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Adjoint-based space-time adaptive solution algorithms for sensitivity
analysis and inverse problems

Mihai Alexe

(ABSTRACT)

Adaptivity in both space and time has become the norm for solving problems modeled by
partial differential equations. The size of the discretized problem makes uniformly refined
grids computationally prohibitive. Adaptive refinement of meshes and time steps allows to
capture the phenomena of interest while keeping the cost of a simulation tractable on the
current hardware. Many fields in science and engineering require the solution of inverse
problems where parameters for a given model are estimated based on available measurement
information. In contrast to forward (regular) simulations, inverse problems have not exten-
sively benefited from the adaptive solver technology. Previous research in inverse problems
has focused mainly on the continuous approach to calculate sensitivities, and has typically
employed fixed time and space meshes in the solution process. Inverse problem solvers that
make exclusive use of uniform or static meshes avoid complications such as the differentiation
of mesh motion equations, or inconsistencies in the sensitivity equations between subdomains
with different refinement levels. However, this comes at the cost of low computational ef-
ficiency. More efficient computations are possible through judicious use of adaptive mesh
refinement, adaptive time steps, and the discrete adjoint method.

This dissertation develops a complete framework for fully discrete adjoint sensitivity analysis
and inverse problem solutions, in the context of time dependent, adaptive mesh, and adaptive
step models. The discrete framework addresses all the necessary ingredients of a state–
of–the–art adaptive inverse solution algorithm: adaptive mesh and time step refinement,
solution grid transfer operators, a priori and a posteriori error analysis and estimation, and
discrete adjoints for sensitivity analysis of flux–limited numerical algorithms.

This work was supported in part by the US National Science Foundation, through the fol-
lowing awards: NSF-CCF-0635194, NSF OCI-0904397, NSF CCF-0916493, and NSF DMS-
0915047.
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Chapter 1

Introduction

The goal of this dissertation is to advance the current state of the art adaptive algorithms
used in numerical solvers for sensitivity analysis and inversion of space-time dynamical mod-
els. This objective is achieved through the derivation of new theoretical results useful towards
the definition of a fully adaptive inversion framework based on automatic differentiation, as
well as through the development of efficient software tools for sensitivity analysis.

Inverse problems (IPs) consist in using a priori available measurements to infer the values
of the defining parameters for a given model. IPs arise in various applications of engineering
and mathematics, e.g., seismography, meteorology, oceanography, medical imaging, systems
biology, and fluid dynamics (see, e.g., [5, 6, 7, 8, 9, 10]). IPs are usually described as
constrained optimization problems, where the constraints are ordinary (ODE) or partial
differential equations (PDEs) defining the model. Alternatively, the inverse problem can be
stated in terms of probability densities. Using Bayes’ theorem we arrive at the optimization
formulation [11].

State of the art PDE solvers use adjoint-driven adaptive space-time refinement, and other
dynamic computational patterns such as upwinding, slope or flux limiting, interpolations,
extrapolations, variable order approximations (p-refinement), moving meshes, etc. (see, e.g.,
[12], and references therein). Space-time adaptivity controls the numerical errors introduced
by the spatial and temporal discretizations, preserves the quality of the solution, and helps
maximize solver efficiency.

In contrast, most approaches to numerical inversion have so far favored non-adaptive meth-
ods. There has been recently a growing trend of research into the use of adaptive inverse
problem solvers (see, e.g., [13, 14, 15, 16, 17, 18, 19]), but there remains a considerable gap be-
tween the state of the art forward model solvers and the strategies used in inverse problems.
This discrepancy is mainly caused by the difficulties with obtaining and using derivative
information in adaptive simulations. Consistency of the derivatives computed through the
adjoint equations is also an issue, as is the derivation of useful error estimates to judiciously

1
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guide the space-time mesh adaptation during the solution process. This dissertation aims to
narrow this gap, using both theoretical and practical arguments to demonstrate the feasi-
bility and efficiency of adaptive solvers for inverse simulations of time and space-dependent
dynamical models.

The framework we propose in this dissertation is built around the discrete adjoint method
for solving inverse problems.

1.1 The mathematical formulation of inverse problems.

Given the model state u ∈ U , the inversion parameters q ∈ Q, and the real-valued target
functional J , the general continuous formulation of an inverse problem reads as follows:

Find q∗ = arg min
q∈Q,u∈U

J [u,q] , (1.1)

subject to A [u, q] (ψu) = 0 , ∀ ψu ∈ U .

Here A[·, ·](·) is a semi-linear form (linear in the test functionals ψu). We use square
brackets for the nonlinear arguments, and round parentheses for the linear arguments. The
numerical solution of (1.1) is the objective of the differentiate – then – discretize approach
[13]. Here, one leverages the first order necessary conditions for a local optimum [20] to
obtain a linearized system of optimality equations that are satisfied by all local solutions to
(1.1). Given the optimal solution pair {u∗,q∗} for (1.1), constrained optimization theory [20]
guarantees, under suitable a priori assumptions on J and A [21], the existence of Lagrange
multipliers λ∗ such that the following Karush–Kuhn–Tucker (KKT) first order necessary
conditions hold for the triplet ξ∗ := {u∗, λ∗, q∗} ∈ X := U × U ×Q:

A [u∗,q∗] (w) = 0 , ∀w ∈ U , (1.2a)

Au [u∗,q∗] (λ∗) (ψu) = Ju [u∗,q∗] (ψu) , ∀ψu ∈ U , (1.2b)

Aq [u∗,q∗] (λ∗) (ψq) = Jq [u∗,q∗] (ψq) , ∀ ψq ∈ Q . (1.2c)

The subscripts denote partial derivatives of the semi-linear form A.

Assumption. For any admissible parameter function q ∈ Qadm the forward system has a
unique solution. Similarly, the adjoint system has a unique solution. We denote them by:

u = U [q] , λ = Λ(q) . (1.3)

The reduced cost functional depends only on q, as follows:

j(q) = J [U [q], q] . (1.4)
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The continuous optimality equations. Consider the Lagrangian functional L : X ×
X → � [20] associated to the constrained problem (1.1):

L[ξ] := J [u, q]−A [u,q] (λ) . (1.5)

The KKT system above can be written more compactly as:

Lξ [u∗, λ∗, q∗] (ψ) = 0 , ∀ψ ∈ X .

Here Lξ : X × X → � denotes the first variation of the Lagrangian, and is equal to

Lξ [u, λ, q] (ψu,ψλ,ψq) = Ju[u, q](ψu) + Jq[u, q](ψq)

−A [u,q] (ψλ)−Au [u,q] (λ) (ψu)−Aq [u,q] (λ) (ψq)

= −A [u,q] (ψλ) + {Ju[u, q]−Au [u,q] (λ)} (ψu)

+ {Jq[u, q]−Aq [u,q] (λ)} (ψq) .

The second variation of the Lagrangian reads:

Lξ,ξ [u, λ, q] (φu,φλ,φq ; ψu,ψλ,ψq)

= Ju,u[u, q](φu,ψu) + Ju,q[u, q](φq,ψu)

+ Jq,u[u, q](φu,ψq) + Jq,q[u, q](φq,ψq)

− Au [u,q] (ψλ) (φu)−Aq [u,q] (ψλ) (φq)

− Au [u,q] (φλ) (ψu)−Au,u [u,q] (λ) (φu,ψu)−Au,q [u,q] (λ) (φq,ψu)

− Aq [u,q] (φλ) (ψq)−Aq,u [u,q] (λ) (φu,ψq)−Aq,q [u,q] (λ) (φq,ψq) .

This equation can be rearranged as follows:

Lξ,ξ [ξ] (φu,φλ,φq ; ψu,ψλ,ψq) = {Ju,u[u, q]−Au,u [u,q] (λ)} (φu,ψu) (1.6)

+ {Ju,q[u, q]−Au,q [u,q] (λ)} (φq,ψu)

+ {Jq,u[u, q]−Aq,u [u,q] (λ)} (φu,ψq)

+ {Jq,q[u, q]−Aq,q [u,q] (λ)} (φq,ψq)

−Au [u,q] (φu,ψλ)−Au [u,q] (φλ,ψu)

−Aq [u,q] (φq,ψλ)−Aq [u,q] (φλ,ψq) .

The primal, dual, and optimality equations are often solved simultaneously (all–at–once), to
yield a new search direction for the nonlinear solution algorithm. For example, the Newton
update with the solution increment δξk at iteration k reads:

Lξ,ξ[ξk](δξk ; ψ) = −Lξ[ξk](ψ) , ∀ψ ∈ X ,

ξk+1 = ξk + δξk .

The advantage of the continuous formulation lies in its flexibility. The complete solution
algorithm, i.e., both the model equations, and the nonlinear minimization algorithm for J ,
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can be formulated in function spaces [13]. This allows arbitrary choices of finite-element type
discretizations once the problem has been fully specified in a functional space setting. Space-
time meshes can be changed between nonlinear iterations, and convergence can be quantified
in a mesh-independent fashion. There are also few restrictions on the mesh types and trial
function spaces [13, 14]. The main drawback of this method is its additional complexity in
both derivation and implementation, since it is not amenable to automatic code generation.

The discretize–first approach starts from the discrete counterpart of (1.1), obtained using
the discontinuous Galerkin finite element method [22]:

Find qh
∗ = arg min

qh∈Qh,uh∈Uh

J h[uh,qh] , (1.7)

subject to Ah[uh, qh] (ψh
u) = 0 , ∀ ψh

u ∈ Uh .

The discrete variables and function spaces are denoted by the superscript (or subscript) h.
The discrete function spaces are Uh ⊂ U , and Qh ⊂ Q. The weak form Ah is linear in ψh

u,
but may be nonlinear in both qh and uh. The discrete weak formulation of the primal model
is a priori assumed to be a consistent and stable discretization of the original weak-form
PDE in (1.1).

The discrete optimality equations. Again, we assume there exists at least one locally
unique solution to (1.7). Such a solution ξh∗ := {uh

∗ , λ
h
∗ , q

h
∗} ∈ Xh = Uh×Uh×Qh is required

to satisfy the discrete KKT necessary conditions:

Ah[uh
∗ ,q

h
∗ ](ψ

h
u) = 0 , ∀ψh

u ∈ Uh , (1.8a)

Ah
λh[u

h
∗ ,q

h
∗ ](ψ

h
u)(λ

h
∗) = J h

uh[u
h
∗ ,q

h
∗ ](ψ

h
u) , ∀ψh

u ∈ Uh , (1.8b)

Ah
qh[u

h
∗ ,q

h
∗ ](δq

h) = J h
qh[u

h
∗ ,q

h
∗ ](δq

h) , ∀ δqh ∈ Qh , (1.8c)

or, in more compact notation

Lh
ξh [u

h
∗ , λ

h
∗ , q

h
∗ ](ψ

h) = 0 , ∀ψh ∈ Xh ,

with the discrete Lagrangian functional

Lh[ξh] := J h[uh, qh]−Ah[uh,qh](λh) . (1.9)

The subscripts denote partial derivatives with respect to the discrete variables.

While the discretize–first approach lacks the flexibility of its differentiate–first counterpart,
the main advantage of the former approach lies in the observation that the KKT system
can, even for complicated problems, be generated with relatively low effort using automatic
differentiation [23]. The grid transfer operators used for mesh refinement and coarsening
in discontinuous Galerkin are also amenable to automatic differentiation [24]. This can
significantly reduce the software development time required for a full implementation. Also,
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for some practical problems, the solution algorithm interface may need with other numerical
optimization or ODE solvers that require the inputs to be discrete mesh variables. If this
is the case, then discretize–first is the only feasible approach. Finally, we mention that
the discrete adjoint approach is a natural fit for multigrid optimization [25, 26], which may
compensate its inability to adapt the mesh between consecutive nonlinear iterations.

As previously indicated in the literature (see, e.g., [27]), the linearization and discretization
steps do not generally commute.

1.1.1 Consistency of the DG discretizations

We now define consistency for the primal, dual, and optimality equation discretizations
(1.8a)–(1.8c). The primal and dual consistency definitions follow the ones given in [28]. In
addition, we consider the consistency of the primal discretization. Consistency of (1.8c) is a
crucial requirement for the convergence of the discrete optimal solution qh to its analytical
counterpart q.

Definition 1.1.1 (Primal consistency). The primal discretization (1.8a) is said to be con-
sistent if the exact solutions u and q to the weak form primal equation (1.2a) satisfy:

Ah[u,q](ψu) = 0 , ∀ ψu ∈ U . (1.10)

Definition 1.1.2 (Dual consistency). The primal discretization (1.8a) is said to be dual
consistent, if any triplet ξ = {u,λ,q} ∈ X that verifies the primal equation (1.2a), also
satisfies:

Ah
uh[u,q](ψu,λ) = J h

uh[u,q](ψu) , ∀ ψu ∈ U . (1.11)

Definition 1.1.3 (Optimality equation consistency). The discretization (1.8c) is said to be
consistent, if any triplet ξ = {u,λ,q} ∈ X that verifies (1.2c), also satisfies the equation:

Ah
qh[u,q](δq) = J h

qh[u,q](δq) , ∀ δq ∈ Q . (1.12)

The definitions above can be extended to time–dependent problems, where the time dimen-
sion is discretized using a Runge–Kutta quadrature [24].

The strong form of the primal equations.

For reference in Chapter 5, we also give the strong formulations of the primal equations
in (1.1) and (1.7). The inclusion of the time dimension is explicitly indicated through the
addition of the time variable t, or the time superscript n (for discrete functions). The strong
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form of the primal constraint in (1.1) reads:

F (u, ut, ux, uxx, . . . , q, t, x) = 0 , x ∈ Ω , t0 ≤ t ≤ tN

FB(u,un, . . . ,q, t, x) = 0 , x ∈ Γ := ∂Ω
u(t0, x) = u0(q) , x ∈ Ω .

The discretization of (1.13) can be written as:

Fh,n
(
uh,n(xh), uh,n−1(xh), qh, tn

)
= 0 , xh ∈ Ωh

n , 1 ≤ n ≤ N

uh,0(t0, xh) = uh,0 , xh ∈ Ω̄h
0 := Ωh

0 ∪ Γh
n .

Note that Fh,n incorporates both volume, and boundary residuals. Let the discrete time
step be denoted by τn := tn+1 − tn. We assume that the discrete primal solution uh,n is
L2-convergent to u on Ω in the limit of the discretization, i.e.:

lim
h→0,τn→0

∥∥u− uh,n
∥∥
L2(Ω)

= 0 .

For compatible cost functionals, which will be formally defined in Chapter 5, the strong
forms can be given for the dual and optimality condition equations (1.2b)–(1.2c).

1.2 Research accomplishments

We summarize the main contributions of this dissertation in the following paragraphs.

Adjoint sensitivity analysis of flux-limited finite volume solvers. As previously
noted by other authors [29], the discrete adjoints of computationally adaptive schemes,
such as the well-known upwind methods, can display spurious oscillations resulting from the
black-box automatic differentiation of the upwind switching mechanism. For certain types of
physical problems that model naturally occurring phenomena, the numerical solution must
lie within a priori defined bounds to be considered admissible. For example, concentrations
of pollutants or tracers in the Earth’s atmosphere or oceans must remain positive throughout
the whole numerical simulation. Discontinuities in the analytical solution profiles are also
common: one can think of interfaces between regions of distinct saline concentrations in the
Earth’s oceans, or between layers of rock with different porosity or permeability in the Earth’s
crust. The finite volume method (FVM) is a very good fit for conservation laws or other type
of transport phenomena. It is in widespread use in numerical simulations. However, simple
finite volume schemes may introduce unacceptable oscillations in the numerical solution
around these regions of discontinuity. To prevent such numerical undershoots or overshoots
from occurring, the simulation must use either a discretization which is first order accurate
in space and does not introduce new extrema (but suffers from excessive diffusivity and low
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accuracy), or employ a flux limiter function that reduces the order locally in non-smooth
regions. Sufficiently far from the discontinuity the solution the limiter function is not active,
and the numerical solution remains highly accurate, as desired. This dissertation analyzes
the discrete adjoints of flux limited finite volume codes used in sensitivity analysis. We
find that discrete adjoints implemented by–the–book are not consistent with their continuous
counterparts. Adjoining the limiting mechanism introduce unstable oscillations in the adjoint
sensitivities. However, if the forward code is carefully re-factored before the discrete adjoint
derivations, stability and accuracy of the sensitivity solutions is restored. This result proves
very important in practice since discrete adjoints can be generated with low effort using
automatic differentiation from their primal model counterparts.

Continuous sensitivity analysis of adaptive time stepping methods. This disser-
tation also considers inverse problems with time adaptivity, from both differentiate–first and
discretize–first perspectives.

The differentiate–first approach allows the highest level of flexibility in the sensitivity com-
putations. The primal and tangent linear equations can be integrated simultaneously with
adaptive time stepping, as a coupled system of ODEs. This approach can be expected to
work well in practice, since both problems share the same eigen-structure through the Jaco-
bian of the right–hand side term. The adjoint final-value problem can be solved separately
on a different mesh for maximum computational efficiency. However, for general nonlinear
problems, independent adaptation of the adjoint temporal mesh requires on–the–fly interpo-
lation of the primal and tangent linear solutions in the dual ODE solver. For the high order
accuracy that may be necessary for some problems in sensitivity analysis, this dissertation
proposes the use of high–order Runge–Kutta embedded methods, together with dense output
interpolation for the primal and tangent linear states. Use of high–order interpolants avoids
the order reduction in the dual solution that would be noticed when lower–order Hermite
interpolants are used. The advantages of dense output are thus three–fold: high accuracy,
ease of implementation (since the mechanism is already built in the Runge–Kutta pair), and
low overhead (it only requires a small number of additional stages, or function evaluations,
per time step).

We implement the Fortran 90 library DENSERKS for high accuracy sensitivity and (first/second
order) adjoint computations. The library comprises several explicit Runge-Kutta codes us-
ing embedded schemes up to 8th order. Cubic and quintic Hermite interpolants are im-
plemented for use with lower-order methods. The memory space requirements for reversals
are drastically reduced by the use of a two-level checkpointing mechanism. We find that
the overall performance (accuracy and efficiency) obtained with DENSERKS compared very
well against those of established sensitivity and adjoint ODE solvers like Sundials [30] or
DASPKADJOINT [31].
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Discrete adjoints of adaptive time integration algorithms. The alternative approach
starts, as discussed above, with the discrete formulation of the inverse problem. The adjoint
model is then obtained through a transpose operation of the linearized equations, which may
be performed automatically with the help of automatic differentiation. A very important
property of both implicit and explicit fixed-step Runge–Kutta methods is that they retain
their temporal order of accuracy p under the linearization and adjoining operations (for
arbitrary p ≥ 1).

However, use of black–box AD does introduce several complications. First examined by Eber-
hard and Bischof [4], the forward linearizations of discrete time–adaptive adaptive models
are not consistent discretizations of the continuous sensitivity equations. This is due to
the automatic generation of unphysical derivatives stemming from the dependence of the
solution on the current (variable) time step size and previous time point, through the error
estimation formulas. Post processing of the TLM code is required to restore accuracy in the
tangent linear solution.

We extend the tangent linear consistency analysis in [4], to cover discrete adjoints of general
one-step explicit methods. The adjoint method is much more economical than the forward
sensitivity approach when the size of the control space is much larger than the number of
objective functionals (which is very often the case in practice). Similar to forward differentia-
tion, reverse mode black-box AD compromises the derivative values. Our numerical analysis
shows that AD engine detects and differentiates the dependence between the time step and
the primal solution at previous integration times. Non-physical gradients compromise the
discrete adjoint solution. However, we show that the discrete adjoint solution can be made
fully accurate by post-processing the adjoint code. Moreover, our derivations indicate that a
simple final time step adjustment in the forward simulation does not restore full accuracy in
the discrete tangent linear or adjoint solutions, contrary to what was argued in [4]. We also
consider second order adjoint models obtained by forward–over–reverse differentiation. The
theoretical findings are supported with comprehensive numerical results for several adaptive
ODE models.

Inverse problems with space–time adaptivity. Apart from temporal mesh refinement,
space adaptivity is the other key ingredient in fully adaptive inverse simulations. Adaptivity
in the space dimension raises several complications in the inversion process that are not
encountered when using exclusively static meshes. The prototypical numerical method used
in this dissertation for the space discretization is the discontinuous Galerkin finite element
method (DG-FEM) [22]. The method is extremely well suited for h/p-refinement and parallel
computation, due to the low degree coupling between elements of the spatial triangulation.
The dual consistency theory for spatial DG discretizations is well developed [28, 32]. How-
ever, these consistency definitions and results cannot be immediately extended to space-time
discretization, unless the time dimension is also discretized by DG. For the more popular
case of Runge–Kutta DG (RK–DG) methods, extensions of the definition of consistency to
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the full space-time weak discretization are not immediately apparent. Using tools from the
consistency theory of RK temporal discretizations, and from the formal RK adjoint theory
[33], this dissertation proves that RK–DG discretizations that are dual consistent in space,
are also adjoint consistent in time. Moreover, these discretizations retain the temporal or-
der of accuracy of their primal counterparts. Empirical order of accuracy experiments for
a two–dimensional inverse problem back up the theoretical derivations. The discrete dual
solution is used for the determination of a descent direction for the discrete target functional
in a robust truncated–Newton optimization algorithm. Good quality analysis solutions are
retrieved even with significant noise levels in the observation data.

Discrete adjoints of mesh transfer operators with the DG and finite volume
methods. The adaptive solution algorithm also introduces the intergrid transfer opera-
tors that project the primal approximation between meshes at every refinement step. The
linearized transposes of these mesh transfer operators are then reused in the adjoint time
reversal simulation for back–projection of the discrete dual solution. This immediately raises
the question of whether the intergrid transfer operators are dual consistent, in the sense that
they do not negatively impact the quality of the dual solution (i.e., all reduction in accuracy
is due to local coarsening, and not to inconsistent interpolation). This dissertation analyzes
the discrete adjoints of h/p-mesh transfer operators for both hierarchical refinement (com-
mon technique in practice, due to high performance data structure implementations), and
unstructured mesh adaptation (where the domain is completely re-meshed at each refinement
step). We find the mesh transfer operators for DG to be dual consistent. However, this
property is not valid for all types of discretizations. Finite volumes intergrid interpolations
and restrictions are found herein not to satisfy this transpose requirement. It is shown that
the use of the inconsistent dual mesh transfer operators will reduce the local order of the dual
solution, and introduce first order perturbations in the neighbors of coarsened elements.

A priori error analysis of the discrete KKT equations. Given the optimality sys-
tems (1.2a)–(1.2c), and (1.8a)–(1.8c), this dissertation examines the differences between the
continuous and discrete dual and optimality conditions. As discussed above, the dual con-
sistency theory for (1.8b) has been previously examined by other authors. This dissertation
extends the consistency concept to the discrete optimality equation, i.e., the third equation
in the KKT set. Since (1.8c) is linear in the unknown discrete optimal variables qh, sta-
bility and consistency implies convergence of the discrete optimal solution to the analytical
value, by the Lax–Richtmyer equivalence theorem. Similar to the case of adjoint equations,
consistency of (1.8c) is dependent on the particular choice of primal discretization. The
model problem considered in Chapter 6 illustrates this problem. This dissertation proves
that, while equation (1.8c) may not be a priori consistent, consistency and stability can be
retrieved through the introduction of stabilization terms via a consistent modification to the
discrete target functional, in a manner similar to that described in [28] for ensuring dual
consistency. We give a priori bounds for the additional terms introduced in the optimality
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condition through the linearization of the DG interface terms in primal discretization. The
discrete optimality equation is proven to be asymptotically consistent. Numerical results with
a DG implementation confirms the theoretical derivations.

A posteriori error analysis for parameter identification problems. Another key
ingredient in a space–time adaptive inversion algorithm is error estimation. An element–
wise error indicator needs to guide the coarsening and refinement in the primal/dual and
parameter meshes, on–the–fly during the solution process. The framework for optimal control
of target functionals using the adjoint method is very well developed, see, e.g., the survey
by Becker and Rannacher [34], and references therein. The dual–weighted residual approach
(DWR for short) [35] has been successfully used for error estimation and grid adaptation in
a variety of numerical studies (see [36, 37, 38, 39, 40, 41], to name just a few). However,
the progress with error estimators for the error in the optimal solution has been so far much
slower. Several energy norm estimates for the optimal solution error

∥∥q− qh
∥∥ have been

derived in the literature based on a coercivity estimate for the KKT saddle-point problem
[42, 43], but their practical use is severely limited by their reliance on generally unknown
stability constants [35]. This dissertation extends the estimates for the control error from
Becker and Vexler [25] to the general case of an infinite dimensional control space. To
keep the computational cost of error estimation low, the Hessian jq,q is computed using a
reduced-space BFGS approximation.

1.3 Dissertation layout

This dissertation is structured as follows.

Chapter 2 discusses the background of the work presented in this dissertation, and gives a
short literature review on the topic of adaptive solutions of inverse problems. It also contains
a short introduction to derivative computations for inverse problems, including the automatic
code generation approach using AD. Chapter 3 considers the stability and consistency of
discrete adjoints for flux-limited finite volume schemes, where physical considerations require
the solution to be within a given admissible domain (e.g., positive). In chapter 4 we study the
problem of time adaptivity for both continuous and discrete formulations of inverse problems,
together with the complications that arise in forward and adjoint sensitivity calculations from
variations in the time step size in a ordinary differential equation (ODE) or partial differential
equation (PDE) temporal integration. Spatial (mesh) adaptivity is the subject of chapter 5.
Here we discuss the adjoint formulation of spatially adaptive PDE problems. We consider
both the formulation of adjoint problems, and the computation of gradients in function
spaces (with the standard L2 inner products), for general space-time differential operators.
Then, we investigate adjoint (dual) consistency for two common types of discretizations
particularly amenable to h-refinement: finite volumes [44], and discontinuous Galerkin [22].
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Chapter 6 investigates the first-order discrete optimality system (also called the KKT system)
for adaptive problems, and relates it to the continuous formulation of the problem. A priori
and a posteriori error estimates are obtained for the optimal solution. Finally, chapter 7
discusses the conclusions and implications of this work. Also, we outline several research
directions that appear promising for future investigations.



Chapter 2

Fundamentals of sensitivity analysis

Introduction

In this section we review fundamental elements of forward and adjoint sensitivity analysis
in the context of system described by differential equations.

The objective of sensitivity analysis is to obtain qualitative and quantitative information
about the variations in a given dynamical model output, that are caused by perturbations in
the model inputs. Most frequently the information collected is in the form of derivatives (also
called sensitivities) of output functionals, with respect to a selected set of model inputs. This
derivative information leads to an approximation of the output variation, that is accurate
to first order in the (small) input perturbations. Probabilistic methods [45] are another
approach to performing sensitivity analysis; however, they fall outside the scope of this
dissertation.

There are two approaches to computing sensitivities: direct (or forward) and adjoint. The
forward sensitivity approach relies on the solution to the linearized model equations. The
linearized is performed with respect to the control variables of interest, resulting in the so-
called tangent linear equations. The analytical form of these equations can be derived using
the chain rule of differential calculus (given below). Alternatively, in the discrete approach,
automatic differentiation of the primal discretization may be used to construct the discrete
tangent linear equations. Section 2.1.1 gives further details on algorithmic differentiation,
and discusses its uses in sensitivity analysis. The forward sensitivity approach is most
economical when the number of functional outputs of interest is significantly larger than
the number of inputs. For the class of problems that we will consider in this dissertation,
this requirement is not satisfied; indeed, the converse is valid. One then resorts to the adjoint
approach.

Continuous adjoint sensitivity analysis [46, 47, 48, 49, 50, 51] relies on the concept of duality
for differential operators. The derivation of the adjoint system for a general PDE constrained

12
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optimization problem fits in the scope of calculus of variations and functional analysis (see,
e.g., [27] and references therein). The cost functional and the required derivatives may be
expressed in terms of the adjoint (also called dual) variables. For time dependent systems,
the adjoint equation is a final–value problem. It is also coupled with the primal equation.
Additional constraints may need to be imposed on the model differential operators, and
cost functional, to guarantee a well posed adjoint problem. These complications are very
important in practice, and will be discussed at length in chapters 4 and 5. The computa-
tional process may be obtained through the discretization of the adjoint PDE system. It is
important to note that the derivatives obtained with the continuous adjoint approach are
only approximations to the true gradients of the analytical cost functional. They become
exact only in the limit of the space and time discretizations.

Alternatively, in the discrete adjoint sensitivity approach, the adjoint problem may be de-
rived directly from the primal discretization. The discrete adjoint model code can be gen-
erated by automatic differentiation. With this method, one obtains the exact derivatives of
the discrete cost functional. The discrete adjoint approach is the method we advocate for
use in adaptive inverse problems throughout this dissertation.

The adjoint method is most beneficial from a computational point of view, when the model
parameter (input) space size is much larger than that of the number of functional outputs of
interest. This is the case for a large class of practical applications, such as data assimilation,
model calibration, or parameter identification problems.

This dissertation advocates the use of the discrete adjoint method to calculating sensitivities.
The tangent linear equations will be discussed in Chapter 4. The adjoint PDE framework
will be revisited in Chapter 5.

2.1 Derivative computations for sensitivity analysis

This section gives a introduction to the numerical computation of derivatives for sensitiv-
ity analysis and inverse problems. The theoretical concepts introduced here will be used
frequently in the subsequent chapters of the dissertation.

2.1.1 Derivatives over discrete spaces

Recall from previous chapters that inverse problems may be formulated as discrete numerical
optimization problems (equation (1.7)). Some form of derivative information for the discrete
target functional Jh is required in the solution process. The same derivative computation
problem arises in sensitivity analysis studies, where the tangent linear and adjoint equations
(see 1.8a–1.8c) are obtained by differentiation of the primal constraints around specified
points in the discrete space Uh.
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We begin with a few definitions [52, Section 5.3].

Definition 2.1.1 (The Fréchet derivative). Let K ⊂ �n, with x0 as an interior point, and
define F : K → �

m. We say F is Fréchet differentiable at x0 if there exists a matrix (linear
operator) J ∈ �m×n such that

F(x0 + h) = F(x0) + Jh+ o(‖h‖) , as ‖h‖ → 0 .

One can prove that J := ∇F(x0) =

(
∂Fi

∂xj

)
i=1...m,j=1...n

. For m = 1, we refer to J ∈ �1×n as

the gradient of F, otherwise J is the Jacobian matrix of the vector-valued function F.

Definition 2.1.2 (The Gâteaux derivative). Let K ⊂ �n, with x0 as an interior point, and
define F : K → �

m. Also, let h be a fixed vector in �n. We say F is Gâteaux differentiable
at x0 if there exists a matrix J ∈ �n×m such that

δF[x0](h) := lim
t→0

F(x0 + th)− F(x0)

t
= Jh .

For ‖h‖ = 1, the Gâteaux derivative is also referred to as the directional derivative (or
first variation) in the literature. Note that Fréchet differentiability at x0 implies Gâteaux
differentiability, but the reverse is not true.

The most frequently used techniques for derivative calculations are described below. We
assume that F is at least twice Fréchet differentiable at all x ∈ K.

Hand coded differentiation.

For some codes of relatively low complexity, manual differentiation is possible. Starting
from the implementation of F, new code is written that calculates the Fréchet or Gâteaux
derivatives of F at the points of interest. However, the approach is extremely bug–prone,
and usually very slow to implement. Hence, we do not recommend it for practical problems.

Finite differences.

The method of finite differences relies on Taylor‘s theorem for smooth functions [20]. By
considering small perturbations in the arguments of F, we can approximate the Jacobian J
component–wise:

∂Fi

∂xj
≈ Fi(x+ h ej)− Fi(x)

h
, (2.1)
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Here h > 0 is sufficiently small. Here ej ∈ �m is the j-th unit vector. Note that we require
m · n+ 1 function evaluations to approximate the entire J matrix. Also, the optimal choice
for h is usually unknown. Large values for h yield poor derivative approximations, while for
small h the computation results can be corrupted by truncation errors. A frequently used a
priori estimate for the optimal value of h is

h =
√
ε ,

where ε denotes the machine precision [20]. One can immediately generalize (2.1) to approx-
imate directional derivatives along d ∈ �n, for sufficiently small h:

∇F[x0](d) ≈
F(x + hd)− F(x)

h
.

Sparse Jacobians can be approximated at a much lower cost by merging multiple derivative
approximations into a single computation (see, e.g., [20, Chapter 6]). Similarly, higher
order derivative tensors can be built on top of lower-order terms. For example, Hessian–
vector products for F can be computed as a finite difference of two first-order directional
derivatives: (

∂2F

∂x2
⊗ d

)
· d̂ ≈ ∇dF(x + h d̂)−∇dF(x)

h
.

Here the operator ⊗ indicates the Hessian-vector tensor product operation. The Hessian

tensor of F is denoted by H(x) :=
∂2F

∂x2
.

Symbolic differentiation.

The symbolic differentiation approach (implemented in software products such as Maple or
Mathematica) relies on algorithmic manipulation of algebraic symbols in the definition of
F. Complex algebraic expressions (that may or may not be simplified) are produced for each
derivative component. Symbolic differentiation sometimes leads to expression blow-up, due
to its inability to eliminate common sub-expressions through intermediate variables. Also,
it is relatively slow to produce a result, and the evaluation of the resulting expressions is
usually not efficient. While both automatic and symbolic differentiation rely on the same
differentiation rules (stemming from the chain rule from basic differential calculus), they do
differ in one crucial aspect. Symbolic differentiation works on the formula for F, hence the
results are additional formulas instead of numerical values. Automatic differentiation, on the
other hand, works on the algorithmic implementation of the function, and yields point-wise
(floating-point) values for the required derivatives.
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Automatic differentiation.

Automatic (or algorithmic) differentiation [23] is our method of choice when performing
adaptive inversions. It is a technique for computing derivative information for functions
defined by computer programs. Suppose we are given the source code for the implementation
of:

y = F(x) . (2.2)

Automatic differentiation tools rely on the observation that the code to compute F can be
viewed as a sequence of elementary and differentiable arithmetic operations. One can then
apply the basic chain rule of differentiation to obtain derivatives. AD takes the original
function code as input, and generates a transformed code that calculates derivatives of
F(x). Naturally, the function F(x) needs to be mathematically differentiable at the points of
interest for automatic differentiation to yield correct results. However, experimental support
for calculating left and right derivatives at a discontinuity point of F exists in some automatic
differentiation tools [53].

Comprehensive support for automatic differentiation is available for most of the programming
languages used in scientific computing [53, 54, 55, 56, 57, 58, 59, 60]. It is useful to note
the following strong points of the AD approach. First order derivative information can be
computed at a very low cost (a very important result that motivated the widespread use
of AD in the numerical modeling community is the cheap gradient theorem in [23]). The
derivatives computed by AD are usually as accurate as the function computation itself, thus
surpassing traditional approaches like finite differencing (which suffer from truncation errors).
There is no code size blow-up like in the case of symbolic differentiation [61]. Finally, note
that automatic code generation is also much less bug prone than hand coded differentiation.

Forward and reverse mode AD. Following Griewank [23], consider the nonlinear equa-
tion (2.2), with x ∈ �n, y ∈ �m. We assume F is at least twice continuously differentiable
in x. The forward mode of AD with x as input and y as output yields

δy = J(x) δx , (2.3)

whereas the reverse mode computes

x̄ = x̄+ ȳ J(x)

ȳ = 0 . (2.4)

Here the tangent linear variable and the adjoint variable corresponding to x are denoted by
δx ∈ �n and x̄ ∈ �1×n, respectively.

The adjoint (or co-state) variables are defined as row vectors. For n� m, the reverse mode
of AD is significantly more economical in practice than forward mode differentiation. This
is important in inverse problems, where the cost functional that needs to be differentiated
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is single-valued (m = 1), whereas the independent variables (the inversion parameters) may
run in the millions or more. However, the adjoint mode of differentiation introduces several
complications over the (more straightforward) forward approach. An automatic reversal of
the original program control flow is required for reverse mode differentiation. Additional
storage is needed for the intermediate variables in the forward code that may need to be
reused in the reversed code. Recently, there has been significant progress in both off-line and
on-line reversal schemes for computer programs [23, 62, 63, 64, 65, 66], that make reversal
of complex codes computationally feasible.

Higher order derivatives. Higher order derivative information can be computed by AD
through multiple differentiations. Since the dimensions of derivative tensors scales up very
rapidly with both m and n, as their order increases (the curse of dimensionality), higher
order derivative codes are more complex, and take longer to run. There is no encouraging
upper bound for higher order Taylor coefficients. However, economical schemes exist [67,
68], which may make the computation of higher order derivative tensors computationally
feasible in numerical simulation as computer speeds scale up. Second order information
obtained via AD has been successfully used in various studies, such as data assimilation
(see, e.g., [69, 70, 71, 72], among others). Various studies have found that the convergence of
optimization algorithms can benefit from the addition of second order information [69, 70, 72,
73, 74, 75, 76]. Second order code optimizations, judicious computations of low-rank higher-
order tensors, and reductions in the number of optimization iterations required to reach
convergence, may offset the additional development effort and computational overhead of
higher order derivative calculations.

Optimization algorithms were found to benefit from second order information up to the point
that the additional cost of obtaining these derivatives is offset by the increases in performance
and accuracy. We give a short overview of how to obtain Hessian-vector products via AD
below.

From (2.3), forward mode differentiation yields:

δx̄ = δȳ J(x) + ȳ H(x) δx .

Note first that, for a symmetric Jacobian matrix F ′(x) = F ′(x)T , we have

ȳ J(x) = (J(x) δx)T , with δx = ȳT .

Thus the adjoint vector x̄ = ȳ J(x) can be computed by forward differentiation if J(x) is
symmetric (i.e., it is the Hessian ∇2ψ(x) of some scalar function ψ(x) with the gradient
∇ψ(x) = F(x)). Thus, it is never efficient to apply the reverse mode to vector functions
that are gradients. This is important for symmetric Jacobians, because if we apply reverse
mode differentiation to the forward model, we get:[

F(x)T , ȳ J(x)
]T

= ∇ȳ,x ȳ F(x) .



Mihai Alexe Chapter 2. Fundamentals of sensitivity analysis 18

If we view the forward model (2.2) as an optimization problem, the result of reverse mode
differentiation is the gradient of the Lagrangian functional ȳ F(x). Hence, a second differ-
entiation can be carried out without loss of generality in the forward mode. This is always
computationally cheaper than adjoining, since no flow control reversals or checkpointing
algorithms are required.

2.1.2 Derivatives over function spaces

We now give the formal definitions of derivatives for smooth nonlinear operators over function
spaces [52].

Let F : K ⊂ V → W, where V and W are normed spaces. Denote by L(V,W) the space
of linear functionals from V onto W. We define differentiability of F at an interior point
x0 ∈ V.

Definition 2.1.3 (The Fréchet derivative). The operator F is Fréchet differentiable at x0 if
and only if there exists J ∈ L(V,W) such that

F(x0 + h) = F(x0) + J(h) + o(‖h‖) , as h→ 0 .

The linear mapping J := F′[x0] is called the Fréchet derivative of F at x0. Similarly, F′[x0](h)
is the Fréchet differential of F at x0 along the direction h. If F is Fréchet differentiable at
all points in K, then the (unique) Fréchet derivative of F on K is

F′ : K → L(V,W) . (2.5)

Definition 2.1.4 (The Gâteaux derivative). The operator F is Gâteaux differentiable at x0

if and only if there exists J ∈ L(V,W) such that

lim
t→0

F(x0 + th)− F(x0)

h
= J(h) , ∀ h ∈ V .

Similar definitions and notations as above apply for the Gâteaux derivative. The Gâteaux
and Fréchet derivatives obey the classical sum and product rules of differentiation. An
important result is the chain rule of differentiation, on which many of the derivations in this
dissertation will be based. It is stated below; for a proof, see [77].

Proposition 2.1.1 (The chain rule of differentiation). Let V, W, and U be normed spaces,
and F : K ⊂ V → W, G : L ⊂ W → U , with F(K) ⊂ L. Assume x0 is an interior point of
K, and F(x0) is an interior point of L. Then:

(a) If F′[x0] and G′[F(x0)] exist as Fréchet derivatives, then G◦F is Féchet differentiable
at x0, and the chain rule holds:

(G ◦ F)′[x0] = G′[F(x0)]F
′[x0] .
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(b) If F′[x0] exists as a Gâteaux derivative, and G′[F(x0)] exists as a Fréchet derivative,
then G ◦ F is Gâteaux differentiable at x0, and the chain rule given above holds.

2.2 A brief literature review

This section gives a short overview of prior research in sensitivity analysis for the solution
of inverse problems.

As stated above, the adjoint approach to calculating sensitivities is the method of choice
in most practical problems. Let us consider the continuous approach. There are a few
complications that arise when making use of the duality framework over function spaces. The
theory of calculus of variations can lead to ill-posed adjoint systems for certain inadmissible
cost functionals [78, 79, 80]. Giles et al. [50] give several conditions that need to be satisfied
for a specific type of functional to be admissible. Here admissibility of the cost functional
implies the existence of a well posed adjoint final boundary value problem. Arian and
Salas [79] add additional boundary conditions (based on higher-order solution derivatives)
to the forward model equations to obtain well posed adjoints. In chapter 5, we formulate
a more general set of compatibility conditions that need to be satisfied by both the primal
differential operators, and the target functional, for the adjoint PDE to be well posed. These
considerations, important in the function space adjoint formulation, do not apply to the
discrete duality framework. The target functional in the discrete adjoint approach is by
construction compatible with the adjoint problem [27].

An important point is whether the discrete adjoint variables converge to the solution of the
continuous adjoint equation (i.e., if the discrete adjoint is a stable and consistent discretiza-
tion of the continuous problem). Spatial consistency is not automatically inherited by the
adjoint method: the DA solution can display strong non-physical behavior, as it has been
noticed in [81, 82]. Spurious spikes in the DA may appear near the domain boundary due
to the strong boundary conditions imposed in the forward system [50, 83]. Other inconsis-
tencies stem from the use of a smaller finite difference stencil, or from changes in upwinding
[29].

Previous research efforts in adjoint sensitivity analysis for adaptive mesh refinement include
the work of Li and Petzold [15]. The authors attempt to combine the advantages of both
approaches to adjoint sensitivity, DA (discretization of the adjoint) and AD (adjoint of the
discretization) into their ADDA method. However, their approach uses discrete adjoints only
for a fixed grid inside the boundary layer, where the DA is assumed to be consistent, while
employing the continuous adjoint method in the interior of the domain [15]. This avoids
the difficult determination of suitable boundary conditions for the adjoint PDE. Anderson
and Venkatakrishnan [78] describe a continuous adjoint sensitivity analysis approach on
unstructured grids. It has also been shown that adaptive mesh refinement can also improve
discrete adjoints in the presence of shocks, as pointed out by Giles et al. [84, 85, 86].
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Marta [87] applies automatic differentiation on selected parts of two 3D CFD solvers (on
unstructured meshes) to derive a consistent discrete adjoint model.

Recent work on four–dimensional data assimilation (4D-Var) for discrete models on nested
grids includes that of Simon et al. [88, 89, 90]. The nested meshes are obtained through local
hierarchical mesh refinement. The feature of their work is the inclusion of information from
multiple grid length scales in the discrete adjoint model, the 4D-Var objective functional,
as well as the background covariance matrices. Their numerical results of a shallow–water
inversion problem on nested grids prove to be significantly better than those obtained through
a single-grid approach [88].

Although the discrete adjoint approach is attractive in practice, most of the research effort
for large scale inverse problems has gone into analyzing the continuous sensitivity approach.
Bangerth [13] introduces a framework for the solution of parameter estimation problems on
adaptive grids using finite element discretizations. The optimality system for the Lagrangian
is solved using an all-at-once approach in a function space setting. This formulation allows
maximum flexibility of the inversion algorithm, through the use of separate meshes for the
primal, dual, and inversion variables. Moreover, convergence can be quantified in a mesh-
independent fashion. Fang et al. have developed a fully adaptive 3D finite-element ocean
model equipped with adjoint sensitivity analysis [16, 18, 19, 91, 92, 93]. The adjoints of
the forward dynamics equations are discretized on fully adaptive meshes, with the forward
variables interpolated onto the adjoint mesh on–the–fly wherever needed. For faster forward
and backward simulations, the POD method [91] is used for reducing the state space of the
model and its adjoint, while capturing their essential dynamics. Use of separate meshes
for the primal and dual variables allows for maximum solver efficiency. However, numerical
errors are introduced through the interpolation of forward variables onto the dual mesh
in the time reversal procedure. The effect of such errors on the adjoint solution has not
yet been fully analyzed. We advocate the use of discrete adjoint sensitivities throughout
the inversion process, due to their accuracy and ease of implementation (through automatic
differentiation). However, if continuous sensitivities cannot be avoided, this dissertation
provides a framework for the derivation of the tangent linear and adjoint PDE for general
nonlinear time dependent models and cost functionals (see Chapter 4, and [24]).

Time consistency of the adjoint discretization has also been investigated by several authors.
Discrete adjoints of Runge-Kutta methods of arbitrary order were proven to be consistent
with the original continuous adjoint equations [94, 95]. Moreover, the discrete adjoint Runge–
Kutta quadratures retain the order of accuracy of the primal discretizations. Multistep
methods, however, are not dual consistent [96]. Sensitivity analysis for ODEs with multistep
methods has made exclusive use of the continuous approach [30]. Adaptive time integration
has also received some attention. Eberhard and Bischof [4] have shown that black–box
application of forward–mode AD yields unphysical gradients due to the dependency of the
time step on the forward solution. The spurious sensitivities can be removed by code post-
processing [4]. This dissertation extended the work in [4] to discrete adjoints of one-step
explicit methods. We show in chapter 4 that dual consistency is lost due to the emergence of
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spurious gradients; however, accuracy may be restored through adjoint code post-processing
(see also [97]). The analysis also proves that a simple final time step adjustment in the
forward simulation does not restore full accuracy in the TLM or DA solution, contrary to
what was argued in [4]. A full adjoint trajectory correction is necessary.

Consistent adjoint sensitivities have been successfully used in spatial and temporal mesh
refinement by several authors. Dual weighted residuals and error estimation [34] were shown
to significantly improve grid adaptation and efficiency for types of model calibration problems
with ODE or PDE constraints [98, 99, 100, 101, 102, 103, 104], including in the presence
of shock discontinuities [105]. Cao and Petzold describe in [106] a duality framework for
ODE global error control. Recent work includes the space–time adaptive mesh refinement
strategy set forth by Carey et al. [12]. In their study, the refinement in the primal simulation
is guided by coarse–scale dual solutions.

The framework for adjoint-based error control in optimal control problems, where the func-
tional J is the quantity of interest, is well established (see, e.g., [34, 107] and references
therein). Moreover, super-convergence in the functional approximations can be achieved
through duality-based post-processing [108, 109].

There has been comparatively little work in error estimation for parameter identification
problems. Previous research in this area includes that of Feng et al. [42, 43], Becker and
Vexler [110, 111], and the recent survey by Rannacher and Vexler [35]. The energy norm
estimates that have been derived for the optimal solution error [42, 43] are of limited use
in practice due to their dependence on unknown stability or coercivity constants. A more
practical approach is the one given by Becker and Vexler [110, 111]. Their error estimator
is built for a modified problem that is defined in terms of a suitably chosen cost functional.
In this dissertation, we generalize the approach in [110, 111] to the case of an infinite di-
mensional control space. The Hessian of the reduced problem is replaced by a quasi-Newton
approximation. For the time dimension, we advocate the use of dual–consistent adaptive
Runge–Kutta discretizations.

.



Chapter 3

Adjoint sensitivity analysis with finite
volume models

This chapter investigates the behavior of discrete adjoint for high resolution finite volume
codes. Equations modeling natural phenomena (such as basic advection or diffusion) often
require that their solution belong to a certain physically admissible domain. For example,
solutions to transport equations modeling the advection of pollutants in the Earth’s atmo-
sphere, must remain positive at any given time of the simulation. To add to this complication,
the solutions of the analytical are often discontinuous, due to e.g., physical interfaces be-
tween regions of distinct concentrations in a certain pollutant or tracer. The discretization
methods may introduce numerical undershoots or overshoots, like the Gibbs phenomenon in
truncated polynomial approximations for non-smooth functions. Such under-, or overshoots,
are unacceptable in numerical simulations of some phenomena, since they may render the
numerical solution physically unfeasible.

Simple discretizations that are monotonic and do not lead to overshoots, have only first order
accuracy [112], and suffer from excessive diffusivity. To enforce the positivity requirement for
numerical solutions, and retain high temporal and spatial accuracy in smooth flow regions,
one must employ high resolution schemes [1], that make use of solution or flux limiting
functions to strictly damp oscillations in regions of discontinuity. This comes at the expense
of local order reduction in regions of non-smooth flow. In smooth areas of the domain,
however, the order of accuracy can be kept arbitrarily high.

Limiters are frequently used with the finite volume [1], discontinuous Galerkin [22], and other
types of spectral methods (see, e.g., [113] and references therein). The following analysis
concerns the finite volume method. We find that the discrete adjoints of forward models
that use limiter functions leads to numerically unstable adjoint implementations. A detailed
analysis of the forward model code structure reveals that refactoring is required before the
derivation of the discrete adjoint equations. This strategy yields a stable adjoint solution.
Numerical examples illustrate the behavior of discrete adjoints obtained through black-box

22
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AD on two prototypical advection problems, before and after stabilization.

3.1 A brief overview of the finite volume method

Consider the following time dependent hyperbolic initial boundary value problem (IBVP):

ut +∇ · F(u) = f , x ∈ Ω , t ∈ [0, T ]
u(t,x) = g(t,x) , x ∈ ∂Ωin

u(t = 0,x) = u0(x) .

The finite volume method (FVM) [1] is built on the physical properties of the hyperbolic
conservation law (3.1). It can be used on structured and unstructured meshes, and has
excellent geometric flexibility. The formulation of the FVM relies on conservation of mass
(in the general sense, some solution average) principles inside a given control volume (or cell).
Our discrete spatial mesh at tn is now defined as the union of K distinct control volumes:

Ωh
n =

Kn⋃
k=1

Ck
n. We define the approximate solution average inside a cell Ck

n at time tn to be:

Uk,n ≈ 1

Vol(Ck
n)

∫
Ck

n

u(x, tn) dx . (3.1)

From (5.18) we obtain:

1

Vol(Ck
n)

(
∂

∂t

∫
Ck

n

u(x, t) dx+

∫
∂Ck

n

F · �n ds−
∫
Ck

n

f(x, t) dx

)
= 0 .

Let σ be a boundary edge (or face) for the control cell Ck
n. Using a conservative and consistent

approximation FFVM
σ (xh, tn) for the analytical flux F(x, tn) through σ, we arrive at the semi-

discrete finite-volume formulation of (5.18):

dUk,n

dt
+

1

Vol(Ck
n)

⎛⎝ ∑
σ∈∂Ck

n

FFVM
σ (xh, tn)−

∫
Ck

n

f (xh, tn) dx

⎞⎠ = 0 .

By virtue of the conservation principle, the net flow through the boundaries of the control
volume must be zero in the absence of any forcing terms f . The numerical reconstruction
of the solution at the control volume interfaces is done locally. Hence, generalizations to
unstructured grids and higher dimensions are straightforward. The various choices of nu-
merical fluxes lead to different finite volume methods [1]. However, the FVM in two or
three space dimensions is not easily amenable to p-refinement, since higher order solution
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approximations rely on polynomial reconstructions over multiple cells. In d dimensions, one
needs at least

Ĵ =
(J + d− 1)!

(J − 1)! d!
(3.2)

finite volume cells to build a J-th degree polynomial approximation to u(x, t). Structured
meshes make p-refinement easier by allowing straightforward stencil size adjustments. How-
ever, general unstructured grids are more complex to handle [114, 115, 116]. Another draw-
back of larger stencils is the order reduction in the primal and dual solutions around the
boundaries of the domain [29], where the stencil cannot be extended to allow sufficient
accuracy (except in the case of periodic boundary conditions).

We are concerned with the accuracy of intergrid operators for finite volume solvers on struc-
tured meshes. For simplicity, we first consider one-dimensional problems; the analysis will
be extended to higher dimensions in section 5.3.5. This one-dimensional discussion fully il-
lustrates the accuracy issues encountered with adjoint (transposed) intergrid operators. Fur-
thermore, we omit the time dependent notation, for ease of notation. The kth finite volume
cell is Ck =

[
xk−1/2, xk+1/2

]
, where xk+1/2 = (xk+1 + xk)/2. Let hk = Vol(Ck) := xk+1 − xk.

This leads to the finite volume scheme for equation (5.18):

hk
dUk

dt
+ FFVM

k+1/2 − FFVM
k+1/2 = hk fk , ∀ k = 1 . . . K . (3.3)

The polynomial reconstruction approach approximates the solution through the interface
between two control volumes as a polynomial with unknown coefficients:

uh(x) :=

J∑
j=0

aj(x− xk)j . (3.4)

Note that we dropped the explicit time dependency in the numerical solution, since we
assume this holds at some particular time point tn. The aj coefficients are determined by
requiring that ∫

Cj

uh(x) = Vol(Cj)Uj , ∀ j = 0, . . . , J .

The reconstruction may be either centered, or biased (upwind). We will show that the
transpose relationship between the interpolation and restriction operators does not hold for
operators with orders of accuracy higher than one. The adjoints of quadratic or higher order
flux interpolations reduce to a simple first order conservative reconstruction. Hence, the
adjoint solution cannot be expected to retain the order of accuracy of the forward discretiza-
tion, due the order reduction in the intergrid solution transfer process. This is an additional
drawback of the finite volume method, which negatively impacts the accuracy of black-box
generation (via AD) of h-refinement operators in the discrete adjoint solver.
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3.2 The model problems

We focus on the following two model problems:

∂u

∂t
+
∂(β u)

∂x
= 0, x ∈ Ω := [−1, 1] ,

u(t,−1) = 0 , 0 ≤ t ≤ T ,

u(t, 1) = 0 , 0 ≤ t ≤ T ,

u(0,x) = u0
1(x) , x ∈ Ω . (3.5)

and

∂u

∂t
+∇ · (�βu) = 0 , x ∈ Ω := [0, 1]× [0, 1] , 0 ≤ t ≤ T ,

u(t,x) = 0 , x ∈ Γ := ∂Ω , 0 ≤ t ≤ T ,

u(0,x) = u0
2(x) , x ∈ Ω . (3.6)

The unknown primal solutions u(x) ∈ L2([0, T ]× Ω) are in both cases assumed to be con-
tinuously differentiable a.e. on Ω. We require for both (3.5) and (3.6) that

u(t,x) ≥ 0 , ∀x ∈ Ω , ∀ 0 ≤ t ≤ T . (3.7)

with the possible exception of very small undershoots (which may be treated as zero values).

We have the following definition [117]:

Definition 3.2.1. A numerical scheme for (3.1) is called positive if for any positive initial
condition Uh,0 ≥ 0, the numerical solution Uh,n remains non-negative at all times 0 ≤ tn ≤
T .

Positivity of a numerical scheme is intimately connected with phenomena of overshoot and
undershoot of the numerical solution (see [117] for details). Apart from consistency and
stability, positivity is the essential property that we require from any numerical scheme used
to discretize (3.5) and (3.6). Thus, any acceptable scheme may not allow the development
of new local extrema in the numerical solution (other than the ones present in the initial
condition uh,0).

Definition 3.2.2. A scheme is monotonicity preserving if, for all time levels n,

Uk
n ≥ Uk+1

n , ∀ k =⇒ Uk
n+1 ≥ Uk+1

n+1 , ∀ k . (3.8)

The celebrated Godunov theorem restricts the spatial order of monotonicity preserving
schemes to one.
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Theorem 3.2.1 (Godunov’s order barrier theorem). Consistent, stable, and monotone linear
schemes for linear partial differential equations are at most first-order accurate.

Proof. See, e.g., [112, Section 4.4].

When spatial and temporal accuracy higher than first order are necessary in the numerical
solution algorithm, condition (3.7) and Theorem 3.2.1 impose the use of a high resolution
method with flux limiting [1]. The flux limiter function becomes active in regions of high
variation in the primal solution uh,n, preventing the occurrence of new extrema in the nu-
merical solution. Flux limiter functions can be either active or inactive on a per-cell basis,
as determined by the limiting algorithm.

We now proceed to investigate the effect of black-box automatic differentiation on flux lim-
iting functions. The exact form of the boundary flux Fk+ 1

2
in equation (3.3) depends on

the mesh stencil used for spatial discretization. Let fk := βUk. The upwind ratio of two
consecutive flux gradients can be then computed as:

θk+ 1
2
=

fk+1 − fk + ε

fk − fk−1 + ε
, (3.9)

with ε ≈ 10−14 a very small mesh-independent constant, that prevents division by zero in
regions with uniform flow.

Let φ(θ) denote the limiter function. The general flux expression at the inflow boundary of
the k-th finite volume cell reads [1]:

Fk− 1
2
= FL(fk, fk−1) + φ(θk− 1

2
)(FH(fk, fk−1)− FL(fk, fk−1)) . (3.10)

Here FL is the flux given by a positive low-order scheme (such as first order upwind); FH is
the flux of a high-order numerical scheme, such as Lax–Wendroff [1], or third order upwind
[117].

3.3 The discrete adjoint model

The one–dimensional problem If we consider the third order upwind scheme and the
limiter function φ(θ) proposed by Hundsdorfer et al. [117], then the numerical solution
of (3.5) is positive throughout the domain, with only some negligible O(ε) undershoots.
However, the discrete adjoint solution behaves unexpectedly. Denote the continuous adjoint
variable λ(t,x). Then, λ satisfies the following final–value problem:

∂λ

∂t
+ β

∂λ

∂x
= 0 , x ∈ [−1, 1] , T ≥ t ≥ 0 ,

λ(t,−1) = λ(t, 1) = 0 , ∀ T ≥ t ≥ 0 ,

λ(T,x) = λF (x) , ∀ x ∈ Ω . (3.11)
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Figure 3.1: Unstable behavior for the discrete adjoint of flux-limited schemes implemented
by the book.

Choose λF = u(tF , x), ∀ x ∈ [−1, 1]. For constant β(x), we have λ(t,x) = u(t,x) for all
times t.

Consider the discrete adjoint solutions. Let u(0,x) in (3.5) be a square wave of unit ampli-
tude (see Figure 3.1). The advection coefficient β = −2. The time steps are fixed through
a mesh Courant number ν = 0.76. Unexpectedly, as Figure 3.1 shows, the discrete adjoint
solution develops unstable oscillations after just a few time steps.

Let us seek the source of this instability. Let phiθ be the value of the limiter function for θ
given in (3.9). Similarly, adfk is the adjoint of the fk variable, and adfluxk is the adjoint of
the boundary flux Fk+1/2. The flux limiter function has the following form [117]:

φ(θ) = max

(
0,min

(
2 θ, min

(
2,

1

3
+

2

3
θ

)))
. (3.12)

With our notation

phiθ = φ

(
fk − fk+1 + ε

fk+1 − fk+2 + ε

)
. (3.13)

This formulation is not suitable for direct differentiation. Since differentiation of intrinsic
functions such as max, min or abs can result in incorrect code [118], we write (3.12) as an
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Figure 3.2: Instabilities in the adjoint fluxes at various time moments. The spurious modes
are not damped by the discrete adjoint scheme. Kn = 128, τn = 0.03, and Courant number
ν = 0.765.

if–then–else expression, and differentiate it in this form. Assume a negative velocity field
u (the case when u > 0 is similar). If we examine the differentiated code, we notice the
following statements that compute the adjoints of f ≡ βU:

adfk+2 = adfk+2 − 0.5 · adfluxk · phiθ
adfk+1 = adfk+1 + adfluxk · (1 + 0.5 · phiθ) .

Initially adfk = 0, ∀ k. At the first time step the values are updated twice, since we are
using a two–stage Runge-Kutta integrator. It follows that for the cells where adfluxk �= 0,
the variations in the adjoint variable adf are amplified by the multiplicative term containing
phiθ. This happens in the non-uniform regions of the adjoint model solution. High-amplitude
spurious spikes are noticeable after a single time step around the discontinuity points of uh,n

and λh,n, as shown in Figure 3.2. This excitation is being added at each subsequent time
step. The discrete adjoint λh,n is computed using the adf values so it will essentially behave
in the same way.

Refactoring of the forward code to avoid discrete adjoint instability. The discrete
adjoint model is therefore unstable, failing to provide a positive, non-oscillatory solution sim-
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Figure 3.3: Limiter functions φ(θ). (a) The shaded region is the TVD region of the θ-φ plane.
Both Lax–Wendroff and the 3rd order upwind method have a φ(θ) that are not contained in
this region. (b) The shaded region is the second-order TVD region of Sweby [1]. The limiter
function stays within this region (on its lower boundary). (c),(d) Both limiters are smooth
at θ = 1. This ensures full second-order accuracy.

ilar to the one obtained by running the forward code. To eliminate this undesired behavior,
we need to examine the limiter function φ(θ) in more detail. The goal is to remove the
explicit dependence on θ (and implicitly on φ) of the forward model code. To do so, consider
the graph of φ = φ(θ) for various values of θ in Figure 3.3. The solver is built upon the
Hundsdorfer flux limiter function [117], and the third order upwind method.

Since φ(θ) is a piecewise linear function, one can refactor the forward model code to take
advantage of this property. Consider each interval on which φ(θ) is linear. The exact expres-
sion of the flux function inside that interval, is straightforward to compute as a weighted sum
of fk. We are thus able to remove the explicit dependency on θ that causes the numerical
instability in the discrete adjoint solution λh,n.
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If u > 0, we obtain the following:

If θ ≤ 0 ⇒ Fk+ 1
2
= fk

Else if θ ≤ 0.25 ⇒ Fk+ 1
2
= fk+1

Else if θ ≤ 2.5 ⇒ Fh+ 1
2
= fh +

fk−fk−1

6
+ fk+1−fk

3

Else ⇒ Fk+ 1
2
= 2 fk − fk−1 .

It is useful to examine the adjoint code generated by a source–to–source AD tool such as
TAMC [58]. Using the same notation as in (3.14), the discrete adjoint code reads:

If θ ≤ 0 ⇒ adfk ← adfk + adfluxk

Else if θ ≤ 0.25 ⇒ adfk+1 ← adfk+1 + adfluxk

Else if θ ≤ 2.5 ⇒ adfk−1 ← adfk−1 − 1
6
adfluxk

adfk+1 ← adfk+1 +
1
3
adfluxk

adfk ← adfk − 5
6
adfluxk

Else ⇒ adfk−1 ← adfk−1 − adfluxk

adfk ← adfk + 2 adfluxk .

The second branch (for θ ∈ (0, 0.25]) in (3.14) gives an unstable downwind approximation
of the flux. However, the influence of this downwind flux is only local, and any oscillations
that arise are quickly damped by the scheme. The final solution of the forward model has
the desired properties: uh,n both sharp and positive: any undershoots or overshoots that
occur have an amplitude of order O(ε). The same holds true for the discrete adjoint model:
branches 2 and 4 are unstable, but due to the fact that the stable branch 3 is taken most
frequently (in uniform flow regions we have θ ≈ 1, so branch 3 is favored), no instabilities
develop and we obtain a good approximation to the exact adjoint model solution.

After the forward model has been differentiated, we notice that the explicit dependency of
the adjoint code on phiθ has disappeared. This is reflected in the results of a forward and
adjoint model run in Figure 3.4: no instability is present and the adjoint solution is very
similar to the forward model solution of an unlimited third order upwind scheme. Since the
adjoint flux formulation depends on the value of θ from the forward model formulation, and
not on the differentiated values of the gradient ratio, the flux limiter will be active only in
regions of strong variation of the forward solution. In regions of smooth flow, branch number
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Figure 3.4: After the reorganization of the forward code, the discrete adjoint solution of the
flux-limited scheme is stable and similar to an unlimited forward model solution. Kn = 256,
and τn = 0.01.

3 (θ ∈ (0.25, 2.5]) is taken. This yields a stable discrete adjoint solution shown in Figure
3.4.

Examine the variation of adf in this case. Figure 3.5 shows that oscillations in adf remain
bounded as t→ 0. This does not come as a surprise, since we already noticed a well-behaved
solution of the adjoint equation (3.11).

The two dimensional problem Consider now the two-dimensional problem (3.6). Our
test scenario consists of the Molenkamp–Crowley test of solid body rotation. In equation
(3.6), let �β be a rotating velocity field with angular velocity ω = π, described by the following
equation:

�β(x, y) =

[
βx(x, y)
βy(x, y)

]
=

[
ωy
−ωx

]
. (3.14)

We use the same initial conditions for both discrete forward and adjoint models (see Figure
3.6). If the boundary fluxes used in the forward numerical scheme depend explicitly on the
gradient ratios θx and θy, the adjoint model solution develops strong oscillations after just
a few time steps. These oscillations rapidly increase in amplitude at every time step.
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Figure 3.5: Stable adjoint fluxes. The adjoint model damps out all oscillations. Kn = 128,
Δt = 0.03, and ν = 0.765.
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Figure 3.6: Unstable discrete forward and adjoint solutions to (3.6). Kn = 1282, and t = 0.25.
Unstable modes in the discrete adjoint λh,n display a very fast growth.
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If we once more eliminate the explicit dependence F = F(θ) through the same procedure
presented above, the results in Figure 3.7 illustrate the expected behavior: the solution of
3.6 remains positive and the initial profile is reproduced quite accurately, while the adjoint
solution is strongly affected by spurious highly oscillatory modes. This is due to the fact that
the adjoint model ceases to be a consistent approximation of the continuous adjoint equation
in regions where the velocity field changes pattern [119]. Nevertheless, these oscillations do
not grow unbounded, and one can still retrieve useful sensitivity information from the discrete
adjoint profile.

The next numerical experiment uses the minmod limiter in Figure 3.3(b) ([1]) with a second-
order Lax–Wendroff numerical scheme for (3.5). For u ≥ 0, the flux at the right boundary
of the kth cell is a function of the Courant number ν:

FLW = fk + 0.5(1− ν)fk+1 − 0.5(1− ν)fk . (3.15)

Using the piecewise linearity of the minmod function one can write the following implemen-
tation of the limiting algorithm:

If θ ≤ 0 ⇒ Fk+ 1
2
= fk

Else if θ ≤ 1 ⇒ Fk+ 1
2
= fk +

1−ν
2

fk − 1−ν
2

fk−1

Else ⇒ Fi+ 1
2
= fi +

1−ν
2

fk+1 − 1−ν
2

fk .

(3.16)

The results of a forward and adjoint model run are illustrated in Figure 3.8. The forward
and adjoint solutions are virtually identical. The discrete solutions are stable and positive
for all 0 ≤ t ≤ T . This is due to the fact that the branch most frequently taken in the adjoint
scheme gives a positive solution. The trade-off is that the wave profile is not so sharp: there
is more numerical diffusion, since the Lax–Wendroff method is only second-order accurate.
By examining the adjoint code in (3.17), we notice that the source of the instabilities has
disappeared:

If θ ≤ 0 ⇒ adfk ← adfk + adfluxk

Else if θ ≤ 1 ⇒ adfk−1 ← adfk−1 − 1−ν
2

adfluxk

adf i ← adfk +
3−ν
2

adfluxk

Else ⇒ adfk+1 ← adfk+1 +
1−ν
2

adfluxk

adfk ← adfk +
1+ν
2
adfluxk .

(3.17)

We now extend the technique shown above to flux limiter functions that are not piecewise
linear. This requires the construction of piecewise linear approximations to φ, that are then
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Figure 3.7: Stable discrete forward and adjoint solutions to (3.6). After a full rotation of
the initial profile, we notice spurious modes in the numerical adjoint. They are caused by
the point-wise inconsistency of the discrete adjoint formula with the continuous formulation
at the mesh nodes where �β changes direction. However, these wiggles remain bounded as
t→ 0.
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Figure 3.8: Forward model and adjoint model solutions of Lax–Wendroff scheme with the
minmod limiter. Kn = 2048. We have more numerical diffusion than in Figure 3.4, but here
the adjoint solution is both stable and positive, with negligible undershoots.
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Figure 3.9: van Leer’s limiter: exact formulation (dashed line) and a piecewise linear ap-
proximation (solid line). Note that the approximation lies in the TVD region and is smooth
in the neighborhood of θ = 1.

used in the flux computations. The TVD properties and smoothness properties around θ = 1
need to be preserved. To illustrate this approach, consider the well-known example of van
Leer [120]:

φ(θ) =
θ + |θ|
1 + θ

(3.18)

Figure 9 shows a piecewise linear approximation of the van Leer limiter function that is
confined to Sweby’s second order TVD region and is also smooth around θ = 1. The slope
of the linear approximation around θ = 1 is equal to that of the third order upwind method
slope, so the scheme will be fully accurate around that point. This is desirable since θ ≈ 1
indicates that we are in a uniform flow region.

The discrete adjoint solution behaves similarly to the limited third-order upwind scheme from
Figure 3.4. We do have undershoots and overshoots (approximately 9% in our test case).
This is due to the fact that the branch most frequently taken by the adjoint code corresponds
to θ ≈ 1, i.e., the third-order upwind local approximation, which is an oscillatory scheme.
However, λh,n remains stable and fairly accurate. Hence, useful sensitivity information can
still be inferred from the discrete dual solution.
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Figure 3.10: Discrete solutions uh,n and λh,n obtained with a piecewise linear approximation
of van Leer’s flux limiter function. The solution is similar to the one in Figure 3.3. Kn = 256,
and Δt = 0.002.
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3.4 Conclusions

We have investigated the problem of constructing a stable discrete adjoint model of a flux-
limited numerical scheme used to solve the one- and two-dimensional advection equation.
Explicit dependencies of the boundary fluxes Fk on the flux gradient ratios θ lead to numeri-
cal instabilities in the adjoint model solution. These are due to the fact that the differentiated
value of θ leads to nonphysical growth in the differentiated flux function. The piecewise lin-
earity of the flux limiter functions φ(θ) allows a re-factoring of the discrete forward model
code, such that these dependencies are removed, and stability is preserved. This is readily
extended to nonlinear limiter functions (e.g. van Leer’s limiter) by constructing a piecewise
linear approximation of φ and using it in our flux computations. Of course, for this procedure
to be effective, the piecewise linear limiter must preserve the TVD property and preferably
also the smoothness at θ = 1 of the nonlinear flux function φ that it approximates.



Chapter 4

Inverse problems with time adaptivity

Introduction This chapter discusses adaptive time integration algorithms for inverse prob-
lems. A majority of inverse problems encountered in geophysics or the atmospheric sciences
are time dependent, that is, they require the inversion of a dynamical model that depends
on time as well as space. Thus, some temporal integration using numerical quadrature is
a required part of any solution algorithm. This raises several complications that were not
present with space-only discretizations. An essential component of solution procedure is the
adjoint of the forward time stepping procedure. This reversal of the time integration will
produce the gradient of the target functional under consideration with respect to the given
control variables.

Again, there are two inversion approaches. The differentiate – then – discretize method,
explored in the next section, implies the analytical derivation of the time-dependent adjoint
equation, together with appropriate final conditions. This is a procedure that cannot be
done automatically. Once the adjoint and quadrature equations have been derived, adaptive
time integration together with dense-output based polynomial interpolation may be used for
a highly efficient reversal of nonlinear models. The DENSERKS software [121] implements
several well-known Runge–Kutta embedded pairs with adaptive step control. The imple-
mentations are shown to be competitive with established software for sensitivity analysis,
such as DASPKADJOINT [31, 3], and Sundials CVODES [2].

The second section in this chapter explores the alternative route: discretize – then – differen-
tiate. This approach is very attractive in practice due to the use of automatic differentiation,
which allows the derivation of adjoint models for time dependent problems with relatively
low effort (compared to the hand-coded approach above). Moreover, it relies on the dual con-
sistency results for Runge–Kutta discretizations [122]: the discrete adjoints of Runge-Kutta
schemes are known to have the full accuracy of the forward method.

However, there are several caveats with this approach. The black-box application of AD on
adaptive time integration routines may generate erroneous values for the adjoint gradients,

40
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if care is not taken. For discrete tangent linear models, the AD mechanism may pick up the
dependency between the solution and the time step (through the error estimation and control
mechanism), and generate spurious gradients that corrupt the accuracy of the sensitivity
solutions [4]. We explore the effects of reverse mode AD on time-adaptive Runge–Kutta
methods in the second section of this chapter. Similar to the forward approach, unphysical
derivatives appear due to nonlinear dependencies between the forward numerical solution
yn, the time step hn, and time points tn. When passivation of the error mechanism is not an
option, post-processing of the adjoint code is required to restore full accuracy in the adjoint
solution.

4.1 The differentiate – then – discretize approach

This section focuses on sensitivity analysis time-dependent models described by ordinary
differential equations (ODEs). The sensitivity analysis framework under consideration com-
prises continuous forward, tangent linear, and adjoint models of Runge-Kutta methods.
While the discrete adjoints of explicit Runge-Kutta methods are consistent with the con-
tinuous adjoint equations [33, 122, 95], and automatic differentiation (AD) tools such as
TAMC [58], TAF [57], and TAPENADE [54] considerably speed up the adjoint code generation,
the code obtained through AD is frequently sub-optimal. Moreover, hand-coded modifica-
tions of adaptive discrete adjoint codes are normally required in order to guarantee their
correctness [4, 121].

Adjoints of nonlinear models depend on the original model trajectory. Since adjoint models
are integrated backward in time, they will require an approximation of the forward model
solution at time points that cannot be known a priori. Some form of interpolation is necessary
to provide these approximations. Existing software uses Hermite polynomial interpolation
of up to 5th order. This is insufficient if one needs a higher order of accuracy for the adjoint
solution. However, continuous extensions of Runge-Kutta schemes [123, 124, 125] have built
in interpolants that are as accurate as the numerical schemes themselves. We propose to
use this dense output mechanism to interpolate the original model solution. This approach
is found to lead to a highly-accurate adjoint solution, with only a small increase in the
computational cost of the forward integrator.

Our Fortran library, DENSERKS, implements several well-known continuous Runge-Kutta pairs
for forward and adjoint sensitivity analysis. A two-level file checkpointing mechanism is used
to minimize the solver memory requirements. This makes long term adjoint simulations feasi-
ble. Also, unlike other publicly available software, DENSERKS can directly be used for second
order adjoint sensitivity analysis. Second order adjoint variables provide more accurate
sensitivity information. They are computed most efficiently through forward-over-adjoint
differentiation of the original model code [69]. A numerical experiment in section 4.1.4 dis-
cusses the computational and numerical advantages of the second order adjoint approach
over the finite difference method.
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4.1.1 Related work

A significant effort has been invested in the development of efficient sensitivity solvers, and
currently there are several high quality, publicly available implementations. SUNDIALS [126]
is a suite of ODE solvers with forward and first order adjoint sensitivity analysis capa-
bilities. The CVODES package [30], part of SUNDIALS, is a collection of sensitivity-enabled
ODE solvers. CVODES users can choose between backward differentiation schemes or Adams–
Moulton methods for forward, tangent linear and adjoint model integrations. Either cubic
Hermite interpolation or variable-order polynomial interpolation is used for approximating
the forward model solution during the adjoint problem run [2].

Cao, Li and Petzold designed and implemented software for both the forward and adjoint sen-
sitivity analysis of differential-algebraic equations (DAEs) with index up to 2 [46, 31]. Both
their DASPK and DASPKADJOINT [31, 3] packages use variable-order backward differentiation
formulas to solve the DAE sensitivity systems. Sandu et. al. [94] discuss the implementation
of implicit Runge-Kutta and Rosenbrock methods and their discrete and continuous adjoints.
Third order Hermite interpolation is used to approximate the original model solutions at the
points required in the continuous adjoint model solvers. Their code is integrated into the
Kinetic PreProcessor (KPP) software for solving chemical kinetics [127, 128, 129].

4.1.2 Theoretical background

Runge-Kutta schemes

Consider a system modeled by the following initial-value problem, henceforth referred to as
the forward model :

ẏ = F
(
t,y (t,q) ,q

)
, t0 ≤ t ≤ tF ,

y(t0) = y0 (q) , (4.1)

where y(t,q) ∈ �ny is the state vector, q ∈ �nq denotes a vector of system parameters, and
F : �1+ny+nq → �

ny is a prescribed function. We assume that (4.1) has a unique solution
y = y(t), and that F is twice continuously differentiable with respect to both y and q, and
for all t0 ≤ t ≤ tF .

Runge-Kutta schemes are a well-known class of numerical methods for solving initial value
problems (IVPs) like (4.1). We focus on embedded explicit Runge-Kutta pairs. Let yn ≈
y(tn) be the numerical solution at time tn. An s-stage embedded explicit Runge-Kutta pair
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computes two approximations to y(tn+1) using the formulas:

yn+1 = yn + hn
s∑

j=1

bjk
n
j

ŷn+1 = yn + hn
s∑

j=1

b̂jk
n
j , (4.2)

where

kn
j = F

(
tn + hncj, y

n + hn
j−1∑
i=1

aijk
n
i , q

)
, (4.3)

and tn+1 = tn + hn.

Let p be the order of accuracy of the Runge-Kutta pair (4.2). For a sufficiently smooth
solution y(t,q) ∈ Cp, we expect that

yn − y(tn) = O(hp) , (4.4)

where h = max1≤i≤n h
i. Both solution approximations yn+1 and ŷn+1 use the same function

values (stages) kn
j . However, they have different orders of accuracy, depending on the par-

ticular choice of method coefficients aij, bj , b̂j and cj. Here yn+1 is accurate of order p and
is used to continue the time integration. The second approximation, ŷn+1, has an order of
accuracy less than p, and helps to estimate the local truncation error of the scheme as

en+1 = yn+1 − ŷn+1 . (4.5)

This error estimate is used to automatically control the integration time step size (see Hairer
et al. [124, Section II.4] for further details on the topic).

Dense Output for Runge-Kutta pairs

In many applications one needs the approximate solution at certain prescribed time points.
It is highly inefficient to force the Runge-Kutta routine to compute those approximations,
since this would impose unnecessary constraints on the size of the integration time steps.
This situation motivated the construction of dense output formulas [124]. Given a numerical
solution yn, the dense output formulas yield cheap numerical approximations to the exact
solution y(tn + θhn), where θ usually satisfies 0 ≤ θ ≤ 1. Extrapolations with θ > 1 are
possible. However, in this case the approximations are often less accurate, and will not be
considered further.

For most s-stage high-order Runge-Kutta schemes, one needs to append s∗−s extra stages in
order to accommodate the dense output interpolant. Thus, the performance penalty incurred
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by the use of dense output formulas is equal to the cost of a few extra function evaluations
per time step.

A p∗-th order dense output formula for (4.2) has the form

u(θ) = yn + hn
s∗∑
j=1

b̃j(θ)k
n
j , (4.6)

where the kn
j are defined in (4.3), and b̃j(θ) are polynomials in θ determined such that

u(θ)− y(tn + hnθ) = O
(
(hn)p

∗+1
)
. (4.7)

Following Hairer et. al. [124], we consider the time interval [tn, tn+1] (with tn assumed to be
sufficiently far from the initial time t0), and denote by z(x) the solution of the local IVP

ż = F (t, z,q), tn ≤ t ≤ tn+1 ,

z(tn) = yn . (4.8)

Then the error of the dense output formula can be written as:

u(θ)− y (tn + hnθ) = [u(θ)− z(tn + hnθ)]︸ ︷︷ ︸
O((hn)p∗+1)

+ [z(tn + hnθ)− y(tn + hnθ)]︸ ︷︷ ︸
O((hn)p)

. (4.9)

The first term (u − z) in the right hand side of (4.9) is the interpolation error, and has
magnitude O

(
(hn)p

∗+1
)
. The second term (z − y) denotes the global error of the method,

therefore is of order O ((hn)p). Thus, to guarantee an order-p dense output approximation
to y(tn + θhn), it suffices to require that

p∗ ≥ p− 1 . (4.10)

For p ≤ 4, cubic Hermite interpolation is sufficiently accurate. However, for larger values of
p, performing polynomial interpolation while preserving the number of stages becomes an
increasingly cumbersome process, and the quality of the interpolated solution depends on
the choice of interpolation points. Continuous Runge-Kutta schemes allow for an efficient
interpolation, with only a modest increase in the computational cost coming from the s∗− s
additional stages incorporated in (4.2). Since the accuracy constraints on the dense output
coefficients usually allow for one or more degrees of freedom, one selects the coefficients of
the polynomials b̃j(θ) such that a certain error norm or cost function is minimized (see, e.g.,
[123]). Various dense output methods for constructing high-order interpolants have been
proposed, notably by Sharp and Verner [125], based on the bootstrapping scheme of Verner
[130].
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Finally, we note that the formulation of the tangent linear and adjoint ODEs described
in the next section is evidently independent of the numerical method used to solve those
equations. All that is needed is that the numerical method be fitted with a continuous
extension, to allow an efficient on the fly interpolation of the forward trajectory during the
adjoint model integration. Rosenbrock methods, extrapolation methods, as well as implicit
Runge-Kutta methods, support continuous extensions [131, 132, 133]. Thus, the sensitivity
analysis framework described herein can be seamlessly extended to such methods.

First order sensitivity analysis

We are interested in solving the following optimal control problem:

Find q∗ = min
q
J (y,q) , subject to (4.1) , (4.11)

where the cost functional J is defined as

J (y,q) =

∫ tF

t0
g
(
t,y(t,q),q

)
dt . (4.12)

Here g : �ny+1 × �nq → � is a given real-valued function. Most optimization algorithms
require some type of derivative information to build successive approximations to the optimal
solution. If first order derivatives are required, we compute the reduced gradient:

∇qJ =
∂J
∂q

. (4.13)

It has been shown [30, 46, 129] that (4.13) can be computed from the solutions τi(t) =
∂y/∂qi (t) to the tangent linear model (TLM), i.e., the linearized primal:

τ̇i = Fy(t,y)τi + Fqi
, t0 ≤ t ≤ tF ,

τi(t
0) =

∂y0

∂qi

, i = 1 . . . nq . (4.14)

The gradient is computed component-wise by solving the following quadrature equations
together with (4.14):

ζ̇i = gT
y τi + gqi

,

ζi(t
0) = 0 , i = 1 . . . nq . (4.15)

The i-th quadrature solution equals the i-th component of the gradient:

∂J
∂qi

= ζi(t
F ) . (4.16)
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Note that we have to solve (4.14)–(4.15) once per gradient component. The two models
are usually integrated as a coupled system of nq + 1 equations. Since (∂J/∂q) ∈ �nq , nq

TLM and quadrature solutions are needed to obtain the gradient vector. Hence, the forward
sensitivity method quickly becomes impractical for large nq.

The adjoint method [69, 126, 46] significantly reduces the cost of a reduced gradient compu-
tation. It can be formulated as follows. Let the adjoint variable be λ ∈ �ny , and define the
extended cost functional

Ĵ (q) = J (q)−
∫ tF

t0
λT (ẏ − F (t,y,q)) dt . (4.17)

From (4.1), Ĵ (q) = J (q). It follows that the sensitivity of Ĵ with respect to the parameters
q is (

∂Ĵ
∂q

)T

=

(
∂J
∂q

)T

=

∫ tF

t0
(gT

yyq + gT
q )−

∫ tF

t0
λT (−Fq − Fyyq + ẏq) dt . (4.18)

Integration by parts leads to:(
∂J
∂q

)T

=

∫ tF

t0
(gT

q + λTFq) dt−
∫ tF

t0
(−gT

y − λTFy − λ̇T )yq dt− (λTyq)|t
F

t0 .(4.19)

To avoid the computation of the forward sensitivities yq(t) at t > t0, one defines λ ∈ �ny as
the solution of the first order adjoint model, described by the following final-value problem:

λ̇ = −F T
y (t,y)λ− gy , tF ≥ t ≥ t0 ,

λ(tF ) = 0 . (4.20)

Then (
∂J
∂q

)T

=

∫ tF

t0
(gT

q + λTFq) dt+
(
λTyq

)∣∣
t=t0

, (4.21)

where the integral can be evaluated concurrently with (4.20) using the solution of a quadra-
ture ODE:

ẇT = −gT
q − λTFq , tF ≥ t ≥ t0 ,

wT (tF ) = 0 . (4.22)

Hence, (
∂J
∂q

)T

= wT (t0) + λT (t0)yq(t
0) . (4.23)
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Equations (4.20) and (4.22) are attractive since they give the entire gradient vector, at the
expense of only a single first order adjoint and quadrature solve. However, the adjoint
equation depends on the forward model trajectory through the Jacobian Fy(t,y). Moreover,
(4.20) is integrated backward in time from tF to t0. Thus, solving for λ(t0) andw(t0) requires
solving the forward model first, with a continuous Runge-Kutta method. The dense output
interpolant is given by (4.6). The polynomials b̃j(θ) are given by the continuous extension.
To build u(θ) on the fly during the backward run, the time steps hn, the corresponding time
points tn, and the interpolation weights kn

j all need to be stored. Then, in the backward time
integration, (4.20) and (4.22) are solved simultaneously as a system of ny + nq differential
equations, using the interpolated forward solution u(θ) ≈ y(tn + hnθ) when needed.

Second order adjoint sensitivity analysis

In this section we obtain second-order derivative information for the cost function (4.12).
For large-scale models, where ny and nq can reach into the millions (or more), computing the
full Hessian is not computationally feasible. Instead, one calculates Hessian-vector products:(

∂2J
∂q2

)
· δq , (4.24)

where δq ∈ �nq is some perturbation in the time-independent parameters q. A forward
differentiation of (4.18) results in the second order adjoint final value problem [69, 72]:

σ̇ = −F T
y σ − (Fyy � (yqδq))

T λ− (Fyq � δq)T λ− gyy (yqδq)− gyqδq , tF ≥ t ≥ t0 ,

σ(tF ) = 0 , (4.25)

where σ ∈ �ny is the second order adjoint variable,

Fyy =

(
∂2Fi

∂yj∂yk

)
i,j,k=1...ny

, (4.26)

and the � symbol denotes the tensor product

Fyy � (yqδq) =

(
ny∑
k=1

(Fyy)i,j,k (ypδq)k

)
i,j=1...ny

. (4.27)

The tensors Fyp, Fpp, Fpy are defined by similar formulas. Using the second order adjoint
model trajectory σ(t), we can compute the Hessian-vector product for any given vector
δq ∈ �nq as:(
∂2J
∂q2

)
· δq =

∫ tF

t0

(
gqqδq+ gqy(yqδq) + F T

q σ + (Fqq � δq)T λ+ (Fqy � (yqδq))
T λ
)
dt

+
(
(yqq � δq)T λ+ yq

Tσ
)∣∣∣

t=t0
. (4.28)
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The integral term in (4.28) can be evaluated concurrently with (4.25) through a set of nq

quadrature equations:

v̇ = −F T
q σ − (Fqq � δq)T λ− (Fqy � (yqδq))

T λ− gqδq− gpy(yqδq) , tF ≥ t ≥ t0 ,

v(tF ) = 0 . (4.29)

It follows that (
∂2G

∂q2

)
· δq = v(t0) +

(
(yqq � δq)T λ+ yq

Tσ
)∣∣∣

t=t0
. (4.30)

We note that a TLM integration starting from τ (t0) = yq(t
0) · δq is necessary, to obtain

the yq(t)δq term in (4.25) [46, 72]. One can generalize this technique to derive the tangent
linear and adjoint models for point-wise functionals [30, 46]:

J = g
(
tF ,y(tF ),q

)
. (4.31)

Similarly, a simple change of variables [72] in the forward model leads to the differential
equations used for calculating first and second order sensitivities with respect to the initial
conditions y0.

Using dense output in adjoint sensitivity analysis

For general nonlinear models (4.1), the first order adjoint variable λ(t), and the second
order adjoint solution σ(t) depend on the forward and tangent linear variables y(t) and
τ (t). Moreover, adjoint models are final value problems integrated backward in time, and the
time steps in the adjoint simulation are adapted independently from the forward integration.
Thus it is necessary to approximate the forward solution y(t) at a set of time points that
cannot be known a priori. To do this, we use the continuous extensions of the Runge-Kutta
pairs. Dense output allows for a cost-effective and accurate interpolation. This is confirmed
by the numerical experiments described in section 4.1.4. The computational overhead of
dense output is equal to a small number of right-hand-side forward or tangent linear model
evaluations per time step.

4.1.3 Implementation details

Runge-Kutta implementations

DENSERKS implements several explicit Runge-Kutta pairs, listed in Table 4.1. It is important
to note that the user needs to employ the same Runge-Kutta process for both the forward
and adjoint mode integrations when solving (4.20) and (4.25). This is required by the fact
that the adjoint code uses the interpolation weights kn

j computed by forward or tangent
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linear code when it builds the interpolant u(θ) (4.6). Thus, order q accuracy in the adjoint
solution is possible only if the the stages kn

j corresponding to the forward Runge-Kutta
scheme are stored during the forward integration. The Butcher tableaus and the dense output
coefficients corresponding to the Runge-Kutta schemes in Table 4.1 can be found in [123,
124, 134, 135, 136]. The DENSERKS adjoint model integrators can use either cubic/quintic
Hermite polynomial interpolation or dense output for forward trajectory recomputations.
The interpolation options are dependent on the particular choice of Runge-Kutta pair.

Checkpointing

For nonlinear models, the adjoint equations (4.20) and (4.25) are dependent on the forward
and tangent linear model solutions y(t) and τ (t) = yqδq. Moreover, since both adjoint
equations are final value problems, they cannot be integrated alongside (4.1) and (4.14).
The error estimators and time step controllers for the adjoint problems are independent from
those used in the forward integrations. Thus, (4.20) and (4.25) will require an approximation
to y(t) and τ (t) at time points that can not be determined a priori. Continuous Runge-Kutta
schemes can, as explained above, provide the interpolated values. However, to construct the
forward solution interpolants on the fly the adjoint model run, all the interpolation weights
need to be stored in memory during the forward model simulation. This can be prohibitive,
especially for long time integrations.

To mitigate the memory storage problems that may arise in an adjoint model integration,
DENSERKS employs a two-level checkpointing strategy [137, 126, 47]. The checkpointing
algorithm can be briefly explained as follows. We perform one forward model simulation from
t0 to tF . During this integration, DENSERKS writes the integrator state to a disk file every Nd

time steps, and discards all other solution information. The library user can control the value
of Nd. The forward model run yields Nc state snapshots (also called file checkpoints) that
will be reused in the adjoint model integration. The information contained in a checkpoint
must be sufficient to allow a hot restart of the forward integration from the time point at
which the checkpoint was written. This means that the forward model trajectory computed
after a restart is identical to the one calculated during the initial simulation, when all the
checkpoints were written.

During the adjoint model run, DENSERKS divides the forward problem into Nc smaller prob-
lems, each solvable in at most Nd time steps. To do so, the software automatically reads the
file checkpoints in reverse order. Consider any two consecutive file checkpoints corresponding
to time points ta and tb (ta < tb). First, DENSERKS recomputes the forward trajectory from
ta to tb, using the checkpoint written at ta as the initial data. The interpolation weights is
stored in the working memory. Since the forward subproblem can be solved in at most Nd
steps, the memory requirements are lowered significantly. The user can set Nd according to
the amount of available memory. Then, DENSERKS integrates the adjoint model from tb to
ta, making use of the interpolated forward trajectory when needed.
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Table 4.1: Explicit Runge-Kutta schemes implemented by DENSERKS: RK2 - Fehlberg-type
Runge-Kutta method of order 2(3); RK3 - 3rd order Runge-Kutta with second order error
control; RK4 - 4th order Runge-Kutta method with 3rd order error control built on the
classic “3/8 rule”; RK5 - DOPRI5(4); RK6 - Runge-Kutta pair built on top of RK6(5)9FM;
RK8 - DOPRI8(6).

Runge-Kutta
method

Order of
accuracy

Error
control
order

Interpolation method

RK2
(Fehlberg)

2 3 Hermite (3rd/5th order)

RK3 3 2 Hermite (3rd/5th order)

RK4
(“3/8-rule”)

4 3 Hermite (3rd/5th order)

RK5 5 4 Hermite (3rd/5th order), dense output
(4th order)

RK6
(DOPRI5)

6 5 Hermite (3rd/5th order), dense output
(6th order)

RK8
(DOPRI8)

8 6 Hermite (3rd/5th order), dense output
(7th order)
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The same strategy is used for the TLM. The checkpointing mechanism lowers the memory
storage requirements considerably, at the expense of additional recomputations of the for-
ward model or TLM trajectories. This makes long-time adjoint integrations computationally
feasible.

Let us denote the computational cost of integrating (4.1) from t0 to tF (a complete forward
model integration) by CFWD. Let CADJ be the cost of solving (4.20) backward in time from
tF to t0, assuming the forward model state is available at all required time points (i.e.,
all the necessary interpolation weights are stored in memory). Finally, let CQAD be the
computational cost of solving (4.22) for w(t0). Then we have the following bounds for CBKWD,
the cost of computing λ0 ≈ λ(t0) given only y(t0) (i.e., a backward problem integration with
two-level checkpointing):

CFWD + CADJ + CQAD ≤ CBKWD ≤ 2× CFWD + CADJ + CQAD . (4.32)

The upper bound in (4.32) follows from the observation that we need to integrate (4.1)
at most two times: once when writing the file checkpoints, and a second time during the
integration of (4.20), to obtain the interpolated forward solution at the time points needed
by the adjoint integrator. The second inequality in (4.32) becomes an equality when the last
step in the forward model integration is written as a file checkpoint.

The computational cost CBKWD2 of a second order adjoint solve ((4.1), (4.14), (4.25), and
(4.29)), can be similarly bounded as

CL ≤ CBKWD2 ≤ CH , (4.33)

where

CL = CFWD + CTLM + CADJ + CSOA + CQSOA

CH = 2× CFWD + 2× CTLM + CADJ + CSOA + CQSOA . (4.34)

Here CTLM, CSOA, and CQSOA denote the computational cost incurred when integrating (4.14),
(4.25), and (4.29), respectively.

Code organization and usage

Table 4.2 lists the integrator subroutines in DENSERKS, together with short descriptions of
their purpose and usage. We provide the code for the test problems described in section
4.1.4 in the DENSERKS package. Note that backward time integration in the forward mode is
not supported, nor is forward time integration in the adjoint mode. Thus, all integrators in
Table 4.2 require that t0 ≤ tF .

We now describe a step by step procedure describing how to enhance an existing embedded
Runge-Kutta code with sensitivity analysis capabilities. As before, we let q be the order of
accuracy of the Runge-Kutta pair.
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Table 4.2: DENSERKS integrator subroutines.

Integrator Description

RKINT

Forward model integrator. Writes forward model trajectory data to the
memory buffers and file checkpoints, if the memory buffering and file
checkpointing mechanisms are enabled. This routine is user-callable.

RKINT TLM

Tangent linear model integrator. Simultaneously integrates the forward
model (the resulting system has size 2×ny). Writes forward and tangent
linear model trajectory data to the memory buffers and file checkpoints,
if the memory buffering and file checkpointing mechanisms are enabled.
This routine is user-callable.

RKINT ADJ

First order adjoint model integrator. The routine is used to integrate
the first order adjoint model and the associated quadrature equations
(for a total backward problem size of ny+nq) between two given consec-
utive checkpoints. RKINT ADJ reads forward model trajectory data from
the memory buffers, implicitly assuming they hold valid forward inte-
gration information. The user should not call this subroutine directly.
Instead, all first order adjoint integrations should be done via calls to
the RKINT ADJDR wrapper subroutine.

RKINT SOA

Second order adjoint model integrator. Simultaneously integrates the
first and second order adjoint model equations and the quadrature equa-
tions (the resulting system has size 2 × ny + nq). Reads data from the
memory buffers only. The user should not call this subroutine directly.
Instead, all first order adjoint integrations should be done via calls to
the RKINT SOADR wrapper subroutine.

RKINT ADJDR

Wrapper for RKINT ADJ. Handles all checkpoint reads and calls RKINT

to calculate the forward model trajectory, should such recomputations
be required. Calls RKINT ADJ for first order adjoint model integration
between consecutive checkpoints. This routine is user-callable.

RKINT SOADR

Wrapper for RKINT SOA. Handles all checkpoint reads and calls
RKINT TLM to calculate the tangent linear model trajectory, should such
recomputations be required. Calls RKINT SOA for second order adjoint
model integration between consecutive checkpoints. This routine is user-
callable.
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1. Fit the Runge-Kutta pair with a dense output interpolant of order p∗. This may require
an increase in the number of stages over the original scheme. For smooth y and τ , the
interpolated forward and TLM trajectories will be q-th order accurate if p ≤ p∗ + 1,
as shown in section 4.1.2. If p > p∗ + 1, one should expect a loss of accuracy in the
adjoint model solution, due to less accurate forward interpolation data.

2. Implement a checkpointing mechanism for the Runge-Kutta pair to reduce the memory
requirements of an adjoint integration.

3. Write a Runge-Kutta integrator for the first and second order adjoint model based on
the original Runge-Kutta pair. This solver should be able to use the checkpoint infor-
mation to interpolate the forward or tangent linear model trajectories when needed.

4. Build the right hand sides of the forward and adjoint sensitivity equations (4.1), (4.14),
(4.20), (4.25). These subroutines can be either hand coded, or generated using auto-
matic differentiation (see the appendix for more details). When computing derivatives
of nontrivial cost functions, we also need to code the corresponding right hand sides of
the quadrature equations (4.22) and (4.29).

5. Set initial or final values for all the state variables: y(t0), τ (t0), ζ(t0), λ(tF ), w(tF ),
σ(tF ), v(tF ).

6. Solve the equations (4.1) - (4.29) for the desired sensitivity information using the
appropriate Runge-Kutta solvers.

This procedure can be extended to, e.g, Rosenbrock, implicit Runge-Kutta, and extrapola-
tion methods, since they all support continuous extensions [131, 132, 133]. Only the actual
construction of the dense output interpolant is different; steps 2 to 6 are identical to the
ones described here.

To use the DENSERKS subroutines in Table 4.2, skip directly to step 4 in the procedure listed
above. A first order adjoint problem can be solved by the following steps:

!! define the size of the forward and adjoint model state vectors
integer ny = ...

!! define the size of the quadrature system state (number of parameters)
integer nq = ...

!! set the initial and final integration time
double precision t0 = ..., tF = ...

!! define the forward and adjoint model state vectors
double precision y(ny), ady(nx)

!! w is the quadrature system state vector
double precision w(nq)

!! write a file checkpoint every Nd time steps
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integer Nd = ...

!! allocate the memory buffers and initialize the checkpoint files, if needed
call rk AllocateTapes( . . . )

!! initialize y, and other integrator parameters as needed
y(t0) = ...

!! integrate the forward model
!! FWD RHS = subroutine computing the right hand side of (4.1) at given (t,y(t))

!! if we disable file checkpointing, the values of Nd and Nc are ignored by the algorithm
call RKINT(nx,y,RHS,t0,tF,Nd,Nc,...)

!! upon return from RKINT, Nc (integer) = the total number of file checkpoints written to disk
!! set final values for ady and w

ady(tF) = ...

w(tF) = ...

!! integrate the first order adjoint model
!! ADJ RHS = subroutine computing the right hand side of (4.20) at given (t,y(t),ady(t))

!! QUAD RHS = subroutine computing the right hand side of (4.22) at given (t,y(t),ady(t))

call RKINT ADJDR(nx,ady,ADJ RHS,...,nq,w,QUAD RHS,...,RHS,...,Nc,...)

!! upon exit from RKINT ADJDR:
!! ady ≈ λ(t0) in (4.20)
!! w ≈ w(t0) in (4.22)
!! close the checkpoint files and deallocate the memory buffers

call rk DeallocateTapes

Second order adjoint models are handled similarly. In the case of multiple integrations
of the same first or second order adjoint system (with different final conditions), it is not
recommended to call RKINT ADJDR or RKINT SOADR multiple times. Instead, RKINT ADJDR M

and RKINT SOADR M allow for significant performance gains, due to the reuse of forward and
tangent linear model trajectory data over all adjoint model integrations. This lowers the
cost of M first order adjoint model integrations, CM BKWD, from M × CBKWD in (4.32) to

CFWD +M × CADJ ≤ CM BKWD ≤ 2× CFWD +M × CADJ . (4.35)

A similar reduction in computational cost is noticed in the case of M second order adjoint
model integrations with RKINT SOADR M. The corresponding cost bounds CL and CH in (4.34)
become

CLM = CFWD + CTLM +M × CADJ +M × CSOA

CHM = 2× CFWD + 2× CTLM +M × CADJ +M × CSOA . (4.36)

Thus
CLM ≤ CM BKWD2 ≤ CHM . (4.37)



Mihai Alexe Chapter 4. Inverse problems with time adaptivity 55

Comparison with other related software

Table 4.3 provides a quick overview and comparison between the main features of DENSERKS,
CVODES, and DASPKADJOINT.

Code availability

The DENSERKS source code is released under a GNU open source license and is available for
download at:
http://people.cs.vt.edu/~asandu/Software/DENSERKS.

4.1.4 Numerical experiments

All numerical experiments were performed with double precision Fortran on a 3 GHz Intel
Pentium 4 workstation running Fedora Core 6 Linux.

The Arenstorf orbit

The Arenstorf orbit IVP is usually given as a set of two second order ODEs, which can
readily be transformed into a first order initial-value problem [124]:

ẏ1 = y3

ẏ2 = y4

ẏ3 = y1 + 2y4 − μ̂
y1 + μ

[(y1 + μ)2 + y2
2]

3/2
− μ y1 − μ̂

[(y1 − μ̂)2 + y2
2]

3/2

ẏ4 = y2 − 2y3 − μ̂
y2

[(y1 + μ)2 + y2
2]

3/2
− μ y2

[(y1 − μ̂)2 + y2
2]

3/2
, (4.38)

where μ = 1− μ̂ = 0.012277471. The initial conditions are:

y1(t
0) = 0.994

y2(t
0) = 0

y3(t
0) = 0

y4(t
0) ≈ −2.0016 . (4.39)

We compute the sensitivities of the model trajectory with respect to variations in the initial
value of the first solution component y1(t

0). Thus, the cost functionals chosen for this
example are:

Ji(y1(t
0)) = yi(t

F ) , i = 1 . . . 4 . (4.40)
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Table 4.3: High-level comparison of DENSERKS against CVODES v2.5.0 [2] and DASPKADJOINT

[3]. DASPKADJOINT implements sensitivity analysis for DAEs (not available in DENSERKS or
SUNDIALS). Note that DENSERKS has built in support for second order sensitivity analysis, a
feature not directly present in the other two sensitivity solvers.

DENSERKS CVODES DASPKADJOINT

Numerical
methods

implemented

Explicit
Runge-Kutta

Adams-Moulton and
BDF

BDF

Orders of
accuracy

2 – 8 1 – 12
(Adams-Moulton)

1 – 5 (BDF)
(variable order)

1 – 5

Interpolation
method

Dense output
(built-in)

Hermite,
variable order

polynomial method

Hermite

Interpolation
order

3 – 8 3 / 5 3

Built-in
sensitivity
analysis

1st order forward
/ adjoint
2nd order

(forward-over-
adjoint)

1st order forward /
adjoint

1st order forward /
adjoint
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Figure 4.1: The Arenstorf orbit: Relative errors in y(t) and τi1 = (∂yi/∂y
0
1) (t

F ). t0 = 0,
tF ≈ 1.707 (1/10 of an orbit period).

We consider one-tenth of a full orbit period as our forward model integration window: t0 = 0
and tF ≈ 1.7065. Figures 4.1 and 4.2 illustrate the absolute errors of the forward, tangent
linear and first order adjoint model solvers using the DOPRI5(4) and DOPRI8(6) Runge-
Kutta numerical schemes with 4th order (p∗ = 4) and 7th order (p∗ = 4) dense output. Since
the necessary condition p ≤ p∗+1 is satisfied for both Runge-Kutta pairs, the corresponding
tangent linear and adjoint model solutions are 5th and 8th order accurate, respectively. This
shows that the dense output interpolants make it possible to compute a high-quality adjoint
solution that has the same order of accuracy as the underlying Runge-Kutta method. The
reference solution was obtained by a TLM integration with very tight absolute and relative
tolerances (ATOL = RTOL = 10−14), using the DOPRI8(53) code in [124].
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(c) Adjoint model: DOPRI5(4) (d) Adjoint model: DOPRI8(6)
with variable forward tolerances with variable forward tolerances

Figure 4.2: The Arenstorf orbit: Work-precision diagrams for the DOPRI5(4) pair ((a),(c))
with 4th order dense output, and the DOPRI8(6) scheme ((b),(d)) with 7th order dense
output. t0 = 0, tF ≈ 1.707. We ran two series of tests. In the first, we integrated the adjoint
model with variable tolerances, while keeping the forward integration tolerances constant
((a) and (c) illustrate this case, with ATOLfwd = RTOLfwd = 10−12). Second, we varied
both the forward and adjoint model tolerances during several adjoint model test runs ((b)
and (d) show the results of several adjoint model integrations where the prescribed absolute
and relative forward and adjoint integrator tolerances are equal and vary between 10−4 and
10−12).
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The Van der Pol oscillator

First order sensitivity analysis We now consider the Van der Pol oscillator [131]. The
first-order ODE system reads:

ẏ1 = y2

ẏ2 =
1

ε

(
y2 − y1 − y2

1y2

)
, (4.41)

with ε = 10−2 and initial conditions

y1(t
0) = 2

y2(t
0) = 0 . (4.42)

Consider the cost function
J (y(t0)) = y1(t

F ) . (4.43)

The corresponding adjoint model can be computed using the Lagrangian method described
in (4.17) – (4.21), where J can informally be written as

J (y(t0)) =
∫ tF

t0
δ(t− tF )y1(t) dt . (4.44)

where δ(·) is the Dirichlet delta function:

δ(z) =

{
1 , z = 0
0 , z �= 0

. (4.45)

Hence the adjoint final value problem for (4.41) – (4.43) has the following form:

λ̇1 =
1

ε
(2y1 y2 + 1)λ2

λ̇2 = −λ1 +
1

ε
(y2

1 − 1)λ2

λ1(t
F ) = 1

λ2(t
F ) = 0 . (4.46)

The time integration interval spans from t0 = 0 to tF = 2. Note from figure 4.3(c–d) that
both forward and adjoint integrators use adaptive time stepping, and step size control is
performed independently during the forward and the reverse integrations.

Figure 4.3(e–f) shows how the forward integration errors affect the accuracy of the adjoint
solution. It can be seen that for this particular problem, we obtain an 8th order decrease in
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the error of the adjoint solution even when interpolating data from a less accurate forward
integration. This error behavior reflects the order of the Runge-Kutta method. Thus, using
the adaptive forward model integrator with looser tolerances still results in a fully accurate
adjoint model solution. As a general rule of thumb, we recommend that the forward toler-
ances be set equal to or slightly lower than those used in the adjoint simulation, to avoid
losing accuracy in the adjoint solution.

Figure 4.4 compares the performance of DENSERKS and CVODES for the Van der Pol prob-
lem. The results indicate that the high-order Runge-Kutta pairs implemented in DENSERKS

outperform the multistep methods implemented in SUNDIALS when solving the forward and
tangent linear models, requiring considerably less right-hand-side evaluations to reach a pre-
scribed solution accuracy. When integrating the adjoint of (4.41), CVODES fares better than
DOPRI5(4), but is still surpassed in performance by the DOPRI8(6) implementation. These
results indicate that the Runge-Kutta methods and dense output-based interpolants imple-
mented in DENSERKS can be competitive with other high quality implementations, yielding
very accurate solutions with relatively low computational efforts.

Second order sensitivity analysis To illustrate the second order sensitivity analysis
capabilities of DENSERKS, we look at a variant of the Van der Pol system with a larger number
of parameters and more nonlinear dependencies between the variables (adapted from [69]):

ẏ1 =
(
1− y2

2

)
y1 − y2 + v(t, p)

ẏ2 = y1

ẏ3 = y2
1 + y2

2 + v2(t, p) , (4.47)

with t0 = 0, tF = 5,

v(t, p) =

nq−1∑
i=1

tqi qi+1 ,

and initial conditions y1(t
0) = 0, y2(t

0) = 1, y3(t
0) = 0. The objective functional is chosen

as

J (p) = y3(t
F , p) .

Here

q =

(
1

nq

,
1

nq

, . . . ,
1

nq

)
,

δq =

(
1,

1

2
,
1

3
, . . . ,

1

nq

)
.
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with fixed forward tolerances with variable forward tolerances

Figure 4.3: The Van der Pol oscillator (4.41): t0 = 0, tF = 2, ε = 10−2. ATOL = 10−12 and
RTOL = 10−10. The adaptive time steps taken during the two model integrations are plotted
in (c) and (d). The bottom plots illustrate the absolute errors of the adjoint solutions λi

obtained using a fixed tolerance for the forward model run (ATOLfwd = RTOLfwd = 10−12 in
(e)) and, alternatively, variable tolerance values for both the forward and adjoint integrators
(in (f)). The order of accuracy of the adjoint numerical solution is the same as that of the
Runge-Kutta pair.
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Figure 4.4: DENSERKS and CVODES work-precision diagrams for the Van der Pol system (4.41):
total number of right-hand side function evaluations versus solution accuracies, for the (a)
forward model, (b) TLM model, and (c) first order adjoint model. We tested CVODES with the
staggered direct (stg) and simultaneous corrector methods (sim) (the staggered corrector
method yielded results that are very similar to those obtained from its direct version).
Also, we enabled full error control for the forward sensitivities. The time step controller
implemented in DENSERKS includes tangent linear variables in the error estimator state.
DENSERKS’s DOPRI8(6) implementation achieves best all-around work - accuracy ratios.



Mihai Alexe Chapter 4. Inverse problems with time adaptivity 63

Table 4.4: Second order adjoint of the Van der Pol system (4.47): Runtime of the second
order adjoint method (BKWD2) versus finite differences (FDIFF). DOPRI8(6) has been
used for all model integrations.

nq FWD [ms] BKWD2 [ms] BKWD2/FDIFF
100 1 67 1.18
200 2 79 0.99
400 3 96 0.95
800 7 137 0.87
1600 11 245 0.82
3200 20 418 0.81
6400 41 794 0.77
12800 79 1659 0.78

The forward sensitivity system, the first and second order adjoint models and the quadrature
equations are given in [69] for a general function v(t, p). We approximate the Hessian-vector
product (

∂2J
∂q2

)
· δq

∣∣∣∣
tF ,q

(4.48)

using two distinct approaches. We first compute a finite difference approximation to (4.48):

∂2J
∂q2

· δq
∣∣∣∣
tF ,q

≈
∇q g

(
tF ,q+ ε δq

)
−∇q g

(
tF ,q

)
ε

. (4.49)

Next, we compare the finite difference approach with second order adjoint method (4.30).
The ratios of the runtimes of these two schemes are given in table 4.4, for increasing values
of nq. We note that the advantages of the second order adjoint method are twofold. First,
its computational cost (measured as runtime to convergence) is lower than that of the finite
difference method in almost all of the test runs (as shown in the last column of table 4.4).
Second, the accuracy of the Hessian-vector product approximation can easily be controlled
via the user-chosen integration tolerances, whereas in the finite difference method (4.49) the
accuracy depends on the particular choice of ε (in the best case, it is approximately equal
to the square root of the chosen error tolerance). Optimizers which exploit second order
information can thus use second order adjoint gradients to speed up convergence to (locally)
optimal solutions.
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The shallow-water equations

Our next numerical experiment concerns the two dimensional Saint-Venant approximation
to fluid flow inside a shallow basin:

∂

∂t
h+

∂

∂x
(uh) +

∂

∂y
(vh) = 0

∂

∂t
(uh) +

∂

∂x
(u2h+

1

2
gh2) +

∂

∂y
(uvh) = 0

∂

∂t
(vh) +

∂

∂x
(uvh) +

∂

∂y
(v2h+

1

2
gh2) = 0 , (x, y) ∈ Ω = [−3, 3]2 , 0 ≤ t ≤ tF = 0.1 .(4.50)

Here h(t, x, y) denotes the fluid layer thickness, and u(t, x, y), v(t, x, y) are the components
of the velocity field. g is the standard value of the gravitational acceleration. The cost
function quantifies the mismatch between a reference thickness href and some perturbed
solution h at the final simulation time tF :

J =
1

2

∑
i

∑
j

(
h(tF , xi, yj)− href(tF , xi, yj)

)2
, (4.51)

for all grid points (xi, yj) inside a verification area Ωv ⊂ Ω. The adjoint final condition
reads:

λ(tF ) =

{
h(tF , xi, yj)− href(tF , xi, yj) , (xi, yj) ∈ Ωv

0 , (xi, yj) �∈ Ωv .

The shallow water PDEs (4.50) are converted to a semi-discrete form using third order
upwind finite differences. The boundary conditions are periodic. File checkpoints are written
every 50 time steps. The work-accuracy plots for forward and adjoint simulations with both
SUNDIALS and DENSERKS are shown in figure 4.5. Again, the high-order continuous Runge-
Kutta pairs yield performance comparable to that of the Adams-Moulton implementation
found in SUNDIALS.

Numerical optimization for a convection-diffusion problem We now use DENSERKS
to solve a parameter estimation problem. We consider the following IVP for y(t, x) (adapted
from [138]):

∂y

∂t
= q1

∂2y

∂x2
+ q2

∂y

∂x
t0 = 0 ≤ t ≤ tF = 1

x0 = 0 ≤ x ≤ x1 = 2 , (4.52)

with initial and boundary conditions

y(t, x0) = y(t, x1) = 0 , ∀ t ∈ [t0, tF ] ,

y(t0, x) = y0(x) = x(2− x) e2x , ∀ x ∈ [x0, x1] . (4.53)
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Figure 4.5: Performance comparison of the high-order Runge-Kutta pairs in DENSERKS

and the Adams-Moulton implementations in SUNDIALS, for the forward and adjoint two-
dimensional shallow water problem: (a) Root mean square (RMS) errors in the fluid layer
thickness h(tF ) and (b) RMS errors in the gradient ∇h0J , for the cost function (4.51).

Let the solution of (4.52) with q1 = 1 and q2 = 0.5 be denoted by yref(t, x). The objective
function reads:

J (tF ,q) = 1

2

∫ x1

x0

(
y(t, x)− yref

)2
dx . (4.54)

The objective is to find the parameters q∗ that minimize the cost function J subject to the
constraints (4.52). To solve this minimization problem, the L-BFGS-B optimization routine
described in [139] is used. The exact solution is q∗ = qref , with J

(
tF ,q∗

)
= 0. The gradient

(4.54) can be obtained as:

∂J
∂q1

(
tF ,q

)
=

∫ tF

t0

∫ x1

x0

λ
∂2y

∂x2
dx dt

∂J
∂q2

(
tF ,q

)
=

∫ tF

t0

∫ x1

x0

λ
∂y

∂x
dx dt , (4.55)

where λ(t, x) is the solution of the adjoint PDE:

∂λ

∂t
= −q1

∂2λ

∂x2
+ q2

∂λ

∂x
λ(tF , x) = y(tF , x)− yref(tF , x)

λ(t, x0) = λ(t, x1) = 0 . (4.56)

We discretize the spatial derivatives in (4.52) and (4.56) using centered finite difference
formulas on a uniform grid. Eliminating the homogeneous Dirichlet boundary conditions,
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it follows that (4.52) and (4.56) are each described by a system of ny ODEs. The gradient
(4.55) is calculated via two additional quadrature equations:

ẇ1 = −
∫ x1

x0

λ
∂2y

∂x2
dx

ẇ2 = −
∫ x1

x0

λ
∂y

∂x
dx

w1(t
F ) = w2(t

F ) = 0 , tF ≥ t ≥ t0 . (4.57)

The spatial integrals in (4.57) are approximated using the trapezoidal rule, with the grid
points chosen as quadrature nodes. Figure 4.6 illustrates the decrease in the cost function
J (q) and its projected gradient norm during several L-BFGS-B iterations. The starting point
is (q0

1,q
0
2) = (3, 3) and ny = 70. After about 10 iterations, the parameters have converged

to the reference values (qref
1 ,qref

2 ) = (1, 0.5).

4.1.5 Summary

In this section we investigated the solution of forward and adjoint sensitivity ODEs using
continuous Runge-Kutta schemes. Previous work in this area has focused on linear multi-
step methods. Adjoints of nonlinear models are dependent on the forward model solution.
Since adjoint models need to be integrated backward in time, they require the original model
solution at time points that cannot generally be known a priori. Hence some form of inter-
polation is needed. We propose using the dense output mechanism built in the continuous
Runge-Kutta pairs as a forward solution interpolant. Since high-order Runge-Kutta pairs
such as DOPRI5(4) or DOPRI8(6) support continuous extensions, dense output is shown
to lead to the computation of very accurate adjoint model trajectories with only a small
increase in the computational cost over the original Runge-Kutta pair. The overhead of
dense output is approximately equal to the cost of the few extra stages introduced in the
Runge-Kutta method to accommodate the interpolant.

Our DENSERKS library implements several well-known continuous Runge-Kutta pairs. High
order accuracy, as well as other features such as fully adaptive time stepping, easy coupling
with AD-generated code, two-level file checkpointing, make DENSERKS an attractive option for
sensitivity calculations. We tested the feasibility and efficiency of our approach on a range
of numerical examples. Their results indicate that, for non-stiff or mildly stiff problems,
the performance of our code is comparable to that of existing high-quality implementations
based on linear multistep methods.
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Figure 4.6: The convection-diffusion equation: Optimization results using L-BFGS-B. (a)
The decrease in the cost function J

(
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)
and (b) the decrease in the projected norm of

the gradient of the cost function versus L-BFGS-B iteration count (M). (c) The convergence
of the parameters towards the reference values

(
qref
1 ,qref

2

)
= (1, 0.5), where J

(
tF ,qref

)
= 0.

The starting point is (q0
1,q

0
2) = (3, 3) and the size of the spatially discretized forward ODE

system is ny = 70.
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4.2 The discretize - then - differentiate approach

4.2.1 Introduction and motivation

The behavior of numerical integration algorithms under automatic differentiation was first
studied in the broader context of general iterative solvers [140, 141]. It has been shown
that derivatives of iterative solvers converge to the derivative of the original solution, under
suitable assumptions [141]. Hager [33] investigated Runge–Kutta adjoints for distributed
optimal control. He formulated the adjoint of a Runge–Kutta scheme of order q ≤ 4,
through a full discretization approach where both the forward and the adjoint systems are
treated together. On the other hand, as explained in section 4.2.3, the reverse mode of AD
employs a recursive discretization.

Discrete adjoints of numerical integration algorithms are attractive, because, unlike solvers
for the continuous adjoint equations, they can be generated automatically using AD. Walther
[95] proved that explicit Runge–Kutta methods retain their order of accuracy q under reverse
mode AD, for q ≤ 4. Sandu [122] extended the results to both explicit and implicit Runge–
Kutta methods of arbitrary order q. Hager, Sandu and Walther all assume that any adaptive
mechanisms, if present, are not differentiated. Hager and Walter also considered distributed
controls in their work, which further complicates the analysis. The analysis in [122], similar
to the present work, considers only initial conditions and time independent parameters as
control variables.

Adaptive features induce additional complications when differentiating a numerical integra-
tion algorithm. This issue is of great importance, since virtually all modern ODE integrators
make use of time step controllers, error estimators, or numerical extrapolation to maximize
efficiency and speed. In some cases, one can isolate these parts of the code and prevent them
from being differentiated, but the difficulty of this approach is highly problem dependent,
and such decoupling is certainly far from trivial for more complicated large-scale integration
codes [4].

Forward mode automatic differentiation of the adaptive mechanisms leads to spurious deriva-
tives, as demonstrated by Eberhard et. al. [4]. These non-physical sensitivities introduce
large errors in the tangent linear model trajectory, leading to an incorrect TLM trajectory.
Analyzing explicit Runge–Kutta - like methods, Eberhard et. al. proposed a code correc-
tion that restores the accuracy of the discrete TLM solution. Also, they noted that forward
mode AD will improve the accuracy of the final-time sensitivities when the last time step is
trimmed such that the integrator stops at exactly the final integration time [4].

In this section, we investigate the behavior of adaptive ODE integration schemes under
reverse-mode automatic differentiation. We show that the discrete adjoints of adaptive
methods are inconsistent with the adjoint ODE due to the differentiation of the time step
controller. Adjoining results in more complex code than forward mode differentiation, due to
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the reversal of the original control flow. We build the discrete adjoint of a general adaptive,
one-step explicit integration method, and quantify the perturbation introduced by the adjoint
time step gradients in the adjoint solution. The discrete adjoint solutions are found to have
a O(1) error. Hence, the naive invocation of reverse mode AD yields incorrect gradients.
This is shown to hold for the particular case of a q-th order Runge–Kutta method. Thus,
one has to eliminate the perturbations induced by AD before the discrete adjoint solution
can be trusted to be accurate.

We propose two equivalent and easy to implement code corrections, that make the discrete
adjoint consistent with its continuous counterpart. Moreover, we extend our analysis to
second order adjoints of adaptive integrators, and show how to cancel the influence of the
spurious derivatives.

We also investigate the effect of adjusting the time step of the integration to arrive exactly at
a given final integration time. Eberhard et. al. [4] noted that a forward mode differentiation
of this time step adjustment will act as a correction to the discrete tangent linear variables.
For simplicity of exposition, we derive the tangent linear and adjoint models of a three-
time step integration routine. We show that, while there is indeed an improvement in the
accuracies of the tangent linear and adjoint model trajectories when the last time step is
trimmed, not all spurious derivatives are eliminated. Thus, this strategy does not lead to
sensitivities or gradients equal to those resulting from a full passivation of the time step
controller (i.e., setting all spurious sensitivities to zero).

4.2.2 Forward and adjoint sensitivity analysis

Consider again the dynamical system modeled by the IVP (4.1). Through a simple change
of variables, and without loss of generality [142], one can recast (4.11) into the following
inverse problem:

Find y0
∗ = argmin

y0
J := Ĵ (yF ) , (4.58)

where the primal variable y(t) now satisfies the equation

ẏ = F (t,y) , t0 ≤ t ≤ tF ,

y(t0) = y0 . (4.59)

Comparing this with equation (4.1), we note that (with a slight abuse of notation)

y :=

⎡⎣ y
q
θ

⎤⎦ ∈ �N , F :=

⎡⎣ F
0
g

⎤⎦ , N := 1 + ny + nq . θ(t0) = 0 . (4.60)
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The propagation of small perturbations δy0 in the initial conditions of (4.59) is governed by
the tangent linear model [46, 129, 30, 72]:

δẏ =
∂F

∂y
(t,y) δy , t0 ≤ t ≤ tF ,

δy(t0) =
∂y

∂y0
(t0) . (4.61)

A small perturbation δy0 in the initial condition of (4.59) will cause a small change in Ĵ :

δĴ =
∂Ĵ
∂y0

δy0 , (4.62)

up to first order in δy0. Thus, we will need N TLM integrations with N linearly independent
perturbations to obtain the complete gradient vector ∇y0Ĵ . On the other hand, the adjoint
of (4.59) can yield the same gradient at the cost of a single backward-time integration:

λ̇ = −
(
∂F

∂y
(t,y)

)T

λ , tF ≥ t ≥ t0 ,

λ(tF ) =

(
∂Ĵ
∂y

)T (
y(tF )

)
, (4.63)

Then:
∂Ĵ
∂y0

= λ(t0) . (4.64)

Higher order derivatives [70] have proved to be useful in areas such as data assimilation
and chemistry transport modeling [72, 71]. The second order adjoint framework provides
sensitivity information in the form of Hessian - vector products. The second order derivatives
can be obtained from the final value problem [69, 72]:

σ̇ = −
(
∂F

∂y
(t,y)

)T

σ −
(
∂2F

∂y2
(t,y)⊗ δy(t)

)T

λ

σ(tF ) =
∂2Ĵ
∂y2

(y(tF )) · δy(tF ) , (4.65)

where δy is the solution of the TLM (4.61). One can then show that

σ(t0) =
∂2Ĵ
∂y2

(y(t0)) · δy0 . (4.66)

For cost functionals such as (4.58) and large N , equations (4.61) and (4.63) show that it is
considerably more efficient to compute the gradient of the objective functional through the
adjoint method, since only one adjoint model solve is required. One can compute adjoint
sensitivities numerically through one of the following methods:
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a. Use the differentiate - then - discretize approach: see the previous section of this
chapter. Note that we can use AD to generate the right-hand side of the adjoint ODE,
but the Runge–Kutta method itself is not differentiated. Assuming the numerical
scheme is stable, the algorithm will yield a q-th order accurate approximation to the
adjoint λ(t). One can successfully employ this method when the integration code is well
separated from the model. This allows an easy division of labor where the developers
can separately focus on their domain of expertise. However, this approach may entail
a significant programming effort, if a suitable adjoint code is not readily available.

b. The alternative is to discretize - then - differentiate the IVP (4.59). First, one dis-
cretizes the forward model equations, and then integrates this discrete model using
an adaptive time stepping method. The next step is to build the discrete adjoint of
the numerical integrator using reverse mode AD. This approach is obviously attractive
since it can be done in a fully automatic fashion. Moreover, the adjoint variables are
the exact sensitivities of the discretized cost functional. It is the method of choice for
practitioners when the integration and model codes are strongly coupled, which is often
the case in large-scale legacy codes. However, there are no a priori guarantees that
the black-box application of reverse mode AD on an adaptive numerical integration
method will result in a correct adjoint model, for the reasons explained below.

We assume that the forward integration algorithm gives a p-th order accurate approx-
imation to the exact solution y(tF ). We investigate numerical methods that retain
their accuracy under adjoining if the time step h is kept fixed, i.e. the discrete adjoint
solution λn satisfies

|λn − λ(tn)| ∼ O (hq) , ∀n , as h→ 0 . (4.67)

This is true for Runge–Kutta methods [122, 95], but not for multistep methods [96]. For
adaptive algorithms, the time steps taken during the forward integration will depend on
the forward solution yn. Reverse mode AD will pick up this dependence and generate
non-physical adjoint time step gradients. We will show that these spurious derivatives
lead to incorrect discrete adjoints. To recover an accurate adjoint solution, one has to
eliminate the AD artifacts from the discrete adjoint update, as discussed in sections
4.2.3 and 4.2.4.

Another method to prevent spurious adjoint gradients would be to avoid the differen-
tiation of the time step controllers or error estimators. The difficulty of this approach
is problem dependent; parts of the code must be isolated manually, and that can be a
cumbersome task for tightly coupled large-scale models.
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4.2.3 A general framework for adaptive-step differentiation

One-step, explicit adaptive integration schemes for (4.59) can be written as

yn+1 = f (yn, hn, tn) (4.68a)

hn+1 = g (yn, hn, tn) (4.68b)

tn+1 = tn + hn , 0 ≤ n ≤M − 1 . (4.68c)

Here M denotes the total number of integration steps, i.e. tM = tF . f : �N+2 → �
N

is chosen according to some prescribed accuracy criteria, and g : �N+2 → � (not to be
confused with (4.12)) is a step size controller, used to compute the new step size hn+1 based
on an estimate of the local error at tn. The initial time step h0 is assumed to be equal to a
sufficiently small constant. Superscripts are used to indicate discrete time moments, while
subscripts denote partial derivatives, unless noted otherwise.

We consider methods with the following properties. For a fixed time step hn = h, the method

yn+1 = f(yn, h, tn) : (4.69)

a. is asymptotically consistent with the adjoint ODE (4.63),

b. is accurate of order q, and

c. retains its order of accuracy under forward or reverse-mode differentiation, i.e., its
tangent linear and adjoint formulations are q-th order accurate numerical schemes for
the solution of the tangent linear and adjoint ODE, respectively.

Any q-th order Runge–Kutta method satisfies these assumptions [122].

The discrete adjoint of an integration scheme with above properties reads [72]:

λn =

(
∂f

∂y
(yn, hn, tn)

)T

λn+1 , M − 1 ≥ n ≥ 0 ,

λM =
∂Ĵ
∂yM

. (4.70)

We will show that the reverse mode of AD applied to (4.68a – 4.68c) does not yield (4.70).
Instead, the AD engine introduces spurious derivatives of the time step controller into the
discrete adjoint solution. Our correction eliminates the AD artifacts. Consider the integrator
state vector for (4.68a – 4.68c):

�vn =

⎡⎣ yn

hn

tn

⎤⎦ . (4.71)
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The derivation of the tangent linear model of (4.68a – 4.68c) amounts to constructing the
local Jacobian matrix [143] for the state evolution

vn → vn+1 . (4.72)

The TLM of (4.68a) – (4.68c) has the following form:⎡⎣ δyn+1

δhn+1

δtn+1

⎤⎦ =

⎡⎣ ∂f
∂y

∂f
∂h

∂f
∂t

∂g
∂y

∂g
∂h

∂g
∂t

01×N 1 1

⎤⎦⎡⎣ δyn

δhn

δtn

⎤⎦ , 0 ≤ n ≤M − 1 . (4.73)

All partial derivatives are evaluated at (yn, hn, tn). The adjoint model is built by transposing
the Jacobian of (4.72). Denote the adjoint state vector at step n by

λ̄n =

⎡⎣ λn

μn

νn

⎤⎦ . (4.74)

The n-th step in the discrete adjoint of (4.68a – 4.68c) can be written as⎡⎣ λn

μn

νn

⎤⎦ =

⎡⎢⎢⎣
(

∂f
∂y

)T (
∂g
∂y

)T
0N×1(

∂f
∂h

)T ∂g
∂h

1(
∂f
∂t

)T ∂g
∂t

1

⎤⎥⎥⎦
⎡⎣ λn+1

μn+1

νn+1

⎤⎦ . (4.75)

This leads to:

λn =

(
∂f

∂y

)T

λn+1 +

(
∂g

∂y

)T

μn+1 (4.76a)

μn =

(
∂f

∂h

)T

λn+1 +
∂g

∂h
μn+1 + νn+1 (4.76b)

νn =

(
∂f

∂t

)T

λn+1 +
∂g

∂t
μn+1 + νn+1 , M − 1 ≥ n ≥ 0 . (4.76c)

The last term in the adjoint update (4.76a) is a side-effect of AD, generated by the differ-
entiation of the time step controller mechanism (4.68b). μ is a spurious adjoint derivative
of the time step h. These perturbations can generate O(1) errors in the discrete adjoint
solution at t0:

λ0 = λ(t0) +O(1) .

In section 4.2.4 we prove that this happens with Runge–Kutta methods. The numerical
experiments in section 4.2.7 confirm this conclusion (see Figure 4.7 and Figure 4.8).

We present two strategies to eliminate the spurious gradients. One can:
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1. Zero out the non-physical adjoint time step derivatives. This “passivation” effectively
cancels the influence of the time step controller on the solution adjoints. In the adjoint
code, we set:

μn+1 ← 0 , (4.77)

before the update (4.76a). This modification requires both the identification of the
time step adjoint variable (straightforward once the user is familiar with the forward
model code), and knowledge regarding the location of (4.77). Depending on the code
complexity, (4.77) may be easier or harder to apply than the following alternative
strategy.

2. Alternatively, implement a correction of the form:

λn ← λn −
(
∂g

∂y

)T

μn+1 . (4.78)

Suppose that (4.68b) is implemented in FORTRAN as

subroutine g (t,y,h,hNew)

with h = hn and hNew = hn+1. When t = tn, y = yn, and h = hn are chosen as the
independent variables, and hNew = hn+1 is the dependent variable, an AD tool such as
TAMC [58], or TAPENADE [54], will generate:

subroutine adg (t,y,h,adh,ady,adt,adhNew) ,

with adh = μn and adhNew = μn+1. Since the value of adhNew is lost after the call to
adg(), we need to save it into a temporary variable and reuse it in (4.78):

tmp ← adhNew .

We now post-process the adjoint trajectory λn right after the call to adg() inserted
by AD by calling

call adg (t,y,h,0,ady,0,-tmp) .

This call implements (4.78). Since an evaluation of g is computationally inexpensive
relative to a call to f , and the additional cost of adjoining is not greater than that of
a (small) constant number of forward model evaluations [23], the overhead of (4.78) is
small compared to the overall cost of an adjoint Runge–Kutta step.
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4.2.4 Explicit adaptive Runge–Kutta methods

We now focus on explicit Runge–Kutta methods. Let k1,k2 . . . kr ∈ �N be the Runge–
Kutta stages, which are now part of the discrete integrator state. Also, k ≡ [k1 k2 . . . kr] ∈
�

N×r. As in the previous section, we will identify the integrator state variables at tn by the
superscript n.

The Runge–Kutta method can be written as follows:

k = k (yn, hn, tn) (4.79a)

yn+1 = yn + hn
r∑

m=1

bm km (4.79b)

hn+1 = hn g̃ (yn, tn,k) (4.79c)

tn+1 = tn + hn , 0 ≤ n ≤M − 1 . (4.79d)

Here b ∈ �r denote the Runge–Kutta weights. We assume that kn+1 are the stage values
after the update (4.79d), and kM = 0. The time step controller (4.79c) has a form that is
widely used in practice (see (4.120) for an example). Therefore, the forward integrator state
is described by the following vector:

vn =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

kn
1
...

kn
m

yn

hn

tn

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (4.80)

The Runge–Kutta discrete adjoint consistent with the adjoint ODE (4.63) is computed using
the chain rule of differentiation:

λn =

(
IN + hn

r∑
m=1

bm
∂km

∂y
(tn, hn,yn)

)T

λn+1 , M − 1 ≥ n ≥ 1 ,

λM =
∂Ĵ
∂yM

. (4.81)

Next, we will show that the discrete adjoint of (4.79a) – (4.79d) given by AD is different
from (4.81).

Since both forward-mode differentiation and adjoining can be performed line by line [23], we
can first build the TLM for (4.79a) and then for (4.79b) – (4.79d). This mimics the behavior
of AD, since it necessary to account for the dependency arising between (4.79a) and (4.79b)
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through the stage values k. Hence, the n-th step of the TLM reads:

⎡⎢⎣ δk
n+1/2
1
...

δk
n+1/2
r

⎤⎥⎦ =

⎡⎢⎢⎢⎢⎣
∂k1

∂y

∂k1

∂h

∂k1

∂t
...

...
...

∂kr

∂y

∂kr

∂h

∂kr

∂t

⎤⎥⎥⎥⎥⎦
⎡⎣ δyn

δhn

δtn

⎤⎦ (4.82)

⎡⎣ δyn+1

δhn+1

δtn+1

⎤⎦ =

⎡⎢⎢⎢⎣
hnb1IN . . . hnbrIN IN

∑
m

bmkm 0N×1

hn
∂g̃

∂k1
. . . hn

∂g̃

∂kr
hn
∂g̃

∂y
g̃ hn

∂g̃

∂t
01×N . . . 01×N 01×N 1 1

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

δk
n+1/2
1
...

δk
n+1/2
r

δyn

δhn

δtn

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.(4.83)

Here IN denotes the N -by-N identity matrix, 0N stands for the zero N -by-N matrix, and
the index n + 1/2 indicates an intermediate step. We note that all entries of the Jacobian
matrices are evaluated at (tn,yn, hn). The adjoint variables form the costate vector:

λ̄n =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ψn
1
...
ψn

r

λn

μn

νn

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (4.84)

The discrete adjoint follows immediately by transposing the Jacobian matrices and reversing
the direction of integration:

ψn+1/2
m = hnbmλ

n+1 + hn
(
∂g̃

∂km

)T

μn+1 , m = 1 . . . r

λn+1/2 = λn+1 + hn
(
∂g̃

∂y

)T

μn+1

μn+1/2 = μn+1 + g̃μn+1 +

r∑
m=1

bmk
T
mλ

n+1

νn+1/2 = hn
∂g̃

∂t
μn+1 + νn+1 , (4.85)
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and

λn =

r∑
m=1

(
∂km

∂y

)T

ψn+1/2
m + λn+1/2

μn =

r∑
m=1

(
∂km

∂h

)T

ψn+1/2
m + μn+1/2

νn =
r∑

m=1

(
∂km

∂t

)T

ψn+1/2
m + νn+1/2 , M − 1 ≥ n ≥ 0 . (4.86)

Thus AD computes the following discrete adjoint update:

λn =

(
IN + hn

r∑
m=1

bm

(
∂km

∂y

)T
)
λn+1

+ hnμn+1

(
r∑

m=1

bm

(
∂km

∂y

)T (
∂g̃

∂km

)T

+

(
∂g̃

∂y

)T
)

=

(
IN + hn

r∑
m=1

bm

(
∂km

∂y

)T
)
λn+1 +O (hn) . (4.87)

All partial derivatives are evaluated at (yn, hn, tn). The update (4.87) is clearly different
from (4.81). The O (hn) perturbations introduced at each step in the discrete adjoint λn

add up to a O (1) perturbation in the adjoint solution λ0:∣∣λ0 − λ(t0)
∣∣ = O(1) . (4.88)

To eliminate all perturbations, one can zero out the adjoint derivative μn+1, as in (4.77).
Alternatively, we can insert

ψn+1/2
m ← ψn+1/2

m − hn
(
∂g̃

∂km

)T

μn+1 , m = 1 . . . r

λn+1/2 ← λn+1/2 − hn
(
∂g̃

∂y

)T

μn+1 . (4.89)

after (4.85). The FORTRAN implementation of (4.89) is based on a second call of adg (the
adjoint of (4.79c)), and is very similar to the one described in the previous section. Both
correction strategies will result in a discrete adjoint solution that is a q-th order accurate
approximation to the true adjoint λ(t0). Section 4.2.7 shows the divergent AD adjoint, as
well as the convergence of the corrected solution, for a 5-th order Runge–Kutta method.

4.2.5 Final time step adjustment

Like in the case of forward mode differentiation [4], adjusting the last time step before the
final integration time does usually improve the accuracy of the adjoint model trajectory.
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However, not all spurious gradients present in the uncorrected discrete adjoint (4.76a) are
eliminated. We show this by considering a three step integration procedure. We let

tF = t3 = t0 + h0 + h1 + h2 . (4.90)

where t0 and h0 are fixed, and h1, h2 are estimated using (4.68b). We investigate four
different test cases:

a. The spurious sensitivities δhi, δti, and gradients μi, νi are set to zero in the AD-
generated code. This obviously ensures the correctness of both linearizations.

b. h2 is artificially adjusted:
h2 = t3 − t2 (4.91)

This is not strictly needed in our algorithm (because of (4.90)). However, we will look
at the impact of (4.91) on the discrete tangent linear and adjoint solution variables.

c. No changes are made to the AD-generated tangent linear and adjoint codes.

d. The TLM solution is post processed as described in [4]. The discrete adjoint code is
corrected using (4.78).

We investigate the behavior of the tangent linear and adjoint trajectories in all of the above
cases.

Tangent linear differentiation

The cases under discussion lead to different formulations of the tangent linear model:

a. If the TLM is modified to ensure to ensure δh1 = δh2 = 0 and δt1 = δt2 = 0, then we
have: ⎡⎢⎣ δ̃y3

δ̃h3

δ̃t3

⎤⎥⎦ = A3
2HA2

1HA1
0

⎡⎣ δy0

δh0 = 0
δt0 = 0

⎤⎦ , (4.92)

where

H =

⎡⎣ IN 0N×1 0N×1

01×N 0 0
01×N 0 0

⎤⎦ , (4.93)

and

Ai+1
i =

⎡⎢⎢⎢⎣
∂f

∂y

∂f

∂h

∂f

∂t
∂g

∂y

∂g

∂h

∂g

∂t
01×N 1 1

⎤⎥⎥⎥⎦
(yi, hi, ti)

, (4.94)

for i = 1, 2, 3.



Mihai Alexe Chapter 4. Inverse problems with time adaptivity 79

b. The time step adjustment introduces an extra step in the tangent linear model:⎡⎢⎣ δ̂y3

δ̂h3

δ̂t3

⎤⎥⎦ = A3
2 BA2

1A1
0

⎡⎣ δy0

δh0 = 0
δt0 = 0

⎤⎦ . (4.95)

Here B is the Jacobian of the time step adjustment (4.91):

B =

⎡⎣ IN 0N×1 0N×1

01×N 0 −1
01×N 0 1

⎤⎦ . (4.96)

c. The TLM is similar to (4.95), except B = IN+2, since no time step adjustment is made:⎡⎣ δy3

δh3

δt3

⎤⎦ = A3
2 A2

1 A1
0

⎡⎣ δy0

δh0 = 0
δt0 = 0

⎤⎦ . (4.97)

d. We cannot easily fit the post-processing error correction formula given in [4] into our
general framework without assuming a specific Runge–Kutta method. Hence, we will
only report the numerical results obtained with this correction for a model problem in
section 4.2.5.

We also note that the tangents of the first time step and time point are zero, since these
quantities are assumed to be constant. Multiplying through in (4.92)–(4.97) gives:

δ̃y3 =

(
∂f

∂y

)
2

(
∂f

∂y

)
1

(
∂f

∂y

)
0

δy0 , (4.98a)

δ̂y3 = δ̃y3 +

[(
∂f

∂y

)
2

(
∂f

∂h

)
1

−
(
∂f

∂h

)
2

+

(
∂f

∂t

)
2

](
∂g

∂y

)
0

δy0 , (4.98b)

δy3 = δ̃y3 +

[(
∂f

∂y

)
2

(
∂f

∂h

)
1

+

(
∂f

∂h

)
2

(
∂g

∂h

)
1

+

(
∂f

∂t

)
2

](
∂g

∂y

)
0

δy0

+

(
∂f

∂h

)
2

(
∂g

∂y

)
1

(
∂f

∂y

)
0

δy0 . (4.98c)

In the above equations, the integer subscript on the partial derivatives denotes the time level
where the Jacobians are evaluated at, e.g.,(

∂f

∂y

)
i

=

(
∂f

∂y

)
(yi, hi, ti) . (4.99)
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As shown in [4], δ̃y3 �= δy3. Moreover, it is apparent that adjusting the final time step with

(4.91) eliminates only part of the spurious terms in δy3. Hence δ̃y3 �= δ̂y3. For an arbitrary

δy0, we can expect the perturbation in δ̂y3 (equation (4.98b)) to be small if[(
∂f

∂y

)
2

(
∂f

∂h

)
1

+

(
∂f

∂t

)
2

−
(
∂f

∂h

)
2

](
∂g

∂y

)
0

, (4.100)

is small with respect to ‖δy0‖, but this may not always be the case. The spurious derivatives

in δ̂y3 may accumulate over time and reduce the order of accuracy of the TLM solution.

The discrete adjoint

The discrete adjoints for the test cases a., b., and c., are obtained by transposing each
sequence of TLM transformations (4.92), (4.95), and (4.97), respectively:⎡⎢⎣ λ̃0

μ̃0

ν̃0

⎤⎥⎦ =
(
A1

0

)T HT
(
A2

1

)T HT
(
A3

2

)T ⎡⎣ λ3

μ3 = 0
ν3 = 0

⎤⎦ , (4.101a)

⎡⎢⎣ λ̂0

μ̂0

ν̂0

⎤⎥⎦ =
(
A1

0

)T (A2
1

)T BT
(
A3

2

)T ⎡⎣ λ3

μ3 = 0
ν3 = 0

⎤⎦ , (4.101b)

⎡⎣ λ0

μ0

ν0

⎤⎦ =
(
A1

0

)T (A2
1

)T (A3
2

)T ⎡⎣ λ3

μ3 = 0
ν3 = 0

⎤⎦ . (4.101c)

Additionally, we look at the corrected adjoint, where⎡⎣ λ0
c

μ0
c

ν0c

⎤⎦ = C10 C21 C32

⎡⎣ λ3

μ3 = 0
ν3 = 0

⎤⎦ . (4.102)

Here C10 , C21 , and C32 are the corrected (transposed) Jacobians:

Ci+1
i =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

(
∂f

∂y

)T

−
(
∂g

∂y

)
+

(
∂g

∂y

)T

0N×1(
∂f

∂h

)T
∂g

∂h
1(

∂f

∂t

)T
∂g

∂t
1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(yi, hi, ti)

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

(
∂f

∂y

)T

0N×1 0N×1(
∂f

∂h

)T
∂g

∂h
1(

∂f

∂t

)T
∂g

∂t
1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(yi, hi, ti)

(4.103)
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Hence:

λ̃0 =

(
∂f

∂y

)T

0

(
∂f

∂y

)T

1

(
∂f

∂y

)T

2

λ3 , (4.104a)

λ̂0 = λ̃0 +

(
∂g

∂y

)T

0

[(
∂f

∂h

)T

1

(
∂f

∂y

)T

2

−
(
∂f

∂h

)T

2

+

(
∂f

∂t

)T

2

]
λ3 , (4.104b)

λ0 = λ̃0 +

(
∂g

∂y

)T

0

[(
∂f

∂h

)T

1

(
∂f

∂h

)T

2

+

(
∂g

∂h

)
1

(
∂f

∂h

)T

2

+

(
∂f

∂t

)T

2

]
λ3

+

(
∂f

∂y

)T

0

(
∂g

∂y

)T

1

(
∂f

∂h

)T

2

λ3 , (4.104c)

λ0
c = λ̃0 . (4.104d)

If the last time step is adjusted in the forward code, the discrete adjoint λ̂0 �= λ̃0, therefore
the correction (4.78) is still necessary.

A numerical example

We implement the three-step algorithms discussed above for a scalar IVP:

ẏ = γ ty ,

y(0) = 1 , t0 = 0 ≤ t ≤ t3 ≈ 0.1031 , (4.105)

with γ = −1. The exact solution of (4.105) is

y(t) = exp

(
γ
t2

2

)
. (4.106)

Since (4.105) is a linear IVP, its tangent linear model has the exact same form. We choose
the same initial condition δy(0) = y(0) = 1, hence δy(t) = y(t) for all t.

The final value problem adjoint to (4.105) is:

λ̇ = −γ tλ ,
λ(t3) = y(t0) = 1 , t3 ≥ t ≥ t0 , (4.107)

with

λ(t0) = y(t3) = exp

(
γ
(t3)2

2

)
. (4.108)
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Table 4.5: Errors in the discrete tangent linear solutions for the IVP (4.105) induced by
the spurious AD-generated sensitivities. Here, δy3

c is the post-processed TLM solution,

using the error correction formula in [4]. δ̃y3 and δ̂y3 are defined in (4.98a) and (4.98b),
respectively. The time step adjustment (4.91), and the a posteriori error correction [4], lead
to improvements over the uncorrected solution δy3. However, these two approaches are not
equivalent to a full passivation of the time step controller mechanism. The extra derivatives
in (4.98b) and (4.98c) are found to exactly account for these errors.∥∥∥δ̃y3 − δy3

∥∥∥ 1.61063× 10−4∥∥∥δ̃y3 − δ̂y3

∥∥∥ 4.37644× 10−6∥∥∥δ̃y3 − δy3
c

∥∥∥ 4.52807× 10−6

One step of the forward integration algorithm looks as follows:

yn+1 = f(yn, hn, tn) = yn + hnγ tn yn ,

hn+1 = g(yn, hn, tn) = hn

√
ATOL∣∣exp (γ

2
[(tn + hn)2 − (tn)2]

)∣∣yn
,

tn+1 = tn + hn . (4.109)

We evolve the solution with the forward Euler method. The time step estimator controls
the absolute local error based on the exact solution, with ATOL = 10−3. We wrote the
code using in double precision FORTRAN, and we generated the tangent linear and discrete
adjoint models with the help of TAMC [58].

Tables 4.5 and 4.6 show the numerical errors generated by the spurious forward and adjoint
derivatives. While small in absolute value for this example, they may grow in time and
impact the overall accuracy of the numerical solutions. This may happen even when the
final time step is adjusted, if (4.100) is O(1) for a given numerical method. The time step
adjustment partially corrects for the spurious factors in (4.98c), and (4.104c). Also, the post
processing technique derived in [4] improves the accuracy of the tangent linear and adjoint
solutions. Still, both approaches do not eliminate all the AD artifacts, and are therefore not

equivalent to a full controller “passivation”: δ̃y3 �= δy3
c , δ̃y

3 �= δ̂y3, and λ̃0 �= λ̂0.

We note that δ̂y3 = λ̂0, δy3 = λ0, and δ̃y3 = λ̃0 (up to machine roundoff). This is expected
from the set up for our problem, and is also due to the transpose relationship that holds
between the discrete tangent linear and adjoint models (compare, for example (4.92) and
(4.101a)).
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Table 4.6: Errors in the discrete adjoint solutions for the final value problem (4.107) gener-
ated by the nonphysical time step adjoints. Here, λ0

c is the post-processed discrete adjoint

at t0. λ̃0 and λ̂0 are defined in (4.104a) and (4.104b), respectively. The adjoint correction
(4.78) leads to an accurate discrete adjoint. Adjusting h2 to hit t3 exactly improves the

quality of λ̂0 over the default solution λ0 for this problem, but not all spurious derivatives

are eliminated, as shown in (4.104b). Hence, in general, λ̃0 �= λ̂0.∥∥∥λ̃0 − λ0
∥∥∥ 1.61063× 10−4∥∥∥λ̃0 − λ̂0

∥∥∥ 4.37644× 10−6∥∥∥λ̃0 − λ0
c

∥∥∥ 0

4.2.6 Discrete second order adjoints

It is known that second order adjoints can be computed either by two reverse-mode differen-
tiations (adjoint-over-adjoint) or, more efficiently, through a forward mode differentiation of
the original model’s adjoint (forward-over-adjoint) [23, 69]. Thus, it is natural to ask if we
can couple the adjoint corrections (4.78) or (4.89) with the tangent linear code modifications
described in [4]. We will show that this approach leads to accurate discrete second order
adjoints of adaptive numerical integrators.

We will work within the general framework described in section 4.2.3. The second order
discrete adjoint system allows one to obtain second order derivative information for the cost
function (4.58), in the form of Hessian-vector products

∂2Ĵ
(∂y0)2

· δy0 , (4.110)

with δy0 ∈ �N an arbitrary vector. We henceforth mark all discrete second-order adjoint
variables by an upper dot. Thus, the second order adjoint state vector at tn has the following
structure (compare with 4.74):

˙̄λ =

⎡⎣ λ̇μ̇
ν̇

⎤⎦ . (4.111)

The discrete second order adjoint consistent with the ODE (4.65) reads:

λ̇n =

(
∂f

∂y

∣∣∣∣
(yn,hn,tn)

)T

λ̇n+1 +

(
∂2f

∂y2

∣∣∣∣
(yn,hn,tn)

⊗ δyn

)T

λn+1 , M − 1 ≥ n ≥ 0

λ̇M =
∂2Ĵ

(∂yM )2
· δyM . (4.112)
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In (4.112) λn satisfies the first order adjoint equation (4.70), and δyn is solution of the
discrete TLM model:

δyn =
∂f

∂y
δyn−1 , 1 ≤ n ≤M . (4.113)

Note that the initial tangent linear model state is set to δy0. Solving (4.112) yields [72]:

λ̇0 =
∂2Ĵ
(∂y0)2

· δy0 . (4.114)

We now investigate the second order adjoint model of (4.68a – 4.68c) given by two succes-
sive invocations of AD. For efficiency [69], we take the forward-over-adjoint path, i.e., we
differentiate (4.76a) – (4.76c) in the direction

δv0 =

⎡⎣ δy0

δh0

δt0

⎤⎦T

. (4.115)

Hence, the second order adjoint model generated by AD has the following structure:

λ̇n =

(
∂2f

∂y2
⊗ δyn

)T

λn+1 +

(
∂f

∂y

)T

λ̇n+1

+ δhn
(

∂2f

∂y ∂h

)T

λn+1 + δtn
(
∂2f

∂y ∂t

)T

λn+1 +

(
∂g

∂y

)T

μ̇n+1

+μn+1

(
∂2g

∂y2

)T

δyn + μn+1

(
∂2g

∂y ∂h

)T

δhn + μn+1

(
∂2g

∂y ∂t

)T

δtn (4.116a)

μ̇n = (δyn)T
(

∂2f

∂h ∂y

)T

λn+1 + δhn
(
∂2f

∂h2

)T

λn+1 + δtn
(
∂2f

∂h ∂t

)T

λn+1

+μn+1 ∂2g

∂h ∂y
(δyn)T + δhn

∂2g

∂h2
μn+1 + δtn

∂2g

∂h ∂t
μn+1

+

(
∂f

∂h

)T

λ̇n+1 +
∂g

∂h
μ̇n+1 + ν̇n+1 (4.116b)

ν̇n = (δyn)T
(
∂2f

∂t ∂y

)T

λn+1 + δhn
(
∂2f

∂t ∂h

)T

λn+1 + δtn
(
∂2f

∂t2

)T

λn+1

+ (δyn)T
∂2g

∂t ∂y
μn+1 + δhn

∂2g

∂t ∂h
μn+1 + δtn

∂2g

∂t2
μn+1

+
∂f

∂t
λ̇n+1 +

∂g

∂t
μ̇n+1 + ν̇n+1 , M − 1 ≥ n ≥ 0 . (4.116c)

The update (4.116) is not identical to (4.112): several spurious terms are added at each time
step. Also, note that δyn gets updated by the AD-generated TLM model (4.73)

δyn =
∂f

∂y
δyn−1 +

∂f

∂h
δhn−1 +

∂f

∂t
δtn−1 , 1 ≤ n ≤M , (4.117)
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instead of (4.61). This mismatch is another source of errors in the second order discrete
adjoint solution λ̇n, since the second order adjoint computations need to make use of an
accurate tangent linear model trajectory.

To cancel out all the AD-induced perturbations in the discrete second order adjoint, one
should follow this two-step procedure:

1. restore the TLM solution δyn to the value given by (4.113). This can be done by
zeroing out the spurious tangent derivatives in the TLM code:

δhn ← 0

δtn ← 0 (4.118)

before the update (4.116). Alternatively, one can apply the post-processing strategy
described in [4] at each time step. Both of these approaches will result in a TLM
solution accurate to order p (under suitable smoothness assumptions on the solution
δy(t)). Note that (4.118) implies that the forward differentiation of (4.76a) – (4.76c)

is now performed in the direction of δv0 =
[
(δy0)

T
0 0

]T
.

2. Next, in the second order adjoint code, zero out the non-physical first and second order
adjoint derivatives of the time step:

μn+1 ← 0

μ̇n+1 ← 0 . (4.119)

After (4.118) and (4.119), the second order adjoint trajectory is restored to the value given by
(4.112). For completeness, we remark that an approach equivalent to (4.119) is to implement
(4.78), and then post-process [4] the second order adjoint solution.

It is important to note that any correction to the TLM or first order adjoint variables, such
as (4.118) or (4.119), should be made after the second (forward) differentiation. If (4.118)
is introduced before the second order adjoint code is generated, then it may influence the
behavior of the AD engine and result in unusable code.

4.2.7 Numerical experiments

All numerical tests were performed on an Intel Pentium 4 Workstation running Fedora Core
Linux, with the Runge–Kutta routines coded in double precision Fortran 90.

We used the 5th order DOPRI5(4) Runge–Kutta method [134] with variable time stepping
in all numerical experiments. DOPRI5(4) uses the stage values to compute two solution
approximations of different accuracies at every time step. The first of these two numerical
solutions is used to advance the integrator state, and the other (less accurate) solution serves
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to control the local error and the time step size. This approach significantly lowers the cost
of step rejections. The time step controller is based on the following formula [124]:

hn+1 = hn ·min
{
5 , max

{
0.2 , 0.9 ‖en‖−1/5

}}
. (4.120)

Here ‖en‖ is an estimate for the weighted norm of the local error at step n. This estimate is
computed based on the relative (RTOL) and absolute (ATOL) integration tolerances:

‖en‖ =

√√√√ 1

N

N∑
i=1

(
yn
err(i)

ATOL(i) + RTOL(i) · |yn
i |

)2

, (4.121)

with yerr approximating the local error of the Runge–Kutta method. We do not adjust the
final integration step. The reference solutions were obtained with MATLAB’s ode45 [144].
Here ATOL = 10−13,RTOL = 10−12.

First order adjoint sensitivity analysis

We first investigate the discrete adjoint of the Prothero–Robinson IVP [145]:

ẏ = γ (y− φ(t)) + φ̇(t) ,

t0 = 0 ≤ t ≤ tF ≈ 2 ,

y(t0) = [0.5 0.5]T , (4.122)

with γ = −5, and φ(t) = [sin t cos t]T .

We choose:

J (y) = y1(t
F ) . (4.123)

Hence, the continuous adjoint of (4.122) reads:

λ̇ = γλ , tF ≥ t ≥ t0 ,

λ(tF ) = [1 0]T . (4.124)

We differentiate our Runge–Kutta implementation using the reverse mode of TAMC. Figure
4.7 shows the two discrete adjoint solution components and their root-mean-square (RMS)
errors, both before (λ1, λ2) and after (λc

1, λ
c
2) the adjoint correction (4.78) is applied. The

RMS errors are computed using the formula:

εRMS =

√√√√ 1

M

M∑
n=0

(
|λref(tn)− λn|

max {|λref(tn)| , |λn| ,TOL}

)2

, (4.125)
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Figure 4.7: (a–b) Discrete adjoint trajectories (ATOL = RTOL = 10−7), and (c) RMS errors
for the system (4.122). The AD adjoints λ1, λ2, and the corrected solutions λc

1, λ
c
2 were

computed with DOPRI5(4). The reference solution λref was obtained through a backward
time integration of the continuous adjoint (4.124), using MATLAB’s ode45 function. It
is clear from (c) that the AD discrete adjoint of the DOPRI method is inconsistent with
the continuous system (4.124). After the correction, the adjoint solution and the reference
adjoint trajectory are visually indistinguishable. As seen in (c), post-processing restores the
discrete adjoint solution to full accuracy.
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with TOL ≈ 10−12. One can see in Figure 4.7(a–b) that black-box invocation of AD results
in very large errors in both components of the discrete adjoint trajectory. This is consistent
with the behavior predicted by the mathematical derivations (4.87). The adjoint solution
is completely wrong. After the correction is applied, the accuracy of the discrete adjoint
solution matches that of the underlying Runge–Kutta method, as Figure 4.7(c) illustrates.

Note that the two adjoint corrections (4.77) and (4.78) yield the same adjoint solutions (up
to machine roundoff). Figure 4.7 only shows the numerical results obtained with (4.77).

Second order adjoint sensitivity analysis

For second order sensitivity analysis, we introduce a nonlinear term in the right-hand side
of (4.122):

ẏ1 = γ (y1 − sin t) + y3
2 cos t ,

ẏ2 = γ (y2 − cos t)− y3
1 sin t ,

t0 = 0 ≤ t ≤ tF = 2 ,

y(t0) = [0.5 0.5]T . (4.126)

Let the cost function J be defined by (4.123), and

δy0 = [1 0]T (4.127)

in (4.110). Then, the first-order adjoint system for (4.126) has the form

λ̇1 = −γλ1 + 3y21λ2 sin t

λ̇2 = −3y22λ1 cos t− γλ2

λ(tF ) = [1 0]T , (4.128)

whereas the second order adjoint model reads:

σ̇1 = −γσ1 + 3y2
1σ2 sin t+ 6y1δy1λ2 sin t

σ̇2 = −3y2
2σ1 cos t− γσ2 − 6y2δy2λ1 cos t

σ1(t
F ) = σ2(t

F ) = 0 . (4.129)

Here σ(t) denotes the second order adjoint variable, and δy is the solution of the tangent
linear model:

δẏ1 = γδy1 + 3y22δy2 cos t

δẏ2 = −3y2
1δy1 sin t + γδy2

δy(t0) = δy0 . (4.130)
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We build the second order adjoint of our DOPRI5(4) implementation through forward over
reverse differentiation. The results are shown in Figure 4.8. As expected from (4.116), the
second order adjoint of the DOPRI method is inconsistent with its continuous counterpart
(4.129). The reason for this is twofold: the errors in the second order adjoint variables
are generated both by the perturbations present in the first order adjoint solution λ (see
4.87), and the spurious derivatives generated during the second (forward) differentiation
[4]. Figure 4.8(a–b) contrasts the discrete solutions before – λ1,λ2 – and after – λc

1, λ
c
2 –

the post-processing (4.118 – 4.119), for ATOL = RTOL = 10−7. The corrected solution
is visually indistinguishable from the reference λref , whereas the AD-computed adjoint is
several orders of magnitude away from the true solution. Finally, Figure 4.8 shows the order
of accuracy of the post-processed discrete adjoint, which matches that of the DOPRI pair
used in the forward model integration.

Figure 4.8 only shows the solutions obtained after zeroing out all spurious forward and
adjoint time step derivatives. Applying (4.89) gives virtually identical results.

4.2.8 Conclusions

In this section we investigate the behavior of adaptive numerical integration algorithms
under the reverse mode of automatic differentiation. To maximize efficiency and reduce
computation time, such algorithms rely on time step controllers and local error estimators
to keep the solution accuracy within user-specified bounds. The discrete adjoints of such
integrators can be automatically generated using automatic differentiation. If the time step
controllers and error estimators are not differentiated, adjoints of explicit Runge–Kutta
methods remain consistent with the corresponding continuous equations, as shown in [95,
122]. However, isolating parts of the integrator code, in order to hide them from the AD
engine, can be far from trivial for legacy or industrial-scale numerical codes.

If the controllers or the error estimators are differentiated, the AD mechanism will pick up the
dependencies between the time steps taken by the forward method and the model solution.
This results in spurious adjoint time and time step gradients. These non-physical derivatives
influence the discrete adjoint trajectory at every time step. We show that the perturbations
add up and generate a O(1) error in the final solution. Thus, using the discrete adjoint code
as-is will yield incorrect gradients. An analysis of the adjoint of a general one-step explicit
adaptive integration scheme, reveals that simple code modifications lead to a discrete adjoint
solution that has the same order of accuracy as the underlying numerical method.

As a special case, we discuss the case when the last time step is adjusted to hit a prescribed
final integration time. This is a common feature of adaptive numerical integration codes. The
time step adjustment leads to a significant improvement in accuracy of the discrete adjoint
solution over the discrete adjoint computed with the original code (which has a O(1) error).
This is due to the result in [4], and the transpose relationship between the discrete tangent
linear and adjoint models [143]. However, we show that not all the spurious derivatives
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Figure 4.8: Discrete second order adjoints (a–b) and RMS errors (c–d) for the IVP (4.126).
The AD discrete second order adjoint σ1,2 differs from the reference trajectory σref by several
orders of magnitude. However, the corrected solution σc

1,2 is visually indistinguishable from
σref (ATOL = RTOL = 10−7). Also, the decrease in the RMS errors of the corrected
trajectory (c–d) confirms that canceling the spurious adjoint derivatives yields a 5th order
accurate second order adjoint solution.
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from the tangent linear or adjoint solutions are eliminated. The surviving perturbations
may impact the accuracy of the numerical sensitivities, leading to an artificial drop in the
order of accuracy of the numerical integration scheme. Hence, an adjoint correction is still
necessary. The mathematical derivations are validated on a three-step numerical integration
problem.

We also consider second-order adjoints of adaptive integrators, obtained through forward-
over-adjoint differentiation. The analysis shows that it is possible to obtain accurate second
order derivative information through straightforward post-processing of the second order
adjoint code.

Two examples that use Dormand and Prince’s DOPRI5(4) Runge–Kutta pair with adaptive
error control are given. The numerical results fully support the mathematical derivations in
both cases. The AD-generated Runge–Kutta adjoints are inconsistent with the continuous
adjoint ODEs. However, once the adjoint corrections are applied, the first and second order
discrete adjoint solutions have the same order of accuracy as the underlying Runge–Kutta
algorithm.



Chapter 5

Space adaptivity

Introduction We demonstrate the feasibility and efficiency of the discrete adjoint method
for adaptive time-dependent inverse problems. While the efforts of other authors have con-
sidered almost exclusively on steady-state problems (with some exceptions, see [91, 66]), we
examine discrete adjoints for evolution problems, and highlight the benefits of both time and
space adaptivity. Recent advances in adjoint computation strategies have made reversal of
time-dependent codes computationally feasible (see [65], and references therein). The main
computational advantage of the discrete adjoint approach is that the adjoint model code can
be obtained through automatic differentiation, hence saving a significant amount of software
development effort. Automatic differentiation tools are available for all the major program-
ming languages used in scientific computing [58, 54, 57, 56, 60]. Specialized finite element
software such as Deal.II allow the mesh adaptation to be performed in a transparent fash-
ion, and independent from the numerical core of the solution algorithm. Thus, automatic
differentiation can be used in a targeted fashion, such that we obtain the adjoint of only the
time marching procedure, and that of the (linearized) right hand side of the discrete model
equations. This simplifies both the derivation and verification of the discrete adjoint model.

We first present the general form of the discrete adjoint method, and then discuss the issues
that arise with adaptive mesh and time refinement. For spectral-type numerical methods
such as discontinuous Galerkin (a method particularly amenable to space-time adaptivity),
the discrete intergrid operators are implemented through orthogonal projections. Thus, there
are no inconsistencies introduced through the use of the adjoint interpolation and restriction
operators obtained by automatic differentiation. The analysis is then extended to general
meshes, where the same operator properties are verified. However, this orthogonality prop-
erty is not recovered for all numerical methods. The adjoint analysis of finite volume mesh
transfer operators shows the adjoint of high-order interpolation (through solution averaging)
to be only first order accurate in the general case.

We then focus on the concept of adjoint consistency for time-dependent discontinuous
Galerkin discretizations. The concept of adjoint consistency, defined, e.g., in [28, 32] for

92
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elliptic problems, plays an important role in the analysis of the dual (adjoint) problem solu-
tion, in the convergence of the primal approximation, as well as in the accuracy of the target
functional under consideration. Building on previous duality results for time [33, 122, 95]
and space discretizations [28, 146], we develop an unified framework for investigating dual
consistency of discretizations for a general type of time-dependent PDEs.

This chapter is structured as follows. Section 5.1 discusses the adaptive inverse problem
framework and the difficulties associated with adaptivity and the discrete adjoint method.
In section 5.2 we review the mathematical foundation of the discontinuous Galerkin (DG)
method. Section 5.3 concerns intergrid transfer operators for Galerkin-type discretizations.
We remark that both h- and p-refinement with structured AMR are performed through
orthogonal projections, hence the accuracy of the discrete adjoint solution will not be affected
by intergrid solution transfer operators (beyond the intrinsic loss in accuracy associated
with mesh coarsening). Section 5.3.4 discusses the interpolation and restriction operators
for the h-adaptive finite volume method. Subsequently, section 5.4 discusses in detail the
derivation of formal adjoint systems for general differential problems that obey a given set of
compatibility conditions. Section 5.5 considers the dual consistency of time discretizations
in Runge-Kutta DG methods. The accuracy and computational advantages of the discrete
adjoint approach are demonstrated on a two-dimensional numerical test problem in section
5.5.3.

5.1 The adaptive inverse problem framework

5.1.1 Model problems

We use the strong formulation of the model problems given in the introduction, i.e., equations
(1.13), and (1.13). For convenience, we restate them here.

The continuous inverse problem

Find q = arg min
u∈U ,q∈Q

J (u, q) , subject to (1.13) . (5.1)

The discrete inverse problem

Find qh = arg min
uh∈Uh,qh∈Qh

Jh(u
h,0:N , qh) , subject to (1.13) . (5.2)



Mihai Alexe Chapter 5. Space adaptivity 94

5.1.2 Derivation of the discrete adjoint equations

Consider the steepest descent method [20] applied to minimize the cost functional J h. The
solution update has the following form:

qh
new = qh

old − α
(
dJ h

dqh

)T

,

where α is a suitably chosen step length, and the reduced gradient reads:

dJ h

dqh
=
∂Jh

∂qh
+

N∑
n=1

∂Jh

∂uh,n

∂uh,n

∂qh
. (5.3)

Since equation (1.13) is discretized in residual form, the implicit function theorem gives the
following equation, also called the tangent linear model (henceforth referred to as the TLM):

∂Fh,n

∂uh,n

∂uh,n

∂qh
+

∂Fh,n

∂uh,n−1

∂uh,n−1

∂qh
= −∂F

h,n

∂qh
, n = 1 . . . N . (5.4)

Hence, the space-time matrix formulation of the sensitivity equations reads as follows:

M

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂uh,N

∂qh

∂uh,N−1

∂qh

...
∂uh,1

∂qh

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−∂F
h,N

∂qh

−∂F
h,N−1

∂qh

...

−∂F
h,0

∂qh

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (5.5)

where

M :=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂Fh,N

∂uh,N

∂Fh,N

∂uh,N−1
0 . . . 0

0
∂Fh,N−1

∂uh,N−1

∂Fh,N−1

∂uh,N−2
0 . . .

0 0
. . .

. . . . . .

0 . . . . . . 0
∂Fh,0

∂uh,1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The sensitivity matrices ∂uh,n/∂qh are very expensive to compute, since they scale with both
the number of states and that of the control variables. When a new control variable is added,
(5.4) needs to be solved anew. The discrete adjoint method [27] calculates the gradient (5.3)
at a significantly lower cost than finite differences or forward sensitivities when the number
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of parameters is large compared to the number of outputs of interest. By defining the N
discrete adjoint variables λh,n as the solution components of the discrete adjoint equation,
which reads:

MT

⎡⎢⎢⎢⎣
λh,N

λh,N−1

...
λh,1

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(
∂Jh

∂uh,N

)T

(
∂Jh

∂uh,N−1

)T

...(
∂Jh

∂uh,1

)T

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (5.6)

we obtain

dJ h

dqh
=
∂J h

∂qh
−

N∑
n=1

(
λh,n

)T ∂Fn

∂qh
. (5.7)

Note that both the adjoint matrix MT , and the right hand side of (5.6), are independent of
the number of inversion variables. If the size of qh does not scale directly with the model
state size uh, the cost of the discrete adjoint approach does not depend on the number of
inversion variables. From the block lower bidiagonal structure of (5.6), we remark that the
adjoint equations are solved backwards in time, i.e. from n = N to n = 0. The size of
the blocks may vary with n because of the mesh adaptation mechanism. This change in
local solution size is easily accommodated by standard single-step Runge-Kutta-type ODE
solvers such as the ones employed in this chapter. Should a s-stage Runge-Kutta be used,
the forward and adjoint systems (5.5)–(5.6) will have s non-zero block diagonals, and the
computational cost scales accordingly. We do not consider linear multistep methods [131] in
this chapter, since they are not generally adjoint consistent [96].

5.1.3 Computational advantages of the discrete adjoint method

One frequently raised objection to the discrete adjoint method (besides consistency issues
with the numerical discretization) is that the forward mesh is frequently sub-optimal for
the adjoint problem. While independent mesh refinement for the adjoint problem would
enhance both the accuracy and the efficiency of the discrete adjoint solver, the additional
complexity may increase the overall cost of the inversion process. The development effort
required for the discretization of the continuous adjoint equations becomes significantly larger
(there is no possibility of automating the computation). Features in the newly computed
adjoint solutions may also be degraded when interpolating the gradient (5.7) to a reference
optimization grid [15].

If we consider the Lagrangian interpretation of the adjoint variables, λh,n tracks how well
the forward solution uh,n satisfies the state equation [147]. Hence, it is a reasonable choice to
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define both the uh,n and λh,n on the same mesh. Note from equation (5.7) that the discrete
adjoint method can easily accommodate a different mesh for the inversion variables. While

the discrete partial derivatives
∂J h

∂qh
and

∂Fh,n

∂qh
are now defined on a separate “parameter

mesh”, the adjoint system (5.6) and its solutions λh,n do not change. This approach was
proven to be very beneficial in practice [147, 148].

5.1.4 Mesh adaptivity and the discrete adjoint method

The mesh adaptivity raises several complications for the discrete adjoint approach. The
issues that arise with adaptive temporal discretizations and automatic differentiation have
been discussed in [4, 97]. We focus our analysis on the mesh refinement process. The mesh
at a given nonlinear iteration and/or time step is refined or coarsened based on some a
posteriori (residual-based) error estimation for the current solution approximation. Thus,
the forward solver is required to transfer the solution between different meshes. We can
write the forward solution process for (1.13) as:

uh,0 = uh,0(xh) ,

uh,n+1 = In→n+1

(
Sn→n+1 u

h,n
)
, 0 ≤ n ≤ N − 1 .

Here Sn→n+1(·) is the nonlinear solution operator that advances uh,n in time from tn to tn+1

on Ωh
n. The linear intergrid transfer operator is In→n+1 : Ωh

n → Ωh
n+1. Hence, the discrete

adjoint procedure for solving (5.6), that may be generated through automatic differentiation,
reads:

λh,N = λh,N(xh)

λh,n = S ′ ∗
n+1→n

(
ITn→n+1λ

h,n+1
)
, N − 1 ≥ n ≥ 0 ,

where the adjoint solution operator

S ′ ∗
n+1→n(·) = −

(
∂Fn

∂uh,n

)−T
[(

∂Fn+1

∂uh,n

)T

(·) +
(
∂J h

∂uh,n

)T
]

is the discrete adjoint (i.e., transpose) of the linearization of Sn→n+1. The grid transfer
operator is (In→n+1)

T : Ωh
n+1 → Ωh

n. Barring consistency issues in the discrete adjoint of
the spatial discretization, or in the reversal of the time integration procedure, there remains
the question of the impact of the intergrid operators on the accuracy of the discrete adjoint
solution. If

In+1→n = C · (In→n+1)
T , (5.8)

with a constant C independent of mesh and time step size (a valid assumption in most
multigrid implementations, see e.g., [149]), the discrete adjoint accuracy is not compromised,
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and the adjoint code generated by AD can be used as-is (with a simple scaling to take into
account the constant factor).

Note that the solution transfer may also be done before Sn→n+1(·) is applied:

uh,0 = uh,0(xh) ,

uh,n+1 = Sn→n+1

(
In→n+1 u

h,n
)
, 0 ≤ n ≤ N − 1 .

λh,N = λh,N(xh)

λh,n = ITn→n+1

(
S ′ ∗
n+1→n λ

h,n+1
)
, N − 1 ≥ n ≥ 0 .

With few modifications, the analysis above remains valid.

5.1.5 Multigrid optimization with the discrete adjoint method

When the inversion variables are spatially distributed, e.g., qh = uh,0, they are represented
on a given mesh, e.g., Ωh

0 . As the optimization proceeds the shape of the field qh changes,
and the grid may require adjustments in order to accurately represent the new qh. One
possible solution is to apply grid refinement operations at the end of each optimization
cycle. This approach has the disadvantage that the dimensions of the parameter and gradient
vectors change during optimization. We do not know of any optimization algorithm that can
handle a variable optimization space. To overcome this problem an alternative strategy is
to define a fixed optimization mesh Θh

0 , to project the parameter and gradient vectors from
the computational mesh to the optimization one before the optimizer step, and to project
the results back for the next function and gradient evaluation [150]. This approach has the
disadvantage that the optimization mesh does not adapt to the changing solution profile;
moreover, accuracy can be lost in the repeated interpolation process.

We propose to use a multigrid optimization approach [26]. The optimization grid is the
computational grid ΩH

0 and is fixed throughout the inversion process. The optimizer need
not accommodate changes in the discrete solution space size, and the code complexity is
reduced as no interpolation onto a reference mesh is required. The optimization on the
(coarser) ΩH

0 converges to obtain the solution qH . Through grid refinement operations both
qH and uH,0 are projected onto a finer Ωh

0 grid that allows a more accurate representation
of the fields of interest. The optimization process is then restarted on Ωh

0 , using the current
best solution approximation qh = IΩH

0 →Ωh
0
qH as the initial iterate.

5.1.6 Dual consistency for space-time discretizations

In the following we extend the dual consistency analysis in [32, 28] to space-time discretiza-
tions. Discretization of the time dimension by a Runge–Kutta quadrature [131] introduces
several complications that preclude a simple extension of the spatial dual consistency con-
cept, defined, e.g., in [32]. Consider the following framework for sensitivity analysis:
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• The continuous primal problem is defined by (1.13)–(5.1).

• The tangent linear problem, i.e. the linearization of the continuous primal formulation:

F ′[u,q](δu, δq) = 0

δJ := J ′[u,q](δu, δq) . (5.9)

Here the ′ symbol denotes the Fréchet derivative of F , while the bracket notation
indicates the state about which the linearization is performed. The direction of differ-
entiation is (δu, δq), i.e. the full state vector of the tangent linear model. Note that
J ′ = 0 at the exact solution (u)

• The continuous L2-dual problem:

F ′ ∗[u,q](λ) = 0

J a := J ′[u,q](λ,q) . (5.10)

The ∗ superscript denotes an adjoint operator. Also, λ is the continuous dual variable,
and J a = δJ is the expression of Fréchet derivative of J in terms of the dual variable.

• The discrete primal problem (1.13)–(5.2).

• The linearization of the discrete primal, i.e., the discrete tangent linear model(
Fh,n

)′
[uh,n,qh](δuh,n, δqh) = 0

δJ h :=
(
J h
)′
[uh,n,qh](δuh,n, δqh) . (5.11)

This is obtained directly by Fréchet differentiation of the discrete primal formulation,
in the direction (δuh, δqh).

• The discrete dual problem, obtained, e.g., through automatic differentiation, directly
from the discrete tangent linear model (5.11):(

Fh,n
)′ ∗

[uh,n,qh](λh,n) = 0

J h
a :=

(
J h
)′ ∗

[uh,n,qh](λh,0:N ,qh) . (5.12)

In the discrete space formulation (5.12), the adjoint operator is equivalent to a matrix
transpose.

Consistency of the primal and tangent linear discretizations

The primal discretization is space-time consistent of order (α, β), if, in the limit of the spatial
and temporal discretizations, it holds that:∥∥Fh,n(u,q)

∥∥ ∼ O(hα, τβ)∣∣J h(u,q)− J (u,q)
∣∣ ∼ O(hα, τβ) . (5.13)
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We assume that the discrete primal variables are a priori consistent with their continuous
counterparts. We will also refer to (5.13) as the residual consistency condition. Here u and q
are the exact solutions to the continuous primal problem (1.13)–(5.1), while h and τ denote
the size of the time and space meshes. Residual consistency is defined in a very similar
manner for the discrete TLM (5.11):∥∥∥ (Fh,n

)′
[u,q](δu, δq)

∥∥∥ ∼ O(hα, τβ)∣∣∣(J h
)′
[u,q](δu, δq)− J ′[u,q](δu, δq)

∣∣∣ ∼ O(hα, τβ) . (5.14)

Here δu and δq are the exact solution to (5.9).

Consider now the convergence of the linearized primal variables. Note that this is a stronger
property than (5.14), for it automatically implies residual consistency. Since the tangent
linear problem (5.11) is linear in (δuh,n, δqh), stability and residual consistency (if proven)
imply convergence of the linearized variables, in the limit of both discretizations:∥∥δuh,n − δu(tn)

∥∥ ∼ O(hα, τβ) , as h→ 0 , τ → 0 . (5.15)

Note that neither stability nor consistency are automatically inherited by the tangent linear
equations from the primal problem.

Consistency of the dual discretization

Space-time consistency definitions for the dual discretization follow those for the primal
problem and its linearization. We say that the adjoint discretization (5.12) is space-time
consistent of order (α, β) if, in the limit of h and τ , the following relations hold:∥∥∥ (Fh,n

)′ ∗
[u,q](λ)

∥∥∥ ∼ O(hα, τβ)∣∣J h
a (u,λ,q)− J a(u,λ,q)

∣∣ ∼ O(hα, τβ) . (5.16)

The asymptotic order of consistency in the cost functional may be higher than (α, β) due to
super-convergence effects, or dual post-processing of J h

a [108].

Equation (5.16) is equivalent to saying that the linearized primal discretization (5.11) is dual
consistent of order (α, β). Note that the dual discretization (5.12) automatically inherits the
stability properties of the discrete tangent linear formulation (5.11). A crucial point in the
discrete adjoint analysis is the convergence of the discrete adjoint variables. This does not
follow automatically from (5.16). Instead, we need both stability of the dual formulation
(5.12), and residual consistency (5.16). In that case, convergence of the λh,n follows:∥∥λh,n − λ(tn)

∥∥ ∼ O(hα, τβ) , as h→ 0 , τ → 0 . (5.17)
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5.2 The discontinuous Galerkin method

We illustrate the general derivation of the discontinuous Galerkin (DG) method on the
hyperbolic conservation law (see 3.1):

ut +∇ · F(u) = f , x ∈ Ω , t ∈ [0, T ]
u(t,x) = g(t,x) , x ∈ ∂Ωin

u(t = 0,x) = u0(x) ,

The exact solution to (5.18) is u ∈ L2{[0, T ];U}, where U is a function space that guarantees
sufficient smoothness for u. The discrete spatial mesh consists of polyhedral elements, i.e.,
Ωh

n =
⋃Kn

k=1D
k
n, and the inflow boundary ∂Ωin. In the modal DG formulation, the solution

to (5.18) is approximated on a given element Dk
n by a truncated expansion of orthonormal

polynomials (up to and including degree J):

uh,n
∣∣
Dk

n
=

J∑
j=0

û
(k),n
j ψj(x

h) , (5.18)

with
∫
Dk

n
ψi(x)ψj(x) dx = δij . The unknowns are then the time-dependent expansion coeffi-

cients u
(k),n
j , j = 0 . . . J . In the nodal DG formulation, the solution is given by:

uh,n
∣∣
Dk

n
= V

[
û
(k),n
0 û

(k),n
1 . . . û

(k),n
J

]T
:= V û(k),n . (5.19)

Here V is a block-diagonal Vandermonde interpolation matrix [22]. Note that if either the
modal or nodal form of DG for (5.18) is proved to be adjoint consistent, the consistency of the
other formulation follows from (5.19). The global vector of unknown expansion coefficients
at tn is

ûn :=

⎡⎢⎢⎢⎣
û(1),n

û(2),n

...
û(K),n

⎤⎥⎥⎥⎦ .

We follow the DG notation in [28] throughout this derivation. Since we will be concerned
mainly with the space discretization, we omit the time dependency for the rest of this section.
Let Uh ⊂ U denote the discrete solution space. The test functions vh are assumed to be
bounded in the H1 Sobolev norm on each mesh element. Given two neighboring elements
Dk

− and Dk
+ (with a common face or edge), we let u± := u|∂Dk

±
denote the trace of u taken

from the interior of Dk
±, respectively. The jump in the solution over an edge (or face) is

given by

�uh� := uh
+�n+ + uh

−�n− ,
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whereas the average at x ∈ Dk
− ∩Dk

+ is {u} := (uh
− + uh

+)/2. On a boundary edge, we have
that {uh} := uh

+, and �u� := uh
+ �n+.

Define the following two discrete volume and boundary inner products:〈
uh, vh

〉
Dh :=

∫
Dh

(
uh
)T

vh dx〈
uh, vh

〉
∂Dh :=

∫
∂Dh

(
uh
)T

vh ds ,

where ∂Dh is the boundary of the element Dk. A Galerkin projection onto the solution
space Uh, followed by an application of the divergence theorem, lead to the semi-discrete DG
formulation: Find uh ∈ Uh, such that for all vh ∈ Uh we have that∑

Dk

(〈
duh

dt
, vh

〉
Dk

−
〈
F(uh), ∇vh

〉
Dk +

〈
F∗(uh

−,u
h
+, �n), v

h
〉
∂Dk

)
−
∑
Dk

〈
f , vh

〉
Dh = 0 .

The numerical flux FDG(uh
−,u

h
+, �n) is obtained through the solution of a Riemann problem

at the boundary between two adjacent elements [22]. For Runge–Kutta DG methods, the
time derivative is discretized through a Runge-Kutta quadrature [131]. Alternatively, the
time dimension may also be discretized by DG, leading to a space-time DG discretization
[151, 152]. The consistency of Runge–Kutta time discretizations will be discussed in detail
in section 5.5.

We focus on the discontinuous Galerkin method because of its multiple advantages over
the finite volume, finite differences, and continuous Galerkin approaches. DG is particularly
amenable to adaptive mesh refinement and parallelization, due to the weak coupling between
elements (which are connected only through the boundary fluxes FDG). The order of the
numerical approximation can easily be varied inside each element, since the basis functions
have only local support. This avoids the AMR complications introduced by global basis
functions (necessary in the continuous Galerkin approach). Also, there is no increase in
stencil size when higher order approximations are used, in contrast with the finite difference
and finite volume methods, where p-refinement can only be implemented by adding extra
points or cells to the computational stencil.

As remarked previously, consistency of discrete adjoints with the continuous problem is by
no means guaranteed, even in the fixed mesh case. Hartmann [28] proposed a framework for
investigating adjoint consistency of DG schemes for elliptic problems. Lack of this adjoint
consistency property leads to non-smooth discrete adjoint solutions, as well as suboptimal
rates of convergence for the primal problem [153, 154, 32]. This adjoint consistency concept
can be extended to hyperbolic problems by considering a semi-discrete version of the primal
problem. In this case, time derivatives can be implemented with a strong-stability preserving
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Runge-Kutta method [155]. Care must be taken such that source terms are also discretized
in a dual consistent manner [146].

We show below that the interpolation and restriction operators for h− and p−refinement
DG are exact transposes of each other (note that this transpose relationship holds if we have
an embedding between the coarse/fine solution spaces, which may not be the case for curved
domains).

5.3 Adjoint interpolation and restriction operators for

h/p-adaptive DG

In this section we investigate the discrete adjoints of the projection and restriction operators
for h- and p-adaptive DG. These are the grid transfer operators used in an adaptive adjoint
code obtained through automatic differentiation. The analysis does not consider the differ-
entiation of the mesh refinement logic that decides a new grid size based on truncation error
estimates. It is expected that differentiation of the spatial mesh refinement logic leads to
inconsistent discrete adjoints, as it does in the case of temporal mesh refinement [97].

The analysis in the three subsequent sections proves the following claim.

Proposition 5.3.1. Consider the discontinuous Galerkin method with h/p-refinement. As-
sume the meshes Ωh

n and Ωh
n+1 are comprised of polyhedral elements. Furthermore, let the

mesh transfer operators In→n+1 and In+1→n be defined as above. Then, it holds that

In→n+1 = ITn+1→n . (5.20)

Proof. See sections 5.3.1, 5.3.2, and 5.3.3.

5.3.1 Hierarchical h-refinement

We first analyze the refinement and coarsening operators in the context of hierarchical mesh
refinement, i.e., an embedding of nested meshes with finer and finer spacing. Implementation
of this refinement strategy is facilitated by data structures such as quad- or octrees [156].
Note that the shape and dimension of the elements is arbitrary; we only assume the existence
of smooth bijective mappings from a canonical (reference) element D to the active element. A
quick analysis shows that both h− and p−refinement are done using orthogonal projections.
Hence, we do not lose solution accuracy (beyond the aliasing introduced by coarsening itself)
by using the code generated by AD for the adjoint intergrid solution transfers.

Consider the element Dk that is refined by the AMR mechanism into P smaller elements,
i.e. Dk =

⋃P
p=1D

k
p . LetM : D → Dk be a bijective mapping from the reference element D
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to the active element Dk. Similarly,Mp is a one-to-one and onto map from D to Dk
p ⊂ Dk.

We denote the orthonormal set of basis functions on D by {Ψj(x)}j=0...J .

The interpolation operator from Dk to its set of P children elements
⋃

pD
k
p reads:

PH→h :=

⎡⎢⎣ P
1

...
PP

⎤⎥⎦ , (5.21)

where

Pp
ij :=

∫
Dk

p

Ψj(M−1(x))Ψi(M−1
p (x)) dx , i, j = 0 . . . J . (5.22)

Mesh coarsening collapses the P child elements into their parent element. The restriction
operator that performs this operation is:

Rh→H :=
[
R1 . . . RP

]
. (5.23)

with

Rp
ij :=

∫
Dk

p

Ψi(M−1(x))Ψj(M−1
p (x)) dx , i, j = 0 . . . J . (5.24)

From (5.21–5.22) and (5.23–5.24):

Rh→H = P T
H→h . (5.25)

5.3.2 p-refinement

Adaptive order refinement (also called p-refinement) is useful for nonlinear problems, and
implies the reduction or increase of the local order of the solution on a chosen subset of
the grid elements. This is equivalent to adding or removing expansion coefficients (for the
modal formulation), or interpolation points (in the nodal approach). Suppose for simplicity
that the AMR mechanism flagged a set {Diq}q=1...Q of Q out of the K mesh elements for

p-refinement. Assume the order of the solution is increased by Q̂ on each of the Q mesh
elements. Then, the p-refinement operator on element Diq has the following form:

AJ→J+ ̂Q :=

[
IJ×J

0
̂Q×J

]
. (5.26)

The reverse operation on Diq can be written in operator form as

⎡⎢⎣ û
(iq)
1
...

û
(iq)
N

⎤⎥⎦ = A T
J→J+ ̂Q

⎡⎢⎢⎢⎢⎢⎢⎢⎣

û
(iq)
1
...

û
(iq)
N
...

û
(iq)

N+ ̂Q

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (5.27)
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Since the solution coefficients on all elements outside the refinement set remain unchanged,
the transpose relationship for the global p-refinement operator follows from (5.26)–(5.27).
This result and equation (5.25) prove the transpose relationship (5.20) holds with C = 1:

In+1→n = I T
n→n+1 . (5.28)

This implies that the adjoint grid transfer operators generated via reverse mode automatic
differentiation retain the accuracy of their forward model counterparts. Hence, h-adaptivity
together with an adjoint consistent DG discretization [28] (see also the next section), lead
to a stable and consistent discrete adjoint solution. Moreover, the adjoint DG code can
be generated automatically from the forward problem discretization, without requiring any
post-processing of the adjoint solution.

5.3.3 h-refinement with general meshes

We now extend our analysis of interpolation and coarsening to general triangulations. Con-
sider two meshes that cover our domain Ω: Ωh

A =
⋃

k A
k and Ωh

B =
⋃

mB
m. Consider

also the elements generated by all intersections of elements of Ωh
A and Ωh

B: denote them by
Ck,m = Ak

⋂
Bm. The corresponding mesh is Ωh

C =
⋃

k,mC
k,m.

The solution on Ak is

uAk =
∑
j

a{k,j}φ{k,j}(x) , φ{k,j} = φj

(
M−1

A,k(x)
)
,

while the solution on element Bm reads:

uBm =
∑
i

b{m,i}ψ{m,i}(x) , ψ{m,i} = ψi

(
M−1

B,m(x)
)
.

We project the solution uA defined on Ωh
A on the basis ψ to obtain the solution uB on Ωh

B.
Note that

Bm =
⋃
k

Ck,m .

Consequently,

b{m,i} =

∫
Bm

uBm(x)ψ{m,i}(x) dx

=
∑
k

∫
Ck,m

uBm(x)ψ{m,i}(x) dx

=
∑
k

∫
Ck,m

∑
j

a{k,j}φ{k,j}(x)ψ{m,i}(x) dx

=
∑
{k,j}

(∫
Ck,m

φ{k,j}(x)ψ{m,i}(x) dx

)
a{k,j} .
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The transfer matrix that maps the solution uA (defined by the a coefficients) to the solution
uB (defined by the b coefficients) is:

{b} = T A→B · {a} , T A→B
{m,i},{k,j} =

∫
Ck,m

φ{k,j}(x)ψ{m,i}(x) dx .

We do similar calculations for the solution transfer from B to A. In the above formulas we
interchange the roles of a and b, and of φ and ψ to obtain:

a{m,i} =
∑
{k,j}

(∫
Cm,k

ψ{k,j}(x)φ{m,i}(x) dx

)
b{k,j} .

The transfer matrix that maps the solution uB (defined by the b coefficients) to the solution
uA (defined by the a coefficients) is:

{a} = T B→A · {b} , T B→A
{m,i},{k,j} =

∫
Cm,k

ψ{k,j}(x)φ{m,i}(x) dx .

Clearly the two intergrid operators are the transpose of one another, which means (5.28)
holds in this more general case:

T B→A
{m,i},{k,j} = T A→B

{k,j},{m,i} .

5.3.4 h-refinement via quadratic centered polynomial solution re-
construction

We use the finite volume notation from chapter 3, section 3.1.

Assume a smooth exact solution u(x, t) to (5.18). Consider three adjacent finite volume cells
of size h: CL, CC , and CR, centered at xi−1, xi, and xi+1, respectively. Their corresponding
exact averages areUL, UC , andUR. The cell C

C is split into two cells CC
L and CC

R , each with
volume h/2. The solution inside CL

⋃
CC

⋃
CR is approximated by a quadratic polynomial

uh(x), with the unknown coefficients determined from (3.4). We then obtain the averages
on the two finer cells using equation (3.1):[

UC
L

UC
R

]
=

[
1
8

1 −1
8

−1
8

1 1
8

]⎡⎣ UL

UC

UR

⎤⎦ . (5.29)

We are interested in the order of accuracy of these approximations, i.e. we want to estimate
the errors of the two new cell averages

EL :=

∣∣∣∣∣UC
L −

2

h

∫ xi

xi−1/2

u(x)dx

∣∣∣∣∣
ER :=

∣∣∣∣∣UC
R −

2

h

∫ xi+1/2

xi

u(x)dx

∣∣∣∣∣ . (5.30)
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Using (3.1) (now assumed to hold exactly for the cells of size h), we get that:

max (|EL| , |ER|) =
3

64
h3
∣∣∣∣d3u

dx3
(xi)

∣∣∣∣+O(h5) ,
hence the approximation (5.30) is third order accurate for our uniform centered stencil. We
now consider the transposed operator that coarsens CL

C and CL
C into a single parent cell

CC . From (5.29) it is immediately apparent that the transposed coarsening operator is
equivalent to first order (conservative) averaging. Moreover, using the adjoint (transpose)
of the discrete interpolation operator in equation (5.29) has the undesired side-effect of
perturbing the neighbor averages:

UC = UL
C +UR

C

ÛL = UL + 1/8
(
UL

C −UR
C

)
:= UL + εL

ÛR = UR + 1/8
(
−UL

C +UL
C

)
:= UR + εR . (5.31)

Since by our assumptionsUL andUR are exact averages, and u(x) is smooth over CL
⋃
CC

⋃
CR,

one can bound the perturbations εL and εR using Taylor approximations:

max (|εL| , |εR|) =
1

16
h

∣∣∣∣dudx(xi)
∣∣∣∣+O(h3) .

These numerical side-effects should be avoided in practice (preferably through post-processing
of the discrete adjoint code). Nevertheless, this grid coarsening operation remains only first
order. This can be also shown to hold for higher degree (centered or upwind) polynomial
reconstructions, and for higher dimensional problems, as outlined in the next section.

5.3.5 General intergrid transfer operators in the finite volume
method

We now consider a more general formulation of the intergrid transfer operators used in
the finite volume method. In what follows Ĵ is defined by equation (3.2). Consider the

polynomial reconstruction formula (3.4) over Ĵ cells C1, . . . , C
̂J :

uh(x) = aT ·

⎡⎢⎣ φ1(x)
...

φ
̂J(x)

⎤⎥⎦ ,

where a =
[
a1, . . . , a ̂J

]T
are the polynomial coefficients, and φ1, . . . , φ ̂J are a set of basis

functions for the space of multivariate polynomials of degree J under consideration. Then,
the average on cell Cj is

1

Vol(Cj)

∫
Cj

uh(x) dx = wT
j · a = Uj , (5.32)
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with wj denoting the integration weights:

(wj)i =
1

Vol(Cj)

∫
Cj

φi(x) dx , ∀ i = 1, . . . , Ĵ . (5.33)

Equation (5.32) leads to the matrix formulation over all Ĵ cells:

Wa = U . (5.34)

In equation (5.34), the W ∈ � ̂J× ̂J is the weight matrix, and U denotes the column vector

of Ĵ cell averages. Suppose now that cell C i is refined into K non-overlapping sub-cells
C i

1, . . . , C
i
K . The averages inside the smaller K cells are given by:

Uk
i = vT

k a = vT
kW

−1U , ∀ i = 1, . . . , K ,

where the new integration weights vk are defined by

(vk)j :=
1

Vol(Cj
i )

∫
Cj

i

φj(x) dx , ∀ i = 1, . . . , Ĵ ,

and satisfy the equation
K∑
k=1

vT
k = wT

i = eTi W . (5.35)

Here ei is the i-th unit basis vector of �
̂J . For small values of J , and smooth u(x, t),

the averages in the finer sub-cells can be shown to be accurate of order hJ+1. Larger-sized
stencils introduce oscillations in the approximating polynomials, hence some WENO-type
stabilization is required [157]. The analysis of the transpose of the stabilization algorithm is
beyond the scope of this chapter.

Proposition 5.3.2. The transpose relationship (5.20) does not hold for refinement and
coarsening operators used in finite volume mesh transfers. The transpose of the refinement
operator, when used for coarsening, introduces first-order perturbations in the neighbor av-
erages of the refined finite volume cell.

Proof. We can write the refinement operation in matrix form as:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

U1
...

Ui−1

U1
i
...

UK
i

Ui+1
...

U
̂J

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎣ I 0 0
PK

0 0 I

⎤⎦ U , (5.36)
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with the prolongation sub-matrix

PK =

⎡⎢⎣ vT
1 W

−1

...
vT
KW

−1

⎤⎥⎦ ∈ �K× ̂J . (5.37)

Use of the adjoint of (5.36) as a coarsening operator yields the following average for cell Ci:

Ũi =

K∑
k=1

(
W−Tvk

)
i
Uk

i . (5.38)

From (5.35), we get a first order conservative reconstruction of the solution average inside
cell Ci. However, there is one undesired side-effect of this operator. The average solution
values inside all of the other Ĵ − 1 cells in the interpolation stencil are polluted by a first
order perturbation stemming from the transposed restriction operator (5.38):

Ũj = Uj +

K∑
k=1

(
W−Tvk

)
j
Uk

i , ∀ j �= i .

This perturbation is O(h) on general uniform and non-uniform grids. To establish this
estimate, note that, using (5.35), we have

K∑
k=1

(
W−Tvk

)
j
= 0 , ∀ j �= i .

In the general case this first order error term does not vanish.

5.4 Space-time duality relations in function spaces

As mentioned previously, the concept of adjoint consistency, together with its implications
in optimization, have been investigated for steady-state problems by Lu [32], Harriman,
Gavaghan and Süli [154], Hartmann and Houston [158, 159], and Oliver and Darmofal [146].
Hartmann [28] proposed a general framework for establishing adjoint consistency for DG
discretizations of stationary PDE models. We leverage previous results on dual consistency
for temporal [122], and spatial discretizations [158] to give a unified framework for the
analysis of adjoint consistency of space-time DG discretizations. This section discusses space-
time duality relations for continuous model formulations. A general strategy to construct the
adjoint system is given, applicable whenever the cost functional and the associated model
differential operators satisfy a set of compatibility conditions. The next section will discuss
dual consistency of the time quadratures for Runge–Kutta DG discretizations (assumed to
be dual consistent in space).
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Consider again equation (1.13). For simplicity of exposition, we rewrite (1.13) in the form:

ut = N [u] + f , x ∈ Ω , t ∈ [0, T ]

B[u] = g , x ∈ Γ , t ∈ [0, T ] (5.39)

u(t = 0,x) = u0 , x ∈ Ω .

The PDE system admits solutions u : [0, T ] → U , such that u ∈ L2 ([0, T ];U), and
ut ∈ L2 ([0, T ];U), where U is an appropriate function space. Here N and B are Frechét
differentiable, nonlinear differential operators, containing spatial and boundary derivative
terms. We denote the Frèchet derivatives by:

Lw = N ′ [u]w

B′ w = B′[u]w .

Consider a nonlinear cost functional of the form

J (u) =

∫ T

0

∫
Ω

JΩ
[
CΩ u

]
dx dt +

∫ T

0

∫
Γ

JΓ
[
CΓ u

]
ds dt

+

∫
Ω

KΩ

[
EΩ u

]
t=T

dx . (5.40)

The differential operators CΩ and EΩ act on the domain Ω, while CΓ is a boundary operator
(all are assumed to be Frechét differentiable). Their Frèchet derivatives are denoted by C ′

Ω,
E ′

Ω, and C
′
Γ, respectively. Also, let

jΩ =
(
J ′
Ω

[
CΩ u

])T
jΓ =

(
J ′
Γ

[
CΓ u

])T
kΩ =

(
K ′

Ω

[
EΩ u

])T
.

5.4.1 The tangent linear PDE

Small variations δu in the solution u(x, t) of (5.39) satisfy (up to first order) the tangent
linear model. These equations can be obtained from (5.39) by linearization in the direction
(δu, δf , δg):

δut = N ′ [u] δu+ δf , x ∈ Ω , t ∈ [0, T ]

B′[u] δu = δg , x ∈ Γ , t ∈ [0, T ]

δu(t = 0,x) = δu0 , x ∈ Ω . (5.41)

We denote

〈u, v〉[0, T ]×Γ :=

∫ T

0

∫
Γ

uT v ds dt

〈u, v〉[0, T ]×Ω :=

∫ T

0

∫
Ω

uT v dx dt . (5.42)
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The space-time weak form of (5.41) is written in terms of space-time inner products as:

〈wt , v〉[0,T ]×Ω = 〈L [u] w , v〉[0,T ]×Ω + 〈δf , v〉[0,T ]×Ω

〈B′[u]w , v〉[0,T ]×Γ = 〈δg , v〉[0,T ]×Γ (5.43)

〈w, v〉Ω|t=0 =
〈
δu0, v

〉
Ω
, ∀ v ∈ L2 ([0, T ];U) .

The space of all possible solutions of (5.43) is:

U tlm = {w ∈ U | ∃ δf , δg , δu0 s.t. w is a solution of (5.43)} . (5.44)

Clearly U tlm is a vector subspace of U . The variation of the cost functional (5.40) is

δJ = J ′[u] δu , (5.45)

where

J ′[u]w =

∫ T

0

∫
Ω

J ′
Ω

[
CΩ u

]
C ′

Ωw dx dt+

∫ T

0

∫
Γ

J ′
Γ

[
CΓ u

]
C ′

Γw ds dt

+

(∫
Ω

K ′
Ω

[
EΩ u

]
E ′

Ω w dx

)∣∣∣∣
t=T

:= 〈C ′
Ω w , jΩ〉[0,T ]×Ω + 〈C ′

Γ w , jΓ〉[0,T ]×Γ + 〈E ′
Ω w , kΩ〉Ω

∣∣
t=T

.

To compute the variation (5.45) due to δu0, δf , and δg, one runs the TLM (5.43) to obtain
δu, and uses it in (5.45) to compute δJ . A new TLM solution is needed for each set of
perturbations δu0, δf , and δg.

5.4.2 The adjoint PDE

We wish to express the variation (5.45) as

δJ =
(
Cadj

Ω λ , δf
〉
[0,T ]×Ω

+
〈
Cadj

Γ λ , δg
〉
[0,T ]×Γ

+
〈
Eadj

Ω λ|t=0 , δu0

〉
Ω
,

(5.46)

for any perturbations δu0, δf , and δg. The adjoint variables λ are obtained by solving the
dual problem

−λt = L∗ λ+ fadj , x ∈ Ω , t ∈ [0, T ]

Badj λ = gadj , x ∈ Γ , t ∈ [0, T ] (5.47)

λ(t = T,x) = Eadj
Ω kΩ , x ∈ Ω .

The operators Badj and Cadj
Γ need to be chosen such that (5.46) and (5.45) are equivalent.

Note that duality implies that the following relations hold:
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• The domain weight jΩ in the forward linearized cost function (5.45) determines the
adjoint domain forcing fadj. The domain forcing δf in the forward linearized problem
determines the domain weight in the adjoint expression of the cost function (5.46).

• The boundary weight jΓ in the forward linearized cost function (5.45) determines the
adjoint boundary forcing gadj. The boundary forcing δg in the forward linearized
problem determines the boundary weight in the adjoint expression of the cost function
(5.46).

• The domain forcing at the final time kΩ in the forward linearized cost function (5.45)
determines the final value of the adjoint variable λ(t = T,x).

The time-space weak form of (5.48) is

−〈w , λt〉[0,T ]×Ω = 〈w , L∗ λ〉[0,T ]×Ω +
〈
w , fadj

〉
[0,T ]×Ω〈

w , Badj λ
〉
[0,T ]×Γ

=
〈
w , gadj

〉
[0,T ]×Γ

(5.48)

〈w , λ|t=T 〉Ω =
〈
w , λF

〉
Ω
.

5.4.3 Compatibility conditions

Consider the integration by parts formulas

〈Lw , v〉Ω = 〈w , L∗ v〉Ω +
∑
i

〈
FL
i w , GL

i v
〉
Γ
, ∀ w,v ∈ U (5.49a)

〈C ′
Ω w , v〉Ω = 〈w , C ′∗

Ω v〉Ω +
∑
i

〈
FC
i w , GC

i v
〉
Γ
, ∀ w,v ∈ U (5.49b)

〈E ′
Ω w , v〉Ω = 〈w , E ′∗

Ω v)Ω +
∑
i

〈
FE
i w , GE

i v
〉
Γ
, ∀ w,v ∈ U (5.49c)

where FL,C,E
i , GL,C,E

i are boundary linear differential operators that come from the inte-
gration by parts of the linear operators L, C ′

Ω, and E ′
Ω, respectively. We impose a first

compatibility condition which ensures that the boundary terms coming from the integration
by parts of C ′

Ω vanish for all w that satisfy the boundary condition (5.44) of the tangent
linear model (5.43):

Compatibility condition 1 :
∑
i

〈
FC
i w , GC

i v
〉
Γ
= 0 ,

∀ v ∈ U , ∀ w ∈ U tlm . (5.50)

The second compatibility condition ensures that the boundary terms coming from the inte-
gration by parts of E ′

Ω vanish for all perturbations consistent with (5.44):

Compatibility condition 2 :
∑
i

〈
FE
i w ,GE

i v
〉
Γ
= 0 ,

∀ v ∈ U , ∀ w ∈ U tlm . (5.51)
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The compatibility conditions (5.50) and (5.51) simplify the integration by parts formulas
(5.49) to

〈Lw , v〉Ω = 〈w , L∗ v〉Ω +
∑
i

〈
FL
i w , GL

i v
〉
Γ
, ∀ w,v ∈ U (5.52a)

〈C ′
Ωw , v〉Ω = 〈w , C ′∗

Ω v〉Ω , ∀ w ∈ U tlm , ∀ v ∈ U (5.52b)

〈E ′
Ω w , v〉Ω = 〈w , E ′∗

Ω v〉Ω , ∀ w ∈ U tlm , ∀ v ∈ U . (5.52c)

After integration by parts the TLM (5.43) becomes:

−〈w , λt〉[0,T ]×Ω + 〈w , λ〉Ω|
T
0 = 〈w , L∗ λ〉[0,T ]×Ω

+
∑
i

〈
FL
i w , GL

i λ
〉
[0,T ]×Γ

+ 〈δf , λ〉[0,T ]×Ω

〈B′ w , λ〉[0,T ]×Γ = 〈δg , λ〉[0,T ]×Γ ,

〈w|t=0 , λ〉Ω =
〈
δu0 , λ

〉
Ω
. (5.53)

Equations (5.53) and (5.49) lead to〈
w , fadj

〉
[0,T ]×Ω

+ 〈w , λ〉Ω|t=T = 〈w , λ〉Ω|t=0 + 〈δf , λ〉[0,T ]×Ω

+
∑
i

〈
FL
i w , GL

i λ
〉
[0,T ]×Γ

. (5.54)

The variation of the cost functional (5.45) can be rewritten as:

J ′[u]w = 〈C ′
Ω w , jΩ〉[0,T ]×Ω + 〈C ′

Γ w , jΓ〉[0,T ]×Γ + 〈E ′
Ω w , kΩ〉Ω|t=T

= 〈w , C ′∗
Ω jΩ〉[0,T ]×Ω + 〈C ′

Γ w , jΓ〉[0,T ]×Γ + 〈w , E ′∗
Ω kΩ〉Ω|t=T .

(5.55)

We make the following identifications:

fadj = C ′∗
Ω jΩ

gadj = jΓ

λF = E ′∗
Ω kΩ .

Then, the adjoint problem (5.48) reads

−λt = L∗ λ+ C ′∗
Ω jΩ , x ∈ Ω , t ∈ [0, T ]

Badj λ = jΓ , x ∈ Γ , t ∈ [0, T ] (5.56)

λ(t = T,x) = E ′∗ kΩ , x ∈ Ω ,
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and equation (5.55) becomes:

J ′[u]w = − 〈w , λ〉Ω|t=T + 〈w , λ〉Ω|t=0 + 〈wt − Lw , λ〉[0,T ]×Ω

−
∑
i

〈
FL
i w , GL

i λ
〉
[0,T ]×Γ

+
∑
i

〈
FC
i w , GC

i jΩ
〉
[0,T ]×Γ

+
〈
C ′

Γw , Badj λ
〉
[0,T ]×Γ

+ 〈w , λ〉Ω|t=T

= 〈w , λ〉Ω|t=0 + 〈δf , λ〉[0,T ]×Ω

+
〈
C ′

Γw , Badj λ
〉
[0,T ]×Γ

+
∑
i

〈
FL
i w , GL

i λ
〉
[0,T ]×Γ

+
∑
i

〈
FC
i w , GC

i jΩ
〉
[0,T ]×Γ

.

If the adjoint boundary condition is defined by the relation〈
Badj λ , C ′

Γw
〉
[0,T ]×Γ

=
〈
Cadj

Γ λ , B′ w
〉
[0,T ]×Γ

−
∑
i

〈
FL
i w , GL

i λ
〉
[0,T ]×Γ

, (5.57)

then

J ′[u]w =
〈
δu0 , λ

〉
Ω

∣∣
t=0

+ 〈δf , λ〉[0,T ]×Ω +
〈
Cadj

Γ λ , δg
〉
[0,T ]×Γ

. (5.58)

Equation (5.57) is ensured by the third compatibility condition. There exist well defined
boundary operators Badj and Cadj

Γ such that the following holds:

Compatibility condition 3 :

(Lw , v)Ω −
(
B′ w , Cadj

Γ v
)
Γ

= (w , L∗ v)Ω −
(
C ′

Γw , Badj v
)
Γ

∀ w ∈ U tlm , v ∈ U . (5.59)

Here we have used (5.52) to relate (5.57) and (5.59).

Definition 5.4.1 (Compatibility). We say that the cost function and the PDE are compatible
if the three compatibility conditions (5.50), (5.51), and (5.59) hold.

Remark. The third compatibility condition (5.59) is discussed in [50, 28]. The authors
assume C = I (the identity operator), and E = 0, therefore (5.50), and (5.51) trivially hold.
Equation (5.59) is the only compatibility condition needed in this simpler setting.
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5.4.4 An example: the linear advection-diffusion equation

As an example, we will consider the linear advection-diffusion problem:

ut = −∇ · (�au) + Δu+ f , x ∈ Ω , t ∈ [0, T ]

u = gD , x ∈ ΓD = Γ−

�n · ∇u = gN , x ∈ ΓN = Γ \ΓD

u(t = 0,x) = u0 . (5.60)

Here Γ− = {x ∈ Γ |�a(x) · �n(x) < 0} is the advective inflow boundary. The nonlinear cost
functional quantifies the mismatch between the model trajectory u(t,x), and a given refer-
ence state uref . We penalize high variations in the boundary derivatives (to avoid boundary
layers in our numerical solution). Thus, J is defined as:

J (u) =
1

2

∫ T

0

∫
Ω

∥∥u− uref
∥∥2
2
dx dt +

1

2

∫ T

0

∫
ΓD

(∇u · �n)2 ds dt . (5.61)

We immediately identify the operators

JΩ
[
CΩ u

]
=

1

2

∥∥u− uref
∥∥2
2
; jΩ = u− uref ;

CΓD
(u) = ∇u · �n ; C ′

ΓD
(w) = ∇w · �n ;

JΓD

[
CΓD

u
]
=

1

2
(∇u · �n)2 ; jΓD

= ∇u · �n .

The tangent linear PDE

The TLM of (5.60) reads:

wt = −∇ · (�aw) + Δw + δf , x ∈ Ω , t ∈ [0, T ]

B′
D w := w = δgD , x ∈ ΓD

B′
N w := �n · ∇w = δgN , x ∈ ΓN

w(t = 0,x) = δu0 ,

and the Fréchet derivative of the cost functional J in the direction w can be written as:

J ′[u]w =
〈
u− uref ,w

〉
[0,T ]×Ω

+

〈
∂u

∂�n
,
∂w

∂�n

〉
[0,T ]×ΓD

.



Mihai Alexe Chapter 5. Space adaptivity 115

The adjoint PDE

The integration by parts formula becomes

〈−∇ · (�aw) + Δw , v〉[0, T ]×Ω = 〈w , �a · ∇v +Δv〉[0, T ]×Ω

+

〈
v , −w�a · �n+

∂w

∂�n

〉
[0, T ]×Γ

+

〈
−∂v
∂�n

, w

〉
[0, T ]×Γ

.

Then, we can easily identify the volume and boundary operators:

Lw = −∇ · (�aw) + Δw

L∗ v = �a · ∇v +Δv

F1w = −w�a · �n+
∂w

∂�n
, G1 v = v

F2w = w , G2 v = −∂v
∂�n

.

The compatibility conditions (5.50) and (5.51) are trivially satisfied. The operators Badj and
Cadj

Γ are determined by the third compatibility condition, which for our example reduces to:

〈v , −w�a · �n+ �n · ∇w〉[0, T ]×Γ + 〈−�n · ∇v , w〉[0, T ]×Γ

=
〈
w , Cadj

ΓD
v
〉
[0, T ]×ΓD

−
〈
�n · ∇w , Badj

ΓD
v
〉
[0, T ]×ΓD

+
〈
�n · ∇w , Cadj

ΓN
v
〉
[0, T ]×ΓN

−
〈
w , Badj

ΓN
v
〉
[0, T ]×ΓN

.

Using the linearity of the inner product integrals, we can establish that:

Badj
ΓD

v := −v , x ∈ ΓD (5.62)

Badj
ΓN

v := �a · �nv +
∂v

∂�n
, x ∈ ΓN (5.63)

Cadj
ΓD

v := −�a · �nv − ∂v

∂�n
, x ∈ ΓD (5.64)

Cadj
ΓN

v := v , x ∈ ΓN , (5.65)

and write the adjoint final value problem for (5.60):

−λt = �a · ∇λ+Δλ+ u− uref , x ∈ Ω , t ∈ (T, 0]

λ = −∇u · �n , x ∈ ΓD

�n · ∇λ+ �a · �nλ = 0 , x ∈ ΓN

λ(t = T,x) = 0 .

We will revisit this example below, in the context of fully discrete models.



Mihai Alexe Chapter 5. Space adaptivity 116

5.5 Duality relations and space-time adjoints for dis-

crete models

If the time dimension is discretized by DG (see, e.g., [151, 152]), then we have a space-time
DG discretization. The consistency analysis follows closely the one presented in [28]. The
only difference is that the integrals are taken in space-time.

We now consider a time discretization by Runge Kutta methods. A semi-discretization in
space of the continuous primal problem (5.39) leads to the following semi-discrete model
[28]:

Find uh ∈ L2 ([0, T ] ; Uh) such that (uh)t ∈ L2 ([0, T ] ; Uh) and〈
∂uh

∂t
, vh(t)

〉
Ω

= N
(
t;uh, vh

)
+
〈
f , vh

〉
Ω
+ B

(
g, vh

)
∀vh ∈ L2 ([0, T ];Uh) , a.a. t ∈ [0, T ] . (5.66)

Here the semi-linear form N is nonlinear in uh, and linear in vh. B (·, ·) is a bilinear
form defined on the boundary Γ, which depends on the prescribed boundary data gh. Let
N ′[uh] := ∂N /∂uh be the Fréchet derivative of N with respect to uh. The TLM of (5.66)
reads 〈

∂wh

∂t
,vh(t)

〉
Ω

= N ′[uh]
(
t;wh(t) , vh

)
+
〈
δf(t),vh

〉
+ B

(
δg, vh

)
∀vh ∈ L2

(
[0, T ];U tlm

h

)
, a.a. t ∈ [0, T ] , (5.67)

where the TLM solution wh ∈ L2 ([0, T ];Uh). The semi-discrete cost functional

Jh(u
h) =

∫ T

0

∫
Ω

jΩ
[
CΩ uh

]
dx dt+

∫ T

0

∫
Γ

jΓ
[
CΓ u

h
]
ds dt

+

∫
Ω

kΩ
[
EΩ uh

]
t=T

dx , (5.68)

is a discretization of the continuous functional J in equation (5.40), and has a variation
given by

J ′
hw

h =

∫ T

0

〈(
jΩ
[
CΩ uh(t)

])T
, C ′

Ω wh(t)
〉
Ω
dt

+

∫ T

0

〈(
jΓ
[
CΓ u

h(t)
])T

, C ′
Γ w

h(t)
〉
Γ
dt

+
〈(
k′Ω
[
EΩ , u

h(T )
])T

, E ′
Ω wh(T )

〉
Ω
. (5.69)

A full discretization of the PDE is obtained by discretizing the time derivative in (5.66) using
a Runge–Kutta method [131]. In the following, un ∈ Uh is the fully discrete solution at tn,
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Un
i ∈ Uh is the i-th stage vector at time step n, and T n

i = tn + ci h
n+1 is the stage time

moment. The time grid has N + 1 points: from t0 = 0, up to tN = T , and tn+1 = tn + τn+1.
For simplicity of notation, we omit the discrete space superscripts in the following discussion.
The Runge–Kutta discretization of (5.66) reads:

〈Un
i , v〉Ω = 〈un,v〉Ω + τn+1

s∑
j=1

ai,j
[
N
(
T n
j ;U

n
j , v

)
+
〈
fnj , v

〉
+ B

(
gn
j , v

) ]
, ∀v ∈ U tlm

h (5.70)〈
un+1,v

〉
Ω

= 〈un,v〉Ω + τn+1
s∑

i=1

bi [N (T n
i ;U

n
i , v) + 〈fni , v〉+ B (gn

i , v) ] .

Proposition 5.5.1. Assuming that the spatial semi-discretization (5.66) is dual consistent,
where consistency is defined as in [28]. Then the space-time discretization (5.71) is also
dual consistent in time. Moreover, it inherits the temporal order of accuracy from the primal
discretization.

Proof. Due to the linearity of the Runge–Kutta procedure, the TLM of the fully discrete
system reads:

〈Wn
i , v〉Ω = (wn,v〉Ω + τn+1

s∑
j=1

ai,j
[
N ′[Un

j ]
(
T n
j ;W

n
j , v

)
+
〈
δfnj , v

〉
+ B

(
δgn

j , v
) ]

, ∀v ∈ Uh〈
wn+1, v

〉
Ω

= 〈wn, v〉Ω + τn+1
s∑

i=1

bi [N ′[Un
i ] (T

n
i ;W

n
i , v)

+ 〈δfni , v〉+ B (δgn
i , v) ] .

The time integration of the cost functional is discretized according to the Runge–Kutta
quadrature. The variation of the fully discrete cost functional is:

J ′
hw =

N−1∑
n=0

τn+1

s∑
i=1

bi

〈(
jΩ
[
CΩUn

i

])T
, C ′

Ω w(T n
i )
〉
Ω

+
N−1∑
n=0

τn+1
s∑

i=1

bi

〈(
jΓ
[
CΓU

n
i

])T
, C ′

Γ w(T n
i )
〉
Γ

+
〈(
k′Ω
[
EΩ uN

])T
, E ′

Ω w(tN)
〉
Ω
.

We rewrite the TLM of the fully discrete system, to outline the use of different discrete test
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functions λ(tn,x) ∈ Uh (which will later be interpreted as the adjoint variables):〈
w0,λ0

〉
Ω

=
〈
δu0, λ0

〉
Ω
, ∀λ0 ∈ Uh

〈Wn
i , θ

n
i 〉Ω = 〈wn, θni )Ω + τn+1

s∑
j=1

ai,j
[
N ′[Un

j ]
(
T n
j ;W

n
j , θ

n
i

)
+
〈
δfnj , θ

n
i

〉
+ B

(
δgn

j , θ
n
i

) ]
, ∀θni ∈ Uh〈

wn+1,λn+1
〉
Ω

=
〈
wn,λn+1

〉
Ω
+ τn+1

s∑
i=1

bi
[
N ′[Un

i ]
(
T n
i ;W

n
i , λ

n+1
)

+
〈
δfni , λ

n+1
〉
+ B

(
δgn

i , λ
n+1
) ]

, ∀λn+1 ∈ Uh .
Consider all of the above relations for n = 0, . . . , N − 1. We identify the terms involving
the same Wn

i , and wn arguments on the left and right hand sides, and obtain the following
correspondence:

〈Wn
i , θ

n
i 〉Ω ↔ τn+1

s∑

=1

a
,iN ′[Un
i ] (T

n
i ;W

n
i , θn,
)

+τn+1 biN ′[Un
i ]
(
T n
i ;W

n
i , λ

n+1
)

〈wn,λn〉Ω ↔
〈
wn, λn+1

〉
Ω
+

s∑
i=1

〈wn, θni 〉Ω .

We now define the discrete adjoint system as:

(w , θni )Ω = τn+1N ′[Un
i ]

(
T n
i ;w , biλ

n+1 +

s∑

=1

a
,i θ
n



)

−τn+1
s∑

i=1

bi

〈(
jΩ
[
CΩUn

i

])T
, C ′

Ω w
〉
Ω

−τn+1

s∑
i=1

bi

〈(
jΓ
[
CΓU

n
i

])T
, C ′

Γ w
〉
Γ
, ∀w ∈ U tlm

h

〈w,λn〉Ω =
〈
w, λn+1

〉
Ω
+

s∑
i=1

〈w, θni )Ω , ∀w ∈ U tlm
h (5.71)

The sum of the TLM relations for n = 0, . . . , N − 1 gives:

J ′
hw

0 =
〈
δu0, λ0

〉
Ω
−
〈
wN , λN

〉
Ω
+
〈(
k′Ω
[
EΩ uN

])T
, E ′

Ω wN
〉
Ω
+ Sf + Sg , (5.72)

where

Sf =
N−1∑
n=0

τn+1
s∑

i,j=1

ai,j
〈
δfnj , θ

n
i

〉
Ω
+

N−1∑
n=0

τn+1
s∑

i=1

bi
〈
δfni , λ

n+1
〉
Ω
,

(5.73)
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and

Sg =
N−1∑
n=0

τn+1
s∑

i,j=1

ai,j B
(
δgn,j, θni

)
+

N−1∑
n=0

τn+1
s∑

i=1

bi B
(
δgn

i , λ
n+1
)
.

(5.74)

We examine in more detail the terms Sf and Sg. From the correspondence between the
discrete adjoint “stages”

θnj ↔ τn+1 bj λ
n+1 + τn+1

s∑
i=1

ai,j θ
n
i , (5.75)

it follows that

Sf =

N−1∑
n=0

s∑
j=1

〈
δfnj , θ

n
j

〉
Ω

(5.76a)

Sg =
N−1∑
n=0

s∑
j=1

B
(
δgn

j , θ
n
j

)
. (5.76b)

Following Hager [33], change variables in (5.76) using the correspondence (5.75). First, from
(5.75), assuming all Runge-Kutta coefficients bi �= 0, one gets

1

τn+1 bj
θnj ↔ λn+1 +

s∑

=1

a
,j
bj
θn
 .

Let θ̃nj denote the stages of the formal adjoint Runge–Kutta method (see [94]), where

θ̃nj :=
1

τn+1 bj
θnj .

Then, the formal adjoint stage correspondence becomes

θ̃nj ↔ λn+1 + τn+1
s∑


=1

a
,j b

bj

θ̃n
 .

Replacing this expression in equation (5.76), we arrive at:

Sf =
N−1∑
n=0

τn+1
s∑

j=1

bj

〈
θ̃nj , δf

n
j

〉
Ω
≈ 〈λ, δf〉[0, T ]×Ω . (5.77)

The last (approximate) equality follows from the consistence theory of Runge–Kutta quadra-
tures for time integrals [131]. We note that for control problems (unlike inverse problems),
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some additional order conditions are needed for the formal adjoints of Runge–Kutta methods
to achieve orders 3 and above [33]. A similar result can be derived for Sg, namely:

Sg ≈
∫ T

0

B(δg, λ) dt .

Define the final adjoint condition by〈
λN , w

〉
Ω
=
〈(
k′Ω
[
EΩ uN

])T
, E ′

Ω w
〉
Ω
, ∀w ∈ U tlm

h , (5.78)

to get

J ′
hw ≈

〈
δu0, λ0

〉
[0, T ]×Ω

+ 〈δf , λ〉[0, T ]×Ω +

∫ T

0

B (δg, λ) dt .

This completes the proof.

The discrete adjoint variables λn can yield different sensitivities, depending on the direction
in which the Fréchet derivative of Jh is computed:

• Differentiation of Jh along (δu0, 0, 0) yields the gradient of the cost functional with
respect to the initial conditions: (

Eadj
Ω

)h
λ0 =

dJ h

du0
. (5.79)

• If the tangent linear model is obtained by linearization around (0, δf , 0), then we
obtain the sensitivities with respect to changes in the primal equation volume forcing:(

Cadj
Ω

)h
λn =

dJ h

dfn
. (5.80)

• The consistency of the boundary sensitivities does not follow directly from the con-
sistency of the dual discretization. Indeed, for the example given in the next section,
we obtain inconsistent boundary sensitivities from a dual consistent DG discretization.
Along with dual consistency of the DG discretization, one also needs adjoint consis-
tency for the boundary functional B (defined by the primal discretization). We say
that B is dual consistent iff, for any admissible boundary perturbation δg, there exists

a consistent discretization
(
Cadj

Γ

)h
of the continuous differential operator Cadj

Γ , such

that

B(δg, λ) =
〈
δg,

(
Cadj

Γ

)h
λ

〉
Γ

. (5.81)
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This does not hold true for all discretizations. The next section will look at the
symmetric interior penalty DG discretization of the advection-diffusion system (5.60).
While the discretization itself is dual consistent, the boundary functional Bh is shown
to be adjoint inconsistent.

Note that the discrete adjoint model (5.71)–(5.78) is obtained by applying the discrete
Runge–Kutta adjoint numerical method to the semi-discrete adjoint system〈

w,
∂λ

∂t

〉
Ω

= N ′[u] (t;w,λ)− 〈w, jΩ[CΩu ]〉Ω

∀w ∈ L2
(
[0, T ] ; U tlm

h

)
, a.a. t ∈ [0, T ] . (5.82)

According to [122] the discrete adjoint Runge Kutta method provides the same order of
consistency as the forward Runge Kutta method.

In conclusion, the fully discrete adjoint model (5.71)–(5.78) is equivalent to applying a
method of lines discretization to the continuous adjoint PDE. The space discretization is
done with the discrete adjoint DG method, and is consistent with the same order as the
forward DG discretization. The time discretization is done with the discrete Runge Kutta
adjoint method; the time consistency of the adjoint discretization is the same as the one of
the forward method.

5.5.1 Space-time consistency analysis of the upwind SIPG advection-

diffusion DG discretization

The upwind symmetric interior penalty (SIPG) DG semi-discretization [28] for the advection-
diffusion PDE (5.60) reads:〈

∂uh

∂t
, vh

〉
Ω

= N (uh, vh) + B(gh, vh)−L(fh, vh) , (5.83)

with

N (uh, vh) := Ndiff(u
h, vh) +Nadv(u

h, vh) ,
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and

Nadv(u
h, vh) = −

∫
Ω

uh�a · ∇vh dx +
∑
Dk

∫
∂Dk

−\Γ
�a · �nuh

−v
h
+ ds

+
∑
Dk

∫
∂Dk

+

�a · �nuh
+v

h
+ ds .

Ndiff(u
h, vh) =

∫
Ω

∇uh · ∇vh dx−
∑
Dk

∫
∂Dk\Γ

1

2
�uh� · ∇vh ds

−
∑
Dk

∫
∂Dk\ΓN

{
∇uh

}
· �nvh ds +

∑
Dk

∫
∂Dk

φ �uh� · �nvh ds

−
∫
ΓD

uh �n · ∇vh ds ,

Furthermore,

L(fh,vh) =

∫
Ω

fh vh dx

B(gh, vh) =

∫
ΓD

�a · �ngh
D vh ds +

∫
ΓD

gh
D∇vh · �nds

−
∫
ΓD

φ gh
Dv

h ds−
∫
ΓN

gh
N vh ds .

Here we denote the penalization parameter by φ ≥ φ0 > 0. The residual form discrete
adjoint of the bilinear forms Ndiff and Nadv follows from integrating by parts the primal
discretizations [28]:

N ∗
adv(w

h, λh) := −
∫
Ω

wh�a · ∇λh dx+
∑
Dk

∫
∂Dk

+\Γ
wh

+�a · �λh� ds

+

∫
ΓN

wh�a · �nλh ds .

N ∗
diff(w

h, λh) := −
∫
Ω

whΔλh dx

+
∑
Dk

∫
∂Dk\Γ

wh

[
1

2
�∇λh� + φ�λh� · �n

]
ds

−
∑
Dk

∫
∂Dk\Γ

1

2
∇w · �λh� ds +

∫
ΓN

wh �n · ∇λh ds

+

∫
ΓD

φλhwh ds−
∫
ΓD

∇wh · �nλh ds .



Mihai Alexe Chapter 5. Space adaptivity 123

The semi-discrete formulation of (5.61) reads:

J h(uh) :=
1

2

∫ T

0

∫
Ω

∥∥uh − uref
∥∥2 dx+

1

2

∫ T

0

∫
ΓD

(
∇uh · �n

)2
ds ,

hence its Fréchet derivative is calculated as

J ′
h[u

h](wh) =
〈
uh − uref , wh

〉
[0, T ]×Ω

+
〈
∇uh · �n, ∇wh · �n

〉
[0, T ]×ΓD

.

The semi-discrete adjoint equation has the following form:

−
〈
wh,

∂λh

∂t

〉
Ω

= −N ∗
diff(w

h, λh)−N ∗
adv(w

h, λh) + J ′
h[u

h](wh) . (5.84)

To investigate the dual consistency of the adjoint residuals for our particular discretization,
we must first recast (5.84) in residual-based form [28]. We get:∫

Ω

whR∗
Ω(λ

h) dx+
∑
Dk

∫
∂Dk\Γ

wh r∗Ω(λ
h) +∇wh · ρ∗Ω(λh) ds

+

∫
Γ

wh r∗Γ(λ
h) +∇wh · ρ∗Γ(λh) ds = 0 , ∀wh ∈ Uh . (5.85)

From (5.84)–(5.85), we identify the following dual residuals:

• Inside Ω:

R∗
Ω(λ

h) := −∂λ
h

∂t
+Δλh + �a · ∇λh + (uh − uref) .

From the continuous adjoint equation inside Ω we see that R∗
Ω(λ) = 0, so the volume

terms of the adjoint semi-discretization (5.84) are dual consistent.

• On the inter-element boundaries (excluding the domain boundary):

r∗Ω(λ
h) = −�a · �λh�− 1

2
�∇λn� + φ�λh� · �n ,

ρ∗Ω(λ
h) =

1

2
�λh� .

Using the continuity of the strong form adjoint solution λ, we get that both dual
residuals are zero when evaluated at λ.

• On the outflow boundary (with respect to the advective flux), ΓN :

r∗ΓN
(λh) = −λh�a · �n− �n · ∇λh ,

ρ∗ΓN
(λh) = 0 .

Due to the boundary condition of the continuous adjoint system, we have that r∗ΓN
(λ) =

0. Thus (5.84) is adjoint consistent on the outflow boundary.
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• On the Dirichlet boundary ΓD:

r∗ΓD
(λh) = −φλh , (5.86a)

ρ∗ΓD
(λh) = (∇uh · �n+ λh) �n . (5.86b)

While these residuals do not cancel immediately when evaluated at the exact adjoint
solution (φ > 0), they can be made consistent through a change in the target functional
J [28]. Let

J̃h(u
h) := Jh(u

h)−
∫
ΓD

φ (uh − gh
D) (∇uh · �n) ds (5.87)

be a consistent modification of J h, since J̃ (u) = J (u). The variation of the modified
cost functional (5.87) is

J̃ ′
h[u

h](wh) = J ′
h[u

h](wh) +
〈
φ∇uh · �n, wh

〉
ΓD

+
〈
φ (uh − gh

D), ∇wh · �n
〉
ΓD

.

All the discrete adjoint residuals remain unchanged, except for (5.86)–(5.86), which
now become:

r∗ΓD
(λh) = −φ

(
λh +∇uh · �n

)
, (5.88a)

ρ∗ΓD
(λh) = (∇uh · �n+ λh) �n+ φ (uh − gh

D) �n . (5.88b)

Both residuals (5.88)–(5.88) are now identically zero when evaluated at the exact ad-
joint solution λ. We have thus proved dual consistency for the DG discretization (5.83)
coupled with the modified functional (5.87).

Discrete adjoint boundary sensitivities Now let us consider the boundary bilinear
form B(gh,vh). For any admissible perturbation δg := (δgD, δgN ) in the boundary condi-
tions, we get that:

B(δgh,λh) =

〈
δgD ,

(
Cadj

ΓD

)h
λh

〉
ΓD

+

〈
δgN ,

(
Cadj

ΓN

)h
λh

〉
ΓN

−φ
〈
δgD, λ

h
〉
ΓD

, (5.89)

where
(
Cadj

ΓD

)h
and

(
Cadj

ΓN

)h
are consistent discretizations of the continuous differential op-

erators defined in (5.65). Note the additional boundary penalty term: the nonzero penalty
parameter φ ensures stability and convergence of the method. However, it also leads to in-
consistencies in the adjoint boundary sensitivities, that must be removed by post-processing
of the adjoint Runge–Kutta DG implementation. The adjoint Runge–Kutta time integra-
tion, albeit consistent, cannot remove the inconsistent term in the sensitivity formula (5.89).
Proving dual consistency is a crucial step in the analysis of a dual DG discretization, al-
lowing one to establish whether or not the adjoint variable corresponds to the true gradient
of the discretized cost functional J h. However, if one also seeks derivatives with respect to
the boundary values, further investigations pertaining to B are warranted, that go beyond
establishing dual consistency of the primal discretization.
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5.5.2 A one-dimensional test problem

The one-dimensional data assimilation problem is formulated as:

min
u0
J h
(
u0
)
, (5.90)

subject to
ut + 2ux = f(x) , x ∈ Ω = [−3π, 3π] , t ∈ [0, T ] , (5.91)

with u0(x) = exp(−|x|) sin(x) cos(x), periodic boundary conditions, and T = 0.5. Equation
(5.91) is discretized with a upwind discontinuous Galerkin method, coupled with a fourth
order TVD Runge-Kutta scheme for time marching [155]. The space-time dual consistency
for this discretization can be easily proven (see, e.g., [28] for the spatial discretization).

The discrete cost functional reads:

Jh = J h
B + J h

O =
1

2

(
u0 − uB

)T
B−1

(
u0 − uB

)
+
1

2

K∑
k=1

(
Hk u

k − yk
)T
R−1

k

(
Hk u

k − yk
)
. (5.92)

The background term J h
B quantifies the departure of the inverse solution from a background

state uh,0
B . It also acts as a regularization term that makes the inverse problem well-posed.

J h
O quantifies the mismatch between the model predictions and a set of a priori available

observations yk at selected grid locations and time points (see Figure 5.1). B and Rk are
the error covariance matrices for the background state uh,0

B , and the observation values at
tk, respectively. Finally, Hk is a linear observation operator that maps the discrete model
state to the observation space.

The setup is that of a twin experiment: the observations are recorded during a reference run
of the model, starting from the reference solution uh,0

ref . The background state uh,0
B = 1.4uh,0

ref

is the initial guess for the optimization routine. We use a 5th order discontinuous basis for
the reference run, whereas the inversion is done using only cubic approximations, to avoid
an inverse crime [160]. The goal of the inversion process is to retrieve a good approximation
to the reference initial condition as the a posteriori analysis state: uh,0

A ≈ uh,0
ref .

Numerical results

The data assimilation procedure follows the description in [72]. The observation times are
t1 = 0.25, and t2 = 0.5 (figure 5.1). Our tests were run with a C++ implementation [161] of
the limited memory BFGS method by Nocedal et al. [162, 139]. Figure 5.2 shows the results
of the assimilation experiment. It can be seen that the discrete adjoint gradient leads to a
considerable decrease in the cost function value, as well as in the RMS error of the computed
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Figure 5.1: Reference observations (circles), and the exact solution (continuous line) of (5.91)
at t1 = 0.25 (left) and t2 = 0.5 (right). The adaptive spatial mesh is marked on the x-axis.
It is locally refined in areas of high variations in the primal solution uh,n. The refinement
is done using an element-wise error estimator based on a finite-difference approximation to
the solution gradient ux.

a posteriori analysis uh,0
A . We computed the analysis root-mean square error (RMSE) ε using

the formula:

ε :=

∥∥∥uh,0
A − uh,0

ref

∥∥∥
L2(Ω)∥∥∥uh,0

ref

∥∥∥
L2(Ω)

. (5.93)

Figure 5.3 shows that the quality of the analysis obtained through the 4D-Var process is
much better than that of the initial guess (the background uh,0

B ).

5.5.3 A two-dimensional inverse problem

Problem description

The second test problem is built around the two-dimensional advection equation:

ut +∇ · (�βu) = f

u(t,x)|Γin
= g

u(t0,x) = u0(x) , t
0 ≤ t ≤ tN , x ∈ Ω . (5.94)

Here Ω = [0, 1]2, �β := x / ‖x‖, and Γin :=
{
x ∈ Γ | �n · �β < 0

}
.
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Figure 5.3: Background, reference, and analysis states at t = 0 for the problem (5.90)–(5.91).

The discrete cost functional Jh is defined by (5.92). The particular choice of observation
mesh for this experiment is shown in figure 5.4(a).

The experimental setup

The primal and adjoint RK-DG discretizations are implemented with the Deal.II library
[163]. The optimization routine is a C++ implementation [161] of the well-known L-BFGS-B
algorithm [139]. The mesh adaptation is driven by an error estimation mechanism based on

a numerical approximation of the gradient
∂uh

∂xh
[147]. The optimization mesh Ωh

0 holds the

inversion variables throughout the optimization process. It is shown in figure 5.4(b) to be
locally refined in regions of high variation in the background state. The final time in the
forward simulation is T = 0.48, while the observation times are tk = 0.03× k, k = 1 . . . 16.
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Figure 5.4: (a) Observation grid for the two-dimensional assimilation problem. (b) Opti-
mization grid Ωh

0 that holds the parameters qh = uh,0 throughout the inversion process.

Space-time consistency and accuracy of the discrete adjoint solution

To check the consistency and the empirical order of accuracy of the discrete adjoint solver,
we will derive the corresponding continuous adjoint problem. Let δ(t) denote the Dirac delta
distribution. We can rewrite the 4D-Var discrete cost functional as

J h :=

K∑
k=0

Ĵh(u
h,k) :=

∫ tN

t0
Ĵh(u

h, t)

K∑
k=0

δ(t− tk) dt . (5.95)

Then, the strong form adjoint of (5.94)–(5.95) reads:

−λt − �β · (∇λ) =
∂Ĵ
∂u

K∑
k=0

δ(t− tk) , x ∈ Ω , t ∈ [tN , 0]

Badj
Γ λ := �β · �nλ = 0 , x ∈ Γout = Γ \Γin

λ(tN ,x) = 0 .

The exact solution to the inverse problem is chosen to be

u0(x, y) = A exp

(
−(xs− xc)

2

σ2

)
exp

(
−(ys− yc)

2

σ2

)
, (5.96)

where A = 10, s = 20, σ = 2, and xc = yc = 4.

We use the dual consistent upwind spatial discretization given in [28]. The particular form
of the cost functional (5.92) implies that the discrete adjoint system has a forcing term only
at the observation times tk (5.96), where it is necessary to add the observation mismatch
[72]:

λh,k = λh,k +HT
kR−1

(
Hku

h,k − yh,k
)
, k = 1 . . . K . (5.97)
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The equation (5.96) is not in conservation form. We rewrite the nonconservative term as

�β · ∇u = ∇ · (�βu)− (∇ · �β)u ,

Through a Galerkin projection onto the discrete function space Uh and integration by parts,
we arrive at the DG semi-discretization of (5.96):

For alln, find λ̄h,n such that on Ωh
n , ∀w̄h ∈ Uh :

−
〈
∂λ̄h,n

∂t
, w̄h

〉
Ω

+
∑
Dk

(〈
λ̄h,n+1, �β · ∇w̄h

〉
Dk

n

−
〈
�β · �n λ̄h,n+1

− , w̄h
+

〉
∂Dk

n+

−
〈
�β · �n λ̄h,n+1

− , w̄h
+

〉
∂Dk

n−\Γh
n

+
〈
∇ · �β λ̄h,n+1, w̄h

〉
Dk

n

)
= 0 . (5.98)

Again, at the observation times tk, we add the mismatch term in (5.97) to the solution λ̄h,n.

The dual consistency of the spatial discretization, together with a third order strong stability
preserving Runge-Kutta method [164] for time integration, ensure space-time dual consis-
tency of our RK-DG discretization for (5.94). Moreover, the spatial and temporal order of
accuracy of the discrete adjoint solution match that of the corresponding discretization of
the continuous model, i.e., in the limit of both the discretizations we have that:

lim
Δtn, h→0

∥∥λh,n − λ(tn)
∥∥
L2(Ωh

n)∥∥λ̄h,n − λ(tn)
∥∥
L2(Ωh

n)

= O(1) , ∀n = 1 . . . N . (5.99)

To verify this numerically, both the discrete adjoint, and the discretization of the adjoint
problem (5.98) are compared against a predetermined exact solution

λ(t, x, y) = u0(x− t, y − t) . (5.100)

Here Uh are broken spaces of piecewise quadratic Lagrange polynomials. For the primal
problem, the volume and boundary forcing terms f and g are chosen such that

u(t, x, y) = u0(x− t, y − t) . (5.101)

Figure 5.5 shows the order of convergence of the RK-DG discretizations on fixed spatial
meshes. To illustrate the behavior of the discretization on adaptive meshes, we run the
accuracy experiments on a variable mesh and report the numerical results in Figure 5.7.
All of the numerical results fully confirm our theoretical derivations: both adjoint solutions
are third order accurate in space and time. Hence, the adjoint of the primal discretization
inherits the order of accuracy of the discrete forward solution.

Another approach to adjoint code validation is through a truncated Taylor expansion [71]:

J h(qh + ε δqh) = J h(qh) + ε
〈
λh , δqh

〉
Ωh +O(ε2 ‖δqh‖2) .
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Figure 5.5: Time-averaged L2 and L∞ errors for: (a) the forward state uh,n, (b) the continu-
ous adjoint solution λ̄h,n, and (c) the discrete adjoint variables λh,n. The exact solutions are
given by (5.96), (5.100), and (5.101). We use a quadratic Lagrange basis over an uniform
mesh. The time integration is performed with a third order fixed-step TVD Runge-Kutta
method: τn+1 = τ, ∀n = 0 . . . N − 1. The convergence order is O(h3 + τ 3) for all numerical
approximations.
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Figure 5.7: Time-averaged L2 and L∞ errors plotted against the mesh degrees of freedom for
λ̄h,n (left), and λh,n (right). The exact solutions are given by (5.96), (5.100), and (5.101). We
use a quadratic Lagrange basis over an adaptive spatial mesh, and a third order Runge–Kutta
method for the time integration. The cubic convergence confirms the theoretical estimates
for the adaptive DG discretization.

Hence, we numerically verify that the following limit holds for small values of ε:

lim
ε→0

Rh := lim
ε→0

J h(qh + ε δqh)−J h(qh)

ε 〈λh , δqh〉Ωh

= 1 . (5.102)

As shown in figure 5.8, the variable mesh discrete adjoint solution is found numerically
consistent. For ε < 10−12, truncation errors degrade the quality of the approximation (5.102).

Numerical results

The numerical results for the two-dimensional data assimilation experiment are shown in
Figures 5.9 and 5.10. Figure 5.9 (a)–(b) shows the background (the a priori state), and the
reference solution. Parts (c) and (d) of the same figure illustrates the analysis state, and the
analysis error, respectively. It is apparent that the quality of the solution approximation is
improved significantly over that of the initial guess (the background).

Figure 5.10 quantifies these improvements. We plot both the decrease in the cost functional
throughout the optimization procedure, relative to the initial value at the background state
Jh(u

0,h
B ) := J B. The third order accurate primal and dual solutions lead to a good re-

construction of the optimal solution in our twin experiment. The robustness and accuracy
of the inversion procedure are tested with various levels of uniformly distributed noise in
the observation values. As expected, the quality of the analysis solution degrades when the
noise level is increased. However, as Figure 5.10 shows, we still get a significant decrease in
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Figure 5.8: Numerical validation of the discrete adjoint solution using equation (5.102).

both the cost functional J h, and in the analysis error. This indicates good performance and
robustness for the discrete adjoint-based adaptive inversion procedure.
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Figure 5.9: Reference (a), background (b), and analysis (c) states for the two-dimensional
data assimilation problem, with a measurement noise level of 5%. The analysis error is
shown in (d).
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Chapter 6

Consistency analysis and error
estimation

Introduction

This chapter considers parameter identification problems. Unlike model calibration problems
[111], where the goal is to minimize a physically significant cost functional, such as lift or drag
in aerodynamics, parameter identification problems are directly concerned with determining
the optimal values of the parameters. The framework for solving model calibration problems
using a dual approach is well established [34]; that for parameter identification problems,
much less so. This work focuses on the discrete adjoint approach to solving parameter
identification problems. The starting point are the first order necessary conditions for a local
minimum of the continuous and discrete optimization problems given in Chapter 1. We then
extend the dual consistency framework given in [28] to the discrete optimality condition.
This equation, part of the discrete KKT set, is obtained by linearization of the primal model
along the inverse variables. Consistency and stability are both essential for convergence
of the discrete optimal solution to its continuous counterpart. Similar to dual consistency,
consistency of the discrete optimality equation does not hold for all discretizations. However,
the analysis shows that consistent modifications [28] to the target functional, may be used
to restore stability and consistency of the linearized discretization. The consistency analysis
results are confirmed by the numerical experiments.

The second major contribution of this chapter concerns error analysis and estimation for
adaptive mesh refinement in parameter identification problems. Energy norm estimates for
the control error have been derived for a general class of such problems [42, 43]. However,
such estimates are of very limited use in practice, since they rely on problem dependent
stability constants, and coercivity estimates for the saddle–point problems stemming from
the KKT equations [35]. Another approach is the one proposed by Becker and Vexler in
[110]. The error estimates are constructed using the dual–weighted residual approach [35],

135
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and apply to a modified problem defined in terms of an error functional. This error functional
may be chosen to be a weighted average of the optimal solution. The authors of [110] assume
that the parameter space is finite dimensional. We follow [110], and generalize their approach
to the case of an infinite dimensional control space. For high computational efficiency, the
exact Hessian of the modified problem is replaced by a quasi-Newton approximation.

This chapter will frequently use the notation, and reference the equations from Chapter 1.

6.1 The model problem

Let Ω ⊂ �d be a closed convex polyhedral domain with d ∈ {2, 3}. Γ is the boundary of Ω.
Consider the following elliptic boundary-value problem, henceforth referred to as the primal
model :

−∇ · (q∇u) = f , x ∈ Ω , (6.1)

u = g , x ∈ Γ .

Smoothness assumptions Let the volume forcing f ∈ L2(Ω), and the Dirichlet boundary
data g ∈ H3/2(Γ). Also, assume the inversion variables q ∈ H2(Ω). The formulation of
the primal problem requires that q ≥ 0, a.e. on Ω. Also, assume that any additional
conditions on the domain boundary Γ [165] are satisfied, such that the exact primal solution
u ∈ U ⊂ H2(Ω).

The smoothness of the solution space U guarantees existence and boundedness of the follow-
ing trace operators for any function v ∈ U [166]:

γ0 : H2(Ω)→H3/2(Γ)

γ0(v) = v|Γ ,

and

γ1 : H2(Ω)→H1/2(Γ)

γ1(v) = ∇v · �n|Γ .

Inner products of functions in U on Γ and Ω are defined as follows:

〈u, v〉Ω :=

∫
Ω

uv dx , 〈u, v〉Γ :=

∫
Γ

uv ds , ∀ u, v ∈ U .

They induce the corresponding norms on U :

‖u‖L2(Ω) :=
√
〈u, u〉Ω ,

‖u‖L2(Γ) :=
√
〈u, u〉Γ , ∀ u ∈ U .
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Inner products on the space Q, and on the product space U × Q, are defined in a similar
fashion.

The target functional reads:

J [u,q] =
1

2
‖Hu− o‖2L2(Ω) +

1

2
‖∇(q− qB)‖2L2(Ω) +

β

2
‖q− qB‖2L2(Ω) .

The background control qB ∈ Q is positive a.e. on Ω. H : U → O ⊂ L2(Ω) is a linear
observation operator. The exact choice of regularization parameter β > 0 depends on the
discretization, as well as on the properties of primal model and cost functional, and is the
topic of current research: see, e.g., [167, 168, 169], and references therein. We will assume a
constant regularization parameter.

With this choice of model and cost functional, the inverse problem (1.1) has the following
form:

Find q∗ = argmin
q∈Q
J [u,q] , subject to (6.1) . (6.2)

Note that there are no explicit bound constraints on the inversion variables q. Rather,
we enforce positivity of the diffusion coefficient indirectly, by solving 6.2) in a sufficiently
small neighborhood of the reference profile. Another approach to guarantee positivity is to
explicitly enforce the bounds for the discrete parameter values in the optimization routine.

6.1.1 The continuous KKT system for the model problem

In what follows, adjoint operators will be denoted by a ∗ superscript. Assume no boundary
terms arise in the definition of the adjoint operator H∗ (compatibility condition 1 in [24]):

〈Hu, o〉Ω = 〈u,H∗o〉Ω , ∀ u ∈ U , o ∈ O .

With this, the adjoint equation (1.2b) reads:

−∇ · (q∇λ) = H∗(Hu− o) , x ∈ Ω (6.3)

λ = 0 , x ∈ Γ .

Remark With the smoothness assumptions on q, o, and u, the exact dual solution is
λ ∈ H2(Ω).

For all test functions z ∈ Q in the inversion variables q, equation (1.2c) reads:

〈∇q, ∇z〉Ω − 〈∇qB, ∇z〉Ω + β 〈q− qB, z〉Ω + 〈∇ · (z∇u), λ〉Ω = 0 .
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The strong form of the optimality equation is then obtained through an integration by parts:

−Δq+ β (q− qB) = −ΔqB +∇u · ∇λ , x ∈ Ω , (6.4)

∇q · �n = ∇qB · �n , x ∈ Γ .

Remark Using the strong maximum principle [166], this Helmholtz boundary value prob-
lem can be shown to be well posed. Since the volume forcing

(
−ΔqB +∇u · ∇λ

)
∈ L2(Ω),

and the Neumann boundary data ∇qB · �n ∈ H1/2(Γ), the exact solution q∗ ∈ H2(Ω). By
the Sobolev imbedding theorem [166], q∗ is bounded and continuous on Ω for d ∈ {2, 3}.
Furthermore, for sufficiently large qB, the solution q∗ > 0 a.e. on Ω.

6.1.2 The reduced gradient

This section illustrates in detail the derivation of the gradient of the reduced cost functional

(1.4). Consider an arbitrary function δq ∈ Q, and let δu :=
∂u

∂q
[q](δq), with δu ∈ U . The

reduced gradient ∇qJ is defined through identification from the following equality:

〈∇qJ , δq〉Ω :=
∂J
∂q

[u,q](δq) +
∂J
∂u

[u,q](δu) , ∀ δq ∈ Q . (6.5)

We make use of the tangent linear equation, which is obtained from the primal model by
differentiation in the direction (δu, δq) ∈ U ×Q:

−∇ · (δq∇u)−∇ · (q∇ δu) = 0 , x ∈ Ω (6.6)

δu = 0 , x ∈ Γ .

Using integration by parts, the adjoint equation (6.3), and the tangent linear model (6.7),
the reduced gradient formula becomes:

〈∇qJ , δq〉Ω =

∫
Ω

H∗(Hu− o) δu dx+

∫
Ω

∇q∇δq dx (6.7)

−
∫
Ω

∇qB∇δq dx+ β

∫
Ω

(q− qB) δq ds

= −
∫
Ω

∇λ · ∇u δq dx−
∫
Ω

Δq δq dx+

∫
Ω

ΔqB δq dx

+β

∫
Ω

(q− qB) δq dx+

∫
Γ

∇q · �n δq ds−
∫
Γ

∇qB · �n δq ds

:=
〈
∇qJ |Ω , δq

〉
Ω
+
〈
∇qJ |Γ , δq

〉
Γ
.

We can immediately see that the gradient is identically zero at the optimal solution q∗ that
satisfies (6.4).
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6.2 A priori error analysis for the discrete optimality

system

This section investigates the consistency properties of the optimality system for the discrete
counterpart of problem (6.2). The discontinuous Galerkin method [22] is used for the spatial
discretization.

6.2.1 Notation and preliminaries for the discrete problems

Assume the discrete domains cover exactly the analytical ones, i.e., Ωh ≡ Ω, and Γh ≡ Γ.
Let Up

h = span{χj(x)}j=1...P ⊂ U denote (for any integer p ≥ 1) the discrete solution space
consisting on discontinuous piecewise polynomial functions of degree less than or equal to
p. Similarly, Qr

h = span{χq
l (x)}l=1...R ⊂ Q is the space of piecewise polynomials of maximal

degree r ≥ 1.

Following the notation in [28], the domain Ω is divided into shape-regular meshes Th =
J⋃

j=1

κj ,

and T q
h =

I⋃
i=1

κqi , comprised of polyhedral elements. The primal and dual mesh variables uh

and λh are defined on the mesh Th, while the triangulation T q
h holds the discrete inversion

variables qh. Let ΓI and Γq
I be the union of all distinct interior edges of the Th, and T q

h ,
respectively.

From the definition of Up
h , the restriction of any mesh function vh defined on Th to an

arbitrary element κ can be written as follows:

vh(x)
∣∣
κ
=

P∑
j=1

vjκχj(x) . (6.8)

The coefficients {vjκ}, j = 1 . . . P , fully determine the numerical solution inside κ. Similarly,
for arbitrary mesh functions in Qr

h defined on the triangulation T q
h , one has:

zh(x)
∣∣
κq =

R∑
l=1

zlκq χ
q
l (x) , ∀ zh ∈ Qr

h , ∀κq ∈ T
q
h . (6.9)

Let hκ denote the diameter of κ ∈ Th:

hκ := max
x,y∈κ

‖x− y‖2 .

The area (or volume) of the element κ is |κ|, and its boundary is denoted by ∂κ. Furthermore,
h := maxκ∈Th hκ, and hmin := minκ∈Th hκ, with the assumption that the ratio h/hmin is a
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constant independent of h. Given two neighboring elements κ− and κ+ (with a common
edge e = κ− ∩ κ+), we let uh

± := uh
∣∣
∂κ±

denote the trace of uh on e, taken from the interior

of κ±, respectively.

Let e = κ+ ∪ κ− denote an edge (or face) between two neighboring elements κ+ and κ−. We
denote by |e| the length (or area) of e. Furthermore, the jump in the solution over e is given
by:

�uh� := uh
+�n+ + uh

−�n− ,

whereas the average at xh ∈ κ− ∩ κ+ is

{uh} := uh
− + uh

+

2
.

On a boundary edge, {uh} := uh
+, and �u� := uh

+ �n+.

Assume the mesh Th is regular enough such that, for some α1, α2 > 0,

α1h
−1
κ ≤

|e|
|κ| ≤ α2h

−1
κ ,

from which the classical trace inequalities for polynomial functions on κ [170, 22, 171] follow:

‖uh‖∂κ ≤ C1(p)h
−1/2
κ ‖uh‖κ , (6.10a)

‖∇uh · �n‖∂κ ≤ C2(p)h
−1/2
κ ‖∇uh‖κ , ∀ uh ∈ Up

h . (6.10b)

Here the constants C1(p) and C2(p) depend only on the polynomial basis order p.

Finally, we define two discrete inner product functionals over the space Up
h :〈

uh, vh
〉
κ

:=

∫
κ

uh vh dx , ∀κ ∈ Th ,〈
uh, vh

〉
e

:=

∫
e

uh vh ds , ∀ e ∈ Γ ∪ ΓI .

They are valid for any mesh functions uh, vh ∈ Up
h . Inner products on Ω and inner/outer

boundaries are defined by extension of the definitions above:〈
uh, vh

〉
Ω

=
∑
κ∈Th

〈
uh, vh

〉
κ
,

〈
uh, vh

〉
Γ

=
∑
e∈Γ

〈
uh, vh

〉
e
,

〈
uh, vh

〉
ΓI

=
∑
e∈ΓI

〈
uh, vh

〉
e
, ∀uh, vh ∈ Up

h .

The inner products also induce L2 norms on mesh elements and edges.
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Remark Similar assumptions and definitions hold for mesh functions in Qr
h defined on the

triangulation T q
h .

Nested meshes and inner products on Qr
h × U

p
h

To be able to use different meshes for the parameters and primal/dual variables, we make
some simplifying assumptions on the structure of the triangulations Th and T q

h [13]. Specif-
ically, we assume that Th can be obtained from T q

h by hierarchical mesh refinement. This
implies that the basis functions for Qr

h can be written as linear combinations of the bases
for Up

h :

χq
l =

P∑
i=1

Mli χi , ∀ l = 1 . . . R .

With (6.8) and (6.9), we can define the inner product over Up
h ×Qr

h for an arbitrary element
κ ∈ Th:

〈
uh, zh

〉
κ

:=

∫
κ

uh zh ds =

P∑
i=1

R∑
l=1

P∑
j=1

uiκ z
l
κq Mlj 〈χi, χj〉κ .

Remark A similar definition holds on any element κq ∈ T q
h , using the reverse mapping

Mq ∈ �P×R.

We can extend these definitions to cover the whole discrete domain Ω, boundary Γ, or inner
faces ΓI , and Γq

I , respectively. To do so, it suffices to note that since T q
h ⊂ Th, the set of

inner edges for the parameter mesh T q
h is included in that of the primal/dual mesh Th, i.e.

Γq
I ⊂ ΓI . (6.11)

Equation (6.11) will also be useful in defining and analyzing the discrete weak formulations
discussed in later sections.

6.2.2 The discrete KKT system

Consider the primal problem (6.1). Its SIPG discontinuous Galerkin discretization reads
[28]:

Find uh ∈ Up
h such that, for all test functions wh ∈ Up

h , we have: (6.12)

N h(uh,wh) =

∫
Ω

fh wh dx + Bh(gh,wh) , ∀ wh ∈ Uh ,
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with

N h(uh,wh) :=

∫
Ω

qh∇uh · ∇wh dx +

∫
ΓI∪Γ

φ �uh� · �wh� ds

−
∫
ΓI∪Γ

(
�uh� · {qh∇wh}+ {qh∇uh} · �wh�

)
ds ,

Bh(gh,wh) := −
∫
Γ

qh gh∇wh · �nds +

∫
Γ

φ ghwh ds .

Here ΓI denotes the union of all interior edges. The penalty parameter is φ = h−1
e φ̂, where,

for any edge e, and dimension d = 2, 3, we define he(x) := |e|1/(d−1).

We let Hs(Th) denote the broken Sobolev space, for any real number s:

Hs(Th) :=
{
v ∈ L2(Ω) | ∀κ ∈ Th,v|κ ∈ Hs(κ)

}
.

The norm on this broken space is defined by

|||v|||Hs(Th) :=

(∑
κ∈Th

‖v‖Hs(κ)

)1/2

. (6.13)

Using the notation above, define the energy norm (or natural DG norm) [22, 171]:

‖v‖DG :=

(∑
κ∈Th

∫
κ

q∇v · ∇v dx+
∑

e∈ΓI∪Γ
φ̂ h−1

∫
e

�v� · �v� ds

)1/2

, ∀ v ∈ U . (6.14)

With this, we have the following theorem.

Theorem 6.2.1. Assume the exact solution to (6.1) belongs to Hs(Ω), s ≥ 2. For sufficiently
large penalty parameter φ̂ > 0, there exists a constant C independent of h such that

‖u− uh‖DG ≤ C hmin(p+1,s)−1 |||u|||Hs(Th) , (6.15)

and
‖u− uh‖L2(Ω) ≤ C hmin(p+1,s) |||u|||Hs(Th) , (6.16)

Proof. See [171, Chapter 2].

It is now useful to note that (6.14) implies:∑
e∈ΓI

∥∥∥φ̂ h−1/2(u− uh)
∥∥∥
L2(e)

=
∥∥∥φ̂1/2 h−1/2�u− uh�

∥∥∥
L2(ΓI)

≤
∥∥u− uh

∥∥
DG

, (6.17)
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and ∑
e∈Γ

∥∥∥φ̂ h−1/2(u− uh)
∥∥∥
L2(e)

=
∥∥∥φ̂1/2 h−1/2(u− uh)

∥∥∥
L2(Γ)

≤
∥∥u− uh

∥∥
DG

. (6.18)

The discrete counterpart of J reads:

J h(uh,qh) =
1

2

∫
Ω

(Hhuh − oh)T (Hhuh − oh) dx (6.19)

+
β

2

∫
Ω

(qh − qh
B)

T (qh − qh
B) dx

+
1

2

∫
Ω

(∇qh −∇qh
B)

T (∇qh −∇qh
B) dx

+Rh[uh,qh] .

We have the following definition for Rh [28]:

Definition 6.2.1 (Consistent modification of the objective functional). The term Rh[uh,qh]
indicates a modification to the discrete functional J h. Rh must be Fréchet differentiable in
both of its arguments. This modification is said to be consistent if Rh cancels when evaluated
at the exact solutions u, q of (1.2a)–(1.2c):

Rh[u, q] = 0 .

Remark. Any nontrivial consistent modification in (6.19) does impact both the value and
the gradient of the discrete cost functional J h. The modification term Rh can only be
expected to vanish in the limit of the discretization. Both Rh and its Fréchet derivative are
nonzero for fixed values of h > 0.

Consistent modifications have been shown in [28] to be required for certain inverse problems,
to guarantee dual consistency of the primal discretization. This concept is extended here
to the optimality equation. We show below that, for the model problem (6.2), consistent
modifications to J h may introduce the stabilization terms necessary for convergence of the
optimality equation discretization 1.8c.

Given (6.19) and (6.12), we can formulate the discrete inverse problem as:

Find qh
∗ = arg min

qh∈Qr
h

J h[uh,qh] , subject to (6.12) . (6.20)

The discrete Lagrangian functional for (6.20)–(6.12) reads as follows:

Lh(uh,λh,qh) := J h(uh,qh)−N h(uh,λh) +
〈
fh, λh

〉
Ω
+ Bh(gh,λh) . (6.21)
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Then, the discrete adjoint problem corresponding to (6.19)–(6.12) is:

Find λ ∈ Up
h such that: (6.22)

N h ∗(wh,λh) =
∂J h

∂uh
[uh,qh](wh) , ∀wh ∈ Uh ,

with

N h∗(wh,λh) :=

∫
Ω

qh∇wh · ∇λh dx+

∫
ΓI∪Γ

φ �wh� · �λh� ds

−
∫
ΓI∪Γ

(
�wh� · {qh∇λh}+ {qh∇wh} · �λh�

)
ds ,

and

∂J h

∂uh
[uh,qh](wh) :=

∫
Ω

(Hh)T (Hhuh − zh)wh dx .

The primal DG discretization is shown in [28] to be dual consistent: its adjoint (6.22) is a
consistent discretization of the continuous adjoint PDE (6.3). Given that the strong form of
the adjoint equation is also an elliptic problem, and the dual discretization is of SIPG form,
the L2-error bound in Theorem 6.2.1 transfers immediately to the dual problem. Specifically,
we have the following corollary:

Corollary 6.2.1. For sufficiently large penalty parameter φ̂ > 0, the dual discretization
(6.22) is a consistent and stable discretization of the adjoint PDE. Moreover, the following
a priori error bounds hold:

‖λ− λh‖DG ≤ C hmin(p+1,s)−1 |||λ|||Hs(Th) , (6.23)

and
‖λ− λh‖L2(Ω) ≤ C hmin(p+1,s) |||λ|||Hs(Th) . (6.24)

Here C is a constant independent of the mesh size h.

Remark. The discrete adjoint solution may be super-convergent in practice. However, we
shall use the conservative error bounds (6.23)–(6.24) throughout our derivations.

It remains to be determined is whether the discrete optimality condition (1.8c) is a stable and
consistent discretization of the strong form optimality condition (1.2c). The third equation
in the KKT set for problem (6.20) reads:

∂J h

∂qh
[uh,qh](zh) =

∂N h

∂qh
[uh,λh](zh)− ∂Bh

∂qh
[gh

D,λ
h](wh) , ∀ zh ∈ Qr

h . (6.25)
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Now, for all admissible test functionals zh ∈ Qr
h (which also denote the direction of differen-

tiation), one has:

∂N h

∂qh
[uh,λh](zh) :=

∫
Ω

zh∇uh · ∇λh dx

−
∫
ΓI∪Γ

(
�uh� · {zh∇λh}+ {zh∇uh} · �λh�

)
ds ,

∂Bh

∂qh
[gh

D,λ
h](zh) := −

∫
Γ

zh gh∇λh · �n ds .

Since

∂J h

∂qh
[uh,qh](zh) =

∫
Ω

(
∇qh −∇qh

B

)
zh dx+

∫
Ω

(
qh − qh

B

)
zh dx ,

the discrete optimality condition reads:∫
Ω

∇
(
qh − qh

B

)
· ∇zh dx + β

∫
Ω

(qh − qh
B) z

h dx+
∂Rh

∂qh
[uh,qh](zh)

=

∫
Ω

(
∇uh · ∇λh

)
zh dx−

∫
ΓI

(
�uh� · {zh∇λh}+ {zh∇uh} · �λh�

)
ds

−
∫
Γ

(
uh − gh

)
zh∇λh · �n ds−

∫
Γ

λh∇uh · �nzh ds , ∀ zh ∈ Qr
h .

We can recast this as an equation for

q̂h := qh − qh
B ,

to get ∫
Ω

∇q̂h · ∇zh dx+ β

∫
Ω

q̂h zh dx+
∂Rh

∂q̂h
[uh,qh](zh) (6.26)

=

∫
Ω

(
∇uh · ∇λh

)
zh dx−

∫
ΓI

(
�uh� · {zh∇λh}+ {zh∇uh} · �λh�

)
ds

−
∫
Γ

(
uh − gh

)
zh∇λh · �n ds−

∫
Γ

λh∇uh · �nzh ds , ∀ zh ∈ Qr
h .
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6.2.3 A priori analysis of the discrete optimality equation

The SIPG DG discretization of (6.4) reads [171]:

Find q̂h ∈ Qp
h such that, for all zh ∈ Qr

h: (6.27)∫
Ω

∇q̂h · ∇zh dx + β

∫
Ω

q̂h zh dx

−
∫
Γq
I

(
�q̂h� · {∇zh}+ {∇q̂h} · �zh�

)
ds+

∫
Γq
I

φq �q̂h� · �zh� ds

=

∫
Ω

∇uh · ∇λh zh dx .

Here the penalty parameter φq is defined for any edge eq ∈ Γq
I , and dimension d ∈ {2, 3}:

φq := |eq|1/(d−1) φ̂q ,

and φ̂q > 0 sufficiently large for the discretization to be convergent (see, e.g., [171]).

Comparing the SIPG discretization (6.27) of the strong form optimality problem (6.4) against
the discrete equation (6.26), we note that the stabilization terms, as well as the fluxes on
interior faces are not present in the linearized discretization (6.26). Hence, despite being
consistent as defined in definition 1.1.3, the discrete optimality equation (6.26) is not stable,
and cannot be expected to yield useful results.

To add the necessary terms back into (6.26), a consistent modification of the functional Jh

is needed. Precisely, let:

Rh(uh, q̂h) :=
1

2

∫
Γq
I

φq �q̂h� · �q̂h� ds−
∫
Γq
I

�q̂h� · {∇q̂h} ds . (6.28)

For q, qB ∈ H2(Ω), consistency of the functional Jh is preserved. Note that the jump in qh

over any edge e ∈ ΓI\Γq
I is zero. This follows from the continuity of the discrete optimal

solution inside any element κq ∈ T q
h .

Remark. The residual Rh is directly computable from the discrete approximations uh and
qh, and it does not depend on the dual variable λh. Moreover, its Fréchet derivative with
respect to qh along zh ∈ Qp

h introduces suitable interior edge and penalty terms in equation
(6.26), while leaving the discrete adjoint equation (6.22) unmodified:

∂Rh

∂qh
[uh,qh](zh) =

∫
Γq
I

φq �q̂h� · �zh� ds (6.29)

−
∫
Γq
I

(
�zh� · {∇q̂h}+ �q̂h� · {∇zh}

)
ds .
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With this choice of Rh, equation (6.26) reads:∫
Ω

∇q̂h · ∇zh dx + β

∫
Ω

q̂h zh dx (6.30)

−
∫
Γq
I

(
�q̂h� · {∇zh}+ {∇q̂h} · �zh�

)
ds +

∫
Γq
I

φq�q̂h� · �zh� ds

=

∫
Ω

∇uh · ∇λh zh dx−
∫
Γ

λh∇uh · �nzh ds

−
∫
ΓI

(
�uh� · {zh∇λh}+ {zh∇uh} · �λh�

)
ds

−
∫
Γ

(
uh − gh

)
zh∇λh · �n ds .

Let

I1Γ :=

∫
Γ

(uh − gh)∇λh · �nzh ds ,

I2Γ :=

∫
Γ

λh∇uh · �nzh ds ,

and

I1ΓI :=

∫
ΓI

�uh� {zh∇λh} ds ,

I2ΓI :=

∫
ΓI
{zh∇uh} · �λh� ds ,

for arbitrary zh ∈ Qr
h.

With this notation, we have the following a priori estimates.

Lemma 6.2.1. Assume u, λ ∈ Hs(Ω), and g ∈ Hŝ(Γ), with ŝ = s − 1/2. The following
upper bounds hold:

I1Γ ≤ C(p, r) hmin(p+1,s)−3/2 |||u|||Hs(Th) (6.31a)

I2Γ ≤ Ĉ(p, r) hmin(p+1,s)−3/2 |||λ|||Hs(Th) (6.31b)

I1ΓI ≤ C1(p, r) hmin(p+1,s)−3/2 |||u|||Hs(Th) (6.31c)

I2ΓI ≤ C2(p, r) hmin(p+1,s)−3/2 |||λ|||Hs(Th) . (6.31d)

The constants C(p, r), Ĉ(p, r), C1(p, r), and C2(p, r) depend only on the orders p, r of the
polynomial bases.
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Proof. We can write

IΓ =

∫
Γ

[
(uh − u) + (u− g) + (g − gh)

]
zh∇λh · �n ds

=

∫
Γ

(uh − u) zh∇λh · �n ds +

∫
Γ

(g − gh) zh∇λh · �nds

:= I1 + I2 .

It follows that:

|I1| =

∣∣∣∣∫
Γ

(u− uh) zh (∇λh · �n) ds
∣∣∣∣

≤
∑
e∈Γ

∣∣∣∣∫
e

h−1/2
κ (u− uh) h1/2 zh (∇λh · �n) ds

∣∣∣∣
≤

∑
e∈Γ

ce(r, p)
∥∥h−1/2

κ (u− uh)
∥∥
L2(e)
· h1/2 ·

∥∥zh∥∥L2(e)
·
∥∥∇λh · �n

∥∥
L2(e)

.

with ce(r, p) a constant that depends only on the polynomial basis orders p and r. The trace
inequalities (6.10a)–(6.10b) lead to:

|I1| ≤ C(r, p) h−1/2
∥∥u− uh

∥∥
DG
·
∑

κq∩Γ
=∅

∥∥zh∥∥L2(κq)
·
∑

κ∩Γ
=∅

∥∥∇λh
∥∥
L2(κ)

≤ C̃(r, p) h−1/2
∥∥u− uh

∥∥
DG
·
∣∣∣∣∣∣zh∣∣∣∣∣∣L2(T q

h )
·
∣∣∣∣∣∣∇λh

∣∣∣∣∣∣
L2(Th)

≤ CI1(r, p) hmin(p+1,s)−3/2 |||u|||Hs(Th) . (6.32)

The constant C(r, p) has been chosen sufficiently large such that max
e∈Γ

ce(r, p) ≤ C(r, p). We

have used the fact that both zh, and∇λh are bounded up by a constant value (independent of
h) on any mesh element κ ∈ Th, or κq ∈ T q

h . This is guaranteed by the numerical stability of
the primal and dual discretizations, and by the choice of cost functionals (piecewise smooth
polynomials).

The integral I2 can be bounded using classical results from polynomial approximation theory
for finite element methods. Given that the boundary data g ∈ Hs(Γ), the following upper
bound holds for the interpolation error on Γ [170]:∥∥g− gh

∥∥
L2(Γ)

≤ Cg(p) h
min(p+1,ŝ) |g|Hŝ(Γ) , (6.33)

with a constant Cg independent of h. The functional | · | is the broken Sobolev semi–norm
on Γ.
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The Cauchy–Schwartz inequality gives:

|I2| ≤
∥∥g − gh

∥∥
L2(Γ)

·
∥∥zh∥∥L2(Γ)

·
∥∥∇λh · �n

∥∥
L2(Γ)

≤ C(r, p)
∥∥g − gh

∥∥
L2(Γ)

·
∑
e∈Γ

∥∥zh∥∥L2(e)
·
∥∥∇λh · �n

∥∥
L2(e)

≤ Ĉ(r, p)
∥∥g − gh

∥∥
L2(Γ)

· h−1 ·
∑

κ∩Γ
=∅

∥∥zh∥∥L2(κ)
·
∥∥∇λh

∥∥
L2(κ)

≤ Ĉ(r, p)
∥∥g − gh

∥∥
L2(Γ)

· h−1 ·
∣∣∣∣∣∣zh∣∣∣∣∣∣L2(Γ)

·
∣∣∣∣∣∣∇λh

∣∣∣∣∣∣
L2(Th)

≤ CI2(r, p) h
min(p+1,ŝ)−1 |g|Hŝ(Γ) .

This proves inequality (6.31a). Note that (6.31b) follows immediately from an identical
argument, since λ|Γ = 0, by equation (6.3).

Consider now the integral I1ΓI . Since the jump operator �·� is linear, and �u� = 0 (for all
u ∈ U), we can write:

|I3| ≤
∫
ΓI

∣∣�uh − u� {zh∇λh}
∣∣ ds

≤
∫
ΓI

∣∣h−1/2�uh − u� h1/2 {zh ∇λh}
∣∣ ds

≤
∥∥h−1/2�uh − u�

∥∥
L2(ΓI)

h1/2
∑
e∈ΓI

∥∥{zh∇λh}
∥∥
L2(e)

≤
∥∥u− uh

∥∥
DG

h1/2
∑
e∈ΓI

1

2

∥∥zh+∇λh
+ + zh−∇λh

−
∥∥
L2(e)

≤ 1

2

∥∥u− uh
∥∥
DG

h1/2
∑
e∈ΓI

(∥∥zh+∇λh
+

∥∥
L2(e)

+
∥∥zh−∇λh

−
∥∥
L2(e)

)
≤ h1/2

∥∥u− uh
∥∥
DG

∑
κ±∈Th

(
Ĉκ+(r, p) h

−1
κ+

∥∥zh∥∥L2(κ+)

∥∥∇λh
∥∥
L2(κ+)

+

Ĉκ−(r, p) h
−1
κ−

∥∥zh∥∥L2(κ−)

∥∥∇λh
∥∥
L2(κ−)

)
≤ Cmax h

−1/2
∥∥u− uh

∥∥
DG

∣∣∣∣∣∣zh∣∣∣∣∣∣L2(Th)

∣∣∣∣∣∣∇λh
∣∣∣∣∣∣
L2(Th)

≤ CI3(p) hmin(p+1,s)−3/2 |||u|||Hs(Th) .

where max
κ∈Ω

Ĉκ±(r, p) ≤ Cmax(r, p). Thus (6.31c) holds. Since the SIPG discretization is dual

consistent, (6.31d) follows.

An immediate consequence of the lemma is the following corollary:

Corollary 6.2.2. For all p ≥ 1 and s > 3/2, the discrete optimality equation associated to
the problem (6.20) is asymptotically consistent.
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Remark. With our specific smoothness assumptions (s = 2, ŝ = 3/2), the integrals
(6.31a)–(6.31d) are O(h1/2).

6.3 A priori convergence order

Let ehq = q̂h − q̃h, eu = u− uh, and eλ = λ − λh. Subtracting (6.27) from (6.30) gives the
following equation for ehq:

Find ehq ∈ Q
p
h such that, for all zh ∈ Qr

h:∫
Ω

∇ehq · ∇zh dx+ β

∫
Ω

ehq z
h dx−

∫
Γq
I

(
�ehq� · {∇zh}+ {∇ehq} · �zh�

)
ds +

∫
Γq
I

φq �ehq� · �zh� ds

=

∫
Ω

∇uh · ∇λh zh dx−
∫
Ω

∇u · ∇λ zh dx

−
∫
Γ

λh∇uh · �nzh ds−
∫
ΓI

(
�uh� · {zh∇λh}+ {zh∇uh} · �λh�

)
ds

−
∫
Γ

(
uh − gh

)
zh∇λh · �n ds

=

∫
Ω

∇uh · ∇λh zh dx−
∫
Ω

∇u · ∇λh zh dx+

∫
Ω

∇u · ∇λh zh dx−
∫
Ω

∇u · ∇λ zh dx

−I1Γ − I2Γ − I1ΓI − I
2
ΓI .

= −
∫
Ω

∇eu · ∇λh zh dx−
∫
Ω

∇u · ∇eλ zh dx

−I1Γ − I2Γ − I1ΓI − I
2
ΓI .

= −
∫
Ω

∇eu · ∇λh zh dx−
∫
Ω

∇uh · ∇eλ zh dx−
∫
Ω

∇eu · ∇eλ zh dx

−I1Γ − I2Γ − I1ΓI − I
2
ΓI

Consider the following elliptic error equation defined over the broken Sobolev space Hs(Th):

−Δ eq + β eq = −∇eu · ∇λh −∇uh · ∇eλ −∇eu · ∇eλ , x ∈ Ω , (6.34)

∇eq · �n = 0 , x ∈ Γ .

Under our solution regularity assumptions, the Lax–Milgram theorem [171, Theorem 2.8]
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guarantees the existence of a constant C independent on h, such that:

|||eq|||Hs(Th) ≤ C
∥∥∇eu · ∇λh +∇uh · ∇eλ +∇eu · ∇eλ

∥∥
L2(Th)

≤ C
∑
κ∈Th

∣∣∣∣∫
Tk

(
∇eu · ∇λh +∇uh · ∇eλ +∇eu · ∇eλ

)
dx

∣∣∣∣
≤ C

∑
κ∈Th

(
‖∇eu‖L2(κ) ‖∇λh‖L2(κ) + ‖∇eλ‖L2(κ) ‖∇uh‖L2(κ) (6.35)

+ ‖∇eu‖L2(κ) ‖∇eλ‖L2(κ)

)
.

Now, by the discrete Cauchy inequality, and Theorem 6.2.1, one has:

∑
κ∈Th

‖∇eu‖L2(κ) ‖∇λh‖L2(κ) ≤
(∑

κ∈Th

‖∇eu‖L2(κ)

)1/2 (∑
κ∈Th

‖∇λh‖L2(κ)

)1/2

= ‖∇eu‖L2(Th) · ‖∇λ
h‖L2(Th)

≤ Cu(p) h
min (p+1,s)−1 ‖u‖Hs(Th) ‖∇λh‖L2(Th) .

Similarly, using the convergence result for the dual problem (Corollary 6.2.1), we obtain:∑
κ∈Th

‖∇eλ‖L2(κ) ‖∇uh‖L2(κ) ≤ Cλ(p) h
min (p+1,s)−1 ‖λ‖Hs(Th) ‖∇uh‖L2(Th) ,

and ∑
κ∈Th

‖∇eu‖L2(κ) ‖∇eλ‖L2(κ) ≤ Cu(p)Cλ(p) h
2min (p+1,s)−2 ‖u‖Hs(Th) ‖λ‖Hs(Th) .

Substituting these upper bounds in equation (6.35), it follows that:

|||eq|||Hs(Th) ≤ C hmin(p+1,s)−1
(∣∣∣∣∣∣uh

∣∣∣∣∣∣
Hs(Th)

+
∣∣∣∣∣∣λh

∣∣∣∣∣∣
Hs(Th)

)
. (6.36)

The unperturbed SIPG discretization of (6.34) is:

Find ehq ∈ Q
p
h such that, for all zh ∈ Qr

h: (6.37)∫
Ω

∇ehq · ∇zh dx+ β

∫
Ω

ehq z
h dx

−
∫
Γq
I

(
�ehq� · {∇zh}+ {∇ehq} · �zh�

)
ds +

∫
Γq
I

φq �ehq� · �zh� ds

= −
∫
Ω

∇eu · ∇λh zh dx−
∫
Ω

∇uh · ∇eλ zh dx−
∫
Ω

∇eu · ∇eλ zh dx .
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The discrete solution ehq of (6.37) verifies the a priori error estimate given in Theorem 6.2.1,
hence:

‖eq − ehq‖DG ≤ C hmin(p+1,s)−1 |||eq|||Hs(Th)

≤ C h 2min(p+1,s)−2
(∣∣∣∣∣∣uh

∣∣∣∣∣∣
Hs(Th)

+
∣∣∣∣∣∣λh

∣∣∣∣∣∣
Hs(Th)

)
.

One obtains:

‖ehq‖DG ≤ |||eq|||DG +
∣∣∣∣∣∣eq − ehq

∣∣∣∣∣∣
DG

≤ C hmin(p+1,s)−1
(∣∣∣∣∣∣uh

∣∣∣∣∣∣
Hs(Th)

+
∣∣∣∣∣∣λh

∣∣∣∣∣∣
Hs(Th)

)
.

The equation for the discrete optimal solution error, denoted by ehq, obtained by subtracting
(6.27) from (6.30), is a perturbed SIPG discretization. The perturbation is given by the sum
of the boundary and inner face integrals

RI := I1Γ + I2Γ + I1ΓI + I2ΓI .

Subtracting the SIPG discretization of the error equation from the equation for ehq, leads to:

Neq

(
ehq − ehq, z

h
)

=

∫
Ω

∇
(
ehq − ehq

)
· ∇zh dx + β

∫
Ω

(
ehq − ehq

)
zh dx (6.38)

−
∫
Γq
I

(
�ehq − ehq� · {∇zh}+ {∇

(
ehq − ehq

)
} · �zh�

)
ds

+

∫
Γq
I

φq �ehq − ehq� · �zh� ds

= −RI .

The bilinear form Neq(e
h
q− ehq, z

h) : �N ×�N → � is of SIPG form. Thus, it is continuous
and coercive [171]. The right hand side of equation (6.38) is linear in the test functionals zh.
By the Lax–Milgram theorem applied on �N , and (6.31a)–(6.31d), we obtain the following
a priori bound:∣∣∣∣∣∣ehq − ehq

∣∣∣∣∣∣
Hs(T q

h )
≤ C |I1Γ + I2Γ + I1ΓI + I2ΓI | (6.39)

≤ C(r, p) hmin(p+1,s)−3/2
(
‖u‖L2(Th) + ‖λ‖L2(Th)

)
.

6.3.1 The discrete reduced gradient

We now compute the reduced gradient ∇qhJ h of the discrete cost functional (6.28). The
gradient ∇qhJ h is defined by the following identity:〈

∇qhJ h, δqh
〉
Ω

:= J h
qh[u

h,qh](δqh) + J h
uh [u

h,qh](δuh) , ∀ δqh ∈ Qr
h , (6.40)
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where

δuh :=
∂uh

∂qh
[qh](δqh) ∈ Qr

h .

The discrete adjoint solution λh is a valid test function for the primal model (6.12). The
Fréchet derivative of (6.12), tested with λh, in the direction (δuh, δqh) ∈ Up

h ×Qr
h, gives the

discrete tangent linear model:

∂N h

∂qh
[uh, λh](δqh) +

∂N h

∂uh
[uh, λh](δuh) (6.41)

− ∂B
h

∂qh
[gh, λh](δqh)− ∂Bh

∂uh
[gh,λh](δuh) = 0 .

From the adjoint equation (6.22) we get:

N h,∗(δuh,λh) = J h
uh[u

h,qh](δuh) . (6.42)

Then, using (6.42) and (6.40), and the integration by parts formula on T q
h ,∫

Ω

∇qh · ∇δqh dx = −
∫
Ω

Δqh δqh dx

+

∫
Γq
I∪Γ
{∇qh} · �δqh� ds +

∫
Γq
I

�∇qh� · {δqh} ds ,

we find that: 〈
∇qhJ h, δqh

〉
Ω

:=

∫
Ω

∇qhJ h
∣∣
Ω
δqh dx+

∫
Γ

∇qhJ h
∣∣
Γ
δqh ds (6.43)

+

∫
Γq
I

∇qhJ h
∣∣
Γq
I
δqh ds .

The cell, boundary and interior face contributions to the gradient, are computed, respectively,
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through the following equations:∫
Ω

∇qhJ h
∣∣
Ω
δqh dx := −

∫
Ω

Δqh δqh dx +

∫
Ω

Δqh
B δq

h dx

+β

∫
Ω

(qh − qh
B)δq

h dx−
∫
Ω

∇uh · ∇λh δqh dx ,∫
Γ

∇qhJ h
∣∣
Γ
δqh ds :=

∫
Γ

(
uh (∇λh · �n) + (∇uh · �n)λh

)
δqh ds

+

∫
Γ

(∇qh · �n − ∇qh
B · �n) δqh ds−

∫
Γ

gh∇λh · �n δqh ds ,∫
Γq
I

∇qhJ h
∣∣
Γq
I
δqh ds :=

∫
Γq
I

�∇qh� · {δqh} ds+
∫
Γq
I

φ �δqh� · �qh� ds

+

∫
Γq
I

{∇qh} · �δqh� ds−
∫
Γq
I

{∇qh
B} · �δqh� ds

+

∫
ΓI

(
�uh� · {δqh∇λh}+ {δqh∇uh} · �λh�

)
ds .

Lemma 6.3.1. If we have convergence of the discrete primal and dual solutions, then

lim
h→0
∇qhJ h = ∇qJ ,

i.e., the reduced discrete gradient is asymptotically consistent.

Proof. Use equations (6.7), (6.43), and Lemma 6.2.1.

Remark In addition to cell and boundary components, which are present in the continuous
gradient equation (6.7), the discrete gradient (6.43) is also influenced by traces on the interior
element faces. Even though the contribution defined on interior faces ∇qhJ h

∣∣
Γq
I
vanishes in

the limit of the discretization, it is nonzero for fixed h > 0.

Computation of the discrete gradient

We now discuss the computation of the reduced gradient from an implementation perspective.
The more straightforward, albeit significantly less efficient approach is the component–wise
calculation of gradient entries. Let N be the total number of degrees of freedom (DoFs) for
the mesh T q

h , and the size of the discrete solution qh. It follows that N = I × R, where I
is the total number of elements defined on T q

h , and the constant R denotes the number of
degrees of freedom per element.
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Assume the following ordering in the components of the discrete reduced gradient: the(
(i− 1)×R+ j

)
-th entry corresponds to the j-th DoF defined in the i-th mesh element κqi .

Note that all the discontinuous Galerkin DoFs are defined inside the mesh elements, given
that the numerical solution is discontinuous at the inter-element boundaries.

Let

δqh(x) :=

{
χq

j(x) , x ∈ κqi
0 , x �∈ κqi

, (6.44)

in (6.43), and any indices i = 1 . . . I, and j = 1 . . . R. Then〈
∇qhJ h, δqh

〉
Ω
=
(
∇qhJ h

)
(i−1)×R+j

.

With this observation, I ×R evaluations of the functionals (6.43) are needed for a complete
gradient computation. For practical values of I, we need a significantly better approach.

The sparse structure of the test functional (6.44) can be exploited to dramatically increase
the efficiency of the gradient computation. To see this, use equation (6.44) in (6.43), to get:

(∇qhJ h)(i−1)×R+j := GΩ + GΓ + GΓI , (6.45)

where the volume and boundary integrals reduce to

GΩ :=

∫
κq
i

∇qhJ h
∣∣
Ω
χq
j dx ,

and

GΓ :=
∑

e∈Γ∩∂κq
i

∫
e

∇qhJ h
∣∣
Γ
χq
j ds .

The inner face integrals warrant further examination. Consider for brevity only the integral
below (the rest of the inner face terms in (6.43) are treated similarly):∫

Γq
I

�∇qh� · {δqh} ds =
∑
e∈Γq

I

∫
e

�∇qh� · {δqh} ds

=
∑
e∈Γq

I

1

2

∫
e

(
∇qh

+ · �n−∇qh
− · �n

)
(δqh

+ + δqh
−) ds ,

where we let the edge e = κ+ ∩ κ−. Let κqi ≡ κ+. Then the integral above reduces to∫
Γq
I

�∇qh� · {δqh} ds =
∑

e∈∂κq
i∩Γ

q
I

∫
e

(
∇qh

+ · �n−∇qh
− · �n

)
δqh

+ ds .

This locality implies that all three integrals in (6.45) can be assembled in parallel over all
DoF indices 1 . . . N . Hence, the cost of a reduced gradient computation becomes comparable
to that of evaluating a single gradient component on the triangulation T q

h using equation
(6.43).
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6.4 Targeted a posteriori error estimation based on an

error functional

We follow Becker and Vexler [110], and generalize their error estimate to cover the case where
the parameter space is infinite dimensional. From this we derive a computational procedure
applicable to our formulation using discrete adjoints.

Consider an error functional E[q] : Q → �. The gradient of E is defined by identification
from

〈∇qE, δq〉 = Eq[q](δq) , ∀ δq ∈ Q .

As in [110], we seek an error representation of the type:

E[q]−E[qh] ≈ eh + h.o.t. ,

where the higher order terms are ignored. Note that we assume an infinite dimensional
parameter space Q. LetM denote the associated Lagrangian for the functional E [110]:

M[ξ,σ] = E[q]−Lξ [ξ] (σu,σλ,σq)

= E[q]−Lq [ξ] (σq)−Lu [ξ] (σu)− Lλ [ξ] (σλ)

= E[q]−Lq [ξ] (σq)−Lu [ξ] (σu)

where the last equality holds true if u = U [q]. The fist variation of this Lagrangian is

Mξ[ξ,σ](δξ) +Mσ[ξ,ψ](δσ) = Eq[q](δq)

−Lξ,ξ [ξ] (δu, δλ, δq ; σu,σλ,σq)

−Lξ [ξ] (δσu, δσλ, δσq) .

The last term vanishes for an optimal solution (u, λ, q) = ξ∗. The Lagrangian variation
equation about the optimal point can be expanded as follows

Mξ[ξ∗,σ](δξ) = Eq[q∗](δq)

−Lq,q [ξ∗] (δq ; σq)− Lq,u [ξ∗] (δu ; σq)−Lq,λ [ξ∗] (δλ ; σq)

−Lu,q [ξ∗] (δq ; σu)− Lu,u [ξ∗] (δu ; σu)−Lu,λ [ξ∗] (δλ ; σu)

=
{
Eq[q∗]− Lq,q [ξ∗] (σq)− Lu,q [ξ∗] (σu)

}
(δq) (6.46)

−
{
Lq,u [ξ∗] (σq) + Lu,u [ξ∗] (σu)

}
(δu)

−
{
Lq,λ [ξ∗] (σq) + Lu,λ [ξ∗] (σu)

}
(δλ)

Using (1.6), and a compact notation for the nonlinear arguments, we have that

Mξ(δξ) +Mσ(δσ) = {Eq [ξ∗]−Ju,q [ξ∗] (σu)−Jq,q [ξ∗] (σq)} (δq)
+ {Aq,q [ξ∗] (σq) +Aq [ξ∗] (σλ) +Au,q [ξ∗] (σu)} (δq)
−
{
Ju,u [ξ∗] (σu) + Jq,u [ξ∗] (σq)

}
(δu)

−
{
Au [ξ∗] (σλ) +Au,u [ξ∗] (σu) +Aq,u [ξ∗] (σq)

}
(δu)

+
{
Au [ξ∗] (σu) +Aq [ξ∗] (σq)

}
(δλ)
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The variation (6.46) of the Lagrangian M is zero at its stationary points. Note that if
(ξ∗,σ∗) is a stationary point ofM, then ξ∗ is a stationary point of L, since the first order
optimality conditions for L are imposed as constraints inM. The equation for δq reads

0 = Eq [ξ∗]−Ju,q [ξ∗] (σu)−Jq,q [ξ∗] (σq) +Aq [ξ∗] (σλ) (6.47)

+Aq,q [ξ∗] (σq) +Au,q [ξ∗] (σu) .

The equation for δλ is the tangent linear model evaluated at the optimal solution

0 = Au [ξ∗] (σu) +Aq [ξ∗] (σq) ⇔ σu = U ′[q∗]σq . (6.48)

The equation for δu is the second order adjoint model evaluated at the optimal solution:

0 = Ju,u [ξ∗] (σu) + Jq,u [ξ∗] (σq) (6.49)

−Au [ξ∗] (σλ)−Au,u [ξ∗] (σu)−Aq,u [ξ∗] (σq) .

To derive the computational procedure we revisit the reduced cost function, which is equal
to the reduced form of the Lagrangian (1.5) for any q and for any λ:

j[q;λ] = L [ξ2] = J [U [q], q]−A [U [q],q] (λ) ,

ξ2[q,λ] = [q, U [q],λ] , ∀q ∈ Q , λ ∈ U .

The notation ξ2 reminds that this ξ depends on only two parameters, q and λ. The reduced
gradient is

jq[q;λ](φ) = Lq[ξ2](φ) + Lu[ξ2] (U
′[q]φ) + Lλ[ξ2] (Λ

′[q]φ) (6.50)

= Lq[ξ2](φ) + Lu[ξ2] (U
′[q]φ) .

The last term is the forward equation and vanishes identically since u = U [q] in ξ2. Note
that

jq,λ[q;λ](δλ, φ) = Lq,λ[ξ2](δλ, φ) + Lu,λ[ξ2] (δλ, U
′[q]φ) . (6.51)

The reduced Hessian is

jq,q[q;λ](ψ, φ) = Lq,q[ξ2](ψ, φ) + Lq,u[ξ2](U
′[q]ψ, φ)

+Lu,q[ξ2] (ψ, U
′[q]φ) + Lu,u[ξ2] (U

′[q]ψ, U ′[q]φ)

+Lu[ξ2] (U
′′[q](ψ, φ)) .

With λ = Λ(q) the adjoint equation Lu = 0 makes the last term vanish identically. Let
ξ1[q] = (q, U [q],Λ(q)), which depends on just one parameter, q. The reduced Hessian reads

jq,q[q](ψ, φ) = Lq,q[ξ1](ψ, φ) + Lq,u[ξ1](U
′[q]ψ, φ)

+Lu,q[ξ1] (ψ, U
′[q]φ) + Lu,u[ξ1] (U

′[q]ψ, U ′[q]φ)
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Consider the variation of the Lagrangian Mξ (6.46) along the direction δξ0 given by an
arbitrary δq, δu = U ′[u∗]δq, and δλ = 0. Using (6.48) we replace σu = U ′[q∗]σq. Note
that ξ1[q∗] = ξ∗. With these substitutions, the variation of the Lagrangian (6.46) reads

Mξ[ξ∗,σ∗] (δξ0) = Eq[q∗] (δq)−Lq,q [ξ∗] (δq,σq)− Lu,q [ξ∗] (δq, U
′[q∗]σq)

−Lq,u [ξ∗] (U
′[u∗]δq,σq)−Lu,u [ξ∗] (U

′[u∗]δq, U
′[q∗]σq)

= Eq[q∗] (δq)− jq,q[q∗] (δq,σq)

The variation of the LagrangianM (6.46) along the direction δξ0 must be zero for any δq,
which leads to the following equation for the multiplier σq

jq,q[q∗] (φ,σq) = Eq[q∗] (φ) , ∀φ ∈ Q . (6.52)

Equation (6.52) can be solved by using a quasi-Newton approximation of the reduced Hes-
sian. This approximation is based on the sequence of reduced gradients obtained during the
optimization. The computational procedure is given in Algorithm 6.4.1.

Algorithm 6.4.1 Error estimation using the second order adjoint solution

1: Solve equation (6.52) for σq using a quasi-Newton approximation of jq,q.
2: Given σq, solve the tangent linear model (6.48) to obtain σu.
3: Given σq and σu, solve the second order adjoint model (6.49) to obtain σλ.

We recall the error representation of Becker and Vexler [110, Theorem 1], and extend it to
the infinite dimensional case as well. The error representation based on the error functional
reads:

E[q∗]−E[qh
∗ ] =

1

2
ρu[ξ

h
∗ ] (Δσλ) +

1

2
ρλ[ξ

h
∗ ] (Δσu) +

1

2
ρq[ξ

h
∗ ] (Δσq) (6.53)

+
1

2
ρσu [ξ

h
∗ ,σ

h
∗ ] (Δλ) +

1

2
ρσλ

[ξh∗ ,σ
h
∗ ] (Δu)

+
1

2
ρσq [ξ

h
∗ ,σ

h
∗ ] (Δq) .

The residuals ρ are given by the Lagrangian derivatives evaluated at the discrete solutions:

ρu[ξ
h
∗ ] (·) := −A[uh,qh](·) ,

ρλ[ξ
h
∗ ] (·) := Ju[u

h,qh](·)−Au[u
h,qh](·,λh) ,

ρq[ξ
h
∗ ] (·) := Jq[u

h,qh](·)−Aq[u
h,qh](·,λh) ,

and

ρσu [ξ
h
∗ ,σ

h
∗ ] (σu) + ρσq [ξ

h
∗ ,σ

h
∗ ] (σq) + ρσλ

[ξh∗ ,σ
h
∗ ] (σλ)

:= Ju,u[ξ
h
∗ ](σu) + Jq,u[ξ

h
∗ ](σq)

−Au[ξ
h
∗ ](σλ)−Au,u[ξ

h
∗ ](σu)−Aq,u[ξ

h
∗ ](σq)−Au[ξ

h
∗ ](σu)−Aq[ξ

h
∗ ](σq) .
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The simplest way to estimate the residual weights is through local higher–order interpolation
[35]. Consider, for example, the error weight

Δσλ := σλ − Ihσλ .

Here Ih : U → Uh denotes the projection operator onto the discrete solution space. We can
approximate the weight Δσλ through a patch-wise higher–order interpolation of σh

λ onto a
coarser mesh. Suppose σh

λ is defined on a regular mesh T q
h (see section 6.2 for details on the

notation). The higher-order interpolant σH
λ is defined on a coarser mesh T q

H that is obtained
directly from T q

h through pure hierarchical coarsening (e.g., H := 2h). Then, for all mesh
elements κ ∈ T q

h , we set:

Δσλ|κ ≈ (σH
λ − σh

λ)
∣∣
κ
.

Similar computations are done for the other weights Δσu, Δσq, etc.

6.4.1 The dual weighted residual (DWR) method

If the error functional is the optimization cost function, E[q] = J [u,q], then a simpler
dual-weighted error estimation is available, cf. Rannacher and Vexler [35].

The continuous and discrete optimality conditions read:

Lξ [ξ∗] (ψ) = 0 , ∀ψ ∈ X
Lh

ξ

[
ξh∗
]
(ψh) = 0 , ∀ψh ∈ X h .

The error criterion is the difference in cost function values

J [q∗,u∗]−J h
[
qh
∗ ,u

h
∗
]

= L [ξ∗]− Lh
[
ξh∗
]

=
(
L [ξ∗]−L

[
ξh∗
])

+
(
L
[
ξh∗
]
− Lh

[
ξh∗
])

Let e := ξ∗ − ξh∗ . According to [35]:

L [ξ∗]− L
[
ξh∗
]

=

∫ 1

0

Lξ

[
ξh∗ + se

]
(e) ds

−1
2

⎧⎨⎩Lξ [ξ∗] (e)︸ ︷︷ ︸
=0

+Lξ

[
ξh∗
]
(e)

⎫⎬⎭+
1

2
Lξ

[
ξh∗
]
(e)

≈ 1

2
Lξ

[
ξh∗
]
(e)

=
1

2
Lξ

[
ξh∗
] (
ξ∗ − ξh

)
, ∀ξh ∈ Uh × Uh ×Qh

=
1

2
Lλ[ξ

h
∗ ] (λ∗ − λh) +

1

2
Lu[ξ

h
∗ ] (u∗ − uh) +

1

2
Lq[ξ

h
∗ ] (q∗ − qh)

=
1

2
ρu[ξ

h
∗ ] (Δλ) +

1

2
ρλ[ξ

h
∗ ] (Δu) +

1

2
ρq[ξ

h
∗ ] (Δq) .
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Here the residuals are the corresponding Lagrangian derivatives, e.g.,

ρu[ξ
h
∗ ] (φ) = Lλ[ξ

h
∗ ] (φ) , ρh

u[ξ
h
∗ ] (φ) = Lh

λ[ξ
h
∗ ] (φ) , etc.

These residuals are defined on each element. The residual weights are defined as in equation
(6.53).

The remaining piece L
[
ξh∗
]
−Lh

[
ξh∗
]
consists of the additional discrete terms added to the

cost function and to the discretized operators, and evaluated at the discrete solution.

Let the desired tolerance be |J − J h| ≤ TOL · J h. In a well balanced grid each element
brings about the same error contribution e = TOL · J h · N−1

elem to the total error (by the
error equi-distribution principle). A local error indicator ek is computed on each element
Tk, k = 1, · · · , Nelem, by the scalar products of local residuals and local solution differences.
The element is flagged for refinement if ek ≥ f1 e, and for coarsening if ek ≤ f2 e. The safety
factors can have values such as f1 = 5 and f2 = 0.2.

6.4.2 Norm error

Similar to [172], we derive error bounds on the norm of the difference. The following as-
sumptions are made. There exist ζ, γ > 0 such that∥∥q∗ − qh

∗
∥∥
Q ≤ ζ ;

jq,q[q] (φ, φ) ≥ γ ‖φ‖2Q ; ∀φ ∈ Q ; ∀q ∈ Q , ‖q− q∗‖Q ≤ ζ .

Then the following results are established

γ

2

∥∥q∗ − qh
∗
∥∥2
Q ≤ j(qh

∗)− j(q∗) .

and

γ
∥∥q∗ − qh

∗
∥∥2
Q ≤ ρu[ξ

h
∗ ]
(
λ∗ − Λ[qh

∗ ]− λh
)

+ρλ[ξ
h
∗ ]
(
u∗ − U [qh

∗ ]− uh
)
+ ρq[ξ

h
∗ ]
(
q∗ − qh

)
,

for any discrete variables λh, uh, qh from the respective discrete spaces. U [qh
∗ ] and Λ[qh

∗ ] are
the solutions of the continuous forward and adjoint problems corresponding to the optimal
discrete parameter. An auxiliary optimization is performed on a finer grid. The first iteration
stars with an interpolated value of qh

∗ and produces U [qh
∗ ] and Λ[qh

∗ ]. After a number of
iterations the auxiliary optimization problem produces approximations of u∗ and λ∗. The
projection out of the discrete space is performed as above.
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6.5 More on error estimation via an error functional

We follow Becker and Vexler [110], and seek an error representation of the type:

E[q]−E[qh] ≈ eh + h.o.t. ,

where the higher order terms are ignored. Consider now a perturbation to the optimality
conditions, in the form of a small residual ρ. The perturbed optimality conditions have the
solution ξρ∗

(Lξ [ξ
ρ
∗ ] + ρ) (ψ) = 0 , ∀ψ ∈ X .

For the unperturbed case ρ = 0 we obtain the solution ξ0∗ = ξ∗. LetMρ denote the associated
Lagrangian for the functional E, corresponding to the perturbed optimality conditions [110]:

Mρ[ξ,σ] = E[ξ]− (Lξ [ξ] + ρ) (σ) .

Let (ξ∗,σ) be a stationary point ofM0 for the unperturbed case ρ = 0. This means that

M0
ξ[ξ∗,σ](ψ) = Eξ[ξ∗](ψ)− Lξ,ξ [ξ∗] (ψ,σ) , ∀ψ . (6.54)

Consider now the residual ρ for which ξρ∗ = ξh∗ :

ρ = Lξ [ξ∗]− Lξ

[
ξh∗
]
= −Lξ

[
ξh∗
]
⇒

(
Lξ

[
ξh∗
]
+ ρ

)
(ψ) = 0 , ∀ψ .

The error in the cost functional reads:

E[ξ∗]− E[ξh∗ ] = M0[ξ∗,σ]−Mρ[ξh∗ ,σ]

= E[ξ∗]−E[ξh∗ ]−
(
Lξ[ξ∗]− Lξ

[
ξh∗
]
− ρ

)
(σ)

= Eξ[ξ∗](ξ∗ − ξh∗ )− Lξ,ξ[ξ∗](ξ∗ − ξh∗ ,σ) + 〈ρ,σ〉+ h.o.t.

= 〈ρ,σ〉+ h.o.t. ,

where the first two terms disappear due to the stationarity ofM0 condition (6.54).

Combining the equations we are lead to the following error estimate:

E[ξh∗ ]− E[ξ∗] = Lξ

[
ξh∗
]
(σ) + h.o.t.

= A[uh,qh](Δσu)

+Ju[u
h,qh](Δσλ)−Au[u

h,qh](Δσλ,λ
h)

+Jq[u
h,qh](Δσq)−Aq[u

h,qh](Δσq,λ
h) + h.o.t.

Remark. We note the following:

1. All the residuals in the above equation are for the continuous operators.
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2. By performing the integration by parts in reverse order, we arrive at the strong form
(high derivatives of the polynomials inside each element) dot product with the σ.

3. Each residual can be written as a sum of residuals within each element. Similarly,
each element-wise residual can be computed in strong form, by differentiating the
polynomials, to arrive at polynomial residuals.

A more accurate estimator is obtained as follows. Define

e = ξh∗ − ξ∗
M(s) = E[ξ∗ + se]− (Lξ[ξ∗ + se] + sρ) (σ)

M(1)−M(0) =

∫ 1

0

M ′(s) ds

Therefore we have that

Mρ[ξh∗ ,σ]−M0[ξ∗,σ] =

∫ 1

0

(Eξ[ξ∗ + se](e)− Lξ,ξ[ξ∗ + se](e,σ)− 〈ρ,σ〉) ds

= −〈ρ,σ〉+ 1

2
(Eξ[ξ∗](e)− Lξ,ξ[ξ∗](e,σ))

+
1

2

(
Eξ[ξ

h
∗ ](e)−Lξ,ξ[ξ

h
∗ ](e,σ)

)
+R(e, e, e)

= −〈ρ,σ〉+ 1

2

(
Eξ[ξ

h
∗ ](e)− Lξ,ξ[ξ

h
∗ ](e,σ)

)
+R(e, e, e)

where the residual of the trapezoidal integration method is of order three. Using the fact
that ξh∗ = ξ∗ + e, and expanding in Taylor series, leads to:

Mρ[ξh∗ ,σ]−M0[ξ∗,σ] = −〈ρ,σ〉+ 1

2
Eξ,ξ[ξ∗](e, e)−

1

2
Lξ,ξ,ξ[ξ∗](e, e,σ) + h.o.t.

where the higher order terms are at least of order three. This analysis reveals the structure of
the second order error terms. It also shows that the additional terms considered by Becker
are the second order terms. These second order terms are the residual of the optimality
equation (6.54) for the optimal discrete solution. This residual is weighed against the error
e.

Consider how this applies to an elliptic equation described by

A[q,u](φ) = a[q](u, φ)− �(φ)

where a is bilinear, and � is linear. The KKT conditions (1.2a), (1.2b), and (1.2c) read

a [q∗] (u∗,ψλ) = �(ψλ) , ∀ψλ ∈ U , (6.55a)

a [q∗] (ψu,λ∗) = Ju [u∗,q∗] (ψu) , ∀ψu ∈ U , (6.55b)

aq [q∗] (ψq,u∗,λ∗) = Jq [u∗,q∗] (ψq) , ∀ ψq ∈ Q . (6.55c)
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The error Lagrangian is

Mρ[ξ,σ] = E[ξ]− a [q] (u,σλ) + �(σλ)

−a [q] (σu,λ) + Ju [u,q] (σu)

−aq [q] (σq,u,λ) + Jq [u,q] (σq)

Therefore

M0
ξ[ξ,σ](ψ) = Eq[ξ](ψq) + Jq,q [u,q] (ψq,σq) + Ju,q [u,q] (ψq,σu)

−aq [q] (ψq,u,σλ)− aq [q] (ψq,σu,λ)− aq,q [q] (ψq,σq,u,λ)

+Eu[ξ](ψu) + Ju,u [u,q] (ψu,σu) + Jq,u [u,q] (ψu,σq)

−a [q] (ψu,σλ)− aq [q] (σq,ψu,λ)

−{a [q] (σu,φλ) + aq [q] (σq,u,φλ)}

The residual is

ρ(σ) = −Lξ

[
ξh∗
]
(σ) {σλ ∈ U ,σu ∈ U ,σq ∈ Q}

= a
[
qh
∗
]
(uh

∗ ,σλ)− �(σλ) {≡ ρu(σλ)}
+a
[
qh
∗
]
(σu,λ

h
∗)− Ju

[
uh
∗ ,q

h
∗
]
(σu) {≡ ρu(σu)}

+aq
[
qh
∗
]
(σq,u

h
∗ ,λ

h
∗)− Jq

[
uh
∗ ,q

h
∗
]
(σq) {≡ ρq(σq)} .

6.6 Numerical results for the coefficient identification

problem

Let H be the identity operator, o := Hu∗, β = 100, and Ω := [0, 1] × [0, 1]. The first
numerical test makes use of

Test A: qB(x) := 1 + x2 + y2 , (6.56)

u∗(x) := 10 exp

(
−(10x− 5)2

4

)
exp

(
−(10y − 5)2

4

)
,

and the initial guess

q0(x) := 1 + 7x+ 7y , x ∈ Ω . (6.57)

The second set of experiments uses the following functions:

Test B: qB(x) := 5 + sin
(πx

2

)
cos(2πy) , (6.58)

u∗(x) := 10 exp

(
−(10x− 5)2

4

)
exp

(
−(10y − 5)2

4

)
,
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and a constant initial guess

q0 := 1 . (6.59)

For both experiments we choose

f(x) := −∇ · (qB∇u∗)(x) , ∀ x ∈ Ω .

Then, q∗ = qB, and J (u∗, q∗) = 0. The discrete solver uses the deal.II library [163]
for finite element computations. The spaces Up

h and Qr
h are spanned by the second order

Lagrange basis functions (p = r = 2). Moreover, Th ≡ T q
h . Note that for the first set

(6.56)–(6.57), the exact optimal solution q∗ can be represented exactly by the polynomial
basis spanning Qr

h.

6.6.1 Consistency of the discrete gradient

An important step in adjoint code development is validation of the discrete gradient (6.43).
The classic approach to adjoint code validation is through the numerical verification of a
truncated Taylor expansion [71]. For smooth Jh, and small perturbations ε δqh around a
reference state qh, the Taylor theorem gives:

J h(qh + ε δqh) = J h(qh) + ε
〈
∇qhJ h, δqh

〉
Ω
+O(ε2) .

We verify numerically the following limit for small values of ε:

lim
ε→0

Gh(ε) := lim
ε→0

J h(qh + ε δqh)− J h(qh)

ε
〈
∇qhJ h, δqh

〉
Ω

= 1 . (6.60)

As shown in figure 6.1, the discrete reduced gradient is found to be numerically consis-
tent. For ε < 10−11, truncation errors start to degrade the quality of the finite difference
approximation (6.60).

6.6.2 The numerical behavior of the discrete optimality condition

We now consider the solution of equation (6.26). Figure 6.2(a) shows the decrease with
h ∼ DoF−1/2 of the integrals I1Γ, I

2
Γ, I

1
ΓI , and I2ΓI in (6.31a)–(6.31d). For p = r = 2, and

the C∞(Ω) exact solutions (6.56)–(6.57), the integrals vanish asymptotically at least as fast
as h3/2, verifying the analytical bounds. Similar results are reported in figure 6.2(b) for the
problem (6.58)–(6.59).
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Figure 6.1: Asymptotic consistency test for the discrete gradient ∇qhJ h using the first order
Taylor approximation (6.60), and the functions (6.56)–(6.57).

6.6.3 Multigrid optimization and solution convergence

The multigrid optimization procedure is described in Algorithm 6.6.1. The subscript k
indicates the current multigrid iteration. On each mesh level, we keep iterating until there
is a sufficient reduction in the cost functional Jh. A practical stopping criterion for the
multigrid iterations can be based on the value of the target functional J h at the current
solution, or some reduced gradient norm.

The algorithm requires the constant relative and absolute tolerance vectors ATOL and
RTOL, which decide if there has been sufficient decrease in the cost functional value on
the current mesh level. In practice, one may also want to limit the number of optimization
iterations on a given mesh, to prevent excessively long run times.

Algorithm 6.4.1 is used for the error estimation at step 9 of Algorithm 6.6.1. The mesh
adaptation is performed at step 12, which get executed once per multigrid iteration. The
exact choice of error functional is problem dependent. We will choose E to be a weighted
average of the optimal solution over Ω:

E(x) =

∫
Ω

w q dx . (6.61)

The weight function w ∈ H2(Ω) is positive a.e. on Ω.

Figure 6.3 shows the convergence of multigrid optimization algorithm on several mesh levels.
We plot both the decrease in the cost functional, and in the optimal solution error for the
problem (6.56)–(6.57). For this experiment the mesh refinement process is guided by a simple
element–wise error estimator based on the scaled gradient ∇qh. The order of convergence is
consistent with the theoretical expectations: the optimal solution shows cubic convergence
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Figure 6.2: Asymptotic behavior of the integrals (6.31a)–(6.31d) for test A (left), and test
B (right).

with the mesh size h (for p = r = 2). We chose ATOL = 10−10, and RTOL = 10−2 on all
iteration levels.

10−3 10−2 10−110−6

10−4

10−2

100

DoF1/2

 

 

L2
L�

DoF−3/2

Figure 6.3: Convergence of the multigrid optimization algorithm: test A. The optimal solu-
tion error is plotted versus h ∼ DoF−1/2. The errors correspond to the optimal solutions on
each mesh level.

Remark. The meshes T q
h and Th may also be locally coarsened in step 12 of Algorithm

6.6.1. The coarsening operation is analogous to that of refinement. Care must be taken to
maintain the mesh nesting property for T q

h and Th.
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Figure 6.4: Convergence of the discrete optimal (left), primal (center), and dual (right)
solutions for test B. The errors correspond to the converged solutions on each mesh level,
and are plotted versus h ∼ DoF−1/2.

Algorithm 6.6.1 Multigrid optimization with error–driven AMR

Require: ATOL[maxit], RTOL[maxit].
1: Define the initial guess qh on (T q

h )0, and calculate uh, λh on (Th)0.
2: Define the error functional E[q].

For example, E[q] :=

∫
Ω

w(x)q(x) dx, for some positive weight function w.

3: for k = 0 to maxit− 1 do
4: Solve the primal model on (Th)k to get J h

0 = J h(uh,qh).
5: while J h/J h

0 > RTOL[k] and J h > ATOL[k] do
6: Run the optimization iterations on (Th)k and (T q

h )k, and update the current approx-
imation qh, and cost functional J h.

7: Construct approximation to the reduced Hessian ∇2
qhJ h from the optimization it-

erates qh and gradients ∇qhJ h.
8: end while
9: Calculate the element-wise error indicators for all κq ∈ T q

h using Algorithm 6.4.1.
10: Flag the cells with highest estimated error on (T q

h )k for refinement.
11: For any element κq ∈ (T q

h )k flagged for refinement, flag for refinement all elements
κ ∈ (Th)k such that κ ⊆ κq. This is required to maintain the mesh nesting property.

12: Refine the triangulations to obtain (Th)k+1 and (T q
h )k+1.

13: Transfer the current optimal solution approximation qh to the new parameter mesh
(T q

h )k+1.
14: end for

Figure 6.5 illustrates the sequence of meshes generated by algorithm 6.6.1 with the numerical
test B. The observed numerical orders of convergence for qh, uh, and λh, are consistent with
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the theoretical bounds. Note that the perturbation integrals (6.31a)–(6.31d) - shown in
figure 6.6 - are sufficiently small to not affect the convergence of the optimization process,
see figure 6.7. However, if the optimal solution error is reduced further, the perturbations
may impact the convergence process, as indicated by the a priori error bound (6.39).

Iteration 1 Iteration 2

Iteration 3 Iteration 4

Figure 6.5: Optimization meshes generated by algorithm 6.6.1 on numerical test B.

Conclusions

This chapter considers consistency and mesh adaptivity for discrete parameter estimation
problems. The discrete, or discretize – first approach is very attractive in practice, because
the dual and optimality equations in the KKT set, as well as the reduced gradient of the
target functional, can be generated with low effort by automatic differentiation. However,
the discrete approach introduces several complications in the inverse solution algorithm. A
consistency analysis of the full set of KKT equations is needed before convergence of the
discrete optimal solution can be established. Investigating consistency and stability of the
discrete KKT system is one of the main objectives of this chapter. While the discretization
of the primal equation is a priori assumed to be convergent, the consistency of the dual and
optimality equations does not automatically follow. We extend the dual consistency frame-
work given in [28] to cover the third equation in the KKT set, namely, the discrete optimality
condition. While consistency and stability may not immediately hold for this equation, the
analysis shows that they can be restored through suitable consistent modifications of the
discrete target functional. An a priori error analysis is performed on the modified optimal-
ity optimality equation. The theoretical results are supported by the numerical experiments
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Figure 6.6: Asymptotic behavior of the integrals (6.31a)–(6.31d) for the a posteriori numer-
ical experiments with test B.

with a symmetric DG discretization of the primal problem. Discontinuous Galerkin is cho-
sen as the discretization method because of its amenability to parallel computations, and
h/p-adaptivity.

A crucial ingredient in any adaptive algorithm is the error estimation step, that guides the
mesh refinement process. Previous results in error estimation are either of limited practical
use (because of their dependence of problem–dependent unknown constants), or rely on
the assumptions that the control parameter space is finite dimensional. We explain the
construction of a practical error estimator for parameter estimation problems, in the more
general case of infinite dimensional controls. The estimation process is based on dual–
weighted residuals of first and second order sensitivity equations. The Hessian of the reduced
cost functional is replaced by a low–order BFGS approximation. The use of a BFGS Hessian,
obtained at very low cost from the optimization algorithm, keeps the computational overhead
of the a posteriori error estimation procedure sufficiently low to make it feasible in practice.
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Figure 6.7: Solution convergence for the multigrid optimization algorithm 6.6.1 using the a
posteriori estimation procedure 6.4.1: optimal solution (left), primal solution (center), and
dual solution convergence (right).



Chapter 7

Summary and outlook

The discrete duality framework proposed in this dissertation opens the possibility to perform
inverse studies using exclusively the discrete adjoint method, throughout the entire inversion
process. This purely discrete approach is very attractive in practice due to the fact that the
discrete first and second order optimality systems can be generated with low effort using
automatic differentiation. We analyze in detail the properties of discrete adjoints for the
main ingredients of state–of–the–art adaptive algorithms: space and time mesh refinements,
solution limiters, grid transfer operators, and error analysis and estimation. Our framework
enables the construction of consistent and stable discretizations of inverse problems that ben-
efit from all the above mentioned adaptive features. Our prototypical discretization methods
are nodal discontinuous Galerkin for space domains, and Runge–Kutta quadratures for the
time dimension. This particular choice of discretizations allows for maximum efficiency, and
versatility in h/p-adaptive algorithms. The finite volume method is also examined as an
alternative to DG.

Time and space refinement are essential components of any large–scale inversion algorithm.
Spatial meshes can be locally refined or coarsened to accurately capture the solution features
in regions of interest. Similarly, adaptive time stepping allows for maximum efficiency in the
inverse solution algorithm, by varying the time steps according to the local temporal error of
the constraint equations. However, adaptivity introduces important challenges in the inver-
sion process. While the primal discretization may a priori be considered to be convergent,
numerical consistency and stability of the discrete dual or optimality equation variables are
not guaranteed. We give two extensions of the dual consistency concept explained by other
authors. First, we define dual consistency for the well–known space–time adaptive Runge–
Kutta discontinuous Galerkin discretizations. The dual consistency definition for the spatial
discretization cannot be readily extended to the time dimension. However, a careful analysis
of the weak form Runge–Kutta discrete adjoints, reveals that primal RK–DG discretizations
that are adjoint consistent in space, are also dual consistent in time. Numerical accuracy
order tests, for a two–dimensional data assimilation scenario, confirm the theoretical order

171
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results for the discrete space–time dual problem.

The second extension of the consistency framework addresses the third equation in the dis-
crete KKT set, namely, the optimality condition. We introduce the concept of consistency
for the discrete optimality equation, by extending the consistency definitions for the primal
and dual discretizations. In this framework, consistency and stability of the dual and opti-
mality discretizations imply the convergence of the discrete optimal solution to its analytical
counterpart. The discrete optimality equation does not inherit the consistency automati-
cally from the primal discretization. However, our analysis indicates that consistency and
stability issues with the discrete optimality equation may be resolved by consistent suitable
modifications of the target functional for the primal problem. The theoretical analysis is
supported by numerical results for a prototypical elliptic inverse problem.

Other essential components of adaptive inverse solution are error analysis and estimation for
local mesh coarsening and refinement. We consider a general elliptic problem. After suitable
consistent modifications to the target functional, the discrete optimality equation is subject
to an a priori error analysis that establishes consistency and stability. We extend previous
results on error estimation for parameter identification problems, to cover the more general
case of infinite dimensional controls. The implementation of the error adaptation algorithm
relies on the discrete first and second order sensitivity conditions. For computational effi-
ciency, we recommend that second order derivative information (the Hessian of the target
functional), be replaced with a quasi–Newton approximation that is provided virtually for
free as a by–product of the optimization process. The second order optimality conditions
can be generated from the first order KKT set by automatic differentiation.

Future work will extend the a priori KKT error analysis to more complex operators. With
the continuous improvements in state of the art computing systems, the solution of large scale
inverse problems can benefit from the increasing computing power through parallelization
of existing numerical algorithms. The degree of transfer in the parallelization properties of
the primal discretization, to the discrete dual and optimality equations, warrants further
investigation.

The discrete inversion framework described in detail in this dissertation is the first effort
at a completely discrete solution algorithm for adaptive inverse problems. The rules and
guidelines given herein can be applied to models of high complexity. The use of targeted
automatic differentiation will allow practitioners to significantly reduce development time
for the numerical solvers, with minimal post–processing required to restore accuracy in the
linearized equations. A priori error analysis arguments similar the ones given in this work
may be used to establish consistency of linearized sensitivity equations for general nonlinear
problems. Adaptive mesh refinement can be guided by computationally cheap a posteriori
error estimates, to achieve both high accuracy in the optimal solution (the end goal in any
inversion algorithm), and locally capture fine scale phenomena, without compromising run
time efficiency.
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[154] K. Harriman, D. Gavaghan, and E. Süli. The importance of adjoint consistency in
the approximation of linear functionals using the discontinuous galerkin finite element
method. Technical Report 04/18, Oxford University Computing Lab, Numerical Anal-
ysis Group, Oxford, UK, 2004.

[155] Sigal Gottlieb and Lee-Ad J. Gottlieb. Strong stability preserving properties of Runge–
Kutta time discretization methods for linear constant coefficient operators. J. Sci.
Comput., 18(1):83–109, 2003.

[156] E. Haber, S Heldmann, and U. Ascher. Adaptive finite volume method for distributed
non-smooth parameter identification. Inverse Problems, 23(4):1659, 2007.

[157] Y. Liu, C. W. Shu, E. Tadmor, and M. Zhang. Non-oscillatory hierarchical recon-
struction for central and finite volume schemes. Communications in Computational
Physics, 2(5):933–963, 2007.

[158] R. Hartmann. Error estimation and adjoint based refinement for an adjoint consistent
dg discretisation of the compressible euler equations. Int. J. Comput. Sci. Math.,
1(2-4):207–220, 2007.

[159] Ralf Hartmann and Paul Houston. An optimal order interior penalty discontinuous
galerkin discretization of the compressible navier-stokes equations. Journal of Compu-
tational Physics, 227(22):9670–9685, 2008.

[160] Jari Kaipio and Erkki Somersalo. Statistical inverse problems: Discretization, model
reduction and inverse crimes. Journal of Computational and Applied Mathematics,
198(2):493–504, 2007. Applied Computational Inverse Problems.

[161] libLBFGS: a library of limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS),
2009.

[162] Richard H. Byrd, Peihuang Lu, Jorge Nocedal, and Ciyou Zhu. A limited memory
algorithm for bound constrained optimization. SIAM Journal on Scientific Computing,
16(5):1190–1208, 1995.

[163] W. Bangerth, R. Hartmann, and G. Kanschat. deal.II Differential Equations Analysis
Library, Technical Reference. http://www.dealii.org.



Mihai Alexe Bibliography 186

[164] Sigal Gottlieb and Chi-Wang Shu. Total variation diminishing Runge–Kutta schemes.
Math. Comput., 67(221):73–85, 1998.

[165] P. Grisvard. Elliptic problems in nonsmooth domains, volume 24 of Monographs and
studies in mathematics. Pitman Advanced Pub. Program, Boston, MA, USA, 1985.

[166] M. Renardy and R. C. Rogers. An Introduction to Partial Differential Equations,
volume 13 of Texts in Applied Mathematics. Springer Verlag, 2nd edition, 2004.

[167] P. C. Hansen. Discrete Inverse Problems. Society for Industrial and Applied Mathe-
matics, Philadephia, PA, 2010.

[168] K. Kunisch and J. Zou. Iterative choices of regularization parameters in linear inverse
problems. Inverse Problems, 14(5):1247, 1998.

[169] J. Xie and J. Zou. An improved model function method for choosing regularization
parameters in linear inverse problems. Inverse Problems, 18(3):631, 2002.

[170] P. G. Ciarlet. The finite element method for elliptic problems. North Holland Publishing
Company, New York, NY, USA, 2002.

[171] B. Riviere. Discontinuous Galerkin Methods For Solving Elliptic And parabolic Equa-
tions: Theory and Implementation. Society for Industrial and Applied Mathematics,
Philadelphia, PA, USA, 2008.

[172] R. Becker. Estimating the control error in discretized PDE-constrained optimization.
J. Numer. Math., 14:163–185, September 2006.


