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(ABSTRACT)

The problem under consideration is simultaneous monitoring of the means of two
or more correlated variables of a process, by collecting a small fixed random sample at
fixed time intervals. The target values are considered known, whereas the variance-
covariance matrix of the data must be estimated. A typical parametric chart to monitor this
process would involve the assumption that the data follow a multivariate normal
distribution. If this assumption is not reasonable or if it is difficult to verify, for example in
a short production run, a multivariate control chart based on classical nonparametric
statistics could be used. Control charts based on the sign and signed rank statistics are

explored.

Past sample information for each variable is retained through an exponentially
weighted moving average statistic (EWMA) in order to increase the sensitivity of the
charts to detect small shifts from the target. The properties of the charts are evaluated
using simulation. Such charts are not distribution-free in the nonparametric sense, but they
are more robust than the parametric equivalent chart because, among other reasons, they
require only covariance estimates. Nonparametric charts are less efficient than the
parametric equivalent chart if the measurements follow a normal distribution, but they

improve significantly if the measurements follow a distribution with heavier tails.
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CHAPTER 1

INTRODUCTION
1.1 Historical perspective

After the World War II, the American industry flourished without any serious
foreign competition. Europe was in shambles and eager to buy anything made in USA. It
was during that time that productivity was emphasized over quality. In another country,
namely Japan, this ideal was brought to such an extreme that the Japanese industry
acquired the reputation of manufacturers of junk. The quality transformation of the
Japanese industry that took place later on, partly with the help of W. Edwards Deming,
often called the "Japanese miracle”, changed Japan's image and competitiveness in the
international market. This event and the strengthening of the economies of the European
countries, as well as countries in other parts of the world, drastically increased the
competition and brought many, previously complacent, US manufacturers into a stage of
crisis. Today, it is widely recognized that in order to avert the crisis a series of changes
must be made. Old ideas are being abandoned and a new philosophy is being established:

productivity and quality must go hand in hand.

Statistical quality control consists of all statistical methods that can be used in a
manufacturing process in order to improve the quality of the outcome of the process. As
such, statistical quality control is a step in the right direction. There are many statistical
methods available for quality control. These methods can be loosely grouped into four

categories:

Acceptance sampling

Continuous sampling inspection



Process control

Experimental design

The first category includes methods such as single sample inspection, sequential
inspection, and the sequential probability ratio test (SPRT). For all these methods the
assumption is that a lot (or lots) has been produced and, upon inspection, it is either
accepted or rejected. The second category includes plans where items are inspected as
they are produced and the amount of future inspection depends on the outcome of the
current inspection, such as the Dodge-type plans. The third category includes the various
control charts. Among these three categories, it is the third one that monitors the process
itself, from its onset, and not just the product after it has been produced. In other words,

the control charts are designed to improve

quality through monitoring of the production process, and

productivity through reduction in waste.

Finally, the category of experimental design consists of all statistical techniques, including
response surface methodology, used in determining the optimal conditions necessary to
achieve the best quality output for a particular process. Examples of such techniques are

the experimental designs attributed to G. Taguchi.

A few control charts are developed in this dissertation. In order to monitor a
process using a control chart, random samples are collected from the process and certain
variables are measured. These variables are considered important contributors to the
quality of the process. The measurements are, then, summarized with statistics which are
plotted on the control chart. Depending upon the positioning of the points on the chart we

make a judgment about the quality of the process. If we judge that the quality is not good,
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we stop the process and take corrective action. Otherwise, we allow the process to

continue.

1.2 Problem motivation and other related research

When two or more correlated characteristics of a process are monitored
simultaneously, one has the option of using a separate univariate control chart to monitor
each characteristic or one multivariate control chart to monitor the whole process at once.
The approach taken here is that, in general, a multivariate control chart is more
appropriate than separate univariate control charts in handling multivariate data.
Moreover, the presence of computers today makes the computing difficulties usually
associated with multivariate statistical techniques a problem of the past. Several types of
multivariate control charts are available for process monitoring. For example, Hotelling
(1947) proposed a multivariate extension of a simple Shewhart chart; Crosier (1988)
proposed two types of multivariate CUSUM charts; Lowry et al (1992) proposed a
multivariate exponentially weighted moving average (MEWMA) chart. The drawback of
all these approaches is that they require the assumption that the data follow a multivariate
normal distribution. Of course, not all data follow a multivariate normal distribution, and
in the case of small samples (quite common in quality control) collected from a non-
normal population we may not be able to find a reasonable approximation to the sampling
distribution of a parametric statistic. Now, if the monitored process continues for a very
long time the normality assumption could be verified by collecting data. Another kind of
problem may occur if the production run is short and the normality assumption cannot be
verified, or if there is not enough data to provide good estimates of all the parameters

required in a parametric multivariate chart.



In all the above cases the attractiveness of a nonparametric monitoring approach
becomes apparent. The advantages of nonparametric charts over parametric charts are
many: they require fewer restrictive assumptions on the data; they are not sensitive to
outliers if the process is expected to have a few; and they are easier to use because only
rankings of the observations, and not accurate measurements, are needed. Several
univariate nonparametric control charts have been developed. For example, Park and
Reynolds (1987) developed nonparametric charts for monitoring a location parameter
when the target value is not specified. But beyond the univariate nonparametric approach
there is very little else. One has to look in other areas of statistics, beyond quality control,
to find any literature in multivariate nonparametric theory and applications. The lack of
research in this area and its potential usefulness in today's customized and computerized

world, suggested it for further development.

For this research problem we assume that the process we want to monitor involves
a number of correlated variables. We want to monitor the means of these correlated
variables in the case where they all have known, predetermined, target values. All the
other parameters of the process that are not monitored, for example variances and
covariances, are considered unknown. Small samples are collected at fixed time intervals
and used to monitor the means and to estimate the parameters that are necessary for the
monitoring of the means. The objective is to start the monitoring early, before a lot of data
is collected to estimate the parameters. Estimates based on small samples are not very
reliable, so they are updated with each new sample as the monitoring of the process
continues. After the first few samples, the updated estimates are much more reliable than
the individual sample estimates because they are based on a larger amount of data. These

updated estimates are used to construct a control chart.



The proposed control charts for the monitoring of the mean vector of the process
are multivariate nonparametric. The nonparametric statistics used are classical
nonparametric statistics, namely the sign statistic and the signed rank statistic, because
they are easy to compute and they are well known to users of statistics. Exponentially
weighted moving averages (EWMA) of the nonparametric statistics are used for increased
efficiency. The resulting control charts are not distribution-free in the nonparametric sense,
but they are more robust than the corresponding parametric multivariate charts, partly
because they involve fewer nuisance parameters. These multivariate nonparametric control
charts will be compared with their corresponding multivariate parametric charts for a
number of distributions. Their efficiencies will be compared using the average run length

criterion (ARL) computed with simulation.

In the following chapters several issues are discussed. Specifically, Chapter 2
contains a detailed description of general control charts and discussion on Shewhart,
CUSUM, EWMA, multivariate, and nonparametric control charts. In the same chapter,
there is also a discussion of the ARL criterion for chart evaluation. Chapter 3 contains a
literature review of recent work in the area of nonparametric and multivariate control
charts. Chapter 4 contains the description of the research problem, the algorithm of the
control procedure proposed, and discussion about the sign and signed rank statistics. In
Chapter 5 there is a discussion of the property of affine invariance and the proof that,
when the process is in control, the control statistics of the proposed nonparametric charts
asymptotically have a chi-squared distribution. Chapter 6 contains a discussion on the
computational issues of the charts and how they were resolved. Chapter 7 contains tables
and a discussion on the simulated performance of the nonparametric charts compared with
the corresponding parametric chart for the case of known parameters. Chapter 8 contains

tables and a discussion on the simulated performance of the nonparametric charts
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compared with the corresponding parametric chart for the case of unknown parameters
and for a variety of possible estimators. Finally, Chapter 9 contains a summary of the
research done in this dissertation, the major conclusions, a discussion on how to design the
proposed charts, and a few topics for future research. A few side issues are discussed in

the appendices.



CHAPTER 2
CONTROL CHARTS
2.1 Description of a control chart

The first step in the construction of a control chart is to define the meaning of
"quality” for the specific process or product. This usually translates to specifying one or
more measurable characteristics which, in the general statistical terminology, are called
variables. 1If there is a required value for a variable, it is called the target value. Since
variables have distributions, a target value is usually a required value for a parameter of
the distribution, for example the mean. In this case, we say that the control chart monitors
the mean of the process. Of course, besides the mean, other parameters could be

monitored, such as the median, the variance, etc. individually or in combination.

The next step involves sampling considerations. As soon as the production begins,
a few items are randomly selected and measured. Generally speaking, n observations are
taken at time T,, where T, is the time at which the kth sample is taken. Both the sample
size n and the length of the time interval T, —1T,_, between two consecutive samples can
be fixed or variable. The n observations are summarized with a statistic S,, which is,
usually, a complete and sufficient statistic for the parameter to be monitored. In turn, the
values of the statistic S,, themselves, may be summarized over time using another statistic

Y,. The final statistic to be computed, either S, or Y, is called the control statistic.

The construction of a control chart may include a target value, an upper control
limit (UCL) and/or a lower control limit (LCL) (see figure 2.1.1). The values of the
control statistic are plotted on the chart versus time. As long as the points remain between

the control limits the process is said to be in control, otherwise it is a signal that the
7



quality of the process may have deteriorated. If, for example, the control chart monitors
the mean | of a process, a signal above the UCL may indicate that the mean of the
process has shifted from the target value ¢ to another value i, where w.l.o.g. u, > ¢. If,
despite the signal, the mean is still on target, the signal is called a false alarm. In either

case, the process is usually halted in order to determine and remove the cause of the shift.

A
S or Yu signal
UCL £
Target /\
value \/
LCL

1 2 3 4 5 time k

Figure 2.1.1: A control chart

The control limits of a chart are determined based either on probability
considerations or on tradition, e.g. 3-sigma limits (defined in section 2.2). Assuming that
the process is in control, the probability of false alarm or, in general, the false alarm rate is
fixed to a small value (similar to the o level of a hypothesis test). Then the UCL and the
LCL are determined according to the specified false alarm rate. Assuming that the

observations are iid and follow a normal distribution, the distributions of the usual sample
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statistics, i.e. average, range, standard deviation, etc. are known, and the UCL and LCL
can usually be determined. This task becomes much harder when these assumptions on the
data cannot be made, especially for small samples. Then, approximate techniques or
simulation are implemented to estimate the appropriate control limits. The importance of
specifying accurate control limits cannot be overemphasized. A high false alarm rate
would increase the cost of the product associated with stopping and starting the
production, investigating for the cause of a signal and not finding it, and leaving everyone
in doubt whether indeed something has gone wrong or not. In the long run, a high false
alarm rate would affect the way operators respond to a true signal by cultivating a casual
atmosphere.‘On the other hand, the false alarm rate should not be unnecessarily small. This
would result in a larger type II error, in the sense of a hypothesis test, which means that
too much defective output may be generated by the process before the control chart

detects the change in the parameter and the process is halted.

2.2 To retain or not to retain past information?

In the construction of a control chart, one has the option of combining the value of
the statistic S,, computed from the current sample k, with previous sample statistics
Si—1s Sg_ps-.., l0osely called past information. The decision about whether to retain or not
to retain past information depends on what each option has to offer in terms of ability to
detect a shift of the parameter from its target value. Three types of charts, which differ in
the way past information is used, will be discussed here: the Shewhart chart, the
cumulative sum (CUSUM) chart, and the exponentially weighted moving average

(EWMA) chart.



The Shewhart chart (Shewhart, 1931) is the simplest type of control chart. It uses

only the current sample information. For example, in a Shewhart chart for monitoring the

process mean [ (see Figure 2.2.1), the average of the n observations taken at time T, X,,

is plotted against time. Here, X, is the control statistic. If the target value is ¢ and the

variance 67 of the observations is considered known, the control limits are determined as

follows:
UCL =1+ g%
" 2.2.1)
LCL=1¢t~- gjo_—
n

where ¢ is chosen to balance the false alarm rate with the failure to signal if a shift has
taken place. A typical value for ¢ is 3, in which case the UCL and LCL are called 3-sigma
limits. This chart is two-sided, as it allows detection of a shift in the process mean both
above and below the target value. A Shewhart chart quickly detects a large shift in the

monitored parameter but it is inefficient in detecting small or moderate size shifts.

Shewhart charts with runs rules, a modification of a regular Shewhart chart, make
use of past information to a limited extent. For example, in addition to the regular rule for
a signal, a signal may be given if "2 out of the last 3 values of )_fk are in the warning
region C" (see Figure 2.2.1). A warning region is a subset of the acceptance region,
adjacent to a control limit. Acceptance region is the area of the graph between the UCL
and the LCL. In this case, the last 3 values of the sample statistic are retained at each time
k instead of the current value only. A Shewhart chart with one or more runs rules is
usually more efficient in detecting small shifts in the parameter than a simple Shewhart

chart (Champ and Woodall, 1987). The improvement in efficiency, though, is limited by

10



the number of additional rules one can use, the degree of simplicity or complexity of the

rules, and the increase in false alarm rate these rules may cause.

X 4
rejection region
t+¢—
° Jn warning region ¢
J\ A accef)tance
t NS region
o 5
t—¢— Y
Jn 1 2 3 4 5  timek

Figure 2.2.1: Shewhart X chart

In a Shewhart chart with runs rules the number of past samples used is fixed.
Another possibility is that the number of past samples retained is a variable depending on
the data. If a small shift in the parameter has occurred, the values of the control statistic
would still be near the target value. In this case, more past samples would be necessary to
detect the shift. The opposite would happen if a large shift has occurred and the values of
the control statistic are near one of the control limits: fewer past samples would be
necessary to detect the shift. A chart with this property would be much more efficient than
a Shewhart chart in detecting smaller shifts, and, potentially, as efficient in detecting larger
shifts.

11



The Cumulative Sum (CUSUM) chart, originally proposed by Page (1954), has
the above property. It retains the information from past samples by adding the value of the
current statistic to the previous sum. Since this action alone would ultimately "drown" the
current sample information, when there is no indication of a shift, the CUSUM statistic
resets itself to zero. Suppose that the parameter to be monitored is the mean of a process

with target value ¢ . The one-sided CUSUM statistic Z, for detecting a positive shift in

the mean is defined as:

Z, =max{0,Z,_ }+Z, , k=1.2,.. (2.2.2)

where
Z;=0 and Z,=X,-t-d.

X, is the current sample average, and d is one half of the size of the shift that the chart is
suppose to detect quickly, in standard deviations of the statistic X,. This chart has an
upper control limit 4 only (see Figure 2.2.2). It signals whenever Z, >h, where & is

chosen according to a prespecified false alarm rate.

In order to monitor the mean for both positive and negative shifts two such

CUSUM charts, satisfying certain conditions, are often used. In this case, one chart is for

positive shifts, denoted by Z,, and the other is for negative shifts, denoted by Z, . They

are defined as

Z, =max{0,Z,_ }+Z}, k=12,..

where

12



and

Z" =max{0,Z; Y+ Z; , k=12,..
where

Z;'=0 and Z;=X,-t-d .

The combined chart signals as soon as one CUSUM chart signals, i.e. when either

Z, 2htorZ, 2h".

Alternatively, a single CUSUM chart (Crosier, 1986) could be used to monitor
both kinds of shifts simultaneously. The two-sided CUSUM statistic C, developed by

Crosier is defined as follows.

Let
C, =|Ci,+X, -t
then
0 if C, <ac
. = * - ac - . 2.
G (Coy + X, —1)(1- CX) if C, >aoy (2.23)
k

where

C =0, a>0,and k=1.2,..

In the above definition, W, is the target value and G is the standard deviation of X,.The

chart signals if |C;| > ho .

13



signal

0
\
reset to

reset to Zero
Zero

1 2 3 4 5 6 timek

Figure 2.2.2: CUSUM chart

In a nutshell, the CUSUM chart uses past information in the form of a variable
number of past sample means that are added together. The result is that the CUSUM chart
is much more efficient than a Shewhart chart in detecting small shifts from the target. An
alternative idea to retaining a variable number of past samples would be to retain them all
by, for example, adding or averaging the sample averages from all the previous steps. In
order to avoid the problem of "drowning" the current sample information (mentioned also
earlier in this section), one could use a weighted average of all the sample statistics,

instead of a simple average.
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The Exponentially Weighted Moving Average (EWMA) statistic ¥, for monitoring

the process mean, first introduced in quality control by Roberts (1959), is defined as

follows.
Y, =(1=r)*Y, +(1=r)""rX, +...4(1=r)rX,_ +7X,
k-1 o
=(1-r)L+) A-ryX,_;, k20 (2.2.4)
=0
where

X, is the current sample average

r is the EWMA parameter, 0<r<1
Y, isusually the target value.
An alternative expression for Y, is the following recurrence relationship:
Y, =(1-r)Y_ +rX, (2.2.5)

The EWMA chart is two-sided (see Figure 2.2.3) and signals when Y, >t+c¢ or

Y, <t—c, where ¢ is chosen to be a multiple of the asymptotic standard deviation of ¥,.

Since the topic of this dissertation involves the EWMA approach in retaining past
information, more details on this subject are left for development in later chapters of this
dissertation. In general, the EWMA chart is efficient in detecting small shifts in the
monitored parameter when r is chosen to be small, and efficient in detecting large shifts
when r is chosen to be large. Different studies comparing the CUSUM chart with the
EWMA chart indicate that they are quite comparable in terms of efficiency in detecting a

shift of any size (Lucas and Saccucci, 1990). Both schemes, CUSUM and EWMA, include
15



the simple Shewhart chart as a special case. CUSUM and EWMA schemes use past
information whereas the standard Shewhart scheme does not. The result is that CUSUM
and EWMA charts are less sensitive to outliers and more efficient in detecting small shifts

than the standard Shewhart chart.

Y 4

signal
t+c v
t-c

1 2 3 4 5 6 timek

Figure 2.2.3: EWMA chart

2.3 Multivariate control charts

When p characteristics of a process are monitored we are faced with a new
question. How do we take advantage of the dependence structure between the
measurements of each observation and, in doing so, how do we still keep the

measurements separate in order to help with the identification of the cause of a shift.
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There are three different approaches that could be taken: using p separate univariate
control charts, following the combine-accumulate approach, or following the accumulate-
combine approach, as explained below. Let

.
Xkll * M ¢ Xkln

RO «

kpn J

be a sample of n observations on p characteristics at time 7,. Suppose we are interested in
monitoring the means of the p characteristics u'=[l,,...,1,]. Without loss of generality,
let us assume that the target t"=[z,,...,£,1=[0,...,0]. Then, the summary statistics for the

n observations at time k could be X, =[X,,,..., X, 4 ] With variance-covariance matrix ;.

(I) Using p separate univariate control charts

This approach is simple and self-explanatory. One keeps p separate records, one
for each type of measurement. A Shewhart, CUSUM or EWMA chart may be used to
monitor each parameter. This way it is relatively easy to identify the source of trouble
when a signal occurs. The problem is that we don't make use of the covariance structure
between the variables, and it would be difficult to evaluate the joint properties of the p

charts.

The acceptance regions of two different approaches in monitoring two parameters
are depicted in Figure 2.3.1 below. Approach (a) uses two separate univariate control
charts and has a rectangular acceptance region. Approach (b) uses one multivariate
control chart and has an elliptical acceptance region. Assuming that the monitored

parameters are means, let the points x and y, plotted on the graph, represent bivariate

17



sample averages. Each point is a signal according to one approach but not a signal
according to the other approach. So, for example, if a shift has taken place in the vector of
parameters |L* that has not affected any of the individual p.'s by very much, then it is
possible that neither of the two separate charts will signal (see point y in Figure 2.3.1).
This results in a decrease in power, i.e. more defective items will be produced before a
signal occurs. In addition, the two charts will signal if any one of them signals (see point x

in Figure 2.3.1).

Variable 1
4 (b)
veLt 4 2 /j
X
Target 1 { /
5
ILCL1 +
t i —t —» Variable 2

LCL2 Target 2 UCL 2

Figure 2.3.1: Rectangular versus elliptical acceptance region
(a) Acceptance region using two independent univariate control charts.

(b) Acceptance region using one multivariate control chart.
X: a signal point according to region (a), but not according to region (b).
y: a signal point according to region (b), but not according to region (a).

(II) The combine-accumulate approach
A Shewhart, CUSUM or EWMA chart could be used in this approach, except that

a standard Shewhart chart would combine but not accumulate. According to this approach

all measurements in a sample are combined into a univariate statistic at each time <, which

18



is then summed or averaged over time. If X; = [X},,....., X, ] is the vector of averages for

the n observations at each time k, the data could be combined into the statistic V, , where

V, =X, 2'%, (2.3.1)

X

A Shewhart chart would use V, as the control statistic. Alternatively, V, could be

accumulated over time with, for example, an EWMA scheme as follows:
Y =(1-r)Y,_ +1V, (2.3.2)

where ¥, =0. A signal is given if ¥, > UCL (some appropriately chosen upper control

limit).

This method makes use of the covariance structure between the variables but a
signal would be hard to interpret. The measurements would be so hopelessly entangled in
the control statistic, that it would be almost impossible to determine which characteristic
has shifted from the target using the control statistic only. Diagnostics would have to be

done using separate statistics kept for this purpose.

(IIT) The accumulate-combine approach

According to this approach, the sample averages would be accumulated over time
separately for each variable but they would be combined at each time 7, to form a
univariate statistic. A CUSUM or EWMA scheme could be used to accumulate the
information on each variable over time. A standard Shewhart chart would not be
appropriate in this case since it would not accumulate past information. If

X =[X,,...X ,p] 18 the vector of averages for the n observations at time k, as before,

and the EWMA scheme is used, we accumulate according to

Y, =(I-R)y,, +Rx, (2.3.3)
19



where

[1 0 . . 0] n 0 . . 0
0 1 . 0 r,

I= . R=]|. . .
. .0 : .0
[0 . . 0 1 0 . . 0 71,

0< r; <1, and j=1,2,...,p. Ateach time k, the EWMA statistics are combined into the

statistic

W, =y,.Z'y, (2.3.4)

where X, is the variance-covariance matrix of y,. A signal is given if #,> UCL (some

appropriately chosen upper control limit). This chart has been explored by Lowry et al

(1992).

The accumulate-combine approach makes use of the covariance structure between
the variables and it does not combine the information on each variable until the very end of

the computation. So, if a signal occurs, the vector statistic y, can be used to identify the
parameter or parameters that appear to have shifted from target. Since this is the approach
taken in this dissertation, more details are left to be discussed in Chapter 4 (The proposed

control chart).

2.4 Nonparametric control charts

Most standard procedures for monitoring one or more parameters of a process are

designed on the assumption that the measurements follow a normal distribution. This is an

20




























































































































































































































































