorem 2.5 characterizes the rate at which the error probability associated with the sequence
of incumbents returned by cgR-SPLINE not converging into the set of global extrema decays to
zero. For this we need the following assumptions on the locally minimizing SO algorithm and the

procedure that generates the restarts.

Assumption 2.8. Let Y = {z" € F : g(z") < g(x) for all x € F} denote the set of all global solu-
tions to Problem Pjp. Then | <y B(z*) # 0 and liminf,_,, p,(¢) > 0, where p,(¥) :=
Pri{X, € Uyey B(z)}.

The set | .- B(z") in Assumption 2.8 refers to the attractor set for any of the global extrema
of Problem P,y. That is, during any restart r the locally minimizing SO algorithm has a positive
probability of reaching a global extremum when executed ad infinitum starting from any point in
U ew B(z"). A “good" multistart algorithm should thus employ a local search routine with a large
set (..o B(z*) and a restart generation procedure with a high value of p,(¥) during every outer

iteration r.

Theorem 2.5. Suppose that X is finite. Furthermore, suppose that Assumptions 2.1 — 2.3, 2.5,
2.6, and 2.8, and conditions C2.3, C2.4 hold. Then for some ¢’ > 0
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(i) PHZ, ¢ 9} =0 (e—c’bf) +0 ("), where T € (0, 1),

. { (%)(1 —28)  ifmy =0 K9), where g > 0, 0.15)

1-20 ifmk:®(ak), where a;, > 1;

in
and the sequence of outer iteration budgets {b,} approaches infinity;

(ii) PHZ, ¢ Gi.o.} =0asr — oo if fory defined as in (2.15),
b, =o' (log’ ). (C2.5)
Proof.

Pr{Z, ¢ 4} =Pr{{Y,. Y, .. .Y,} ﬂg = 0}

the event that a global sol. is never

attained

S YLYs Y N9 #0,
+ Pr U a global solution was last dropped

7=2\ at the end of the jth outer iteration

the event that a global sol. is attained but is dropped due to sam-

pling error

=Pr{{¥,Y,,...,¥,}[ ¥ =0
@
Y Pr{(Y,e9 Uz e (2,¢9. (N YY) ] (216)

=2

(1)

Then since each restart is performed independently, for all » > R we get

=] ]pry, ¢9)
j=1
= H(Pr{Y, ¢9,Y. €9 | X;€ U B(z*)}pj(g) +
Jj=1 7*e¥

Pr{Y, ¢9,. Y9 | X, ¢ U B(z*)}(l —pj(%))+

7'e¥
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Pr{Y,gé%, Yo¢9 | X, € UB(z*)}pj(%)+

7*€9

7*€9

Pr{Y, ¢9. Yo 91X ¢| B(z*)} (1- pj(%)))

r

=[] (r, @ 0,(") + (1 =) p; @) +(1 - p; @)

j=R+1

r

1—[ OP(e_C’mi;zé) +  1-vp;(¥)

Jj=R+1 — .
error in function esti-

error due to stochas-

mation ticity of algorithm

where ¢ > 0and v = Pr{Y ¢ 9 | X, € U, B(z")} > 0. Letp; = 1 —vp;(¥). Then p; < 1.
Also, since liminf, .., p; () > 0, limsup,_,, p; = p* < 1. Thus

r

Pr{{Yl, Y,,....Y,} ﬂ ¢ = (Z)} = 1—[ (0,, (e_c/mflc;Qﬁ) +p*).

Jj=R+1
Recall the definition of k_in (2.11). Then

Pr{(Y,.Y,.... .Y} (¥4 =0] = ]_[ (0 (e“"’“ir”) +p*).

Jj=R+1

Suppose my; = O (k) where ¢ > 0. Then condition C2.4 is satisfied. b, = Zf;l um; = @(lji’”) or
k=0 (bi/(qm), and hence m;, = © (bf/(q“)). As a result

Pr{{Yl, Y,,....,Y,) ﬂ G = (2)} = ]_[ (o(e‘f/hg“q‘)“_m) + p*).

Jj=R+1

Now suppose m; = ® (af.‘n) where a;, > 1. Once again, condition C2.4 is satisfied. b, = Zfi  um; =
® (ai;“) ork =0 (logain b,), and hence m; = © (b,). As aresult

r

Pr{{Yl, Y,,....,Y,} ﬂ G = (Z)} = 1_[ (O (e_clbfl'fzd) +p*).

Jj=R+1
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In either case, we can write

r

Pr{{Yl, Y,,....Y,} ﬂ% = (Z)} = 1_[ (0 (e_clb;) +p*) ,
j=R+1
where vy = ¢g(1 — 20)/(g + 1)) if {m;} is increased polynomially and y = 1 — 26 if {my} is in-
creased geometrically. Then since the sequence {b,} approaches infinity, there exists R’ such that
O(e_clb?) < (1l =p*)/2 forall j > R'. Hence

Pr{{Y.Y,.....Y,}[ )% =0 = ]—[ 0(1 _zp* +p*) -0, 2.17)
}+1

j=max{R,R’

where 7 = (1 — p*)/2 + p* < 1.

Now,
(II) = ZPr{(Yj eyl )z e g)ﬂ(zj ¢ %(ﬂ Y; ¢ %]]}
j=2 i=j+1
= > (Pr{Z;- losesto ¥,|Z; € 4. Y, ¢ Y\Pr{Z; € 9. Y, ¢ ¥}
j=2

+Pr{Y;losesto Z,|Y; € 4. Y, ¢ 9\Pr{Y; € 9.2, ¢ 9))

< (Pr{Zj_1 S Yj € mekj |Zj—1 €Y, Yj ¢ g}

my.°
k]

[\

=
+ Pr(@n (Zj-1) > &m (Y Zjo1 € F, Y €F 121 €9, Y, 69, Y, €F)
+ Pr(@n (Zj-1) > &m,(Y)s Zjo1 € F s Yi €F 121 €9, Y, 89, Y, € F°)
+PUZjy € Fon s Y& T |1 Zjr #2,Y, €9)
+Prign, (Zj1) <8m, (X)), Zjs €F ), Y €Fu | Zj1 €9, Zj 1 €F . Y; €9}
+ Py, (Zj1) < By (V) Zj1 € Ty ¥ € Ty 12,0 9. 21y €F°, ¥, €9))

r
1-26

(0, (™) 4 0, () + 0, (™))

J=2

0, (™) = 0 (™) (2.18)
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where v is defined as before. Finally, substituting (2.17) and (2.18) in (2.16) we get
Pr{Z, ¢4} =0(e")+ 0" (2.19)

giving us the result in (i). The result in (ii) follows from condition C2.5 by the application of the

Borel-Cantelli lemma. O

The error probability Pr{Z, ¢ ¢} of cgR-SPLINE’s iterates not finding the global solution
appears to decompose into two parts. The first part O (e“"hz) represents probability that the locally
minimizing algorithm misses the global solution due to sampling error, and the second part O (1)
represents the error due to the stochasticity of the local search routine and the restart generation
procedure. If a locally minimizing algorithm other than R-SPLINE is used within cgR-SPLINE,
we conjecture that Pr{Z, ¢ ¢} will still decompose into the same two parts except that the form
of the constant y will differ. Part (ii) of Theorem 2.5 notes that if the outer budget b, is increased
sufficiently fast, then the error probability drops at a rate fast enough to be able to apply Borel-
Cantelli’s theorem, thus ensuring an almost sure convergence of cgR-SPLINE'’s iterates to a global

extremum.

Under the assumption that X is finite, Theorem 2.6 poses a rate for the loss function E, :=
max v E [||g (Z,) — g (z*) ||] defined on the function space. The proof of Theorem 2.6 follows in a

straightforward way from the results in Theorem 2.5.

Theorem 2.6. Suppose that X is finite. Furthermore, suppose that Assumptions 2.1 — 2.3, 2.5,
2.6, and 2.8, and conditions C2.3, C2.4 hold. Then

(i) E, = 0(e™")+ O (1) for € (0, 1), y defined as in (2.15), and {b,} approaching infinity;

(ii) E, = 0wpl as r — oo if condition (C2.5) also holds.

Together with the expression for y defined in equation (2.15), Theorem 2.7 enlists the pos-
sible convergence rates for cgR-SPLINE under alternative growth rate choices of the inner sample

sizes {my;} and the outer restart budgets {b,}.

Theorem 2.7. Suppose that X is finite. Furthermore, suppose that Assumptions 2.1 — 2.3, 2.5,
2.6, and 2.8, and conditions C2.3, C2.4 hold. If w, := }"_, b; denotes the total simulation effort
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expended by end of the rth outer iteration of cgR-SPLINE and vy is defined as in (2.15), then

O(ogw,)  ifb; = O(dl,), where ay, > 1;
—logE, = {0w!™")y  ifb; = ©(j%), where ay > 1;
oW ™y ifb; = ©(j%), where ay < 1.

Proof. When the outer budget {b;} grows as b; = @(a{;ut), we get from Theorem 2.6 that E, =

0 (e—c’bZ) + 0 (") = 0. Also, since w, = 23:1 bj = @(erlogaom)’ conclude that E, = O(e—KlogWr)

where k = —ag),

log.

Similarly, when the outer budget {b;} grows as b; = O(j*), we get from Theorem 2.6 that
E, = O(e‘”w) if oy <1land E, = O (¢") if ay > 1. Also, since w, = }}_; b; = ©(r**"), conclude

ay/a+l 1/a+1

that E, = O(e™ )ifay<land E, = O(e™ )ifay > 1. O

In other words, Theorem 2.7 asserts that the inner sample sizes {m,} should be increased
geometrically (that is by a fixed percentage during each inner iteration), the outer budgets {b,}
should be increased linearly as ®(r), and ¢ should be chosen close to zero so as to arrive arbitrarily
close to canonical rate O(e™*V"r). Alternatively, we may also say that the number of multistarts
and the budget per multistart should each bear a roughly square-root relationship with the total
simulation budget w,. This is in contrast to a corresponding result in the continuous context,
where the number of multistarts need to be logarithmic in the total simulation budget for optimal
convergence. This is due to the O(1/ m) convergence of the local iterates in the continuous
context. The result in Theorem 2.7 can thus be seen as prescribing far more exploration for the

integer-ordered context.

2.3 Implementation

In the previous section, we provided sufficient conditions on the algorithm parameters {m;}, {€;(x)},
and ¢ for both consistency and efficiency in cgR-SPLINE. Our goal in the present section is to au-
tomate the search process in so far as parameter selection is concerned. Consequently, we suggest
implementation strategies for dynamically choosing the algorithm parameters of cgR-SPLINE,
while still satisfying the conditions for consistency. The effectiveness of these strategies, in the
form of results from numerical experiments on cgR-SPLINE, are discussed in the following sec-

tion.



Kalyani S. Nagaraj Chapter 3. Integer-Ordered Spaces 31

2.3.1 Choosing Algorithm Parameters n; And €;

As was noted in the previous section, the more general condition C2.3 (or C2.1) affords us the abil-

ity to not only choose the constraint error-tolerances {¢;;} independently of the sequence of sample
sizes {my} but also to have them chosen dynamically at every visited point x. For any restart r, the
constraint error tolerances are chosen as €,(x) = d(x)/ mi, where 0(x) := (G 4(x), Tox(X), ..., 0cx(x))
is the point estimator of (o, 05,...,0.) and § can take on any value between 0 and 1/2. Alter-
natively, setting €,(x) = ‘T"—\/% + f(k) such that lim sup,_,, fi(k) \/m; — oo for each i also satisfies
condition C2.3.

While setting ¢ to any value between 0 and 1/2 will guarantee convergence to the local
optimal, Theorems 2.3 and 2.4 indicate that setting ¢ arbitrarily close to 0 will guarantee the fastest
rate of convergence when the global solution z* satisfies /;(z*) = 0 for some i € {1,2,...,c}. Now
consider a very likely scenario where the single constraint function A& appears to be almost flat
around the boundary A(x) = 0 and the objective function g improves in the direction of VAi(x). Then
for a very small value of ¢, we would require a very large sample size my to ensure a probability of
at least 1/2 that an infeasible solution y is deemed sample-path infeasible. In such cases, we prefer

to set ¢ closer to 0.5, albeit at the risk of deeming a point on the stochastic boundary infeasible.

In an effort to develop a heuristic that dynamically chooses the “correct” ¢ for the kth inner
iteration, we present the following Bayesian cost minimization problem. Suppose we wish to
decide if an unknown (but fixed) parameter 4 = E[X] € R is feasible (u < 0) or infeasible (u > 0)
after observing m iid copies of the random variable X that is distributed as N (u, o?). We impose
a subjective probability distribution N'(X, o%/n) on u, where X and o are known. Say we deem u
as being feasible if X = m™' Y| X; < € and infeasible otherwise, making e the decision variable
of the optimization problem. Suppose also that the cost of incorrectly deeming u as being feasible

and infeasible are ¢, and c,, respectively.

If §(X) represents a classification rule with §(X) = 1 if X < € and 0 otherwise, then an opti-
mization problem in € is written as min. E, x[L(u, 6(X))], where the expected loss E,, x[L(u, 6(X))]

associated with incorrectly classifying u is characterized as follows.

0 00
EIL(1, 600)] = ¢1 f f Nesom(ON,o2m () dy diit

e fo f NeoomGON o2 m() dy di
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= fo fw \/ﬁ—e_%(%”%)z—\/ﬁ e 20TV
V27rc3' \V2nd

Qf f N R (LN
V27r0' \2n6

(le f h(xuy)dydMHzf f h(xuy)dydu)

L (3~ +m(y—)?

h(x, i, y) here stands for e 252 ) . Differentiating the right hand side of the above equa-

tion with respect to € and equating to zero, we get

0 00
e f oI RO g f ¢ TR ) g o
- 0

(89

Since 0
@(‘f‘/ﬁ) SR T RS
o 26
we get
__q)( xx/_) 6(—)‘(;/71)_ ¢l d)(_éﬁ)+ c) 6(—6:/?%):0'
\n o Vn o \m o \m o
As a result, €opt = —X when m = n and ¢; = ¢,. Then we choose m = n and ¢; = ¢, and suggest

the following implementation strategy for cgR-SPLINE at the end on every kth inner iteration.

€,(x) = min (max (%, i, (x )) 0;;1](()6)) (2.20)

k k

The above policy is a slight modification of the implied result €, (x) = —h; m,(x). The projection

into the interval (‘T'gi?, U”‘(x)) is meant to avoid impermissible values for the constraint relaxations.
k k

This in turn yields the following rule for updating o .

log(d7(x)) — log(€;(x))

Okt = log(my)

(2.21)

2.3.2 Guarantees On Solution Feasibility

We suggest imposing a progressively increasing lower bound «, on the probability of feasibility

¥ of the sample-path local solutions returned by the outer restart iterations. This translates into a
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large error tolerance in the feasibility estimate of the returned solution Y, during the initial restarts

when the budget b, is small and a decreased error tolerance for later restarts with increased budgets.
For an observed solution Y, =y, at the end of the rth restart, the probability i that y, is truly
feasible can be written as

y=Pr{Y, eFIY, =y}

= Pr{ﬂ (ljli,mkr(yr) < Ei,k,()’r))}

i=1

and is estimated as

D

S
Il
—°

( €k, (yr) - hi(yr)
O-i(yr)

1_ illm r
(D[m,ir 6_ s k,(y )

)

i=1

a |

X

i=1
Y, =y, is returned as the identified local solution if /(y,) > @, or none of Y,’s neighbors y satisfy
Y(y) > a,. Otherwise, one of the neighbors of Y, which satisfies the specified lower bound is

returned instead of Y,.

We additionally stipulate that {@,} be an increasing positive sequence with @, — @ as r — oo
for some positive constant @ < 1. It is easy to see that Y, will satisfy the lower bound constraint
Y > a, as r — oo wpl, implying that the above heuristic does not affect the asymptotics of cgR-
SPLINE. To this extent, the proposed guideline on local solution reporting is only to provide a
reasonable solutions during the early iterations. The constant @ and the sequence {«,} are chosen
according to convenience. For example, all our numerical experiments use @ = 0.95 and a, =
a(l —1/logh,).

2.4 Numerical Experiments

In this section, we first compare the performance of cgR-SPLINE to that of the naive sequential
SAA approach on the toy example illustrated in Figure 1.1. Next, we illustrate the performance
of cgR-SPLINE on two nontrivial example problems: the three-stage flowline problem and the

bus scheduling problem. All numerical experiments in this section were performed on a parallel
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Figure 2.2: The figure shows the performance of a naive implementation of the sequential SAA
framework and cgR-SPLINE on Problem 7'. Notice that naive SAA achieves the optimal solution
only roughly 50 percent of the time, rendering the method inconsistent. This phenomenon is a
consequence of the central limit theorem on the constraint function estimator h,,(x*) at x*. Since
h,,(x*) is approximately normally distributed with mean 0 and variance o/ \/m, the probability
of x* being deemed feasible, i.e., Pr {fzm(x*) < 0} is approximately 0.5 for any sample size m, and
equals 0.5 in the limit as m — oo.

MATLAB® compute cluster at Advanced Research Computing, Virginia Tech. MATLAB® source
code for cgR-SPLINE and the example problems discussed in this section is listed in Appendix
B.2 and B.3

2.4.1 Comparing cgR-SPLINE And Naive SAA

Recall the two-dimensional optimization problem introduced in Chapter 1.

Problem T : min X+ 3%
subjectto  E[10 — 2x; — xp + &(x1, x)] <0

(Xl, Xz) € Z_z'_

The feasible region of Problem T is the set of points on the integer lattice in the shaded region of
Figure 1.1. At each point x € Z2, the objective function can be evaluated without (simulation)
error, whereas the constraint function, expressed as an expectation of a random variable & with
mean 0 and variance o > 0, is estimable only through simulation. The solution x* = (5, 0), shown

by the red dot in Figure 1.1, lies on the stochastic boundary 4(x) = 0 of the feasible region.
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Figure 2.2 shows the probability of feasibility of the sequence of solutions {Z,} returned by
cgR-SPLINE as a function of the simulation budget wy.. The probability of feasibility was estimated
as the fraction of ninety five independent sample-path realizations of cgR-SPLINE that resulted in
truly feasible solutions. In the case of the naive SAA implementation, regardless of the sample size,
the algorithm deems the optimal solution as infeasible with a probability of approximately 0.5 even
for large simulation budgets. On the other hand, cgR-SPLINE appears to achieve optimality within
five hundred simulation oracle calls in more than ninety five percent of the sample-path instances.
In fact, cgR-SPLINE virtually never deems x* infeasible or suboptimal for sufficiently large sample

sizes.

2.4.2 The Three-Stage Flowline Problem

Next, we present a stochastically constrained version of the much studied three-stage flowline
problem (Xu et al., 2010; Wang et al., 2013b). A system consisting of three servers in series with
exponential service rates x;, x,, and x3 has an infinite number of jobs present in front of the first
server. The second and third server have finite buffer capacities x4 and xs, respectively. As a result
the system operates under a communication blocking service protocol. In other words, the server
at stage i — 1 is blocked until an empty buffer space becomes available before server i, i = 2, 3.
The total buffer space x4 + x5 is restricted to 20 and the individual service rates cannot exceed 20.
The objective is to identify the service rates x;, x,, and x3 and the buffer capacities x, and x5 such
that the total service rate is minimized subject to an expected throughput of the system h(x) of at
least 5.776. Our choice of the throughput threshold is not arbitrary, but has been purposely chosen

to obtain global solutions with binding constraints.

This particular instance of the flowline problem is nontrivial, in the sense that it has 60, 647
feasible solutions, of which 123 are local minima, including the two global solutions z} =(6, 7, 7,
12, 8) and z5 =(7, 7, 6, 8, 2) that lie on the stochastic boundary i(x) = 5.667. The steady-state
expected throughput of the system is estimated via a stochastic simulation as the average number
of jobs leaving the system between times ¢ = 50 and ¢ = 1000. Initial solutions for the restarts were
generated by sampling uniformly from the region X = {x € Z3 : x4+ x5 = 20;1 < x; < 20, i =
1,2,3; 1 <x; <19, i =4,5}.

An example output log from a sample-path realization of the flowline problem is displayed
in Table 2.1, the last three columns of which typically unavailable to the user. We observe that

the first restart ends in cgR-SPLINE returning an infeasible solution. The next four restarts return
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Table 2.1: An example output log from a sample-path realization of cgR-SPLINE when imple-
mented on the three-stage flowline problem. At the end of every rth restart, cgR-SPINE returns
a solution Z, with an estimated probability of feasibility ¢ of at least a,. The right-hand side
columns in the table display the true objective function and constraint function values of Z, as
well as whether the solutions are feasible but suboptimal (F), infeasible (I), locally optimal (L), or
globally optimal (G).

Restart Incumbent solution Total work Feas/
r Z, 8m, /Azmkr l@ a, w, g h Opt
1 (12,7,7, 1,19 ) 26 0.0485 0.1406 0.5486 1174 | 26 0.0227 I
2 (7,8,6, 4,16 ) 21  -0.0609 0.9997 0.6891 2856 | 21 -0.0375 L
3 (7,86, 4,16 ) 21  -0.0435 0.9998 0.7804 5006 | 21 -0.0375 L
4 ( 7,8,6, 4,16 ) 21  -0.0435 0.9998 0.8398 5015 | 21  -0.0375 L
5 (7,8,6, 4,16 ) 21 -0.0378 1.0000 0.8784 9308 | 21 -0.0375 L
6 (6,7,7,12, 8 ) 20 -0.0132 0.9984 0.9034 15591 | 20 O G
7 (6,7,7,12, 8 ) 20 -0.0150 0.9987 0.9197 25157 |20 O G
8 (6,7,7,12, 8 ) 20 -0.0132 0.9998 0.9303 38774 120 O G
9 ( 6,7,7,12, 8 ) 20 -0.0100 0.9998 0.9372 58403 |20 O G

10 ( 6,7,7,12, 8 ) 20 -0.0052 0.9994 0.9417 88265 120 O G
11 ( 6,7,7,12, 8 ) 20  0.0002 0.9641 0.9446 133505 | 20 O G
12 ( 6,7,7,12, 8 ) 20 -0.0044 0.9978 0.9465 203685 | 20 0 G

ol
©

Est. optimality gap (&)

Est. prob. of feasibility (¢,)

e
~

8
Simulation Budget (w;) x10*

Figure 2.3: The figure shows the estimated probability of feasibility and the estimated optimality
gap of the sequence of solutions {Z,} returned by cgR-SPLINE as a function of the total simulation
budget w, on the three-stage flowline problem. These estimates were generated from ninety five
independent realizations of cgR-SPLINE.

a feasible, and more importantly, a locally optimal solution. In the sixth restart and thereafter,
after expending more than 15,500 calls to the simulation oracle, cgR-SPLINE appears to have

successfully attained the global minimum.
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Figure 2.3 displays the performance of cgR-SPLINE when the inner loop sample sizes in-
crease by 10 percent and the restart budgets increase by 50 percent. &, which defines the rate at
which the constraint error-tolerances €;;, are pulled in, is dynamically updated at the end of very
inner loop as per our directive in equation (2.21). Together, the solid line that displays the prob-
ability of the solution iterates being truly feasible and the dashed line that displays the distance
of the solution iterates from the optimum seem to suggest that cgR-SPLINE quickly reaches a so-
lution in the neighborhood of the global minimum. That the estimated optimality gap diminishes
to less than 0.1 in under 10,000 simulation oracle calls in almost all of the ninety five instances
seems to suggest that most of the simulation effort that follows is expended in correctly evaluating

feasibility of the global solution with the binding stochastic constraint.

2.4.3 The Bus Scheduling Problem

Passengers arrive at a bus depot between times + = 0 and ¢ = 7 according to a homogeneous
Poisson process with rate A. Buses are allowed to depart at time instants 5, 10, 15, ..., 5(.7/5]-1),
and 5|7/5]. Each bus is assumed to have a large enough capacity to seat all waiting passengers.
Additionally, it is assumed that a departure is scheduled at the beginning of the day (¢ = 0) and
at the end of the day (+ = 7). We define a binary decision variable x = (X1, X2, ..., X|z/5)-1)s
where x; equals 1 if a bus departs from the depot at time 5i, and O otherwise, i = 1, ..., |[7/5] —
1. The objective is to minimize the fleet size g(x) such that the expected total wait time of all
passengers /h(x) does not exceed s. Given a bus schedule x, the objective function value can be

Lr/51-1
1

evaluated analytically and equals ;.| x;, and a Monte Calro simulation returns an estimate of

the constraint function A(x).

For 7 = 50 (that is, for a fleet of at most 9 buses), 4 = 10, and s = 2500, the problem
has a unique optimal solution z* = (0,1,0,1,0,1,0, 1,0) with g(z*) = 4 and h(z*) = 2500. It
is interesting to note that this 9-dimensional problem has domain X and feasible region ¥ with
cardinalities |X| = 512 and |F| = 199, of which 123 are local minima. Setting 7 = 100, 4 = 10,
and s = 5000, results in a 19-dimensional problem with |X| = 524,288, |¥| = 97,462, of which
27,113 are local minima. As with the previous problem instance, this problem also has a unique
optimal solution
(z=1(0,1,0,1,0,1,0,1,0,1,0,1,0,1,0, 1,0, 1,0)) residing on the stochastic boundary h(x) = s.

Figures 2.4(a) and 2.4(b) display the performance of the global search algorithm on the above

two instances of the bus scheduling problem. As compared to its performance on the three-stage
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(b) The bus scheduling problem in 19 dimensions

Figure 2.4: The figure depicts the performance of cgR-SPLINE as a function of the total simulation
budget w, on the two instances of the bus scheduling problem. The estimates of the optimality gap
and the probability of feasibility were computed across ninety five independent instances of cgR-
SPLINE.

flowline problem, cgR-SPLINE appears to have no problem in returning a feasible solution on both
versions of the bus scheduling problem. We believe this is due to the large number of local minima
(in the interior of the feasible region) relative to the cardinality of the feasible region in both the
bus scheduling examples. Additionally, the effect of the vast difference in the cardinalities of the
feasible regions and the number of local minima of the 9-dimensional and the 19-dimensional
problems is evident from the far longer time that it appears to take cgR-SPLINE to reach the

vicinity of the optimal solution in the 19-dimensional problem.

As in the three-stage flowline problem, cgR-SPLINE appears to have little difficulty reaching
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the vicinity of the true solution, but spends a lot of simulation effort trying to identify the best
among a select few points in the neighborhood of the true solution. We believe that such behavior
is due to the optimal solution having binding stochastic constraints. This behavior appears to
mimic ranking and selection when the sample sizes have become large enough; a quality we that

we deem desirable and reflective of the fact that the algorithmaAZs search routine is effective.



Chapter 3
Mixed-Integer Spaces

We now revisit the more generally stated Problem P,,;; on mixed-integer spaces that was introduced

in Chapter 1 and which we repeat below for convenience.

Py min g(x)
subjectto hi(x) <0, i=1,2,...,¢;
xeXCcZ" xR®,

Every point x in the domain X of Problem P,;; can be written as an ordered pair (x;, xg), where the

Vectors X; = (X1, X2,...,Xg) € Z% and xg = (X441, X442, - - -» Xa,40,) € R, As was the case with
integer-ordered spaces, the estimators g,,(x), le,m(x), fzz,m(x), e, izc,m(x) of the unknown objective
function g(x) and constraint functions h;(x), h(x), ..., h.(x) in the new problem are observable

via a stochastic simulation and are assumed to be strongly consistent. Additionally, definitions of
the feasible region ¥, the infeasible region ¢, and the interior ¥ °, as stated in Chapter 2, remain

the same.

In light of the near-canonical rate of convergence achieved by cgR-SPLINE’s iterates, we hy-
pothesize that its general solution framework — maintaining the “best" solution from a sequence of
independent restarts of a gradient-based local SO solver, with the successive restarts being “solved"
to increasing accuracy — is amenable to extensions for solving problems on mixed-integer spaces.
Indeed, the inclusion of continuous decision variables warrants the need for algorithmic modifica-
tions only to the inner local SO solver. As will become apparent, these algorithmic modifications

call for the incorporation of new solver parameters (in addition to the inner sample size sequence

40
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{m}, the outer restart budgets {b,}, and the constraint error-tolerances {€;}). The structure of the
outer iterations of cgR-SPLINE (the generation of restarts and the probabilistic comparison of the
incumbent solution with the solution from the most recent restart) appear to require no further

modifications.

Before delving into an algorithm listing for solving Problem P, we first define what it
means for a point in feasible set ¥ to be a local solution of Problem P,;;. We begin by introducing
notation for a neighborhood in Z4' x R%. Let N,,(x) denote the neighborhood of a point x € X

defined for some / > 1 and @ > 0. Then we define
Niox) :={yeX : llx; =yl <L llxg = yzll < a}

Given [ > 1, we then say that x* is an /-local minimum of Problem P, if there exists @ > 0 such
that x* € ¥ and g(x*) < g(y) forall y € N;,(x*) (" F . Fixing the value of /, we then let M}, denote

the set of all such points x* € ¥ and call M}, the set of /-local minima of Problem P;.

3.1 A Proposed Solution Framework

The corresponding sample-path approximation of Problem P,;; generated using a sample size m

and an e-relaxation of its constraints is defined as follows:

Py (m,€) : min &m(x)
subject to fz,-,m(x) <€, i=1,2,...,¢

x € X C 79 x R%.

Once again, though not explicitly stated here, € may be written as a function of x. Then if we
were to search for a local solution to Problem P, (m, €) using a local SO solver akin to the one
in cgR-SPLINE, then its RA framework would call for (i) generating a sequence of such sample-
path problems with progressively bigger sample sizes and tightening the constraints and (ii) “warm
starting" the subsequent sample-path problems. As is common in algorithms for SO on continuous
domains, we additionally suggest solving the sample-path realization P, (m, €) to only within n-
optimality. A discussion on the notion of solving a sample-path problem to within n-optimality
will follow shortly. For now, it is intuitively clear that for achieving consistency of the generated

solution iterates, we require that 7, — 0, along with sending €; to 0 and m; to oo, as the number of
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Xo1d= Xnew
.

Figure 3.1: Figure depicting a sample-path trajectory of the SPLINE algorithm (adapted with
permission of authors from Wang et al. (2013b)). The SPLINE routine performs several cycles
of calls to first a gradient search routine (SPLI) followed by a neighborhood enumeration (NE)
routine, all for a fixed sample size. In the gradient search phase, the algorithm follows a search
direction (shown by solid lines) based on “phantom gradients" of an appropriate extension of the
sample-path function onto the continuous space. Next, neighborhood enumeration (NE) checks
for local sample-path optimality. The SPLINE routine is said to terminate if a sample-path local
solution is attained, else the algorithm enters the next gradient-based search phase starting from
the best solution identified by the previous NE phase.

retrospective iterations k of the local solver approaches co.

The following is a listing of a suggested adaptation of the local SO solver used in cgR-

SPLINE that returns a sequence of solution estimates {W;} to the problems { P, (my, €)}.

1. Set the retrospective iteration number k = 1.
2. Set my, €, and 7.

3. Follow a mixed-integer variant of the SPLINE routine in cgR-SPLINE and return W, an

ni-optimal solution to the sample-path problem P, (my, €).
4. Setk =k+1.

5. Exit it termination criteria are met. Otherwise, return to Step 2.

The SPLINE (see Figure 3.1) routine in cgR-SPLINE constitutes calls to a gradient-based search
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routine called SPLI and a neighborhood enumeration (NE) procedure. In the SPLI phase, so-called
“phantom gradients" of the sample-path objective function are generated from its continuous ex-
tension to identify a search direction and the next point to visit. The NE phase then checks for local
optimality of this new solution. This two-step procedure is repeated several times and terminates
when a sample-path local solution is identified. In what follows, we discuss various aspects of the

SPLINE routine that require modifications for handling mixed-integer decision variables.

(a) Gradient Estimation. SPLINE’s ability to quickly identify a near-optimal sample-path so-
lution can be attributed to its implementation of a gradient-based search on the continuous
extension of the sample-path functions (Wang et al., 2013b). In order to apply the same
derivative-based search principle in the mixed-integer context, we recognize the need for
careful generation of partial derivative estimates (using for instance, the central difference
method) of the objective function in the real subspace of X. At the same time, we retain the

notion of “phantom gradients" of the objective function in Z'.

(b) Solving Py (m, €) to n-optimality. Owing to our definition of a neighborhood in the space
Z% x R%, the NE phase of SPLINE is no longer sufficient to confirm sample-path local op-
timality. Instead, we suggest returning an n-optimal local solution y to Problem P,;;(m, €),
where by n-optimality we mean that y € N;,(x*) for some x* € M;,,. A reasonable nu-
merical procedure may involve solving the Karush-Kuhn-Tucker conditions (Boyd and Van-
denberghe, 2004) for the sample-path problem P, (m, €) using derivative estimates of the

objective and constraint functions.

Figure 3.2 provides a detailed listing of the new algorithm for solving Problem P,;;. As
can be seen from Figure 3.2, we retain the overall structure of cgR-SPLINE for the proposed
algorithm. In fact, the outer loop of restarts and the update logic for probabilistically comparing
the incumbent with the most recent solution returned by the local SO solver remains unchanged.
All the algorithmic modifications that we deem necessary for it to function on a mixed-integer

search space are limited to its local SO solver.
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Proposed Algorithm Framework For Solving P,,;

Require: budgets {b,}; constraint relaxations {€;}; optimality relaxations {n;}, sample sizes {my};

multistarts { X}

Ensure: incumbent solutions {Z,}

1:

- 4
5
6:
s |
minimizing N
SO
algorithm 0
=10

Initialize: outer iteration number » = 1, incumbent solution Z( = xo, incumbent sample size

to=0

: Choose: the next (outer) simulation budget b,

: Generate: the next multistart initial guess X.

: while u; < b, {budget utilized does not exceed outer simulation budget}

Update: inner iteration k =k + 1

Choose: the next sample size my and constraint relaxation vector €
Solve Problem P(my, €;) to within r;-optimality:

(Nk, Wir) = SPLINE(W i1 5, myc, 17k)

Update: utilized budget uy = ug—1 + Ny

. end while

: Update: returned local solution Y, = Wy,

: Update: incumbent sample size f, = max{t,_1,my}

: Update: incumbent solution Z, = argmax{g; (x) : x € {Z,_1, Y, }NF;}
: Update: outer iteration r = r+1

: Goto Step 2

. Initialize: budget utilized ug = 0, inner iteration number k = 0, and warm start Wy , = X

Inner
> itera-

tions

Outer
> itera-

tions

44

Figure 3.2: The proposed algorithm for solving Problem P,;, has an overall structure identical
to that of cgR-SPLINE. The alterations to cgR-SPLINE that are required to handle continuous
variables appear entirely in the logic of its local SO solver (that is, in Steps 4 — 10). The structure
of the outer iterations: independent restarts of the local search procedure and the probabilistic
comparison of their solutions to yield a sequence of global estimators, remains unchanged.

3.2 Conjectures On Algorithm Behavior And Issues Related To

Demonstrating Algorithm Consistency

Let Fu(m, €) denote the sample-path feasible region associated with Problem P,;;(m, €). Then

Fur(m, €) = {x eX: izi,m(x) <eg,1=1,2,.. .,c}. We now present Lemmas 3.1—3.4, the mixed-
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integer analogues of Lemmas 2.1—2.4, that assert the convergence of the sequence of the sample-
path feasible regions {7, (my, €)} to F. Each of these Lemmas provides the same result but
under alternative sets of sufficient conditions. The individual proofs follow those of their integer-
ordered counterparts very closely. We hence provide a detailed listing for only the first of the two

implementable versions — Lemma 3.3. We begin by noting the following assumptions.

Assumption 3.1. 0 < 0, = infyex{oi(x) 1 i =1,2,...,c} <sup,xloix) :i=1,2,...,c} =0" <

oo, where o (x) is the standard deviation of the random outcomes H;(x), [ =1, 2, .. ..

Assumption 3.2. For each x € X, the sequence of random outcomes of the constraint function

simulator {H(x)}}2, is independent and identically distributed (iid).

Assumption 3.3. supxeXE|Hi,1(x) - h,-(x)|3 <oo,i=1,2,...,c

Assumption 3.4. The random vector H(x) has a moment-generating function that exists for all

x € X in some neighborhood of a point t = 0.

Assumptions 3.1 — 3.4 are the same as Assumptions 2.1,2.3—2.5 in Section 2.2, and are re-
peated here for convenience. More importantly, we wish to emphasize that Assumption 2.2, which
was deemed reasonable in the integer-ordered case, no longer holds in the continuous context, and
so does not feature in the above list. As a result, in all the four lemmas that follow, we only achieve

a pointwise covergence of the sample-path feasible sets on the domain X.

Lemma 3.1. Suppose that Assumption 3.1 holds. If the sequences {my} and {€;} satisfy limsup,_,
kl+ﬁ
mkel.z,k

wpl
=0forsome>0andalli=1,2,...,c, then Fy(my, €) 2, F pointwise on X as k — oo,

Lemma 3.2. Suppose that Assumption 3.1 holds and that h (x) ~ N (h,-(x), %‘)) forall x € X

andi=1,2,...,c. Ifthe sequences {m;} and {€;;} satisfy lim sup,_, ’Zgé_f =0foralli=1,2,...,c
ik

wpl . .
then Fy(my, €) — F pointwise on X as k — oo,

As was mentioned in section 2.2, the significant relaxation in growth rate of the product mye?
in Lemma 3.2 from that in Lemma 3.1 resulted from the assumption of light-tailed behavior of the
constraint estimators in the former. Next, Lemmas 3.3 and 3.4, through conditions C3.1 — C3.4,
recommend implementable policies for choosing the constraint relaxations {€;} and the sample

sizes {my}.

Lemma 3.3. Suppose that Assumptions 3.1-3.3 and the following two conditions C3.1 and C3.2
hold:
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C3.1 The constraint relaxation sequence {€;;(x)} satisfies
-5
€x(x) = S ik (X)m;°,

where 0 < 6 < 1/2, 0 < liminf;_,o infyex Six(x) < limsup,_,, sup,cx Sik(x) < oo, and

S ix(x) is independent ofizi,mk(x) foreachie{1,2,...,c}wpl;
C3.2 The sequence of sample sizes {my} satisfies

k4
limsup — =0
k—o0 M

where q > 1—15.
T

wpl . .
Then Fp(my, €) — F pointwise on X as k — oo.

Proof. Let Yy (x) = (M) iz, Pick x € 7. Then hu(x) < 0,i = 1,2,..., ¢, and

oi(x)

Pr{x € F,;,(my, €)} = Pr{U (}Azi,k(x) > e,-,k(x))}

i=1

< Z Pr{hi;(x) > €4(x)}

i h
—ZPr{ Yiax) > WW}

hi(x
- Z f Pr{ Yir(x) > = (x)( )x/nTk} dFs,, .(s).

sm; k —hi(x)

Note that since h;(x) < 0, s > 0,and 6 < 1/2, ( e
Thus by the Berry-Esséen theorem (Serfling, 1980),

)\/m_k—>ooask—>00fori: 1,2,...,c.

33E|H; (%) - hi(x)[”

Pr{Yii(x) > 1} < (D(f) + — 1 3(x)m1/2

for all # and m,. Hence, under Assumptions 3.1 and 3.3,

N sm i(%) 1
P ¢ (my, €)} < £ dFs,, 0 :
rx € Fhai O, €0} < Zlf (a,(x)/ v—mk) sl (v_mk)
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Since a(t) =0 (#) as t — oo (Lu and Li, 2009), there exists 7, L > 0 such that for all #;; , > 1,

sm;(S

—hi(x)
_(Smk —hi (x)) L)

o (x)/ A/ sm;’;—h,-(x) ’
o i(x)/ mi
Ky 75—h,' . . . . .
where t;;, = T&)—N(rz_z Then under Assumption 3.1 and since liminf;_, infrex Six(x) > 0 wpl,

there exists K| (independent of x) such that for all £ > K,

wn ~0 —h; (x))

o'l (x)

€ ny, €
Pri{x € ¥y, (my, €)} < lzllf; g

) i
< ZLf 7i(x) dFs (s)+0( ! )
. sm,i/2 - — hi(x)m, 172 e \my
oi(x) 1
< dFs. 0
< ; f 1/2 =5 Six(8) + ( \/nTk)
< ZLO' f 11/2 ~dFs,, (s) + 0( )
:Z B 5f dFS,“(s)Jro(

1
dFSi_k’x(S) + O (\/—m_k)

~ Lcr E[1/S 4(x)] 0( )
2 ol
1
my

Thus, by the Borel-Cantelli lemma Pr{F, (m, €) £ ¥°i.0.} = 0.

Suppose x € ¥°. Then h;(x) > 0 for some j € {1,2,...,c}.

Prix € Fui(my, €)} = Pr{ﬂ (Rix(x) < ei,k(x>)}

i=1
< Prihju(x) < €(x))

= PriY,(x) < Ej,k(x)—hj(x)
ST o)

o}
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—fP Pl L WYY
- ; r j,k(x =X O_](x) Sjkx(

m;’;—hj(x)
oj(x)

Note that since s > 0, h;j(x) > 0,and 0 < 6 < 1/2, (S \/my — —oco as k — oco. Once again,

by applying the Berry-Esséen theorem, for k > K(dependent of x) there exists L’ > 0 such that

hj(x) — sm;?

Pr{x € ?Ml(mk, €)} < f@( \/I’lTk) ngj_k’x(S) + O(

)

o j(x)
Le (h " (j:k " 1
<f dFy ., (S)+0( )
o [ hiGo)—sm; s my
(55 V) v
, o j(x) 1
<f f o — s 0( \/"Tk)
L'o*

1 1 1
" e k dFS’“(S”O(vnTk)‘O(W)' G2

The last equality of (3.2) follows since lim sup,_,, sup,.x Six(x) > 0 wpl. Thus, we get Pr{F(my, €) €
F i.0.} = 0, and the result follows. O

Lemma 3.4 can be viewed as the implementer’s version of the feasibility result on light-tailed
constraint function estimators. The existence of a moment generating function of the constraint
estimators and projecting the random variable S;;(x) to an interval [s;, s,] € (0, c0) results in the
relaxation of the required growth rate of the sample sizes {m;} and an increase in the decay rate of

the error probabilities (as seen in the proof of Lemma 2.4).

Lemma 3.4. Suppose that Assumptions 3.1, 3.2, and 3.4, and conditions C3.3 and C3.4 hold:
C3.3 The constraint relaxation sequence {€;;(x)} satisfies
€x(x) = S ix(x)m’,

where 0 < 6 < 1/2, S;x(x) € [s/(x), s,(x)], 0 < 57 < infyex 5;(X) < sUp,x su(x) < 5, < 00,

and S ;x(x) is independent of fz,-,mk(x) for each x wpl;

C3.4 The sequence of sample sizes {m,} satisfies

1
log™» k
lim sup 08
k—o00 niy

= 0.
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wpl . .
Then Fp(my, €) — F pointwise on X as k — oo.

From the above results, it is obvious that for the solution paradigm we suggest, namely
“solving" increasingly accurate outer relaxations of the sample-path problems, we can only guar-
antee pointwise convergence of the sample-path feasible and infeasible sets. We remind the reader
that for demonstrating consistency in cgR-SPLINE, it was necessary for the local solution iterates
Y., Y,,... to be uniformly bounded, a condition easily satisfied due to the uniform convergence
of the of the sample-path sets {#;0(my, €)} and {F,,(my, €)}. The problem of consistency for
mixed-integer space remains an unresolved issue. Alternatively, we propose providing an a-level
guarantee on the “correctness” of the solution iterates, work on which is ongoing. The user-defined
a (a < 1) here represents some measure of certainty about the feasibility and optimality of the so-

lution sequence.



Chapter 4

Ideas On Generating Random Restarts For

Global Optimization

The success of random restart methods, also known as multistart methods, for finding the global
optimum has been well documented in deterministic optimization literature (Marti et al., 2010;
Hu et al., 1994) and more recently in the simulation optimization literature (Le and Pasupathy,
2014). The method of random restarts is especially useful in the presence of several local minima
and the availability of a gradient-based, local-search algorithm. In such cases, it is logical to
conclude that the sequence of local solutions returned by the algorithm, and in turn the success of
the global search, depends on the choice of the starting solutions fed to the local solver. A uniform
sampling measure to generate the starting solutions is the natural choice when storage is expensive
and the objective and constraint function values are “known" only through queries to a black-box
implementation of the underlying problem. On the other hand, uniform sampling suffers from the
phenomenon of undersampling in certain areas of the sample space and a clustering of sampled

points in other areas (Kugele et al., 2007).

We wish to devise a sampling scheme that (i) progressively “learns” the structure of the ob-
jective function and the constraint functions from black-box evaluations at already visited solutions
in some probabilistic sense and (ii) restarts the local search in a previously unexplored region of
the search space. The idea of an adaptive sampling distribution for generating restarts is not new
and was first explored by Solis and Wets (1981). As a first step toward achieving this goal, we
introduce a sampling scheme that intelligently explores the search space by means of sampling the

initial solutions to the local SO solver from an inverted weighted kernel density constructed from

50



Kalyani S. Nagaraj Chapter 4. Mixed-Integer Spaces 51

historical data. Additionally, we conjecture the existence of a limiting distribution of the adap-
tive sampling measure and propose algorithm parameter selection policies that we surmise will

accelerate convergence to the limiting distribution.

4.1 An Antithetic Sampling Scheme

We first present a general algorithm that generates a sequence of points from on the interval (a, b)

from an “antithetic" sampling measure. Consider a nonnegative kernel function & that satisfies

fmk(w)dw =1.

Then given a set X € (a,b) of n previously sampled points, the kernel density estimator of the

underlying distribution that generated the points in X is given by

7 _ fn(x)
M= F o) - P
where
1 x—X
fn(x)=%xz€;(k( =),

| _X
Fo(x) = %ZK(X ; ) and
XeX

K(x) = fx k(w)dw.

(o8]

h here is the so called bandwidth or smoothing parameter. As is typical in kernel density estima-
tion, we limit the scope of our analysis to symmetric kernel functions. (See Silverman (1986) for
details on kernel density estimation.) Then the probability measure for generating the next initial
solution is given by g, and is obtained by “inverting" f, about a horizontal axis and scaling it ap-
propriately so that it satisfies the conditions of a probability density function. Figure 4.1 illustrates
the construction of the densities f, as a weighted sum of appropriately shifted Gaussian kernels and
the new sampling measure g, from f,. The six xs along the horizontal axis represent previously
sampled points on which the six kernels that together form £, are centered. By construction, the
measure g, assigns greater probabilities to the areas within (a, b) that have not been visited and

lower probabilities elsewhere.
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a T a:' e T b

Figure 4.1: An inverted mixture of Gaussian kernels on the interval (a, b).

Figure 4.2 provides a detailed listing of the sampling scheme on an interval (a, b) for a given
kernel function k and and a fixed bandwidth parameter 4. The algorithm returns a sequence of
points X, generated from a sequence of appropriately constructed sampling measures g,. At first,
the set S of sampled points is empty and the algorithm is initialized by setting S to contain a
point X, obtained by uniformly sampling from the interval (a, ). Then during each iteration n of
the algorithm, a sampling measure g, is constructed on the interval (a, b) (Steps 3.i—3.vi): first a
kernel density estimator f, of points already visited is generated using the bandwidth parameter
h; next, a truncated probability measure £, is constructed by restricting the domain of f, to the
interval (a,b); and finally, the truncated density £, is inverted along a horizontal axis and then
appropriately scaled to obtain g,. Then a point X,, is sampled from the new measure g, using the
inverse cdf method (Step 4) and the set S is updated to include the newly sampled point X,, (Step
5). A straightforward extension of the above scheme gives us a multivariate sampling procedure
that is listed in Figure 4.3.

Figures 4.4 and 4.5 show the evolution of the sampling scheme on the interval (—12, 12)
when (i) & = 1.5 and (ii) h = 2.25, respectively. Although, each set of plots depicts only a sample-
path evolution of the algorithm in Figure 4.2, upon closer examination of the figures, it is evident
that a larger value of & appears to works well (the sampled points appear evenly spread out and do
not exhibit “clumping") when only a few points have been visited (n = 10). At the same time, a
better “spread" is attained for a larger sample size (n = 50) with 4 = 1.5 than with & = 2.25. As
a result we conjecture the existence of an optimal bandwidth reduction rate (as a function of the

sample size n) to obtain “efficiency" in sampling.
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Antithetic Sampling Scheme (in one dimension)

Require: interval (a, b); kernel function k; bandwidth A

Ensure: Sequence of points {X),}

1: Initialize iteration number n = 1
2: Set S = {Xp}, where Xo ~ U(a,b)
3: Define

i a0 1= o Zxesk(5Y)

ii. Fy(2) = % Sxes K (57)

iii. fo(x) = % x € (a,b)

D I Fp(x)—Fy
. Fy(x):= %, x € (a,b)

Jo—=fa(x)

v. gn(x) := o1 where f; = maxxe(a,b)f;(x), x € (a,b)
. *(x—a)—Fy . .
vi. Gp(x) 1= % where £ = maX.e(ap) fu(x), X € (a,b)

4: Sample X, from g,(x)
i. Generate U from U(0,1)
ii. Set X, = G, '(U)

5: Set S=SU{X,}

6: Update: iterationn =n+1

7: Go to Step 2

Figure 4.2: A univariate sampling scheme.

We claim that the above mentioned behavior is not a consequence of merely sampling error
and is perhaps best explained when viewed in the context of kernel density estimation. From the
point of view of minimizing the mean squared error of a kernel density estimator of the form f,,,
the optimal kernel bandwidth for a sample size of n is given by hopt(”) = O(n~') (Silverman,
1986). Figure 4.6 shows the performance of the algorithm in Figure 4.2 when the bandwidth is
updated as per the optimal bandwidth selection rule &, = hon~'/> with hy here set to 2.25.



Kalyani S. Nagaraj Chapter 4. Mixed-Integer Spaces 54

4.2

Multivariate Antithetic Sampling Scheme

Require: 79 = (a1, by) X (a2, by) X --- X (ag, ba); kernel function k; bandwidth A

Ensure: sequence of sample points {X},}

1: Initialize iteration number n = 1
2: Set S = {Xp}, where Xo = (Xo,1,X02,-..,X04) and Xo; ~ U(a;,b)),i =1,2,....,d
3: fori=1,2,..,d
4:  Define
i. fin() = s Sxesk(375)
ii. Fin(x) = 1 Sxes K (552)

i, fin(%) = g, X € (ai,by)
.o Fin(x)=Fin(a;
iv. Fin(x) := Fi,héli))—Fg,n((Zi))’
fl‘*n_fi,n(x) x
V. 8in(X) 1= 75an1> Where f = maXye(a; b)) fin(X)

. L fhma)=Fia(x) " ~
Vi. Gin(x) '= =gy, Where f7) = maXye(q by) fin(X)

x € (a;,by)

5:  Sample X; from g; ,(x):
i. Generate U, from U(0, 1)
ii. Set X, ; = G;;(U,-)
6: end for
7: Set S = SU{(Xn1,Xn2,-- - Xna)}
8: Update: iterationn =n+1.

9: Go to Step 2

Figure 4.3: A multivariate sampling scheme.

Conjectures On Algorithm Behavior And On Optimal Pa-

rameter Selection Policies

Suppose Y1, Y, Y3, ... are real-valued random variables with cumulative densities F|,F), Fs,....

Then an obvious research question is to determine whether lim,,_, ., F, exists, and if so then does it

take the form of a known probability distribution. Alternatively, we seek the limiting distribution

of the points in § if it exists, and propose the following hypothesis.

Conjecture 4.1. Given a symmetric density function k on R with a bandwidth parameter h > 0,
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Figure 4.4: Sample-path evolution of the antithetic sampling scheme on the interval (—12, 12) for
a normal kernel density with 2 = 1.5 after having sampled (a) n = 1, (b) n = 10, (¢) n = 50, and
(d) points.

the sequence of random variables {Y,} . with densities F\, F,, ... converge in distribution to a

n=1

uniformly distributed random variable on the interval (a, b).

Additionally, based on optimal bandwidth selection ideas in kernel density estimation, we
recognize the need for further investigation in determining the sequence {A(n)} that would be opti-
mal in some reasonable sense. For example, attaining optimality here may be construed as achiev-

ing a low-discrepancy sampling sequence (see Niederreiter (1992) for details).

From the standpoint of performing random restarts for global SO, we further ask whether
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Figure 4.5: Sample-path evolution of the antithetic sampling scheme on the interval (—12, 12) for
a normal kernel density with 2 = 2.25 after having sampled (a) n = 1, (b) n = 10, (c) n = 50, and
(d) n = 100 points.

adaptively choosing the bandwidth Ai(n) at each previously visited solution x € (a, b) (perhaps as
some function of the sampling errors of the solution’s objective function and constraint function
estimators, as well as its distance from its nearest neighbors) can improve the convergence rate of
an algorithm like cgR-SPLINE.
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Figure 4.6: Sample-path evolution of the antithetic sampling scheme on the interval (—12, 12) for a
normal kernel density with a(n) = 2.2517!/ after having sampled (a) n = 1, (b) n = 10, (c) n = 50,

and (d) n = 100 points.



Chapter 5
SimOpt Solver Library

SimOpt (Pasupathy and Henderson, 2011a) is an online code repository of simulation optimiza-
tion problems that was established for the purpose of providing researchers and simulation prac-
titioners a comprehensive and standardized problem testbed for developing and comparing SO
solution methods and algorithms (Pasupathy and Henderson, 2011b). Currently, the library (avail-
able at www.simopt.org) has around 50 problems with downloadable MATLAB® code available
for most of the problems. Problems in the library are classified by their variable type (continu-
ous, integer-ordered, categorical, etc.) and the nature of their constraints (namely, constrained or
unconstrained and having only deterministic or stochastic constraints as well). For details on tax-
onomy and problem and solver classification, the reader is referred to Pasupathy and Henderson
(2006) and Pasupathy and Ghosh (2013).

The idea of a sister solver library of contributed algorithms for solving simulation optimiza-
tion problems was introduced in Pasupathy and Henderson (2011b). In Figure 5.1 we display a
prototype for the new SimOpt website that will host a solver library in addition to the already
present problem library. Each entry in the solver database will be labeled by the type of its deci-
sion variables, the nature of the problem constraints, and the type of solution it can return (local or
global). Additionally, every entry will be accompanied by a link to its own Wiki page (see Figure
5.2 for an illustration) containing a description of the algorithm and a link to download the source
code. Optionally, the Wiki page may include comments on bugs and fixes, other observed issues
with the code, and results reported by the contributor or volunteered by users. References to related

literature or external links to the algorithm will also be made available.

To enable the development and comparison of SO solvers, we develop a programmatic wrap-
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Simulation Optimization Library

Home | Problems Library | Solver Library | Upload | External Links | Log in

Home / Solver Library

Solver Library

Display 25 v | records Search: |
Solver Name - Variable Class ¢ Constraints < Solution Type ¢
R-SPLINE Integer-Ordered Deterministic Local
Solver-X Continuous Stoch. Const. Either
Solver-Y Mixed Unconstrained Global
Solver Name Variable Class Constraints Solution Type

Showing 1 to 3 of 3 entries

AboutUs

Figure 5.1: The new solver library as it will appear on www . simopt.org.
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R-SPLINE is a Retrospective-search algorithm that altemates between a continuous Search using P Linear and a discrete

asymptotically identify a local minimum. R-SPLINE appears to be among the first few gradient-based search algorithms tailored for solving integer-ordered local SO problems. R-
SPLINE's iterates converge almost-surely to the set of local minima and the probability of R-SPLINE retuming a solution outside the set of true local minima decays expanentially in

acenain precise sense.
o Software with instructions  (source code included) @
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Reported Results
« None.
Comments
+ None

References

and

 Wang, H., Pasupathy, R. and B. W. Schmeiser. 2012. Integer-Ordered Simulation Optimization using R-SPLINE: P Linear
Neighborhood Enumeration. To appear in ACM Transactions on Modeling and Compter Simulation.

Back to Simulation Optimization Library!&
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Figure 5.2: Wiki page for the R-SPLINE algorithm.
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per that allows for seamless communication between any solver and (valid) problem from the code

libraries and standardizes solution reporting. The reader is referred to Appendix B.1 for a complete
listing of the MATLAB® wrapper code (that includes a detailed description of the inputs and out-
puts) along with an example script file configured to run cgR-SPLINE on the three-stage flowline

problem.



Chapter 6
Concluding Remarks

This thesis addresses the relatively unexplored problem of simulation optimization in the presence
of stochastic constraints. Extensive sampling by itself cannot resolve the issue of ascertaining
feasibility when the constraints are binding at the problem solution(s). Algorithmic consistency
can be guaranteed when adequate sampling is accompanied by a controlled sequential elimination
of infeasible points either by strategically relaxing the constraints or through the use of penalty
functions. We present cgR-SPLINE, an SO algorithm for integer-ordered decision variables that
combines strategic constraint relaxation with random restarts of a gradient-based, locally minimiz-
ing SO algorithm to achieve both local and global consistency. The rate for achieving feasibility
appears to dominate the exponential convergence rate in the unconstrained context for discrete
spaces. This results in a slower sub-exponential convergence rate of cgR-SPLINE’s solution iter-
ates. The number of multistarts and the simulation budget per restart appear in a linear relationship

implying a directive for performing exploration and exploitation in “equal measure" for efficiency.

Extensive numerical experimentation shows that cgR-SPLINE’s finite-time performance is
enhanced by the inclusion of heuristics. The first set of implementation directives relates to the
extent of constraint relaxations and is obtained as a result of trading-off infeasibility with subopti-
mality. The second directive relates to returning a sequence of solutions estimated to be feasible

with increasingly higher probabilities.

Three issues relating to ongoing research on integer-ordered spaces are noteworthy.

(i) Our results provide directives on optimal rates for the inner and outer simulation budgets.

Following arguments analogous to the ones for adaptively choosing the constraint relaxation
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sequence, we conjecture that the updating sample sizes and the restart budgets based on the

algorithm’s performance may result in finite-time gains.

(i1) Tighter bounds on the convergence rates for cgR-SPLINE could be obtained, however they

may likely involve further potentially non-verifiable assumptions on algorithmic behavior.

(ii1)) Due to its use of multistarts, the cgR-SPLINE algorithm is a suitable candidate for paral-
lelization. The premature termination of poorly performing multistarts in the context of a

parallel version of the algorithm is under investigation.

Extending cgR-SPLINE to mixed spaces presents further challenges because the crucial As-
sumption 2.2 can no longer be expected to hold. Specifically, the controlled elimination of infea-
sible points fails due to the presence of points that are arbitrarily close to the boundary. Proving
assurances on solution feasibility based on gradients of the constraint estimates appears promising

from the standpoint of returning “good" solution estimates.

Theoretical results from our work on discrete spaces do not provide concrete directives on
how to choose the initial solutions for the local search phase. Strategically spreading the restarts
has the potential of accelerating the global search. Motivated by results from kernel density es-
timation, we make conjectures on the limiting distribution of a proposed sampling measure and

suggest directions for further investigation.
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Appendix A

Additional Results For cgR-SPLINE

In the absence of light-tailed behavior of the constraint function estimators, results in this section
demonstrate that the rate at which cgR-SPLINE returns an incorrect local or global solution is much
slower than the sub-exponential rate shown by Theorems 2.3—2.7. The overall proof outlines of
the results in this section do not differ from their light-tailed counterparts. Nonetheless, for the

sake of completeness, we provide their detailed proofs below.

A.1 Local Convergence Rates

As was shown in Theorem 2.3, the error rates associated with returning an infeasible or suboptimal
local solution in the current context are dominated by the error due to incorrect assessment of
feasibility in the presence of stochastic constraints. Here too, the extent of the deterioration of this
error rate is a function of the algorithm parameter 6 and can be made negligibly small by choosing

a very small positive value for 6.

Theorem A.1. Let X be finite and suppose that Assumptions 2.1 — 2.4, 2.6 and conditions C2.1,
C2.2 hold. Also, recall the notation k, (defined in (2.10)) representing the number of inner itera-

tions executed by the solver during the rth outer iteration. Then the following hold as r — 0.

(i) The probability that cgR-SPLINE returns an infeasible solution satisfies
PriY, ¢ ¥} = 0,0m ).

(ii) The probability that cgR-SPLINE returns a locally suboptimal but feasible solution satisfies

67
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Pr{Y, ¢ M'|Y, € F} = 0,(m ).
Proof. (i) For large enough k

PriY, ¢ F} =P{Y, ¢ 7, F € F (my, €)} + Pr{Y, ¢ F, F C F (my,, &,)}
< > Prly € Flmy, €, + Y Priy € Fmy, €,))

yeF yeFe
=0, (m) ")+ 0,(m"?), (A.1)

where the last equality in (A.1) follows due to the finiteness of X and from (2.5) and (2.6).

(i1) Once again for large enough k,

Pr{Y, ¢ M*|Y, € F} =PriY, ¢ M*, i Fmy,e ) |Y, €F v+
Y. ¢ M"Y, € F} r{ ¢ (argyeNIg;})nt(v))e (e, €)Y, € }

PI'{Y, ¢ M*’ (arg min g(.Y)) € T(mkr’ ekr) | Yr € ‘7:}

YENY )NF
=0, (m)""*) + 0, (™), (A2)

where the last equality of (A.2) follows from the finiteness of X and from (2.5) and Assump-
tion 2.6 (Gaartner-Ellis Theorem (Dembo and Zeitouni, 1998)).

O

Theorem A.2 provides a rate of decay of the expected cost associated with the local search

algorithm returning an incorrect solution.

Theorem A.2. Let X be finite and suppose that Assumptions 2.1 —2.4, 2.6, and conditions C2.1,
C2.2 hold. Also, let {(x) be a “loss function" associated with cgR-SPLINE returning the solution
Y, = x € X that satisfies {(x) € (0, 0) for x € X, and {(x) = 0 for x € M*. Then the expected loss
associated with R-SPLINE returning an incorrect solution satisfies E[((Y,)] = O, (mi_l/ 2).

r

Proof. For large enough r

E[UY)) = ) BLE)IPY, = x)+ )" EL0IPHY, = x)

xefe¢ xef \M*

1 1
- 0,,( W) Dt + OP(W) D ). (A3)

xefFe ky xeF\M*
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The last equality of (A.3) follows from (2.5) and (2.6) and the result follows due to the finiteness
of X and ¢ being bounded. O

A.2 Global Convergence Rates

Not surprisingly, the overall structure of cgR-SPLINE being the same, Theorem A.3 demonstrates
that the error probability Pr{Z, ¢ ¢} of finding the global solution decomposes into two parts that

are suggestive of a trade-off between cgR-SPLINE’s cost due to exploration and exploitation.

Theorem A.3. Suppose that X is finite. Furthermore, suppose that Assumptions 2.1 — 2.4, 2.6,
2.8, and conditions C2.1, C2.2 hold. Then

(i) PH{Z, ¢ 94} =0 b,_y) + O (1") for some T € (0, 1),

(% - 6) if m = O (k%) , where q satisfies condition C2.2, and

q
= (%) A4
4 { (%—6) ifmk:(D(afn), where a;, > 1; A4
and an increasing sequence {b,};
(it) PH{Z, ¢ Gi.o}=0asr — oo if
b, =07 (1), (C2.6)

fory defined as in (A.4).
Proof. Recall that

Pr{Z, ¢4} =Pr{{Y).Ys,... .Y} ﬂ% = 0}

the event that a global sol. is never

attained

r {YI’YZ""?Yr}mgiw’
+ Pr U a global solution was last dropped

72| at the end of the jth outer iteration

the event that a global sol. is attained but is dropped due to sam-
pling error

- Pr{{Yl,Yz,...,Y,}ﬂg =0}
)
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r

Y Pr{(Y,eqUzZ e (2,¢9. (N YY) ] (AS)

j=2

(1)

And since each restart is performed independently, for all » > R we get

m =] [Py, ¢9)
j=1

= H(Pr{Y,GEg, Yoc¥9 | X, e UB(Z*)}PJ'(%)"'

j=1 '€

Pr{Y,eé%, Yoc9 | X;¢ U B(z*)}(l —p,~(€4))+

7'e¥

Pr{Y,eé%, Yo¢9 | X, € U B(z*)}pj(%)+

7*€9

Pr{Yr ¢9.Yu¢ 91X ¢ | B(z*)}(l —pj(g))]
'€

=[] (ps@ 0, (m )+ (1 =v)p; @) +(1-p;(@))

j=R¥1

error in function estimation error due to stochasticity of algorithm

Letp; =1-vp;(¥). Thenp; < 1 and since v < 1 and liminf,_, p; (¢) > 0, limsup,_,, p; = p* <
1. Thus

r

Pr{(Y1,Ys,... Y} [ |9 =0} =[] (0,(m} ") +p").

Jj=R+1

Recall the definition of £ in (2.11). Then

Pr{{Y,.Y,,....Y,) ﬂ% =0} = ]—[ (o(mzj‘”z) +p*).
J

=R+1

Suppose my, = O (k%) where g satisfies condition C2.2. Then b, = ZZTZI um; = ®(l§f+1) ork, =
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0] (bi/(q“)), and hence m;, = @ (bf/(q“)). As a result

Pr{(Y,.Y,.....Y,}[ )% =0) = ]—[ (O(bg."%)(é_%)) +p*).
J

=R+1

Now suppose my, = @(aﬁfn) where a;, > 1. Then condition C2.2 is satisfied and b, = fol’l um; =
® (alf’ﬂ) ork =0 (logam br), and hence m; = © (b,). As aresult

Pr{(Y).Ys.....Y) (¥ =0} = ]—[ (O(b‘;_%)+p*).

Jj=R+1

In either case, we can write

r

Pr{(Y,Y,,... ¥ (|9 =0}=[]|o(6))+]

Jj=R+1 H/—’
where y = ¢g(1 — 20)/(2(q + 1)) if {m;} is increased polynomially and y = (1 — 29)/2 if {m,} is
increased geometrically. Then since the sequence {b,} approaches infinity, there exists R’ such that
v; < (1 -=p*)/2forall j > R'. Hence

Pr{(Y),Y,.... ¥} |¥ =0} = ]—[ 0(1 _zp* +p*) =0, (A.6)
j=max{R,R'}+1
where 7 = (1 — p*)/2 +p* < 1.
Now,
(II) = zrlpr{(yj eyl )z e %)ﬂ(zj ¢ %(ﬂ Y; ¢ %]]}
j=2 i=j+1

= > (Pr{Z;- losesto ¥,|Z; € 4. Y, ¢ Y\Pr{Z; € 9. Y, ¢ Y}
Jj=2
+Pr{Ylosesto Z,|Y; € 4. Y, ¢ \Pr{Y; € 9.2, ¢ 9))

< (Pf{Zj_l S Yj € fnkj |Zj—1 €Y, Yj ¢ g}

my.>
. k‘/
J=2

+ Pr{gmkj(Zj_l) > gmkj(Yj)’ Zj—l € kaj’ Yj € kaj |Zj_1 €Y, Yj ¢, Yj € T}
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+ Pri@n (Zj-) > 8n, (Y, Zjs € s Y, €F | Zj €9, Y69, Y € F°
+PUZjy € Fon s Y & T |1 Zj1 #2,Y, €9)

+Prign (Zj1) <8m,(Y)), Zjs €Fn ), Y, €Fu | Zj1 €Y. Z; 1 €F, Y, €9}
+ P, (Zj1) < 8y (V). Zj1 € Ty ¥ € oy 12,01 9. 21y €F, Y, €9))

r

= > (0p (m) ) + 0, (™) + 0, (m, "))

j=2
-0,

=0 (b (A.7)
where 7y is defined as before. Finally, substituting (A.6) and (A.7) in (A.5) we get
Pr{Z, ¢} =0(")+0 (), (A.8)

giving us the result in (i). The result in (ii) follows from condition C2.6 by the application of the

Borel-Cantelli lemma. m]

Theorem A.4 provides a rate for the loss function E, := max,cw E[|lg (Z,) — g (z*)||] defined

on the function space.

Theorem A.4. Suppose that X is finite. Furthermore, suppose that Assumptions 2.1 — 2.4, 2.6,
2.8, and conditions C2.1, C2.2 hold. Then

(i) E. =0 (b;y) + O (1) for some T € (0, 1), y defined as in (A.4), and an increasing sequence
{br};

(ii) E, = 0wpl as r — oo if condition C2.6 also holds.

Theorem A.5. Suppose that X is finite. Furthermore, suppose that Assumptions 2.1 — 2.4, 2.6,
2.8, and conditions C2.1, C2.2 hold. If w, = }"_, b; denotes the total simulation effort expended
by end of the rth outer iteration of cgR-SPLINE, vy is defined as in (A.4), and T € (0,1), then
E. =0 (w;'g) where

( < )y if b, = O (r*) and a satisfies condition C2.6, and

— a+l

= A9
{ min (y, —lol;’%) ifb, = 0O (al,) forany ay, > 1. (&.9)
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Proof. Suppose b, = O (r*), where « satisfies condition C2.6. Then w, = ®(r“+1) and E, =
Or M +0@) = O(w,_(ﬁ)y). Now if b, = ®(a’,,), where a,,, > 1, then w, = @(ar“) and

out out

log 7

E, = O(a;;;y) + 0((a10g“‘”"7) ) = O(max (wr_y,wlrog“”“’T)) = O(Wr_min(%_m)). And the result

out

follows from (A.9). O

Theorem A.5 appears to suggest that (i) the outer iteration budget be increased either poly-
nomially with a very large degree @ or geometrically with very a small increment of a,,, (i1) the
sample sizes in the inner iterations be increased geometrically, and (iii) a very small value for ¢ be
chosen so that the error E, decays at rate arbitrarily close to O(w;!). Interestingly, the logarithmic
relationship between the number of restarts and the restart budgets implied by Theorems A.3 — A.5
connotes a greater emphasis on exploitation than on exploration — in contrast with the light-tailed
versions in Theorems 2.5 — 2.7 that appear to prescribe a commensurate amount of exploration and

exploitation.
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Appendix B

MATLAB® Source Code

B.1 SimOpt Wrapper

o o o o o o of

o

& o

o o o° of

o

o o® o° o° o° o° o o o o° of

o

*+% DATE

Listing B.1: SIMOPT.m

% sokokkkkkk SimOpt SOLVER & PROBLEM LIBRARY WRAPPER CODE sokokokokskokodok

Last updated July, 2014

*%*% AUTHOR
Kalyani Nagaraj

Virginia Tech, Blacksburg, VA
kalyanin AT vt DOT edu

stk sk sk ok o sk ok sk o o ok o Sk R o s o o sk o sk S R Sk ok s ok Sk ok S ok sk sk sk sk s ok s o sk sk ok sk ok sk sk ok sk ok Sk ok o

function

[ncalls, x, Fn, FnVar, Grad, GradVar, problemseed,

solverseed, other]=SIMOPT(x0, budget, problemname, problemparam,

solvername, solverparam, problemseed, problemseedparam, solverseed,

solverseedparam, logfilename)

INPUT
x0

X 'dim' of
initial solutions to the solver.

Matrix of size = 'numinitsols’
‘numinitsols"’
Each initial solution is of size 1 X 'dim'.

Num rows of x0 determined by solver requirements.

Num cols of x0 determined by problem instance (for

example, 10-bus scheduling problem has 'dim'=10 whereas the
‘dim'=20) .

variable type, that is integer/real/mixed, determined by

20—-bus scheduling problem has

problem type.

budget

Matrix of size 1 X 'numfinalsols' where 'numfinalsols' is

the number of solutions (or sets of solutions) returned by
the solver.
then the solver is

For example, if budget = [500 1000]

expected to return a total of two solutions (or sets of

solutions), once every 500 calls to the oracle.

36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
7
73

74

L

o

o o o o o o o° o° o o° o o o o° o of

o

o o o o o o o° o o o o° o o° o° of

o

& o

Whether num cols equals 1 or can exceed 1 is determined

by the solver's capabilities.

Integer valued.
problemname

Problem function name.

Character string.
problemparam

A vector of problem specific parameters.
['problemID', 'dim', nprimMeas,
set to default 9999
: Dimension of decision variable.

probparam =
'problemID': not used,
‘dim*

For example, if problem is in R"d, 'dim'=d.

Integer valued.

‘nprimMeas': Number of objective functions.
‘nsecMeas' : Number of secondary functions.
<...> : A vector of other problem specific parameters.

For example, for the integer—ordered (s,S)
Inventory Problem this list includes
'fixedordercost ', 'perunitcost', 'holdingcost',
‘warmupperiodlength ' .
Integer/real/mixed depending on problem.
solvername
Solver function name.

Character string.

solverparam
solverparam =['numinitsols', ‘'numfinalsols', <...>]
‘numinitsols ' : Number of initial solutions to solver
‘numfinalsols ': Number of solutions (or sets of solutions)
returned by solver.
<. ..> : A vector of other solver specific paramaters.
For example, for cR—SPLINE: 'kmax', 'q', 'm@',
'b0', 'cl', 'c2'.
Integer/real/mixed depending on solver.
problemseed

A vector of size 1 X 'nprobseeds' of starting seeds or
substream indices

problemseedparam

'pstreamindex ', <...>]

problemseedparam = ['nprobseeds',

nsecMeas, <..

.>]
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75
76
77
78
79
80
81
82
83

84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

101
102
103
104
105
106
107
108
109
110
111
112
113
114
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'nprobseeds' : Number of seeds/substreams required by
problem.

Integer valued.

'pstreamindex' : 1, if problemseed is a vector of substream
indices, and

0, if problemseed is a vector of seeds.

o® o° o o o o of

: Other parameters

o°

Integer/real/mixed.

o°

solverseed

o°

vector of size 1 X 'nsolvseeds' of starting seeds or
substream
indices

o°

solverseedparam

o°

solverseedparam = ['nsolvseeds', 'sstreamindex', <...>]

'nsolvseeds' : Number of seeds/substreams required by
solver.

Integer valued

‘sstreamindex': 1, if solverseed is a vector of substream
indices, and

0, if solverseed is a vector of seeds.

: Other paramaters

Integer/real/mixed.

logfilename

o® o o o o o o o o of

A log file base name.

o°

o°

OUTPUT
ncalls

o°

o°

Total number of calls made to the oracle.

o°
x

o°

An array of size = 'numfinalsols' X 'dim' X 'maxsolsetsize’

o°

of solutions returned by solver.

Note that integer variable 'maxsolsetsize' is generated by
the solver. It denotes the maximum number of estimated best
solutions returned after budget(l), budget(2), ...,

budget (numfinalsols) number of calls to the oracle.

A matrix of size 'numfinalsols' X ('nprimMeas'+'nsecMeas') X
'maxsolsetsize' of performance measure estimates.

fn = [gl, g2,
g1, g2,
estimates.
hi, h2, ...,

., g_nprimMeas, hl, h2, ..., h_nsecMeas]

o® o o o o o o o of
-n
E}

., g_nprimMeas are primary (or objective) function

o°

o°

h_nsecMeas are secondary (or constraint)

Listing B.2: top.m

%% **kkkk*k*k TOP LEVEL CODE FOR CALLING THE WRAPPER CODE soksokkkkkkkkok

o°

*x* DATE
Last updated August, 2014

*+% AUTHOR
Kalyani Nagaraj
Virginia Tech, Blacksburg, VA
kalyanin AT vt DOT edu

wxx NOTE

o® o o o o o o o of

The following is an example top level code to solve the

o°

stochastically constrained 9-bus scheduling problem using
cgR—SPLINE.

o of

o°

sk ks ok sk o o sk o s ok o sk sk sk ok Sk ok s ok S sk sk SR R sk s o s o sk o sk o Sk sk ok sk ok sk ok Sk ok sk Sk R K K o o

%% INPUT PARAMETERS FOR SOLVER & PROBLEM
X0 =[5551; 20 20 20 19];
% '‘numinitsols '=2, 'dim'=4
% CgRSPLINE does not require an initial sol
% but the end range of the search space X
10000; % 'numfinalsols'=1
'ThreeStageFlow';

budget =
problemname =

Appendix B: Source Code

115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140

141
142
143
144
145
146
147
148
149

150
151

152
153

25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46

47
48
49

75

% function estimates.

% Reals.

% Fnvar

% Array of covariance estimators of Fn.

% Reals.

% Grad

% Gradient estimate of the true perfomance measures at x
% Will typically be a matrix of size

% ('nprimMeas'+'nsecMeas') X ‘'dim',

% unless ‘'numfinalsols' > 1, or maxsolsetsize > 1, or both.
% Reals.

% Gradvar

% Array of covariance estimators of Grad.

% Reals.

% problemseed

% OQutput problem seed(s).

% solverseed

% Output solver seed(s).

% other

% Any other parameters/variables generated by the solver or
% oracle and returned to the user.

% Structure unknown and will be solver+problem specific.

%% STEP I: PERFORM ERROR CHECKS

% This part of the code, among other things, will generate variables
like

‘dim',

o°

‘numinitsols', etc. and perform error checks

check #columns of

o°
|
|

'x0' against ‘'dim',

o°
|
|

‘numinitsols' against #rows of 'x0',

o°
|
|

‘numfinalsols ' againts #cols of 'budget', etc.

of

Also perfoms compatilibity check of solver, problem pair.

%% STEP II: CALL SOLVER
solverhandle=str2func (solvername);

[ncalls, x, Fn, FnVar, Grad, GradVar, problemseed, solverseed, other]

= solverhandle (x0, problemname, problemparam, problemseed,
problemseedparam, solverparam, solverseed, solverseedparam, budget,

logfilename);

end
problemparam = [999 4 3 1 50 1000 20 20];
% [problemID dim nprimMeas nsecMeas ...]
% see BusSched9.m for details
solvername = 'cgRSPLINE';
solverparam = [1 50 1000 3.5 0.4 8 16 .002 6.1 18 1.1 ...
500 1.5 0.95 0.65];
% [numfinalsols numrestarts kmax q delta ... ]
% see CgRSPLINE.m for details
problemseedparam = [3, 0] ; % nprobseeds = 3
% pstreamindex = 0 implies BusSched9.m
% requires actual seeds values
problemseed = [84 325 67];

solverseedparam = [1, 0]; % nsolvseeds = 1
% sstreamindex = 0 implies cgRSPLINE.m
% requires actual seeds values
solverseed

logfilename =

= 48906;
' cgRSPLINE—on—ThreeStageFlow ';
% log file base name

%% CALL SIMOPT WRAPPER
[ncalls, x, Fn, FnVar, Grad, GradVar, problemseed, solverseed, other]l=

SIMOPT (x0, budget, problemname, problemparam, solvername,
solverparam, problemseed, problemseedparam, solverseed,
solverseedparam, logfilename);
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46
47
48
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52
53
54
55
56
57
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B.2 c¢gR-SPLINE

Listing B.3: cgRSPLINE.m
%% cgR—SPLINE
%
% *+% DATE
% Last updated March, 2014
%
% *+* AUTHOR
% Kalyani Nagaraj
% Virginia Tech, Blacksburg, VA
% kalyanin AT vt DOT edu
%
O skokok ook ook ok ok ook ok ok ok s ok ok ok ok ok ok ok s o sk ok ok ok ok sk ok sk ok sk ok ok sk ok sk ok ok ok sk ok sk sk ok ok ok ok sk ok ok ok ok
function [Awork, Abest, AbestF, AbestFVar, AbestGrad, AbestGradCov,
Acurrpiseed, siseed, other] = cgRSPLINE (x, problem, param, piseed,
problemseedparamm, sparam, siseed, solverseedparam, budg,
logfilename )
% INPUT
% x=[xmin; xmax]
% range of X
% problem
% problem name
% param
% vector of problem parameters
% piseed
% vector of input seeds to oracle
% sparam
% sparam(1l): numfinalsols
% sparam(2): numrestarts
% sparam(3): kmax
% sparam(4): q
% sparam(5): delta
% sparam(6): cl
% sparam(7): c2
% sparam(8): biasthreshold
% sparam(9): cvthreshold
% sparam(10): yesgeom
% sparam(11): constant, a
% sparam(12): base, ¢
% sparam(13): restart budget constant, a
% sparam(14): restart budget exponent,c (polynomial growth, a*r~c
)
% sparam(15): alpha (alpha_r = alpha*(1-c”(r+l)))
% sparam(16): ¢ (alpha_r = alpha*(l-c~(r+l)))
% logfilename
% solver log file
% siseed
% siseed(1): seed to each restart loop
% budg
% total budget across all outer iterations
%
% OUTPUT
% Ancalls, A, Afn, AFnvar, Aconstraint, AConstraintCov, Apiseed,
% siseed
%
% REFERENCES
% [1] K. Nagaraj and R. Pasupathy
% Stochastically Constrained Simulation Optimization On Interger—
% Ordered Spaces: The cgR—SPLINE Algorithm, Submitted to Operations

o°

Research, 2014

o°

o°

[2] H. Wang, R. Pasupathy, and B. Schmeiser,
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61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
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% Integer—Ordered Simulation Optimization using R—SPLINE:
Retrospective Search with Piecewise—Linear Interpolation and
Neighborhood Enumeration, ACM TOMACS, 2012

E

o

xmin=x(1,:);

xmax=x(2,:);

other=NaN;

logfilename=strcat (logfilename, '.txt');
logfid=fopen(logfilename, 'w');
% Solver parameters
numrestarts=sparam(2);
delta=sparam(5);

% Problem parameters
id=int32(param(2));
nseeds=int32 (param(3));
nsecMeas=int32 (param(4));

% Declare o/p data structures
Awork=zeros (numrestarts, 1);
Amk=zeros (numrestarts, 1);

% Solution from current call to R-SPLINE
Acurr=zeros (numrestarts, id);
1);
AcurrFnVar=zeros (numrestarts,

Acurrfn=zeros (numrestarts,
1);
Acurrconstraint=zeros (numrestarts, nsecMeas);
AcurrConstraintCov=zeros (numrestarts, nsecMeas);
Acurrpiseed=zeros (numrestarts, nseeds);
Acurrphat = zeros(numrestarts, 1);

%Incumbent Solution

Ainc=zeros (numrestarts, id);

Aincfn=zeros (numrestarts, 1);

AincFnVar=zeros (numrestarts, 1);
Aincconstraint=zeros (numrestarts, nsecMeas);
AincConstraintCov=zeros (numrestarts, nsecMeas);
Aincphat = zeros(numrestarts, 1);

%Current best after comparison with incumbent
Abest=zeros (numrestarts, id);
1);
AbestFnVar=zeros (numrestarts,

Abestfn=zeros (numrestarts,
1);
Abestconstraint=zeros (numrestarts, nsecMeas);
AbestConstraintCov=zeros (numrestarts, nsecMeas);
Abestphat = zeros(numrestarts, 1);
AbestGrad=NaN;

AbestGradCov=NaN;

bmax=budg;
totalcalls=0;
starttime=clock;
r=1;

while 1

[x0,siseed]=GenInput (siseed, xmin, xmax);

budgr=ceil (sparam(13)«sparam(14)~r);

alphar=sparam(15) *(1—-sparam(16)"(1+r));

[ncalls, x1, x1fn, x1FnVar, xlconstraint, x1lConstraintCov, FO,
piseed, k, lastiseed] = RSPLINE(x0, problem, param,
piseed, sparam, logfid, budgr, alphar);

% k is the last retrospective iteration number in the call to R-
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SPLINE, 194 % to achieve level alpha_r feasibility
126 % lastiseed is the input to the kth RSPLINE iteration, needed to 195 if ncalls<budgr && Aincphat(r,1)<alphar

update 196 [~, xnew, xnewfn, xnewFnVar, xnewconstraint,
127 % ghat and fhat for backfill 197 xnewConstraintCov, xnewphat, xnewFO, piseed] = ...
128 198 backtrackRR (problem, param, sparam, xmin, xmax,
129 %Update A matrices for the current solution 199 xbest, xbestfn, xbestFnVar, xbestconstraint,
130 Acurr(r,:)=x1; 200 xbestConstraintCov, mkprev, piseed, delta,
131 Acurrfn(r,1)=x1fn; 201 budgr—ncalls, alphar);
132 AcurrFnVar (r,1)=x1FnVar; 202 if isequal(xnew, xbest)== 0
133 Acurrconstraint (r,:)=xlconstraint; 203 xbest=xnew;
134 AcurrConstraintCov (r,:)=x1ConstraintCov ; 204 xbestfn=xnewfn;
135 Acurrpiseed (r,:)=piseed; 205 xbestFnVar=xnewFnVar;
136 206 xbestconstraint=xnewconstraint;
137 totalcalls = totalcalls + ncalls; 207 xbestConstraintCov=xnewConstraintCov;
138 Awork(r,1)=totalcalls; 208 xbestFO=xnewF0;
139 209
140 % calculate mk 210 Ainc(r,:)=xnew;
141 if sparam(10)== 211 Aincfn(r,1)=xnewfn;
142 mk=ceil (sparam(11)*sparam(12)~k); 212 AincFnVar (r,1)=xnewFnVar;
143 else 213 Aincconstraint (r,:)=xnewconstraint;
144 mk=sparam(6)*ceil (k*sparam(4)); 214 AincConstraintCov (r, :)=xnewConstraintCov;
145 end 215 AincFO(r, :)=xnewF0;
146 Amk (r,1)=mk; 216 Aincphat (r,1)=xnewphat ;
147 Acurrphat (r,1)=tcdf (Amk(r,1)~(0.5—sparam(5))—... 217 end
148 xlconstraint/sqrt(x1ConstraintCov), Amk(r,1)-1); 218 end
149 219
150 if r==1 220 Abest (r,:)=Ainc(r,:);
151 AcurrF0=FO0; 221 Abestfn(r,1)=Aincfn(r,1);
152 AincFO='NA"'; %Not Applicable 222 AbestFnVar (r,1)=AincFnVar(r,1);
153 223 Abestconstraint (r,:)=Aincconstraint (r,:);
154 xbest = x1; 224 AbestConstraintCov (r,:)=AincConstraintCov (r,:);
155 xbestfn = x1fn; 225 Abestphat (r,1)=Aincphat(r,1);
156 xbestFnVar = x1FnVar; 226 AbestFO=char (AbestF0, AincFO(r,:));
157 xbestconstraint = xlconstraint; 227
158 xbestConstraintCov = x1ConstraintCov; 228 elseif strcmp(FO, '—')==0 & strcmp(xbestF0, '—')
159 xbestFO=F0; 229 % First time restart yielded in a deemed feas sol.
160 230 % Update xbest without comparing.
161 Abest(r,:)=x1; 231 xbest = x1;
162 Abestfn(r,1)=x1fn; 232 xbestfn = x1fn;
163 AbestFnVar (r,1)=x1FnVar; 233 xbestFnVar = x1FnVar;
164 Abestconstraint (r,:)=xlconstraint; 234 xbestconstraint = xlconstraint;
165 AbestConstraintCov (r, :)=x1ConstraintCov ; 235 xbestConstraintCov = x1ConstraintCov;
166 Abestphat (r,1)=Acurrphat(r,1); 236 xbestFO=F0;
167 AbestF0=F0; 237 prevlastiseed=lastiseed;
168 238
169 if strcmp(xbestF0, '—')==0 239 Abest(r,:)=x1;
170 %returned a sample path feasible solution 240 Abestfn(r,1)=x1fn;
171 prevlastiseed=lastiseed; 241 AbestFnVar (r,1)=x1FnVar;
172 end 242 Abestconstraint (r,:)=xlconstraint;
173 243 AbestConstraintCov (r,:)=x1ConstraintCov ;
174 else %r>1 244 Abestphat (r,1)=Acurrphat(r,1);
175 AcurrFO=char (AcurrF0, FO); 245 AbestFO=char (AbestF0, FO);
176 246
177 Ainc(r,:)=Abest(r-1,:); 247 else
178 Aincfn(r,1)=Abestfn(r-1,1); 248 xbestFk=1; % initialize as sample path feasible
179 AincFnvar (r,1)=AbestFnVar(r-1,1); 249 x1Fk=1; % initialize as sample path feasible
180 Aincconstraint (r,:)=Abestconstraint (r-1,:); 250
181 AincConstraintCov (r,:)=AbestConstraintCov (r-1,:); 251 % Get mk to backfill
182 Aincphat (r,1)=Abestphat (r-1,1); 252 if mk~=mkprev
183 AincFO=char (AincF0, AbestFO(r-1,:)); 253 mkdiff=abs (mk—mkprev);
184 254 mkdiffnew=min (mkdiff, 1000 — rem(totalcalls, 1000));
185 if strcmp(FO, '—')==1 && strcmp(xbestFO, '— 255 % sol reported in step sizes of 1000
186 % No sample path feasible sol obtained so far 256 Awork(r,1) = Awork(r,1) + mkdiffnew;
187 AbestFO=char (AbestF0, FO0); 257 Amk(r,1)=Amk(r,1)+ mkdiffnew;
188 258 end
189 elseif strcmp(FO, '—')==1 && strcmp(xbestF0, '—')==0 259
190 % Current restart did not return a deemed feas sol. 260 % Update xbest if current iteration number is higher and mk
191 % Check if incumbent solution is at current level alpha_r 261 % available for backfill
192 % In not then if ncalls <= budgr then check neighbors and 262 if mk>mkprev && mkdiffnew>0
193 % possibly move in direction of interior of feasible region 263 [~, ~, xbestfnnew, xbestFnVarnew, ~, ~,
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xbestconstraintnew, xbestConstraintCovnew, ~, ~,
~] = oracle(str2func(problem), param,
xbest, mkdiffnew, lastiseed);
totalcalls = totalcalls + mkdiffnew;
xbestfn = (xbestfnnew+xbestfn)/2;
xbestconstraint=(xbestconstraint+xbestconstraintnew)/2;
xbestFnVar=(xbestFnVar+xbestFnVarnew)/4;
xbestConstraintCov=(xbestConstraintCov+...
xbestConstraintCovnew)/4;
if sum(xbestconstraint > ...
sqrt ((mkdiffnew+mkprev)*xbestConstraintCov)/...
(mkdiffnew+mkprev)~sparam(5))>0
xbestFk=0; % incumbent is sample path infeasible
end
mkprev=mkprev+mkdiffnew;
xbestphat=tcdf (Amk(r,1)"(0.5—sparam(5))—xbestconstraint/...
sqrt(xbestConstraintCov), Amk(r,1)-1);

Aincfn(r,1)=xbestfn;
AincFnvar (r,1)=xbestFnVar;
Aincconstraint (r,:)=xbestconstraint;
AincConstraintCov (r,:)=xbestConstraintCov;
Aincphat (r,1)=xbestphat;

end

% Update x1 if current iteration number is lower and
% mk available for backfill
if mk<mkprev && mkdiffnew>0
[~, ~, x1fnnew, x1FnVarnew, ~, ~, xlconstraintnew,
x1ConstraintCovnew, ~, ~, ~] = ...
oracle(str2func(problem), param, x1, mkdiffnew,
prevlastiseed);
x1fn = (x1fnnew+x1fn)/2;
xlconstraint=(xlconstraint+xlconstraintnew)/2;
x1FnVar=(x1FnVar+x1FnVarnew)/4;
x1ConstraintCov=(x1ConstraintCov+x1ConstraintCovnew)/4;
totalcalls = totalcalls + mkdiffnew;
if sum(xlconstraint > sqrt((mk+mkdiffnew)x. ..
x1ConstraintCov )/ (mk+mkdiffnew)~sparam(5))>0
x1Fk=0; % competitor is sample path infeasible
end
mk=mk+mkdiffnew;
x1lphat=tcdf (Amk(r,1)"~(0.5—sparam(5))—xlconstraint/...
sqrt(x1lConstraintCov), Amk(r,1)-1);

Acurrfn(r,1)=x1fn;
AcurrFnVar (r,1)=x1FnVar;
Acurrconstraint (r,:)=xlconstraint;
AcurrConstraintCov (r, :)=x1ConstraintCov ;
Acurrphat (r,1)=xlphat;

end

if (x1fn < xbestfn && xbestFk==1 && ...

x1Fk==1 && Acurrphat(r,1)>=alphar && ...

Aincphat (r,1)>=alphar)

|| (xbestFk==0 && x1Fk==1)

|| (x1fn==xbestfn && xbestFk==1 && x1Fk==1 && ...

Acurrphat (r,1)>=alphar & Aincphat(r,1l)>=alphar && ...
((x1lconstraint <= 0 && xbestconstraint>0)...
|| (xlconstraint>0 && ...

bestconstraint>xlconstraint)))

| | (xbestFk==1 && x1Fk==1 && Acurrphat(r,1)>=alphar ...

&& Aincphat (r,1)<alphar)

|| (xbestFk==1 && x1Fk==1 ...

&& Aincphat (r,1)<=Acurrphat(r,1) && ...

Acurrphat (r,1)<alphar)

xbest = x1;
xbestfn = x1fn;
xbestFnVar = x1FnVar;
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xbestconstraint = xlconstraint;
xbestConstraintCov = x1ConstraintCov;
xbestF0O=F0;

Abest (r,:)=Acurr(r,:);
Abestfn(r,1)=Acurrfn(r,1);
AbestFnVar(r,1)=AcurrFnVar(r,1);

Abestconstraint (r,:)=Acurrconstraint (r,:);
AbestConstraintCov (r,:)=AcurrConstraintCov (r,:);
Abestphat (r,1)=Acurrphat(r,1);

AbestFO=char (AbestF0, FO);

else
Abest(r,:)=Ainc(r,:);
Abestfn(r,1)=Aincfn(r,1);
AbestFnVar (r,1)=AincFnVar(r,1);
Abestconstraint (r,:)=Aincconstraint (r,:);
AbestConstraintCov (r,:)=AincConstraintCov (r,:);
Abestphat (r,1)=Aincphat (r,1);
AbestFO=char (AbestF0, AincFO(r,:));

end

end
end

% End restarts if total budget exceeds bmax or r exceeds numrestarts
if totalcalls>=bmax || r>=numrestarts

break;
end

r=r+l;

end
endtime=clock;

save(strcat(logfilename, ' RRtestvars.mat'), 'Acurr', 'Ainc', 'Abest',

'Awork', 'Amk', ‘'Acurrfn', 'Abestfn', 'Aincfn', 'AcurrFnvar',
'AincFnVar', 'AbestFnVar', 'Acurrconstraint', 'Aincconstraint’,
'Abestconstraint ', 'AcurrConstraintCov', 'AincConstraintCov',
'AbestConstraintCov', 'AcurrFO0', 'AincFO', 'AbestFO', 'Acurrphat',

'Aincphat', 'Abestphat', 'Acurrpiseed');

AbestF = cat(2, Abestfn,Abestconstraint);
AbestFVar = cat(2,AbestFnVar,AbestConstraintCov);
end

function [x0, seed] = GenInput(seed, xmin, xmax)
id=length (xmin);
x0=zeros (1,id);

for i=1:id
[seed, u] = ul6807d(seed);
x0(1i) = floor(xmin(i) + ux(xmax(i) — xmin(i)) + 0.5);
end
end

function [ncalls, xnew, xnewfn, xnewFnVar, xnewconstraint,
xnewConstraintCov, xnewphat, xnewF0, iseed] = ...
backtrackRR (problem, param, sparam, xmin, xmax, x1, x1lfn,
x1FnVar, xlconstraint, x1ConstraintCov, mk, iseed, delta,
budgr, alphar)

% Select neighbor with the smallest objective function and with
% phat>=alpha_r or if one is not found then move in the direction of
% feasibility till one is found.

ncalls=0;
id=int32(param(2));



402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467

468
469
470

Kalyani S. Nagaraj

% Manintain a copy of the original x
xorg=x1;

xorgfn=x1fn;

xorgFnVar=x1FnVar;
xorgconstraint=xlconstraint;
xorgConstraintCov=x1ConstraintCov ;

while 1 % while ncalls has not exceeded budgr
% 1.

[NEalpharncalls, xnew, xnewfn, xnewFnVar, xnewconstraint,

Evaluate neighbors

xnewConstraintCov, iseed, ~, ~, ~, ~, Nconstraint, ~, ~]1 = ...
NEalphar (problem, param, x1, x1fn, x1FnVar, xlconstraint,
x1ConstraintCov, mk, iseed, delta, sparam, alphar);
ncalls = ncalls + NEalpharncalls;
if isequal(xnew, x1)==0
% NEalphar returned a level alpha_r solution
% from among its neighbors.
break;
end

if ncalls >= budgr
% Neighbors are not level alphar but budg exceeded.
% Original x is returned since nbd search did not yeild a deemed
% feas solution with level alphar estimated prob of feasiility

% and budg was exceeded.

XNew=xorg;
xnewfn=xorgfn;

xnewFnVar=xorgFnVar;
xnewconstraint=xorgconstraint ;
xnewConstraintCov=xorgConstraintCov ;

break;
end

% 2. Compute phantom gradient of constraints
gammah=centralDiffGrad (Nconstraint);

o°

3. Estimate step size in direction of feasibility
hhat./grad)

(newx = oldx +

o°

xnew = bsxfun(@min, bsxfun(@max, floor(xl — ...

((ones(id, 1).xx1fn)./gammah)'), xmin), xmax);
% 4. Estimate g and h at xnew. Also compute phat.

[~, flag2, xnewfn, xnewFnVar, ~, ~, xnewconstraint,
xnewConstraintCov, ~, ~, iseed] = oracle(str2func(problem),
param, xnew, mk, iseed);

if sum(xnewconstraint > sqrt(mk#xnewConstraintCov)/mk~delta)>0
flag2=1;

end

ncalls = ncalls + mk;

phat=tcdf (mk~(0.5—sparam(5))—xnewconstraint/...
sqrt (xnewConstraintCov), mk—1);

% 5. Break if newx is with phat>=alpha_r OR ncalls >= budgr
if (phat >= alphar && flag2~=1)
% newx has been deemed feasible and is at
% level alphar estimated prob of feasiility
break;

end

if flag2~=1 && ncalls>=budgr
% Original curr x is returned and it does not satisfy level

alphar
% estimated prob of feasibility.
break;

end
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if ncalls>=budgr && phat<alphar
% Original x is returned since search did not yeild a deemed feas
% solution with level alphar estimated prob of feasiility.
Xnew=xorg;
xnewfn=xorgfn;
xnewFnVar=xorgFnVar ;
xnewconstraint=xorgconstraint;
xnewConstraintCov=xorgConstraintCov ;
break;

end

% Begin next loop at current x
x1=xnew;
x1fn=xnewfn;
x1FnVar=xnewFnVar;
x1lconstraint=xnewconstraint ;
x1ConstraintCov=xnewConstraintCov ;
end
xnewphat=tcdf (mk~(0.5—sparam(5))—xnewconstraint/...
sqrt (xnewConstraintCov), mk—1);
xnewFO="F'; %Deem xnew as sample—path feasible.
end

function [ncalls, xnew, xnewfn, xnewFnVar, xnewconstraint,
xnewConstraintCov, iseed, Nflag, Nx, Nfn, NFnVar, Nconstraint, ...
NConstraintCov, Nphat] = NEalphar(problem, param, x1, x1fn, x1FnVar,

xlconstraint, x1ConstraintCov, mk, iseed, delta, sparam, alphar)
id = int32(param(2));

int32(param(4));
iseedk = iseed;

nsecMeas =

xold=x1;

xnew=x1;

xnewfn=x1fn;

xnewFnVar=x1Fnvar;
xnewconstraint=xlconstraint;
xnewConstraintCov=x1ConstraintCov ;

ncalls=0;

Nflag=zeros (2xid, 1);
id);
1);
NFnVar=zeros (2*id, 1);

Nx=zeros (2x*id,
Nfn=zeros (2xid,

Nconstraint=zeros(2+id, nsecMeas);
NConstraintCov=zeros (2xid, nsecMeas);
Nphat=zeros (2*id, 1);

for i=1:id

xold (i)=xold(1)+1;

iseed=iseedk;
[~, flag2, xoldfn, xoldFnVar, ~, ~, xoldconstraint,
xoldConstraintCov, ~, ~, iseed] = ...
oracle(str2func(problem), param, xold, mk, iseed);

if sum(xoldconstraint > sqrt(mk+xoldConstraintCov)/mk~delta)>0
flag2=1;

end

Nx (2*%i-1,:)=xold;

Nflag(2+i-1)=flag2;

Nfn(2xi-1)=xoldfn;

NFnVar (2xi—1)=xoldFnVar;

Nconstraint (2#i-1, :)=xoldconstraint;

NConstraintCov (2xi—1, :)=xoldConstraintCov ;

Nphat (2xi-1)=tcdf (mk~(0.5—sparam(5))—xoldconstraint/...
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sqrt(xoldConstraintCov), mk-1);

if flag2 ==
ncalls = ncalls + mk;
if Nphat(2+i-1)>=alphar

xnew=xold;
xnewfn=xoldfn;
xnewFnVar=xoldFnVar;

xnewconstraint=xoldconstraint;

xnewConstraintCov=xoldConstraintCov ;

PUSH (xnew) ;

return;

xold(i)=xold(i)-2;

iseed=iseedk;

[~, flag2, xoldfn, xoldFnVar, ~, ~, xoldconstraint,
xoldConstraintCov, ~, ~, iseed] = ...
oracle(str2func(problem), param, xold, mk, iseed);

jry

if sum(xoldconstraint > sqrt(mk#xoldConstraintCov)/mk~delta)>0

flag2=1;

end

Nx (2%1i,:)=xo0ld;

Nflag(2*i)=flag2;

Nfn(2*i)=xoldfn;

NFnVar (2xi)=xoldFnVar;

Nflag(2*i)=flag2;

Nconstraint (2*i,:)=xoldconstraint;

NConstraintCov (2*1i, :)=xoldConstraintCov ;

Nphat (2*i)=tcdf (mk~(0.5—sparam(5))—xoldconstraint/...
sqrt(xoldConstraintCov), mk—1);

if flag2 ==
ncalls = ncalls + mk;
if Nphat (2%i)>=alphar
xnew=xold;
xnewfn=xoldfn;
xnewFnVar=xoldFnVar;
xnewconstraint=xoldconstraint;
xnewConstraintCov=xoldConstraintCov ;
PUSH (xnew) ;
return;
end
end
xold(i)=xold(i)+1;
end
end

function gammah=centralDiffGrad (Nconstraint)
% Gradient Estimator
d=size(Nconstraint);
id=d(1)/2;
nsecMeas=d(2) ;
gammah = zeros(id, nsecMeas);
for i=1:id
gammah (i, :)=(Nconstraint (2*i—-1,:)—-Nconstraint (2xi,:))./2;
end
end

function [ncalls, x1, x1fn, x1FnVar, xlconstraint, x1ConstraintCov,
iseed, k, lastiseed] = RSPLINE(x®, problem, param, iseed, sparam,

logfid, budg, alphar)

kmax=sparam(3) ;
q=sparam(4) ;
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delta=sparam(5);
cl=sparam(6) ;
c2=sparam(7);
cvthresh=sparam(8) ;
biasthresh=sparam(9) ;
yesgeom=sparam(10) ;
geoma=sparam(11) ;
geomc=sparam(12) ;

id=int32(param(2));
nseeds=int32(param(3));
nsecMeas=int32(param(4));

global stackl;
stackl=zeros(1,id);

fnprev=0;

ncalls=0; % tracks the total calls made to the oracle
x1=x0;

k=1;

%Begin Retrospective Iterations
while (1)
if yesgeom==1
mk=ceil (geoma*geomc”k) ;
else
mk=clxceil (k"q);
end
bk=c2*ceil (k"q);
xk=x1;
lastiseed=iseed;
[splinencalls, stackflag, x1, x1fn, x1FnVar, xlconstraint,
x1ConstraintCov, iseed, Nflag, Nx, Nfn, NFnVar, Nconstraint,
NConstraintCov, Nphat] = SPLINE(problem, param, xk, mk, bk,
iseed, delta, k);
FO='—";
phat=tcdf (mk~(0.5—delta)—x1lconstraint/sqrt(x1ConstraintCov), mk-1);
ncalls = ncalls + splinencalls;
%splinencalls is the number of oracle calls for each call of SPLINE

if stackflag == 1
if k==1
fprintf (logfid, 'Initial solution is infeasible!!!\n")
else
fprintf (logfid, 'All solutions in stack are infeasible!!!\n");
end
return
end

if (k>=kmax || ncalls>=budg) && phat < alphar
% last inner loop and alphar not attained
[~, x1new, xlnewfn, xlnewFnVar, xlnewconstraint,
x1newConstraintCov, ~] = backtrack(problem, param,
x1, x1fn, x1FnVar, xlconstraint, x1ConstraintCov, mk,
lastiseed, delta, Nflag, Nx, Nfn, NFnVar, Nconstraint,
NConstraintCov, Nphat, alphar, logfid);
if isequal (xlnew, x1)==0
x1=x1lnew;
x1fn=x1lnewfn;
x1FnVar=xlnewFnVar;
xlconstraint=xlnewconstraint;
x1ConstraintCov=x1lnewConstraintCov;
end
end

%Choose max among sehats of all the estimators
cveurr = sqrt(x1ConstraintCov (1));

bias = sqrt((x1fn — fnprev)~2); % calculate bias

%% Update delta_k+1l, comment to use same delta
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epsilon=min(max (sqrt(x1lConstraintCov#*mk)/mk~0.45, —xlconstraint),

sqrt(x1ConstraintCov*mk)/mk~0.1) ;
sparam(5)=(log(sqrt(x1ConstraintCov *mk))—1log(epsilon))/log(mk);
delta=sparam(5) ;

% Exit R—SPLINE if bias,
achieved

std dev, or max iteration thresholds

% or if total budget is exceeeded.

o°

if (k>=2 && cvprev <= cvthresh && cvcurr <= cvthresh && ...

o°

bias <=biasthresh) || k>=kmax

% if (k>=2 && cvcurr <= cvthresh && bias <= biasthresh) || k>=kmax
if k>=kmax || ncalls>=budg
break;
end
fnprev=x1fn;
k=k+1;
end
end
function [ncalls, stackflag, xnew, xnewfn, xnewFnVar, xnewconstraint,

xnewConstraintCov, iseed, Nflag, Nx, Nfn, NFnVar, Nconstraint,

NConstraintCov, Nphat]=SPLINE(problem, param, x0, mk, bk, iseed,

delta, ri)

global stackl;

stackflag=0; % Set to 1 if all solutions in stack are deemed infeasible
% at cuurent sampling level mk, else 0.

id = int32(param(2));
int32(param(3));
int32(param(4));

nseeds =
nsecMeas =

Nflag=zeros (2xid, 1);
Nx=zeros (2*xid, id);
Nfn=zeros (2xid, 1);
NFnVar=zeros(2*id, 1);
Nconstraint=zeros (2*id, nsecMeas);
NConstraintCov=zeros(2*id, nsecMeas);

Nphat=zeros (2xid, 1);

iseedk = iseed;
ncalls=0;

%check all solutions in stack if the sol from prev iteration is
infeasible
xnew=x0;
count=0;
ctr=0;
[nrow,~]=size(stackl);
while (1)
iseed=iseedk;

[flagl, flag2, xnewfn, xnewFnVar, ~, ~, xnewconstraint,
xnewConstraintCov, ~, ~, iseed] = oracle(str2func(problem),
param, xnew, mk, iseed);

if sum(xnewconstraint > sqrt(mk#xnewConstraintCov)/mk~delta)>0
flag2=1;

end

ncalls = ncalls + mk;

if flagl==0 && flag2==0
count=count+1;
if count==
fnprev=xnewfn;
Xprev=xnew;
end
if ri==1
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PUSH (xnew) ;
break

end

if count==2
if fnprev<xnewfn

Xnew=xprev;

end
break

end

end

ctr=ctr+l;

if nrow—ctr<=1 % stack is empty
stackflag=1; % denotes that stack is empty! All visited solutions

% are infeasible at current sampling level mk

return

end
xnew=stackl(nrow—ctr,:);

end

x0fn=xnewfn;

XOFnVar=xnewFnVar;
x0constraint=xnewconstraint ;
x0ConstraintCov=xnewConstraintCov ;

for i=1:bk
iseed=iseedk;
[SPLIncalls, xold, xoldfn, xoldFnVar, xoldconstraint,
xoldConstraintCov, iseed] = SPLI(problem, param, xnew, xnewfn,

xnewFnVar, xnewconstraint, xnewConstraintCov, mk, iseed, delta);

iseed=iseedk;
[NEncalls, xnew, xnewfn, xnewFnVar, xnewconstraint,
xnewConstraintCov, iseed, Nflag, Nx, Nfn, NFnVar, Nconstraint,

NConstraintCov, Nphat] = NE(problem, param, xold, xoldfn,
xoldFnVar, xoldconstraint, xoldConstraintCov, mk, iseed, delta);
ncalls = ncalls + SPLIncalls + NEncalls;
if xoldfn==xnewfn
%SPLINE ended since NE and SPLI returned the same sol
break

end

%the starting sol is better than the new solution by a very small
margin
if x0fn + 0.00005 <= xnewfn
xnew=x0;
xnewfn=x0fn;
xnewFnVar=x0FnVar;
xnewconstraint=x0constraint ;
xnewConstraintCov=x0ConstraintCov ;
end
end

function [ncalls, xnew, xnewfn, xnewFnVar, xnewconstraint,
xnewConstraintCov, iseed, Nflag, Nx, Nfn, NFnVar, Nconstraint,
NConstraintCov, Nphat] = NE(problem, param, x, fn, FnVar,
constraint, ConstraintCov, mk, iseed, delta)

id = int32(param(2));

int32(param(3));

int32(param(4));

iseedk = iseed;

nseeds =
nsecMeas =

xold=x;

Xnew=x;
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xnewfn=fn;

xnewFnVar=FnVar;
xnewconstraint=constraint;
xnewConstraintCov=ConstraintCov;

ncalls=0;

y2=fn;
ixquad=zeros(1,id);

Nflag=zeros (2+id, 1);

Nx=zeros (2*id, id);

Nfn=zeros (2+id, 1);

NFnVar=zeros (2+id, 1);
Nconstraint=zeros (2+xid, nsecMeas);

NConstraintCov=zeros(2xid, nsecMeas);
Nphat=zeros (2xid, 1);
for i=1:id

count=1;

xold (i)=xold(1)+1;

iseed=iseedk;
[~, flag2, xoldfn, xoldFnVar, ~, ~, xoldconstraint,
xoldConstraintCov, ~, ~, iseed] = oracle(str2func(problem),
param, xold, mk, iseed);

if sum(xoldconstraint > sqrt(mk#xoldConstraintCov)/mk~delta)>0
flag2=1;

end

Nx (2%i-1,:)=xold;

Nflag(2*i-1)=flag2;

Nfn(2+*i-1)=xoldfn;

NFnVar (2xi—1)=xoldFnVar;

Nconstraint (2#+i—-1, :)=xoldconstraint;

NConstraintCov (2xi—1, :)=xoldConstraintCov;

Nphat (2+i-1)=tcdf (mk~(0.5—-delta)—xoldconstraint/...
sqrt(xoldConstraintCov), mk—1);

if flag2 ==
ncalls = ncalls + mk;
yl=xoldfn;
count=count+1;
if xoldfn + 0.00005 < xnewfn
xnew=xold;
xnewfn=xoldfn;
xnewFnVar=xoldFnVar;
xnewconstraint=xoldconstraint;
xnewConstraintCov=xoldConstraintCov ;
PUSH (xnew) ;
end
end

xold(i)=xold(i)-2;

iseed=iseedk;

[~, flag2, xoldfn, xoldFnVar, ~, ~, xoldconstraint,
xoldConstraintCov, ~, ~, iseed] = oracle(str2func(problem),
param, xold, mk, iseed);

g

if sum(xoldconstraint > sqrt(mk#xoldConstraintCov)/mk~delta)>0

flag2=1;

end

Nx (2%1i,:)=xo0ld;

Nflag(2*i)=flag2;

Nfn(2*i)=xoldfn;

NFnVar (2xi)=xoldFnVar;

Nflag (2+i)=flag2;

Nconstraint (2+#i, :)=xoldconstraint;

NConstraintCov (2+i, :)=xoldConstraintCov;

Nphat (2+i)=tcdf (mk~(0.5—delta)—xoldconstraint/...
sqrt(xoldConstraintCov), mk—1);
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if flag2 ==
ncalls = ncalls + mk;
y3=xoldfn;
count=count+1;
if xoldfn + 0.00005 < xnewfn
xnew=xold;
xnewfn=xoldfn;
xnewFnVar=xoldFnVar;
xnewconstraint=xoldconstraint ;
xnewConstraintCov=xoldConstraintCov ;
PUSH (xnew) ;
end
end

xold (i)=xold(i)+1;
xgnew=xold (i) ;

% quadratic search
if count==3
a = (yl+y3)/2.0 - y2;
b = (yl-y3)/2.0;
if a—-0.00005 > 0
xgnew = int32(xold(i) — (b / (a + a)));

end
end
if abs(xgnew) < 2147483646.0 %2°31-2
ixquad (i) = xgnew;
end

end

iseed=iseedk;
%call oracle at ixquad
[~, flag2, ixquadfn, ixquadFnVar, ~, ~, ixquadconstraint,
ixquadConstraintCov, ~, ~, iseed] = ...
oracle(str2func(problem), param, ixquad, mk, iseed);
if sum(ixquadconstraint > sqrt(mk+ixquadConstraintCov)/mk~delta)>0
flag2=1;
end

if flag2==0
ncalls = ncalls + mk;

if ixquadfn + 0.00005 < xnewfn
xnew=ixquad;
xnewfn=ixquadfn;
xnewFnVar=ixquadFnVar;
xnewconstraint=ixquadconstraint;
xnewConstraintCov=ixquadConstraintCov ;
PUSH (xnew) ;
end
end
end

function [ncalls, xbest, xbestfn, xbestFnVar, xbestconstraint,
xbestConstraintCov, iseed] = SPLI(problem, param, x, fn, FnVar,
constraint, ConstraintCov, mk, iseed, delta)

id = int32(param(2));
nsecMeas = int32(param(4));
imax=100;

jmax=5;

iseedk=iseed;

xbest=x;

xbestfn=fn;

xbestFnVar=FnVar;
xbestconstraint=constraint;
xbestConstraintCov=ConstraintCov ;
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ncalls=0;
50=2.0;
c=2.0;

for j=0:jmax
x1=PERTURB (xbest, iseed);
iseed=iseedk;
plixbest=xbest;
[~, gamma, npoints, plixbest, plixbestfn, plixbestFnVar,
plixbestconstraint, plixbestConstraintCov, iseed] = PLI(problem,

param, x1, plixbest, mk, iseed, delta);
ncalls = ncalls + npointsxmk;

% update current best

if plixbestfn + 0.00005 < xbestfn && npoints>0
xbest=plixbest;
xbestfn=plixbestfn;
xbestFnVar=plixbestFnvar;
xbestconstraint=plixbestconstraint;
xbestConstraintCov=plixbestConstraintCov;
PUSH (xbest) ;

end

if npoints < id+1
return

end
glength=norm(gamma) ;

if glength + 0.00005 <= 0

return

end

x0=xbest;

gamma=gamma/glength;

for i=0:imax
s = s0 * c™i;

ixl=zeros(1,id);

for k=1:id
ix1(k)=floor (x0(k)—s*gamma (k)+0.5) ;

% UNCOMMENT THE FOLLOWING LINES

% IF DECISION VARIABLES ARE BINARY 0-1
% if ix1(i)<0

% ix1(i)=0;

% elseif ix1(i)>1

% ix1(i)=1;

% end

end

iseed=iseedk;

[~, flag2, ix1fn, ix1FnVar, ~, ~, ixlconstraint,
ix1ConstraintCov, ~, ~, iseed] = oracle(str2func(problem),
param, ix1, mk, iseed);

if sum(ixlconstraint > sqrt(mk+ix1ConstraintCov)/mk~delta)>0
flag2=1;

end

if flag2~=0
return  %ix1 is infeasible

end

ncalls = ncalls + mk;

if ix1fn >= xbestfn + 0.00005 &% i <= 2
return

end

if ix1fn >= xbestfn + 0.00005
break

end

xbest=ix1;

xbestfn = ix1fn;

xbestFnVar=ix1FnVar;
xbestconstraint=ixlconstraint;
xbestConstraintCov=ix1ConstraintCov ;

PUSH (xbest) ;
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end
end
end

function [fbar, gamma, npoints, plixbest, plixbestfn, plixbestFnvar,

plixbestconstraint, plixbestConstraintCov, iseed] = PLI(problem,
param, x, plixbest, mk, iseed, delta)

id = int32(param(2));
nseeds=int32(param(3));
nsecMeas = int32(param(4));
npoints=0;
strange=3.145962987654;
gamma=zeros (1,1id);
iseedk=iseed;

x0=floor(x);

z=X—x0;
z=[1,2,0];
[~, pl=sort(z, 'descend');

w=zeros (1, id+l);

for i=1:id+1
w(i)=z(p(i))-z(p(i+l));

end

wsum=0;

fbar=0;

%call oracle at x0
[~, flag2, x0fn, xOFnVar, ~, ~, x0constraint, x0ConstraintCov,
~, ~, iseed]=oracle(str2func(problem), param, x0, mk, iseed);
if sum(x@constraint > sqrt(mk+x0ConstraintCov)/mk~delta)>0
flag2=1;
end

if flag2 ==
npoints=npoints+1;
wsum = wsum + w(1);
fbar = fbar + w(1)*x0fn;
ghatold = x0fn;
plixbest=x0;
plixbestfn = x0fn;
plixbestFnVar=x0FnVar;
plixbestconstraint=x0constraint;
plixbestConstraintCov=x0ConstraintCov ;
else
ghatold = 0;

plixbestfn = strange;

for i=2:id+1
x0(p(i)-1)=x0(p(i)-1)+1;
iseed=iseedk;

%call oracle at the other id points that form the simplex

[~, flag2, x0fn, xOFnVar, ~, ~, x@constraint, x@ConstraintCov,

~, ~, iseed]=oracle(str2func(problem), param, x0, mk, iseed);
if sum(x@constraint > sqrt(mk+x0ConstraintCov)/mk~delta)>0
flag2=1;
end

if flag2 == 0
npoints=npoints+1;

wsum + w(i);

fbar + w(i)*x0fn;

x0fn — ghatold;

wsum =

fbar =

gamma(p(i)-1) =

ghatold = x0fn;

if plixbestfn == strange || x0fn + 0.00005 < plixbestfn
plixbest=x0;
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plixbestfn = x0fn;
plixbestFnVar=x0FnVar;
plixbestconstraint=x0constraint;
plixbestConstraintCov=x0ConstraintCov ;
end
end
end

if wsum > 0.00005
fbar = fbar/wsum;

end

end

function xpert = PERTURB(x, iseed)

id=length(x);
seed=iseed(1);

xpert=zeros(1,id);
for i=1:id
[seed, u] = ul6807d(seed);

xpert(i) = x(i) + .3*(u — 0.5);
% UNCOMMENT THE FOLLOWING LINES
% IF DECISION VARIABLES ARE BINARY 0-1
% if x(i)==0
% xpert (i) = double(x(i) + 0.15%u);
% else
% xpert (i) = double(x(i) — 0.15%u);
% end

end

end

function [ncalls, xnew, xnewfn, xnewFnVar, xnewconstraint,
xnewConstraintCov, iseed] = backtrack(param, x1, lastiseed, Nflag,

Nx, Nfn, NFnVar, Nconstraint, NConstraintCov, Nphat, alphar)

% and phat>=alpha_r
% Currently function only explores the neighbors

iseed=lastiseed;
ncalls=0;
id=int32(param(2));

xnew=x1;
for i=1:2xid
if Nflag(i)~=1 && Nphat(i)>=alphar

xnew=Nx(1i,:);
xnewfn=Nfn(i);
xnewFnVar=NFnVar (i) ;
xnewconstraint=Nconstraint (i, :);
xnewConstraintCov=NConstraintCov (i, :);
break;

end
end

function PUSH(x)

id=length(x);
global stackl;
[i,~]=size(stackl);
flag=1;

while i>=1
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if sum(stackl(i,:)—-x==0)==id
flag=0;
break
end
i=i-1;
end
if flag==
stackl=[stackl; x];
end
end

function [flagl, flag2, fn, FnVar, FnGrad, FnGradCov, constraint,
ConstraintCov, ConstraintGrad, ConstraintGradCov, iseed]=...
oracle(orchandle, param, x, m, iseed)

o

% INPUT

% problem

% problem name function handle

% param

% problem param

% param(1): problem number

% param(2): problem dimension

% param(3): nseeds

% param(4): number of stocastic constraints

% param(5), ... : other problem specific parameters
% X

% decision variable

% m

% sample size

% iseed

% vector of input seeds

%

% OUTPUT

% flagl

% equals 1 when parameters to oracle are incorrect, 0 otherwise
% flag2

% equals 1 when infeasible, 0 otherwise

% fn

% estimate of expected real valued objective function
% Fnvar

% variance of expected objective function

% FnGrad

% vector of estimate of gradient at x

% FnGardCov

% covariance matrix of gradient estimator at x

% constraint

% vector of constraint function estimators

% ConstraintCov

% covariance matrix of constraint extimators at x

% ConstraintGrad

% matrix of gradient estimators of constraint functions at x
% ConstraintGradCov

o

3—dimensional covariance array of gradient estimators of

constraint functions at x

o

o

[flagl, flag2, fn, FnVar, FnGrad, FnGradCov, constraint, ConstraintCov,

ConstraintGrad, ConstraintGradCov, iseed]=orchandle(param, x, m,
iseed);
end

function [iseed,ul6807d]1=ul6807d (iseed)

% A linear congruential pseudorandom number generator
% using constant 16807 and modulus (2**31)-1.

% iseed = iseed*16807 (mod 2731 -1)

% INPUT
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1225 % iseed. Integer. 1232 ul6807d=0;

1226 | % Chosen from [1,2147483646] on the first call. 1233 | while (ul6807d<=0 || ul6807d>=1)

1227 % Thereafter, the value returned from the last call 1234 iseed = mod (iseed * 16807,2147483647) ;
1228 % OUTPUT 1235 ul6807d = iseed / 2147483648;

1229 % iseed. Integer. To be used in the next call. 1236 end

1230 % ul6807d. Real. A pseudorandom number in (0,1). 1237 end

1231

B.3 Problem Code

Listing B.4: ToyProblem.m 37
38 fn=NaN;
1 %% *kkkkkkkokkkkkkk THE TWO—DIMENSIONAL TOY PROBLEM sokskokokskokskokokokkokkokskok* 39 FnVar=NaN;
2 % 40 | FnGrad = NaN;
3 % *xx DATE 41 FnGradCov = NaN;
4 % Last updated August, 2014 42 constraint = NaN;
5 |% 43 | ConstraintCov = NaN;
6 | % #** AUTHOR 44 | ConstraintGrad = NaN;
7 % Kalyani Nagaraj 45 ConstraintGradCov = NaN;
8 % Virginia Tech, Blacksburg, VA 46
9 % kalyanin AT vt DOT edu 47 id = int32(param(2));
10 | % 48 | nseeds = int32(param(3));
11 95 sk kR ok ok ok ok ok K oK ok ok o o o K ok ok o o o K oK oK ok ok o K ok oK ok ok o o 3 oK K ok ok o o 3 K Kok Sk ok ok o o o Kk KoK oK o ok 49 nsecMeas = int32(param(4));
12 50
13 function [flagl, flag2, fn, FnVar, FnGrad, FnGradCov, constraint, ... 51 flagl=0;
14 ConstraintCov, ConstraintGrad, ConstraintGradCov, iseed] = ... 52 flag2=0;
15 ToySC(param, x, m, iseed) 53 if sum(x<0)>0
16 54 flag2=1;
17 % INPUT 55 return
18 % param = 56 end
19 | % param(1) = problem ID 57
20 % param(2) = problem dimension = 2 58 sigma = 0.5;
21 % param(3) = nseeds = 1 59 suml = 0;
22 % param(4) = nsecMeas = 1 60 sum2 = 0;
23 | % ix = 61 for i=1:m
24 | % integer solution, ( x1, x2 ) 62 [iseed, u]=ul6807d (iseed);
25 % m = sample size 63 norm = icdf ('Normal', u, 0, sigma);
26 | % iseed = 64 suml = suml + norm;
27 |% iseed(1) 65 sum2 = sum2 + norm~2;
28 % OUTPUT 66 end
29 % flagl = 0 implies that the model parameters are feasible 67
30 % = 1 implies that the model parameters are infeasible 68 suml=suml/m;
31 % flag2 = 0 implies that ix is feasible 69 fn=x(1)"2 + 3%x(2)"2;
32 % = 1 implies that ix is infeasible 70 FnVar=0;
33 % fn = ybar (defined only if flagl = 0 and flag2 = 0) 71 constraint= 10-2xx(1)—x(2)+suml;
34 | % constraint = matrix (size = 1 X nsecMeas) of estimates of 72 | ConstraintCov=((sum2/m) — suml”~2)/m;
35 % constraint functions 73 end
36 | %
Listing B.5: ThreeStageFlow.m 12
13 function [flagl, flag2, fn, FnVar, FnGrad, FnGradCov, constraint,
1 %% Fkxkrxkrkkrkkkkk THE THREE—STAGE FLOWLINE PROBLEM skxskokskskorokokor koo 14 ConstraintCov, ConstraintGrad, ConstraintGradCov, iseed] =...
2 % 15 ThreeStageFlow (param, x, m, iseed)
3 | % %xx DATE 16
4 % Last updated August, 2014 17 % INPUT
5 % 18 % param
6 | % *%x AUTHOR 19 |% param(1) = problem ID
7 % Kalyani Nagaraj 20 % param(2) = problem dimension = 4
8 |% Virginia Tech, Blacksburg, VA 21 % param(3) = nseeds = 3
9 |% kalyanin AT vt DOT edu 22 | % param(4) = nSecMeas = 1
10 | 23 | % param(5) = warm—up time
R R ————
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FnGradCov = NaN;
constraint = NaN;
ConstraintCov = NaN;
ConstraintGrad = NaN;
ConstraintGradCov = NaN;

id = int32(param(2));
nseeds = int32(param(3));
nsecMeas = int32(param(4));

warmuptime = param(5);
totaltime = param(6);
ratetotal = param(7);
buffertotal = param(8);
flagl=0;

flagl=1;

return
end

ratel = x(1);

rate2 = x(2);

rate3 = x(3); % ratetotal — ratel
buf2 = x(4); % x(3);

buf3 = buffertotal - buf2 ;
flag2=0;

flag2 = 1;
return

end

suml = 0;

sum2 = 0;

for i=1:m  %m days of simulation
icount = 0;

i

tendl = —log(1l — ul)/ratel;

% param(6) = simulation end time

% param(7) = total service rate

% param(8) = total buffer space available

% X

% x(0) = dimension d=4

% integer solution, ( s1, s2, s3, b2 )

% m = sample size

% iseed

% iseed(0) = number of random—number seeds, nseeds = 3
% iseed (1), iseed(2), iseed(3) = one seed per server

% OUTPUT

% flagl = 0 implies that the model parameters are feasible
% = 1 implies that the model parameters are infeasible
% flag2 = 0 implies that x is feasible

% = 1 implies that x is infeasible

% fn = ybar (defined only if flagl = 0 and flag2 = 0)

% constraint = matrix (size = 1 X nsecMeas) of estimates of
% constraint functions

% <...> = see oracle.m for details

fn=NaN;

FnVar=NaN;

FnGrad = NaN;

if warmuptime < @ || totaltime <= warmuptime || buffertotal < 0

%PRINT TO LOG: INVALID MODEL PARAMETERS!!

— rate2 + 0.5;

if sum(x<=0)>0 || sum(x(1:3)>ratetotal)>0 || x(4)>buffertotal-1

%simulate: return throughput / (total time — warmup time)

%initialize clock, state, and event calendar
timebig = totaltime + 1;

thruput = 0;

clock = 0;

nbuf2 = 0;

nbuf3 = 0;

[iseed (1), ul] = ul6807d(iseed(1));
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tend2 = timebig;
tend3 = timebig;

while (1)
%get next—event time and number
timemin = totaltime;
nevent = 4;
if tendl <= timemin
timemin = tendl;
nevent = 1;
end
if tend2 <= timemin
timemin = tend2;
nevent =2;
end
if tend3 <= timemin
timemin = tend3;

nevent =3;
end
clock = timemin;
%sexecute the next event
if nevent ==

%server 1: end of service
if nbuf2 == buf2

tendl = timebig; %buffer of server 2 is full

[iseed(2), u2] = ul6807d(iseed(2));

else
nbuf2 = nbuf2 + 1;
[iseed (1), ul] = ul6807d(iseed(1));
tendl = clock —log(1l — ul)/ratel;
if nbuf2 ==
tend2 = clock —-log(l — u2)/rate2;
end
end

elseif nevent ==
%server 2: end of service
if nbuf3 == buf3
tend2 = timebig;

else
nbuf2 = nbuf2 - 1;
nbuf3 = nbuf3 + 1;
if tendl == timebig
nbuf2 = nbuf2 + 1;

[iseed (1), ul] = ul6807d(iseed(1));
tendl = clock —log(1l — ul)/ratel;

end
if nbuf2 > 0
[iseed(2), u2] = ul6807d(iseed(2));
tend2 = clock —log(l — u2)/rate2;
else
tend2 = timebig;
end
if nbuf3 ==
[iseed(3), u3] = ul6807d(iseed(3));
tend3 = clock —log(l — u3)/rate3;
end
end
elseif nevent ==
%sserver 3: end of service
if clock >= warmuptime
thruput = thruput + 1;
end
nbuf3 = nbuf3 - 1;
if nbuf2 > 0 & tend2 == timebig
nbuf2 = nbuf2 - 1;
nbuf3 = nbuf3 + 1;
if nbuf2 > 0
[iseed(2), u2] = ul6807d(iseed(2));
tend2 = clock —log(l — u2)/rate2;

86
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164 end 181 sevent: end of simulation
165 end 182 %minimizing: return the negative of throughput
166 if nbuf2 < buf2 & tendl == timebig 183 suml = suml + (—thruput / (totaltime — warmuptime));
167 nbuf2 = nbuf2 + 1; 184 sum2 = sum2 + (—thruput / (totaltime — warmuptime))
168 [iseed (1), ul] = ul6807d(iseed(1)); ~2;
169 tendl = clock —log(l — ul)/ratel; 185 break
170 if nbuf2 == 186 end
171 [iseed(2), u2] = ul6807d(iseed(2)); 187 icount=icount+1;
172 tend2 = clock —log(l — u2)/rate2; 188 end
173 end 189 | end
174 end 190 suml=suml/m;
175 tend3 = timebig; 191 fn=ratel+rate2+rate3;
176 if nbuf3 > 0 192 FnVar=0;
177 [iseed (3), u3] = ul6807d(iseed(3)); 193 constraint = suml + 5.667;
178 tend3 = clock —log(l — u3)/rate3; 194 ConstraintCov=((sum2/m) — suml”~2)/m;
179 end 195 | end
180 elseif nevent ==
LlStlIlg B.6: BusSCheduhng.m 49 | ConstraintGrad = NaN;
50 ConstraintGradCov = NaN;
1 %% kxkxdkkrkkddkkrkkkkk THE BUS SCHEDULING PROBLEM skokskokkkokskokokokdokokkhokokk 51
2 % 52
3 % *+* DATE 53 id = int32(param(2));
4 % Last updated August, 2014 54 nseeds = int32(param(3));
5 0% 55 | lambda = param(5);
6 | % *xx AUTHOR 56 | gamma = param(6);
7 % Kalyani Nagaraj 57 | totalwait = param(7);
8 % Virginia Tech, Blacksburg, VA 58
9 |% kalyanin AT vt DOT edu 59 | % model parameters feasibility check
10 | % 60 | flagl = 0;
11 G5 skokokokok ko ok ok ok ok ok sk ok ok ok ok ok ok ok ok ok sk ok ok o ok sk ok sk ok s ok sk ok sk ook sk ok sk ok sk ok ko ok ok sk ok sk ok 61 if lambda < @ || gamma < © || id~=length(x) || nseeds~=length(iseed)
12 62 flagl = 1;
13 function [flagl, flag2, fn, FnVar, FnGrad, FnGradCov, constraint, ... 63 end
14 ConstraintCov, ConstraintGrad, ConstraintGradCov, iseed] = ... 64
15 BusScheduling (param, x, m, iseed) 65 | %decision—variable feasibility check
16 66 flag2 = 0;
17 | % INPUT 67 if (sum(x < @) > 0 || sum(x>1) > 0)
18 |% param = 68 flag2=1;
19 % param(1l) = problem ID 69 end
20 % param(2) = problem dimension (id) = 19 70
21 |% param(3) = nseeds = 1 71 | if ( flagl == 1 || flag2 == 1)
22 | % param(4) = nsecMeas = 1 72 return
23 |% param(5) = lambda, arrival rate of passengers 73 | end
24 |5 param(6) = gamma, final departure time of bus 74
25 | % param(7) = S, max total wait time 75 suml = 0;
26 | % X = 76 | sum2 = 0;
27 | % matrix of size 1 X id 77 for i=1:m
28 % integer solution [x(1), x(2), ..., x(id)] 78 timesum = 0;
29 % x(i)=1 if a bus departs at time 5%i, 0 otherwise, i=1, 2, ..., 79 tarrive = 0;
id 80 timebus = 0;
30 | % m = sample size 81
31 | % iseed = 82 stotal wait of all passengers on day i
32 % matrix of size 1 X nseeds (nseeds = 1) 83 while (1)
33 | % [iseed (1), ..., iseed(nseeds)] 84 [iseed, ul= ul6807d(iseed);
34 | % OUTPUT 85 if 1.0— u >0
35 % flagl = 0 implies that the parameters are feasible, otherwise gg tarrive = tarrive + (—-log(1.0 — u)/lambda);
36 | % infeasible 87 end
37 % flag2 = 0 implies that x is feasible, otherwise infeasible 88 if(tarrive > gamma)
38 | % fn = ybar (defined only if flagl = 0 and flag2 = 0) 89 break
39 | % constraint = matrix (size = 1 X nsecMeas) of estimates of 90 end
40 | % constraint functions 91 if(tarrive > timebus) %compute time of the next bus
41 | 92 timebus = gamma;
42 93 for j=1:id
43 | fn=NaN; 94 if 5%j >= tarrive & 5%j < timebus && x(j)==
44 | FnVar=NaN; 95 timebus=5%j; %% A BUS EVERY 5 UNITS OF TIME
45 FnGrad = NaN; 96 end
46 | FnGradCov = NaN; 97 end
47 constraint = NaN; 98 end
48 ConstraintCov = NaN;




99
100
101
102
103

R I . B U SR

=3

44
45
46
47
48
49
50
51

Kalyani S. Nagaraj

timesum = timesum + (double(timebus) — tarrive);
end
suml=suml+timesum;
sum2=sum2+timesum~2;
end

B.4 Generating Mutlistarts

Listing B.7: GenMultistarts.m

o0

% kkkokkkokkkokokkokokkkk GenMultistarts .m

o

«#x DATE
Last updated August, 2014

o® o° of

o°

#%x AUTHOR
Kalyani Nagaraj

o°

o°

Virginia Tech, Blacksburg, VA
kalyanin AT vt DOT edu

o°

o°

Do skokok ook ok ok ook ok ok ok ok ok s ok ok ok ok ok ok ok o o sk sk ok ok s ok sk ok sk ok ok s ok sk ok sk ok ok ok sk ok sk sk ok ok ok ok sk ok ok o ok

function [xpts, iseed] = GenMultistarts (distribution, a, b, ho,
samplesize, iseed)

% INPUT

distribution: string containing name of family of distributions for

50

50

kernel density function
a, b:
ho: initial kernel bandwidth

50

interval end points

50

% samplesize: number of points to be sampled

% iseed: input seed

%

% OUTPUT

% xpts: vector of length 'samplesize' containing sampled points
% iseed: output seed

%

%

% EXAMPLE

50

[xpts, iseed] = GenMultistarts('norm', -12, 12, 10, 7391)

[iseed, u]=u16807d(iseed);
xpts=a+ux(b-a);
for j=l:samplesize
h=h0*j~—(1/length(xpts)); % h: bandwidth of the kernel function
% in turn a function of number of points
% sampled
[iseed, xnew] = kernel(xpts, distribution, h, a, b, iseed);
xpts=sort([xpts xnew]);
end
end
function [iseed, xnew] = kernel(xpts, distribution, h, a, b, iseed)
% Returns a point xnew in [a, b] sampled from the inverse kernel
density G
generated from points xpts using kernel density distribution with
bandwidth h.

E

50

Input:

50

xpts: array of points already visited

o0

a, b: lower and upper limits of search space
% distribution: kernel density distribution
h: bandwidth of kernel density

o0
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suml=double (suml/m);

fn=sum(x);

FnVar=0;

constraint=suml—totalwait;
ConstraintCov=double (((sum2/m)-suml”~2)/m);

end

% 1iseed: input seed (integer between 1 and 2731-1)
%

% Output:

% xnew: point sampled from density G

% 1iseed: output seed

n=1length (xpts);

%% 1. Define new density as a weighted sum of kernel densities
Fa = capf(distribution, a, xpts, h, n);

Fb = capf(distribution, b, xpts, h, n);

ftildem = @(x) —f(distribution, x, xpts, h, n)/(Fb—Fa);

%% 2. Find global max of ftilde using restarts to get fstar

[xstar, fstar] = fglobalmin(ftildem, xpts, a, b);

fstar = —fstar;

%% 3. Generate the inverted kernel pdf and cdf
g = @(x) (fstar—(f(distribution, x, xpts, h, n)/(Fb—Fa)))/(fstar*(b—a)
-1);
G = @(x) (fstarx(x—a)—((capf(distribution, x, xpts, h, n)-Fa)/(Fb—Fa))
)V
(fstarx(b—a)-1);

%% 4. Sample from inverted weighted kernel
[iseed, u]=ul6807d (iseed);
Gp=@(x) G(x)-u;
xnew = min(max(fzero(Gp, (a+b)/2, optimset('TolX',le-15, 'Display"', 'off")
)
, a), b);
end

function [xstar, fstar]=fglobalmin(fun, xpts, lo, up)

n=1length (xpts);

options = optimoptions (@fmincon, 'Algorithm', 'sqp', 'Display’, 'off",
'TolX',le—15);

fstar=fun(xpts(1));

pts(1);

in

x0=xpts (i) ;
[x, f1 = fmincon(fun, x0, [1, [I, [I,
if f<fstar

fstar=f;

xstar=x;

[1, lo, up, [1, options);

end
end
end

function val=capf(distribution, x, xpts, h, n)
val=0;
for i=1:n

val=val+cdf(distribution,x,xpts(i), h);
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end
val=val/n;
end

function val=f(distribution, x, xpts, h, n)
val=0;
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for i=1l:n
val=val+pdf(distribution,x,xpts(i),h);

end

val=val/n;

end

89



