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Abstract—As a model reduction tool, coherency identification
has been extensively investigated by power researchers using
various model-driven and data-driven approaches. Model-driven
approaches typically lose their accuracy due to linear assump-
tions and parameter uncertainties, while data-driven approaches
inevitably suffer from bad data issues. To overcome these weak-
nesses, we propose a data-driven cumulant tensor-based approach
that can identify coherent generators and detect anomalies si-
multaneously. More specifically, it converts the angular velocities
of generators into a fourth-order cumulant tensor that can be
decomposed to reflect the coherent generators. Also, using co-
kurtosis in the cumulant tensor, anomalies can be detected as
well. The simulations reveal its excellent performance.

Index Terms—Coherency identification, tensor decomposition,
co-kurtosis, anomaly detection, power system.

I. INTRODUCTION

TO SIMPLIFY the dynamic analysis of power systems,
coherency identification is widely used to identify the

groups of generators that swing together under a contingency.
Traditionally, researchers rely on model-driven approaches
to achieve this task [1], [2]. Although straightforward, they
typically linearize the nonlinear power system model, which
inevitably sacrifices some accuracy. Also, uncertainties in the
model parameters are inevitable.

Facing these challenges, the data-driven methods that rely
on Phasor Measurement Units (PMUs) are gaining increasing
attention today. For example, Khalil et al. [3] identify coher-
ent generators and electrical areas using frequency deviation
signals. Anaparthi et al. apply Principal Component Analysis
(PCA) to classify generators with common features [4]. Susuki
et al. [5] initiate a model-free Koopman approach to identify
coherent generators using Koopman modes. Typically, these
data-driven methods mainly focus on coherency identification
but yield biased identification results when bad data appear.

To solve these issues, we propose a novel data-driven
coherency identification method using the cumulant tensor
for the first time. It only needs to use the generator angular
velocity data to achieve cost-effective coherency identification.
Furthermore, by decomposing its fourth-order cumulant tensor
to analyze its corresponding principal kurtosis vectors, it
simultaneously detects anomalies. Simulation results reveal its
excellent performance.
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II. PRELIMINARIES

Let us first review a traditional data-driven approach, e.g.,
the PCA, which serves as the basis of our work, since it has
a similar coherency identification criterion to our proposed
method [4]. In principle, the PCA method can transform the
relevant variables into a set of irrelevant variables arranged
in decreasing order of significance. The ones with higher
importance are grouped for coherency identification.

More specifically, following Anaparthi et al. [4], only the
angular velocities of the synchronous generators are utilized
for the identification of PCA-based coherency. They are then
placed in a matrix Xm×n, where m is the number of genera-
tors and n is the number of samples. By using Singular Value
Decomposition (SVD), we get

X = UxΣxV
T
x , P = UxΣx. (1)

Here, each column of P represents the principal component
score for each variable. Finally, the matrix is decomposed as

X =

 p1,1
· · ·
pm,1

vT
1 +

 p1,2
· · ·
pm,2

vT
2 + · · ·+

 p1,m
· · ·

pm,m

vT
m. (2)

Typically, most of the features of a variable can be captured
by the first three principal components. Therefore, we just
choose the first three columns of P , which can be plotted in a
three-dimensional score plot. When the points represented by
generators are close together, they are considered coherent.

Remark 1. Obviously, facing outliers, data-driven ap-
proaches, including the PCA, produce biased estimation re-
sults that could lead to false identification of coherency.
Therefore, it is meaningful to develop a data-driven approach
that achieves coherent identification and anomaly detection
simultaneously.

III. THE PROPOSED METHOD

In this section, we elaborate on the cumulant tensor-based
approach that not only allows us to identify the coherent
generators but also detects anomalies via co-kurtosis.
A. The Construction of Cumulant Tensor

First, let us begin with the traditional Independent Com-
ponent Analysis (ICA) model. For the aforementioned m-
dimension observation matrix, X , suppose that we have a
q-dimension source sample vector, S =

[
s1, s2, . . . , sq

]T
,

generated by a set of independent non-Gaussian distributed
random variables. It follows that

X = AS +N , (3)
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where A ∈ Rm×q is a mixing matrix and N ∈ Rm×n is the
noise matrix. Now, for X , let us apply the Taylor expansion
to its first characteristic function, ΦX(t) = E(eitTX), and its
second characteristic function, ΨX(t) = logΦX(t), respec-
tively, [6]. We get

µ
′X
(r)

def
= EXr = (−i)r

∂rΦX(t)

∂t

∣∣∣∣
t=0

, (4)

κX
(r)

def
= cum

{
X,X, . . . ,X

}︸ ︷︷ ︸
r times

= (−i)r
∂rΨX(t)

∂t

∣∣∣∣
t=0

, (5)

where E is the expectation operator; cum is a cumulant
operator; r stands for the order of moments and cumulants of
X; and µ and κ stand for moment and cumulant, respectively.
As for ·′ , it indicates that the mean values of the variables are
not zero. By expanding the logarithm and merging terms of
the same order, we can obtain the relations between moments
and cumulants [7]. For example, we have

µ
′

i = κi,

µ
′

ij = κij + κiκj ,

µ
′

ijk = κijk + [3]κiκjk + κiκjκk,

µ
′

ijkl = κijkl + [4]κiκjkl + [3]κijκkl

+ [6]κiκjκkl + κiκjκkκl.

(6)

Here, [·] denotes McCullagh’s bracket notation that acts like
a permutation, i.e. [3]κijκkl = κijκkl + κikκjl + κilκjk [8].
Now, to get the fourth-order cumulant tensor, namely κ(4) or
κijkl, we can invert the relations between µ and κ in (6). Then,
we have

κijkl = µ
′

ijkl − [4]µ
′

iµ
′

jkl − [3]µ
′

ijµ
′

kl

+2[6]µ
′

iµ
′

jµ
′

kl − 6µ
′

iµ
′

jµ
′

kµ
′

l.
(7)

Now, let us further preprocess the random variables using a
normalization procedure [9] to ensure the means are zero,
namely µ

′

i = 0. Therefore, (7) can be simplified as

κijkl = µijkl − [3]µijµkl. (8)

For this ICA model, the resulting fourth-order cumulant tensor,
CX
4 , namely the co-kurtosis, can be denoted as

[CX
4 ]ijkl = E {xixjxkxl} − E {xixj}E {xkxl}
−E {xixk}E {xjxl} − E {xixl}E {xjxk} ,

(9)

where 1 ≤ i, j, k, l ≤ q.
B. Coherency Identification via Cumulant Tensor

Now, we can apply the decomposition to CX
4 to capture its

characteristics, which allows us to achieve the identification of
coherence. Following Kendall and Stuart [10], CX

4 is expressed
as

CX
ijkl = δ(i, j, k, l)CX

iiii, (10)

where the values of δ(i, j, k, l) are zeroes unless all their
arguments are equal. Due to this property and (3), we have

CX
ijkl =

∑
1≤a,b,c,d≤q

δ(a, b, c, d)CS
aaaaAiaAjbAkcAld,

=

q∑
a=1

CS
aaaaAiaAjaAkaAla,

(11)

where Aia is the element of A in the i-th row a-th column.
CS
aaaa is a cumulant of S, that is, κS

(4). Then, (11) yields

CX
4 =

q∑
k=1

CS
kkkkak ⊗ ak ⊗ ak ⊗ ak, (12)

where ⊗ denotes the tensor product, and ak is the k-th column
of A. Now, let us define excess kurtosis, γ, as γ =

κ(4)

κ2
(2)

. When
S is normalized, we have κ(2) = µ(2) = 1. Then, γ is equal
to κ(4). Therefore, we have

CX
4 =

q∑
k=1

γkak ⊗ ak ⊗ ak ⊗ ak. (13)

Obviously, (13) is a canonical polyadic decomposition that
has high computational complexity. Therefore, as suggested
by Anandkuma [11], we further unfold CX

4 into a matrix as
follows:

mat(CX
4 ) =

q∑
k=1

γkak ⊗ vec(ak ⊗ ak ⊗ ak), (14)

where mat and vec are operations transforming a tensor into
a matrix and a vector respectively. Then, we simply perform
SVD on the matrix to get

mat(CX
4 ) = UcΣcV

T
c . (15)

Following [4], we truncate the first three columns of matrix
Pc = UcΣc to form a three-dimensional score plot. For the
adjacent data points representing each generator, we consider
them coherent.

C. Anomaly Detection via Co-kurtosis

Since outliers can lead to incorrect identification of co-
herency, it is vital to develop an anomaly detection scheme
in the data-driven method. To do so, let us apply the SVD to
the unfolded cumulant tensor, mat(CX

4 ), we have its principal
values Uc = [uc,1,uc,2, · · · ,uc,m], and principal vectors
Σc = diag(λc,1, λc,2, · · · , λc,m). When anomalies occur, they
will cause significant changes in the principal values and the
directions of the principal vectors. This makes sense since
mat(CX

4 ) contains the information on kurtosis that serves as
a measure of existing outliers or a tendency to produce outliers
as articulated by Westfall et al. [12].

Using this rule, let us define a metric to quantify this as

Fi =

∑m
k=1 λc,k(e

T
i · uc,k)

2∑m
k=1 λc,k

, (16)

where eTi · uc,k denotes the i-th entry in the k-th principle
vector, Fi represents the proportion of each principal vector.
This means that the sum of all Fi should be unity, that is,∑m

i=1 Fi = 1. In this way, Fi can reflect the proportion of
moments, such as kurtosis, that we are addressing here. When
outliers occur, the values of Fi change dramatically, allowing
us to directly detect anomalies in coherence identification.
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Fig. 1. Coherency identification using PCA and cumulant tensor for generator
angular velocities (a)-(b) without anomalies; (c)-(d) with spikes; (e)-(f) with
missing data.

IV. CASE STUDIES

Let us demonstrate the capability of the proposed method
in coherency identification in the New England system. We
set anomalies such as spikes and data dropouts for anomaly
detection. Lines 11-12 and 25-26 are tripped to stimulate
dynamics. The angular velocity of each generator is recorded
with a sampling time of 0.02s. Gaussian noise with a standard
deviation of 0.01 is incorporated into all data.

1) Tests without Anomaly: In this test, no anomalies are
applied. We tested the proposed method for coherency iden-
tification. The results are shown in Fig. 1(a) and (b). The
generators in one circle are coherent. Obviously, the coherency
identification results obtained using the PCA method and the
proposed method are the same, confirming that our approach
can accurately achieve coherency identification. Also, from
Fig. 2(b), the Fi values of G8 and G9 are larger than those
of other generators, which indicates that their dynamics are
different from others and their oscillation amplitudes are
relatively large.

2) Tests with Spikes: Now, some observations of G2 are
set as spikes. The other settings remain unchanged. From
Figs. 1(c) and (d), the coherent groups apparently change.
PCA generates incorrect results, but our approach can still be
identified very well. Then, we use Fi to do anomaly detection.
From Figs. 2(c)-(d), the fourth-moment metric of G2 becomes
large compared with the second-moment metric using PCA.
This shows that the outliers in G2 are detected successfully.
In practice, when spikes occur, we can compare the Fi values
of both methods to detect which generator has an anomaly.

3) Tests with Missing Data: This test contains a period of
data dropout of about 2 seconds in G2. The other settings
remain unchanged. From Figs. 1(e) and (f), we see that both
results are changed, and those of our method are relatively
more obvious. From Figs. 2(e) and (f), we observe that, when
missing data occur, both methods can detect a dramatic change
in Fi values of G2, which indicates that there is indeed an
anomaly in the data set G2.
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Fig. 2. Plots for anomaly detection where the left is second-moment metrics
while the right is fourth-moment one for generator angular velocities (a)-(b)
without anomalies; (c)-(d) with spikes; (e)-(f) with missing data.

4) Further Comparison Tests: We employ more data-driven
approaches, including kPCA and ICA. All results are presented
in Table I. The results show that when an anomaly occurs, both
methods mentioned above are affected.

TABLE I
COHERENCY IDENTIFICATION VIA KPCA AND ICA

kPCA ICA

Normal data
{G1},{G2,G3},{G4-G7},
{G8},{G9},{G10}

{G1},{G2,G3},{G4-G7},
{G8},{G9},{G10}

Data with
spikes

{G1},{G2,G3},{G4-G7},
{G8},{G9},{G10}

{G1,G6,G7},{G2,G3,G10},
{G4},{G5},{G8},{G9}

Data with
missing data

{G1},{G2},{G3,G10},
{G4-G7},{G8},{G9}

{G1},{G2},{G3},{G4-G7},
{G8},{G9},{G10}

Also, to validate our method for real-time applications in
large systems, we apply it to the IEEE 54-machine 118-bus
system. The computing times are shown in Table II. The results
validate its practicality.

TABLE II
COMPUTION TIMES OF DIFFERENT SYSTEMS

Normal
data

Data with
spikes

Data with
missing data

IEEE 39-bus system 0.029735s 0.026653s 0.027036s
IEEE 118-bus system 0.278815s 0.222124s 0.216155s

In the end, we test different sampling times to investigate
whether they have an impact on the results. From Fig. 3,
the results exhibit little variation, except for the third set of
experiments, because the time periods for missing data selec-
tion are different, but do not affect the results of coherency
identification and anomaly detection.

The simulations presented above reveal that our proposed
method serves as a reliable tool in coherency identification
and anomaly detection.

This article has been accepted for publication in IEEE Transactions on Power Systems. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TPWRS.2023.3338958

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: to IEEExplore provided by University Libraries | Virginia Tech. Downloaded on December 31,2023 at 23:05:20 UTC from IEEE Xplore.  Restrictions apply. 



4 IEEE TRANSACTIONS ON POWER SYSTEMS

 G
1

 G
2

 G
3

 G
4

 G
5

 G
6

 G
7

 G
8

 G
9

 G
10

0

0.05

0.1

0.15

0.2

0.25

F
i

 G
1

 G
2

 G
3

 G
4

 G
5

 G
6

 G
7

 G
8

 G
9

 G
10

0

0.1

0.2

0.3

0.4

F
i

 G
1

 G
2

 G
3

 G
4

 G
5

 G
6

 G
7

 G
8

 G
9

 G
10

0

0.2

0.4

0.6

0.8

1

F
i

3210
576

4
0

0.02

0.02

z

8

0 0.06

1

0.04

y
-0.02 0.04

x

9

0.02-0.04
0-0.06

G4-G7
G2,G3

2

-8

10

-6

-4

9

-2

5

z

10
-4

15

0

y
10

-4

2

0
x 10

-4
10

-5 5

6754

310

1

8

G4-G7

310

5674

-6

3

-4

1

-2

2

9

z

10
-5

-0.2

0

y10
-5

1 -0.4

x

8
2

-0.60
-0.8-1 -1

2

G4-G7

(a) (b) (c)

(d) (e) (f)

Fig. 3. Coherency identification and anomaly detection when sampling time
is 0.1s (a) and (d) without anomalies; (b) and (e) with spikes; (c) and (e)
with missing data.

V. CONCLUSION AND FUTURE WORK

In this paper, we propose a novel data-driven method to
simultaneously achieve coherency identification and anomaly
detection through a cumulant tensor. The simulation results
reveal the excellent performance of the proposed method.

Due to the development of renewable generation sources,
the penetration of inverter-based resources is gradually increas-
ing, making the study of coherency identification of inverter
networks inevitable [13]. In future work, the proposed method
will be applied to the inverter-dominated system.
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