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In this paper we study steady capillary-gravity waves in a two-layer fluid bounded above by a free
surface and below by a horizontal rigid boundary with a small obstruction. Two critical speeds for
the waves are obtained. Near the smaller critical speed, the derivation of the usual forced KdV
equation (FKdV) fails when the coefficient of the nonlinear term in the FKdV vanishes. To
overcome this difficulty, a new equation, called a forced extended KdV equéE&iKdV)
governing interfacial wave forms, is obtained by a refined asymptotic method. Various solutions and
numerical results of this equation are presented. 196 American Institute of Physics.
[S1070-663(196)01202-3

I INTRODUCTION (F1m5+Famat Fa) mat Famaoa= — Fsby,

We consider a two-layer medium of immiscible, invis-
cid, and incompressible fluids having different but constantvhereF;—F5 are constants depending on several parameters
densities. The medium is bounded above by a free surfacendz=—H" +b(x) is the equation of the obstruction. The
and below by a horizontal rigid boundary with an interface inobjective of this paper is to investigate solutions of the
between(Fig. 1). The surface tension effect is taken into FEKdV, which represent possible interfacial wave forms. We
consideration at both the free surface and the interface. Wiemark that when the coefficient of the third-order derivative
assume that a two-dimensional object is moving along thén the FEKdV vanishes, a forced perturbed KdV equation
lower boundary at a constant speed, and in reference to with a fourth-order derivative could be derived, and is de-
coordinate system moving with the object, the fluid flow isferred to a subsequent study.
steady. Two critical speeds are obtained. When the object is In Sec. Il, we formulate the problem and develop the
moving at a speed near either one of them, a FKdV forasymptotic scheme to derive the FEKdV. Section Il consists
steady flow can be derived and has been extensively invesf two sections. The supercritical caseFofF,>0 and the
tigated in Refs. 1 and 2. We note that numerical studies ofubcritical case ofF,F,<0 are studied in Secs. Ill A and
steady flow of a two-layer fluid over a bump or a steplll B, respectively. In general, we can find three types of
bounded by a free or rigid upper boundary were carried ousolutions. The first-type solution consists of symmetric
by Forbes Belward and Forbe$Sha and Vanden-Broeck, solitary-wave-like solutions. The second-type solution is one
and Moni and Kind, among others, and an asymptotic ap-that is a part of a free solitary wave behind the bump and a
proach for the case of a rigid upper boundary was developeperiodic wave solution ahead of the bump. The free solitary
without surface tension by Shenn the basis of the FKdV wave is a solitary wave solution of the extended KdV equa-
theory, and with surface tension by Choi, Sun, and Shention without forcing. By a third-type solution we mean a
where a forced modified KdV equatigirMKdV) was ob-  solution that is constant behind the bump and periodic ahead
tained. The FKdV theory fails when the coefficient of the of the bump. In many cases both second- and third-type so-
nonlinear term or that of the third derivative in the FKdV lutions do satisfy the conservation of mass, even if they do
vanishes. In the case considered here, when the wave speedt tend to zero far upstream. In both Secs. Il A and 111 B,
is near the smaller critical speed for internal waves, the amanalytical and numerical results, which indicate the appear-
plitude of which is larger at the interface than at the freeance of various types of solutions, are presented. It is found
surface, the coefficient of the nonlinear term in the FKdVthat four branches of first-type solutions can appear in the
may vanish. Furthermore, at a wave speed near either one sfipercritical case, and there are no first- and second-type
the critical speeds, the coefficient of the third-order deriva-solutions in the subcritical case. The third-type solutions ap-
tive may also vanish. To overcome the difficulty of a vanish-pear in both supercritical and subcritical cases. In both cases,
ing nonlinear term in the FKdV, we shall develop a refinedsymmetric solutions without a periodic part are embedded in
asymptotic method to derive a new equation, called thehe third-type solutions at discrete values of a parameter, and
forced extended KdV equatiofFEKdV), in the following  a hydraulic jump wave solution appears as a limiting case of
form: third-type solutions in the subcritical case.
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FIG. 1. Fluid domain.

Il. FORMULATION AND SUCCESSIVE APPROXIMATE
EQUATIONS

-1_=* -1_*
€ "M € "7
e=HIL<1l, m=—{5— m=F
p*i
P =R

(X,2)=(ex*,z*)/H*~,

(Ui,Wi)Z(gH*_)_1/2(U*i,6_1W* :),

p*+ B p*7 C
+_ = = =
pr="=<1 p o 1, U (grF 72
Ti=TFr/p* g(H* )2, i=1,2,
h=H**/H*",  b(x)=b*(x)(H* €% 2,

where L is the horizontal scaleH is the vertical scale,
b(x)=b*(x)(H* ") ™, H* © andH* ~ are the equilibrium
depths of the upper and lower fluids ®f = —«, respec-
tively, and z* =—H* "+ b*(x) is the equation of the ob-
struction. In terms of the nondimensional quantities, the
above equations become, i,

uy +w; =0, Y
We consider steady internal capillary-gravity waves be- e ..
tween two immiscible, inviscid, and incompressible fluids of U~ Ux tW7Uz =—py/p~, @
constant but different densities, bounded above by a free > + + o+ o+ &+, 4 .

. - ; U"w, +ew-w,=—p,/p~—1; 3
surface and below by a horizontal rigid boundary, with a ¢ x "€ z Pz1p &
small obstruction of compact support. The domains of theatz=h+ ez,
upper fluid with a constant densipf © and the lower fluid fo 3T 14 €42 )32

) o s =— + 4
with a constant density* ~ are denoted bf2* * and O* P € Tamuod (14 €)™ @
respectively(Fig. 1). Assume that the small obstruction is eut p,—wW=0; (5)
moving with a constant speétl In reference to a coordinate {7
system moving with the obstruction, the flow is steady andt 2~ €72
moving with the spee@ far upstream. The governing equa- €U 7 —W =0, (6)
tions and boundary conditions are the following: (¥ *,

eut no—W"=0, (7
* = *
U, +w,, =0, -
- P =P = Tompl (1+ €' 77)%? ®)
+ %+ + k*E * = +
u* Uy +w* Uz = = Pyx Ip*~, atz=—-1+ Esb(X),
U WA W W = — plTp* T —g; w™ = €eub,, C)

atthe free surface* = H** + 57,

*+ %

u* e —W* =0

2
p* = _TI ﬂ:x*x*/(l_i_ n;‘x*)3/2;
atthe interfacez* = 7% ,

_ 2
P* T = p* T =TS N (1 150) 32,

+ % +
u*_772x*_w*_:

at the rigid bottomz* = —H* ~ + b* (x*),

w* T —b¥u* =

X*

Oa

whereu** andw** are horizontal and vertical velocities,
p** are pressuregy is the gravitational acceleration con-

whereb(x) has a compact support.

In the following, we use a unified asymptotic method to
derive an approximate equation for the interfaggx). We
assume thati™, w=, andp™ are functions ofx,z near the
equilibrium stateu™=ugy, w*=0, p*=—p*z+p*h, and
p =—p z+p'h, whereu, is a constant, and possess as-
ymptotic expansions:

(U™, wW*,p*)=(Up,0,— p*z+p*h)+e(uy ,w; ,py)
+e%(uy ,wy ,py)+ €Uz W3 ,p3)
+0(eY). (10

By inserting(10) into (1)—(4) and(7)—(9) and arranging
the resulting equations according to the powers,at fol-
lows that (y,0,— p~z+ p ™ h) are the solutions of the zeroth-
order system of equations, and the equations of the arder

stant, andl'y andT3 are surface tension constants at the freegre as follows:
surface and the interface, respectively. We define the follow-

ing nondimensional variables:
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uj,+wp,=0, (11)
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l'IOultx: - pfx/pi! (12

p1,=0; (13)
atz=h,

P1 + 71Pg,=0; (14)
atz=0,

+ - + -\ _

P1 —P1 + 72(Poz— Poz) =0, (15

Ug72x—W; =0; (16)
atz=-1,

w; =0. a7

Hereafter, for the sake of convenience we shall pse
denotep™ and sefp~ equal to 1. Fron{13), p; are functions
of x only. It follows that pj=p7n, by (14 and
p; =p 7.+ 17,(1—p) by (15). We can findw; by using(11),
(12), (16), and(17) so that

W1 =2Z(914/Ug) + Uo7y,

_ (18
Wy =(z+1)[pn1t (1= p) 2]/ Up.
Hereuj are also derived fronill),
u; =(—n1+Hy)lug,
(19

up =[—pn—(1—p)n,+pHi+(1—p)H;]/up,

where we assume@,(x=—x)=H,, n,(Xx=—x»)=H,, and
ui (x=—=)=0.

Similarly, we can findp;, w3, Uy, p3, W3, Uz in terms
of 7, and 7, without using the kinematic condition§) and
(6). From (5) and (6), and the asymptotic expansion of
andw, we have az=h,

Ug71x— Wy + (U] 71— 71W1,— W3 ) + EZ[U; M1x
2 )
+ 717151, — (D)W, 77— W5, — W3 |+ O(€%)=0;
(20)

and atz=0,
Ug 772y~ Wy + €(Ug 25— 72W1,— W5 ) + €[ U3 74

+ 9o moxU,— (3)Wi,, 15— 73W5,— W3 ]+ O(€3)=0.
(21)

E,=—(R?+2RW)u, 3~ pD,[(hc?2—R?)uy*
+(2¢2—2R-2¢,)ug 2],

Ex=[—p(H1—ciHp) +H]ug = R[— pcyH,
—(1-p)H2lug®—p Da{(RHy+ciH—2+¢yH,
—2cfH,)ug 2+ [RegpHp+ R(1-p)H,
—hcfH,Jug %},

Fi=—p Dyuy (3¢ —3c5+ R%2)uy 3+ (3hc3/2
—3R%2)uy °+3D4(puy t+ pRuy 3)[(3R/2+ ¢,
—c?)ug '+ (R¥2—hc?/2)ug 31— 3R%u, %12
—3R%u, °/2,

Fo=(—p Dlu0 [u0 (2HR— 2H101+2H101)
+Ug °(8HR?—3hH;c?)]-2D;(puy *+ pRuy ®)
X [Ug }(H,R—2H 2+ Hycq +cHp) +ug 3(R?H,
—hH,c9) ]+ 2HR Y, 3+ 3HR?u, °,

F3=(—p D1ug H[(M(2+Ruy*~cy—hcug?)
+Ug °(3hcH2/2— 3RH?/2) +ug 3(cH2/2
—hc H2/2—H?/2)]-D4(pug '+ pRuy %)

X [Ug H(H3c3/2— H H,Cq) + ug 3(hciH3/2
—H2R/2)]+ A (1+Ruy 3 —H?uy %2
—3RH2u, /2,

F4=(—p Dyug H{—ca(ph?2—Ty+p/3)uy '~ [uph
~To+(1-p)i3]ug *+[c1(ph®3—hTy)/ugp]
+Ugh?/2} — c1(ph?/2— T+ p/3)ugy *
—[udph—T,+(1-p)/3]Jug ",

Fs=p D1—

Ill. EXTENDED KdV EQUATION WITH FORCING
From the zeroth-order term ¢22), we obtain

Up—(pCy/Ug) —(1—p)/ug=0,

Making use of these equations, we can find an approxmatgnd by the expression far, in (22), it follows that

equat|on for the interface,. We substitute1;, wi, uy, wy,
w3 into (20), (21), eliminate 7, from (21) by finding a rela-
tion betweeny, and 7, up to O(€?) from (20), and obtain

[Ug—pC1/Ug—(1—p)/Ug] o5t €(E1mamaxt Eomay)
+ €2(F 175 max+ Famamax+ Fanaxt Fafoxxxt Fsby)
+0(e)=0, (22

where, if we let c;=[2u3—(1—p)]/(p+u3—h),
Di=ug/(p+us—h), N=uy(—=), H=pH;+(1-p)H,,
andR=pc;+1—p, then
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ud—(1+hyud+h(1-p)=0 (23
and
u={1+h=[(1-h)2+4ph]¥2/2.

We denote the two values af by u3; andu3,, respectively,
corresponding to the plus and minus signs. Without loss of
generality we assume,; andug, are both positive and call
them critical speeds, near each of which a nonlinear theory
for the motion of the interface has to be developed.

Next, we consider the coefficients @f 7,, and 7,, in

Choi, Sun, and Shen 399



the first-order terms of Eq(22). Note thatE, vanishes if —2p+3h)ud—h(1-p)]}.
H1:H2:0 or
H1=Hz[(ZUS/Pchl)—2(U3/Cl)+2C1+ h(cllué)—l] If E; in (22) is not zero, a FKdV can be derived and has
o 5 IR already been studied in Ref. 1. Howevér, may vanish.
=Ha{—1+2ug(ug—h)(ug+1—p)~"+p Uy (4 First, let us simplify the expression &, ,

Ei=—[(pci+1—p)%ug]l—2[(pC1+1—p)/ug]l—p Di{—2[(pCi+1—p)/ugl—[(pC1—p+1)%ug]
+2(c2/ug) +h(c3/ud)— 2(cq lug)Hug
=3(Ugp) "H(ud+p—h)[p(udh—uf—ud+ 1) —uj+2u3—1]1=3ue(1—u3)[ ph(ui+p—h)]"{ud+(1-2h)uz+h2-1],

where(23) has been used. When satisfies the equatiof23), it is seen that3 is neither 1 noh—p. Hence E;=0 implies
ug+(1—2h)ud+h?—1=0. Letug=ug, or Uy, Then

ug,+(1—2h)u3,+h?—1=1+hp+(2—h)[(1—h)?+4ph]*?, (24)

Ug,+(1—2h)u3,+h?—1=1+hp—(2—h)[(1—h)?+4ph]*2 (25)

Equation(24) tells us thattE; does not vanish if we takey; as a critical speed. Suppose both sideg2dj vanish. Then real
u, impliesh< 2 and the right-hand side @24) is greater than zero. This is a contradiction. Thus, the only possible case for
E,=0 is thatu, is equal to the critical speeat,,, and it is easy to show th&t,=0(e)=Be if u3=u3,+O(e), and

1+hp=(2—h)[(1—h)?+4ph]*?+ O(e). (26)
With the conditiong21) and(25), we obtain a time-independent FEKAV,
F175 M2t M2 it Naaxt Famauact Fsby=0, (27)
where
F,=3u(4p+3h—u3)(ud+p—h)~1,
N1 =Ha[ —4uo+5(1-p)(u§—h)(us+p—h) "1]+H{5p+[(3h—5p%)ug+6h(1—p)ui+3h(1-p)?]
X (ug+p—h)"tp U+ B,
No=N[2(1+h)u§—4h(1-p)Jug *(us+p—h) " =2[pH,+ (1~ p)H,]1A(uj—h)ug *(ui+p—h)~*
—hHI[(3+p)ui—3+2p+p2l[2ug(ud+p—h)] 1= 2H5(uG+ p—h) "L{—(1/2pup) +(2u5+h)
X[(ud—1+p)22udpl}+2H Ho(ud— 1+ p)ug H(ud+1—p) 72,
Fa=Ug (u3+p—h)"Y{h(1+h)—u3(h®+1+3ph)+3[u(ui+p—1)T,/p]+3(u3—h)T,}/3,

Fs=uo(h—u3)(ud+p—h)~1,

The coefficientd,—F5 here are the simplified forms of A. Supercritical case ( F,F;>0)

F,—F5 in the previous section by usin@3). We note that, We assumel =u,+\e2+O(e%) and conside(27) for
for some special chomg @B, )\.1 k?ecomes Zero a-nﬁz7). be- F,F,>0. Here(27) can be rewritten as
comes a FMKdV equation. Similar results as given in Ref. 8

can be obtained, and will not be discussed here. The sign of = 7,,,= — Ay 7575+ A 2 o+ Ag i+ Agby (28
F,F, determines the existence of solutions(@%). In the
following sections, the two cas€sF,>0 andF,F,<0 will ~ where A;=Fi/F;>0, Ay=—N\/F;, Az=—\,/Fy,

be considered separately. We remark in passing that if th84= —Fs/F4. Whenb,=0, (28) has solitary wave solut|ons
surface tension constarits and T, satisfyF,=0 for given whose value i$l, atx=+o for A=Az+H,A,—A;H3>0:

p andh the coefficient of the third-order derivative vanishes
and a forced perturbed KdV equation could be derived to
replace the FEKdV equation. +C sinfP[AY(x—xg)/2]} 71, (29

7o(X)=H,+ A{B cost[ AY2(x—x,)/2]

400 Phys. Fluids, Vol. 8, No. 2, February 1996 Choi, Sun, and Shen



or
72(X)=H,— A{C cosH[ AYZ(x—x,)/2]
+B sintP[AYA(x—x)/2]} 71,
where
B={[(A2—2A;H,)*+BAA]"*~ (A~ 2A;H,)}/6,
C={[(A,—2A;H,)?+B6AA,]?+ (A,— 2AH,)}/6,

ms={(A1/6)[(Co— &)+ &1[(c1— £+ &1 12

my=[(c1— £)%+ &1V [(co— £+ £51Y

ms=[(c1— &)+ &1~ (e~ &>+ &3]

m=[(c,—c1)?~mZJH{A(co— £)*+ &1 (c1— &)
+&1M3,

andx, is a phase shift to be determined by the initial condi-if c;<c, and 7,=c4 if c;=c,. Here sn(@;k) and cn(;k)

tion. ForA=<Q0, there is no solitary wave solution. The solu-
tions in (29) are obtained as in the classical case by taking

the limit of elliptic functions in the periodic solutions ¢28)
for b,=0 when the wavelength tends to infinity.

Next, we considef28) whenb,#0. Since we assume
suppb(x)=[x",x"], the intervals (%,x"), [x ,x"], and
(x*,») are to be discussed separately.

(D (=ox7). We haveb,=0, and may choose either
(29) as a solution 0f28) or the trivial solutionz,=H,, on
(—o,x7).

(2) [x~x*]. In this intervalb,#0, and by integrating
(28) from —oe to xe [x~,x 7], we obtain

Naxx= — (A1/3) 15+ (Axl2) 5+ Agn+d+Agb(x), (30
where
d=A;(H3/3)— (AH3/2) — AgH,.

It can be showhthat (30) has a solution with a continuous
third-order derivative in X~ ,x"] satisfying 7,(x )=« and
17,4(X7) = B for any fixed constants and g.

(3) [x*,»). Hereb(x)=0. By integrating(27) from x*
to x>x", multiplying 7,, to the resulting equation, and in-
tegrating it fromx™ to x>x" again, it follows that

(720%= = (A1I6) 3+ (Axl3) 3+ Agm+ 2 A+ e=Tf(7,),

(31
where
e=A;(a*6)—Ay(a®I3) — Aza®—2da+
7]2(X+):0[, 772X(X+):ﬁ1

Doxx(XT)=—A1(®13) + Ay(a?12) + Aga+d.

Letc,, C,, C3, andc, be four zeros of (7,) and we inves-
tigate the solutions of31) for different cases o€, ¢, c3,
andc,.

Case 1 None of thecq,...,c, are real. There is no solu-
tion since (7,,)%<0.

Case 2 Two of thecq,...,c, are real. Letc;<c, be
real and c3,c, are not real. Then f(%,)

=(—A1/6) (72— C1)(m—C)[(mo+E)°+ 5] for  some
.6 in (—,»), and

7={my—my cn mg(X—Xo);m]}/{my—ms cn ms(x
—Xo);m]}, (32
where

My =Cy[ (C1— €1)2+ &5]1M%+ ¢4 (Co— €1)2+ €512,

My=Cy[ (C1— &)+ 5112 ¢4 (Co— &)+ £51*2,

Phys. Fluids, Vol. 8, No. 2, February 1996

are two Jacobian Elliptic functions defined in Ref. 10.
Case 3All ¢q,...,c, are real. We have several subcases.
(i) ci#c; foralli#j,i,j=1,...,4. Without loss of gen-
erality, we can assume, <c,<c3<cC,. Then

72={ky+ Ky SIP[Ka(X—Xo); KIH{Ky+ SIP[Ka(X—Xo); K1},

(33
for c3<7m,<cy.

72={ks+ ke SIP[Ka(X—Xo);K]}/{k7+SIP[K3(x—Xo); K]},

(34)
for c;<#,<c,, where

1

ki=c4(C3—C1)(Cs—C3) 7, Kp=cCy,

ks=[AiC4(C3—C1)I6]Y2%  ky=(c3—c1)(cs—Cs) L,

ks=cCy(Cs—C2)(Ca—C1) 1, ke=Cy,

kz=(c4—Cp)(c—cy) L,
k=[(c4—C3)(Ca—C1)(Cs—Cy) " H(cz—Cy) " HM2

(i) c;<c,=c3<cy,. It can be seen that this is a limiting
case of(i). When the limit is taken in(33) and (34) as
c3—C,, the solutions are given by29), where snq,1)
=tanhu and 1-tant u=seck u.

(iii) cy<c,<cg=c,. By taking the limit ascs—c,,
and using the fact that snf0)=sinu, the solution becomes

772:[k5+ k6 S|n2 kg(X_XO)]/[k7+ SII’12 k3(X_X0)],

whereks, ks, kg, andk; are defined as ifi).
(iv) c;=c,<c3<c,. By using the same derivation as in
(iii), we obtain

772=[k1+ k2 S|n2 kg(X_XO)]/[k4+ SII’12 k3(X_X0)],

whereky, k,, ks, andk, are defined as ifi).

(v) Eithercy=c,=c3<c, or c;<c,=Cz=¢,. It is the
limiting case of{iii) or (iv), and by the same reasoning as in
(i), a solution like the first or second part (9) exists.

(Vi) c1=Cy=C3=Cy4. 75(X)=c4 is the only possibility.
Since we have investigated the behavior of solutions ahead
of and behind the bump, and shown that the solutio(28f
always exists over the bump, a global solutior(28) can be
constructed. In the following, we use numerical computation
to find various types of solutions @£8), and the equation
for the bump is given byo(x)=(1—x?)Y2 for —1<x=<1.

We divide these solutions into symmetric solitary wave-like
solutions, which are first-type solutions, and unsymmetric
solutions, which consist of second- and third-type solutions.

Choi, Sun, and Shen 401



ML(X) Nx(X)

15 157
2
Lok 1.0 -
B 05
0.5 . ‘ 1 2
ok
ok
-0.5
-0.5
-1.0
-1.0 -
| 1 1 | 1 ] ] ] X 15 | L1 1 1 I X
8 -6 -4 2 0 2 4 6 8 -10 -5 101 5 10 15

FIG. 2. Four different types of symmetric solutions. Supercritical case,

Ap=—2. FIG. 4. Typical second-type solutions. Supercritical casg=—4,
72(=0)=0.1. L.9(=1)=0.8, 15— 1)>0. 2. 7,(=1)=0.08, ,,(—1)>0.
3. 7(—1)=-0.25, 5,,(—1)<O0.

(I) Symmetric solitary-wave like solutions. Lét,=0
and the free solitary wave solution as given @) is Fig. 2. In Fig. 3, we show the relationship betwegi0) and
72(X)=Ag{B cosR[AYA(x—x,)/2] Ay \_Nlth )\1=—1: We note that for certain pairs 6f;,\,), no
solitary wave-like solution can appear.

+C sinf[AY2(x—xg)/2]} 2 (I Unsymmetric solutions. Assumg,(—«)=H,#0
and », is periodic ahead of the bump. Fe —1, either,
or (35 s given by one of the solutions if29) or 7,=H.,.
7a(X) = — AglC cosﬁ[Aé’z(x—xo)/Z] Since we have proved the exis’Fence of a solutioﬁZQ}
for [x_,x,] and derived the possible solutions (8) in
+B sinfP[AYA(x—x0)/2]} 74, [X,,%), we can solve(28) numerically by using(29) or

n,=H, behind the bump. The numerical results are pre-

where sented in Figs. 4-7. Figure 4 shows the second-type solu-
B=[(A3/36)+ (A3A./6)]*2— (A,/6), tions that have29) as their solutions if—o,—1]. In Fig. 5
o 2 we show a second-type solution whose mean depth of the
C=[(A2/36)+ (A3A./6) ]+ (A/6). wave ahead of the bump is 7,(—=). We also consider

By using the shooting method, we can find a symmetric solithird-type solutions that are equal kb, for x<—1 and pe-

tary wave-like solution of28), whose values ahead and be- riodic for x=1. Figure 6 shows a typical third-type solution
hind the bump are given b{85). The numerical results are Whose mean depth ahead of the bump-ig,(—). An in-
presented in Figs. 2 and 3. Four typical solitary wave-liketeresting phenomenon appears in the process of computing

solutions corresponding th,=—1 and\,=4 are shown in third-type solutions. At discrete values »f there are sym-
metric solutions without a periodic part embedded in the

n ©) Ma(X
20 (%)
20
15
15
1.0 1
05+ 5 1.0F
0 0.5
-0.5
3 ok
1.0+
0.5
-1.5F
20 L L | ! 1A, -1.0
0 A 2 3 4 5
15 ! L] | | i I x
-10 -5 -1 01 5 10 15 20

FIG. 3. Relations betweex, and 7,(0) of symmetric solutions. Superecriti-

cal case. 1. Positive symmetric solutions with one crest. 2. Positive symmet-

ric solutions with two crests. 3. Negative symmetric solutions with oneFIG. 5. Second-type solution with mean depth equat-tg,(—~) ahead of
trough. the bump. Here\,=—0.719,H,= 7,(—~)=—0.02.
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FIG. 6. Third-type solution with mean depth equattay,(—«) ahead of the

bump. Here\,—4, H,= 7,(— )= —0.0249. FIG. 8. Typical third-type solution. Subcritical case. Hekg=4.0,

Ho=75(—»)=0.1.

third-type solutions and Fig. 7 presents such a solution. In
Figs. 2—7, we choosp=0.2,h=0.6,\,=—1, T;=2.8, and n2(=®)=Hy,  75(~»)=0,

T,=4. where
d=—B(H3/3)— Ay(H2/2) — AgH,.

) ) ) _Here we choosey,=H, in (—=,x"), since a solitary wave
The same assumptions as in Sec. Il A are given in thig;o|ytion does not exist fai86) whenb(x)=0. It can also be
section. The only difference here k5,F,<0. By dividing  ghow? that (37) possesses a solution with a continuous

B. Subcritical case ( F,F;<0)

both sides of27) by F,, we have second-order derivative inx[,x*] for large —A;, and by
Naxcx=B1712 Taxt Ao 2 Max+ Agax+ Ay, (36)  using the matching process as before, we can find the solu-
tion for all realx. We note that our numerical computation
where shows that no bounded solution exists for a small value of
_Fl )\1 )\2 _A3>O
= = >0, Ay=- B 3T T Now the solution in (%,x*] can be connected to the
4 4 4 solution in [x*,%), whereb(x) =0 numerically by using the
A,=—F5/F,. shooting method, as in Sec. Ill A. As before, we multiply

(37) by 7,, and integrate the resulting equation from to
x>x" to obtain

(7202=(B1/6) 93+ (Ayf3) 3+ Agmi+2dm,+e

If 7,(x) is a solution 0f(36) and tends td1, atx= — with
7ax(—2) =0, then fromb(—«)=0, 7, satisfies

Naxx=(B1/3) 73+ (Axl2) 3+ Agmp+ d+ Asb(x),

(37) =9(72),
where e=—B;(a6)— Ay(a’/3)— Aza®—2da+ 2,
MAX) 7o(xT)=a, and 7, (x ) =B.

0.135 Letcq, Cy, C3, C4 be zeros ofy(7,). When none of the
0.130 ¢;'s are real, a solution is unbounded. When two of ttis

are real, sag, andc,, andc,;=c,, thenp,=c; is the only
0.125 1~ possible solution andy, is unbounded otherwise. When all
0120 ci's are real, there are several different cases. If

c1<C,<C3<Cy, the solutions, is periodic anct,=< n,=<cj;.

If c;=c,<cz3<c, Or c;<Cy<C3=Cy, 7, iS NONperiodic. If
0110 - C1=C,=C3=Cy, the solution is a constant. In other cases,
the solutions are unbounded.

0.115 -

0.105 1= We present the numerical results of global solutions in

0.100 | Figs. 8—11. Figure 8 shows a typical third-type solution and

0.095 . | | | | | x Fig. 9 shows a hydraulic jump, which is the limiting solution
-6 -4 2 0 2 4 6 of the third-type solution, as, being decreased and tending

to some critical value. Only unbounded solutions are found
FIG. 7. Symmetric solution with one crest. Supercritical case. HereWhen ')\2 IS de.creased furthe'r below the Cr|t|cal Value: We
Np=27.1,H,=7,(—)=0.1. also find multicrest symmetric solutions without a periodic
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FIG. 9. Hydaulic jump wave. Subcritical case. Hekg=2.031 215,

Hy=75(—»)=0.1.
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FIG. 11. Symmetric solution with two troughs. Subcritical case. Here
Ap=18.8,H,= 5,(—»)=0.1.

but\;=1 andT, andT, are equal to 10%. The obstruction is
same as before.

part embedded in the third-type solutions at discrete values
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