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Abstract 

This work investigates three main topics. The first of these is the develop- 

ment and comparison of time integration schemes on two-dimensional unstructured 

meshes. Both explicit and implicit solution algorithms for the two-dimensional Eu- 

ler equations on unstructured grids are presented. Cell-centered and cell-vertex 

finite volume upwind schemes utilizing Roe’s approximate Riemann solver are de- 

veloped. For the cell-vertex scheme, a four stage Runge-Kutta time integration 

with and without implicit residual averaging, a point Jacobi method, a symmetric 

point Gauss-Seidel method, and two methods utilizing preconditioned sparse matrix 

solvers are investigated. For the cell-centered scheme, a Runge-Kutta scheme, an 

implicit tridiagonal relaxation scheme modeled after line Gauss-Seidel, a fully im- 

plicit LU decomposition, and a hybrid scheme utilizing both Runge-Kutta and LU 

methods are presented. A reverse Cuthill-McKee renumbering scheme is employed 

for the direct solver in order to decrease CPU time by reducing the fill of the Jaco- 

bian matrix. Comparisons are made for both first-order and higher-order accurate 

solutions using several different time integration algorithms. Higher-order accuracy 

is achieved by using multi-dimensional monotone linear reconstruction procedures. 

Results for flow over a transonic circular arc are compared for the various time



integration methods. The second topic involves an interactive adaptive remeshing 

algorithm. The interactive adaptive remeshing algorithm utilizing a frontal grid 

generator is compared to a single grid calculation. Several device dependent in- 

teractive graphics interfaces have been developed along with a device independent 

DI-3000 interface which can be employed on any computer that has the supporting 

software including the Cray-2 supercomputers Voyager and Navier. Solutions for 

two-dimensional, invicid flow over a transonic circular arc and a Mach 3.0 internal 

flow with an area change are examined. The final topic examined in this work 

is the capabilities developed for a structured three-dimensional code called GASP. 

The capabilities include: generalized chemistry and thermodynamic modeling, space 

marching, memory management through the use of binary C Input/Ouput, and al- 

gebraic and two-equation eddy viscosity turbulence modeling. Results are given for 

a Mach 1.7 three-dimensional analytic forebody, a Mach 1.38 axisymmetric nozzle 

with hydrogen-air combustion, a Mach 14.1 15° ramp, and Mach 0.3 viscous flow 

over a flat plate. The incorporation of these capabilities and the two-dimensional 

unstructured time integration schemes into a three-dimensional unstructured solver 

is also discussed.
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I. Introduction 

The design of aircraft in the past has relied heavily on experimental data ob- 

tained from wind tunnels. In recent years, Computational Fluid Dynamics (CFD) 

has taken on a small part of the design burden. Several CFD codes have already 

been widely used and shown excellent comparison with experiments. However, the 

majority of these codes were developed and have been used for subsonic, transonic, 

and relatively low Mach number supersonic problems. There is a need now to 

develop efficient codes capable of accurately modeling the more complex physics, 

chemistry, and thermodynamics associated with hypersonic flight. Recently, upwind 

methods have been extended to include both chemistry and thermodynamic mod- 

els that will be required for the accurate prediction of hypersonic flowfieldsl!)?)3/4], 

The problem that remains is to make these codes efficient enough both in terms of 

storage and CPU time to calculate complicated three-dimensional flowfields. 

One possible area for improvement and a subject of current research in CFD is 

the use of an unstructured indexing scheme. Structured solvers do not lend them- 

selves to simple mesh refinement techniques needed to accurately resolve the physics 

of the flowfield without placing excessive elements in benign regions. By reducing 

the local mesh spacing in the vicinity of large flow gradients while increasing the 

mesh spacing in benign regions, a much more accurate solution can be obtained 

without significantly increasing the computational work. For a complicated three- 

dimensional flow, this could result in large savings in both storage and CPU time 

by decreasing the number of cells necessary to obtain accurate results. 

Impressive results have been obtained for a wide range of problems utilizing un- 

[5,6,7,8,9] structured flow solvers Structured flow solvers have also shown difficulties 

in predicting satisfactory results around complex geometries due to mesh irregu- 
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larities. The superior geometric flexibility of unstructured over structured grids is 

demonstrated in Fig. 1 for a relatively simple body. A typical cross-section of the 

SR-71 reconnaissance aircraft is shown in which the left half has been discretized 

by a structured mesh technique and the right half has been discretized by an un- 

structured grid technique. The cells in the structured mesh are highly skewed while 

the cell distribution in the unstructured mesh is quite smooth. The highly skewed 

mesh will lead to solution inaccuracies. 

Various techniques for generating unstructured meshes have been proposed in 

the past. Two of the more popular methods include Delaunay triangulation and the 

Advancing Front method. For simplicity, these methods will be discussed in two 

dimensions although both methods have been successfully implemented in three 

dimensions!!°11], When using Delaunay triangulation a method must be developed 

to generate a set of nodes in a plane to be triangulated. From these nodes, Dirichlet 

regions are constructed. Dirichlet regions are polygons defined by the locus of all 

points closer to each node than any other. In most cases, the vertices of the polygons 

represent places where three regions come together. Such vertices are equidistant 

from three nodes, and all other nodes are farther away. These three nodes can 

be connected with line segments to form a triangle. When this is done for every 

polygon vertex, the triangles tessellate the plane. This method has the advantage 

that it is relatively simple and fast. However, Delaunay triangulation results in 

triangles that are as close to equilateral as possible which prohibits the possibility 

of directional refinement. 
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Figure 1) Comparison of structured and unstructured mesh for 

SR-71 crossflow plane 
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The advancing front grid generation technique requires input of stretching pa- 

rameters. These parameters are given in the context of a coarse background grid of 

triangular elements which covers the solution domain. They are first used to place 

nodes along the boundaries of the computational region. The sides connecting these 

nodes form the initial generation front. Elements are added by interpolating the 

stretching parameters from the background grid, the entire front is updated, and 

the process repeated. Once the entire domain has been triangulated, a smoothing 

routine is performed to improve the quality of the generated mesh. The advancing 

front method has the distinct advantage of generating elements in regions of interest 

and can be utilized to provide directional refinement to align elongated elements 

parallel to flow discontinuities. 

Since upwind schemes use locally one-dimensional models of the flow, it is 

important for increased accuracy that the faces of the triangles, across which the 

fluxes are calculated, align themselves with major flow features such as shocks 

and expansions. This results in a locally one-dimensional problem which when 

approximated with a locally one-dimensional flux calculation will be more accurate 

than approximating a multi-dimensional problem with a locally one-dimensional 

flux calculation. 

It is straightforward with the advancing front grid generation process to utilize 

mesh regeneration in order to obtain an adapted grid solution. In general, a very 

simple background mesh with no stretching is input for computing the initial grid. 

The initial grid will then become the background grid for the first mesh regeneration. 

This process requires utilizing a measure of the error in the computed solution on 

the initial grid to obtain the strectching parameters at the nodes. An improved 

mesh can then be generated with the previous grid as a background grid along with 

these computed parameters. 
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One drawback of unstructured flow solvers to date has been slow convergence 

rates when compared to structured flow solvers. This has been in part due to the 

difficulty of vectorization caused by the indirect addressing needed in unstructured 

solvers. This problem can and has been overcome with the use of gather and 

scatter routines and the coloring of the faces of the triangles in the mesh. Coloring 

involves ordering the faces such that faces with common cells are placed into separate 

groups or colors. Consequently, the contribution of each face to the cell flux can be 

vectorized over each color. 

Another convergence problem associated with unstructured solvers has been 

the lack of implementation of implicit schemes. Implicit schemes have been well 

established and refined for structured meshes. Schemes such as line Gauss-Seidel, 

approximate factorization (AF) , and banded LU decomposition have been widely 

used in both two and three dimensions and have yielded much faster convergence 

[12] Approximate factorization, rates than explicit schemes for upwind methods 

which is a very efficient time integration scheme, utilizes the logical structure of 

the grid. As a result, it has no application to unstructured meshes. However, 

other implicit methods have and are being developed. Because this work is still 

in the developmental stages, most of this work is being done in two dimensions. 

Among these include variable-banded LU decomposition, a relaxation method simi- 

lar to line Gauss-Seidel, Point Gauss-Seidel, Point Jacobi, and sparse matrix solvers 

such as Generalized Minimum Residual (GMRES)!"*) and the Chebyshev solver 

CHEBYCODE.!"4 

Obtaining smooth high-order approximations has also been a problem in algo- 

rithm development on unstructured meshes. On structured meshes, higher order 

spatial accuracy can be achieved for upwind methods via MUSCL differencingl!®. 

Instead of using gradients of the flux to make higher order flux calculations, MUSCL 
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differencing uses gradients of the state variables to construct more accurate values 

of these variables on either side of an interface. These values are then used to 

calculate a second order accurate approximation to the flux across that interface. 

Several authors developed limiting schemes for MUSCL differencing that automati- 

cally reduced to locally first-order accurate near discontinuities to avoid oscillations. 

Stoufflet,et al.!®] developed a method which constructs higher order values of the 

state variables at an interface in much the same way as it is done on structured 

meshes. Because of the similarities, the same limiters used on structured meshes 

apply. Barthl®l proposed a scheme that linearly reconstructs the cell averaged data. 

This method requires calculating the gradient of the state variables by numerically 

integrating around a path of surrounding cell data. A monotone preserving limiter 

is then imposed to achieve smooth results around flow discontinuities. 

A problem that has been growing with the complexity of CFD codes is finding 

personnel qualified enough to understand all of the aspects necessary to obtain 

accurate solutions to complicated problems. Few codes have an automatic grid 

generator capable of discretizing a general problem, and even fewer have such a 

grid generator coupled to the flow solver. This means the engineer is many times 

left with the task of writing a grid generator for each problem. If the engineer 

is fortunate enough to have access to a grid generator capable of discretizing a 

general problem, a variety of obstacles are still faced. Many of the “automatic” 

grid generators available are as or more complicated than the flow solvers to use. 

Also, it sometimes takes several attempts at generating a mesh, running the flow 

solver, and analyzing the solution before an accurate grid converged solution is 

obtained. However, by developing a graphics interface for input, output, and overall 

grid generator and flow solver control, capable of running on a range of popular 

workstations, much time and effort can be saved. 
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The present research involves two separate pieces of technology in CFD and 

how they can be combined to yield a general three-dimensional solver capable of 

computing complex flowfields. The first segment of this work brings together, com- 

pares, and extends the current two-dimensional unstructured flow solver technology. 

This is accomplished through the use of a cell-centered code developed by the au- 

thor and a cell-vertex code developed by Whitaker!§l. A comparison of several time 

integration schemes from these two codes including both first and higher order cal- 

culations on a variety of mesh sizes is given. A mesh adaptation strategy which 

utilizes an interactive graphics interface is also discussed and compared to a single 

grid calculation. The adaptive grid generation code was provided by Léhner!‘l. It 

was coupled to the cell-centered code, and the interactive graphics capabilities were 

added by the author. The second segment of this research focuses on the current 

capabilities for modeling complex physics and storage management techniques de- 

veloped for a three dimensional structured flow solver called GASP. Much of the 

complex physical modeling was developed by Grossman and Cinnella!!:2;3,4] | while 

the time integration, turbulence modeling and storage management techniques were 

provided by the author. The ultimate purpose of this research is to lay a foundation 

for the development of a CFD package which includes automatic grid generation, 

a flow solver, and a portable graphics interface which brings it all together into a 

powerful, easy to use tool for engineering applications. 
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II. Mesh Generation 

2.1 Advancing Front Grid Generator 

The procedure used for generating triangular elements about an arbitrary config- 

[10] | The actual code used was developed by uration is an advancing front method 

Léhner!6], This technique requires input of stretching parameters d&, 6, and s. These 

parameters are given in the context of a coarse background grid of triangular ele- 

ments which covers the solution domain. The background grid is input in the form 

of triangles and their surrounding nodes. Generally, the simplest choice is used for 

the initial background grid. A rectangular region, for example, would simply be 

broken down into two triangles. It is also possible that the background mesh cover 

more than the computational domain, so even a complex domain can be covered by 

a rectangle. 

A sample initial background grid for a transonic channel flow is shown in Fig. 

2. The background grid is simply two triangles, labeled 1 and 2, and four nodes 

labeled 1-4. Figure 3 shows the grid input file used to generate a 1000 cell mesh for 

this problem. The first part of the file describes the boundaries of the computational 

domain by breaking it into line segments. The second part of this file (after the label 

background grid information) relates to the background grid. The first information 

given for the background grid is the number of cells (triangles) and nodes, and 

then the surrounding nodes for each of the cells. The x and y locations are given 

for the nodes, and finally the stretching parameters are given for each node of the 

background grid. The stretching parameters are first used to place nodes along the 

boundaries of the computational region. The sides connecting these nodes called 

faces form the initial generation front. Cells are added beginning with the smallest 

face of the front. 
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Figure 2) Background mesh for circular arc in a channel flow 
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ndimn npoli nline 
2 15 6 

coords. of points 
~0.14166667e+01 0.00000000e+00 
-0.83333373e-01 0.00000000e+00 
0.33333302e-01 0.54133283e-02 
0.14999998e+00 0.21419998e-01 
0.26666665e+00 0.32853331le-01 
0.38333333e+00 0.39713331le-01 
0.50000000e+00 0.41999999e-01 
0.61666667e+00 0.39713334e-01 
0.73333335e+00 0.32853331le-01 
0.85000002e+00 0.21419996e-01 
0.96666670e+00 0.54133283e-02 
0.10833334e+01 0.00000000e+00 
0.35833334e+01 0.00000000e+00 
0.35833334e+01 0.20730000e+01 

-0.14166667e+01 0.20730000e+01 
type nr.of pts. pts. bound. 

2 1 2 
11 234567891011 12 

2 12 13 
2 13 14 
2 14 15 
2 15 1 

background grid 
NELEB NPOIB 

2 4 
INIMAT 
1 1 2 3 
2 1 3 4 
COORDINATES OF THE NODES 

1 -0.14166667e+01 0.00000000e+00 
2 0.35833334e+01 0.00000000e+00 
3 0.35833334e+01 0.20730000e+01 
4 -0.14166667e+01 0.20730000e+01 

UNKNOWN AT THE NODES 
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Figure 3) Grid input file for 1005 element mesh of circular arc in a channel flow 
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The reason behind this is simple. In a typical problem, there will be regions of 

larger cells and regions of smaller cells. If the larger cells were generated first, there 

might not be room left to properly generate the smaller cells, so it makes sense to 

begin with the smaller faces which will result in smaller cells being generated first. 

Figure 4 shows the transonic channel flow problem in the middle of the grid 

generation process. This diagram is not an actual grid that has been generated, 

but it is an example of a possible scenario. The outer boundary of the grid was 

the initial generation front. The set of faces on the interior of the grid that divide 

the generated mesh from the ungenerated region represent the current generation 

front. The face shown in bold is the current face that is being eliminated from 

the front by adding a new cell. Stretching parameters are interpolated from the 

background grid to the center of this face. From these parameters, an ideal point 

(labeled A) is generated. Figure 5 shows a diagram of how the ideal point is obtained 

from the values of the stretching parameters. The vector @ denotes the direction 

of stretching, with 6 being the element size at right angles to a and sé being the 

element size in the direction of stretching. 

Once the ideal point has been computed, it is necessary to perform checks to 

see if this point should be used to from a new cell. The first check is to see whether 

or not an existing node from the current front is close enough to the ideal point 

that it could be used in place of the ideal point to form a new cell. Once a node is 

selected, whether it be the ideal point or an existing node, a test is performed to 

check if the new cell would cross any of its faces with the current front. If this test 

is not passed, a new node is selected until one is found that passes the test. When 

one is found, the new cell is formed and the current face is removed from the front. 

This process repeated until the entire domain has been triangulated. A smoothing 

routine is then performed to improve the quality of the generated mesh. 
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Figure 4) Partial grid for circular arc in a channel flow 
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�b�e�f�o�r�e� �t�u�r�n�i�n�g� �t�h�e� �r�e�m�e�s�h�i�n�g� �o�f�f� �a�n�d� �c�o�n�v�e�r�g�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �o�n� 

�t�h�e� �f�i�n�a�l� �m�e�s�h�.� 

�2�.�3� �I�n�t�e�r�a�c�t�i�v�e� �G�r�a�p�h�i�c�s� 

�I�t� �i�s� �v�e�r�y� �d�i�f�f�i�c�u�l�t� �t�o� �p�r�e�d�i�c�t� �w�h�e�n� �a�n�d� �h�o�w� �m�a�n�y� �r�e�m�e�s�h�i�n�g� �s�t�a�g�e�s� �w�i�l�l� �b�e� �r�e�q�u�i�r�e�d�.� 

�T�h�e�r�e�f�o�r�e�,� �a� �g�r�a�p�h�i�c�s� �i�n�t�e�r�f�a�c�e� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �t�o� �a�l�l�o�w� �t�h�e� �u�s�e�r� �t�o� �h�a�v�e� �a� 

�c�e�r�t�a�i�n� �d�e�g�r�e�e� �o�f� �c�o�n�t�r�o�l� �i�n� �g�u�i�d�i�n�g� �t�h�e� �f�l�o�w� �s�o�l�v�e�r�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �p�o�r�t�a�b�i�l�i�t�y�,� 

�a�l�l� �o�f� �t�h�e� �d�e�v�i�c�e� �d�e�p�e�n�d�e�n�t� �g�r�a�p�h�i�c�s� �s�u�b�r�o�u�t�i�n�e�s� �h�a�v�e� �b�e�e�n� �s�e�p�a�r�a�t�e�d� �f�r�o�m� �t�h�e� �m�a�i�n� 

�f�l�o�w� �s�o�l�v�e�r�.� �C�u�r�r�e�n�t�l�y�,� �t�h�r�e�e� �s�e�p�a�r�a�t�e� �g�r�a�p�h�i�c� �l�i�b�r�a�r�i�e�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d�:� �a� �S�u�n� 

�G�K�S�,� �a�n� �I�r�i�s�4�D�,� �a�n�d� �a� �D�I�-�3�0�0�0� �l�i�b�r�a�r�y�.� �T�h�e� �D�I�-�3�0�0�0� �g�r�a�p�h�i�c�s� �p�a�c�k�a�g�e� �i�s� �d�e�v�i�c�e� 

�i�n�d�e�p�e�n�d�e�n�t� �a�n�d� �w�i�l�l� �w�o�r�k� �o�n� �a�n�y� �c�o�m�p�u�t�e�r� �w�i�t�h� �t�h�e� �D�I�-�3�0�0�0� �s�o�f�t�w�a�r�e� �i�n�s�t�a�l�l�e�d� 

�s�u�c�h� �a�s� �t�h�e� �C�r�a�y�-�2� �s�u�p�e�r�c�o�m�p�u�t�e�r�s� �V�o�y�a�g�e�r� �a�n�d� �N�a�v�i�e�r�.� 

�W�h�e�n� �t�h�e� �f�l�o�w� �s�o�l�v�e�r� �i�s� �i�m�p�l�e�m�e�n�t�e�d�,� �t�h�e� �u�s�e�r� �h�a�s� �t�h�e� �a�b�i�l�i�t�y� �t�o� �e�x�e�c�u�t�e� �i�n� 

�e�i�t�h�e�r� �a�u�t�o�m�a�t�i�c� �o�r� �i�n�t�e�r�a�c�t�i�v�e� �m�o�d�e�.� �I�f� �t�h�e� �a�u�t�o�m�a�t�i�c� �m�o�d�e� �i�s� �c�h�o�s�e�n�,� �t�h�e� �s�o�l�v�e�r� 

�w�i�l�l� �e�x�e�c�u�t�e� �w�i�t�h�o�u�t� �u�s�e�r� �i�n�t�e�r�a�c�t�i�o�n�.� �I�f� �i�n�t�e�r�a�c�t�i�v�e� �m�o�d�e� �i�s� �c�h�o�s�e�n�,� �t�h�e� �s�o�l�v�e�r� �w�i�l�l� 

�p�a�u�s�e� �f�o�r� �i�n�p�u�t� �j�u�s�t� �b�e�f�o�r�e� �e�a�c�h� �r�e�m�e�s�h�i�n�g� �s�t�e�p� �i�s� �t�o� �t�a�k�e� �p�l�a�c�e�.� �T�h�e� �u�s�e�r� �t�h�e�n� 

�h�a�s� �t�h�e� �a�b�i�l�i�t�y� �t�o� �v�i�e�w� �t�h�e� �c�u�r�r�e�n�t� �s�o�l�u�t�i�o�n� �i�n� �t�h�e� �f�o�r�m� �o�f� �p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s� �a�n�d� 
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�t�h�e� �c�u�r�r�e�n�t� �m�e�s�h�,� �a�n�d� �t�h�e�n� �d�e�c�i�d�e� �w�h�e�t�h�e�r� �t�o� �r�e�m�e�s�h� �o�r� �c�o�n�t�i�n�u�e� �c�o�m�p�u�t�i�n�g� �o�n� �t�h�e� 

�c�u�r�r�e�n�t� �m�e�s�h�.� �I�n� �t�h�i�s� �w�a�y�,� �t�h�e� �u�s�e�r� �i�s� �a�b�l�e� �t�o� �g�u�i�d�e� �t�h�e� �s�o�l�v�e�r� �a�v�o�i�d�i�n�g� �u�n�n�e�c�c�e�s�s�a�r�y� 

�o�r� �p�r�e�m�a�t�u�r�e� �r�e�m�e�s�h�i�n�g�.� 
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�I�I�I�.� �G�o�v�e�r�n�i�n�g� �E�q�u�a�t�i�o�n�s� 

�3�.�1� �E�u�l�e�r� �E�q�u�a�t�i�o�n�s� 

�T�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �i�n� �i�n�t�e�g�r�a�l� �f�o�r�m� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

�a�f�f� �o�a�r�s� �¢� �F�a�d�s� �=�0� �(�3�.�1�.�1�)� 

�w�i�t�h� 
�p� 
�U� �Q�=� �o�v� �(�3�.�1�.�2�)� 

�p�e�o� 

�F�=�f�i�+�g�j� �(�3�.�1�.�3�)� 

�a�n�d� 
�p�u� �p�v� 

�_� �|�p�u�'�t�+�p� �_� �|� �P�u�y� 
�f� �=� �p�u�v� �j�=� �p�v�?� �+�p� �(�3�.�1�.�4�)� 

�p�u�h�o� �p�v�h�o� 

�w�h�e�r�e� �2�2� �i�s� �t�h�e� �a�r�e�a� �o�f� �t�h�e� �d�o�m�a�i�n� �a�n�d� �S� �s�u�r�r�o�u�n�d�s� �(�2�.� �T�h�e� �d�e�n�s�i�t�y� �i�s� �p�,� �t�h�e� �v�e�l�o�c�i�t�y� 

�v�e�c�t�o�r� �i�s� �U� �=� �(�u�z� �+� �v�j�)�,� �t�h�e� �t�o�t�a�l� �e�n�e�r�g�y� �p�e�r� �u�n�i�t� �m�a�s�s� �i�s� �e�g�,� �t�h�e� �t�o�t�a�l� �e�n�t�h�a�l�p�y� �p�e�r� 

�u�n�i�t� �m�a�s�s� �i�s� �h�o�,� �t�h�e� �p�r�e�s�s�u�r�e� �i�s� �p�,� �a�n�d� �t�h�e� �o�u�t�w�a�r�d� �f�a�c�i�n�g� �u�n�i�t� �n�o�r�m�a�l� �i�s� �n�.� �T�h�e� 

�s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �i�s� �c�l�o�s�e�d� �b�y� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �s�t�a�t�e� �f�o�r� �a� �p�e�r�f�e�c�t� �g�a�s�:� 

�p�=�p�(�y ��1�)� �c� �-� �e�e�)� �(�3�.�1�.�5�)� 

�w�h�e�r�e� �¥� �i�s� �t�h�e� �r�a�t�i�o� �o�f� �s�p�e�c�i�f�i�c� �h�e�a�t�s� �a�n�d� �t�y�p�i�c�a�l�l�y� �t�a�k�e�n� �a�s� �1�.�4� �f�o�r� �a�i�r�.� 
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�3�.�2� �S�p�a�t�i�a�l� �D�i�s�c�r�e�t�i�z�a�t�i�o�n� 

�§�.�2�.�1� �C�e�l�l�-�C�e�n�t�e�r�e�d� �D�i�s�c�r�e�t�i�z�a�t�i�o�n� 

�A� �c�e�l�l�-�c�e�n�t�e�r�e�d� �f�i�n�i�t�e�-�v�o�l�u�m�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �s�t�o�r�e�s� �t�h�e� �c�o�n�s�e�r�v�e�d� �v�a�r�i�a�b�l�e�s� �a�t� �t�h�e� 

�c�e�n�t�r�o�i�d� �o�f� �e�a�c�h� �t�r�i�a�n�g�l�e�,� �a�n�d� �t�h�e� �e�d�g�e�s� �o�f� �a� �t�r�i�a�n�g�l�e� �d�e�f�i�n�e� �t�h�e� �f�a�c�e�s� �o�f� �t�h�e� �c�o�n�t�r�o�l� 

�v�o�l�u�m�e� �o�r� �c�e�l�l�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.� �T�h�e� �v�a�l�u�e� �s�t�o�r�e�d� �a�t� �t�h�e� �c�e�n�t�r�o�i�d� �o�f� �t�h�e� �t�r�i�a�n�g�l�e� �i�s� 

�c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �a�n� �a�r�e�a� �a�v�e�r�a�g�e� �v�a�l�u�e� �f�o�r� �t�h�e� �e�n�t�i�r�e� �f�i�n�i�t�e�-�v�o�l�u�m�e� �c�e�l�l�.� �T�h�e� �n�u�m�b�e�r� 

�o�f� �c�e�l�l� �f�a�c�e�s� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �n�e�i�g�h�b�o�r�i�n�g� �c�e�l�l�s� �w�h�i�c�h� �w�i�l�l� �a�l�w�a�y�s� �b�e� 

�t�h�r�e�e� �f�o�r� �t�h�i�s� �s�c�h�e�m�e�.� �T�h�e� �b�o�u�n�d�a�r�y� �v�a�l�u�e�s� �o�f� �t�h�e� �c�o�n�s�e�r�v�e�d� �v�a�r�i�a�b�l�e�s� �a�r�e� �s�t�o�r�e�d� �a�t� 

�t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �c�e�l�l� �f�a�c�e�s� �a�l�o�n�g� �t�h�e� �b�o�u�n�d�a�r�y�.� 

�§�.�2�.�2� �C�e�l�l�-�V�e�r�t�e�z� �D�i�s�c�r�e�t�i�z�a�t�i�o�n� 

�A� �c�e�l�l�-�v�e�r�t�e�x� �f�i�n�i�t�e�-�v�o�l�u�m�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �s�t�o�r�e�s� �t�h�e� �c�o�n�s�e�r�v�e�d� �v�a�r�i�a�b�l�e�s� �a�t� �t�h�e� �v�e�r�-� 

�t�i�c�e�s� �o�f� �t�h�e� �t�r�i�a�n�g�l�e�s�,� �a�n�d� �t�h�e� �f�a�c�e�s� �o�f� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �a�r�e� �f�o�r�m�e�d� �b�y� �c�o�n�n�e�c�t�i�n�g� 

�t�h�e� �c�e�n�t�r�o�i�d�s� �o�f� �t�h�e� �t�r�i�a�n�g�l�e�s� �s�u�r�r�o�u�n�d�i�n�g� �e�a�c�h� �v�e�r�t�e�x� �t�o� �t�h�e� �m�i�d�p�o�i�n�t�s� �o�f� �t�h�e� �e�d�g�e�s� 

�e�m�a�n�a�t�i�n�g� �f�r�o�m� �e�a�c�h� �v�e�r�t�e�x�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �7�.� �E�a�c�h� �v�e�r�t�e�x� �t�h�e�n� �b�e�c�o�m�e�s� �t�h�e� 

�a�p�p�r�o�x�i�m�a�t�e� �c�e�l�l� �c�e�n�t�e�r� �o�f� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �c�r�e�a�t�e�d� �a�r�o�u�n�d� �i�t�.� �T�h�e� �v�a�l�u�e� �s�t�o�r�e�d� 

�a�t� �e�a�c�h� �v�e�r�t�e�x� �i�n� �t�h�e� �m�e�s�h� �i�s� �t�h�e�n� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �t�h�e� �a�r�e�a� �a�v�e�r�a�g�e�d� �v�a�l�u�e� �f�o�r� 

�t�h�a�t� �f�i�n�i�t�e�-�v�o�l�u�m�e� �c�e�l�l�.� �I�n� �t�h�e� �c�e�l�l�-�v�e�r�t�e�x� �c�a�s�e� �t�h�e� �n�u�m�b�e�r� �o�f� �c�e�l�l� �f�a�c�e�s� �v�a�r�i�e�s�.� �F�o�r� �a� 

�p�a�r�t�i�c�u�l�a�r� �c�e�l�l� �(�v�e�r�t�e�x�)� �i�t� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �n�u�m�b�e�r� �o�f� �i�t�s� �n�e�i�g�h�b�o�r�i�n�g� �c�e�l�l�s� �(�v�e�r�t�i�c�e�s�)�.� 

�T�h�e� �o�u�t�w�a�r�d� �f�a�c�i�n�g� �n�o�r�m�a�l� �o�f� �t�h�e� �f�a�c�e� �i�n� �t�h�e� �c�e�l�l�-�v�e�r�t�e�x� �s�c�h�e�m�e� �i�s� �f�o�u�n�d� �a�s� �a�n� �a�r�e�a�-� 

�w�e�i�g�h�t�e�d� �a�v�e�r�a�g�e� �o�f� �t�h�e� �s�i�d�e�s� �d�e�f�i�n�i�n�g� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �f�a�c�e�.� �T�h�e� �b�o�u�n�d�a�r�y� �v�a�l�u�e�s� 

�o�f� �t�h�e� �c�o�n�s�e�r�v�e�d� �v�a�r�i�a�b�l�e�s� �a�r�e� �s�t�o�r�e�d� �a�t� �t�h�e� �v�e�r�t�i�c�e�s� �l�o�c�a�t�e�d� �o�n� �t�h�e� �b�o�u�n�d�a�r�i�e�s�.� 
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�F�i�g�u�r�e� �7�)� �C�o�n�t�r�o�l� �v�o�l�u�m�e� �f�o�r� �c�e�l�l�-�v�e�r�t�e�x� �f�i�n�i�t�e� �v�o�l�u�m�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� 
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�§�.�2�.�8� �F�l�u�z� �C�a�l�c�u�l�a�t�i�o�n� 

�F�o�r� �b�o�t�h� �t�h�e� �c�e�l�l�-�c�e�n�t�e�r�e�d� �a�n�d� �c�e�l�l�-�v�e�r�t�e�x� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�s�,� �e�q�u�a�t�i�o�n� �(�3�.�1�.�1�)� �c�a�n� �b�e� 

�r�e�w�r�i�t�t�e�n� �i�n� �t�h�e� �f�o�r�m�:� 

�o�t� 

�w�h�e�r�e� �C�;� �d�e�n�o�t�e�s� �a� �c�e�l�l� �o�r� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �a�n�d� �V�(�C�;�)� �i�s� �t�h�e� �a�r�e�a� �o�f� �C�;�.� 

�V�(�C�;� �0�G� �_�_� �§� �x� �F�a�d�s� �(�3�.�2�.�1�)� 

�T�o� �e�v�a�l�u�a�t�e� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �o�f� �(�3�.�2�.�1�)�,� �w�e� �s�u�m� �t�h�e� �f�l�u�x� �v�e�c�t�o�r�s� �a�t� �e�a�c�h� �f�a�c�e� 

�o�f� �C�;�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �f�l�u�x� �i�n�t�e�g�r�a�l� �c�a�n� �b�e� �w�r�i�t�t�e�n� �i�n� �d�i�s�c�r�e�t�e� �f�o�r�m� �a�s�:� 

�é� �F�-�i�d�s�=� �S �� �F�A�s� �(�3�.�2�.�2�)� 
�o�c�;� �J�=�x�(�1�)� 

�w�h�e�r�e� �F�j�;� �i�s� �t�h�e� �n�u�m�e�r�i�c�a�l� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �t�h�e� �f�l�u�x� �a�t� �e�a�c�h� �c�e�l�l� �f�a�c�e�,� �A�s� �i�s� �t�h�e� 

�l�e�n�g�t�h� �o�f� �e�a�c�h� �c�e�l�l� �f�a�c�e�,� �a�n�d� �«�(�7�)� �i�s� �a� �l�i�s�t� �o�f� �n�e�i�g�h�b�o�r�i�n�g� �c�e�l�l�s�.� 

�3�.�3� �R�o�e ��s� �F�l�u�x� �D�i�f�f�e�r�e�n�c�e� �S�p�l�i�t�t�i�n�g� 

�R�o�e ��s� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �s�p�l�i�t�t�i�n�g� �c�a�l�c�u�l�a�t�e�s� �t�h�e� �f�l�u�x� �a�t� �a�n� �i�n�t�e�r�f�a�c�e� �b�y� �a�p�p�r�o�x�i�m�a�t�i�n�g� 

�[�6�]� �G�u�d�o�n�o�v�l�!�7�1�8� �o�r�i�g�i�n�a�l�l�y� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �R�i�e�m�a�n�n� �p�r�o�b�l�e�m� 

�s�o�l�v�e�d� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �R�i�e�m�a�n�n� �p�r�o�b�l�e�m� �e�x�a�c�t�l�y�;� �h�o�w�e�v�e�r�,� �t�h�i�s� �p�r�o�b�l�e�m� �r�e�-� 

�q�u�i�r�e�d� �a�n� �i�t�e�r�a�t�i�v�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �w�a�v�e� �i�n�t�e�r�a�c�t�i�o�n� �a�t� �e�a�c�h� �i�n�t�e�r�f�a�c�e� �w�h�i�c�h� �i�s� �c�o�m�-� 

�p�u�t�a�t�i�o�n�a�l�l�y� �i�n�e�f�f�i�c�i�e�n�t�.� �F�i�g�u�r�e� �8�a� �s�h�o�w�s� �a� �t�y�p�i�c�a�l� �i�n�t�e�r�f�a�c�e� �w�i�t�h� �t�w�o� �d�i�s�c�r�e�t�e� �f�l�u�i�d� 

�d�y�n�a�m�i�c� �s�t�a�t�e�s� �l�a�b�e�l�e�d� �Q�,� �a�n�d� �Q�r�.� �T�h�e� �a�s�s�o�c�i�a�t�e�d� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �R�i�e�m�a�n�n� �p�r�o�b�-� 

�l�e�m� �f�o�r� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �i�s� �g�i�v�e�n� �i�n� �F�i�g�.� �8�b�.� �T�h�e� �o�u�t�s�i�d�e� �w�a�v�e�s� �r�e�p�r�e�s�e�n�t� �e�i�t�h�e�r� 

�s�h�o�c�k� �w�a�v�e�s� �o�r� �e�x�p�a�n�s�i�o�n� �f�a�n�s� �w�h�i�l�e� �t�h�e� �i�n�n�e�r� �w�a�v�e� �i�s� �a� �c�o�n�t�a�c�t� �d�i�s�c�o�n�t�i�n�u�i�t�y�.� �F�y� 

�a�n�d� �F�r� �r�e�p�r�e�s�e�n�t� �t�h�e� �f�l�u�x�e�s� �b�a�s�e�d� �o�n� �t�h�e� �t�w�o� �s�t�a�t�e�s� �Q�,� �a�n�d� �Q�p� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� 

�f�l�u�x� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �s�o�l�v�i�n�g� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �f�l�u�x� �a�c�r�o�s�s� 

�t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �w�a�v�e�s� �s�h�o�w�n� �i�n� �t�h�e� �d�i�a�g�r�a�m�.� 
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�w�h�e�r�e� �A� �=� �O�F� �/�O�0�Q�.� �T�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �R�i�e�m�a�n�n� �p�r�o�b�l�e�m� �c�a�n� �b�e� �w�r�i�t�t�e�n� �i�n� 

�t�e�r�m�s� �o�f� �t�h�e� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e� �a�s� 

�F�r�  ��- ��F�y�,�=� �>� �Q�E�A�K�E�E� �(�3�.�3�.�2�)� 
�k�=�1� 

�w�h�e�r�e� �m� �i�s� �t�h�e� �v�e�c�t�o�r� �l�e�n�g�t�h� �o�f� �Q�,� �a�n�d� �A�x�,� �e�x�,� �a�n�d� �a�,� �a�r�e� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �(�w�a�v�e� 

�s�p�e�e�d�s�)�,� �e�i�g�e�n�v�e�c�t�o�r�s�,� �a�n�d� �w�a�v�e� �s�t�r�e�n�g�t�h�s� �o�f� �t�h�e� �k�*�*� �w�a�v�e� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�I�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�,� �h�o�w�e�v�e�r�,� �F�'� �i�s� �a� �n�o�n�l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �o�f� �Q�.� 

�R�o�e ��s� �s�c�h�e�m�e� �s�o�l�v�e�s� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �l�i�n�e�a�r�i�z�e�d� �p�r�o�b�l�e�m� 

 �� �+�A �� �=�0� �(�3�.�3�.�3�)� 

�w�h�e�r�e� �A� �i�s� �c�a�l�l�e�d� �t�h�e� �R�o�e�-�a�v�e�r�a�g�e�d� �m�a�t�r�i�x�.� �I�n� �o�r�d�e�r� �t�o� �s�a�t�i�s�f�y� �t�h�e� �R�a�n�k�i�n�e�-�H�u�g�o�n�i�o�t� 

�s�h�o�c�k� �j�u�m�p� �c�o�n�d�i�t�i�o�n�,� �t�h�e� �R�o�e�-�a�v�e�r�a�g�e�d� �m�a�t�r�i�x� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �s�o� �t�h�a�t� �a� �f�l�u�x� �d�i�f�f�e�r�-� 

�e�n�c�e� �b�e�t�w�e�e�n� �t�w�o� �f�l�u�i�d� �s�t�a�t�e�s� �i�s� �s�a�t�i�s�f�i�e�d� �i�d�e�n�t�i�c�a�l�l�y� �b�y� 

�A�F� �=� �F�(�Q�r�)�  �� �F�(�Q�t�)� �=� �A�(�Q�r�  �� �Q�z�)� �=� �A�A�Q� �(�3�.�3�.�4�)� 

�R�e�f�e�r�r�i�n�g� �b�a�c�k� �t�o� �F�i�g�.� �8�,� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �f�l�u�x� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� �F�j�,�1� �c�a�n� �b�e� 

�f�o�u�n�d� �e�i�t�h�e�r� �b�y� �b�e�g�i�n�n�i�n�g� �w�i�t�h� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �f�l�u�x� �a�t� �t�h�e� �l�e�f�t� �s�t�a�t�e� �F�;�,� �a�n�d� �a�d�d�i�n�g� 

�t�h�e� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e�s� �a�c�r�o�s�s� �w�a�v�e�s� �w�i�t�h� �n�e�g�a�t�i�v�e� �e�i�g�e�n�v�a�l�u�e�s�,� �o�r� �b�y� �b�e�g�i�n�n�i�n�g� �w�i�t�h� �t�h�e� 

�v�a�l�u�e� �o�f� �t�h�e� �f�l�u�x� �a�t� �t�h�e� �r�i�g�h�t� �s�t�a�t�e� �F�z� �a�n�d� �s�u�b�t�r�a�c�t�i�n�g� �t�h�e� �f�l�u�x� �d�i�f�f�e�r�e�n�c�e�s� �a�c�r�o�s�s� 

�w�a�v�e�s� �w�i�t�h� �p�o�s�i�t�i�v�e� �e�i�g�e�n�v�a�l�u�e�s�.� �B�y� �t�a�k�i�n�g� �t�h�e� �a�v�e�r�a�g�e� �o�f� �t�h�e�s�e� �t�w�o� �m�e�t�h�o�d�s�,� �R�o�e� 

�f�i�n�d�s� �t�h�a�t� �t�h�e� �f�l�u�x� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� �i�s� �g�i�v�e�n� �b�y� 
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�T�h�e� �a�b�s�o�l�u�t�e� �v�a�l�u�e� �s�y�m�b�o�l�s� �p�l�a�c�e�d� �a�r�o�u�n�d� �t�h�e� �m�a�t�r�i�x� �s�i�m�p�l�y� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� 

�a�b�s�o�l�u�t�e� �v�a�l�u�e�s� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �A� �w�e�r�e� �u�s�e�d� �t�o� �e�v�a�l�u�a�t�e� �A�.� �T�h�e� �m�a�t�r�i�x� �A� �c�a�n� 

�b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� 

�A�=�T�A�T�"� �(�3�.�3�.�6�)� 

�w�h�e�r�e� �T� �a�r�e� �t�h�e� �r�i�g�h�t� �e�i�g�e�n�v�e�c�t�o�r�s�,� �T�' ��!� �a�r�e� �t�h�e� �l�e�f�t� �e�i�g�e�n�v�e�c�t�o�r�s�,� �a�n�d� �A�i�s�a� �d�i�a�g�o�n�a�l� 

�m�a�t�r�i�x� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �A�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �f�l�u�x� �c�a�n� �t�h�e�n� �b�e� �w�r�i�t�t�e�n� �a�s� 
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�c�a�s�e�,� �t�h�e� �p�a�t�h� �c�h�o�s�e�n� �p�a�s�s�e�s� �t�h�r�o�u�g�h� �t�h�e� �c�e�n�t�r�o�i�d�s� �o�f� �t�h�e� �c�e�l�l�s� �B�,�C�,� �a�n�d� �D� �w�h�i�c�h� 

�s�u�r�r�o�u�n�d� �c�e�l�l� �A�,� �a�s� �i�n�d�i�c�a�t�e�d� �i�n� �F�i�g�.� �9�.� 

�C�o�n�s�i�d�e�r� �a� �l�i�m�i�t�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �a�b�o�u�t� �t�h�e� �c�e�n�t�r�o�i�d� �o�f� �c�e�l�l� �A� 

�O�z�,� �y�a� �=� �Q�(�2�0�,� �4�0�a� �+� �P�A�V�Q�A�  ��T�a�,� �@�,� �e� �[�0�,�1�]� �(�3�.�5�.�4�)� 

�I�n� �o�r�d�e�r� �t�o� �f�i�n�d� �t�h�e� �v�a�l�u�e� �o�f� �&�4�,� �a� �m�o�n�o�t�o�n�i�c�i�t�y� �p�r�i�n�c�i�p�l�e� �i�s� �e�n�f�o�r�c�e�d� �o�n� �t�h�e� �u�n�l�i�m�i�t�e�d� 

�q�u�a�n�t�i�t�i�e�s� �Q�4�;� �=� �Q�(�2�i�,� �y�i�)�a� �c�a�l�c�u�l�a�t�e�d� �i�n� �(�3�.�5�.�2�)� �a�t� �t�h�e� �f�a�c�e�s� �o�f� �c�e�l�l� �A�.� �I�t� �r�e�q�u�i�r�e�s� 

�t�h�a�t� �t�h�e� �v�a�l�u�e�s� �c�o�m�p�u�t�e�d� �a�t� �t�h�e� �f�a�c�e�s� �m�u�s�t� �n�o�t� �e�x�c�e�e�d� �t�h�e� �m�a�x�i�m�u�m� �a�n�d� �m�i�n�i�m�u�m� 

�o�f� �n�e�i�g�h�b�o�r�i�n�g� �c�e�l�l� �v�a�l�u�e�s� �i�n�c�l�u�d�i�n�g� �t�h�e� �v�a�l�u�e� �i�n� �c�e�l�l� �A�,� �i�.�e�.� �t�h�a�t� 

�Q�n�?� �<� �Q�a�;� �<� �Q�u� �(�3�.�5�.�5�)� 

�-�w�h�e�r�e� �q�n�i�n�  �� �=� �m�i�n�(�Q�A�,� �Q�n�e�i�g�h�b�o�r�s�)� �a�n�d� �Q�R�° �� �=� �m�a�z�(�Q�a�,� �Q�n�e�i�g�h�b�o�r�s�)�.� �T�h�e� �v�a�l�u�e� 

�@� �4� �c�a�n� �n�o�w� �b�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �f�a�c�e� �7� �o�f� �c�e�l�l� �A� �a�s� 

�m�i�n� �(�3�,� �a�)�,� �i�f� �Q�i�-�Q�a�>�0� 
�Q�:� �Q�A� 

�P�a�;� �=� �m�i�n� �(�1� �;� �o�a�"�  �� �0�4� �4�)�  �� �t�f� �Q�i�-�Q�a� �<�0� �(�3�.�5�.�6�)� 
�t� �A� 

�1� �t�f� �Q�i�-�Q�a�=�0� 

�w�i�t�h� �®�,� �=� �m�i�n�(�®�4�,�)�,� �w�h�e�r�e� �z� �i�s� �t�h�e� �i�n�d�e�x� �o�f� �t�h�e� �s�e�t� �o�f� �f�a�c�e�s� �s�u�r�r�o�u�n�d�i�n�g� �c�e�l�l� �A�.� 

�N�e�w� �l�i�m�i�t�e�d� �v�a�l�u�e�s� �f�o�r� �Q�4�,� �a�t� �e�a�c�h� �o�f� �t�h�e� �f�a�c�e�s� �o�f� �c�e�l�l� �A� �a�r�e� �t�h�e�n� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� 

�e�q�u�a�t�i�o�n� �(�3�.�5�.�4�)� �u�s�i�n�g� �t�h�e� �t�h�e� �v�a�l�u�e� �o�f� �®�,�4� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �c�e�l�l�.� 

�G�o�v�e�r�n�i�n�g� �E�q�u�a�t�i�o�n�s� �2�7



� � 
�F�i�g�u�r�e� �9�)� �I�n�t�e�g�r�a�t�i�o�n� �p�a�t�h� �f�o�r� �c�e�l�l�-�c�e�n�t�e�r�e�d� �g�r�a�d�i�e�n�t� �c�a�l�c�u�l�a�t�i�o�n� 

�G�o�v�e�r�n�i�n�g� �E�q�u�a�t�i�o�n�s� �2�8



�3�.�5�.�2� �C�e�l�l�-�V�e�r�t�e�r� �H�i�g�h�e�r�-�O�r�d�e�r� �C�o�r�r�e�c�t�i�o�n� 
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�b�e� �m�a�d�e� �o�f� �t�h�e� �t�r�i�a�n�g�u�l�a�r� �e�l�e�m�e�n�t�s� �s�u�r�r�o�u�n�d�i�n�g� �n�o�d�e�s� �V�;� �a�n�d� �V�;� �w�h�i�c�h� �d�e�f�i�n�e� �e�a�c�h� 

�e�d�g�e�.� �T�r�i�a�n�g�u�l�a�r� �e�l�e�m�e�n�t�s� �w�h�i�c�h� �c�o�n�t�a�i�n� �t�h�e� �l�i�n�e� �d�e�f�i�n�e�d� �b�y� �t�h�e� �v�e�c�t�o�r�s�,� �V�i�V�i�,� 

�a�n�d� �V�;�V�;�"� �a�n�d� �s�u�r�r�o�u�n�d�i�n�g� �n�o�d�e�s�,� �V�;� �a�n�d� �V�;�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�r�e� �u�s�e�d� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� 

�g�r�a�d�i�e�n�t� �f�o�r� �h�i�g�h�e�r�-�o�r�d�e�r� �M�U�S�C�L� �d�i�f�f�e�r�e�n�c�i�n�g�.� �P�h�a�n�t�o�m� �n�o�d�e�s�,� �V�j� �a�n�d� �V�j�}�,� �d�e�f�i�n�e� 

�t�h�e� �p�o�i�n�t�s� �w�h�e�r�e� �d�a�t�a� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �e�v�a�l�u�a�t�e� �a� �M�U�S�C�L� �d�i�f�f�e�r�e�n�c�i�n�g� �f�o�r�m�u�l�a� �i�n� �a� 

�s�t�r�u�c�t�u�r�e�d� �g�r�i�d� �m�a�n�n�e�r�.� �H�i�g�h�e�r�-�o�r�d�e�r� �d�a�t�a� �i�s� �r�e�c�o�n�s�t�r�u�c�t�e�d� �a�t� �t�h�e� �m�i�d�p�o�i�n�t� �o�f� �t�h�e� 

�e�d�g�e� �d�e�f�i�n�e�d� �b�y� �v�e�r�t�i�c�e�s� �V�;� �a�n�d� �V�;�.� �T�h�e� �M�U�S�C�L� �d�i�f�f�e�r�e�n�c�i�n�g� �f�o�r�m�u�l�a�s� �f�o�r� �F�i�g�.� �1�0�,� 

�c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 
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�w�h�e�r�e� 
�A�_�(�Q�:�)� �=� �9�:�  �� �Q�i� �A�+�(�Q�:�)� �=� �Q�;� �-� �Q� 

�(�3�.�5�.�8�)� 

�A�-�(�Q�;�)� �=� �Q�j� �-� �Q�i� �A�+�(�Q�j�)� �=� �Q�7�  �� �Q�;� 
�w�h�e�r�e� �s� �i�s� �V�a�n� �A�l�b�a�d�a ��s� �l�i�m�i�t�e�r�!�?�¢� 

�2�A�+�A�-� �+�9� �(�3�.�5�.�9�)� �©� �(�O�4�7� �+�(�A�-�P� �+�6� 
�a�n�d� �6� �i�s� �a� �s�m�a�l�l� �n�u�m�b�e�r� �u�s�e�d� �t�o� �p�r�e�v�e�n�t� �d�i�v�i�s�i�o�n� �b�y� �z�e�r�o� �i�n� �r�e�g�i�o�n�s� �o�f� �s�m�a�l�l� �g�r�a�d�i�e�n�t�.� 

�T�h�e� �l�i�m�i�t�e�r�,� �s�,� �s�e�r�v�e�s� �t�o� �l�i�m�i�t� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �M�U�S�C�L�-�d�i�f�f�e�r�e�n�c�i�n�g� �f�o�r�m�u�l�a�s� 

�i�n� �r�e�g�i�o�n�s� �o�f� �l�a�r�g�e� �g�r�a�d�i�e�n�t�.� �T�h�i�s� �l�i�m�i�t�i�n�g� �c�a�u�s�e�s� �a� �l�o�s�s� �o�f� �a�c�c�u�r�a�c�y� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� 

�b�u�t� �d�o�e�s� �i�n�s�u�r�e� �t�h�a�t� �o�s�c�i�l�l�a�t�i�o�n�s� �i�n� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �n�e�a�r� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �a�r�e� 

�m�i�n�i�m�i�z�e�d� �o�r� �p�r�e�v�e�n�t�e�d�.� �V�a�n� �A�l�b�a�d�a ��s� �l�i�m�i�t�e�r� �w�a�s� �u�s�e�d� �b�e�c�a�u�s�e� �i�t� �a�c�t�e�d� �i�n� �a� �c�o�n�t�i�n�-� 

�u�o�u�s�l�y� �d�i�f�f�e�r�e�n�t�i�a�b�l�e� �m�a�n�n�e�r� �w�h�i�c�h� �t�e�n�d�e�d� �t�o� �p�r�e�v�e�n�t� �l�i�m�i�t� �c�y�c�l�e�s� �i�n� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�h�i�s�t�o�r�y�.� 
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�T�h�e� �p�a�r�a�m�e�t�e�r� �«� �c�o�n�t�r�o�l�s� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �M�U�S�C�L�-�d�i�f�f�e�r�e�n�c�i�n�g�.� �W�i�t�h� �«� �=� 

 ��1�,� �t�h�e� �s�o�l�u�t�i�o�n� �i�s� �s�e�c�o�n�d�-�o�r�d�e�r� �a�c�c�u�r�a�t�e� �a�n�d� �f�u�l�l�y� �u�p�w�i�n�d�e�d�.� �U�s�i�n�g� �«� �=� �1�/�3�,� 

�t�h�e� �s�o�l�u�t�i�o�n� �i�s� �u�p�w�i�n�d� �b�i�a�s�e�d�.� �T�h�e� �b�a�c�k�w�a�r�d� �a�n�d� �f�o�r�w�a�r�d� �d�i�f�f�e�r�e�n�c�e�s� �t�o� �i�m�a�g�i�n�a�r�y� 

�p�o�i�n�t�s� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� 
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�T�h�e� �n�o�t�a�t�i�o�n� �V�Q�;� �a�n�d� �V�Q� �j� �T�e�p�r�e�s�e�n�t� �t�h�e� �g�r�a�d�i�e�n�t� �i�n� �t�h�e� �t�r�i�a�n�g�u�l�a�r� �e�l�e�m�e�n�t� �s�u�r�-� 

�r�o�u�n�d�i�n�g� �V�;� �a�n�d� �c�o�n�t�a�i�n�i�n�g� �v�e�c�t�o�r� �V�j�)� �V�;� �a�n�d� �s�u�r�r�o�u�n�d�i�n�g� �V�;� �a�n�d� �c�o�n�t�a�i�n�i�n�g� �v�e�c�t�o�r� 
 �� 
�V�;� �V�j�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 
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�F�i�g�u�r�e� �1�0�)� �P�h�a�n�t�o�m� �c�e�l�l�s� �f�o�r� �c�e�l�l�-�v�e�r�t�e�x� �g�r�a�d�i�e�n�t� �c�a�l�c�u�l�a�t�i�o�n� 
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�l�i�n�e� �G�a�u�s�s�-�S�e�i�d�e�l� �t�y�p�e� �r�e�l�a�x�a�t�i�o�n�,� �a�n�d� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �a�l�g�o�r�i�t�h�m�s� �a�l�l� �u�t�i�l�i�z�e� �t�h�i�s� 

�f�o�r�m� �o�f� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n�.� �T�h�e� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �c�a�l�c�u�l�a�t�e�s� �a�n� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� 

�l�i�n�e�a�r� �s�y�s�t�e�m� �g�i�v�e�n� �i�n� �e�q�u�a�t�i�o�n� �(�4�.�0�.�4�)�,� �w�h�i�l�e� �t�h�e� �o�t�h�e�r� �i�m�p�l�i�c�i�t� �s�c�h�e�m�e�s� �c�a�l�c�u�l�a�t�e� 

�a�p�p�r�o�x�i�m�a�t�i�o�n�s� �t�o� �t�h�e� �s�o�l�u�t�i�o�n�.� �H�o�w�e�v�e�r�,� �d�u�e� �t�o� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� 

�t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �a� �S�t�e�g�e�r�-�W�a�r�m�i�n�g� �J�a�c�o�b�i�a�n� �a�n�d� �n�o�n�l�i�n�e�a�r�i�t�y� �o�f� �t�h�e� �r�e�s�i�d�u�a�l�,� 

�t�h�e� �s�o�l�u�t�i�o�n� �t�o� �e�q�u�a�t�i�o�n� �(�4�.�0�.�4�)� �i�s� �o�n�l�y� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�t�s�e�l�f� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� 

�e�q�u�a�t�i�o�n� �(�4�.�0�.�2�)�.� 

�F�o�r� �s�o�l�v�i�n�g� �l�i�n�e�a�r� �p�r�o�b�l�e�m�s� �u�s�i�n�g� �c�l�a�s�s�i�c� �r�e�l�a�x�a�t�i�o�n� �s�c�h�e�m�e�s�,� �i�t� �i�s� �c�o�n�v�e�n�i�e�n�t� �t�o� 

�d�e�c�o�m�p�o�s�e� �A� �a�c�c�o�r�d�i�n�g� �t�o� 
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�w�h�e�r�e� �M� �i�s� �a� �l�o�w�e�r� �t�r�i�a�n�g�u�l�a�r� �m�a�t�r�i�x�,� �D� �i�s� �a� �d�i�a�g�o�n�a�l� �m�a�t�r�i�x�,� �a�n�d� �N� �i�s� �a�n� �u�p�p�e�r� 

�t�r�i�a�n�g�u�l�a�r� �m�a�t�r�i�x�.� 

�I�n� �t�h�e� �l�a�s�t� �s�e�v�e�r�a�l� �y�e�a�r�s�,� �e�x�t�e�n�s�i�v�e� �r�e�s�e�a�r�c�h� �h�a�s� �b�e�e�n� �d�i�r�e�c�t�e�d� �t�o�w�a�r�d�s� �t�h�e� �u�s�e� 

�o�f� �s�p�a�r�s�e� �m�a�t�r�i�x� �s�o�l�v�e�r�s� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �n�o�n�-�s�y�m�m�e�t�r�i�c� �a�n�d� �n�o�n�-�p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e� 

�m�a�t�r�i�c�e�s�!�?�1�,�2�2�,�2�3�]� �|� �T�h�e� �m�a�t�r�i�c�e�s� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k� �a�r�e� �n�o�n�-�s�y�m�m�e�t�r�i�c� �a�n�d� 

�s�p�a�r�s�e�.� �F�o�r� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�e�r�f�e�c�t� �g�a�s� �p�r�o�b�l�e�m� �w�i�t�h� �1�0�0�0� �v�e�r�t�i�c�e�s� �i�n� �a� �c�e�l�l�-�v�e�r�t�e�x� 

�c�o�d�e�,� �t�h�e�r�e� �a�r�e� �4�0�0�0� �u�n�k�n�o�w�n�s� �a�n�d� �1�6�-�1�0�®� �m�a�t�r�i�x� �c�o�e�f�f�i�c�i�e�n�t�s�.� �O�n�l�y� �a�b�o�u�t� �2�8�,�0�0�0� 

�t�o� �3�2�,�0�0�0� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �t�y�p�i�c�a�l�l�y� �n�o�n�-�z�e�r�o�.� �M�a�n�y� �o�f� �t�h�e� �s�p�a�r�s�e� �m�a�t�r�i�x� �s�o�l�v�e�r�s� �a�r�e� 

�i�t�e�r�a�t�i�v�e� �a�n�d� �o�n�l�y� �r�e�q�u�i�r�e� �t�h�a�t� �t�h�e� �u�s�e�r� �s�u�p�p�l�y� �a� �s�u�b�r�o�u�t�i�n�e� �t�o� �c�o�m�p�u�t�e� �a� �m�a�t�r�i�x� 

�m�u�l�t�i�p�l�y� �o�f� �A� �a�n�d� �a� �v�e�c�t�o�r�.� �G�e�n�e�r�a�l�l�y�,� �t�h�e� �m�a�t�r�i�x� �m�u�l�t�i�p�l�y� �i�s� �t�h�e� �m�o�s�t� �e�x�p�e�n�s�i�v�e� 

�o�p�e�r�a�t�i�o�n� �r�e�q�u�i�r�e�d� �t�o� �p�e�r�f�o�r�m� �a� �s�i�n�g�l�e� �i�t�e�r�a�t�i�o�n� �o�f� �t�h�e� �s�p�a�r�s�e� �m�a�t�r�i�x� �s�o�l�v�e�r�.� 

�T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s� �3�3



�I�V�.� �T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s� 

�I�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �a� �s�t�e�a�d�y�-�s�t�a�t�e� �s�o�l�u�t�i�o�n�,� �t�h�e� �s�p�a�t�i�a�l�l�y� �d�i�s�c�r�e�t�i�z�e�d� �E�u�l�e�r� �e�q�u�a�-� 

�t�i�o�n�s� �m�u�s�t� �b�e� �i�n�t�e�g�r�a�t�e�d� �i�n� �t�i�m�e�.� �T�h�e� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� 

�t�h�e� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �u�s�e�d�.� �T�h�e� �t�w�o� �b�a�s�i�c� �t�y�p�e�s� �o�f� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e�s� 

�s�t�u�d�i�e�d� �h�e�r�e� �a�r�e� �e�x�p�l�i�c�i�t� �a�n�d� �i�m�p�l�i�c�i�t� �a�l�g�o�r�i�t�h�m�s�.� �B�o�t�h� �t�y�p�e�s� �m�a�k�e� �u�s�e� �o�f� 
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�w�h�e�r�e� �R�(�Q�)� �i�s� �t�h�e� �r�e�s�i�d�u�a�l� �a�n�d� �i�s� �a� �d�i�s�c�r�e�t�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �t�e�r�m�s�.� 

�E�x�p�l�i�c�i�t� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �e�v�a�l�u�a�t�e�s� �t�h�e� �r�e�s�i�d�u�a�l� �a�t� �t�i�m�e� �l�e�v�e�l� �n�,� �w�h�i�l�e� �i�m�p�l�i�c�i�t� �t�i�m�e� 

�i�n�t�e�g�r�a�t�i�o�n� �e�v�a�l�u�a�t�e�s� �t�h�e� �r�e�s�i�d�u�a�l� �a�t� �t�i�m�e� �l�e�v�e�l� �n�+� �1�.� �T�h�e�r�e�f�o�r�e�,� �E�u�l�e�r� �i�m�p�l�i�c�i�t� �t�i�m�e� 

�i�n�t�e�g�r�a�t�i�o�n� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �d�e�l�t�a� �f�o�r�m� �a�s� 

�V �� �=� �R�"� �(�4�.�0�.�2�)� 

�w�h�e�r�e� �A�{�}� �=� �{�}�"�*�?�  �� �{�}�"� �a�n�d� �V� �i�s� �t�h�e� �c�e�l�l� �a�r�e�a�.� �I�n� �o�r�d�e�r� �t�o� �s�o�l�v�e� �t�h�e� �e�q�u�a�t�i�o�n� �i�n� 

�t�h�i�s� �f�o�r�m�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �l�i�n�e�a�r�i�z�e� �t�h�e� �e�q�u�a�t�i�o�n� �i�n� �t�i�m�e� �w�h�i�c�h� �c�a�n� �b�e� �a�c�c�o�m�p�l�i�s�h�e�d� 

�b�y�  �� 
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�F�o�r� �f�l�u�i�d� �d�y�n�a�m�i�c� �p�r�o�b�l�e�m�s�,� �A� �i�s� �g�e�n�e�r�a�l�l�y� �a� �b�l�o�c�k� �m�a�t�r�i�x� �o�f� �d�i�m�e�n�s�i�o�n� �N� �(�t�h�e� 

�n�u�m�b�e�r� �o�f� �c�e�l�l�s�)� �w�i�t�h� �a� �v�a�r�i�a�b�l�e� �b�a�n�d�w�i�d�t�h�.� �T�h�e� �p�o�i�n�t� �J�a�c�o�b�i�,� �p�o�i�n�t� �G�a�u�s�s�-�S�e�i�d�e�l�,� 

�T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s� �3�2



�4�.�1� �R�u�n�g�e�-�K�u�t�t�a� �T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� 

�R�u�n�g�e�-�K�u�t�t�a� �t�y�p�e� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �J�a�m�e�s�o�n�!�4�!� �a�s� �a� �v�a�r�i�a�t�i�o�n� �o�f� 

�t�h�e� �c�l�a�s�s�i�c�a�l� �R�u�n�g�e�-�K�u�t�t�a� �m�e�t�h�o�d�s�.� �A�n� �m�-�s�t�a�g�e� �R�u�n�g�e�-�K�u�t�t�a� �s�c�h�e�m�e� �i�s� 

�Q�  �� �Q!"�)� 

�4�.�1�.�1�)� 
�m�-� �A�t� �m�-� �(� �Q�D�)� �=� �Q�O� �+� �a�m�_�1 �� �R�(�Q�(�"�-�?�)�)� 

�g�i�r�t�h�)�  �� �g�*!"�)� 

�w�h�e�r�e� �Q ��)� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �a�t� �t�i�m�e� �n�,� �R�(�Q�)� �i�s� �t�h�e� �r�i�g�h�t�-�h�a�n�d� �s�i�d�e� �o�f� 

�(�3�.�2�.�1�)�,� �V� �i�s� �t�h�e� �c�e�l�l� �a�r�e�a�,� �a�n�d� �t�h�e� �a ��s� �a�r�e� �w�e�i�g�h�t�i�n�g� �f�a�c�t�o�r�s� �g�i�v�e�n� �b�y� 

�1� 
�O�k� �=� �T�o� �e�F�l� �f�o�r� �k�=�1�,�.�.�.�,�m� �(�4�.�1�.�2�)� 

�T�h�e�s�e� �v�a�l�u�e�s� �f�o�r� �a�,� �y�i�e�l�d� �m�-�o�r�d�e�r� �t�i�m�e� �a�c�c�u�r�a�c�y� �f�o�r� �a� �l�i�n�e�a�r� �s�y�s�t�e�m�.� �H�o�w�e�v�e�r� �f�o�r� 

�n�o�n�-�l�i�n�e�a�r� �p�r�o�b�l�e�m�s�,� �t�h�e� �4�-�s�t�a�g�e� �s�c�h�e�m�e� �w�h�i�c�h� �w�a�s� �i�n�v�e�s�t�i�g�a�t�e�d� �i�n� �b�o�t�h� �t�h�e� �c�e�l�l�-� 

�c�e�n�t�e�r�e�d� �a�n�d� �c�e�l�l�-�v�e�r�t�e�x� �c�o�d�e� �i�s� �s�e�c�o�n�d� �o�r�d�e�r� �a�c�c�u�r�a�t�e� �i�n� �t�i�m�e�.� �T�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�-� 

�f�i�c�i�e�n�t�s� �u�s�e�d� �i�n� �t�h�i�s� �w�o�r�k� �w�e�r�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�t�e�r�m�i�n�e�d� �t�o� �a�c�c�e�l�e�r�a�t�e� �c�o�n�v�e�r�g�e�n�c�e� 

�t�o� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �i�n� �a�n� �u�p�w�i�n�d�,� �s�t�r�u�c�t�u�r�e�d� �c�o�d�e�l�*�*�!� �a�n�d� �a�r�e� �g�i�v�e�n� �b�y� 

�a�,�=�0�.�1�5� �a�2� �=�0�.�3�2�7�5� �a�s� �=�0�.�5�7� �a�g�=�1� �(�4�.�1�.�3�)� 

�R�u�n�g�e�-�K�u�t�t�a� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �i�s� �e�a�s�i�l�y� �v�e�c�t�o�r�i�z�e�d� �a�n�d� �s�i�m�p�l�e� �t�o� �c�o�d�e�.� �I�t� �a�l�s�o� �r�e�-� 

�q�u�i�r�e�s� �v�e�r�y� �l�i�t�t�l�e� �s�t�o�r�a�g�e� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �i�m�p�l�i�c�i�t� �s�c�h�e�m�e�s�.� �H�o�w�e�v�e�r�,� �i�t� �r�e�q�u�i�r�e�s� 

�a� �s�m�a�l�l� �C�o�u�r�a�n�t� �n�u�m�b�e�r� �f�o�r� �s�t�a�b�i�l�i�t�y� �a�n�d� �c�o�n�v�e�r�g�e�s� �s�l�o�w�l�y� �a�s� �c�o�m�p�a�r�e�d� �t�o� �i�m�p�l�i�c�i�t� 

�s�c�h�e�m�e�s�.� 

�T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s� �3�4



�4�.�1�.�1� �R�u�n�g�e�-�K�u�t�t�a� �w�i�t�h� �R�e�s�i�d�u�a�l� �S�m�o�o�t�h�i�n�g� 

�T�h�e� �R�u�n�g�e�-�K�u�t�t�a� �s�c�h�e�m�e� �c�o�u�l�d� �b�e� �a�c�c�e�l�e�r�a�t�e�d� �b�y� �a�p�p�l�y�i�n�g� �i�m�p�l�i�c�i�t� �r�e�s�i�d�u�a�l� �s�m�o�o�t�h�-� 

�i�n�g� �a�t� �e�v�e�r�y� �s�t�a�g�e� �o�f� �t�h�e� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n�!�?�6�]�.� �T�h�i�s� �w�a�s� �p�e�r�f�o�r�m�e�d� �o�n�l�y� �f�o�r� �t�h�e� �c�e�l�l�-� 

�v�e�r�t�e�x� �c�o�d�e�,� �b�u�t� �c�o�u�l�d� �b�e� �e�a�s�i�l�y� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �c�e�l�l�-�c�e�n�t�e�r�e�d� �c�o�d�e�.� �R�e�s�i�d�u�a�l� 

�s�m�o�o�t�h�i�n�g� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �a� �L�a�p�l�a�c�i�a�n� �f�i�l�t�e�r�i�n�g� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �v�a�l�u�e�s� �o�f� �t�h�e� �r�e�s�i�d�u�-� 

�a�l�s�.� �T�h�e� �r�e�s�i�d�u�a�l�s� �w�e�r�e� �s�m�o�o�t�h�e�d� �f�o�r� �e�v�e�r�y� �s�t�a�g�e� �o�f� �t�h�e� �R�u�n�g�e�-�K�u�t�t�a� �s�o�l�v�e�r�.� �T�h�e� 

�f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �w�a�s� �s�o�l�v�e�d� �f�o�r� �t�h�e� �n�e�w� �v�a�l�u�e� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� 

�R�;� �=� �R�i� �+ ¬�V�?�R�;� �(�4�.�1�.�4�)� 

�w�h�e�r�e� �R�;� �i�s� �t�h�e� �L�a�p�l�a�c�i�a�n� �f�i�l�t�e�r�e�d� �v�a�l�u�e� �o�f� �R�;�.� �T�h�e� �u�n�d�i�v�i�d�e�d� �L�a�p�l�a�c�i�a�n�,� �V�?�R�;�,� �c�a�n� 

�b�e� �r�e�p�r�e�s�e�n�t�e�d� �o�n� �a�n� �u�n�s�t�r�u�c�t�u�r�e�d� �m�e�s�h� �a�s� 

�V�R� �=� �>�>� �(�R�j� �-� �R�i�)� �(�4�.�1�.�5�)� 
�j�=�n�(�i�)� 

�T�h�e� �v�a�r�i�a�b�l�e� �«�(�z�)� �c�o�n�t�a�i�n�s� �a� �l�i�s�t� �o�f� �v�e�r�t�i�c�e�s� �t�h�a�t� �s�u�r�r�o�u�n�d� �v�e�r�t�e�x� �V�;� �a�n�d� �a�r�e� �a�d�j�a�c�e�n�t� 

�t�o� �V�;�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �i�m�p�l�i�c�i�t� �e�q�u�a�t�i�o�n� �f�o�r� �R�;� �i�s� �s�o�l�v�e�d� �b�y� �J�a�c�o�b�i� �i�t�e�r�a�t�i�o�n�.� �T�y�p�i�c�a�l�l�y�,� 

�t�w�o� �J�a�c�o�b�i� �i�t�e�r�a�t�i�o�n�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �w�i�t�h� �e� �=� �0�.�5�.� �S�m�o�o�t�h�i�n�g� �t�h�e� �r�e�s�i�d�u�a�l�s� �i�s� 

�c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �e�f�f�i�c�i�e�n�t� �c�o�m�p�a�r�e�d� �t�o� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �r�e�s�i�d�u�a�l�s� �u�s�i�n�g� �a�n� �u�p�w�i�n�d� 

�s�c�h�e�m�e�.� �I�t� �a�l�s�o� �a�l�l�o�w�s� �f�o�r� �a� �l�a�r�g�e�r� �m�a�x�i�m�u�m� �t�i�m�e� �s�t�e�p�.� �A�s� �a� �r�e�s�u�l�t�,� �r�e�s�i�d�u�a�l� 

�s�m�o�o�t�h�i�n�g� �i�s� �v�e�r�y� �e�f�f�e�c�t�i�v�e� �i�n� �i�m�p�r�o�v�i�n�g� �t�h�e� �o�v�e�r�a�l�l� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �R�u�n�g�e�-�K�u�t�t�a� 

�t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e�.� 

�T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s� �3�5



�4�.�2� �P�o�i�n�t� �J�a�c�o�b�i� �T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� 

�T�h�e� �p�o�i�n�t� �J�a�c�o�b�i� �m�e�t�h�o�d� �w�a�s� �u�s�e�d� �i�n� �t�h�e� �c�e�l�l�-�v�e�r�t�e�x� �c�o�d�e� �t�o� �c�o�m�p�u�t�e� �a�n� �a�p�p�r�o�x�i�-� 

�m�a�t�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m�.� �T�h�e� �b�l�o�c�k� �m�a�t�r�i�c�e�s� �o�n� �t�h�e� �d�i�a�g�o�n�a�l� �w�e�r�e� �i�n�v�e�r�t�e�d� 

�a�n�d� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e�.� 

�A�Q� �=� �D�R�"� �(�4�.�2�.�1�)� 

�w�h�e�r�e� �D� �i�s� �a� �d�i�a�g�o�n�a�l� �m�a�t�r�i�x� �o�f� �b�l�o�c�k� �m�a�t�r�i�c�e�s� �f�r�o�m� �t�h�e� �d�i�a�g�o�n�a�l� �o�f� �A�.� �A�s� �c�a�n� �e�a�s�i�l�y� 

�b�e� �s�e�e�n�,� �t�h�e� �m�e�t�h�o�d� �i�s� �a�c�t�u�a�l�l�y� �a� �b�l�o�c�k� �J�a�c�o�b�i� �i�t�e�r�a�t�i�o�n� �w�i�t�h� �t�h�e� �b�l�o�c�k�s� �m�a�t�r�i�c�e�s� 

�b�e�i�n�g� �f�o�r�m�e�d� �f�r�o�m� �t�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� �o�f� �t�h�e� �c�o�u�p�l�e�d� �e�q�u�a�t�i�o�n�s� �a�t� �e�a�c�h� �g�r�i�d� �p�o�i�n�t�.� 

�T�h�e� �v�e�c�t�o�r� �Q� �i�s� �u�p�d�a�t�e�d� �a�f�t�e�r� �A�Q� �i�s� �f�o�u�n�d� �a�n�d� �a� �n�e�w� �r�e�s�i�d�u�a�l� �v�e�c�t�o�r� �a�n�d� �J�a�c�o�b�i�a�n� 

�i�s� �c�o�m�p�u�t�e�d�.� �I�n� �t�h�e� �p�o�i�n�t� �J�a�c�o�b�i� �m�e�t�h�o�d�,� �i�t� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �t�o� �c�o�m�p�u�t�e� �t�h�e� �o�f�f� 
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�g�i�v�e�n� �b�y� �t�h�e� �g�r�i�d� �g�e�n�e�r�a�t�o�r�.� �T�h�e� �n�e�x�t� �c�e�l�l� �w�o�u�l�d� �b�e� �o�n�e� �o�f� �t�h�e� �n�e�i�g�h�b�o�r�s� �o�f� �t�h�i�s� 

�c�e�l�l�.� �I�f� �t�h�e� �n�e�i�g�h�b�o�r�i�n�g� �c�e�l�l� �w�a�s� �a� �b�o�u�n�d�a�r�y� �c�e�l�l�,� �i�t� �w�a�s� �c�h�o�s�e�n� �a�b�o�v�e� �a�l�l� �o�t�h�e�r�s�.� 

�O�t�h�e�r�w�i�s�e� �t�h�e� �c�e�l�l� �w�i�t�h� �t�h�e� �m�o�s�t� �n�e�i�g�h�b�o�r�s� �w�a�s� �s�e�l�e�c�t�e�d�.� �E�v�e�n�t�u�a�l�l�y�,� �a� �c�e�l�l� �w�i�l�l� �b�e� 

�c�h�o�s�e�n� �t�h�a�t� �h�a�s� �n�o� �n�e�i�g�h�b�o�r�s� �s�t�i�l�l� �o�n� �t�h�e� �l�i�s�t�.� �T�h�i�s� �a�l�w�a�y�s� �o�c�c�u�r�s� �w�i�t�h� �a� �b�o�u�n�d�a�r�y� 

�c�e�l�l�.� �W�h�e�n� �t�h�i�s� �h�a�p�p�e�n�s�,� �t�h�e� �o�n�l�y� �w�a�y� �t�o� �c�o�n�t�i�n�u�e� �r�e�n�u�m�b�e�r�i�n�g� �i�s� �t�o� �s�e�l�e�c�t� �a� �n�e�w� 

�s�t�a�r�t�i�n�g� �c�e�l�l� �f�r�o�m� �t�h�e� �a�v�a�i�l�a�b�l�e� �l�i�s�t� �a�n�d� �r�e�p�e�a�t� �t�h�e� �p�r�o�c�e�s�s� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e�.� 

�T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s� �3�8
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�F�i�g�u�r�e� �1�1�)� �T�r�i�-�d�i�a�g�o�n�a�l� �f�o�r�m� �o�f� �J� �a�c�o�b�i�a�n� �m�a�t�r�i�x� �f�o�r� �l�i�n�e� �G�a�u�s�s�-�S�e�i�d�e�l� �r�e�l�a�x�a�t�i�o�n� 

�3�9� 
�T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s



� � � � 
�F�i�g�u�r�e� �1�2�)� �C�l�o�s�e�-�u�p� �o�f� �t�h�i�r�d� �s�u�b�m�a�t�r�i�x� �o�f� �J�a�c�o�b�i�a�n� �f�o�r� 

�l�i�n�e� �G�a�u�s�s�-�S�e�i�d�e�l� �r�e�l�a�x�a�t�i�o�n� 

�T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s� �4�0



�T�h�i�s� �r�e�s�u�l�t�s� �i�n� �a� �n�a�t�u�r�a�l� �s�e�c�t�i�o�n�i�n�g� �o�f� �t�h�e� �b�l�o�c�k� �t�r�i�d�i�a�g�o�n�a�l� �p�o�r�t�i�o�n� �o�f� �t�h�e� �m�a�-� 

�t�r�i�x�.� �H�o�w�e�v�e�r�,� �i�f� �e�a�c�h� �n�a�t�u�r�a�l� �b�r�e�a�k� �w�a�s� �u�s�e�d� �t�o� �b�r�e�a�k� �t�h�e� �m�a�t�r�i�x� �i�n�t�o� �s�u�b�m�a�t�r�i�c�e�s�,� 

�t�h�e�r�e� �w�o�u�l�d� �b�e� �s�o�m�e� �v�e�r�y� �s�h�o�r�t� �s�u�b�m�a�t�r�i�c�e�s� �e�s�p�e�c�i�a�l�l�y� �t�o�w�a�r�d� �t�h�e� �e�n�d� �o�f� �t�h�e� �m�a�t�r�i�x� 

�w�h�e�n� �t�h�e� �a�v�a�i�l�a�b�l�e� �l�i�s�t� �i�s� �v�e�r�y� �s�h�o�r�t�.� �T�h�i�s� �w�o�u�l�d� �r�e�s�u�l�t� �i�n� �l�a�r�g�e� �d�i�s�c�r�e�p�a�n�c�i�e�s� �i�n� 

�t�h�e� �s�i�z�e� �o�f� �s�u�b�m�a�t�r�i�c�e�s� �w�h�i�c�h� �w�o�u�l�d� �r�e�s�u�l�t� �i�n� �t�o�o� �m�u�c�h� �s�c�a�l�a�r� �m�o�d�e� �c�o�m�p�u�t�a�t�i�o�n�.� 

�T�h�e�r�e�f�o�r�e�,� �a� �m�i�n�i�m�u�m� �n�u�m�b�e�r� �o�f� �c�e�l�l�s� �p�e�r� �s�u�b�m�a�t�r�i�x� �i�s� �i�m�p�o�s�e�d� �b�y� �t�h�e� �u�s�e�r�.� �I�f� �t�h�e� 

�n�a�t�u�r�a�l� �b�r�e�a�k� �o�c�c�u�r�s� �o�n� �o�r� �a�f�t�e�r� �t�h�e� �m�i�n�i�m�u�m� �s�e�l�e�c�t�e�d� �n�u�m�b�e�r� �o�f� �c�e�l�l�s� �p�e�r� �s�u�b�m�a�-� 

�t�r�i�x�,� �t�h�e�n� �a� �n�e�w� �b�l�o�c�k� �i�s� �f�o�r�m�e�d�.� �O�t�h�e�r�w�i�s�e�,� �t�h�e� �b�r�e�a�k� �i�s� �i�g�n�o�r�e�d� �a�n�d� �t�r�e�a�t�e�d� �a�s� 

�a�n�y� �o�t�h�e�r� �p�a�r�t� �o�f� �t�h�a�t� �s�u�b�m�a�t�r�i�x�.� 

�T�h�e� �r�e�a�s�o�n� �f�o�r� �s�e�l�e�c�t�i�n�g� �a� �b�o�u�n�d�a�r�y� �c�e�l�l� �f�i�r�s�t� �n�o�w� �b�e�c�o�m�e�s� �m�o�r�e� �a�p�p�a�r�e�n�t�.� �T�h�e� 

�o�n�l�y� �p�a�t�h� �t�o� �a� �b�o�u�n�d�a�r�y� �c�e�l�l� �i�s� �t�h�r�o�u�g�h� �t�h�e� �c�e�l�l� �n�e�i�g�h�b�o�r�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �c�e�l�l�.� �I�f� 

�i�t� �w�e�r�e� �p�a�s�s�e�d� �b�y�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�e�l�l� �w�o�u�l�d� �b�e� �s�e�l�e�c�t�e�d� �b�y� �i�t�s�e�l�f� �s�o�m�e�t�i�m�e� �l�a�t�e�r� �i�n� 

�t�h�e� �r�e�n�u�m�b�e�r�i�n�g� �s�c�h�e�m�e�.� �I�t� �w�o�u�l�d� �h�a�v�e� �n�o� �c�o�u�p�l�i�n�g� �w�i�t�h� �i�n�t�e�r�i�o�r� �p�o�i�n�t�s� �a�n�d� �t�h�e� 

�i�m�p�l�i�c�i�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �w�o�u�l�d� �b�e� �n�u�l�l�i�f�i�e�d� �r�e�s�u�l�t�i�n�g� �i�n� �p�o�o�r� �c�o�n�v�e�r�g�e�n�c�e�.� 

�T�h�i�s� �r�e�n�u�m�b�e�r�i�n�g� �s�c�h�e�m�e� �i�s� �n�o�t� �v�e�r�y� �s�o�p�h�i�s�t�i�c�a�t�e�d� �a�n�d� �c�o�u�l�d� �b�e� �i�m�p�r�o�v�e�d� �t�o� 

�y�i�e�l�d� �b�e�t�t�e�r� �p�e�r�f�o�r�m�a�n�c�e�.� �T�w�o� �a�r�e�a�s� �o�f� �p�o�t�e�n�t�i�a�l� �i�m�p�r�o�v�e�m�e�n�t� �a�r�e�:� �t�h�e� �d�i�s�c�r�e�p�a�n�-� 

�c�i�e�s� �i�n� �t�h�e� �s�i�z�e� �o�f� �s�u�b�m�a�t�r�i�c�e�s� �n�e�e�d�s� �t�o� �b�e� �r�e�d�u�c�e�d�,� �a�n�d� �t�h�e� �m�e�t�h�o�d� �f�o�r� �s�e�l�e�c�t�i�n�g� �a� 

�n�e�w� �s�t�a�r�t�i�n�g� �c�e�l�l� �i�s� �r�a�n�d�o�m�.� 

�4�.�5� �L�U� �D�e�c�o�m�p�o�s�i�t�i�o�n� �T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� 

�T�h�e� �L�U� �(�L�o�w�e�r�-�U�p�p�e�r�)� �d�e�c�o�m�p�o�s�i�t�i�o�n� �m�e�t�h�o�d� �w�h�i�c�h� �w�a�s� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �h�e� �c�e�l�l�-� 

�c�e�n�t�e�r�e�d� �c�o�d�e� �a�t�t�e�m�p�t�s� �t�o� �s�o�l�v�e� �t�h�e� �s�y�s�t�e�m� �A� �e�x�a�c�t�l�y� �i�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �r�o�u�n�d�-�o�f�f� 

�e�r�r�o�r�.� �T�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�d�u�r�e� �i�n�v�o�l�v�e�s� �f�a�c�t�o�r�i�n�g� �t�h�e� �l�i�n�e�a�r�i�z�e�d� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �A� 

�i�n�t�o� �t�h�e� �p�r�o�d�u�c�t� �o�f� �a� �l�o�w�e�r� �t�r�i�a�n�g�u�l�a�r� �a�n�d� �u�p�p�e�r� �t�r�i�a�n�g�u�l�a�r� �m�a�t�r�i�x� �(�L� �a�n�d� �U�)� �s�u�c�h� 

�t�h�a�t� 

�[�L�U�J�A�Q� �=� �R �� �(�4�.�5�.�1�)� 

�T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s� �4�1



�O�n�e� �t�h�e�n� �s�o�l�v�e�s� �t�h�e� �s�y�s�t�e�m� �L�A�Q�*� �=� �R�"� �b�y� �f�o�r�w�a�r�d� �s�u�b�s�t�i�t�u�t�i�o�n� �a�n�d� �V�A�Q� �=� �A�Q�*� 

�b�y� �b�a�c�k�w�a�r�d� �s�u�b�s�t�i�t�u�t�i�o�n�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �r�e�d�u�c�e�s� �t�o� �N�e�w�t�o�n ��s� �m�e�t�h�o�d� �a�s� �A�t�  �� �o�o�,� 

�a�n�d� �a�s� �a� �r�e�s�u�l�t� �i�t� �e�x�h�i�b�i�t�s� �q�u�a�d�r�a�t�i�c� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �n�o�n�-�l�i�n�e�a�r� 

�s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �R�(�Q�"�*�!�)� �w�h�e�n� �t�h�e� �l�e�f�t� �h�a�n�d� �s�i�d�e� �o�f� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m� �i�s� �a� 

�N�e�w�t�o�n� �l�i�n�e�a�r�i�z�a�t�i�o�n� �o�f� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e�.� 

�A� �r�e�u�s�e� �c�a�p�a�b�i�l�i�t�y� �i�n�v�o�l�v�e�s� �f�r�e�e�z�i�n�g� �t�h�e� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �i�n� �t�i�m�e� �a�n�d� �p�e�r�f�o�r�m�-� 

�i�n�g� �o�n�l�y� �t�h�e� �r�e�l�a�t�i�v�e�l�y� �i�n�e�x�p�e�n�s�i�v�e� �f�o�r�w�a�r�d� �a�n�d� �b�a�c�k�w�a�r�d� �s�u�b�s�t�i�t�u�t�i�o�n�s� �t�o� �a�d�v�a�n�c�e� 

�t�h�e� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r� �Q�.� �T�h�i�s� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �a�l�g�o�r�i�t�h�m� 

�A�g�n�t�*� �_� �(�U�-�1�L ��)�"�R�(�Q�r�t�E�,� �Q�g�r�t�k�+�)�)� �(�4�.�5�.�2�)� 

�w�h�e�r�e� �n� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �t�i�m�e� �a�t� �w�h�i�c�h� �t�h�e� �L�U� �i�s� �f�r�o�z�e�n�,� �a�n�d� �n�+� �i�s� �t�h�e� �c�u�r�r�e�n�t� �t�i�m�e� 

�s�t�e�p�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �v�e�r�y� �e�f�f�i�c�i�e�n�t� �d�u�r�i�n�g� �t�h�e� �l�a�t�t�e�r� �s�t�a�g�e�s� �o�f� �c�o�n�v�e�r�g�e�n�c�e� �o�n�c�e� 

�t�h�e� �b�a�s�i�c� �f�l�o�w� �p�h�y�s�i�c�s� �h�a�v�e� �b�e�e�n� �e�s�t�a�b�l�i�s�h�e�d�.� 

�4�.�5�.�1� �R�e�v�e�r�s�e� �C�u�t�h�i�l�l�-�M�c�K�e�e� 

�A� �R�e�v�e�r�s�e� �C�u�t�h�i�l�l�-�M�c�K�e�e�!�?�"�]� �r�e�n�u�m�b�e�r�i�n�g� �s�c�h�e�m�e� �w�a�s� �i�n�v�e�s�t�i�g�a�t�e�d� �a�s� �a� �p�r�e�p�r�o�c�e�s�s�o�r� 

�f�o�r� �t�h�e� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �i�n� �o�r�d�e�r� �t�o� �r�e�d�u�c�e� �t�h�e� �f�i�l�l� �o�f� �t�h�e� �J�a�c�o�b�i�a�n� �m�a�t�r�i�x� �(�F�i�g�.� 

�1�3�)�,� �t�h�u�s� �r�e�d�u�c�i�n�g� �t�h�e� �s�t�o�r�a�g�e� �r�e�q�u�i�r�e�m�e�n�t�s� �a�n�d� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�d�.� �T�h�e� �a�l�g�o�r�i�t�h�m� 

�d�i�v�i�d�e�s� �t�h�e� �c�e�l�l�s� �i�n�t�o� �l�e�v�e�l� �s�e�t�s�,� �S�;�,� �w�i�t�h� �S�;� �c�o�n�s�i�s�t�i�n�g� �o�f� �a� �s�i�n�g�l�e� �c�e�l�l�.� �T�h�e� �n�e�x�t�,� 

�S�2�,� �c�o�n�s�i�s�t�s� �o�f� �a�l�l� �t�h�e� �n�e�i�g�h�b�o�r�s� �o�f� �t�h�i�s� �c�e�l�l�.� �T�h�e� �s�e�t� �S�3� �c�o�n�s�i�s�t�s� �o�f� �a�l�l� �t�h�e� �n�e�i�g�h�b�o�r�s� 

�o�f� �t�h�e� �c�e�l�l�s� �i�n� �S�z� �t�h�a�t� �a�r�e� �n�o�t� �i�n� �S�;� �o�r� �S�z�.� �T�h�e� �g�e�n�e�r�a�l� �s�e�t� �S�;� �c�o�n�s�i�s�t�s� �o�f� �a�l�l� �t�h�e� 

�n�e�i�g�h�b�o�r�s� �o�f� �t�h�e� �c�e�l�l�s� �o�f� �S�;�-�,�;� �t�h�a�t� �a�r�e� �n�o�t� �c�o�n�t�a�i�n�e�d� �i�n� �a�n�y� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�t�s� 

�S�i�-�1�,� �S�i�-�a�,� �.�.�.� �S�y�.� �T�h�e� �c�e�l�l�s� �i�n� �a�n�y� �g�i�v�e�n� �s�e�t� �S�;� �h�a�v�e� �a� �s�p�e�c�i�f�i�c� �o�r�d�e�r� �b�a�s�e�d� �o�n� �t�h�e� 

�n�u�m�b�e�r� �o�f� �n�e�i�g�h�b�o�r�i�n�g� �c�e�l�l�s� �e�a�c�h� �c�e�l�l� �i�n� �5�;� �h�a�s� �i�n� �t�h�e� �s�e�t� �S�;�4�1�.� �T�h�e� �c�e�l�l�s� �i�n� �t�h�e� �s�e�t� 

�a�r�e� �o�r�d�e�r�e�d� �f�r�o�m� �t�h�e� �g�r�e�a�t�e�s�t� �n�u�m�b�e�r� �o�f� �n�e�i�g�h�b�o�r�s� �t�o� �t�h�e� �l�e�a�s�t� �n�u�m�b�e�r�.� �G�l�o�b�a�l�l�y�,� 

�t�h�e� �c�e�l�l�s� �a�r�e� �n�u�m�b�e�r�e�d� �s�t�a�r�t�i�n�g� �w�i�t�h� �t�h�e� �c�e�l�l� �i�n� �t�h�e� �f�i�r�s�t� �s�e�t� �S�,�.� �C�e�l�l�s� �f�r�o�m� �t�h�e� �s�e�t� 

�T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s� �.� �4�2



�S�2� �a�r�e� �t�h�e�n� �t�a�k�e�n� �i�n� �o�r�d�e�r�,� �f�o�l�l�o�w�e�d� �b�y� �t�h�o�s�e� �i�n� �s�e�t� �S�3�,� �a�n�d� �s�o� �o�n� �u�n�t�i�l� �a�l�l� �t�h�e� �c�e�l�l�s� 

�a�r�e� �r�e�n�u�m�b�e�r�e�d�.� �T�h�e� �f�i�n�a�l� �s�t�e�p� �i�s� �t�h�e�n� �t�o� �r�e�v�e�r�s�e� �t�h�e� �o�r�d�e�r� �o�f� �a�l�l� �t�h�e� �c�e�l�l�s�.� 

�W�i�t�h� �R�e�v�e�r�s�e� �C�u�t�h�i�l�l�-�M�c�K�e�e�,� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �s�t�a�r�t�i�n�g� �c�e�l�l� �c�a�n� �s�o�m�e�t�i�m�e�s� 

�s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�f�e�c�t� �t�h�e� �o�v�e�r�a�l�l� �r�e�s�u�l�t�s� �o�f� �t�h�e� �r�e�n�u�m�b�e�r�i�n�g�.� �I�n� �t�h�e� �c�o�d�e�,� �t�h�e� �f�i�r�s�t� �c�e�l�l� 

�w�a�s� �c�h�o�s�e�n� �a�r�b�i�t�r�a�r�i�l�y� �t�o� �b�e� �t�h�e� �f�i�r�s�t� �c�e�l�l� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �g�r�i�d� �g�e�n�e�r�a�t�o�r�,� �w�h�i�c�h� 

�t�u�r�n�s� �o�u�t� �t�o� �b�e� �a� �c�e�l�l� �o�n� �t�h�e� �b�o�u�n�d�a�r�y�,� �u�s�u�a�l�l�y� �i�n� �a� �c�o�r�n�e�r�.� �T�h�i�s� �c�h�o�i�c�e� �a�p�p�e�a�r�e�d� �t�o� 

�w�o�r�k� �w�e�l�l�,� �b�u�t� �m�o�r�e� �c�o�u�l�d� �b�e� �d�o�n�e� �t�o� �s�t�u�d�y� �v�a�r�i�o�u�s� �c�h�o�i�c�e�s� �o�r� �e�n�h�a�n�c�e� �t�h�e� �s�e�l�e�c�t�i�o�n� 

�o�f� �t�h�e� �s�t�a�r�t�i�n�g� �c�e�l�l�.� 

�A� �k�e�y� �f�a�c�t�o�r� �i�n� �t�h�e� �c�h�o�i�c�e� �o�f� �t�h�e� �R�e�v�e�r�s�e� �C�u�t�h�i�l�l�-�M�c�K�e�e� �r�e�n�u�m�b�e�r�i�n�g� �s�c�h�e�m�e� �i�s� 

�t�h�a�t� �i�t� �i�s� �e�x�t�r�e�m�e�l�y� �f�a�s�t�.� �O�t�h�e�r� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �s�c�h�e�m�e�s� �s�u�c�h� �a�s� �n�e�s�t�e�d� �d�i�s�s�e�c�t�i�o�n� 

�m�a�y� �s�o�m�e�t�i�m�e�s� �r�e�s�u�l�t� �i�n� �f�a�s�t�e�r� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �t�i�m�e�s�,� �h�o�w�e�v�e�r�,� �t�h�e� �c�o�s�t� �o�f� �t�h�e� 

�r�e�n�u�m�b�e�r�i�n�g� �c�a�n� �b�e� �m�u�c�h� �g�r�e�a�t�e�r�.� �T�h�i�s� �c�a�n� �p�a�y� �o�f�f� �w�h�e�n� �t�h�e� �r�e�n�u�m�b�e�r�i�n�g� �n�e�e�d�s� 

�t�o� �b�e� �d�o�n�e� �o�n�l�y� �o�n�c�e� �a�s� �i�s� �t�h�e� �c�a�s�e� �w�h�e�n� �a� �s�i�n�g�l�e� �u�n�c�h�a�n�g�i�n�g� �g�r�i�d� �s�t�r�u�c�t�u�r�e� �i�s� �u�s�e�d�.� 

�I�n� �t�h�i�s� �c�a�s�e�,� �h�o�w�e�v�e�r�,� �w�i�t�h� �g�r�i�d� �a�d�a�p�t�a�t�i�o�n� �a�n�d� �r�e�g�e�n�e�r�a�t�i�o�n�,� �t�h�e� �r�e�n�u�m�b�e�r�i�n�g� �s�t�e�p� 

�m�u�s�t� �b�e� �p�e�r�f�o�r�m�e�d� �o�n� �e�a�c�h� �n�e�w� �g�r�i�d� �a�n�d� �t�h�e�r�e�f�o�r�e� �i�t� �n�e�e�d�s� �t�o� �b�e� �f�a�s�t�.� 

�4�.�5�.�2� �S�k�y�l�i�n�e� �S�o�l�v�e�r� 

�A�f�t�e�r� �t�h�e� �R�e�v�e�r�s�e� �C�u�t�h�i�l�l�-�M�c�K�e�e� �r�e�n�u�m�b�e�r�i�n�g�,� �t�h�e� �s�p�a�r�s�i�t�y� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�-�b�a�n�d�e�d� 

�m�a�t�r�i�x� �A� �c�a�n� �b�e� �e�x�p�l�o�i�t�e�d�.� �B�e�c�a�u�s�e� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �w�i�t�h�o�u�t� �p�i�v�o�t�i�n�g� �p�r�e�s�e�r�v�e�s� 

�t�h�e� �b�a�n�d� �s�t�r�u�c�t�u�r�e�,� �i�t� �i�s� �o�n�l�y� �n�e�c�e�s�s�a�r�y� �t�o� �s�t�o�r�e� �a�n�d� �c�o�m�p�u�t�e� �t�h�o�s�e� �c�o�e�f�f�i�c�i�e�n�t�s� 

�i�n�s�i�d�e� �t�h�e� �v�a�r�i�a�b�l�e� �b�a�n�d�w�i�d�t�h�.� �I�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �s�p�e�c�i�f�y� �a� �g�i�v�e�n� �a�m�o�u�n�t� �o�f� �s�t�o�r�a�g�e� 

�f�o�r� �a� �g�i�v�e�n� �n�u�m�b�e�r� �o�f� �c�e�l�l�s� �b�e�c�a�u�s�e� �t�h�e� �s�t�o�r�a�g�e� �i�s� �a�f�f�e�c�t�e�d� �b�y� �o�t�h�e�r� �f�a�c�t�o�r�s� �s�u�c�h� �a�s� 

�t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �d�o�m�a�i�n� �a�n�d� �t�h�e� �c�e�l�l� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n�s�i�d�e� �t�h�e� �d�o�m�a�i�n�.� �T�h�e� �v�a�r�i�a�b�l�e� 

�b�a�n�d�w�i�d�t�h� �s�o�l�v�e�r� �v�e�c�t�o�r�i�z�e�s� �o�v�e�r� �t�h�e� �l�o�c�a�l� �b�a�n�d�w�i�d�t�h�,� �j�u�s�t� �a�s� �a� �b�a�n�d�e�d� �s�o�l�v�e�r� �d�o�e�s� 

�f�o�r� �a� �s�t�r�u�c�t�u�r�e�d� �g�r�i�d�.� 

�T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s� �4�3



� � � � � � � � 
�F�i�g�u�r�e� �1�3�)� �J�a�c�o�b�i�a�n� �m�a�t�r�i�x� �a�f�t�e�r� �R�e�v�e�r�s�e� �C�u�t�h�i�l�l�-�M�c�G�e�e� �r�e�n�u�m�b�e�r�i�n�g� 

�s�c�h�e�m�e� �f�o�r� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �a�l�g�o�r�i�t�h�m� 

�T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �o�n� �U�n�s�t�r�u�c�t�u�r�e�d� �M�e�s�h�e�s� �4�4



�B�e�c�a�u�s�e� �t�h�e� �m�a�t�r�i�x� �A� �h�a�s� �a� �s�t�r�u�c�t�u�r�e� �t�h�a�t� �i�s� �p�h�y�s�i�c�a�l�l�y� �s�y�m�m�e�t�r�i�c� �i�n� �t�h�a�t� �i�t� 

�h�a�s� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� �o�f� �c�o�l�u�m�n�s� �a�b�o�v�e� �t�h�e� �d�i�a�g�o�n�a�l� �a�s� �i�t� �h�a�s� �r�o�w�s� �t�o� �t�h�e� �l�e�f�t� �o�f� 

�t�h�e� �d�i�a�g�o�n�a�l�,� �o�n�l�y� �o�n�e� �p�a�r�a�m�e�t�e�r� �n�e�e�d�s� �t�o� �b�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �c�e�l�l� �c�o�n�n�e�c�t�i�v�i�t�y� 

�i�n�f�o�r�m�a�t�i�o�n�.� �T�h�i�s� �p�a�r�a�m�e�t�e�r� �c�o�n�t�a�i�n�s� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �d�i�a�g�o�n�a�l� �t�e�r�m� �f�o�r� �e�a�c�h� 

�r�o�w� �o�f� �t�h�e� �m�a�t�r�i�x�.� �F�r�o�m� �t�h�i�s� �p�a�r�a�m�e�t�e�r�,� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �m�a�t�r�i�x� �i�s� �i�m�p�l�i�e�d�,� �a�n�d� 

�t�h�e� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �a�n�d� �b�a�c�k�w�a�r�d� �a�n�d� �f�o�r�w�a�r�d� �s�u�b�s�t�i�t�u�t�i�o�n�s� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d�.� 

�T�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�i�s� �p�a�r�a�m�e�t�e�r� �i�s� �c�h�e�a�p� �a�n�d� �n�e�e�d�s� �t�o� �b�e� �d�o�n�e� �o�n�l�y� �o�n�c�e� �f�o�r� �e�a�c�h� 

�g�r�i�d� �s�i�n�c�e� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �m�a�t�r�i�x� �r�e�m�a�i�n�s� �u�n�c�h�a�n�g�e�d� �f�r�o�m� �i�t�e�r�a�t�i�o�n� �t�o� �i�t�e�r�a�t�i�o�n�.� 

�O�t�h�e�r� �t�e�r�m�s� �u�s�e�d� �i�n� �t�h�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �a�n�d� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� 

�o�f� �t�h�e� �m�a�t�r�i�x� �w�h�i�c�h� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�i�s� �p�a�r�a�m�e�t�e�r� �n�e�e�d� �t�o� �b�e� �c�a�l�c�u�l�a�t�e�d� �e�v�e�r�y� 

�i�t�e�r�a�t�i�o�n� �a�n�d� �r�e�s�u�l�t� �i�n� �a� �s�m�a�l�l� �p�e�n�a�l�t�y� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �a� �s�t�r�u�c�t�u�r�e�d� �b�a�n�d�e�d� �s�o�l�v�e�r�.� 

�T�h�e�s�e� �t�e�r�m�s� �c�o�u�l�d� �b�e� �c�a�l�c�u�l�a�t�e�d� �o�n�l�y� �o�n�c�e�,� �h�o�w�e�v�e�r�,� �t�h�e� �r�e�s�u�l�t�i�n�g� �s�t�o�r�a�g�e� �p�e�n�a�l�t�y� 
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�w�h�i�c�h� �i�s� �p�e�r�f�o�r�m�e�d� �u�n�t�i�l� �a� �s�p�e�c�i�f�i�e�d� �t�o�l�e�r�a�n�c�e� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �i�s� �m�e�t�.� �T�h�i�s� �t�o�l�e�r�a�n�c�e� 
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�i�n�v�a�r�i�a�n�t� �f�r�o�m� �i�t�e�r�a�t�i�o�n� �t�o� �i�t�e�r�a�t�i�o�n�.� �T�h�e� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �i�s� �t�h�e�n� �p�e�r�f�o�r�m�e�d� �o�n�l�y� 
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�p�r�o�b�l�e�m� �b�y� �e�l�i�m�i�n�a�t�i�n�g� �t�h�e� �e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a�l�l� �n�o�n�-�u�n�i�t�y� �e�i�g�e�n�v�a�l�u�e�s� �p�r�e�s�e�n�t� 

�i�n� �m�a�t�r�i�x� �A� �g�i�v�e�n� �i�n� �t�h�e� �e�q�u�a�t�i�o�n� 

�A�A�Q�  �� �R�"� �=�0� �(�4�.�7�.�1�)� 

�I�n� �t�h�e� �w�o�r�s�t� �c�a�s�e�,� �n�o�n�e� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m� �h�a�v�e� �a� �v�a�l�u�e� �o�f� �o�n�e�,� 
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�I�V�.� �T�h�e� �r�a�t�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �o�n� �1�0�0�5�,� �1�9�9�9�,� �a�n�d� �4�0�0�8� �e�l�e�m�e�n�t� �m�e�s�h�s� �f�o�r� �b�o�t�h� �f�i�r�s�t�-� 

�o�r�d�e�r� �a�n�d� �h�i�g�h�e�r�-�o�r�d�e�r� �a�c�c�u�r�a�t�e� �c�e�l�l�-�c�e�n�t�e�r�e�d� �a�n�d� �c�e�l�l�-�v�e�r�t�e�x� �s�c�h�e�m�e�s�.� �C�o�n�v�e�r�g�e�n�c�e� 

�r�a�t�e�s� �a�r�e� �p�l�o�t�t�e�d� �v�e�r�s�u�s� �i�t�e�r�a�t�i�o�n� �a�n�d� �c�o�m�p�u�t�a�t�i�o�n�a�l� �t�i�m�e�.� �T�h�e� �q�u�a�n�t�i�t�y� �t�h�a�t� �i�s� 

�p�l�o�t�t�e�d� �i�s� �t�h�e� �L�z� �n�o�r�m� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �v�e�c�t�o�r�.� �T�y�p�i�c�a�l�l�y�,� �b�o�t�h� �s�c�h�e�m�e�s� �(�c�e�l�l�-�c�e�n�t�e�r�e�d� 

�a�n�d� �c�e�l�l�-�v�e�r�t�e�x�)� �r�e�u�s�e�d� �t�h�e� �J�a�c�o�b�i�a�n� �a�f�t�e�r� �t�h�e� �s�o�l�u�t�i�o�n� �w�a�s� �c�o�n�v�e�r�g�e�d� �o�n�e� �o�r�d�e�r� �o�f� 

�m�a�g�n�i�t�u�d�e�.� �T�h�i�s� �r�e�u�s�e� �o�f� �t�h�e� �J�a�c�o�b�i�a�n� �w�a�s� �d�o�n�e� �t�o� �m�i�n�i�m�i�z�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �w�o�r�k�.� 

�S�e�v�e�r�a�l� �u�n�s�h�o�w�n� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s� �v�e�r�i�f�i�e�d� �t�h�a�t� �t�h�e�r�e� �i�s� �l�i�t�t�l�e� �o�r� �n�o� �d�i�f�f�e�r�e�n�c�e� 

�i�n� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �r�a�t�e� �w�h�e�n� �t�h�e� �J�a�c�o�b�i�a�n� �i�s� �r�e�u�s�e�d� �a�f�t�e�r� �t�h�e� �b�a�s�i�c� �f�l�o�w� �p�h�y�s�i�c�s� �a�r�e� 

�e�s�t�a�b�l�i�s�h�e�d�.� �T�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �s�o�l�u�t�i�o�n�s� �w�e�r�e� �g�e�n�e�r�a�t�e�d� �u�s�i�n�g� �t�h�e� �M�U�S�C�L� �l�i�m�i�t�e�r� 

�f�o�r� �t�h�e� �c�e�l�l�-�v�e�r�t�e�x� �s�c�h�e�m�e� �a�n�d� �B�a�r�t�h ��s� �l�i�m�i�t�e�r� �f�o�r� �t�h�e� �c�e�l�l�-�c�e�n�t�e�r�e�d� �s�c�h�e�m�e�.� 

�5�.�1�.�1� �C�o�a�r�s�e� �1�0�0�5� �E�l�e�m�e�n�t� �M�e�s�h� 

�F�i�g�u�r�e�s� �1�4� �a�n�d� �1�5� �a�r�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �h�i�s�t�o�r�i�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �i�t�e�r�a�t�i�o�n� �a�n�d� �t�i�m�e� 

�f�o�r� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �a� �c�i�r�c�u�l�a�r� �a�r�c� �i�n� �a� �c�h�a�n�n�e�l� �o�n� �a� �1�0�0�5� �e�l�e�m�e�n�t� �m�e�s�h�.� 

�A�l�l� �s�c�h�e�m�e�s� �c�o�n�v�e�r�g�e�d� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r�,� �1�0�0�5� �e�l�e�m�e�n�t� �t�e�s�t� �c�a�s�e�.� �T�h�e� �b�e�s�t� �s�c�h�e�m�e�s� 

�i�n� �t�e�r�m�s� �o�f� �i�t�e�r�a�t�i�o�n� �c�o�u�n�t� �a�n�d� �C�P�U� �t�i�m�e� �w�e�r�e� �t�h�e� �f�u�l�l�y� �i�m�p�l�i�c�i�t� �m�e�t�h�o�d�s�.� �T�h�e� 

�f�u�l�l�y� �i�m�p�l�i�c�i�t� �L�U� �m�e�t�h�o�d� �(�c�e�l�l�-�c�e�n�t�e�r�e�d�)� �h�a�d� �t�h�e� �l�o�w�e�s�t� �i�t�e�r�a�t�i�o�n� �c�o�u�n�t�.� �T�h�e� �h�y�b�r�i�d� 

�(�c�e�l�l�-�c�e�n�t�e�r�e�d�)� �s�c�h�e�m�e� �w�a�s� �t�h�e� �f�a�s�t�e�s�t� �i�n� �t�e�r�m�s� �o�f� �C�P�U� �t�i�m�e�,� �c�l�o�s�e�l�y� �f�o�l�l�o�w�e�d� �b�y� 

�C�H�E�B�Y�C�O�D�E� �a�n�d� �G�M�R�E�S� �(�c�e�l�l�-�v�e�r�t�e�x�)� �m�e�t�h�o�d�s�.� 

�R�e�s�u�l�t�s� �f�o�r� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �U�n�s�t�r�u�c�t�u�r�e�d� �S�o�l�v�e�r�s� �5�1
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�1�0�°� �i� �1�0�0�6� �e�l�e�m�e�n�t� �m�e�s�h� �(�f�a�t� �O�r�d�e�r�)� 
�1� �C�e�l�l� �V�e�r�t�e�x� �S�c�h�e�m�e�:� 

�R�u�n�g�e� �-�K�u�l�t�s� 

 ¬�.� �x�  �� �R�u�n�g�e�-�K�u�t�t�a� �(�w�/�L�a�p�l�e�c�i�a�n� �F�i�l�t�e�r�)� 
�=� �1�0�7�2� �\� �S�A�N�  ��  � �� �P�o�l�n�t� �J�a�c�o�d�i� 

�&� �P�S� �o�r�n� �a�s�l� �o�s� �L� �=�~� �.�  ��a�l�l� �C�e�n�t�e�:� �:� 
�=� �4� �N�O� �w�e�e�s� �e�e�e� �e�e�e� �R�u�n�g�e�-�K�u�t�t�e� 
�=� �1�0� 
�=�>� 
�a� 
�=� �1�0�-�8� 
�a� 

�1�0�-�8� 
�~�S�,� 

�1�0�-�1�0� �1� 

�0� �1�0�0�0� �2�0�0�0� �3�0�0�0� �4�0�0�0� 

�I�t�e�r�a�t�i�o�n� 

�(�a�)� 

�1�0�°� �1�0�0�6� �e�l�e�m�e�n�t� �m�e�s�h� �(�l�e�t� �O�r�d�e�r�)� 
�C�e�l�!� �V�e�r�t�e�x� �S�c�h�e�m�e�:� 

 � ��_ ��_�_�_ ��-�_� �B�y�r�m� �m�e�t�r�i�c� �P�o�i�n�t� �C�a�u�s�c�e ��-�S�e�t�d�e�l� 
 ��  �� �P�r�e�c�o�n�d�i�t�i�o�n�e�d� �G�N�R�E�S� 

�=� �1�0�7�2� �5�  ��  ��  ��  �� �P�r�e�c�o�n�d�i�t�i�o�n�e�d� �C�H�E�B�Y�C�O�D�E� 
!"� �:� �C�e�l�l� �C�e�n�t�e�r�e�d� �S�c�h�e�m�e�:� 
�&� �-�-�-�-�-�+� �L�i�n�e� �G�a�u�s�s�-�S�e�i�d�e�l� 

�T�y� �n�e�e� �e� �e�e�e� �e� �e�e�e� �F�u�l�l�y� �i�r�s�p�t�i�c�!�t� �L�U� 
�=� �1�0�-�4� �i� �c�e�c�e�e�n�e�n�e�s�c�e�n�e�e�e�s� �H�y�b�r�i�d� �S�c�h�e�m�e� 

 �� �~� �r�i� 

�=� �m�e� 
�1�0�-�8� �L�F� 

�i� �Q�O� �-�1�0� �'� �L�.� �l� �L�.� �i� 

�8�)� �4�0�0� �8�0�0� �1�2�0�0� �1�6�0�0� �2�0�0�0� 

�I�t�e�r�a�t�i�o�n� 

�(�b�)� 

�F�i�g�u�r�e� �1�4�)� �R�e�s�i�d�u�a�l� �v�s�.� �i�t�e�r�a�t�i�o�n� �#� �f�o�r� �1�0�0�5� �e�l�e�m�e�n�t� �m�e�s�h� 
�f�i�r�s�t�-�o�r�d�e�r� �t�r�a�n�s�o�n�i�c� �c�i�r�c�u�l�a�r� �a�r�c� �i�n� �a� �c�h�a�n�n�e�l� 

�R�e�s�u�l�t�s� �f�o�r� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �U�n�s�t�r�u�c�t�u�r�e�d� �S�o�l�v�e�r�s
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�1�0�°� �1�0�0�6� �e�l�e�m�e�n�t� �m�e�s�h� �(�i�a�t� �O�r�d�e�r�)� 
�~� �C�e�l�l� �C�e�n�t�e�r�e�d� �S�c�h�e�m�e�:� 

�i� �R�u�n�g�e�-�K�u�t�t�a� 

 ��  � �� �_�3 ��i�L�i�n�e� �C�a�u�e�s�-�S�e�l�d�e�!� 
�=� �1�0�-�2� �a� �|�  ��  ��  ��  �� �F�u�l�l�y� �i�m�p�l�i�c�i�t� �L�U� 
�-�_� �|� �|� �-�-�-� �=� �H�y�b�r�i�d� �S�c�h�e�m�e� 

�&� �L�N� 
�=� �1�0�-�4� 
�=�>� 
�e� 
�=� �1�0�7�6� 
�=� 

�1�0�-�6� 

�1�0�7�0� �L �� 
�0� �2�0� �4�0� �~�~� �6�0� �8�0� �1�0�0� 

�C�r�a�y� �Y�M�P�-�8�3�2� �C�P�U� �t�i�m�e� �(�s�e�c�)� 

�(�a�)� 

�4�0�°� �c�e�e� �c�e�m�e�n�t� �m�e�s�h� �{�t�e�t� �O�r�d�e�r�)� 

�R�u�n�g�e�-�K�u�t�t�a� 
 ��_ �� �i� �R�u�n�g�e ��W�a�t�i�a� �f�e� �/�t�s�s�i�a�c�t�a�n� �F�i�l�l�e�r�)� 

�=� �1�0�-�2� �L�s�  ��  ��  ��  �� �P�o�l�a�t� �J�e�c�o�b�!� 
�m�a�e� �P�o�i�n�t� �C�a�u�s�e�-�S�e�i�d�e�l� 

�&� �t�t� �w�e�r�e� �s�e� �n�-�n�e� �e�e�e�.� �S�y�m�m�e�l�r�i�c� �P�o�t�n�t� �G�e�u�e�s�-�S�e�t�d�e�l� 
�i�:� �w�e�e� �e�e�e� �e�e�e�e�e� �.� �P�r�e�c�o�n�d�i�t�i�o�n�e�d� �C�N�R�E�S� 

�2� �1�0�-�4� �F�t�  � �� �P�r�e�c�o�n�d�i�t�i�o�n�e�d� �C�H�E�B�Y�C�O�D�E� 

�=� �a�t� 
 ¬� �i�!� 

�&� �0�-�6�}� �|�i� 
�i�y� �G�i� 

�1�0�-�8� �|� �|�i� 

�1�0�7�1�0�  ��i� 

�0� �2�0� �4�0� �6�0� �8�0� �1�0�0� 

�C�r�a�y� �Y�M�P�-�8�3�2� �C�P�U� �t�i�m�e� �(�s�e�c�)� 

�(�b�)� 

�F�i�g�u�r�e� �1�5�)� �(�a�)� �r�e�s�i�d�u�a�l� �v�s�.� �C�r�a�y�-�Y�M�P� �C�P�U� �t�i�m�e� �f�o�r� �c�e�l�l�-�c�e�n�t�e�r�e�d�,� 
�(�b�)� �r�e�s�i�d�u�a�l� �v�s�.� �C�r�a�y�-�Y�M�P� �C�P�U� �t�i�m�e� �f�o�r� �c�e�l�l�-�v�e�r�t�e�x�,� 
�f�o�r� �1�0�0�5� �e�l�e�m�e�n�t� �m�e�s�h� �f�i�r�s�t�-�o�r�d�e�r� �t�r�a�n�s�o�n�i�c� �c�i�r�c�u�l�a�r� �a�r�c� �i�n� �a� �c�h�a�n�n�e�l� 

�R�e�s�u�l�t�s� �f�o�r� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �U�n�s�t�r�u�c�t�u�r�e�d� �S�o�l�v�e�r�s� �5�3



�T�h�e� �f�u�l�l�y� �i�m�p�l�i�c�i�t� �L�U� �m�e�t�h�o�d� �c�o�n�v�e�r�g�e�d� �i�n� �t�h�e� �f�e�w�e�s�t� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �d�u�e� 

�t�o� �i�t�s� �i�m�p�l�i�c�i�t�n�e�s�s� �a�n�d� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m�.� �H�o�w�e�v�e�r�,� �f�i�n�d�i�n�g� �t�h�e� 

�L�U� �o�f� �a� �l�a�r�g�e� �m�a�t�r�i�x� �r�e�q�u�i�r�e�s� �s�u�b�s�t�a�n�t�i�a�l� �C�P�U� �t�i�m�e�.� �A�f�t�e�r� �t�h�e� �J�a�c�o�b�i�a�n� �w�a�s� �f�r�o�z�e�n� 

�(�r�e�u�s�e�d�)�,� �t�h�e� �o�n�l�y� �o�p�e�r�a�t�i�o�n�s� �n�e�c�e�s�s�a�r�y� �t�o� �s�o�l�v�e� �t�h�e� �s�y�s�t�e�m� �w�e�r�e� �f�o�r�w�a�r�d� �a�n�d� �b�a�c�k�-� 

�w�a�r�d� �s�u�b�s�t�i�t�u�t�i�o�n�s�.� �T�h�e� �h�y�b�r�i�d� �s�c�h�e�m�e� �a�v�o�i�d�s� �m�o�s�t� �o�f� �t�h�e� �f�a�c�t�o�r�i�z�a�t�i�o�n� �C�P�U� �t�i�m�e� 

�b�y� �u�s�i�n�g� �R�u�n�g�e�-�K�u�t�t�a� �i�t�e�r�a�t�i�o�n� �t�o� �c�o�n�v�e�r�g�e� �t�h�e� �r�e�s�i�d�u�a�l� �o�n�e� �o�r�d�e�r� �o�f� �m�a�g�n�i�t�u�d�e�,� 

�t�h�e�n� �p�e�r�f�o�r�m�i�n�g� �o�n�l�y� �o�n�e� �L�U� �f�a�c�t�o�r�i�z�a�t�i�o�n�.� �T�h�e� �r�e�s�t� �o�f� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �a�r�e� �p�e�r�f�o�r�m�e�d� 

�u�s�i�n�g� �a� �f�r�o�z�e�n� �J�a�c�o�b�i�a�n� �w�i�t�h� �b�a�c�k�w�a�r�d�-�f�o�r�w�a�r�d� �s�u�b�s�t�i�t�u�t�i�o�n�.� �T�h�e�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�a�r�e� �c�l�e�a�r�l�y� �e�v�i�d�e�n�t� �i�n� �t�h�e� �C�P�U� �t�i�m�e� �c�o�m�p�a�r�i�s�o�n�.� �I�n�t�e�r�e�s�t�i�n�g�l�y� �e�n�o�u�g�h�,� �t�h�e� �i�t�e�r�a�t�i�o�n� 

�c�o�u�n�t� �f�o�r� �R�u�n�g�e�-�K�u�t�t�a� �w�i�t�h� �a� �c�e�l�l�-�c�e�n�t�e�r�e�d� �s�c�h�e�m�e� �w�a�s� �t�w�i�c�e� �t�h�a�t� �o�f� �R�u�n�g�e�-�K�u�t�t�a� 

�f�o�r� �t�h�e� �c�e�l�l�-�v�e�r�t�e�x� �s�c�h�e�m�e�,� �y�e�t� �t�h�e� �C�P�U� �t�i�m�e�s� �w�e�r�e� �a�l�m�o�s�t� �i�d�e�n�t�i�c�a�l�.� �A�p�p�a�r�e�n�t�l�y�,� �t�h�e� 

�l�o�s�s� �i�n� �c�o�n�v�e�r�g�e�n�c�e� �r�a�t�e� �i�s� �b�a�l�a�n�c�e�d� �b�y� �t�h�e� �c�o�s�t� �p�e�r� �i�t�e�r�a�t�i�o�n�.� �T�h�e� �G�a�u�s�s�-�S�e�i�d�e�l� �(�c�e�l�l�-� 

�v�e�r�t�e�x�)� �m�e�t�h�o�d� �a�n�d� �t�h�e� �l�i�n�e� �G�a�u�s�s�-�S�e�i�d�e�l� �t�y�p�e� �r�e�l�a�x�a�t�i�o�n� �(�c�e�l�l�-�c�e�n�t�e�r�e�d�)� �c�o�n�v�e�r�g�e�d� 

�i�n� �c�o�m�p�a�r�a�b�l�e� �a�m�o�u�n�t�s� �o�f� �C�P�U� �t�i�m�e�.� �T�h�e� �s�y�m�m�e�t�r�i�c� �G�a�u�s�s�-�S�e�i�d�e�l� �(�c�e�l�l�-�v�e�r�t�e�x�)� �w�a�s� 

�s�u�p�e�r�i�o�r� �t�o� �b�o�t�h� �a�n�d� �w�a�s� �t�h�e� �o�n�l�y� �c�e�l�l�-�v�e�r�t�e�x� �m�e�t�h�o�d� �t�o� �a�p�p�r�o�a�c�h� �t�h�e� �s�p�a�r�s�e� �m�a�t�r�i�x� 

�s�o�l�v�e�r�s� �i�n� �s�p�e�e�d�.� �T�h�e� �p�o�i�n�t�-�J�a�c�o�b�i� �(�c�e�l�l�-�v�e�r�t�e�x�)� �a�n�d� �R�u�n�g�e�-�K�u�t�t�a� �w�i�t�h� �L�a�p�l�a�c�i�a�n� 

�s�m�o�o�t�h�i�n�g� �(�c�e�l�l�-�v�e�r�t�e�x�)� �m�e�t�h�o�d�s� �c�o�n�v�e�r�g�e�d� �i�n� �c�o�m�p�a�r�a�b�l�e� �a�m�o�u�n�t�s� �o�f� �t�i�m�e�.� 

�T�h�e� �n�e�x�t� �s�e�r�i�e�s� �o�f� �p�l�o�t�s�,� �F�i�g�s�.� �1�6� �a�n�d� �1�7�,� �a�r�e� �f�o�r� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �a�c�c�u�r�a�t�e�,� 

�1�0�0�5� �e�l�e�m�e�n�t� �c�i�r�c�u�l�a�r� �a�r�c� �i�n� �a� �c�h�a�n�n�e�l�.� �A�l�l� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �c�a�s�e�s� �w�e�r�e� �r�u�n� �w�i�t�h� 

�l�i�m�i�t�i�n�g� �t�u�r�n�e�d� �o�n�.� �T�h�e� �f�u�l�l�y� �e�x�p�l�i�c�i�t� �s�c�h�e�m�e�s� �w�e�r�e� �n�o�t� �s�u�c�c�e�s�s�f�u�l� �i�n� �c�o�n�v�e�r�g�i�n�g� �t�h�e� 

�h�i�g�h�e�r�-�o�r�d�e�r� �p�r�o�b�l�e�m�.� �T�h�e� �o�n�l�y� �e�x�p�l�i�c�i�t� �s�c�h�e�m�e� �w�h�i�c�h� �c�o�n�v�e�r�g�e�d� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� 

�p�r�o�b�l�e�m� �w�a�s� �R�u�n�g�e�-�K�u�t�t�a� �w�i�t�h� �L�a�p�l�a�c�i�a�n� �f�i�l�t�e�r�i�n�g�.� �T�h�e� �L�a�p�l�a�c�i�a�n� �f�i�l�t�e�r�i�n�g� �o�f� �t�h�e� 

�r�e�s�i�d�u�a�l� �p�e�r�m�i�t�t�e�d� �t�h�e� �e�x�p�l�i�c�i�t� �m�e�t�h�o�d� �t�o� �c�o�n�v�e�r�g�e� �t�h�i�s� �p�r�o�b�l�e�m�.� 

�R�e�s�u�l�t�s� �f�o�r� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �U�n�s�t�r�u�c�t�u�r�e�d� �S�o�l�v�e�r�s� �5�4
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�o�r� �s�t�o�p�s� �c�o�n�v�e�r�g�e�n�c�e�.� 

�5�.�1�.�2� �M�e�d�i�u�m� �1�9�9�9� �E�l�e�m�e�n�t� �M�e�s�h� 

�I�n� �F�i�g�s�.� �1�8� �a�n�d� �1�9� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �r�a�t�e�s� �o�f� �t�h�e� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �a�l�g�o�r�i�t�h�m�s� �o�n� 

�a� �1�9�9�9� �e�l�e�m�e�n�t� �m�e�s�h� �a�r�e� �c�o�m�p�a�r�e�d�.� �T�h�e� �i�t�e�r�a�t�i�o�n� �p�l�o�t�s� �a�r�e� �a�l�m�o�s�t� �i�d�e�n�t�i�c�a�l� �i�n� 

�f�o�r�m� �t�o� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r�,� �1�0�0�5� �e�l�e�m�e�n�t� �c�a�s�e� �w�i�t�h� �s�o�m�e� �i�n�c�r�e�a�s�e� �i�n� �i�t�e�r�a�t�i�o�n� �c�o�u�n�t� 

�f�o�r� �a�l�l� �t�h�e� �m�e�t�h�o�d�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �f�o�r� �t�h�e� �f�u�l�l�y� �i�m�p�l�i�c�i�t� �L�U� �m�e�t�h�o�d� 

�r�e�m�a�i�n�s� �a�l�m�o�s�t� �c�o�n�s�t�a�n�t�.� �T�h�e� �m�o�r�e� �s�t�r�o�n�g�l�y� �i�m�p�l�i�c�i�t� �a� �m�e�t�h�o�d� �w�a�s� �t�h�e� �s�m�a�l�l�e�r� �t�h�e� 

�p�e�r�c�e�n�t�a�g�e� �i�n�c�r�e�a�s�e� �i�n� �c�o�m�p�u�t�a�t�i�o�n�a�l� �t�i�m�e�.� 

�T�h�e� �h�i�g�h�e�r�-�o�r�d�e�r�,� �1�9�9�9� �e�l�e�m�e�n�t� �m�e�s�h� �c�o�n�v�e�r�g�e�n�c�e� �p�l�o�t�s� �a�r�e� �d�e�t�a�i�l�e�d� �i�n� �F�i�g�s�.� �1�9� 

�a�n�d� �2�0�.� �O�n�l�y� �t�h�r�e�e� �s�c�h�e�m�e�s�,� �s�y�m�m�e�t�r�i�c� �G�a�u�s�s�-�S�e�i�d�e�l�,� �G�M�R�E�S�,� �a�n�d� �C�H�E�B�Y�C�O�D�E�,� 

�w�o�u�l�d� �c�o�n�v�e�r�g�e� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �s�o�l�u�t�i�o�n� �o�n� �t�h�e� �1�9�9�9� �e�l�e�m�e�n�t� �m�e�s�h�.� �G�M�R�E�S� �c�o�n�-� 

�v�e�r�g�e�d� �t�h�e� �s�o�l�u�t�i�o�n� �i�n� �f�e�w�e�r� �i�t�e�r�a�t�i�o�n�s� �t�h�a�n� �C�H�E�B�Y�C�O�D�E�,� �b�u�t� �C�H�E�B�Y�C�O�D�E� �s�t�i�l�l� 

�u�s�e�d� �l�e�s�s� �C�P�U� �t�i�m�e� �t�h�a�n� �G�M�R�E�S�.� 

�R�e�s�u�l�t�s� �f�o�r� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l�]� �U�n�s�t�r�u�c�t�u�r�e�d� �S�o�l�v�e�r�s� �5�7
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�1�0�°� �2�0�0�0� �e�l�e�r�n�e�n�t� �m�e�s�h� �(�t�e�l� �O�r�d�e�r�)� 
�C�e�l�l� �V�e�r�t�e�x� �S�c�h�e�m�e�:� 

�R�u�n�g�e�-�K�u�t�t�a� 

�2� �~�  � ��  �� �R�u�n�g�e�-�K�u�t�l�s�e� �(�w�/�L�a�p�l�e�c�i�a�n� �M�i�t�e�r�)� 
�=�>� �-� �t�s�  ��  ��  �� �P�e�i�n�t� �J�a�c�o�b�i� 
�=� �1�0� �:� �S�Y� �~�-�-�-�+� �b�e�t�n�t� �C�a�u�e�n�-�S�e�l�d�e�t� 
�a� �=� �\� �S�A�R� �~� �C�e�l�l� �C�e�n�t�e�r�e�d� �S�c�h�e�m�e�:� 

�=�)�  ��N�e�d� �u�l�e�s� �R�u�n�g�e� �-�K�u�l�l�e� 

�=� �1�0�7�-�4�4� �S� �\� 
�&� �1�9�-�6� �|� �\�.� �.� 
�x�y� �S�i�.� 
�=�=� �-� �S�e�,� 

�1�0�-�8� �|�-� �.� �T�S�N� 
�~� �~� 

�=� �s� �.� 

�1�0�-� �1�0� �L� �i�\� �!� �S�i� 

�0� �1�0�0�0� �2�0�0�0� �3�0�0�0� �4�0�0�0� 

�I�t�e�r�a�t�i�o�n� 

�(�a�)� 

�1�0�°� �2�0�0�0� �e�l�e�r�n�e�n�t� �m�e�s�h� �(�l�e�t� �O�r�d�e�r�)� 
�C�e�l�l� �V�e�r�t�e�x� �S�c�h�e�m�e�:� 

 � ��_ �� �S�y�m�m�e�t�r�i�c� �P�o�i�n�t� �C�a�u�s�e� �-�S�e�l�d�e�!� 
 � ��  �� �P�r�e�c�o�n�d�i�t�i�o�n�e�d� �C�U�R�E�S� 

�=� �1�0�7�2� �R�i�:�  ��  ��  ��  �� �P�r�e�c�o�n�d�i�t�i�o�n�e�d� �C�H�E�B�Y�C�O�D�E� 
�~� �o�u�t�s� �C�e�l�l�i� �C�e�n�t�e�r�e�d� �S�c�h�e�m�e�:� 

�m�e� �H�t� �~�~� �\�O� �u�e� �e� �L�i�n�e� �C�a�v�e�e�-�S�e�i�d�e�!� 
�a� �$� �S�N� �w�w�w� �c�w�e�n�n�w�n�o�e�s� �F�u�l�l�y� �i�m�p�l�i�c�t�t� �L�y� 

�=� �1�0�-�4� �B�R�:� �S�\� �\� �g�e�c�c�c�e�c�e�e�n�e�c�e�e�e�e� �H�y�b�r�i�d� �S�c�h�e�m�e� 
�>� �$�4�  �� 

�=� �E�N�S� 
�&� �1�0�-�8� �+�4�4� �\�\� 
�5� �r�i� �\� 
�=� �r�i�f� �v�\� �1�0�-�8� �F�i�t� 

�L�t�t� �\�\� 
�1�0�-�1�0� �i� �1� �\� �\� �l� �i� 

�0� �4�0�0� �8�0�0� �1�2�0�0� �1�6�0�0� �2�0�0�0� 

�I�t�e�r�a�t�i�o�n� 

�(�b�)� 

�F�i�g�u�r�e� �1�8�)� �R�e�s�i�d�u�a�l� �v�s�.� �i�t�e�r�a�t�i�o�n� �#� �f�o�r� �1�9�9�9� �e�l�e�m�e�n�t� �m�e�s�h� 
�f�i�r�s�t�-�o�r�d�e�r� �t�r�a�n�s�o�n�i�c� �c�i�r�c�u�l�a�r� �a�r�c� �i�n� �a� �c�h�a�n�n�e�l� 

�R�e�s�u�l�t�s� �f�o�r� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �U�n�s�t�r�u�c�t�u�r�e�d� �S�o�l�v�e�r�s
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�1�0�°� �\� �2�0�0�0� �e�l�e�m�e�n�t� �m�e�s�h� �(�i�s�t� �O�r�d�e�r�)� 
�_�-� �C�e�l�l� �C�e�n�t�e�r�e�d� �S�c�h�e�m�e�:� 

�|� �R�u�n�g�e�-�K�u�t�t�a� 
 ��  � �� �L�i�n�e� �G�a�u�s�e�-�f�e�l�d�e�l� 

�=� �1�0�7�2�4�:� �|�  � � ��  ��  �� �F�u�l�l�y� �i�m�p�l�i�c�i�t� �W�w�W� 
�a�n� �1� 
�%� �-� 

�|� 
�=� �1�0�-�4� �T� �4� 

�=� �o�t� 

�e� �i� 

�=� �1�0�7�+�!� 
�1� 

�a� �L� 
�t� 

�1�0�-�5�8� �+� �1� 
�{� 

�r�f� 

�1�0�-�1�0� �!� 
�4�0� �8�0� �1�2�0� �1�6�0� �2�0�0� 

�C�r�a�y� �Y�M�P�-�8�3�2� �C�P�U� �t�i�m�e� �(�s�e�c�)� 

�(�a�)� 

�1�0�°� �2�0�0�0� �e�l�e�m�e�n�t� �m�e�s�h� �(�t�e�t� �O�r�d�e�r�)� 
�C�e� �Y�e�r�t�e�z� �S�c�h�e�m�e�:� 

�.�  � � �� �R�u�n�g�e�-�K�u�t�t�e� 

�=� �1�0�-�2� �I� �R�R�A� �c�r�e�n�e�c�t�e� �r�n� 
�z� �\�:� �\�y� �o�c�r� �c�c�l� �P�o�i�n�t� �C�a�u�n�s�-�S�e�l�d�e�l� 

�=� �P�V� �w�e�n�o� �e�e�e� �e�e�e� �S�y�m�m�e�t�r�i�c� �P�o�i�n�t� �G�a�u�e�s�-�S�e�i�d�e�l� 
�S�s� �1�0�-�4� �i�:� �4� �W�o� �c�e�s�e�e�e�s�c�e�e�e�e�e� �e�s� �P�r�e�c�o�n�d�i�t�i�o�n�e�d� �C�H�R�F�S� 

�=� �m�e� �*�  ��  � � ��-�- ��- �� �P�r�e�c�o�n�d�i�t�i�o�n�e�d� �C�H�E�B�Y�C�O�D�E� 
!"�s�  �� 

�=� �P�A�S� 
�&� �1�0�7�6�+� �t�h� 
�+� �L� 

�1�0�7�-�8� �5� 

�1�0�-�1�0� �5� �>� �l� 

�0� �4�0� �8�0� �1�2�0� �1�6�0� �2�0�0� 

�C�r�a�y� �Y�M�P ��8�3�2� �C�P�U� �t�i�m�e� �(�s�e�c�)� 

�F�i�g�u�r�e� �1�9�)� �(�a�)� �r�e�s�i�d�u�a�l� �v�s�.� �C�r�a�y�-�Y�M�P� �C�P�U� �t�i�m�e� �f�o�r� �c�e�l�l�-�c�e�n�t�e�r�e�d�,� 
�(�b�)� �r�e�s�i�d�u�a�l� �v�s�.� �C�r�a�y�-�Y�M�P� �C�P�U� �t�i�m�e� �f�o�r� �c�e�l�l�-�v�e�r�t�e�x�,� 

�(�b�)� 

�f�o�r� �1�9�9�9� �e�l�e�m�e�n�t� �m�e�s�h� �f�i�r�s�t�-�o�r�d�e�r� �t�r�a�n�s�o�n�i�c� �c�i�r�c�u�l�a�r� �a�r�c� �i�n� �a� �c�h�a�n�n�e�l� 

�R�e�s�u�l�t�s� �f�o�r� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �U�n�s�t�r�u�c�t�u�r�e�d� �S�o�l�v�e�r�s� �5�9



� � 

� � 

� � 

� � 

� � � � � � 

� � 

� � � � � � 

�1� 

�1� �0�°� �r�t� �F�a�l�t�a�?� �t�i�i�c�e�n�t�d�i�l�i�t�n�e�h� �a�n�t�h�i�n�i�c�e�n�s�h�a�a�e�a�a�n�t�n�e�n�a�n�t�h�a�n�t�i�a�n�t�a�n�e�e�e�m�n�e�e�a�s�n�a�e�m�e�n�n�e�n�n�e�n�a�n� 

�e�e�r� �9� �f�a�g� 

�=� �1�0�2�}� �\� �S�A�N�K�A�R� 
�~� �w�o�r�e� �Y� 
�a� �-� �7� �A�S� �7�7� 

�=� �t�o�-�4�b� �o�o�e�e�e� 
�=� �a� �2�0�0�0� �e�l�e�m�e�n�t� �m�e�s�h� �(�2�n�d� �O�r�d�e�r�)� 

�a� �C�e�t�i� �V�e�r�t�e�x� �S�c�h�e�m�e�:� 
�a� �1�0�7�-�8� �-�  � ��_�_ ��_ ��.�_� �R�u�n�g�e�~�K�u�t�t�a� 
�S�s�  ��_ � �� �R�u�n�g�e� �K�a�t�t�e� �(�w�/�L�a�p�l�e�c�t�e�n� �F�i�l�t�e�r�)� 
�_� �5� �_ ��  ��  ��o�i�n�t� �J�e�c�o� 

�m�n� �P�o�i�n�t� �C�a�u�e�s ��S�e�l�d�e�l� 
�1�0�7�8� �L� �C�e�l�l� �C�e�n�t�e�r�e�d� �S�c�h�e�m�e�:� 

�i� �e�o�c�c�o�e�e�e�e�n�=� �R�u�n�g�e�-�K�u�t�t�e� 

�{�0�-� �1�0� �I� �1� �L� �1� �!� �1� 

�0� �1�0�0�0� �2�0�0�0� �3�0�0�0� �4�6�0�0� 
�I�t�e�r�a�t�i�o�n� 

�(�a�)� 

�1�0�°� 

�=� �1�0�7�2� �A�n� �~� �S�T�E�R�A�T�I�S� �c�o�e� �a�y�e�s� �n�e� 
�&� �\�,� �.� �R�i�e�n� �+� �.� 

�w�w� �Z� �2�0�0�0� �e�l�e�m�e�n�t� �m�e�s� �4� �O�r�d�a�)� 
�S�S� �1�0�-�4� �a� �\� �C�e�l�l� �V�e�n� �t�e�n�n� �(�n�e� �O�r�d�e�r�)� 

�N�N� �\� �S�y�m�m�e�t�r�i�c� �P�o�l�n�t� �G�a�u�s�e�-�S�e�i�d�e�l� 
 ��_�  ��-�  ��P�r�e�c�o�n�d�i�l�l�o�n�e�d� �G�M�R�E�S� 

�<� �i� �\� �\�  ��  ��  �� �P�r�e�c�o�n�d�i�t�i�e�n�e�d� �C�H�E�B�Y�C�O�D�E� 
�a� �1�0�7�-�F�&� �-� �\� �C�e�l�l� �t�e�r�e�d� �S�c�h�e�m�e�:� 
�$� �\� �- � ��- �� �L�i�n�e� �G�a�u�g�s�-�S�e�l�d�e�l� 
�=� �a� �\� �o�e�e�e�e�e�e� �e�e�e� �F�u�l�l�y� �t�r�o�p�t�t�e�y�t� �L�U� 

�-�e� �|� �\� �\� �c�e�r�e� �H�y�b�r�i�d� �S�c�h�e� 
�1�0� �\� 

�-� �\� 
�1�0�-� �1�0� �I� �{� �i� �\� �\� �I� �1� �i� �i� �!� 

�0� �4�0�0� �6�0�0� �1�2�0�0� �1�6�0�0� �2�0�0�0� 

�I�t�e�r�a�t�i�o�n� 

�(�b�)� 

�F�i�g�u�r�e� �2�0�)� �R�e�s�i�d�u�a�l� �v�s�.� �i�t�e�r�a�t�i�o�n� �#� �f�o�r� �1�9�9�9� �e�l�e�m�e�n�t� �m�e�s�h� 
�h�i�g�h�e�r�-�o�r�d�e�r� �t�r�a�n�s�o�n�i�c� �c�i�r�c�u�l�a�r� �a�r�c� �i�n� �a� �c�h�a�n�n�e�l� 

�R�e�s�u�l�t�s� �f�o�r� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �U�n�s�t�r�u�c�t�u�r�e�d� �S�o�l�v�e�r�s
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�=� �S�e�m�i� �t�h�,� �=� �1�0� �S�e�e�r �� �F�R�A�N� �S�J� 
�o�w� �5� �S�O� �n�n�  �� 
 � �� 

�a�,� 

�=� �1�0�-�4�4� �a�S� 
�=�>� �a� �2�0�0�0� �e�l�e�m�e�n�t� �m�e�a�h� �(�2�n�d� �O�r�d�e�r�)� 
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�h�y�b�r�i�d� �s�c�h�e�m�e�s� �w�e�r�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �B�a�r�t�h ��s� �m�e�t�h�o�d� �w�h�i�l�e� �G�a�u�s�s�-�S�e�i�d�e�l�,� �G�M�R�E�S� 

�a�n�d� �C�H�E�B�Y�C�O�D�E� �w�e�r�e� �c�o�n�v�e�r�g�e�d� �u�t�i�l�i�z�i�n�g� �M�U�S�C�L� �d�i�f�f�e�r�e�n�c�i�n�g�.� �T�h�e� �d�i�f�f�i�c�u�l�t�y� 
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�s�c�h�e�m�e� �t�h�a�t� �c�o�u�l�d� �b�e� �f�i�x�e�d� �t�o� �m�a�k�e� �i�t� �b�e�t�t�e�r�.� �F�i�r�s�t�,� �t�h�e� �t�e�r�m�s� �i�n�s�i�d�e� �e�a�c�h� �s�u�b�m�a�t�r�i�x� 

�w�h�i�c�h� �a�r�e� �n�o�t� �p�a�r�t� �o�f� �t�h�e� �b�l�o�c�k� �t�r�i�d�i�a�g�o�n�a�l� �f�o�r�m� �a�r�e� �c�o�m�p�l�e�t�e�l�y� �n�e�g�l�e�c�t�e�d�.� �E�v�e�n� �i�f� 

�o�n�l�y� �a� �f�e�w� �t�e�r�m�s� �p�e�r� �s�u�b�m�a�t�r�i�x� �a�r�e� �n�e�g�l�e�c�t�e�d�,� �t�h�e� �e�f�f�e�c�t� �o�n� �c�o�n�v�e�r�g�e�n�c�e� �c�o�u�l�d� �b�e� 

�v�e�r�y� �s�i�g�n�i�f�i�c�a�n�t� �b�e�c�a�u�s�e� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �e�a�c�h� �s�u�b�m�a�t�r�i�x� �a�f�f�e�c�t�s� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� 

�r�e�m�a�i�n�i�n�g� �s�u�b�m�a�t�r�i�c�e�s�.� �S�e�c�o�n�d�,� �b�e�c�a�u�s�e� �t�h�e� �l�i�n�e� �G�a�u�s�s�-�S�e�i�d�e�l� �t�y�p�e� �s�c�h�e�m�e� �u�t�i�l�i�z�e�s� 
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�a�d�a�p�t�e�d� �m�e�s�h�.� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �c�o�m�p�a�r�i�s�o�n� �i�s� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n� �f�r�o�m� �t�h�e� 

�r�e�m�e�s�h�i�n�g� �s�e�q�u�e�n�c�e� �(�w�h�i�c�h� �i�n�c�l�u�d�e�s� �t�h�e� �t�i�m�e� �t�o� �g�e�n�e�r�a�t�e� �e�a�c�h� �n�e�w� �m�e�s�h� �a�n�d� �i�n�t�e�r�-� 

�p�o�l�a�t�e� �t�h�e� �v�a�r�i�a�b�l�e�s�)� �t�a�k�e�s� �l�i�t�t�l�e� �o�r� �n�o� �m�o�r�e� �t�i�m�e� �t�o� �c�o�m�p�u�t�e� �t�h�a�n� �t�h�e� �s�o�l�u�t�i�o�n� �o�n� 

�t�h�e� �u�n�i�f�o�r�m� �m�e�s�h�.� �H�o�w�e�v�e�r�,� �t�h�e� �s�o�l�u�t�i�o�n� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �r�e�m�e�s�h�i�n�g� �s�t�r�a�t�e�g�y� �i�s� 
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�s�c�h�e�m�e� �w�h�i�c�h� �p�e�r�f�o�r�m�s� �R�u�n�g�e�-�K�u�t�t�a� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �u�n�t�i�l� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �r�e�s�i�d�u�a�l� 

�r�e�a�c�h�e�s� �a� �v�a�l�u�e� �o�f� �0�.�3�.� �T�h�e� �s�c�h�e�m�e� �t�h�e�n� �c�o�m�p�u�t�e�s� �o�n�e� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n�,� �f�r�e�e�z�e�s� 
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�C�P�U� �t�i�m�e� �f�o�r� �t�h�e� �t�r�a�n�s�o�n�i�c� �c�i�r�c�u�l�a�r� �a�r�c�.� �C�o�m�p�a�r�e�d� �o�n� �t�h�i�s� �p�l�o�t� �a�r�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�h�i�s�t�o�r�i�e�s� �o�f� �a� �r�e�m�e�s�h�i�n�g� �s�t�r�a�t�e�g�y� �a�n�d� �a� �s�o�l�u�t�i�o�n� �c�a�l�c�u�l�a�t�e�d� �o�n� �a� �u�n�i�f�o�r�m� �2�4�3�9� �e�l�e�m�e�n�t� 

�m�e�s�h�.� �T�h�e� �t�i�m�e� �t�o� �g�e�n�e�r�a�t�e� �e�a�c�h� �n�e�w� �g�r�i�d� �f�o�r� �t�h�e� �r�e�m�e�s�h�i�n�g� �s�t�r�a�t�e�g�y� �w�a�s� �i�n�c�l�u�d�e�d� 

�i�n� �t�h�e� �C�P�U� �t�i�m�e� �a�n�d� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �p�l�o�t� �a�s� �t�h�e� �t�i�m�e� �b�e�t�w�e�e�n� �t�h�e� �b�o�t�t�o�m� �o�f� 

�a� �s�p�i�k�e� �a�n�d� �t�h�e� �p�e�a�k� �o�f� �a� �s�p�i�k�e�.� �A�l�t�h�o�u�g�h� �t�h�e� �C�P�U� �t�i�m�e�s� �d�o� �i�n�c�r�e�a�s�e� �a�s� �t�h�e� �g�r�i�d�s� 

�b�e�c�o�m�e� �p�r�o�g�r�e�s�s�i�v�e�l�y� �f�i�n�e�r�,� �t�h�e� �C�P�U� �t�i�m�e� �t�o� �g�e�n�e�r�a�t�e� �a� �g�i�v�e�n� �m�e�s�h� �i�s� �s�m�a�l�l� �w�h�e�n� 

�c�o�m�p�a�r�e�d� �t�o� �t�h�e� �t�i�m�e� �i�t� �t�a�k�e�s� �t�o� �c�o�n�v�e�r�g�e� �t�h�e� �s�o�l�u�t�i�o�n� �o�n� �t�h�a�t� �m�e�s�h�.� 

�T�h�e� �r�e�m�e�s�h�i�n�g� �s�e�q�u�e�n�c�e� �s�t�a�r�t�e�d� �o�n� �a� �v�e�r�y� �c�o�a�r�s�e� �m�e�s�h� �o�f� �7�9� �e�l�e�m�e�n�t�s�,� �r�e�m�e�s�h�e�d� 

�t�h�e� �f�i�r�s�t� �t�i�m�e� �a�t� �a� �r�e�s�i�d�u�a�l� �v�a�l�u�e� �o�f� �0�.�0�5�,� �a�n�d� �t�h�e�n� �r�e�m�e�s�h�e�d� �e�v�e�r�y� �5�0� �t�i�m�e� �s�t�e�p�s� 

�t�h�e�r�e�a�f�t�e�r� �u�p� �t�o� �a� �m�a�x�i�m�u�m� �o�f� �f�o�u�r� �r�e�m�e�s�h�e�s� �(�i�.�e�.� �f�i�v�e� �g�r�i�d�s� �t�o�t�a�l�)�.� �A�f�t�e�r� �f�o�u�r� 

�r�e�m�e�s�h�i�n�g� �c�y�c�l�e�s�,� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �s�o�l�u�t�i�o�n� �w�a�s� �c�o�n�v�e�r�g�e�d� �o�n� �t�h�e� �r�e�s�u�l�t�i�n�g� �2�0�3�9� �e�l�e�-� 

�m�e�n�t� �m�e�s�h�.� �A� �h�i�g�h�e�r�-�o�r�d�e�r� �r�e�m�e�s�h�i�n�g� �s�e�q�u�e�n�c�e� �w�a�s� �t�h�e�n� �p�e�r�f�o�r�m�e�d� �b�e�g�i�n�n�i�n�g� �w�i�t�h� 

�t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �s�o�l�u�t�i�o�n�.� �I�n� �t�h�i�s� �c�a�s�e�,� �o�n�l�y� �t�w�o� �r�e�m�e�s�h�e�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �b�e�f�o�r�e� �t�h�e� 

�s�o�l�u�t�i�o�n� �w�a�s� �c�o�n�v�e�r�g�e�d� �o�n� �a� �2�3�8�9� �e�l�e�m�e�n�t� �m�e�s�h�.� 

�T�h�e� �s�o�l�u�t�i�o�n� �o�n� �t�h�e� �u�n�i�f�o�r�m� �m�e�s�h� �w�a�s� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� �o�f� �t�i�m�e� 

�s�t�e�p�s� �(�i�t�e�r�a�t�i�o�n�s�)� �a�s� �t�h�e� �r�e�m�e�s�h�i�n�g� �s�e�q�u�e�n�c�e� �w�i�t�h� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� 

�o�f� �e�l�e�m�e�n�t�s� �a�s� �t�h�e� �f�i�n�a�l� �m�e�s�h�.� �T�h�i�s� �i�s� �m�o�r�e� �e�v�i�d�e�n�t� �i�n� �F�i�g�.� �3�1�(�b�)� �w�h�i�c�h� �s�h�o�w�s� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �n�o�r�m�a�l�i�z�e�d� �r�e�s�i�d�u�a�l� �v�e�r�s�u�s� �i�t�e�r�a�t�i�o�n� �p�l�o�t�.� 

�T�h�e� �r�e�m�e�s�h�i�n�g� �s�t�r�a�t�e�g�y� �t�a�k�e�s� �s�l�i�g�h�t�l�y� �m�o�r�e� �C�P�U� �t�i�m�e� �t�h�a�n� �t�h�e� �s�o�l�u�t�i�o�n� �c�o�m�-� 

�p�u�t�e�d� �o�n� �t�h�e� �u�n�i�f�o�r�m� �m�e�s�h�.� �H�o�w�e�v�e�r�,� �b�e�c�a�u�s�e� �t�h�e� �a�d�a�p�t�i�v�e� �r�e�m�e�s�h�i�n�g� �c�l�u�s�t�e�r�s� 

�e�l�e�m�e�n�t�s� �i�n� �l�a�r�g�e� �g�r�a�d�i�e�n�t� �r�e�g�i�o�n�s� �i�n� �t�h�e� �f�l�o�w� �a�s� �c�a�n� �b�e� �s�e�e�n� �b�y� �t�h�e� �2�3�8�9� �e�l�e�m�e�n�t� 

�a�d�a�p�t�e�d� �g�r�i�d� �(�F�i�g�.� �3�2�(�a�)�)�,� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s� �f�o�r� �t�h�i�s� �r�e�m�e�s�h�i�n�g� �s�t�r�a�t�e�g�y�,� �F�i�g�.� 

�3�2�(�b�)�,� �d�i�s�p�l�a�y� �a� �m�u�c�h� �f�i�n�e�r� �s�h�o�c�k� �a�n�d� �b�e�t�t�e�r� �o�v�e�r�a�l�l� �s�o�l�u�t�i�o�n� �q�u�a�l�i�t�y� �t�h�a�n� �d�o�e�s� �t�h�e� 

�2�4�3�9� �e�l�e�m�e�n�t� �u�n�i�f�o�r�m� �m�e�s�h� �(�F�i�g�s�.� �3�2�(�c�)� �a�n�d� �3�2�(�d�)�)�.� 
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�f�o�r� �h�i�g�h�e�r� �o�r�d�e�r� �t�r�a�n�s�o�n�i�c� �c�i�r�c�u�l�a�r� �a�r�c� �i�n� �a� �c�h�a�n�n�e�l�,� �M�.� �=� �0�.�8�5� 
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�F�i�g�u�r�e� �3�3� �s�h�o�w�s� �t�h�e� �p�r�o�g�r�e�s�s�i�o�n� �o�f� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �a�d�a�p�t�i�v�e� �r�e�m�e�s�h�i�n�g� �s�o�l�u�t�i�o�n� 

�s�t�a�r�t�i�n�g� �f�r�o�m� �t�h�e� �i�n�i�t�i�a�l� �7�9� �e�l�e�m�e�n�t� �u�n�i�f�o�r�m� �m�e�s�h� �(�F�i�g�.� �3�3�(�a�)�)� �a�n�d� �e�n�d�i�n�g� �w�i�t�h� 

�t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �s�o�l�u�t�i�o�n� �o�n� �t�h�e� �2�0�3�9� �e�l�e�m�e�n�t� �m�e�s�h� �(�F�i�g�s�.� �3�3�(�i�)� �&� �3�3�(�j�)�)�.� �T�h�e� �i�n�i�t�i�a�l� 

�f�e�w� �g�r�i�d�s� �i�n� �t�h�e� �s�e�q�u�e�n�c�e� �r�a�p�i�d�l�y� �o�b�t�a�i�n� �a� �g�o�o�d� �l�o�n�g� �w�a�v�e� �p�a�t�t�e�r�n�,� �F�i�g�s�.� �3�3�(�a�)�-�(�d�)�,� 

�w�h�i�c�h� �i�s� �p�a�s�s�e�d� �t�h�r�o�u�g�h� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �t�o� �t�h�e� �f�i�n�e�r� �m�e�s�h�e�s�.� 

�F�i�g�u�r�e� �3�4� �s�h�o�w�s� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �r�e�m�e�s�h�i�n�g� �s�o�l�u�t�i�o�n� �w�h�i�c�h� �s�t�a�r�t�s� �w�i�t�h� �t�h�e� 

�f�i�n�a�l� �f�i�r�s�t�-�o�r�d�e�r� �s�o�l�u�t�i�o�n�.� �S�i�n�c�e� �t�h�e� �s�o�l�u�t�i�o�n� �i�s� �a�l�r�e�a�d�y� �w�e�l�l� �d�e�f�i�n�e�d�,� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� 

�r�e�m�e�s�h�e�s� �j�u�s�t� �s�e�r�v�e� �t�o� �r�e�f�i�n�e� �t�h�e� �s�h�o�c�k� �f�u�r�t�h�e�r�.� �I�t� �i�s� �n�o�t� �c�l�e�a�r� �f�r�o�m� �t�h�i�s� �c�a�l�c�u�l�a�t�i�o�n� 

�w�h�e�t�h�e�r� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �r�e�m�e�s�h�i�n�g� �s�o�l�u�t�i�o�n� �i�s� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �r�e�m�e�s�h�i�n�g� 

�s�o�l�u�t�i�o�n� �b�e�c�a�u�s�e� �o�f� �t�h�e� �i�n�c�r�e�a�s�e�d� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�r� �b�e�c�a�u�s�e� �t�h�e� �h�i�g�h�e�r�-� 

�o�r�d�e�r� �c�a�l�c�u�l�a�t�i�o�n� �i�n�v�o�l�v�e�s� �m�o�r�e� �m�e�s�h� �e�l�e�m�e�n�t�s�.� �F�r�o�m� �t�h�e� �u�n�i�f�o�r�m� �m�e�s�h� �r�e�s�u�l�t�s� �g�i�v�e�n� 

�b�e�f�o�r�e� �f�o�r� �t�h�e� �4�0�0�8� �e�l�e�m�e�n�t� �m�e�s�h� �(� �F�i�g�.� �2�9�)�,� �i�t� �w�a�s� �o�b�v�i�o�u�s� �t�h�a�t� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �i�n�c�r�e�a�s�e�d� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �a�d�a�p�t�e�d� �c�a�s�e� 

�w�h�e�r�e� �e�l�e�m�e�n�t�s� �a�r�e� �a�l�i�g�n�e�d� �w�i�t�h� �f�l�o�w� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �f�o�r� �a�n� �E�u�l�e�r� 

�c�a�l�c�u�l�a�t�i�o�n� �(�w�h�i�c�h� �n�e�g�l�e�c�t�s� �v�i�s�c�o�u�s� �d�i�s�s�i�p�a�t�i�o�n�)� �t�h�a�t� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� 

�h�a�s� �l�i�t�t�l�e� �e�f�f�e�c�t� �o�n� �t�h�e� �s�o�l�u�t�i�o�n�.� 

�R�e�s�u�l�t�s� �f�o�r� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �U�n�s�t�r�u�c�t�u�r�e�d� �S�o�l�v�e�r�s� �8�0



� � � � 

� � � � � � � � � � 

� � 

� � � � 

� � 
� � � � � � � � 

�(�c�)� �|� �(�d�)� 
�\� �D�O�S�D� �E�E� �O�O�L� �I�V�)� �E�E� �E�R�I� �D�E�R�I�K� 

�T�N� �A�I�S�S�O�C�K�E� �f�j� �H�W�S� �P�e� �O�R�A�S� �R�I�V�E�T� �O�N�I�N� 
�}� �B�R�N� �D�O�C�K� �|� �A�N� 

�(�e�)� �(�f�)� 

� � 
� � � 
� � � � � � � � � � � � � � � � � 

� � � 

� � 

� � � 
� � � � � 

� � � � � 
� � � 

� � 

� � � � � 

� � 

� � � � � � 
� � � � 

� � 

� � � � � � � � � � 
�(�)� �|� �(�h�)� 

� � 
� � 

� � 
� � �K�h� �;� �\� �A�R�S�  �� �i�y� 

�(�3�)� �(�i�)� 
� � � � 

�F�i�g�u�r�e� �3�3�)� �(�a�)� �M�e�s�h�:� �7�9� �e�l�e�m�e�n�t�s�,� �5�5� �v�e�r�t�i�c�e�s�,� �(�b�)� �p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s� 
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�(�g�)� �M�e�s�h�:� �1�6�9�5� �e�l�e�m�e�n�t�s�,� �9�1�6� �v�e�r�t�i�c�e�s�,� �(�h�)� �p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s� 
�(�i�)� �M�e�s�h�:� �2�0�3�9� �e�l�e�m�e�n�t�s�,� �1�0�9�8� �v�e�r�t�i�c�e�s�,� �(�j�)� �p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s� 
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�F�i�g�u�r�e� �3�4�)� �(�a�)� �M�e�s�h�:� �2�0�3�9� �e�l�e�m�e�n�t�s�,� �1�0�9�8� �v�e�r�t�i�c�e�s�,� �(�b�)� �p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s�,� 
�(�c�)� �M�e�s�h�:� �2�2�1�0� �e�l�e�m�e�n�t�s�,� �1�1�8�2� �v�e�r�t�i�c�e�s�,� �(�d�)� �p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s�,� 
�(�e�)� �M�e�s�h�:� �2�3�8�9� �e�l�e�m�e�n�t�s�,� �1�2�7�4� �(�f�)� �p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s� 
�f�o�r� �h�i�g�h�e�r� �o�r�d�e�r� �a�d�a�p�t�i�v�e� �r�e�m�e�s�h�i�n�g� �s�e�q�u�e�n�c�e�:� 
�t�r�a�n�s�o�n�i�c� �c�i�r�c�u�l�a�r� �a�r�c�,� �M�,�,� �=� �0�.�8�5� 

�R�e�s�u�l�t�s� �f�o�r� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �U�n�s�t�r�u�c�t�u�r�e�d� �S�o�l�v�e�r�s� �8�2



�5�.�2�.�2� �M�a�c�h� �8�.�0� �I�n�t�e�r�n�a�l� �F�l�o�w� �w�i�t�h� �A�r�e�a� �C�h�a�n�g�e� 

�T�h�e� �M�a�c�h� �3�.�0� �i�n�t�e�r�n�a�l� �f�l�o�w� �t�e�s�t� �c�a�s�e� �w�a�s� �r�u�n� �u�t�i�l�i�z�i�n�g� �t�h�e� �s�y�m�m�e�t�r�y� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� 

�n�o�r�m�a�l� �t�o� �t�h�e� �f�l�o�w�.� �T�h�e�r�e�f�o�r�e� �a�l�l� �t�h�e� �f�i�g�u�r�e�s� �o�f� �m�e�s�h�e�s� �a�n�d� �c�o�n�t�o�u�r�s� �d�i�s�p�l�a�y� �t�h�e� 

�e�n�t�i�r�e� �d�o�m�a�i�n�,� �w�h�i�l�e� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �b�o�t�t�o�m� �h�a�l�f�.� �T�h�e� 

�n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �o�f� �a� �m�e�s�h� �g�i�v�e�n� �i�n� �t�h�i�s� �p�a�p�e�r� �r�e�f�l�e�c�t�s� �t�h�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� 

�u�s�e�d� �f�o�r� �c�o�m�p�u�t�i�n�g� �t�h�e� �b�o�t�t�o�m� �h�a�l�f�.� 

�F�i�g�u�r�e� �3�5�(�a�)� �s�h�o�w�s� �a� �p�l�o�t� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �r�e�s�i�d�u�a�l� �v�e�r�s�u�s� �C�r�a�y�-�2� �C�P�U� �t�i�m�e� 

�f�o�r� �t�h�i�s� �c�a�s�e�.� �C�o�m�p�a�r�e�d� �o�n� �t�h�i�s� �p�l�o�t� �a�r�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �h�i�s�t�o�r�i�e�s� �o�f� �a� �r�e�m�e�s�h�i�n�g� 

�s�t�r�a�t�e�g�y� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �u�s�e�d� �i�n� �t�h�e� �t�r�a�n�s�o�n�i�c� �a�r�c� �c�a�s�e� �(�o�n�l�y� �t�h�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� 

�i�n� �e�a�c�h� �m�e�s�h� �d�i�f�f�e�r�e�d�)� �a�n�d� �a� �s�o�l�u�t�i�o�n� �c�a�l�c�u�l�a�t�e�d� �o�n� �a� �u�n�i�f�o�r�m� �6�2�6�3� �e�l�e�m�e�n�t� �m�e�s�h�.� 

�T�h�e� �r�e�m�e�s�h�i�n�g� �s�e�q�u�e�n�c�e� �s�t�a�r�t�e�d� �o�n� �a� �v�e�r�y� �c�o�a�r�s�e� �m�e�s�h� �o�f� �8�5� �e�l�e�m�e�n�t�s�.� �A�f�t�e�r� �f�o�u�r� 

�r�e�m�e�s�h�i�n�g� �c�y�c�l�e�s�,� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �s�o�l�u�t�i�o�n� �w�a�s� �c�o�n�v�e�r�g�e�d� �o�n� �a� �4�2�1�1� �e�l�e�m�e�n�t� �m�e�s�h�.� 

�T�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �r�e�m�e�s�h�i�n�g� �s�e�q�u�e�n�c�e� �r�e�s�u�l�t�e�d� �i�n� �a� �c�o�n�v�e�r�g�e�d� �s�o�l�u�t�i�o�n� �o�n� �a� �6�2�4�7� 

�e�l�e�m�e�n�t� �m�e�s�h�.� �F�i�g�u�r�e� �3�5�(�b�)� �s�h�o�w�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �n�o�r�m�a�l�i�z�e�d� �r�e�s�i�d�u�a�l� �v�e�r�s�u�s� 

�i�t�e�r�a�t�i�o�n� �p�l�o�t�.� 

 ��T�h�e� �r�e�m�e�s�h�i�n�g� �s�t�r�a�t�e�g�y� �t�a�k�e�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �s�a�m�e� �C�P�U� �t�i�m�e� �a�s� �t�h�e� �s�o�l�u�t�i�o�n� 

�c�o�m�p�u�t�e�d� �o�n� �t�h�e� �u�n�i�f�o�r�m� �m�e�s�h�.� �S�i�n�c�e� �t�h�e� �6�2�4�7� �e�l�e�m�e�n�t� �a�d�a�p�t�e�d� �g�r�i�d� �i�n� �F�i�g�.� �3�6�(�a�)� 

�h�a�s� �m�o�r�e� �e�l�e�m�e�n�t�s� �n�e�a�r� �t�h�e� �s�h�o�c�k�s�,� �a�n�d� �s�i�n�c�e� �t�h�e�s�e� �e�l�e�m�e�n�t�s� �a�r�e� �s�t�r�e�t�c�h�e�d� �i�n� �t�h�e� 
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