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(ABSTRACT)

The research contributes toward a fully integrated multidisciplinary wing design
synthesis by development of an appropriate structural model. The goal is to bridge the
gap between highly idealized structural beam / aerodynamic strip models and the very
detailed finite element and computational fluid dynamics, FEM/CFD, techniques.
The former provides insufficient accuracy for flutter analysis of modern low aspect
ratio composite wings. The latter is too computationally intensive for use in the inner
loop of a simultaneous multidisciplinary optimization problem. The derived model

provides a useful preliminary design tool as well.

ii



ACKNOWLEDGMENTS

The author particularly wishes to acknowledge the leadership and guidance of his
advisor, Dr. Leonard Meirovitch. His vision and professionalism have contributed
much to this work and to the author’s career. Thanks are due also to the members
of the committee. Their comments and enthusiasm were essential in the day to day
effort. Special thanks go to Dr. Valery Vasiliev of the Moscow Institute of Aviation
Technology for inspiring my interest in composite structures. Many a blind alley were
averted thanks to the discussions with co-workers with whom the author has had the
privilege of sharing an office these years. Special thanks must go, of course, to the
author’s wife, Mary and son Daniel without whose steadfast support the opportunity

to thank the others would never have arisen.

iii



TABLE OF CONTENTS

AB S T R A C T .ot e e e e e ii
ACKNOW LEDGMEN TS ..o e e iii
LIST OF FIGURES . . ..o e e e e e e e e e eeeans v
LIST OF TABLES ..ottt e ettt ettt et annes vii
NOMENCLATURE . ..ot e e et viii
CHAPTER I - INTRODUCTION. ... e 1
1.1 Preliminary Remarks ........coo i i it 1
1.2 Literature Survey and Modeling Decisions.................ooiiiiiiiiiia... 1
1.3 Outline. . oot e e 5
CHAPTER II - DEVELOPMENT OF THE STRAIN ENERGY FUNCTION..... 8
2.1 Strain-Displacement Relations ......... ... ..ot 8
2.2 Constitutive Relations ...... ... e 9
2.3 Total Laminate Strain Energy ..........cooiiiiiiiiiiiiiiiiiiiiiiaan. 12
CHAPTER III - DERIVATION OF THE EQUATIONS OF MOTION .......... 15
3.1 Consideration of the Wing Root Boundary.....................o.oiilt 15

3.2.1 Variation in the Potential Energy................c.oooiiiiiiiiiitt, 16

3.2.2 Variation in the Kinetic Energy........ ... ... il 17
3.3 Virtual work of the Nonconservative Forces.................. ... ..t 19
3.4 The Extended Hamilton Principle and the Boundary Value Problem......... 22
CHAPTER IV - THE EIGENVALUE PROBLEM ...ttt 29
4.1 Algebraic Eigenvalue Problem ........... ... ... i i 29
4.2 Admissible Functions: A Quasi-comparison Function Approach.............. 38
CHAPTER V - NUMERICAL RESULTS ..o 47
5.1 Convergence and ACCUTACY .« . ...vuvtinentntant e en et eaeneeneeneanns 48
5.2 Free Vibration Results........... ..o i 50
5.3 Flutter Analysis Results..........coiiiiiiiiiii it 53
CHAPTER VI - SUMMARY AND CONCLUSIONS ...ttt 74
REFERENCES ... e et ettt et enaeaenans 76
1 82

v



1.1
1.2
3.1
3.2
4.1
4.2
4.3
44
5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8
5.9
5.10
5.11
5.12
5.13
5.14

5.15

LIST OF FIGURES

Planform Nomenclature ........... ..o i 7
Laminate Nomenclature.......... ... .o i 7
Wing Root Geometry .......coviiniiniii it 27
Surface Location for a Symmetrical Airfoil.............. .. .. .. ...... 28
Xi(z) For the Sine Series .........oviiiiiiiiiii i 45
Y¢(y) For The Sine Series.........ocoviiiuiiiiii i, 45
Xi(z) For The Power Series........coouuiiiuiniiiiiiiiiiiiiiiaineaanns 46
Yi(y) For The Power Series........ ..ottt 46
Tailoring Ply Distribution...........oooiiiiiiii i 60
Free Vibration Convergence for AN1.............oooiiiiiiiiiiiiinen... 61
Convergence of the Flutter Dynamic Pressure............................ 61
Computing Cost Apportionment.............ooiiiiiiiniiiiiiniiiennenn. 62
Convergence to Known Valuesof Q....... .. .. ... ... 62
Layup of Anisotropic Wing..... ...t 63
First Mode, Rigid Body Plunge - Orthotropic Plate...................... 64
Second Mode, Rigid Body Pitch - Orthotropic Plate..................... 64
Third Mode, 1st Bending - Orthotropic Plate............................ 65

Fourth Mode, 1st Torsion - Orthotropic Plate........................ ... 65

Fifth Mode, 2nd Bending - Orthotropic Plate........................... 66

Sixth Mode, 2nd Torsion - Orthotropic Plate........................... 66

Seventh Mode, 1st Chordwise Bending - Orthotropic Plate.............. 67

Bending Mode, Tailoring Ply at -20 degrees............................. 68

Torsion Mode, Tailoring Ply at -20 degrees ..................coooenat.. 68



5.16
5.17
5.18
5.19
5.20
5.21

5.22

Mass Center Position Effect on Frequency Results ...................... 69

Frequency vs. Tailoring Angle....... ... .. it 69
A Bending-Torsion Flutter Case.................cooiiiiiiiiiiiinne., 70
A Body-Freedom Flutter Case............cooiii i iiiiinennn. 71
Mass Center Position Effect on Flutter Dynamic Pressure............... 72
Wing Sweep Effect on Flutter-Dynamic Pressure........................ 72
Tailoring Layer Angle Effect on Flutter-Dynamic Pressure .............. 73

vi



LIST OF TABLES

Table 4.1 - Function Selection Order
Table 5.1 - Nominal Example Wings

Table 5.2 - Nominal Materials . .....

............................................

............................................

............................................

vii



w = w(z,y,1)
Y = 1a(2,9,1)
by = Yy(2,9,t)
iz = $iz(z,y)

Xk = Xi(z,y)

Yy =Yi(y)
M,

I

T

R

S

nL,nr

tj = tj(z,y)
I, Y,2
€1y€y, €2
Yyzs Yzzs Yy

Tyzy Tzzy Tzy

1,2

€1, €2
723,713,712

01,02
723, T13712

0;

NOMENCLATURE
Vertical displacement
Shear deflection (rotation) in the z direction
Shear deflection (rotation) in the y direction
The z derivative of the ith approximating function
The kth chordwise part of a family of ¢;
The ¢th spanwise part of a family of ¢;
The fuselage mass
The fuselage pitch inertia about the fuselage mass center
The location of the fuselage center of mass
The root chord length
The wing semispan
The sweep back angle of the leading and trailing edges
The height of the top of the jth layer from the plane of symmetry
The global coordinate system with origin at the leading edge root. the
y axis is out the span and z is aftward
Engineering strains in the global system

Stresses in the global system

The principle material axes of the jth layer

Tensoral strains in the material system

Tensoral stresses in the material system

The angle from the z axis to the material (1) axis for the jth layer

viii



e

E{,E}

V1l2’ V2'1
G23,G13,G12
T3]

{¥.[p

V;

| %4

Qhe

Ay = Aap(z,y)
Dab = Dab(zvy)

Tw

Ty

m = m(z,y)

TE = TE(y)
LE = LE(y)
A
a
w

The non-conservative virtual work

Normal and tangential quantities

The reduced stiffnesses in the material coordinate system for the jth
layer

Young’s moduli of elasticity for the jth layer
Poisson’s ratios for the jth layer

Shear moduli for the jth layer

Transformation matrix from material to laminate axes for the jth layer

' Referencing the jth layer

The strain energy density for layer j

The total laminate strain energy

The reduced stiffnesses in the laminate coordinate system for the jth
layer

The total laminate extensional stiffness coefficients
The total laminate bending stiffness coeflicients

Total kinetic energy associated with the distributed mass of the
structure

Fuselage kinetic energy
The distributed mass of the structure

The trailing and leading edges defined as linear functions of y

The complex eigenvalue
The real part of A
omega, the imaginary part of A and the natural frequency

an n term approximation



(Kab)ij

(Hap)ij

Map)i;

{a}*
K*, M*

Pair

The ith row and jth column of the ab sub-matrix of the stiffness matrix,

K

The ith row and jth column of the ab sub-matrix of the damping

matrix, H

The ith row and jth column of the ab sub-matrix of the mass matrix,

M

the complex eigenvector

The augmented eigenvector

The augmented K and M matrices
Dynamic pressure

The Mach number

The wing half thickness

Ratio of specific heats

The free stream airspeed

The dimensionless frequency parameter
The dimensionless dynamic pressure parameter
Total wing area

The air density



CHAPTER 1

INTRODUCTION

1.1 Preliminary Remarks

Many good ideas in aerodynamics have fallen on the rocks of structural
practicality. In view of this, it is becoming increasingly apparent that the marriage
of these two disciplines is essential to the development of modern aircraft (refs. 1-5).
Such development calls for analytical models capable of representing low aspect ratio
wings and/or forward swept wings (FSW), as well as conventional high aspect ratio
straight or swept back wings. The goal of the present research is to develop a suitable

structural model consistent with the objectives of multidisciplinary optimization.

1.2 Literature Survey and Modeling Decisions

The problem of wing divergence has long prevented the practical implementation
of the FSW concept. Recently, and particularly in the past decade, interesting
structural solutions based on the anisotropy of exotic new composite materials have
been presented (refs. 6-13). Active control has been proposed for the suppression of
divergence and flutter instabilities (refs. 14-26) and a growing number of experimental
results are appearing in the literature (refs. 27-30). The trend is toward an
integrated optimization problem combining structures, aerodynamics and controls.
Some investigators are beginning to define and address this problem (refs. 31-35).

Around 1980, a number of investigators came to the conclusion that the
phenomenon of FSW divergence was better modeled as body freedom flutter than
clamped wing divergence (refs. 36, 37), although this idea has its origins as early
as 1929, (refs. 38-41). Body-freedom flutter is the unstable coupling of a flexible
airplane mode and a rigid-body mode. A common such case, and the one receiving

1



attention here, is the coupling of flexible wing bending and rigid-body pitch.

The body-freedom flutter model is more realistic and predicts a lower speed
for onset of instability. Additionally, the evidence is that composite tailoring, i.e.,
the practice of improving laminate performance by adjusting orthotropicity angles,
predicts large increases in divergence speed while less impressive improvements in
the body-freedom flutter speed are realized (ref. 42). An important point is that
an equivalent increase in flutter dynamic pressure cannot be expected to accompany
an increase in divergence dynamic pressure obtained by laminate rotation (ref. 43).
This result provides a strong motivation for considering the benefits of combined
aeroelastic tailoring and active control, particularly in the context of optimal design.

There is growing evidence that neither active control nor passive structural
tailoring alone is able to provide the most efficient wing. Some of the claimed
benefits of composite tailoring, used to alleviate divergence in swept forward wings, for
example, are seen to be due to an idealized description of the divergence phenomenon.
The application of both structural tailoring and active control is required to realize
remarkable improvements in real wings.

In addition to coping with the FSW configuration, the model must also
accommodate low aspect ratio wings of any sweep. A wide array of beam models for
high aspect ratio wings are already available, but these not very suitable for modern
delta and low aspect ratio trapezoidal wings. While the methodology developed here
is equally applicable to wings of any planform, the emphasis is on low aspect ratio
wings, for which suitable models are in short supply.

Weisshaar (ref. 42) uses a three-degree-of-freedom model to study the effect of
including body freedoms into a FSW aeroelastic analysis. The degrees of freedom
consist of fuselage pitch, plunge and a single wing bending mode. This three-
degree-of-freedom model is not really adequate for studying laminated composite
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wing problems, with the attendant coupling between bending and torsion. Indeed, a
more sophisticated multi-mode wing model is required. Because directional stiffness,
as well as low aspect ratio, must be accommodated, the elastic axis model must
be replaced by a two-dimensional representation capable of accommodating fiber
directional information. Some development in this direction is evident in the literature
(refs. 44-47). In particular, Giles (ref. 46) provides a model that is largely suitable
for the problem at hand. Using a single high-order power series to approximate
displacements, Giles showed that good approximations of stresses can be obtained
with analytically derived stiffness and mass terms. While this choice of functions
has many advantages, they do suffer from numerical divergence, allowing terms no
higher than z*y?. The inability to improve accuracy by adding more terms must
be considered an important disadvantage. Giles also found that, while static results
were reasonably well predicted, these approximate solutions did not represent the
vibrational behavior of the wing very well (ref 47). This is an important drawback in

the case at hand, which is concerned primarily with vibration related phenomenon.

From the preceding discussion, it is clear that an accurate representation of the
important FSW characteristic of divergence must include the fuselage freedoms of
pitch and plunge. The degrees of freedom associated with fuselage pitch and plunge
introduce the fuselage mass and pitch inertia as discrete terms in the formulation.
Chordwise flexibility and its influence on aerodynamics is also important for low
aspect ratio composite wings (ref. 48).

In this study, we use a plate model to represent the wing. The model consists
of an anisotropic lay-up with the different layers permitting different orthotropicity
angles. The resulting laminate of generally orthotropic layers at differing layer angles
is analytically equivalent to a fully anisotropic material, so that no generality is lost.
The question of wing camber must be addressed also. Giles found that camber had
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little influence on displacements from pressure loading, suggesting that camber is not
important for aeroelastic considerations (ref. 47). Hence, the plate will be assumed
to be flat, i.e., camber will not be taken into account and the lay-up will be symmetric
above and below the mid-plane.

While complete freedom of choice in the lay-up may seem desirable, the more
complicated strain energy expression can increase computational time substantially.
Giles (refs. 46 and 47), for example, concluded that an “improved” model including
nonsymmetric lay-up and airfoil camber is very computationally intensive. Hence,
a compromise must be reached between modeling sophistication and reasonable
computation time. Bowlus, Palazotto and Whitney (ref. 49) found that shear
deformability is an important factor in the vibration of composite plates and its
exclusion results in frequency estimates significantly higher than the actual ones.
They also concluded that rotatory inertia has limited effect, except for very thick
plates. These conclusions are also supported by the earlier work of Mindlin (ref. 51).
In the text by Librescu (ref. 72) it is seen that when rotatory inertia is included,
the eigenvalues appear as three sets. The two higher sets are influenced by rotatory
inertia, indeed, do not appear without it. The lower set is not influenced by rotatory
inertia and these are the eigenvalues of interest in this investigation. In view of this,
this study includes shear flexibility but ignores rotatory inertia.

The model under consideration is a trapezoidal plate with root and tip chords
parallel to the flow. There are 2k symmetrically stacked, variable thickness, generally
orthotropic, laminae in the laminate (Figs. 1.1 & 1.2). The shear deformable plate
assumption of Mindlin (refs. 50, 51) was used. A shear correction factor of 1.0 is used
for the linear shear distribution assumption. The wing is attached to a rigid fuselage
capable of pitch and plunge. This is the simplest formulation that retains the essential
physical characteristics of low aspect ratio composite wings with forward or aft sweep.
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It is still quite an involved formulation, as it includes three displacement variables
and natural boundary conditions complicated by the sweep angles. The objective is
to produce a reasonably accurate solution with as few terms as possible. To this end,
the series solution uses admisible functions in the form of quasi-comparison functions
to speed convergence, which is guaranteed (ref. 52). Quasi-comparison functions are
defined as finite linear combinations of admissible functions capable of satisfying the
natural boundary conditions as well. The formulation used in this study goes beyond

any reported to date (refs. 53-55).

1.3 Outline

The model developed is applied to forward and aft swept configurations in a
parametric study of the free vibration characteristics. Particular attention is given
to the tailored composite forward swept wing configuration. To demonstrate the
usefulness of the model and the effect of ply orientation on flutter boundaries,
supersonic aerodynamic loads are added to the model. Studies are made to determine
the effect on flutter speeds of various geometrical, structural and control parameters.
Throughout, consideration is given to the future use of this model as part of a
multidisciplinary optimization problem.

Chapter II begins with the development of the strain-displacement relations based
on a Mindlin model with linear shear distribution over the thickness. Next the
constitutive relation for the jth generally orthotropic layer was used to develop a
strain energy function for the entire laminate.

In Chapter III, the governing partial differential equations of motion are derived
by means of the extended Hamilton principle. The kinetic energy consists of two
parts, one associated with a rigid fuselage and the other associated with the wing
distributed mass. The nonconservative virtual work arises from the aerodynamic
forces. Piston theory aerodynamics is seen to be highly appropriate for use with this
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wing model. The complete boundary value problem, consisting of the differential
equations and boundary conditions, is derived from this variational principle.

In Chapter IV, the eigenvalue problem is derived directly from the variational
principle. This formulation has the advantage over conventional formulations
of the eigenvalue problem in that the natural boundary conditions are included
automatically, thus permitting the use of admissible functions instead of comparison
functions. More importantly, it permits the use of quasi-comparison functions.
Such functions were shown to lead to rapid numerial convergence in the past and
demonstrate the same characteristic in this study.

In Chapter V, parametric studies are presented. Numerical results were obtained
by means of a computer program developed based on the theory presented in this
dissertation. The computer program was used to investigate the effect on flutter speed
of the variation of wing sweep, material distribution and other relevant parameters.

Finally, Chapter VI contains a discussion and conclusions of the research carried

out, as well as ideas for further work.
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CHAPTER 11

DEVELOPMENT OF THE STRAIN ENERGY FUNCTION

2.1 Strain-Displacement Relations

The mathematical model consists of a trapezoidal, anisotropic plate of variable
thickness and capable of shear deformations. By considering the case of generally
orthotropic layers, in the sense that the principal material directions are not
aligned with the body axes, a result indistinguishable from an anisotropic lay-up
is achieved. The material remains inherently orthotropic, however, with all the
attendant advantages of practical realization in manufacturing, (ref. 56).

A fundamental objective is to avoid unnecessary complications of the structural
model, which is achieved by assuming a symmetric lay-up of generally orthotropic
layers. In essence, a Mindlin plate is considered that differs from the classical Kirchoff
plate theory in that the assumption of line segments remaining perpendicular to the
middle plane is dropped. Shear deformation is assumed to be a function of z, in
this case linear for a linear shear deformation assumption. The admission of shear
deformations into the problem necessitates the introduction of two new displacement
variables, ¥, and vy, which represent the angular rotations of the perpendicular
line segments in the z and y directions, respectively. The definition of the assumed
displacement field follows from these and other plate assumptions. Let ug, vy and wy
be the midplane deflections in the z, y and z directions. Then, the displacement of

a typical point in the domain of the plate is (ref. 57)
u = ug + 29y, Vs = ¥z(z,y) (2.1a)

v =vg + 21y, by = Py(z,y) (2.10)



w = wy, w = w(z,y) (2.1¢)

The lay-up is symmetric and will not be subjected to in-plane loads. In view of
this, it is reasonable to assume that ug and vg are zero. Then, the strain-displacement

relations assume the simple form (ref. 58)
€z = 21z, € =2Pyy, € =0 (2.2a,b,¢)

Vyr =Yy + Wy, Yoz=Yr+ Wz, Yoy =2 (Ysy t+ Vyz) (2.2d,e, f)

where the shear strains are recognized as engineering shear strains. Moreover, the
symbols “,z” and “,y” in the subscripts denote derivatives with respect to z and y,

respectively.

2.2 Constitutive Relations
Consider the jth generally orthotropic layer with principal axes 1 and 2. The

constitutive equations for this layer take the form (ref. 58)

o1 J €1 J
02 | €2
3 | =[Q) |23 (2.3a)
13 73
T12 72
where . .
Qh @ 0 0 0]
. Q Q) O 0 0
@'={0 0 Q4 0 0 (2.3b)
0 0 0 @ o
[ 0 0 0 0 %6
The elements of [Q)’ are related to material properties of the jth layer by
: Ej : v, B} : E}
j 1 1282 2
= — T = — T = 2.40 b C
S A s A e A
Qi =Gl Qs = G{sa Qgs =Gl (24d,¢, f)
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where E;, Gn and v, are Young's moduli, shear moduli and Poisson’s ratios,
respectively. Next, the constitutive equations for the jth layer are transformed to

the plate coordinates  and y. The stress tensor transformation is (ref. 59)

Oim = @irGmsOrs (2.5a)
and the linear strain tensor transformation is

b = airamslys (2.5b)

where the transformation tensor is based on the angle §; from the plate axis z to the

material axis (1);, and

. cosf; —sinb; 0
al, = |sin@; cosb; 0 (2.6)
0 0 1

where the superscript refers to the jth layer transformation tensor. We recall the
difference in definition the of tensoral shearing strain versus the engineering shearing

strain, or

Yim = 2im fori#m (2.7a)
Yim = Lim fori=m (2.7b)

In light of eqn. (2.6), an expansion of eqn. (2.4) leads to the stress transformation

for the jth layer

[ 07 ] I T cos? 0, sin? 0, 0 0 —sin20;7 [ o1 J
oy sin? 0; cos? §; 0 0 sin 20, o2
Tyz | = 0 0 cosf; sinb; 0 723 (2.8)
Tez 0 0 —sinfd; cosd; 0 T13

[ T4y .%sin 20; —% sin 20; 0 0 cos 20, J [ 712 4
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Similarly, using eqns. (2.5b), (2.6) and (2.7), we obtain the engineering strain

transformation
[ €z ] 7T cos? 0, sin? 0; 0 0 —sin26;7 [ e ] )
€y sin? 0, cos? 0, 0 0 sin 26; €2
B = 0 0 cosf; sind, 0 22 (2.9)
I 0 0 —sinf; cosd; 0 12
[ 22 | | 3sin20; —1sin26; 0 0 cos26; | L1z

Denoting the transformation matrix in eqns. (2.8) and (2.9) by 7]}, then

cos? §; sin? 9, 0 0 sin 20;
Sin2 0_,‘ (:OS2 0_7' 0 0 —sin 20j
(T;] = 0 0 cosf; —sind; 0 (2.10)
0 0 sinf; cosd; 0
—1sin26; 1sin20; 0 0 cos 20,

A similar development for only three components of stress and strain is carried out

in (ref. 56). Introducing the transformation matrix

1 0000
01000
[Rl=1{0 0 2 0 0 (2.11)
0 00 20
0 00 0 2
we can represent the engineering strains in the form
[ €z ] [ €z ] [ €1 ] [ €1 ]
€y €y €2 €2
e | =R | % , |vs|=[R| (2.12a, b)
722 l;_“ 713 :%.@.
L'Y:cy- _1%1_ L Y12 J -3%2'-

Then, combining eqns. (2.3), (2.8), (2.9) and (2.12), we can write the jth layer

11



constitutive relationship as follows:

Oz J €z Y
Oy 1 -1 €y
Ty | = (T3] [Q;][RI[TS][R]™ | e (2.13)
Trz Yzz
Tzy Tzy
Conveniently,
(RIT] R = (T3] (2.14)
so that . .
or 17 e 1’
Oy _ €y
Ty | = [QJ] Vyz (2.15)
Trz Yrz
Try Vzy
where
@] =[] RIT) T (2.16)

in which [ ]~ denotes the inverse transpose.

2.3 Total Laminate Strain Energy

The total laminate strain energy will be used in Chapter III in conjunction with
the variational principle yielding the boundary value problem. The laminate consists
of 2k symmetrically stacked layers of variable thickness. Each layer height, ¢;, is a
continuous function of z and y. Figure 1.2 shows the laminate nomenclature. First,
we consider the strain energy density for a single layer j and its counterpart below

the midplane, or
5

N t; ..
Vi= [ Y oldi (2.17)

j-1 §=1
where 1 = z,y,yz,z2,zy. Summation over all the layers and integrating over the
domain of the plate leads to the total strain energy
S TE (X [ /45 S, . .
V= / / S |[ Yooledz| b dudy (2.18)
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Substituting the strain-displacement relations, eqns. (2.2), and the constitutive
relations, eqn. (2.15), into eqn. (2.18) and integrating over the layer thicknesses,

we obtain the total strain energy expression

v- [ [F é (1(8-00,) [52.0 + 92,8 + 02,
+ 92, Qs + Yo,y (@{z + 22'211) + o tbey (QThs + Q1)
+ Yooy (Qls + Ton) + Yyatbey (Qos + Qiz) + buyye
(@ + Qhz) + 20u.yhy 2G| + (1 — ti1) [2 Qs + 7 Qs
+ w3 Qhs + Wl Qe + ety (Qhs + Qha) + 2000, Qs + Pow,y
(@ + Q) + yw.z (Vs + Q) + 20w, Qg
+ww,y (s + Qis)| } dedy (2.19)

Collecting terms and taking advantage of the symmetry of Q, eqn. (2.19) can be

expressed more compactly as

S /TE * (1 . .
V=l fp 2 {5 8- 80) [T + 4,0
=
+ (Yay + ¥u2)” Qo + 2,090y Q2 + 2,z (Vg + Yy,) Tls
+2¢y,y (Y, + Py2) @és] +(t — tj-1) [('f’z +w,z) Qs

+ (P + ) Qg +2 (e + w,2) (y + w,y) g } ddy (2.20)

It must be recognized here that ¢; = tj(z,y). The summation can be eliminated
from the strain energy expression by considering the total laminate extensional and

bending stiffness coefficients A,p and D,y defined as (ref. 56)

k k
i 1 .
A=Y (440 Qu D =32 (5 ~1]-1) Qas (2.21a,b)
3=1 i=1

and we observe that, because the thickness of the various layers is variable, Ay =
Agp(z,y) and Dgp = Dgp(z,y). Using eqns. (2.21), the total laminate strain energy

13



can now be expressed in the compact form

T

S TE Vr,z D1y D2 Dis Yoz
V=L (| e Dz Dm Du|| gy
Yry + Vyz Dis D Degs | [ Vz,y + ¥y,z
T
¢y + w,!l ] A44 A45] wy + w,y] >d d 2 22
+ [¢z +w; Ags  Ass Yz + w g Ty ( ) )
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CHAPTER III

DERIVATION OF THE EQUATIONS OF MOTION

3.1 Consideration of the Wing Root Boundary

The mathematical model considered consists of a rigid fuselage free to pitch and
plunge attached to a flexible wing. The fuselage plunge and pitch increase the number
of degrees of freedom of the flexible wing model by two. The wing root, attached to the
rigid fuselage, is constrained to be straight, resulting in the only geometric boundary
conditions for this problem.

Aircraft, particularly in the predesign stage, are commonly assumed to have
symmetric mass and stiffness distributions with respect to a vertical plane through
the centerline of the fuselage. This divides the modes into two classes, symmetric and
antisymmetric. Wing stores and uneven fuel loading tend to destroy this symmetry.
The effects are not within the confines of this study, so that they will be ignored. The
symmetrical structural model for the airplane includes the important body-freedom
flutter as well as wing bending-torsion. The antisymmetric counterpart includes such
responses as wing rock.

The symmetric case precludes fuselage rolling motion, so that the airplane
responds as a rigid body only in pitch and plunge. The choice of a symmetric model
along with the decision to have a rigid wing root, dictate certain conditions at the wing
root, y = 0. The displacement w(z, 0) is a linear function of z, so that w ;; and w y are
zero along y = 0. The shear deformation variable 1, is constant along y = 0, so that
the derivative of 4, with respect to z is zero. Symmetry requires that 1, and . 4 be
zero along the y = 0 boundary. Figure 3.1 illustrates these conditions. Among these,
only wz; = 0 and %, ; = 0 represent the minimum geometric boundary conditions
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along the wing root consistent with the system order. They are the only geometric
boundary conditions present in this problem. Elastic deformation of the wing root
is prevented while rigid-body displacement is allowed. All approximating functions
in a discretized approximate solution must satisfy these geometric and symmetry
constraints; in fact, this is the manner in which they will be included.

The variations in the kinetic and potential energy expressions and the
nonconservative virtual work follow in the next three subsections. This prepares the
way for use of the extended Hamilton principle. Hamilton’s principle is a formulation
of problems of dynamics for holonomic conservative systems whereby all the equations
of motion are derived by rendering stationary a scalar integral. A generalization of
Hamilton’s principle permitting the inclusion of nonconservative forces is known as

the extended Hamilton principle.

3.2.1 Variation in the Potential Energy

The strain energy density for the jth plate laminate was derived in section 2.3
and is expressed as eqn. (2.17). The potential energy of the system is entirely due to
the plate strain energy, as there are no external conservative forces acting upon the
system. The total potential energy is given by eqn. (2.22). Then, the variation in

the total potential energy is simply

S (TE 6, + bw A Yy + Wy ]
8V =2 y Y 44 ][ y 8]
v [) /LE { 8z + bw ; ] [A45 Ass| LYz +ws ]

&:bz,:c T Dll D12 Dlﬁ "»L'z,z

+ 5¢z,y D12 D22 Dzs 't/)y,y d:z:dy (3.1)
8thzy + 6ty z D¢ D2 Des| | ¥r,y + ¥y,z |

Integrating eqn. (3.1) by parts with respect to z and y, we obtain

T|As A &
ST A { e I |

Ags Ass| | 69,
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a/ay T A44 A‘15 'l’y + w,y
6w 3/6:5]
Ags Ass | |Yrtwg
5,17 d/dz 0 D11 D12 Dis Vz,z
- &;] 0 9/dy Diy Dy Dis Yyy dzdy
y 0/9y 09/0z Dig Dz Des | | Y2,y + ¥y,z
S(1 017 [[Aw Ass Yy +wy
+2 [ {[m] A aelld w”
§: 17 [[ D11 D12 Dis Vr,z TE
+ 10 D12 Dy Dy VYyy l dy
0ty Di¢ Dy Dgs | | Vz,y + ¥y,z LE
eo 1] e Aot o]
LE 0 Ags Ass| LYz +ws
0 Dyy Dy2 Dis Vr,z S
&by D12 D2y D Vyy | dz (3.2)
0tz Di¢ Dz Degg| Y2,y + ¥yz 0

Note that the terms evaluated along the boundaries lead to the natural boundary

conditions.

3.2.2 Variation in the Kinetic Energy
The kinetic energy contains contributions from two sources, the wing and the

fuselage. The wing is regarded as a plate, so that the kinetic energy takes the form

Ty= [ [ m(e)i? (z,0,0) dedy (3.3)
where
k .
=m(z,y) =2)_ (t; —tj-1)p’ (3-4)
j=1

The kinetic energy associated with the fuselage, regarded as rigid, is

1 (TE . .12 .2
= EE/LE {Mc [+ (zc — 2)w )" + Icw,z}dz (3.5)

where M, is the mass, I, is the pitch inertia and z. is the distance from the origin of
the z,y, z system to the center of mass. The total kinetic energy is the sum of the two
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contributions. Hence, taking the variation in the total kinetic energy and integrating

over time from ¢; to t, we obtain

t t S TFE t
" §Tdt = / ’ / / mubidedydt + 2 / ’ / — 1))
ty ty JO

/t2 ,/ (W + (zc — T) w,z) 6w dzdt

IC tg TE . .
+ E/tl -/LE W 6w pdzdt
LE Bt

S TE t2
=/ / mwdbw
t;
t2
R,/ {[(w+(mc—x)w,x)5wt —/t: [E(zb+(:cc—z)tb,z)6w
. I. 0
2 (@04 (0 = ) ) (e = 2) Bus + 5 (i

1:] 6w,z

. 5zbda:dt

y=0

y=0
2]

(mw) dwdzdydt

1

4+ — (wz) 6w,z] dt

} dr
t

By definition of the varied path, the variation of the displacement variables is zero at

ot
(3.6)

. . I .

+[x —z)wH(zc—r)wz)+ —Fw
(00 =) (0 + (20 = 2) ) + 70, B
the end points ¢; and t2, so that the first and third terms in eqn (3.6) are zero. The
last term can be eliminated entirely by another integration by parts with respect to

z and observing that the variation of w is zero at ¢; and ¢3, or

M, t

M. E[(w ) (@ + (2 — 2)os) + 1o ]"8‘6“’
R Jig IV° ‘ M 0y ly=o
. . ' ) TE |ty
— _R. [Mc (xc — (l?) (w + (-Tc - ‘T) w,z) + Icw’z]&w'LE t; ly=0

1 (TE g
" RJLE E[

ta
+1w ;) bwdz
t1

M. (z—z)(w+ (zc—z)ws)

3.7)

y=0

Finally, the fifth term is integrated by parts with respect to z yielding

1 rt2 (TE § . . . 9
—E/ /LE (—‘ﬁ M (0 + (zc — 7)) w,z) (zc — 2) + Lo 5] 5—6w y_odxdt
_1 t9 TE
= — [M (Ww+ (zc—z)wsz) (zc — ) + L g) 6wdt' |
at LEIy=0
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1 ty (TE 82
Py i g M0+ (o= 2) ) (e =)

+1.w ;] Swdzdt (3.8)

y=0

Combining eqns. (3.6-3.8), we obtain

/:2 6Tdt = / < / / (mw) dwdzdy + 112 N {822815 (M (w

'g_(f"'*'(zc

[M (W + (zc — x)"b,z)(xc —z)

+(zc— )W) (T — x) + Icgzb |- M

- x)zbyx)}tswd:c

TE

y—O R 3t
y_0>dt (3.9)

+1w ] 6w!
LEly=

3.3 Virtual Work of the Nonconservative Forces

Under consideration is a wing in the form of a trapezoidal planform, and in
particular one characterized by low aspect ratio and/or forward swept configuration.
The most important speed regime for such a wing is undoubtedly supersonic. The
main reason for including the aerodynamics is to demonstrate the usefulness of the
structural model. A complete investigation of a wing would require appropriate
aerodynamic theories for subsonic, transonic, supersonic and perhaps hypersonic
speed regimes.

The usefulness of this model can be demonstrated with supersonic aerodynamics
chosen for appropriateness and relative ease of application. The supersonic regime
lends itself to simpler aerodynamic theories for the loads. For large Mach numbers,
M? >> 1, there is a weak memory effect, in addition to weak three-dimensional
effects (ref. 62). This opens up the prospect of a point-function relation between
the pressure difference p, — py and the displacement w of the wing, which makes it
both convenient and useful when considering eventual inclusion of this model into an
optimization routine. The structural model is suitable for wings of any aspect ratio.
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