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ABSTRACT 

Binary reponse data is often modeled using the logistic regression model, a 

well known nonlinear model. Designing an optimal experiment for this nonlinear 

situation poses some problems not encountered with a linear model. The 

application of several optimality design criteria to the logistic regression model is 

explored, and many resulting optimal designs are given. The implementation of 

these optimal designs requires the parameters of the model to be known. 

However, the model parameters are not known. If they were, there would be no 

need to design an experiment. Consequently the parameters must be estimated 

prior to implementing a design. 

Standard one-stage optimal designs are quite sensitive to parameter 

misspecification and are therefore unsatisfactory in practice. A two-stage 

Bayesian design procedure is developed which effectively deals withpoor 

parameter know fle maintaining high efficiency. The first stage makes use 

of Bayesian design as well as Bayesian estimation in order to cope with parameter 

misspecification. Using the parameter estimates from the first stage, the second 

stage conditionally optimizes a chosen design optimality criterion. 

Asymptotically, the two-stage design procedure is considerably more efficient than 

the one-stage design when the parameters are misspecified and only slightly less 

efficient when the parameters are known. The superiority of the two-stage 

procedure over the one-stage 1s even more evident for small samples.
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CHAPTER 1 

Introduction and Literature Review 

§1.1 Introduction 

With the current emphasis in the sciences and industry on the need for 

developing new products as well as improving quality of existing products on ever 

shrinking development/research budgets, response surface methodology (RSM) is 

enjoying increasingly widespread use. The increased demand being placed upon 

RSM over the past number of years has stimulated a considerable amount of 

research aimed at broadening and improving the scope and applications which 

cover areas including design of experiments and linear and nonlinear modeling. 

The aspect of RSM of direct interest in this dissertation is design of 

experiments. The majority of research done in this area is based on the 

assumption of a linear model, although some important work has also been done 

with a nonlinear model. Regardless of the nature of the model, it is safe to 

assume that cost is an increasingly important factor in most experiments today. 

Consequently, it is desirable to find designs which yield a maximal amount of 

pertinent information about the system under study while using a minimal 

number of observations. In addition, it is also desirable for a design to be 

attractive to practitioners in terms of usefulness and applicability as well as being 

theoretically attractive to the statistician. One objective of this research is to find 

designs which have a combination of these attributes. The assumed model is the 

logistic regression model, a widely known nonlinear model for binary response 

data.



§1.2 Linear Model and Design Optimality 

In the quest for optimal designs, many optimal design criteria have been 

created, along with optimal design theory. In 1959, Kiefer and Wolfowitz formed 

a theoretical framework for optimal design criteria by expressing a design as a 

probability measure representing the allocation of observations at any particular 

point in the design space. They formed the D and E optimality criteria, which led 

to the term “alphabetic optimality.” In addition, many other design performance 

criteria have been created such as A, F, G, and Q. With the exception of F 

optimality, these criteria were initially developed for a linear model. This is not to 

imply that these criteria could not be used in a nonlinear situation. However, the 

linear model does lend itself more nicely to design optimization than does the 

nonlinear model as will become apparent shortly. 

Consider the linear model in standard form, 

y= Xpt+e 

where y is an n dimensional vector of responses, X is an nx(h+1) matrix formed 

by an nxh model matrix of h regressor variables augmented by a column of ones, 

B is a h+1 dimensional vector of unknown parameters, and ¢ is an n dimensional 

vector of unknown errors. Note that a regressor variable might be defined as 

some function of the other regressor variables such as interactions (products) or 

quadratic terms. 

Under the assumption that « is N(0,07I), the method of least squares is used 

to estimate the vector of parameters, 8. Under this assumption, the least squares 

estimator of 8 is equivalent to the maximum likelihood estimator, b=(X’X)'X’y 

which is the minimum variance unbiased estimator of 8. The variance of b, the 

inverse of the Fisher information matrix, is given by (X’X)'o?. This variance 

covariance matrix of b as a whole or in part drives many of the design criteria 

which have been developed. The matrix (X’X)* does not depend upon the 

unknown parameter vector 8, which is precisely why the linear model lends itself 

so nicely to design optimization. In the next section, however, we will see that the 

same does not hold true for a nonlinear model.



The most widely known design criterion is D optimality, dating to Kiefer and 

Wolfowitz (1959). This criterion suggests one should make (X’X)?’ small or 

equivalently, make (X’X) large in some sense, thus attempting to minimize the 

variance of b. The determinant of the variance covariance matrix of b is termed 

the generalized variance of b and was used as scalar measure of dispersion by 

Wilks (1932). Thus, the D optimal design is the design which maximizes the 

determinant of (X’X) . The D optimality criterion is given by 

  xx Max | N 

where 9 is the set of possible designs and N is the sample size. The matrix and 

determinant depend only upon the location of the design points, not on 8. 

Consequently, the D optimal design can be determined and implemented 

independently of f. 

Another well known design criterion is Q optimality. The goal of the Q 

criterion is to find a design which offers good prediction throughout the region in 

which the experimenter wants to predict. Consider the prediction variance at a 

point Xo, 

var($(xp)) = var(39"b) = x9°(X°X) xe? 

where xX)’ = ( 1, X91, Xog, --- » Xon) iS a location in the region of interest written in 

model space identical to rows of the X matrix. One way to address the quality of 

prediction in a region is to average the prediction variances over that region. The 

Q optimal design is the design which minimizes the average prediction variance 

(APV) over all possible locations within the region of interest. The Q optimality 

criterion is given by 

Min & [ x0'(X'X)*xp dx 
R 

where R is the region of interest and K is the volume of that region. The idea of 

average prediction variance originated with Box and Draper (1959) in an effort to 

find a design criterion which protects against model misspecification.



E optimality is another criterion which addresses prediction variance. The E 

optimal design is the design which minimizes the maximum eigenvalue of (X’X)! 

which has been shown for the linear model situation to be equivalent to 

minimizing maximum prediction variances on spheres of radius r. The E 

optimality criterion is given by 

Min Max \.. 
} 1 , 

Many such design criteria have been developed and all tend to fall within one 

of two categories, those concerned with parameter estimation and those concerned 

with prediction. Regardless of the category, in the linear model situation, the D, 

Q, E, optimal designs are found and implemented independently of the model 

parameters and are also independent of the scale of the design variables. More is 

said later about scale invariance. In addition, these three criteria yield optimal 

designs which are quite similar in most circumstances. It will be shown that the 

same cannot be said of the same criteria in the context of the logistic model. For 

more detailed instruction on the design criteria discussed and their use in RSM 

see Myers, Khuri, and Carter(1989). 

§1.3 Nonlinear Model (Logistic) and Design Optimality 

The use of nonlinear models is becoming increasingly prevalent as the 

applications of statistics broadens. In many instances the normality and constant 

variance assumptions used in most linear models contexts are not valid. 

Situations often arise in which the errors are more likely distributed Poisson, 

binomial, exponential, gamma, or some other member of the GLM family of 

models. When one of these situations arise, nonlinear models typically exist 

which are better suited than the linear model. Consider the nonlinear model, 

Yi; = £(x,,8) + ei (1.3.1)



where i=1,...,k, j=1,...,n,, Vij is the j** response for the jth design point, f is a 

known function which is nonlinear in #, where # is a px1 vector of unkown model 

parameters, x is an hx1 vector of regressor variables, and 6 is an unknown 

error. 

An appropriate method for estimating 8 is maximum likelihood estimation. 

The asymptotic variance covariance matrix of b, the MLE of 8, is the inverse of 

the Fisher information matrix (Lehmann 1983). This information matrix forms 

the foundation for traditional design performance criteria and is defined by 

I,,(x,8) = [-ESaam) ; (i=1,..., p and j=1l,..., p) 

where L(8) is the log-likelihood function from model 1.3.1. 

Relatively little research has been done in the area of design optimization in 

the case of nonlinear models, but there is good reason for this. Box and Lucas 

(1959) demonstrated that the D optimal design for a nonlinear model depends on 

the model parameters, #, through the partial derivatives in the Fisher information 

matrix. In order to implement the D optimal design one must know the model 

parameters. 

The particular nonlinear model under study in this dissertation, as previously 

mentioned, is the logistic regression model. This model is well suited for binary 

data which often arise in areas including biological assays of drugs, material 

fatigue to failure studies, and stress and fracture studies. Research questions of 

interest may center around the amount of drug needed to produce a 50% chance 

of response, the level of poison (pesticide/herbicide) required to yield an 80% 

death rate, the amount a piece of composite material can be stressed before the 

chance that it fractures exceeds 20%, or the minimum temperature a component 

can experience and still give chance of failure not to exceed 25%. The logistic 

function and model was first introduced by Berkson (1944) in the context of 

biological drug dose/response experiments, the subject matter context in which it 

has remained until recently. The logistic distribution has a symmetric probability 

density function and apart from constants is given by



-p’x 
f(x) _ exp 

= ———_, 1.3.2 
(1+ exp 8 x)2 ( ) 

The single variable logistic regression model is derived from the 

corresponding cumulative distribution function and is commonly seen in the 

following form, 

yg = Pit ey 

or = — Fe + Ca (1.3.3) 

1 + exp 2 

where, j=1,...,n,, Yig= 0 or 1 is the j*" response at the i'® design point, P, is the 

unknown probability of success, 6 is an mx1 vector of unknown parameters, and 

x, is a (h+1)x1 vector of h regressor variables augmented by a 1, and 

y,; ~~ Bernoulli(P ). In this research h=1 and m=2; i.e. one regressor and two 

parameters. In this form the model is written as 

1 
  

y= aria 7 

or 

where £,=(, the scale parameter and - e = p, the location parameter. The 
1 

parameter p represents the value of x which yields a probability of success of .50, 

often termed the effective dose 50 (EDs9). 

Suppose one is interested primarily in the estimation of ». A seemingly 

reasonable design criterion would involve the width of an asymptotic confidence 

interval for ». Finney (1971, 1978) suggested the use of a Fieller interval criterion 

(F optimality) instead. The F criterion is based on a fiducial interval about y, 

where yp is estimated by the ratio of two random variables, (Fieller, 1944). The 

fiducial interval used in F optimality is given by Fieller’s theorem and is therefore 

termed a Fieller interval. The F optimal design is the design which minimizes the



length of a Fieller interval about the parameter of interest. Although some view 

the Fieller interval as a fiducial interval, it is best viewed as an improved 

confidence interval. 

Abdelbasit and Plackett (1983) studied the use of the Fieller interval as a 

design criterion for the probit model. Based upon a limited empirical study they 

found Finney’s claim of the Fieller interval being superior to the asymptotic 

confidence interval to be unfounded. Sitter and Wu (1993) conducted a more 

extensive empirical study of coverage and tail probabilities and concluded in favor 

of Finney. Several F optimal as well as D and A optimal designs are given for the 

logistic model as well as other nonlinear models in another paper by Sitter and 

Wu (1994). The Fieller interval and the F optimality criterion are derived in 

detail in chapter 2. 

Many such optimal design criteria for nonlinear regression models have either 

been developed or adapted from design criteria used in linear model situations. 

For a binary response model with a symmetric tolerance distribution, White 

(1975) derived the D optimal design. The D optimality expression becomes 

  

  
I(x,8) | | 

Max N 

Kalish and Rosenberger (1978) derived the D optimal and G optimal designs for 

the logistic model. Myers, Myers, and Carter (1994) derived the Q and G 

optimal designs for the logistic model in which the prediction variance of logit(P) 

is addressed rather than the prediction variance of P. The logit transformation, 

assuming the logistic model in (1.3.3), is defined by 

logit(P) = log(&,) = px 
1-P 

and ranges from minus to plus infinity unlike P which is bounded by (0,1). The 

Q optimality expression based upon the prediction variance of Logit (P) is



Min K | x0'(E) xy AX. 

R 

The logit transformation linearizes the logistic model making the prediction 

variance expression parallel that of the linear model. Consequently closed formed 

expressions can be obtained for the integral. If however one attempts to address 

the prediction variance of P instead of logit(P), the situation is much more 

difficult. 

Obtaining an expression for the prediction variance of P can in itself be a 

formidable task. This prediction variance can however be approximated by the 

delta method which makes use of a first order Taylor series expansion about the 

true parameters. Using this approximation, the Q expression is given by 

Min N / P2(1-Po)?xp'(I) xp dx (1.3.4) 
R 

which is, apart from the squared Bernoulli variance at x , identical to the 

expression for the prediction variance of Logit(P). The derivation of the 

approximation is given in appendix A. The squared Bernoulli variance simply 

forces the prediction variance to zero as P goes to zero or one. Due to the nature 

of P, this integral has no apparent closed form solution, making it far less 

attractive to work with than the prediction variance of the logit. 

For the one variable logistic model, the slope of the logistic curve at a 

regressor location in logit space, i.e. Zj=-8(Xo-y), is given by the Bernoulli variance 

at that point z). This result is shown in appendix B. The second Q expression 

given by 1.3.4 can now be viewed in a more intuitive manner. The approximate 

prediction variance of P goes to zero as the slope of the logistic or response curve 

goes to zero. The term Bernoulli variance should be used synonymously with the 

term slope.



The E optimal design criterion minimizes the maximum eigenvalue of the 

inverse of the Fisher information matrix and is given by 

Min Max .\., 
XD 1 , 

where \ is an eigenvalue from I{x,f). The existence of an equivalency in terms of 

prediction variance is addressed in chapter 3. Kalish (1990) gives several optimal 

designs using criteria that deal with the estimation of » and also for the 

estimation of ~ for the logistic model. Through simulation, Kalish made 

comparisons among these designs for the logistic model as well as two other 

models. For additional references and information on design criteria and optimal 

design of experiments see Silvey(1980), Atkinson (1982), Box and Draper (1987). 

Although several design criteria have been developed for various nonlinear 

models, the problem still exists concerning the need to know the parameters when 

trying to implement an optimal design. The optimal designs for all of the criteria 

given thus far can be expressed in terms of probabilities of response. However, the 

associated effective dose or level of the regressor variable is needed in order to 

implement the design. For instance, the D optimal design for the one variable 

logistic model is a two point design, with design points at the ED,7, and EDg, 4. 

This information is useless in practice unless one knows where these ED’s occur in 

terms of the regressor variable. The parameters of the model are needed to 

transform the optimal probabilities of response into the optimal locations of the 

design points in terms of the explanatory variable. 

In practice, parameters are not known and must be estimated or “guessed” 

prior to implementing a design. This motivates the notion of robustness to 

parameter misspecification. Consequently, to answer the call of practicality, work 

has been done in order to find optimal designs which are robust to poor parameter 

guesses. 

A minimax procedure was proposed by Sitter (1992) which directly addresses 

the problem of poor parameter guesses. The procedure requires the experimenter 

to not only make a priori point estimates of the parameters but also supply 

intervals in which he or she believes the true parameters to reside. The procedure



finds the design with the best “worst case” within these chosen intervals with 

respect to some criterion. Most of the typical optimality criteria can be used 

with this minimax procedure. Sitter gives many minimax designs for the D, F, 

and asymptotic confidence interval criteria. The minimax procedure using the F 

criterion is discussed in greater detail in Chapter 4. 

Also examined in chapter 4 is a Bayesian procedure for incorporating prior 

information about the parameters. The use of Bayesian methods in creating 

optimal designs is not new. Covey-Crump and Silvey (1970) introduced the 

notion of a Bayesian D optimality criterion in the linear model case. Several 

Bayesian optimal design methods have been developed and investigated for the 

linear model, see Brooks (1972), Bernardo (1979), Nather and Pilz (1980), and 

Chaloner (1984). An extensive bibliography is provided by Chaloner. 

In 1989, Chaloner and Larntz developed a Bayesian design procedure for the 

logistic regression model. Their procedure, which can be used with most design 

criteria, can accommodate extremely poor parameter information, as does the 

minimax procedure, but without the conservative nature of a minimax criterion. 

The Bayesian aspect is only incorporated in the determination of the design and 

not in any inferences about the parameters. 

Another way of dealing with poor parameter guesses is to proceed in stages. 

Box and Lucas (1959) suggested sequential experimentation. Wu (1985) gave 

sequential designs for binary data for estimating particular ED’s based upon the 

nonparametric “up and down” method and the Robbins Monro method. Two- 

stage designs for the one variable logistic model were discussed by Abdelbasit and 

Plackett (1983) and Minkin (1987) using the D optimality criterion. 

Myers (1991) developed a two-stage D-Q design for the logistic model. The 

first stage is a D optimal design which is relatively robustness to parameter 

misspecification. The second stage is a conditional Q optimal design, conditioned 

on the first stage. Myers found the two-stage design to be superior to the 

comparable one-stage design in all cases of parameter guesses except those 

extremely close to the true values. Much efficiency is gained when parameter 

knowledge is poor, but little is lost when the guesses are correct. 

10



An important focus of this dissertation is the development and investigation 

of a practical two-stage design procedure utilizing Bayesian design and estimation 

in the first stage. However two other main points of interest are investigated first. 

Much attention is given to the study of various design criteria as they apply to 

the logistic model and to one-stage designs and their robustness properties. 

The D, Q, F, E, and asymptotic confidence interval criteria are investigated 

as they apply to the logistic model. Unlike the other criteria, the F criterion 

recommended by Finney and Sitter and Wu is not intuitive and therefore needs 

development. Consequently, the F criterion is derived. Next the minimax 

procedure proposed by Sitter is studied and critiqued with respect to the F 

criterion. In addition, the Bayesian design procedure proposed by Chaloner and 

Larntz is discussed. Then an extensive effort is made to find simplified forms of 

the design criterion expressions in an attempt to investigate and relate the 

criteria. The purpose of this is to illustrate why the design criteria yield 

drastically different designs for the logistic model, unlike for the linear model. In 

addition, attention is given to the notion of scale invariance. 

Many one-stage D, Q, E, and F optimal designs are given. Additionally, the 

Bayesian design procedure is applied to the D optimality criterion, and numerous 

one-stage Bayesian D optimal designs are provided. The robustness of these 

designs to parameter misspecification is studied through the use of asymptotic 

efficiencies. Furthermore, comparisons are made between Bayesian and non- 

Bayesian one-stage designs. 

The robustness study of the one-stage designs motivates the need for better 

designs. A two-stage optimal design procedure is developed to fill this need. The 

first stage of the two-stage procedure makes use of the Bayesian design procedure. 

In addition, Bayesian estimation methods are used to estimate the model 

parameters at the first stage. The second stage then conditionally optimizes the 

second stage design criterion. 

The two-stage design procedure is compared to one-stage designs using 

asymptotic efficiencies over many different levels of parameter misspecification. 

Additionally, the use of Bayesian design and estimation is studied through 
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comparisions among two-stage designs. A small sample study is then provided 

which displays the finite sample performance of the two-stage design procedure 

compared to the one-stage design. In addition, the small sample study 

investigates the appropriateness of the use of asymptotics for both one and two- 

stage designs. 
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CHAPTER 2 

THE FIELLER INTERVAL AND F CRITERION 

FOR THE LOGISTIC MODEL 

The Fieller interval for an ED is an alternative to the standard confidence 

interval. The derivation of the Fieller interval is quite intuitive while the 

resulting form of the interval is not. Both the Fieller interval and standard 

confidence interval are derived in order to illustrate their similarities and 

differences. The F optimality design criterion is then defined. 

$2.1 Parameter of Interest 

The one variable two parameter logistic regression model can _ be 

parameterized in several ways, one being: 

  

1 os Vi= + €:- . _ 2.1.1 TT exper) 7 9 ; (21-1) 

where y;,~ Bernoulli(P;), @ is the “slope” parameter, € is a known adjustment 

parameter equal to -Logit(p) such that »=EDj9,. This parameterization will be 
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referred to as the centered model. Although » can be equated to any ED, it is 

usually equated to the ED of primary interest or the ED at the center of the 

region of interest. 

If » is equated to the ED of interest, then F optimality is directly concerned 

with the estimation of ». However, since u=EDj99,, F optimality can be viewed 

equivalently as addressing inverse prediction given p. Although yp need not be 

equated to the ED of interest in order to address that particular ED in terms of 

an F optimal design, in this dissertation p is always equated to the ED of interest. 

However, keep in mind that this is merely cosmetic. The Fieller interval about 

the ED 99, and F optimal design for predicting the EDj 9, will be the same 

whether or not the EDj99, is equated to p. 

§2.2 The Fieller Interval and its Relationship to the Asymptotic Confidence 

Interval 

Fieller’s thereom and the Fieller interval can be easily derived if another 

more convenient parameterization of the logistic model is considered, 

  

1 
Yy= aay CG (2.2.1) 

1 + exp(é + 2> 6X) 0 

where @ is the same as in 2.1.1 and p = a Both the centered and noncentered 

parameterizations will be used throughout the dissertation. The likelihood 

function for model 2.2.1 is given by 

Las; r)=[] (ri) POP), (2.2.2) 

  where P.= 
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n,= the number of observations at the ith design point location x, » T,=the number 

of “successes” out of n,;, and r,-Binomial(n,,P,). Taking the natural logarithm of 

2.2.2 yields 

k 
Log L = ¥ (logs ‘) 4 rjlog(P,) + (n;1,)log(1-P,)). 

1=1 

Using this log likelihood equation, the Fisher information matrix is defined by 

  

  

E (HlogL nyo losk 
: da -E(aaag ad Bp ) 

6 (708) 52 logh) 

where the elements of the Fisher information matrix for this situation are 

po oghy 
I= -E - P (1- P;) 

a2 

2 d“lo hy 
I .= -E( aay) = xa 

2 k d“logL and Iyg= -E( =) = 0 x?nP (1-P)). 

The inverse of the Fisher information matrix is then given by 

. Vii V 
Tr =({,. 2.2.4 (oa= (WE 2] (2.24) 

where Vix= 22 I 2 

I(a,8). 
127 —D? 
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Notice that both 2.2.3 and 2.2.4 are functions of the model parameters, a and £, 

through P, and any design criterion based upon these matrices in part or in whole 

will also depend upon the parameters. 

The inverse of the Fisher information matrix is the asymptotic variance 

covariance matrix for a and b, where a and b are the maximum likelihood 

estimates of a and £ respectively. This matrix can therefore be used to form an 

asymptotic confidence interval for w=5 and subsequently a Fieller interval for yp. 

Since a and b are mle’s, they are distributed asymptotically normal with means a 

and #, respectively, and variance structure as described by the inverse of the 

Fisher information matrix. Hence, the linear combination (a-pb) is also 

asymptotically normally distributed with mean 0 and variance V2, where 

V7=Vq1-2uV ot HV 00. 

A (1-7)100% asymptotic confidence for » can then be formed by creating the 

probability statement 

Pr/-zV < (a- pb) < 2V] = 1-y (2.2.5) 

where z is the 100(1-3)th percentile of the standard normal distribution. Solving 

2.2.5 for », we obtain 

Pil Bea cst tag 1-y. 

The asymptotic confidence interval for yu 1s 

a+ of (2.2.6) 

or equivalently, 1 

B+ avg 
where AV(?) = ‘S is the asymptotic variance of the estimate of yp. 
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In order for the asymptotic interval to be applied, one must substitute into 

AV(F) the mle’s of a and @. The asymptotic confidence interval assumes AV(*) 

and thus V are known even though they are functions of » and P (i=1...k), which 

in turn are functions of the unknown parameters a and #. This is precisely where 

the Fieller interval differs from the CI. The Fieller interval does not assume that 

V is known but rather treats it as a function of ». However both intervals make 

use of I‘(a,8) when the mle’s of a and # are inserted. Consequently, the Fieller 

interval is also an asymptotic interval. The Fieller interval takes into account the 

imprecision in V due to » being an unknown but does not address the imprecision 

in V due to P which also contains up. 

§2.3 Derivation of the Fieller Interval 

To derive a Fieller interval, one simply solves the inequality in (2.2.5) for p 

realizing that all three components are functions of yw. For simplicity, the 

inequality is squared and put into equation form so that 

(a - wb)? = 2° (Vy1-2uV y+ H?Vo29). (2.3.1) 

The roots of this quadratic equation in » form Fieller’s theorem and a (1-7)100% 

Fieller interval for ». With some rearranging, equation (2.3.1) can be written as a 

quadratic equation in p in standard form, 

p?(b?-2?Vo9) + u(22?V qq - 2(2)b?) + (b2(8)? - 22Vi) = 0, a 
b 

The quadratic formula is employed to solve this equation. In an unsimplified form 

the the solutions to equation (2.3.1) are 

(2(8)62.22?Vin) | (22?Vre 2( BIB)? - 406% 22Va)(OA(B2ZPVs) 
2(b?-27V 45) 
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2°V 09 
2 and g= 7) and after some simplification, we have   Letting p= 

o
 

V 1 
(ee ) + 25} eV a)® 2VialP)O DV Vb (B)?27ViaVisd2) 

Finally, the roots to the quadratic equation are 

2 1 
a (@)-8y2) + WV 2ValB) + Val? + oH vi)P2} ea.   

This is Fieller’s theorem. The two values given by 2.3.2 form the boundaries 

of the (1-7)100% Fieller interval for ». The interval is defined to be infinite if 

g>1 or equivalently ——-<z, in which case f is not significantly different from 
Vo2 

zero at the ¥ level. 

Substituting the asymptotic variance of i denoted AV(?), into 2.3.2, we can 

gain some insight into the relationship between the two intervals, 

  

2 1 
Ga{(p-ey2) + qave + 8Ge-- vi )}) (2.3.3) 

Asymptotically, the Fieller interval and the asymptotic confidence interval are 

equivalent. The (1-7)100% Fieller interval for » converges to the corresponding 

(1-y)100% confidence interval for » as n, the total sample size, increases, and g 

goes to 0, see Sitter and Wu (1993, 1994) and Abdelbasit and Plackett (1983). 

However, as can be seen in (2.3.3), the Fieller interval is not necessarily 

symmetric about ff. Additionally, Sitter and Wu (1993) showed that the Fieller 
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�T�h�i�s� �d�e�f�i�n�i�t�i�o�n� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �n�e�e�d� �t�o� �b�e� �k�n�o�w�n�,� �a�s� �t�h�e�y� �a�p�p�e�a�r� 

�t�h�r�o�u�g�h�o�u�t� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �d�i�r�e�c�t�l�y� �a�n�d� �i�n�d�i�r�e�c�t�l�y�.� �C�o�n�s�e�q�e�n�t�l�y� �i�n�i�t�i�a�l� �g�u�e�s�s�e�s� �o�f� 

�t�h�e� �p�a�r�a�m�e�t�e�r�s� �m�u�s�t� �b�e� �p�r�o�v�i�d�e�d� �i�n� �o�r�d�e�r� �t�o� �i�m�p�l�e�m�e�n�t� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� 

�2�0



�C�H�A�P�T�E�R� �3� 

�V�A�R�I�O�U�S� �D�E�S�I�G�N� �O�P�T�I�M�A�L�I�T�Y� �C�R�I�T�E�R�I�A� �F�O�R� �T�H�E� �L�O�G�I�S�T�I�C� 

�R�E�G�R�E�S�S�I�O�N� �M�O�D�E�L� �:� �S�O�M�E� �I�N�S�I�G�H�T�S� �A�N�D� �R�E�L�A�T�I�O�N�S�H�I�P�S� 

�T�h�e� �v�a�r�i�o�u�s� �d�e�s�i�g�n� �c�r�i�t�e�r�i�a� �d�i�s�c�u�s�s�e�d� �t�h�u�s� �f�a�r� �c�r�e�a�t�e� �v�e�r�y� �d�i�f�f�e�r�e�n�t� �d�e�s�i�g�n�s� �f�o�r� 

�t�h�e� �l�o�g�i�s�t�i�c� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l�.� �T�h�i�s� �i�s� �i�n� �s�h�a�r�p� �c�o�n�t�r�a�s�t� �t�o� �t�h�e� �l�i�n�e�a�r� �m�o�d�e�l� 

�s�i�t�u�a�t�i�o�n� �w�h�e�r�e� �r�e�l�a�t�i�v�e�l�y� �s�i�m�i�l�a�r� �d�e�s�i�g�n�s� �a�r�e� �c�r�e�a�t�e�d�.� �E�v�e�n� �t�h�o�u�g�h� �t�h�e�s�e� �d�e�s�i�g�n� 

�c�r�i�t�e�r�i�a� �a�d�d�r�e�s�s� �d�i�f�f�e�r�e�n�t� �a�s�p�e�c�t�s� �o�f� �d�e�s�i�g�n� �o�p�t�i�m�a�l�i�t�y� �a�n�d� �p�r�o�d�u�c�e� �d�r�a�s�t�i�c�a�l�l�y� 

�d�i�f�f�e�r�e�n�t� �d�e�s�i�g�n�s� �f�o�r� �t�h�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l�,� �s�i�m�i�l�a�r�i�t�i�e�s� �e�x�i�s�t� �a�m�o�n�g� �t�h�e�m�.� �T�h�e�s�e� 

�s�i�m�i�l�a�r�i�t�i�e�s� �a�n�d� �d�i�f�f�e�r�e�n�c�e�s� �a�r�e� �s�t�u�d�i�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �t�h�r�o�u�g�h� �e�x�p�r�e�s�s�i�o�n�s� �o�r� 

�c�o�m�p�o�n�e�n�t�s� �i�n�c�l�u�d�i�n�g� �B�e�r�n�o�u�l�l�i� �v�a�r�i�a�n�c�e�s� �(�s�l�o�p�e�s�)� �a�t� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s�,� �s�p�r�e�a�d� �o�f� 

�t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s�,� �a�n�d� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �p�o�i�n�t�s� �t�o� �y�.� �E�a�c�h� �c�r�i�t�e�r�i�o�n� �i�s� �e�x�p�r�e�s�s�e�d� 

�i�n� �a� �s�c�a�l�e�-�f�r�e�e� �f�o�r�m� �a�n�d� �w�h�e�n� �p�o�s�s�i�b�l�e� �i�n� �t�e�r�m�s� �o�f� �t�h�e�s�e� �c�o�m�p�o�n�e�n�t�s�.� �M�u�c�h� 

�i�n�s�i�g�h�t� �c�a�n� �b�e� �g�a�i�n�e�d� �b�y� �o�b�s�e�r�v�i�n�g� �w�h�i�c�h� �c�o�m�p�o�n�e�n�t�(�s�)� �t�h�e� �c�r�i�t�e�r�i�o�n� �e�x�p�l�o�i�t�s�.� 

�T�h�e� �D�,� �a�s�y�m�p�t�o�t�i�c� �C�l�,� �F�,� �Q�,� �a�n�d� �E� �o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�a� �a�r�e� �e�x�a�m�i�n�e�d� �i�n� �t�h�i�s� 

�m�a�n�n�e�r�.� �H�o�w�e�v�e�r�,� �f�i�r�s�t� �t�h�e� �n�o�t�i�o�n� �o�f� �s�c�a�l�e� �i�n�v�a�r�i�a�n�c�e� �i�s� �a�d�d�r�e�s�s�e�d�.� 

�§�3�.�1� �S�c�a�l�e� �I�n�v�a�r�i�a�n�c�e� 

�T�w�o� �d�i�s�t�i�n�c�t� �a�r�e�a�s� �o�f� �s�c�a�l�e� �i�n�v�a�r�i�a�n�c�e� �w�a�r�r�a�n�t� �d�i�s�c�u�s�s�i�o�n� �i�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� 

�d�e�s�i�g�n� �o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�a� �a�n�d� �t�h�e� �l�o�g�i�s�t�i�c� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l�.� �L�e�t� �t�h�e� �p�r�o�p�e�r�t�y� �o�f� 

�a�b�s�o�l�u�t�e� �s�c�a�l�e� �i�n�v�a�r�i�a�n�c�e� �i�m�p�l�y� �t�h�a�t� �t�h�e� �v�a�l�u�e� �o�f� �a� �d�e�s�i�g�n� �c�r�i�t�e�r�i�o�n� �e�x�p�r�e�s�s�i�o�n� �i�s� 

�i�n�v�a�r�i�a�n�t� �t�o� �l�o�c�a�t�i�o�n� �s�h�i�f�t�s� �a�n�d� �s�c�a�l�e� �c�h�a�n�g�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�.� 

�C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �r�e�s�u�l�t�i�n�g� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �(�i�n� �t�e�r�m�s� �o�f� �P�. ��s�)� �i�s� �a�l�s�o� �i�n�v�a�r�i�a�n�t� �t�o� 

�s�u�c�h� �c�h�a�n�g�e�s� �i�n� �l�o�c�a�t�i�o�n� �a�n�d� �s�c�a�l�e�.� �F�o�r� �t�h�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l� �t�h�e� �l�o�c�a�t�i�o�n� �s�h�i�f�t�s� �a�n�d� 

�s�c�a�l�e� �c�h�a�n�g�e�s� �a�r�e� �s�p�e�c�i�f�i�e�d� �b�y� �c�h�a�n�g�e�s� �i�n� �y�w� �a�n�d� �£�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �N�e�x�t� �c�o�n�s�i�d�e�r� �t�h�e� 

�p�r�o�p�e�r�t�y� �o�f� �r�e�l�a�t�i�v�e� �s�c�a�l�e� �i�n�v�a�r�i�a�n�c�e� �w�h�i�c�h� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �v�a�l�u�e� �o�f� �a� �c�r�i�t�e�r�i�o�n� 

�e�x�p�r�e�s�s�i�o�n� �i�s� �n�o�t� �i�n�v�a�r�i�a�n�t� �b�u�t� �p�r�o�p�o�r�t�i�o�n�a�l� �f�o�r� �c�h�a�n�g�i�n�g� �»� �a�n�d� �f�@�.� �S�u�c�h� �a� 

�s�i�t�u�a�t�i�o�n� �a�l�s�o� �y�i�e�l�d�s� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �t�h�a�t� �a�r�e� �i�n�v�a�r�i�a�n�t� �t�o� �c�h�a�n�g�e�s� �i�n� �t�h�e� �m�o�d�e�l� 

�p�a�r�a�m�e�t�e�r�s�.� 

�2�1



�F�o�r� �t�h�e� �l�i�n�e�a�r� �m�o�d�e�l�,� �t�h�e� �D� �a�n�d� �E� �c�r�i�t�e�r�i�a� �p�o�s�s�e�s�s� �t�h�e� �p�r�o�p�e�r�t�y� �o�f� �r�e�l�a�t�i�v�e� 

�s�c�a�l�e� �i�n�v�a�r�i�a�n�c�e�,� �w�h�i�l�e� �t�h�e� �Q� �c�r�i�t�e�r�i�o�n� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� �o�f� �a�b�s�o�l�u�t�e� �s�c�a�l�e� 

�i�n�v�a�r�i�a�n�c�e�.� �T�h�e� �A� �c�r�i�t�e�r�i�o�n� �w�h�i�c�h� �h�a�s� �n�o�t� �b�e�e�n� �p�r�e�v�i�o�u�s�l�y� �m�e�n�t�i�o�n�e�d� �r�e�p�r�e�s�e�n�t�s� 

�t�h�e� �t�r�a�c�e� �o�f� �(�X ��X�)�'�.� �T�h�e� �t�r�a�c�e� �i�s� �n�o�t� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �a�n�d� �i�s� �t�h�e�r�e�f�o�r�e� �r�a�r�e�l�y� �u�s�e�d� �a�s� 

�a� �d�e�s�i�g�n� �c�r�i�t�e�r�i�o�n�.� 

�I�n� �t�h�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l� �s�i�t�u�a�t�i�o�n�,� �u�n�c�e�n�t�e�r�e�d� �o�r� �c�e�n�t�e�r�e�d�,� �t�h�e� �d�e�s�i�g�n� �c�r�i�t�e�r�i�a� �D�,� 

�F�,� �A�s�y�.�C�I�,� �a�n�d� �Q� �a�r�e� �a�b�s�o�l�u�t�e�l�y� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �t�o� �»� �(�s�h�i�f�t�s�)� �a�n�d� �a�r�e� �r�e�l�a�t�i�v�e�l�y� 

�s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �t�o� �@� �(�c�h�a�n�g�e�s� �i�n� �s�c�a�l�e�)�.� �A�b�s�o�l�u�t�e� �s�c�a�l�e� �i�n�v�a�r�i�a�n�c�e� �t�o� �@� �i�s� �a�c�h�i�e�v�e�d� 

�b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �b�y� �a� �p�o�w�e�r� �o�f� �8�.� �T�h�e� �n�e�e�d� �f�o�r� �r�e�l�a�t�i�v�e� �i�n�v�a�r�i�a�n�c�e� 

�i�s� �o�b�v�i�o�u�s� �w�h�e�n� �c�h�o�o�s�i�n�g� �a�n� �o�p�t�i�m�a�l� �d�e�s�i�g�n�,� �a�n�d� �t�h�e� �n�e�e�d� �f�o�r� �a�b�s�o�l�u�t�e� �i�n�v�a�r�i�a�n�c�e� 

�i�s� �c�l�e�a�r� �w�h�e�n� �a� �c�r�i�t�e�r�i�o�n� �v�a�l�u�e� �i�s� �r�e�q�u�i�r�e�d� �o�v�e�r� �a� �r�a�n�g�e� �o�f� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �a�s� �i�s� 

�t�h�e� �c�a�s�e� �i�n� �t�h�e� �m�i�n�i�m�a�x� �a�n�d� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e�s� �t�o� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� 

�c�h�a�p�t�e�r� �4�.� 

�W�i�t�h� �r�e�s�p�e�c�t� �t�o� �s�c�a�l�e� �i�n�v�a�r�i�a�n�c�e�,� �t�h�e� �E� �c�r�i�t�e�r�i�o�n� �b�e�h�a�v�e�s� �d�i�f�f�e�r�e�n�t�l�y� �t�h�a�n� �t�h�e� 

�o�t�h�e�r�s� �d�i�s�c�u�s�s�e�d�.� �T�h�i�s� �c�r�i�t�e�r�i�o�n� �d�e�p�e�n�d�s� �u�p�o�n� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �i�n�v�e�r�t�e�d� 

�i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x�,� �a�n�d� �a�l�t�h�o�u�g�h� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �h�a�v�e� �t�h�e� 

�i�n�v�a�r�i�a�n�c�e� �a�t�t�r�i�b�u�t�e�,� �i�n�d�i�v�i�d�u�a�l�l�y� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �d�o� �n�o�t�.� �U�s�i�n�g� �t�h�e� �u�n�c�e�n�t�e�r�e�d� 

�m�o�d�e�l�,� �t�h�e� �E� �c�r�i�t�e�r�i�o�n� �v�a�l�u�e� �d�e�p�e�n�d�s� �o�n� �b�o�t�h� �»� �a�n�d� �8�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �c�e�n�t�e�r�e�d� 

�m�o�d�e�l� �m�u�s�t� �b�e� �u�s�e�d�,� �i�n� �w�h�i�c�h� �c�a�s�e� �t�h�e� �c�r�i�t�e�r�i�o�n� �d�i�s�p�l�a�y�s� �a�b�s�o�l�u�t�e� �i�n�v�a�r�i�a�n�c�e� �t�o� �p�.� 

�H�o�w�e�v�e�r� �t�h�e� �c�r�i�t�e�r�i�o�n� �i�s� �s�t�i�l�l� �d�e�p�e�n�d�e�n�t� �u�p�o�n� �@�.� �T�h�i�s� �d�e�p�e�n�d�e�n�c�y� �i�s� �a� �r�e�s�u�l�t� �o�f� 

�t�h�e� �i�n�d�i�v�i�d�u�a�l� �v�a�r�i�a�n�c�e� �c�o�m�p�o�n�e�n�t�s� �b�e�i�n�g� �s�c�a�l�e� �d�e�p�e�n�d�e�n�t�.� �S�c�a�l�i�n�g� �t�h�e� �i�n�v�e�r�t�e�d� 

�i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �f�r�o�m� �t�h�e� �c�e�n�t�e�r�e�d� �m�o�d�e�l� �w�i�t�h� �@� �c�o�r�r�e�c�t�s� �t�h�e� �p�r�o�b�l�e�m�.� 

�F�o�r� �t�h�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l� �t�h�e� �s�c�a�l�e� �o�f� �t�h�e� �r�e�g�r�e�s�s�o�r� �v�a�r�i�a�b�l�e� �x� �a�n�d� �t�h�e� �m�o�d�e�l� 

�p�a�r�a�m�e�t�e�r� �p� �i�s� �g�i�v�e�n� �b�y� �*� �T�h�e�r�e�f�o�r�e� �t�h�e� �s�c�a�l�i�n�g� �p�r�o�b�l�e�m� �i�s� �e�a�s�i�l�y� �s�o�l�v�e�d� �b�y� 

�m�u�l�t�p�l�y�i�n�g� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �b�y� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �p�o�w�e�r� �o�f� �#�.� �T�h�i�s� �s�c�a�l�i�n�g� �i�s� 

�i�l�l�u�s�t�r�a�t�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�e�v�e�l�o�p�m�e�n�t�.� 

�U�s�i�n�g� �t�h�e� �c�e�n�t�e�r�e�d� �m�o�d�e�l� �(�2�.�1�.�1�)�,� �t�h�e� �F�i�s�h�e�r� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �i�s� �g�i�v�e�n� �b�y� 

�(�x�,�)�n�,�P� �(�1�-�P�,�)� 

�M
�e

� �I
�M

� �k� 
�B�y� �n�P�(�L�-�P�;�)� �-�6� 

�(�w�a�)� �=�]� 
�B�Y� �(�x�-�u�)�n�,�P�(�1�-�P�,�)� 

�i�=�]� �i� 
�(�r�H�)� �A�P�A�C�E�R�)� 
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�a�n�d� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �F�i�s�h�e�r� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �i�s� �t�h�e�n� �g�i�v�e�n� �b�y� 

�I� �(�u�,�8�)�=� �(�V�s� �v�e�)� 

�c�l�2� �V�2� 

�w�h�e�r�e� �V�.�1�1�,� �V�e�o�2�,� �a�n�d� �V�.�4�2� �r�e�p�r�e�s�e�n�t� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e�s� �o�f� �t�h�e� �m�l�e ��s� �o�f� �4� 

�a�n�d� �§� �a�n�d� �t�h�e�i�r� �c�o�v�a�r�i�a�n�c�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �s�c�a�l�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� �i�n�v�e�r�t�e�d� 

�i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �w�h�i�c�h� �y�i�e�l�d�s� �a� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �E� �c�r�i�t�e�r�i�o�n� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�I�*�1�(�4�,�6�)�=� �(�3�.�1�.�1�)� 

�w�h�i�c�h� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �s�c�a�l�e�d� �v�e�r�i�o�n� �o�f� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �i�s� 

�k� �k� 
�D�n�P�(�-�P�;�)�  �� �-�8�)� �(�x�r�u�)�n�,�P�(�1�-�P�)�)� 

�M�u�)� �=�]� �a�n� �,� 
�O�D�,� �(�x�e�w�)�a� �P�L�P�)� �B�Y�)� �(�x�p�u�)�*�n�,�P�{�1�-�P�,�)� 

�=� 

�I�t� �c�a�n� �b�e� �e�a�s�i�l�y� �s�h�o�w�n� �t�h�a�t� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �a�m�o�n�g� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t�s� �f�o�r� �t�h�e� 

�s�c�a�l�e�d� �a�n�d� �u�n�s�c�a�l�e�d� �v�e�r�s�i�o�n�s� �o�f� �t�h�e� �c�e�n�t�e�r�e�d� �m�o�d�e�l� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �a�n�d� �t�h�e� 

�u�n�c�e�n�t�e�r�e�d� �m�o�d�e�l� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �i�s� 

�I�I�(�u�,�)�]� �=� �|�T�"�(�u�,�6�)�|� �=� �6�7�I�I�(�o�,�8�)�|� 

�o�r� �D�.� �=� �D�i� �=� �g�D�.� 

�U�s�i�n�g� �t�h�e� �c�e�n�t�e�r�e�d� �m�o�d�e�l� �w�i�t�h� �t�h�e� �s�c�a�l�e�d� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �y�i�e�l�d�s� �a�b�s�o�l�u�t�e� �s�c�a�l�e� 

�i�n�v�a�r�i�a�n�c�e� �i�n� �t�h�e� �D�,� �F�,� �A�s�y�.�C�l�,� �Q�,� �a�n�d� �E� �c�r�i�t�e�r�i�o�n�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �c�e�n�t�e�r�e�d� �m�o�d�e�l� 

�d�o�e�s� �n�o�t� �a�l�w�a�y�s� �l�e�n�d� �i�t�s�e�l�f� �t�o� �b�e� �e�a�s�i�l�y� �a�p�p�l�i�e�d� �t�o� �a�l�l� �c�r�i�t�e�r�i�a�.� �T�h�e� �F� �a�n�d� �Q� 
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�c�r�i�t�e�r�i�a� �c�o�m�e� �m�o�r�e� �n�a�t�u�r�a�l�l�y� �f�r�o�m� �t�h�e� �u�n�c�e�n�t�e�r�e�d� �m�o�d�e�l� �a�l�t�h�o�u�g�h� �t�h�e�y� �c�a�n� �b�e� 

�a�r�t�i�f�i�c�i�a�l�l�y� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �c�e�n�t�e�r�e�d� �m�o�d�e�l� �t�h�r�o�u�g�h� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�i�v�a�l�e�n�c�i�e�s�:� 

�V�o�u� �=� �L�V� �i�1�-�2�e�V� �i�t� �2�V� �0�9�)�,� 
�p� 

�V�e�1�2� �=� �A�V� �1�2�#�V� �2�2�)�;� 

�a�n�d� �V� �2�2�2� �=� �V�o�.� 

�B�o�t�h� �m�o�d�e�l�s� �w�i�l�l� �t�h�e�r�e�f�o�r�e� �b�e� �u�s�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n� �w�i�t�h� �d�i�s�t�i�n�c�t�i�o�n�s� �b�e�i�n�g� 

�m�a�d�e� �t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �c� �n�o�t�a�t�i�o�n�.� 

�§�3�.�2� �T�w�o� �P�o�i�n�t� �D� �O�p�t�i�m�a�l�i�t�y� �D�e�s�i�g�n� �C�r�i�t�e�r�i�o�n� 

�T�h�e� �t�w�o� �p�o�i�n�t� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �f�o�r� �t�h�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l� �w�h�e�r�e� �p�=�E�D�,�,� �w�a�s� 

�g�i�v�e�n� �b�y� �K�a�l�i�s�h� �a�n�d� �R�o�s�e�n�b�e�r�g�e�r� �(�1�9�7�8�)�.� �T�h�e�y� �d�e�r�i�v�e�d� �a� �v�e�r�y� �i�n�f�o�r�m�a�t�i�v�e� 

�e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �F�i�s�h�e�r� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �f�o�r� �t�h�i�s� �m�o�d�e�l�.� �I�n� 

�t�h�e� �d�e�r�i�v�a�t�i�o�n� �t�o� �f�o�l�l�o�w�,� �h�o�w�e�v�e�r�,� �a� �m�o�r�e� �g�e�n�e�r�a�l� �m�o�d�e�l�,� �o�n�e� �w�h�i�c�h� �i�n�c�l�u�d�e�s�  ¬�,� �w�i�l�l� 

�b�e� �u�s�e�d�.� 

�T�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �s�c�a�l�e�d� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �i�s� �g�i�v�e�n� �b�y�,� 

�D�,� �=� �[�I�*� �(�4�,�8�)� �|� 

�_� �(�d�c�n�P�,�(�-�P�)�)� �(�2� �e�x�r�u�)�a�P�(�L�P�)�)� �-� �(�8�°� �(�x�;�u�)�n�,�P�,�(�1�-�P�,�)�P�.� 
�i�=�1� �=�]� 

�A�f�t�e�r� �e�x�p�a�n�d�i�n�g� �a�n�d� �s�i�m�p�l�i�f�y�i�n�g�,� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �b�e�c�o�m�e�s� 

�6�%� �n�y�n�9�(�x�;�-�n�)�?�P�,�(�1�-�P�,�)�P�2�(�1�-�P�2�)� �+� �N�y� �N�o�(�X�z�-�p�)�*�P�,� �(�1�-�P�,�)�P�4�(�1�-�P�.�)� 

�-� �2�n�1�n�9�(�X�}�-�1�)�(�X�y�-�#�)�P�,�(�1�-�P�,�)�P�2�(�1�-�P�,�)�)�.� 
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�F�u�r�t�h�e�r� �s�i�m�p�l�i�f�i�c�a�t�i�o�n� �r�e�s�u�l�t�s� �i�n� �t�h�e� �f�i�n�a�l� �f�o�r�m�,� 

�6�?�n�y�n�,�P�,�(�1�-�P�,�)�P�2�(�1�-�P�.�)�(�x�,�-�x�,�)�?�.� �(�3�.�2�.�1�)� 

�T�h�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �t�h�e� �d�e�s�i�g�n� �w�h�i�c�h� �m�a�x�i�m�i�z�e�s� �3�.�2�.�1�.� �T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �h�a�s� 

�t�h�e� �p�r�o�p�e�r�t�y� �o�f� �a�b�s�o�l�u�t�e� �s�c�a�l�e� �i�n�v�a�r�i�a�n�c�e�.� 

�A�n� �i�n�t�u�i�t�i�v�e� �v�i�e�w� �o�f� �D� �o�p�t�i�m�a�l�i�t�y� �i�s� �b�r�o�u�g�h�t� �f�o�r�t�h� �b�y� �e�x�p�r�e�s�s�i�o�n� �3�.�2�.�1�.� �T�h�e� 

�f�i�r�s�t� �p�a�r�t� �o�f� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �i�s� �c�o�m�p�r�i�s�e�d� �o�f� �t�h�e� �b�i�n�o�m�i�a�l� �v�a�r�i�a�n�c�e�s� �o�f� �t�h�e� �r�a�n�d�o�m� 

�v�a�r�i�a�b�l�e�s� �r�,� �a�n�d� �r�,� �a�t� �d�e�s�i�g�n� �p�o�i�n�t� �l�o�c�a�t�i�o�n�s� �x�,� �a�n�d� �x�,�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�o� �m�a�x�i�m�i�z�e� 

�t�h�i�s� �p�a�r�t�,� �o�n�e� �n�e�e�d�s� �t�o� �m�a�x�i�m�i�z�e� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� �t�w�o� �B�e�r�n�o�u�l�l�i� �v�a�r�i�a�n�c�e�s�,� 

�i�m�p�l�y�i�n�g� �t�h�a�t� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �v�a�r�i�a�n�c�e� �s�h�o�u�l�d� �b�e� �m�a�x�i�m�i�z�e�d�.� �T�h�e� �B�e�r�n�o�u�l�l�i� 

�v�a�r�i�a�n�c�e� �o�r� �s�l�o�p�e� �i�s� �m�a�x�i�m�i�z�e�d� �w�h�e�n� �P�=�.�5�0�,� �o�r� �e�q�u�i�v�a�l�e�n�t�l�y� �x�=�E�D�s�o�.� 

�C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �f�i�r�s�t� �p�a�r�t� �o�f� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �e�x�h�i�b�i�t�s� �a� �n�e�e�d� �t�o� �p�l�a�c�e� �t�h�e� �t�w�o� 

�d�e�s�i�g�n� �p�o�i�n�t�s� �a�t� �t�h�e� �E�D�;�,�.� �H�o�w�e�v�e�r�,� �t�h�e� �s�e�c�o�n�d� �p�a�r�t� �o�f� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �c�o�u�n�t�e�r�a�c�t�s� 

�t�h�e� �f�i�r�s�t� �p�a�r�t�.� �T�h�e� �q�u�a�d�r�a�t�i�c� �t�e�r�m� �(�x�,�-�X�,�)�?� �s�u�g�g�e�s�t�s� �a� �n�e�e�d� �t�o� �s�p�r�e�a�d� �t�h�e� �p�o�i�n�t� 

�o�u�t�.� �T�h�e� �c�o�m�p�r�o�m�i�s�e� �i�s� �t�h�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� �I�n� �a�d�d�i�t�i�o�n�,� �i�f� �t�h�e� �d�i�s�t�a�n�c�e� 

�b�e�t�w�e�e�n� �d�e�s�i�g�n� �p�o�i�n�t�s� �i�s� �h�e�l�d� �c�o�n�s�t�a�n�t�,� �t�h�e� �B�e�r�n�o�u�l�l�i� �v�a�r�i�a�n�c�e�s� �a�r�e� �m�a�x�i�m�i�z�e�d� 

�w�h�e�n� �t�h�e�y� �a�r�e� �e�q�u�a�l�.� �T�h�i�s� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�r�e� �p�l�a�c�e�d� 

�s�y�m�m�e�t�r�i�c�a�l�l�y� �a�b�o�u�t� �t�h�e� �E�D�;�,�5�.� �A�l�s�o�,� �e�q�u�a�l� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �i�s� �o�p�t�i�m�a�l� �s�i�n�c�e� �t�h�e� 

�p�r�o�d�u�c�t� �n�,�n�,� �i�s� �m�a�x�i�m�i�z�e�d� �w�h�e�n� �n�,�=�n�,�.� 

�A�n�o�t�h�e�r� �i�n�t�e�r�e�s�t�i�n�g� �p�o�i�n�t� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �D� �c�r�i�t�e�r�i�o�n� �i�s� �t�h�e� �c�o�m�p�a�r�i�s�o�n� 

�b�e�t�w�e�e�n� �3�.�2�.�1� �a�n�d� �i�t�s� �c�o�u�n�t�e�r�p�a�r�t� �f�o�r� �t�h�e� �l�i�n�e�a�r� �m�o�d�e�l�.� �A�p�a�r�t� �f�r�o�m� �t�h�e� �t�w�o� 

�B�e�r�n�o�u�l�l�i� �v�a�r�i�a�n�c�e�s� �a�n�d� �4�%�,� �e�x�p�r�e�s�s�i�o�n� �3�.�2�.�1� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �D� �c�r�i�t�e�r�i�o�n� 

�e�x�p�r�e�s�s�i�o�n� �o�n�e� �w�o�u�l�d� �o�b�t�a�i�n� �f�o�r� �t�h�e� �l�i�n�e�a�r� �m�o�d�e�l� �r�e�s�t�r�i�c�t�e�d� �t�o� �o�n�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� 

�a�n�d� �t�w�o� �d�e�s�i�g�n� �p�o�i�n�t�s�.� �T�h�i�s� �r�e�s�u�l�t� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� 

�m�a�t�r�i�x� �f�o�r� �t�h�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l� �d�i�f�f�e�r�s� �f�r�o�m� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �l�i�n�e�a�r� �m�o�d�e�l� 

�i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �o�n�l�y� �b�y� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �t�h�e� �B�e�r�n�o�u�l�l�i� �v�a�r�i�a�n�c�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� 

�p�o�i�n�t�s� �i�n� �e�a�c�h� �o�f� �t�h�e� �f�o�u�r� �t�e�r�m�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �f�o�r� �t�h�e� �l�i�n�e�a�r� �m�o�d�e�l�,� �t�h�e� �D� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n� �c�o�n�s�i�s�t�s� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� �s�p�r�e�a�d� �a�s� �f�a�r� �a�s� �i�s� �a�l�l�o�w�e�d� �b�y� �t�h�e� �d�e�s�i�g�n� 

�r�e�g�i�o�n�.� �T�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �t�h�e� �B�e�r�n�o�u�l�l�i� �v�a�r�i�a�n�c�e�s� �i�n� �t�h�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l� �s�i�t�u�a�t�i�o�n� 

�p�r�e�v�e�n�t�s� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �f�r�o�m� �b�e�i�n�g� �s�p�r�e�a�d� �t�o�o� �f�a�r� �o�r�,� �i�n� �o�t�h�e�r� �w�o�r�d�s�,� �i�n�t�o� 

�l�o�c�a�t�i�o�n�s� �o�f� �n�e�a�r� �c�o�n�s�t�a�n�t� �s�u�c�c�e�s�s� �o�r� �f�a�i�l�u�r�e�.� 
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�T�h�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �c�a�n� �e�a�s�i�l�y� �b�e� �f�o�u�n�d� �n�u�m�e�r�i�c�a�l�l�y� �f�r�o�m� �e�x�p�r�e�s�s�i�o�n� �3�.�2�.�1� 

�b�y� �m�a�k�i�n�g� �s�u�b�s�t�i�t�u�t�i�o�n�s� �f�o�r� �x�,� �a�n�d� �x�,� �a�n�d� �m�i�n�i�m�i�z�i�n�g� �w�i�t�h� �r�e�s�p�e�c�t� �P�,� �a�n�d� �P�,�.� 

�S�o�l�v�i�n�g� �f�o�r� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t� �l�o�c�a�t�i�o�n� �i�n� �t�h�e� �a�s�s�u�m�e�d� �m�o�d�e�l�,� 

�P�.� 
�é�+�a�+�L�o�g�(�=�+�5�)� � � 

�x�;� �=� �g�a� �~�
~� �(�3�.�2�.�2�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �e�x�p�r�e�s�s�i�o�n� �3�.�2�.�2� �f�o�r� �x�,� �a�n�d� �x�,� �i�n� �e�q�u�a�t�i�o�n� �3�.�2�.�1�,� �w�e� �o�b�t�a�i�n� �a�f�t�e�r� �s�o�m�e� 

�s�i�m�p�l�i�f�i�c�a�t�i�o�n� �a�n�o�t�h�e�r� �f�o�r�m� �o�f� �t�h�e� �D� �o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�o�n� �e�x�p�r�e�s�s�i�o�n�:� 

�n� �n�p�P�,� �(�1�-�P�,�)�P�a�(�1�-�P�2�)�{�L�o�a�(� �a� �$�-�)�-�L�o�e�(�8�)�}�?�.� �(�3�.�2�.�3�)� � � � � 

�M�a�x�i�m�i�z�i�n�g� �e�x�p�r�e�s�s�i�o�n� �3�.�2�.�3� �n�u�m�e�r�i�c�a�l�l�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �P�,�,� �P�2�,� �a�n�d� �n�,� �y�i�e�l�d�s� �t�h�e� 

�v�a�l�u�e�s� �.�1�7�6�,� �.�8�2�4�,� �a�n�d� �5�°� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �e�q�u�a�l� �s�a�m�p�l�e� 

�a�l�l�o�c�a�t�i�o�n� �a�t� �E�D�,�,�,� �a�n�d� �E�D�,�.�,�.� �N�o�t�i�c�e� �t�h�a�t� �t�h�e� �a�b�s�o�l�u�t�e� �s�c�a�l�e� �i�n�v�a�r�i�a�n�c�e� 

�p�r�o�p�e�r�t�y� �o�f� �t�h�e� �D� �c�r�i�t�e�r�i�o�n� �i�s� �a�p�p�a�r�e�n�t� �f�r�o�m� �e�x�p�r�e�s�s�i�o�n� �3�.�2�.�3�.� 

�§�3�.�3� �T�w�o� �P�o�i�n�t� �A�s�y�m�p�t�o�t�i�c� �C�o�n�f�i�d�e�n�c�e� �I�n�t�e�r�v�a�l� �C�r�i�t�e�r�i�o�n� �f�o�r� �p� 

�T�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �s�q�u�a�r�e�d� �h�a�l�f� �l�e�n�g�t�h� �o�f� �a�n� �a�s�y�m�p�t�o�t�i�c� �c�o�n�f�i�d�e�n�c�e� 

�i�n�t�e�r�v�a�l� �f�o�r� �»� �f�o�r� �a� �t�w�o� �p�o�i�n�t� �d�e�s�i�g�n� �i�s� �d�e�r�i�v�e�d� �f�o�r� �t�h�e� �l�o�g�i�s�t�i�c� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l�.� 

�T�h�e� �(�1�-�7�)�1�0�0�%� �a�s�y�m�p�t�o�t�i�c� �C�I� �a�s� �g�i�v�e�n� �i�n� �C�h�a�p�t�e�r� �2� �i�s� 
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�l
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�5� �+� �B�V� �2�e�V�i�2�t� �v�P�V� �2�9�)� 

�w�h�e�r�e� �a� �a�n�d� �b� �a�r�e� �t�h�e� �m�l�e ��s� �o�f� �a� �a�n�d� �#�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �z� �i�s� �t�h�e� �1�0�0�(�1�-�7�)� �t�b� �p�e�r�c�e�n�t�i�l�e� 

�f�r�o�m� �t�h�e� �s�t�a�n�d�a�r�d� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�,� �»� �a�n�d� �#� �a�r�e� �t�h�e� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s�,� �a�n�d� 

�V�i�i�,� �V�i�g�,� �a�n�d� �V�o�.� �a�r�e� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e�s� �a�n�d� �c�o�v�a�r�i�a�n�c�e� �o�f� �a� �a�n�d� �b� �t�a�k�e�n� 

�f�r�o�m� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �F�i�s�h�e�r� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �g�i�v�e�n� �b�y� �2�.�2�.�4�.� �A�n� �e�q�u�i�v�a�l�e�n�t� 

�c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �a�s� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �c�e�n�t�e�r�e�d� �m�o�d�e�l� �i�s� �g�i�v�e�n� �b�y� 
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�C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �a�b�s�o�l�u�t�e� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �s�q�u�a�r�e�d� �h�a�l�f� �l�e�n�g�t�h� �o�f� �t�h�e� 

�a�s�y�i�n�p�t�o�t�i�c� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �a�p�a�r�t� �f�r�o�m� �c�o�n�s�t�a�n�t�s� �i�s� �g�i�v�e�n� �b�y�,� 

�B�V� �a�y� �=� �(�W�y� �2�e�V� �9�+� �2�?� �V� �2�9�)� 
�w�h�i�c�h� �i�s� �e�q�u�a�l� �t�o� 

�S�x� �2�n�P�(�1�-�P�)� �Y�o�x�n�P�(�1�-�P�)� �Y�o�n�P�(�L�-�P�)� �B�E�)� �D� �D� �D� 

�w�h�e�r�e� �D�=�|�I�(�a�,�)�|�.� �A�f�t�e�r� �e�x�p�a�n�d�i�n�g�,� �c�o�l�l�e�c�t�i�n�g� �t�e�r�m�s�,� �a�n�d� �s�i�m�p�l�i�f�i�n�g� �w�e� �o�b�t�a�i�n� 

�m�P�P� �c�-�u�)�?� �+� �M�P�P� �M�c�)�.� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �D� �f�r�o�m� �3�.�2�.�1�,� �a�p�a�r�t� �f�r�o�m� �#�?� �s�i�n�c�e� �D�=�|�I�(�a�,�)�|�,� �t�h�e� 

�f�i�n�a�l� �f�o�r�m� �b�e�c�o�m�e�s� 

� � 

�(�x�u�?� �(�x�2�-�n�)�?� 

�n�2�P�,�(�1�-�P�,�)�(�x�-�X�2�)�*� �r� �n�,�P�,�(�1�-�P�,�)�(�x�,�-�x�2�)�?� �(�3�.�3�.�1�)� 

�T�h�e� �a�s�y�m�p�t�o�t�i�c� �C�I� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �t�h�e� �d�e�s�i�g�n� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �e�x�p�r�e�s�s�i�o�n� 

�3�.�3�.�1�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n� �c�o�n�s�i�s�t�s� �o�f� �t�h�r�e�e� �m�a�i�n� �c�o�m�p�o�n�e�n�t�s�:� �t�h�e� �s�q�u�a�r�e�d� �d�i�s�t�a�n�c�e�s� �o�f� 

�t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �f�r�o�m� �y�p�,� �t�h�e� �B�e�r�n�o�u�l�l�i� �v�a�r�i�a�n�c�e�s�,� �a�n�d� �t�h�e� �s�q�u�a�r�e�d� �d�i�s�t�a�n�c�e� 

�b�e�t�w�e�e�n� �t�h�e� �t�w�o� �d�e�s�i�g�n� �p�o�i�n�t�s�.� �S�e�p�a�r�a�t�e�l�y�,� �t�h�e� �g�o�a�l�s� �w�o�u�l�d� �b�e� �t�o� �p�l�a�c�e� �t�h�e� �d�e�s�i�g�n� 

�p�o�i�n�t�s� �a�t� �»�,� �m�a�x�i�m�i�z�e� �t�h�e� �B�e�r�n�o�u�l�l�i� �v�a�r�i�a�n�c�e�s� �(�p�o�i�n�t�s� �a�t� �E�D�;�9�)�,� �a�n�d� �m�a�x�i�m�i�z�e� �t�h�e� 

�d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �p�o�i�n�t�s�.� �H�o�w�e�v�e�r�,� �t�h�e�s�e� �g�o�a�l�s� �a�r�e� �i�n� �c�o�n�f�l�i�c�t�,� �a�n�d� �t�h�e� �d�e�s�i�g�n� 

�w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �e�x�p�r�e�s�s�i�o�n� �3�.�3�.�1� �i�s� �n�o�t� �o�b�v�i�o�u�s�.� �N�u�m�e�r�i�c�a�l� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� 

�e�x�p�r�e�s�s�i�o�n� �3�.�3�.�1� �y�i�e�l�d�s� �a� �s�i�n�g�l�e� �p�o�i�n�t� �d�e�s�i�g�n� �l�o�c�a�t�e�d� �a�t� �»� �f�o�r� �r�e�a�s�o�n�a�b�l�e� �E�D ��s� �o�f� 

�i�n�t�e�r�e�s�t�,� �r�a�n�g�i�n�g� �f�r�o�m� �E�D� �o�,� �t�o� �E�D�g�g�.� �F�o�r� �E�D ��s� �o�f� �i�n�t�e�r�e�s�t� �o�u�t�s�i�d�e� �t�h�i�s� �r�a�n�g�e�,� 

�n�u�m�e�r�i�c�a�l� �m�i�n�i�m�i�z�a�t�i�o�n� �r�e�s�u�l�t�s� �i�n� �a� �t�w�o� �p�o�i�n�t� �d�e�s�i�g�n� �a�t� �E�D�,�,� �a�n�d� �E�D�y�,� �7�.� �T�h�i�s� 

�t�w�o� �p�o�i�n�t� �d�e�s�i�g�n� �i�s� �a�l�s�o� �t�h�e� �s�l�o�p�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�;� �t�h�e� �d�e�s�i�g�n� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�e� 

�v�a�r�i�a�n�c�e� �o�f� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� �8�.� �T�h�e� �s�i�n�g�l�e� �p�o�i�n�t� �d�e�s�i�g�n� �d�o�e�s� �n�o�t� �a�l�l�o�w� �f�o�r� �t�h�e� 

�e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l�,� �b�u�t� �r�a�t�h�e�r� �o�n�l�y� �u�.� 
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�§�3�.�4� �T�w�o� �P�o�i�n�t� �F� �O�p�t�i�m�a�l�i�t�y� �D�e�s�i�g�n� �C�r�i�t�e�r�i�o�n� 

�T�h�e� �(�1�-�7�)�1�0�0�%� �F�i�e�l�l�e�r� �i�n�t�e�r�v�a�l� �f�o�r� �»� �f�o�r� �t�h�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l� �w�a�s� �d�e�r�i�v�e�d� �i�n� 

�C�h�a�p�t�e�r� �2�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �s�q�u�a�r�e�d� �h�a�l�f� �l�e�n�g�t�h� �o�f� �t�h�e� �F�i�e�l�l�e�r� 

�i�n�t�e�r�v�a�l� �u�s�i�n�g� �t�h�e� �l�o�g�i�s�t�i�c� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l� �i�s� �d�e�r�i�v�e�d� �f�o�r� �t�h�e� �s�p�e�c�i�a�l� �c�a�s�e� �o�f� �a� �t�w�o� 

�p�o�i�n�t� �d�e�s�i�g�n�.� �A�p�a�r�t� �f�r�o�m� �c�o�n�s�t�a�n�t�s�,� �t�h�e� �a�b�s�o�l�u�t�e� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �s�q�u�a�r�e�d� �h�a�l�f� 

�l�e�n�g�t�h� �f�r�o�m� �2�.�3�.�2� �i�s� 

�1� �_� �2� �(�V�i�2�)�*� �.� 
�(�1�-�8�)�?� �v�n� �2�u�V�i�2� �+� �p�H� �V�o�9�|� �+� �a�f� �V�o�0� �m�n�)� � � 

�T�h�e� �e�x�p�r�e�s�s�i�o�n� �i�n� �b�r�a�c�k�e�t�s� �i�s� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �w�h�i�c�h� �i�s� �m�i�n�i�m�i�z�e�d� �f�o�r� �t�h�e� 

�a�s�y�m�p�t�o�t�i�c� �C�I� �c�r�i�t�e�r�i�o�n�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �r�e�s�u�l�t� �3�.�3�.�1� �i�s� �s�u�b�s�t�i�t�u�t�e�d� �a�n�d� �w�e� �o�b�t�a�i�n� 

� � 

�1� �(�x�-�n�P� �(�x�a�n�)�?� �(�V�2�)�?� �_� 
�(�1�-�g�)�?� �(�P�P�P� �°� �n�y�P�,�(�1�-�P�1�)�(�x�,�-�X�2�)�?�  �� �a� �V�2�.�2� �V�u�h� 

�2� 
�R�e�p�l�a�c�i�n�g� �g� �b�y� �2� �a�2� �i�n� �o�n�e� �p�a�r�t� �o�f� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �y�i�e�l�d�s� � � 

� � 

�(�x�n�)� �(�x�n�)� �2�2�/�4� �2� 
�(�1�-�g�)�°� �(�P�L� �P�a�e�e� �.� �n�y�P�,�(�1�-�P�1�)�(�x�,�-�x�2�)�7� �r� �P�A�V�)� �V�V�}� 

� � �T�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �1�(�a�,�8�)�*�=�V�i�s�V�o�r�(�V�i�o�)� �=�H� �o�D� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �e�x�p�r�e�s�s�i�o�n� 

�c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�1� �(�x�-�#�P� �+� �(�x�u�)�?� �2� �|� 
�(�1�-�g�)�*� �l�n�y�P�2�(�1�-�P�2�)�(�x�1�-�x�2�)�?� �m�y�P�,�(�1�-�P�,�)�(�x�y�-�X�2�)�*� � �b�*�D� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �D� �o�b�t�a�i�n�e�d� �f�r�o�m� �3�.�2�.�1�,� �a�p�a�r�t� �f�r�o�m� �6�,� �a�n�d� �l�e�t�t�i�n�g� 

�Q�:�=�(�1�-�P�;�)�,� �t�h�e� �f�i�n�a�l� �f�o�r�m� �b�e�c�o�m�e�s� 

�1�  ��:� �G�a�w�P� �r�w�?� �z�e� �\� �(�3�.�4�.�1�)� 
�(�1�-�g�)�?� �o�P� �.�Q�2�(�x�1�-�X�2�)�7� �)� �n�y� �P�,�Q�,� �(�x�1�-�X�2�)�"� �b�@�n�n�e�P�,�Q�:�P�2�Q�o�(�x�4�1�-�x�2�)�?� 
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�T�h�e� �d�e�s�i�g�n� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �e�x�p�r�e�s�s�i�o�n� �3�.�4�.�1� �i�s� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� �I�n� 

�g�e�n�e�r�a�l�,� �f�o�r� �a� �g�i�v�e�n� �E�D� �o�f� �i�n�t�e�r�e�s�t�,� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �v�a�r�i�e�s� �w�i�t�h� �s�a�m�p�l�e� �s�i�z�e� 

�a�n�d� �l�e�v�e�l� �o�f� �c�o�n�f�i�d�e�n�c�e�.� �H�o�w�e�v�e�r� �i�f� �t�h�e� �r�a�t�i�o� �z�?�/�n� �i�s� �h�e�l�d� �c�o�n�s�t�a�n�t�,� �w�h�e�r�e� �n� �i�s� �t�h�e� 

�t�o�t�a�l� �s�a�m�p�l�e� �s�i�z�e� �a�n�d� �z� �i�s� �a� �s�t�a�n�d�a�r�d� �n�o�r�m�a�l� �d�e�v�i�a�t�e�,� �t�h�e� �F� �i�n�t�e�r�v�a�l� �a�n�d� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �i�n�v�a�r�i�a�n�t� �t�o� �c�h�a�n�g�e�s� �i�n�n� �a�n�d� �z�.� �T�h�i�s� �r�e�s�u�l�t� �i�s� 

�s�h�o�w�n� �i�n� �a�p�p�e�n�d�i�x� �C�.� �I�n� �a� �l�a�t�e�r� �s�e�c�t�i�o�n�,� �a�n� �e�q�u�i�v�a�l�e�n�c�e� �i�s� �f�o�r�m�e�d� �b�e�t�w�e�e�n� �t�h�e� �F� 

�c�r�i�t�e�r�i�o�n� �w�h�i�c�h� �d�e�p�e�n�d�s� �u�p�o�n� �z ��/�n� �a�n�d� �é� �a�n�d� �t�h�e� �Q� �c�r�i�t�e�r�i�o�n� �w�h�i�c�h� �d�e�p�e�n�d�s� �u�p�o�n� 

�r�e�g�i�o�n�.� 

�E�x�p�r�e�s�s�i�o�n� �3�.�4�.�1� �c�o�n�t�a�i�n�s� �b�o�t�h� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �C�I� �a�n�d� �D�_� �o�p�t�i�m�a�l�i�t�y� 

�e�x�p�r�e�s�s�i�o�n�s�.� �W�i�t�h� �r�e�s�p�e�c�t� �t�o� �m�i�n�i�m�i�z�a�t�i�o�n�,� �t�h�e�s�e� �t�w�o� �e�x�p�r�e�s�s�i�o�n�s� �a�s� �t�h�e�y� �a�p�p�e�a�r� 

�i�n� �3�.�4�.�1� �a�r�e� �i�n� �a�g�r�e�e�m�e�n�t�:� �a� �s�i�n�g�l�e� �p�o�i�n�t� �d�e�s�i�g�n� �a�t� �y�»� �f�o�r� �r�e�a�s�o�n�a�b�l�e� �E�D ��s� �o�f� 

�i�n�t�e�r�e�s�t�.� �H�o�w�e�v�e�r�,� �t�h�e� �t�w�o� �e�x�p�r�e�s�s�i�o�n�s� �a�r�e� �c�o�n�t�r�a�s�t�e�d� �b�y� �g�,� �w�h�i�c�h� �m�e�a�s�u�r�e�s� �t�h�e� 

�s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� �s�l�o�p�e� �@�.� �N�u�m�e�r�i�c�a�l� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �e�x�p�r�e�s�s�i�o�n� �3�.�4�.�1� �i�n�d�i�c�a�t�e�s� 

�t�h�a�t� �a�s� �t�h�e� �r�a�t�i�o� �z�?�/�n� �i�n�c�r�e�a�s�e�s�,� �g� �a�p�p�r�o�a�c�h�e�s� �1�,� �a�n�d� �t�h�e� �d�e�s�i�g�n� �c�o�n�v�e�r�g�e�s� �t�o� �t�h�e� 

�s�l�o�p�e� �o�r� �#� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �w�h�i�c�h� �i�s� �E�D�,� �a�n�d� �E�D� �,�,� �7�.� �A�s� �g� �n�e�a�r�s� �1�,� �i�t� �a�n�d� �t�h�e� 

�m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �s�l�o�p�e� �v�a�r�i�a�n�c�e� �b�e�g�i�n�s� �t�o� �d�o�m�i�n�a�t�e�s� �e�x�p�r�e�s�s�i�o�n� �3�.�4�.�1�.� 

�C�o�n�v�e�r�s�e�l�y�,� �n�u�m�e�r�i�c�a�l� �m�i�n�i�m�i�z�a�t�i�o�n� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �a�s� �t�h�e� �r�a�t�i�o� �z�?�/�n� �d�e�c�r�e�a�s�e�s�,� �g� 

�a�p�p�r�o�a�c�h�e�s� �0�,� �a�n�d� �t�h�e� �d�e�s�i�g�n� �c�o�n�v�e�r�g�e�s� �t�o� �t�h�e� �»� �o�p�t�i�m�a�l� �d�e�s�i�g�n�,� �a�l�l� �p�o�i�n�t�s� �a�t� �y� �f�o�r� 

�r�e�a�s�o�n�a�b�l�e� �E�D ��s� �o�f� �i�n�t�e�r�e�s�t�.� 

�T�h�e� �s�c�e�n�a�r�i�o�s� �o�f� �g� �n�e�a�r� �0� �o�r� �1� �r�e�p�r�e�s�e�n�t� �e�x�t�r�e�m�e�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �F� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �a� �c�o�m�p�r�o�m�i�s�e� �b�e�t�w�e�e�n� �t�h�e� �b�o�u�n�d�s� �f�o�r�m�e�d� �b�y� �t�h�e� �»� �o�p�t�i�m�a�l� �a�n�d� 

�s�l�o�p�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� �T�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �d�e�p�e�n�d�s� �u�p�o�n� �g�,� �y�e�t� �g� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� 

�t�o� �t�h�e� �r�a�t�i�o� �z�?�/�n�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �¢�,� �t�h�e� �E�D� �o�f� 

�i�n�t�e�r�e�s�t�,� �a�n�d� �z�?�/�n�.� 

�§�3�.�5� �T�w�o� �P�o�i�n�t� �Q� �O�p�t�i�m�a�l�i�t�y� �D�e�s�i�g�n� �C�r�i�t�e�r�i�o�n� 

�T�h�e� �Q� �o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�o�n� �e�x�p�r�e�s�s�i�o�n� �d�e�r�i�v�e�d� �b�y� �M�y�e�r�s�,� �M�y�e�r�s�,� �a�n�d� �C�a�r�t�e�r� 

�(�1�9�9�4�)� �f�o�r� �t�h�e� �t�w�o� �p�a�r�a�m�e�t�e�r� �o�n�e� �v�a�r�i�a�b�l�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l� �i�s� �d�e�r�i�v�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� 

�i�n� �a� �f�o�r�m� �t�h�a�t� �a�l�l�o�w�s� �t�h�e� �r�e�a�d�e�r� �t�o� �g�a�i�n� �s�o�m�e� �i�n�s�i�g�h�t� �i�n�t�o� �h�o�w� �i�t� �c�o�m�p�a�r�e�s� �w�i�t�h� 

�t�h�e� �o�t�h�e�r� �c�r�i�t�e�r�i�a�.� �T�h�e� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �b�a�s�e�d� �u�p�o�n� �a� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �i�n�s�t�e�a�d� 

�o�f� �a� �p�a�r�a�m�e�t�e�r� �o�f� �i�n�t�e�r�e�s�t�.� �L�e�t� �R�y�,� �a�n�d� �R�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �o�f� �t�h�i�s� �r�e�g�i�o�n� 
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�o�f� �i�n�t�e�r�e�s�t� �o�v�e�r� �t�h�e� �l�o�g�i�s�t�i�c� �c�u�r�v�e� �i�n� �t�h�e� �n�a�t�u�r�a�l� �u�n�i�t�s� �o�f� �x�.� �I�f� �a� �r�e�g�i�o�n� �i�s� �s�p�e�c�i�f�i�e�d� 
�.� �;� �Z�i�t�a�t ¬� �,� �;� �;� 
�i�n� �l�o�g�i�t� �s�p�a�c�e�,� �Z�,� �l�e�t� �R�=� �T�h�e� �a�b�s�o�l�u�t�e� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� 

�~� 

�a�v�e�r�a�g�e� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �o�f� �l�o�g�i�t�(�P�)� �o�v�e�r� �t�h�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �i�s� 

�R�y� �9� 

�/� �(�V�i�a� �-� �2�X�9�V�i�2� �+� �X�o� �V�o�2�)� �d�x� 

�R�y� 
�A

�r
� 

�w�h�e�r�e� �K�=�R�y�-�R�,�,� �t�h�e� �v�o�l�u�m�e� �o�f� �t�h�e� �r�e�g�i�o�n�.� �A�f�t�e�r� �i�n�t�e�g�r�a�t�i�n�g�,� �t�h�e� �e�x�p�r�e�s�s�i�o�n� 

�b�e�c�o�m�e�s� 

�V� 

�R�R�)� �(�R�u�-�R�L�)�V�i� �~� �(�R�2�-�R�2�)�V�,�,� �+� �(�R�3� �-� �R�a�e� �.� �(�3�.�5�.�1�)� 

�F�o�r� �a� �t�w�o� �p�o�i�n�t� �d�e�s�i�g�n�,� �3�.�5�.�1� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�5� �(�=�P� �s�(�-�P�.�)�(�e�d�o�a�(�R�u�+�R�s�)�+�H�(�R�E�+�R� �R�A�R�?�)� �+� 

�e�s�P�a�(�1�-�P�,�)�(�e�b�(�R�o�#� �R�y�)� �+�4�(�R�2�4� �R�R�,� �+�R�2�)�)�)� 

�w�h�i�c�h� �s�i�m�p�l�i�f�i�e�s� �t�o� �g�i�v�e� �t�h�e� �f�o�r�m�,� 

�(�x�R�?� �1� �(�x�R�?� �.� �(�R�y�-�R�,�)�?� �1� �(�R�y�-�R�,�)�?� 

�(�o�h� �n�y�P�\�Q�y�(�x�-�X�2�)�?� �|� �1�2�n�9�P�.�Q�2�(�x�1�-�X�2�)�?� �1�2�0�,� �P�,�Q�,� �(�x�,�-�x�2�)�"� 

�(�3�.�5�.�2�)� 

�w�h�e�r�e� �Q�,�;�=�1�-�P�;� �a�n�d� �R�=�}�(�R�y�+�R�,�)�.� �S�u�b�s�t�i�t�u�t�i�n�g� �V�,�.� �i�n�t�o� �e�x�p�r�e�s�s�i�o�n� �3�.�5�.�2� �y�i�e�l�d�s� 

�x�,�-�R�}�?� �x�,�-�R�?� �R�y�-�R�y�,�?� 

�(�o�r� �r� �e�e� �r� �!� �B�e� �!� �V�a�}� �B�9�8�)� 

�3�0



�T�h�e� �d�e�s�i�g�n� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �e�x�p�r�e�s�s�i�o�n� �3�.�5�.�3� �i�s� �t�h�e� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� �T�h�e� 

�e�x�p�r�e�s�s�i�o�n� �i�s� �c�o�m�p�o�s�e�d� �o�f� �t�h�r�e�e� �m�a�i�n� �c�o�m�p�o�n�e�n�t�s�.� �F�r�o�m� �s�e�c�t�i�o�n� �3�.�3� �i�t� �i�s� �a�p�p�a�r�e�n�t� 

�t�h�a�t� �a� �s�i�n�g�l�e� �p�o�i�n�t� �d�e�s�i�g�n� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �m�i�n�i�m�i�z�e�s� �t�h�e� �f�i�r�s�t� 

�t�w�o� �c�o�m�p�o�n�e�n�t�s�.� �H�o�w�e�v�e�r� �t�h�e� �t�h�i�r�d� �c�o�m�p�o�n�e�n�t�,� �v�a�r�i�a�n�c�e� �o�f� �b�,� �w�h�i�c�h� �i�s� �w�e�i�g�h�t�e�d� 

�b�y� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �a� �u�n�i�f�o�r�m� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�,� �i�s� �o�f� �c�o�u�r�s�e� �m�i�n�i�m�i�z�e�d� �b�y� �t�h�e� �s�l�o�p�e� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�,� �E�D�,�,�;� �a�n�d� �E�D�»�,�7�.� �T�h�e� �v�a�r�i�a�n�c�e� �f�r�o�m� �a� �u�n�i�f�o�r�m� �c�o�m�e�s� �f�r�o�m� 

�i�n�t�e�g�r�a�t�i�n�g� �r�e�g�i�o�n� �m�o�m�e�n�t�s� �u�n�i�f�o�r�m�l�y� �o�v�e�r� �t�h�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�.� �F�o�r� �a� �s�i�n�g�l�e� 

�p�o�i�n�t� �r�e�g�i�o�n� �a�t� �y�w�,� �t�h�e� �r�i�g�h�t� �h�a�n�d� �t�e�r�m� �o�f� �e�x�p�r�e�s�s�i�o�n� �3�.�5�.�3� �i�s� �z�e�r�o� �a�n�d� �t�h�e� �Q� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �(�u� �o�p�t�i�m�a�l�)� �d�e�s�i�g�n�.� �I�f� �o�n� �t�h�e� 

�o�t�h�e�r� �h�a�n�d�,� �t�h�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �i�s� �i�n�f�i�n�i�t�e� �i�n� �l�e�n�g�t�h�,� �t�h�e� �r�i�g�h�t� �h�a�n�d� �t�e�r�m� �b�e�i�n�g� 

�w�e�i�g�h�t�e�d� �b�y� �t�h�e� �s�q�u�a�r�e�d� �w�i�d�t�h� �o�f� �t�h�e� �r�e�g�i�o�n� �d�o�m�i�n�a�t�e�s� �t�h�e� �f�i�r�s�t� �t�w�o� �c�o�m�p�o�n�e�n�t�s� 

�w�h�i�c�h� �a�r�e� �u�n�a�f�f�e�c�t�e�d� �b�y� �r�e�g�i�o�n� �w�i�d�t�h�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �t�h�e� 

�a�s�y�m�p�t�o�t�i�c� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �(�#� �o�p�t�i�m�a�l�)� �d�e�s�i�g�n�.� �B�o�t�h� �o�f� �t�h�e�s�e� �r�e�s�u�l�t�s� �a�r�e� �e�a�s�i�l�y� 

�s�h�o�w�n� �n�u�m�e�r�i�c�a�l�l�y�.� �T�h�e� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �a� �c�o�m�p�r�o�m�i�s�e� �b�e�t�w�e�e�n� �t�h�e� �s�i�n�g�l�e� 

�p�o�i�n�t� �d�e�s�i�g�n� �a�t� �R� �a�n�d� �t�h�e� �s�l�o�p�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �b�a�s�e�d� �u�p�o�n� �t�h�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� 

�b�o�t�h� �i�n� �t�e�r�m�s� �o�f� �l�o�c�a�t�i�o�n�,� �d�e�n�o�t�e�d� �b�y� �R�,� �a�n�d� �w�i�d�t�h�.� 

�§�3�.�6� �A�n� �E�m�p�e�r�i�c�a�l� �Q�,� �F� �R�e�l�a�t�i�o�n�s�h�i�p� 

�B�o�t�h� �t�h�e� �Q� �a�n�d� �F� �o�p�t�i�m�a�l�i�t�y� �e�x�p�r�e�s�s�i�o�n�s� �r�e�p�r�e�s�e�n�t� �c�o�m�p�o�m�i�s�e�s� �b�e�t�w�e�e�n� �t�h�e� 

�s�l�o�p�e� �o�p�t�i�m�a�l� �a�n�d� �y�»� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� �F�o�r� �a� �g�i�v�e�n� �E�D� �o�f� �i�n�t�e�r�e�s�t� �t�h�e� �d�e�g�r�e�e� �o�f� 

�c�o�m�p�r�o�m�i�s�e� �f�o�r� �t�h�e� �F� �e�x�p�r�e�s�s�i�o�n� �i�s� �d�r�i�v�e�n� �b�y� �t�h�e� �r�a�t�i�o� �n�/�z�*� �w�h�e�r�e�a�s� �t�h�e� �s�i�z�e� �o�f� �t�h�e� 

�r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �d�r�i�v�e�s� �t�h�e� �c�o�m�p�r�o�m�i�s�e� �f�o�r� �t�h�e� �Q� �c�r�i�t�e�r�i�o�n�.� �S�i�n�c�e� �t�h�e� �F� �a�n�d� �Q� 

�e�x�p�r�e�s�s�i�o�n�s� �h�a�v�e� �t�h�i�s� �r�e�l�a�t�i�o�n�s�h�i�p�,� �s�i�t�u�a�t�i�o�n�s� �s�h�o�u�l�d� �e�x�i�s�t� �i�n� �w�h�i�c�h� �t�h�e� �t�h�e� �t�w�o� 

�c�r�i�t�e�r�i�a� �y�i�e�l�d� �s�i�m�i�l�a�r� �d�e�s�i�g�n�s�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n� �w�e� �g�i�v�e� �e�q�u�a�t�i�o�n�s� �w�h�i�c�h� �a�p�p�r�o�x�i�m�a�t�e� 

�t�h�e� �r�e�g�i�o�n� �w�i�d�t�h� �a�n�d� �l�o�c�a�t�i�o�n� �w�h�i�c�h� �y�i�e�l�d�s� �a� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �t�h�a�t� �i�s� �e�q�u�i�v�a�l�e�n�t� 

�t�o� �a�n� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �w�i�t�h� �a� �p�a�r�t�i�c�u�l�a�r� �v�a�l�u�e� �o�f� �n�/�z�?� �a�n�d� �E�D� �o�f� �i�n�t�e�r�e�s�t�.� �T�h�e� 

�m�a�i�n� �i�n�s�i�g�h�t� �t�o� �b�e� �g�a�i�n�e�d� �f�r�o�m� �s�u�c�h� �e�q�u�a�t�i�o�n�s� �i�s� �t�o� �h�e�l�p� �u�n�d�e�r�s�t�a�n�d� �h�o�w� �a�n� �F� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n� �r�e�l�a�t�e�s� �t�o� �a� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �a�s� �w�e�l�l� �a�s� �a�n� �E�D� �o�f� �i�n�t�e�r�e�s�t�.� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �o�n�l�y� �o�f�f�e�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �o�f� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p�s�.� �C�l�o�s�e�d� �f�o�r�m� 

�e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �e�q�u�i�v�a�l�e�n�c�e�s� �c�o�u�l�d� �n�o�t� �b�e� �f�o�u�n�d� �d�u�e� �t�o� �t�h�e� �c�o�m�p�l�e�x�i�t�i�e�s� �o�f� �t�h�e� 

�l�o�g�i�s�t�i�c� �m�o�d�e�l� �a�n�d� �t�h�e� �c�r�i�t�e�r�i�a�.� �W�i�t�h� �n�o� �o�t�h�e�r� �f�o�r�e�s�e�a�b�l�e� �o�p�t�i�o�n�,� �a� �t�r�i�a�l� �a�n�d� �e�r�r�o�r� 

�m�e�t�h�o�d� �w�a�s� �e�m�p�l�o�y�e�d�.� �R�e�g�i�o�n� �w�i�d�t�h� �a�n�d� �l�o�c�a�t�i�o�n� �(�i�n� �l�o�g�i�t� �u�n�i�t�s�)� �w�a�s� �a�d�j�u�s�t�e�d� 
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�u�n�t�i�l� �t�h�e� �Q� �o�p�t�i�m�a�l� �t�w�o� �p�o�i�n�t� �d�e�s�i�g�n� �(�P�,�,� �P�,�,� �a�n�d� �P�n�,� �w�h�e�r�e� �P�n� �i�s� �t�h�e� �p�r�o�p�o�r�t�i�o�n� 

�o�f� �t�h�e� �t�o�t�a�l� �s�a�m�p�l�e� �t�a�k�e�n� �a�t� �P�,�)� �e�q�u�a�l�e�d� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �f�o�r� �a� �p�a�r�t�i�c�u�l�a�r� �n�/�z�?� 

�a�n�d� �E�D� �o�f� �i�n�t�e�r�e�s�t�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �w�a�s� �e�m�p�l�o�y�e�d� �f�o�r� �o�v�e�r� �3�0� �d�i�f�f�e�r�e�n�t�  ¬� �a�n�d� �n�/�z�?� 

�c�o�m�b�i�n�a�t�i�o�n�s�.� �A�t� �t�h�a�t� �p�o�i�n�t�,� �t�r�i�a�l� �a�n�d� �e�r�r�o�r� �a�s� �w�e�l�l� �a�s� �P�r�o�c� �N�L�I�N� �(�S�A�S�,� 

�S�t�a�t�i�s�t�i�c�a�l� �A�n�a�l�y�s�i�s� �S�y�s�t�e�m�)� �w�a�s� �u�s�e�d� �t�o� �f�i�n�d� �e�q�u�a�t�i�o�n�s� �w�h�i�c�h� �f�i�t� �t�h�e� �p�o�i�n�t�s�.� 

�T�h�e� �f�i�t�t�e�d� �e�q�u�a�t�i�o�n� �f�o�r� �r�e�g�i�o�n� �w�i�d�t�h� �i�s� �g�i�v�e�n� �b�y� 
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�W�w� �(�n�/�z�)�-�4�5�8� �-� �1�.�2�3�4� 
� � �(�3�.�6�.�1�)� 

�w�h�e�r�e� �R�y� �i�s� �t�h�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �£�,� �t�h�e� �E�D� �o�f� �i�n�t�e�r�e�s�t�,� �b�o�t�h� �o�f� 

�w�h�i�c�h� �a�r�e� �e�x�p�r�e�s�s�e�d� �i�n� �l�o�g�i�t� �u�n�i�t�s�.� �T�h�e� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �r�e�g�i�o�n� �l�o�c�a�t�i�o�n� �i�s� �t�h�e�n� 

�d�e�n�o�t�e�d� �b�y� �r�e�g�i�o�n� �c�e�n�t�e�r� �a�n�d� �i�s� 

�a� �(�a�l�e�e� 
�c�C� �o�e� �l�l� �_� �(�n�/�z�?�)� 

�_� �n�g� 
�«�5�.�8�6�2� �F�é�]� �-� �a� �(�3�.�6�.�2�)� 

�w�h�e�r�e� �R�e�.� �i�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�g�i�o�n� �c�e�n�t�e�r� �a�g�a�i�n� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �l�o�g�i�t� 

�u�n�i�t�s�.� 

�T�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �w�o�r�k� �q�u�i�t�e� �w�e�l�l� �f�o�r� �n�/�z�?� �>� �6�.�0�.� �T�h�i�s� �r�e�q�u�i�r�e�m�e�n�t� 

�e�n�c�o�m�p�a�s�s�e�s� �m�o�s�t� �r�e�a�s�o�n�a�b�l�e� �s�i�t�u�a�t�i�o�n�s� �e�n�c�o�u�n�t�e�r�e�d�.� �S�o�m�e� �e�x�a�m�p�l�e�s� �a�r�e� �g�i�v�e�n� 

�b�e�l�o�w� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �d�e�g�r�e�e� �o�f� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �3�.�6�.�1� �a�n�d� �3�.�6�.�2�.� 

�n�=�2�0�0�,� �z�=�1�.�5� �P�,� �P�,� �P�n� 
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�=�>�R�y�=�1�.�4�6�1� 

�R�-�=�-�2�.�4�7�2� 

�P�,� �P�,� 
�1�4�0�5� �8�5�9�4� 
�.�1�4�0�9� �8�5�9�4� 
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�P�y� �P�,� 
�F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �.�2�3�0�0� �1�7�0�1� 

�Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �.�2�3�0�5� �.�1�6�9�3� 

�=�>� �e�q�u�i�v�a�l�e�n�t� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �E�D�,�,� �t�o� �E�D�,�,� 

�P�y� �P�,� 
�F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �1�0�4�1� �8�9�5�8� 

�Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �.�1�0�5�3� �8�9�4�5� 

�=�>� �e�q�u�i�v�a�l�e�n�t� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �E�D�,� �t�o� �E�D�,�,� 

�§�3�.�7� � �E� �O�p�t�i�m�a�l�i�t�y� �D�e�s�i�g�n� �C�r�i�t�e�r�i�o�n� 

�P�n� 
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�.�0�0�0� 
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�.�8�9�6� 

�F�o�r� �r�e�a�s�o�n�s� �o�f� �s�c�a�l�i�n�g�,� �a�s� �m�e�n�t�i�o�n�e�d� �e�a�r�l�i�e�r�,� �t�h�e� �E� �o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�o�n� �c�a�n� 

�o�n�l�y� �b�e� �d�e�r�i�v�e�d� �u�s�i�n�g� �m�a�t�r�i�x� �3�.�1�.�1� �o�r� �t�h�e� �s�c�a�l�e�d� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �i�t�s�e�l�f� �f�r�o�m� �t�h�e� 

�c�e�n�t�e�r�e�d� �m�o�d�e�l�.� �T�h�e� �s�c�a�l�e�d�,� �i�n�v�e�r�t�e�d� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �f�r�o�m� �t�h�e� �c�e�n�t�e�r�e�d� 

�m�o�d�e�l�,� �m�a�t�r�i�x� �3�.�1�.�1�,� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �E� �o�p�t�i�m�a�l�i�t�y� �e�x�p�r�e�s�s�i�o�n�.� 

�T�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �e�q�u�a�t�i�o�n� �f�o�r� �m�a�t�r�i�x� �3�.�1�.�1� �i�s� �g�i�v�e�n� �b�y� 

�V� �2�2�2� 
�d�M�?� �-�Y�(�B�?�V�e�r�i�t� �$�2�)� �+� �V�e�a� �V�e�r�e� �-� �V�a�n� �=� �0�.� �B�?� �(�3�.�7�.�1�)� 

�T�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �m�a�t�r�i�x� �3�.�1�.�1� �a�r�e� �t�h�e�n� �g�i�v�e�n� �b�y� �t�h�e� �r�o�o�t�s� �o�f� �e�q�u�a�t�i�o�n� �3�.�7�.�1� 

�w�h�i�c�h� �a�r�e� 

�V� �2�2�2� �V� �2�2�2� � � 
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�1� 
�=� �W�o�V�a�s�t� �G�r�?� �+� �(�(�2�V�e�a�r� �B�2� �)�?�+� �4�(�v�a�s�)�?�)



�V� �e�0�2�2� 
�B�?� 
� � �)� �-� �(�(�*�V�e�a�r� �1�2�)�2�4� �u�(�v�a�2�)�?�?�|� �a�n�d� �A�,� �=� �W�9�e�V�a�r�t� �B�e� 

�C�l�e�a�r�l�y� �\�,� �i�s� �t�h�e� �l�a�r�g�e�s�t� �e�i�g�e�n�v�a�l�u�e� �o�f� �m�a�t�r�i�x� �3�.�1�.�1�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �E� �o�p�t�i�m�a�l� 

�d�e�s�i�g�n� �i�s� �t�h�e� �d�e�s�i�g�n� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �4�,�.� �T�h�e� �E� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� 

�1� 
�V�o�2�2� �)� �V�e�2�2� �G�P�)�*�+� �4�(�v�a�2�)�?�P� �(�3�.�7�.�2�)� �B�?� 

� � 

�M�i�n� �(�a�v�a�s�t� �)� �+� �(�(�2�°�V�e�a�r� 

�w�h�i�c�h� �i�s� �t�h�e� �a�b�s�o�l�u�t�e� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �E� �o�p�t�i�m�a�l�i�t�y� �e�x�p�r�e�s�s�i�o�n�.� 

�N�o� �u�s�e�f�u�l� �o�r� �i�n�t�u�i�t�i�v�e� �s�i�m�p�l�i�f�i�c�a�t�i�o�n� �i�n�t�o� �e�l�e�m�e�n�t�a�r�y� �c�o�m�p�o�n�e�n�t�s� �c�o�u�l�d� �b�e� 

�f�o�u�n�d� �i�n� �e�x�p�r�e�s�s�i�o�n� �3�.�6�.�2�.� �H�o�w�e�v�e�r�,� �a� �n�i�c�e� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �e�x�i�s�t�s� �i�f� �o�n�e� �c�o�n�s�i�d�e�r�s� 

�t�h�e� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �o�f� �L�o�g�i�t�(�p�)�.� �M�i�n�i�m�i�z�i�n�g� �t�h�e� �m�a�x�i�m�u�m� �e�i�g�e�n�v�a�l�u�e� �o�f� �3�.�1�.�1� 

�c�a�n� �b�e� �s�h�o�w�n� �t�o� �b�e� �e�q�u�i�v�a�l�e�n�t� �t�o� �m�i�n�i�m�i�z�i�n�g� �t�h�e� �m�a�x�i�m�u�m� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �o�f� 

�L�o�g�i�t�(�p�)� �o�n� �s�p�h�e�r�e�s� �o�f� �v�a�r�y�i�n�g� �r�a�d�i�i� �c�e�n�t�e�r�e�d� �a�b�o�u�t� �y�p�.� �T�h�i�s� �r�e�s�u�l�t� �i�s� �s�h�o�w�n� �i�n� �t�h�e� 

�a�p�p�e�n�d�i�x� �D�.� �H�e�r�e� �w�e� �o�n�l�y� �h�a�v�e� �o�n�e� �e�x�p�l�a�n�a�t�o�r�y� �v�a�r�i�a�b�l�e� �r�e�s�u�l�t�i�n�g� �i�n� �o�n�l�y� �t�w�o� 

�p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�s� �p�e�r� �s�p�h�e�r�e�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �E� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �f�o�r� �t�h�e� 

�l�o�g�i�s�t�i�c� �m�o�d�e�l� �m�i�n�i�m�i�z�e�s� �t�h�e� �m�a�x�i�m�u�m� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �o�f� �L�o�g�i�t�(�p�)� �a�t� �e�i�t�h�e�r� 

�l�o�c�a�t�i�o�n� �+�d� �o�r� �p�-�d� �f�o�r� �a�l�l� �d�>�0�.� �T�h�i�s� �r�e�s�u�l�t� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �E� �o�p�t�i�m�a�l� �d�e�s�i�g�n� 

�s�h�o�u�l�d� �d�e�p�e�n�d� �u�p�o�n� �t�h�e� �E�D� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �p�z�.� 
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�C�H�A�P�T�E�R� �4� 

�D�E�S�I�G�N� �C�R�I�T�E�R�I�A� �S�U�P�P�L�E�M�E�N�T�S� 

�T�h�e� �d�e�s�i�g�n� �c�r�i�t�e�r�i�a� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r� �y�i�e�l�d� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� 

�w�h�i�c�h� �t�y�p�i�c�a�l�l�y� �c�o�n�s�i�s�t� �o�f� �o�n�l�y� �t�w�o� �d�e�s�i�g�n� �p�o�i�n�t�s�.� �I�n� �c�h�a�p�t�e�r� �6�,� �t�h�e�s�e� �d�e�s�i�g�n�s� �a�r�e� 

�s�h�o�w�n� �t�o� �b�e� �q�u�i�t�e� �s�e�n�s�i�t�i�v�e� �t�o� �p�o�o�r� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �t�h�e�s�e� 

�c�r�i�t�e�r�i�a� �a�n�d� �t�h�e� �d�e�s�i�g�n�s� �t�h�e�y� �p�r�o�d�u�c�e� �a�r�e� �n�o�t� �v�e�r�y� �u�s�e�f�u�l� �i�n� �p�r�a�c�t�i�c�e� �b�y� 

�t�h�e�m�s�e�l�v�e�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �p�r�o�c�e�d�u�r�e�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �t�o� �e�n�h�a�n�c�e� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e�s�e� �c�r�i�t�e�r�i�a�.� �T�w�o� �o�f� �t�h�e�s�e� �p�r�o�c�e�d�u�r�e�s� �a�r�e� �d�i�s�c�u�s�s�e�d� �h�e�r�e�:� �t�h�e� 

�m�i�n�i�m�a�x� �p�r�o�c�e�d�u�r�e� �b�y� �S�i�t�t�e�r� �(�1�9�9�2�)� �a�n�d� �t�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �b�y� 

�C�h�a�l�o�n�e�r� �a�n�d� �L�a�r�n�t�z� �(�1�9�8�9�)�.� 

�§�4�.�1� �M�i�n�i�m�a�x� �P�r�o�c�e�d�u�r�e� �a�n�d� �C�r�i�t�i�q�u�e� 

�T�h�e� �m�i�n�i�m�a�x� �p�r�o�c�e�d�u�r�e� �c�h�o�o�s�e�s� �a� �d�e�s�i�g�n� �b�a�s�e�d� �u�p�o�n� �t�h�e� �k�n�o�w�l�e�d�g�e� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�e�r� �h�a�s� �a�b�o�u�t� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�e�r� �n�o�t� �o�n�l�y� �m�a�k�e�s� �d�i�r�e�c�t� 

�g�u�e�s�s�e�s�,� �p�o� �a�n�d� �f�o�,� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �»� �a�n�d� �#�,� �b�u�t� �a�l�s�o� �c�r�e�a�t�e�s� �a�n� �i�n�t�e�r�v�a�l� 

�r�e�c�t�a�n�g�l�e� �i�n� �w�h�i�c�h� �h�e� �o�r� �s�h�e� �b�e�l�i�e�v�e�s� �t�h�e� �t�r�u�e� �p�a�r�a�m�e�t�e�r�s� �r�e�s�i�d�e�:� �@�,�<�@�<�@�y� �a�n�d� 

�y�p� �<�u�<�p�y�.� �T�h�i�s� �r�e�g�i�o�n� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �t�h�e� �i�n�i�t�i�a�l� �p�a�r�a�m�e�t�e�r� 

�g�u�e�s�s�e�s� �p�o� �a�n�d� �Z�o�.� �T�h�e� �m�i�n�i�m�a�x� �p�r�o�c�e�d�u�r�e� �t�h�e�n� �c�h�o�o�s�e�s�,� �f�o�r� �a� �f�i�x�e�d� �s�a�m�p�l�e� �s�i�z�e� 

�a�n�d� �c�r�i�t�e�r�i�o�n�,� �t�h�e� �d�e�s�i�g�n�,� �s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �y�o�,� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�e� �m�a�x�i�m�u�m� 

�c�r�i�t�e�r�i�o�n� �v�a�l�u�e� �o�v�e�r� �t�h�e� �r�e�c�t�a�n�g�l�e�.� �M�o�s�t� �a�n�y� �r�e�a�s�o�n�a�b�l�e� �c�r�i�t�e�r�i�o�n� �c�o�u�l�d� �b�e� �u�s�e�d�,� 

�s�u�c�h� �a�s� �D�,� �Q�,� �E�,� �F�,� �o�r� �A�s�y�m�p�t�o�t�i�c� �C�I� �o�p�t�i�m�a�l�i�t�y�.� �I�n� �g�e�n�e�r�a�l�,� �S�i�t�t�e�r� �d�e�f�i�n�e�s� �t�h�e� 

�m�i�n�i�m�a�x� �d�e�s�i�g�n� �a�s� �f�o�l�l�o�w�s�:� 

�_� �m�i�n� �m�a�x� �R�(�6�*�)� �=� �b�e�d� �i�B�)� �E�P� �R�(�6�,� �n�u�,� �8�)� �(�4�.�1�.�1�)� 
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�w�h�e�r�e� �R� �r�e�p�r�e�s�e�n�t�s� �a�n�y� �r�e�a�s�o�n�a�b�l�e� �c�r�i�t�e�r�i�o�n� �d�e�f�i�n�e�d� �s�u�c�h� �t�h�a�t� �t�h�e� �w�o�r�s�t� �c�a�s�e� 

�s�c�e�n�a�r�i�o� �i�s� �w�h�e�n� �t�h�e� �c�r�i�t�e�r�i�o�n� �i�s� �m�a�x�i�m�u�m�.� �%� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�e�t� �o�f� �d�e�s�i�g�n�s� �f�o�r� �a� 

�f�i�x�e�d� �s�a�m�p�l�e� �s�i�z�e� �w�h�i�c�h� �a�r�e� �s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �p�o�,� �P�=�{�(�u�,�8�)�:� �B�L�<�P�<�B�y�,� �u�y�<�u�<�p�m�y�}�,� 

�a�n�d� �6�*�i�s� �t�h�e� �m�i�n�i�m�a�x� �d�e�s�i�g�n�.� 

�S�i�t�t�e�r� �d�i�s�c�o�v�e�r�e�d� �t�h�a�t� �t�h�e� �s�e�t� �o�f� �d�e�s�i�g�n�s� �2� �w�a�s� �t�o�o� �l�a�r�g�e� �t�o� �f�i�n�d� �6�*� �i�n� �a� 

�p�r�a�c�t�i�c�a�l� �m�a�n�n�e�r�.� �T�h�e� �N�e�l�d�e�r�-�M�e�a�d� �o�p�t�i�m�i�z�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �(�1�9�6�5�)� �w�a�s� �b�e�i�n�g� 

�u�s�e�d� �a�n�d� �c�o�u�l�d� �n�o�t� �f�i�n�d� �t�h�e� �o�p�t�i�m�a�l� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �i�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �o�p�t�i�m�a�l� 

�l�o�c�a�t�i�o�n� �a�n�d� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �t�o� �t�h�o�s�e� �p�o�i�n�t�s�.� �T�h�e� �d�i�m�e�n�s�i�o�n�a�l�i�t�y� �o�f� �t�h�e� �p�r�o�b�l�e�m� 

�w�a�s� �t�o�o� �h�i�g�h�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �3� �w�a�s� �r�e�s�t�r�i�c�t�e�d� �t�o�  ��k�k �� �d�e�s�i�g�n�s� �w�h�i�c�h� �a�l�l�o�c�a�t�e� �t�h�e� 

�s�a�m�p�l�e� �e�q�u�a�l�l�y� �t�o� �d�e�s�i�g�n� �p�o�i�n�t� �l�o�c�a�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �e�q�u�a�l�l�y� �s�p�a�c�e�d�.� 

�M�a�n�y� �m�i�n�i�m�a�x� �d�e�s�i�g�n�s� �a�r�e� �g�i�v�e�n� �b�y� �S�i�t�t�e�r� �f�o�r� �t�h�e� �D�,� �F�,� �a�n�d� �a�s�y�m�p�t�o�t�i�c� �C�I� 

�c�r�i�t�e�r�i�a� �f�o�r� �a� �l�a�r�g�e� �v�a�r�i�e�t�y� �o�f� �a� �p�r�i�o�r�i� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e�.� �T�h�e� �t�a�b�l�e�s� �o�f� �d�e�s�i�g�n�s� 

�a�r�e� �i�n�d�e�x�e�d� �b�y� �a� �a�n�d� �p�a�j�=�f�,�(�m�y�-�#�0�)�=�P�_�(�u�0�-�m�,�)� �s�i�n�c�e� �t�h�e� �m�i�n�i�m�a�x� �d�e�s�i�g�n�,� �w�h�i�c�h� 

�i�s� �s�p�e�c�i�f�i�e�d� �b�y� �o�p�t�i�m�a�l� �v�a�l�u�e�s� �o�f� �k�=�n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�n�d� �d�=�s�c�a�l�e�-�f�r�e�e� 

�d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �d�e�s�i�g�n� �p�o�i�n�t�s�,� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �y�o�,� �Z�o�,� �a�n�d� �f�,�.� 

�T�h�i�s� �r�e�s�u�l�t� �i�s� �s�h�o�w�n� �i�n� �t�h�e� �a�p�p�e�n�d�i�x� �F�E�.� 

�A�n� �F� �o�p�t�i�m�a�l�i�t�y� �m�i�n�i�m�a�x� �d�e�s�i�g�n� �g�i�v�e�n� �b�y� �S�i�t�t�e�r� �i�s� �u�s�e�d� �t�o� �c�r�i�t�i�q�u�e� �t�h�e� 

�p�r�o�c�e�d�u�r�e�.� �T�h�e� �p�a�r�t�i�c�u�l�a�r� �m�i�n�i�m�a�x� �d�e�s�i�g�n� �c�o�m�e�s� �f�r�o�m� �p�,�=�4�.�0�,� �F�e�=�2�.�0�,� �w�h�i�c�h� 

�y�i�e�l�d�s� �d�=�4�.�3�,� �k�=�5�.� �A�r�b�i�t�i�t�r�a�r�y� �v�a�l�u�e�s� �f�o�r� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �r�e�c�t�a�n�g�l�e� �a�r�e� �c�h�o�o�s�e�n� 

�t�o� �b�e� �f�g�=�4�0� �a�n�d� �6�,�=�.�9�0�,� �r�e�s�u�l�t�i�n�g� �i�n� �a�n� �i�n�t�e�r�v�a�l� �r�e�c�t�a�n�g�l�e� �b�o�u�n�d�e�d� �b�y� �y�:�(�3�4�,� �4�6�)� 

�a�n�d� �@�:�(�.�6�,� �1�.�2�)�.� �T�h�e� �l�o�n�g�e�s�t� �F�i�e�l�l�e�r� �i�n�t�e�r�v�a�l� �o�c�c�u�r�s� �w�h�e�n� �(�p�,� �8�)� �e�q�u�a�l� �(�4�6�,� �.�6�)� �a�n�d� 

�(�3�4�,� �.�6�)�,� �o�n� �t�h�e� �e�d�g�e� �o�f� �t�h�e� �r�e�c�t�a�n�g�l�e�.� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �a�s�s�u�m�e�s� �e�a�c�h� �p�o�s�s�i�b�l�e� �p�a�r�a�m�e�t�e�r� �p�a�i�r�,� �(�#�,�8�)�,� �i�s� �e�q�u�a�l�l�y� �l�i�k�e�l�y� 

�t�o� �o�c�c�u�r�,� �s�o� �t�h�a�t� �p�a�i�r�s� �o�n� �t�h�e� �e�d�g�e� �o�f� �t�h�e� �r�e�c�t�a�n�g�l�e� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �l�i�k�e�l�y� �t�o� 

�o�c�c�u�r� �a�s� �p�o�,�f�8�0�.� �T�h�e� �m�a�x�i�m�u�m� �c�r�i�t�e�r�i�o�n� �v�a�l�u�e� �a�s� �o�n�e� �w�o�u�l�d� �e�x�p�e�c�t� �i�s� �f�o�u�n�d� �a�t� �o�r� 

�n�e�a�r� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �r�e�c�t�a�n�g�l�e�.� �W�h�e�n� �t�h�e� �r�a�n�g�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �a�r�e� �r�e�a�s�o�n�a�b�l�y� 

�s�m�a�l�l�,� �t�h�i�s� �i�s� �n�o�t� �a� �p�r�o�b�l�e�m�.� �T�h�e� �e�f�f�i�c�i�e�n�c�i�e�s� �a�t� �a�n�d� �a�r�o�u�n�d� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� 

�r�e�c�t�a�n�g�l�e� �a�r�e� �q�u�i�t�e� �h�i�g�h�.� �H�o�w�e�v�e�r� �w�h�e�n� �t�h�e� �r�a�n�g�e�s� �a�r�e� �f�a�i�r�l�y� �l�a�r�g�e� �a�s� �i�n� �t�h�e� 

�e�x�a�m�p�l�e� �c�h�o�o�s�e�n�,� �o�n�e� �m�i�n�i�m�i�z�e�s� �t�h�e� �m�a�x�i�m�u�m� �c�r�i�t�e�r�i�o�n� �v�a�l�u�e� �a�t� �a� �l�o�c�a�t�i�o�n� �f�a�r� 

�a�w�a�y� �f�r�o�m� �t�h�e� �b�e�s�t� �s�i�n�g�l�e� �g�u�e�s�s� �o�f� �y�o�,�G�0�.� �T�h�e� �m�i�n�i�m�a�x� �d�e�s�i�g�n�s� �s�a�c�r�i�f�i�c�e� �t�o�o� �m�u�c�h� 

�e�f�f�i�c�i�e�n�c�y� �a�t� �a�n�d� �n�e�a�r� �0�,�0�,� �i�n� �o�r�d�e�r� �t�o� �b�e� �a�b�l�e� �t�o� �b�e� �e�f�f�i�c�i�e�n�t� �a�t� �a� �l�o�c�a�t�i�o�n� �w�h�i�c�h� 

�3�6



�i�s� �q�u�i�t�e� �p�o�s�s�i�b�l�y� �o�n�e� �o�f� �t�h�e� �m�o�s�t� �u�n�l�i�k�e�l�y� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �t�r�u�e� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� 

�w�i�t�h�i�n� �t�h�e� �i�n�t�e�r�v�a�l� �r�e�c�t�a�n�g�l�e�.� �A�t� �t�h�e� �l�o�c�a�t�i�o�n� �w�i�t�h� �t�h�e� �l�o�n�g�e�s�t� �F� �i�n�t�e�r�v�a�l�,� �t�h�e� �F� 

�e�f�f�i�c�i�e�n�c�y� �i�s� �6�0�%� �w�h�i�l�e� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �a�t� �t�h�e� �c�e�n�t�e�r� �i�s� �o�n�l�y� �5�0�%�,� �w�h�e�r�e� �F� �e�f�f�i�c�i�e�n�c�y� 

�i�s� �d�e�f�i�n�e�d� �b�y� 

�F� �i�n�t�e�r�v�a�l� �l�e�n�g�t�h� �f�o�r� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �g�i�v�e�n� �1�,�8� 
�P�_�E�F�F� �=� �F� �i�n�t�e�r�v�a�l� �l�e�n�g�t�h� �f�o�r� �m�i�n�i�m�a�x� �d�e�s�i�g�n� �c�e�n�t�e�r�e�d� �a�t� �y�y� �g�i�v�e�n� �y�f�"� 
� � 

�A�n�o�t�h�e�r� �p�r�o�b�l�e�m� �e�x�i�s�t�s� �w�i�t�h� �t�h�e� �m�i�n�i�m�a�x� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �g�i�v�e�n� �b�y� �S�i�t�t�e�r�.� 

�T�h�e� �F�i�e�l�l�e�r� �i�n�t�e�r�v�a�l� �l�e�n�g�t�h� �w�h�i�c�h� �w�a�s� �u�s�e�d� �i�s� �n�o�t� �i�n�v�a�r�i�a�n�t� �t�o� �s�c�a�l�e�.� �T�h�e� �s�c�a�l�e�-� 

�f�r�e�e� �l�e�n�g�t�h� �s�h�o�u�l�d� �b�e� �u�s�e�d� �s�o� �t�h�a�t� �t�h�e� �l�o�c�a�t�i�o�n� �w�i�t�h� �t�h�e� �w�o�r�s�t� �F� �e�f�f�i�c�i�e�n�c�y� �w�o�u�l�d� 

�d�r�i�v�e� �t�h�e� �p�r�o�c�e�d�u�r�e�.� �I�n�t�u�i�t�i�v�e�l�y�,� �i�t� �i�s� �e�a�s�y� �t�o� �s�e�e� �t�h�a�t� �t�h�e� �r�a�n�g�e� �i�n� �x� �s�p�a�c�e� �w�h�e�r�e� 

�.�1�0�<�P�<�.�9�0�,� �d�e�c�r�e�a�s�e�s� �a�s� �@� �i�n�c�r�e�a�s�e�s�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �i�n�t�e�r�e�s�t�i�n�g� �r�a�n�g�e� �o�f� �t�h�e� 

�r�e�s�p�o�n�s�e� �c�u�r�v�e� �i�s� �n�a�r�r�o�w�e�r� �w�h�e�n� �t�h�e� �s�l�o�p�e� �i�s� �1�.�2�0� �t�h�a�n� �w�h�e�n� �i�t� �i�s� �.�6�,� �a�n�d� �o�n�e� 

�w�o�u�l�d� �e�x�p�e�c�t� �a�n� �e�q�u�a�l�l�y� �e�f�f�i�c�i�e�n�t� �i�n�t�e�r�v�a�l� �a�b�o�u�t� �y�»� �i�n� �t�h�e� �f�i�r�s�t� �c�a�s�e� �t�o� �b�e� 

�c�o�n�s�i�d�e�r�a�b�l�y� �m�o�r�e� �n�a�r�r�o�w� �t�h�a�n� �i�n� �t�h�e� �l�a�t�t�e�r�.� �I�n� �f�a�c�t�,� �a�n� �e�q�u�a�l�l�y� �e�f�f�i�c�i�e�n�t� �s�c�a�l�e� 

�d�e�p�e�n�d�e�n�t� �F� �i�n�t�e�r�v�a�l� �o�n� �»� �w�h�e�n� �$�=�1�.�2� �i�s� �e�x�a�c�t�l�y� �h�a�l�f� �a�s� �l�o�n�g� �a�s� �w�h�e�n� �s�=�.�6�.� �T�h�e� 

�l�e�n�g�t�h� �o�f� �a�n� �F�i�e�l�l�e�r� �i�n�t�e�r�v�a�l� �i�s� �o�f� �o�r�d�e�r� �e� �T�h�e� �m�i�n�i�m�a�x� �p�r�o�c�e�d�u�r�e� �s�h�o�u�l�d� 

�m�i�n�i�m�i�z�e� �t�h�e� �m�a�x�i�m�u�m� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �F� �i�n�t�e�r�v�a�l� �l�e�n�g�t�h� �a�s� �g�i�v�e�n� �i�n� �2�.�4�.�1� 

�a�s�s�u�m�i�n�g� �F� �i�s� �t�h�e� �c�r�i�t�e�r�i�o�n� �b�e�i�n�g� �u�s�e�d�.� 

�E�v�e�n� �w�h�e�n� �u�s�i�n�g� �t�h�e� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �F� �c�r�i�t�e�r�i�o�n�,� �t�h�e� �m�i�n�i�m�a�x� �d�e�s�i�g�n� �s�t�i�l�l� 

�o�f�f�e�r�s� �a�n� �u�n�s�a�t�i�s�f�a�c�t�o�r�y� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �p�r�o�b�l�e�m� �o�f� �r�o�b�u�s�t�n�e�s�s�.� �T�h�e� �m�o�t�i�v�a�t�i�o�n� 

�a�n�d� �i�d�e�a� �b�e�h�i�n�d� �t�h�e� �m�i�n�i�m�a�x� �p�r�o�c�e�d�u�r�e� �i�s� �o�f� �g�r�e�a�t� �p�r�a�c�t�i�c�a�l� �i�n�t�e�r�e�s�t� �e�v�e�n� �t�h�o�u�g�h� 

�t�h�e� �p�r�o�c�e�d�u�r�e� �i�t�s�e�l�f� �i�s� �n�o�t�.� �T�h�e� �m�i�n�i�m�a�x� �p�r�o�c�e�d�u�r�e� �i�s� �s�i�m�p�l�y� �t�o�o� �c�o�n�s�e�r�v�a�t�i�v�e�.� 
�N�T� 

�f�e� 
�v�w�.� �§�4�.�2� �B�a�y�e�s�i�a�n� �D�e�s�i�g�n� �P�r�o�c�e�d�u�r�e� �C�s� �S� 

�I�n� �a�n�o�t�h�e�r� �e�f�f�o�r�t� �a�i�m�e�d� �a�t� �c�r�e�a�t�i�n�g� �o�p�t�i�m�a�l� �r�o�b�u�s�t� �d�e�s�i�g�n�s�,� �a� �B�a�y�e�s�i�a�n� 

�p�r�o�c�e�d�u�r�e� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �C�h�a�l�o�n�e�r� �a�n�d� �L�a�r�n�t�z� �(�1�9�8�9�)� �w�h�i�c�h� �u�t�i�l�i�z�e�s� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�e�r ��s� �a�p�r�i�o�r�i� �b�e�l�i�e�f� �a�b�o�u�t� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �d�e�n�s�i�t�y�.� �T�h�e� 

�p�r�o�c�e�d�u�r�e� �f�i�n�d�s� �o�p�t�i�m�a�l� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n�s� �b�a�s�e�d� �u�p�o�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r ��s� �b�e�l�i�e�f� 
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�a�b�o�u�t� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n�s� �w�e�r�e� �n�o�t� �u�s�e�d� �f�o�r� �m�a�k�i�n�g� 

�i�n�f�e�r�e�n�c�e�s� �d�u�e� �t�o� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �p�r�o�b�l�e�m�.� �A�s� �w�i�t�h� �t�h�e� �m�i�n�i�m�a�x� �p�r�o�c�e�d�u�r�e�,� 

�m�o�s�t� �r�e�a�s�o�n�a�b�l�e� �d�e�s�i�g�n� �c�r�i�t�e�r�i�a� �c�a�n� �b�e� �u�s�e�d� �w�i�t�h� �t�h�e� �B�a�y�e�s�i�a�n� �p�r�o�c�e�d�u�r�e�.� 

�I�n� �g�e�n�e�r�a�l� �t�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� 

�M�a�x� �|� �R�(�6�5�,�8�)� �7�(�8�)� �d�d� �(�4�.�2�.�1�)� 

�w�h�e�r�e� �@� �i�s� �a� �v�e�c�t�o�r� �o�f� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s�,� �7�(�@�)� �i�s� �t�h�e� �p�r�i�o�r� �d�e�n�s�i�t�y� �o�f� �8�,� �R�(�6�,�6�)� �i�s� 

�a�n�y� �d�e�s�i�g�n� �o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�o�n� �e�x�p�r�e�s�s�i�o�n� �o�f� �c�h�o�i�c�e�,� �a�n�d� �é� �i�s� �a�n�y� �d�e�s�i�g�n� �f�r�o�m� �t�h�e� 

�s�e�t� �o�f� �p�o�s�s�i�b�l�e� �d�e�s�i�g�n�s� �9�.� �E�x�p�r�e�s�s�i�o�n� �4�.�2�.�1� �c�o�m�e�s� �f�r�o�m� �B�a�y�e�s�i�a�n� �d�e�c�i�s�i�o�n� �t�h�e�o�r�y� 

�w�h�e�r�e� �-�R�(�6�,�@�)� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �B�a�y�e�s� �r�i�s�k�.� �T�h�e� �B�a�y�e�s�i�a�n� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �m�i�n�i�m�i�z�e�s� 

�t�h�e� �e�x�p�e�c�t�e�d� �r�i�s�k�.� �A�l�t�h�o�u�g�h� �e�x�p�r�e�s�s�i�o�n� �4�.�2�.�1� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�i�o�n�,� 

�i�t� �i�s� �q�u�i�t�e� �d�i�f�f�e�r�e�n�t�.� �U�n�l�i�k�e� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�i�o�n�,� �-�R�(�6�,�6�)� �d�o�e�s� �n�o�t� �r�e�p�r�e�s�e�n�t� �a�n� 

�e�x�p�e�c�t�e�d� �l�o�s�s� �f�u�n�c�t�i�o�n�.� �T�h�e� �d�e�c�i�s�i�o�n�,� �6�,� �t�o� �b�e� �m�a�d�e� �i�s� �t�h�e�r�e�f�o�r�e� �n�o�t� �a�n� �e�s�t�i�m�a�t�o�r� 

�b�u�t� �r�a�t�h�e�r� �a� �d�e�s�i�g�n�.� 

�F�o�r� �t�h�e� �o�n�e� �v�a�r�i�a�b�l�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l� �w�i�t�h� �t�w�o� �p�a�r�a�m�e�t�e�r�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r� 

�w�o�u�l�d� �n�e�e�d� �t�o� �s�e�l�e�c�t� �a� �c�r�i�t�e�r�i�o�n� �a�n�d� �a� �p�r�i�o�r� �7�(�a�,�8�)� �o�r� �(�u�,�8�)� �w�h�i�c�h� �r�e�f�l�e�c�t�s� �h�i�s� �o�r� 

�h�e�r� �k�n�o�w�l�e�d�g�e� �a�b�o�u�t� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� 

�p�r�o�c�e�d�u�r�e� �i�n� �t�h�i�s� �s�i�t�u�a�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� 

�M�a�x� �/� �R�(� �5�,�2�4�8�)� �1�(�y�,�8�)� �A�(�p�,�8�)�.� �(�4�.�2�.�2�)� 
�(�4�,�9�)� 

�C�h�a�l�o�n�e�r� �a�n�d� �L�a�r�n�t�z� �g�i�v�e� �s�e�v�e�r�a�l� �e�x�a�m�p�l�e�s� �o�f� �t�h�e�s�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�s� �f�o�r� �t�h�e� 

�l�o�g�i�s�t�i�c� �m�o�d�e�l� �f�o�r� �a� �n�u�m�b�e�r� �o�f� �d�i�f�f�e�r�e�n�t� �p�r�i�o�r�s� �a�n�d� �t�w�o� �d�i�f�f�e�r�e�n�t� �c�r�i�t�e�r�i�a�.� �I�n� 

�g�e�n�e�r�a�l�,� �t�h�e�y� �f�o�u�n�d� �t�h�a�t� �a�s� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �p�r�i�o�r� �i�n�c�r�e�a�s�e�s�,� �s�o� �d�o�e�s� �t�h�e� 

�d�i�s�p�e�r�s�i�o�n� �o�f� �t�h�e� �o�p�t�i�m�a�l� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�q�u�i�r�e�d� �d�e�s�i�g�n� 

�l�e�v�e�l�s�.� �T�h�e� �a�d�d�i�t�i�o�n�a�l� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�n�d� �w�i�d�t�h� �a�l�l�o�w� �t�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� �t�o� �c�o�p�e� 

�w�i�t�h� �p�o�o�r� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e�.� �E�s�s�e�n�t�i�a�l�l�y�,� �t�h�e� �B�a�y�e�s�i�a�n� �p�r�o�c�e�d�u�r�e� �w�o�u�l�d� �b�e� �a�s� 

�r�o�b�u�s�t� �a�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r� �b�e�l�i�e�v�e�s� �h�e� �o�r� �s�h�e� �n�e�e�d�s� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �p�r�i�o�r� 

�k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� 

�3�8



�T�h�i�s� �p�r�o�c�e�d�u�r�e� �a�d�d�r�e�s�s�e�s� �t�h�e� �s�a�m�e� �p�r�o�b�l�e�m� �a�s� �t�h�e� �m�i�n�i�m�a�x� �p�r�o�c�e�d�u�r�e� 

�w�i�t�h�o�u�t� �n�e�c�e�s�s�a�r�i�l�y� �b�e�i�n�g� �s�o� �c�o�n�s�e�r�v�a�t�i�v�e�.� �T�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �i�s� 

�i�n�c�o�r�p�o�r�a�t�e�d� �t�h�r�o�u�g�h�o�u�t� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n� �a�n�d� �i�s� �s�h�o�w�n� �t�o� �b�e� �a� �u�s�e�f�u�l� �a�d�d�i�t�i�o�n� �t�o� 

�t�h�e� �s�t�a�n�d�a�r�d� �d�e�s�i�g�n� �c�r�i�t�e�r�i�a�.� �T�h�e� �t�y�p�i�c�a�l� �p�o�i�n�t� �g�u�e�s�s�e�s� �n�o�r�m�a�l�l�y� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�l�o�g�i�s�t�i�c� �m�o�d�e�l� �d�e�s�i�g�n�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�w�o� �s�i�n�g�l�e� �p�o�i�n�t� �d�e�n�s�i�t�i�e�s�.� 

�T�h�e�s�e� �s�t�a�n�d�a�r�d� �s�i�n�g�l�e� �p�o�i�n�t� �g�u�e�s�s�e�s� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �a� �p�o�i�n�t� �p�r�i�o�r�.� �A�n�y� �o�t�h�e�r� 

�d�e�g�r�e�e� �o�f� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �c�l�a�s�s� �o�f� �n�o�r�m�a�l� �o�r� �u�n�i�f�o�r�m� 

�d�e�n�s�i�t�i�e�s�,� �a�l�t�h�o�u�g�h� �m�a�n�y� �o�t�h�e�r� �d�e�n�s�i�t�i�e�s� �c�o�u�l�d� �b�e� �u�s�e�d�.� �T�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�s� 

�g�i�v�e�n� �i�n� �t�h�e� �n�e�x�t� �c�h�a�p�t�e�r� �m�a�k�e� �u�s�e� �o�f� �t�h�e� �B�a�y�e�s�i�a�n� �p�r�o�c�e�d�u�r�e� �a�s� �i�t� �i�s� �s�e�e�n� �i�n� 

�4�.�2�.�2�,� �y�i�e�l�d�i�n�g� �o�n�e�-�s�t�a�g�e� �o�p�t�i�m�a�l� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n�s�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �i�m�p�r�o�v�e�s� �t�h�e� �u�s�e�f�u�l�n�e�s�s� �o�f� �d�e�s�i�g�n� 

�c�r�i�t�e�r�i�a� �i�n� �a� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�,� �t�h�e� �r�o�b�u�s�t�n�e�s�s� �a�n�d� �e�f�f�i�c�i�e�n�c�y� �i�s� �s�h�o�w�n� �i�n� �c�h�a�p�t�e�r� �6� 

�t�o� �s�t�i�l�l� �b�e� �r�e�l�a�t�i�v�e�l�y� �p�o�o�r�.� �I�t� �i�s� �i�n� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�s� �o�f� �c�h�a�p�t�e�r�s� �7�,� �8�,� �a�n�d� �9� 

�w�h�e�n� �t�h�e� �t�r�u�e� �u�s�e�f�u�l�n�e�s�s� �o�f� �t�h�e� �p�r�i�o�r� �i�s� �r�e�a�l�i�z�e�d�.� �T�h�e�s�e� �d�e�s�i�g�n�s� �m�a�k�e� �u�s�e� �o�f� �t�h�e� 

�p�r�i�o�r� �t�w�i�c�e�:� �f�i�r�s�t� �a�s� �i�s� �d�o�n�e� �i�n� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�s� �a�n�d� �s�e�c�o�n�d�l�y� �t�o� �y�i�e�l�d� 

�B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �f�r�o�m� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �o�p�t�i�m�a�l� �B�a�y�e�s�i�a�n� 

�d�e�s�i�g�n�.� 
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�C�H�A�P�T�E�R� �5� 

�O�N�E�-�S�T�A�G�E� �O�P�T�I�M�A�L� �D�E�S�I�G�N�S� 

�F�O�R� �T�H�E� �L�O�G�I�S�T�I�C� �M�O�D�E�L� 

�S�e�v�e�r�a�l� �d�e�s�i�g�n� �o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�a� �h�a�v�e� �b�e�e�n� �p�r�e�s�e�n�t�e�d� �f�o�r� �t�h�e� �l�o�g�i�s�t�i�c� 

�r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l� �i�n� �t�h�e� �o�n�e� �v�a�r�i�a�b�l�e� �c�a�s�e�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �p�r�e�s�e�n�t� �t�h�e� �o�p�t�i�m�a�l� 

�d�e�s�i�g�n�s� �t�h�e�s�e� �c�r�i�t�e�r�i�a� �p�r�o�d�u�c�e�.� �E�x�t�e�n�s�i�v�e� �l�i�s�t�s� �o�f� �F�,� �E�,� �a�n�d� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �a�r�e� 

�g�i�v�e�n� �f�o�r� �a� �w�i�d�e� �v�a�r�i�e�t�y� �o�f� �s�i�t�u�a�t�i�o�n�s� �i�n� �w�h�i�c�h� �a� �p�o�i�n�t� �p�r�i�o�r� �i�s� �u�s�e�d�.� �T�h�e� �»� �a�n�d� 

�s�l�o�p�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �d�o� �n�o�t� �r�e�q�u�i�r�e� �e�x�t�e�n�s�i�v�e� �l�i�s�t�s�,� �f�o�r� �t�h�e�y� �v�a�r�y� �o�n�e� 

�d�i�m�e�n�s�i�o�n�a�l�l�y� �i�f� �a�t� �a�l�l� �w�h�e�n� �u�s�i�n�g� �a� �p�o�i�n�t� �p�r�i�o�r�.� �T�h�e� �»� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �a�c�h�i�e�v�e�d� 

�b�y� �p�l�a�c�i�n�g� �a�l�l� �n� �o�b�s�e�r�v�a�t�i�o�n�s� �a�t� �t�h�e� �E�D� �o�f� �i�n�t�e�r�e�s�t� �f�o�r� �E�D ��s� �r�a�n�g�i�n�g� �f�r�o�m� �E�D�p�,� �t�o� 

�E�D�g�g�,� �a�n�d� �t�h�e� �s�l�o�p�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �a�c�h�i�e�v�e�d� �b�y� �p�l�a�c�i�n�g� �5� �o�b�s�e�r�v�a�t�i�o�n�s� �a�t� �E�D�s�,� �;� 

�a�n�d� �4� �o�b�s�e�r�v�a�t�i�o�n�s� �a�t� �E�D� �9�,�7�.� �T�h�e� �e�f�f�e�c�t� �o�f� �d�i�f�f�e�r�e�n�t� �p�r�i�o�r�s� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d� �u�s�i�n�g� 

�t�h�e� �D� �c�r�i�t�e�r�i�o�n�.� �M�a�n�y� �B�a�y�e�s�i�a�n� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �a�r�e� �g�i�v�e�n�.� �A�l�l� �d�e�s�i�g�n�s� �a�r�e� 

�f�o�u�n�d� �n�u�m�e�r�i�c�a�l�l�y� �u�s�i�n�g� �t�h�e� �N�e�l�d�e�r�-�M�e�a�d� �a�l�g�o�r�i�t�h�m� �(�N�e�l�d�e�r� �a�n�d� �M�e�a�d�,� �1�9�6�5�)�.� 

�§�5�.�1� �F� �O�p�t�i�m�a�l� �D�e�s�i�g�n�s�,� �P�o�i�n�t� �P�r�i�o�r� 

�T�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �p�o�i�n�t�s� �a�n�d� �d�e�p�e�n�d�s� �u�p�o�n� �£�,� �n�,� �a�n�d� �z�.� 

�T�h�r�e�e� �d�i�f�f�e�r�e�n�t� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �s�c�e�n�a�r�i�o�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �u�s�i�n�g� �a�n� �F� �c�r�i�t�e�r�i�o�n�.� 

�T�h�e� �f�i�r�s�t� �s�i�t�u�a�t�i�o�n� �r�e�s�u�l�t�s� �f�r�o�m� �f�i�n�d�i�n�g� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� 

�n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�n�d� �t�h�e� �l�o�c�a�t�i�o�n� �a�n�d� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �t�o� �t�h�o�s�e� �d�e�s�i�g�n� 

�p�o�i�n�t�s�.� �T�h�i�s� �f�i�r�s�t� �c�a�s�e� �y�i�e�l�d�s� �t�h�e� �u�n�c�o�n�s�t�r�a�i�n�e�d� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� 

�4�0



�S�e�c�o�n�d�l�y�,� �c�o�n�s�i�d�e�r� �a� �t�w�o� �p�o�i�n�t� �d�e�s�i�g�n� �i�n� �w�h�i�c�h� �t�h�e� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �i�s� �h�e�l�d� 

�e�q�u�a�l�.� �T�h�i�s� �s�i�t�u�a�t�i�o�n� �y�i�e�l�d�s� �c�o�n�s�t�r�a�i�n�e�d� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� �T�h�e�n� �c�o�n�s�i�d�e�r� �d�e�s�i�g�n�s� 

�w�i�t�h� �m�o�r�e� �t�h�a�n� �t�w�o� �l�e�v�e�l�s�.� �M�a�n�y� �f�o�u�r� �a�n�d� �f�i�v�e� �l�e�v�e�l� �d�e�s�i�g�n�s� �a�r�e� �g�i�v�e�n� �w�h�i�c�h� �a�r�e� 

�n�o�t� �F� �o�p�t�i�m�a�l�,� �b�u�t� �a�r�e� �h�i�g�h�l�y� �F� �e�f�f�i�c�i�e�n�t�.� 

�U�s�i�n�g� �t�h�e� �N�e�l�d�e�r�-�M�e�a�d� �a�l�g�o�r�i�t�h�m� �a�n�d� �n�o� �r�e�s�t�r�i�c�t�i�o�n�s� �o�t�h�e�r� �t�h�a�n� �a� �f�i�x�e�d� 

�s�a�m�p�l�e� �s�i�z�e� �a�n�d� �E�D� �o�f� �i�n�t�e�r�e�s�t�,� �w�e� �f�o�u�n�d� �t�h�a�t� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �w�i�t�h� �a� �p�o�i�n�t� 

�p�r�i�o�r� �i�s� �i�n� �f�a�c�t� �a� �t�w�o� �l�e�v�e�l� �d�e�s�i�g�n�.� �T�h�e� �r�e�q�u�i�r�e�d� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n�,� �h�o�w�e�v�e�r�,� �i�s� �n�o�t� 

�n�e�c�e�s�s�a�r�i�l�y� �e�q�u�a�l� �n�o�r� �a�r�e� �t�h�e� �p�o�i�n�t�s� �n�e�c�e�s�s�a�r�i�l�y� �s�y�m�m�e�t�r�i�c�.� �A�l�t�h�o�u�g�h�,� �i�f� �u�=�E�D�s�o�,� 

�t�h�e� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �i�s� �e�q�u�a�l� �a�n�d� �t�h�e� �p�o�i�n�t�s� �s�y�m�m�e�t�r�i�c�.� 

�S�a�m�p�l�e� �s�i�z�e� �h�a�s� �a� �p�r�o�f�o�u�n�d� �e�f�f�e�c�t� �o�n� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� �I�n� �f�a�c�t�,� �t�h�e� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n� �c�h�a�n�g�e�s� �c�o�m�p�l�e�x�i�o�n� �w�i�t�h� �s�a�m�p�l�e� �s�i�z�e�.� �F�o�r� �s�a�m�p�l�e� �s�i�z�e�s� �o�f� �5�0�0� �o�r� 

�l�e�s�s� �a�n�d� �»� �#� �E�D�;�,� �t�h�e� �c�o�m�p�l�e�x�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �i�s� �a� �m�a�j�o�r�i�t�y� �o�f� �t�h�e� �s�a�m�p�l�e� �a�t� �t�h�e� 

�d�e�s�i�g�n� �p�o�i�n�t� �c�l�o�s�e�s�t� �t�o� �»� �a�n�d� �t�h�e� �r�e�s�t� �a�t� �t�h�e� �s�y�m�m�e�t�r�i�c� �c�o�u�n�t�e�r�p�a�r�t�.� �F�o�r� �v�e�r�y� 

�l�a�r�g�e� �s�a�m�p�l�e�s�,� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �c�o�m�p�l�e�x�i�o�n� �c�h�a�n�g�e�s� �t�o� �e�q�u�a�l� �a�l�l�o�c�a�t�i�o�n� �a�n�d� 

�s�y�m�m�e�t�r�y� �a�b�o�u�t� �t�h�e� �E�D� �o�f� �i�n�t�e�r�e�s�t�.� 

�S�e�v�e�r�a�l� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �a�r�e� �g�i�v�e�n� �i�n� �t�a�b�l�e� �5�.�1�.�1� �u�s�i�n�g� �a� �9�5�%� �F�i�e�l�l�e�r� 

�i�n�t�e�r�v�a�l�.� �I�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�,� �a� �9�5�%� �F� �i�n�t�e�r�v�a�l� �i�s� �u�s�e�d� �f�o�r� �a�l�l� �d�e�s�i�g�n�s� �u�s�i�n�g� �t�h�e� �F� 

�c�r�i�t�e�r�i�o�n�.� �T�h�e� �F�i�e�l�l�e�r� �i�n�t�e�r�v�a�l� �d�e�p�e�n�d�s� �o�n� �t�h�e� �r�a�t�i�o�,� �n�/�z ��,� �a�n�d� �s�o� �t�h�e� �s�q�u�a�r�e�d� 

�r�e�c�i�p�r�i�c�a�l� �o�f� �z� �h�a�s� �t�h�e� �s�a�m�e� �e�f�f�e�c�t� �a�s� �n�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �s�t�u�d�y�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �n� �i�s� 

�e�q�u�i�v�a�l�e�n�t� �t�o� �s�t�u�d�y�i�n�g� �z�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �o�n�l�y� �d�e�s�i�g�n�s� �f�o�r� �E�D�j�9�9�,�,� �p� �<� �.�5�0� �a�r�e� �g�i�v�e�n� 

�e�x�p�l�i�c�i�t�l�y� �s�i�n�c�e� �t�h�e� �l�o�g�i�s�t�i�c� �f�u�n�c�t�i�o�n� �i�s� �s�y�m�m�e�t�r�i�c�.� 

� � 

�T�a�b�l�e� �5�.�1�.�1�.� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�,� �p�o�i�n�t� �p�r�i�o�r�,� �p�=�E�D�y�q�9�,� 

�P�p� �n� �N�y� �N�e� �P�,� �P�,� 

�0�0� �1�0� �5� �5� �.�1�0� �9�0� 

�.�5�0� �2�0� �1�0� �1�0� �1�7� �.�8�3� 

�.�5�0� �4�0� �2�0� �2�0� �2�2� �1�8� 

�0�0� �1�0�0� �5�0� �5�0� �.�2�8� �1�2� 

�5�0� �1�5�0� �7�5� �7�5� �.�3�0� �.�7�0� 

�.�0�0� �1�0�0�0� �5�0�0� �5�0�0� �3�7�5� �6�2�5� 
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�T�a�b�l�e� �5�.�1�.�1�.� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�,� �p�o�i�n�t� �p�r�i�o�r�,� �p�=�E�D�,� �9�9�,�,� �c�o�n�t�i�n�u�e�d� 

�p� �n� �n�y� �N�g� �P�,� �P�,� 

�4�0� �2�0� �1�2� �0�8� �1�6� �.�8�4� 

�4�0� �4�0� �2�5� �1�5� �2�1� �7�9� 

�4�0� �1�0�0� �6�6� �3�4� �.�2�6� �7�4� 

�4�0� �1�5�0� �1�0�2� �4�8� �.�2�8� �7�2� 

�4�0� �1�0�0�0� �5�0�0� �5�0�0� �.�2�8� �2� 

�.�3�0� �2�0� �1�3� �0�7� �1�4� �.�8�6� 

�.�3�0� �4�0� �2�8� �1�2� �.�1�9� �8�1� 

�.�3�0� �1�0�0� �7�7� �2�3� �.�2�3� �T�T� 

�.�3�0� �1�5�0� �1�2�1� �2�9� �.�2�4� �.�1�6� 

�.�3�0� �1�0�0�0� �5�0�1� �4�9�9� �1�9� �4�1� 

�.�2�0� �2�0� �1�4� �0�6� �1�2� �.�8�8� 

�.�2�0� �4�0� �3�0� �1�0� �1�5� �.�8�5� 

�.�2�0� �1�0�0� �8�3� �1�7� �1�7� �.�8�3� 

�.�2�0� �1�5�0� �1�2�9� �2�1� �1�8� �8�2� 

�.�2�0� �1�0�0�0� �9�4�4� �5�6� �.�1�9� �8�1� 

�1�0� �2�0� �1�3� �0�7� �.�1�0� �.�9�0� 

�1�0� �4�0� �3�0� �1�0� �1�1� �.�8�9� 

�1�0� �1�0�0� �8�4� �1�6� �1�2� �.�8�8� 

�1�0� �1�5�0� �1�3�0� �2�0� �1�2� �.�8�8� 

�1�0� �1�0�0�0� �9�4�3� �5�7� �A�L� �.�8�9� 
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�F�o�u�r� �p�l�o�t�s� �h�a�v�e� �b�e�e�n� �c�r�e�a�t�e�d� �t�o� �g�i�v�e� �a� �g�r�a�p�h�i�c�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �F� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �f�r�o�m� �t�a�b�l�e� �5�.�1�.�1� �f�o�r� �a� �c�o�n�t�i�n�o�u�s� �a�r�r�a�y� �o�f� �s�a�m�p�l�e� �s�i�z�e�s� �r�a�n�g�i�n�g� �f�r�o�m� 

�1�5� �t�o� �1�0�0�.� �T�h�e� �p�l�o�t�s� �r�e�l�y� �o�n� �t�h�e� �k�n�o�w�l�e�d�g�e� �t�h�a�t� �P�,�=�1�-�P�,�.� �T�h�e� �o�p�t�i�m�a�l� �v�a�l�u�e� �o�f� 

�P�,� �a�n�d� �t�h�e� �r�a�t�i�o� �n�,�/�n� �i�s� �p�l�o�t�t�e�d� �f�o�r� �e�a�c�h� �n�.� �T�h�e� �p�l�o�t�s�,� �w�h�i�c�h� �a�r�e� �i�n� �f�i�g�u�r�e�s� �5�.�1�.�1�-� 

�5�.�1�.�4�,� �s�h�o�w� �t�h�a�t� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �a�r�e� �a�f�f�e�c�t�e�d� �r�e�l�a�t�i�v�e�l�y� �l�i�t�t�l�e� �b�y� �c�h�a�n�g�e�s� �i�n� 

�t�h�e� �E�D� �o�f� �i�n�t�e�r�e�s�t�.� �O�n�c�e� �o�n�e� �m�o�v�e�s� �a�w�a�y� �f�r�o�m� �p�=�E�D�,�,� �t�o� �a� �r�e�g�i�o�n� �f�r�o�m� �p�=�.�1�0� �t�o� 

�.�3�0�,� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �a�r�e� �q�u�i�t�e� �s�i�m�i�l�a�r� �f�o�r� �t�h�e� �s�a�m�p�l�e� �r�a�n�g�e�,� �n�=�1�5� �t�o� �1�0�0�.� 

�T�h�i�s� �p�o�i�n�t� �r�e�l�a�t�e�s� �b�a�c�k� �t�o� �s�e�c�t�i�o�n� �3�.�6�,� �w�h�e�r�e� �i�t� �w�a�s� �s�t�a�t�e�d� �t�h�a�t� �F� �o�p�t�i�m�a�l�i�t�y� 

�a�d�d�r�e�s�s�e�s� �a� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �a�b�o�u�t� �t�h�e� �E�D� �o�f� �i�n�t�e�r�e�s�t�.� 

�N�o�w� �c�o�n�s�i�d�e�r� �t�h�e� �s�i�t�u�a�t�i�o�n� �i�n� �w�h�i�c�h� �t�h�e� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �o�f� �t�h�e� �t�w�o� �p�o�i�n�t� 

�d�e�s�i�g�n�s� �i�s� �h�e�l�d� �e�q�u�a�l�.� �T�h�e� �N�e�l�d�e�r�-�M�e�a�d� �a�l�g�o�r�i�t�h�m� �w�a�s� �e�m�p�l�o�y�e�d� �t�o� �f�i�n�d� �t�h�e� 

�o�p�t�i�m�a�l� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �t�w�o� �d�e�s�i�g�n� �p�o�i�n�t�s� �u�n�d�e�r� �s�u�c�h� �a� �c�o�n�s�t�r�a�i�n�t�.� �M�a�n�y� �o�f� �t�h�e�s�e� 

�c�o�n�s�t�r�a�i�n�e�d� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �a�r�e� �g�i�v�e�n� �i�n� �t�a�b�l�e� �5�.�1�.�2� �f�o�r� �a� �f�e�w� �E�D� �o�f� �i�n�t�e�r�e�s�t�s� �a�s� 

�w�e�l�l� �a�s� �a� �n�u�m�b�e�r� �o�f� �s�a�m�p�l�e� �s�i�z�e�s�.� �W�h�e�n� �p�=�E�D�;�)�,� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �F� �o�p�t�i�m�a�l� 

�d�e�s�i�g�n�s� �a�r�e� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� �T�h�e� �d�e�s�i�g�n�s�,� �t�h�o�u�g�h� �d�i�f�f�e�r�e�n�t� 

�f�r�o�m� �t�h�o�s�e� �o�f� �t�a�b�l�e� �5�.�1�.�1�,� �e�x�h�i�b�i�t� �t�h�e� �s�a�m�e� �c�o�m�p�l�e�x�i�o�n� �c�h�a�n�g�e�,� �b�u�t� �a�t� �a� �m�u�c�h� 

�s�m�a�l�l�e�r� �s�a�m�p�l�e� �s�i�z�e�.� �T�h�e� �d�r�a�m�a�t�i�c� �c�h�a�n�g�e� �o�f� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �a�p�p�e�a�r�s� �a�t�.� �f�i�r�s�t� 

�t�o� �b�e� �r�a�t�h�e�r� �a�b�r�u�p�t�.� �H�o�w�e�v�e�r�,� �f�u�r�t�h�e�r� �i�n�v�e�s�t�i�g�a�t�i�o�n� �r�e�v�e�a�l�e�d� �t�h�a�t� �a�s� �s�a�m�p�l�e� �s�i�z�e� 

�a�p�p�r�o�a�c�h�e�s� �t�h�e� �p�o�i�n�t� �o�f� �t�h�e� �c�h�a�n�g�e�,� �t�w�o� �d�i�f�f�e�r�e�n�t� �l�o�c�a�t�i�o�n�s� �o�f� �n�e�a�r� �o�p�t�i�m�a�l�i�t�y� 

�a�r�i�s�e�.� �A�t� �a� �p�a�r�t�i�c�u�l�a�r� �i�n�f�i�n�i�t�e�s�i�m�a�l� �s�a�m�p�l�e� �s�i�z�e� �i�n�c�r�e�m�e�n�t� �t�h�e� �o�p�t�i�m�u�m� �m�o�v�e�s� 

�f�r�o�m� �o�n�e� �l�o�c�a�t�i�o�n� �t�o� �t�h�e� �o�t�h�e�r�.� �A�t� �o�n�e� �l�o�c�a�t�i�o�n�,� �t�h�e� �d�e�s�i�g�n� �i�s� �g�i�v�e�n� �b�y� �p�o�i�n�t�s� 

�s�p�r�e�a�d� �s�y�m�m�e�t�r�i�c�a�l�l�y� �f�a�r� �a�p�a�r�t� �a�b�o�u�t� �t�h�e� �E�D�;�,�,� �a�n�d� �a�t� �t�h�e� �o�t�h�e�r� �l�o�c�a�t�i�o�n� �t�h�e� 

�d�e�s�i�g�n� �i�s� �g�i�v�e�n� �b�y� �b�o�t�h� �p�o�i�n�t�s� �s�y�m�m�e�t�r�i�c�a�l�l�y� �c�l�o�s�e� �x�.� 

�T�h�e� �r�e�a�s�o�n� �f�o�r� �s�u�c�h� �a� �c�h�a�n�g�e� �i�n� �c�o�m�p�l�e�x�i�o�n� �i�s� �l�i�n�k�e�d� �b�a�c�k� �t�o� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� 

�t�h�e� �F� �c�r�i�t�e�r�i�o�n� �i�n� �s�e�c�t�i�o�n� �3�.�4�.� �T�w�o� �f�o�r�c�e�s� �a�r�e� �a�t� �o�d�d�s�,� �t�h�a�t� �b�e�i�n�g� �t�h�e� �e�f�f�i�c�i�e�n�t� 

�e�s�t�i�m�a�t�i�o�n� �o�f� �»� �a�n�d� �#�.� �T�h�e� �p�r�i�m�a�r�y� �g�o�a�l� �i�s� �o�f� �c�o�u�r�s�e� �t�h�e� �e�f�f�i�c�i�e�n�t� �e�s�t�i�m�a�t�i�o�n� �o�f� �y�u� 

�w�h�i�c�h� �p�u�l�l�s� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �t�o�w�a�r�d�s� �a�l�l�o�c�a�t�i�o�n� �o�f� �a�l�l� �p�o�i�n�t�s� �a�t� �p�.� �T�h�e� 

�s�e�c�o�n�d�a�r�y� �g�o�a�l� �c�o�n�c�e�r�n�s� �g�,� �w�h�i�c�h� �m�e�a�s�u�r�e�s� �t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� �s�l�o�p�e�.� �H�o�w�e�v�e�r�,� 

�i�n� �o�r�d�e�r� �t�o� �a�c�h�i�e�v�e� �t�h�e� �p�r�i�m�a�r�y� �g�o�a�l�,� �t�h�e� �s�e�c�o�n�d�a�r�y� �g�o�a�l� �m�u�s�t� �b�e� �s�a�t�i�s�f�a�c�t�o�r�i�l�y� �m�e�t� 

�f�i�r�s�t�,� �t�h�u�s� �t�h�e� �t�r�a�d�e�-�o�f�f�.� �T�h�e� �c�h�a�n�g�e� �i�n� �t�h�e� �d�e�s�i�g�n� �c�o�m�p�l�e�x�i�o�n� �c�o�m�e�s� �a�b�o�u�t� �w�h�e�n� 

�t�h�e� �s�e�c�o�n�d�a�r�y� �g�o�a�l� �i�s� �m�e�t� �a�n�d� �t�h�e� �e�m�p�h�a�s�i�s� �m�o�v�e�s� �t�o� �t�h�e� �p�r�i�m�a�r�y� �g�o�a�l�.� 
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�T�a�b�l�e� �5�.�1�.�2� �C�o�n�t�r�a�i�n�e�d� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�,� �p�o�i�n�t� �p�r�i�o�r�,� �p�=�E�D�,� �9�0�,� 

� � 

�p� �n�h� �N�y� �N�y� �P�y� �P�y� 

�.�3�3� �1�0� �5� �9� �1�0� �9�2� 

�3�3� �2�0� �1�0� �1�0� �.�1�6�5� �.�8�9� 

�.�3�3� �4�0� �2�0� �2�0� �.�1�6� �7� 

�3�3� �1�0�0� �5�0� �5�0� �1�4� �.�0�3� 

�3�3� �2�0�0� �1�0�0� �1�0�0� �.�1�6� �.�0�0� 

�.�2�0� �1�0� �9� �o� �.�0�9� �9�2� 

�.�2�0� �2�0� �1�0� �1�0� �1�4� �9�2� 

�.�2�0� �4�0� �2�0� �2�0� �1�8� �9�3� 

�.�2�0� �1�0�0� �a�0� �3�0� �0�7� �3�7� 

�.�2�0� �2�0�0� �1�0�0� �1�0�0� �.�0�8� �3�2� 

�P�l�o�t�s� �a�r�e� �g�i�v�e�n� �i�n� �f�i�g�u�r�e�s� �5�.�1�.�5� �a�n�d� �5�.�1�.�6� �w�h�i�c�h� �a�c�c�o�m�p�a�n�y� �t�a�b�l�e� �5�.�1�.�2�.� �T�h�e�s�e� 

�f�i�g�u�r�e�s� �o�f�f�e�r� �a� �g�r�a�p�h�i�c�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� �T�h�e� 

�o�p�t�i�m�a�l� �P�,� �a�n�d� �P�,� �v�a�l�u�e�s� �a�r�e� �p�l�o�t�t�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �s�a�m�p�l�e� �s�i�z�e�.� �F�i�g�u�r�e� �5�.�1�.�6� 

�s�h�o�w�s� �t�h�e� �c�h�a�n�g�e� �i�n� �c�o�m�p�l�e�x�i�o�n� �o�f� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �t�o� �b�e� �q�u�i�t�e� �d�r�a�m�a�t�i�c�.� 

�A�g�a�i�n�,� �t�h�i�s� �a�b�r�u�p�t� �c�h�a�n�g�e� �i�s� �a� �b�i�t� �m�i�s�l�e�a�d�i�n�g�.� �A�s� �t�h�e� �s�a�m�p�l�e� �s�i�z�e� �a�p�p�r�o�a�c�h�e�s� �t�h�e� 

�l�o�c�a�t�i�o�n� �o�f� �t�h�e� �c�h�a�n�g�e�,� �a� �n�e�a�r� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �a�r�i�s�e�s� �w�h�i�c�h� �i�s� �d�r�a�s�t�i�c�a�l�l�y� �d�i�f�f�e�r�e�n�t� 

�f�r�o�m� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� �A�t� �t�h�e� �p�o�i�n�t� �o�f� �c�h�a�n�g�e�,� �t�h�e� �r�o�l�e�s� �o�f� �t�h�e�s�e� �t�w�o� �d�e�s�i�g�n�s� 

�r�e�v�e�r�s�e�s�.� 

�T�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �a�n�d� �c�o�n�s�t�r�a�i�n�e�d� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �b�e�h�a�v�e� �m�u�c�h� �i�n� �t�h�e� 

�s�a�m�e� �w�a�y�.� �T�o�g�e�t�h�e�r� �t�h�e�y� �r�e�p�r�e�s�e�n�t� �a�n�d� �e�x�h�i�b�i�t� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �F� 

�o�p�t�i�m�a�l�i�t�y� �d�e�s�i�g�n� �c�r�i�t�e�r�i�o�n�.� �T�h�e� �v�a�l�u�e� �o�f� �s�u�c�h� �t�w�o� �l�e�v�e�l� �d�e�s�i�g�n�s� �i�n� �p�r�a�c�t�i�c�e� �i�s� 

�e�a�s�i�l�y� �q�u�e�s�t�i�o�n�e�d�,� �b�u�t� �t�h�e� �u�s�e�f�u�l�n�e�s�s� �o�f� �t�h�e�m� �i�n� �g�a�i�n�i�n�g� �k�n�o�w�l�e�d�g�e� �o�f� �a� �d�e�s�i�g�n� 

�o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�o�n� �i�s� �i�n�v�a�l�u�a�b�l�e�.� 
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�M�a�n�y� �t�w�o� �l�e�v�e�l� �d�e�s�i�g�n�s� �h�a�v�e� �t�h�u�s� �f�a�r� �b�e�e�n� �g�i�v�e�n�.� �T�h�e�s�e� �d�e�s�i�g�n�s�,� �h�o�w�e�v�e�r�,� 

�a�r�e� �t�y�p�i�c�a�l�l�y� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �v�e�r�y� �p�r�a�c�t�i�c�a�l� �T�h�e� �t�w�o� �l�e�v�e�l� �d�e�s�i�g�n�s� �a�r�e� �t�o�o� 

�d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n�s� �o�f� �c�o�r�r�e�c�t� �m�o�d�e�l� �a�n�d� �g�o�o�d� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e�.� 

�W�h�a�t� �i�s� �n�e�e�d�e�d� �i�n� �p�r�a�c�t�i�c�e� �a�r�e� �d�e�s�i�g�n�s� �w�h�i�c�h� �a�r�e� �n�e�a�r�l�y� �o�p�t�i�m�a�l� �w�h�e�n� �t�h�e� �m�o�d�e�l� 

�a�n�d� �p�a�r�a�m�e�t�e�r� �g�u�e�s�s�e�s� �a�r�e� �c�o�r�r�e�c�t� �b�u�t� �a�r�e� �r�o�b�u�s�t� �t�o� �p�o�o�r� �g�u�e�s�s�e�s�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� 

�t�h�e�s�e� �d�e�s�i�g�n�s� �s�h�o�u�l�d� �a�l�l�o�w� �f�o�r� �a� �c�h�e�c�k� �o�f� �m�o�d�e�l� �a�d�e�q�u�a�c�y�.� 

�T�h�i�s� �n�e�e�d� �f�o�r� �m�o�r�e� �p�r�a�c�t�i�c�a�l� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�s� �l�e�a�d�s� �t�o� �t�h�e� �u�s�e� �o�f� �m�o�r�e� �d�e�s�i�g�n� 

�l�e�v�e�l�s�.� �A�t�t�e�m�p�t�s� �t�o� �c�o�n�s�t�r�u�c�t� �F� �o�p�t�i�m�a�l� �f�o�u�r� �a�n�d� �f�i�v�e� �l�e�v�e�l� �d�e�s�i�g�n�s� �u�s�i�n�g� 

�c�o�n�s�t�r�a�i�n�t�s� �t�o� �f�o�r�c�e� �m�o�r�e� �t�h�a�n� �t�w�o� �l�e�v�e�l�s� �f�a�i�l�e�d� �u�s�i�n�g� �t�h�e� �N�e�l�d�e�r�-�M�e�a�d� �a�l�g�o�r�i�t�h�m�,� 

�d�u�e� �t�o� �d�i�m�e�n�s�i�o�n�a�l�i�t�y� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�s�t�r�a�i�n�t�s� �n�e�e�d�e�d�.� �O�t�h�e�r� �m�e�t�h�o�d�s�,� 

�h�o�w�e�v�e�r�,� �w�e�r�e� �e�m�p�l�o�y�e�d� �w�i�t�h� �s�u�c�c�e�s�s�.� �T�w�o� �r�e�a�s�o�n�a�b�l�e� �l�e�v�e�l�s� �w�e�r�e� �c�h�o�s�e�n� �a�b�o�u�t� 

�t�h�e� �E�D� �o�f� �i�n�t�e�r�e�s�t�,� �a�n�d� �t�h�e� �a�l�g�o�r�i�t�h�m� �f�o�u�n�d� �t�h�e� �b�e�s�t� �t�w�o� �a�d�d�i�t�i�o�n�a�l� �l�e�v�e�l�s� �t�o� 

�c�o�m�p�l�e�m�e�n�t� �t�h�e� �f�i�r�s�t�.� �T�h�i�s� �m�e�t�h�o�d� �l�e�d� �t�o� �a�n� �i�n�t�u�i�t�i�v�e� �f�e�e�l� �f�o�r� �c�r�e�a�t�i�n�g� �h�i�g�h�l�y� 

�e�f�f�i�c�i�e�n�t� �f�o�u�r� �a�n�d� �f�i�v�e� �l�e�v�e�l� �d�e�s�i�g�n�s� �w�h�i�c�h� �o�u�t�p�e�r�f�o�r�m�e�d� �t�h�o�s�e� �c�r�e�a�t�e�d� �w�i�t�h� �t�h�e� 

�i�n�t�e�r�v�e�n�t�i�o�n� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�.� �M�a�n�y� �f�o�u�r� �a�n�d� �f�i�v�e� �l�e�v�e�l� �d�e�s�i�g�n�s� �u�s�i�n�g� �p�o�i�n�t� �p�r�i�o�r�s� 

�w�e�r�e� �f�o�u�n�d� �w�h�i�c�h� �a�r�e� �n�e�a�r�l�y� �o�p�t�i�m�a�l� �a�n�d� �a�r�e� �g�i�v�e�n� �i�n� �t�a�b�l�e�s� �5�.�1�.�3� �a�n�d� �5�.�1�.�4�.� 

�A�n� �i�m�p�o�r�t�a�n�t� �p�o�i�n�t� �t�o� �n�o�t�i�c�e� �i�s� �t�h�a�t� �t�h�e� �c�o�m�p�l�e�x�i�o�n� �o�f� �t�h�e�s�e� �d�e�s�i�g�n�s� 

�r�e�s�e�m�b�l�e�s� �t�h�a�t� �o�f� �t�h�e� �o�p�t�i�m�a�l� �t�w�o� �l�e�v�e�l� �d�e�s�i�g�n�:� �p�l�a�c�e� �a� �m�a�j�o�r�i�t�y� �o�f� �t�h�e� �s�a�m�p�l�e� 

�c�l�o�s�e� �t�o� �t�h�e� �E�D� �o�f� �i�n�t�e�r�e�s�t� �f�o�r� �E�D ��s� �n�o�t� �c�l�o�s�e� �t�o� �t�h�e� �E�D�;�,� �a�n�d� �t�h�e� �r�e�s�t� �n�e�a�r� �t�h�e� 

�s�y�m�m�e�t�r�i�c� �c�o�u�n�t�e�r�p�a�r�t�.� �T�h�e� �f�o�u�r� �a�n�d� �f�i�v�e� �p�o�i�n�t� �d�e�s�i�g�n�s� �s�i�m�p�l�y� �a�l�l�o�w� �t�h�a�t� 

�m�a�j�o�r�i�t�y� �t�o� �b�e� �s�p�r�e�a�d� �o�u�t� �t�o� �e�s�s�e�n�t�i�a�l�l�y� �c�o�v�e�r� �a� �r�e�g�i�o�n� �a�b�o�u�t� �t�h�e� �E�D� �o�f� �i�n�t�e�r�e�s�t�.� 

�T�h�e� �r�e�m�o�t�e� �p�o�i�n�t� �f�a�r� �f�r�o�m� �t�h�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �i�s� �a� �n�e�c�e�s�s�i�t�y� �f�o�r� �s�l�o�p�e� �e�s�t�i�m�a�t�e� 

�s�t�a�b�i�l�i�t�y� �f�o�r� �t�h�e� �f�o�u�r� �a�n�d� �f�i�v�e� �l�e�v�e�l� �d�e�s�i�g�n�s� �a�s� �i�t� �i�s� �f�o�r� �t�h�e� �o�p�t�i�m�a�l� �t�w�o� �p�o�i�n�t� 

�d�e�s�i�g�n�.� 

�T�h�e� �d�e�s�i�g�n�s� �g�i�v�e�n� �i�n� �t�a�b�l�e�s� �5�.�1�.�3� �a�n�d� �5�.�1�.�4� �i�n� �n�o� �w�a�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �o�n�l�y� 

 ��g�o�o�d �� �o�n�e�-�s�t�a�g�e� �f�o�u�r� �o�r� �f�i�v�e� �p�o�i�n�t� �d�e�s�i�g�n�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �F� �o�p�t�i�m�a�l�i�t�y� 

�c�r�i�t�e�r�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�e� �d�e�s�i�g�n�s� �w�h�i�c�h� �a�r�e� �g�i�v�e�n� �a�r�e� �n�e�a�r�l�y� �o�p�t�i�m�a�l� �a�n�d� �o�f�f�e�r� �a� 

�n�i�c�e� �a�l�t�e�r�n�a�t�i�v�e� �t�o� �t�h�e� �o�p�t�i�m�a�l� �t�w�o� �p�o�i�n�t� �d�e�s�i�g�n�s�.� �T�h�e� �F� �e�f�f�i�c�i�e�n�c�i�e�s� �a�r�e� �d�e�f�i�n�e�d� 

�b�y� 

�F� �i�n�t�e�r�v�a�l� �l�e�n�g�t�h� �f�o�r� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� 
�F� �i�n�t�e�r�v�a�l� �l�e�n�g�t�h� �f�o�r� �g�i�v�e�n� �d�e�s�i�g�n� �~� 

�F�_�E�F�F� �=� � � 

�o�l



�T�a�b�l�e� �5�.�1�.�3�.� �F�o�u�r� �p�o�i�n�t� �n�e�a�r�l�y� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�,� �p�o�i�n�t� �p�r�i�o�r�,� �u�=�E�D�,� �9�9�,� 

�p� �n� �d�e�s�i�g�n� �F�_�E�F�F� 
� � 

�1�0� �5�0� �n�,�:� �2�2�,� �1�0�,� �8�,� �1�0� �9�1� 
�P�,�:� �.�1�0�,� �.�2�0�,� �.�3�0�,� �.�9�0� 

� � 

�3�0� �5�0� �n�;�:� �8�,� �1�0�,� �2�2�,� �1�0� �9�5� 
�P�.�:� �.�1�0�,� �.�2�0�,� �.�3�0�,� �.�8�0� 

�5�0� �5�0� �n�,�:� �1�2�,� �1�3�,� �1�3�,� �1�2� �9�5� 
�P�,�:� �.�1�0�,� �.�3�0�,� �.�7�0�,� �.�9�0� 

�1�0� �1�0�0� �n�;�:� �4�4�,� �2�0�,� �1�6�,� �2�0� �9�4� 
�P�,�:� �.�1�0�,� �.�2�0�,� �.�3�0�,� �.�9�0� 

�3�0� �1�0�0� �n�;�:� �1�6�,� �2�0�,� �4�4�,� �2�0� �9�8� 
�P�.�:� �.�1�0�,� �.�2�0�,� �3�0�,� �.�8�0� 

�5�0� �1�0�0� �n�,�:� �2�5�,� �2�5�,� �2�5�,� �2�5� �9�9� 
�P�,�:� �.�2�0�,� �.�4�0�,� �.�6�0�,� �.�8�0� 

� � 

�1�0� �1�5�0� �n�,�:� �7�4�,� �3�1�,� �2�0�,� �2�5� �9�5� 
�P�.�:� �.�1�0�,� �.�2�0�,� �.�3�0�,� �.�9�0� 

�3�0� �1�5�0� �n�;�:� �3�0�,� �6�8�,� �2�4�,� �3�0� �9�6� 
�P�.�:� �.�2�0�,� �.�3�0�,� �.�4�0�,� �.�8�0� 

�5�0� �1�5�0� �n�,�:� �3�7�,� �3�8�,� �3�8�,� �3�7� �9�5� 
�P�,�:� �.�1�5�,� �.�3�5�,� �.�6�5�,� �.�8�5� 

�0�2



�T�a�b�l�e� �5�.�1�.�4�.� �F�i�v�e� �p�o�i�n�t� �n�e�a�r�l�y� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�,� �p�o�i�n�t� �p�r�i�o�r�,� �»�=�E�D�,� �9�,� 

� � 

�p� �n� �d�e�s�i�g�n� �F�_�e�f�f� 

�1�0� �5�0� �n�;�:� �1�9�,� �1�4�,� �5�,� �6�,� �6� �9�1� 

�P�;�:� �.�1�0�,� �.�2�0�,� �.�3�0�,� �.�8�0�,� �.�9�0� 

�.�3�0� �5�0� �n�;�:� �1�0�,� �1�3�,� �1�5�,� �6�,� �6� �9�7� 

�P�;�:� �.�1�0�,� �.�2�0�,� �.�3�0�,� �.�8�0�,� �.�9�0� 

�.�5�0� �5�0� �n�,�;�:� �1�0�,� �1�0�,� �1�0�,� �1�0�,� �1�0� �.�9�6� 

�P�,�:� �.�1�0�,� �.�3�0�,� �.�5�0�,� �.�7�0�,� �.�9�0� 

� � 

�1�0� �1�0�0� �n�,�:� �4�0�,� �3�0�,� �1�0�,� �1�0�,� �1�0� �9�3� 
�P�,�:� �.�1�0�,� �.�2�0�,� �.�3�0�,� �.�8�0�,� �.�9�0� 

�3�0� �1�0�0� �n�,�:� �1�5�,� �2�5�,� �3�5�,� �1�5�,� �1�0� �9�4� 
�P�.�:� �1�0�,� �.�2�0�,� �.�3�0�,� �.�4�0�,� �.�8�0� 

�5�0� �1�0�0� �n�,�:� �1�5�,� �2�0�,� �3�0�,� �2�0�,� �1�5� �9�7� 
�P�,�:� �.�1�0�,� �.�3�0�,� �.�5�0�,� �.�7�0�,� �.�9�0� 

� � 

�1�0� �1�5�0� �n�,�:� �6�0�,� �4�5�,� �1�5�,� �1�5�,� �1�5� �9�1� 
�P�.�:� �.�1�0�,� �.�2�0�,� �.�4�0�,� �.�8�0�,� �.�9�0� 

�3�0� �1�5�0� �n�,�:� �3�7�,� �5�3�,� �3�0�,� �1�5�,� �1�5� �9�6� 
�P�.�:� �.�2�0�,� �.�3�0�,� �.�4�0�,� �.�8�0�,� �.�9�0� 

�5�0� �1�5�0� �n�,�:� �2�0�,� �3�0�,� �5�0�,� �3�0�,� �2�0� �9�7� 
�:� �1�0�,� �.�3�0�,� �.�5�0�,� �.�7�0�,� �.�9�0� 

�5�3



�§�5�.�2� �E� �O�p�t�i�m�a�l� �D�e�s�i�g�n�s�,� �P�o�i�n�t� �P�r�i�o�r� 

�T�h�e� �E� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �a� �t�w�o� �p�o�i�n�t� �d�e�s�i�g�n� �w�h�i�c�h� �d�e�p�e�n�d�s� �o�n�l�y� �o�n� �¢�.� �T�h�e� 

�d�e�s�i�g�n�s� �a�r�e� �s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �t�h�e� �E�D�;�,�)� �b�u�t� �w�i�t�h� �u�n�e�q�u�a�l� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n�.� �E� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �f�o�r� �a� �v�a�r�i�e�t�y� �o�f� �E�D ��s� �o�f� �i�n�t�e�r�e�s�t�s� �w�e�r�e� �f�o�u�n�d� �u�s�i�n�g� �t�h�e� �N�e�l�d�e�r�-� 

�M�e�a�d� �a�l�g�o�r�i�t�h�m� �a�n�d� �a�r�e� �g�i�v�e�n� �i�n� �t�a�b�l�e� �5�.�2�.�1�.� 

�R�e�c�a�l�l� �t�h�a�t� �t�h�e�s�e� �d�e�s�i�g�n�s� �m�i�n�i�m�i�z�e� �t�h�e� �m�a�x�i�m�u�m� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �o�f� 

�L�o�g�i�t�(�p�)� �a�t� �e�i�t�h�e�r� �l�o�c�a�t�i�o�n� �y�+�d� �o�r� �y�-�d� �f�o�r� �a�l�l� �d�>�0�.� �A�s� �t�h�e� �E�D� �o�f� �i�n�t�e�r�e�s�t� �n�e�a�r�s� 

�z�e�r�o� �o�r� �o�n�e�,� �t�h�e� �p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �E� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �m�o�v�e�s� �t�o�w�a�r�d�s� �t�h�a�t� �o�f� �t�h�e� 

�s�l�o�p�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� �T�h�i�s� �r�e�s�u�l�t� �i�s� �s�h�o�w�n� �n�u�m�e�r�i�c�a�l�l�y� �i�n� �t�a�b�l�e� �5�.�2�.�1�.� �T�h�e� �E� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �i�n� �t�a�b�l�e� �5�.�2�.�1� �a�r�e� �i�n�d�e�x�e�d� �b�y� �y�»� �a�n�d� �g�i�v�e� �t�h�e� �t�w�o� �o�p�t�i�m�a�l� �d�e�s�i�g�n� 

�p�o�i�n�t�s� �a�s� �w�e�l�l� �o�f� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �t�h�e� �s�a�m�p�l�e�,� �d�e�n�o�t�e�d� �b�y� �=�,� �r�e�q�u�i�r�e�d� �a�t� �P�,�.� 

� � 

�T�a�b�l�e� �5�.�2�.�1�.� �E� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�,� �p�o�i�n�t� �p�r�i�o�r�,� �n�x�=�E�D�j� �9�9�,� 

�p� �a� �P�,� �P�,� 

�1�x�1�0�°�?� �5�4� �.�0�8�3�2� �9�1�6�8� 
�1�x�1�0�°� �5�0�9� �0�8�3�2� �.�9�1�6�8� 

�0�0�0�1� �6�3� �.�0�8�3�3� �9�1�6�7� 

�O�1� �7�4� �.�0�9� �9�1� 

�0�2� �1�7� �.�0�9� �9�1� 

�0�4� �.�8�0� �1�0� �.�9�0� 

�.�0�6� �8�1� �L�l� �.�8�9� 

�.�0�8� �8�1� �1�2� �8�8� 

�1�0� �8�1� �1�2� �.�8�8� 

�.�2�0� �1�6� �.�1�6� �8�4� 

�.�3�0� �.�6�8� �1�9� �8�1� 

�.�4�0� �.�6�0� �2�1� �.�7�9� 

�.�5�0� �0�0� �2�1� �1�9� 

�0�4



�§�5�.�3� �Q� �O�p�t�i�m�a�l� �D�e�s�i�g�n�s�,� �P�o�i�n�t� �P�r�i�o�r� 

�T�h�e� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �a� �t�w�o� �p�o�i�n�t� �d�e�s�i�g�n� �w�i�t�h� �p�o�i�n�t�s� �p�l�a�c�e�d� �s�y�m�m�e�t�r�i�c�a�l�l�y� 

�a�b�o�u�t� �t�h�e� �E�D�;�,�.� �A�s� �p�r�e�v�i�o�u�s�l�y� �m�e�n�t�i�o�n�e�d�,� �t�h�e� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �r�e�g�i�o�n� 

�d�e�p�e�n�d�e�n�t�.� �I�n� �f�a�c�t�,� �t�h�e� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �a�n�d� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �s�y�m�m�e�t�r�i�c� �Q� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n� �p�o�i�n�t�s� �v�a�r�y� �w�i�t�h� �t�h�e� �s�i�z�e� �a�n�d� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�.� 

�S�i�n�c�e� �w�e� �h�a�v�e� �a� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �i�n�s�t�e�a�d� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �E�D� �o�f� �i�n�t�e�r�e�s�t�,� �y�u� �i�s� 

�e�q�u�a�t�e�d� �t�o� �t�h�e� �m�o�s�t� �n�e�u�t�r�a�l� �E�D�,� �t�h�e� �E�D�x�g�o�.� 

�S�e�v�e�r�a�l� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �a�r�e� �g�i�v�e�n� �i�n� �t�a�b�l�e�s� �5�.�3�.�1� �a�n�d� �5�.�3�.�2�.� �D�e�s�i�g�n�s� �f�o�r� 

�s�y�m�m�e�t�r�i�c� �r�e�g�i�o�n�s� �o�f� �i�n�t�e�r�e�s�t� �a�b�o�u�t� �t�h�e� �E�D�;� �9� �a�r�e� �p�r�o�v�i�d�e�d� �i�n� �t�a�b�l�e� �5�.�3�.�1�.� 

�A�s�y�m�m�e�t�r�i�c� �r�e�g�i�o�n�s� �a�r�e� �t�h�e�n� �s�t�u�d�i�e�d� �i�n� �t�a�b�l�e� �5�.�3�.�2�.� �T�h�e� �s�y�m�m�e�t�r�i�c� �r�e�g�i�o�n�s� �h�a�v�e� 

�e�q�u�a�l� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �w�h�i�l�e� �t�h�e� �a�s�y�m�m�e�t�r�i�c� �r�e�g�i�o�n�s� �d�o� �n�o�t�.� �F�o�r� �t�h�e� �a�s�y�m�m�e�t�r�i�c� 

�r�e�g�i�o�n�s�,� �t�h�e� �d�e�s�i�g�n�s� �p�l�a�c�e� �o�n�e� �d�e�s�i�g�n� �p�o�i�n�t� �i�n� �t�h�e� �r�e�g�i�o�n� �a�n�d� �o�n�e� �a�t� �t�h�e� �s�y�m�m�e�t�r�i�c� 

�c�o�u�n�t�e�r�p�a�r�t�.� �A�s� �t�h�e� �r�e�g�i�o�n� �n�a�r�r�o�w�s�,� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �o�f� �t�h�e� �s�a�m�p�l�e� �i�n�c�r�e�a�s�e�s� �a�t� 

�t�h�e� �p�o�i�n�t� �i�n� �t�h�e� �r�e�g�i�o�n�.� �A�s� �t�h�e� �r�e�g�i�o�n� �s�i�z�e� �g�o�e�s� �t�o� �z�e�r�o�,� �a�l�l� �o�f� �t�h�e� �s�a�m�p�l�e� �w�i�l�l� 

�c�o�n�v�e�r�g�e� �t�o� �a� �s�i�n�g�l�e� �d�e�s�i�g�n� �p�o�i�n�t� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�a�t� �r�e�g�i�o�n�.� �I�n� �c�o�n�t�r�a�s�t�,� �a�s� �t�h�e� 

�r�e�g�i�o�n� �s�i�z�e� �g�o�e�s� �t�o� �i�n�f�i�n�i�t�y�,� �t�h�e� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �c�o�n�v�e�r�g�e�s� �t�o� �t�h�e� �s�l�o�p�e� �o�p�t�i�m�a�l� 

�d�e�s�i�g�n�.� �T�a�b�l�e�s� �5�.�3�.�1� �a�n�d� �5�.�3�.�2� �a�r�e� �i�n�d�e�x�e�d� �b�y� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �a�n�d� �p�r�o�v�i�d�e� �t�h�e� 

�t�w�o� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�n�d� �t�h�e� �p�r�o�p�o�r�t�i�o�n� �o�f� �t�h�e� �s�a�m�p�l�e� �t�o� �b�e� �p�l�a�c�e�d� �a�t� �t�h�e� 

�f�i�r�s�t� �d�e�s�i�g�n� �p�o�i�n�t�.� 

�T�a�b�l�e� �5�.�3�.�1� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�,� �p�o�i�n�t� �p�r�i�o�r�,� �y�=�E�D�;�)�,� �s�y�m�m�e�t�r�i�c� �r�e�g�i�o�n� 

�T�h�y� 
� � 

�r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �a� �P�,� �P�,� 

�E�D�o�0�9�.�9� �t�o� �E�D� �.�5�0� �0�8�3�2� �.�9�1�6�8� 

�E�D�o�9�1� �t�o� �E�D�o�g� �9� �.�5�0� �l�l� �.�8�9� 

�E�D� �o�,� �t�o� �E�D�g�g� �.�5�0� �1�4� �.�8�6� 

�E�D�,� �t�o� �E�D�g�o� �.�5�0� �1�9� �8�1� 

�E�D�,�;� �t�o� �E�D�,�;� �0�0� �2�1� �1�9� 

�E�D�.�;� �t�o� �E�D�7�;� �.�5�0� �.�2�6� �7�4� 

�E�D�,�;� �t�o� �E�D�g�;� �.�5�0� �3�1� �.�6�9� 

�E�D�,�;� �t�o� �E�D�s�.� �.�0�0� �3�8� �6�2� 

�E�D�,�;�,� �t�o� �E�D�s�,� �.�5�0� �.�5�0� �.�5�0� 
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�T�a�b�l�e� �5�.�3�.�2� �Q� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�,� �p�o�i�n�t� �p�r�i�o�r�,� �w�=�E�D�;�,�)�,� �a�s�y�m�m�e�t�r�i�c� �r�e�g�i�o�n�s� 

�T�h�y� 
� � 

�r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �a� �P�,� �P�,� 

�E�D� �,� �t�o� �E�D�,�,� �8�2� �.�0�9� �9�1� 

�E�D� �,� �t�o� �E�D�o�o� �8�1� �.�1�0� �9�0� 

�E�D�,� �t�o� �E�D�3�,� �.�8�0� �A�l� �8�9� 

�E�D� �o�,� �t�o� �E�D�s�,� �1�8� �A�l� �.�8�9� 

�E�D� �,�;� �t�o� �E�D�s�,� �A�T� �1�2� �8�8� 

�E�D�,� �t�o� �E�D�g�o� �1�5� �1�3� �8�7� 

�E�D�,� �t�o� �E�D�z�,� �1�2� �1�3� �8�7� 

�E�D� �,� �t�o� �E�D�g�,�y� �.�6�9� �1�4� �.�8�6� 

�E�D�o�,� �t�o� �E�D�g�g� �6�4� �1�4� �.�8�6� 

�E�D�,� �t�o� �E�D� �1�.�0� �1�0� �-�-�-� 

�E�D�)� �t�o� �E�D�o�,� �9�4� �1�5� �8�5� 

�E�D�,� �t�o� �E�D�3� �8�9� �7� �8�3� 

�E�D�)� �t�o� �E�D�4�y� �8�4� �1�9� �8�1� 

�E�D�,� �t�o� �E�D�s� �9� �2�0� �.�8�0� 

�E�D�,� �t�o� �E�D�¢�o� �1�3� �2�1� �1�9� 

�E�D�)� �t�o� �E�D�7�,� �6�7� �2�1� �7�9� 

�E�D�,�,� �t�o� �E�D�g�p� �0�9� �2�1� �9� 

�E�D�.� �t�o� �E�D� �1�.�0� �.�2�0� �-�-�-� 

�E�D�,� �t�o� �E�D� �3�5� �9�3� �.�2�3� �7� 

�E�D�,� �t�o� �E�D� �4� �1�8�5� �2�0� �1�5� 

�E�D�.� �t�o� �E�D�s�,� �A�?� �.�2�6� �4� 

�E�D�.�)� �t�o� �E�D�g�o� �.�6�8� �.�2�6� �7�4� 

�E�D�.� �t�o� �E�D�7�,� �0�9� �.�2�6� �7�4� 

�E�D�,� �t�o� �E�D�3� �1�.�0� �.�3�0� �~�-�-� 

�E�D�5�)� �t�o� �E�D�4�p� �8�8� �3�1� �.�6�9� 

�E�D�,� �t�o� �E�D�s� �4� �3�1� �.�6�9� 

�E�D�s�,� �t�o� �E�D�g�o� �6�1� �.�3�0� �1�0� 
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�§�9�.�4� �D� �O�p�t�i�m�a�l� �D�e�s�i�g�n�s�,� �G�e�n�e�r�a�l� �P�r�i�o�r� 

�T�h�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �w�i�t�h� �a� �p�o�i�n�t� �p�r�i�o�r� �g�i�v�e�s� �e�q�u�a�l� �a�l�l�o�c�a�t�i�o�n� �t�o� �E�D�,�,�.� �a�n�d� 

�E�D�,�,� �4�.� �I�f� �t�h�e� �d�e�s�i�g�n� �i�s� �f�o�r�c�e�d� �t�o� �h�a�v�e� �a� �t�h�i�r�d� �d�e�s�i�g�n� �p�o�i�n�t�,� �t�h�e� �e�q�u�a�l� �a�l�l�o�c�a�t�i�o�n� �D� 

�o�p�t�i�m�a�l� �t�h�r�e�e� �p�o�i�n�t� �d�e�s�i�g�n� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �E�D�,�3�;�.�,� �E�D�s� �,� �a�n�d� �E�D�g�,�,�.� �T�h�e� �f�a�m�i�l�y� 

�o�f� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �i�s� �i�n�v�a�r�i�a�n�t� �t�o� �t�h�e� �c�h�o�i�c�e� �o�f� �s�a�m�p�l�e� �s�i�z�e� �a�n�d� �£�,� �r�e�n�d�e�r�i�n�g� �i�t� �a� 

�g�o�o�d� �c�a�n�d�i�d�a�t�e� �f�o�r� �s�t�u�d�y�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �d�i�f�f�e�r�e�n�t� �p�r�i�o�r�s�.� �M�a�n�y� �B�a�y�e�s�i�a�n� �D� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �a�r�e� �g�i�v�e�n� �i�n� �t�h�i�s� �s�e�c�t�i�o�n�.� 

�T�h�e� �d�e�s�i�g�n�s� �a�r�e� �f�o�u�n�d� �u�s�i�n�g� �t�h�e� �N�e�l�d�e�r�-�M�e�a�d� �a�l�g�o�r�i�t�h�m� �a�n�d� �a� �n�u�m�e�r�i�c�a�l� 

�e�x�p�e�c�t�a�t�i�o�n�.� �T�h�e� �B�a�y�e�s�i�a�n� �D� �o�p�t�i�m�a�l� �e�x�p�r�e�s�s�i�o�n� �i�n� �g�e�n�e�r�a�l� �i�s� �g�i�v�e�n� �b�y� 

�M�a�x� �/� �I�I�(�u�,�8�)�|� �(�4�8�)� �A�(�u�,�8�)�.� �(�5�.�4�.�1�)� 
�(�u�,�8�)� 

�I�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�,� �d�u�e� �t�o� �c�o�m�p�u�t�i�n�g� �l�i�m�i�t�a�t�i�o�n�s�,� �t�h�e� �c�l�a�s�s� �o�f� �d�e�s�i�g�n�s� �9� �i�s� �l�i�m�i�t�e�d� 

�t�o� �k�k� �d�e�s�i�g�n�s� �w�h�i�c�h� �a�r�e� �c�e�n�t�e�r�e�d� �a�t� �t�h�e� �m�e�a�n� �o�f� �t�h�e� �p�r�i�o�r� �f�o�r� �»�.� �B�o�t�h� �j�o�i�n�t� 

�n�o�r�m�a�l� �w�i�t�h� �Z�e�r�o� �c�o�r�r�e�l�a�t�i�o�n� �a�n�d� �j�o�i�n�t� �u�n�i�f�o�r�m� �p�r�i�o�r�s� �a�r�e� �i�n�v�e�s�t�i�g�a�t�e�d�.� �T�h�e� 

�e�x�p�e�c�t�a�t�i�o�n�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �a� �2�0� �p�o�i�n�t� �s�e�g�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �d�e�n�s�i�t�y� �i�n� �t�h�e� 

�u�n�i�f�o�r�m� �c�a�s�e� �a�n�d� �a� �2�0� �p�o�i�n�t� �s�e�g�m�e�n�t�a�t�i�o�n� �f�r�o�m� �w�i�t�h�i�n� �+�4� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �i�n� 

�t�h�e� �n�o�r�m�a�l� �c�a�s�e�.� �I�n� �t�h�e� �n�o�r�m�a�l� �c�a�s�e� �a� �1�5� �p�o�i�n�t� �s�e�g�m�e�n�t�a�t�i�o�n� �w�a�s� �i�n�i�t�i�a�l�l�y� 

�e�x�p�l�o�r�e�d� �w�i�t�h�i�n� �+�3� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s�.� �N�e�g�l�i�b�l�e� �d�i�f�f�e�r�e�n�c�e�s� �w�e�r�e� �f�o�u�n�d� �b�e�t�w�e�e�n� 

�t�h�e� �2�0� �p�o�i�n�t� �a�n�d� �1�5� �p�o�i�n�t� �a�p�p�r�o�x�i�m�a�t�i�o�n�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �2�0� �p�o�i�n�t� 

�s�e�g�m�e�n�t�a�t�i�o�n�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �o�f�f�e�r� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �e�x�p�e�c�t�a�t�i�o�n� �a�n�d� 

�w�e�r�e� �t�h�e�r�e�f�o�r�e� �u�s�e�d� �t�o� �f�i�n�d� �t�h�e� �d�e�s�i�g�n�s� �g�i�v�e�n� �i�n� �t�a�b�l�e� �5�.�4�.�1�.� 

�T�h�e� �t�a�b�l�e�s� �a�r�e� �i�n�d�e�x�e�d� �s�i�m�i�l�a�r� �t�o� �t�h�e� �m�i�n�i�m�a�x� �d�e�s�i�g�n�s� �b�y� �S�i�t�t�e�r�.� �T�h�e� 

�k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �s�l�o�p�e� �i�s� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r ��s� �u�p�p�e�r� �a�n�d� 

�l�o�w�e�r� �b�o�u�n�d�s� �o�n� �8�,� �(�f�y�/�f�,�)�,� �d�e�n�o�t�e�d� �B�p�.� �T�h�e� �l�o�c�a�t�i�o�n� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �i�n�d�i�c�a�t�e�d� 

�b�y� �p�p� �a�n�d� �i�s� �f�o�r�m�e�d� �b�y� �a� �s�c�a�l�e�d� �d�i�f�f�e�r�e�n�c�e� �g�i�v�e�n� �b�y� �@�,�(�u�y�-�u�,�)�/�2�.� �V�a�l�u�e�s� �o�f� �B�p� �a�n�d� 

�M�p� �e�a�c�h� �s�p�e�c�i�f�y� �a� �p�r�i�o�r�.� �T�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e�s�e� �t�w�o� �p�r�i�o�r�s� �y�i�e�l�d�s� �t�h�e� �j�o�i�n�t� �p�r�i�o�r�,� 

�m�(�z�,�8�)�.� �F�o�r� �t�h�e� �u�n�i�f�o�r�m� �p�r�i�o�r�,� �t�h�e� �b�o�u�n�d�s� �g�i�v�e�n� �i�n� �e�a�c�h� �p�a�r�a�m�e�t�e�r� �a�r�e� �t�a�k�e�n� �a�s� 

�t�h�e� �e�n�d�p�o�i�n�t�s� �o�f� �t�h�e� �j�o�i�n�t� �u�n�i�f�o�r�m� �d�e�n�s�i�t�y�,� �a�n�d� �i�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �n�o�r�m�a�l�,� �t�h�e� 

�b�o�u�n�d�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �+�2� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �m�e�a�n� �o�f� �t�h�e� �b�o�u�n�d�s�.� 
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�T�h�e� �B�a�y�e�s�i�a�n� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �a�r�e� �s�p�e�c�i�f�i�e�d� �b�y� �k�,� �t�h�e� �o�p�t�i�m�a�l� �n�u�m�b�e�r� �o�f� 

�d�e�s�i�g�n� �p�o�i�n�t�s�,� �a�n�d� �w�,� �t�h�e� �o�p�t�i�m�a�l� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �w�i�d�t�h� �b�e�t�w�e�e�n� �t�h�e� �o�u�t�e�r�m�o�s�t� 

�d�e�s�i�g�n� �p�o�i�n�t�s�.� �T�h�e� �a�c�t�u�a�l� �w�i�d�t�h� �o�f� �a� �d�e�s�i�g�n� �i�n� �n�a�t�u�r�a�l� �u�n�i�t�s� �f�o�r� �a� �p�a�r�t�i�c�u�l�a�r� 

�s�i�t�u�a�t�i�o�n� �i�s� �s�i�m�p�l�y� �w� �d�i�v�i�d�e�d� �b�y� �t�h�e� �a�v�e�r�a�g�e� �o�f� �t�h�e� �s�l�o�p�e� �b�o�u�n�d�a�r�i�e�s�,� �o�r� 

�2�w�/�(�@�y�t�6�,�)�.� �F�o�r� �a� �p�o�i�n�t� �p�r�i�o�r�,� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �h�a�s� �t�w�o� �p�o�i�n�t�s� �a�n�d� �a� �s�c�a�l�e� 

�i�n�v�a�r�i�a�n�t� �w�i�d�t�h� �o�f� �3�.�0�8�7�5�.� �T�h�i�s� �t�r�a�n�s�l�a�t�e�s� �i�n�t�o� �t�h�e� �k�n�o�w�n� �E�D�,�,�,� �a�n�d� �E�D�g�,� �,�.� 

�T�a�b�l�e� �5�.�4�.�1�.� �B�a�y�e�s�i�a�n� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�,� �n�o�r�m�a�l� �p�r�i�o�r�,� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� 

�v�a�l�u�e�s� �o�f� �k� �a�n�d� �w� 

� � 
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�2� �2� �3� �3� �3� �3� 
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�5�8



�I�f� �a�n� �e�x�p�e�r�i�m�e�n�t�e�r� �i�s� �i�n�t�e�r�e�s�t�e�d� �i�n� �a� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �f�o�r� �t�h�e� 

�l�o�g�i�s�t�i�c� �m�o�d�e�l�,� �t�a�b�l�e� �5�.�4�.�1� �s�h�o�u�l�d� �b�e� �v�e�r�y� �u�s�e�f�u�l�.� �T�h�e� �B�a�y�e�s�i�a�n� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� 

�a�d�a�p�t�s� �t�o� �t�h�e� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �a�v�a�i�l�a�b�l�e� �o�n� �t�h�e� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s�.� �A�s� �t�h�e� �p�r�i�o�r� 

�w�i�d�e�n�s�,� �t�a�b�l�e� �5�.�4�.�1� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �B�a�y�e�s�i�a�n� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�,� �n�o�r�m�a�l� �p�r�i�o�r�,� 

�a�l�s�o� �w�i�d�e�n�s� �w�i�t�h� �a�d�d�i�t�i�o�n�a�l� �d�e�s�i�g�n� �p�o�i�n�t�s�.� �I�n� �a�d�d�i�t�i�o�n� �n�o�t�i�c�e� �t�h�a�t� �t�h�e� �e�f�f�e�c�t� �o�f� �6�p� 

�d�e�p�e�n�d�s� �u�p�o�n� �t�h�e� �v�a�l�u�e� �p�p�.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �e�x�a�m�p�l�e� �i�l�l�u�s�t�r�a�t�e�s� �h�o�w� �t�a�b�l�e� �5�.�4�.�1� �i�s� �i�n�t�e�n�d�e�d� �t�o� �b�e� �u�s�e�d�.� 

�S�u�p�p�o�s�e� �a�n� �e�x�p�e�r�i�m�e�n�t�e�r� �c�o�n�s�u�l�t�s� �a� �s�t�a�t�i�s�t�i�c�i�a�n� �a�b�o�u�t� �d�e�s�i�g�n�i�n�g� �a� �o�n�e�-�s�t�a�g�e� 

�e�x�p�e�r�i�m�e�n�t� �u�s�i�n�g� �t�h�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l�.� �T�h�e� �s�t�a�t�i�s�t�i�c�i�a�n� �r�e�q�u�e�s�t�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r� �t�o� 

�t�h�i�n�k� �o�f� �t�h�e� �9�5�%� �n�o�r�m�a�l� �t�h�e�o�r�y� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �c�o�n�c�e�p�t� �a�n�d� �e�x�p�r�e�s�s� �h�i�s� �o�r� �h�e�r� 

�b�e�l�i�e�f�s� �a�b�o�u�t� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�a�t� �m�a�n�n�e�r�.� �O�n�c�e� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �a�r�e� �c�h�o�s�e�n�,� �t�h�e� 

�B�a�y�e�s�i�a�n� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �c�a�n� �b�e� �e�x�t�r�a�c�t�e�d� �f�r�o�m� �t�a�b�l�e� �5�.�4�.�1�.� �S�u�p�p�o�s�e� �t�h�e� 

�b�o�u�n�d�a�r�i�e�s� �a�r�e� �#�:�(�.�1�,� �.�3�)� �a�n�d� �y�:�(�2�1�0�,� �2�8�0�)� �y�i�e�l�d�i�n�g� �8�p�=�3�.�0� �a�n�d� �p�p�=�3�.�5� �w�h�i�c�h� �i�n� 
�t�u�r�n� �y�i�e�l�d�s� �k�=�4� �a�n�d� �w�=�6�.�0�0�2�.� �T�h�e� �e�q�u�a�l� �a�l�l�o�c�a�t�i�o�n� �d�e�s�i�g�n� �i�s� �c�e�n�t�e�r�e�d� �a�t� �2�4�5�.�0� 

�a�n�d� �h�a�s� �f�o�u�r� �e�q�u�a�l�l�y� �s�p�a�c�e�d� �l�e�v�e�l�s� �i�n� �n�a�t�u�r�a�l� �u�n�i�t�s� �w�i�t�h� �a� �t�o�t�a�l� �w�i�d�t�h� �o�f� �t�h�e� �d�e�s�i�g�n� 

�i�n� �n�a�t�u�r�a�l� �u�n�i�t�s� �o�f� �3�0�.�0�1�.� �T�h�e� �f�o�u�r� �d�e�s�i�g�n� �l�e�v�e�l�s� �a�r�e� �2�3�0�.�0�0�,� �2�4�0�.�0�0�,� �2�5�0�.�0�0�,� �a�n�d� 

�2�6�0�.�0�0�.� �I�f� �t�h�e� �c�e�n�t�e�r�s� �o�f� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �a�r�e� �i�n�d�e�e�d� �t�h�e� �c�o�r�r�e�c�t� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s�,� 

�t�h�e�n� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�r�e� �p�l�a�c�e�d� �a�t� �E�D�s� �4�.�7�,� �2�6�.�9�,� �7�3�.�1�,� �a�n�d� �9�5�.�3�.� 

�D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �u�s�i�n�g� �a� �u�n�i�f�o�r�m� �p�r�i�o�r� �a�r�e� �g�i�v�e�n� �i�n� �t�a�b�l�e� �5�.�4�.�2�.� �T�h�e�s�e� 

�d�e�s�i�g�n�s� �a�r�e� �a�s� �e�x�p�e�c�t�e�d� �m�o�r�e� �d�i�s�p�e�r�s�e� �t�h�a�n� �t�h�o�s�e� �u�s�i�n�g� �a� �n�o�r�m�a�l� �p�r�i�o�r�.� �E�a�c�h� 

�p�a�r�a�m�e�t�e�r� �p�a�i�r� �w�i�t�h�i�n� �t�h�e� �c�h�o�o�s�e�n� �b�o�u�n�d�a�r�i�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �e�q�u�a�l�l�y� �l�i�k�e�l�y� 

�t�o� �b�e� �t�h�e� �t�r�u�e� �s�i�t�u�a�t�i�o�n�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �o�f� �t�a�b�l�e� �5�.�4�.�2� �h�a�v�e� 

�m�o�r�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �s�p�r�e�a�d� �f�u�r�t�h�e�r� �a�p�a�r�t� �t�h�a�n� �t�h�o�s�e� �o�f� �t�a�b�l�e� �5�.�4�.�1� �i�n� �o�r�d�e�r� �t�o� �c�o�p�e� 

�w�i�t�h� �t�h�e� �i�n�c�r�e�a�s�e�d� �l�i�k�e�l�i�h�o�o�d� �o�f� �t�r�u�e� �p�a�r�a�m�e�t�e�r�s� �b�e�i�n�g� �n�e�a�r� �t�h�e� �b�o�u�n�d�a�r�i�e�s�.� 

�F�o�r� �r�e�a�s�o�n�s� �o�f� �p�r�a�c�t�i�c�a�l�i�t�y� �a�n�d� �l�i�m�i�t�a�t�i�o�n�s� �o�n� �C�P�U� �t�i�m�e� �t�h�e� �s�e�a�r�c�h� �f�o�r� �t�h�e�s�e� 

�d�e�s�i�g�n�s� �e�n�c�o�m�p�a�s�s�e�d� �k�k� �d�e�s�i�g�n�s� �w�i�t�h� �k� �r�a�n�g�i�n�g� �f�r�o�m� �2� �t�o� �1�2� �a�n�d� �a� �2�0� �p�o�i�n�t� 

�e�x�p�e�c�t�a�t�i�o�n� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� �F�o�r� �t�h�e� �r�a�n�g�e�s� �g�i�v�e�n� �i�n� �t�a�b�l�e� �5�.�4�.�1�,� �a� �t�w�e�l�v�e� �p�o�i�n�t� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n� �n�e�v�e�r� �a�r�o�s�e�.� �H�o�w�e�v�e�r�,� �u�s�i�n�g� �a� �u�n�i�f�o�r�m� �p�r�i�o�r�,� �t�h�e� �n�e�e�d� �f�o�r� �a� �t�w�e�l�v�e� 

�o�r� �m�o�r�e� �p�o�i�n�t� �k�k� �d�e�s�i�g�n� �d�o�e�s� �a�r�i�s�e�.� �E�v�e�n� �s�o�,� �o�n�l�y� �B�a�y�e�s�i�a�n�,� �u�n�i�f�o�r�m� �p�r�i�o�r�,� �D� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �w�i�t�h� �t�h�e� �k�<�1�2� �r�e�s�t�r�i�c�t�i�o�n� �a�r�e� �t�a�b�l�e�d�.� �N�e�v�e�r�t�h�e�l�e�s�s� �t�a�b�l�e� �5�.�4�.�2� 

�s�h�o�w�s� �a�s� �d�o�e�s� �t�a�b�l�e� �5�.�4�.�1� �t�h�a�t� �t�h�e� �i�m�p�a�c�t� �o�f� �p�o�o�r� �k�n�o�w�l�e�d�g�e� �o�f� �#� �o�n� �B�a�y�e�s�i�a�n� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n� �r�e�q�u�i�r�e�m�e�n�t�s� �d�e�p�e�n�d�s� �u�p�o�n� �t�h�e� �k�n�o�w�l�e�d�g�e� �o�f� �u�.� 
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�T�h�e� �d�e�s�i�g�n�s� �o�f� �t�a�b�l�e� �5�.�4�.�2� �a�r�e� �c�o�n�s�i�d�e�r�a�b�l�y� �w�i�d�e�r� �a�n�d� �h�a�v�e� �m�o�r�e� �p�o�i�n�t�s� �t�h�a�n� 

�t�h�o�s�e� �o�f� �t�a�b�l�e� �5�.�4�.�1�.� �T�h�e� �u�n�i�f�o�r�m� �p�r�i�o�r� �c�o�n�s�i�d�e�r�s� �p�a�r�a�m�e�t�e�r� �s�i�t�u�a�t�i�o�n�s� �n�e�a�r� �a�n�d� 

�f�a�r� �f�r�o�m� �t�h�e� �m�i�d�d�l�e� �t�o� �h�a�v�e� �e�q�u�a�l� �c�h�a�n�c�e� �o�f� �o�c�c�u�r�r�a�n�c�e�,� �c�a�u�s�i�n�g� �t�h�e� �d�e�s�i�g�n� �t�o� 

�s�p�r�e�a�d� �o�u�t� �r�e�l�a�t�i�v�e�l�y� �q�u�i�c�k�l�y�.� �I�n� �c�o�n�t�r�a�s�t�,� �t�h�e� �n�o�r�m�a�l� �p�r�i�o�r�  ��d�o�w�n�w�e�i�g�h�t�s �� 

�p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �f�u�r�t�h�e�r� �a�w�a�y� �f�r�o�m� �t�h�e� �m�i�d�d�l�e�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �m�u�c�h� �s�l�o�w�e�r� �s�p�r�e�a�d� 

�o�f� �t�h�e� �B�a�y�e�s�i�a�n� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� �I�n� �e�i�t�h�e�r� �c�a�s�e� �h�o�w�e�v�e�r�,� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �p�r�i�o�r� �i�s� 

�c�l�e�a�r�.� �T�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �i�n� �t�h�e� �D� �o�p�t�i�m�a�l� 

�c�r�i�t�e�r�i�o�n� �f�o�r�c�e�s� �t�h�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �t�o� �a�d�a�p�t� �t�o� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �a�v�a�i�l�a�b�l�e�.� 

�C�o�n�s�e�q�u�e�n�t�l�y� �t�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n�s� �a�r�e� �q�u�i�t�e� �p�r�a�c�t�i�c�a�l� �i�n� �a� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� 

�s�e�t�t�i�n�g�.� �T�h�e� �l�e�s�s� �p�r�e�c�i�s�e� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n�,� �g�e�n�e�r�a�l�l�y�,� �t�h�e� �w�i�d�e�r� �t�h�e� �d�e�s�i�g�n� �b�e�c�o�m�e�s� 

�a�n�d� �t�h�e� �m�o�r�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�r�e� �n�e�e�d�e�d�.� 
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�C�H�A�P�T�E�R� �6� 

�R�O�B�U�S�T�N�E�S�S� �T�O� �P�A�R�A�M�E�T�E�R� �M�I�S�S�P�E�C�I�F�I�C�A�T�I�O�N� 

�M�a�n�y� �o�p�t�i�m�a�l� �a�n�d� �n�e�a�r� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �w�e�r�e� �g�i�v�e�n� �i�n� �c�h�a�p�t�e�r� �5�.� �I�n� �o�r�d�e�r�,� �f�o�r� 

�a�n�y� �o�f� �t�h�e� �p�o�i�n�t� �p�r�i�o�r� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �t�o� �b�e� �i�m�p�l�e�m�e�n�t�e�d�,� �t�h�e� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� 

�m�u�s�t� �b�e� �s�p�e�c�i�f�i�e�d�.� �F�o�r� �t�h�e�s�e� �d�e�s�i�g�n�s� �t�o� �a�c�t�u�a�l�l�y� �b�e� �o�p�t�i�m�a�l� �w�h�e�n� �i�m�p�l�e�m�e�n�t�e�d�,� 

�t�h�e� �t�r�u�e� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �m�u�s�t� �b�e� �k�n�o�w�n�.� �I�f� �t�h�e� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s� �a�r�e� 

�m�i�s�s�p�e�c�i�f�i�e�d�,� �t�h�e� �i�m�p�l�e�m�e�n�t�e�d� �d�e�s�i�g�n� �w�i�l�l� �b�e� �l�e�s�s� �t�h�a�n� �o�p�t�i�m�a�l�.� �T�h�i�s� �c�h�a�p�t�e�r� 

�b�r�i�e�f�l�y� �e�x�a�m�i�n�e�s� �t�h�e� �e�f�f�e�c�t� �o�f� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �o�n� �t�h�e� �a�s�y�m�p�t�o�t�i�c� 

�e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �p�o�i�n�t� �p�r�i�o�r� �d�e�s�i�g�n�s� �a�s� �w�e�l�l� �a�s� �g�e�n�e�r�a�l� �p�r�i�o�r� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n�s� �a�n�d� 

�m�o�t�i�v�a�t�e�s� �t�h�e� �n�e�e�d� �f�o�r� �d�e�s�i�g�n�s� �w�h�i�c�h� �a�r�e� �m�o�r�e� �r�o�b�u�s�t� �t�h�a�n� �t�h�e� �o�n�e�s� �c�u�r�r�e�n�t�l�y� 

�g�i�v�e�n�.� �T�h�e� �r�o�b�u�s�t�n�e�s�s� �p�r�o�p�e�r�t�i�e�s� �o�f� �s�e�v�e�r�a�l� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �u�s�i�n�g� �a� �p�o�i�n�t� �p�r�i�o�r� 

�a�l�o�n�g� �w�i�t�h� �s�e�v�e�r�a�l� �B�a�y�e�s�i�a�n� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �a�r�e� �i�n�v�e�s�t�i�g�a�t�e�d�.� 

�R�o�b�u�s�t�n�e�s�s� �t�a�b�l�e�s� �c�o�n�t�a�i�n�i�n�g� �a�s�y�m�p�t�o�t�i�c� �e�f�f�i�c�i�e�n�c�y� �v�a�l�u�e�s� �a�r�e� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� 

�t�h�i�s� �s�t�u�d�y�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�e�r� �i�s� �a�s�s�u�m�e�d� �t�o� �m�a�k�e� �g�u�e�s�s�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �»� �a�n�d� 

�@�,� �t�h�r�o�u�g�h� �a� �p�r�i�o�r� �w�h�i�c�h� �m�a�y� �b�e� �a� �p�o�i�n�t� �p�r�i�o�r�.� �T�h�e� �m�e�a�n� �o�f� �t�h�e� �p�r�i�o�r� �y�i�e�l�d�s� �t�h�e� 

�g�u�e�s�s�e�d� �v�a�l�u�e�s� �p�y�,� �a�n�d� �$�8�)�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�l�o�n�g� �w�i�t�h� �t�h�e� �t�r�u�e� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� 

�s�p�e�c�i�f�y� �a� �d�e�g�r�e�e� �o�f� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �a�n�d� �a�n� �e�n�t�r�y� �i�n� �t�h�e� �t�a�b�l�e� �t�h�r�o�u�g�h� 

�t�h�e� �i�n�d�e�x�e�s� �=�2� �a�n�d� �p�,�=�8�(�u�p�o�-�p�)�.� �W�h�e�n� �p�=�E�D�s�o�,� �t�h�e� �F� �a�n�d� �D� �e�f�f�i�c�i�e�n�c�i�e�s� �a�r�e� 

�s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �p�,�=�0�,� �a�n�d� �s�o� �o�n�l�y� �t�h�e� �o�v�e�r�e�s�t�i�m�a�t�i�o�n� �o�f� �y�u� �i�s� �t�a�b�l�e�d�.� 
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�T�a�b�l�e� �6�.�0�.�1� �i�s� �p�r�o�v�i�d�e�d� �t�o� �g�i�v�e� �t�h�e� �r�e�a�d�e�r� �a�n� �i�d�e�a� �o�f� �h�o�w� �t�h�e� �i�n�d�e�x�e�s� �o�f� �t�h�e� 

�t�a�b�l�e� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �a�c�t�u�a�l� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �i�n� �t�e�r�m�s� �o�f� 

�p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� �r�e�s�p�o�n�s�e�.� �T�h�e� �t�a�b�l�e� �c�o�n�t�a�i�n�s� �t�h�e� �a�c�t�u�a�l� �p�r�o�b�a�b�i�l�i�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� 

�w�i�t�h� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �g�i�v�e�n� �a� �p�a�r�t�i�c�u�l�a�r� �l�e�v�e�l� �o�f� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� �T�h�e� 

�t�a�b�l�e� �u�s�e�s� �t�h�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�,� �w�h�i�c�h� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �E�D�,�,�,� �a�n�d� �E�D�,�,� �4�,� �t�o� 

�i�l�l�u�s�t�r�a�t�e� �t�h�e� �e�f�f�e�c�t� �o�f� �d�e�s�i�g�n� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �w�h�e�n� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� 

�m�i�s�s�p�e�c�i�f�i�e�d�.� �I�f� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� �i�s� �p�e�r�f�e�c�t�,� �6�,�=�1� �a�n�d� �p�,�=�0�,� �w�e� �i�n�d�e�e�d� �h�a�v�e� 

�t�w�o� �d�e�s�i�g�n� �p�o�i�n�t�s� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �i�d�e�a�l� �p�r�o�b�a�b�i�l�i�t�i�e�s� �.�1�7�6� �a�n�d� �.�8�2�4�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �I�f�,� �h�o�w�e�v�e�r�,� �t�h�e� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� �i�s� �n�o�t� �p�e�r�f�e�c�t� �a�n�d� �t�h�e� 

�p�a�r�a�m�e�t�e�r�s� �a�r�e� �c�o�n�s�e�q�u�e�n�t�l�y� �m�i�s�s�p�e�c�i�f�i�e�d�,� �t�h�e� �t�w�o� �d�e�s�i�g�n� �p�o�i�n�t� �l�o�c�a�t�i�o�n�s� �w�i�l�l� �n�o�t� 

�c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �i�d�e�a�l� �p�r�o�b�a�b�i�l�i�t�i�e�s� �b�u�t� �r�a�t�h�e�r� �s�o�m�e�t�h�i�n�g� �e�l�s�e�.� 

�T�a�b�l�e� �6�.�0�.�1� �D�e�s�i�g�n� �p�o�i�n�t� �l�o�c�a�t�i�o�n�s� �(�E�D ��s�)� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �p�a�r�a�m�e�t�e�r� �g�u�e�s�s�e�s� 

� � 

�B�y� 
�0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� 

�0�.�0�}� �0�7�1� �1�2�7� �1�7�6� �2�1�6� �2�4�9� �2�7�6� 
�9�2�9� �8�7�3� �8�2�4� �7�8�4� �7�5�1� �7�2�4� 

�0�.�5�{� �.�1�1�2� �1�9�3� �2�6�0� �3�1�3� �3�5�4� �3�8�6� 
�9�5�6� �9�1�9� �8�8�5� �8�5�6� �8�3�2� �8�1�2� 

�m�,� �(�1�0�/� �1�7�2� �2�8�3� �3�6�7� �4�2�9� �A�T�A� �5�0�9� 
�9�2�3� �9�4�9� �9�2�7� �9�0�8� �8�9�1� �8�7�7� 

�1�5�|� � �.�2�5�5� �3�9�4� �4�8�9� �5�5�3� �5�9�8� �6�3�1� 
�9�8�3� �9�6�9� �9�5�5� �9�4�2� �9�3�1� �9�2�2� 

�2�.�0�|� � �.�3�6�1� �5�1�8� �6�1�2� �6�7�2� �7�1�0� �.�7�3�8� 
�9�9�0� �9�8�1� �9�7�2� �9�6�4� �9�5�7� �9�5�1� 

�2�.�5�]� � �.�4�8�2� �6�3�9� �7�2�2� �7�7�1� �8�0�2� �8�2�3� 
�9�9�4� �9�8�8� �9�8�3� �9�7�8� �9�7�3� �9�7�0� � � 
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�A�n� �e�x�a�m�p�l�e� �o�f� �p�a�r�a�m�e�t�e�r� �g�u�e�s�s�e�s� �f�o�r� �a� �o�n�e� �v�a�r�i�a�b�l�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l� �i�n� �a�n� �a�c�t�u�a�l� 

�s�t�u�d�y� �i�s� �g�i�v�e�n� �b�y� �D�r�.� �K�i�m�b�e�r� �W�h�i�t�e� �a�t� �M�e�d�i�c�a�l� �C�o�l�l�e�g�e� �o�f� �V�i�r�g�i�n�i�a� �i�n� �1�9�9�1�,� �s�e�e� 

�M�y�e�r�s� �(�u�n�p�u�b�l�i�s�h�e�d� �d�i�s�s�e�r�t�a�t�i�o�n�,� �1�9�9�1�)�.� �T�h�e� �s�t�u�d�y� �w�a�s� �c�o�n�d�u�c�t�e�d� �t�o� �i�n�v�e�s�t�i�g�a�t�e� 

�t�h�e� �a�n�e�s�t�h�e�s�i�z�i�n�g� �e�f�f�e�c�t� �o�f� �a� �d�r�u�g� �c�a�l�l�e�d� �B�r�e�v�i�t�a�l� �o�n� �m�i�c�e�.� �D�r�.� �W�h�i�t�e ��s� �g�u�e�s�s�e�s� 

�c�o�r�r�e�s�p�o�n�d� �t�o� �l�o�c�a�t�i�o�n�s� �i�n� �t�a�b�l�e� �6�.�0�.�1� �o�f� �6�,�=�.�5�8� �a�n�d� �p�,�=�-�2�.�2�0�,� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� 

�t�o� �4�.�=�2�.�2�0�.� �T�h�e� �g�u�e�s�s�e�s� �w�h�i�c�h� �a�r�e� �l�o�c�a�t�e�d� �a�t� �t�h�e� �e�d�g�e� �o�f� �t�h�e� �t�a�b�l�e� �i�n�d�i�c�a�t�e� �t�o� 

�s�o�m�e� �d�e�g�r�e�e� �t�h�a�t� �t�h�e� �t�a�b�l�e� �i�s� �i�n� �f�a�c�t� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� 

�e�x�p�e�r�i�m�e�n�t�e�r�s� �h�a�v�e� �i�n� �p�r�a�c�t�i�c�e�.� 

�§�6�.�1� �F� �O�p�t�i�m�a�l� �D�e�s�i�g�n�s�,� �P�o�i�n�t� �P�r�i�o�r� 

�R�o�b�u�s�t�n�e�s�s� �t�a�b�l�e�s� �a�r�e� �g�i�v�e�n� �f�o�r� �t�h�e� �n�=�4�0� �a�n�d� �n�=�1�0�0�,� �w�=�E�D�;�,� �F� �o�p�t�i�m�a�l� 

�d�e�s�i�g�n�s� �a�s� �w�e�l�l� �a�s� �t�h�e� �n�=�1�0�0�,� �w�=�E�D�,�.�,� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�n� �t�a�b�l�e�s� �6�.�1�.�1�,� �6�.�1�.�2�,� �a�n�d� 

�6�.�1�.�3�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �F� �e�f�f�i�c�i�e�n�c�y� �v�a�l�u�e�s� �u�s�e�d� �i�n� �t�h�e�s�e� �t�a�b�l�e�s� �i�s� �g�i�v�e�n� �b�y� 

�(�l�e�n�g�t�h� �o�f� �F� �i�n�t�e�r�v�a�l� �f�o�r� �t�h�e� �g�i�v�e�n� �d�e�s�i�g�n� �|� �1�,�8�)� 
�F�_�E�F�F�=� �(�l�e�n�g�t�h� �o�f� �F� �i�n�t�e�r�v�a�l� �f�o�r� �t�h�e� �g�i�v�e�n� �d�e�s�i�g�n� �|� �H�o�,� �B�o�)� 
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�T�a�b�l�e� �6�.�1�.�1� �F� �e�f�f�i�c�i�e�n�c�i�e�s� �o�f� �t�h�e� �n�=�4�0�,� �w�=�E�D�,�;�,� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�,� �p�o�i�n�t� �p�r�i�o�r� 
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�T�a�b�l�e� �6�.�1�.�2� �F� �e�f�f�i�c�i�e�n�c�i�e�s� �o�f� �t�h�e� �n�=�1�0�0�,� �u�=�E�D�,�,� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�,� �p�o�i�n�t� �p�r�i�o�r� 
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�B�y� 
�0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� 

�0�.�0� �8�9� �9�8� �1�.�0�0� �9�8� �9�4� �8�7� 

�0�.�5� �.�9�0� �9�5� �9�2� �8�3� �1� �O�t� 

�m� �1�.�0� �8�9� �8�3� �.�6�8� �O�3�8� �3�9� �.�2�6� 

�1�.�5� �1�9� �O�9� �4�1� �2�7� �1�6� �0�7� 

�2�.�0� �0�4� �3�2� �1�9� �.�0�9� �O�0�1� �.�0�0� 

�2�.�0� �.�2�6� �1�2� �0�4� �.�0�0� �.�0�0� �.�0�0� � � 
�T�a�b�l�e�s� �6�.�1�.�1� �a�n�d� �6�.�1�.�2� �d�i�s�p�l�a�y� �a� �f�e�w� �t�r�e�n�d�s� �w�h�i�c�h� �n�e�e�d� �t�o� �b�e� �n�o�t�e�d�.� �A�s� 

�e�x�p�e�c�t�e�d�,� �s�i�n�c�e� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �d�e�p�e�n�d� �u�p�o�n� �s�a�m�p�l�e� �s�i�z�e�,� �t�h�e� �d�e�s�i�g�n�s� 

�b�e�c�o�m�e� �m�o�r�e� �r�o�b�u�s�t� �a�s� �s�a�m�p�l�e� �s�i�z�e� �i�n�c�r�e�a�s�e�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �i�f� �u�=�E�D�s�p�,� �i�t� �i�s� �b�e�t�t�e�r� 

�t�o� �u�n�d�e�r�e�s�t�i�m�a�t�e� �t�h�e� �s�l�o�p�e� �t�h�a�n� �t�o� �o�v�e�r�e�s�t�i�m�a�t�e� �i�t�.� �T�h�i�s� �f�a�c�t� �b�e�c�o�m�e�s� �m�o�r�e� 

�e�v�i�d�e�n�t� �a�s� �t�h�e� �p�r�i�o�r� �e�s�t�i�m�a�t�e� �o�f� �p�s� �d�e�g�r�a�d�e�s�.� �T�h�e� �z�e�r�o� �e�f�f�i�c�i�e�n�c�i�e�s� �i�n� �t�a�b�l�e�s� �6�.�1�.�1� 

�a�n�d� �6�.�1�.�2� �o�c�c�u�r� �w�h�e�n� �g�>�1� �a�n�d� �t�h�e� �F�i�e�l�l�e�r� �i�n�t�e�r�v�a�l� �i�s� �d�e�f�i�n�e�d� �t�o� �b�e� �i�n�f�i�n�i�t�e�.� �T�h�i�s� 

�r�e�s�u�l�t�s� �f�r�o�m� �a� �d�e�s�i�g�n� �w�h�i�c�h� �d�o�e�s� �n�o�t� �a�l�l�o�w� �f�o�r� �a� �r�e�a�s�o�n�a�b�l�e� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �s�l�o�p�e�.� 

�T�a�b�l�e� �6�.�1�.�3� �F� �e�f�f�i�c�i�e�n�c�i�e�s� �o�f� �t�h�e� �n�=�1�0�0�,� �p�=�E�D�.�,� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�,� �p�o�i�n�t� �p�r�i�o�r� 
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�R�e�c�a�l�l� �t�h�a�t� �t�h�e� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�,� �1� �#� �E�D�;�,�,� �t�e�n�d� �t�o� �p�l�a�c�e� �a� �m�a�j�o�r�i�t�y� �o�f� �t�h�e� 

�s�a�m�p�l�e� �a�t� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t� �c�l�o�s�e�s�t� �t�o� �»� �a�n�d� �t�h�e� �r�e�s�t� �a�t� �t�h�e� �s�y�m�m�e�t�r�i�c� �c�o�u�n�t�e�r�p�a�r�t�.� 

�T�h�e�r�e�f�o�r�e� �i�n�t�u�i�t�i�v�e�l�y�,� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t� �w�i�t�h� �t�h�e� �m�a�j�o�r�i�t�y� �o�f� �t�h�e� 

�s�a�m�p�l�e� �i�s� �m�o�r�e� �c�r�i�t�i�c�a�l� �t�h�a�n� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �o�t�h�e�r� �d�e�s�i�g�n� �p�o�i�n�t�.� �C�o�n�s�e�q�u�e�n�t�l�y� 

�t�h�e� �r�o�b�u�s�t�n�e�s�s� �o�f� �t�h�e�s�e� �d�e�s�i�g�n�s� �i�s� �m�o�r�e� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t� 

�n�e�a�r� �p�.� �T�a�b�l�e� �6�.�1�.�3� �r�e�l�a�y�s� �t�h�i�s� �c�h�a�r�a�t�e�r�i�s�t�i�c�.� �T�h�e� �m�a�j�o�r�i�t�y� �o�f� �t�h�e� �s�a�m�p�l�e� �i�s� �p�l�a�c�e�d� 

�a�t� �w�h�a�t� �i�s� �t�h�o�u�g�h�t� �t�o� �b�e� �t�h�e� �E�D�.�)�.� �T�h�e� �o�v�e�r�e�s�t�i�m�a�t�i�o�n� �o�f� �»� �w�o�u�l�d� �q�u�i�c�k�l�y� �p�l�a�c�e� 

�t�h�i�s� �d�e�s�i�g�n� �p�o�i�n�t� �i�n� �a� �l�o�c�a�t�i�o�n� �o�f� �z�e�r�o� �r�e�s�p�o�n�s�e� �a�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �b�y� �t�h�e� �p�o�o�r� 

�e�f�f�i�c�i�e�n�c�i�e�s� �i�n� �t�h�e� �l�o�w�e�r� �p�a�r�t� �o�f� �t�a�b�l�e� �6�.�1�.�3�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �s�l�i�g�h�t� �t�o� �m�o�d�e�r�a�t�e� 

�u�n�d�e�r�e�s�t�i�m�a�t�i�o�n� �a�l�l�o�w�s� �t�h�i�s� �d�e�s�i�g�n� �p�o�i�n�t� �t�o� �r�e�s�i�d�e� �i�n� �t�h�e� �t�r�a�n�s�i�t�i�o�n�a�l� �p�a�r�t� �o�f� �t�h�e� 

�c�u�r�v�e� �a�c�c�o�u�n�t�i�n�g� �f�o�r� �t�h�e� �b�e�t�t�e�r� �e�f�f�i�c�i�e�n�c�e�s� �i�n� �t�h�e� �u�p�p�e�r� �p�a�r�t�.� 

�R�o�b�u�s�t�n�e�s�s� �t�a�b�l�e�s� �f�o�r� �t�h�e� �o�t�h�e�r� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �s�h�o�w� �s�i�m�i�l�a�r� �t�r�e�n�d�s� �t�o� 

�t�h�o�s�e� �o�f� �t�a�b�l�e�s� �6�.�1�.�1�-�6�.�1�.�3� �a�n�d� �a�r�e� �t�h�e�r�e�f�o�r�e� �n�o�t� �g�i�v�e�n�.� �T�h�e� �m�a�i�n� �p�o�i�n�t� �w�h�i�c�h� 

�n�e�e�d�s� �t�o� �b�e� �t�a�k�e�n� �f�r�o�m� �t�h�i�s� �v�e�r�y� �b�r�i�e�f� �e�x�a�m�i�n�a�t�i�o�n� �i�s� �t�h�a�t� �t�h�e�s�e� �o�n�e� �s�t�a�g�e� �F� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �a�r�e� �n�o�t� �p�a�r�t�i�c�u�l�a�r�l�y� �r�o�b�u�s�t� �t�o� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� �T�h�e� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �h�a�v�i�n�g� �o�n�l�y� �t�w�o� �p�o�i�n�t�s� �m�a�k�e�s� �t�h�e�m� �q�u�i�t�e� �s�e�n�s�i�t�i�v�e� �t�o� �i�n�c�o�r�r�e�c�t� 

�i�n�i�t�i�a�l� �s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� �O�n�e� �w�o�u�l�d� �t�h�e�r�e�f�o�r�e� �t�h�i�n�k� �t�h�e� �f�o�u�r� �a�n�d� 

�f�i�v�e� �l�e�v�e�l� �n�e�a�r�l�y� �F� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �g�i�v�e�n� �i�n� �t�a�b�l�e�s� �5�.�1�.�3� �a�n�d� �5�.�1�.�4� �w�o�u�l�d� �b�e� 

�c�o�n�s�i�d�e�r�a�b�l�y� �m�o�r�e� �r�o�b�u�s�t�.� �T�h�i�s� �h�o�w�e�v�e�r� �i�s� �n�o�t� �t�h�e� �c�a�s�e�.� �T�h�e� �d�e�s�i�g�n�s� �r�e�s�e�m�b�l�e� �t�h�e� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �s�o� �c�l�o�s�e�l�y� �t�h�a�t� �t�h�e�y� �o�f�f�e�r� �l�i�t�t�l�e� �o�r� �n�o� �i�m�p�r�o�v�e�m�e�n�t� �o�f� �r�o�b�u�s�t�n�e�s�s� �t�o� 

�p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �a�d�d�i�t�i�o�n�a�l� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�l�o�n�e� �d�o� �n�o�t� 

�i�n�s�u�r�e� �a� �r�o�b�u�s�t� �e�x�p�e�r�i�m�e�n�t�a�l� �p�l�a�n�.� 

�§�6�.�2� �D� �O�p�t�i�m�a�l� �D�e�s�i�g�n�s�,� �G�e�n�e�r�a�l� �P�r�i�o�r� 

�R�o�b�u�s�t�n�e�s�s� �t�a�b�l�e�s� �a�r�e� �g�i�v�e�n� �f�o�r� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �u�t�i�l�i�z�i�n�g� �p�o�i�n�t� �p�r�i�o�r�s� �a�s� 
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�r�o�b�u�s�t� �t�o� �t�h�e� �m�i�s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �y�p� �i�f� �8� �i�s� �n�o�t� �u�n�d�e�r�s�p�e�c�i�f�i�e�d�.� �T�h�e� 

�u�n�d�e�r�s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �6� �c�a�u�s�e�s� �t�h�e� �a�l�r�e�a�d�y� �w�i�d�e� �u�n�i�f�o�r�m� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� �t�o� 

�b�e�c�o�m�e� �e�x�c�e�s�s�i�v�e�l�y� �b�r�o�a�d�.� �A�s� �i�s� �e�x�p�e�c�t�e�d� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �D� �o�p�t�i�m�a�l� 

�d�e�s�i�g�n� �w�h�e�n� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �k�n�o�w�n� �i�s� �l�o�w�,� �a�t� �4�4�%�.� �T�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�s� 

�w�h�i�c�h� �a�r�e� �m�o�s�t� �r�o�b�u�s�t� �a�r�e� �t�h�e� �s�a�m�e� �d�e�s�i�g�n�s� �w�h�i�c�h� �a�r�e� �l�e�a�s�t� �e�f�f�i�c�i�e�n�t�.� 

�T�a�b�l�e�s� �6�.�2�.�1�-�6�.�2�.�6� �c�o�n�t�a�i�n� �s�o�m�e� �i�n�t�e�r�e�s�t�i�n�g� �r�o�b�u�s�t�n�e�s�s� �p�a�t�t�e�r�n�s�.� �I�n� �o�r�d�e�r� �t�o� 

�u�n�d�e�r�s�t�a�n�d� �h�o�w� �t�h�e�s�e� �p�a�t�t�e�r�n�s� �c�o�m�e� �a�b�o�u�t�,� �o�n�e� �n�e�e�d�s� �o�n�l�y� �t�o� �l�o�o�k� �a�t� �t�h�e� �l�o�c�a�t�i�o�n� 

�o�f� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �i�n� �t�e�r�m�s� �o�f� �E�D ��s�.� �T�h�e� �m�o�v�e�m�e�n�t� �o�f� �t�h�e�s�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�s� 

�t�h�e� �p�a�r�a�m�e�t�e�r� �g�u�e�s�s�e�s� �c�h�a�n�g�e� �p�a�i�n�t�s� �t�h�e� �r�o�b�u�s�t�n�e�s�s� �p�i�c�t�u�r�e�.� 

�T�h�i�s� �r�o�b�u�s�t�n�e�s�s� �s�t�u�d�y�,� �t�h�o�u�g�h� �b�r�i�e�f�,� �s�h�o�w�s� �t�h�e� �a�d�v�a�n�t�a�g�e� �i�n� �t�e�r�m�s� �o�f� 

�r�o�b�u�s�t�n�e�s�s� �o�f� �t�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n�s� �w�i�t�h� �a� �n�o�n�t�r�i�v�i�a�l� �p�r�i�o�r� �o�v�e�r� �t�h�o�s�e� �w�i�t�h� �t�h�e� 

�t�r�i�v�i�a�l� �p�o�i�n�t� �p�r�i�o�r�.� �I�n� �f�a�c�t�,� �u�s�i�n�g� �t�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n�s�,� �t�h�e� �r�o�b�u�s�t�n�e�s�s� �p�r�o�p�e�r�t�i�e�s� 

�c�a�n� �b�e� �c�o�n�t�r�o�l�l�e�d�,� �t�o� �s�o�m�e� �d�e�g�r�e�e�,� �i�n� �o�r�d�e�r� �t�o� �s�u�i�t� �t�h�e� �n�e�e�d�s� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r�.� 

�H�o�w�e�v�e�r�,� �i�t� �i�s� �a�l�s�o� �c�l�e�a�r� �t�h�a�t� �w�h�e�n� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� �i�s� �g�o�o�d� �t�h�i�s� �a�d�v�a�n�t�a�g�e� �i�s� 

�s�o�o�n� �o�u�t�w�e�i�g�h�e�d� �b�y� �t�h�e� �i�n�e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e�s�e� �d�e�s�i�g�n�s� �i�n� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� �D� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�.� �A� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �s�i�m�p�l�y� �c�a�n�n�o�t� �a�d�d�r�e�s�s� �b�o�t�h� �i�s�s�u�e�s� �e�f�f�e�c�t�i�v�e�l�y�.� 

�T�h�e� �t�r�a�d�e�-�o�f�f� �b�e�t�w�e�e�n� �r�o�b�u�s�t�n�e�s�s� �a�n�d� �e�f�f�i�c�i�e�n�c�y� �i�s� �o�f�t�e�n� �u�n�s�a�t�i�s�f�a�c�t�o�r�y�.� �A� 

�r�e�a�s�o�n�a�b�l�e� �s�o�l�u�t�i�o�n� �i�s� �t�o� �a�v�o�i�d� �t�h�e� �t�r�a�d�e�-�o�f�f� �a�n�d� �a�d�d�r�e�s�s� �t�h�e� �t�w�o� �g�o�a�l�s� �s�e�p�a�r�a�t�e�l�y�.� 

�7�0



�C�H�A�P�T�E�R� �7� 

�T�W�O�-�S�T�A�G�E� �D�E�S�I�G�N�S� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �a� �t�w�o�-�s�t�a�g�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �w�h�i�c�h� �u�t�i�l�i�z�e�s� 

�B�a�y�e�s�i�a�n� �t�e�c�h�n�i�q�u�e�s� �i�s� �d�e�v�e�l�o�p�e�d� �f�o�r� �t�h�e� �l�o�g�i�s�t�i�c� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� 

�o�f�f�e�r�s� �a� �p�r�a�c�t�i�c�a�l� �a�l�t�e�r�n�a�t�i�v�e� �t�o� �t�h�e� �s�i�n�g�l�e� �s�t�a�g�e� �d�e�s�i�g�n�s� �o�f� �c�h�a�p�t�e�r� �5�.� �T�h�e� 

�s�h�o�r�t�c�o�m�i�n�g�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �c�h�a�p�t�e�r� �6� �o�f� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�s� �i�n� �t�e�r�m�s� �o�f� �t�h�e� 

�t�r�a�d�e�-�o�f�f� �b�e�t�w�e�e�n� �e�f�f�i�c�i�e�n�c�y� �a�n�d� �r�o�b�u�s�t�n�e�s�s� �a�r�e� �d�e�a�l�t� �w�i�t�h� �e�f�f�e�c�t�i�v�e�l�y�.� �T�h�e� �t�w�o�-� 

�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �w�i�l�l� �a�l�l�o�w� �t�h�e� �t�w�o� �g�o�a�l�s� �t�o� �b�e� �a�d�d�r�e�s�s�e�d� �s�e�p�a�r�a�t�e�l�y� �i�n�s�t�e�a�d� �o�f� 

�s�i�m�u�l�t�a�n�e�o�u�s�l�y�.� �I�n� �a�d�d�i�t�i�o�n�,� �a� �s�e�c�t�i�o�n� �i�s� �d�e�v�o�t�e�d� �t�o� �t�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� 

�p�r�o�c�e�d�u�r�e� �a�s� �i�s� �a� �s�e�c�t�i�o�n� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �s�a�m�p�l�e� �d�i�s�t�r�i�b�u�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �s�t�a�g�e�s�.� 

�T�h�i�s� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�n� �p�a�r�t� �o�r�i�g�i�n�a�t�e�d� �w�i�t�h� �s�o�m�e� �o�t�h�e�r� �t�w�o�-�s�t�a�g�e� �w�o�r�k� �b�y� 

�M�i�n�k�i�n� �(�1�9�8�7�)� �a�n�d� �M�y�e�r�s�,� �M�y�e�r�s�,� �a�n�d� �C�a�r�t�e�r� �(�1�9�9�4�)�.� �M�y�e�r�s� �e�t�.�a�l�.� �f�o�u�n�d� �a�n�d� 

�s�t�u�d�i�e�d� �t�w�o�-�s�t�a�g�e� �D�-�Q� �(�n�o�n�-�B�a�y�e�s�i�a�n�)� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �w�h�i�c�h� �w�e�r�e� �f�o�u�n�d� �t�o� �b�e� 

�c�o�n�s�i�d�e�r�a�b�l�y� �m�o�r�e� �r�o�b�u�s�t� �a�n�d� �n�e�a�r�l�y� �a�s� �e�f�f�i�c�i�e�n�t� �a�s� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�s�.� �T�h�e� 

�m�a�i�n� �e�x�t�e�n�s�i�o�n� �f�r�o�m� �t�h�e�i�r� �w�o�r�k� �a�n�d� �M�i�n�k�i�n ��s� �w�o�r�k� �i�s� �i�n� �t�h�e� �u�s�e� �o�f� �B�a�y�e�s�i�a�n� 

�d�e�s�i�g�n� �a�n�d� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�i�o�n�.� 

�§�7�.�1�  ��T�w�o�-�s�t�a�g�e� �D�e�s�i�g�n� �P�r�o�c�e�d�u�r�e� 

�T�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �u�s�e�s� �t�w�o� �d�e�s�i�g�n� �o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�a�,� �o�n�e� �i�n� �t�h�e� �f�i�r�s�t� 

�s�t�a�g�e� �a�n�d� �o�n�e� �i�n� �t�h�e� �s�e�c�o�n�d�.� �T�h�e� �f�i�r�s�t� �s�t�a�g�e� �d�e�s�i�g�n� �s�h�o�u�l�d� �b�e� �q�u�i�t�e� �r�o�b�u�s�t� �t�o� �p�o�o�r� 

�p�a�r�a�m�e�t�e�r� �g�u�e�s�s�e�s� �w�h�i�l�e� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �b�e�i�n�g� �v�e�r�y� �e�f�f�i�c�i�e�n�t� �i�f� �p�a�r�a�m�e�t�e�r� 

�k�n�o�w�l�e�d�g�e� �i�s� �g�o�o�d�.� �I�n� �o�r�d�e�r� �t�o� �c�o�p�e� �w�i�t�h� �v�a�r�y�i�n�g� �d�e�g�r�e�e�s� �o�f� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e�,� 

�t�h�e� �f�i�r�s�t� �s�t�a�g�e� �d�e�s�i�g�n� �w�i�l�l� �i�n�c�o�r�p�o�r�a�t�e� �t�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� �f�r�a�m�e�w�o�r�k� �o�f� �s�e�c�t�i�o�n� 

�5�.�2�.� 

�7�1



�M�a�n�y� �r�e�a�s�o�n�a�b�l�e� �d�e�s�i�g�n� �c�r�i�t�e�r�i�a� �c�o�u�l�d� �b�e� �u�s�e�d� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�.� �H�o�w�e�v�e�r�,� 

�s�i�n�c�e� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �i�s� �u�n�d�e�r� �s�t�u�d�y� �a�n�d� �n�o�t� �t�h�e� �o�p�t�i�m�a�l�i�t�y� 

�c�r�i�t�e�r�i�o�n�,� �t�h�e� �D� �c�r�i�t�e�r�i�o�n� �i�s� �u�s�e�d�.� �T�h�e� �i�n�v�a�r�i�a�n�c�e� �o�f� �t�h�e� �D� �c�r�i�t�e�r�i�o�n� �t�o� �s�a�m�p�l�e� �s�i�z�e� 

�a�n�d�  ¬� �m�a�k�e�s� �i�t� �a� �g�o�o�d� �c�h�o�i�c�e�.� �F�o�r� �t�h�e�s�e� �r�e�a�s�o�n�s�,� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �m�a�k�e�s� �u�s�e� �o�f� 

�t�h�e� �D� �c�r�i�t�e�r�i�o�n� �a�s� �w�e�l�l�,� �e�v�e�n� �t�h�o�u�g�h� �a�n�y� �r�e�a�s�o�n�a�b�l�e� �c�r�i�t�e�r�i�o�n� �c�o�u�l�d� �b�e� �u�s�e�d�.� 

�F�o�l�l�o�w�i�n�g� �t�h�e� �c�o�n�v�e�n�t�i�o�n� �s�e�t� �b�y� �M�y�e�r�s�,� �M�y�e�r�s�,� �a�n�d� �C�a�r�t�e�r� �(�1�9�9�4�)�,� �a� �t�w�o�-�s�t�a�g�e� 

�B�a�y�e�s�i�a�n� �D�-�D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �s�t�r�a�t�e�g�y� �i�s� �s�t�u�d�i�e�d�.� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �1�s� �t�o� �p�r�o�v�i�d�e� �g�o�o�d� �p�o�i�n�t� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� 

�p�a�r�a�m�e�t�e�r�s� �t�o� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �c�r�i�t�e�r�i�o�n�.� �G�i�v�e�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �d�e�s�i�g�n�,� �t�h�e� �s�e�c�o�n�d� 

�s�t�a�g�e� �d�e�s�i�g�n� �m�a�x�i�m�i�z�e�s� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �t�o�t�a�l� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x�.� �T�h�e� 

�f�i�r�s�t� �s�t�a�g�e� �a�d�d�r�e�s�s�e�s� �t�h�e� �p�r�o�b�l�e�m� �o�f� �r�o�b�u�s�t�n�e�s�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �p�a�r�a�m�e�t�e�r� 

�m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �w�h�i�l�e� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �a�d�d�r�e�s�s�e�s� �e�f�f�i�c�i�e�n�c�y� �w�h�e�n� �t�h�e� �p�a�r�a�m�e�t�e�r�s� 

�a�r�e� �a�s�s�u�m�e�d� �k�n�o�w�n�.� �T�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �c�o�m�p�l�e�m�e�n�t�s� �t�h�e� �f�i�r�s�t� �a�n�d� �c�o�r�r�e�c�t�s� �f�o�r� �a�n�y� 

�e�s�t�i�m�a�t�e�d� �m�i�s�p�l�a�c�e�m�e�n�t� �o�f� �p�o�i�n�t�s� �i�n� �a�n� �e�f�f�o�r�t� �t�o� �b�e�s�t� �a�c�h�i�e�v�e� �t�h�e� �o�v�e�r�a�l�l� �g�o�a�l� �o�f� 

�h�i�g�h� �e�f�f�i�c�i�e�n�c�y�.� 

�I�n� �o�r�d�e�r� �f�o�r� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �t�o� �p�r�o�v�i�d�e� �g�o�o�d� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �t�o� �t�h�e� 

�s�e�c�o�n�d� �s�t�a�g�e� �t�h�e� �o�p�t�i�m�a�l� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n�s� �f�r�o�m� �s�e�c�t�i�o�n� �5�.�4� �a�r�e� �u�s�e�d�.� �H�o�w�e�v�e�r�,� 

�t�h�e�s�e� �d�e�s�i�g�n�s� �d�o� �n�o�t� �e�n�s�u�r�e� �g�o�o�d� �e�s�t�i�m�a�t�e�s�.� �A�t� �t�i�m�e�s�,� �a�b�s�u�r�d� �m�a�x�i�m�u�m� 

�l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �o�b�t�a�i�n�e�d� �d�u�e� �t�o� �t�h�e� �u�n�s�t�a�b�l�e� �n�a�t�u�r�e� �o�f� 

�t�h�e� �s�l�o�p�e� �e�s�t�i�m�a�t�e� �w�h�e�n� �t�h�e� �d�e�s�i�g�n� �i�s� �p�o�o�r�.� �A� �p�o�o�r� �d�e�s�i�g�n� �w�o�u�l�d� �l�i�k�e�l�y� �r�e�s�u�l�t� 

�f�r�o�m� �m�i�s�s�p�e�c�i�f�i�e�d� �p�a�r�a�m�e�t�e�r�s�,� �e�v�e�n� �w�h�e�n� �u�s�i�n�g� �a� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n�.� �T�o� �i�m�p�r�o�v�e� 

�t�h�i�s� �s�i�t�u�a�t�i�o�n�,� �t�h�e� �p�r�i�o�r� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �5�.�4� �i�s� �u�s�e�d� �a� �s�e�c�o�n�d� �t�i�m�e� �t�o� �c�r�e�a�t�e� 

�B�a�y�e�s�i�a�n� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s�.� �T�h�e� �p�r�i�o�r� �c�o�n�t�a�i�n�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r�s� �A�p�r�i�o�r�i� 

�b�e�l�i�e�f�s� �a�b�o�u�t� �»� �a�n�d� �8�.� �T�h�e� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �c�o�m�b�i�n�e�d� �w�i�t�h� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �f�o�r�m�i�n�g� �a� 

�p�o�s�t�e�r�i�o�r� �l�i�k�e�l�i�h�o�o�d�.� �I�d�e�a�l�l�y�,� �o�n�e� �w�o�u�l�d� �w�a�n�t� �t�o� �f�i�n�d� �t�h�e� �m�e�a�n� �o�f� �t�h�i�s� �p�o�s�t�e�r�i�o�r�.� 

�H�o�w�e�v�e�r�,� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �p�o�s�t�e�r�i�o�r� �m�e�a�n� �n�u�m�e�r�i�c�a�l�l�y� �w�o�u�l�d� �r�e�q�u�i�r�e� �a�n� �e�x�c�e�s�s�i�v�e�l�y� 

�l�a�r�g�e� �a�m�o�u�n�t� �o�f� �C�P�U� �t�i�m�e�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �p�o�s�t�e�r�i�o�r� �m�o�d�e� �o�r� �m�a�x�i�m�u�m� 

�p�o�s�t�e�r�i�o�r� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�e�,� �w�h�i�c�h� �i�s� �m�u�c�h� �e�a�s�i�e�r� �t�o� �o�b�t�a�i�n� �i�s� �u�s�e�d�.� 

�T�h�e� �p�o�s�t�e�r�i�o�r� �m�o�d�e� �i�s� �f�o�u�n�d� �u�s�i�n�g� �t�h�e� �N�e�l�d�e�r�-�M�e�a�d� �a�l�g�o�r�i�t�h�m� �(�N�e�l�d�e�r� �a�n�d� 

�M�e�a�d�,� �1�9�6�5�)�,� �s�o�l�v�i�n�g� �a�n� �a�d�j�u�s�t�e�d� �s�e�t� �o�f� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s�,� �a�d�j�u�s�t�e�d� �f�r�o�m� �t�h�e� �s�e�t� 

�o�f� �e�q�u�a�t�i�o�n�s� �o�b�t�a�i�n�e�d� �f�o�r� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�i�o�n�.� �T�h�e� �c�o�n�c�e�r�n� �w�h�i�c�h� 

�a�r�i�s�e�s� �w�h�e�n� �u�s�i�n�g� �t�h�e� �p�o�s�t�e�r�i�o�r� �m�o�d�e� �i�s� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �m�u�l�t�i�p�l�e� �m�o�d�e�s�.� �T�o� �b�e� 
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�c�o�n�f�i�d�e�n�t� �t�h�a�t� �t�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �c�o�n�v�e�r�g�i�n�g� �t�o� �t�h�e� �g�l�o�b�a�l� �m�o�d�e� �i�f� �m�o�r�e� �t�h�a�n� �o�n�e� 

�e�x�i�s�t�s�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �w�a�s� �b�e�g�u�n� �a�t� �v�a�r�i�o�u�s� �s�t�a�r�t�i�n�g� �p�o�i�n�t�s� �f�o�r� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� 

�s�i�t�u�a�t�i�o�n�s�.� �E�a�c�h� �c�a�s�e� �r�e�s�u�l�t�e�d� �i�n� �t�h�e� �s�a�m�e� �m�o�d�e�,� �g�i�v�i�n�g� �s�a�t�i�s�f�a�c�t�o�r�y� �c�o�n�f�i�d�e�n�c�e� 

�t�h�a�t� �w�e� �i�n�d�e�e�d� �h�a�v�e� �t�h�e� �g�l�o�b�a�l� �m�o�d�e�.� 

�T�h�e� �s�e�t� �o�f� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �o�n�e� �s�o�l�v�e�s� �t�o� �o�b�t�a�i�n� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� 

�e�s�t�i�m�a�t�e�s� �o�f� �»� �a�n�d� �#� �i�s� �g�i�v�e�n� �b�y� 

�k� 
�>� �(�t�-�n�j�P�i�)�(�x�-�)� �=� �0� �(�7�.�1�.�1�)� 
�i�=�1� 

�k� 
�a�n�d� �-� �5�°� �(�r�,�-�n�;�P�,�)�8� �=� �0� �A� 

�I� 

�w�h�e�r�e� �k� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s�,� �r�,� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �s�u�c�c�e�s�s�e�s� �a�t� �t�h�e� �i �� 

�d�e�s�i�g�n� �p�o�i�n�t� �o�u�t� �o�f� �n�;�,� �a�n�d� �P� �i�s� �t�h�e� �c�e�n�t�e�r�e�d� �l�o�g�i�s�t�i�c� �m�o�d�e�l�.� �W�h�e�n� �a� �n�o�n�t�r�i�v�i�a�l� 

�p�r�i�o�r� �i�s� �u�s�e�d� �a�n�d� �a� �p�o�s�t�e�r�i�o�r� �i�s� �f�o�u�n�d�,� �t�h�e� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �n�o� �l�o�n�g�e�r� �r�e�p�r�e�s�e�n�t�s� �t�h�e� 

�s�u�m� �o�f� �r�e�s�i�d�u�a�l�s� �a�n�d� �w�e�i�g�h�t�e�d� �r�e�s�i�d�u�a�l�s�.� �T�h�e� �l�i�k�e�l�i�h�o�o�d� �f�u�n�c�t�i�o�n� �a�p�a�r�t� �f�r�o�m� 

�c�o�n�s�t�a�n�t�s� �f�o�r� �t�h�e� �c�e�n�t�e�r�e�d� �l�o�g�i�s�t�i�c� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l� �i�s� �g�i�v�e�n� �b�y� 

�k� �I�:� �n�-�T�,� 
�L�(�,�8�;� �r�)� �x� �I�T�P�;� �(�1�-�P�,�)� �e�t�,� 

�i�=�1� 

�T�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �a� �j�o�i�n�t� �i�n�d�e�p�e�n�d�e�n�t� �n�o�r�m�a�l� �p�r�i�o�r� �a�p�a�r�t� �f�r�o�m� �c�o�n�s�t�a�n�t�s� �i�s� �t�h�e�n� 

� � �T�(�"�,�8�)� �«� �E�x�p� �s�H�e�)� �E�X�P�L�A� �y�r� 

�w�h�e�r�e� �8� �a�n�d� �p� �a�r�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �a�n�d� �p�g�,� �o�g� �a�n�d� �y�u�,� �o�,� �a�r�e� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� 

�m�e�a�n�s� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �p�o�s�t�e�r�i�o�r� �l�i�k�e�l�i�h�o�o�d�,� �a�g�a�i�n� 

�a�p�a�r�t� �f�r�o�m� �c�o�n�s�t�a�n�t�s�,� �i�s� 

� � 

�;� �.� �k�  ��y�r�.� 
�P�L� �«� �e�x�p�(�a�h� �H�e�e� �E�X�P�L�A�)� �[�[�P�7�a�-�P�)� �o�e� 

�i�=�1� 
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�T�a�k�i�n�g� �t�h�e� �l�o�g�,� �t�h�e� �p�o�s�t�e�r�i�o�r� �l�i�k�e�l�i�h�o�o�d� �c�a�n� �b�e� �w�r�i�t�t�e�n� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m� 

�L�o�g�(�P�L�)� �x� �h�e� �r�e�e�.� �4�H� �i�P� �X�t� �j�L�o�g�(�P� �;�)� �+� �n�,�L�o�g�(�1�-�P�,�)� �-� �t�L�o�g�(�1�-�P�,�)�)�.� �|� 
�(�7�.�1�.�2� 

�D�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �e�x�p�r�e�s�s�i�o�n� �7�.�1�.�2� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �£� �y�i�e�l�d�s� 

� � 

�O�L�o�g�(�P�L�)� �U�g�-�B� �k� �r�,� �O�P�;� �u�n�;� �O�P�,� �r�,� �o�P�,� 
�a�g� �=� �(�4� �)�+� �(�B�a� �a�t� �y�a� �+� �e�y� �o�e�)� �(�7�.�1�.�3�)� 

�w�h�e�r�e� �a�e� �=� �P�{�1�-�P�,�)�(�x�;�p�)�.� 

�S�i�m�p�l�i�f�y�i�n�g� �e�x�p�r�e�s�s�i�o�n� �7�.�1�.�3� �w�e� �o�b�t�a�i�n� 

�5� �p� �&� �C�e�s�(�P�h�)� �_� �(�e�r� �+� �L�r�a�P� �d�e�n�)� �(�7�.�1�.�4�)� 

�D�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �e�x�p�r�e�s�s�i�o�n� �7�.�1�.�2� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �y�u� �y�i�e�l�d�s� 

� � 

�O�L�o�g�(�P�L�)� �H�w�y� �,� �S�(�t�)�,� �O�P�;� �O�P�,� �|� �t�y� �O�P� �B�y� �=� �(�a�)�t�+� �d�o� �P�o� �G�P� �w�t� �E�P�)� �a� �(�7�.�1�.�5�)� 

�w�h�e�r�e� �I�n� �=� �-� �B�(�P�,�(�1�-�P�,�)�)�.� 

�A�f�t�e�r� �s�o�m�e� �s�i�m�p�l�i�f�i�c�a�t�i�o�n� �e�x�p�r�e�s�s�i�o�n� �7�.�1�.�5� �b�e�c�o�m�e�s� 

� � �O�L�o�g�(�P�L�)� �_� �=� �(�t�e� �5�,� �\�-� �A�l�e�,� �-�n�,�P�.�)� �(�7�.�1�.�6�)� 
�C�i�n� �1�=�1� 
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�E�q�u�a�t�i�n�g� �e�x�p�r�e�s�s�i�o�n�s� �7�.�1�.�4� �a�n�d� �7�.�1�.�6� �t�o� �z�e�r�o� �p�r�o�d�u�c�e�s� �t�h�e� �s�e�t� �o�f� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n� 

�w�h�i�c�h� �w�h�e�n� �s�o�l�v�e�d� �y�i�e�l�d� �t�h�e� �p�o�s�t�e�r�i�o�r� �m�o�d�e�.� �T�h�e� �p�a�i�r� �o�f� �e�q�u�a�t�i�o�n�s�,� 

� � 

� � 

�-� �k� 

�(�M�E�P�)� �4� �(�n�\�n�)� �=� �(�7�3�.�7�)� 
�o�g� �i�=�]� 

�L�u�b� �k� �a�n�d� �(� �2� �)�-� �o�n� �P�)�e� �=� �0�,� 
�u� �=�1� 

�i�s� �m�e�r�e�l�y� �a�n� �a�d�j�u�s�t�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� �s�e�t� �g�i�v�e�n� �b�y� �7�.�1�.�1�.� �T�h�e� �a�d�j�u�s�t�m�e�n�t� �t�e�r�m�s� 

�k�e�e�p� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �»� �a�n�d� �#� �f�r�o�m� �s�t�r�a�y�i�n�g� �t�o�o� �f�a�r� �a�w�a�y� �f�r�o�m� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� 

�p�r�i�o�r� �m�e�a�n�s� �i�n� �u�n�i�t�s� �o�f� �p�r�i�o�r� �v�a�r�i�a�n�c�e�.� 

�I�f� �a� �j�o�i�n�t� �u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �u�s�e�d� �a�s� �t�h�e� �p�r�i�o�r�,� �t�h�e� �p�o�s�t�e�r�i�o�r� �m�o�d�e� �i�s� 

�s�i�m�p�l�y� �g�i�v�e�n� �b�y� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�e�s� �s�u�b�j�e�c�t� �t�o� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �t�h�a�t� 

�6� �<�P� �<�B�y� �a�n�d� �p�y�,� �<�f�i�<� �p�y�.� �T�h�e� �e�s�t�i�m�a�t�e�s� �b�e�c�o�m�e� �t�h�e� �n�e�a�r�e�s�t� �e�n�d�p�o�i�n�t� �o�f� �t�h�e� 

�p�r�i�o�r� �i�f� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�e�s� �s�h�o�u�l�d� �f�a�l�l� �o�u�t�s�i�d�e� �t�h�e� �u�n�i�f�o�r�m� �p�r�i�o�r�.� 

�T�h�e� �f�i�r�s�t� �s�t�a�g�e� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x�,� �a�p�a�r�t� �f�r�o�m� �n�o�t�a�t�i�o�n�,� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� 

�o�n�e� �g�i�v�e�n� �i�n� �s�e�c�t�i�o�n� �3�.�1� �f�o�r� �t�h�e� �s�i�n�g�l�e� �s�t�a�g�e� �e�x�p�e�r�i�m�e�n�t� �u�s�i�n�g� �t�h�e� �c�e�n�t�e�r�e�d� �m�o�d�e�l�.� 

�T�o� �d�e�r�i�v�e� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x�,� �w�e� �m�u�s�t� �b�e�g�i�n� �w�i�t�h� �t�h�e� �d�e�r�i�v�a�t�i�o�n� 

�o�f� �t�h�e� �c�o�n�d�i�t�i�o�n�a�l� �l�i�k�e�l�i�h�o�o�d�.� �A�b�d�e�l�b�a�s�i�t� �a�n�d� �P�l�a�c�k�e�t�t� �(�1�9�8�3�)� �c�r�e�a�t�e�d� �t�w�o�-�s�t�a�g�e� 

�d�e�s�i�g�n�s� �b�a�s�e�d� �u�p�o�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x�.� �T�h�e� �c�o�n�d�i�t�i�o�n�a�l� �l�i�k�e�l�i�h�o�o�d� 

�a�n�d� �t�o�t�a�l� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �w�e�r�e� �n�o�t� �u�s�e�d� �f�o�r� �f�i�n�d�i�n�g� �t�h�e� �o�p�t�i�m�a�l� �s�e�c�o�n�d� �s�t�a�g�e� 

�d�e�s�i�g�n�.� �T�h�e�y� �u�s�e�d� �t�h�e� �s�a�m�e� �d�e�s�i�g�n� �(�D� �o�p�t�i�m�a�l�)� �i�n� �t�e�r�m�s� �o�f� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� 

�r�e�s�p�o�n�s�e� �f�o�r� �b�o�t�h� �s�t�a�g�e�s�.� �T�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �w�a�s� �n�o�t� �a�l�l�o�w�e�d� �t�o� �c�o�m�p�l�e�m�e�n�t� �t�h�e� 

�f�i�r�s�t�.� �M�i�n�k�i�n�,� �h�o�w�e�v�e�r�,� �f�o�u�n�d� �t�h�e� �t�w�o�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �b�y� �m�a�x�i�m�i�z�i�n�g� �t�h�e� 

�d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �t�o�t�a�l� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x�.� �N�e�v�e�r�t�h�e�l�e�s�s�,� �f�e�w� �d�e�t�a�i�l�s� �w�e�r�e� �g�i�v�e�n� 

�a�s� �t�o� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �j�o�i�n�t� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �a�n�d� �c�o�n�d�i�t�i�o�n�a�l� �l�i�k�e�l�i�h�o�o�d�.� �I�n� 

�a�d�d�i�t�i�o�n�,� �l�i�t�t�l�e� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�r� �e�x�p�l�o�r�a�t�i�o�n� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �w�a�s� �p�e�r�f�o�r�m�e�d�.� 

�T�h�e� �l�i�k�e�l�i�h�o�o�d� �f�o�r� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �f�o�r� �t�h�e� �s�i�n�g�l�e� 

�s�t�a�g�e� �e�x�p�e�r�i�m�e�n�t� �e�x�c�e�p�t� �t�h�e� �n�o�t�a�t�i�o�n� �h�a�s� �b�e�e�n� �c�h�a�n�g�e�d� �s�l�i�g�h�t�l�y� �t�o� �a�l�l�o�w� �f�o�r� 

�d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �s�t�a�g�e�s�.� 
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�k�y� �n�.�.� �-�[�.�-� 
�L�i� �(�4�,�8�3� �T�|� �x�)�=�T�I� �(�2�)� �P�,�7�4�(�1�-�P�,�)� �1� �"�1� �(�7�.�1�.�8�)� 

�7�=�1� 

� � 

�1� �w�h�e�r�e� �P�.�.�=� 
�i� �1�+� �e�x�p�(�é� �-� �B�(�x�,� �;�-�#�)�)� 

�i�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f�  ��s�u�c�c�e�s�s �� �a�t� �t�h�e� �j�t�h� �d�e�s�i�g�n� �p�o�i�n�t� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�,� �r�,� �i�s� �a� 

�(�k�,� �x�1�)� �v�e�c�t�o�r� �o�f� �r�e�s�p�o�n�s�e�s� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �i�n� �w�h�i�c�h� �e�a�c�h� �e�l�e�m�e�n�t� �i�s� �t�h�e� �n�u�m�b�e�r� 

�o�f�  ��s�u�c�c�e�s�s�e�s �� �o�u�t� �o�f� �n�,�.�,� �t�h�e� �s�a�m�p�l�e� �s�i�z�e� �a�t� �t�h�e� �j�t�h� �d�e�s�i�g�n� �p�o�i�n�t�,� �k�,� �i�s� �t�h�e� �n�u�m�b�e�r� �1�2�?� 
�o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�,� �a�n�d� �x�,� �i�s� �a� �(�k�,�x�1�)� �v�e�c�t�o�r� �o�f� �d�e�s�i�g�n� �p�o�i�n�t� 

�l�o�c�a�t�i�o�n�s�.� �W�e� �k�n�o�w� �t�h�a�t� �t�h�e� �t�o�t�a�l� �o�r� �j�o�i�n�t� �l�i�k�e�l�i�h�o�o�d� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �a� 

�p�r�o�d�u�c�t� �o�f� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �l�i�k�e�l�i�h�o�o�d� �a�n�d� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �l�i�k�e�l�i�h�o�o�d� �c�o�n�d�i�t�i�o�n�e�d� �o�n� 

�t�h�e� �f�i�r�s�t�.� 

�L�y� �(�4�,�8�5� �M�1�;� �2�a� �X�1�5� �X�_�)� �=�L�,� �(�4�,�8�;� !"�|� �%�)� �L�o�y� �(�4�,�8�3� �T�2�|� �T�)�,� �X�1�,� �X�2�)� �(�7�.�1�.�9�)� 

�w�h�e�r�e� �t�h�e� �c�o�n�d�i�t�i�o�n�a�l� �l�i�k�e�l�i�h�o�o�d� �f�o�r� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �g�i�v�e�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �i�s� �g�i�v�e�n� 

�b�y� 

� � 

�K�a� �/�n�,�,� �;� �n�,�-�T�,�,� 
�L�y�i�n� �(�4�,�8�5� �T�o�l� �T�r�,� �X�H� �X�2�)� �=� �1�i�(�7� �|� �P�i�;� �(�1�-�P�,�,�)� �2�7� �(�7�.�1�.�1�0�)� 

�j�=�l� 

�m�e� �P�y� �a�a� �1� �+� �e�x�p� �a�y� 

�i�s� �a�g�a�i�n� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f�  ��s�u�c�c�e�s�s �� �a�t� �t�h�e� �j�t�h� �d�e�s�i�g�n� �p�o�i�n�t� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�,� �r�,� 

�i�s� �a� �(�k�,�x�1�)� �v�e�c�t�o�r� �o�f� �r�e�s�p�o�n�s�e�s� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �i�n� �w�h�i�c�h� �e�a�c�h� �e�l�e�m�e�n�t� �i�s� �t�h�e� 

�n�u�m�b�e�r� �o�f�  ��s�u�c�c�e�s�s�e�s �� �o�u�t� �o�f� �n�,�.�,� �t�h�e� �s�a�m�p�l�e� �s�i�z�e� �a�t� �t�h�e� �j�t�h� �d�e�s�i�g�n� �p�o�i�n�t�,� �a�n�d� �k�,� �i�s� �2�7�?� 

�t�h�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�.� 
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�I�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�,� �t�h�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�,� �k�z�,� �i�s� 

�t�w�o�.� �I�n� �o�r�d�e�r� �f�o�r� �t�h�e� �e�n�t�i�r�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �t�o� �b�e� �h�i�g�h�l�y� �e�f�f�i�c�i�e�n�t�,� �i�t� �m�u�s�t� 

�r�e�s�e�m�b�l�e� �t�h�e� �o�p�t�i�m�a�l� �t�w�o� �l�e�v�e�l� �d�e�s�i�g�n�s�.� �E�v�e�n� �t�h�o�u�g�h� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �m�a�y� �h�a�v�e� 

�m�a�n�y� �l�e�v�e�l�s� �o�r� �p�o�i�n�t�s� �i�n� �o�r�d�e�r� �t�o� �a�d�d�r�e�s�s� �i�t�s� �g�o�a�l� �o�f� �r�o�b�u�s�t�n�e�s�s�,� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� 

�n�e�e�d�s� �j�u�s�t� �t�w�o� �l�e�v�e�l�s� �t�o� �c�o�m�p�l�e�t�e� �a� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �w�h�i�c�h� �h�a�s� �t�h�e� �c�o�m�p�l�e�x�i�o�n� �o�f� 

�a�n� �o�p�t�i�m�a�l� �t�w�o� �l�e�v�e�l� �d�e�s�i�g�n�.� 

�T�a�k�i�n�g� �t�h�e� �n�a�t�u�r�a�l� �l�o�g�a�r�i�t�h�m� �o�f� �e�q�u�a�t�i�o�n� �7�.�1�.�9� �r�e�s�u�l�t�s� �i�n� 

�L�o�g� �L�i�a� �=� �L�o�g� �L�,� �+� �L�o�g� �L�o�i� 

�A�f�t�e�r� �e�x�p�a�n�d�i�n�g�,� 

�k�y� �n� �:� 

�L�o�g� �L�,� �2� �=� �Y� �(�o�e�(�)�)�)� �+� �r�,�J�o�g�(�P�,�;�)� �+� �(�n�,� �-�1�,�,�)�l�o�g�(�1�-�P�,�,�)�)� 
�i�=� 

�k�y� �n�  �� 

�+� �Y�C� �=�2�!� �+� �r�,�J�o�g�(�P�,�;�)� �+� �(�n�,�;�t�,�,�)�l�o�g�(�1�-�P�,�,�)�)�.� �(�7�.�1�.�1�1�)� 
�j�=� 

�E�q�u�a�t�i�o�n� �7�.�1�.�1�1� �c�a�n� �t�h�e�n� �b�e� �u�s�e�d� �d�i�r�e�c�t�l�y� �t�o� �f�i�n�d� �t�h�e� �F�i�s�h�e�r� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �t�o�t�a�l� �o�r� �j�o�i�n�t� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �i�s� �m�e�r�e�l�y� �t�h�e� �s�u�m� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� 

�i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�c�e�s� �f�o�r�m�e�d� �f�r�o�m� �e�q�u�a�t�i�o�n�s� �7�.�1�.�8� �a�n�d� �7�.�1�.�1�0�,� �t�h�e� �t�w�o� �l�i�k�e�l�i�h�o�o�d�s�.� 

�T�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �w�i�l�l� �p�a�r�a�l�l�e�l� �t�h�o�s�e� �g�i�v�e�n� �i�n� �s�e�c�t�i�o�n� �3�.�1�.� 

�T�h�e� �t�o�t�a�l� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �f�o�r� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�s� �t�h�e�n� 

�L�,� �I� 
�I�,� �o�(�#�5�8�)� �=� �(�i� �2�)� 

�1�2� �"�2�2� 

�k�y� �k�,� 
�w�h�e�r�e�,� �l�1�=� �B�y� �n�,�j�P�,�,�1�-�P�,�,�)� �+� �B�y� �n�y� �P�,�(�1�-�P�.�,�)�,� 

�j�=�l� �|�=� 
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�h�a�e� �8�D� �X�1�7� �H�)�n�,� �P� �(�1�-�P�,�,�)� �-� �6�2�,� �C�a�p� �H�)�R�a�j�P�a�f�l� �P�a�y�)� 

�k�y� �k�y� 
�a�n�d� �I�,�.�=� �D�e� �u�)�°�n�,� �;�P�,�,�(�1�-�P�,�;�)� �+� �»� �(�x�.�-�H�)�n�,�,�P�,�(�1�-�P�,�,�)�.� 

�i�=�l� �=� 

�A�s� �b�e�f�o�r�e�,� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �i�s� �g�i�v�e�n� �b�y�,� 

�-�1� �V�i� �V� 
�I�,� �2�(�#�,�8�)� �=� �(�v�e� �v�2�)� �(�7�.�1�.�1�2�)� 

�w�h�e�r�e� �V�i�u�i�=� �2�2� �V�i�e�=� �-� �3�2� �V�o�o�=� �a�y� �a�n�d� �D� �i�s� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� 

�1�,� �(�4�,�8�)�.� 

�T�h�e� �f�i�r�s�t� �s�t�a�g�e� �o�f� �t�h�e� �D�-�D� �d�e�s�i�g�n� �i�s� �f�o�u�n�d� �b�y� �u�s�i�n�g� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �f�r�o�m� �t�h�e� 

�f�i�r�s�t� �s�t�a�g�e� �i�n�v�e�r�t�e�d� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �a�n�d� �i�s� �g�i�v�e�n� �b�y� 

�M�i�n� �f� �1�1�3�(�u�,�8�)�|� �m�(�u�,�8�)� �d�(�u�,�8�)�.� �(�7�.�1�.�1�3�)� 
�(�4�,�8�)� 

�T�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �d�e�s�i�g�n� �i�s� �f�o�u�n�d� �u�s�i�n�g� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �I� �o�(�u�,�8�)�,� �i�n� �w�h�i�c�h� �t�h�e� 

�f�i�r�s�t� �s�t�a�g�e� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�e�s�,� �(�7�,�8�)� �a�r�e� �u�s�e�d� �t�h�r�o�u�g�h�o�u�t�.� �W�i�t�h�i�n� �t�h�i�s� �m�a�t�r�i�x� �i�t� �i�s� 

�a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �f�i�r�s�t� �c�o�m�p�o�n�e�n�t� �i�n� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �I�,�,�,� �1�,�2�,� �a�n�d� �I�,�,� �a�r�e� �f�i�x�e�d� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �f�i�r�s�t� �s�t�a�g�e� �d�e�s�i�g�n�.� �T�h�e� �f�i�r�s�t� �c�o�m�p�o�n�e�n�t� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� 

�o�b�t�a�i�n�e�d� �a�b�o�u�t� �y�w� �a�n�d� �#� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�,� �a�n�d� �t�h�e� �s�e�c�o�n�d� �c�o�m�p�o�n�e�n�t� �r�e�p�r�e�s�e�n�t�s� 

�t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �d�u�e� �t�o� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �e�x�p�e�r�i�m�e�n�t� �g�i�v�e�n� �t�h�e� �f�i�r�s�t�.� �T�h�e� �s�e�c�o�n�d� 

�s�t�a�g�e� �d�e�s�i�g�n� �i�s� �d�e�t�e�r�m�i�n�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �(�x�,�,�; ��s�)� �a�n�d� �(�n�g�, ��s�)� �b�y� 

�M�i�n� �[�I�7�4�(�1�,�8�)�l� �(�7�.�1�.�1�4�)� 

�7�8



�T�h�e�s�e� �t�w�o� �f�a�c�t�o�r�s�,� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�n�d� �c�o�r�r�e�s�p�o�n�d�i�n�g� �s�a�m�p�l�e� 

�d�i�s�t�r�i�b�u�t�i�o�n�,� �a�r�e� �i�n� �e�s�s�e�n�c�e� �d�e�t�e�r�m�i�n�e�d� �s�o� �t�h�a�t� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �t�h�e� �s�e�c�o�n�d� 

�s�t�a�g�e� �e�x�p�e�r�i�m�e�n�t� �b�e�s�t� �c�o�m�p�l�e�m�e�n�t�s� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �w�h�i�c�h� �h�a�s� �a�l�r�e�a�d�y� �b�e�e�n� 

�c�o�l�l�e�c�t�e�d� �o�n� �»� �a�n�d� �¢� �f�r�o�m� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �w�h�e�n� �t�h�e� �e�n�d� �g�o�a�l� �i�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� 

�t�w�o�-�s�t�a�g�e� �g�e�n�e�r�a�l�i�z�e�d� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e�.� �A� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �i�s� �p�r�o�v�i�d�e�d� �i�n� 

�a�p�p�e�n�d�i�x� �F� �w�h�i�c�h� �p�r�o�d�u�c�e�s� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �d�e�s�i�g�n� �o�f� �a� �?�-�D� �o�p�t�i�m�a�l� �t�w�o�-�s�t�a�g�e� 

�d�e�s�i�g�n�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� 

�t�h�e� �D� �c�r�i�t�e�r�i�o�n�,� �t�h�e� �m�e�t�h�o�d�o�l�o�g�y� �g�i�v�e�n� �i�s� �e�a�s�i�l�y� �e�x�t�e�n�d�e�d�.� �M�a�n�y� �o�t�h�e�r� 

�p�o�s�s�i�b�i�l�i�t�i�e�s� �o�f� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e�s� �e�x�i�s�t� �s�i�m�p�l�y� �b�y� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� 

�c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �t�h�e� �D�,� �E�,� �F�,� �a�n�d� �Q� �c�r�i�t�e�r�i�a�.� 

�§�7�.�2� �E�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �T�w�o�-�s�t�a�g�e� �D�e�s�i�g�n� �P�r�o�c�e�d�u�r�e� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �a� �m�e�t�h�o�d� �i�s� �d�e�v�e�l�o�p�e�d� �f�o�r� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� 

�p�r�o�c�e�d�u�r�e�.� �T�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�s� �a�r�e� �t�o� �b�e� �c�o�m�p�a�r�e�d� �a�g�a�i�n�s�t� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�s� �i�n� 

�a�d�d�i�t�i�o�n� �t�o� �o�t�h�e�r� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�s�.� �A�l�s�o� �o�f� �i�n�t�e�r�e�s�t� �i�s� �a�n� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �t�h�e� �u�s�e� 

�o�f� �v�a�r�i�o�u�s� �p�r�i�o�r�s�.� �D� �e�f�f�i�c�i�e�n�c�y� �e�x�p�r�e�s�s�i�o�n�s� �a�r�e� �g�i�v�e�n� �t�o� �p�e�r�f�o�r�m� �s�u�c�h� �c�o�m�p�a�r�i�s�o�n�s�.� 

�G�i�v�e�n� �7�(�y�,�8�)�,� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �i�s� �d�e�t�e�r�m�i�n�i�s�t�i�c�.� �T�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�,� 

�h�o�w�e�v�e�r�,� �r�e�s�u�l�t�s� �i�n� �a� �r�a�n�d�o�m� �d�e�s�i�g�n� �w�h�e�n� �g�i�v�e�n� �a�(�z�,�8�)�.� �A�l�t�h�o�u�g�h� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� 

�o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �b�e�h�a�v�e�s� �e�x�a�c�t�l�y� �l�i�k�e� �a� �o�n�e�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�,� �t�h�e� �s�e�c�o�n�d� 

�s�t�a�g�e� �d�o�e�s� �n�o�t�.� �T�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �d�e�s�i�g�n� �i�s� �r�a�n�d�o�m� �d�u�e� �t�o� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �i�n�i�t�i�a�l� 

�p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �b�e�i�n�g� �r�a�n�d�o�m�.� �I�n� �a� �o�n�e�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�,� �a� �f�i�x�e�d� �a�m�o�u�n�t� �o�f� 

�d�e�s�i�g�n� �d�e�p�e�n�d�e�n�t� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �g�a�i�n�e�d� �a�b�o�u�t� �»� �a�n�d� �@� �f�o�r� �a� �g�i�v�e�n� �p�r�i�o�r� �s�i�t�u�a�t�i�o�n� 

�w�h�e�r�e�a�s� �i�n� �a� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�,� �t�h�e� �a�m�o�u�n�t� �o�f� �d�e�s�i�g�n� �d�e�p�e�n�d�e�n�t� �i�n�f�o�r�m�a�t�i�o�n� 

�o�b�t�a�i�n�e�d� �a�b�o�u�t� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �i�s� �r�a�n�d�o�m� �f�o�r� �a� �g�i�v�e�n� �p�r�i�o�r� �s�i�t�u�a�t�i�o�n�.� 

�T�h�e� �D� �e�f�f�i�c�i�e�n�c�y� �f�o�r� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �o�f� �a� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �t�o� �a� �o�n�e�-�s�t�a�g�e� 

�d�e�s�i�g�n� �e�a�c�h� �w�i�t�h� �t�h�e� �s�a�m�e� �p�r�i�o�r� �i�s� �d�e�f�i�n�e�d� �t�o� �b�e� 

�(� �[�T�(�u�,�8�)�|� �f�o�r� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �|� !"�(�,�8�)�)� 

�(� �T�5�0�4�8�)� �f�o�r� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �|� �m�(�u�,�@�)�)� 

� � �D�_�E�F�F�=� �(�7�.�2�.�1�)� 
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�U�n�l�i�k�e� �t�h�e� �n�u�m�e�r�a�t�o�r�,� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r� �o�f� �7�.�2�.�1� �n�e�e�d�s� �s�o�m�e� �f�u�r�t�h�e�r� �d�e�v�e�l�o�p�m�e�n�t�.� 

�L�e�t� �v�,�,�(�0�)�,� �v�y�2�(�@�)�,� �a�n�d� �v�,�,�(�@�)� �d�e�n�o�t�e� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e�s� �a�n�d� �c�o�v�a�r�i�a�n�c�e� �o�f� 

�t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �»� �a�n�d� �@� �f�o�r� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �w�h�e�r�e� �0�=�{�y�,�6�}�,� �a�n�d� 

�t�2�=�{�x�,�,�n�,�}� �d�e�n�o�t�e�s� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �d�e�s�i�g�n� �w�i�t�h� �d�e�n�s�i�t�y� �f�(�t�,�)�.� �W�e� �t�h�e�n� �m�a�k�e� �u�s�e� 

�o�f� �a�n� �e�q�u�a�l�i�t�y� �(�s�e�e� �R�a�o� �1�9�7�3�)� �f�o�r� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �a� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e� �Y� �w�h�i�c�h� �i�s� 

�o�b�s�e�r�v�e�d� �o�n�l�y� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e� �W�:� 

�V�a�r�(�Y�)� �=� �E�y�[�V�a�r�(�Y�|�W�)�]� �+� �V�a�r�w�l�E�(�Y�|�W�)�]�.� 

�I�n� �t�h�e� �c�o�n�t�e�x�t� �n�e�e�d�e�d� �h�e�r�e�,� �t�h�e� �v�a�r�i�a�n�c�e� �e�x�p�r�e�s�s�i�o�n� �b�e�c�o�m�e�s� 

�V�a�r�(�@�)� �=� �E�¢�,�[�V�a�r�(�4�l�t�2�)�]� �+� �V�a�r�e� �[�E�(�A�|�t�2�)�]�.� 

�T�h�e� �c�o�n�d�i�t�i�o�n�a�l� �e�x�p�e�c�t�a�t�i�o�n�,� �E�(�6�|�t�.�)� �e�q�u�a�l�s� �@�,� �a� �c�o�n�s�t�a�n�t�,� �a�s�y�m�p�t�o�t�i�c�a�l�l�y�,� �s�i�n�c�e� �6� 

�i�s� �t�h�e� �M�L�E� �o�f� �@�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �v�a�r�i�a�n�c�e� �e�x�p�r�e�s�s�i�o�n� �s�i�m�p�l�i�f�i�e�s� �t�o� �g�i�v�e� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �f�o�r�m� 

�V�a�r�(�)� �=� �E�y�,� �[�V�a�r�(�A�l�t�.�)�]� 

�T�h�i�s� �i�n� �t�u�r�n� �i�m�p�l�i�e�s� 

�v�;�,�(�6�)� �=� �E�t� �(�V�i�i�(�A�l�t�2�)�)� �(�7�.�2�.�2�)� 

�~�  ��1� 
�w�h�e�r�e� �V�;�;�(�6�|�t�2�)�=�V�;�;� �d�e�n�o�t�e�s� �t�h�e� �e�l�e�m�e�n�t�s� �f�r�o�m� �[�,� �2�(�u�,�@�)� �f�o�r� �a� �p�a�r�t�i�c�u�l�a�r� �t�w�o�-�s�t�a�g�e� 

�d�e�s�i�g�n�.� �E�x�p�r�e�s�s�i�o�n� �7�.�2�.�2� �c�a�n� �t�h�e�n� �b�e� �w�r�i�t�t�e�n� �e�q�u�i�v�a�l�e�n�t�l�y� �a�s� 

�v�;�(�8�)�=� �|� �V�i�j�G�l�t�a�)� �A�l� �t�y�)� �d�t�,� 
�t�e� 

�8�0



�T�h�e� �e�x�p�e�c�t�a�t�i�o�n� �o�v�e�r� �t�,� �s�u�g�g�e�s�t�s� �t�h�a�t� �f�o�r� �e�v�a�l�u�a�t�i�o�n� �p�u�r�p�o�s�e�s�,� �s�i�n�c�e� �t�h�e� �j�o�i�n�t� 

�d�e�n�s�i�t�y� �o�f� �{�x�,�,�n�,�}� �i�s� �u�n�k�n�o�w�n�,� �o�n�e� �s�h�o�u�l�d� �a�v�e�r�a�g�e� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�a�r�i�a�n�c�e� �o�f� 

�c�o�e�f�f�i�c�i�e�n�t�s�,� �f�r�o�m� �m�a�n�y� �t�w�o�-�s�t�a�g�e� �e�x�p�e�r�i�m�e�n�t�s�.� �T�h�e�s�e� �e�x�p�e�r�i�m�e�n�t�s� �w�i�l�l� �b�e� 

�i�d�e�n�t�i�c�a�l� �w�i�t�h� �t�h�e� �e�x�c�e�p�t�i�o�n� �o�f� �t�h�e� �r�a�n�d�o�m� �n�a�t�u�r�e� �o�f� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �p�a�r�a�m�e�t�e�r� 

�e�s�t�i�m�a�t�e�s� �a�n�d� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �d�e�s�i�g�n�.� �T�h�i�s� �a�v�e�r�a�g�e� �i�s� �a�n� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� 

�a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� �o�f� �a� �c�o�e�f�f�i�c�i�e�n�t� �u�s�i�n�g� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�.� 

�T�h�e�s�e� �v�a�r�i�a�n�c�e�s� �w�o�u�l�d� �t�h�e�n� �b�e� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� 

�a�s�y�m�p�t�o�t�i�c� �g�e�n�e�r�a�l�i�z�e�d� �v�a�r�i�a�n�c�e� �f�r�o�m� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �b�y� 

�[�P�y� �5�(�H�,�8�)�|� �=� �A�y� �P�2� �-� �D�y� 

�w�h�e�r�e� �I�(�u�,�8�)� �i�s� �t�h�e� �i�n�v�e�r�t�e�d� �t�o�t�a�l� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �f�o�r� �t�h�e� �t�w�o�-�s�t�a�g�e� 

�p�r�o�c�e�d�u�r�e�,� �n�o�t� �t�o� �b�e� �c�o�n�f�u�s�e�d� �w�i�t�h� �T�r�l� �u�,�8�)�,� �t�h�e� �i�n�v�e�r�t�e�d� �t�o�t�a�l� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� 

�f�o�r� �a� �p�a�r�t�i�c�u�l�a�r� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�.� 

�V�a�r�i�o�u�s� �o�t�h�e�r� �e�f�f�i�c�i�e�n�c�i�e�s� �c�a�n� �b�e� �d�e�f�i�n�e�d� �u�s�i�n�g� �e�x�p�r�e�s�s�i�o�n� �7�.�2�.�2� �w�h�e�n� �t�h�e� �t�w�o�-� 

�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�s� �i�n�v�o�l�v�e�d�.� �T�h�e� �c�o�m�p�a�r�i�s�o�n� �o�f� �a� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �u�s�i�n�g� �o�n�e� 

�p�r�i�o�r� �a�n�d� �a� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �u�s�i�n�g� �a�n�o�t�h�e�r� �p�r�i�o�r� �u�s�e�s� �t�h�e� �D� �e�f�f�i�c�i�e�n�c�y� �d�e�f�i�n�e�d� �b�y� 

� � 

�-�1� �-� �.� �(� �|�I�'�*�(�u�,�@�)�|� �f�o�r� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �|� �7�,�(�u�,�8�)�)� �(�7�.�2�.�3�)� 
�D�_�E�F�F�=� �-� 

�(� �|�T�'�y�4�(�4�,�8�)�|� �g�i�v�e�n� �7�2�(�u�,�8�)�)� 

�w�h�e�r�e� �7�,� �a�n�d� �z�,� �h�a�v�e� �t�h�e� �s�a�m�e� �m�e�a�n� �a�n�d� �7�,� �c�o�u�l�d� �b�e� �a� �p�o�i�n�t� �p�r�i�o�r�.� �T�h�i�s� 

�e�f�f�i�c�i�e�n�c�y�,� �f�o�r� �e�x�a�m�p�l�e�,� �c�o�u�l�d� �s�t�u�d�y� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �p�r�i�o�r� �o�r� �p�e�r�h�a�p�s� �m�a�k�e� 

�c�o�m�p�a�r�i�s�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �a�n�d� �t�h�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�,� �a� �t�w�o� 

�p�o�i�n�t� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�.� �R�e�c�a�l�l� �t�h�a�t� �f�o�r� �a� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�,� �a� �p�o�i�n�t� �p�r�i�o�r� �c�a�n� �b�e� 

�u�s�e�d� �s�i�n�c�e� �t�h�e� �p�r�i�o�r� �i�s� �o�n�l�y� �u�s�e�d� �f�o�r� �f�i�n�d�i�n�g� �t�h�e� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n�.� �A�l�t�h�o�u�g�h� �t�h�e� 

�t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �c�o�u�l�d� �u�s�e� �a� �p�o�i�n�t� �p�r�i�o�r�,� �i�t� �w�o�u�l�d� �b�e� �c�o�u�n�t�e�r�p�r�o�d�u�c�t�i�v�e� 

�s�i�n�c�e� �i�t� �i�s� �u�s�e�d� �i�n� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�s� �w�e�l�l� �a�s� �d�e�s�i�g�n�.� 
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�T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �p�r�i�o�r� �c�a�n� �b�e� �s�t�u�d�i�e�d� �w�i�t�h� �a�p�p�r�o�a�c�h�e�s� �o�t�h�e�r� �t�h�a�n� �t�h�a�t� �g�i�v�e�n� 

�i�n� �e�x�p�r�e�s�s�i�o�n� �7�.�2�.�3�.� �O�n�e� �w�o�u�l�d� �b�e� �t�o� �c�o�m�p�a�r�e� �t�w�o� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�s� �w�h�i�c�h� 

�h�a�v�e� �d�i�f�f�e�r�e�n�t� �p�r�i�o�r�s� �w�i�t�h� �t�h�e� �s�a�m�e� �m�e�a�n�.� �T�h�e� �D� �e�f�f�i�c�i�e�n�c�y� �i�s� �d�e�f�i�n�e�d� �a�s� 

�(� �\�T�y�(�4�,�8�)�|� �g�i�v�e�n� �7�(�u�,�6�)�)� 
�D�_�E�B�P�=� �T�y� �5�(�4�,�8�)�|� �g�i�v�e�n� �T�o�(�,�8�)�)� 

� � �(�7�.�2�.�4�)� 

�A�l�s�o� �t�h�e� �e�f�f�e�c�t� �o�f� �u�s�i�n�g� �t�h�e� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�i�o�n� �i�n� �a�d�d�i�t�i�o�n� �t�o� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� 

�m�i�g�h�t� �b�e� �o�f� �i�n�t�e�r�e�s�t�.� �T�h�i�s� �e�f�f�e�c�t� �i�s� �a�d�d�r�e�s�s�e�d� �b�y� 

�(� �|�T�y�,�(�4�,�8�)�|� �g�i�v�e�n� �7�(�u�,�8�)� �u�s�i�n�g� �M�L�E ��s�)� 
�D�_�E�F�F�=� �-� �:� �(�1� �7�4�(�,�0�)�|� �g�i�v�e�n� �m�(�u�,�8�)� �u�s�i�n�g� �B�E ��s�)� �(�7�.�2�.�5�)� � � 

�w�h�e�r�e� �M�L�E� �a�n�d� �B�E� �d�e�n�o�t�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �a�n�d� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�e�s� 

�r�e�s�p�e�c�t�f�u�l�l�y�.� 

�T�h�e� �m�e�t�h�o�d� �f�o�r� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �h�a�s� �b�e�e�n� �i�l�l�u�s�t�r�a�t�e�d� 

�u�s�i�n�g� �t�h�e� �D� �o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�o�n�.� �H�o�w�e�v�e�r�,� �e�x�p�r�e�s�s�i�o�n� �7�.�2�.�2� �c�a�n� �a�c�o�m�m�o�d�a�t�e� �a�n�y� 

�c�r�i�t�e�r�i�o�n� �m�a�k�i�n�g� �u�s�e� �o�f� �t�h�e� �v�a�r�i�a�n�c�e� �c�o�m�p�o�n�e�n�t�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �a�l�l� �g�i�v�e�n� 

�e�f�f�i�c�i�e�n�c�y� �e�x�p�r�e�s�s�i�o�n�s� �c�a�n� �b�e� �e�a�s�i�l�y� �c�o�n�v�e�r�t�e�d� �t�o� �t�h�e� �c�r�i�t�e�r�i�o�n� �o�f� �c�h�o�i�c�e�.� 

�§�7�.�3� �O�p�t�i�m�a�l� �S�a�m�p�l�e� �D�i�s�t�r�i�b�u�t�i�o�n� 

�T�h�e� �o�p�t�i�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �s�a�m�p�l�e� �t�o� �t�h�e� �f�i�r�s�t� �a�n�d� �s�e�c�o�n�d�-�s�t�a�g�e�s� �o�f� �t�h�e� 

�t�w�o� �s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �p�o�i�n�t� �o�f� �c�o�n�s�i�d�e�r�a�t�i�o�n� �M�e�s� �1�9�9�1�)� �f�o�u�n�d� �i�n� 

�a� �l�i�m�i�t�e�d� �s�i�m�u�l�a�t�i�o�n� �s�t�u�d�y� �t�h�a�t� �a�b�o�u�t� �3�0�%� �o�f� �t�h�e� �t�o�t�a�l� �s�a� �i�s� �s�p�r�i�t�e� �f�o�r� 

�t�h�e� �f�i�r�s�t� �s�t�a�g�e� �o�f� �t�h�e� �D�-�Q� �p�r�o�c�e�d�u�r�e�.� �T�h�i�s� �t�r�a�n�s�l�a�t�e�s� �t�o� �e�x�p�e�n�d�i�n�g� �3�0�%� �o�f� �t�h�e� 

�s�a�m�p�l�e� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �f�i�n�d�i�n�g� �g�o�o�d� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�n�d� �7�0�%� 

�o�f� �t�h�e� �s�a�m�p�l�e� �d�e�v�o�t�e�d� �s�o�l�e�l�y� �t�o� �r�e�a�c�h�i�n�g� �t�h�e� �f�i�n�a�l� �g�o�a�l� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �t�h�r�o�u�g�h� 

�t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �c�r�i�t�e�r�i�o�n�.� �A� �m�u�c�h� �m�o�r�e� �e�x�t�e�n�s�i�v�e� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �s�t�u�d�y� �i�s� 

�i�l�l�u�s�t�r�a�t�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �f�o�r� �t�h�e� �n�o�r�m�a�l� �p�r�i�o�r� �s�i�t�u�a�t�i�o�n�.� 
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�T�h�e� �o�p�t�i�m�a�l� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �d�e�p�e�n�d�s� �o�n� �s�e�v�e�r�a�l� �f�a�c�t�o�r�s� �i�n�c�l�u�d�i�n�g� �t�h�e� �f�i�r�s�t� 

�s�t�a�g�e� �d�e�s�i�g�n� �(�p�r�i�o�r�)�,� �t�o�t�a�l� �s�a�m�p�l�e� �s�i�z�e�,� �a�n�d� �t�h�e� �s�e�v�e�r�i�t�y� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� 

�m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� �A� �c�r�o�s�s�-�s�e�c�t�i�o�n� �o�f� �t�h�r�e�e� �f�i�r�s�t� �s�t�a�g�e� �B�a�y�e�s�i�a�n� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� 

�f�r�o�m� �t�a�b�l�e� �5�.�4�.�1� �w�e�r�e� �u�s�e�d� �i�n� �t�h�e� �s�t�u�d�y�:� �k�=�2� �a�n�d� �w�=�3�.�2�3�4�,� �k�=�3� �a�n�d� �w�=�4�.�6�5�0�,� �a�n�d� 

�k�=�4� �a�n�d� �w�=�6�.�0�4�1�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �l�e�v�e�l�s� �o�f� �p�a�r�a�m�e�t�e�r� 

�m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �a�r�e� �u�s�e�d�:�  ��,�=�0�.�0� �a�n�d� �6�,�=�1�.�0�,� �u�,�=�2�.�0� �a�n�d� �(�,�=�0�.�6�,� �a�n�d� �p�,�=�2�.�0� 

�a�n�d� �(�3�,�=�1�.�4�.� �F�o�r� �e�a�c�h� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �n�i�n�e� �c�o�m�b�i�n�a�t�i�o�n�s�,� �t�h�e� �s�a�m�p�l�e� �s�i�z�e�s� �r�a�n�g�i�n�g� 

�f�r�o�m� �3�0� �t�o� �3�0�0� �a�r�e� �s�t�u�d�i�e�d�.� 

�A� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �g�r�i�d� �w�a�s� �t�h�e�n� �c�r�e�a�t�e�d� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �n�i�n�e� �s�i�t�u�a�t�i�o�n�s�.� 

�E�a�c�h� �a�r�e� �i�n�d�e�x�e�d� �b�y� �s�a�m�p�l�e� �s�i�z�e� �a�n�d� �p�e�r�c�e�n�t� �o�f� �t�h�e� �s�a�m�p�l�e� �u�s�e�d� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�.� 

�I�n� �o�r�d�e�r� �t�o� �o�v�e�r�c�o�m�e� �C�P�U� �t�i�m�e� �c�o�n�t�r�a�i�n�t�s�,� �a� �s�e�c�o�n�d� �o�r�d�e�r� �r�e�p�o�n�s�e� �s�u�r�f�a�c�e� �m�o�d�e�l� 

�o�f� �t�h�e� �d�e�s�i�g�n� �c�r�i�t�e�r�i�o�n� �v�a�l�u�e�s� �o�v�e�r� �e�a�c�h� �g�r�i�d� �i�s� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �3�5�-�4�0� �1�0�0� �r�u�n� 

�s�i�m�u�l�a�t�i�o�n�s� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �n�i�n�e� �c�o�m�b�i�n�a�t�i�o�n�s�.� �T�h�e� �f�i�t�t�e�d� �m�o�d�e�l�s� �a�r�e� �t�h�e�n� 

�m�a�x�i�m�i�z�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �p�e�r�c�e�n�t� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�.� �T�h�e� �r�e�s�u�l�t� �i�s� �a� �s�e�t� �o�f� �l�i�n�e�s� 

�w�h�i�c�h� �e�s�t�i�m�a�t�e�s� �t�h�e� �o�p�t�i�m�a�l� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �s�a�m�p�l�e� �s�i�z�e�.� 

�P�r�e�l�i�m�i�n�a�r�y� �s�i�m�u�l�a�t�i�o�n�s� �s�h�o�w�e�d� �t�h�a�t� �a� �s�e�c�o�n�d� �o�r�d�e�r� �m�o�d�e�l� �i�s� �n�o�t� �a�p�p�r�o�p�r�i�a�t�e� 

�f�o�r� �t�h�e� �e�n�t�i�r�e� �g�r�i�d�.� �H�o�w�e�v�e�r�,� �s�u�c�h� �a� �m�o�d�e�l� �i�s� �a� �r�e�a�s�o�n�a�b�l�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �a� 

�s�u�b�s�e�t� �o�f� �t�h�e� �g�r�i�d� �a�b�o�u�t� �t�h�e� �l�i�n�e� �o�f� �m�a�x�i�m�u�m�.� �T�h�e� �d�e�s�i�g�n� �r�e�g�i�o�n� �i�s� �t�a�k�e�n� �t�o� �b�e� 

�t�h�i�s� �s�u�b�s�e�t� �a�n�d� �a� �g�r�i�d� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �3�0� �l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �r�e�g�i�o�n� �m�a�k�e� �u�p� �t�h�e� 

�d�e�s�i�g�n� �p�o�i�n�t�s�.� �A� �g�r�i�d� �d�e�s�i�g�n� �i�n�s�t�e�a�d� �o�f� �a� �m�o�r�e� �c�o�n�v�e�n�t�i�o�n�a�l� �s�e�c�o�n�d�-�o�r�d�e�r� �d�e�s�i�g�n� 

�w�a�s� �u�s�e�d� �i�n� �o�r�d�e�r� �t�o� �h�e�l�p� �m�i�n�i�m�i�z�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �b�i�a�s� �d�u�e� �t�o� �a� �m�i�s�s�p�e�c�i�f�i�e�d� �m�o�d�e�l�.� 

�T�e�n� �p�o�i�n�t�s� �w�e�r�e� �t�h�e�n� �r�e�p�l�i�c�a�t�e�d� �t�o� �a�l�l�o�w� �f�o�r� �a� �t�e�s�t� �o�f� �m�o�d�e�l� �a�d�e�q�u�a�c�y� �a�s� �w�e�l�l� �a�s� 

�o�f�f�e�r� �a�n� �e�s�t�i�m�a�t�e� �o�f� �s�i�m�u�l�a�t�i�o�n� �e�r�r�o�r� �t�h�r�o�u�g�h� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �v�a�r�i�a�t�i�o�n�.� 

�U�s�i�n�g� �t�h�e� �D� �o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�a� �t�h�e� �s�e�c�o�n�d�-�o�r�d�e�r� �m�o�d�e�l� �i�s� �g�i�v�e�n� �b�y� 

�l�T�(�u�,�2�)�|� �=� �B�o� �+� �B�N� �+� �8�,�P�n� �+� �6�,�N�P�n� �+� �B�,�N�?� �+� �8�;�P�n�?� �(�7�.�3�.�1�)� 

�w�h�e�r�e� �N� �i�s� �t�h�e� �t�o�t�a�l� �s�a�m�p�l�e� �s�i�z�e� �a�n�d� �P�n� �i�s� �t�h�e� �p�e�r�c�e�n�t� �o�f� �t�h�e� �s�a�m�p�l�e� �i�n� �t�h�e� �f�i�r�s�t� 

�s�t�a�g�e�.� �D�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �7�.�3�.�1� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �P�n� �y�i�e�l�d�s� 

�O�N�I�(�u�,�8�)�|� �p�T� �=� �B�y� �+� �B�y�N� �+� �2�8�5�P�n�.� �(�7�.�3�.�2�)� 
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�S�e�t�t�i�n�g� �7�.�3�.�2� �e�q�u�a�l� �t�o� �z�e�r�o� �a�n�d� �s�o�l�v�i�n�g� �f�o�r� �P�n� �r�e�s�u�l�t�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �l�i�n�e�a�r� 

�e�q�u�a�t�i�o�n�,� 

�P�n� �=�-� �P�e� �_�o� 

�w�h�i�c�h� �g�i�v�e�s� �t�h�e� �o�p�t�i�m�a�l� �f�i�r�s�t� �s�t�a�g�e� �s�a�m�p�l�e� �p�r�o�p�o�r�t�i�o�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �s�a�m�p�l�e� �s�i�z�e� 

�a�s�s�u�m�i�n�g� �(�;�<�0� �a�n�d� �t�h�e� �m�o�d�e�l� �i�s� �c�o�r�r�e�c�t� �a�t� �t�h�e� �c�o�n�d�i�t�i�o�n�a�l� �l�o�c�a�t�i�o�n�s� �o�f� �m�a�x�i�m�u�m� 

�d�e�t�e�r�m�i�n�a�n�t�.� 

�T�a�b�l�e� �7�.�3�.�1� �E�s�t�i�m�a�t�e�d� �o�p�t�i�m�a�l� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �b�e�t�w�e�e�n� �s�t�a�g�e�s�,� �N�=�3�0�-�3�0�0� 

�B�y� �b�y� �B�p�=�3�.�5� �p�p�=�3�.�0� �(�k�=�4� �w�=�6�.�0�4�1�)� �R�2� �  ��-� �C�V�(�%�)� 
� � 

�1�.�0� �0�.�0� �P�n� �=� �5�5�.�0�7� �-� �.�1�1�N� �9�4� �9�7� 

�0�.�6� �2�.�0� �P�n� �=� �4�6�.�4�7� �-� �.�0�8�N� �9�6� �1�.�6�0� 

�1�.�4� �2�.�0� �P�n� �=� �4�9�.�9�3� �-� �.�0�8�N� �9�5� �1�.�1�9� 

�B�e� �b�b� �B�p�=�2�.�0� �p�p�=�2�.�5� �(�k�=�3� �w�=�4�.�6�3�0�)� �R�2�  ��s�-� �C�V�(�%�)� 
� � 

�1�.�0� �0�.�0� �P�n� �=� �5�0�.�8�2� �-� �.�1�2�N� �9�6� �3�9� 

�0�.�6� �2�.�0� �P�n� �=� �4�3�.�1�2� �-� �.�0�6�N� �.�9�9� �7�6� 

�1�.�4� �2�.�0� �P�n� �=� �5�3�.�8�6� �-� �.�0�9�N� �.�9�6� �1�.�0�8� � � 
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�T�a�b�l�e� �7�.�3�.�1� �c�o�n�t�i�n�u�e�d� 

�B�e� �L�y� �B�p�=�1�.�5� �p�p�=�1�.�5� �(�k�=�2� �w�=�3�.�2�3�4�)� �R�R�?� �C�V�(�%�)� 
� � 

�1�.�0� �0�.�0� �P�n� �=� �1�0�0�.�0� �-� �0�.�0�N� �1�.�0�0� �_�-�-�-� 

�0�.�6� �2�.�0� �P�n� �=� �2�4�.�7�7� �-� �0�.�0�N� �9�7� �1�.�2�2� 

�1�.�4� �2�.�0� �P�n� �=� �4�7�.�8�9� �-� �.�0�6�N� �9�6� �9�.�1�4� � � 
�T�a�b�l�e� �7�.�3�.�1� �g�i�v�e�s� �t�h�e� �e�s�t�i�m�a�t�e�d� �o�p�t�i�m�a�l� �s�a�m�p�l�e� �a�l�l�o�c�a�t�i�o�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �N� �f�o�r� 

�t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �p�r�i�o�r�s� �a�n�d� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �d�e�g�r�e�e�s� �o�f� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� 

�T�h�e� �R�2� �v�a�l�u�e�s� �g�i�v�e�n� �a�r�e� �a� �m�e�a�s�u�r�e� �o�f� �f�i�t� �f�o�r� �t�h�e� �f�i�t�t�e�d� �s�e�c�o�n�d� �o�r�d�e�r� �r�e�g�r�e�s�s�i�o�n� 

�m�o�d�e�l�,� �a�n�d� �t�h�e� �C�V� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �p�u�r�e� �(�r�e�p�l�i�c�a�t�i�o�n�)� �e�r�r�o�r� �i�s� �a� �m�e�a�s�u�r�e� �o�f� 

�s�i�m�u�l�a�t�i�o�n� �e�r�r�o�r�.� 

�W�h�e�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �d�e�s�i�g�n� �r�e�s�e�m�b�l�e�s� �t�h�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �a�n�d� �p�a�r�a�m�e�t�e�r� 

�k�n�o�w�l�e�d�g�e� �i�s� �g�o�o�d�,� �t�h�e� �o�p�t�i�m�a�l� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �h�a�s� �a�l�l� �o�f� �t�h�e� �s�a�m�p�l�e� �i�n� �t�h�e� �f�i�r�s�t� 

�s�t�a�g�e�,� �t�h�u�s� �r�e�v�e�r�t�i�n�g� �b�a�c�k� �t�o� �a� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�.� �I�f� �e�i�t�h�e�r� �o�r� �b�o�t�h� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� 

�d�e�s�i�g�n� �d�i�v�e�r�g�e�s� �f�r�o�m� �t�h�e� �o�p�t�i�m�a�l� �t�w�o�-�p�o�i�n�t� �d�e�s�i�g�n� �t�o� �a� �t�h�r�e�e� �o�r� �f�o�u�r� �p�o�i�n�t� �d�e�s�i�g�n� 

�o�r� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� �i�s� �p�o�o�r�,� �m�o�r�e� �o�f� �t�h�e� �s�a�m�p�l�e� �i�s� �p�u�t� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�.� �I�n� 

�a�d�d�i�t�i�o�n�,� �s�a�m�p�l�e� �p�r�o�p�o�r�t�i�o�n� �d�e�c�r�e�a�s�e�s� �a�s� �s�a�m�p�l�e� �s�i�z�e� �i�n�c�r�e�a�s�e�s�.� �A� �t�r�a�d�e�-�o�f�f� �e�x�i�s�t�s� 

�b�e�t�w�e�e�n� �t�r�y�i�n�g� �t�o� �m�a�i�n�t�a�i�n� �t�h�e� �c�o�m�p�l�e�x�i�o�n� �o�f� �t�h�e� �o�p�t�i�m�a�l� �t�w�o�-�p�o�i�n�t� �d�e�s�i�g�n� �f�o�r� �t�h�e� 

�e�n�t�i�r�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �a�n�d� �c�o�p�i�n�g� �w�i�t�h� �p�o�o�r� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� �i�n� �t�h�e� �f�i�r�s�t� 

�s�t�a�g�e�.� �T�h�e� �f�i�r�s�t� �s�t�a�g�e� �r�e�q�u�i�r�e�s� �s�u�f�f�i�c�i�e�n�t� �s�a�m�p�l�e� �s�i�z�e� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s� 

�w�e�l�l�,� �u�n�l�e�s�s� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �d�e�s�i�g�n� �i�s� �s�o� �g�o�o�d� �t�h�a�t� �c�r�e�a�t�i�n�g� �a� �s�e�c�o�n�d� �s�t�a�g�e� �b�a�s�e�d� 

�u�p�o�n� �e�s�t�i�m�a�t�e�s� �i�s� �c�o�u�n�t�e�r�p�r�o�d�u�c�t�i�v�e�.� �W�h�e�n� �t�h�e� �i�n�i�t�i�a�l� �d�e�s�i�g�n� �d�e�v�i�a�t�e�s� �s�u�f�f�i�c�i�e�n�t�l�y� 

�f�r�o�m� �t�h�e� �o�p�t�i�m�a�l� �t�w�o� �p�o�i�n�t� �d�e�s�i�g�n�,� �t�h�e� �o�p�t�i�m�a�l� �a�l�l�o�c�a�t�i�o�n� �l�i�n�e� �i�s� �q�u�i�t�e� �c�o�n�s�i�s�t�e�n�t� 

�f�o�r� �a� �w�i�d�e� �v�a�r�i�e�t�y� �o�f� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e�.� 

�T�w�o� �o�f� �t�h�e� �t�h�r�e�e� �p�r�i�o�r� �s�i�t�u�a�t�i�o�n�s� �h�a�v�e� �r�e�l�a�t�i�v�e� �a�g�r�e�e�m�e�n�t� �a�c�r�o�s�s� �t�h�e� �r�a�n�g�e� �o�f� 

�p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e�.� �T�h�e� �e�x�c�e�p�t�i�o�n� �t�o� �t�h�i�s� �i�s� �w�h�e�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �d�e�s�i�g�n� 

�r�e�s�e�m�b�l�e�s� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� �W�h�i�l�e� �t�h�e�y� �a�r�e� �i�n� �d�i�s�a�g�r�e�e�m�e�n�t�,� �l�i�t�t�l�e� �e�f�f�i�c�i�e�n�c�y� �i�s� 

�l�o�s�t� �w�h�e�n� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� �i�s� �g�o�o�d� �a�n�d� �o�n�e� �f�a�i�l�s� �t�o� �p�l�a�c�e� �t�h�e� �e�n�t�i�r�e� �s�a�m�p�l�e� �i�n� 
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�t�h�e� �f�i�r�s�t� �s�t�a�g�e�.� �T�h�e� �s�a�m�e� �c�a�n� �b�e� �s�a�i�d� �o�f� �t�h�e� �s�i�t�u�a�t�i�o�n� �w�h�e�n� �t�h�e� �o�p�t�i�m�a�l� �v�a�l�u�e� �o�f� 

�P�n� �i�s� �a� �c�o�n�s�t�a�n�t� �2�4�.�7�7�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �r�e�c�o�m�m�e�n�d�a�t�i�o�n� �f�o�r� �t�h�e� �l�a�s�t� �s�c�e�n�a�r�i�o� �o�f� 

�t�a�b�l�e� �7�.�3�.�1� �i�s� �t�o� �u�s�e� �t�h�e� �p�r�e�d�i�c�t�e�d� �l�i�n�e� �o�f� �m�a�x�i�m�u�m� �f�o�r� �t�h�e� �6�,�=�1�.�4� �4�,�=�2�.�0� �c�a�s�e�.� 

�T�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �s�u�r�r�o�u�n�d�i�n�g� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �l�i�n�e�s� �i�s� �r�e�a�s�o�n�a�b�l�y� �f�l�a�t�,� 

�m�a�k�i�n�g� �t�h�e� �l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �o�f� �t�a�b�l�e� �7�.�3�.�1� �q�u�i�t�e� �u�s�e�f�u�l� �a�s� �a� �g�u�i�d�e� �t�o� �a�p�p�r�o�x�i�m�a�t�e� 

�t�h�e� �o�p�t�i�m�a�l� �f�i�r�s�t� �s�t�a�g�e� �s�a�m�p�l�e� �s�i�z�e� �f�o�r� �a� �n�e�a�r�l�y� �e�n�d�l�e�s�s� �n�u�m�b�e�r� �o�f� �p�o�s�s�i�b�l�e� 

�s�i�t�u�a�t�i�o�n�s�.� �B�e�c�a�u�s�e� �t�h�e�s�e� �s�u�r�f�a�c�e�s� �a�r�e� �r�e�a�s�o�n�a�b�l�y� �f�l�a�t� �a�n�d� �c�o�n�s�i�s�t�e�n�t� �o�v�e�r� �d�i�f�f�e�r�e�n�t� 

�p�r�i�o�r�s�,� �g�e�n�e�r�a�l�i�z�a�t�i�o�n�s� �a�r�e� �e�a�s�i�l�y� �m�a�d�e�.� �F�o�r� �a� �s�m�a�l�l� �t�o�t�a�l� �s�a�m�p�l�e� �s�i�z�e� �o�f� �3�0�,� �o�n�e� 

�s�h�o�u�l�d� �u�s�e� �s�o�m�e�w�h�e�r�e� �b�e�t�w�e�e�n� �4�0� �a�n�d� �5�0�%� �o�f� �t�h�e� �s�a�m�p�l�e� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�.� �T�h�i�s� 

�g�e�n�e�r�a�l�i�z�a�t�i�o�n� �c�e�r�t�a�i�n�l�y� �h�o�l�d�s� �f�o�r� �p�r�i�o�r�s� �y�i�e�l�d�i�n�g� �t�w�o�,� �t�h�r�e�e�,� �a�n�d� �f�o�u�r� �p�o�i�n�t� �f�i�r�s�t� 

�s�t�a�g�e� �d�e�s�i�g�n�s� �a�n�d� �m�o�s�t� �l�i�k�e�l�y� �h�o�l�d�s� �f�o�r� �e�v�e�n� �w�i�d�e�r� �p�r�i�o�r�s�.� �F�o�r� �a� �l�a�r�g�e� �s�a�m�p�l�e� �s�i�z�e� 

�o�f� �3�0�0�,� �t�h�e� �r�e�c�o�m�m�e�n�d�a�t�i�o�n� �r�a�n�g�e�s� �f�r�o�m� �1�5� �t�o� �3�0�%� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� �s�i�t�u�a�t�i�o�n�.� 
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�C�H�A�P�T�E�R� �8� 

�A�S�Y�M�P�T�O�T�I�C� 

�T�W�O�-�S�T�A�G�E� �D�E�S�I�G�N� �P�E�R�F�O�R�M�A�N�C�E� 

�T�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �i�s� �s�t�u�d�i�e�d� �u�s�i�n�g� �t�a�b�l�e�s� 

�s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �o�f� �c�h�a�p�t�e�r� �6�.� �C�o�m�p�a�r�i�s�o�n�s� �a�r�e� �m�a�d�e� �b�e�t�w�e�e�n� �v�a�r�i�o�u�s� �o�n�e� �a�n�d� 

�t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�s�.� �I�n� �a�d�d�i�t�i�o�n� �t�h�e� �e�f�f�e�c�t� �o�f� �v�a�r�i�o�u�s� �p�r�i�o�r�s� �i�s� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�r�o�u�g�h� 

�c�o�m�p�a�r�i�s�o�n�s� �a�m�o�n�g� �d�i�f�f�e�r�e�n�t� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�s�.� �T�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �u�s�i�n�g� 

�B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�i�o�n� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �i�s� �a�l�s�o� �e�x�p�l�o�r�e�d�.� �T�h�e� �t�h�r�e�e� �p�r�i�o�r�s� �u�s�e�d� �i�n� 

�s�e�c�t�i�o�n� �7�.�3� �c�o�v�e�r� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� �a�n�d� �t�h�e�r�e�f�o�r�e� �a�r�e� �u�s�e�d� �t�o� 

�s�t�u�d�y� �t�w�o�-�s�t�a�g�e� �p�e�r�f�o�r�m�a�n�c�e�.� �A� �s�a�m�p�l�e� �s�i�z�e� �o�f� �3�0�0� �i�s� �u�s�e�d� �i�n� �t�h�e� �s�t�u�d�y� �w�i�t�h� �t�h�e� 

�a�l�l�o�c�a�t�i�o�n� �b�e�t�w�e�e�n� �s�t�a�g�e�s� �c�o�m�i�n�g� �f�r�o�m� �s�e�c�t�i�o�n� �7�.�3�.� �T�h�e� �D� �e�f�f�i�c�i�e�n�c�i�e�s� �a�s� �d�e�f�i�n�e�d� 

�i�n� �c�h�a�p�t�e�r� �7� �a�r�e� �u�s�e�d�.� 

�T�h�e�s�e� �D� �e�f�f�i�c�i�e�n�c�i�e�s� �a�r�e� �b�a�s�e�d� �u�p�o�n� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e�s� �a�n�d� �a�r�e� �t�h�e�r�e�f�o�r�e� 

�a�s�y�m�p�t�o�t�i�c� �t�h�e�m�s�e�l�v�e�s�.� �W�i�t�h� �a� �s�a�m�p�l�e� �s�i�z�e� �o�f� �3�0�0�,� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�f�f�i�c�i�e�n�c�i�e�s� 

�s�h�o�u�l�d� �b�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �a�c�t�u�a�l� �e�f�f�i�c�i�e�n�c�i�e�s� �i�f� �t�h�e� �t�r�u�e� �v�a�r�i�a�n�c�e�s� �w�e�r�e� 

�k�n�o�w�n�.� �H�o�w�e�v�e�r�,� �f�o�r� �a� �s�m�a�l�l�e�r� �s�a�m�p�l�e� �s�i�z�e�,� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�f�f�i�c�i�e�n�c�i�e�s� �a�r�e� �l�i�k�e�l�y� 

�t�o� �b�e� �m�i�s�l�e�a�d�i�n�g� �s�i�n�c�e� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e�s� �s�e�v�e�r�e�l�y� �u�n�d�e�r�e�s�t�i�m�a�t�e� �t�h�e� �a�c�t�u�a�l� 

�v�a�r�i�a�n�c�e�s�.� �S�m�a�l�l� �s�a�m�p�l�e� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �i�n�v�e�s�t�i�g�a�t�e�d� �i�n� �c�h�a�p�t�e�r� �9�.� 
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�§�8�.�1� �O�n�e�-�s�t�a�g�e� �t�o� �T�w�o�-�s�t�a�g�e� �C�o�m�p�a�r�i�s�o�n� 

�U�s�i�n�g� �t�h�e� �D� �e�f�f�i�c�i�e�n�c�y� �d�e�f�i�n�e�d� �b�y� �e�x�p�r�e�s�s�i�o�n� �7�.�2�.�3�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�a�b�l�e�s� 

�c�o�m�p�a�r�e� �v�a�r�i�o�u�s� �t�w�o�-�s�t�a�g�e� �D�-�D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �w�i�t�h� �t�h�e� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� 

�d�e�s�i�g�n�.� �T�h�e� �p�r�i�o�r� �f�o�r� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �c�o�n�s�i�s�t�s� �o�f� �a� �s�i�n�g�l�e� �p�o�i�n�t� �w�h�i�c�h� 

�c�o�i�n�c�i�d�e�s� �w�i�t�h� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�i�o�r� �m�e�a�n�.� �E�f�f�i�c�i�e�n�c�i�e�s� �e�x�c�e�e�d�i�n�g� �o�n�e� �i�m�p�l�y� �t�h�a�t� 

�t�h�e� �t�w�o�-�s�t�a�g�e� �D�-�D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� 

�f�o�r� �t�h�a�t� �g�i�v�e�n� �s�i�t�u�a�t�i�o�n�.� �E�a�c�h� �e�f�f�i�c�i�e�n�c�y� �v�a�l�u�e� �i�s� �b�a�s�e�d� �u�p�o�n� �1�0�0� �s�i�m�u�l�a�t�i�o�n� �r�u�n�s�.� 

�T�a�b�l�e� �8�.�1�.�1� �T�w�o�-�s�t�a�g�e� �D�-�D�,� �G�p�=�1�.�5� �u�p�=�1�.�5� �j�o�i�n�t� �n�o�r�m�a�l� �p�r�i�o�r�,� �P�n�=�3�0�%� 

�v�s� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l�,� �N�=�3�0�0� 

� � 

�B�y� 
�0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� 

�0�.�0�;� �1�.�1�8� �1�.�0�1� �0�.�9�8� �1�.�0�0� �1�.�0�5� �1�.�1�1� 
�0�.�5�]� �1�.�2�0� �1�.�0�5� �1�.�0�3� �1�.�0�7� �1�.�1�4� �1�.�1�9� 

�w�y�,� �(�1�.�0�)� �1�.�2�6� �1�.�1�8� �1�.�2�1� �1�.�2�9� �1�.�4�1� �1�.�5�4� 
�1�.�5�]� �1�.�4�4� �1�.�4�8� �1�.�6�3� �1�.�8�7� �2�.�1�1� �2�.�2�6� 
�2�.�0�}� �1�.�7�7� �2�.�1�4� �2�.�6�5� �3�.�1�6� �3�.�3�8� �3�.�6�4� 
�2�.�5�|� �2�.�6�5� �3�.�6�5� �5�.�0�0� �5�.�6�9� �6�.�3�0� �6�.�3�8� � � �s�t�a�n�d�a�r�d� �e�r�r�o�r� �=� �.�0�0�6� 

�T�a�b�l�e� �8�.�1�.�2� �T�w�o�-�s�t�a�g�e� �D�-�D�,� �S�p�=�2�.�0� �w�p�=�2�.�5� �j�o�i�n�t� �n�o�r�m�a�l� �p�r�i�o�r�,� �P�n�=�2�0�%� 

�v�s� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l�,� �N�=�3�0�0� 

� � 

�p�y�,� 
�0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� 

�0�.�0� �1�.�1�1� �0�.�9�2� �0�.�9�2� �0�.�9�6� �1�.�0�4� �1�.�1�4� 

�0�.�5� �1�.�1�6� �0�.�9�9� �0�.�9�9� �1�.�0�5� �1�.�1�3� �1�.�2�1� 

�M�m�,� �1�.�0� �1�.�3�0� �1�.�1�8� �1�.�2�1� �1�.�3�2� �1�.�4�6� �1�.�6�2� 

�1�.�5� �1�.�6�1� �1�.�5�6� �1�.�6�9� �1�.�9�3� �2�.�1�9� �2�.�3�5� 

�2�.�0� �2�.�1�0� �2�.�3�4� �2�.�8�1� �3�.�3�6� �3�.�6�2� �4�.�1�2� 

�2�.�9� �3�.�2�0� �3�.�9�5� �5�.�1�9� �6�.�1�5� �7�.�2�0� �7�.�6�3� � � �s�t�a�n�d�a�r�d� �e�r�r�o�r� �=� �.�0�2�8� 
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�T�a�b�l�e� �8�.�1�.�3� �T�w�o�-�s�t�a�g�e� �D�-�D�,� �G�p�=�3�.�5� �u�p�=�3�.�0� �j�o�i�n�t� �n�o�r�m�a�l� �p�r�i�o�r�,� �P�n�=�2�0�%� 

�v�s� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l�,� �N�=�3�0�0� 

� � 

�B�y� 
�0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� 

�0�.�0�}� �1�.�2�6� �0�.�9�1� �0�.�8�7� �0�.�9�2� �1�.�0�2� �1�.�1�6� 
�0�.�5�}� �1�.�2�7� �0�.�9�7� �0�.�9�4� �1�.�0�1� �1�.�1�2� �1�.�2�5� 

�w�m� �(�1�.�0�)� �1�.�3�8� �1�.�1�1� �1�.�1�6� �1�.�2�6� �1�.�4�2� �1�.�6�8� 
�1�.�5�|� �1�.�6�6� �1�.�5�0� �1�.�6�2� �1�.�8�4� �2�.�2�2� �2�.�5�5� 
�2�.�0�}� �2�.�1�9� �2�.�2�9� �2�.�6�7� �3�.�2�8� �3�.�7�6� �4�.�4�1� 
�2�.�5�|� �3�.�3�5� �3�.�9�5� �4�.�9�4� �6�.�0�0� �7�.�4�0� �8�.�6�3� � � �s�t�a�n�d�a�r�d� �e�r�r�o�r� �=� �.�0�2�0� 

�T�a�b�l�e� �8�.�1�.�1� �s�h�o�w�s� �t�h�a�t� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �f�o�u�r� �p�o�i�n�t� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�,� �t�w�o� �l�e�v�e�l�s� �i�n� 

�e�a�c�h� �s�t�a�g�e�,� �i�s� �c�o�n�s�i�d�e�r�a�b�l�y� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �t�h�a�n� �t�h�e� �D� �o�p�t�i�m�a�l� �t�w�o� �p�o�i�n�t� �d�e�s�i�g�n� 

�e�x�c�e�p�t� �w�h�e�n� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� �i�s� �n�e�a�r� �p�e�r�f�e�c�t�.� �T�h�e� �u�s�e� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� 

�d�e�s�i�g�n� �b�e�c�o�m�e�s� �m�o�r�e� �a�d�v�a�n�t�a�g�e�o�u�s� �a�s� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� �w�o�r�s�e�n�s�.� �T�h�e� �s�a�m�e� 

�c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �t�a�b�l�e�s� �8�.�1�.�2� �a�n�d� �8�.�1�.�3�.� �F�r�o�m� �8�.�1�.�2�,� �t�h�e� �f�i�v�e� �p�o�i�n�t� �t�w�o�-�s�t�a�g�e� 

�d�e�s�i�g�n� �s�u�c�c�u�m�b�s� �t�o� �t�h�e� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�n� �a� �s�m�a�l�l� �r�e�g�i�o�n� �a�b�o�u�t� �t�h�e� 

�p�e�r�f�e�c�t� �g�u�e�s�s�e�s� �b�u�t� �o�u�t�p�e�r�f�o�r�m�s� �i�t� �a�s� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� �d�i�m�i�n�i�s�h�e�s�.� �T�h�e� �s�i�x� 

�p�o�i�n�t� �d�e�s�i�g�n� �i�n� �t�a�b�l�e� �8�.�1�.�3� �e�x�e�m�p�l�i�f�i�e�s� �t�h�e� �p�a�t�t�e�r�n� �t�o� �a�n� �e�v�e�n� �g�r�e�a�t�e�r� �d�e�g�r�e�e�.� 

�I�n� �f�a�c�t�,� �a�t� �t�h�e� �m�o�s�t� �e�x�t�r�e�m�e� �s�i�t�u�a�t�i�o�n� �o�f� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �i�n� �t�a�b�l�e� 

�8�.�1�.�3�,� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �t�o�t�a�l� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �f�r�o�m� �t�h�e� �t�w�o�-�s�t�a�g�e� �D�-�D� 

�d�e�s�i�g�n� �i�s� �8�.�6�3� �t�i�m�e�s� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �f�r�o�m� �t�h�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� 

�H�o�w�e�v�e�r�,� �w�h�e�n� �t�h�e� �g�u�e�s�s�e�s� �a�r�e� �c�o�r�r�e�c�t� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�t�e�r�m�i�n�a�n�t� �i�s� �1�3�%� �s�m�a�l�l�e�r� 

�t�h�a�n� �t�h�a�t� �f�r�o�m� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �m�u�c�h� �e�f�f�i�c�i�e�n�c�y� �i�s� �g�a�i�n�e�d� 

�w�h�e�n� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �m�i�s�s�p�e�c�i�f�i�e�d�,� �b�u�t� �l�i�t�t�l�e� �i�s� �l�o�s�t� �i�f� �t�h�e�y� �a�r�e� �n�o�t�.� 

�T�h�e� �n�e�x�t� �s�e�t� �o�f� �t�a�b�l�e�s�,� �8�.�1�.�4�,� �8�.�1�.�5�,� �a�n�d� �8�.�1�.�6� �c�o�m�p�a�r�e� �t�h�e� �s�a�m�e� �t�h�r�e�e� �t�w�o�-� 

�s�t�a�g�e� �D�-�D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �t�o� �t�h�e� �t�h�r�e�e� �p�o�i�n�t� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� �T�h�e� �D� 

�e�f�f�i�c�i�e�n�c�y� �d�e�f�i�n�e�d� �b�y� �e�x�p�r�e�s�s�i�o�n� �7�.�2�.�3� �i�s� �u�s�e�d� �o�n�c�e� �a�g�a�i�n�.� �D� �e�f�f�i�c�i�e�n�c�i�e�s� �g�r�e�a�t�e�r� 

�t�h�a�n� �o�n�e� �i�m�p�l�y� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �i�s� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �t�h�r�e�e� �p�o�i�n�t� �d�e�s�i�g�n�.� 
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�A�l�l� �t�h�r�e�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�s� �b�e�i�n�g� �s�t�u�d�i�e�d� �a�r�e� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �t�h�a�n� �t�h�e� �t�h�r�e�e� 

�p�o�i�n�t� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �a�l�m�o�s�t� �u�n�i�f�o�r�m�l�y� �o�v�e�r� �t�h�e� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e� 

�r�a�n�g�e�s� �g�i�v�e�n�.� �T�h�e� �o�n�l�y� �e�x�c�e�p�t�i�o�n� �o�c�c�u�r�s� �a�t� �a� �s�i�n�g�l�e� �t�a�b�l�e� �l�o�c�a�t�i�o�n� �w�i�t�h� �t�h�e� �f�o�u�r� 

�p�o�i�n�t� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �s�p�e�c�i�f�i�c� �f�o�u�r�,� �f�i�v�e�,� �a�n�d� �s�i�x� �p�o�i�n�t� �t�w�o�-� 

�s�t�a�g�e� �d�e�s�i�g�n�s� �s�h�o�w�n� �h�e�r�e� �a�r�e� �a�s� �a� �w�h�o�l�e� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �t�h�a�n� �t�h�e� �b�e�s�t� �t�h�r�e�e� �p�o�i�n�t� 

�o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �e�v�e�n� �w�h�e�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �g�u�e�s�s�e�s� �a�r�e� �p�e�r�f�e�c�t�.� �T�h�e�s�e� �r�e�s�u�l�t�s� 

�s�h�o�u�l�d� �o�b�v�i�o�u�s�l�y� �a�p�p�l�y� �t�o� �a�l�l� �t�w�o�-�s�t�a�g�e� �D�-�D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �u�s�i�n�g� �f�i�r�s�t� �s�t�a�g�e� 

�B�a�y�e�s�i�a�n� �n�o�r�m�a�l� �p�r�i�o�r� �d�e�s�i�g�n�s� �w�h�i�c�h� �f�a�l�l� �i�n�t�o� �t�h�e� �r�a�n�g�e� �u�s�e�d� �i�n� �t�h�e� �t�a�b�l�e�s�.� 

�T�h�e� �n�e�x�t� �t�h�r�e�e� �t�a�b�l�e�s� �c�o�m�p�a�r�e� �t�h�e� �t�w�o�-�s�t�a�g�e� �D�-�D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �t�o� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �u�s�i�n�g� �t�h�e� �s�a�m�e� �p�r�i�o�r�.� �T�h�e� �o�n�e�-�s�t�a�g�e� 

�d�e�s�i�g�n� �u�s�e�s� �t�h�e� �p�r�i�o�r� �o�n�l�y� �t�o� �s�p�e�c�i�f�y� �t�h�e� �d�e�s�i�g�n� �w�h�i�l�e� �t�h�e� �t�w�o�-�s�t�a�g�e� �u�s�e�s� �t�h�e� �p�r�i�o�r� 

�a� �s�e�c�o�n�d� �t�i�m�e� �f�o�r� �f�i�r�s�t� �s�t�a�g�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n�.� �T�h�e� �D� �e�f�f�i�c�i�e�n�c�i�e�s� �u�s�e�d� �i�n� 
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�T�h�e� �D� �e�f�f�i�c�i�e�n�c�y� �t�o� �b�e� �u�s�e�d� �i�s� �d�e�f�i�n�e�d� �b�y� �e�x�p�r�e�s�s�i�o�n� �7�.�2�.�5�.� �D� �e�f�f�i�c�i�e�n�c�i�e�s� 

�e�x�c�e�e�d�i�n�g� �o�n�e� �i�m�p�l�y� �t�h�a�t� �f�i�r�s�t� �s�t�a�g�e� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�i�o�n� �i�s� �b�e�t�t�e�r� �t�h�a�n� �m�a�x�i�m�u�m� 

�l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�i�o�n�.� 
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�T�a�b�l�e� �8�.�2�.�4� �T�w�o�-�s�t�a�g�e� �D�-�D�,� �j�o�i�n�t� �n�o�r�m�a�l� �p�r�i�o�r�,� �B�p�=�1�.�5� �p�p�=�1�.�5�,� �P�n�=�3�0�%� 

�N�=�3�0�0�,� �F�i�r�s�t� �s�t�a�g�e� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�i�o�n� �v�s�.� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� 

� � 

�B�y� 
�0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�A� �1�.�6� 

�0�.�0�)� �0�.�9�2� �1�.�0�3� �1�.�0�7� �1�.�0�6� �1�.�0�2� �0�.�9�8� 
�0�.�5�|� �0�.�9�6� �1�.�0�2� �1�.�0�9� �1�.�0�8� �1�.�0�2� �0�.�9�8� 

�w�m�,� �1�.�0�]� �1�.�0�0� �1�.�1�2� �1�.�1�2� �1�.�0�9� �1�.�0�6� �1�.�0�3� 
�1�.�5�]� �1�.�0�4� �1�.�2�9� �1�.�2�3� �1�.�2�0� �1�.�1�3� �1�.�0�3� 
�2�.�0�)� �1�.�1�0� �1�.�5�6� �1�.�5�2� �1�.�4�6� �1�.�3�4� �1�.�6�8� 
�2�.�5�|� �1�.�1�8� �1�.�6�6� �1�.�8�6� �1�.�8�5� �1�.�5�0� �1�.�5�5� � � 

�T�a�b�l�e� �8�.�2�.�5� �T�w�o�-�s�t�a�g�e� �D�-�D�,� �j�o�i�n�t� �n�o�r�m�a�l� �p�r�i�o�r�,� �B�p�=�2�.�0� �w�p�=�2�.�5�,� �P�n�=�2�0�%� 

�N�=�3�0�0�,� �F�i�r�s�t� �s�t�a�g�e� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�i�o�n� �v�s�.� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� 

� � 

�A�y�,� 
�0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� 

�0�.�0� �1�.�4�0� �1�.�2�2� �1�.�1�5� �1�.�1�2� �1�.�0�9� �1�.�1�1� 

�0�.�5� �1�.�3�3� �1�.�2�7� �1�.�2�1� �1�.�1�2� �1�.�0�7� �1�.�1�3� 

�m�m� �$�1�.�0� �1�.�1�8� �1�.�1�9� �1�.�1�2� �1�.�1�7� �1�.�1�8� �1�.�1�3� 

�1�.�5� �1�.�1�4� �1�.�1�8� �1�.�1�6� �1�.�1�4� �1�.�2�1� �1�.�1�8� 

�2�.�0� �1�.�0�7� �1�.�2�4� �1�.�2�5� �1�.�3�1� �1�.�3�3� �1�.�2�7� 

�2�.�0� �1�.�0�3� �1�.�5�2� �2�.�0�2� �1�.�9�5� �1�.�7�6� �1�.�7�9� � � 
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�T�a�b�l�e� �8�.�2�.�6� �T�w�o�-�s�t�a�g�e� �D�-�D�,� �j�o�i�n�t� �n�o�r�m�a�l� �p�r�i�o�r�,� �B�p�=�3�.�5� �u�p�=�3� 

�N�=�3�0�0�,� �F�i�r�s�t� �s�t�a�g�e� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�i�o�n� �v�s�.� �m�a�x� 

� � 

�P�y� 
�0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� 

�0�.�0� �1�.�3�1� �1�.�1�4� �1�.�1�9� �1�.�0�6� �1�.�0�6� �1�.�1�0� 

�0�.�5� �1�.�3�2� �1�.�1�7� �1�.�1�4� �1�.�1�0� �1�.�0�6� �1�.�0�1� 

�m�m� �1�.�0� �1�.�1�9� �1�.�2�3� �1�.�1�8� �1�.�1�2� �1�.�0�5� �1�.�0�2� 

�1�.�5� �1�.�4�8� �1�.�2�7� �1�.�1�7� �1�.�1�5� �1�.�1�4� �1�.�0�8� 

�2�.�0� �1�.�4�2� �1�.�1�6� �1�.�1�5� �1�.�3�0� �1�.�2�0� �1�.�2�9� 

�2�.�0� �1�.�4�6� �1�.�3�2� �1�.�1�6� �1�.�3�2� �1�.�4�2� �1�.�6�8� � � 
�F�r�o�m� �t�a�b�l�e�s� �8�.�2�.�4�,� �8�.�2�.�5�,� �a�n�d� �8�.�2�.�6� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�i�o�n� 

�m�e�t�h�o�d� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�n� �t�e�r�m�s� �o�f� �i�n�c�r�e�a�s�i�n�g� 

�t�h�e� �e�x�p�e�c�t�e�d� �e�f�f�i�c�i�e�n�c�y�.� �T�h�e� �p�a�t�t�e�r�n�s� �w�i�t�h�i�n� �t�h�e�s�e� �t�a�b�l�e�s�,� �h�o�w�e�v�e�r�,� �i�s� �n�o�t� �a�s� 

�u�n�i�f�o�r�m� �a�s� �w�a�s� �s�e�e�n� �i�n� �e�a�r�l�i�e�r� �t�a�b�l�e�s�.� �T�h�i�s� �r�e�s�u�l�t� �i�s� �d�u�e� �t�o� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� 

�v�a�r�i�a�b�i�l�i�t�y� �o�f� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �w�h�e�n� �B�a�y�e�s�i�a�n� 

�e�s�t�i�m�a�t�i�o�n� �i�s� �n�o�t� �u�s�e�d�.� 

�T�h�e� �e�f�f�i�c�i�e�n�c�i�e�s� �u�s�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �r�e�p�r�e�s�e�n�t� �a�s�y�m�p�t�o�t�i�c� �r�e�s�u�l�t�s� �f�o�r� �a� �s�a�m�p�l�e� 

�s�i�z�e� �o�f� �3�0�0�.� �I�n�d�e�e�d�,� �t�h�e�s�e� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �t�w�o�-�s�t�a�g�e� �D�-�D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� 

�u�s�i�n�g� �B�a�y�e�s�i�a�n� �d�e�s�i�g�n� �a�n�d� �e�s�t�i�m�a�t�i�o�n� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �i�s� �a�s�y�m�p�t�o�t�i�c�a�l�l�y� �s�u�p�e�r�i�o�r� 

�t�o� �t�h�e� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �q�u�e�s�t�i�o�n� �r�e�m�a�i�n�s� �a�s� �t�o� �t�h�e� 

�a�c�t�u�a�l� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�s� �f�o�r� �s�m�a�l�l� �s�a�m�p�l�e�s� �a�s� �w�e�l�l� �a�s� �a� �s�a�m�p�l�e� 

�s�i�z�e� �o�f� �3�0�0�.� 
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�C�H�A�P�T�E�R� �9� 

�S�M�A�L�L� �S�A�M�P�L�E� 

�O�N�E� �A�N�D� �T�W�O�-�S�T�A�G�E� �D�E�S�I�G�N� 

�P�E�R�F�O�R�M�A�N�C�E� 

�I�n� �c�h�a�p�t�e�r� �8�,� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �i�s� �e�v�a�l�u�a�t�e�d� 

�u�s�i�n�g� �a�s�y�m�p�t�o�t�i�c� �e�f�f�i�c�i�e�n�c�i�e�s�.� �T�h�i�s� �c�h�a�p�t�e�r� �a�d�d�r�e�s�s�e�s� �t�h�e� �q�u�e�s�t�i�o�n� �o�f� �w�h�e�t�h�e�r� 

�t�h�e�s�e� �a�s�y�m�p�t�o�t�i�c� �e�f�f�i�c�i�e�n�c�i�e�s� �a�r�e� �i�n�d�e�e�d� �a�p�p�r�o�p�r�i�a�t�e�,� �e�v�e�n� �f�o�r� �a� �s�a�m�p�l�e� �s�i�z�e� �a�s� 

�l�a�r�g�e� �a�s� �3�0�0�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �s�a�m�p�l�e� �s�i�z�e� �a�t� �w�h�i�c�h� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �p�r�o�p�e�r�t�i�e�s� 

�b�e�g�i�n� �t�o� �f�a�i�l� �i�s� �i�n�v�e�s�t�i�g�a�t�e�d�.� �S�i�m�u�l�a�t�e�d� �v�a�r�i�a�n�c�e�s� �o�f� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �a�n�d� 

�e�f�f�i�c�i�e�n�c�i�e�s� �a�r�e� �u�s�e�d�.� �U�s�i�n�g� �s�i�m�u�l�a�t�i�o�n�,� �t�h�e� �f�i�v�e� �p�o�i�n�t� �t�w�o�-�s�t�a�g�e� �D�-�D� �o�p�t�i�m�a�l� 

�d�e�s�i�g�n� �s�p�e�c�i�f�i�e�d� �b�y� �B�p�=�2�.�0� �f�p�=�2�.�5�,� �n�o�r�m�a�l� �p�r�i�o�r�,� �i�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �o�n�e�-�s�t�a�g�e� �D� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�,� �E�D�,�,�,� �a�n�d� �E�D�,�,�,�.� �T�h�e� �c�o�m�p�a�r�i�s�o�n� �i�s� �m�a�d�e� �f�o�r� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� 

�l�e�v�e�l�s� �o�f� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �o�v�e�r� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �s�a�m�p�l�e� �s�i�z�e�s�.� �B�o�t�h� 

�t�a�b�l�e�s� �a�n�d� �p�l�o�t�s� �a�r�e� �u�s�e�d� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �s�t�u�d�y�.� 

�§�9�.�1� �C�o�r�r�e�c�t� �P�a�r�a�m�e�t�e�r� �S�p�e�c�i�f�i�c�a�t�i�o�n� 

�T�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e�s� �o�f� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �g�i�v�e�n� �b�y� �t�h�e� �i�n�v�e�r�t�e�d� 

�i�n�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �a�r�e� �b�a�s�e�d� �u�p�o�n� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �o�r�d�e�r� �1� �U�s�i�n�g� �m�e�t�h�o�d�s� 

�p�r�o�v�i�d�e�d� �b�y� �S�h�e�n�t�o�n� �a�n�d� �B�o�w�m�a�n� �(�1�9�7�7�)�,� �K�a�l�i�s�h� �(�1�9�9�0�)� �g�i�v�e�s� �f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� 

�o�r�d�e�r� �v�a�r�i�a�n�c�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �a� �o�n�e�-�s�t�a�g�e� �e�q�u�a�l� �a�l�l�o�c�a�t�i�o�n� �t�w�o� �p�o�i�n�t� �s�y�m�m�e�t�r�i�c� 

�d�e�s�i�g�n�.� �T�h�e� �s�e�c�o�n�d� �o�r�d�e�r� �e�x�p�r�e�s�s�i�o�n� �(�o�r�d�e�r� �~�»�)� �f�o�r� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �s�l�o�p�e� 

�e�s�t�i�m�a�t�e� �i�s� 

�p�?� �p�*�(�4�P�?�  �� �3�P�Q� �+� �4�Q�°�)� 
�n�P�Q�)�?� �(�n�P�Q�)�?�A�2� 

� � � � �V�a�r�(�3�)� �~� �(�9�.�1�.�1�)� 

�w�h�e�r�e� �Q�=�1�-�P�,� �n� �i�s� �t�h�e� �t�o�t�a�l� �s�a�m�p�l�e� �s�i�z�e�,� �a�n�d� �A�=�L�o�g�i�t�(�P�)�=�L�o�g�|� �5�}� �T�h�e� �d�e�s�i�g�n� 

�h�a�s� �e�q�u�a�l� �a�l�l�o�c�a�t�i�o�n� �t�o� �E�D�j�g�g�p� �a�n�d� �E�D�j�g�o�g�.� �T�h�e� �f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� �t�e�r�m�s� �o�f� 

�e�x�p�r�e�s�s�i�o�n� �9�.�1�.�1� �r�e�p�r�e�s�e�n�t� �t�h�e� �f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� �o�r�d�e�r� �c�o�m�p�o�n�e�n�t�s� �i�n� �t�e�r�m�s� �o�f� �t�h�e� 
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�i�n�v�e�r�s�e� �o�f� �n� �o�f� �t�h�e� �v�a�r�i�a�n�c�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �r�e�s�p�e�c�t�f�u�l�l�y�.� �A�n� �a�b�s�o�l�u�t�e�l�y� �s�c�a�l�e� 

�i�n�v�a�r�i�a�n�t� �e�x�p�r�e�s�s�i�o�n� �o�f� �t�h�e� �s�l�o�p�e� �v�a�r�i�a�n�c�e� �i�s� �o�b�t�a�i�n�e�d� �b�y� �d�i�v�i�d�i�n�g� �e�x�p�r�e�s�s�i�o�n� �9�.�1�.�1� 

�b�y� �8�%�.� �T�h�e� �s�e�c�o�n�d� �o�r�d�e�r� �v�a�r�i�a�n�c�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �j�i� �i�s� �g�i�v�e�n� �b�y� 

�a�r�(�Z�)� �~�  � �� �(�3�P�?�  ��~�P�Q�+� �3�Q�7�)�A�?�  �� �6�(�P�-�Q�)�A� �4�3� 
�V�a�r�(�f�i�)� �~� �B�-�n�P�Q� �+� �P�P�O�)�?� 

� � �(�9�.�1�.�2�)� 
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�I�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �t�w�o� �p�o�i�n�t� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �a�n�d� �c�o�r�r�e�c�t� 

�p�a�r�a�m�e�t�e�r� �s�p�e�c�i�f�i�c�a�t�i�o�n�,� �P�=�.�1�7�6�,� �Q�=�.�8�2�4�,� �a�n�d� �A�=�-�1�.�5�4�4�.� �F�r�o�m� �9�.�1�.�1� �a�n�d� �9�.�1�.�2�,� 

�t�h�e�s�e� �v�a�l�u�e�s� �f�o�r� �P�,� �Q�,� �a�n�d� �4� �r�e�s�u�l�t� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�o�n�d� �o�r�d�e�r� �a�b�s�o�l�u�t�e�l�y� �s�c�a�l�e� 

�i�n�v�a�r�i�a�n�t� �v�a�r�i�a�n�c�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s�:� 
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�E�x�p�r�e�s�s�i�o�n�s� �9�.�1�.�3� �a�n�d� �9�.�1�.�4� �a�r�e� �t�h�e�n� �u�s�e�d� �t�o� �c�r�e�a�t�e� �t�a�b�l�e�s� �a�n�d� �p�l�o�t�s� �o�f� �t�h�e� �f�i�r�s�t� �a�n�d� 

�s�e�c�o�n�d� �o�r�d�e�r� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e�s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �s�a�m�p�l�e� �s�i�z�e�.� �T�h�e� �f�i�r�s�t� �o�r�d�e�r� 

�v�a�r�i�a�n�c�e� �c�o�m�e�s� �f�r�o�m� �t�h�e� �f�i�r�s�t� �t�e�r�m� �o�f� �e�a�c�h� �o�f� �t�h�e� �t�w�o� �e�x�p�r�e�s�s�i�o�n�s� �9�.�1�.�3� �a�n�d� �9�.�1�.�4�.� 
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�t�h�e� �v�a�r�i�a�n�c�e� �o�f� �B� �f�r�o�m� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �f�o�r� �a� �v�a�r�i�e�t�y� �o�f� �s�a�m�p�l�e� �s�i�z�e�s� �w�h�e�n� 
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�T�a�b�l�e� �9�.�1�.�1� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �u�s�e� �o�f� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �(�1�s�t� �o�r�d�e�r�)� �v�a�r�i�a�n�c�e� �o�f� �B� 

�i�s� �a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �a� �s�a�m�p�l�e� �s�i�z�e� �o�f� �3�0�0� �w�h�e�n� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �c�o�r�r�e�c�t�l�y� �s�p�e�c�i�f�i�e�d�.� 

�W�h�i�l�e� �t�h�e� �s�e�c�o�n�d� �o�r�d�e�r� �a�s�y�m�p�t�o�t�i�c� �e�x�p�r�e�s�s�i�o�n� �f�o�l�l�o�w�s� �t�h�e� �a�c�t�u�a�l� �v�a�r�i�a�n�c�e�s� �m�o�r�e� 

�c�l�o�s�e�l�y� �t�h�a�n� �t�h�e� �f�i�r�s�t� �o�r�d�e�r� �e�x�p�r�e�s�s�i�o�n�,� �i�t�s� �a�d�d�i�t�i�o�n� �a�d�d�s� �r�e�l�a�t�i�v�e�l�y� �l�i�t�t�l�e� �t�o� �t�h�e� 

�a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� �e�x�p�r�e�s�s�i�o�n� �u�n�t�i�l� �t�h�e� �s�a�m�p�l�e� �s�i�z�e� �i�s� �1�0�0� �o�r� �b�e�l�o�w�.� �H�o�w�e�v�e�r�,� 

�f�o�r� �s�m�a�l�l� �s�a�m�p�l�e� �s�i�z�e�s�,� �e�v�e�n� �w�i�t�h� �a� �s�u�b�s�t�a�n�t�i�a�l� �c�o�n�t�r�i�b�u�t�i�o�n� �f�r�o�m� �t�h�e� �s�e�c�o�n�d� �o�r�d�e�r� 

�t�e�r�m�,� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� �e�x�p�r�e�s�s�i�o�n� �i�s� �a� �g�r�o�s�s� �u�n�d�e�r�e�s�t�i�m�a�t�e� �o�f� �t�h�e� �t�r�u�e� 

�v�a�r�i�a�n�c�e� �a�n�d� �i�s� �t�h�e�r�e�f�o�r�e� �i�n�a�p�p�r�o�p�r�i�a�t�e�.� 

�T�h�e� �e�s�t�i�m�a�t�e�d� �v�a�r�i�a�n�c�e� �i�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �w�e�l�l� 

�r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e�s� �u�n�t�i�l� �s�a�m�p�l�e� �s�i�z�e� �f�a�l�l�s� �b�e�l�o�w� �1�0�0�.� �W�h�e�n� 

�s�a�m�p�l�e� �s�i�z�e� �i�s� �6�0�,� �t�h�e� �o�n�e�-�s�t�a�g�e� �v�a�r�i�a�n�c�e� �i�s� �m�a�n�y� �t�i�m�e�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�a�t� �g�i�v�e�n� �b�y� 

�t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�x�p�r�e�s�s�i�o�n�.� �T�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�,� �h�o�w�e�v�e�r�,� �d�o�e�s� �n�o�t� �s�u�b�s�t�a�n�t�i�a�l�l�y� 

�d�e�p�a�r�t� �f�r�o�m� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�l�u�e�s� �u�n�t�i�l� �n�<� �8�0�,� �a�n�d� �w�h�e�n� �n�=�6�0�,� �t�h�e� �t�w�o�-�s�t�a�g�e� 
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�i�n� �m�i�n�d� �t�h�a�t� �u�n�d�e�r� �n�o� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �t�h�e� �f�i�r�s�t� �o�r�d�e�r� �a�s�y�m�p�t�o�t�i�c� 

�v�a�r�i�a�n�c�e� �s�e�r�v�e�s� �a�s� �a� �l�o�w�e�r� �b�o�u�n�d� �f�o�r� �b�o�t�h� �t�h�e� �o�n�e� �a�n�d� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�s�.� 

�F�i�g�u�r�e� �9�.�1�.�1� �o�f�f�e�r�s� �a� �g�r�a�p�h�i�c�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�a�b�l�e� �9�.�1�.�1�.� �A�g�a�i�n�,� �t�h�e� 

�v�a�r�i�a�n�c�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �a� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �f�o�r�m�.� �F�r�o�m� �t�h�e� �p�l�o�t� �a�n�d� �t�a�b�l�e� �i�t� 

�b�e�c�o�m�e�s� �v�e�r�y� �c�l�e�a�r� �t�h�a�t� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �B� �f�o�r� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �d�e�p�a�r�t�s� �f�r�o�m� 

�t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� �a�t� �a� �h�i�g�h�e�r� �s�a�m�p�l�e� �s�i�z�e� �a�n�d� �t�o� �a� �m�u�c�h� �g�r�e�a�t�e�r� �d�e�g�r�e�e� 

�t�h�a�n� �d�o�e�s� �t�h�e� �v�a�r�i�a�n�c�e� �f�r�o�m� �t�h�e� �t�w�o�-�s�t�a�g�e�.� 

�1�0�0



�o�n�e�-�s�t�a�g�e� 

� � � � �2�n�d� �o�r�d�e�r� 

�t�s�t� �o�r�d�e�r� 

�t�w�o�-�s�t�a�g�e� � � 
�
 
�
 

�
T

�
T

�
 

�T
�F

� 
�¥� 

�T� 
�t�T� 

�F
� 

�T� 
�T� 

�T� 
�
T

�
F

�
 �F�Y� 

�Y� 
�¥� 

�T
� 

�F�T� 
�T� 

�T� 
�¥� 

�v� 
�v� 

�r� 
�T� 

�T� 
�¥� 

�T� 
�
r
�
r
�
 

�T� 
�¥� 

�F� 
�¥� 

�¥� 
�r

�y
� 

�T� 
�T

�T
� 

�T� 
�¥� 

�r
�t
� 

�T� 
�,� 

�B
�P

�O
� 
�O

�O
� 

�T
�O

�S
� 

�
S

�
S

�
B

�
B

�
 

�S
�B

� �S
�R

�N
� 

�S
�B

�e
�e

�e
�n

�e
�s

�e
�s

� 
�o

�y
�r�i�r�r�~

�r�t�r�r�T
� 

�T
�E

�T
� 

�T
�T

� �O
�O

�O
�M

� 
�O

�M
�O

�M
�N

�M
�O

�N
�N

�A
�N

�N
�A

�N
� 

�
e

�
e

�
e

�
 �e

�a
� 

�w�e� 
�a

� 
�a� 

�i� 
�a� 

�a� 
�a

� 
�a� 

�e
�e

� 
�
a
�
 
�
e

�
e

�
 

�N
� 

�
r
�
e
�
w

�
r
�
e
�
r
�
 

�r
�e

� �e
�r�e

� 
�
o
�
o
�
o
�
o
�
 �o

�
o
�
o
�
 

�
e

�
t
�
 

�
a
�
 

�
e
�
e
�
 

�~� 

�F�i�g�u�r�e� �9�.�1�.�1� �S�m�a�l�l� �s�a�m�p�l�e� �a�n�d� �a�s�y�m�p�t�o�t�i�c� �e�s�t�i�m�a�t�e�s� �o�f� �v�a�r�i�a�n�c�e� �o�f� �6� 

�1�.�0� �a�n�d� �H�,�=�0�.�0�.� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �d�e�s�i�g�n� �a�n�d� �N� �w�h�e�n� �/�,�,� 
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�I�n� �t�h�e� �s�a�m�e� �f�o�r�m�a�t� �a�s� �t�a�b�l�e� �9�.�1�.�1�,� �t�a�b�l�e� �9�.�1�.�2� �c�o�n�t�a�i�n�s� �t�h�e� �f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� 

�o�r�d�e�r� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �o�f� �f�i�,� �a�g�a�i�n� �a�s�s�u�m�i�n�g� �(�,�=�1�.�0� �a�n�d� 

�}�,�=�0�.�0� �a�n�d� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�.� �L�i�k�e�w�i�s�e�,� �t�h�e� �s�i�m�u�l�a�t�e�d� �v�a�r�i�a�n�c�e�s� �o�f� �f�f� �o�b�t�a�i�n�e�d� 

�f�r�o�m� �t�h�e� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �a�n�d� �t�h�e� �t�w�o�-�s�t�a�g�e�,� �G�a�=�2�.�5� �a�n�d� �p�y�p�=�2�.�0�,� �D�-�D� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n� �a�r�e� �a�l�s�o� �i�n�c�l�u�d�e�d�.� 

�T�a�b�l�e� �9�.�1�.�2� �S�c�a�l�e� �i�n�v�a�r�i�a�n�t� �v�a�r�i�a�n�c�e� �o�f� �f�i� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �n�,� �§�,�=�1�.�0� �a�n�d� �j�,�=�0�.�0� 
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�s�i�m�u�l�a�t�e�d� 
�1�s�t� �o�r�d�e�r� �2�n�d� �o�r�d�e�r� �o�n�e�-�s�t�a�g�e� �t�w�o�-�s�t�a�g�e� 

�n� �A�.�V�a�r�(�j�i�)� �A�.�V�a�r�(�j�i�)� �V�a�r�(�j�z�)� �V�a�r�(�j�z�)� 
�3�0�0� �.�0�2�3�0� �0�2�3�4� �.�0�2�3�4�(�.�0�0�0�3�)� �.�0�2�3�3�(�.�0�0�0�3�)� 

�2�0�0� �.�0�3�4�5� �.�0�3�5�4� �.�0�3�5�2�(�.�0�0�0�3�)� �.�0�3�5�0�(�.�0�0�0�3�)� 

�1�5�0� �.�0�4�6�0� �.�0�4�7�5� �.�0�4�7�3�(�.�0�0�0�1�)� �.�0�4�'�7�9�(�.�0�0�0�6�)� 

�1�0�0� �.�0�6�9�0� �.�0�7�2�4� �.�0�'�7�2�1�(�.�0�0�0�3�)� �.�0�7�0�7�(�.�0�0�1�7�)� 

�8�0� �.�0�8�6�2� �.�0�9�1�6� �.�0�9�1�6�(�.�0�0�0�7�)� �.�0�8�6�8�(�.�0�0�2�6�)� 

�6�0� �.�1�1�4�9� �.�1�2�4�5� �.�1�3�1�4�(�.�0�0�0�6�)� �.�1�2�1�4�(�.�0�0�2�2�)� 

�W�h�i�l�e� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e�n�e�s�s� �o�f� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� �o�f� �8� �f�e�l�l� �i�n�t�o� �q�u�e�s�t�i�o�n� 

�f�o�r� �s�m�a�l�l� �s�a�m�p�l�e� �s�i�z�e�s� �i�n� �t�a�b�l�e� �9�.�1�.�1�,� �t�h�e� �s�a�m�e� �d�o�e�s� �n�o�t� �h�o�l�d� �t�r�u�e� �f�o�r� �t�h�e� 

�a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� �o�f� �j�i�,� �a�c�c�o�r�d�i�n�g� �t�o� �t�a�b�l�e� �9�.�2�.�1�.� �F�o�r� �t�h�e� �s�a�m�p�l�e� �s�i�z�e� �o�f� �3�0�0�,� �t�h�e� 

�f�i�r�s�t� �o�r�d�e�r� �a�s�y�m�p�t�o�t�i�c� �e�x�p�r�e�s�s�i�o�n� �i�s� �q�u�i�t�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �a�c�t�u�a�l� �v�a�r�i�a�n�c�e�.� �I�n� 

�f�a�c�t�,� �t�h�e� �f�i�r�s�t� �o�r�d�e�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �s�a�m�p�l�e� �s�i�z�e�s� �a�s� �l�o�w� �a�s� �6�0�.� 

�W�h�e�n� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �c�o�r�r�e�c�t�l�y� �s�p�e�c�i�f�i�e�d�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �a�n�y� �p�r�o�b�l�e�m� 

�w�i�t�h� �t�h�e� �u�s�e� �o�f� �a�s�y�m�p�t�o�t�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �i�n� �s�m�a�l�l� �s�a�m�p�l�e� �s�i�t�u�a�t�i�o�n�s� �a�r�i�s�e�s� �f�r�o�m� 

�t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �@� �a�n�d� �n�o�t� �y�z�.� �T�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �y� �r�e�m�a�i�n�s� �r�e�l�a�t�i�v�e�l�y� �s�t�a�b�l�e� �f�o�r� 

�s�m�a�l�l� �s�a�m�p�l�e� �s�i�z�e�s� �f�o�r� �e�i�t�h�e�r� �t�h�e� �o�n�e� �o�r� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�.� �T�h�i�s� �s�t�a�b�i�l�i�t�y� �a�l�l�o�w�s� �t�h�e� 

�a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� �t�o� �c�l�o�s�e�l�y� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �a�c�t�u�a�l� �v�a�r�i�a�n�c�e�.� �T�h�i�s� �r�e�s�u�l�t� �i�s� �i�n� 

�s�h�a�r�p� �c�o�n�t�r�a�s�t� �t�o� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �@� �w�h�i�c�h� �b�e�c�o�m�e�s� �e�x�t�r�e�m�e�l�y� �u�n�s�t�a�b�l�e� �f�o�r� �s�m�a�l�l� 

�s�a�m�p�l�e� �s�i�z�e�s�.� 

�F�i�g�u�r�e� �9�.�1�.�2� �g�r�a�p�h�i�c�a�l�l�y� �d�e�s�c�r�i�b�e�s� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �d�i�s�p�l�a�y�e�d� �i�n� �t�a�b�l�e� �9�.�1�.�2�.� 

�L�i�t�t�l�e� �d�e�p�a�r�t�u�r�e� �f�r�o�m� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �a�p�p�a�r�e�n�t� �f�o�r� �e�i�t�h�e�r� �d�e�s�i�g�n�.� 

�N�o�t�i�c�e� �t�h�a�t� �t�h�e� �s�c�a�l�e�s� �o�f� �f�i�g�u�r�e�s� �9�.�1�.�1� �a�n�d� �9�.�1�.�2� �a�r�e� �v�a�s�t�l�y� �d�i�f�f�e�r�e�n�t�.� 
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�F�i�g�u�r�e� �9�.�1�.�2� �S�m�a�l�l� �s�a�m�p�l�e� �a�n�d� �a�s�y�m�p�t�o�t�i�c� �e�s�t�i�m�a�t�e�s� �o�f� �v�a�r�i�a�n�c�e� �o�f� 

�a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �d�e�s�i�g�n� �a�n�d� �N� �w�h�e�n� �£�,�=�1�.�0� �a�n�d� �y�,�=�0�.�0�.� 
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�§�9�.�2� �P�a�r�a�m�e�t�e�r� �M�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� 

�N�o�w� �s�u�p�p�o�s�e� �t�h�e� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �n�o� �l�o�n�g�e�r� �c�o�r�r�e�c�t�l�y� �s�p�e�c�i�f�i�e�d�.� �T�a�b�l�e� 

�9�.�2�.�1� �c�o�n�t�a�i�n�s� �t�h�e� �f�i�r�s�t� �o�r�d�e�r� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �o�f� �#� �w�h�e�n� �t�h�e� 

�p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �i�s� �o�f� �d�e�g�r�e�e� �/�,�=�0�.�8� �a�n�d� �j�,�=�1�.�5�.� �T�h�e� �s�i�m�p�l�e� 

�a�s�y�m�p�t�o�t�i�c� �e�x�p�r�e�s�s�i�o�n�s� �g�i�v�e�n� �b�y� �9�.�1�.�3� �a�n�d� �9�.�1�.�4� �n�o� �l�o�n�g�e�r� �h�o�l�d�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �n�o� 

�s�e�c�o�n�d� �o�r�d�e�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �g�i�v�e�n�,� �a�n�d� �t�h�e� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �f�i�r�s�t� �o�r�d�e�r� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �c�o�m�e�s� �f�r�o�m� �e�x�p�r�e�s�s�i�o�n� �3�.�1�.�1�.� �T�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e�s� �a�r�e� �f�o�r� �t�h�e� 

�p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�e�d� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�.� �I�n� �a�d�d�i�t�i�o�n�,� �e�s�t�i�m�a�t�e�d� �a�c�t�u�a�l� �v�a�r�i�a�n�c�e�s� 

�o�f� �B� �a�r�e� �p�r�e�s�e�n�t�e�d� �f�o�r� �t�h�e� �D� �o�p�t�i�m�a�l� �o�n�e�-�s�t�a�g�e� �a�n�d� �t�w�o�-�s�t�a�g�e�,� �8�p�=�2�.�5� �a�n�d� �p�p�=�2�.�0�,� 

�D�-�D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �u�n�d�e�r� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� 

�T�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�e�s� �o�f� �@� �a�n�d� �p� �a�r�e� �b�i�a�s�e�d� �f�o�r� �f�i�n�i�t�e� �s�a�m�p�l�e� 

�s�i�z�e�s�.� �W�h�e�n� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �c�o�r�r�e�c�t�l�y� �s�p�e�c�i�f�i�e�d�,� �t�h�e� �b�i�a�s� �w�a�s� �f�o�u�n�d� �t�o� �b�e� 

�n�e�g�l�i�g�i�b�l�e� �f�o�r� �n�e�a�r�l�y� �a�l�l� �s�i�t�u�a�t�i�o�n�s� �l�i�s�t�e�d� �i�n� �t�a�b�l�e�s� �9�.�1�.�1� �a�n�d� �9�.�1�.�2�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� 

�t�h�e� �b�i�a�s� �w�a�s� �n�o�t� �t�a�b�l�e�d� �i�n� �t�h�o�s�e� �i�n�s�t�a�n�c�e�s�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� 

�m�i�s�s�p�e�c�i�f�i�e�d� �t�h�e� �b�i�a�s� �i�s� �o�f�t�e�n� �n�o�t� �n�e�g�l�i�g�i�b�l�e� �a�n�d� �c�a�n� �t�h�e�r�e�f�o�r�e� �p�l�a�y� �a�n� �i�m�p�o�r�t�a�n�t� 

�r�o�l�e� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e�n�e�s�s� �o�f� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e�.� �T�h�e� 
�B�-�B� �s�i�m�u�l�a�t�e�d� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� �b�i�a�s� �d�e�f�i�n�e�d� �b�y� �E�(�=�)� �i�s� �g�i�v�e�n� �i�n� �t�a�b�l�e� �9�.�2�.�1�.� 
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�n� �A�.� �V�a�r�(�B�)�  � ��-�V�a�r�(�#�)� �~ ��_ ��_ ��B�B�i�a�s�(�)� �V�a�r�(�B�)� �_�B�i�a�s�(�)� 
�3�0�0� �.�0�1�6�7� �.�3�6�9�7�(�.�0�0�9�0�)� �.�0�8�4�4� �.�0�0�9�7� �(�.�0�0�0�1�)� �.�0�1�5�8� 

�2�0�0� �.�0�2�4�9� �1�.�6�4�9�(�.�0�2�0�5�)� �2�9�2�7� �-�0�1�5�0�(�.�0�0�0�1�)� �.�0�1�9�4� 

�1�5�0� �.�0�3�3�3� �3�.�3�9�1� �(�.�0�3�4�9�)� �3�2�8�1� �.�0�2�0�9�(�.�0�0�0�4�)� �.�0�2�5�3� 

�1�0�0� �.�0�5�0�0� �6�.�6�8�2�(�.�0�4�2�4�)� �1�.�2�8�1� �.�0�3�7�5�(�.�0�0�2�8�)� �.�0�4�5�5� 

�8�0� �.�0�6�2�5� �8�.�3�4�3�(�.�0�2�1�0�)� �1�.�7�4�0� �1�.�1�4�2�(�1�.�3�6�0�)� �.�0�7�9�8� 

�6�0� �.�0�8�3�3� �9�.�9�4�3�(�.�0�4�2�7�)� �2�.�3�6�9� �4�.�5�6�5�(�1�.�5�9�2�)� �.�1�7�5�9� 

�T�a�b�l�e� �9�.�2�.�1� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� �o�f� �B� �s�e�v�e�r�e�l�y� 

�u�n�d�e�r�e�s�t�i�m�a�t�e�s� �t�h�e� �t�r�u�e� �v�a�r�i�a�n�c�e� �f�o�r� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �f�o�r� �a� �s�a�m�p�l�e� �s�i�z�e� �a�s� �l�a�r�g�e� 

�a�s� �3�0�0�.� �A�l�t�h�o�u�g�h�,� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� �i�n� �t�a�b�l�e� �9�.�2�.�1� �n�o� �l�o�n�g�e�r� �r�e�p�r�e�s�e�n�t�s� �a� 

�l�o�w�e�r� �b�o�u�n�d� �f�o�r� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�,� �i�t� �i�s� �s�t�i�l�l� �s�e�r�v�e�s� �a�s� �a� �u�s�e�f�u�l� �b�a�s�i�s� �o�f� 

�c�o�m�p�a�r�i�s�o�n�.� 
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�T�h�e� �b�i�a�s� �o�f� �§� �o�f�f�e�r�s� �f�u�r�t�h�e�r� �e�v�i�d�e�n�c�e� �i�n� �f�a�v�o�r� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�.� �B�o�t�h� 

�t�h�e� �v�a�r�i�a�n�c�e� �a�n�d� �b�i�a�s� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �a�r�e� �u�n�i�f�o�r�m�l�y� �l�e�s�s� �t�h�a�n� �t�h�e� �v�a�r�i�a�n�c�e� 

�a�n�d� �b�i�a�s� �f�o�r� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �o�v�e�r� �t�h�e� �s�a�m�p�l�e� �r�a�n�g�e� �6�0�-�3�0�0�.� �F�o�r� �s�m�a�l�l� �s�a�m�p�l�e� 

�s�i�z�e�s�,� �t�h�e� �v�a�l�u�e�s� �a�r�e� �s�u�b�s�t�a�n�t�i�a�l�l�y� �s�m�a�l�l�e�r� �f�o�r� �t�h�e� �t�w�o�-�s�t�a�g�e�.� 

�F�o�r� �t�h�e� �s�a�m�e� �d�e�g�r�e�e� �o�f� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �a�s� �t�a�b�l�e� �9�.�2�.�1�,� �8�,�=�0�.�8� �a�n�d� 

�{�4� �=�=�1�.�5�,� �t�a�b�l�e� �9�.�2�.�2� �i�n�v�e�s�t�i�g�a�t�e�s� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �f�i�.� �T�h�e� �s�i�m�u�l�a�t�e�d� �s�c�a�l�e� �i�n�v�a�r�i�a�n�t� 

�b�i�a�s� �o�f� �f� �d�e�f�i�n�e�d� �b�y� �E�(�6�(�j�i�-�p�)�)� �i�s� �a�l�s�o� �p�r�o�v�i�d�e�d�.� 

�T�a�b�l�e� �9�.�2�.�2� �S�c�a�l�e� �i�n�v�a�r�i�a�n�t� �v�a�r�i�a�n�c�e� �o�f� �f�#� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �n�,� �$�,�=�0�.�8� �a�n�d� �u�,�=�1�.�5� 

� � 

�o�n�e�-�s�t�a�g�e� �t�w�o�-�s�t�a�g�e� 

�n� �A�.�V�a�r�(�j�i�)� �-�V�a�r�(�@�)�~ ��-�B�i�a�s�(�@�)�_�~ ��=�S�V�a�r�(�t�)�~ ��_ ��B�i�a�s�(�)� 
�3�0�0� �.�0�2�4�8� �.�0�2�6�0�(�.�0�0�0�3�)� �-�.�0�1�1�6� �.�0�2�8�4�(�.�0�0�0�7�)� �-�.�0�0�0�4� 

�2�0�0� �.�0�3�7�2� �.�0�4�1�6�(�.�0�0�0�2�)� �-�.�Q�1�9�3� �.�0�4�3�4�(�.�0�0�1�0�)� �.�0�0�5�0� 

�1�5�0� �.�0�4�9�6� �.�0�5�7�8�(�.�0�0�0�2�)� �-�.�0�3�8�2� �.�0�6�1�3�,�(�.�0�0�2�0�)� �-�.�0�0�4�0� 

�1�0�0� �.�0�7�4�4� �.�0�8�8�8�(�.�0�0�0�4�)� �-�.�0�7�1�1� �.�0�9�1�3�(�.�0�0�1�3�)� �-�.�0�0�7�0� 

�8�0� �.�0�9�3�0� �.�1�0�9�6�(�.�0�0�0�4�)� �.�0�9�2�6� �.�1�1�4�2�(�.�0�0�2�6�)� �-�.�0�0�5�3� 

�6�0� �.�1�2�4�0� �.�1�4�2�2�(�.�0�0�0�2�)� �.�1�2�3�8� �.�1�'�7�4�5�(�.�0�0�3�3�)� �-�.�0�0�6�5� 

�T�h�e� �a�c�t�u�a�l� �v�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�e� �o�f� �j�i� �i�s� �w�e�l�l� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �v�a�r�i�a�n�c�e� 

�f�o�r� �t�h�e� �o�n�e� �a�n�d� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�s� �f�o�r� �a�l�l� �s�a�m�p�l�e� �s�i�z�e�s� �t�a�b�l�e�d� �e�x�c�e�p�t� �f�o�r� �6�0�.� 

�I�n�t�e�r�e�s�t�i�n�g�l�y�,� �t�h�e� �s�i�m�u�l�a�t�e�d� �v�a�r�i�a�n�c�e� �o�f� �f�f� �f�r�o�m� �t�h�e� �o�n�e�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�s� 

�u�n�i�f�o�r�m�l�y� �l�e�s�s� �t�h�a�n� �t�h�a�t� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�.� �H�o�w�e�v�e�r�,� �t�h�e� 

�t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �r�e�m�a�i�n�s� �r�e�l�a�t�i�v�e�l�y� �u�n�b�i�a�s�e�d� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �r�a�n�g�e� �o�f� �t�a�b�l�e�d� 

�s�a�m�p�l�e� �s�i�z�e�s� �w�h�i�l�e� �t�h�e� �o�n�e�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �y�i�e�l�d�s� �a�n� �i�n�c�r�e�a�s�i�n�g�l�y� �b�i�a�s�e�d� �l�o�c�a�t�i�o�n� 

�e�s�t�i�m�a�t�e� �a�s� �s�a�m�p�l�e� �s�i�z�e� �d�e�c�r�e�a�s�e�s�.� 

�F�i�g�u�r�e�s� �9�.�2�.�1� �a�n�d� �9�.�2�.�2� �g�r�a�p�h�i�c�a�l�l�y� �d�e�m�o�n�s�t�r�a�t�e� �s�o�m�e� �o�f� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� 

�c�o�n�t�a�i�n�e�d� �i�n� �t�a�b�l�e�s� �9�.�2�.�1� �a�n�d� �9�.�2�.�2�.� �C�l�e�a�r�l�y� �f�o�r� �t�h�e� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�,� 

�3�,�=�0�.�8� �a�n�d� �p�,�=�1�.�5�,� �t�h�e� �s�m�a�l�l� �s�a�m�p�l�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�i�s� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �a�r�e� 

�c�o�n�s�i�d�e�r�a�b�l�y� �m�o�r�e� �a�t�t�r�a�c�t�i�v�e� �t�h�a�n� �t�h�o�s�e� �o�f� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �w�h�e�n� �c�o�n�s�i�d�e�r�i�n�g� 

�b�o�t�h� �v�a�r�i�a�n�c�e� �a�n�d� �b�i�a�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s�.� 
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�F�i�g�u�r�e� �9�.�2�.�1� �S�m�a�l�l� �s�a�m�p�l�e� �a�n�d� �a�s�y�m�p�t�o�t�i�c� �e�s�t�i�m�a�t�e�s� �o�f� �v�a�r�i�a�n�c�e� �o�f� �B� 

�a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �d�e�s�i�g�n� �a�n�d� �N� �w�h�e�n� �6�,�=�0�.�8� �a�n�d� �p�,�=�1�.�5�.� 
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�F�i�g�u�r�e� �9�.�2�.�2� �S�m�a�l�l� �s�a�m�p�l�e� �a�n�d� �a�s�y�m�p�t�o�t�i�c� �e�s�t�i�m�a�t�e�s� �o�f� �v�a�r�i�a�n�c�e� �o�f� �f� 

�a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �d�e�s�i�g�n� �a�n�d� �N� �w�h�e�n� �6�,�=�0�.�8� �a�n�d� �y�,�=�1�.�5�.� 
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�T�h�e� �t�h�i�r�d� �a�n�d� �f�i�n�a�l� �l�e�v�e�l� �o�f� �p�a�r�a�m�e�t�e�r� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �u�s�e�d� �i�n� �t�h�i�s� �s�m�a�l�l� 

�s�a�m�p�l�e� �s�t�u�d�y� �i�s� �g�i�v�e�n� �b�y� �6�,�=�1�.�4� �a�n�d� �y�,�=�1�.�0�.� �A�s� �b�e�f�o�r�e� �b�o�t�h� �t�a�b�l�e�s� �a�n�d� �p�l�o�t�s� �a�r�e� 

�u�s�e�d� �t�o� �d�i�s�p�l�a�y� �t�h�e� �r�e�s�u�l�t�s�.� �S�i�m�i�l�a�r� �t�o� �t�a�b�l�e�s� �9�.�2�.�1� �a�n�d� �9�.�2�.�2�,� �t�a�b�l�e�s� �9�.�2�.�3� �a�n�d� �9�.�2�.�4� 

�c�o�n�t�a�i�n� �v�a�r�i�a�n�c�e� �a�n�d� �b�i�a�s� �e�s�t�i�m�a�t�e�s� �f�o�r� �B� �a�n�d� �f�i�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�n� �a�d�d�i�t�i�o�n�,� �f�i�g�u�r�e�s� 

�9�.�2�.�3� �a�n�d� �9�.�2�.�4� �r�e�l�a�y� �t�h�e� �s�a�m�e� �i�n�f�o�r�m�a�t�i�o�n� �g�r�a�p�h�i�c�a�l�l�y�.� 

�T�a�b�l�e� �9�.�2�.�3� �S�c�a�l�e� �i�n�v�a�r�i�a�n�t� �v�a�r�i�a�n�c�e� �o�f� �§� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �n�,� �B�y�,� �=�1�.�4� �a�n�d� �,�=�1�.�0� 

� � 

�o�n�e�-�s�t�a�g�e� �t�w�o�-�s�t�a�g�e� 

�n� �A�.� �V�a�r�(�#�)�  ��-�V�a�r�(�#�)�  ��_ ��B�i�a�s�(�)� �V�a�r�(�B�)� �_�B�i�a�s�(�A�)� 
�3�0�0� �.�0�1�9�6� �.�0�2�1�1�(�.�0�0�0�1�)� �.�0�1�3�4� �.�0�1�3�8�(�.�0�0�0�3�)� �.�0�2�0�9� 

�2�0�0� �.�0�2�9�4� �.�0�3�2�8�(�.�0�0�0�2�)� �0�2�1�2� �.�0�2�1�1�(�.�0�0�0�2�)� �.�0�2�5�7� 

�1�5�0� �0�3�9�2� �.�0�'�7�6�7�(�.�0�0�3�1�)� �.�0�3�1�6� �.�0�2�8�6�(�.�0�0�0�4�)� �.�0�3�3�6� 

�1�0�0� �.�0�5�8�8� �.�4�4�6�5�(�.�0�3�0�2�)� �.�0�7�4�3� �.�0�4�8�5�(�.�0�0�1�6�)� �.�0�5�9�2� 

�8�0� �.�0�7�3�6� �1�.�2�4�0�(�.�0�1�5�7�)� �.�1�5�1�4� �.�0�5�7�9�(�.�0�0�0�6�)� �0�5�7�7� 

�6�0� �.�0�9�8�1� �3�.� �7�6�3�(�.�6�6�8�0�)� �.�3�8�4�6� �.�0�8�8�5�(�.�0�0�3�5�)� �.�0�8�0�3� 

�T�a�b�l�e� �9�.�2�.�4� �S�c�a�l�e� �i�n�v�a�r�i�a�n�t� �v�a�r�i�a�n�c�e� �o�f� �f�f� �a�s� �a�f�u�n�c�t�i�o�n� �o�f� �n�,� �(�@�,�=�1�.�4� �a�n�d� �p�,�=�1�.�0� 

� � 

�o�n�e�-�s�t�a�g�e� �t�w�o�-�s�t�a�g�e� 

�n� �A�.� �V�a�r�(�@�)� �_�-�V�a�r�(�@�)�  ��-�B�i�a�s�(�@�)�_ ��=�V�a�r�(�f�i�)� �~ ��_ ��B�i�a�s�(�@�)� 
�3�0�0� �.�0�2�4�4� �.�0�2�6�4�(�.�0�0�0�2�)� �-�.�0�1�3�0� �.�0�2�0�8�(�.�0�0�0�9�)� �.�0�0�1�6� 

�2�0�0� �.�0�3�6�6� �.�0�4�1�0�(�.�0�0�0�1�)� �-�.�0�1�7�0� �.�0�3�0�4�(�.�0�0�1�0�)� �-�.�0�0�1�8� 

�1�5�0� �.�0�4�8�9� �.�0�5�7�5�(�.�0�0�0�3�)� �-�.�0�2�3�0� �.�0�4�2�4�(�.�0�0�1�2�)� �-�.�0�0�1�0� 

�1�0�0� �.�0�7�3�3� �.�1�0�0�3�(�.�0�0�0�2�)� �-�.�0�3�7�5� �.�0�6�1�3�(�.�0�0�1�2�)� �-�.�0�1�1�0� 

�8�0� �.�0�9�1�6� �.�1�5�2�0�(�.�0�0�9�5�)� �-�.�0�5�0�4� �.�0�7�5�2�(�.�0�0�0�8�)� �-�.�0�0�6�7� 

�6�0� �1�2�2�1� �>�>�>� �>�>�>� �.�1�0�4�4�(�.�0�0�1�1�)� �-�.�0�1�8�0� 
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�I�n� �t�a�b�l�e� �9�.�2�.�4� �t�h�e� �>�>�>� �s�i�g�n�s� �u�n�d�e�r� �t�h�e� �o�n�e�-�s�t�a�g�e� �c�o�l�u�m�n� �i�n�d�i�c�a�t�e� �a�r�b�i�t�r�a�r�i�l�y� 

�l�a�r�g�e� �n�u�m�b�e�r�s�.� �T�h�i�s� �s�i�t�u�a�t�i�o�n� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� �@� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� 

�z�e�r�o� �r�e�s�u�l�t�i�n�g� �i�n� �a�n� �a�r�b�i�t�r�a�r�y� �e�s�t�i�m�a�t�e� �o�f� �4�.� �T�h�e� �p�r�o�b�l�e�m� �a�r�i�s�e�s� �f�r�o�m� �e�x�t�r�e�m�e�l�y� 

�p�o�o�r� �e�s�t�i�m�a�t�i�o�n� �o�f� �6�.� �T�a�b�l�e�s� �9�.�2�.�3� �a�n�d� �9�.�2�.�4� �a�l�o�n�g� �w�i�t�h� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�i�g�u�r�e�s� 

�i�l�l�u�s�t�r�a�t�e� �t�h�e� �s�a�m�e� �m�e�s�s�a�g�e� �a�s� �t�h�e� �p�r�e�v�i�o�u�s� �t�a�b�l�e�s� �i�n� �c�h�a�p�t�e�r� �n�i�n�e�.� �W�i�t�h� �r�e�s�p�e�c�t� 

�t�o� �v�a�r�i�a�n�c�e� �a�n�d� �b�i�a�s� �o�f� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s�,� �t�h�e� �t�w�o�-�s�t�a�g�e� �i�s� �s�u�p�e�r�i�o�r� �t�o� �t�h�e� �o�n�e�-� 

�s�t�a�g�e� �d�e�s�i�g�n� �f�o�r� �s�m�a�l�l� �s�a�m�p�l�e�s�.� 

�N�o�w� �c�o�n�s�i�d�e�r� �t�h�e� �r�a�t�i�o� �o�f� �g�e�n�e�r�a�l�i�z�e�d� �v�a�r�i�a�n�c�e�s� �a�s� �a� �m�e�t�h�o�d� �o�f� �s�t�u�d�y�i�n�g� �s�m�a�l�l� 

�s�a�m�p�l�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �o�n�e� �a�n�d� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�s�.� �T�a�b�l�e� �9�.�2�.�5� �c�o�n�t�a�i�n�s� �D� 

�e�f�f�i�c�i�e�n�c�i�e�s� �a�s� �d�e�f�i�n�e�d� �b�y� 
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�w�h�e�r�e� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �v�a�r�i�a�n�c�e�s� �a�r�e� �e�s�t�i�m�a�t�e�d� �t�h�r�o�u�g�h� �s�i�m�u�l�a�t�i�o�n�.� �T�h�e� �s�a�m�e� �o�n�e� 

�a�n�d� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�s� �a�r�e� �u�s�e�d� �i�n� �t�a�b�l�e� �9�.�2�.�5� �a�s� �w�a�s� �u�s�e�d� �p�r�e�v�i�o�u�s�l�y� �i�n� �t�h�i�s� 

�c�h�a�p�t�e�r�.� �D� �e�f�f�i�c�i�e�n�c�i�e�s� �e�x�c�e�e�d�i�n�g� �o�n�e� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n� �i�s� �m�o�r�e� 

�e�f�f�i�c�i�e�n�t� �t�h�a�n� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �g�e�n�e�r�a�l�i�z�e�d� �v�a�r�i�a�n�c�e�.� 

�T�a�b�l�e� �9�.�2�.�5� �S�m�a�l�l� �s�a�m�p�l�e� �D� �e�f�f�i�c�i�e�n�c�i�e�s�,� �o�n�e�-�s�t�a�g�e� �v�s� �t�w�o�-�s�t�a�g�e� 
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�T�h�e� �s�u�p�e�r�i�o�r�i�t�y� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �D�-�D� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �o�v�e�r� �t�h�e� �o�n�e�-�s�t�a�g�e� �D� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n� �a�s� �s�e�e�n� �i�n� �t�a�b�l�e� �9�.�2�.�5� �i�s� �q�u�i�t�e� �i�m�p�r�e�s�s�i�v�e�.� �N�o�t�i�c�e� �t�h�a�t� �e�v�e�n� �i�n� �t�h�e� 

�s�i�t�u�a�t�i�o�n� �o�f� �p�e�r�f�e�c�t� �p�a�r�a�m�e�t�e�r� �k�n�o�w�l�e�d�g�e�,� �t�h�e� �t�w�o�-�s�t�a�g�e� �i�s� �s�u�p�e�r�i�o�r� �t�o� �t�h�e� �o�n�e�-� 

�s�t�a�g�e� �f�o�r� �s�m�a�l�l� �s�a�m�p�l�e�s�.� �R�e�c�a�l�l� �t�h�a�t� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �i�s� �o�n�l�y� �a�s�y�m�p�t�o�t�i�c�a�l�l�y� 

�o�p�t�i�m�a�l�.� �T�h�e� �a�s�y�m�p�t�o�t�i�c� �e�f�f�i�c�i�e�n�c�i�e�s� �r�e�p�r�e�s�e�n�t� �a� �m�i�n�i�m�u�m�,� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �o�n�e�-�s�t�a�g�e� �i�m�p�r�o�v�e�s� �a�s� �s�a�m�p�l�e� �s�i�z�e� 

�d�e�c�r�e�a�s�e�s�.� �T�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �d�e�g�r�a�d�e�s� �m�o�r�e� �q�u�i�c�k�l�y� �a�n�d� �t�o� 

�a� �g�r�e�a�t�e�r� �d�e�g�r�e�e� �t�h�a�n� �t�h�e� �t�w�o�-�s�t�a�g�e� �d�e�s�i�g�n�.� 

�T�a�b�l�e� �9�.�2�.�5� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �a� �s�a�m�p�l�e� �s�i�z�e� �o�f� �3�0�0� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �l�a�r�g�e� �e�n�o�u�g�h� 

�f�o�r� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�f�f�i�c�i�e�n�c�y� �t�o� �b�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �a�c�t�u�a�l� �e�f�f�i�c�i�e�n�c�y�.� �T�h�i�s� 

�p�r�o�b�l�e�m� �o�r�i�g�i�n�a�t�e�s� �w�i�t�h� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �@� �f�r�o�m� �t�h�e� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n�,� �n�o�t� �t�h�e� �t�w�o�-� 

�s�t�a�g�e�.� �T�h�e� �o�n�e�-�s�t�a�g�e� �v�a�r�i�a�n�c�e�s� �b�e�c�o�m�e� �g�r�o�s�s�l�y� �m�i�s�r�e�p�r�e�s�e�n�t�e�d� �f�o�r� �s�a�m�p�l�e� �s�i�z�e�s� �a�s� 

�l�o�w� �a�s� �3�0�0�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �D� �e�f�f�i�c�i�e�n�c�i�e�s� �u�s�e�d� �t�h�r�o�u�g�h�o�u�t� �c�h�a�p�t�e�r� 

�8� �a�r�e� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �a�c�t�u�a�l� �e�f�f�i�c�i�e�n�c�i�e�s� �e�s�p�e�c�i�a�l�l�y� �w�h�e�n� �t�h�e� 

�p�a�r�a�m�e�t�e�r�s� �a�r�e� �m�o�d�e�r�a�t�e�l�y� �m�i�s�s�p�e�c�i�f�i�e�d�.� �H�o�w�e�v�e�r�,� �t�h�e�s�e� �a�s�y�m�p�t�o�t�i�c� �e�f�f�i�c�i�e�n�c�i�e�s� 

�d�o� �r�e�p�r�e�s�e�n�t� �a� �b�a�s�e�l�i�n�e� �i�n� �f�a�v�o�r� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� 

�e�f�f�i�c�i�e�n�c�i�e�s� �a�r�e� �s�t�i�l�l� �q�u�i�t�e� �u�s�e�f�u�l� �e�v�e�n� �t�h�o�u�g�h� �t�h�e�y� �u�n�d�e�r�e�s�t�i�m�a�t�e� �t�h�e� �t�r�u�e� 

�c�a�p�a�b�i�l�i�t�y� �o�f� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�.� 

�C�e�r�t�a�i�n�l�y�,� �i�n� �t�h�e� �d�e�s�i�g�n� �o�f� �e�x�p�e�r�i�m�e�n�t�s� �f�o�r� �t�h�e� �l�o�g�i�s�t�i�c� �m�o�d�e�l� �a�n�d� �n�o�n�l�i�n�e�a�r� 

�m�o�d�e�l�s� �i�n� �g�e�n�e�r�a�l�,� �t�h�e� �u�s�e� �o�f� �a�s�y�m�p�t�o�t�i�c� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �r�e�s�u�l�t�s� �a�r�e� �c�o�m�m�o�n�p�l�a�c�e�.� 

�T�h�i�s� �c�h�a�p�t�e�r� �c�a�s�t�s� �s�o�m�e� �d�o�u�b�t� �o�n� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e�n�e�s�s� �o�f� �s�u�c�h� �a�s�y�m�p�t�o�t�i�c� �r�e�s�u�l�t�s� 

�f�o�r� �c�r�e�a�t�i�n�g� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� �T�h�i�s� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �t�r�u�e� �f�o�r� �t�h�e� �o�p�t�i�m�a�l� �o�n�e�-�s�t�a�g�e� 

�d�e�s�i�g�n�s�.� �T�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �h�o�w�e�v�e�r� �d�o�e�s� �n�o�t� �r�e�f�l�e�c�t� �t�h�e� �s�a�m�e� �a�m�o�u�n�t� �o�f� 

�p�e�s�s�i�m�i�s�m�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �a�p�p�r�o�p�r�i�a�t�n�e�s�s� �o�f� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �r�e�s�u�l�t�s� �l�i�e�s� �i�n� 

�l�a�r�g�e� �p�a�r�t� �w�i�t�h� �t�h�e� �d�e�s�i�g�n�.� 

�A� �f�i�v�e� �p�o�i�n�t� �n�e�a�r�l�y� �D� �o�p�t�i�m�a�l� �o�n�e�-�s�t�a�g�e� �d�e�s�i�g�n� �w�a�s� �b�r�i�e�f�l�y� �e�x�a�m�i�n�e�d� �a�s� �t�o� �t�h�e� 

�a�p�p�r�o�p�r�i�a�t�n�e�s�s� �o�f� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n�s�.� �A�l�t�h�o�u�g�h�,� �t�h�i�s� �d�e�s�i�g�n� �s�h�o�w�e�d� �a� 

�m�a�r�k�e�d� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �t�h�e� �o�n�e�-�s�t�a�g�e� �D� �o�p�t�i�m�a�l�,� �i�t� �f�e�l�l� �q�u�i�t�e� �s�h�o�r�t� �o�f� �t�h�e� �t�w�o�-� 

�s�t�a�g�e� �d�e�s�i�g�n�.� �I�t� �t�h�e�r�e�f�o�r�e� �a�r�i�s�e�s� �o�n�c�e� �a�g�a�i�n� �t�h�a�t� �t�h�e� �a�d�d�i�t�i�o�n� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� 

�a�l�o�n�e� �d�o�e�s� �n�o�t� �e�n�s�u�r�e� �g�o�o�d� �d�e�s�i�g�n�.� �R�a�t�h�e�r� �i�t� �i�s� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �d�e�s�i�g�n� �p�o�i�n�t�s� 
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