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(ABSTRACT)

This dissertation contains two parts.

Part | (Efficient Endochronic Finite Element Analysis: an Example of a Cyclically Loaded
Boron/Aluminum Composite): A convenient and efficient algorithmic tangent matrix approach
has been developed for 3-D finite element (FE) analysis using the endochronic theory without
a yield surface. The underlying algorithm for integrating the endochronic constitutive equation
was derived by piecewise linearization of the plastic strain path. The approach was employed
to solve a micromechanics boundary value problem of a cyclically loaded unidirectional
boron/6061 aluminum composite. All the FE results consistently demonstrate superior nu-
merical stability and efficiency of the proposed method. Extensions of the method to

endochronic plasticity with a yield surface and to the plane stress case are also presented.

Part Il (Simple and Unified Finite Element Formulation for Doubly Periodic Models: Applica-
tions to Boron/Aluminum Composites): A simple and unified weak formulation and its con-
venient FE implementation have been proposed. The weak formulation is valid for any doubly
periodic model under uniform 3-D macro-stress, and serves as a common rational foundation
of different FE approaches. The algorithmic tangent matrix approach for the endochronic
theory has been incorporated into the FE formulation to model isothermal, rate-independent
plastic macro-deformation of unidirectional fibrous composites with idealized two-phase

micro-structure and backed-out inelastic matrix properties. Methods for determining inelastic



material parameters of the matrix have been established. Numerical results for a B/6061 Al
composite subjected to on-axis and off-axis monotonic tensile loadings are in good agreement
with experimental data. The micromechanics model also shows the potential for quantitative
characterization of complicated cyclic behavior. Finally, some effects of model geometry on
overall plastic response of the B/6061 Al composite are discussed from the viewpoint of

theoretical-experimental correlation.
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Overview

This dissertation is aimed at establishing an engineering method for inelastic micro-

mechanics analysis of unidirectionally continuous-fiber-reinforced composites.

An engineering method usually has to be convenient and efficient; the theories be-
hind an engineering method are expected to be as simple and as unified as possible.
Facing these requirements for a suitable method for inelastic micromechanics anal-
ysis of unidirectional fibrous composites, we have been concerned with two issues:
(1) the constitutive model for the inelastic matrix of a composite, and (2) the finite el-
ement formulation for composite geometric models. Although there has been sub-
stantial advancement over the past years, this work represents a significant step
toward fitting a rational approach in our engineering environment. The dissertation

contains two parts. The title of each manifests its attribute.

|. Efficient Endochronic Finite Element Analysis: an Example of a Cyclically

Loaded Boron/Aluminum Composite

Overview 1



[I. Simple and Unified Finite Element Formulation for Doubly Periodic Models:

Applications to Boron/Aluminum Composites

Each part contains its own sections of introduction, theoretical development, appli-
cation, and concluding remarks. Indeed, the two parts can be considered either

connected or separate, depending on a reader’s interest.

Overview 2



I. Efficient Endochronic Finite Element Analysis: an
Example of a Cyclically Loaded Boron/Aluminum

Composite

I. Efficient Endochronic FE Analysis 3



1. Introduction

Since Valanis [1] modified the original endochronic theory by redefining the intrinsic
time increment as a scaled plastic strain increment, the new version of the
endochronic theory has been examined extensively in the aspect of constitutive
modeling (e.g., [2 - 6]). The intrinsic time of the endochronic theory is in itself a ma-
terial property, and is used for description of the thermomechanical history of a ma-
terial in order to determine its response. The prior studies, which cover theoretical
investigation and experimental verification, have shown the new theory versatile in
predicting nonproportional cyclic behavior of isotropic materials. However, in the

aspect of structural application, very limited progress is seen in the literature.

Lin et al. [7] implemented the original endochronic theory in their finite element (FE)
simulation of dynamic inelastic response of structures by an initial stress scheme.
Valanis and Fan [8] developed an initial strain FE algorithm for the incrementally
nonlinear stress-strain relation of the new endochronic theory without a yield surface.
As discussed in Hsu et al. [9], the Valanis-Fan scheme fails in convergence under the

requirement of accurately reproducing instantaneous elastic response to initial load-
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ing or subsequent unloading. Watanabe and Atluri [10] showed that the new
endochronic theory with a yield surface reduces to having a mathematical structure
similar to those of the classical plasticity theories of combined kinematic-isotropic
hardening. Thus, their resulting incrementally linear stress-strain relation is no more
difficult or expensive to implement in FE computation than those of classical
plasticity. More recently, as a consequence of an improved scheme for updating
plastic strain increments, Sengupta and Saxena [11] successfully applied the incre-
mentally nonlinear constitutive equation of the new endochronic theory to solve an
axi-symmetric geomechanics problem by an initial strain FE method. Therefore, it
appears that the current methods for implementation of the new endochronic theory
in numerical structural analysis are limited to the conventional type. Besides, the
initial strain method hardly ever performs well when local structural response has a

complicated nonproportional cyclic nature, or is dominated by plasticity.

The objective of this paper is to present a convenient and efficient method for
endochronic FE analysis in line with the approach of aigorithmic tangent moduli [12].
The underlying algorithm for integrating the endochronic constitutive equation was
derived by piecewise linearization of the plastic strain path. The 3-D strain-controlled
integration algorithm for the new endochronic theory without a yield surface, devel-
oped by Hsu et al. [6], is reviewed in Section 2. Then, the corresponding algorithmic
tangent matrix and discussion on its numerical implementation is presented in Sec-
tion 3. To demonstrate the superior stability and efficiency of the proposed method,
we performed FE micromechanics analyses for a cyclically loaded unidirectional
boron/6061 aluminum composite. The solution to the micromechanics boundary

value problem is examined in detail in Section 4. Finally, extensions of the method-
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ology to endochronic plasticity with a yield surface and to the plane stress case are

addressed in Section 5.
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2. 3-D Strain-Controlled Integration Algorithm

Valanis [1] showed that the new endochronic constitutive equation for plastically

incompressible, rate-independent isotropic materials can be expressed as follows:

s —Izp(z z’)d—eﬁdz' M
1] 0 dzl
where
d
dz= —fé' 2
and
d = (deldel)'"? (3)

p(z) is a material function called the hereditary function. The other material function,
f, is called the hardening function, and is assumed to depend on z herein. The sym-

bols s; and ¢ are the deviatoric stress and plastic strain tensors, respectively. The

2. 3-D Strain-Controlled Integration Algorithm 7



parameter z is referred to as the intrinsic time. The kerne! function p(z) may be re-

presented by an n-term Dirichlet series,

o(2) = Z ce ™ 4)

r=1

with the requirement that p(0) be sufficiently large in order to produce instantaneous
elastic response at the onset of initial loading or subsequent unloading. C, and o, are

material constants such that oy=0, C, > 0, and «, and C, are positive for r > 2.

Egs. 1 and 4 suggest that the deviatoric stress, s;;, may be resolved into n stress-like

internal variables, sj. Namely,

S = Zn: S| (3)

where

z deb
r —a(z—2") W '
S =J Ce —-dz (6)
N A dz
or, equivalently,
ds,rJ ; dsﬁ
Ea ™ @
el @
=Gl
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Egs. 2 and 3 have been used in deriving the last equation. Let us consider a loading
path in plastic strain space, and divide the path into segments. Further, let (+),_, and
(-)m denote quantities of a variable at the beginning and end of the mth segment, re-
spectively, and (As). the difference between the quantities. We assume the segments

are so small that the following approximation can be made:

1. According to Eq. 2,

Az, = Al (9)
f(z 4 + BAZ)
where f is an assigned numerical parameter.
2. Each segment of the plastic strain path is linearized. Thus, Eq. 3 leads to
Al = [(Aef)n(Acf)n] " (10)

for the mth segment. In addition,

deff  (Aeh)m
& "N, ()

3. As Eq. 8 will be used for an accurate estimate of (s)m, but not for the continuous

variation from (s}))n-1 to (s])m, it may be reasonable to simplify Eq. 8 as follows:

dsi'j ; dsﬁ
“dz + o8 = Cif(zm -4 + BAzy) _dc_ (12)

Egs. 9, 11, and 12 imply

2. 3-D Strain-Controlled Integration Algorithm 9



(13)

Now, it is possible to determine (sf)n in terms of (Aef)m, Azm, and the initial condition,
s=(s})m-1at z=z,_,. We note that the driving term of Eq. 13, which is a first-ordered
linear differential equation with constant coefficients, is independent of z in the in-
terval (z,_1, Zn). As a result, Eq. 13 can be easily solved, and s} at z=z,, i.e., (S])m,

for r > 2 turns out to be

C ( 8 )m _ e_arAzm)

it (14)

(S = (S — 1€+ 5
Eqg. 13 can be integrated more simply for r=1 due to ay=0. Alternatively, L’"Hospital’s
rule can be applied to Eq. 14. No separate mathematical treatment is given in the
following for the case of r=1. The simplification of Eq. 8 to Eq. 13 follows the idea
proposed by Zienkiewicz et al. [13] for integrating linear viscoelastic constitutive
equations. Eg. 14 serves for precise approximation of (s}). since the exponential
nonlinearity of material behavior, as reflected by Egs. 4 and 8, has been appropriately
dealt with. Note that the integrated endochronic relation, Eq. 14, is exact if there is
no transient hardening (f = constant) and the loading event traces a piecewise linear

path in the plastic strain space.

Having Eqgs. 5, 9, 10, and 14, we may proceed to review the 3-D strain-controlled in-
tegration scheme [6]. Its excellent numerical efficiency regarding constitutive simu-

lation has been demonstrated in [14].

For a plastically incompressible material,

2. 3-D Strain-Controlled Integration Algorithm 10



(Asij)m = 2G[(Aeij)m - (Aairj)‘)m] (15)

where G is the elastic shear modulus, and e; is the deviatoric strain tensor. On the

other hand, Egs. 5 and 14 result in

(Am < C, VIR e
(B8 == D 5o (1= ™) = ) (sl q(1— ™) (16)
m r=1 r=1

Combining Egs. 15 and 16 and omitting the subscripts m and m — 1 for convenience,

we obtain
AAz
Adf=—%5 (17)
where
n
Aj(A2) = 26Aey + ) si(1— &™) (18)
r=1
and
N C
B(AZ) = 26z + ) = (1— ™) (19)
r=1
Substitution of Eq. 17 into Eq. 10 gives
2 (42)°
(Al = AuAu? (20)

Substituting A{ from Eqg. 9 into Eq. 20, we obtain

2. 3-D Strain-Controlled Integration Algorithm 11



R(Az) = (CBY’ — AjA;=0 (21)
where
C(Az) =f(z + pAz) (22)

For a given strain increment, this equation can be solved for Az by the Newton-

Raphson technique using the following expressions for the derivatives:

R'(Az) = 2[CB(C'B + CB') — AjA,’] (23)
Af(A2)= ) ase™A (24)
r=1
B'(A2) =26 + ) Ce™ (25)
r=1
C'(Az) = Bf'(z + BAZ) (26)

Then Az is used in Eq. 17 to calculate the plastic strain increments. Finally, stress
can be computed from the elastic stress-strain relation, and the internal variable sj

is updated in accordance with Eq. 14.

It has been shown by Hsu and Griffin [14] that for hardening materials (f" > 0), the
existence and uniqueness of a positive root of Eq. 21 is guaranteed regardless of the
size of Ae; experienced in the past or specified at present. Further, by utilizing the
fact of R’ > 0 at the positive root, a reliable and efficient Newton-Raphson solver for

Eqg. 21 can be easily coded.

2. 3-D Strain-Controlled Integration Algorithm 12



3. Algorithmic Tangent Matrix Approach

The 3-D strain-controlled integration algorithm of Section 2 “defines” an incrementally
nonlinear stress-strain relation. Application of such a stress-strain relation to
mixed-type constitutive simulation or structural analysis, by using the Newton-
Raphson method, entails the so-called algorithmic tangent matrix [12], C, whose ele-

ments are defined for the mth increment as

0(Aci)m

(C”)m = m i, j = 1, 2, veey 6 (27)

In the above, (Aoi). is an element of the column matrix of the mth stress increment,
Aot = [(A611)m (AG2)m (ACs3)m (AG2)m (AG1s)m (AG12)m], @and (Ag)n is an element of the
column matrix of the mth strain increment, A€}, = [(At11)m (A2)m (AEss)m 2(AL23)m
2(Ae1s)m 2(Aer2)m]. oy and &; represent the stress and strain tensors, respectively.
Likewise, we have (As))m, (Ae?)m and (AeP)n denote elements of As,, A€, and Aep,
respectively, which represent the respective matrices of the mth deviatoric stress,

elastic strain, and plastic strain increments. Note that (A¢)m, (Aef)m, and (AeP)m,

3. Algorithmic Tangent Matrix Approach 13



i=4,5, 6, are the engineering shear strains. The subscripts m and m — 1 are omitted

in the following whenever ambiguity shouid not occur.

To achieve an expression of C (the algorithmic tangent matrix), we first derive the

plastic algorithmic tangent matrix, C?, from Eq. 16. Its elements are written as

0bs, | 0s oA, AN
oA T oAz OAL 3ALP

ci= ihj=1,2..,6 (28)
by viewing As; of Eq. 16 a function of Aef and Az. The dAz/0A{ and 0A{/0Aef can be
easily found from Egs. 9 and 10, respectively. The resulting Cg, a function of ¢p, is then

cast into the following computationally suitable form:

0 AP -
where
L= 1 (30)
A{(C + AzC')
n
P=) Ce™ (31)
r=
n
I
Q= —+ ~(1—e™) (32)
r=1
n
Ri= ) asle™ (33)
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and

1 i=j=1,23
ky=|1/2 i=j=4,56 (34)
0 i

The Agp of Eq. 29 are the tensorial plastic strain increments, Aef (i.e., AeP = k;Aef); the
s{ of Eq. 33 are the internal variables sj (i.e., sj=s%, S} =S8k, S§=S8k, Si=s}, etc.). The
C and C’ of Eq. 30 have been defined by Egs. 22 and 26, respectively. Associated with

Cr is the algorithmic differential deviatoric-stress-plastic-strain relation,
dAs = C"dAeP (35)
Eqg. 16 implies plastic incompressibility in agreement with Eq. 1. Accordingly,
0=AA€" (36)
and
A€e” =BA€” (37)

where

- —

1/3 1/3 1/3 0 0 O
1/3 1/3 1/3 0 0 O
1/3 1/3 1/3 0 0 O

(38)
0 0 0 00O
0 0 0 000

0 0 0 00O

L .
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and

F2/3 —1/3 =1/3 0 0 0
—1/3 2/3 —1/3 00 0
—1/3 —=1/3 2/3 00 0
B= (39)
0 0 0 100

0 0 0 010

The use of Eq. 37 in Eq. 35 gives
BdAo = C"BdA€” (40)
On the other hand, the incremental elastic stress-strain relation is

Ao =(3KA + 2GBk)A€® (41)

where K is the elastic bulk modulus, and k is a 6 x 6 matrix whose elements are de-

fined by Eq. 34. Premultiplications of Eq.41 by A and by B, respectively, result in

AAo =3KAA€® (42)
and
BAo = 2GBkA€® = 2GKBA€® (43)
Egs. 36 and 42 lead to
1 AdAG =A(dA€® + dA€P) (44)

3K

Similarly, due to Eqgs. 40 and 43,

3. Algorithmic Tangent Matrix Approach 16



[ Sk (cp)"‘]adAa — B(dA€® + dA€) (45)

Finally, summing up AdAco, obtained from Eq. 44, and BdAo, from Eq. 45, gives
dAo.

dAo = {3KA + [% K+ (Cp)-1]—1B}(dAee + dA€P) (46)

A comparison between Eqs. 27 and 46 immediately indicates the desired expression

of the algorithmic tangent matrix,

-1
- A p—1]
C—3KA+[2Gk +cH'| B

1 1 - 7
- (1 _ 1 —1aP
3KA+C(2Gk c+|) B
where | is the 6 x 6 identity matrix, and
100000
010000
, |001000
k' = (48)
000200
000020
000O0OC2

It is evident in Eq.47 that whenever the matrix | is negligible in comparison to the

matrix C?, which is possible if 3 C, is large, C approximates the matrix of elastic

r=1

moduli.

The holonomic relation suggested by Eq. 27,

3. Algorithmic Tangent Matrix Approach 17



dAo = CdAe (49)

can be used in a straightforward Newton-Raphson procedure for mixed-type
constitutive simulation, or for solving boundary value problems by the displacement
formulation FE method. Each specified loading increment usually necessitates se-
veral Newton-Raphson iterations, each of which generates a sub-incremental sol-
ution. In case of the FE analysis, a Newton-Raphson iteration begins with
construction of the global stiffness matrix using: (1) Eqgs. 29 and 47, (2) the internal
variables z and s}, obtained at the end of the preceding loading increment, and (3) the
intrinsic time increment, Az, and the plastic strain increment, Aef, of the preceding
iteration (of the current loading increment). Eq. 29 indicates that Cr is indeterminate
at AeP=0 unless R;=0. This is because the material behavior for both continuous
loading and unloading is characterized by a unified endochronic constitutive equation
without a loading-unioading criterion. Thus, the elastic constitutive matrix is used for
every first iteration as a general rule. On the other hand, the global residual load
vector is calculated as the difference between the desired incremental load and the
part which is contributed by the stress increment, Ag;, of the preceding iteration. The
global stiffness matrix and residual load vector constitute a linear system of
equations, from which we intend to determine the displacement “sub-increment” by
imposing a proper displacement boundary condition. In case of the first iteration, the
desired displacement increment is applied to the linear system; otherwise, the cor-
responding homogeneous displacement boundary condition is applied. The dis-
placement “sub-increment” is added to the displacement “increment” of the
preceding iteration to form the updated displacement “increment,” from which the
strain increment, Ag;, can be determined at every integration point. Finally, Ag; is

input into the 3-D strain-controlled integration algorithm to calculate Az, Ae¢, and Ag;;

3. Algorithmic Tangent Matrix Approach 18



for their future use in calculation of the global stiffness matrix and residual load vec-

tor during the next iteration.

The Newton-Raphson iteration is repeated and all the internal variables (i.e., z, ¢f, and
s|) remain unchanged until convergence is achieved. Afterward, the displacement
increment is used to update the total displacement, and the total strain ensues. In
addition, Az and Aep are employed to update all the internal variables. We finally call
in the elastic stress-strain relation to compute the total stress, so the determination

of structural response to a specified loading increment comes to an end.

The plastic algorithmic tangent matrix, C®, is generally unsymmetric because of the
term LR;Azp of Eq. 29. Symmetry occurs if and only if R;=0, or the vectors R; and Azp
are parallel. The first situation is true for an annealed material or a material whose
memory of kinematic hardening has been judiciously erased through a cyclic un-
loading process with a gradually decreasing amplitude. Regarding the latter case, if
the plastic strain path has become linear for such a long intrinsic time that s', s, and
R turn parallel with the linear segment of the plastic strain path, and if the tentative
deviatoric strain increment, BkAg, of the preceding Newton-Raphson iteration lies in
the same direction, then so does the corresponding plastic strain increment, kAer.
Therefore, the C? used for the current iteration is symmetric. It can be shown that if
an algorithmic tangent matrix approach, similar to that for FE analysis, is applied to
constitutive simulation of stress-controlled proportional loading, CP is symmetric

whenever it should be calculated.

Cr is akin to the classical plastic constitutive tangent matrix for the following identi-

ties, which can be deduced from Egs. 29 and 36:
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Zslcﬂ =‘icz=ici%=oseo (50)
3

Zc&=Zc§;=Zc%=o (51)

Zcﬁ’j= Zc21=‘2c§j=o¢o (52)

3 3 3
Dch=> ch=> ch=0 (53)
j=1 j=1 j=1
Egs. 35, 50, and 51 imply AdAe?=0, which is not surprising at all if we recall the ear-
lier use of Eq. 36. However, the same reasoning toward plastic incompressibility is
essential for the case of the classical plastic constitutive tangent matrix. Using Egs.
50 - 53, we can show that the matrix F=(k-'C?/2G + I)-' of Eq. 47 possesses charac-
teristics similar to Eqgs. 50 - §3. Particularly, the similarity to Eqs. 52 and 53 ailows

one to efficiently construct the matrix FB of Eq. 47 in a computer implementation.

We make our final remark on the presented algorithmic tangent matrix approach by
considering a structure under monotonic loading. Let us assume f= constant (a
constant hardening function) and s"=0 everywhere initially. According to the present
approach, if the total load is applied in a single marching step, then the solution is
identical to that based on a deformation theory of plasticity with the following

deviatoric-stress-plastic-strain relation:
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p n

Sy= = ). 2—: (1— e (54)

r=1

where z=(efep)'?/f. Note that the algorithmic tangent matrix of such a one-step ap-
proximation is identical to the constitutive tangent matrix of the deformation theory,
and is symmetric and determinate. On the other hand, if the total load is applied in
more than one step, and the internal variables are updated in accordance, then the
well-known path-dependent effect enters our solution, while the material model re-
tains the same stress-strain curve (Eq. 54) for proportional monotonic loading.

Therefore, the influence of path-dependent material behavior on structural response

can be examined simply by varying the number of marching steps.
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4. FE Solution for a Cyclically Loaded Unidirectional

Boron/Aluminum Composite

The proposed numerical method was subjected to crucial tests to demonstrate its
superior stability and efficiency. The method was applied to a micromechanics
boundary value problem of a cyclically loaded unidirectional B/6061 Al composite.
Even if the macro-stress is in a plane stress state, the severe mismatch in constituent

properties induces very complicated 3-D micro-stress.

Shown in Fig. 1 is the idealized micro-structure of the B/6061 Al composite. The 6061
aluminum alloy matrix is reinforced by a periodic diamond array of boron fibers in the
x, direction. We note that nearly periodic packing is not unusual for metal matrix
composites with thicker fibers due to their fabrication methods. Fissures, voids, and
interfacial reaction zones are excluded from the present consideration. Besides, the
computation of this numerical illustration started with a homogeneous stress-free
state in each constituent; this simplification renders our illustration of the proposed

method simpler to be understood. Both the boron fibers and the aluminum matrix

4. FE Solution 22



are assumed to be isotropic; the fibers are elastic, while the matrix is elastoplastic.
The elastic bulk and shear moduli of the fibers are K;=222.22 x 10° MPa and

= 166.67 x 10° MPa, respectively, and those of the matrix are K, =70.98 x 10° MPa
and G, = 27.22 x 10° MPa, respectively. The plastic behavior of the matrix is repres-
ented by the endochronic constitutive equations, Eqs. 1 - 4, with f=1, n=4,
C,=28x10® MPa, a4=0, C,=6.0x10° MPa, «,=3.36x%x10%?, C;=7.0x 10* MPa,
oz =2.46 x 10%, C,=9.8 x 10® MPa, and «,=4.00 x 10°. We take a constant hardening
function because the 6061 aluminum alloy does not show considerable cyclic hard-
ening. Using the material parameters of the matrix, we generated its initial
monotonic stress-strain curve (the continuous line in Fig. 2) and cyclic stress-strain
curve (the squares in Fig. 2). In terms of the endochronic theory, the “initial”
monotonic curve obtained with f=constant is identical to the “subsequent”
monotoﬁic curve obtained from a specimen whose memory of kinematic hardening
has been carefully erased, and its f has grown to the same stable constant. Never-
theless, the initial monotonic curve obtained with f = constant differs from the cyclic
stress-strain curve even though the difference may be small (Fig. 2). The fiber vol-
ume fraction of the composite is 0.45, and the fiber diameter is 0.142 mm. These
numbers together with the monolayer thickness, h=0.194 mm, completely define the

micro-geometry (Fig. 1).

According to Hashin [15], local-theory stress-strain relations of a macroscopically
homogeneous composite are determined by imposing the following displacement
condition on the boundary of a composite volume to induce a uniform macroscopic

strain field, €8, and a uniform macroscopic stress field, o%:

u;

| = a,‘}xi (55)
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where u; is the displacement vector, and x; are the coordinate variables. The
macro-stress, o, is calculated as the volume average of the micro-stress field corre-
sponding to the boundary condition, Eq. 55. The geometry of the composite volume
should be such that local-theory constitutive relations between macro-stress and
macro-strain can be established. In view of the boundary condition, and the xs-inde-
pendence and double periodicity of micro-structure of the present composite model,
we consider a composite volume whose geometry leads to dominant generalized
plane strain deformation and a stress field dominated by the double periodicity.
Therefore, the displacement field can be approximately expressed in the following

form regardless of irrelevant rigid-body motion:

Uy =Ts(Xy, Xa) + €31y (56)
Uy = Up(Xg, X3) (57)
Uz = Uz(Xy, X3) (58)

In case of ey =¢%,=0, we further infer from symmetry that o3, =0%; =0 and the trapezoid
region OHIJ shown in Fig. 1 is the smallest for sufficient analysis with boundary con-
ditions described below. Let f(+)dl and f(.)ds denote the line integral and double
integral on the x,=0 plane, respectively, t, denote the traction vector, and w denote

half the fiber spacing (Fig.1).

1. Boundary conditions on the edge IJ: u; is antisymmetric, but t; is symmetric about

the midpoint G.

2. Boundary conditions on the edges HI and JO:
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w
> £y onHI
U _—
1 w
-3 €7, on JO

Jt1dl— Jt1dl=ha$2

HI jo
(2)
%egg on HI
U=
- %’— £ onJO

jt2d| - Jt2d|=hagz
[l JO

0 on HI
ta=
0 onJO

3. Boundary conditions on the edge OH:

(1)
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t2=0
(3)
— h
Us= — 75 &33
OH
4, Axial force condition:
0y4ds = hTWU$1

OHIJ

According to the foregoing argument, plane-stress loading of the composite model
(6% = 6% =0%=0) can be simulated by dividing the trapezoid region, OHIJ, into 2-D fi-
nite elements with three variables (U, U;, and U;) allocated at each node. Shown in
Fig. 3 is the FE grid of the present numerical illustration, which contains 216
constant-strain triangles and 126 nodes. It should be borne in mind that the nodes
on the sloping boundary, IJ (Fig. 1), are allocated symmetrically about the midpoint
G. One extra degree of freedom must be added to the FE formulation to account for
the uniform longitudinal normal strain, £4. The incorporation of the additional vari-
able, e, leads to an arrow-shaped global stiffness matrix. The boundary conditions

are specified in incremental form. Among the eight incremental macroscopic vari-
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ables (Aety, Ae%,, Ack, Acsy, Ach, Aok, Ack, Ac%.), Ac% is always specified to be zero,
three out of the six in-plane components are specified as desired, and the remaining
four incremental macroscopic variables are determined from the FE computation.
Boundary conditions 2(3), 3(1) and (2), and 4 are imposed on the global system of FE
equations in the usual way. On the other hand, simultaneous reductions of the
numbers of the unknowns and of the FE equations can be carried out at the global
level by respective correlations of boundary nodal variables and of boundary force

vectors according to boundary conditions 1, 2(1) and (2), and 3(3).

There are three types of iteration performed in the present illustration, the initial it-
eration, constant-stiffness iteration, and Newton-Raphson iteration. The initial iter-
ation is the first iteration of a specified loading increment, and is always based on the
elastic constitutive matrix. Therefore, the global elastic stiffness matrix is calculated
only once and then stored for repeated use. In a constant-stiffness iteration, the
triangularized global stiffness matrix of the preceding iteration is reserved for the
current iteration. The Newton-Raphson iteration, which involves updating of the
global stiffness matrix as explained in Section 3, consumes more time than the
constant-stiffness iteration, but provides a better convergence rate. Besides, the
Newton-Raphson iteration works well as a primary iteration (e.g., the 2nd or 3rd iter-
ation) for loading increments of a complicated history, while the constant-stiffness it-
eration usually does not. At the end of an iteration, an error measure called ERROR
and a performance logical indicator called CHECK are set up, and effectiveness of the
iteration is assessed. If an iteration is considered effective, then the “incremental”
solution vector is updated with the “sub-incremental” solution vector generated dur-

ing the iteration; otherwise, no “actual” updating is performed. For the initial iter-

ation, ERROR and CHECK are set as ERROR;=1 and CHECK,="false”, respectively.
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For a subsequent iteration, e.g., the mth iteration (m > 2), ERROR,, is calculated as
the ratio of the norm of the “sub-incremental” solution vector to that of the “tenta-
tively” (not actually) updated “incremental” solution vector. On the other hand, “true”
is assigned to CHECK,, (m > 2) if ERROR,, is not smaller than the ERROR of the last
effective iteration or ERROR,, is not smaller than TOLERNm-"NTRE-1- otherwise,
“false” is assigned to CHECK,. TOLERN is a predefined tolerance value, and
NITRB > 1 is a predefined integer representing the expected number of iterations
taken to reach convergence. The mth iteration (m > 1) is considered ineffective if and
only if the mth iteration is not a Newton-Raphson iteration and CHECK,="true”.
Therefore, the initial iteration is always considered effective. Three possibilities exist
at the end of an iteration, e.g., the mth iteration (m > 1): (1) Convergence is deemed
to have occured if ERROR, < TOLERN. (2) Program execution is terminated if the
total nhumber of iterations (m) reaches a predefined limit, NITR3, or the number of
Newton-Raphson iterations reaches its predefined limit, NITRA (NITR3>=1 and
NITRA > 1). (8) Otherwise, a new iteration, i.e., the (m+ 1)th iteration (m + 1> 2),
should be initiated. To obtain the best numerical efficiency, rules are established to
decide whether the new iteration is a constant-stiffness iteration or a Newton-

Raphson iteration.

1. If the new iteration is in the primary stage of iteration, i.e.,, 2< m + 1 < NITR1, or
in the emergent stage, i.e.,, NITR2 < m + 1 < NITR3, then the new iteration is a

Newton-Raphson iteration. NITR1 and NITR2 are predefined integers.

2. If the new iteraiton is in the secondary stage of iteration, i.e.,
NITR1 < m + 1 <NITR2, and its preceding iteration (i.e., the mth iteration, m > 1)

is effective, then a constant-stiffness iteration is chosen as the priority. On the
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contrary, if the mth iteration is ineffective, then a Newton-Raphson iteration is

triggered.

We note that the primary and the emergent stages of iteration may be set null by
predefining NITR1 <2 and NITR3 < NITR2, respectively. The secondary stage be-
comes null likewise by predefining NITR2 < NITR1. In addition, a software switch has
been installed so that declaration of an ineffective iteration is prevented if the switch
is off. Therefore, it is possible to implement the full Newton-Raphson method for all
the subsequent iterations and the initial-strain method as two special cases. In the
numerical experiments to be reviewed, those parameters regarding convergence
monitoring were predefined as follows: TOLERN=1x 103 NITR1=2, NITR2=11,

NITR3=15, NITRA=10, and NITRB=NITR2 — 1=10.

A cyclic loading history of transverse normal stress was applied to the B/Al com-
posite in the first numerical experiment. As shown in Figs. 4 and 5, the loading con-
sisted of three events, an initial straining to €3, =0.2%, a reverse loading to 0.1%, and
a final straining to 0.4%. o =¢%=0 and increments of &% were specified as the
boundary conditions. To examine numerical efficiency and stability, we tested six
cases of different humbers of increments in each loading event, (1, 1, 1), (2, 1, 3), (5,
3, 8), (10, 5, 15), (20, 10, 30), and (50, 25, 75), on an IBM 3090-300E. Three parenthe-
sized numbers of increments correspond to the three loading events, respectively.
The calculated macroscopic response is presented in Figs. 4 and 5. The microscopic
response in three crucial elements, elements 52, 72, and 216, is shown in Figs. 6 - 8
for the cases of (1, 1, 1), (2, 1, 3), (5, 3, 8), and (50, 25, 75) increments. The continuous
lines in Figs. 4 - 8 represent the prediction with (50, 25, 75) increments, and the dis-

crete symbols represent the predictions with less increments. Due to the fact of
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0% = 0%, = 0 in this numerical experiment, micro-stresses oy; and g4, vanish in the an-
alyzed region; and o is negligibly small in elements 72 and 216 because the bound-
ary edge OH (Fig. 1) is free of traction in the x, direction. Computational time and
records of numerical iterations are summarized in Tables 1 - 4. In the tables, a record
like (9, 1) x 4 means in each of “4” consecutive loading increments, “9” iterations
were executed to attain convergence, and “1” of them is a Newton-Raphson iteration.
The records of numerical iterations appear in the tables in the same sequence as

they occurred in the simulation.

The present approach was further tested for another loading history. Fig. 9 indicates
the biaxial strain cycle (1-2-3, ..., 7-8-1) of the second numerical experiment, where
o5, =0 and increments of &% and &%, were specified as the boundary conditions. The
loading history comprised the initial tensile loading to point 1 (Fig. 9) and two strain
cycles, and was restarted for changing the number of increments per linear segment
of the imposed macro-strain path. Four cases were studied, the cases of 1, 2, 5, and
50 increments per linear segment. Since the quality of the predictions is very stable
throughout the loading history, only the response during the 2nd cycle is shown in the
figures for clarity. The macro-response and micro-response are presented in Fig. 10
and Figs. 11 - 13, respectively. The continuous lines in Figs. 9 - 13 represent the
simulation with 50 increments per linear segment, and the discrete symbols repre-
sent the simulations with less increments. o and a4; are negligibly small in elements
72 and 216 because the boundary edge OH (Fig. 1) is free of traction in the x, and x
directions. We note that apparently closed loops were observed at the macro-level
but little openings were seen at the micro-level. Numerical statistics recorded during
the 2nd cycle and computational time spent over the entire loading history (the initial

loading plus two cycles) are summarized in Tables 5 - 8.
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It is evident that all the results consistently demonstrate excellent numerical effi-
ciency and stability of the proposed method. The unconditional stability is partic-
ularly valuable for complex plasticity analyses. With the advantage of unconditional
stability, one can considerably cut down the cost of preliminary analysis of a compli-
cated engineering problem by using a small number of marching steps for a satis-
factorily accurate solution. Finally, we close this section with a general report on
error monitoring. We recall that Eq. 21 has to be solved numerically. The equation
was considered satisfied in the foregoing numerical experiments if
IR(Az)| <1 x 10-®*MPa2 Secondly, it has been stated that an incremental solution
is accepted if ERROR<TOLERN=1x 107, We found that generally,
ERROR < 5 x 10-* when only one Newton-Raphson iteration was invoked during a
loading increment, and ERROR <5 x 10-* when more Newton-Raphson iterations

were necessary.
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5. Extensions to Endochronic Plasticity with a Yield

Surface and to the Plane Stress Case

The formulations and numerical algorithms presented in Sections 2 and 3 can be ex-
tended to the endochronic theory with the Mises yield surface of combined
kinematic-isotropic hardening. This version of the endochronic theory was derived
by Valanis [1] by incorporation of the Dirac ¢ function into the kernel, p(z). Namely,

Eq. 4 is rewritten as

n—1

p@)= ) C ™ +135(2) (59)

r=1

where 15 is a positive material constant. Then, substitution of Egs. 2 and 59 into Eq.

1 gives the following constitutive equations:

daﬁ
ST 4Ty g (60)

where
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= da,p

z N
o= Z J Cre’“'(z_zl)—d—if—dz’ (61)
r=10

and
Ty = rsf (62)

In terms of classical plasticity theory, a; represents the center of the Mises yield
surface, and 7, the size of the yield surface. Eq. 60 is the associated normality flow
rule. The evolution of the yield surface is governed by the kinematic hardening rule
Eq. 61 and the isotropic hardening rule Eq. 62. Moreover, in view of Eq. 3, Eq. 60

implies that the condition,
2
(sij - oc”-)(Sij —_ aij) = Ty (63)

is satisfied during a plastic event. Following the common methodology of classical
plasticity theory, one can easily combine the differential forms of Egs. 61 - 63 to derive
a linear relation between d{ and ds;, and thus a differential deviatoric-stress-plastic-

strain relation in the classical form.

To establish a 3-D strain-controlled integration algorithm, we start with the following

equations which account for Egs. 60 - 62 (for a plastic event) and a pure elastic event:

si =0y + s (64)
where
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ds;| ) def]
£ 1P
dZ + och,J = Crf dC if deij #* 0
ds; =0 if def} =
forr=1,2,..,n—-1, and
def
s = r‘y’f—&l if def) # 0
dsi'; = 2Gde;; if deﬁ=0

(65)

(66a, b)

(67a, b)

The technique of piecewise linearization of the plastic strain path in Section 2 equally

applies to the current case. However, a convenient means to an end is to take the

limit of the resulting equations of Section 2 by letting C,—o0, a,—c0, and keeping

C./an= 15 at the same time. For example, Egs. 66a and 67a can be obtained from Eq.

8. We only summarize the results below because the connection with those

equations of Section 2 is so evident.

- (Asi':j,)m c -
(Sr')m — (sirj)m —-1€ e + Azm _a_:. (1 — € arAZm)
Ui

(sirj)m -1

forr=1,2,...,n—1, and

5. Extensions

if (A # 0

if (Aef)ym =0

(68a, b)
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o (Aeh)m

if (AeD) # 0
(Sm = 7 Az, (B (69a, b)
(SPm— 1+ 2G(Aey)n if (Aefj)m =0
2.
(Asjj)m = (Aot + (Asir})m (70)
where
(Asﬁ)m n-—1 Cr n—1
L= Am) = D (o1 =™ i (Ae)n # 0
(Ac) = Az, r; o r; i)Jm ij/m
0 if (Agfj)m =0
(71a, b)
and
(Aef
() }/m n .
—(s}; f (Ach 0
@A) =| " Bzn SULEEE (72a, b)
2G(Aey)m if (Ag[)m =0
3.
A Az _
Af=| "B tAz#0 (73a, b)
0 ifAz=0
where
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n—1

Aj(Az)=2GAe;; + Z s[i(1— e + sf (74)
r=1
and
n-—1 c
B(Az)=2GAz + Z a—: (1—e™%) 4 13 (75)

r=1

R(Az) = (CB)® — AjA; =0 if R(0) < 0

(76a, b)
Az=0 if R(0) >0
where C(Az) has been defined by Eq. 22, and
R(0) = (fr5)° — (2GAe;; + s[)(2GAe; + s]) (77

5. The derivatives of R, A;, B, and C are used to solve Eq. 76a by the Newton-

Raphson method. R’ and C’ are given by Egs. 23 and 26, respectively.

n-—1

A (Az)= Z o sfje (78)
r=1
n—1
B'(Az)=2G + ) C,e % (79)
r

r=1
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It is obvious at this moment that the 3-D strain-controlled integration algorithm for the
endochronic theory with a yield surface should be parallel with that of Section 2.
Most importantly, pay additional attention to Eq. 77. The physical meaning of Eq. 77
is clear; R(0) < 0 means the assumption of purely elastic Ae; results in penetration
of the yield surface. Mathematically, R(0) < 0 guarantees the existence of a positive
root of Eq. 76a. It should be noted that whether R(0) < 0 or not influences the solution
for Az (Eqg. 76), calculation of Aef (Eq. 73), and updating of the internal variables (Egs.

68 and 69).

The algorithmic tangent matrix for the current case is identical to that of Section 3
except that Eqgs. 29 and 47 are now under the same restriction of Aef # 0 as Egs. 71a
and 72a, and that Egs. 31 - 33 shouid be modified by the limit operation (C,—oco,

on—roo, and C,/a, = 13). Therefore,

n—1
P=Y Ce™ (80)
r=1
1 n—1 c To
N L ey Ty
Q Az r; Xr (1-e )+ Az (81)
n—1
R = Z o5 e (82)

r=1

and
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-1

of 1 ,-1A~p : p
KA+C( g5 kP +1) B ifaf 0

3KA + 2GBk if Aeff =0

(83a, b)

The algorithmic tangent matrix approach, developed in Section 3 for solving boundary
value problems, can be applied in connection with the above formulations for the
theory with a yield surface. In addition to following the procedure described in Sec-
tion 3, one needs to handle logical bifurcations such as appear in Eqs. 76 and 83.
We recall that basically, C? originates from Eqgs. 70, 71a, and 72a. These equations
concisely reveal piecewise linearization of the plastic strain path, and are geomet-
rically interpreted in Fig. 14. As shown in the figure, if the mth loading event causes
linear growth of plastic strain, the loading must consist of two sub-loading events.
One is either an elastic loading or a neutral loading, depending on the size of
(sh)m-1. The other is a plastic loading, and induces expansion and translation of the
yield surface such that the orientation of sj is fixed and plastic strain grows linearly

during the sub-loading event.

All the foregoing 3-D formulations can be slightly tailored for plane strain or axi-
symmetric problems. Still, formulations for the important plane stress problems re-
quire further manipulation, and are presented in the following only for the case
without a yield surface. Extension to the case with a yield surface can be made in the

same way as in the first part of this section.

We consider plane stress loading, i.e.,

G233 = O (84)

and
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023=043=0 (85)
As a consequence,

v
£5= =55 (€11 +22) (86)

and
ehy=¢e13=0 (87)
where v is the Poisson’s ratio. In addition,
e53= —eiy — &b (88)
due to plastic incompressibility. Therefore,

_.e p

€33 = €33 + £33
A\

1—v

(89)

1-2
(41 + £39) — '1__‘,!‘ (e91 + £52)

as a result of Egs. 86 and 88. Thus, expressions of the deviatoric strains e;; and ey,

in terms of &y, €22, €h, and €3, are obtained by utilizing Eq. 89.

e =8+ d(ehy + £5y) i=1,2nosumon i (90)
where
—- 2—v
ST By T Pt (91)

— 2—v
€= —¢eqq + 3(1—v) €92 (92)

5. Extensions 39



and

1—2v
¢ = 3= (93)

Substituting Eq. 90 into Eq. 15 with (i, j) =(1, 1), (2, 2), and then combining the two

resulting equations and Eq. 16 with (i, j) = (1, 1), (2, 2), respectively, we obtain

§A8$1 + B'A852 = _A-11AZ

_ _ (94)
B*A51p1 + BAng = A22AZ
where
n
Ai(Az) = 2GAg, + 285(1 — g™ i=1,2;nosumoni (95)
r=1
5 C
B(A2)=26(1 — Az + ) 5= (1 — ™) (96)
r=1
and
B*(Az) = —2G¢Az (97)
Eqg. 94 can be solved for Aef; and Aeg; in terms of Az.
Az
Aaﬁ=—"lB—— i=1,2;nosumon i (98)

where B has been defined by Eq. 19,
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A14B — ApB*

Az)= — 99
’711( ) B+ B* (99)
and
A,,B— A, B*
Mao(Az) = —B=—T1— (100)

B+ B

Besides, a similar expression of Aet, has been available from Eq. 17.

AAz
B

Aeh, = (101)

where Ay, has been defined by Eq. 18. Finally, substituting Aeg from Egs. 87, 88, 98,

and 101, and A{ from Eq. 9 into Eq. 10 gives
R(Az) = (CB)® — 2(n7y + 133 + 141122 + Atp) = 0 (102)

where C has been defined by Eq. 22. Obviously, Eq. 102 plays the same role as Eq.

21. The derivatives needed for solving Eq. 102 are given below for completeness.
R'(Az) = 2{CB(C'B + CB’) — [(21141 + Maa)M11" + (11 + 2n20)m09" + 2A15A1,"]} (103)
where Ay, B’, and C’ have been defined by Eqs. 24 - 26, respectively,

(A1/'B+ AyB — Ay'B* — AyB™)(B + B*) — (A11B — ApB")(B" + B*)
B+ B

my'(A2) =

(104)

and
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(Ap'B + ApB’ — Ay'B* —Ay4B*)(B + B*) — (AyB — AB*)(B’' + B")
(B+B*)

’722'(AZ) =

(105)

In Eqs. 104 and 105, A/’ = A’ (i=1, 2; no sum on i), which has been defined by Eq.

24,
n
B'(A2)=26(1 - §) + ) Ce ™ (106)
r=1
and
B*'(Az) = —-2G¢ (107)
Having the necessary equations for the strain-controlled integration algorithm for the

plane stress case, we commence to derive the corresponding algorithmic tangent

matrix. As a direct result of Eq. 84,

Aoy =2As44 + Asy, (108)
and
Agyy=Asy + 2As,, (109)
In addition,
Aoy =Asqy (110)
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Substitution of Asy, Asz, and As;, from Eq. 16 into Egs. 108 - 110 gives Aoy, Aoz, and
Aoy, in terms of Aep and Az. Therefore, the elements (i.e., éﬁ) of the 3 x 3, plane

stress, plastic algorithmic tangent matrix (i.e., 6?) are written as follows:

~p  0Ad,  0As gaz BAL

Ci= aAEf’ + oAz 0AL aA?j’

(111)

where Ag;, is an element of A0"=[Aown Ao, Ac,], and Afp is an element of
A€P" = [Aet; Ack, 2Aet,]. As before, 0Az[0A! and AAL{/0Aep can be easily found from
Egs. 9 and 10, respectively. However, the A{ of Eq. 111 is currently considered a
function of only Aety, Ae%, and Aek, because of Egs. 87 and 88. The plane stress, plastic
algorithmic tangent matrix Cr may be also obtained by modifying Eq. 35 with Eqs. 87

and 88, and the following equations resulting from Eq. 84:
AG’11 ‘—"AS11 "AS33 (112)
A022 = A822 - AS33 (1 13)

The straightforward modification of Eq. 35 leads to the following algorithmic differen-

tial stress-plastic-strain relation:
dAG = CPdAE? (114)

where C? is expressed in terms of Cg, defined by Eq. 29, as follows:

chy Ci, Cls Ch|| 1 0 O
10 -10

cP=|01-10 (115)
Cs CB Ch Chf|—1 =10
00 0 1

Co1 Ch Cs Csf[ O O
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Looking back to Egs. 29 and 33, we find that calculation of Cp and C§, i= 1,2, 3, 6, of
Eq. 115 requires two out-of-plane components, Az} (i.e., Aek) and R;. Aed; can be cal-
culated from Eq. 88, and R; = —R; — R; as a result of Egs. 14, 33, and 88. Collectively,
C* can be conveniently constructed in computer implementation. We finally call in the

incremental elastic stress-strain relation,
AE® = S°AT (116)

where A€’ = [Aeh Aes, 2A¢%,], and S* is the plane stress elastic compliance matrix,
which is expressed in terms of the Young’s modulus, E, and the Poisson’s ratio, v,

as follows:

1/E  —v/E 0
s®=|—vE 1JE 0 (117)
0 0 2(1+v)E

Egs. 114 and 116, and A€ = Ae* + A€®, where A€ = [Aeqy Aex 2Acr,], produce a linear
system of three matrix equations in terms of dAo, dAe?, dAe€®, and dA€. The desired

relation between dAg and dAe is easily derived from the system.
dAG = CdA€ (118)
where C is the plane stress algorithmic tangent matrix,
C=(c"s®+1)"c? (119)

The matrix | of Eq. 119 is the 3 x 3 identity matrix.
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6. Concluding Remarks

The convenient and efficient algorithmic tangent matrix approach has been devel-
oped for endochronic FE analysis. It is wished that the approach may significantly
alleviate the long-standing difficulties in computational cyclic plasticity. The method
of piecewise linearization of the plastic strain path has the potential for application to
other advanced plasticity models and for extension to viscoplasticity; further investi-

gation is recommended to exploit the potential.
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Figure 1. Composite Reinforced with Periodic Diamond Array of Fibers
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Initial Monotonic Stress-Strain Curve and Cyclic Stress-Strain Curve of 6061 Aluminum
Alloy: The continuous line represents the monotonic curve, and the squares the cyclic

curve.
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Figure 3. Finite Element Grid for Periodic Diamond Model
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Figure 4. Macro-Response to Transverse Normal Cyclic Loading: The predictions using (1, 1, 1),
(2, 1, 3), (5, 3, 8), and (50, 25, 75) increments are represented by the square, +, x, and
continuous line, respectively.
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Figure 5. Macro-Response to Transverse Normal Cyclic Loading: The predictions using (10, 5,
15), (20, 10, 30), and (50, 25, 75) increments are represented by the square, +, and
continuous line, respectively.
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Figure 6a. Micro-Response to Transverse Normal Cyclic Loading in Element 52: The predictions
using (1, 1, 1), (2, 1, 3), (5, 3, 8), and (50, 25, 75) increments are represented by the
square, +, x, and continuous line, respectively.
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Figure 6b. Micro-Response to Transverse Normal Cyclic Loading in Element §2: The predictions
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using (1, 1, 1), (2, 1, 3), (5, 3, 8), and (50, 25, 75) increments are represented by the
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Figure 6c. Micro-Response to Transverse Normal Cyclic Loading in Element 52: The predictions
using (1, 1, 1), (2, 1, 3), (5, 3, 8), and (50, 25, 75) increments are represented by the
square, +, X, and continuous line, respectively.
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Figure 6d. Micro-Response to Transverse Normal Cyclic Loading in Element §2: The predictions
using (1, 1, 1), (2, 1, 3), (5, 3, 8), and (50, 25, 75) increments are represented by the
square, +, X, and continuous line, respectively.
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Figure 7a. Micro-Response to Transverse Normal Cyclic Loading in Element 72: The predictions
using (1, 1, 1), (2, 1, 3), (5, 3, 8), and (50, 25, 75) increments are represented by the
square, +, x, and continuous line, respectively.
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Figure 7b. Micro-Response to Transverse Normal Cyclic Loading in Element 72: The predictions
using (1, 1, 1), (2, 1, 3), (5, 3, 8), and (50, 25, 75) increments are represented by the
square, +, X, and continuous line, respectively.
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Figure 7c. Micro-Response to Transverse Normal Cyclic Loading in Element 72: The predictions
using (1, 1, 1), (2, 1, 3), (5, 3, 8), and (50, 25, 75) increments are represented by the
square, +, x, and continuous line, respectively.

Figures 60



2007

0 T u
-3 -2 -1 0

€11 (1 0_4)

Figure 8a. Micro-Response to Transverse Normal Cyclic Loading in Element 216: The pred-
ictions using (1, 1, 1), (2, 1, 3), (5, 3, 8), and (50, 25, 75) increments are represented
by the square, +, x, and continuous line, respectively.
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Figure 8b. Micro-Response to Transverse Normal Cyclic Loading in Element 216: The pred-
ictions using (1, 1, 1), (2, 1, 3), (5, 3, 8), and (50, 25, 75) increments are represented
by the square, +, x, and continuous line, respectively.
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Figure 9. Transverse-Normal Longitudinal-Shear Cyclic Loading Path: The loading path was
traced for the cases of 1, 2, 5, and 50 increments/segment as represented by the

square, +, x, and continuous line, respectively.
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Macro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading: The
predictions using 1, 2, 5, and 50 increments/segment are represented by the square,
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Figure 10b. Macro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading: The
predictions using 1, 2, 5, and 50 increments/segment are represented by the square,
+, X, and continuous line, respectively.
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Figure 10c. Macro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading: The
predictions using 1, 2, 5, and 50 increments/segment are represented by the square,
+, X, and continuous line, respectively.
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Figure 11a. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
§2: The predictions using 1, 2, 5, and 50 increments/segment are represented by the
square, +, X, and continuous line, respectively.
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Figure 11b. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
§2: The predictions using 1, 2, 5, and 50 increments/segment are represented by the

square, +, X, and continuous line, respectively.
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Figure 11c. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
52: The predictions using 1, 2, 5, and 50 increments/segment are represented by the

square, +, X, and continuous line, respectively.
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Figure 11e. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
52: The predictions using 1, 2, 5, and 50 increments/segment are represented by the

square, +, X, and continuous line, respectively.
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Figure 11f. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
§2: The predictions using 1, 2, 5, and 50 increments/segment are represented by the
square, +, x, and continuous line, respectively.
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Figure 11g. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
§2: The predictions using 1, 2, 5, and 50 increments/segment are represented by the
square, +, x, and continuous line, respectively.
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Figure 11h. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
52: The predictions using 1, 2, 5, and 50 increments/segment are represented by the
square, +, X, and continuous line, respectively.
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Figure 12a. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
72: The predictions using 1, 2, 5, and 50 increments/segment are represented by the
square, +, x, and continuous line, respectively.
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Figure 12b. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
72: The predictions using 1, 2, 5, and 50 increments/segment are represented by the
square, +, X, and continuous line, respectively.

Figures

77



150

1001

| TSP S S T |

011 (MPa)

-50

2 A ko A

-100

-150 T I I I

-3 -2 -1 0 1 2 3

€11 (10—4)

Figure 12c. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
72: The predictions using 1, 2, 5, and 50 increments/segment are represented by the
square, +, X, and continuous line, respectively.
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Figure 12e. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
72: The predictions using 1, 2, 5, and 50 increments/segment are represented by the
square, +, X, and continuous line, respectively.
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Figure 12f. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
72: The predictions using 1, 2, 5, and 50 increments/segment are represented by the
square, +, x, and continuous line, respectively.
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Figure 13a. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
216: The predictions using 1, 2, 5, and 50 increments/segment are represented by
the square, +, x, and continuous line, respectively.
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Figure 13b. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
216: The predictions using 1, 2, 5, and 50 increments/segment are represented by
the square, +, x, and continuous line, respectively.
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Figure 13c. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
216: The predictions using 1, 2, 5, and 50 increments/segment are represented by
the square, +, x, and continuous line, respectively.
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Figure 13d. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
216: The predictions using 1, 2, 5, and 50 increments/segment are represented by
the square, +, x, and continuous line, respectively.
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Figure 13e. Micro-Response to Transverse-Normal Longitudinal-Shear Cyclic Loading in Element
216: The predictions using 1, 2, 5, and 50 increments/segment are represented by
the square, +, x, and continuous line, respectively.
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Table 1. Statistics on Simulation of Transverse Normal Cyclic Loading Using (1, 1, 1) Increments

loading events
0-1 1-2 2-3
number of
increments 1 1 1
records of
iterations (11,3) X 1 (5, 1) X1 (10, 1) X 1

CPU seconds over entire loading history: 8

Table 2. Statistics on Simulation of Transverse Normal Cyclic Loading Using (2, 1, 3) Increments

loading events
0-1 1-2 2-3
number of
increments 2 1 3
records of (12,3) X 1 (4, 1) X1 8, 1) X1
iterations (10, 1) X 1 (10, 1) X 2

CPU seconds over entire loading history: 13

Tables



Table 3. Statistics on Simulation of Transverse Normal Cyclic Loading Using (5, 3, 8) Increments

loading events

0-1 1-2 2-3
number of
increments 5 3 8
records of (4,1) X1 (3,1) X1 (3,1) X1
iterations 9,1)X4 4,1) X1 (5, 1) X1
(5, 1) X1 (10, 1) X 1
9, 1) X1
(8,1) X4

CPU seconds over entire loading history: 24

Table 4. Statistics on Simulation of Transverse Normal Cyclic Loading Using (50, 25, 75) incre-

ments

loading events

0-1 1-2 2-3
number of
increments 50 25 75
records of (3, 1) X5 2, X1 (3,1) X 13
iterations 4,1)X8 (3,1)X 18 (4,1)X8
(5, 1) X33 (4,1)X6 (5, 1) X 19
(6,1)X4 6,1) X35

CPU seconds over entire loading history: 175
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Table 5. Statistics on Simulation of Transverse-Normal Longitudinal-Shear Cyclic Loading Using

1 Increment/Segment

loading events

5-6 6-7 7-8 8-1
number of
increments 1 1 1 1
records of
iterations 8, 1) X1 (11,3) X 1 (10, 1) X 1 (11,3) X 1

CPU seconds over entire loading history: 62

Table 6. Statistics on Simulation of Transverse-Normal Longitudinal-Shear Cyclic Loading Using
2 Increments/Segment

loading events

5-6 6-7 7-8 8-1
number of
increments 2 2 2 2
records of 8, 1) X1 (9,1) X1 9, 1) X2 (11,3) X 1
iterations (7, 1) X1 (11,3) X 1 (10, 1) X 1

CPU seconds over entire loading history: 93
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Table 7. Statistics on Simulation of Transverse-Normal Longitudinal-Shear Cyclic Loading Using
§ Increments/Segment

loading events
5-6 6-7 7-8 8-1
number of
increments 5 5 5 5
records of (11,4) X1 4,1) X1 (6, 1) X1 (11,3) X 1
iterations (7.1)X2 (8,1) X1 (8,1) X4 (10, 1) X 1
6,1)X2 (9,1)X3 (9,1)X3
CPU seconds over entire loading history: 180

Table 8. Statistics on Simulation of Transverse-Normal Longitudinal-Shear Cyclic Loading Using
50 Increments/Segment

loading events
5-6 6-7 7-8 8-1
number of
increments 50 50 50 50
records of 6,1)X1 (4,1)X15 (3,1) X1 8,2) X1
iterations 9,2) X2 (5,1) X 17 (5, 1) X 49 (10,3) X 1
(12,4) X 1 (6,1) X 18 : 9,2) X1
(11,3) X 1 (12,4) X 1
(5,1) X 44 (11,2) X 1
4, 1) X1 7, X1
(6,1)X 44
CPU seconds over entire loading history: 1374
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for Doubly Periodic Models: Applications to
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1. Introduction

Recently, increasing efforts have been made to model inelastic deformation of
unidirectionally fiber-reinforced composites for advanced high temperature applica-
tions [1 - 10]. Among various approaches, the micromechanics approach is uniquely
suitable for development of composite materials, and has the potential for integrated
micro-macro analysis of composite structures [11]. In addition, complicated behavior
of composites at the macro level, e.g., severely anisotropic inelasticity and thermal-
mechanical coupling, may be more easily simulated with material modeis at the

micro-level.

It is well known that stress analysis of inelastic structures relies heavily on numerical
methods at least because local material stiffness is subsequently anisotropic and in-
homogeneous. Therefore, the versatile finite element (FE) method has been consid-
ered the most general approach for micromechanics modeling of inelastic behavior
of fiberous composites, e. g., in the earlier work by Adams and his co-workers {12 -
15], and Foye [16 - 18], and the more recent work by Teply and Dvorak [1], Wu et al.

[2], and Jansson [7]. The primary concern from the viewpoint of material developers
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and structural designers is whether inelastic FE micromechanics modeling is con-
venient and efficient. In this regard, at least two issues must be considered: (1) the
FE formulation for composite geometric models, and (2) the constitutive model for the

inelastic matrix of a composite.

Many investigators have successfully applied the FE method using the ordinary nodal
displacements as the discrete variables to analyze various representative cells of
periodic diamond and periodic rectangular models under plane stress macro-loading.
In their analyses, some boundary conditions are in the standard form, and the others
are simple algebraic relations between boundary nodal displacements and macro-
strains, and between boundary nodal forces and macro-stresses, respectively. The
case of 3-D macro-loading is more complicated. With an effort in heavy algebra,
Teply and Dvorak [1, 19] derived FE equations for a specialized trial displacement
field in a periodic hexagonal model under 3-D macro-loading. Jansson [7] proposed
a simple method for admissible FE displacement fields in any doubly periodic model.
The displacement field is decomposed into a uniform macro-deformation field, and a
fluctuating field represented by the common FE technique. FE equations are obtained
by considering the virtual work due to the variation of the fluctuating part of the dis-
placement; and the associated boundary conditions represent antisymmetry of
boundary nodal fluctuating displacements, and symmetry of boundary nodal forces.
If the uniform macro-deformation is unknown, the relations which straightforwardly
represent macro-stresses as volume averages of micro-stresses are used as the ad-
ditional equations. When higher-ordered finite elements are used, Jansson’s method
requires considerable modification of standard FE subprograms due to the decom-
position of the displacement. Besides, when an FE model contains a number of

internal nodes (i.e., nodes not on the boundary), the method demands “extra” com-
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putation because the uniform macro-deformation is influential over the entire ana-
lyzed region and the macro-stresses are coupled to the fluctuating part of the
displacement everywhere. It appears from the literature that a simple and unified
weak formulation which is valid for any doubly periodic model under general macro-
loading, and serves as a common rational foundation of different FE approaches has
not been addressed. A convenient FE implementation of such a weak formulation

would be the most desirable.

The overall success of inelastic FE micromechanics modeling also relies on the ex-
istence of a constitutive model for the inelastic matrix which has a wide range of
predictive capability, and can be implemented in FE analysis conveniently and effi-
ciently. The endochronic theory [20] has been shown able to simulate rate-
independent and rate-dependent material responses to nonproportional cyclic
loading in a unified framework (for references, see [21]). A rate-dependent theory can
also be constructed as an extension of the rate-independent endochronic theory us-
ing the concept of over-stress [22]. Besides, a convenient and efficient algorithmic
tangent matrix approach has been developed for endochronic FE analysis [23]. The
underlying integration algorithm [24], which is derived by piecewise linearization of
the plastic strain path, is unconditionally stable [25]. All the above progress favors
the selection of the endochronic theory as a local constitutive model in FE microme-

chanics modeling of fiberous composites.

This paper is aimed at two goals. First, we present, in Section 2, a simple and unified
weak formulation for doubly periodic models under general macro-loading conditions,
and, in Section 3, a convenient FE implementation of the weak formulation. Second,

the algorithmic tangent matrix approach for the endochronic theory has been incor-
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porated into the FE formulation in order to model isothermal, rate-independent ine-
lastic macro-deformation of unidirectionally fiber-reinforced composites. As an
example, simulation has been performed for unidirectional boron/6061 aluminum
composites. We present, in Section 4, theoretical-experimental correlation for the

B/6061 Al composites, and, in Section 5, effects of model geometry of a B/6061 Al

composite on overall inelastic response.
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2. Weak Formulation for Doubly Periodic Models

In this section, we deal with composites whose micro-structure, when referred to a
suitable Cartesian coordinate system, x;, exhibits x-independence and double
periodicity with respect to two linearly independent base vectors, b} and b, on the
x; =0 plane. The double periodicity of micro-structure with respect to b} and b?
means that material properties and states at point P are identical to those at point Q
if the coordinates of point P, (x;)p, and of point Q, (x;)e, satisfy the following condition

with two proper integers, m and n:

(x)p — (X)g = mb; + nb? (1)

The x4, = 0 plane can be partitioned into parallelogram regions, each of which has four
vertices located at x;=mb!+nb?, (m+ 1)bl+nb?, mbl+(n+ 1)b? and
(m+ 1)b! 4+ (n + 1)b? where m and n are two proper integers. The parallelogram re-
gions on the x, =0 plane are referred to as the unit cells of the composite under
consideration. For example, a unit cell (the parallelogram region OABC) and the two
base vectors (b{ and b?) are shown in Fig. 1. Obviously, any unit cell can be mapped

onto any other unit cell by a translation, mb} + nb?, defined with two appropriate in-

2. Weak Formulation for Doubly Periodic Models 99



tegers, m and n. In addition, fissures and voids are excluded from the present con-

sideration.

According to Hashin [26], local-theory stress-strain relations of a macroscopically
homogeneous composite are determined by imposing the following displacement
condition on the boundary of a composite volume to induce a uniform macroscopic

strain field, €3, and a uniform macroscopic stress field, o8:
u=xe® 2

where u is the column matrix of the displacement components, u'= [u;u;us],

of = [£%1 3, €35 2¢8; 2¢9; 2¢3,], and

Xy 0 0 0 x3 X
X = 0 XQ 0 X3 0 0 (3)
0 0 x3 00O

The geometry of the composite volume should be such that local-theory constitutive
relations between macro-stress and macro-strain can be established. In view of the
boundary condition, and the x,-independence of micro-structure of the present com-
posite model, we consider a composite volume whose geometry leads to dominant
generalized plane strain deformation. Therefore, the displacement field can be ap-

proximately expressed in the following form:

u=g+£$1§ (4)

where g" = [g1 9. gs],

x =[x, 0 0] (5)
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and gi, g2 and g; are functions of x, and x,. The generalized plane strain deformation

also allows us to restrict our discussion of the stress, strain, and displacement fields

to the case of x, = 0 for convenience when the extension to the x;-independent case

is evident. Accordingly, we have ( « ), denote the value of a variable at point P on the

x, = 0 plane, henceforth.

On the other hand, in view of the boundary condition, and the double periodicity of

micro-structure of the present composite model, the geometry of the composite vol-

ume is further assumed to result in the characteristics of the stress and displacement

fields discussed below.

The stress field is dominated by the double periodicity of micro-structure.

Namely, the stress field, o, can be approximately represented by
(Ulj)P = (Uij)Q (6)

where points P and Q are any two locations that satisfy Eq. 1 with two proper in-

tegers, m and n.

The displacement at the vertices of the unit cells (e.g., the points O, A, B, and C
of Fig. 1), i.e., the g, of Eq. 4 evaluated at the vertices, is a linear function of x, and
xs. In addition, the difference between g; and the linear function is doubly peri-
odic, and hence, has no contribution to the average strain of the displacement
field, which must be ¢§. Therefore, the displacement at the vertices must be re-
presented by Eq. 2 with x, = 0 to best match the remote boundary condition. It is

expedient to recast Eq. 4 into the following form:

u=d +fe° (7)
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where d" = [d; d, d,],

x, 0 0 0 fy f,
f=|0 f, 0f, 0 0 (8)

0 0f 000

and d,, d;, d;, f,, and f, are functions of x, and x;. Thus, the characteristics of the
displacement field corresponding to the double periodicity of the stress field are
satisfied by the the following conditions:

(d)y=0

9a, b
(fi—x)y=0 (%2

and

(di)P = (di)o

(fi = x)p = (fi — X)q

(10a, b)

where point V is any of the vertices of the unit cells, and points P and Q are de-

fined as for Eq. 6.

We further consider the case in which the distribution of material properties and

states is not only doubly periodic but also symmetric in a unit cell about its centroid.

In this case, the stress and displacement fields exhibit the following characteristics:

The stress field is symmetric about any of the vertices and centroids of the unit
cells, and about any of the mid-points of the edges of the unit cells (e.g., any of

the points O, A, B, C, H, D, E, F, and G of Fig. 1). Namely,
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(Uij)R = (Gij)s (11)

where points R and S are any two locations that are symmetric about W, which
is any of the vertices and centroids of the unit cells, or is any of the mid-points
of the edges of the unit cells. As expected, Eq. 6 is a necessary condition of Eq.

11.

(9i)r + (91)s = 29w (12)

where points R, S and W are defined as for Eq. 11. Eq. 12 means the displace-
ment at the vertices, centroids, and midpoints of the edges is a linear function
of x, and x;. In addition, the difference between g; and the linear function is anti-
symmetric about the vertices, centroids, and mid-points of the edges, and hence,
has no contribution to the average strain of the displacement field. Therefore,
Egs. 7 and 8 are also suitable for the current case, and the characteristics of the
displacement field corresponding to the symmetry of the stress field are satisfied

by the following conditions:

(d)w=0
(fi—x)w=0

(13a, b)

and

(di)R = (di)s

(fi— x)r = — (fi — X))s

(14a, b)
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where points R, S, and W are defined as for Eq. 11. As expected, Eqgs. 9 and 10

are necessary conditions of Egs. 13 and 14, respectively.

Eq. 6 implies that it is sufficient for the doubly periodic model to analyze the
parallelogram region OABC of Fig. 1, or any of its “equivalent regions” of other ge-
ometry, which carry the same information about the stress distribution as the
parallelogram unit cell because of the double periodicity. On the other hand, Eq. 11
implies that the analysis of the triangular region OAC of Fig. 1, or any of its equivalent
regions (e.g., the regions OBC, ODFC, and OIJC of Fig. 1, or I”"J'lJ and HIJI'H" of Fig.
2a) is sufficient for the doubly periodic mode! with material properties and states
symmetrically distributed in a unit cell about its centroid. Although there are infinitely
many choices of the smallest regions for sufficient analysis, all the boundary condi-
tions are classified into two types. Boundary traction conditions of both types are

obtained by the following relation:
t} = U”ni (15)

where t; is the boundary traction, and n; is the unit vector outward normal to a

boundary. The two types of boundary conditions are summarized below:

® Type 1. For example, on the boundaries OA and CB of the region OABC, OD and
CF of ODFC, and OZ and CJ of OIJC (Fig. 1), and on the boundaries HI and H'l’
of the region HIJI'H’ (Fig. 2a), the displacement satisfies Eqs. 9 and 10, and the

traction satisfies the following condition as a result of Egs. 6 and 15:
(t)e = — (t)q (16)
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where points P and Q are any two boundary points of a selected smallest region

for sufficient analysis that satisfy Eq. 1 with two proper integers, m and n.

® Type 2. For example, on the boundary CO of the region OAC, OBC, ODFC, or
OIJC, and ZI of OIJC (Fig. 1), and on the boundary H'H of the region HIJI'H’ (Fig.
2a), the displacement satisfies Eqs. 13 and 14, and the traction satisfies the fol-

lowing condition as a result of Egs. 11 and 15:

(thr = (t)s (17)

where points R and S are any two boundary points of a selected smallest region
for sufficient analysis that are symmetric about a vertex or the centroid of a unit

cell, or about the mid-point of an edge of a unit cell.

We now consider a cylindrical region, Q, of which the axis is perpendicular to the
xs =0 plane. £ has an axial length of L and two ends parallel to the x, = 0 plane. The
cross-section of  on the x, = 0 plane, which is a selected region for sufficient anal-
ysis as discussed above, is denoted by S°, and has an area of A°>. The boundary of
Q, which includes the lateral surface and two ends, is denoted by I'. The equilibrium

equation governing the stress field in Q is

oy, =0 (18)

In addition, given below are the conditions of macro-stress (or average stress) and
of macro-strain (or average strain) [26] which are imposed on I" because of Eq. 6 or

1.
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LAOG:} = IX|tde (19)
T

and

2LA% = f(u,nj + u;n)ds (20)
T

where LA° is equal to the volume of Q, and f( + )ds denotes the surface integral. It
can be shown easily using Gauss’ theorem that Eq. 20 is satisfied if the displacement
boundary conditions of type 1 or 2 are imposed on the lateral surface. Therefore, the
displacement field represented by Egs. 7 and 8 is governed by Egs. 18 and 19, the two
types of boundary conditions, appropriately specified constitutive equations, and the

strain-displacement relation as follows:

&y = —;" (u; +u;) (21)

A weak formulation for Egs. 18 and 19, and the boundary conditions is derived below

in preparation for FE analysis.
0 = — J.aij,iéujdv + th(éuj -_ xiéﬂﬁ)ds + (intjds -_ LAoaﬁ)éﬁﬁ (22)
Q r r

where f( + )Jdv denotes the volume integral, and é( +) denotes the variation of a func-
tion. The first term of Eq. 22 is due to Eq. 18, and the third term is due to Eq. 19. The

second term of Eq. 22 represents a surface integral over the lateral surface and two
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ends of the considered cylindrical region. The integral over the lateral surface van-
ishes due to Egs. 7 and 8, and the two types of boundary conditions. The integral
over one end cancels that over the other since a(du; — xid¢?) is xi-independent. Eq.

22 reduces to

0=— J‘o”,,éujdv + ftjéujds — LA®0jj6¢;]
Q

r
= J.O'U'asijdv - LAOU;},éEﬁ (23)
Q
= jau(sauds - Aooaésg
SO

Gauss’ theorem and Eqgs. 15 and 21 have been used to derive the second equality in
Eqg. 23, which reduces to the last equality because of the x,-independence. Egq. 23 is
valid for the doubly periodic model under uniform 3-D macro-stress and macro-strain
no matter whether the distribution of material properties and states is symmetric in

a unit cell about its centroid or not.

Finally, we consider the macro-deformation of the periodic diamond and periodic
rectangular models (shown in Figs. 2 and 3, respectively) in the absence of ¢ and

£%3, i.e.,
£33 =¢673="0 (24)

It is assumed that the distribution of material properties and states is not only doubly
periodic but also symmetric in a unit cell with respect to the two straight lines which
pass through the centroid of the unit cell, and are parallel with the x, and x; axes,

respectively. We further assume that material properties and states at any point in
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a unit cell are invariant under the tensorial transformation corresponding to
Xy = —Xy, X’ = —X,, and x;’ = x;, and under the tensorial transformation corresponding
to x4 = x4, X’ =X,, and x;’ = —X,. |n this case, the stress, strain, and displacement

fields exhibit the following characteristics:

(oim if (i, ) # (2, 3),(3,2),(1,3),and (3, 1)
(o= o (25a, b)
- (Uij)M if (i, J) =(2,3),(3,2),(1,3), or (3, 1)

where points L and M are two arbitrary locations which are symmetric about any
of the two straight lines which pass through any of the vertices and centroids of

the unit cells, and are paralle! with the x, and x, axes, respectively. In addition,
(oi))p = (o)q (26)

where points P and Q are any two locations that are symmetric about V, which is
any of the mid-points of the edges of the unit cells. As expected, Eq. 11 is a

necessary condition of Egs. 25 and 26.

® The characteristics of the displacement field corresponding to Eq. 25 are repres-

ented by the following:
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(91)L2 = (91)M2
(92)L2 = (Qz)M2

(93, = (Ga)wm,
(27a —f)

(1), + (91)m, = 2g1)y,
(92)L, + (92)m, = 292y,

(93), + (93)u, = 2(T3)y,

and

(91,3)y,=0
(923)y, =0 (28a —c)

(93,2)Y2 =0

where points L; and M, are two arbitrary locations which are symmetric about the
straight line which passes through any of the vertices and centroids of the unit
cells, and is parallel with the x; axis, and point Y; is the mid-point between L; and
M; (hence, Y, is on the straight line parallel with the x; axis). In addition, the
characteristics of the displacement field corresponding to Eq. 26 are represented

by the following:
(g)p + (9)q = 2(gv (29)

where points P, Q and V are defined as for Eq. 26. As expected, Eq. 12 is a nec-
essary condition of Egs. 27 - 29. Consequently, Egs. 7, 8, 13, and 14 are also
suitable for the current case. In view of Egs. 7, 8, 13, and 24, Eq. 28 is satisfied

by the following conditions:
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(d1)Y3 =0

(d2)Y3 =0

(d3)y,=0 (30a —e)
(f — %)y, =0

(fa — X3)y,= 0
where point Y; are defined as for Eq. 28.

Egs. 25 and 26 imply that the analysis of the triangular region OHC of Fig. 2a or b, or
any of its equivalent regions (e.g., the trapezoid region OHIJ of Fig. 2a) is sufficient
for the periodic diamond model with the appropriate intrinsic symmetry and distrib-
ution symmetry of material properties and states when the macro-deformation dis-
plays vanishing &3 and ef;,. Similarly, the rectangular region ODHG of Fig. 3 is a
smallest region for sufficient analysis of the periodic rectangular model. in any case,
the foregoing type 2 boundary condition is applicable to any sloping edge such as the
edge IJ of Fig. 2a or edge CO of Fig. 2b. Any of the rest of the boundary edges is
parallel either with the x, or with the x; axis. Boundary conditions on such edges are

classified as type 3.

® Type 3: On the boundaries which are parallel with the x, or x; axis, e.g., the
boundaries OH, HI, and JO of the trapezoid region OHIJ of Fig. 2a, the displace-
ment satisfies Eqs. 24 and 30, and the traction satisfies the following condition as

a result of Egs. 15 and 25b: On the boundaries parallel with the x, axis,
ty=t,=0 (31)
and on the boundaries parallel with the x; axis,
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ty=0 (32)

A cylindrical region can be defined for the current case in the same way as for de-
riving Eq. 23 earlier; the relevant notations ({2, L, S°, A°, and I') are used below cor-
respondingly. The conditions of macro-stress and of macro-strain are imposed on I

because of Eqgs. 25a and 26.

LA%,* = Jx,tjds (33)
r
and
2LA°8”" = J‘(Uinj + ani)dS (34)
r

where o;* and ¢;* are the local stress and strain averages over S°, respectively;
oy =of and &" =¢€}, (i, j) # (2, 3), (3, 2), (1, 3), (3, 1). For example, if the trapezoid re-
gion OHIJ of Fig. 2a is chosen as S°, then according to Eq. 25b, the local averages
over the region OI"J’H of Fig. 2a should be —o;* and —g* for

(i, ) =1(2,3),(8 2),(1,3),(3,1). Therefore, the overall averages satisfy Eq. 24 and
053 =013=0 (35)

It can be shown easily using Gauss’ theorem that Eg. 34 with
(i, ) #(2,3),(3,2), (1, 3), (3, 1) is satisfied if the displacement boundary conditions of

types 2 and 3 are imposed on the lateral surface of the considered cylindrical region.
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An equation similar to Eq. 22 may be established for the periodic diamond and peri-

odic rectangular models in the absence of €3 and &fs.

0=— J‘a,-j,iéujdv + th(éuj - x,0ey)ds + (J.x,tjds — LA%0;")é¢;; (36)
Q r T

The second term of Eq. 36 vanishes due to Egs. 7 and 8, and the boundary conditions

of types 2 and 3, and the third term due to Eq. 33. Similarly, Eq. 36 reduces to

0= Ja,j5£5jds - AOU”*5£8 (37)
s°

The above methodology for deriving the weak formulation for the periodic diamond
and periodic rectangular models in the absence of €% and &f; can also be applied to
the case of ¢3; = ¢%, = 0. In conclusion, Eqgs. 23 and 37 constitute the weak formulation
intended for FE analysis of the doubly periodic models. As one can see, there is no
formal difference between the two equations. it should be borne in mind that a trial
displacement field {in the form defined by Eqgs. 7 and 8) must satisfy the appropriate
conditions among Egs. 9, 10, 13, 14, 24, and 30 in order to be admissible to Eq. 23 or
37. A convenient FE implementation of the weak formulation is presented in the next

section.
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3. Finite Element Implementation

Approximation of the displacement field represented by Eq. 7 can be attained by the
finite element technique. A selected smallest region for sufficient analysis, S°, is di-
vided into 2-D conforming finite elements defined by nodes in S° and on its boundary.
Such spatially identified nodes are called “real nodes,” henceforth, which include
“"boundary nodes” and “internal nodes.” The allocation of the boundary nodes should
ensure that Eqgs. 9a, 13a and 30a - ¢ can be imposed. On the boundaries where type
1 or 2 boundary conditions are applied, boundary nodes except the vertices and
centroids of the unit cells, and except the mid-points of the edges of the unit cells are
divided into two groups, i.e., master nodes and slave nodes. Each slave node is
dominated by one and only one master node; each master node dominates at least
one slave node. A slave and its master are spatially correlated as the points P and
Q of Eq. 16, or the points R and S of Eq. 17. The real nodes other than the slave nodes
are called "active real nodes.” Two "fictitious nodes” are added to a considered FE
model to account for the six degrees of freedom in €° (Eq. 7). To facilitate our dis-
cussion, we have m denote the number of the active real nodes of a considered FE

grid, which are numbered from 1 to m at the global level; and let the (m+ 1)th and
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(m + 2)th nodes be the two fictitious nodes. Therefore, global humbering of the slave
nodes should start with m+3. The active real nodes and the two fictitious nodes are
collectively called “active nodes” of an FE model. A column vector of nodal variables
is defined at each active node; at the ith node (i < m + 2), the column vector is de-
noted by a. For i<m, a represents the value of d (Eq. 7) at the ith node, i.e,,
a, = (d).. On the other hand, al,., = [e% £% €%, and @}, , = [2¢% 2¢%; 2¢%,]. The column

vector of all the nodal variables, a, is defined as a"=[alaj...anhal.1an.2].

In principle, two pieces of information about each finite element need be generated.
For the convenience of description, we assume all the elements have the same
number of real nodes, say n real nodes, and we consider an element, say element

e. The first piece of information is the element connectivity:

c(1,e), c(2, e), ..., c(n, e)

where c(i, e) denotes the global sequential number of the ith real node of element e.

The other piece of information indicates the active nodes associated with element e:

o(1,e), #(2,e), ..., 0(n,e),p(n+1,e), p(n+ 2, e)

where (1) ¢(i, €) = c(i, e), if node c(i, e) is an active real node; (2) ¢(i, e) is set equal
to the global sequential humber of the master node dominating node c(i, e), if node
c(i, e) is considered a slave node due to the boundary conditions of type 1; (3) ¢(i, €)
is set equal to the minus global sequential number of the master node dominating
node c(i, €), if node c(i, ) is considered a slave node due to the boundary conditions

oftype 2; (4) p(n+1,e)=m+1and p(n+2,e)=m+ 2.
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For the time being, we assume linear elasticity. The basic FE relations for element

e are given as follows:

n+2
sign[(i, e)INT a|¢(n el (38)
n+2
€= ZSign[fﬁ(i, €)IBIa| 4, o] (39)
i=1
and
_ T
KT¢(i,e)' |¢U’e)l - Sign[d)(iy e)]Sign[d)U' e)]J‘BIe CBJedS i, j = 1, 2, e, 1, N + 1; n + 2

S'
(40)

where u is the matrix of the displacements (Eq. 2), and € = [&4 €22 €33 2€23 2643 2812]. IN
Egs. 38 - 40, for i < n, N is the matrix of the usual shape functions of the displace-
ments for the ith real node of element e, and B! is the corresponding matrix for the
strains. A comparison of Egqs. 7 and 38 immediately reveals that in element e,
f=[N:,,N2,,]. The |¢(i,e)l in Egs. 38 - 40 means the absolute value of ¢(i, e);
therefore, aj,; . is the column vector of nodal variables at the active node whose
global sequential number is |¢(i, e)|. The sign[¢(i, e)] in Egs. 38 - 40 stands for +1
in case of ¢(i, e) > 0, and stands for —1 in case of ¢(i, e) < 0. The Kl uis.e Of EG.
40 stands for the contribution of element e to a sub-matrix of the global stiffness ma-
trix; the sub-matrix represents the interaction between the nodal force at node

| 6(i, e)| and @4... The C of Eq. 40 is the matrix of elastic moduli. The integration
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in Eq. 40 is carried out over the region of element e, S*. Obviously, the global
stiffness matrix, K, is obtained by assembling all the Ky »1¢;.« Matrices in the usual

way. In case of Eq. 23, the desired FE equation system is

_ F
Ka= oo (41)
where F is a 3m x 1 column vector, and 0°" = [o% 6% 0% 0% 6% 0%,]. |n case of Eq. 37,
_ F
Ka= (42)
A°c*

where 0" = [o" 02" 035" 02" 01" 61*]. The right-hand sides of Egs. 41 and 42 are the

global force vectors due to applied loading.

In view of Egs. 41 and 42, it is obviously simple to construct the nodal forces at the
last two active nodes with specified macro-stress components. Secondly, Egs. 23 and
37 imply that among the elements of F, those corresponding to unknown nodal vari-

ables are zero.

Note that Egs. 9a and 13a can be applied to Eq. 41 in the usual way, and so can Egs.
13a, 24, and 30a - ¢ be applied to Eq. 42. On the other hand, the role of ¢(i, e) in Egs.
38 - 40 reflects the imposition of Egs. 10a and 14a. Hence, still left intact among the
boundary conditions are Egs. 9b, 10b, 13b, 14b, and 30d and e. These conditions must
be imposed by judicious selection of N2, , and N3.,. Three selections are presented

in the following paragraphs.
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In the first method, f, — x,= 0 (Eqg. 8) in S° and on its boundary is adopted. Therefore,
Egs. 9b, 10b, 13b, 14b, and 30d and e are automatically satisfied. The

Ne. ., Ne.,, Be.,, and B2, , of the first method are defined as follows:

x4 0 0

Ni,i=|0 x, O (43)

Noyo=|%X 0 O (44)

Bt

Brni1= (45)

o
o O o o

Bt

Bhi2o= (46)
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After substitution of Eqs. 45 and 46 into Eq. 40 for i=n+1,n+ 2, the last six
equations of Eq. 41 are found to be the condition of average stress in the other form

(cf. Eq. 19),
LA®a;, = f o dv (47)
Q

Similarly, for the last six equations of Eq. 42 (cf. Eq. 33),

LAOU”. = Jaudv (48)
Q

Therefore, the FE equations resuiting from the first method are no different than those
from Jansson’s method [7]; however, all the present FE equations are derived from

a single weak formulation.

In the second method, fi— x;=0 (Eg. 8) on the boundary of S°, and f,=f,=0 in the
elements which contain only internal nodes. Therefore, Egs. 9b, 10b, 13b, 14b, and

30d and e are automatically satisfied. The requirements on f; can be easily met with

the aid of the shape functions. In element e,
[Ny No, =[x N%°] (49)
where x has been defined by Eq. 5,
NS =[NS NS .. N¢] (50)
and
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~at ~al  ~aT ~a¥
=% % .. %] (51)

in which (1) if node c(i, €) is an internal node, then x¢ is a 3 x 5 zero matrix; (2) oth-

erwise, node c(i, ) is a boundary node, and

0 0 0 x3 X,
XX=|x, 0 x3 0 0 evaluated at node c(i, e) (52)

0 x 0 0 O

If isoparametric elements are used and the boundary geometry of S° is exactly mod-
eled using the FE technique, then Egs. 5§ and 49 - 52 do lead to the desired properties
of f. In addition, it is noted that the f of this method is C, continuous [27]. In view of

Egs. 5 and 49 - 52,

(8, B2,.]=[i 8%°] 53)
where
I"=[1 000 0 0] (54)
and
B°=[B; B; .. Bj] (55)

It is possible to obtain all the matrices Nt, B?, and Kty o160 (EGs. 38 - 40) of the
second method by simple post-processing of the output from typical FE subroutines

for the generalized plane strain problem because the x° in Egs. 49 and 53 is a con-
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stant matrix for each individual element. The typical FE relations for the generalized

plane strain problem are shown below. For element e,

u= N°%° (56)
and
€ =B’ (57)
where
N°=[N° x] (58)
and
B°=[B° 1] (59)

In Eqs 56 and 57, v*' =[v*' &9] = [Vlu. e Viz.) --- Vim oy El] Where v, ., represents the
value of g (Eq. 4) at node c(i, ), i.e., V5.0p = (0)es.0p» Recall that the notation c(i, e)
means the global sequential nhumber of the ith real node of element e. The element
stiffness matrix for the generalized plane strain probiem, K¢, can be partitioned into

four sub-matrices in accordance with Eq. 59, i.e.,

Ke=] . an (60)

The N¢ (Eq. 58), B* (Eq. 59), and K* (Eq. 60) are usually available in the output from
typical FE subroutines for the generalized plane strain problem. Using these matri-

ces, the following matrices can be easily constructed:
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N°=[N°® X N%°] (61)
B°=[B° I B%°] (62)
KB°B° KB’I KB’B';e
D — K' B° K"' K' B°;e (63)
~eTKB°B' ;eTKB‘f ;eTKﬁ;e

Upon retrospecting Eqgs. 49 and 50, and Egs. 53 and 55, one readily finds that parti-
tioning Ne, B¢, and De into 3 x 3, 6 x 3, and 3 x 3 sub-matrices gives all the N¢ (Eq. 38),
B? (Eq. 39), and the integrals for determination of Ky i1s6.¢1 (EQ. 40), respectively.
Further, we recall that x° is a zero matrix in the elements which contain only internal

nodes; hence, the post-processing is unnecessary for these elements.

The third method applies when all the boundary conditions are of type 2. In the third
method, Egs. 13b and 14b are satisfied, but f; — x; = 0 somewhere, on the boundaries,
and f, =f; = 0 in the elements which contain only internal nodes. Eqgs. 49 and 53, and
the method for obtaining all the matrices N (Eq. 38), B? (Eq. 39), and Kl o166 01 (EQ-
40) from N° (Eq. 58), B° (Eq. 59), and K° (Eq. 60) remain valid for the third method. The
only difference lies in the definition of the x? in Eq. 51. x? for the third method is de-
fined as follows: (1) If node c(i, e) is an internal node or a master node, then x? is a

3 x 5 zero matrix. (2) If node c(i, e) is a slave node, then

0 0 0 x3 X evaluated at the point which
x=2{x, 0 x 0 O node c(i, e) and its master (64)
0 x3 0 0 O node are symmetric about
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(3) Otherwise, node c(i, e) is a vertix or the centroid of a unit cell, or the mid-point of
an edge of a unit cell, and x¢ is defined by Eq. 52. Note that the point where the x?
of Eq. 64 is evaluated is also a vertix or the centroid of a unit cell, or the mid-point
of an edge of a unit cell. Comparing the second method with the third, one can find
that the third method may lead to more elements for which the post-processing is

unnecessary.

When material behavior is not linearly elastic, FE analysis is usually based on the
well-known Newton-Raphson method. All the foregoing theoretical development
needs only minor modification in order to be applied in the Newton-Raphson method.
Generally, the previous displacement and strain quantities are now replaced with
their increments or sub-increments, depending on whether material behavior is
path-independent or path-dependent. The C matrix in Eq. 40 now should mean the
constitutive tangent matrix or algorithmic tangent matrix [28]. Besides, the right-hand
sides of Egs. 41 and 42 are now replaced with the global residual force vector, which
represents the global force vector due to applied loading less the one due to internal
stress, or the incremental global force vector due to an applied loading increment
less the one due to an internal stress increment. Let Ao denote the matrix of the
components of an internal stress increment, Ao™ = [Ac1 Aoz Aoy Aay Aoyy Aayz], and
let AET«MI denote the contribution of element e to the incremental nodal force at

node | (i, e)| due to Aa. Thus,

— T
AFTM'e), = sign[¢(i, e)]-,‘Bfa Aods i=12,.,mn+1,n+2 (65)
SO

3. Finite Element Implementation 122



The incremental global force vector due to an internal stress increment is obtained
through the usual element-by-element assemblage of AFy,; .. For the second and
third methods, all the matrices A?ML,,‘ (Eq. 65) can also be obtained by utilizing typ-
ical FE subroutines for the generalized plane strain problem. Let AE® denote the in-
cremental force vector due to an internal stress increment in element e output from
the subroutines.

AF®

AF® = (66)

AF'
Accordingly, the integrals in Eq. 65 are obtained by partitioning the following matrix
inton+2 38x1 vectors:
AF®
AL®=| AF (67)

~a¥ (]
x° AF®

The presented FE formulation is convenient for simulation of any type of macro-
loading. [n linearly elastic analysis, desired macro-strains are imposed on the left-
hand side of Eq. 41 or 42; and desired macro-stresses are substituted into the
right-hand side. After solving the equation system, unknown macro-strains are di-
rectly available from the vectors of nodal variables at the last two active nodes; and
unknown macro-stresses are obtained simply by dividing by A° the nodal forces cal-
culated at the last two active nodes due to internal stress. The procedure for analysis

with material nonlinearity or path-dependence is similar.
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4. Applications to Unidirectional Boron/Aluminum

Composites

Assumptions are usually made in micromechanics analysis to replace unknown or
complicated distribution of material properties or states. Such assumptions usually
leave some geometric or material parameters indeterminate which must be backed
out by fitting, with model prediction, certain experimental data of a composite. In the
simplest approach, a “nominally” two-phase fibrous composite is idealized as an
“exactly” two-phase composite without polycrystalline micro-structure,’ and all the
geometric parameters are assumed a priori. Therefore, an idealized two-phase
fibrous composite contains homogeneous fibers and a homogeneous matrix. It is
usually a good assumption that elastic properties of fibers of an idealized fibrous
composite are independent of composite fabrication, and elastic properties of the
matrix of an idealized fibrous composite can be determined by testing pure-matrix

specimens which are obtained through a thermomechanical process similar to the

1 There usually exist more than two phases in a nominally two-phase fibrous composite. Sometimes,
a nominal phase does not even imply piecewise homogeneity. Besides, the polycrystalline micro-
structure of many fibrous composites is not negligible from a rational viewpoint.
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composite fabrication. However, Inelastic properties must be backed out 3, 6]. In a
rigorous sense, the simplest approach in connection with the backed-out inelastic
properties from a specific fibrous composite may be used to predict unknown
macro-response of the specific composite, or of other composites in the same mate-
rial system but with moderately different fiber volume fractions. The backed-out ine-
lastic properties of a phase (usually, the matrix) of a specific fibrous composite may
also be used for other systems containing the same phase if close similarity is ex-
pected. Confidence in the approach can be gained only through satisfactory
theoretical-experimental correlation. It seems that up to date, such correlation is still
insufficient as far as inelastic response of unidirectional fibrous composites? to com-

bined loading is concerned.

The above approach has been adopted to model isothermal, rate-independent ine-
lastic macro-response of unidirectionally fiber-reinforced composites with an FE pro-
gram called TPLAS. TPLAS was developed by use of (1) the first method depicted in
Section 3, (2) constant strain, triangular finite elements, and (3) an adaptive iterative
numerical scheme reported in Section 4 of [23]. To model a unidirectionally fiber-
reinforced composite using TPLAS, a fiber is located at each vertex of the unit cells
of a selected doubly periodic model. In general, there are four independent ge-
ometric parameters in the micromechanics modeling (e.g., the magnitudes of the two
base vectors, the angle between the vectors, and the diameter of fibers), which must
be specified a priori. In case of the periodic diamond model, three geometric pa-
rameters need be specified; in case of the periodic square model, only two geometric

parameters need be specified. The subprograms which have been installed in TPLAS

2 ]t should be noted that good agreement with experimental tensile data of certain balanced symmetric
multidirectional laminates does not necessarily imply good agreement at the level of individual
unidirectional laminae.
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to calculate local material stiffness and stress response were developed for
isothermal simulation by assuming that the elastic behavior of the phases is
orthotropic and linear, and the plastic behavior is modeled with the endochronic
theory without a yield surface [20]. The algorithmic tangent matrix approach for the

endochronic theory [23] has been applied in the material subprograms.

The endochronic constitutive equation for plastically incompressible, rate-

independent isotropic materials [20] is recapitulated below.

z daﬁ
s = L p(z—12') ey dz’ (68)
where
dz = —qu- (69)
and
d{ = (deﬂdsﬁ)1/2 (70)

p(z) is a material function called the hereditary function. The other material function,
f, is called the hardening function, and may be assumed to depend on z. The symbols
s; and ¢f are the deviatoric stress and plastic strain tensors, respectively. The pa-
rameter z is referred to as the intrinsic time. The kernel function p(z) may be re-
presented by an n-term Dirichlet series (not to be confused with the n in Section 3,

which denotes the number of real nodes of a finite element),
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n
p@)= ) Ce™ (71)
r=1
with the requirement that p(0) be sufficiently large in order to produce instantaneous
elastic response at the onset of initial loading or subsequent unloading. C, and o, are

material constants such that ay=0, C, > 0, and «a, and C, are positive for r > 2.

Analysis involving material nonlinearity or path-dependence must start with known
initial material states. Even in case of linear elasticity, initial material states are
needed when one wants to know the total response (e.g., the stress state at a point),
not merely the change. Therefore, micromechanics analysis for in-service loading
of composites usually has to be extended backward to some point during fabrication
where initial material states can be assumed. The present simulation of path-
dependent macro-response to isothermal loading is extended backward to include a
monotonic uniform cool-down. The cool-down is defined with the equivalent tem-
perature change [3], AT, and is hypothetic because the material subprograms in-
stalled in TPLAS do not indeed have nonisothermal capability. The initial material
states (at the beginning of the cool-down) are assumed as follows: Bonding between
the phases is complete, the composite is microscopically stress-free, and each ine-
lastic phase is in the virgin state of the endochronic theory, i.e., z=0. We remark
that the present approach may be suitable for prediction of macro-response when
local plasticity (and hence, the effect of fading memory) develops noticeably during
subsequent in-service loading. It should be borne in mind that the equivalent tem-
perature change, AT, can be regarded as a material parameter of the present micro-

mechanics approach, which must be backed out from experimental data of
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composites. Linear orthotropic thermal expansion is taken into account by the ma-

terial subprograms installed in TPLAS to simulate the cool-down.

Each specified thermomechanical loading increment usually necessitates several
numerical iterations, each of which generates a sub-incremental solution. In the jth
iteration of the ith loading increment, TPLAS constructs the linear FE equations based
on the following approximate relation between the sub-incremental stress, Ao', and
the sub-incremental strain, A€’
| c®A€" — ctAe" ifj=1
Ao = N (72a, b)
CA€" ifj>2
where C* is the elastic constitutive matrix; C is set equal to either C* or the
elastoplastic algorithmic tangent matrix by iteration-by-iteration decision in order to
reduce computational time; and Ae'! is the ith thermal strain increment due to the ith
temperature increment. Eq. 72a leads to calculation of incremental nodal forces due
to an applied temperature increment, which are identical to those defined by Eq. 65
except that the Ao of Eq. 65 is now replaced with C*Ae€*. For more details regarding

the numerical procedure, readers are referred to [23].

In the following, we compare our theoretical predictions against the experimental
data of unidirectional boron/6061 aluminum composites reported by Becker et al. [29]
and by Dvorak et al. [30]. TPLAS and the above-mentioned material sub-programs

were used to carry out the simulation based on the simplest micromechanics ap-

proach.
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The nominal fiber diameter (d) and volume fraction (v;) were used to define the ide-
alized micro-structure of each investigated B/Al composite. Micrographs of the B/Al
composites [29, 30] suggest the very reasonable use of the periodic diamond model
of Fig. 2a, where for the present cases, the center of a fiber is located at each vertex
of the unit cells. The third (last) independent geometric parameter was selected as
the monolayer thickness (the h in Fig. 4), and was estimated from the micrograph of

a composite. Fig. 4 shows the idealized micro-structure in detail.

The mechanical behavior of the boron fibers is elastic and isotropic with the elastic
bulk modulus, Ky, and the elastic shear modulus, G,. The 6061 aluminum alloy matrix
shows elastoplastic behavior. The elastic behavior of the matrix is isotropic with the
elastic bulk modulus, K, and the elastic shear modulus, G,. The thermal expansion
of both phases is also isotropic with the coefficient of thermal expansion of the fibers,
Br, and of the matrix, fn. f=1 (Eq. 69) was taken for the matrix in the simulation be-
cause the 6061 aluminum alloy does not show significant cyclic hardening. It has
been found that the regular 6061-O aluminum alloy can be accurately modeled using
a four-term Dirichlet series (Eq. 71) with C,=8.40 x 102 MPa, a; =0, C,=4.80 x 10°
MPa, a,=3.2x10% C,=1.16%x 10° MPa, ay;=3.6x 10°, C,=2.81 x 10° MPa, and
o0y =4.0% 105 The a,r=1,2,3, 4, for the regular aluminum alloy were applied to the
matrix, but the C,, r=1, 2, 3, 4, for the matrix must be determined from experimental

data of the B/Al composites.

First, we consider a series of on-axis and off-axis tensile tests on unidirectional
B/6061 Al coupons performed by Becker et al. [29]. The mid-plane of each tensiie
coupon was found to be parallel to the x; = 0 plane of Fig. 2a. Therefore, it suffices

to analyze the trapezoid region OHIJ of the periodic diamond model (Fig. 2a) sub-
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jected to proportional, monotonic plane stress loading with specified a%;, 0%, and o%.
To facilitate our discussion, another Cartesian coordinate system, (x, y, z), such that
Zz = X; and the x axis is in the loading direction is established for each specimen.®* The
geometric parameters used for modeling the specimens are v, = 0.46, d = 0.142 mm,
and h =0.173 mm, which define a periodic diamond model very close to a periodic
hexagonal model. The trapezoid region for sufficient analysis was discretized into
finite elements as shown in Fig. 6. The elastic material parameters are
Ki=22222x 10° MPa, G;=166.67 x10° MPa, K,=70.98x10®° MPa, and
Gn=27.22x 10®° MPa. The coefficients of thermal expansion are as follows:
fr=2.8x10"%(° F)~* and B,=13.0x 10*(° F)-'. Apparent tensile and compressive
yield stresses were reported for different fiber angles in [29]. However, the results
from 90° specimens appear to be the most reliable both in tension and in com-
pression (i.e., the yield stresses in 0% tension and in ¢% compression). The elastic
FE analysis by Dvorak et al. [31] suggests that for the B/6061 Al system, the size of
elastic range in o3, is insensitive to elastic cool-down. As a result, the mean of the
stress levels of apparent tensile and compressive yielding (48 MPa and 40 MPa, re-
spectively) of the 90° specimens is a good estimate of the apparent elastic limit of the
model before the cool-down. By temporarily taking the endochronic material param-
eter C, = C, = C; = 0, the C, of the matrix which results in the TPLAS prediction of the
desired apparent elastic limit before the cool-down (44 MPa), can be determined
quickly. Note that the endochronic memory function which contains only the fast-
decaying term, C.e—#, corresponds to a nearly perfectly plastic model for the matrix.
Then, the equivalent temperature change, AT, which results in the desired apparent

tensile yield stress after the cool-down (48 MPa), can be quickly determined using

3 When a tensor which has been defined in reference to the (x4, X,, X3) coordinate system previously is
referred to the (x,y, z) coordinate system in the following, we will continue to use the previous
tensorial notation except its subscripts. The subscripts will be rewritten in terms of x, y, and z.
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TPLAS. AT was found to be —10° F.* Shown in Fig. 6 are the theoretical transverse
tensile responses with the preceding cool-down (the continuous line)’ and without the
cool-down (the broken line), respectively. Having AT and C,, we can add one expo-
nential term at a time to the memory function in order to produce further hardening.
Since among the reported tensile curves of 0°, 10°, 15°, 30°, 45°, 60°, and 90° speci-
mens, the 10° curve is the most sensitive to the nonlinear shear response of the
matrix, the experimental tensile data of the 10° specimen (the squares in Fig. 7) were
selected for determination of C,, Cs, and C; in turn. First, C; was determined to gen-
erate curve 1 of Fig. 7 so that the desired asymptotic slope was obtained (at this
moment, C; = C, = 0). Subsequently, an appropriate C; was chosen to generate curve
2 of Fig. 7 which matches the lower knee portion of the experimental data (at this
moment, C; = 0). Finally, C, was backed out, and the “buiidup” of the theoretical re-
sponse (curve 3 of Fig. 7) was completed with C;=8.43 x 102 MPa, C,=5.12 x 10°
MPa, C,=8.00 x 10* MPa, and C,=1.78 x 10’ MPa. Shown in Fig. 8 are respective
stress-strain curves of the regular 6061-O aluminum alloy (the broken line) and 6061
aluminum alloy matrix (the continuous line), both represented by the endochronic
theory. The squares in the figure are experimental data of the regular aluminum al-
loy. Note that each simulation for determining C,, C,, or C,; started at the beginning
of the cool-down, and required approximately 15 CPU seconds on an IBM 3090-300E

computer. We also emphasize that the triai-and-error procedure for determining the

4 Another estimate of AT can be obtained by fitting the apparent compressive yield stress. When
considerable difference occurs, an average can be adopted. The average can even be used to re-
determine Cy; thus, an iterative procedure can be devised. Practically, no improvement of C; or AT
is necessary for the B/6061 Al system.

5 At the end of the cool-down, the normal macro-strains are negative because of the thermal con-
traction of both phases. In Fig. 6 and in any foliowing figure where subsequent change in macro-
strain due to mechanical loading is shown, the macro-strain is offset so that it reads as zero at the
beginning of the mechanical loading.
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plastic material parameters and effective temperature change is systematic and effi-

cient because of the use of the endochronic theory.

We are ready to simulate isothermal inelastic behavior of a unidirectionally fiber-
reinforced composite when all the model parameters, as in the above, are in hand.
The continuous lines in Figs. 9 - 15 are the TPLAS predictions for the tensile tests
reported in [29], which were obtained by using the above parameters. The symbols
in the figures represent the experimental data. In general, good agreement has been
consistently achieved in both the axial and the Poisson’s responses from one fiber
angle to another when the axial strain e < 0.25%. The consistency suggests the use
of experimental data from the convenient tests on 90° specimens to determine all the

material parameters.

We next consider a stress-controlled tension-torsion experiment on a unidirectional
B/6061 Al tube performed by Dvorak et al. [30]. The fibers are in the axial direction
of the tube; and the local radial direction of the tube was found to be parallel with the
x; axis of Fig. 2a. Therefore, it suffices to analyze the trapezoid region OHIJ of the
periodic diamond model (Fig. 2a) subjected to a loading history of ¢%; and ¢%.. The
geometric parameters used for modeling the composite are vi= 0.45, d = 0.142 mm,
and h=0.194 mm. The FE grid is shown in Fig. 16. The elastic moduli of the fibers
are Ky=240.44 x 10° MPa, and G;= 180.33 x 10° MPa. In addition, Km, Gm, fr and fn
are the same as used for the foregoing application. The experimental loading path
and response are shown by the squares in Fig. 17a and Figs. 17b - d, respectively.
Because the measured shear response (Fig. 17d) exhibits uncertain unsymmetry, the
simulation was performed by specifying o%y and &%, throughout the loading history in

order to attain a meaningful comparison. Another procedure for determination of the
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endochronic material parameters C, of the matrix and the equivalent temperature
change AT was employed for lack of necessary experimental data. First, we note that
the cyclic ratcheting of &, during the initial pure shear loading and subsequent re-
verse loading (Fig. 17b) is due to compressive longitudinal stress in the fibers in-
duced by the cool-down. Let &3f denote &%, at the end of the cool-down, and let Aesy
denote the saturated growth of the ratcheting strain. The simple strength-of-materials

analysis for balance of the longitudinal forces gives
Ef(efy — ATB)V, + En(e37 — ATSp)(1 = v)) =0 (73)

where E; and E,, are the Young’s moduli of the fibers and matrix, respectively. Since
the compressive longitudinal thermal stress in the fibers is almost completely relaxed
when the saturation of cyclic ratcheting is reached, the following approximation can

be made:
(€75 + Aefy) — ATB, =0 (74)

Judging from Fig. 17b, if the saturation had been reached, Aetr should have been ap-
proximately 120 x 10-%, which can be used to solve Egs. 73 and 74 to get the estimate
AT =-70°F. Then, C,, C,, C,, and C, were determined in turn so as to fit the exper-
imental data of the last reverse shear loading (Fig. 17d). The response to the last
reverse shear loading (Fig. 17d) was chosen for curve-fitting because of its proximity
to the cyclically stable response, the uncertain unsymmetry in the measured shear
deformation, and the observed minor cyclic hardening. The C, for the current dem-
onstration were obtained as follows: C;=6.72 x 10?2 MPa, C,=4.80x 10° MPa,
C;=1.16 x 10° MPa, and C,=1.26 x 10’ MPa. Shown in Fig. 18 are respective
stress-strain curves of the regular 6061-O aluminum alloy (the broken line) and 6061

aluminum alloy matrix (the continuous line). The theoretical responses to the initial
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shear loading in Fig. 17d with the preceding cool-down (the continuous line) and
without the cool-down (the broken line), respectively, are shown in Fig. 19. Recall
that cyclic hardening has been neglected in the present model for the B/6061 Al sys-
tem by assuming f= 1. No matter whether cyclic hardening of a composite is con-
siderable or not, C, obtained by fitting a stabilized stress-strain loop under a
strain-controlled cyclic loading with a constant amplitude of either &3, or €%, and a zero
mean should be suitable for prediction of long-term behavior, which is the primary

concern in many cases.

The model response shown by the continuous lines in Figs. 17a - d displays more
qualitative regularity than the experimental data. There seems to be some uncer-
tainty about experimental reproducibility of the test data. The present model has
shown the potential for quantitative characterization of complicated cyclic behavior;
however, it is clear that more comparions with cyclic test results, especially from

strain-controlled tests, are indeed required.
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5. Effects of Model Geometry on Overall Plastic

Response

We recall that the foregoing simulation of the experiments of Becker et al. [29] em-
ployed the Periodic Diamond Model with Circular Fibers (PDMCF) as suggested by
the micrographs. One may question the possibility of obtaining similar or even better
theoretical-experimental agreement if using another set of plastic material parame-

ters in conjunction with the Periodic Square Model with Circular Fibers (PSMCF).

On the other hand, a higher-ordered continuum theory for the Periodic Rectangular
Model with Rectangular Fibers (PRMRF) has been derived by Aboudi [32]. Surmising
that under uniform macro-loading: (1) the overall behavior of PSMCF is nearly the
same as that of the Periodic Square Model with Square Fibers (PSMSF) if both types
of fibers have an identical cross-sectional area, and (2) the overall behavior of PSMSF
can be well represented by first-ordered approximation, Aboudi and his co-workers
have applied a first-ordered theory to model inelastic macro-response of various

composites, all of which are actually reinforced with circular fibers (e.g., [3, 4]). Good
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agreement has been found between the overall inelastic response of PSMSF pre-
dicted using Aboudi’s first-ordered theory and that of PSMCF predicted using the FE

method [33, 34]. However, the above two conjectures have not been directly justified.

Motivated by the questions, we used TPLAS and the same fiber diameter, fiber vol-
ume fraction, elastoplastic material parameters, and equivalent temperature change,
as for the B/Al composite specimens of Becker et al. [29], to simulate the overall re-
sponses of PSMCF and PSMSF to transverse tensile and longitudinal shear loadings.
The FE grids are shown in Figs. 20 and 21. The transverse tensile responses are
shown in Figs. 22a and b, and the longitudinal shear responses in Fig. 23. Also
shown in Figs. 22 and 23 for comparison are the TPLAS predictions for the previous
PDMCF. The simulation was repeated using the endochronic memory function which
contains only the C,e~# term; the results are shown in Figs. 24 and 25. Simulation
of the longitudinal tensile responses of PSMCF and PSMSF was also performed; vir-

tually, no difference among PDMCF, PSMCF, and PSMSF was observed for this case.

Three conclusions can be drawn from the results of the above numerical exper-
iments. The conclusions should be valid if fibers are much stiffer under transverse

tension and longitudinal shear than the matrix.

1. The PSMCF curve is considerably above the PDMCF curve in Fig. 22a, but the

opposite situation is seen in Fig. 23.

2. That the difference in elastic transverse tensile response (Figs. 22a and b) and in
longitudinal shear response (Fig. 23) between PSMSF and PSMCF is negligible
is confirmed. However, the difference in plastic transverse tensile response is

by no means negligible; PSMSF shows very strong constraint hardening.
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3. Since the overall behavior of PSMSF predicted using Aboudi’s first-ordered the-
ory is in good agreement with that of PSMCF predicted using the FE method, the
first-ordered representation of the plastic transverse tensile response of PSMSF
must seriously deviate from a higher-ordered representation which is accurate

enough for PSMSF.

Thus, regarding the on-axis and off-axis tests of Becker et al. [29], it is impossible to
attain similar or better theoretical-experimental agreement if using another set of
plastic material parameters in conjunction with PSMCF. For comparison, the various
on-axis and off-axis tensile curves of PSMCF, obtained with the same parameters, are
shown in Figs. 9 - 15 (the broken lines). On the other hand, PSMSF is unrealistic for
modeling the macroscopic plastic behavior of the B/6061 Al composite of [29].
Interestingly, one can expect that if using Aboudi’s theory to model the B/6061 Al
composite of [29], the higher the order of the representation, the worse the

theoretical-experimental correlation.

As a final remark on Aboudi’s first-ordered theory for PRMRF, we show in the fol-
lowing that Aboudi’s first-ordered approximation is equivalent to an FE approximation
using four nonconforming, constant strain, triangular finite elements in conjunction
with the first method of Section 3. The four triangular elements, shown in Fig. 26,
make up a smallest region for sufficient analysis of PRMRF by using Egs. 38 - 41 and
43-46. a, i=1,2,...,8, are defined at the mid-points of the edges of the four trian-
gular elements, and a, and ay represent the average strain, €°. Since there is no
master or slave node, ¢(i, €) is of no use and Eqgs. 38 - 40 can be simplified. All the
boundary conditions are of type 2, and the displacement boundary conditions are

satisfied simply by imposing a;= 0 at nodes O, D, H, and G (Fig. 26). The equivalence
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between the FE approximation and Aboudi’s first-ordered theory is evidenced by the
following features of the FE model: (1) The model contains 12 degrees of freedom for
3-D strain-controlled simulation, and 18 degrees of freedom for 3-D stress-controlled
simulation. (2) The displacement field is linear in each element, and displacement
continuity along an element interface is guaranteed only at its mid-point. (3) Traction

continuity is satisfied along any of the four element interfaces.
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6. Concluding Remarks

The simple and unified weak formulation and its convenient FE implementation have
been proposed. The weak formulation is valid for any doubly periodic model under
general macro-loading, and serves as a common rational foundation of different FE
approaches. The algorithmic tangent matrix approach for the endochronic theory has
been incorporated into the FE formulation to model isothermal, rate-independent
plastic macro-deformation of unidirectional fibrous composites using the simplest
micromechanics approach. The methods for determining the associated inelastic
material parameters have been established. The numerical results for the B/6061 Al
composite of [29] under proporional monotonic plane stress loading are in good
agreement with the experimental data. The micromechanics model also shows the
potential for quantitative characterization of complicated cyclic behavior. It was found
for the B/6061 Al composite of [29] that PSMSF is unrealistic, and the use of PSMCF
will deteriorate the quality of theoretical-experimental correlation no matter how the
plastic material parameters are adjusted. In addition, if Aboudi’s theory is used to
model the B/6061 Al composite of [29], the higher the order of the representation, the

worse the theoretical-experimental correlation.
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Future research is recommended as follows:

1. Recent advancement [35] indicates that the accurate overall plastic response of
a composite model, such as used in Section 4, can be obtained with a small
number of degrees of freedom if the approximate displacement field is admissi-
ble to Eq. 23 or 37, the fibers are modeled as hexagonal cylinders, and plastic
locking is avoided. Therefore, numerical efficiency can be further greatly im-
proved by judicious selection and discretization of a smallest region for sufficient
analysis. When testing a mini model, the presented FE solutions can be consid-
ered the base-line solutions. It is believed that the culmination of the numerical
techniques for computing macro-response is reached when the algorithmic tan-
gent matrix approach and a successful mini model are employed simultaneously.
Such implementation would be promising for integrated micro-macro inelastic

analysis of composite structures.

2. Further verification for strain-controlled cyclic loading and for other material sys-
tems is needed before a general evaluation of the simplest micromechanics ap-

proach in conjunction with the endochronic FE analysis can be made.

3. The algorithmic tangent matrix approach for the endochronic theory has the po-
tential for straightforward extension to viscoplasticity. Since rate-dependent be-
havior of unidirectional fibrous composites is usually a concern in advanced high

temperature applications, the extension deserves future efforts.
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Figure 1. Doubly Periodic Model
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Figure 2a. Periodic Diamond Model: 80° < « < 180°
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Figure 2b. Periodic Diamond Model: « = 90°
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Figure 3. Periodic Rectangular Model
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Figure 4. Idealized Micro-structure of B/6061 Al Composites
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X1 — X2

Figure 5. Finite Element Grid for Modeling B/6061 Al Composite of [29]
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lllustrating Determination of Material Parameters: First, C; was determined so that the
TPLAS prediction (the broken line) shows an apparent elastic limit of 44 MPa before the
cool-down. By using Cs, AT was determined to obtain the TPLAS prediction (the con-

tinuous line) showing an apparent elastic limit of 48 MPa.
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Nllustrating Determination of Material Parameters: The squares represent the exper-
imental 10° off-axis tensile data from [28]. By using C4 and AT, Cy was chosen to obtain
the desired asymptotic slope (curve 1). Then, C; was chosen to produce the lower knee
portion (curve 2), and finally, C; to produce the upper knee portion (curve 3).
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Figure 8. Stress-Strain Curves of Regular 6061-O Aluminum Alloy and 6061 Aluminum Alloy Ma-
trix: The broken line represents the model response of the regular aluminum alloy,
and the continuous line the aluminum alloy matrix of [29]. The squares represent the
experimental data of the regular aluminum alloy.
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2001

Figure 9a. Axial Response of 0° Specimen: The predictions using the periodic diamond model
and periodic square model are represented by the continuous line and short broken
line, respectively, and are virtually indistinguishable for the 0° specimen. The squares
represent the experimental data from [29], and the long broken line indicates the ex-
perimental initial linearity.
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Figure 9b. Poisson’s Response of 0° Specimen: The predictions using the periodic diamond
model and periodic square model are represented by the continuous line and short
broken line, respectively, and are virtually indistinguishable for the 0° specimen. The
squares represent the experimental data from [29], and the long broken line indicates
the experimental initial linearity.
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Figure 10a. Axial Response of 10° Specimen: The continuous line represents the prediction us-
ing the periodic diamond model, and the broken line the periodic square model. The
squares represent the experimental data from [29].
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Figure 10b. Poisson’s Response of 10° Specimen: The continuous line represents the prediction
using the periodic diamond model, and the broken line the periodic square model.
The squares represent the experimental data from [29].
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Axial Response of 15° Specimen: The continuous line represents the prediction us-
ing the periodic diamond model, and the broken line the periodic square model. The
squares represent the experimental data from [29].

158



-0.17 N

\
_0 . 2 -: \\
) ' N
\
o~ N
N \\ o
o i N
w ] AN
-0.31 AN
r \
r AN
N
S
\
< AN
1 AN
1
] R
\

-0.41 .

-0 e L S
9

& (%)

Figure 11b. Poisson’s Response of 15° Specimen: The continuous line represents the prediction
using the periodic diamond model, and the broken line the periodic square model.
The squares represent the experimental data from [29].
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Figure 12a. Axial Response of 30° Specimen: The continuous line represents the prediction us-
ing the periodic diamond model, and the broken line the periodic square model. The
squares represent the experimental data from [29].
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Figure 12b. Poisson’s Response of 30° Specimen: The continuous line represents the prediction
using the periodic diamond model, and the broken line the periodic square model.
The squares represent the experimental data from [29].
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The continuous line represents the prediction us-
ing the periodic diamond model, and the broken line the periodic square model. The
squares represent the experimental data from [29].
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Figure 13b. Poisson’s Response of 45° Specimen: The continuous line represents the prediction
using the periodic diamond model, and the broken line the periodic square model.

The squares represent the experimental data from [28].

Figures

163



150
r
e o
rad o
1 ’/’ a
100 ,-8
1 O]
~~~ d
© ] ’
a1 o
= y
/
N’ ] /
oX /l
b /
1 4
50 1
0 v I L T ‘l LS v L] L . Bl ' v T L v ™

Exx (%0)

Figure 14a. Axial Response of 60° Specimen: The continuous line represents the prediction us-
ing the periodic diamond model, and the broken line the periodic square model. The

squares represent the experimental data from [29].
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Figure 14b. Poisson’s Response of 60° Specimen: The continuous line represents the prediction
using the periodic diamond model, and the broken line the periodic square model.
The squares represent the experimental data from [29].
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Figure 15a. Axial Response of 90° Specimen: The continuous line represents the prediction us-
ing the periodic diamond model, and the broken line the periodic square model. The
squares represent the experimental data from [28].
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Poisson’s Response of 90° Specimen: The continuous line represents the prediction
using the periodic diamond model, and the broken line the periodic square model.
The squares represent the experimental data from [29]. For comparison, exper-
imental data (the triangles) from another specimen of [29] are shown in spite of a
certain error in strain measurement.
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Figure 16. Finite Element Grid for Modeling B/6061 Al Composite of [30]
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Figure 17a. Stress Response of Composite Tube to Tension-Torsion Loading: The continuous
line represents the TPLAS simulation. The squares represent the experimental data

from [30].
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Figure 17b. Strain Response of Composite Tube to Tension-Torsion Loading: The continuous
line represents the TPLAS simulation. The squares represent the experimental data
from [30].
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Figure 17c. Tensile Response of Composite Tube to Tension-Torsion Loading: The continuous
line represents the TPLAS simulation. The squares represent the experimental data
from [30].
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Figure 17d. Shear Response of Composite Tube to Tension-Torsion Loading: The continuous
line represents the TPLAS simulation. The squares represent the experimental data
from [30].
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Figure 18, Stress-Strain Curves of Regular 6061-O Aluminum Alloy and 6061 Aluminum Allioy
Matrix: The broken line represents the model response of the regular aluminum al-
loy, and the continuous line the aluminum alloy matrix of {30]. The squares represent
the experimental data of the regular aluminum alloy.
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Figure 19. [Hlustrating Influence of Cool-Down on Initial Shear Response: The broken line re-
presents the TPLAS simulation without the cool-down, and the continuous line with the
cool-down. The squares represent the experimental data from [30].
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Figure 20. Finite Element Grid of PSMCF for Modeling B/6061 Al Composite of [29]
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Figure 21. Finite Element Grid of PSMSF for Modeling B/6061 Al Composite of [29]

Figures 176



250 1
,- PSMSF
J //
200 e
1 /
] /
/
/
] /
—_ ] //
m . "‘r
& 150? /// ot PSMCF
= S PDMCF
] / Vi
oé}', ] ///’
1001 /e
] /s
] 4
y/4
] 4
] ¥V
50 1 Y
i /
 -————---—7—————r——————
0 0.1 0.2 0

e (%)

Figure 22a. Transverse Tensile Responses of PDMCF, PSMCF, and PSMSF: The squares repre-
sent the experimental data from [29].
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Figure 22b. Transverse Tensile Responses of PDMCF, PSMCF, and PSMSF: The squares repre-
sent the experimental data from [29]. For comparison, experimental data (the trian-
gles) from another specimen of [29] are shown in spite of a certain error in strain
measurement.
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Figure 23. Longitudinal Shear Responses of PDMCF, PSMCF, and PSMSF
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Figure 24a. Transverse Tensile Responses of PDMCF, PSMCF, and PSMSF Obtained with Nearly
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Figure 24b. Transverse Tensile Responses of PDMCF, PSMCF, and PSMSF Obtained with Nearly

Perfectly Plastic Model for Matrix
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Figure 25. Longitudinal Shear Responses of PDMCF, PSMCF, and PSMSF Obtained with Nearly
Perfectly Plastic Model for Matrix
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Figure 26. Aboudi’'s First-Ordered Model
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