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Mechanical Engineering 

(ABSTRACT) 

This work presents methods used to obtain geometric models of spatial 

mechanisms which can be realized in hardware. Each model is created 

automatically from the kinematic description of a mechanism. The models are 

tested for interference between joints and links. Models with interfering links or 

joints are reshaped automatically into an interference-free configuration. 

An investigation of the relative efficiency of different interference detection 

techniques is discussed. A method for determining interferences based on vector 

loop equations was developed for this work. Other approaches for interference 

detection include parametric space and a method using parallel coordinates. 2000 

line segments were randomly generated to test the three methods. No significant 

difference between the three techniques was found, but a coarse detection scheme 

was developed based on observations of intersection conditions in parallel 

coordinates. The coarse detection technique reduced interference detection times 

by 48%. 

The concept of joint positioning freedoms is presented formally for the first 

time. Using a unidirectional avoidance strategy along a straight line, these



repositioning freedoms are exploited in a manner which guarantees the elimination 

of interferences for revolute, prismatic, and cylindric joints. 

A unique method for optimal orientation of spheric joint ball-cup pairs is 

described. Points from an inverse image of the attachment piece for the ball are 

mapped onto a unit sphere in the reference frame of the cup. The axis ofa 

bounding cone is then used to align the attachment piece for the cup. The method 

minimizes the chances for collisions between the cup and the ball attachment 

piece. 

Elements which attach the joints are modeled as three segments. This has 

proven to be an optimal representation. Interferences with these elements are 

eliminated using the elliptical projection of circular paths onto a plane which is 

perpendicular to the axis of symmetry for an intruding object. 

Several examples are given illustrating the successful generation of 

interference-free spatial mechanism models. The mechanisms include an RSSR, 

an RPCS, an RCCC, and an RRRRRRR.
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Chapter 1 

Introduction 

The problem of modeling spatial mechanisms is very interesting. The 

author first became involved in mechanism modeling while working on his 

master’s thesis at Florida Atlantic University [1,2]. The initial objective at that 

time was to create three dimensional models of planar mechanisms similar to the 

one shown in figure 1. The program which produced these models, ANIMEC, 

proved to be useful in visualizing mechanisms by removing the ambiguity of how 

such mechanisms might appear using real hardware [3]. It was known that 

synthesis and analysis algorithms had been developed at that time, notably IMP[4], 

KINSYN III [5], MECSYN [6,7], and LINCAGES [8]. This lead to the concept of 

a mechanism design system using MECSYN, IMP, and ANIMEC [9]. Further 

work toward this system in the form of a general mechanism input interface was 

later completed by Thatch [10,11]. It soon became apparent, however, that there 

was a piece missing from the design system. Figure 2 illustrates the problem. The 

mechanism shown here is the same four-bar mechanism shown in Figure 1 but at 

another position. It was obvious that interference was a problem to be dealt with,



  

                            
  

Figure 1. 3-D model of a planar four-bar 

even in modeling planar mechanisms. This was the initial impetus toward 

addressing the interference problem in mechanism modeling. 

It was quickly realized that modeling spatial mechanisms involved three 

distinct procedures. First, there had to be a set of rules for creating the elements 

of the mechanism. For planar mechanisms with revolute joints the task was fairly 

simple. The joints of the four-bar mechanism in Figures 1 and 2 were modeled as 

cylinders. The cylinders of a joint shared a common axis and were positioned 

along that axis so that their volumes did not intersect. Joints on a common link 

had their centroids located in a common plane perpendicular to the axes of the 

joints. It was simple to connect the centroids with a single straight connecting



  

        
Figure 2. Four-bar with interference 

element. Pennington [12,13] made significant advances in modeling other joint 

types for spatial mechanisms by breaking joints into internal and external parts. 

The connections for binary links were made through the intersection and trimming 

of curves. This began by first defining two planes orthogonal to the the local Z 

axis for each joint. The Z axis represented the axis of translation or rotation for 

revolute, cylindric, and prismatic joints and was arbitrary for spheric joints. The 

line of intersection for these two planes was determined, and a minimum distance 

solution was found for a set of line segments which were constrained to lie within 

either of the two planes. This resulted in two straight elements connecting the



joints of a link. The new modeling algorithm was more complex but far more 

general. 

The second step in modeling involved the detection of interferences. The 

author’s work in this area involved developing bounding round-ended cylinders or 

spheres for all elements of a mechanism and developing a vector loop equation 

similar to that used in mechanism loop analysis [14]. The process of interference 

detection was later improved by doing simplified coordinate tests [15]. This will be 

discussed in greater detail in the chapter on interference detection. 

The third step was to develop a method for reconfiguring a mechanism 

once an interference was found. For planar mechanisms, the only method used 

was shifting links into parallel planes. If an interference was found, one of the 

colliding links was shuffled into another plane. The proper contiguous relationship 

was maintained with other links which shared the joints of the repositioned link. 

In other words, the repositioned link always had to be in a plane adjacent to links 

which shared joints with that link. Reconfiguring links for spatial mechanisms 

turned out to be a more complicated process. The links were not constrained to 

exist in a plane. This forced a solution where the links had to be reshaped, not 

merely shuffled into another plane. Once a link was reconfigured to miss another 

link, this created a potential for interference between the reconfigured link and all 

other links of the mechanism. Again, this will be described in greater detail in the 

chapters on eliminating interferences in joints and links. 

The purpose of this dissertation is to outline the methods which the author 

used to create interference-free configurations of spatial mechanisms with binary 

links and binary joints. Binary links are defined as having two joints. Similarly,



binary joints are defined as having attachments to two links. In describing the 

methods, the author will also briefly describe some of the unsuccessful attempts. 

Two programs will be presented: SLIDE (Spatial Linkage Interference Detection 

and Elimination) and IPOST (IMP POSTprocessor). SLIDE is the linkage 

construction and reconfiguration algorithm which was used to verify the methods 

for interference detection and reshaping presented here. IPOST is a postprocessor 

for IMP output which configures the output into a format which can be used by 

SLIDE. All of the bitmap images presented here were derived from a program 

called PriSM which serves as a postprocessor for displaying SLIDE output. PriSM 

will not be discussed in detail since it is described completely in the thesis work of 

Montgomery [16,17].



Chapter 2 

Literature Review 

No references were found in the literature relating specifically to the 

problem of constructing interference-free spatial mechanisms. This does not mean 

nothing was found relating to interference detection or collision avoidance. To the 

contrary, there was much information on these two topics concerning robots and 

robotic manipulators. For completeness, this literature is reviewed here. The 

format for the review is to take the papers in approximate chronological order of 

appearance in the literature. 

1977 

Udupa [18] dealt with the problem of detecting and avoiding collisions. 

Using minimum bounding cylinder models for two and three-dimensional 

manipulators, he found collision-free movements through obstacles by iterating 

through several planning phases. He introduced the concept of characterizing 

collision-free space in terms of cartesian space and joint variables.



1979 

Boyse [19] presented a method for detecting interferences where smooth 

surfaces were approximated by planar facets. A method for detecting interferences 

between rotating objects and stationary objects was also presented. Edges of the 

stationary objects were tested for intersection with surfaces generated by revolving 

the edges of the moving objects to generate swept conic sections. Boyse went on 

to mention methods for rapid intersection testing using bounding boxes and 

spheres. These rapid approximations appear throughout the literature. A form of 

the bounding box test was incorporated into the detection algorithm of SLIDE. 

Lozano-Perez and Wesley [20] discussed a method for generating 

collision-free paths for objects where the moving objects were reduced to a point 

and stationary polyhedral objects were enlarged. The modified space was termed 

configuration space, a term which in later literature was truncated to C-space. 

This conversion resulted in a navigation problem for a simple point passing among 

the enlarged objects. The basic algorithm used a line of sight method on obstacle 

vertices to chart paths through the obstacles. 

1980 

Ahuja et al [21] described two methods for collision detection. The first 

method used projections of polyhedral approximations of objects onto the 

principal coordinate planes. Nonconvex objects were processed by decomposition 

into convex objects. The other method decomposed the objects into an octree 

representation. A collision avoidance scheme was discussed for robots where the 

braking distance necessary to stop the robots was used to expand the objects by



the characteristic braking distance. Intersections between the expanded objects 

were proposed to serve as warnings for impending collisions. 

1981 

Lozano-Perez [22] extended the algorithm of [20] to planning manipulator 

movements. He stated that rotations of three-dimensional objects create a 

C-space in six dimensions. The six-dimensional space was reduced to a 

three-dimensional space by using a swept volume based on the rotation of the 

original object. This new object was used to create the C-space. 

Meyer [23] presented an emulation system for robots with interference 

detection based on intersecting volumes. Sensor functions could be simulated 

using the intersection tests. 

Inselberg [24] began publishing work where intersections were determined 

using parallel coordinates. The technique was based on theories of projective 

geometry. One advantage to his technique was that multiple dimensional data 

could be presented in a planar format. Later work [25,26,27] showed how parallel 

coordinates could be used to assist in predicting aircraft trajectories, and offered 

the promise of faster intersection tests. 

1982 

Myers and Agin [28] stated that the C-space approach worked well for 

robots only up to three degrees of freedom. A PUMA 600 robot was modeled 

with six degrees of freedom. A stepped movement approach was used where each 

element of the robot was checked for intersection with obstacles in the work 

environment at each step in the robot's motion. In order to speed the process, a 

hierarchy of enclosing boundaries was employed using bounding boxes, spheres,



and infinite planes. Myers and Agin argued to use bounding spheres for all 

elements on the robot, because the interference check for spheres was faster than 

all other primitives. Once a collision was found, alternate motions were 

considered in a plane perpendicular to the motion at the time of the collision. 

1983 

Brooks [29] introduced a method for defining the free space of a robot. 

The free space was modeled as the union of generalized cones. Where many 

algorithms had used an approach where moving objects barely missed stationary 

objects, Brooks’ intent was to allow a generous clearance by moving along the axes 

of these cones. The method was implemented for two dimensional workspaces 

and did not work well in tightly cluttered spaces, but in uncluttered spaces it was 

shown to be very fast. 

Brooks [30] used his generalized cone approach to plan pick-and-place 

operations for a PUMA robot. Initial attempts at finding paths for the six degree 

of freedom robot were not successful, but it was found that the pick-and-place 

operations did not need to take advantage of all the robot’s degrees of freedom. 

By locking selected joints to reduce the degrees of freedom, successful solutions 

were found. 

Lozano-Perez [31] continued developing his configuration space approach 

by using it in spatial planning. He described two problems: findpath and 

findspace. Findpath was described as the problem of finding a collision-free path 

through a set of obstacles. This is a common problem for robots. Findspace was 

described as the problem of finding a suitable space for a shape (object) to exist 

without interference with other shapes. This is a common problem with placing



components on printed circuit boards. Also mentioned were problems relating to 

machining and template layouts on sheet metal to minimize material usage. 

Gouzenes [32] continued the development of the C-space approach by 

characterizing the empty space subset of C-space. He used a method of 

decomposing the empty space into manageable subsets where straight line motion 

was possible and established the connectivity between the subsets. A method for 

taking advantage of the specific kinematic constraints of robots was also 

mentioned. 

Schwartz and Sharir [33] attacked the problem of coordinating the 

continuous motion of multiple circles moving in a space constrained by polygonal 

boundaries. The resulting method was two dimensional in its scope. 

Hopcroft, Schwartz, and Sharir [34] presented a technique for detecting 

intersections among pairs of spheres. The technique reduced the time to detect 

spherical intersections to a period which was proportional to the time for 

calculating the intersection between the same number of parallelepipeds. This was 

accomplished by ordering the spheres into a balanced binary tree structure for 

interference detection. 

A swept volume approach was introduced by de Pennington et al [35]. In 

this approach, elements of a robot arm were placed within bounding spheres. The 

algorithm described could accommodate motion along a straight line or along a 

circular arc. Successive positions were used to create solid elements which were 

comprised of the moving element at the start and end of that increment of motion. 

The path was then used to create cylinders or toroidal sections which were unioned 

with the two spherical elements. The resulting swept volumes were checked for 

10



intersection with other swept volumes and objects within the workspace. The 

algorithm was very conservative in its solution, since intersecting swept volumes 

did not necessarily represent actual collisions between the moving objects. 

1984 

Davis and Camacho [36] outlined a method of determining collision-free 

paths using a minimum cost function and task dependent information on the robot 

and its goal state. This algorithm was also based on the C-space approach. 

Faverjon [37] presented a method for transforming three dimensional 

objects into joint space objects using the first three joints of a revolute jointed 

robot. Joint space was defined as the rotational variables controlling the joint 

positions set up in an orthogonal coordinate system. In this way, a position for the 

robot could be represented as a point in joint space. An octree approach was used 

to represent the objects. 

Freund and Hoyer [38,39] discussed the importance of coordinating two or 

more robots that share the same workspace. They established a hierarchical 

scheme for giving robots priority of movement in cases of potential collisions. The 

robot highest in the hierarchy was allowed to continue on its optimum path while 

robots lower in the hierarchy were rerouted around the collision situation. 

Refinements of Gouzenes’ [40,41] methods were presented with a study on 

how to develop simple gross motions for general manipulator robots. 

A method for avoiding obstacles using visual and other sensory feedback 

was presented by Grechanovsky and Pinsker [42]. Using the sensory information, 

elements of a robot would touch the edge of an object and slide along this edge 

until sliding off. 

11



Hogan [43] introduced the concept of using impedances where velocity and 

proximity dependent fields are simulated for use in collision avoidance. The 

method was used to handle manipulators enclosed within spherical boundaries. 

Hopcraft et al [44] continued the work on the Warehouseman’s Problem 

(also known as the Piano Mover’s problem or findpath problem) by developing a 

proof that the problem in two dimensions is PSPACE-hard. Essentially, the work 

proved that a polynomial representation for a findpath problem exists in 

polynomial space (PSPACE-hard) even though its solution may not be very 

efficient in the general case. 

Larson and Donath [45] discussed an interactive interference checking 

method. Faceted surface models were used to represent robots and objects in 

their workspace. Their argument for not using solid models was that they were 

too slow to work with. Function keys and input knobs were used for manipulation. 

They expanded upon this method in 1985 [46]. 

Fine motion was analyzed by Lozano-Perez [47]. He considered the 

problem of placing a peg into a hole based on subtle changes in geometry such as 

the presence or absence of chamfers. Surface sliding with friction was one strategy 

considered. He noted that the subtle geometry changes could greatly alter the 

strategy for finding the goal. 

Park [48] offered an interesting approach to the problem of coordinating 

multiple manipulators using a multidimensional state-space representation. He 

ran into several problems involving large computational and data storage 

requirements. Although he found the results encouraging, convergence was 

12



difficult to achieve and many collisions were not avoidable. The problem of 

getting caught in local dwell points was also encountered. 

Configuration space was also used by Red et al [49,50,51]. A method for 

slicing the configuration joint space for a three jointed robot was presented. A 

minimum distance scheme was also described. The slice technique was used to 

make the problem of finding a suitable path more manageable. The slice 

contained the two points in joint space representing the start and goal positions. 

This reduced the find path problem to one of routing a point through polygons. 

Further developments in this area occurred in 1985 [52] and 1987 [53,54]. 

1985 

A two dimensional study on the findpath problem with translations and 

rotations was outlined by Brooks and Lozano-Perez [55]. One rotational and two 

translational degrees of freedom were allowed. Non-convex objects were moved 

among non-convex objects by decomposing them into convex objects and 

recursively operating on the convex objects. The solution times were very long. 

Cameron [56,57] used a four dimensional approach to find collisions among 

moving objects. The solutions were limited to objects moving without rotation, 

but the over conservative boundaries of de Pennington [35] were eliminated for 

these cases. 

Clermont et al [58] applied C-space techniques to a specific robot. Two 

heuristics were employed to aid in finding a good path. They are referred to as 

the “bug over the wall” heuristic and the “dog through the door” heuristic. The 

“bug over the wall” refers to raising the manipulator over objects while the “dog 

13



through the door” applies to rotations about the vertical axis to pass through 

narrow passages. 

Donald [59] discussed possible techniques for solving the C-space problem 

in six dimensions which allowed for the three translational and rotational degrees 

of freedom needed to move some bodies. Schemes described involved sliding 

along five dimensional surfaces, sliding along one to four dimensional 

intersections, and jumping between six dimensional objects. 

Ganter [60] offered a method for using swept solids in interference 

detection which eliminated the overly conservative solutions presented by de 

Pennington [35]. Ganter used a kinematic inversion technique where objects were 

moved relative to an object being tested for interference. Faceted convex hulls 

were developed over the objects before sweeping to maintain a moderately 

conservative solution. These techniques were expanded in 1986 [61,62]. 

Hasegawa [63] discussed a method for characterizing free space for a six 

degree of freedom robot. The method built a three dimensional C-space in 

rotation variables for the robot arm while enclosing the manipulator within a 

sphere. 

Kovesi [64] described a method for collision avoidance which was applied 

to the problem of sheep shearing. The method was sensor based because Kovesi 

thought obstacle avoidance path planning techniques were not appropriate. 

Laugier and Germain [65] presented a method for overconstraining 

C-space and combined this with a swept volume characterization of a robot’s 

payload. 

14



Nagata et al [66] presented a strategy for coordinating multiple robots of a 

specific type within a common workspace. 

A circuit concept was introduced by Valade [67] by cataloging the edges of 

polyhedra. Using this method, concavities were identified and a list of constraints 

was produced. 

Wong and Fu [68] offered a technique for characterizing C-space in terms 

of orthogonal projections. The method brought the promise of characterizing 

C-space using TV cameras. 

1986 

A method of generalizing axisymmetric link elements was described by 

Baldur and Dube [69]. Bounding ellipses were placed over the links and a 

correction factor was applied to each ellipse. The method dealt with the 

limitations encountered when computers without floating point arithmetic were 

used to control robots. 

Hayward [70] found that, by characterizing a robot’s workspace using an 

octree and bounding the robot elements with round-ended cylinders, interference 

detection times could be significantly reduced. This hybrid approach allowed for 

one collision detection check per second. 

Octrees were used again by Herman [71] as a rapid means of characterizing 

C-space for rapid collision detection. 

Khatib [72]used the force field approach for obstacle avoidance using visual 

sensing. The system was implemented on a PUMA 560 robot 

Sensory feedback was the basis for Lumelsky [73] developing a 

non-heuristic approach to path planning. When the technique was applied to 

15
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�D�u�p�o�n�t� �a�n�d� �D�e�r�b�y� �[�7�7�]�.� �T�h�e�y� �a�c�k�n�o�w�l�e�d�g�e�d� �t�h�a�t� �C�-�s�p�a�c�e� �w�a�s� �d�i�f�f�i�c�u�l�t� �t�o� �w�o�r�k� 

�w�i�t�h� �i�f� �m�o�r�e� �t�h�a�n� �t�h�r�e�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �w�e�r�e� �u�s�e�d�.� �T�h�e�y� �o�b�t�a�i�n�e�d� �a� �f�a�s�t� 

�a�l�g�o�r�i�t�h�m� �b�y� �d�e�v�e�l�o�p�i�n�g� �p�a�r�t�i�a�l� �m�a�p�s� �o�f� �C�-�s�p�a�c�e�.� 

�Y�o�u�n�g� �a�n�d� �D�u�f�f�y� �[�7�8�]� �o�f�f�e�r�e�d� �a� �s�o�l�u�t�i�o�n� �f�o�r� �m�o�t�i�o�n� �p�l�a�n�n�i�n�g� �f�o�r� �p�l�a�n�a�r� 

�r�o�b�o�t�s� �b�a�s�e�d� �o�n� �a� �r�o�b�o�t ��s� �k�i�n�e�m�a�t�i�c� �r�e�l�a�t�i�o�n�s�h�i�p� �w�i�t�h� �i�t�s� �s�u�r�r�o�u�n�d�i�n�g�s�.� 

�1�9�8�7� 

�E�r�d�m�a�n�n� �a�n�d� �L�o�z�a�n�o�-�P�e�r�e�z� �[�7�9�]� �c�o�m�b�i�n�e�d� �s�o�m�e� �o�f� �t�h�e�i�r� �t�e�c�h�n�i�q�u�e�s� �t�o� 

�a�d�d�r�e�s�s� �t�h�e� �p�r�o�b�l�e�m� �o�f� �m�o�v�i�n�g� �m�u�l�t�i�p�l�e� �b�o�d�i�e�s�.� �O�n�e� �e�x�a�m�p�l�e� �i�n�v�o�l�v�e�d� 

�p�o�s�i�t�i�o�n�i�n�g� �n�o�n�-�c�o�n�v�e�x� �p�l�a�n�a�r� �o�b�j�e�c�t�s� �w�i�t�h�o�u�t� �r�o�t�a�t�i�o�n�s� �i�n�t�o� �a� �v�e�r�y� �t�i�g�h�t� �f�i�t�t�i�n�g� 

�a�s�s�e�m�b�l�y�.� �A� �s�e�c�o�n�d� �e�x�a�m�p�l�e� �c�o�v�e�r�e�d� �p�o�s�i�t�i�o�n�i�n�g� �t�h�r�e�e� �a�r�t�i�c�u�l�a�t�e�d� �p�i�e�c�e�s� �w�h�e�r�e� 

�e�a�c�h� �p�i�e�c�e� �c�o�n�s�i�s�t�e�d� �o�f� �t�w�o� �f�o�u�r� �s�i�d�e�d� �p�o�l�y�g�o�n�s� �p�i�n�n�e�d� �t�o�g�e�t�h�e�r� �a�t� �a� �p�o�i�n�t�.� �I�n� 

�e�a�c�h� �c�a�s�e�,� �a� �p�r�i�o�r�i�t�y� �o�f� �m�o�v�e�m�e�n�t� �r�e�l�a�t�i�o�n�s�h�i�p� �w�a�s� �e�s�t�a�b�l�i�s�h�e�d� �t�o� �r�e�p�o�s�i�t�i�o�n� �t�h�e� 

�e�l�e�m�e�n�t�s�.� 

�G�r�a�u� �e�t� �a�l� �[�8�0�]� �d�e�s�c�r�i�b�e�d� �a� �m�i�n�i�m�u�m� �d�i�s�t�a�n�c�e� �a�l�g�o�r�i�t�h�m� �u�s�i�n�g� �a� �f�o�u�r� 

�d�i�m�e�n�s�i�o�n�a�l� �a�p�p�r�o�a�c�h� �w�h�e�r�e� �t�i�m�e� �w�a�s� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �f�o�u�r�t�h� �d�i�m�e�n�s�i�o�n�.� �T�h�e� 

�s�t�u�d�y� �w�a�s� �a�p�p�l�i�e�d� �t�o� �l�a�t�h�e� �e�l�e�m�e�n�t�s�.� �S�i�m�u�l�t�a�n�e�o�u�s� �r�o�t�a�t�i�o�n�s� �a�n�d� �t�r�a�n�s�l�a�t�i�o�n�s� �w�e�r�e� 

�n�o�t� �a�l�l�o�w�e�d�.� 

�I�n�e�r�t�i�a�l� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �m�o�t�i�o�n� �p�l�a�n�n�i�n�g� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �b�y� �O ��D�u�n�l�a�i�n�g� 

�[�8�1�]�.� �T�h�e� �p�r�o�b�l�e�m� �p�r�e�s�e�n�t�e�d� �w�a�s� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l�.� �Q�u�a�d�r�a�t�i�c� �p�o�l�y�n�o�m�i�a�l� 

�1�6



�f�u�n�c�t�i�o�n�s� �w�e�r�e� �a�p�p�l�i�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �a�c�c�e�l�e�r�a�t�i�o�n�s� �n�e�c�e�s�s�a�r�y� �t�o� �m�a�i�n�t�a�i�n� �m�i�n�i�m�u�m� 

�b�o�u�n�d�a�r�i�e�s� �o�n� �c�a�r�t�e�s�i�a�n� �a�r�m�e�d� �r�o�b�o�t�s�.� 

�O�o�m�m�e�n� �a�n�d� �R�e�i�c�h�s�t�e�i�n� �[�8�2�]� �p�r�e�s�e�n�t�e�d� �a�n� �i�n�t�e�r�e�s�t�i�n�g� �p�r�o�b�l�e�m� �w�h�e�r�e� 

�e�l�l�i�p�t�i�c�a�l� �o�b�j�e�c�t�s� �m�o�v�e� �t�h�r�o�u�g�h� �e�l�l�i�p�t�i�c�a�l� �o�b�s�t�a�c�l�e�s�.� �A�l�l� �e�l�l�i�p�s�e�s� �m�a�i�n�t�a�i�n�e�d� �t�h�e� 

�s�a�m�e� �r�a�t�i�o� �o�f� �m�a�j�o�r� �a�x�i�s� �t�o� �m�i�n�o�r� �a�x�i�s�,� �a�l�l� �m�a�j�o�r� �a�x�e�s� �w�e�r�e� �p�a�r�a�l�l�e�l�.� �W�i�t�h� 

�c�o�n�s�t�r�a�i�n�t�s�,� �a� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �w�a�s� �d�o�n�e� �w�h�e�r�e� �a� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �w�a�s� �s�e�t� �u�p� �w�i�t�h� 

�o�n�e� �c�o�o�r�d�i�n�a�t�e� �a�x�i�s� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �m�a�j�o�r� �a�x�e�s�.� �T�h�i�s� �c�o�o�r�d�i�n�a�t�e� �w�a�s� �t�h�e�n� �m�o�d�i�f�i�e�d� 

�u�n�t�i�l� �t�h�e� �m�a�j�o�r� �a�x�i�s� �w�a�s� �e�q�u�a�l� �t�o� �t�h�e� �m�i�n�o�r� �a�x�i�s�.� �T�h�e� �p�r�o�b�l�e�m� �o�f� �d�e�a�l�i�n�g� �w�i�t�h� 

�e�l�l�i�p�s�e�s� �w�a�s� �t�h�u�s� �r�e�d�u�c�e�d� �t�o� �o�n�e� �w�h�i�c�h� �d�e�a�l�t� �w�i�t�h� �c�i�r�c�l�e�s�.� 

�A� �p�i�e�c�e�w�i�s�e� �l�i�n�e�a�r� �s�o�l�u�t�i�o�n� �w�a�s� �o�u�t�l�i�n�e�d� �b�y� �P�a�p�p�a�d�i�m�i�t�r�i�o�u� �a�n�d� �S�i�l�v�e�r�b�e�r�g� 

�[�8�3�]�.� �T�h�e� �s�o�l�u�t�i�o�n� �t�e�n�d�e�d� �t�o�w�a�r�d� �a� �s�h�o�r�t�e�s�t� �p�a�t�h� �f�o�r� �a�n� �o�b�s�t�a�c�l�e� �m�o�v�i�n�g� �a�m�o�n�g� 

�p�o�l�y�g�o�n�s�.� �B�y� �a�n�a�l�y�z�i�n�g� �t�h�e� �n�o�d�e�s� �o�f� �a� �v�i�s�i�b�i�l�i�t�y� �g�r�a�p�h� �r�e�p�r�e�s�e�n�t�i�n�g� �l�i�n�e� �o�f� �s�i�g�h�t� 

�t�r�a�n�s�i�t�i�o�n�s� �b�e�t�w�e�e�n� �v�e�r�t�i�c�e�s�,� �s�e�v�e�r�a�l� �p�a�t�h�s� �a�r�e� �g�e�n�e�r�a�t�e�d� �a�n�d� �t�h�e� �s�h�o�r�t�e�s�t� �o�n�e� �i�s� 

�c�h�o�s�e�n�.� 

�T�h�e� �p�r�o�b�l�e�m� �o�f� �m�o�v�i�n�g� �a� �r�o�d� �a�m�o�n�g� �p�o�l�y�g�o�n�a�l� �o�b�j�e�c�t�s� �i�n� �t�w�o� �d�i�m�e�n�s�i�o�n�s� 

�w�a�s� �d�i�s�c�u�s�s�e�d� �b�y� �S�i�f�r�o�n�y� �a�n�d� �S�h�a�r�i�r� �[�8�4�]�.� �R�o�t�a�t�i�o�n�s� �a�s� �w�e�l�l� �a�s� �t�r�a�n�s�l�a�t�i�o�n�s� �w�e�r�e� 

�a�l�l�o�w�e�d�.� 

�X�i�n�g� �e�t� �a�l� �[�8�5�]� �p�r�e�s�e�n�t�e�d� �a� �m�e�t�h�o�d� �o�f� �d�e�a�l�i�n�g� �w�i�t�h� �C�-�s�p�a�c�e�s� �o�f� �d�i�m�e�n�s�i�o�n� 

�g�r�e�a�t�e�r� �t�h�a�n� �t�h�r�e�e� �b�y� �d�e�c�o�m�p�o�s�i�t�i�o�n� �i�n�t�o� �l�o�w�e�r� �d�i�m�e�n�s�i�o�n�a�l� �s�u�b�s�p�a�c�e�s�.� 

�1�9�8�8� 

�A�m�i�r�o�u�c�h�e� �a�n�d� �J�i�a� �[�8�6�,�8�7�]� �o�u�t�l�i�n�e�d� �a� �m�e�t�h�o�d� �f�o�r� �a�v�o�i�d�i�n�g� �c�o�l�l�i�s�i�o�n�s� �i�n� 

�r�o�b�o�t�s�.� �T�h�e� �l�i�n�k�s� �i�n� �t�h�e� �a�r�m�s� �w�e�r�e� �m�o�d�e�l�e�d� �a�s� �l�i�n�e� �s�e�g�m�e�n�t�s� �a�n�d� �c�o�l�l�i�s�i�o�n�s� �w�e�r�e� 

�a�s�s�u�m�e�d� �t�o� �o�c�c�u�r� �o�n�l�y� �i�f� �l�i�n�k�s� �c�r�o�s�s�e�d� �i�n� �t�h�e� �s�a�m�e� �p�l�a�n�e� �o�r� �w�e�r�e� �c�o�l�l�i�n�e�a�r�.� �A� 
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�p�a�r�a�m�e�t�r�i�c� �l�i�n�e� �s�e�g�m�e�n�t� �a�p�p�r�o�a�c�h� �w�a�s� �u�s�e�d�.� �T�h�e� �t�h�e�o�r�y� �w�a�s� �d�i�s�c�u�s�s�e�d�,� �b�u�t� �n�o� 

�e�x�a�m�p�l�e�s� �o�f� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �w�e�r�e� �g�i�v�e�n�.� 

�A�n� �i�n�t�e�r�a�c�t�i�v�e� �a�p�p�r�o�a�c�h� �t�o� �c�o�l�l�i�s�i�o�n� �a�v�o�i�d�a�n�c�e� �w�a�s� �d�e�s�c�r�i�b�e�d� �b�y� �C�h�o�i� �e�t� �a�l� 

�[�8�8�]�.� �U�s�i�n�g� �a� �6� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m� �j�o�y�s�t�i�c�k�,� �a� �P�U�M�A� �5�6�0� �r�o�b�o�t� �m�o�d�e�l� �w�a�s� 

�m�a�n�e�u�v�e�r�e�d� �t�h�r�o�u�g�h� �i�t�s� �w�o�r�k�s�p�a�c�e�.� �W�a�r�n�i�n�g�s� �o�c�c�u�r�r�e�d� �i�n� �t�h�e� �e�v�e�n�t� �o�f� �c�o�l�l�i�s�i�o�n�s�.� 

�T�h�e� �p�a�t�h� �f�o�r� �t�h�e� �m�o�d�e�l� �c�o�u�l�d� �t�h�e�n� �b�e� �c�o�r�r�e�c�t�e�d� �b�e�f�o�r�e� �t�r�a�n�s�f�e�r�r�i�n�g� �t�h�e� �p�a�t�h� �t�o� �t�h�e� 

�a�c�t�u�a�l� �r�o�b�o�t�.� 

�T�h�e� �C�-�s�p�a�c�e� �a�p�p�r�o�a�c�h� �w�a�s� �u�s�e�d� �o�n� �a� �m�o�d�e�l� �o�f� �a�n� �I�B�M� �7�5�6�5� �r�o�b�o�t� �b�y� 

�F�l�e�t�c�h�e�r� �a�n�d� �G�o�l�d�e�n�b�e�r�g� �[�8�9�]�.� �T�h�e� �s�y�s�t�e�m� �w�a�s� �i�n�t�e�g�r�a�t�e�d� �i�n�t�o� �a� �C�A�T�I�A�/�I�B�M� 

�7�5�6�5� �i�n�t�e�r�f�a�c�e�.� 

�H�u�r�t�e�a�u� �a�n�d� �S�t�e�w�a�r�t� �[�9�0�]� �a�p�p�l�i�e�d� �C�o�n�s�t�r�u�c�t�i�o�n� �S�o�l�i�d� �G�e�o�m�e�t�r�y� �(�C�S�G�)� 

�t�e�c�h�n�i�q�u�e�s� �t�o� �d�i�s�t�a�n�c�e� �c�a�l�c�u�l�a�t�i�o�n�s� �t�o� �d�e�t�e�r�m�i�n�e� �i�m�m�i�n�e�n�t� �c�o�l�l�i�s�i�o�n�s�.� �U�n�i�o�n�s� �o�f� 

�c�o�n�v�e�x� �p�o�l�y�h�e�d�r�a� �a�n�d� �c�y�l�i�n�d�e�r�s� �o�f� �e�l�l�i�p�s�o�i�d�a�l� �c�r�o�s�s� �s�e�c�t�i�o�n� �w�e�r�e� �u�s�e�d� �a�s� �t�h�e� 

�b�u�i�l�d�i�n�g� �b�l�o�c�k�s� �f�o�r� �t�h�i�s� �p�r�o�c�e�s�s�.� 

�A�n�o�t�h�e�r� �e�x�a�m�p�l�e� �o�f� �t�h�e� �C�-�s�p�a�c�e� �a�p�p�r�o�a�c�h� �w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �m�o�v�e�m�e�n�t� �o�f� 

�m�o�b�i�l�e� �r�o�b�o�t�s� �o�n� �a� �s�h�o�p� �f�l�o�o�r� �b�y� �P�a�l�m�a�-�V�i�l�l�a�l�o�n� �a�n�d� �D�a�u�c�h�e�z� �[�9�1�]�.� 

�S�t�a�n�d�a�r�d�i�z�a�t�i�o�n� �e�f�f�o�r�t�s� �t�o�w�a�r�d� �t�h�e� �f�i�n�d� �p�a�t�h� �p�r�o�b�l�e�m� �w�e�r�e� �d�i�s�c�u�s�s�e�d� �b�y� 

�Q�u�i�o�c�h�o� �a�n�d� �A�l�l�e�n� �[�9�2�]�.� �T�h�e�y� �s�t�a�t�e� �t�h�a�t� �c�e�r�t�a�i�n� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �m�o�r�e� �a�p�p�l�i�c�a�b�l�e� �t�o� 

�s�p�e�c�i�f�i�c� �t�y�p�e�s� �o�f� �p�r�o�b�l�e�m�s�.� �T�h�e�y� �b�r�o�k�e� �t�h�e� �p�r�o�b�l�e�m� �i�n�t�o� �f�o�u�r� �s�u�b�s�e�t�s�:� �i�n�v�e�r�s�e� 

�k�i�n�e�m�a�t�i�c�s� �o�f� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r�,� �o�b�s�t�a�c�l�e� �l�o�c�a�t�i�o�n� �a�n�d� �i�d�e�n�t�i�f�i�c�a�t�i�o�n�,� �p�a�t�h� �e�v�a�l�u�a�t�i�o�n� 

�a�n�d� �g�e�n�e�r�a�t�i�o�n�,� �a�n�d� �p�a�t�h� �s�e�l�e�c�t�i�o�n� �a�n�d� �d�i�s�p�l�a�y�.� 

�Z�h�u� �a�n�d� �F�r�e�e�m�a�n� �[�9�3�]� �u�s�e�d� �s�p�a�t�i�a�l� �s�o�r�t�i�n�g� �t�e�c�h�n�i�q�u�e�s� �t�o� �q�u�i�c�k�l�y� �f�i�n�d� 

�i�n�t�e�r�s�e�c�t�i�o�n�s� �a�m�o�n�g� �o�b�j�e�c�t�s�.� �O�b�j�e�c�t�s� �w�e�r�e� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �s�p�h�e�r�i�c�a�l� �a�n�d� �c�y�l�i�n�d�r�i�c�a�l� 

�f�o�r�m� �a�n�d� �p�r�o�j�e�c�t�e�d� �o�n�t�o� �a� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �g�r�i�d�.� �T�h�e� �g�r�i�d� �w�a�s� �u�s�e�d� �t�o� �e�l�i�m�i�n�a�t�e� 
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�p�a�i�r�s� �w�h�i�c�h� �o�b�v�i�o�u�s�l�y� �d�i�d� �n�o�t� �i�n�t�e�r�f�e�r�e� �b�e�f�o�r�e� �d�o�i�n�g� �m�o�r�e� �r�e�f�i�n�e�d� �i�n�t�e�r�s�e�c�t�i�o�n� 

�t�e�s�t�s�.� 

�1�9�8�9� 

�B�u�c�h�a�l� �a�n�d� �C�h�e�r�c�h�a�s� �[�9�4�]� �p�r�e�s�e�n�t�e�d� �a� �m�e�t�h�o�d� �f�o�r� �i�t�e�r�a�t�i�n�g� �t�o� �a�v�o�i�d� 

�i�n�t�e�r�f�e�r�i�n�g� �t�r�a�j�e�c�t�o�r�i�e�s� �u�s�i�n�g� �t�h�e� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �m�e�t�h�o�d� �t�o� �m�i�n�i�m�i�z�e� �a� �c�o�s�t� 

�f�u�n�c�t�i�o�n�.� �P�l�a�n�a�r� �o�b�j�e�c�t�s� �w�e�r�e� �a�n�a�l�y�z�e�d�.� �T�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �a�l�g�o�r�i�t�h�m� �w�a�s� �b�a�s�e�d� �o�n� 

�i�n�c�r�e�m�e�n�t�a�l� �s�w�e�e�p�s� �o�f� �t�h�e� �o�b�j�e�c�t�s� �w�h�e�r�e� �t�h�e� �s�w�e�e�p�s� �w�e�r�e� �c�h�e�c�k�e�d� �f�o�r� �p�e�n�e�t�r�a�t�i�o�n� 

�b�y� �o�b�j�e�c�t�s� �i�n� �t�h�e� �w�o�r�k�s�p�a�c�e�.� �W�h�e�n� �a� �s�w�e�e�p� �w�a�s� �p�e�n�e�t�r�a�t�e�d�,� �t�h�e� �p�a�t�h� �w�a�s� 

�m�o�d�i�f�i�e�d�.� 

�A�n�o�t�h�e�r� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d� �b�a�s�e�d� �o�n� �t�h�e� �p�e�n�e�t�r�a�t�i�o�n� �o�f� �o�b�j�e�c�t�s� �i�n�t�o� �p�a�t�h�s� 

�a�n�d� �t�h�e� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �a� �r�o�b�o�t� �w�a�s� �o�f�f�e�r�e�d� �b�y� �D�a�i� �[�9�5�]�.� �T�h�e� 

�m�e�t�h�o�d� �w�a�s� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �i�n� �i�t�s� �s�c�o�p�e�,� �a�n�d� �D�a�i� �c�l�a�i�m�e�d� �i�t� �c�o�u�l�d� �a�c�c�o�m�m�o�d�a�t�e� 

�a� �d�y�n�a�m�i�c�a�l�l�y� �c�h�a�n�g�i�n�g� �e�n�v�i�r�o�n�m�e�n�t�.� �A� �h�i�e�r�a�r�c�h�y� �f�o�r� �c�o�l�l�i�s�i�o�n� �a�v�o�i�d�a�n�c�e� �w�a�s� 

�e�s�t�a�b�l�i�s�h�e�d� �w�i�t�h� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �a�t� �t�o�p� �p�r�i�o�r�i�t�y� �i�n� �a�v�o�i�d�a�n�c�e� �w�h�i�l�e� �l�i�n�k�s� �a�t�t�a�c�h�e�d� 

�t�o� �t�h�e� �b�a�s�e� �o�f� �a� �r�o�b�o�t� �w�e�r�e� �a�t� �t�h�e� �l�o�w�e�s�t� �p�r�i�o�r�i�t�y�.� 

�J�a�c�a�k� �[�9�6�]� �p�r�o�p�o�s�e�d� �u�s�i�n�g� �a� �F�i�n�i�t�e� �S�t�a�t�e� �M�a�c�h�i�n�e� �(�F�S�M�)� �t�o� �m�o�d�e�l� �t�h�e� 

�k�i�n�e�m�a�t�i�c�s� �o�f� �a� �r�o�b�o�t�.� �H�e� �s�t�a�t�e�d� �t�h�a�t� �t�h�e� �F�S�M� �w�a�s� �l�i�m�i�t�e�d� �a�t� �t�h�e� �t�i�m�e� �t�o� �p�l�a�n�a�r� 

�r�o�b�o�t�s� �a�n�d� �w�o�u�l�d� �b�e� �d�i�f�f�i�c�u�l�t� �t�o� �a�p�p�l�y� �t�o� �s�p�a�t�i�a�l� �r�o�b�o�t�s�.� 

�K�u� �a�n�d� �R�a�v�a�n�i� �[�9�7�]� �p�r�e�s�e�n�t�e�d� �a�n� �a�l�g�o�r�i�t�h�m� �f�o�r� �d�e�c�o�m�p�o�s�i�n�g� �n�o�n�-�c�o�n�v�e�x� 

�r�e�g�i�o�n�s� �i�n�t�o� �c�o�n�v�e�x� �p�a�r�t�i�a�l�l�y� �b�o�u�n�d�e�d� �r�e�g�i�o�n�s�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �w�a�s� �u�s�e�d� �a�s� �a�n� �a�i�d� 

�i�n� �n�e�g�o�t�i�a�t�i�n�g� �o�b�j�e�c�t�s� �t�h�r�o�u�g�h� �n�o�n�-�c�o�n�v�e�x� �r�e�g�i�o�n�s� �i�n� �a� �p�l�a�n�a�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� 

�O�z�a�k�i� �e�t� �a�l� �[�9�8�]� �o�f�f�e�r�e�d� �a� �v�e�r�y� �i�n�t�e�r�e�s�t�i�n�g� �m�e�t�h�o�d� �f�o�r� �f�i�n�d�i�n�g� �c�o�l�l�i�s�i�o�n�-�f�r�e�e� 

�p�a�t�h�s� �i�n� �a� �p�l�a�n�e�.� �O�b�j�e�c�t�s� �w�e�r�e� �s�h�r�u�n�k� �t�o� �a�s�s�i�s�t� �i�n� �f�i�n�d�i�n�g� �a�n� �i�n�i�t�i�a�l� �c�o�l�l�i�s�i�o�n�-�f�r�e�e� 
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�p�a�t�h�.� �W�h�e�n� �t�h�e� �p�a�t�h� �w�a�s� �f�o�u�n�d�,� �t�h�e� �o�b�j�e�c�t�s� �w�e�r�e� �r�e�l�a�x�e�d� �b�a�c�k� �t�o� �t�h�e�i�r� �o�r�i�g�i�n�a�l� 

�s�i�z�e�,� �p�u�s�h�i�n�g� �t�h�e� �c�u�r�v�e� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �p�a�t�h� �a�h�e�a�d� �o�f� �t�h�e�m�.� 

�S�h�i�n� �a�n�d� �B�i�e�n� �[�9�9�]� �i�n�t�r�o�d�u�c�e�d� �t�h�e� �n�o�t�i�o�n� �o�f� �v�i�r�t�u�a�l� �c�o�o�r�d�i�n�a�t�i�o�n� �s�p�a�c�e� �f�o�r� 

�t�w�o� �p�l�a�n�a�r� �r�o�b�o�t�s� �i�n� �a� �c�o�m�m�o�n� �w�o�r�k�s�p�a�c�e�.� �T�h�e� �v�i�r�t�u�a�l� �c�o�o�r�d�i�n�a�t�i�o�n� �s�p�a�c�e� �w�a�s� 

�d�e�s�c�r�i�b�e�d� �a�s� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �p�a�t�h� �a�r�c� �l�e�n�g�t�h�s� �o�f� �t�w�o� �r�o�b�o�t�s� �p�l�a�c�e�d� �i�n� �a� �s�e�t� �o�f� 

�o�r�t�h�o�g�o�n�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� �A� �p�o�t�e�n�t�i�a�l� �c�o�l�l�i�s�i�o�n� �r�e�g�i�o�n� �w�a�s� �m�a�p�p�e�d� �o�u�t� �i�n� �t�h�i�s� �s�p�a�c�e�.� 

�S�U�M�M�A�R�Y� �O�F� �L�I�T�E�R�A�T�U�R�E� 

�T�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �s�p�a�c�e� �a�p�p�r�o�a�c�h� �t�o� �c�o�l�l�i�s�i�o�n� �a�v�o�i�d�a�n�c�e� �w�a�s� �f�o�u�n�d� �t�o� �b�e� 

�v�e�r�y� �p�o�p�u�l�a�r�,� �b�u�t� �i�t� �w�a�s� �v�e�r�y� �c�u�m�b�e�r�s�o�m�e� �w�h�e�n� �d�e�a�l�i�n�g� �w�i�t�h� �r�o�t�a�t�i�o�n�s� �a�n�d� 

�t�r�a�n�s�l�a�t�i�o�n�s� �i�n� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�s�.� �S�u�c�h� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� �c�o�m�m�o�n� �i�n� �a�l�m�o�s�t� �e�v�e�r�y� 

�t�y�p�e� �o�f� �s�p�a�t�i�a�l� �m�e�c�h�a�n�i�s�m�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n� �a�l�o�n�e�,� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �s�p�a�c�e� �a�p�p�r�o�a�c�h� 

�w�a�s� �n�e�v�e�r� �c�o�n�s�i�d�e�r�e�d�.� 

�O�t�h�e�r� �m�e�t�h�o�d�s� �p�r�e�s�e�n�t�e�d� �w�e�r�e� �l�i�m�i�t�e�d� �t�o� �p�l�a�n�a�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�,� �o�r� �w�e�r�e� �t�o�o� 

�u�n�s�t�a�b�l�e�,� �a�s� �i�n� �t�h�e� �c�a�s�e� �o�f� �P�a�r�k� �[�4�8�]�.� �T�h�i�s� �w�a�s� �u�n�a�c�c�e�p�t�a�b�l�e� �f�o�r� �s�p�a�t�i�a�l� �l�i�n�k�s� �w�i�t�h� 

�h�i�g�h�l�y� �c�o�m�p�l�e�x� �m�o�t�i�o�n�s� �i�n� �v�e�r�y� �c�l�o�s�e� �p�r�o�x�i�m�i�t�y�.� 

�A� �s�w�e�p�t� �v�o�l�u�m�e� �a�p�p�r�o�a�c�h� �w�a�s� �c�o�n�s�i�d�e�r�e�d� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �i�n�t�e�r�s�e�c�t�i�o�n�s�,� �b�u�t� 

�G�a�n�t�e�r� �[�6�0�]� �m�a�d�e� �a� �s�t�a�t�e�m�e�n�t� �w�h�i�c�h� �s�t�e�e�r�e�d� �t�h�e� �a�u�t�h�o�r� �a�w�a�y�.� �H�e� �s�t�a�t�e�d� �t�h�a�t� 

�n�o�n�-�c�o�n�v�e�x� �s�o�l�i�d�s� �p�r�o�d�u�c�e�d� �i�r�r�e�g�u�l�a�r� �o�b�j�e�c�t�s� �w�h�e�n� �t�h�e�i�r� �s�w�e�p�t� �v�o�l�u�m�e�s� �i�n�t�e�r�s�e�c�t�e�d� 

�w�i�t�h� �t�h�e�m�s�e�l�v�e�s�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �i�n�t�e�r�s�e�c�t�i�n�g� �s�w�e�p�t� �s�u�r�f�a�c�e�s� �p�r�o�d�u�c�e�d� �l�o�g�i�c�a�l� 

�c�o�n�f�l�i�c�t�s� �w�h�i�c�h� �p�r�e�v�e�n�t�e�d� �t�h�e�i�r� �r�e�s�o�l�u�t�i�o�n� �i�n�t�o� �a� �s�o�l�i�d� �o�b�j�e�c�t�.� �A�l�l� �o�f� �t�h�e� �o�b�j�e�c�t�s� 

�t�h�a�t� �t�h�e� �a�u�t�h�o�r� �w�a�s� �c�o�n�s�i�d�e�r�i�n�g� �f�o�r� �u�s�e� �w�e�r�e� �n�o�n�-�c�o�n�v�e�x�,� �a�n�d� �a� �h�i�g�h� �p�e�r�c�e�n�t�a�g�e� �o�f� 

�t�h�e� �o�f� �t�h�e� �o�b�j�e�c�t�s� �w�o�u�l�d� �s�w�e�e�p� �b�a�c�k� �i�n�t�o� �t�h�e�m�s�e�l�v�e�s� �s�u�c�h� �a�s� �c�r�a�n�k�s� �o�n� �f�o�u�r� �b�a�r� 

�m�e�c�h�a�n�i�s�m�s�.� �T�h�u�s�,� �i�t� �a�p�p�e�a�r�e�d� �a�t� �t�h�e� �t�i�m�e� �t�h�a�t� �t�h�e� �s�w�e�p�t� �v�o�l�u�m�e� �a�p�p�r�o�a�c�h� �w�o�u�l�d� 
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�n�o�t� �w�o�r�k�.� �G�a�n�t�e�r� �l�a�t�e�r� �r�e�t�r�a�c�t�e�d� �t�h�a�t� �s�t�a�t�e�m�e�n�t� �[�6�1�]�,� �b�u�t� �t�h�e� �a�u�t�h�o�r ��s� �d�i�r�e�c�t�i�o�n� 

�w�a�s� �s�e�t�.� 

�B�o�u�n�d�i�n�g� �c�y�l�i�n�d�e�r�s� �a�n�d� �p�a�r�a�l�l�e�l�e�p�i�p�e�d�s� �w�e�r�e� �p�o�p�u�l�a�r� �t�h�r�o�u�g�h�o�u�t� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e�,� �a�n�d� �t�h�e�y� �w�e�r�e� �a�l�s�o� �u�s�e�d� �i�n� �t�h�i�s� �w�o�r�k� �i�n� �a�p�p�r�o�x�i�m�a�t�i�n�g� �o�b�j�e�c�t�s�.� �A�c�t�u�a�l�l�y�,� 

�i�t� �w�a�s� �n�o�t� �t�h�a�t� �m�u�c�h� �o�f� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �s�i�n�c�e� �t�h�e� �m�o�d�e�l�s� �w�e�r�e� �g�e�n�e�r�a�t�e�d� �u�s�i�n�g� 

�c�y�l�i�n�d�e�r�s�,� �s�p�h�e�r�e�s�,� �a�n�d� �p�a�r�a�l�l�e�l�e�p�i�p�e�d�s�.� 

�T�h�e�r�e� �w�e�r�e� �s�e�v�e�r�a�l� �m�e�t�h�o�d�s� �f�o�r� �r�e�d�u�c�i�n�g� �i�n�t�e�r�s�e�c�t�i�o�n� �d�e�t�e�c�t�i�o�n� �t�i�m�e�s�.� 

�T�h�e�s�e� �m�e�t�h�o�d�s� �i�n�v�o�l�v�e�d� �p�r�o�j�e�c�t�i�o�n�s� �o�f� �o�b�j�e�c�t� �p�r�o�f�i�l�e�s� �o�n�t�o� �p�l�a�n�e�s�,� �b�o�u�n�d�i�n�g� 

�o�b�j�e�c�t�s� �w�i�t�h� �s�p�h�e�r�e�s�,� �a�n�d� �b�o�u�n�d�i�n�g� �o�b�j�e�c�t�s� �w�i�t�h� �p�a�r�a�l�l�e�l�e�p�i�p�e�d�s� �o�r� �b�o�x�e�s�.� �T�h�e� 

�o�n�l�y� �a�p�p�r�o�x�i�m�a�t�i�o�n� �u�s�e�d� �h�e�r�e� �w�a�s� �t�h�e� �b�o�u�n�d�i�n�g� �p�a�r�a�l�l�e�l�e�p�i�p�e�d� �m�e�t�h�o�d� �w�h�e�r�e� �t�h�e� 

�f�a�c�e�s� �o�f� �t�h�e� �p�a�r�a�l�l�e�l�e�p�i�p�e�d� �w�e�r�e� �a�l�w�a�y�s� �p�a�r�a�l�l�e�l� �t�o� �a� �p�r�i�n�c�i�p�a�l� �c�o�o�r�d�i�n�a�t�e� �p�l�a�n�e�.� 

�T�h�i�s� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �f�u�r�t�h�e�r� �i�n� �t�h�e� �c�h�a�p�t�e�r� �o�n� �i�n�t�e�r�f�e�r�e�n�c�e� �d�e�t�e�c�t�i�o�n�.� 

�2�1



�C�h�a�p�t�e�r� �3� 

�R�e�s�e�a�r�c�h� �O�b�j�e�c�t�i�v�e�s� 

�O�n�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h� �w�a�s� �t�o� �c�r�e�a�t�e� �a� �m�e�t�h�o�d� �f�o�r� �m�o�d�e�l�i�n�g� �s�p�a�t�i�a�l� 

�m�e�c�h�a�n�i�s�m�s�.� �M�o�d�e�l�i�n�g� �a�l�o�n�e� �w�a�s� �n�o�t� �s�u�f�f�i�c�i�e�n�t�,� �h�o�w�e�v�e�r�,� �s�i�n�c�e� �s�e�v�e�r�a�l� �m�e�t�h�o�d�s� 

�f�o�r� �m�o�d�e�l�i�n�g� �h�a�d� �b�e�e�n� �i�m�p�l�e�m�e�n�t�e�d� �a�t� �t�h�e� �t�i�m�e�.� �T�w�o� �c�o�n�s�t�r�a�i�n�t�s� �w�e�r�e� �p�l�a�c�e�d� �o�n� 

�t�h�e� �m�e�t�h�o�d� �t�o� �b�e� �d�e�v�e�l�o�p�e�d�.� �T�h�e� �a�u�t�o�m�a�t�i�c�a�l�l�y� �g�e�n�e�r�a�t�e�d� �m�o�d�e�l�s� �h�a�d� �t�o� �b�e� 

�r�e�a�l�i�z�a�b�l�e� �i�n� �h�a�r�d�w�a�r�e�,� �a�n�d� �t�h�e� �m�o�d�e�l�s� �c�o�u�l�d� �h�a�v�e� �n�o� �i�n�t�e�r�f�e�r�i�n�g� �s�t�r�u�c�t�u�r�e�s�.� �T�h�i�s� 

�h�a�d� �n�e�v�e�r� �b�e�e�n� �a�c�c�o�m�p�l�i�s�h�e�d� �b�e�f�o�r�e�.� 

�A� �m�e�t�h�o�d� �f�o�r� �c�r�e�a�t�i�o�n� �o�f� �t�h�e� �m�o�d�e�l�s� �w�a�s� �n�e�e�d�e�d�.� �T�h�e� �d�e�c�i�s�i�o�n� �w�a�s� �m�a�d�e� 

�t�o� �b�u�i�l�d� �o�n� �t�h�e� �c�o�n�c�e�p�t�s� �d�e�v�e�l�o�p�e�d� �b�y� �P�e�n�n�i�n�g�t�o�n� �a�n�d� �M�y�k�l�e�b�u�s�t� �[�1�2�,�1�3�]�.� �T�h�e� 

�i�n�p�u�t� �f�o�r�m�a�t� �w�o�u�l�d� �b�e� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �G�E�N�M�O�D�.� 

�I�n�t�e�r�f�e�r�e�n�c�e� �d�e�t�e�c�t�i�o�n� �h�a�d� �t�o� �b�e� �p�e�r�f�o�r�m�e�d� �b�e�f�o�r�e� �a�n�y� �a�v�o�i�d�a�n�c�e� �s�t�r�a�t�e�g�y� 

�c�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �I�t� �w�a�s� �e�n�v�i�s�i�o�n�e�d� �t�h�a�t� �m�o�d�e�l�s� �c�o�u�l�d� �b�e� �c�o�m�p�o�s�e�d� �o�f� �m�a�n�y� 

�e�l�e�m�e�n�t�s�,� �a�n�d� �e�a�c�h� �o�f� �t�h�e�s�e� �e�l�e�m�e�n�t�s� �h�a�d� �t�o� �b�e� �e�x�a�m�i�n�e�d� �f�o�r� �i�n�t�e�r�f�e�r�e�n�c�e�.� �T�h�u�s�,� 

�a�n� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �e�f�f�i�c�i�e�n�t� �i�n�t�e�r�f�e�r�e�n�c�e� �d�e�t�e�c�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �w�a�s� �n�e�c�e�s�s�a�r�y�.� 

�V�e�c�t�o�r� �l�o�o�p� �e�q�u�a�t�i�o�n�s�,� �c�o�m�m�o�n�l�y� �u�s�e�d� �i�n� �m�e�c�h�a�n�i�s�m� �a�n�a�l�y�s�i�s�,� �a�p�p�e�a�r�e�d� 

�p�r�o�m�i�s�i�n�g�.� �P�a�r�a�m�e�t�r�i�c� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �c�o�m�m�o�n�l�y� �u�s�e�d� �i�n� �g�e�o�m�e�t�r�i�c� �m�o�d�e�l�i�n�g�,� �a�n�d� 

�2�2



�a� �n�e�w� �t�e�c�h�n�i�q�u�e� �u�s�i�n�g� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� �w�a�s� �a�p�p�e�a�r�i�n�g� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�.� �T�h�e� 

�d�e�c�i�s�i�o�n� �w�a�s� �m�a�d�e� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �r�e�l�a�t�i�v�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �t�h�r�e�e� �t�e�c�h�n�i�q�u�e�s� �i�n� 

�d�e�t�e�r�m�i�n�i�n�g� �i�n�t�e�r�s�e�c�t�i�o�n�s�.� �T�h�e� �a�u�t�h�o�r� �w�a�s� �t�o� �i�m�p�l�e�m�e�n�t� �m�e�t�h�o�d�s� �b�a�s�e�d� �o�n� �t�h�e� 

�t�h�e�s�e� �t�e�c�h�n�i�q�u�e�s� �a�n�d� �d�e�v�e�l�o�p� �a� �m�e�a�n�s� �o�f� �t�e�s�t�i�n�g� �t�h�e�i�r� �r�e�l�a�t�i�v�e� �p�e�r�f�o�r�m�a�n�c�e�.� 

�O�n�c�e� �m�o�d�e�l�s� �w�e�r�e� �c�r�e�a�t�e�d� �a�n�d� �i�n�t�e�r�f�e�r�e�n�c�e�s� �w�e�r�e� �f�o�u�n�d�,� �m�e�t�h�o�d�s� �h�a�d� �t�o� 

�b�e� �d�e�v�e�l�o�p�e�d� �f�o�r� �r�e�s�h�a�p�i�n�g� �t�h�e� �m�e�c�h�a�n�i�s�m�.� �T�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e�s�e� �m�e�t�h�o�d�s� �a�n�d� 

�t�h�e�i�r� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �w�a�s� �l�e�f�t� �t�o� �t�h�e� �a�u�t�h�o�r�.� 

�V�e�r�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �m�e�t�h�o�d�s� �w�o�u�l�d� �r�e�q�u�i�r�e� �t�h�e� �a�b�i�l�i�t�y� �t�o� �t�e�s�t� �m�a�n�y� �d�i�f�f�e�r�e�n�t� 

�m�e�c�h�a�n�i�s�m�s�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �g�e�n�e�r�a�l� �n�a�t�u�r�e� �o�f� �t�h�i�s� �r�e�q�u�i�r�e�m�e�n�t�,� �a� �m�e�t�h�o�d� �f�o�r� 

�e�x�t�r�a�c�t�i�n�g� �d�a�t�a� �f�r�o�m� �I�M�P� �[�4�]� �t�o� �g�e�n�e�r�a�t�e� �f�o�r�m�a�t�t�e�d� �i�n�p�u�t� �d�a�t�a� �w�a�s� �n�e�e�d�e�d�.� 

�V�e�r�i�f�i�c�a�t�i�o�n� �a�l�s�o� �r�e�q�u�i�r�e�d� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �a� �f�o�r�m�a�t� �f�o�r� �o�u�t�p�u�t�.� �T�h�i�s� �w�a�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �s�u�p�p�o�r�t� �a�n�y� �m�e�t�h�o�d�s� �w�h�i�c�h� �m�i�g�h�t� �b�e� �d�e�v�e�l�o�p�e�d� �f�o�r� �m�o�d�e�l� 

�v�i�s�u�a�l�i�z�a�t�i�o�n�.� 
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�C�h�a�p�t�e�r� �4� 

�I�n�t�e�r�f�e�r�e�n�c�e� �D�e�t�e�c�t�i�o�n� �I�n�v�e�s�t�i�g�a�t�i�o�n� 

�I�t� �w�a�s� �i�m�p�o�s�s�i�b�l�e� �t�o� �i�n�i�t�i�a�t�e� �a�n�y� �i�n�t�e�r�f�e�r�e�n�c�e� �e�l�i�m�i�n�a�t�i�o�n� �s�t�r�a�t�e�g�y� �u�n�t�i�l� 

�i�n�t�e�r�f�e�r�e�n�c�e�s� �c�o�u�l�d� �b�e� �d�e�t�e�c�t�e�d�.� �T�h�e� �m�o�d�e�l�i�n�g� �a�p�p�r�o�a�c�h� �w�a�s� �t�o� �u�s�e� �b�o�u�n�d�e�d� �l�i�n�e� 

�s�e�g�m�e�n�t�s� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �a� �m�e�c�h�a�n�i�s�m�.� �T�h�i�s� �p�r�e�c�i�p�i�t�a�t�e�d� �t�h�e� 

�i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �m�e�t�h�o�d�s� �t�o� �d�e�t�e�c�t� �l�i�n�e� �s�e�g�m�e�n�t� �i�n�t�e�r�s�e�c�t�i�o�n�s�.� 

�T�h�e� �a�u�t�h�o�r� �h�a�d� �d�e�v�e�l�o�p�e�d� �a�n� �i�n�t�e�r�s�e�c�t�i�o�n� �d�e�t�e�c�t�i�o�n� �a�l�g�o�r�i�t�h�m� �b�a�s�e�d� �o�n� 

�v�e�c�t�o�r� �l�o�o�p� �a�n�a�l�y�s�i�s� �[�1�4�]�.� �A�n� �a�l�g�o�r�i�t�h�m� �u�s�i�n�g� �p�a�r�a�m�e�t�r�i�c� �e�q�u�a�t�i�o�n�s� �w�a�s� 

�d�o�c�u�m�e�n�t�e�d� �i�n� �[�1�0�0�]�.� �T�h�e� �a�u�t�h�o�r� �a�l�s�o� �d�e�v�e�l�o�p�e�d� �a�n� �a�l�g�o�r�i�t�h�m� �b�a�s�e�d� �o�n� 

�I�n�s�e�l�b�e�r�g ��s� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e� �m�e�t�h�o�d�s� �[�1�5�]�.� �T�h�e�s�e� �t�h�r�e�e� �a�p�p�r�o�a�c�h�e�s� �w�e�r�e� 

�e�v�a�l�u�a�t�e�d� �t�o� �s�o�l�v�e� �t�h�e� �p�r�o�b�l�e�m� �o�f� �f�i�n�d�i�n�g� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �l�i�n�e� �s�e�g�m�e�n�t�s� �i�n� 

�e�u�c�l�i�d�e�a�n� �t�h�r�e�e�-�s�p�a�c�e�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �f�o�r� �t�h�e� �i�n�v�e�s�t�i�g�a�t�i�o�n� �w�a�s� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� 

�i�n�t�e�r�f�e�r�e�n�c�e� �d�e�t�e�c�t�i�o�n� �p�r�o�c�e�s�s� �c�o�u�l�d� �b�e� �p�e�r�f�o�r�m�e�d� �m�o�r�e� �q�u�i�c�k�l�y�.� 

�2�4



�V�E�C�T�O�R� �A�N�A�L�Y�S�I�S� 

�F�i�g�u�r�e� �3� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �v�e�c�t�o�r� �a�n�a�l�y�s�i�s� �a�p�p�r�o�a�c�h�.� �B�y� �s�e�t�t�i�n�g� �u�p� �a� �v�e�c�t�o�r� 

�l�o�o�p�,� �e�q�u�a�t�i�o�n� �1� �c�a�n� �b�e� �w�r�i�t�t�e�n�.� 

�(�1�)� �a�p �� �b�y� �+� �M�a �� �d�o�b� �+� �5� �X�D� �=� �a�y ��b�o� �+� �r�y�a�-� �d�o�b� �+� �A�s�n� �=� �0� 
�l�a� �X� �b�|� 

�w�h�e�r�e�:� 
�a� �=� �t�h�e� �v�e�c�t�o�r� �a�l�o�n�g� �t�h�e� �f�i�r�s�t� �l�i�n�e� �s�e�g�m�e�n�t� �o�r� �l�i�n�k� 
�b�=� �t�h�e� �v�e�c�t�o�r� �a�l�o�n�g� �t�h�e� �s�e�c�o�n�d� �l�i�n�e� �s�e�g�m�e�n�t� �o�r� �l�i�n�k� 
�a�g� �=� �t�h�e� �p�o�s�i�t�i�o�n� �v�e�c�t�o�r� �f�o�r� �t�h�e� �f�i�r�s�t� �l�i�n�e� �s�e�g�m�e�n�t� 
�b�g� �=� �t�h�e� �p�o�s�i�t�i�o�n� �v�e�c�t�o�r� �f�o�r� �t�h�e� �s�e�c�o�n�d� �l�i�n�e� �s�e�g�m�e�n�t� 
�n� �=� �t�h�e� �v�e�c�t�o�r� �n�o�r�m�a�l�!� �t�o� �a� �a�n�d� �b� 

�\�4�,�A�2�,�A�3� �=� �s�c�a�l�e� �f�a�c�t�o�r�s� 

�W�h�e�n� �e�q�u�a�t�i�o�n� �1� �i�s� �s�o�l�v�e�d� �f�o�r� �t�h�e� �t�h�r�e�e� �s�c�a�l�a�r�s�,� �t�h�e� �s�i�m�u�l�t�a�n�e�o�u�s� �c�o�n�d�i�t�i�o�n�s� �f�o�r� 

�i�n�t�e�r�s�e�c�t�i�o�n� �b�e�c�o�m�e�:� 

�(�2�)� �0�O�<�;�<�1� 

�(�3�)� �0�O�<�r�.� �<�1� 

�(�4�)� �3� �=� �0� 
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� � 

� � 

� � 
�Z� � � � � � � 

�F�i�g�u�r�e� �3�.� �V�e�c�t�o�r� �l�o�o�p� �f�o�r� �l�i�n�k� �m�o�d�e�l�s� 

�T�h�e� �p�a�r�a�l�l�e�l� �l�i�n�e� �s�e�g�m�e�n�t�s�,� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�,� �m�u�s�t� �b�e� �t�r�e�a�t�e�d� �a�s� �a� 

�s�p�e�c�i�a�l� �c�a�s�e� �w�h�i�c�h� �r�e�q�u�i�r�e�s� �a� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h�.� �H�e�r�e�,� �t�h�e� �p�o�i�n�t� �a�t� �t�h�e� �t�a�i�l� �o�f� 

�o�n�e� �v�e�c�t�o�r� �i�s� �p�r�o�j�e�c�t�e�d� �o�n�t�o� �t�h�e� �o�t�h�e�r� �v�e�c�t�o�r� �u�s�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� 

� � 

�(�5�)� �C�c� �=� �a�o� �-� �b�o� 

�6� �=� �[�c�o�o�]� �_�b� �(�6�)� �P�p� �c� �a�T� �|� �1�b�]� 

�(�7�)� �n�=�c�-�p� 

�w�h�e�r�e�:� 
�t�h�e� �v�e�c�t�o�r� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �p�r�o�j�e�c�t�i�o�n� �o�n�t�o� �o�f� �¢� �o�n�t�o� �b�  ��s�)

� �i�l� 

�2�6



�T�h�e� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �i�n�t�e�r�f�e�r�e�n�c�e� �i�n� �t�h�e� �p�a�r�a�l�l�e�l� �c�a�s�e� �b�e�c�o�m�e�:� 

�(�8�)� �l�n�}� �=� �O� �a�n�d� �e�i�t�h�e�r� 

�(�9�)� �l�p�]� �=� �0� �o�r� 

�(�1�0�)� �0� �<� �|�p�|� �<� �|�b�|� �a�n�d�p� �h�a�s� �t�h�e� �s�a�m�e� �s�e�n�s�e� �a�s� �b�,� 

� � 

� � 

� � � � � � � � 

�F�i�g�u�r�e� �4�.� �P�r�o�j�e�c�t�i�o�n�s� �f�o�r� �p�a�r�a�l�l�e�l� �l�i�n�k�s� 

�T�h�e�r�e� �a�r�e� �t�w�o� �o�t�h�e�r� �c�a�s�e�s� �f�o�r� �p�a�r�a�l�l�e�l� �l�i�n�k�s�.� �F�i�g�u�r�e� �5� �s�h�o�w�s� �t�h�e� �s�e�c�o�n�d� 

�c�a�s�e� �w�h�e�r�e� �t�h�e� �t�a�i�l� �o�f� �a� �d�o�e�s� �n�o�t� �p�r�o�j�e�c�t� �o�n�t�o� �b�,� �b�u�t� �t�h�e� �h�e�a�d� �o�f� �a� �d�o�e�s�.� �F�i�g�u�r�e� �6� 

�2�7



� � 

� � 
� � 

� � 
� � 

�F�i�g�u�r�e� �5�.� �C�a�s�e� �2� �f�o�r� �p�a�r�a�l�l�e�l� �l�i�n�k�s� 

� � 

� � 
� � 

� � 

� � 

�F�i�g�u�r�e� �6�.� �C�a�s�e� �3� �f�o�r� �p�a�r�a�l�l�e�l� �l�i�n�k�s� 

�2�8� 

� � 

� 



�s�h�o�w�s� �t�h�e� �c�a�s�e� �w�h�e�r�e� �n�e�i�t�h�e�r� �t�h�e� �h�e�a�d� �n�o�r� �t�a�i�l� �o�f� �a� �p�r�o�j�e�c�t�s� �o�n�t�o� �b� �b�u�t� �t�h�e� �t�a�i�l� �o�f� �b� 

�p�r�o�j�e�c�t�s� �o�n�t�o� �a�.� 

�T�h�e� �f�l�o�w� �f�o�r� �i�n�t�e�r�f�e�r�e�n�c�e� �c�h�e�c�k�i�n�g� �u�s�i�n�g� �v�e�c�t�o�r� �a�n�a�l�y�s�i�s� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �7�.� 

� � 

�S�T�A�R�T� �i�y� 
� � 

�S�E�T� 
�I�N�T�E�R�S�E�C�T�I�O�N� 

�F�L�A�G� �T�R�U�E� � � � � � � �v�=�a� �o�r� �b� �d�e�p�e�n�d�i�n�g� �o�n� �c�a�s�e� 

�y�e�s� �y�e�s� �y�e�s� 
�P�A�R�A�L�L�E�L�?� �I�n�{�=�0�?� 

� � 

� � � � 

�n�o� �N�O� �n�o� 

�y�e�s� �n�o� 

�y�e�s� 

�n�o� �S�E�T� 
�I�N�T�E�R�S�E�C�T�I�O�N� �-�-� 

�F�L�A�G� �F�A�L�S�E� � � � � � � � � � � 

�S�T�O�P� 

�F�i�g�u�r�e� �7�.� �F�l�o�w� �f�o�r� �i�n�t�e�r�s�e�c�t�i�o�n� �c�h�e�c�k� �u�s�i�n�g� �v�e�c�t�o�r� �a�n�a�l�y�s�i�s� 

� � � � � � 

�2�9



�P�A�R�A�M�E�T�R�I�C� �E�Q�U�A�T�I�O�N�S� 

�A� �v�a�r�i�a�t�i�o�n� �o�n� �t�h�e� �v�e�c�t�o�r� �a�n�a�l�y�s�i�s� �a�p�p�r�o�a�c�h� �c�a�n� �b�e� �d�e�v�e�l�o�p�e�d� �t�h�r�o�u�g�h� �t�h�e� 

�u�s�e� �o�f� �p�a�r�a�m�e�t�r�i�c� �e�q�u�a�t�i�o�n�s�.� �W�h�e�n� �d�i�s�c�u�s�s�i�n�g� �p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e�s�,� �i�t� �c�a�n� �b�e� �u�s�e�f�u�l� 

�t�o� �i�n�t�r�o�d�u�c�e� �t�h�e� �c�o�n�c�e�p�t�s� �o�f� �o�b�j�e�c�t� �s�p�a�c�e� �a�n�d� �p�a�r�a�m�e�t�r�i�c� �s�p�a�c�e� �[�1�0�0�]�.� �O�b�j�e�c�t� 

�s�p�a�c�e� �i�s� �c�o�m�m�o�n�l�y� �t�h�o�u�g�h�t� �o�f� �a�s� �t�h�e� �s�p�a�c�e� �d�e�s�c�r�i�b�e�d� �b�y� �C�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s�.� 

�P�a�r�a�m�e�t�r�i�c� �s�p�a�c�e� �p�r�o�v�i�d�e�s� �a� �m�e�a�n�s� �o�f� �b�r�e�a�k�i�n�g� �a�n� �N�-�d�i�m�e�n�s�i�o�n�a�l� �o�b�j�e�c�t� �s�p�a�c�e� �i�n�t�o� 

�a� �s�e�t� �o�f� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e�s� �w�h�e�r�e� �e�a�c�h� �o�b�j�e�c�t� �s�p�a�c�e� �c�o�o�r�d�i�n�a�t�e� �b�e�c�o�m�e�s� 

�d�e�p�e�n�d�e�n�t� �o�n� �o�n�e� �u�n�i�v�e�r�s�a�l� �p�a�r�a�m�e�t�e�r�.� �T�h�e� �i�n�d�e�p�e�n�d�e�n�t� �p�a�r�a�m�e�t�e�r� �u� �c�a�n� �b�e� 

�a�l�l�o�w�e�d� �t�o� �v�a�r�y� �t�h�r�o�u�g�h� �a�n�y� �r�a�n�g�e�,� �b�u�t� �i�t� �i�s� �o�f�t�e�n� �c�o�n�v�e�n�i�e�n�t� �t�o� �r�e�s�t�r�i�c�t� �t�h�i�s� �r�a�n�g�e� 

�t�o� �b�e�t�w�e�e�n� �0� �a�n�d� �1�.� �A�n� �i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �t�h�e�s�e� �s�p�a�c�e�s� �i�s� �i�n� �F�i�g�u�r�e� �8�.� 
� � 

� � � � � � 

�x�X� �Y� �Z� 

�Z�1� �=� �2�.�5� �d�y� 

�y�o� �=� �2� 
�,�- �� 

�x�X�)� �=� �1� 

�Y�)� �y�,� �=� �1�.�5� 

�x�o� �=� �0� 
�G�O� �=� �3�5� 

�G� �~�u� �u� �u� � � � � � � � � � � � � � � � � � � � � � � � � 

�F�i�g�u�r�e� �8�.� �A� �s�t�r�a�i�g�h�t� �l�i�n�e� �s�e�g�m�e�n�t� �i�n� �i�t�s� �3� �p�a�r�a�m�e�t�r�i�c� �s�p�a�c�e�s� 

�3�0



�T�h�e� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �i�n�t�e�r�s�e�c�t�i�o�n�,� �u�s�i�n�g� �p�a�r�a�m�e�t�r�i�c� �e�q�u�a�t�i�o�n�s�,� �d�e�p�e�n�d� �o�n� �t�h�e� 

�v�a�l�u�e� �o�f� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �p�a�r�a�m�e�t�e�r� �a�t� �p�o�i�n�t�s� �o�f� �i�n�t�e�r�s�e�c�t�i�o�n� �i�n� �e�a�c�h� �o�f� �t�h�e� 

�t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e�s�.� �T�h�e� �i�n�d�e�p�e�n�d�e�n�t� �p�a�r�a�m�e�t�e�r� �o�f� �a� �c�u�r�v�e� �m�u�s�t� �b�e� �a�b�l�e� �t�o� 

�t�a�k�e� �o�n� �t�h�e� �s�a�m�e� �v�a�l�u�e� �i�n� �a�l�l� �o�f� �t�h�e� �s�u�b�s�p�a�c�e� �i�n�t�e�r�s�e�c�t�i�o�n�s�.� �T�h�u�s�,� �t�h�e� �p�r�o�b�l�e�m� �o�f� 

�l�i�n�e�s� �i�n�t�e�r�s�e�c�t�i�n�g� �i�n� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�s� �i�s� �r�e�d�u�c�e�d� �t�o� �a� �p�r�o�b�l�e�m� �o�f� �d�e�t�e�r�m�i�n�i�n�g� 

�i�n�t�e�r�s�e�c�t�i�o�n�s� �i�n� �t�w�o� �d�i�m�e�n�s�i�o�n�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� 

�p�o�i�n�t�s� �Q� �a�n�d� �P� �o�n� �t�w�o� �l�i�n�e�s� �w�h�o�s�e� �e�n�d� �p�o�i�n�t�s� �a�r�e� �d�e�n�o�t�e�d� �b�y� �t�h�e� �s�u�b�s�c�r�i�p�t�s� �0� 

�a�n�d� �1�.� 

�(�1�1�)� �P�=�P�p�)�+�u�(�P�;� �-� �P�o�)� 

�(�1�2�)� �Q�O� �=� �O�p� �+� �w�(�Q�:� �-� �Q�o�)� 

�T�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �r�e�s�u�l�t�s� �i�n� �t�h�r�e�e� �p�a�i�r�s� �o�f� �s�i�m�u�l�t�a�n�e�o�u�s� �e�q�u�a�t�i�o�n�s� 

�w�i�t�h� �t�h�e� �t�w�o� �u�n�k�n�o�w�n�s�,� �u� �a�n�d� �w�.� �I�n�t�e�r�s�e�c�t�i�o�n� �r�e�q�u�i�r�e�s� �t�h�a�t� �u� �a�n�d� �w� �m�u�s�t� �h�a�v�e� �t�h�e� 

�s�a�m�e� �v�a�l�u�e� �i�n� �a�l�l� �t�h�r�e�e� �s�o�l�u�t�i�o�n�s�,� �a�n�d� �b�o�t�h� �u� �a�n�d� �w� �m�u�s�t� �l�i�e� �o�n� �t�h�e� �c�l�o�s�e�d� �i�n�t�e�r�v�a�l�,� 

�{�0�,�1�}�.� �T�h�e� �r�e�a�l� �p�o�w�e�r� �o�f� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �a�p�p�r�o�a�c�h� �i�s� �r�e�a�l�i�z�e�d� �w�h�e�n� �i�t� �i�s� �a�p�p�l�i�e�d� �t�o� 

�n�o�n�-�l�i�n�e�a�r� �s�p�a�c�e� �c�u�r�v�e�s�;� �b�u�t�,� �i�n� �t�h�i�s� �a�n�a�l�y�s�i�s�,� �o�n�l�y� �s�t�r�a�i�g�h�t� �l�i�n�e�s� �w�e�r�e� �u�s�e�d�.� �T�h�e� 

�f�l�o�w� �f�o�r� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �e�q�u�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �1�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �9�.� 
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�S�T�A�R�T� 
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� � 

�i�  ��|� 
�I�N�T�E�R�S�E�C�T�I�O�N� 

�F�L�A�G� �T�R�U�E� �C�A�L�C�U�L�A�T�E� 
�T� �U�z�,� �a�n�d� �w�2�,� 

�C�A�L�C�U�L�A�T�E� 
�U�x�y� �A�N�d� �W�y�y� �n�o� 

�e�s� �C�A�L�C�U�L�A�T�E� �y� 
�U�y�z� �a�n�d� �W�y�z� �n�o� 

�y�e�s� 
�n�o� 

�y�e�s� �|� 

�n�o� �S�E�T� 
�I�N�T�E�R�S�E�C�T�I�O�N� �-�- �� 

�F�L�A�G� �F�A�L�S�E� 
�y�e�s� � � � � � � � � � � � � � � � � � � �S�T�O�P� � � � � 

�F�i�g�u�r�e� �9�.� �F�l�o�w� �f�o�r� �i�n�t�e�r�s�e�c�t�i�o�n� �c�h�e�c�k� �u�s�i�n�g� �p�a�r�a�m�e�t�r�i�c� �e�q�u�a�t�i�o�n�s� 

�P�A�R�A�L�L�E�L� �C�O�O�R�D�I�N�A�T�E�S� 

�T�h�e� �m�e�t�h�o�d� �o�f� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �I�n�s�e�l�b�e�r�g� �[�2�4�,�2�5�,�2�6�]� 

�a�n�d� �h�a�s� �b�e�e�n� �a�p�p�l�i�e�d� �t�o� �t�h�e� �a�r�e�a� �o�f� �m�o�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �i�n� �m�e�c�h�a�n�i�s�m�s� �b�y� �C�o�h�a�n� 

�3�2



�[�1�0�1�,�1�0�2�]�.� �T�h�e� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e� �m�e�t�h�o�d� �h�a�s� �i�t�s� �r�o�o�t�s� �i�n� �p�r�o�j�e�c�t�i�v�e� �g�e�o�m�e�t�r�y� 

�w�h�e�r�e� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �p�o�i�n�t�s� �a�n�d� �l�i�n�e�s� �c�a�n� �b�e� �i�n�v�e�r�t�e�d�.� �P�o�i�n�t�s� �c�a�n� 

�b�e�c�o�m�e� �l�i�n�e�s� �a�n�d� �l�i�n�e�s� �c�a�n� �b�e�c�o�m�e� �p�o�i�n�t�s�.� �P�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� �p�r�o�v�i�d�e� �a� �m�e�a�n�s� 

�o�f� �v�i�s�u�a�l�i�z�i�n�g� �t�h�i�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�.� �F�i�g�u�r�e� �1�0� �i�l�l�u�s�t�r�a�t�e�s� �t�h�i�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�.� �T�h�e� 
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�F�i�g�u�r�e� �1�0�.� �T�r�a�n�s�f�o�r�m�a�t�i�o�n� �f�r�o�m� �o�r�t�h�o�g�o�n�a�l� �c�o�o�r�d�i�n�a�t�e�s� �t�o� �p�a�r�a�l�l�e�l� 
�c�o�o�r�d�i�n�a�t�e�s� �f�o�r� �a� �s�t�r�a�i�g�h�t� �l�i�n�e� �s�e�g�m�e�n�t� 

�o�r�t�h�o�g�o�n�a�l� �c�o�o�r�d�i�n�a�t�e�s� �a�r�e� �d�i�s�a�s�s�e�m�b�l�e�d� �a�n�d� �p�l�a�c�e�d� �p�a�r�a�l�l�e�l� �t�o� �o�n�e� �a�n�o�t�h�e�r�.� �T�h�e� 

�s�p�a�c�i�n�g� �o�f� �t�h�e� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� �i�s� �a�r�b�i�t�r�a�r�y�,� �b�u�t� �i�s� �u�s�u�a�l�l�y� �s�e�t� �a�t� �u�n�i�t�y� �f�o�r� 

�c�o�n�v�e�n�i�e�n�c�e�.� �A� �p�o�i�n�t� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �a� �l�i�n�e� �c�o�n�n�e�c�t�i�n�g� �t�h�e� �t�w�o� �c�o�o�r�d�i�n�a�t�e� 

�v�a�l�u�e�s�.� �O�n�c�e� �a�l�l� �o�f� �t�h�e� �p�o�i�n�t�s� �h�a�v�e� �b�e�e�n� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �l�i�n�e�s� �i�n� �p�a�r�a�l�l�e�l� 

�c�o�o�r�d�i�n�a�t�e�s� �t�h�e�y� �a�l�l� �p�a�s�s� �t�h�r�o�u�g�h� �t�h�e� �s�a�m�e� �p�o�i�n�t�.� �T�h�i�s� �p�o�i�n�t� �r�e�p�r�e�s�e�n�t�s� �t�h�e� 

�t�r�a�n�s�f�o�r�m�e�d� �l�i�n�e�.� �J�u�s�t� �a�s� �a�l�l� �o�f� �t�h�e� �p�o�i�n�t�s� �r�e�s�i�d�e�d� �o�n� �t�h�e� �l�i�n�e� �s�e�g�m�e�n�t� �(�r�e�p�r�e�s�e�n�t�e�d� 
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�b�y� �y�=�m�x�+�b� �a�n�d� �t�h�e� �s�e�g�m�e�n�t� �l�i�m�i�t�s� �a�t� �A� �a�n�d� �B�)�,� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �p�o�i�n�t�s� �(�n�o�w� 

�l�i�n�e�s�)� �a�l�l� �p�a�s�s� �t�h�r�o�u�g�h� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �l�i�n�e� �(�t�h�e� �p�o�i�n�t� �P�)�.� �B�y� �t�r�e�a�t�i�n�g� �t�h�e� 

�p�o�i�n�t� �P� �a�s� �a� �p�i�v�o�t�,� �t�h�e� �s�w�e�p�t� �e�n�v�e�l�o�p�e� �(�s�h�o�w�n� �s�h�a�d�e�d�)� �c�o�n�t�a�i�n�i�n�g� �a�l�l� �o�f� �t�h�e� 

�t�r�a�n�s�f�o�r�m�e�d� �p�o�i�n�t�s� �c�a�n� �b�e� �c�r�e�a�t�e�d�.� 

�T�h�e� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �l�i�n�e� �s�e�g�m�e�n�t�s� �a�r�e� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�1�.� �F�o�r� �t�w�o� �l�i�n�e�s� �t�o� �i�n�t�e�r�s�e�c�t� �i�n� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s�,� �t�h�e�i�r� 

�r�e�s�p�e�c�t�i�v�e� �p�i�v�o�t� �p�o�i�n�t�s� �m�u�s�t� �b�e� �c�o�n�t�a�i�n�e�d� �i�n� �t�h�e� �o�t�h�e�r ��s� �r�e�s�p�e�c�t�i�v�e� �s�w�e�e�p�s�.� �T�h�i�s� �i�s� 

�d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t�,� �i�n� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s�,� �t�h�e� �p�i�v�o�t� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �l�i�n�e� �c�o�n�t�a�i�n�i�n�g� 

�t�h�e� �l�i�n�e� �s�e�g�m�e�n�t�.� �T�h�e� �l�i�n�e� �p�a�s�s�i�n�g� �b�e�t�w�e�e�n� �t�w�o� �p�i�v�o�t�s� �r�e�p�r�e�s�e�n�t�s� �a� �c�o�m�m�o�n� �p�o�i�n�t� 

�o�n� �b�o�t�h� �l�i�n�e�s� �i�n� �c�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s�.� �T�h�e� �e�x�t�e�n�t�s� �o�f� �t�h�e� �s�w�e�e�p�s� �i�n� �p�a�r�a�l�l�e�l� 

�c�o�o�r�d�i�n�a�t�e�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �e�x�t�e�n�t�s� �o�f� �t�h�e� �l�i�n�e� �s�e�g�m�e�n�t�s� �i�n� �c�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s�.� 

�T�h�u�s�,� �i�t� �i�s� �a� �r�e�q�u�i�r�e�m�e�n�t� �t�h�a�t� �a� �s�w�e�e�p� �f�r�o�m� �o�n�e� �e�x�t�e�n�t� �t�o� �a�n�o�t�h�e�r� �c�o�n�t�a�i�n�s� �t�h�e� �l�i�n�e� 

�w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �a� �p�o�i�n�t� �o�n� �t�h�a�t� �l�i�n�e� �s�e�g�m�e�n�t� �i�n� �c�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s�.� �A�s� �a�n� 

�i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �t�h�i�s� �p�o�i�n�t�,� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �l�i�n�e�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �p�o�i�n�t�s� �1� �a�n�d� �2� 

�i�n�t�e�r�s�e�c�t�.� �T�h�e� �o�t�h�e�r�s� �d�o� �n�o�t�.� �T�h�i�s� �o�p�e�r�a�t�i�o�n� �c�a�n� �b�e� �e�x�t�e�n�d�e�d� �t�o� �t�h�r�e�e� �o�r� �m�o�r�e� 

�d�i�m�e�n�s�i�o�n�s� �b�y� �a�d�d�i�n�g� �t�h�e� �n�e�c�e�s�s�a�r�y� �d�i�m�e�n�s�i�o�n�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� �T�h�e� �p�o�w�e�r� �o�f� 

�p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� �l�i�e�s� �i�n� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �d�e�p�e�n�d�e�n�t� 

�v�a�r�i�a�b�l�e�s� �c�a�n� �b�e� �v�i�s�u�a�l�i�z�e�d� �f�o�r� �a�n� �N� �d�i�m�e�n�s�i�o�n�a�l� �s�y�s�t�e�m� �i�n� �a� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� 

�f�o�r�m�a�t�.� 

�A� �g�o�o�d� �d�e�m�o�n�s�t�r�a�t�i�o�n� �o�f� �h�o�w� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �v�i�s�u�a�l�i�z�e� 

�a� �m�u�l�t�i�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m� �i�s� �s�e�e�n� �i�n� �F�i�g�u�r�e� �1�2�.� �A�s� �s�h�o�w�n� �b�y� �I�n�s�e�l�b�e�r�g� �[�2�7�]�,� 

�p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� �a�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �o�r� �n�o�t� �a�i�r�c�r�a�f�t� �a�r�e� �g�o�i�n�g� �t�o� 

�c�o�l�l�i�d�e�.� �T�h�e� �a�i�r�c�r�a�f�t� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �p�o�i�n�t�s� �w�i�t�h� �t�i�m�e� 

�d�e�p�e�n�d�e�n�c�e�.� �T�h�e� �r�e�s�u�l�t� �i�s� �t�h�e� �a�i�r�c�r�a�f�t� �t�r�a�j�e�c�t�o�r�i�e�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �f�o�u�r� 
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�F�i�g�u�r�e� �1�1�.� �C�o�n�d�i�t�i�o�n�s� �f�o�r� �i�n�t�e�r�s�e�c�t�i�o�n� �i�n� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� 

�d�i�m�e�n�s�i�o�n�a�l� �s�t�r�a�i�g�h�t� �l�i�n�e�s�.� �C�o�l�l�i�s�i�o�n� �r�e�s�u�l�t�s� �w�h�e�n� �t�w�o� �a�i�r�c�r�a�f�t� �o�c�c�u�p�y� �t�h�e� �s�a�m�e� 

�l�o�c�a�t�i�o�n� �a�t� �t�h�e� �s�a�m�e� �t�i�m�e� �o�r� �w�h�e�n� �t�h�e� �f�o�u�r�-�d�i�m�e�n�s�i�o�n�a�l� �l�i�n�e�s� �i�n�t�e�r�s�e�c�t�.� �T�h�i�s� 

�s�o�u�n�d�s� �i�n�t�u�i�t�i�v�e�l�y� �o�b�v�i�o�u�s�;� �b�u�t�,� �a�s� �F�i�g�u�r�e� �1�3� �s�h�o�w�s�,� �v�i�s�u�a�l�i�z�a�t�i�o�n� �c�a�n� �b�e� �d�i�f�f�i�c�u�l�t� �a�t� 

�b�e�s�t�.� �F�i�g�u�r�e� �1�3� �s�h�o�w�s� �a�i�r�c�r�a�f�t� �p�r�o�x�i�m�i�t�y� �a�t� �o�n�e� �i�n�s�t�a�n�c�e� �i�n� �t�i�m�e�,� �a�n�d� �i�t� �l�o�o�k�s� �a�s� 
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�F�i�g�u�r�e� �1�2�.� �A�i�r�c�r�a�f�t� �t�r�a�j�e�c�t�o�r�i�e�s� �i�n� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� �s�h�o�w�i�n�g� �o�n�e� �c�o�l�l�i�s�i�o�n� �p�o�i�n�t� 

�t�h�o�u�g�h� �a�l�l� �a�i�r�c�r�a�f�t� �m�a�y� �c�o�l�l�i�d�e�.� �F�i�g�u�r�e� �1�2� �s�h�o�w�s� �t�h�e� �p�r�o�x�i�m�i�t�y� �o�f� �a�l�l� �a�i�r�c�r�a�f�t� �a�t� �a�l�l� 

�t�i�m�e�s� �a�n�d� �s�h�o�w�s� �t�h�a�t� �o�n�l�y� �t�w�o� �a�i�r�c�r�a�f�t� �w�i�l�l� �c�o�l�l�i�d�e� �a�n�d� �w�h�e�n�.� 

�T�h�e� �d�a�r�k� �h�i�g�h�l�i�g�h�t� �p�a�s�s�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �t�w�o� �l�o�w�e�r� �e�n�v�e�l�o�p�e�s� �s�h�o�w�s� �t�h�e� 

�i�n�t�e�r�s�e�c�t�i�o�n�.� �T�h�i�s� �h�i�g�h�l�i�g�h�t� �i�s� �a� �s�t�r�a�i�g�h�t� �l�i�n�e� �p�a�s�s�i�n�g� �f�r�o�m� �t�h�e� �T� �(�t�i�m�e�)� �c�o�o�r�d�i�n�a�t�e� 
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�F�i�g�u�r�e� �1�3�.� �A�i�r�c�r�a�f�t� �t�r�a�j�e�c�t�o�r�i�e�s� �i�n� �c�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s� 

�t�h�r�o�u�g�h� �t�h�e� �t�w�o� �T�-�X� �p�i�v�o�t� �p�o�i�n�t�s� �t�o� �t�h�e� �X� �c�o�o�r�d�i�n�a�t�e�.� �F�r�o�m� �t�h�i�s� �l�o�c�a�t�i�o�n� �o�n� �t�h�e� �X� 

�c�o�o�r�d�i�n�a�t�e�,� �a� �s�t�r�a�i�g�h�t� �l�i�n�e� �i�s� �d�r�a�w�n� �t�h�r�o�u�g�h� �t�h�e� �t�w�o� �X�-�Y� �p�i�v�o�t�s�.� �T�h�e� �p�r�o�c�e�s�s� �i�s� 

�c�o�n�t�i�n�u�e�d� �t�o� �t�h�e� �Z� �c�o�o�r�d�i�n�a�t�e�.� �I�f� �o�n�e� �l�i�n�e� �c�o�u�l�d� �n�o�t� �h�a�v�e� �b�e�e�n� �d�r�a�w�n� �f�r�o�m� �t�h�e� �X� 

�c�o�o�r�d�i�n�a�t�e� �t�h�r�o�u�g�h� �t�h�e� �t�w�o� �X�-�Y� �p�i�v�o�t�s�,� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �r�e�q�u�i�r�e�m�e�n�t� �w�o�u�l�d� �n�o�t� 

�h�a�v�e� �b�e�e�n� �s�a�t�i�s�f�i�e�d�.� �T�h�i�s� �c�o�n�d�i�t�i�o�n� �w�o�u�l�d� �h�a�v�e� �f�o�r�c�e�d� �t�w�o� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�n� �t�h�e� 

�Y� �c�o�o�r�d�i�n�a�t�e�.� 

�I�n�s�e�l�b�e�r�g� �h�a�s� �e�x�t�e�n�d�e�d� �t�h�i�s� �t�e�c�h�n�i�q�u�e� �t�o� �c�h�e�c�k� �f�o�r� �n�e�a�r�n�e�s�s� �o�f� �p�o�i�n�t�s�.� �I�n� 

�e�s�s�e�n�c�e�,� �h�e� �u�s�e�s� �t�h�e� �t�i�m�e� �d�e�p�e�n�d�e�n�c�e� �t�o� �p�o�s�i�t�i�o�n� �t�h�e� �p�o�i�n�t�s�,� �a�n�d� �t�h�e�n� �c�h�e�c�k�s� �t�h�e�i�r� 

�s�e�p�a�r�a�t�i�o�n� �o�n� �t�h�e� �t�h�r�e�e� �p�o�s�i�t�i�o�n� �c�o�o�r�d�i�n�a�t�e�s�.� �I�f� �a�n�y� �p�o�s�i�t�i�o�n� �c�o�o�r�d�i�n�a�t�e� �s�h�o�w�s� �a� 

�s�e�p�a�r�a�t�i�o�n� �l�e�s�s� �t�h�a�n� �a� �s�p�e�c�i�f�i�e�d� �b�o�u�n�d�,� �a�n� �a�d�d�i�t�i�o�n�a�l� �p�r�o�x�i�m�i�t�y� �t�e�s�t� �i�s� �p�e�r�f�o�r�m�e�d�.� 
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�T�h�e� �f�i�r�s�t� �t�e�s�t� �r�e�q�u�i�r�e�s� �v�e�r�y� �l�i�t�t�l�e� �c�a�l�c�u�l�a�t�i�o�n� �a�n�d� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �m�u�c�h� �m�o�r�e� 

�q�u�i�c�k�l�y� �t�h�a�n� �a� �t�e�s�t� �w�h�i�c�h� �d�e�t�e�r�m�i�n�e�s� �a�c�t�u�a�l� �p�r�o�x�i�m�i�t�y�.� �I�n� �a� �s�i�t�u�a�t�i�o�n� �w�h�e�r�e� �m�a�n�y� 

�o�b�j�e�c�t�s� �a�r�e� �t�o� �b�e� �t�e�s�t�e�d�,� �t�h�i�s� �q�u�i�c�k� �t�e�s�t� �c�a�n� �b�e� �v�e�r�y� �v�a�l�u�a�b�l�e�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �w�h�i�l�e� 

�t�h�e� �t�e�s�t� �w�o�r�k�s� �v�e�r�y� �w�e�l�l� �f�o�r� �p�o�i�n�t�s� �m�o�v�i�n�g� �i�n� �t�i�m�e� �a�n�d� �s�p�a�c�e�,� �i�t� �d�o�e�s� �n�o�t� �w�o�r�k� �f�o�r� 

�l�i�n�e� �s�e�g�m�e�n�t�s� �m�o�v�i�n�g� �i�n� �t�i�m�e� �a�n�d� �s�p�a�c�e�.� 

�T�h�e� �f�l�o�w� �f�o�r� �i�n�t�e�r�s�e�c�t�i�o�n� �c�h�e�c�k�i�n�g� �i�n� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �1�4�.� 

�I�N�V�E�S�T�I�G�A�T�I�O�N� �A�P�P�R�O�A�C�H� 

�A�l�g�o�r�i�t�h�m�s� �w�e�r�e� �d�e�v�e�l�o�p�e�d� �b�a�s�e�d� �o�n� �v�e�c�t�o�r� �a�n�a�l�y�s�i�s�,� �p�a�r�a�m�e�t�r�i�c� �s�p�a�c�e�,� �a�n�d� 

�p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s�.� �A� �r�a�n�d�o�m� �n�u�m�b�e�r� �g�e�n�e�r�a�t�o�r� �w�a�s� �t�h�e�n� �u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� 

�2�,�0�0�0� �l�i�n�e� �s�e�g�m�e�n�t�s� �c�o�n�f�i�n�e�d� �w�i�t�h�i�n� �a�n� �1�8� �u�n�i�t� �c�u�b�e� �(�1�8�x�1�8�x�1�8�)�.� �T�h�e� �l�i�n�e� �e�n�d� 

�p�o�i�n�t�s� �w�e�r�e� �a�s�s�i�g�n�e�d� �i�n�t�e�g�e�r� �v�a�l�u�e�s� �f�o�r� �t�h�e�i�r� �X�,�Y�,�Z� �c�o�o�r�d�i�n�a�t�e� �v�a�l�u�e�s�.� �T�h�i�s� 

�i�n�c�r�e�a�s�e�d� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �o�f� �i�n�t�e�r�s�e�c�t�i�n�g� �l�i�n�e� �s�e�g�m�e�n�t�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� 

�c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �2�,�0�0�0� �l�i�n�e�s� �t�a�k�e�n� �t�w�o� �a�t� �a� �t�i�m�e� �i�s� �1�,�9�9�9�,�0�0�0�.� �O�f� �t�h�e� �1�,�9�9�9�,�0�0�0� 

�p�o�s�s�i�b�l�e� �p�a�i�r�i�n�g�s�,� �3�,�2�3�8� �p�a�i�r�s� �(�0�.�1�6�%�)� �i�n�t�e�r�s�e�c�t�e�d�;� �t�w�o� �o�f� �w�h�i�c�h� �w�e�r�e� �c�o�l�l�i�n�e�a�r�.� 

�T�h�e�s�e� �r�a�n�d�o�m�l�y� �g�e�n�e�r�a�t�e�d� �l�i�n�e�s� �s�e�g�m�e�n�t�s� �w�e�r�e� �a� �t�e�s�t� �g�r�o�u�p� �f�o�r� �t�e�s�t�i�n�g� �t�h�e� �r�e�l�a�t�i�v�e� 

�e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�s�.� 

�C�h�e�c�k�i�n�g� �l�a�r�g�e� �n�u�m�b�e�r�s� �o�f� �l�i�n�e� �s�e�g�m�e�n�t�s� �f�o�r� �i�n�t�e�r�f�e�r�e�n�c�e� �d�e�t�e�c�t�i�o�n� �o�f� �a� 

�s�p�a�t�i�a�l� �m�e�c�h�a�n�i�s�m� �m�a�y� �t�a�k�e� �s�i�g�n�i�f�i�c�a�n�t� �c�o�m�p�u�t�e�r� �t�i�m�e�.� �A�n�y� �m�e�a�s�u�r�e� �o�f� 

�p�e�r�f�o�r�m�a�n�c�e� �s�h�o�u�l�d� �n�o�t� �b�e� �a�f�f�e�c�t�e�d� �b�y� �s�y�s�t�e�m� �l�o�a�d�.� �A� �s�y�s�t�e�m� �d�e�p�e�n�d�e�n�t� �f�u�n�c�t�i�o�n� 

�w�a�s� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �r�e�a�l� �m�a�c�h�i�n�e� �c�y�c�l�e�s� �u�s�e�d� �b�y� �e�a�c�h� �a�l�g�o�r�i�t�h�m�.� �T�h�i�s� �f�u�n�c�t�i�o�n� 

�w�a�s� �i�n�v�o�k�e�d� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �a�n�d� �e�n�d� �o�f� �a� �r�u�n� �t�o� �r�e�t�u�r�n� �t�h�e� �s�y�s�t�e�m� �t�i�m�e� �u�s�e�d� �b�y� �a� 

�g�i�v�e�n� �a�l�g�o�r�i�t�h�m�.� �T�h�e�r�e� �w�a�s� �a� �s�i�g�n�i�f�i�c�a�n�t� �a�m�o�u�n�t� �o�f� �r�u�n�-�t�i�m�e� �n�e�e�d�e�d� �t�o� �r�e�a�d� �a�n�d� 

�p�r�o�c�e�s�s� �t�h�e� �d�a�t�a� �f�o�r� �t�h�e� �l�i�n�e� �s�e�g�m�e�n�t�s�.� �T�o� �e�l�i�m�i�n�a�t�e� �t�h�i�s� �o�v�e�r�h�e�a�d�,� �a�l�l� �o�f� �t�h�e� �t�e�s�t� 
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�a�l�g�o�r�i�t�h�m�s� �w�e�r�e� �s�u�b�r�o�u�t�i�n�e�s� �c�a�l�l�e�d� �b�y� �t�h�e� �m�a�i�n� �p�r�o�g�r�a�m�.� �A� �d�u�m�m�y� �s�u�b�r�o�u�t�i�n�e� 

�w�a�s� �c�r�e�a�t�e�d� �w�h�i�c�h� �s�i�m�p�l�y� �p�a�s�s�e�d� �c�o�n�t�r�o�l� �b�a�c�k� �t�o� �t�h�e� �m�a�i�n� �p�r�o�g�r�a�m�.� �T�h�e� �t�i�m�e� �t�o� 

�r�u�n� �t�h�r�o�u�g�h� �t�h�e� �d�a�t�a� �w�i�t�h� �t�h�e� �d�u�m�m�y� �s�u�b�r�o�u�t�i�n�e� �w�a�s� �s�u�b�t�r�a�c�t�e�d� �f�r�o�m� �t�h�e� 

�r�u�n�-�t�i�m�e�s� �o�f� �t�h�e� �o�t�h�e�r� �a�l�g�o�r�i�t�h�m�s� �r�e�s�u�l�t�i�n�g� �i�n� �t�h�e� �i�n�t�e�r�f�e�r�e�n�c�e� �d�e�t�e�c�t�i�o�n� �t�i�m�e� �o�n�l�y�.� 

�R�E�S�U�L�T�S� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �t�e�s�t�i�n�g� �l�i�s�t�e�d� �i�n� �t�h�e� �t�a�b�l�e� �s�h�o�w� �t�h�e� �r�e�l�a�t�i�v�e� �p�e�r�f�o�r�m�a�n�c�e� 

�o�f� �t�h�e� �t�h�r�e�e� �a�l�g�o�r�i�t�h�m�s� �n�o�r�m�a�l�i�z�e�d� �t�o� �t�h�a�t� �o�f� �v�e�c�t�o�r� �a�n�a�l�y�s�i�s�.� 

� � 

� � 

�V�e�c�t�o�r� �P�a�r�a�l�l�e�l� �P�a�r�a�m�e�t�r�i�c� 
�A�n�a�l�y�s�i�s� �C�o�o�r�d�i�n�a�t�e�s� �E�q�u�a�t�i�o�n�s� 

�1�.�0�0� �1�.�1�6� �1�.�1�3� � � � � � � � � � � 

�R�e�l�a�t�i�v�e� �c�o�m�p�a�r�i�s�o�n� �o�f� �r�u�n� �t�i�m�e�s� 

�T�h�e� �a�u�t�h�o�r� �b�e�l�i�e�v�e�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �a�r�e� �i�n�s�i�g�n�i�f�i�c�a�n�t�.� �T�h�e� �v�e�c�t�o�r� �a�n�a�l�y�s�i�s� �r�o�u�t�i�n�e� 

�e�x�i�s�t�e�d� �b�e�f�o�r�e� �t�h�i�s� �s�t�u�d�y� �w�a�s� �s�t�a�r�t�e�d� �[�1�4�]� �a�n�d� �w�a�s� �s�t�r�e�a�m�l�i�n�e�d� �f�u�r�t�h�e�r� �f�o�r� �t�h�i�s� 

�t�e�s�t�i�n�g�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e�s� �a�r�e� �b�e�l�i�e�v�e�d� �t�o� �b�e� �m�o�r�e� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �d�e�g�r�e�e� �o�f� �c�o�d�e� 

�o�p�t�i�m�i�z�a�t�i�o�n� �t�h�a�n� �a�n�y� �a�l�g�o�r�i�t�h�m�i�c� �d�i�f�f�e�r�e�n�c�e�s�.� �I�n�d�e�e�d�,� �t�h�e� �n�u�m�b�e�r� �o�f� �o�p�e�r�a�t�i�o�n�s� 

�w�e�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �s�a�m�e� �f�o�r� �a�l�l� �a�l�g�o�r�i�t�h�m�s�.� 

�I�n�t�e�r�s�e�c�t�i�o�n� �d�e�t�e�c�t�i�o�n� �c�o�u�l�d� �n�o�t� �b�e� �m�a�d�e� �f�a�s�t�e�r�,� �b�u�t� �t�h�e� �r�e�a�l� �p�r�o�b�l�e�m� �w�a�s� 

�n�e�a�r�n�e�s�s�,� �n�o�t� �i�n�t�e�r�s�e�c�t�i�o�n�.� �A�n� �a�l�g�o�r�i�t�h�m� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �e�x�a�c�t� �r�e�l�a�t�i�v�e� �l�o�c�a�t�i�o�n� 

�o�f� �m�e�c�h�a�n�i�s�m� �e�l�e�m�e�n�t�s� �i�s� �r�e�p�o�r�t�e�d� �i�n� �[�1�4�]�.� �T�h�e� �a�l�g�o�r�i�t�h�m�,� �u�s�i�n�g� �v�e�c�t�o�r� �a�n�a�l�y�s�i�s�,� 

�w�a�s� �d�e�v�e�l�o�p�e�d� �w�h�e�n� �i�n�t�e�r�f�e�r�e�n�c�e�s� �w�e�r�e� �d�i�s�c�o�v�e�r�e�d� �i�n� �3�-�D� �m�o�d�e�l�s� �o�f� �p�l�a�n�a�r� 

�m�e�c�h�a�n�i�s�m�s� �a�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �2�.� �T�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �w�a�s� 

�i�m�p�r�o�v�e�d� �a�p�p�r�o�x�i�m�a�t�e�l�y� �2�0�%� �d�u�r�i�n�g� �t�h�i�s� �s�t�u�d�y�,� �b�u�t� �s�i�g�n�i�f�i�c�a�n�t� �i�m�p�r�o�v�e�m�e�n�t�s� �w�e�r�e� 

�n�o�t� �e�x�p�e�c�t�e�d� �b�e�y�o�n�d� �t�h�a�t�.� 

�4�0



�T�h�e� �m�e�t�h�o�d� �o�f� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� �p�r�o�v�i�d�e�d� �t�h�e� �i�n�s�i�g�h�t� �f�o�r� �a� �m�o�r�e� �e�f�f�i�c�i�e�n�t� 

�d�e�t�e�c�t�i�o�n� �s�c�h�e�m�e�.� �F�i�g�u�r�e� �1�5� �s�h�o�w�s� �t�w�o� �l�i�n�e� �s�e�g�m�e�n�t�s� �t�h�a�t� �d�o� �n�o�t� �i�n�t�e�r�s�e�c�t�.� �T�h�e� 
� � 

�x� �Y� �Z�z� 
�4� 

�e�c�e�e�e�c�e� �a�E� �h�e�c�h�a�t�e�t�a�t�e�t�o�t�e�t�e�t�a�t�e�t� �f�e�t� �a�t�e�t�e�t�h�t�c�t�e�t�e�t�a�t�e�t�o�t�e�t�e�t�a�t�e�s� �H�T� �e�a�t� �e�e� �a�t�a� �e�l�a�l�o�t� �f�e�e�l� �p�t�e�k�e�k�e�t�k�g�t�e�t�a�t�a�t� �R�A�R�E� �A�A�A� �A� �A�V�A�L� �C�o� �t�e�t�e�t�e�t� �g�t�s� �c�e�c�e�c�e�e� �c�n�t�e�e� 

� � � � � � � � � � � � 
�F�i�g�u�r�e� �1�5�.� �N�o�n�i�n�t�e�r�s�e�c�t�i�n�g� �l�i�n�e� �s�e�g�m�e�n�t�s� �i�n� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� 

�t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �i�n�f�o�r�m�a�t�i�o�n� �p�r�e�s�e�n�t�e�d� �i�n� �a� �p�l�a�n�a�r� �f�o�r�m�a�t� �s�h�o�w�s� �t�h�e� �c�o�n�d�i�t�i�o�n�s� 

�t�h�a�t� �g�u�a�r�a�n�t�e�e� �a�n� �e�n�t�i�t�y� �d�o�e�s� �n�o�t� �i�n�t�e�r�f�e�r�e�.� �I�f� �t�h�e� �e�n�t�i�t�i�e�s� �d�o� �n�o�t� �o�v�e�r�l�a�p� �o�n� �a�n�y� �o�f� 

�t�h�e� �c�o�o�r�d�i�n�a�t�e�s�,� �t�h�e�y� �d�o� �n�o�t� �i�n�t�e�r�f�e�r�e�.� �T�h�i�s� �t�e�s�t� �r�e�q�u�i�r�e�s� �n�o� �c�a�l�c�u�l�a�t�i�o�n� �a�t� �a�l�l�,� 

�s�i�m�p�l�y� �a� �s�e�r�i�e�s� �o�f� �i�n�e�q�u�a�l�i�t�y� �t�e�s�t�s�.� �L�i�n�e�s� �d�e�t�e�c�t�e�d� �b�y� �t�h�i�s� �t�e�s�t� �w�e�r�e� �p�r�o�c�e�s�s�e�d� �5� �t�o� 

�2�0� �t�i�m�e�s� �f�a�s�t�e�r� �t�h�a�n� �t�h�e� �v�e�c�t�o�r� �a�n�a�l�y�s�i�s� �a�l�g�o�r�i�t�h�m�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e�s� �n�o�t�e�d� �h�e�r�e� 

�w�e�r�e� �d�e�p�e�n�d�e�n�t� �o�n� �h�o�w� �d�e�e�p� �i�n�t�o� �t�h�e� �c�o�n�d�i�t�i�o�n�a�l� �t�e�s�t� �a� �p�a�i�r� �o�f� �l�i�n�e�s� �h�a�d� �t�o� �g�o�.� 

�L�i�n�e�s� �t�h�a�t� �w�e�r�e� �c�a�u�g�h�t� �b�y� �t�h�e� �f�i�r�s�t� �c�o�n�d�i�t�i�o�n� �o�f� �t�h�e� �t�e�s�t� �w�e�r�e� �p�r�o�c�e�s�s�e�d� �2�0� �t�i�m�e�s� 
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�f�a�s�t�e�r�.� �L�i�n�e�s� �t�h�a�t� �w�e�r�e� �n�o�t� �c�a�u�g�h�t� �u�n�t�i�l� �t�h�e� �l�a�s�t� �c�o�n�d�i�t�i�o�n� �o�f� �t�h�e� �t�e�s�t� �w�e�r�e� 

�p�r�o�c�e�s�s�e�d� �5� �t�i�m�e�s� �f�a�s�t�e�r�.� �T�h�e� �f�l�o�w� �c�h�a�r�t� �i�n� �F�i�g�u�r�e� �1�6� �i�l�l�u�s�t�r�a�t�e�s� �t�h�i�s� 

�I�t� �w�a�s� �e�s�t�a�b�l�i�s�h�e�d� �t�h�a�t� �t�h�i�s� �c�o�n�d�i�t�i�o�n�a�l� �t�e�s�t� �c�o�u�l�d� �r�u�l�e� �o�u�t� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� 

�c�e�r�t�a�i�n� �l�i�n�e�s� �v�e�r�y� �q�u�i�c�k�l�y�,� �b�u�t� �i�t� �w�a�s� �n�o�t� �k�n�o�w�n� �h�o�w� �s�i�g�n�i�f�i�c�a�n�t� �t�h�i�s� �m�i�g�h�t� �b�e�.� �T�h�e� 

�t�e�s�t� �w�a�s� �t�h�e�n� �u�s�e�d� �o�n� �t�h�e� �2�,�0�0�0� �r�a�n�d�o�m�l�y� �g�e�n�e�r�a�t�e�d� �l�i�n�e� �s�e�g�m�e�n�t�s�.� �O�f� �t�h�e� 

�1�,�9�9�5�,�7�6�2� �n�o�n�-�i�n�t�e�r�s�e�c�t�i�n�g� �p�a�i�r�i�n�g�s�,� �1�,�3�1�0�,�4�0�3�,� �o�r� �6�5�%�,� �o�f� �t�h�e� �p�a�i�r�i�n�g�s� �w�e�r�e� �c�a�u�g�h�t� 

�b�y� �t�h�i�s� �t�e�s�t�.� �W�h�e�n� �t�h�e� �t�e�s�t� �w�a�s� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �v�e�c�t�o�r� �a�n�a�l�y�s�i�s� �a�l�g�o�r�i�t�h�m�,� �t�h�e� 

�t�i�m�e� �t�o� �p�r�o�c�e�s�s� �t�h�e� �1�,�9�9�9�,�0�0�0� �p�a�i�r�i�n�g�s� �w�a�s� �r�e�d�u�c�e�d� �b�y� 

�4�8�%�.� 
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�L�I�N�E� �S�E�G�M�E�N�T�S� 
�O�V�E�R�L�A�P� �O�N� �T�H�E� 
�X� �C�O�O�R�D�I�N�A�T�E� �?� 
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�L�I�N�E� �S�E�G�M�E�N�T�S� 
�O�V�E�R�L�A�P� �O�N� �T�H�E� 
�Y� �C�O�O�R�D�I�N�A�T�E� �?� 
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�T�H�E� �T�W�O� 

�L�I�N�E� �S�E�G�M�E�N�T�S� 
�O�V�E�R�L�A�P� �O�N� �T�H�E� 
�Z� �C�O�O�R�D�I�N�A�T�E� �?� 

� � �y�e�s� 
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�E�X�E�C�U�T�E� 
�V�E�C�T�O�R� 
�A�N�A�L�Y�S�I�S� 
�R�O�U�T�I�N�E� 
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�S�E�T� 

�I�N�T�E�R�S�E�C�T�I�O�N� 
�F�L�A�G� �F�A�L�S�E� 
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�F�i�g�u�r�e� �1�6�.� �F�l�o�w� �f�o�r� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �o�v�e�r�l�a�p� �t�e�s�t� 
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�C�h�a�p�t�e�r� �5� 

�I�n�i�t�i�a�l� �C�o�n�s�i�d�e�r�a�t�i�o�n�s� �i�n� �I�n�t�e�r�f�e�r�e�n�c�e� 

�E�l�i�m�i�n�a�t�i�o�n� 

�T�h�e� �p�r�o�b�l�e�m� �o�f� �g�e�n�e�r�a�t�i�n�g� �i�n�t�e�r�f�e�r�e�n�c�e�-�f�r�e�e� �s�p�a�t�i�a�l� �m�e�c�h�a�n�i�s�m�s� �w�a�s� �a�n� 

�o�p�e�n� �e�n�d�e�d� �o�n�e�.� �T�h�e� �o�n�l�y� �c�o�n�s�t�r�a�i�n�t�s� �w�e�r�e� �t�h�o�s�e� �c�o�n�t�a�i�n�e�d� �i�n� �t�h�e� �k�i�n�e�m�a�t�i�c� 

�d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �m�e�c�h�a�n�i�s�m� �a�n�d� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �s�i�z�e�s� �o�f� �j�o�i�n�t�s�.� �T�h�e�s�e� 

�c�o�n�s�t�r�a�i�n�t�s� �w�e�r�e� �t�o� �b�e� �s�u�p�p�l�i�e�d� �i�n� �t�h�e� �i�n�p�u�t� �f�i�l�e�s�.� �T�h�e� �k�i�n�e�m�a�t�i�c� �d�e�s�c�r�i�p�t�i�o�n� 

�d�e�t�e�r�m�i�n�e�d� �t�h�e� �l�o�c�a�t�i�o�n� �f�o�r� �e�a�c�h� �j�o�i�n�t� �i�n� �s�p�a�c�e�.� �T�h�e� �r�e�l�a�t�i�v�e� �m�o�v�e�m�e�n�t� �w�h�i�c�h� 

�e�a�c�h� �j�o�i�n�t� �a�l�l�o�w�e�d� �w�a�s� �a�l�s�o� �s�u�p�p�l�i�e�d� �i�n� �t�h�e� �k�i�n�e�m�a�t�i�c� �d�e�s�c�r�i�p�t�i�o�n�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� 

�a� �j�o�i�n�t� �w�a�s� �t�o� �b�e� �c�y�l�i�n�d�r�i�c� �i�t� �w�o�u�l�d� �a�l�l�o�w� �r�e�l�a�t�i�v�e� �r�o�t�a�t�i�o�n�s� �a�b�o�u�t� �a�n� �a�x�i�s� �a�n�d� 

�t�r�a�n�s�l�a�t�i�o�n�s� �a�l�o�n�g� �t�h�a�t� �a�x�i�s�.� 

�T�h�e� �i�n�p�u�t� �f�i�l�e�s� �a�l�s�o� �c�o�n�t�a�i�n�e�d� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �j�o�i�n�t�s�.� �T�h�u�s�,� �i�t� 

�w�a�s� �e�a�s�y� �t�o� �g�e�n�e�r�a�t�e� �b�o�u�n�d�i�n�g� �r�o�u�n�d�-�e�n�d�e�d� �c�y�l�i�n�d�e�r� �a�n�d� �s�p�h�e�r�e� �m�o�d�e�l�s� �o�f� �t�h�e� 

�j�o�i�n�t�s�.� �F�i�g�u�r�e� �1�7� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �e�l�e�m�e�n�t�s� �u�s�e�d� �t�o� �m�o�d�e�l� �j�o�i�n�t�s� �f�o�r� �i�n�t�e�r�f�e�r�e�n�c�e� 

�d�e�t�e�c�t�i�o�n�.� �T�h�e� �e�l�e�m�e�n�t�s� �c�o�u�l�d� �b�e� �s�i�z�e�d� �a�r�b�i�t�r�a�r�i�l�y� �b�a�s�e�d� �o�n� �a� �u�s�e�r ��s� �e�n�t�r�i�e�s� �i�n�t�o� 

�t�h�e� �i�n�p�u�t� �f�i�l�e�s�.� �A� �c�o�m�p�l�e�t�e� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �s�i�z�i�n�g� �v�a�r�i�a�b�l�e�s� �i�s� �g�i�v�e�n� �i�n� �t�h�e� 

�s�e�c�t�i�o�n� �o�n� �I�n�p�u�t� �F�i�l�e� �F�o�r�m�a�t�s�.� 
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� � 

�>� 
�U�K� 

�R�o�u�n�d�-�e�n�d�e�d� �c�y�l�i�n�d�e�r� �S�p�h�e�r�e� �u�s�e�d� �f�o�r� �b�o�u�n�d�i�n�g� 
�u�s�e�d� �f�o�r� �b�o�u�n�d�i�n�g� �r�e�v�o�l�u�t�e�s�,� �s�p�h�e�r�i�c� �j�o�i�n�t�s� 
�c�y�l�i�n�d�r�i�c�,� �a�n�d� �p�r�i�s�m�a�t�i�c� 
�j�o�i�n�t�s� � � 
� � 

�F�i�g�u�r�e� �1�7�,� �B�o�u�n�d�i�n�g� �e�l�e�m�e�n�t�s� �f�o�r� �j�o�i�n�t� �m�o�d�e�l�s� 

�J�o�i�n�t� �C�o�n�n�e�c�t�i�v�i�t�y� 

�P�o�s�i�t�i�o�n�i�n�g� �a�n�d� �s�i�z�i�n�g� �t�h�e� �j�o�i�n�t�s� �w�a�s� �f�a�i�r�l�y� �s�i�m�p�l�e�,� �b�u�t� �c�o�n�n�e�c�t�i�n�g� �t�h�e�m� �w�a�s� 

�n�o�t�.� �P�e�n�n�i�n�g�t�o�n� �[�1�2�]� �e�s�t�a�b�l�i�s�h�e�d� �a� �c�o�n�s�t�r�a�i�n�t� �o�f� �o�r�t�h�o�g�o�n�a�l� �a�t�t�a�c�h�m�e�n�t� �f�o�r� 

�e�l�e�m�e�n�t�s� �w�h�i�c�h� �c�o�n�n�e�c�t�e�d� �t�o� �j�o�i�n�t�s�.� �T�h�i�s� �p�r�o�v�e�d� �t�o� �b�e� �a�n� �i�m�p�o�r�t�a�n�t� �c�o�n�s�t�r�a�i�n�t� �f�o�r� 

�t�h�e� �e�x�t�e�r�n�a�l� �p�a�r�t�s� �o�f� �a� �j�o�i�n�t� �p�a�i�r�.� �A�n� �e�x�t�e�r�n�a�l� �p�i�e�c�e� �o�f� �a� �r�e�v�o�l�u�t�e� �j�o�i�n�t� �p�a�i�r�,� �f�o�r� 

�e�x�a�m�p�l�e�,� �c�o�u�l�d� �n�o�t� �h�a�v�e� �a�n� �a�t�t�a�c�h�m�e�n�t� �w�h�i�c�h� �l�i�n�e�d� �u�p� �w�i�t�h� �i�t�s� �a�x�i�s� �o�f� �r�e�v�o�l�u�t�i�o�n� 

�s�i�n�c�e� �t�h�e� �i�n�t�e�r�n�a�l� �p�o�r�t�i�o�n� �o�f� �t�h�e� �j�o�i�n�t� �h�a�d� �t�o� �r�e�s�i�d�e� �t�h�e�r�e�.� 

�A�s�s�o�c�i�a�t�e�d� �w�i�t�h� �c�o�n�n�e�c�t�i�v�i�t�y�,� �a�n�o�t�h�e�r� �p�r�o�b�l�e�m� �d�e�v�e�l�o�p�e�d�.� �T�h�i�s� �r�e�l�a�t�e�d� �t�o� �a� 

�b�o�d�y� �s�w�e�e�p�i�n�g� �a�r�o�u�n�d� �a� �j�o�i�n�t� �i�n� �a� �m�a�n�n�e�r� �w�h�i�c�h� �c�o�n�t�a�i�n�e�d� �t�h�e� �j�o�i�n�t�.� �F�i�g�u�r�e� �1�8� 
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� 



� � 

� � � � 
�s�w�e�e�p� 
�d�i�r�e�c�t�i�o�n� � � � � � � 

�F�i�g�u�r�e� �1�8�.� �A� �j�o�i�n�t� �b�e�i�n�g� �c�o�n�t�a�i�n�e�d� �b�y� �a� �s�w�e�e�p�i�n�g� �b�o�d�y� 

�s�h�o�w�s� �a� �p�l�a�n�a�r� �e�x�a�m�p�l�e�.� �A�n�y� �e�l�e�m�e�n�t� �c�o�n�n�e�c�t�i�n�g� �t�o� �t�h�e� �j�o�i�n�t� �f�r�o�m� �o�u�t�s�i�d�e� �t�h�e� 

�s�w�e�p�t� �p�a�t�h� �w�o�u�l�d� �c�o�l�l�i�d�e� �w�i�t�h� �t�h�e� �s�w�e�e�p�i�n�g� �b�o�d�y� �a�t� �s�o�m�e� �p�o�s�i�t�i�o�n�.� 

�T�h�e� �o�r�t�h�o�g�o�n�a�l� �a�t�t�a�c�h�m�e�n�t� �c�o�n�s�t�r�a�i�n�t� �w�a�s� �p�a�r�t� �o�f� �t�h�e� �c�o�n�n�e�c�t�i�v�i�t�y� �s�o�l�u�t�i�o�n� 

�n�e�c�e�s�s�a�r�y� �t�o� �j�o�i�n� �t�w�o� �j�o�i�n�t�s�.� �P�e�n�n�i�n�g�t�o�n� �p�r�o�c�e�e�d�e�d� �f�r�o�m� �h�e�r�e� �t�o� �e�s�t�a�b�l�i�s�h� �a� �p�l�a�n�e� 

�o�r�t�h�o�g�o�n�a�l� �t�o� �a� �j�o�i�n�t ��s� �a�x�i�s� �a�t� �t�h�e� �m�i�d�p�o�i�n�t� �o�f� �t�h�e� �j�o�i�n�t�.� �A� �l�i�n�e� �o�f� �i�n�t�e�r�s�e�c�t�i�o�n� 

�b�e�t�w�e�e�n� �t�w�o� �j�o�i�n�t� �p�l�a�n�e�s� �w�a�s� �t�h�e�n� �d�e�t�e�r�m�i�n�e�d�.� �A�n� �a�l�g�e�b�r�a�i�c� �s�o�l�u�t�i�o�n� �p�r�o�d�u�c�e�d� 

�t�h�e� �s�h�o�r�t�e�s�t� �t�w�o� �a�t�t�a�c�h�m�e�n�t� �e�l�e�m�e�n�t�s� �w�h�i�c�h� �c�o�n�n�e�c�t�e�d� �t�h�e� �t�w�o� �j�o�i�n�t�s� �w�i�t�h� �t�h�e�s�e� 

�c�o�n�s�t�r�a�i�n�t�s�,� �b�u�t� �t�h�i�s� �m�e�t�h�o�d� �w�a�s� �n�o�t� �a�l�w�a�y�s� �s�a�t�i�s�f�a�c�t�o�r�y�.� �T�h�e� �l�i�n�e� �o�f� �i�n�t�e�r�s�e�c�t�i�o�n� 

�c�o�u�l�d� �b�e� �a� �g�r�e�a�t� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �j�o�i�n�t�s�;� �o�r�,� �i�n� �t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e� �j�o�i�n�t� �a�x�e�s� �w�e�r�e� 

�p�a�r�a�l�l�e�l�,� �i�t� �d�i�d� �n�o�t� �e�x�i�s�t� �a�t� �a�l�l�.� �I�n� �t�h�e�s�e� �c�a�s�e�s�,� �a� �t�h�i�r�d� �e�l�e�m�e�n�t� �w�a�s� �c�r�e�a�t�e�d�.� �F�i�g�u�r�e� 
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�1�9� �s�h�o�w�s� �t�h�e� �t�h�i�r�d� �e�l�e�m�e�n�t� �f�o�r� �a�t�t�a�c�h�i�n�g� �j�o�i�n�t�s� �w�i�t�h� �p�a�r�a�l�l�e�l� �a�x�e�s�.� �T�h�e� �t�w�o� 

� � 

�e�l�e�m�e�n�t� �1� 

�e�l�e�m�e�n�t� �3� 

�e�l�e�m�e�n�t� �2� � � � � 
� � � � � � 

�F�i�g�u�r�e� �1�9�,� �C�r�e�a�t�i�n�g� �a� �t�h�i�r�d� �c�o�n�n�e�c�t�i�n�g� �e�l�e�m�e�n�t� �f�o�r� �p�a�r�a�l�l�e�l� �j�o�i�n�t�s� 

�e�l�e�m�e�n�t� �m�e�t�h�o�d� �w�a�s� �t�o�o� �r�e�s�t�r�i�c�t�i�v�e� �f�o�r� �i�n�t�e�r�f�e�r�e�n�c�e� �e�l�i�m�i�n�a�t�i�o�n� �f�o�r� �t�h�e�s�e� �a�n�d� 

�o�t�h�e�r� �r�e�a�s�o�n�s�.� �A�n�o�t�h�e�r� �s�i�g�n�i�f�i�c�a�n�t� �c�a�s�e� �w�a�s� �t�h�a�t� �o�f� �j�o�i�n�t�s� �e�x�i�s�t�i�n�g� �o�n� �t�h�e� �l�i�n�e� �o�f� 

�i�n�t�e�r�s�e�c�t�i�o�n�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �t�w�o� �e�l�e�m�e�n�t�s� �w�e�r�e� �c�o�n�s�t�r�a�i�n�e�d� �t�o� �l�i�e� �a�l�o�n�g� �t�h�e� �l�i�n�e� 

�o�f� �i�n�t�e�r�s�e�c�t�i�o�n� �a�n�d� �r�e�p�o�s�i�t�i�o�n�i�n�g� �t�h�e� �e�l�e�m�e�n�t�s� �w�a�s� �i�m�p�o�s�s�i�b�l�e�.� 

�T�w�o� �c�o�n�n�e�c�t�i�n�g� �e�l�e�m�e�n�t�s� �w�e�r�e� �i�n�s�u�f�f�i�c�i�e�n�t�,� �b�u�t� �t�h�e�r�e� �w�a�s� �a� �q�u�e�s�t�i�o�n� �o�n� 

�w�h�e�t�h�e�r� �b�r�e�a�k�i�n�g� �t�h�e� �t�h�i�r�d� �e�l�e�m�e�n�t� �i�n�t�o� �m�o�r�e� �e�l�e�m�e�n�t�s� �w�a�s� �b�e�n�e�f�i�c�i�a�l�.� �A� �s�m�o�o�t�h� 

�c�u�r�v�e� �b�e�t�w�e�e�n� �e�l�e�m�e�n�t�s� �1� �a�n�d� �2� �w�o�u�l�d� �h�a�v�e� �r�e�p�r�e�s�e�n�t�e�d� �t�h�e� �m�o�s�t� �e�x�t�r�e�m�e� �c�a�s�e�.� 

�T�h�e� �m�e�t�h�o�d� �o�f� �a�v�o�i�d�a�n�c�e� �m�a�d�e� �t�h�i�s� �d�i�f�f�i�c�u�l�t� �t�o� �d�e�a�l� �w�i�t�h�.� �T�h�e� �m�e�t�h�o�d� �o�f� 

�a�v�o�i�d�a�n�c�e� �i�n�v�o�l�v�e�d� �m�o�v�i�n�g� �t�h�e� �c�o�n�n�e�c�t�i�n�g� �e�l�e�m�e�n�t�s� �w�h�e�n� �a�n� �i�n�t�r�u�d�e�r� �c�a�m�e� �i�n�t�o� 

�4�7



�c�o�n�t�a�c�t� �w�i�t�h� �a� �c�o�n�n�e�c�t�i�n�g� �e�l�e�m�e�n�t�.� �T�h�e�r�e� �w�e�r�e� �c�a�s�e�s� �w�h�e�r�e� �a� �s�m�o�o�t�h� �c�u�r�v�e� �w�o�u�l�d� 

�s�t�a�r�t� �w�r�a�p�p�i�n�g� �a�r�o�u�n�d� �t�h�e� �i�n�t�r�u�d�e�r�.� �G�i�v�e�n� �a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �p�o�s�i�t�i�o�n�s� �i�t� �m�a�y� �h�a�v�e� 

�b�e�e�n� �p�o�s�s�i�b�l�e� �t�o� �f�i�n�d� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �w�h�i�c�h� �d�i�d� �n�o�t� �i�n�t�e�r�f�e�r�e� �b�u�t� �w�a�s� �c�o�m�p�l�e�t�e�l�y� 

�i�m�p�r�a�c�t�i�c�a�l�.� �F�i�g�u�r�e� �2�0� �i�l�l�u�s�t�r�a�t�e�s� �t�h�i�s� �p�o�i�n�t�.� �P�o�s�i�t�i�o�n�s� �o�f� �a� �p�o�s�s�i�b�l�e� �i�n�t�r�u�d�e�r� �a�r�e� 

� � 

 � � � �� �r�e�s�h�a�p�e�d� �l�i�n�k� 
�(�4�)� �a�f�t�e�r� �s�t�e�p� �3� 

� � � 
�K�S� �o�r�i�g�i�n�a�l� �l�i�n�k� �s�h�a�p�e� 

�s�h�o�w�n� �d�a�s�h�e�d� 

�(�7�)� �i�n�t�r�u�d�e�r� 

�r�e�s�h�a�p�e�d� �l�i�n�k� 
�a�f�t�e�r� �s�t�e�p� �7� � � � � 

� � 

�F�i�g�u�r�e� �2�0�.� �I�n�t�r�u�d�e�r� �c�a�u�s�i�n�g� �a� �s�m�o�o�t�h� �c�u�r�v�e� �t�o� �w�r�a�p� 

�n�u�m�b�e�r�e�d� �1� �t�h�r�o�u�g�h� �7�.� �T�h�i�s� �w�a�s� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �a�n� �u�n�c�o�m�m�o�n� �o�c�c�u�r�r�e�n�c�e� 

�s�i�n�c�e� �a�n�y� �c�r�a�n�k� �e�l�e�m�e�n�t� �c�o�u�l�d� �h�a�v�e� �b�e�e�n� �e�x�p�e�c�t�e�d� �t�o� �s�e�e� �a� �i�n�t�r�u�d�e�r� �w�i�t�h� �s�u�c�h� 

�m�o�t�i�o�n� �r�e�l�a�t�i�v�e� �t�o� �i�t�s� �l�o�c�a�l� �f�r�a�m�e� �o�f� �r�e�f�e�r�e�n�c�e�.� �A� �s�m�o�o�t�h� �c�u�r�v�e� �w�a�s� �n�o�t� �a�c�c�e�p�t�a�b�l�e� 

�e�i�t�h�e�r�.� �T�h�r�e�e� �c�o�n�n�e�c�t�i�n�g� �e�l�e�m�e�n�t�s� �w�e�r�e� �s�u�f�f�i�c�i�e�n�t� �w�h�i�l�e� �f�o�u�r� �b�e�g�a�n� �t�o� �i�n�t�r�o�d�u�c�e� 

�p�r�o�b�l�e�m�s� �w�i�t�h� �t�h�e� �m�e�t�h�o�d� �s�e�l�e�c�t�e�d� �f�o�r� �a�v�o�i�d�a�n�c�e�.� 
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�T�h�e� �a�v�o�i�d�a�n�c�e� �m�e�t�h�o�d� �i�s� �o�u�t�l�i�n�e�d� �i�n� �t�h�e� �f�l�o�w� �c�h�a�r�t� �i�n� �F�i�g�u�r�e� �2�1�.� �T�h�e� 

�e�l�e�m�e�n�t� �n�u�m�b�e�r�i�n�g� �w�a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�9�.� �T�h�e� �o�r�d�e�r� �i�n� �w�h�i�c�h� �e�l�e�m�e�n�t�s� �1� �a�n�d� 
� � 

�S�T�A�R�T� 

�E�L�I�M�I�N�A�T�E� 
�J�O�I�N�T� 

�I�N�T�E�R�F�E�R�E�N�C�E�S� 

�!� 
�E�L�I�M�I�N�A�T�E� 
�E�L�E�M�E�N�T� �1� 

�I�N�T�E�R�F�E�R�E�N�C�E� 

�!� 
�E�L�I�M�I�N�A�T�E� 
�E�L�E�M�E�N�T� �2� 

�I�N�T�E�R�F�E�R�E�N�C�E� 

�E�L�I�M�I�N�A�T�E� 
�E�L�E�M�E�N�T� �3� 

�I�N�T�E�R�F�E�R�E�N�C�E� 

�S�T�O�P� 

� � 

� � 

� � 

� � � � � � 
� � 

� � � � � � 
� � 

� � � � � � � � 
� � 

�F�i�g�u�r�e� �2�1�.� �I�n�t�e�r�f�e�r�e�n�c�e� �a�v�o�i�d�a�n�c�e� �f�l�o�w� 

�w�e�r�e� �a�d�d�r�e�s�s�e�d� �w�a�s� �t�o�t�a�l�l�y� �a�r�b�i�t�r�a�r�y�,� �b�u�t� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �j�o�i�n�t�s� �a�n�d� �e�l�e�m�e�n�t� �3� �i�n� 

�t�h�i�s� �f�l�o�w� �w�a�s� �n�o�t�.� �T�h�i�s� �f�l�o�w� �a�v�o�i�d�e�d� �c�o�n�d�i�t�i�o�n�s� �w�h�e�r�e� �r�e�p�o�s�i�t�i�o�n�i�n�g� �w�o�u�l�d� �b�e� 

�4�9� 

� 



�i�m�p�o�s�s�i�b�l�e�.� �F�i�g�u�r�e� �2�2� �h�e�l�p�s� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�i�s�.� �E�l�e�m�e�n�t�s� �1� �a�n�d� �2� �a�r�e� �a�s�s�u�m�e�d� �t�o� 

� � 

� � � � � 
�e�l�e�m�e�n�t� �3� �7� �e�l�e�m�e�n�t� �2� � � � �e�l�e�m�e�n�t� �1� 

� � 

� � � � 
� � 

�F�i�g�u�r�e� �2�2�.� �P�o�s�s�i�b�l�e� �i�n�t�r�u�d�e�r� �c�a�s�e�s� 

�p�e�n�e�t�r�a�t�e� �t�o� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �j�o�i�n�t�s� �t�o� �w�h�i�c�h� �t�h�e�y� �a�r�e� �a�t�t�a�c�h�e�d�.� �E�l�e�m�e�n�t� �3� �i�s� 

�a�s�s�u�m�e�d� �t�o� �s�h�a�r�e� �s�p�h�e�r�i�c�a�l� �r�e�g�i�o�n�s� �a�t� �t�h�e� �e�n�d�s� �o�f� �e�l�e�m�e�n�t�s� �1� �a�n�d� �2�.� �T�h�r�e�e� 

�i�n�t�r�u�d�e�r�s� �a�r�e� �s�h�o�w�n�.� �T�h�e� �i�n�t�r�u�d�e�r� �n�u�m�b�e�r�e�d� �1� �i�s� �s�h�o�w�n� �i�n� �c�o�l�l�i�s�i�o�n� �w�i�t�h� �l�i�n�k� 

�e�l�e�m�e�n�t� �1�.� �T�h�e� �j�o�i�n�t� �t�o� �w�h�i�c�h� �e�l�e�m�e�n�t� �1� �i�s� �a�t�t�a�c�h�e�d� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a� �r�e�v�o�l�u�t�e� 

�j�o�i�n�t� �w�i�t�h� �i�t�s� �a�x�i�s� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �p�a�g�e�.� �T�o� �a�v�o�i�d� �i�n�t�r�u�d�e�r� �1�,� �e�l�e�m�e�n�t� �1� �i�s� 

�r�o�t�a�t�e�d� �a�b�o�u�t� �t�h�e� �j�o�i�n�t� �a�x�i�s� �i�n� �e�i�t�h�e�r� �a� �c�l�o�c�k�w�i�s�e� �o�r� �c�o�u�n�t�e�r�c�l�o�c�k�w�i�s�e� �d�i�r�e�c�t�i�o�n�.� 

�I�n�t�r�u�d�e�r� �2� �a�l�s�o� �i�n�t�e�r�f�e�r�e�s� �w�i�t�h� �e�l�e�m�e�n�t� �1�,� �b�u�t� �i�t� �i�s� �i�m�p�o�s�s�i�b�l�e� �t�o� �r�o�t�a�t�e� �t�o� �a� 

�p�o�s�i�t�i�o�n� �w�h�e�r�e� �e�l�e�m�e�n�t� �1� �d�o�e�s� �n�o�t� �i�n�t�e�r�f�e�r�e�.� �B�y� �r�e�q�u�i�r�i�n�g� �t�h�e� �j�o�i�n�t� �t�o� �b�e� 
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�r�e�p�o�s�i�t�i�o�n�e�d� �f�i�r�s�t�,� �i�n�t�r�u�d�e�r� �2� �c�a�n� �n�e�v�e�r� �i�n�t�e�r�f�e�r�e� �a�s� �s�h�o�w�n�.� �S�i�m�i�l�a�r�l�y�,� �r�e�p�o�s�i�t�i�o�n�i�n�g� 

�e�l�e�m�e�n�t�s� �1� �a�n�d� �2� �p�r�e�c�l�u�d�e�s� �i�n�t�r�u�d�e�r� �3� �f�r�o�m� �i�n�t�e�r�f�e�r�i�n�g� �w�i�t�h� �e�l�e�m�e�n�t� �3� �a�s� �s�h�o�w�n�.� 

�E�l�e�m�e�n�t� �3� �a�v�o�i�d�s� �c�o�l�l�i�s�i�o�n�s� �b�y� �c�a�u�s�i�n�g� �e�l�e�m�e�n�t� �1� �o�r� �2� �t�o� �l�e�n�g�t�h�e�n�.� �I�f� �t�h�e� 

�c�o�n�d�i�t�i�o�n� �t�o� �l�e�n�g�t�h�e�n� �e�l�e�m�e�n�t� �2� �w�a�s� �i�n�v�o�k�e�d�,� �t�h�e� �c�o�l�l�i�s�i�o�n� �c�o�u�l�d� �b�e� �a�v�o�i�d�e�d�;� �b�u�t�,� 

�i�f� �t�h�e� �c�o�n�d�i�t�i�o�n� �t�o� �l�e�n�g�t�h�e�n� �e�l�e�m�e�n�t� �1� �w�a�s� �i�n�v�o�k�e�d�,� �t�h�e�r�e� �w�o�u�l�d� �b�e� �n�o� �s�o�l�u�t�i�o�n�.� 

�C�a�u�s�i�n�g� �e�l�e�m�e�n�t�s� �1� �a�n�d� �2� �t�o� �a�v�o�i�d� �c�o�l�l�i�s�i�o�n�s� �b�e�f�o�r�e� �c�h�e�c�k�i�n�g� �e�l�e�m�e�n�t� �3� �i�n�c�r�e�a�s�e�s� 

�t�h�e� �l�i�k�e�l�i�h�o�o�d� �t�h�a�t� �e�l�e�m�e�n�t� �3� �c�a�n� �b�e� �r�e�p�o�s�i�t�i�o�n�e�d� �s�u�c�c�e�s�s�f�u�l�l�y�.� �T�h�i�s� �s�t�i�l�l� �d�o�e�s� �n�o�t� 

�g�u�a�r�a�n�t�e�e� �t�h�a�t� �e�l�e�m�e�n�t� �3� �c�a�n� �b�e� �r�e�p�o�s�i�t�i�o�n�e�d� �s�u�c�c�e�s�s�f�u�l�l�y�.� �F�i�g�u�r�e� �2�3� �h�e�l�p�s� �t�o� 

�c�l�a�r�i�f�y� �t�h�i�s� �p�o�i�n�t�.� �T�h�e� �i�n�t�r�u�d�e�r� �i�n� �t�h�i�s� �c�a�s�e� �c�a�u�s�e�s� �e�l�e�m�e�n�t� �3� �t�o� �s�w�i�n�g� �t�o� �a�n� �a�n�g�l�e� 
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�F�i�g�u�r�e� �2�3�.� �R�e�p�o�s�i�t�i�o�n�i�n�g� �c�a�s�e� �w�h�i�c�h� �f�a�i�l�s� �f�o�r� �e�l�e�m�e�n�t� �3� 

�w�h�i�c�h� �d�o�e�s� �n�o�t� �a�l�l�o�w� �t�h�e� �l�e�n�g�t�h� �o�f� �e�l�e�m�e�n�t� �1� �t�o� �g�r�o�w� �i�n� �a� �p�o�s�i�t�i�v�e� �s�e�n�s�e�.� �A�d�d�i�n�g� 
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�a� �f�o�u�r�t�h� �e�l�e�m�e�n�t� �o�n�l�y� �m�a�g�n�i�f�i�e�s� �t�h�i�s� �p�r�o�b�l�e�m� �a�n�d� �a�l�s�o� �m�a�k�e�s� �i�t� �d�i�f�f�i�c�u�l�t� �t�o� �k�e�e�p� 

�t�h�e� �i�n�t�r�u�d�e�r� �c�o�n�d�i�t�i�o�n� �3� �i�n� �F�i�g�u�r�e� �2�2� �f�r�o�m� �h�a�p�p�e�n�i�n�g�.� 

�J�o�i�n�t� �R�e�p�o�s�i�t�i�o�n�i�n�g� �F�r�e�e�d�o�m�s� 

�I�n�t�e�r�f�e�r�i�n�g� �j�o�i�n�t�s� �w�e�r�e� �r�e�p�o�s�i�t�i�o�n�e�d� �b�e�f�o�r�e� �i�n�t�e�r�f�e�r�i�n�g� �l�i�n�k�s� �w�e�r�e� 

�r�e�p�o�s�i�t�i�o�n�e�d�.� �T�h�i�s� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �a�v�o�i�d� �c�o�l�l�i�s�i�o�n�s� �a�t� �i�n�s�t�a�n�t�a�n�e�o�u�s� �r�o�t�a�t�i�o�n� 

�c�e�n�t�e�r�s� �f�o�r� �t�h�e� �l�i�n�k� �e�l�e�m�e�n�t�s�.� �T�h�i�s� �p�r�o�m�p�t�e�d� �a� �s�t�u�d�y� �o�f� �h�o�w� �j�o�i�n�t�s� �c�o�u�l�d� �b�e� 

�r�e�p�o�s�i�t�i�o�n�e�d�.� �I�t� �w�a�s� �c�u�r�i�o�u�s� �t�o� �n�o�t�e� �t�h�a�t�,� �w�h�i�l�e� �t�h�i�s� �p�r�o�b�l�e�m� �i�s� �a�l�w�a�y�s� �a�d�d�r�e�s�s�e�d� 

�w�h�e�n� �m�e�c�h�a�n�i�s�m�s� �a�r�e� �m�a�n�u�f�a�c�t�u�r�e�d�,� �i�t� �i�s� �n�e�v�e�r� �d�i�s�c�u�s�s�e�d� �i�n� �a�n�y� �d�e�s�i�g�n� �t�e�x�t�.� �T�h�e� 

�s�t�u�d�y� �b�e�g�a�n� �b�y� �s�t�a�t�i�n�g� �t�h�e� �f�u�n�c�t�i�o�n� �o�f� �a� �j�o�i�n�t�.� �T�h�e� �f�u�n�c�t�i�o�n� �o�f� �a� �j�o�i�n�t� �a�c�c�o�r�d�i�n�g� �t�o� 

�S�h�i�g�l�e�y� �a�n�d� �V�i�c�k�e�r� �i�s� �t�o� �c�o�n�s�t�r�a�i�n� �t�h�e� �r�e�l�a�t�i�v�e� �m�o�t�i�o�n� �o�f� �t�w�o� �l�i�n�k�s� �i�n� �a� �m�e�c�h�a�n�i�s�m� 

�[�1�0�3�]�.� �T�h�u�s� �a�n�y� �c�h�a�n�g�e� �i�n� �t�h�e� �p�o�s�i�t�i�o�n� �o�f� �a� �J�o�i�n�t� �w�h�i�c�h� �d�i�d� �n�o�t� �a�l�t�e�r� �t�h�a�t� �r�e�l�a�t�i�v�e� 

�m�o�t�i�o�n� �w�a�s� �a�l�l�o�w�e�d�.� �A�n� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�i�s� �c�o�n�c�e�p�t� �t�o� �a� �r�e�v�o�l�u�t�e� �j�o�i�n�t� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �2�4�.� �C�y�l�i�n�d�r�i�c� �j�o�i�n�t�s� �h�a�v�e� �t�h�e� �s�a�m�e� �f�r�e�e�d�o�m� �i�n� �r�e�p�o�s�i�t�i�o�n�i�n�g� �a�s� �t�h�e� �r�e�v�o�l�u�t�e�.� 

�O�n�e� �j�o�i�n�t� �w�h�i�c�h� �c�a�n�n�o�t� �b�e� �r�e�p�o�s�i�t�i�o�n�e�d� �i�s� �t�h�e� �s�p�h�e�r�i�c� �j�o�i�n�t�.� �R�e�p�o�s�i�t�i�o�n�i�n�g� �a� 

�s�p�h�e�r�i�c� �w�o�u�l�d� �c�h�a�n�g�e� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �i�m�p�o�s�e�d� �b�y� �t�h�a�t� �j�o�i�n�t�.� 

�A� �p�r�i�s�m�a�t�i�c� �j�o�i�n�t� �h�a�s� �n�o� �l�i�m�i�t�s� �o�n� �w�h�e�r�e� �i�t� �c�a�n� �b�e� �r�e�p�o�s�i�t�i�o�n�e�d�,� �b�u�t� �i�t� 

�c�a�n�n�o�t� �b�e� �r�o�t�a�t�e�d� �r�e�l�a�t�i�v�e� �t�o� �i�t�s� �l�o�c�a�l� �r�e�f�e�r�e�n�c�e� �f�r�a�m�e�.� �T�h�i�s� �w�o�u�l�d� �a�l�t�e�r� �i�t�s� 

�k�i�n�e�m�a�t�i�c� �c�o�n�s�t�r�a�i�n�t�.� �A�s� �l�o�n�g� �a�s� �t�h�e� �a�x�i�s� �o�f� �t�r�a�n�s�l�a�t�i�o�n� �r�e�m�a�i�n�s� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� 

�o�r�i�g�i�n�a�l� �a�x�i�s� �o�f� �t�r�a�n�s�l�a�t�i�o�n�,� �t�h�e� �k�i�n�e�m�a�t�i�c� �c�o�n�s�t�r�a�i�n�t� �f�o�r� �t�h�a�t� �j�o�i�n�t� �r�e�m�a�i�n�s� �t�h�e� 

�s�a�m�e�.� �T�h�i�s� �d�o�e�s� �n�o�t� �i�m�p�l�y� �t�h�a�t� �i�t� �i�s� �a�d�v�a�n�t�a�g�e�o�u�s� �t�o� �u�s�e� �e�v�e�r�y� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m� 

�i�n� �r�e�p�o�s�i�t�i�o�n�i�n�g� �a� �j�o�i�n�t�.� 

�A� �s�u�c�c�e�s�s�f�u�l� �a�v�o�i�d�a�n�c�e� �s�t�r�a�t�e�g�y� �g�u�a�r�a�n�t�e�e�s� �t�h�a�t�,� �o�n�c�e� �a�n� �o�b�j�e�c�t� �i�s� �m�o�v�e�d� 

�f�r�o�m� �a� �p�o�s�i�t�i�o�n� �w�h�e�r�e� �i�n�t�e�r�f�e�r�e�n�c�e� �i�s� �p�o�s�s�i�b�l�e�,� �i�t� �i�s� �n�e�v�e�r� �m�o�v�e�d� �b�a�c�k� �t�o� �t�h�a�t� 

�p�o�s�i�t�i�o�n�.� �I�f� �t�h�e� �o�b�j�e�c�t� �i�s� �m�a�d�e� �t�o� �m�o�v�e� �i�n� �o�n�e� �d�i�r�e�c�t�i�o�n� �a�l�o�n�g� �a� �s�t�r�a�i�g�h�t� �l�i�n�e� �i�t� �w�i�l�l� 
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�a� �s�h�i�f�t� �o�f� �a� �r�e�v�o�l�u�t�e� �a�l�o�n�g� �i�t�s� �7� 
�a�x�i�s� �o�f� �r�o�t�a�t�i�o�n� �d�o�e�s� �n�o�t� 
�a�l�t�e�r� �t�h�e� �k�i�n�e�m�a�t�i�c� 
�c�o�n�s�t�r�a�i�n�t�s� �o�f� �t�h�e� �j�o�i�n�t� 

� � � � � � � � 
�F�i�g�u�r�e� �2�4�,� �R�e�p�o�s�i�t�i�o�n�i�n�g� �a� �r�e�v�o�l�u�t�e� �w�h�i�l�e� �m�a�i�n�t�a�i�n�i�n�g� �i�t�s� �k�i�n�e�m�a�t�i�c� �c�o�n�s�t�r�a�i�n�t�s� 

�a�l�w�a�y�s� �b�e� �a�b�l�e� �t�o� �a�v�o�i�d� �i�n�t�e�r�f�e�r�e�n�c�e�s� �a�t� �a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �l�o�c�a�t�i�o�n�s�.� �T�h�e� �o�b�j�e�c�t� 

�n�e�v�e�r� �r�e�t�r�a�c�e�s� �a� �b�a�d� �p�a�t�h�.� �I�n� �t�w�o� �d�i�m�e�n�s�i�o�n�s�,� �t�h�e� �p�r�o�b�l�e�m� �b�e�c�o�m�e�s� �m�o�r�e� 

�d�i�f�f�i�c�u�l�t�.� �T�h�e� �o�b�j�e�c�t� �c�a�n� �m�o�v�e� �i�n� �a� �c�i�r�c�l�e�.� �F�o�r� �m�o�v�e�m�e�n�t� �l�e�s�s� �t�h�a�n� �3�6�0�°�,� �t�h�e�r�e� �i�s� 

�n�o� �p�r�o�b�l�e�m�;� �b�u�t�,� �f�o�r� �a�n�y� �m�o�v�e�m�e�n�t� �g�r�e�a�t�e�r� �t�h�a�n� �3�6�0�°�,� �t�h�e� �o�b�j�e�c�t� �i�s� �r�e�t�r�a�c�i�n�g� �a� 

�b�a�d� �p�a�t�h�.� �A�n� �a�v�o�i�d�a�n�c�e� �s�c�h�e�m�e� �b�a�s�e�d� �o�n� �p�o�t�e�n�t�i�a�l� �d�e�p�t�h� �o�f� �p�e�n�e�t�r�a�t�i�o�n� �o�f� �a�n� 

�i�n�t�r�u�d�e�r� �i�n�t�o� �t�h�e� �o�b�j�e�c�t� �c�o�u�l�d� �a�l�l�o�w� �t�h�i�s� �t�o� �h�a�p�p�e�n�.� 

�T�h�e� �r�e�q�u�i�r�e�m�e�n�t� �o�f� �n�e�v�e�r� �r�e�t�r�a�c�i�n�g� �a� �b�a�d� �p�a�t�h� �l�e�a�d� �t�o� �a� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� 

�d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�l�l�o�w�e�d� �i�n� �r�e�p�o�s�i�t�i�o�n�i�n�g� �a� �p�r�i�s�m�a�t�i�c� �j�o�i�n�t�.� �P�r�i�s�m�a�t�i�c� �j�o�i�n�t�s� 

�w�e�r�e� �c�o�n�s�t�r�a�i�n�e�d� �t�o� �b�e� �r�e�p�o�s�i�t�i�o�n�e�d� �a�l�o�n�g� �t�h�e�i�r� �t�r�a�n�s�l�a�t�i�o�n� �a�x�i�s� �o�n�l�y�.� �T�h�i�s� 

�r�e�d�u�c�t�i�o�n� �i�n� �f�r�e�e�d�o�m� �r�e�d�u�c�e�d� �r�e�p�o�s�i�t�i�o�n�i�n�g� �o�f� �a�l�l� �m�o�v�a�b�l�e� �j�o�i�n�t�s� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�i�s� 
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�w�o�r�k� �t�o� �t�h�e� �s�a�m�e� �p�r�o�b�l�e�m�.� �O�n�e� �m�o�r�e� �c�o�n�s�t�r�a�i�n�t� �o�n� �r�e�p�o�s�i�t�i�o�n�i�n�g� �w�a�s� �n�e�c�e�s�s�a�r�y� 

�t�o� �g�u�a�r�a�n�t�e�e� �a� �s�o�l�u�t�i�o�n�.� 

�T�h�e�r�e� �w�e�r�e� �t�w�o� �o�p�t�i�o�n�s� �f�o�r� �m�o�v�e�m�e�n�t� �a�l�o�n�g� �a�n� �a�x�i�s�:� �m�o�v�e�m�e�n�t� �i�n� �a� 

�p�o�s�i�t�i�v�e� �d�i�r�e�c�t�i�o�n�,� �o�r� �m�o�v�e�m�e�n�t� �i�n� �a� �n�e�g�a�t�i�v�e� �d�i�r�e�c�t�i�o�n�.� �O�n�e� �p�o�s�s�i�b�l�e� �m�e�t�h�o�d� �f�o�r� 

�a�v�o�i�d�i�n�g� �a� �c�o�l�l�i�s�i�o�n� �i�s� �t�o� �c�o�n�s�i�d�e�r� �t�h�e� �m�i�n�i�m�u�m� �m�o�v�e�m�e�n�t� �d�i�s�t�a�n�c�e� �n�e�e�d�e�d� �t�o� 

�a�v�o�i�d� �t�h�e� �c�o�l�l�i�s�i�o�n�.� �T�h�i�s� �s�t�r�a�t�e�g�y� �w�a�s� �e�m�p�l�o�y�e�d� �b�y� �D�a�i� �[�9�5�]� �a�n�d� �B�u�c�h�a�l� �a�n�d� 

�C�h�e�r�c�a�s� �[�9�4�]� �a�s� �w�e�l�l� �a�s� �o�t�h�e�r�s� �i�n� �d�e�a�l�i�n�g� �w�i�t�h� �t�h�e�i�r� �f�a�c�e�t�e�d� �m�o�d�e�l�s� �o�f� �r�o�b�o�t�s�.� �T�h�i�s� 

�m�e�t�h�o�d� �w�a�s� �a�b�a�n�d�o�n�e�d�,� �b�e�c�a�u�s�e� �i�t� �w�a�s� �p�o�s�s�i�b�l�e� �t�o� �e�n�c�o�u�n�t�e�r� �c�o�l�l�i�s�i�o�n�s� �f�r�o�m� 

�e�i�t�h�e�r� �d�i�r�e�c�t�i�o�n� �a�t� �s�u�c�c�e�s�s�i�v�e� �p�o�s�i�t�i�o�n�s� �o�f� �t�h�e� �m�e�c�h�a�n�i�s�m�.� �T�h�e� �a�p�p�r�o�a�c�h� �a�d�o�p�t�e�d� 

�w�a�s� �t�o� �e�s�t�a�b�l�i�s�h� �o�n�e� �d�i�r�e�c�t�i�o�n� �f�o�r� �a�v�o�i�d�a�n�c�e�.� �A�n�y� �c�o�l�l�i�s�i�o�n� �c�o�u�l�d� �b�e� �a�v�o�i�d�e�d� �b�y� 

�r�e�q�u�i�r�i�n�g� �t�h�e� �j�o�i�n�t� �t�o� �m�o�v�e� �i�n� �o�n�e� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �r�e�a�s�o�n�i�n�g� �b�e�h�i�n�d� �t�h�i�s� �i�s� �t�h�a�t� �a� 

�f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �o�b�j�e�c�t�s� �o�f� �f�i�n�i�t�e� �v�o�l�u�m�e� �o�c�c�u�p�y� �a� �f�i�n�i�t�e� �v�o�l�u�m�e�,� �a�n�d� �m�o�v�i�n�g� �t�h�e� 

�o�b�j�e�c�t�s� �t�o� �a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �p�o�s�i�t�i�o�n�s� �t�o� �i�n�c�r�e�a�s�e� �t�h�i�s� �o�r�i�g�i�n�a�l� �v�o�l�u�m�e� �c�r�e�a�t�e�s� 

�a�n�o�t�h�e�r� �f�i�n�i�t�e� �v�o�l�u�m�e�.� �I�t� �i�s� �t�h�e�n� �a� �s�i�m�p�l�e� �m�a�t�t�e�r� �t�o� �m�o�v�e� �a�n� �o�b�j�e�c�t� �o�f� �i�n�t�e�r�e�s�t� 

�a�l�o�n�g� �a� �s�t�r�a�i�g�h�t� �l�i�n�e� �a� �f�i�n�i�t�e� �d�i�s�t�a�n�c�e� �u�n�t�i�l� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �i�s� �s�a�t�i�s�f�i�e�d�:� 

�(�1�3�)� �W�t�i�N� �W�o� �=� �0� 

�w�h�e�r�e�:� 
�v�1� �=� �t�h�e� �s�e�t� �o�f� �o�b�j�e�c�t� �v�o�l�u�m�e�s� �p�o�s�i�t�i�o�n�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �o�b�j�e�c�t� �o� 

�V�o� �=� �t�h�e� �v�o�l�u�m�e� �o�f� �o�b�j�e�c�t� �o� 

�T�h�e� �o�n�l�y� �c�r�i�t�e�r�i�a� �f�o�r� �f�a�i�l�u�r�e� �i�m�p�o�s�e�d� �o�n� �t�h�i�s� �s�c�h�e�m�e� �w�a�s� �i�f� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �b�e�t�w�e�e�n� 

�t�w�o� �j�o�i�n�t�s� �o�n� �a� �l�i�n�k� �e�x�c�e�e�d�e�d� �a� �d�i�s�t�a�n�c�e� �o�f� �3�0� �t�i�m�e�s� �t�h�e� �s�h�o�r�t�e�s�t� �l�i�n�k� �l�e�n�g�t�h�.� �I�f�a� 

�f�a�i�l�u�r�e� �w�a�s� �e�n�c�o�u�n�t�e�r�e�d�,� �t�h�e� �r�e�v�e�r�s�e� �d�i�r�e�c�t�i�o�n� �w�a�s� �c�o�n�s�i�d�e�r�e�d�,� �b�u�t� �i�t� �m�o�t�i�o�n� �i�n� �t�h�e� 
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�r�e�v�e�r�s�e� �d�i�r�e�c�t�i�o�n� �w�a�s� �n�o�t� �a�l�l�o�w�e�d� �u�n�t�i�l� �i�t� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �t�h�a�t� �a� �g�i�v�e�n� 

�r�e�p�o�s�i�t�i�o�n�i�n�g� �o�p�t�i�o�n� �w�a�s� �e�x�h�a�u�s�t�e�d�.� 

�T�h�e�s�e� �i�n�i�t�i�a�l� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �d�e�t�e�r�m�i�n�e�d� �m�u�c�h� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �f�o�r� �d�e�a�l�i�n�g� 

�w�i�t�h� �i�n�t�e�r�f�e�r�e�n�c�e�s�.� �T�h�e� �t�h�r�e�e� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �w�a�s� �a�d�o�p�t�e�d� �f�o�r� �m�o�d�e�l�i�n�g� 

�c�o�n�n�e�c�t�i�n�g� �l�i�n�k�s�.� �T�h�e� �f�l�o�w� �f�o�r� �i�n�t�e�r�f�e�r�e�n�c�e� �a�v�o�i�d�a�n�c�e� �a�l�w�a�y�s� �b�e�g�i�n�s� �w�i�t�h� �j�o�i�n�t�s�.� 

�J�o�i�n�t�s� �a�r�e� �c�h�e�c�k�e�d� �a�g�a�i�n�s�t� �j�o�i�n�t�s�,� �t�h�e�n� �l�i�n�k�s� �a�r�e� �c�h�e�c�k�e�d� �a�g�a�i�n�s�t� �j�o�i�n�t�s�,� �a�n�d� �f�i�n�a�l�l�y� 

�l�i�n�k�s� �a�r�e� �c�h�e�c�k�e�d� �a�g�a�i�n�s�t� �l�i�n�k�s�.� �T�h�e� �a�p�p�r�o�a�c�h� �o�f� �n�o�t� �a�l�l�o�w�i�n�g� �r�e�t�r�o�g�r�a�d�e� �m�o�t�i�o�n� 

�i�n� �a�v�o�i�d�i�n�g� �c�o�l�l�i�s�i�o�n�s� �w�a�s� �u�s�e�d� �n�o�t� �o�n�l�y� �o�n� �j�o�i�n�t�s� �b�u�t� �a�l�s�o� �a�s� �t�h�e� �s�t�r�a�t�e�g�y� �i�n� 

�a�v�o�i�d�i�n�g� �c�o�l�l�i�s�i�o�n�s� �i�n� �l�i�n�k� �e�l�e�m�e�n�t�s�.� 
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�C�h�a�p�t�e�r� �6� 

�I�n�p�u�t� �F�i�l�e� �F�o�r�m�a�t�s� 

�T�h�e� �i�n�p�u�t� �f�i�l�e� �f�o�r�m�a�t�s� �f�o�r� �S�L�I�D�E� �a�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �u�s�e�d� �f�o�r� �A�N�I�M�E�C� �[�1�]� 

�a�n�d� �G�E�N�M�O�D� �[�1�2�]�.� �I�n� �f�a�c�t�,� �t�h�e�y� �r�e�p�r�e�s�e�n�t� �a�n� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�o�r�m�a�t�s�.� �T�w�o� �f�i�l�e�s� 

�a�r�e� �r�e�q�u�i�r�e�d� �a�s� �i�n�p�u�t� �t�o� �S�L�I�D�E�:� �a�n� �a�t�t�r�i�b�u�t�e� �f�i�l�e�,� �a�n�d� �a� �p�o�s�i�t�i�o�n� �f�i�l�e�.� �F�i�g�u�r�e� �2�5� 

�i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �s�t�r�u�c�t�u�r�e� �f�o�r� �t�h�e�s�e� �f�i�l�e�s�.� �T�h�e� �F�O�R�T�R�A�N� �f�o�r�m�a�t�s� �f�o�r� �w�r�i�t�i�n�g� �e�a�c�h� 

�l�i�n�e� �a�r�e� �g�i�v�e�n� �i�n� �t�h�e� �s�q�u�a�r�e� �b�r�a�c�e�s� �n�e�x�t� �t�o� �t�h�e� �f�i�e�l�d�s�.� �T�h�e� �v�a�r�i�a�b�l�e�s� �i�n� �t�h�e�s�e� �f�i�l�e�s� 

�a�r�e� �d�e�s�c�r�i�b�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�I�D�-�F�I�L�E�N�A�M�E� �~� �a�n� �8� �c�h�a�r�a�c�t�e�r� �i�d�e�n�t�i�f�i�e�r� 

�T�Y�P�E� �-� �a�n� �8� �c�h�a�r�a�c�t�e�r� �f�i�e�l�d� �(�u�s�e�d� �b�y� �G�E�N�M�O�D�)� 

�M�E�C�H�A�N�I�S�M� �N�A�M�E� �-� �a�n� �8�0� �c�h�a�r�a�c�t�e�r� �n�a�m�e� �f�o�r� �a� �m�e�c�h�a�n�i�s�m� 

�R�,�G�,�B� �-� �r�e�d�,� �g�r�e�e�n�,� �b�l�u�e� �c�o�l�o�r� �v�a�l�u�e�s� 

�R�O� �-� �t�h�e� �o�u�t�s�i�d�e� �r�a�d�i�u�s� �f�o�r� �a� �n�o�n�-�s�p�h�e�r�i�c� �j�o�i�n�t� 

�R�I� �-� �t�h�e� �i�n�s�i�d�e� �r�a�d�i�u�s� �f�o�r� �a� �n�o�n�-�s�p�h�e�r�i�c� �j�o�i�n�t� 

�R�L� �-� �t�h�e� �h�a�l�f� �l�e�n�g�t�h� �f�o�r� �a� �n�o�n�-�s�p�h�e�r�i�c� �j�o�i�n�t� 

�R�S�  �� �t�h�e� �o�u�t�s�i�d�e� �r�a�d�i�u�s� �f�o�r� �a� �s�p�h�e�r�i�c� �j�o�i�n�t� 

�I�C�O�D�E� �-� �u�s�e�d� �t�o� �s�p�e�c�i�f�y� �a� �m�e�c�h�a�n�i�s�m� �o�r� �a� �l�i�n�k� �(�1� �o�r� �2�)� �i�n� �G�E�N�M�O�D� 
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� � 

�A�T�T�R�I�B�U�T�E� �F�I�L�E� 
� � 

� � 

�1�)� �I�D�-�F�I�L�E�N�A�M�E�,� �T�Y�P�E� �[�A�8�,�A�é�]� 

�2�)� �M�E�C�H�A�N�I�S�M� �N�A�M�E� �[�A�8�0�]� 

�3�)� �R�G�B� �[�3�F�1�2�.�4�]� 

�4�)� �R�O�,�R�I�,�R�L�,�R�S�,�I�C�O�D�E� �[�4�F�1�2�.�4�,�1�5�]� 

�5�)� � �F�I�X�E�D�-�M�O�V�I�N�G�,�J�1�,�J�2�,�C�1�,�C�2� �[�A�8�,�A�2�,�A�2�,�1�3�,�1�3�]� 

�6�)� �D�X�,�D�Y�,�D�Z�,�D�e�z�,�D�e�y�,�D�e�x� �[�6�F�1�2�.�4�]� 

�R�E�P�E�A�T� �L�I�N�E�S� �5� �A�N�D� �6� �N� �T�I�M�E�S� �F�O�R� �N� �L�I�N�K�S� � � 
� � 

�P�O�S�I�T�I�O�N� �F�I�L�E� 
� � 

� � 

�l�)� �I�D�-�F�I�L�E�N�A�M�E� �[�A�8�]� 

�2�)� �M�E�C�H�A�N�I�S�M� �N�A�M�E� �[�A�8�0�]� 

�3�)� �X�,�Y�,�Z�,�0�z�,�0�y�,�0�x� �[�6�F�1�2�.�4�]� 

�N�+�2�)� �X�,�Y�,�Z�,�0�z�,�6�y�,�6�x� �(�T�H�E� �N�'�®� �L�I�N�K�)� 

�e� 

�R�E�P�E�A�T� �L�I�N�E�S� �3� �T�H�R�O�U�G�H� �N�+�2� �J� �T�I�M�E�S� �F�O�R� �J� 
�P�O�S�I�T�I�O�N�S� �O�F� �N� �L�I�N�K�S� � � � � � � 
� � 

�F�i�g�u�r�e� �2�5�.� �S�L�I�D�E� �i�n�p�u�t� �f�i�l�e� �s�t�r�u�c�t�u�r�e�s� 
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�F�I�X�E�D�-�M�O�V�I�N�G� �-� �u�s�e�d� �t�o� �s�p�e�c�i�f�y� �a� �m�o�v�i�n�g� �o�r� �f�i�x�e�d� �l�i�n�k� 

�J�1�,�J�2� �-� �d�e�s�c�r�i�b�e�s� �j�o�i�n�t� �t�y�p�e� �(�C� �f�o�r� �c�y�l�i�n�d�r�i�c�,� �P� �f�o�r� �p�r�i�s�m�a�t�i�c�,� �R� �f�o�r� �r�e�v�o�l�u�t�e�,� �a�n�d� 

�S� �f�o�r� �s�p�h�e�r�i�c�)� �a�n�d� �c�o�n�f�i�g�u�r�a�t�i�o�n� �(�I� �f�o�r� �i�n�t�e�r�n�a�l�,� �a�n�d� �E� �f�o�r� �e�x�t�e�r�n�a�l�)� �a� 

�t�y�p�i�c�a�l� �e�n�t�r�y� �w�o�u�l�d� �b�e� �R�E� �f�o�r� �r�e�v�o�l�u�t�e�-�e�x�t�e�r�n�a�l� 

�C�1�,�C�2�  �� �g�i�v�e�s� �j�o�i�n�t� �c�o�n�n�e�c�t�i�v�i�t�y�,� �a�s� �a�n� �i�n�t�e�g�e�r�,� �f�o�r� �e�n�d� �1� �a�n�d� �e�n�d� �2� �o�f� �a� �l�i�n�k� 

�D�X�,�D�Y�,�D�Z� �-� �r�e�l�a�t�i�v�e� �d�i�s�p�l�a�c�e�m�e�n�t� �c�o�o�r�d�i�n�a�t�e�s� �f�o�r� �t�h�e� �s�e�c�o�n�d� �j�o�i�n�t� �i�n� �t�h�e� �l�i�n�k ��s� 

�l�o�c�a�l� �r�e�f�e�r�e�n�c�e� �f�r�a�m�e� 

�D�6�@�z�,�D�6�y�,�D�6�x�  �� �s�u�c�c�e�s�s�i�v�e� �r�o�t�a�t�i�o�n�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �s�e�c�o�n�d� �j�o�i�n�t� �i�n� �t�h�e� �l�i�n�k ��s� �l�o�c�a�l� 

�r�e�f�e�r�e�n�c�e� �f�r�a�m�e� 

�X�,�Y�,�Z�  �� �c�o�o�r�d�i�n�a�t�e�s� �u�s�e�d� �t�o� �p�o�s�i�t�i�o�n� �a� �l�i�n�k� �i�n� �a� �m�e�c�h�a�n�i�s�m� 

�@�z�,�8�y�,�8�x�  �� �s�u�c�c�e�s�s�i�v�e� �r�o�t�a�t�i�o�n�s� �u�s�e�d� �t�o� �o�r�i�e�n�t� �a� �l�i�n�k� �i�n� �a� �m�e�c�h�a�n�i�s�m�.� 

�T�h�e� �f�i�r�s�t� �j�o�i�n�t� �i�n� �a� �l�i�n�k� �i�s� �a�l�w�a�y�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a�t� �t�h�e� �l�i�n�k ��s� �o�r�i�g�i�n� �w�i�t�h� �i�t�s� 

�a�x�i�s� �o�f� �r�o�t�a�t�i�o�n� �c�o�l�l�i�n�e�a�r� �w�i�t�h� �t�h�e� �l�i�n�k ��s� �l�o�c�a�l� �Z� �a�x�i�s�.� �T�h�e� �s�e�c�o�n�d� �j�o�i�n�t� �i�s� �t�h�e�n� 

�r�o�t�a�t�e�d� �a�n�d� �p�o�s�i�t�i�o�n�e�d� �i�n� �t�h�i�s� �l�o�c�a�l� �f�r�a�m�e� �o�f� �r�e�f�e�r�e�n�c�e� �a�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �2�6�.� 

�T�h�e�s�e� �p�o�s�i�t�i�o�n�s� �m�a�y� �b�e� �m�o�d�i�f�i�e�d� �l�a�t�e�r� �b�y� �S�L�I�D�E�,� �b�u�t� �t�h�i�s� �i�s� �c�o�n�v�e�n�t�i�o�n� �f�o�r� �i�n�p�u�t�.� 

�F�o�r� �t�h�e� �u�s�e�r� �w�h�o� �w�i�s�h�e�s� �t�o� �m�o�d�e�l� �a� �s�y�n�t�h�e�s�i�z�e�d� �m�e�c�h�a�n�i�s�m� �(�o�r� �j�u�s�t� �o�n�e� �l�i�n�k�)�,� �i�t� �i�s� 

�a� �s�i�m�p�l�e� �m�a�t�t�e�r� �t�o� �i�d�e�n�t�i�f�y� �t�h�e� �l�o�c�a�t�i�o�n� �v�e�c�t�o�r� �o�f� �a� �j�o�i�n�t� �a�n�d� �i�t�s� �Z� �a�x�i�s� �a�s� �t�h�e� 

�p�r�i�m�a�r�y� �r�e�f�e�r�e�n�c�e� �p�o�i�n�t� �i�n� �a� �l�i�n�k�.� �T�h�e� �Z� �a�x�i�s� �i�s� �t�h�e� �a�x�i�s� �o�f� �r�o�t�a�t�i�o�n� �f�o�r� �r�e�v�o�l�u�t�e�s� 

�a�n�d� �c�y�l�i�n�d�r�i�c�s�,� �t�h�e� �a�x�i�s� �o�f� �t�r�a�n�s�l�a�t�i�o�n� �f�o�r� �p�r�i�s�m�a�t�i�c� �j�o�i�n�t�s�,� �a�n�d� �t�h�e� �Z� �a�x�i�s� �i�s� �t�o�t�a�l�l�y� 

�a�r�b�i�t�r�a�r�y� �f�o�r� �s�p�h�e�r�i�c� �j�o�i�n�t�s�.� �U�n�i�t� �v�e�c�t�o�r�s� �o�r�t�h�o�g�o�n�a�l� �t�o� �t�h�e� �j�o�i�n�t ��s� �l�o�c�a�l� �Z� �a�x�i�s� �c�a�n� 

�b�e� �c�o�n�s�t�r�u�c�t�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �j�o�i�n�t ��s� �l�o�c�a�l� �X� �a�n�d� �Y� �a�x�e�s�.� �T�h�e� �p�o�s�i�t�i�o�n� �v�e�c�t�o�r� �t�o� 

�t�h�e� �s�e�c�o�n�d� �j�o�i�n�t� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �a�l�o�n�g� �w�i�t�h� �t�h�e� �X�,� �Y�,� �a�n�d� �Z� �a�x�e�s� �f�o�r� �t�h�e� �s�e�c�o�n�d� 

�j�o�i�n�t�.� �T�h�e�s�e� �v�e�c�t�o�r�s� �c�a�n� �b�e� �u�s�e�d� �d�i�r�e�c�t�l�y� �t�o� �f�i�l�l� �t�h�e� �o�f�f�s�e�t� �v�a�l�u�e�s� �r�e�q�u�i�r�e�d� �i�n� �t�h�e� 
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�a�t�t�r�i�b�u�t�e� �f�i�l�e�.� �O�n�c�e� �t�h�e�s�e� �v�e�c�t�o�r�s� �a�r�e� �f�o�u�n�d�,� �a� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �a�p�p�l�i�e�d� �t�o� �a�l�i�g�n� 

�t�h�e� �l�o�c�a�l� �o�r�i�g�i�n� �o�f� �t�h�e� �f�i�r�s�t� �j�o�i�n�t� �w�i�t�h� �t�h�e� �g�l�o�b�a�l� �o�r�i�g�i�n�.� �T�h�i�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� 

�a�p�p�l�i�e�d� �t�o� �a�l�l� �p�o�i�n�t�s� �o�n� �t�h�e� �l�i�n�k� �t�o� �a�c�h�i�e�v�e� �a� �r�i�g�i�d� �b�o�d�y� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �t�o� �t�h�e� �n�e�w� 

�p�o�s�i�t�i�o�n� �a�n�d� �l�o�c�a�t�i�o�n�.� �E�q�u�a�t�i�o�n� �1�4� �r�e�p�r�e�s�e�n�t�s� �t�h�i�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�.� 

� � 

� � � � 

�\�1� 

�o�r�i�g�i�n� �o�f� �_� 
�f�i�r�s�t� �j�o�i�n�t� �a�t� �s�e�c�o�n�d� �j�o�i�n�t� 
�l�i�n�k� �o�r�i�g�i�n� �a�f�t�e�r� �r�o�t�a�t�i�o�n� 

�a�b�o�u�t� �Z�,� �Y�,� �X� �a�x�e�s� 

�Z�,� �p�o�i�n�t�s� �T�T� �a�n�d� �s�u�b�s�e�q�u�e�n�t� 
�o�u�t� �o�f� �T�S� �d�i�s�p�l�a�c�e�m�e�n�t� 
�p�a�g�e� �a�e� 

�a�e� 

�~�~� 

�~�~� 

�Z�o� �X�2� � � � � 
� � 

�F�i�g�u�r�e� �2�6�.� �P�o�s�i�t�i�o�n�i�n�g� �o�f� �o�r�i�g�i�n� �t�r�i�a�d�s� �f�o�r� �j�o�i�n�t�s� �i�n� �a� �l�i�n�k� 

�X� �X�p� �~�X� �1�4� �2� �.� �p� �1� �(�1�4�)� �Y�,� �|�=� �[�R�O�J�[�R�O�]�[�R�]�]� �Y�,� �-� �Y�;� 
�Z�2� �Z�p� �-�Z�1� 

�w�h�e�r�e�:� 

�X�j�,� �Y�j�,� �Z�j� �=� �t�h�e� �c�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �p�o�i�n�t� �i� �(�t�h�e� �s�u�b�s�c�r�i�p�t� �1� 
�r�e�p�r�e�s�e�n�t�s� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �f�i�r�s�t� �j�o�i�n�t�,� �t�h�e� �s�u�b�s�c�r�i�p�t� �p� 
�r�e�p�r�e�s�e�n�t�s� �t�h�e� �p�o�i�n�t� �t�o� �b�e� �t�r�a�n�s�f�o�r�m�e�d�,� �a�n�d� �t�h�e� �s�u�b�s�c�r�i�p�t� �2� 
�r�e�p�r�e�s�e�n�t�s� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �p�o�i�n�t�)� 

�[�R�9�;�]� �=� �t�h�e� �r�o�t�a�t�i�o�n� �m�a�t�r�i�x� �f�o�r� �r�o�t�a�t�i�o�n� �a�b�o�u�t� �a�x�i�s� �i� 
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�T�h�e� �c�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �f�i�r�s�t� �j�o�i�n�t� �a�n�d� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �r�o�t�a�t�i�o�n�s� �a�t� �e�a�c�h� 

�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �l�i�n�k� �c�a�n� �b�e� �u�s�e�d� �t�o� �f�i�l�l� �t�h�e� �t�h�e� �p�o�s�i�t�i�o�n� �f�i�l�e�.� �A�n�o�t�h�e�r� �o�p�t�i�o�n� �i�s� �t�o� 

�u�s�e� �I�M�P� �t�o� �h�e�l�p� �g�e�n�e�r�a�t�e� �t�h�e�s�e� �f�i�l�e�s�.� 

�A�n�y� �m�o�d�e�l� �e�n�t�e�r�e�d� �i�n�t�o� �I�M�P� �c�a�n� �b�e� �p�r�o�c�e�s�s�e�d� �i�n�t�o� �S�L�I�D�E� �i�n�p�u�t� �w�i�t�h� �t�h�e� 

�a�d�d�i�t�i�o�n� �o�f� �r�e�f�e�r�e�n�c�e� �p�o�i�n�t�s� �r�e�p�r�e�s�e�n�t�i�n�g� �e�a�c�h� �l�i�n�k ��s� �l�o�c�a�l� �c�o�o�r�d�i�n�a�t�e� �t�r�i�a�d�.� �I�P�O�S�T� 

�t�h�e�n� �p�r�o�c�e�s�s�e�s� �t�h�e� �I�M�P� �o�u�t�p�u�t� �t�o� �c�r�e�a�t�e� �t�h�e� �a�t�t�r�i�b�u�t�e� �a�n�d� �p�o�s�i�t�i�o�n� �f�i�l�e�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �2�5�.� �I�P�O�S�T� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�i�s� �o�u�t�p�u�t� �f�i�l�e� �w�a�s� �c�r�e�a�t�e�d� �b�y� �I�M�P�7�5�,� �t�h�e� �l�a�s�t� 

�p�u�b�l�i�c� �d�o�m�a�i�n� �r�e�l�e�a�s�e� �o�f� �I�M�P�.� �A� �s�a�m�p�l�e� �o�f� �t�h�e� �i�n�p�u�t� �f�i�l�e� �w�i�t�h� �t�h�e� �t�r�i�a�d� �p�o�i�n�t�s� �f�o�r� 

�e�a�c�h� �l�i�n�k� �i�s� �l�i�s�t�e�d� �i�n� �a�p�p�e�n�d�i�x� �A� �f�o�r� �a�n� �R�C�C�C� �m�e�c�h�a�n�i�s�m�.� �F�o�u�r� �p�o�i�n�t�s� �a�r�e� �c�r�e�a�t�e�d� 

�f�o�r� �e�a�c�h� �o�f� �t�h�e� �f�o�u�r� �l�i�n�k�s�:� �o�n�e� �f�o�r� �t�h�e� �l�i�n�k� �o�r�i�g�i�n�,� �o�n�e� �f�o�r� �t�h�e� �l�i�n�k�s� �u�n�i�t� �X� �a�x�i�s�,� �o�n�e� 

�f�o�r� �t�h�e� �l�i�n�k�s� �u�n�i�t� �Y� �a�x�i�s�,� �a�n�d� �o�n�e� �f�o�r� �t�h�e� �l�i�n�k�s� �u�n�i�t� �Z� �a�x�i�s�.� �T�h�e�s�e� �p�o�i�n�t�s� �a�r�e� 

�i�n�c�l�u�d�e�d� �i�n� �t�h�e� �P�R�I�N�T�/�P�O�S�I�T�N� �s�t�a�t�e�m�e�n�t� �n�e�a�r� �t�h�e� �e�n�d� �o�f� �t�h�e� �f�i�l�e�.� 

�T�h�e� �I�P�O�S�T� �p�r�o�g�r�a�m� �l�i�s�t�e�d� �i�n� �A�p�p�e�n�d�i�x� �B� �w�a�s� �c�r�e�a�t�e�d� �a�s� �a� �g�e�n�e�r�a�l� �m�e�a�n�s� 

�o�f� �e�n�t�e�r�i�n�g� �a�n�y� �m�e�c�h�a�n�i�s�m� �i�n�t�o� �S�L�I�D�E�.� �I�P�O�S�T� �c�r�e�a�t�e�s� �t�h�e� �n�e�c�e�s�s�a�r�y� �i�n�p�u�t� �f�i�l�e�s� 

�a�n�d� �c�a�n� �b�e� �u�s�e�d� �t�o� �v�e�r�i�f�y� �a�n�y� �p�r�o�g�r�a�m�s� �t�h�e� �u�s�e�r� �m�a�y� �w�a�n�t� �t�o� �w�r�i�t�e� �t�o� �c�r�e�a�t�e� �t�h�e� 

�a�t�t�r�i�b�u�t�e� �a�n�d� �p�o�s�i�t�i�o�n� �f�i�l�e�s� �f�o�r� �S�L�I�D�E� �d�i�r�e�c�t�l�y� �f�r�o�m� �c�u�s�t�o�m� �m�e�c�h�a�n�i�s�m� �a�n�a�l�y�s�i�s�.� 
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�C�h�a�p�t�e�r� �7� 

�M�e�t�h�o�d�s� �o�f� �S�o�l�u�t�i�o�n� �i�n� �I�n�t�e�r�f�e�r�e�n�c�e� 

�E�l�i�m�i�n�a�t�i�o�n� 

�T�h�e� �m�e�t�h�o�d�s� �o�f� �s�o�l�u�t�i�o�n� �d�e�s�c�r�i�b�e�d� �h�e�r�e� �h�a�v�e� �b�e�e�n� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �a� 

�p�r�o�g�r�a�m� �w�h�i�c�h� �i�s� �p�r�e�s�e�n�t�l�y� �c�a�l�l�e�d� �S�L�I�D�E�.� �F�o�r� �c�l�a�r�i�t�y�,� �t�h�e� �m�e�t�h�o�d�s� �a�r�e� �p�r�e�s�e�n�t�e�d� 

�i�n� �t�h�e� �o�r�d�e�r� �i�n� �w�h�i�c�h� �t�h�e�y� �a�p�p�e�a�r� �i�n� �t�h�e� �p�r�o�g�r�a�m�.� �T�h�e� �p�r�o�g�r�a�m� �f�l�o�w� �f�o�r� �S�L�I�D�E� �i�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�7�.� �A�p�p�e�n�d�i�x� �C� �c�o�n�t�a�i�n�s� �a� �l�i�s�t�i�n�g� �o�f� �t�h�e� �p�r�o�g�r�a�m�.� �T�h�e� �f�l�o�w� 

�t�h�r�o�u�g�h� �t�h�e� �m�a�i�n� �p�r�o�g�r�a�m� �i�s� �d�i�r�e�c�t� �w�i�t�h� �t�h�e� �o�n�l�y� �o�p�p�o�r�t�u�n�i�t�y� �f�o�r� �b�r�a�n�c�h�i�n�g� �d�u�e� �t�o� 

�t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �i�n�t�e�r�f�e�r�e�n�c�e� �d�e�t�e�c�t�i�o�n� �o�p�t�i�o�n� �f�l�a�g�.� �I�f� �t�h�i�s� �f�l�a�g� �i�s� �s�e�t� �t�o� �f�a�l�s�e� �n�o� 

�i�n�t�e�r�f�e�r�e�n�c�e� �a�v�o�i�d�a�n�c�e� �i�s� �a�t�t�e�m�p�t�e�d�.� �T�h�i�s� �i�s� �u�s�e�f�u�l� �s�i�n�c�e� �i�t� �a�l�l�o�w�s� �t�h�e� �u�s�e�r� �t�o� 

�p�e�r�f�o�r�m� �s�o�m�e� �v�i�s�u�a�l� �e�r�r�o�r� �c�h�e�c�k�i�n�g�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e�r�e� �a�r�e� �s�o�m�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� 

�w�h�i�c�h� �c�a�n� �b�e� �m�o�d�i�f�i�e�d� �s�l�i�g�h�t�l�y� �t�o� �a�c�h�i�e�v�e� �r�e�s�h�a�p�a�b�l�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�h�i�s� �w�i�l�l� �b�e� 

�e�x�p�l�a�i�n�e�d� �f�u�r�t�h�e�r� �i�n� �a� �l�a�t�e�r� �s�e�c�t�i�o�n�.� 

�R�e�a�d�i�n�g� �t�h�e� �g�e�o�m�e�t�r�y� �a�n�d� �p�o�s�i�t�i�o�n� �f�i�l�e�s� �i�n�v�o�l�v�e�s� �a� �t�w�o� �s�t�e�p� �p�r�o�c�e�s�s� �f�o�r� 

�e�a�c�h� �f�i�l�e�.� �F�i�r�s�t�,� �e�a�c�h� �f�i�l�e� �i�s� �r�e�a�d� �w�i�t�h� �a� �b�l�a�n�k� �r�e�a�d� �s�t�a�t�e�m�e�n�t� �t�o� �c�o�u�n�t� �t�h�e� �n�u�m�b�e�r� 

�o�f� �l�i�n�e�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� �l�i�n�e�s� �i�n� �t�h�e� �a�t�t�r�i�b�u�t�e� �f�i�l�e� �i�s� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �n�u�m�b�e�r� 

�o�f� �l�i�n�k�s� �i�n� �a� �m�e�c�h�a�n�i�s�m�.� �T�h�e� �n�u�m�b�e�r� �o�f� �l�i�n�e�s� �i�n� �t�h�e� �p�o�s�i�t�i�o�n� �f�i�l�e� �i�s� �u�s�e�d� �t�o� 
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�C�h�a�r�t� �1�.�0� 
� � 

� � 

� � 

�Y� �7� 
�s�t�a�r�t� �S�L�I�D�E� �C�a�l�l� �N�U�B�S� 

�C�r�e�a�t�e� �i�n�i�t�i�a�l� �o�r�t�h�o�g�o�n�a�l� 
�1� �a�t�t�a�c�h�m�e�n�t� �g�e�o�m�e�t�r�y� 

� � � � � � � � 

�U�s�e�r� �s�e�t�s� �i�n�t�e�r�f�e�r�e�n�c�e� 
�a�v�o�i�d�a�n�c�e� �f�l�a�g� 

�Y� �2� 
�R�e�a�d� �a�t�t�r�i�b�u�t�e� �a�n�d� 

� � � � 
� � � � � � � 

�A�v�o�i�d� 
�i�n�t�e�r�f�e�r�e�n�c�e� 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � � � � � 

�p�o�s�i�t�i�o�n� �f�i�l�e�s� �C�a�l�l� �P�O�S�C�U�P� 

�y� �O�r�i�e�n�t� �s�p�h�e�r�i�c� �j�o�i�n�t� �c�u�p� 
�3� �a�n�d� �b�a�l�l� �p�a�i�r�s� �o�p�t�i�m�a�l�l�y� 

�|� �Y� �9� 
�D�e�c�o�d�e� �f�i�l�e� �d�a�t�a� 

�C�o�n�s�t�r�u�c�t� �t�h�i�r�d� �?�[�¢�  �� 
�y� �4� �c�o�n�n�e�c�t�i�n�g� �e�l�e�m�e�n�t� 

� � � � � � � � 

�B�u�i�l�d� �i�n�i�t�i�a�l� �j�o�i�n�t� � � � � 
� � � � � � � � � 

� � 

�g�e�o�m�e�t�r�y� 

�A�v�o�i�d� 
�y� �5� �i�n�t�e�r�f�e�r�e�n�c�e� 

�C�a�l�i� �S�I�Z�E� 
� � 

� � �S�i�z�e� �c�y�l�i�n�d�r�i�c� �a�n�d� 
�p�r�i�s�m�a�t�i�c� �j�o�i�n�t�s� �C�a�l�l� �M�O�V�L�N�K� 

� � � � � � � � �A�t�t�e�m�p�t� �t�o� �e�l�i�m�i�n�a�t�e� 
�i�n�t�e�r�f�e�r�e�n�c�e�s� �i�n� �l�i�n�k� � � � � � � 

� � � � � � � � � � � 
�e�l�e�m�e�n�t�s� 

�A�v�o�i�d� �1�1� 

�i�n�t�e�r�f�e�r�e�n�c�e� 

�G�e�n�e�r�a�t�e� �P�r�i�S�M� �<�t� 
�i�n�p�u�t� �f�i�l�e�s� 

� � � � � � �C�a�l�l� �M�O�V�J�N�T� � � 
� � � � � � 

� � � � � � 

�E�l�i�m�i�n�a�t�e� �j�o�i�n�t� 

�F�i�g�u�r�e� �2�7�.� �S�L�I�D�E� �p�r�o�g�r�a�m� �f�l�o�w� 
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�d�e�t�e�r�m�i�n�e� �t�h�e� �n�u�m�b�e�r� �o�f� �p�o�s�i�t�i�o�n�s� �u�s�e�d� �t�o� �a�s�s�e�m�b�l�e� �t�h�e� �l�i�n�k�s� �o�f� �a� �m�e�c�h�a�n�i�s�m�.� 

�O�n�c�e� �t�h�e� �n�u�m�b�e�r� �o�f� �l�i�n�k�s� �a�n�d� �p�o�s�i�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �d�e�t�e�r�m�i�n�e�d�,� �t�h�e� �p�o�i�n�t�e�r� �f�o�r� 

�e�a�c�h� �f�i�l�e� �i�s� �s�e�t� �t�o� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �e�a�c�h� �f�i�l�e� �a�n�d� �t�h�e� �d�a�t�a� �i�s� �e�x�t�r�a�c�t�e�d�.� 

�D�e�c�o�d�i�n�g� �t�h�e� �d�a�t�a� �i�n�v�o�l�v�e�s� �e�s�t�a�b�l�i�s�h�i�n�g� �a� �c�o�n�n�e�c�t�i�v�i�t�y� �m�a�t�r�i�x� �f�o�r� �b�o�t�h� �j�o�i�n�t�s� 

�a�n�d� �l�i�n�k�s�.� �T�h�e� �c�o�n�n�e�c�t�i�v�i�t�y� �o�f� �j�o�i�n�t�s� �t�o� �l�i�n�k�s� �a�n�d� �l�i�n�k�s� �t�o� �j�o�i�n�t�s� �i�s� �d�e�t�e�r�m�i�n�e�d� �h�e�r�e�.� 

�T�h�e� �c�o�n�n�e�c�t�i�v�i�t�y� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �e�s�p�e�c�i�a�l�l�y� �i�m�p�o�r�t�a�n�t� �i�n� �r�e�p�o�s�i�t�i�o�n�i�n�g� �j�o�i�n�t�s�,� �s�i�n�c�e� 

�m�o�v�i�n�g� �a� �j�o�i�n�t� �d�r�a�g�s� �t�h�e� �l�i�n�k�s� �t�o� �w�h�i�c�h� �i�t� �i�s� �c�o�n�n�e�c�t�e�d� �a�l�o�n�g� �w�i�t�h� �i�t�.� �C�o�n�n�e�c�t�i�v�i�t�y� 

�i�s� �a�l�s�o� �u�s�e�d� �t�o� �e�l�i�m�i�n�a�t�e� �s�p�u�r�i�o�u�s� �i�n�t�e�r�s�e�c�t�i�o�n� �t�e�s�t�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �a� �l�i�n�k� �e�l�e�m�e�n�t� 

�w�h�i�c�h� �a�t�t�a�c�h�e�s� �t�o� �a� �j�o�i�n�t� �i�s� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �i�n� �i�n�t�e�r�f�e�r�e�n�c�e� �w�i�t�h� �t�h�a�t� �j�o�i�n�t�.� 

�S�i�m�i�l�a�r�l�y�,� �l�i�n�k� �e�l�e�m�e�n�t�s� �o�n� �t�h�e� �s�a�m�e� �l�i�n�k� �a�r�e� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �i�n� �a�n� �i�n�t�e�r�f�e�r�e�n�c�e� 

�c�h�e�c�k�.� �U�n�i�t� �a�x�i�s� �v�e�c�t�o�r�s� �f�o�r� �e�a�c�h� �j�o�i�n�t� �a�r�e� �a�l�s�o� �c�r�e�a�t�e�d� �i�n� �t�h�i�s� �s�t�a�g�e�.� 

�O�t�h�e�r� �i�n�f�o�r�m�a�t�i�o�n� �g�l�e�a�n�e�d� �f�r�o�m� �t�h�e� �d�e�c�o�d�i�n�g� �s�t�a�g�e� �i�n�v�o�l�v�e�s� �t�h�e� �c�r�e�a�t�i�o�n� �o�f� 

�j�o�i�n�t� �a�x�i�s� �v�e�c�t�o�r�s�,� �c�a�t�a�l�o�g�i�n�g� �l�i�n�k�s�,� �a�n�d� �c�a�t�a�l�o�g�i�n�g� �j�o�i�n�t�s�.� �J�o�i�n�t� �a�x�i�s� �v�e�c�t�o�r�s� �a�r�e� 

�c�r�e�a�t�e�d� �i�n� �t�h�e� �l�o�c�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �o�f� �t�h�e� �l�i�n�k� �a�n�d� �a�r�e� �u�s�e�d� �f�o�r� �o�r�i�e�n�t�a�t�i�o�n� 

�i�n�f�o�r�m�a�t�i�o�n� �i�n� �j�o�i�n�t� �s�i�z�i�n�g� �o�p�e�r�a�t�i�o�n�s�.� �L�i�n�k�s� �a�r�e� �c�a�t�a�l�o�g�e�d� �b�y� �t�h�e� �t�y�p�e�s� �o�f� �j�o�i�n�t�s� �a�t� 

�e�a�c�h� �e�n�d� �a�n�d� �a�s� �r�e�s�h�a�p�a�b�l�e� �o�r� �n�o�n�r�e�s�h�a�p�a�b�l�e�.� �A�t� �t�h�i�s� �w�r�i�t�i�n�g�,� �t�h�e� �o�n�l�y� 

�n�o�n�r�e�s�h�a�p�a�b�l�e� �l�i�n�k� �i�s� �a�n� �S�-�S� �l�i�n�k�.� �T�h�e� �r�e�a�s�o�n� �i�t� �i�s� �n�o�n�r�e�s�h�a�p�a�b�l�e� �i�s� �d�u�e� �t�o� �t�h�e� 

�i�d�l�e� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�i�s� �l�i�n�k�.� �T�h�e� �i�d�l�e� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m� 

�a�l�l�o�w�s� �t�h�e� �l�i�n�k� �t�o� �s�p�i�n� �a�r�o�u�n�d� �t�h�e� �a�x�i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �t�w�o� �c�e�n�t�e�r�s� �o�f� �t�h�e� �t�w�o� 

�s�p�h�e�r�i�c� �j�o�i�n�t�s�.� �A�n�y� �r�e�s�h�a�p�i�n�g� �w�o�u�l�d� �o�n�l�y� �e�n�l�a�r�g�e� �t�h�e� �p�o�t�e�n�t�i�a�l� �c�o�l�l�i�s�i�o�n� �e�n�v�e�l�o�p�e� 

�f�o�r� �t�h�i�s� �t�y�p�e� �o�f� �l�i�n�k�.�.� �J�o�i�n�t�s� �a�r�e� �c�a�t�a�l�o�g�e�d� �b�y� �t�y�p�e�,� �c�o�n�f�i�g�u�r�a�t�i�o�n� �(�i�n�t�e�r�n�a�l� �o�r� 

�e�x�t�e�r�n�a�l�)�,� �a�n�d� �m�o�v�a�b�l�e� �o�r� �n�o�t� �m�o�v�a�b�l�e�.� �T�h�e� �o�n�l�y� �j�o�i�n�t� �w�h�i�c�h� �i�s� �n�o�t� �m�o�v�a�b�l�e� �i�s� �t�h�e� 

�s�p�h�e�r�i�c� �j�o�i�n�t�:� �t�h�i�s� �w�i�l�l� �b�e� �e�x�p�l�a�i�n�e�d� �i�n� �a� �l�a�t�e�r� �s�e�c�t�i�o�n�.� 
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�I�n�i�t�i�a�l� �J�o�i�n�t� �G�e�o�m�e�t�r�y� 

�I�n�i�t�i�a�l� �j�o�i�n�t� �g�e�o�m�e�t�r�y� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �j�o�i�n�t� �s�i�z�e� �v�a�r�i�a�b�l�e�s� �f�r�o�m� �l�i�n�e� �4� �o�f� �t�h�e� 

�a�t�t�r�i�b�u�t�e� �f�i�l�e�.� �R�S� �i�s� �u�s�e�d� �a�s� �t�h�e� �r�a�d�i�u�s� �o�f� �t�h�e� �c�u�p� �i�n� �a� �s�p�h�e�r�i�c� �j�o�i�n�t�.� �T�h�e� �b�a�l�l� �o�f� �a� 

�s�p�h�e�r�i�c� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �0�.�9�(�R�S�)�.� �R�O� �i�s� �u�s�e�d� �a�s� �t�h�e� �r�a�d�i�u�s� �o�f� �o�u�t�e�r� �j�o�i�n�t� �p�i�e�c�e�s� 

�w�h�i�l�e� �R�I� �i�s� �u�s�e�d� �a�s� �t�h�e� �r�a�d�i�u�s� �o�f� �i�n�n�e�r� �p�i�e�c�e�s�.� �R�L� �i�s� �t�h�e� �h�a�l�f� �l�e�n�g�t�h� �o�f� �a�n� �o�u�t�e�r� 

�j�o�i�n�t� �p�i�e�c�e�.� �T�h�e� �l�e�n�g�t�h� �o�f� �i�n�n�e�r� �j�o�i�n�t� �p�i�e�c�e�s� �i�s� �b�u�i�l�t� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e� �s�i�z�e� �o�f� �t�h�e� 

�o�u�t�e�r� �j�o�i�n�t�.� �F�i�g�u�r�e� �2�8� �s�h�o�w�s� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �o�f� �t�h�e� �j�o�i�n�t� �p�a�r�a�m�e�t�e�r�s�.� �U�n�t�i�l� �t�h�e� 

�f�i�n�a�l� �o�u�t�p�u�t� �t�o� �P�r�i�S�M�,� �t�h�e� �g�e�o�m�e�t�r�y� �f�o�r� �p�r�i�s�m�a�t�i�c�,� �r�e�v�o�l�u�t�e�,� �a�n�d� �c�y�l�i�n�d�r�i�c� �j�o�i�n�t�s� �i�s� 

�i�d�e�n�t�i�c�a�l�.� �T�h�e� �d�a�s�h�e�d� �b�o�u�n�d�a�r�i�e�s� �s�h�o�w� �h�o�w� �t�h�e� �p�r�i�s�m�a�t�i�c� �p�r�o�f�i�l�e� �i�s� �c�o�n�t�a�i�n�e�d� 

�w�i�t�h�i�n� �t�h�e�s�e� �g�e�o�m�e�t�r�i�c� �b�o�u�n�d�s�.� �T�h�e� �r�e�f�e�r�e�n�c�e� �p�o�i�n�t� �f�o�r� �t�h�e� �i�n�t�e�r�n�a�l� �a�n�d� �e�x�t�e�r�n�a�l� 

�j�o�i�n�t� �p�i�e�c�e�s� �i�s� �i�d�e�n�t�i�c�a�l� �a�t� �t�h�i�s� �p�o�i�n�t� �a�n�d� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �f�i�r�s�t� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� 

�m�e�c�h�a�n�i�s�m�.� 

�S�i�z�i�n�g� �J�o�i�n�t�s� 

�R�e�v�o�l�u�t�e� �a�n�d� �s�p�h�e�r�i�c� �j�o�i�n�t�s� �a�r�e� �p�r�o�p�e�r�l�y� �s�i�z�e�d� �d�u�r�i�n�g� �i�n�i�t�i�a�l� �c�o�n�s�t�r�u�c�t�i�o�n�,� 

�b�u�t� �c�y�l�i�n�d�r�i�c�s� �a�n�d� �p�r�i�s�m�a�t�i�c�s� �m�u�s�t� �b�e� �s�i�z�e�d� �b�a�s�e�d� �o�n� �m�o�t�i�o�n� �d�a�t�a�.� �T�h�e� �s�u�b�r�o�u�t�i�n�e� 

�S�I�Z�E� �d�o�e�s� �t�h�i�s� �b�y� �u�s�i�n�g� �t�h�e� �i�n�t�e�r�n�a�l� �j�o�i�n�t ��s� �l�o�c�a�l� �o�r�i�g�i�n� �a�s� �t�h�e� �r�e�f�e�r�e�n�c�e�.� �A�n� �i�m�a�g�e� 

�o�f� �t�h�e� �i�n�i�t�i�a�l� �r�e�f�e�r�e�n�c�e� �p�o�i�n�t�,� �n�o�t�e�d� �i�n� �F�i�g�u�r�e� �2�8�,� �i�s� �t�h�e�n� �c�r�e�a�t�e�d� �o�n� �e�a�c�h� �j�o�i�n�t� 

�p�i�e�c�e�.� �D�e�v�i�a�t�i�o�n�s� �o�f� �t�h�e� �o�u�t�e�r� �p�i�e�c�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �i�n�n�e�r� �p�i�e�c�e� �a�r�e� �t�h�e�n� 

�r�e�c�o�r�d�e�d�.� �B�o�t�h� �p�o�s�i�t�i�v�e� �a�n�d� �n�e�g�a�t�i�v�e� �d�e�v�i�a�t�i�o�n�s� �a�r�e� �r�e�c�o�r�d�e�d�.� �O�n�c�e� �t�h�e� 

�m�e�c�h�a�n�i�s�m� �h�a�s� �b�e�e�n� �s�t�e�p�p�e�d� �t�h�r�o�u�g�h� �a�l�l� �p�o�s�i�t�i�o�n�s�,� �t�h�e� �m�a�x�i�m�u�m� �a�b�s�o�l�u�t�e� �v�a�l�u�e� 

�f�o�r� �t�h�e� �p�o�s�i�t�i�v�e� �a�n�d� �n�e�g�a�t�i�v�e� �m�o�v�e�m�e�n�t� �i�s� �f�o�u�n�d� �a�n�d� �u�s�e�d� �t�o� �l�e�n�g�t�h�e�n� �t�h�e� �i�n�t�e�r�n�a�l� 

�l�i�n�k� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�9�.� �E�q�u�a�t�i�o�n�s� �1�5� �a�n�d� �1�6� �o�n� �p�a�g�e� �6�6� �a�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� 

�p�o�s�i�t�i�v�e� �a�n�d� �n�e�g�a�t�i�v�e� �s�h�i�f�t�s�.� 
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�-�*� �-�.� 

� � 

� � 
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�F�i�g�u�r�e� �2�8�.� �I�n�i�t�i�a�l� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �j�o�i�n�t�s
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�r�e�f�e�r�e�n�c�e� �p�o�i�n�t�y� 
� � 

� � 

� � � � � � � 

� � 

�c�h�a�n�g�e�s� �i�n� �t�h�e� �i�n�t�e�r�n�a�l� 
�j�o�i�n�t� �a�r�e� �s�h�o�w�n� �d�a�s�h�e�d� � � � � � � 

�V�i�n� � � � � � � 
�F�i�g�u�r�e� �2�9�.� �S�i�z�i�n�g� �j�o�i�n�t�s� 

�(�1�5�)� �|�D�p�|� �=� �(�V�i�p�-�V�i�)� �*� �U� 

�(�1�6�)� �[�D�n�]� �=� �(�V�i�n�-�Y�¥�1�)� �°� �U� 

�w�h�e�r�e�:� 
�D�p� �=� �t�h�e� �v�e�c�t�o�r� �u�s�e�d� �t�o� �s�i�z�e� �t�h�e� �p�o�s�i�t�i�v�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� �i�n�t�e�r�n�a�l� �j�o�i�n�t� 

�D�y�n� �~�~� �=� �t�h�e� �v�e�c�t�o�r� �u�s�e�d� �t�o� �s�i�z�e� �t�h�e� �n�e�g�a�t�i�v�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� �i�n�t�e�r�n�a�l� �j�o�i�n�t� 

�V�;�  �� �&� �t�h�e� �p�o�s�i�t�i�o�n� �v�e�c�t�o�r� �t�o� �t�h�e� �r�e�f�e�r�e�n�c�e� �p�o�i�n�t� �o�n� �t�h�e� �i�n�t�e�r�n�a�l� �j�o�i�n�t� 

�V�i�p� �=� �t�h�e� �e�x�t�e�r�n�a�l� �j�o�i�n�t� �p�o�s�i�t�i�o�n� �v�e�c�t�o�r� �w�i�t�h� �a� �p�o�s�i�t�i�v�e� �d�o�t� �p�r�o�d�u�c�t� �o�n� �U� 

�V�i�n� �=� �t�h�e� �e�x�t�e�r�n�a�l� �j�o�i�n�t� �p�o�s�i�t�i�o�n� �v�e�c�t�o�r� �w�i�t�h� �a� �n�e�g�a�t�i�v�e� �d�o�t� �p�r�o�d�u�c�t� �o�n� �U� 

�U� �=� �t�h�e� �u�n�i�t� �a�x�i�s� �v�e�c�t�o�r� �f�o�r� �t�h�e� �i�n�t�e�r�n�a�l� �j�o�i�n�t� 
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�M�o�v�i�n�g� �I�n�t�e�r�f�e�r�i�n�g� �J�o�i�n�t�s� 

�J�o�i�n�t�s� �t�h�a�t� �c�a�n� �b�e� �r�e�p�o�s�i�t�i�o�n�e�d� �a�r�e� �r�e�p�o�s�i�t�i�o�n�e�d� �a�l�o�n�g� �a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �a�x�i�s� 

�a�s� �n�o�t�e�d� �i�n� �t�h�e� �s�e�c�t�i�o�n� �o�n� �i�n�i�t�i�a�l� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �b�y� �t�h�e� �s�u�b�r�o�u�t�i�n�e� �M�O�V�J�N�T�.� �I�f� 

�t�w�o� �s�p�h�e�r�i�c� �j�o�i�n�t�s� �c�o�l�l�i�d�e�,� �t�h�e�n� �r�e�p�o�s�i�t�i�o�n�i�n�g� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �a�n�d� �n�o� 

�i�n�t�e�r�f�e�r�e�n�c�e�-�f�r�e�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �e�x�i�s�t�s� �f�o�r� �t�h�e� �m�e�c�h�a�n�i�s�m� �a�s� �i�t� �i�s� �c�u�r�r�e�n�t�l�y� �d�e�f�i�n�e�d�.� 

�T�h�e� �o�n�l�y� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n� �a�t� �t�h�a�t� �p�o�i�n�t� �i�s� �t�o� �r�e�d�u�c�e� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �s�i�z�e� �o�f� �j�o�i�n�t�s� 

�i�n� �t�h�e� �m�e�c�h�a�n�i�s�m�.� �O�f� �c�o�u�r�s�e�,� �t�h�i�s� �w�i�l�l� �n�o�t� �w�o�r�k� �i�f� �t�w�o� �s�p�h�e�r�i�c� �j�o�i�n�t�s� �s�h�a�r�e� �t�h�e� 

�s�a�m�e� �c�e�n�t�e�r�.� 

�J�o�i�n�t�s� �t�h�a�t� �c�a�n� �b�e� �r�e�p�o�s�i�t�i�o�n�e�d� �a�r�e� �o�r�g�a�n�i�z�e�d� �i�n�t�o� �t�h�e� �f�i�r�s�t� �M� �p�o�s�i�t�i�o�n�s� �o�f� �a� 

�o�n�e� �b�y� �N� �m�a�t�r�i�x�,� �w�h�e�r�e� �N� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �j�o�i�n�t�s� �a�n�d� �M� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �j�o�i�n�t�s� 

�w�h�i�c�h� �a�r�e� �c�a�n�d�i�d�a�t�e�s� �f�o�r� �r�e�p�o�s�i�t�i�o�n�i�n�g�.� �N� �c�a�n� �b�e� �a�s� �l�a�r�g�e� �a�s� �2�0�.� �T�h�i�s� �s�t�r�u�c�t�u�r�e� �i�s� 

�i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �3�0�.� �I�f� �o�n�e� �o�f� �t�h�e� �j�o�i�n�t�s� �v�i�o�l�a�t�e�s� �t�h�e� �m�a�x�i�m�u�m� �d�i�s�t�a�n�c�e� 

�c�o�n�s�t�r�a�i�n�t�,� �t�h�e� �o�r�d�e�r� �i�n� �t�h�i�s� �m�a�t�r�i�x� �i�s� �i�n�d�e�x�e�d� �t�o� �t�h�e� �n�e�x�t� �p�e�r�m�u�t�a�t�i�o�n� �o�f� �t�h�e� �M� 

�j�o�i�n�t�s� �u�n�t�i�l� �a�v�o�i�d�a�n�c�e� �i�s� �s�u�c�c�e�s�s�f�u�l� �o�r� �a�l�l� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �o�r�d�e�r� �h�a�v�e� �b�e�e�n� 

�e�x�h�a�u�s�t�e�d�.� �T�h�e�r�e� �a�r�e� �p�r�a�c�t�i�c�a�l� �l�i�m�i�t�s� �t�o� �t�h�e� �n�u�m�b�e�r� �o�f� �p�e�r�m�u�t�a�t�i�o�n�s� �w�h�i�c�h� �c�a�n� �b�e� 

�p�e�r�f�o�r�m�e�d�.� �1�2�!� �i�s� �t�h�e� �l�a�r�g�e�s�t� �n�u�m�b�e�r� �o�f� �o�r�d�e�r� �p�e�r�m�u�t�a�t�i�o�n�s� �c�u�r�r�e�n�t�l�y� �a�l�l�o�w�e�d� �b�y� 

�S�L�I�D�E�.� 

�F�o�r� �i�n�t�e�r�f�e�r�e�n�c�e� �a�v�o�i�d�a�n�c�e� �p�u�r�p�o�s�e�s�,� �o�n�l�y� �t�h�e� �i�n�t�e�r�n�a�l� �j�o�i�n�t� �p�i�e�c�e� �i�s� �u�s�e�d�.� 

�T�h�e� �e�n�v�e�l�o�p�e� �f�o�r� �t�h�e� �i�n�t�e�r�n�a�l� �j�o�i�n�t� �p�i�e�c�e� �i�s� �g�r�o�w�n� �t�o� �t�h�e� �p�r�o�p�o�r�t�i�o�n�s� �o�f� �a� 

�r�o�u�n�d�-�e�n�d�e�d� �c�y�l�i�n�d�e�r� �w�i�t�h� �t�h�e� �r�a�d�i�u�s� �o�f� �t�h�e� �e�x�t�e�r�n�a�l� �j�o�i�n�t� �p�i�e�c�e�.� �F�i�g�u�r�e� �3�1� �s�h�o�w�s� 

�t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �o�f� �t�h�i�s� �e�n�v�e�l�o�p�e� �t�o� �t�h�e� �i�n�t�e�r�n�a�l� �j�o�i�n�t� �p�i�e�c�e� �o�f� �a� �c�y�l�i�n�d�r�i�c� �j�o�i�n�t�.� 

�T�h�i�s� �e�n�v�e�l�o�p�e� �p�r�o�v�i�d�e�s� �f�o�r� �a� �c�o�n�s�e�r�v�a�t�i�v�e� �i�n�t�e�r�f�e�r�e�n�c�e� �c�h�e�c�k� �o�n� �b�o�t�h� �t�h�e� �e�x�t�e�r�n�a�l� 

�a�n�d� �i�n�t�e�r�n�a�l� �j�o�i�n�t� �p�i�e�c�e�s�.� 
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�J�)� �* ��~ � ��_�_� �T�h�e� �j�o�i�n�t� �a�t� �t�h�e� �t�o�p� �o�f� �t�h�e� �s�t�a�c�k� �i�s� �r�e�p�o�s�i�t�i�o�n�e�d� �f�i�r�s�t�.� 
�J�2� �A�l�l� �o�t�h�e�r� �j�o�i�n�t�s� �m�u�s�t� �t�h�e�n� �a�v�o�i�d� �i�t�.� 
�J�3� 

�J�u�m�  ��7� �J�o�i�n�t� �M� �m�u�s�t� �a�v�o�i�d� �a�l�l� �j�o�i�n�t�s� �r�e�g�a�r�d�l�e�s�s� �o�f� �w�h�e�t�h�e�r� 
�.� �i�t� �h�a�s� �s�u�c�c�e�s�s�f�u�l�l�y� �a�v�o�i�d�e�d� �t�h�e�m� �i�n� �t�h�e� �p�a�s�t�.� 

�L�I�N� � � � � 
� � 

�F�i�g�u�r�e� �3�0�.� �T�h�e� �a�v�o�i�d�a�n�c�e� �o�r�d�e�r� �m�a�t�r�i�x� 

�C�r�e�a�t�i�n�g� �t�h�e� �I�n�i�t�i�a�l� �A�t�t�a�c�h�m�e�n�t� �E�l�e�m�e�n�t�s� 

�O�n�c�e� �a�l�l� �i�n�t�e�r�f�e�r�e�n�c�e� �h�a�s� �b�e�e�n� �e�l�i�m�i�n�a�t�e�d� �a�m�o�n�g� �a�l�l� �j�o�i�n�t�s�,� �t�h�e� �i�n�i�t�i�a�l� 

�a�t�t�a�c�h�m�e�n�t� �e�l�e�m�e�n�t�s� �a�r�e� �c�r�e�a�t�e�d�.� �T�h�i�s� �p�r�o�c�e�s�s� �i�s� �b�e�s�t� �d�e�s�c�r�i�b�e�d� �b�y� �r�e�f�e�r�r�i�n�g� �t�o� 

�F�i�g�u�r�e� �3�2�.� �T�h�e� �r�e�f�e�r�e�n�c�e� �p�o�i�n�t� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �F�i�g�u�r�e� �i�s� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �j�o�i�n�t� 

�t�r�i�a�d� �i�n� �t�h�e� �l�i�n�k ��s� �l�o�c�a�l� �f�r�a�m�e� �o�f� �r�e�f�e�r�e�n�c�e� �(�s�e�e� �F�i�g�u�r�e� �2�6�)�.� �I�f� �t�h�e� �p�r�o�j�e�c�t�i�o�n� �o�f� �a� 

�j�o�i�n�t� �u�s�e�d� �t�o� �o�r�i�e�n�t� �t�h�e� �a�t�t�a�c�h�m�e�n�t� �p�i�e�c�e� �o�f� �a� �r�e�v�o�l�u�t�e�,� �p�r�i�s�m�a�t�i�c�,� �o�r� �c�y�l�i�n�d�r�i�c� �(�R�,�P�,� 

�o�r� �C�)� �j�o�i�n�t� �c�o�i�n�c�i�d�e�s� �w�i�t�h� �i�t�s� �r�e�f�e�r�e�n�c�e� �p�o�i�n�t� �o�f� �t�h�e� �R�,�P�,� �o�r� �C� �j�o�i�n�t�,� �t�h�e�n� �t�h�e� 

�a�t�t�a�c�h�m�e�n�t� �p�i�e�c�e� �i�s� �a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �l�o�c�a�l� �X� �a�x�i�s� �f�o�r� �t�h�e� �j�o�i�n�t�.� 
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� � 

�o�w�m�w�n�w�e�e�e�n�t�m�e�e�e�e�s�e�a�e�w�e� �e�&�®� �«�=� �«� �o�o �� � � 

� � 

� � � � 

�w�e�e�r� �z�r� �e�a�n� �e�n�e�w� �e�w� �w�e�r�e� �,� 
�»� 

� � 

� � 
� � � � �o�e�? �� 

�a�n�s� �e�a�e� �w�a�e�e�e�e�e�a�a�a�n� �«� � � � � � �i�n�t�e�r�n�a�l� �j�o�i�n�t� �p�i�e�c�e� 

� � 

�F�i�g�u�r�e� �3�1�.� �I�n�t�e�r�f�e�r�e�n�c�e� �c�h�e�c�k�i�n�g� �e�n�v�e�l�o�p�e� �f�o�r� �a� �c�y�l�i�n�d�r�i�c� �j�o�i�n�t� 

�O�p�t�i�m�a�l� �P�o�s�i�t�i�o�n�i�n�g� �o�f� �C�u�p�s� �t�o� �B�a�l�l�s� 

�J�o�i�n�t� �s�i�z�i�n�g� �e�l�i�m�i�n�a�t�e�s� �c�o�l�l�i�s�i�o�n�s� �b�e�t�w�e�e�n� �i�n�t�e�r�n�a�l� �a�n�d� �e�x�t�e�r�n�a�l� �j�o�i�n�t� �p�i�e�c�e�s� 

�a�l�l� �p�o�s�i�t�i�o�n�s�.� 

�f�o�r� �m�o�s�t� �j�o�i�n�t� �t�y�p�e�s�,� �b�u�t� �i�t� �d�o�e�s� �n�o�t� �f�o�r� �s�p�h�e�r�i�c� �j�o�i�n�t�s�.� �F�i�g�u�r�e� �3�3� �s�h�o�w�s� �h�o�w� �t�h�e� 

�c�u�p� �o�f� �a� �s�p�h�e�r�i�c� �j�o�i�n�t� �m�i�g�h�t� �c�o�l�l�i�d�e�.� �T�h�e� �F�i�g�u�r�e� �a�l�s�o� �s�h�o�w�s� �h�o�w� �t�h�e� �c�u�p� �c�a�n� �b�e� 

�T�h�e� �s�o�l�u�t�i�o�n� �o�f� �o�p�t�i�m�a�l�l�y� �o�r�i�e�n�t�i�n�g� �c�u�p�s� �b�e�g�i�n�s� �b�y� �c�r�e�a�t�i�n�g� �a�n� �i�n�v�e�r�s�e� 

�u�n�i�t� �s�p�h�e�r�e� �i�n� �t�h�e� �c�u�p ��s� �f�r�a�m�e� �o�f� �r�e�f�e�r�e�n�c�e� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �r�e�l�a�t�i�v�e� �r�o�t�a�t�i�o�n� 

�o�p�t�i�m�a�l�l�y� �o�r�i�e�n�t�e�d� �f�o�r� �o�n�e� �p�o�s�i�t�i�o�n�,� �b�u�t� �t�h�e� �c�u�p� �n�e�e�d�s� �t�o� �b�e� �o�r�i�e�n�t�e�d� �o�p�t�i�m�a�l�l�y� �f�o�r� 

�i�m�a�g�e� �o�f� �t�h�e� �v�e�c�t�o�r� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �b�a�l�l� �a�t�t�a�c�h�m�e�n�t� �e�l�e�m�e�n�t� �i�n� �t�h�e� �c�u�p ��s� �f�r�a�m�e� �o�f� 

�r�e�f�e�r�e�n�c�e�.� �T�h�e� �v�e�c�t�o�r� �i�s� �n�o�r�m�a�l�i�z�e�d� �t�o� �a� �u�n�i�t� �l�e�n�g�t�h�.� �P�o�i�n�t�s� �a�r�e� �t�h�e�n� �c�r�e�a�t�e�d� �o�n� �a� 
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� � � �a�x�i�s� �o�f� �r�o�t�a�t�i�o�n� �(�U�)� 

� � 

�r�e�f�e�r�e�n�c�e� �p�l�a�n�e� � � � � 

�j�o�i�n�t� 
�o�r�i�g�i�n� 

� � � � 

� � � � 
�t�h�e� �a�t�t�a�c�h�m�e�n�t� �p�i�e�c�e� �f�o�r� �r�e�v�o�l�u�t�e�s�,� 
�p�r�i�s�m�a�t�i�c�s�,� �a�n�d� �c�y�l�i�n�d�r�i�c�s� �p�o�i�n�t�s� 
�t�o�w�a�r�d� �t�h�e� �i�m�a�g�e� �o�f� �t�h�e� �o�t�h�e�r� 
�j�o�i�n�t ��s� �o�r�i�g�i�n� �i�n� �t�h�e� �r�e�f�e�r�e�n�c�e� 
�p�l�a�n�e� 

�t�h�e� �a�t�t�a�c�h�m�e�n�t� �p�i�e�c�e� �f�o�r� 
�s�p�h�e�r�i�c�s� �p�o�i�n�t�s� �d�i�r�e�c�t�l�y� 
�t�o�w�a�r�d� �t�h�e� �o�t�h�e�r� �j�o�i�n�t ��s� 
�r�e�f�e�r�e�n�c�e� �p�o�i�n�t� 

� � 

�F�i�g�u�r�e� �3�2�.� �C�r�e�a�t�i�n�g� �i�n�i�t�i�a�l� �a�t�t�a�c�h�m�e�n�t� �e�l�e�m�e�n�t�s� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �o�n� �t�h�e� �u�n�i�t� �v�e�c�t�o�r� �a�s� �s�h�o�w�n� �i�n� �e�q�u�a�t�i�o�n� �1�7�.� 

�(�1�7�)� 

�w�h�e�r�e�:� 

�X�j�,� �Y�j�,� �Z�j� 

�[�R�O�;�]� �=� 

�X�2� �X�]� 

�y�2� �=� �[�R�O�,�,�]� �[�R�O�,�¢�]� �[�R�O�_�,�]�[�R�O�z�p�|� �[�R�O�y�p�]� �[�R�O�]� �Y�i� 
�Z�2� �Z� 

�t�h�e� �c�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �p�o�i�n�t� �i� �(�t�h�e� �s�u�b�s�c�r�i�p�t� �1� 
�r�e�p�r�e�s�e�n�t�s� �t�h�e� �b�a�l�l ��s� �f�r�a�m�e� �o�f� �r�e�f�e�r�e�n�c�e�,� �a�n�d� �t�h�e� �s�u�b�s�c�r�i�p�t� �2� 
�r�e�p�r�e�s�e�n�t�s� �t�h�e� �p�o�i�n�t� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �t�h�e� �c�u�p ��s� �f�r�a�m�e� �o�f� 
�r�e�f�e�r�e�n�c�e�)� 

�t�h�e� �r�o�t�a�t�i�o�n� �m�a�t�r�i�x� �f�o�r� �r�o�t�a�t�i�o�n� �a�b�o�u�t� �a�x�i�s� �i� �(�s�u�b�s�c�r�i�p�t� �j� �s�e�t� �t�o� �b� 
�i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�i�s� �i�s� �t�h�e� �b�a�l�l ��s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �c� �i�n�d�i�c�a�t�e�s� �t�h�e� �c�u�p�)� 
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� � 

�i�n�v�e�r�s�e� �i�m�a�g�e� �o�f� �t�h�e� 
�a�t�t�a�c�h�m�e�n�t� �v�e�c�t�o�r� �i�n� 
�t�h�e� �c�u�p ��s� �r�e�f�e�r�e�n�c�e� 

�+� �f�r�a�m�e� 

� � � � 
�o�p�t�i�m�a�l� �o�r�i�e�n�t�a�t�i�o�n� 
�o�f� �c�u�p� �f�o�r� �o�n�e� �p�o�s�i�t�i�o�n� 

� � � 

� � � � � � 

� � � � � � 

�a�.� 
�c�u�p� �c�o�l�l�i�d�i�n�g� �w�i�t�h� �b�a�l�l� 
�a�t�t�a�c�h�m�e�n�t� �p�i�e�c�e� 

� � 

� � 
� � � �a�t�t�a�c�h�m�e�n�t� 

�v�e�c�t�o�r� � � � � � � 

�F�i�g�u�r�e� �3�3�.� �O�r�i�e�n�t�i�n�g� �c�u�p�s� �i�n� �s�p�h�e�r�i�c� �j�o�i�n�t�s� 

�T�h�e� �e�q�u�a�t�i�o�n� �s�h�o�w�s� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �f�o�r� �o�n�e� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �m�e�c�h�a�n�i�s�m�.� �W�i�t�h� 

�t�h�e�s�e� �p�o�i�n�t�s� �r�e�s�i�d�e�n�t� �i�n� �t�h�e� �c�u�p ��s� �r�e�f�e�r�e�n�c�e� �f�r�a�m�e�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �b�e�c�o�m�e�s� �t�o� �p�l�a�c�e� 

�t�h�e� �c�u�p ��s� �a�t�t�a�c�h�m�e�n�t� �e�l�e�m�e�n�t� �s�o�m�e� �w�h�e�r�e� �i�n� �t�h�e� �m�i�d�d�l�e� �o�f� �t�h�e� �p�o�i�n�t�s�.� �T�h�r�e�e� 

�m�e�t�h�o�d�s� �w�e�r�e� �s�t�u�d�i�e�d� �t�o� �a�c�c�o�m�p�l�i�s�h� �t�h�i�s�.� 

�T�h�e� �f�i�r�s�t� �m�e�t�h�o�d� �w�a�s� �a�n� �a�v�e�r�a�g�i�n�g� �t�e�c�h�n�i�q�u�e�.� �T�h�e� �x�,� �y�,� �a�n�d� �z� �v�a�l�u�e�s� �o�f� �a�l�l� 

�v�e�c�t�o�r�s� �w�e�r�e� �e�a�c�h� �s�u�m�m�e�d� �a�n�d� �a�v�e�r�a�g�e�d� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� �v�e�c�t�o�r� �w�a�s� �t�h�e�n� 

�n�o�r�m�a�l�i�z�e�d� �t�o� �a� �u�n�i�t� �l�e�n�g�t�h�.� �T�h�i�s� �m�e�t�h�o�d� �w�a�s� �h�i�g�h�l�y� �s�u�s�c�e�p�t�i�b�l�e� �t�o� �p�o�s�i�t�i�o�n� 

�b�i�a�s�i�n�g� �f�r�o�m� �d�w�e�l�l�s� �i�n� �t�h�e� �m�e�c�h�a�n�i�s�m�.� �F�i�g�u�r�e� �3�4� �s�h�o�w�s� �a�n� �e�x�t�r�e�m�e� �e�x�a�m�p�l�e� �o�f� 

�t�h�i�s� �i�n� �t�w�o� �d�i�m�e�n�s�i�o�n�s�.� �T�h�i�s� �w�a�s� �c�l�e�a�r�l�y� �u�n�a�c�c�e�p�t�a�b�l�e�.� 
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� � 

�a�c�t�u�a�l� �o�p�t�i�m�u�m� �o�r�i�e�n�t�a�t�i�o�n� 

�1�0�0�0� �d�w�e�l�l� �p�o�s�i�t�i�o�n�s� �a�t� �t�h�i�s� �p�o�i�n�t� 

�d�w�e�l�l� �b�i�a�s�e�d� �o�r�i�e�n�t�a�t�i�o�n� � � � � �>� �X� � � 

�1� �d�w�e�l�l� �p�o�s�i�t�i�o�n� �a�t� �t�h�i�s� �p�o�i�n�t� � � � � � � 
�F�i�g�u�r�e� �3�4�.� �D�w�e�l�l� �b�i�a�s�i�n�g� �i�n� �t�h�e� �p�o�s�i�t�i�o�n� �a�v�e�r�a�g�i�n�g� �t�e�c�h�n�i�q�u�e� 

�T�h�e� �n�e�x�t� �t�e�c�h�n�i�q�u�e� �u�s�e�d� �a� �s�e�t�t�l�i�n�g� �p�l�a�n�e�.� �T�h�i�s� �m�e�t�h�o�d� �s�t�a�r�t�e�d� �w�i�t�h� �a� �p�l�a�n�e� 

�w�h�i�c�h� �w�a�s� �t�a�n�g�e�n�t� �t�o� �t�h�e� �u�n�i�t� �s�p�h�e�r�e� �a�t� �t�h�e� �f�i�r�s�t� �p�o�i�n�t�.� �T�h�e� �p�l�a�n�e� �w�a�s� �t�h�e�n� �s�e�t�t�l�e�d� 

�t�o�w�a�r�d� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �s�p�h�e�r�e� �t�o� �t�h�e� �s�e�c�o�n�d� �p�o�i�n�t� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�5�.� 

�S�u�b�s�e�q�u�e�n�t� �p�o�i�n�t�s� �o�n� �t�h�e� �s�p�h�e�r�e� �c�e�n�t�e�r� �s�i�d�e� �o�f� �t�h�e� �p�l�a�n�e� �w�h�e�r�e� �t�o� �b�e� �u�s�e�d� �t�o� 

�s�e�t�t�l�e� �t�h�e� �p�l�a�n�e� �f�a�r�t�h�e�r�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �w�a�s� �t�o� �s�e�t�t�l�e� �t�h�e� �p�l�a�n�e� �t�o�w�a�r�d� �t�h�e� �c�e�n�t�e�r� �o�f� 

�t�h�e� �s�p�h�e�r�e� �u�n�t�i�l� �n�o� �m�o�r�e� �p�o�i�n�t�s� �e�x�i�s�t�e�d� �o�n� �t�h�e� �c�e�n�t�e�r� �s�i�d�e� �o�f� �t�h�e� �p�l�a�n�e�,� �a�n�d� �t�h�e�n� 

�o�r�i�e�n�t� �t�h�e� �c�u�p� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �s�e�t�t�l�e�d� �p�l�a�n�e�.� �A�d�d�i�n�g� �a� �t�h�i�r�d� �p�o�i�n�t� �c�o�p�l�a�n�a�r� 

�w�i�t�h� �t�h�e� �f�i�r�s�t� �t�w�o� �a�n�d� �t�h�e� �s�p�h�e�r�e� �c�e�n�t�e�r� �p�r�o�v�e�d� �t�o� �b�e� �a� �d�i�s�a�s�t�e�r�.� �T�h�e� �s�e�t�t�l�i�n�g� �p�l�a�n�e� 

�w�o�u�l�d� �i�m�m�e�d�i�a�t�e�l�y� �c�o�l�l�a�p�s�e� �i�n�t�o� �t�h�e� �p�l�a�n�e� �w�h�i�c�h� �c�o�n�t�a�i�n�e�d� �t�h�e� �f�i�r�s�t� �t�w�o� �p�o�i�n�t�s� �a�n�d� 

�t�h�e� �s�p�h�e�r�e� �c�e�n�t�e�r�,� �a�n�d� �n�o� �f�u�r�t�h�e�r� �s�e�t�t�l�i�n�g� �w�o�u�l�d� �o�c�c�u�r�.� 

�T�h�e� �t�e�c�h�n�i�q�u�e� �f�i�n�a�l�l�y� �u�s�e�d� �w�a�s� �t�o� �g�e�n�e�r�a�t�e� �a� �b�o�u�n�d�i�n�g� �c�o�n�e� �f�o�r� �t�h�e� �p�o�i�n�t�s�.� 

�T�h�e� �t�h�e� �f�i�r�s�t� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �c�o�n�e� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �f�i�n�d�i�n�g� �t�h�e� �t�w�o� �p�o�i�n�t�s� �o�n� �t�h�e� 
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� � 

�o�p�t�i�m�u�m� �o�r�i�e�n�t�a�t�i�o�n� �i�s� �n�o�r�m�a�l� �t�o� �t�h�e� �s�e�t�t�l�i�n�g� �p�l�a�n�e� 

� � 
�f�i�r�s�t� �p�o�i�n�t� 

�p�l�a�n�e� �a�t� �f�i�r�s�t� �p�o�i�n�t� � � � � �>� �X� 

� � � � 

�s�e�c�o�n�d� �p�o�i�n�t� 
�p�l�a�n�e� �s�e�t�t�l�e�d� �t�o� �s�e�c�o�n�d� �p�o�i�n�t� � � � � � � 

�F�i�g�u�r�e� �3�5�.� �U�s�i�n�g� �a� �s�e�t�t�l�i�n�g� �p�l�a�n�e� �f�o�r� �o�p�t�i�m�a�l� �o�r�i�e�n�t�a�t�i�o�n� 

�u�n�i�t� �s�p�h�e�r�e� �w�i�t�h� �t�h�e� �g�r�e�a�t�e�s�t� �s�e�p�a�r�a�t�i�o�n�.� �T�h�i�s� �c�r�e�a�t�e�s� �t�h�e� �b�o�u�n�d�s� �o�f� �a� �c�r�o�s�s� 

�s�e�c�t�i�o�n�a�l� �s�l�i�c�e� �o�f� �t�h�e� �c�o�n�e� �s�h�o�w�n� �i�n� �d�a�r�k� �h�i�g�h�l�i�g�h�t� �i�n� �F�i�g�u�r�e� �3�6�.� �T�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� 
� � 

�t�w�o� �p�o�i�n�t�s� �o�f� 
�g�r�e�a�t�e�s�t� �s�e�p�a�r�a�t�i�o�n� 

� � � � � �i�n�t�e�r�i�o�r� �p�o�i�n�t� � � � � � � 

�F�i�g�u�r�e� �3�6�.� �C�r�e�a�t�i�n�g� �a� �b�o�u�n�d�i�n�g� �c�o�n�e� �f�r�o�m� �t�h�e� �t�w�o� �p�o�i�n�t�s� �o�f� �g�r�e�a�t�e�s�t� �s�e�p�a�r�a�t�i�o�n� 
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�o�f� �t�h�e� �c�o�n�e� �w�i�t�h� �t�h�e� �s�p�h�e�r�e� �i�s� �s�h�o�w�n� �a�s� �a� �d�a�s�h�e�d� �c�i�r�c�l�e� �o�n� �t�h�e� �s�p�h�e�r�e ��s� �s�u�r�f�a�c�e�.� �I�f� 

�a�l�l� �o�t�h�e�r� �p�o�i�n�t�s� �a�r�e� �c�o�n�t�a�i�n�e�d� �w�i�t�h�i�n� �t�h�e� �b�o�u�n�d�s� �o�f� �t�h�i�s� �d�a�s�h�e�d� �c�i�r�c�l�e�,� �t�h�e�n� �t�h�e� 

�p�r�o�c�e�s�s� �i�s� �c�o�m�p�l�e�t�e�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �i�s� �n�o�t� �a�l�w�a�y�s� �t�h�e� �c�a�s�e�.� 

�t�h�i�s� �l�a�s�t� �s�t�a�t�e�m�e�n�t� �c�a�n� �b�e� �c�l�a�r�i�f�i�e�d� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �c�a�s�e� �o�f� �t�h�r�e�e� 

�e�q�u�i�d�i�s�t�a�n�t� �p�o�i�n�t�s�.� �U�s�i�n�g� �t�h�e� �c�h�o�r�d� �b�e�t�w�e�e�n� �a�n�y� �t�w�o� �o�f� �t�h�e� �t�h�r�e�e� �p�o�i�n�t�s� �t�o� �d�e�f�i�n�e� 

�t�h�e� �c�o�n�e� �l�e�a�v�e�s� �o�n�e� �p�o�i�n�t� �o�u�t�s�i�d�e� �t�h�e� �c�o�n�e�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �c�o�n�e� �i�s� �d�e�f�i�n�e�d� �b�y� �t�h�e� 

�t�h�r�e�e� �p�o�i�n�t�s�.� �A� �g�e�n�e�r�a�l�i�z�a�t�i�o�n� �o�f� �t�h�i�s� �c�o�n�c�e�p�t� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �3�7�.� �H�e�r�e� �i�t� �i�s� 
� � 

� � 

�A� �C� 

�a� �p�o�i�n�t� �c�o�u�l�d� �f�i�n�d�i�n�g� �t�h�e� �f�a�r�t�h�e�s�t� �t�h�e� �r�e�d�u�c�e�d� 
�e�x�i�s�t� �i�n� �t�h�e� �p�o�i�n�t� �f�r�o�m� �t�h�e� �c�u�r�r�e�n�t� �r�e�g�i�o�n� 
�s�h�a�d�e�d� �r�e�g�i�o�n� �c�o�n�e� �a�x�i�s� �c�r�e�a�t�e�s� �t�w�o� 

�b�o�u�n�d�i�n�g� �c�i�r�c�l�e�s� � � � � � � 
�F�i�g�u�r�e� �3�7�.� �P�o�i�n�t�s� �w�h�i�c�h� �c�a�n� �e�x�i�s�t� �o�u�t�s�i�d�e� �t�h�e� �o�r�i�g�i�n�a�l� �b�o�u�n�d�i�n�g� �c�o�n�e� 

�a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �p�o�i�n�t�s� �e�x�i�s�t� �i�n� �a� �v�e�r�y� �s�m�a�l�l� �r�e�g�i�o�n� �o�n� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �s�p�h�e�r�e� �s�o� 

�t�h�a�t� �t�h�e� �r�e�g�i�o�n� �i�s� �n�e�a�r�l�y� �p�l�a�n�a�r�.� �T�h�e� �i�n�i�t�i�a�l� �c�o�n�e� �i�n� �F�i�g�u�r�e� �3�7 ��A� �i�s� �d�e�f�i�n�e�d� �b�y� �t�w�o� 

�p�o�i�n�t�s� �w�h�o�s�e� �s�e�p�a�r�a�t�i�o�n� �i�s� �t�h�e� �m�a�x�i�m�u�m� �f�o�r� �a�n�y� �p�a�i�r� �i�n� �t�h�e� �s�e�t�.� �T�h�e� �l�i�n�e� 

�c�o�n�n�e�c�t�i�n�g� �t�h�e�s�e� �t�w�o� �p�o�i�n�t�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �s�w�e�e�p� �c�i�r�c�l�e�s� �a�r�o�u�n�d� �t�h�e� �t�w�o� �p�o�i�n�t�s�.� 

�T�h�e� �s�h�a�d�e�d� �r�e�g�i�o�n� �s�h�o�w�s� �t�h�e� �a�r�e�a� �s�h�a�r�e�d� �b�y� �t�h�e� �t�w�o� �c�i�r�c�l�e�s� �w�h�e�r�e� �o�t�h�e�r� �p�o�i�n�t�s� 
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�c�o�u�l�d� �e�x�i�s�t� �a�n�d� �s�t�i�l�l� �b�e� �a�t� �a� �d�i�s�t�a�n�c�e� �l�e�s�s� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �t�h�e� �d�i�s�t�a�n�c�e� �s�e�p�a�r�a�t�i�n�g� 

�t�h�e� �t�w�o� �p�o�i�n�t�s�.� �F�i�n�d�i�n�g� �t�h�e� �p�o�i�n�t� �w�h�i�c�h� �i�s� �f�a�r�t�h�e�s�t� �a�w�a�y� �f�r�o�m� �t�h�e� �c�o�n�e� �a�x�i�s� 

�d�e�f�i�n�e�d� �b�y� �t�h�e� �t�w�o� �p�o�i�n�t�s� �c�r�e�a�t�e�s� �t�h�e� �s�m�a�l�l�e�r� �d�a�s�h�e�d� �c�i�r�c�l�e�.� �T�h�e� �l�a�r�g�e�r� �d�a�s�h�e�d� 

�c�i�r�c�l�e� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �m�a�x�i�m�u�m� �d�i�s�t�a�n�c�e� �c�o�n�s�t�r�a�i�n�t� �a�l�r�e�a�d�y� �e�s�t�a�b�l�i�s�h�e�d� �b�y� �t�h�e� �t�w�o� 

�o�r�i�g�i�n�a�l� �p�o�i�n�t�s�.� �T�h�i�s� �r�e�d�u�c�e�s� �t�h�e� �r�e�g�i�o�n� �w�h�e�r�e� �a�d�d�i�t�i�o�n�a�l� �p�o�i�n�t�s� �c�o�u�l�d� �e�x�i�s�t� �t�o� �t�h�a�t� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�7 ��C�.� �T�h�i�s� �s�e�r�v�e�s� �a�s� �t�h�e� �j�u�s�t�i�f�i�c�a�t�i�o�n� �f�o�r� �s�e�a�r�c�h�i�n�g� �f�o�r� �p�o�i�n�t�s� 

�o�u�t�s�i�d�e� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�e�.� 

�T�h�e� �s�u�b�r�o�u�t�i�n�e� �P�O�S�C�U�P� �e�n�l�a�r�g�e�s� �t�h�e� �b�o�u�n�d�i�n�g� �c�o�n�e� �b�y� �f�i�n�d�i�n�g� �t�h�e� �p�o�i�n�t�s� 

�o�n� �e�i�t�h�e�r� �s�i�d�e� �o�f� �t�h�e� �l�i�n�e� �o�f� �m�a�x�i�m�u�m� �s�e�p�a�r�a�t�i�o�n�.� �P�O�S�C�U�P� �s�e�a�r�c�h�e�s� �f�o�r� �t�h�o�s�e� 

�p�o�i�n�t�s� �a�r�e� �l�o�c�a�t�e�d� �f�a�r�t�h�e�s�t� �(�t�o�w�a�r�d� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �s�p�h�e�r�e�)� �f�r�o�m� �t�h�e� �p�l�a�n�e� 

�d�e�f�i�n�e�d� �b�y� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �s�p�h�e�r�e� �w�i�t�h� �t�h�e� �o�r�i�g�i�n�a�l� �c�o�n�e�.� �T�h�e� �t�w�o� �p�o�i�n�t�s� 

�f�a�r�t�h�e�s�t� �t�o� �e�i�t�h�e�r� �s�i�d�e� �a�r�e� �u�s�e�d� �t�o� �e�s�t�a�b�l�i�s�h� �a� �s�e�c�o�n�d� �l�i�n�e�.� �T�h�e� �t�w�o� �l�i�n�e�s� �a�r�e� �t�h�e�n� 

�u�s�e�d� �t�o� �c�r�e�a�t�e� �a� �p�l�a�n�e� �w�h�i�c�h� �i�s� �p�a�r�a�l�l�e�l� �t�o� �b�o�t�h� �l�i�n�e�s�.� �T�h�e� �n�e�w� �c�o�n�e� �a�x�i�s� �i�s� 

�p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�i�s� �p�l�a�n�e�.� 

�O�n�c�e� �t�h�e� �c�o�n�e� �a�x�i�s� �h�a�s� �b�e�e�n� �d�e�f�i�n�e�d�,� �t�h�e� �a�t�t�a�c�h�m�e�n�t� �p�i�e�c�e� �f�o�r� �t�h�e� �c�u�p� �i�s� 

�a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �a�x�i�s�.� �T�h�i�s� �r�u�l�e� �a�p�p�l�i�e�s� �t�o� �a�l�l� �c�a�s�e�s� �e�x�c�e�p�t� �t�h�o�s�e� �w�h�e�r�e� �t�h�e� �t�h�e� �c�u�p� 

�i�s� �a�t�t�a�c�h�e�d� �t�o� �a�n� �S�-�S� �l�i�n�k�.� �I�n� �t�h�o�s�e� �c�a�s�e�s�,� �t�h�e� �r�o�l�e� �o�f� �t�h�e� �c�u�p� �a�n�d� �b�a�l�l� �a�r�e� �i�n�v�e�r�t�e�d�.� 

�C�r�e�a�t�i�n�g� �t�h�e� �T�h�i�r�d� �C�o�n�n�e�c�t�i�n�g� �E�l�e�m�e�n�t� 

�T�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �t�h�e� �t�h�i�r�d� �c�o�n�n�e�c�t�i�n�g� �e�l�e�m�e�n�t� �i�s� �t�r�i�v�i�a�l�.� �A�s� �F�i�g�u�r�e� �3�8� 

�i�l�l�u�s�t�r�a�t�e�s�,� �i�t� �s�i�m�p�l�y� �i�n�v�o�l�v�e�s� �c�o�n�n�e�c�t�i�n�g� �t�h�e� �t�w�o� �e�n�d�s� �o�f� �t�h�e� �t�w�o� �a�t�t�a�c�h�m�e�n�t� 

�e�l�e�m�e�n�t�s�.� 

�E�l�i�m�i�n�a�t�i�n�g� �L�i�n�k� �I�n�t�e�r�f�e�r�e�n�c�e� 

�E�l�i�m�i�n�a�t�i�n�g� �l�i�n�k� �i�n�t�e�r�f�e�r�e�n�c�e�s� �i�s� �s�i�m�i�l�a�r� �t�o� �e�l�i�m�i�n�a�t�i�n�g� �j�o�i�n�t� �i�n�t�e�r�f�e�r�e�n�c�e�s� 

�w�i�t�h� �t�h�e� �e�x�c�e�p�t�i�o�n� �t�h�a�t� �r�o�t�a�t�i�o�n�s� �a�r�e� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� �t�r�a�n�s�l�a�t�i�o�n�s�.� �I�t� �i�s� �s�i�m�i�l�a�r� �i�n� 
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� � 

�o�o�"� �e�l�e�m�e�n�t� �3� �i�s� �c�r�e�a�t�e�d� �b�y� �c�o�n�n�e�c�t�i�n�g� 
�t�h�e� �e�n�d� �p�o�i�n�t�s� �o�f� �1� �a�n�d� �2� � � � � � � 

�F�i�g�u�r�e� �3�8�.� �C�r�e�a�t�i�o�n� �o�f� �t�h�e� �t�h�i�r�d� �c�o�n�n�e�c�t�i�n�g� �e�l�e�m�e�n�t� 

�t�h�a�t� �a� �d�i�r�e�c�t�i�o�n� �f�o�r� �r�o�t�a�t�i�o�n� �i�s� �e�n�f�o�r�c�e�d� �u�n�t�i�l� �i�t� �i�t� �i�s� �f�o�u�n�d� �t�h�a�t� �a� �s�u�c�c�e�s�s�f�u�l� �s�o�l�u�t�i�o�n� 

�d�o�e�s� �n�o�t� �e�x�i�s�t�.� �T�h�e� �l�i�m�i�t�i�n�g� �f�a�c�t�o�r� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�o�s�i�t�i�o�n�s� �f�o�r� �t�h�e� �m�e�c�h�a�n�i�s�m�.� 

�O�n�l�y� �N� �r�o�t�a�t�i�o�n�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �N� �p�o�s�i�t�i�o�n�s� �a�r�e� �a�l�l�o�w�e�d� �b�e�f�o�r�e� �t�h�e� �a�v�o�i�d�a�n�c�e� 

�a�t�t�e�m�p�t� �i�s� �d�e�c�l�a�r�e�d� �a� �f�a�i�l�u�r�e�.� �A�t� �t�h�a�t� �p�o�i�n�t�,� �r�o�t�a�t�i�o�n� �i�s� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�e� �o�t�h�e�r� 

�d�i�r�e�c�t�i�o�n�.� �F�o�r� �e�l�e�m�e�n�t� �3�,� �t�h�r�e�e� �o�p�t�i�o�n�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �F�i�r�s�t�,� �r�o�t�a�t�i�o�n�s� �w�h�i�c�h� 

�l�e�n�g�t�h�e�n� �e�l�e�m�e�n�t� �1� �a�r�e� �p�e�r�f�o�r�m�e�d�.� �I�f� �t�h�a�t� �i�s� �n�o�t� �s�u�c�c�e�s�s�f�u�l�,� �r�o�t�a�t�i�o�n�s� �w�h�i�c�h� 

�l�e�n�g�t�h�e�n� �e�l�e�m�e�n�t� �2� �a�r�e� �p�e�r�f�o�r�m�e�d�.� �A� �t�h�i�r�d� �o�p�t�i�o�n� �i�n�v�o�l�v�e�s� �a�l�t�e�r�n�a�t�e�l�y� �l�e�n�g�t�h�e�n�i�n�g� 

�e�l�e�m�e�n�t�s� �1� �a�n�d� �2�.� 

�T�h�e� �f�i�r�s�t� �a�t�t�e�m�p�t� �a�t� �e�l�i�m�i�n�a�t�i�n�g� �i�n�t�e�r�f�e�r�e�n�c�e�s� �t�r�e�a�t�e�d� �t�h�e� �e�l�e�m�e�n�t�s� �a�s� 

�i�n�f�i�n�i�t�e� �c�y�l�i�n�d�e�r�s� �a�v�o�i�d�i�n�g� �e�i�t�h�e�r� �o�t�h�e�r� �i�n�f�i�n�i�t�e� �c�y�l�i�n�d�e�r�s� �o�r� �s�p�h�e�r�e�s�.� �T�h�r�e�e� 

�m�e�t�h�o�d�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�o�t�a�t�i�o�n� �a�n�g�l�e� �n�e�c�e�s�s�a�r�y� �t�o� �a�v�o�i�d� �l�i�n�k� 

�c�o�l�l�i�s�i�o�n�s� �b�e�t�w�e�e�n� �i�n�f�i�n�i�t�e� �c�y�l�i�n�d�e�r�s�.� �O�n�e� �i�n�v�o�l�v�e�d� �i�t�e�r�a�t�i�n�g� �b�y� �a� �s�e�t� �i�n�c�r�e�m�e�n�t� 

�u�n�t�i�l� �t�h�e� �i�n�t�e�r�f�e�r�e�n�c�e� �w�a�s� �e�l�i�m�i�n�a�t�e�d�.� �T�h�i�s� �w�a�s� �j�u�d�g�e�d� �t�o� �b�e� �t�o�o� �t�i�m�e� �c�o�n�s�u�m�i�n�g�.� 

�A� �s�e�c�o�n�d� �m�e�t�h�o�d� �i�n�v�o�l�v�e�d� �m�o�d�e�l�i�n�g� �i�n�t�e�r�f�e�r�i�n�g� �e�l�e�m�e�n�t�s� �a�s� �a� �m�e�c�h�a�n�i�s�m�.� �I�t� 

�t�u�r�n�e�d� �t�h�a�t� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �e�q�u�a�t�i�o�n�s� �o�f� �a�n� �R�C�C�C� �m�e�c�h�a�n�i�s�m� �w�e�r�e� �a�p�p�r�o�p�r�i�a�t�e�,� �b�u�t� 

�b�r�a�n�c�h�i�n�g� �w�o�u�l�d� �h�a�v�e� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �m�e�t�h�o�d� �f�i�n�a�l�l�y� �u�s�e�d� �i�n�v�o�l�v�e�d� 
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�p�r�o�j�e�c�t�i�o�n� �o�f� �t�h�e� �i�n�t�e�r�f�e�r�i�n�g� �e�l�e�m�e�n�t�s� �o�n�t�o� �a� �p�l�a�n�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �i�n�t�r�u�d�i�n�g� 

�e�l�e�m�e�n�t ��s� �a�x�i�s� �o�f� �s�y�m�m�e�t�r�y�.� 

�T�h�e� �p�r�o�j�e�c�t�i�o�n� �r�e�s�u�l�t�e�d� �i�n� �a� �v�i�e�w� �o�f� �t�h�e� �i�n�t�r�u�d�e�r� �a�n�d� �m�o�v�a�b�l�e� �e�l�e�m�e�n�t� �a�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�9�.� �I�n� �t�h�i�s� �p�r�o�j�e�c�t�i�o�n�,� �a� �c�i�r�c�l�e� �i�n� �t�h�e� �r�o�t�a�t�i�o�n� �p�l�a�n�e� �a�n�d� �a�t� �t�h�e� 

� � 

�c�i�r�c�l�e� �i�n� �t�h�e� �m�o�v�a�b�l�e� �e�l�e�m�e�n�t ��s� 
�p�l�a�n�e� �o�f� �r�o�t�a�t�i�o�n� 

�-� �e�n�d� �v�i�e�w� �o�f� 
�B�a� �~�~� �i�n�t�r�u�d�e�r� 

� � 

� � 
� � 

�F�i�g�u�r�e� �3�9�.� �P�r�o�j�e�c�t�i�o�n� �o�f� �i�n�t�e�r�f�e�r�i�n�g� �e�l�e�m�e�n�t�s� �o�n�t�o� �p�l�a�n�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �i�n�t�r�u�d�e�r� 

�r�o�t�a�t�i�o�n� �c�e�n�t�e�r� �f�o�r� �t�h�e� �m�o�v�a�b�l�e� �l�i�n�k� �e�l�e�m�e�n�t� �a�p�p�e�a�r�s� �a�s� �a�n� �e�l�l�i�p�s�e�.� �B�y� �s�t�r�i�k�i�n�g� �a� 

�l�i�n�e� �w�h�i�c�h� �p�a�s�s�e�s� �t�h�r�o�u�g�h� �t�h�e� �c�e�n�t�e�r� �o�f� �r�o�t�a�t�i�o�n� �f�o�r� �t�h�e� �m�o�v�a�b�l�e� �e�l�e�m�e�n�t� �a�n�d� �t�h�e� 

�c�e�n�t�e�r� �o�f� �t�h�e� �p�r�o�j�e�c�t�e�d� �i�n�t�r�u�d�e�r� �(�F�i�g�u�r�e� �4�0�)�,� �t�h�e� �a�n�g�l�e� �}� �c�a�n� �b�e� �f�o�u�n�d� �f�r�o�m� �t�h�e� 

�e�q�u�a�t�i�o�n�:� 

�(�1�8�)� �=� �s�i�n� �(�B�/�D�)� 

�w�h�e�r�e�:� 

�B� �=� �t�h�e� �s�u�m� �o�f� �t�h�e� �r�a�d�i�i� �f�o�r� �t�h�e� �t�h�e� �t�w�o� �i�n�t�e�r�f�e�r�i�n�g� �e�l�e�m�e�n�t�s� 

�D� �=� �t�h�e� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �r�o�t�a�t�i�o�n� �c�e�n�t�e�r� �t�o� �t�h�e� �i�n�t�r�u�d�e�r� �a�x�i�s� �o�f� �s�y�m�m�e�t�r�y� 
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� � 

� � � � � � � � 

�F�i�g�u�r�e� �4�0�.� �M�i�n�i�m�u�m� �a�v�o�i�d�a�n�c�e� �c�o�n�d�i�t�i�o�n�s� �i�n� �t�h�e� �e�l�l�i�p�t�i�c�a�l� �p�r�o�j�e�c�t�i�o�n� 

�A� �r�o�t�a�t�i�o�n� �o�f� �>� �i�n� �e�i�t�h�e�r� �d�i�r�e�c�t�i�o�n� �f�r�o�m� �t�h�i�s� �l�i�n�e� �w�i�l�l� �e�l�i�m�i�n�a�t�e� �t�h�e� �i�n�t�e�r�f�e�r�e�n�c�e�.� 

�A�t� �t�h�i�s� �p�o�i�n�t� �i�t� �i�s� �u�s�e�f�u�l� �t�o� �i�d�e�n�t�i�f�y� �t�h�e� �m�a�j�o�r� �a�x�i�s� �a�n�d� �t�h�e� �p�r�o�j�e�c�t�e�d� �a�n�g�l�e�,� 

�,� �b�e�t�w�e�e�n� �t�h�e� �m�a�j�o�r� �a�x�i�s� �a�n�d� �t�h�e� �l�i�n�e� �p�a�s�s�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �t�w�o� �c�e�n�t�e�r�s�.� �T�h�i�s� �i�s� 

�d�o�n�e� �i�n� �F�i�g�u�r�e� �4�1�.� 
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� � 

�r�o�t�a�t�i�o�n� �a�x�i�s� �U� 
�a�e� �/� 

�m�a�j�o�r� �a�x�i�s� �l�i�n�e� 

� � � � � � 

� � 

� � � � � � 
�F�i�g�u�r�e� �4�1�.� �P�r�o�j�e�c�t�e�d� �a�n�g�u�l�a�r� �l�o�c�a�t�i�o�n� �o�f� �i�n�t�r�u�d�e�r� �c�e�n�t�e�r� 

�T�h�e� �m�a�j�o�r� �a�x�i�s� �d�i�r�e�c�t�i�o�n� �i�s� �f�o�u�n�d� �f�r�o�m� �t�h�e� �e�q�u�a�t�i�o�n�:� 

�(�1�9�)� �A�m� �=� �U�x�l� 

�w�h�e�r�e�:� 

�A�m� �=� �t�h�e� �v�e�c�t�o�r� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �m�a�j�o�r� �a�x�i�s� 

�l�y� �=� �t�h�e� �v�e�c�t�o�r� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �i�n�t�r�u�d�e�r� �a�x�i�s� �o�f� �s�y�m�m�e�t�r�y�.� 

�S�u�b�t�r�a�c�t�i�n�g� �y� �f�r�o�m� �>� �t�h�e�n� �a�d�d�i�n�g� �y� �t�o� �$� �g�i�v�e�s� �t�h�e� �t�w�o� �a�n�g�l�e�s�,� �8�;� �a�n�d� �8�2�,� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �4�2� �a�l�o�n�g� �w�i�t�h� �t�h�e� �a�n�g�l�e� �B�.� �8� �i�s� �t�h�e� �a�n�g�l�e� �b�e�t�w�e�e�n� �t�h�e� �m�a�j�o�r� �a�x�i�s� �a�n�d� �t�h�e� 

�p�r�o�j�e�c�t�i�o�n� �o�f� �t�h�e� �m�o�v�a�b�l�e� �e�l�e�m�e�n�t�'�s� �c�e�n�t�e�r� �l�i�n�e�.� �W�i�t�h� �t�h�e�s�e� �a�n�g�l�e�s�,� �t�h�e�r�e� �i�s� 

�e�n�o�u�g�h� �i�n�f�o�r�m�a�t�i�o�n� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �a�c�t�u�a�l� �r�o�t�a�t�i�o�n� �a�n�g�l�e�s� �i�n� �t�h�e� �p�l�a�n�e� �o�f� 

�r�o�t�a�t�i�o�n� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �U�.� 

�F�i�n�d�i�n�g� �t�h�e�s�e� �a�n�g�l�e�s� �i�n� �t�h�e� �p�l�a�n�e� �o�f� �r�o�t�a�t�i�o�n� �i�s� �a� �m�a�t�t�e�r� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �h�o�w� 

�m�u�c�h� �t�h�e� �s�i�n�e� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �a�n�g�l�e�s� �h�a�s� �b�e�e�n� �f�o�r�e�s�h�o�r�t�e�n�e�d� �i�n� �t�h�e� �p�r�o�j�e�c�t�i�o�n�.� 
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� � � � 

� � � � � � 

�F�i�g�u�r�e� �4�2�.� �A�n�g�l�e�s� �r�e�f�e�r�e�n�c�e�d� �t�o� �t�h�e� �m�a�j�o�r� �a�x�i�s� �o�f� �t�h�e� �e�l�l�i�p�s�e� 

�T�h�i�s� �i�s� �d�o�n�e� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �a�n�g�l�e�,� �w�,� �b�e�t�w�e�e�n� �t�h�e� �u�n�i�t� �v�e�c�t�o�r�,� �U�,� �a�n�d� �L�y� �b�y� 

�m�e�a�n�s� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�:� 

�I�n�e� �U� 
�(�2�0�)� �Q� �=� �c�o�s�t� �|�L�a�|� �|� 

�8�0� 

� 



�T�h�e� �t�r�u�e� �a�n�g�l�e�s� �a�r�e� �t�h�e�n� �f�o�u�n�d� �f�r�o�m� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�:� 

 ��a�d� 
�(�2�1�)� �W�y �� �=� �a�t�a�n�2� �p�e� �a�)� 

�c�o�s� �t�(�q�)�  �� 

�w�h�e�r�e�:� 

�=� �t�h�e� �a�n�g�l�e� �t�o� �b�e� �t�r�a�n�s�t�o�r�m�e�d� 

�y �� �=� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �a�n�g�l�e� 

�a�t�a�n�2� �=� �t�h�e� �a�r�c�t�a�n�g�e�n�t� �f�u�n�c�t�i�o�n� �w�i�t�h� �q�u�a�d�r�a�n�t� �s�e�n�s�i�t�i�v�i�t�y� 

�T�h�e� �p�o�s�i�t�i�v�e� �a�n�d� �n�e�g�a�t�i�v�e� �r�o�t�a�t�i�o�n� �a�n�g�l�e�s� �a�b�o�u�t� �U� �(�6�)� �a�n�d� �6�,�)� �a�r�e� �t�h�e�n�:� 

�(�2�2�)� �0� �=�9�,�+� �6� �a�n�d� �0�,� �=� �®�%�-�f�8� 

�A�v�o�i�d�i�n�g� �s�p�h�e�r�e�s� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �i�n� �a� �s�i�m�i�l�a�r� �f�a�s�h�i�o�n� �e�x�c�e�p�t� �t�h�a�t� �a�n� 

�e�l�l�i�p�t�i�c�a�l� �p�r�o�j�e�c�t�i�o�n� �i�s� �n�e�v�e�r� �n�e�e�d�e�d�,� �a�n�d� �t�h�e� �m�o�v�a�b�l�e� �e�l�e�m�e�n�t ��s� �f�i�n�i�t�e� �l�e�n�g�t�h� �i�s� 

�a�l�w�a�y�s� �u�s�e�d�.� �U�d�u�p�a ��s� �[�1�8�]� �m�e�t�h�o�d� �f�o�r� �s�i�m�p�l�i�f�y�i�n�g� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �i�s� �e�m�p�l�o�y�e�d�.� 

�T�h�i�s� �m�e�t�h�o�d� �i�n�v�o�l�v�e�s� �s�h�r�i�n�k�i�n�g� �t�h�e� �b�o�u�n�d�e�d� �c�y�l�i�n�d�e�r� �t�o� �a� �l�i�n�e� �a�n�d� �g�r�o�w�i�n�g� �t�h�e� 

�s�p�h�e�r�e� �t�o� �c�o�m�p�e�n�s�a�t�e�.� �T�h�i�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �4�3�.� �T�h�e� �e�x�p�a�n�d�e�d� �s�p�h�e�r�e�s� �a�r�e� 

�a�g�a�i�n� �p�r�o�j�e�c�t�e�d� �o�n�t�o� �t�h�e� �p�l�a�n�e� �o�f� �r�o�t�a�t�i�o�n� �a�n�d� �t�w�o� �c�a�s�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �I�n� �t�h�e� 

�f�i�r�s�t� �c�a�s�e�,� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �s�p�h�e�r�e� �i�s� �w�i�t�h�i�n� �t�h�e� �b�o�u�n�d�s� �o�f� �t�h�e� �c�i�r�c�l�e� �s�w�e�p�t� �b�y� �t�h�e� 

�s�h�r�u�n�k�e�n� �c�y�l�i�n�d�e�r�.� �I�n� �t�h�e� �s�e�c�o�n�d� �c�a�s�e�,� �t�h�e� �s�p�h�e�r�e� �c�e�n�t�e�r� �i�s� �o�u�t�s�i�d�e� �t�h�i�s� �c�i�r�c�l�e�.� �T�h�e� 

�t�w�o� �c�a�s�e�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�4� �w�i�t�h� �t�h�e� �m�o�d�i�f�i�e�d� �b�o�u�n�d�a�r�y� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s�.� 
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�F�i�g�u�r�e� �4�3�.� �U�d�u�p�a ��s� �p�r�o�c�e�s�s� �o�f� �s�h�r�i�n�k�i�n�g� �t�h�e� �c�y�l�i�n�d�e�r� �a�n�d� �g�r�o�w�i�n�g� �t�h�e� �s�p�h�e�r�e� 

� � 
� � 

� � 
�s�w�e�e�p� �c�i�r�c�l�e�s� �s�h�o�w�n� �d�a�s�h�e�d� 

� � 

�-�~�e�a�n�w�v�e� �*� 

�c�a�s�e� �1� � � 
� � �F�i�g�u�r�e� �4�4�,� �T�h�e� �t�w�o� �p�r�o�j�e�c�t�i�o�n� �c�a�s�e�s� �f�o�r� �d�e�a�l�i�n�g� �w�i�t�h� �i�n�t�e�r�f�e�r�i�n�g� �s�p�h�e�r�e�s� 
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�T�h�e� �d�i�s�t�a�n�c�e� �o�f� �t�h�e� �s�p�h�e�r�e� �f�r�o�m� �t�h�e� �p�l�a�n�e� �o�f� �r�o�t�a�t�i�o�n� �m�u�s�t� �a�l�s�o� �b�e� 

�c�o�n�s�i�d�e�r�e�d�.� �H�e�r�e� �t�h�e� �b�o�u�n�d�a�r�y� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �s�p�h�e�r�e� �i�s� �r�e�d�u�c�e�d� �b�a�s�e�d� �o�n� �t�h�e� 

�d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �p�l�a�n�e� �a�s� �f�o�l�l�o�w�s� �i�n� �e�q�u�a�t�i�o�n� �2�3�:� 

�(�2�3�)� �R�g�,� �=� �R�g�o� �s�i�n�[�c�o�s ��(�D�,�/�R�g�o�)�]� 

�w�h�e�r�e�:� 

�R�,� �=� �t�h�e� �d�i�s�t�a�n�c�e� �m�o�d�i�f�i�e�d� �r�a�d�i�u�s� 

�R�,�o�=� �t�h�e� �i�n�i�t�i�a�l� �r�a�d�i�u�s� 

�D�,� �=� �t�h�e� �d�i�s�t�a�n�c�e� �t�o� �t�h�e� �p�l�a�n�e� 

�T�h�e� �p�r�o�c�e�s�s� �o�f� �d�e�a�l�i�n�g� �w�i�t�h� �s�p�h�e�r�e�s� �h�a�s� �g�r�e�a�t�e�r� �u�t�i�l�i�t�y� �t�h�a�n� �m�e�r�e�l�y� �a�v�o�i�d�i�n�g� 

�s�p�h�e�r�i�c�a�l� �j�o�i�n�t�s�.� �I�n� �m�a�n�y� �c�a�s�e�s�,� �t�h�e� �t�e�c�h�n�i�q�u�e� �o�f� �d�e�a�l�i�n�g� �w�i�t�h� �i�n�f�i�n�i�t�e� �c�y�l�i�n�d�e�r�s� �i�n� 

�e�l�l�i�p�t�i�c�a�l� �p�r�o�j�e�c�t�i�o�n� �c�a�u�s�e�s� �t�h�e� �m�o�v�a�b�l�e� �e�l�e�m�e�n�t� �t�o� �m�o�v�e� �t�o�o� �f�a�r�.� �O�n�e� �e�x�a�m�p�l�e� �o�f� 

�t�h�i�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�5�.� �T�h�i�s� �c�o�n�d�i�t�i�o�n� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �c�l�o�s�e�s�t� �p�o�i�n�t�,� �o�n� �t�h�e� 

�i�n�f�i�n�i�t�e� �a�x�i�s� �l�i�n�e�s� �f�o�r� �t�h�e� �c�y�l�i�n�d�e�r�s�,� �p�r�o�j�e�c�t�s� �o�f�f� �t�h�e� �e�n�d� �o�f� �f�i�n�i�t�e� �l�i�n�e� �s�e�g�m�e�n�t�s� 

�w�h�i�c�h� �m�o�d�e�l� �t�h�e� �f�i�n�i�t�e� �c�y�l�i�n�d�e�r�s�.� �I�n� �t�h�i�s� �e�x�t�r�e�m�e� �c�a�s�e�,� �t�h�e� �p�r�o�j�e�c�t�e�d� �i�n�t�e�r�s�e�c�t�i�o�n� �i�s� 

�a�t� �i�n�f�i�n�i�t�y�.� �T�h�e� �i�n�f�i�n�i�t�e� �c�y�l�i�n�d�e�r� �m�o�d�e�l� �c�a�u�s�e�s� �t�h�e� �m�o�v�a�b�l�e� �e�l�e�m�e�n�t� �t�o� �r�o�t�a�t�e� �u�n�t�i�l� 

�i�t� �i�s� �p�a�r�a�l�l�e�l�,� �b�u�t� �t�h�i�s� �i�s� �c�l�e�a�r�l�y� �t�o�o� �f�a�r�.� �W�h�e�n� �s�u�c�h� �a� �c�a�s�e� �i�s� �d�i�s�c�o�v�e�r�e�d�,� �t�h�e� 

�a�v�o�i�d�a�n�c�e� �i�s� �r�e�c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �a�n� �e�n�d� �o�f� �t�h�e� �i�n�t�r�u�d�e�r� �a�s� �a� �s�p�h�e�r�e�.� �I�n�i�t�i�a�l� 

�i�n�t�e�r�f�e�r�e�n�c�e� �w�i�t�h� �t�h�e� �s�p�h�e�r�e� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �i�n�t�r�u�d�e�r� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y�.� �O�n�c�e� �a� 

�c�o�l�l�i�s�i�o�n� �h�a�s� �b�e�e�n� �d�e�t�e�c�t�e�d� �a�n�d� �t�h�e� �s�p�h�e�r�i�c�a�l� �a�v�o�i�d�a�n�c�e� �r�o�u�t�i�n�e� �i�s� �c�a�l�l�e�d�,� �t�h�e� 

�a�v�o�i�d�a�n�c�e� �a�n�g�l�e� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �h�o�w� �f�a�r� �t�h�e� �m�o�v�a�b�l�e� �e�l�e�m�e�n�t� �h�a�s� �t�o� 

�m�o�v�e� �b�e�y�o�n�d� �t�h�e� �s�p�h�e�r�e� �i�n� �t�h�e� �c�u�r�r�e�n�t� �r�o�t�a�t�i�o�n� �d�i�r�e�c�t�i�o�n�.� 

�8�3



� � 

�%�
  �� 

�¢�
 

�o
� 

�>� �A�D� 
� � � � 

�(�
+�

 

�+
� 

�(�+
� 

�+
� 

� � � � � � � � � � � � �Y�Y� �Y�Y� 
�r�o�t�a�t�i�o�n� �f�r�o�m� �i�n�f�i�n�i�t�e� �p�r�o�p�e�r� �r�o�t�a�t�i�o�n� 
�c�y�l�i�n�d�e�r� �m�o�d�e�l� � � � � � � 

�F�i�g�u�r�e� �4�5�.� �R�e�p�o�s�i�t�i�o�n�i�n�g� �a� �m�o�v�a�b�l�e� �l�i�n�k� �t�h�a�t� �h�a�s� �b�e�e�n� �r�o�t�a�t�e�d� �t�o�o� �f�a�r� 

�C�r�e�a�t�i�n�g� �t�h�e� �P�r�i�S�M� �I�n�p�u�t� �F�i�l�e�s� 

�T�h�e� �l�a�s�t� �s�t�e�p� �i�n� �S�L�I�D�E� �i�s� �t�o� �c�r�e�a�t�e� �t�h�e� �f�i�l�e�s� �u�s�e�d� �b�y� �P�r�i�S�M� �f�o�r� �g�e�o�m�e�t�r�i�c� 

�v�i�s�u�a�l�i�z�a�t�i�o�n� �a�n�d� �a�n�i�m�a�t�i�o�n�.� �T�h�e� �f�o�r�m�a�t�s� �f�o�r� �t�h�e�s�e� �f�i�l�e�s� �a�p�p�e�a�r� �h�e�r�e� �t�h�r�o�u�g�h� �t�h�e� 

�c�o�u�r�t�e�s�y� �o�f� �M�o�n�t�g�o�m�e�r�y� �[�1�6�]�.� �T�h�e� �m�o�d�e�l� �f�i�l�e� �f�o�r�m�a�t� �s�h�o�w�n� �h�e�r�e� �i�n� �F�i�g�u�r�e� �4�6� 

�a�l�l�o�w�s� �f�o�r� �t�w�i�c�e� �a�s� �m�a�n�y� �j�o�i�n�t� �t�y�p�e�s� �a�s� �t�h�e� �a�t�t�r�i�b�u�t�e� �f�i�l�e� �i�n� �F�i�g�u�r�e� �2�5�,� �b�e�c�a�u�s�e� 

�i�n�t�e�r�n�a�l� �a�n�d� �e�x�t�e�r�n�a�l� �j�o�i�n�t� �p�a�r�t�s� �e�x�i�s�t� �h�e�r�e� �w�h�e�r�e� �t�h�e�y� �d�i�d� �n�o�t� �e�x�i�s�t� �b�e�f�o�r�e�.� �T�h�e� 

�v�a�r�i�a�b�l�e�s� �T�x�,� �T�y�,� �a�n�d� �T�z� �c�o�r�r�e�s�p�o�n�d� �t�o� �r�o�t�a�t�i�o�n�s� �n�e�c�e�s�s�a�r�y� �t�o� �o�r�i�e�n�t� �j�o�i�n�t�s� �i�n� �t�h�e�i�r� 

�l�o�c�a�l� �l�i�n�k� �f�r�a�m�e�s�.� �S�i�m�i�l�a�r�l�y�,� �P�x�,� �P�y�,� �a�n�d� �P�z� �c�o�r�r�e�s�p�o�n�d� �t�o� �p�o�s�i�t�i�o�n�s� �i�n� �t�h�e� �l�o�c�a�l� 

�l�i�n�k� �f�r�a�m�e�s�.� �L�e�n� �i�s� �t�h�e� �l�e�n�g�t�h� �o�f� �e�x�t�e�r�n�a�l� �j�o�i�n�t�s� �a�n�d� �Z�1� �a�n�d� �Z�2� �c�o�r�r�e�s�p�o�n�d� �t�o� �a�n� 

�i�n�t�e�r�n�a�l� �l�i�n�k ��s� �e�n�d� �l�o�c�a�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �l�o�c�a�l� �l�i�n�k� �Z� �a�x�i�s� �b�e�f�o�r�e� �b�e�i�n�g� �p�o�s�i�t�i�o�n�e�d� �i�n� 

�t�h�e� �l�o�c�a�l� �l�i�n�k� �f�r�a�m�e�.� �R�o� �a�n�d� �R�i� �r�e�t�a�i�n� �t�h�e�i�r� �o�r�i�g�i�n�a�l� �m�e�a�n�i�n�g� �f�r�o�m� �t�h�e� �a�t�t�r�i�b�u�t�e� 

�f�i�l�e� �u�s�e�d� �a�s� �i�n�p�u�t� �t�o� �S�L�I�D�E�.� �w�h�i�l�e� �t�h�e� �R� �v�a�r�i�a�b�l�e� �f�o�r� �i�n�t�e�r�n�a�l� �j�o�i�n�t�s� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�R�i�.� �A� �p�i�l�l�o�w� �b�l�o�c�k� �e�l�e�m�e�n�t� �i�s� �i�n�c�l�u�d�e�d� �i�n� �P�r�i�S�M� �w�h�i�c�h� �i�s� �n�o�t� �s�u�p�p�o�r�t�e�d� �i�n� �S�L�I�D�E�.� 
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�C�h�a�r�a�c�t�e�r� �s�t�r�i�n�g� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �m�o�d�e�l� 
� � 

� � 

�E�l�e�m�e�n�t� �T�y�p�e� �E�l�e�m�e�n�t� �I�D� �|� �E�l�e�m�e�n�t� �D�e�s�c�r�i�p�t�i�o�n� 
� � 

�P�a�r�a�m�e�t�e�r� �1� �P�a�r�a�m�e�t�e�r� �2� �|� �P�a�r�a�m�e�t�e�r� �3� �|� �P�a�r�a�m�e�t�e�r� �4� �|�.�.�.�|� �P�a�r�a�m�e�t�e�r� �M� 
� � � � � � � � 

� � 

�E�l�e�m�e�n�t� �T�y�p�e� �E�l�e�m�e�n�t� �I�D� �|� �E�l�e�m�e�n�t� �D�e�s�c�r�i�p�t�i�o�n� � � � � � � �P�a�r�a�m�e�t�e�r� �1� � � �P�a�r�a�m�e�t�e�r� �2� �|� �P�a�r�a�m�e�t�e�r� �3� �|� �P�a�r�a�m�e�t�e�r� �4� �|�.�.�.� � � � � � � � � � � 
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�S�u�p�p�o�r�t�e�d� �E�l�e�m�e�n�t� �T�y�p�e�s� 
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�s�e�t�e� �S�I�D� �#�|�-� �E�x�t�e�r�n�a�l� �R�e�v�o�l�u�t�e� �J�o�i�n�t�.� �o�s� �|� 
�R�o� �|� �R�i� �e�n� �T�e� �o�y� �a�e� �e�y� �T�P�]� 

�2�)� �(�4�D� �#� �|� �i�n�t�e�r�n�a�l� �R�e�v�o�l�u�t�e� �J�o�i�n�t�.� �v�e�n� �e�e� �|� 

�R� �|� �Z�1� �z�t�e�i�v�[� �[�e�a�l� 

�°�3�-�4�-�1�D� �#�1�:� �C�o�n�n�e�c�t�i�n�g� �E�l�e�m�e�n�t� �«�=�.�.�.� �-� �e�e� 
�R� �[�N�u�m� �r�i� �L�e�w� �P�r�e� �[�P�a� �a�y�e� 

�4� �1� �1�D� �#�1�}�.� �L�i�n�k� �(�J�o�i�n�t�,� �J�o�i�n�t�,� �C�o�n�n�e�c�t�o�r�,�.�;�)� �o�e� �|� 
�N�u�m�[�I�D�1�/�1�D�2�/�I�D�3�|�.�.�.� �|� 

�_�.�5� �4� �1�0�4� �|�-� �E�x�t�e�r�n�a�l� �P�r�i�s�m�a�t�i�c� �J�o�i�n�t� �|� 
�R�o� �|� �R�i� �v�e�n� �|� �T�z� �|� �t�y� �|� �x� �|� �P�x� �|� �P�y� �|� �P�e� �|� 

�-� �6�°� �1� �(�D�#� �f� �<�I�n�t�e�r�n�a�l� �P�r�i�s�m�a�t�i�c� �J�o�i�n�t� �:� �S�s� �S�e� 
�R� �|� �2�1� �z�[�z� �[�y�l� �L�e�y� 

�7� �|� �1�D�#�]�  ��E�x�t�e�r�n�a�l� �C�y�l�i�n�d�r�i�c� �J�o�i�n�t�.� �a� �o�o�d� 
�R�o� �|� �R�i� �|� �L�e�n�|� �T�z� �|� �T�y� �|� �T� �|� �P�x� �|� �P�y� �|� �P�z� �|� 
�8� �|� �I�D�#�}� �I�n�t�e�r�n�a�l� �C�y�l�i�n�d�r�i�c� �J�o�i�n�t� �|� 

�R� �|� �2�1� �|� �z�2� �|� �T�z� �|� �t�y� �|� �T!"� �|� �P�x� �|� �P�y� �|� �P�z� �|� 
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�C�h�a�p�t�e�r� �8� 

�R�e�s�u�l�t�s� 

�T�h�e� �m�e�t�h�o�d�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�i�s� �w�o�r�k� �h�a�v�e� �b�e�e�n� �s�u�c�c�e�s�s�f�u�l�l�y� �i�m�p�l�e�m�e�n�t�e�d� �t�o� 

�e�l�i�m�i�n�a�t�e� �i�n�t�e�r�f�e�r�e�n�c�e�s� �i�n� �s�e�v�e�r�a�l� �m�e�c�h�a�n�i�s�m�s�.� �T�h�e�r�e� �a�r�e� �c�o�n�d�i�t�i�o�n�s�,� �h�o�w�e�v�e�r�,� 

�w�h�e�r�e� �i�n�t�e�r�f�e�r�e�n�c�e�s� �c�a�n�n�o�t� �b�e� �e�l�i�m�i�n�a�t�e�d�.� �T�h�e�s�e� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �t�h�e�i�r� �r�e�s�o�l�u�t�i�o�n� 

�a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �m�e�c�h�a�n�i�s�m� �c�a�s�e� �s�t�u�d�i�e�s� �d�e�s�c�r�i�b�e�d� �b�e�l�o�w�.� 

�T�h�e� �R�S�S�R� �m�e�c�h�a�n�i�s�m� �i�n� �F�i�g�u�r�e� �4�8� �w�a�s� �c�r�e�a�t�e�d� �f�r�o�m� �a�n�a�l�y�s�i�s� �d�a�t�a� �d�e�r�i�v�e�d� 

�f�r�o�m� �t�h�e� �w�o�r�k� �o�f� �R�.� �L�.� �W�i�l�l�i�a�m�s� �[�1�0�4�]� �u�s�i�n�g� �a� �c�u�s�t�o�m� �p�o�s�t�p�r�o�c�e�s�s�o�r� �t�o� �c�r�e�a�t�e� �t�h�e� 

�S�L�I�D�E� �a�t�t�r�i�b�u�t�e� �a�n�d� �p�o�s�i�t�i�o�n� �f�i�l�e�s�.� �T�h�i�s� �i�s� �t�o� �b�e� �d�i�f�f�e�r�e�n�t�i�a�t�e�d� �f�r�o�m� �t�h�e� �o�t�h�e�r� 
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�F�i�g�u�r�e� �4�8�.� �R�S�S�R� �m�e�c�h�a�n�i�s�m� �a�s� �s�y�n�t�h�e�s�i�z�e�d� �w�i�t�h� �i�n�t�e�r�f�e�r�e�n�c�e� 
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�w�a�s� �s�y�n�t�h�e�s�i�z�e�d� �u�s�i�n�g� �a� �m�i�n�i�m�u�m� �c�o�n�n�e�c�t�i�n�g� �d�i�s�t�a�n�c�e� �a�p�p�r�o�a�c�h� �f�o�r� �a�l�l� �l�i�n�k�s�.� �T�h�e� 

�g�r�o�u�n�d� �l�i�n�k� �i�s� �n�o�t� �s�h�o�w�n� �f�o�r� �t�h�i�s� �m�e�c�h�a�n�i�s�m�.� �F�i�g�u�r�e� �4�9� �s�h�o�w�s� �t�h�e� �r�e�s�u�l�t� �o�f� 

�o�p�t�i�m�a�l�l�y� �o�r�i�e�n�t�i�n�g� �t�h�e� �c�u�p�s� �o�n� �t�h�e� �s�p�h�e�r�i�c� �j�o�i�n�t�s�.� �F�i�g�u�r�e� �5�0� �s�h�o�w�s� �t�h�e� �r�e�s�u�l�t� �w�h�e�n� 
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�F�i�g�u�r�e� �5�0�.� �R�S�S�R� �r�e�s�h�a�p�e�d� �t�o� �e�l�i�m�i�n�a�t�e� �i�n�t�e�r�f�e�r�e�n�c�e� 

�w�h�e�n� �t�h�e� �m�e�c�h�a�n�i�s�m� �h�a�s� �b�e�e�n� �s�u�c�c�e�s�s�f�u�l�l�y� �r�e�s�h�a�p�e�d�.� �T�h�i�s� �i�n�t�e�r�f�e�r�e�n�c�e�-�f�r�e�e� 

�c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �n�o�t� �u�n�i�q�u�e�.� �T�o� �i�l�l�u�s�t�r�a�t�e�,� �F�i�g�u�r�e� �5�1� �s�h�o�w�s� �a�n�o�t�h�e�r� �s�u�c�c�e�s�s�f�u�l� 

�r�e�s�h�a�p�i�n�g�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �h�e�r�e� �i�s� �d�u�e� �t�o� �t�h�e� �i�n�i�t�i�a�l� �o�r�d�e�r�i�n�g� �o�f� �t�h�e� �l�i�n�k�s� �i�n� �t�h�e� 

�i�n�p�u�t� �f�i�l�e�s�.� 

�T�h�e� �R�P�C�S� �o�f� �F�i�g�u�r�e�s� �5�2� �a�n�d� �5�3� �f�u�r�t�h�e�r� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �p�o�i�n�t� �t�h�a�t� �a� �r�e�s�h�a�p�i�n�g� 

�s�o�l�u�t�i�o�n� �i�s� �n�o�t� �u�n�i�q�u�e�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �a�r�e� �t�h�e� �r�e�s�u�l�t� �o�f� �c�h�a�n�g�i�n�g� �t�h�e� 
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�T�h�e� �R�C�C�C� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�4� �w�a�s� �c�r�e�a�t�e�d� �f�r�o�m� �d�a�t�a� �d�e�v�e�l�o�p�e�d� �b�y� 

�V�e�e�r�a�r�a�g�h�a�v�a�n� �[�1�0�5�]�,� �a�n�d� �s�e�r�v�e�s� �t�o� �s�h�o�w� �o�n�e� �c�o�n�d�i�t�i�o�n� �w�h�e�r�e� �r�e�s�h�a�p�i�n�g� �f�a�i�l�s�.� �T�h�e� 
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�F�i�g�u�r�e� �5�4�.� �R�C�C�C� �m�e�c�h�a�n�i�s�m� �w�i�t�h� �i�n�t�e�r�f�e�r�e�n�c�e� 

�s�h�o�r�t� �c�r�a�n�k� �i�s� �s�h�o�w�n� �i�n�t�e�r�f�e�r�i�n�g� �w�i�t�h� �t�h�e� �i�n�t�e�r�n�a�l� �j�o�i�n�t� �o�f� �a� �c�y�l�i�n�d�r�i�c� �l�i�n�k�.� �T�h�e� 

�r�e�s�h�a�p�i�n�g� �o�p�t�i�o�n�s� �a�l�l�o�w� �f�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �w�h�i�c�h� �e�f�f�e�c�t�i�v�e�l�y� �w�r�a�p� �a�r�o�u�n�d� �t�h�e� �t�h�e� 

�c�y�l�i�n�d�r�i�c� �j�o�i�n�t�,� �b�u�t� �n�o� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �e�v�e�r� �f�o�u�n�d� �w�h�e�r�e� �i�n�t�e�r�f�e�r�e�n�c�e� �i�s� �e�l�i�m�i�n�a�t�e�d� 

�a�t� �a�l�l� �p�o�s�i�t�i�o�n�s�.� �A� �j�o�i�n�t� �s�h�i�f�t� �i�s� �t�h�e� �o�n�l�y� �s�o�l�u�t�i�o�n� �w�h�i�c�h� �w�i�l�l� �r�e�m�o�v�e� �t�h�e� 

�i�n�t�e�r�f�e�r�e�n�c�e�.� �S�u�c�h� �a� �j�o�i�n�t� �s�h�i�f�t� �w�a�s� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �t�h�e� �R�C�C�C� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�5�.� �T�h�i�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�a�n� �b�e� �r�e�s�h�a�p�e�d� �t�o� �e�l�i�m�i�n�a�t�e� �a�l�l� 

�i�n�t�e�r�f�e�r�e�n�c�e�,� �b�u�t� �S�L�I�D�E� �o�n�l�y� �r�e�p�o�s�i�t�i�o�n�s� �j�o�i�n�t�s� �t�o� �a�v�o�i�d� �o�t�h�e�r� �j�o�i�n�t�s�.� �T�h�i�s� �m�e�a�n�s� 

�t�h�a�t� �a� �m�a�n�u�a�l� �e�d�i�t� �o�f� �t�h�e� �I�M�P�7�5� �i�n�p�u�t� �f�i�l�e� �i�s� �n�e�c�e�s�s�a�r�y�.� �T�h�e� �f�i�n�a�l� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� 

�t�h�e� �R�C�C�C�,� �a�f�t�e�r� �r�e�s�h�a�p�i�n�g�,� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�6�.� 
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�F�i�g�u�r�e� �5�6�.� �R�C�C�C� �m�e�c�h�a�n�i�s�m� �w�i�t�h� �i�n�t�e�r�f�e�r�e�n�c�e� �e�l�i�m�i�n�a�t�e�d� 
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�T�h�e� �m�e�c�h�a�n�i�s�m� �i�n� �F�i�g�u�r�e� �5�7� �i�s� �a� �7�R� �m�e�c�h�a�n�i�s�m� �w�h�i�c�h� �a�p�p�e�a�r�e�d� �i�n� �a� �p�a�p�e�r� 

�b�y� �S�a�n�d�o�r�,� �X�u�,� �a�n�d� �W�e�n�g� �[�1�0�6�]�.� �F�i�g�u�r�e� �5�8� �s�h�o�w�s� �t�h�e� �7�R� �a�f�t�e�r� �t�h�e� �j�o�i�n�t�s� �h�a�v�e� 
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�F�i�g�u�r�e� �5�7�.� �7�R� �m�e�c�h�a�n�i�s�m� �b�e�f�o�r�e� �r�e�s�h�a�p�i�n�g� 

�b�e�e�n� �s�u�c�c�e�s�s�f�u�l�l�y� �r�e�p�o�s�i�t�i�o�n�e�d�.� �T�h�e� �r�e�s�h�a�p�e�d� �m�o�d�e�l� �a�p�p�e�a�r�s� �i�n� �F�i�g�u�r�e� �5�9�.� �T�h�e� 

�m�o�s�t� �n�o�t�a�b�l�e� �f�e�a�t�u�r�e� �o�f� �t�h�e� �r�e�s�h�a�p�e�d� �m�e�c�h�a�n�i�s�m� �i�s� �t�h�e� �l�e�n�g�t�h� �o�f� �s�o�m�e� �o�f� �t�h�e� 

�e�l�e�m�e�n�t�s� �i�n� �t�h�e� �r�e�s�h�a�p�e�d� �l�i�n�k�.� �R�e�s�h�a�p�i�n�g� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �o�p�t�i�m�a�l�.� �T�o� �p�r�o�v�e� �t�h�i�s� 
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�F�i�g�u�r�e� �5�8�.� �7�R� �m�e�c�h�a�n�i�s�m� �w�i�t�h� �j�o�i�n�t� �i�n�t�e�r�f�e�r�e�n�c�e� �e�l�i�m�i�n�a�t�e�d� 

�l�a�s�t� �s�t�a�t�e�m�e�n�t�,� �t�h�e� �e�x�c�e�s�s�i�v�e�l�y� �l�o�n�g� �l�i�n�k� �w�a�s� �m�o�d�i�f�i�e�d� �b�y� �e�d�i�t�i�n�g� �t�h�e� �P�r�i�S�M� �f�i�l�e�.� 

�T�h�e� �r�e�s�u�l�t� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�0�.� �T�h�i�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�l�s�o� �h�a�s� �n�o� �i�n�t�e�r�f�e�r�e�n�c�e�.� �O�f� 

�c�o�u�r�s�e�,� �i�t� �i�s� �m�u�c�h� �e�a�s�i�e�r� �t�o� �m�o�d�i�f�y� �o�n�e� �l�i�n�k� �o�f� �a� �n�o�n�i�n�t�e�r�f�e�r�i�n�g� �m�e�c�h�a�n�i�s�m� �a�n�d� 

�c�h�a�n�g�e� �i�t� �s�o� �t�h�e�r�e� �i�s� �s�t�i�l�l� �n�o� �i�n�t�e�r�f�e�r�e�n�c�e� �t�h�a�n� �i�t� �i�s� �t�o� �f�i�n�d� �a�n� �i�n�t�e�r�f�e�r�e�n�c�e�-�f�r�e�e� 

�c�o�n�f�i�g�u�r�a�t�i�o�n� �f�r�o�m� �a� �c�o�n�d�i�t�i�o�n� �a�s� �i�n� �F�i�g�u�r�e� �5�7�.� 
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�F�i�g�u�r�e� �5�9�.� �7�R� �m�e�c�h�a�n�i�s�m� �w�i�t�h� �l�i�n�k� �i�n�t�e�r�f�e�r�e�n�c�e� �e�l�i�m�i�n�a�t�e�d� 

�T�h�e�r�e� �i�s� �o�n�e� �w�a�r�n�i�n�g� �t�o� �t�h�e� �u�s�e�r� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �l�i�n�k�s�.� �S�L�I�D�E� 

�w�i�l�l� �t�r�y� �t�o� �e�x�h�a�u�s�t� �a�l�l� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �o�r�d�e�r� �i�n� �r�e�s�h�a�p�i�n�g� �t�h�e� �l�i�n�k�s� �o�f� �a� �m�e�c�h�a�n�i�s�m�.� 

�F�o�r� �a� �f�o�u�r� �l�i�n�k� �m�e�c�h�a�n�i�s�m�,� �t�h�e�r�e� �a�r�e� �4�!� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �t�h�i�s� �o�r�d�e�r� �o�r� �2�4� �d�i�f�f�e�r�e�n�t� 

�o�r�d�e�r�i�n�g�s� �b�a�s�e�d� �o�n� �a�n� �o�r�d�e�r�i�n�g� �m�a�t�r�i�x� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�0�.� �F�o�r� �a� �s�e�v�e�n� �l�i�n�k� 

�m�e�c�h�a�n�i�s�m�,� �t�h�e� �n�u�m�b�e�r� �o�f� �o�r�d�e�r�i�n�g�s� �i�s� �5�0�4�0�.� �T�h�e� �f�u�l�l� �i�m�p�a�c�t� �o�f� �t�h�e�s�e� �n�u�m�b�e�r�s� �i�s� 
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�F�i�g�u�r�e� �6�0�.� �7�R� �m�e�c�h�a�n�i�s�m� �w�i�t�h� �i�n�t�e�r�f�e�r�e�n�c�e� �e�l�i�m�i�n�a�t�e�d� �a�f�t�e�r� �e�d�i�t�i�n�g� 

�n�o�t� �a�p�p�r�e�c�i�a�t�e�d� �u�n�t�i�l� �a�c�t�u�a�l� �t�i�m�e� �i�s� �c�o�n�s�i�d�e�r�e�d�.� �A� �f�o�u�r� �l�i�n�k� �m�e�c�h�a�n�i�s�m� �c�a�n� �t�a�k�e� �2� 

�h�o�u�r�s� �t�o� �e�x�h�a�u�s�t� �a�l�l� �o�p�t�i�o�n�s� �o�n� �a�n� �A�p�o�l�l�o� �D�N�3�0�0�0� �w�o�r�k�s�t�a�t�i�o�n�.� 
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�C�h�a�p�t�e�r� �9� 

�C�o�n�c�l�u�s�i�o�n�s� 

�T�h�i�s� �w�o�r�k� �p�r�o�v�e�s� �t�h�e� �f�e�a�s�i�b�i�l�i�t�y� �o�f� �g�e�n�e�r�a�t�i�n�g� �i�n�t�e�r�f�e�r�e�n�c�e�-�f�r�e�e� �s�p�a�t�i�a�l� 

�m�e�c�h�a�n�i�s�m�s�.� �A�s� �t�h�e� �P�r�i�S�M� �o�u�t�p�u�t� �o�f� �F�i�g�u�r�e�s� �4�8� �t�h�r�o�u�g�h� �6�0� �s�h�o�w�s�,� �t�h�e�s�e� �a�r�e� �n�o�t� 

�s�i�m�p�l�e� �k�i�n�e�m�a�t�i�c� �s�k�e�t�c�h�e�s�.� �T�h�e� �m�o�d�e�l�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �c�r�e�a�t�e� �a�c�t�u�a�l� �h�a�r�d�w�a�r�e�,� �a�n�d� 

�h�a�r�d�w�a�r�e� �b�u�i�l�t� �t�o� �a� �m�o�d�e�l ��s� �s�p�e�c�i�f�i�c�a�t�i�o�n�s� �w�i�l�l� �h�a�v�e� �n�o� �i�n�t�e�r�f�e�r�e�n�c�e�s�.� �T�h�e� �s�o�l�u�t�i�o�n� 

�p�r�e�s�e�n�t�e�d� �h�e�r�e� �d�o�e�s� �n�o�t� �f�i�n�d� �t�h�e� �m�i�n�i�m�u�m� �l�i�n�k� �l�e�n�g�t�h� �s�o�l�u�t�i�o�n�,� �b�u�t� �i�t� �d�o�e�s� �s�e�r�v�e� �t�o� 

�p�r�o�v�e� �t�h�e� �f�e�a�s�i�b�i�l�i�t�y� �o�f� �c�o�n�s�t�r�u�c�t�i�n�g� �a� �m�e�c�h�a�n�i�s�m�.� �C�o�m�b�i�n�e�d� �w�i�t�h� �t�h�e� �m�e�t�h�o�d�s� �f�o�r� 

�p�r�e�p�r�o�c�e�s�s�i�n�g�,� �a�n�d� �v�i�s�u�a�l�i�z�a�t�i�o�n�,� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �f�o�r� �i�n�t�e�r�f�e�r�e�n�c�e� �e�l�i�m�i�n�a�t�i�o�n� 

�p�r�o�v�i�d�e� �p�o�w�e�r�f�u�l� �t�o�o�l�s� �f�o�r� �m�e�c�h�a�n�i�s�m� �d�e�v�e�l�o�p�m�e�n�t�.� �T�h�e� �p�r�e�p�r�o�c�e�s�s�o�r� �s�e�r�v�e�s� �n�o�t� 

�o�n�l�y� �a�s� �a� �p�o�w�e�r�f�u�l� �g�e�n�e�r�a�l�i�z�e�d� �i�n�p�u�t� �g�e�n�e�r�a�t�o�r�,� �b�u�t� �a�l�s�o� �s�e�r�v�e�s� �a�s� �a� �m�e�a�n�s� �o�f� 

�c�h�e�c�k�i�n�g� �a�n�y� �c�u�s�t�o�m� �i�n�t�e�r�f�a�c�e�s� �f�r�o�m� �o�t�h�e�r� �a�n�a�l�y�s�i�s� �p�r�o�g�r�a�m�s�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� 

�p�r�o�v�i�d�i�n�g� �t�h�e� �t�o�o�l�s� �f�o�r� �s�p�a�t�i�a�l� �m�e�c�h�a�n�i�s�m� �d�e�s�i�g�n�,� �t�h�e�r�e� �w�e�r�e� �s�e�v�e�r�a�l� 

�a�c�c�o�m�p�l�i�s�h�m�e�n�t�s� �p�e�r�t�a�i�n�i�n�g� �t�o� �i�n�t�e�r�f�e�r�e�n�c�e� �d�e�t�e�c�t�i�o�n� �a�n�d� �e�l�i�m�i�n�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�.� 

�T�h�e� �i�n�t�e�r�f�e�r�e�n�c�e� �d�e�t�e�c�t�i�o�n� �s�t�u�d�y� �b�e�g�a�n� �b�y� �i�n�v�e�s�t�i�g�a�t�i�n�g� �t�h�e� �r�e�l�a�t�i�v�e� 

�p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �t�e�c�h�n�i�q�u�e�s� �f�o�r� �t�h�e� �d�e�t�e�c�t�i�o�n� �o�f� �l�i�n�e� �s�e�g�m�e�n�t� 

�i�n�t�e�r�s�e�c�t�i�o�n�s�.� �T�h�e� �a�u�t�h�o�r� �d�e�v�e�l�o�p�e�d� �a�l�g�o�r�i�t�h�m�s� �b�a�s�e�d� �o�n� �t�h�e�s�e� �t�e�c�h�n�i�q�u�e�s� �a�n�d� �a� 
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�m�e�t�h�o�d� �f�o�r� �t�e�s�t�i�n�g� �t�h�e�i�r� �r�e�l�a�t�i�v�e� �p�e�r�f�o�r�m�a�n�c�e�.� �F�i�n�d�i�n�g� �n�o� �s�i�g�n�i�f�i�c�a�n�t� �d�i�f�f�e�r�e�n�c�e�s� �i�n� 

�t�h�e� �r�e�a�l� �m�a�c�h�i�n�e� �c�y�c�l�e�s� �u�s�e�d� �b�y� �t�h�e� �t�h�r�e�e� �a�l�g�o�r�i�t�h�m�s�,� �t�h�e� �f�o�c�u�s� �o�f� �t�h�e� �i�n�v�e�s�t�i�g�a�t�i�o�n� 

�w�a�s� �d�i�r�e�c�t�e�d� �t�o�w�a�r�d� �d�e�t�e�c�t�i�n�g� �n�e�a�r�n�e�s�s�.� �V�i�e�w�i�n�g� �t�h�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m� 

�w�i�t�h� �p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e�s� �a�l�l�o�w�e�d� �f�o�r� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �a�n� �a�l�g�o�r�i�t�h�m� �t�o� �d�o� �g�r�o�s�s� 

�i�n�t�e�r�s�e�c�t�i�o�n� �c�h�e�c�k�s�,� �w�h�i�c�h� �n�e�a�r�l�y� �h�a�l�v�e�d� �t�h�e� �t�i�m�e� �t�o� �c�h�e�c�k� �f�o�r� �i�n�t�e�r�s�e�c�t�i�o�n�s� �i�n� 

�1�,�9�9�9�,�0�0�0� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �r�a�n�d�o�m�l�y� �g�e�n�e�r�a�t�e�d� �l�i�n�e�s�.� 

�T�h�e� �c�o�a�r�s�e� �i�n�t�e�r�f�e�r�e�n�c�e� �d�e�t�e�c�t�i�o�n� �a�l�g�o�r�i�t�h�m� �w�h�i�c�h� �r�e�s�u�l�t�e�d� �f�r�o�m� �t�h�e� 

�p�a�r�a�l�l�e�l� �c�o�o�r�d�i�n�a�t�e� �o�b�s�e�r�v�a�t�i�o�n�s� �w�a�s� �a�c�t�u�a�l�l�y� �a� �d�y�n�a�m�i�c�a�l�l�y� �c�h�a�n�g�i�n�g� �b�o�u�n�d�i�n�g� 

�p�a�r�a�l�l�e�l�e�p�i�p�e�d� �m�e�t�h�o�d�.� �T�h�e� �m�e�t�h�o�d� �e�f�f�e�c�t�i�v�e�l�y� �r�e�d�u�c�e�d� �t�h�e� �c�o�a�r�s�e� �i�n�t�e�r�f�e�r�e�n�c�e� 

�c�h�e�c�k�i�n�g� �t�o� �o�n�e� �w�h�e�r�e� �o�b�j�e�c�t�s� �a�r�e� �p�r�o�j�e�c�t�e�d� �o�n�t�o� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e�s�.� �I�n� 

�t�h�e�s�e� �s�p�a�c�e�s� �i�t� �w�a�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �l�o�o�k� �f�o�r� �s�i�m�p�l�e� �o�v�e�r�l�a�p�s� �i�n� �p�r�o�j�e�c�t�i�o�n�s�.� �T�h�e� �v�e�c�t�o�r� 

�l�o�o�p� �m�e�t�h�o�d� �[�1�4�]�,� �w�h�i�c�h� �t�h�e� �a�u�t�h�o�r� �d�e�v�e�l�o�p�e�d� �f�o�r� �a�b�s�o�l�u�t�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� 

�i�n�t�e�r�f�e�r�e�n�c�e�s�,� �h�a�s� �p�r�o�v�e�n� �t�o� �b�e� �v�e�r�y� �r�o�b�u�s�t� �f�o�r� �a�x�i�s�y�m�m�e�t�r�i�c� �m�o�d�e�l�s�.� �T�h�e� �m�e�t�h�o�d� 

�i�s� �u�n�i�q�u�e� �i�n� �t�h�a�t� �i�t� �w�i�l�l� �d�e�t�e�r�m�i�n�e� �i�n�t�e�r�s�e�c�t�i�o�n�s� �a�s� �w�e�l�l� �a�s� �m�i�n�i�m�u�m� �d�i�s�t�a�n�c�e� 

�b�e�t�w�e�e�n� �l�i�n�e� �s�e�g�m�e�n�t�s� �w�i�t�h�o�u�t� �r�e�s�o�r�t�i�n�g� �t�o� �i�t�e�r�a�t�i�o�n� �m�e�t�h�o�d�s�.� 

�T�h�i�s� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �f�i�r�s�t� �t�i�m�e� �t�h�a�t� �t�h�e� �c�o�n�c�e�p�t� �o�f� �j�o�i�n�t� �f�r�e�e�d�o�m�s� �h�a�s� �b�e�e�n� 

�f�o�r�m�a�l�l�y� �e�x�p�r�e�s�s�e�d� �a�s� �a� �m�e�a�n�s� �o�f� �e�l�i�m�i�n�a�t�i�n�g� �j�o�i�n�t� �i�n�t�e�r�f�e�r�e�n�c�e�.� �A� �s�t�r�a�i�g�h�t� �l�i�n�e� 

�u�n�i�d�i�r�e�c�t�i�o�n�a�l� �a�v�o�i�d�a�n�c�e� �s�t�r�a�t�e�g�y�,� �b�a�s�e�d� �o�n� �t�h�e�s�e� �f�r�e�e�d�o�m�s�,� �i�s� �o�u�t�l�i�n�e�d� �w�h�i�c�h� 

�g�u�a�r�a�n�t�e�e�s� �s�u�c�c�e�s�s�f�u�l� �i�n�t�e�r�f�e�r�e�n�c�e� �e�l�i�m�i�n�a�t�i�o�n� �f�o�r� �r�e�v�o�l�u�t�e�,� �c�y�l�i�n�d�r�i�c�,� �a�n�d� �p�r�i�s�m�a�t�i�c� 

�j�o�i�n�t� �t�y�p�e�s�.� 

�T�h�e� �m�e�t�h�o�d� �f�o�r� �o�p�t�i�m�a�l� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �b�a�l�l�-�c�u�p� �p�a�i�r�s� �f�o�r� �s�p�h�e�r�i�c� �j�o�i�n�t�s� �i�s� 

�u�n�i�q�u�e�.� �T�h�e� �m�e�t�h�o�d� �i�s� �b�a�s�e�d� �o�n� �m�a�p�p�i�n�g� �t�h�e� �p�r�o�j�e�c�t�i�o�n� �o�f� �a�n� �i�n�v�e�r�s�e� �i�m�a�g�e� �o�f� 

�t�h�e� �b�a�l�l ��s� �a�t�t�a�c�h�m�e�n�t� �p�i�e�c�e� �o�n�t�o� �a� �u�n�i�t� �s�p�h�e�r�e� �i�n� �t�h�e� �c�u�p ��s� �l�o�c�a�l� �f�r�a�m�e� �o�f� �r�e�f�e�r�e�n�c�e�.� 

�T�h�e� �a�x�i�s� �o�f� �a� �b�o�u�n�d�i�n�g� �c�o�n�e� �i�s� �t�h�e�n� �u�s�e�d� �t�o� �a�l�i�g�n� �t�h�e� �c�u�p� �a�n�d� �i�t�s� �a�t�t�a�c�h�m�e�n�t� �p�i�e�c�e�.� 
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�T�h�i�s� �s�e�r�v�e�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �c�u�p ��s� �c�h�a�n�c�e�s� �f�o�r� �c�o�l�l�i�s�i�o�n� �w�i�t�h� �t�h�e� �b�a�l�l ��s� �a�t�t�a�c�h�m�e�n�t� 

�p�i�e�c�e�.� 

�T�h�e� �a�v�o�i�d�a�n�c�e� �s�t�r�a�t�e�g�y�,� �b�a�s�e�d� �o�n� �a� �t�h�r�e�e� �s�e�g�m�e�n�t� �s�c�h�e�m�e� �f�o�r� �a�t�t�a�c�h�i�n�g� 

�j�o�i�n�t�s� �o�f� �a� �l�i�n�k�,� �h�a�s� �p�r�o�v�e�n� �t�o� �b�e� �a�d�e�q�u�a�t�e� �f�o�r� �t�h�e� �m�e�c�h�a�n�i�s�m�s� �t�e�s�t�e�d�.� �T�h�e� 

�e�l�l�i�p�t�i�c�a�l� �p�r�o�j�e�c�t�i�o�n� �t�e�c�h�n�i�q�u�e� �h�a�s� �p�r�o�v�e�n� �t�o� �b�e� �v�e�r�y� �u�s�e�f�u�l� �i�n� �s�i�m�p�l�i�f�y�i�n�g� �t�h�e� 

�p�r�o�b�l�e�m� �o�f� �i�n�t�e�r�f�e�r�e�n�c�e� �a�v�o�i�d�a�n�c�e� �f�o�r� �t�h�e� �l�i�n�k� �e�l�e�m�e�n�t�s�.� �T�h�e�s�e� �m�e�t�h�o�d�s� 

�e�l�i�m�i�n�a�t�e�d� �t�h�e� �n�e�e�d� �f�o�r� �t�i�m�e� �c�o�n�s�u�m�i�n�g� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s�.� �I�n� �f�a�c�t�,� �n�o� �i�t�e�r�a�t�i�v�e� 

�m�e�t�h�o�d�s� �w�e�r�e� �u�s�e�d� �f�o�r� �a�v�o�i�d�a�n�c�e� �o�r� �d�e�t�e�c�t�i�o�n�.� 

�M�o�r�e� �w�o�r�k� �i�s� �n�e�e�d�e�d� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �p�o�s�i�t�i�o�n�i�n�g� �o�f� �j�o�i�n�t�s�.� �T�h�e� �c�u�r�r�e�n�t� 

�m�e�t�h�o�d�,� �w�h�i�c�h� �f�r�e�e�z�e�s� �j�o�i�n�t�s� �o�n�c�e� �t�h�e�y� �n�o� �l�o�n�g�e�r� �i�n�t�e�r�f�e�r�e� �w�i�t�h� �o�t�h�e�r� �j�o�i�n�t�s�,� �f�o�r�c�e�s� 

�a� �m�a�n�u�a�l� �e�d�i�t� �o�f� �i�n�p�u�t� �f�i�l�e�s� �t�o� �o�b�t�a�i�n� �a�n� �i�n�t�e�r�f�e�r�e�n�c�e�-�f�r�e�e� �s�o�l�u�t�i�o�n� �i�n� �s�o�m�e� �C�a�s�e�s�.� 

�T�h�i�s� �w�a�s� �s�e�e�n� �i�n� �t�h�e� �R�C�C�C� �e�x�a�m�p�l�e�.� �A� �m�e�t�h�o�d� �f�o�r� �r�e�v�e�r�s�i�n�g� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �j�o�i�n�t� 

�a�x�e�s� �c�o�u�l�d� �p�r�o�v�e� �h�e�l�p�f�u�l� �i�n� �f�i�n�d�i�n�g� �m�o�r�e� �c�o�m�p�a�c�t� �f�o�r�m�s� �o�f� �m�e�c�h�a�n�i�s�m�s�,� �a�s� �w�a�s� 

�i�l�l�u�s�t�r�a�t�e�d� �i�n� �t�h�e� �R�P�C�S� �e�x�a�m�p�l�e�.� �I�t� �i�s� �a�n�t�i�c�i�p�a�t�e�d�,� �h�o�w�e�v�e�r�,� �t�h�a�t� �t�h�e�s�e� 

�e�n�h�a�n�c�e�m�e�n�t�s� �w�i�l�l� �g�r�e�a�t�l�y� �i�n�c�r�e�a�s�e� �p�r�o�g�r�a�m� �r�u�n� �t�i�m�e�s�.� 

�F�u�t�u�r�e� �w�o�r�k� �m�i�g�h�t� �i�n�v�o�l�v�e� �s�w�e�p�t� �v�o�l�u�m�e� �t�e�c�h�n�i�q�u�e�s� �t�o� �o�p�t�i�m�i�z�e� �l�i�n�k� 

�e�l�e�m�e�n�t� �l�e�n�g�t�h�s�.� �T�h�e� �m�e�t�h�o�d�s� �e�m�p�l�o�y�e�d� �h�e�r�e� �m�a�k�e� �n�o� �a�t�t�e�m�p�t� �a�t� �s�u�c�h� �a�n� 

�o�p�t�i�m�i�z�a�t�i�o�n�.� �U�s�i�n�g� �s�w�e�p�t� �v�o�l�u�m�e�s�,� �j�o�i�n�t� �a�t�t�a�c�h�m�e�n�t�s� �c�o�u�l�d� �b�e� �m�a�d�e� �b�y� �f�i�n�d�i�n�g� 

�t�h�e� �s�h�o�r�t�e�s�t� �p�a�t�h� �a�r�o�u�n�d� �v�o�l�u�m�e�s� �s�w�e�p�t� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �t�o� �a� �l�i�n�k ��s� �l�o�c�a�l� �r�e�f�e�r�e�n�c�e� 

�f�r�a�m�e�.� 
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�R�e�f�e�r�e�n�c�e�s� 

�1�.� �K�e�i�l�,� �M�.� �J�.�,�.�A� �M�e�t�h�o�d� �f�o�r� �A�u�t�o�m�a�t�i�c�a�l�l�y� �G�e�n�e�r�a�t�i�n�g� �a�n�d� �A�n�i�m�a�t�i�n�g� �3�-�D� �M�o�d�e�l�s� 
�o�f� �P�l�a�n�a�r� �L�i�n�k�a�g�e�s�,� �M�a�s�t�e�r ��s� �T�h�e�s�i�s�,� �F�l�o�r�i�d�a� �A�t�l�a�n�t�i�c� �U�n�i�v�e�r�s�i�t�y�,� �1�9�8�4�.� 

�2�.� �K�e�i�l�,� �M�.� �J�.�,� �M�y�k�l�e�b�u�s�t�,� �A�.�,�  ��A�u�t�o�m�a�t�i�c� �3�-�D� �G�e�o�m�e�t�r�i�c� �M�o�d�e�l�i�n�g� �a�n�d� 
�A�n�i�m�a�t�i�o�n� �o�f� �P�l�a�n�a�r� �M�e�c�h�a�n�i�s�m�s ��,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �J�S�P�E� �I�n�t�e�r�n�a�t�i�o�n�a�l� 
�S�y�m�p�o�s�i�u�m� �o�n� �D�e�s�i�g�n� �a�n�d� �S�y�n�t�h�e�s�i�s�,� �T�o�k�y�o�,� �J�u�l�y� �1�9�8�4�,� �p�p�.� �3�9�5�-�3�9�9�.� 

�3�.� �M�y�k�l�e�b�u�s�t�,� �A�.�,� �R�e�i�n�h�o�l�t�z�,� �C�.� �F�E�,� �F�r�a�n�c�i�s�,� �W�.� �H�.�,� �a�n�d� �K�e�i�l�,� �M�.� �J�.�,�  ��D�e�s�i�g�n� �o�f� �a� 
�R�a�d�a�r� �G�u�i�d�a�n�c�e� �M�e�c�h�a�n�i�s�m� �U�s�i�n�g� �M�E�C�S�Y�N�-�A�N�I�M�E�C ��,� �A�S�M�E� �P�a�p�e�r� �N�o�.� 
�8�4 ��-�D�E�T�-�1�3�9�.� 

�4�.� �S�h�e�t�h�,� �P�.�N�.�,� �a�n�d� �V�i�c�k�e�r�,� �J�.� �J�.�,� �J�r�.�,�  ��I�M�P� �(�I�n�t�e�g�r�a�t�e�d� �M�e�c�h�a�n�i�s�m�s� �P�r�o�g�r�a�m�)�,� 
�A� �C�o�m�p�u�t�e�r�-�A�i�d�e�d� �D�e�s�i�g�n� �A�n�a�l�y�s�i�s� �S�y�s�t�e�m� �f�o�r� �M�e�c�h�a�n�i�s�m�s� �a�n�d� �L�i�n�k�a�g�e�s ��,� 
�T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �A�S�M�E�,� �J�o�u�r�n�a�l� �o�f� �E�n�g�i�n�e�e�r�i�n�g� �f�o�r� �I�n�d�u�s�t�r�y�,� �V�o�l�.� �9�4�,� �M�a�y� 
�1�9�7�2�,� �p�p�.� �4�5�4�-�4�6�4�.� 

�5�.� �R�u�b�e�l�,� �A�.� �J�.�,� �a�n�d� �K�a�u�f�m�a�n�,� �R�.� �E�.�,�  ��K�I�N�S�Y�N� �I�I�I�:� �A� �N�e�w� �H�u�m�a�n�-�E�n�g�i�n�e�e�r�e�d� 
�S�y�s�t�e�m� �f�o�r� �I�n�t�e�r�a�c�t�i�v�e� �C�o�m�p�u�t�e�r�-�A�i�d�e�d� �D�e�s�i�g�n� �o�f� �P�l�a�n�a�r� �L�i�n�k�a�g�e�s ��,� 
�T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �A�S�M�E�,� �J�o�u�r�n�a�l� �o�f� �E�n�g�i�n�e�e�r�i�n�g� �f�o�r� �I�n�d�u�s�t�r�y�,� �V�o�l�.� �9�9�,� �N�o�.�2�,� 
�M�a�y� �1�9�7�7�,� �p�p�.� �4�4�0�-�4�4�8�.� 

�6�.� �M�y�k�l�e�b�u�s�t�,� �A�.�,� �a�n�d� �T�e�s�a�r�,� �D�.�,�  ��T�h�e� �A�n�a�l�y�t�i�c�a�l� �S�y�n�t�h�e�s�i�s� �o�f� �C�o�m�p�l�e�x� 
�M�e�c�h�a�n�i�s�m�s� �f�o�r� �C�o�m�b�i�n�a�t�i�o�n�s� �o�f� �S�p�e�c�i�f�i�e�d� �G�e�o�m�e�t�r�i�c� �o�r� �T�i�m�e� �D�e�r�i�v�a�t�i�v�e�s� 
�u�p� �t�o� �t�h�e� �F�o�u�r�t�h� �O�r�d�e�r�, �� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �A�S�M�E�,� �J�o�u�r�n�a�l� �o�f� �E�n�g�i�n�e�e�r�i�n�g� �f�o�r� 
�I�n�d�u�s�t�r�y�,� �V�o�l�.� �9�7�,� �M�a�y� �1�9�7�5�,� �p�p�.� �7�1�4�-�7�2�2�.� 

�7�.� �S�i�v�e�r�t�s�e�n�,� �O�.�,� �a�n�d� �M�y�k�l�e�b�u�s�t�,� �A�.�,�  ��M�E�C�S�Y�N�:� �A�n� �I�n�t�e�r�a�c�t�i�v�e� �C�o�m�p�u�t�e�r� 
�G�r�a�p�h�i�c�s� �S�y�s�t�e�m� �f�o�r� �M�e�c�h�a�n�i�s�m� �S�y�n�t�h�e�s�i�s� �b�y� �A�l�g�e�b�r�a�i�c� �M�e�a�n�s�, �� �A�S�M�E� 
�D�e�s�i�g�n� �E�n�g�i�n�e�e�r�i�n�g� �T�e�c�h�n�i�c�a�!� �C�o�n�f�e�r�e�n�c�e�,� �B�e�v�e�r�l�y� �H�i�l�l�s�,� �C�a�l�i�f�o�r�n�i�a�,� �P�a�p�e�r� 
�N�o�.� �8�0�-�D�E�T�- ��6�8�,� �S�e�p�t�e�m�b�e�r� �1�9�8�0�.� 

�1�0�0



�1�0�.� 

�1�1�.� 

�1�2�.� 

�1�3�.� 

�1�4�.� 

�1�5�.� 

�1�6�.� 

�1�7�.� 

�E�r�d�m�a�n�,� �A�.� �G�.�,� �G�u�s�t�a�f�s�o�n�,� �J�.� �E�.�,�  ��L�I�N�C�A�G�E�S�:� �L�i�n�k�a�g�e� �I�N�t�e�r�a�c�t�i�v�e� 
�C�o�m�p�u�t�e�r� �A�n�a�l�y�s�i�s� �a�n�d� �G�r�a�p�h�i�c�a�l�l�y� �E�n�h�a�n�c�e�d� �S�y�n�t�h�e�s�i�s� �P�a�c�k�a�g�e ��,� �A�S�M�E� 
�D�e�s�i�g�n� �E�n�g�i�n�e�e�r�i�n�g� �T�e�c�h�n�i�c�a�l� �C�o�n�f�e�r�e�n�c�e�,� �P�a�p�e�r� �N�o�.� �7�7�-�D�E�T�-�5�,� �S�e�p�t�e�m�b�e�r� 
�1�9�7�7�.� 

�M�y�k�l�e�b�u�s�t�,� �A�.�,� �M�.� �J�.� �K�e�i�l�,� �M�.� �J�.�,� �a�n�d� �R�e�i�n�h�o�l�t�z�,� �C�.� �F�,� 
 ��M�E�C�S�Y�N�-�I�M�P�-�A�N�I�M�E�C�:� �F�o�u�n�d�a�t�i�o�n� �f�o�r� �a� �N�e�w� �C�o�m�p�u�t�e�r�-�A�i�d�e�d� �S�p�a�t�i�a�l� 
�M�e�c�h�a�n�i�s�m� �D�e�s�i�g�n� �S�y�s�t�e�m ��,� �J�o�u�r�n�a�l� �o�f� �M�e�c�h�a�n�i�s�m� �a�n�d� �M�a�c�h�i�n�e� �T�h�e�o�r�y�,� �V�o�l�.� 
�2�0�,� �N�o�.� �4�,� �1�9�8�5�,� �p�p�.� �2�5�7�-�2�6�9�.� 

�T�h�a�t�c�h�,� �B�.� �R�.�,� �A� �P�H�I�G�S� �B�a�s�e�d� �I�n�t�e�r�a�c�t�i�v�e� �G�r�a�p�h�i�c�a�l� �P�r�e�p�r�o�c�e�s�s�o�r� �f�o�r� �S�p�a�t�i�a�l� 
�M�e�c�h�a�n�i�s�m� �A�n�a�l�y�s�i�s� �a�n�d� �S�y�n�t�h�e�s�i�s�,� �M�a�s�t�e�r ��s� �T�h�e�s�i�s�,� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�n�i�c� 
�I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� �U�n�i�v�e�r�s�i�t�y�,� �1�9�8�7�.� 

�T�h�a�t�c�h�,� �B�.� �R�.�,� �a�n�d� �M�y�k�l�e�b�u�s�t�,� �A�.�,�  ��A� �P�H�I�G�S� �B�a�s�e�d� �G�r�a�p�h�i�c�s� �I�n�p�u�t� �I�n�t�e�r�f�a�c�e� 
�f�o�r� �S�p�a�t�i�a�l�-�M�e�c�h�a�n�i�s�m� �D�e�s�i�g�n�, �� �[�E�E�E� �C�o�m�p�u�t�e�r� �G�r�a�p�h�i�c�s� �a�n�d� �A�p�p�l�i�c�a�t�i�o�n�s�,� 
�V�o�l�.� �8�,� �N�o�.� �2�,� �M�a�r�c�h� �1�9�8�8�,� �p�p�.� �2�6�-�3�8�.� 

�P�e�n�n�i�n�g�t�o�n�,� �S�.� �L�.�,� �A�u�t�o�m�a�t�i�c� �G�e�o�m�e�t�r�i�c� �M�o�d�e�l�i�n�g� �o�f� �S�p�a�t�i�a�l� �M�e�c�h�a�n�i�s�m� �L�i�n�k�s�,� 
�M�a�s�t�e�r ��s� �T�h�e�s�i�s�,� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�n�i�c� �I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� �U�n�i�v�e�r�s�i�t�y�,� �1�9�8�6�.� 

�P�e�n�n�i�n�g�t�o�n�,� �S�.� �L�.�,� �K�e�i�l�,� �M�.� �J�.�,� �a�n�d� �M�y�k�l�e�b�u�s�t�,� �A�.�,�  ��A�u�t�o�m�a�t�i�c� �G�e�n�e�r�a�t�i�o�n� �o�f� 
�S�p�a�t�i�a�l� �M�e�c�h�a�n�i�s�m�s� �G�e�o�m�e�t�r�i�c� �M�o�d�e�l�s� �t�o� �A�v�o�i�d� �L�i�n�k� �I�n�t�e�r�f�e�r�e�n�c�e ��,� 
�P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �S�e�v�e�n�t�h� �W�o�r�l�d� �C�o�n�g�r�e�s�s� �o�n� �t�h�e� �T�h�e�o�r�y� �o�f� �M�a�c�h�i�n�e�s� �a�n�d� 
�M�e�c�h�a�n�i�s�m�s�,� �V�o�l� �2�.�,� �S�e�v�i�l�l�a�,� �S�p�a�i�n�,� �1�9�8�7�,� �p�p�.� �2�8�5�-�2�8�8�.� 

�K�e�i�l�,� �M�.� �J�.�,� �M�y�k�l�e�b�u�s�t�,� �A�.�,� �R�e�i�n�h�o�l�t�z�,� �C�.� �F�,�  ��P�r�e�d�i�c�t�i�o�n� �o�f� �L�i�n�k� �I�n�t�e�r�f�e�r�e�n�c�e� 
�i�n� �P�l�a�n�a�r� �M�e�c�h�a�n�i�s�m�s ��,� �(�a�w�a�r�d�s� �p�a�p�e�r�)� �9�t�h� �A�p�p�l�i�e�d� �M�e�c�h�a�n�i�s�m�s� �C�o�n�f�e�r�e�n�c�e�,� 
�K�a�n�s�a�s� �C�i�t�y�,� �M�O�,� �O�c�t�o�b�e�r� �1�9�8�5�.� 

�K�e�i�l�,� �M�.� �J�.�,� �M�y�k�l�e�b�u�s�t�,� �A�.�,�  ��A�n� �I�m�p�r�o�v�e�d� �I�n�t�e�r�f�e�r�e�n�c�e� �D�e�t�e�c�t�i�o�n� �M�e�t�h�o�d� �f�o�r� 
�S�p�a�t�i�a�l� �M�e�c�h�a�n�i�s�m� �G�e�o�m�e�t�r�i�c� �M�o�d�e�l�s ��,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �T�h�e� �1�9�8�8� �A�S�M�E� 
�D�e�s�i�g�n� �T�e�c�h�n�o�l�o�g�y� �C�o�n�f�e�r�e�n�c�e�s� �2�0�t�h� �B�i�e�n�n�i�a�l� �M�e�c�h�a�n�i�s�m�s� �C�o�n�f�e�r�e�n�c�e�,� 
�K�i�s�s�i�m�m�e�e�,� �F�L�,� �D�E�-�V�o�l�.� �1�5�-�2�,� �S�e�p�t�e�m�b�e�r� �1�9�8�8�,� �p�p�.� �8�3�-�8�9�.� 

�M�o�n�t�g�o�m�e�r�y�,� �D�.� �E�.�,� �A�n� �I�n�t�e�r�a�c�t�i�v�e� �P�H�I�G�S� �+� �M�o�d�e�l� �R�e�n�d�e�r�i�n�g� �S�y�s�t�e�m� �A�p�p�l�i�e�d� 
�t�o� �P�o�s�t�p�r�o�c�e�s�s�i�n�g� �o�f� �S�p�a�t�i�a�l� �M�e�c�h�a�n�i�s�m�s�,� �M�a�s�t�e�r ��s� �T�h�e�s�i�s�,� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�n�i�c� 
�I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� �U�n�i�v�e�r�s�i�t�y�,� �1�9�9�0�.� 

�M�o�n�t�g�o�m�e�r�y�,� �D�.� �E�.�,� �K�e�i�l�,� �M�.� �J�.�.� �M�y�k�l�e�b�u�s�t�,� �A�.�,�  ��A� �P�H�I�G�S�+� �M�o�d�e�l� 
�R�e�n�d�e�r�i�n�g� �S�y�s�t�e�m� �f�o�r� �S�i�m�u�l�a�t�i�o�n� �o�f� �S�p�a�t�i�a�l� �M�e�c�h�a�n�i�s�m�s ��,� �s�u�b�m�i�t�t�e�d� �t�o� �t�h�e� 
�2�n�d� �I�n�t�e�r�n�a�t�i�o�n�a�l� �W�o�r�k�s�h�o�p� �o�n� �A�d�v�a�n�c�e�s� �i�n� �R�o�b�o�t� �K�i�n�e�m�a�t�i�c�s�,� �L�i�n�z�,� �A�u�s�t�r�i�a�,� 
�S�e�p�t�e�m�b�e�r� �1�9�9�0�.� 
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�1�8�.� 

�1�9�.� 

�2�0�.� 

�2�1�.� 

�2�2�.� 

�2�3�.� 

�2�4�.� 

�2�5�.� 

�2�6�.� 

�2�7�.� 

�2�8�.� 

�2�9�,� 

�U�d�u�p�a�,� �S�.� �M�.�,�  ��C�o�l�l�i�s�i�o�n� �D�e�t�e�c�t�i�o�n� �a�n�d� �A�v�o�i�d�a�n�c�e� �i�n� �C�o�m�p�u�t�e�r� �C�o�n�t�r�o�l�l�e�d� 
�M�a�n�i�p�u�l�a�t�o�r�s ��,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �5�t�h� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�i�n�t� �C�o�n�f�e�r�e�n�c�e� �o�n� 
�A�r�t�i�f�i�c�i�a�l� �I�n�t�e�l�l�i�g�e�n�c�e�,� �C�a�m�b�r�i�d�g�e�,� �M�A�,� �1�9�7�7�,� �p�p�.� �7�3�7�-�7�4�8�.� 

�B�o�y�s�e�,� �J�.� �W�.�,�  ��I�n�t�e�r�f�e�r�e�n�c�e� �A�m�o�n�g� �S�o�l�i�d�s� �a�n�d� �S�u�r�f�a�c�e�s ��,� �C�o�m�m�u�n�i�c�a�t�i�o�n�s� �o�f� 
�t�h�e� �A�s�s�o�c�i�a�t�i�o�n� �f�o�r� �C�o�m�p�u�t�i�n�g� �M�a�c�h�i�n�e�r�y�,� �V�o�l�.� �2�,� �N�o�.� �1�,� �J�a�n�u�a�r�y� �1�9�7�9�,� �p�p�.� 
�3�-�9�.� 

�L�o�z�a�n�o�-�P�e�r�e�z�,� �T�.�,� �a�n�d� �W�e�s�l�e�y�,� �M�.� �A�.�,�  ��A�n� �A�l�g�o�r�i�t�h�m� �f�o�r� �P�l�a�n�n�i�n�g� 
�C�o�l�l�i�s�i�o�n�-�F�r�e�e� �P�a�t�h�s� �A�m�o�n�g� �P�o�l�y�h�e�d�r�a�l� �O�b�s�t�a�c�l�e�s ��,� �C�o�m�m�u�n�i�c�a�t�i�o�n�s� �o�f� �t�h�e� 
�A�C�M�,� �V�o�l�.� �2�2�,� �N�o�.� �1�,� �O�c�t�o�b�e�r� �1�9�7�9�,� �p�p�.� �5�6�0�-�5�7�0�.� 

�A�h�u�j�a�,� �N�.�,� �C�h�i�e�n�,� �R�.� �T�.�,� �Y�e�n�,� �R�.�,� �a�n�d� �B�r�i�d�w�e�l�l�,� �N�.�,�  ��I�n�t�e�r�f�e�r�e�n�c�e� �D�e�t�e�c�t�i�o�n� 
�a�n�d� �C�o�l�l�i�s�i�o�n� �A�v�o�i�d�a�n�c�e� �A�m�o�n�g� �T�h�r�e�e� �D�i�m�e�n�s�i�o�n�a�l� �O�b�j�e�c�t�s ��,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� 
�t�h�e� �F�i�r�s�t� �A�n�n�u�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �A�I�,� �S�e�p�t�e�m�b�e�r� �1�9�8�0�,� �p�p�.� �4�4�-�4�8�.� 

�L�o�z�a�n�o�-�P�e�r�e�z�,� �T�.�,�  ��A�u�t�o�m�a�t�i�c� �P�l�a�n�n�i�n�g� �o�f� �M�a�n�i�p�u�l�a�t�o�r� �T�r�a�n�s�f�e�r� �M�o�v�e�m�e�n�t�s ��,� 
�I�E�E�E� �T�r�a�n�s�a�c�t�i�o�n�s� �o�n� �S�y�s�t�e�m�s�,� �M�a�n�,� �a�n�d� �C�y�b�e�r�n�e�t�i�c�s�,� �V�o�l�.� �S�M�C�-�1�1�,� �N�o�.� �1�0�,� 
�O�c�t�o�b�e�r� �1�9�8�1�,� �p�p�.� �6�8�1�-�6�9�8�.� 

�M�e�y�e�r�,� �J�.�,�  ��A�n� �E�m�u�l�a�t�i�o�n� �S�y�s�t�e�m� �f�o�r� �P�r�o�g�r�a�m�m�a�b�l�e� �S�e�n�s�o�r�y� �R�o�b�o�t�s ��,� �J�B�M� 
�J�o�u�r�n�a�l� �o�f� �R�e�s�e�a�r�c�h� �a�n�d� �D�e�v�e�l�o�p�m�e�n�t�,� �V�o�l�.� �2�5�,� �N�o�.� �6�,� �N�o�v�e�m�b�e�r� �1�9�8�1�,� �p�p�.� 
�9�5�5�-�9�6�1�.� 

�I�n�s�e�l�b�e�r�g�,� �A�.�,�  ��N�-�d�i�m�e�n�s�i�o�n�a�l� �G�r�a�p�h�i�c�s� �P�a�r�t� �1�  ��-� �L�i�n�e�s� �a�n�d� �H�y�p�e�r�p�l�a�n�e�s ��,� 
�I�B�M� �L�o�s� �A�n�g�e�l�e�s� �S�c�i�e�n�t�i�f�i�c� �C�e�n�t�e�r� �R�e�p�o�r�t� �n�o�.� �G�3�2�0�-�2�7�1�1�,� �J�u�l�y� �1�9�8�1�.� 

�I�n�s�e�l�b�e�r�g�,� �A�.�,�  ��I�n�t�e�l�l�i�g�e�n�t� �I�n�s�t�r�u�m�e�n�t�a�t�i�o�n� �a�n�d� �P�r�o�c�e�s�s� �C�o�n�t�r�o�l ��,� �P�r�o�c�e�e�d�i�n�g�s� 
�o�f� �t�h�e� �I�E�E�E� �C�o�n�f�e�r�e�n�c�e� �o�n� �A�r�t�i�f�i�c�i�a�l� �I�n�t�e�l�l�i�g�e�n�c�e� �A�p�p�l�i�c�a�t�i�o�n�s�,� �D�e�c�e�m�b�e�r� 
�1�9�8�5�.� 

�I�n�s�e�l�b�e�r�g�,� �A�.�,�  ��T�h�e� �P�l�a�n�e� �w�i�t�h� �P�a�r�a�l�l�e�l� �C�o�o�r�d�i�n�a�t�e�s ��,� �S�p�e�c�i�a�l� �I�s�s�u�e� �o�n� 
�C�o�m�p�u�t�a�t�i�o�n�a�l� �G�e�o�m�e�t�r�y� �T�h�e� �V�i�s�u�a�l� �C�o�m�p�u�t�e�r�,� �1�9�8�5�,� �1�:�6�9�-�9�1�.� 

�I�n�s�e�l�b�e�r�g�,� �A�.�,�  ��P�a�r�a�l�l�e�l� �C�o�o�r�d�i�n�a�t�e�s� �f�o�r� �V�i�s�u�a�l�i�z�i�n�g� �M�u�l�t�i�-�d�i�m�e�n�s�i�o�n�a�l� 
�G�e�o�m�e�t�r�y ��,� �5�t�h� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �C�o�m�p�u�t�e�r� �G�r�a�p�h�i�c�s�,� �J�a�p�a�n�,� 
�M�a�y� �1�9�8�7�.� 

�M�y�e�r�s�,� �J�.� �K�.�,� �a�n�d� �A�g�i�n�,� �G�.� �J�.�,�  ��A� �S�u�p�e�r�v�i�s�o�r�y� �C�o�l�l�i�s�i�o�n� �A�v�o�i�d�a�n�c�e� �S�y�s�t�e�m� �f�o�r� 
�R�o�b�o�t� �C�o�n�t�r�o�l�l�e�r�s ��,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �A�S�M�E� �R�o�b�o�t�i�c�s� �R�e�s�e�a�r�c�h� �a�n�d� 
�A�d�v�a�n�c�e�d� �A�p�p�l�i�c�a�t�i�o�n�s� �S�y�m�p�o�s�i�u�m�,� �N�e�w� �Y�o�r�k�,� �N�Y�,� �1�9�8�2�,� �p�p�.� �2�2�5�-�2�3�2�.� 

�B�r�o�o�k�s�,� �R�.� �A�.�,�  ��S�o�l�v�i�n�g� �t�h�e� �F�i�n�d�-�P�a�t�h� �P�r�o�b�l�e�m� �b�y� �G�o�o�d� �R�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� 
�F�r�e�e� �S�p�a�c�e ��,� �[�E�E�E� �T�r�a�n�s�a�c�t�i�o�n�s� �o�n� �S�y�s�t�e�m�s�,� �M�a�n�,� �a�n�d� �C�y�b�e�r�n�e�t�i�c�s�,� �V�o�l�.� 
�S�M�C�-�1�3�,� �N�o�.� �3�,� �M�a�r�c�h�/�A�p�r�i�l� �1�9�8�3�,� �p�p�.� �1�9�0�-�1�9�7�.� 
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�3�0�.� 

�3�1�.� 

�3�2�.� 

�3�3�.� 

�3�4�.� 

�3�5�.� 

�3�6�.� 

�3�7�.� 

�3�8�.� 

�3�9�.� 

�4�0�.� 

�4�1�.� 

�B�r�o�o�k�s�,� �R�.� �A�.�,�  ��P�l�a�n�n�i�n�g� �C�o�l�l�i�s�i�o�n�-�F�r�e�e� �M�o�t�i�o�n�s� �f�o�r� �P�i�c�k�-�a�n�d�-�P�l�a�c�e� 
�O�p�e�r�a�t�i�o�n�s ��,� �T�h�e� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� �R�o�b�o�t�i�c�s� �R�e�s�e�a�r�c�h�,� �V�o�l�.� �2�,� �N�o�.� �4�,� 
�W�i�n�t�e�r� �1�9�8�3�,� �p�p�.� �1�9�-�4�4�.� 

�L�o�z�a�n�o�-�P�e�r�e�z�,� �T�.�,�  ��S�p�a�t�i�a�l� �P�l�a�n�n�i�n�g�:� �A� �C�o�n�f�i�g�u�r�a�t�i�o�n� �S�p�a�c�e� �A�p�p�r�o�a�c�h ��,� 
�I�E�E�E� �T�r�a�n�s�a�c�t�i�o�n�s� �o�n� �C�o�m�p�u�t�e�r�s�,� �V�o�l�.� �C�-�3�2�,� �N�o�.� �2�,� �F�e�b�r�u�a�r�y� �1�9�8�3�,� �p�p�.� 
�1�0�8�-�1�2�0�.� 

�G�o�u�z�e�n�e�s�,� �L�.�,�  ��G�e�n�e�r�a�t�i�o�n� �o�f� �C�o�l�l�i�s�i�o�n�-�F�r�e�e� �T�r�a�j�e�c�t�o�r�i�e�s� �f�o�r� �M�o�b�i�l�e� �a�n�d� 
�M�a�n�i�p�u�l�a�t�o�r� �R�o�b�o�t�s ��,� �A�r�t�i�f�i�c�i�a�l� �I�n�t�e�l�l�i�g�e�n�c�e� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �I�F�A�C� 
�S�y�m�p�o�s�i�u�m�,� �L�e�n�i�n�g�r�a�d�,� �U�S�S�R�,� �O�c�t�o�b�e�r� �1�9�8�3�,� �p�p�.� �2�6�5�-�2�7�2�.� 

�S�c�h�w�a�r�t�z�,� �J�.� �T�.�,� �S�h�a�r�i�r�,� �M�.�,�  ��O�n� �t�h�e� �P�i�a�n�o� �M�o�v�e�r�s �� �P�r�o�b�l�e�m�:� �I�I�I�.� �C�o�o�r�d�i�n�a�t�i�n�g� 
�t�h�e� �M�o�t�i�o�n� �o�f� �S�e�v�e�r�a�l� �I�n�d�e�p�e�n�d�e�n�t� �B�o�d�i�e�s�:� �T�h�e� �S�p�e�c�i�a�l� �C�a�s�e�s� �o�f� �C�i�r�c�u�l�a�r� 
�B�o�d�i�e�s� �M�o�v�i�n�g� �A�m�i�d�s�t� �P�o�l�y�g�o�n�a�l� �B�a�r�r�i�e�r�s ��,� �T�h�e� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� 
�R�o�b�o�t�i�c�s� �R�e�s�e�a�r�c�h�,� �V�o�l�.� �2�,� �N�o�.� �3�,� �F�a�l�l� �1�9�8�3�,� �p�p�.� �4�6�-�7�4�.� 

�H�o�p�c�r�o�f�t�,� �J�.� �E�.�,� �S�c�h�w�a�r�t�z�,� �J�.� �T�.�,� �a�n�d� �S�h�a�r�i�r�,� �M�.�,�  ��E�f�f�i�c�i�e�n�t� �D�e�t�e�c�t�i�o�n� �o�f� 
�I�n�t�e�r�s�e�c�t�i�o�n�s� �a�m�o�n�g� �S�p�h�e�r�e�s ��,� �T�h�e� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� �R�o�b�o�t�i�c�s� �R�e�s�e�a�r�c�h�,� 
�V�o�l�.� �3�,� �N�o�.� �4�,� �W�i�n�t�e�r� �1�9�8�3�,� �p�p�.� �7�7�-�8�0�.� 

�d�e� �P�e�n�n�i�n�g�t�o�n�,� �A�.�,� �B�l�o�o�r�,� �M�.� �S�.�,� �a�n�d� �B�l�i�l�a�,� �M�.�,�  ��G�e�o�m�e�t�r�i�c� �M�o�d�e�l�l�i�n�g�:� �A� 
�C�o�n�t�r�i�b�u�t�i�o�n� �T�o�w�a�r�d�s� �I�n�t�e�l�l�i�g�e�n�t� �R�o�b�o�t�s ��,� �S�M�E� �T�e�c�h�n�i�c�a�l� �P�a�p�e�r� �M�S�8�3�-�3�3�9�.� 

�D�a�v�i�s�,� �R�.� �H�.�,� �a�n�d� �C�a�m�a�c�h�o�,� �M�.�,�  ��T�h�e� �A�p�p�l�i�c�a�t�i�o�n� �o�f� �L�o�g�i�c� �P�r�o�g�r�a�m�m�i�n�g� �t�o� 
�t�h�e� �G�e�n�e�r�a�t�i�o�n� �o�f� �P�a�t�h�s� �f�o�r� �R�o�b�o�t�s ��,� �R�o�b�o�t�i�c�a�,� �V�o�l�.� �2�,� �1�9�8�4�,� �p�p�.� �9�3�-�1�0�3�.� 

�F�a�v�e�r�j�o�n�,� �B�.�,�  ��O�b�s�t�a�c�l�e� �A�v�o�i�d�a�n�c�e� �U�s�i�n�g� �a�n� �O�c�t�r�e�e� �i�n� �t�h�e� �C�o�n�f�i�g�u�r�a�t�i�o�n� 
�S�p�a�c�e� �o�f� �a� �M�a�n�i�p�u�l�a�t�o�r ��,� �J�E�E�E� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �R�o�b�o�t�i�c�s� �a�n�d� 
�A�u�t�o�m�a�t�i�o�n�,� �A�t�l�a�n�t�a�,� �G�A�.�,� �M�a�r�c�h� �1�9�8�4�,� �p�p�.� �5�0�4�-�5�1�2�.� 

�F�r�e�u�n�d�,� �E�.�,� �a�n�d� �H�o�y�e�r�,� �H�.�,�  ��C�o�l�l�i�s�i�o�n� �A�v�o�i�d�a�n�c�e� �i�n� �M�u�l�t�i�-�R�o�b�o�t� �S�y�s�t�e�m�s ��,� 
�S�e�c�o�n�d� �I�n�t�e�r�n�a�t�i�o�n�a�l� �S�y�m�p�o�s�i�u�m� �o�n� �R�o�b�o�t�i�c�s� �R�e�s�e�a�r�c�h�,� �K�y�o�t�o�,� �J�a�p�a�n�,� �A�u�g�u�s�t� 
�1�9�8�4�,� �p�p�.� �1�3�5�-�1�4�6�.� 

�F�r�e�u�n�d�,� �E�.�,� �a�n�d� �H�o�y�e�r�,� �H�.�,�  ��C�o�l�l�i�s�i�o�n� �A�v�o�i�d�a�n�c�e� �f�o�r� �I�n�d�u�s�t�r�i�a�l� �R�o�b�o�t�s� �w�i�t�h� 
�A�r�b�i�t�r�a�r�y� �M�o�t�i�o�n ��,� �J�o�u�r�n�a�l� �o�f� �R�o�b�o�t�i�c� �S�y�s�t�e�m�s�,� �1�(�4�)�,� �1�9�8�4�,� �p�p�.� �3�1�7�-�3�2�9�.� 

�G�o�u�z�e�n�e�s�,� �L�.�,�  ��C�o�l�l�i�s�i�o�n� �A�v�o�i�d�a�n�c�e� �f�o�r� �R�o�b�o�t�s� �i�n� �a�n� �E�x�p�e�r�i�m�e�n�t�a�l� �F�l�e�x�i�b�l�e� 
�A�s�s�e�m�b�l�y� �C�e�l�l ��,� �I�E�E�E� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �R�o�b�o�t�i�c�s� �a�n�d� �A�u�t�o�m�a�t�i�o�n�,� 
�A�t�l�a�n�t�a�,� �G�A�.�,� �M�a�r�c�h� �1�9�8�4�,� �p�p�.� �4�7�4�-�4�7�6�.� 

�G�o�u�z�e�n�e�s�,� �L�.�,�  ��S�t�r�a�t�e�g�i�e�s� �f�o�r� �S�o�l�v�i�n�g� �C�o�l�l�i�s�i�o�n�-�f�r�e�e� �T�r�a�j�e�c�t�o�r�i�e�s� �P�r�o�b�l�e�m�s� �f�o�r� 
�M�o�b�i�l�e� �a�n�d� �M�a�n�i�p�u�l�a�t�o�r� �R�o�b�o�t�s ��,� �T�h�e� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� �R�o�b�o�t�i�c�s� 
�R�e�s�e�a�r�c�h�,� �V�o�l�.� �3�,� �N�o�.� �4�,� �W�i�n�t�e�r� �1�9�8�4�,� �p�p�.� �5�1�-�6�5�.� 
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�4�2�.� 

�4�3�.� 

�4�4�,� 

�4�5�.� 

�4�6�.� 

�4�7�.� 

�4�8�.� 

�4�9�.� 

�5�0�.� 

�5�1�.� 

�5�2�.� 

�G�r�e�c�h�a�n�o�v�s�k�y�,� �E�.� �a�n�d� �P�i�n�s�k�e�r�,� �I�.� �S�.�,�  ��A�n� �A�l�g�o�r�i�t�h�m� �f�o�r� �a� 
�C�o�m�p�u�t�e�r�-�C�o�n�t�r�o�l�l�e�d� �M�a�n�i�p�u�l�a�t�o�r� �W�h�i�l�e� �A�v�o�i�d�i�n�g� �O�b�s�t�a�c�l�e�s ��,� �P�r�o�c�e�e�d�i�n�g�s� 
�o�f� �t�h�e� �8�t�h� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�i�n�t� �C�o�n�f�e�r�e�n�c�e� �o�n� �A�r�t�i�f�i�c�i�a�l� �I�n�t�e�l�l�i�g�e�n�c�e�,� �1�9�8�4�,� �p�p�.� 
�8�0�7�-�8�1�3�.� 

�H�o�g�a�n�,� �N�.�,�  ��I�m�p�e�d�a�n�c�e� �C�o�n�t�r�o�l�:� �A�n� �A�p�p�r�o�a�c�h� �t�o� �M�a�n�i�p�u�l�a�t�i�o�n ��,� �P�r�o�c�e�e�d�i�n�g�s� 
�o�f� �t�h�e� �1�9�8�4� �A�m�e�r�i�c�a�n� �C�o�n�t�r�o�l� �C�o�n�f�e�r�e�n�c�e�,� �J�u�n�e� �1�9�8�4�,� �S�a�n� �D�i�e�g�o�,� �C�A�,� �p�p�.� 
�3�0�4�-�3�1�3�.� 

�H�o�p�c�r�o�f�t�,� �J�.� �E�.�,� �S�c�h�w�a�r�t�z�,� �J�.� �T�.�,� �a�n�d� �S�h�a�r�i�r�,� �M�.�,�  ��O�n� �t�h�e� �C�o�m�p�l�e�x�i�t�y� �o�f� 
�M�o�t�i�o�n� �P�l�a�n�n�i�n�g� �f�o�r� �M�u�l�t�i�p�l�e� �I�n�d�e�p�e�n�d�e�n�t� �O�b�j�e�c�t�s�;� �P�S�P�A�C�E�-�H�a�r�d�n�e�s�s� �o�f� 
�t�h�e�  ��W�a�r�e�h�o�u�s�e�m�a�n ��s� �P�r�o�b�l�e�m � ��,� �T�h�e� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� �R�o�b�o�t�i�c�s� 
�R�e�s�e�a�r�c�h�,� �V�o�l�.� �3�,� �N�o�.� �4�,� �W�i�n�t�e�r� �1�9�8�4�,� �p�p�.� �7�7�-�8�0�.� 

�L�a�r�s�o�n�,� �G�.�,� �a�n�d� �D�o�n�a�t�h�,� �M�.�,�  ��I�n�t�e�r�a�c�t�i�v�e� �I�n�t�e�r�f�e�r�e�n�c�e� �C�h�e�c�k�i�n�g� �f�o�r� �R�o�b�o�t� 
�W�o�r�k�c�e�l�l� �E�m�u�l�a�t�i�o�n ��,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �C�o�m�p�u�t�e�r�s� �i�n� �E�n�g�i�n�e�e�r�i�n�g� �C�o�n�f�e�r�e�n�c�e� 
�1�9�8�4�,� �V�o�l�.� �1�,� �L�a�s� �V�e�g�a�s�,� �N�V�,� �A�u�g�u�s�t� �1�9�8�4�,� �p�p�.� �1�0�7�-�1�1�0�.� 

�L�a�r�s�o�n�,� �G�.�,� �a�n�d� �D�o�n�a�t�h�,� �M�.�,�  ��A�n�i�m�a�t�e�d� �S�i�m�u�l�a�t�i�o�n� �o�f� �I�n�t�e�l�l�i�g�e�n�t� �R�o�b�o�t� 
�W�o�r�k�c�e�l�l�s ��,� �R�O�B�O�T�S�9� �C�o�n�f�e�r�e�n�c�e� �P�r�o�c�e�e�d�i�n�g�s�,� �V�o�l�.� �2�,� �J�u�n�e� �1�9�8�5�,� �p�p�.� �1�9�-�5�4�.� 

�L�o�z�a�n�o�-�P�e�r�e�z�,� �T�.�,�  ��A�u�t�o�m�a�t�i�c� �S�y�n�t�h�e�s�i�s� �o�f� �F�i�n�e�-�M�o�t�i�o�n� �S�t�r�a�t�e�g�i�e�s� �f�o�r� 
�R�o�b�o�t�s ��,� �T�h�e� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� �R�o�b�o�t�i�c�s� �R�e�s�e�a�r�c�h�,� �V�o�l�.� �3�,� �N�o�.� �1�,� �S�p�r�i�n�g� 
�1�9�8�4�,� �p�p�.� �3�-�2�3�.� 

�P�a�r�k�,� �W�.� �T�.�,�  ��S�t�a�t�e�-�s�p�a�c�e� �R�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �f�o�r� �C�o�o�r�d�i�n�a�t�i�o�n� �o�f� �M�u�l�t�i�p�l�e� 
�M�a�n�i�p�u�l�a�t�o�r�s ��,� �1�4�t�h� �I�n�t�e�r�n�a�t�i�o�n�a�l� �S�y�m�p�o�s�i�u�m� �o�n� �I�n�d�u�s�t�r�i�a�l� �R�o�b�o�t�i�c�s�,� 
�G�o�t�h�e�n�b�u�r�g�,� �S�w�e�d�e�n�,� �O�c�t�o�b�e�r� �1�9�8�4�,� �p�p�.� �3�9�7�-�4�0�5�.� 

�R�e�d�,� �W�.� �E�.�,�  ��C�o�n�f�i�g�u�r�a�t�i�o�n� �M�a�p�s� �f�o�r� �R�o�b�o�t� �T�a�s�k� �P�l�a�n�n�i�n�g� �i�n� �3�-�D ��,� 
�P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �1�9�8�4� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�m�p�u�t�e�r�s� �i�n� �E�n�g�i�n�e�e�r�i�n�g� �C�o�n�f�e�r�e�n�c�e�,� 
�L�a�s� �V�e�g�a�s�,� �N�V�,� �A�u�g�u�s�t� �1�9�8�4�.� 

�R�e�d�,� �W�.� �E�.�,�  ��M�i�n�i�m�u�m� �D�i�s�t�a�n�c�e�s� �f�o�r� �R�o�b�o�t� �T�a�s�k� �S�i�m�u�l�a�t�i�o�n ��,� �R�o�b�o�t�i�c�a�,� �V�o�l�.� 
�1�,� �1�9�8�4�,� �p�p�.� �2�3�1�-�2�3�8�.� 

�R�e�d�,� �W�.� �E�.�,� �a�n�d� �T�r�u�o�n�g�-�C�a�o�,� �H�.� �V�.�,�  ��T�h�e� �C�o�n�f�i�g�u�r�a�t�i�o�n� �S�p�a�c�e� �A�p�p�r�o�a�c�h� �t�o� 
�R�o�b�o�t� �P�a�t�h� �P�l�a�n�n�i�n�g ��,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �1�9�8�4� �A�m�e�r�i�c�a�n� �C�o�n�t�r�o�l� �C�o�n�f�e�r�e�n�c�e�,� 
�J�u�n�e� �1�9�8�4�,� �S�a�n� �D�i�e�g�o�,� �C�A�,� �p�p�.� �1�1�5�-�1�2�1�.� 

�R�e�d�,� �W�.� �E�.�,�  ��C�o�n�f�i�g�u�r�a�t�i�o�n� �M�a�p�s� �f�o�r� �R�o�b�o�t� �T�a�s�k� �P�l�a�n�n�i�n�g� �i�n� �T�w�o� 
�D�i�m�e�n�s�i�o�n�s ��,� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �A�S�M�E�,� �J�o�u�r�n�a�l� �o�f� �D�y�n�a�m�i�c� �S�y�s�t�e�m�s�,� 
�M�e�a�s�u�r�e�m�e�n�t�,� �a�n�d� �C�o�n�t�r�o�l�,� �V�o�\�.� �1�0�7�,� �D�e�c�e�m�b�e�r� �1�9�8�5�,� �p�p�.� �2�9�2�-�2�9�8�.� 
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�5�3�.� 

�5�4�.� 

�5�5�.� 

�5�6�.� 

�5�7�.� 

�5�8�.� 

�5�9�.� 

�6�0�.� 

�6�1�.� 

�6�2�.� 

�6�3�.� 

�6�4�.� 

�R�e�d�,� �W�.� �E�.�,� �T�r�u�o�n�g�-�C�a�o�,� �H�.� �V�.�,� �a�n�d� �K�i�m�,� �K�.� �H�.�,�  ��R�o�b�o�t� �P�a�t�h� �P�l�a�n�n�i�n�g� �i�n� 
�T�h�r�e�e�-�D�i�m�e�n�s�i�o�n�s� �U�s�i�n�g� �t�h�e� �D�i�r�e�c�t� �S�u�b�s�p�a�c�e ��,� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �A�S�M�E�,� 
�J�o�u�r�n�a�l� �o�f� �D�y�n�a�m�i�c� �S�y�s�t�e�m�s�,� �M�e�a�s�u�r�e�m�e�n�t�,� �a�n�d� �C�o�n�t�r�o�l�,� �V�o�l�.� �1�0�9�,� �S�e�p�t�e�m�b�e�r�,� 
�1�9�8�7�,� �p�p�.� �2�3�8�-�2�4�4�.� 

�R�e�d�,� �W�.� �E�.�,� �a�n�d� �K�i�m�,� �K�.� �H�.�,�  ��D�y�n�a�m�i�c� �D�i�r�e�c�t� �S�u�b�s�p�a�c�e�s� �f�o�r� �R�o�b�o�t� �P�a�t�h� 
�P�l�a�n�n�i�n�g ��,� �R�o�b�o�t�i�c�a�,� �V�o�l�.� �5�,� �1�9�8�7�,� �p�p�.� �2�9�-�3�6�.� 

�B�r�o�o�k�s�,� �R�.� �A�.�,� �a�n�d� �L�o�z�a�n�o�-�P�e�r�e�z�,� �T�.�,�  ��A� �S�u�b�d�i�v�i�s�i�o�n� �A�l�g�o�r�i�t�h�m� �i�n� 
�C�o�n�f�i�g�u�r�a�t�i�o�n� �S�p�a�c�e� �f�o�r� �F�i�n�d�p�a�t�h� �w�i�t�h� �R�o�t�a�t�i�o�n ��,� �I�E�E�E� �T�r�a�n�s�a�c�t�i�o�n�s� �o�n� 
�S�y�s�t�e�m�s�,� �M�a�n�,� �a�n�d� �C�y�b�e�r�n�e�t�i�c�s�,� �V�o�l�.� �1�5�,� �N�o�.� �2�,� �1�9�8�5�,� �p�p�.� �2�2�4�-�2�3�3�.� 

�C�a�m�e�r�o�n�,� �S�.�,�  ��A�n� �I�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �C�l�a�s�h� �D�e�t�e�c�t�i�o�n� �b�y� �F�o�u�r�-�D�i�m�e�n�s�i�o�n�a�l� 
�I�n�t�e�r�s�e�c�t�i�o�n� �T�e�s�t�s ��,� �S�I�A�M� �C�o�n�f�e�r�e�n�c�e� �o�n� �G�e�o�m�e�t�r�i�c� �M�o�d�e�l�l�i�n�g� �a�n�d� �R�o�b�o�t�i�c�s�,� 
�A�l�b�a�n�y� �N�Y�,� �1�9�8�5�.� 

�C�a�m�e�r�o�n�,� �S�.�,�  ��A� �S�t�u�d�y� �o�f� �t�h�e� �C�l�a�s�h� �D�e�t�e�c�t�i�o�n� �P�r�o�b�l�e�m� �i�n� �R�o�b�o�t�i�c�s ��,� 
�P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �I�E�E�E� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �R�o�b�o�t�i�c�s� �a�n�d� �A�u�t�o�m�a�t�i�o�n�,� 
�S�t�.� �L�o�u�i�s�,� �M�O�,� �J�u�l�y� �1�9�8�5�,� �p�p�.� �4�8�8�-�4�9�3�.� 

�C�l�e�r�m�o�n�t�,� �G�.�,� �G�a�s�p�a�r�t�,� �P�.�,� �a�n�d� �L�e�c�o�c�o�,� �P�.�,�  ��G�e�n�e�r�a�t�i�n�g� �3�D�-�C�o�l�l�i�s�i�o�n�-�F�r�e�e� 
�P�a�t�h�s� �f�o�r� �a� �C�o�m�p�u�t�e�r� �C�o�n�t�r�o�l�l�e�d� �R�o�b�o�t ��,� �P�r�o�c�e�e�d�i�n�g�s� �o�f�  ��8�5� �I�n�t�e�r�n�a�t�i�o�n�a�l� 
�C�o�n�f�e�r�e�n�c�e� �o�n� �A�d�v�a�n�c�e�d� �R�o�b�o�t�i�c�s�,� �T�o�k�y�o�,� �J�a�p�a�n�,� �S�e�p�t�e�m�b�e�r� �1�9�8�5�,� �p�p�.� �5�9�-�6�7�.� 

�D�o�n�a�l�d�,� �B�.� �R�.�,�  ��O�n� �M�o�t�i�o�n� �P�l�a�n�n�i�n�g� �w�i�t�h� �S�i�x� �D�e�g�r�e�e�s� �o�f� �F�r�e�e�d�o�m�:� �S�o�l�v�i�n�g� 
�t�h�e� �I�n�t�e�r�s�e�c�t�i�o�n� �P�r�o�b�l�e�m�s� �i�n� �C�o�n�f�i�g�u�r�a�t�i�o�n� �S�p�a�c�e ��,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �I�E�E�E� 
�I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �R�o�b�o�t�i�c�s� �a�n�d� �A�u�t�o�m�a�t�i�o�n�,� �S�t�.� �L�o�u�i�s�,� �M�O�.�,� �J�u�l�y� 
�1�9�8�5�,� �p�p�.� �5�3�6�-�5�4�0�.� 

�G�a�n�t�e�r�,� �M�.� �A�.�,� �D�y�n�a�m�i�c� �C�o�l�l�i�s�i�o�n� �D�e�t�e�c�t�i�o�n� �U�s�i�n�g� �K�i�n�e�m�a�t�i�c�s� �a�n�d� �S�o�l�i�d� 
�M�o�d�e�l�l�i�n�g� �T�e�c�h�n�i�q�u�e�s�,� �D�i�s�s�e�r�t�a�t�i�o�n�,� �U�n�i�v�e�r�s�i�t�y� �o�f� �W�i�s�c�o�n�s�i�n�-�M�a�d�i�s�o�n�,� �1�9�8�5�.� 

�G�a�n�t�e�r�,� �M�.� �A�.�,� �a�n�d� �U�i�c�k�e�r�,� �J�.� �J�.�,�  ��D�y�n�a�m�i�c� �C�o�l�l�i�s�i�o�n� �D�e�t�e�c�t�i�o�n� �U�s�i�n�g� �S�w�e�p�t� 
�S�o�l�i�d�s�, �� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �A�S�M�E�,� �J�o�u�r�n�a�l� �o�f� �M�e�c�h�a�n�i�s�m�s�,� �T�r�a�n�s�m�i�s�s�i�o�n�s�,� �a�n�d� 
�A�u�t�o�m�a�t�i�o�n� �i�n� �D�e�s�i�g�n�,� �D�e�c�e�m�b�e�r� �1�9�8�6�,� �V�o�l�.� �1�8�0�,� �p�p�.� �5�4�9�-�5�5�5�.� 

�G�a�n�t�e�r�,� �M�.� �A�.�,� �a�n�d� �U�i�c�k�e�r�,� �J�.� �J�.�,�  ��G�e�n�e�r�a�t�i�n�g� �S�w�e�p�t� �S�o�l�i�d�s� �f�o�r� �C�o�n�v�e�x� 
�O�b�j�e�c�t�s ��,� �A�S�M�E� �p�a�p�e�r� �8�6�-�D�E�T�-�1�1�0�.� 

�H�a�s�e�g�a�w�a�,� �T�.�,�  ��C�o�l�l�i�s�i�o�n� �A�v�o�i�d�a�n�c�e� �U�s�i�n�g� �C�h�a�r�a�c�t�e�r�i�z�e�d� �D�e�s�c�r�i�p�t�i�o�n� �o�f� �F�r�e�e� 
�S�p�a�c�e ��,� �P�r�o�c�e�e�d�i�n�g�s� �o�f�  ��8�5� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �A�d�v�a�n�c�e�d� �R�o�b�o�t�i�c�s�,� 
�T�o�k�y�o�,� �J�a�p�a�n�,� �S�e�p�t�e�m�b�e�r� �1�9�8�5�,� �p�p�.� �6�9�-�7�6�.� 

�K�o�v�e�s�i�,� �P�.� �D�.�,�  ��C�o�l�l�i�s�i�o�n� �A�v�o�i�d�a�n�c�e ��,� �P�r�o�c�e�e�d�i�n�g�s� �o�f�  ��8�5� �I�n�t�e�r�n�a�t�i�o�n�a�l� 
�C�o�n�f�e�r�e�n�c�e� �o�n� �A�d�v�a�n�c�e�d� �R�o�b�o�t�i�c�s�,� �T�o�k�y�o�,� �J�a�p�a�n�,� �S�e�p�t�e�m�b�e�r� �1�9�8�5�,� �p�p�.� �5�1�-�5�8�.� 
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