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(ABSTRACT) 

Parallel computing has recently appeared has an alternative approach to increase 

computing performance. In the world of engineering and scientific computing the 

efficient use of parallel computers is dependent on the availability of methodologies 

capable of exploiting the new computing environment. The research presented here 

focused on a modeling approach, known as cellular automata (CA), which is 

characterized by a high degree of parallelism and is thus well suited to implementation on 

parallel processors. The inherent degree of parallelism also exhibited by the random-walk 

particle method provided a suitable basis for the development of a CA water quality 

model. The random-walk particle method was successfully represented using an approach 

based on CA. The CA approach requires the definition of transition rules, with each rule 

representing a water quality process. The basic water quality processes of interest in this 

research were advection, dispersion, and first-order decay. Due to the discrete nature of 

CA, the rule for advection introduces considerable numerical dispersion. However, the 

magnitude of this numerical dispersion can be minimized by proper selection of model 

parameters, namely the size of the cells and the time step. Similarly, the rule for



dispersion is also affected by numerical dispersion. But, contrary to advection, a 

procedure was developed that eliminates significant numerical dispersion associated with 

the dispersion rule. For first-order decay a rule was derived which describes the decay 

process without the limitations of a similar approach previously reported in the literature. 

The rules developed for advection, dispersion, and decay, due to their independence, are 

well suited to implementation using a time-splitting approach. Through validation of the 

CA methodology as an integrated water quality model, the methodology was shown to 

adequately simulate one and two-dimensional, single and multiple constituent, steady - 

state and transient, and spatially invariant and variant systems. The CA results show a 

good agreement with corresponding results for differential equation based models. The 

CA model was found to be simpler to understand and implement than the traditional 

numerical models. The CA model was easily implemented on a MIMD distributed 

memory parallel computer (Intel Paragon). However, poor performance was obtained.
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1 INTRODUCTION 

Since the advent of the electronic computer in the 1950's a typical ten-fold 

improvement in speed performance has occurred every five years, mainly as a result of 

considerable advances in electronic integrate circuitry. However, such technological 

progress has not been sufficient to satisfy the increasing computational demand from 

engineering and scientific applications. Thus, parallel computation appeared as an 

alternative approach to increase computer performance. This involves incorporating 

multiple computational units in a single computer and operating them concurrently, 

thereby substantially increasing system performance (Green, 1991; Messina, 1991). 

Parallel computers have evolved substantially during the last decade and that 

trend is expected to continue (Messina, 1991; Fox et al., 1994). The possibility of 

successfully scaling to large number of processors is shown by the testimony of high 

performance machines now operational (Messina, 1991; Fox et al., 1994). Many parallel 

computer architectures have proved reliable, and successful in engineering and scientific 

applications involving large-scale computations (Fox et al., 1988; Fox, 1991; Messina, 

1991; Camp et al., 1994; Dabdub and Seinfeld, 1994; Fox et al., 1994). 

In the world of engineering and scientific computing, the efficient use of parallel 

computers is dependent on the availability of methodologies capable of exploiting the 

new computing environment. Modeling methodologies successfully implemented on 

sequential (single processor) machines are efficient in exploiting the computational power 

of a single processor. However, the most efficient use of parallel processors comes from 

methodologies that are inherently parallel (Camp ef al., 1994). 

Some modeling approaches characterized by a high degree of parallelism may 

already have been developed in the past and possibly neglected due to their poor 

performance when implemented on sequential machines. However, the emerging parallel 
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computing field opens a door of opportunity to new and old modeling techniques able to 

exploit the newer computing environment. 

The research presented here focuses on a modeling approach, known as cellular 

automata (CA), which is characterized by a high degree of parallelism, and is therefore 

well suited to implementation on parallel processors (Toffoli and Margolus, 1987; 

Amato, 1991; Fox et al., 1994). Cellular automata were first introduced in the late 1940's 

by John von Neumann (von Neumann, 1966). Cellular automata gained popularity three 

decades later through John Conway's work in the game of Life (Fogelman et al., 1987; 

Toffoli and Margolus, 1987). However, the potential of CA as a modeling tool only 

recently has been realized with the advent of parallel computing (Toffoli and Margolus, 

1987; Fox et al., 1994). 

Other potential benefits of CA as a water quality modeling tool include: (1) a 

better representation of the real physical system by bridging the differences between 

macroscopic and microscopic representations; (2) no power series truncation and, in 

certain implementations, no round-off error; (3) easy extension from a one-dimensional to 

a higher dimensional representation; and (4) since CA models can be based on simple, 

microscopic behavior, the focus of water quality modeling can be placed on the water 

quality mechanisms and not on the numerical solution technique. 

The overall goal of this research is to evaluate the potential of the cellular 

automata methodology as a simulation tool for water quality modeling. The criteria for 

this evaluation include characterization of numerical dispersion, and model validation 

through comparison of simulation results with established water quality models. 

The specific objectives of this research are to: 

e develop CA representations of the more common water quality modeling 

processes; 
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* evaluate the numerical accuracy of CA representations, in particular the 

evaluation of numerical dispersion introduced through the discrete nature of the 

model; 

* integrate individual process rules into typical water quality models; 

¢ compare cellular automata model results with existing analytical and numerical 

solutions for typical modeling scenarios; 

e evaluate the feasibility and performance gains associated with the 

implementation of the cellular automata water quality model on parallel 

processors. 
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2 DYNAMIC WATER QUALITY MODELING 
USING CELLULAR AUTOMATA: MODEL 
DEVELOPMENT 

2.1 INTRODUCTION 

Modeling the fate and transport of environmental contaminants in general, and 

water quality modeling in particular, frequently requires mathematical formulations 

involving differential equations for which analytical solutions do not exist unless 

simplifying assumptions are made. Thus numerical methods are used to provide solutions 

for those complex mathematical representations. 

One important category of numerical methods is the Lagrangian particle models. 

Various types of particle models have been considered in the past, and applied to the 

simulation of a range of physical problems (Hockney and Eastwood, 1988). In some 

cases the computational particles represent actual physical particles such as molecules 

(Hockney and Eastwood, 1988). More often, the computational (or fictitious) particles are 

used to represent a discrete parcel of the parameter to be simulated: fluid elements of a 

fluid flow application, or mass parcels in a simulation of an environmental contaminant 

(Hockney and Eastwood, 1988; Zannetti, 1990). The dynamics of computational 

particles, such as their motion, can be considered to be either deterministic or stochastic 

(through Monte-Carlo techniques) (Zannetti, 1990). 

2.1.1 Random-Walk Particle Method 

The random-walk particle method (RWPM), which is a stochastic Lagrangian 

particle model, has been applied to the fate and transport modeling of environmental 

constituents in both groundwater (Ahlstrom ef al., 1977; Prickett et al., 1981; Bear and 

Verruijt, 1987; Ackerer, 1988; Kinzelbach, 1988; Uffink, 1988; Valocchi and Quinodoz, 
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1989, Tompson and Gelhar, 1990; Dougherty, 1991; Tompson and Dougherty, 1992; 

Mahinthakumar and Valocchi, 1993) and surface water (Williams and Hinwood, 1976; 

Allen, 1982; Shen er al., 1987; Shen and Yapa, 1988; J6zsa, 1989; Kleinschmidt and 

Pearce, 1992; Bogle et al., 1993; Dimou and Adams, 1993). When nonlinearities (such as 

source/sink terms) are absent, computational particles are completely independent of each 

other, thus allowing particle behavior to be computed in parallel (Ahlstrom et al., 1977). 

In fact, several implementations of the RWPM using parallel computers have been 

reported (Dougherty and Tompson, 1990; Dougherty, 1991; Mahinthakumar and 

Valocchi, 1993). 

The original motivation for this research was to develop a water quality model 

based on the cellular automata (CA) approach to be implemented using parallel 

processors. Cellular automata are characterized by a high degree of parallelism (Toffoli 

and Margolus, 1987). The inherent degree of parallelism also exhibited by the RWPM 

was assumed to provide a suitable basis for the development of a CA water quality 

model. In fact, Brieger and Bonomi (1991) while using a different approach than in the 

current work have shown that a random-walk methodology can be adapted to CA. 

The derivation of the RWPM is based upon analogies established between the 

transport equations and probability distributions (Jézsa, 1989; Tompson and Gelhar, 

1990). The RWPM in its basic form comprises a deterministic component representing 

the advective particle transport due to an average velocity, and a stochastic component 

which represents the randomness associated with particle movement due to dispersion 

(Ahlstrom et al., 1977; Bear and Verruijt, 1987; Ackerer, 1988; Uffink, 1988; Valocchi 

and Quinodoz, 1989; Dougherty, 1991; Tompson and Dougherty, 1992; Dimou and 

Adams, 1993; Mahinthakumar and Valocchi, 1993). In addition, the method often 

incorporates reactive terms that have been considered deterministic (e.g., Ahlstrom et al., 

1977; Dougherty, 1991) where the mass associated with the particles is allowed to change 
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with time, and stochastic (e.g., Kinzelbach, 1988; Valocchi and Quinodoz, 1989) where 

the number of particles, not their mass, changes with time. 

Reported advantages of the RWPM include (Ahlstrom er al., 1977; Ackerer, 

1988; Kinzelbach, 1988; Jézsa, 1989; Tompson and Gelhar, 1990; Dimou and Adams, 

1993): (1) inherent stability; (2) absence of cumulative numerical dispersion; (3) easy 

extension to higher dimensional problems; (4) easy handling of complex geometry; (5) 

high degree of parallelism; and (6) more realistic (natural) representation of the occurring 

processes. Disadvantages of the RWPM are (Ahlstrom et al., 1977; Allen, 1982; 

Kinzelbach, 1988): (1) greater computational resources compared to traditional numerical 

methods with the possible exception of some three-dimensional problems; (2) random 

noise associated with model results; and (3) model accuracy dependency on the number 

of particles while a general criterion defining their optimum number is still to be 

developed. 

2.1.2 Cellular Automata 

Computational resources have suggested new approaches to the modeling of 

systems. Digital computing devices are finite and discrete in nature, and their potential 

can be best realized when applied to discrete dynamic systems (Fogelman ef al., 1987). 

Moreover, many physical phenomena can be better viewed as discrete dynamic systems, 

in contrast to their traditional continuous representation using differential equations. 

Various discrete dynamic modeling approaches have been used with some success 

(Fogelman et al., 1987). Cellular automata appear to be one of those methodologies with 

an increasingly important role for conceptual and practical modeling of discrete dynamic 

systems (Toffoli and Margolus, 1987). 
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The theory of CA was first introduced by John von Neumann in the late 1940's 

(von Neumann, 1966). This concept gained popularity three decades later through John 

Conway's work in the game of Life (Fogelman ef al., 1987; Toffoli and Margolus, 1987). 

Cellular automata can be defined as dynamic systems in which space, time, and 

the dependent variable are all discrete quantities. In addition, the dependent variable is 

typically represented as a finite discretization, i.e., through a small set of possible values 

or cell states (Boghosian, 1990). Cellular automata are therefore based on a discrete 

lattice of cells. Each cell state evolves in discrete time steps according to deterministic or 

stochastic transition rules that depend only on the cell states of a local neighborhood of 

cells (Wolfram, 1984; Zeigler, 1984; Toffoli and Margolus, 1987; Boghosian, 1990). The 

CA configuration at the next time step (t+ Ar) is the result of simultaneously applying 

the transition rule to all cell neighborhoods, using the cell states corresponding to the 

present time step (7). Thus the update of the cell states uses an explicit scheme. Since the 

transition rules are based on local or microscopic behavior, they are generally quite 

simple. However, the resulting overall behavior of the system can appear to be quite 

complex. 

Examples of one and two-dimensional CA are shown in Figure 2.1. Each cell has 

two possible states (black and white), and the local neighborhood of a cell is defined by 

two adjacent neighbor cells. The transition rule simply specifies that the state of a cell at 

time 1+ Af is equal to the state of its two neighbors at time f if these have the same state; 

otherwise the state of a cell will remain unchanged. 

Cellular automata as a modeling tool have been viewed as both (1) an alternative 

to floating-point based numerical methods for the solution of partial differential 

equations, and (2) as a complete modeling tool and an alternative to partial differential 

equations (Boghosian, 1990). 
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Figure 2.1. Cellular automata evolving in a discrete time interval (Ar). (a) One- 
dimensional cellular automaton. (b) Two-dimensional cellular automaton. 
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A special type of CA known as lattice gases are formed by a lattice on which 

particles are allowed to move, with resulting collisions occurring between particles 

(Boghosian, 1990). Lattice gases are known for their ability to simulate dynamic systems 

characterized by conserved quantities (Boghosian, 1990). They have been used for the 

solution of several problems including the Navier-Stokes and the diffusion equations (Eli, 

1987; Doolen et al., 1990; Rothman, 1990; Bernardin eft al., 1991; Boon, 1991; Chen et 

al., 1991; Cliffe et al., 1991; Kong and Cohen, 1991; Kougias et al., 1991; Fox et al., 

1994). 

The CA modeling approach appears to have the following potential benefits: (1) it 

can provide a better representation of the real physical system by bridging the differences 

between macroscopic and microscopic representations; (2) it does not involve any power 

series truncation; (3) in certain implementations it is not subject to round-off; (4) it is 

easily extended from a one-dimensional to a higher dimensional representation; (5) it is 

easily implemented using parallel processors to decrease execution time; and (6) since 

CA models can be based on simple, microscopic behavior, the focus of water quality 

modeling can be placed on the water quality mechanisms and not on the numerical 

solution technique. In addition, while comparing finite elements and CA methods for the 

computation of drag coefficients, Duarte and Brosa (1990) point out the superiority of the 

CA approach in terms of numerical stability and easy incorporation of boundary 

conditions. 

In this research the development of the CA methodology was driven by a 

problem-specific approach. The rules were constructed based on a macroscopic view of 

the system, to solve specific water quality modeling issues. This allowed the development 

of CA rules based on the RWPM and, ultimately, on a differential equation representation 

of the phenomena. Therefore, the resulting CA model incorporates the same model 

coefficients typical of water quality models derived from differential equations. This 
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approach brings the CA model presented here close to traditional modeling techniques. 

This approach, however, does not constitute the only way CA can be used as a modeling 

tool. A more fundamental approach can be pursued based on a microscopic representation 

of the system. The CA rules can be defined at a microscopic level, possibly as very 

simple rules leading to complex macroscopic behavior. These simple rules should 

translate the fundamental physico-chemical laws governing the system. The microscopic 

approach may be more useful for improving fundamental understanding of water quality 

processes, but would likely be difficult to apply to site specific problems. 

The remainder of this chapter deals with the methodology used to develop and test 

the CA representation for the RWPM, in particular for the advection, dispersion, and 

decay processes. Some other aspects of the development of a water quality model based 

on the CA approach are also discussed. 

2.2 ADVECTION 

In this section an approach is developed which represents the advection 

component of the RWPM using CA. The approach was tested for its ability to accurately 

represent the advection process. 

2.2.1 Methodology 

2.2.1.1 Rute Definition 

The following discussion assumes advection along the longitudinal direction of 

flow. The CA is then defined as a line of cells in the longitudinal direction. In this 

section, as well as in the dispersion and decay sections, each cell is considered to have a 

finite (zero or more) number of particles, with each particle representing a fixed mass of a 

water quality constituent. The advection process is represented through a probability of a 
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particle to move to the next cell in the direction of flow during a simulation time step. 

The advection probability, P_,,, is defined as: ady? 

UAT oa, 

Ax 

  

Poa = adv O< P4,<1 (2.1) 

where u is the advective velocity (LT~'), At,,, is the time step for the advection process 

(T), and Ax is the cell size in the longitudinal direction (L). A careful choice of values 

for At,,, and Ax can assure that P,,,<I. 

For each particle in each cell, a uniformly distributed random number, r, between 

QO and | is generated and compared with the value of advection probability. If r does not 

exceed P_,, then the particle moves to the adjacent cell along the flow direction; 

otherwise the particle stays in the original cell. 

2.2.1.2 Advection Induced Numerical Dispersion 

As indicated above the choice of values for At,,, and Ax can be used to 

guarantee that the advection probability does not exceed one. When the advective 

velocity is invariant in time and space, a single set of values for At,,, and Ax can be used 

which guarantee that P,,, is exactly one. When the advective velocity is invariant in time, 

although varying in space along different reaches (assuming each reach has a uniform 

velocity), P,,, can still be made equal to one. This implies selecting a single global value 

for At,,,, and several values for Ax , each being a function of the velocity in a particular 

reach. 

However, in many situations the advective velocity is expected to vary in time. In 

this case it is no longer possible to guarantee that P_,, stays equal to one without varying 

the value(s) of Ax over time as well. Updating the value(s) of Ax as the simulation 

progresses leads to a constant redefinition of the simulation grid. Although a simple task 
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for the one-dimensional case, it could be an untractable and computational intensive task 

for a large three-dimensional grid. 

The motivation for restricting the value of P_,, to be equal to one is due to the 

relation between P_,, and numerical dispersion. When P,,, is exactly one, all the particles 

in a cell are advected to a neighbor cell, thus moving by a distance Ax=u At,,,. 

Therefore, every particle moves exactly the distance it is supposed to move. As soon as 

P.4, 1S smaller than one, although on average the particles in a cell move by a distance 

u At,,,, only a fraction of them (given by P,,,,) is actually displaced. This fraction of the 

particles moves a distance Ax>u At,,,, while the remaining fraction (represented by 1- 

P_,,) remains in the original cell. The overall result is that some particles move faster 

while others move slower than the real velocity, thus leading to numerical dispersion. 

To evaluate the magnitude of this numerical dispersion a surrogate method based 

on an exact probabilistic approach was used to simulate the behavior of the CA advection 

rule. The reason for using this surrogate method was that it represents the basic CA 

behavior without the random variability associated with the use of random numbers 

which makes it more difficult to determine trends in model behavior. 

In this approach, an initial amount of mass ( M°) of a conservative constituent is 

introduced into the first cell of a one-dimensional system at the beginning of the 

simulation to represent an instantaneous discharge. Then a fraction (given by P,,,) of the 

mass present in each cell is moved to the adjacent downstream cell while the remaining 

fraction (1- P,,,) stays in the original cell. This process is repeated for each simulation 

time step. The evolution of the mass distribution among the different cells as the 

simulation progresses was used to evaluate the magnitude of numerical dispersion. 

The simulation was performed for several values of P_,,. At each simulation step, 

the mean (m’ ) and standard deviation (s’ ) of the mass distribution were calculated as: 
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m' = Sy i f(i) (2.2a) 
im] 

s'= S ((i- m'y F (0) (2.2b) 

where f(i ) is the mass present in cell i as a fraction of the total mass ( M’), and N is the 

total number of cells in the system. Note that / is inside the summation terms in these 

expressions since i represents the x-coordinate in terms of cells. 

The values of m’ and s’ are thus expressed in terms of cells and were then 

converted to a mean (m7) and standard deviation (5) in units of distance (L), using the 

expressions: 

m=m'Ax (2.3a) 

s=s'Ax. (2.3b) 

Several values for Ax and u were selected. From equation (2.1), and using a set 

of values for Ax and u, a value for At,,, was obtained for each value of advection 

probability. Knowing the value of Az,,,, the evolution of the mean m and standard 

deviation s as a function of the number of simulation steps n can then be expressed as a 

function of time. The objective was to use those relations between s and time to quantify 

numerical dispersion and then evaluate any dependency of numerical dispersion on P,,,. 

2.2.2 Results and Discussion 

Figure 2.2 shows these relations for several values of P,,,, and for the case of 
a 

Ax =10 and u=5. The results of Figure 2.2(a) indicate that the mean is a function of uf, 

with the term Ax/2 being the result of the spatial discretization of the model. The results 

of Figure 2.2(b) clearly show a power-law relationship between the standard deviation 
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�a�n�d� �e�q�u�a�t�i�o�n� �(�2�.�1�)� �r�e�d�u�c�e�s� �t�o�:� 

�m�a�x� �d�y� �(�2�.�6�)� 

�E�q�u�a�t�i�o�n� �(�2�.�6�)� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� �a�s�:� 
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�A�t�a�,� �= ��-� �(�2�.�7�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�7�)� �f�o�r� �A�t�,�,�,�.� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�5�)� �a�n�d� �r�e�a�r�r�a�n�g�i�n�g� �o�n�e� �o�b�t�a�i�n�s�:� 

�E�.�,� �=� �0�.�5�u�A�r�{� �I� �4� �.� �(�2�.�8�)� 
�u� 

�m�a�x� 

�A�s� �u� �v�a�r�i�e�s� �f�r�o�m� �z�e�r�o� �t�o� �u�,�,�,� �E�,�,�,�,� �i�n�c�r�e�a�s�e�s� �f�r�o�m� �z�e�r�o� �t�o� �a� �m�a�x�i�m�u�m� �v�a�l�u�e� �a�n�d� �t�h�e�n� 

�d�e�c�r�e�a�s�e�s� �b�a�c�k� �t�o� �z�e�r�o�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �d�i�s�c�u�s�s�i�o�n� �o�f� �a�d�v�e�c�t�i�o�n� �i�t� �h�a�s� �b�e�e�n� �a�s�s�u�m�e�d� �f�r�o�m� 

�t�h�e� �b�e�g�i�n�n�i�n�g� �t�h�a�t� �u� �i�s� �a� �n�o�n�-�n�e�g�a�t�i�v�e� �q�u�a�n�t�i�t�y� �s�i�n�c�e� �t�h�e� �f�l�o�w� �f�o�l�l�o�w�s� �t�h�e� �p�o�s�i�t�i�v�e� 

�d�i�r�e�c�t�i�o�n�.� �I�n� �a� �m�o�r�e� �g�e�n�e�r�a�l� �c�a�s�e� �i�n� �w�h�i�c�h� �u� �c�a�n� �b�e� �n�e�g�a�t�i�v�e� �o�r� �p�o�s�i�t�i�v�e�,� �e�q�u�a�t�i�o�n� �(�2�.�8�)� 

�s�t�i�l�l� �h�o�l�d�s� �a�l�t�h�o�u�g�h� �u� �m�u�s�t� �t�h�e�n� �b�e� �r�e�p�l�a�c�e�d� �b�y� �|�u�|�.� �T�h�e� �v�a�l�u�e� �o�f� �u� �f�o�r� �w�h�i�c�h� �E�,� �r�e�a�c�h�e�s� 

� � �i�t�s� �m�a�x�i�m�u�m� �i�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �e�q�u�a�t�i�o�n� �t�y� �=�Q�.� �T�h�a�t� �v�a�l�u�e� �i�s� 
�u� 

�u�=�0�.�5�u�,�,�,�-� �T�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �o�f� �E�,�,� �i�s� �t�h�e�n� �o�b�t�a�i�n�e�d� �b�y� 

�s�u�b�s�t�i�t�u�t�i�n�g� �u� �=� �0�.�5�u�,�,�,� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�8�)�,� �a�n�d� �i�s� �g�i�v�e�n� �b�y�:� 

�E� �=� �m�a�x� �(�2�.�9�)� 
�n�u�m� �m�a�x� �8� 

� � 

�E�q�u�a�t�i�o�n� �(�2�.�9�)� �s�h�o�w�s� �t�h�a�t� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �f�o�r� �t�h�e� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �i�s� �a� 

�d�i�r�e�c�t� �f�u�n�c�t�i�o�n� �o�f� �b�o�t�h� �u�,�,�,� �a�n�d� �A�x� �.� �T�h�i�s� �e�q�u�a�t�i�o�n� �c�a�n� �t�h�e�n� �b�e� �u�s�e�d� �t�o� �d�e�f�i�n�e� �a� �g�u�i�d�e�l�i�n�e� 

�f�o�r� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �a� �m�a�x�i�m�u�m� �v�a�l�u�e� �f�o�r� �A�x� �g�i�v�e�n� �a� �p�a�r�t�i�c�u�l�a�r� �m�a�x�i�m�u�m� �v�a�l�u�e� �t�o� 

�e�v�e�n�t�u�a�l�l�y� �b�e� �r�e�a�c�h�e�d� �b�y� �t�h�e� �a�d�v�e�c�t�i�v�e� �v�e�l�o�c�i�t�y� �(�u�,�,�,�,�)�,� �a�n�d� �a� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �v�a�l�u�e� 

�)�.� �T�h�i�s� �v�a�l�u�e� �o�f� �E� �c�a�n� �b�e� �d�e�f�i�n�e�d� �i�n� �r�e�l�a�t�i�v�e� �t�e�r�m�s� �a�s� �a� 
�n�u�m� �m�a�x� 

�n�o�t� �t�o� �b�e� �e�x�c�e�e�d�e�d� �(� �E� 
�n�u�m� �m�a�x� 

�c�e�r�t�a�i�n� �p�e�r�c�e�n�t�a�g�e� �o�f� �t�h�e� �m�i�n�i�m�u�m� �e�x�p�e�c�t�e�d� �v�a�l�u�e� �f�o�r� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�s�p�e�r�s�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t�.� �T�h�e� �s�a�m�e� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �c�a�n� �b�e� �e�x�t�e�n�d�e�d� �t�o� �t�h�e� �A�t�,�,�,� �b�y� �c�o�m�b�i�n�i�n�g� 

�e�q�u�a�t�i�o�n�s� �(�2�.�7�)� �a�n�d� �(�2�.�9�)�.� 
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�F�i�g�u�r�e� �2�.�5� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �s�u�g�g�e�s�t�e�d� �g�u�i�d�e�l�i�n�e� �s�h�o�w�i�n�g� �v�a�l�u�e�s� �o�f� �A�x�,�,�,�,� �(�m�a�x�i�m�u�m� 

�v�a�l�u�e� �t�o� �b�e� �s�e�l�e�c�t�e�d� �f�o�r� �A�x� �)� �f�o�r� �t�y�p�i�c�a�l� �v�a�l�u�e�s� �o�f� �u�,�,� �a�n�d� �E� �e�x�p�e�c�t�e�d� �f�o�r� �r�i�v�e�r�s� �a�n�d� �n�u�m� �m�a�x� 

�e�s�t�u�a�r�i�e�s�.� �F�i�g�u�r�e� �2�.�6� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �s�a�m�e� �a�p�p�r�o�a�c�h� �f�o�r� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �m�a�x�i�m�u�m� 

�a�d�v�e�c�t�i�o�n� �t�i�m�e� �s�t�e�p�.� �R�e�c�a�l�l� �t�h�a�t� �t�h�e� �d�e�r�i�v�a�t�i�o�n�s� �l�e�a�d�i�n�g� �t�o� �e�q�u�a�t�i�o�n� �(�2�.�9�)� �a�n�d� �t�h�u�s� �t�o� �t�h�e� 

�r�e�l�a�t�i�o�n�s�h�i�p�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �2�.�5� �a�n�d� �2�.�6� �r�e�q�u�i�r�e�d� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �e�q�u�a�t�i�o�n� �(�2�.�6�)� �i�s� 

�a�l�w�a�y�s� �t�r�u�e�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �f�i�n�a�l� �v�a�l�u�e�s� �f�o�r� �A�x� �a�n�d� �A�f�,�,�,� �o�b�t�a�i�n�e�d� �f�r�o�m� �e�q�u�a�t�i�o�n� 

�(�2�.�9�)� �o�r� �F�i�g�u�r�e�s� �2�.�5� �a�n�d� �2�.�6� �h�a�v�e� �t�o� �o�b�e�y� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �i�m�p�o�s�e�d� �b�y� �e�q�u�a�t�i�o�n� �(�2�.�6�)�.� 

�T�h�e� �p�r�e�v�i�o�u�s� �d�i�s�c�u�s�s�i�o�n� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �a�l�t�h�o�u�g�h� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �c�a�n�n�o�t� �b�e� 

�n�e�g�l�e�c�t�e�d�,� �i�t� �c�a�n� �b�e� �m�a�d�e� �i�n�s�i�g�n�i�f�i�c�a�n�t� �i�n� �r�e�l�a�t�i�o�n� �t�o� �t�h�e� �p�h�y�s�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m�.� 

�H�o�w�e�v�e�r�,� �s�u�c�h� �a�n� �a�p�p�r�o�a�c�h� �m�a�y� �r�e�q�u�i�r�e� �e�x�c�e�s�s�i�v�e� �s�p�a�t�i�a�l� �a�n�d� �t�e�m�p�o�r�a�l� �m�o�d�e�l� �r�e�s�o�l�u�t�i�o�n�s� 

�i�n� �s�o�m�e� �c�a�s�e�s�,� �a�n�d� �t�h�u�s� �s�u�b�s�t�a�n�t�i�a�l�l�y� �i�n�c�r�e�a�s�e� �t�h�e� �r�e�q�u�i�r�e�d� �m�o�d�e�l� �c�o�m�p�u�t�a�t�i�o�n�s�.� �T�h�e� 

�s�i�t�u�a�t�i�o�n� �i�s� �m�o�s�t� �s�e�v�e�r�e� �i�n� �s�y�s�t�e�m�s� �w�i�t�h� �a� �l�a�r�g�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �f�o�r� �t�h�e� �a�d�v�e�c�t�i�v�e� 

�v�e�l�o�c�i�t�y�,� �a�n�d� �a� �s�m�a�l�l� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�s�p�e�r�s�i�o�n�.� 

�2�.�3� �D�I�S�P�E�R�S�I�O�N� 

�T�h�i�s� �s�e�c�t�i�o�n� �p�r�e�s�e�n�t�s� �a�n� �a�p�p�r�o�a�c�h� �b�a�s�e�d� �o�n� �C�A� �f�o�r� �t�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� 

�d�i�s�p�e�r�s�i�o�n� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �R�W�P�M�.� �T�h�e� �a�p�p�r�o�a�c�h� �w�a�s� �t�e�s�t�e�d� �f�o�r� �i�t�s� �a�b�i�l�i�t�y� �t�o� �a�c�c�u�r�a�t�e�l�y� 

�r�e�p�r�e�s�e�n�t� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �p�h�e�n�o�m�e�n�a�.� 

�2�.�3�.�1� �M�e�t�h�o�d�o�l�o�g�y� 

�2�.�3�.�1�.�1� �R�u�l�e� �D�e�f�i�n�i�t�i�o�n� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �d�i�s�c�u�s�s�i�o�n� �a�s�s�u�m�e�s� �d�i�s�p�e�r�s�i�o�n� �i�n� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�r�e�c�t�i�o�n� �o�f� �f�l�o�w�,� 

�a�l�t�h�o�u�g�h� �t�h�e� �s�a�m�e� �a�p�p�r�o�a�c�h� �c�a�n� �b�e� �u�s�e�d� �t�o� �d�e�s�c�r�i�b�e� �d�i�s�p�e�r�s�i�o�n� �i�n� �o�t�h�e�r� �d�i�r�e�c�t�i�o�n�s�.� �I�n� �t�h�e� 

�R�W�P�M� �a� �p�a�r�t�i�c�l�e� �m�o�v�e�s� �b�y� �a� �r�a�n�d�o�m� �a�m�o�u�n�t� �o�f� �a� �m�a�x�i�m�u�m� �m�a�g�n�i�t�u�d�e� �a�s� �a� �r�e�s�u�l�t� �o�f� 

�d�i�s�p�e�r�s�i�o�n� �(�B�e�a�r� �a�n�d� �V�e�r�r�u�i�j�t�,� �1�9�8�7�)�.� �A�s�s�u�m�i�n�g� �a� �u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �r�a�n�d�o�m� 
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�M�O�D�E�L� �D�E�V�E�L�O�P�M�E�N�T� �2�1



� � �1�0�0�0�0�0�0� �t�T� �T� �T�T�T� �T�  ��~ � �� �T�T�T� �e�r�r�y� �T� �T� �T� �r�r�r� �r�z� 

� � � � � � 
� � 

�O�o� 
�®� 
�2� 

�2� 

�3� �1�0�0�0�0�0�  �� �A�t� �a�a�v�.�m�a�x� �=� �B�E� �u�m� �m�a�x�!� �(�U�m�a�x�.� �3� 

�2� �1�0�0�0�0� �|� 
�X�Q� �F� 
�2�.� �L� 

�®� �1�0�0�0� �:� 

�Y�~�)� �r� 
�®� �1�0�0� �|� 
�£� 
�-� �1�0� 
�&� 

�o�O� �}� 
�o� �1� 

�®�@� �F� 
�>� �E� 

�z� �0�.�1� �|� 

�5� �0�.�0�1� 
�£� �~� �E� 
�3� �0�.�0�0�1� �|� 
�=� 

�0�.�0�0�0�1� �|�- � ��-� �e�o� 
�0�.�0�1� �0�.�1� �1� �1�0� 

�M�a�x�i�m�u�m� �A�d�v�e�c�t�i�v�e� �V�e�l�o�c�i�t�y�,� �u�_�,�,� �(�m�/�s�e�c�)� 

�F�i�g�u�r�e� �2�.�6� �G�u�i�d�e�l�i�n�e� �f�o�r� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �A�f� �f�o�r� �t�y�p�i�c�a�l� �v�a�l�u�e�s� �o�f� �u�,�,�,� �a�n�d� �a�d�v�.�m�a�x� 

�E� �f�o�r� �r�i�v�e�r�s� �a�n�d� �e�s�t�u�a�r�i�e�s�.� �n�u�m�,� �m�a�x� 
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�m�o�v�e�m�e�n�t� �o�f� �a� �p�a�r�t�i�c�l�e�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �m�o�v�e�m�e�n�t� �f�o�r� �a� �l�a�r�g�e� 

�n�u�m�b�e�r� �o�f� �i�n�d�e�p�e�n�d�e�n�t� �s�t�e�p�s� �s�h�o�u�l�d� �f�o�l�l�o�w� �a� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�i�s� �p�r�o�b�a�b�i�l�i�t�y� 

�d�i�s�t�r�i�b�u�t�i�o�n� �c�a�n� �b�e� �s�h�o�w�n� �t�o� �b�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� 

�d�i�s�p�e�r�s�i�o�n� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �c�o�n�t�a�m�i�n�a�n�t� �s�p�i�l�l� �(�B�e�a�r� �a�n�d� �V�e�r�r�u�i�j�t�,� 

�1�9�8�7�)�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �m�a�x�i�m�u�m� �m�a�g�n�i�t�u�d�e� �(�a�m�p�l�i�t�u�d�e�)� �o�f� �t�h�e� �r�a�n�d�o�m� �m�o�v�e�m�e�n�t� �o�f� �a� 

�p�a�r�t�i�c�l�e� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �b�o�t�h� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �F�E�,� �a�n�d� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �s�t�e�p� �f�o�r� 

�t�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�c�e�s�s�,� �A�f�,�,�,�,� �a�n�d� �i�s� �g�i�v�e�n� �b�y� �J�6�E�A�t�r�,�,�.�.� �B�a�s�e�d� �o�n� �t�h�i�s� �c�o�n�c�l�u�s�i�o�n�,� �a�n� 

�e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �n�e�e�d�e�d� �f�o�r� �C�A� �c�a�n� �b�e� �d�e�r�i�v�e�d� �(�s�e�e� �A�p�p�e�n�d�i�x� �B� 

�f�o�r� �d�e�t�a�i�l�s�)�.� 

�T�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�c�e�s�s� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �a� �p�a�r�t�i�c�l�e� �t�o� �m�o�v�e� �f�r�o�m� �i�t�s� 

�p�r�e�s�e�n�t� �c�e�l�l� �t�o� �t�h�e� �a�d�j�a�c�e�n�t� �u�p�s�t�r�e�a�m� �o�r� �d�o�w�n�s�t�r�e�a�m� �c�e�l�l� �d�u�r�i�n�g� �a� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �s�t�e�p�.� 

�T�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y�,� �P�,�,�,�,� �i�s� �d�e�f�i�n�e�d� �a�s�:� 

�P�r�i�s� �=� �(�2�g� �7� �1�)� �P�a�i�s�a�m�p� �~� �P�r�i�i�s�a�m�p�S� �P�u�i�s�S� �P�r�a�i�s�a�m�p� �(�2�.�1�0�a�)� 

�E�A�t�,�.�,� �P�i�s�a�m�p� �=� �a�A� �O�S� �P�r�i�s�a�m�p�S�!� �(�2�.�1�0�b�)� 

�w�h�e�r�e� �P�y�.�a�m�p� �1�S� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y�,� �E� �i�s� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� 

�d�i�s�p�e�r�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �(�L�*� �T�~�'�)�,� �a�n�d� �q� �i�s� �a� �u�n�i�f�o�r�m�l�y� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �n�u�m�b�e�r� �b�e�t�w�e�e�n� 

�O� �a�n�d� �1�.� �A� �c�a�r�e�f�u�l� �c�h�o�i�c�e� �o�f� �v�a�l�u�e�s� �f�o�r� �A�t�,�,�,� �a�n�d� �A�x� �a�s�s�u�r�e�s� �t�h�a�t� �P�r�i�i�s�a�m�p�)�-� 

�F�o�r� �e�a�c�h� �p�a�r�t�i�c�l�e� �i�n� �a� �c�e�l�l�,� �a� �u�n�i�f�o�r�m�l�y� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �n�u�m�b�e�r�,� �q�,� �b�e�t�w�e�e�n� �0� 

�a�n�d� �|� �i�s� �g�e�n�e�r�a�t�e�d� �a�n�d� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y�.� �T�h�e�n�,� �a� �u�n�i�f�o�r�m�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �n�u�m�b�e�r�,� �r�,� �b�e�t�w�e�e�n� �O� �a�n�d� �|� �i�s� �g�e�n�e�r�a�t�e�d� �a�n�d� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �v�a�l�u�e� 

�o�f� �d�i�s�p�e�r�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y�.� �I�f� �r� �d�o�e�s� �n�o�t� �e�x�c�e�e�d� �t�h�e� �a�b�s�o�l�u�t�e� �v�a�l�u�e� �o�f� �P�,�,�,� �t�h�e�n� �t�h�e� �p�a�r�t�i�c�l�e� 

�m�o�v�e�s� �t�o� �t�h�e� �a�d�j�a�c�e�n�t� �u�p�s�t�r�e�a�m� �c�e�l�l� �(�w�h�e�n� �P�,�,� �i�s� �n�e�g�a�t�i�v�e�)� �o�r� �t�o� �t�h�e� �a�d�j�a�c�e�n�t� 

�d�o�w�n�s�t�r�e�a�m� �c�e�l�l� �(�w�h�e�n� �P�,�,�,�,� �i�s� �p�o�s�i�t�i�v�e�)�;� �o�t�h�e�r�w�i�s�e� �t�h�e� �p�a�r�t�i�c�l�e� �s�t�a�y�s� �i�n� �t�h�e� �o�r�i�g�i�n�a�l� �c�e�l�l�.� 
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�2�.�3�.�1�.�2� � �E�f�f�e�c�t�o�f� �P� �o�n� �D�i�s�p�e�r�s�i�o�n� �d�i�s�a�m�p� 

�v�a�r�i�e�s� �f�r�o�m� �0� �t�o� �1�.� �W�h�e�n� �P� �i�s� �z�e�r�o� �t�h�e�r�e� �1�s� �A�s� �p�r�e�v�i�o�u�s�l�y� �m�e�n�t�i�o�n�e�d� �P�,� �d�i�s�a�m�p� �i�s�a�m�p� 

�n�o� �d�i�s�p�e�r�s�i�o�n�.� �W�h�e�n� �d�i�s�p�e�r�s�i�o�n� �o�c�c�u�r�s� �t�h�e�n� �a� �v�a�l�u�e� �i�s� �s�e�l�e�c�t�e�d� �f�o�r� �P�,� �i�n� �t�h�e� �r�a�n�g�e� �i�s�a�m�p� 

�O�<� �P� �<�1�.� �H�o�w�e�v�e�r�,� �i�n� �o�r�d�e�r� �t�o� �e�v�a�l�u�a�t�e� �i�n� �w�h�a�t� �e�x�t�e�n�t� �s�u�c�h� �s�e�l�e�c�t�i�o�n� �a�f�f�e�c�t�s� �d�i�s�a�m�p� 

�s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �a�n� �i�n� �d�e�p�t�h� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �p�r�o�b�l�e�m� �w�a�s� �p�u�r�s�u�e�d�.� 

�D�u�e� �t�o� �t�h�e� �r�e�l�a�t�i�v�e� �h�i�g�h�e�r� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e�,� �i�n� �c�o�m�p�a�r�i�s�o�n� �t�o� 

�a�d�v�e�c�t�i�o�n� �a�n�d� �d�e�c�a�y�,� �i�t� �w�a�s� �n�o�t� �p�r�a�c�t�i�c�a�l� �t�o� �d�e�v�e�l�o�p� �a� �s�u�r�r�o�g�a�t�e� �m�e�t�h�o�d� �u�s�i�n�g� �a� �n�o�n�-� 

�r�a�n�d�o�m� �p�r�o�b�a�b�i�l�i�s�t�i�c� �a�p�p�r�o�a�c�h� �c�a�p�a�b�l�e� �o�f� �s�i�m�u�l�a�t�i�n�g� �t�h�e� �b�a�s�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �C�A� �r�u�l�e�.� 

�H�o�w�e�v�e�r�,� �t�o� �r�e�d�u�c�e� �t�h�e� �e�f�f�e�c�t� �o�f� �r�a�n�d�o�m�n�e�s�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �C�A� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e� �o�n� 

�t�h�e� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s�,� �e�a�c�h� �s�i�m�u�l�a�t�i�o�n� �w�a�s� �p�e�r�f�o�r�m�e�d� �s�e�v�e�r�a�l� �t�i�m�e�s� �a�n�d� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�r�e�s�u�l�t�s� �a�v�e�r�a�g�e�d�.� 

�T�h�e� �s�i�m�u�l�a�t�e�d� �s�y�s�t�e�m� �c�o�n�s�i�s�t�s� �o�f� �a� �l�i�n�e� �o�f� �c�e�l�l�s�.� �A�n� �a�m�o�u�n�t� �o�f� �p�a�r�t�i�c�l�e�s� �(� �N ��)� �w�a�s� 

�i�n�t�r�o�d�u�c�e�d� �i�n�t�o� �o�n�e� �o�f� �t�h�e� �c�e�l�l�s� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �t�o� �r�e�p�r�e�s�e�n�t� �a�n� 

�i�n�s�t�a�n�t�a�n�e�o�u�s� �d�i�s�c�h�a�r�g�e�.� �T�h�e�n� �t�h�e� �p�a�r�t�i�c�l�e�s� �w�e�r�e� �a�l�l�o�w�e�d� �t�o� �d�i�s�p�e�r�s�e� �u�p�s�t�r�e�a�m� �a�n�d� 

�d�o�w�n�s�t�r�e�a�m� �a�c�c�o�r�d�i�n�g�l�y� �t�o� �t�h�e� �r�u�l�e� �f�o�r� �d�i�s�p�e�r�s�i�o�n�,� �a�n�d� �u�s�i�n�g� �a� �p�a�r�t�i�c�u�l�a�r� �v�a�l�u�e� �f�o�r� �P�s�i�s�a�m�p� 

�i�n� �t�h�e� �r�a�n�g�e� �O�<� �P�a�i�s�a�m�p�=�!�-� �T�h�i�s� �p�r�o�c�e�s�s� �w�a�s� �r�e�p�e�a�t�e�d� �f�o�r� �e�a�c�h� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �s�t�e�p�.� �T�h�e� 

�o�v�e�r�a�l�l� �s�i�m�u�l�a�t�i�o�n� �w�a�s� �r�e�p�e�a�t�e�d� �o�n�e�-�h�u�n�d�r�e�d� �t�i�m�e�s� �t�o� �c�o�u�n�t�e�r�a�c�t� �t�h�e� �r�a�n�d�o�m�n�e�s�s� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e�.� 

�T�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �a�m�o�n�g� �t�h�e� �c�e�l�l�s� �d�u�r�i�n�g� 

�t�h�e� �c�o�u�r�s�e� �o�f� �a� �s�i�m�u�l�a�t�i�o�n� �w�a�s� �u�s�e�d� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �d�i�s�p�e�r�s�i�o�n�.� �A�t� �e�a�c�h� 

�s�i�m�u�l�a�t�i�o�n� �s�t�e�p�,� �t�h�e� �m�e�a�n� �(�m �� �)� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �(�s �� �)� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �d�i�s�t�r�i�b�u�t�i�o�n� �w�a�s� 

�c�a�l�c�u�l�a�t�e�d� �a�s�:� 

�m�'� �=� �S�i� �f�(�i�)� �(�2�.�1� �1�a�)� 
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�S�(�l� �-�m�'�y� �f�(�i�)�)� �(�2�.�1�1�b�)� 
�i�=�l� 

�w�h�e�r�e� �f�(�i�)� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �p�r�e�s�e�n�t� �i�n� �c�e�l�l� �i� �a�s� �a� �f�r�a�c�t�i�o�n� �o�f� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� 

�p�a�r�t�i�c�l�e�s� �(� �N�o�)�.� �a�n�d� �N� �i�s� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �c�e�l�l�s� �i�n� �t�h�e� �s�y�s�t�e�m�.� 

�F�o�r� �e�a�c�h� �s�i�m�u�l�a�t�i�o�n� �s�t�e�p�,� �a� �t�o�t�a�l� �o�f� �1�0�0� �v�a�l�u�e�s� �f�o�r� �s �� �w�a�s� �o�b�t�a�i�n�e�d� �d�u�e� �t�o� 

�r�e�p�e�t�i�t�i�o�n� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n�.� �T�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �m�e�a�n� �(�s ��,�)� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �(�5�s�,� �)� �o�f� 

�s�'� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �a�s�:� 

�l� �1�0�0� 

�5�,� �= �� �2�.�1�2� �m�=� �1�0�0� �&� �i� �(�2�-�1�2�a�)� 
�]� �1�0�0� �2� 

�s�i� �=� �S�o�b� �(�7� �&�)� �.� �(�2�.�1�2�b�)� 

�T�h�e� �v�a�l�u�e�s� �o�f� �m �� �a�n�d� �s ��,� �a�n�d� �t�h�e�r�e�f�o�r�e� �o�f� �s ��,� �a�n�d� �s�'�,� �a�r�e� �t�h�u�s� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� 

�o�f� �c�e�l�l�s�.� �A� �v�a�l�u�e� �f�o�r� �s ��/� �w�a�s� �c�o�n�v�e�r�t�e�d� �t�o� �a� �v�a�l�u�e�,� �s�,� �i�n� �u�n�i�t�s� �o�f� �d�i�s�t�a�n�c�e� �(�L�)�,� �u�s�i�n�g� �t�h�e� 

�e�x�p�r�e�s�s�i�o�n�:� 

�s�=�s�'� �A�x�.� �(�2�.�1�3�)� 
�m� 

�A� �s�i�m�i�l�a�r� �c�o�n�v�e�r�s�i�o�n� �w�a�s� �u�s�e�d� �f�o�r� �s ��.� 

�F�o�r� �a� �p�a�r�t�i�c�u�l�a�r� �s�e�t� �o�f� �v�a�l�u�e�s� �f�o�r� �A�x� �a�n�d� �E�,� �e�q�u�a�t�i�o�n� �(�2�.�1�0�b�)� �w�a�s� �u�s�e�d� �t�o� �e�v�a�l�u�a�t�e� 

�d�i�f�f�e�r�e�n�t� �A�r�,�,�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �f�o�r� �P�,�.�2�m�)�-� �B�a�s�e�d� �o�n� �a� �v�a�l�u�e� �f�o�r� �A�f�,�,�,�,� 

�t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �s�i�m�u�l�a�t�i�o�n� �s�t�e�p�s� �n� 

�c�a�n� �t�h�e�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�.� �T�h�e� �i�d�e�a� �w�a�s� �t�o� �u�s�e� �t�h�e�s�e� �r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �s� 

�a�n�d� �t�i�m�e� �a�s� �a� �m�e�a�s�u�r�e� �o�f� �t�h�e� �i�m�p�a�c�t� �o�f� �t�h�e� �v�a�l�u�e�s� �f�o�r� �P�,� �o�n� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�d�u�c�e�d� �i�s�a�m�p� 

�b�y� �t�h�e� �C�A� �r�u�l�e�.� 
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�2�.�3�.�2� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�F�i�g�u�r�e� �2�.�7� �s�h�o�w�s� �t�h�e�s�e� �r�e�l�a�t�i�o�n�s� �f�o�r� �s�e�v�e�r�a�l� �v�a�l�u�e�s� �o�f� �P�y�i�.�a�m�p�»� �a�n�d� �f�o�r� �t�h�e� 

�p�a�r�t�i�c�u�l�a�r� �c�a�s�e� �o�f� �N�=�1�0�0�0�,� �A�x� �=�1�0�,� �a�n�d� �E� �=�1�.� �T�h�e� �v�e�r�t�i�c�a�l� �b�a�r�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�t�a�n�d�a�r�d� 

�d�e�v�i�a�t�i�o�n� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �s�,� �i�.�e�.�,� �s�t�s� �A�x�.� �T�h�e� �r�e�s�u�l�t�s� �c�l�e�a�r�l�y� �s�h�o�w� �a� �p�o�w�e�r�-�l�a�w� 

�r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �a�n�d� �t�i�m�e� �o�f� �t�h�e� �f�o�r�m� �s�.�_�.�=�a�,�,�f�°�°� �f�o�r� �a�n�y� 

�I�n� �f�a�c�t�,� �t�h�e� �s�l�o�p�e� �o�f� �a�n�y� �P� �l�i�n�e� �v�a�r�i�e�s� �f�r�o�m� �0�.�5� �b�y� �j�u�s�t� �0�.�0�0�2� �a�t� �t�h�e� �v�a�l�u�e� �o�f� �P� �J�i�s�a�m�p� �d�i�s�a�m�p �� 

�m�o�s�t�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �s�t�r�o�n�g�l�y� �s�u�g�g�e�s�t� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �p�a�r�t�i�c�l�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �f�o�l�l�o�w�s� �a� �n�o�r�m�a�l� �p�r�o�b�a�b�i�l�i�t�y� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� �s�i�m�i�l�a�r� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� 

�d�i�s�p�e�r�s�i�o�n� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �i�n�p�u�t� �(�T�h�o�m�a�n�n� �a�n�d� �M�u�e�l�l�e�r�,� �1�9�8�7�)�.� 

�I�n� �t�h�i�s� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�,� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �h�a�s� �t�h�e� �f�o�r�m� 

�5�,� �=� �V�2�E�t� �.� �T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �i�s� �a� �p�o�w�e�r�-�l�a�w� �o�f� �t�h�e� �f�o�r�m� �s�,�=�a�,� �°�°� �w�i�t�h� �a�,� �=� �V�2�E� �.� �T�h�i�s� 

�p�o�w�e�r�-�l�a�w� �i�s� �a�l�s�o� �p�l�o�t�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�7�.� �T�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �v�a�r�i�o�u�s� �P�r�i�i�s�a�m�p� �l�i�n�e�s� �a�n�d� 

�t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �s�u�g�g�e�s�t�s� �t�h�a�t� �t�h�e� �C�A� �r�u�l�e� �f�o�r� �d�i�s�p�e�r�s�i�o�n� �o�v�e�r�e�s�t�i�m�a�t�e�s� �t�h�e� 

�d�i�s�p�e�r�s�i�o�n� �p�r�o�c�e�s�s� �a�n�d� �t�h�e� �o�v�e�r�e�s�t�i�m�a�t�i�o�n� �i�n�c�r�e�a�s�e�s� �a�s� �P�,�;�.� �4�)� �d�e�c�r�e�a�s�e�s�.� 

�T�h�e�s�e� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �s�o�m�e� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �i�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �C�A� 

�r�u�l�e� �f�o�r� �d�i�s�p�e�r�s�i�o�n�.� �I�n� �c�o�n�t�r�a�s�t� �t�o� �t�h�e� �R�W�P�M� �i�n� �w�h�i�c�h� �p�a�r�t�i�c�l�e�s� �m�o�v�e� �i�n� �a� �c�o�n�t�i�n�u�o�u�s� 

�p�a�t�h� �b�y� �e�x�a�c�t� �i�n�c�r�e�m�e�n�t�s� �t�h�u�s� �p�r�e�c�l�u�d�i�n�g� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n�,� �i�n� �C�A� �p�a�r�t�i�c�l�e�s� �m�o�v�e� �b�y� 

�f�i�n�i�t�e� �i�n�c�r�e�m�e�n�t�s� �t�h�e�r�e�f�o�r�e� �i�n�t�r�o�d�u�c�i�n�g� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n�.� �S�u�c�h� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� 

�o�c�c�u�r�s� �s�i�n�c�e� �s�o�m�e� �p�a�r�t�i�c�l�e�s� �t�e�n�d� �t�o� �s�p�r�e�a�d� �f�a�s�t�e�r� �t�h�a�n� �i�t� �w�o�u�l�d� �b�e� �e�x�p�e�c�t�e�d� �f�r�o�m� �t�h�e� 

�d�i�s�p�e�r�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �a�l�o�n�e�.� �S�i�n�c�e� �P�,�,�,� �a�l�l�o�w�s� �v�a�l�u�e�s� �i�n� �t�h�e� �f�u�l�l� �r�a�n�g�e� �O�<� �I�P�.�.�(�<� �P�a�i�s�a�m�p�?� 

�f�a�s�t�e�r� �s�p�r�e�a�d�i�n�g� �o�f� �p�a�r�t�i�c�l�e�s� �w�i�l�l� �o�c�c�u�r�,� �e�v�e�n� �w�h�e�n� �P�,�,�,�,�,�,�.�=�1� �(�a�s� �s�e�e�n� �i�n� �F�i�g�u�r�e� �2�.�7�)�.� 

�T�o� �q�u�a�n�t�i�f�y� �t�h�e� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n�,� �a� �r�a�t�i�o� �(�a�,�,�/�a�,�)� �w�a�s� �e�v�a�l�u�a�t�e�d� �a�s� �a� 

�f�u�n�c�t�i�o�n� �o�f� �P� �u�s�i�n�g� �s�e�v�e�r�a�l� �p�l�o�t�s� �s�i�m�i�l�a�r� �t�o� �F�i�g�u�r�e� �2�.�7�.� �I�n� �t�h�o�s�e� �p�l�o�t�s� �s�e�v�e�r�a�l� �d�i�s�a�m�p� 

�c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �v�a�l�u�e�s� �f�o�r� �E�,� �A�x� �,� �a�n�d� �N�e� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d�.� �A� �s�u�m�m�a�r�y� �o�f� �t�h�e�s�e� �r�e�s�u�l�t�s� 

�i�s� �d�e�p�i�c�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�8�.� �T�h�i�s� �f�i�g�u�r�e� �s�h�o�w�s� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �p�o�w�e�r�-�l�a�w� �r�e�l�a�t�i�o�n�s�h�i�p� 
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�a�n�a�l� �n�e�  � �� �r�y� �-� �7�4� 

�_� �(�0�.�5�0�0�+�0�.�0�0�2�)� �L�o� �L�G� �S�.�q�=� �O�t� �,� �L�e� �x�)� 

�s�,�=�a�,� �t�®�°� 

�m� �1�0�+� �J� 
�c�e� �|� �,� �:� �O�o� �L� �x� 
�@� �x� �=�  �� �2� 

�O� �a� 
�O�D�  �� �a �� �Y�S� 

�=� �L�f� �v� 

�5� �a�t� �a�  �� �o�F� �P�a�i�s�,� �a�m�p� �=�0�-�0�5� 

�o�n� �P�b� �R�r� �M�E�O� �P� �d�i�s�,�a�m�p� �=�0�.�1� �4� 

�O�O� �P� �d�i�s�,�a�m�p� �=�0�.�3� �|� 
�|� 

�a�n� �P� �d�i�s�,� �a�m�p� �=�0�-�9� 

 �� �P� �d�i�s�,�a�m�p� �=�0�.�7� �1� 

�o�e� �P�.� �d�i�s�,�a�m�p� �=�0�.�9� 

�r�n� �P�.� �d�i�i�s�,�a�m�p� �=� �1�-�0� 

�A�n�a�l�y�t�i�c�a�l� �S�o�l�u�t�i�o�n� 

�0�.�1� �_� �v�o� �{� �1� �p�e� �e�l� �p�t� �s�l� �a� �a�l�  ��_� �f�o� 

�0�.�0�1� �0�.�1� �1� �1�0� �1�0�0� �1�0�0�0� 

�T�i�m�e�,� �t� 

�F�i�g�u�r�e� �2�.�7�.� �T�i�m�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �n�u�m�b�e�r� �o�f� 
�p�a�r�t�i�c�l�e�s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �P�,�,�,�.�,�,� �u�s�i�n�g� �t�h�e� �C�A� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e�,� �a�n�d� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� 
�a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �i�n�p�u�t�.� 

�(�N�,�=�1�0�0�0�,� �A�x� �=�1�0�,� �E�=�1�.�)� 
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�(�a�,�,�/�a�,�)�*� �=� �1�.�4�9�3� �P�r�i�s�a�m�p�)� 

�A�n�a�l�y�t�i�c�a�l� �S�o�l�u�t�i�o�n� � � 
� � � � 

� � 

�N�,�=�1�0�0�0� �A�x�=�1�0� 

�|� �N�,�~�=�1�0�0�0� �A�x� �=�1�0� 

�N�,�=�1� �0�0�0� �A�x�=�1�0�0� 

�A�x� �=�1�0� 

�A�x� �=�1�0� 

�A�x� �=�1�0� 

�E�=�1� 

�E�=�5� 

�E�=�5� 

�E�=�1� 

�E�=�1� 

�E�=�1� 
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�4�.� 

�1� 
�1� 

�4� 

� � � � 

�P� 
�d�i�s�,�a�m�p� 

�F�i�g�u�r�e� �2�.�8� �R�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �(�a�,�,� �J�a�)� �a�n�d� �P� �d�i�s�.�a�m�p� �°� 
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�b�e�t�w�e�e�n� �t�h�e� �r�a�t�i�o� �(�a�.� �J�a�.�)� �a�n�d� �P�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�i�s� �r�e�l�a�t�i�o�n� �a�p�p�e�a�r�s� �t�o� �b�e� �d�i�s�a�m�p�*� 

�c�o�m�p�l�e�t�e�l�y� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �E�,� �A�x� �,� �a�n�d� �N�i� �a�n�d� �i�s� �g�i�v�e�n� �a�s�:� 

�1�.�4�9�3� 
�P� 

�d�i�s�a�m�p� 

�(�2�.�1�4�)� � � �(�a�,�,�/�a�,�)� �=� 

�I�n� �r�e�l�a�t�i�o�n� �t�o� �F�i�g�u�r�e� �2�.�7� �i�t� �w�a�s� �p�r�e�v�i�o�u�s�l�y� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �a�,� �=� �V�2�E�.� �T�h�i�s� 

�e�x�p�r�e�s�s�i�o�n� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� �a�s� �a�,� �=� �V�2�E�,� �t�o� �e�m�p�h�a�s�i�z�e� �t�h�a�t� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� 

�r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �c�o�e�f�f�i�c�i�e�n�t� �E�,�.� �S�i�n�c�e� �t�h�e� �C�A� �r�u�l�e� �a�l�s�o� 

�r�e�p�r�e�s�e�n�t�s� �a� �d�i�s�p�e�r�s�i�o�n� �p�r�o�c�e�s�s� �b�u�t� �o�f� �l�a�r�g�e�r� �m�a�g�n�i�t�u�d�e�,� �i�t� �c�a�n� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� 

�Q�.�4�=� �V�E�.� �,� �w�h�e�r�e� �E�_�.�>�E�,�.� �F�r�o�m� �t�h�i�s� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� 

�(�S�s�  �� �P�c�a� �(�2�.�1�5�)� � � 

�T�h�e� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e� �i�s� �b�y� �d�e�f�i�n�i�t�i�o�n� 

�E�.�,�  ��-�£�,�,� �a�n�d� �i�s� �a�l�w�a�y�s� �l�a�r�g�e�r� �t�h�a�n� �z�e�r�o�.� �A�l�s�o�,� �e�q�u�a�t�i�o�n� �(�2�.�1�5�)� �i�m�p�l�i�e�s� �t�h�a�t� 

�Q�a� �E�.�,�-�E�,� �=� �e�S�]�  ��1� �.� �(�2�.�1�6�)� 
�a� �a� 

�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �e�q�u�a�t�i�o�n� �(�2�.�1�4�)� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�1�6�)� �l�e�a�d�s� �t�o�:� 

� � �(�2�.�1�7�)� 
�4�9� �£�-� �B�=� �B� �3� �~�-�1�)� 
�d�i�s�a�m�p� 

�T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �s�h�o�w�s� �t�h�a�t� �f�o�r� �t�h�e� �b�e�s�t� �c�a�s�e� �(� �P�,�,�,�4�,�=�1�)� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �s�t�i�l�l� �l�e�a�d�s� �t�o� �i�s�a�m�p� 

�a�n� �o�v�e�r�e�s�t�i�m�a�t�i�o�n� �o�f� �d�i�s�p�e�r�s�i�o�n� �b�y� �4�9�.�3�%�.� �W�h�e�n� �P�.� �i�s� �0�.�5� �a�n�d� �0�.�1�,� �t�h�e� �n�u�m�e�r�i�c�a�l� �d�i�s�a�m�p� 

�d�i�s�p�e�r�s�i�o�n� �i�s� �a�b�o�u�t� �2� �a�n�d� �1�4� �t�i�m�e�s� �t�h�e� �a�c�t�u�a�l� �d�i�s�p�e�r�s�i�o�n�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�A�n� �i�m�p�o�r�t�a�n�t� �f�i�n�d�i�n�g� �f�r�o�m� �t�h�e� �p�r�e�v�i�o�u�s� �r�e�s�u�l�t� �i�s� �t�h�a�t� �t�h�e� �C�A� �r�u�l�e� �f�o�r� �d�i�s�p�e�r�s�i�o�n� 

�s�i�m�u�l�a�t�e�s� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�c�e�s�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a� �d�i�s�p�e�r�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �s�o�m�e�w�h�a�t� 
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�l�a�r�g�e�r� �t�h�a�n� �t�h�e� �o�n�e� �i�n�t�e�n�d�e�d� �t�o� �b�e� �r�e�p�r�e�s�e�n�t�e�d�.� �B�a�s�e�d� �o�n� �t�h�i�s� �c�o�n�c�l�u�s�i�o�n� �a� �p�r�o�c�e�d�u�r�e� �c�a�n� 

�b�e� �d�e�v�e�l�o�p�e�d� �t�o� �c�o�u�n�t�e�r�a�c�t� �t�h�i�s� �p�r�o�b�l�e�m�.� 

�C�o�n�s�i�d�e�r� �t�h�a�t� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �E�F� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �a�c�t�u�a�l� �d�i�s�p�e�r�s�i�o�n� �t�o� �b�e� 

�s�i�m�u�l�a�t�e�d� �b�y� �t�h�e� �C�A� �r�u�l�e�.� �T�h�e�n�,� �a�n�d� �b�a�s�e�d� �o�n� �e�q�u�a�t�i�o�n� �(�2�.�1�5�)�,� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� 

�t�o� �b�e� �u�s�e�d� �i�n� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e� �s�h�o�u�l�d� �b�e� �a� �c�o�r�r�e�c�t�e�d� �v�a�l�u�e�,� �E�*�,� �g�i�v�e�n� �a�s�:� 

� � �E�S� �-�(� �a� �E�.� �(�2�.�1�8�)� 
�a� 

�c�a� 

�T�h�i�s� �r�e�l�a�t�i�o�n� �i�m�p�l�i�e�s� �t�h�a�t� �E�°�<�E� �.� �S�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�1�4�)� �i�n�t�o� �e�q�u�a�t�i�o�n� �(�2�.�1�8�)�,� �o�n�e� 

�o�b�t�a�i�n�s�:� 

�P�.�.� 
�g�e� �a� �S�a�i�s�a�m�e�)� �p�e� �(�2�.�1�9�)� 

�\� �1�.�4�9�3� �|� 

�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �P� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�2�.�1�0�b�)� �i�n�t�o� �e�q�u�a�t�i�o�n� �(�2�.�1�9�)� �l�e�a�d�s� �t�o�:� �d�i�s�a�m�p� 

�E�J�6�E ��A�t� �;� 
�E� �=�  ��* � ��_�*� �.� �(�2�.�2�0�)� 

�1�.�4�9�3� �A�x� 

�S�o�l�v�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�2�0�)� �f�o�r� �E�*� �y�i�e�l�d�s�:� 

�«� �G�E� �A�L�,�,�,� 
�o�l�e�.� �2�.�2�1� 

�(�1�.�4�9�3� �A�x�)� �(�2�.�2�1�)� 

�T�h�e�n�,� �s�u�b�s�t�i�t�u�t�i�n�g� �E�°� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�2�1�)� �b�y� �e�q�u�a�t�i�o�n� �(�2�.�1�9�)� �a�n�d� �c�a�n�c�e�l�i�n�g� �t�e�r�m�s� 

�o�n�e� �o�b�t�a�i�n�s�:� 

�6�E�A�t�,�,�,� �g�g� �2�.�2�2� 
�d�i�s�a�m�P� �1�.� �4�9�3�(�A�x�)� �(�2�.�2�2�)� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �c�a�n� �t�h�e�n� �b�e� �u�s�e�d� �i�n� �p�l�a�c�e� �o�f� �e�q�u�a�t�i�o�n� �(�2�.�1�0�b�)� �t�o� �c�a�l�c�u�l�a�t�e� �P�,�i�.�a�m�p�-� 
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�A�s�s�u�m�i�n�g� �t�h�a�t� �i�n� �a� �t�y�p�i�c�a�l� �s�i�t�u�a�t�i�o�n� �b�o�t�h� �a� �m�a�x�i�m�u�m� �v�a�l�u�e� �f�o�r� �E� �,� �r�e�p�r�e�s�e�n�t�e�d� �a�s� 

�E�,�a�x�»� �a�n�d� �A�x� �a�r�e� �k�n�o�w�n� �q�u�a�n�t�i�t�i�e�s�,� �t�h�e� �l�a�r�g�e�s�t� �p�o�s�s�i�b�l�e� �v�a�l�u�e� �f�o�r� �A�t�,�,�,�,� �d�e�n�o�t�e�d� �A�t�,�;�,� �n�a�x�>� 

�i�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�2�.�2�2�)� �w�i�t�h� �P�,�.�.�4�_�)�=�1� �(�t�h�e� �u�p�p�e�r� �l�i�m�i�t� �f�o�r� �P�,�:�.�4�m�)�)�-� �T�h�e� �v�a�l�u�e� 

�f�o�r� �A�t�,�,�,�m�a�x� �1�S� �t�h�e�r�e�f�o�r�e� �g�i�v�e�n� �a�s�:� 

�1�.�4�9�3�(� �A�x�) �� �M�i�c�o�n�.� �=� �1�.�4�9�3� �A�x�)� �(�2�.�2�3�)� 
�:� �6�E� �a�x� 

�T�h�e� �d�e�r�i�v�a�t�i�o�n� �f�o�l�l�o�w�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �s�e�e�m�s� �t�o� �p�o�i�n�t� �o�u�t� �t�h�a�t� �a�n�y� �v�a�l�u�e� �A�t�,�,�,� �<� �A�l�j�;�.�n�a�x� 

�c�a�n� �b�e� �c�h�o�s�e�n� �w�i�t�h�o�u�t� �a�f�f�e�c�t�i�n�g� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� 

�d�i�s�p�e�r�s�i�o�n� �r�u�l�e� �i�s� �n�o�w� �e�x�p�e�c�t�e�d� �t�o� �b�e� �i�d�e�n�t�i�c�a�l�l�y� �a�c�c�u�r�a�t�e� �r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �v�a�l�u�e� �f�o�r� 

�P� �d�i�s�a�m�p� �<�I�.� �i�n� �t�h�e� �r�a�n�g�e� �O�<� �P�,� �i�s�a�m�p� 

�T�o� �v�e�r�i�f�y� �t�h�i�s� �c�l�a�i�m�,� �t�h�e� �r�e�s�u�l�t�s� �o�f� �s�o�m�e� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �r�e�-� 

�a�s� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�2�.�2�2�)�,� �w�h�i�c�h� �a�n�a�l�y�z�e�d� �t�o� �r�e�f�l�e�c�t� �t�h�e� �n�e�w� �d�e�f�i�n�i�t�i�o�n� �f�o�r� �P�r�i�i�s�a�m�p� 

�c�o�r�r�e�c�t�s� �f�o�r� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�9�,� �f�o�r� �N�=�1�0�0�0�,� 

�A�x� �=�1�0�,� �a�n�d� �E�=�5�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e�s�e� �r�e�s�u�l�t�s� �w�i�t�h� �p�r�e�v�i�o�u�s� �o�n�e�s� �(�s�e�e� �F�i�g�u�r�e� �2�.�7�)� 

�s�t�r�o�n�g�l�y� �s�u�g�g�e�s�t�s� �t�h�a�t� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �i�s� �n�o� �l�o�n�g�e�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �d�i�s�p�e�r�s�i�o�n� 

�r�u�l�e�.� �I�t� �a�l�s�o� �s�u�g�g�e�s�t�s� �t�h�a�t� �a�n� �e�q�u�a�l�l�y� �g�o�o�d� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �i�s� 

�o�b�t�a�i�n�e�d� �r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �v�a�l�u�e� �f�o�r� �P�j�,�.�4�m�)�-� �(�T�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� 

�s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �i�s� �a�t� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �s�a�m�e� �m�a�g�n�i�t�u�d�e� �a�s� �t�h�e� �p�l�o�t� 

�s�y�m�b�o�l�s�.�)� 

�S�o� �f�a�r�,� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �r�e�s�u�l�t�s� �h�a�s� �b�e�e�n� �b�a�s�e�d� �s�o�l�e�l�y� �o�n� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� 

�o�f� �t�h�e� �p�a�r�t�i�c�l�e� �d�i�s�t�r�i�b�u�t�i�o�n�s�.� �T�h�u�s�,� �t�o� �p�r�o�v�i�d�e� �a� �m�o�r�e� �c�o�m�p�l�e�t�e� �d�i�s�c�u�s�s�i�o�n� �t�h�e� �p�a�r�t�i�c�l�e� 

�d�i�s�t�r�i�b�u�t�i�o�n�s� �(�w�h�i�c�h� �c�a�n� �b�e� �e�a�s�i�l�y� �v�i�e�w�e�d� �a�s� �m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�s�,� �s�i�n�c�e� �p�a�r�t�i�c�l�e�s� �o�f� �u�n�i�f�o�r�m� 

�m�a�s�s� �a�r�e� �a�s�s�u�m�e�d�)� �w�e�r�e� �a�n�a�l�y�z�e�d� �a�n�d� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�i�s�t�r�i�b�u�t�i�o�n�s� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �a�n� 
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�1� �_�_� �e�s� �m�e�t� �a� �_�i� �a�l�  �� �P�e� �a�e� �e�r� �a�e� 

�0�.�1� �1� �1�0� �1�0�0� �1�0�0�0� 

�T�i�m�e�,� �t� 

�F�i�g�u�r�e� �2�.�9� �T�i�m�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �n�u�m�b�e�r� �o�f� 
�p�a�r�t�i�c�l�e�s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �P�,� �u�s�i�n�g� �t�h�e� �C�A� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e� �c�o�r�r�e�c�t�e�d� �f�o�r� �n�u�m�e�r�i�c�a�l� �1�S�.� �a�n�p� 

�d�i�s�p�e�r�s�i�o�n� �a�n�d� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�.� �(� �N�=� �1�0�0�0�,� �A�x� �=�1�0�,� �F�E� �=�5�.�)� 
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�i�n�s�t�a�n�t�a�n�e�o�u�s� �i�n�p�u�t� �(�T�h�o�m�a�n�n� �a�n�d� �M�u�e�l�l�e�r�,� �1�9�8�7�)�.� �T�h�e� �m�a�s�s� �p�r�e�s�e�n�t� �i�n� �e�a�c�h� �c�e�l�l�,� �a�s� �a� 

�f�r�a�c�t�i�o�n� �o�f� �t�h�e� �t�o�t�a�l� �m�a�s�s�,� �i�s�:� 

� � 

� � 

�M�.� �l� �2� �x� �a�a�n� �s�e� �2�.�2�4� �W�i�d�e� �S�o�e� �(�2�.�2�4�a�)� 

�a�l�e�e� �(�2�0�4� �4�0�)� �o�f� �2� �A�r�)� �|� 
�3� �(�a�y�e�)� �\� �a�y�e� �|� �(�2�.�2�4�0�)� 

�w�h�e�r�e� �M�,�/�M�°� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �f�r�a�c�t�i�o�n� �o�f� �t�h�e� �t�o�t�a�l� �m�a�s�s� �p�r�e�s�e�n�t� �i�n� �c�e�l�l� �i�,� �w�i�t�h� �i� �b�e�i�n�g� �a�n�y� 

�i�n�t�e�g�e�r� �(�.�.�.�,� �-�2�,�-�1�,�0�,� �1�,�2�,�.�.�.�)�.� �T�h�e� �t�o�t�a�l� �m�a�s�s� �M�°� �i�s� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �i�n�s�t�a�n�t�a�n�e�o�u�s�l�y� 

�i�n�t�r�o�d�u�c�e�d� �i�n� �c�e�l�l� �i�=� �0�,� �a�t� �t�i�m�e� �t�=� �0�.� �T�h�e� �x�-�c�o�o�r�d�i�n�a�t�e� �o�f� �e�a�c�h� �c�e�l�l� �i� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� 

�m�i�d�-�p�o�i�n�t� �o�f� �t�h�e� �c�e�l�l� �a�n�d� �i�s� �g�i�v�e�n� �b�y� �x�,�=�i� �A�x�.� �T�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�s� �t�h�e�n� �t�y�p�i�c�a�l�l�y� 

�e�v�a�l�u�a�t�e�d� �f�o�r� �p�a�r�t�i�c�u�l�a�r� �v�a�l�u�e�s� �o�f� �¢� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �p�r�o�d�u�c�t� �n� �A�f�,�,�.�.� 

�F�i�g�u�r�e� �2�.�1�0� �c�o�m�p�a�r�e�s� �C�A� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �u�s�i�n�g� �b�o�t�h� �d�e�f�i�n�i�t�i�o�n�s� �f�o�r� �P�y�i�c�a�m�p�>� 

�g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n�s� �(�2�.�2�2�)� �a�n�d� �(�2�.�1�0�b�)�,� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �(�e�q�u�a�t�i�o�n� �(�2�.�2�4�b�)�)�.� 

�N�a�t�u�r�a�l� �c�u�b�i�c� �s�p�l�i�n�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �i�s� �u�s�e�d� �t�o� �d�r�a�w� �t�h�e� �l�i�n�e� �f�o�r� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �b�a�s�e�d� 

�o�n� �t�h�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �o�f� �t�h�e� �c�e�l�l�s�.� �T�h�i�s� �r�e�s�u�l�t�s� �r�e�f�e�r� �t�o� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �c�a�s�e� �o�f� �N ��=�1�0�0�0�,� 

�A�x� �=�1�0�,� �E�=�5�,� �a�n�d� �¢�=�5�0�.� �E�a�c�h� �C�A� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �t�h�e� �m�e�a�n� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �t�h�e� �1�0�0� 

�s�i�m�u�l�a�t�i�o�n� �r�e�p�e�t�i�t�i�o�n�s�.� �T�h�e� �v�e�r�t�i�c�a�l� �b�a�r�s� �s�h�o�w� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�.� 

�F�i�g�u�r�e� �2�.�1�0� �s�u�p�p�o�r�t�s� �p�r�e�v�i�o�u�s� �r�e�s�u�l�t�s� �s�u�g�g�e�s�t�i�n�g� �a� �v�e�r�y� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� 

�t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e�,� �w�h�e�n� �c�o�r�r�e�c�t�e�d� �f�o�r� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n�,� �a�n�d� �t�h�e� 

�a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �P�,�,�.�.�,�)�-� �T�h�i�s� �f�i�g�u�r�e� �a�l�s�o� �c�o�n�f�i�r�m�s� �p�r�e�v�i�o�u�s� 

�f�i�n�d�i�n�g�s� �o�f� �a�n� �o�v�e�r�e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�c�e�s�s� �(�w�h�i�c�h� �b�e�c�o�m�e�s� �m�o�r�e� �p�r�o�n�o�u�n�c�e�d� 

�a�s� �P� �d�i�s�a�m�p� �d�e�c�r�e�a�s�e�s�)� �b�y� �t�h�e� �C�A� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e� �w�i�t�h�o�u�t� �a� �c�o�r�r�e�c�t�i�o�n� �f�o�r� �n�u�m�e�r�i�c�a�l� 
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�D�i�s�t�a�n�c�e�,� �x� 

�F�i�g�u�r�e� �2�.�1�0� �C�o�m�p�a�r�i�s�o�n� �o�f� �m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�s� �f�o�r� �t�h�e� �C�A� �w�i�t�h� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e� 
�c�o�r�r�e�c�t�e�d� �a�n�d� �n�o�n�-�c�o�r�r�e�c�t�e�d� �f�o�r� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �a�n�d� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �a�s� �a� 

�f�u�n�c�t�i�o�n� �o�f� �P�r�i�s� �a�m�p�-�(�N�,�=�1�0�0�0�,� �A�x� �=�1�0�,� �E� �=�5�,� �t�~�5�0�.�)� �d�i�s�.�a�m�p� 
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�d�i�s�p�e�r�s�i�o�n�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�t� �s�u�p�p�o�r�t�s� �a�n� �e�a�r�l�i�e�r� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �p�a�r�t�i�c�l�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� 

�r�e�s�u�l�t�i�n�g� �f�r�o�m� �t�h�e� �C�A� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e� �f�o�l�l�o�w� �a� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�.� 

�A�n�o�t�h�e�r� �w�a�y� �t�o� �c�o�m�p�a�r�e� �t�h�e� �C�A� �r�e�s�u�l�t�s� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �i�s� �p�r�o�v�i�d�e�d� �b�y� 

�t�h�e� �t�i�m�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �p�e�a�k�s�.� �F�r�o�m� �e�q�u�a�t�i�o�n� �(�2�.�2�4�a�)�,� �t�h�e� �p�e�a�k� �p�r�e�d�i�c�t�e�d� �b�y� 

�t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �i�s� �s�i�m�p�l�y� �t�h�e� �f�r�a�c�t�i�o�n� �o�f� �t�o�t�a�l� �m�a�s�s� �f�o�r� �t�h�e� �c�e�l�l� �i�=�0�,� �t�h�u�s� �x�,�=�.�x�,� �=�0�,� 

�w�h�i�c�h� �i�s� �g�i�v�e�n� �a�s�:� 

�(�2�.�2�5�)� � � 

�F�i�g�u�r�e� �2�.�1�1� �s�h�o�w�s� �t�h�e� �c�o�m�p�a�r�a�t�i�v�e� �t�i�m�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�e�a�k� �f�r�a�c�t�i�o�n� �o�f� �t�o�t�a�l� 

�m�a�s�s� �f�o�r� �t�h�e� �C�A� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�,� �f�o�r� �N�,�=�1�0�0�0�,� �A�x� �=�1�0�,� �a�n�d� �E� �=�5�.� �T�h�e�s�e� �r�e�s�u�l�t�s� 

�i�n�d�i�c�a�t�e� �a�g�a�i�n� �a� �s�i�g�n�i�f�i�c�a�n�t� �i�m�p�r�o�v�e�m�e�n�t� �o�n� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �C�A� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e� 

�w�h�e�n� �c�o�r�r�e�c�t�i�o�n� �f�o�r� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �i�s� �i�n�c�l�u�d�e�d�.� �A�f�t�e�r� �a�n� �i�n�i�t�i�a�l� �s�h�o�r�t� �t�i�m�e� �(�F�i�g�u�r�e� 

�2�.�1�1�(�b�)�)� �t�h�e� �C�A� �r�e�s�u�l�t�s� �a�g�r�e�e� �v�e�r�y� �w�e�l�l� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�.� 

�2�.�4� �D�E�C�A�Y� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �a�n� �a�p�p�r�o�a�c�h� �i�s� �i�n�t�r�o�d�u�c�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �d�e�c�a�y� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� 

�R�W�P�M� �u�n�d�e�r� �t�h�e� �C�A� �f�r�a�m�e�w�o�r�k�.� �T�h�e� �a�p�p�r�o�a�c�h� �w�a�s� �t�e�s�t�e�d� �f�o�r� �i�t�s� �a�b�i�l�i�t�y� �t�o� �a�c�c�u�r�a�t�e�l�y� 

�r�e�p�r�e�s�e�n�t� �t�h�e� �d�e�c�a�y� �p�r�o�c�e�s�s�.� 

�2�.�4�.�1� �M�e�t�h�o�d�o�l�o�g�y� 

�2�.�4�.�1�.�1� �R�u�l�e� �D�e�f�i�n�i�t�i�o�n� 

�D�e�c�a�y� �p�r�o�c�e�s�s�e�s� �u�s�u�a�l�l�y� �f�o�l�l�o�w� �f�i�r�s�t�-�o�r�d�e�r� �k�i�n�e�t�i�c�s� �o�r� �n�e�g�a�t�i�v�e� �e�x�p�o�n�e�n�t�i�a�l� 

�f�u�n�c�t�i�o�n�s�.� �T�o�f�f�o�l�i� �a�n�d� �M�a�r�g�o�l�u�s� �(�1�9�8�7�)� �p�r�e�s�e�n�t� �a�n� �i�l�l�u�s�t�r�a�t�i�v�e� �e�x�a�m�p�l�e� �o�n� �h�o�w� �t�o� �m�o�d�e�l� 

�e�x�p�o�n�e�n�t�i�a�l� �d�e�c�a�y� �p�h�e�n�o�m�e�n�a� �u�s�i�n�g� �C�A�.� �T�h�e� �d�e�c�a�y� �p�r�o�c�e�s�s� �i�s� �c�o�n�s�i�d�e�r�e�d� �t�h�r�o�u�g�h� �a� 
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 � �� �P� �i�s�,�a�m�p� �=�0�.�1� 

�4�t� �_� �4� 
�i� �P�i�s�.�a�m�p� �=�0�.�5� 

�e�e�e� �P� �s�i�s�,�a�m�p� �=� �0�.�9� 
�0�.�2� �+� �4� 

 � � �� �A�n�a�l�y�t�i�c�a�l� �S�o�l�u�t�i�o�n� 

�0� �a� �p�e� �d�e� �p�a� �a�  �� 

�0�.�1� �1� �1�0� �1�0�0� 

�T�i�m�e�,� �f� 

�F�i�g�u�r�e� �2�.�1�1� �T�i�m�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�e�a�k� �o�f� �m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�s� �f�o�r� �t�h�e� �C�A� �a�n�d� �t�h�e� 
�a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �P�,�,�.�,�,�,�:� �(�a�)� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e� �w�i�t�h�o�u�t� �c�o�r�r�e�c�t�i�o�n� �f�o�r� �i�s�.�a�m�p� �*� 

�n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n�;� �(�b�)� �w�i�t�h� �c�o�r�r�e�c�t�i�o�n�.� �(� �N ��=�1�0�0�0�,� �A�x� �=�1�0�,� �E� �=�5�.�)� 
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�p�r�o�b�a�b�i�l�i�t�y� �o�f� �a� �p�a�r�t�i�c�l�e� �t�o� �b�e� �r�e�m�o�v�e�d� �f�r�o�m� �a� �c�e�l�l� �d�u�r�i�n�g� �a� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �s�t�e�p�.� �T�h�e� 

�f�i�r�s�t�-�o�r�d�e�r� �d�e�c�a�y� �p�r�o�b�a�b�i�l�i�t�y�,� �P�,� 
�é� �i�S� �g�i�v�e�n� �a�s�:� 

�P�r�r�e�c�=� �K�a�e�o� �A�t� �d�e�c� �d�e�c� �d�e�c� �O�<� �P�,�.�.�<�1� �(�2�.�2�6�)� 

�w�h�e�r�e� �k�,�,�.� �i�s� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �d�e�c�a�y� �r�a�t�e� �c�o�n�s�t�a�n�t� �(�T�~�'�)�,� �a�n�d� �A�r�,�,�,� �i�s� �t�h�e� �t�i�m�e� �s�t�e�p� �f�o�r� �t�h�e� �d�e�c� 

�d�e�c�a�y� �p�r�o�c�e�s�s�.� �T�h�e� �v�a�l�u�e� �o�f� �P�,�,�.�<�1�.� �d�e�c� 

�F�o�r� �e�a�c�h� �p�a�r�t�i�c�l�e� �i�n� �a� �c�e�l�l�,� �a� �u�n�i�f�o�r�m�l�y� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �n�u�m�b�e�r�,� �r�,� �b�e�t�w�e�e�n� �0� 

�a�n�d� �|� �i�s� �g�e�n�e�r�a�t�e�d� �a�n�d� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �d�e�c�a�y� �p�r�o�b�a�b�i�l�i�t�y�.� �I�f� �r� �d�o�e�s� �n�o�t� �e�x�c�e�e�d� �P�,�,�.� 

�t�h�e�n� �t�h�e� �p�a�r�t�i�c�l�e� �i�s� �r�e�m�o�v�e�d� �f�r�o�m� �i�t�s� �c�e�l�l� �(�a�n�d� �f�r�o�m� �t�h�e� �s�y�s�t�e�m�)�;� �o�t�h�e�r�w�i�s�e� �t�h�e� �p�a�r�t�i�c�l�e� 

�s�t�a�y�s� �i�n� �i�t�s� �c�e�l�l�.� 

�I�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �r�a�n�d�o�m�-�w�a�l�k�,� �K�i�n�z�e�l�b�a�c�h� �(�1�9�8�8�)� �p�r�e�s�e�n�t�s� �a�n� �i�d�e�n�t�i�c�a�l� �d�e�c�a�y� 

�p�r�o�b�a�b�i�l�i�t�y� �i�n� �w�h�i�c�h� �t�h�e� �t�i�m�e� �s�t�e�p� �s�h�o�u�l�d� �b�e� �m�a�d�e� �s�m�a�l�l� �e�n�o�u�g�h� �t�o� �a�l�w�a�y�s� �k�e�e�p� �t�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �v�a�l�u�e� �l�e�s�s� �t�h�a�n� �o�n�e�.� �V�a�l�o�c�c�h�i� �a�n�d� �Q�u�i�n�o�d�o�z� �(�1�9�8�9�)� �u�s�i�n�g� �a� �s�i�m�i�l�a�r�l�y� �d�e�f�i�n�e�d� 

�p�r�o�b�a�b�i�l�i�t�y� �b�u�t� �i�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �f�i�r�s�t�-�o�r�d�e�r� �a�d�s�o�r�p�t�i�o�n� �w�i�t�h�i�n� �r�a�n�d�o�m�-�w�a�l�k�,� �f�u�r�t�h�e�r� 

�s�u�g�g�e�s�t� �t�h�a�t� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �s�h�o�u�l�d� �b�e� �s�u�b�s�t�a�n�t�i�a�l�l�y� �l�e�s�s� �t�h�a�n� �o�n�e�.� �T�h�e� �q�u�e�s�t�i�o�n� �t�h�e�n� �a�r�i�s�e�s� 

�a�s� �t�o� �h�o�w� �m�u�c�h� �t�o� �c�o�n�s�t�r�a�i�n� �t�h�e� �v�a�l�u�e� �o�f� �A�t�,�,�.�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �t�h�e� �r�e�s�u�l�t�i�n�g� �v�a�l�u�e� �o�f� �P�,�,�,�.�.� 

�2�.�4�.�1�.�2� �E�f�f�e�c�t� �o�f� �P�,�.�.� �o�n� �D�e�c�a�y� 

�S�i�n�c�e� �t�h�e� �C�A� �d�e�c�a�y� �r�u�l�e� �u�s�e�s� �r�a�n�d�o�m� �n�u�m�b�e�r�s� �t�o� �s�i�m�u�l�a�t�e� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� 

�p�a�r�t�i�c�l�e�s�,� �s�u�c�h� �a�n� �a�p�p�r�o�a�c�h� �i�n�t�r�o�d�u�c�e�s� �s�o�m�e� �r�a�n�d�o�m� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �t�h�e� �r�e�s�u�l�t�s� �m�a�k�i�n�g� �i�t� 

�m�o�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �d�e�t�e�r�m�i�n�e� �t�r�e�n�d�s� �i�n� �m�o�d�e�l� �b�e�h�a�v�i�o�r�.� �T�o� �o�v�e�r�c�o�m�e� �t�h�i�s� �d�i�f�f�i�c�u�l�t�y�,� �a� �C�A� 

�s�u�r�r�o�g�a�t�e� �m�e�t�h�o�d� �b�a�s�e�d� �o�n� �a�n� �e�x�a�c�t� �p�r�o�b�a�b�i�l�i�s�t�i�c� �a�p�p�r�o�a�c�h� �w�a�s� �u�s�e�d�.� 

�G�i�v�e�n� �a�n� �i�n�i�t�i�a�l� �m�a�s�s� �o�f� �a� �n�o�n�c�o�n�s�e�r�v�a�t�i�v�e� �c�o�n�s�t�i�t�u�e�n�t�,� �t�h�i�s� �a�p�p�r�o�a�c�h� �s�i�m�p�l�y� 

�k�e�e�p�s� �t�r�a�c�k� �o�f� �t�h�e� �m�a�s�s� �r�e�m�a�i�n�i�n�g� �a�t� �s�u�c�c�e�s�s�i�v�e� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �s�t�e�p�s�.� �A�t� �e�a�c�h� �s�i�m�u�l�a�t�i�o�n� 

�s�t�e�p�,� �a� �f�r�a�c�t�i�o�n� �o�f� �t�h�e� �m�a�s�s� �r�e�m�a�i�n�i�n�g� �f�r�o�m� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�e�p� �i�s� �r�e�m�o�v�e�d�.� �T�h�e� �r�e�m�a�i�n�i�n�g� 
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�m�a�s�s� �i�s� �t�h�e�n� �a�v�a�i�l�a�b�l�e� �f�o�r� �l�o�s�s� �a�t� �t�h�e� �n�e�x�t� �s�i�m�u�l�a�t�i�o�n� �s�t�e�p�.� �T�h�e� �f�r�a�c�t�i�o�n� �o�f� �m�a�s�s� �r�e�m�o�v�e�d� 

�a�t� �e�a�c�h� �s�t�e�p� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �d�e�c�a�y� �p�r�o�b�a�b�i�l�i�t�y�.� 

�T�h�e� �m�a�s�s� �r�e�m�a�i�n�i�n�g� �a�f�t�e�r� �a� �c�e�r�t�a�i�n� �n�u�m�b�e�r� �o�f� �s�i�m�u�l�a�t�i�o�n� �s�t�e�p�s� �i�s� �g�i�v�e�n� �a�s�:� 

�n�_� �p�l�y� �S�i�,� �p� �V�V� �M� �=�m�"� �P�,�,�{� �U�4� �S�(� �P�a�w�)� �)�)� �(�2�.�2�7�)� 
�t�m�l�]� 

�w�h�e�r�e� �M �� �i�s� �t�h�e� �r�e�m�a�i�n�i�n�g� �m�a�s�s� �a�f�t�e�r� �n� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �s�t�e�p�s� �a�n�d� �M �� �i�s� �t�h�e� �i�n�i�t�i�a�l� �m�a�s�s�.� 

�E�x�p�r�e�s�s�i�o�n� �(�2�.�2�7�)� �w�a�s� �e�v�a�l�u�a�t�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �s�i�m�u�l�a�t�i�o�n� �s�t�e�p�s� 

�f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �P�,�,�.�.� �T�h�e� �m�a�s�s� �r�e�m�a�i�n�i�n�g� �w�a�s� �e�x�p�r�e�s�s�e�d� �a�s� �a� �f�r�a�c�t�i�o�n� �o�f� �t�h�e� �i�n�i�t�i�a�l� 

�m�a�s�s�,� �i�.� �e�.�,� �a�s� �M�"�/�M�°�.� �T�h�e� �f�r�a�c�t�i�o�n� �o�f� �m�a�s�s� �r�e�m�a�i�n�i�n�g� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� 

�s�i�m�u�l�a�t�i�o�n� �s�t�e�p�s� �w�a�s� �t�h�e�n� �e�x�p�r�e�s�s�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e� �g�i�v�e�n� �a� �p�a�r�t�i�c�u�l�a�r� �v�a�l�u�e� �o�f� �f�i�r�s�t�-� 

�o�r�d�e�r� �k�,�,�.�.� �D�u�e� �t�o� �t�h�e� �r�e�l�a�t�i�o�n� �i�m�p�o�s�e�d� �b�y� �e�q�u�a�t�i�o�n� �(�2�.�2�6�)� �t�h�i�s� �i�m�p�l�i�e�s� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� 

�A�t�,�,�.� �v�a�l�u�e�s�,� �e�a�c�h� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �p�a�r�t�i�c�u�l�a�r� �p�r�o�b�a�b�i�l�i�t�y� �P�,�,�.�.� �T�h�e�s�e� �r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� 

�f�r�a�c�t�i�o�n� �o�f� �m�a�s�s� �r�e�m�a�i�n�i�n�g� �a�n�d� �t�i�m�e� �w�e�r�e� �t�h�e�n� �u�s�e�d� �t�o� �q�u�a�n�t�i�f�y� �t�h�e� �d�e�c�a�y� �a�n�d� �i�t�s� 

�d�e�p�e�n�d�e�n�c�y� �o�n� �P�,�,�.�.� 

�2�.�4�.�2� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�F�i�g�u�r�e� �2�.�1�2� �s�h�o�w�s� �r�e�m�a�i�n�i�n�g� �m�a�s�s� �v�e�r�s�u�s� �t�i�m�e� �f�o�r� �k�,�,�.�=�0�.�5�.� �T�h�e� �r�e�s�u�l�t�s� �f�o�r� �d�e�c� 

�d�i�f�f�e�r�e�n�t� �d�e�c�a�y� �p�r�o�b�a�b�i�l�i�t�y� �v�a�l�u�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �f�i�r�s�t�-�o�r�d�e�r� 

�d�e�c�a�y� �g�i�v�e�n� �b�y�:� 

�M�'� �=� �M�?� �e�M�!�)� �(�2�.�2�8�)� 

�w�h�e�r�e� �M�'� �i�s� �t�h�e� �r�e�m�a�i�n�i�n�g� �m�a�s�s� �a�t� �t�i�m�e� �¢�.� 

�T�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �s�l�o�p�e�s� �o�f� �t�h�e� �l�i�n�e�s� �p�l�o�t�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�1�2� �s�e�e�m�s� �t�o� 

�s�u�g�g�e�s�t� �t�h�a�t� �t�h�e� �C�A� �s�u�r�r�o�g�a�t�e� �m�e�t�h�o�d� �c�o�n�s�i�s�t�e�n�t�l�y� �o�v�e�r�e�s�t�i�m�a�t�e�s� �t�h�e� �t�r�u�e� �(�a�n�a�l�y�t�i�c�a�l�)� 

�c�a� 

�d�e�c� �>� �K� �s�e�c� �d�e�c�a�y� �r�a�t�e�,� �k�,�,�.�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �a� �d�e�c�a�y� �r�a�t�e� �k� �i�s� �b�e�i�n�g� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �C�A� �d�e�c� 
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�d�e�c�a�y� �p�r�o�b�a�b�i�l�i�t�y� �u�s�i�n�g� �t�h�e� �C�A� �s�u�r�r�o�g�a�t�e� �m�e�t�h�o�d� �a�n�d� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� 
�s�o�l�u�t�i�o�n� �f�o�r� �f�i�r�s�t�-�o�r�d�e�r� �d�e�c�a�y�.� �(�k�,�,�.�=�0�.�5�.�)� 
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�s�u�r�r�o�g�a�t�e� �m�e�t�h�o�d�,� �w�i�t�h� �k�; ��.� �b�e�i�n�g� �a� �f�u�n�c�t�i�o�n� �o�f� �P�,�,�.�.� �L�a�r�g�e�r� �v�a�l�u�e�s� �o�f� �P�,�,�.� �l�e�a�d� �t�o� �l�a�r�g�e�r� �d�e�c� 

�v�a�l�u�e�s� �o�f� �k�;�;�.�.� �T�o� �e�m�p�h�a�s�i�z�e� �t�h�i�s� �b�e�h�a�v�i�o�r� �F�i�g�u�r�e� �2�.�1�3� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �w�h�i�c�h� �t�h�e� �r�a�t�i�o� �d�e�c�*� 

�a�a� 

�d�e�c� �/�k�,�.�.�,� �n�a�m�e�d� �B�,� �i�s� �p�l�o�t�t�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �P�,�,�.�.� �I�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� �t�h�i�s� �r�e�l�a�t�i�o�n�s�h�i�p� 

�B�=� �f�(�P�,�,�.�)� �h�o�l�d�s� �f�o�r� �a�n�y� �v�a�l�u�e� �o�f� �k�,�,�.�.� �F�o�r� �t�h�e� �C�A� �d�e�c�a�y� �r�u�l�e� �t�o� �b�e� �a�c�c�u�r�a�t�e�,� �v�e�r�y� �s�m�a�l�l� 

�v�a�l�u�e�s� �o�f� �t�h�e� �d�e�c�a�y� �p�r�o�b�a�b�i�l�i�t�y� �(�<�0�.�0�1�)� �f�o�r� �w�h�i�c�h� �B�~�=�1�,� �a�n�d� �t�h�u�s� �k�i�)� �~�k�,�,�,�,� �a�r�e� �r�e�q�u�i�r�e�d�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �p�r�e�v�i�o�u�s� �r�e�s�u�l�t�s� �a�l�s�o� �s�u�g�g�e�s�t� �a� �p�r�o�c�e�d�u�r�e� �t�o� �r�e�l�a�x� �t�h�i�s� �c�o�n�s�t�r�a�i�n�t�.� 

�F�r�o�m� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �B�,� �t�h�e�n� �k�i�)� �=� �B�k�,�,�,�.�.� �S�i�n�c�e� �t�h�e� �C�A� �a�p�p�r�o�a�c�h� �w�i�l�l� �r�e�s�u�l�t� �i�n� �a� �d�e�c�a�y� 

�r�a�t�e� �k�*� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �o�r�i�g�i�n�a�l� �k�,�,�.�,� �t�h�i�s� �s�u�g�g�e�s�t�s� �t�h�a�t� �f�o�r� �k�*�°�.� �t�o� �b�e� �e�q�u�a�l� �t�o� �k�,�,�.�,� �a� �d�e�c� �d�e�c� 

�s�m�a�l�l�e�r� �k�,�,�.� �(�w�i�t�h� �n�o�t�a�t�i�o�n� �k�)�,�.�)� �s�h�o�u�l�d� �b�e� �s�u�b�s�t�i�t�u�t�e�d� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �v�a�l�u�e� �o�f� �k�,�,�.�.� �T�h�i�s� �d�e�c� 

�c�o�n�v�e�r�s�i�o�n� �h�a�s� �t�h�e� �f�o�r�m� �k �� �=� �k� �d�e�c ��  ��d�e�c� �/�B�.� �G�i�v�e�n� �t�h�a�t� �B�=� �f�(�P�,�,�,�)� �a�n�d� �a�l�s�o� �P�,�,�.�=� �f�(�k�j�,�,�)� �a�n� 

�i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e� �m�u�s�t� �b�e� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �k�}�,�.� 

�F�o�r� �a� �p�a�r�t�i�c�u�l�a�r� �v�a�l�u�e� �o�f� �A�t�,�,�.�,� �a�n� �i�n�i�t�i�a�l� �g�u�e�s�s� �f�o�r� �P�,�,�.� �i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �e�q�u�a�t�i�o�n� 

�(�2�.�2�6�)�.� �T�h�i�s� �v�a�l�u�e� �o�f� �P�,�,�.� �i�s� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �B� �u�s�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �f�r�o�m� �F�i�g�u�r�e� �2�.�1�3�.� 

�A�n� �e�s�t�i�m�a�t�e� �f�o�r� �k�)�,�.� �i�s� �t�h�e�n� �o�b�t�a�i�n�e�d� �f�r�o�m� �k�,�,�,� �a�n�d� �B�.� �A� �n�e�w� �v�a�l�u�e� �f�o�r� �P�,�,�.� �i�s� �o�b�t�a�i�n�e�d� �d�e�c� �d�e�c� 

�f�r�o�m� �e�q�u�a�t�i�o�n� �(�2�.�2�6�)� �u�s�i�n�g� �t�h�e� �p�r�e�v�i�o�u�s�l�y� �c�a�l�c�u�l�a�t�e�d� �v�a�l�u�e� �f�o�r� �k�{�,�,�.� �T�h�i�s� �a�l�l�o�w�s� �f�o�r� �a� �n�e�w� 

�e�s�t�i�m�a�t�e� �o�f� �B� �a�n�d� �t�h�e�r�e�f�o�r�e� �k�j�,�.�.� �T�h�i�s� �p�r�o�c�e�s�s� �i�s� �r�e�p�e�a�t�e�d� �u�n�t�i�l� �P�,�,�.�,� �B�,� �a�n�d� �k�)�,�.� �c�o�n�v�e�r�g�e� �d�e�c �� 

�w�i�t�h�i�n� �a� �s�p�e�c�i�f�i�e�d� �c�o�n�v�e�r�g�e�n�c�e� �e�r�r�o�r�.� 

�T�h�i�s� �p�r�o�c�e�d�u�r�e� �w�a�s� �i�m�p�l�e�m�e�n�t�e�d� �a�n�d� �t�e�s�t�e�d� �f�o�r� �s�e�v�e�r�a�l� �v�a�l�u�e�s� �o�f� �A�t�,�,�.� �a�n�d� �K�,�,�,�.�.� 

�F�i�g�u�r�e� �2�.�1�4� �s�u�m�m�a�r�i�z�e�s� �c�o�n�v�e�r�g�e�n�c�e� �v�a�l�u�e�s� �o�b�t�a�i�n�e�d� �f�o�r� �B� �a�n�d� �P�,�,�.�,� �w�i�t�h� �a� 

�c�o�n�v�e�r�g�e�n�c�e� �e�r�r�o�r� �o�f� �1�0�°�.� �A� �p�o�l�y�n�o�m�i�a�l� �e�q�u�a�t�i�o�n� �w�a�s� �f�i�t�t�e�d� �t�o� �B� �o�f� �t�h�e� �f�o�r�m�:� 

�B� �=� �-�0�.�0�0�3�2�8�2�(�k�,�,�.�A�t�,�,�,�)� �+� �0�.�0�6�5�9�1�4�(�k�,�,�,�A�t� �j�e�e�)� �+� �d�e�c� �d�e�c�  ��~� �"�d�e�c� �(�2�.�2�9�)� 

�+� �0�,�5�6�3�8�3�3�(�k�,�,�.�A�t�,�,�.� �)� �+� �0�.�9�7�3�5�4�1� 

�S�i�n�c�e� �P�,�,�.�=�K�j�,�.� �A�t�i�e�.�s� �a�n�d� �k ��,�.�=�k�,�.�.�/� �B�,� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� 
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 ��©� �0�.�0�0�3� �2�8�2�(� �k�j�o�A�l� �g�e�r� �y� �+� �0�.�0�6�5�9�1�4�(�k�,�,�.�A�t�,�.�)� �+� �0�.�5�6�3�8�3�3�(� �k�,�,�.�A�t�j�.�.� �)� �+� �0�.�9�7�3�5�4�1� 

�(�2�.�3�0�)� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �s�h�o�u�l�d� �b�e� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� �e�q�u�a�t�i�o�n� �(�2�.�2�6�)� �t�o� �d�e�f�i�n�e� �P�,�,�,�.�.� 

�A�s�s�u�m�i�n�g� �t�h�a�t� �i�n� �a� �t�y�p�i�c�a�l� �s�i�t�u�a�t�i�o�n� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �f�o�r� �k�,�,�.�,� �d�e�n�o�t�e�d� �k�j�.�.�.� �m�a�x�»� 

�i�s� �k�n�o�w�n�,� �t�h�e� �l�a�r�g�e�s�t� �p�o�s�s�i�b�l�e� �v�a�l�u�e� �f�o�r� �A�r�,�,�.�,� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �A�t�,�,�.� �2�,�»� �1�8� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�e�q�u�a�t�i�o�n� �(�2�.�3�0�)� �w�i�t�h� �P�,�,�.�=�1� �(�t�h�e� �u�p�p�e�r� �l�i�m�i�t� �f�o�r� �P�,�,�.�)�.� �F�i�g�u�r�e� �2�.�1�5� �s�h�o�w�s� �A�t�j�.�.� �n�a�,� �a�S� �a� 

�f�u�n�c�t�i�o�n� �o�f� �k� �T�h�e� �r�e�l�a�t�i�o�n� �o�b�t�a�i�n�e�d� �i�s� �g�i�v�e�n� �a�s�:� �d�e�c�.�m�a�x�*� 

� � 

�8�8�7�6� 
�A�b�i�e� �m�a�x� �~� �.� �(�2�.�3� �1�)� 

�K� �t�e�c� �m�a�x� 

�T�h�e� �v�a�l�i�d�i�t�y� �o�f� �e�q�u�a�t�i�o�n� �(�2�.�3�0�)� �w�a�s� �t�e�s�t�e�d� �w�i�t�h� �s�i�m�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �C�A� �d�e�c�a�y� �r�u�l�e� 

�f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �P�,�,�.�.� �E�a�c�h� �s�i�m�u�l�a�t�i�o�n� �w�a�s� �r�e�p�e�a�t�e�d� �o�n�e�-�h�u�n�d�r�e�d� �t�i�m�e�s�,� �a�n�d� �t�h�e� �d�e�c �� 

�m�e�a�n� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d�.� �T�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s�,� �w�i�t�h� �a�n� 

�a�r�b�i�t�r�a�r�y� �u�n�i�f�o�r�m� �m�a�s�s�,� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �e�a�c�h� �s�i�m�u�l�a�t�i�o�n� �w�a�s� �N�o�=�l� �0�0�0�0� �a�n�d� �t�h�e� �v�a�l�u�e� 

�o�f� �k�,�,�.�=�0�.�0�5�.� 

�T�h�e� �r�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�1�6�,� �w�h�e�r�e� �t�h�e� �m�e�a�n� �o�f� �t�h�e� �f�r�a�c�t�i�o�n� �o�f� �m�a�s�s� 

�r�e�m�a�i�n�i�n�g� �i�s� �p�l�o�t�t�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �i�s� 

�l�e�s�s� �t�h�a�n� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �p�l�o�t� �s�y�m�b�o�l�s�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�2�.�2�8�)�.� 

�I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �e�q�u�a�t�i�o�n� �(�2�.�3�0�)� �p�r�o�v�i�d�e�s� �a� �m�u�c�h� �b�e�t�t�e�r� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �d�e�c�a�y� �p�r�o�c�e�s�s� 

�t�h�a�n� �e�q�u�a�t�i�o�n� �(�2�.�2�6�)�.� �E�q�u�a�l�l�y� �s�a�t�i�s�f�a�c�t�o�r�y� �r�e�s�u�l�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �d�e�s�p�i�t�e� �w�i�d�e� �v�a�r�i�a�t�i�o�n� �i�n� 

�t�h�e� �v�a�l�u�e�s� �o�f� �P�,�,�.�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �s�p�e�c�i�f�i�c� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �t�h�e� �v�a�l�u�e� �o�f� �P�,�,�.� �a�r�e� �n�o�t� �d�e�c �� 

�n�e�c�e�s�s�a�r�y� �t�o� �o�b�t�a�i�n� �s�a�t�i�s�f�a�c�t�o�r�y� �r�e�s�u�l�t�s�.� 
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�F�i�g�u�r�e� �2�.�1�6� �T�i�m�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�r�a�c�t�i�o�n� �o�f� �m�a�s�s� �r�e�m�a�i�n�i�n�g� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� 
�d�e�c�a�y� �p�r�o�b�a�b�i�l�i�t�y� �f�o�r� �t�h�e� �C�A� �d�e�c�a�y� �r�u�l�e� �u�s�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�3�0�)� �a�n�d� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� 

�=�0�.�0�5�.�)� �d�e�c� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �f�i�r�s�t�-�o�r�d�e�r� �d�e�c�a�y�.� �(� �N�e�a�l� �0�0�0�0�,� �k� 
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�2�.�5� �W�A�T�E�R� �Q�U�A�L�I�T�Y� �M�O�D�E�L� �D�E�V�E�L�O�P�M�E�N�T� 

�G�i�v�e�n� �t�h�e� �C�A� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �s�e�v�e�r�a�l� �w�a�t�e�r� �q�u�a�l�i�t�y� �p�r�o�c�e�s�s�e�s� �a�s� �d�e�s�c�r�i�b�e�d� 

�a�b�o�v�e�,� �t�h�o�s�e� �d�i�f�f�e�r�e�n�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �c�a�n� �b�e� �c�o�m�b�i�n�e�d� �t�o� �f�o�r�m� �a� �f�u�l�l� �w�a�t�e�r� �q�u�a�l�i�t�y� 

�m�o�d�e�l�.� �I�n� �s�u�c�h� �a� �C�A� �m�o�d�e�l�,� �e�a�c�h� �r�u�l�e� �(�r�e�p�r�e�s�e�n�t�i�n�g� �a� �p�r�o�c�e�s�s�)� �i�s� �c�o�n�s�i�d�e�r�e�d� �i�n�d�e�p�e�n�d�e�n�t� 

�o�f� �o�t�h�e�r� �r�u�l�e�s� �(�r�e�p�r�e�s�e�n�t�i�n�g� �o�t�h�e�r� �p�r�o�c�e�s�s�e�s�)�.� �C�e�l�l�u�l�a�r� �a�u�t�o�m�a�t�a� �e�v�o�l�v�e� �a�s� �a� �r�e�s�u�l�t� �o�f� 

�a�p�p�l�y�i�n�g� �a� �s�e�q�u�e�n�c�e� �o�f� �i�n�d�e�p�e�n�d�e�n�t� �r�u�l�e�s�.� �H�o�w�e�v�e�r�,� �a� �p�a�r�t�i�c�u�l�a�r� �r�u�l�e� �c�a�n� �b�e� �a�p�p�l�i�e�d� �m�o�r�e� 

�t�h�a�n� �o�n�c�e� �i�n� �t�h�e� �s�e�q�u�e�n�c�e� �b�e�f�o�r�e� �t�h�e� �r�u�l�e� �f�o�r� �a� �d�i�f�f�e�r�e�n�t� �p�r�o�c�e�s�s� �i�s� �u�s�e�d�.� �I�n� �t�h�i�s� �w�a�y�,� �e�a�c�h� 

�r�u�l�e� �c�a�n� �b�e� �d�e�s�i�g�n�e�d� �t�o� �b�e�s�t� �r�e�p�r�e�s�e�n�t� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �p�r�o�c�e�s�s� �b�y� �r�e�m�o�v�i�n�g� �u�n�n�e�c�e�s�s�a�r�y� 

�c�o�n�s�t�r�a�i�n�t�s� �i�m�p�o�s�e�d� �b�y� �o�t�h�e�r� �r�u�l�e�s�.� �T�h�i�s� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �t�r�u�e� �s�i�n�c�e� �a�l�l� �t�h�e� �r�u�l�e�s� �d�e�p�e�n�d� �o�n� 

�t�h�e� �t�i�m�e� �s�t�e�p�.� 

�A� �t�i�m�e�-�s�p�l�i�t�t�i�n�g� �a�p�p�r�o�a�c�h�,� �s�i�m�i�l�a�r� �t�o� �t�h�e� �o�n�e� �u�s�e�d� �i�n� �o�t�h�e�r� �m�o�d�e�l�i�n�g� 

�m�e�t�h�o�d�o�l�o�g�i�e�s� �(�W�h�e�e�l�e�r� �a�n�d� �D�a�w�s�o�n�,� �1�9�8�8�)�,� �a�l�l�o�w�s� �o�n�e� �t�o� �c�o�n�s�i�d�e�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� 

�t�i�m�e� �s�t�e�p� �f�o�r� �d�i�f�f�e�r�e�n�t� �r�u�l�e�s�.� �O�n�e� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �t�h�a�t� �i�t� �a�l�l�o�w�s� �t�h�e� �s�e�l�e�c�t�i�o�n� 

�o�f� �t�i�m�e� �s�t�e�p� �v�a�l�u�e�s� �t�h�a�t� �o�p�t�i�m�i�z�e� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �r�u�l�e�s�.� �S�y�n�c�h�r�o�n�i�z�a�t�i�o�n� 

�o�f� �t�h�e� �v�a�r�i�o�u�s� �r�u�l�e�s� �i�n� �t�h�e� �s�e�q�u�e�n�c�e� �i�s� �o�b�t�a�i�n�e�d� �b�y� �a�p�p�l�y�i�n�g� �p�r�o�p�o�r�t�i�o�n�a�l�l�y� �m�o�r�e� �o�f�t�e�n� 

�t�h�o�s�e� �r�u�l�e�s� �u�s�i�n�g� �s�m�a�l�l�e�r� �t�i�m�e� �s�t�e�p�s�.� 

�T�o� �s�i�m�p�l�i�f�y� �s�y�n�c�h�r�o�n�i�z�a�t�i�o�n� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �r�u�l�e�s�,� �a� �m�a�i�n� �t�i�m�e� �s�t�e�p�,� �A�r�,� �i�s� �d�e�f�i�n�e�d� 

�b�y� �t�h�e� �u�s�e�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �t�i�m�e� �i�n�t�e�r�v�a�l� �a�t� �w�h�i�c�h� �t�h�e� �v�a�l�u�e�s� �o�f� �i�n�p�u�t� �v�a�r�i�a�b�l�e�s� �a�r�e� �t�o� 

�b�e� �u�p�d�a�t�e�d�.� �T�h�e�r�e�f�o�r�e�,� �a�t� �e�v�e�r�y� �m�a�i�n� �t�i�m�e� �s�t�e�p�,� �a� �s�e�q�u�e�n�c�e� �o�f� �d�i�f�f�e�r�e�n�t� �r�u�l�e�s� �i�s� �a�p�p�l�i�e�d� 

�w�i�t�h� �e�a�c�h� �r�u�l�e� �b�e�i�n�g� �r�e�p�e�a�t�e�d� �a� �n�u�m�b�e�r� �o�f� �t�i�m�e�s�,� �m�.� �T�h�e� �v�a�l�u�e� �o�f� �t�y�p�i�c�a�l�l�y� �w�i�l�l� �v�a�r�y� 

�a�m�o�n�g� �d�i�f�f�e�r�e�n�t� �p�r�o�c�e�s�s�e�s�,� �a�l�t�h�o�u�g�h� �i�s� �o�b�v�i�o�u�s�l�y� �a�l�w�a�y�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �m�a�i�n� �t�i�m�e� �s�t�e�p�.� 

�A�d�d�i�t�i�o�n�a�l�l�y�,� �a�n�d� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �p�r�o�c�e�s�s�e�s�,� �i�t� �i�s� �a�l�s�o� �a� �f�u�n�c�t�i�o�n� �o�f� �s�p�e�c�i�f�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� 

�|� �a�)� �)�,� �A�x�,� �a�n�d� �E� �n�u�m� �m�a�x�*� �(� �U�n�a�x� �>� �d�e�c�.�m�a�x� 

�T�h�e� �a�d�v�e�c�t�i�o�n� �r�u�l�e� �i�s� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n�.� �A�s� �s�h�o�w�n� �p�r�e�v�i�o�u�s�l�y� 

�t�h�e� �c�o�n�t�r�o�l� �o�f� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �c�o�n�s�t�r�a�i�n�i�n�g� �b�o�t�h� �A�x� �a�n�d� �A�z�,�,�.� 
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�S�i�n�c�e� �o�t�h�e�r� �r�u�l�e�s� �a�r�e� �p�o�t�e�n�t�i�a�l�l�y� �d�e�p�e�n�d�e�n�t� �o�n� �A�x�,� �t�h�e� �p�r�o�c�e�d�u�r�e� �t�o� �c�a�l�c�u�l�a�t�e� �@� �i�s� �f�i�r�s�t� 

�d�o�n�e� �f�o�r� �a�d�v�e�c�t�i�o�n�.� �F�r�o�m� �p�r�e�v�i�o�u�s� �r�e�s�u�l�t�s� �(�F�i�g�u�r�e�s� �2�.�5� �a�n�d� �2�.�6�)� �A�x�,� �a�n�d� �A�t�,�,�,� �,�.�,� �c�a�n� �b�e� 

�o�b�t�a�i�n�e�d�.� �A� �v�a�l�u�e� �A�z�,� �i�s� �t�h�e�n� �d�e�r�i�v�e�d� �a�s� �t�h�e� �h�i�g�h�e�s�t� �s�u�b�m�u�l�t�i�p�l�e� �o�f� �A�r�t� �n�o�t� �e�x�c�e�e�d�i�n�g� 
�V�v� 

�A�t� �.� �F�i�n�a�l�l�y� �t�h�e� �v�a�l�u�e� �o�f� �@�,�,�,� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �i�n�t�e�g�e�r� �d�e�f�i�n�e�d� �b�y� �t�h�e� �r�a�t�i�o� �A�t�/� �A�t�,�,�,�.� �a�d�y�,�m�a�x� 

�I�n� �a�d�d�i�t�i�o�n� �A�x� �i�s� �c�a�l�c�u�l�a�t�e�d� �a�s� �u�,�,�,� �A�t�,�,�,�,� �t�h�e�r�e�f�o�r�e� �s�a�t�i�s�f�y�i�n�g� �A�x�<�A�x�,�,�.� �W�h�e�n� �t�h�e�s�e� 

�c�a�l�c�u�l�a�t�i�o�n�s� �l�e�a�d� �t�o� �A�t�,�,�,�<�A�t� �(�t�h�e�r�e�f�o�r�e� �A�x�<�A�x�,�,�,�)� �t�h�i�s� �o�b�v�i�o�u�s�l�y� �i�m�p�l�i�e�s� �(�s�e�e� �a�d�v�,�m�a�x� 

�F�i�g�u�r�e�s� �2�.�5� �a�n�d� �2�.�6�)� �a� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� �v�a�l�u�e� �f�o�r� �E�,�,�,�.�m�a�x�-� �L�h�e� �n�e�w� �v�a�l�u�e� �i�s� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�2�.�9�)�.� 

�G�i�v�e�n� �t�h�e� �v�a�l�u�e� �o�f� �A�x� �a�b�o�v�e�,� �t�h�e� �p�r�o�c�e�d�u�r�e� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �r�u�l�e�s� �d�e�p�e�n�d�i�n�g� �o�n� 

�A�x� �a�s� �i�s� �t�h�e� �c�a�s�e� �f�o�r� �d�i�s�p�e�r�s�i�o�n�.� �F�r�o�m� �e�q�u�a�t�i�o�n� �(�2�.�2�3�)� �t�h�e� �v�a�l�u�e� �o�f� �A�t�,�,�,�,�.�,�,� �c�a�n� �b�e� 

�o�b�t�a�i�n�e�d�.� �A� �v�a�l�u�e� �A�t�,�,�,� �i�s� �n�e�x�t� �d�e�r�i�v�e�d� �a�s� �t�h�e� �h�i�g�h�e�s�t� �s�u�b�m�u�l�t�i�p�l�e� �o�f� �A�r�t� �n�o�t� �e�x�c�e�e�d�i�n�g� 

�A�t� �d�i�s�,�m�a�x� �.� �T�h�e� �v�a�l�u�e� �o�f� �,�,�,� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �i�n�t�e�g�e�r� �d�e�f�i�n�e�d� �b�y� �t�h�e� �r�a�t�i�o� �A�t�/� �A�r�,�,�.�.� 

�F�o�r� �d�e�c�a�y�,� �e�q�u�a�t�i�o�n� �(�2�.�3�1�)� �g�i�v�e�s� �t�h�e� �v�a�l�u�e� �f�o�r� �A�z�,�,�.� �,�,�,�,�-� �A�S� �b�e�f�o�r�e�,� �a� �v�a�l�u�e� �A�t�,�,�.� �i�s� 

�t�h�e�n� �d�e�r�i�v�e�d� �a�s� �t�h�e� �h�i�g�h�e�s�t� �s�u�b�m�u�l�t�i�p�l�e� �o�f� �A�t� �n�o�t� �e�x�c�e�e�d�i�n�g� �A�t�,�,�.�.� �.�.�,�-� �T�h�e� �v�a�l�u�e� �o�f� �@�,�,�,� �i�s� 

�s�i�m�i�l�a�r�l�y� �g�i�v�e�n� �b�y� �t�h�e� �i�n�t�e�g�e�r� �d�e�f�i�n�e�d� �b�y� �t�h�e� �r�a�t�i�o� �A�r�/� �A�r�,�,�.�.� 

�A�s� �m�e�n�t�i�o�n�e�d� �p�r�e�v�i�o�u�s�l�y� �t�h�e� �r�u�l�e�s� �a�r�e� �a�p�p�l�i�e�d� �i�n� �a� �s�e�q�u�e�n�c�e�.� �F�o�r� �s�i�m�p�l�i�c�i�t�y� �t�h�a�t� 

�s�e�q�u�e�n�c�e� �i�s� �f�i�x�e�d�,� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �a�t� �e�a�c�h� �m�a�i�n� �t�i�m�e� �s�t�e�p� �a�d�v�e�c�t�i�o�n� �i�s� �a�p�p�l�i�e�d� �f�i�r�s�t� 

�(�r�e�p�e�a�t�e�d� �q�,�,�,� �t�i�m�e�s�)�,� �f�o�l�l�o�w�e�d� �b�y� �d�i�s�p�e�r�s�i�o�n� �(�r�e�p�e�a�t�e�d� �q�,�,�,� �t�i�m�e�s�)�,� �a�n�d� �f�i�n�a�l�l�y� �d�e�c�a�y� 

�(�r�e�p�e�a�t�e�d� �g�,�,�.� �t�i�m�e�s�)�.� �A�l�t�h�o�u�g�h� �e�f�f�e�c�t�s� �a�r�i�s�i�n�g� �f�r�o�m� �t�h�e� �o�r�d�e�r� �i�n� �w�h�i�c�h� �t�h�e� �r�u�l�e�s� �a�r�e� 

�a�p�p�l�i�e�d� �h�a�v�e� �n�o�t� �b�e�e�n� �i�n�v�e�s�t�i�g�a�t�e�d�,� �i�f� �s�u�c�h� �e�f�f�e�c�t�s� �a�r�e� �i�m�p�o�r�t�a�n�t� �t�h�e�n� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� 

�r�u�l�e�s� �c�a�n� �b�e� �m�a�n�i�p�u�l�a�t�e�d� �t�o� �i�m�p�r�o�v�e� �r�e�s�u�l�t�s�.� 

�2�.�6� �C�O�N�C�L�U�S�I�O�N�S� 

�T�h�e� �R�W�P�M� �c�a�n� �b�e� �s�u�c�c�e�s�s�f�u�l�l�y� �r�e�p�r�e�s�e�n�t�e�d� �u�s�i�n�g� �a� �C�A� �a�p�p�r�o�a�c�h�.� �D�u�e� �t�o� �t�h�e� 

�d�i�s�c�r�e�t�e� �n�a�t�u�r�e� �o�f� �C�A�,� �t�h�e� �r�u�l�e� �f�o�r� �a�d�v�e�c�t�i�o�n� �i�n�t�r�o�d�u�c�e�s� �c�o�n�s�i�d�e�r�a�b�l�e� �n�u�m�e�r�i�c�a�l� 

�d�i�s�p�e�r�s�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�i�s� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �c�a�n� �b�e� �m�i�n�i�m�i�z�e�d� �b�y� 
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�p�r�o�p�e�r� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �c�e�l�l� �s�i�z�e� �a�n�d� �t�h�e� �t�i�m�e� �s�t�e�p�.� �S�i�m�i�l�a�r�l�y�,� �t�h�e� �r�u�l�e� �f�o�r� �d�i�s�p�e�r�s�i�o�n� �i�s� �a�l�s�o� 

�a�f�f�e�c�t�e�d� �b�y� �s�o�m�e� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n�.� �B�u�t�,� �i�n� �c�o�n�t�r�a�s�t� �t�o� �a�d�v�e�c�t�i�o�n�,� �a� �p�r�o�c�e�d�u�r�e� �w�a�s� 

�d�e�v�e�l�o�p�e�d� �t�h�a�t� �e�l�i�m�i�n�a�t�e�s� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e�.� �F�o�r� 

�f�i�r�s�t�-�o�r�d�e�r� �d�e�c�a�y� �a� �r�u�l�e� �w�a�s� �d�e�r�i�v�e�d� �t�h�a�t� �d�e�s�c�r�i�b�e�s� �t�h�e� �d�e�c�a�y� �p�r�o�c�e�s�s� �w�i�t�h�o�u�t� �t�h�e� 

�l�i�m�i�t�a�t�i�o�n�s� �o�f� �a� �s�i�m�i�l�a�r� �a�p�p�r�o�a�c�h� �r�e�p�o�r�t�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�.� �T�h�e� �r�u�l�e�s� �d�e�v�e�l�o�p�e�d� �f�o�r� 

�a�d�v�e�c�t�i�o�n�,� �d�i�s�p�e�r�s�i�o�n�,� �a�n�d� �d�e�c�a�y�,� �d�u�e� �t�o� �t�h�e�i�r� �i�n�d�e�p�e�n�d�e�n�c�e�,� �a�r�e� �w�e�l�l� �s�u�i�t�e�d� �t�o� 

�i�m�p�l�e�m�e�n�t�a�t�i�o�n� �u�s�i�n�g� �a� �t�i�m�e�-�s�p�l�i�t�t�i�n�g� �a�p�p�r�o�a�c�h�.� 

�A�P�P�E�N�D�I�X� �A�:� �C�H�A�R�A�C�T�E�R�I�Z�A�T�I�O�N� �O�F� �T�H�E� �M�A�S�S� �D�I�S�T�R�I�B�U�T�I�O�N� 

�R�E�S�U�L�T�I�N�G� �F�R�O�M� �T�H�E� �A�D�V�E�C�T�I�O�N� �I�N�D�U�C�E�D� 

�N�U�M�E�R�I�C�A�L� �D�I�S�P�E�R�S�I�O�N� 

�T�h�e� �a�s�s�u�m�p�t�i�o�n� �s�u�g�g�e�s�t�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�2�.�2�,� �t�h�a�t� �t�h�e� �m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �r�e�s�u�l�t�i�n�g� 

�f�r�o�m� �t�h�e� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �a�d�v�e�c�t�i�o�n� �p�r�o�c�e�s�s� �f�o�l�l�o�w�s� �a� �n�o�r�m�a�l� 

�d�i�s�t�r�i�b�u�t�i�o�n�,� �i�s� �i�n�v�e�s�t�i�g�a�t�e�d� �i�n� �m�o�r�e� �d�e�t�a�i�l� �i�n� �t�h�i�s� �a�p�p�e�n�d�i�x�.� 

�T�h�i�s� �i�n�v�o�l�v�e�s� �c�o�m�p�a�r�i�n�g� �t�h�e� �m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �f�r�o�m� �t�h�e� �C�A� �a�d�v�e�c�t�i�o�n� �s�u�r�r�o�g�a�t�e� 

�m�e�t�h�o�d� �(�a�s� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�2�.�1�.�2�)� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �a�d�v�e�c�t�i�o�n�-� 

�d�i�s�p�e�r�s�i�o�n� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �i�n�p�u�t� �(�T�h�o�m�a�n�n� �a�n�d� �M�u�e�l�l�e�r�,� �1�9�8�7�)�.� 

�T�h�e� �m�a�s�s� �p�r�e�s�e�n�t� �i�n� �e�a�c�h� �c�e�l�l� �a�s� �a� �f�r�a�c�t�i�o�n� �o�f� �t�h�e� �t�o�t�a�l� �m�a�s�s� �i�s�:� 

�M�,� �1� �|� �7� �4�E�,� �a�t�  �� �-�< �� �r�u�n�t� �d�x� �A�l�a� 
�M� �2�J�n�r�E�,�,�,�,� �t� �S�e� �(�A�l�a�)� 

�=� �(�e�s� �<� �-� �e�t�  � �� �=� �=�)� �(�A�l�b�)� 
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�w�h�e�r�e� �M�,� �i�s� �t�h�e� �m�a�s�s� �p�r�e�s�e�n�t� �i�n� �c�e�l�l� �i�,� �a�n�d� �M�°� �i�s� �t�h�e� �t�o�t�a�l� �m�a�s�s� �(�w�h�i�c�h� �w�a�s� 

�i�n�s�t�a�n�t�a�n�e�o�u�s�l�y� �i�n�t�r�o�d�u�c�e�d� �i�n� �c�e�l�l� �x�,� �=� �0�.�5�A�x�,� �a�t� �t�i�m�e� �t�=� �0�)�.� �T�h�e� �x�-�c�o�o�r�d�i�n�a�t�e� �o�f� �a� �c�e�l�l� �i� 

�i�s� �d�e�f�i�n�e�d� �a�t� �t�h�e� �m�i�d�-�p�o�i�n�t� �o�f� �t�h�e� �c�e�l�l�,� �a�n�d� �i�s� �g�i�v�e�n� �a�s� �x�,� �=� �(�i�-�0�.�5�)�A�x�.� 

�T�h�e� �v�a�l�u�e� �o�f� �E�,�,�,� �i�n� �e�q�u�a�t�i�o�n� �(�A�l�b�)� �i�s� �p�r�o�v�i�d�e�d� �b�y� �e�q�u�a�t�i�o�n� �(�2�.�4�)�.� �I�n� �a�d�d�i�t�i�o�n�,� �r�i�s� 

�g�i�v�e�n� �b�y� �t�h�e� �p�r�o�d�u�c�t� �n�A�t�,�,�,�,� �w�i�t�h� �A�t�,�,�,� �b�e�i�n�g� �p�r�o�v�i�d�e�d� �b�y� �e�q�u�a�t�i�o�n� �(�2�.�1�)�.� �A�f�t�e�r� 

�s�u�b�s�t�i�t�u�t�i�o�n�s� �a�r�e� �m�a�d�e� �i�n� �e�q�u�a�t�i�o�n� �(�A�1�b�)� �o�n�e� �o�b�t�a�i�n�s�:� 

�[� �(�(�-�0�5�)�-�n�p�.�.�\� �_�{� �(�-�1�.�5�)�-�n�P�.�,�.� �\� �M�1� �.� �(�i�-�0�.�5�)�-�n�P�.�,�,� �e� �(�i�-�1�.�5�) ��n�P�,�,�4�,� 

�M�2� �P�a�l� �P�a�g�)�P�a�n�)� � �(�Y�R�r�C�=� �P�a�g�)�P�a�n�)� �P�O� 
�T�h�e� �v�a�l�u�e� �o�f� �7� �i�s� �a�n�y� �i�n�t�e�g�e�r� �(�.�.�.�,�-�2�,�-�1�,�0�,�1�,�2�,�.�.�.�)�,� �w�i�t�h� �i�=�1� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �c�e�l�l� �i�n�t�o� 

�w�h�i�c�h� �a� �m�a�s�s� �M ��°� �i�s� �i�n�s�t�a�n�t�a�n�e�o�u�s�l�y� �i�n�t�r�o�d�u�c�e�d� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n�,� �i�.�e�.�,� 

�w�h�e�n� �n� �=�0�.� 

�T�h�e� �m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�A�2�)� �i�s� �t�h�e�n� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �m�a�s�s� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �C�A� �s�u�r�r�o�g�a�t�e� �m�e�t�h�o�d�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �F�i�g�u�r�e� 

�A�l�,� �i�n� �w�h�i�c�h� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �c�u�r�v�e�s� �r�e�s�u�l�t� �f�r�o�m� �i�n�t�e�r�p�o�l�a�t�i�o�n�,� �u�s�i�n�g� �t�h�e� �n�a�t�u�r�a�l� �c�u�b�i�c� 

�s�p�l�i�n�e� �m�e�t�h�o�d�,� �o�f� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �c�e�l�l�s�.� 

�F�i�g�u�r�e� �A�l� �s�h�o�w�s� �t�h�a�t� �t�h�e� �m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �f�r�o�m� �t�h�e� �C�A� �a�p�p�r�o�a�c�h� �f�o�l�l�o�w�s� �a� 

�n�o�r�m�a�l� �p�r�o�b�a�b�i�l�i�t�y� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� �s�i�m�i�l�a�r� �t�o� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �a�d�v�e�c�t�i�o�n�-� 

�d�i�s�p�e�r�s�i�o�n� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �a� �f�e�w� �s�i�m�u�l�a�t�i�o�n� �s�t�e�p�s� �a�r�e� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� 

�m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �t�o� �d�e�v�e�l�o�p� �a� �s�h�a�p�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�.� �A� �m�i�n�i�m�a�l� 

�n�u�m�b�e�r� �o�f� �s�t�e�p�s� �i�s� �r�e�q�u�i�r�e�d� �w�h�e�n� �P�_�,�,�=�0�.�5�,� �w�h�i�l�e� �a� �l�a�r�g�e�r� �n�u�m�b�e�r� �i�s� �r�e�q�u�i�r�e�d� �f�o�r� �o�t�h�e�r� 

�v�a�l�u�e�s� �o�f� �P�.�,�,�.� �T�h�i�s� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �i�n�i�t�i�a�l� �s�k�e�w�n�e�s�s� �d�e�v�e�l�o�p�e�d� �b�y� �t�h�e� �m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�,� 

�w�h�i�c�h� �o�b�v�i�o�u�s�l�y� �t�e�n�d�s� �t�o� �b�e� �m�o�r�e� �p�r�o�n�o�u�n�c�e�d� �a�s� �P�_�,�,�,� �d�i�v�e�r�g�e�s� �f�r�o�m� �0�.�5�.� 

�T�h�i�s� �g�o�o�d� �l�e�v�e�l� �o�f� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �d�i�s�t�r�i�b�u�t�i�o�n�s� �s�t�r�o�n�g�l�y� �s�u�p�p�o�r�t�s� �t�h�e� 

�p�r�e�v�i�o�u�s� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �f�r�o�m� �t�h�e� �C�A� �a�p�p�r�o�a�c�h� �f�o�l�l�o�w�s� �a� �n�o�r�m�a�l� 
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�0�.�3� �i�p� �;�  �� �4� 

�i� �\� �9�-�2�0� �0�.�1�5� 
�0�.�2�F� �P�o�y� �4� 

�i�  �� �0�.�1� 

�a�f� �1� �0�.�0�5� 

�o�O� �L� �e�l� 

�-�2� �2� �6� �0� 

�0�.�2�F� �e�X�.� �n�=�2�4�0� �4� 

�i�o� �0�.�1� 
�0�.�1�5�-� �i� �é� �4� 

�0�.�1�b� �:� 
�0�.�0�5� 

�0�.�0�5�:� �1� 

�0� �Z�  �� �0�  �� �Y� �0� �6�2� 

�S� �0�.�1� �=� �0�4�5� �p�y� �0�%� �|� 
�&� �!� �;� �P�\� �|� 
�-� �0�.�1�F� �0�.�1� 

 ��5� �0�.�0�5�+� �4� 

�5� �0�.�0�5�7� �4� �0�.�0�5� 
�2� 

�o� 
�0� �0� �2� �a�t� 

�L�L� �2�0� �3�0� �4�0� �0� 
�0�.�1�5� �)� �0�.�1�5� 

 �� �n�=�8�0� �.� 
�0�.�0�7�5�+� 

�0�.�1� �0�.�1� 
�0�.�0�5� �|� 

�0�.�0�5� �0�.�0�2�5�1� �J�]� �0�.�0�8� 

�0� �0� �e�l�,� �1� 

�3�0� �4�0� �5�0� �0� 

�0�.�0�7�5�}� �n�=�1�0�0� �4� 

�0�.�1� 
�0�.�0�5�-� �4� 

�0�.�0�2�5�}� �4� �(�0�.�0�5� 

�4�0�-�5�0�-�6�0� �0� 

�C�e�l�l�,� �i� 

�F�i�g�u�r�e� �A�l� �C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �C�A� �a�d�v�e�c�t�i�o�n� 
�s�u�r�r�o�g�a�t�e� �m�e�t�h�o�d� �(�s�o�l�i�d� �l�i�n�e�)� �a�n�d� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �a�d�v�e�c�t�i�o�n�-�d�i�s�p�e�r�s�i�o�n� 
�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �i�n�p�u�t� �(�d�o�t�t�e�d� �l�i�n�e�)�.� �T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� �s�h�o�w�n� 
�f�o�r� �d�i�f�f�e�r�e�n�t� �a�d�v�e�c�t�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �v�a�l�u�e�s� �a�n�d� �a�t� �t�h�e� �e�n�d� �o�f� �v�a�r�i�o�u�s� �s�i�m�u�l�a�t�i�o�n� �s�t�e�p�s�.� 
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�p�r�o�b�a�b�i�l�i�t�y� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� �s�i�m�i�l�a�r� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �a�d�v�e�c�t�i�o�n�-�d�i�s�p�e�r�s�i�o�n� �d�i�f�f�e�r�e�n�t�i�a�l� 

�e�q�u�a�t�i�o�n� �f�o�r� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �i�n�p�u�t�.� 

�A�P�P�E�N�D�I�X� �B�:� �D�E�R�I�V�A�T�I�O�N� �O�F� �T�H�E� �E�X�P�R�E�S�S�I�O�N� �F�O�R� �T�H�E� �D�I�S�P�E�R�S�I�O�N� 

�P�R�O�B�A�B�I�L�I�T�Y� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �d�e�r�i�v�a�t�i�o�n� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �c�o�n�c�e�p�t�s� �o�f� �r�a�n�d�o�m�-�w�a�l�k� �d�i�s�c�u�s�s�e�d� �b�y� 

�B�e�a�r� �a�n�d� �V�e�r�r�u�i�j�t� �(�1�9�8�7�)�.� �U�s�i�n�g� �a� �p�a�r�t�i�c�l�e� �t�r�a�c�k�i�n�g� �f�o�r�m�u�l�a�t�i�o�n�,� �a� �p�a�r�t�i�c�l�e� �c�a�n� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �t�o� �t�r�a�v�e�l� �b�y� �d�i�s�c�r�e�t�e� �s�t�e�p�s� �i�n� �a� �d�i�r�e�c�t�i�o�n� �x�.� �T�h�i�s� �p�a�r�t�i�c�l�e� �m�o�v�e�m�e�n�t� �h�a�s� �t�w�o� 

�c�o�m�p�o�n�e�n�t�s�:� �a�n� �a�d�v�e�c�t�i�o�n� �c�o�m�p�o�n�e�n�t� �i�n� �w�h�i�c�h� �a� �p�a�r�t�i�c�l�e� �m�o�v�e�s� �b�y� �a� �d�e�t�e�r�m�i�n�i�s�t�i�c� 

�a�m�o�u�n�t� �A�;� �a�n�d� �a� �d�i�s�p�e�r�s�i�o�n� �c�o�m�p�o�n�e�n�t� �i�n� �w�h�i�c�h� �a� �p�a�r�t�i�c�l�e� �m�o�v�e�s� �b�y� �a� �r�a�n�d�o�m� �a�m�o�u�n�t� �o�f� 

�m�a�x�i�m�u�m� �m�a�g�n�i�t�u�d�e� �(�a�m�p�l�i�t�u�d�e�)� �B�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �a�n�d� �r�a�n�d�o�m� 

�c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �m�o�v�e�m�e�n�t� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�i�s�c�u�s�s�i�o�n� 

�o�n�l�y� �t�h�e� �r�a�n�d�o�m� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �m�o�v�e�m�e�n�t�,� �i�.�e�.�,� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �c�o�m�p�o�n�e�n�t� �i�s� 

�c�o�n�s�i�d�e�r�e�d�.� 

�A�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �r�a�n�d�o�m� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �m�o�v�e�m�e�n�t� �i�s� 

�u�n�i�f�o�r�m�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �f�u�n�c�t�i�o�n� �c�h�a�r�a�c�t�e�r�i�z�i�n�g� �a� �s�t�e�p� �m�o�v�e�m�e�n�t� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �i�s� �g�i�v�e�n� 

�a�s�;� 

�P�(�x�)� �=�0� �i�f� �x� �<�-�B� �(�B�l�a�)� 

�P�i�x�)� �=� �5�4�3� �i�f� �-�B�<�x�<�B� �(�B�1�b�)� 
�P�(�x�)� �=�0� �i�f� �x� �>�B� �(�B�l�c�)� 

�I�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �m�e�a�n�,� �m�,� �o�f� �t�h�i�s� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �e�q�u�a�l� �t�o� �z�e�r�o�.� �T�h�i�s� �i�s� �t�h�e� �a�v�e�r�a�g�e� 

�d�i�s�t�a�n�c�e� �t�r�a�v�e�l�e�d� �b�y� �a� �p�a�r�t�i�c�l�e� �i�n� �e�a�c�h� �s�t�e�p�.� �A�l�s�o�,� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�,� �s�,� �o�f� �t�h�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� �B�/�Y�3�.� 

�T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �m�o�v�e�m�e�n�t� �f�o�r� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� 

�i�n�d�e�p�e�n�d�e�n�t� �s�t�e�p�s� �(�7�)� �i�s� �e�x�p�e�c�t�e�d� �t�o� �f�o�l�l�o�w� �a� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �f�o�r�m�:� 
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� � �1� �(�x�-�M�)�y� 
�P�x�)� �=� �=�=�>� �e�x�p� �[�(�-� �a� �(�B�2�)� 

�2� �a�S� �P� �(� �2�8� 

�w�h�e�r�e� 

�M�=�n�m�=�0� �(�B�3�)� 

� � �(�B�4�)� 

�T�h�i�s� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �r�a�n�d�o�m�-�w�a�l�k� �c�a�n� �b�e� �c�o�m�p�a�r�e�d� �w�i�t�h� 

�t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �d�i�s�p�e�r�s�i�o�n� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� 

 �� �x� �B�5� 
�E� �O�x �� �(�B�S�)� 

� � �a�C� �a�c� 
�o�r� 

�w�h�i�c�h� �h�a�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�o�l�u�t�i�o�n� �f�o�r� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �s�p�i�l�l� �o�f� �a� �u�n�i�t� �m�a�s�s� �o�f� �m�a�t�e�r�i�a�l� �i�n� �a� 

�c�h�a�n�n�e�l� �o�f� �u�n�i�t� �c�r�o�s�s� �s�e�c�t�i�o�n�a�l� �a�r�e�a�:� 

� � �C�=� �T�E� �e�x�p� �(�-� �i�F� �}� �(�B�6�)� 

�E�x�p�r�e�s�s�i�o�n�s� �(�B�2�)� �a�n�d� �(�B�6�)� �a�r�e� �s�i�m�i�l�a�r� �a�n�d� �t�h�e�y� �b�e�c�o�m�e� �i�d�e�n�t�i�c�a�l� �i�f� 

�S�°� �=�2�E�.� �(�B�7�)� 

�A�l�s�o�,� �c�o�m�b�i�n�i�n�g� �e�q�u�a�t�i�o�n�s� �(�B�4�)� �w�i�t�h� �(�B�7�)� �l�e�a�d�s� �t�o�:� 

�n� �e� �=� �2�F�t�.� �(�B�8�)� 

�R�e�a�r�r�a�n�g�i�n�g� �e�q�u�a�t�i�o�n� �(�B�8�)�,� �o�n�e� �o�b�t�a�i�n�s�:� 
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�B�=�.�|�6�E�~�.� �(�B�9�)� 

�i�t� �f�o�l�l�o�w�s� �t�h�a�t� 

�x�s
� 

�i�
~�

 

�S�i�n�c�e� �A�t�,� �=� 

�B� �=� �J�6�E�A�r�,�,�,� �.� �(�B�1�0�)� 

�E�q�u�a�t�i�o�n� �(�B�1�0�)� �t�h�u�s� �p�r�o�v�i�d�e�s� �a� �u�s�e�f�u�l� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �p�a�r�t�i�c�l�e� 

�m�o�v�e�m�e�n�t� �d�u�r�i�n�g� �a� �d�i�s�p�e�r�s�i�o�n� �t�i�m�e� �s�t�e�p� �a�n�d� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�.� �T�h�i�s� �a�m�p�l�i�t�u�d�e� 

�c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �a� �d�i�m�e�n�s�i�o�n�l�e�s�s� �f�o�r�m� �B�/� �A�x�,� �w�h�i�c�h� �c�a�n� �b�e� �v�i�e�w�e�d� �a�s� �t�h�e� �a�m�p�l�i�t�u�d�e� 

�o�f� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �r�e�q�u�i�r�e�d� �b�y� �t�h�e� �C�A�:� 

�P� �B�_� �N�O�E�N� �u�s� �(�B�1�1�)� �d�i�s�a�m�p�  ��_� �A�x� �~� �A�x� 

�w�h�e�r�e� �P�,�:�.�a�m�p� �1�8� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �a�m�p�l�i�t�u�d�e�,� �i�.�e�.�,� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �a�l�l�o�w�e�d� 

�f�o�r� �t�h�e� �a�b�s�o�l�u�t�e� �v�a�l�u�e� �o�f� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �P�,�,�,�.� �A�l�l� �v�a�l�u�e�s� �f�o�r� �P�,�,�,� �a�r�e� �t�h�e�r�e�f�o�r�e� 

�+�P� �d�i�s�a�m�p� �i�n� �t�h�e� �i�n�t�e�r�v�a�l� �|�-�P� �|�:� �G�i�v�e�n� �t�h�e� �p�r�e�v�i�o�u�s� �a�s�s�u�m�p�t�i�o�n� �o�f� �a� �u�n�i�f�o�r�m� �d�i�s�.�a�m�p �� 

�d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �t�h�e� �r�a�n�d�o�m� �c�o�m�p�o�n�e�n�t� �o�f� �p�a�r�t�i�c�l�e� �m�o�v�e�m�e�n�t�,� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� 

�d�i�s�p�e�r�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �i�s�:� 

�P�a�i�s� �=� �(�2�q� �-� �1�)� �P�a�i�s�a�m�p� �(�B�1�2�)� 

�w�h�e�r�e� �g� �i�s� �a� �u�n�i�f�o�r�m�l�y� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �n�u�m�b�e�r� �b�e�t�w�e�e�n� �0� �a�n�d� �1�.� 

�R�E�F�E�R�E�N�C�E�S� 

�A�c�k�e�r�e�r�,� �P�.�,� �"�R�a�n�d�o�m�-�W�a�l�k� �M�e�t�h�o�d� �t�o� �S�i�m�u�l�a�t�e� �P�o�l�l�u�t�a�n�t� �T�r�a�n�s�p�o�r�t� �i�n� �A�l�u�v�i�a�l� �A�q�u�i�f�e�r�s� 

�o�r� �F�r�a�c�t�u�r�e�d� �R�o�c�k�s�.�"� �i�n� �G�r�o�u�n�d�w�a�t�e�r� �F�l�o�w� �a�n�d� �Q�u�a�l�i�t�y� �M�o�d�e�l�l�i�n�g�,� �E�.� �C�u�s�t�o�d�i�o�,� 

�A�.� �G�u�r�g�u�i�,� �a�n�d� �J�.� �P�.� �L�o�b�o� �F�e�r�r�e�i�r�a�,� �e�d�s�.�,� �N�A�T�O� �A�S�I� �S�e�r�i�e�s� �C�,� �v�o�l�.� �2�2�4�,� �D�.� �R�e�i�d�e�l�,� 

�D�o�r�d�r�e�c�h�t�,� �p�.� �4�7�5�-�4�8�6� �(�1�9�8�8�)�.� 
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�A�h�l�s�t�r�o�m�,� �S�.�,� �H�.� �F�o�o�t�e�,� �R�.� �A�r�n�e�t�t�,� �C�.� �C�o�l�e�,� �a�n�d� �R�.� �S�e�r�n�e�,� �"�M�u�l�t�i�c�o�m�p�o�n�e�n�t� �M�a�s�s� 

�T�r�a�n�s�p�o�r�t� �M�o�d�e�l�:� �T�h�e�o�r�y� �a�n�d� �N�u�m�e�r�i�c�a�l� �I�m�p�l�e�m�e�n�t�a�t�i�o�n�.�"� �T�e�c�h�n�i�c�a�l� �R�e�p�o�r�t� �N�o�.� 

�B�N�W�L� �2�1�2�7�,� �B�a�t�t�e�l�l�e� �P�a�c�i�f�i�c� �N�o�r�t�h�w�e�s�t� �L�a�b�o�r�a�t�o�r�i�e�s�,� �R�i�c�h�l�a�n�d�,� �W�A� �(�1�9�7�7�)�.� 

�A�l�l�e�n�,� �C�.� �M�.�,� �"�N�u�m�e�r�i�c�a�l� �S�i�m�u�l�a�t�i�o�n� �o�f� �C�o�n�t�a�m�i�n�a�n�t� �D�i�s�p�e�r�s�i�o�n� �i�n� �E�s�t�u�a�r�y� �F�l�o�w�s�.�"� �i�n� 

�P�r�o�c�.� �R�.� �S�o�c�.� �L�o�n�d�.�,� �A�3�8�1�,� �p�.� �1�7�9�-�1�9�4� �(�1�9�8�2�)�.� 

�B�e�a�r�,� �J�.�,� �a�n�d� �A�.� �V�e�r�r�u�i�j�t�,� �M�o�d�e�l�i�n�g� �G�r�o�u�n�d�w�a�t�e�r� �F�l�o�w� �a�n�d� �P�o�l�l�u�t�i�o�n�.� �D�.� �R�e�i�d�e�l�,� 

�D�o�r�d�r�e�c�h�t�,� �H�o�l�l�a�n�d�,� �4�1�4� �p�.� �(�1�9�8�7�)�.� 

�B�e�r�n�a�r�d�i�n�,� �D�.�,� �O�.� �E�.� �S�e�r�o�-�G�u�i�l�l�a�u�m�e�,� �a�n�d� �C�.� �H�.� �S�u�n�,� �"�M�u�l�t�i�s�p�e�c�i�e�s� �2�D� �L�a�t�t�i�c�e� �G�a�s� �w�i�t�h� 

�E�n�e�r�g�y� �L�e�v�e�l�s�:� �D�i�f�f�u�s�i�v�e� �P�r�o�p�e�r�t�i�e�s�.�"� �P�h�y�s�i�c�a� �D�,� �4�7�,� �1�6�9�-�1�8�8� �(�1�9�9�1�)�.� 

�B�o�g�h�o�s�i�a�n�,� �B�.� �M�.�,� �"�L�a�t�t�i�c�e� �G�a�s�e�s�.�"� �i�n� �1�9�8�9� �L�e�c�t�u�r�e�s� �i�n� �C�o�m�p�l�e�x� �S�y�s�t�e�m�s�,� �E�r�i�c�a� �J�e�n�,� �e�d�.�,� 

�v�o�l�.� �I�I�,� �A�d�d�i�s�o�n�-�W�e�s�l�e�y�,� �R�e�d�w�o�o�d� �C�i�t�y�,� �C�A� �(�1�9�9�0�)�.� 

�B�o�g�l�e�,� �G�.� �V�.�,� �T�.� �A�.� �S�m�i�t�h�,� �a�n�d� �F�.� �I�.� �C�h�u�n�g�,� �"�P�a�r�t�i�c�l�e� �T�r�a�c�k�i�n�g� �M�o�d�e�l� �f�o�r� �t�h�e� �S�a�c�r�a�m�e�n�t�o�-� 

�S�a�n� �J�o�a�q�u�i�m� �D�e�l�t�a�.�"� �i�n� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �1�9�9�3� �C�o�n�f�e�r�e�n�c�e� �o�n� �H�y�d�r�a�u�l�i�c� 

�E�n�g�i�n�e�e�r�i�n�g�,� �H�.� �W�.� �S�h�e�n�,� �S�.� �T�.� �S�u�,� �a�n�d� �F�.� �W�e�n�,� �e�d�s�.�,� �A�S�C�E�,� �p�.� �8�2�7�-�8�3�2� �(�1�9�9�3�)�.� 

�B�o�o�n�,� �J�.� �P�.�,� �"�S�t�a�t�i�s�t�i�c�a�l� �M�e�c�h�a�n�i�c�s� �a�n�d� �H�y�d�r�o�d�y�n�a�m�i�c�s� �o�f� �L�a�t�t�i�c�e� �G�a�s� �A�u�t�o�m�a�t�a�:� �A�n� 

�O�v�e�r�v�i�e�w�. �� �P�h�y�s�i�c�a� �D�,� �4�7�,� �3�-�8� �(�1�9�9�1�)�.� 

�B�r�i�e�g�e�r�,� �L�.�,� �a�n�d� �E�.� �B�o�n�o�m�i�,� �"�A� �S�t�o�c�h�a�s�t�i�c� �C�e�l�l�u�l�a�r� �A�u�t�o�m�a�t�o�n� �S�i�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �N�o�n�-� 

�L�i�n�e�a�r� �D�i�f�f�u�s�i�o�n� �E�q�u�a�t�i�o�n�.�"� �P�h�y�s�i�c�a� �D�,� �4�7�,� �1�5�9�-�1�6�8� �(�1�9�9�1�)�.� 

�C�h�e�n�,� �S�.�,� �K�.� �D�i�e�m�e�r�,� �G�.� �D�.� �D�o�o�l�e�n�,� �K�.� �E�g�g�e�r�t�,� �C�.� �F�u�,� �S�.� �G�u�t�m�a�n�,� �a�n�d� �B�.� �J�.� �T�r�a�v�i�s�,� 

�"�L�a�t�t�i�c�e� �G�a�s� �A�u�t�o�m�a�t�a� �f�o�r� �F�l�o�w� �T�h�r�o�u�g�h� �P�o�r�o�u�s� �M�e�d�i�a�. �� �P�h�y�s�i�c�a� �D�,� �4�7�,� �7�2�-�8�4� 

�(�1�9�9�1�)�.� 

�C�l�i�f�f�e�,� �K�.� �A�.�,� �R�.� �D�.� �K�i�n�g�d�o�n�,� �P�.� �S�c�h�o�f�i�e�l�d�,� �a�n�d� �P�.� �J�.� �S�t�o�p�f�o�r�d�,� �"�L�a�t�t�i�c�e� �G�a�s� �S�i�m�u�l�a�t�i�o�n� �o�f� 

�F�r�e�e�-�B�o�u�n�d�a�r�y� �F�l�o�w�s�. �� �P�h�y�s�i�c�a� �D�,� �4�7�,� �2�7�5�-�2�8�0� �(�1�9�9�1�)�.� 

�D�i�m�o�u�,� �K�.� �N�.�,� �a�n�d� �E�.� �E�.� �A�d�a�m�s�,� �"�A� �R�a�n�d�o�m�-�W�a�l�k�,� �P�a�r�t�i�c�l�e� �T�r�a�c�k�i�n�g� �M�o�d�e�l� �f�o�r� �W�e�l�l�-� 

�M�i�x�e�d� �E�s�t�u�a�r�i�e�s� �a�n�d� �C�o�a�s�t�a�l� �W�a�t�e�r�s�.�"� �E�s�t�u�a�r�i�n�e�,� �C�o�a�s�t�a�l� �a�n�d� �S�h�e�l�f� �S�c�i�e�n�c�e�,� �3�7�,� 

�9�9�-�1�1�0� �(�1�9�9�3�)�.� 
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�D�o�o�l�e�n�,� �G�.� �D�.�,� �U�.� �F�r�i�s�c�h�,� �B�.� �H�a�s�s�l�a�c�h�e�r�,� �S�.� �O�r�s�z�a�g�,� �a�n�d� �S�.� �W�o�l�f�r�a�m�,� �L�a�t�t�i�c�e� �G�a�s� �M�e�t�h�o�d�s� 

�f�o�r� �P�a�r�t�i�a�l� �D�i�f�f�e�r�e�n�t�i�a�l� �E�q�u�a�t�i�o�n�s�.� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �W�o�r�k�s�h�o�p� �o�n� �L�a�r�g�e� 

�N�o�n�l�i�n�e�a�r� �S�y�s�t�e�m�s�,� �S�a�n�t�a� �F�e� �I�n�s�t�i�t�u�t�e� �S�t�u�d�i�e�s� �i�n� �t�h�e� �S�c�i�e�n�c�e�s� �o�f� �C�o�m�p�l�e�x�i�t�y�,� �V�o�l�.� 

�I�V�,� �A�d�d�i�s�o�n�-�W�e�s�l�e�y�,� �R�e�d�w�o�o�d� �C�i�t�y�,� �C�A�,� �5�5�4� �p�.� �(�1�9�9�0�)�.� 

�D�o�u�g�h�e�r�t�y�,� �D�.� �E�.�,� �a�n�d� �A�.� �F�.� �B�.� �T�o�m�p�s�o�n�,� �"�I�m�p�l�e�m�e�n�t�i�n�g� �t�h�e� �P�a�r�t�i�c�l�e� �M�e�t�h�o�d� �o�n� �t�h�e� 

�i�P�S�C�/�2�.�"� �i�n� �C�o�m�p�u�t�a�t�i�o�n�a�l� �M�e�t�h�o�d�s� �i�n� �S�u�r�f�a�c�e� �H�y�d�r�o�l�o�g�y�,� �G�.� �G�a�m�b�o�l�a�t�i�,� �A�.� 

�R�i�n�a�l�d�o�,� �C�.� �A�.� �B�r�e�b�b�i�a�,� �W�.� �G�.� �G�r�a�y�,� �a�n�d� �G�.� �F�.� �P�i�n�d�e�r�,� �e�d�s�.�,� �S�p�r�i�n�g�e�r�-�V�e�r�l�a�g�,� �N�e�w� 

�Y� �o�r�k�,� �p�.� �4�7�3�-�4�7�8� �(�1�9�9�0�)�.� 

�D�o�u�g�h�e�r�t�y�,� �D�.� �E�.�,� �"�H�y�d�r�o�l�o�g�i�c� �A�p�p�l�i�c�a�t�i�o�n�s� �o�f� �t�h�e� �C�o�n�n�e�c�t�i�o�n� �M�a�c�h�i�n�e� �C�M�-�2�.�"� �W�a�t�e�r� 

�R�e�s�o�u�r�c�e�s� �R�e�s�e�a�r�c�h�,� �2�7�,� �3�1�3�7�-�3�1�4�7� �(�1�9�9�1�)�.� 

�D�u�a�r�t�e�,� �J�.� �A�.� �M�.� �S�.�,� �a�n�d� �U�.� �B�r�o�s�a�,� �"�V�i�s�c�o�u�s� �D�r�a�g� �b�y� �C�e�l�l�u�l�a�r� �A�u�t�o�m�a�t�a�.�"� �J�o�u�r�n�a�l� �o�f� 

�S�t�a�t�i�s�t�i�c�a�l� �P�h�y�s�i�c�s�,� �5�9�,� �5�0�1�-�5�0�8� �(�1�9�9�0�)�.� 

�E�h�,� �R�.� �N�.�,� �"�C�e�l�l�u�l�a�r�-�A�u�t�o�m�a�t�a� �f�o�r� �H�y�d�r�o�d�y�n�a�m�i�c� �M�o�d�e�l�i�n�g�.�"� �i�n� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �1�9�8�7� 

�N�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �H�y�d�r�a�u�l�i�c� �E�n�g�i�n�e�e�r�i�n�g�,� �R�.� �M�.� �R�a�g�a�n�,� �e�d�.�,� �A�S�C�E�,� �N�e�w� 

�Y�o�r�k�,� �p�.� �5�5�2�-�5�5�7� �(�1�9�8�7�)�.� 

�F�o�g�e�l�m�a�n�,� �F�.�,� �Y�.� �R�o�b�e�r�t�,� �a�n�d� �M�.� �T�c�h�u�e�n�t�e�,� �A�u�t�o�m�a�t�a� �N�e�t�w�o�r�k�s� �i�n� �C�o�m�p�u�t�e�r� �S�c�i�e�n�c�e�:� 

�T�h�e�o�r�y� �a�n�d� �A�p�p�l�i�c�a�t�i�o�n�s�.� �P�r�i�n�c�e�t�o�n� �U�n�i�v�e�r�s�i�t�y� �P�r�e�s�s�,� �P�r�i�n�c�e�t�o�n�,� �N�J�,� �2�6�4� �p�.� 

�(�1�9�8�7�)�.� 

�F�o�x�,� �G�.� �C�.�,� �D�.� �R�.� �W�i�l�l�i�a�m�s�,� �a�n�d� �P�.� �C�.� �M�e�s�s�i�n�a�,� �P�a�r�a�l�l�e�l� �C�o�m�p�u�t�i�n�g� �W�o�r�k�s�!� �M�o�r�g�a�n� 

�K�a�u�f�m�a�n�n�,� �S�a�n� �F�r�a�n�c�i�s�c�o�,� �C�A�,� �9�7�7� �p�.� �(�1�9�9�4�)�.� 

�H�o�c�k�n�e�y�,� �R�.� �W�.�,� �a�n�d� �J�.� �W�.� �E�a�s�t�w�o�o�d�,� �C�o�m�p�u�t�e�r� �S�i�m�u�l�a�t�i�o�n� �U�s�i�n�g� �P�a�r�t�i�c�l�e�s�.� �A�d�a�m� 

�H�i�l�g�e�r�,� �B�r�i�s�t�o�l�,� �5�4�0� �p�.� �(�1�9�8�8�)�.� 

�J�é�z�s�a�,� �J�.�,�"�2�-�D� �P�a�r�t�i�c�l�e� �M�o�d�e�l� �f�o�r� �P�r�e�d�i�c�t�i�n�g� �D�e�p�t�h�-�I�n�t�e�g�r�a�t�e�d� �P�o�l�l�u�t�a�n�t� �a�n�d� �S�u�r�f�a�c�e� �O�i�l� 

�S�l�i�c�k� �T�r�a�n�s�p�o�r�t� �i�n� �R�i�v�e�r�s�.�"� �i�n� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� 

�H�y�d�r�a�u�l�i�c� �a�n�d� �E�n�v�i�r�o�n�m�e�n�t�a�l� �M�o�d�e�l�l�i�n�g� �o�f� �C�o�a�s�t�a�l�,� �E�s�t�u�a�r�i�n�e� �a�n�d� �R�i�v�e�r� �W�a�t�e�r�s�,� 

�R�.� �A�.� �F�a�l�c�o�n�e�r�,� �P�.� �G�o�o�d�w�i�n�,� �a�n�d� �R�.� �G�.� �S�.� �M�a�t�t�h�e�w�,� �e�d�s�.�,� �G�o�w�e�r� �T�e�c�h�n�i�c�a�l�,� 

�B�r�o�o�k�f�i�e�l�d�,� �V�e�r�m�o�n�t�,� �p�.� �3�3�2�-�3�4�0� �(�1�9�8�9�)�.� 
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�K�i�n�z�e�l�b�a�c�h�,� �W�.�,� �"�T�h�e� �R�a�n�d�o�m� �W�a�l�k� �M�e�t�h�o�d� �i�n� �P�o�l�l�u�t�a�n�t� �T�r�a�n�s�p�o�r�t� �S�i�m�u�l�a�t�i�o�n�.�"� �i�n� 

�G�r�o�u�n�d�w�a�t�e�r� �F�l�o�w� �a�n�d� �Q�u�a�l�i�t�y� �M�o�d�e�l�l�i�n�g�,� �E�.� �C�u�s�t�o�d�i�o�,� �A�.� �G�u�r�g�u�i�,� �a�n�d� �J�.� �P�.� 

�L�o�b�o� �F�e�r�r�e�i�r�a�,� �e�d�s�.�,� �N�A�T�O� �A�S�I� �S�e�r�i�e�s� �C�,� �v�o�l�.� �2�2�4�,� �D�.� �R�e�i�d�e�l�,� �D�o�r�d�r�e�c�h�t�,� �p�.� �2�2�7�-� 

�2�4�5� �(�1�9�8�8�)�.� 

�K�l�e�i�n�s�c�h�m�i�d�t�,� �D�.� �G�.�,� �a�n�d� �B�.� �R�.� �P�e�a�r�c�e�,� �"�A� �M�i�c�r�o�c�o�m�p�u�t�e�r�-�B�a�s�e�d� �T�o�o�l� �f�o�r� �t�h�e� 

�I�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �C�o�a�s�t�a�l� �H�y�d�r�o�d�y�n�a�m�i�c� �S�y�s�t�e�m�s�.�"� �i�n� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �S�e�c�o�n�d� 

�I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �H�y�d�r�a�u�l�i�c� �a�n�d� �E�n�v�i�r�o�n�m�e�n�t�a�l� �M�o�d�e�l�l�i�n�g� �o�f� �C�o�a�s�t�a�l�,� 

�E�s�t�u�a�r�i�n�e� �a�n�d� �R�i�v�e�r� �W�a�t�e�r�s�,� �R�.� �A�.� �F�a�l�c�o�n�e�r�,� �K�.� �S�h�i�o�n�o�,� �a�n�d� �R�.� �G�.� �S�.� �M�a�t�t�h�e�w�,� 

�e�d�s�.�,� �v�o�l�.� �2�,� �A�s�h�g�a�t�e�,� �B�r�o�o�k�f�i�e�l�d�,� �V�e�r�m�o�n�t�,� �p�.� �4�9�1�-�5�0�0� �(�1�9�9�2�)�.� 

�K�o�n�g�,� �X�.� �P�.�,� �a�n�d� �E�.� �G�.� �D�.� �C�o�h�e�n�,� �"�A� �K�i�n�e�t�i�c� �T�h�e�o�r�i�s�t�'�s� �L�o�o�k� �a�t� �L�a�t�t�i�c�e� �G�a�s� �C�e�l�l�u�l�a�r� 

�A�u�t�o�m�a�t�a�. �� �P�h�y�s�i�c�a� �D�,� �4�7�,� �9�-�1�8� �(�1�9�9�1�)�.� 

�K�o�u�g�i�a�s�,� �C�.� �F�.�,� �G�.� �K�r�a�u�s�e�,� �a�n�d� �A�.� �R�a�u�h�,� �"�S�i�m�u�l�a�t�i�o�n� �o�f� �R�i�v�e�r�-�D�i�s�c�h�a�r�g�e� �F�r�o�n�t�s� �w�i�t�h� 

�L�a�t�t�i�c�e� �G�a�s� �A�u�t�o�m�a�t�a�.�"� �i�n� �D�i�s�c�r�e�t�e� �M�o�d�e�l�s� �o�f� �F�l�u�i�d� �D�y�n�a�m�i�c�s�,� �A�.� �S�.� �A�l�v�e�s�,� �e�d�.�,� 

�S�e�r�i�e�s� �o�n� �A�d�v�a�n�c�e�s� �i�n� �M�a�t�h�e�m�a�t�i�c�s� �f�o�r� �A�p�p�l�i�e�d� �S�c�i�e�n�c�e�s�,� �v�o�l�.� �2�,� �W�o�r�l�d� 

�S�c�i�e�n�t�i�f�i�c�,� �S�i�n�g�a�p�o�r�e�,� �p�.� �1�5�6�-�1�6�1� �(�1�9�9�1�)�.� 

�M�a�h�i�n�t�h�a�k�u�m�a�r�,� �G�.�,� �a�n�d� �A�.� �J�.� �V�a�l�o�c�c�h�i�,� �"�A�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �C�o�n�n�e�c�t�i�o�n� �M�a�c�h�i�n�e� �t�o� �F�l�o�w� 

�a�n�d� �T�r�a�n�s�p�o�r�t� �P�r�o�b�l�e�m�s� �i�n� �T�h�r�e�e�-�D�i�m�e�n�s�i�o�n�a�l� �H�e�t�e�r�o�g�e�n�e�o�u�s� �A�q�u�i�f�e�r�s�.�"� 

�A�d�v�a�n�c�e�s� �i�n� �W�a�t�e�r� �R�e�s�o�u�r�c�e�s�,� �1�5�,� �2�8�9�-�3�0�2� �(�1�9�9�2�)�.� 

�P�r�i�c�k�e�t�t�,� �T�.� �A�.�,� �T�.� �G�.� �N�a�y�m�i�k�,� �a�n�d� �C�.� �G�.� �L�o�n�n�q�u�i�s�t�,� �"�A� �'�R�a�n�d�o�m�-�W�a�l�k�'� �S�o�l�u�t�e� �T�r�a�n�s�p�o�r�t� 

�M�o�d�e�l� �f�o�r� �S�e�l�e�c�t�e�d� �G�r�o�u�n�d�w�a�t�e�r� �Q�u�a�l�i�t�y� �E�v�a�l�u�a�t�i�o�n�s�. �� �B�u�l�l�e�t�i�n� �6�5�,� �I�S�W�S�/�B�U�L�-� 

�6�5�/�8�1�,� �I�l�l�i�n�o�i�s� �D�e�p�a�r�t�m�e�n�t� �o�f� �E�n�e�r�g�y� �a�n�d� �N�a�t�u�r�a�l� �R�e�s�o�u�r�c�e�s�,� �I�l�l�i�n�o�i�s� �S�t�a�t�e� �W�a�t�e�r� 

�S�u�r�v�e�y�,� �C�h�a�m�p�a�i�g�n�,� �I�L�,� �1�0�3� �p�.� �(�1�9�8�1�)�.� 

�R�o�t�h�m�a�n�,� �D�.� �H�.�,� �"�M�a�c�r�o�s�c�o�p�i�c� �L�a�w�s� �f�o�r� �I�m�m�i�s�c�i�b�l�e� �T�w�o�-�P�h�a�s�e� �F�l�o�w� �i�n� �P�o�r�o�u�s� �M�e�d�i�a�:� 

�R�e�s�u�l�t�s� �f�r�o�m� �N�u�m�e�r�i�c�a�l� �E�x�p�e�r�i�m�e�n�t�s�.�"� �J�o�u�r�n�a�l� �o�f� �G�e�o�p�h�y�s�i�c�a�l� �R�e�s�e�a�r�c�h�,� �9�5�,� 

�8�6�6�3�-�8�6�7�4� �(�1�9�9�0�)�.� 

�S�h�e�n�,� �H�.� �T�.�,� �P�.� �D�.� �Y�a�p�a�,� �a�n�d� �M�.� �E�.� �P�e�t�r�o�s�k�i�,� �"�A� �S�i�m�u�l�a�t�i�o�n� �M�o�d�e�l� �f�o�r� �O�i�l� �S�l�i�c�k� �T�r�a�n�s�p�o�r�t� 

�i�n� �L�a�k�e�s�.�"� �W�a�t�e�r� �R�e�s�o�u�r�c�e�s� �R�e�s�e�a�r�c�h�,� �2�3�,� �1�9�4�9�-�1�9�5�7� �(�1�9�8�7�)�.� 

�S�h�e�n�,� �H�.� �T�.�,� �a�n�d� �P�.� �D�.� �Y�a�p�a�,� �"�O�i�l� �S�l�i�c�k� �T�r�a�n�s�p�o�r�t� �i�n� �R�i�v�e�r�s�.�"� �J�o�u�r�n�a�l� �o�f� �H�y�d�r�a�u�l�i�c� 

�E�n�g�i�n�e�e�r�i�n�g�,� �1�1�4�,� �5�2�9�-�5�4�3� �(�1�9�8�8�)�.� 
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�T�h�o�m�a�n�n�,� �R�.� �V�.�,� �a�n�d� �J�.� �A�.� �M�u�e�l�l�e�r�,� �P�r�i�n�c�i�p�l�e�s� �o�f� �S�u�r�f�a�c�e� �W�a�t�e�r� �Q�u�a�l�i�t�y� �M�o�d�e�l�i�n�g� �a�n�d� 

�C�o�n�t�r�o�l�.� �H�a�r�p�e�r� �a�n�d� �R�o�w�,� �N�e�w� �Y�o�r�k�,� �N�.� �Y�.�,� �6�4�4� �p�.� �(�1�9�8�7�)�.� 

�T�o�f�f�o�l�i�t�,� �T�.�,� �a�n�d� �N�.� �M�a�r�g�o�l�u�s�,� �C�e�l�l�u�l�a�r� �A�u�t�o�m�a�t�a� �M�a�c�h�i�n�e�s�:� �a� �N�e�w� �E�n�v�i�r�o�n�m�e�n�t� �f�o�r� 

�M�o�d�e�l�i�n�g�.� �M�I�T� �P�r�e�s�s�,� �C�a�m�b�r�i�d�g�e�,� �M�A�,� �2�5�9� �p�.� �(�1�9�8�7�)�.� 

�T�o�m�p�s�o�n�,� �A�.� �F�.� �B�.�,� �a�n�d� �L�.� �W�.� �G�e�l�h�a�r�,� �"�N�u�m�e�r�i�c�a�l� �S�i�m�u�l�a�t�i�o�n� �o�f� �S�o�l�u�t�e� �T�r�a�n�s�p�o�r�t� �i�n� 

�T�h�r�e�e�-�D�i�m�e�n�s�i�o�n�a�l�,� �R�a�n�d�o�m�l�y� �H�e�t�e�r�o�g�e�n�e�o�u�s� �P�o�r�o�u�s� �M�e�d�i�a�.�"� �W�a�t�e�r� �R�e�s�o�u�r�c�e�s� 

�R�e�s�e�a�r�c�h�,� �2�6�,� �2�5�4�1�-�2�5�6�2� �(�1�9�9�0�)�.� 

�T�o�m�p�s�o�n�,� �A�.� �F�.� �B�.�,� �a�n�d� �D�.� �E�.� �D�o�u�g�h�e�r�t�y�,� �"�P�a�r�t�i�c�l�e�-�G�r�i�d� �M�e�t�h�o�d�s� �f�o�r� �R�e�a�c�t�i�n�g� �F�l�o�w�s� �i�n� 

�P�o�r�o�u�s� �M�e�d�i�a� �w�i�t�h� �A�p�p�l�i�c�a�t�i�o�n� �t�o� �F�i�s�h�e�r�'�s� �E�q�u�a�t�i�o�n�. �� �A�p�p�l�i�e�d� �M�a�t�h�e�m�a�t�i�c�a�l� 

�M�o�d�e�l�l�i�n�g�,� �1�6�,� �3�7�4�-�3�8�3� �(�1�9�9�2�)�.� 

�U�f�f�i�n�k�,� �G�.� �J�.� �M�.�,� �"�M�o�d�e�l�i�n�g� �o�f� �S�o�l�u�t�e� �T�r�a�n�s�p�o�r�t� �w�i�t�h� �t�h�e� �R�a�n�d�o�m� �W�a�l�k� �M�e�t�h�o�d�. �� �i�n� 

�G�r�o�u�n�d�w�a�t�e�r� �F�l�o�w� �a�n�d� �Q�u�a�l�i�t�y� �M�o�d�e�l�l�i�n�g�,� �E�.� �C�u�s�t�o�d�i�o�,� �A�.� �G�u�r�g�u�i�,� �a�n�d� �J�.� �P�.� 

�L�o�b�o� �F�e�r�r�e�i�r�a�,� �e�d�s�.�,� �N�A�T�O� �A�S�I� �S�e�r�i�e�s� �C�,� �v�o�l�.� �2�2�4�,� �D�.� �R�e�i�d�e�l�,� �D�o�r�d�r�e�c�h�t�,� �p�.� �2�4�7�-� 

�2�6�5� �(�1�9�8�8�)�.� 

�V�a�l�o�c�c�h�i�,� �A�.� �J�.�,� �a�n�d� �H�.� �A�.� �M�.� �Q�u�i�n�o�d�o�z�,� �"�A�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �R�a�n�d�o�m� �W�a�l�k� �M�e�t�h�o�d� �t�o� 

�S�i�m�u�l�a�t�e� �t�h�e� �T�r�a�n�s�p�o�r�t� �o�f� �K�i�n�e�t�i�c�a�l�l�y� �A�d�s�o�r�b�i�n�g� �S�o�l�u�t�e�s�.�"� �i�n� �G�r�o�u�n�d�w�a�t�e�r� 

�C�o�n�t�a�m�i�n�a�t�i�o�n�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �S�y�m�p�o�s�i�u�m� �h�e�l�d� �a�t� �t�h�e� �T�h�i�r�d� �I�A�H�S� �S�c�i�e�n�t�i�f�i�c� 

�A�s�s�e�m�b�l�y�,� �B�a�l�t�i�m�o�r�e�,� �M�D�,� �L�.� �M�.� �A�b�r�i�o�l�a�,� �e�d�.�,� �I�A�H�S� �P�u�b�.� �n�o�.� �1�8�5�,� �p�.� �3�5�-�4�2� 

�(�1�9�8�9�)�.� 

�v�o�n� �N�e�u�m�a�n�n�,� �J�.�,� �T�h�e�o�r�y� �o�f� �S�e�l�f�-�R�e�p�r�o�d�u�c�i�n�g� �A�u�t�o�m�a�t�a�.� �A�.� �W�.� �B�u�r�k�s�,� �e�d�.�,� �U�n�i�v�e�r�s�i�t�y� �o�f� 

�I�l�l�i�n�o�i�s� �P�r�e�s�s�,� �U�r�b�a�n�a�,� �I�L�,� �3�8�8� �p�.� �(�1�9�6�6�)�.� 

�W�h�e�e�l�e�r�,� �M�.� �F�.�,� �a�n�d� �C�.� �N�.� �D�a�w�s�o�n�,� �"�A�n� �O�p�e�r�a�t�o�r�-�S�p�l�i�t�t�i�n�g� �M�e�t�h�o�d� �f�o�r� �A�d�v�e�c�t�i�o�n�-� 

�D�i�f�f�u�s�i�o�n�-�R�e�a�c�t�i�o�n� �P�r�o�b�l�e�m�s�.�"� �i�n� �T�h�e� �M�a�t�h�e�m�a�t�i�c�s� �o�f� �F�i�n�i�t�e� �E�l�e�m�e�n�t�s� �a�n�d� 

�A�p�p�l�i�c�a�t�i�o�n�s� �V�I� �M�A�F�E�L�A�P� �1�9�8�7�,� �J�.� �R�.� �W�h�i�t�e�m�a�n�,� �e�d�.�,� �A�c�a�d�e�m�i�c� �P�r�e�s�s�,� �L�o�n�d�o�n�,� 

�p�.� �4�6�3�-�4�8�2� �(�1�9�8�8�)�.� �|� 

�W�i�l�l�i�a�m�s�,� �B�.� �J�.�,� �a�n�d� �J�.� �B�.� �H�i�n�w�o�o�d�,�  ��T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �M�a�t�h�e�m�a�t�i�c�a�l� �W�a�t�e�r� �Q�u�a�l�i�t�y� 

�M�o�d�e�l�.�"� �J�o�u�r�n�a�l� �o�f� �t�h�e� �E�n�v�i�r�o�n�m�e�n�t�a�l� �E�n�g�i�n�e�e�r�i�n�g� �D�i�v�i�s�i�o�n�,� �E�E�]�,� �1�4�9�-�1�6�3� 

�(�1�9�7�6�)�.� 

�M�O�D�E�L� �D�E�V�E�L�O�P�M�E�N�T� �5�7



�W�o�l�f�r�a�m�,� �S�.�,� �"�C�e�l�l�u�l�a�r� �A�u�t�o�m�a�t�a� �a�s� �M�o�d�e�l�s� �o�f� �C�o�m�p�l�e�x�i�t�y�.�"� �N�a�t�u�r�e�,� �3�/�1�,� �4�1�9�-�4�2�4� 

�(�1�9�8�4�)�.� 

�Z�a�n�n�e�t�t�i�,� �P�.�,� �A�i�r� �P�o�l�l�u�t�i�o�n� �M�o�d�e�l�i�n�g�:� �T�h�e�o�r�i�e�s�,� �C�o�m�p�u�t�a�t�i�o�n�a�l� �M�e�t�h�o�d�s� �a�n�d� �A�v�a�i�l�a�b�l�e� 

�S�o�f�t�w�a�r�e�.� �V�a�n� �N�o�s�t�r�a�n�d� �R�e�i�n�h�o�l�d�,� �N�e�w� �Y�o�r�k�,� �4�4�4� �p�.� �(�1�9�9�0�)�.� 

�Z�e�i�g�l�e�r�,� �B�.� �P�.�,� �M�u�l�t�i�f�a�c�e�t�e�d� �M�o�d�e�l�l�i�n�g� �a�n�d� �D�i�s�c�r�e�t�e� �E�v�e�n�t� �S�i�m�u�l�a�t�i�o�n�.� �A�c�a�d�e�m�i�c� �P�r�e�s�s�,� 

�L�o�n�d�o�n�,� �3�7�2� �p�.� �(�1�9�8�4�)�.� 
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�3� �D�Y�N�A�M�I�C� �W�A�T�E�R� �Q�U�A�L�I�T�Y� �M�O�D�E�L�I�N�G� 
�U�S�I�N�G� �C�E�L�L�U�L�A�R� �A�U�T�O�M�A�T�A�:� �M�O�D�E�L� 
�A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� 
�P�R�O�C�E�S�S�O�R�S� 

�3�.�1� �I�N�T�R�O�D�U�C�T�I�O�N� 

�I�n� �c�h�a�p�t�e�r� �2� �a� �n�e�w� �m�e�t�h�o�d�o�l�o�g�y� �b�a�s�e�d� �o�n� �c�e�l�l�u�l�a�r� �a�u�t�o�m�a�t�a� �(�C�A�)� �w�a�s� �d�e�v�e�l�o�p�e�d� 

�w�h�i�c�h� �s�u�c�c�e�s�s�f�u�l�l�y� �r�e�p�r�e�s�e�n�t�s� �f�u�n�d�a�m�e�n�t�a�l� �w�a�t�e�r� �q�u�a�l�i�t�y� �p�r�o�c�e�s�s�,� �n�a�m�e�l�y� �a�d�v�e�c�t�i�o�n�,� 

�d�i�s�p�e�r�s�i�o�n�,� �a�n�d� �f�i�r�s�t�-�o�r�d�e�r� �d�e�c�a�y�.� �T�h�i�s� �c�h�a�p�t�e�r� �t�e�s�t�s� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �C�A� �m�e�t�h�o�d�o�l�o�g�y� �a�s� 

�a�n� �i�n�t�e�g�r�a�t�e�d� �w�a�t�e�r� �q�u�a�l�i�t�y� �m�o�d�e�l�.� �D�u�e� �t�o� �i�n�h�e�r�e�n�t� �p�a�r�a�l�l�e�l�i�s�m�,� �C�A� �m�o�d�e�l�s� �a�r�e� �w�e�l�l� �s�u�i�t�e�d� 

�t�o� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�n� �p�a�r�a�l�l�e�l� �p�r�o�c�e�s�s�o�r�s� �(�T�o�f�f�o�l�i� �a�n�d� �M�a�r�g�o�l�u�s�,� �1�9�8�7�;� �A�m�a�t�o�,� �1�9�9�1�;� �F�o�x� 

�e�t� �a�l�.�,� �1�9�9�4�)�.� �T�h�i�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �C�A� �o�p�e�n�s� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �a� �m�o�r�e� �d�e�t�a�i�l�e�d� �a�n�d� 

�e�f�f�i�c�i�e�n�t� �d�y�n�a�m�i�c� �m�o�d�e�l�i�n�g� �o�f� �w�a�t�e�r� �r�e�s�o�u�r�c�e�s� �s�y�s�t�e�m�s�.� �C�o�n�s�e�q�u�e�n�t�l�y� �t�h�e� �C�A� �w�a�t�e�r� 

�q�u�a�l�i�t�y� �m�o�d�e�l� �p�r�e�s�e�n�t�e�d� �h�e�r�e� �w�a�s� �i�m�p�l�e�m�e�n�t�e�d� �o�n� �p�a�r�a�l�l�e�l� �p�r�o�c�e�s�s�o�r�s�.� 

�3�.�1�.�1� �P�a�r�a�l�l�e�l� �C�o�m�p�u�t�i�n�g� 

�S�i�n�c�e� �t�h�e� �a�d�v�e�n�t� �o�f� �t�h�e� �e�l�e�c�t�r�o�n�i�c� �c�o�m�p�u�t�e�r� �i�n� �t�h�e� �1�9�5�0�'�s� �a� �t�y�p�i�c�a�l� �t�e�n�-�f�o�l�d� 

�i�m�p�r�o�v�e�m�e�n�t� �i�n� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�p�e�e�d� �h�a�s� �o�c�c�u�r�r�e�d� �e�v�e�r�y� �f�i�v�e� �y�e�a�r�s�,� �m�a�i�n�l�y� �a�s� �a� �r�e�s�u�l�t� �o�f� 

�c�o�n�s�i�d�e�r�a�b�l�y� �a�d�v�a�n�c�e�s� �i�n� �e�l�e�c�t�r�o�n�i�c� �i�n�t�e�g�r�a�t�e� �c�i�r�c�u�i�t�r�y�.� �H�o�w�e�v�e�r�,� �s�u�c�h� �t�e�c�h�n�o�l�o�g�i�c�a�l� 

�p�r�o�g�r�e�s�s� �h�a�s� �n�o�t� �b�e�e�n� �s�u�f�f�i�c�i�e�n�t� �t�o� �s�a�t�i�s�f�y� �t�h�e� �i�n�c�r�e�a�s�i�n�g� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�e�m�a�n�d� �f�r�o�m� 

�s�c�i�e�n�t�i�f�i�c� �a�n�d� �e�n�g�i�n�e�e�r�i�n�g� �a�p�p�l�i�c�a�t�i�o�n�s�.� �T�h�u�s�,� �p�a�r�a�l�l�e�l� �c�o�m�p�u�t�a�t�i�o�n� �a�p�p�e�a�r�e�d� �a�s� �a�n� 

�a�l�t�e�r�n�a�t�i�v�e� �a�p�p�r�o�a�c�h� �t�o� �i�n�c�r�e�a�s�e� �c�o�m�p�u�t�e�r� �p�e�r�f�o�r�m�a�n�c�e�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�n�v�o�l�v�e�s� 

�i�n�c�o�r�p�o�r�a�t�i�n�g� �m�u�l�t�i�p�l�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �u�n�i�t�s� �i�n� �a� �s�i�n�g�l�e� �c�o�m�p�u�t�e�r� �a�n�d� �o�p�e�r�a�t�i�n�g� �t�h�e�m� 

�c�o�n�c�u�r�r�e�n�t�l�y�,� �t�h�e�r�e�b�y� �s�u�b�s�t�a�n�t�i�a�l�l�y� �i�n�c�r�e�a�s�i�n�g� �s�y�s�t�e�m� �p�e�r�f�o�r�m�a�n�c�e� �(�G�r�e�e�n�,� �1�9�9�1�;� 

�M�e�s�s�i�n�a�,� �1�9�9�1�)�.� 
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�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �c�l�a�s�s�i�f�i�c�a�t�i�o�n� �s�c�h�e�m�e�s� �f�o�r� �p�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r� �a�r�c�h�i�t�e�c�t�u�r�e�s� �b�a�s�e�d� 

�o�n� �d�e�s�i�g�n� �a�n�d� �f�u�n�c�t�i�o�n�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �E�x�i�s�t�i�n�g� �p�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r� �a�r�c�h�i�t�e�c�t�u�r�e�s� �c�a�n� �b�e� 

�d�i�s�t�i�n�g�u�i�s�h�e�d� �i�n� �t�w�o� �c�a�t�e�g�o�r�i�e�s� �b�a�s�e�d� �o�n� �t�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �s�e�q�u�e�n�c�e� �o�f� �i�n�s�t�r�u�c�t�i�o�n�s� 

�e�x�e�c�u�t�e�d�,� �a�n�d� �t�h�e� �s�e�q�u�e�n�c�e� �o�f� �d�a�t�a� �o�p�e�r�a�t�e�d� �o�n� �(�O�r�t�e�g�a�,� �1�9�8�8�;� �D�u�n�c�a�n�,� �1�9�9�0�;� �F�o�x�,� �1�9�9�1�;� 

�G�r�e�e�n�,� �1�9�9�1�)�:� �s�i�n�g�l�e� �i�n�s�t�r�u�c�t�i�o�n� �s�t�r�e�a�m�,� �m�u�l�t�i�p�l�e� �d�a�t�a� �s�t�r�e�a�m� �(�S�I�M�D�)�,� �a�n�d� �m�u�l�t�i�p�l�e� 

�i�n�s�t�r�u�c�t�i�o�n� �s�t�r�e�a�m�,� �m�u�l�t�i�p�l�e� �d�a�t�a� �s�t�r�e�a�m� �(�M�I�M�D�)�.� 

�I�n� �a� �S�I�M�D� �m�a�c�h�i�n�e�,� �a� �c�o�n�t�r�o�l�l�e�r� �p�r�o�c�e�s�s�o�r� �b�r�o�a�d�c�a�s�t�s� �a� �s�i�n�g�l�e� �i�n�s�t�r�u�c�t�i�o�n� �t�o� �a�l�l� 

�t�h�e� �i�n�d�i�v�i�d�u�a�l� �p�r�o�c�e�s�s�o�r�s� �w�h�i�c�h� �s�y�n�c�h�r�o�n�o�u�s�l�y� �e�x�e�c�u�t�e� �t�h�e� �i�n�s�t�r�u�c�t�i�o�n� �o�n� �d�i�f�f�e�r�e�n�t� �d�a�t�a� 

�(�O�r�t�e�g�a�,� �1�9�8�8�;� �D�u�n�c�a�n�,� �1�9�9�0�;� �G�r�e�e�n�,� �1�9�9�1�)�.� �T�y�p�i�c�a�l� �e�x�a�m�p�l�e�s� �o�f� �S�I�M�D� �c�o�m�p�u�t�e�r�s� �a�r�e� 

�p�r�o�v�i�d�e�d� �b�y� �t�h�e� �a�r�r�a�y� �p�r�o�c�e�s�s�o�r�s�,� �a�n�d� �t�h�e� �C�o�n�n�e�c�t�i�o�n� �M�a�c�h�i�n�e� �(�O�r�t�e�g�a�,� �1�9�8�8�;� �G�r�e�e�n�,� 

�1�9�9�1�)�.� �P�i�p�e�l�i�n�e�d� �v�e�c�t�o�r� �p�r�o�c�e�s�s�o�r�s� �(�e�.�g�.� �t�h�e� �C�r�a�y� �s�u�p�e�r�c�o�m�p�u�t�e�r�s�)� �c�a�n� �a�l�s�o� �b�e� �v�i�e�w�e�d� �a�s� 

�S�I�M�D� �m�a�c�h�i�n�e�s� �(�O�r�t�e�g�a�,� �1�9�8�8�)�.� 

�C�o�m�p�u�t�e�r�s� �o�f� �t�h�e� �M�I�M�D� �c�a�t�e�g�o�r�y� �c�o�n�s�i�s�t� �o�f� �m�u�l�t�i�p�l�e� �a�u�t�o�n�o�m�o�u�s� �p�r�o�c�e�s�s�o�r�s�,� 

�e�a�c�h� �e�x�e�c�u�t�i�n�g� �a�s�y�n�c�h�r�o�n�o�u�s�l�y� �a� �p�a�r�t�i�c�u�l�a�r� �s�e�t� �o�f� �i�n�s�t�r�u�c�t�i�o�n�s� �o�n� �a� �p�a�r�t�i�c�u�l�a�r� �s�e�t� �o�f� �d�a�t�a� 

�(�O�r�t�e�g�a�,� �1�9�8�8�;� �D�u�n�c�a�n�,� �1�9�9�0�;� �G�r�e�e�n�,� �1�9�9�1�)�.� �M�o�s�t� �e�x�i�s�t�i�n�g� �p�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r�s� �a�r�e� �M�I�M�D� 

�(�O�r�t�e�g�a�,� �1�9�8�8�;� �G�r�e�e�n�,� �1�9�9�1�)�.� �E�x�a�m�p�l�e�s� �o�f� �M�I�M�D� �m�a�c�h�i�n�e�s� �i�n�c�l�u�d�e� �t�h�e� �S�e�q�u�e�n�t�,� �N�c�u�b�e�,� 

�a�n�d� �I�n�t�e�l� �i�P�S�C� �(�G�r�e�e�n�,� �1�9�9�1�;� �M�e�s�s�i�n�a�,� �1�9�9�1�)�.� �T�h�e� �a�u�t�o�n�o�m�y� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� 

�i�n�d�i�v�i�d�u�a�l� �p�r�o�c�e�s�s�o�r�s� �i�n� �M�I�M�D� �m�a�c�h�i�n�e�s� �p�r�o�v�i�d�e�s� �t�h�e�m� �w�i�t�h� �g�r�e�a�t�e�r� �f�l�e�x�i�b�i�l�i�t�y� �t�h�a�n� �t�h�e� 

�S�I�M�D� �s�y�s�t�e�m�s� �(�O�r�t�e�g�a�,� �1�9�8�8�;� �M�e�s�s�i�n�a�,� �1�9�9�1�)�.� 

�P�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r�s� �a�r�e� �a�l�s�o� �c�l�a�s�s�i�f�i�e�d�,� �b�a�s�e�d� �o�n� �h�o�w� �m�e�m�o�r�y� �i�s� �a�v�a�i�l�a�b�l�e� �t�o� �t�h�e� 

�d�i�f�f�e�r�e�n�t� �p�r�o�c�e�s�s�o�r�s�,� �a�s� �s�h�a�r�e�d� �v�e�r�s�u�s� �d�i�s�t�r�i�b�u�t�e�d� �m�e�m�o�r�y� �(�O�r�t�e�g�a�,� �1�9�8�8�;� �D�u�n�c�a�n�,� �1�9�9�0�;� 

�G�r�e�e�n�,� �1�9�9�1�;� �M�e�s�s�i�n�a�,� �1�9�9�1�)�.� �W�h�i�l�e� �i�n� �a� �s�h�a�r�e�d� �m�e�m�o�r�y� �s�y�s�t�e�m� �a�l�l� �p�r�o�c�e�s�s�o�r�s� �h�a�v�e� 

�a�c�c�e�s�s� �t�o� �a�c�o�m�m�o�n� �m�e�m�o�r�y�,� �i�n� �a� �d�i�s�t�r�i�b�u�t�e�d� �m�e�m�o�r�y� �s�y�s�t�e�m� �e�a�c�h� �p�r�o�c�e�s�s�o�r� �h�a�s� �o�n�l�y� �i�t�s� 

�o�w�n� �(�l�o�c�a�l�)� �m�e�m�o�r�y� �(�O�r�t�e�g�a�,� �1�9�8�8�;� �G�r�e�e�n�,� �1�9�9�1�)�.� �T�h�u�s� �c�o�m�m�u�n�i�c�a�t�i�o�n� �b�e�t�w�e�e�n� �d�i�f�f�e�r�e�n�t� 

�p�r�o�c�e�s�s�o�r�s� �i�s� �d�o�n�e� �t�h�r�o�u�g�h� �t�h�e� �c�o�m�m�o�n� �m�e�m�o�r�y� �f�o�r� �s�h�a�r�e�d� �m�e�m�o�r�y� �s�y�s�t�e�m�s�,� �a�n�d� 

�t�h�r�o�u�g�h� �m�e�s�s�a�g�e� �p�a�s�s�i�n�g� �f�o�r� �d�i�s�t�r�i�b�u�t�e�d� �m�e�m�o�r�y� �s�y�s�t�e�m�s� �(�O�r�t�e�g�a�,� �1�9�8�8�;� �G�r�e�e�n�,� �1�9�9�1�)�.� 
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�A�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �o�f� �p�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r�s� �i�s� �t�h�e� �t�y�p�e� �o�f� �i�n�t�e�r�c�o�n�n�e�c�t�i�o�n� 

�s�c�h�e�m�e� �p�r�o�v�i�d�i�n�g� �c�o�m�m�u�n�i�c�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �d�i�f�f�e�r�e�n�t� �p�r�o�c�e�s�s�o�r�s�,� �a�n�d� �b�e�t�w�e�e�n� 

�p�r�o�c�e�s�s�o�r�s� �a�n�d� �m�e�m�o�r�y� �(�O�r�t�e�g�a�,� �1�9�8�8�)�.� �S�e�v�e�r�a�l� �s�u�c�c�e�s�s�f�u�l� �i�n�t�e�r�c�o�n�n�e�c�t�i�o�n� �s�c�h�e�m�e�s� �a�r�e� 

�c�u�r�r�e�n�t�l�y� �i�n� �u�s�e�,� �s�u�c�h� �a�s� �m�e�s�h�e�s�,� �s�w�i�t�c�h�e�s�,� �h�y�p�e�r�c�u�b�e�s�,� �a�n�d� �h�y�b�r�i�d� �s�c�h�e�m�e�s� �(�O�r�t�e�g�a�,� 

�1�9�8�8�;� �D�u�n�c�a�n�,� �1�9�9�0�;� �F�o�x�,� �1�9�9�1�)�.� 

�P�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r�s� �h�a�v�e� �e�v�o�l�v�e�d� �s�u�b�s�t�a�n�t�i�a�l�l�y� �d�u�r�i�n�g� �t�h�e� �l�a�s�t� �d�e�c�a�d�e� �a�n�d� �t�h�a�t� 

�t�r�e�n�d� �i�s� �e�x�p�e�c�t�e�d� �t�o� �c�o�n�t�i�n�u�e� �(�M�e�s�s�i�n�a�,� �1�9�9�1�;� �F�o�x� �e�t� �a�l�.�,� �1�9�9�4�)�.� �T�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� 

�s�u�c�c�e�s�s�f�u�l� �s�c�a�l�i�n�g� �t�o� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �p�r�o�c�e�s�s�o�r�s� �i�s� �s�h�o�w�n� �b�y� �t�h�e� �t�e�s�t�i�m�o�n�y� �o�f� �h�i�g�h� 

�p�e�r�f�o�r�m�a�n�c�e� �m�a�c�h�i�n�e�s� �n�o�w� �o�p�e�r�a�t�i�o�n�a�l� �(�M�e�s�s�i�n�a�,� �1�9�9�1�;� �F�o�x� �e�t� �a�l�.�,� �1�9�9�4�)�.� �M�a�n�y� �p�a�r�a�l�l�e�l� 

�c�o�m�p�u�t�e�r� �a�r�c�h�i�t�e�c�t�u�r�e�s� �h�a�v�e� �p�r�o�v�e�d� �t�o� �b�e� �r�e�l�i�a�b�l�e� �f�o�r� �e�n�g�i�n�e�e�r�i�n�g� �a�n�d� �s�c�i�e�n�t�i�f�i�c� 

�a�p�p�l�i�c�a�t�i�o�n�s� �i�n�v�o�l�v�i�n�g� �l�a�r�g�e�-�s�c�a�l�e� �c�o�m�p�u�t�a�t�i�o�n�s� �(�F�o�x� �e�t� �a�l�.�,� �1�9�8�8�;� �F�o�x�,� �1�9�9�1�;� �M�e�s�s�i�n�a�,� 

�1�9�9�1�;� �C�a�m�p� �e�t� �a�l�.�,� �1�9�9�4�;� �D�a�b�d�u�b� �a�n�d� �S�e�i�n�f�e�l�d�,� �1�9�9�4�;� �F�o�x� �e�t� �a�l�.�,� �1�9�9�4�)�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� 

�m�o�d�e�l�s� �b�a�s�e�d� �o�n� �C�A� �h�a�v�e� �b�e�e�n� �s�u�c�c�e�s�s�f�u�l�l�y� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �p�a�r�a�l�l�e�l� �p�r�o�c�e�s�s�o�r�s� �(�T�o�f�f�o�l�i� 

�a�n�d� �M�a�r�g�o�l�u�s�,� �1�9�8�7�;� �F�o�x� �e�t� �a�l�.�,� �1�9�9�4�)�.� 

�H�o�w�e�v�e�r�,� �c�u�r�r�e�n�t� �u�s�e� �o�f� �p�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r�s� �i�s� �s�t�i�l�l� �l�i�m�i�t�e�d� �t�o� �s�o�m�e� �e�x�t�e�n�t� �b�y� �t�h�e� 

�a�v�a�i�l�a�b�i�l�i�t�y� �o�f� �s�o�f�t�w�a�r�e� �(�F�o�x�,� �1�9�9�1�;� �F�o�x� �e�f� �a�l�.�,� �1�9�9�4�)�.� �S�u�b�s�t�a�n�t�i�a�l� �s�o�f�t�w�a�r�e� �d�e�v�e�l�o�p�m�e�n�t� 

�i�s� �n�e�e�d�e�d� �i�n� �s�e�v�e�r�a�l� �a�r�e�a�s� �s�u�c�h� �a�s� �s�t�a�n�d�a�r�d�i�z�e�d� �p�r�o�g�r�a�m�m�i�n�g� �l�a�n�g�u�a�g�e�s� �a�n�d� �c�o�m�p�i�l�e�r�s� 

�w�i�t�h� �s�u�p�p�o�r�t� �f�o�r� �p�a�r�a�l�l�e�l�i�s�m�,� �d�e�b�u�g�g�e�r�s�,� �l�i�b�r�a�r�i�e�s�,� �p�e�r�f�o�r�m�a�n�c�e� �e�v�a�l�u�a�t�i�o�n�,� �d�a�t�a� 

�v�i�s�u�a�l�i�z�a�t�i�o�n�,� �a�n�d� �m�u�l�t�i�-�u�s�e�r� �s�y�s�t�e�m� �m�a�n�a�g�e�m�e�n�t� �(�F�o�x�,� �1�9�9�1�;� �M�e�s�s�i�n�a�,� �1�9�9�1�;� �F�o�x� �e�f� �a�l�.�,� 

�1�9�9�4�)�,� 

�I�n� �r�e�l�a�t�i�o�n� �t�o� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�o�d�a�y�'�s� �p�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r�s�,� �t�h�e�i�r� �l�i�m�i�t�a�t�i�o�n�s� 

�t�y�p�i�c�a�l�l�y� �a�r�e� �n�o�t� �i�n� �t�h�e� �i�n�t�e�r�n�a�l� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�p�e�e�d� �o�f� �t�h�e�i�r� �m�i�c�r�o�p�r�o�c�e�s�s�o�r�s� �b�u�t� �i�n� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �o�f� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �(�I�/�O�)� �s�y�s�t�e�m�s� �a�n�d� �s�l�o�w� �c�o�m�m�u�n�i�c�a�t�i�o�n� �b�e�t�w�e�e�n� 

�p�r�o�c�e�s�s�o�r�s� �i�n� �d�i�s�t�r�i�b�u�t�e�d� �m�e�m�o�r�y� �s�y�s�t�e�m�s� �(�F�o�x� �e�t� �a�l�.�,� �1�9�9�4�)�.� 
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�3�.�2� �M�E�T�H�O�D�O�L�O�G�Y� 

�3�.�2�.�1� �G�e�n�e�r�a�l� �M�o�d�e�l� 

�T�h�e� �b�a�s�i�c� �e�q�u�a�t�i�o�n� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �t�i�m�e� �a�n�d� �s�p�a�c�e� �o�f� �a� 

�w�a�t�e�r� �q�u�a�l�i�t�y� �c�o�n�s�t�i�t�u�e�n�t� �s�u�b�j�e�c�t� �t�o� �d�e�c�a�y� �i�n� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �r�i�v�e�r� �o�r� �e�s�t�u�a�r�y� �i�s� 

�(�T�h�o�m�a�n�n� �a�n�d� �M�u�e�l�l�e�r�,� �1�9�8�7�)�:� 

 �� �=�-�u �� �+� �E ��>�-�k�,�C� �(�3�.�1�)� 
�O�x �� 

�w�h�e�r�e� �C� �(�M�/�L�?�)� �i�s� �t�h�e� �c�o�n�s�t�i�t�u�e�n�t� �c�o�n�c�e�n�t�r�a�t�i�o�n�,� �t� �(�T�)� �i�s� �t�h�e� �t�i�m�e�,� �x� �(�L�)� �i�s� �t�h�e� �d�i�s�t�a�n�c�e� 

�i�n� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�r�e�c�t�i�o�n�,� �u� �(�L�/�T�)� �i�s� �t�h�e� �a�d�v�e�c�t�i�v�e� �v�e�l�o�c�i�t�y�,� �E� �(�L�°�/�T�)� �i�s� �t�h�e� 

�l�o�n�g�i�t�u�d�i�n�a�l� �d�i�s�p�e�r�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �a�n�d� �k�,� �(�T!"�'�)� �i�s� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �d�e�c�a�y� �r�a�t�e� �c�o�n�s�t�a�n�t�.� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �t�a�k�e�s� �i�n�t�o� �a�c�c�o�u�n�t� �t�h�r�e�e� �e�s�s�e�n�t�i�a�l� �p�r�o�c�e�s�s�e�s� �a�f�f�e�c�t�i�n�g� �t�h�e� �c�o�n�s�t�i�t�u�e�n�t� 

�d�i�s�t�r�i�b�u�t�i�o�n�:� �a�d�v�e�c�t�i�o�n� �(�r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �v�e�l�o�c�i�t�y� �t�e�r�m�)�,� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�s�p�e�r�s�i�o�n�,� �a�n�d� 

�d�e�c�a�y�.� �I�t� �i�s� �t�y�p�i�c�a�l�l�y� �s�o�l�v�e�d� �u�s�i�n�g� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �o�r� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�c�h�e�m�e�s�.� �T�h�e� �u�s�e� �o�f� 

�C�A� �p�r�i�n�c�i�p�l�e�s� �i�s� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �m�e�t�h�o�d� �t�o� �r�e�p�r�e�s�e�n�t� �a�n�d� �s�o�l�v�e� �t�h�e� �s�a�m�e� �p�r�o�b�l�e�m�.� 

�T�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �a� �C�A� �w�a�t�e�r� �q�u�a�l�i�t�y� �m�o�d�e�l� �f�o�r� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �r�i�v�e�r� �o�r� 

�e�s�t�u�a�r�y� �h�a�s� �b�e�e�n� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�.� �I�t� �u�s�e�d� �a� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �c�o�n�s�i�s�t�i�n�g� �o�f� �a� 

�l�i�n�e� �o�f� �c�e�l�l�s�.� �T�h�e� �a�m�o�u�n�t� �o�f� �c�o�n�s�t�i�t�u�e�n�t� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s�,� �w�i�t�h� �a� 

�d�e�f�i�n�e�d� �m�a�s�s�,� �p�r�e�s�e�n�t� �i�n� �e�a�c�h� �c�e�l�l�.� �I�n� �t�h�e� �c�o�m�p�u�t�e�r� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �C�A� �a�l�g�o�r�i�t�h�m�,� 

�t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �p�r�e�s�e�n�t� �i�n� �e�a�c�h� �c�e�l�l� �i�s� �s�t�o�r�e�d� �i�n� �c�o�m�p�u�t�e�r� �m�e�m�o�r�y�.� �C�o�n�s�t�i�t�u�e�n�t� 

�c�o�n�c�e�n�t�r�a�t�i�o�n� �a�t� �a� �g�i�v�e�n� �c�e�l�l� �i�s� �d�e�r�i�v�e�d� �b�y� �d�i�v�i�d�i�n�g� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �n�u�m�b�e�r� 

�o�f� �p�a�r�t�i�c�l�e�s� �a�n�d� �t�h�e� �p�a�r�t�i�c�l�e� �m�a�s�s� �b�y� �t�h�e� �v�o�l�u�m�e� �o�f� �t�h�a�t� �c�e�l�l�.� �T�h�i�s� �v�o�l�u�m�e� �i�s� �d�e�f�i�n�e�d� �b�y� 

�t�h�e� �c�e�l�l� �l�e�n�g�t�h� �a�n�d� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a�.� �S�i�n�c�e� �t�h�e� �p�h�y�s�i�c�a�l� �e�n�t�i�t�y� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �p�a�r�t�i�c�l�e� 

�(�a� �f�i�n�i�t�e� �a�m�o�u�n�t� �o�f� �c�o�n�s�t�i�t�u�e�n�t� �m�a�s�s�)� �i�s� �t�y�p�i�c�a�l�l�y� �o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �c�e�l�l� 
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�v�o�l�u�m�e�,� �i�t� �i�s� �c�o�n�v�e�n�i�e�n�t� �t�o� �a�l�l�o�w� �a� �c�e�l�l� �t�o� �h�a�v�e� �m�o�r�e� �t�h�a�n� �a� �s�i�n�g�l�e� �p�a�r�t�i�c�l�e�.� �E�a�c�h� �c�e�l�l� �h�a�s� 

�n�o� �d�e�f�i�n�e�d� �l�i�m�i�t� �o�n� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �i�t� �c�a�n� �c�o�n�t�a�i�n�.� �T�h�i�s� �d�o�e�s� �n�o�t� �m�e�a�n�,� �h�o�w�e�v�e�r�,� 

�t�h�a�t� �a�n� �u�n�l�i�m�i�t�e�d� �n�u�m�b�e�r� �o�f� �s�t�a�t�e�s� �p�e�r� �c�e�l�l� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �t�r�a�n�s�i�t�i�o�n� �r�u�l�e�s� �a�r�e� 

�i�t�e�r�a�t�i�v�e�l�y� �a�p�p�l�i�e�d� �t�o� �e�a�c�h� �p�a�r�t�i�c�l�e�,� �a�n�d� �t�h�e�y� �r�e�s�u�l�t� �i�n� �p�a�r�t�i�c�l�e�s� �e�i�t�h�e�r� �m�o�v�i�n�g� �t�o� �a�d�j�a�c�e�n�t� 

�c�e�l�l�s� �o�r� �d�i�s�a�p�p�e�a�r�i�n�g� �f�r�o�m� �t�h�e� �s�y�s�t�e�m�.� �T�h�i�s� �p�r�o�c�e�s�s� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �t�w�o�-�s�t�a�t�e� �(�p�a�r�t�i�c�l�e� �o�r� 

�1�,� �a�n�d� �n�o� �p�a�r�t�i�c�l�e� �o�r� �0�)� �c�e�l�l�u�l�a�r� �a�u�t�o�m�a�t�o�n�.� 

�T�h�e�s�e� �r�u�l�e�s� �a�r�e� �d�e�f�i�n�e�d� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �t�h�e� �l�o�c�a�l� �n�e�i�g�h�b�o�r�h�o�o�d� �o�f� �a� �c�e�l�l� �i�s� 

�d�e�f�i�n�e�d� �b�y� �j�u�s�t� �t�h�a�t� �s�p�e�c�i�f�i�c� �c�e�l�l�.� �T�h�e� �r�u�l�e�s� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �a�d�v�e�c�t�i�o�n�,� �d�i�s�p�e�r�s�i�o�n�,� �a�n�d� 

�d�e�c�a�y� �p�r�o�c�e�s�s�e�s�.� �E�a�c�h� �r�u�l�e� �(�r�e�p�r�e�s�e�n�t�i�n�g� �a� �p�r�o�c�e�s�s�)� �i�s� �c�o�n�s�i�d�e�r�e�d� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �o�t�h�e�r� 

�r�u�l�e�s� �(�r�e�p�r�e�s�e�n�t�i�n�g� �o�t�h�e�r� �p�r�o�c�e�s�s�e�s�)�.� �C�e�l�l�u�l�a�r� �a�u�t�o�m�a�t�a� �e�v�o�l�v�e� �a�s� �a� �r�e�s�u�l�t� �o�f� �a�p�p�l�y�i�n�g� �a� 

�s�e�q�u�e�n�c�e� �o�f� �i�n�d�e�p�e�n�d�e�n�t� �r�u�l�e�s�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�i�s� �m�e�t�h�o�d�o�l�o�g�y� �a� �p�a�r�t�i�c�u�l�a�r� �r�u�l�e� �c�a�n� �b�e� 

�a�p�p�l�i�e�d� �m�o�r�e� �t�h�a�n� �o�n�c�e� �b�e�f�o�r�e� �t�h�e� �r�u�l�e� �f�o�r� �t�h�e� �n�e�x�t� �p�r�o�c�e�s�s� �i�s� �c�a�l�l�e�d� �i�n�.� �S�y�n�c�h�r�o�n�i�z�a�t�i�o�n� 

�o�f� �t�h�e� �v�a�r�i�o�u�s� �r�u�l�e�s� �i�n� �t�h�e� �s�e�q�u�e�n�c�e� �i�s� �o�b�t�a�i�n�e�d� �b�y� �a�p�p�l�y�i�n�g� �p�r�o�p�o�r�t�i�o�n�a�l�l�y� �m�o�r�e� �o�f�t�e�n� 

�t�h�o�s�e� �r�u�l�e�s� �u�s�i�n�g� �s�m�a�l�l�e�r� �t�i�m�e� �s�t�e�p�s�.� 

�E�a�c�h� �c�e�l�l� �i�n� �t�h�e� �C�A� �m�o�d�e�l� �c�a�n� �b�e� �i�n�d�i�v�i�d�u�a�l�l�y� �a�s�s�i�g�n�e�d� �a�n�y� �s�p�e�c�i�f�i�c� �s�e�t� �o�f� 

�c�o�e�f�f�i�c�i�e�n�t� �v�a�l�u�e�s� �(�s�u�c�h� �a�s� �v�e�l�o�c�i�t�y�,� �d�i�s�p�e�r�s�i�o�n�,� �a�n�d� �d�e�c�a�y� �c�o�e�f�f�i�c�i�e�n�t�s�)�,� �w�h�i�c�h� �m�a�y� �o�r� 

�m�a�y� �n�o�t� �b�e� �t�i�m�e� �d�e�p�e�n�d�e�n�t�.� �T�h�i�s� �t�r�a�n�s�l�a�t�e�s� �i�n�t�o� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �h�a�v�i�n�g� �v�a�r�y�i�n�g� 

�p�r�o�b�a�b�i�l�i�t�y� �v�a�l�u�e�s� �f�o�r� �t�h�e� �s�a�m�e� �t�r�a�n�s�i�t�i�o�n� �r�u�l�e� �a�m�o�n�g� �d�i�f�f�e�r�e�n�t� �c�e�l�l�s� �a�t� �a� �g�i�v�e�n� �t�i�m�e� �a�n�d�/�o�r� 

�a�m�o�n�g� �d�i�f�f�e�r�e�n�t� �t�i�m�e�s� �f�o�r� �a� �g�i�v�e�n� �c�e�l�l�.� �V�a�l�u�e�s� �f�o�r� �v�e�l�o�c�i�t�y�,� �d�i�s�p�e�r�s�i�o�n�,� �a�n�d� �d�e�c�a�y� 

�c�o�e�f�f�i�c�i�e�n�t�s�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �m�u�s�t� �b�e� �s�p�e�c�i�f�i�e�d� �a�t� �u�s�e�r� �s�e�l�e�c�t�e�d� �l�o�c�a�t�i�o�n�s� �a�n�d� �t�i�m�e�s� �a�s� �p�a�r�t� �o�f� 

�t�h�e� �m�o�d�e�l� �i�n�p�u�t� �d�a�t�a�.� �T�h�e� �m�o�d�e�l� �t�h�e�n� �a�s�s�i�g�n�s� �c�o�e�f�f�i�c�i�e�n�t� �v�a�l�u�e�s� �a�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� �f�o�r� 

�e�v�e�r�y� �c�e�l�l�,� �b�a�s�e�d� �o�n� �t�e�m�p�o�r�a�l� �a�n�d� �t�h�e�n� �s�p�a�t�i�a�l� �i�n�t�e�r�p�o�l�a�t�i�o�n�,� �t�y�p�i�c�a�l�l�y� �u�s�i�n�g� �a� �l�i�n�e�a�r� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �a�l�g�o�r�i�t�h�m�.� �T�o� �s�a�t�i�s�f�y� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n�,� �s�p�a�t�i�a�l� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�f� 

�v�e�l�o�c�i�t�y� �i�n�v�o�l�v�e�s� �c�o�n�v�e�r�t�i�n�g� �v�e�l�o�c�i�t�y� �v�a�l�u�e�s� �t�o� �f�l�o�w� �r�a�t�e�s�,� �b�a�s�e�d� �o�n� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a�s�,� 

�f�o�l�l�o�w�e�d� �b�y� �f�l�o�w� �r�a�t�e� �i�n�t�e�r�p�o�l�a�t�i�o�n�,� �a�n�d� �f�i�n�a�l�l�y� �c�o�n�v�e�r�s�i�o�n� �o�f� �f�l�o�w� �r�a�t�e�s� �b�a�c�k� �t�o� 

�v�e�l�o�c�i�t�i�e�s�.� 
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�T�h�e� �t�r�a�n�s�i�t�i�o�n� �r�u�l�e�s� �a�r�e� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �a�p�p�l�i�e�d� �t�o� �i�n�d�i�v�i�d�u�a�l� �p�a�r�t�i�c�l�e�s� �p�r�e�s�e�n�t� �i�n� �a� 

�c�e�l�l�,� �a�s� �s�u�g�g�e�s�t�e�d� �f�o�r� �s�i�m�p�l�i�c�i�t�y� �a�b�o�v�e�,� �b�u�t� �t�o� �g�r�o�u�p�s� �o�r� �p�a�c�k�e�t�s� �o�f� �p�a�r�t�i�c�l�e�s� �w�h�i�c�h� �t�h�e�n� 

�b�e�c�o�m�e� �t�h�e� �u�n�i�t�s� �f�o�r� �c�o�m�p�u�t�a�t�i�o�n�.� �T�h�e� �r�a�t�i�o�n�a�l� �u�n�d�e�r�l�y�i�n�g� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �g�i�v�e�n� �n�e�x�t�.� 

�I�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �f�o�r� �t�h�e� �R�a�n�d�o�m�-�W�a�l�k� �P�a�r�t�i�c�l�e� �M�e�t�h�o�d� �(�R�W�P�M�)� �t�h�a�t� �t�h�e� 

�r�a�n�d�o�m� �n�o�i�s�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �m�o�d�e�l� �r�e�s�u�l�t�s�,� �m�e�a�s�u�r�e�d� �a�s� �s�t�a�n�d�a�r�d� �c�o�n�c�e�n�t�r�a�t�i�o�n� �e�r�r�o�r�,� �i�s� 

�a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �s�q�u�a�r�e� �r�o�o�t� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �u�s�e�d� �i�n� �t�h�e� 

�s�i�m�u�l�a�t�i�o�n� �(�A�h�l�s�t�r�o�m� �e�t� �a�l�.�,� �1�9�7�7�;� �B�a�g�t�z�o�g�l�o�u� �e�f� �a�l�.�,� �1�9�9�2�)�.� �H�o�w�e�v�e�r�,� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e� 

�i�s� �a� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �(�A�h�l�s�t�r�o�m� �e�t� �a�l�.�,� �1�9�7�7�)�.� �F�i�n�a�l�l�y�,� �t�h�e� �n�o�i�s�e� �t�o� 

�s�i�g�n�a�l� �r�a�t�i�o�,� �m�e�a�s�u�r�e�d� �a�s� �s�t�a�n�d�a�r�d� �e�r�r�o�r� �o�f� �c�o�n�c�e�n�t�r�a�t�i�o�n� �o�v�e�r� �c�o�n�c�e�n�t�r�a�t�i�o�n�,� �i�s� �i�n�v�e�r�s�e�l�y� 

�r�e�l�a�t�e�d� �t�o� �t�h�e� �s�q�u�a�r�e� �r�o�o�t� �o�f� �c�o�n�c�e�n�t�r�a�t�i�o�n� �(�B�a�g�t�z�o�g�l�o�u� �e�t� �a�l�.�,� �1�9�9�2�)�.� �A�s�s�u�m�i�n�g� �t�h�e�s�e� 

�r�e�s�u�l�t�s� �c�a�n� �b�e� �e�x�t�e�n�d�e�d� �t�o� �t�h�e� �p�r�e�s�e�n�t� �C�A� �m�o�d�e�l�,� �t�h�e�y� �s�u�g�g�e�s�t� �a�n� �a�p�p�r�o�a�c�h� �i�n� �w�h�i�c�h� 

�s�m�a�l�l�e�r� �m�a�s�s� �p�a�r�t�i�c�l�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �f�o�r� �c�e�l�l�s� �h�a�v�i�n�g� �l�o�w�e�r� �c�o�n�c�e�n�t�r�a�t�i�o�n�,� �a�n�d� �l�a�r�g�e�r� 

�m�a�s�s� �p�a�r�t�i�c�l�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �f�o�r� �c�e�l�l�s� �w�i�t�h� �h�i�g�h�e�r� �c�o�n�c�e�n�t�r�a�t�i�o�n�.� �M�o�d�e�l� �r�e�s�o�l�u�t�i�o�n� �c�a�n� 

�t�h�e�n� �b�e� �i�m�p�r�o�v�e�d� �w�h�e�r�e� �m�o�s�t� �n�e�e�d�e�d� �(�w�h�e�r�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �a�r�e� �l�o�w�e�r�)� �w�i�t�h�o�u�t� �a� 

�s�i�g�n�i�f�i�c�a�n�t� �i�n�c�r�e�a�s�e� �i�n� �c�o�m�p�u�t�i�n�g� �t�i�m�e�.� 

�T�o� �s�i�m�p�l�i�f�y� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�i�s� �a�p�p�r�o�a�c�h�,� �a�l�l� �p�a�r�t�i�c�l�e�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �h�a�v�e� 

�t�h�e� �s�a�m�e� �m�a�s�s�.� �P�r�e�c�e�d�i�n�g� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �a� �r�u�l�e�,� �p�a�r�t�i�c�l�e�s� �i�n� �a� �c�e�l�l� �a�r�e� �g�r�o�u�p�e�d� �i�n� 

�p�a�c�k�e�t�s� �a�n�d� �e�a�c�h� �p�a�c�k�e�t� �i�s� �t�h�e�n� �t�r�e�a�t�e�d� �a�s� �a� �s�i�n�g�l�e� �p�a�r�t�i�c�l�e�.� �T�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� 

�i�n�c�l�u�d�e�d� �i�n� �a� �p�a�c�k�e�t� �i�s� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �i�n� �a� �c�e�l�l� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �p�a�c�k�e�t� 

�f�r�a�c�t�i�o�n� �f�,� �t�h�e� �r�e�l�a�t�i�v�e� �s�i�z�e� �o�f� �t�h�e� �p�a�c�k�e�t�s� �o�r� �g�r�o�u�p�s� �o�f� �p�a�r�t�i�c�l�e�s� �t�o� �w�h�i�c�h� �t�h�e� �C�A� �r�u�l�e�s� �a�r�e� 

�a�p�p�l�i�e�d�.� 

�W�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �i�n�c�l�u�d�e�d� �i�n� �a� �p�a�c�k�e�t� �i�s� �a� �n�o�n� �i�n�t�e�g�e�r�,� �a� �p�r�o�c�e�d�u�r�e� �i�s� 

�u�s�e�d� �t�o� �g�u�a�r�a�n�t�e�e� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �p�a�r�t�i�c�l�e�s�.� �T�h�i�s� �i�n�v�o�l�v�e�s� �a�l�l�o�w�i�n�g� �a�n� �a�d�d�i�t�i�o�n�a�l� �p�a�c�k�e�t�,� 

�h�a�v�i�n�g� �m�o�r�e� �o�r� �l�e�s�s� �p�a�r�t�i�c�l�e�s� �t�h�a�n� �t�h�e� �o�t�h�e�r�s�.� �F�o�r� �i�n�s�t�a�n�c�e�,� �i�f� �f�=�0�.�1� �a�n�d� �a� �c�e�l�l� �c�o�n�t�a�i�n�s� 

�1�0�2�7� �p�a�r�t�i�c�l�e�s� �t�h�e�n� �t�h�e�r�e� �w�i�l�l� �b�e� �1�0� �p�a�c�k�e�t�s� �(�i�.�e�.�,� �1�/� �f� �)� �o�f� �1�0�2� �p�a�r�t�i�c�l�e�s� �e�a�c�h� �(�1�.�e�.�,� �t�h�e� 

�i�n�t�e�g�e�r� �c�o�m�p�o�n�e�n�t� �o�f� �1�0�2�7�:� �f�=�1�0�2�.�7�)� �p�l�u�s� �a�n� �a�d�d�i�t�i�o�n�a�l� �p�a�c�k�e�t� �w�h�i�c�h� �i�n�c�l�u�d�e�s� �7� �p�a�r�t�i�c�l�e�s� 
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�(�i�.�e�.�,� �1�0�2�7�-�1�0�-�1�0�2�=�7�)�.� �A�l�t�h�o�u�g�h� �t�h�i�s� �a�p�p�r�o�a�c�h� �w�a�s� �u�s�e�d� �t�h�r�o�u�g�h�o�u�t� �t�h�i�s� �c�h�a�p�t�e�r�,� �a� �b�e�t�t�e�r� 

�a�p�p�r�o�a�c�h� �i�s� �t�o� �a�s�s�i�g�n� �t�h�e� �e�x�t�r�a� �p�a�r�t�i�c�l�e�s� �t�o� �t�h�e� �r�e�g�u�l�a�r� �p�a�c�k�e�t�s� �b�y� �a�d�d�i�n�g� �o�n�e� �a�d�d�i�t�i�o�n�a�l� 

�p�a�r�t�i�c�l�e� �t�o� �e�a�c�h� �p�a�c�k�e�t� �u�n�t�i�l� �a�l�l� �e�x�t�r�a� �p�a�r�t�i�c�l�e�s� �h�a�v�e� �b�e�e�n� �a�s�s�i�g�n�e�d�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �h�a�s� �t�h�e� 

�a�d�v�a�n�t�a�g�e� �o�f� �g�u�a�r�a�n�t�e�e�i�n�g� �t�h�a�t� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�c�k�e�t�s� �i�n� �c�e�l�l�s� �i�s� �f�i�x�e�d� �(�1�/� �f� �)� �a�n�d� �t�h�a�t� �n�o� 

�l�a�r�g�e� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �a�m�o�n�g� �t�h�e� �p�a�c�k�e�t�s� �i�n� �a� �c�e�l�l� �w�i�l�l� �r�e�s�u�l�t� 

�(�p�a�c�k�e�t�s� �d�i�f�f�e�r� �b�y� �a� �s�i�n�g�l�e� �p�a�r�t�i�c�l�e� �a�t� �t�h�e� �m�o�s�t�)�.� 

�T�h�e� �p�a�r�t�i�c�l�e� �m�a�s�s� �s�e�l�e�c�t�e�d� �s�h�o�u�l�d� �b�e� �s�m�a�l�l� �e�n�o�u�g�h� �t�o� �a�l�l�o�w� �t�h�e� �h�i�g�h�e�r� 

�c�o�n�c�e�n�t�r�a�t�i�o�n� �c�e�l�l�s� �t�o� �h�a�v�e� �e�a�c�h� �a� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �s�e�v�e�r�a�l� �o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e� �h�i�g�h�e�r� 

�t�h�a�n� �1�/� �f�.� �T�h�i�s� �w�i�l�l� �a�s�s�u�r�e� �t�h�a�t� �o�n�l�y� �a� �f�e�w� �l�o�w�e�r� �c�o�n�c�e�n�t�r�a�t�i�o�n� �c�e�l�l�s� �w�i�l�l� �h�a�v�e� �a� �n�u�m�b�e�r� 

�o�f� �p�a�r�t�i�c�l�e�s� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �1�/� �f�.� �W�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �i�n� �a� �c�e�l�l� �i�s� �1�/�f�,� �t�h�e� �l�i�m�i�t� 

�o�f� �m�a�x�i�m�u�m� �p�a�c�k�e�t� �r�e�s�o�l�u�t�i�o�n� �i�s� �r�e�a�c�h�e�d�.� �T�h�e� �s�e�t�t�i�n�g� �u�p� �o�f� �t�h�e� �p�a�c�k�e�t�s� �i�n� �e�a�c�h� �c�e�l�l� �t�s� �a�n� 

�e�f�f�i�c�i�e�n�t� �p�r�o�c�e�d�u�r�e� �s�i�n�c�e� �a�s� �m�e�n�t�i�o�n�e�d� �e�a�r�l�i�e�r� �w�h�a�t� �i�s� �s�t�o�r�e�d� �i�n� �c�o�m�p�u�t�e�r� �m�e�m�o�r�y� �i�s� �t�h�e� 

�n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �i�n� �e�v�e�r�y� �c�e�l�l�.� 

�S�o� �f�a�r� �t�h�e� �C�A� �m�o�d�e�l� �w�a�s� �d�e�s�c�r�i�b�e�d� �a�s� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l�.� �H�o�w�e�v�e�r�,� �t�h�e� �m�o�d�e�l� 

�c�o�n�c�e�p�t� �e�a�s�i�l�y� �e�x�t�e�n�d�s� �t�o� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�s�.� �I�n� �t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �c�a�s�e� �t�h�e� �C�A� �a�r�e� 

�r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �g�r�i�d� �o�f� �c�e�l�l�s� �a�n�d� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �m�o�d�e�l�e�d� �s�y�s�t�e�m� �d�i�c�t�a�t�e�s� �t�h�e� �s�h�a�p�e� 

�o�f� �t�h�e� �g�r�i�d�.� 

�I�n� �t�h�e� �c�u�r�r�e�n�t� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �m�o�d�e�l�,� �a�d�v�e�c�t�i�o�n� �i�s� �s�t�i�l�l� 

�c�o�n�s�i�d�e�r�e�d� �a�s� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�c�e�s�s�,� �w�h�i�c�h� �i�s� �a� �c�o�m�m�o�n� �a�s�s�u�m�p�t�i�o�n� �i�n� �m�a�n�y� 

�m�o�d�e�l�s�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �c�e�l�l� �l�e�n�g�t�h� �i�n� �a�n�y� �s�p�a�t�i�a�l� �d�i�r�e�c�t�i�o�n� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� 

�d�i�r�e�c�t�i�o�n� �i�n� �w�h�i�c�h� �a�d�v�e�c�t�i�o�n� �o�c�c�u�r�s�,� �d�o�e�s� �n�o�t� �a�f�f�e�c�t� �t�h�e� �a�d�v�e�c�t�i�o�n� �i�n�d�u�c�e�d� �n�u�m�e�r�i�c�a�l� 

�d�i�s�p�e�r�s�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �t�h�i�s� �c�e�l�l� �l�e�n�g�t�h� �c�a�n� �b�e� �c�h�o�s�e�n� �b�y� �t�h�e� �m�o�d�e�l� �u�s�e�r� �a�n�d� �i�s� �c�o�n�s�t�r�a�i�n�e�d� 

�o�n�l�y� �b�y� �s�p�a�t�i�a�l� �r�e�s�o�l�u�t�i�o�n� �r�e�q�u�i�r�e�m�e�n�t�s�.� 

�D�i�s�p�e�r�s�i�o�n� �a�n�d� �d�e�c�a�y�,� �h�o�w�e�v�e�r�,� �a�r�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l�.� �T�h�i�s� �i�n�v�o�l�v�e�s� �h�a�v�i�n�g� �t�w�o� 

�i�n�d�e�p�e�n�d�e�n�t� �r�u�l�e�s� �f�o�r� �d�i�s�p�e�r�s�i�o�n�,� �e�a�c�h� �o�n�e� �d�e�f�i�n�e�d� �a�l�o�n�g� �o�n�e� �o�f� �t�h�e� �t�w�o� �p�e�r�p�e�n�d�i�c�u�l�a�r� 

�d�i�r�e�c�t�i�o�n�s� �o�f� �t�h�e� �c�e�l�l� �g�r�i�d�.� �T�h�e�r�e�f�o�r�e�,� �p�a�r�t�i�c�l�e�s� �a�r�e� �i�n�i�t�i�a�l�l�y� �d�i�s�p�e�r�s�e�d� �i�n� �o�n�e� �d�i�r�e�c�t�i�o�n� �t�h�e�n� 
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�d�i�s�p�e�r�s�e�d� �i�n� �a� �s�e�c�o�n�d� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �s�i�m�p�l�i�c�i�t�y� �o�f� �t�h�i�s� �a�p�p�r�o�a�c�h� �a�r�i�s�e�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� 

�t�h�e� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e� �i�n� �a�n�y� �d�i�r�e�c�t�i�o�n� �i�s� �d�e�f�i�n�e�d� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �w�a�y� �a�s� �d�e�s�c�r�i�b�e�d� 

�p�r�e�v�i�o�u�s�l�y� �f�o�r� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�a�s�e�.� �T�h�e� �d�e�c�a�y� �r�u�l�e� �i�s� �a�p�p�l�i�e�d� �t�o� �e�v�e�r�y� �c�e�l�l� �a�s� �i�n� �t�h�e� 

�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�a�s�e�.� �T�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �c�e�l�l�s� �a�r�e� �o�r�g�a�n�i�z�e�d� �a�s� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �g�r�i�d� 

�n�a�t�u�r�a�l�l�y� �l�e�a�d�s� �t�o� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �d�e�c�a�y�.� 

�I�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �d�i�m�e�n�s�i�o�n�s� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �t�h�e� �m�o�d�e�l�,� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n�s� �s�p�e�c�i�f�y�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �i�n� �e�a�c�h� �c�e�l�l� �a�r�e� �r�e�q�u�i�r�e�d� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� 

�t�h�e� �s�i�m�u�l�a�t�i�o�n�.� �T�h�i�s� �i�m�p�l�i�e�s� �h�a�v�i�n�g� �i�n� �t�h�e� �m�o�d�e�l� �i�n�p�u�t� �d�a�t�a� �t�h�e� �c�o�n�s�t�i�t�u�e�n�t� �i�n�i�t�i�a�l� 

�c�o�n�c�e�n�t�r�a�t�i�o�n� �a�t� �u�s�e�r� �s�p�e�c�i�f�i�e�d� �l�o�c�a�t�i�o�n�s�.� �B�a�s�e�d� �o�n� �s�p�a�t�i�a�l� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�f� �t�h�e�s�e� �v�a�l�u�e�s�,� 

�c�o�n�c�e�n�t�r�a�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �e�v�e�r�y� �c�e�l�l�.� �E�a�c�h� �c�o�n�c�e�n�t�r�a�t�i�o�n� �i�s� �t�h�e�n� �c�o�n�v�e�r�t�e�d� �t�o� �a� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s�,� �b�a�s�e�d� �o�n� �t�h�e� �v�o�l�u�m�e� �o�f� �t�h�e� �c�e�l�l� �a�n�d� �t�h�e� �p�a�r�t�i�c�l�e� �m�a�s�s�.� 

�W�h�e�n� �t�h�i�s� �c�o�n�v�e�r�s�i�o�n� �l�e�a�d�s� �t�o� �a� �n�o�n� �i�n�t�e�g�e�r� �n�u�m�b�e�r�,� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �a�s�s�i�g�n�e�d� �t�o� �a� 

�c�e�l�l� �i�s� �t�h�e� �i�n�t�e�g�e�r� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �n�u�m�b�e�r�,� �p�l�u�s� �a�n� �e�x�t�r�a� �p�a�r�t�i�c�l�e� �i�f� �a� �g�e�n�e�r�a�t�e�d� 

�u�n�i�f�o�r�m�l�y� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �n�u�m�b�e�r� �(�b�e�t�w�e�e�n� �0� �a�n�d� �1�)� �d�o�e�s� �n�o�t� �e�x�c�e�e�d� �i�t�s� �f�r�a�c�t�i�o�n�a�l� 

�c�o�m�p�o�n�e�n�t�.� 

�D�i�r�i�c�h�l�e�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �h�a�n�d�l�e�d� �i�n� �a� �s�i�m�i�l�a�r� �w�a�y�.� �C�o�n�c�e�n�t�r�a�t�i�o�n�s� �a�r�e� 

�s�p�e�c�i�f�i�e�d� �f�o�r� �t�h�e� �u�p�s�t�r�e�a�m� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �b�o�u�n�d�a�r�i�e�s� �o�f� �t�h�e� �s�y�s�t�e�m�,� �s�u�c�h� �a�s� �a� �r�i�v�e�r� �o�r� 

�e�s�t�u�a�r�y�.� �T�h�o�s�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �c�a�n� �e�v�e�n�t�u�a�l�l�y� �b�e� �i�n�t�e�r�p�o�l�a�t�e�d� �i�n� �t�i�m�e� �a�n�d�/�o�r� �s�p�a�c�e� �l�e�a�d�i�n�g� 

�t�o� �c�o�n�c�e�n�t�r�a�t�i�o�n� �v�a�l�u�e�s� �a�t� �t�h�e� �b�o�u�n�d�a�r�y� �c�e�l�l�s�.� �T�h�e�n� �t�h�e�s�e� �a�r�e� �c�o�n�v�e�r�t�e�d� �t�o� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s�.� �A�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �h�a�v�e� �t�o� �b�e� �s�p�e�c�i�f�i�e�d�,� �1�.�e�.�,� 

�t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �i�n� �b�o�u�n�d�a�r�y� �c�e�l�l�s� �h�a�s� �t�o� �b�e� �r�e�s�e�t�,� �p�r�i�o�r� �t�o� �e�a�c�h� �r�e�p�e�t�i�t�i�o�n� �o�f� �t�h�e� 

�a�d�v�e�c�t�i�o�n� �a�n�d� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e�s�.� �D�i�r�i�c�h�l�e�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �d�o� �n�o�t� �a�f�f�e�c�t� 

�t�h�e� �o�u�t�c�o�m�e� �o�f� �t�h�e� �d�e�c�a�y� �r�u�l�e�,� �s�i�n�c�e� �t�h�i�s� �r�u�l�e� �d�o�e�s� �n�o�t� �i�n�v�o�l�v�e� �a�n�y� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� 

�d�i�f�f�e�r�e�n�t� �c�e�l�l�s�.� �G�i�v�e�n� �t�h�e� �w�a�y� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �t�h�e� �c�u�r�r�e�n�t� �m�o�d�e�l�,� 

�o�n�l�y� �a�t� �u�p�s�t�r�e�a�m� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �c�e�l�l�s�,� �t�h�e� �o�u�t�c�o�m�e� �o�f� �n�o�n� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�s�p�e�r�s�i�o�n� �i�s� �n�o�t� 

�a�f�f�e�c�t�e�d�.� 
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�T�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �g�r�a�d�i�e�n�t� �o�r� �N�e�u�m�a�n�n� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n� �t�h�e� �C�A� 

�m�o�d�e�l� �i�n�v�o�l�v�e�s� �a�d�j�u�s�t�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �i�n� �a�d�j�a�c�e�n�t� �c�e�l�l�s� �o�n� �t�h�e� �b�o�u�n�d�a�r�y� �t�o� 

�m�a�t�c�h� �a� �s�p�e�c�i�f�i�e�d� �c�o�n�c�e�n�t�r�a�t�i�o�n� �g�r�a�d�i�e�n�t� �a�c�r�o�s�s� �t�h�o�s�e� �c�e�l�l�s�.� �T�o� �a�d�j�u�s�t� �t�h�e� �n�u�m�b�e�r� �o�f� 

�p�a�r�t�i�c�l�e�s� �r�e�q�u�i�r�e�s� �a�n� �a�l�g�o�r�i�t�h�m� �t�h�a�t� �r�e�d�i�s�t�r�i�b�u�t�e�s� �p�a�r�t�i�c�l�e�s� �a�m�o�n�g� �t�h�e� �a�d�j�a�c�e�n�t� �c�e�l�l�s� �u�n�t�i�l� 

�t�h�e� �s�p�e�c�i�f�i�e�d� �g�r�a�d�i�e�n�t� �i�s� �m�e�t�.� �H�o�w�e�v�e�r�,� �t�h�e� �e�x�i�s�t�i�n�g� �p�a�r�t�i�c�l�e� �m�o�v�e�m�e�n�t� �a�t� �b�o�u�n�d�a�r�y� �c�e�l�l�s� 

�m�a�k�e�s� �t�h�e� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �g�r�a�d�i�e�n�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �s�l�i�g�h�t�l�y� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �t�h�a�n� 

�j�u�s�t� �d�e�s�c�r�i�b�e�d�.� �F�i�r�s�t�,� �t�h�e� �a�d�v�e�c�t�i�o�n� �r�u�l�e� �d�r�a�i�n�s� �p�a�r�t�i�c�l�e�s� �o�u�t� �o�f� �c�e�l�l�s� �o�n� �t�h�e� �u�p�s�t�r�e�a�m� 

�b�o�u�n�d�a�r�y� �(�t�h�i�s� �w�i�l�l� �o�c�c�u�r� �a�t� �b�o�t�h� �u�p�s�t�r�e�a�m� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �b�o�u�n�d�a�r�i�e�s�,� �a�l�t�h�o�u�g�h� 

�i�n�t�e�r�m�i�t�t�e�n�t�l�y�,� �w�h�e�n� �t�i�d�a�l� �c�o�n�d�i�t�i�o�n�s� �e�x�i�s�t�)� �s�i�m�p�l�y� �b�e�c�a�u�s�e� �t�h�e�s�e� �p�a�r�t�i�c�l�e�s� �a�r�e� �m�o�v�e�d� 

�d�o�w�n�s�t�r�e�a�m� �w�h�i�l�e� �n�o� �p�a�r�t�i�c�l�e�s� �e�n�t�e�r� �t�h�e�s�e� �c�e�l�l�s� �t�o� �r�e�p�l�a�c�e� �t�h�e�m�.� �S�e�c�o�n�d�,� �t�h�e� �d�i�s�p�e�r�s�i�o�n� 

�r�u�l�e� �p�r�o�d�u�c�e�s� �l�o�c�a�l�i�z�e�d� �p�a�r�t�i�c�l�e� �d�e�f�i�c�i�t�s� �a�t� �t�h�e� �u�p�s�t�r�e�a�m� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �b�o�u�n�d�a�r�i�e�s� �a�s� �a� 

�r�e�s�u�l�t� �o�f� �p�a�r�t�i�c�l�e�s� �l�e�a�k�i�n�g� �o�u�t� �o�f� �t�h�e� �s�y�s�t�e�m� �o�n� �b�o�t�h� �u�p�s�t�r�e�a�m� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �c�e�l�l�s�.� 

�C�o�n�t�r�a�r�y� �t�o� �D�i�r�i�c�h�l�e�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �w�h�i�c�h� �n�a�t�u�r�a�l�l�y� �c�o�u�n�t�e�r�a�c�t� �t�h�e�s�e� �e�f�f�e�c�t�s�,� 

�g�r�a�d�i�e�n�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �d�o� �n�o�t�h�i�n�g� �t�o� �p�r�e�v�e�n�t� �i�t�.� �T�h�u�s�,� �t�h�e� �s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �g�r�a�d�i�e�n�t� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �r�e�q�u�i�r�e�s� �t�h�e� �s�i�m�u�l�t�a�n�e�o�u�s� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �p�a�r�t�i�c�l�e� �f�l�u�x�e�s� �o�n� �t�h�o�s�e� 

�b�o�u�n�d�a�r�y� �c�e�l�l�s� �i�n� �s�u�c�h� �a� �w�a�y� �a�s� �t�o� �a�d�d� �n�e�w� �p�a�r�t�i�c�l�e�s� �i�n�t�o� �t�h�e� �s�y�s�t�e�m�.� �T�h�e� �p�u�r�p�o�s�e� �o�f� 

�t�h�e�s�e� �f�l�u�x�e�s� �i�s� �t�o� �b�a�l�a�n�c�e� �l�o�n�g�-�t�e�r�m� �p�a�r�t�i�c�l�e� �d�e�f�i�c�i�t�s� �t�h�a�t� �w�o�u�l�d� �o�t�h�e�r�w�i�s�e� �d�e�v�e�l�o�p� �a�t� �t�h�o�s�e� 

�b�o�u�n�d�a�r�i�e�s�.� 

�T�h�e� �d�i�s�c�u�s�s�i�o�n� �a�b�o�v�e� �s�u�g�g�e�s�t�s� �t�h�a�t� �s�u�c�c�e�s�s�f�u�l� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �g�r�a�d�i�e�n�t� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �i�n� �t�h�e� �C�A� �m�o�d�e�l� �i�s� �p�o�s�s�i�b�l�e� �i�f� �a�d�d�i�t�i�o�n�a�l� �m�e�a�s�u�r�e�s� �a�r�e� �t�a�k�e�n� �t�o� �c�o�u�n�t�e�r�a�c�t� 

�p�a�r�t�i�c�l�e� �d�e�f�i�c�i�t� �p�r�o�b�l�e�m�s�.� �A�l�t�h�o�u�g�h� �t�h�i�s� �r�e�s�e�a�r�c�h� �d�i�d� �n�o�t� �d�e�a�l� �w�i�t�h� �t�h�e� �g�r�a�d�i�e�n�t� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n� �p�r�o�b�l�e�m�,� �p�a�r�t�i�c�l�e� �d�e�f�i�c�i�t�s� �a�t� �b�o�u�n�d�a�r�y� �c�e�l�l�s� �w�e�r�e� �o�b�s�e�r�v�e�d� �d�u�r�i�n�g� �s�i�m�p�l�e� 

�p�r�e�l�i�m�i�n�a�r�y� �s�i�m�u�l�a�t�i�o�n�s� �t�e�s�t�i�n�g� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �C�A� �m�e�t�h�o�d�o�l�o�g�y� �w�h�e�n� �u�s�i�n�g� �g�r�a�d�i�e�n�t� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�N�o�-�f�l�o�w� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �C�A� �m�o�d�e�l� �t�o� �r�e�p�r�e�s�e�n�t� �s�o�i�l� �-� 

�w�a�t�e�r� �a�n�d� �a�i�r�-�w�a�t�e�r� �i�n�t�e�r�f�a�c�e�s�.� �T�h�e�s�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �t�h�e� �r�u�l�e�s� 
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�i�n�v�o�l�v�i�n�g� �p�a�r�t�i�c�l�e� �m�o�v�e�m�e�n�t� �b�e�t�w�e�e�n� �c�e�l�l�s�,� �n�a�m�e�l�y� �t�h�e� �a�d�v�e�c�t�i�o�n� �a�n�d� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e�s�.� 

�T�h�i�s� �i�n�v�o�l�v�e�s� �o�v�e�r�r�i�d�i�n�g� �t�h�e� �n�o�r�m�a�l� �r�u�l�e� �b�e�h�a�v�i�o�r� �w�h�e�n� �p�a�r�t�i�c�l�e�s� �a�r�e� �s�e�l�e�c�t�e�d� �t�o� �m�o�v�e� �t�o� 

�a� �n�e�i�g�h�b�o�r� �c�e�l�l� �w�h�i�c�h� �d�o�e�s� �n�o�t� �e�x�i�s�t� �s�i�n�c�e� �i�t� �w�o�u�l�d� �l�i�e� �p�a�s�t� �t�h�e� �s�y�s�t�e�m� �b�o�u�n�d�a�r�y�.� �T�h�e�s�e� 

�p�a�r�t�i�c�l�e�s� �a�r�e� �n�o�t� �a�l�l�o�w�e�d� �t�o� �m�o�v�e� �a�n�d� �s�t�a�y� �i�n� �t�h�e� �o�r�i�g�i�n�a�l� �c�e�l�l�.� 

�C�o�n�s�t�i�t�u�e�n�t� �d�i�s�c�h�a�r�g�e�s� �i�n�t�o� �t�h�e� �s�y�s�t�e�m� �a�r�e� �h�a�n�d�l�e�d� �b�y� �a�d�d�i�n�g� �p�a�r�t�i�c�l�e�s� �t�o� �c�e�l�l�s� 

�d�u�r�i�n�g� �a� �c�e�r�t�a�i�n� �n�u�m�b�e�r� �o�f� �t�i�m�e� �s�t�e�p�s� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �d�u�r�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�c�h�a�r�g�e�.� �A�n�y� 

�n�o�n�p�o�i�n�t� �a�n�d� �p�o�i�n�t� �d�i�s�c�h�a�r�g�e� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �A� �r�a�t�e� �o�f� �m�a�s�s� �d�i�s�c�h�a�r�g�e� �i�s� �c�o�n�v�e�r�t�e�d� �t�o� 

�n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �b�a�s�e�d� �o�n� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �s�t�e�p�,� �t�h�e� �p�a�r�t�i�c�l�e� �m�a�s�s�,� �a�n�d� 

�p�e�r�h�a�p�s� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �c�e�l�l�.� �W�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �t�o� �b�e� �a�d�d�e�d� �i�s� �f�o�u�n�d� �t�o� �b�e� �a� �n�o�n� 

�i�n�t�e�g�e�r�,� �t�h�e� �p�r�o�c�e�d�u�r�e� �d�e�s�c�r�i�b�e�d� �p�r�e�v�i�o�u�s�l�y� �i�s� �u�s�e�d�.� 

�3�.�2�.�2� �B�O�D�/�D�O� �M�o�d�e�l� 

�A� �t�y�p�i�c�a�l� �w�a�t�e�r� �q�u�a�l�i�t�y� �m�o�d�e�l� �f�o�r� �b�i�o�c�h�e�m�i�c�a�l� �o�x�y�g�e�n� �d�e�m�a�n�d� �(�B�O�D�)� �a�n�d� 

�d�i�s�s�o�l�v�e�d� �o�x�y�g�e�n� �(�D�O�)� �f�o�l�l�o�w�s� �a� �S�t�r�e�e�t�e�r� �a�n�d� �P�h�e�l�p�s� �f�o�r�m�u�l�a�t�i�o�n� �(�T�h�o�m�a�n�n� �a�n�d� �M�u�e�l�l�e�r�,� 

�1�9�8�7�)�,� �i�n� �w�h�i�c�h� �t�h�e� �B�O�D� �a�n�d� �D�O� �b�e�h�a�v�i�o�r� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�w�o� �d�i�f�f�e�r�e�n�t� �e�q�u�a�t�i�o�n�s�.� �D�u�e� 

�t�o� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� �D�O� �o�n� �t�h�e� �B�O�D�,� �t�h�e� �t�w�o� �e�q�u�a�t�i�o�n�s� �m�u�s�t� �b�e� �s�o�l�v�e�d� �s�e�q�u�e�n�t�i�a�l�l�y�,� 

�w�i�t�h� �t�h�e� �B�O�D� �e�q�u�a�t�i�o�n� �b�e�i�n�g� �s�o�l�v�e�d� �f�i�r�s�t�.� 

�S�i�m�i�l�a�r�l�y�,� �i�n� �t�h�e� �C�A� �B�O�D�/�D�O� �m�o�d�e�l�,� �o�n�e� �c�e�l�l�u�l�a�r� �a�u�t�o�m�a�t�o�n� �i�s� �u�s�e�d� �f�o�r� �e�a�c�h� �o�f� 

�t�h�e� �t�w�o� �c�o�n�s�t�i�t�u�e�n�t�s�.� �A� �s�t�a�c�k� �o�f� �t�w�o� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �(�o�r� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l�)� �C�A� �c�a�n� �t�h�e�n� 

�b�e� �v�i�s�u�a�l�i�z�e�d�.� �I�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �B�O�D� �a�n�d� �D�O� �o�c�c�u�r�s� �o�n�l�y� �i�n� �t�h�e� �B�O�D� �d�e�c�a�y� �p�r�o�c�e�s�s�.� 

�A� �p�a�r�t�i�c�l�e� �r�e�p�r�e�s�e�n�t�i�n�g� �D�O� �i�s� �r�e�m�o�v�e�d� �f�r�o�m� �a� �c�e�l�l� �i�n� �t�h�e� �D�O� �c�e�l�l�u�l�a�r� �a�u�t�o�m�a�t�o�n� �e�a�c�h� 

�t�i�m�e� �a� �p�a�r�t�i�c�l�e� �o�f� �B�O�D� �i�s� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�e�l�l� �o�f� �t�h�e� �B�O�D� �c�e�l�l�u�l�a�r� 

�a�u�t�o�m�a�t�o�n�.� �I�n� �t�h�i�s� �w�a�y�,� �B�O�D� �d�e�c�a�y� �c�o�n�t�r�o�l�s� �D�O� �d�i�r�e�c�t�l�y�.� 

�A� �B�O�D�/�D�O� �m�o�d�e�l� �a�l�s�o� �i�n�c�l�u�d�e�s� �a� �s�o�u�r�c�e�/�s�i�n�k� �t�e�r�m� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �c�h�a�n�g�e� �i�n� 

�D�O� �d�u�e� �t�o� �e�x�c�h�a�n�g�e� �w�i�t�h� �t�h�e� �a�t�m�o�s�p�h�e�r�e� �(�r�e�a�e�r�a�t�i�o�n�)�.� �I�n� �t�h�e� �C�A� �m�o�d�e�l� �t�h�i�s� �p�r�o�c�e�s�s� �i�s� 

�M�O�D�E�L� �A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� �P�R�O�C�E�S�S�O�R�S� �6�8



�c�o�n�c�e�p�t�u�a�l�l�y� �s�i�m�i�l�a�r� �t�o� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �d�e�c�a�y� �(�a�s� �p�r�e�s�e�n�t�e�d� �i�n� �c�h�a�p�t�e�r� �2�)�,� �i�n� �e�f�f�e�c�t� �b�e�i�n�g� �a� 

�d�e�c�a�y� �o�f� �d�e�f�i�c�i�t� �p�a�r�t�i�c�l�e�s�.� �T�h�i�s� �d�e�f�i�c�i�t� �i�s� �j�u�s�t� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� 

�p�a�r�t�i�c�l�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �o�x�y�g�e�n� �s�a�t�u�r�a�t�i�o�n� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �t�h�e� �a�c�t�u�a�l� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� 

�p�r�e�s�e�n�t� �i�n� �a� �c�e�l�l�.� �A� �n�o�n�-�z�e�r�o� �d�e�f�i�c�i�t� �c�a�n� �b�e� �e�i�t�h�e�r� �a� �p�o�s�i�t�i�v�e� �(�u�n�d�e�r�s�a�t�u�r�a�t�i�o�n�)� �o�r� �n�e�g�a�t�i�v�e� 

�q�u�a�n�t�i�t�y� �(�s�u�p�e�r�s�a�t�u�r�a�t�i�o�n� �c�o�n�d�i�t�i�o�n�s�)�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �r�e�a�e�r�a�t�i�o�n� �p�r�o�b�a�b�i�l�i�t�y�,� �P�,�,�,�,� �1�s� �d�e�f�i�n�e�d� �a�s�:� 

�K� �s�o�r� �M�t� 
�P� �=� �a�e�r�  ��_ �� 

 ��T� � �0�.�0�0�3�2�8�2�(�k�,�,�,�A�t� �g�e�r� �y� �+�0�.� �0�6�5�9�1�4�(�k�,�,�,�A�t�,�.�,�)� �+� �0�.�5�6�3�8�3�3�(�k�,�,�,�A�t�,�.�,� �)� �+� �0�.�9�7�3�5�4�1� 

�O�<� �P�.�<�l� �(�3�.�2�)� 

�w�h�e�r�e� �i�s� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �r�e�a�e�r�a�t�i�o�n� �r�a�t�e� �c�o�n�s�t�a�n� �~� �)�,� �a�n� �i�s� �t�h�e� �t�i�m�e� �s�t�e�p� �f�o�r� �h�e�r�e� �k�,�,�.� �i�s� �t�h�e� �f�i�r�s�t�-�o�r�d� �t� �t� �t�a�n�t�(�T!"�'�)�,� �a�n�d� �A�r�,�,�,� �i�s� �t�h�e� �t� �t�e�p� �f�i� 

�t�h�e� �r�e�a�e�r�a�t�i�o�n� �p�r�o�c�e�s�s�.� �T�h�e� �v�a�l�u�e� �o�f� �P�,�,�.�<�1�.� �A�s� �s�u�g�g�e�s�t�e�d� �a�b�o�v�e�,� �t�h�e� �r�u�l�e� �i�s� �d�e�s�i�g�n�e�d� �t�o� 

�w�o�r�k� �f�o�r� �u�n�d�e�r�s�a�t�u�r�a�t�e�d� �a�n�d� �s�u�p�e�r�s�a�t�u�r�a�t�e�d� �D�O� �c�o�n�d�i�t�i�o�n�s�.� �W�h�e�n� �t�h�e� �D�O� �d�e�f�i�c�i�t� �i�s� 

�p�o�s�i�t�i�v�e�,� �p�a�r�t�i�c�l�e�s� �c�a�n� �b�e� �a�d�d�e�d� �t�o� �a� �c�e�l�l�;� �w�h�e�n� �n�e�g�a�t�i�v�e�,� �p�a�r�t�i�c�l�e�s� �c�a�n� �b�e� �r�e�m�o�v�e�d�.� 

�A�s� �m�e�n�t�i�o�n�e�d� �p�r�e�v�i�o�u�s�l�y� �a�t� �e�a�c�h� �m�a�i�n� �t�i�m�e� �s�t�e�p� �t�h�e� �r�u�l�e�s� �f�o�r� �t�h�e� �v�a�r�i�o�u�s� 

�p�r�o�c�e�s�s�e�s� �a�r�e� �a�p�p�l�i�e�d� �i�n� �s�e�q�u�e�n�c�e�,� �a�n�d� �f�o�r� �s�i�m�p�l�i�c�i�t�y� �t�h�a�t� �s�e�q�u�e�n�c�e� �i�s� �f�i�x�e�d�.� �I�n� �t�h�e� 

�B�O�D�/�D�O� �m�o�d�e�l�,� �a�d�v�e�c�t�i�o�n� �i�s� �a�p�p�l�i�e�d� �t�o� �B�O�D� �a�n�d� �D�O� �(�a�n�d� �r�e�p�e�a�t�e�d� �q�,�,�,� �t�i�m�e�s�)�,� 

�f�o�l�l�o�w�e�d� �b�y� �d�i�s�p�e�r�s�i�o�n� �a�l�s�o� �a�p�p�l�i�e�d� �t�o� �B�O�D� �a�n�d� �D�O� �(�a�n�d� �r�e�p�e�a�t�e�d� �@�,�,�.� �t�i�m�e�s�)�.� �T�h�e�n�,� 

�d�e�c�a�y� �i�s� �a�p�p�l�i�e�d� �t�o� �B�O�D� �(�a�n�d� �r�e�p�e�a�t�e�d� �,�,�.� �t�i�m�e�s�)�.� �F�i�n�a�l�l�y�,� �r�e�a�e�r�a�t�i�o�n� �i�s� �a�p�p�l�i�e�d� �t�o� �D�O� 

�(�a�n�d� �r�e�p�e�a�t�e�d� �q�,�,�,� �t�i�m�e�s�)�.� 

�3�.�2�.�3� �S�i�m�u�l�a�t�i�o�n� �S�c�e�n�a�r�i�o�s� 

�3�.�2�.�3�.�1�.� �O�n�e�-�D�i�m�e�n�s�i�o�n�a�l� �L�i�n�e� �P�u�l�s�e� �I�n�p�u�t� 

�T�h�i�s� �s�i�m�u�l�a�t�i�o�n� �i�s� �i�n�c�l�u�d�e�d� �s�o�l�e�l�y� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �i�m�p�a�c�t� �o�f� �u�s�i�n�g� �t�h�e� �p�a�c�k�e�t� 

�f�r�a�c�t�i�o�n� �a�p�p�r�o�a�c�h� �o�n� �t�h�e� �m�o�d�e�l� �r�e�s�u�l�t�s� �a�n�d� �v�a�l�i�d�a�t�i�o�n� �t�h�r�o�u�g�h� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �o�t�h�e�r� 

�M�O�D�E�L� �A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� �P�R�O�C�E�S�S�O�R�S� �6�9



�m�o�d�e�l�s� �i�s� �n�o�t� �p�u�r�s�u�e�d�.� �T�h�e� �s�i�m�u�l�a�t�i�o�n� �i�n�c�l�u�d�e�s� �a�d�v�e�c�t�i�o�n�,� �d�i�s�p�e�r�s�i�o�n�,� �a�n�d� �d�e�c�a�y� �i�n� �a� �o�n�e�-� 

�d�i�m�e�n�s�i�o�n�a�l� �r�i�v�e�r� �o�f� �u�n�i�f�o�r�m� �c�r�o�s�s�-�s�e�c�t�i�o�n� �s�u�b�j�e�c�t� �t�o� �a� �p�u�l�s�e� �d�i�s�c�h�a�r�g�e� �o�f� �a� �n�o�n�-� 

�c�o�n�s�e�r�v�a�t�i�v�e� �c�o�n�s�t�i�t�u�e�n�t�.� �T�h�e� �d�i�s�c�h�a�r�g�e� �o�c�c�u�r�s� �a�l�o�n�g� �a� �l�i�n�e� �i�n� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�r�e�c�t�i�o�n� 

�f�o�r� �a� �f�i�x�e�d� �d�i�s�t�a�n�c�e�.� �T�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �c�o�n�c�e�n�t�r�a�t�i�o�n� �p�r�o�f�i�l�e� �j�u�s�t� �a�f�t�e�r� �t�h�e� �t�i�m�e� �o�f� �d�i�s�c�h�a�r�g�e� 

�f�o�l�l�o�w�s� �a� �s�y�m�m�e�t�r�i�c� �t�r�a�p�e�z�o�i�d�a�l� �s�h�a�p�e�,� �w�i�t�h� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �l�i�n�e�a�r�l�y� �i�n�c�r�e�a�s�i�n�g� �f�r�o�m� 

�z�e�r�o� �t�o� �a� �c�o�n�s�t�a�n�t� �v�a�l�u�e�,� �s�t�a�y�i�n�g� �a�t� �t�h�a�t� �v�a�l�u�e� �f�o�r� �m�o�s�t� �o�f� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�s�t�a�n�c�e�,� �a�n�d� 

�t�h�e�n� �d�e�c�r�e�a�s�i�n�g� �b�a�c�k� �t�o� �z�e�r�o�.� �T�h�i�s� �c�o�n�c�e�n�t�r�a�t�i�o�n� �p�r�o�f�i�l�e� �i�n�c�l�u�d�e�s� �a� �r�a�n�g�e� �o�f� �c�o�n�c�e�n�t�r�a�t�i�o�n� 

�v�a�l�u�e�s� �t�h�e�r�e�f�o�r�e� �a�l�l�o�w�i�n�g� �f�o�r� �o�b�s�e�r�v�a�t�i�o�n� �o�f� �t�h�e� �e�f�f�e�c�t�s� �o�n� �m�o�d�e�l� �n�o�i�s�e�-�t�o�-�s�i�g�n�a�l� �r�a�t�i�o�s� �a�s� 

�a� �f�u�n�c�t�i�o�n� �o�f� �c�o�n�c�e�n�t�r�a�t�i�o�n�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �u�s�e�d� �i�n� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n� �a�r�e� �s�p�a�c�e� �a�n�d� �t�i�m�e� 

�i�n�v�a�r�i�a�n�t�.� �T�a�b�l�e� �3�.�1� �s�u�m�m�a�r�i�z�e�s� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �f�o�r� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n�.� 

�3�.�2�.�3�.�2� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �P�u�l�s�e� �I�n�p�u�t� 

�T�h�e� �m�a�i�n� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n� �i�s� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �a� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �v�e�r�s�i�o�n� �o�f� �t�h�e� �C�A� �m�o�d�e�l�.� �A� �p�u�l�s�e� �i�n�p�u�t� �o�f� �a� �c�o�n�s�e�r�v�a�t�i�v�e� �c�o�n�s�t�i�t�u�e�n�t� �i�s� 

�c�o�n�s�i�d�e�r�e�d� �i�n� �a� �r�i�v�e�r� �w�i�t�h� �a� �u�n�i�f�o�r�m� �r�e�c�t�a�n�g�u�l�a�r� �c�r�o�s�s�-�s�e�c�t�i�o�n�.� �T�h�e� �m�o�d�e�l� �d�i�m�e�n�s�i�o�n�s� 

�r�e�p�r�e�s�e�n�t� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �(�x�)� �a�n�d� �v�e�r�t�i�c�a�l� �(�z�)� �d�i�r�e�c�t�i�o�n�s�.� �T�h�e� �i�n�p�u�t� �d�i�s�c�h�a�r�g�e� �o�c�c�u�r�s� �a�t� �t�h�e� 

�t�o�p� �o�f� �t�h�e� �w�a�t�e�r� �c�o�l�u�m�n�,� �i�.�e�.�,� �a�t� �z�e�r�o� �d�e�p�t�h�,� �a�n�d� �i�t� �i�s� �c�o�n�s�i�d�e�r�e�d� �l�a�t�e�r�a�l�l�y� �w�e�l�l� �m�i�x�e�d�.� �T�h�e� 

�s�i�m�u�l�a�t�i�o�n� �i�n�c�l�u�d�e�s� �a�d�v�e�c�t�i�o�n� �i�n� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�r�e�c�t�i�o�n�,� �a�n�d� �d�i�s�p�e�r�s�i�o�n� �i�n� �t�h�e� 

�l�o�n�g�i�t�u�d�i�n�a�l� �a�n�d� �v�e�r�t�i�c�a�l� �d�i�r�e�c�t�i�o�n�s�.� �S�i�n�c�e� �d�e�c�a�y� �i�s� �n�a�t�u�r�a�l�l�y� �e�x�t�e�n�d�e�d� �f�r�o�m� �o�n�e� �t�o� �h�i�g�h�e�r� 

�d�i�m�e�n�s�i�o�n�s� �i�t� �i�s� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e� �f�o�r� �s�i�m�p�l�i�c�i�t�y� �r�e�a�s�o�n�s�.� �F�o�l�l�o�w�i�n�g� �a�d�v�e�c�t�i�o�n�,� 

�M�O�D�E�L� �A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� �P�R�O�C�E�S�S�O�R�S� �7�0



�T�a�b�l�e� �3�.�1� �P�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �u�s�e�d� �i�n� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �l�i�n�e� �p�u�l�s�e� �i�n�p�u�t� �s�i�m�u�l�a�t�i�o�n�.� 
� � 

�C�A� �M�o�d�e�l�i�n�g� �P�a�r�a�m�e�t�e�r�s� 
� � 

�G�e�n�e�r�a�l� 
�a� 

�A� �=�5�0�.�0� �m�?� 

�M� �=�4�8�0�0�¢� 
�C�,�=�0�.�0� �m�g�/�L� �*� 
�C�u� �=� �C�y�,� �=�0�.�0�m�g�/�L� �*� 
�A�t� �=� �4�0�.�0� �s�e�c� 

�f� �=�0�;� �0�.�0�0�0�1�;� �0�.�0�0�1�;� �0�.�0�1�;� �0�.�1� 
�m�,� �=� �0�.�0�1�;� �0�.�1�;� �1�.�0�;� �1�0�.�0� �g�/�p�a�r�t� �*� 

� � 

�A�d�v�e�c�t�i�o�n� 

�=� �0�.�0�5� �m�/�s�e�c� 

 ��m�a�x� �=� �9�-�1� �m�/�s�e�c� 

�=�0�.�5� �m ��/�s�e�c� 
�a�d�v� �m�a�x� �=� �4�0�0�.�0� �s�e�c� 

�A�X� �n�a�r� �=� �4�0�.�0� �m� 

�A�t�»�,� �=� �4�0�.�0� �s�e�c� 

�P�i�a� �=� �|� 

�A�x� �=�4�.�0�m� 

�
=

�
 

�f�y
� 

�A�w� �m�a�x� 

�e� 

� � 

�D�i�s�p�e�r�s�i�o�n� 

�E� �=�4�5� �m ��/�s�e�c� 
�E�n�a� �=� �4�.�5� �m�?�/�s�e�c� 

�A�l�a�s� �m�a�x� �=� �0�-�8�8�5� �s�e�c� 

�A�t�,� �=� �0�.�8�7�0� �s�e�c� 

�P�a�s�s� �=� �4�6� 

� � 

�D�e�c�a�y� 
�k�y�.� �=� �3�0�0�.�0� �d�a�y�"� 
�K�g�e�c�.�m�a�x� �=� �3�0�0�.�0� �d�a�y�"�!� 

�A�M� �j�e�c�m�a�x� �=� �2�9�5�6�.�4�5�2� �s�e�c� 

�A�t�.�.�.� �=� �4�0�.�0� �s�e�c� 

�P�a�e�c� �=�1� 

� � 

�C�r�o�s�s� �s�e�c�t�i�o�n�a�l� �a�r�e�a�;� 

�C�o�n�s�t�i�t�u�e�n�t� �m�a�s�s� �i�n�s�t�a�n�t�a�n�e�o�u�s�l�y� �i�n�j�e�c�t�e�d� �i�n� �e�a�c�h� �o�f� �2�5�0� �c�o�n�t�i�g�u�o�u�s� �c�e�l�l�s�;� �t�h�e� �1�0�0� 
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�C�o�n�s�t�i�t�u�e�n�t� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�;� 

�C�o�n�s�t�i�t�u�e�n�t� �u�p�s�t�r�e�a�m� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�;� 

�A� �v�a�l�u�e� �f� �=� �0� �m�e�a�n�s� �p�a�c�k�e�t�s� �w�e�r�e� �n�o�t� �u�s�e�d�,� �i�-�e�.�,� �p�a�r�t�i�c�l�e�s� �w�e�r�e� �t�r�e�a�t�e�d� �i�n�d�i�v�i�d�u�a�l�l�y�;� 

�C�o�n�s�t�i�t�u�e�n�t� �p�a�r�t�i�c�l�e� �m�a�s�s�;� 

�T�h�i�s� �i�s� �t�h�e� �u�s�e�r� �s�p�e�c�i�f�i�e�d� �E�,�,� �,�,� �V�a�l�u�e�.� �S�i�n�c�e� �A�f�t�,�,�.�<� �A�l�i�,� �m�a�x� �(�t�h�e�r�e�f�o�r�e� �A�x�<� �A�v�x�,�,�,�.�)� 

�t�h�e� �a�c�t�u�a�l� �v�a�l�u�e� �f�o�r� �E�,�,�,� �»�.�,� �i�s� �o�n�l�y� �0�.�0�5� �m�*�/�s�e�c�(�f�r�o�m� �e�q�u�a�t�i�o�n� �(�2�.�9�)�.� 
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�d�i�s�p�e�r�s�i�o�n� �i�n� �t�h�e� �x� �d�i�r�e�c�t�i�o�n� �i�s� �a�p�p�l�i�e�d� �f�i�r�s�t� �(�a�n�d� �r�e�p�e�a�t�e�d� �q�,�,�,� �t�i�m�e�s�)� �t�h�e�n� �f�o�l�l�o�w�e�d� �b�y� 

�d�i�s�p�e�r�s�i�o�n� �i�n� �t�h�e� �z� �d�i�r�e�c�t�i�o�n� �(�a�n�d� �r�e�p�e�a�t�e�d� �q�;�,�,� �t�i�m�e�s�)�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �C�A� �m�o�d�e�l� �a�r�e� �v�a�l�i�d�a�t�e�d� �t�h�r�o�u�g�h� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� 

�a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �a�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �i�n�p�u�t� �o�f� �t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �a�d�v�e�c�t�i�o�n�-� 

�d�i�s�p�e�r�s�i�o�n� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �(�H�e�m�o�n�d� �a�n�d� �F�e�c�h�n�e�r�,� �1�9�9�4�)�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t� �v�a�l�u�e�s� �u�s�e�d� 

�i�n� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n� �a�r�e� �s�p�a�c�e� �a�n�d� �t�i�m�e� �i�n�v�a�r�i�a�n�t�.� �T�a�b�l�e� �3�.�2� �s�u�m�m�a�r�i�z�e�s� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� 

�f�o�r� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n�.� 

�3�.�2�.�3�.�3� �O�n�e�-�D�i�m�e�n�s�i�o�n�a�l� �S�t�e�a�d�y�-�S�t�a�t�e� �B�O�D�/�D�O� 

�T�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �C�A� �m�o�d�e�l� �t�o� �a� �m�u�l�t�i�p�l�e� �c�o�n�s�t�i�t�u�e�n�t� �s�y�s�t�e�m�,� 

�s�i�m�p�l�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�t�e�a�d�y�-�s�t�a�t�e� �B�O�D� �a�n�d� �D�O� �s�i�m�u�l�a�t�i�o�n�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �F�i�r�s�t�,� �a� 

�s�i�n�g�l�e� �B�O�D� �c�o�n�t�i�n�u�o�u�s� �d�i�s�c�h�a�r�g�e� �i�n� �a� �r�i�v�e�r� �w�i�t�h� �u�n�i�f�o�r�m� �c�r�o�s�s�-�s�e�c�t�i�o�n� �i�s� �a�s�s�u�m�e�d�.� �A� 

�s�e�c�o�n�d� �s�i�m�u�l�a�t�i�o�n� �i�n�c�o�r�p�o�r�a�t�e�s� �m�u�l�t�i�p�l�e� �B�O�D� �a�n�d� �D�O� �c�o�n�t�i�n�u�o�u�s� �d�i�s�c�h�a�r�g�e�s� �i�n� �a� �r�i�v�e�r� 

�w�i�t�h� �v�a�r�i�a�b�l�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�.� �I�n� �b�o�t�h� �c�a�s�e�s� �l�o�n�g�i�t�u�d�i�n�a�l� �a�d�v�e�c�t�i�o�n� �a�n�d� �d�i�s�p�e�r�s�i�o�n�,� �d�e�c�a�y� 

�a�n�d� �r�e�a�e�r�a�t�i�o�n� �a�r�e� �s�i�m�u�l�a�t�e�d� �a�s� �d�e�s�c�r�i�b�e�d� �p�r�e�v�i�o�u�s�l�y�.� �T�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �C�A� �m�o�d�e�l� �a�r�e� 

�v�a�l�i�d�a�t�e�d� �t�h�r�o�u�g�h� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� �S�t�r�e�e�t�e�r� �a�n�d� �P�h�e�l�p�s� �m�o�d�e�l� �(�T�h�o�m�a�n�n� �a�n�d� �M�u�e�l�l�e�r�,� 

�1�9�8�7�)�.� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �u�s�e�d� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �f�o�r� �t�h�e� �u�n�i�f�o�r�m� �c�r�o�s�s�-�s�e�c�t�i�o�n� �r�i�v�e�r� �a�r�e� 

�s�p�a�c�e� �a�n�d� �t�i�m�e� �i�n�v�a�r�i�a�n�t�.� �T�a�b�l�e� �3�.�3� �s�u�m�m�a�r�i�z�e�s� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �f�o�r� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n�.� �T�h�e� 

�c�o�e�f�f�i�c�i�e�n�t� �v�a�l�u�e�s� �u�s�e�d� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �f�o�r� �t�h�e� �v�a�r�i�a�b�l�e� �c�r�o�s�s�-�s�e�c�t�i�o�n� �r�i�v�e�r� �a�r�e� �t�i�m�e� 

�i�n�v�a�r�i�a�n�t� �b�u�t� �v�a�r�y� �w�i�t�h� �s�p�a�c�e�.� �T�a�b�l�e� �3�.�4� �s�u�m�m�a�r�i�z�e�s� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �f�o�r� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n�.� 

�S�o�m�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �a�r�e� �a�l�s�o� �d�e�p�i�c�t�e�d� �i�n� �t�h�e� �r�i�v�e�r� �s�y�s�t�e�m� �l�a�y�o�u�t� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� 

�3�.�1�.� 
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�A�l�t�h�o�u�g�h� �t�h�e� �S�t�r�e�e�t�e�r� �a�n�d� �P�h�e�l�p�s� �m�o�d�e�l� �d�o�e�s� �n�o�t� �i�n�c�l�u�d�e� �a� �d�i�s�p�e�r�s�i�o�n� �t�e�r�m�,� �d�i�s�p�e�r�s�i�o�n� �i�s� �s�t�i�l�l� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �C�A� 
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�3�.�2�.�3�.�4� �O�n�e�-�D�i�m�e�n�s�i�o�n�a�l� �T�i�d�a�l� �B�O�D�/�D�O� 

�T�o� �t�e�s�t� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �C�A� �m�o�d�e�l� �u�n�d�e�r� �d�y�n�a�m�i�c� �c�o�n�d�i�t�i�o�n�s�,� �B�O�D� �a�n�d� �D�O� 

�p�r�o�f�i�l�e�s� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �a� �s�i�n�g�l�e� �c�o�n�t�i�n�u�o�u�s� �d�i�s�c�h�a�r�g�e� �o�f� �B�O�D� �i�n� �a� �s�i�m�p�l�e� �t�i�d�a�l� �n�v�e�r� 

�s�y�s�t�e�m� �a�r�e� �s�i�m�u�l�a�t�e�d�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �a� �m�o�d�e�l� �s�o�l�v�i�n�g� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �c�o�u�p�l�e�d� �B�O�D�/�D�O� �s�y�s�t�e�m� �o�n� �a�n� �o�s�c�i�l�l�a�t�i�n�g� �f�l�o�w� �f�o�r� �a� �s�i�n�g�l�e� 

�c�o�n�t�i�n�u�o�u�s� �B�O�D� �d�i�s�c�h�a�r�g�e� �(�H�o�l�l�e�y�,� �1�9�6�9�;� �M�a�c�d�o�n�a�l�d� �a�n�d� �W�e�i�s�m�a�n�,� �1�9�7�7�;� �G�i�l�e�s�,� �1�9�9�5�)�.� 

�T�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l�l�y� �a�v�e�r�a�g�e�d� �l�o�n�g�i�t�u�d�i�n�a�l� �a�d�v�e�c�t�i�v�e� �v�e�l�o�c�i�t�y�,� �u�,� �i�s� �t�i�m�e� �d�e�p�e�n�d�e�n�t� �a�n�d� 

�r�e�p�r�e�s�e�n�t�e�d� �t�h�r�o�u�g�h� �a�n� �o�s�c�i�l�l�a�t�i�n�g� �t�i�d�a�l� �v�e�l�o�c�i�t�y� �s�u�p�e�r�i�m�p�o�s�e�d� �o�n� �a� �c�o�n�s�t�a�n�t� �f�r�e�s�h�w�a�t�e�r� 

�v�e�l�o�c�i�t�y� �(�H�o�l�l�e�y�,� �1�9�6�9�)�:� 

�u�=�U�,� �v�u�s�i�n�(� �2�,� �(�3�.�3�)� 

�w�h�e�r�e� �p�o�s�i�t�i�v�e� �v�e�l�o�c�i�t�y� �d�e�n�o�t�e�s� �f�l�o�w� �t�o�w�a�r�d�s� �t�h�e� �s�e�a�,� �U�y� �i�s� �t�h�e� �f�r�e�s�h�w�a�t�e�r� �v�e�l�o�c�i�t�y� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �r�i�v�e�r� �f�l�o�w�,� �u�,� �i�s� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �t�i�d�a�l� �v�e�l�o�c�i�t�y�,� �T�,�,� �i�s� �t�h�e� �t�i�d�a�l� 

�p�e�r�i�o�d�,� �a�n�d� �¢� �i�s� �t�h�e� �t�i�m�e�.� �G�i�v�e�n� �t�h�i�s� �v�e�l�o�c�i�t�y� �f�u�n�c�t�i�o�n� �t�h�e� �C�A� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r� �u�,�,�,�,� �i�s� 

�g�i�v�e�n� �b�y� 

�U�n�a�x� �=�U�,� �+� �U�,�.� �(�3�.�4�)� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t� �v�a�l�u�e�s� �u�s�e�d� �i�n� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n� �a�r�e� �s�p�a�c�e� �a�n�d� �t�i�m�e� �i�n�v�a�r�i�a�n�t� �w�i�t�h� 

�t�h�e� �e�x�c�e�p�t�i�o�n� �o�f� �t�h�e� �t�i�m�e� �v�a�r�i�a�n�t� �v�e�l�o�c�i�t�y�.� �S�i�n�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �i�s� �u�s�e�d� �i�n� �t�h�e� �C�A� �m�o�d�e�l� �t�o� 

�c�a�l�c�u�l�a�t�e� �v�e�l�o�c�i�t�y� �a�t� �a�n�y� �t�i�m�e� �b�a�s�e�d� �o�n� �f�l�o�o�d�,� �e�b�b�,� �a�n�d� �s�l�a�c�k� �v�a�l�u�e�s� �o�f� �v�e�l�o�c�i�t�y� �f�o�r� �t�h�e� 

�e�n�t�i�r�e� �s�i�m�u�l�a�t�i�o�n� �p�e�r�i�o�d�.� �A�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n�,� �a� �t�i�m�e� �a�v�e�r�a�g�e�d� �v�e�l�o�c�i�t�y� 

�o�v�e�r� �t�h�e� �e�n�t�i�r�e� �l�e�n�g�t�h� �o�f� �t�h�e� �t�i�m�e� �s�t�e�p� �i�s� �o�b�t�a�i�n�e�d� �t�h�r�o�u�g�h� �3�-�p�o�i�n�t� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� 

�u�s�i�n�g� �S�i�m�p�s�o�n�'�s� �r�u�l�e�.� 
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�T�h�e� �s�c�e�n�a�r�i�o� �v�a�l�u�e�s� �u�s�e�d� �i�n� �t�h�e� �C�A� �s�i�m�u�l�a�t�i�o�n� �a�n�d� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �m�o�d�e�l� 

�f�o�l�l�o�w� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�o�s�e� �r�e�p�o�r�t�e�d� �b�y� �H�o�l�l�e�y� �(�1�9�6�9�)� �a�n�d� �G�i�l�e�s� �(�1�9�9�5�)�.� �T�a�b�l�e� �3�.�5� 

�s�u�m�m�a�r�i�z�e�s� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �f�o�r� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n�.� �N�o�t�i�c�e� �i�n� �T�a�b�l�e� �3�.�5� �t�h�a�t� �t�h�e� �v�a�l�u�e� �f�o�r� 

�t�h�e� �d�i�s�p�e�r�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �i�n� �t�h�e� �C�A� �m�o�d�e�l� �i�s� �5�8�.�6�8� �m�*�/�s�e�c�,� �i�n�s�t�e�a�d� �o�f� �6�0�.�0� �m�*�/�s�e�c�,� �t�o� 

�a�c�c�o�u�n�t� �f�o�r� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e�s�e� �t�w�o� �v�a�l�u�e�s� �i�s� 

�l�e�s�s� �t�h�a�n� �t�h�e� �E� �v�a�l�u�e� �o�f� �2�.�0�3� �m�*�/�s�e�c� �b�e�c�a�u�s�e� �a�s� �s�h�o�w�n� �b�e�l�o�w�,� �t�h�e� �a�c�t�u�a�l� �n�u�m�e�r�i�c�a�l� �n�u�m� �m�a�x� 

�d�i�s�p�e�r�s�i�o�n� �i�s� �l�e�s�s� �t�h�a�n� �E� �(�w�h�i�c�h� �j�u�s�t� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �m�a�x�i�m�u�m� �p�o�s�s�i�b�l�e� �v�a�l�u�e� �f�o�r� 
�n�a�m� �m�a�x� 

�n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n�)�.� �T�h�e�s�e� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �a�l�s�o� �a�p�p�l�y� �t�o� �T�a�b�l�e� �3�.�2�.� 

�T�o� �g�e�t� �a� �m�e�a�s�u�r�e� �o�f� �t�h�e� �a�c�t�u�a�l� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �i�n�t�r�o�d�u�c�e�d� �b�y� �t�h�e� �m�o�d�e�l�,� �a�n� 

�a�v�e�r�a�g�e� �v�a�l�u�e� �E�,�,�,� �d�u�r�i�n�g� �a� �t�i�m�e� �p�e�r�i�o�d� �(�t�,�- ��t�,�)� �f�o�r� �t�h�e� �a�c�t�u�a�l� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �i�s� 

�d�e�r�i�v�e�d� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�2�.�8�)� �a�s�:� 

�f�f� �0�-�S�u�s�e�{� �1� �H�L�)� �a� 
�u� 

�m�a�x� �E� �s�n� �(�3�.�5�)� 
�t�,�-�t�,� 

�~� 

�W�i�t�h� �t�h�e� �v�a�l�u�e�s� �f�r�o�m� �T�a�b�l�e� �3�.�5� �a�n�d� �i�f� �e�q�u�a�t�i�o�n� �(�3�.�3�)� �i�s� �s�u�b�s�t�i�t�u�t�e�d� �f�o�r� �u� �i�n� 

�e�q�u�a�t�i�o�n� �(�3�.�5�)� �a�n�d� �t�h�e� �i�n�t�e�g�r�a�l� �i�s� �e�v�a�l�u�a�t�e�d� �o�v�e�r� �a� �t�i�d�a�l� �p�e�r�i�o�d�,� �E�.�.�.� �i�s� �1�.�3�2� �m ��/�s�e�c�.� �T�h�i�s� 

�m�e�a�n�s� �t�h�e� �a�v�e�r�a�g�e� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �i�n�t�r�o�d�u�c�e�d� �b�y� �t�h�e� �C�A� �m�o�d�e�l� �d�u�r�i�n�g� �a� �t�i�d�a�l� �c�y�c�l�e� 

�i�s� �o�n�l�y� �a�b�o�u�t� �6�5�%� �o�f� �t�h�e� �m�a�x�i�m�u�m� �a�l�l�o�w�e�d� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n�.� 

�T�h�i�s� �e�x�e�r�c�i�s�e� �l�e�a�d�s� �t�o� �t�h�e� �c�o�n�c�l�u�s�i�o�n� �t�h�a�t� �e�q�u�a�t�i�o�n� �(�3�.�5�)� �c�a�n� �b�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �t�h�e� 

�C�A� �m�o�d�e�l� �t�o� �q�u�a�n�t�i�f�y� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �i�n�t�r�o�d�u�c�e�d� �d�u�r�i�n�g� �a� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �s�t�e�p�.� 

�T�h�e�n� �t�h�i�s� �a�m�o�u�n�t� �w�o�u�l�d� �b�e� �s�u�b�t�r�a�c�t�e�d� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l� �d�i�s�p�e�r�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �v�a�l�u�e� 

�(�r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �r�e�a�l� �d�i�s�p�e�r�s�i�o�n� �t�o� �b�e� �s�i�m�u�l�a�t�e�d� �a�t� �t�h�a�t� �t�i�m�e� �s�t�e�p�)� �b�e�f�o�r�e� �a�p�p�l�y�i�n�g� �t�h�e� 

�d�i�s�p�e�r�s�i�o�n� �r�u�l�e�.� �A�s� �l�o�n�g� �a�s� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �d�o�e�s� �n�o�t� �e�x�c�e�e�d� �t�h�e� �r�e�a�l� �d�i�s�p�e�r�s�i�o�n�,� �t�h�i�s� 

�a�p�p�r�o�a�c�h� �w�i�l�l� �m�a�s�k� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �m�a�k�i�n�g� �i�t� �v�i�r�t�u�a�l�l�y� �a�b�s�e�n�t�.� 
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�T�a�b�l�e� �3�.�5� �P�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �u�s�e�d� �i�n� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �t�i�d�a�l� �B�O�D�/�D�O� �s�i�m�u�l�a�t�i�o�n�.� 
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�M�o�d�e�l�i�n�g� �P�a�r�a�m�e�t�e�r�s� �C�A� �O�n�l�y� �P�a�r�a�m�e�t�e�r�s� 

�G�e�n�e�r�a�l� 

�A� �=�9�0�.�0� �m�?� �A�t� �=� �2�0�.�0� �s�e�c� 

�W�r�o�p� �=� �1�0�5�0�.�0� �g�/�s�e�c�  �� �f� �=�0�1� 
�T�,� �=� �1�2�.�4� �h�r� �m�0�?� �=� �m�=� �0�.�0�5� �g�/�p�a�r�t�  �� 
�B�O�D�,� �=�0�.�0�m�g�/�L�  �� 
�D�O�,� �=� �1�0�.�0� �m�g�/�L� �*� 
�B�O�D�,�,� �=� �B�O�D�,� �=� �0�.�0� �m�g�/�L� �*� 
�D�O�,� �=� �D�O�,� �=�1�0�.�0� �m�g�/�L� �*� 
�D�O�,�,�,� �=�1�0�.�0�m�g�/�L� �*� 

�A�d�v�e�c�t�i�o�n� 
�u�,� �=� �0�.�1� �m�/�s�e�c� �U�m�a�x� �=� �0�.�9� �m�/�s�e�c� 

�u�,� �=� �0�.�8� �m�/�s�e�c� �E�x�u�m� �m�a�r� �=� �5�-�0� �m�?�/�s�e�c� 

�u�=�u�,� �t�u�,� �a�n� �A�t�t�:� �m�a�x� �=� �4�9�-�3�8�3� �s�e�c� 

�[�e�q�u�a�t�i�o�n� �(�3�.�3�)�]� �A�X�n�a�r� �=� �4�4�.�4�m� 

�A�t�,� �¢� �=� �2�0�.�0� �s�e�c� 

�P�a�c� �=� �|� 

�A�x� �=� �1�8�.�0�m� 

�D�i�s�p�e�r�s�i�o�n� 

�E� �=� �6�0�.�0� �m ��/�s�e�c� �E� �=� �5�8�.�6�8� �m ��/�s�e�c� 
�E�.� �=� �5�8�.�6�8� �m�*�/�s�e�c� 

�A�l� �g�i�s� �m�a�x� �=� �1�.�3�7�4� �s�e�c� 

�A�t�,� �=� �1�.�3�3�3� �s�e�c� 

�P�a�i�s� �=� �1�5� 

�B�O�D� �D�e�c�a�y� 

�k�g�.� �=�0�.�3� �d�a�y �� �K�s�e�c�m�a�x� �=� �0�-�3� �d�a�y� 
�M�i�e�c�m�a�x� �=� �2�5�5�6�4�5� �1�.�6�9�4� �s�e�c� 

�A�t�.�.�.� �=� �2�0�.�0� �s�e�c� 

�P�r�e�c� �=� �|� 

�D�O� �R�e�a�e�r�a�t�i�o�n� 
�k�i�,� �=� �1�.�0� �d�a�y�"� �k�o�e�r�m�a�r� �=� �1�.�0� �d�a�y �� 

�A�y�e�r� �m�a�x� �=� �1�6�5�1�7�2�.�4�0�7� �s�e�c� 

�A�t�,� �=� �2�0�.�0� �s�e�c� 

�P�a�e�r� �=� �|� 
� � 

�C�r�o�s�s� �s�e�c�t�i�o�n�a�l� �a�r�e�a�;� 

�B�O�D� �l�o�a�d�i�n�g� �r�a�t�e�,� �d�i�s�c�h�a�r�g�e�d� �a�t� �a� �d�i�s�t�a�n�c�e� �o�f� �1�5� �k�m�;� 

�B�O�D� �a�n�d� �D�O� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�;� 

�B�O�D� �a�n�d� �D�O� �u�p�s�t�r�e�a�m� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�;� 

�D�O� �s�a�t�u�r�a�t�i�o�n� �c�o�n�c�e�n�t�r�a�t�i�o�n�;� 

�P�a�r�t�i�c�l�e� �m�a�s�s� �f�o�r� �B�O�D� �a�n�d� �D�O�;� 

�T�h�i�s� �i�s� �t�h�e� �u�s�e�r� �s�p�e�c�i�f�i�e�d� �E�,�,�,� �.�.�,� �V�a�l�u�e�.� �S�i�n�c�e� �A�t�,�,�<� �A�f�,�»� �m�a�x� �(�t�h�e�r�e�f�o�r�e� �A�x�<� �A�x�,�,�,�,�)� 

�t�h�e� �a�c�t�u�a�l� �v�a�l�u�e� �f�o�r� �E�,�,� �,�,� �i�s� �o�n�l�y� �2�.�0�3� �m ��/�s�e�c� �(�f�r�o�m� �e�q�u�a�t�i�o�n� �(�2�.�9�)�)�.� 
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�3�.�2�.�4� �P�a�r�a�l�l�e�l� �C�o�m�p�u�t�e�r� �I�m�p�l�e�m�e�n�t�a�t�i�o�n� 

�A� �C�A� �m�o�d�e�l� �i�s� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �i�n�t�e�n�s�i�v�e�.� �A� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �s�i�m�p�l�e� 

�c�o�m�p�u�t�a�t�i�o�n�s� �m�u�s�t� �b�e� �d�o�n�e� �t�o� �u�p�d�a�t�e� �t�h�e� �C�A� �a�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n�.� 

�C�o�m�p�u�t�e�r� �a�r�c�h�i�t�e�c�t�u�r�e�s� �e�x�p�l�o�i�t�i�n�g� �t�h�e� �h�i�g�h� �d�e�g�r�e�e� �o�f� �p�a�r�a�l�l�e�l�i�s�m� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �C�A� 

�s�t�r�u�c�t�u�r�e� �a�r�e� �d�e�s�i�r�e�d�.� 

�D�u�r�i�n�g� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �C�A� �m�o�d�e�l� �a�s� �p�r�e�s�e�n�t�e�d� �i�n� �c�h�a�p�t�e�r� �2�,� �t�h�e� 

�a�l�g�o�r�i�t�h�m�s� �w�e�r�e� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �a� �s�e�r�i�a�l� �(�v�o�n� �N�e�u�m�a�n�n�)� �c�o�m�p�u�t�e�r�.� �A�l�t�h�o�u�g�h� �t�h�i�s� 

�a�r�c�h�i�t�e�c�t�u�r�e� �i�s� �s�a�t�i�s�f�a�c�t�o�r�y� �f�o�r� �i�n�i�t�i�a�l� �t�e�s�t�i�n�g� �o�f� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �m�o�d�e�l�,� �i�t� �b�e�c�o�m�e�s� 

�s�e�v�e�r�e�l�y� �t�i�m�e� �l�i�m�i�t�i�n�g� �w�h�e�n� �t�r�y�i�n�g� �t�o� �s�i�m�u�l�a�t�e� �r�e�a�l� �w�a�t�e�r� �q�u�a�l�i�t�y� �p�r�o�b�l�e�m�s�.� 

�T�o� �i�m�p�r�o�v�e� �p�e�r�f�o�r�m�a�n�c�e�,� �a�n� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�n� �a� �p�a�r�a�l�l�e�l� �(�o�r� �c�o�n�c�u�r�r�e�n�t�)� 

�m�a�c�h�i�n�e� �w�a�s� �p�u�r�s�u�e�d� �(�I�n�t�e�l� �P�a�r�a�g�o�n�)�.� �T�h�i�s� �m�a�c�h�i�n�e� �h�a�s� �M�I�M�D� �a�r�c�h�i�t�e�c�t�u�r�e�,� �d�i�s�t�r�i�b�u�t�e�d� 

�(�l�o�c�a�l�)� �m�e�m�o�r�y�,� �a�n�d� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �m�e�s�h� �t�o�p�o�l�o�g�y� �(�F�o�x� �e�t� �a�l�.�,� �1�9�9�4�)�.� �T�h�e� �I�n�t�e�l� 

�P�a�r�a�g�o�n� �h�a�s� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �u�p� �t�o� �4�0�9�6� �s�e�c�o�n�d� �g�e�n�e�r�a�t�i�o�n� �I�n�t�e�l� �i�8�6�0� �p�r�o�c�e�s�s�o�r�s� 

�(�n�o�d�e�s�)� �(�F�o�x� �e�t� �a�l�.�,� �1�9�9�4�)�.� �T�h�u�s�,� �e�a�c�h� �p�r�o�c�e�s�s�o�r� �h�a�s� �i�t�s� �o�w�n� �m�e�m�o�r�y� �a�n�d� �n�o� �d�i�r�e�c�t� 

�k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �w�o�r�k� �b�e�i�n�g� �d�o�n�e� �b�y� �o�t�h�e�r� �p�r�o�c�e�s�s�o�r�s�.� �T�h�i�s� �i�s� �w�e�l�l� �s�u�i�t�e�d� �t�o� �t�h�e� 

�s�i�m�u�l�a�t�i�o�n� �o�f� �C�A� �s�i�n�c�e� �t�h�e� �m�e�c�h�a�n�i�s�m� �o�f� �u�p�d�a�t�i�n�g� �a� �c�e�l�l� �i�s� �t�y�p�i�c�a�l�l�y� �l�o�c�a�l�.� �T�o� �u�p�d�a�t�e� �i�t�s� 

�b�o�u�n�d�a�r�y� �c�e�l�l�s�,� �h�o�w�e�v�e�r�,� �a� �p�r�o�c�e�s�s�o�r� �m�a�y� �n�e�e�d� �t�o� �r�e�c�e�i�v�e� �d�a�t�a� �f�r�o�m� �i�t�s� �a�d�j�a�c�e�n�t� 

�p�r�o�c�e�s�s�o�r�s�,� �a�n�d� �t�h�i�s� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �s�i�m�p�l�e� �m�e�s�s�a�g�e� �p�a�s�s�i�n�g�.� �T�h�e� �u�s�e� �o�f� �a� �M�I�M�D� 

�d�i�s�t�r�i�b�u�t�e�d� �m�e�m�o�r�y� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �h�a�s� �a�l�s�o� �t�h�e� �a�d�d�e�d� �a�d�v�a�n�t�a�g�e� �o�f� �f�a�c�i�l�i�t�a�t�i�n�g� �c�o�d�e� 

�p�o�r�t�a�b�i�l�i�t�y� �t�o� �a� �n�e�t�w�o�r�k� �o�f� �w�o�r�k�s�t�a�t�i�o�n�s� �(�D�a�b�d�u�b� �a�n�d� �S�e�i�n�f�e�l�d�,� �1�9�9�4�)�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �p�a�r�a�l�l�e�l�i�s�m� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �C�A� �i�s� �e�x�p�l�o�i�t�e�d� �h�e�r�e� 

�b�y� �d�i�s�t�r�i�b�u�t�i�n�g� �t�h�e� �w�o�r�k� �l�o�a�d� �f�o�r� �t�h�e� �C�A� �a�m�o�n�g� �d�i�f�f�e�r�e�n�t� �p�r�o�c�e�s�s�o�r�s�.� �S�i�n�c�e� �t�h�e� �n�u�m�b�e�r� �o�f� 

�c�o�m�p�u�t�a�t�i�o�n�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �e�a�c�h� �p�r�o�c�e�s�s�o�r� �i�s� �l�a�r�g�e�,� �t�h�e� �o�v�e�r�a�l�l� �s�a�v�i�n�g�s� �i�n� �c�o�m�p�u�t�a�t�i�o�n� 

�M�O�D�E�L� �A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� �P�R�O�C�E�S�S�O�R�S� �8�0



�t�i�m�e� �a�r�e� �e�x�p�e�c�t�e�d� �t�o� �t�y�p�i�c�a�l�l�y� �o�f�f�s�e�t� �t�h�e� �i�n�c�r�e�a�s�e� �i�n� �o�v�e�r�h�e�a�d� �d�u�e� �t�o� �a�n�y� �n�e�c�e�s�s�a�r�y� 

�c�o�m�m�u�n�i�c�a�t�i�o�n� �b�e�t�w�e�e�n� �p�r�o�c�e�s�s�o�r�s�.� 

�B�a�s�e�d� �o�n� �t�h�e� �a�b�o�v�e� �c�o�n�s�i�d�e�r�a�t�i�o�n�s�,� �a� �d�o�m�a�i�n� �o�r� �g�e�o�m�e�t�r�i�c� �d�e�c�o�m�p�o�s�i�t�i�o�n� �s�t�r�a�t�e�g�y� 

�i�s� �u�s�e�d� �t�o� �d�i�v�i�d�e� �t�h�e� �c�o�m�p�u�t�i�n�g� �l�o�a�d� �a�m�o�n�g� �t�h�e� �d�i�f�f�e�r�e�n�t� �p�r�o�c�e�s�s�o�r�s� �(�W�i�l�s�o�n�,� �1�9�9�3�)�.� 

�R�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �d�i�m�e�n�s�i�o�n�s� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� 

�(�l�o�n�g�i�t�u�d�i�n�a�l�)� �d�o�m�a�i�n� �d�e�c�o�m�p�o�s�i�t�i�o�n� �i�s� �h�e�r�e� �u�s�e�d�.� �A� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �d�e�c�o�m�p�o�s�i�t�i�o�n� �w�a�s� 

�n�o�t� �p�u�r�s�u�e�d� �s�i�n�c�e� �i�t� �w�o�u�l�d� �l�e�a�d� �t�o� �a� �g�r�e�a�t�e�r� �m�e�s�s�a�g�e� �t�r�a�f�f�i�c� �(�D�a�b�d�u�b� �a�n�d� �S�e�i�n�f�e�l�d�,� �1�9�9�4�)�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �d�o�m�a�i�n� �i�s� �d�i�v�i�d�e�d� �i�n� �a� �c�e�r�t�a�i�n� �n�u�m�b�e�r� �o�f� �v�e�r�t�i�c�a�l� �s�l�i�c�e�s�,� �w�i�t�h� �a�l�l� �s�l�i�c�e�s� 

�h�a�v�i�n�g� �a�b�o�u�t� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� �o�f� �c�e�l�l�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� �s�l�i�c�e�s� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �n�u�m�b�e�r� �o�f� 

�w�o�r�k�e�r� �n�o�d�e�s� �a�v�a�i�l�a�b�l�e� �f�o�r� �t�h�e� �s�i�m�u�l�a�t�i�o�n�.� �E�a�c�h� �d�o�m�a�i�n� �s�l�i�c�e� �(�s�u�b�d�o�m�a�i�n�)� �i�s� �t�h�e�n� 

�a�s�s�i�g�n�e�d� �t�o� �a� �p�a�r�t�i�c�u�l�a�r� �w�o�r�k�e�r� �n�o�d�e�.� �T�h�e� �w�o�r�k�e�r� �n�o�d�e�s� �a�r�e� �t�h�e� �p�r�o�c�e�s�s�o�r�s� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� 

�e�x�e�c�u�t�i�n�g� �t�h�e� �C�A� �s�i�m�u�l�a�t�i�o�n� �i�n� �p�a�r�a�l�l�e�l�.� 

�T�h�e�r�e� �i�s� �a�l�s�o� �a�n� �a�d�d�i�t�i�o�n�a�l� �p�r�o�c�e�s�s�o�r�,� �t�h�e� �m�a�n�a�g�e�r� �n�o�d�e�,� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �s�e�t�t�i�n�g� �u�p� 

�t�h�e� �s�i�m�u�l�a�t�i�o�n�,� �s�u�p�p�l�y�i�n�g� �t�h�e� �i�n�p�u�t� �d�a�t�a� �t�o� �t�h�e� �d�i�f�f�e�r�e�n�t� �w�o�r�k�e�r� �n�o�d�e�s�,� �a�n�d� �c�o�l�l�e�c�t�i�n�g� �t�h�e�i�r� 

�o�u�t�p�u�t�.� �H�o�w�e�v�e�r�,� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �m�a�n�a�g�e�r� �n�o�d�e� �i�s� �n�o�t� �a� �r�e�q�u�i�r�e�m�e�n�t� �i�n� �t�h�e� 

�i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �C�A� �m�o�d�e�l�.� �T�h�e� �m�o�d�e�l� �c�a�n� �b�e� �i�m�p�l�e�m�e�n�t�e�d� �u�s�i�n�g� �o�n�l�y� �w�o�r�k�e�r� 

�n�o�d�e�s�.� �T�h�e�n� �t�h�e� �t�a�s�k�s� �w�h�i�c�h� �o�t�h�e�r�w�i�s�e� �w�o�u�l�d� �b�e� �t�h�e� �r�e�s�p�o�n�s�i�b�i�l�i�t�y� �o�f� �a� �m�a�n�a�g�e�r� �n�o�d�e� �a�r�e� 

�i�n�s�t�e�a�d� �p�e�r�f�o�r�m�e�d� �b�y� �t�h�e� �w�o�r�k�e�r� �n�o�d�e�s� �t�h�e�m�s�e�l�v�e�s�.� �T�h�i�s� �l�e�a�d�s� �t�o� �l�a�r�g�e�r� �c�o�d�e� �a�n�d� �m�e�m�o�r�y� 

�r�e�q�u�i�r�e�m�e�n�t�s� �f�o�r� �t�h�e� �w�o�r�k�e�r� �n�o�d�e�s� �w�h�i�l�e� �r�e�d�u�c�i�n�g� �c�o�m�m�u�n�i�c�a�t�i�o�n� �o�v�e�r�h�e�a�d� �(�b�y� 

�e�l�i�m�i�n�a�t�i�n�g� �c�o�m�m�u�n�i�c�a�t�i�o�n� �w�i�t�h� �a� �m�a�n�a�g�e�r� �n�o�d�e�)�.� 

�T�o� �b�e� �m�o�r�e� �s�p�e�c�i�f�i�c�,� �t�h�e� �m�a�n�a�g�e�r� �n�o�d�e� �i�s� �i�n�i�t�i�a�l�l�y� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r�:� �l�o�a�d�i�n�g� �t�o� 

�m�e�m�o�r�y� �t�h�e� �i�n�p�u�t� �d�a�t�a�s�e�t�s�;� �s�e�t�t�i�n�g� �u�p� �t�h�e� �g�r�i�d� �d�o�m�a�i�n�;� �d�o�m�a�i�n� �d�e�c�o�m�p�o�s�i�t�i�o�n� �a�n�d� 

�a�s�s�i�g�n�m�e�n�t� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �s�u�b�d�o�m�a�i�n�s� �t�o� �t�h�e� �a�v�a�i�l�a�b�l�e� �w�o�r�k�e�r� �n�o�d�e�s�;� �c�o�m�p�u�t�i�n�g� �m�o�d�e�l� 

�p�a�r�a�m�e�t�e�r�s� �s�u�c�h� �a�s� �r�u�l�e� �t�i�m�e� �s�t�e�p�s� �a�n�d� �r�u�l�e� �r�e�p�e�t�i�t�i�o�n�s�;� �a�n�d� �s�e�n�d�i�n�g� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �a�n�d� 

�i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �t�o� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �w�o�r�k�e�r� �n�o�d�e�s�.� �T�h�e�n� �a�t� �e�a�c�h� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �s�t�e�p�,� �t�h�e� 

�m�a�n�a�g�e�r� �n�o�d�e� �i�s� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r�:� �t�e�m�p�o�r�a�l� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�f� �m�o�d�e�l� �c�o�e�f�f�i�c�i�e�n�t�s�,� �i�n�c�l�u�d�i�n�g� 

�M�O�D�E�L� �A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� �P�R�O�C�E�S�S�O�R�S� �8�1



�v�e�l�o�c�i�t�y�,� �d�i�s�p�e�r�s�i�o�n�,� �d�e�c�a�y�,� �a�n�d� �s�o�u�r�c�e� �(�d�i�s�c�h�a�r�g�e�)� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a�n�d� �o�f� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s�;� �s�e�n�d�i�n�g� �t�h�o�s�e� �v�a�l�u�e�s� �t�o� �t�h�e� �w�o�r�k�e�r� �n�o�d�e�s�;� �w�a�i�t�i�n�g� �f�o�r� �c�o�m�p�l�e�t�i�o�n� �o�f� �t�h�e� 

�s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �s�t�e�p� �b�y� �a�l�l� �w�o�r�k�e�r� �n�o�d�e�s�;� �a�n�d� �r�e�c�e�i�v�i�n�g� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �f�r�o�m� �a�l�l� 

�w�o�r�k�e�r� �n�o�d�e�s� �a�t� �s�p�e�c�i�f�i�c� �o�u�t�p�u�t� �t�i�m�e�s� �a�n�d� �w�r�i�t�i�n�g� �t�h�e�m� �t�o� �d�i�s�k�.� 

�T�h�e� �w�o�r�k�e�r� �n�o�d�e�s� �a�r�e� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �r�e�c�e�i�v�i�n�g� �t�h�e� �i�n�i�t�i�a�l� �d�a�t�a� �f�r�o�m� �t�h�e� �m�a�n�a�g�e�r� 

�n�o�d�e�,� �n�a�m�e�l�y� �t�h�e� �s�u�b�d�o�m�a�i�n�,� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s�,� �a�n�d� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e�n� �a�t� �e�a�c�h� �t�i�m�e� 

�s�t�e�p� �t�h�e�y� �a�r�e� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r�:� �r�e�c�e�i�v�i�n�g� �t�h�e� �u�p�d�a�t�e�d� �m�o�d�e�l� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �f�r�o�m� �t�h�e� �m�a�n�a�g�e�r� �n�o�d�e�;� �s�p�a�t�i�a�l� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�f� �t�h�o�s�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �o�f� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�;� �a�p�p�l�y�i�n�g� �t�h�e� �C�A� �r�u�l�e�s� �t�o� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �s�u�b�d�o�m�a�i�n�s�;� �n�o�t�i�f�y�i�n�g� �t�h�e� 

�m�a�n�a�g�e�r� �n�o�d�e� �o�f� �t�h�e� �c�o�m�p�l�e�t�i�o�n� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �s�t�e�p�;� �a�n�d� �s�e�n�d�i�n�g� �s�i�m�u�l�a�t�i�o�n� 

�r�e�s�u�l�t�s� �t�o� �t�h�e� �m�a�n�a�g�e�r� �n�o�d�e� �a�t� �s�p�e�c�i�f�i�c� �o�u�t�p�u�t� �t�i�m�e�s�.� 

�C�o�m�m�u�n�i�c�a�t�i�o�n� �b�e�t�w�e�e�n� �w�o�r�k�e�r� �n�o�d�e�s� �i�s� �r�e�q�u�i�r�e�d� �d�u�r�i�n�g� �e�a�c�h� �e�x�e�c�u�t�i�o�n� �o�f� �t�h�e� 

�a�d�v�e�c�t�i�o�n� �a�n�d� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e�s�.� �T�h�e� �l�a�r�g�e�r� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�p�e�t�i�t�i�o�n�s� �o�f� �t�h�e�s�e� 

�r�u�l�e�s� �a�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� �(�i�.�e�.�,� �t�h�e� �l�a�r�g�e�r� �g�,�,�,� �a�n�d� �q�j�,�,�)�,� �t�h�e� �g�r�e�a�t�e�r� �t�h�e� �n�u�m�b�e�r� �o�f� 

�c�o�m�m�u�n�i�c�a�t�i�o�n�s� �i�n�v�o�l�v�e�d�.� �A� �b�e�n�e�f�i�t� �o�f� �t�h�e� �d�o�m�a�i�n� �d�e�c�o�m�p�o�s�i�t�i�o�n� �b�e�i�n�g� �s�o�l�e�l�y� �a�l�o�n�g� �t�h�e� 

�l�o�n�g�i�t�u�d�i�n�a�l� �d�i�r�e�c�t�i�o�n� �i�s� �t�h�a�t� �t�h�e� �v�e�r�t�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� �r�u�l�e� �d�o�e�s� �n�o�t� �e�n�t�a�i�l� �a�n�y� 

�c�o�m�m�u�n�i�c�a�t�i�o�n�.� �S�i�n�c�e� �d�e�c�a�y� �a�n�d� �r�e�a�e�r�a�t�i�o�n� �r�u�l�e�s� �d�o� �n�o�t� �i�n�v�o�l�v�e� �a�n�y� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� 

�a�d�j�a�c�e�n�t� �c�e�l�l�s� �t�h�e�y� �r�e�q�u�i�r�e� �n�o� �c�o�m�m�u�n�i�c�a�t�i�o�n� �w�h�a�t�s�o�e�v�e�r�.� 

�3�.�3�.� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N� 

�3�.�3�.�1� �O�n�e�-�D�i�m�e�n�s�i�o�n�a�l� �L�i�n�e� �P�u�l�s�e� �I�n�p�u�t� 

�T�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n� �c�o�n�c�e�n�t�r�a�t�e�s� �o�n� �s�n�a�p�s�h�o�t�s� �o�f� 

�m�o�d�e�l� �b�e�h�a�v�i�o�r� �o�b�t�a�i�n�e�d� �a�t� �t�h�e� �e�n�d� �o�f� �1�0� �t�i�m�e� �s�t�e�p�s� �(�i�.�e�.�,� �a�t� �4�0�0� �s�e�c� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e�)�.� �A� 

�t�o�t�a�l� �o�f� �e�i�g�h�t� �s�n�a�p�s�h�o�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �d�i�f�f�e�r�e�n�t� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �p�a�c�k�e�t� 

�f�r�a�c�t�i�o�n� �v�a�l�u�e�s� �a�n�d� �p�a�r�t�i�c�l�e� �m�a�s�s�.� �B�y� �v�a�r�y�i�n�g� �t�h�e� �p�a�r�t�i�c�l�e� �m�a�s�s�,� �o�n�e� �c�o�n�t�r�o�l�s� �t�h�e� �n�u�m�b�e�r� 
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�o�f� �p�a�r�t�i�c�l�e�s� �i�n� �t�h�e� �c�e�l�l�s�.� �D�e�c�r�e�a�s�i�n�g� �t�h�e� �p�a�r�t�i�c�l�e� �m�a�s�s� �i�n�c�r�e�a�s�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� 

�a�n�d� �v�i�c�e�-�v�e�r�s�a�.� 

�T�h�e� �s�i�m�u�l�a�t�i�o�n� �s�n�a�p�s�h�o�t�s� �a�r�e� �o�r�g�a�n�i�z�e�d� �i�n� �f�o�u�r� �g�r�o�u�p�s�,� �w�i�t�h� �e�a�c�h� �g�r�o�u�p� �s�h�o�w�i�n�g� 

�t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�w�o� �s�i�m�u�l�a�t�i�o�n�s�.� �T�h�e� �f�i�r�s�t� �s�i�m�u�l�a�t�i�o�n� �i�n� �e�a�c�h� �g�r�o�u�p� �h�a�s� �a� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� �o�f� 

�z�e�r�o� �(�w�h�i�c�h� �s�i�m�p�l�y� �m�e�a�n�s� �p�a�r�t�i�c�l�e�s� �a�r�e� �a�l�l�o�w�e�d� �t�o� �b�e�h�a�v�e� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �e�a�c�h� �o�t�h�e�r� 

�a�n�d� �t�h�u�s� �n�o� �p�a�c�k�e�t�s� �a�r�e� �u�s�e�d�)� �a�n�d� �a�n� �a�v�e�r�a�g�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �p�e�r� �c�e�l�l�,� �N�p�,� �o�f� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �a� �p�o�w�e�r� �o�f� �t�e�n�.� �T�h�e� �a�v�e�r�a�g�e� �v�a�l�u�e�,� �N�p�,� �i�s� �b�a�s�e�d� �s�o�l�e�l�y� �o�n� �t�h�e� �c�e�l�l�s� �f�o�r� 

�w�h�i�c�h� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �i�s� �o�n� �t�h�e� �h�i�g�h�e�r� �p�l�a�t�e�a�u� �p�o�r�t�i�o�n� �o�f� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �c�u�r�v�e�.� �T�h�i�s� 

�v�a�l�u�e� �o�f� �N�p� �i�s� �i�n�t�e�n�d�e�d� �t�o� �b�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�c�k�e�t�s� �p�e�r� �c�e�l�l� 

�(�i�.�e�.�,� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n�)� �f�o�r� �t�h�e� �s�e�c�o�n�d� �s�i�m�u�l�a�t�i�o�n�.� �I�n� �r�e�a�l�i�t�y� �t�h�e� �N�p� �f�o�r� 

�t�h�e� �f�i�r�s�t� �s�i�m�u�l�a�t�i�o�n� �e�n�d�e�d� �u�p� �b�e�i�n�g� �s�l�i�g�h�t�l�y� �h�i�g�h�e�r� �(�b�y� �a� �f�a�c�t�o�r� �o�f� �1�.�1�7� �t�o� �1�.�2�0�)� �t�h�a�n� �t�h�e� 

�i�n�v�e�r�s�e� �o�f� �t�h�e� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� �f�o�r� �t�h�e� �s�e�c�o�n�d� �s�i�m�u�l�a�t�i�o�n�.� �T�h�e� �s�e�c�o�n�d� �s�i�m�u�l�a�t�i�o�n� �i�n� �e�a�c�h� 

�g�r�o�u�p� �a�l�w�a�y�s� �h�a�s� �a�n� �a�v�e�r�a�g�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �p�e�r� �c�e�l�l� �o�f� �a�b�o�u�t� �1�0�°� �(�i�n� �r�e�a�l�i�t�y� �1�.�1�5� �t�o� 

�1�.�2�2� �t�i�m�e�s� �t�h�a�t� �v�a�l�u�e�)�.� �T�h�e� �p�u�r�p�o�s�e� �i�s� �t�o� �c�o�m�p�a�r�e� �t�h�e� �q�u�a�l�i�t�y� �o�f� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�i�d�e�n�t�i�c�a�l� �s�i�m�u�l�a�t�i�o�n�s� �e�x�c�e�p�t� �f�o�r� �t�h�e� �u�s�e� �o�f� �t�h�e� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� �a�p�p�r�o�a�c�h�.� 

�F�i�g�u�r�e� �3�.�2� �s�h�o�w�s� �t�h�e�s�e� �r�e�s�u�l�t�s�.� �S�m�o�o�t�h�e�d� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �t�h�r�o�u�g�h� �5� 

�p�a�s�s�e�s� �o�f� �a� �5�-�p�o�i�n�t� �m�o�v�i�n�g� �a�v�e�r�a�g�e� �a�l�g�o�r�i�t�h�m�.� �N�o�i�s�e� �t�o� �s�i�g�n�a�l� �r�a�t�i�o�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� 

�c�o�n�c�e�n�t�r�a�t�i�o�n�s� �b�e�f�o�r�e� �s�m�o�o�t�h�i�n�g� �u�s�i�n�g� �t�h�e� �s�m�o�o�t�h�e�d� �c�o�n�c�e�n�t�r�a�t�i�o�n� �f�o�r� �t�h�e� �s�i�m�u�l�a�t�i�o�n� 

�w�i�t�h� �f�=�0� �a�n�d� �N�,�p�=�1�0�*� �a�s� �a� �m�e�a�s�u�r�e� �o�f� �t�h�e� �t�r�u�e� �s�i�g�n�a�l�.� �T�h�e� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e� �r�e�f�e�r�s� �t�o� 

�t�h�e� �m�o�d�e�l� �i�t�e�r�a�t�i�o�n� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �1�0�t�h� �t�i�m�e� �s�t�e�p�.� �I�t� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�u�m�m�a�t�i�o�n� �o�f� 

�t�h�e� �i�n�d�i�v�i�d�u�a�l� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e�s� �f�o�r� �t�h�e� �1�2� �w�o�r�k�e�r� �n�o�d�e�s� �u�s�e�d� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n�.� 

�C�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�r�e�e� �o�f� �t�h�e� �g�r�o�u�p�s� �c�l�e�a�r�l�y� �s�h�o�w�s� �t�h�a�t� �t�h�e� �p�a�c�k�e�t� 

�f�r�a�c�t�i�o�n� �a�p�p�r�o�a�c�h� �l�e�a�d�s� �t�o� �a� �n�o�t�a�b�l�e� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� �n�o�i�s�e� �t�o� �s�i�g�n�a�l� �r�a�t�i�o� �a�t� �t�h�e� �l�o�w�e�r� 

�c�o�n�c�e�n�t�r�a�t�i�o�n� �r�a�n�g�e�.� �M�o�r�e�o�v�e�r� �t�h�e� �n�o�i�s�e� �t�o� �s�i�g�n�a�l� �r�a�t�i�o� �i�n�c�r�e�a�s�e�s�,� �a�l�t�h�o�u�g�h� �o�n�l�y� �s�l�i�g�h�t�l�y�,� 

�a�t� �t�h�e� �h�i�g�h�e�r� �c�o�n�c�e�n�t�r�a�t�i�o�n� �r�a�n�g�e�.� �T�h�i�s� �s�l�i�g�h�t� �i�n�c�r�e�a�s�e� �i�s� �l�i�k�e�l�y� �a�n� �a�r�t�i�f�a�c�t� �r�e�s�u�l�t�i�n�g� �f�r�o�m� 

�N�p� �f�o�r� �t�h�e� �f�i�r�s�t� �s�i�m�u�l�a�t�i�o�n� �b�e�i�n�g� �s�l�i�g�h�t�l�y� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� �f�o�r� 

�M�O�D�E�L� �A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� �P�R�O�C�E�S�S�O�R�S� �8�3
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�F�i�g�u�r�e� �3�.�2� �C�o�m�p�a�r�i�s�o�n� �o�f� �c�o�n�c�e�n�t�r�a�t�i�o�n� �p�r�o�f�i�l�e�s�,� �n�o�i�s�e� �t�o� �s�i�g�n�a�l� �r�a�t�i�o�,� �a�n�d� 
�c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e� �f�r�o�m� �C�A� �m�o�d�e�l� �s�i�m�u�l�a�t�i�o�n�s� �f�o�r� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� �p�a�c�k�e�t� 
�f�r�a�c�t�i�o�n� �a�p�p�r�o�a�c�h�.� �(�M�o�d�e�l� �i�n�p�u�t� �p�a�r�a�m�e�t�e�r�s� �f�r�o�m� �T�a�b�l�e� �3�.�1�.�)� 

�M�O�D�E�L� �A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� �P�R�O�C�E�S�S�O�R�S



�t�h�e� �s�e�c�o�n�d� �s�i�m�u�l�a�t�i�o�n� �a�s� �n�o�t�e�d� �p�r�e�v�i�o�u�s�l�y�.� �F�o�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �g�r�o�u�p�,� �t�h�e� �p�a�i�r� �f�=�0�,� 

�N�,�=�1�0�"� �a�n�d� �f�=�0�.�0�0�0�1�,� �N�,�p�~�1�0�"�,� �a� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� �n�o�i�s�e� �t�o� �s�i�g�n�a�l� �r�a�t�i�o� �a�t� �t�h�e� �l�o�w�e�r� 

�c�o�n�c�e�n�t�r�a�t�i�o�n� �r�a�n�g�e� �i�s� �a�b�s�e�n�t� �b�e�c�a�u�s�e� �N�p�~�1�0�*� �i�s� �a�b�o�u�t� �t�h�e� �s�a�m�e� �a�s� �1�/�f� �.� �T�h�i�s� �r�e�p�r�e�s�e�n�t�s� 

�t�h�e� �c�o�n�d�i�t�i�o�n�s� �i�n� �w�h�i�c�h� �t�h�e� �m�a�x�i�m�u�m� �p�a�c�k�e�t� �r�e�s�o�l�u�t�i�o�n� �h�a�s� �b�e�e�n� �r�e�a�c�h�e�d�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �e�a�c�h� �g�r�o�u�p� �c�o�n�s�i�s�t�e�n�t�l�y� �s�h�o�w� �t�h�a�t� �t�h�e� �u�s�e� �o�f� �t�h�e� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� 

�a�p�p�r�o�a�c�h� �d�o�e�s� �n�o�t� �i�n�c�u�r� �a�n�y� �s�i�g�n�i�f�i�c�a�n�t� �p�e�n�a�l�t�y� �i�n� �t�e�r�m�s� �o�f� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e�.� �T�h�e� �d�a�t�a� 

�s�u�g�g�e�s�t� �t�h�a�t� �t�h�e� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� �a�p�p�r�o�a�c�h� �h�a�s� �t�h�e� �b�e�n�e�f�i�t� �o�f� �r�e�d�u�c�i�n�g� �t�h�e� �n�o�i�s�e� �t�o� �s�i�g�n�a�l� 

�r�a�t�i�o� �a�t� �l�o�w�e�r� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �w�i�t�h�o�u�t� �a� �s�i�g�n�i�f�i�c�a�n�t� �t�r�a�d�e�o�f�f� �i�n� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e�.� 

�O�n�e� �a�d�d�i�t�i�o�n�a�l� �b�e�n�e�f�i�t� �f�r�o�m� �u�s�i�n�g� �t�h�e� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� �a�p�p�r�o�a�c�h� �i�s� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�e�q�u�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �w�o�r�k� �l�o�a�d� �o�f� �c�e�l�l�s� �h�a�v�i�n�g� �d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �(�a�s� �l�o�n�g� �a�s� 

�c�e�l�l�s� �h�a�v�e� �a�t� �l�e�a�s�t� �1�/�f� �p�a�r�t�i�c�l�e�s�)�.� �T�h�i�s� �i�s� �i�m�p�o�r�t�a�n�t� �w�h�e�n� �d�o�m�a�i�n� �d�e�c�o�m�p�o�s�i�t�i�o�n� �i�s� �u�s�e�d� 

�t�o� �s�p�l�i�t� �t�h�e� �w�o�r�k� �a�m�o�n�g� �v�a�r�i�o�u�s� �p�r�o�c�e�s�s�o�r�s� �a�n�d� �t�h�u�s� �t�h�e� �c�e�l�l� �e�n�t�i�t�y� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �l�i�m�i�t� �o�n� 

�t�h�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� �I�n� �a�d�d�i�t�i�o�n� �i�t� �p�r�o�v�i�d�e�s� �s�o�m�e� �d�y�n�a�m�i�c� �l�o�a�d� �b�a�l�a�n�c�i�n�g� �a�s� �t�h�e� 

�n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �i�n� �t�h�e� �c�e�l�l�s� �c�h�a�n�g�e�s� �d�u�r�i�n�g� �t�h�e� �c�o�u�r�s�e� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n�.� 

�D�e�c�r�e�a�s�i�n�g� �t�h�e� �v�a�l�u�e� �f�o�r� �t�h�e� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� �c�l�e�a�r�l�y� �i�n�c�r�e�a�s�e�s� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� 

�t�i�m�e� �w�h�i�l�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �r�e�d�u�c�i�n�g� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �o�f� �t�h�e� �r�e�s�u�l�t�s�.� �T�h�i�s� �s�u�g�g�e�s�t�s� �t�h�a�t� �c�r�i�t�e�r�i�a� 

�f�o�r� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �d�e�s�i�r�a�b�l�e� �v�a�l�u�e�s� �o�f� �t�h�e� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� �m�u�s�t� �c�o�n�s�i�d�e�r� �a� �c�o�m�p�r�o�m�i�s�e� 

�b�e�t�w�e�e�n� �p�r�e�c�i�s�i�o�n� �o�f� �m�o�d�e�l� �r�e�s�u�l�t�s� �a�n�d� �e�x�e�c�u�t�i�o�n� �t�i�m�e�.� 

�3�.�3�.�2� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �P�u�l�s�e� �I�n�p�u�t� 

�F�i�g�u�r�e� �3�.�3� �s�h�o�w�s� �t�h�e� �c�o�n�s�e�r�v�a�t�i�v�e� �c�o�n�s�t�i�t�u�e�n�t� �c�o�n�c�e�n�t�r�a�t�i�o�n� �c�o�n�t�o�u�r� �l�i�n�e�s� �a�t� �t�h�r�e�e� 

�d�i�f�f�e�r�e�n�t� �t�i�m�e�s� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n�.� �T�h�e� �C�A� �r�e�s�u�l�t�s� �d�e�p�i�c�t�e�d� �c�o�r�r�e�s�p�o�n�d� �t�o� �a�n� �a�v�e�r�a�g�e� �o�f� �t�h�e� 

�r�e�s�u�l�t�s� �o�f� �t�w�o� �d�i�f�f�e�r�e�n�t� �s�i�m�u�l�a�t�i�o�n�s� �f�o�l�l�o�w�e�d� �b�y� �s�m�o�o�t�h�i�n�g� �w�i�t�h� �3� �p�a�s�s�e�s� �o�f� �a� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �9�-�p�o�i�n�t� �m�o�v�i�n�g� �a�v�e�r�a�g�e� �a�l�g�o�r�i�t�h�m� �(�F�o�r�t�n�e�r�,� �1�9�9�2�)�.� �T�h�e� �C�A� �r�e�s�u�l�t�s� �s�h�o�w� 

�g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� 
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�T�o� �c�o�m�p�l�e�m�e�n�t� �t�h�e�s�e� �r�e�s�u�l�t�s� �F�i�g�u�r�e� �3�.�4� �i�s� �p�r�e�s�e�n�t�e�d�.� �I�t� �s�h�o�w�s� �c�o�n�c�e�n�t�r�a�t�i�o�n� 

�p�r�o�f�i�l�e�s� �f�o�r� �a� �l�o�n�g�i�t�u�d�i�n�a�l� �a�n�d� �a� �v�e�r�t�i�c�a�l� �t�r�a�n�s�e�c�t� �a�t� �a� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �o�f� �2�5� �m�i�n�u�t�e�s�.� �B�o�t�h� 

�t�r�a�n�s�e�c�t�s� �a�r�e� �t�h�r�o�u�g�h� �t�h�e� �p�o�i�n�t� �o�f� �m�a�x�i�m�u�m� �p�l�u�m�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�.� �O�v�e�r�a�l�l�,� �t�h�e�s�e� �r�e�s�u�l�t�s� 

�s�u�g�g�e�s�t� �t�h�a�t� �t�h�e� �p�r�o�c�e�s�s� �o�f� �s�i�m�p�l�y� �a�v�e�r�a�g�i�n�g� �d�i�f�f�e�r�e�n�t� �s�i�m�u�l�a�t�i�o�n�s� �d�o�e�s� �n�o�t� �l�e�a�d� �t�o� �a� 

�d�e�c�r�e�a�s�e� �i�n� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �o�f� �t�h�e� �C�A� �r�e�s�u�l�t�s�.� �T�h�i�s� �f�i�n�d�i�n�g� �i�s� �u�n�e�x�p�e�c�t�e�d� �s�i�n�c�e� �i�n� �t�h�e� 

�p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�,� �a�v�e�r�a�g�e�s� �o�f� �1�0�0� �d�i�f�f�e�r�e�n�t� �s�i�m�u�l�a�t�i�o�n�s� �d�i�d� �p�r�o�d�u�c�e� �s�m�o�o�t�h� �C�A� �r�e�s�u�l�t�s�.� 

�F�u�r�t�h�e�r�m�o�r�e�,� �i�t� �s�h�o�w�s� �t�h�a�t� �a� �s�m�o�o�t�h�i�n�g� �a�l�g�o�r�i�t�h�m� �e�f�f�e�c�t�i�v�e�l�y� �s�m�o�o�t�h�e�s� �t�h�e� �C�A� �r�e�s�u�l�t�s�.� 

�T�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �a�v�e�r�a�g�i�n�g� �d�i�f�f�e�r�e�n�t� �s�i�m�u�l�a�t�i�o�n�s� �f�o�l�l�o�w�e�d� �b�y� �s�m�o�o�t�h�i�n�g� �d�o�e�s� �n�o�t� 

�s�e�e�m� �t�o� �l�e�a�d� �t�o� �a� �s�u�b�s�t�a�n�t�i�a�l� �i�m�p�r�o�v�e�m�e�n�t� �i�n� �p�r�e�d�i�c�t�i�o�n�s� �c�o�m�p�a�r�e�d� �t�o� �j�u�s�t� �s�m�o�o�t�h�i�n�g� �t�h�e� 

�r�e�s�u�l�t�s� �f�o�r� �a� �s�i�n�g�l�e� �s�i�m�u�l�a�t�i�o�n�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �r�e�s�u�l�t�s� �i�n� �F�i�g�u�r�e� �3�.�4� �c�o�n�f�i�r�m� �t�h�e� �g�o�o�d� 

�a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �C�A� �m�o�d�e�l� �a�n�d� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� 

�3�.�3�.�3� �O�n�e�-�D�i�m�e�n�s�i�o�n�a�l� �S�t�e�a�d�y�-�S�t�a�t�e� �B�O�D�/�D�O� 

�S�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �u�n�i�f�o�r�m� �c�r�o�s�s�-�s�e�c�t�i�o�n� �r�i�v�e�r� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�5� �i�n� 

�w�h�i�c�h� �t�h�e� �B�O�D�/�D�O� �C�A� �m�o�d�e�l� �i�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �S�t�r�e�e�t�e�r� �a�n�d� �P�h�e�l�p�s� �m�o�d�e�l�.� �T�h�e�s�e� 

�C�A� �m�o�d�e�l� �r�e�s�u�l�t�s� �a�r�e� �f�r�o�m� �a� �s�i�n�g�l�e� �s�i�m�u�l�a�t�i�o�n� �a�n�d� �c�o�r�r�e�s�p�o�n�d� �t�o� �a� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �o�f� 

�5�.�7�9� �d�a�y�s� �a�t� �w�h�i�c�h� �t�i�m�e� �s�t�e�a�d�y�-�s�t�a�t�e� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �e�x�i�s�t�.� �F�r�o�m� �t�h�e�s�e� 

�c�o�m�p�a�r�i�s�o�n�s� �t�h�e� �C�A� �m�o�d�e�l� �i�s� �c�l�e�a�r�l�y� �c�a�p�a�b�l�e� �o�f� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �B�O�D� �b�e�h�a�v�i�o�r� �a�n�d� �t�h�e� 

�D�O� �s�a�g� �c�u�r�v�e� �a�s� �a�c�c�u�r�a�t�e�l�y� �a�s� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �a�p�p�r�o�a�c�h� �b�a�s�e�d� �u�p�o�n� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�.� 

�T�h�e�s�e� �c�o�n�c�l�u�s�i�o�n�s� �a�r�e� �a�l�s�o� �s�u�p�p�o�r�t�e�d� �b�y� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �v�a�r�i�a�b�l�e� 

�c�r�o�s�s�-�s�e�c�t�i�o�n� �r�i�v�e�r� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�6�.� �T�h�e�s�e� �C�A� �m�o�d�e�l� �r�e�s�u�l�t�s� �a�r�e� �a�l�s�o� �f�r�o�m� �a� �s�i�n�g�l�e� 

�s�i�m�u�l�a�t�i�o�n� �a�n�d� �c�o�r�r�e�s�p�o�n�d� �t�o� �a� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e� �o�f� �5�.�7�8� �d�a�y�s� �a�t� �w�h�i�c�h� �t�i�m�e� �s�t�e�a�d�y�-�s�t�a�t�e� 

�c�o�n�d�i�t�i�o�n�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �e�x�i�s�t�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �a�l�s�o� �s�h�o�w� �t�h�a�t� �t�h�e� �C�A� �m�o�d�e�l� �c�a�n� �h�a�n�d�l�e� 

�s�p�a�t�i�a�l� �c�h�a�n�g�e�s� �i�n� �m�o�d�e�l� �c�o�e�f�f�i�c�i�e�n�t�s� �v�e�r�y� �w�e�l�l�.� 

�A�l�t�h�o�u�g�h� �d�i�s�p�e�r�s�i�o�n� �i�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e�s�e� �C�A� �s�i�m�u�l�a�t�i�o�n�s� �i�t� �o�b�v�i�o�u�s�l�y� �h�a�s� �n�o� 

�s�i�g�n�i�f�i�c�a�n�t� �i�n�f�l�u�e�n�c�e� �i�n� �t�h�e� �r�e�s�u�l�t�s� �s�i�n�c�e� �d�u�r�i�n�g� �s�t�e�a�d�y�-�s�t�a�t�e� �c�o�n�d�i�t�i�o�n�s� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� 
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�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s�.� �T�h�u�s�,� �a�n�d� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �r�e�l�a�t�i�o�n� 
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�a�p�p�r�o�a�c�h� �c�a�n� �s�t�i�l�l� �b�e� �o�f� �r�e�a�l� �s�i�g�n�i�f�i�c�a�n�c�e� �w�h�e�n� �c�o�n�s�t�i�t�u�e�n�t� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �a�r�e� �i�d�e�n�t�i�c�a�l� 
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�a�r�e� �e�x�p�e�c�t�e�d� �t�o� �s�t�i�l�l� �r�e�p�r�e�s�e�n�t� �s�t�e�a�d�y�-�s�t�a�t�e� �c�o�n�d�i�t�i�o�n�s�.� �A�l�s�o� �s�h�o�w�n� �i�s� �t�h�e� �s�t�a�n�d�a�r�d� 

�d�e�v�i�a�t�i�o�n� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�o�s�e� �r�e�s�u�l�t�s� �w�h�i�c�h� �i�n�c�o�r�p�o�r�a�t�e�s� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �t�h�e� �e�x�e�c�u�t�i�o�n� 

�t�i�m�e�s� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �w�o�r�k�e�r� �n�o�d�e�s� �a�s� �w�e�l�l� �a�s� �f�r�o�m� �i�t�e�r�a�t�i�o�n� �t�o� �i�t�e�r�a�t�i�o�n�.� �(�D�u�e� �t�o� �t�h�e� �y�-�a�x�i�s� 

�l�o�g�a�r�i�t�h�m�i�c� �s�c�a�l�e� �s�o�m�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �v�a�l�u�e�s� �a�r�e� �t�o�o� �s�m�a�l�l� �t�o� �b�e� �v�i�s�i�b�l�e� �i�n� �t�h�e� �p�l�o�t�.�)� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �e�a�c�h� �o�v�e�r�a�l�l� �e�x�e�c�u�t�i�o�n� �t�i�m�e� �f�r�o�m� �t�h�e� �m�a�n�a�g�e�r� �n�o�d�e�,� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� 

�3�.�9�,� �i�s� �a� �s�i�n�g�l�e� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �p�e�r�f�o�r�m�a�n�c�e� �u�s�i�n�g� �a� �p�a�r�t�i�c�u�l�a�r� �n�u�m�b�e�r� �o�f� 

�w�o�r�k�e�r� �n�o�d�e�s�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �F�i�g�u�r�e� �3�.�9� �s�h�o�w� �a� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �p�l�u�s� 

�c�o�m�m�u�n�i�c�a�t�i�o�n� �t�i�m�e� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �w�o�r�k�e�r� �n�o�d�e�s� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �i�n�c�r�e�a�s�e�s�.� �T�h�i�s� 

�r�e�p�r�e�s�e�n�t�s� �t�h�e� �t�y�p�i�c�a�l� �b�e�h�a�v�i�o�r� �o�b�s�e�r�v�e�d� �d�u�r�i�n�g� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �m�o�d�e�l�s� �o�n� �p�a�r�a�l�l�e�l� 

�p�r�o�c�e�s�s�o�r�s� �(�C�r�o�w�l�,� �1�9�9�4�;� �D�a�b�d�u�b� �a�n�d� �S�e�i�n�f�e�l�d�,� �1�9�9�4�)�.� �I�t� �a�l�s�o� �m�e�a�n�s� �t�h�a�t�,� �a�l�t�h�o�u�g�h� �i�t� �i�s� 

�p�o�s�s�i�b�l�e� �t�o� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�e�c�r�e�a�s�e� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �p�l�u�s� �c�o�m�m�u�n�i�c�a�t�i�o�n� �t�i�m�e� �b�y� �u�s�i�n�g� 

�m�o�r�e� �p�r�o�c�e�s�s�o�r�s�,� �t�h�i�s� �t�i�m�e� �t�e�n�d�s� �t�o� �l�e�v�e�l� �o�f�f� �a�n�d� �w�i�l�l� �e�v�e�n�t�u�a�l�l�y� �i�n�c�r�e�a�s�e� �i�f� �t�h�e� �n�u�m�b�e�r� �o�f� 

�p�r�o�c�e�s�s�o�r�s� �f�u�r�t�h�e�r� �i�n�c�r�e�a�s�e�s� �(�D�a�b�d�u�b� �a�n�d� �S�e�i�n�f�e�l�d�,� �1�9�9�4�)�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� 

�c�o�m�m�u�n�i�c�a�t�i�o�n� �o�v�e�r�h�e�a�d� �w�h�i�c�h� �o�f�f�s�e�t�s� �t�h�e� �d�e�c�r�e�a�s�e� �i�n� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e� �f�r�o�m� �u�s�i�n�g� �a� 

�l�a�r�g�e�r� �n�u�m�b�e�r� �o�f� �p�r�o�c�e�s�s�o�r�s�.� �T�h�i�s� �t�y�p�i�c�a�l� �b�e�h�a�v�i�o�r� �i�s� �a�l�s�o� �v�i�s�i�b�l�e� �i�n� �t�h�e� �o�v�e�r�a�l�l� �e�x�e�c�u�t�i�o�n� 

�t�i�m�e� �f�r�o�m� �t�h�e� �m�a�n�a�g�e�r� �n�o�d�e�.� 

�T�h�e� �n�u�m�b�e�r� �o�f� �p�r�o�c�e�s�s�o�r�s� �a�t� �w�h�i�c�h� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �p�l�u�s� �c�o�m�m�u�n�i�c�a�t�i�o�n� �t�i�m�e� 

�b�e�g�i�n�s� �t�o� �l�e�v�e�l� �o�f�f� �i�s� �m�a�c�h�i�n�e� �d�e�p�e�n�d�e�n�t� �(�t�h�r�o�u�g�h� �t�h�e� �p�r�o�c�e�s�s�o�r� �a�n�d� �c�o�m�m�u�n�i�c�a�t�i�o�n� 

�s�p�e�e�d�s�)� �b�u�t� �a�l�s�o� �r�e�l�a�t�e�d� �t�o� �t�h�e� �s�p�e�c�i�f�i�c� �p�r�o�b�l�e�m� �b�e�i�n�g� �s�o�l�v�e�d�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �i�t� �d�e�p�e�n�d�s� 

�u�p�o�n� �t�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �a�n�d� �c�o�m�m�u�n�i�c�a�t�i�o�n� �t�i�m�e�s�.� �M�u�l�t�i�d�i�m�e�n�s�i�o�n�a�l�,� 

�m�u�l�t�i�p�l�e� �c�o�n�s�t�i�t�u�e�n�t� �p�r�o�b�l�e�m�s� �w�i�t�h� �m�o�r�e� �c�o�m�p�u�t�a�t�i�o�n�s� �p�e�r� �p�r�o�c�e�s�s�o�r� �a�r�e� �l�i�k�e�l�y� �t�o� �l�e�a�d� �t�o� 

�g�r�e�a�t�e�r� �d�e�c�r�e�a�s�e�s� �i�n� �c�o�m�p�u�t�a�t�i�o�n� �p�l�u�s� �c�o�m�m�u�n�i�c�a�t�i�o�n� �t�i�m�e� �a�s� �m�o�r�e� �p�r�o�c�e�s�s�o�r�s� �a�r�e� �m�a�d�e� 

�a�v�a�i�l�a�b�l�e�.� 

�T�h�e� �s�u�b�s�t�a�n�t�i�a�l� �v�a�r�i�a�b�i�l�i�t�y� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �p�l�u�s� �c�o�m�m�u�n�i�c�a�t�i�o�n� 

�t�i�m�e� �i�n� �F�i�g�u�r�e� �3�.�9� �i�s� �c�l�e�a�r�l�y� �d�u�e� �t�o� �v�a�r�i�a�b�i�l�i�t�y� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �c�o�m�m�u�n�i�c�a�t�i�o�n�,� �s�i�n�c�e� 

�M�O�D�E�L� �A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� �P�R�O�C�E�S�S�O�R�S� �9�6



�t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e� �i�s� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l�.� �T�h�e� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �t�h�e� 

�c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e� �i�s� �e�x�p�e�c�t�e�d� �t�o� �b�e� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �r�a�n�d�o�m�n�e�s�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �C�A� 

�m�o�d�e�l� �a�n�d� �t�h�e� �d�e�g�r�e�e� �o�f� �l�o�a�d� �b�a�l�a�n�c�i�n�g�,� �a�s� �w�e�l�l� �a�s� �b�y� �r�a�n�d�o�m� �e�v�e�n�t�s� �o�c�c�u�r�r�i�n�g� �i�n� �t�h�e� 

�c�o�m�p�u�t�i�n�g� �s�y�s�t�e�m� �(�C�r�o�w�l�,� �1�9�9�4�)�.� �T�h�e� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �t�h�e� �c�o�m�m�u�n�i�c�a�t�i�o�n� �t�i�m�e� �i�s� �a�l�s�o� �l�i�k�e�l�y� 

�a�f�f�e�c�t�e�d� �b�y� �s�u�c�h� �r�a�n�d�o�m� �e�v�e�n�t�s�.� 

�B�a�s�e�d� �o�n� �t�h�e�s�e� �f�i�n�d�i�n�g�s�,� �t�h�e� �o�v�e�r�a�l�l� �e�x�e�c�u�t�i�o�n� �t�i�m�e� �f�r�o�m� �t�h�e� �m�a�n�a�g�e�r� �n�o�d�e� �i�s� 

�e�x�p�e�c�t�e�d� �t�o� �b�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �s�u�b�s�t�a�n�t�i�a�l� �v�a�r�i�a�b�i�l�i�t�y�.� �H�o�w�e�v�e�r�,� �t�h�e� �v�a�l�u�e�s� �p�r�e�s�e�n�t�e�d� �i�n� 

�F�i�g�u�r�e� �3�.�9� �a�r�e� �a� �s�t�r�o�n�g� �i�n�d�i�c�a�t�i�o�n� �o�f� �t�h�e� �p�o�o�r� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �C�A� �m�o�d�e�l�.� �A�t� �a�n� 

�o�p�t�i�m�u�m� �n�u�m�b�e�r� �o�f� �p�r�o�c�e�s�s�o�r�s� �t�h�e� �o�v�e�r�a�l�l� �t�i�m�e� �f�o�r� �t�h�e� �e�x�e�c�u�t�i�o�n� �o�f� �t�h�e� �5�.�7�9� �d�a�y�s� �o�f� 

�m�o�d�e�l� �s�i�m�u�l�a�t�i�o�n� �i�s� �s�t�i�l�l� �a�s� �h�i�g�h� �a�s� �6�.�5� �h�o�u�r�s�.� 

�I�t� �i�s� �i�n�s�t�r�u�c�t�i�v�e� �t�o� �n�o�t�e� �t�h�a�t� �o�f� �t�h�e� �a�v�e�r�a�g�e� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e� �r�e�p�o�r�t�e�d� �i�n� �F�i�g�u�r�e� �3�.�9� 

�a�b�o�u�t� �7�0�%� �r�e�p�r�e�s�e�n�t�s� �t�i�m�e� �s�p�e�n�t� �b�y� �t�h�e� �w�o�r�k�e�r� �n�o�d�e�s� �t�r�a�c�k�i�n�g� �p�a�r�t�i�c�l�e�s� �t�h�r�o�u�g�h� �t�h�e� �r�u�l�e�s� 

�(�w�h�i�c�h� �i�n�v�o�l�v�e�s� �g�e�n�e�r�a�t�i�n�g� �r�a�n�d�o�m� �n�u�m�b�e�r�s�)�.� �T�h�e� �r�e�m�a�i�n�i�n�g� �3�0�%� �i�s� �t�i�m�e� �s�p�e�n�t� �b�y� �a� 

�w�o�r�k�e�r� �n�o�d�e� �o�n� �s�p�a�t�i�a�l� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�f� �m�o�d�e�l� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �e�x�e�c�u�t�i�o�n� �o�f� �t�h�e� �c�o�d�e� 

�l�o�o�p�s� �t�o� �c�h�e�c�k� �t�o� �s�e�e� �i�f� �p�a�r�t�i�c�l�e�s� �a�r�e� �p�r�e�s�e�n�t� �i�n� �e�v�e�r�y� �s�u�b�d�o�m�a�i�n� �c�e�l�l�.� �O�b�v�i�o�u�s�l�y�,� �i�f� �a� 

�s�m�a�l�l�e�r� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� �w�a�s� �u�s�e�d�,� �t�h�e� �t�i�m�e� �s�p�e�n�t� �o�n� �p�a�r�t�i�c�l�e� �t�r�a�c�k�i�n�g� �w�o�u�l�d� �b�e� �a� �l�a�r�g�e�r� 

�p�e�r�c�e�n�t�a�g�e� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e�.� 

�3�.�3�.�4� �O�n�e�-�D�i�m�e�n�s�i�o�n�a�l� �T�i�d�a�l� �B�O�D�/�D�O� 

�F�i�g�u�r�e� �3�.�1�0� �v�i�s�u�a�l�i�z�e�s� �t�h�e� �t�e�m�p�o�r�a�l� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �a�d�v�e�c�t�i�v�e� �v�e�l�o�c�i�t�y� �t�h�r�o�u�g�h�o�u�t� 

�t�h�e� �s�i�m�u�l�a�t�i�o�n�,� �h�i�g�h�l�i�g�h�t�i�n�g� �t�h�e� �p�o�i�n�t�s� �f�o�r� �w�h�i�c�h� �m�o�d�e�l� �r�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d�.� �R�e�s�u�l�t�s� �a�r�e� 

�o�n�l�y� �s�h�o�w�n� �f�o�r� �s�l�a�c�k� �w�a�t�e�r� �t�i�m�e�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �a�m�o�u�n�t� �o�f� �p�l�o�t�t�e�d� �d�a�t�a� �w�h�i�l�e� �s�h�o�w�i�n�g� 

�r�e�s�u�l�t�s� �o�v�e�r� �a� �c�o�m�p�l�e�t�e� �t�i�d�a�l� �c�y�c�l�e�.� 

�F�i�g�u�r�e� �3�.�1�1� �s�h�o�w�s� �t�h�o�s�e� �r�e�s�u�l�t�s� �f�o�r� �a� �s�i�n�g�l�e� �s�i�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �B�O�D�/�D�O� �C�A� �m�o�d�e�l� 

�a�n�d� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �(�n�u�m�e�r�i�c�a�l�l�y� �i�n�t�e�g�r�a�t�e�d�)�.� �D�u�r�i�n�g� �t�h�e� �t�i�d�a�l� �c�y�c�l�e� �f�o�r� �w�h�i�c�h� 

�r�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n�,� �t�h�e� �m�a�s�s� �o�f� �c�o�n�s�t�i�t�u�e�n�t� �s�t�a�r�t�s� �b�y� �m�o�v�i�n�g� �u�p�s�t�r�e�a�m� �(�d�u�r�i�n�g� �f�l�o�o�d� �t�i�d�e�,� 

�M�O�D�E�L� �A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� �P�R�O�C�E�S�S�O�R�S� �9�7



�u�=� �0�.�9� �m�/�s�e�c� �u�=�0�.�9� 

� � 
� � 

� � 

� � 

�t�=�0� �0�2�5�7�p� �0�.�5�2�7� �0�7�5�7�p� �0�.�9�8�T�p� �1�.�2�5�7�p� �1�.�5�2� �T�p� 

� � � � �D�u�r�a�t�i�o�n� �o�f� �S�i�m�u�l�a�t�i�o�n�  �� 

� � 

� � 
�O� �D�e�n�o�t�e�s� �a� �t�i�m�e� �f�o�r� �p�l�o�t�t�e�d� �r�e�s�u�l�t�s� 

�F�i�g�u�r�e� �3�.�1�0� �G�r�a�p�h�i�c�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �t�i�m�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �a�d�v�e�c�t�i�v�e� �v�e�l�o�c�i�t�y� �f�o�r� 
�t�h�e� �s�i�m�u�l�a�t�i�o�n� �s�c�e�n�a�r�i�o� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �T�a�b�l�e� �3�.�5�.� �T�h�e� �c�i�r�c�l�e�s� �i�n�d�i�c�a�t�e� �t�h�e� �t�i�m�e� �a�t� �w�h�i�c�h� 
�m�o�d�e�l� �r�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�1�1�.� 

�M�O�D�E�L� �A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� �P�R�O�C�E�S�S�O�R�S� �9�8



�S
�Y

�O
�S

�S
�3

�9
�0

�0
�d

�d
� 

�1
�4

�7
� �1

�V
�e

�V
�d

� 
�O

�N
�I�

S
�N

� 
�N

�O
�I
�L

�V
�O

�M
�d

�d
�V

� 
�T

�S
�G

�O
�W

� 

� � 

�R�a�w� �d�a�t�a� �S�m�o�o�t�h�e�d� �d�a�t�a� �u�s�i�n�g� �5�-�p�o�i�n�t� �m�o�v�i�n�g� �a�v�e�r�a�g�e� �(�5� �p�a�s�s�e�s�)� 
�-� �T ��  � �� �T� �r� �.� �T� �.� �I� �-� �'� �:� 

�8�0� �+�  � � �� �C�e�l�l�u�l�a�r� �A�u�t�o�m�a�t�a� �4� �T�i�m�e� �=�0�.�5�2�T�,� �(�6�.�4�h�r�)� �4� 

�D�i�f�f�e�r�e�n�t�i�a�l� �E�q�u�a�t�i�o�n� �L� �(�s�l�a�c�k� �w�a�t�e�r�)� �|� 

�|� � � �_�!� �1� �1� �1� �L� �1� �I� �4� �I� 
� � � � � � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

�T� �7� �T� �T� �T� �-� �t�T� �v� �T� 

�8�0� �r� �d�k� �T�i�m�e� �=�0�.�9�8�7�,� �(�1�2�.�2�h�r�)� �-� 

�>� �{�s�l�a�c�k� �w�a�t�e�r�)� �|� 
�D�>� 
�E� 
�Q� �4�F� �_� 

�O� 
�a� �4� 

�0� �s�s� 

�8�0� �-� �T�i�m�e� �=�1�.�5�2�T�,� �(�1�8�.�8�h�r�)� 

�(�s�l�a�c�k� �w�a�t�e�r�)� 

�4�0� �L� �4� 

�O�o� �j� 

�3�0� �7�  ��  � �� � � � � 
�i�t� �T�i�m�e� �=� �0�.�5�2�T�p� �(�6�.�4� �h�r�)� 

� � � � �(�s�l�a�c�k� �w�a�t�e�r�)� �7� 

� � 

�{�f� �T�i�m�e� �=� �0�.�9�8� �T�y� �(�1�2�.�2� �h�r�)� �7� � � �2�0� �f�F� �q�r� �(�s�l�a�c�k� �w�a�t�e�r�)� �7� 

�D
�O

� �(�
m

�g
�/�

L�
)� 

� � 

� � 

� � 

�T�i�m�e� �=� �1�.�5�2� �T�p� �(�1�8�.�8� �h�r�)� �7� 

�2�0� �a�r� �(�s�l�a�c�k� �w�a�t�e�r�)� � � � � 
�1�0� � � � � � � � � � � 

�D�i�s�t�a�n�c�e� �f�r�o�m� �U�p�s�t�r�e�a�m� �(�k�m�)� 

�F�i�g�u�r�e� �3�.�1�1� �C�o�n�c�e�n�t�r�a�t�i�o�n� �p�r�o�f�i�l�e�s� �f�o�r� �B�O�D� �a�n�d� �D�O� �a�t� �s�u�c�c�e�s�s�i�v�e� �s�l�a�c�k� �w�a�t�e�r� �t�i�m�e�s� �o�v�e�r� �a�n� �e�n�t�i�r�e� �t�i�d�a�l� �c�y�c�l�e�.� �T�h�e� �B�O�D� �i�s� 

�b�e�i�n�g� �c�o�n�t�i�n�u�o�u�s�l�y� �d�i�s�c�h�a�r�g�e�d� �a�t� �a� �d�i�s�t�a�n�c�e� �o�f� �1�5� �k�m�.� �C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �C�A� �m�o�d�e�l� �a�n�d� �a� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �m�o�d�e�l� �a�s� 

�d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �t�e�x�t�.� �T�h�e� �C�A� �r�e�s�u�l�t�s� �a�r�e� �f�r�o�m� �a� �s�i�n�g�l�e� �m�o�d�e�l� �s�i�m�u�l�a�t�i�o�n�.� �(�M�o�d�e�l� �i�n�p�u�t� �p�a�r�a�m�e�t�e�r�s� �f�r�o�m� �T�a�b�l�e� �3�.�5�.�)



�i�.�e�.�,� �w�h�i�l�e� �t�h�e� �a�d�v�e�c�t�i�v�e� �v�e�l�o�c�i�t�y� �i�s� �n�e�g�a�t�i�v�e�)�,� �t�h�e�n� �h�a�l�t�s� �a�n�d� �c�h�a�n�g�e�s� �d�i�r�e�c�t�i�o�n� �(�a�t� �s�l�a�c�k� 

�w�a�t�e�r�,� �1�.�e�.�,� �w�h�e�n� �t�h�e� �a�d�v�e�c�t�i�v�e� �v�e�l�o�c�i�t�y� �i�s� �z�e�r�o�)�,� �a�n�d� �m�o�v�e�s� �b�a�c�k� �d�o�w�n�s�t�r�e�a�m� �(�d�u�r�i�n�g� �e�b�b� 

�t�i�d�e�,� �i�.�e�.�,� �w�h�i�l�e� �t�h�e� �a�d�v�e�c�t�i�v�e� �v�e�l�o�c�i�t�y� �i�s� �p�o�s�i�t�i�v�e�)�.� �I�n� �c�o�m�p�a�r�i�s�o�n� �t�o� �f�l�o�o�d� �t�i�d�e�,� �t�h�e� 

�a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �a�d�v�e�c�t�i�v�e� �v�e�l�o�c�i�t�y� �i�s� �l�a�r�g�e�s�t� �a�n�d� �t�h�e� �t�i�d�e� �d�u�r�a�t�i�o�n� �i�s� �l�o�n�g�e�s�t� �d�u�r�i�n�g� �e�b�b� 

�t�i�d�e�.� �T�h�e�r�e�f�o�r�e�,� �d�u�r�i�n�g� �a� �t�i�d�a�l� �c�y�c�l�e� �t�h�e�r�e� �i�s� �a� �n�e�t� �d�o�w�n�s�t�r�e�a�m� �m�o�v�e�m�e�n�t� �o�f� �c�o�n�s�t�i�t�u�e�n�t� 

�m�a�s�s�.� �T�h�i�s� �i�s� �b�e�s�t� �s�e�e�n� �f�o�r� �t�h�e� �B�O�D�.� 

�T�h�e� �r�e�s�u�l�t�s� �s�h�o�w� �a� �v�e�r�y� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �f�o�r� �t�h�e� �B�O�D� �a�n�d� �D�O� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� 

�m�o�d�e�l�s� �o�v�e�r� �a�n� �e�n�t�i�r�e� �t�i�d�a�l� �c�y�c�l�e�,� �d�e�s�p�i�t�e� �t�h�e� �e�x�p�e�c�t�e�d� �n�o�i�s�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �C�A� 

�s�o�l�u�t�i�o�n�.� �T�h�e� �n�o�i�s�e� �i�s� �o�n�c�e� �a�g�a�i�n� �s�u�b�s�t�a�n�t�i�a�l�l�y� �r�e�d�u�c�e�d� �t�h�r�o�u�g�h� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �a� 

�s�m�o�o�t�h�i�n�g� �a�l�g�o�r�i�t�h�m�.� �A�l�t�h�o�u�g�h� �h�e�r�e� �r�e�s�u�l�t�s� �a�r�e� �o�n�l�y� �s�h�o�w�n� �f�o�r� �s�l�a�c�k� �w�a�t�e�r� �t�i�m�e�s� �t�h�e� 

�s�a�m�e� �g�o�o�d� �f�i�t� �w�a�s� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �f�l�o�o�d� �a�n�d� �e�b�b� �t�i�m�e�s� �a�s� �w�e�l�l�.� 

�T�h�e�s�e� �C�A� �m�o�d�e�l� �r�e�s�u�l�t�s� �s�h�o�w� �t�h�a�t� �t�h�e� �m�o�d�e�l� �c�a�n� �h�a�n�d�l�e� �t�e�m�p�o�r�a�l� �c�h�a�n�g�e�s� �i�n� �t�h�e� 

�a�d�v�e�c�t�i�v�e� �v�e�l�o�c�i�t�y� �v�e�r�y� �w�e�l�l�,� �a�n�d� �s�u�g�g�e�s�t�s� �t�h�a�t� �a� �s�i�m�i�l�a�r� �b�e�h�a�v�i�o�r� �c�o�u�l�d� �b�e� �e�x�p�e�c�t�e�d� �f�r�o�m� 

�t�e�m�p�o�r�a�l� �c�h�a�n�g�e�s� �i�n� �o�t�h�e�r� �m�o�d�e�l� �c�o�e�f�f�i�c�i�e�n�t�s� �a�s� �w�e�l�l�.� 

�3�.�4� �C�O�N�C�L�U�S�I�O�N�S� 

�C�e�l�l�u�l�a�r� �a�u�t�o�m�a�t�a� �a�r�e� �a� �p�r�o�m�i�s�i�n�g� �n�e�w� �a�p�p�r�o�a�c�h� �f�o�r� �m�o�d�e�l�i�n�g� �w�a�t�e�r� �q�u�a�l�i�t�y� 

�p�r�o�b�l�e�m�s�.� �T�h�e� �C�A� �m�o�d�e�l� �r�e�p�r�e�s�e�n�t�s� �f�u�n�d�a�m�e�n�t�a�l� �w�a�t�e�r� �q�u�a�l�i�t�y� �p�r�o�c�e�s�s�e�s� �s�u�c�h� �a�s� 

�a�d�v�e�c�t�i�o�n�,� �d�i�s�p�e�r�s�i�o�n�,� �d�e�c�a�y�,� �a�n�d� �r�e�a�e�r�a�t�i�o�n� �a�s� �r�e�l�i�a�b�l�y� �a�s� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �a�p�p�r�o�a�c�h� �o�f� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�.� �I�t� �i�s� �c�a�p�a�b�l�e� �o�f� �a�d�e�q�u�a�t�e�l�y� �s�i�m�u�l�a�t�i�n�g� �o�n�e� �a�n�d� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l�,� 

�s�i�n�g�l�e� �a�n�d� �m�u�l�t�i�p�l�e� �c�o�n�s�t�i�t�u�e�n�t�,� �s�t�e�a�d�y�-�s�t�a�t�e� �a�n�d� �t�r�a�n�s�i�e�n�t�,� �a�n�d� �s�p�a�t�i�a�l�l�y� �i�n�v�a�r�i�a�n�t� �a�n�d� 

�v�a�r�i�a�n�t� �s�y�s�t�e�m�s�.� �A�l�t�h�o�u�g�h� �t�h�e� �m�o�d�e�l� �i�s� �s�u�b�j�e�c�t� �t�o� �a�d�v�e�c�t�i�o�n� �i�n�d�u�c�e�d� �n�u�m�e�r�i�c�a�l� �d�i�s�p�e�r�s�i�o�n� 

�t�h�i�s� �d�i�s�p�e�r�s�i�o�n� �c�a�n� �b�e� �m�i�n�i�m�i�z�e�d�.� �I�n� �a�d�d�i�t�i�o�n�,� �i�t� �c�a�n� �e�a�s�i�l�y� �b�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �r�e�a�l� 

�d�i�s�p�e�r�s�i�o�n�.� 
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�T�h�e� �u�s�e� �o�f� �t�h�e� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� �a�p�p�r�o�a�c�h� �l�e�a�d�s� �t�o� �a� �s�i�g�n�i�f�i�c�a�n�t� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� 

�n�o�i�s�e� �t�o� �s�i�g�n�a�l� �r�a�t�i�o� �a�t� �l�o�w�e�r� �c�o�n�s�t�i�t�u�e�n�t� �c�o�n�c�e�n�t�r�a�t�i�o�n�s�,� �a�n�d� �t�o� �a�n� �e�q�u�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� 

�w�o�r�k� �l�o�a�d� �a�m�o�n�g� �c�e�l�l�s� �h�a�v�i�n�g� �d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �(�a�s� �l�o�n�g� �a�s� �c�e�l�l�s� �h�a�v�e� �a�t� �l�e�a�s�t� 

�1�/�f� �p�a�r�t�i�c�l�e�s�)� �a�n�d� �t�h�u�s� �t�o� �s�o�m�e� �d�y�n�a�m�i�c� �l�o�a�d� �b�a�l�a�n�c�i�n�g�.� �T�h�e� �a�p�p�r�o�a�c�h� �d�o�e�s� �n�o�t� �s�e�e�m� �t�o� 

�i�n�v�o�l�v�e� �a�n�y� �s�i�g�n�i�f�i�c�a�n�t� �t�r�a�d�e�o�f�f�s�.� �M�o�r�e�o�v�e�r�,� �d�e�c�r�e�a�s�i�n�g� �t�h�e� �v�a�l�u�e� �f�o�r� �t�h�e� �p�a�c�k�e�t� �f�r�a�c�t�i�o�n� 

�c�l�e�a�r�l�y� �i�n�c�r�e�a�s�e�s� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e� �w�h�i�l�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �r�e�d�u�c�i�n�g� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �o�f� �t�h�e� 

�C�A� �m�o�d�e�l� �r�e�s�u�l�t�s�.� �A�l�s�o� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �s�m�o�o�t�h�i�n�g� �a�l�g�o�r�i�t�h�m�s� �s�u�b�s�t�a�n�t�i�a�l�l�y� �r�e�d�u�c�e�s� �t�h�a�t� 

�v�a�r�i�a�b�i�l�i�t�y�.� 

�T�h�e� �C�A� �m�o�d�e�l� �i�s� �e�a�s�i�e�r� �t�o� �u�n�d�e�r�s�t�a�n�d� �a�n�d� �i�m�p�l�e�m�e�n�t� �t�h�a�n� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� 

�n�u�m�e�r�i�c�a�l� �m�o�d�e�l�s�.� �I�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �C�A� �m�o�d�e�l� �o�n� �p�a�r�a�l�l�e�l� �p�r�o�c�e�s�s�o�r�s� �h�a�v�i�n�g� �a� 

�M�I�M�D� �d�i�s�t�r�i�b�u�t�e�d� �m�e�m�o�r�y� �c�o�n�f�i�g�u�r�a�t�i�o�n� �w�a�s� �f�e�a�s�i�b�l�e� �a�n�d� �p�o�s�e�d� �n�o� �m�a�j�o�r� �d�i�f�f�i�c�u�l�t�i�e�s�.� �A� 

�l�a�r�g�e� �n�u�m�b�e�r� �o�f� �s�i�m�p�l�e� �c�o�m�p�u�t�a�t�i�o�n�s� �m�u�s�t� �b�e� �d�o�n�e� �t�o� �u�p�d�a�t�e� �t�h�e� �C�A� �a�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� �o�f� 

�t�h�e� �s�i�m�u�l�a�t�i�o�n� �m�a�k�i�n�g� �t�h�e� �C�A� �m�o�d�e�l� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �i�n�t�e�n�s�i�v�e�.� �A�l�t�h�o�u�g�h� �m�o�d�e�l� 

�i�m�p�l�e�m�e�n�t�a�t�i�o�n� �w�a�s� �n�o�t� �o�p�t�i�m�i�z�e�d� �f�o�r� �p�e�r�f�o�r�m�a�n�c�e�,� �t�h�e� �m�o�d�e�l� �p�e�r�f�o�r�m�e�d� �p�o�o�r�l�y� �e�v�e�n� 

�w�h�e�n� �u�s�i�n�g� �a�n� �o�p�t�i�m�u�m� �n�u�m�b�e�r� �o�f� �p�r�o�c�e�s�s�o�r�s�.� �Y�e�t�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�h�a�t� �f�o�r� �m�o�r�e� �c�o�m�p�l�e�x� 

�s�i�m�u�l�a�t�i�o�n�s�,� �h�a�v�i�n�g� �h�i�g�h�e�r� �c�o�m�p�u�t�a�t�i�o�n�-�t�o�-�c�o�m�m�u�n�i�c�a�t�i�o�n� �r�a�t�i�o�s�,� �s�i�g�n�i�f�i�c�a�n�t� 

�i�m�p�r�o�v�e�m�e�n�t�s� �i�n� �m�o�d�e�l� �p�e�r�f�o�r�m�a�n�c�e� �c�o�u�l�d� �b�e� �a�t�t�a�i�n�e�d� �w�i�t�h� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�n� �m�a�s�s�i�v�e�l�y� 

�p�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r�s�.� 

�R�E�F�E�R�E�N�C�E�S� 

�A�h�l�s�t�r�o�m�,� �S�.�,� �H�.� �F�o�o�t�e�,� �R�.� �A�r�n�e�t�t�,� �C�.� �C�o�l�e�,� �a�n�d� �R�.� �S�e�r�n�e�,� �"�M�u�l�t�i�c�o�m�p�o�n�e�n�t� �M�a�s�s� 

�T�r�a�n�s�p�o�r�t� �M�o�d�e�l�:� �T�h�e�o�r�y� �a�n�d� �N�u�m�e�r�i�c�a�l� �I�m�p�l�e�m�e�n�t�a�t�i�o�n�.�"� �T�e�c�h�n�i�c�a�l� �R�e�p�o�r�t� �N�o�.� 

�B�N�W�L� �2�1�2�7�,� �B�a�t�t�e�l�l�e� �P�a�c�i�f�i�c� �N�o�r�t�h�w�e�s�t� �L�a�b�o�r�a�t�o�r�i�e�s�,� �R�i�c�h�l�a�n�d�,� �W�A� �(�1�9�7�7�)�.� 

�A�m�a�t�o�,� �I�.�,� �"�S�p�e�c�u�l�a�t�i�n�g� �i�n� �P�r�e�c�i�o�u�s� �C�o�m�p�u�t�r�o�n�i�u�m�. �� �S�c�i�e�n�c�e�,� �2�5�3�,� �8�5�6�-�8�5�7� �(�1�9�9�1�)�.� 

�M�O�D�E�L� �A�P�P�L�I�C�A�T�I�O�N� �U�S�I�N�G� �P�A�R�A�L�L�E�L� �P�R�O�C�E�S�S�O�R�S� �1�0�1



�B�a�g�t�z�o�g�l�o�u�,� �A�.� �C�.�,� �A�.� �F�.� �B�.� �T�o�m�p�s�o�n�,� �a�n�d� �D�.� �E�.� �D�o�u�g�h�e�r�t�y�,� �"�P�r�o�j�e�c�t�i�o�n� �F�u�n�c�t�i�o�n�s� �f�o�r� 

�P�a�r�t�i�c�l�e�-�G�r�i�d� �M�e�t�h�o�d�s�.�"� �N�u�m�e�r�i�c�a�l� �M�e�t�h�o�d�s� �f�o�r� �P�a�r�t�i�a�l� �D�i�f�f�e�r�e�n�t�i�a�l� �E�q�u�a�t�i�o�n�s�,� �8�,� 

�3�2�5�-�3�4�0� �(�1�9�9�2�)�.� 

�C�a�m�p�,� �W�.� �J�.�,� �S�.� �J�.� �P�l�i�m�p�t�o�n�,� �B�.� �A�.� �H�e�n�d�r�i�c�k�s�o�n�,� �a�n�d� �R�.� �W�.� �L�e�l�a�n�d�,� �"�M�a�s�s�i�v�e�l�y� �P�a�r�a�l�l�e�l� 

�M�e�t�h�o�d�s� �f�o�r� �E�n�g�i�n�e�e�r�i�n�g� �a�n�d� �S�c�i�e�n�c�e� �P�r�o�b�l�e�m�s�.�"� �C�o�m�m�u�n�i�c�a�t�i�o�n�s� �o�f� �t�h�e� �A�C�M�,� 

�3�7�,� �3�1�-�4�1� �(�1�9�9�4�)�.� 

�C�r�o�w�l�,� �L�.� �A�.�,� �"�H�o�w� �t�o� �M�e�a�s�u�r�e�,� �P�r�e�s�e�n�t�,� �a�n�d� �C�o�m�p�a�r�e� �P�a�r�a�l�l�e�l� �P�e�r�f�o�r�m�a�n�c�e�.�"� �[�E�E�E� 

�P�a�r�a�l�l�e�l� �&� �D�i�s�t�r�i�b�u�t�e�d� �T�e�c�h�n�o�l�o�g�y�,� �S�p�r�i�n�g� �I�s�s�u�e�,� �9�-�2�5� �(�1�9�9�4�)�.� 

�D�a�b�d�u�b�,� �D�.�,� �a�n�d� �J�.� �H�.� �S�e�i�n�f�e�l�d�,� �"�A�i�r� �Q�u�a�l�i�t�y� �M�o�d�e�l�i�n�g� �o�n� �M�a�s�s�i�v�e�l�y� �P�a�r�a�l�l�e�l� 

�C�o�m�p�u�t�e�r�s�.�"� �A�t�m�o�s�p�h�e�r�i�c� �E�n�v�i�r�o�n�m�e�n�t�,� �2�8�,� �1�6�7�9�-�1�6�8�7� �(�1�9�9�4�)�.� 

�D�u�n�c�a�n�,� �R�.�,� �"�A� �S�u�r�v�e�y� �o�f� �P�a�r�a�l�l�e�l� �C�o�m�p�u�t�e�r� �A�r�c�h�i�t�e�c�t�u�r�e�s�.�"� �I�E�E�E� �C�o�m�p�u�t�e�r� �M�a�g�a�z�i�n�e�,� 

�F�e�b�,� �5�-�1�6� �(�1�9�9�0�)�.� 

�F�o�r�t�n�e�r�,� �B�.�,� �T�h�e� �D�a�t�a� �H�a�n�d�b�o�o�k�:� �A� �G�u�i�d�e� �t�o� �U�n�d�e�r�s�t�a�n�d�i�n�g� �t�h�e� �O�r�g�a�n�i�z�a�t�i�o�n� �a�n�d� 

�V�i�s�u�a�l�i�z�a�t�i�o�n� �o�f� �T�e�c�h�n�i�c�a�l� �D�a�t�a�.� �S�p�y�g�l�a�s�s�,� �C�h�a�m�p�a�i�g�n�,� �I�L� �(�1�9�9�2�)�.� 

�F�o�x�,� �G�.� �C�.�,� �M�.� �A�.� �J�o�h�n�s�o�n�,� �G�.� �A�.� �L�y�z�e�n�g�a�,� �S�.� �W�.� �O�t�t�o�,� �J�.� �K�.� �S�a�l�m�o�n�,� �a�n�d� �D�.� �W�.� �W�a�l�k�e�r�,� 

�S�o�l�v�i�n�g� �P�r�o�b�l�e�m�s� �o�n� �C�o�n�c�u�r�r�e�n�t� �P�r�o�c�e�s�s�o�r�s�:� �G�e�n�e�r�a�l� �T�e�c�h�n�i�q�u�e�s� �a�n�d� �R�e�g�u�l�a�r� 

�P�r�o�b�l�e�m�s�,� �V�o�l�u�m�e� �I�.� �P�r�e�n�t�i�c�e� �H�a�l�l�,� �E�n�g�l�e�w�o�o�d� �C�l�i�f�f�s�,� �N�J�,� �5�9�2� �p�.� �(�1�9�8�8�)�.� 

�F�o�x�,� �G�.� �C�.�,� �"�A�c�h�i�e�v�e�m�e�n�t�s� �a�n�d� �P�r�o�s�p�e�c�t�s� �f�o�r� �P�a�r�a�l�l�e�l� �C�o�m�p�u�t�i�n�g�.�"� �C�o�n�c�u�r�r�e�n�c�y�:� 

�P�r�a�c�t�i�c�e� �a�n�d� �E�x�p�e�r�i�e�n�c�e�,� �3� �(�6�)�,� �7�2�5�-�7�3�9� �(�1�9�9�1�)�.� 

�F�o�x�,� �G�.� �C�.�,� �D�.� �R�.� �W�i�l�l�i�a�m�s�,� �a�n�d� �P�.� �C�.� �M�e�s�s�i�n�a�,� �P�a�r�a�l�l�e�l� �C�o�m�p�u�t�i�n�g� �W�o�r�k�s�!�.� �M�o�r�g�a�n� 

�K�a�u�f�m�a�n�n�,� �S�a�n� �F�r�a�n�c�i�s�c�o�,� �C�A�,� �9�7�7� �p�.� �(�1�9�9�4�)�.� 

�G�i�l�e�s�,� �R�.� �T�.�,� �"�O�p�t�i�m�a�l� �S�t�r�a�t�e�g�i�e�s� �f�o�r� �D�i�s�c�h�a�r�g�i�n�g� �P�o�l�l�u�t�a�n�t�s� �I�n�t�o� �N�a�r�r�o�w� �E�s�t�u�a�r�i�e�s�.�"� 

�W�a�t�e�r� �R�e�s�e�a�r�c�h�,� �2�9�,� �5�6�3�-�5�6�9� �(�1�9�9�5�)�.� 

�G�r�e�e�n�,� �S�.�,� �P�a�r�a�l�l�e�l� �P�r�o�c�e�s�s�i�n�g� �f�o�r� �C�o�m�p�u�t�e�r� �G�r�a�p�h�i�c�s�.� �M�I�T� �P�r�e�s�s�,� �C�a�m�b�r�i�d�g�e�,� �M�A�,� �2�3�3� 

�p�.� �(�1�9�9�1�)�.� 

�H�e�m�o�n�d�,� �H�.� �F�.�,� �a�n�d� �E�.� �J�.� �F�e�c�h�n�e�r�,� �C�h�e�m�i�c�a�l� �F�a�t�e� �a�n�d� �T�r�a�n�s�p�o�r�t� �i�n� �t�h�e� �E�n�v�i�r�o�n�m�e�n�t�.� 

�A�c�a�d�e�m�i�c� �P�r�e�s�s�,� �S�a�n� �D�i�e�g�o�,� �C�A�,� �3�3�8� �p�.� �(�1�9�9�4�)�.� 
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