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Abstract
In this dissertation, applications of thermodynamics at the macroscopic and quantum levels of

description are developed. Within the macroscopic level, an upper-level Sustainability Assessment

Framework (SAF) is proposed for evaluating the sustainable and resilient synthesis/design and op-

eration of sets of small renewable and non-renewable energy production technologies coupled to

power production transmission and distribution networks via microgrids. The upper-level SAF is

developed in accord with the four pillars of sustainability, i.e., economic, environmental, technical

and social. A superstructure of energy producers with a fixed transmission network initially avail-

able is synthesized based on the day with the highest energy demand of the year, resulting in an

optimum synthesis, design, and off-design network configuration. The optimization is developed

in a quasi-stationary manner with an hourly basis, including partial-load behavior for the produc-

ers. Since sustainability indices are typically not expressed in the same units, multicriteria decision

making methods are employed to obtain a composite sustainability index.

Within the quantum level of description, steepest-entropy-ascent quantum thermodynamics

(SEA-QT) is used to model the phenomenon of decoherence. The two smallest microscopic com-

posite systems encountered in Nature are studied. The first of these is composed of two two-

level-type particles, while the second one is composed of a two-level-type particle and an elec-

tromagnetic field. Starting from a non-equilibrium state of the composite and for each of the two

different composite systems, the time evolution of the state of the composite as well as that of the

reduced and locally-perceived states of the constituents are traced along their relaxation towards

stable equilibrium at constant system energy. The modeling shows how the initial entanglement

and coherence between constituents are reduced during the relaxation towards a state of stable

equilibrium. When the constituents are non-interacting, the initial coherence is lost once stable

equilibrium is reached. When they are interacting, the coherence in the final stable equilibrium

state is only that due to the interaction. For the atom-photon field composite system, decoherence

is compared with data obtained experimentally by the CQED group at Paris. The SEA-QT method

applied in this dissertation provides an alternative and comprehensive explanation to that obtained

with the "open system" approach of Quantum Thermodynamics (QT) and its associated quantum

master equations of the Kossakowski-Lindblad-Gorini-Sudarshan type.
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Chapter 1

Introduction to SAF

1.1 Sustainability

Sustainability has been defined as"the way to meet the needs of the present without compromising

the ability of future generations to meet their own needs"[1]. Although this definition is reasonable

from a qualitative point of view, it raises the question of how to treat it quantitatively. It is generally

accepted that sustainability is multidimensional, with four principal aspects: technological, eco-

nomic, environmental, and social [2, 3]. The economic aspect of sustainability generally involves

the capital cost of equipment and operation and maintenance costs (O&M). The environmental

aspects includeSO2, NOx, particulates (i.e.,PM10, PM2:5), unburned hydrocarbons (UHC), and

other emissions (i.e., air, water, etc.) treated either as externalities tied to the level of emissions

or as internalities tied to the avoidance of emissions to the environment. The social aspects of

sustainability include such things as employment, standards of living, reduction in health issues

related to pollution, etc. For the technical issues, the efficiency of power producers is taken as a

measure as is an increase in the reliability and resiliency of a power network.

Exergy can be applied directly in the technological aspect by utilizing the exergetic efficiency

of energy generators as an index. For the environmental aspects, things are a little more unclear,

because although exergy can measure qualitatively the environmental impact, the exergy of a pol-

lutant is inadequate for quantifying damage because toxicity and other damage effects play an

important role which cannot be directly captured by the exergy.
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1.2 Electricity sector

The economic growth of a country has been tied directly to its capacity for meeting the electricity

needs of its society. This energy is produced in centralized energy generators fueled by fossil or re-

newable sources (i.e., coal, oil, nuclear, natural gas, geothermal, solar, wind, and hydro) connected

to a main transmission grid. The electricity is then distributed to the customers via distribution

lines, which operate at a lower voltage than that of the transmission network. It is in the distribu-

tion network in which decentralized producers have the possibility to be connected and contribute

to satisfying the electricity demand from the customers, especially those occurring during peak

hours or when unexpected failures are present. Decentralized generators as envisioned here are

small-scale producers grouped into microgrids (MGs). A MG is a localized group of small elec-

tricity and combined heat and power (CHP) producers operating on renewable and non-renewable

fuels. The inclusion of MGs is intended to increase the sustainability of the power network by

increasing the penetration of renewable-based producers in the overall network. In addition, the

resiliency of the power network is increased, since MGs are located near to the customers and in

the event of an unanticipated occurrence (e.g., a hurricane, earthquake, terrorist attack, etc.), the

MG can be isolated from the network within seconds and diminish the magnitude of the power

outage that otherwise would occur if the MG were not present.

MGs have been available mainly for the industrial sector and for some customers in the com-

mercial sector. The general inclusion of MGs in the power network for residential purposes is

still being debated and is a focus of the present dissertation research, which seeks to explore the

advantages and/or disadvantages that such grids and their associated producers can bring.

1.3 Optimization of power networks and energy producers

The optimization of power networks and energy producers typically occurs at two levels of detail,

i.e., at a level of detail in which the energy planning of a power network with respect to its syn-

thesis/design and operation is optimally developed; and at a level of detail at which the optimal

synthesis/design and operation of individual producers is developed without taking into account

each producer’s interaction within the power network. At this second level, a number of well-

developed approaches to the optimal synthesis/design and operation of energy systems use exergy

(available energy [4]) in addition to energy to account for the technological aspects of the producer.
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Once such approach calledexergoeconomicsformulates the cost of resources needed to generate

a unit of product (e.g., electricity) on an exergy basis and minimizes this cost by identifying and

quantifying the irreversibilities (or exergy destruction) within the components of the producer. Two

of the most widely used exergoeconomic approaches are those by Valero and co-workers [5–10]

and Tsatsaronis and co-workers [11–14]. The scope of their application is to individual energy

producers only.

With the aim of incorporating environmental aspects into the exergoeconomic optimization of

individual energy producers, von Spakovsky and Frangopoulos [15], Frangopoulos and co-workers

[16–20], and von Spakovsky and co-workers [21–26] proposed an environomic approach, which

uses various environmental penalty factors to find syntheses/designs that not only balance resource

and equipment costs but reduce emission releases by the energy producer, as well. Recently, Tsat-

saronis and co-workers [27–30] included environmental aspects in their exergoeconomic approach

without the use of penalty factors. Their approach, called exergoenvironmental analysis, instead

use somewhat less sophisticated environmental indices to help identify which syntheses/designs

are more environmentally friendly in order to drive the optimal synthesis/design in a more envi-

ronmentally friendly direction.

At the level of detail permitted for power networks and their associated producers, initial at-

tempts at optimizing the synthesis/design and operation of a power network were those in which

one or several producers were required to meet a certain fixed demand [31], i.e., one node of the

network was considered in the analysis only. Latter, several nodes were included with a certain

number of producers available at each node to meet a fixed demand at each node [32]. In order

to include power losses in the transmission lines, a fixed monetary cost directly proportional to

the amount of power flowing in a certain transmission line was imposed [33]. A more realistic

model that considered several nodes interconnected with each other as well as actual transmission

losses based on the amount of power flowing through the transmission lines was reported in [34].

This model was based on the linearized DC load flow model equivalent to Kirchhoff current and

voltage laws. In order to expand the modeling, analysis, and optimization of power networks to a

24-hour demand, using several non-commensurable objective functions, the dynamic environmen-

tal economic dispatch problem was introduced [35] in which several producers were connected to

a single node and forced to meet a required variable 24-hour demand during which the producers

could operate either at full load or at part load. More recent developments to extend the analyses
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and optimizations to many nodes and the introduction of MGs and renewable energy technologies

into the power network with the aim of exploring the technical (e.g., efficiency and reliability) as

well as the economic aspects of the network [36–38].

The methodologies developed to date for the optimization of power networks and individual

energy producers will be described in some detail in Chapter 2. In this chapter, only an overview

is included in order to provide a picture of what has been developed and differentiate the novelties

provided in this dissertation with what has already been done.

1.4 High complexity of optimization

The complexity of the analysis of power networks and energy producers has been increasing dra-

matically because researchers have focused on solving larger problems that involve a large number

of degrees of freedom (i.e., decision variables) as well as non-linear as opposed to linear models.

The principal problem that is faced with this type of analysis is the computational burden. At the

level of energy planning, there is not a clear picture of the path to follow to avoid this type of issue;

but at the level of individual energy generators, von Spakovsky and co-workers [39–42] have devel-

oped methodologies for the quasi-stationary and dynamic synthesis/design and operation/control

optimization (e.g., ILGO and DILGO) of stationary as well as aircraft systems. ILGO and DILGO

are methodologies based on decomposition strategies with which the overall system optimization

problem is broken into several sub-systems optimizations, the results of which nonetheless lead to

an overall system optimum. With this approach, each sub-system is optimized either in series or

parallel in an iterative process in which the results obtained from individual sub-systems are linked

to those of other sub-systems via coupling functions. The iterative process continues until the vari-

ations between subsequent sub-system optimizations meet a convergence requirement and, thus, a

final global optimum solution for the overall system. In this way, much larger more complicated

models can be optimized than would otherwise be possible.

To date, the optimization methodologies for power networks and individual energy producers

have been developed separately. Tying the optimization of network and producers into a single

methodology has not been attempted. However, the development of such a methodology and the

incorporation of exergy as a common currency is envisioned here in order that the synthesis/design

and operation of complex systems, i.e., systems of systems, can become a reality.
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Figure 1.1. Depiction of a SAF for the modeling, analysis, and optimization of a power network
and its associated producers. The development of the lower-level and its coupling with the upper-
level are not part of the present work.

1.5 Sustainability assessment framework

The development and implementation of such an overarching methodology is the object of this

dissertation research as well as that of Fuentes [43]. The methodology envisioned, i.e., a Sus-

tainability Assessment Framework (SAF), is briefly described below and in much greater detail in

subsequent chapters.

The SAF as envisioned here is a methodology for modeling, analyzing and optimizing sets of

energy producers tied to power networks at different levels of detail based on sustainability con-

siderations. Two possible levels of detail are an upper-level at which the planning of the network

and its producers is developed which, of course, limits the detail at which the producers and even

the network can be considered, and a lower-level at which every producer is considered in greater

detail along with a limited set of interactions such as via a microgrid. The two levels of modeling,

analysis, and optimization are coupled via a feedback loop which permits the flow of information

between the levels. A SAF as just described is depicted in Figure 1.1.
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The analysis and optimization at the upper level of the SAF is based on multiobjective op-

timization and multicriteria decision making (MCDM) approaches to sustainably and resiliently

optimize the synthesis/design and operation of a power network and its producers. The goal of

multiobjective optimization is to simultaneously optimize a set of objective functions that may be

non-commensurable. As a result, a set of non-dominated solutions (i.e., where an optimum solu-

tion is better in at least one attribute than the other solutions in the feasible space) that form a Pareto

set is obtained. If the objectives are conflicting with each other, for one optimum solution in the

Pareto set, the increase in value of one objective results in the decrease in value of other objectives.

From a strictly mathematical point of view, all optimum solutions in the Pareto set are equally

important. On the other hand, the goal of MCDM is to aid decision makers (stakeholders) during

the process of selecting a most desirable solution from among the optimum solutions in the Pareto

set. The selection of a most desirable solution is not an easy task, and different methods have been

proposed such as those used in multiobjective programming [44] where a value function is used

to obtain thebest solution. This best solution is a strictly mathematical solution that does not take

into account the desires of experts. In this dissertation, it is recognized that the selection of a most

desirable solution is ultimately the result of continuous and informed negotiations among decision

makers that consider the tradeoffs among objectives in the Pareto set, as is specifically described

in [45, 46]. Both the value function and decision-maker approaches are used in this work.

The aim is to obtain the best mix and size of technologies to produce, store, transmit, and

distribute electricity via centralized networks and producers as well as via decentralized networks

(e.g., MGs) and producers. The lower level SAF being developed by Fuentes [43] is based on the

exergy-based thermoeconomic approach developed by Tsatsaronis and co-workers [11–14, 47–49]

and the environmental thermoeconomic approach developed by von Spakovsky and Frangopoulos

and co-workers [15, 21–24]. The purpose of the lower level is to consider in greater detail than

possible at the upper level the effect of similar sustainability considerations on the optimal synthe-

sis/design and operation of the individual and grouped decentralized producers identified by the

upper level as the most sustainable and resilient for the power network.

An additional feature of the SAF is to consider a life cycle (cradle-to-grave) point of view and

how it impacts the power network and its producers. The cradle-to-grave looks at the sustain-

ability impacts of raw material extractions, equipment manufacture and plant construction, plant

operation, and equipment disposal/recycling. The inventory of the life cycle analysis (LCA) of the
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SAF is based on exergy so that the amount and also the quality of the different types of energy

and materials involved in the processes are taken into account. During plant operation, part load

behavior of the producers is considered by introducing nonlinear curves for exergetic efficiencies,

emissions, and short run monetary costs (fuel and variable O&M). The life cycle impact to the

environment is considered by accounting for the depletion of natural resources and emissions to

the environment. For the reduction of emission to the environment, four different actions can be

implemented, i.e., removing pollutants from fossil fuels (gasification, liquefaction, pyrolysis) and

combustion gases (absorption/scrubbing and electrostatic filters/precipitators), substituting fuels

(NG for Coal/Oil), and using renewable resources. The reduction inCO2 emissions is handled

somewhat differently using the following four possible approaches: increasing the efficiency of

energy producers, recycling theCO2, reforesting, and using renewables such as geothermal, solar,

wind, wastes, and hydro. The social impacts of MGs can also be included in the multiobjective

analyses and optimization (they are not included in this work) in order to assess both the positive

(e.g., job creation, life style improvement, etc.) and negative (e.g., land destruction, damage to hu-

man health via emissions and noise, etc.) aspects of each power network/producer configuration.

Another novel and important social sustainability issue is the acceptance/rejection of MG inclusion

by the general public.

In order to apply the two-tiered SAF, the multiobjective optimization of the power network

and its producers based on non-commensurable objective functions is developed first in order to

obtain the Pareto set of optimum solutions that correspond to optimum network/producer config-

urations. Next, a multicriteria decision making (MCDM) analysis is developed in order to obtain

the best compromise solution among the optimum solutions that constitute the Pareto set, which

provides that network configuration with the highest global sustainability/resiliency index. With

this upper-level analysis and optimization, the most sustainable/resilient centralized and decentral-

ized producers operating in the power network are targeted for the lower level SAF. The optimal

synthesis/design and operation optimization of targeted individual and grouped decentralized pro-

ducers is then developed using the exergoenvironomic approach of the lower level of the SAF.

Finally, the results from the lower level are included into a new upper-level set of optimizations,

and the process continued until a globally optimal sustainable and resilient network configuration

is obtained.
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1.6 Dissertation objectives and originality for SAF

In the present research, the upper-level methodology of the SAF is developed and applied to differ-

ent grid scenarios in order to determine the most sustainable/resilient power network and producer

configuration within a current local or regional society. The goals of the present research are as

follow:

• Develop the upper level of the two-tiered SAF briefly described above.

• Apply the upper level of the SAF to test bed scenarios, i.e., the Netherlands and the North-

west European power network.

To accomplish the goals listed above, the following tasks are required:

• Gain a deeper understanding of thermodynamics and in particular the analysis of energy

systems.

• Gain a deeper understanding of power engineering in terms of power flow analysis.

• Gain a deeper understanding of economics as it relates to energy markets.

• Develop the modeling characteristics of the upper level of the SAF.

• Research various optimization techniques and packages available for the required multiob-

jective optimizations.

• Develop a multiobjective optimization model and multicriteria decision making analysis

framework using various techniques available in the literature.

• Apply the power network/producer model for the development of the upper level of the SAF

(e.g., the Netherlands and the Northwest European Electricity Market Model)

This part of the dissertation research includes a number of original contributions among which

is the inclusion of MGs and associated non-renewable and renewable producers into the devel-

opment of a methodology for the optimal synthesis/design and operation of power networks us-

ing technical, economic, and environmental aspects as non-commensurable objective functions in

order to search for the advantages or disadvantages that the inclusion of MGs can bring to the

network. In addition, the high complexity of the optimization of energy producers coupled to

a power network requires the development of a novel approach, which here is proposed via an

exergy-based, two-tiered SAF.
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1.7 Summary of differences between the present work and that

of Lo Prete et al. [37]

The early stages of the upper-level Sustainability Assessment Framework as presented in this dis-

sertation were developed as presented in Lo Prete et al. [37]. This section briefly and specifically

discusses the differences between the work developed in [37] and the work of Part I of the present

dissertation.

• In Lo Prete et al. [37], the yearly Load Duration Curve (LDC) is divided into six blocks

where each block represents a certain number of hours and its load is the average of the load

of those individual hours. That is, six independent hours are consider for the analysis.

In this dissertation, a period of twenty-four hours that represent the day with the highest

electricity demand in the network during the year is considered for the analysis; and, as is

described below, the decision variables of all twenty-four blocks are part of a single multi-

objective optimization problem with each of the off-design operational blocks dependent on

the synthesis/design block.

• In Lo Prete el al. [37], the optimal operation configuration is obtained by means of a single

objective optimization (minimizeC(�)) based on the operational cost (economic dispatch)

of the system. The rest of the indices (i.e., energetic and exergetic efficiencies, emissions,

and LOLP) are obtained from a post-processing analysis after the single optimization is

completed.

In this dissertation, the indices (i.e., total daily costs, network efficiency, emissions, re-

siliency, and LOLP) are treated as objective functions belonging to the set~C. This set

of objective functions is simultaneously optimized in a multiobjective optimization manner

(minimize ~C) in order to obtain the Pareto set of optimum solutions for the system.

• In Lo Prete el al. [37], a fixed-design configuration is imposed and the optimal operating

conditions of the system are obtained. That is, the decision variables�x in the objective

functionC(�x) correspond to the set of decision variables for operation optimization only.

In this dissertation, the synthesis/design/operation optimization of the system is obtained.

The model minimize~C(�yt= tpeak
; �x t6= tpeak

), where�yt= tpeak is the set of decision variables for

synthesis/design optimization corresponding to the peak-hour load demand, and�x t6= tpeak are
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the sets of decision variables for operation optimization corresponding to each of the non-

peaking hours.

• In Lo Prete el al. [37], the optimization of one block is independent of the others (i.e., thus,

this is not a quasi-stationary approach), and the annual results are obtained by weighing the

results of each block by the appropriate number of hours.

In this dissertation, the decision variables of all twenty-four blocks are interconnected with

each other and change their value at every iteration of the optimization (quasi-stationary

approach). The decision variables corresponding to the hour with the maximum demand are

related to the synthesis/design optimization of the system, and the decision variables of the

other twenty-three off-peak hours are related to the operation optimization of the system.

• In Lo Prete el al. [37], linear behavior of the producers is considered during the individual

optimization of each of the six blocks considered.

In this dissertation, the model is able to account for the part-load behavior of the producers

by defining the operational costs,SO2 emissions, and efficiency particular to each producer

as a non-linear function of the production.

• The analysis of Lo Prete el al. [37] considers that 50 MG configurations, each with a capacity

of 24 MW, are radially connected to the nodes in The Netherlands.

In this dissertation, the maximum penetration of MGs in the network can be as high as 15%

of the total production of the network. In addition, MG configurations are radially connected

to the nodes where production and demand is present in the four countries of analysis, i.e.,

France, Germany, The Netherlands, and Belgium.

• The analysis of Lo Prete el al. [37] considers residential MG configurations only.

In this dissertation, residential, commercial, and industrial MG configurations are included

in the four countries, i.e., France, Germany, The Netherlands, and Belgium, where a different

daily Load Demand Profile (LDP) for each of the three different MG sectors, i.e., residential,

commercial, and industrial, is employed.

• The analysis of Lo Prete el al. [37] considers that the residential MG configurations have a

heating demand. This heating demand is satisfied by CHP producers and NG boilers in the

MG configurations in order to study the effect of local cogeneration production on the local

market



CHAPTER 1 12

In this dissertation, cogeneration is not included in the analysis.

• The analysis of Lo Prete el al. [37] includes the cost ofCO2 emissions in the objective

function and environmental indices forSOx andNOx emissions.

In this dissertation, the cost ofCO2 emissions in the total cost function and indices forNOx

emissions are not considered.

1.8 Overview of next chapters

In the present chapter, an overview of the motivation to develop this research as well as the goal to

develop an upper-level SAF have been presented. Chapter 2 presents a review of the literature for

the thermodynamic analysis and optimization of individual energy producers and power networks,

including sustainability aspects. The chapter begins with a historical overview of the foundations

of thermodynamics, continuing with a description of exergy analysis and the most notable theo-

ries to date for thermoeconomic analysis and optimizations as well as subsequent developments to

deal with complex system optimizations. Subsequently, available frameworks to include sustain-

ability considerations in the analysis and optimization of energy systems is presented. The chapter

closes with a review of the methodologies available for the analysis and interpretation of results via

multi-criteria decisions and the research devoted to social considerations in sustainability. Chap-

ter 3 provides the mathematical framework for the upper-level SAF develop in the present work.

Three areas of sustainability are included in the model, i.e., those accounting for economic, envi-

ronmental, and technological issues. Social considerations are not included in the model, although

it is suggested to include them in future developments of the SAF. Chapter 4 discusses the results

of the application of the SAF to a system that describes a power network at the national level of

detail, i.e., the Netherlands, and to a system that describes a power network at the international

level, i.e., the northwest European electricity market. Finally, Chapter 5 provides a summary of

the research in this part of the dissertation and makes recommendations for future developments

and applications of the upper-level SAF developed in the present work.



13

Chapter 2

Literature Review for SAF

2.1 A brief review of exergy

Available Energy is defined as "the maximum theoretical energy that can be extracted from a

combination of system-environment by bringing the system to mutual stable equilibrium with the

environment by means of a reversible adiabatic process" [4]. Available energy is an extensive

property of the system, depends on the state of the system and the state of the environment, is

additive, and is defined by the end states of a process. A special case is given when the initial state

of the system, viewed as independent and isolated, is that of stable equilibrium. In this particular

case, available energy is called ’exergy’, and is defined as "the maximum theoretical useful work

obtained if a system is brought into thermodynamic equilibrium with the environment by means of

processes in which the system interacts only with its environment" [50]. Exergy conserves all the

characteristics of available energy with the additional characteristic that it exists only for stable

equilibrium.

The outline of the conception, growth, and maturing of exergy presented below is based on

the very complete description in [50]. The beginnings of exergy can be attributed to the work by

Carnot (1824) [51] when he stated that "the generation of motive power requires not a consumption

of caloric, but rather its transportation from a hot to a cold body". Together with Carnot, the works

of Clapeyron (1832) [52] and Clausius (1850,1865) [53, 54] provide the bedrock for exergy and of

the second law of thermodynamics in general. Years later, the works of Thomson (Lord Kelvin)

(1852) [55], Rankine (1851) [56], Tait (1868) [57], Gibbs (1873) [58], and Maxwell (1871, 1878)

[59, 60], among others, provide an advancement in the subject, although the basis had already been
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established. From this last list of contributors, note the work by Gibbs in which he introduces for

the first time the termavailable energy, the incredibly useful energy-entropy (E � S) representa-

tions (for equilibrium only, however), and the appreciation that energy is a function of the entropy,

parameters~�of the system, and its number and amount of constituents~n such that

E = E (S; ~�;~n) (2.1)

When the volume is the only parameter, as, for example, for a piston-cylinder device, the infinites-

imal change in energy of a system in going from one stable equilibrium state to a neighboring one

on the hypersurface of stable equilibrium states is represented by

dU = TdS� PdV +
rX

j =1

�j dnj (2.2)

whereT represents the temperature,P the pressure, and�j the total potential for thej-th con-

stituent.

Years later, Gouy (1889) [61–64] and Stodola (1898) [65] independently of each other quan-

tified theuseful energythat is lost in a thermodynamic process, thereby, defining the concept of

irreversibilities, as

I = T0Sirr (2.3)

whereT0 is the temperature of the reference dead state andSirr the entropy generated during the

irreversible process.

The important works of Goodenough (1911) [66], Darrieus (1930, 1931) [67, 68], Duhem

(1904) [69], Caratheodory (1909) [70], Lorenz (1894) [71, 72], among others, represent the final

contributions to the early works on exergy.

In the decade of the 1930s, the concept gained momentum again with the work of two main

schools of thought; that by Bosnjakovic [73, 74] in Germany who set the basis for the exergy

development in Europe, and the one by Keenan [75, 76] in the United States.

In the decade of the 1950s–1960s, the works by Grassmann [77], Brodyansky [78], Bruges

[79], Keenan [75], Tribus [80], Tribus and Evans [81, 82], El-Sayed [83], El-Sayed and Evans

[84], Obert [85], Gaggioli [86], Baehr [87], Fratzcher [88], Szargut [89, 90], Petela [91], Knoche

[92], and others focused on how to develop exergy balances, the representation of exergy flows in

graphics (i.e., Grassmann diagrams), the definition of the reference dead state, different definitions
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for the second law efficiency of which the most widely accepted nowadays is given as

�
II

=
BP

BF

(2.4)

whereBP is the exergy content of the products (e.g., electricity and heat) andBF that of the fuels.

During this time, exergy was considered as a formal but not yet essential part of a thermodynamic

analysis.

An important contribution was that of Rant [93], who in 1956 proposed and coined the word

exergy, replacing the existing definitions such as availability, available energy, usable energy, work

capability, etc., unifying the terms used in Europe and the rest of the world with the exception of

the U.S., which deld out much longer with the term availability. The nomenclature, concepts, and

balances of exergy were finally unified in the works of Kotas [94], Szargut, Morris and Steward

[95], and Moran [96].

In the 1970s, another formidable contribution was made, although this time at the quantum

level, when Hatsopoulos and Gyftopoulos [97–100] postulated a unified quantum theory of me-

chanics and thermodynamics, setting a very general statement of the second law as one of the

fundamental postulates of the newborn theory. Between the 1980s–1990s, the major contributions

on exergy consisted in a maturing of the second law analysis of engineering processes and chemical

systems and, of course, its merging with economic analyses.

From 2000 to the present, researchers in this area have been mainly involved with how to use

the second law of thermodynamics in order to use exergy as an index to quantify the environmental

effects associated with energy conversion processes. Another open area of research is that of

exergy-based synthesis/design/operation optimizations of very large and complex systems. The

goal is to sustainably use the resources available in Nature to generate energy the most efficiently,

while minimizing the damaging effects on the ecosystem in order to avoid the depletion of available

natural resources and a deteriorating environment. Both aspects, sustainability and complex system

optimization, are the main focus of the present dissertation.

This section presented a brief overview of the early stages of thermodynamics in order to

provide the reader, especially those with expertise in areas other than thermodynamics, a descrip-

tion of the foundations of exergy and exergy-based analyzes. The next section provides a further

description of exergy or second law analyzes, its merging with economics, recent theoretical de-

velopments, as well an examples of its application to energy production processes.
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2.2 Exergy analysis

The objective of an exergy or second law analysis is to determine all the thermodynamic properties

of the streams of mass and of energy in a system (temperature, pressure, etc.) as well as their

exergy content. With this information, the overall efficiency of the system and those of the different

components and the location and quantification of irreversibilities within the components can be

obtained [4, 94, 101]. The aim is to quantify the exergy used by a component as well as the amount

of exergy destroyed due to the irreversibilities present within each of the components of the system.

To carry out such an analysis, the physical system is schematically decomposed into several

components, and then energy and exergy balances are developed for each of the components. It

is commonly assumed in these types of analyses that the system and their components operate at

steady state conditions, so that the combined rate balance for each component is given as [4]

0 = �
X

s

_Ws +
X

k

_Qk

�
1 � T0

Tk

�
+

X
q

_mq

�
hq +

V 2
q

2
+ gzq

�
� T0

_Sirr (2.5)

where the first term represents the rate of exergy transferred by means of work rate interactions

_Ws for s = 1 ; 2 : : : where a positive sign is assumed if the work interaction is from the system.

The second term represents the rate of exergy transferred by means of heat interactions_Qk for

k = 1 ; 2 : : : and with a source at temperatureTk and a dead state temperatureT0 where a positive

sign is assumed if the heat interaction is to the system. The third term represents the rate of exergy

transferred by means of a mass interaction_mq for q = 1 ; 2 : : : and for a flow with enthalpyhq,

kinetic energyV 2
q =2, and potential energygzq where a positive sign is considered if the mass is

entering the system. The fourth term represents the exergy destruction due to irreversibilities,_Sirr ,

with respect to the dead state temperatureT0.

Plenty of work has been done in this area since the 1950s, as is mentioned in the section above.

As an ilustration of the application of the methodology of analysis, the work of Anheden and

Svedberg [102] is presented in Figure 2.1 where an exergy analysis of a conventional gas turbine

is developed. The turbine uses methane (CH4) as a fuel source and air for the oxidizer in the

combustion reaction. Component 1 represents a compressor, component 2 a combustion chamber,

component 3 a turbine, component 4 a combustion chamber, and component 5 a turbine. Results

are presented in tables, which contain the values of all the properties (i.e., temperature, pressure,
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enthalpy, etc.) and the exergy content of each of the streams involved in the process. Results can

also be presented as a Grassmann diagram in which the width of the arrows are proportional to the

percentage of the total initial exergy flow into the system.

Figure 2.2 depicts the Grassmann diagram for the gas turbine. It is observed in the figure that

the compressor has an exergy destruction 2.54% of the initial exergy fuel input to the system, the

first combustor of 21.11%, the first turbine of 2.54%, the second combustor of 5.12% and that of

the last turbine of 3.8%. In addition, it is also seen via the arrow for the power exiting the system

that the exergetic efficiency of this particular gas turbine system is 37.96%. 

 

1 3

2 4

5

Air Exhaust

Methane Methane

Power

 Figure 2.1. Representation of a conventional gas turbine [102].

 

 

 

 

 

 

 

 

 

Figure 2.2. Grassmann diagram for the exergy analysis of the gas turbine of Figure 2.1 by Anheden
and Svedberg [102]. Reprinted from [102] Copyright © 1998, with permission from Elsevier.
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2.3 Exergy and economics

The development of exergy costing started with the work of Keenan [76] when the electricity indus-

try in the U.S. realized that electricity and steam, the products of a CHP plant, should probably not

be sold at an equivalent unit price, i.e., one based on the energy content of the streams. Keenan pro-

vided them with a methodology to assign costing to the products in terms of their exergy content.

In this way, both the quantity and quality of the final energy products are considered in assigning

their respective market prices. A few years later, Tribus coined the termthermoeconomicsand

together with Evans and El-Sayed [80–84] developed pioneering work on the thermoeconomic or

exergoeconomic analysis applied to desalination processes. Obert and Gaggioli [86] also were

pioneers in this emerging area working with optimizing a steam piping system and its insula-

tion. Another group, that of Bergmann and Schmidt [103] worked with steam power plants while

Szargut [89, 90] and co-workers worked with chemical and metallurgical processes, providing a

methodology for obtaining the exergy reference value for the mineral content of the most common

elements in nature [95, 104–106]. Years later Georgescu-Roegen (1971) [107] explained in more

detail the relation between economy and the second law of thermodynamics, even to the degree of

postulating that "entropy is the driving force in an economic process of a society". The work of

others could be mentioned. However, since the objective of this dissertation is not about the direct

use of exergoeconomic analyses, only the main contributions to the area are discussed here.

In order to refer to a combined analysis of exergy and cost for an energy producer, the terms

thermoeconomics andexergoeconomicsare used interchangeably. Nevertheless, as suggests Tsat-

saronis [108, 109], thermoeconomics should be exclusively refer to the development of a combined

energy and economic analysis, because the term ’thermo’ refers only to heat. However, its wide

use, especially by the engineering community, has tagged to it the meaning of an analysis in which

monetary costing is assigned to every exergy flow in a system.

The aim of an exergoeconomic analysis is to allocate the monetary cost associated with each

component of the system by tracing the cost of the final products through all the flows (i.e., work,

heat or mass) connecting the components back to the initial fuel used. The theory is based on

assigning a monetary cost to each of the flows according to their corresponding exergy content.

For instance, for the gas turbine system depicted in Figure 2.3, the cost assigned to each flow of

exergy is given as
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Figure 2.3. Representation of the physical structure of a system and its components in the CGAM
problem [110].

ci =
_�$

i

_B i

(2.6)

whereci is the unitary cost associated with flowi , _�$
i the monetary cost rate associated with the

exergy flow rate_B i of the stream.

Considering a componentk of the system, the cost balance is written as

0 = �c
W;k

_BW;k + c
Q;k

_BQ;k +
X

in

(cin
_B in )k �

X
out

(cout
_Bout )k + _�$

k (2.7)

where the first term in the right-hand side is the monetary cost rate_�$
W associated with a single

flow in the form of work, the second is the monetary cost rate_�$
Q associated with a single flow

in the form of heat, the third is the total monetary cost rate_�$
in associated with all the mass flows

entering the component, the fourth is the total monetary cost rate_�$
out associated with all the mass

flows leaving the component, and the fifth is the monetary cost rate associated with the capital and

operation and maintenance costs (O&M) of the component.

In addition to the cost balance relation for each component given by Equation (2.7), auxil-

iary equations are needed in order to allocate the cost of the products and exergy destruction due

to irreversibilities among the different components of the system. These allocation rules are de-

scribed below when comparing the principal frameworks available for exergoeconomic analyses

and optimization.
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Figure 2.4. Productive Structure of the CGAM problem obtained by Valero et al. [5].

In order to trace the cost of the final products (e.g., work and heat) through the components

of a system, a flow structure of the system is formed by schematically representing the physical

links of exergy flows between components of the system. This schematic representation shows the

distribution of resources among the components. This schematic representation is known as the

productive structureof the system in the Valero et al. [5] framework and is depicted in Figure 2.4

for the CHP gas turbine of the CGAM1 problem.

The basis for constructing the productive structure is theFuel-Productconcept in which exergy

balances are developed for each of the components in order to quantify the total exergy entering

(fuel, BF ), and leaving (product,BP ) the component. Every component has only one stream as a

product and only one stream as a fuel. Nevertheless, the single product_BP;i of a componenti can

serve as a fuel for several other components, such as

_BP;i = _BF;i; 0 +
nX

j =1

_BF;i;j i = 0 ; 1; : : : ; n (2.8)

where _BF;i; 0 is the fraction of the product that serves as a fuel to the environment (i.e., final product

in the form of a heat, work or mass interaction) and_BF;i;j the fraction of the product of component

1The CGAM problem is a 30 MW and 14 kg/s of saturated steam natural gas cogeneration turbine characterized
by Christos Frangopoulos,George Tsatsaronis,Antonio Valero, andM ichael von Spakovsky in [110]. CGAM is an
acronym for the first name of the authors.
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i that serves as a fuel for componentj in the system. In the same manner, the single fuel stream

_BF;i of the same componenti can be formed by the sum of different sources such as

_BF;i = _BF;0;i +
nX

j =1

_BF;j;i i = 0 ; 1; : : : ; n (2.9)

where _BF;0;i is the amount of resources comming from the environment and_BF;j;i the contribution

of the product of componentj to the fuel of componenti .

In a cost representation, Equations (2.8) and (2.9) are written as

_�$
P;i = _�$

F;i; 0 +
nX

j =1

_�$
F;i;j i = 0 ; 1; : : : ; n (2.10a)

_�$
F;i = _�$

F;0;i +
nX

j =1

_�$
F;j;i i = 0 ; 1; : : : ; n (2.10b)

for the product and fuel of a single component of the system, respectively. The total products and

amount of resources during the energy production process are defined, respectively, as

_BF;total =
nX

j =1

_BF;0;j (2.11a)

_BP;total =
nX

j =1

_BF;j; 0 (2.11b)

In an exergoeconomic optimization, the aim is to obtain the cost-optimal synthesis/design and

operation for a system subject to its physical and thermodynamic constraints. Firstly, the produc-

tive structure of the system needs to be defined in order to obtain the physical and thermodynamic

connections between the components of the system in which the change of the unitary cost of an

exergy flow is given by the marginal cost

cmar;i =
@_�$

i

@_B i

(2.12)

and secondly, an objective function is constructed based on the total monetary cost rate associated

with each component of the system as well as the total cost rate associated with the fuel used.

The principal frameworks or methodologies for exergoeconomic analyses and optimizations to

date are those proposed by four main schools of thought, i.e., that of Tsatsaronis and co-workers
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[111], Valero and co-workers [5], Frangopoulos [18] and von Spakovsky [25]. The last two theories

mentioned had their foundations in the works of El-Sayed and Evans [84]. The main differences

among these different frameworks is the method to interconect the different components of the

system and their exergy flows by considering differently the allocation of the exergy of the products

among the components of the system and also the degree of decomposition of the system for the

optimization process.

2.3.1 Comparison of the principal frameworks in the CGAM problem

These four frameworks or methodologies were applied by their originators to the so-called CGAM

problem [110] in order to clarify to the broader community the details of each theory in a side-

by-side comparison. The CGAM problem is depicted in Figure 2.3 and consists of a CHP natural

gas turbine that produces 30 MW of electricity and 14 kg/s of saturated steam at 20 bar. The

components are the air compressor (1), gas turbine (2), combustion chamber (3), air pre-heater (4),

and heat recovery steam generator (HRSG) (5). As can be seen, the level of physical decomposition

of the system is left open to the decision of the analyst, who bases it on the level of detail to be

collected from the system (e.g., component five could be physically decomposed into a water

preheater (5a) and an evaporator (5b)). Mass flows within the system are the air (1-3), mixture of

hot gases (4-7), water (8-9), power (10-11), and fuel (12).

The objective is to

minimize _�$
Total =

#fuelsX
f =1

( _�$
Fuel )f +

#compX
k=1

( _�$
Comp )k (2.13)

with respect to five independent decision variables, i.e., the pressure ratio of the compressor,

P2=P1; the isentropic efficiency of the compressor,�
AC

; the isentropic efficiency of the turbine,

�
GT

; the temperature of the air at the inlet of the combustion chamber,T3; and the temperature of

the gases at the inlet of the turbine,T4. The minimization is subject to physical, economic, and

thermodynamic constraints that define the model of the system. In Equation (2.13),_�$
Total is the

overall cost rate of the system,_�$
Fuel is the cost rate of fuel given as

_�$
Fuel = cf _mf LHV f (2.14)

wherecf is the unit cost,_mf the mass flow rate of fuelf , andLHV f the lower heating value of

each of thef fuels used in the energy conversion process. In this particular case, only methane is
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used._�$
Comp is the capital amortized costs of each of thek components of the system.

As a reference case, the optimization model is solved using a conventional purely mathematical

optimization algorithm. A result of this reference optimization is that the ‘mathematical optimum’

value is physically not acceptable, because�Tpinch which is the temperature difference between

T7p andT8p in the HRSG is less than 2K. In addition, the detailed results provided with the four

different frameworks for cost allocation are missing from the reference optimization. A sampling

of results is given in the following sections. For the detailed results the reader is referred to [5, 18,

25, 111].

2.3.1.1 Exergetic cost theory (ECT)

The ECT framework was developed by Valero and co-workers [112–119] during the 1980s using

the exergetic cost concept as the basis for the analysis to allocate these costs to the fuel and product

flows in the system. The major strength of ECT is for the design and operation optimization of

energy systems where a given synthesis (i.e., configuration) of the system is given beforehand.

The symbolic exergoeconomic notation in a matrix form makes it very powerful for obtaining very

detail information on the components of the system and their interrelation.

The first step in the analysis is to obtain the productive structure of the system, which math-

ematically results in a matrix that provides the links between the interactions of the components.

The rows indicate the components and the columns indicate the flows from one component to an-

other, that is, an element of the matrix takes a value of1 if the flow enters a component and�1

if the flow exits the component. If the actual value of the fuel and product of each component are

included in this matrix, the matrix corresponds to the Product-Fuel matrix (hPF i ) of the system.

In order to allocate costs to the exergy flows of the system, four main rules or premises are

necessary. The first defines the conservation of exergetic cost (P1), the second the cost of external

resources (P2), the third a rule for splitting the exergy flow of a product (P3), and the fourth the

allocation of fuels by tracing the cost of a stream to the original component where it was generated

(P4). Using these cost allocation rules, the optimization problem given by Equation (2.13) is

reformulated as [5]

minimize

� = ceF + uZ (2.15)
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subject to

K D P = F (2.16a)

Ps + hPF i F = P (2.16b)

Ps = d (2.16c)

where� is the total cost of the system,ce a vector containing the unit price of resources,u a unit

vector,Z a vector containing the monetary costs of each component,P a vector containing the

exergy of the product,F a vector containing the exergy of the resources,Ps a vector containing

the total product of the plant which is a fixed valued given by the statement of the problem,K D a

unit matrix containing the unit exergy consumption of each component, andhPF i the fuel-product

matrix containing the physical interconnections of the productive structure of the system.

The problem can be formulated on an exergy cost basis if no investment costs are included

or on a monetary cost basis if investment costs are included. Capital costs of equipment can be

introduced in to the problem by adding the amortized investment costs vector of the system.

The optimization problem is solved using the Method of Undetermined Multipliers where an

iterative optimization of the system is developed by minimizing the exergy destruction of the sys-

tem. The values for the Lagrange multipliers obtained at the optimum point represent the costs of

the flows in the productive structure. At the final iteration of the optimization, an optimum fuel-

product-residue matrix for the system is obtained, providing the optimum design configuration for

the system as well as the optimum interconnections among the components.

Table 2.1 shows the comparison of the optimum values for the decision variables and other

important variables for the problem such as the mass flow of air,_ma; the mass flow of fuel,_mf ; the

temperature difference at the pinch point,�Tpinch ; the work required by the compressor,_WAC ; and

the net work produced by the turbine,_WGT [110]. Table 2.2 shows the comparison of the optimum

monetary costs obtained with ECT to the reference values provided in [110]. As can be seen, the

results obtained with ECT are equal to those provided by the reference optimum in [110].

An additional advantage of ECT is that the total efficiency of the system can be set as a function

of the efficiency of the components permitting the real performance of the system to be monitored

after the optimum design and operation of the system is obtained. This is done by observing

changes in off-design performance via the decrease in efficiency of one of the components and
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a quantification of the impact of the malfunction of this component, i.e., its decreased efficiency,

on the performance of other components as well as its fuel impact on the system [6–10, 120–

123]. Incremental changes in exergy destruction by means of irreversibilities are identified and

quantified, and maintenance or improvements scheduled and applied before the malfunction results

in a decrease in the overall system efficiency.

Table 2.1. Comparison of the optimum values for the CGAM reference optimization [110] with
those obtained with the ECT optimization.

Decision Variables Selected Variables

Variable CGAM [110] ECT [5] Variable CGAM [110] ECT [5]

P2=P1 8.5234 8.5234 _ma (kg/s) 99.4559 99.4559

�
AC

0.8468 0.8648 _mf (kg/s) 1.6274 1.6274

�
GT

0.8786 0.8789 _WAC (kW) 29,692.5 29,692.5

T3 (K) 914.28 914.28 �Tpinch (K) 1.64 1.64

T4 (K) 1,492.63 1,492.63 _WGT (kW) 59,692.5 (kW) 59,692.5

Table 2.2. Comparison of the optimum costs for the CGAM reference optimization [110] with
those obtained with the ECT optimization.

Variable CGAM [110] ECT [5]

_�$
Total ($/s) 0.362009 0.36201

_�$
Fuel ($/s) 0.325489 0.32549

_�$
Comp ($/s) 0.036520 0.03652
_�$

CC ($/s) 0.1469�106 0.1469�106

_�$
AC ($/s) 0.1348�107 0.1348�107

_�$
GT ($/s) 0.1927�107 0.1927�107

_�$
APH ($/s) 0.8277�106 0.8277�106

_�$
HRSG ($/s) 0.1202�107 0.1202�107

2.3.1.2 Exergoeconomic Analysis (EEA)

Tsatsaronis and co-workers (e.g., [11, 108, 124]) developed an exergoeconomic analysis and opti-

mization methodology, and Tsatsaronis and Pisa [111] applied it to the CGAM problem.

Firstly, the authors develop an exergy analysis in order to quantify the properties of all of

the streams in the system. Secondly, a cost balance is developed for each of the components as

defined by Equation (2.7). The auxiliary equations for the allocation of costs of streams among the
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components are developed according to thefuel rule, that is, the unitary cost of a stream should be

attributed to the component where that stream was originally generated. For the GCAM problem,

the unitary cost of the stream of airc1 and that of the waterc8 arec1 = c8 = 0 since they are

resources from the environment for which no cost is included in the objective function. For the

air preheater,c5 = c6; for the gas turbine,c4 = c5; and for the HRSG,c6 = c7 since all these

streams are generated at the combustion chamber. For the combustion chamber, on the other hand,

a fixed monetary unit cost is assigned to the fuel used for the combustion process consistent with

the current price of natural gas, which results in a unitary costc10 $/GJ.

For the optimization process, the component cost functions are systematically minimized via an

intelligent iterative process based on component exergy destruction and on changing one decision

variable while keeping the remaining decision variables constant. All decision variables are tested,

and the procedure continues until a final physical optimum is obtained. Table 2.3 provides the

comparison of the results for EEA [111] compared with those of the CGAM problem [110].

Table 2.3. Comparison of the optimum costs for the CGAM reference optimization [110] with
those obtained with the EEA optimization.

Variable CGAM [110] EEA [111]

P2=P1 8.5234 8.52

�
AC

0.8468 0.847

�
GT

0.8786 0.879

T3 (K) 914.28 914.3

T4 (K) 1,492.63 1,492.6
_�$

Total ($/s) 0.362009 0.362055

Table 2.4. Comparison of the optimum values for the CGAM reference optimization [110] with
those obtained by Frangopoulos [18].

Method proposed in TFA [18]

Variable CGAM [110] GRG2 TFA Modular

P2=P1 8.5234 8.59730 8.59770 8.59050

�
AC

0.8468 0.84641 0.84650 0.84653

�
GT

0.8786 0.87886 0.87871 0.87878

T3 (K) 914.28 912.77 913.14 912.93

T4 (K) 1,492.63 1,491.40 1,491.97 1,491.50
_�$

Total ($/s) 0.362009 0.362014 0.362014 0.362014
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2.3.1.3 Thermoeconomic functional approach (TFA)

As a first approach, Frangopoulos [16, 18, 18] solves the original optimization problem with a non-

linear optimization algorithm, the generalized reduced gradient method (GRG2), used during his

Ph.D. dissertation [19]. Results for the optimum decision variables and selected thermodynamics

variables and those for the optimum capital costs are provided in Table 2.4.

As a second approach, TFA is used to obtain the optimal synthesis/design and operation of

the system. For the particular case of the CGAM problem, the synthesis is already given and the

operation does not change with time so the goal is to find the optimum design for the system. The

application of TFA consists of developing the functional analysis of the system by constructing

the Functional Diagram. The Functional Diagram can be considered as the productive structure of

the system in which the components are connected by input and output streams which represent

the fuel and product for a component, respectively, putting a strong emphasis on the function of

each component for the allocation of products, i.e., the function of the turbine is to provide power

to the compressor and to provide power as a final product. The cost function defined in Equa-

tion (2.13) is minimized subject to the equality constraints obtained with TFA that represent the

thermodynamic and physical structure of the system and to the inequality constraints that define the

operating limits. The method of Lagrange Multipliers is used to obtain an optimum operating cost

of the system. In addition, another advantage of TFA is that it can be based on a mathematical de-

composition in which the main optimization problem is split into several sub-problems. Obtaining

these optima is accomplished by the optimization of each sub-problem in a sequential manner. The

advantage is that it decreases the size of each optimization handled by the optimization algorithm.

The disadvantage of using this type of decomposition is that the set of decision variables for each

sub-problem needs to be disjoint from the set of decision variables of the rest of the sub-problems.

Otherwise, the system-level optimum solution cannot be obtained. In order to increase the degree

of disjointness, additional decision variables can be included, which enhance the disjointness of

these component variable sets but which for large problems may indeed turn out to be impractical.

Results for the optimum decision variables and selected thermodynamics variables and those for

the optimum capital costs are provided in Table 2.4.

As a third approach, the Modular Simulation and Optimization approach depicted in Figure 2.5

is proposed. In the modular optimization, the system is decomposed intor modules that represent
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Figure 2.5. Schematic representation of the modular simulation and optimization [18].

a component or a group of components of the system. These modules are coded as subroutines

which interact with a central optimizer through a set of independent variablesxr . The modules

are also sequentially related by their exergy inputs and outputs, that is, a set of variablesy which

represent the output of moduler = 1 serve as inputs for the optimization of moduler = 2 . In

addition, every module has its own physical, economic, and thermodynamic optimization model

with decision variableswr .

The optimization starts with a local optimization of the first module after which the optimum

set of variablesx1 and the optimum set of variabley1 are obtained. These variables are com-

municated to the second module, and the optimization of the second module is developed. This

optimization process continues until all the modules are optimized individually, thus, completing

the first iteration. Once the iteration is completed, the global objective function is evaluated, and

if the convergence criterion has been satisfied, the procedure is stopped; otherwise, the procedure

continues until a global optimum solution is obtained. Mathematical decomposition can also be

applied to the modular optimization approach, if the condition of the system allows it. The results

obtained for the CGAM problem show that the three approaches (i.e., mathematical optimization,

TFA and the modular decomposition) give the same optimum, which is very close to that given
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by the reference optimization in [110]. Results for the optimum decision variables and selected

thermodynamics variables and those for the optimum capital costs are provided in Table 2.4.

2.3.1.4 Engineering functional approach (EFA)

EFA was developed by von Spakovsky [125] and von Spakovsky and Evans [126–129] and was

applied by von Spakovsky to the CGAM problem [25]. As is the case with TFA, it is possible to

obtain the synthesis/design and operation optimization of a system. The objective is to minimize

the total costs of the system with respect to a set of independent decision variables and subject

to equality constraints that represent the physical and economic model of the system. Inequality

constraints provide physical limits. In EFA, the model can be defined on either a monetary or

exergetic cost basis. It is possible to include pollution, scarcity of resource, and the manufacture

and recycling of the system costs into the optimization.

The Functional Diagram or thermoeconomic structure of the system is constructed taking into

account thermal exergy, mechanical exergy, power, and negentropy loops, interconnecting all the

components in the system with physical, economic, and thermodynamic flows. Physical and eco-

nomic equations are given for every component and flow branches/junctions are used. The internal

economy is obtained using the Lagrange Method of Undetermined Multipliers. For the CGAM

problem, von Spakovsky proposes five different approaches for the optimization, namely, a direct,

a modular, a Lagrangian, a decomposition, and a decentralized approach.

In the direct or centralized approach the optimization algorithm is applied directly to whatever

system of equations comprise the objective function and set of inequality constraints of the model.

The equality constraints are solved as a separate system of equations, the results of which are fed

to the optimization algorithm.

The modular approach closely follows the direct but takes advantage of the modularity or func-

tionality of the thermodynamic calculations which comprise the equality constraints. If in addition,

an internal economy (i.e., effectively, a productive structure) of the system is needed as well, the

Lagrangian approach can be added to the modular one since the former is used to establish this

internal economy. With this third approach, the internal economy is known at every iteration of the

optimization algorithm.

The fourth approach, i.e., that of decomposition, divides or decomposes the thermoeconomic
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model into subgroups, each of which is optimized in turn around the system in an iterative process

which stops once closure or convergence is reached. The effectiveness of this approach depends,

as mentioned in the previous section, on the disjointness of each of the decision variable sets

associate with each subgroup. As suggested in the previous section, the degree of disjointness

can be increased simply with the addition of more of the right type of decision variables, which,

however, may become impractical for large-scale optimizations.

The final approach is similar to that of the decomposition approach but now the thermoeco-

nomic model is developed at two levels of optimization, i.e., as a system model basis which cap-

tures the physicality of the system, and as subgroup models which capture detailed information of

the components that reflect the internal geometry and material structure of each component. With

this approach, the individual subgroups can also be economically isolated and optimized individu-

ally according to the procedure described by the decomposition approach. How close to the global

optimum is the result obtained by the decomposition approach depends on how well the economic

isolation was established at the system model level. Of course, this global optimum is an iterative

procedure between the system model basis and the detailed models.

The results obtained for the CGAM reference optimization [110] and for the first and second

approaches are given in Table 2.5 and show that the optimum solutions obtained are very close to

each other. For the third and fourth approaches, the solutions are close but deviate somewhat with

the values ofT3 andT4 even though the difference in the final optimal total cost is 1.8% and 0.37%,

respectively.

Table 2.5. Comparison of the optimum values for the CGAM reference optimization [110] with
those obtained with the EFA optimization.

Methods proposed in EFA [25]

Variable CGAM [110] Modular Lagrangian Decomposition Decentralized

P2=P1 8.5234 8.59822 8.59859 8.49996 8.49996

�
AC

0.8468 0.84678 0.84675 0.84991 0.84991

�
GT

0.8786 0.87874 0.87900 0.88000 0.87991

T3 (K) 914.28 912.601 912.281 924.764 900.09

T4 (K) 1,492.63 1,491.566 1,491.4400 1,528.970 1,480.153
_�$

Fuel ($/s) 0.325489 0.32552 0.32546 0.32110 0.32869
_�$

Comp ($/s) 0.036520 0.03653 0.03658 0.04740 0.03467
_�$

Total ($/s) 0.362009 0.36204 0.36204 0.36850 0.36336
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2.3.2 Other developments on energy system analysis and optimizations

Almost a decade after the conception and first application of the CGAM Problem, the TADEUS2

problem was developed by Valero and co-workers [6–10, 120–123] in order to extend the ECT

approach to account for malfunctions and disfunctions in order to diagnosis the operation of energy

systems and individual energy producers. The goal is to quantify the effect of the change in the

exergy destruction of one component on the exergy destruction of the other components, and as a

consequence, its effect on the overall efficiency of the system. By knowing the response of each

component to these perturbations, preventive maintenance can be scheduled for each component

of the system, accordingly.

Tsatsaronis and co-workers (e.g., [12, 13, 47, 130–132]) also proposed to split the exergy

destruction due to irreversibilities into endogenous and exogenous parts. The endogenous irre-

versibilities are those caused in the component itself, and the exogenous ones are those caused by

irreversibilities in other components. In addition, they proposed to split the exergy destruction of a

component into avoidable and unavoidable. The unavoidable exergy destruction is that needed to

generate a certain product, while the avoidable exergy destruction is that which can be reduced or

eliminated completely leading to increased system efficiency. This splitting clarifies the margin of

improvement possible for a system or component. These concepts of splitting the exergy destruc-

tion due to irreversibilities had already been proposed earlier for the concepts of malfunctions and

disfunctions by Valero and co-workers (e.g., [6–10, 120–123]) as an extension of their ECT.

In terms of applications, exergoeconomic analyses and optimizations have been developed for

steam plants [133], solar heating systems [134], CHP plants [135], coal plants [25, 136], hydro-

gen systems and hydrogen production [48, 137, 138], petroleum processes [139], district heat-

ing/district cooling systems [140], ventilation systems [141], heating and cooling systems [142],

fuel cell and hybrid fuel cell systems [143, 144], etc.

Moreover, with regard to the complex optimization of energy systems, the optimization of an

energy system can be developed at three different levels, namely, that of synthesis (configuration),

design (component characteristics), and operation [145]. Obtaining the synthesis of the system is

usually the most complex part of the process, and three main approaches are available in the liter-

2The TADEUS problem is a combined cycle power plant consisting of two 125 MW gas turbines and a 110 MW
steam turbine [7]. It was named afterTadeusJ. Kotas, author of the book: "The exergy method of thermal plant
analysis" [94].
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ature, i.e., heuristic and evolutionary methods to reach targets identified by physical rules and use

of a superstructure3 which is reduced during an optimization to an optimal configuration. Among

these three approaches, the third one, starting with a superstructure, is the most robust, although,

the computational burden associated with this type of optimization is highly complex.

As a solution to deal with the computational burden associated with the optimization of highly

complex models of energy systems, several techniques have been developed. Those of decomposi-

tion have proven to be very successful. Decomposition can be divided into different types, namely,

disciplinary, conceptual, time, and physical. Two particular forms of decomposition found in the

literature are local-global optimization (LGO), e.g., [146, 147], and iterative and dynamic iterative

local-global optimization (ILGO/DILGO) [148–160]. It is only, however, with the last of these,

namely ILGO/DILGO that a real effective disjointness, i.e., that of so-called "thermodynamic iso-

lation", is achieved [148].

2.4 Sustainability considerations

Even before the conception and acceptance of a formal definition for sustainability, the engineering

community had been searching for ways to minimize damage to the ecosystem in the production

of electricity, while satisfying the energy needs of society. However, how to utilize the exergy

concept in order to deal with sustainability issues, particularly the environmental ones, is still an

open question [50]. To try to answer this question, Wall and Gong [161] and Gong and Wall

[162] assert that exergy can be directly linked to the environment and sustainable development

by dividing the environment into five main groups, that is, biosphere, lithosphere, atmosphere,

hydrosphere, and sociosphere. Every event that takes place in the environment is related to a

cause-effect concept in which, however, a clear link between the cause and effect cannot be drawn,

i.e., the effect perceived can be produced by many causes, and a cause can lead to multiple effects.

In terms of exergy, the fuel to the environment is that from the sun coming in the form of radia-

tion, while that from fossil fuels stored in deposits in the earth’s crust is only a small percentage of

the total when compared to that of the sun. Nonetheless, it is the latter, the exergy from deposits,

3A "superstructure" or "superconfiguration" is a system configuration with all the possible components and in-
terconnections physically available for the optimal system configuration (or superconfiguration) [145]. The optimal
system configuration is obtained by synthesizing this superstructure or superconfiguration and is restricted to the ini-
tially available characteristics.
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that in part measures the level of sustainability of a society. Any misuse of these deposits can lead

to a non-sustainable society, because any abuse causes uncontrolled depletion of resources and an

excess of emissions with a high exergy content relative to the damage caused to the environment.

Therefore, entropy production or exergy destruction is a direct index to measuring sustainability;

and, thus, exergy destruction and losses need be taken into account beginning with the extraction

of raw materials and continuing through the disposal/recycle of equipment. The accounting should

also include the amount and which renewable and no-renewable energy source is used as well as

the amount of each. One approach for tackling the sustainability issue in energy systems synthesis,

design, and operation is that of increasing the efficiency of such systems through a detailed exergy

or second law analysis by identifying and quantifying the sources and causes of exergy destruction

within each component. The goal of this type of analysis in its early stages was to reduce the costs

of production, but later those using this type of analysis realized that environmental issues were

also an important aspect of the analysis.

2.4.1 Environomic analysis

Some of the pioneers in tackling the environmental aspect with respect to energy production sys-

tems were von Spakovsky and Frangopoulos [15, 163–165], Frangopoulos and co-workers (e.g.,

[17, 20, 166]), and von Spakovsky and co-workers (e.g., [21–24]). This was done in part by in-

troducing pollution penalty factors that penalize a system synthesis/design relative to the amount

of pollutants emitted, accounting in the process for prescribed societal limits and existing environ-

mental conditions. The methodologies developed by these researchers called environomics are able

to drive the synthesis/design and operation optimization of a system towards a configuration with

the least environmental damage relative to thermodynamic and economic constraints on system

efficiency and cost. This environmental aspect is, of course, balanced with the system’s technical

and economic ones.

The pollution costs are added to the original optimization problem defined by Equation (2.13)

such that

#polX
p=1

_�$
Pollutant = c

Pollutant
f pPollutant

_p
Pollutant

(2.17)

wherec
Pollutant

is the unit damage cost of the pollutant,_p
Pollutant

is the rate of pollutant emission,
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andf pPollutant
is the pollution penalty factor. One proposal for pollution penalty factor is given as

[165]

f pPollutant
=

�Pollutant � �0Pollutant

��Pollutant � �0Pollutant

(2.18)

where�Pollutant is the intensive property characteristic of the pollutant,�0Pollutant
the intensive

property of the pollutant in the reference environment, and��Pollutant the harmfulness limit of the

pollutant [165].

A second proposal for pollution penalty factor is expressed as [165]

f p
Pollutant

( _�
Pollutant

) =

 
1 +

_�
Pollutant

_�cPollutant

exp

 
_�

Pollutant
� _�oPollutant

_�cPollutant

!!
(2.19)

where _�
Pollutant

is the degree of pollution,_�cPollutant
the critical value, and_�oPollutant

the natural

purification rate. The degree of pollution is given as [165]

_�
Pollutant

=
1

V

dSPollutant

dt
(2.20)

whereV is the total volume of the affected region anddSPollutant =dt the rate of increase in entropy

in the affected region.

Table 2.6. Optimal results of the environomic framework applied to the CGAM problem [165].

Variable CGAM [18, 25] Environomic I [165] Environomic II [165]

P2=P1 8.59822 9.50524 9.12781

�
AC

0.84678 0.85356 0.85093

�
GT

0.87874 0.88711 0.88353

T3 (K) 912.601 884.816 897.360

_mNO x
(kg/s) 0.00254 0.00234 0.00242

cNO x
0.0000216 0.0000207 0.0000212

f PNO x
- 1.535 0.4059

_�$
Pollution ($/s) 0.0 0.02686 0.01811
_�$

Fuel ($/s) 0.32552 0.32273 0.32341
_�$

Comp ($/s) 0.03653 0.04068 0.03909
_�$

Total ($/s) 0.36204 0.39026 0.38060

These pollution factors are applied to the natural gas CHP cycle of the CGAM problem [18, 25]

with data for the newest technology as of that date and withNOx as the only emissions product
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Figure 2.6. Configuration of the district heating system optimized using the environomic frame-
work by Curti, von Spakovsky, and Favrat [21]. This figure was published in [21] Copyright ©
2000 Elsevier Masson SAS. All rights reserved. Reprinted with permission.

of the energy conversion process. Table 2.6 shows the results obtained using these two pollu-

tion penalty factors (i.e., Environomic I defined by Equation 2.18 and Environomic II defined by

Equation 2.19) compared to the exergoeconomic optimizations developed earlier for the CGAM

problem [18, 25]. The environomic optimization is developed using EFA only. As expected, the

total costs of the system increase significantly, i.e., by about 5.13 % for the first factor and by about

7.8 % for the second factor when pollution costs are included. Another observation is that the cost

rate of fuel is reduced by a small percentage of less than 1% for the two pollution factors, and the

air preheater temperatureT3 is reduced as well.

Pelster, Favrat, and von Spakovsky [23] applied the environomic optimization approach to the

synthesis/design and operation optimization of a combined cycle power plant, while Curti, Favrat,

and von Spakovsky [21, 22] applied it to the synthesis/design and operation optimization of a

district heating system in the city of Laussane, Switzerland. As an example of the application

to a complex system, the application of Curti, Favrat, and von Spakovsky [21, 22] is discussed

here. The application of the environomic optimization framework is for the district heating system

depicted in Figure 2.6. In this model, it is assumed that the district heating demand of the system

is supplied by natural gas boilers, heat pumps, and CHP gas turbines and reciprocating engines.
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Pollutants such asNOx and NO2 are considered in the optimization model, and two different

scenarios are modeled, i.e., that of low heat rate demand at high temperature, and that of high heat

rate demand at low temperature.

Results for the optimum heat rate by component are provided in Table 2.7 for the two scenarios

where it can be seen that when no pollution penalties are added to the model, the district heating

needs are mainly supplied by boilers while for the case when they are included, the production

of the boilers is reduced by over 40%, and natural gas CHP generators and heat pumps driven by

electricity from the grid provide the rest of the district heating demand resulting in an increase of

the costs.

Table 2.7. Heat rate values for the district heating system optimized using environomics by Curti,
von Spakovsky and Favrat [21, 22]. The costs are given in the Swiss currency CHcts/kWh.

Low heat rate demand High heat rate demand

at high temperature low temperature

Electricity Price (13 CHcts/kWh)
Gas Price (5 CHcts/kWh)

Without
pollution cost

With pollution
costs

Without
pollution cost

With pollution
costs

Network Temperature (oC) 85.8 69.5 89.8 52.0

Heat Pump (MW) 29.0 50.9 31.7 61.1

CHP Gas Turbine (MW) 12.7 0.0 14.6 0.0

CHP Gas Engine (MW) 0.0 0.0 0.0 0.0

Gas Furnace (MW) 20.9 11.4 16.4 0.0

2.4.2 Exergoenvironmental analysis

Tsatsaronis and his co-workers (e.g. [27–30]) introduced environmental aspects into their exergoe-

conomic analyses without the use of penalty factors. This new methodology is called exergoenvi-

ronmental analysis. The exergoenvironmental analysis is applied in parallel and in a similar way

to the exergoeconomic analysis of EEA by obtaining environmental balance equations for each

componentk of the system [29, 30], such that

bP;k
_B env

P;k = bF;k
_B env

F;k + _Yk (2.21)

wherebP;k andbF;k are the unitary environmental cost of the product and fuel of a component,

respectively; _B env
P;k and _B env

F;k are the environmental impact rates associated with the product and
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Figure 2.7. Combined cycle system analyzed with an exergoenvironmental approach by Pe-
trakopoulou et al. [28]. Reprinted from [28] Copyright © 2011, with permission from Elsevier.

fuel of a component, respectively; and_Yk is the environmental impact rate associated with the life

cycle of the component given by

_Yk = _Y CO
k + _Y OM

k + _Y DI
k (2.22)

where _Y CO
k , _Y OM

k and _Y DI
k are the environmental impact rates associated with the construction,

life time operation and maintenance, and disposal of the component. The auxiliary equations for

the exergoenvironmental analysis are obtained applying the Fuel-Product concepts in a fashion

similar to EEA [29].

Meyer et al. [27] applied this methodology to a high-temperature fuel cell system integrated

with an allothermal biomass gasification process and Petrakopoulou et al. [28] to a combined cycle

power plant with and without chemical looping combustion. The schematic of the system for the

combined cycle without the chemical looping combustion analyzed by Petrakopoulou et al. [28] is

depicted in Figure 2.7. A life time of the system of 20 yr with 2012 data for the characterization

of the plant and the Eco-indicator 994 [167] for the environmental life impacts (i.e., human health,

ecosystem and depletion of resources) are considered for the analysis.

The main results of the exergoeconomic analysis shows that the total cost rate of the plant is

4The Eco-indicator 99 is the final weighted result of the life impact assessment of a production process with units
of Eco-indicator points (Pts)
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16,513e /hr including the costs caused by exergy destruction due to irreversibilities and the amor-

tized capital costs and operation and maintenance costs. For the exergoenvironmental analysis, the

production of electricity and the impact ofNOx andSO2 emissions is considered. The result, given

in Table 2.8, shows that the total impact on the environment is of 39,585,477 mPts/hr, including

those of the exergy destruction due to irreversibilities in the operation of the system and the impact

rate associated with the life cycle of the components of the plant.

Table 2.8. Results of the analysis for the combined cycle plant developed by Petrakopoulou et al.
[28].

Exergoeconomic Analysis Exergoenvironmental Analysis

Variable Results [28] Variable Results [28]

cF (e /GJ) 9.2 bF (mPts/GJ) 3,599

cP (e /GJ) 20.5 bP (mPts/GJ) 6,398
_�$

Irr (e /h) 10,053 _B env
Irr (mPts/h) 39,536,056

_�$
Comp (e /h) 6,460 _YTotal (mPts/h) 49,422

_�$
Total (e /h) 16,513 _B env

Irr + _YTotal (mPts/h) 39,585,477

2.4.3 The reference environment and the exergoecology concept

Szargut and co-workers [104–106] were pioneers in proposing exergy as the accounting unit for

all the resources used during the process of a certain product, including the quantification of the

damage to the environment due to the depletion of resources and emissions to the environment.

This method is called a thermo-ecological analysis.

As an extension to the thermo-ecological analysis, Valero and co-workers [168–174] extended

Szargut’s thermo-ecological analysis by providing a methodology to quantify the resources needed

to restore the minerals and natural resources used in an industrial process to their pristine state. This

is develop by extending the database of reference mineral elements in the earth’s crust [168, 173]

provided by Szargut [106] and subsequently proposing theexergoecologyconcept [169], which is

an exergy-based methodology to account for the mineral capital of the Earth [169]. Valero and

co-workers [170] also propose two indices for the their application to the mineral capital of the

Earth, i.e., the exergy replacement cost and exergy abatement cost. The exergy replacement cost

is the amount of exergy needed to restore a given amount of natural resource back to its pristine

state using the most efficient current technology while the exergy abatement cost is that needed to
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eliminate the excess of pollutants emitted (e.g., those that exceed the maximum limit that nature

can abate by itself) using the most efficient current technology. As an example of the application

of the methodology, Valero and Valero [169] applied the exergoecology analysis for the process of

bauxite-aluminum and limestone-lime production. Table 2.9 provides the results of the analysis.

Total production in 2007 is taken into account as is the respective cost of production including the

exergy cost needed to restore each of the minerals back the Earth’s crust using the most current

technology as of that date.

This section has presented methodologies developed to date to account for the energy, re-

sources, and emissions of an energy production process from extraction to production and restora-

tion of the natural environment. Section 2.4.2 in particular introduced the Eco-indicator 99, which

is a single index accounting for the resources used and damage to the environment from extrac-

tion to disposal. In addition to the Eco-indicator 99, there are other methodologies available in

the literature for the life cycle analysis of energy production systems. The next section provides

a general overview of the ISO guidelines for developing life cycle analysis and exergy-based life

cycle analysis methodologies.

Table 2.9. Results of the exergoecology analsysis develop by Valero and Valero [169].

World Production in 2007 (tons) Total exergy costs (Gtoe)

Bauxite 1.99�108 0.17

Alumina 7.60�107 0.23

Aluminum 3.80�107 0.44

Limestone 4.99�108 0.0149

Calcite 2.99�108 0.0163

Lime 2.77�108 0.0544

2.4.4 Overview of exergy-based life cycle analysis

The goal of a Life Cycle Analysis (LCA) is to assess the environmental impact of a process from

the extraction of minerals for the manufacture of equipment to the dismantling and disposal of the

equipment at the end of its useful life. This process includes the process of raw material acquisition,

manufacture, use/reuse/maintenance and recycle/disposal of the goods, as well as transportation

between the stages of the process as is depicted in Figure 2.8(a). The guidelines for developing an

LCA are properly establish according to the ISO 14000 series normative [175–178].
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Figure 2.8. Representation of the methodology for developing a Life Cycle Analysis.

The LCA development consist of four stages (see Figure 2.8(b)), i.e.,goal definition and scope,

life cycle inventory analysis (LCI), life cycle impact assessment (LCIA), andlife cycle interpreta-

tion [175–178]. These stages are developed in a series process but are not independent of each

other. Once results from one stage are obtained, interpretation of the results are necessary and

feedback is provided to the previous stages. The process continues iteratively until a desired level

of accuracy is reached.

In the first stage of the analysis, the boundaries, scope, and objectives of the analysis are clearly

described. In the second stage, an exhaustive collection of data accounting for materials, use of

natural resources, and emissions to the environment is developed according to the physical flow

structure of the particular process. The extent to which the data collection is developed depends

on the objective of the study provided in the previous stage. The third stage consists of a detailed

analysis of the data by grouping it into different impact categories reflecting the total amount of

natural resources and damage to the environment during the process. In this stage, the different

impact categories are grouped and weighted in order to obtain a certain number of indices that

reflect the impact of the particular process. Since this process involves the use of weights, all the

assumptions and decisions have to be clearly provided in order to reduces the subjectivity of the

analysis. The last stage consist of translating the results so that they are comprehensive to decision

makers.

Several databases are available around the world for LCA practitioners, but two of the main

databases available are the open US-EPA database supported by the US-Environmental Protection

Agency and hosted by the National Renewable Energy Laboratory [179] and theecoinventdatabase
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[180] which is a not-for-profit project develop in Switzerland.

In order to include exergy in the assessment of the LCA of a process, Szargut proposed the

Cumulative Exergy Content(CEC) method [106] to account for the total exergy use during a certain

process, including the quantification of the exergy damage to the environment due to the depletion

of resources and emissions to the environment. In the CEC it is assumed that exergy is increased or

decreased from the initial exergy content of the raw materials at every stage of the process due to

the thermodynamic structure of the particular process by means of heat, work, or mass interactions.

As a final result, the product contains a particular amount of exergy equivalent to the exergy used

during the process.

Other methodologies, which use exergy as an index for assessing the impact of the life cycle of

a process on the environment, have been developed recently and are available in the literature such

as the CEENE methodology [181–185], the life cycle analysis (LCA) method [186], the exergetic

life cycle analysis (ELCA) method [183], the life cycle exergy analysis (LCEA) method [187], and

the extended exergy accounting method [188]. These exergy-based methodologies are mentioned

here as a reference for further research on the Sustainability Assessment Framework proposed in

this dissertation.

2.4.5 Criticisms on the use of exergy as an index of sustainability

Exergy is a robust and well-established thermodynamic quantity, which can be used for assessing

various aspects of sustainability such as, for example, the quantification of the primary energy

resources needed for the production of a good in a certain production process. For the particular

case of energy production processes, it entails the analysis of fossil and non-fossil (e.g., solar

energy, wind, etc.) fuels.

However, the use of exergy as a sustainability index has also been strongly criticized in the

literature [189–192]. A number of these criticisms are addressed here. For instance, it is sug-

gested that because of the use of a reference environment, the results of two identical analyses

using different reference states may not be directly comparable. This criticism fails to recognize

the nature of any thermodynamic analysis. All such analyses whether based on exergy or energy

or some other thermodynamic property require consistency in the choice of references since prop-

erties such as energy, exergy, entropy, enthalpy, Gibbs free energy, Helmholtz free energy, etc. all
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depend on a reference or set of references and, thus, are relative properties and not absolute. The

point of making a comparison between two different exergy or for that matter energy analyses is to

discern the relative differences in performance and not the absolute differences. Thus, of course,

the reference states chosen must be consistent to make the comparisons.

Another criticism leveled is that an exergy-based methodology can identify the amount and

location of irreversibilities but cannot identify the causes of these irreversibilities. The response

to this criticism is that an energy analysis by itself, for example, cannot even identify the amount

and location much less the causes of irreversibilities. Whether or not the exergy analysis can do

the latter or not is beside the point since it is the designer who identifies the causes guided by the

exergy analysis.

The criticism leveled that an exergy methodology puts more emphasis on the environmental

aspects of sustainability by considering that the most valuable process is that which uses fewer

resources, failing in the process to account for socioeconomic considerations in the analysis, also

misses the point. In a similar vein, the criticism is made that an exergy-based methodology converts

the cost of every resource consumption into exergetic costs, providing an understanding of when

and where the system needs to be modified, but fails to decide if the modification is truly convenient

from a purely economic standpoint. These are not really criticisms but simply a recognition already

long held by the principal practitioners of exergy analysis (e.g., [4, 101, 110, 136]) of the limitation

of the analysis as posed. None of these practitioners would ever make a claim that the analysis is

sufficient in and of itself. All would agree that socioeconomic considerations whether posed in

exergy or some other terms may be needed and can indeed be added as some have (e.g., [50, 188,

191]).

An additional criticism states that exergy as a property is not a good indicator for externalities

such as those due to emissions, since the exergy content of emissions does not represent the ac-

tual damage to the environment. Again, this was recognized by exergy practitioners at least two

decades ago (e.g, [163–165]) and was addressed through, for example, the use of pollution penalty

functions and unit damage costs coupled to the exergy content of the emissions. Obviously, such

an approach may not be sufficient to deal with all aspects of human health, aesthetics, material

damage, ecosystem effects, etc., and, thus, other indices could be used that directly address the ex-

ternal effects of concern. In fact, most advocates of exergy recognize that the use of exergy should

simply be part of an overall multicriteria analysis with an array of indices addressing various con-
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cerns, and, thus, the criticism leveled is not applicable to how exergy is used in this dissertation or

in most other applications.

Another common criticism leveled is that the rules for allocation of resources to the different

products of the process are not rigorous in the sense that they depend on the decision of the analyst.

The collection of data for the accurate description of a production process for a very large system

is sometimes very complicated (this is not a problem for small systems). The excessive use of

assumptions for the analysis of large and complex systems increases the uncertainty of the results.

Unfortunately, this criticism fails to recognize that such an allocation whether via exergy or energy

or emergy or some other property is part and parcel of any design process and simply cannot be

avoided. If an allocation is to be made, assumptions will be required, which is why the design of a

system whether from a thermodynamic or economic or environmental or sustainability standpoint

is notandneverwill be a science but is instead the practice of engineering.

A final set of criticisms is that people’s preferences are not taken into account in the analysis

(which, by the way, actually makes the result of an exergy-based methodology more objective) and

the general public is not well informed about the basis of the framework, making general accep-

tance of the methodology for those outside the group difficult. Indeed, the first of these criticisms

is simply a variation of an earlier one and is not applicable to how an exergy-based methodology

would be applied in practice as a part of a multicriteria analysis with a full range of indices that

account for the economic, environmental, and societal aspects of system synthesis, design, and

operation. In considering tradeoffs among all of these indices including exergy, subjective prefer-

ences play a crucial and indeed inescapable role. Regarding the criticism that the general public

is not well informed, this is a challenge for users of exergy indices; but the information exergy in-

dices provide is sufficiently valuable and distinct from other indices that it is well worth the effort

to educate potential users.

From the previous discussion, and as is also described in [189–192], it should be obvious by

now that no single index or property captures all aspects of sustainability and that there is a need

to include at least one index for each of the pillars of sustainability, i.e., economic, environmental,

technological and societal, in the analysis. In addition, although the aggregation of indices into

a single index for sustainability helps with the interpretation of the results by the decision maker,

the problem arises that if the aggregation does not reflect the true preferences of stakeholders, the

results may be untrusted. For this reason, stakeholder involvement should be present as much as is
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practically possible beginning in the early stages of the analysis. Moreover, instead of obtaining a

single aggregated sustainability index, it may be more beneficial to study the trade-offs among the

multiple indices considered in order to arrive at a clearer understanding of the problem. Similarly,

the development of a sensitivity analysis to rule out the indices that do not affect the final decision

may be of help in order to avoid any extraneous information that can pollute the results by providing

unnecessary information to the stakeholder.

In summary, exergy alone (or any other index by itself for that matter) cannot provide a com-

plete representation of sustainability (in fact, it was never intended to do so) because sustainability

is multidimensional. Furthermore, the approach of using multiple indices to understand sustain-

ability outcomes may be more robust, while the involvement of stakeholders beginning in the early

stages of a particular analysis should result in a more complete description of the sustainability of

a given synthesis, design, and operation.

2.5 Sustainability of complex networks of energy producers

At the level of power networks, improvements in the concept of sustainability have been devel-

oped, especially with the use of multi-criteria decision making (MCDM) analysis and optimization

[45, 46, 193]. The details of the analyses vary in terms of whether or not only producers, only pro-

ducers/transmission, or producers/transmission/distribution are taken into account. These types of

analyses are part of energy planning and market models [34, 37, 194–200].

Vera and Langlois [201] develop a study to emphasize the importance of quantitative metrics

for the energy development of a country. In their study, they propose interrelated social, economic,

and environmental considerations as the basis for indices to measure the sustainability of energy

systems. It is assumed that energy at affordable prices is essential for supporting social aspects;

that availability and reliability are essential for economic aspects; and that the effects of the use

and generation of electricity on the atmosphere, water, and land are the backbone of the environ-

mental aspect. These researchers suggest that increasing the efficiency of processes for electricity

generation is one of the most, if not the most, important measure for assuring sustainability. The

indices proposed are those developed by five main international organizations [202] dealing with

health, safety (accidents), generation efficiency, prices, and pollution (e.g., air quality).

Afgan and co-workers [203–205] propose a methodology for energy system assessment un-



CHAPTER 2 45
 

 

 

Figure 2.9. Results of prioritizing the energetic efficiency obtained by Afgan and Carvalho [204].
Reprinted from [204], Copyright © 2002, with permission from Elsevier.

der sustainability considerations based on a multicriteria analysis. Only energy-based indices are

considered with the aim of evaluating the quality of energy systems. Firstly, the system needs

to be described. Secondly, a set of energy-based indices is selected covering the environmental,

technological, economic, and social aspects of sustainability. After that, a collection of data is

developed with the quantitative characteristics of the technologies considered in the analysis. The

indices are then normalized, and a general sustainability index is obtained by using weights for

the different aspects of sustainability. Weights are found using a method in which all the possible

weight combinations are given consistent with the number of indices and a possible number of

weight vectors, although equal weighting is employed usually. In other cases, a high importance is

given to one index, and the same low weight is given to the rest of the indices. Another variation

is to give importance to one index, while giving importance by the order of numbering to the rest

of the indices.

Table 2.10 shows the different technologies used in the analysis including renewable and non-

renewable producers as well as the indices used for the evaluation. Figure 2.9 shows the results

obtained when a priority has been given to the energetic efficiency of the producers. As a result,

the producers based on hydro power have a very high priority compared with the rest of the tech-
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nologies. This clearly indicates that the use of energetic efficiency as an index does not give a clear

idea of the best technology when analyzing renewable and non-renewable energy technologies.

Evans, Strezov and Evans [206] made an exhaustive search of the literature to obtain the char-

acteristics of renewable energy technologies (photovoltaic, wind, hydro, and geothermal), looking

for seven principal characteristics or indices such as the price of electricity over the full life cy-

cle ($/kWh); life cycle greenhouse gas emissions (CO2-eq); availability when the technology is

required; fist law efficiency; land requirement (foot print index, km2/TWh); water consumption

(water lost from circulation, kg/kWh); and social impacts reflected in toxins and visual aesthetics

for photovoltaic; bird strikes, noise, and visual for wind; displacements, agricultural, and river

damage for Hydro; and seismic activity, odor, pollution, and noise for geothermal. These tech-

nologies and their respective values for the indices are provided in Table 2.11.

The four renewable technologies are then ranked for each index from one to four as given in

Table 2.12 where one corresponds to the best technology and four to the worst. It is assumed

that all the indices have the same importance and the ranking corresponds to international consid-

erations. Afterward the indices for each technology are added, and a global sustainability index

is obtained. Wind is ranked the best sustainable technology followed by hydro and then photo-

voltaic. Geothermal is found to be the least sustainable. The sustainability assessment in this work

is simple and straightforward and is used to assess what is available in terms of renewable energy

sources. Another valuable contribution of this work is the exhaustive literature review of current

available renewable generators.

Table 2.10. Technologies and sustainability indices studied by Afgan and Carvalho [204].

Energetic
Efficiency (%)

Installation
Cost($/kW)

Elect. Cost
(¢/kWh)

CO2 Emissions
(kg/kWh)

Area
(km2/kW)

Coal 43 1,000 5.4 0.82 0.4

Solar Thermal 15 3,500 17 0.1 0.08

Geothermal 8 2,500 8 0.06 0.03

Biomass 1 2,500 14 1.18 502

Nuclear 33 2,300 4 0.025 0.01

PV Solar 10 4,500 75 0.1 0.12

Wind 28 1,100 7 0.02 0.79

Ocean 3 10,000 25 0.02 0.28

Hydro 80 2,000 8 0.04 0.13

Natural Gas 38 650 4 0.38 0.04



CHAPTER 2 47

Table 2.11. Technologies and sustainability indices studied by Evans, Strezov, and Evans [206].

Photovoltaic Wind Hydro Geothermal

Price of Elect. ($/kWh) 0.24 0.07 0.05 0.07

Emissions (CO2-eq) 90 25 41 170

Efficiency (%) 4-22 24-54 >90 10-20
Water Consumption

(kg/kWh)
10 1 36 12-300

Land Use (km2/TWh) 28-64 72 750 18-74

Table 2.12. Results of the ranking for the study of Evans, Strezov, and Evans [206].

Photovoltaics Wind Hydro Geothermal

Price 4 3 1 2

Emissions 3 1 2 4

Availability 4 2 1 3

Efficiency 4 2 1 3

Land Use 1 3 4 2

Water Consumption 2 1 3 4

Social Impacts 2 1 4 3

TOTAL 20 13 16 21

Frangopoulos and Keramioti [207] propose a multicriteria approach using sustainability in-

dices for the analysis of three different cogeneration units. Emphasis is placed on the difficulty of

measuring sustainability and on what their quantitative metrics would be. Sustainability is divided

into four main categories, i.e., technical, environmental, monetary, and social issues. All the pil-

lars can be measured quantitatively with the exception of the social. In their work, they describe

a methodology to quantify the first three indices and put aside the social issues. The first step is

to select the indices for the analysis after which they are grouped according to their sustainability

category. Since the indices are non-commensurable, it is necessary to use normalization and then

weight the indices in order to obtain a sub-index for each of the four main groups. The sub-indices

are weighted again, and a final sustainability index is obtained. Final indices are compared with

the different scenarios, and a final decision can be taken.

Frangopoulos and Keramioti compared three different systems to satisfy the electric and heat-

ing demand of an industrial unit using the framework proposed, i.e., electricity from the network

and heat from a natural gas boiler (System A), a CHP natural gas turbine similar to that provided
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in [110] (System B), and a CHP reciprocating engine operated with 90 % NG and 10 % diesel

coupled to a natural gas boiler (System C). The values of the indices for the three different systems

are given in Table 2.13. Four sub-indices for technological considerations, six sub-indices for en-

vironmental considerations, and two sub-indices for economic considerations are included in the

analysis. Table 2.14 provides the results obtained for the three sustainability indices considered, as

well as the total composite sustainability index for each technology.

Table 2.13. Technologies and sub-indices evaluated by Frangopoulos and Keramioti [207].

Index System A System B System C

Energetic electric Efficiency (%) 0.38 0.3761 0.47

Energetic total efficiency (%) 0.56 0.8483 0.86

Exergetic electric efficiency (%) 0.36 0.36 0.451

Exergetic total efficiency (%) 0.337 0.513 0.522

AnnualNOx emissions (kg/yr) 209,856.8 319,209 483,574.1

AnnualCO emissions (kg/yr) 74,814.7 19,388 1,124,668.8

AnnualUHC emissions (kg/yr) 0 14,923 673,199

AnnualPM10 emissions (kg/yr) 13,963 10,441 8,485.8

AnnualCO2 emissions (kg/yr) 182,559,976.6 120,547,231 118,790,310

AnnualSOx emissions (kg/yr) 0 0 15,035

Total costs (e ) 319,384,905.1 181,429,678 232,009,565.8

total cost with externalities (e ) 357,593,745 211,828,489.5 278,628,728.5

Table 2.14. Global sustainability indices for the analysis of Frangopoulos and Keramioti [207].

Index System A System B System C

I tech 0.433 0.548 0.605

I env 0.658 0.866 0.333

I econ 0 1 0.587

I total 0.364 0.805 0.508

In order to obtain an index for each aspect of sustainability as well as the total sustainability

index and for purposes of illustration, Frangopoulos and Keramioti assume that the sub-indices

within their respective group (i.e., economic, environmental, and technological) have the same

importance and that the three aspects of sustainability have the same importance as well. From the

total composite index for each system, it can be seen that the use of combined heat and power plays

a very important role in the energy conversion process, since the CHP gas turbine has the highest
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total sustainability index. The sustainability index decreases when the cogeneration percentage

is reduced and boilers are introduced into the system. The least sustainable technology is that in

which boilers are used to satisfy the entire heat demand for the industrial unit.

Sheinbaum, Ruiz, and Rodríguez [208] develop a sustainability analysis of the Mexican energy

sector based on the indices proposed by the Economic Commission for Latin America and the

Caribbean (CEPAL) [209]. Eight main indices are proposed, e.g., energy autarky (capacity to

satisfy energy needs with ones own resources in the long term), robustness, productivity, electricity

coverage, coverage of basic energy needs, relative purity in the use of energy (SO2 emissions), use

of renewable energy sources, and depletion of fossil fuels. These indices correspond to the four

pillars of sustainability, that is, social, environmental, technical, and economic. The eight indices

are equally weighted in order to obtain a general sustainability index. A comparison of the energy

sector in 2008 to that in 1990 is made.

Results of the comparison are given in Table 2.15 where it can be seen that a decrease in all

the indices other than those for productivity and the coverage of basic energy needs occurs. These

two areas of improvement are basically related to population growth and the electrification of rural

areas, while the others are mainly related to the mismanagement of natural resources relative to

regulations adopted in 1990. The global sustainability index is obtained by considering that the

eight indices have the same importance, resulting in a global sustainability index in 1990 of 0.73

and in 2008 of 0.56 (clearly this shows that the energy sustainability of the country has decreased

considerably).

Table 2.15. Results of the analysis by Sheinbaum, Ruiz, and Rodríguez [208].

Autarky Robustness Productivity
Electricity
Coverage

Coverage of
basic Energy

Needs

Relative
Purity

Renewable
Energy ources

Depletion of
Fossil Fuels

1990 0.96 0.94 0.50 0.88 0.33 1.00 0.27 0.97

2008 0.78 0.57 0.57 0.98 0.39 0.45 0.23 0.54

2.6 Social aspects of sustainability

Social aspects are considered as the fourth pillar of sustainability. These aspects account for job

creation, increments in life quality, etc.; and their significance should be included in a detailed
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sustainability analysis, because in order for a technology to be socially sustainable, it should at

least be accepted by society [201].

Assefa and Frostell [201] develop an analysis in the town of Kil in central Sweden based on

knowledge about energy production and the different energy production technologies available

to date, acceptance of the inclusion of new types of energy production technologies such as fuel

cells and photovoltaics into the network, and fear about the inclusion of these new types of energy

production technologies. Their analysis is based on questionnaires sent to the community only

under local analysis. Their results indicate that society is not well educated with regards to energy

production technologies, which they find alarming, because this lack of knowledge contributes to

delays in the implementation of state-of-the-art energy generators. Out of all of the questionnaires

distributed, only 39 % were returned. In the questionnaires, questions about the priorities of the

customer were also included. The result is that reliability of supply and the price of electricity

were the most important aspects followed by environmental concerns and only then by the social

issues involved with the production of electricity.

Another major contribution is that of Gallego and Mack [210], who develop a set of social

indices as part of the NEEDS project [211]. Their indices are based on an exhaustive search of

the available social indices in the literature which are accepted and enriched by experts in different

disciplines in four countries. In a first step, 1320 indices are adopted and in a second step, this

number is filtered to only 26 indices which satisfy nine characteristics that a social index must

exhibit. Table 2.16 gives the nine different characteristics for filtering the indices while Table 2.17

groups the final 26 indices in four different areas, i.e., continuity of energy service, political stabil-

ity, risk, and quality of life. In the next step of the process, 6 experts from France, 9 from Germany,

10 from Italy, and 10 from Switzerland are asked to answer questionnaires and participate in a two-

day workshop to discuss the acceptability of the social indices selected and to suggest any other

indices, if necessary. The last step of the analysis is one of evaluation by the same set of experts

who rate 16 different energy production technologies (renewable and non-renewable) on a range of

1 to 5, where a value of one indicates high acceptance and a value of five indicates no acceptance.

This survey expresses the opinion of societal experts for their expectations to the year 2050. Ta-

ble 2.18 provides the results of the opinion of the experts on the different technologies according

to the social indices included in the analysis. The 16 technologies are grouped into 7 fuel-based

technologies, and only 9 out of the 26 original social indices are evaluated.
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Table 2.16. Characteristics for filtering the social indices considered by Gallego and Mack [210].

Are the indices clear in value?

Are the indices coherent and consistent (logical)?

Are the indices appropriate in scale?

Are the indices sufficient in information?

Can the indices be applied throughout Europe?

Are the indices capable of linking social impacts to energy system-related aspects (exclusiveness and exhaustiveness)?

Do the indices discriminate between the specific energy technologies that have been included in our analysis?

Are data or data collection methods available for each of the indices?

Can data be disaggregated on the national or even regional level?

Table 2.17. Social indices obtained by Gallego and Mack after the filtering process [210].

Continuity of energy service over time Political stability and legitimacy

+ Need of reserve capacity
+ Potential of energy system induced conflicts that may en-
danger the cohesion of societies

+ Market concentration in the supply of primary
sources of energy

+ Willingness of NGOs and other citizen movements to act for
or against the realization of an option

+ Time span for known reserves and assumed resources
for each energy system if used at present rate

+ Reliance on participative decision-making process for dif-
ferent kinds of technologies

+ Probability of the not-in-time availability of a com-
plete waste management concept

+ Empirical survey results concerning citizens acceptance of
power plants

+ System flexibility to react to market changes, in par-
ticular sudden fuel price fluctuations
+ Flexibility to incorporate new technological develop-
ments

Social components of risk Quality of life

+ Qualitative risk characteristics (risk perception vari-
ables)

+ Share of the effective electricity costs in a social welfare
recipients budget

+ Subjective expected health consequences of normal
operation

+ Technology specific job opportunities (direct)

+ Trust in risk management agencies
+ Perception of fairness of risk distribution and benefits in
neighboring communities

+ Mortality due to normal operation + Land use caused by the energy system

+ Mortality due to severe accidents + Inaccessible public area due to energy system

+ Potential for a successful attack
+ Percentage of population perceiving aesthetic impairment of
the landscape

+ Maximum potential effects of a successful assault + Subjective satisfaction of inhabitants with the power plant
+ Number of residents feeling highly affected by noise caused
by energy production
+ Contribution to congestion in traffic peak periods through
transports to energy facility
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Table 2.18. Results of the analysis develop by Gallego and Mark [210].
Innovative

ability
Waste

disposal
Conflict Participation

Health
concerns

Familiarity
Catastrophic

potential
Functional

impact
Aesthetic
impact

Coal power steam 3.64 2.30 2.91 3.91 3.35 3.33 2.45 3.41 3.70
Carbon separation
and sequestration

2.44 3.47 2.57 4.00 2.94 3.64 3.12 2.94 3.00

Gas turbine com-
bined cycle

3.12 1.67 2.56 3.54 2.46 3.12 2.32 2.46 3.03

Nuclear power 3.05 3.64 4.50 4.63 4.18 3.70 4.77 3.13 3.54

Hydro power 3.92 1.38 2.56 3.76 1.69 3.06 2.71 3.23 3.18

CHP fuel cell 1.63 1.68 1.39 2.29 1.75 2.85 1.74 1.51 1.56

Photovoltaic 1.61 1.74 1.51 2.43 1.17 2.62 1.32 2.06 2.53

The major conclusions of the analysis is that of these technologies, nuclear is the least accepted,

while combined heat and power (CHP) fuel cell and solar photovoltaic (PV) are the most accepted.

In addition, the major weaknesses of this study (also recognized by the authors) is that no general

population is included in the analysis, which leaves an open opportunity of research for social

aspects on the sustainability of energy production technologies in general and of these technologies

coupled to power networks via microgids in particular.
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Chapter 3

System Description and Modeling Scheme

for SAF

3.1 Power network system

The power network system considered in this dissertation is depicted in Figure 3.1. It is represented

by a total ofN nodes or areas interconnected by a total ofQ high-voltage transmission corridors,

setting up a total ofL arcs or loops. Production and demand of energy (electricity and/or heat) can

exist at a node. If production of energy exists at a noden, there is a maximum ofW producers

from which it can be generated and supplied to the network.

In order to describe the synthesis/design/operation optimization of the network from a sustain-

ability and resiliency standpoint, two different scenarios at both the national- and international-

level of description are considered. The first scenario,Scenario 1, considers the network at the

transmission level with only centralized energy producers generating power to meet all of the en-

ergy demand. The second scenario,Scenario 2, considers the network at the transmission level

with centralized producers as well as decentralized energy producers via microgrids (MGs) satis-

fying the energy requirements of the network. The electricity demand on the network inScenario

2 is equal to that inScenario 1. The MG producers inScenario 2are in direct competition with the

centralized producers located in the main network.
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Figure 3.1. Schematic representation of the power network.
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Figure 3.2. Schematic representation of a) The Netherlands power network system and b) the same
network system but with attendent MGs [212].

3.1.1 National level: The Netherlands

3.1.1.1 Scenario 1: Grid only

The system considered in a first application ofScenario 1is a power network that represents The

Netherlands in the Northwest European Electricity Market, depicted in Figure 3.2(a). A description
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of the Netherlands power network is obtained from a more detailed network simulator described by

COMPETES (COmprehensiveMarketPower inElectricity Transmission andEnergySimulator)

[195]. Scenario 1for The Netherlands consists of three nodes (n = 1 ; : : : ;3) connected by three

high-voltage transmission lines (q = 1 ; : : : ;3) setting up one loop (l = 1 ) in which demand and

supply of electricity are present. It is assumed that the power network is capable of satisfying its

load with no need for importing power from neighboring countries. Five main firms compete in the

market. A maximum number of generators (w = 1 ; : : : ; W) is initially available at every node,n.

Table 3.1 shows the percentage of each of the main producers by fuel type available in this system.

A sustainable optimum configuration of producers that satisfies the power demand can be de-

termined during the simultaneous optimization of a set of different objectives. As a result, a non-

dominated curve of optimum solutions representing the Pareto set of non-dominated solutions for

the set of different objectives is obtained. In this Pareto set, non-dominated solutions are those

that perform better than some others in at least one criterion, that is, if the objectives are non-

commensurable, the improvement in value of one objective leads to a decrease in value of other

objectives.

Table 3.1. Percentage of centralized available capacity in The Netherlands [212].

Node 1 (%) Node 2 (%) Node 3 (%) Grid (%)

Nuclear 5.21 - - 2.87

Coal 36.18 - 13.21 24.26

Natural Gas (NG) 37.48 86.18 83.70 58.56

Oil 0.18 - - 0.10

Hydroelectric 0.16 1.89 0.07 0.34

Waste 20.80 11.93 3.02 13.88

Table 3.2. Characteristics of the centralized technologies in The Netherlands [212].

Capital Costs ($/kW) Efficiency (%) SO2 Emissions (kg/kWh)

Nuclear 3,000 35.00 0.0000

Coal 2,000 38.14 0.0021

NG 800 41.33 1:94� 10�6

Oil 350 43.00 0.0016

Hydroelectric 1,700 100.00 0.0000

Waste 2,200 52.00 0.0020
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A period of twenty-four hours is considered (t = 1 ; : : : ;24). The twenty-four hour demand

of electricity from the system represents a Load Demand Profile (LDP) of a winter day in The

Netherlands (Dec. 01, 2010) [213]. The LDP of a node,n, is different than the LDPs of the

remaining nodes in the network.

Data for the short run costs (fuel and variable operation and maintenance (O&M)) and the ca-

pacity of the centralized generators at full load are available from COMPETES and can be obtained

from the Energy Research Center of The Netherlands (ECN) [214]. This data has been updated by

Lo Prete et al. [37] in order to account for transmission resistance losses, first and second law effi-

ciencies,SO2 andNOx emissions, forced outage rates (FORs), and updated production capacities

and 2008 costs. In this dissertation, data from Lo Prete et al. [37] is updated to take into account

the non-linearity in part-load performance for first law efficiency, short run costs, andSO2 emis-

sions of the producers. The conversion factor from Euro to USD used is 1.3269, corresponding to

the average exchange rate for 2010 [215]. It is assumed that the productive life of every centralized

generator is 20 years. The average hours of operation during the year for a generator is obtained

from [216]. Table 3.2 shows the average capital costs of equipment, average full load efficiency,

and average full loadSO2 emissions by fuel.

3.1.1.2 Scenario 2: Grid and MGs

In Scenario 2, various sectors of the grid representing residential, commercial, and industrial cus-

tomers are grouped and radially connected via MGs to the main grid described inScenario 1

(see Figure 3.2(b)). A different load demand profile for each of the three different MG sectors –

residential, commercial and industrial– is employed. The total load demand of the system is equal

to that forScenario 1in order to have a valid comparison between MG producers and those in the

main grid, allowing the customers to get electricity from the main grid only, from the MGs only,

or from both. Data for residential, commercial, and industrial load curves is under confidentiality

agreement and cannot be published here.

Five residential, two commercial, and three industrial MG configurations are tied to Node 1;

ten residential MG configurations are tied to Node 2; and six residential, two commercial, and one

industrial MG configurations are tied to Node 3. In total, the system forScenario 2is composed

of thirty-two nodes of which twenty-nine are MG nodes and three main grid nodes. The capacity

of every residential MG configuration is 20 MW, for a commercial MG configuration 110 MW,
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and for an industrial MG configuration 200 MW. Table 3.3 shows the percentage of producers by

fuel type available for the MGs. If MGs are isolated or islanded from the grid, they can satisfy the

total demand of their customers. In addition, MG producers can operate during off-peak as well as

during peak hours. The average hours of operation during the year for decentralized technologies

is also taken from [216].

Average capital costs, average full load energetic efficiencies, and average full loadSO2 emis-

sions for MG producers are provided in Table 3.4. The total life time of operation for these tech-

nologies is considered to be 20 years, except for SOFCs where 10 years is assumed.

Table 3.3. Percentage of available capacity for MG nodes in The Netherlands [212].

Node 1 (%) Node 2 (%) Node 3 (%) MGs (%)

NG 37.07 70.00 44.63 43.49

Coal 51.20 - 36.48 40.24

Oil 8.70 12.00 13.04 10.51

Wind 1.96 18.00 4.00 4.55

Solar 1.09 - 1.85 1.20

Table 3.4. Average characteristics of the decentralized production technologies for The Nether-
lands [212].

Capital Costs ($/kW) Efficiency (%) SO2 Emissions (kg/kWh)

Solid Oxide Fuel Cell (SOFC) 4,700 50.00 0.000000

Diesel reciprocating Engines (REs) 350 34.00 0.000206

NG Microturbines (MT) 1,100 26.00 0.000003

NG-Combined Cycles (NGCC) 1,532 48.00 0.000000

Coal Fired 2,043 36.00 0.000370

Integrated Gasification (IGCC) 2,500 38.00 0.000304

Wind Turbines 900 18.00 0.000000

Solar Photovoltaic (PV) 5,884 18.00 0.000000

3.1.2 International level: COMPETES

3.1.2.1 Scenario 1: Grid only

The system considered inScenario 1is a power network that represents the Northwest European

electricity market as described by COMPETES [195] and depicted in Figure 3.3.Scenario 1
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Figure 3.3. Schematic representation of the Northwest European electricity network [195, 214].

consists of fifteen nodes (n = 1 ; : : : ;15) connected by twenty eight high-voltage transmission lines

(q = 1 ; : : : ;28) setting up fourteen arcs or loops (l = 14). Demand and generation of electricity

exists at seven nodes located in four countries, namely, Zwol, Krim and Maas in The Netherlands,

Merc and Gram in Belgium, F in France, and G in Germany. Four of the remaining nodes are

intermediate nodes between France and the rest of the network, and the last four remaining nodes

do the same for Germany. These intermediate nodes are necessary to construct the linearized direct

current (DC) model for the network [34]. At the intermediate node Avel in France, a constant

export of electricity to a region outside the market is present. It is assumed that the power network

is capable of satisfying its load with no need of importing power from other neighboring countries.

Twelve main firms compete to supply the electricity needs for this market.

Initially, a maximum number of generators (w = 1 ; : : : ; W) is available at every noden to

form a superstructure. Table 3.5 shows the average characteristics of each of the main producers

by fuel type initially available in the system. A sustainable optimum configuration of producers

that satisfies the power demand is determined during the optimization process, via the minimization

(maximization) of a set of objectives. A period of twenty-four hours is considered (t = 1 ; : : : ;24).

The twenty-four-hour electricity demand for the system represents a LDP for the most demanding
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day in Nortwest Europe (Dec. 14, 2010 [213]). The LDP of a node,n, is different than the LDPs

of the remaining nodes in the network. The LDP for each node is determined according to the

country in which it is located as is the maximum energy demand at that node.

Data for the short run costs (fuel and variable O&M) and the capacity of the centralized gen-

erators at full load are available from COMPETES and can be obtained from the Energy Research

Center of The Netherlands (ECN) [214]. This data has been updated by Lo Prete et al. [37] in

order to account for transmission resistance losses, first and second law efficiencies,SO2 andNOx

emissions, FORs, and updated production capacities and 2008 costs. In addition, data from Lo

Prete et al. [37] is updated in this dissertation to take into account the non-linearity in part-load

performance for the first law efficiency, short run costs, andSO2 emissions of the producers. The

conversion factor from Euro to USD is as before 1.3269 [215]. The average productive life, aver-

age capital costs of equipment, average full load efficiency, and average full loadSO2 emissions

the centralized producer by fuel is given in Table 3.5. The average hours of operation during the

year for a producer is obtained from [216].

Table 3.5. Average characteristics of the centralized technologies for COMPETES.

Availablea

Capacity (MW)
Useful Lifeb

(years)
Capital Costsc

($/kW)
Exergeticd

Efficiency (%)
SO2 Emissionse

(kg/kWh)

Nuclear 101,584 40 3,000 47.67 0.00129

Coal 72,752 30 1,900 34.44 0.00146

NG 37,758 20 700 37.43 1:94� 10�6

Oil 15,550 25 350 30.91 0.00225

Hydroelectric 4,722 80 1,700 89.60 0.00000

Waste 1,144 30 2,200 50.93 0.00000

Note: aRef. [214],bRef. [212, 217, 218],cRef. [37, 214],dRef. [37, 214],eRef. [37, 214].

3.1.2.2 Scenario 2: Grid and MGs

In Scenario 2, various sectors of the grid representing residential, commercial, and industrial cus-

tomers are grouped and radially connected via MGs to the main grid described inScenario 1for

COMPETES. A different LDP for the three different MG sectors –residential, commercial and

industrial– is assumed. As for the case of The Netherlands only network, the total load demand of

this larger system is equal to that forScenario 1in order to have a valid comparison between MG
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producers and those in the main grid, allowing the customers to get electricity from the main grid

only, from the MGs only, or from both.

The number of MGs at each node in the network is given in Table 3.6. In total, the system

for Scenario 2is composed of 443 nodes of which 428 are MG nodes and 15 main grid nodes.

The capacity of every MG is 20 MW for a residential configuration, 110 MW for a commercial

configuration, and 200 MW for an industrial configuration. Table 3.7 shows the available producers

capacity for each type of the MG configurations. If MGs are isolated or islanded from the grid,

they can satisfy the total demand of their customers. In addition, MG producers can be operating

during off-peak as well as during peak hours. The average hours of operation during the year for

decentralized technologies is taken from [216]. Average capital costs, average full load energetic

efficiencies, and average full loadSO2 emissions for MG producers are the same as in the case for

The Netherlands only network (see Table 3.4).

Table 3.6. Number of MGs by node and type in COMPETES.

Residential Commercial Industrial

Merc 8 6 2

Gram 6 3 2

Krim 7 5 4

Maas 10 1 0

Zwol 10 4 1

D 89 65 35

F 80 58 32

Table 3.7. Available producer capacities for each type of MG.

Residential
(MW)

Commercial
(MW)

Industrial
(MW)

SOFC 10 6 17

RE 13 100 35

MT 68 67 162

Wind 2 0 0

Solar 0 5 0

NGCC 0 1 1

Coal 0 1 1

IGCC 0 0 5



CHAPTER 3 61

3.2 Synthesis/design/operation optimization model

The problem considered in [34, 37, 219] is modified here to include multiple objectives as well as

the part-load performance of the producers in a quasi-stationary optimization. The optimization is

developed over a period of time which corresponds to the most demanding day of the year 2010.

Initially, a superstructure is considered where a number of producers is available to be chosen

to be part of the final optimum network configuration. This superstructure is synthesized or re-

duced to a network configuration that satisfies the demand from the customers. At the same time,

this reduced network is optimized at the peak-demand (design) and during the off-peak hours (op-

eration). It is assumed that producers targeted to be part of the optimal configuration are operated

at full load during the peak hour and at full or part load or not at all during the off-peak hours.

The problem mathematically represents a quasi-stationary, multiobjective optimization prob-

lem with non-linear constraints. The objective of the problem is to

Minimize

~C = [ �C1; �C2; : : : ;�Ck�1; �Ck ]T (3.1)

with respect to nonnegativePt
w;n andf t

m;n and subject to

NX
n=1

Sn;m;l (f t
n;m;l � f t

m;n;l ) = 0 for all l and t (3.2a)

P t
D n

�
WX

w=1 ;n

P t
w;n �

MX
m=1 ;n

[f t
m;n (1 � �m;n Sm;n f t

m;n ) � f t
n;m ] � 0 for all n and t (3.2b)

Pmin
w;n � Pw;n � Pmax

w;n for all w and n (generation limits) (3.2c)

f min
m;n � f m;n � f max

m;n for all m and n (transmission limits) (3.2d)

The objective functionsCk in Equation (3.1) are defined in Section 3.3. A minus sign for the

k-th element of the objective function vector represents a maximization.P t
w;n , andf t

m;n , are the

decision variables of the problem and represent the power produced by technologyw at noden and

time t and the flow transmitted from nodem to noden at timet, respectively.

The equality constraint, Equation (3.2a), is the linearized DC load flow model equivalent of

Kirchhoff’s voltage law (KVL). The assigning of a positive or negative value to the reactance

depends on the direction of the power flow vectors in each voltage loopl, (see Figure 3.4(a)) and
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Figure 3.4. Schematic representation of the linearized DC Kirchhoff circuit laws for the network
depicted in Figure 3.1.

is determined by the term inside the parenthesis of Equation (3.2a). For the case ofScenario 2, it

is assumed that the MGs are radially connected to a main node in the network.

The first inequality constraint, Equation (3.2b), is the linearized DC load-flow model equivalent

of Kirchhoff’s current law (KCL). As is shown in Figure 3.4(b) the first term,P t
D n

, represents the

load demand at noden during timet. The second term represents the total power generated at

noden during timet while the third term is the net power input to noden during timet, where

f t
m;n

�
1 � �m;n Sm;n f t

m;n

�
is the net import of electricity to noden from every neighboring node

m with Sm;n being the reactance of a high voltage flow line,�m;n a constant used to account for

transmission losses (assuming resistance is approximately proportional to reactance) [37],f t
n;m the

export of power from noden to a neighboring nodem to whichn is directly connected, andf t
m;n

the corresponding import of power to noden from a neighboring nodem. For the case ofScenario

2, each MG represents an extra node,n, in the network; and since they are located near to the

customers, no transmission losses are considered when supplying electricity to their corresponding

main grid node.

As to the second and third inequality constraints, Equation (3.2c) sets restrictions on the ca-

pacity of each producer,w, at noden. The minimum capacity for every producer is set equal to

zero (although a more general formulation that recognizes minimum loading constraints could be

adopted instead), and the maximum capacity is set to the full-load capacity of a producer. Equa-

tion (3.2d) restricts the flow through the transmission lines. The minimum power flow capacity is

equal to zero, while the maximum flow capacity is set equal to the maximum capacity available to

flow from nodem to noden.



CHAPTER 3 63

3.3 Sustainability indices included in the model

3.3.1 Economic indices

Capital costs and O&M costs comprise the principal aspects of sustainability. Those considered in

this work are described below.

3.3.1.1 Monetary costs

The objective function that accounts for the economic aspects in Equation (3.1) is that which

accounts for capital and fuel costs. Capital costs account for the investment in acquiring the equip-

ment, including its manufacture and installation, while fuel costs account for the cost of the fuel

used during the operation of the energy producer. The fuel costs are directly related to the effi-

ciency of the equipment. The monetary objective function of this model, for whichk = $ , is given

as

Ck = C$ =
tmaxX
t=1

NX
n=1

WX
w=1

(Ccap
w;n; $ + Ct

w;n; $) (3.3)

whereCcap
w;n; $ is the capital cost of a producer. These costs are amortized, accounting for interest,

depreciation, and taxes. The annualization factor is�(1 + �)yr =((1 + �)yr � 1) where� is the

discount rate, andyr is the useful life of the producer.Ct
w;n; $ is the fuel cost of the producer

expressed as [220]

Ct
w;n; $ = ’ w;n; $ + �w;n; $P t

w;n + 
w;n; $

�
P t

w;n

�2 (3.4)

Here, the real positive constants’ w;n; $, �w;n; $, and
w;n; $ are the nonlinear coefficients particular

to each producer,w, at each node,n. In this way, the model is able to account for the part-load

behavior of the producers. These are assumed to be nonnegative to maintain the convexity of the

cost functions. In order to obtain these constants, fuel costs are scaled according to the standard

off-design efficiency curves obtained from the literature [221–231] for every type of technology,

and a regression analysis is applied to obtain the values pertaining to each producer. The constants

are the same for two or or more producers if and only if they use the same fuel and are rated at the

same capacity.
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3.3.2 Environmental indices

Emissions to the environment such asSOx, NOx, UHC, PM, CO, andCO2 are considered as

environmental aspects of sustainability. In the present work, onlySO2 emissions are considered,

so thatk = SO2.

3.3.2.1 SO2 Emissions

The objective function in Equation (3.1) that accounts for environmental emissions is written as

follows:

Ck = CSO2 =
tmaxX
t=1

NX
n=1

WX
w=1

Ct
w;n; SO2

(3.5)

The emissions of a producer can be expressed as [220]

Ct
w;n; SO2

= ’ w;n; SO2 + �w;n; SO2 P t
w;n + 
w;n; SO2

�
P t

w;n

�2 (3.6)

Here, the real positive constants’ w;n; SO2 , �w;n; SO2 , and 
w;n; SO2 are the nonlinear coefficients

particular to each producer,w, at each node,n. In this way as before, the model is able to account

for the part-load behavior of the producers. Again, these are assumed to be nonnegative to maintain

the convexity of the cost functions. In order to obtain these constants,SO2 emissions are scaled

according to standard off-design curves obtained from the literature [221–231] for every type of

technology, and a regression analysis is applied to obtain the values pertaining to each producer.

The constants are the same for two or or more producers if and only if they use the same fuel and

are rated at the same capacity.

3.3.3 Technological indices

Factors such as system energetic efficiency, exergetic efficiency, reliability, resiliency, etc. are

commonly used to assess the technological aspects of sustainability. The ones used in this work

are described below.

3.3.3.1 Efficiency

Another objective function in Equation (3.1) is that for network efficiency (first or second law).

The inclusion of network efficiency as an objective function in the sustainability assessment frame-
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work provides additional information that the minimization of total (capital and operational) cost

andSOx emissions do not capture such as, for example, information about transmission losses as

well as cogeneration when CHP production units are present in the network. With respect to the

latter, the allocation of fuel costs and avoided emissions to the products (electricity and heat) of a

CHP plant can be done, as is clearly explained in [232], by assigning the increment of fuel con-

sumption to the production of electricity only, by assigning the increment of fuel consumption to

the production of heat only, by assigning the increment of fuel consumption of a CHP unit based

on the ratio of fuel needed to produce heat only and fuel needed to produce electricity only as if

they were produced in separate units, or allocating the fuel based on the exergy content of the prod-

ucts. In these methods, the allocation is done with a constant factor without taking into account

the surroundings of the CHP unit.

As an extension of these allocation methods, Beretta, Iora, and Ghoniem [232] propose to ac-

count for the penetration of cogeneration in the local area of interest in order to fairly allocate the

fuel consumption among the products of cogeneration. The resulting alloation factor is a dynamic

ratio of primary energy factors for heat and electricity that changes when the penetration of co-

generation becomes more (less) important in the area of interest. When heat use becomes more

important, a higher fraction of fuel use (avoided emissions) is allocated to the production of heat.

Now, the efficiency of the network defined as [101]

Ck = C� =
PTot

F Tot
(3.7)

wherePTot is the total power produced in a certain period of time andF Tot is the total fuel needed

to produce that amount of power.PTot is given by

PTot =
tmaxX
t=1

(P t
L + P t

D ) =
tmaxX
t=1

NX
n=1

WX
w=1

P t
w;n (3.8)

whereP t
L represents the total transmission losses in the high-voltage transmission lines andP t

D the

total demand.F Tot is expressed as

F T ot =
tmaxX
t=1

NX
n=1

BX
w=1

F t
w;n =

tmaxX
t=1

NX
n=1

WX
w=1

P t
w;n

�t
w;n

(3.9)

Here, the fuelF t
w;n needed to produceP t

w;n can be expressed in terms of its energy or exergy

content in order to obtain an energy- or exergy-based index, respectively. The fuelF t
w;n used
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by renewable producers is set equal to zero. The energetic as well as exergetic efficiency of an

individual producer in Equation (3.9) is written as [220]

�t
w;n = ’ w;n;� + �w;n;�P t

w;n + 
w;n;�

�
P t

w;n

�2 (3.10)

Here, the real positive constants’ w;n;�, �w;n;�, and
w;n;� are the nonlinear coefficients particular to

each producer,w, at each node,n. Thus, the model is able to account for the part-load behavior of

the producers. These constants are obtained by scaling the efficiencies according to standard off-

design curves obtained from the literature [221–231] for every type of technology, and a regression

analysis is applied to obtain the values pertaining to each producer. The constants are the same for

two or or more producers if and only if they use the same fuel and are rated at the same capacity.

3.3.3.2 Reliability indices

A second technological objective function in Equation (3.1) is that for the reliability of the system.

Reliability is the probability that the power demand is higher than the available power capacity in

the system. The reliability index used is the Loss-of-Load Probability (LOLP), which represents

the expected number of hours that the system is not able to supply the demand in a certain period

of time [233]. The objective function for reliability is defined in [37] as

Ck = CLOLP =
ZX

z=1

pzf LOLP z (3.11)

wherepz andf LOLP z are the probability and LOLP value of thez-th mixture of the normal approx-

imation (MONA) [234]. MONA is used for the first time in this context in [37] to approximate the

2008 LDC of the Northwest European electricity market in order to obtain the capacity reliability

analysis of the network. The termf LOLP z is obtained from Lo Prete et al. [37] and is given as

f LOLP z = P
�
PD z � P t

Q � P t
W � 0

�
=

1Z
0

�
f PD z �P t

Q
(x)FW t

z
(x)

�
dx (3.12)

Note that in this expression, wind production in the main grid is taken into account since it is

significant fraction of the total production [37]. For example, average wind production for the

year 2010 in The Netherlands was 381 MW [235]. In Equation (3.12),P is the probability,PD z

the demand,P t
Q the power produced by non-wind technologies,P t

W the power produced by wind
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technology,f PD z �P t
Q

(x) the normal distribution function of the production capacity deficit,x is

equal toPD z � P t
Q, andFW t

z
(x) is the exponential cumulative distribution function evaluated atx

given by

F (x) = 1 � e��x (3.13)

Here, the parameter�equals the average wind production during the day. In the absence of detailed

data, it is assumed that the daily wind production is the ratio between the yearly average production

and the number of days in the year.

3.3.3.3 Resiliency indices

The third objective function in Equation (3.1) is that for resiliency. Resiliency is defined as the

ability of a system to recover to a new normal state from a failure caused by an unanticipated

catastrophic event. If a power outage occurs due to a failure in the main grid resulting from,

for example, a snow storm, hurricane, terroristic attack, etc. and there are no MGs present in the

network, the amount of electricity not supplied to the customers within a period of time is taken into

account and corresponds to one hundred percent of the power outage described by a Descriptive

Resiliency Metric [236]. If, on the other hand, MGs are present, they can be isolated or islanded

within a matter of seconds since MGs can operate in island mode and provide the electricity needs

of at least the local customers tied to the MGs, minimizing the extent of the power outage caused

by the unexpected event. There are any number of measures that could be used for resiliency

from a descriptive standpoint. For example, the time elapsed to restore the network to a normal

operation, the amount of power that a utility cannot deliver to the final customer (or total number

of customers affected), and the total monetary cost that the outage brings to the utility [236].

In this work, it is assumed that the resiliency of the system is directly proportional to the amount

of energy produced by the MGs and is described by the MG penetration index given by

Ck = CResiliency =
tmaxX
t=1

NX
n=1

WX
w=1

P t;MGs
w;n

P t;MGs
w;n + P t;Grid

w;n

(3.14)

The maximum possible penetration of MGs is restricted in the present work to be only 15%

of the total production of the system, since it is well known that a high penetration of MGs could

cause instability problems in the network if no voltage and load frequency regulation is present
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[36]. Clearly, with the inclusion of state-of-the-art power electronics in the network, this problem

could be overcome (and, in fact, contribute to network stability) in which case one would not need

to restrict maximum MG penetration to such a low percentage.

3.3.4 Social indices

Social issues are those that account for job creation, increments in life quality, etc. Social indices

are not considered in this work, since at least based on the sensitivity analysis found in [37], they

may not substantially affect the final results of a quantitative energy sustainability assessment.

Thus, as a first cut, we ignore the social indices. However, their significance should be reexamined

in more detail in future work.

3.4 Multiobjective optimization and Pareto optimality concepts

3.4.1 Time dependency in optimization

Three possible approaches for the optimization of a system can be used to determine its optimal

synthesis/design and operation. The first is time independent, while the latter is two are time

dependent. The time-independent approach is based on the optimization of the system at the peak-

hour demand only, while the second is based on a quasi-stationary optimization over twenty-four

hours during the same day as described below. The third approach is a transient optimization based

on the same twenty-four hour period in which transitions from one time period to the next are taken

into account. These transitions are absent in the quasi-stationary approach. The need to account

for them and, thus, use a transient as opposed to quasi-stationary approach is when the transition

times become comparable to or dominate the non-transition times. In this work, it is assumed that

they are not comparable nor dominant.

3.4.1.1 Stationary or peak-hour optimization

In this approach, an optimum configuration is obtained by for example, minimizing the total life cy-

cle costs of the system to satisfy the peak-hour load demand of the day,tpeak, shown in Figure 3.5.

After that, the short run costs for the optimum configuration over the twenty-three off-peak hours

are, as in [219], determined proportionally based on the peak-hour. Note that in [219], the year



CHAPTER 3 69

1 6 12 18 24

 

 

 

 

 

 

1=t

Peak Hour 

Time 

E
le

ct
ri

ci
ty

 D
em

an
d 

maxt

Figure 3.5. Representation of a daily load demand curve [212].

is divided into 4 periods, i.e., summer-peak and -off peak and winter-peak and -off peak and the

minimum short run costs (operational costs) for the performance of the system are obtained for

each single hour, and the costs are then averaged and added to the capital costs to obtain the total

yearly costs. Thus, system operation at off-peak hours is optimized as a post-processing task that

does not affect the optimal synthesis/design of the system which is already fixed.

3.4.1.2 Quasi-stationary optimization

In this second approach the optimum configuration of the system and its performance over the

twenty-four hours is obtained in a single optimization, e.g., minimization of the total costs over

the entire twenty-four-hour period. Thus, both the synthesis/design and the operation are simul-

taneously optimized instead of, as in the previous approach, first optimizing the former and then

only at the end in a post-processing step optimizing the latter. Of course, the major disadvantage

is that the problem becomes much larger, making it more expensive in terms of computational re-

sources. Nonetheless, it is the more correct of the first two approaches for determining the optimal

synthesis/design, and operation since each of these system characteristics are not independent of

each other.

3.4.1.3 Transient optimization

This third approach is more focused on the control of the instantaneous response of producers to

particular events within the power network. As in the second approach, the synthesis/design, and

the operation are optimized simultaneously; but instead of assuming steady state operation in each
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time interval the behavior of the system in modeled in a transient fashion. As mentioned above,

this approach is only useful when transient events are important.

3.4.2 Optimization algorithms

In the sustainability assessment of a system with a single objective optimization, the nature of the

analysis is not conserved because all the objectives are grouped into a single measurement unit.

In a multiobjective optimization, on the other hand, a Pareto set of non-dominated solutions for

different non-commensurable objectives is found. As part of the post-processing, the analyst can

make a decision as to which optimal solution to use based on the importance assigned to each

objective (weighting) [45] or based on the minimization (maximization) of an objective or value

function [220].

3.4.2.1 Gradient-based methods

Now, to optimize a system of non-commensurable objective functions, derivative-based [237, 238]

and non-derivative-based methods [239–241] are available. Derivative-based optimization meth-

ods, such as Sequential Quadratic Programming (SQP), are less computationally expensive, al-

though there is the possibility of getting stuck in local optima if the problem is non-convex. To

overcome this problem, different initial decision variable sets are used to try and span the feasible

space in order to ensure that the algorithm reaches the global optimum.
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Figure 3.6. Representation of the Pareto front of optimum solutions [212]. Reprinted from [212]
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3.4.2.2 Non-gradient-based methods

A non-derivative based method, such as a Genetic Algorithm (GA), is a robust method for opti-

mization in which a number of final optimum values are provided (individuals). The initial values

are allowed to interchange part of their binary chain (genes) through the optimization process in

order to minimize (maximize) the objective functions. The problem is converged when a certain

number of generations is reached and/or the objective function convergence criteria are met. Al-

though it is a robust method of solution, it is very computationally expensive when used for large

problems [39].

3.4.2.3 Optimization algorithm used

It is the derivative-based method, a SQP algorithm [242–244], which is used here. To optimize a

set of non-commensurable objective functions, the maximum and minimum feasible values of the

functions are obtained by optimizing each objective function independently of all of the others.

This provides the so-called utopia point shown in Figure 3.6. Once this is done, the continuous

feasible space of an objective function is discretized and the function used as a constraint in the

optimization of another objective function. This process is repeated for all combinations of objec-

tive functions. The Pareto set resulting from this process is represented by ar � k matrix where

thek = 1 ; : : : ; K are the indices of the objective functions and ther = 1 ; : : : ; R are the number of

intervals into which the feasible space is discretized.

3.5 Making decisions

3.5.1 Value functions

Once the non-dominated set of solutions forming the Pareto front is obtained, a decision-making

procedure is applied to obtain the most desirable solution from among all the optimum solutions

forming the Pareto front (see Figure 3.6). Value functions do not explicity weight the objective

functions in order to find the best compromise solution but instead requires the minimization (max-

imization) of an objective function. Nevertheless, it is understood that a set of optimum weights

is obtained when a best compromise solution is reached. Numerically, the set of non-dominated

solutions is represented by a matrixC with matrix elementscr;k where ther index the number of



CHAPTER 3 72

intervals into which the feasible space is discretized and thek index the objective functions. To

implement the a value function ther th value of thekth objective function,cr;k , is first normalized

to eliminate the difference in units between objective functions. This is accomplished by using

�cr;k =

8>>>><>>>>:
1 cr;k � cmin

r;k

cmax
r;k � cr;k

cmax
r;k � cmin

r;k

cmin
r;k < c r;k < cmax

r;k

0 cr;k � cmax
r;k

(3.15)

when minimizing objectives, e.g., emissions and costs, and by using

�cr;k =

8>>>><>>>>:
0 cr;k � cmin

r;k

cr;k � cmin
r;k

cmax
r;k � cmin

r;k

cmin
r;k < c r;k < cmax

r;k

1 cr;k � cmax
r;k

(3.16)

when maximizing objectives, e.g., efficiencies [220]. Here�cr;k , cmax
r;k , andcmin

r;k are the normalized

value ofcr;k and the maximum and minimum values of thecr;k in thekth vector of solutions of an

objective functionCk , respectively.

The next step is to take each element�cr;k of �C and use them to reduce the matrix to a column

vector according to the expression

cr =

KX
k=1

�cr;k

RX
r =1

KX
k=1

�cr;k

(3.17)

The best compromise solution is found by selecting the objective function set with the maxi-

mum value ofcr , i.e.,cmax
r .

3.5.2 Involvement of decision makers

If instead of using value functions a weighting post-processing approach is used, an interaction

between the analyst and the decision makers (DM) is required. Decision makers such as scientists,

investors, the general public, etc., can be polled to assess their priorities among the different objec-

tives considered in the analysis based on their perceptions or interests [45]. The polls are then used
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to determine an assignment of a weight,�k , for each objective function. The best compromise

solutioncmax
r is then obtained from the set of values given by

cr =
KX

k=1

�kCk (3.18)

where

KX
k=1

�k = 1 (3.19)

To determine the weights for each objective function in this work, the methodology proposed

in [245] is used. A total of six decision makers, all of them involved in academia but in different

disciplines, are asked to rate the five sustainability indices in descending order, starting from what

they consider to be the most important one. A value of 5 is then assigned to the most important

index, and a value of 1 is assigned to the least important.

A K � J index-DM weight matrix,
, is determined from the information obtained, and its

elements are normalized according to the expression


N
ij =


ijX
i


ij

(3.20)

where in this case,i = 1 ; : : : K andj = 1 ; : : : ; J , wereK is the number of objective functions and

J is the number of decision makers, respectively. The normalized weighting matrix,
N , results.

In order to manage the fuzziness introduced by the respondents, aJ � M DM-characteristic

reliability matrix,	, is determined. The characteristics used to evaluate the expertise of the respon-

dents, as well as the values given to each characteristic are shown in Table 3.8. Here the elements

of 	 are	j;m wherej = 1 ; : : : ; J andm = 1 ; : : : ; M , andM is the total number of characteristics

for each decision maker. Then multiplying the
N and	 matrices together yields aK � M matrix

such that

� = 
 N � (3.21)

Taking the elements of this product matrix then results in the needed weights�k for each objective

functionCk , i.e.,
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�k =

X
m

�k;mX
i

X
m

�i;m

(3.22)

where it has been assumed that all the criteria used to evaluate the reliability of the respondents

have the same importance.

The validity of these weights�k depend on issues such as how questions are formulated, knowl-

edge and understanding of stakeholders about the particular problem, failure of stakeholders to

truly represent the community, etc. as is clearly described in [45, 46, 246]. Thus, the formulation

of weights comes with varying levels of subjectivity and uncertainty.

Table 3.8. Characteristics to measure the reliability of a DM [212].

Rank Value Experience (yr) Value

Professor 5 � 25 5

Associate Professor 4 18 � x < 25 4

Assistant Professor 3 11 � x < 18 3

Instructor 2 5 � x < 11 2

Graduate Student 1 < 5 1

Reputation Value Self-confidence Value

Known by many, internationally 5 Very High 5

Known by many, nationally 4 High 4

Known by many, regionally 3 Average 3

Known by many, locally 2 Low 2

Known by a few 1 Very Low 1

3.6 Verification of the model

3.6.1 Single node: Environmental-economic dispatch problem

The economic dispatch problem proposed originally by Wood and Wollenberg [247] was com-

plemented with environmental aspects and latter was used by King and Rughooputh [220] as a

test-bed for their elitism multiobjective optimization algorithm. This environmental-economic dis-

patch problem used in [220] is used here as a test-bed for a first verification of the SAF model for

a single node. The reason for considering the environmental-economic dispatch problem as a ver-

ification are its simplicity in that it considers only three fossil-fueled producers satisfying a fixed
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power demand; and its complexity in that it introduces two types of conflicting objectives (eco-

nomic and environmental) as well as the nonlinearities to account for the part-load performance of

the producers.

The model of the problem is expressed as a multiobjective (non-commensurable), non-linear

optimization problem with non-linear constraints. The first objective function,C1, corresponds

to the minimization of fuel costs (economic objective, $/hr), the second objective function,C2,

corresponds to the minimization ofSO2 emissions (environmental objective, ton/hr), and the third

objective function,C3, corresponds to the minimization ofNOx emissions (environmental objec-

tive, ton/hr). The decision variables of the model arePw;n , and represent the real power generated

by each producer,w, at a node,n. Mathematically, the problem can be written as

Minimize

~C = [ C1; C2; C3]T (3.23)

with respect to nonnegativePw;n and is subject to

3X
w=1

Pw;n � PD
n � PL

n;m = 0 for all n (power balance) (3.24a)

Pmin
w;n � Pw;n � Pmax

w;n for all n (generation limits) (3.24b)

where the subscriptm refers to the number of each transmission line connected to noden. For

the present problemm = 1 even though for the present model no transmission lines are explicitly

included.

The objective functions in Equation (3.23) are

Ck =
3X

w=1 ;n;k

�
’ w;n;k + �w;n;k Pw;n + 
w;n;k P2

w;n

�
(3.25)

wheren = 1 for this problem andk = 1 ; 2; 3. The real positive constants’ w;n;k , �w;n;k , and
w;n;k

are the nonlinear coefficients particular of each objective function,k, each producer,w, at each

node,n. For the particular case presented, Table 3.9 provides the coefficients for fuel cost (k = 1 ),

Table 3.10 the coefficients forSO2 emissions (k = 2 ), and Table 3.11 the coefficients forNOx

emissions (k = 3 ).
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Table 3.9. Fuel cost coefficients [220].

Producer,w ’ w;k=1 ;n=1 �w;k=1 ;n=1 
w;k=1 ;n=1

1 561 7.92 0.001562

2 310 7.85 0.00194

3 78 7.97 0.00482

Table 3.10.SO2 emission coefficients [220].

Producer,w ’ w;k =2 ;n=1 �w;k =2 ;n=1 
w;k=2 ;n=1

1 0.5783298 0.00816466 0.0000016103

2 0.3515338 0.00891174 0.0000021999

3 0.0884504 0.00903782 0.0000054658

Table 3.11.NOx emission coefficients [220].

Producer,w ’ w;k =3 ;n=1 �w;k =3 ;n=1 
w;k=3 ;n=1

1 0.04373254000000 – 0.000094868099 0.00000014721848

2 0.05582171300000 – 0.000097252878 0.00000030207577

3 0.02773152400000 – 0.000353737340 0.00000193385310

VariablePD
n in Equation (3.24a) is the fixed power demand and is 850 MW for the case con-

sidered here. ThePL
n;m in the same equation represent the power flow losses in the transmission

lines and are given by

PL
n;m = Pw;n Bn;m Pw;m (3.26)

whereBn;m are the elements of the transmission losses matrix. For the present caseBn;m =

[0:00003; 0:00009; 0:00012]and the total transmission power loss is

PL = 0 :00003P2
1 + 0 :00009P2

2 + 0 :00012P2
3 (3.27)

Finally, thePmin
w;n andPmax

w;n in Equation (3.24b) are the minimum and maximum real power

that each producer is allowed to provide, respectively. Their values are given in Table 3.12 for each

producer.

Once the non-dominated set of solutions forming the Pareto front for this problem is obtained,

Equations (3.15) to (3.17) are applied to obtain the most desirable solution from among all the
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Figure 3.7. Representation of a model with various nodes and transmission lines [248].

optimum solutions forming the Pareto front. The use of a value function for making the decisions in

this particular case is justified by King and Rughooputh [220] that the decision maker (or operator)

only has a very short period of time to take a critical decision to operate each producer at a certain

load in order to satisfy the demand. It is this short period of time that contributes to the operator

having imprecise (fuzzy) goals for each objective (cost and emissions).

Table 3.12. Limit values for the producer technologies [220].

Producer,w Pmin
w;n =1 Pmax

w;n =1

1 150 600

2 100 400

3 50 200

3.6.2 Multiple nodes: Multi-area economic dispatch (MAED)

The model used for verification purposes in this dissertation of a problem consisting of power

production in a multi-area (or multi-node) region which allows the sharing of power (transmission

or flow) among nodes, is that presented by Streiffert [248]. The terms area and node are used here

interchangeably to represent a region where generation and demand of electricity or heat or both

are required. The model consists of four nodes interconected by transmission lines as depicted in

Figure 3.7. Each node has four producers,Pw;n , and each node is connected by a flow linef m;n .

Mathematically, the model can be written as

Minimize

C =
NX

w;n =1

WX
w=1 ;n

�
�w;n Pw;n + 
w;n P2

w;n

�
+

NX
m;n =1

MX
m=1 ;n

(�m;n f m;n ) (3.28)
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with respect to nonnegativePw;n andf m;n and subject to

PD
n �

WX
w=1 ;n

Pw;n �
MX

m=1 ;n

(f m;n � f n;m ) = 0 for all n (power balance) (3.29a)

Pmin
w;n � Pw;n � Pmax

w;n for all n (generation limits) (3.29b)

f min
m;n � f m;n � f max

m;n for all n (transmission limits) (3.29c)

Decison variablef n;m represents the export of power from noden to its neighboring nodem to

which n is directly connected, andf m;n represents the import of power to noden from its neigh-

boring nodem to whichn is directly connected. Decision variablePw;n is the power produced by

technologyw at noden; and as before, the real positive constants�w;n and
w;n are the nonlinear

coefficients particular of each producer. Since the focus of this particular case is to model the

exchange of power among nodes only, variable�m;n in Equation (3.28) is set to zero.

The characteristics of each producer as well as those for the transmission lines are given in

Table 4.3. The demand for Node-1 isPD
1 = 400 MW, for Node-2PD

2 = 200 MW, for Node-3

PD
3 = 350 MW, and for Node-4PD

2 = 300 MW. Results for this verification are given in Chapter 4.

3.6.3 Multiple nodes and transmission losses: COMPETES

The model for the Northwest European electricity market, COMPETES [195], is used here for

further verification of the model with transmission losses developed in the present research. This

model is developed by Lo Prete et al. [37] to investigate the effects of introducing MGs into the

Northwest European Electricity Market. The work of Lo Prete et al. [37] entails a performance

optimization of the electricity grid (i.e., the system is economically dispatched) consisting primar-

ily of fossil fuel producers and sets of CHP small-scale producers connected to the grid via MGs.

The sustainability indices for the analysis and optimization are the energetic and exergetic efficien-

cies, fuel costs, and NOx and SO2 emissions proposed by Frangopoulos and Keramioti [207] as

well as the Loss-of-Load Probability (LOLP) and Expected Loss of Energy (ELOE) indices for the

reliability of the power network. The model can be written as

Minimize

C$ =
NX

n=1

WX
w=1

Cw;n; $Pw;n (3.30)
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with respect to nonnegativePw;n andf m;n and subject to

NX
n=1

Sn;m;l (f n;m;l � f m;n;l ) = 0 for all l (3.31a)

PD n �
WX

w=1 ;n

Pw;n �
MX

m=1 ;n

[f m;n (1 � �m;n Sm;n f m;n ) � f n;m ] � 0 for all n (3.31b)

Pmin
w;n � Pw;n � Pmax

w;n for all w and n (generation limits) (3.31c)

f min
m;n � f m;n � f max

m;n for all m and n (transmission limits) (3.31d)

The objective functionC$ in Equation (3.30) is the total monetary cost of generation for the net-

work. Pw;n , andf m;n , are the decision variables of the problem and represent the power produced

by technologyw at noden and the flow transmitted from nodem to noden, respectively. Equa-

tion (3.31a) is the linearized DC load flow model equivalent of Kirchhoff’s voltage law (KVL),

Equation (3.31b) is the linearized DC load-flow model equivalent of Kirchhoff’s current law

(KCL), and Equation (3.31c) and Equation (3.31d) set restrictions on the capacity of each producer

and the flow through the transmission lines, respectively. The constant�m;n (assuming resistance

is approximately proportional to reactance) is set to a value wich corresponds to the transmission

losses being approximately 2% of the total generation during the peak hour [37].

In the analysis of Lo Prete et al. [37], the 2008 Load Duration Curve (LDC) is divided into

six blocks where each block represents a certain number of hours and its load is the average of

the load of those individual hours. A common system design configuration is imposed on all six

blocks, and the optimum production configuration of each block is obtained by optimizing the

cost of generation (i.e., the system is economically dispatched). The optimization of one block

is develop independently of the others. Thus, this is not a quasi-stationary approach. The annual

results are obtained by weighing the results of each block by the appropriate number of hours. The

rest of the indices (i.e., energetic and exergetic efficiencies, emissions, and LOLP) are obtained

from a post-processing analysis after the single optimization is developed. In the present work, the

verification of the model using that of Lo Prete et al. [37] is developed for the case where CO2

emissions are not considered. Results for this verification are given in Chapter 4.
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Chapter 4

Results and Discussion for SAF

4.1 Results for verification of the model

4.1.1 Single node: Environmental-economic dispatch problem

The model for the environmental-economic dispatch problem is described in section 3.6.1. It is

expressed as a multiobjective, non-linear optimization problem with non-linear constraints. The

objective functions are defined by Equation (3.25) and represent the fuel costs,SO2 emissions,

andNOx emissions. The equality and inequality constraints representing the model and system

operational limits are defined in Equations (3.24a) and (3.24b), respectively. King and Rughooputh

[220] optimize their model using a Non-Sorted Genetic Algorithm (NSGA-II) developed by Deb

et al. [239]. In the present work, the model is optimized by using a derivative-based Sequential

Quadratic Programming (CFSQP) optimization algorithm developed by Tits and co-workers [242–

244]. In addition, the NSGA-II [239] algorithm obtained from Deb [249] is used here as well for

purposes of comparison between performance of the two different algorithms.

Table 4.1 shows the results of minimizing each of the three objectives individually. The first

column for each objective function provides the results from King and Rughooputh [220], and the

second column for each objective shows the results obtained by the present author using the CFSQP

algorithm. As is evident for the case of minimizing the three objective functions individually, the

difference between the values of the cost functions from King and Rughooputh [220] and the results

obtained in this work are negligible. The losses are similar for the two cases. For the minimization

of the fuel costs andNOx emissions, the power generated by the three producers is very similar.
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For the minimization ofSO2 emissions, generatorsP2 andP3 produce less power than in [220],

butP1 generates a larger amount.

Figure 4.1 shows the Pareto front for this environmental-economic dispatch problem. Fig-

ure 4.1(a) is the Pareto front obtained by King and Rughooputh [220] while Figure 4.1(b) shows

the non-dominated solutions obtained in the present work using the CFSQP and NSGA-II algo-

rithms. The blue circles corresponds to the solution obtained using the latter algorithm. The

optimization using the NSGA-II algorithm is based on the characteristics obtained from King and

Rughooputh [220], that is, a population of 500 individuals, a crossover probability of 0.99, a mu-

tation probability of 0.01, a distribution index for crossover equal to 5, a mutation crossover equal

to 50, and an initial seed of 0.125. The optimal solution is obtained at the 20,000-th generation.

The red squares correspond to the values obtained using the CFSQP algorithm. In order to use the

derivative-based method, the feasible space is discretized into 21 intervals, and an optimization for

each individual set is obtained.

Table 4.1. Minimization of the individual objective functions for the environmental-economic
dispatch problem.

Fuel Cost SO2 emissions NOx emissions

Ref. [220] CFSQP Ref. [220] CFSQP Ref. [220] CFSQP

P1 431.680 435.198 538.527 551.962 508.367 507.002

P2 302.925 299.970 227.817 219.574 250.444 251.971

P3 131.314 130.661 98.185 92.980 105.934 105.796

Losses,PL 15.919 15.829 14.528 14.516 14.745 14.769

Fuel Cost 8344.651 8344.593 - - - -

SO2 emissions - - 8.97870 8.96594 - -

NOx emissions - - - - 0.09599 0.09593

Table 4.2. Most desirable solution for the environmental-economic dispatch problem when the
three objective functions are optimized simultaneously.

Ref. [220] CFSQP NSGA-II

P1 496.328 503.462 493.398

P2 260.426 252.935 262.785

P3 108.144 108.374 108.754

Losses (PL ) 14.898 14.771 14.938

Fuel Cost (C1) 8358.896 8362.355 8357.581

SO2 emissions (C2) 8.97870 8.97558 8.98009

NOx emissions (C3) 0.09599 0.09594 0.09602
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(a) Results from King and Rughooputh [220].

Reprinted from [220] Copyright © 2003 IEEE, with

permission.
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Figure 4.1. Pareto frontier for the environmental-economic dispatch problem; in part (b), the blue
circles are the solutions obtained using the NSGA-II algorithm, and the red squares the solutions
obtained with the CFSQP algorithm.

Table 4.2 presents a comparison of the results of solving the dispatch problem as a multiobjec-

tive optimization, minimizing the three objectives at the same time. The second column shows the

results given in [220], and the third and fourth columns show the results obtained in the present

work using the CFSQP and NSGA-II algorithms, respectively. As can be seen, the most desir-

able solution differs somewhat more than before using a derivative-based algorithm as compared

to a genetic algorithm. With the CFSQP algorithm, the accuracy of the solution is highly depen-

dent on the number of intervals into which the feasible space is discretized. If a small number of

sets is used, the error is high. If a large number of discrete points is used, the spacing between

non-dominated solutions is reduced; and the most desired solution is closer to that obtained using

the genetic algorithm. For the purposes of the study developed in the present work, the accuracy

provided by a derivative-based algorithm such as CFSQP [242–244] is more than acceptable, con-

sidering the significant reduction in computational burden which is realized with highly complex

optimization problems.

4.1.2 Multiple nodes: Multi-area economic dispatch (MAED)

The model for the multi-area economic dispatch problem is described in section 3.6.2. It repre-

sents a power network where generation and demand of electricity or heat or both are required in
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each node. The system is depicted in Figure 3.7 and consists of four nodes, with four producers in

each node, interconnected by transmission lines. MAED model is expressed as a non-linear single

objective optimization problem. The objective function is defined by Equation (3.28) and repre-

sent the fuel costs of generation. The equality constraints representing the model are defined by

Equations (3.29a), and the inequality constraints representing the operational limits of the system

are defined by Equations (3.29b) and (3.29c). Results for the MAED provided by Streiffert [248]

and those of the optimal values obtained in the present work are provided in Table 4.3. As can be

seen, the results obtained here using the CFSQP algorithm are in good agreement with those found

in [248].

Table 4.3. Results of the verification using the Streiffert model [248].

Node Prod.
Pmax

w;n

[248]
Pmin

w;n

[248]
�w;n [248] 
w;n [248] Pw;n [248] C [248] Pw;n C

N1 P1;1 150 50 4 0.01 150 825 150 825
P2;1 100 25 2 0.03 100 500 100 500
P3;1 100 25 3 0.05 66.97 425 67.01 425.53
P4;1 100 25 1 0.04 100 500 100 500

N2 P1;2 150 50 4 0.05 56.97 390 57.01 390.53
P2;2 100 25 2 0.04 96.25 563 96.26 563.16
P3;2 100 25 3 0.08 41.87 266 41.88 265.96
P4;2 100 25 1 0.06 72.52 388 72.51 387.94

N3 P1;3 150 50 4 0.1 50 450 50 450
P2;3 100 25 2 0.12 36.27 230 36.25 230.22
P3;3 100 25 3 0.1 38.49 264 38.50 263.77
P4;3 100 25 1 0.13 37.32 218 37.31 218.28

N4 P1;4 150 50 4 0.01 150 825 150 825
P2;4 100 25 2 0.03 100 500 100 500
P3;4 100 25 3 0.05 57.05 334 57.01 333.52
P4;4 100 25 1 0.04 96.27 467 96.26 466.90

Node Line f max
mn f min

mn �mn [248] - f mn [248] C [248] f mn C

N1 f 21 100 0 1 - 0 0 0 0
f 31 100 0 1 - 0 0 0 0
f 41 100 0 1 - 1.21 1 3.23 3.23

N2 f 12 100 0 1 - 0 0 0 0
f 32 100 0 1 - 0 0 0 0
f 42 100 0 1 - 2.11 2 0.04 0.04

N3 f 13 100 0 1 - 18.18 18 20.24 20.24
f 23 100 0 1 - 69.73 70 67.70 67.70
f 43 100 0 1 - 100 100 100 100

N4 f 14 100 0 1 - 0 0 0 0
f 24 100 0 1 - 0 0 0 0
f 34 100 0 1 - 0 0 0 0

Total: $7,337.00 $7,337.01
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4.1.3 Multiple nodes and transmission losses: COMPETES

The model for a system with multiple nodes and transmission losses that describes a power network

model for the Northwest European electricity market represented by COMPETES [195] is given

in section 3.6.3. The model is expressed as a non-linear single objective optimization problem for

the performance optimization of the electricity grid consisting primarily of fossil fuel producers

and sets of CHP small-scale producers connected to the grid via MGs [37]. The objective function

is defined by Equation (3.30) and represent the short run costs of the network. The equality and

inequality constraints representing the model are defined by Equations (3.31a) and (3.31b), respec-

tively, and the inequality constraints representing the operational limits of the system are defined

by Equations (3.31c) and (3.31d).

Table 4.4 provides results for the verification using the COMPETES model. The optimization

of the monetary optimal costs varies from that in Lo Prete et al. [37] by 2.07% for the scenario in

which the grid alone is optimized (Scenario 1) and by 1.35% for the scenario in which MGs are

included in the model (Scenario 2). For both cases, the result obtained with the SQP algorithm is

lower that the result reported in [37].

Based on the comparison of results given in Table 4.4 and the information available to the

author of the model by Lo Prete et al. [37], it is believed that this small difference in the results

is due to the optimization algorithm only, although this conjecture cannot be totally affirmed. In

the case of [37], the model is written in ILOG OPL 6.3 and the Cplex 12 optimizer [250] used,

while in the present work the model is written in C language and the CFSQP algorithm [242–244]

is used for the optimization.

Table 4.4. Results of the verification with the model for COMPETES.

Scenario 1- No MG Scenario 2- MG

Ref. [37] verification Ref. [37] verification

Efficiency,�I (%) 45.84 45.77 45.83 45.81

Efficiency,�II (%) 44.40 44.31 44.39 44.36

SOx Emissions (kton/yr) 289.44 224.54 281.55 215.35

NOx Emissions (kton/yr) 347.76 253.78 343.15 249.52

Cost (Me /yr) 15,291.00 14,974.26 15,180.00 14,973.88

Cost (M$/yr) 20,289.63 19,869.34 20,142.34 19,868.84

LOLP (hr/10-yr) 7.70 7.70 5.53 5.53
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4.2 National level: The Netherlands

4.2.1 Single objective-peak hour versus quasi-stationary optimization

In order to compare the peak-hour versus the quasi-stationary optimization approaches, asingle-

objectiveoptimization minimization of the total life cycle costs of the model for the Netherlands

described in Section 3.1.1.1 and depicted in Figure 3.2(a) (Scenario 1) is obtained. A period

of twenty-four hours representing the day with the highest energy consumption of the year is

considered. Using one day as a representative period has the advantage that the most stressful

scenario is considered only, reducing the computational burden associated with the optimization.

On the other hand, it represents a very small sample of events (as opposed to the total operating time

of 8760 hrs) and may not fully capture the reality of the scenario, particularly with renewable-based

energy producers such as wind and photovoltaics. This, nonetheless, is a reasonable approach

since the added computational burden which would be involved could well render the problem

computationally impossible.

For the peak-hour optimization, the model of the system is described in Section 3.6.3, where the

objective function is defined by Equation (3.30) and represents the short run costs of the nerwork.

The equality and inequality constraints representing the model are defined by Equations (3.31a)

and (3.31b), respectively, and the inequality constraints representing the operational limits are de-

fined by Equations (3.31c) and (3.31d). In order to obtain the performance of the system, the

short-run costs of every non-peaking hour are proportionally determined relative to the load de-

mand profile using the peak-hour value as the basis. That is, the cost of each non-peaking hour is

equivalent to the product of the cost for the peak hour and the ratio of load demand of the non-

peaking hour of interest and that of the peak hour. The sum of the twenty four-hour short-run costs

plus the capital costs (on a levelized $/day basis) determined at the peak in order to meet peak

demands represents the total life cycle costs for the system over the twenty-four hour period.

In contrast, for the quasi-stationary optimization, the model of the system is described in Sec-

tion 3.2, where the objective function is defined by Equation (3.3) considering the termCt
w;n; $ that

represent the short run costs of the network and defined by Equation (3.4), where’ and
are equal

to zero for this particular case. The equality and inequality constraints representing the model are

defined by Equations (3.2a) and (3.2b), respectively, and the inequality constraints representing the

operational limits are defined by Equations (3.2c) and (3.2d). For this quasi-stationary optimiza-
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tion approach, the decision variables of each non-peaking hour are linked to those of the peaking

hour; and as a result, all decision variables for the system are updated at every iteration of the opti-

mization. Thus, the short-run costs of every non-peaking hour are determined based on the values

obtained for the decision variables of each non-peaking hour for each iteration of the optimization.

Table 4.5 shows the results for the total life cycle costs of the peak-hour optimization strat-

egy versus the total life cycle costs of the quasi-stationary optimization strategy. The minimum

costs for the peak-hour optimization approach are 84,035 Million USD (MM-$) and those ob-

tained from the quasi-stationary optimization approach are 75,114 MM-$, a difference of about

12%. This is not surprising, since the quasi-stationary optimization sets aside the most expensive

generation sources during low-load periods, while the peak-hour optimization approach assumes

that all generators reduce their output proportionally. Table 4.5 also shows the results for total life

SO2 emissions, efficiency, and LOLP. In the averaging scheme, the LOLP represents the minimum

outage hours/10-yr of the system during the peak hour, while that of the quasi-stationary scheme

is based on the optimum configuration of the entire period. As can be seen, a higher efficiency

for that of the quasi-stationary approach is obtained, while total life SO2 emissions are better for

the peak-hour strategy, noting, of course, that this strategy is not a reflection of reality. Relia-

bility is similar for both approaches. The differences with the peak-hour optimization results are

attributable to the fact that the part-load performance of the system for the peak-hour strategy is

not determined directly but are instead based on averages.

Table 4.5. Single objective optimization results for the peak-hour averaging approach versus the
quasi-stationary approach for the Netherlands [212].

Peak-hour
Optimization

Quasi-stationary
Optimization

Difference (%)

Total Life Cycle Costs (MM-$) 84,035 75,114 11.88
Total Life CycleSO2 Emissions

(Ton)
264,314 324,833 -18.63

Network Efficiency (%) 43.36 43.71 0.79

LOLP (Outage, hr/10-yr) 3.21 3.24 -1.07

Resiliency (%-MGs) - - -

Another approach used to obtain the part-load performance of the system, when optimizing

only the peak-hour, is that of using the optimal peak-load configuration obtained to optimize the

twenty-three non-peaking hours separately. Using this approach, the optimum values are almost
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identical with those obtained by the quasi-stationary approach,but the optimum configuration and

its part-load performance are different. Thus, although the quasi-stationary optimization is more

computationally expensive, it does make a difference in the correctness of the results obtained.

This difference becomes even more important when optimizing the synthesis/design performance

of a transient system [153].

4.2.2 Quasi-stationary multi-objective optimization results

4.2.2.1 Limits on the objective functions

Two scenarios are considered for the quasi-stationarymulti-objectiveoptimization of the Nether-

lands.Scenario 1is described in Section 3.1.1.1 and depicted in Figure 3.2(a), andScenario 2is

described in Section 3.1.1.2 and depicted in Figure 3.2(b). The quasi-stationary multi-objective

optimization problem is given by Equations (3.1) and (3.2). The objective functionsCk in Equa-

tion (3.1) are the total life cycle costs of the system defined by Equation (3.3); the total life cycle

SO2 emissions of the system defined by Equation (3.5); the efficiency of the system defined by

Equation (3.7); the reliability of the system given by the LOLP and defined by Equation (3.11);

and the resiliency of the system defined as the microgrid penetration in the system and given by

Equation (3.14). The minimum and maximum values for the objective functions representing the

feasible space for the synthesis/design/operation are provided in Table 4.6 forScenario 1and Ta-

ble 4.7 forScenario 2. As seen, the feasible space is larger forScenario 2. This is because of the

addition of renewable-based production technologies such as photovoltaic (PV) and wind turbines

as well as more fuel-expensive reciprocating engines and natural gas (NG) microturbines.

The next sections present the Pareto sets for two objective functions at a time. Visualizing more

than two at a time is difficult, since ak-dimensional space is required fork objective functions.

When using more than three objectives, the Pareto sets are shown with numerical values.

Table 4.6. Feasible space forScenario 1for the quasi-stationary, multiobjective optimization prob-
lem described in Section 3.1.1.1 and given by Equations (3.1) and (3.2) [212].

Minimum Maximum

Total Life Cycle Costs (MM-$) 75,126 104,144

Total Life CycleSO2 Emissions (Ton) 96,401 324,833

Network Efficiency (%) 41.40 44.31

LOLP (Outage, hr/10-yr) 2.781 3.274

Resiliency (%-MGs) - -
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Table 4.7. Feasible space forScenario 2for the quasi-stationary, multiobjective optimization prob-
lem described in Section 3.1.1.2 and given by Equations (3.1) and (3.2) [212].

Minimum Maximum

Total Life Cycle Costs (MM-$) 71,113 108,912

Total Life CycleSO2 Emissions (Ton) 77,088 368,936

Network Efficiency (%) 40.81 44.43

LOLP (Outage, hr/10-yr) 4.53 23.44

Resiliency (%-MGs) 4.41 12.17

4.2.2.2 Capital – O&M life cycle costs

Figure 4.2 shows a view of the Pareto set for the capital costs versus the total life cycle short

run costs (variable O&M and Fuel). Capital life cycle costs denote the investment made for the

total capacity of each optimum configuration, assuming that each network configuration is fully

built with no capacity expansion. It can be seen that as the capital cost of the grid decreases, the

total short run costs increase. This trend is observed because coal and waste plants are replaced by

natural gas technologies in the most expensive optimum configurations, as can be seen in Figure 4.3

for Scenario 1and Figure 4.4 forScenario 2. Coal plants are expensive to build but relatively

cheap to operate, while natural gas technologies are relatively cheap to build but more expensive

to operate.
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Figure 4.2. Optimal capital versus life cycle O&M costs [212]. Reprinted from [212] Copyright ©
2012 by ASME, with permission.
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Figure 4.3. Sizes of the optimum network configuration in the Pareto set forScenario 1[212].
Reprinted from [212] Copyright © 2012 by ASME, with permission.

Comparing both scenarios, as seen in Figure 4.2,Scenario 2is more expensive thanScenario 1

for all possible optimum configurations in the synthesis/design/operation space. This is because of

the higher unit capital cost of distributed generation technologies such as fuel cells, photovoltaics,

and small coal plants, as well as the higher operating costs of diesel reciprocating engines, NG

microturbines, and solid oxide fuel cells.

4.2.2.3 Total life cycle costs – efficiency

Figure 4.5 shows a view of the Pareto set for the network efficiency. An optimum efficiency point

is shown at about 79,000 MM-$ forScenario 1and about 83,000 MM-$ forScenario 2. Beyond

these points for both scenarios, the efficiency of the system decreases as the total life cycle costs

increase. This is because smaller less efficient technologies begin to play a role in the produc-

tion of electricity, while the base-load technologies, such as coal, decrease their participation in

the optimum configurations. ForScenario 1, efficiency decreases to the left of the optimum point

because the penetration of NG-based technologies decreases, while the penetration of coal-based

ones increases. This is due to the fact that the life cycle O&M costs of the coal-based technologies

are lower even though their capital costs are higher and their efficiencies lower than those of the

NG-based generators. ForScenario 2, the same trend as forScenario 1is followed with the addi-
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tion of capital intensive oil-, PV-, and wind-based generators, the latter two having the advantage

of almost negligible O&M life cycle costs.
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Figure 4.4. Sizes of the optimum network configuration in the Pareto set forScenario 2[212].
Reprinted from [212] Copyright © 2012 by ASME, with permission.

In addition, it is shown thatScenario 2has a better network efficiency thanScenario 1for

almost all the optimum points, except for a range between 91,000-97,000 MM-$. In this range,

coal reduces significantly its role in the network for both scenarios. Approximately 1.2 GW of
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Figure 4.5. Optimal network efficiency versus optimal total life cycle costs [212]. Reprinted from
[212] Copyright © 2012 by ASME, with permission.

centralized NG is replaced by distributed generation inScenario 2. Nuclear, oil, waste, and hydro

technologies produce almost the same amount of power in both scenarios. In addition, transmis-

sion losses are reduced inScenario 2, because of the local power generation, which improves the

performance of the power network system.

4.2.2.4 Total life cycle costs – SO2 emissions

Figure 4.6 shows the total life cycleSO2 emissions versus total life cycle costs for the optimal

configurations. For both scenarios, it is seen that emissions decrease while the cost of production

increases. This is because technologies using cheaper fuels with higher emissions ofSO2, such as

coal and wastes, decrease production costs, while cleaner and more expensive technologies such

as natural gas increase production costs. Technologies fueled with nuclear and hydro maintain the

same production costs. Oil does not play a role in any configuration for the centralized system; it

is required for the MGs only. In MG configurations, natural gas and oil technologies increase their

penetration in the system for the most expensive cases.

Figure 4.6 also shows that the optimal total life cycleSO2 emissions are lower forScenario

2, because PV, wind turbines, and fuel cells play a role in the optimum configurations. For the

most expensive cases, the emissions are lower forScenario 1because oil starts to increase its

contribution in the MG configurations.
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Figure 4.6. Optimal total life cycleSO2 emissions versus optimal total life cycle costs [212].
Reprinted from [212] Copyright © 2012 by ASME, with permission.
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4.2.2.5 Total life cycle costs–reliability

Figure 4.7 shows the Pareto set for optimal reliability versus optimal total life cycle costs. The

LOLP is almost independent of costs forScenario 1so that little variation in the reliability of the

optimal system occurs. This is due to the fact that although the configurations are changing at
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Figure 4.8. Optimal resiliency (penetration of MGs) versus optimal total life cycle costs (capital
and O&M) [212]. Reprinted from [212] Copyright © 2012 by ASME, with permission.

every point in the Pareto set, they always include a large amount of base- and intermediate-load

power plants.

The figure also shows that reliability is better forScenario 1than for Scenario 2. A high

penetration of wind and PV results in uncertainties in the power available to the grid due to the

intermittent nature of these technologies; thus, their availability is low. There is an optimum point

for Scenario 2at about 84,000 MM-$, when the MG penetration is the lowest of all the possible

optimum configurations. Note that the LOLP reported here is only that for the capacity reliability

and does not include the transmission line.

4.2.2.6 Total life cycle costs–resiliency

Figure 4.8 shows the view of the Pareto set for resiliency versus total life cycle costs for the

optimal configurations. Since resiliency is defined to be directly proportional to MG penetration,

Scenario 1has a resiliency of zero for all the possible optimum solutions. On the other hand,

Scenario 2shows the highest resiliency at the lowest optimal total life cycle costs, when small

coal technologies provide their maximum contribution to the network. This indicates that at this

optimum point, if a disruption of the transmission grid were to occur, MGs could be isolated from

the network within seconds and provide electricity locally to residential, commercial, and industrial

customers, thus, minimizing by about 12% the amount of power outage that otherwise would occur
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if no MG capacity at all were included in the network.

4.2.2.7 Post–processing analysis

Table 4.8 and Table 4.9 show the numerical values for the Pareto front of optimum solutions for

Scenario 1andScenario 2, respectively, presented and discussed in previous sections. For sake

of comparison, two methods of decision making are used in order to obtain the most desirable

solution among the set of optimum solutions in the Pareto front. The first approach is that described

in Section 3.5.1, in which a value function is applied directly in order to obtain the most desirable

solution. The second approach is that described in Section 3.5.2, in which decision makers are

asked to give their suggestion for the importance of the different objective functions used in the

problem in order to obtain the weights for the sustainability indices.

Table 4.8. Objective function values for selected Pareto optimal solutions forScenario 1[212].

Total Life Cycle
Efficiency (%)

Total Life CycleSO2 LOLP Resiliency

Costs (MM-$) Emissions (Ton) (hr/10-yr) (%-MGs)

75,126 43.50 324,833 3.178 -

79,627 44.31 266,435 3.173 -

84,826 44.18 220,530 2.781 -

89,561 43.48 183,275 3.203 -

94,024 43.27 154,562 3.274 -

98,907 42.50 124,240 3.099 -

104,144 41.40 96,401 3.187 -

Table 4.9. Objective function values for selected Pareto optimal solutions forScenario 2[212].

Total Life Cycle
Efficiency (%)

Total Life CycleSO2 LOLP Resiliency

Costs (MM-$) Emissions (Ton) (hr/10-yr) (%-MGs)

71,113 42.77 368,936 19.216 12.17

77,533 44.33 288,398 6.836 9.00

83,725 44.43 226,374 4.528 4.41

90,177 43.58 173,953 7.209 5.07

96,308 42.73 128,960 12.222 5.97

103,236 42.82 114,170 21.541 6.66

108,912 40.81 77,088 23.443 6.48
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If the first approach is used, that is, using value functions, the sustainability-resiliency sub-

indices are obtained with the value functions given by Equation (3.15) for minimizing objectives,

and by Equation (3.16) for maximizing objectives, and the global sustainability-resiliency index is

obtained with the methodology given in Section 3.3 of Chapter 3. Table 4.10 shows the results for

Scenario 1and Table 4.11 forScenario 2. The global sustainability-resiliency index is indicated

in bold and represents the most desirable solution among the optimum solutions in the Pareto

set. As seen, the most desirable solution forScenario 1has a composite sustainability-resiliency

index of 0.07945, while that forScenario 2has one of 0.09351. Table 4.12 lists the actual values

corresponding to the objective functions of the global composite sustainability-resiliency index.

As can be seen in Table 4.12, the most desirable solution forScenario 2shows that the inclusion

of MGs into the network leads to a better overall efficiency, a reduction in monetary costs, and

an improved network resiliency. On the other hand, total life cycleSO2 emissions and network

reliability are not improved, i.e., they are slightly better inScenario 1.

Table 4.10. Sustainability-resiliency indices forScenario 1using value functions [212].

Total Life Cycle
Costs

Efficiency
Total Life Cycle
SO2 Emissions

LOLP Resiliency
Composite

Index

0.8938 0.7431 0.1511 0.9806 - 0.07149

0.7747 0.9669 0.3512 0.9811 - 0.07937

0.6372 0.9309 0.5085 1.0000 - 0.07945
0.5119 0.7376 0.6362 0.9797 - 0.07399

0.3939 0.6796 0.7345 0.9763 - 0.07189

0.2647 0.4669 0.8384 0.9845 - 0.06596

0.1261 0.1630 0.9338 0.9802 - 0.05689

Table 4.11. Sustainability-resiliency indices forScenario 2using value functions [212].

Total Life Cycle
Costs

Efficiency
Total Life Cycle
SO2 Emissions

LOLP Resiliency
Composite

Index

1.0000 0.5414 0.0000 0.2043 1.0000 0.07090

0.8302 0.9724 0.2760 0.8035 0.7395 0.09351
0.6663 1.0000 0.4885 0.9153 0.3624 0.08863

0.4956 0.7652 0.6681 0.7856 0.4166 0.08085

0.3334 0.5304 0.8223 0.5431 0.4906 0.07023

0.1502 0.5552 0.8729 0.0920 0.5472 0.05726

0.0000 0.0000 1.0000 0.0000 0.5325 0.03957
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Table 4.12. Values of the objective functions corresponding to the most desirable solution [212].

Objective Scenario 1 Scenario 2

Total Life Cycle Costs (MM-$) 84,826 77,533

Efficiency (%) 44.18 44.33

Total Life CycleSO2 Emissions (Ton) 220,530 288,398

LOLP (hr/10-yr) 2.781 6.836

Resiliency (%-MGs) 0.00 9.00

Table 4.13. Responses from the consultants to the ranking of objectives [212].

DM1 DM2 DM3 DM4 DM5 DM6

Costs 5 2 1 5 5 1

Efficiency 2 4 3 2 4 3

Emissions 3 5 5 3 3 5

Resiliency 1 3 2 1 1 2

Reliability 4 1 4 4 2 4

Table 4.14. DM-characteristic reliability matrix [212].

Rank Experience Self-confidence Reputation

DM1 3 2 5 3

DM2 5 3 5 3

DM3 2 1 5 1

DM4 1 1 5 1

DM5 2 1 5 1

DM6 5 5 5 5

Now, if instead of value functions the weighting post-processing approach proposed by [207]

and described in Section 3.5.2 of Chapter 3 is used, sustainability sub-indices and a composite

sustainability-resiliency index for each of the optimum solutions in the Pareto set are obtained. To

establish the weights, the values for the responses from the experts in Table 4.13 are used as is the

DM-characteristic reliability matrix given in Table 4.14. Note that a very high self-confidence is

assumed for all the consultants.

Table 4.15 shows the results forScenario 1and Table 4.16 forScenario 2. As seen, the most de-

sirable solution forScenario 1has a composite sustainability-resiliency index of 0.5562, while that

for Scenario 2has one of 0.6446. These two most desirable solutions are also the ones found using
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value functions (see Table 4.10 and Table 4.11) although the values of the composite sustainability-

resiliency indices are different. Figure 4.9 shows the normalized indices of the most desirable so-

lution for both scenarios using value functions and DM inputs for the Netherlands. Note that since

the transmission reliability is not included, the results for reliability given here are not conclusive.

Table 4.15. Sustainability-resiliency index forScenario 1using DM suggestions [212].

Economic Environmental Technological Composite

Sub-index Sub-index Sub-index Index

0.8938 0.1511 0.4696 0.5194

0.7747 0.3512 0.5144 0.5553

0.6372 0.5085 0.5134 0.5562
0.5119 0.6362 0.4682 0.5379

0.3939 0.7345 0.4556 0.5231

0.2647 0.8384 0.4159 0.4975

0.1261 0.9338 0.3539 0.4586

Table 4.16. Sustainability-resiliency index forScenario 2using DM suggestions [212].

Economic Environmental Technological Composite

Sub-index Sub-index Sub-index Index

1.0000 0.0000 0.6477 0.5659

0.8302 0.2760 0.8069 0.6446
0.6663 0.4885 0.6707 0.6106

0.4956 0.6681 0.6070 0.5867

0.3334 0.8223 0.5157 0.5489

0.1502 0.8729 0.3995 0.4622

0.0000 1.0000 0.2518 0.4019

4.2.2.8 24-hr performance for the best optimum solution

Figure 4.10 shows the twenty-four hour performance of the best compromise solution forScenario

1. Coal, nuclear, waste, and hydro technologies serve as base-load technologies, while NG pro-

vides intermediate-load and peaking. This is expected, since coal, nuclear, hydro, and waste are

typically large power plants that are cheap to operate, although more capital intensive.
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Figure 4.11 shows the performance of the best compromise solution forScenario 2. Compared

with Scenario 1, the main grid forScenario 2is producing about 1,000 MW less electricity from

NG technologies. Nuclear, coal, waste, and hydro produce the same electricity in both scenarios.

In the MGs, NG technologies such as fuel cells and microturbines produce a constant amount of

electricity throughout the day, while small coal plants produce most of the electricity, especially

for industrial applications. Diesel reciprocating engines operate during peak hours only.
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Figure 4.9. Normalized values or indices for the best compromise solution in the Pareto set for the
Netherlands [212]. Reprinted from [212] Copyright © 2012 by ASME, with permission.
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Figure 4.10. Power production throughout the day for the best fuzzy logic compromise solution
for Scenario 1[212]. Reprinted from [212] Copyright © 2012 by ASME, with permission.
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Figure 4.11. Power production throughout the day for the best fuzzy logic compromise solution
for Scenario 2[212]. Reprinted from [212] Copyright © 2012 by ASME, with permission.

4.3 International-level power network system: COMPETES

The Northwest European electricity market is represented by the system described in Section 3.1.2.

Two different scenarios are considered in order to provide a description of the effects of the inclu-

sion of localized power producers via microgrids.Scenario 1is the reference case and consists of

the power network with centralized power production as described in Section 3.1.2.1. InScenario
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Figure 4.12. Sizes of the optimum network configurations in the Pareto set forScenario 1.

2 (see Section 3.1.2.2), the model ofScenario 1is modified by including localized power producers

via microgrids at the different nodes of the system where energy production exists.

The quasi-stationary multi-objective optimization model for the synthesis/design/operation of

the system is described in Section 3.2 and is given by Equations (3.1) and (3.2). The objective

functions of Equation (3.1) are the total daily costs defined by Equation (3.3); the total dailySO2

emissions of the system defined by Equation (3.5); the efficiency of the network, represented by

the exergy of the fossil fuels used for the generation of electricity and defined by Equation (3.9);

and the resiliency of the system, i.e., the degree of microgrid penetration in the system, given by

Equation (3.14). The equality and inequality constraints representing the model are defined by

Equations (3.2a) and (3.2b), respectively, and the inequality constraints representing the opera-

tional limits are expressed by Equations (3.2c) and (3.2d).

The next sections present the Pareto sets for two objective functions at a time because visu-

alizing more than two simultaneously is difficult, since ak-dimensional space is required fork

objective functions.

4.3.1 Design/ configurations

Figure 4.12 depicts the design configurations forScenario 1. It can be seen that the power pro-

duction of nuclear technologies is increased for the second configuration and remains constant

through the rest of them. In contrast, the production of hydro technologies is decreased for the
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Figure 4.13. Sizes of the optimum network configurations in the Pareto set forScenario 2.

second configuration and remains constant for the rest of the configurations. The production of

oil technologies increases gradually for the most expensive cases, while the production of waste

technologies remains constant for all the design configurations, although their production is not

comparable to the other technologies such as coal, NG, and nuclear.

The most significant changes occur for the production of coal and NG technologies. The pro-

duction of operationally cheaper coal technologies decreases significantly for the most expensive

scenarios, while that by the NG technologies which are more expensive to operate increases.

Figure 4.13 shows the design configurations forScenario 2. It is seen that production of nuclear

technologies located in the centralized network remain constant for all the design configurations.
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Their production is also equivalent to that produced for nuclear technologies inScenario 1. The

production of waste technologies remain almost constant for all the design configurations in the

main grid, but the production of waste technologies is dominant in the MG configurations primarily

because of the production of IGCC technologies in the industrial MGs. This high penetration of

waste technologies in the MGs increases significantly the total production of waste technologies

in Scenario 2to that of the waste technologies ofScenario 1. The production of coal technologies

in the grid decreases to that for the fourth design configuration at about 95 MM-$/day and then

increases again at about 111 MM-$/day after which it decreases. In the MGs the production of

coal technologies decreases gradually for the most expensive design configurations. The total

production for coal technologies forScenario 2, i.e., grid and MGs, is higher compared with the

total production of coal technologies forScenario 1.

The production of NG technologies follows an apposite trend to that of the coal technologies in

the main grid. In the MGs, NG technologies are the second dominant producers just behind waste

technologies, with almost a constant production for all design configurations. The total production

of NG technologies, i.e., grid and MGs, remain almost constant forScenario 2, opposite to the case

of Scenario 1where NG technologies increase their production dramatically for the most expensive

design configurations. Production of oil technologies is about the same for both scenarios where

their production is small compared to the other more dominant technologies. For the case of

renewable technologies, the production of photovoltaics (PV) and wind in the MGs and hydro in

the main grid increases the penetration of renewable energy sources for Scenario 2, as compared

to Scenario 1 where the production of renewable energy sources is small.

4.3.2 Total daily costs – SO2 emissions

Figure 4.14 shows the total dailySO2 emissions versus total daily costs for the optimal configu-

rations. For both scenarios, it is seen that emissions decrease while the total costs increase. This

decrease in total dailySO2 for Scenario 1at higher costs is mainly due to the inclusion of technolo-

gies such as coal which use cheaper fuels with higher emissions ofSO2, while cleaner and more

expensive technologies such as those using natural gas are a larger percentage of the total pro-

duction. Technologies fueled with oil maintain the same level of production and emissions while

renewable technologies such as hydro help decrease the cost of production. Nuclear technologies
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Figure 4.14. Optimal dailySO2 emissions versus optimal total daily costs (capital and O&M).

increase these costs. ForScenario 2, this decrease in total dailySO2 emissions at higher costs is

because the power production of coal technologies in both the main grid and MGs is replaced by

more expensive cleaner technologies such as NG and waste gasification (IGCC). Cleaner technolo-

gies in the MG configurations such as PV, wind turbines, and fuel cells play an important role in

the optimum configurations.

4.3.3 Total daily costs – daily exergy use

Figure 4.15 shows a view of the Pareto set for the exergy use by fossil fueled technologies. An

optimum efficiency point is shown at about 93,000 MM-$ forScenario 1and about 78,000 MM-$

for Scenario 2. Beyond these points for both scenarios, the efficiency of the system decreases

(exergy use increases) as the total daily costs increase. This is because smaller less efficient tech-

nologies begin to play a role in the production of electricity, while the base-load technologies,

such as coal, decrease their participation in the optimum configurations. This effect is even more

significant forScenario 2where MG technologies play a role, especially for the waste gasification

technologies. In addition, since MG technologies are allowed to sell their production to the main

grid, an increase in energy exchange among nodes is noted bringing as a consequence an increase

of the transmission losses, provoking a decrease in the efficiency of the network forScenario 2as

compared toScenario 1.
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Figure 4.15. Optimal daily exergy use versus optimal total daily costs (capital and O&M).
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Figure 4.16. Optimal resiliency (penetration of MGs) versus optimal total daily costs (capital and
O&M).

4.3.4 Total daily costs – resiliency

Figure 4.16 shows the view of the Pareto set for resiliency versus total daily costs for the optimal

configurations. Since resiliency is defined to be directly proportional to MG penetration,Scenario

1 has a resiliency of zero for all the possible optimum solutions. On the other hand,Scenario 2
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shows the highest resiliency at the lowest optimal total daily costs when small coal, oil, natural

gas and waste gasification technologies provide their maximum contribution to the network. This

indicates that at this optimum point, if a disruption of the transmission grid were to occur, MGs

could be isolated from the network within seconds and provide electricity locally to residential,

commercial, and industrial customers, thus, minimizing by about 7.8% the amount of power outage

that otherwise would occur if no MG capacity at all were included in the network.

4.3.5 Post–processing analysis

Table 4.17 and Table 4.18 show the numerical values for the Pareto set of optimum solutions for

Scenario 1andScenario 2, respectively, presented and discussed in previous sections. The rows

indicate the optimal synthesis/design/operation configurations representing the Pareto set of op-

timum solutions. Appendix A shows the optimal configuration synthesis/design variable values

for the eight optimal solutions in the Pareto set forScenario 1. It is seen that nuclear has the

highest production, followed by coal and NG. Oil, hydro and waste have the lowest production.

In addition, hydro and NG serve as peaking producers, while the rest of the technologies serve

as base- and intermediate-load technologies. Appendix B shows the optimal configuration syn-

thesis/design variable values for the eight optimal solutions in the Pareto set forScenario 2. The

main grid performs in a similar manner as that ofScenario 1, but now NG technologies decrease

their production in the network. On the other hands, MG technologies play an important role in

the production of electricity. Coal and waste technologies serve as base- and intermediate-load

producers, while NG, oil, and renewables such as wind and PV serve as peak-load producers. As

for the case of the Netherlands system presented in Section 4.2, two methods of decision making

are used in order to obtain the most desirable solution among the set of optimum solutions in the

Pareto set. The first approach is that described in Section 3.5.1 in which a value function is applied

using fuzzy logic directly in order to obtain the most desirable solution. The second approach is

that described in Section 3.5.2 in which decision makers are asked to give their suggestion for the

importance of the different objective functions used in the problem in order to obtain the weights

for the sustainability indices.

If the first approach is used, that is, using value functions, the sustainability-resiliency sub-

indices are obtained with the value functions given by Equation (3.15) for minimizing objectives
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and by Equation (3.16) for maximizing objectives, while the global sustainability-resiliency index

is obtained with the methodology given in Section 3.3 of Chapter 3. Table 4.19 shows the results

for Scenario 1and Table 4.20 forScenario 2.

Table 4.17. Objective function values for selected Pareto optimal solutions forScenario 1.

Total daily costs
($/day)

Total dailySO2

Emissions (kg/day)
Total daily exergy use

(MW/day)
Resiliency
(% MGs)

Config. 1 83,000,000 870,899 4,495,467 0

Config. 2 86,250,000 806,442 4,496,929 0

Config. 3 92,750,000 700,113 4,490,475 0

Config. 4 99,250,000 629,728 4,494,020 0

Config. 5 105,750,000 610,535 4,496,364 0

Config. 6 112,375,000 536,695 4,528,906 0

Config. 7 119,000,000 528,736 4,601,784 0

Config. 8 129,000,000 496,748 4,636,658 0

Table 4.18. Objective function values for selected Pareto optimal solutions forScenario 2.

Total daily costs
($/day)

Total dailySO2

Emissions (kg/day)
Total daily exergy use

(MW/day)
Resiliency
(% MGs)

Config. 1 70,000,000 830,106 4,590,638 7.80

Config. 2 78,000,000 716,432 4,577,014 7.52

Config. 3 86,250,000 676,977 4,585,251 7.46

Config. 4 94,500,000 603,540 4,607,182 7.42

Config. 5 102,750,000 545,605 4,593,740 7.32

Config. 6 111,000,000 517,934 4,597,256 7.34

Config. 7 119,254,232 468,739 4,699,697 7.23

Config. 8 119,254,232 468,739 4,699,697 7.23

The global sustainability-resiliency index and its associated sub-indices are indicated in bold

and represent the most desirable solution among the optimum solutions in the Pareto set. As

seen, the most desirable solution forScenario 1has a composite sustainability-resiliency index of

0.0703, while that forScenario 2has one of 0.0884. Table 4.21 lists the actual values corresponding

to the objective functions of the global composite sustainability-resiliency index. As can be seen

in Table 4.21, the most desirable solution forScenario 2shows that the inclusion of MGs into the

network leads to a reduction in monetary costs and an improved network resiliency. On the other
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hand, total dailySO2 emissions and network efficiency are not improved, i.e., they are somewhat

better inScenario 1. Appendix C shows the performance decision variables of the most desirable

configuration forScenario 1and Appendix D shows the performance decision variables of the

most desirable configuration forScenario 2obtained using value functions.

Table 4.19. Sustainability-resiliency indices forScenario 1using value functions (fuzzy logic).

Total Costs
Sub-Index

SO2 Emissions
Sub-Index

Total exergy use
Sub-Index

Resiliency
Sub-Index

Composite
Index

Config. 1 0.7797 0.0000 0.9761 - 0.0592

Config. 2 0.7246 0.1603 0.9691 - 0.0625

Config. 3 0.6144 0.4247 1.0000 - 0.0687

Config. 4 0.5042 0.5997 0.9831 - 0.0703
Config. 5 0.3941 0.6474 0.9719 - 0.0679

Config. 6 0.2818 0.8310 0.8163 - 0.0650

Config. 7 0.1695 0.8508 0.4679 - 0.0502

Config. 8 0.0000 0.9304 0.3012 - 0.0415

Table 4.20. Sustainability-resiliency indices forScenario 2using value functions (fuzzy logic).

Total Costs
Sub-Index

SO2 Emissions
Sub-Index

Total exergy use
Sub-Index

Resiliency
Sub-Index

Composite
Index

Config. 1 1.0000 0.1014 0.5212 1.0000 0.0884
Config. 2 0.8644 0.3841 0.5863 0.5048 0.0789

Config. 3 0.7246 0.4822 0.5470 0.4136 0.0730

Config. 4 0.5847 0.6648 0.4421 0.3364 0.0683

Config. 5 0.4449 0.8089 0.5064 0.1550 0.0645

Config. 6 0.3051 0.8777 0.4896 0.1978 0.0630

Config. 7 0.1652 1.0000 0.0000 0.0000 0.0393

Config. 8 0.1652 1.0000 0.0000 0.0000 0.0393

Table 4.21. Values of the objective functions corresponding to the most desirable solution using
both using value functions (fuzzy logic).

Objective Scenario 1 Scenario 2

Total Daily Costs ($) 99,250,000 70,000,000

Total DailySO2 Emissions (kg) 629,728 830,106

Daily Exergy Use (%) 4,494,020 4,590,638

Resiliency (%-MGs) 0.00 7.80
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Figure 4.17. Normalized values or indices for the best compromise solution in the Pareto set for
the Northwest European electricity market obtained using value functions.

Figure 4.17 shows the normalized indices of the most desirable solution for both scenarios

using value functions for the Northwest European electricity market. As seen, the inclusion of

MGs improves the total daily costs and increase the resiliency of the network. Nevertheless, the

scenario in which MGs are not included is better in terms of dailySO2 emissions and daily fossil-

exergy use.

Now, if instead of value functions, the weighting post-processing approach proposed by [207]

and described in Section 3.5.2 of Chapter 3 is used, another set of sustainability sub-indices and

composite sustainability-resiliency index for each of the optimum solutions in the Pareto set is

obtained. To establish the weights, the values for the responses given in Table 4.13 are used as is

the DM-characteristic reliability matrix given in Table 4.14.

Table 4.22 shows the results forScenario 1and Table 4.23 forScenario 2. As seen, the most

desirable solution forScenario 1has a composite sustainability-resiliency index of 0.4700 (shown

in bold), while that forScenario 2has one of 0.7542 (shown in bold). The most desirable solution

for Scenario 1is different from that obtained using value functions (see Table 4.19) while that for

Scenario 2is the same as that found using value functions (see Table 4.20).

Figure 4.18 shows the normalized indices of the most desirable solution for both scenarios

using DM inputs for the Northwest European electricity market. As seen, the inclusion of MGs

improves the total daily costs and increase the resiliency of the network. Nevertheless, the scenario

in which MGs are not included is better in terms of dailySO2 emissions and daily fossil-exergy

use.
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Table 4.22. Sustainability-resiliency indices forScenario 1using DM weighting.

Total Costs
Sub-Index

SO2 Emissions
Sub-Index

Total exergy use
Sub-Index

Resiliency
Sub-Index

Composite
Index

Config. 1 0.1663 0.0613 0.2425 – 0.4477

Config. 2 0.1961 0.0231 0.2350 – 0.4542

Config. 3 0.1663 0.0613 0.2425 – 0.4700
Config. 4 0.1364 0.0865 0.2384 – 0.4614

Config. 5 0.1066 0.0934 0.2357 – 0.4357

Config. 6 0.0762 0.1199 0.1980 – 0.3941

Config. 7 0.0459 0.1228 0.1135 – 0.2821

Config. 8 0.0000 0.1343 0.0731 – 0.2073

Table 4.23. Sustainability-resiliency indices forScenario 2using DM weighting.

Total Costs
Sub-Index

SO2 Emissions
Sub-Index

Total exergy use
Sub-Index

Resiliency
Sub-Index

Composite
Index

Config. 1 0.2706 0.0146 0.1264 0.3426 0.7542
Config. 2 0.2339 0.0554 0.1422 0.1730 0.6045

Config. 3 0.1961 0.0696 0.1326 0.1417 0.5400

Config. 4 0.1582 0.0959 0.1072 0.1152 0.4766

Config. 5 0.1204 0.1167 0.1228 0.0531 0.4130

Config. 6 0.0826 0.1267 0.1187 0.0678 0.3957

Config. 7 0.0447 0.1443 0.0000 0.0000 0.1890

Config. 8 0.0447 0.1443 0.0000 0.0000 0.1890
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Figure 4.18. Normalized values or indices for the best compromise solution in the Pareto set for
the Northwest European electricity market obtained using DM weighting.
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Chapter 5

Conclusions for SAF

In this dissertation, a multi-objective, quasi-stationary, non-linear optimization approach is pro-

posed as an upper-level of a two-tired Sustainability Assessment Framework (SAF) in which the

synthesis/design/operation of a power network system is obtained. The methodology proposed is

applied to two different scenarios, i.e., a base case scenario that considers the power network with

centralized producers and a second scenario which integrates localized distributed energy produc-

ers using a mix of renewable and non-renewable energy sources via microgrids for the study of the

effect of microgrids on a power network at both national and international levels of detail.

At the national level, a three-node network system representing the Netherlands in the North-

west European electricity market with and without MG configurations is presented. Results show

that decentralized power generation brings improvements to the network, especially relative to the

technological and monetary aspects of sustainability-resiliency. Coal, nuclear, hydro, and waste

fueled technologies serve as base- and intermediate-load technologies, while NG serves as a peak-

load technology only in both scenarios for this particular case. The inclusion of MGs replaces

part of the NG production in the main grid. Industrial MGs play an important role in the syn-

thesis/design/performance of the network, because the load demand of this specific set of MG

configurations has small variations throughout the day and is supplied by small coal technologies

in most cases. At the international level, the Northwest European electricity market described by

COMPETES with and without MG configurations is presented. Results show that decentralized

power generation brings improvements to the network, especially relative to the monetary aspects,

and to the resiliency of the network which in this work is considered as the percentage of MG

penetration in the network. The inclusion of MGs replaces part of the coal and a high percentage
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of NG production in the main grid, indicating that, as for the case of a three node system, industrial

MGs play an important role in the synthesis/design/performance of the network, because the load

demand of this specific set of MG configurations has small variations throughout the day and is

supplied by integrated gasification (IGCC) technologies based on waste in most cases. Renewable

energy sources, i.e., PV, hydro and wind, located in the MGs play an important role in the produc-

tion of the total load of the network. Note that although generation reliability considerations are

included in the national level results, they are not at the international level.

As to social sustainability considerations, they are not included in the analysis developed in this

work due to the fact the prior work in the literature suggests that they are unlikely to alter the final

quantitative results. It is nonetheless important to understand the perceptions of different stake-

holders and most important, the users, towards the inclusion of decentralized technologies into the

main grid. Furthermore, although the use of value functions and a weight assignment process are

potentially useful tools for obtaining a most desirable solution from among the optimum solutions

in the Pareto set, a detailed analysis in agreement with [45] applying multicriteria decision making

methods to analyze the trend of the Pareto sets is necessary when dealing with more complex

systems.

As a final remark, the methodology presented here must eventually be coupled with the lower-

level SAF in order to obtain the global optimum for the synthesis/design/operation of the network

configuration system. In the lower-level SAF [43], the detailed exergo-environomic optimization

of individual energy producers and storage technologies acting in concert within a microgrid is

obtained. The producers and microgrids optimized at this lower level depends on the optimum

results found at the upper level and vice versa. Thus, an iterative process is required to converge

the results of these two levels of assessment. This is left for future work.
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Part II

Steepest-Entropy-Ascent Quantum Thermodynamic Modeling

of Decoherence in Two Quantum Composite Systems
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Chapter 6

Introduction to SEA-QT

The beginnings of Intrinsic Quantum Thermodynamics (IQT) from which the mathematical frame-

work of Steepest-Entropy-Ascent Quantum Thermodynamics (SEA-QT) derives can be traced

back to the work of Hatsopoulos and Keenan [251] who provide a precise and general defini-

tion of the second law of thermodynamics in 1965 from which all other statements such as that of

Clausius, that of Kelvin and Planck, and that of Caratheodory follow as theorems. Eleven years

later, in 1976, IQT sees the light for the first time as a fundamental theory when Hatsopoulos

and Gyftopoulos [252–255] publish their seminal series of papers postulating theUnified Quan-

tum Theory of Mechanics and Thermodynamics(i.e. IQT) with the aim of reconciling Quantum

Mechanics (QM) and Equilibrium (Classical) Thermodynamics (ET) into a single theory with a

single kinematics and dynamics. Within this new theory, Hatsopoulos and Gyftopoulos address a

fundamental need to which Park [256] points for a density operator which recovers the concept os

state of system lost when the density operator of Quantum Statistical Mechanics (QSM) is used as

the so-called "state operator" for mixed or non-pure states. Hatsopoulos and Gyftopoulos do so by

postulating a density operator based on an ensemble of identical systems unambiguously prepared

[255]. In 1981, Beretta [257] complets the dynamical postulate of this theory when he postu-

lats a new equation of motion based on the principle of Local-Steepest-Entropy-Ascent, which

incorporates both the first and second laws of thermodynamics and completes what is missing

in QM, namely, a description of irreversible relaxation to stable equilibrium. The Hatsopoulos-

Gyftopoulos-Park-Beretta theory is subsequently renamed Quantum Thermodynamics by Beretta

and colleagues [258] and then Intrinsic Quantum Thermodynamics [259] to distinguish this theory

from the use of the termQuantum Thermodynamics(QT) which has been adopted by others to
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Figure 6.1. Depiction of all possible system states in the energy-entropy plane.~� is the set of all
parameters (e.g., volume, magnetic field strength, etc.), and~n the set of constituents [4].

describe the field of Dissipative Quantum Dynamics (DQD) [260, 261]. More recently, Beretta

and co-workers [262] have adopted the name SEA-QT to distinguish the fundamental theory of

IQT from the mathematical framework applied to the modeling of non-equilibrium irreversible

processes of atomistic-level systems.

6.1 Quantum Mechanics (QM)

QM and ET are fundamental theories of physical reality which were developed independently and

have enjoyed great success. QM using a fundamental level of description describes the kinematics

of pure system states, that is, all possible states represented by the vertical axis of the Energy

(hE i )–Entropy (hSi ) diagram depicted in Figure 6.1 . The governing equation for the evolution of

these system states is given by the Schrödinger wave equation, namely,

i~
@

@t
	(~q; t) = H (~q; t) 	(~q; t) (6.1)

where	(~q; t) is the state or wave function,~q = f q1; q2; : : : ; qng the set ofQ orthogonal spatial

coordinates that constitute theQ-dimensional Hilbert space,H , t the time,~ Planck’s modified

constant1, andH is the Hamiltonian operator given by the sum of the kinetic (T) and potential (V )

energy operators of the system, i.e.,
1~ = h/2�where Planck’s constant ish = 6 :626069� 10� 34 kg m2 s� 1.
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H (~q; t) = T + V = � ~2

2m
r 2 + V (~q; t) (6.2)

wherer 2 represents the Laplacian operator. When the Hamiltonian of the system is independent

of time, that isH = H (~q), the state function can be separated as the product of a time-independent

function,�(~q), and a time-dependent function, (t), such that

	(~q; t) = �(~q)  (t) (6.3)

Applying the method of separation of variables [263], Equation (6.1) can be represented by the

two-equation set

H (~q) �(~q) = " �(~q) (6.4a)

i~
@

@t
 (t) = "  (t) (6.4b)

Equation (6.4a) is the time-independent Schrödinger equation or energy eigenvalue equation

where�(~q) is the energy eigenfunction that provides the stationary energy eigenstates of the sys-

tem, and" is the energy eigenvalue2 of the Hamiltonian operator that represents the numerical

result obtained from a measurement of the energy (physical observable) of the system. The solu-

tion to this eigenvalue equation provides information about the degrees of freedom available for

distributing the energy of the system, i.e., it provides the energy spectrum (energy eigenlevels) as

well as the corresponding state vectors of the quantum system.

Equation (6.4b) is the time-dependent Schrödinger equation or equation of motion of QM. The

solution to this Hamilton-Jacobi differential equation provides information on how the phase of

the energy is distributed among the different energy eigenlevels of the system as the system state

evolves in time from some initial state, (t0) =  (0), to a subsequent state, (t > t 0) =  (t).

In other words, knowing the energy structure of the quantum system found from a solution of

Equation (6.4a), the evolution of the state of the system can be known by integrating the equation

of motion, resulting in

 (t) = e� i
~ Ht  (0) (6.5)

2An energy eigenvalue is always a real number for the case whenH = H y, whereH y is the Hermitian conjugate
or self-adjoint operator of the Hamiltonian. The numerical value of the eigenvalues of the system is predicted using
Equation (6.4a). Every time that a measurement is performed on the system, the numerical value of one of the
eigenvalues of the system is obtained; nevertheless, it is not possible to know exactly what eigenvalue, among all the
possible, is going to be obtained before the measurement is performed.
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This evolution in time represents a unitary transformation as expressed by

U(t; t 0) = e� i
~ H (t�t0 ) (6.6)

The general solution to Equation (6.1) is then given by the product of the solutions to the static

and dynamic Schrödinger equations

	(~q; t) = �(~q) e� i
~ H (t�t0 )  (0) (6.7)

6.2 Mathematical concepts of QM and Dirac notation

Heisenberg and Schrödinger developed the mathematical language for the representation of QM

based on the fundamental work postulated by Planck and Bohr. Heisenberg, using a matrix lan-

guage, developed his work in order to describe the discrete behavior (quantized space) of matter,

while Schrödinger, using the mathematics of the wave function, developed his work in order to

provide a description for the spectrum behavior (continuous space) of matter. Years later, Dirac

developed a mathematical framework that encompasses both Heisenberg’s and Schrödinger’s no-

tation, using aket–bra–operatorrepresentation.

The ket,j�i , is represented by a column matrix which contains the elements of a state vector

(eigenvector) that belongs to a Hilbert space. The bra,h
j, is represented by a row matrix which

contains the elements of a vector that belongs to a dual Hilbert space. The bra and ket have a

one-to-one correspondence, that is, for a given ket there exists one and only one bra. Using the

scalar product,(�; 
) = h�j
i 3, Equation (6.3) can be rewritten as

	(~q; t) = h~q; tj	i (6.8)

which indicates that the state or wave function	(~q; t) is the projection ofj	i onto the spaceh~q; tj.

In addition, every physical observable of a system is represented by a linear Hermitian operator,

A, for which the classical value of that observable corresponds to the expectation or mean value,

hAi , of an infinite number of measurements taken over an infinite number of identical systems,

respectively, each in some state. For the case of the energy, its expectation value is given as

E = hE i =
1X

i =1

jci (t)j2 " i (6.9)

3The scalar product is non-commutative, that is,(�; 
) 6= ( 
; �).
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where" i are the energy eigenvalues corresponding to thej�i i eigenvectors or eigenstates that repre-

sent the basis in the Hamiltonian representation,jci (t)j2 is the probability density or the probability

that the system will be found in a given eigenstate, andci (t) is the probability amplitude given by

ci (t) = h�i j (t)i (6.10)

where the normalization conditionh (t)j (t)i =
1X

i =1

jci (t)j2 = 1 must be satisfied.

According to the Heisenberg uncertainty principle, the wave function cannot be measured di-

rectly. Nevertheless, using the concept of wave packet, the state of a quantum system can be

described as a linear combination of the eigenstates in which the system can be found. For a

quantum system withn discrete energy eigenlevels, the state vector is given by

j (t)i = c1�1 + c2�2 + : : : + cn�n =
nX

i =1

ci (t) j�i i (6.11)

6.3 Equilibrium Thermodynamics

Several definitions are presented below in order to provide a clear reading of what follows. These

definitions are based on those provided by Gyftopoulos and Beretta [4], and the reader is encour-

aged to review this source for further clarifications. The first definition is that of asystem, which

is a collection of constituents subject to internal and external forces. The constituents are specified

by the type and amountni of each of the distinguishable species (e.g., particles, fields, etc.) The

internal forces correspond to those of attraction and repulsion among the constituents for which

the magnitude and range of application of these forces need to be specified. The external forces

correspond to every external restriction imposed on the system (parameters,~�) such as the vol-

ume delimited by the walls of a container. The magnitude and range of application of these forces

need to be specified. The second definition is that of apropertyas an intrinsic characteristic of the

system whose value is specified at a given instant of time. The numerical value of each property

corresponds to the expectation (mean) value of an infinite number of measurements performed on

an ensemble of identical systems. The third definition is that ofstate, characterized by the values

of all the independent intensive properties of the system at a given instant of time. In order to

go from some initial state to some final state, the system undergoes aprocess. The evolution of

the state of a system in time is given by the equation of motion of SEA-QT, or alternatively by
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the conservation and entropy balances which result from the first and second laws of thermody-

namics. Using a phenomenological level of description, ET describes the evolution in state of a

system whose initial and final states are in stable equilibrium, i.e., which for a system with fixed

parameters,~�, and fixed amount of constituents,~n, fall on the convex curve shown in Figure 6.1

represented byE = E (S; ~�;~n). For variable~� and~n, E = E (S; ~�;~n) in fact represents the hy-

persurface of possible stable equilibrium states in which the system can be. Note that knowledge

of E = E (S; ~�;~n) along with differentiation and algebraic manipulation is sufficient for deriving

all thermodynamic stable equilibrium properties.

The first law of thermodynamics, as formulated by Gyftopoulos and Beretta [4], implies the ex-

istence of the propertyenergywhich can be proven to be additive as well as conservative. The sec-

ond law of thermodynamics, as formulated by Hatsopoulos and Keenan [251], asserts the existence

and uniqueness of stable equilibrium states and leads to general definitions of the non-conserved

properties of generalized adiabatic availability and generalized available energy. A general defi-

nition for the entropy valid for all states and systems then results from a combination of the first

and second laws [264, 265]. As to theadiabatic availability, it represents the maximum energy

that can be extracted in a reversible adiabatic process from a closed system with fixed~� and~n,

is non-additive, and has a value of zero at stable equilibrium. In a similar fashion, theavailable

energyrepresents the maximum energy that can be extracted in a reversible adiabatic process from

the composite of a closed system with fixed~�and~n and a reservoir, is additive, and has a value of

zero when the system is in a state of mutual stable equilibrium with the reservoir. The generalized

versions of these las two properties allow for variable��and�n.

6.4 Motivation to use the SEA-QT framework of IQT

The mathematical foundations of Quantum Statistical Mechanics (QSM) were developed by von

Newmann [266] based on the concept of the state operator of a system with the purpose of de-

scribing the non-pure states of a system in the region of not-stable equilibrium states depicted by

the hashed region in Figure 6.1. According to von Newmann, the state operator contains all the

information of a quantum mechanical system at a given instant of time. In QSM, the state operator,

�QSM , of the system is provided by an ensemble of identical systems ambiguously prepared, that

is, a heterogeneous ensemble [255] within which each member system is prepared in a different
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pure state represented by�QSM
i , so that�QSM is expressed as the statistical average given by

�QSM =
NX

i =1

wi �
QSM
i (6.12)

where

�QSM 6= �QSM
1 6= �QSM

2 6= : : : (6.13a)

�QSM
i = ( �QSM

i )2 = j i i h i j (6.13b)

Thewi are the weights or statistical mechanical probabilities corresponding to the contribution of

each of the ensemble members and must satisfy the normalization condition

NX
i =1

wi = 1 (6.14)

In order to obtain the entropy of the system at a given state, von Newmann proposed the fol-

lowing expression

hS(�QSM )i = �kB Tr ( �QSM ln �QSM ) (6.15)

wherekB is Boltzmann’s constant4.

However, a state operator based on a heterogeneous ensemble is inconsistent with the second

law of thermodynamics and leads to a perpetual motion machine of the second kind (PMM2), i.e.,

there is a contradiction between the state of the ensemble and the states of the members of the

ensemble relative to the thermodynamic property, the adiabatic availability [4]. This property is

not conserved and is a measure of the quality of the energy of the system at any given instant of

time, providing with a measure of the maximum amount of energy which can be extracted from

the system in a reversible adiabatic work interaction.

The PMM2 arises when the state of the ensemble as represented by�QSM is in an equilibrium

state for which the adiabatic availability is necessarily zero. However, all members of the ensemble

are in pure states, all with an adiabatic availability greater than zero, thus, suggesting that energy

can be extracted from the members of the ensemble yet not from the ensemble as a whole. This,

of course, cannot be.
4Boltzmanns constant iskB = 1 :380648� 10� 23 kg m2 s� 2 K� 1
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Figure 6.2. Depiction of the "open system" model of DQD which consists of a closed system
reservoir coupled by weak interactions.

Another fundamental weakness of the QSM state operator unlike its classical statistical me-

chanical counterpart for which the state of the ensemble coincides with the state of the system is

that in QSM this is no longer the case [256]. Thus, a bedrock of physical though, "the state of the

system" is lost.

A final point is that even though the state operator of QSM was developed to represent non-

pure states, the equation of motion of QM, the time-dependent von Newmann equation, cannot

describe the irreversible evolution in state of a system described with such a state operator from

one non-pure state to another.

Two different approaches to address this lacune have been phenomenological modifications

of the time-dependent Schrödinger (or equivalent von Newmann) equation to include so-called

frictional terms that introduce a non-linear dynamics into the equation of motion able to describe

irreversible relaxations in state [256, 266–271] and the development of the so-called master equa-

tions of Dissipative Quantum Dynamics (DQD) often now referred to as Quantum Thermodynam-

ics (QT). Among the weaknesses of the first of these is the use of phenomenological terms to

describe the non-linear dynamics absent from the exclusively linear dynamical description of the

time-dependent Schrödinger equation. Such a phenomenological description fails to capture the

fundamental character of the irreversible phenomena if present at the atomistic level.

The second approach which comes from DQD or QT modifies the time-dependent von New-

mann equation using the so-called "open system" model depicted schematically in Figure 6.2 and

consisting of a closed system plus reservoir5. The level of description remains at a fundamental
5The term "closed system" here takes the meaning used in thermodynamics of a system which may be isolated or

not, and if not, can undergo work and heat interactions but not mass interactions.
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level, but the non-linear dynamics is mimicked with a linear dynamics intended to describe the

irreversible phenomena present. The latter are assumed to result from weak interactions between

the system and reservoir which build up correlations between the two that "dissipate" in a time

frame significantly shorter than that of the system’s state relaxation to stable equilibrium, i.e., the

so-called Born-Markov approximation [260, 261].

A major problem with this approach is that it is not general since, as pointed out by Nakatani

and Ogawa [272], the Born-Markov approximation fails when the coupling becomes strong, thus,

negating the very mechanism assumed to be the cause of the irreversible relaxation to stable equi-

librium. Furthermore, the dissipative behavior which this model describes is one of a "loss of

information", i.e., loss of correlations, relative to the exogenous statistics of the coupling and leads

at a quantum level to the so-called Loschmidt paradox6 [273].

Nonetheless, despite these problems, a number of quantum master equations (QMEs) have been

developed and used with some success [274–278]. Among these is that provided by Kossakowski

and Lindblad [279–281] given by

d�QT

dt
= � i

~
[H; �QT ] +

NX
j

hj

�
L j �QT L y

j � f L y
j L j ; �QT g

�
(6.16)

where the first term on the right hand side provides the linear dynamics to the von Newmann

equation of motion, while the second models the weak interactions (loss of information) of the

system with the reservoir.N is the dimension (degrees of freedom) of the system. Thehj are

constants used to model the strength of the dissipation dynamics and depend on the specific system

under analysis. TheL j are the Lindblad operators and represent the effects on the system caused

by the system-reservoir interaction. The dissipative dynamics in this equation are strictly linear.

The results obtained with QT have been useful in treating irreversible and non-unitary evolu-

tions in physics and chemical kinetics [282]. Nevertheless, the fundamental weakness is still there,

i.e., that the irreversible relaxation of system state is due to the loss of information attributable to

an exogenous statistics and is, thus, merely a mathematical and not physical characteristic of the

system.

IQT uses and is a similar mathematical framework as QSM and QT but with fundamental

changes in the conceptual bedrock, especially in the type of ensemble used to represent the state of

6The Loschmidt paradox (or irreversibility paradox) states that the extraction of irreversible, non-unitary informa-
tion from an intrinsically reversible (unitary) process is a contradiction.
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the system. Consequently, the state operator is based on a homogeneous preparation of identically

prepared systems so that the state of the ensemble is reflected in the state of each of the sub-

ensembles or systems, namely,

�= �1 = �2 = : : : (6.17)

preserving the bedrock physical concept of the state of the system since the state of the ensemble

coincides with that of the system itself [256]7. In this view, the entropy is an intrinsic property of

the system, which at any given instant of time is a measure of how the system energy is distributed

among the different degrees of freedom (energy eigenlevels) of the system, while the generation of

entropy reflects the internal redistribution of system energy resulting from a change in state with

a consequent destruction of system adiabatic availability. Thus, the state of an isolated system is

viewed as spontaneously relaxing to stable equilibrium as a result of this redistribution of energy

within its own internal quantum structure and not as the consequence of some sort of external

interaction with a reservoir or environment.

The entropy of IQT [283] is defined by the von Newmann entropy equation with the difference

that the state operator of QSM is replaced by the state operator of IQT [283] such that

hS(�)i = �kB Tr ( �ln �) (6.18)

In general, the non-linear IQT equation of motion used in the SEA-QT framework consists

of two terms, the first of which captures the unitary, Hamiltonian dynamics of the Schrödinger-

von Neumann equation, and the second which models the non-linear dynamics of the dissipative

evolution in state based on the principle of SEA subject to the relevant dynamical constraints [284–

287]. In particular, for the case of a system composed of two or more distinguishable (separable

or non-separable, i.e., interacting or non-interacting) subsystems, the form of the IQT/SEA-QT

equation ensures that the evolution in state follows in correlated or uncorrelated local states the

path of locally-perceived SEA [288].

Within the SEA-QT framework, the dissipative aspects of the time evolution emerge from the

non-Hamiltonian term in the equation of motion. Thus, instead of focusing on the non-Hamiltonian

7As pointed out by Park [256], initially, when the density operator is based, as it is in Equation (6.12), on an
ambiguous preparation of states, i.e., on a so-called heterogeneous ensemble of identical systems in differing states,
the state of the ensemble no longer coincides with that of the system.
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effects of the interactions between the microscopic system and its surroundings, the SEA-QT de-

scription assumes the composite system to be isolated and its time evolution to be intrinsically

non-Hamiltonian. In so doing, the equation predicts a loss of quantum entanglement or coherence

consistent with that observed in recent experiments [289–292]. Note that the dissipative dynamics

in the equation of motion are strictly non-linear.

6.5 Dissertation objectives and originality for SEA-QT

The overall objective of this part of this doctoral research is to apply the alternative and com-

prehensive framework of SEA-QT and its dynamical law of time evolution along the locally per-

ceived direction of SEA, which effectively implements on a local basis maximal entropy produc-

tion (LMEP) [257]. This is used to model the non-linear dynamic behavior of a general (closed

and adiabatic) microscopic system as its state evolves in time towards stable equilibrium. In par-

ticular, the purpose is to provide a description of the phenomenon of the decoherence and loss of

correlations existent among the different constituents of the composite microscopic system.

Two different models of application are considered: one in which the general system is com-

posed of two particles of type spin-1=2 (quantum bit or qubit8), and the other in which the general

system consists of a particle and a photon field. These models represent two of the simplest comp-

site systems encountered in Nature.

The aim is to demonstrate that for a general quantum system in any non-equilibrium state,

the entanglement and correlations, which may exist among the states of the constituents (i.e., dis-

tinguishable and indivisible particles) that comprise the system, disappear as the system evolves

towards a state of stable equilibrium. To demonstrate the generality of the postulated decoherence,

and using the particle-particle composite system, a scheme for randomly generating the initial non-

8The principle of quantum computing relies on the superposition principle of QM, that is, the simplest quantum
computer is that composed of one pair of two-level systems (quantum bits or qubits) interacting with each other. If
one of the systems (the driver) remains unchanged, the other qubit (the slave) remains unchanged as well. On the
other hand, if the state of the driver is switched to its exited state, the slave undergoes a well-defined change of state
as well. However, if the driver is in a superposition state (the states of a qubit are 0 and 1), the output of the system
is entangled; and the two qubits are correlated (i.e., they are in a nonseparable state) so that the interaction among
qubits can lead to a transfer of information at a quantum level. In this way real problems can be solved in parallel.
Nevertheless, this massive transfer of information relies on how well the entanglement or correlation (transfer of
information) is performed so that if the correlation between the qubits is lost, the ability to transfer information
between the qubits is diminished as well, and the performance of the quantum computer is lowered, possibly even
to the point of inoperability.
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equilibrium states is developed and the time evolution of a well-chosen subset of all such possible

states studied.

In order to achieve the overall objective outlined above, the following set of tasks is envisioned:

• Gain a deep understanding of the foundations, concepts, and mathematical framework of

IQT and its mathermatical framweork SEA-QT.

• Study and understand the behavior of spin-1=2 and quantum harmonic oscillator systems

within the framework of QM.

• Study the principles of Cavity Quantum Electrodynamics (CQED).

• For the particle-particle composite system, develop and apply a methodology to obtain a

general initial non-equilibrium state based on a random and homogeneous mapping of the

local two-dimensional geometrical spaces of each constituent.

• Deveop a particle-photon field model for the CQED experiments performed by Haroche and

co-workers [291–293].

• Predict the evolution of state for the particle-particle and particle-photon field systems using

the equation of motion of SEA-QT.

• Demonstrate in a general fashion that the irreversible evolution in state of the system results

in a spontaneous decoherence, i.e., a loss of the entanglement and correlation between the

states of the constituents of the composite systems.

• For the particle-photon field system, compare the numerical results obtained with SEA-QT

framework to experimental data available from the literature (i.e., that generated by Haroche

and co-workers [291–293]).

• Analyze the results and draw general conclusions of the cause of decoherence and its impact

on nano-scale applications; suggest ways to mitigate it.

An original contribution to the literature of the research proposed in this dissertation is the use

of the SEA-QT framework to numerically model as generally as possible the phenomenon of de-

coherence and its causes using particle-particle and particle-photon field systems. In addition, for

the particle-particle composite system, a heuristic analysis of the rate of change of the correlation

functional corresponding to the contribution of the dissipative term of the equation of motion is

developed. This heuristic analysis aims to confirm (not prove) that this term is always non-negative

as long as the composite system relaxes to a state of stable equilibrium starting from any non-pure,
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non-equilibrium state, i.e., that the dissipative term of the equation of motion only destroys cor-

relations between the constituent parts of the system. Furthermore, for the particle-photon field

composite system, the decoherence results are compared with experimental data found in the lit-

erature. The analysis is a first application for this equation, which has never been applied nor

experimentally compared with experimental data. Finally, a suggestion for mitigating the decoher-

ence of general quantum systems also represent an original contribution to the literature.

6.6 Overview of next chapters

In the present chapter, an overview of the motivation to develop this research as well as the goal to

provide an alternative and comprehensive description of the phenomenon of decoherence at atom-

istic levels have been presented. Chapter 7 presents a description of the foundations of IQT and

its mathematical framework SEA-QT with a brief introduction to theUnified Quantum Theory of

Mechanics and Thermodynamicsas well as the dynamical postulate and the postulation of the equa-

tion of motion. In addition, recent theoretical developments and applications to specific problems,

including chemically reactive systems, hydrogen storage in carbon nanotubes, and the modeling

of the relaxation of other isolated single constituent systems is presented. Also, comparison of

previous SEA-QT modeling predictions with experimental data from the literature is presented. To

conclude the chapter, a description of the phenomenon of coherence and its modeling using the

DQD or QT approach available in the literature are provided. Chapter 8 provides the mathemat-

ical description of the composite systems considered here, namely, those for particle-particle and

particle-photon field. A review of the approaches to model a two-level-type particle and a quantum

harmonic oscillator that describe particles and photon fields, respectively, are given. A method-

ology to randomly generate initial non-equilibrium states for the particle-particle general system

is presented. To conclude the chapter, the method and computational programs used to solve the

system of differential equations is outlined. Chapter 9 discusses the results of the modeling of

decoherence for the two different general microscopic systems under analysis. Finally, Chapter 10

provides a summary of the research in this part of the dissertation and makes recommendations for

mitigating the decoherence between the constituents of composite systems.
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Chapter 7

Literature Review for SEA-QT

In this chapter, the essence of the seminal papers of Hatsopoulos and Gyftopoulos [252–255]

is discussed in order to outline the foundations on which IQT and its mathematical framework

SEA-QT rest. The principal application of this theory by Beretta [257, 258, 284–288, 294–300]

as well as the applications and extensions developed by von Spakovsky and co-workers [259,

262, 301–306] in recent years are presented. In addition, experimental validations of SEA-QT

framework for single constituent quantum systems is provided. To date and to the best knowledge

of this author, the application of the SEA-QT framework has been restricted to single constituent

quantum systems. This has led to the present motivation of developing an application of the SEA-

QT equation of motion for a composite quantum system with the goal of gaining an understanding

not only of this equation but of the behavior of this type of system. The application developed here

is that of modeling such systems, particularly from the stand point of the decoherence, coherence,

and entanglement between the constituents of the system. In addition, anther goal is to provide a

heuristical analysis of the dissipative term of the SEA-QT equation of motion to show that it drives

the non-negative rate of the entropy correlation functional to zero as the state of the system relaxes

to stable equilibrium. Previous work devoted to entanglement, coherence, and decoherence is

presented at the end of this chapter together with the most relevant applications of these phenomena

to quantum computing and quantum information.

7.1 Foundations of SEA-QT
Recalling Hatsopoulos and Beretta [307], the challenge in the 19th century was to set the foun-

dations of entropy and the second law of thermodynamics which Clausius, Carnot, Joule, Watt,
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Kelvin, Plank, Caratheodory, and others did, stating, for example that"it is impossible to transfer

energy from a low temperature body to a high temperature body"(Clausius statement) [308]. The

Clausius statement together with that of Kelvin-Planck and Caratheodory were probably the most

widely accepted statements of the second law of thermodynamics throughout the 19th and 20th

centuries. Even today, most scientists still view these statements as the formal statements of the

second law.

During the 20th century, however, the second law challenge turned on explaining entropy at

a microscopic level. A principal outcome of this effort was the bridge between to describe the

bridge between QM and ET that was formulated by von Newmann with the development of QSM

[266]. An alternative approach was that provided in 1976 by Hatsopoulos and Gyftopoulos with

their "Unified Quantum Theory of Mechanics and Thermodynamics"[252–255], now known as

IQT, proposing a unification of QM and Thermodynamics in which all the possible states of QM

and ET are only a subset of this more general theory.

In 1976, the theory of IQT was proposed in a series of four papers. The first [252] presents

the postulates of IQT. The first three of these correspond to the postulates of QM, that is, the cor-

respondence principle, the mean-value postulate, and the dynamical postulate. The fourth is the

stable equilibrium postulate, which is a formulation of the second law of thermodynamics at a

quantum level. The rigorous and general definition of the second law is that postulated in 1965

by Hatsopoulos and Keenan stating that"for a system with a given energy, with fixed amounts of

constituents~nand parameters~�, there exists one and only one stable equilibrium state"[309]. Pre-

vious statements of the second law (e.g., those of Clausius, Kelvin and Planck, and Caratheodory)

are simply theorems provable from this most general statement.

The second paper [253] introduces the definition of a property called theadiabatic availability

which is the"maximum energy that can be extracted adiabatically from a system by bringing it

to stable equilibrium by means of a reversible weight process"[253]. Adiabatic availability is

an extensive property that depends on the state of the system only, is obtained by statistically

averaging an infinite number of measurements on the energy of the system, and is less than or

equal to the total energy content of the system. Definitions of the extensive propertiesavailable

energyandentropyfollow naturally from the definition of adiabatic availability. Available energy

is defined as"the maximum energy that can be extracted from a composite of a system-reservoir

by bringing the system to mutual stable equilibrium with the reservoir by means of a reversible
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adiabatic weight process"[253], while entropy is defined to be theinternal distribution of system

energy among the possible energy eigenlevels of the system.

The third paper [254] is a continuation of the second in which the second law of thermody-

namics and all its consequences, including a definition of stable equilibrium states and mutual and

partially mutual stable equilibrium states between systems. The fourth and last paper in the series

[255] establishes the basis for the definition of the density or state operator. The state of a system

is fully represented by the density operator of IQT which is based on an ensemble of identical

systems identically prepared, i.e., the socalled homogeneous ensemble. This definition ofdensity

or state operatorrecovers the fundamental physical concept of ’state of the system’ lost in QSM

as shown by Park [256] and Park and Simmons [310] and avoids the violation of the second law

built into the density operator of QSM, which bases the definition of state on a density operator

based on an ensemble of identical system ambiguously prepared, i.e., the so-called heterogeneous

ensemble.

The four papers of the theory of IQT provide the necessary kinematics and requirements that a

dynamical postulate should satisfy for a complete thermodynamic theory applicable to all systems

and all states. An equation of motion capable of describing all possible state evolutions of a system,

however, was as of yet not discovered.

Five years later, in 1981, Beretta [257] completes the dynamical postulate of the Hatsopoulos

and Gyftopoulos paradigm when he postulates an equation of motion to describe the evolution of

the state of an isolated single constituent microscopic system [284] and a more general form of this

equation to describe the evolution of state of an isolated general microscopic system composed of

two or more distinguishable and indivisible constituents [288].

7.2 Further developments and applications of SEA-QT

7.2.1 Recent theoretical extensions of the SEA-QT framework

During the 1990s, an important contribution to the SEAQT framework was that of Gyftopoulos and

Cubukcu [283] who provided an analysis of the pletora of entropy relations which exist in the lit-

erature and are claimed to represent the entropy of thermodynamics. To distinguish between these

relations and verify these claims, the authors propose eight different characteristics that any expres-
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sion for the entropy of thermodynamics must satisfy. They are as follow [283]:"(1) The expression

must be well defined for every system (large or small) and every state (stable equilibrium or not

stable equilibrium). (2) The expression must be invariant in all reversible adiabatic processes and

increase in any irreversible adiabatic process. (3) The expression must be additive for all systems

and all states. (4) The expression must be non-negative and vanish for all states encountered in

mechanics. (5) For given values of the energy, amounts of constituents, and parameters, one and

only one stable equilibrium state must correspond to the largest value of the expression. (6) For

given values of the amounts of constituents and parameters, the graph of entropy versus energy of

stable equilibrium states must be concave and smooth. (7) For a composite C of two subsystems A

and B, the expression must be such that the entropy maximization procedure for C yields identical

thermodynamic potentials for all three systems A, B and C. (8) For stable equilibrium states, the

expression must reduce to relations that have been established experimentally and that express the

entropy in terms of the values of the energy, amount of constituents, and parameters, such as the

relation for ideal gases".

Table 7.1. Analysis of different entropy relations claimed to be the entropy of thermodynamics
[283]. A 5 indicates that the characteristic is not satisfied; consequently, the subsequent charac-
teristics are not evaluated.

Entropy Relation
Characteristic

(1) (2) (3) (4) (5) (6) (7) (8)

Daróczy [311]:

S =
1

21�� � 1
(Tr �� 1)

where� > 0, and� 6= 1
X X 5

Hartley [312]:

S = kB lnN (�)
whereN (�) is the number of

positive eigenvalues of�
X X X X 5

Infinite norm [312]:

S = �kB ln k�k1
wherek�k1 = �largest =

largest eigenvalue of�
X X X X X 5

Rényi [313]:

S =
kB

1 � �
ln(Tr ��)

where� > 0, and� 6= 1
X X X X X X 5

von Newmann [314]:

S = �kB Tr �ln � X X X X X X X X
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The entropy relations analyzed by Gyftopoulos and Cubukcu are shown in Table 7.1. Entropy

expressions based on temperature and heat, expressions proposed in statistical classical mechan-

ics, and expressions from statistical quantum mechanics that depend on variables other than the

eigenvalues of the density or ’state’ operator�are excluded because they are defined for stable

equilibrium states only and are, thus, not general; or the density operator for the system is a statis-

tical mixture of zero-entropy operators corresponding to each element of an ensemble and is, thus,

inconsistent with the second law of thermodynamics; or fail criterion (2), respectively.

Of those evaluated in Table 7.1 with respect to the eight characteristics listed above, only the

von Newmann entropy relation exhibits all eight characteristics provided that the density operator

is that obtained from a homogeneous ensemble of identical systems identically prepared.

During the 2000s, the developments of the SEA-QT framework gained momentum again when

Gheorghiu-Svirschevski [315, 316] derived the equation of motion using a variational principle,

rediscovering the novel approach for nonlinear quantum dynamics that was postulated twenty years

earlier by Beretta [257]. Caticha [317] and Lemanska and Jaeger [318] also made attempts to

derive the equation of motion for quantum and non-quantum probability distributions, respectively.

The result of the work of Caticha is the equivalent of the equation of motion of SEA-QT for a

continuous probability density function, while that of Lemanska and Jaeger provides a description

of the state evolution for a state operator with non-zero probabilities only, i.e., it does not maintain

unpopulated a probability whose value is zero initially as is demonstrated in [286]. In addition, the

equation of motion of the Lemanska and Jaeger framework only represent a semi-group (unlike

the SEA-QT equation of motion which represents a full group) and is, thus, not reversible in time

[286].

After the rediscovery of the dynamical law of SEA-QT by Gheorghiu-Svirschevski [315, 316],

several other important contributions to SEA-QT were developed by Beretta such as the deriva-

tion of Onsager’s reciprocity and Callen’s fluctuation-dissipation relations, a description of the

internal-relaxation time compatible with the time-energy Heisenberg uncertainty principle provid-

ing a lower bound for this internal-relaxation time constant or functional of the state operator,

the implication of the local maximum entropy production principle in the constituents of compos-

ite systems, a description of the necessary conditions for the Schrödinger-von Newmann equa-

tion to be compatible with the laws of thermodynamics, numerical results for the SEA-QT state

evolution of a closed and single-particle system forward and backwards in time from an initial
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non-equilibrium state, numerical comparisons of the SEA-QT equation of motion for an isolated

closed system with other dynamical equations such as that proposed by Lemanska and Jaeger

[318], numerical results for the visualization of the behaviour of the equation of motion for a

single constituent system in order to corroborate that the equation of motion satisfies all the char-

acteristics postulated in [257, 284, 288], explaination of the importance of providing a description

of the internal-relaxation time functional and the extension of the nonlinear dynamics to systems

composed of two or more particles interacting whith each other in wich entanglement and corre-

lations are present, reformulation of the steepest-entropy-ascent framwork in terms of square-root

probabilities, description of the Onsager reciprocity relations far from equilibrium, and a phe-

nomenological description of heat interactions for a single constituent system interacting with a

heat reservoir. [258, 286, 287, 295–300]. Note that the nomenclature used in previous publications

by Beretta in [257, 284, 285, 288, 294] is changed to a more compact form. The underlying theory,

however, is the same.

The geometrical construction of the dynamical postulate of SEQ-QT is described in [257, 258,

284–288, 294–300]. A brief description of the derivation of the equation of motion using this

geometrical construction is provided below using the nomenclature developed in [287, 319]. To

begin with, the state operator�is represented as

�= 
y
 (7.1a)

where

= U

p
� (7.1b)

and
Uy = U�1 (7.1c)

in order to assure that the density operator is positive at all times. The operatorU can be assumed

to be equal to the identity matrix,I . From unitary Hamiltonian dynamics, the equation of motion

in the square root of the density operator representation is expressed as

_
H =
i

~

�H (7.2)

or equivalently

_�H = � i

~
[H; �] (7.3)
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Figure 7.1. Representation of the steepest-entropy-ascent geometrical construction [319].

where

�H = H � hH i I (7.4)

is the deviation operator ofH .
Now, if it assumed that

_
= _
H + _
D (7.5)

where_
D is in the direction of steepest entropy ascent but restricted in such a way that the energy

is conserved (i.e., for an isolated system,_
D �H 0 = 0 whereH 0 = 2
H) and the unit trace of the

the density operator is preserved at all times (i.e.,_
D �
= 0 ), then _
H and _
D must be orthogonal

to each other.

Figure 7.1 shows the steepest-entropy-ascent geometrical representation given mathematically

as

S0 = S0
L (
;H0) + S0

? L (
;H0) (7.6)

whereS0 = �4kB 
ln 
represents the entropy gradient vector in state space;S0
L (
;H0) the orthog-

onal projection ofS0 onto the plane or linear manifoldL (
; H0) formed by the real linear span of

vectors
andH 0 representing the conservation for the unit trace of the density operator and the

energy of an isolated system, respectively; andS0
? L (
;H0) the component ofS0 that is orthogonal

to the planeL (
; H0). The latter provides the direction of maximum entropy ascent or maximum

entropy production, and is always tangent to the trajectory in state space that the system follows

during its relaxation of state to stable equilibrium. Therefore, maximizing the expectation value of



CHAPTER 7 133

the entropy of the system subject to the constraints_
D �
= 0 and _
D �H 0 = 0 , S0 = _
is obtained,

and assumming that
D is in the direction ofS0
? L (
;H0) (i.e., that of the steepest entropy ascent)

_
D =
1

4kB �
S0

? L (
;H0) (7.7)

where� is the internal relaxation time which is a real constant or fuctional of�. Finally, the

equation of motion can be expressed as

_
=
i

~

�H +

1

4kB �
S0

? L (
;H0) (7.8)

A more detailed descfiption of the dissipative term, the second term on the right hand side of this

equation is provided in Chapter 3 of this dissertation.

One of the contributions made by Beretta [297] is that of a perturbation method at constant

system energy [297] to generate an initial non-equilibrium state matrix (in its diagonal form),p(0),

such that

p(0) = � ppe + (1 � �) pse (7.9)

which is a perturbation of the partially canonical distribution functionppe that corresponds to some

unstable equilibrium state of the system and is given by

ppe =
e��pe H

Tr ( e��pe H )
(7.10)

or eachppe
i is expressed as

ppe
i =

e��pe ei

NX
j =1

e��pe ej

(7.11)

with the energy of the system and probabilities constrained by

E =
NX

i =1

ppe
i ei (7.12)

and

1 =
NX

i =1

ppe
i (7.13)
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where theei represent the energy eigenvalues of the system,ppe
i is the occupation probability of

thei-th eigenstate, and�pe a constant which can be viewed as being inversely proportional to some

not stable equilibrium temperature. The canonical form at this distribution,ppe, that corresponds

to the stable equilibrium state at energyE is given as

ppe =
e�H=k B T

Tr ( e�H=k B T )
(7.14)

whereT is the stable equilibrium temperature andkB Boltzmann’s constant. It is the solution of

Equations (7.11) and (7.12) which yields all theppe
i and�pe at a given enrgyE . The partially

canonical state represented byppe is then perturbated using Equation (7.9) into a non-equilibrium

state to givep(0).

The real positive constant� in this equation satisfies the condition0 < � < 1 where if� = 1 the

diagonal matrix,p(0), generated reduces to the partially canonical distribution,ppe.

Another important contribution provided by Beretta in [258, 300, 320] is that of establishing a

lower bound for the internal-relaxation time,�, of the equation of motion (Equation (7.8) based on

the time-energy Heisenberg uncertainty principle such that for a dingle constituent isolated system

�2(�) � ~2( ~D j ~D )

4h�H �H i
(7.15)

where ~D is a dissipation operator defined as

~D =

���������������

p
�ln�

p
� R0

p
� R1 � � �p

� Rz

(R0; ln�) (R0; R0) (R0; R1) � � �(R0; Rz)

(R1; ln�) (R1; R0) (R1; R1) � � �(R1; Rz)
...

...
... .. . ...

(Rz; ln�) (Rz; R0) (Rz; R1) � � �(Rz; Rz)

���������������������������

(R0; R0) (R0; R1) � � �(R0; Rz)

(R1; R0) (R1; R1) � � �(R1; Rz)
...

... . . . ...

(Rz; R0) (Rz; R1) � � �(Rz; Rz)

������������

(7.16a)

whith

(F jG) =
1

2
Tr

�
F yG + GyF

�
(7.16b)
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Furthermore, the term in the denominator of Equation (7.18) is given by

h�H �H i =
1

2
Tr ( �f �H; �H g) (7.17)

whereh�H �H i is the expectation value of the square of the deviation operator ofH .

For the case of a composite isolated system, the lower bound for the internal-relaxation time

for each constituent,J , is given as

�2
J (�) � ~2( ~DJ j ~DJ )J

4h�H �H i J
(7.18)

where

~DJ =

���������������

p
�J (B ln �)J p

�J (R0J )J p
�J (R1J )J � � �p

�J (Rz(J )J )J

(R0J ; B ln �)J (R0J ; R0J )J (R0J ; R1J )J � � �
�
R0J ; Rz(J )J

�J

(R1J ; B ln �)J (R1J ; R0J )J (R1J ; R1J )J � � �
�
R1J ; Rz(J )J

�J

...
...

... .. . ...�
Rz(J )J ; B ln �

�J �
Rz(J )J ; R0J

�J �
Rz(J )J ; R1J

�J � � �
�
Rz(J )J ; Rz(J )J

�J

���������������������������

(R0J ; R0J )J (R0J ; R1J )J � � �
�
R0J ; Rz(J )J

�J

(R1J ; R0J )J (R1J ; R1J )J � � �
�
R1J ; Rz(J )J

�J

...
... . . . ...�

Rz(J )J ; R0J

�J �
Rz(J )J ; R1J

�J � � �
�
Rz(J )J ; Rz(J )J

�J

������������

(7.19)

with

(FJ jGJ )J =
1

2
Tr J

�
F y

J GJ + Gy
J FJ

�
(7.20)

and

h�H �H i J =
1

2
Tr J

�
�J f (�H )J ; (�H )J g

�
(7.21a)

with

(�H )J = Tr �J [(I J 
 ��J )�H ] (7.21b)

Another contribution to the SEA-QT framework is that given by Beretta in [287] in which the

equation of motion for an isolated single constituent system is extended to account for coupling
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effects with a heat reservoir. The latter is treated on a phenomenological basis. The derivations and

definitions are not repeated here. The extended equation of motion of a single constituent isolated

system interacting with a heat reservoir expresed in a density operator representation is formulated

as

d�

dt
= � i

~
[H; �] +

1

2�D

p
h�M �M i

f �M; �g +
1

2�G

p
h�G�Gi

f �G; �g (7.22)

where

h�M �M i = Tr �(�M )2 (7.23a)

M = S � H

�H

(7.23b)

�M = � S � �H

�H

(7.23c)

�S = S � (�kB Tr �ln �)I (7.23d)

�H = H � Tr( �H)I (7.23e)

�H =
h�H �H i
h�S�H i

(7.23f)

h�H �H i = Tr �(�H )2 (7.23g)

h�S�H i =
1

2
Tr �f �S;�H g (7.23h)

G = S � H

�
(7.23i)

The first term on the right hand side of Equation (7.22) corresponds to the unitary evolution dy-

namics of the Schrödinger equation, the second term to the dissipative internal relaxation of the

system, and the third term to the phenomenological description of the coupling between the system

and reservoir. The operatorsM andG are defined as"nonequilibrium Massieu operators", and�H

is defined as a"constant-energy, non-equilibrium temperature".

Finally, Equation (7.22) has been modified by Smith [303] and Smith and von Spakovsky [259]

with respect to the heat interaction term to ensure that the system is brought into mutual stable

equilibrium with the reservoir. In addition, an additional phenomenological term has been added

to the equation of motion to allow for system interactions with a mass reservoir. The modified

version with both types of interaction terms is expressed given as

d�

dt
= � i

~
[H; �] +

1

2kB �0
D

f �M; �g +
1

2kB �0
G

f � ~G; �g +
1

2kB �0
M

f � ~F ; �g (7.24)
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where ~G in the third term on the righ hand side is a rotated version of the non-equilibrium Massieu

heat interaction operator,G, appearing in Equation (7.22). The fourth term on the right hand side is

the rotated version of the phenomenological mass interaction term, the details of which are found in

Smith [303]. The~F in this term is a Massieu type mass interaction operator extended to include an

appropriate number particle operator in addition to the entropy and Hamiltonian operators which

normally appear in Massieu functions. Some results of the modeling developed generated using

Equation (7.24) minus the heat interaction term are provided in a later section of this chapter.

7.2.2 Modeling hydrogen storage in and on a carbon nanotube

Smith [303], Smith et al. [301], and Sciacovelli et al. [302] develop the modeling of hydrogen

storage in and on a carbon nanotube using the SEA-QT framework. The system is an isolated 3D

tank with a volume of 250 nm3, containing fourH2 molecules, and a carbon nanotube formed by

900 carbon atoms with a radius of 1.017 Å and a length of 3.56 Å located in the center of the tank.

In order to build the energy eigenstructure of the system, which establishes all possible quan-

tum eigenstates for the system from which any given thermodynamic state is formed, the energy

eigenvalue problems for translation and rotation are accounting for two particle interactions be-

tweenH2 � H2 andH2 � C particles. The method of coarse graining based on density of states is

used in order to scale the number of translational energy levels to values indicative of the physical

system. Thus the scaled model is solved with20; 000energy eigenlevels representative of a system

with 1015 energy eigenlevels. The Lennard-Jones potential function [321] is used to represent the

interactions between pairs of particles. An initial non-equilibrium state is generated by finding a

state with a high probability of finding the fourH2 molecules in one of the corners of the tank.

The evolution of state of the system towards that of stable equilibrium is obtained by solving the

system of first order differential equations generated by using the SEA-QT equation of motion for

an isolated single constituent system.

Figure 7.2 shows the time evolution of the mass density of the hydrogen inside the carbon nan-

otube. Initially the nanotube is empty; but as time proceeds, the hydrogen molecules are attracted

by the nanotube to be stored on and inside the tube. It is worth mentioning that the model and

analysis is developed to study a possible methodology for modeling hydrogen storage at atomistic

levels in the non-equilibrium regime only and not to determine the maximum allowable storage

capability of the nanotube. Figure 7.3 shows a more detailed evolution of the hydrogen storage.



CHAPTER 7 138

 

Figure 7.2. Time evolution of hydrogen mass density in the carbon nanotube by Smith [303].
Reprinted from [303] Copyright © 2012, with permission from the author.

 

(a) Dimensionless timet1 = 0 :12.

 

(b) Dimensionless timet1 = 0 :25.

 

(c) Dimensionless timet3 = 0 :46.

 

(d) Dimensionless timet4 = 1 :41.

Figure 7.3. Hydrogen mass density time evolution in and around the carbon nanotube [303].
Reprinted from [303] Copyright © 2012, with permission from the author.
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The vertical blue line in the left represent the potential of the inside wall of the tube, while the

blue vertical line in the right represents that of the outside wall. The magenta line is indicative

of the hydrogen density. It is observed that initially the probability amplitude is very low, but

increases as the system evolves towards a state of stable equilibrium.

7.2.3 Modeling chemically reactive systems

The modeling of isolated chemically reactive systems has been developed by Al-Abbasi [306] and

Al-Abbasi, Beretta and von Spakovsky [305] using the SEA-QT framework developed by Beretta

and von Spakovsky [322]. Within this framework, the chemical kinetics of an isolated reactive

system with one or more reaction mechanisms is predicted as the state of the system relaxes from

a state of non-equilibrium to that of stable chemical equilibrium. As a first application, the single

reaction for fluorine reacting with hydrogen, i.e.,

F + H2 
 FH + H (7.25)

is modeled because of the extensive experimental and theoretical research that has been devoted

to this particular reaction over the last several decades. To build the SEA-QT model, the energy and

particle number eigenvalue problems are solved first in order to establish the energy and particle

eigenstructure of the system and all possible available eigenstates of the system. The equation

of motion of SEA-QT is then solved to obtain the unique thermodynamic path, i.e., the cloud of

possible trajectories in state space that describe the relaxation of state of the system towards a state

of stable chemical equilibrium. The modeling accounts for vibrational, rotational, and translational

degrees of freedom, conserving the expectation values of system energy and the number of atomic

particles of each species during the evolution. At every instant of time, the so-called reaction rates

constants are obtained as a function of the kinetics of the reaction. Other expectation values such

as entropy, entropy generation rate, particle number of each species, the reaction coordinate, etc.,

are calculated at every instant of time from the model.

Figure 7.4 shows the evolution of both the expectation value of the entropy and the entropy

generation rate of the isolated chemically reactive system from an initial non-equilibrium state to

that of stable chemical equilibrium. The initial mixture consists of 1 particle ofH2 and 1 particle

of F at an initial temperature of 300 K. From the figure it is seen that the entropy of the system
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increases in a very steep fashion at the early stage of the evolution after wich it asymptotically ap-

proaches its stable equilibrium value. Figure 7.5(a) shows the evolution in time of the expectation

value of the particle number operator for each species where one can observe how the concentra-

tion of the ractants decrease in a fashion directly proportional to the increase in concentrations of

the products. It is also seen that the reaction does not go to completion. This time evolution of

the concentration of each species suggests that reaction rate constant is in fact changing in time.

Figure 7.5(b) shows the evolution of the forward, backward, and net reaction rates (i.e.,r f , rb and

r , respectively) for the fluorine reaction. As can be seen,r f dominates early in the evolution whith

rb effectively zero. However, after this initial stage, both raction forward and backward rates play

a role as the system state evolves toward stable equilibrium.

 

(a) Evolution of the expectation value of the entropy.

 

(b) Evolution of the expectation value of the entropy gen-

eration rate.

Figure 7.4. Evolution of the expectation value of the entropy of the fluorine reaction by Al-Abbasi
[306]. Reprinted from [306] Copyright © 2013, with permission from the author.

 

(a) Evolution of the expectation value of particle num-

bers for each species.

 

(b) Evolution of the forward, backward, and net (i.e.,

r f , r b andr , respectively) reaction rates.

Figure 7.5. SEA-QT modeling of the fluorine reaction corresponding to an initial stable equilib-
rium temperature of 298 K by Al-Abbasi [306]. Reprinted from [306] Copyright © 2013, with
permission from the author.
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7.3 Comparisons with experimental data from the literature

Experiments help to explain how nature behaves, but to date no experiment has been developed to

conclusively prove the validity of the dynamical postulate of SEA-QT. Nonetheless, several com-

parison of SEA-QT predictions have been made to experimental data obtained from the literature

among wich are comparisons with resonance fluorescence, absorption and stimulated emission

data of a two-level atom; the relaxation of a Rb atom in a magnetic field; and the relaxation of Be+

ion in a Paul trap interacting with a heat reservoir. A discussion of these comparisons is provided

below.

7.3.1 Resonance fluorescence, absorption and stimulated emission

In [323] Beretta provide a SEA-QT description of resonance fluorescence, absorption and stimu-

lated emission of a two-level atom in a magnetic field, driven near resonance by a monocromatic

laser beam. The equation of motion of SEA-QT for a single constituent isolated system [284] is

formulated to describe the evolution of the reduced state operator of the atom interacting with the

magnetic field by including the Hamiltonian terms describing the effects of the atom-field state

coupling obtained from the atom reduced state equations of Quantum Electrodynamics (QED)

[324, 325]. The analsysis of the system is developed in the long time limit oft ! 1 for non-

equilibrium steady state solutions.

Figure 7.6(a) shows the effect of absorption for the weak field case and Figure 7.6(b) for the

strong field case. Here�is a measure of the iternal redistribution, which is a direct indicator of

the internal-time dissipation of the system,�D , of the SEA-QT equation of motion. When�= 0 ,

the SEA-QT equation of motion for the state of the atom reduces to that of QED obtained with the

unitary dynamics of the Schrödinger equation of motion. The parameter� is an indicator of the

strength of the field,�of the detuning between the frequencies of the atom and the field,� is the

driving field bandwidth (� = 0 for a monocromatic laser), and�is the assymetry corresponding

to the ratio of one half of the Einstein A coefficient and the frequency between the two energy

eigenstates of the atom. From Figures 7.6, it is interesting to see the broadening effect as a function

of �, that is, when dissipation is present, the absorption spectrum is broaden.

Figure 7.7(a) shows the resonance fluorescence sprectrum as a function of the dimensionless

frequency,�, when the atom is on resonance with the field, and Figure 7.7(b) shows the reso-
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nanance fluorescence when the atom and the field are off-resonance. Both figures correspond to

the strong-field limit (� = 10) case with a driving field bandwidth of� = 0 :01. In this case the

assymetry�is set equal to zero. It is interesting to see that for the case when�= 0 , the resonance

fluorescence density spectrum is symmetric for all cases of different�. For the case when�6= 0 ,

the density spectrum is never symmetric since as can be seen, the right hand side of the energy

spectrum is larger than the left hand side. It is suggested in [323] that the internal energy redistri-

bution due to dissipation contributes to this assymmetry. Finally, Figure 7.8 shows the absorption

and stimulated emission as a function of the internal redistribution parameter,�, for the case when

the atom and the field are on resonance (� = 2 , and� = 0 :05). As can be seen, the shape is

assymmetric and broadens as the dissipation represented by�is increased.

Several researchers have modeled the effects of resonance fluorescence, absorption and stim-

ulated emission using the theory of QED [324–332]; and though QED experiments verify the

theoretical predictions qualitatively, the quantitative predictions though good nenetheless differ

from the experimental values sufficiently to question wether or not the difference and even perhaps

a major portion of the difference may be attributable to a lacuna in the theory as suggested by

IQT. Thus, developing a QED experiment sufficiently precise to distinguish the QED and SEA-QT

predictions would be useful in verifying the existence or not of internal dissipations [333]. This

experiment can also provide means of determining the internal-time relaxation constant,�D , of the

SEA-QT equation of motion [323].
 

 

(a) Weak field,�= 0 :1.

 

 

 

(b) Strong field,�= 10.

Figure 7.6. SEA-QT description of absorption spectrum of a two-level atom in a magnetic field
by Beretta [323]. Reprinted from [323] with kind permission from Springer Science and Business
Media.
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(a) On resonance,�= 0 .

 

(b) Off resonance,�= �10.

Figure 7.7. SEA-QT description of resonance fluorescence spectrum of a two-level atom in a
magnetic field by Beretta [323]. Reprinted from [323] with kind permission from Springer Science
and Business Media.

 

Figure 7.8. SEA-QT description of absorption and stimulated emission of a two-level atom in a
magnetic field by Beretta [323]. Reprinted from [323] with kind permission from Springer Science
and Business Media.

7.3.2 Relaxation of a Rb atom in a magnetic field

Smith [303] and Smith and von Spakovsky [259], model the realaxation of the state of a Rb atom

using the SEA-QT framework, i.e., the change in state of the spin-1 (5-level) particle is considered

to be due to spontaneous relaxation of the system only. The SEA-QT predictions are then compared

with experimental observations of the relaxation of a Rb atoms in a magnetic field obtained by

Nagel and Haworth [334] and Kukolich [335]. Nagel and Haworth use the earth’s magnetic field
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Figure 7.9. Results of the field switching experiment for the relaxation of Rb atoms by Nagel
and Haworth [334] using a 10 ms sweep time signal. Reproduced with permission from [334]
Copyright © 2005, American Association of Physics Teachers.

to obtain the thermodynamic state relaxation or spin attenuation of the atoms given in Figure 7.9 in

terms of the changing light transmission intensity measured in the experiment. As can be seen, a

very gradual decay in intensity occurs during the early stages of the relaxation followed by a much

steeper decay after wich the decay becomes very gradual once more. In contrast, Kukolich obtains

the precession decay of the atom’s spin in an external magnetic field. In [335], the state of each

Rb atom is initially prepared in a non-equilibrium state using the technique of optical pumping.

The energy of each Rb atom is pumped to its highest energy eigenlevel (j+2 i ); and subsequently,

the orientation of the magnetic field is switched suddenly from thez- to thex- direction. The

precession of the decay from the highest to the lowest energy eigenlevel is monitored in a photocell

by measuring the intensity of the light emitted during the relaxation. Figure 7.10 shows the current

measured by the photocell as a function of time for two different precession frequencies. As with

the previous experiment a periodic decay takes place during the relaxation, including the variation

in the amplitude of two succeeding wave crests. Clearly, the same gradual initial decay seen in

Nagel and Haworth is not seen here, but it is believed that this is due to the fact that Kukolich only

reports the latter part of the signal [259, 303].

The results obtain by Smith [303] and Smith and von Spakovsky [259] are depicted in Fig-

ure 7.11. It can be observed that the SEA-QT modeling captures the slow decay at the beginning

of the relaxation, as well as the sudden decay and again a gradual decay towards a state of stable
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equilibrium as seen in Figure 7.9. Moreover, the SEA-QT modeling also captures the features mea-

sured by Kukolich, that is, the uneven amplitude between two successive wave crests. The damping

effects seen in Figure 7.10 is explained by Smith and von Spakovsky to be a direct indication of

the existence of spontaneous relaxation. 

 

 

 

4 ms 

(a) Precession frequency of 4 ms.

 

 

 

 

 

 

 

1 ms 

(b) Precession frequency of 1 ms.

Figure 7.10. Experimental measurements of the state relaxation (i.e., photocell current) of Rb
atoms by Kukolich [335] for precession frequencies of 4 ms and 1 ms. Reproduced with permission
from [335] Copyright ©2005, American Association of Physics Teachers.

 

 

 

Figure 7.11. SEA-QT modeling of the relaxation of a Rb atom by Smith [303] and Smith and von
Spakovsky [259]. Reprinted from [303] Copyright © 2012, with permission from the author.
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7.3.3 Relaxation of a Be+ ion as a particle in a box

Turchette et al. [336] experimentally obtain the relaxation of Be+ ions combined with nuclear spins

in a Paul trap. Be+ ions behave as harmonic oscillators in a coherent state,j�i , where external radio

frequencies are used to trap the ions and induce voltages to emmulate a high-temperature amplitude

reservoir. The system is initially placed in a non-equilibrium state using optical pumping and laser

cooling techniques. The decoherence of the Be+ ion is indirectly measured with interferometer

techniques by recording the decay of the nuclear spin state.

Smith and von Spakovsky [259] also model the relaxation of the Be+ ion using a modified ver-

sion of the equation of motion given in [287] to phenomenologically account for heat. This mod-

ified version of the equation of motion developed by Smith [303] and Smith and von Spakovsky

[259] is given by Equation (7.24) minus the mass interaction term.

Figure 7.12(a) depicts the experimental and numerical results obtained by Turchete et al. [336]

for the relaxation of the five lowest energy eigenlevels of the system for cat statej1i . The ex-

perimental results are shown by the marks and the numerical results obtained using a QT master

equation are shown as continuous lines. As can be seen the master equation predicts the relaxation

of system state towards stable equilibrium very well. In this case, the dissipation of the relaxation

is assumed to be due to a loss of information caused by weak interactions between the system and

environment.

Figure 7.12(b) shows the same experimental results as in Figure 7.12(a), but now the continuous

lines represent the numerical results obtained by Smith and von Spakovsky [259] using the SEA-

QT framework. It is observed that SEA-QT predictions also fit the experimental results very well.

In this case, it is assumed that the dissipation is intrinsic to the system. The deviations observed

between the experimental and numerical results are attributed by Smith and von Spakovsky to a

number of assumptions, such as approximating the values for the relaxation time constants�D

and�Q, and the selection of the initial non-equilibrium state which had to be estimated from the

experimental data.

7.4 Entanglement, coherence, and decoherence

Non-equilibrium phenomena is an important field of study within the scientific community and

has as its general aim the development of a deeper understanding of how Nature behaves and
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(a) Comparison with the results predicted using a QT master equation by Turchette et al. [336].
Reprinted from [336] Copyright © 2000 by The American Physical Society (APS), with permission
from APS.
 

 

(b) Comparison with the results predicted using the SEA-QT equation of motion by Smith and von
Spakovsky [259]. Reprinted from [303] Copyright © 2012, with permission from the author.

Figure 7.12. Relaxation of cat statej1i of Be+ ion trapped in a box [336]. The marks represent
experimental results and the continuous lines numerical results.

as a consequence, how new technologies can be more effectively developed. This applies at all

spatial and temporal scales of analysis. Lately, of particular interest has been a consideration of

the non-equilibrium phenomena which occur at the nanoscale, particularly in relation to quantum

computing and nanometric devices [337–342] where entanglement, coherence, and decoherence

are of great importance. The entanglement of zero-entropy states or the correlation of non-zero-

entropy states is present when the state of one constituent is entangled or correlated to that of

another and can no longer be described independently of the other, that is, only a single system

state can be observed for the two constituents. The loss of entanglement or correlation among the

so-called ’local states’ of the constituents of a composite system occurs according to SEA-QT due

to the presence of irreversibilities. The term ’states’ is placed in quotes here to emphasize that
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these are not actual states that can be observed or measured but instead so-called ’pseudo-states’

represented by the reduced state operator of each constituent, which is found mathematically by

taking the partial trace of the state operator of the composite system. To be an ’actual state’, the

’local state’ of each constituent would have to be uncorrelated or unentangled from that of the other

constituent. According to the unitary dynamics of QM, the state of the composite system should

evolve in a superposition of outcomes, i.e., entangled and coherent. Here the term ’coherent’ refers

to the fact that due to a phase difference between one quantum eigenstate and another, the one is

able to interfere with the other and the greater the phase difference, the greater the interference and,

thus, the coherence. Unitary dynamics suggestss that this coherence between quantum eigenstates,

i.e., the states which comprise the thermodynamic state or simply state of the system, neither

diminishes nor increases with time. In contrast, daily observations of Nature and experiments

on microscopic systems [292, 336] indicate that a loss of entanglement or correlations as well as

coherence (decoherence) is always present.

The analysis (both experimental and numerical) of the creation and loss of correlations and

coherence has significance for explaining the transition between the microscopic and macroscopic

worlds [343, 344]. For example, during the physical measurement of an indivisible microscopic

system (e.g., a particle), the macroscopic measuring device (meter) becomes entangled or corre-

lated with the state of the particle and thereafter behaves as a macroscopic system in a superposi-

tion of states. While an understanding the retention of entanglement or correlation and coherence

between the constituents of the new-born particle-meter composite system is at the core of QM,

the loss of entanglement or correlations and coherence of the constituents is at the core of non-

equilibrium thermodynamics in general and SEA-QT in particular. In addition, the manipulation

of communication-type phenomena such as entanglement, correlation, and coherence can be used

for the development of nanometric devices (e.g., a quantum computer [345]), which rely for their

operation on the correlation or entanglement of states among the different subsystems, which make

up the composite system.

Plenty of work has been done on entanglement, correlation, coherence and decoherence phe-

nomena [346–354] including that at the very start of QM such as the thought experiment of "Alice"

and "Bob" of the Einstein, Podolsky and Rosen (EPR) paper [355], and the Schrödinger description

of the strangeness of QM applied to the macroscopic world represented by the state of a cat being

either dead or alive depending on the particular state of the atom with which the state of the cat is
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(a) CQED experimental setup by the group in Paris
[371]. Reprinted from [371] Copyright © 1996 by
The American Physical Society (APS), with permis-
sion from APS.

 

(b) Decoherence results by Brune et al. [292].
Reprinted from [292] Copyright © 1996 by The Amer-
ican Physical Society (APS), with permission from
APS.

Figure 7.13. Decoherence phenomenon detected by the group in Paris [292, 371].

entangled [356]. However, despite all of these remarkable efforts, the most striking experimental

and theoretical descriptions are those provided recently by the group of Haroche and co-workers

in Paris [289–293, 339, 357–360], and the group of Wineland and co-workers [336, 361–370] at

the National Institute of Standards and Technology (NIST) in Colorado.

The Cavity Quantum Electrodynamics (CQED) group of Paris lead by Serge Haroche have

developed experimental measurements of decoherence for an atom entangled with a photon field

contained in a high-Q cavity. Figure 7.13(a) shows the experimental setup used to monitor the

decoherence between the atom and the photon field. Rb atoms are contained in a furnace (not

ilustrated in the figure), and a single Rb atom is selected and sent through B, where it is prepared

in an excited spin statej0i . The atom then crosses the cavity R1 where a microwave pulse prepares

the state of the atom in a superposition of Rydeberg states. After that, the atom interacts with a

photon field in a coherent state in the high-Q cavity, C. The photon field is generated and placed

into the cavity by the source S just before the atom enters the cavity. The interaction of the atom

with the field splits the field’s phase,�, creating an entanglement. Subsequently, the Rydberg

states of the atom are mixed again by a microwave pulse at R2 similar to that at R1. Finally, the

state of the atom is detected in either spin statej0i or spin statej1i by the detectors De and Dg,

respectively. A second atom with identical charactaristics to the first atom is then send through the
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expeimental set after a delay time,�, undergoing the same process as the first atom, and its state is

also recorded by detectors De and Dg. Measurig the state of the second atom uncovers the effects

left by the first atom in the photon field. If the delay time�is zero, the photon field has no time to

lose any of its coherence; but as time goes on, the coherence of the photon field decays.

Figure 7.13(b) shows the experimental results obtained for two different field phases (i.e., the

circles and triangles with error bars). For each particular phase representing a particular�, each

point in the figure is obtained by repeating the experiment 15,000 times and analyzing the change

in the interference produced by the two atoms on the photon field. The same methodology is

repeated for different delay times to obtain the different experimental points depicted in the figure.

It can also be observed that decoherence occurs faster if the phases have a bigger separation

(i.e., the triangles in the figure as opposed to the circles). Figure 7.13(b) also shows the analytical

description of decoherence for this particular experiment in terms of the correlation signal given

by

�= P (e2je1) � P (e2jg1) (0 � �� 0:5) (7.26)

which is"the difference between the conditional probability to detect the second atom in the excited

state provided the first was in its excited state, and the conditional probability to detect the second

atom in its excited state if the first was in its ground state"[291].

These type of experiments are also modeled using linear Markovian quantum master equa-

tions (i.e., those of the Kossakowski-Lindblad-Gorini-Sudarshan type [272, 280, 372]), which are

based on the so-called "open-system model", which assumes that the system is attached to (and

weakly interacts with) a thermal bath or reservoir (environment). Under this "open-system model"

approach of Quantum Thermodynamics (QT), it is assumed that entanglement or correlations pe-

riodically build up and dissipate due to the weak interactions between the system and the reservoir

and do so in a time frame of creation and annihilation which is significantly shorter than that of

the relaxation of system state to stable equilibrium. Under this assumption, the dissipation phe-

nomenon is the result of a loss of information only and, thus, illusory (i.e., the so-called Loschmidt

paradox [273]). The evolution of the reduced state operator of the atom interacting with a photon

field described by the QT master equation [358, 359]

d�

dt
= � i

~
[H; �] +

�

2
(2a�ay � aya�� �aya) (7.27)
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(a) Undamped case,�= 0 :1
0.
 

(b) Overdamped case,�= 10
0.

Figure 7.14. Modeling of the spontaneous emission of an atom-field composite system [359].Pe(t)
represents the probability of finding the atom in its excited spin statej0i . Reprinted from [359]
Copyright © 2006, with kind permission from Oxford University Press.

where the first term on the right descibes the unitary Hamiltonian evolution of the system and

the second the emission of photons from the cavity to the environment. Thea and ay are the

annihilation and creation operators of QM. Both terms to the right are linear, and, therefore, the

equation only reresents a linear dynamics. The constant� = ! c=Q is the energy damping of the

cavity and indicates how fast the photons are being dissipated, were! c is the cavity mode angular

frequency andQ is the cavity quality factor with values on the order of108.

Figure 7.14 shows the spontaneous emission of the photon field in the cavity. Figure 7.14(a)

shows the probability of finding the atom in its excited state as a function of time (i.e.,Pe(t)) for

the case in which the cavity is underdamped, where
0 is the vacuum Rabi frequency. As can be

seen, many oscillations inside the cavity take place before the atom finally decays to its ground

spin statej1i . On the other hand, Figure 7.14(b) shows the overdamped case where the emission

of a photon to the environment is very fast.

Independently of the Paris group, the group at NIST lead by David Wineland, provides ex-

perimental and theoretical descriptions for the relaxation of a Be+ ion contained in a Paul trap.

Figure 7.15 shows the creation of the cat state for the Be+ ion. First, in (a) the wavepacket corre-

sponding to spin statej1i of the Be+ ion is placed in the ground state of the harmonic oscillator by

cooling it to a very low temperature. Then, in (b) the wavepacket is split into two parts with a�=2

pulse creating a superposition of spin statesj0i andj1i . A forceF is applied in (c) to spin statej0i

allowing it to be excited (entangled) to coherent statej��i while keeping static spin statej1i at the

center of the harmonic oscillator. Subsequently, in (d) the spins are flipped with a�pulse allowing
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(a)               (b)             (c)              (d)               (e)              (f) 

 

 

0

1

Figure 7.15. Schrödinger cat of a Be+ ion created at NIST [361, 369]. Reprinted from [369]
Copyright © 1996, with kind permission from The American Association for the Advancement of
Science.

spin statej1i now to be entangled with the coherent statej��i . A force �F is applied in (e) to

spin statej0i to excite it to coherent statej�i , obtaining cat statej i = 1p
2

(j0i j �i + j1i j� �i ).

In an analogy with the thought exeriment of Schrödinger,j�i represents the state of the cat being

alive andj��i the cat being deceased, depending on the possible outcomesj0i or j1i of a mea-

surement of the spin state of the atom with which the cat is entangled, respectively. Finally, in (f)

another�=2 pulse is applied, and the two components representing the internal cat states of the

Be+ ion entangled or correlated with states that have phases in opposite directions are combined

and allowed to relax to the ground state at the center of the oscillator. The coherence between the

two components is monitored using interferometry techniques during the relaxation process.

Figure 7.16(a) shows the experimental results of the realaxation of different cat states for

the Be+ ion interacting with a high-temperature amplitude reservoir created by applying volt-

ages that induce heating into the system. The fringe contrast is plotted with respect to the prod-

uct of the mean squared voltage induced into the system and the squared size of the superposi-

tion (�n2) hV 2i . The fringe contrast indicates the interference (i.e., coherence) between the two

wavepackets and is obtained by recording the probability of finding the ion in spin statej1i . Fig-

ure 7.16(b) shows the experimental results of the realaxation of different cat states for the Be+

ion interacting with a zero-temperature reservoir for an undamped case (circles) and for an over-

damped case (triangles) as a function of time. It is seen that the coherence existent in the system is

lost in a very short time. As in the previous case, the probability of finding the ion in cat statej1i

is measured, and the fringe contrast (i.e., coherence) plotted as a function of time.

Results from the modeling of this experiment using the QT master equation
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(a) High-temperature reservoir.
 

(b) Zero-temperature reservoir.

Figure 7.16. Experimental results of decoherence of the state of a Be+ ion [365]; the circles and
triangles represent experimental data and the solid lines a fitting of the data. The fringe contrast
is an indication of the coherence in the state of the ion. Reprinted by permission from Macmillan
Publishers Ltd: Nature [365] Copyright © 2000.

d�

dt
=




2
(�n + 1)(2 a�ay � aya�� �aya) +




2
�n(2ay�a� aay�� �aay) (7.28)

are shown in Figure 7.12(a) for the case of the relaxation of the Be+ ion inmersed in a high-

temperature amplitude reservoir. The constant
represents the decay rate of the system and�n the

average number of quanta in the reservoir.
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Chapter 8

System Description and Modeling Scheme

for SEA-QT

8.1 Bloch sphere representation of a two-level-type system

For the modeling of simple systems such as an isolated single particle, it is sufficient to know the

transition between two neighboring energy eigenstates in order to fully understand its behavior.

For example, the spin direction of a spin-1=2 in an external magnetic field can only be parallel or

antiparallel to the external field so that it can be represented using a basis of only two orthog-

onal eigenstates. This makes it possible to model the particle as a two-level, single constituent

microscopic system fully represented in a two-dimensional Hilbert space,H . The geometrical

representation of such space is a sphere with radius equal to one called a Bloch sphere. The Bloch

sphere for a single two-level system (Quantum Bit or Qubit) is depicted in Figure 8.1(a). Here

~r = ( r x ; r y; r z) is an arbitrary radius vector, such asj~rj � 1, with �and�representing the rota-

tion and azimuthal angles, repectively. In addition,j0i represents the high-energy eigenlevel state

connected to the low-energy eigenlevel state,j1i , by an electric dipole transistion at an angular fre-

quency! eg
1 so that the energy between the two energy eigenlevel states isEeg = ~ ! eg, as depicted

in Figure 8.1(b). For the case werej~r j = 1 , the state of the qubit,j i , is the wave function

j i = c0 j0i + c1 j1i (8.1)

1Subscripte stands for exited state, and the subscriptg for ground state
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(a) Bloch sphere representation [345].
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(b) Energy-entropy representation.

Figure 8.1. Geometrical representation of the state of a two-level system.

geometrically represented by a point on the surface of the Bloch sphere wherec0 andc1 are the

probability amplitudes. From the normalization condition (jc0j2 + jc1j2 = 1 ), it is found that

jc0j2 andjc1j2 are the probabilities of finding the qubit in statej0i andj1i , respectively, so that the

quantum mechanical or thermodynamic state, which in this case is a pure state (i.e., zero-entropy

state) can be represented as

j i =
1p
2

j0i +
1p
2

j1i (8.2)

The pure state can be also represented by a density operator�obtained by the outer product of

the wave function such that�= j i h j. For this particular case, the density or state operator is

idempotent, that is,�2 = �. Non-pure or more accurately, non-zero entropy states of the two-level

system are geometrically located inside the Bloch sphere (j~r j < 1) where the density or state

opeator is non-idempotent (�2 < �). The density operator for both, pure and non-pure staes, can

also be generally represented in terms of the elements of the Bloch sphere such as

�=
1

2
(I + ~r �~�) (8.3)

where~�= ( �x ; �y; �z) is the vector of Pauli operators given by
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�x = jei hgj + jgi hej (8.4a)

�y = �i (jei hgj � j gi hej) (8.4b)

�z = jei hej + jgi hgj (8.4c)

with jei andjgi the excited and ground energy states, respectively of a two-level system andI as

the identity operator defined as

I = j0i h0j + j1i h1j (8.5)

Here j0i , and j1i are the eigenstates of�z with eigenvalues equal to+1 and �1, respectively.

Important operators that can be constructed using Equation (8.4a) and Equation (8.4b) are the

raising�+ and lowering�� ("spin-flip") operators expressed as

�� =
1

2
(�x � i�y) (8.6)

which are used in subsequent sections to construct the models that represent the general composite

systems used in this dissertation to analyze the phenomenon of decoherence.

The density or state operator of Equation (8.3) can also be represented in matrix form as

�=

0@ �00 �01

�10 �11

1A (8.7)

where�00 and�11 represent the populations (i.e., the eigenlevel occupations) and�01 = �y
10 the

coherences. Using these elements of Equation (8.7), thex�, y� andz�components of the radius

vector that represent the state of a two-level system can be given as

r x = �01 + �10 (8.8a)

r y =
1

i
(�10 � �01) (8.8b)

r z = �00 � �11 (8.8c)

The state vector componentsr x andr y provide information about the evolution in time of the

coherence of the density or state operator, while the state vector componentr z provides information

about the evolution in time of the energy of the two-level system, which, for an isolated single

constituent system, must remain constant at all times.
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The Hamiltoninan of a two-level-type system is diagonal in thej0i and j1i basis and can be

represented as

H = Ee j0i h0j + Eg j1i h1j (8.9)

where from Figure 8.1(b) it can be observed that the energies of the excited and ground energy

eigenstates are given asEe = 1
2
~ ! eg andEg = � 1

2
~ ! eg, respectively. Substituting the values

of Ee andEg and thez�Pauli operator ( Equation (8.4c)), the Hamiltonian on a two-dimensional

Hilber space,H , of a single two-level system is given as

H =
1

2
~ ! eg�z (8.10)

This Hamiltonian is used in subsequent sections of this chapter to construct the overall Hamiltonian

of a composite microscopic system.

8.2 Modeling of an electromagnetic field

8.2.1 The quantum Harmonic oscillator

The energy spectrum of a photon field is distributed among an infinite number of energy levels,

with a Hamiltonian operator given as

H = T + V = � ~2

2m

d2

dx2
+

m! 2

2
x2 =

1

2m

" �
~
i

d

dx

�2

+ ( m!x )2

#
=

1

2m
(p2 + �x2) (8.11)

wherex represents the position operator,p the momentum operator, and�x = m!x . Other useful

operators used below to reformulatex andp are the annihilation and creation operators defined as

a anday, respectively,

a =
1p

2m~ !
(m!x + i p) (8.12a)

ay =
1p

2m~ !
(m!x � i p) (8.12b)

A photon number operator,N = aya, is obtained by combining the annihilation and creation

operators. The position and momentum operators can be defined in terms of the annihilation and

creation opperators such that
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Figure 8.2. Schematic representation of a quantum Harmonic oscillator [373]. Only the first four
energy eigenlevels and the ground energy eigenlevel are shown in the figure.

x =

r
~

2m!

�
a + ay� (8.13a)

p = i

r
m~ !

2

�
ay � a

�
(8.13b)

Finally, the time independent Schrödinger equation or energy eigenvalue problem for the quan-

tum harmonic oscillator is expressed as

~ !

�
N +

1

2

�
 = "  (8.14)

where is the energy eigenfunction and" its energy eigenvalue. The solution to this equation

provides the energy structure of the Harmonic oscillator for which each energy eigenvalue is given

by

"n = ~ !

�
n +

1

2

�
(8.15)

wheren are the eigenvalues of the photon number operator,N , andn = 0 ; 1; : : :

As seen from Equation (8.15), the energy eigenlevels of the harmonic oscillator are equally

spaced with the ground or vacuum state equal to~ != 2. A schematic representation of the energy

eigenstructure is depicted as a ladder of energy eigenlevels in Figure 8.2. The set of energy eigen-

states represented by the set of eigenfunctionsf  ng, corresponding to the energy eigenlevels of
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Equation (8.15), can be represented using the index number as the complete set of orthonormal

vectorsfj nig in Fock space [373]. From Figure 8.2, it can also be observed that the annihilation

operator,a, removes a quantum amount of energy~ ! , lowering the eigenstate of the system to the

next lower energy eigenlevel, while the creation operator,ay, adds a quantum amount of energy

~ ! raising the state of the system to the next upper energy eigenlevel.

8.2.2 Coherent or Glauber states

A coherent or Glauber state [374],j�i , represents the state of a cloud of an indefinite number of

photons behaving as randomly distributed classical particles with a particle number expectation

value ofj�j2. Examples of systems that have this characteristic are a laser beam and a photon field

inside a quantum cavity. A Glauber state is defined as"the eigenstate of the annihilation operator,

a, with eigenvalues�" [373] such that the eigenvalue problem for these eigenstates is written as

a j�i = �j�i (8.16)

Since the operatora is non-hermitian, the eigenvalue� = j�jei� is a complex number with phase

�.

The set of eigenvectorsj�i is an overcomplete basis that is not orthonormal so that it is neces-

sary to represent the Coherent states using the complete and orthonormal set of vectorsjni in Fock

space. Since the vacuum state is a coherent state with� = 0 (i.e.,a j0i = 0 ), a coherent state can

be created in Fock space such that

j�i = D (�) j0i (8.17)

where the displacement opeatorD (�) is expressed as

D (�) = e� 1
2

j�j2 e�ay
e��a (8.18)

where�� is the complex conjugate off the eigenvalue�. D (�) has the function of creating coher-

ent states from the ground state in a fashion similar to that the creation operator,ay, generating

occupation number states.�� is the complex conjugate of�.

For many cases as is the case for the particle system, it is sufficient to know the transition

between two neighboring energy eigenstates in order to fully understand the behavior of the system.
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Figure 8.3. Schematic representation of a composite system of two spin-1=2 constituents. Reprinted
from [262] Copyright © 2013 by ASME, with permission.

Taking this into account, the Hamiltonian for a system formed by a cloud of an indefinite number

of photons can be written as

H = ~ !N = ~ !a ya (8.19)

where the1
2

has been removed because the minimum energy of the reference eigenenergy has been

taken as that of the ground state. This Hamiltonian will be used in a subsequent section of this

chapter to construct the overal Hamiltonian of a composite microscopic system compraised of a

particle and a photon field.

8.3 Two-particle spin-1=2 composite microscopic system

The two-particle composite system under analysis in this dissertation is depicted in Figure 8.3. It

consists of two interacting, spin-1=2-type particles. This represents the smallest composite system

that can be formed in Nature and can, for example, be used to analyze the entangled or correlated

(thermodynamic) states obtained when physically measuring the state of a composite system in

which one constituent represents the particle and the other the measuring device treated as a two-

level-type subsystem [359].

It is assumed here that the state of spin-A and that of spin-B are fully represented in Hilbert

subspacesH A andH B , respectively. The Hilbert space corresponding to the composite system is

given as the outer product of the two subspaces such that

H = H A 
 H B (8.20)
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Figure 8.4. Bloch sphere representation of a qubit [262]. Reprinted from [262] Copyright © 2013
by ASME, with permission.

Initially, the particles are independent of each other; but when an interaction occurs, their states

can no longer be described independently, and a single nonseparable system behavior is observed

for the states of the two constituents. In other words an entanglement or correlation of the now

so-called local ’states’ of the two particles is created.

The entangled or correlated density or state operator,�, for the composite system may be

written as

�= �A 
 �B + � (8.21)

Here� is formed from the outer product of the local or reduced operators represented by�A �

Tr B �and�B � Tr A �and a correlation operator,�, which is the null operator only in the absence

of entanglement or correlations.

8.3.1 Initial entangled and correlated density operators

The state (either of zero entropy or of non-zero entropy) of a spin-1=2 particle is represented as a

vector on or in the Bloch sphere as depicted in Figure 8.1(a). If the state is a zero-entropy state,

the tip of its vector representation, e.g.,~P1 or ~P2 in Figure 8.4(a), is on the surface of the sphere,

i.e., j ~P1j = 1 , or j ~P2j = 1 , respectively. A non-zero-entropy state, on the other hand, lies within
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the sphere and can, for example, be constructed as a statistical mixture of two zero-entropy states

[359] such that

�=
1

2
[I + ! ~P1 �~�+ (1 � ! ) ~P2 �~�] = ! j 1i h 1j + (1 � ! ) j 2i h 2j (8.22)

where! is a real constant satisfying0 < ! < 1 andj 1i andj 2i are orthogonal, i.e., located in

opposite directions of a diameter of the Bloch sphere because a non-zero-entropy state can also be

obtained with a statistical mixture of two or more non-orthogonal zero-entropy states. However,

the number of terms may exceed the size of the Hilbert space [359].

This approach can be applied to obtain non-zero-entropy state operators�A and�B for constituent-

A and constituent-B, i.e., for spin-A the non-zero-entropy state�A is given as

�A = ! A
1 �A

1 + ! A
2 �A

2 (8.23)

or equivalently in state vector representation as

~PA = ! A
1

~PA
1 + ! A

2
~PA

2 (8.24)

where

�A
1 =

�� A
1

� 

 A

1

��=
1

2
(I + ~PA

1 �~�) (8.25a)

�A
2 =

�� A
2

� 

 A

2

��=
1

2
(I + ~PA

2 �~�) (8.25b)

and the tip of the non-zero-entropy state vector, e.g.,~PA (j ~PA j < 1) is on a line connecting the tips

of the two zero-entropy or pure state vectors,~PA
1 and ~PA

2 . Here! A
1 is a real constant satisfying

0 < ! A
1 < 1, and! A

2 = 1 � ! A
1 . Note that Equation (8.23) represents the density operator for

a non-zero-entropy state of constituent-A only. A similar procedure can be applied to obtain the

non-zero-entropy state operator for constituent-B, resulting in

�B = ! B
1 �B

1 + ! B
2 �B

2 (8.26)

or equivalently in state vector representation

~PB = ! B
1

~PB
1 + ! B

2
~PB

2 (8.27)
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where

�B
1 =

�� B
1

� 

 B

1

��=
1

2
(I + ~PB

1 �~�) (8.28a)

�B
2 =

�� B
2

� 

 B

2

��=
1

2
(I + ~PB

2 �~�) (8.28b)

and ! B
1 is also a real constant satisfying0 < ! B

1 < 1, and! B
2 = 1 � ! B

1 . Figure 8.4(b) shows

the initial state vectors representing the reduced density operators�A and�B on H A andH B for

particles A and B, respectively, obtained for a particular case provided in this dissertation.

If instead of a single qubit, the two distinguishable qubits constituent-A onH A and constituent-

B onH B are considered, a non-zero-entropy state operator onH is obtained by the outer product

of the non-zero-entropy state operators given by Equations (8.23) and (8.26) such as

�= ! 1�A
1 
 �B

1 + ! 2�A
2 
 �B

2 + ! 3�A
1 
 �B

2 + ! 4�A
2 
 �B

1 (8.29)

In an attempt to preserve the generality of the above approach for generalizing a non-zero-

entropy state, the zero-entropy sates�A
1 on H A , and�B

1 on H B are obtained by randomly picking

a point on the surface of the Bloch spheres using thePoint Pickingapproach presented in [375].

In this randomization scheme, four real positive constantsy1, y2, y3, andy4 between 0 and 1

are randomly obtained in order to calculate the rotational and azimutal angles (see Figure 8.1(a))

corresponding to the state vectors~PA
1 and ~PB

1 such that

�A = cos�1(2y2 � 1) (8.30a)

�B = cos�1(2y4 � 1) (8.30b)

�A =
2

�
y1 (8.30c)

�B =
2

�
y3 (8.30d)

States�A
2 and�B

2 are in opposite directions to�A
1 and�B

1 , respectively, along a diameter of the

Bloch sphere, that is,~PA
2 (�A + �; �A + �) and ~PB

2 (�B + �; �B + �).

The weights! i in Equation (8.29) are obtained by randomly obtaining four real positive con-

stantsx1, x2, x3, andx4 between 0 and 1 and calculating the probabilities such as
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! i =
x i

4X
i =1

x i

(8.31)

where the conditions X
i

! i = 1 and 0 < ! i < 1 (8.32)

are satisfied.

The state operator obtained with Equation (8.29) is for the initial non-equilibrium state of

the composite microscopic system given by Equation (8.21) [297]. In contrast, the final stable

equilibrium state reached at the end of the state relaxation takes the canonical form

�se =
e�H=kT

Tr ( e�H=kT )
(8.33)

where the Hamiltonian operator,H , is defined in the next section below. The energy eigenlevel

occupation probabilities showing the energy redistribution within the energy eigenlevels of the

system are found from

pj = hej i = Tr( ej �) (8.34)

where theej are the eigenprojectors of the Hamiltonian operator given by

ej = j" j i h" j j (8.35)

8.3.2 Modeling of the energy structure

The Hamiltonian operator onH , representing the total energy of the composite system, is written

as

H = HA 
 I B + I A 
 HB + V (8.36)

where the operators

HA =
1

2
~ ! eg�

z
A (8.37a)

HB =
1

2
~ ! eg�

z
B (8.37b)
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are the Hamiltonians on subspacesH A andH B , respectively, defined by Equation (8.10),! eg is

the transition frequency between the exited and ground energy levels of each constituent, and~ is

the reduced or modified Planck constant. The interaction operator onH given by

V = �� (~�A 
 ~�B ) (8.38)

represents the interaction between constituents A and B,~�J (whereJ = A; B ) are three-dimensional

vectors of Pauli operators defined by Equations (8.4a) to (8.4c), and� is the strength of the inter-

action or coupling between the subsystems. For the system under consideration, the Hamiltonian

of Equation (8.36) becomes

H = �m (�z
A 
 I B + I A 
 �z

B ) � � (~�A 
 ~�B ) (8.39)

wherem = 1
2
~ ! eg is the unit strength of a uniform externally applied magnetic field in thez-

direction. The strength of the field given by~M = mẑ is small with respect to the Zeeman inter-

action splitting effects which are due to the interaction of the external magnetic field with the spin

magnetic moment of the atom. If this interaction is big enough, the energy spectrum of the atom

is split into two or more spectrums and can no longer be treated as a particle. For simplicity and

without loss of generality,m and~ are set to 1, while� is set to 0.02.

8.4 Particle-photon field composite microscopic system

The description of the experiments as well as the values used in the present modeling are based on

the work developed by the CQED group of Haroche and co-workers in Paris [289–292, 339, 358,

359]. The reader is encouraged to visit these references for a thorough description of the theoretical

background, experimental setup, and measurements developed on decoherence between the local

’states’ of the atom and the electromagnetic field mode.

A schematic representation of the experimental configuration of Haroche and co-workers [289]

is depicted in Figure 8.5. Rubidium atoms are contained in an ovenB from which one atom in

eigenstatej B i = j0i (excited level) is selected and subsequently subjected to a classical resonant

microwave�=2 pulse inR1 supplied by the sourceS’. This creates a state in a superposition

of circular Rydberg eigenlevelsj0i and j1i (ground eigenlevel) for the atom, corresponding to

principal quantum numbers 51 and 50, respectively. Afterwards, the atom is allowed to enter
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Figure 8.5. Schematic representation of an atom-field Cavity QED experiment [289]. Reprinted
from [304], with permission.

the high-Q quantum cavityC that contains an electromagnetic field mode in a Fock statej�i

previously injected into the cavity by an external sourceS. The atom and cavity are off-resonant,

and, therefore, absorption of photons is not exhibited during the interaction; and the atom shifts

only the phase of the field mode by an amount�. This dephasing provokes the coupling of the

excited eigenlevel of the atom to the field mode state with phasej�0i �
���ei�

�
and the coupling

of the ground state of the atom to the field mode state with phasej�1i �
���e� i�

�
. In this manner,

an entanglement between the eigenstates of the constituents is created such that

j C i =
1p
2

(j0; �0i + j1; �1i ) (8.40)

After leaving the cavity, the atom is subjected again to a resonant microwave pulse inR2 equal

to that atR1, mixing the atom energy eigenlevels and creating a "blurred" state for the composite,

which preserves the quantum ambiguity of the field phase such that

j R2 i =
1

2
e� i� j0i (j�0i � j �1i ) +

1

2
j1i (j�0i + j�1i ) (8.41)

Finally, the excited eigenlevel state of the Rb atom is observed and recorded by a detectorD, pro-

jecting the state of the electromagnetic field into a superposition coherent statesj�0i and j�1i .

Since at this point the state of the atom has been unveiled, the only coherence left in the composite

system is that due to the phase difference between the shifted coherence states of the electromag-

netic field.
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8.4.1 Initial entangled and correlated density operator

In order to measure the decay of coherence left on the field mode state by the atom, a second atom

of identical characteristics of that of the first one is put through the same path after a delay time of

td. The reading of the state of the second atom atD uncovers the effects left by the first atom on

the state of the field mode.

In order to monitor the decoherence in the CQED experiments, a second Rb atom of identical

characteristics to that of the first one is put through the same path after a delay time oftd. This

second atom also shifts the phase of the electromagnetic field. If there is no decoherence, this

phase shift produced by the second atom would be of the same magnitude as that produced by

the first atom; and, thus, the probability of finding the second atom in the excited level eigenstate

would be equal to one. On the other hand, if the system is allowed to relax for a certain period of

time td, the interaction with the second Rb would cause a phase shift in the electromagnetic field of

a value lower than that produced by the first atom, and, thus, the probability of finding the second

atom in the excited level eigenstate would be lower than one.

In the modeling presented here, the initial thermodynamic state of the composite system is ob-

tained when the first atom is detected in its excited level eigenstate, projecting the electromagnetic

field in a superposition of coherent eigenstates so that the coherence of the composite is due to the

phase difference on the states of the field only. Since the density operator that represents the ther-

modynamic state of the system can be known here, an equation of motion can be used to model the

evolution in thermodynamic state of the composite system at every instant of time, and, of course,

monitor the loss of coherence of the composite due to the phase different between the eigenstates

of the electromagnetic field only. In this way, in a modeling scheme, a second atom is not needed

to unveil the thermodynamic state of the field at every instant of time. The initial thermodynamic

state operator for the composite system, i.e.,

�0 = j R2 i h R2 j (8.42)

represents a pure (zero-entropy) state. In order for the state operator to evolve in time according to

the the SEA-QT equation of motion, a slight perturbation in agreement with [297] is induced. The

perturbation method at constant system energy is also described in Section 7.2.1 of this dissertation.

A value of�= 0 :95 is used in the perturbation in order to start the evolution in a non-equilibrium
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state very close to the original zero-entropy initial state (�= 1 ) given by Equation (8.42). Values

for the phase2� = 100� and2� = 50� [292] and the probability of the atom being in its excited

eigenlevel state ofP e � 1 are used for the two different cases presented.

The internal-relaxation time in the SEA-QT equation of motion for each constituent is consid-

ered to be a real positive constant with values of�A = �F = 300 ms. This value is chosen because

it is long enough to show the various features of the state evolution in time of the composite system

and its constituents well. As seen below in the comparison with the experimental results of [292],

values of 0.26 ms and 0.36 ms are also used.

8.4.2 Modeling of the energy structure (Jaynes-Cummings Hamiltonian)

In the modeling of a field mode-atom composite system, it is common that the single mode of an

electromagnetic field is assumed to be quantized and treated as a two-level-type harmonic oscillator

fully represented in Hilbert subspaceH F , while the atom is treated as a two-level-type spin-1=2

particle fully represented in Hilbert subspaceH A [376–378]. This represents the simplest model

in which light and matter can interact.

The Hamiltonian on Hilbert spaceH = H A 
 H F describes the total energy of the composite

system and is the traditional Jaynes-Cummings Hamiltonian (in the rotating-wave approximation)

[379–381] such that

H =
1

2
~ ! eg (�z 
 I F ) + ~ ! f (I A 
 N ) + V (8.43)

where the first term on the right hand side is the Hamiltonian of a particle onH A given by Equa-

tion (8.10) spanned over the Hilbert spaceH while the second term is the Hamiltonian of a photon

field onH F given by Equation (8.19) spanned over the Hilbert spaceH . The interaction operator

onH is given as

V =
1

2
~ 
0

�
a 
 �+ + ay 
 ��

�
(8.44)

Here�z is the z-Pauli operator defined in Equation (8.4c),�+ and�� are the raising and low-

ering ("spin-flip") operators defined in Equation (8.6),ay anda are the creation and annihilation

operators, andN = aya is the photon number operator.! eg is the transition frequency between

the excited and ground energy eigenlevels of the atom,! f the cavity frequency, and
0 the Rabi
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frequency, which indicates the strength of the atom-field interaction.

For the present model, values taken from [292] are used. The transition frequency between

the excited and ground energy eigenlevels of the atom is given as! eg=2� = 51:099 GHz, the

Rabi frequency as
=2� = 24 kHz , and detunings as�=2� = 70 kHz and�=2� = 170 kHz

corresponding to phase shift of2�= 100� and2�= 50�, respectively, where�= ! eg � ! f .

8.5 SEA-QT evolution dynamics

8.5.1 Isolated single constituent indivisible system

In the early 1980s, Beretta [257, 284, 288] completed the dynamical postulate of SEA-QT by

providing an equation of motion capable of modeling the evolution of the state of a system from a

non-equilibrium state to that of stable equilibrium, while keeping constant the expectation value of

the energy of the system. This equation satisfies both the first and second law of thermodynamics

and reduces to the Schrödinger equation for zero-entropy states and to the canonical form (or grand

canonical form for the case of a grand system [382]) for stable equilibrium states (Equation (8.33)).

This equation was "engineered" or postulated based on thesteepest-entropy-ascent ansatzin which

the system follows the path of local-maximum entropy generation during the relaxation of its state

to stable equilibrium. For example, for a system composed of one two-level-type particle, its state

evolution towards stable equilibrium is driven by both a Hamiltonian vector tangent to its trajectory

through state space and a dissipative vector orthogonal to this trajectory as shown by the red vectors

in Figure 8.6. The dissipative vector is the one which assures that the path is that of maximum

entropy generation [295] represented by the blue spiral. For a system composed of two or more

distinguishable constituents, the dissipation vector of the composite system corresponds to the

contribution of the locally-perceived dissipation vectors of each individual subsystem where again

the steepest entropy-ascent ansatz applies locally for every individual constituent and guarantees

that the path to stable equilibrium followed by the composite system is also that of maximum

entropy generation.

For an isolated, single constituent quantum system (single particle, a group of indistinguishable

constituents, or a field) in a Hilbert space,H , the SEA-QT quation of motion takes the form

[257, 284]
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Figure 8.6. Steepest entropy ascent trajectory for the relaxation towards stable equilibrium [295].

d�

dt
= � i

~
[H; �] � 1

�D

D (8.45)

where�is the density or state operator,H is the Hamiltonian operator that represents the total en-

ergy of the system, and the operator[H; �] = H���H is the commutator between the Hamiltonian

and density or state operator.

The density operator is mathematically redefined in [287] as the scalar product of the positive

square root of the density operator,
p

�, and the Hermitian of the square root of the density operator,

(
p

�)y, such that

j�j =
p

�y�= (
p

�)y p
�= 
y
 (8.46)

where
is


= U
p

� (8.47)

This is done to assure that the state operator is Hermitian, positive semi-definite, i.e.,�(t)y =

�(t) � 0 , at all time. The operatorU can be assumed to be the identity operator(U = I ).

The first term on the right-hand side of Equation (8.45) captures the unitary, Hamiltonian dy-

namics of the Schrödinger-von Neumann equation. When the system is in a zero-entropy state,
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this term assures that the system evolves on the vertical axis of the energy-entropy diagram only

(see Figure 8.1(b)) or for a two-level system on the surface of the Bloch diagram (see Figure 8.4).

The second term of Equation (8.45) models the non-linear dynamics of dissipative (irreversible)

evolution in state based on the principle of SEA subject to the relevant dynamical constraints [284–

287]. The internal-relaxation time particular to the system,�D , is considered to be a real constant

or functional [294], and the operatorD is the nonlinear functional constructed as a function of the

overall density operator defined explicitly in [288] by

D =
1

2

�p
�~D + (

p
�~D )y

�
(8.48)

where

~D =

���������������

p
�ln�

p
� R0

p
� R1 � � �p

� Rz

(R0; ln�) (R0; R0) (R0; R1) � � �(R0; Rz)

(R1; ln�) (R1; R0) (R1; R1) � � �(R1; Rz)
...

...
... .. . ...

(Rz; ln�) (Rz; R0) (Rz; R1) � � �(Rz; Rz)

���������������������������

(R0; R0) (R0; R1) � � �(R0; Rz)

(R1; R0) (R1; R1) � � �(R1; Rz)
...

... . . . ...

(Rz; R0) (Rz; R1) � � �(Rz; Rz)

������������

(8.49)

Herej � jdenotes a determinant, and the determinant element(F; G) defined as

(F; G) = ( G; F ) � 1

2
Tr ( j�j f F; Gg) = (

p
�Gjp �F) = (

p
�Fjp �G) (8.50)

is the inner product of the two operatorsF andG that can represent the entropy operator,�kB ln �,

or one of the generators of the motion of the system represented byRi . The term(AjB ) is the real

scalar product of two linear operators given as

(AjB ) = ( B jA) � 1

2
Tr

�
AyB + B yA

�
(8.51)

andf F; Gg is the anti-commutator operatorf F; Gg = FG + GF .

The dissipative term is highly non-linear, and the solution of Equation (8.45) must be obtained

in numerical form for all but the simplest cases. An example of such a simplest case is given
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in [323, 383]. For a petit system [382] such as a two-level, isolted and non-reactive system, a

complete set of generators of the motion is represented by the set which includes the identity and

Hamiltonian operators, i.e.,f R0; R1g = f I; H g, so that Equation (8.49) reduces to

~D =

���������
p

�ln �
p

� I
p

� H

(I; ln �) ( I; I ) ( I; H )

(H; ln �) (H; I ) (H; H )

��������������� (I; I ) ( I; H )

(H; I ) (H; H )

������
(8.52)

and the equation of motion, Equation (8.45), takes the final form

d�

dt
= � i

~
[H; �] � 1

�D

�
�ln �+ �(�) �+

1

2
�(�) f H; �g

�
(8.53)

where the terms�(�) and�(�) are defined as

�(�) = �Tr ( �ln �) Tr ( �H2) � Tr ( �H ln �) Tr ( �H)

Tr ( �H2) � (Tr ( �H))2 (8.54)

�(�) =
Tr ( �ln �) Tr ( �H) � Tr ( �H ln �)

Tr ( �H2) � (Tr ( �H))2 (8.55)

8.5.2 Isolated composite system

The SEA-QT equation of motion for an isolated and non-reactive composite system is given by

[288]

d�

dt
= � i

~
[H; �] +

D�

Dt
(8.56)

where the first term on the right-hand side describes the unitary Hamiltonian dynamics of the

system and the second the non-Hamiltonian dissipative (irreversible) dynamics. The second term

is defined as

D�

Dt
= �

MX
J =1

1

�J

DJ 
 ��J (8.57)

where subscriptJ represents a single indivisible constituent onH J and subscript�J represents the

group of all constituents but theJ -th onH
�J . The internal-relaxation times,�J , are considered to
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be real constants or functionals. The operatorsDJ are the nonlinear functions of the overall density

operator defined explicitly in [288] by

DJ =
1

2

�p
�J

~DJ + (
p

�J
~DJ )y

�
(8.58)

with ~DJ defined as

~DJ =

���������������

p
�J (B ln �)J p

�J (R0J )J p
�J (R1J )J � � �p

�J (Rz(J )J )J

(R0J ; B ln �)J (R0J ; R0J )J (R0J ; R1J )J � � �
�
R0J ; Rz(J )J

�J

(R1J ; B ln �)J (R1J ; R0J )J (R1J ; R1J )J � � �
�
R1J ; Rz(J )J

�J

...
...

... .. . ...�
Rz(J )J ; B ln �

�J �
Rz(J )J ; R0J

�J �
Rz(J )J ; R1J

�J � � �
�
Rz(J )J ; Rz(J )J

�J

���������������������������

(R0J ; R0J )J (R0J ; R1J )J � � �
�
R0J ; Rz(J )J

�J

(R1J ; R0J )J (R1J ; R1J )J � � �
�
R1J ; Rz(J )J

�J

...
... . . . ...�

Rz(J )J ; R0J

�J �
Rz(J )J ; R1J

�J � � �
�
Rz(J )J ; Rz(J )J

�J

������������

(8.59)

HereB is the idempotent operator obtained by substituting unity for each nonzero eigenvalue of

the density or state operator,�, j � jdenotes a determinant,(F; G)J =
�p

�J (F )J jp �J (F )J
�J , and

(FJ jGJ )J = 1
2
Tr J

�
F y

J GJ + Gy
J FJ

�
.

For a a general composite system to which its generators of the motion are given by the set

R = f I; H g, Equation (8.59) reduces to

~DJ =

���������
p

�J (B ln �)J p
�J (I )J p

�J (H )J

(I; B ln �)J (I; I )J (I; H )J

(H; B ln �)J (H; I )J (H; H )J

��������������� (I; I )J (I; H )J

(H; I )J (H; H )J

������
(8.60)

The generator of the motion representing the identity operatorI is expressed asI = I J 
 I �J , while

the generator of the motion representing the Hamiltonian operator is given by Equation (8.39)

for the particle-particle composite system and by Equation (8.43) for the particle-field composite

system.
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Finally, the SEA-QT equation of motion for the last two composite systems is expressed as

[288]

d�

dt
= � i

~
[H; �] �

�
1

�J

DJ 
 ��J +
1

��J

�J 
 D �J

�
(8.61)

where the internal-relaxation times�J and��J are considered to be real constants for the models

developed in this dissertation. For the case of the particle-particle composite system, it is assumed

that �A = �B = 1 . For the case of the particle-photon field compsite system, values for�A =

�F = 300 ms are considered as are other values consistent with the Haroche and co-workers [292]

experiments to which the SEA-QT predictions are compared. These former values are chosen

because they are long enough to show the various features of the state evolution in time of the

composite systems and their constituents well. As for the comparison with the experimental results

of [292], value of 0.26 ms and 0.36 ms are used for the particle-photon field composite system.

The nonlinear operatorDJ is represented as

DJ =
1

2

�
(B ln �)J ; �J

	
� �J �J +

1

2
�J

�
(H )J ; �J

	
(8.62)

where the terms�J and�J are defined as

�J = �Tr J

�
�J (B ln �)J

�
� �J Tr J

�
�J (H )J

�
(8.63)

and

�J =
� 1

2
Tr J

�
�J

�
(B ln �)J ; (H )J

	�
+ Tr J

�
�J (B ln �)J

�
Tr J

�
�J (H )J

�
Tr J (�J (H )J (H )J ) � (Tr J �J (H )J )2 (8.64)

Important ingredients of the SEA-QT model are the local observables given by the linear local

operators defined as follows [288]:

(H )J = Tr �J (( I J 
 ��J )H ) (8.65a)

(H )
�J = Tr J ((�J 
 I �J )H ) (8.65b)

These locally perceived operators represent the"local effective perception"of the overall Hamilto-

nian operator. Their local mean values can be interpreted as the overall system’s energy as"locally

perceived"by each constituent. Analogously, the local observables given by the nonlinear local

operators defined as follows [288]:
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(S)J = �kB Tr �J (( I J 
 ��J )B ln �) (8.66a)

(S)
�J = �kB Tr A ((�J 
 I �J )B ln �) (8.66b)

represent the"local effective perception"of the overall�kB ln�operator. Their local mean values

can also be interpreted as the overall system’s entropy as"locally perceived"by each constituent.

Finally, the expectation value of the entropy for the overall, composite, microscopic system

is given by the von Neumann entropy relation [283] using the density operator as defined in the

SEA-QT framework, namely,

S = �kB Tr( �ln �) (8.67)

wherekB is Boltzmann’s constant.

8.6 Measures of correlation and entanglement

Since part of the scope of this dissertation is to model decoherence, some measurements of entan-

glement and correlation as well as decoherence need to be described. There are several options in

the literature. For example, a correlation functional, which in this case is the entropy correlation

function, is written as [288]

�AB (�) = Tr( �ln �) � Tr A (�A ln �A ) � Tr B (�B ln �B ) (8.68)

A measure of the coherence between the constituents of the system is the norm of the commutator

operator given by

kCk = Tr( CCy) (8.69)

whereC = i [H; �]. It can be used as an indicator of how phase difference between the off-diagonal

elements of the matrix representing the state operator evolve towards zero. It can, as a cosequence,

also be thought of as a measure of the evolution of the coherence of the constituents.

The rate of change of the correlation functional given by Equation (8.68) is expressed as

d(�AB (�))

dt
= _�AB jH � _�AB jD (8.70)
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where the first term on the right-hand side represents the contribution, which the Hamiltonian term

of Equation (8.56) makes to the rate of change of the correlation functional. The second term on

the right-hand side represents the contribution of the dissipative term of Equation (8.56). Based

on the characteristics of Equation (8.56), it is has been conjectured [288] that_�AB jD only destroys

correlations between the constituents, namely, it should be non-negative at all times.

Another measurement of decoherence, which provides a theoretical description of the experi-

mental observations for a composite system formed by an atom and an electromagnetic field mode,

such as those of cavity quantum electrodynamics (CQED), is given by the correlation signal [291]

�(td) =
1

2
e�2n(1�e� 
td )sin2�cos

�
n

�
1 � e�
td

�
sin2�

�
(8.71)

wheren is the average number of photons in the field mode,
= 1=TR , TR is the photon lifetime

in the cavity,td is the delay for the second atom, and�the field mode phase shift.

8.7 ODE45 Matlabr solver

The model for the two different microscopic composite systems is written using local functions

in Matlabr . The system of first-order ordinary differential equations (ODEs) generated by the

SEA-QT equation of motion, Equation (8.61), is solved with the"ode45"subroutine [384]. The

subroutine"ode45"utilizes an explicit fourth order Runge-Kutta method of solution with a vari-

able internal time step for efficiency purposes [385–387]. The absolute error tolerance is set here

to 10�7. This subroutine solves Equation (8.61) for the evolution in time of the density or state

operator of the composite system. A post processing analysis is developed by creating local func-

tions to obtain the value of the observables of the system at every instant of time such as the energy

and entropy.

8.8 Verification of the model

In order to confirm that the model works properly, several of the conditions, which the equation of

motion of SEA-QT must satisfy and which are explicitly defined in [296, 297], are monitored. The

conditions applicable to the particular systems under analysis in this dissertation are as follow:
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• for isolated composite systems with no chemical or nuclear reactions present among its con-

stituents, the energy of the composite,E = hE i = Tr( H�), must remain constant at all

times; the time-invariant Hamiltonians are those defined by Equation (8.39) for the particle-

particle composite system and by Equation (8.43) for the particle-photon field composite

system;

• the rate of change of the entropy of the systemS = �kB Tr( �ln �) (Equation (8.67)) must

be nonnegative at all times;

• starting the evolution of the state of the system with a density operator that is not a projector

operator, that is,�(t0) = �(t0)y > �(t0)2 andTr( �(t0)) = 1 , �(t) must remain Hermitian

(�(t) = �(t)y), nonnegative and unit traceTr( �(t)) = 1 at all times;

• since the energy, parameters, and amount of constituents are invariant in time, there must be

one and only one stable equilibrium state for whichd�=dt= 0 andSse > S (t).
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Chapter 9

Results and Discussion for SEA-QT

9.1 Two-particle spin-1=2 composite microscopic system

Figure 9.1 shows an energy-entropy (hE i -hSi ) diagram for the state evolution of the two-particle

spin-1=2 composite system. The four points depicted inside the curve are possible initial non-

equilibrium states obtained with the approach described in Section 8.3.1 and illustrate the fact

that the relaxation of any non-equilibrium state can be modeled with the approach used in this

work. Although stateA1 together with statesB1, B2, B3, andB4 are all modeled in terms of their

evolution towards a state of stable equilibrium, the focus here is on the evolution in stateA1 only

for which a complete set of results is presented. With this in mind, the system evolves at constant

energy from stateA1 towards a state of stable equilibrium atAse that for this case just happens to

have a high negative absolute temperature. When the state of the system reachesAse, the density

operator takes the canonical form of Equation (8.33). This figure also confirms that the expectation

value of the energy (hE i = Tr( H�),) remains constant at all times and that there is one and only

one stable equilibrium state for whichd�=dt= 0 andSse > S (t).

Figure 9.2 shows the norm of the commutator operator defined by Equation (8.69). The evolu-

tion of the norm is taken as an indicator of how the off-diagonal elements of the matrix representing

the density or state operator decay; and as a result, it is also an indicator of how the coherence of

the system disappears as the state of the system evolves towardsAse. A drastic descent is ob-

served at the beginning of the evolution because the local coherence within each constituent is

being annihilated by the dissipative term of the SEA-QT equation of motion. This drastic descent

is in accordance with the locally-perceived steepest entropy ascent ansatz upon which the dynamic
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model is constructed. As seen in Figure 9.3(a) where the evolution of the composite system entropy

is given, the entropy increases very rapidly at the beginning of the evolution and then quickly slows

its increase, asymptotically approaching its stable equilibrium value. Figure 9.3(b) depicts the en-

tropy generation rate evolution of the composite system where it can be observed thatdhSi =dt

remains nonnegative at all times.
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Figure 9.1. Energy-entropy diagram for the state evolution of the two-particle spin-1=2 composite
system; statesA1 andAse are for the particular case presented in detail in this work, while states
B i are other possible initial non-equilibrium states generated. Reprinted from [262] Copyright ©
2013 by ASME, with permission.
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Figure 9.2. Evolution ofjjCjj which is the norm of the commutator termC = i [H; �] for the two-
particle composite system. Reprinted from [262] Copyright © 2013 by ASME, with permission.
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(a) Entropy. Reprinted from [262] Copyright © 2013 by ASME, with permis-
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Figure 9.3. Entropy and entropy generation rate evolution for the composite system.

Figure 9.4 shows thex-, y-, andz-components of the state vector representation for both con-

stituents. It can be seen that constituent A starts its evolution closer to the surface of its corre-

sponding unit Bloch sphere than constituent B (also see Figure 8.4(b)). The red line corresponds

to the z-component of the vector, which shows how the two constituents are coherently exchang-

ing energy, i.e., as the energy of constituent A decreases, that of constituent B increases. Thex-

andy-components evolve very fast towards a value of zero, which is reached at a dimensionless

time of about 10. This evolution towards the center of the local-Bloch sphere for each constituent
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represents the loss of local-coherence of these constituents. In contrast, the non-local coherence

belonging to the off-diagonal elements of the density matrix of the composite system continues its

decay but at a very gradual rate (see Figure 9.2 above) until it reaches a value of zero at which

point the Hamiltonian and density operators commute and the state of the composite system is that

of stable equilibrium. During this slow, non-linear and non-local decay, the constituents continue

exchanging energy with each other.
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Figure 9.4. Evolution of the components of the state vector in their local Hilbert spaces. Reprinted
from [262] Copyright © 2013 by ASME, with permission.
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Figure 9.5 shows the evolution in time of the energy eigenlevel occupation probabilities given

by Equation (8.34). As can be seen, the largest redistribution of system energy takes place pri-

marily between two of the four energy eigenlevels of the system, the majority of which occurs

during a short non-dimensional time interval corresponding to the decay of the local-coherence of

the constituents. After this fast initial redistribution, the redistribution of energy represented by

changes in the eigenlevel occupation probabilities occurs at a much slower rate. The sum of the

four energy eigenlevel occupation probabilities is equal to one at all times.
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Figure 9.5. Evolution of the energy eigenlevel occupation probabilities of the composite system for
a period oft=�= 0 � 1; 000. Reprinted from [262] Copyright © 2013 by ASME, with permission.
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Figure 9.6. Evolution of the entropy correlation functional. Reprinted from [262] Copyright ©
2013 by ASME, with permission.
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Figure 9.7. Rate of change of the contribution of the Hamiltonian and dissipative terms to the rate
of change of the entropy correlation functional.

Figure 9.6 depicts the evolution in time of the entropy correlation functional, which is a mea-

surement of how the correlations between the constituents disappear when the composite system

evolves towards a state of stable equilibrium. The correlation functional reaches a constant value

when the composite is at stable equilibrium which occurs at about7�105 dimensionless time units

and at which the value of the correlation functional is�AB = 0 :0051. The fact that the correlation

functional does not reaches a value of zero at stable equilibrium, is because the interaction term,V ,
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Figure 9.8. Bloch sphere representation of 5,000 different random initial states.
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Figure 9.9. Degree of purity for the different 5,000 random initial non-equilibrium states tested.

of the Hamiltonian operator of Equation (8.36) is continuously creating correlations. This creation

of correlations is described by the contribution of the Hamiltonian term of the equation of motion

to the rate of change of the correlation functional, depicted in Figure 9.7(a), where it can be ob-

served that this rate of change oscillates continuously at a fixed amplitude even when the composite

system is at stable equilibrium. Figure 9.7(b) shows the rate of change of the correlation functional

due to the dissipation term of the equation of motion and is consistent with the conjecture that the

dissipation term can only destroy but never create correlations between constituents. Indeed, the

rate of change of the entropy correlation is always non-negative, and this result is reproduced in

all of the other thousands of simulations performed here, each beginning at a different initial state

obtained randomly as described in Chapter 8.






