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(ABSTRACT) 

The first part of this study was the development of a 

simplified procedure for analyzing laterally loaded piles 

and drilled shafts. A computer program that can be used to 

estimate deflections and maximum bending moments in single 

fixed-head piles (or drilled shafts) and in groups of fixed- 

head piles (or drilled shafts) was developed. Using this 

program, charts were developed for estimating deflections 

and maximum bending moments directly in some of the more 

common types of single piles and drilled shafts. 

The computer program was also used to perform 

parametric studies of groups of piles and drilled shafts, 

from which simple formulae for amplifying single pile (or 

drilled shaft) deflections and moments to those of the group 

were derived. These simple formulae enable the analysis and 

design of groups of deep foundations to be done more 

efficiently. The simplified procedure was used to analyze 

four well documented and well instrumented case histories of 

laterally loaded pile groups. Comparison of the predicted



and measured results indicate that the simplified procedure 

provides a method of analyzing laterally loaded groups of 

deep foundations that yield quite accurate predictions of 

group deflections and moments in some cases, and values that 

are conservative in other cases. 

The second part of the research was to establish load 

factor design procedures for incorporating margins of safety 

for axially loaded deep foundations. Values of performance 

factors were developed for load factor design of axially 

loaded driven piles and drilled shafts. This was achieved 

by analyzing statistical information for loads-~ and 

resistances, and determining the levels of reliability 

inherent in current designs, through the use of probability 

theory. Using these results, a target reliability level in 

the form of a reliability index was selected. Values of 

performance factors were then obtained for use with the 

current AASHTO (1989) code for bridges and the ASCE Standard 

7-88 (1990) for buildings and other structures. The issues 

involved in a probabilistic analysis of groups of deep 

foundations were also discussed.
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CHAPTER ONE 

INTRODUCTION 

The simplest type of foundations for buildings, bridges 

and other structures are spread footings. However, spread 

footings are not always suitable. For instance, when a 

structure is underlain by soft clay or loose sand, deep 

foundations may be needed to develop sufficient load- 

carrying capacity or to reduce settlements. Fleming et al. 

(1985) provided a detailed historical account of the 

evolution of deep foundations; some of the highlights are 

presented below. 

| Evidence exists in Europe that pile foundations were 

used as early as 4000 years ago to support ancient lakefront 

dwellings. The first recorded use of piles, dates back to 

the fourth century B.C. where an African tribe, the 

Peonions, lived on pile supported homes. One of the laws of 

the tribe was that prior to marriage, a man had to drive 

three piles into the ground. Being a polygamous tribe, a 

considerable number of piles must have been driven by their 

male citizens. In those days, piles were made from wood. 

Timber piles continued to be used by the Greeks, Romans, 

Egyptians and other civilizations, but they decay easily 

when subjected to alternate spells of wetting and drying, or 

when attacked by marine borers. Failure of piles by



degradation in these ways is known to have claimed many 

lives. 

It was not until the mid 1830s that metal piles first 

appeared, in the form of cast iron pipes, and they were 

usually used for more important structures. In 1838, screw 

piles were employed for the first time in the construction 

of a lighthouse on the Thames river in England. The 

inventor of screw piles was Alexander Mitchell. At the end 

of the nineteenth century, highway bridges in the state of 

Nevada were the first structures to be founded on steel-I 

beam piles. Around 1908, steel-I beam piles were superceded 

by steel-H piles, marketed by Bethelem Steel Co. 

Joseph Aspdin patented Portland cement in 1824, but it 

was only in 1897 that A.A. Raymond developed the Raymond 

cast-in-place concrete pile system. Close-ended steel pipe 

piles that were filled with concrete after driving were 

developed in 1903 by R.J. Beale. In 1908, a Belgian by the 

name of E. Frankignoul invented the Franki driven-tube pile, 

and, with the addition of an expanded base, it later became 

the renowned Franki pile. Precast concrete piles also 

became available around the same time. 

The earliest form of drilled shafts was called a "well 

foundation", where a hand-dug excavation or boring is filled 

with stone. This concept was used in the construction of 

the Taj Mahal in India from 1632 to 1650. The advent of



Portland cement in 1824, and the development of the 

percussion boring equipment used for sinking wells in the 

early 1900s led to the development of drilled shafts. 

Over the years, research and development have produced 

a wealth of information on the design and construction of 

deep foundations. Deep foundations should be designed to 

resist both axial and lateral loads. Many reliable methods 

exist for the design of axially loaded deep foundations. 

However, the procedure for designing deep foundations under 

lateral loading are often very involved, and procedures for 

estimating lateral deflections and bending moments in groups 

of piles and drilled shafts are still evolving. 

1.1 Objective and Scope 

There are two main objectives in this study. The first 

is the development of a simplified method for estimating 

lateral deflections and maximum bending moments in single 

piles and drilled shafts and in groups of piles and drilled 

shafts. To facilitate this process, a computer program that 

can be used to estimate deflections and moments’ in 

individual piles and drilled shafts as well as groups of 

piles and drilled shafts is developed. Using this progran, 

charts for estimating deflections and maximum bending 

moments in some of the more common types of single piles and



Grilled shafts are developed. The computer program is also 

used to perform parametric studies of groups of piles and 

Grilled shafts from which, simple formulae for amplifying 

Single pile (or drilled shaft) deflections and moments to 

those for the group are derived. 

The second objective of this study is to develop 

performance factors for design of axially loaded piles and 

drilled shafts using a reliability-based approach. This 

study begins with an analysis of load and resistance 

statistics. The mathematical formulation for computing 

reliability indices is also presented. This is followed by 

computing reliability indices for several state-of-the-art 

methods for predicting pile and drilled shaft capacities. 

The sensitivity of the reliability indices to dead to live 

load ratios and geometry of the deep foundations is also 

studied. Finally, target reliability indices are selected 

and used to determine the performance factors. 

1.3 Organization 

A review of literature on methods of designing piles 

and drilled shafts under axial and lateral loads is given in 

Chapter 2. Also included in Chapter 2 is a review of 

methods of incorporating margins of safety in the design of 

deep foundations.



The development of a simplified procedure for analyzing 

laterally loaded piles and drilled shafts is described in 

Chapter 3, accompanied by analyses of four well documented 

case histories using the newly developed simplified 

procedure. Comparisons are made between the predicted and 

actual behavior. 

In Chapter 4, the reliabilities of existing methods of 

designing axially loaded piles and drilled shafts are 

assessed through an analysis of the statistics of loads, 

load tests on piles and drilled shafts, and soil parameters. 

Using probability theory, the level of reliability inherent 

in current design methods is determined, and recommendations 

for incorporating margins of safety in the design of axially 

loaded deep foundations are given in terms of performance 

factors, that account for the uncertainty in the resistance 

(eg. bearing capacity of foundations). 

Chapter 5 presents a summary of the studies and 

recommendations for future research.



CHAPTER TWO 

REVIEW OF LITERATURE ON DESIGN OF DEEP FOUNDATIONS 

Deep foundations are columnar elements embedded in the 

soil beneath a structure for the purpose of transferring 

loads from the superstructure into the underlying soil or 

rock. Deep foundations must be designed to support the 

imposed axial and horizontal loads safely and with tolerably 

small movements. They can be divided into two classes: (i) 

piles which are installed by driving and (ii) drilled shafts 

which are installed by placing concrete in drilled holes. 

The governing criterion in the design of vertically 

loaded piles or piers is usually the magnitude of settlement 

under load or safety against failure of the foundation 

soils. The structural capacity of the piles or piers may 

govern in cases where the foundation elements bear on sound 

rock. 

The governing criterion in the design of laterally 

loaded piles and drilled shafts is usually either the 

maximum tolerable deflection or the structural capacity of 

the deep foundation itself. Mobilizing the ultimate lateral 

capacity of the soil requires such large displacements that 

this is not a realistic possibility, and ultimate soil 

failure does not control the design.



The current-state-of-the-art with respect to design of 

deep foundations as reflected in the literature is described 

in the following sections. 

2.1 Axial Loading 

Drilled shafts may be used individually or in groups. 

However, piles are usually driven in groups, and the most 

important consideration is the capacity of the pile group. 

At small spacings, especially in cohesive soils, groups of 

piles or drilled shafts may fail as a unit consisting of the 

piles and the soil between the piles. At large spacings, 

the group capacity is equal to the sum of the individual 

pile or drilled shaft capacities. 

The bearing capacity of single piles is therefore 

important because it may relate directly to the group 

capacity, and it will be discussed in detail, followed by 

the bearing capacity of pile groups. Similar discussions 

are presented on the bearing capacity of single drilled 

shafts and groups of shafts.



2.1.1 Bearing Capacity of Single Piles 

The ultimate bearing capacity of deep foundations is 

the sum of the shaft and point resistances, minus the weight 

of the pile or drilled shaft: 

where Quit = 

Qs 

Quit = 2s + Ap - W (2-1) 

total ultimate bearing capacity of a pile or 

a drilled shaft 

ultimate load carried in side resistance by 

piles or drilled shafts 

Asqds 

ultimate load carried in end bearing by piles 

or drilled shafts 

Apdp 
surface area of the shaft of a pile or a 

Grilled shaft 

area of the tip of a pile or a drilled shaft 

ultimate unit side resistance of a pile or 

a drilled shaft 

ultimate unit tip resistance of a pile or 

a drilled shaft 

weight of the pile or the drilled shaft



In practice, the weight of the pile or drilled shaft is 

small compared to the other’ terms, and is usually 

disregarded. 

One rational method of estimating the bearing capacity 

of piles in compression is called the "static" approach. 

Static formulae are based on either classical soil mechanics 

theories or empirical correlations. These include the a, £6 

and ’ methods and methods based on in situ tests such as the 

cone penetration test (CPT) or the standard penetration test 

(SPT). The a, f and A methods are more suited for piles in 

cohesive soils, while the SPT and CPT correlations are 

better suited for piles in cohesionless soils. 

2.1.1.1 a-method 

The a method relates the adhesion between the pile and 

the clay to the undrained shear strength of the clay. The 

ultimate unit skin friction, qs, can be expressed by: 

ds = aSy (2-2) 

where S, = mean undrained shear strength 

a = adhesion factor applied to Sy 

Tomlinson (1987) found that the value of the adhesion 

factor, a, varies with the value of the undrained shear 

strength, S,, as shown in Fig. 2.1. Although not shown in
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the figure, there is considerable scatter around the curves 

because factors such as pile length, overconsolidation ratio 

and coefficient of lateral earth pressure are not 

represented, although these factors affect the pile 

capacity. Uncertainty in the undrained shear strength also 

contributes to the scatter. However, the a-method is used 

frequently in practice because it is simple, and because no 

method is available that fully reflects the effects of pile 

installation and all of the factors involved in the 

reconsolidation processes. 

The value of the adhesion factor (a) also depends on 

the type of soil above the cohesive bearing stratum (Fig. 

2.1). Soil from the upper layers may be carried down with 

the pile into the clay bearing stratum. Bringing down soft 

clay will tend to reduce adhesion while dragdown of 

cohesionless soil will increase adhesion in the lower 

cohesive stratum. 

The f-method is an effective stress method for 

predicting skin friction of piles. The ultimate unit skin 

friction, qs, is related to the effective stresses in the 

ground as follows: 

as = op,’ tans
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K tané Ov ‘ 

= B oy’ (2-3) 

where op’ and oy’ are the horizontal and vertical effective 

stresses respectively, 6 is the angle of shearing resistance 

between the soil and the pile, K is the coefficient of 

lateral earth pressure and £, equals K tans. 

The value of the parameter K is very important. 

Kulhawy et al. (1983) noted that "the coefficient, K, is a 

function of the original in situ horizontal stresses and the 

stress changes caused in response to construction, loading 

and time." When a pile is first driven into the ground, the 

displaced soil exerts horizontal stresses on the pile. 

Excess pore pressures are generated and thus o,’ is low, 

giving a high initial K value. As pore pressure dissipates, 

K changes with time. Depending on the overconsolidation 

ratio (OCR), the value of K may be higher or lower than the 

at-rest coefficient of lateral earth pressure, Ko. Esrig 

and Kirby (1979) developed the relationship between # and 

OCR that is shown in Fig. 2.2. 

The #-method has been found to work best for piles in 

normally consolidated and lightly overconsolidated clays. 

The method tends to overpredict skin friction of piles in 

heavily overconsolidated soils. Esrig and Kirby suggested 

that for heavily overconsolidated clays, the value of 8 

should not exceed 2.
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�2�.�1�.�1�.�3� �A�-�m�e�t�h�o�d� 

�V�i�j�a�y�v�e�r�g�i�y�a� �a�n�d� �F�o�c�h�t� �(�1�9�7�2�)� �r�e�c�o�g�n�i�z�e�d� �t�h�a�t� �t�h�e� 

�p�a�s�s�i�v�e� �l�a�t�e�r�a�l� �e�a�r�t�h� �p�r�e�s�s�u�r�e� �(�o�p ��=� �o�y ��+� �2�S�y�)� �a�n�d� �t�h�e� 

�u�l�t�i�m�a�t�e� �u�n�i�t� �s�k�i�n� �f�r�i�c�t�i�o�n� �o�f� �a� �p�i�l�e� �a�r�e� �r�e�l�a�t�e�d�.� �T�h�e�y� 

�p�r�o�p�o�s�e�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s�h�i�p�:� 

�d�s� �=� �A�l�o�y �� �+� �2�S�y�)� �(�2�-�4�)� 

�w�h�e�r�e� �\� �i�s� �a�n� �e�m�p�i�r�i�c�a�l� �c�o�e�f�f�i�c�i�e�n�t� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�3�.� �T�h�e� 

�v�a�l�u�e� �o�f� �.�X� �d�e�c�r�e�a�s�e�s� �w�i�t�h� �p�i�l�e� �l�e�n�g�t�h� �a�n�d� �w�a�s �� �f�o�u�n�d� 

�e�m�p�i�r�i�c�a�l�l�y� �b�y� �e�x�a�m�i�n�i�n�g� �t�h�e� �r�e�s�u�l�t�s� �o�f� �l�o�a�d� �t�e�s�t�s� �o�n� �s�t�e�e�l� 

�p�i�p�e� �p�i�l�e�s�.� 

�2�.�1�.�1�.�4� �S�P�T� �M�e�t�h�o�d� 

�I�n� �s�i�t�u� �t�e�s�t�s� �a�r�e� �w�i�d�e�l�y� �u�s�e�d� �i�n� �c�o�h�e�s�i�o�n�l�e�s�s� �s�o�i�l�s� 

�b�e�c�a�u�s�e� �o�b�t�a�i�n�i�n�g� �g�o�o�d� �q�u�a�l�i�t�y� �s�a�m�p�l�e�s� �o�f� �c�o�h�e�s�i�o�n�l�e�s�s� �s�o�i�l�s� 

�i�s� �v�e�r�y� �d�i�f�f�i�c�u�l�t�.� �I�n� �s�i�t�u� �t�e�s�t� �p�a�r�a�m�e�t�e�r�s� �m�a�y� �b�e� �u�s�e�d� �t�o� 
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�c�a�p�a�c�i�t�y� �a�r�e� �t�h�e� �s�t�a�n�d�a�r�d� �p�e�n�e�t�r�a�t�i�o�n� �t�e�s�t� �(�S�P�T�)� �m�e�t�h�o�d� �a�n�d� 

�t�h�e� �c�o�n�e� �p�e�n�e�t�r�a�t�i�o�n� �t�e�s�t� �(�C�P�T�)� �m�e�t�h�o�d�.� 

�M�e�y�e�r�h�o�f� �(�1�9�7�6�)� �c�o�r�r�e�l�a�t�e�d� �t�h�e� �t�i�p� �c�a�p�a�c�i�t�y� �a�n�d� �s�h�a�f�t� 

�r�e�s�i�s�t�a�n�c�e� �o�f� �p�i�l�e�s� �w�i�t�h� �t�h�e� �S�P�T� �b�l�o�w�-�c�o�u�n�t�.� �T�h�i�s� �m�e�t�h�o�d� 

�a�p�p�l�i�e�s� �o�n�l�y� �t�o� �s�a�n�d�s� �a�n�d� �n�o�n�-�p�l�a�s�t�i�c� �s�i�l�t�s�.
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�(�a�)� �P�i�l�e� �T�i�p� �C�a�p�a�c�i�t�y� �-� �T�h�e� �u�l�t�i�m�a�t�e� �u�n�i�t� �t�i�p� �r�e�s�i�s�t�a�n�c�e� �f�o�r� 

�p�i�l�e�s�,� �d�p� �(�i�n� �t�o�n�s� �p�e�r� �s�q�u�a�r�e� �f�o�o�t�)� �d�r�i�v�e�n� �t�o� �a� �d�e�p�t�h� �D�p� 

�i�n�t�o� �a� �c�o�h�e�s�i�o�n�l�e�s�s� �s�o�i�l� �s�t�r�a�t�u�m� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y�:� 

�d�p� �=�  � � � � ��-�_� �£� �4�1� �(�2�-�5�)� 
�D� 

�w�h�e�r�e� �N�e�o�r�r� �=� �a�v�e�r�a�g�e� �c�o�r�r�e�c�t�e�d� �S�P�T�-�N� �v�a�l�u�e� �n�e�a�r� �t�h�e� �p�i�l�e� 

�t�i�p� 

�=� �[�0�.�7�7� �l�o�g�y�9� �(�2�0�/�o�y ��)�]� �N� �(�2�-�6�)� 

�N� �=� �m�e�a�s�u�r�e�d� �S�P�T�-�N� �v�a�l�u�e� 

�o�y ��=� �e�f�f�e�c�t�i�v�e� �v�e�r�t�i�c�a�l� �s�t�r�e�s�s� �a�t� �t�h�e� �p�i�l�e� �t�i�p� �(�i�n� 

�t�o�n�s�/�f�t�*�)� 

�o
� �I�t� �p�i�l�e� �w�i�d�t�h� �o�r� �d�i�a�m�e�t�e�r� 

�q�]� �=� �l�i�m�i�t�i�n�g� �p�o�i�n�t� �r�e�s�i�s�t�a�n�c�e� �(�t�o�n�s� �p�e�r� �s�q�u�a�r�e� 

�f�o�o�t�)� 

�=� �4�N�c�o�r�r� �f�o�r� �s�a�n�d�s� �(�2�-�7�)� 

�=� �3�N�c�o�r�r� �f�o�r� �n�o�n�-�p�l�a�s�t�i�c� �s�i�l�t� �(�2�-�8�)� 

�T�h�e� �r�a�t�i�o�n�a�l�e� �b�e�h�i�n�d� �E�q�u�a�t�i�o�n� �2�-�5� �i�s� �t�h�a�t� �t�h�e� �u�l�t�i�m�a�t�e� 

�u�n�i�t� �t�i�p� �c�a�p�a�c�i�t�y� �i�n� �a� �c�o�h�e�s�i�o�n�l�e�s�s� �s�t�r�a�t�u�m� �i�n�c�r�e�a�s�e�s� 

�l�i�n�e�a�r�l�y� �w�i�t�h� �t�h�e� �e�m�b�e�d�m�e�n�t� �r�a�t�i�o� �(�D�p�/�D�)� �u�p� �t�o� �a� �c�r�i�t�i�c�a�l� 

�e�m�b�e�d�m�e�n�t� �r�a�t�i�o� �o�f� �1�0� �f�o�r� �s�a�n�d�s�,� �o�r� �7�.�5� �f�o�r� �s�i�l�t�s�.� �A�t� 

�h�i�g�h�e�r� �e�m�b�e�d�m�e�n�t� �r�a�t�i�o�s�,� �t�h�e� �t�i�p� �c�a�p�a�c�i�t�y� �r�e�m�a�i�n�s� �c�o�n�s�t�a�n�t� 

�a�t� �i�t�s� �l�i�m�i�t�i�n�g� �v�a�l�u�e�,� �q�l�:� 

�I�n� �b�e�a�r�i�n�g� �s�t�r�a�t�a� �w�i�t�h� �h�i�g�h�l�y� �v�a�r�y�i�n�g� �b�l�o�w�-�c�o�u�n�t�s�,� 

�M�e�y�e�r�h�o�f� �(�1�9�7�6�)� �p�r�o�p�o�s�e�d� �t�h�a�t� �t�h�e� �a�v�e�r�a�g�e� �b�l�o�w�-�c�o�u�n�t� �b�e
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�o�b�t�a�i�n�e�d� �w�i�t�h�i�n� �t�h�e� �r�a�n�g�e� �o�f� �d�e�p�t�h� �f�r�o�m� �4� �p�i�l�e� �d�i�a�m�e�t�e�r�s� 

�a�b�o�v�e� �t�o� �1� �p�i�l�e� �d�i�a�m�e�t�e�r� �b�e�l�o�w� �t�h�e� �t�i�p�.� 

�P�i�l�e�s� �b�e�a�r�i�n�g� �o�n� �a� �f�i�r�m� �s�t�r�a�t�u�m� �o�v�e�r�l�y�i�n�g� �a� �w�e�a�k�e�r� 

�l�a�y�e�r� �m�a�y� �p�u�n�c�h� �i�n�t�o� �t�h�e� �l�o�w�e�r� �s�t�r�a�t�u�m� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�4�.� 

�M�e�y�e�r�h�o�f� �(�1�9�7�6�)� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �i�f� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 

�p�i�l�e� �t�i�p� �a�n�d� �t�h�e� �w�e�a�k� �d�e�p�o�s�i�t� �(�H�)� �i�s� �l�e�s�s� �t�h�a�n� �1�0� �p�i�l�e� 

�d�i�a�m�e�t�e�r�s�,� �t�h�e� �u�l�t�i�m�a�t�e� �p�o�i�n�t� �r�e�s�i�s�t�a�n�c�e� �w�i�l�l� �b�e�:� 

�(�q�i� �-� �Q�o�)�H� 
�d�p� �=� �d�o� �+�  � � � � �� �_� �<�4�]� �(�2�-�9�)� 

�1�0�D� 

�w�h�e�r�e� �q�}� �i�s� �t�h�e� �l�i�m�i�t�i�n�g� �u�n�i�t� �t�i�p� �r�e�s�i�s�t�a�n�c�e� �i�n� �t�h�e� �u�p�p�e�r� 

�s�t�r�a�t�u�m� �a�n�d� �d�o� �i�s� �t�h�e� �l�i�m�i�t�i�n�g� �u�n�i�t� �t�i�p� �r�e�s�i�s�t�a�n�c�e� �i�n� �t�h�e� 

�l�o�w�e�r� �s�t�r�a�t�u�m�.� 

�(�b�)� �S�k�i�n� �F�r�i�c�t�i�o�n� �-� �T�h�e� �s�k�i�n� �f�r�i�c�t�i�o�n� �o�f� �p�i�l�e�s� �i�n� 

�c�o�h�e�s�i�o�n�l�e�s�s� �s�o�i�l�s� �m�a�y� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�e�q�u�a�t�i�o�n� �(�M�e�y�e�r�h�o�f�,� �1�9�7�6�)�:� 

�d�s� �=� �f�o�r� �d�r�i�v�e�n� �d�i�s�p�a�c�e�m�e�n�t� �p�i�l�e�s� �(�2�-�1�0�)� �S�|
� 

�o
�l�

Z
�l�

 

�G�s� �=� �_�N�.� �f�o�r� �n�o�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �p�i�l�e�s� �(�2�-�1�1�)� 
�1�0�0� �(�e�g�.� �s�t�e�e�l�-�H� �p�i�l�e�s�)� 

�w�h�e�r�e� �q�g� �=� �u�n�i�t� �s�k�i�n� �f�r�i�c�t�i�o�n� �f�o�r� �d�r�i�v�e�n� �p�i�l�e�s� �m�e�a�s�u�r�e�d� �i�n� 

�t�s�f� 

�Z
�l� �l�l� �a�v�e�r�a�g�e� �(�u�n�c�o�r�r�e�c�t�e�d�)� �S�P�T�-�b�l�o�w� �c�o�u�n�t� �a�l�o�n�g� �t�h�e� 

�p�i�l�e� �s�h�a�f�t�.
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�W�e�a�k� �S�o�i�l� � � 
�F�i�g�u�r�e� �2�.�4� �R�e�l�a�t�i�o�n� �B�e�t�w�e�e�n� �U�l�t�i�m�a�t�e� �P�o�i�n�t� �R�e�s�i�s�t�a�n�c�e� �o�f� 

�P�i�l�e� �a�n�d� �D�e�p�t�h� �i�n� �T�h�i�n� �S�a�n�d� �L�a�y�e�r� �O�v�e�r�l�y�i�n�g� 
�W�e�a�k� �S�o�i�l



�1�9� 

�2�.�1�.�1�.�5� �C�P�T� �m�e�t�h�o�d� 

�T�h�e� �c�o�n�e� �p�e�n�e�t�r�a�t�i�o�n� �t�e�s�t� �y�i�e�l�d�s� �t�w�o� �u�s�e�f�u�l� �p�a�r�a�m�e�t�e�r�s� 

�t�h�a�t� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �p�i�l�e� �c�a�p�a�c�i�t�y� �p�r�e�d�i�c�t�i�o�n�:� �(�i�)� �t�h�e� 

�c�o�n�e� �p�e�n�e�t�r�a�t�i�o�n� �r�e�s�i�s�t�a�n�c�e�,� �q�,�,� �w�h�i�c�h� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �t�i�p� 

�c�a�p�a�c�i�t�y� �o�f� �p�i�l�e�s� �a�n�d� �(�i�i�)� �s�l�e�e�v�e� �f�r�i�c�t�i�o�n�,� �f�s�,� �w�h�i�c�h� �c�a�n� �b�e� 

�u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �s�k�i�n� �f�r�i�c�t�i�o�n� �c�a�p�a�c�i�t�y�.� �N�o�t�t�i�n�g�h�a�m� �a�n�d� 

�S�c�h�m�e�r�t�m�a�n�n� �(�1�9�7�5�)� �d�e�v�e�l�o�p�e�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�r�o�c�e�d�u�r�e� �f�o�r� 

�e�s�t�i�m�a�t�i�n�g� �p�i�l�e� �c�a�p�a�c�i�t�y�:� 

�(�a�)� �P�i�l�e� �T�i�p� �C�a�p�a�c�i�t�y� �-� �N�o�t�t�i�n�g�h�a�m� �a�n�d� �S�c�h�m�e�r�t�m�a�n�n� �(�1�9�7�5�)� 

�f�o�u�n�d� �t�h�a�t� �a� �p�r�o�c�e�d�u�r�e� �t�h�a�t� �h�a�d� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �e�a�r�l�i�e�r� �b�y� 

�B�e�g�e�m�a�n�n� �p�r�o�v�i�d�e�d� �a� �g�o�o�d� �e�s�t�i�m�a�t�i�o�n� �o�f� �e�n�d� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� 

�i�n� �p�i�l�e�s� �f�o�r� �a�l�l� �s�o�i�l� �t�y�p�e�s�.� �B�e�g�e�m�a�n�n ��s� �p�r�o�c�e�d�u�r�e� �f�o�r� 

�e�s�t�i�m�a�t�i�n�g� �t�h�e� �t�i�p� �r�e�s�i�s�t�a�n�c�e�,� �q�p� �i�s� �o�u�t�l�i�n�e�d� �i�n� �F�i�g�.� �2�.�5�.� 

�T�h�e� �m�i�n�i�m�u�m� �a�v�e�r�a�g�e� �c�o�n�e� �r�e�s�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �0�.�7� �a�n�d� �4� �p�i�l�e� 

�d�i�a�m�e�t�e�r�s� �b�e�l�o�w� �t�h�e� �e�l�e�v�a�t�i�o�n� �o�f� �t�h�e� �p�i�l�e� �t�i�p� �i�s� �o�b�t�a�i�n�e�d� �b�y� 

�a� �t�r�i�a�l� �a�n�d� �e�r�r�o�r� �p�r�o�c�e�s�s�,� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �m�i�n�i�m�u�m�-�p�a�t�h� 

�r�u�l�e� �(�s�e�e� �F�i�g�.� �2�.�5�)�.� �T�h�e� �"�m�i�n�i�m�u�m�-�p�a�t�h� �r�u�l�e�"� �d�e�v�e�l�o�p�e�d� �b�y� 

�B�e�g�e�m�a�n�n� �i�s� �a�l�s�o� �u�s�e�d� �t�o� �f�i�n�d� �t�h�e� �v�a�l�u�e� �o�f� �c�o�n�e� �r�e�s�i�s�t�a�n�c�e� 

�f�o�r� �t�h�e� �s�o�i�l� �f�o�r� �a� �d�i�s�t�a�n�c�e� �o�f� �e�i�g�h�t� �p�i�l�e� �d�i�a�m�e�t�e�r�s� �a�b�o�v�e� 

�t�h�e� �t�i�p�.� �T�h�e� �t�w�o� �r�e�s�u�l�t�s� �a�r�e� �t�h�e�n� �a�v�e�r�a�g�e�d� �t�o� �g�i�v�e� �t�h�e� �p�i�l�e� 

�t�i�p� �r�e�s�i�s�t�a�n�c�e�.� 

�(�b�)� �S�k�i�n� �F�r�i�c�t�i�o�n� �-� �N�o�t�t�i�n�g�h�a�m� �a�n�d� �S�c�h�m�e�r�t�m�a�n�n� �(�1�9�7�5�)� 

�p�r�e�s�e�n�t�e�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �f�o�r� �c�o�m�p�u�t�i�n�g� �t�h�e� �u�l�t�i�m�a�t�e� 

�s�k�i�n� �f�r�i�c�t�i�o�n� �o�f� �p�i�l�e�s�:
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�d�c�]� �@� �A�v�e�r�a�g�e� �o�f� �a�l�l� �v�a�l�u�e�s� �o�f� �q�g� �a�l�o�n�g� �p�a�t�h� �a�-�b�-�c� �o�v�e�r� �a� �d�i�s�t�a�n�c�e� �o�f� �y�D� �b�e�l�o�w� �t�h�e� �p�i�l�e� �t�i�p�.� �S�u�m� �d�c� 

�v�a�l�u�e�s� �m�e�a�s�u�r�e�d� �a�t� �e�a�c�h� �e�l�e�v�a�t�i�o�n� �i�n� �t�h�e� �d�o�w�n�w�a�r�d� �p�a�t�h� �a�-�b�.� �S�u�m� �q�c� �v�a�l�u�e�s� �a�t� �e�v�e�r�y� �e�l�e�v�a�t�i�o�n� 

�w�h�e�r�e� �a� �c�o�n�e� �r�e�s�i�s�t�a�n�c�e� �r�e�a�d�i�n�g� �i�s� �s�a�d�e�,� �a�l�o�n�g� �t�h�e� �u�p�w�a�r�d� �p�a�t�h� �b�-�c�,� �b�u�t� �a�t� �e�a�c�h� �e�l�e�v�a�t�i�o�n� �t�a�k�e� 

�t�h�e� �m�i�n�i�m�u�m� �o�f� �(�i�)� �t�h�e� �q�o� �v�a�l�u�e� �a�t� �t�h�a�t� �e�l�e�v�a�t�i�o�n� �o�r� �(�1�1�)� �t�h�e� �l�o�w�e�s�t� �q�e� �v�a�l�u�e� �b�e�t�w�e�e�n� �t�h�a�t� 

�e�l�e�v�a�t�i�o�n� �a�n�d� �t�h�e� �e�l�e�v�a�t�i�o�n� �o�f� �p�o�i�n�t� �b�.� �T�h�i�s� �m�e�t�h�o�d� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �q�o� �i�s� �c�a�l�l�e�d� �t�h�e�  ��m�i�n�i�m�u�m� 

�p�a�t�h �� �r�u�l�e�.� �C�o�m�p�u�t�e� �q�o�)� �f�o�r� �y�~�v�a�l�u�e�s� �f�r�o�m� �0�.�7� �t�o� �4�.�0� �a�n�d� �u�s�e� �t�h�e� �m�i�n�i�m�u�m� �q�e�)� �v�a�l�u�e� �o�b�t�a�i�n�e�d�.� 

�d�e�2� �@� �A�v�e�r�a�g�e� �q�o� �o�v�e�r� �a� �d�i�s�t�a�n�c�e� �o�f� �8�D� �a�b�o�v�e� �t�h�e� �p�i�l�e� �t�i�p� �(�p�a�t�h� �c�-�e�)�.� �U�s�e� �t�h�e� �m�i�n�i�m�u�m� �p�a�t�h� �r�u�l�e� �a�s� 

�f�o�r� �p�a�t�h� �b�-�c� �i�n� �t�h�e� �q�e�j� �c�o�m�p�u�t�a�t�i�o�n�s�.� �I�g�n�o�r�e� �a�n�y� �v�e�r�y� �e�x�t�r�e�m�e� �p�e�a�k�s� �o�r� �d�e�p�r�e�s�s�i�o�n�s� �(�s�u�c�h� �a�s� 

�"�x�"� �i�n� �t�h�e� �d�i�a�g�r�a�m� �a�b�o�v�e�)� �i�f� �t�h�e� �s�o�i�l� �i�s� �a� �s�a�n�d�,� �b�u�t� �i�n�c�l�u�d�e� �t�h�e�s�e� �i�n� �m�i�n�i�m�u�m� �p�a�t�h� �i�f� �t�h�e� �s�o�i�l� 

�i�s� �a� �c�l�a�y�.� 

�F�i�g�u�r�e� �2�.�5� �P�i�l�e� �E�n�d�-�B�e�a�r�i�n�g� �C�o�m�p�u�t�a�t�i�o�n� �P�r�o�c�e�d�u�r�e� �A�f�t�e�r� 
�B�e�g�e�m�a�n�n� �(�A�f�t�e�r� �N�o�t�t�i�n�g�h�a�m� �a�n�d� �S�c�h�m�e�r�t�m�a�n�n�,� 

�1�9�7�5�)



�2�1� 

�8�D� �Z� 
�Q�y�s� �=� �K�s� �,�c� �[� �2� �(�L�f�/�8�D�)�f�s�a�g� �+�t� �&� �g�a�g� �]� �(�2�-�1�2�)� 

�L�f�=�0� �L�¢�=�8�D� 

�w�h�e�r�e� �Q�g� �=� �u�l�t�i�m�a�t�e� �s�k�i�n� �f�r�i�c�t�i�o�n� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �p�i�l�e� 

�K�s�,�c� �=� �c�o�r�r�e�c�t�i�o�n� �f�a�c�t�o�r�s�:� �K�,� �f�o�r� �c�l�a�y�s� �a�n�d� �K�g� �f�o�r� �s�a�n�d�s� 

�(�s�e�e� �F�i�g�.� �2�.�6�)� 

�L�e� �=� �d�e�p�t�h� �t�o� �p�o�i�n�t� �c�o�n�s�i�d�e�r�e�d� 

�D� �=� �p�i�l�e� �w�i�d�t�h� �o�r� �d�i�a�m�e�t�e�r� 

�f�s� �=� �u�n�i�t� �l�o�c�a�l� �s�l�e�e�v�e� �f�r�i�c�t�i�o�n� �r�e�s�i�s�t�a�n�c�e� �f�r�o�m� �C�P�T� �a�t� 

�t�h�e� �p�o�i�n�t� �c�o�n�s�i�d�e�r�e�d� 

�a�s� �=� �p�i�l�e� �p�e�r�i�m�e�t�e�r� 

�Z� �=� �t�o�t�a�l� �e�m�b�e�d�d�e�d� �p�i�l�e� �l�e�n�g�t�h�.� 

�T�h�e� �a�d�v�a�n�t�a�g�e�s� �o�f� �u�s�i�n�g� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �i�t� �(�i�)� 

�c�o�r�r�e�c�t�s� �f�o�r� �t�h�e� �t�y�p�e� �o�f� �c�o�n�e� �p�e�n�e�t�r�o�m�e�t�e�r� �u�s�e�d� �(�e�l�e�c�t�r�i�c�a�l� 

�v�e�r�s�u�s� �m�e�c�h�a�n�i�c�a�l�)�,� �(�i�i�)� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �m�a�t�e�r�i�a�l� �o�f� �t�h�e� 

�p�i�l�e�,� �(�i�i�i�)� �c�o�n�s�i�d�e�r�s� �t�h�e� �s�o�i�l� �t�y�p�e�,� �a�n�d� �(�i�v�)� �c�o�r�r�e�c�t�s� �f�o�r� 

�d�e�p�t�h� �o�f� �p�i�l�e� �e�m�b�e�d�m�e�n�t�.� 

�2�.�1�.�2� �B�e�a�r�i�n�g� �C�a�p�a�c�i�t�y� �o�f� �G�r�o�u�p�s� �o�f� �P�i�l�e�s� 

�T�h�e� �u�l�t�i�m�a�t�e� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �a� �p�i�l�e� �g�r�o�u�p� �i�n� �s�a�n�d� 

�i�s� �e�s�t�i�m�a�t�e�d� �b�y� �s�u�m�m�i�n�g� �t�h�e� �c�a�p�a�c�i�t�i�e�s� �o�f� �a�l�l� �t�h�e� �p�i�l�e�s� �i�n� 

�t�h�e� �g�r�o�u�p� �(�P�o�u�l�o�s� �a�n�d� �D�a�v�i�s�,� �1�9�8�0�)�.� �T�h�e� �g�r�o�u�p� �e�f�f�i�c�i�e�n�c�y�,� 

�d�e�f�i�n�e�d� �a�s� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �u�l�t�i�m�a�t�e� �l�o�a�d� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� 

�p�i�l�e� �g�r�o�u�p� �t�o� �t�h�e� �s�u�m� �o�f� �t�h�e� �u�l�t�i�m�a�t�e� �c�a�p�a�c�i�t�i�e�s� �o�f� �t�h�e� 

�i�n�d�i�v�i�d�u�a�l� �p�i�l�e�s�,� �i�s� �c�o�n�s�e�r�v�a�t�i�v�e�l�y� �t�a�k�e�n� �a�s� �u�n�i�t�y�.



�2�2� 

�N�o�t�t�i�n�g�h�a�m ��s� �(�1�9�7�5�)� �f�a�c�t�o�r�s� �K�,� �a�n�d� �K�.� 

�K� �f�,� �i�n� �k�g�t�/�c�m�?� �o�r� �t�s�t� 
�0� �1�.�0� �2�.�0� �0� �1�.�0� �2�.�0� 
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�5� �1�0� �V�Y� �K� 
�2� �°� �\�\� �<�3� �«�C�I�S� �\� 

�e�a� �f�f� �0�.�5� �S� 
�g� �N�e�e� 
�2� �2�0� �t� 

�&� �2�5�+� �@� �c� �S� �i�}� �!� �0� 

�=� �3�0�}� 
�t�l� �f�s�  ��-�-�- ��=� �C�o�n�c�r�e�t�e� �a�n�d� 

�3�5� �!� �!� �w�o�o�d� �p�i�l�e�s� 

�S�t�e�e�l� �p�i�l�e�s� � � � � � � � � � � � � � � 
� � �4�o� �L�t� 

�U�s�e� �0�.�8� �f�,� �f�r�o�m� �B�e�g�e�m�a�n�n� 
�T�i�p� �i�f� �i�n� �h�i�g�h� �O�C�R� �C�l�a�y�s� 

�B�e�g�e�m�a�n�n� �T�i�p� �(�M�e�c�h�a�n�i�c�a�l�)� 
 ��m�o�=�m�= � ��~� �S�t�e�e�l� 

�c�o�m�m�a� �C�o�n�c�r�e�t�e� 

�F�u�g�r�o� �T�i�p� �(�E�l�e�c�t�r�i�c�a�l�)� 
�S�t�e�e�l� � � 

�F�o�r� �K�.� �W�o�o�d� �u�s�e� �1�.�2�5� �K�,� �S�t�e�e�l� 

�F�i�g�u�r�e� �2�.�6� �S�h�a�f�t� �F�r�i�c�t�i�o�n� �C�o�r�r�e�c�t�i�o�n� �F�a�c�t�o�r�s� 
�(�A�f�t�e�r� �N�o�t�t�i�n�g�h�a�m� �a�n�d� �S�c�h�m�e�r�t�m�a�n�n�,� �1�9�7�5�)



�2�3� 

�E�v�a�l�u�a�t�i�o�n� �o�f� �g�r�o�u�p� �c�a�p�a�c�i�t�y� �o�f� �p�i�l�e�s� �i�n� �c�o�h�e�s�i�o�n�l�e�s�s� �s�o�i�l� 

�i�s� �t�h�e� �s�a�m�e� �f�o�r� �t�h�e� �c�a�s�e� �w�h�e�n� �t�h�e� �p�i�l�e� �c�a�p� �i�s�,� �a�n�d� �i�s� �n�o�t� �i�n� 

�c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �g�r�o�u�n�d�.� 

�F�o�r� �p�i�l�e� �g�r�o�u�p�s� �i�n� �c�o�h�e�s�i�v�e� �s�o�i�l�,� �t�h�e� �p�r�e�s�e�n�c�e� �a�n�d� 

�c�o�n�t�a�c�t� �o�f� �t�h�e� �p�i�l�e� �c�a�p� �w�i�t�h� �t�h�e� �g�r�o�u�n�d� �s�u�r�f�a�c�e� �m�u�s�t� �b�e� 

�c�o�n�s�i�d�e�r�e�d�.� �P�i�l�e� �g�r�o�u�p�s� �i�n� �c�l�a�y� �w�i�t�h� �t�h�e� �c�a�p� �i�n� �f�i�r�m� 

�c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �g�r�o�u�n�d� �m�a�y� �f�a�i�l� �a�s� �a� �u�n�i�t� �c�o�n�s�i�s�t�i�n�g� �o�f� �t�h�e� 

�p�i�l�e�s� �a�n�d� �t�h�e� �b�l�o�c�k� �o�f� �s�o�i�l� �c�o�n�t�a�i�n�e�d� �w�i�t�h�i�n� �t�h�e� �p�i�l�e�s�,� �a�n�d� 

�t�h�e� �u�l�t�i�m�a�t�e� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �i�n� �t�h�i�s� �c�a�s�e� �m�a�y� �b�e� �t�a�k�e�n� �a�s� 

�t�h�e� �m�i�n�i�m�u�m� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� �v�a�l�u�e�s�:� 

�(�i�)� �t�h�e� �s�u�m� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �p�i�l�e� �c�a�p�a�c�i�t�i�e�s�,� �o�r� 

�(�i�i�)� �t�h�e� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �f�o�r� �b�l�o�c�k� �f�a�i�l�u�r�e� �o�f� �t�h�e� �g�r�o�u�p�.� 

�F�o�r� �a� �p�i�l�e� �g�r�o�u�p� �o�f� �w�i�d�t�h� �X�,� �l�e�n�g�t�h� �Y� �a�n�d� �d�e�p�t�h� �Z� �(�F�i�g�.� 

�2�.�7�)�,� �t�h�e� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �f�o�r� �b�l�o�c�k� �f�a�i�l�u�r�e� �i�s� �g�i�v�e�n� �b�y�:� 

�Q�g� �=� �(�2�X� �+� �2�¥�)�Z�S�y� �+� �X�Y�N�c�S�y� �(�2�-�1�3�)� 

�w�h�e�r�e� �S�y� �=� �a�v�e�r�a�g�e� �u�n�d�r�a�i�n�e�d� �s�h�e�a�r� �s�t�r�e�n�g�t�h� �a�l�o�n�g� �t�h�e� �d�e�p�t�h� 

�o�f� �p�e�n�e�t�r�a�t�i�o�n� �o�f� �t�h�e� �p�i�l�e�s� 

�S�y� �=� �u�n�d�r�a�i�n�e�d� �s�h�e�a�r� �s�t�r�e�n�g�t�h� �a�t� �t�h�e� �b�a�s�e� �o�f� �t�h�e� �g�r�o�u�p� 

�N�o� �=� �5�(�1� �+� �0�.�2�X�/�Y�)� �(�1� �+� �0�.�2�Z�2�/�X�)� �f�o�r� �Z�/�X� �<� �2�.�5� �(�2�-�1�4�)� 

�N�o� �=� �7�.�5�(�1� �+� �0�.�2�X�/�Y�)� �f�o�r� �Z�/�X� �>� �2�.�5� �(�2�-�1�5�)� 

�I�f� �t�h�e� �p�i�l�e� �c�a�p� �i�s� �n�o�t� �i�n� �f�i�r�m� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �g�r�o�u�n�d� 

�a�n�d� �t�h�e� �c�l�a�y� �i�s� �n�o�r�m�a�l�l�y� �o�r� �s�l�i�g�h�t�l�y� �o�v�e�r�c�o�n�s�o�l�i�d�a�t�e�d� �o�r� �i�s� 

�s�e�n�s�i�t�i�v�e�,� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �p�i�l�e� �c�a�p�a�c�i�t�y� �m�u�s�t� �b�e� �m�u�l�t�i�p�l�i�e�d� 

�b�y� �a�n� �e�f�f�i�c�i�e�n�c�y� �f�a�c�t�o�r�,� �n�,� �w�h�e�r�e� �n� �=� �0�.�7� �f�o�r� �a� �p�i�l�e� �s�p�a�c�i�n�g
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�o�O�~�~� 

�e�o� �G�4� �O�m�e� 
�s�t� �O�o� �o� �©� �~� �O�~� 

�-� �o�O� �O� �o�o� 

�O�R�S� �O�o� �O�o� �O� �A�y� �~�~�.� �O� �O� �A�r� 

�b�e�  �� 
�~ � ��O�~� �- ��p� 
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� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 

� � 

�F�i�g�u�r�e� �2�.�7� �P�i�l�e� �G�r�o�u�p� �A�c�t�i�n�g� �a�s� �B�l�o�c�k� �F�o�u�n�d�a�t�i�o�n



�2�9� 

�o�f� �3�D� �a�n�d� �7� �=� �1�.�0� �f�o�r� �a� �p�i�l�e� �s�p�a�c�i�n�g� �o�f� �6�D�.� �T�h�e� �v�a�l�u�e� �o�f� �n� 

�m�a�y� �b�e� �l�i�n�e�a�r�l�y� �i�n�t�e�r�p�o�l�a�t�e�d� �f�o�r� �i�n�t�e�r�m�e�d�i�a�t�e� �s�p�a�c�i�n�g�s�.� �T�h�e� 

�g�r�o�u�p� �c�a�p�a�c�i�t�y� �i�s� �t�h�e�n� �c�a�l�c�u�l�a�t�e�d� �a�s� �t�h�e� �m�i�n�i�m�u�m� �o�f�:� 

�(�i�)� �t�h�e� �s�u�m� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �p�i�l�e� �c�a�p�a�c�i�t�i�e�s� �m�u�l�t�i�p�l�i�e�d� �b�y� 

�n�,� �O�F� 

�(�i�i�)� �t�h�e� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �f�o�r� �b�l�o�c�k� �f�a�i�l�u�r�e� �a�s� �d�e�s�c�r�i�b�e�d� 

�a�b�o�v�e�.� 

�I�f� �t�h�e� �c�l�a�y� �i�s� �o�v�e�r�c�o�n�s�o�l�i�d�a�t�e�d� �a�n�d� �i�n�s�e�n�s�i�t�i�v�e�,� �t�h�e�n� �t�h�e� 

�g�r�o�u�p� �s�h�o�u�l�d� �b�e� �t�r�e�a�t�e�d� �a�s� �i�f� �t�h�e� �c�a�p� �w�e�r�e� �i�n� �c�o�n�t�a�c�t� �w�i�t�h� 

�t�h�e� �g�r�o�u�n�d�.� 

�T�h�e� �v�e�r�t�i�c�a�l� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �a� �p�i�l�e� �g�r�o�u�p� 

�c�o�n�t�a�i�n�i�n�g� �b�a�t�t�e�r� �p�i�l�e�s� �m�a�y� �b�e� �e�s�t�i�m�a�t�e�d� �b�y� �t�r�e�a�t�i�n�g� �t�h�e� 

�b�a�t�t�e�r� �p�i�l�e�s� �a�s� �v�e�r�t�i�c�a�l� �p�i�l�e�s�.� 

�2�.�1�.�3� �B�e�a�r�i�n�g� �C�a�p�a�c�i�t�y� �o�f� �S�i�n�g�l�e� �D�r�i�l�l�e�d� �S�h�a�f�t�s� 

�2�.�1�.�3�.�1� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �C�o�h�e�s�i�v�e� �S�o�i�l�s� 

�T�h�e� �u�l�t�i�m�a�t�e� �c�a�p�a�c�i�t�i�e�s� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �c�o�h�e�s�i�v�e� 

�s�o�i�l�s� �a�r�e� �u�s�u�a�l�l�y� �g�o�v�e�r�n�e�d� �b�y� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �e�n�d� �o�f� 

�c�o�n�s�t�r�u�c�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �c�l�a�y�s� �a�r�e� 

�u�s�u�a�l�l�y� �d�e�s�i�g�n�e�d� �u�s�i�n�g� �t�o�t�a�l� �s�t�r�e�s�s� �m�e�t�h�o�d�s� �(�e�g�.� �R�e�e�s�e� �a�n�d� 

�O ��N�e�i�l�l�,� �1�9�8�8�)�.� �H�o�w�e�v�e�r�,� �i�n� �s�o�m�e� �c�i�r�c�u�m�s�t�a�n�c�e�s�,� �t�h�e� 

�s�t�r�e�n�g�t�h� �o�f� �t�h�e� �s�o�i�l� �c�a�n� �c�h�a�n�g�e� �w�i�t�h� �t�i�m�e�.� �T�h�e�s�e� �i�n�c�l�u�d�e� 

�s�h�a�f�t�s� �i�n� �e�x�p�a�n�s�i�v�e� �s�o�i�l�s� �a�n�d� �s�h�a�f�t�s� �i�n�s�t�a�l�l�e�d� �i�n� �c�o�h�e�s�i�v�e� 

�s�o�i�l�s� �t�h�a�t� �c�o�n�s�o�l�i�d�a�t�e� �a�n�d� �m�o�v�e� �d�o�w�n�w�a�r�d� �r�e�l�a�t�i�v�e� �t�o� �t�h�e



�2�6� 

�s�h�a�f�t�s�.� �I�n� �t�h�e�s�e� �c�a�s�e�s�,� �e�f�f�e�c�t�i�v�e� �s�t�r�e�s�s� �a�n�a�l�y�s�e�s� �(�n�o�t� 

�d�i�s�c�u�s�s�e�d� �h�e�r�e�)� �m�a�y� �b�e� �u�s�e�d�.� 

�(�i�)� �S�h�a�f�t� �R�e�s�i�s�t�a�n�c�e� �(�a�-�m�e�t�h�o�d�)� 

�T�h�e� �a�-�m�e�t�h�o�d� �r�e�l�a�t�e�s� �t�h�e� �a�d�h�e�s�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �d�r�i�l�l�e�d� 

�s�h�a�f�t� �a�n�d� �t�h�e� �c�l�a�y� �t�o� �t�h�e� �u�n�d�r�a�i�n�e�d� �s�h�e�a�r� �s�t�r�e�n�g�t�h� �o�f� �t�h�e� 

�C�l�a�y�.� �T�h�e� �u�l�t�i�m�a�t�e� �u�n�i�t� �s�k�i�n� �f�r�i�c�t�i�o�n�,� �q�s�,� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� 

�b�y�:� 

�G�s� �=� �a�s�y� �(�2�-�1�6�)� 

�w�h�e�r�e� �S�,� �=� �u�n�d�r�a�i�n�e�d� �s�h�e�a�r� �s�h�e�a�r� �s�t�r�e�n�g�t�h� �a�n�d� �a� �=� �a�d�h�e�s�i�o�n� 

�f�a�c�t�o�r� �a�p�p�l�i�e�d� �t�o� �S�,�.� �R�e�e�s�e� �a�n�d� �O ��N�e�i�l�l� �(�1�9�8�8�)� �d�e�v�e�l�o�p�e�d� �a� 

�p�r�o�c�e�d�u�r�e� �f�o�r� �p�r�e�s�c�r�i�b�i�n�g� �a� �v�a�l�u�e�s� �a�l�o�n�g� �t�h�e� �l�e�n�g�t�h� �o�f� 

�d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �o�v�e�r�c�o�n�s�o�l�i�d�a�t�e�d� �c�l�a�y�s�.� �T�a�b�l�e� �2�.�1� �s�h�o�w�s� 

�t�h�e� �v�a�l�u�e�s� �o�f� �a� �r�e�c�o�m�m�e�n�d�e�d� �b�y� �R�e�e�s�e� �a�n�d� �O ��N�e�i�l�l�.� �F�i�g�.� �2�.�8� 

�s�h�o�w�s� �t�h�e� �p�o�r�t�i�o�n�s� �o�f� �t�h�e� �l�e�n�g�t�h� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �t�h�a�t� �a�r�e� 

�c�o�n�s�i�d�e�r�e�d� �n�o�t� �t�o� �c�o�n�t�r�i�b�u�t�e� �t�o� �s�h�a�f�t� �a�d�h�e�s�i�o�n�.� 

�T�h�e� �v�a�l�u�e� �o�f� �a� �i�s� �z�e�r�o� �f�o�r� �t�h�e� �t�o�p� �5� �f�t�,� �c�o�n�s�i�s�t�e�n�t� 

�w�i�t�h� �f�i�n�d�i�n�g�s� �f�r�o�m� �l�o�a�d� �t�e�s�t�s�.� �L�o�a�d� �t�e�s�t� �d�a�t�a� �o�n� 

�i�n�s�t�r�u�m�e�n�t�e�d� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �h�a�v�e� �s�h�o�w�n� �l�o�a�d� �t�r�a�n�s�f�e�r� �t�o� �b�e� 

�z�e�r�o� �a�t� �t�h�e� �g�r�o�u�n�d� �s�u�r�f�a�c�e�,� �i�n�c�r�e�a�s�i�n�g� �w�i�t�h� �d�e�p�t�h�.� �B�e�c�a�u�s�e� 

�t�h�e� �r�a�t�e� �o�f� �i�n�c�r�e�a�s�e� �h�a�s� �n�o�t� �b�e�e�n� �d�e�t�e�r�m�i�n�e�d� �w�i�t�h� �m�u�c�h� 

�c�e�r�t�a�i�n�t�y�,� �R�e�e�s�e� �a�n�d� �O ��N�e�i�l�l� �c�h�o�s�e� �t�o� �u�s�e� �a� �=� �O� �i�n� �t�h�e� �t�o�p� �5� 

�f�t�.



� � 

�2�/�7� 

�T�a�b�l�e� �2�.�1� �R�e�c�o�m�m�e�n�d�e�d� �V�a�l�u�e�s� �o�f� �a� �f�o�r� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �C�l�a�y� 
�(�A�f�t�e�r� �R�e�e�s�e� �a�n�d� �O ��N�e�i�l�l�,� �1�9�8�8�)� 

� � 

� � 

� � 

�L�o�c�a�t�i�o�n� �A�l�o�n�g� �U�n�d�r�a�i�n�e�d� �S�h�e�a�r� �V�a�l�u�e� �o�f� �a� 
�D�r�i�l�l�e�d� �S�h�a�f�t� �S�t�r�e�n�g�t�h� 

�.� �F�r�o�m� �g�r�o�u�n�d� �s�u�r�f�a�c�e� �t�o� �-� �0� 
�d�e�p�t�h� �a�l�o�n�g� �d�r�i�l�l�e�d� �s�h�a�f�t� 
�o�f� �5� �f�t� 

�B�o�t�t�o�m� �1� �d�i�a�m�e�t�e�r� �o�f� �t�h�e� �-� �0� 
�d�r�i�l�l�e�d� �s�h�a�f�t� �o�r� �1� �s�t�e�m� 
�d�i�a�m�e�t�e�r� �a�b�o�v�e� �t�h�e� �t�o�p� �o�f� 
�t�h�e� �b�e�l�l� �(�i�f� �s�k�i�n� �f�r�i�c�t�i�o�n� 
�i�s� �b�e�i�n�g� �u�s�e�d�)� 
� � 

�A�l�l� �o�t�h�e�r� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� 

� � � � 
�S�i�d�e�s� �o�f� �t�h�e� �d�r�i�l�l�e�d� �s�h�a�f�t� �<� �2� �t�s�f� �0�.�5�5� 

�2�-�3� �t�s�f� �0�.�4�9� 

�3� �-� �4� �t�s�f� �0�.�4�2� 

�4�-�5� �t�s�f� �0�.�3�8� 

�5� �-� �6� �t�s�f� �0�.�3�5� 

�6� �-� �7� �t�s�f� �0�.�3�3� 

�7� �-� �8� �t�s�f� �0�.�3�2� 

�8� �-� �9� �t�s�f� �0�.�3�1� 

�>� �9� �t�s�f� �T�r�e�a�t� �a�s� �R�o�c�k� � � � � 

�*� �T�h�e� �d�e�p�t�h� �o�f� �5� �f�t� �m�a�y� �n�e�e�d� �a�d�j�u�s�t�m�e�n�t� �i�f� �t�h�e� �d�r�i�l�l�e�d� �s�h�a�f�t� �i�s� 
�i�n�s�t�a�l�l�e�d� �i�n� �e�x�p�a�n�s�i�v�e� �c�l�a�y�s�,� �o�r� �i�f� �t�h�e�r�e� �i�s� �s�u�b�s�t�a�n�t�i�a�l� 
�g�r�o�u�n�d�l�i�n�e� �d�e�f�l�e�c�t�i�o�n� �f�r�o�m� �l�a�t�e�r�a�l� �l�o�a�d�i�n�g�.



� � 

�T�o�p� �F�i�v�e� �F�e�e�t� 
�N�o�n�c�o�n�t�r�i�b�u�t�i�n�g� 

�a�_�i� 

� � 

�B�o�t�t�o�m� �O�n�e� �D�i�a�m�e�t�e�r� 
�o�f� �S�t�e�m� 
�N�o�n�c�o�n�t�r�i�b�u�t�i�n�g� 

�y� 

�B�o�t�t�o�m� �O�n�e� �D�i�a�m�e�t�e�r� �P�e�r�i�p�h�e�r�y� �o�f� �B�e�l�l� 
�N�o�n�c�o�n�t�r�i�b�u�t�i�n�g� �N�o�n�c�o�n�t�n�b�u�t�i�n�g� 

�}� 

� � � � � � � � � � 

�S�t�r�a�i�g�h�t� �S�h�a�f�t� �B�e�l�l�e�d� �S�h�a�f�t� 

�F�i�g�u�r�e� �2�.�8� �P�o�r�t�i�o�n�s� �o�f� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �n�o�t� �C�o�n�s�i�d�e�r�e�d� �i�n� 
�C�o�m�p�u�t�i�n�g� �S�i�d�e� �R�e�s�i�s�t�a�n�c�e� �(�F�r�o�m� �R�e�e�s�e� �a�n�d� 
�O�'�N�e�i�l�l�,� �1�9�8�8�)



�2�9� 

�T�h�e� �f�o�o�t�n�o�t�e� �i�n� �T�a�b�l�e� �2�.�1� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �f�o�l�l�o�w�i�n�g�:� 

�(�a�)� �d�u�r�i�n�g� �d�r�y� �w�e�a�t�h�e�r�,� �e�x�p�a�n�s�i�v�e� �s�o�i�l�s� �s�h�r�i�n�k� �a�n�d� �m�o�v�e� �a�w�a�y� 

�f�r�o�m� �t�h�e� �s�h�a�f�t�.� �A� �v�a�l�u�e� �o�f� �a� �=� �O� �m�a�y� �b�e� �s�e�l�e�c�t�e�d� �f�o�r� �a� 

�d�e�p�t�h� �g�r�e�a�t�e�r� �t�h�a�n� �5� �f�t� �a�s� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �d�e�p�t�h� �o�f� 

�s�e�a�s�o�n�a�l� �m�o�i�s�t�u�r�e� �c�h�a�n�g�e� �i�n� �a�r�e�a�s� �w�i�t�h� �e�x�p�a�n�s�i�v�e� �s�o�i�l�,� �a�n�d� 

�(�b�)� �d�u�r�i�n�g� �l�a�t�e�r�a�l� �l�o�a�d�i�n�g�,� �t�h�e� �c�l�a�y� �a�t� �t�h�e� �g�r�o�u�n�d�l�i�n�e� �m�a�y� 

�b�e� �p�u�s�h�e�d� �a�w�a�y� �d�u�e� �t�o� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �s�h�a�f�t�,� 

�e�s�p�e�c�i�a�l�l�y� �i�f� �t�h�e� �l�o�a�d�s� �a�r�e� �c�y�c�l�i�c� �i�n� �n�a�t�u�r�e�,� �c�a�u�s�i�n�g� �t�h�e� 

�s�h�a�f�t� �t�o� �b�e� �d�e�f�l�e�c�t�e�d� �b�a�c�k� �a�n�d� �f�o�r�t�h�.� 

�T�h�e� �v�a�l�u�e� �o�f� �a� �i�s� �a�l�s�o� �z�e�r�o� �f�o�r� �a� �d�i�s�t�a�n�c�e� �o�f� �1� 

�d�i�a�m�e�t�e�r� �a�b�o�v�e� �t�h�e� �b�a�s�e� �o�f� �t�h�e� �s�h�a�f�t�,� �b�e�c�a�u�s�e� �d�o�w�n�w�a�r�d� 

�m�o�v�e�m�e�n�t� �o�f� �t�h�e� �b�a�s�e� �c�a�n� �c�a�u�s�e� �a� �t�e�n�s�i�l�e� �c�r�a�c�k� �t�o� �d�e�v�e�l�o�p� �i�n� 

�t�h�e� �s�o�i�l� �n�e�a�r� �t�h�e� �b�a�s�e�.� 

�B�a�s�e�d� �o�n� �l�o�a�d� �t�e�s�t�s� �o�n� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �c�l�a�y�,� �R�e�e�s�e� 

�a�n�d� �O ��N�e�i�l�l� �s�u�g�g�e�s�t�e�d� �t�h�e� �u�s�e� �o�f� �a� �v�a�l�u�e�s� �i�n� �T�a�b�l�e� �2�.�1� �f�o�r� 

�t�h�e� �r�e�m�a�i�n�i�n�g� �p�o�r�t�i�o�n�s� �o�f� �t�h�e� �d�r�i�l�l�e�d� �s�h�a�f�t�.� �T�h�e� �v�a�l�u�e� �o�f� �a� 

�m�a�y� �b�e� �l�e�s�s� �t�h�a�n� �t�h�o�s�e� �i�n� �T�a�b�l�e� �2�.�1� �i�n� �s�e�n�s�i�t�i�v�e� �c�l�a�y�s�.� �I�n� 

�s�u�c�h� �s�o�i�l�s�,� �l�o�a�d� �t�e�s�t�s� �s�h�o�u�l�d� �b�e� �c�o�n�d�u�c�t�e�d� �t�o� �e�s�t�a�b�l�i�s�h� 

�a�p�p�r�o�p�r�i�a�t�e� �v�a�l�u�e�s� �o�f� �a�.� 

�T�h�e� �d�a�t�a� �u�s�e�d� �i�n� �d�e�r�i�v�i�n�g� �t�h�i�s� �d�e�s�i�g�n� �m�e�t�h�o�d� �d�o�e�s� �n�o�t� 

�i�n�c�l�u�d�e� �c�l�a�y�s� �w�i�t�h� �(�a�)� �S�,� �g�r�e�a�t�e�r� �t�h�a�n� �6� �t�s�f�,� �(�b�)� �O�C�R� 

�g�r�e�a�t�e�r� �t�h�a�n� �1�0�,� �o�r� �(�c�)� �s�e�n�s�i�t�i�v�i�t�y� �g�r�e�a�t�e�r� �t�h�a�n� �4�.



�3�0� 

�(�i�i�)� �E�n�d� �B�e�a�r�i�n�g� 

�R�e�e�s�e� �a�n�d� �O�/ ��N�e�i�l�l� �(�1�9�8�8�)� �a�p�p�l�i�e�d� �S�k�e�m�p�t�o�n ��s� �(�1�9�5�1�)� 

�e�x�p�r�e�s�s�i�o�n� �f�o�r� �e�n�d� �b�e�a�r�i�n�g� �o�f� �p�i�l�e�s� �i�n� �c�l�a�y�,� �t�o� �d�r�i�l�l�e�d� 

�s�h�a�f�t�s� �a�s� �f�o�l�l�o�w�s�:� 

�d�p� �=� �N�c�S�y� �=� �4�0� �t�s�f� �(�2�-�1�7�)� 

�w�h�e�r�e� �N�o�e� �=� �6�(�1� �+� �0�.�2�2�/�D�p�)� �<� �9� 

�S�y� �=� �a�v�e�r�a�g�e� �u�n�d�r�a�i�n�e�d� �s�h�e�a�r� �s�t�r�e�n�g�t�h� �o�f� �c�l�a�y� �o�v�e�r� �a� 

�d�e�p�t�h� �o�f� �o�n�e� �t�o� �t�w�o� �d�i�a�m�e�t�e�r�s� �b�e�l�o�w� �t�h�e� �b�a�s�e� 

�Z� �=� �d�i�s�t�a�n�c�e� �t�h�a�t� �t�h�e� �s�h�a�f�t� �e�x�t�e�n�d�s� �i�n�t�o� �t�h�e� �g�r�o�u�n�d� 

�D�p� �=� �d�i�a�m�e�t�e�r� �o�f� �t�h�e� �b�a�s�e� �o�f� �t�h�e� �s�h�a�f�t� 

�T�h�e� �l�i�m�i�t�i�n�g� �v�a�l�u�e� �o�f� �G�p� �(�4�0� �t�s�f�)� �i�s� �b�a�s�e�d� �o�n� �t�h�e� 

�l�a�r�g�e�s�t� �v�a�l�u�e� �m�e�a�s�u�r�e�d� �i�n� �c�l�a�y�s� �a�n�d� �i�s� �n�o�t� �a� �t�h�e�o�r�e�t�i�c�a�l� 

�l�i�m�i�t�.� �H�i�g�h�e�r� �v�a�l�u�e�s� �o�f� �q�p� �m�a�y� �b�e� �u�s�e�d� �i�f� �i�n�d�i�c�a�t�e�d� �b�y� �l�o�a�d� 

�t�e�s�t� �r�e�s�u�l�t�s�.� 

�N�o� �s�h�o�u�l�d� �b�e� �r�e�d�u�c�e�d� �b�y� �1�/�3� �(�i�.�e�.�,� �u�s�e� �2�N�,�/�3� �i�n� 

�c�o�m�p�u�t�a�t�i�o�n�s�)� �i�n� �s�o�f�t� �c�l�a�y�s� �t�o� �a�c�c�o�u�n�t� �f�o�r� �l�a�r�g�e� 

�d�i�s�p�l�a�c�e�m�e�n�t�s� �p�r�i�o�r� �t�o� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �f�a�i�l�u�r�e�.� 

�I�f� �D�p� �e�x�c�e�e�d�s� �7�5� �i�n�.�,� �t�h�e� �u�l�t�i�m�a�t�e� �u�n�i�t� �e�n�d� �b�e�a�r�i�n�g� 

�c�a�p�a�c�i�t�y� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �s�t�i�f�f� �t�o� �h�a�r�d� �c�l�a�y� �s�h�o�u�l�d� �b�e� 

�r�e�d�u�c�e�d� �t�o� �G�p�r� �a�s� �f�o�l�l�o�w�s� �(�R�e�e�s�e� �a�n�d� �O ��N�e�i�l�l�,� �1�9�8�8�)�:� 

�G�p�r� �=� �F�r�d�p� �(�2�-�1�8�)



�3�1� 

� � 

�2�.�5� 
�w�h�e�r�e� �F�y� �=� �<� �1�.�0� 

�a�D�p� �(�i�n�.�)� �+� �2�.�5�b� 

�a� �=� �0�.�0�0�7�1� �+� �0�.�0�0�2�1� �2�/�D�p� �<� �0�.�0�1�5� 

�b� �=� �0�.�4�5�/�S�y�(�k�s�f�)� �w�h�e�r�e� �0�.�5� �<� �b�<� �1�.�5� 

�E�q�u�a�t�i�o�n� �2�-�1�8� �i�s� �b�a�s�e�d� �o�n� �l�o�a�d� �t�e�s�t�s� �o�f� �l�a�r�g�e� �d�i�a�m�e�t�e�r� 

�u�n�d�e�r�r�e�a�m�e�d� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �c�l�a�y�,� �a�n�d� �d�p�r� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� 

�b�a�s�e� �s�e�t�t�l�e�m�e�n�t� �o�f� �2�.�5� �i�n�.� 

�2�.�1�.�3�.�2� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �C�o�h�e�s�i�o�n�l�e�s�s� �S�o�i�l�s� 

�W�h�i�l�e� �m�a�n�y� �f�i�e�l�d� �l�o�a�d� �t�e�s�t�s� �h�a�v�e� �b�e�e�n� �p�e�r�f�o�r�m�e�d� �o�n� 

�-� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �c�l�a�y�s�,� �v�e�r�y� �f�e�w� �h�a�v�e� �b�e�e�n� �p�e�r�f�o�r�m�e�d� �o�n� 

�d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �s�a�n�d�s�.� 

�T�h�e� �s�h�e�a�r� �s�t�r�e�n�g�t�h� �o�f� �c�o�h�e�s�i�o�n�l�e�s�s� �s�o�i�l�s� �c�a�n� �b�e� 

�c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �a�n� �a�n�g�l�e� �o�f� �i�n�t�e�r�n�a�l� �f�r�i�c�t�i�o�n� �(�¢ ��)� �o�r� 

�e�m�p�i�r�i�c�a�l�l�y� �r�e�l�a�t�e�d� �t�o� �v�a�l�u�e�s� �o�f� �S�P�T� �b�l�o�w� �c�o�u�n�t� �(�N�)�.� 

�M�e�t�h�o�d�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �s�h�a�f�t� �r�e�s�i�s�t�a�n�c�e� �a�n�d� �e�n�d� �b�e�a�r�i�n�g� �u�s�i�n�g� 

�e�i�t�h�e�r� �¢ �� �o�r� �N� �v�a�l�u�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �b�e�l�o�w�.� 

�(�i�)� �S�h�a�f�t� �R�e�s�i�s�t�a�n�c�e� 

�T�a�b�l�e� �2�.�2� �s�u�m�m�a�r�i�z�e�s� �5� �m�e�t�h�o�d�s� �o�f� �p�r�e�d�i�c�t�i�n�g� �s�h�a�f�t� 

�r�e�s�i�s�t�a�n�c�e� �o�f� �b�o�r�e�d� �p�i�l�e�s� �i�n� �s�a�n�d�.� �Q�u�i�r�o�s� �a�n�d� �R�e�e�s�e� �(�1�9�7�7�)� 

�a�n�d� �R�e�e�s�e� �a�n�d� �O�/ ��N�e�i�l�l� �(�1�9�8�8�)� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �u�n�i�t� �s�i�d�e� 

�r�e�s�i�s�t�a�n�c�e� �s�h�o�u�l�d� �b�e� �l�i�m�i�t�e�d� �t�o� �2� �t�s�f�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e



�3�2� 

�T�a�b�l�e� �2�.�2� �S�u�m�m�a�r�y� �o�f� �P�r�o�c�e�d�u�r�e�s� �f�o�r� �E�s�t�i�m�a�t�i�n�g� �S�i�d�e� 
�R�e�s�i�s�t�a�n�c�e� �(�q�s�)� �o�f� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �S�a�n�d�.� 
� � 

�R�E�F�E�R�E�N�C�E� �D�E�S�C�R�I�P�T�I�O�N� 
� � 

�|� 
�|� 
�|� �T�o�u�m�a� �a�n�d� �R�e�e�s�e� 

�(�1�9�7�4�)� 

�G�s� �=� �K�o�y ��t�a�n�g �� �<� �2�.�5� �t�s�f� 

� � 

� � 

� � 

� � 

�|� �w�h�e�r�e� �K� �=� �0�.�7� �f�o�r� �D�h� �<� �2�5� �f�t� 

�!� �K� �=� �0�.�6� �f�o�r� �2�5� �f�t� �<� �D�p� �<� �4�0� �f�t� 

�K� �=� �0�.�5� �f�o�r� �D�h� �>� �4�0� �f�t� 

�N� 
�M�e�y�e�r�h�o�f� �G�e� �(�t�s�f�)� �=�  �� 
�(�1�9�7�6�)� �1�0�0� 

�Q�u�i�r�o�s� �a�n�d� �R�e�e�s�e� �Q�s� �(�t�s�f�)� �=� �0�.�0�2�6�N� �<� �2� �t�s�f� 
�(�1�9�7�7�)� 

�N� 
�R�e�e�s�e� �a�n�d� �W�r�i�g�h�t� �Q�s� �(�t�s�f�)� �=�  �� �f�o�r� �N� �<� �5�3� 
�(�1�9�7�7�)� �3�4� 

�N� �-� �5�3� 
�Q�s� �(�t�s�f�)� �=� �+� �1�.�6� �f�o�r� �5�3� �<� �N� �<� �1�0�0� 

�4�5�0� 

�R�e�e�s�e� �a�n�d� �O ��N�e�i�l�l�|� �q�g� �(�t�s�f�)� �=� �f�o�y �� �<� �2� �t�s�f� �f�o�r� �0�.�2�5� �<� �8�<� �1�.�2� 
�(�1�9�8�8�)� � � � � �w�h�e�r�e� �8� �=� �1�.�5� �-� �0�.�1�3�5�/�2� 
� � 

�w�h�e�r�e� �N� �u�n�c�o�r�r�e�c�t�e�d� �S�P�T� �b�l�o�w� �c�o�u�n�t� 

�o�y �� �=� �v�e�r�t�i�c�a�l� �e�f�f�e�c�t�i�v�e� �s�t�r�e�s�s� 

�¢ �� �=� �f�r�i�c�t�i�o�n� �a�n�g�l�e� �o�f� �s�a�n�d� 

�K� �=� �l�o�a�d� �t�r�a�n�s�f�e�r� �f�a�c�t�o�r� 

�D�p� �=� �e�m�b�e�d�m�e�n�t� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t� �i�n� �s�a�n�d� �b�e�a�r�i�n�g� �l�a�y�e�r� 

�T�D
� �H�i� 

�N
� �i�t� 

�l�o�a�d� �t�r�a�n�s�f�e�r� �c�o�e�f�f�i�c�i�e�n�t� 

�d�e�p�t�h� �b�e�l�o�w� �g�r�o�u�n�d� �i�n� �f�e�e�t� 

� 



�3�3� 

�m�a�x�i�m�u�m� �v�a�l�u�e� �e�v�e�r� �m�e�a�s�u�r�e�d�,� �a�n�d� �T�o�u�m�a� �a�n�d� �R�e�e�s�e� �(�1�9�7�4�)� 

�s�u�g�g�e�s�t� �a�n� �u�p�p�e�r� �l�i�m�i�t� �o�f� �2�.�5� �t�s�f�.� �T�h�e�s�e� �v�a�l�u�e�s� �h�o�w�e�v�e�r�,� 

�a�r�e� �n�o�t� �t�h�e�o�r�e�t�i�c�a�l� �l�i�m�i�t�s�.� �H�i�g�h�e�r� �v�a�l�u�e�s� �c�a�n� �b�e� �u�s�e�d� �i�f� 

�t�h�e�y� �a�r�e� �v�e�r�i�f�i�e�d� �b�y� �l�o�a�d� �t�e�s�t�s�.� 

�I�t� �m�a�y� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �s�i�d�e� �r�e�s�i�s�t�a�n�c�e� �o�f� �d�r�i�l�l�e�d� 

�s�h�a�f�t�s� �i�n� �s�a�n�d� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �(�a�)� �t�h�e� �f�r�i�c�t�i�o�n� �a�n�g�l�e� 

�{�T�o�u�m�a� �a�n�d� �R�e�e�s�e� �(�1�9�7�4�)�]� �o�r� �(�b�)� �t�h�e� �S�P�T� �b�l�o�w� �c�o�u�n�t� �[�M�e�y�e�r�h�o�f� 

�(�1�9�7�6�)�,� �Q�u�i�r�o�s� �a�n�d� �R�e�e�s�e� �(�1�9�7�7�)� �&� �R�e�e�s�e� �a�n�d� �W�r�i�g�h�t� �(�1�9�7�7�)�]�.� 

�R�e�e�s�e� �a�n�d� �O ��N�e�i�l�l� �(�1�9�8�8�)� �p�r�o�p�o�s�e�d� �a� �m�e�t�h�o�d� �f�o�r� �u�n�c�e�m�e�n�t�e�d� 

�s�a�n�d�s� �t�h�a�t� �u�s�e�s� �a� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h� �i�n� �t�h�a�t� �t�h�e� �s�h�a�f�t� 

�r�e�s�i�s�t�a�n�c�e� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �s�o�i�l� �f�r�i�c�t�i�o�n� �a�n�g�l�e� �a�n�d� �t�h�e� 

�S�P�T� �b�l�o�w� �c�o�u�n�t�.� �T�h�e�y� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �t�h�e� �f�r�i�c�t�i�o�n� �a�n�g�l�e� 

�a�p�p�r�o�a�c�h�e�s� �a� �c�o�m�m�o�n� �v�a�l�u�e� �f�o�r� �u�n�c�e�m�e�n�t�e�d� �s�a�n�d�s� �d�u�e� �t�o� �h�i�g�h� 

�s�h�e�a�r�i�n�g� �s�t�r�a�i�n�s� �i�n� �t�h�e� �s�a�n�d� �a�n�d� �s�t�r�e�s�s� �r�e�l�i�e�f� �t�h�a�t� �o�c�c�u�r�s� 

�d�u�r�i�n�g� �d�r�i�l�l�i�n�g�.� 

�(�i�i�)� �E�n�d� �B�e�a�r�i�n�g� 

�L�o�a�d� �t�e�s�t�s� �s�h�o�w� �t�h�a�t� �l�a�r�g�e� �s�e�t�t�l�e�m�e�n�t�s� �a�r�e� �r�e�q�u�i�r�e�d� �t�o� 

�m�o�b�i�l�i�z�e� �t�h�e� �m�a�x�i�m�u�m� �e�n�d� �b�e�a�r�i�n�g� �r�e�s�i�s�t�a�n�c�e� �o�f� �d�r�i�l�l�e�d� 

�s�h�a�f�t�s� �i�n� �s�a�n�d�s�.� �S�i�n�c�e� �l�a�r�g�e� �s�e�t�t�l�e�m�e�n�t�s� �a�r�e� �n�o�t� �t�o�l�e�r�a�b�l�e� 

�i�n� �m�o�s�t� �s�t�r�u�c�t�u�r�e�s�,� �t�h�e� �p�r�o�c�e�d�u�r�e�s� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �2�.�3� 

�f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �u�l�t�i�m�a�t�e� �u�n�i�t� �e�n�d� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �(�d�p�)� 

�a�r�e� �b�a�s�e�d� �o�n� �a� �d�o�w�n�w�a�r�d� �m�o�v�e�m�e�n�t� �e�q�u�a�l� �t�o� �e�i�t�h�e�r� �1� �i�n�c�h� 

�(�T�o�u�m�a� �a�n�d� �R�e�e�s�e� �(�1�9�7�4�)� �a�n�d� �Q�u�i�r�o�s� �a�n�d� �R�e�e�s�e� �(�1�9�7�7�)�]� �o�r� �5�%



�3�G� 

�T�a�b�l�e� �2�.�3� �S�u�m�m�a�r�y� �o�f� �P�r�o�c�e�d�u�r�e�s� �f�o�r� �E�s�t�i�m�a�t�i�n�g� �B�a�s�e� �R�e�s�i�s�t�a�n�c�e� 

� � 

� � 

� � 

� � 
� � 

�(�d�p�)� �o�f� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �S�a�n�d�.� 

�R�E�F�E�R�E�N�C�E� �D�E�S�C�R�I�P�T�I�O�N� 

�T�o�u�m�a� �a�n�d� �R�e�e�s�e� �L�o�o�s�e� �I�p� �(�t�s�f�)� �=� �0� �(�k� �=� �1� �f�o�r� 
�(�1�9�7�4�)� �D�p� �<� �1�.�6�7� �f�t� 

�:� �1�6� �|�&� �k� �=� �0�.�6�D�y� 
�M�e�d�i�u�m� �D�e�n�s�e� �d�p� �(�t�s�f�)� �=�  �� �4� �f�o�r� �D�p� �2� 

�k� �1�.�6�7� �f�t�.� 
�I� �4�0� 
�|� �V�e�r�y� �D�e�n�s�e� �G�p� �(�t�s�f�)� �=�  �� �|�A�p�p�l�i�c�a�b�l�e� 

�k� �o�n�l�y� �i�f� 
�|� �D�p� �>� �1�0�D� 

�|� �2�N�e�o�r�r�D�b� �4� 
�|� �M�e�y�e�r�h�o�f� �A�p� �(�t�s�f�)� �=�  � �� �<�  ��-� �N�o�o�r�r� �f�o�r� �s�a�n�d� 

�(�1�9�7�6�)� �1�5�D�p� 
�<� �N�c�o�r�r� �f�o�r� �n�o�n�p�l�a�s�t�i�c� 

�s�i�l�t�s� 
� � 

�Q�u�i�r�o�s� �a�n�d� �R�e�e�s�e� 
�(�1�9�7�7�)� 

�S�a�m�e� �a�s� �T�o�u�m�a� �a�n�d� �R�e�e�s�e� �(�1�9�7�4�)� 

� � 

� � � � � � �2� 
�R�e�e�s�e� �a�n�d� �W�r�i�g�h�t� �G�p� �(�t�s�f�)� �=�-�N� �f�o�r� �N� �<� �6�0� 
�(�1�9�7�7�)� �3� 

�d�p� �(�t�s�f�)� �=� �4�0� �f�o�r� �N� �>� �6�0� 

�R�e�e�s�e� �a�n�d� �O ��N�e�i�l�l� �G�p� �(�t�s�f�)� �=� �0�.�6�N� �f�o�r� �N� �<� �7�5� 
�(�1�9�8�8�)� 

�d�p� �(�t�s�f�)� �=� �4�5� �f�o�r� �N� �>� �7�5� 
� � 

�w�h�e�r�e� �N�e�o�r�r� �=� �S�P�T� �b�l�o�w� �c�o�u�n�t� �c�o�r�r�e�c�t�e�d� �f�o�r� �o�v�e�r�b�u�r�d�e�n� �p�r�e�s�s�u�r�e� 

�=� �[�0�.�7�7�1�0�9�1�9�(�2�0�/�c�y ��)� �J�N� 

�N� �=� �u�n�c�o�r�r�e�c�t�e�d� �S�P�T� �b�l�o�w� �c�o�u�n�t� 

�D�p� �=� �b�a�s�e� �d�i�a�m�e�t�e�r� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t� �i�n� �f�t� 

�D�p� �=� �e�m�b�e�d�m�e�n�t� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t� �i�n� �s�a�n�d� �b�e�a�r�i�n�g� �l�a�y�e�r� 

� 



�3�5� 

�o�f� �t�h�e� �b�a�s�e� �d�i�a�m�e�t�e�r� �[�R�e�e�s�e� �a�n�d� �W�r�i�g�h�t� �(�1�9�7�7�)� �a�n�d� �R�e�e�s�e� �a�n�d� 

�O ��N�e�i�l�l� �(�1�9�8�8�)�]�.� 

�R�e�e�s�e� �a�n�d� �O�/ ��N�e�i�l�l� �(�1�9�8�8�)� �r�e�c�o�m�m�e�n�d� �t�h�a�t� �f�o�r� �b�a�s�e� 

�d�i�a�m�e�t�e�r�s� �g�r�e�a�t�e�r� �t�h�a�n� �5�0� �i�n�.�,� �d�p� �s�h�o�u�l�d� �b�e� �r�e�d�u�c�e�d� �t�o� �G�d�p�r� 

�a�s� �f�o�l�l�o�w�s�:� 

�A�p�r� �=�  �� �Q�p� �(�2�-�1�9�)� 

�w�h�e�r�e� �d�p�r� �r�e�d�u�c�e�d� �b�a�s�e� �r�e�s�i�s�t�a�n�c�e� �f�o�r� �D�p� �>� �5�0� �i�n�.� 

�d�i�a�m�e�t�e�r� �o�f� �t�h�e� �b�a�s�e� �o�f� �t�h�e� �s�h�a�f�t� �(�i�n�.�)� �D�p� 
�d�p� �=� �u�l�t�i�m�a�t�e� �u�n�i�t� �e�n�d� �b�e�a�r�i�n�g� �r�e�s�i�s�t�a�n�c�e� �c�a�l�c�u�l�a�t�e�d� 

�u�s�i�n�g� �o�n�e� �o�f� �t�h�e� �m�e�t�h�o�d�s� �i�n� �T�a�b�l�e� �2�.�3�.� 

�M�e�y�e�r�h�o�f ��s� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �b�a�s�e� �r�e�s�i�s�t�a�n�c�e� �s�t�e�m�s� �f�r�o�m� 

�t�h�e� �i�d�e�a� �t�h�a�t� �t�h�e� �p�o�i�n�t� �r�e�s�i�s�t�a�n�c�e� �i�n�c�r�e�a�s�e�s� �l�i�n�e�a�r�l�y� �w�i�t�h� 

�e�m�b�e�d�m�e�n�t� �u�p� �t�o� �a� �l�i�m�i�t�i�n�g� �d�e�p�t�h� �o�f� �1�0� �s�h�a�f�t� �d�i�a�m�e�t�e�r�s�;� 

�t�h�e�r�e�a�f�t�e�r�,� �t�h�e� �p�o�i�n�t� �r�e�s�i�s�t�a�n�c�e� �r�e�m�a�i�n�s� �c�o�n�s�t�a�n�t� �w�i�t�h� 

�d�e�p�t�h�.� 

�2�.�1�.�3�.�3� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �I�n� �R�o�c�k� 

�D�r�i�l�l�e�d� �s�h�a�f�t�s� �s�o�c�k�e�t�e�d� �i�n� �r�o�c�k� �d�e�r�i�v�e� �t�h�e�i�r� �a�x�i�a�l� 

�c�a�p�a�c�i�t�i�e�s� �f�r�o�m� �e�n�d� �b�e�a�r�i�n�g� �a�n�d�/�o�r� �s�i�d�e� �r�e�s�i�s�t�a�n�c�e�.� �T�h�e� 

�d�e�p�t�h� �o�f� �t�h�e� �s�o�c�k�e�t� �i�s� �t�y�p�i�c�a�l�l�y� �o�n�e� �t�o� �t�h�r�e�e� �t�i�m�e�s� �t�h�e� 

�d�i�a�m�e�t�e�r� �(�C�a�n�a�d�i�a�n� �G�e�o�t�e�c�h�n�i�c�a�l� �S�o�c�i�e�t�y�,� �1�9�8�5�)�.� �T�h�e� �d�e�s�i�g�n� 

�p�r�o�c�e�d�u�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �a�s�s�u�m�e�s� �t�h�a�t�:� �(�a�)� �t�h�e



�3�6� 

�r�o�c�k� �s�t�r�e�n�g�t�h� �m�e�a�s�u�r�e�d� �d�u�r�i�n�g� �s�i�t�e� �i�n�v�e�s�t�i�g�a�t�i�o�n� �w�i�l�l� �n�o�t� 

�d�e�t�e�r�i�o�r�a�t�e� �d�u�r�i�n�g� �c�o�n�s�t�r�u�c�t�i�o�n� �w�h�e�n� �w�a�t�e�r� �o�r� �d�r�i�l�l�i�n�g� 

�f�l�u�i�d�s� �a�r�e� �u�s�e�d�,� �(�b�)� �t�h�e� �d�r�i�l�l�i�n�g� �f�l�u�i�d� �u�s�e�d� �w�i�l�l� �n�o�t� �f�o�r�m� �a� 

�l�u�b�r�i�c�a�t�e�d� �f�i�l�m� �o�n� �t�h�e� �s�i�d�e�s� �o�f� �t�h�e� �e�x�c�a�v�a�t�i�o�n�,� �a�n�d� �(�c�)� �t�h�e� 

�b�o�t�t�o�m� �o�f� �t�h�e� �e�x�c�a�v�a�t�i�o�n� �i�s� �p�r�o�p�e�r�l�y� �c�l�e�a�n�e�d� �o�u�t�.� �T�h�i�s� �i�s� 

�e�s�p�e�c�i�a�l�l�y� �i�m�p�o�r�t�a�n�t� �i�f� �t�h�e� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �d�r�i�l�l�e�d� �s�h�a�f�t� �i�s� 

�b�a�s�e�d� �o�n� �e�n�d� �b�e�a�r�i�n�g�.� 

�T�h�e� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �p�r�o�p�o�s�e�d� �b�y� �R�e�e�s�e� �a�n�d� �O ��N�e�i�l�l� 

�(�1�9�8�8�)� �f�o�r� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �s�o�c�k�e�t�e�d� �i�n� 

�r�o�c�k� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �l�o�a�d� �i�s� �c�a�r�r�i�e�d� �e�n�t�i�r�e�l�y� �b�y� �t�h�e� �s�h�a�f�t� 

�i�f� �t�h�e� �c�o�m�p�u�t�e�d� �s�e�t�t�l�e�m�e�n�t� �i�s� �l�e�s�s� �t�h�a�n� �0�.�4� �i�n�.� �C�o�n�v�e�r�s�e�l�y�,� 

�l�o�a�d�s� �t�h�a�t� �c�a�u�s�e� �s�e�t�t�l�e�m�e�n�t�s� �g�r�e�a�t�e�r� �t�h�a�n� �0�.�4� �i�n�.� �a�r�e� 

�a�s�s�u�m�e�d� �t�o� �b�e� �c�a�r�r�i�e�d� �e�n�t�i�r�e�l�y� �b�y� �t�h�e� �b�a�s�e� �o�f� �t�h�e� �d�r�i�l�l�e�d� 

�s�h�a�f�t�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �c�o�n�s�e�r�v�a�t�i�v�e� �s�i�n�c�e� �l�o�a�d�s� �a�r�e� �a�s�s�u�m�e�d� 

�t�o� �b�e� �c�a�r�r�i�e�d� �e�n�t�i�r�e�l�y� �i�n� �s�i�d�e� �r�e�s�i�s�t�a�n�c�e� �o�r� �e�n�t�i�r�e�l�y� �i�n� �e�n�d� 

�b�e�a�r�i�n�g�,� �a�n�d� �n�o� �a�l�l�o�w�a�n�c�e� �i�s� �m�a�d�e� �f�o�r� �t�h�e� �l�o�a�d�s� �t�o� �b�e� 

�c�a�r�r�i�e�d� �b�y� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �s�i�d�e� �r�e�s�i�s�t�a�n�c�e� �a�n�d� �e�n�d� �b�e�a�r�i�n�g�.� 

�T�h�e� �s�t�e�p�s� �i�n� �t�h�e� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �a�r�e� �a�s� �f�o�l�l�o�w�s�:� 

�1�.� �E�s�t�i�m�a�t�e� �t�h�e� �s�e�t�t�l�e�m�e�n�t� �o�f� �t�h�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� �d�r�i�l�l�e�d� 

�s�h�a�f�t� �t�h�a�t� �i�s� �s�o�c�k�e�t�e�d� �i�n� �r�o�c�k�.� �T�h�i�s� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� 

�c�o�m�p�o�n�e�n�t�s�:� 

�(�a�)� �t�h�e� �e�l�a�s�t�i�c� �s�h�o�r�t�e�n�i�n�g� �o�f� �t�h�e� �s�o�c�k�e�t�e�d� �p�o�r�t�i�o�n� �o�f� �t�h�e� 

�d�r�i�l�l�e�d� �s�h�a�f�t�,� �p�e�,� �w�h�i�c�h� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �a�s� �f�o�l�l�o�w�s�:



�3�7� 

�(�2�P�{�)�H�g� 

�A�s�o�c�E�c� 

�w�h�e�r�e� �H�e� �d�e�p�t�h� �o�f� �t�h�e� �s�o�c�k�e�t� 

�=�P�;� �=� �w�o�r�k�i�n�g� �l�o�a�d� �a�t� �t�h�e� �t�o�p� �o�f� �t�h�e� �s�o�c�k�e�t� 

�A�s�o�c� �=� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �o�f� �t�h�e� �s�o�c�k�e�t� 

�t�y
� 

�Q
� �i�t� �Y�o�u�n�g ��s� �m�o�d�u�l�u�s� �o�f� �c�o�n�c�r�e�t�e� �i�n� �t�h�e� �s�o�c�k�e�t�,� 

�c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �s�t�i�f�f�n�e�s�s� �o�f� �a�n�y� �s�t�e�e�l� 

�r�e�i�n�f�o�r�c�e�m�e�n�t�,� �a�n�d� 

�(�b�)� �s�e�t�t�l�e�m�e�n�t� �o�f� �t�h�e� �b�a�s�e� �o�f� �t�h�e� �d�r�i�l�l�e�d� �s�h�a�f�t�,� �p�p�a�s�e�,� 

�w�h�i�c�h� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�(�=�P�;� �)�I�,� 
�P�h�a�s�e� �=�  � � �� �(�2�-�2�1�)� 

�D�s�E�r�y� 

�w�h�e�r�e� �I�,� �i�n�f�l�u�e�n�c�e� �c�o�e�f�f�i�c�i�e�n�t� �o�b�t�a�i�n�e�d� �f�r�o�m� �F�i�g�.� �2�.�9� 

�D�s� �=� �d�i�a�m�e�t�e�r� �o�f� �t�h�e� �b�a�s�e� �o�f� �t�h�e� �d�r�i�l�l�e�d� �s�h�a�f�t� 

�s�o�c�k�e�t� 

�E�r� �=� �m�o�d�u�l�u�s� �o�f� �t�h�e� �i�n� �s�i�t�u� �r�o�c�k�,� �t�a�k�i�n�g� �t�h�e� �j�o�i�n�t�s� 

�a�n�d� �t�h�e�i�r� �s�p�a�c�i�n�g� �i�n�t�o� �a�c�c�o�u�n�t�.� 

�T�h�e� �Y�o�u�n�g ��s� �m�o�d�u�l�u�s� �o�f� �t�h�e� �i�n� �s�i�t�u� �r�o�c�k�,� �E�;�,� �c�a�n� �b�e� 

�e�s�t�i�m�a�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�E�y� �=� �K�p�E�j� �(�2�-�2�2�)� 

�w�h�e�r�e� �E�j� �i�n�t�a�c�t� �r�o�c�k� �m�o�d�u�l�u�s� �f�o�u�n�d� �e�i�t�h�e�r� �b�y� �t�e�s�t�i�n�g� �o�r� 

�b�y� �m�e�a�n�s� �o�f� �F�i�g�.� �2�.�1�0� 

�K�p� �=� �m�o�d�u�l�u�s� �m�o�d�i�f�i�c�a�t�i�o�n� �r�a�t�i�o�,� �r�e�l�a�t�e�d� �t�o� �t�h�e
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� � 
�0� �2� �4� �6� �8� �1�0� �1�2� �2�0� 

�E�m�b�e�d�m�e�n�t� �R�a�t�i�o� �H�/�/�D�,� 

�F�i�g�u�r�e� �2�.�9� �E�l�a�s�t�i�c� �S�e�t�t�l�e�m�e�n�t� �I�n�f�l�u�e�n�c�e� �F�a�c�t�o�r� �a�s� �a� 
�F�u�n�c�t�i�o�n� �o�f� �E�m�b�e�d�m�e�n�t� �R�a�t�i�o� �a�n�d� �M�o�d�u�l�u�s� �R�a�t�i�o� 
�(�A�f�t�e�r� �D�o�n�a�l�d�,� �S�l�o�a�n� �a�n�d� �C�h�i�u�,� �1�9�8�0�,� �a�s� 
�p�r�e�s�e�n�t�e�d� �b�y� �R�e�e�s�e� �a�n�d� �O�'�N�e�i�l�l�,� �1�9�8�8�)
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�|� �[� 
�V�e�r�y� �L�o�w�,� �M�o�d�u�l�u�s� 

�R�o�c�k� �L�o�w� �R�a�t�i�o� 

�S�t�r�e�n�g�t�h� �.� �1�0�0�0� 
�1�0�0� �|�.� �C�l�a�s�s� �M�e�d�i�u�m� �_� 

�(�D�e�e�r�e�)� �5�0�0� 

�2�0�0� 

�2� �1�0�0� 
�1�0�  �� 

�-� �T� �G�r�a�d�e�s� 
�x� �o�t� �C�h�a�l�k� �G�n�e�i�s�s� 
�[�3� �(�W�a�r�d� �e�t�a�l�.�)� �L�i�m�e�s�t�o�n�e�,� 

�S� �D�o�l�o�m�i�t�e� 
�~� �1�0� �-�_�!�_� �L�o�w�e�r� �B�a�s�a�l�t� �&� �O�t�h�e�r� �w�e� �D�e�e�r�e� 
�n� �i�l� �C�h�a�l�k� �F�l�o�w� �R�o�c�k�s� 
�2� �= ��_ ��-� �(�H�o�b�b�s�)� 
�=� �i�W� �S�a�n�d�s�t�o�n�e� 
�O�o�  �� 

�S� �O�t�b�i�v� �T�r�i�a�s� �(�H�o�b�b�s�)� �-� 
�a� �K�e�u� �o� �p�e�r� 
�5� �B�l�a�c�k� �S�h�a�l�e� 
�>� �0�.�0�1� �}� �H�e�n�d�r�o�n� �e�t�a�l�.�  ��7� 

�G�r�e�y� �S�h�a�l�e� 

�M�e�d�i�u�m� 
�S�u�f�f� 
�V�e�r�y� �S�t�i�t�t� 

� � � 
�0�.�0�0�1� 

�|� 
�0�.�0�1� �0�.�1� �1�.�0� 

�C�l�a�y� � � �i� 
�1�0� 

�a� 
�1�0�0� �1�0�0�0� 

�U�n�i�a�x�i�a�l� �C�o�m�p�r�e�s�s�i�v�e� �S�t�r�e�n�g�t�h� �-� �|�b�/�i�n�?�x� �1�0�?� 

�F�i�g�u�r�e� �2�.�1�0� �E�n�g�i�n�e�e�r�i�n�g� �C�l�a�s�s�i�f�i�c�a�t�i�o�n� �o�f� �I�n�t�a�c�t� �R�o�c�k� 
�(�A�f�t�e�r� �D�e�e�r�e�,� 
�p�r�e�s�e�n�t�e�d� �b�y� 

�1�9�6�8�,� �a�n�d� �P�e�c�k�,� �1�9�7�6�,� �a�s� 
�R�e�e�s�e� �a�n�d� �O�'�N�e�i�l�l�,� �1�9�8�8�)



�2�.� 

�4�0� 

�r�o�c�k� �q�u�a�l�i�t�y� �d�e�s�i�g�n�a�t�i�o�n� �(�R�Q�D�)�,� �a�s� �s�h�o�w�n� �i�n� 

�F�i�g�.� �2�.�1�1� 

�C�a�l�c�u�l�a�t�e� �p�e� �+� �p�p�a�s�e�-� �I�f� �t�h�e� �s�u�m� �i�s� �l�e�s�s� �t�h�a�n� �0�.�4� �i�n�.�,� 

�c�o�m�p�u�t�e� �t�h�e� �u�l�t�i�m�a�t�e� �c�a�p�a�c�i�t�y� �b�a�s�e�d� �o�n� �s�h�a�f�t� �r�e�s�i�s�t�a�n�c�e� 

�a�l�o�n�e� �(�P�a�r�a�g�r�a�p�h� �3�)�.� �I�f� �t�h�e� �s�u�m� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �0�.�4� �i�n�.�,� 

�c�o�m�p�u�t�e� �t�h�e� �u�l�t�i�m�a�t�e� �c�a�p�a�c�i�t�y� �b�a�s�e�d� �o�n� �b�a�s�e� �r�e�s�i�s�t�a�n�c�e� 

�a�l�o�n�e� �(�P�a�r�a�g�r�a�p�h� �4�)�.� 

�E�s�t�i�m�a�t�e� �t�h�e� �s�i�d�e� �r�e�s�i�s�t�a�n�c�e� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �s�o�c�k�e�t�e�d� 

�i�n� �r�o�c�k� �a�s� �f�o�l�l�o�w�s�:� �i�f� �t�h�e� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�n�g�t�h� 

�o�f� �t�h�e� �r�o�c�k� �i�s� �l�e�s�s� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �2�8�0� �p�s�i�,� �t�h�e�n� �t�h�e� 

�u�l�t�i�m�a�t�e� �u�n�i�t� �s�i�d�e� �r�e�s�i�s�t�a�n�c�e� �(�q�s�)� �i�s� �g�i�v�e�n� �b�y� �(�C�a�r�t�e�r� 

�a�n�d� �K�u�l�h�a�w�y�,� �1�9�8�7�)�:� 

�d�s� �=� �0�.�1�5�q�y� �(�2�-�2�3�)� 

�w�h�e�r�e� �q�,� �i�s� �t�h�e� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�n�g�t�h� �o�f� �t�h�e� 

�r�o�c�k�.� �I�f� �t�h�e� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�n�g�t�h� �o�f� �t�h�e� �r�o�c�k� 

�o�r� �c�o�n�c�r�e�t�e� �(�i�n� �t�h�e� �d�r�i�l�l�e�d� �s�h�a�f�t�)�,� �w�h�i�c�h�e�v�e�r� �i�s� �l�e�s�s�,� �i�s� 

�g�r�e�a�t�e�r� �t�h�a�n� �2�8�0� �p�s�i�,� �t�h�e�n� �q�g� �i�s� �g�i�v�e�n� �b�y� �(�H�o�r�v�a�t�h� �a�n�d� 

�K�e�n�n�e�y�,� �1�9�7�9�)�:� 

�a�s� �=� �2�.�5�/�d�y� �(�2�-�2�4�)� 

�w�h�e�r�e� �q�s� �a�n�d� �q�y� �a�r�e� �i�n� �p�s�i�.
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�4�1� 

�©� �R�e�s�u�l�t�s� �f�r�o�m� �D�W�O�R�K�S�H�A�K� �D�A�M�,� �D�e�e�r�e� �e�t�.�a�l�.�,� �1�9�6�7� 
�A� �R�e�s�u�l�t�s� �a�f�t�e�r� �C�o�o�n� �a�n�d� �M�e�r�r�i�t�t�,� �1�9�7�0� 

�@� �O�R�A�N�G�E� �F�I�S�H� �T�U�N�N�E�L�-�V�E�R�T�I�C�A�L� 
�J�A�C�K�I�N�G� �T�E�S�T�S�,� �O�l�i�v�e�r�,� �1�9�7�7� 

� � 

� � � � 

� � � 

� � � � 

� � � 

�A� �O�R�A�N�G�E� �F�I�S�H� �T�U�N�N�E�L� �O� 
�H�O�R�I�Z�O�N�T�A�L�-� �4�0�9� 
�J�A�C�K�I�N�G� �T�E�S�T�S� �$� 

�©� �D�R�A�K�E�N�S�B�E�R�G� �T�E�S�T�S� �e� �?� 
�@� �E�L�A�N�D�S�B�E�R�G� �T�E�S�T�S� �A� 
�©� �O�T�H�E�R� �D�A�T�A�,� �1�9�7�8� 

� � 

�A� 

�e�e�e� �?� �m�a�m�e� 
�a�  ��=�e� �a�S�s�e� �©� 
�2�7�?� �0�°� �6� �-�-�"�)� �|� �4� �|� �|� 

�2�0� �4�0� �6�0� �8�0� �1�0�0� 

�R�o�c�k� �Q�u�a�l�i�t�y� �D�e�s�i�g�n�a�t�i�o�n� �(�R�Q�D�)� �(�%�)� 

�F�i�g�u�r�e� �2�.�1�1� �M�o�d�u�l�u�s� �R�e�d�u�c�t�i�o�n� �R�a�t�i�o� �a�s� �a� �F�u�n�c�t�i�o�n� �o�f� �R�Q�D� 
�(�A�f�t�e�r� �B�i�e�n�i�a�w�s�k�i�,� �1�9�8�4�,� �a�s� �p�r�e�s�e�n�t�e�d� �b�y� �R�e�e�s�e� 
�a�n�d� �O�'�N�e�i�l�l�,� �1�9�8�8�)



�4�2� 

�4�.� �E�s�t�i�m�a�t�e� �t�h�e� �b�a�s�e� �r�e�s�i�s�t�a�n�c�e� �o�f� �t�h�e� �d�r�i�l�l�e�d� �s�h�a�f�t� �s�o�c�k�e�t� 

�f�r�o�m� �t�h�e� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n� �s�t�r�e�n�g�t�h� �a�s� �f�o�l�l�o�w�s� 

�(�C�a�n�a�d�i�a�n� �G�e�o�t�e�c�h�n�i�c�a�l� �S�o�c�i�e�t�y�,� �1�9�8�5�)�:� 

�w�h�e�r�e� �q�y� �a�v�e�r�a�g�e� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n� �s�t�r�e�n�g�t�h� �o�f� �t�h�e� 

�r�o�c�k� �c�o�r�e� 

�K�s�p� �=� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �c�o�e�f�f�i�c�i�e�n�t� 

�3� �+� �S�q�g�/�D�s� 
�K�s�p� �=� �7�G� �(�S�e�e� �F�i�g�.� �2�.�1�2�)� �(�2�-�2�6�)� 

�1�0�[�1� �+� �3�0�0�t�q�/�s�q�]� 
� � 

�a�d� �=� �d�i�m�e�n�s�i�o�n�l�e�s�s� �d�e�p�t�h� �f�a�c�t�o�r� 

�d�=� �1�+� �0�.�4�H�s�g�/�D�g� �<� �3�.�4� 

�S�q� �=� �s�p�a�c�i�n�g� �o�f� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� 

�t�q� �=� �w�i�d�t�h� �o�r� �t�h�i�c�k�n�e�s�s� �o�f� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� 

�D�s� �=� �d�i�a�m�e�t�e�r� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t� �s�o�c�k�e�t� 

�H�s� �=� �d�e�p�t�h� �o�f� �e�m�b�e�d�m�e�n�t� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t� �s�o�c�k�e�t� 

�=� �0� �f�o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �r�e�s�t�i�n�g� �o�n� �t�o�p� �o�f� 

�b�e�d�r�o�c�k�.� 

�T�h�i�s� �m�e�t�h�o�d� �i�s� �n�o�t� �a�p�p�l�i�c�a�b�l�e� �t�o� �s�o�f�t� �s�t�r�a�t�i�f�i�e�d� 

�r�o�c�k�s�,� �s�u�c�h� �a�s� �s�h�a�l�e� �o�r� �l�i�m�e�s�t�o�n�e�.� �W�h�e�n� �t�h�i�s� �m�e�t�h�o�d� �i�s� 

�a�p�p�l�i�c�a�b�l�e�,� �t�h�e� �r�o�c�k�s� �a�r�e� �u�s�u�a�l�l�y� �s�o� �s�o�u�n�d� �t�h�a�t� �t�h�e� 

�s�t�r�u�c�t�u�r�a�l� �c�a�p�a�c�i�t�y� �w�i�l�l� �g�o�v�e�r�n� �t�h�e� �d�e�s�i�g�n� �(�F�e�l�l�e�n�i�u�s� 

�e�t� �a�l�.�,� �1�9�8�9�)�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �a�p�p�l�i�c�a�b�l�e� �o�n�l�y� �i�f� �(�a�)� 

�S�q� �>� �1� �f�t�,� �(�b�)� �t�q� �<� �0�.�2�5� �i�n�.� �f�o�r� �u�n�f�i�l�l�e�d� 

�d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �o�r� �t�g� �<� �1� �i�n�.� �f�o�r� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s
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�0� �0�2� �0�4� �0�6� �O�8� �1�0� �1�2� �1�4� �1�6� �1�8� �2�.�0� 
�R�a�t�i�o� �s� �/�D�,� 

� � 

�F�i�g�u�r�e� �2�.�1�2� �B�e�a�r�i�n�g� �C�a�p�a�c�i�t�y� �C�o�e�f�f�i�c�i�e�n�t�,� �K�,� 
�(�A�f�t�e�r� �C�a�n�a�d�i�a�n� �G�e�o�t�e�c�h�n�i�c�a�l� �S�o�c�i�e�t�y�,� �1�9�8�5�)



�4�4� 

�f�i�l�l�e�d� �w�i�t�h� �s�o�i�l� �o�r� �r�o�c�k� �d�e�b�r�i�s�,� �a�n�d� �(�c�)� �D�g� �>� �1� �f�t�.� 

�F�o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �s�o�c�k�e�t�e�d� �i�n� �s�o�f�t� �r�o�c�k�,� �t�r�e�a�t� �t�h�e� 

�r�o�c�k� �a�s� �s�o�i�l� �a�n�d� �d�e�s�i�g�n� �t�h�e� �d�r�i�l�l�e�d� �s�h�a�f�t� �u�s�i�n�g� �t�h�e� 

�m�e�t�h�o�d�s� �d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�1�.�3�.�1� �i�f� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� 

�c�o�h�e�s�i�v�e� �o�r� �S�e�c�t�i�o�n� �2�.�1�.�3�.�2� �i�f� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� 

�c�o�h�e�s�i�o�n�l�e�s�s�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �c�a�n� �a�l�s�o� �b�e� �u�s�e�d� �t�o� 

�e�s�t�i�m�a�t�e� �t�h�e� �t�i�p� �r�e�s�i�s�t�a�n�c�e� �o�f� �d�r�i�v�e�n� �p�i�l�e�s� �b�e�a�r�i�n�g� �o�n� 

�r�o�c�k�;� �i�n� �t�h�i�s� �c�a�s�e�,� �H�g� �=� �0�.� 

�2�.�1�.�4� �B�e�a�r�i�n�g� �C�a�p�a�c�i�t�y� �o�f� �G�r�o�u�p�s� �o�f� �D�r�i�l�l�e�d� �S�h�a�f�t�s� 

�F�o�r� �g�r�o�u�p�s� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �c�o�h�e�s�i�v�e� �s�o�i�l�,� �t�h�e� �m�o�d�e� 

�o�f� �b�e�h�a�v�i�o�r� �d�e�p�e�n�d�s� �o�n� �w�h�e�t�h�e�r� �o�r� �n�o�t� �t�h�e� �c�a�p� �i�s� �i�n� �c�o�n�t�a�c�t� 

�w�i�t�h� �t�h�e� �g�r�o�u�n�d�.� �I�f� �t�h�e� �c�a�p� �i�s� �i�n� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �g�r�o�u�n�d�,� 

�g�r�o�u�p�s� �o�f� �s�h�a�f�t�s� �m�a�y� �f�a�i�l� �a�s� �a� �u�n�i�t� �c�o�n�s�i�s�t�i�n�g� �o�f� �t�h�e� �s�h�a�f�t�s� 

�t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �b�l�o�c�k� �o�f� �s�o�i�l� �c�o�n�t�a�i�n�e�d� �w�i�t�h�i�n� �t�h�e� �s�h�a�f�t�s�.� 

�T�h�e� �u�l�t�i�m�a�t�e� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �i�n� �t�h�i�s� �c�a�s�e� �s�h�o�u�l�d� �b�e� �t�a�k�e�n� 

�a�s� �t�h�e� �m�i�n�i�m�u�m� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� �v�a�l�u�e�s�:� 

�(�i�)� �t�h�e� �s�u�m� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �c�a�p�a�c�i�t�i�e�s� �o�f� �t�h�e� �d�r�i�l�l�e�d� 

�s�h�a�f�t�s�,� �o�r� 

�(�1�1�)� �t�h�e� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �f�o�r� �b�l�o�c�k� �f�a�i�l�u�r�e� �o�f� �t�h�e� �g�r�o�u�p�.� 

�F�o�r� �a� �g�r�o�u�p� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �o�f� �w�i�d�t�h� �X�,� �l�e�n�g�t�h� �Y� �a�n�d� 

�d�e�p�t�h� �Z�,� �t�h�e� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �f�o�r� �b�l�o�c�k� �f�a�i�l�u�r�e� �i�n� �c�o�h�e�s�i�v�e� 

�s�o�i�l�s� �i�s� �g�i�v�e�n� �b�y� �E�q�u�a�t�i�o�n� �2�-�1�3�.



�4�5� 

�I�f� �t�h�e� �c�a�p� �i�s� �n�o�t� �i�n� �f�i�r�m� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �g�r�o�u�n�d� �a�n�d� 

�t�h�e� �c�l�a�y� �i�s� �n�o�r�m�a�l�l�y� �c�o�n�s�o�l�i�d�a�t�e�d� �o�r� �s�l�i�g�h�t�l�y� 

�o�v�e�r�c�o�n�s�o�l�i�d�a�t�e�d� �o�r� �i�s� �s�e�n�s�i�t�i�v�e�,� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �c�a�p�a�c�i�t�y� �o�f� 

�t�h�e� �d�r�i�l�l�e�d� �s�h�a�f�t� �m�u�s�t� �b�e� �m�u�l�t�i�p�l�i�e�d� �b�y� �a�n� �e�f�f�i�c�i�e�n�c�y� 

�f�a�c�t�o�r�,� �n�,� �w�h�e�r�e� �n� �=� �0�.�7� �f�o�r� �a� �c�e�n�t�e�r�-�t�o�-�c�e�n�t�e�r� �s�p�a�c�i�n�g� �o�f� 

�3�D� �a�n�d� �7�»� �=� �1�.�0� �f�o�r� �a� �s�p�a�c�i�n�g� �o�f� �6�D� �(�R�e�e�s�e� �a�n�d� �O�/ ��N�e�i�l�l�,� 

�1�9�8�8�)�.� �T�h�e� �v�a�l�u�e� �o�f� �n� �m�a�y� �b�e� �l�i�n�e�a�r�l�y� �i�n�t�e�r�p�o�l�a�t�e�d� �f�o�r� 

�i�n�t�e�r�m�e�d�i�a�t�e� �s�p�a�c�i�n�g�s�.� �T�h�e� �g�r�o�u�p� �c�a�p�a�c�i�t�y� �i�s �� �t�h�e�n� 

�c�a�l�c�u�l�a�t�e�d� �a�s� �t�h�e� �m�i�n�i�m�u�m� �o�f�:� 

�(�i�)� �t�h�e� �s�u�m� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �c�a�p�a�c�i�t�i�e�s� �o�f� �t�h�e� �d�r�i�l�l�e�d� 

�s�h�a�f�t� �m�u�l�t�i�p�l�i�e�d� �b�y� �»�n� �o�r� 

�(�i�i�)� �t�h�e� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �f�o�r� �b�l�o�c�k� �f�a�i�l�u�r�e� �a�s� �d�e�s�c�r�i�b�e�d� 

�a�b�o�v�e�.� 

�I�f� �t�h�e� �c�a�p� �i�s� �n�o�t� �i�n� �f�i�r�m� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �g�r�o�u�n�d�,� �a�n�d� 

�t�h�e� �c�l�a�y� �i�s� �h�e�a�v�i�l�y� �o�v�e�r�c�o�n�s�o�l�i�d�a�t�e�d� �a�n�d� �i�n�s�e�n�s�i�t�i�v�e�,� �t�h�e�n� 

�t�h�e� �g�r�o�u�p� �c�a�p�a�c�i�t�y� �s�h�o�u�l�d� �b�e� �e�s�t�i�m�a�t�e�d� �i�n� �a� �s�i�m�i�l�a�r� �m�a�n�n�e�r� 

�a�s� �t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e� �c�a�p� �i�s� �i�n� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �g�r�o�u�n�d�.� 

�I�n�s�t�a�l�l�a�t�i�o�n� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �c�o�h�e�s�i�o�n�l�e�s�s� �s�o�i�l�s� 

�r�e�s�u�l�t�s� �i�n� �s�t�r�e�s�s� �r�e�l�i�e�f�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �d�e�n�s�i�t�y� �o�f� �t�h�e� 

�s�a�n�d� �m�a�y� �d�e�c�r�e�a�s�e� �d�u�r�i�n�g� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t�s�.� 

�T�h�e� �u�l�t�i�m�a�t�e� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �a� �g�r�o�u�p� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t�s� 

�i�n� �s�a�n�d� �i�s� �e�s�t�i�m�a�t�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �s�u�m� �o�f� �t�h�e� 

�c�a�p�a�c�i�t�i�e�s� �o�f� �a�l�l� �t�h�e� �s�h�a�f�t�s� �i�n� �t�h�e� �g�r�o�u�p� �b�y� �a� �_� �g�r�o�u�p� 

�e�f�f�i�c�i�e�n�c�y� �f�a�c�t�o�r�.� �T�h�e� �g�r�o�u�p� �e�f�f�i�c�i�e�n�c�y� �f�a�c�t�o�r�,� �d�e�f�i�n�e�d� �a�s� 

�t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �u�l�t�i�m�a�t�e� �l�o�a�d� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �g�r�o�u�p� �t�o� �t�h�e



�4�6� 

�s�u�m� �o�f� �t�h�e� �u�l�t�i�m�a�t�e� �c�a�p�a�c�i�t�i�e�s� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �s�h�a�f�t�s�,� �i�s� 

�0�.�7� �f�o�r� �a� �c�e�n�t�e�r�-�t�o�-�c�e�n�t�e�r� �s�p�a�c�i�n�g� �o�f� �t�h�r�e�e� �d�i�a�m�e�t�e�r�s� �a�n�d� 

�1�.�0� �f�o�r� �a� �s�p�a�c�i�n�g� �o�f� �s�i�x� �d�i�a�m�e�t�e�r�s� �(�R�e�e�s�e� �a�n�d� �O�/ ��N�e�i�l�l�,� 

�1�9�8�8�)�.� �T�h�e� �v�a�l�u�e� �o�f� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �f�a�c�t�o�r� �c�a�n� �b�e� 

�i�n�t�e�r�p�o�l�a�t�e�d� �f�o�r� �i�n�t�e�r�m�e�d�i�a�t�e� �s�p�a�c�i�n�g�s�.� �E�v�a�l�u�a�t�i�o�n� �o�f� �g�r�o�u�p� 

�c�a�p�a�c�i�t�y� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �c�o�h�e�s�i�o�n�l�e�s�s� �s�o�i�l� �i�s� �t�h�e� �s�a�m�e� 

�w�h�e�t�h�e�r� �t�h�e� �c�a�p� �i�s� �o�r� �i�s� �n�o�t� �i�n� �f�i�r�m� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� 

�g�r�o�u�n�d�.� 

�B�l�o�c�k� �f�a�i�l�u�r�e� �c�a�n� �a�l�s�o� �o�c�c�u�r� �w�h�e�n� �t�h�e� �b�a�s�e� �o�f� �a� �g�r�o�u�p� 

�o�f� �s�h�a�f�t�s� �o�v�e�r�l�i�e�s� �a� �l�a�y�e�r� �o�f� �s�o�i�l� �v�e�r�y� �m�u�c�h� �w�e�a�k�e�r� �t�h�a�n� �t�h�e� 

�l�a�y�e�r� �i�n� �w�h�i�c�h� �t�h�e�y� �t�e�r�m�i�n�a�t�e�.� �T�h�e� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� 

�b�a�s�e� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �p�i�e�r�,� �d�p� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�(�q�i� �-� �d�o�)�H� 
�d�p� �=� �d�o� �+�  � � � �� �=� �Q�l� �(�2�-�2�7�)� 

�1�0�X� 

�w�h�e�r�e� �q�o� �=� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �b�a�s�e� �i�f� �i�t� �w�e�r�e� �a�t� �t�h�e� �t�o�p� �o�f� 

�t�h�e� �l�o�w�e�r� �(�w�e�a�k�)� �s�o�i�l� 

�q�]� �=� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �b�a�s�e� �i�n� �t�h�e� �u�p�p�e�r� �s�o�i�l� �i�n� �t�h�e� 

�a�b�s�e�n�c�e� �o�f� �t�h�e� �s�o�f�t�e�r� �l�o�w�e�r� �s�o�i�l� 

�H� �=� �v�e�r�t�i�c�a�l� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �b�a�s�e� �o�f� �t�h�e� �s�h�a�f�t�s� �i�n� 

�t�h�e� �g�r�o�u�p� �t�o� �t�h�e� �t�o�p� �o�f� �t�h�e� �w�e�a�k� �l�a�y�e�r� 

�X� �=� �w�i�d�t�h� �(�l�e�a�s�t� �h�o�r�i�z�o�n�t�a�l� �d�i�m�e�n�s�i�o�n�)� �o�f� �g�r�o�u�p�.
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�2�.�2� �L�a�t�e�r�a�l� �L�o�a�d�i�n�g� 

�L�a�t�e�r�a�l� �l�o�a�d�s� �o�n� �d�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �a�r�i�s�e� �d�u�e� �t�o� �w�i�n�d�,� 

�e�a�r�t�h�q�u�a�k�e�,� �w�a�t�e�r� �p�r�e�s�s�u�r�e�s�,� �e�a�r�t�h� �p�r�e�s�s�u�r�e�s�,� �a�n�d� �l�i�v�e� 

�l�o�a�d�s�.� �D�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �m�u�s�t� �b�e� �d�e�s�i�g�n�e�d� �t�o� �w�i�t�h�s�t�a�n�d� �s�u�c�h� 

�f�o�r�c�e�s� �w�i�t�h�o�u�t� �f�a�i�l�i�n�g� �a�n�d� �w�i�t�h�o�u�t� �d�e�f�l�e�c�t�i�n�g� �e�x�c�e�s�s�i�v�e�l�y�.� 

�M�o�b�i�l�i�z�i�n�g� �t�h�e� �u�l�t�i�m�a�t�e� �l�a�t�e�r�a�l� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �s�o�i�l� 

�r�e�q�u�i�r�e�s� �s�u�c�h� �l�a�r�g�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �t�h�a�t� �t�h�i�s� �i�s� �n�o�t� �a� 

�r�e�a�l�i�s�t�i�c� �p�o�s�s�i�b�i�l�i�t�y�,� �a�n�d� �u�l�t�i�m�a�t�e� �s�o�i�l� �f�a�i�l�u�r�e� �d�o�e�s� �n�o�t� 

�u�s�u�a�l�l�y� �c�o�n�t�r�o�l� �t�h�e� �d�e�s�i�g�n�.� �O�f� �i�n�t�e�r�e�s�t� �t�o� �a� �d�e�s�i�g�n�e�r� �o�f� �a� 

�l�a�t�e�r�a�l�l�y� �l�o�a�d�e�d� �d�e�e�p� �f�o�u�n�d�a�t�i�o�n� �i�s� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� 

�p�i�l�e� �o�r� �p�i�e�r� �a�n�d� �t�h�e� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �i�n� �i�t�.� 

�E�s�t�i�m�a�t�i�n�g� �t�h�e�s�e� �q�u�a�n�t�i�t�i�e�s� �r�e�q�u�i�r�e�s� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� 

�i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �f�o�u�n�d�a�t�i�o�n� �a�n�d� �t�h�e� �s�u�r�r�o�u�n�d�i�n�g� �s�o�i�l�.� 

�2�.�2�.�1� �S�i�n�g�l�e� �P�i�l�e�s� �a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� 

�T�h�e� �b�e�h�a�v�i�o�r� �o�f� �s�i�n�g�l�e� �p�i�l�e�s� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �u�n�d�e�r� 

�l�a�t�e�r�a�l� �l�o�a�d�s� �c�a�n� �b�e� �a�n�a�l�y�z�e�d� �u�s�i�n�g� �(�a�)� �e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s�,� 

�(�b�)� �s�u�b�g�r�a�d�e� �r�e�a�c�t�i�o�n� �a�n�a�l�y�s�i�s�,� �a�n�d� �(�c�)� �p�-�y� �a�n�a�l�y�s�i�s�.� 

�E�l�a�s�t�i�c� �a�n�a�l�y�s�e�s� �a�n�d� �s�u�b�g�r�a�d�e� �r�e�a�c�t�i�o�n� �a�n�a�l�y�s�e�s� �a�p�p�r�o�x�i�m�a�t�e� 

�t�h�e� �s�o�i�l� �b�e�h�a�v�i�o�r� �a�s� �l�i�n�e�a�r�.� �S�i�n�c�e� �s�o�i�l� �b�e�h�a�v�i�o�r� �i�s� �s�e�l�d�o�m� 

�l�i�n�e�a�r� �e�s�p�e�c�i�a�l�l�y� �a�t� �h�i�g�h� �s�t�r�e�s�s� �l�e�v�e�l�s�,� �n�o�n�-�l�i�n�e�a�r� �p�-�y� 

�a�n�a�l�y�s�i�s� �w�i�l�l� �f�o�r�m� �t�h�e� �b�a�s�i�s� �o�f� �t�h�e� �t�h�e�o�r�y� �f�o�r� �l�a�t�e�r�a�l�l�y� 

�l�o�a�d�e�d� �d�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�.



�4�8� 

�2�.�2�.�1�.�1� �p�-�y� �A�n�a�l�y�s�i�s� 

�T�h�e� �p�-�y� �m�e�t�h�o�d�,� �d�e�v�i�s�e�d� �b�y� �M�c�C�l�e�l�l�a�n�d� �a�n�d� �F�o�c�h�t� �(�1�9�5�8�)�,� 

�a�p�p�e�a�r�s� �t�o� �b�e� �t�h�e� �m�o�s�t� �r�a�t�i�o�n�a�l� �p�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �d�e�s�i�g�n� �o�f� 

�d�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �u�n�d�e�r� �l�a�t�e�r�a�l� �l�o�a�d�i�n�g�.� �I�t� �w�a�s� �i�n�i�t�i�a�l�l�y� 

�d�e�v�e�l�o�p�e�d� �f�r�o�m� �f�u�l�l� �s�c�a�l�e� �l�o�a�d� �t�e�s�t�s� �d�a�t�a� �f�o�r� �d�e�s�i�g�n� �o�f� 

�o�f�f�s�h�o�r�e� �p�l�a�t�f�o�r�m�s�.� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �i�n�v�o�l�v�e�s� �s�o�l�v�i�n�g� �t�h�e� �b�e�a�m� �e�q�u�a�t�i�o�n� �f�o�r� �a� 

�l�a�t�e�r�a�l�l�y� �l�o�a�d�e�d� �p�i�l�e� �a�s� �f�o�l�l�o�w�s�:� 

�a�t�y� 
�E�p�I�p � �� �+� �E�s�y� �=� �0� �(�2�-�2�8�)� �p� �P�2�4� 

�w�h�e�r�e� �E�p�l�p� �=� �f�l�e�x�u�r�a�l� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �p�i�l�e� �(�F�L�?�)�,� �E�p� �a�n�d� �I�p� 

�a�r�e� �t�h�e� �Y�o�u�n�g ��s� �m�o�d�u�l�u�s� �(�F�L�7�2�)� �a�n�d� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �(�L�4�)� �o�f� 

�t�h�e� �p�i�l�e�,� �y� �=� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �p�i�l�e� �(�L�)�,� �z� �=� �d�e�p�t�h� �(�L�)�,� �E�s� 

�=� �-�p�/�y� �=� �s�u�b�g�r�a�d�e� �(�s�o�i�l�)� �m�o�d�u�l�u�s� �(�F�L�7�2�)�,� �a�n�d� �p� �=� �s�o�i�l� 

�r�e�a�c�t�i�o�n� �(�F�L�7�H�)�.� 

�T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �s�o�i�l� �m�o�d�u�l�u�s� �E�g� �v�a�r�i�e�s� �w�i�t�h� �t�h�e� 

�s�o�i�l� �d�i�s�p�l�a�c�e�m�e�n�t� �(�y�)� �d�u�e� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�y� �o�f� �t�h�e� �s�t�r�e�s�s�-� 

�s�t�r�a�i�n� �b�e�h�a�v�i�o�r� �o�f� �s�o�i�l�s�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �i�n�h�o�m�o�g�e�n�e�i�t�y� �o�f� 

�t�h�e� �s�o�i�l� �a�n�d� �b�e�c�a�u�s�e� �t�h�e� �s�o�i�l� �r�e�a�c�t�i�o�n� �v�a�r�i�e�s� �w�i�t�h� �d�e�p�t�h� �i�n� 

�a� �l�a�t�e�r�a�l�l�y� �l�o�a�d�e�d� �d�e�e�p� �f�o�u�n�d�a�t�i�o�n�,� �t�h�e� �s�o�i�l� �m�o�d�u�l�u�s� �i�s� �b�e�s�t� 

�d�e�s�c�r�i�b�e�d� �b�y� �a� �f�a�m�i�l�y� �o�f� �p�-�y� �c�u�r�v�e�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�1�3�.� 

�R�e�c�o�m�m�e�n�d�a�t�i�o�n�s� �f�o�r� �c�o�m�p�u�t�i�n�g� �p�-�y� �c�u�r�v�e�s� �f�o�r� �v�a�r�i�o�u�s� �s�o�i�l� 

�t�y�p�e�s� �a�n�d� �g�r�o�u�n�d�w�a�t�e�r� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �b�y� �R�e�e�s�e� �(�1�9�8�4�)�.
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�F�i�g�u�r�e� �2�.�1�3� �p�-�y� �C�u�r�v�e�s� �f�o�r� �A�n�a�l�y�s�i�s� �o�f� �P�i�l�e�s� �a�n�d� �D�r�i�l�l�e�d� 

�S�h�a�f�t�s� �U�n�d�e�r� �L�a�t�e�r�a�l� �L�o�a�d�i�n�g� �(�A�f�t�e�r� �R�e�e�s�e�,� 
�1�9�7�7�)



�2�0� 

�T�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �p�r�o�b�l�e�m� �o�f� �a� �l�a�t�e�r�a�l�l�y� �l�o�a�d�e�d� �p�i�l�e� 

�o�r� �d�r�i�l�l�e�d� �s�h�a�f�t� �r�e�q�u�i�r�e�s� �t�h�e� �u�s�e� �o�f� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m�s� �a�n�d� 

�i�n�v�o�l�v�e�s� �c�o�n�s�i�d�e�r�a�b�l�e� �e�n�g�i�n�e�e�r�i�n�g� �t�i�m�e�.� �H�o�w�e�v�e�r�,� �n�o�n�-�l�i�n�e�a�r� 

�a�n�a�l�y�s�i�s� �c�a�n� �b�e� �g�r�e�a�t�l�y� �s�i�m�p�l�i�f�i�e�d� �i�f� �g�e�n�e�r�a�l�i�z�e�d�,� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �f�o�r�m�s� �o�f� �p�-�y� �c�u�r�v�e�s� �c�a�p�a�b�l�e� �o�f� �r�e�p�r�e�s�e�n�t�i�n�g� �a� 

�w�i�d�e� �v�a�r�i�e�t�y� �o�f� �s�o�i�l� �t�y�p�e�s�,� �s�o�i�l� �s�t�r�e�n�g�t�h�s�,� �p�i�l�e� �s�i�z�e�s�,� �p�i�l�e� 

�s�t�i�f�f�n�e�s�s�e�s� �a�n�d� �d�i�f�f�e�r�e�n�t� �l�o�a�d�i�n�g� �c�o�n�d�i�t�i�o�n�s� �c�a�n� �b�e� �d�e�r�i�v�e�d�.� 

�T�h�i�s� �i�s� �p�o�s�s�i�b�l�e� �s�i�n�c�e� �o�n�l�y� �t�h�e� �s�o�i�l� �c�l�o�s�e� �t�o� �t�h�e� �g�r�o�u�n�d� 

�s�u�r�f�a�c�e� �i�s� �i�m�p�o�r�t�a�n�t� �w�i�t�h� �r�e�g�a�r�d� �t�o� �l�a�t�e�r�a�l� �l�o�a�d�s�.� �A� �n�o�n�-� 

�d�i�m�e�n�s�i�o�n�a�l� �t�e�c�h�n�i�q�u�e� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �b�y� �E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� 

�(�1�9�8�2�)�.� 

�2�.�2�.�1�.�2� �E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� �P�r�o�c�e�d�u�r�e� 

�T�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�e�s�,� �E�v�a�n�s� �a�n�d� 

�D�u�n�c�a�n� �(�1�9�8�2�)� �d�e�v�e�l�o�p�e�d� �a� �s�i�m�p�l�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �a�n�a�l�y�z�i�n�g� �t�h�e� 

�n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �l�a�t�e�r�a�l�l�y� �l�o�a�d�e�d� �p�i�l�e�s�,� �c�a�p�a�b�l�e� �o�f� 

�p�r�e�d�i�c�t�i�n�g� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n�s� �a�n�d� �b�e�n�d�i�n�g� �m�o�m�e�n�t�s� �a�s� �w�o�u�l�d� 

�a� �p�-�y� �a�n�a�l�y�s�i�s�.� �|� �I�t� �i�s� �b�a�s�e�d� �o�n� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �p�-�y� 

�a�n�a�l�y�s�e�s� �o�f� �b�o�t�h� �f�r�e�e�-�h�e�a�d� �a�n�d� �f�i�x�e�d�-�h�e�a�d� �p�i�l�e�s� �i�n� �c�o�h�e�s�i�v�e� 

�a�n�d� �c�o�h�e�s�i�o�n�l�e�s�s� �s�o�i�l�s�.� �T�h�e�i�r� �s�t�u�d�y� �r�e�s�u�l�t�e�d� �i�n� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �u�s�e�f�u�l� �d�i�m�e�n�s�i�o�n�l�e�s�s� �r�e�l�a�t�i�o�n�s�h�i�p�s�:� �(�1�)� �l�a�t�e�r�a�l� 

�l�o�a�d� �v�e�r�s�u�s� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n�,� �(�2�)� �m�o�m�e�n�t� �v�e�r�s�u�s� �l�a�t�e�r�a�l� 

�d�e�f�l�e�c�t�i�o�n�,� �a�n�d� �(�3�)� �l�a�t�e�r�a�l� �l�o�a�d� �v�e�r�s�u�s� �m�o�m�e�n�t�.� �U�s�i�n�g� �t�h�e�s�e� 

�c�h�a�r�t�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �p�r�e�d�i�c�t� �d�e�f�l�e�c�t�i�o�n�s� �a�n�d� �m�o�m�e�n�t�s� �i�n



�2�1� 

�l�a�t�e�r�a�l�l�y� �l�o�a�d�e�d� �p�i�l�e�s� �w�i�t�h�o�u�t� �t�h�e� �n�e�e�d� �f�o�r� �a� �c�o�m�p�u�t�e�r�.� 

�D�e�t�a�i�l�s� �o�f� �t�h�e� �p�r�o�c�e�d�u�r�e� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �i�n� �C�h�a�p�t�e�r� �3�.� 

�2�.�2�.�2� �G�r�o�u�p�s� �o�f� �P�i�l�e�s� �o�r� �D�r�i�l�l�e�d� �S�h�a�f�t�s� 

�D�r�i�l�l�e�d� �s�h�a�f�t�s� �m�a�y� �b�e� �u�s�e�d� �e�i�t�h�e�r� �i�n�d�i�v�i�d�u�a�l�l�y� �o�r� �i�n� 

�g�r�o�u�p�s�.� �P�i�l�e�s� �h�o�w�e�v�e�r�,� �a�r�e� �u�s�u�a�l�l�y� �d�r�i�v�e�n� �i�n� �g�r�o�u�p�s�.� 

�P�r�o�c�e�d�u�r�e�s� �f�o�r� �a�n�a�l�y�z�i�n�g� �g�r�o�u�p� �b�e�h�a�v�i�o�r� �o�f� �p�i�l�e�s� �(�o�r� �d�r�i�l�l�e�d� 

�s�h�a�f�t�s�)� �s�h�o�u�l�d� �i�d�e�a�l�l�y� �b�e� �c�a�p�a�b�l�e� �o�f� �e�s�t�i�m�a�t�i�n�g� �(�i�)� �g�r�o�u�p� 

�d�e�f�l�e�c�t�i�o�n�s�,� �(�i�i�)� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �a�m�o�n�g� �p�i�l�e�s� �o�r� �d�r�i�l�l�e�d� 

�s�h�a�f�t�s� �i�n� �t�h�e� �g�r�o�u�p�,� �a�n�d� �(�i�i�i�)� �t�h�e� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� 

�i�n�d�u�c�e�d� �i�n� �t�h�e� �g�r�o�u�p�.� �T�h�i�s� �s�e�c�t�i�o�n� �w�i�l�l� �r�e�v�i�e�w� �s�o�m�e� �o�f� �t�h�e� 

�t�e�c�h�n�i�q�u�e�s� �a�v�a�i�l�a�b�l�e� �f�o�r� �s�u�c�h� �a�n�a�l�y�s�i�s�.� 

�P�i�l�e� �g�r�o�u�p� �p�r�o�b�l�e�m�s� �c�a�n� �b�e� �d�i�v�i�d�e�d� �i�n�t�o� �t�w�o� �c�a�t�e�g�o�r�i�e�s�:� 

�(�1�)� �g�r�o�u�p�s� �o�f� �w�i�d�e�l�y� �s�p�a�c�e�d� �p�i�l�e�s� �a�n�d� �(�i�i�)� �g�r�o�u�p�s� �o�f� �c�l�o�s�e�l�y� 

�s�p�a�c�e�d� �p�i�l�e�s�.� �T�h�e� �f�i�r�s�t� �c�a�t�e�g�o�r�y� �c�o�n�s�i�s�t�s� �o�f� �p�i�l�e�s� �t�h�a�t� �a�r�e� 

�s�p�a�c�e�d� �f�a�r� �e�n�o�u�g�h� �a�p�a�r�t� �t�h�a�t� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �o�n�e� �p�i�l�e� �i�n� 

�t�h�e� �g�r�o�u�p� �w�i�l�l� �n�o�t� �a�f�f�e�c�t� �t�h�e� �o�t�h�e�r� �p�i�l�e�s�,� �a�n�d� �t�h�a�t� �t�h�e� 

�p�i�l�e�s� �i�n�t�e�r�a�c�t� �o�n�l�y� �t�h�r�o�u�g�h� �t�h�e� �p�i�l�e� �c�a�p�.� �I�t� �s�u�f�f�i�c�e�s� �t�o� 

�a�n�a�l�y�z�e� �t�h�i�s� �c�a�t�e�g�o�r�y� �o�f� �p�i�l�e� �g�r�o�u�p�s� �b�y� �d�i�s�t�r�i�b�u�t�i�n�g� �t�h�e� 

�l�a�t�e�r�a�l� �l�o�a�d�s� �e�q�u�a�l�l�y� �a�m�o�n�g� �a�l�l� �t�h�e� �p�i�l�e�s� �i�n� �t�h�e� �g�r�o�u�p�,� �a�n�d� 

�c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �a�n�y� �o�n�e� �p�i�l�e�.� �C�o�n�v�e�r�s�e�l�y�,� �i�n� 

�g�r�o�u�p�s� �o�f� �c�l�o�s�e�l�y� �s�p�a�c�e�d� �p�i�l�e�s�,� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �o�n�e� �p�i�l�e� �i�n� 

�a� �g�r�o�u�p� �w�i�l�l� �i�n�f�l�u�e�n�c�e� �t�h�e� �n�e�a�r�b�y� �p�i�l�e�s� �t�h�r�o�u�g�h� �t�h�e� �s�o�i�l� 

�b�e�t�w�e�e�n� �t�h�e�n�.� �T�h�i�s� �b�e�h�a�v�i�o�r� �i�s� �t�e�r�m�e�d� �p�i�l�e�-�s�o�i�l�-�p�i�l�e



�D�2� 

�i�n�t�e�r�a�c�t�i�o�n�.� �T�h�i�s� �c�a�t�e�g�o�r�y� �o�f� �p�i�l�e� �g�r�o�u�p�s� �w�i�l�l� �b�e� �s�t�u�d�i�e�d� 

�m�o�r�e� �c�l�o�s�e�l�y� �i�n� �C�h�a�p�t�e�r� �3�.� 

�2�.�2�.�2�.�1� �F�a�c�t�o�r�s� �T�h�a�t� �A�f�f�e�c�t� �G�r�o�u�p� �B�e�h�a�v�i�o�r� 

�F�a�c�t�o�r�s� �t�h�a�t� �a�f�f�e�c�t� �s�i�n�g�l�e� �p�i�l�e� �b�e�h�a�v�i�o�r� �s�u�c�h� �a�s� �p�i�l�e� 

�s�i�z�e�,� �p�i�l�e� �s�t�i�f�f�n�e�s�s� �a�n�d� �s�o�i�l� �s�t�r�e�n�g�t�h� �a�l�s�o� �a�f�f�e�c�t� �t�h�e� 

�b�e�h�a�v�i�o�r� �o�f� �p�i�l�e� �g�r�o�u�p�s�.� �P�i�l�e� �l�e�n�g�t�h� �i�s� �n�o�t� �a� �c�o�n�s�i�d�e�r�a�t�i�o�n� 

�h�e�r�e� �a�s� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �i�s� �l�i�m�i�t�e�d� �o�n�l�y� �t�o� �l�o�n�g� �p�i�l�e�s�,� �i�.�e�.� 

�p�i�l�e�s� �w�h�i�c�h� �w�o�u�l�d� �s�h�o�w� �l�i�t�t�l�e� �o�r� �n�o� �r�e�d�u�c�t�i�o�n� �i�n� �l�a�t�e�r�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t� �u�n�d�e�r� �t�h�e� �s�a�m�e� �l�a�t�e�r�a�l� �l�o�a�d� �i�f� �t�h�e� �p�i�l�e� 

�e�m�b�e�d�m�e�n�t� �w�a�s� �i�n�c�r�e�a�s�e�d�.� �H�o�w�e�v�e�r�,� �s�e�v�e�r�a�l� �i�m�p�o�r�t�a�n�t� 

�d�i�f�f�e�r�e�n�c�e�s� �e�x�i�s�t� �b�e�t�w�e�e�n� �s�i�n�g�l�e� �p�i�l�e� �b�e�h�a�v�i�o�r� �a�n�d� �t�h�e� 

�b�e�h�a�v�i�o�r� �o�f� �p�i�l�e� �g�r�o�u�p�s�.� �T�h�e�y� �i�n�c�l�u�d�e�:� �(�i�)� �p�i�l�e�-�s�o�i�l�-�p�i�l�e� 

�i�n�t�e�r�a�c�t�i�o�n�,� �(�i�i�)� �p�r�e�s�e�n�c�e� �o�f� �a� �p�i�l�e� �c�a�p�,� �(�i�i�i�)� �e�f�f�e�c�t� �o�f� 

�i�n�s�t�a�l�l�a�t�i�o�n� �o�n� �a�d�j�a�c�e�n�t� �p�i�l�e�s�,� �a�n�d� �(�i�v�)� �r�o�t�a�t�i�o�n�a�l� 

�r�e�s�t�r�a�i�n�t� �a�f�f�o�r�d�e�d� �b�y� �t�h�e� �p�i�l�e� �c�a�p� �(�B�r�o�w�n� �a�n�d� �R�e�e�s�e�,� �1�9�8�5�)�.� 

�(�1�)� �P�i�l�e�-�s�o�i�l�-�p�i�l�e� �I�n�t�e�r�a�c�t�i�o�n� 

�T�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �a�n�y� �p�i�l�e� �i�n� �a� �g�r�o�u�p� �c�a�u�s�e�s� �d�e�f�l�e�c�t�i�o�n� 

�o�f� �t�h�e� �s�u�r�r�o�u�n�d�i�n�g� �s�o�i�l� �a�n�d� �p�i�l�e�s�,� �t�h�u�s� �l�e�a�d�i�n�g� �t�o� �l�a�r�g�e�r� 

�d�e�f�l�e�c�t�i�o�n� �f�o�r� �t�h�e� �p�i�l�e� �g�r�o�u�p� �t�h�a�n� �f�o�r� �s�i�n�g�l�e� �p�i�l�e�s� 

�s�u�b�j�e�c�t�e�d� �t�o� �t�h�e� �s�a�m�e� �l�o�a�d� �p�e�r� �p�i�l�e�.� �P�i�l�e�-�s�o�i�l�-�p�i�l�e� 

�i�n�t�e�r�a�c�t�i�o�n� �i�s� �o�n�e� �o�f� �t�h�e� �m�o�s�t� �s�i�g�n�i�f�i�c�a�n�t� �d�i�f�f�e�r�e�n�c�e�s� �i�n� 

�t�h�e� �b�e�h�a�v�i�o�r� �o�f� �p�i�l�e� �g�r�o�u�p�s� �a�s� �c�o�m�p�a�r�e�d� �t�o� �s�i�n�g�l�e� �p�i�l�e�s�.



�5�3� 

�T�h�e�r�e�f�o�r�e�,� �r�e�l�i�a�b�l�e� �m�e�t�h�o�d�s� �o�f� �p�r�e�d�i�c�t�i�n�g� �p�i�l�e� �g�r�o�u�p� 

�b�e�h�a�v�i�o�r� �s�h�o�u�l�d� �a�c�c�o�u�n�t� �f�o�r� �t�h�i�s� �e�f�f�e�c�t�.� 

�(�i�i�)� �E�f�f�e�c�t� �o�f� �P�i�l�e� �C�a�p� 

�T�h�e� �p�r�e�s�e�n�c�e� �o�f� �a� �c�a�p� �c�o�n�n�e�c�t�i�o�n� �t�o� �a� �g�r�o�u�p� �o�f� �p�i�l�e�s� 

�c�a�n� �i�n�c�r�e�a�s�e� �t�h�e� �r�e�s�t�r�a�i�n�t� �o�f� �t�h�e� �p�i�l�e�s� �t�o� �l�a�t�e�r�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t� �p�r�o�v�i�d�e�d� �t�h�e� �s�o�i�l� �s�u�r�r�o�u�n�d�i�n�g� �t�h�e� �c�a�p� �r�e�m�a�i�n�s� 

�i�n� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �c�a�p� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �l�i�f�e� �o�f� �t�h�e� 

�s�t�r�u�c�t�u�r�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �e�f�f�e�c�t�s� �o�f� �s�e�t�t�l�e�m�e�n�t� �o�f� �t�h�e� �s�o�i�l� 

�a�r�o�u�n�d� �t�h�e� �p�i�l�e�s�,� �o�r� �s�c�o�u�r�,� �c�a�n� �c�a�u�s�e� �a� �l�o�s�s� �o�f� �c�a�p�-�s�o�i�l� 

�c�o�n�t�a�c�t�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �a�n�d� �t�h�e� �f�a�c�t� �t�h�a�t� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� 

�t�o� �m�o�d�e�l� �t�h�e� �b�e�h�a�v�i�o�r� �.�o�f� �a� �c�a�p� �u�n�d�e�r� �l�a�t�e�r�a�l� �l�o�a�d�,� �t�h�e� 

�r�e�s�i�s�t�a�n�c�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �c�a�p� �t�o� �l�a�t�e�r�a�l� �l�o�a�d�s� �i�s� 

�u�s�u�a�l�l�y� �n�e�g�l�e�c�t�e�d� �i�n� �p�r�a�c�t�i�c�e�.� 

�(�i�i�i�)� �E�f�f�e�c�t� �o�f� �I�n�s�t�a�l�l�a�t�i�o�n� �o�n� �A�d�j�a�c�e�n�t� �P�i�l�e�s� 

�D�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �c�a�n� �b�e� �i�n�s�t�a�l�l�e�d� �b�y� �m�e�a�n�s� �o�f� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �p�r�o�c�e�d�u�r�e�s�:� �(�a�)� �d�r�i�v�i�n�g� �(�e�g�.� �d�r�i�v�e�n� �p�i�l�e�s�)�,� �(�b�)� 

�b�o�r�i�n�g� �a�n�d� �c�a�s�t�i�n�g� �i�n� �s�i�t�u� �(�e�g�.� �d�r�i�l�l�e�d� �s�h�a�f�t�s�)�,� �(�c�)� �d�r�i�v�i�n�g� 

�a� �c�a�s�i�n�g� �a�n�d� �c�a�s�t�i�n�g� �i�n� �s�i�t�u� �(�e�g�s�.� �c�a�s�t�-�i�n�-�s�h�e�l�l� �p�i�l�e�s� �o�r� 

�f�i�l�l�e�d� �p�i�p�e� �p�i�l�e�s�)�,� �a�n�d� �(�d�a�d�)� �s�c�r�e�w�i�n�g� �(�e�g�.� �s�c�r�e�w� �p�i�l�e�s�)�.� 

�P�i�l�e� �i�n�s�t�a�l�l�a�t�i�o�n� �e�f�f�e�c�t�s� �a�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �q�u�a�n�t�i�f�y� �a�n�d� 

�m�o�d�e�l� �a�c�c�u�r�a�t�e�l�y�,� �a�n�d� �a�r�e� �u�s�u�a�l�l�y� �n�e�g�l�e�c�t�e�d�.� �I�n�s�t�a�l�l�a�t�i�o�n� 

�o�f� �d�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �c�a�n� �l�e�a�d� �t�o�:� �(�a�)� �a� �c�h�a�n�g�e� �i�n� �c�o�n�s�i�s�t�e�n�c�y
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�o�f� �t�h�e� �s�o�i�l� �a�n�d� �(�b�)� �a� �c�h�a�n�g�e� �i�n� �t�h�e� �s�t�a�t�e� �o�f� �s�t�r�e�s�s� �i�n� �t�h�e� 

�g�r�o�u�n�d�.� 

�I�n�s�t�a�l�l�a�t�i�o�n� �b�y� �d�r�i�v�i�n�g� �d�i�s�p�l�a�c�e�m�e�n�t� �p�i�l�e�s� �i�n� �l�o�o�s�e� 

�s�a�n�d�s� �c�a�u�s�e�s� �s�o�i�l� �d�e�n�s�i�f�i�c�a�t�i�o�n� �a�n�d� �p�o�s�s�i�b�l�y� �p�a�r�t�i�c�l�e� 

�c�r�u�s�h�i�n�g�.� �W�h�e�n� �p�i�l�e�s� �a�r�e� �d�r�i�v�e�n� �i�n� �g�r�o�u�p�s� �i�n� �l�o�o�s�e� 

�c�o�h�e�s�i�o�n�l�e�s�s� �s�o�i�l�s�,� �t�h�e� �s�o�i�l� �a�r�o�u�n�d� �t�h�e� �p�i�l�e�s� �b�e�c�o�m�e�s� �h�i�g�h�l�y� 

�c�o�m�p�a�c�t�e�d�,� �a�n�d� �t�h�i�s� �c�a�n� �l�e�a�d� �t�o� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �l�a�t�e�r�a�l� 

�r�e�s�i�s�t�a�n�c�e� �o�f� �t�h�e� �p�i�l�e�s�.� �D�r�i�v�i�n�g� �p�i�l�e�s� �i�n� �c�o�h�e�s�i�v�e� �s�o�i�l�s� 

�c�a�u�s�e�s� �r�e�m�o�l�d�i�n�g� �o�f� �t�h�e� �s�o�i�l� �a�n�d� �c�o�n�s�e�q�u�e�n�t�l�y�,� �a� �l�o�s�s� �i�n� 

�s�h�e�a�r� �s�t�r�e�n�g�t�h�.� �A�s� �c�o�n�s�o�l�i�d�a�t�i�o�n� �p�r�o�g�r�e�s�s�e�s�,� �p�o�r�e� �p�r�e�s�s�u�r�e�s� 

�d�i�s�s�i�p�a�t�e� �a�n�d� �t�h�e� �s�h�e�a�r� �s�t�r�e�n�g�t�h� �i�n�c�r�e�a�s�e�s�.� �T�h�e� �o�r�i�g�i�n�a�l� �i�n� 

�s�i�t�u� �s�h�e�a�r� �s�t�e�n�g�t�h� �m�a�y� �o�r� �m�a�y� �n�o�t� �b�e� �s�u�r�p�a�s�s�e�d� �d�e�p�e�n�d�i�n�g� �o�n� 

�t�h�e� �s�t�r�e�s�s� �h�i�s�t�o�r�y� �a�n�d� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �s�o�i�l�.� �P�o�r�e� 

�p�r�e�s�s�u�r�e�s� �d�i�s�s�i�p�a�t�e� �m�o�r�e� �s�l�o�w�l�y� �i�n� �p�i�l�e� �g�r�o�u�p�s� �t�h�a�n� �a�r�o�u�n�d� 

�s�i�n�g�l�e� �p�i�l�e�s� �(�O ��N�e�i�l�l�,� �1�9�8�3�)�.� 

�I�n�s�t�a�l�l�a�t�i�o�n� �b�y� �d�r�i�v�i�n�g� �c�a�u�s�e�s� �a� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �a� 

�v�o�l�u�m�e� �o�f� �s�o�i�l� �e�q�u�a�l� �t�o� �t�h�e� �v�o�l�u�m�e� �o�f� �t�h�e� �p�i�l�e�.� 

�D�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �s�o�i�l� �c�a�u�s�e�s� �a� �c�h�a�n�g�e� �i�n� �t�h�e� �m�a�g�n�i�t�u�d�e� 

�a�n�d� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �s�t�r�e�s�s�e�s�.� �I�f� �t�h�e� �p�i�l�e�s� �a�r�e� 

�s�p�a�c�e�d� �c�l�o�s�e� �t�o�g�e�t�h�e�r�,� �t�h�e�r�e� �w�o�u�l�d� �b�e� �a�n� �o�v�e�r�l�a�p� �o�f� �t�h�e� 

�z�o�n�e�s� �o�f� �s�t�r�e�s�s� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �s�o�i�l� �b�e�t�w�e�e�n� �t�h�e� �p�i�l�e�s�.� 

�W�h�e�r�e� �t�h�e� �p�i�l�e� �i�s� �i�n�s�t�a�l�l�e�d� �i�n� �a� �p�r�e�b�o�r�e�d� �h�o�l�e� �s�u�c�h� �a�s� 

�i�n� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �a� �b�o�r�e�d� �p�i�l�e�,� �s�t�r�e�s�s� �r�e�l�i�e�f� �o�c�c�u�r�s� �i�n� 

�t�h�e� �s�o�i�l�.� �M�o�r�e�o�v�e�r�,� �m�i�g�r�a�t�i�o�n� �o�f� �w�a�t�e�r� �f�r�o�m� �w�e�t� �c�o�n�c�r�e�t�e� 

�i�n�t�o� �t�h�e� �s�o�i�l� �c�a�n� �f�u�r�t�h�e�r� �s�o�f�t�e�n� �t�h�e� �s�o�i�l�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e
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�l�a�t�e�r�a�l� �r�e�s�i�s�t�a�n�c�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �s�h�e�a�r� �s�t�r�e�n�g�t�h� �o�f� �t�h�e� 

�g�r�o�u�n�d� �p�r�i�o�r� �t�o� �i�n�s�t�a�l�l�a�t�i�o�n� �m�a�y� �b�e� �l�e�s�s� �t�h�a�n� �t�h�e� �l�a�t�e�r�a�l� 

�r�e�s�i�s�t�a�n�c�e� �a�v�a�i�l�a�b�l�e� �t�o� �t�h�e� �b�o�r�e�d� �p�i�l�e�.� 

�T�h�e� �s�o�i�l� �s�t�r�e�n�g�t�h� �t�h�a�t� �g�o�v�e�r�n�s� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �p�i�l�e� 

�g�r�o�u�p�s� �u�n�d�e�r� �l�a�t�e�r�a�l� �l�o�a�d� �i�s� �t�h�a�t� �o�f� �t�h�e� �s�o�i�l� �a�f�t�e�r� 

�i�n�s�t�a�l�l�a�t�i�o�n�.� �a�n�d� �r�e�c�o�n�s�o�l�i�d�a�t�i�o�n�.� �P�r�e�s�e�n�t� �m�e�t�h�o�d�s� �o�f� 

�l�a�t�e�r�a�l� �l�o�a�d� �a�n�a�l�y�s�i�s� �o�f� �d�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �d�o� �n�o�t� �i�n�v�o�l�v�e� 

�a�d�j�u�s�t�m�e�n�t�s� �t�o� �a�c�c�o�u�n�t� �f�o�r� �i�n�s�t�a�l�l�a�t�i�o�n� �e�f�f�e�c�t�s� �b�e�c�a�u�s�e� 

�r�a�t�i�o�n�a�l� �a�s�s�e�s�s�m�e�n�t� �o�f� �i�n�s�t�a�l�l�a�t�i�o�n� �e�f�f�e�c�t�s� �w�o�u�l�d� �r�e�q�u�i�r�e� 

�b�e�t�t�e�r� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �s�o�i�l� �b�e�h�a�v�i�o�r� �t�h�a�n� �i�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� 

�o�f� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�e�-�o�f�-�t�h�e�-�a�r�t�.� �T�h�e� �e�f�f�e�c�t�s� �o�f� 

�i�n�s�t�a�l�l�a�t�i�o�n� �c�a�n� �a�t� �b�e�s�t� �b�e� �t�r�e�a�t�e�d� �o�n�l�y� �q�u�a�l�i�t�a�t�i�v�e�l�y�.� �A� 

�b�e�t�t�e�r� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �i�n�s�t�a�l�l�a�t�i�o�n� �e�f�f�e�c�t�s� �c�o�u�l�d� �h�e�l�p� �p�a�v�e� 

�t�h�e� �w�a�y� �f�o�r� �t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �m�o�r�e� �r�e�l�i�a�b�l�e� �m�e�t�h�o�d�s� �o�f� 

�p�r�e�d�i�c�t�i�n�g� �g�r�o�u�p� �b�e�h�a�v�i�o�r� �o�f� �d�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �u�n�d�e�r� �l�a�t�e�r�a�l� 

�l�o�a�d�s�.� 

�(�i�v�)� �E�f�f�e�c�t� �o�f� �R�o�t�a�t�i�o�n�a�l� �R�e�s�t�r�a�i�n�t� �a�t� �t�h�e� �P�i�l�e� �C�a�p� 

�P�i�l�e�s� �t�h�a�t� �a�r�e� �e�m�b�e�d�d�e�d� �i�n� �r�e�i�n�f�o�r�c�e�d� �c�o�n�c�r�e�t�e� �p�i�l�e� 

�c�a�p�s� �a�r�e� �e�f�f�e�c�t�i�v�e�l�y� �r�e�s�t�r�a�i�n�e�d� �f�r�o�m� �r�o�t�a�t�i�o�n� �a�t� �t�h�e� �t�o�p�,� 

�a�n�d� �t�h�e�y� �t�h�u�s� �d�e�f�l�e�c�t� �l�a�t�e�r�a�l�l�y� �w�i�t�h� �n�e�g�l�i�g�i�b�l�e� �r�o�t�a�t�i�o�n� �a�t� 

�t�h�e� �t�o�p� �o�f� �t�h�e� �p�i�l�e�.� �I�t� �i�s� �c�o�n�v�e�n�i�e�n�t� �i�n� �a�n�a�l�y�t�i�c�a�l� 

�t�e�c�h�n�i�q�u�e�s� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �p�i�l�e�-�t�o�-�p�i�l�e� �c�a�p� �c�o�n�n�e�c�t�i�o�n� �a�s� 

�f�i�x�e�d�,� �p�i�n�n�e�d� �o�r� �f�r�e�e�.� �B�r�o�w�n� �a�n�d� �R�e�e�s�e� �(�1�9�8�5�)� �a�r�g�u�e�d� �t�h�a�t� 

�t�h�e�s�e� �a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �n�o�t� �s�t�r�i�c�t�l�y� �c�o�r�r�e�c�t�.� �H�o�w�e�v�e�r�,� �t�h�e
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�d�e�g�r�e�e� �o�f� �r�o�t�a�t�i�o�n�a�l� �r�e�s�t�r�a�i�n�t� �a�f�f�o�r�d�e�d� �b�y� �t�y�p�i�c�a�l� �p�i�l�e� �c�a�p�s� 

�i�s� �s�u�f�f�i�c�i�e�n�t�l�y� �c�l�o�s�e� �t�o� �t�h�e� �f�i�x�e�d�-�h�e�a�d� �c�a�s�e� �s�o� �t�h�a�t� �t�h�a�t� 

�c�o�n�d�i�t�i�o�n� �a�f�f�o�r�d�s� �a�n� �a�c�c�u�r�a�t�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �a�c�c�u�r�a�t�e� �e�n�o�u�g�h� 

�f�o�r� �p�r�a�c�t�i�c�a�l� �p�u�r�p�o�s�e�s�.� 

�2�.�2�.�2�.�2� �M�e�t�h�o�d�s� �o�f� �P�r�e�d�i�c�t�i�n�g� �L�a�t�e�r�a�l� �B�e�h�a�v�i�o�r� �o�f� �G�r�o�u�p�s� �o�f� 

�P�i�l�e�s� �a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� 

�T�h�e� �l�a�t�e�r�a�l� �b�e�h�a�v�i�o�r� �o�f� �p�i�l�e� �g�r�o�u�p�s� �c�a�n� �b�e� �p�r�e�d�i�c�t�e�d� 

�t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �t�e�c�h�n�i�q�u�e�s� �(�s�u�c�h� �a�s� �m�o�d�e�l� 

�t�e�s�t�s� �o�r� �f�u�l�l� �s�c�a�l�e� �l�o�a�d� �t�e�s�t�s�)� �o�r� �a�n�a�l�y�t�i�c�a�l� �m�e�t�h�o�d�s�.� 

�A�l�t�h�o�u�g�h� �m�o�d�e�l� �t�e�s�t�s� �a�r�e� �i�n�e�x�p�e�n�s�i�v�e� �t�o� �r�u�n�,�.� �t�h�e�y� �a�r�e� 

�i�n�c�a�p�a�b�l�e� �o�f� �r�e�p�r�e�s�e�n�t�i�n�g� �c�o�r�r�e�c�t�l�y� �t�h�e� �s�o�i�l� �s�t�r�e�s�s�e�s� �i�n� �t�h�e� 

�p�r�o�t�o�t�y�p�e�.� �K�u�l�k�a�r�n�i� �e�t� �a�l�.� �(�1�9�8�5�)� �h�a�v�e� �o�v�e�r�c�o�m�e� �t�h�i�s� 

�p�a�r�t�i�c�u�l�a�r� �d�i�f�f�i�c�u�l�t�y� �b�y� �c�a�r�r�y�i�n�g� �o�u�t� �c�e�n�t�r�i�f�u�g�a�l� �m�o�d�e�l�l�i�n�g� 

�o�f� �p�i�l�e� �g�r�o�u�p�s� �u�n�d�e�r� �l�a�t�e�r�a�l� �l�o�a�d�.� �F�u�l�l� �s�c�a�l�e� �l�o�a�d� �t�e�s�t�s�,� 

�o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �a�r�e� �e�x�t�r�e�m�e�l�y� �e�x�p�e�n�s�i�v�e�.� 

�I�n� �g�e�n�e�r�a�l�,� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�s� �a�v�a�i�l�a�b�l�e� �f�o�r� �p�r�e�d�i�c�t�i�n�g� 

�l�a�t�e�r�a�l� �b�e�h�a�v�i�o�r� �o�f� �p�i�l�e� �g�r�o�u�p�s� �c�a�n� �b�e� �d�i�v�i�d�e�d� �i�n�t�o� �f�i�v�e� 

�c�a�t�e�g�o�r�i�e�s� �(�O ��N�e�i�l�l�,� �1�9�8�3�)�:� 

�1�.� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� 

�2�.� �c�o�n�t�i�n�u�u�m� �m�o�d�e�l� 

�3�.� �m�o�d�i�f�i�e�d� �c�o�n�t�i�n�u�u�m� �m�o�d�e�l� 

�4�.� �m�o�d�i�f�i�e�d� �u�n�i�t� �l�o�a�d� �t�r�a�n�s�f�e�r� �a�n�d



�o�7� 

�5�.� �h�y�b�r�i�d� �m�o�d�e�l�.� 

�(�i�)� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�t�h�o�d� 

�W�i�t�h� �t�h�e� �p�r�e�s�e�n�t� �p�a�c�e� �o�f� �a�d�v�a�n�c�e�m�e�n�t� �i�n� �c�o�m�p�u�t�e�r� 

�h�a�r�d�w�a�r�e� �t�e�c�h�n�o�l�o�g�y�,� �3�-�D� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �o�f� �p�i�l�e� 

�g�r�o�u�p�s� �m�a�y� �p�r�o�v�e� �t�o� �b�e� �a� �p�r�o�m�i�s�i�n�g� �t�o�o�l� �i�n� �a�n�a�l�y�z�i�n�g� 

�l�a�t�e�r�a�l�l�y� �l�o�a�d�e�d� �p�i�l�e� �g�r�o�u�p�s�,� �e�s�p�e�c�i�a�l�l�y� �i�n� �h�i�g�h�l�y� 

�s�t�r�a�t�i�f�i�e�d� �s�o�i�l�s�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�s� 

�c�a�p�a�b�l�e� �o�f� �a�c�c�o�u�n�t�i�n�g� �f�o�r� �t�h�e� �p�r�e�s�e�n�c�e� �a�n�d� �s�t�i�f�f�n�e�s�s�e�s� �o�f� 

�t�h�e� �p�i�l�e�s� �a�n�d� �t�h�e� �s�o�i�l� �c�o�r�r�e�c�t�l�y�.� �H�o�w�e�v�e�r�,� �d�i�s�a�d�v�a�n�t�a�g�e�s� �o�f� 

�3�-�D� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �i�n�c�l�u�d�e�:� �(�i�)� �t�h�e� �p�r�o�b�l�e�m� �i�s� 

�c�o�m�p�l�e�x�,� �(�i�i�)� �h�i�g�h� �q�u�a�l�i�t�y� �a�n�d� �e�x�t�e�n�s�i�v�e� �s�o�i�l� �t�e�s�t� �d�a�t�a� �i�s� 

�r�e�q�u�i�r�e�d� �t�o� �f�u�l�l�y� �d�e�s�c�r�i�b�e� �t�h�e� �s�o�i�l� �b�e�h�a�v�i�o�r�,� �a�n�d� �(�i�i�i�)� �i�t� 

�i�s� �n�o�t� �a�b�l�e� �t�o� �m�o�d�e�l� �i�n�s�t�a�l�l�a�t�i�o�n� �e�f�f�e�c�t�s�.� 

�(�i�i�)� �C�o�n�t�i�n�u�u�m� �M�o�d�e�l� 

�T�h�e� �c�o�n�t�i�n�u�u�m� �m�o�d�e�l� �i�n�c�l�u�d�e�s� �t�h�e� �a�p�p�r�o�a�c�h� �o�f� �P�o�u�l�o�s� 

�(�1�9�7�1�)�,� �w�h�i�c�h� �a�s�s�u�m�e�s� �t�h�e� �s�o�i�l� �t�o� �b�e� �e�l�a�s�t�i�c�.� �P�o�u�l�o�s� �u�s�e�d� 

�M�i�n�d�l�i�n ��s� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �e�l�a�s�t�i�c�i�t�y� �e�q�u�a�t�i�o�n�s� �t�o� �s�o�l�v�e� 

�f�o�r� �s�t�r�e�s�s�e�s� �a�n�d� �d�i�s�p�l�a�c�e�m�e�n�t�s� �d�u�e� �t�o� �h�o�r�i�z�o�n�t�a�l� �p�o�i�n�t� �l�o�a�d�s� 

�a�p�p�l�i�e�d� �i�n� �a�n� �e�l�a�s�t�i�c� �h�a�l�f� �s�p�a�c�e�.� �T�h�e� �s�o�l�u�t�i�o�n� �c�a�n� �b�e� �u�s�e�d� 

�t�o� �e�v�a�l�u�a�t�e� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �o�n�e� �p�i�l�e� �o�n� �o�t�h�e�r� �p�i�l�e�s� �i�n� �t�h�e� 

�g�r�o�u�p� �t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �e�l�a�s�t�i�c� �i�n�f�l�u�e�n�c�e� �f�a�c�t�o�r�s�.



�5�8� 

�P�o�u�l�o�s �� �(�1�9�7�1�)� �p�r�o�c�e�d�u�r�e� �c�a�n� �b�e� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� 

�e�l�a�s�t�i�c� �g�r�o�u�n�d�l�i�n�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� �p�i�l�e� �w�i�t�h�i�n� �a� �g�r�o�u�p� �a�s� 

�f�o�l�l�o�w�s�:� 

 �� �|�N�p�i�l�e� 
�P�k� �=� �p�F�|� �2� �(�P�i�j�a�p�F�k�j�)� �+� �P�k�'�]� �(�2�-�2�9�)� 

�j�a�k� 

�w�h�e�r�e� �p�p�,� �=� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n� �o�f� �p�i�l�e� �k� �(�L�)� 

�p�r� �=� �u�n�i�t� �e�l�a�s�t�i�c� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �a� �s�i�n�g�l�e� �p�i�l�e� �u�n�d�e�r� 

�u�n�i�t� �h�o�r�i�z�o�n�t�a�l� �l�o�a�d� �(�L�F�7�+�)� 

�=� �I�,�F�/�E�s�2� 

�I�p�r� �=� �i�n�f�l�u�e�n�c�e� �f�a�c�t�o�r� �(�F�i�g�.� �2�.�1�4�)� 

�E�s� �=� �Y�o�u�n�g ��s� �m�o�d�u�l�u�s� �o�f� �s�o�i�l� �(�F�L�7�2�)� 

�Z� �=� �l�e�n�g�t�h� �o�f� �t�h�e� �p�i�l�e� �(�L�)�.� 

�N�p�i�l�e� �=� �n�u�m�b�e�r� �o�f� �p�i�l�e�s� �i�n� �t�h�e� �g�r�o�u�p� 

�P�j� �=� �l�a�t�e�r�a�l� �l�o�a�d� �o�n� �p�i�l�e� �j� �(�F�)� 

�@�o�F�k�j�i� �=� �e�l�a�s�t�i�c� �i�n�t�e�r�a�c�t�i�o�n� �f�a�c�t�o�r� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� 

�i�n�f�l�u�e�n�c�e� �o�f� �p�i�l�e� �j� �o�n� �p�i�l�e� �k�,� �b�a�s�e�d� �o�n� �t�h�e� 

�s�p�a�c�i�n�g� �b�e�t�w�e�e�n� �p�i�l�e�s� �j� �a�n�d� �k� �a�n�d� �t�h�e� �a�n�g�l�e� �@� 

�6� �=� �a�n�g�l�e� �b�e�t�w�e�e�n� �d�i�r�e�c�t�i�o�n� �o�f� �l�o�a�d�i�n�g� �a�n�d� �t�h�e� �l�i�n�e� 

�j�o�i�n�i�n�g� �t�h�e� �c�e�n�t�e�r�s� �o�f� �p�i�l�e�s� �j� �a�n�d� �k�,� �a�n�d� 

�P�y� �=� �l�a�t�e�r�a�l� �l�o�a�d� �o�n� �p�i�l�e� �k� �(�F�)� 

�T�h�e� �i�n�t�e�r�a�c�t�i�o�n� �f�a�c�t�o�r�,� �a�p�r�e�K�j�,� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�F�i�g�.� �2�.�1�5� �f�o�r� �f�i�x�e�d�-�h�e�a�d� �p�i�l�e�s�.� �a�,�r�x�}� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� 

�s�p�a�c�i�n�g� �t�o� �d�i�a�m�e�t�e�r� �r�a�t�i�o� �(�s�/�D�)�,� �@� �a�n�d� �K�p�,� �w�h�e�r�e� �s� �=� �c�e�n�t�e�r�-
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�K�e� 

�F�i�g�u�r�e� �2�.�1�4� �I�n�f�l�u�e�n�c�e� �F�a�c�t�o�r� �I�,�p� �-� �F�i�x�e�d�-�H�e�a�d� �F�l�o�a�t�i�n�g� 
�P�i�l�e�,� �C�o�n�s�t�a�n�t� �s�o�i�l� �M�o�d�u�l�u�s� �(�A�f�t�e�r� �P�o�u�l�o�s� �a�n�d� 
�D�a�v�i�s�,� �1�9�8�0�)
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�a�e� �|� �|� �K�e� �=� �1�0�7�°� �|�|� �-� �\� �V�a�l�u�e�s� �o�f� �2�/�D� 

�\� �S�t�o� 
�o�s� �e�T� �3� �o�N� 

�S�A�N�S� 
�0�.�4� �N�X� �~� �~�<� �\� �N�R�L� 
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�s�/�D� � � 
�@�o�p� �f�o�r� �K�p� �=� �1�0�°�.� 
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� � � � 
� � 

� � 
�V�a�l�u�e�s� �o�f� �Z�/�D� �y�,� �2�0�5� 

�G�8� �A� 
�a�u� �§� �=� �(�0�°� 

�\�  � ��7� �=� �9�0�°� 
�a�7�  ��\�,� �N� � � 

� � � � � � �a�6�  �� 
�N�I�S�S�A�N�,�  �� 

�0�.�5� �N�o� �R�S� �S�N� 
�S�s�  ��y� �h�y� 

 ��J�a�y�s� �N�A� 
�a�e�  � �� �=� 

� � � � � � 
� � 

� � 

� � 

� � 

�0�.�1� � � � � � � � � � � � � � � � � � � � � � � 
� � 

�8�/�D� �Q�a�z�2� �4�1�5� �a�1� �0�0�5� �Q� �.� 

�D�/�s� �D�/�s� 

�a�o�e� �f�o�r� �K�p� �#�1�0�"�.� �a�g�p� �f�o�r� �K�p� �=� �1�0�.� 

�F�i�g�u�r�e� �2�.�1�5� �I�n�t�e�r�a�c�t�i�o�n� �F�a�c�t�o�r�s�,� �a�,�r� �f�o�r� �F�i�x�e�d�-�H�e�a�d� �P�i�l�e�s� 
�o�r� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �(�A�f�t�e�r� �P�o�u�l�o�s� �a�n�d� �D�a�v�i�s�,� 
�1�9�8�0�)



�6�1� 

�t�o�-�c�e�n�t�e�r� �p�i�l�e� �s�p�a�c�i�n�g�,� �D� �=� �p�i�l�e� �w�i�d�t�h� �o�r� �d�i�a�m�e�t�e�r� �a�n�d� �K�p� �i�s� 

�t�h�e� �p�i�l�e� �f�l�e�x�i�b�i�l�i�t�y� �f�a�c�t�o�r� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�_� �F�p�l�p� 
�E�5�2�4� 
� � �K�r� �(�2�-�3�0�)� 

�w�h�e�r�e� �E�p� �=� �Y�o�u�n�g ��s� �m�o�d�u�l�u�s� �o�f� �p�i�l�e� �(�F�L!"�)� �a�n�d� �I�p� �=� �m�o�m�e�n�t� �o�f� 

�i�n�e�r�t�i�a� �o�f� �p�i�l�e� �(�L�4�)�.� 

�I�f� �t�h�e� �p�i�l�e�s� �a�r�e� �c�o�n�n�e�c�t�e�d� �b�y� �a� �c�a�p�,� �t�h�e�n� �t�h�e� �p�i�l�e�s� 

�w�i�l�l� �a�l�l� �d�e�f�l�e�c�t� �e�q�u�a�l�l�y�.� �E�q�u�a�t�i�o�n� �2�-�2�9� �y�i�e�l�d�s� �a� �s�e�t� �o�f� 

�N�p�i�l�e� �e�q�u�a�t�i�o�n�s� �b�u�t� �t�h�e�r�e� �a�r�e� �a� �t�o�t�a�l� �o�f� �(�N�p�i�l�e� �+� �1�)� 

�u�n�k�n�o�w�n�s�;� �N�p�i�l�e� �u�n�k�n�o�w�n� �v�a�l�u�e�s� �o�f� �r�e�a�c�t�i�o�n� �i�n� �e�a�c�h� �p�i�l�e�,� �a�n�d� 

�o�n�e� �u�n�k�n�o�w�n� �v�a�l�u�e� �o�f� �g�r�o�u�p� �d�e�f�l�e�c�t�i�o�n�,� �Y�g� �=� �6�1� �=� �p�2� �=� �«�+�+�+� 

�P�N�p�i�l�e�-� �T�h�e� �r�e�m�a�i�n�i�n�g� �e�q�u�a�t�i�o�n� �n�e�e�d�e�d� �i�n� �o�r�d�e�r� �t�o� �s�o�l�v�e� �f�o�r� 

�t�h�e� �s�e�t� �o�f� �(�N�p�n�i�l�e� �+� �1�)� �u�n�k�n�o�w�n�s� �i�s� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t� �t�h�a�t� �t�h�e� 

�s�u�m� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �p�i�l�e� �l�o�a�d�s� �m�u�s�t� �e�q�u�a�l� �t�h�e� �l�o�a�d� �o�n� �t�h�e� 

�g�r�o�u�p�,� �P�g�,� �i�.�e�.� 

�N�p�i�l�e� 
�P�s� �P�j� �=� �P�g� �(�2�-�3�1�)� 
�j�=�1� 

�S�h�o�r�t�c�o�m�i�n�g�s� �o�f� �P�o�u�l�o�s �� �e�l�a�s�t�i�c� �p�r�o�c�e�d�u�r�e� �i�n�c�l�u�d�e�:� �(�i�)� 

�r�e�a�l� �s�o�i�l�s� �d�o� �n�o�t� �b�e�h�a�v�e� �e�l�a�s�t�i�c�a�l�l�y�,� �a�n�d� �(�i�i�)� �t�h�e� �m�e�t�h�o�d� 

�c�a�n�n�o�t� �a�c�c�o�u�n�t� �f�o�r� �m�o�r�e� �t�h�a�n� �o�n�e� �s�o�i�l� �t�y�p�e�.
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�(�i�i�i�)� �M�o�d�i�f�i�e�d� �C�o�n�t�i�n�u�u�m� �A�p�p�r�o�a�c�h� 

�B�e�l�o�n�g�i�n�g� �t�o� �t�h�i�s� �c�a�t�e�g�o�r�y� �o�f� �a�n�a�l�y�s�i�s� �i�s� �t�h�e� �W�i�n�k�l�e�r� 

�m�o�d�e�l� �f�o�r� �p�i�l�e� �g�r�o�u�p�s�,� �i�n�t�r�o�d�u�c�e�d� �b�y� �N�o�g�a�m�i� �(�1�9�8�0�,� �1�9�8�3�)�.� 

�T�h�e� �s�o�i�l� �i�s� �m�o�d�e�l�l�e�d� �b�y� �a� �n�e�t�w�o�r�k� �o�f� �s�p�r�i�n�g�s�,� �t�h�e�r�e�b�y� 

�a�l�l�o�w�i�n�g� �p�i�l�e�-�s�o�i�l�-�p�i�l�e� �i�n�t�e�r�a�c�t�i�o�n� �[�N�o�g�a�m�i� �a�n�d� �C�h�e�n� �(�1�9�8�4�)� 

�a�n�d� �R�a�n�d�o�l�p�h� �a�n�d� �W�r�o�t�h� �(�1�9�7�9�)�]�.� �T�h�e� �W�i�n�k�l�e�r� �m�o�d�e�l� �f�o�r� �a� 

�p�i�l�e� �g�r�o�u�p� �h�o�w�e�v�e�r�,� �a�l�l�o�w�s� �s�o�i�l� �r�e�s�p�o�n�s�e� �o�n�l�y� �i�n� �t�h�e� 

�h�o�r�i�z�o�n�t�a�l� �d�i�r�e�c�t�i�o�n�,� �a�n�d� �i�g�n�o�r�e�s� �t�h�e� �i�n�t�e�r�c�o�n�n�e�c�t�i�o�n� �a�m�o�n�g� 

�e�l�e�m�e�n�t�s� �i�n� �t�h�e� �v�e�r�t�i�c�a�l� �d�i�r�e�c�t�i�o�n� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �s�o�i�l� �m�a�s�s� 

�(�P�o�u�l�o�s� �a�n�d� �D�a�v�i�s�,� �1�9�8�0�)�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �m�e�t�h�o�d� �i�s� 

�a�d�v�a�n�t�a�g�e�o�u�s� �b�e�c�a�u�s�e� �o�f� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�i�m�p�l�i�c�i�t�y� �a�n�d� �t�h�e� 

�e�a�s�e� �o�f� �a�c�c�o�u�n�t�i�n�g� �f�o�r� �s�e�v�e�r�a�l� �s�o�i�l� �t�y�p�e�s�.� 

�(�i�v�)� �M�o�d�i�f�i�e�d� �U�n�i�t� �L�o�a�d� �T�r�a�n�s�f�e�r� 

�T�h�i�s� �m�e�t�h�o�d� �i�n�v�o�l�v�e�s� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �p�-�y� �(�u�n�i�t� �l�o�a�d� 

�t�r�a�n�s�f�e�r�)� �c�u�r�v�e�s� �f�o�r� �a� �g�r�o�u�p� �o�f� �p�i�l�e�s� �c�o�n�s�i�d�e�r�e�d� �a�s� �a� �s�i�n�g�l�e� 

�p�i�l�e�.� �T�h�e� �m�o�d�i�f�i�e�d� �s�i�n�g�l�e� �p�i�l�e�,� �w�h�o�s�e� �d�i�a�m�e�t�e�r� �i�s� �e�q�u�a�l� �t�o� 

�t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �g�r�o�u�p�,� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �p�i�l�e�s� �i�n� �t�h�e� �g�r�o�u�p� 

�a�n�d� �t�h�e� �s�o�i�l� �i�n� �b�e�t�w�e�e�n� �t�h�e� �p�i�l�e�s�.� �B�o�g�a�r�d� �a�n�d� �M�a�t�l�o�c�k� 

�(�1�9�8�3�)� �u�s�e�d� �t�h�i�s� �p�r�o�c�e�d�u�r�e� �o�n� �a� �c�i�r�c�u�l�a�r� �g�r�o�u�p� �o�f� �p�i�l�e�s� 

�a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �l�a�t�e�r�a�l� �r�e�s�i�s�t�a�n�c�e� �i�s� �e�q�u�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� 

�a�m�o�n�g� �a�l�l� �p�i�l�e�s� �i�n� �t�h�e� �g�r�o�u�p�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �m�o�r�e� �d�i�f�f�i�c�u�l�t� 

�t�o� �a�p�p�l�y� �t�o� �n�o�n�-�c�i�r�c�u�l�a�r� �g�r�o�u�p�s� �o�f� �p�i�l�e�s�.
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�(�v�)� �H�y�b�r�i�d� �M�o�d�e�l� 

�P�r�o�p�o�s�e�d� �b�y� �F�o�c�h�t� �a�n�d� �K�o�c�h� �(�1�9�7�3�)�,� �t�h�e� �h�y�b�r�i�d� �m�o�d�e�l� 

�c�o�m�b�i�n�e�s� �t�h�e� �u�s�e� �o�f� �P�o�u�l�o�s �� �e�l�a�s�t�i�c� �i�n�t�e�r�a�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� 

�a�n�d� �n�o�n�-�l�i�n�e�a�r� �p�-�y� �a�n�a�l�y�s�i�s� �t�o� �p�r�e�d�i�c�t� �p�i�l�e� �g�r�o�u�p� �b�e�h�a�v�i�o�r�.� 

�T�h�e�y� �a�s�s�u�m�e�d� �t�h�a�t� �n�o�n�-�l�i�n�e�a�r� �s�o�i�l� �b�e�h�a�v�i�o�r� �o�c�c�u�r�s� �o�n�l�y� �c�l�o�s�e� 

�t�o� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �p�i�l�e�s�,� �a�n�d� �t�h�a�t� �p�i�l�e�-�s�o�i�l�-�p�i�l�e� �i�n�t�e�r�a�c�t�i�o�n� 

�i�s� �l�i�n�e�a�r� �a�n�d� �c�a�n� �b�e� �p�r�e�d�i�c�t�e�d� �t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �P�o�u�l�o�s �� 

�e�l�a�s�t�i�c� �i�n�t�e�r�a�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�F�o�c�h�t� �a�n�d� �K�o�c�h� �(�1�9�7�3�)� �m�o�d�i�f�i�e�d� �P�o�u�l�o�s �� �(�1�9�7�1�)� �p�r�o�c�e�d�u�r�e� 

�o�f� �E�q�u�a�t�i�o�n� �2�-�2�9� �a�s� �f�o�l�l�o�w�s�:� 

 �� �|�N�p�i�l�e� 
�P�k� �=� �p�F�]� �2� �(�P�3�j�a�p�P�K�j�)� �+� �R�P�x�)� �(�2�-�3�2�)� 

�j�=�1� 
�j�=�k� 

�w�h�e�r�e� �R� �i�s� �t�h�e� �r�e�l�a�t�i�v�e� �s�t�i�f�f�n�e�s�s� �f�a�c�t�o�r� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�R� �=� �Y�s�/�p� �(�2�-�3�3�)� 

�w�h�e�r�e� �Y�s� �=� �n�o�n�-�l�i�n�e�a�r� �p�-�y� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� �s�i�n�g�l�e� �p�i�l�e� �a�t� �t�h�e� 

�m�u�d�l�i�n�e� �°� 

�p� �=� �e�l�a�s�t�i�c� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� �s�i�n�g�l�e� �p�i�l�e� �a�t� �t�h�e� 

�m�u�d�l�i�n�e� 

�=� �p�F�P�s� 

�I�n� �c�o�m�p�u�t�i�n�g� �Y�s� �a�n�d� �p�,� �t�h�e� �l�a�t�e�r�a�l� �l�o�a�d� �o�n� �t�h�e� �s�i�n�g�l�e� �p�i�l�e� 

�i�s� �c�o�m�p�u�t�e�d� �a�s� �t�h�e� �t�o�t�a�l� �l�a�t�e�r�a�l� �l�o�a�d� �o�n� �t�h�e� �g�r�o�u�p� �d�i�v�i�d�e�d� 

�b�y� �t�h�e� �n�u�m�b�e�r� �o�f� �p�i�l�e�s� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �(�P�s� �=� �P�g�/�N�p�i�l�e�)�-
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�T�h�e� �h�y�b�r�i�d� �m�o�d�e�l� �h�a�s� �t�h�e� �a�d�v�a�n�t�a�g�e� �t�h�a�t� �d�i�f�f�e�r�e�n�t� 

�v�a�l�u�e�s� �o�f� �s�t�i�f�f�n�e�s�s� �a�r�e� �u�s�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�i�n�g�l�e� �p�i�l�e� 

�b�e�h�a�v�i�o�r� �a�n�d� �t�h�e� �p�i�l�e�-�s�o�i�l�-�p�i�l�e� �i�n�t�e�r�a�c�t�i�o�n� �(�O ��N�e�i�l�l�,� �1�9�8�3�)�.� 

�T�h�i�s� �e�n�a�b�l�e�s� �a�d�j�u�s�t�m�e�n�t�s� �t�o� �b�e� �m�a�d�e� �f�o�r� �t�h�e� �p�l�a�s�t�i�c� 

�d�e�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �s�o�i�l� �a�r�o�u�n�d� �i�n�d�i�v�i�d�u�a�l� �p�i�l�e�s� �t�h�r�o�u�g�h� �t�h�e� 

�u�s�e� �o�f� �t�h�e� �r�e�l�a�t�i�v�e� �s�t�i�f�f�n�e�s�s� �f�a�c�t�o�r�,� �R�.� �T�h�i�s� �a�b�i�l�i�t�y� �t�o� 

�a�c�c�o�u�n�t� �f�o�r� �d�i�f�f�e�r�e�n�t� �s�t�i�f�f�n�e�s�s�e�s� �i�n� �i�n�d�i�v�i�d�u�a�l� �p�i�l�e� 

�b�e�h�a�v�i�o�r� �a�n�d� �i�n� �p�i�l�e�-�s�o�i�l�-�p�i�l�e� �i�n�t�e�r�a�c�t�i�o�n� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� 

�w�i�t�h� �t�h�e� �e�l�a�s�t�i�c� �c�o�n�t�i�n�u�u�m� �m�o�d�e�l�.� 

�O ��N�e�i�l�l� �e�t� �a�l�.� �(�1�9�7�7�)� �a�n�d� �O ��N�e�i�l�l� �a�n�d� �T�s�a�i� �(�1�9�8�4�)� �h�a�v�e� 

�d�e�v�e�l�o�p�e�d� �a� �h�y�b�r�i�d� �m�o�d�e�l� �i�n� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�s�,� �w�h�e�r�e� �e�v�e�r�y� 

�p�i�l�e� �i�n� �a� �g�r�o�u�p� �i�s� �d�i�s�c�r�e�t�i�z�e�d� �i�n�t�o� �e�l�e�m�e�n�t�s�.� �E�a�c�h� �e�l�e�m�e�n�t� 

�r�e�p�r�e�s�e�n�t�s� �a� �M�i�n�d�l�i�n� �p�o�i�n�t� �l�o�a�d� �i�n� �c�o�m�p�u�t�i�n�g� �t�h�e� �p�i�l�e�-�s�o�i�l�-� 

�p�i�l�e� �i�n�t�e�r�a�c�t�i�o�n�.� �T�h�e� �p�-�y� �c�u�r�v�e�s� �a�t� �e�v�e�r�y� �l�o�c�a�t�i�o�n� �i�n� �e�a�c�h� 

�p�i�l�e� �a�r�e� �i�n�d�i�v�i�d�u�a�l�l�y� �m�o�d�i�f�i�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �e�f�f�e�c�t�s� �o�f� 

�a�l�l� �o�t�h�e�r� �p�i�l�e�s�.� �A�n� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�s�s� �i�s� �r�e�q�u�i�r�e�d�.� �O�n�e� 

�d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�i�s� �m�o�d�e�l� �a�n�d� �F�o�c�h�t� �a�n�d� �K�o�c�h ��s� �p�r�o�c�e�d�u�r�e� 

�i�s� �t�h�a�t� �t�h�e� �u�n�i�t� �l�o�a�d� �t�r�a�n�s�f�e�r� �(�p�-�y�)� �c�u�r�v�e�s� �a�r�e� �m�o�d�i�f�i�e�d� 

�i�n�d�i�v�i�d�u�a�l�l�y� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �l�o�a�d�s� �f�r�o�m� �a�d�j�a�c�e�n�t� �p�i�l�e�s�.� 

�2�.�3� �M�e�t�h�o�d�s� �o�f� �I�n�c�o�r�p�o�r�a�t�i�n�g� �M�a�r�g�i�n�s� �o�f� �S�a�f�e�t�y� �i�n� �D�e�s�i�g�n� 

�2�.�3�.�1� �D�e�s�i�g�n� �C�r�i�t�e�r�i�a� 

�S�t�r�u�c�t�u�r�e�s� �s�h�o�u�l�d� �d�e�s�i�r�a�b�l�y� �b�e� �d�e�s�i�g�n�e�d� �t�o� �b�e� �s�a�f�e�,� 

�e�c�o�n�o�m�i�c�a�l� �a�n�d� �a�e�s�t�h�e�t�i�c�a�l�l�y� �p�l�e�a�s�i�n�g�.� �S�a�f�e�t�y� �c�a�n�n�o�t� �b�e
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�c�o�m�p�r�o�m�i�s�e�d�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �o�v�e�r�c�o�n�s�e�r�v�a�t�i�s�m� �c�a�n� �l�e�a�d� 

�t�o� �w�a�s�t�e�f�u�l�l�y� �e�x�p�e�n�s�i�v�e� �d�e�s�i�g�n�s�.� �A� �b�a�l�a�n�c�e� �m�u�s�t� �b�e� �s�t�r�u�c�k� 

�b�y� �t�h�e� �e�n�g�i�n�e�e�r� �t�o� �d�e�s�i�g�n� �s�t�r�u�c�t�u�r�e�s� �t�h�a�t� �a�r�e� �s�a�f�e� �a�n�d� �a�l�s�o� 

�e�c�o�n�o�m�i�c�a�l�l�y� �e�f�f�i�c�i�e�n�t�.� 

�F�r�o�m� �a� �s�a�f�e�t�y� �s�t�a�n�d�p�o�i�n�t�,� �s�t�r�u�c�t�u�r�e�s� �s�h�o�u�l�d� �b�e� �d�e�s�i�g�n�e�d� 

�s�o� �t�h�a�t� �t�h�e�y� �a�r�e� �a�b�l�e� �t�o� �s�u�p�p�o�r�t� �l�o�a�d�s� �w�i�t�h�o�u�t� �r�e�a�c�h�i�n�g� �a� 

�"�l�i�m�i�t� �s�t�a�t�e�"�.� �A� �l�i�m�i�t� �s�t�a�t�e� �i�s� �r�e�a�c�h�e�d� �w�h�e�n� �t�h�e� �s�t�r�u�c�t�u�r�e� 

�n�o� �l�o�n�g�e�r� �f�u�l�f�i�l�l�s� �o�n�e� �o�f� �i�t�s� �d�e�s�i�g�n� �r�e�q�u�i�r�e�m�e�n�t�s�.� �T�h�e�r�e� 

�a�r�e� �t�w�o� �t�y�p�e�s� �o�f� �l�i�m�i�t� �s�t�a�t�e�s�:� 

�(�i�)� �A�n� �u�l�t�i�m�a�t�e� �l�i�m�i�t� �s�t�a�t�e� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �m�a�x�i�m�u�m� �l�o�a�d� 

�c�a�r�r�y�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �a�n�d� �r�e�a�c�h�i�n�g� �t�h�i�s� �l�i�m�i�t� 

�s�t�a�t�e� �u�s�u�a�l�l�y� �l�e�a�d�s� �t�o� �c�o�m�p�l�e�t�e� �c�o�l�l�a�p�s�e�.� �A�n� �e�x�a�m�p�l�e� �i�s� �t�h�e� 

�b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� �f�a�i�l�u�r�e� �o�f� �a� �f�o�u�n�d�a�t�i�o�n�.� 

�(�i�i�)� �A� �s�e�r�v�i�c�e�a�b�i�l�i�t�y� �l�i�m�i�t� �s�t�a�t�e� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �l�o�s�s� �o�f� 

�s�e�r�v�i�c�e�a�b�i�l�i�t�y�,� �a�n�d� �o�c�c�u�r�s� �b�e�f�o�r�e� �c�o�l�l�a�p�s�e�.� �A� 

�s�e�r�v�i�c�e�a�b�i�l�i�t�y� �l�i�m�i�t� �s�t�a�t�e� �i�n�v�o�l�v�e�s� �u�n�a�c�c�e�p�t�a�b�l�e� 

�d�e�f�o�r�m�a�t�i�o�n�s� �o�r� �u�n�d�e�s�i�r�a�b�l�e� �d�a�m�a�g�e� �l�e�v�e�l�s�.� �T�h�i�s� �m�a�y� �b�e� 

�r�e�a�c�h�e�d� �i�n� �f�o�u�n�d�a�t�i�o�n�s� �t�h�r�o�u�g�h� �e�x�c�e�s�s�i�v�e� �s�e�t�t�l�e�m�e�n�t� �o�r� 

�l�a�t�e�r�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�,� �o�r� �s�t�r�u�c�t�u�r�a�l� �d�e�t�e�r�i�o�r�a�t�i�o�n� �o�f� �t�h�e� 

�f�o�u�n�d�a�t�i�o�n�s�.� 

�2�.�3�.�2� �W�o�r�k�i�n�g� �S�t�r�e�s�s� �D�e�s�i�g�n� 

�F�o�u�n�d�a�t�i�o�n�s� �a�r�e� �c�o�n�v�e�n�t�i�o�n�a�l�l�y� �d�e�s�i�g�n�e�d� �u�s�i�n�g� �w�o�r�k�i�n�g� 

�s�t�r�e�s�s� �d�e�s�i�g�n� �(�W�S�D�)� �m�e�t�h�o�d�s�.� �T�h�e� �a�p�p�r�o�a�c�h� �i�n� �W�S�D� �i�s
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�d�i�f�f�e�r�e�n�t� �f�o�r� �t�h�e� �u�l�t�i�m�a�t�e� �a�n�d� �t�h�e� �s�e�r�v�i�c�e�a�b�i�l�i�t�y� �l�i�m�i�t� 

�s�t�a�t�e�s�.� �I�n� �a�n� �u�l�t�i�m�a�t�e� �l�i�m�i�t� �s�t�a�t�e� �d�e�s�i�g�n�,� �s�a�f�e�t�y� �i�s� 

�a�c�h�i�e�v�e�d� �b�y� �e�n�s�u�r�i�n�g� �t�h�a�t� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� 

�d�i�v�i�d�e�d� �b�y� �a� �f�a�c�t�o�r� �o�f� �s�a�f�e�t�y� �(�F�S� �>� �1�)� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �o�r� 

�e�q�u�a�l� �t�o� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �l�o�a�d�s�.� �T�h�e� �W�S�D� �c�h�e�c�k�i�n�g� 

�f�o�r�m�a�t� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�R�n�/�F�S� �=� �S�p� �+� �S�z�,� �+� �S�E� �(�2�-�3�4�)� 

�w�h�e�r�e� �R�y�,� �i�s� �t�h�e� �n�o�m�i�n�a�l� �r�e�s�i�s�t�a�n�c�e�,� �S�p� �a�n�d� �S�y�,� �a�r�e� �n�o�m�i�n�a�l� 

�v�a�l�u�e�s� �o�f� �d�e�a�d� �a�n�d� �l�i�v�e� �l�o�a�d� �e�f�f�e�c�t�s�,� �S�p� �i�s� �a�n� �e�n�v�i�r�o�n�m�e�n�t�a�l� 

�l�o�a�d� �s�u�c�h� �a�s� �w�i�n�d�,� �e�a�r�t�h�q�u�a�k�e�,� �e�t�c�.� �a�n�d� �F�S� �i�s� �t�h�e� �f�a�c�t�o�r� �o�f� 

�s�a�f�e�t�y�.� �T�h�e� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �i�t�s� �i�n�a�b�i�l�i�t�y� �t�o� 

�a�c�c�o�u�n�t� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�t� �d�e�g�r�e�e�s� �o�f� �u�n�c�e�r�t�a�i�n�t�i�e�s� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �v�a�r�i�o�u�s� �t�y�p�e�s� �o�f� �l�o�a�d�s�.� 

�I�n� �s�e�r�v�i�c�e�a�b�i�l�i�t�y� �l�i�m�i�t� �s�t�a�t�e� �d�e�s�i�g�n�,� �u�n�f�a�c�t�o�r�e�d� �l�o�a�d�s� 

�a�r�e� �u�s�u�a�l�l�y� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �d�e�f�o�r�m�a�t�i�o�n�s�,� �a�n�d� �t�h�e�s�e� �a�r�e� 

�c�o�m�p�a�r�e�d� �t�o� �t�h�e� �m�a�x�i�m�u�m� �t�o�l�e�r�a�b�l�e� �v�a�l�u�e�s�.� 

�2�.�3�.�3� �L�o�a�d� �(�a�n�d� �R�e�s�i�s�t�a�n�c�e�)� �F�a�c�t�o�r� �D�e�s�i�g�n� 

�I�n� �l�o�a�d� �(�a�n�d� �r�e�s�i�s�t�a�n�c�e�)� �f�a�c�t�o�r� �d�e�s�i�g�n� �(�L�F�D�)�,� �i�t� �i�s� 

�r�e�c�o�g�n�i�z�e�d� �t�h�a�t� �t�h�e� �l�o�a�d�s� �a�n�d� �r�e�s�i�s�t�a�n�c�e�s� �a�r�e� �p�r�o�b�a�b�i�l�i�s�t�i�c� 

�i�n� �n�a�t�u�r�e�.� �D�i�f�f�e�r�e�n�t� �t�y�p�e�s� �a�n�d� �m�a�g�n�i�t�u�d�e�s� �o�f� �l�o�a�d�s� �h�a�v�e� 

�v�a�r�y�i�n�g� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� �o�c�c�u�r�e�n�c�e�.� �I�n� �o�r�d�e�r� �t�o� �a�c�c�o�u�n�t� �f�o�r� 

�t�h�e�i�r� �d�i�f�f�e�r�i�n�g� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� �o�c�c�u�r�e�n�c�e�,� �e�a�c�h� �l�o�a�d
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�c�o�m�p�o�n�e�n�t� �i�s� �a�m�p�l�i�f�i�e�d� �b�y� �a� �l�o�a�d� �f�a�c�t�o�r�,� �t�h�e� �v�a�l�u�e� �o�f� �w�h�i�c�h� 

�d�e�p�e�n�d�s� �o�n� �t�h�e� �l�e�v�e�l� �o�f� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �t�h�e� �l�o�a�d� �c�o�m�p�o�n�e�n�t�.� 

�T�h�e� �f�a�c�t�o�r�e�d� �l�o�a�d�s� �a�r�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �d�e�s�i�g�n� �s�t�r�e�n�g�t�h�s� 

�o�r� �r�e�s�i�s�t�a�n�c�e�s� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �a�d�e�q�u�a�c�y� �o�f� �t�h�e� �d�e�s�i�g�n�.� �T�h�e� 

�d�e�s�i�g�n� �r�e�s�i�s�t�a�n�c�e�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �n�o�m�i�n�a�l� 

�v�a�l�u�e�s� �o�f� �r�e�s�i�s�t�a�n�c�e� �b�y� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� �(�o�r� �r�e�s�i�s�t�a�n�c�e� 

�f�a�c�t�o�r�s�)�,� �u�s�u�a�l�l�y� �d�e�n�o�t�e�d� �a�s� �¢�.� �A�c�c�o�r�d�i�n�g� �t�o� �A�A�S�H�T�O� �(�1�9�8�9�)�,� 

�@� �s�h�o�u�l�d� �"�p�r�o�v�i�d�e� �f�o�r� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �s�m�a�l�l� �a�d�v�e�r�s�i�o�n� 

�i�n� �m�a�t�e�r�i�a�l� �s�t�r�e�n�g�t�h�,� �w�o�r�k�m�a�n�s�h�i�p� �a�n�d� �d�i�m�e�n�s�i�o�n�s�,� �w�h�i�l�e� 

�i�n�d�i�v�i�d�u�a�l�l�y� �w�i�t�h�i�n� �a�c�c�e�p�t�a�b�l�e� �t�o�l�e�r�a�n�c�e� �a�n�d� �l�i�m�i�t�s� �o�f� �g�o�o�d� 

�p�r�a�c�t�i�c�e�,� �m�a�y� �c�o�m�b�i�n�e� �t�o� �r�e�s�u�l�t� �i�n� �u�n�d�e�r�s�t�r�e�n�g�t�h�.�"� 

�T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �d�e�s�i�g�n� �i�s� �t�o� �e�n�s�u�r�e� �t�h�a�t� �t�h�e� �d�e�s�i�g�n� 

�r�e�s�i�s�t�a�n�c�e� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �t�h�e� �s�u�m� �o�f� �t�h�e� 

�f�a�c�t�o�r�e�d� �l�o�a�d�s�,� �i�.�e�.� 

�R�n� �=� �L�y�j�4�S�i� �(�2�-�3�5�)� 

�w�h�e�r�e� �¢� �i�s� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�,� �S�;� �i�s� �t�h�e� �l�o�a�d� �e�f�f�e�c�t� �d�u�e� 

�t�o� �l�o�a�d� �c�o�m�p�o�n�e�n�t� �i� �a�n�d� �7�;� �i�s� �t�h�e� �l�o�a�d� �f�a�c�t�o�r� �f�o�r� �l�o�a�d� 

�c�o�m�p�o�n�e�n�t� �i�.� 

�T�h�e� �p�o�t�e�n�t�i�a�l� �a�d�v�a�n�t�a�g�e�s� �o�f� �L�F�D� �o�v�e�r� �W�S�D� �i�n�c�l�u�d�e� �t�h�e� 

�f�o�l�l�o�w�i�n�g�:� 

�1�)� �I�t� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �l�o�a�d�s� �a�n�d� �r�e�s�i�s�t�a�n�c�e�s�.� 

�2�)� �C�o�n�s�i�s�t�e�n�t� �m�a�r�g�i�n�s� �o�f� �s�a�f�e�t�y� �m�a�y� �b�e� �a�c�h�i�e�v�e�d� �i�n� �b�o�t�h� 

�s�t�r�u�c�t�u�r�a�l� �a�n�d� �f�o�u�n�d�a�t�i�o�n� �d�e�s�i�g�n�s�.
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�3�)� �M�o�r�e� �e�c�o�n�o�m�i�c�a�l� �u�s�e� �o�f� �m�a�t�e�r�i�a�l�s� �m�a�y� �r�e�s�u�l�t� �b�e�c�a�u�s�e� �a� 

�m�o�r�e� �r�a�t�i�o�n�a�l� �b�a�s�i�s� �i�s� �u�s�e�d� �t�o� �s�e�t� �s�a�f�e�t�y� �m�a�r�g�i�n�s�.� 

�U�s�i�n�g� �r�e�l�i�a�b�i�l�i�t�y� �t�h�e�o�r�y�,� �v�a�l�u�e�s� �o�f� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� 

�c�a�n� �b�e� �d�e�r�i�v�e�d� �f�o�r� �u�l�t�i�m�a�t�e� �l�i�m�i�t� �s�t�a�t�e�s�,� �p�r�o�v�i�d�e�d� 

�s�u�f�f�i�c�i�e�n�t� �s�t�a�t�i�s�t�i�c�a�l� �d�a�t�a� �i�s� �a�v�a�i�l�a�b�l�e�.� �F�o�r� �c�a�s�e�s� �w�h�e�r�e� 

�s�u�f�f�i�c�i�e�n�t� �d�a�t�a� �i�s� �n�o�t� �a�v�a�i�l�a�b�l�e�,� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� �c�a�n� �b�e� 

�c�a�l�c�u�l�a�t�e�d� �b�y� �m�a�t�c�h�i�n�g� �t�h�e� �m�a�r�g�i�n� �o�f� �s�a�f�e�t�y� �w�i�t�h� �t�h�a�t� �o�f� 

�w�o�r�k�i�n�g� �s�t�r�e�s�s� �d�e�s�i�g�n�,� �w�h�i�c�h� �h�a�s� �u�s�u�a�l�l�y� �b�e�e�n� �e�s�t�a�b�l�i�s�h�e�d� 

�t�h�r�o�u�g�h� �e�x�p�e�r�i�e�n�c�e�.� �S�i�n�c�e� �t�h�e� �f�a�c�t�o�r�s� �o�f� �s�a�f�e�t�y� �a�n�d� �t�h�e� 

�s�t�a�t�i�s�t�i�c�s� �f�o�r� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �v�a�r�y� �f�o�r� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �o�f� 

�a�n�a�l�y�s�i�s�,� �t�h�e� �v�a�l�u�e�s� �o�f� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� �a�r�e� �m�e�t�h�o�d� 

�d�e�p�e�n�d�e�n�t�.� �O�n�e� �s�h�o�r�t�c�o�m�i�n�g� �o�f� �t�h�e� �L�F�D� �m�e�t�h�o�d� �i�s� �t�h�a�t� �s�i�n�c�e� 

�t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� �a�r�e� �m�e�t�h�o�d� �d�e�p�e�n�d�e�n�t�,� �t�h�e�r�e� �m�a�y� �b�e� �a� 

�v�a�r�i�e�t�y� �o�f� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� �f�o�r� �j�u�s�t� �o�n�e� �l�i�m�i�t� �s�t�a�t�e� 

�c�o�n�s�i�d�e�r�a�t�i�o�n�.� 

�I�n� �s�e�r�v�i�c�e�a�b�i�l�i�t�y� �l�i�m�i�t� �s�t�a�t�e� �d�e�s�i�g�n� �u�s�i�n�g� �L�F�D�,� �l�o�a�d�s� 

�a�n�d� �r�e�s�i�s�t�a�n�c�e�s� �a�r�e� �u�n�f�a�c�t�o�r�e�d�,� �a�n�d� �t�h�e� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e�s� 

�r�e�s�e�m�b�l�e� �t�h�o�s�e� �u�s�e�d� �i�n� �c�o�n�v�e�n�t�i�o�n�a�l� �W�S�D�.� 

�L�o�a�d� �f�a�c�t�o�r� �d�e�s�i�g�n� �o�f� �f�o�u�n�d�a�t�i�o�n�s� �i�s �� �c�u�r�r�e�n�t�l�y� 

�i�m�p�l�e�m�e�n�t�e�d� �i�n� �t�h�e� �D�a�n�i�s�h� �C�o�d�e� �(�1�9�8�5�)� �a�n�d� �t�h�e� �O�n�t�a�r�i�o� 

�H�i�g�h�w�a�y� �B�r�i�d�g�e� �D�e�s�i�g�n� �C�o�d�e� �(�1�9�8�3�)�.� �T�h�e� �u�s�e� �o�f� �L�F�D� �f�o�r� 

�f�o�u�n�d�a�t�i�o�n�s� �i�n� �t�h�e� �c�u�r�r�e�n�t� �A�A�S�H�T�O� �c�o�d�e� �(�1�9�8�9�)� �f�o�r� �b�r�i�d�g�e�s�,� 

�a�n�d� �f�o�r� �t�h�e� �A�S�C�E� �S�t�a�n�d�a�r�d� �(�1�9�9�0�)� �f�o�r� �b�u�i�l�d�i�n�g�s� �a�n�d� �o�t�h�e�r� 

�s�t�r�u�c�t�u�r�e�s� �w�i�l�l� �b�e� �e�x�a�m�i�n�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�.



�6�9� 

�2�.�3�.�3�.�1� �L�o�a�d� �F�a�c�t�o�r�s� �a�n�d� �L�o�a�d� �C�o�m�b�i�n�a�t�i�o�n�s� 

�B�r�i�d�g�e�s� 

�L�o�a�d�s� �a�c�t�i�n�g� �o�n� �b�r�i�d�g�e� �s�u�p�e�r�s�t�r�u�c�t�u�r�e�s� �i�n�c�l�u�d�e� �o�n�e� �o�r� 

�m�o�r�e� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g�:� �d�e�a�d� �l�o�a�d�,� �l�i�v�e� �a�n�d� �i�m�p�a�c�t� �l�o�a�d�s�,� 

�t�h�r�u�s�t� �d�u�e� �t�o� �e�a�r�t�h� �p�r�e�s�s�u�r�e�s�,� �b�u�o�y�a�n�c�y�,� �w�i�n�d� �l�o�a�d�,� 

�l�o�n�g�i�t�u�d�i�n�a�l� �a�n�d� �c�e�n�t�r�i�f�u�g�a�l� �f�o�r�c�e�s� �c�a�u�s�e�d� �b�y� �m�o�v�i�n�g� 

�v�e�h�i�c�l�e�s�,� �e�a�r�t�h�q�u�a�k�e� �l�o�a�d�s�,� �s�t�r�e�a�m� �a�n�d� �i�c�e� �f�l�o�w� �f�o�r�c�e�s�,� �a�n�d� 

�f�o�r�c�e�s� �i�n�d�u�c�e�d� �b�y� �c�h�a�n�g�e�s� �i�n� �t�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� 

�s�t�r�u�c�t�u�r�e�,� �s�u�c�h� �a�s� �s�h�r�i�n�k�a�g�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �e�f�f�e�c�t�s�.� 

�O�n�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �l�o�a�d�s� �a�c�t�i�n�g� �o�n� �t�h�e� �b�r�i�d�g�e� 

�s�u�p�e�r�s�t�r�u�c�t�u�r�e� �a�n�d� �t�h�o�s�e� �t�h�a�t� �a�c�t� �o�n� �t�h�e� �f�o�u�n�d�a�t�i�o�n� �i�s� �t�h�a�t� 

�i�m�p�a�c�t� �l�o�a�d�s� �a�r�e� �u�s�u�a�l�l�y� �a�s�s�u�m�e�d� �t�o� �b�e� �f�u�l�l�y� �d�i�s�s�i�p�a�t�e�d� 

�b�e�f�o�r�e� �r�e�a�c�h�i�n�g� �t�h�e� �f�o�u�n�d�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �b�e�n�t� �p�i�e�r�s� �a�n�d� 

�i�n�t�e�g�r�a�l� �a�b�u�t�m�e�n�t�s� �a�r�e� �u�s�u�a�l�l�y� �d�e�s�i�g�n�e�d� �t�o� �c�a�r�r�y� �i�m�p�a�c�t� 

�l�o�a�d�s�,� �a�n�d� �t�h�e�s�e� �a�r�e� �t�h�e� �m�o�s�t� �c�o�m�m�o�n� �s�u�b�s�t�r�u�c�t�u�r�e�s� �i�n� �w�h�i�c�h� 

�d�r�i�l�l�e�d� �s�h�a�f�t�s� �a�r�e� �u�s�e�d�.� �T�h�e� �l�o�a�d� �c�o�m�b�i�n�a�t�i�o�n�s� �a�n�d� �l�o�a�d� 

�f�a�c�t�o�r�s� �f�o�r� �t�h�e� �d�e�s�i�g�n� �o�f� �t�h�e� �s�u�p�e�r�s�t�r�u�c�t�u�r�e�,� �a�s� �g�i�v�e�n� �i�n� 

�t�h�e� �1�9�8�9� �A�A�S�H�T�O� �s�p�e�c�i�f�i�c�a�t�i�o�n�s�,� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �t�h�e� �d�e�s�i�g�n� 

�o�f� �f�o�u�n�d�a�t�i�o�n�s� �a�s� �f�o�l�l�o�w�s�:� 

�T�o�t�a�l� �L�o�a�d� �=� �y�[�f�p�D� �+� �f�y� �L� �+� �B�c�C�F� �+� �P�R�E� �+� �B�B�B� �+� �B�s�P�F�S�F� �+� �B�y�w�W� �+� 

�A�y�L�W�L� �+� �S�p�r�F�L�F� �+� �f�p�(�R� �+� �S� �+� �T�)� �+� �B�E�Q�E�Q� �+� 

�B�I�C�E�I�C�E�]� �(�2�-�3�6�)
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�=� �c�o�e�f�f�i�c�i�e�n�t� �(�s�e�e� �T�a�b�l�e�s� �2�.�4� �a�n�d� �2�.�5�)� 

�=� �d�e�a�d� �l�o�a�d� 

�=� �l�i�v�e� �l�o�a�d� 

�=� �e�a�r�t�h� �p�r�e�s�s�u�r�e� 

�=� �b�u�o�y�a�n�c�y� 
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�l� 

�=� �w�i�n�d� �l�o�a�d� 

�W�L� �=� �w�i�n�d� �l�o�a�d� �o�n� �l�i�v�e� �l�o�a�d� �-� �1�0�0� �p�o�u�n�d�s� �p�e�r� �l�i�n�e�a�r� �f�t�.� 

�L�F� �=� �l�o�n�g�i�t�u�d�i�n�a�l� �f�o�r�c�e� �f�r�o�m� �l�i�v�e� �l�o�a�d� 

�C�F� �=� �c�e�n�t�r�i�f�u�g�a�l� �f�o�r�c�e� 

�R� �=� �r�i�b� �s�h�o�r�t�e�n�i�n�g� 

�S� �=� �s�h�r�i�n�k�a�g�e� 

�T� �=� �t�e�m�p�e�r�a�t�u�r�e� 

�E�Q� �=� �e�a�r�t�h�q�u�a�k�e� 

�S�F� �=� �s�t�r�e�a�m� �f�l�o�w� �p�r�e�s�s�u�r�e� 

�I�C�E� �=� �i�c�e� �p�r�e�s�s�u�r�e� 

�T�h�e� �f�a�c�t�o�r�e�d� �l�o�a�d� �c�o�m�b�i�n�a�t�i�o�n�s� �c�o�n�s�i�d�e�r�e�d� �b�y� �A�A�S�H�T�O� �a�r�e� 

�s�h�o�w�n� �i�n� �T�a�b�l�e� �2�.�5�.� �E�a�c�h� �l�i�n�e� �i�n� �t�h�e� �t�a�b�l�e�,� �d�e�s�i�g�n�a�t�e�d� �b�y� 

�l�o�a�d�i�n�g� �g�r�o�u�p� �n�u�m�b�e�r�s� �I� �t�h�r�o�u�g�h� �I�X�,� �g�i�v�e�s� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� 

�l�o�a�d� �f�a�c�t�o�r�s�,� �y�y�,� �a�n�d� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s�,� �8�,� �t�h�a�t� �g�o�v�e�r�n� �t�h�e� 

�c�o�n�t�r�i�b�u�t�i�o�n�s� �t�o� �t�h�e� �t�o�t�a�l� �l�o�a�d�.� �F�o�r� �e�x�a�m�p�l�e� �i�n� �g�r�o�u�p� �(�l�o�a�d� 

�c�o�m�b�i�n�a�t�i�o�n�)� �I�,� �t�o�t�a�l� �l�o�a�d� �=� �1�.�3�(�D� �+� �1�.�6�7�L�,� �+� �C�F� �+� �S�p�E� �+� �B�+� 

�S�F�)� �.
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�c�r�i�t�e�r�i�a� �o�f� �t�h�e� �o�p�e�r�a�t�i�o�n� �a�g�e�n�c�y�.� 

�*�*�x� �P�e�r�c�e�n�t�a�g�e� �=� �M�a�x�i�m�u�m� �U�n�i�t� �S�t�r�e�s�s� �(�O�p�e�r�a�t�i�n�g� �R�a�t�i�n� �X� �1�0�0� 
�A�l�l�o�w�a�b�l�e� �B�a�s�i�c� �U�n�i�t� �S�t�r�e�s�s� 

�%� �i�n� �C�o�l�u�m�n� �1�4� �i�s� �t�h�e� �m�a�x�i�m�u�m� �p�e�r�m�i�s�s�i�b�l�e� �p�e�r�c�e�n�t�a�g�e� �o�f� 
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�N�o� �i�n�c�r�e�a�s�e� �i�n� �a�l�l�o�w�a�b�l�e� �u�n�i�t� �s�t�r�e�s�s�e�s� �s�h�a�l�l� �b�e� �p�e�r�m�i�t�t�e�d� 
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�e�x�c�e�p�t� �r�e�i�n�f�o�r�c�e�d� �c�o�n�c�r�e�t�e� �b�o�x�e�s�.� 
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�7�6� 

�t�h�a�t� �t�h�e� �l�o�a�d� �f�a�c�t�o�r�s� �f�o�r� �t�h�e� �b�u�i�l�d�i�n�g� �c�o�d�e� �a�r�e� �l�e�s�s� �t�h�a�n� 

�t�h�o�s�e� �f�o�r� �t�h�e� �b�r�i�d�g�e� �c�o�d�e�.� 

�2�.�3�.�3�.�2� �C�o�d�e� �C�a�l�i�b�r�a�t�i�o�n� 

�C�o�d�e� �c�a�l�i�b�r�a�t�i�o�n� �i�s� �t�h�e� �p�r�o�c�e�s�s� �o�f� �a�s�s�i�g�n�i�n�g� �v�a�l�u�e�s� �o�f� 

�c�o�d�e� �p�a�r�a�m�e�t�e�r�s� �s�u�c�h� �a�s� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� �o�r� �l�o�a�d� �f�a�c�t�o�r�s�.� 

�F�o�r� �a� �g�i�v�e�n� �s�e�t� �o�f� �l�o�a�d� �f�a�c�t�o�r�s� �s�u�c�h� �a�s� �t�h�o�s�e� �i�n� �t�h�e� �A�A�S�H�T�O� 

�c�o�d�e� �o�r� �i�n� �t�h�e� �A�S�C�E� �S�t�a�n�d�a�r�d� �7�-�8�8�,� �t�h�e� �c�o�d�e�s� �c�a�n� �b�e� 

�c�a�l�i�b�r�a�t�e�d� �b�y� �f�i�t�t�i�n�g� �w�i�t�h� �w�o�r�k�i�n�g� �s�t�r�e�s�s� �d�e�s�i�g�n� �o�r� �b�y� �a� 

�m�o�r�e� �f�o�r�m�a�l� �p�r�o�c�e�s�s� �u�s�i�n�g� �r�e�l�i�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s�.� 

�2�.�3�.�3�.�2�.�1� �C�a�l�i�b�r�a�t�i�o�n� �b�y� �F�i�t�t�i�n�g� �w�i�t�h� �W�o�r�k�i�n�g� �S�t�r�e�s�s� �D�e�s�i�g�n� 

�F�o�r� �c�a�s�e�s� �w�h�e�r�e� �t�h�e�r�e� �i�s� �i�n�s�u�f�f�i�c�i�e�n�t� �s�t�a�t�i�s�t�i�c�a�l� �d�a�t�a�,� 

�p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� �j�u�d�g�m�e�n�t� �a�n�d� �b�y� 

�f�i�t�t�i�n�g� �w�i�t�h� �w�o�r�k�i�n�g� �s�t�r�e�s�s� �d�e�s�i�g�n� �s�p�e�c�i�f�i�c�a�t�i�o�n�s�.� 

�I�n� �L�F�D� �f�o�r�m�a�t�,� �n�o�m�i�n�a�l� �l�o�a�d�s� �a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� �n�o�m�i�n�a�l� 

�r�e�s�i�s�t�a�n�c�e� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�:� 

�n� 
�é�R�n� �=� �=� 

�i� 
�Y�i�S�i� �(�2�-�3�7�)� 

�1� 

�w�h�e�r�e� �R�y�,� �=� �n�o�m�i�n�a�l� �r�e�s�i�s�t�a�n�c�e� �(�e�g�.� �p�i�l�e� �c�a�p�a�c�i�t�y�)�,� �S�j� �=� �l�o�a�d� 

�e�f�f�e�c�t� �d�u�e� �t�o� �l�o�a�d� �c�o�m�p�o�n�e�n�t� �i� �(�e�g�.� �d�e�a�d� �a�n�d� �l�i�v�e� �l�o�a�d�s�)�,� �y�j



�7�7� 

�=� �l�o�a�d� �f�a�c�t�o�r� �f�o�r� �l�o�a�d� �c�o�m�p�o�n�e�n�t� �i�,� �@�?� �=� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r� 

�a�n�d�,� �n� �=� �n�u�m�b�e�r� �o�f� �l�o�a�d� �c�o�m�p�o�n�e�n�t�s�.� 

�I�n� �t�h�e� �W�S�D� �f�o�r�m�a�t�,� �n�o�m�i�n�a�l� �l�o�a�d�s� �a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� 

�n�o�m�i�n�a�l� �r�e�s�i�s�t�a�n�c�e� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�:� 

�R�n� 
 ��e�2� 
�F�S� �i� 

�M
�3

�5
� 

�S�i� 
�1� 

�w�h�e�r�e� �F�S� �i�s� �t�h�e� �f�a�c�t�o�r� �o�f� �s�a�f�e�t�y�.� 

�E�q�u�a�t�i�o�n� �2�-�3�8� �g�i�v�e�s�:� 

�I�f� �t�h�e� �l�o�a�d�s� �c�o�n�s�i�s�t� �o�f� �d�e�a�d� �l�o�a�d�,� 

�t�h�e�n� �E�q�u�a�t�i�o�n� �2�-�3�9� �b�e�c�o�m�e�s�:� 

�Y�D�S�p� �+� �Y�L�S�L� 
�¢� �=�  � ��_�_�_�_� 

�F�S�(�S�p� �+� �S�z�)� 

�(�2�-�3�8�)� 

�D�i�v�i�d�i�n�g� �E�q�u�a�t�i�o�n� �2�-�3�7� �b�y� 

�(�2�-�3�9�)� 

�S�p�,� �a�n�d� �l�i�v�e� �l�o�a�d�,� �S�z�,� 

�(�2�-�4�0�)� 

�D�i�v�i�d�i�n�g� �b�o�t�h� �n�u�m�e�r�a�t�o�r� �a�n�d� �d�e�n�o�m�i�n�a�t�o�r� �b�y� �S�y�;� �E�q�u�a�t�i�o�n� �2�-�4�0� 

�m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

�y�p�D�S�p�/�S�z�,� �+� �I�L� 
� � �$�2� 
�F�S�(�S�p�/�S�y�z�,� �+� �1�)� 

�(�2�-�4�1�)



�7�8� 

�V�a�l�u�e�s� �o�f� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r� �o�b�t�a�i�n�e�d� �f�r�o�m� �E�q�u�a�t�i�o�n� �2�-�4�1� �f�o�r� 

�a� �r�a�n�g�e� �o�f� �s�a�f�e�t�y� �f�a�c�t�o�r�s� �a�n�d� �d�e�a�d� �t�o� �l�i�v�e� �l�o�a�d� �r�a�t�i�o�s� �a�r�e� 

�s�h�o�w�n� �i�n� �T�a�b�l�e� �2�.�8�.� �T�h�e� �r�a�t�i�o� �o�f� �d�e�a�d� �t�o� �l�i�v�e� �l�o�a�d� �d�e�p�e�n�d�s� 

�o�n� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �m�a�t�e�r�i�a�l� �(�s�t�e�e�l�,� �c�o�n�c�r�e�t�e� �o�r� �t�i�m�b�e�r�)� �a�n�d� 

�t�h�e� �t�y�p�e� �o�f� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �d�e�a�d� �l�o�a�d� �w�i�l�l� �b�e� �l�e�s�s� �i�n� �a� 

�s�t�e�e�l� �s�t�r�u�c�t�u�r�e� �t�h�a�n� �i�n� �a� �c�o�n�c�r�e�t�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �d�e�a�d� �t�o� 

�l�i�v�e� �l�o�a�d� �r�a�t�i�o� �i�s� �a�l�s�o� �d�i�f�f�e�r�e�n�t� �i�n� �b�r�i�d�g�e�s� �a�s� �o�p�p�o�s�e�d� �t�o� 

�b�u�i�l�d�i�n�g�s�.� 

�B�e�l�o�w� �i�s� �a�n� �e�x�a�m�p�l�e� �(�f�o�r� �t�h�e� �f�o�u�n�d�a�t�i�o�n�s� �o�f� �a� �s�t�e�e�l� 

�b�r�i�d�g�e�)� �o�f� �a� �c�a�l�i�b�r�a�t�i�o�n� �b�y� �f�i�t�t�i�n�g� �w�i�t�h� �w�o�r�k�i�n�g� �s�t�r�e�s�s� 

�d�e�s�i�g�n�,� �b�a�s�e�d� �o�n� �i�n�f�o�r�m�a�t�i�o�n� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �l�i�t�e�r�a�t�u�r�e�.� 

�I�n� �a� �b�r�i�d�g�e�,� �t�h�e� �r�a�t�i�o� �o�f� �d�e�a�d� �l�o�a�d� �t�o� �l�i�v�e� �l�o�a�d� �i�n�c�r�e�a�s�e�s� 

�w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �s�p�a�n� �l�e�n�g�t�h�.� �H�a�n�s�e�l�l� �a�n�d� �V�i�e�s�t� �(�1�9�7�1�)� 

�r�e�c�o�m�m�e�n�d�e�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s�h�i�p� �f�o�r� �s�t�e�e�l� �b�r�i�d�g�e�s�:� 

�S�D� 
 � � �� �=� �0�.�0�1�3�2�W� �(�2�-�4�2�)� 
�S�z�,� �+� �S�r� 

�w�h�e�r�e� �S�y�;� �=� �i�m�p�a�c�t� �l�o�a�d� �a�n�d� �W� �=� �s�p�a�n� �l�e�n�g�t�h� �i�n� �f�t�.� �I�m�p�a�c�t� 

�l�o�a�d�s� �a�r�e� �s�e�l�d�o�m� �c�o�n�s�i�d�e�r�e�d� �i�n� �f�o�u�n�d�a�t�i�o�n� �d�e�s�i�g�n� �e�x�c�e�p�t� �i�n� 

�b�e�n�t� �p�i�e�r�s� �a�n�d� �i�n�t�e�g�r�a�l� �a�b�u�t�m�e�n�t�s�.� �T�h�e� �i�m�p�a�c�t� �l�o�a�d�,� �S�y�,� �i�n� 

�E�q�u�a�t�i�o�n� �2�-�4�2� �c�a�n� �b�e� �e�l�i�m�i�n�a�t�e�d� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �f�r�o�m� �A�A�S�H�T�O�:� 

�5�0�S�y�,� 
�S�t� �=�  � � �� �<� �0�.�3� �(�2�-�4�3�)� 

�W� �+� �1�2�5



�7�9� 

�T�a�b�l�e� �2�.�8� �V�a�l�u�e�s� �o�f� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� 
�d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �s�a�f�e�t�y� �f�a�c�t�o�r� �a�n�d� �d�e�a�d� �t�o� 
�l�i�v�e� �l�o�a�d� �r�a�t�i�o�s� 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

�1�)� �A�A�S�H�T�O� �(�y�p� �=� �1�.�3� �a�n�d� �y�z�,� �=� �2�.�1�7�)� 

�S�a�f�e�t�y� �F�a�c�t�o�n� �P�e�r�f�o�r�m�a�n�c�e� �F�a�c�t�o�r�s� 

�S�p�/�S�,� �=� �1�.�0�/�S�p�/�S�y�,� �=� �2�.�0�/�S�p�/�S�z�,� �=� �3�.�0� �S�p�/�S�y� �=� �4�.�0� 

�1�.�5� �1�.�1�6� �1�.�0�6� �1�.�0�1� �0�.�9�8� 

�2�.�0� �0�.�8�7� �0�.�8�0� �0�.�7�6� �0�.�7�4� 

�2�.�5� �0�.�6�9� �0�.�6�4� �0�.�6�1� �0�.�5�9� 

�3�.�0� �0�.�5�8� �0�.�5�3� �0�.�5�1� �0�.�4�9� 

�3�.�5� �0�.�5�0� �0�.�4�5� �0�.�4�3� �0�.�4�2� 

�4�.�0� �0�.�4�3� �0�.�4�0� �0�.�3�8� �0�.�3�7� � � � � � � � � � � 
� � 

�2�)� �B�u�i�l�d�i�n�g� �C�o�d�e� �(�7�p� �1�.�2� �a�n�d� �y�z�,� �=� �1�.�6�)� 

� � 

�S�a�f�e�t�y� �F�a�c�t�o�r� �P�e�r�f�o�r�m�a�n�c�e� �F�a�c�t�o�r�s� 

� � 

� � 

� � 

� � 

� � 

� � 

� � � � � � 

�S�p�/�S�z�,� �=� �1�.�0�|�S�p�/�S�y�,� �=� �2�.�0�]�S�p�/�S�z�,� �=� �3�.�9�%� �S�p�/�S�y�,� �=� �4�.�0� 

�1�.�5� �0�.�9�3� �0�.�8�9� �0�.�8�7� �0�.�8�5� 

�2�.�0� �0�.�7�0� �0�.�6�7� �0�.�6�5� �0�.�6�4� 

�2�.�5� �0�.�5�6� �0�.�5�3� �0�.�5�2� �0�.�5�1� 

�3�.�0� �0�.�4�7� �0�.�4�4� �0�.�4�3� �0�.�4�3� 

�3�.�5� �0�.�4�0� �0�.�3�8� �0�.�3�7� �0�.�3�7� 

�4�.�0� �0�.�3�5� �0�.�3�3� �0�.�3�3� �0�.�3�2� � � � � � � 
� � 

� � 

� 



�8�0� 

�T�h�e� �r�e�s�u�l�t�i�n�g� �e�q�u�a�t�i�o�n� �w�a�s� �d�e�r�i�v�e�d� �b�y� �S�n�y�d�e�r� �a�n�d� �M�o�s�e�s� 

�(�1�9�7�8�)�:� 

�S�p� �5�0� 
 �� �=�]� �1� �+�  � � ��|�]� �0�.�0�1�3�2�W� �(�2�-�4�4�)� 
�S�z� �W� �+� �1�2�5� 

�Y�o�k�e�l� �(�1�9�8�9�)� �r�e�c�o�m�m�e�n�d�e�d� �t�h�a�t� �t�h�e� �d�e�s�i�g�n� �f�a�c�t�o�r�s� �s�h�o�u�l�d� 

�b�e� �c�a�l�i�b�r�a�t�e�d� �f�o�r� �s�p�a�n� �l�e�n�g�t�h�s� �o�f� �a�b�o�u�t� �2�0�0� �f�t�.� �F�o�r� �a� 

�b�r�i�d�g�e� �s�p�a�n� �o�f� �2�0�0� �f�t�,� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �d�e�a�d� �t�o� �l�i�v�e� �l�o�a�d� 

�r�a�t�i�o� �i�s� �3�.�0�5�.� �S�u�b�s�t�i�t�u�t�i�n�g� �y�p� �=� �1�.�3� �a�n�d� �y�y�,� �=� �2�.�1�7� �i�n�t�o� 

�E�q�u�a�t�i�o�n� �2�-�4�1�,� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�,� �¢� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� 

�f�a�c�t�o�r� �o�f� �s�a�f�e�t�y� �a�s� �f�o�l�l�o�w�s�:� 

�1�.�5�2� 
�(�2�-�4�5�)� � � �@�?� �2� 

�F�S� 

�C�a�l�i�b�r�a�t�i�n�g� �b�y� �f�i�t�t�i�n�g� �w�i�t�h� �w�o�r�k�i�n�g� �s�t�r�e�s�s� �d�e�s�i�g�n� �i�s� 

�u�s�e�f�u�l� �f�o�r� �t�r�a�n�s�f�e�r�r�i�n�g� �e�x�p�e�r�i�e�n�c�e� �f�r�o�m� �w�o�r�k�i�n�g� �s�t�r�e�s�s� 

�d�e�s�i�g�n� �t�o� �l�o�a�d� �f�a�c�t�o�r� �d�e�s�i�g�n�.� 

�2�.�3�.�3�.�2�.�2� �C�a�l�i�b�r�a�t�i�o�n� �U�s�i�n�g� �R�e�l�i�a�b�i�l�i�t�y� �M�e�t�h�o�d�s� 

�2�.�3�.�3�.�2�.�2�.�1� �S�t�e�p�s� �i�n� �t�h�e� �C�a�l�i�b�r�a�t�i�o�n� �P�r�o�c�e�s�s� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a� �g�i�v�e�n� �s�e�t� �o�f� �l�o�a�d� �f�a�c�t�o�r�s� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �s�t�e�p�s�:



�8�1� 

�1�)� �E�s�t�i�m�a�t�e� �t�h�e� �l�e�v�e�l� �o�f� �r�e�l�i�a�b�i�l�i�t�y� �i�n�h�e�r�e�n�t� �i�n� �c�u�r�r�e�n�t� 

�d�e�s�i�g�n� �m�e�t�h�o�d�s�.� 

�2�)� �O�b�s�e�r�v�e� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �l�e�v�e�l�s� �w�i�t�h� 

�d�i�f�f�e�r�e�n�t� �s�p�a�n� �l�e�n�g�t�h�s�,� �d�e�a�d� �l�o�a�d� �t�o� �l�i�v�e� �l�o�a�d� �r�a�t�i�o�s�,� 

�g�e�o�m�e�t�r�y� �o�f� �t�h�e� �f�o�u�n�d�a�t�i�o�n�,� �m�e�t�h�o�d�s� �o�f� �p�r�e�d�i�c�t�i�n�g� �c�a�p�a�c�i�t�i�e�s� 

�a�n�d� �l�o�a�d� �c�o�m�b�i�n�a�t�i�o�n�s�.� 

�3�)� �S�e�l�e�c�t� �a� �t�a�r�g�e�t� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x� �b�a�s�e�d� �o�n� �t�h�e� �m�a�r�g�i�n� �o�f� 

�s�a�f�e�t�y� �i�m�p�l�i�e�d� �i�n� �c�u�r�r�e�n�t� �d�e�s�i�g�n�s�.� 

�4�)� �C�a�l�c�u�l�a�t�e� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �t�h�e� 

�s�e�l�e�c�t�e�d� �t�a�r�g�e�t� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x�.� �I�t� �i�s� �a�l�s�o� �i�m�p�o�r�t�a�n�t� �t�o� 

�c�o�u�p�l�e� �e�x�p�e�r�i�e�n�c�e� �a�n�d� �j�u�d�g�m�e�n�t� �w�i�t�h� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�u�l�t�s� 

�i�n� �t�h�e� �d�e�c�i�s�i�o�n� �p�r�o�c�e�s�s�.� 

�2�.�3�.�3�.�2�.�2�.�2� �P�r�o�b�a�b�i�l�i�t�y� �T�h�e�o�r�y� �a�n�d� �C�o�m�p�u�t�a�t�i�o�n� �o�f� 

�R�e�l�i�a�b�i�l�i�t�y� �I�n�d�i�c�e�s� 

�P�r�o�b�a�b�i�l�i�t�y� �t�h�e�o�r�y� �h�a�s� �b�e�e�n� �w�i�d�e�l�y� �u�s�e�d� �t�o� �m�o�d�e�l� 

�u�n�c�e�r�t�a�i�n�t�i�e�s� �i�n� �e�n�g�i�n�e�e�r�i�n�g� �d�e�s�i�g�n�,� �w�h�e�r�e� �d�e�s�i�g�n� �p�a�r�a�m�e�t�e�r�s� 

�s�u�c�h� �a�s� �l�o�a�d�s� �a�n�d� �r�e�s�i�s�t�a�n�c�e�s� �a�r�e� �t�r�e�a�t�e�d� �a�s� �r�a�n�d�o�m� 

�v�a�r�i�a�b�l�e�s�.� �F�i�g�.� �2�.�1�6� �s�h�o�w�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� 

�t�h�e� �l�o�a�d� �e�f�f�e�c�t� �(�S�)� �a�n�d� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �(�R�)� �f�o�r� �a� 

�h�y�p�o�t�h�e�t�i�c�a�l� �c�i�r�c�u�m�s�t�a�n�c�e�.� �A� �v�a�l�u�e� �o�f� �R� �t�h�a�t� �i�s� �g�r�e�a�t�e�r� 

�t�h�a�n� �S� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �s�a�f�e�.� �H�o�w�e�v�e�r�,� �s�i�n�c�e� �R� 

�a�n�d� �S� �a�r�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�,� �t�h�e�r�e� �i�s� �a� �p�o�s�s�i�b�i�l�i�t�y� �t�h�a�t� �t�h�e
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�F�i�g�u�r�e� �2�.�1�6� �F�r�e�q�u�e�n�c�y� �D�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� �L�o�a�d� �E�f�f�e�c�t� �S� �a�n�d� 
�R�e�s�i�s�t�a�n�c�e� �R
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�l�o�a�d� �e�f�f�e�c�t� �S� �m�a�y� �b�e� �g�r�e�a�t�e�r� �t�h�a�n� �R� �(�s�h�a�d�e�d� �a�r�e�a� �i�n� �F�i�g�.� 

�2�.�1�6�)�.� 

�T�h�e� �s�a�f�e�t�y� �o�f� �a� �s�t�r�u�c�t�u�r�e� �c�a�n� �b�e� �m�e�a�s�u�r�e�d� �i�n� �t�e�r�m�s� �o�f� 

�t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �f�a�i�l�u�r�e�,� �w�h�i�c�h� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�e�a�s�e�s� �t�o� �p�e�r�f�o�r�m� �i�t�s� 

�i�n�t�e�n�d�e�d� �f�u�n�c�t�i�o�n�.� �M�e�y�e�r�h�o�f� �(�1�9�7�0�)� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �t�h�e� 

�l�i�f�e�t�i�m�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �f�a�i�l�u�r�e� �o�f� �f�o�u�n�d�a�t�i�o�n�s� �s�h�o�u�l�d� �h�e� 

�b�e�t�w�e�e�n� �1�0�7�°� �a�n�d� �1�0�7�4�.� 

�R�e�l�i�a�b�i�l�i�t�y� �o�f� �f�o�u�n�d�a�t�i�o�n�s� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �u�s�i�n�g� �a� 

�p�e�r�f�o�r�m�a�n�c�e� �f�u�n�c�t�i�o�n� �o�r� �a� �l�i�m�i�t� �s�t�a�t�e� �f�u�n�c�t�i�o�n�.� �I�f� �t�h�e� 

�l�o�a�d�s� �a�n�d� �r�e�s�i�s�t�a�n�c�e� �a�r�e� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�,� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

�g�(�R�,�S�)� �=�R�-�S� �(�2�-�4�6�)� 

�w�h�e�r�e� �g�(�)� �i�s� �t�h�e� �m�a�r�g�i�n� �o�f� �s�a�f�e�t�y�,� �R� �i�s� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �a�n�d� �S� 

�i�s� �t�h�e� �l�o�a�d�.� 

�I�f� �R� �a�n�d� �S� �a�r�e� �l�o�g�n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�,� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� 

�f�u�n�c�t�i�o�n� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

�g�(�R�,�S�)� �=� �l�n�(�R�/�S�)� �(�2�-�4�7�)� 

�I�n� �t�h�i�s� �c�a�s�e�,� �f�a�i�l�u�r�e� �o�c�c�u�r�s� �w�h�e�n� �R�/�S� �<� �1� �o�r� �g�(�)� �<� �0�.� 

�T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �f�a�i�l�u�r�e�,� �p�¢� �f�o�r� �b�o�t�h� �c�a�s�e�s� �o�f� �R� �a�n�d� 

�S� �b�e�i�n�g� �n�o�r�m�a�l�,� �a�n�d� �R� �a�n�d� �S� �b�e�i�n�g� �l�o�g�n�o�r�m�a�l�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� 

�a�s� �f�o�l�l�o�w�s�:� 

�P�f� �=� �P�[�g�(�)� �<� �9�]� �(�2�-�4�8�)
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�o�r� 

�P�e� �=� �1� �-� �F�y�(�9�g�/�o�g�)� �(�2�-�4�9�)� 

�w�h�e�r�e� �F�,�,�(�)� �i�s� �t�h�e� �s�t�a�n�d�a�r�d� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �f�u�n�c�t�i�o�n�,� 

�g�,� �a�n�d� �°�g� �a�r�e� �t�h�e� �m�e�a�n� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �f�u�n�c�t�i�o�n� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

� � 

�_� �R� �1� �+� �V�s�?� 

�S� �1�+� �V�R� 

�a�n�d� 

�o�g� �=� �/�I�n�[�(�1� �+� �V�p�?�)� �(�1� �+� �V�g�?�)� �]� �(�2�-�5�1�)� 

�w�h�e�r�e� �R� �a�n�d� �S�§�-� �a�r�e� �t�h�e� �m�e�a�n� �v�a�l�u�e�s� �o�f� �R�-� �a�n�d� �§�S� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �V�p� �a�n�d� �V�g� �a�r�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� 

�v�a�r�i�a�t�i�o�n� �(�s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �d�i�v�i�d�e�d� �b�y� �t�h�e� �m�e�a�n�)� �o�f� �R� �a�n�d� 

�S� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�I�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� 

�o�f� �g�(�)� �i�s� �l�o�g�n�o�r�m�a�l� �i�f� �R� �a�n�d� �S� �a�r�e� �l�o�g�n�o�r�m�a�l�.� �T�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �f�a�i�l�u�r�e� �f�o�r� �l�o�g�n�o�r�m�a�l� �R� �a�n�d� �S� �i�s� �g�i�v�e�n� �b�y�:� 

� � 

�I�n�t� �(�R�/�5�)�/�(�1� �+� �V�s�?�)�/�(�2� �+� �V�R�?�)� 
�_�  �� �(�2�-�5�2�)� 

�/�i�n�{�(�1� �+� �V�p�?�)� �(�1� �+� �V�g�?�)� �]� 
� � �P�e� �=�1�-� �F�y� 

�T�h�e� �p�a�r�e�n�t�h�e�t�i�c� �t�e�r�m� �i�n� �F�y� �i�s� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x�,� �8�,� �i�.�e�.� 

� � 

�I�n�[� �(�R�/�S�)� �/�(�1� �+� �V�g�2�)�/�(�1� �+� �V�R�2�)�]� �_� �(�2�-�5�3�)� 
�J�i�n�t�(�1� �+� �V�p�?�)� �(�1� �+� �V�5�"�)� �]� 

�B�=� 
� 
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�T�h�e� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� 

�t�h�a�t� �s�e�p�a�r�a�t�e�s� �t�h�e� �m�e�a�n� �v�a�l�u�e� �o�f� �t�h�e� �s�a�f�e�t�y� �m�a�r�g�i�n� �f�r�o�m� �t�h�e� 

�f�a�i�l�u�r�e� �l�i�m�i�t� �(�F�i�g�.� �2�.�1�7�)�.� 

�I�f� �t�h�e� �b�i�a�s� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �m�e�a�n� �v�a�l�u�e� �d�i�v�i�d�e�d� �b�y� �t�h�e� 

�n�o�m�i�n�a�l� �v�a�l�u�e�,� �a�n�d� �i�f� �t�h�e� �l�o�a�d�s� �c�o�n�s�i�s�t� �o�f� �o�n�l�y� �d�e�a�d� �a�n�d� 

�l�i�v�e� �l�o�a�d�s�,� �E�q�u�a�t�i�o�n� �2�-�5�3� �s�i�m�p�l�i�f�i�e�s� �t�o�:� 

� � 

� � � � 

� � 

�A�R�F�S�(�S�p�/�S�z�y� �+� �1�)� �1� �+� �V�p�*� �+� �V�z�?� 
�l�n� 

�A�p�S�p�/�S�z� �+� �A�z� �1� �+� �V�R�?� 
�B� �=�  � ��_�_ � �� �(�2�-�5�4�)� 

�J�i�n�t�(�1� �+� �V�R ��)� �(�1� �+� �V�p�2� �+� �V�p�"�)� �]� 

�w�h�e�r�e� �F�S� �i�s� �t�h�e� �f�a�c�t�o�r� �o�f� �s�a�f�e�t�y�,� �A�p�,� �A�p� �a�n�d� �A�z�,� �a�r�e� �t�h�e� �b�i�a�s� 

�f�o�r� �r�e�s�i�s�t�a�n�c�e�,� �d�e�a�d� �l�o�a�d� �a�n�d� �l�i�v�e� �l�o�a�d� �r�e�s�p�e�c�t�i�v�e�l�y�,� �V�r�,� �V�p� 

�a�n�d� �V�y�,� �r�e�p�r�e�s�e�n�t� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �v�a�r�i�a�t�i�o�n� �f�o�r� �t�h�e� 

�r�e�s�i�s�t�a�n�c�e�,� �d�e�a�d� �l�o�a�d� �a�n�d� �l�i�v�e� �l�o�a�d� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �S�p� �a�n�d� 

�S�y�,� �d�e�n�o�t�e� �t�h�e� �n�o�m�i�n�a�l� �v�a�l�u�e�s� �o�f� �d�e�a�d� �l�o�a�d� �a�n�d� �l�i�v�e� �l�o�a�d�.� 

�T�h�e� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� 

�f�a�i�l�u�r�e� �a�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �2�.�9� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �l�o�g�n�o�r�m�a�l� 

�l�o�a�d�s� �a�n�d� �r�e�s�i�s�t�a�n�c�e�s�.� 

�T�h�e� �m�e�t�h�o�d� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �i�s� �c�a�l�l�e�d� �a� �F�i�r�s�t� �O�r�d�e�r� 

�S�e�c�o�n�d� �M�o�m�e�n�t� �M�e�t�h�o�d� �-� �f�i�r�s�t� �o�r�d�e�r� �b�e�c�a�u�s�e� �o�n�l�y� �t�h�e� �f�i�r�s�t� 

�o�r�d�e�r� �t�e�r�m�s� �o�f� �a� �T�a�y�l�o�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �f�o�r� �g�(�)� �a�r�e� 

�i�n�v�o�l�v�e�d�,� �a�n�d� �s�e�c�o�n�d� �m�o�m�e�n�t� �s�i�n�c�e� �o�n�l�y� �t�h�e� �f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� 

�m�o�m�e�n�t�s� �(�m�e�a�n� �v�a�l�u�e�s� �a�n�d� �v�a�r�i�a�n�c�e�s�)� �o�f� �t�h�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� 

�a�r�e� �u�s�e�d� �i�n� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�.� �O�n�e� �d�r�a�w�b�a�c�k� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� 

�t�h�a�t� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �f�u�n�c�t�i�o�n�,� �g�(�)�,� �i�s� �l�i�n�e�a�r�i�z�e�d� �a�t� �t�h�e
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�f�(�g�)� �B�o�g� 
� � 

�F�a�i�l�u�r�e� �R�e�g�i�o�n� 
�A�r�e�a� �3�9� �f� � � � � � � � � � � 

�0� �$�=� �£�n�(�R�/� �g�=�i�n�(�R�/�:� �)� 

�F�i�g�u�r�e� �2�.�1�7� �D�e�f�i�n�i�t�i�o�n� �o�f� �S�a�f�e�t�y� �I�n�d�e�x� �@� �f�o�r� �L�o�g�n�o�r�m�a�l� �R� 
�a�n�d� �§



�8�7� 

�T�a�b�l�e� �2�.�9� �R�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �f�a�i�l�u�r�e� �a�n�d� 
�r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x�,� �6� �a�s�s�u�m�i�n�g� �l�o�g�n�o�r�m�a�l� �l�o�a�d�s� �a�n�d� 

� � 

� � 

�r�e�s�i�s�t�a�n�c�e�s� 

�B� �P�f� �B� �P�f� 

�2�.�5� �9�.�8�6� �X� �1�0�7�2� �1�.�9�6� �1�0�7�1� 

�3�.�0� �1�.�1�5� �x� �1�0�7�°� �2�.�5�0� �1�0�7�2� 

�3�.�5� �1�.�3�4� �x� �1�0�7�4� �3�.�0�3� �1�0�7�3� 

�4�.�0� �1�.�5�6� �X� �1�0�7�°� �3�.�5�7� �1�0�7�4� 

�4�.�5� �1�.�8�2� �x� �1�0�7�6� �4�.�1�0� �1�0�7�°� 

�5�.�0� �2�.�1�2� �x� �1�0�7�7� �4�.�6�4� �1�0�7�6� 

�5�.�5� �2�.�4�6� �x� �1�0�7�8� �5�.�1�7� �1�0�7�7� � � � � � � � � � � 
� � 

�*� �T�h�e� �n�u�m�b�e�r�s� �i�n� �t�h�e� �t�a�b�l�e� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �s�i�m�p�l�e� 
�a�p�p�r�o�x�i�m�a�t�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �8� �a�n�d� �p�¢� �g�i�v�e�n� �b�y� 
�R�o�s�e�n�b�l�e�u�t�h� �a�n�d� �E�s�t�e�v�a� �(�1�9�7�2�)� �a�s� �f�o�l�l�o�w�s�:� 

�P�r� �=� �4�6�0�e�x�p�(�-�4�.� �3�8�)



�8�8� 

�m�e�a�n� �v�a�l�u�e�s� �o�f� �t�h�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�.� �I�f� �g�(�)� �i�s� �n�o�n�l�i�n�e�a�r�,� 

�n�e�g�l�e�c�t�i�n�g� �t�h�e� �h�i�g�h�e�r� �o�r�d�e�r� �t�e�r�m�s� �c�a�n� �r�e�s�u�l�t� �i�n� �s�i�g�n�i�f�i�c�a�n�t� 

�e�r�r�o�r�s�.� 

�D�e�a�d� �l�o�a�d�s� �i�n� �b�r�i�d�g�e�s� �a�n�d� �b�u�i�l�d�i�n�g�s� �a�r�e� �u�s�u�a�l�l�y� �t�i�m�e� 

�i�n�v�a�r�i�a�n�t� �a�n�d� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �w�h�i�l�e� �l�i�v�e� �l�o�a�d�s� �a�n�d� 

�r�e�s�i�s�t�a�n�c�e�s� �c�a�n� �b�e� �t�r�e�a�t�e�d� �a�s� �l�o�g�n�o�r�m�a�l� �v�a�r�i�a�b�l�e�s�.� �T�o� 

�c�i�r�c�u�m�v�e�n�t� �t�h�e� �p�r�o�b�l�e�m�s� �t�h�a�t� �a�r�i�s�e� �w�i�t�h� �t�h�e� �f�i�r�s�t� �o�r�d�e�r� 

�s�e�c�o�n�d� �m�o�m�e�n�t� �m�e�t�h�o�d� �w�h�e�n� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� �m�i�x�e�d�,� �t�h�e� 

�r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x� �c�a�n� �b�e� �e�v�a�l�u�a�t�e�d� �b�y� �t�r�a�n�s�f�o�r�m�i�n�g� �t�h�e� 

�n�o�n�n�o�r�m�a�l� �v�a�r�i�a�b�l�e�s� �t�o� �e�q�u�i�v�a�l�e�n�t� �n�o�r�m�a�l� �v�a�r�i�a�b�l�e�s�.� �W�i�t�h� 

�t�h�e�s�e� �e�q�u�i�v�a�l�e�n�t� �n�o�r�m�a�l� �v�a�r�i�a�b�l�e�s�,� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x� �i�s� 

�c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �s�a�m�e� �p�r�o�c�e�d�u�r�e� �a�s� �f�o�r� �n�o�r�m�a�l� �v�a�r�i�a�b�l�e�s� 

�i�.�e�.� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �f�u�n�c�t�i�o�n� �b�e�c�o�m�e�s�:� 

�g�(�)� �=� �R�N� �-� �p�N� �- ��N� �(�2�-�5�5�)� 

�a�n�d� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x�,� �6�,� �i�s� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�:� 

�R�N� �-� �p�N� �-�r�N� 
� � �(�2�-�5�6�)� � � 

�J�(�o�p�®�)�2� �+� �(�o�p�%�)�2� �+� �(�o�p�X�y�2� 

�w�h�e�r�e� �t�h�e� �s�u�p�e�r�s�c�r�i�p�t� �N� �d�e�n�o�t�e�s� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �n�o�r�m�a�l� 

�d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �t�h�e� �m�e�a�n� �v�a�l�u�e�s� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s�.� 

�A�c�c�o�r�d�i�n�g� �t�o� �A�n�g� �a�n�d� �T�a�n�g� �(�1�9�8�4�)�,� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �n�o�r�m�a�l� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �a� �n�o�n�n�o�r�m�a�l� �v�a�r�i�a�b�l�e� �m�u�s�t� �b�e� �o�b�t�a�i�n�e�d� �s�u�c�h� 

�t�h�a�t� �"�t�h�e� �c�u�m�u�l�a�t�i�v�e� �p�r�o�b�a�b�i�l�i�t�y� �a�s� �w�e�l�l� �a�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y
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�d�e�n�s�i�t�y� �o�r�d�i�n�a�t�e� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �a�r�e� 

�e�q�u�a�l� �t�o� �t�h�o�s�e� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �n�o�n�n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� 

�a�t� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �p�o�i�n�t� �o�n� �t�h�e� �f�a�i�l�u�r�e� �s�u�r�f�a�c�e�.�"� �A� 

�l�o�g�n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e� �(�e�g�.� �R�)� �w�i�l�l� �h�a�v�e� �a�n� 

�e�q�u�i�v�a�l�e�n�t� �n�o�r�m�a�l� �m�e�a�n� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �a�s� �f�o�l�l�o�w�s� 

�(�A�n�g� �a�n�d� �T�a�n�g�,� �1�9�8�4�)�:� 

�R�N� �=� �r�*�(�1� �-� �I�n� �r�*� �+� �I�n� �R� �-� �0�.�5� �I�n�(�1� �+� �V�p�?�)� �]� �(�2�-�5�7�)� 

�a�n�d� 

�o�p�N� �=� �r�*�/�1�I�n�(�1� �+� �V�p�?�)� �(�2�-�5�8�)� 

�w�h�e�r�e� �R� �a�n�d� �V�R� �a�r�e� �t�h�e� �m�e�a�n� �v�a�l�u�e� �a�n�d� �c�.�0�.�v�.� �o�f� 

�R� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �r�*� �i�s� �t�h�e� �v�a�l�u�e� �o�f� �R� �a�t� �t�h�e� �f�a�i�l�u�r�e� 

�p�o�i�n�t�.� �S�i�m�i�l�a�r� �e�x�p�r�e�s�s�i�o�n�s� �c�a�n� �b�e� �d�e�r�i�v�e�d� �f�o�r� �t�h�e� �l�i�v�e� �l�o�a�d� 

�a�s�s�u�m�i�n�g� �t�h�a�t� �i�t� �t�o�o� �i�s� �l�o�g�n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�:� 

�L�N� �=� �1�*�7�1� �-� �i�n� �1�*� �+� �I�n�k� �-� �0�.�5� �1�n�(�1� �+� �V�z ��)� �]� �(�2�-�5�9�)� 

�a�n�d� 

�o�p�N� �=� �1�*�/�i�n�(�1� �+� �V�z�?�)� �(�2�-�6�0�)� 

�A�l�t�h�o�u�g�h� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �f�u�n�c�t�i�o�n� �(�E�q�u�a�t�i�o�n� �2�-�5�5�)� �i�s� �l�i�n�e�a�r�,� 

�t�h�e� �m�e�a�n� �v�a�l�u�e�s� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �c�h�a�n�g�e� �w�i�t�h� 

�t�h�e� �f�a�i�l�u�r�e� �p�o�i�n�t� �v�a�l�u�e�s�.� �H�e�n�c�e�,� �a�n� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�s�s� �i�s� 

�r�e�q�u�i�r�e�d� �t�o� �s�o�l�v�e� �f�o�r� �8�.� 

�T�h�e� �i�t�e�r�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�1�.� �D�e�f�i�n�e� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �f�u�n�c�t�i�o�n�;� �g�(�X�1�,� �X�2�,� �X�3�,�-�-�+�-�+�+�,�X�n�)� 

�=� �0� �w�h�e�r�e� �t�h�e� �X�;�j ��s� �a�r�e� �t�h�e� �d�e�s�i�g�n� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�.
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�G�u�e�s�s� �a� �v�a�l�u�e� �f�o�r� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x�.� 

�F�o�r� �t�h�e� �f�i�r�s�t� �i�t�e�r�a�t�i�o�n�,� �e�q�u�a�t�e� �t�h�e� �i�n�i�t�i�a�l� �c�h�e�c�k�i�n�g� 

�*� �X�3�"�,�.�0�0�0�+�,�X�n�)� �t�o� �t�h�e� �p�o�i�n�t� �a�t� �t�h�e� �m�e�a�n� �p�o�i�n�t� �(�X�,�*�,� �X�2� 

�v�a�l�u�e�s� �(�X�i�,� �X�2�,� �X�3�,�-�-�+�-�+�+�,�/�X�n�)�-� 

�F�o�r� �a�l�l� �n�o�n�n�o�r�m�a�l� �v�a�r�i�a�b�l�e�s�,� �c�a�l�c�u�l�a�t�e� �t�h�e� �m�e�a�n� �a�n�d� 

�s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �(�x�,� �a�n�d� �o�4�N�)� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� 

�n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�.� 

�E�v�a�l�u�a�t�e� �d�g�/�d�X�;� �f�o�r� �a�l�l� �v�a�l�u�e�s� �o�f� �X�j� �t�h�a�t� �a�r�e� �n�o�n�n�o�r�m�a�l� 

�a�t� �t�h�e� �c�h�e�c�k�i�n�g� �p�o�i�n�t�,� �X�i�*�.� 

�C�a�l�c�u�l�a�t�e� �t�h�e� �d�i�r�e�c�t�i�o�n� �c�o�s�i�n�e�s� �f�o�r� �a�l�l� �v�a�l�u�e�s� �o�f� �X�j� 

�t�h�a�t� �a�r�e� �n�o�n�n�o�r�m�a�l� �a�s� �f�o�l�l�o�w�s�:� 

�*� �d�g�/� �9�X�}� 
�a�j� �=� �r�e�r�e� �(�2�-�6�1�)� 

�/�(�2�(�8�g�/�8�X�4�)� �7�]� 

�C�a�l�c�u�l�a�t�e� �t�h�e� �n�e�w� �c�h�e�c�k�i�n�g� �p�o�i�n�t� �f�o�r� �a�l�l� �v�a�l�u�e�s� �o�f� �X�j� 

�t�h�a�t� �a�r�e� �n�o�n�n�o�r�m�a�l� �f�r�o�m�:� 

�*� �x�y�"� �=� �X�N� �~� �a�i� �%� �p�0�4�"� �(�2�-�6�2�)� 

�a�n�d� �r�e�p�e�a�t� �s�t�e�p�s� �4� �t�o� �7� �u�n�t�i�l� �t�h�e� �v�a�l�u�e� �o�f� �#� �r�e�m�a�i�n�s� 

�c�o�n�s�t�a�n�t�.� 

�T�h�e� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �w�i�t�h� �t�h�e� �a�i�d� �o�f �� 

�a� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �t�h�a�t� �i�n�c�o�r�p�o�r�a�t�e�s� �t�h�e� �a�b�o�v�e� �m�e�t�h�o�d�o�l�o�g�y�.� 

�T�o� �s�u�m�m�a�r�i�z�e�,� �t�w�o� �m�e�t�h�o�d�s� �o�f� �c�a�l�c�u�l�a�t�i�n�g� �r�e�l�i�a�b�i�l�i�t�y� 

�i�n�d�i�c�e�s� �h�a�v�e� �b�e�e�n� �d�e�s�c�r�i�b�e�d�.� �B�o�t�h� �t�h�e� �F�O�S�M� �a�n�d� �t�h�e� 

�i�t�e�r�a�t�i�v�e� �(�o�r� �a�d�v�a�n�c�e�d�)� �p�r�o�c�e�d�u�r�e�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e



�9�1� 

�6�B� �g�e�n�e�r�i�c�a�l�l�y�,� �u�s�i�n�g� �o�n�l�y� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �b�i�a�s� �a�n�d� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �a�n�d� �t�h�e� �l�o�a�d�s�.� 

�2�.�3�.�3�.�2�.�2�.�3� �C�o�m�p�u�t�a�t�i�o�n� �o�f� �P�e�r�f�o�r�m�a�n�c�e� �F�a�c�t�o�r�s� 

�O�n�c�e� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �l�e�v�e�l�s� �i�n�h�e�r�e�n�t� �i�n� �c�u�r�r�e�n�t� �d�e�s�i�g�n� 

�m�e�t�h�o�d�s� �h�a�v�e� �b�e�e�n� �c�a�l�c�u�l�a�t�e�d�,� �a� �t�a�r�g�e�t� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x� 

�t�h�a�t� �r�e�f�l�e�c�t�s� �a�n� �a�c�c�e�p�t�a�b�l�e� �m�a�r�g�i�n� �o�f� �s�a�f�e�t�y� �i�s� �s�e�l�e�c�t�e�d�.� 

�P�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r�s� �c�a�n� �n�o�w� �b�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �s�e�l�e�c�t�e�d� 

�t�a�r�g�e�t� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x�.� 

�T�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �f�a�c�t�o�r� �c�a�n� �b�e� 

�d�e�r�i�v�e�d� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �R�,� �=� �R�/�\�g�p� �i�n�t�o� �E�q�u�a�t�i�o�n� �2�-�4�6�,� �a�n�d� 

�e�x�p�r�e�s�s�i�n�g� �R� �i�n� �t�e�r�m�s� �o�f� �f�,� �V�p�,� �V�g� �a�n�d� �S� �t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� 

�E�q�u�a�t�i�o�n� �2�-�5�3�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� 

�f�a�c�t�o�r�,� �¢�,� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�A�R� �(�Z�i� �S�i�)� �$�=� �(�2�-�6�3�)� 
�1� �+� �V�p�-� �_� �R� �3� �3� 

�1� �+� �V�s� 

� � � � 

� � 

�w�h�e�r�e� �f�p� �i�s� �t�h�e� �t�a�r�g�e�t� �r�e�l�i�a�b�i�l�i�t�y� �i�n�d�e�x�.� �W�h�e�n� �o�n�l�y� �d�e�a�d� 

�a�n�d� �l�i�v�e� �l�o�a�d�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�,� �E�q�u�a�t�i�o�n� �2�-�6�3� �s�i�m�p�l�i�f�i�e�s� �t�o�:� 

�A�R�(�y�p�S�p�/�S�z� �+� �Y�Z�)� 
�¢� �=�  ��=� 

�/� �1� �+� �V�R�-� �5� �5� �5� 
�(�A�p�S�p�/�S�y�z� �+� �A�L�)� �e�x�p�[�A�p�/�1�n�(�1�+�V�R� �)� �(�1�4�+�V�p�*�+�V�z�*�)� �J� 

�/�t� �+� �V�p�"� �+� �V�L�?� 

� � � � 

� � 

�(�2�-�6�4�)
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�2�.�3�.�4� �O�t�h�e�r� �M�e�t�h�o�d�s� �o�f� �I�n�c�o�r�p�o�r�a�t�i�n�g� �M�a�r�g�i�n�s� �o�f� �S�a�f�e�t�y� �i�n� 

�D�e�s�i�g�n�s� 

�A�p�a�r�t� �f�r�o�m� �w�o�r�k�i�n�g� �s�t�r�e�s�s� �d�e�s�i�g�n� �a�n�d� �l�o�a�d� �f�a�c�t�o�r� 

�d�e�s�i�g�n�,� �t�h�e�r�e� �a�r�e� �a�t� �l�e�a�s�t� �t�w�o� �o�t�h�e�r� �m�e�t�h�o�d�s� �o�f� �e�n�s�u�r�i�n�g� 

�a�c�c�e�p�t�a�b�l�e� �l�e�v�e�l�s� �o�f� �r�i�s�k� �i�n� �d�e�s�i�g�n�.� �T�h�e�y� �i�n�c�l�u�d�e� �t�h�e� 

�f�o�l�l�o�w�i�n�g�:� 

�(�1�)� �B�o�l�t�o�n ��s� �w�o�r�s�t� �a�t�t�a�i�n�a�b�l�e� �v�a�l�u�e� �a�p�p�r�o�a�c�h�,� �a�n�d� 

�(�2�)� �t�h�e�  �� �a�p�p�r�o�a�c�h� 

�1�.� �B�o�l�t�o�n ��s� �W�o�r�s�t� �A�t�t�a�i�n�a�b�l�e� �V�a�l�u�e� �A�p�p�r�o�a�c�h� 

�N�o� �s�a�f�e�t�y� �f�a�c�t�o�r�s� �a�r�e� �u�s�e�d� �i�n� �B�o�l�t�o�n ��s� �(�1�9�8�1�)� �w�o�r�s�t� 

�a�t�t�a�i�n�a�b�l�e� �v�a�l�u�e� �a�p�p�r�o�a�c�h�.� �I�n�s�t�e�a�d�,� �t�h�e� �a�p�p�r�o�a�c�h� �a�s�s�u�m�e�s� 

�t�h�e� �w�o�r�s�t� �s�e�t� �o�f� �v�a�l�u�e�s� �f�o�r� �t�h�e� �d�e�s�i�g�n� �p�a�r�a�m�e�t�e�r�s�.� �A�n� 

�a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �i�t� �f�o�r�c�e�s� �t�h�e� �d�e�s�i�g�n�e�r� �t�o� 

�t�h�i�n�k� �a�b�o�u�t� �t�h�e� �w�o�r�s�t� �p�o�s�s�i�b�l�e� �s�c�e�n�a�r�i�o�.� �D�i�s�a�d�v�a�n�t�a�g�e�s� �o�f� 

�t�h�i�s� �m�e�t�h�o�d� �i�n�c�l�u�d�e� �t�h�e� �f�o�l�l�o�w�i�n�g�:� 

�(�a�)� �T�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �m�a�r�g�i�n� �o�f� �s�a�f�e�t�y� �i�s� �l�e�f�t� 

�e�n�t�i�r�e�l�y� �t�o� �t�h�e� �j�u�d�g�m�e�n�t� �(�"�p�e�s�s�i�m�i�s�m�"� �o�r� �" ��o�p�t�i�m�i�s�m�"�)� �o�f� 

�t�h�e� �e�n�g�i�n�e�e�r�.� 

�(�b�)� �T�h�e�r�e� �m�a�y� �b�e� �o�n�e� �p�a�r�a�m�e�t�e�r� �w�h�i�c�h� �i�s� �v�e�r�y� �s�e�n�s�i�t�i�v�e� �t�o� 

�t�h�e� �r�e�s�i�s�t�a�n�c�e� �w�h�i�l�e� �t�h�e� �o�t�h�e�r� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �t�r�i�v�i�a�l� �i�n� 

�t�h�e�i�r� �c�o�n�t�r�i�b�u�t�i�o�n�.� 

�(�c�)� �T�h�e� �s�o�i�l� �e�x�p�l�o�r�a�t�i�o�n� �m�u�s�t� �b�e� �d�e�e�m�e�d� �t�o� �b�e� �a�s� �"�i�n�f�e�r�i�o�r�"



�9�3� 

�i�n� �q�u�a�l�i�t�y� �a�s� �i�s� �a�t�t�a�i�n�a�b�l�e�.� 

�(�d�)� �T�h�e� �o�c�c�u�r�e�n�c�e� �o�f� �t�h�e� �w�o�r�s�t� �c�o�n�d�i�t�i�o�n� �s�c�e�n�a�r�i�o� �m�a�y� �b�e� 

�h�i�g�h�l�y� �u�n�l�i�k�e�l�y�.� 

�2�.� �T�h�e� �\� �A�p�p�r�o�a�c�h� 

�P�r�o�p�o�s�e�d� �b�y� �S�i�m�p�s�o�n� �e�t� �a�l�.� �(�1�9�8�1�)�,� �t�h�i�s� �m�e�t�h�o�d� �o�f� 

�a�s�s�i�g�n�i�n�g� �a� �m�a�r�g�i�n� �o�f� �s�a�f�e�t�y� �a�l�s�o� �d�o�e�s� �n�o�t� �u�s�e� �a� �f�a�c�t�o�r� �o�f� 

�s�a�f�e�t�y� �p�e�r� �s�e�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �s�i�m�i�l�a�r� �t�o� �l�o�a�d� �a�n�d� 

�r�e�s�i�s�t�a�n�c�e� �f�a�c�t�o�r� �d�e�s�i�g�n� �i�n� �t�h�a�t� �t�h�e� �l�o�a�d� �i�s� �i�n�c�r�e�a�s�e�d�,� �a�n�d� 

�t�h�e� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �c�o�n�t�r�i�b�u�t�e� �t�o� �r�e�s�i�s�t�a�n�c�e� �a�r�e� �d�e�c�r�e�a�s�e�d� 

�b�y� �a� �c�e�r�t�a�i�n� �a�m�o�u�n�t�.� �T�h�e� �m�e�t�h�o�d�o�l�o�g�y� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�(�a�)� �I�d�e�n�t�i�f�y� �a�l�l� �l�i�m�i�t� �s�t�a�t�e�s� �a�p�p�l�i�c�a�b�l�e� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e�.� 

�(�b�)� �S�e�l�e�c�t� �t�h�e� �m�e�t�h�o�d�(�s�)� �o�f� �a�n�a�l�y�s�i�s� �a�n�d� �d�e�t�e�r�m�i�n�e� �a�l�l� 

�r�e�l�e�v�a�n�t� �v�a�r�i�a�b�l�e�s� �(�V�)�.� �V� �s�h�o�u�l�d� �i�n�c�l�u�d�e� �a�l�l� �d�i�f�f�e�r�e�n�t� 

�l�o�a�d� �c�o�m�p�o�n�e�n�t�s�,� �r�e�s�i�s�t�a�n�c�e� �p�a�r�a�m�e�t�e�r�s� �s�u�c�h� �a�s� �c�o�h�e�s�i�o�n�,� 

�a�n�g�l�e� �o�f� �i�n�t�e�r�n�a�l� �f�r�i�c�t�i�o�n�,� �e�t�c�.� 

�(�c�)� �E�s�t�i�m�a�t�e� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e�s� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �(�V�e�g�)�.� 

�(�d�)� �E�s�t�a�b�l�i�s�h� �t�h�e� �w�o�r�s�t� �c�r�e�d�i�b�l�e� �v�a�l�u�e�s� �(�V�y�c�)� �o�f� �e�a�c�h� 

�v�a�r�i�a�b�l�e�.� 

�(�e�)� �F�o�r� �e�a�c�h� �l�i�m�i�t� �s�t�a�t�e�,� �s�e�l�e�c�t� �f�r�o�m� �T�a�b�l�e� �2�.�1�0� �t�h�e� 

�s�e�v�e�r�i�t�y� �o�f� �c�o�n�s�e�q�u�e�n�c�e�,� �a�n�d� �o�b�t�a�i�n� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� 

�v�a�l�u�e�s� �o�f� �A�j� �a�n�d� �3�2�.� 

�(�f�)� �C�a�l�c�u�l�a�t�e� �t�h�e� �l�i�m�i�t� �s�t�a�t�e� �v�a�l�u�e� �o�f� �e�a�c�h� �v�a�r�i�a�b�l�e� �(�v�*�)� �a�s� 

�f�o�l�l�o�w�s�:
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�T�a�b�l�e� �2�.�1�0� �V�a�l�u�e�s� �o�f� �\�j� �a�n�d� �A�g� �f�o�r� �d�i�f�f�e�r�e�n�t� �f�a�i�l�u�r�e� 
�c�o�n�s�e�q�u�e�n�c�e�s� �(�A�f�t�e�r� �S�i�m�p�s�o�n� �e�t� �a�l�.�,� �1�9�8�1�)� 

� � 

� � 

� � � � 

�C�L�A�S�S� �S�E�V�E�R�I�T�Y� �O�F� �C�O�N�S�E�Q�U�E�N�C�E� �A�l� �A�2� 

�1� �D�i�s�a�p�p�o�i�n�t�i�n�g� �-�0�.�5� �-�0�.�8� 

�2� �S�i�g�n�i�f�i�c�a�n�t� �r�e�p�a�i�r�s� �0�.�0� �~�0�.�6� 

�3� �M�a�j�o�r� �d�a�m�a�g�e� �o�r� �p�o�s�s�i�b�l�e� �c�a�s�u�a�l�t�y� �0�.�5� �-�0�.�4� 

�4� �C�a�t�a�s�t�r�o�p�h�i�c� �1�.�0� �-�0�.�2� � � � � 
� � 

� 



�w�h�e�r�e� �V�.� �w�c� 

�A�V� 

�A�V� 

�9�5� 

�*� �=� �V�w�o� �+� �A�A�V� �(�2�-�6�5�)� 

�w�o�r�s�t� �c�r�e�d�i�b�l�e� �v�a�l�u�e� 

�u�n�c�e�r�t�a�i�n�t�y� �o�f� �V� �(�p�o�s�i�t�i�v�e� �f�o�r� �a�d�v�e�r�s�e� �e�f�f�e�c�t�s� 

�s�u�c�h� �a�s� �l�o�a�d�s� �a�n�d� �n�e�g�a�t�i�v�e� �f�o�r� �b�e�n�e�f�i�c�i�a�l� 

�e�f�f�e�c�t�s� �s�u�c�h� �a�s� �c�o�h�e�s�i�o�n� �i�n� �a� �b�e�a�r�i�n�g� �c�a�p�a�c�i�t�y� 

�p�r�o�b�l�e�m�)� 

�V�w�e�o� �7� �V�e� �(�2�-�6�6�)� 

�e�x�p�e�c�t�e�d� �v�a�l�u�e� �o�f� �V� 

�v�a�l�u�e�s� �o�f� �\�j� �o�r� �A�z� �o�b�t�a�i�n�e�d� �f�r�o�m� �T�a�b�l�e� �2�.�1�0� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �s�e�v�e�r�i�t�y� �o�f� �t�h�e� �c�o�n�s�e�q�u�e�n�c�e� 

�o�f� �r�e�a�c�h�i�n�g� �t�h�e� �l�i�m�i�t� �s�t�a�t�e� 

�(�g�)� �A�p�p�l�y� �A�z� �t�o� �o�n�e� �v�a�r�i�a�b�l�e� �a�n�d� �A�g� �t�o� �t�h�e� �o�t�h�e�r� �v�a�r�i�a�b�l�e�s�,� 

�a�n�d� �c�h�e�c�k� �t�h�e� �d�e�s�i�g�n� �w�i�t�h�o�u�t� �u�s�i�n�g� �a�n�y� �f�a�c�t�o�r� �o�f� �s�a�f�e�t�y�.� 

�(�h�)� �R�e�p�e�a�t� �s�t�e�p� �(�g�)� �w�i�t�h� �A�,� �a�p�p�l�i�e�d� �t�o� �a� �d�i�f�f�e�r�e�n�t� �v�a�r�i�a�b�l�e� 

�a�n�d� �A�p� �t�o� �a�l�l� �o�t�h�e�r� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �c�h�e�c�k� �t�h�e� �d�e�s�i�g�n�.� 

�R�e�p�e�a�t� �t�h�i�s� �p�r�o�c�e�s�s� �u�n�t�i�l� �\�1�;� �i�s� �a�p�p�l�i�e�d� �t�o� �a�l�l� 

�v�a�r�i�a�b�l�e�s�.� 

�(�i�)� �S�e�l�e�c�t� �t�h�e� �c�a�s�e� �t�h�a�t� �y�i�e�l�d�s� �t�h�e� �m�o�s�t� �c�o�n�s�e�r�v�a�t�i�v�e� �d�e�s�i�g�n� 

�f�r�o�m� �s�t�e�p�s� �(�g�)� �a�n�d� �(�h�)�.� 

�O�n�e� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �i�t� �s�y�s�t�e�m�a�t�i�c�a�l�l�y� 

�c�o�n�s�i�d�e�r�s� �t�h�e� �e�f�f�e�c�t�s� �o�f� �e�a�c�h� �v�a�r�i�a�b�l�e� �i�n� �t�h�e� �l�i�m�i�t� �s�t�a�t�e�.� 

�T�h�e� �u�s�e� �o�f� �t�h�e� �v�a�l�u�e�s� �o�f� �A� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �l�i�m�i�t� �s�t�a�t�e� 

�v�a�l�u�e�s� �(�v�*�)� �h�o�w�e�v�e�r�,� �m�a�s�k�s� �t�h�e� �r�o�l�e� �o�f� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e�s�,� 

�w�h�i�c�h� �u�s�u�a�l�l�y� �g�o�v�e�r�n� �t�h�e� �d�e�s�i�g�n� �i�n� �m�o�s�t� �c�a�s�e�s�.



�~� �C�H�A�P�T�E�R� �T�H�R�E�E� 

�S�I�M�P�L�I�F�I�E�D� �P�R�O�C�E�D�U�R�E� �F�O�R� �D�E�S�I�G�N� �O�F� �P�I�L�E�S� �A�N�D� �D�R�I�L�L�E�D� �S�H�A�F�T�S� 

�T�O� �R�E�S�I�S�T� �L�A�T�E�R�A�L� �L�O�A�D�S� 

�3�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�L�a�t�e�r�a�l� �l�o�a�d�s� �o�n� �d�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �a�r�i�s�e� �d�u�e� �t�o� �w�i�n�d�,� 

�e�a�r�t�h�q�u�a�k�e�,� �w�a�t�e�r� �p�r�e�s�s�u�r�e�s�,� �e�a�r�t�h� �p�r�e�s�s�u�r�e�s�,� �a�n�d� �l�i�v�e� 

�l�o�a�d�s�.� �D�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �m�u�s�t� �b�e� �d�e�s�i�g�n�e�d� �t�o� �w�i�t�h�s�t�a�n�d� �s�u�c�h� 

�f�o�r�c�e�s� �w�i�t�h�o�u�t� �f�a�i�l�i�n�g� �(�i�.�e�.� �w�i�t�h�o�u�t� �r�e�a�c�h�i�n�g� �t�h�e� �u�l�t�i�m�a�t�e� 

�l�i�m�i�t� �s�t�a�t�e�)�,� �a�n�d� �w�i�t�h�o�u�t� �d�e�f�l�e�c�t�i�n�g� �e�x�c�e�s�s�i�v�e�l�y� �(�i�.�e�.� 

�w�i�t�h�o�u�t� �r�e�a�c�h�i�n�g� �t�h�e� �s�e�r�v�i�c�e�a�b�i�l�i�t�y� �l�i�m�i�t� �s�t�a�t�e�)�.� 

�T�h�e� �g�o�v�e�r�n�i�n�g� �c�r�i�t�e�r�i�o�n� �i�n� �t�h�e� �d�e�s�i�g�n� �o�f� �l�a�t�e�r�a�l�l�y� 

�l�o�a�d�e�d� �p�i�l�e�s� �a�n�d� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�s� �a�l�m�o�s�t� �a�l�w�a�y�s� �t�h�e� �m�a�x�i�m�u�m� 

�t�o�l�e�r�a�b�l�e� �d�e�f�l�e�c�t�i�o�n� �o�r� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �p�i�l�e� 

�o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�.� �U�l�t�i�m�a�t�e� �s�o�i�l� �f�a�i�l�u�r�e� �u�s�u�a�l�l�y� �d�o�e�s� �n�o�t� 

�c�o�n�t�r�o�l� �t�h�e� �d�e�s�i�g�n�,� �s�i�n�c�e� �m�o�b�i�l�i�z�i�n�g� �t�h�e� �u�l�t�i�m�a�t�e� �l�a�t�e�r�a�l� 

�c�a�p�a�c�i�t�y� �o�f� �t�h�e� �s�o�i�l� �r�e�q�u�i�r�e�s� �s�u�c�h� �l�a�r�g�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �t�h�a�t� 

�t�h�i�s� �i�s� �n�o�t� �a� �r�e�a�l�i�s�t�i�c� �p�o�s�s�i�b�i�l�i�t�y� �i�n� �m�o�s�t� �c�a�s�e�s�.� 

�B�a�t�t�e�r� �p�i�l�e�s� �a�r�e� �f�r�e�q�u�e�n�t�l�y� �u�s�e�d� �t�o� �r�e�s�i�s�t� �l�a�t�e�r�a�l� 

�l�o�a�d�s�.� �H�o�w�e�v�e�r�,� �c�o�n�s�t�r�u�c�t�i�n�g� �b�a�t�t�e�r� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�s� 

�d�i�f�f�i�c�u�l�t�.� �C�o�n�s�t�r�u�c�t�i�o�n� �p�r�o�b�l�e�m�s� �i�n�c�l�u�d�e� �m�a�i�n�t�a�i�n�i�n�g� �h�o�l�e� 

�s�t�a�b�i�l�i�t�y� �d�u�r�i�n�g� �e�x�c�a�v�a�t�i�o�n�,� �i�n�s�t�a�l�l�i�n�g� �c�a�s�i�n�g� �a�n�d� �r�e�b�a�r� 

�c�a�g�e�s� �i�n� �i�n�c�l�i�n�e�d� �h�o�l�e�s�,� �c�o�n�c�r�e�t�e� �p�l�a�c�e�m�e�n�t� �i�n� �i�n�c�l�i�n�e�d� 

�h�o�l�e�s�,� �a�n�d� �a�v�a�i�l�a�b�i�l�i�t�y� �o�f� �s�u�i�t�a�b�l�e� �c�o�n�s�t�r�u�c�t�i�o�n� �e�q�u�i�p�m�e�n�t�.� 

�B�e�c�a�u�s�e� �o�f� �t�h�e�s�e� �d�i�f�f�i�c�u�l�t�i�e�s�,� �b�a�t�t�e�r� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �a�r�e� 

�9�6



�9�7� 

�u�s�e�d� �i�n�f�r�e�q�u�e�n�t�l�y�.� �T�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �l�a�t�e�r�a�l� �l�o�a�d�i�n�g� �o�f� 

�d�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �w�i�l�l� �b�e� �l�i�m�i�t�e�d� �t�o� �o�n�l�y� �v�e�r�t�i�c�a�l� �p�i�l�e�s� �a�n�d� 

�d�r�i�l�l�e�d� �s�h�a�f�t�s�.� 

�I�n� �d�e�s�i�g�n�i�n�g� �v�e�r�t�i�c�a�l� �p�i�l�e�s� �a�n�d� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �t�o� 

�r�e�s�i�s�t� �l�a�t�e�r�a�l� �l�o�a�d�s�,� �b�o�t�h� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �s�t�r�u�c�t�u�r�a�l� 

�c�a�p�a�c�i�t�y� �s�h�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �P�r�o�c�e�d�u�r�e�s� �f�o�r� �e�s�t�i�m�a�t�i�n�g� 

�(�1�)� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n�s� �o�f� �s�i�n�g�l�e� �p�i�l�e�s� �a�n�d� �d�r�i�l�l�e�d� �s�h�a�f�t�s�,� 

�(�2�)� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n�s� �o�f� �g�r�o�u�p�s� �o�f� �p�i�l�e�s� �a�n�d� �d�r�i�l�l�e�d� 

�s�h�a�f�t�s�,� �(�3�)� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t�s� �i�n� �s�i�n�g�l�e� �p�i�l�e�s� �a�n�d� 

�d�r�i�l�l�e�d� �s�h�a�f�t�s�,� �a�n�d� �(�4�)� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t�s� �i�n� �g�r�o�u�p�s� �o�f� 

�p�i�l�e�s� �a�n�d� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �a�r�e� �a�d�d�r�e�s�s�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�s�e�c�t�i�o�n�s�.� 

�3�.�2� �S�i�n�g�l�e� �P�i�l�e�s� �a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n�s� �a�n�d� 

�b�e�n�d�i�n�g� �m�o�m�e�n�t�s� �i�n� �s�i�n�g�l�e� �p�i�l�e�s� �a�n�d� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �d�e�s�c�r�i�b�e�d� 

�h�e�r�e� �i�s� �t�h�e� �o�n�e� �d�e�v�e�l�o�p�e�d� �b�y� �E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� �(�1�9�8�2�)�.� �T�h�e� 

�E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� �p�r�o�c�e�d�u�r�e� �w�a�s� �d�e�r�i�v�e�d� �f�r�o�m� �a� �l�a�r�g�e� �n�u�m�b�e�r� 

�o�f� �p�-�y� �a�n�a�l�y�s�e�s�,� �a�n�d� �t�h�e� �m�e�t�h�o�d� �m�o�d�e�l�s� �n�o�n�-�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� 

�o�f� �t�h�e� �s�o�i�l�.� �U�n�l�i�k�e� �p�-�y� �a�n�a�l�y�s�e�s�,� �t�h�e� �E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� 

�p�r�o�c�e�d�u�r�e� �h�a�s� �t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�i�m�p�l�i�c�i�t�y� �i�n� 

�t�h�a�t� �i�t� �d�o�e�s� �n�o�t� �r�e�q�u�i�r�e� �t�h�e� �u�s�e� �o�f� �a� �c�o�m�p�u�t�e�r�.



�9�8� 

�3�.�2�.�1� �E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� �P�r�o�c�e�d�u�r�e� 

�E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� �(�1�9�8�2�)� �r�e�l�a�t�e�d� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n�s� �o�f� 

�d�e�e�p� �f�o�u�n�d�a�t�i�o�n�s� �t�o� �t�h�e� �l�a�t�e�r�a�l� �l�o�a�d�s� �u�s�i�n�g� �w�h�a�t� �t�h�e�y� �c�a�l�l�e�d� 

�a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �l�o�a�d� �(�P�.�)�.� �T�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �l�o�a�d� �(�P�e�)� 

�e�m�b�o�d�i�e�s� �t�h�e� �i�m�p�o�r�t�a�n�t� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �p�i�l�e� �o�r� �d�r�i�l�l�e�d� 

�s�h�a�f�t� �(�d�i�a�m�e�t�e�r�,� �s�t�i�f�f�n�e�s�s�)� �a�n�d� �t�h�e� �s�o�i�l� �(�s�t�r�e�n�g�t�h�,� 

�s�t�i�f�f�n�e�s�s�)� �t�h�a�t� �d�e�t�e�r�m�i�n�e� �t�h�e� �w�a�y� �t�h�a�t� �t�h�e� �p�i�l�e� �o�r� �d�r�i�l�l�e�d� 

�s�h�a�f�t� �a�n�d� �s�o�i�l� �r�e�s�p�o�n�d� �t�o� �l�a�t�e�r�a�l� �l�o�a�d�s�.� �T�h�e� �l�a�r�g�e�r� �t�h�e� 

�v�a�l�u�e� �o�f� �P�.�,� �t�h�e� �g�r�e�a�t�e�r� �i�s� �t�h�e� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �p�i�l�e� �o�r� 

�G�r�i�l�l�e�d� �s�h�a�f�t� �t�o� �c�a�r�r�y� �l�a�t�e�r�a�l� �l�o�a�d�s�,� �a�n�d� �t�h�e� �s�m�a�l�l�e�r� �i�s� �i�t�s� 

�d�e�f�l�e�c�t�i�o�n� �u�n�d�e�r� �a� �g�i�v�e�n� �l�a�t�e�r�a�l� �l�o�a�d�.� �-�P�r�o�c�e�d�u�r�e�s� �f�o�r� 

�c�a�l�c�u�l�a�t�i�n�g� �v�a�l�u�e�s� �o�f� �P�o� �a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �a�_� �s�u�b�s�e�q�u�e�n�t� 

�s�e�c�t�i�o�n�.� 

�3�.�2�.�1�.�1� �L�a�t�e�r�a�l� �D�e�f�l�e�c�t�i�o�n� �o�f� �F�i�x�e�d�-�H�e�a�d� �P�i�l�e�s� �o�r� �D�r�i�l�l�e�d� 

�S�h�a�f�t�s� 

�T�h�e� �c�o�n�d�i�t�i�o�n� �o�f� �r�e�s�t�r�a�i�n�t� �a�g�a�i�n�s�t� �r�o�t�a�t�i�o�n� �a�t� �t�h�e� �t�o�p� 

�o�f� �a� �p�i�l�e� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t� �h�a�s� �a� �s�t�r�o�n�g� �e�f�f�e�c�t� �o�n� �t�h�e� 

�m�a�g�n�i�t�u�d�e� �o�f� �i�t�s� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n� �u�n�d�e�r� �l�o�a�d�.� �P�i�l�e�s� �a�n�d� 

�d�r�i�l�l�e�d� �s�h�a�f�t�s� �t�h�a�t� �a�r�e� �e�m�b�e�d�d�e�d� �i�n� �r�e�i�n�f�o�r�c�e�d� �c�o�n�c�r�e�t�e� �c�a�p�s� 

�a�r�e� �e�f�f�e�c�t�i�v�e�l�y� �r�e�s�t�r�a�i�n�e�d� �f�r�o�m� �r�o�t�a�t�i�o�n� �a�t� �t�h�e� �t�o�p�,� �a�n�d� 

�t�h�e�y� �d�e�f�l�e�c�t� �l�a�t�e�r�a�l�l�y� �w�i�t�h� �n�e�g�l�i�g�i�b�l�e� �r�o�t�a�t�i�o�n� �a�t� �t�h�e� �t�o�p�.� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �(�a�n�d� �l�e�s�s� �f�r�e�q�u�e�n�t�l�y



�9�9� 

�p�i�l�e�s�)� �m�a�y� �b�e� �u�s�e�d� �i�n�d�i�v�i�d�u�a�l�l�y� �b�y� �c�o�n�n�e�c�t�i�n�g� �d�i�r�e�c�t�l�y� �t�o� 

�t�h�e� �s�t�r�u�c�t�u�r�e� �w�i�t�h�o�u�t� �a� �c�a�p�,� �i�n� �w�h�i�c�h� �c�a�s�e� �t�h�e�y� �m�a�y� �b�e� 

�e�s�s�e�n�t�i�a�l�l�y� �f�r�e�e� �t�o� �r�o�t�a�t�e� �a�t� �t�h�e� �g�r�o�u�n�d�l�i�n�e�.� �T�h�e� �l�a�t�e�r�a�l� 

�d�e�f�l�e�c�t�i�o�n� �o�f� �a� �f�i�x�e�d�-�h�e�a�d� �s�h�a�f�t� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �o�n�e�-�f�o�u�r�t�h� 

�t�h�a�t� �o�f� �a� �f�r�e�e�-�h�e�a�d� �s�h�a�f�t� �s�u�b�j�e�c�t�e�d� �t�o� �t�h�e� �s�a�m�e� �l�o�a�d�.� 

�T�h�e� �p�r�o�c�e�d�u�r�e�s� �a�n�d� �c�h�a�r�t�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �a�r�e� 

�f�o�r� �f�i�x�e�d�-�h�e�a�d� �p�i�l�e�s� �a�n�d� �d�r�i�l�l�e�d� �s�h�a�f�t�s�.� �C�h�a�r�t�s� �i�n� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �f�o�r�m� �w�e�r�e� �d�e�v�e�l�o�p�e�d� �b�y� �E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� �(�1�9�8�2�)� 

�f�o�r� �s�a�n�d� �a�n�d� �c�l�a�y� �(�F�i�g�s�.� �3�.�1� �a�n�d� �3�.�2�)�.� �T�h�e�s�e� �c�h�a�r�t�s� �s�h�o�w� 

�t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �P�s�/�P�.� �w�i�t�h� �Y�s�/�D�.� �P�s� �i�s� �t�h�e� �l�a�t�e�r�a�l� �l�o�a�d�,� 

�P�o� �i�s� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �l�o�a�d�,� �Y�s� �i�s� �t�h�e� �g�r�o�u�n�d�l�i�n�e� �l�a�t�e�r�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t�,� �a�n�d� �D� �i�s� �t�h�e� �w�i�d�t�h� �o�r� �d�i�a�m�e�t�e�r� �o�f� �t�h�e� �s�i�n�g�l�e� 

�p�i�l�e� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�.� �T�h�e�s�e� �c�h�a�r�t�s� �m�o�d�e�l� �t�h�e� �s�a�m�e� �n�o�n�-� 

�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �s�o�i�l� �a�s� �t�h�e� �p�-�y� �m�e�t�h�o�d� �o�f� �a�n�a�l�y�s�i�s�.� �T�h�e� 

�p�r�o�c�e�d�u�r�e� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� �p�i�l�e� 

�o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�,� �u�s�i�n�g� �F�i�g�s�.� �3�.�1� �a�n�d� �3�.�2�,� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�1�)� �F�o�r� �a� �p�i�l�e�,� �d�e�t�e�r�m�i�n�e� �t�h�e� �w�i�d�t�h� �o�r� �d�i�a�m�e�t�e�r�,� �D�,� �t�h�e� 

�Y�o�u�n�g ��s� �m�o�d�u�l�u�s�,� �E�p�,� �a�n�d� �t�h�e� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �I�p�-� �S�e�c�t�i�o�n� 

�a�n�d� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �d�r�i�v�e�n� �p�i�l�e�s� �c�a�n� �u�s�u�a�l�l�y� �b�e� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r ��s� �l�i�t�e�r�a�t�u�r�e�.� 

�I�n� �t�h�e� �c�a�s�e� �o�f� �a� �d�r�i�l�l�e�d� �s�h�a�f�t�,� �s�e�l�e�c�t� �t�h�e� �d�i�a�m�e�t�e�r� �D�,� 

�t�h�e� �c�o�n�c�r�e�t�e� �m�o�d�u�l�u�s� �E�,�,� �a�n�d� �t�h�e� �s�t�e�e�l� �r�e�i�n�f�o�r�c�e�m�e�n�t�.� �T�h�e� 

�q�u�a�n�t�i�t�i�e�s� �n�e�e�d�e�d� �f�o�r� �a�n�a�l�y�s�i�s� �o�f� �d�r�i�l�l�e�d� �p�i�e�r�s� �a�r�e� �t�h�e� 

�f�l�e�x�u�r�a�l� �s�t�i�f�f�n�e�s�s�,� �E�p�l�p� �a�n�d� �R�y�,� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �m�o�m�e�n�t� �o�f
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�F�i�g�u�r�e� �3�.�1� �L�a�t�e�r�a�l� �L�o�a�d� �V�e�r�s�u�s� �D�e�f�l�e�c�t�i�o�n� �f�o�r� �F�i�x�e�d�-�H�e�a�d� 
�P�i�l�e�s� �a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �S�a�n�d� �(�A�f�t�e�r� �E�v�a�n�s� 
�a�n�d� �D�u�n�c�a�n�,� �1�9�8�2�)
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� � �0�.�0�6� �,� �,� �:� 
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�F�i�g�u�r�e� �3�.�2� �L�a�t�e�r�a�l� �L�o�a�d� �V�e�r�s�u�s� �D�e�f�l�e�c�t�i�o�n� �f�o�r� �F�i�x�e�d�-�H�e�a�d� 

�P�i�l�e�s� �a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �C�l�a�y� �(�A�f�t�e�r� �E�v�a�n�s� 

�a�n�d� �D�u�n�c�a�n�,� �1�9�8�2�)



�1�0�2� 

�i�n�e�r�t�i�a� �o�f� �t�h�e� �s�h�a�f�t� �t�o� �t�h�e� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �o�f� �a� �s�o�l�i�d�,� 

�u�n�r�e�i�n�f�o�r�c�e�d�,� �c�i�r�c�u�l�a�r� �s�e�c�t�i�o�n�.� �T�h�e� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �o�f� 

�t�h�e� �s�h�a�f�t� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �s�e�p�a�r�a�t�e� 

�c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �c�o�n�c�r�e�t�e� �a�n�d� �t�h�e� �s�t�e�e�l�.� �T�h�e� �Y�o�u�n�g ��s� 

�m�o�d�u�l�u�s� �o�f� �t�h�e� �s�h�a�f�t� �(�E�p�)� �i�s� �c�o�n�v�e�n�i�e�n�t�l�y� �t�a�k�e�n� �a�s� �b�e�i�n�g� 

�e�q�u�a�l� �t�o� �t�h�e� �Y�o�u�n�g ��s� �m�o�d�u�l�u�s� �o�f� �c�o�n�c�r�e�t�e� �(�E�,�)�,� �w�h�i�c�h� �c�a�n� �b�e� 

�r�e�l�a�t�e�d� �t�o� �t�h�e� �c�o�n�c�r�e�t�e� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�n�g�t�h� �a�n�d� �d�e�n�s�i�t�y�,� �a�s� 

�s�h�o�w�n� �i�n� �F�i�g�.� �3�.�3�.� �T�h�e� �m�o�d�u�l�u�s� �o�f� �s�t�e�e�l� �c�a�n� �b�e� �t�a�k�e�n� �a�s� �2�9� 

�x� �1�0�°� �p�s�i�.� 

�2�)� �E�s�t�i�m�a�t�e� �t�h�e� �a�v�e�r�a�g�e� �u�n�d�r�a�i�n�e�d� �s�h�e�a�r� �s�t�r�e�n�g�t�h� �(�S�,�)� �f�o�r� 

�C�l�a�y�s�,� �o�r� �t�h�e� �a�v�e�r�a�g�e� �a�n�g�l�e� �o�f� �i�n�t�e�r�n�a�l� �f�r�i�c�t�i�o�n� �(�¢ ��)� �f�o�r� 

�s�a�n�d�s�.� 

�T�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �s�o�i�l� �c�l�o�s�e� �t�o� �t�h�e� �g�r�o�u�n�d� �s�u�r�f�a�c�e� �i�s� 

�t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �w�i�t�h� �r�e�g�a�r�d� �t�o� �l�a�t�e�r�a�l� �l�o�a�d�s�.� �T�h�e� 

�p�r�o�p�e�r�t�i�e�s� �(�S�,� �f�o�r� �c�l�a�y�s�,� �¢ �� �a�n�d� �u�n�i�t� �w�e�i�g�h�t�,� �7 ��,� �f�o�r� �s�a�n�d�s�)� 

�s�h�o�u�l�d� �b�e� �a�v�e�r�a�g�e�d� �o�v�e�r� �a� �d�e�p�t�h� �e�x�t�e�n�d�i�n�g� �a�b�o�u�t� �e�i�g�h�t� �p�i�l�e� 

�o�r� �s�h�a�f�t� �d�i�a�m�e�t�e�r�s� �b�e�l�o�w� �t�h�e� �t�o�p� �o�f� �t�h�e� �p�i�l�e� �o�r� �d�r�i�l�l�e�d� 

�s�h�a�f�t�.� �B�u�o�y�a�n�t� �u�n�i�t� �w�e�i�g�h�t�s� �f�o�r� �s�a�n�d�s� �a�r�e� �u�s�e�d� �b�e�l�o�w� �t�h�e� 

�w�a�t�e�r� �t�a�b�l�e�.� 

�3�)� �D�e�t�e�r�m�i�n�e� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �l�o�a�d� �(�P�,�.�)�,� �w�h�i�c�h� �i�s� �d�e�f�i�n�e�d� 

�b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s�:� 

�F�o�r� �c�l�a�y� �P�o� �=� �7�.�3�4� �D�*� �(�E�p�R�r�)� �(�S�y�/�E�p�R�r�)� �9�°� �9�8� �(�3�-�1�)� 

�F�o�r� �s�a�n�d� �P�g� �=� �1�.�5�7� �D�*�®� �(�E�p�R�z�)� �(�1�7�/�D�é ��K�p�/�E�p�R�z�)� �°�°�? �� �(�3�-�2�)
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�C�o�n�c�r�e�t�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �a�s� �a�f�f�e�c�t�e�d� �b�y� �u�n�i�t� �w�e�i�g�h�t� �a�n�d� �s�t�r�e�n�g�t�h� �5� 
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�P�S� 
�E� �s�s�s� �1�9� �3�8�  � �� �C�E�D�:� 
�S� �2� 

�3� �Z�e�e� �i� �B�e� 
�m� �1� 

�*� �1�0�0� �1�1�0� �1�2�0� �1�3�0� �1�4�0� �1�5�0� 
�w�,� �U�n�i�t� �w�e�i�g�h�t� �o�f� �c�o�n�c�r�e�t�e�,� �I�b� �p�e�r� �c�u� �f�t� 

�F�i�g�u�r�e� �3�.�3� �M�o�d�u�l�u�s� �o�f� �E�l�a�s�t�i�c�i�t�y� �o�f� �C�o�n�c�r�e�t�e� �(�A�f�t�e�r� �P�C�I�,� 
�1�9�8�5�)
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�1�0�4� 

�m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �r�a�t�i�o� 

�I�p�/�I�s�o�l�i�a� �(�S�e�e� �T�a�b�l�e� �3�.�1� �f�o�r� �v�a�l�u�e�s� �o�f� �R�y� �f�o�r� 

�d�r�i�l�l�e�d� �s�h�a�f�t�s� �o�f� �v�a�r�i�o�u�s� �d�i�a�m�e�t�e�r�s� �a�n�d� 

�p�e�r�c�e�n�t�a�g�e�s� �o�f� �s�t�e�e�l� �a�r�e�a�)� 

�m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �o�f� �a� �s�o�l�i�d� �c�i�r�c�u�l�a�r� �c�r�o�s�s�-� 

�s�e�c�t�i�o�n� 

�n�D�*�/�6�4� 

�(�E�p�I�p�)� �/� �(�x�D�4�/�6�4�)� 
�e�f�f�e�c�t�i�v�e� �u�n�i�t� �w�e�i�g�h�t� �o�f� �s�o�i�l� 

�R�a�n�k�i�n�e� �p�a�s�s�i�v�e� �e�a�r�t�h� �p�r�e�s�s�u�r�e� �c�o�e�f�f�i�c�i�e�n�t� 

�t�a�n�*�(�4�5�°� �+� �¢�/�/�2�)� 

�a�n�g�l�e� �o�f� �i�n�t�e�r�n�a�l� �f�r�i�c�t�i�o�n� �f�o�r� �s�a�n�d� �(�i�n� �d�e�g�r�e�e�s�)� 

�u�n�i�t�s� �m�u�s�t� �b�e� �u�s�e�d� �f�o�r� �a�l�l� �t�h�e� �t�e�r�m�s� �i�n� �E�q�u�a�t�i�o�n�s� 

�3�-�1� �a�n�d� �3�-�2�.� 

�4�)� �C�a�l�c�u�l�a�t�e� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �l�o�a�d� �r�a�t�i�o�,� �P�.�/�P�.�.� 

�5�)� �U�s�e� �F�i�g�.� �3�.�1� �f�o�r� �p�i�l�e�s� �o�r� �s�h�a�f�t�s� �i�n� �s�a�n�d�,� �o�r� �F�i�g�.� �3�.�2� 

�f�o�r� �p�i�l�e�s� �o�r� �s�h�a�f�t�s� �i�n� �c�l�a�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �v�a�l�u�e� �o�f� �Y�,�/�D�.� 

�6�)� �C�a�l�c�u�l�a�t�e� �Y�g� �=� �D� �(�Y�<�;�/�D�)�.



�1�0�5� 

�T�a�b�l�e� �3�.�1�:� �R�r� �v�a�l�u�e�s� �f�o�r� �G�r�i�l�l�e�d� �s�h�a�f�t�s� �w�i�t�h� �E�o� �=� �3�5�0�0� �k�s�i�,� 
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�A�s�/�A�g� �1�8� �i�n�.� �2�4� �i�n�.� �3�0� �i�n�.� �3�6� �i�n�.� 

�0�.�0�1� �1�.�0�6� �1�.�0�7� �1�.�0�9� �1�.�0�9� 

�0�.�0�2� �1�.�1�1� �1�.�1�4� �1�.�1�6� �1�.�1�8� 

�0�.�0�4� �1�.�2�1� �1�.�2�7� �1�.�3�1� �1�.�3�4� 

�0�.�0�8� �1�.�3�8� �1�.�5�0� �1�.�5�8� �1�.�6�3� 

�w�h�e�r�e� �A�,� �=� �a�r�e�a� �o�f� �s�t�e�e�l� 

�A�g� �=� �g�r�o�s�s� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �o�f� �d�r�i�l�l�e�d� �s�h�a�f�t� 

�C�c� �=� �c�o�v�e�r� 
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�1�0�6� 

�3�.�2�.�1�.�2� �L�a�t�e�r�a�l� �D�e�f�l�e�c�t�i�o�n� �o�f� �F�r�e�e�-�H�e�a�d� �P�i�l�e�s� �o�r� �D�r�i�l�l�e�d� 

�S�h�a�f�t�s� 

�A� �l�a�t�e�r�a�l� �l�o�a�d� �(�P�g�)� �a�c�t�i�n�g� �a�t� �a� �d�i�s�t�a�n�c�e� �(�e�)� �a�b�o�v�e� �t�h�e� 

�g�r�o�u�n�d�,� �c�a�n� �b�e� �r�e�s�o�l�v�e�d� �i�n�t�o� �t�w�o� �c�o�m�p�o�n�e�n�t�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� 

�3�.�4�:� �a� �l�a�t�e�r�a�l� �l�o�a�d� �w�i�t�h� �t�h�e� �s�a�m�e� �m�a�g�n�i�t�u�d�e� �(�P�,�;�)� �a�c�t�i�n�g� �a�t� 

�t�h�e� �g�r�o�u�n�d�l�i�n�e�,� �p�l�u�s� �a� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �(�M�e�)� �e�q�u�a�l� �t�o� �t�h�e� 

�l�a�t�e�r�a�l� �l�o�a�d� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �e�c�c�e�n�t�r�i�c�i�t�y� �(�i�.�e�.� �M�e� �=� �P�s�e�)�.� 

�E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� �l�a�t�e�r�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �a� 

�f�r�e�e�-�h�e�a�d� �p�i�l�e� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� 

�n�o�n�l�i�n�e�a�r� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �c�a�u�s�e�d� �b�y� �t�h�e� 

�l�a�t�e�r�a�l� �l�o�a�d� �(�Y�g�p�)� �a�n�d� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �c�a�u�s�e�d� �b�y� �t�h�e� �b�e�n�d�i�n�g� 

�m�o�m�e�n�t� �(�Y�s�m�)�-� 

�T�h�e� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �l�a�t�e�r�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �(�Y�s�p�)� �d�u�e� �t�o� 

�t�h�e� �g�r�o�u�n�d�l�i�n�e� �l�a�t�e�r�a�l� �l�o�a�d� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �F�i�g�s�.� �3�.�5� 

�a�n�d� �3�.�6�.� �T�h�e� �p�r�o�c�e�d�u�r�e� �i�s� �t�h�e� �s�a�m�e� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� 

�c�o�n�n�e�c�t�i�o�n� �w�i�t�h� �f�i�x�e�d�-�h�e�a�d� �p�i�l�e�s� �a�n�d� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� 

�S�e�c�t�i�o�n� �3�.�2�.�1�.�1�.� 

�T�h�e� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �l�a�t�e�r�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �(�Y�s�)� �d�u�e� �t�o� 

�t�h�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�1�)� �C�a�l�c�u�l�a�t�e� �t�h�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �M�e� �=� �P�s�e� 

�2�)� �D�e�t�e�r�m�i�n�e� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �m�o�m�e�n�t� �(�M�.�)�,� �w�h�i�c�h� �i�s� 

�d�e�f�i�n�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s�:
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�A�c�t�i�n�g� �o�n� �t�h�e� �G�r�o�u�n�d�l�i�n�e� �a�n�d� �a� �M�o�m�e�n�t
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�0�.�0�1�2� �F� 

�a�2� �0�.�0�0�8� �F� �p�_� �°� 

�0�.�0�0�4� �F� 

�0� �a� �|� �1� �4� �a� �|� �t�L� 

�0� �0�.�0�4� �0�.�0�8� �0�.�1�2� �0�.�1�6� �0�.�2�0� 

�Y� �s�p� 
�D� 

�F�i�g�u�r�e� �3�.�5� �L�a�t�e�r�a�l� �L�o�a�d� �V�e�r�s�u�s� �D�e�f�l�e�c�t�i�o�n� �f�o�r� �F�r�e�e�-�H�e�a�d� 

�0�.�2�4� 

�P�i�l�e�s� �a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �S�a�n�d� �(�A�f�t�e�r� �E�v�a�n�s� 
�a�n�d� �D�u�n�c�a�n�,� �1�9�8�2�)
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�0�.�0�5� �[�-� 
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�v�
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�0�.�0�2� �F�-� 

�0�.�0�1� �F�-� � � � � 
�0� �0�.�0�5� �0�.�1�0� �0�.�1�5� �0�.�2�0� �0�.�2�5� �0�.�3�0� 

�F�i�g�u�r�e� �3�.�6� �L�a�t�e�r�a�l� �L�o�a�d� �V�e�r�s�u�s� �D�e�f�l�e�c�t�i�o�n� �f�o�r� �F�r�e�e�-�H�e�a�d� 
�P�i�l�e�s� �a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �C�l�a�y� �(�A�f�t�e�r� �E�v�a�n�s� 
�a�n�d� �D�u�n�c�a�n�,� �1�9�8�2�)



�1�1�0� �-� 

�F�o�r� �c�l�a�y� �M�g� �=� �3�.�8�6� �D�®� �(�E�p�R�r�)� �(�S�y�/�E�p�R�y�)� �°�*�*�°� �(�3�-�3�)� 

�F�o�r� �s�a�n�d� �M�c� �=� �1�.�3�3� �D�?� �(�E�p�R�z�)� �(�1�/�D�é ��K�p�/�E�p�R�r�)� �°�°�4� �(�3�-�4�)� 

�w�h�e�r�e� �R�y�,� �K�p�,� �7 ��,� �a�n�d� �$�¢ �� �a�r�e� �a�s� �d�e�f�i�n�e�d� �p�r�e�v�i�o�u�s�l�y�.� 

�C�o�n�s�i�s�t�e�n�t� �u�n�i�t�s� �m�u�s�t� �b�e� �u�s�e�d� �i�n� �a�l�l� �t�h�e� �t�e�r�m�s� �i�n� �E�q�u�a�t�i�o�n�s� 

�3�-�3� �a�n�d� �3�-�4�.� 

�3�)� �C�a�l�c�u�l�a�t�e� �t�h�e� �r�a�t�i�o� �M�e�/�M�e�.� 

�4�)� �U�s�e� �F�i�g�.� �3�.�7� �f�o�r� �p�i�l�e�s� �o�r� �s�h�a�f�t�s� �i�n� �s�a�n�d� �a�n�d� �F�i�g�.� �3�.�8� �f�o�r� 

�p�i�l�e�s� �o�r� �s�h�a�f�t�s� �i�n� �c�l�a�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �v�a�l�u�e� �o�f� �Y�o�w�/�D�.� 

�K�n�o�w�i�n�g� �Y�s�p� �a�n�d� �Y�s�o�y�,� �t�h�e� �t�o�t�a�l� �l�a�t�e�r�a�l� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� 

�f�r�e�e�-�h�e�a�d� �p�i�l�e� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t� �c�a�n� �t�h�e�n� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� 

�n�o�n�l�i�n�e�a�r� �s�u�p�e�r�p�o�s�i�t�i�o�n� �a�s� �f�o�l�l�o�w�s� �(�E�v�a�n�s� �a�n�d� �D�u�n�c�a�n�,� �1�9�8�2�)�:� 

�1�)� �U�s�i�n�g� �Y�s�m� �a�n�d� �F�i�g�.� �3�.�5� �f�o�r� �p�i�l�e�s� �o�r� �s�h�a�f�t�s� �i�n� �s�a�n�d�,� �o�r� 

�F�i�g�.� �3�.�6� �f�o�r� �p�i�l�e�s� �o�r� �s�h�a�f�t�s� �i�n� �c�l�a�y�,� �c�a�l�c�u�l�a�t�e� �P�y� �a�s� �s�h�o�w�n� 

�i�n� �F�i�g�.� �3�.�9�b�.� 

�P�y� �i�s� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �l�a�t�e�r�a�l� �l�o�a�d� �t�h�a�t� �w�o�u�l�d� �c�a�u�s�e� �t�h�e� 

�d�e�f�l�e�c�t�i�o�n� �Y�o� �x�.
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�a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �S�a�n�d� �(�A�f�t�e�r� �E�v�a�n�s� �a�n�d� 
�D�u�n�c�a�n�,� �1�9�8�2�)
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�F�i�g�u�r�e� �3�.�8� �M�o�m�e�n�t� �V�e�r�s�u�s� �D�e�f�l�e�c�t�i�o�n� �f�o�r� �F�r�e�e�-�H�e�a�d� �P�i�l�e�s� 
�a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �C�l�a�y� �(�A�f�t�e�r� �E�v�a�n�s� �a�n�d� 
�D�u�n�c�a�n�,� �1�9�8�2�)
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�Y� �c�o�m�b�i�n�e�d� �=� �0�.�5� �(�Y� �.�5�4�,�+� �Y�o�u�)� 

�F�i�g�u�r�e� �3�.�9� �N�o�n�-�L�i�n�e�a�r� �S�u�p�e�r�p�o�s�i�t�i�o�n� �(�A�f�t�e�r� �E�v�a�n�s� �a�n�d� 
�D�u�n�c�a�n�,� �1�9�8�2�)



�1�1�4� 

�2�)� �U�s�i�n�g� �Y�s�p� �a�n�d� �F�i�g�.� �3�.�7� �f�o�r� �p�i�l�e�s� �o�r� �s�h�a�f�t�s� �i�n� �s�a�n�d� �a�n�d� 

�F�i�g�.� �3�.�8� �f�o�r� �p�i�l�e�s� �o�r� �s�h�a�f�t�s� �i�n� �c�l�a�y�,� �c�a�l�c�u�l�a�t�e� �M�p� �a�s� �s�h�o�w�n� 

�i�n� �F�i�g�.� �3�.�9�e�.� 

�M�p� �i�s� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �m�o�m�e�n�t� �t�h�a�t� �w�o�u�l�d� �c�a�u�s�e� �t�h�e� 

�d�e�f�l�e�c�t�i�o�n� �Y�o�s�p�.� 

�3�)� �D�e�t�e�r�m�i�n�e� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �Y�s�p�y� �c�a�u�s�e�d� �b�y� �t�h�e� �l�a�t�e�r�a�l� �l�o�a�d� 

�(�P�s� �+� �P�y�)� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�9�c�.� �Y�g�p�y�m� �i�s� �t�h�e� �d�e�f�l�e�c�t�i�o�n� 

�c�a�u�s�e�d� �b�y� �t�h�e� �s�u�m� �o�f� �t�h�e� �r�e�a�l� �l�o�a�d� �p�l�u�s� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �l�o�a�d�.� 

�4�)� �D�e�t�e�r�m�i�n�e� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �Y�s�g�y�m�p� �c�a�u�s�e�d� �b�y� �t�h�e� �m�o�m�e�n�t� �(�M�s� �+� 

�M�p�)� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�9�f�.� �Y�s�m�M�p� �i�s� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �c�a�u�s�e�d� �b�y� 

�t�h�e� �s�u�m� �o�f� �t�h�e� �r�e�a�l� �m�o�m�e�n�t� �p�l�u�s� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �m�o�m�e�n�t�.� 

�5�)� �E�s�t�i�m�a�t�e� �t�h�e� �t�o�t�a�l� �d�e�f�l�e�c�t�i�o�n� �(�Y�s�)� �u�s�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n� �Y�,�z� 

�=� �0�.�5�(�¥�s�p�m� �+� �Y�s�m�p�)� 

�3�.�2�.�1�.�3� �B�e�n�d�i�n�g� �M�o�m�e�n�t�s� �i�n� �F�i�x�e�d�-�H�e�a�d� �P�i�l�e�s� �o�r� �D�r�i�l�l�e�d� 

�S�h�a�f�t�s� 

�E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� �(�1�9�8�2�)� �d�e�v�e�l�o�p�e�d� �a� �s�i�m�p�l�e� �p�r�o�c�e�d�u�r�e� 

�f�o�r� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �i�n�d�u�c�e�d� �i�n� �s�i�n�g�l�e� 

�p�i�l�e�s� �a�n�d� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �(�M�s�)� �d�u�e� �t�o� �a� �l�a�t�e�r�a�l� �l�o�a�d� �a�t� �t�h�e� 

�t�o�p� �o�f� �t�h�e� �p�i�l�e� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�.� �T�h�e�y� �d�e�v�e�l�o�p�e�d� �t�h�e� �d�e�s�i�g�n� 

�c�h�a�r�t�s� �s�h�o�w�n� �i�n� �F�i�g�s�.� �3�.�1�0� �a�n�d� �3�.�1�1� �f�o�r� �f�i�x�e�d�-�h�e�a�d� �p�i�l�e�s� �a�n�d



�1�1�5� 

� � �0�.�0�1�2� �T� �T� �I� �Y�W� 

�0�.�0�1�  �� 

�0�.�0�0�8� �_� 

�P�o� �0�.�0�0�6� �-� �_� 

�0�.�0�0�4� �+� 

�0�.�0�0�2� �F�-�  �� � � � � �0� �_�l� �_�I� �I� �l� 
�0� �0�.�0�0�2� �0�.�0�0�4� �0�.�0�0�6� �0�.�0�0�8� 
� � 

� � 

�F�i�g�u�r�e� �3�.�1�0� �L�a�t�e�r�a�l� �L�o�a�d� �V�e�r�s�u�s� �M�o�m�e�n�t� �f�o�r� �F�i�x�e�d�-�H�e�a�d� �P�i�l�e�s� 
�a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �S�a�n�d� �(�A�f�t�e�r� �E�v�a�n�s� �a�n�d� 
�D�u�n�c�a�n�,� �1�9�8�2�)



� � 

�1�1�6� 

� � �0�.�0�6� �|� �T� �T� 

�0�.�0�5� �+� �4� 

�0�.�0�4� �-�-�  �� 

�P� �0�.�0�3� �_� 

�0�.�0�2� �-� 

�0�.�0�1�  �� � � � � �0� �l� �I� �J� �l� �l� 
�0� �0�.�0�0�4� �0�.�0�0�8� �0�.�0�1�2� �0�.�0�1�6� �0�.�0�2� �0�.�0�2�4� 
� � 

�F�i�g�u�r�e� �3�.�1�1� �L�a�t�e�r�a�l� �L�o�a�d� �V�e�r�s�u�s� �M�o�m�e�n�t� �f�o�r� �F�i�x�e�d�-�H�e�a�d� �P�i�l�e�s� 
�a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �i�n� �C�l�a�y� �(�A�f�t�e�r� �E�v�a�n�s� �a�n�d� 
�D�u�n�c�a�n�,� �1�9�8�2�)



�1�1�7� 

�d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� �s�a�n�d� �a�n�d� �c�l�a�y�.� �T�h�e�s�e� �c�h�a�r�t�s� �s�h�o�w� �t�h�e� 

�v�a�r�i�a�t�i�o�n� �o�f� �M�s�/�M�e� �w�i�t�h� �P�<�s�/�P�o�,� �w�h�e�r�e� �M�s� �=� �m�a�x�i�m�u�m� �m�o�m�e�n�t� �i�n� 

�a� �s�i�n�g�l�e� �p�i�l�e� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t� �a�n�d� �M�e� �=� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� 

�m�o�m�e�n�t�.� 

�U�s�i�n�g� �t�h�e�s�e� �c�h�a�r�t�s�,� �t�h�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �i�n� �a� �l�a�t�e�r�a�l�l�y� 

�l�o�a�d�e�d� �p�i�l�e� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�1�)� �R�e�f�e�r� �t�o� �s�t�e�p� �(�1�)� �i�n� �S�e�c�t�i�o�n� �3�.�2�.�1�.�1�.� 

�2�)� �R�e�f�e�r� �t�o� �s�t�e�p� �(�2�)� �i�n� �S�e�c�t�i�o�n� �3�.�2�.�1�.�1�.� 

�3�)� �D�e�t�e�r�m�i�n�e� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �l�o�a�d� �(�P�,�.�)� �u�s�i�n�g� �E�q�u�a�t�i�o�n� �3�-� 

�1� �f�o�r� �c�l�a�y� �o�r� �3�-�2� �f�o�r� �s�a�n�d�.� 

�4�)� �C�a�l�c�u�l�a�t�e� �t�h�e� �l�a�t�e�r�a�l� �l�o�a�d�,� �P�s�,� �a�n�d� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �l�o�a�d� 

�r�a�t�i�o�,� �P�<�s�/�P�o�.� 

�5�)� �U�s�e� �F�i�g�.� �3�.�1�0� �f�o�r� �f�i�x�e�d�-�h�e�a�d� �p�i�l�e�s� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� 

�s�a�n�d� �a�n�d� �F�i�g�.� �3�.�1�1� �f�o�r� �f�i�x�e�d�-�h�e�a�d� �p�i�l�e�s� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�s� �i�n� 

�c�l�a�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �v�a�l�u�e� �o�f� �M�s�/�M�c�.� 

�6�)� �D�e�t�e�r�m�i�n�e� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �m�o�m�e�n�t� �(�M�.�)� �w�h�i�c�h� �i�s� 

�d�e�f�i�n�e�d� �b�y� �E�q�u�a�t�i�o�n�s� �3�-�3� �a�n�d� �3�-�4�.� 

�7�)� �C�a�l�c�u�l�a�t�e� �M�g� �=� �M�c�(�M�s�/�M�c�)�.



�1�1�8� 

�3�.�2�.�1�.�4� �B�e�n�d�i�n�g� �M�o�m�e�n�t�s� �i�n� �F�r�e�e�~�H�e�a�d� �P�i�l�e�s� �o�r� �D�r�i�l�l�e�d� 

�S�h�a�f�t�s� 

�T�h�e� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �i�n� �a� �f�r�e�e�-�h�e�a�d� �p�i�l�e� �(�o�r� 

�d�r�i�l�l�e�d� �s�h�a�f�t�)� �o�c�c�u�r�s� �i�n� �t�h�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� �p�i�l�e� �t�h�a�t� 

�e�x�t�e�n�d�s� �b�e�l�o�w� �g�r�o�u�n�d� �o�r� �t�h�e� �p�o�r�t�i�o�n� �a�b�o�v�e� �g�r�o�u�n�d�.� �T�h�e� 

�m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �m�a�x�i�m�u�m� �m�o�m�e�n�t� �i�s� �n�e�e�d�e�d� �f�o�r� �d�e�s�i�g�n�,� �a�n�d�,� 

�i�n� �s�o�m�e� �c�a�s�e�s�,� �i�t� �m�a�y� �b�e� �n�e�c�e�s�s�a�r�y� �a�l�s�o� �t�o� �k�n�o�w� �t�h�e� �d�e�p�t�h� 

�b�e�l�o�w� �g�r�o�u�n�d� �a�t� �w�h�i�c�h� �t�h�e� �m�a�x�i�m�u�m� �m�o�m�e�n�t� �o�c�c�u�r�s�.� �T�h�e�s�e� 

�q�u�a�n�t�i�t�i�e�s� �c�a�n�n�o�t� �b�e� �d�e�t�e�r�m�i�n�e�d� �d�i�r�e�c�t�l�y� �u�s�i�n�g� �t�h�e� �p�r�o�c�e�d�u�r�e� 

�d�e�v�e�l�o�p�e�d� �b�y� �E�v�a�n�s� �a�n�d� �D�u�n�c�a�n�,� �b�u�t� �t�h�e�y� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� 

�u�s�i�n�g� �t�h�e� �t�h�e�o�r�y� �d�e�s�c�r�i�b�e�d� �b�y� �M�a�t�l�o�c�k� �a�n�d� �R�e�e�s�e� �(�1�9�6�1�)�,� 

�t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �v�a�l�u�e� �o�f� �g�r�o�u�n�d�l�i�n�e� �d�e�f�l�e�c�t�i�o�n� �c�a�l�c�u�l�a�t�e�d� 

�u�s�i�n�g� �t�h�e� �E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� �(�1�9�8�2�)� �p�r�o�c�e�d�u�r�e�.� �T�h�e� �t�e�c�h�n�i�q�u�e� 

�f�o�r� �e�s�t�i�m�a�t�i�n�g� �g�r�o�u�n�d�l�i�n�e� �d�e�f�l�e�c�t�i�o�n�s� �o�f� �f�r�e�e�-�h�e�a�d� �p�i�l�e�s� �a�n�d� 

�G�r�i�l�l�e�d� �s�h�a�f�t�s� �w�a�s� �e�x�p�l�a�i�n�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�2�.�1�.�2�.� �W�h�e�n� �t�h�e� 

�g�r�o�u�n�d�l�i�n�e� �d�e�f�l�e�c�t�i�o�n� �(�Y�s�)� �h�a�s� �b�e�e�n� �d�e�t�e�r�m�i�n�e�d�,� �t�h�e� 

�m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �m�a�x�i�m�u�m� �m�o�m�e�n�t� �a�n�d� �i�t�s� �d�e�p�t�h� �b�e�l�o�w� �g�r�o�u�n�d� 

�c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�1�)� �C�a�l�c�u�l�a�t�e� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �l�e�n�g�t�h� �(�T�)� �o�f� �t�h�e� �d�r�i�l�l�e�d� 

�s�h�a�f�t� �b�y� �s�o�l�v�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �f�o�r� �T� �(�M�a�t�l�o�c�k� �a�n�d� 

�R�e�e�s�e�,� �1�9�6�1�)�:� 

�2�.�4�3�5�P�s� �,� �1�.�6�2�3�M�e� 
�Y�s� �=�  � � � ��_� �T�°� �+�  � ��_� �T� �(�3�-�5�)� 

�E�p�l�p� �E�p�I�p



�1�1�9� 

�w�h�e�r�e� �Y�s�,� �E�p�,� �I�p� �a�n�d� �P�g� �a�r�e� �a�s� �d�e�f�i�n�e�d� �p�r�e�v�i�o�u�s�l�y� �a�n�d� �T� �i�s� 

�t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �l�e�n�g�t�h�.� �T�h�e� �v�a�l�u�e� �o�f� �T� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� 

�u�s�i�n�g� �r�e�p�e�a�t�e�d� �t�r�i�a�l�s�.� 

�3�)� �C�a�l�c�u�l�a�t�e� �t�h�e� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �u�s�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�e�x�p�r�e�s�s�i�o�n�:� 

�M�m�a�x� �=� �K�m�M�e� �(�3�-�6�)� 

�w�h�e�r�e� �M�e� �i�s� �t�h�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�t� �t�h�e� �g�r�o�u�n�d�l�i�n�e� �(�M�e� �=� �P�s�e�)�,� 

�P�s� �i�s� �t�h�e� �l�a�t�e�r�a�l� �l�o�a�d�,� �e� �i�s� �t�h�e� �e�c�c�e�n�t�r�i�c�i�t�y� �o�f� �t�h�e� �l�a�t�e�r�a�l� 

�l�o�a�d� �a�b�o�v�e� �t�h�e� �g�r�o�u�n�d�l�i�n�e�,� �a�n�d� �k�y� �i�s� �a� �m�o�m�e�n�t� �m�u�l�t�i�p�l�i�e�r� 

�w�h�i�c�h� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �T�/�e�.� �T�h�e� �v�a�l�u�e� �o�f� �K�y� �c�a�n� �b�e� 

�c�a�l�c�u�l�a�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�k�m� �=� �1� �+� �0�.�7�5�6�(�T�/�e�)� �(�3�-�7�)� 

�w�h�e�r�e� �T� �i�s� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �l�e�n�g�t�h� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� 

�E�q�u�a�t�i�o�n� �3�-�5�.� �T�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� 

�c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �T�a�b�l�e� �3�.�2�.� 

�3�.�2�.�1�.�5� �D�e�f�l�e�c�t�i�o�n�s� �a�n�d� �B�e�n�d�i�n�g� �M�o�m�e�n�t�s� �i�n� �P�i�l�e�s� �o�r� �D�r�i�l�l�e�d� 

�S�h�a�f�t�s� �W�i�t�h� �C�a�p�s� �A�b�o�v�e� �G�r�o�u�n�d� 

�W�h�e�n� �p�i�l�e�s� �o�r� �p�i�e�r�s� �a�r�e� �a�t�t�a�c�h�e�d� �t�o� �a� �c�a�p� �a�b�o�v�e� �g�r�o�u�n�d�,� 

�w�i�t�h� �a�n� �a�i�r� �g�a�p� �b�e�t�w�e�e�n� �t�h�e� �b�o�t�t�o�m� �o�f� �t�h�e� �c�a�p� �a�n�d� �t�h�e� 

�g�r�o�u�n�d�,� �t�h�e� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �c�a�n� �o�c�c�u�r� �b�e�l�o�w� �g�r�o�u�n�d



�1�2�0� 

�T�a�b�l�e� �3�.�2� �A�p�p�r�o�x�i�m�a�t�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� 
�m�o�m�e�n�t� �i�n� �f�r�e�e�-�h�e�a�d� �p�i�l�e�s� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�s� 
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�0�.�5� �0�.�8� 
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�1�2�1� 

�(�a�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�)� �o�r� �a�t� �t�h�e� �t�o�p� �o�f� �t�h�e� 

�p�i�l�e� �(�t�h�e� �b�o�t�t�o�m� �o�f� �t�h�e� �c�a�p�)�.� �F�o�r� �p�i�l�e�s� �c�o�n�n�e�c�t�e�d� �t�o� �a� �c�a�p� 

�a�b�o�v�e� �g�r�o�u�n�d�,� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �c�a�p� �a�n�d� 

�t�h�e� �m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �i�n� �t�h�e� �p�i�l�e� �c�a�n� 

�b�e� �d�e�r�i�v�e�d� �u�s�i�n�g� �b�e�a�m� �t�h�e�o�r�y� �a�n�d� �t�h�e� �E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� 

�n�o�n�l�i�n�e�a�r� �s�u�p�e�r�p�o�s�i�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� 

�m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�t� �t�h�e� �t�o�p� �o�f� �t�h�e� �p�i�l�e� �(�t�h�e� �b�o�t�t�o�m� �o�f� 

�t�h�e� �c�a�p�)� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�:� 

�2� 
�M�e� �Z�m�a�x� �Z�m�a�x� 

�6� �L�u� 
�=� 

�1� �+� 
�L�y� 

�w�h�e�r�e� �M�m�a�x� �=� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �f�o�r� �a� �f�r�e�e�-�h�e�a�d� �p�i�l�e� 

� � � � 

� � 

� � 

�t�h�a�t� �o�c�c�u�r�s� �b�e�l�o�w� �g�r�o�u�n�d�,� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �t�h�e� 

�n�o�n�l�i�n�e�a�r� �s�u�p�e�r�p�o�s�i�t�i�o�n� �p�r�o�c�e�d�u�r�e� �d�e�s�c�r�i�b�e�d� �i�n� 

�S�e�c�t�i�o�n� �3�.�2�.�1�.�4� 

�Z�m�a�x� �=� �d�e�p�t�h� �b�e�l�o�w� �g�r�o�u�n�d� �w�h�e�r�e� �M�m�a�y� �o�c�c�u�r�s� 

�L�y� �=� �u�n�s�u�p�p�o�r�t�e�d� �l�e�n�g�t�h� �o�f� �f�r�e�e�-�h�e�a�d� �p�i�l�e� �o�r� �d�r�i�l�l�e�d� 

�s�h�a�f�t� �(�L�y� �=� �e�c�c�e�n�t�r�i�c�t�y�,� �e�)�,� �a�n�d� 

�M�e� �=� �m�o�m�e�n�t� �a�t� �t�h�e� �g�r�o�u�n�d�l�i�n�e� �f�o�r� �a� �f�r�e�e�-�h�e�a�d� �p�i�l�e� 

�(�=� �P�o�e� �o�r� �P�o�s�h�)� 

�E�q�u�a�t�i�o�n� �3�-�8� �w�a�s� �d�e�r�i�v�e�d� �w�i�t�h� �t�h�e� �a�i�d� �o�f� �F�i�g�.� �3�.�1�2� �a�n�d� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �a�s�s�u�m�p�t�i�o�n�s�:



�1�2�2� 

�S�H�E�A�R� �F�O�R�C�E� �B�E�N�D�I�N�G� �M�O�M�E�N�T� 
�D�I�A�G�R�A�M� �D�I�A�G�R�A�M� 

� � 

�M�S�M�,� �~�~� � � �m
�g

 ��
 

� � 

�/� �V�i�s� 

� � 

�M�i�n�a�x� �M�r� � � � � � � 
�F�i�g�u�r�e� �3�.�1�2� �I�d�e�a�l�i�z�e�d� �S�h�e�a�r� �F�o�r�c�e� �a�n�d� �B�e�n�d�i�n�g� �M�o�m�e�n�t� 

�D�i�a�g�r�a�m� �I�n� �a� �P�i�l�e� �T�h�a�t� �C�a�n� �T�r�a�n�s�l�a�t�e� �B�u�t� �N�o�t� 
�R�o�t�a�t�e� �A�t� �T�h�e� �T�o�p



�1�2�3� 

�1�)� �T�h�e� �s�h�e�a�r� �f�o�r�c�e� �d�i�a�g�r�a�m� �d�e�c�r�e�a�s�e�s� �l�i�n�e�a�r�l�y� �f�r�o�m� �P�.� �a�t� �t�h�e� 

�g�r�o�u�n�d� �s�u�r�f�a�c�e� �t�o� �z�e�r�o� �a�t� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�a�x�i�m�u�m� 

�b�e�n�d�i�n�g� �m�o�m�e�n�t�.� 

�2�)� �T�h�e� �s�l�o�p�e� �a�t� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� 

�i�s� �z�e�r�o�.� 

�3�)� �T�h�e� �c�a�p� �p�r�o�v�i�d�e�s� �c�o�m�p�l�e�t�e� �r�o�t�a�t�i�o�n�a�l� �r�e�s�t�r�a�i�n�t� �a�t� �t�h�e� �t�o�p� 

�o�f� �t�h�e� �p�i�l�e�.� �F�o�r� �t�h�i�s� �c�o�n�d�i�t�i�o�n�,� �t�h�e� �a�r�e�a� �u�n�d�e�r�n�e�a�t�h� �t�h�e� 

�b�e�n�d�i�n�g� �m�o�m�e�n�t� �d�i�a�g�r�a�m� �o�n� �t�h�e� �s�i�d�e� �f�o�r� �p�o�s�i�t�i�v�e� �m�o�m�e�n�t�s� �i�s� 

�e�q�u�a�l� �t�o� �t�h�e� �a�r�e�a� �u�n�d�e�r�n�e�a�t�h� �t�h�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �d�i�a�g�r�a�m� �o�n� 

�t�h�e� �s�i�d�e� �f�o�r� �n�e�g�a�t�i�v�e� �m�o�m�e�n�t�s�,� �i�.�e�.� �i�n� �F�i�g�.� �3�.�1�2�,� �A�r�e�a� �1� �+� 

�A�r�e�a� �2� �=� �A�r�e�a� �3�.� 

�T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �m�a�x�i�m�u�m� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �b�e�l�o�w� 

�g�r�o�u�n�d� �f�o�r� �t�h�i�s� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �i�s� �e�q�u�a�l� �t�o� �(�M�m�a�x� �-� �M�r�)�.� 

�T�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �c�a�p� �a�b�o�v�e� �g�r�o�u�n�d� �m�a�y� �b�e� �d�i�v�i�d�e�d� 

�i�n�t�o� �t�w�o� �c�o�m�p�o�n�e�n�t�s�.� �T�h�e� �f�i�r�s�t� �i�s� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� 

�f�r�e�e�-�h�e�a�d� �p�i�l�e� �a�t� �t�h�e� �g�r�o�u�n�d�l�i�n�e� �(�Y�g�r�o�u�n�d�)�,� �w�h�i�c�h� �c�a�n� �b�e� 

�e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �n�o�n�l�i�n�e�a�r� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� 

�c�a�u�s�e�d� �b�y� �a� �g�r�o�u�n�d�l�i�n�e� �l�a�t�e�r�a�l� �l�o�a�d� �(�P�s�)�,� �a�n�d� �t�h�e� �d�e�f�l�e�c�t�i�o�n� 

�c�a�u�s�e�d� �b�y� �t�h�e� �m�o�m�e�n�t� �a�t� �t�h�e� �g�r�o�u�n�d�l�i�n�e� �w�h�i�c�h� �i�s� �e�q�u�a�l� �t�o� �(�M�e� 

�-� �M�p�)�.� �N�o�t�e� �t�h�a�t� �s�i�n�c�e� �M�e� �i�s� �a�l�w�a�y�s� �l�e�s�s� �t�h�a�n� �M�p�,� �(�M�e� �-� �M�p�)� 

�i�s� �a�l�w�a�y�s� �n�e�g�a�t�i�v�e�,� �a�n�d� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �c�o�m�p�o�n�e�n�t�s� �c�a�u�s�e�d� �b�y� 

�P�s� �a�n�d� �(�M�e� �-� �M�y�)� �a�r�e� �i�n� �o�p�p�o�s�i�t�e� �d�i�r�e�c�t�i�o�n�s�.� 

�T�h�e� �s�e�c�o�n�d� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �i�s �� �t�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �c�a�p� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �p�i�l�e� �a�t� �t�h�e� 

�g�r�o�u�n�d�l�i�n�e� �(�Y�p� �-� �Y�g�r�o�u�n�a�)� �-� �T�h�i�s� �c�a�n� �b�e� �e�v�a�l�u�a�t�e�d� �b�y



�1�2�4� 

�i�n�t�e�g�r�a�t�i�n�g� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�b�o�v�e� �t�h�e� 

�g�r�o�u�n�d�l�i�n�e� �t�w�i�c�e�,� �a�n�d� �b�y� �d�i�v�i�d�i�n�g� �b�y� �t�h�e� �f�l�e�x�u�r�a�l� �s�t�i�f�f�n�e�s�s� 

�(�E�p�I�p�)� �o�f� �t�h�e� �p�i�l�e� �o�r� �d�r�i�l�l�e�d� �s�h�a�f�t�.� �T�h�e� �r�e�s�u�l�t�i�n�g� 

�e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�i�s� �d�e�f�l�e�c�t�i�o�n� �c�o�m�p�o�n�e�n�t� �i�s�:� 

�L�y�?� 

�6�E�p�I�p� 
�[�M�e� �-� �3�M�y�]� �(�3�-�9�)� � � �Y�~� �-� �Y�g�r�o�u�n�d� �=� 

�w�h�e�r�e� �L�y�,� �M�e� �a�n�d� �M�p� �a�r�e� �a�s� �d�e�f�i�n�e�d� �p�r�e�v�i�o�u�s�l�y�.� �T�o� �c�a�l�c�u�l�a�t�e� 

�t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �c�a�p� �Y�r�,� �Y�g�r�o�u�n�d� �a�n�d� �(�Y�r� �-� �Y�g�r�o�u�n�d�)� �a�r�e� 

�a�d�d�e�d� �t�o�g�e�t�h�e�r�.� 

�3�.�2�.�2� �S�i�m�p�l�i�f�i�e�d� �P�r�o�c�e�d�u�r�e� �f�o�r� �D�e�s�i�g�n� �o�f� �S�i�n�g�l�e� �F�i�x�e�d�-�H�e�a�d� 

�P�i�l�e�s� �a�n�d� �D�r�i�l�l�e�d� �S�h�a�f�t�s� �t�o� �R�e�s�i�s�t� �L�a�t�e�r�a�l� �L�o�a�d�s� 

�D�r�i�v�e�n� �P�i�l�e�s� 

�T�h�e� �E�v�a�n�s� �a�n�d� �D�u�n�c�a�n� �p�r�o�c�e�d�u�r�e� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �l�a�t�e�r�a�l� 

�d�e�f�l�e�c�t�i�o�n�s� �a�n�d� �b�e�n�d�i�n�g� �m�o�m�e�n�t�s� �i�n� �l�a�t�e�r�a�l�l�y� �l�o�a�d�e�d� �f�i�x�e�d�-� 

�h�e�a�d� �p�i�l�e�s� �h�a�s� �b�e�e�n� �u�s�e�d� �t�o� �d�e�v�e�l�o�p� �l�a�t�e�r�a�l� �l�o�a�d�-�d�e�f�l�e�c�t�i�o�n� 

�c�u�r�v�e�s� �a�n�d� �l�a�t�e�r�a�l� �l�o�a�d�-�m�o�m�e�n�t� �c�u�r�v�e�s� �f�o�r� �s�o�m�e� �c�o�m�m�o�n�l�y�-�u�s�e�d� 

�p�i�l�e� �s�e�c�t�i�o�n�s�.� �C�h�a�r�t�s� �f�o�r� �p�r�e�s�t�r�e�s�s�e�d� �c�o�n�c�r�e�t�e� �p�i�l�e�s� �(�1�0� 

�i�n�.�,� �1�2� �i�n�.�,� �1�4� �i�n�.�,� �1�6� �i�n�.�,� �a�n�d� �1�8� �i�n�.� �S�q�u�a�r�e�)� �a�n�d� �s�t�e�e�l�-�H� 

�p�i�l�e�s� �(�H�P� �1�0� �X� �4�2�,� �H�P� �1�0� �X� �5�7�,� �H�P� �1�2� �X� �5�3�,� �H�P� �1�2� �X� �7�4�,� �H�P� �1�4� 

�X� �7�3�,� �a�n�d� �H�P� �1�4� �X� �8�9�)� �i�n� �s�a�n�d� �a�n�d� �c�l�a�y� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�s�.� 

�3�.�1�3� �t�h�r�o�u�g�h� �3�.�1�6�.� �F�o�r� �t�h�e�s�e� �p�i�l�e�s� �a�n�d� �s�o�i�l� �c�o�n�d�i�t�i�o�n�s�,� 
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