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Chapter I 

INTRODUCTION 

In the past, sail design was primarily a trial-and-error 

technique. A master sail designer would slightly modify a 

working sail plan. If the modification improved the overall 

effectiveness of the sail, he would again attempt some 

slight modification. However, if the change was ineffec-

tive, the designer would regress to the prior sail plan and 

try something new. In spite of this slow and cumbersome 

technique, present sail designs are fairly effective. 

There is still considerable room for improvement, though, 

and over the past ten years computers have started to play a 

small role in sailboat design. Although many hull designs 

are now based on computer techniques, computers have had a 

very limited impact on sail designs. There are several rea-

sons for this lack of development. The sail is a very com-

plicated lifting surface. It has large camber and twist. 

(In other words, the curvature near the top of the sail is 

different than curvature at the bottom.) Also, the sail's 

triangular shape and the interaction between sails compli-

cate the analysis. Finally, the sail works in the earth's 

boundary layer, and this boundary layer is very complex. 

However, with the recent developments in finite elements, 

this sail problem is beginning to recieve more attention. 
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The first computer application to sail design was a 

two-dimensional analysis of the flow across the sail (Mil-

gram, 1972). Then, a three-dimensional analysis had been 

attempted by Thrasher, Mook, and Nayfeh ( 1979). This at-

tempt proved very successful. Therefore, the next step is 

to optrnize the sail. In our research, we could not find any 

published attempts to optimize sail design through the use 

of computers. As a result, the program developed in this 

project could set the state of the art in computer-based 

sail design. 

There are four major areas to consider when developing 

this type of program: modeling the sail, analyzing the mo-

del, developing an optimization technique, and applying this 

technique to the model. The first couple sections of this 

report describe the model of the sail and the analysis of 

this model. The next section presents the optimization of 

the unconstrained problem. The final sections add the ef-

fects of a separation constraint and present the final re-

sults for the constrained problem. 



Chapter II 

THE VARIABLES AND THEIR RELATIONSHIP TO THE 
MODEL 

As air flows past a sail, the air on top in figure 1 

flows faster than the air on the bottom. Therefore, a pres-

sure differential results, and consequently, there will be a 

force on the sail. This resultant force can be broken into 

two components, a heeling force which leans the boat over 

and a driving force which propels the boat through the wa-

ter. This driving force is the dependent variable that will 

be optimized. In order to analyze the sail, a chordwise arc 

is approximated by a series of short straight lines called 

chords. The orientation of each chord is specified by an 

angle labelled 0. in figure 2. 
1 

The length of each chord is 

held constant. Therefore, the angles 0. in figure 2 will be 
1 

the independent variables. 

To produce the optimum sail, each angle 0. will be syste-
1 

matically varied until a set of angles 

produces an optimum driving force is found. Once these an-

gles have been determined, the optimum lattice points in the 

sail can ea=ily be calc~lated. From this inforrna::ic:1, 

sailmaker could cut the optimum sail. 

3 



Chapter III 

ANALYSIS OF THE MODEL 

In order to analyze the sail, we idealize the sail cloth 

as an infinitely thin vortex sheet. Figure 3 shows these 

ideas associated with a vortex sheet. Next the distributed 

vorticity is represented by concentrated cores of vorticity 

at distinct points, called vortex points. The cores have 

finite circulations around them. In order to represent the 

sail cloth, a no-penetration boundary condition should be 

imposed along the entire model but is only imposed at the 

control points C. Also, according to the Kutta condition, 

the vorticity at the trailing edge is equal to zero. 

On the sail model, a point vortex is located at one-quar-

ter the length of each chord, and a control point is located 

at three-quarters the length of each chord. Figure 4 shows 

a two-dimensional model of a sail with four elements. The 

control points are labeled Ci. The vortex points are la-

beled Vi, and the circulations are labeled r .. 
l. 

The locations of these control points and vortex points 

are not totally arbitrary. First, consider a flat plate of 

length Lin a uniform stream at a specified angle of attack. 

Upon analyzing the plate, we determine a lifting force and a 

resulting moment about the center of the plate. Now model 

4 
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the plate with a vortex point at one-quarter Land a control 

point at three-quarters L. By varying the magnitude of the 

circulation at the vortex point so as to impose a no-pene-

tration condition at the control point, we produce a set of 

forces that is statically equivalent to that in the above 

solution. The sail is represented as a series of flat 

plates at different angles of attack. 

Next, the circulation at each vortex point must be calcu-

lated. Using the Biot-Savart law (see Appendix A), we det-

ermine the effect of the circulations at each control point. 

Although this analysis can be applied to any number of ele-

ments, a four-element model is described for the sake of 

simplicity. The effect of the circulations on the· first 

control point is 

where Visn is the normal component of the wind velocity at 

the first control point and hli is · the effect of the i th 

circulation on the first control point normal to the vortex 

sheet. Similarily, the effect on the other control points 

can be calculated. As a result, the following set of equa-

tions is produced: 

h 1 l i l + h12f2 + h 1 3 r 3 + h l i.f i. = -V}sn 

h21rt + h22i:"2. + h23f3 + h2i.f i. = vz 
- fsn 

h 3 1 ;:" l + h32~2 + hnf 3 + h 3 i.~ L. = -VJ 
fsn 
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In matrix form, these equations become 

Next, a Gauss-Seidel iterative technique is used to calcu-

late the values of ri. 

After determining the circulations, we calculate the 

pressure distribution on the sail. To assist the under-

standing of the calculations, refer to the typical element 

in figure 5. A surface of length Lis drawn through a vor-

tex point and a control point. This surface represents an 

element of the sail. Next, the velocities are represented 

on the surface. In figure 6, the velocities on the ends of 

the elements (Ve) are equal to zero by the no-penetration 

constraint. In order to relate the tangential velocities to 

the circulations, we consider Stoke's theorem: 

A. dr = I I curl A· N ds 
JC j Sj 

We then apply Stoke's theorem to the surface of the element. 
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where Q is the vorticity and tis the thickness of the ele-

ment. Therefore, 

Applying this equation to figure 6 results in the equation 

6V. = 
1 

,.. 
l. • 

1 
L 

where Lis the length of the element and ~Vi is the jump in 

the tangential component of the velocity at the control 

point of element i. 

We now use Bernoulli's equation to determine the pres-

sures. Bernoulli's equation is 

p 
= ...:: + l v2 

p 2 

where Pc is the pressure at the control point, V c is the 

velocity at the control point, p is the density of the air, 

P is the 
00 

free-stream pressure, and V is the 
00 

free stream 

velocity. Rearranging this equation produces the result 

p - ? C ::o 

l ",,2. 2 . 

We define the pressure coefficient as 
p - p 

C ::0 

Coe = 1 -P v2. 2 . ::0 
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Therefore, the following equations are used to calculate the 

pressure coefficients 

Cp = 1 - V2 

and 

where the subscript t refers to the top of the sail, and b 

refers to the bottom of the sail. Also, each of these vel-

ocities are normalized with respect to the freestream vel-

ocity. Now, equations for Vt and Vb are developed. 

V : V l. 'V 
t 2 -

and 

Vb : V - l. . V 2 -

where Vis the magnitude of the sum of the freestream vel-

ocity and the velocities calculated from the vortici ties. 

Therefore, 

VtV 1_ 'V2 
J. -

l .,,12 
4 -
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;).Cp = 2Vt:.V 

where ACp is the pressure jump across the sail at the con-

trol point. 

In addition to the control points, pressure coefficients 

are calculated upstream of the leading edge and downstream 

of the trailing edge. These lengths are termed ALle and 

6Lte respectively, and figure 7 shows AL le and 6Lte on a 

four element model. Since both of these points are removed 

from the vortex sheet, 6V is identically zero. Therefore, 

Unfortunately, ALle and 6Lte have a major effect on the op-

timum drive. These effects will be investigated in a later 

section. 

The last step in the analysis involves the calculation of 

the drive. From potential flow theory, we know that a cir-

culation superimposed in a uniform stream produces a lift 

(L). Such that 

L=pU r 
00 
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where r is the magnitude of the circulation and Lis normal 

to the free-stream velocity. 

lations. Therefore, 

In our case, we have N circu-

n 
L=pU r r. 

00 i=l 1 

Since the drive is the x-component of the lift, we can say 

where 

or 

Now by defining 

we have 

Drive=L•UNX 

UNX=sin(attack angle) 

n 
Drive=pU (UNX) ! r. 

.. i=l 1 

n 
CIRC= ! r. 

i=l 1 

Drive=pU (CIRC)UNX 
00 

However, p I U and UNX are all constants. The ref ore, by 
00 

maximizing CIRC, we maximize the drive. 

problem reduces to an optimization of CIRC. 

As a result, the 
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Overall, the analysis of the flow involves five s-:.eps. 

First, the sail is represented by a vortex sheet and then 

approximated by discrete vortex points. Next, the Biot-Sa-

vart law is applied to determine the velocity field generat-

ed by the discrete vorticity subject to the the no penetra-

tion constraint. Then, the velocity differences are 

calculated, and finally, these velocities are used to calcu-

late the pressure coefficients and CIRC. 

In order to test this part of the program, a circular arc 

and a flat plate were analyzed. In the case of a flat 

plate, the numerically obtained circulation closely matched 

the analytical results. For the circular arc, the numeri-

cally obtained values were slightly smaller than the analyt-

ical values. However, as more elements were used to approx-

imate the arc, our solution converged to the analytic 

solution. Therefore, the program will analyze the sail with 

sufficient accuracy. Located in figure 8 is a table showing 

this convergence for the circular arc. 



Chapter IV 

OPTIMIZATION OF THE UNCONSTRAINED PROBLEM 

In order to optimize the unconstrained problem, we first 

calculate the gradient of CIRC and then use this gradient in 

an optimization algorithm. The existing computer code in-

corporates a center-difference method to calculate the gra-

dient. Overall, three different algorithms are used to op-

timize CIRC. The first method is termed the gradient 

method. Once an initial guess is made and the gradient is 

calculated, we march along this gradient direction until an 

optimum is reached. At this point, a new gradient is calcu-

lated, and a new optimum is found. The method continues in 

this manner until the global optimum is reached. As can be 

imagined, this method is very inefficient and cumbersome. 

The second method for optimization is a typical conjugate 

gradient method (Fletcher, 1964) . However, since we are 

dealing with a very nonlinear problem, this method is also 

inefficient. The third method incorporates a routine devel-

oped by Argonne Labratories and is based on Powell's method. 

This routine is called VMCON. Although this routine is pri-

marily used for constrained optimization, it proves very ef-

fective for this application. Located in Appendix C is a 

brief synopsis of VMCON as applied to the constrained prob-

lem. 

12 
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Figures 9 and 10 present results for a six-element model 

and a twelve-element model. 

gardless of the initial 

These results are obtained re-

conditions and the optimization 

scheme used in the analysis. In this section, we are merely 

considering optimization of the unconstrained problem. In 

the subsequent section, we introduce a separation constraint 

into the problem and then determine the effects of this 

constraint. As can be expected, these effects are are very 

pronounced. 



Chapter V 

THE SEPARATION CONSRTAINT AND ITS EFFECTS 

In the preceeding section, we discussed a theoretical op-

timum sail. However, the actual optimum sail may be much 

different. This is due to a phenomenon called separation. 

In order to perform at maximum effectiveness, the sail must 

have a smooth flow along its surface (figure 11). However, 

if the curvature of the sail is too large, the flow may se-

parate from the sail, and a turbulent wake will develop 

( figure 12). This wake on the backside of the sail will 

greatly reduce the overall performance of the sail. For ex-

ampl~, for a sail defined by only two angles 01 and 02 , an 

ideal flow may produce force contours similar to those in 

figure 13. Theoretically, the optimum driving force occurs 

at point A. However, separation occurs for any point to the 

right of the dashed line, and actually the optimum driving 

force occurs at point B. Therefore, point Bis the desired 

set of conditions to maximize the driving force. 

To incorporate this separation constraint into the prob-

lem, we use an integrated version of Stratford's separaticn 

criterion ( 1959). Statford's citerion states that separa-

tion will occur if the following inequality is satisfied: 

.39(10- 6 Re)+,,. - Co(s dCoy¼ < O · ds -

14 



15 

where 

Re= 

U is the freestrearn .. velocity, Lis the chord length and v 

is the kinematic viscosity. 

get 

Integrating this equation, we 

where s 0 and Cp 0 correspond to the first point where 

~> 0 
ds -

In the optimization routine, we fit a cubic spline 

through the values of Cp at the control points. Located in 

Appendix B is a description of this cubic interpolation. 

Next, we set 

SEP= [.39(10 6 Re)ti°J 2 l:i(D- lcp 3 + lco3o 
Sa] 3 3 ' 

and evaluate SEP along the entire length of the sail. 

Therefore, for separation not to occur, 

minimum(SEP)~O 
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As a result, the following constrained optimization problem 

is produced: 

maximize (CIRC) 

subject to 

minimum(SEP)~O 

In this case, The problem is rewritten as 

minimize (-CIRC) 

subject to 

minimum( SEP) ~o 
We can now apply the VMCON optimization algori thrn to the 

second form of the constrained problem. Located in Appendix 

C is a description of VMCON as applied to the unconstrained 

pr~blem. 



Chapter VI 

RESULTS FROM THE CONSTRAINED PROBLEM 

After completing the analysis we now run several cases tQ 

test the the validity of this analysis. The majority of the 

cases involve a six-element model. Located in each figure 

is a plot of the optimum shape corresponding to the inputed 

parameters, the angles associated with this plot, and the 

optimum value of CIRC. 

Figure 14 presents the results for a six-element model at 

a 60° angle of attack. In this case, we let AL1e=.125 and 

In the next series of cases, we will test the ef-

fects of various values of ALle and ALte· Located in fig-

ures 15, 16, and 17 are plots of pressure disturbutions over 

the sail. Figure 15 shows the disturbution over the top of 

the sail, and figure 16 show~ the disturbution over the bot-

tom of the sail. The last plot, figure 17, indicates the 

pressure difference across the sail. In our analysis, we 

found the model predicts separation is impending at the 

trailing edge. However, figure 17 indicates that this por-

tion of the sail has only a small contribution to the total 

drive. Therefore, the small error in Stratford's criterion 

is considered negligible on the optimum drive. 

17 
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As stated above, the location of 6Lle and 6Lte have a 

significant effect on the shape of the sail and subsequently 

the drive. Figure 18 plots values of Circ versus 6Lte' and 

figure 19 shows the relationship between Circ and 6Lte· In 

all of these runs we considered a six-element model at 60° 

angle of attack. Unfortunately, without reliable wind tun-

nel data, we cannot make an exact choice of 6Lle and 6Lte· 

As a result, we set AL1e=.125 and ALte=O.O in all of the 

following cases. 

Figure 20 compares a six element model and a twelve ele-

ment at a 60° attack angle. Note the similarity between the 

two results. Al though more elements slightly improve the 

sail representation, this advantage is offset by drastic in-

crease in computer time. Therefore, we feel the six element 

model accurately represents the sail. 

Located in figures 21, 22, 23, and 24 are results from 

various angles of attack. Note that higher angles of attack 

have a flatter sail or less camber. Unfortunately, at an-

gles of attack higher than 90°, the sail becomes less and 

less a lifting surface. As a result, for these very high 

angles of attack, this analysis does not apply. 



Chapter VII 

FUTURE WORK 

Al though the project has produced very satisfying re-

sults, the three-dimensional problem must now be tackled. 

Fortunately, the three-dimensional analysis is a direct ex-

tension of the two-dimenional problem. For examples, the 

vortex-lattice analysis is basically the same, and once the 

pressure coefficients have been determined, the two-dimen-

sional Stratford's separation criterion can be applied. In 

addition, although the number of independent variables will 

increase, the application of VMCON is exactly the same in 

both analyses. Therefore, although the two-dimensional ana-

lysis has little impact on actual sail design, it is a sig-

nificant and necessary step towards a major development in 

computer-aided sail design. 

There are several benifits associated with a three-dimen-

sional analysis. Most sailboats have two sails, a mainsail 

and a jibsail. A three-dimensional analysis can easily in-

corporate interactive effects between these sails. This 

analysis can then be extended to include any number of in-

teracting sails. Also, the rake of the mast can be entered 

into the problem as a independent variable. Similarly, the 

length of the roach can be optimized subject to structural 

19 
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constraints. Since a sail works in the earth's boundary 

layer, these effects can also be considered. Overall, the 

three-dimensional case poses a very challenging problem. As 

of April 1983, a significant amount of work has already been 

devoted to this three-dimensional problem, and the work is 

continuing. In the next couple months, we hope to finish a 

major portion of this problem and soon after present these 

results. 



Appendix A 

THE BIOT-SAVART LAW 

One of the most important tools used in the analysis is 

the Biot-Savart law. Therefore, the law itself is more ful-

ly explained in this section. Basically the law determines 

the effect of a disturbance at some removed point. This law 

is a fundamental building block ·for any field theory, and it 

can be applied to magnetic fields, flow fields or any number 

of other applications. In this project, we incorporated the 

Biot-Savart Law to calculate the influence of a circulation 

at a control point. 

In figure 25, the points A and B define a vortex element. 

The velocity field is irrotational. The circulation around 

the vector AS has magnitude r. Point C is the position were 

the velocity is desired. I<t is the vector going from point 

A to point C, and 0 1 is the angle between 1<1 and AB. ~ 2 is 

the vector from point B to point C, and 0 2 is the angle bet-

ween R2 and AB. His the perpendicular distance from point 

C to the vector AS, and EV is a unit vector orthogonal to R1 

and R2 • Therefore, EV is also orthogonal to AB. According 

to the Biot-Savart law 

where 

21 
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R1 x R2 
IR1 I !R2 I 

and Vis the velocity at C. Figure 26 shows the magnitude 

of the velocity as a function of the perpendicular distance 

from the vortex element. In this figure, r, 01 and 02 are 

constant. Note that as the point is moved away from the 

vortex element the effect of the circulation decreases. 



Appendix B 

THE CUBIC SPLINE 

In order to locate the separation point from Stratford's 

equation an interpolation polynomial must be used. This ap-

pendix describes the development of a cubic interpolation 

polynomial. We let F(s) be a function that is to be inter-

polated. F( s) is known only at the points s 1 through sn. 

S(s) is the function that approximates F(s). 

piecewise function such that 

when 

S(s)=S.(s) 
J 

S(s) is a 

for j=l,2, ... ,n.Also, Sj is a cubic polynomial ins. We let 

and 

Then 
Y. 

23 

/ { s-s.; 
i 
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where the set of Yj are the values (unknown at this point) 

of the second derivatives of S at the points where F(s) is 

known. 

twice leads to the equation Integrating equation (1) 
Y. 

Sj(s) = st:" (sj+l 
J 

y ·+1 
- s) 3 + _J__ (s - s.) 3 

6h. J 
J 

+ c.(s - s.) + o.(s.+ 1 - s) 
J J J J 

(2) 

We note that equation (2) contains two constants of integra-

tion, Cj and Dj. Also, the last two terms of equation (2) 

are linear functions of sin terms of these two constants. 

To make S(s) continuous and interpolate F(s), we must choose 

Cj and Dj such that 

( 3) 

for j=l,2, ... ,n. Therefore, 

F. 1 o. = ..J.. - 6 Yjhj ( da) 
J h. 

J 
and 

F. l l c. J+ h. (4b) = -h-.- - 6 y j+l J J J 

Thus by using equations ( 4) / we can rewrite equation ( 2) as 
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Finally SI ( S) must be continous at the points 

Therefore, differentiating equation (5) 

yields 

F.+1 yj+l hj + _J__ - __....~-h. 6 
J 

(5) 

Thus equation ("6) gives the slope of the cubic function 

that represents the approximation of E'(s) for 

s. < s < s ·+1 J - - J 

Since the slope is required to be continous at each interior 

point: 

St(sz) = SHs2) 

S2(s2) = S3(S3) 

• 
• 

S (s )=S (s ) n-2 n-1 n-1 n-1 
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Therefore, using equation (6) and this idea of continuity, 

we obtain the following equalities: 

or 

Now, replacing j by j-1 and multiplying by 6 leads to the 

following equation: 

= E. 
J 

(?a) 

where 

( 7b) 

We note that E. for j=2,3, ... ,n-1 can be calculated from the 
J 

known function. By letting j=2,3, ... n-1, we form a tridia-

gonol system of equations. 
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• ( 8) 

0 + () + ... + h 2 y ? + m 1 y l + h l yn = n- n-_ n- n- n-

where m.=2(h. 1+h.). 
. J J- J 

The solution of this system of equations can be expressed 

in the form 

Y. = A. + 8. y. l J J J J• 

or 

y. 1 = A. 1 + 8. 1 Y. J- J- J- J (9) 

Now we substitute equation (9) into equation (8) and find 

that 

or 

Therefore, 

hJ. _ l ( AJ. l + BJ. l YJ. ) + m . Y . + h . Y . l = E . - - J J J J+ J 

(h. l B. 1)Y. + h.Y. l = E. - h. 1A. l J- J- J J J+ J J- J-

E. - h. l A. l 
Y = J J- J-

j D 

h. 
.iv 
D 'j + 1 

( 10) 

( 11 ) 
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where D= h. 1B. ,+m .. Comparing equation (11) with equation J- J-... J 
(9), we obtain 

A.= 
J 

E; - h. l A. l J J- J-

8. - -
J 

D 

D 

( 12) 

( 13) 

for j=2,3, ... n-L These two recursion relationships will be-

come extremely important in the following cases. 

In the first case, we consider the second derivatives to 

be specified at the end points. From equation (9) 

where Y1 is known. Therefore, we let 

B"=O 

Al = y l ( l4) 

Then using equations ( 12) and ( 13), we can compute A2 and 

B2 . Next, we can compute A3 and B3 and so on. Now recall-

ing that Y is known, we can determine Y 1 from the follow-n n-
ing equation: 



Also, 

Therefore, 

29 

Y = A + B Y 1 n-2 n-2 n-2 n-

• 
• 
• 
• 

• • 

we can calculate all the Y. values, and using 
J. 

equation (5), we can evaluate S(s) for any points. 

In the second case, we consider the first derivative at 

each point to be known. Therefore, from equation (6) 

where T 1 is the known end condition. Rearranging this equa-

tion, we can determine Y1 in terms of Y2 . 



From equation (9), 

and 

30 

1 
81 = - 2 

(17a) 

( l 7b) 

Next, A. and .8. are computed as before. At s=s it follows J . J n' 
from equation (6) th~t 

F 
s~_ 1 (sn) = ½ Y n h n-1 --+ n-1 hn-1 

From equation 

y h n n-1 = Tz 6 
h n-1 1 y --Y + 3 hn-1 + 6 n-1 n 

( 9) ' it follows that 

Y = A + B Y n- 1 n- 1 n- 1 n 

h n-1 --Y 6 n-1 

y 
n-1 

6 

F - F n 
h n-1 

h n-1 

n-1 = 

h n-1 -,.-
0 

F 
+ _!!_ 

h n-1 

Tz (18) 

( l 9) 
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Next, subtracting equation (19) from equation (18) and col-

lecting terms leads to 

1 F - F 1 _ h y + n n-
3 n-1 n hn-l 

y 
n 

= -An- l h~- l - 6 ( F n - F n- l ) + 6T 2 hn- l -

(Bn-1 + 2)h~-1 
(20) 

Now, the values for y i are computed in th~ manner we de-

scribed earlier. 

After the Y. have been calculated, we can find the value 
J 

of S(s), using equation (5), anywhere ih the interval s 1 to 

s . n 



Appendix C 

VMCON 

The subroutine VMCON is an optimization scheme developed 

at Argonne National Laboratory under a contract with the De-

partment of Energy. The subroutine is based on Powell's 

method for a quadratic programming approximation of a gener-

al nonlinear optimization problem. This discussion will ex-

actly parallel the work presented by Crane, Hillstrom, and 

Minkoff (1980). However, in this appendix, we will describe 

the method as applied to the constrained sail problem. For 

a general overview of VMCON, we refer the reader to Crane's 

work ( 1980). 

As stated above, Powell's method approximates the general 

nonlinear problem as a quadratic programming problem. In 

other words, the nonlinear objective function is approximat-

ed by a quadratic objective function, and the nonlinear 

constraint is approximated by a linear constraint function. 

Unfortunately, the sail problem is characterized by an ex-

tremely nonlinear constraint. As a result, the linear ap-

proximation is the major source of error in the formulation 

of the problem, and premature termination of the algorithm 

is usually due to this large error. Therefore, a signifi-

cant improvement could result from either a better approxi-

32 
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mation of the constraint or a more nearly linear separation 

criterion. 

As the initial step, we write the objective function and 

its constraints in the form of a Lagrangian function 

where f(x) is the function to be optimized, E(x) is the 

constraint, and A is a parameter called a Lagrange multipli-

er. In this case, 

* 

f(x)=-DRIVE(0) 

C(x)=Sep(0) 

Now for x to be an optimum solution, there must exist an 
* associated Lagrange multiplier, A, such that 

* * * * * Vx(x ,A )=Vf(x )-A VC(x )=0 

* A 2:0 

* * \ C(x )=0 

and 
* C ( x ) 2:0 

These conditions are known as the Kuhn-Tucker conditions. 

The first condition states that for a minimum the gradient 

of the Lagrangian is zero. For the unconstrained problem, 

this minimum correspondes to the global minimum of f(x). 

To present an overview of Powell's method, we first ap-

proximate the general problem by the quadratic programming 

problem. Next, we solve the quadratic problem to determine 
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a feasible search direction. 

convergence of the solution. 

At this point, we test for 

If the solution is not within 

a specified tolerance, we then do a one-dimensional minimi-

zation in this direction. This proceedure is then repeated 

until the solution converges or the solution diverges and 

the algorithm prematurely terminates. A flow chart of this 

algorithm is presented in figure 27. 

As a first step in the j-th iteration, we approximate the 

Lagrangian problem and the constraints as 

Min Q(o)=f(xj-l)+oT7f(xj-l)+.SoTB(xj-l,Aj-l)o 

subject to 

where 

oj=x-xj. 

This oj is the feasible search direction for the one dimen-

sional minimization. We then minimize the function 

~(a)=f(x) 

where 

Next, we follow an iterative proceedure to determine an ap-

proximate minimum of~ and subsequently xj. Since o is a 

feasible direction, we know xj is a feasible solution. This 

xj is then the solution estimate for the next iteration, and 

Aj-l is the initial estimate of the Lagrange multiplier. 



35 

At this point, we now construct a new estimate of the B 

matrix. First, we let 

1 ;TY~ 0.2~TB; 
e = 

o.a~Ts~ ;TY< 0.2;T8; 
;TB~-;TY 

and 

* f=01' +(1-0)Bt 

Then, 

This BNEW is then used in the subsequent iteration for xj. 

As indicated in figure 27, a convergence test is made 

after every solution of the quadratic programming problem. 

The algorithm terminates if 

Vf(xj-l)Tooj + A)C(xj-l) <t. 

where tis an inputed tolerance. ·-1 Therefore, xJ is the set 

of angles which produce the optimum drive without separa-

tion. If this inequality is not satisfied, another i tera-

tion is performed. 
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Resultant Force 
Heeling E"ori::e 

attack 

Figure 1: The forces on the sail. 
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Figure.2: An approximated arc. 
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~Vt 

Figure 3: The vortex sheet. 
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Figure 4: The approximated arc showing the location of the 
vortex points and the control points. 
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Figure 5: The circulation on a typical surface element. 
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Figure 6: The velocities on a surface element. 
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Figure 7: Lie and ~Lte represented on a four element 
model. 
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Number of Circulation Circulation Percent 
Elements Calculated Exact Error 

9 -3.240 -3.S16 7.8 
19 -3.38S -3.S16 3.7 
49 -3.466 -3.S16 l. 4 
99 -3.491 -3.S16 . 7 

Figure 8: Comparison between the closed-form solution 
and the analytic solution for a 45° circular 
arc. 
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3 
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0 ~--'----L---'-----1---1-.-.J.___J _ _L _ _1,____J 

0 1 2 

T:ie-ca( 
Theta( 
Theta( 
Theta( ~'"' ( ___ e-ca 
':'.he -ca ( 

3 

l) = 71. 946 
2)= 53.200 
3)= 41.460 
4)= 28.466 
5 )= :.1. 082 
6)=-23 .121 

circ=l.274 

4 5 

Figure 9: Unconstrained six-element model at 60° angle of 
attack. 
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4 

3 

2 

1 

0 ..... -~ _ __,__ _____________ ......_ _____ _ 

0 1 2 3 

T~eta( l)= 83.247 
Theta( 2)= 68.501 
Theta( 3)= 59.643 
~heta( 4)= 52.850 
':'heta( 5)= 46.748 
Theta( 6)= 40.746 
Theta( 7)= 34.448 
Theta( 8)= 27.510 
Theta( 9)= 18.590 
Theta(lO)= 5.638 
Theta(ll)=-10.421 
Theta(l2)=-58.299 

circ=l. 429 

4 5 

Figure 10: Unconstrained twelve-element model at 60° angle 
of attack. 
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Figure 11: Smooi:h flow 
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Separation / l Wake 

Point l 

Sail 

Figure 12: Separated flow. 
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------------------------------------ 3. 

Figure 13: Theoretical and ac~ual ex~remum. 
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5 

4 

3 

2 

/ 
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/ 

1 ( 

0 -:&---.L-.-.L..--.L..--'-------i----~--------

0 1 2 3 

Theta( 1)=67.955 
Theta( 2)=50.752 
Theta( 3)=39.596 
ThetaC 4)=27.600 
Theta( 5)=10.814 
The~a( 6)=-7.445 

circ=l.255 

4 

Figure 14: Six-element model at 60° angle of attack. 
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0 ~-
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-5 
-1 0 2 3 5 6 

ARC LENGTH 

Figure 15: Pressure dist~rbution over the top of the sail. 
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Q. -2 u 

-3 

-5 
-1 0 1 2 3 5 6 

ARC LENGTH 

Figure 16: Pressure disturbut~on over the bottom of the 
sail. 
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a: 1.0 I-
...J 
w 
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ARC LENGTH 

Figure 17: P~essure differential on the sail. 
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Figure 18: The effect of ~:le on Circ. 
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l. 10 .__ __ .....1,_...__-.L.._.i...... __ __.__...,___.___._....___.__.._.....___. 

0 0.25 0.50 0.75 

DELTA Lte 

Figure 19: The effect of tlLte on Circ. 
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4 r 

_.+-- -+-- -+ 
3 ......... -

~~--/ 

/ , 

2 

/ , 
;J 

1 I * 6 ELEMENT MODEL 
- +- - 1 2 ELEME·NT MODEL 

0 --------------------------------
0 1 

Theta( 1)=67.955 
Theta( 2)=50.752 
Theta( 3)=39.596 
Theta( 4)=27.600 
Theta( 5)=10.814 
Theta( 6)=-7.445 

circ=l.255 

2 3 4 

Theta( l)= 75.862 
Theta( 2)= 58.627 
Theta( 3)= 51.023 
Theta( 4)= 48.565 
Theta( 5)= 43.505 
Theta( 6)= 38.952 
Theta( 7)= 34.151 
Theta( 8)= 29.204 
Theta( 9)= 23.926 
Theta(lO)= 18.016 
~heta(ll)= 10.471 
Theta(:2)= -6.542 

cir::=l.303 

5 

Figure 20: Comcarison between a six-element and a twelve-
ele~ent model at 60° angle of attack. 
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'!'heta ( 
Thet.a( 
Theta( 
Theta( 
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2) = 43. 302 
3) = 31. 312 
4)= 19.284 
5)= 2.894 
6 ) =- 1 8 Ci, ., .... ---

circ=0.865 

4 

Figure 21: A six-element model at 45° angle of attack. 
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Theta( 2)=50.752 
Theta( 3)=39.596 
Theta( 4)=27.600 
Theta( 5)=10.814 
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Figure 22: A six-element model at 60° angle of attack. 
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* 
3 
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1 

0 ..___-L---L---'---~-~- ........ -------__._ _ __, 
0 1 2 3 

Theta( l)= 72.283 
Theta( 2)= 59.181 
Theta( 3)= 48.831 
Theta( 4)= 36.923 
Theta( 5)= 19.853 
Theta( 6)= 5.288 

ci.:-c=l.628 

4 

Figure 23: A six-element model at 75° angle of attack. 
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Theta( l) = 87.120 
Theta( 2)= 64.596 
Theta( 3)= 49.198 
Theta( 4)= 38.450 
Theta( s )= 26.972 
'::ieta ( 6)= 12. 123 

circ=l.975 

Figure 24: A six-element model at 90° angle of attack. 
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Figure 25: The Biot-Savart law. 
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-V 

H 

figure 26: The influence of the circulation as a function 
of h. 
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I 

6 
Detel"'ffline a search direction, a, and Lagrange 

multi pli~r estimates, \ -f, i = 1, ••• ,:n ~Y 
salving a quadratic programmi~g problem 

Figure 27: 

nver-gence cr-i tel'" 
sat-isfied '? 

. 
~etermine a ne~ sal~tion esti~ate, ~Y 
approximately minimizing a function of one 

'lariable '"'hich depends upon both t.he 
objective function and ':hose const:-aints 

which are not satisfied 

j : 

A flow chart of the optimization algori~hm used 
in VMCON 
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OPTIMIZATION OF SAIL DESIGN 

by 

Thomas John Dunyak 

(ABSTRACT) 

This paper is a report on a project to develop a compu-

ter-based technique to optimize two dimensional sail design. 

Overall, we consider two distinct problems. The first prob-

lem deals with an unconstrained optimization of the lift. 

Then, to develop the second problem, we introduce an inte-

grated form of Stratford's separation criterion as a limit-

ing constraint. Throughout the work, we incorporate a vor-

tex lattice analysis to determine the lift on the sail, and 

in each case, we use an optimization algorithm called VMCON. 

In the final chapters, we present the results for a series 

of test cases and describe the areas of future research and 

development. 
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